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Abstract

Mobile channels are often modeled using a well-defined Rice process. The statistics of its
wrapped phase (i.e., phase values in [−π, π)), such as the mean, variance, and probability
density function (pdf), are known. The absolute phase is the accumulated phase change
over an observation interval. It can be calculated from the wrapped phase but contains
more information. Its applications include channel characterization and cognitively tracking
mobile users. However, there is little knowledge about the statistics of the absolute phase.

In this thesis, the theory of the absolute phase is developed. The absolute phase is
defined formally, and various formulations, based on unwrapping and on other methods
from FM receiver analysis, are presented. These formulations lay a basis for analyzing the
statistics of the absolute phase for a well-defined Rice process.

The statistics of the absolute phase is affected by scattering directionality of the channel.
New theoretical results are developed for the mean, variance and pdf of the absolute phase
in isotropic scattering. The mean of the absolute phase is then derived for directional
scenarios with scattering modeled by the von Mises distribution. The smooth transition of
the von Mises distribution to the uniform distribution enables this mean to include isotropic
scattering as a special case.

Development of the absolute phase will foster new techniques in mobile communications.
An example in isotropic scattering is a new Rice factor estimator which uses only the
absolute phase. Since no amplitude is involved, the receiver structure can be simplified.
This estimator achieves comparable performance, when the Rice factor is small, to existing
estimators which require amplitude or both amplitude and phase.

To demonstrate and confirm the new theoretical results, a channel simulation technique,
based on the inverse discrete Fourier transform, is extended to include both isotropic and
directional scattering. The simulation and theoretical results are in good agreement.

Keywords: Absolute phase; Rice phase; phase statistics; Rice factor; mobile channel;
directional channel; modeling and estimation; mobile communications; cognitive radio
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xxiv



Chapter 1

Introduction

1.1 Background and Motivation

Mobile communication channels experience time-domain and/or frequency-domain fading

caused by multipath propagation and the movement of the mobile. The fading results in

significant variation of the received signal within even a short time or distance. The received

signal, given the transmitted signal as an unmodulated carrier, can be used to describe the

channel. Many statistical models are available to synthesize the complex received signal at

baseband. One such model is the Rice distribution, which assumes the received signal is

the sum of a single, dominant component plus diffuse components [1, 2, 3, 4]. The Rice

distribution is a well-accepted, physics-based, experimentally-verified model for the mobile

channel in indoor or outdoor propagation environments [5, 6, 7].

Modeling the channel signal using a Rice distribution means that the modeled channel

envelope follows the Rice envelope distribution and its wrapped phase follows the Rice

phase distribution [2, 4]. The Rice envelope distribution is governed by the K factor, the

ratio of the power of the dominant component to the power of the diffuse components of

the channel. The Rice phase distribution depends not only on the K factor, but also the

angle-of-arrival (AOA) of the dominant component and the mobile velocity [2]. When the

dominant component has zero Doppler frequency, the Rice phase distribution is stationary

and governed only by the K factor [8]. In this case, and with large K, the Rice phase

distribution alone can be used to estimate the K factor [9]. When the dominant component

has constant magnitude but fixed, non-zero Doppler frequency, the Rice phase distribution

becomes time-variant. In this case, the Rice phase distribution can still be used - but jointly

1
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with the Rice envelope distribution (which is stationary) - to estimate the K factor [10, 11].

In this thesis, the interest is the accumulated Rice phase change over an observation

interval, which is defined here as the absolute phase1 in the mobile channel. The abso-

lute phase has not been formally treated in the mobile communication literature, although

Rice was aware of it in the context of the FM receiver [15]. Analog communications did

not motivate research into the absolute phase because analog receivers could not directly

calculate it. The computing power of digital receivers enables on-the-fly phase sampling

and frequency tracking, so it is now feasible to acquire the absolute phase and estimate its

statistics, such as mean, variance, and probability density function (pdf).

An idealized mobile channel following the Rice distribution is referred to as the well-

defined Rice channel or the well-defined Rice process in this thesis (its definition is given in

Section 2.2). For a well-defined Rice channel, the statistics of the absolute phase include

more information about the channel than the wrapped Rice phase. For example, neither the

Doppler frequency of the dominant component nor the K factor is available from the mean of

the wrapped phase, but they are available from the mean of the absolute phase. These extra

information can be useful in many mobile applications, including channel characterization

and mobile user localization, etc. Information about the phase trajectory of a mobile

user, which contains the absolute phase, is useful in location-aware situations. In terms of

communications, the trajectory information could be used by algorithms managing handoff

or dynamic allocation of bandwidth in a cognitive radio system. These potential applications

further motivate research on the absolute phase.

This thesis develops the theory of the absolute phase in mobile communications, includ-

ing its formal definition and related statistics such as mean, variance and pdf. Development

of the absolute phase will foster new techniques in mobile communications. An example

presented in this thesis is a new Rice factor estimator which uses only the absolute phase.

With no amplitude information required, the receiver structure can be simple, and yet the

estimator performs well.

1The absolute phase also appears in other research areas, but conveys different meanings. For example,
for interferometric synthetic aperture radar, the absolute phase is an unwrapped phase shift between the
signals received by two co-located antennas, and is used to estimate the height of the scatterer relative to
the reference plane [12, 13]. For few-cycle lasers, the absolute phase represents the phase of the carrier w.r.t.
the envelope of the short laser pulse [14].
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1.2 Related Work

The term absolute phase for the mobile channel was used by Vaughan in 1986 [16], but no

formal definition or statistical treatment was provided. Intuitively, the distribution of the

absolute phase may be expected to resemble a Gaussian distribution. The Gaussian form

has been used previously for the phase distribution, but with the phase wrapped [17], or

truncated [18], into the 2π domain. It is shown in this thesis that for a well-defined Rice

channel, the distribution of the absolute phase is not Gaussian.

The absolute phase in mobile channels has similarities to the output phase of FM re-

ceivers, which was a research topic for several decades from the 1940s. The input to an

FM receiver is a sinusoidal signal plus a narrowband Gaussian noise, and therefore it can

be modeled as a Rice process [19, 20, 21]. The sinusoid, the Gaussian noise and the signal-

to-noise ratio (SNR) are analogous to the dominant component, the diffuse component,

and the K factor respectively, of the mobile channel signal. The output of an FM receiver

(e.g. limiter-discriminator-integrator) is the accumulated phase change over an observation

interval, and is analogous to the absolute phase in the mobile channel.

The statistics of the output phase of an FM receiver are scattered in the literature. For

example, the mean of the output phase was derived intuitively by Blachman [22, 23]. The

variance of the output phase was analyzed, viz., the correlation technique by Rice [20] and

Middleton [24], the zero-crossing technique by Blachman [22], and the click analysis tech-

nique by Rice [15]. The pdf of the output phase was developed through: rigorous derivation

by partial differential equations [25]; approximations using the central limit theorem [23];

and approximations under high SNR [26, 27, 28]. A more detailed literature review for the

mean, variance and pdf of the output phase of an FM receiver can be found in Chapter 4.

The analysis of the output phase of an FM receiver sheds much light on the statistics of

the absolute phase in the mobile channel. Some of the results can be applied directly to the

absolute phase in mobile channel, but some of them demand scrutiny before making con-

nections. In this thesis, these existing theories are examined in detail and are reinterpreted

in the context of mobile channels, supported by simulation results. As an extension, par-

ticularly for the mobile channel, the mean of the absolute phase is derived in the presence

of directional scattering.

In analog FM receivers, when the FM SNR falls below a threshold, the receiver starts

producing “clicks” owing to the sudden phase changes of 2π (in the wrapped phase). This
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phenomenon is defined as the click by Rice [15]. There are also other click phenomena

defined in FM receivers, viz., the false click and the doublet. Another type of click in

mobile channels, recognized as the π jump [4, 16, 29], contributes to the error floor in

digital communications. The phase and its associated effects, such as various clicks, are not

consistently interpreted in the literature. Therefore, these clicks, as well as the π jump are

reviewed. The click treatments from the FM receiver and the mobile channel are brought

together in this thesis, and are applied to the mobile channel including their effects on the

mean and variance of the absolute phase.

1.3 Thesis Organization

This thesis is organized as seven chapters and four appendices. Chapter 1 introduces the

background, motivation and related work for the absolute phase in mobile channels, and

summarizes the contributions.

The channel model, including the scattering directionality, governs the statistics of the

absolute phase. Therefore, Chapter 2 overviews the mobile channel and its modeling in

the presence of isotropic and directional scattering. The channel models and corresponding

statistics described in this chapter lay the foundation for the rest of the thesis. It is helpful to

confirm the theoretical results by simulation. Therefore, different techniques for simulating

the mobile channel are overviewed. In particular, a mobile channel simulation technique for

directional scenarios is developed based on the inverse discrete Fourier transform technique.

Chapter 3 defines the absolute phase formally, and presents four techniques to formu-

late the absolute phase, including unwrapping, zero-crossing, phase derivative integration,

and Rice click analysis. The background for each formulation is provided, and similarities

and connections among these formulations are identified. Since the analysis of the absolute

phase is new to the mobile communications, this chapter also offers suggestions for obtaining

the absolute phase by simulation and for acquiring the absolute phase in practice.

Chapter 4 provides the theoretical results for statistics (including mean, variance and

pdf) of the absolute phase in the mobile channel with isotropic scattering. The related work

in the area of the FM receivers is reviewed in detail before each statistic is derived with an

emphasis on the differences of the mobile channel from the FM receiver. The theoretical

results for the mean and variance of the absolute phase can be transferred from the existing

results for the FM receiver by reinterpreting the signal, noise, SNR, and correlation of
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signals. However, modeling pdfs of the absolute phase is treated differently from modeling

pdfs of the output phase of an FM receiver. A new, approximate model to derive pdfs of the

absolute phase is proposed. It decomposes the absolute phase into discrete and continuous

events which are independent. The pdf of the absolute phase is so complicated that currently

it cannot be obtained, even after approximations, for some scenarios. Thus, the conditions

are identified using statistical tests for approximate pdf models to hold. Simulation results

in mobile channels are used in this chapter to support the analysis and discussion.

Chapter 5 proposes a new K estimator for MIMO systems, which is based on the mean

of the absolute phase with isotropic scattering. The proposed estimator uses only the chan-

nel phase, and therefore is robust against the effects of distance-dependent propagation gain

and multiplicative shadowing. It requires the mean of the absolute phase, i.e., no amplitude

involved, and therefore allows a simple receiver structure. It provides a comparable perfor-

mance, for small K factor, when compared to other real-time estimators. This chapter also

reviews K estimators in detail, analyzes the performance of the proposed estimator and

compares it with other real-time K estimators. Simulation results are provided to support

the discussion.

Chapter 6 discusses the effects of the scattering directionality on the mobile channel.

The directionality of scattering of the mobile channel alters the second-order statistics of

the channel, such as correlation, level crossing rate and statistics of the absolute phase, and

therefore changes some of results which were based on isotropic scattering. This chapter

presents two new research works related to scattering directionality. The first work derives

a close-form result for the mean of the absolute phase with directional scattering. The

second work presents results that show how the scattering directionality affects the antenna

spacings in MIMO systems.

Chapter 7 summarizes the thesis, and suggests future work associated to the absolute

phase.

In the appendices: (A) compares the absolute phase by unwrapping to the output

phase of an FM receiver; (B) reviews the various click definitions and their effects on the

absolute phase; (C) summarizes the notations for the different phases; and (D) proves that

the absolute phase and the distance-dependent phase are additive after unwrapping.
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1.4 Thesis Contribution

The formal treatment of the absolute phase is new. The important contributions of this

thesis include, in order of significance:

• mathematically defining the absolute phase as a new variable for the mobile channel

(reported in Chapter 3, and published in the special issue on Emerging Wireless

Technologies, Wireless Communications and Mobile Computing, in 2009 [30]);

• analyzing the statistics (including mean, variance and pdf) of the absolute phase in

the presence of isotropic scattering (reported in Chapter 4, and published in [30]);

• deriving the mean of absolute phase in the presence of directional scattering (reported

in Chapter 6, and submitted to the Vehicular Technology Conference in Fall 2010 [31]);

• deriving the pdf of two correlated Rice phase differences without the modulo [−π, π)

condition2 (reported in Chapter 4, and published in [30]);

• developing a new Rice factor estimator based on the absolute phase (reported in Chap-

ter 5, and submitted to IEEE Transactions on Wireless Communications, currently

in revision [32]);

• developing a channel simulation technique for the directional mobile channel using

the inverse discrete Fourier transform (reported in Chapter 2, and accepted for the

Vehicular Technology Conference in Spring 2010 [33]);

• developing an improved framework and model for antenna spacing design in direc-

tional scenarios (reported in Chapter 6, and published at the Vehicular Technology

Conference in Fall 2009 [34]).

• reviewing and comparing various clicks (viz., the Rice click, the false click, the doublet,

and the π jump) related to the absolute phase in the mobile channel (reported in

Appendix B, and published in [30]).

2“Modulo” represents “with respect to a modulus of”. The modulo [−π, π) condition means that the
phase values beyond [−π, π) are wrapped onto [−π, π).



Chapter 2

Mobile Channel Modeling and

Simulation

2.1 Overview of Mobile Channels

2.1.1 Definition of the Mobile Channel

There are many different definitions regarding the mobile channel in the literature [4]. For

example, the channel is discussed in terms of fields and waves in the propagation literature,

and in terms of bit error statistics in the communication networks literature. A summary

of the information flow and terminologies for the mobile channel are depicted in Figure 2.1

[3, 4].

A/D
Source encoder

Channel encoder

Modulator
Upconverter

Antenna Processing

Multipath
Environment

Antenna Processing
Downconverter
Demodulator

Raw data
Channel

Digital
Channel

Propagation
Channel

Channel decoder
Source decoder

D/A

Signal
Channel

Analog
sensors

Antenna(s)

Figure 2.1: Information flow and different definitions for a mobile channel.
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The original signal (e.g., voice) is captured by the analog sensors (e.g., microphone), and

is received and played back by the analog device (e.g., speaker) at the other end of the radio

link. This channel is referred to as the raw data channel. The electrical raw information

is usually converted to digital bits, compressed by a source encoder, and protected by a

channel encoder. The encoded digital bits are sent to a modulator for communication. In

a receiver, all these processes are repeated but in a reversed order.

At the transmit side, the modulator assigns the digital bits to complex symbols in

the digital baseband. In order to transmit the modulated symbols via an antenna, the

digital baseband signal is converted to its analog form, and then upconverted by a mixer

to the radio frequency (RF). The antenna-related signal processing, such as beamforming,

is implemented either at RF, or within the digital baseband, or both.

At the receive side, the signals are preamplified to establish the SNR. The antenna

related algorithms, such as a combiner for diversity, can be implemented with either the

analog signals or digitally. If the combining is analog, the combined signal is first downcon-

verted to its analog baseband equivalent, followed by digitization, and then passed through a

demodulator (e.g., consisting of a matched filter and an equalizer) to be ready for detection.

The channel from before the modulator to after the demodulator is referred to as the

digital channel. The performance of the digital channel is classically evaluated by the Bit

Error Rate (BER) or the Symbol Error Rate (SER) against the SNR. The channel from

before the transmit antenna to after the receive antenna is referred to as the signal channel.

The channel from after the transmit antenna to before the receive antenna is referred to as

the propagation channel.

The signal channel is often referred to as the propagation channel in the communications

signal processing literature. This may be because the effects of antennas, such as beam

patterns, polarization etc., are hard to separate from the propagation channel when sounding

a channel. However, it is emphasized here that these two types of channels are different.

For example, for the same physical location or locus of the transmitter and receiver (i.e.,

the same propagation channel), using different antennas will result in signal channels with

different properties.

Unless otherwise stated, the mobile channel in this thesis means the signal channel, i.e.,

the propagation channel plus antenna effects. In channel modeling and estimation, it is

assumed that the transmitted signal is an unmodulated carrier, so the received signal by

the receive antenna becomes proportional to the channel transfer function at the carrier
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frequency. The received signal is bandlimited but is often represented by its baseband

equivalent in a complex form. The mobile channel in this thesis is modeled by this complex

signal which is referred to as the channel Complex Amplitude Gain (CAG).

2.1.2 Propagation Modeling in the Mobile Channel

For a perfect line-of-sight (LOS) environment, the instantaneous received power at the

receive antenna can be related to the transmitted power at the transmit antenna using the

Friis transmission equation [4],

P (d) =
PR(d)
PT

= ηGT (θT , φT )GR(θR, φR)Gpath(d) (2.1)

where d is the nominal distance between two antenna phase centers; PR(d) and PT are

the received power at distance d and the transmitted power, respectively; η is a total

efficiency factor including polarization efficiency (ηpol), impedance match efficiency (ηimp),

and antenna efficiency (ηant); GT (θT , φT ) and GR(θR, φR) are the directional gains for the

transmit antenna and the receive antenna, respectively; (θT , φT ) and (θR, φR) are the angles

of the signal in the coordinates of the transmit and receive antennas, respectively; Gpath(d)

is the path gain at distance d determined by propagation environment, and it is inverse

of the path loss. In general, the Friis transmission equation defines the path gain. For

channel sounding, the transmitted power, the antenna gains, their impedance matches, and

the polarization efficiency are taken as known, and the received power is measured, allowing

the path gain to be calculated.

The Friis transmission equation can also be used for environments other than the usual

application of a perfect LOS. In mobile communications, the transmitted signal usually

experiences a multipath environment. Then the received power can be averaged over all the

angles [35],

〈P (d)〉 = η〈GT (θT , φT )〉〈GR(θR, φR)〉〈Gpath(d)〉 (2.2)

where 〈·〉 is a short notation for 〈·〉(θ,φ), representing the average over all angles; 〈GT (θT , φT )〉
and 〈GR(θR, φR)〉 are the averaged gains for the transmit and receive antenna (also called

mean effective gains), respectively; 〈Gpath(d)〉 is the path gain resulting from the angular

averaging of the antenna gains. Equation (2.2) assumes that the transmit antenna gain, the
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receive antenna gain, their efficiency factors, and the path gain are mutually independent.

For matched (i.e, ηimp = 1), lossless (i.e., ηant = 1) antennas, the received signal can be

represented by the complex amplitude form of the Friis transmission equation [35],

F (d) =
√

ηpol〈GT (θT , φT )〉〈GR(θR, φR)〉〈Gpath(d)〉 exp[−j(2πd/λ + φrand)] (2.3)

where F (d) is the received complex signal relative to the transmitted signal; λ is the wave-

length at the carrier frequency; 2πd/λ is the deterministic, distance-dependent phase change

due to signal propagation; φrand is random phase variation owing to propagation in mul-

tipath environments. For co-polarized antennas and a LOS link, ηpol = 1, but for dense

multipath, ηpol = 0.5, and the mean effective gains become ηant/2, independent of antenna

polarization [35].

In this thesis, the antenna terms in (2.3), i.e., ηpol, 〈GT (θT , φT )〉, and 〈GR(θR, φR)〉, are

assigned to be constants - following the definition of the classical Friis transmission equation

given by (2.1). The propagation terms, i.e., 〈Gpath(d)〉 and φrand are treated as random

variables owing to the multipath environment.

The path gain 〈Gpath(d)〉 is a combined effect of three propagation phenomena, as de-

picted in Figure 2.2. These phenomena are [1, 3, 36, 37]:

• propagation gain. The propagation gain describes the monotonic decrease in received

power with increasing distance, d, between the two antennas. The propagation gain

can be obtained by averaging the received signal power over a large scale, for example,

a few kilometers in radius (i.e., constant d) for macrocells [36]. The model of propaga-

tion gain varies greatly with environments. For example, it follows the d−2 power law

for propagation in the free space, and the d−4 power law for propagation involving a

direct path plus a ground-reflected path. For multipath environments, the exponent

of the distance needs to be estimated from measured data, and can vary from -5.5 to

-1.5 [1, 3, 38].

• shadowing (long-term fading). When there are obstacles (e.g., buildings or hills) be-

tween the transmit and receive antenna, the received signal at a particular distance

experiences considerable variation about the mean power predicted by the propaga-

tion gain models [37]. This variation is referred to as shadowing or the long-term

fading [1]. Its scale depends on the size of the shadowing obstacle. The shadowing

can be viewed by averaging the received signal over some tens of wavelengths along
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Figure 2.2: Propagation phenomena depicted in a 2D multipath environment. They are
propagation gain, shadowing and short-term fading.

a particular radial distance [3]. Shadowing is often modeled, for mathematical con-

venience, as a slow-varying, log-normal random variable multiplied to the short-term

fading [1, 39, 40], and this type of shadowing is referred to as the multiplicative shad-

owing [41]. The log-normal distribution becomes a Gaussian distribution when the

shadowing is represented in decibel scale [1]. Other types of shadowing models are

available and they are discussed in Section 5.1.1.

• short-term fading. When observed within a much smaller scale, say fractions of a

wavelength, the received signal exhibits random fluctuation about the mean power

predicted by the propagation gain and shadowing models. This variation is referred

to as the short-term fading. It is a result of multipath propagation and the movement

of the mobile. Depending on whether a LOS or dominant component appears in the

received signal, the short-term fading can be modeled as Rician or Rayleigh. The

physical scenarios and modeling for the Rician channel are detailed in Section 2.2.1.

The three phenomena are often assumed to be independent, so the path gain, i.e.,

〈Gpath〉, is their product. Figure 2.3 illustrates a path gain against the distance of two

antennas, averaged over a radial distance 30λ (i.e., 10m at the carrier frequency of 900MHz).
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Figure 2.3: A depiction of path gain (averaged over 30λ) at the carrier frequency of 900MHz
(i.e., λ = 1/3m) in a multipath environment with isotropic scattering. The propagation
gain is simulated for a suburban area in a medium city using the Okumura-Hata model
[38], with the base station (BS) antenna height of 70m, the mobile antenna height of 1.5m.
The shadowing (only between 5 and 7 km) is simulated using a log-normal model. The
shadowing in dB is Gaussian distributed with zero mean and a standard deviation of 7.5dB,
and has a spatial correlation of 0.82 at a distance of 100 m [1, 42]. The short-term fading
is Rayleigh distributed, and its power has the standard deviation of 5.57dB and a mean of
-2.5dB [43]. The mobile velocity is 120km/h and the sampling period is 1ms.

The propagation gain is simulated for a suburban area in a medium city using the Okumura-

Hata model [38], and it decreases from d = 1km to d = 10km by about 35dB. On top of

the propagation gain, the variation due to shadowing (in the indicated shadowing zone of

d = 5 to 7km) is up to 20dB. The short-term fading is averaged out in this scale, but the

magnified version (not averaged, and with the propagation gain removed) in the subfigure

shows that the variation of signal power is well above 25dB within a very short distance.

These variations are well known and bring great challenges in designing communication

systems.

The channel phase, as modeled in (2.3), includes a distance-dependent phase, 2πd/λ,
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and a random phase, φrand. The distance-dependent phase is from signal propagation and

can be removed from the received signal, for example, using synchronization techniques.

The random phase is a result of short-term fading. The wrapped version of the random

phase is uniformly distributed for a Rayleigh fading channel and does not contain much

information about the channel. However, the unwrapped version of the random phase has

many interesting properties, and is the theme of this thesis.

2.1.3 Categorization of the Mobile Channel by Short-Term Fading

The effects of short-term fading play significant roles in performance of communication

systems. Thus, the mobile channel has been categorized based on short-term fading [1, 3,

36, 37].

In a multipath environment, the received signal at any time instant is a summation of

replicas of the transmitted signal, but each replica might have different excess delay (owing

to different propagation path lengths) and Doppler frequency shift (owing to the relativistic

effect - the movement of the mobile). Consequently, the received signal is spread out in

the delay domain (i.e., delay dispersion), and/or has a wider spectral width, proportional

to the mobile velocity, in the frequency domain (i.e., frequency dispersion). Either or both

dispersions can be present in typical mobile channels, and are determined only by the

environment and the velocity of the mobile.

The delay dispersion affects the coherence bandwidth of the channel, while the frequency

dispersion affects the coherence time of the channel. The coherence bandwidth and the

coherence time are two important parameters for the mobile channel. The coherence band-

width and coherence time can be evaluated by the delay spread (τd) and the maximum

Doppler frequency (fD) of the signal channel, respectively1.

For a communication system, there are two related parameters: the symbol duration

(Tsymbol) in the time domain, and the system bandwidth (Wsystem) in the frequency domain.

Approximately, Tsymbol = 1
Wsystem

.

When the maximum Doppler frequency, fD, is normalized by the symbol duration2,

Tsymbol, a useful metric for communication through fading channels is obtained. This nor-

malized parameter, fDTsymbol, often called the fading rate and denoted here by fm, describes

1For formal definitions of the coherence bandwidth and the coherence time, see, e.g., [1, 2, 3, 4].
2To be more accurate, the duration should be application specific. For example, it might be one symbol

for coherent detection, two symbols for differential detection, or several symbols for an equalizer [36].
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Figure 2.4: Categories of the mobile channel based on fading rate and normalized delay
spread. In the labels, fD is the maximum Doppler frequency, τd is the delay spread, Tsymbol

and Wsystem are the symbol duration and system bandwidth, respectively. Specific values
of fm and τm separating these channel categories are not well defined.

the time selectivity of the channel. fm ¿ 1 represents a static fading channel, and otherwise

the channel is time-selective (i.e., fast fading).

Similarly, when the delay spread τd is normalized by the system bandwidth, Wsystem,

another metric is obtained to describe the frequency selectivity of the channel. The metric,

τDWsystem, is called the normalized delay spread and denoted here as τm. τm ¿ 1 represents

a flat channel in the frequency domain, and otherwise the channel is frequency-selective.

The mobile channel can be categorized into four types based on the two metrics: static,

flat fading; static, frequency-selective fading; time-selective, flat fading; and time-selective,

frequency-selective fading, as depicted in Figure 2.4.

The static, flat fading channel is the simplest scenario. The static, frequency-selective

channel does not usually occur for moving terminals, but can be observed from a stationary

radio or sonar channel. Most channels for cellular communications, e.g., Global Systems for

Mobile communications (GSM, originally Group Speciale Mobile), are both time-selective

and frequency-selective. For frequency-selective channels, it is common to assume Wide

Sense Stationarity and Uncorrelated Scattering (WSSUS) [3, 44]. With these assumptions,

the frequency-selective channel can be divided into several uncorrelated flat channels, as in

orthogonal frequency division multiplexing (OFDM). In this thesis, the signal and phase
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models are defined for the time selective, flat fading channel, but can be applied to each

flat channel in a frequency-selective channel.

2.1.4 Bandwidth of the Mobile Channel

The concepts and definitions of bandwidth are manyfold. For example, in wireless com-

munications, the information-theoretic bandwidth is the RF bandwidth (including guard

bands) in Hertz. However, for network engineers, the bandwidth is often expressed as the

capacity, in bits/sec. This section discusses bandwidth of the mobile channel.

The propagation channel has essentially infinite bandwidth, in the sense that the prop-

agation can be modeled at any frequency. However, the bandwidth of the mobile channel

is evaluated by the coherence bandwidth, which equals approximately the reciprocal of the

delay spread of the signal channel [36].

By comparing the coherence bandwidth of the channel with the bandwidth of a mobile

system, the mobile system can be defined as a narrowband system or a wideband system.

Specifically, if the channel coherence bandwidth is much larger than the system bandwidth,

the mobile system is referred to as a narrowband system. Otherwise, it is a wideband system

[3]. Whether a mobile system is narrowband or wideband is equivalent to defining whether

a channel is flat or frequency-selective.

The above concepts and definitions for the mobile channel are fundamentally different

from those in RF engineering, where the bandwidth of a system is described by the frequency

band over which the power spectral density (for RF circuits) or the match (for antennas)

remains within a specified range [4]. By comparing the system bandwidth with the carrier

frequency as a percentage, the RF system can be categorized as a narrowband system

(usually less than 5 to 10%) or a wideband system. Owing to these different bandwidth

concepts, a narrowband antenna could work in a wideband mobile system, but a narrowband

mobile system might require a wideband antenna.

In wireless ultra wideband (UWB) systems, one definition of bandwidth is similar to

those for RF engineering: if the system bandwidth is larger than 20 percent of the carrier

frequency, then the system is UWB [45]. However, there are other definitions, for example:

if the system has an absolute bandwidth of more than 500MHz then it is UWB [45].

The literature refers to the narrowband channel, wideband channel, and ultra wideband

channel when modeling and characterizing the mobile channel [3, 4]. It is understood that

these bandwidth categories require knowledge of the communications system bandwidth.
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2.2 Well-Defined Rice Channel

In this thesis, the interest is the channel phase for a narrowband system, i.e., the mobile

channel is assumed to have time selective, flat fading. In this section, the models and

statistics for such a mobile channel are provided.

2.2.1 Definition and Modeling

The physical mobile channel behavior allows the modeled channel to be considered in per-

spective. If there is an electrical LOS (meaning that there is Fresnel clearance and the

antenna patterns illuminate the Fresnel zone) between the mobile and the BS, and if the

mobile trajectory is linear, then the channel model with only short-term fading suggests a

well-defined Rice process and the channel is called here the well-defined Rice channel.

In a well-defined Rice channel, the scenario is assumed to comprise a fixed mobile an-

tenna pattern illuminated by fixed, diffuse scatterers and a single, dominant source with

fixed amplitude, phase and direction. A scatterer creates a signal component at the receiver

and this component is part of the signal describing the channel. Note that in the termi-

nology here, a dominant source (physical scatterer) creates a dominant component of the

channel CAG. For the Rayleigh channel, these scatterers represent diffuse components, and

for a well-defined Rice channel, it is emphasized that there is a single, dominant component

received from a fixed, dominant scatterer, added to the diffuse components, as illustrated

in Figure 2.5.

When modeling a flat fading channel, the mobile is considered as surrounded by effective

scatterers, - so called because they include the effect of the antenna patterns, propagation,

resolvability, polarization and other physical effects [4]. From now on, “scatterer” and

“effective scatterer” are interchangeable in this thesis unless otherwise mentioned. The

scatterers are modeled only in the horizontal plane, as in the tradition of vehicular mobiles.

Physical scatterers at elevated angles can be projected onto the horizontal plane.

The time-varying, well-defined channel CAG, also referred to simply as the “channel”,

is the signal representing the sum of the components from these effective scatterers; its

notation is

h(t) = A exp[j(2πfDt cos(β0) + ϕ0)] +
Nd∑

i

ai exp[j(2πfDt cos(θi) + αi)] (2.4)
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Figure 2.5: Illustration of channel modeling with isotropic scattering. The scattering is not
necessarily isotropic. An illustration to the directional scattering is in Figure 2.9.

where A, β0, and ϕ0 are the magnitude, the AOA w.r.t. the mobile trajectory, and the initial

phase of the dominant component, respectively; fD is the maximum Doppler frequency

(given by the ratio of the mobile velocity, denoted v, to the carrier wavelength, denoted λ);

ai, θi, and αi are respectively the complex amplitude, the AOA, and the initial phase of the

ith diffuse component. αi is uniform over [−π, π), and can be absorbed into ai.

The physical scatterers are assumed to be in the far field of the mobile trajectory. As a

result, the angles of the scatterers to the mobile trajectory, θi, are assumed not to change

during the observation interval (time or distance). Clearly, for this assumption to hold,

the observation interval of the time-varying channel is limited by the physical layout of

the roads and surroundings. For vehicular mobiles, the valid observation interval may be

several meters, but for handheld terminals, it would be smaller owing to their less smooth

trajectory.

The observation interval, denoted here by T , is often normalized by the maximum

Doppler frequency. Mathematically, fDT = v
λ t = z

λ = L, where z is the distance the

mobile travels during the observation interval T , and L represents the observation interval

as either distance in wavelengths, or as duration in maximum Doppler frequency periods.

The distance in wavelengths, L, is used in this thesis for denoting the observation interval.

One variation of the phase term in (2.4) is given as follows. 2πfDt cos(θi) = 2π
λ cos(θi)vt =

uiz, where ui = 2π
λ cos(θi) is called the spatial Doppler frequency in rads/m [4] and is de-

termined only by the multipath environment. uiv = 2πfD cos(β0) is the usual Doppler
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frequency in rads/sec. These two types of Doppler frequency are used depending on the

contexts in mobile communications.

In the absence of a dominant component, the channel CAG, denoted by s(t), follows the

notation

s(t) =
Nd∑

i

ai exp[j2πfDt cos(θi)] = x(t) + jy(t) = a(t) exp[jφ(t)] (2.5)

where x(t) and y(t) are the real and imaginary parts of the channel CAG, and each can

be modeled as a Gaussian process (based on the central limit theorem (CLT)) with a zero

mean and a variance of σ2. x(t) and y(t) are also known as the inphase and quadrature

components of the channel, respectively [1]. Since they have the same statistics, they are

sometimes referred to as the “component” of the channel in the discussion of this thesis.

The magnitude, a(t), is modeled by the Rayleigh distribution [1, 3],

pa(a) =
a

σ2
exp[− a2

2σ2
] (2.6)

The wrapped phase, φ(t), has a uniform distribution [1, 3],

puni(φ) =
1
2π

, φ ∈ [−π, π) (2.7)

Note that φ(t) here is the time-varying version of φrand in (2.3). The Rayleigh magnitude

and the uniform wrapped phase are dependent in a signal sense [4, 24], but are statistically

independent, i.e., p(a, φ) = pa(a)puni(φ).

With a dominant component present, the channel is the well-defined Rice channel and

the channel CAG can be rewritten as

h(t) = A exp[j(2πfDt cos(β0) + ϕ0)] + x(t) + jy(t) = r(t) exp[jφ(t)] (2.8)

The well-defined Rice channel is usually characterized by the Rice factor. The Rice factor

is defined by K = A2/(2σ2). It is often denoted by K and is also called the K factor

[1, 2, 3, 4]. In this thesis other than Chapter 5, K is expressed in dB except for K = 0

(which corresponds to −∞dB).

For the well-defined Rice channel, the envelope and wrapped phase signals are dependent

in a signal sense and are statistically dependent [4, 24]. The Rice envelope, r(t), is calculated
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by r(t) =
√

A2 + a2(t), and modeled by

pr(r) =
r

σ2
exp[−r2 + A2

2σ2
]I0(

rA

σ2
) (2.9)

where I0(x) is the modified Bessel function of the first kind and zeroth order. Or in terms

of the K factor [4],

pr(r) =
r

σ2
exp[−K − r2

2σ2
]I0(

r

σ

√
2K) (2.10)

The Rice phase, φ(t), can be calculated by

φ(t) = atan2
y(t) + A sin(2πfDt cos(β0) + ϕ0)
x(t) + A cos(2πfDt cos(β0) + ϕ0)

(2.11)

where atan2 is the inverse tangent over [−π, π) in four quadrants. The Rice phase is

modeled by [2],

pRice(φ; K, ϕ0; t) =
1
2π

exp[−K]{1 +
√

πK cos(φ− 2πfDt cos(β0)− ϕ0)×

exp[K cos2(φ− 2πfDt cos(β0)− ϕ0)](1 + erf
(√

K cos(φ− 2πfDt cos(β0)− ϕ0)
)
)} (2.12)

where erf(x) = 2√
π

∫ x
0 exp(−t2)dt. The Rice phase distribution, in general, is not stationary.

It becomes stationary either when K = 0, i.e., when there is no dominant component

present, or when β0 = 90o, i.e., when the dominant source is broadside to the velocity of

the mobile over the observation interval.

2.2.2 Categories of Well-Defined Rice Channels

The well-defined Rice channel can be categorized into two groups based on the character-

istics of the dominant source. If the dominant source is broadside to the velocity of the

mobile (i.e., β0 = 90o) over the observation interval, then the dominant component has a

zero spatial Doppler frequency (in rad/m). Here, the dominant component is present as

a constant in the channel CAG making the Rician channel with a fixed K factor. This

channel is referred to as the stationary well-defined Rice channel in this thesis.

If the dominant source is from a direction other than broadside, then the dominant

component has a non-zero, constant spatial Doppler frequency. If the mobile travels with



CHAPTER 2. MOBILE CHANNEL MODELING AND SIMULATION 20

constant velocity, the dominant component has a constant Doppler frequency (in rad/sec).

In this case, the dominant component has a constant amplitude and its phase has a constant

rate of change. This channel is the general case of the well-defined Rice channel.

On the other hand, if the mobile has a variable velocity (i.e., v is changing), then even

if the K factor is fixed, the mobile channel is not a well-defined Rice channel because the

Doppler frequency of the dominant source is changing. Similarly, if the dominant source

is moving within the scenario w.r.t. the mobile trajectory (i.e., β0 is changing), then the

channel is again not a well-defined Rice channel, even if K is fixed. These cases are not

considered here.

In practice, and especially for hand-held terminals, the mobile pattern can be changing

drastically (w.r.t. geographical coordinates) with time and position. All the components,

including any LOS component, take on a random character because of the pattern changes.

In non-line-of-sight (NLOS), there can still be a local dominant component within the local

scatterers, and its direction, phase, and amplitude, change with time and with position of

the mobile. These practical scenarios are not considered in this thesis.

2.2.3 Second-Order Statistics Given Isotropic Scattering

The channel CAG can be presented as either the real and imaginary parts, or the envelope

and phase. Since the dominant component in the well-define Rice channel CAG is deter-

ministic, the Rayleigh channel CAG, s(t), is used to analyze the statistics for these channel

variables in this section. An example of these random channel variables for a Rayleigh

process is illustrated in Figure 2.6.

The modeled channel CAG is wide-sense stationary over the observation interval, so the

correlation function of s(t) is a function only of time difference (or distance difference, for

a fixed mobile velocity) [1, 3, 4]. The autocorrelation function of s(t) is given by [3, 46],

Rss(τ) = E[s(t)s∗(t + τ)] = 2σ2

∫ π

−π
p(θ) exp[j2πfDτ cos(θ)]dθ (2.13)

where p(θ) is the angular distribution of (effective) scattering in mobile channels, and used

to model the directionality of the scattering.

Similar to the autocorrelation function of s(t), the second-order statistics of other chan-

nel variables are also affected by the angular distribution of the scattering. It is emphasized

here the scattering includes the effects of antennas, and the scattering is taken only in the
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Figure 2.6: An example of time-varying channel variables for a Rayleigh process. They
include the real and imaginary parts, the envelope, and the phase of the channel.

horizontal plane. In this section, the second-order statistics of each channel variable are

reviewed in the presence of isotropic scattering.

With isotropic scattering (refer to Figure 2.5), p(θ) = 1/(2π), and the autocorrelation

function of s(t) becomes [47],

Rss(τ) = 2σ2J0(2πfDτ). (2.14)

The corresponding power spectral density (PSD), a.k.a., the Doppler spectrum, is given by

[1, 3, 47]

Sss(f) =





2σ2

π
√

f2
D−f2

|f | ≤ fD

0 f > fD

(2.15)

This spectrum has a U-shape, and is also called as the Clarke spectrum.

The components, x(t) and y(t), have the same autocorrelation function and PSD func-

tion as s(t), except that the variance of the component equals half of the variance of s(t)
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[2]. Mathematically,

Rxx(τ) = Ryy(τ) = σ2J0(2πfDτ). (2.16)

The corresponding PSD is

Sxx(f) = Syy(f) =





σ2

π
√

f2
D−f2

|f | ≤ fD

0 f > fD

(2.17)

The autocovariance function of the envelope of the channel, a(t), is [1, 40, 47],

Caa(τ) = E[a(t)a(t + τ)]−E[a(t)]E[a(t + τ)] =
πσ2

8
J2

0 (2πfDτ) (2.18)

The PSD of a(t) is [1, 40],

Saa(f) =





σ2

8πfD
K

(√
1− ( f

2fD
)2

)
|f | ≤ 2fD

0 f > 2fD

(2.19)

where K(γ) =
∫ 1
0

1√
(1−x2)(1−γ2x2)

dx is the complete elliptic integral of the first kind.

The autocorrelation function of the channel phase, φ(t), is given by, [4, 47],

Rφφ(τ) = E[φ(t)φ(t + τ)] =
4π2

3
{ 3
2π

arcsin(ρ(τ))[1 +
1
π

arcsin(ρ(τ))]− 1
8
Ω(ρ(τ))} (2.20)

where ρ(τ) = J0(2πfDτ) and Ω(ρ(τ)) = 6
π2

∑∞
n=1

ρ(τ)2n

n2 with Ω(1) = 1.

The correlation coefficient functions of the channel CAG, the components, the envelope

and the phase equal, respectively, (2.14), (2.16), (2.18) and (2.20) normalized by their

corresponding variances, and are respectively denoted as ρss(τ), ρxx(τ) (or ρyy(τ)), ρaa(τ),

and ρφφ(τ). The theoretical and simulated correlation coefficient functions and PSDs for

these three channel variables are plotted in Figure 2.7 and Figure 2.8, respectively. Figure

2.7 shows that the phase decorrelates faster than both the envelope and the component

(x or y) of the channel when the correlation coefficient is larger than around 0.3. Figure

2.8 shows that the cutoff frequency is fD for the component, and 2fD for the envelope, as

expected. The spectrum of the phase has its first drop at fD, followed by a slowly decaying

tail. The first part of the phase spectrum is similar to the spectrum of the component,
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Figure 2.7: Comparison, by theory and simulation, of the correlation coefficient functions
of the component (x or y), the envelope and the phase of a Rayleigh channel with isotropic
scattering. The Rayleigh channel is simulated using the Algorithm 1 presented in Section
2.3.2.

corresponding to the continuous phase variations. The slowly decaying tail of the phase

spectrum corresponds to the fast phase changes when the (wrapped) phase is close to −π

and π, and results in much wider spectrum than the other two variables.

Besides the correlation coefficient functions of the channel variables discussed above, the

power (i.e., a2(t)) correlation coefficient function is often used. The power correlation coef-

ficient function, denoted by ρa2a2(τ), for a Rayleigh channel is known to have the following

relation [4]:

ρa2a2(τ) = |ρss(τ)|2 ≈ ρaa(τ) (2.21)

This relation says the correlation coefficient of the power equals the magnitude square of the

correlation coefficient of the channel CAG, and also approximately equals the correlation

coefficient of the envelope. For a Rayleigh channel, these correlation coefficients equal

J2
0 (2πfDτ).
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Figure 2.8: Comparison, by theory and simulation, of the PSDs of the component (x or y),
the envelope and the phase (simulation only) of a Rayleigh channel with isotropic scattering.
The Rayleigh channel is simulated using the Algorithm 1 presented in Section 2.3.2. The
PSD is estimated using the Welch’s method [48] with a window length of 104 samples. Each
curve is normalized by the maximum Doppler frequency, and the corresponding variance of
each variable.

The power correlation coefficient function of the channel is often used to design the

spacing between two points in the multipath field. The two points could be a traveling

distance for a mobile, or a spacing between two antennas. Uncorrelated signals or antennas

are often required for many applications in mobile communications. Mathematically, the

uncorrelated condition is set as the power correlation coefficient function approaching its

first zero. By setting J2
0 (2πfDτ) = 0, and solving for fDτ , it gives fDτ = L = 0.38.

However, in practice, “low” correlation is often taken as an a power correlation coefficient

below about 0.5 [4]. This gives fDτ = L = 0.18. Putting into words, the two signals, or

two antennas can be treated as uncorrelated when they are separated by a distance of 0.18

wavelength.

For a fading channel, the level crossing rate (LCR) is defined as the average number

of times per second that the channel envelope crosses a given level with positive slope.
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The LCR is affected by the scattering directionality, in particular the first and second

moment of the channel spectrum. Therefore, the LCR is often used as a benchmark to test

the performance of the mobile channel simulator [1, 49, 50]. In this thesis, the LCR for

a Rayleigh fading channel is adopted when the proposed channel simulator is evaluated in

Section 2.3.2. The normalized (by the maximum Doppler frequency, fD) LCR for a Rayleigh

channel, in the presence of isotropic scattering, is given by [1, 2],

N(%) =
√

2π% exp[−%2] (2.22)

where % = lc/E[a(t)2] is the normalized envelope level, lc is the given level, and E[a(t)2] is

the average power of the channel.

For a well-defined Rice channel, the correlation functions and PSD functions of the

channel variables are the same as those for a Rayleigh channel, except for an additive factor

from the deterministic dominant component. However, the LCR for a Rician channel is

different from (2.22) for a Rayleigh channel, but this is not discussed in this thesis.

2.2.4 Modeling the Channel with Directional Scattering

In mobile communications, the scattering surrounding the receiver is not always isotropic.

For example, the multipath signals incident at a BS are often directional, particularly for

macrocells. This is seen from classical models where mobiles are located among dense

scatterers and the BS is illuminated by the scatterers from a small spread of directions. For

a mobile located in dense scatterers, the averaged scenario is often modeled as isotropic,

though the local scattering distribution can seldom be expected to be isotropic. For a mobile

located in a narrow street, the multipath signals received at the mobile are often directional

[51]. For example, Jakes [47] shows a measured example of bi-directional power arrival in

an urban street, demonstrating the arrival of power along street canyons can be from both

directions. In the applications of smart antennas, the antenna ports often have directional

power patterns [52].

Directional here refers to uni-directional. Similar to the discussion above, it is assumed

that the scattering includes the antenna effects and in 2 dimensions (one polar angle) only.

The directionality of the scattering can be interpreted as either: a directional angular

distribution of incident power at an omni antenna; or a directional antenna power pattern

in a uniform angular incident power distribution; or a combination of both (the antenna
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Figure 2.9: Illustration of channel modeling with directional scattering.

power patterns and the incident angular power distribution are multiplicative).

Unlike modeling isotropic scattering, modeling directional scattering requires two more

parameters: the mean direction of the scattering; and a measure of the angular spread, as

illustrated in Figure 2.9. The mean direction, θ0, is defined as the angle of the nominal

center of the directional scattering relative to the velocity of the mobile. The angular spread,

similar to standard deviation of a Gaussian random variable, is measured by κ in the von

Mises distribution, as provided in Section 2.2.4.2 below.

2.2.4.1 Directional Model Selection

There are several distributions for modeling directional scattering. Some examples include

the cosine-power distribution [53, 54], the uniform [55], the truncated Gaussian [56, 57],

and the truncated Laplacian [58, 59].

Except for the truncated Laplacian, these distributions are not founded from the physics

of the propagation. So for omni antennas with directional incident power, the remaining

models are unlikely to be accurate. However, they are likely to be good enough for many

situations, because it tends to be the angular spread rather than the detail of the distribution

that impacts communications design.

A common disadvantage of the above directional models is that their approximations to

directional scattering are not versatile. For the truncated Gaussian and Laplacian distribu-

tions, the approximations to a circular function cause the formulations to be best suited to

directional scattering with small to medium angular spreads. The cosine-power distribution

better suits large angular spreads. This is because of computational pitfalls such as the

power of the cosine becoming high for small angular spreads. The high power factor can
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be averted by reducing the period of the cosine function, but then there is the need for

keeping an eye on the support limits to ensure a single lobe in the full circular support.

The uniform distribution can model the directional scattering with any mean direction and

angular spread, but it is the least intuitive model for the AOAs.

Around 2000, the von Mises distribution was introduced for directional scenarios [60].

It is a convenient model owing to its inherent circular support, simple bell-shaped form,

and smooth transition among many distributions. It extends the classical omnidirectional

scenario to a directional one [46, 51, 61]. This distribution offers simple analysis and simu-

lation in many applications of mobile communications including MIMO [51, 62, 63]. In this

thesis, the von Mises distribution is applied for modeling directional scattering.

2.2.4.2 Von Mises Distribution

The von Mises distribution is given by [17]:

pv(θ; θ0, κ) =
1

2πI0(κ)
exp[κ cos(θ − θ0)], θ ∈ [−π, π), κ ≥ 0 (2.23)

where θ0 is the mean direction of angular data3; κ is called the concentration parameter and

controls the angular spread of the directional distribution. The meaning of these parameters

are depicted in Figure 2.9.

An illustration of the von Mises pdf with θ0 = 0 and various κ is given in Figure 2.10.

κ controls the directional shape and properties of the von Mises pdf, and allows a smooth

transition on the circular support from a uniform distribution to a delta-like function. For

example, when κ = 0, the von Mises pdf becomes the uniform distribution between −π and

π; when κ → ∞, the von Mises pdf approaches a delta function at θ = θ0; and when κ is

sufficient large (i.e., κ >5dB), the von Mises pdf may be thought of as a circular version of

the Gaussian distribution.

The simple exponential structure allows the von Mises pdf to produce closed forms for

its associated statistical functions. These properties are what make the distribution useful

for modeling many different applications involving directional scenarios.

3θ0 should not be confused with β0, the AOA of the dominant component. They could have the same or
different values.
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Figure 2.10: Examples of the von Mises pdf with θ0 = 0 and various κ. The mode is unity
when κ = 6.5508.

2.2.4.3 Second-Order Statistics Given Directional Scattering

In this section, some second-order statistics of the Rayleigh channel with directional scatter-

ing, useful for discussions and analysis in this thesis, are reviewed. The directional scattering

of the channel is modeled by the von Mises distribution. The channel CAG notation is the

same as above: s(t) = x(t) + jy(t).

The autocorrelation function of s(t) is given in [34, 46, 61],

Rss(τ) = 2σ2
J0

(√
−κ2+4π2f2

Dτ2−4jπκfDτ cos(θ0)
)

I0(κ) . (2.24)

When κ = 0, the von Mises pdf reduces to the uniform distribution, and the autocorrelation

function in (2.24) reduces to (2.14) for isotropic scattering. When κ = 0 or τ = 0, Rss(τ)

takes a real value; otherwise, Rss(τ) takes a complex value.

The relation about the correlation coefficient functions given by (2.21) still holds for

the Rayleigh channel with directional scattering. However, the minimum distance for two

points in multipath filed being uncorrelated will depend on the directional parameters (i.e.,
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θ0 and κ). The detailed results are discussed in the context of antenna spacing design in

Section 6.2.

Two derivatives of the autocorrelation functions at τ = 0 are given as follows [46].

Ṙss(0) = −j4πσ2fD
cos(θ0)I1(κ)

I0(κ)
(2.25a)

R̈ss(0) = −σ2(2πfD)2
(

1 +
cos(2θ0)I2(κ)

I0(κ)

)
(2.25b)

Other properties related to the autocorrelation functions are,

Rṡs(0) = Rsṡ(0) = Ṙss(0) (2.26a)

Rṡṡ(0) = −R̈ss(0) (2.26b)

Rxx(0) = Ryy(0) =
1
2
<{Rss(0)} = σ2 (2.26c)

Ryx(0) = −Rxy(0) =
1
2
={Rss(0)} = 0 (2.26d)

Rẏx(0) = Rxẏ(0) = −1
2
={Ṙss(0)} = b2 (2.26e)

Ryẏ(0) = Rẏy(0) =
1
2
<{Ṙss(0)} = 0 (2.26f)

Rẏẏ(0) = −1
2
<{R̈ss(0)} = c2 (2.26g)

where <{·} and ={·} represents the real and imaginary parts of the argument, respectively,

b2 = 2πσ2fD
cos(θ0)I1(κ)

I0(κ)

and

c2 =
σ2

2
(2πfD)2

(
1 +

cos(2θ0)I2(κ)
I0(κ)

)
.

Since s(t) is a circularly symmetric process, its autocorrelation function, Rss(τ), also

has the properties that

Rxx(τ) = Ryy(τ) (2.27a)

Rxy(τ) = −Ryx(τ) (2.27b)

Rss(τ) = 2(Rxx(τ)− jRxy(τ)). (2.27c)
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For directional scenarios (i.e., κ 6= 0), Rss(τ) takes a complex value. In this case, Rxy(τ)

no longer equals zero, which means that x(t) and y(t) are now correlated. However, Rss(τ)

is real for τ = 0, independent of κ. In this case, Rxy(0) equals zero, which means that x(t)

and y(t) are uncorrelated at the same instant, independent of κ. This property shows that

the scattering directionality does not affect the distribution of the envelope and phase of

channel CAG, but changes the second-order statistics of the channel [64].

Denoting the effective scattering distribution by p(θ), the PSD of the channel CAG is

known to be [1, 47],

S(f) =





2σ2(p(θ)+p(−θ))√
f2

D−f2
|f | ≤ fD

0 f > fD

(2.28)

Substituting the von Mises distribution, given by (2.23) for p(θ), the PSD of the channel

CAG becomes

Sss(f) =





σ2(exp[κ cos(θ−θ0)]+exp[κ cos(−θ−θ0)])

πI0(κ)
√

f2
D−f2

|f | ≤ fD

0 |f | > fD

(2.29)

Since cos(θ) = f
fD

, and sin(θ) =
√

1− ( f
fD

)2, then

cos(θ − θ0) = f
fD

cos(θ0) +
√

1− ( f
fD

)2 sin(θ0)

cos(−θ − θ0) = f
fD

cos(θ0)−
√

1− ( f
fD

)2 sin(θ0).

When κ = 0, (2.29) reduces to (2.15) for isotropic scattering. Similar to the scenario with

isotropic scattering, the PSD of the component of the channel is

Sxx(f) = Syy(f) =
1
2
Sss(f) (2.30)

The LCR is also affected by scattering directionality. Assuming the von Mises distribu-

tion is used for modeling directional scattering, the normalized (by the maximum Doppler

frequency, fD) LCR for a Rayleigh channel is given by (c.f. Equation (19) in [50]),

N(%) =
√

2π% exp[−%2]

√
I2
0 (κ)− I2

1 (κ) + cos(2θ0)[I0(κ)I2(κ)− I2
1 (κ)]

I0(κ)
(2.31)
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When κ = 0, (2.31) reduces to (2.22), the normalized LCR for a Rayleigh channel with

isotropic scattering.

The statistics of the absolute phase (including mean, variance, and pdf) are affected

by the scattering directionality. The statistics of the absolute phase in isotropic scattering

are presented in Chapter 4, and the mean of the absolute phase in directional scattering is

given in Chapter 6.

2.3 Mobile Channel Simulations

2.3.1 Review of Simulation Techniques

Simulation has become the main tool for analyzing and assessing the performance of the

algorithms, methodologies, and system designs in communications, and particularly in mo-

bile communications. Simulation results can also reveal unexpected behavior of the system,

and bring new opportunities to theory development. For example, in this thesis, all new

theoretical results are confirmed using simulations; some results are obtained by simula-

tions, but cannot be solved theoretically. Therefore, the validity of the simulation and its

statistical accuracy play an important role in being able to draw conclusions. Speed and

memory requirements are also important properties for a simulator.

Generating channel random variates, which satisfy predefined statistics, such as the

distributions and correlations mentioned above, is widely required. Four types of techniques

for simulating the mobile channel have been proposed:

• the physical channel based sum-of-sinusoids technique [47];

• the time domain based white noise filtering technique using an FIR filter [1, 65, 66];

• the time domain based white noise filtering technique using an IIR filter [49, 67];

• the frequency domain based inverse discrete Fourier transform (IDFT) technique [68,

69].

The physical channel based technique sums multiple sinusoidal variables with each sinu-

soid modeling one signal component received from one scatterer of the channel [47]. Several

variations of this technique also exist by introducing randomness to sinusoids [70]. The

summed signal can be modeled as a complex Gaussian using the CLT, and has the Clarke
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spectrum if the AOAs of scatterers are uniformly distributed. The physical channel based

technique is simple to understand, but its run time complexity is relatively high [69].

The time domain based techniques convolve white Gaussian noise with either an FIR

or an IIR filter that satisfies the predefined Doppler filter shape (e.g., the filter is fixed and

is the Bessel function for idealized isotropic scattering). To represent complicated shapes

such as this Bessel function, the FIR filter needs many filter taps [66, 69], resulting in high

computational load. The IIR filter design stems from ill-conditioned Yule-Walker equations,

sometimes leading to instability [49]. However, an IIR design is presented in [71].

The frequency domain based IDFT technique multiplies white Gaussian noise with a

predefined Doppler spectrum in the frequency domain, and then transforms the spectrally

filtered random variates to the time domain. Usage of the FFT makes this type of channel

simulator attractive because of its high speed. Owing to the relatively simple shape of the

PSD (e.g., the U-shape Clarke spectrum for isotropic scattering), the simulator is easy to

design and modify. However, the FFT requires the samples to be produced in large blocks,

so this type of channel simulator tends to introduce larger delay and requires more memory

than other techniques. Since this type of channel simulator calculates filter coefficients using

a discrete spectrum which is approximated from the predefined spectrum, then faithful

reproduction of the shape of the predefined spectrum is not guaranteed. Therefore, some

second-order statistics, such as the LCR and the zero-crossing rate (ZCR), involving the

first and second moments of the spectrum, might not be accurately reproduced using the

IDFT technique [49].

Nevertheless, channel simulation based on the IDFT technique is widely used and has

been standardized. For example, The package rayleighchan, offered by Matlab, generates

the Rayleigh random variates with the predefined spectrum using the IDFT technique [72].

Most channel simulators developed so far are based on a 2D isotropic scattering, i.e.,

for a well-defined Rice channel with the Clarke spectrum. As discussed in Section 2.2.4,

the 2D directional scenario, if uni-directional, can be conveniently modeled by the von

Mises distribution [34, 46, 51, 61]. In this case, the envelope of the channel CAG is still

Rayleigh, but the second-order statistics (e.g., correlation and PSD) change, and non-zero

cross-correlation appears between the real and imaginary parts of the signal. Therefore the

channel simulators discussed above should be modified or generalized.

In [49], the time domain based white noise filtering technique using an IIR filter is set

up for a directional scenario modeled by the von Mises distribution. Several examples show
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that the second-order statistics (including correlation and LCR) of the generated channel

match the theories very well. In [73], the physical channel based sum-of-sinusoids technique

was attempted for simulating the channel with directional scattering but the simulation

results depart greatly from the theory. In [73] and [74], the frequency domain based IDFT

technique is generalized for the directional scenario modeled by the von Mises distribution

with a mean direction of zero. The disagreement between the statistics (the ZCR is used

here) of the simulated channel and the theory arises but no explanations are given.

In this Section, a generalized version of channel simulator, using the frequency domain

based IDFT technique, is developed based on the one described in [69]. The directional

scenario is modeled by the von Mises distribution. The generalized simulator accepts two

directional parameters as inputs: κ, related to the angular spread; and θ0, the mean direction

of the directional scenario. The Rice factor, K, is also included in the channel simulator.

The performance of the simulator is evaluated using the second-order statistics, including

correlation and LCR.

2.3.2 Mobile Channel Simulator in Directional Scenarios Using IDFT

As discussed in [69], the IDFT based simulator finds the Doppler filter coefficients in the

frequency domain by sampling the continuous spectrum of the channel component, which

is given by (2.29) for directional scenario. If N samples are used, the frequency for each

sample is f = kfs

N , where k = 0, . . . , N−1, and fs is the sampling frequency. The maximum

frequency of the spectrum is the maximum Doppler frequency, fD, so fs needs to be at least

twice fD in order to prevent aliasing. Mathematically, fn = fD/fs < 0.5 where fn is the

maximum Doppler frequency normalized by the sampling frequency. In rayleighchan of

Matlab, fn is taken (arbitrarily) as 0.1 [72].

When simulating a communication system in a fading channel with a fading rate of fm,

the channel sampling rate (i.e., fs) should equal the signaling rate (i.e., 1/Tsymbol) so that

each signal sample can multiply with a channel sample. This means fn = fm when these

sampling rates are normalized by the maximum Doppler frequency. When fn 6= fm, an

upsampling technique by a factor of bfn/fmc if fm < fn, or a downsampling technique by a

factor of bfm/fnc if fm > fn, should be followed after channel simulation. Here bxc denotes

the nearest integer less than or equal to x. The upsampling or the downsampling techniques

are not discussed in this thesis.

In the algorithm proposed here, the fading rate, fm is taken as an input parameter.
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When fm is (arbitrarily) within [0.001, 0.1], it is reasonable to assign fn = fm. However, if

the fading rate is too small (say, fm < 0.001), fn = fm would result in a large number of

samples used for the IDFT, requiring large memory and slowing simulation speed; if fm >

0.1, fn = fm would result in not enough samples for approximating the PSD, sacrificing

simulation accuracy. Therefore, fn might be determined by fm as follows:

fn =





fm 0.001 ≤ fm ≤ 0.1

0.001 fm < 0.001

0.1 fm > 0.1

(2.32)

The index for the maximum frequency can be found by

km = bNfD

fs
c = bNfnc (2.33)

The discrete spectrum of the component of the channel CAG, removing constants and

normalizing by fn, becomes

S[k] =





exp[κa1]+exp[κa2]

I0(κ)
√

1−( k
Nfn

)2
|k| ≤ km

0 km < |k| ≤ N − 1
(2.34)

where

a1 =
k

Nfn
cos(θ0) +

√
1−

(
k

Nfn

)2

sin(θ0)

and

a2 =
k

Nfn
cos(θ0)−

√
1−

(
k

Nfn

)2

sin(θ0).

When Nfn is an integer, (2.34) becomes infinity at the edge index of km. In [69] with

isotropic scattering, this singularity is taken care of by assigning a value to the spectrum

at km with a finite number. The finite number is calculated by setting the area under the

discrete spectrum after the modification to equal the area given by the continuous spectrum.

In the presence of directional scattering, a finite number could be found using a similar

technique but the calculation would be very complicated. With the number of samples, N ,

usually a power of 2, and fn a decimal fraction, Nfn is rarely an integer. If N is large

enough, the samples in the frequency domain can well represent the continuous spectrum.
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Therefore, the “edge effect” (i.e., singularity) is ignored in the following discussion.

With the proof given in [69], the Doppler filter coefficients in the frequency domain

are the square root of the discrete spectrum. Therefore, when the filter coefficients are

implemented in the positive digital frequency domain, they are

FG[k] =





0 k = 0√
S(k) k = 1, 2, . . . , km

0 k = km + 1, . . . , N − km − 1√
S(k −N) k = N − km, . . . , N − 2, N − 1.

(2.35)

When κ = 0, (2.35) reduces to Equation (21) in [69], except for the edge values at k = km

and k = N − km; and the constant multiplied to the non-zero filter coefficients. These

constants are not very important because it is the shape of the spectrum that determines

the statistics of the simulated channel. Therefore, (2.35) can be treated as a generalized

version of Equation (21) in [69].

When κ = 0, i.e., for isotropic scattering, the filter coefficients, FG(k), are symmetric

about the digital frequency at π (corresponding k = N/2). Therefore, the autocorrelation

function of the generated channel CAG in the time domain is real. For nonzero κ, the

filter coefficients become nonsymmetric and change with κ and θ0. Correspondingly, the

autocorrelation function becomes complex.

A completed algorithm is described in Algorithm 1. After the IDFT,

s[n] =
1
N

N−1∑

k=0

X[k] exp[j
2πkn

N
]

where X[k], in the digital frequency domain, is defined at Line 7. The variance for each

component of s[n], is given by [69]

σ2 =
σ2

k

N2

N−1∑

k=0

F 2
G[k]

with σ2
k the variance of each generated i.i.d. Gaussian variates at Line 6. Let σ2

k = 1, then

σ2 = 1
N2

∑N−1
k=0 F 2

G[k] = σ2
g , as given by Line 5. Therefore, by dividing σk by σg at Line 6,

the variances of x[n] and y[n], i.e., σ2, generated at Line 8 are both 1. The magnitude of

the dominant component is then given by A =
√

2K at Line 9, which produces the Rice
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factor as A2/2σ2 = K.

Algorithm 1: Simulating the well-defined Rice channel in directional scenarios by
the IDFT technique

Input: N : the number of points used for the IDFT;
K: the Rice facor;
β0: the AOA of the dominant component;
ϕ0: the initial phase of the dominant component;
fm: the fading rate of the mobile channel;
κ: the directionality parameter in the von Mises distribution;
θ0: the mean direction of the directional scattering;
Output: h[n]:N -point samples of the simulated channel CAG with the Rice factor

of K.
begin1

Determine fn by (2.32);2

Find km by (2.33);3

Find FG[k] by (2.35), k = 0, . . . , N − 1;4

Calculate σg = 1
N

√∑N−1
k=0 F 2

G(k);5

Generate two sets of N i.i.d. zero-mean Gaussian variates, A[k] and B[k], each6

with variance 1/σ2
g ;

Calculate X[k] = (A[k]− jB[k])FG[k];7

Calculate the IDFT on N -point X[k]. Denote the outputs s[n] = x[n] + jy[n],8

n = 0, . . . , N − 1;
Add the dominant component: h[n] =

√
2K exp(j2πfnn cos(β0) + ϕ0) + s[n];9

end10

Notation: σ2
g : the total power of the designed Doppler filter;

To better view the algorithm, the block diagram for simulating the mobile channel in

directional scenarios is shown in Figure 2.11, which is similar to Figure 2 in [69].

The number of points used for the IDFT, N , is usually determined by the time/distance

required by the simulation. For example, given the distance of interest in wavelengths, L,

the number of samples of interest can be calculated by bL/fnc. N is taken as an integer

close to bL/fnc, and is normally a power of two. However, N should not be too small in

order to guarantee the accuracy of representing the predefined spectrum with the discrete

spectrum. This accuracy is determined by the selected value of the digital frequency index

corresponding to the Maximum Doppler frequency, km. For example, if km ≥ 100 is required

for the accuracy in simulation, N should be an integer larger than 100/fn by (2.33).
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√
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Figure 2.11: Block diagram of the generalized mobile simulator in directional scenarios
using the IDFT technique.
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Figure 2.12: Examples of auto- and cross- correlation of the generated channel for different
κ and θ0. The simulated and theoretical curves overlap each other. The lines with markers
represent the autocorrelation, and those without markers represent the cross-correlation.
The x-label, L, is the distance in wavelengths, and represents fDτ in (2.24). L also equals
nfn with n the sample index.

2.3.3 Performance Evaluation

The performance of the generalized channel simulator by the IDFT is evaluated using the

second-order statistics of the channel including the correlations and the LCR. Figure 2.12

shows the simulated and theoretical autocorrelation of the real part of the generated channel
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Figure 2.13: Examples of LCR given κ = 0, 1, 5, 10 and θ0 = 0, 30o, 70o. The theoretical
curves are plotted by dashed lines, and the simulated curves are plotted by different markers
(stars for θo = 0, squares for θ0 = 30o, and dots for θ0 = 70o).

(i.e, Rxx[n]); the simulated and theoretical cross-correlation between the imaginary and the

real parts of the generated channel (i.e., Ryx[n]), for different values of κ and θ0. The

theoretical results are based on (2.24) and (2.27). The autocorrelation and cross-correlation

vary significantly with κ and θ0, but the simulation results match the theory very well.

There are small discrepancies when the correlation is well away from the main lobe (not

shown in the figure). However, in practice, matching the detail of the side lobe region of the

correlation function is seldom important. It can be concluded that the mobile simulator by

the IDFT technique for directional scenarios is able to reproduce the autocorrelation and

cross-correlation of the modeled channel.

Figure 2.13 shows four sets of LCR curves given κ = 0, 1, 5, 10 and θ0 = 0, 30o, 70o. The

simulated LCR curve for κ = 0 overlaps the LCR curve (not shown here) obtained using

the channel simulator by the IDFT described in [69]. The LCR varies with both the mean

direction of the directional scenario, θ0, and the directionality parameter, κ. The variation

owing to the mean direction is slight for small κ, but significant for large κ.

The simulated LCR curves do not match the theory very well for small crossing levels
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(i.e., % < −15dB) when κ is small. A similar observation is made in [49] and also on page

65 in [1] for the case where the physical channel based sum-of-sinusoids technique is used

for simulating the channel. The disagreement is because the sampling rate used in the

above simulation (i.e., fn = 0.01) is not high enough to capture all the level crossing events.

As the sampling rate increases (e.g. fn = 0.001), the simulation converges (slowly) to the

theoretical value because less level crossing events are missed.

Another reason for disagreement is that the LCR depends on the first and second mo-

ments of the spectrum whereas the IDFT technique cannot guarantee the perfect match to

the predefined spectrum shape [49]. This disagreement decreases with increasing κ because

the impact of the first and second moments of the spectrum on the LCR is inversely pro-

portional to κ. It is reported in [49], when the white noise filtering technique using an IIR

filter is used for simulating the channel, this disagreement is smaller than the one from the

IDFT technique because a carefully designed IIR filter can provide a more precise match to

the predefined spectrum than the IDFT technique.

The departure of the simulated LCR from the theoretical form of its model, for small

crossing levels, demonstrates a limitation of the simulation technique. Nevertheless, the

second-order statistics from the simulator are, in general, a good match to the modeled

forms, and this is adequate for many simulation requirements.

2.3.4 Summary

Channel simulation by the inverse discrete Fourier transform technique is formulated for

directional scenarios, and is summarized in the form of an algorithm in this section. The sim-

ulator is only for the well-defined Rice channel, and it is limited to a 2D effective scattering

distribution. Nevertheless, it is adequate for many applications. The von Mises distribution

is used here for the directionality. It has the usual isotropic form (Clarke spectrum) as a

special case. Multi-directional distributions can be synthesized by summing multiple von

Mises functions, or by direct synthesis from a different model for the effective scattering

distribution. The accuracy of the simulator w.r.t. its mathematical model is limited by the

channel sampling rate and the difference of the shape of the predefined spectrum model and

its discretized form. This difference causes, for example, small dissimilarities in the side lobe

structure of the correlations, and in the LCR for low envelope levels with low directionality.

In this thesis, Algorithm 1 is used for simulating the well-defined Rice channel with either

isotropic or directional scattering.



Chapter 3

Absolute Phase for a Well-Defined

Rice Channel

This chapter introduces a new channel variable, namely the absolute phase, based on the

channel modeling presented in Chapter 2. This chapter answers three questions: what is

the absolute phase; how to formulate the absolute phase using the channel variables; and

how to obtain the absolute phase by simulation, and acquire the absolute phase in practice.

3.1 Introduction to the Absolute Phase

3.1.1 Effects of Propagation on Channel Phase

Figure 3.1 depicts a popular single bounce model of the outdoor channel, where the BS

directly illuminates a single set of static, random scatterers around the mobile. As discussed

in Section 2.1.2, the scatterers seen by the mobile have random phases but also contain a

phase term influenced by the distance between the scatterers and the BS.

Specifically, at position 1, the mobile sees scatterers which all feature a delay related to

the distance to the BS, d. The phase of the scatterers includes a distance-dependent term,

ej2πd/λ. This term is equivalent to ejωcτ1 , where ωc is the carrier angular frequency, and τ1

represents an average delay between the scatterers at Position 1 and the BS. At Position 2,

the mobile sees a new set of scatterers whose phase now includes ejωcτ2 , where τ2 is larger

than τ1. Geometrically, τ1 ≈ d/c and τ2 ≈ (d + ∆d)/c. As well as the distance-dependent

phase term, the channel phase seen by the mobile, at each position, also includes a random

40



CHAPTER 3. ABSOLUTE PHASE FOR A WELL-DEFINED RICE CHANNEL 41

BS

Position 1 Position 2

d ∆d

ejωc(d+∆d)/c

Mobile

ejωcd/creference phase: 0

Mobile

Figure 3.1: A popular outdoor mobile channel model. The channel phase (after unwrapping)
increases as the mobile moves away from the BS. ωc is the carrier angular frequency and c
is the speed of light.

term, which is from the summation of random phases of all scatterers.

In an absolute reference system (approximated by having Frequency Standards at both

the receiver and transmitter, see Section 3.4.3), as the mobile moves away from a BS,

the channel phase (after unwrapping) experiences an average increase while experiencing

random phase variation. Similarly, the phase relative to the BS decreases on average as the

mobile moves towards the BS. The instantaneous changes are not constant with distance

owing to the random nature of the phase, but the mean change rate is essentially constant

because it relates to the increasing/decreasing distance.

The channel phase is closely related to the propagation phenomena discussed in Section

2.1.2. The random phase is due to short-term fading, and the distance-dependent phase is

due to the signal propagation. The random phase acts as a short-term phase noise added on

the deterministic distance-dependent phase. This is analogous to the (random) short-term

fading multiplied to the (distance-dependent and deterministic) propagation gain. Another

propagation phenomenon is shadowing. If shadowing is multiplicative to short-term fading,

it will not affect the random phase. Other types of shadowing1 will affect the random phase,

but they are not considered in this thesis.

For vehicle-to-vehicle channels, there is a similar situation regarding the phase, but one

of the vehicles is now the BS and is also typically modeled as having dense local scatterers.

In some situations, vehicle-to-vehicle channels are modeled with a keyhole link, or linked

with an amplify-and-forward repeater, and the channel becomes so-called double-Rayleigh.

This situation is not treated in this thesis.

1The detailed shadowing models are discussed in Section 5.1.1 in Chapter 5.
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3.1.2 Definition of the Absolute Phase

Instead of the distance-dependent channel phase as described by Figure 3.1, the interest

here, for the analysis, is the absolute phase of a well-defined Rice channel, i.e., the accumu-

lated random phase change from only the (fixed) local scatterers2.

Recall that with the dominant component present, the channel notation is

h(t) = r(t) exp[jφW (t)] = I(t) + jQ(t)

where φW (t) is the same as φ(t), but the subscript W is used here to emphasize that the

phase is “wrapped”; r(t) is the Rice envelope, and φW (t) is the Rice phase in [−π, π) as

given by (2.11); I(t) and Q(t) are the real and imaginary parts of a Rician channel CAG.

The absolute phase is defined as the accumulated (Rice) phase change over the time

(t0, T + t0), denoted φA(T ; t0), with t0 the reference time and T the observation interval.

The time-varying unwrapped phase without subtracting the phase at time t0 is called the

continuous phase φC(t; t0). Mathematically, φA(T ; t0) = ∆φC(T ; t0) = φC(T ; t0)−φC(0; t0).

The statistics of φA(T ; t0) are independent of the reference time t0, so φA(T ) is used to

denote the absolute phase from here on. Similarly, instead of (t0, T + t0), (0, T ) is used as

the observation time interval of interest in the following discussion. With this formulation,

the specific value of the initial phase of the dominant component, ϕ0, will not affect the

absolute phase, so it is assumed to be zero from hereon.

The observation interval can be normalized by the maximum Doppler frequency, i.e.,

fDT = L. Similar to fDTsymbol (i.e., fm) in digital communications, which represents the

fading speed of the channel relative to the signaling rate, L is an important parameter to

describe the statistics of the absolute phase in the mobile channel.

3.1.3 Absolute Phase Examples

Figure 3.2 shows an example of the real and imaginary parts, the phase of the channel,

and its corresponding absolute phase. Owing to unwrapping, the absolute phase does not

have abrupt changes at π or −π as the wrapped phase does, and has a phase range beyond

[−π, π). The different behaviors fundamentally change the statistics of the absolute phase

2The distance-dependent phase can be removed from the received signal, for example, using synchroniza-
tion techniques.
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Figure 3.2: Example, from simulation, of the real and imaginary parts, the wrapped phase
and the absolute phase for a well-defined Rice channel with K = 0.

compared to the wrapped phase.

Figure 3.3 shows an example of the absolute phase trajectories for two users in a well-

defined Rice channel with the same weak K factor, but moving in different directions. The

different mobile users have different, and in fact independent, absolute phase trajectories

due to the moving direction. Moreover, for the well-defined Rice channel, the mean of

the absolute phase includes a linear component of the phase from the dominant source that

changes proportionally to the distance to that source, even though any distance-dependence

to the BS as shown in Figure 3.1 has been omitted. This property is potentially useful in

mobile applications such as mobile user localization and tracking.

Figure 3.4 shows another example of the absolute phase trajectories for two users in a

well-defined Rice channel moving towards the same direction, but with different K factors.

The mean of absolute phase exhibits different slopes, which is related to the value of the

K factor. This property can be potentially used for channel characterization in mobile

communications. This potential has resulted in a new K factor estimator, which is discussed

in Chapter 5.
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3.2 Formulations of the Absolute Phase

The absolute phase can be obtained by the unwrapping technique as follows. Find the

wrapped phase, φW (t), of the channel CAG by circular functions, unwrap φW (t) over the

time (0, T ), and subtract the initial phase. The unwrapping algorithm is in itself an extensive

research area, and has been adopted in many applications, for example, to restore the phase

information of images in radar, sonar, and optics [75, 76, 77, 78].

As discussed in Section 1.2, the absolute phase in mobile channels is analogous to the

output phase of an FM receiver (e.g. limiter-discriminator-integrator [21]). Several calcu-

lation techniques, such as the zero-crossing technique [26], the phase derivative integration

technique [20], and the Rice click analysis [15], have been developed to calculate the output

phase of the FM receiver. These techniques can be used to formulate the absolute phase in

mobile channels.

In this section, these different techniques are discussed using the terminology of mobile

channels, and connections between them are made. Here a stationary well-defined Rice

channel model (i.e., β0 = 90o) is adopted for discussion, but the results can be generalized

to the well-defined Rice channel (i.e., β0 6= 90o,).

3.2.1 Unwrapping Technique

Given β0 = 90o and ϕ0 = 0o, the wrapped phase of (2.11) can be simplified to

φW4(t) = atan2
y(t)

x(t) + A
= atan2

Q(t)
I(t)

(3.1)

which is in all four quadrants between −π and π. This is the commonest method to find

the phase angle in mobile communications.

Given both Q(t) and I(t) are continuous Gaussian processes, the wrapped phase, φW4(t),

during the time (0, T ), calculated by (3.1), might experience a type of phase discontinuity

called the 2π discontinuity. The 2π discontinuity of the wrapped phase aries when Q(t)

changes its sign while I(t) < 0, i.e., when the signal trajectory crosses the negative I(t)

axis. It is the periodic property of circular functions (i.e., atan2 in (3.1)) that results in

the 2π discontinuity, as illustrated in Figure 3.5. Meanwhile, φW4(t) might mathematically

experience a phase jump of exactly π, which arises when the signal trajectory crosses the
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Rice process. The wrapped phase can have either the 2π discontinuity or the π discontinuity
depending on the use of circular functions. The simulation parameters are K = 5dB, and
fn = 0.001.

origin, i.e., r(t) =
√

I(t)2 + Q(t)2 = 0. This event strictly has an infinitesimal probabil-

ity, but in practice, almost-π jumps (and recognized as π jumps [4, 16, 29]) are observed

whenever r(t) is small, i.e., when the signal moves closely passed the origin. In the mobile

channel, deep fades that have no π jump are unlikely.

The continuous phase can be obtained by unwrapping the wrapped phase φW4(t) over

(0, T ). Since the wrapped phase varies relatively slowly and the maximum change is no

greater than 2π, the unwrap function given, for example, by Matlab, is adopted to implement

the unwrapping operation. The unwrap function is defined as “correcting the radian phase

angles in a vector by adding multiples of ±2π when absolute jumps between consecutive

elements of the vector are greater than the jump tolerance of π radians.” In other words,

the continuous phase, φC(t), is obtained by adding or subtracting multiples of 2π to the

wrapped phase φW4(t), as shown in Figure 3.6.

By the unwrapping technique, the absolute phase at time T is formulated as

φ
(u)
A (T ) = φW4(T )− φW4(0) + 2πN2π(0, T ) (3.2)

where φW4(T ) and φW4(0) are the wrapped phase values within [−π, π) at time T and

0, respectively, and N2π(0, T ) represents the cumulative number of 2π corrections during

the time period of (0, T ). This is written as N2π(0, T ) = N2π+(0, T ) − N2π−(0, T ), where

N2π+(0, T ) and N2π−(0, T ) are the number of positive and negative 2π corrections respec-

tively.
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Figure 3.6: The continuous phases calculated using unwrap functions by (3.1) and (3.3),
and using the phase derivative integration technique by (3.6), for a stationary well-defined
Rice process. The two curves from unwrapping technique are identical, but are slightly
different from the curve from the integration. The difference is less than the linewidth in
this example.

Note that the 2π correction corresponds to the event that the signal crosses the negative

I(t) axis. During the crossing, 2π is added if the sign of Q(t) becomes negative from positive

(referred to as the positive 2π crossing event), and otherwise, 2π is subtracted (referred to

as the negative 2π crossing event).

3.2.2 Zero-Crossing Technique

In early wireless communications phase analysis [20, 26], instead of atan2, arctan was used

to calculate the wrapped phase:

φW2(t) = arctan
Q(t)
I(t)

(3.3)

where arctan returns the inverse tangent in the range of [−π/2, π/2]. φW2 denotes the phase

over two quadrants only. As a result, this wrapped phase, φW2(t), experiences discontinuities
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of π owing to the periodic property of the circular function of arctan, each time when

I(t) = 0, i.e., when the signal crosses the Q(t) axis, as shown by “zero crossings” in Figure

3.5.

In order to obtain the continuous phase, the unwrapping operation is undertaken here

by modifying the unwrap function given in Matlab. The new unwrap function is defined as

“correcting the radian phase angles in a vector by adding multiples of ±π when absolute

jumps between consecutive elements of the vector are greater than the jump tolerance of

π/2 radians”. The continuous phase is shown in Figure 3.6.

The absolute phase can be formulated from φW2 through [26],

φ
(z)
A (T ) = φW2(T )− φW2(0) + πNπ(0, T ) (3.4)

where Nπ(0, T ) represents the cumulative number, counted from time 0 to T , of the real

part of signal, I(t), crossing zero.

This formulation is similar to the key idea behind the zero-crossing technique proposed

by Blachman [22, 79]. The zero-crossing technique originally comes from the estimation

of the phase derivative (i.e., the instantaneous frequency) of a narrowband signal [19]. It

relies on the fact that the phase derivative of a narrowband signal can be estimated by the

number of zeros of the narrowband signal over an interval.

The continuous phase based on arctan is identical to the one based on atan2, as shown

in Figure 3.6. Since (3.2) and (3.4) are equivalent in calculating the absolute phase by

the conversion of atan2 and arctan, only atan2 is considered here, and φW (t) is used to

represent φW4(t), when discussing the unwrapping operation, unless otherwise mentioned.

3.2.3 Phase Derivative Integration Technique

In order to avoid the discontinuities caused by atan2 or arctan function, the derivatives of

the real and imaginary parts of the signal are taken to calculate the phase derivative, and

then this phase derivative is integrated to obtain the continuous phase [20]. This method

has been widely adopted in both analog and digital FM receivers [21, 26, 27, 80], where the

FM receiver usually consists of a limiter-discriminator plus a low-pass filter.

The discriminator acts as a differentiator, and the output of the discriminator in the

FM receiver is proportional to the phase derivative. The phase derivative notation here is
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the over-dot, and the formulation is [20, 26]

φ̇C(t) =
I(t)Q̇(t)−Q(t)İ(t)

I(t)2 + Q(t)2
. (3.5)

Since the analog real and imaginary parts of the signal, I(t) and Q(t), are continuous, the

output of the discriminator no longer contains the discontinuity caused by the domain of

atan2 or arctan. Mathematically, the phase derivative in (3.5) has the discontinuity only

when I(t) = Q(t) = 0, i.e., when r(t) =
√

I(t)2 + Q(t)2 = 0. Similar to the phase jump of

exactly π discussed above, the event strictly has an infinitesimal probability.

The low-pass filter in the FM receiver can be approximated by an ideal integrator over

a duration from 0 to T . The output of the integrator at time T is the absolute phase, viz.,

φ
(i)
A (T ) =

∫ T

0
φ̇C(t)dt. (3.6)

This seems to be the most intuitive way to formulate the absolute phase (given its definition)

and this formulation is used by Rice [20] and Middleton [24] for deriving the variance of the

output phase in the FM receiver situation.

The resulting continuous phase is shown in Figure 3.6 based on the signal example

in Figure 3.5. The continuous phase from the unwrapping technique and from the phase

derivative integration technique are almost the same. In Appendix A, these two techniques

are compared and it is shown that although they are indeed similar, they can produce

different results owing to the sensitivity of (3.5) to small values of r(t).

3.2.4 Rice Click Analysis

As discussed above, the phase discontinuity in the wrapped phase is due to the usage of cir-

cular functions. This kind of discontinuity disappears after unwrapping. However, whenever

the signal magnitude, r(t), is close to zero, the phase varies dramatically as determined by

(3.5). In mobile channels, this corresponds to a deep fade with a corresponding large-peak

impulse in the phase derivative [4, 16].

When K is large, the large-peak impulse in the phase derivative becomes highly related

to the 2π discontinuity in the wrapped phase. This impulse, appearing after the discrimi-

nator in FM receivers, is named as the click by Rice [15], because it is heard as a click in

analog FM receivers. It is depicted in Figure 3.7. Depending on the trajectory of the signal



CHAPTER 3. ABSOLUTE PHASE FOR A WELL-DEFINED RICE CHANNEL 50

 −6−4.5 −3−1.5   0 1.5   3 4.5   6

−1.5
−1.1

−0.75
−0.38

  0
0.38
0.75

1.1
1.5

1.5 1.6 1.7 1.8

x 10
4

−1

0

1

2

3

Sample index

C
on

tin
uo

us
 p

ha
se

 φ
C

(t
) 

in
 π

1.5 1.6 1.7 1.8

x 10
4

−1

0

1

2

3

Sample index

W
ra

pp
ed

 p
ha

se
 φ

W
(t

) 
in

 π

1.5 1.6 1.7 1.8

x 10
4

−0.05

0

0.05

0.1

0.15

Sample indexC
on

tin
uo

us
 p

ha
se

 d
er

./s
am

pl
e 

(r
ad

)

Q(t)

Rice click

2π discontinuity

I(t)

Figure 3.7: An example of the Rice click. The simulation parameters are K = 8dB, and
fn = 0.001.

completing one 2π trajectory about the origin, the impulse, from hereon called the Rice

click, can appear as many shapes [81]. The impulse always has an area of 2π, corresponding

of course to the phase change of 2π in the continuous phase.

The absolute phase in the mobile channel can be formulated, similar to the formulation

of the output phase of an FM receiver using the Rice click [15], as

φ
(c)
A (T ) = φW (T )− φW (0) + 2πNr2π(0, T ) (3.7)

where Nr2π(0, T ) is the cumulative number of the Rice clicks. Note that both φW (T ) and

φW (0) are calculated through (3.1), and lie in the range of [−π, π). This formulation is

widely used to calculate the output phase in digital FM receivers [27, 80], where the SNR

is usually very high.

The Rice click is a complicated random event. However, Rice modeled it as a event of

the signal crossing the negative I(t) axis (i.e., the 2π crossing event) when the SNR (c.f.,

K) of FM receiver is large. With this modeling, (3.7) becomes equivalent to (3.2). However,
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when the SNR is not large enough, this modeling becomes inaccurate and then many other

clicks, such as the doublet [82] and the false click [82, 83], were observed and discussed in

FM receivers. These clicks, especially the false clicks, can appear to be similar to the Rice

click, but have different mechanisms and different effects on the mean and variance of the

output phase of an FM receiver. The click types, together with their effects on the absolute

phase, are summarized and compared in Appendix B.

3.3 Simulation of the Absolute Phase

The statistics of the absolute phase are studied by theory, and the results are verified

by simulation. Simulating the absolute phase is based on simulating the mobile channel

because the absolute phase is the accumulated channel phase change over an observation

interval (0, T ). In this thesis, the mobile channel is generated using Algorithm 1 presented

in Chapter 2. The parameters used in Chapter 3 to Chapter 5 are as follows: ϕ0 = 0 (initial

phase of the dominant component), β0 = 90o (i.e., the stationary well-defined Rice channel),

κ = 0 (i.e., isotropic scattering), θ0 = 0 (mean direction of the scattering, any value can

be used here for isotropic scattering) , and fn = fm = 0.01. In Chapter 6, non-zero κ (i.e.,

directional scattering) and different values of θ0 and β0 are considered.

After the channel is generated, the absolute phase φA(T ) is then calculated using the

formulations described in Section 3.2. For the simulations in this thesis, the unwrap function

given by Matlab is adopted to calculate the absolute phase.

The absolute phase is a time-varying random variable, and the statistics (e.g., mean

or variance) of the absolute phase changes with the observation time. Therefore, ensemble

average cannot be replaced by time average when acquiring a sample statistic of the absolute

phase [84]. In this thesis, one sample of the absolute phase at time T is acquired by running

the channel simulator once. The sample statistics are averaged over at least 104 samples.

3.4 On Acquisition of the Absolute Phase

The absolute phase is calculated from the wrapped channel phase, so in this section, the

sampling frequency of the wrapped channel phase is first provided. Some possible systems

for measuring or estimating the channel phase are then suggested. Finally, some practical

considerations for acquiring the absolute phase are discussed.
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3.4.1 Mobile Channel Phase Sampling Frequency

The channel phase can be calculated from the real and imaginary parts of the channel CAG,

or collected directly from the channel phase if available. It is also possible to use the channel

envelope to help estimate the phase (refer to Section 7.4 in [4] for detail), but this method

is not discussed in this thesis.

As discussed in Section 2.2.3, the channel CAG can be described by three types of

variables: real or imaginary part (component); envelope; and phase. They have different

spectral properties (refer to Figure 2.8). For the component, the cutoff frequency of the

spectrum is fD, and for the envelope, it is 2fD. However, the spectrum of the phase is

much wider than those of the component and the envelope. A phase PSD, from simulation,

against the normalized frequency, is shown in Figure 3.8. Since the phase PSD has a slowly

decaying tail, the 99 percent bandwidth3 is used here to find its cutoff frequency. Based

3The bandwidth that contains 99 percent of the total power [85].
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on simulation, the 99 percent bandwidth for the phase is around 45fD. By the Nyquist

theorem, the minimum sampling frequency for the phase is 90fD, which is much larger than

the minimum sampling frequencies for the component and the envelope of the channel.

Many communication systems provide only the real and imaginary parts of the chan-

nel, and therefore the sampling frequency is usually not high enough to reconstruct the

phase without aliasing. In this case, the real and imaginary parts should be interpolated

(upsampled) to at least 90fD before the phase is calculated (this is equivalent to requiring

the maximum Doppler frequency normalized by the sampling frequency, fn, to be no larger

than 0.01).

3.4.2 Acquisition Systems for Channel Phase

Practical measurement of the absolute phase is suggested as future work. Here, two types

of systems are recommended to acquire the absolute phase. Both systems provide samples

for the real and imaginary parts of the channel CAG. The absolute phase can then be

calculated using these samples.

The first choice is to use a channel sounding system. One such system is described

in [86]. In a channel sounding system, the sounding signal is characterized by two time-

related parameters: signal duration, denoted Tsignal, and repetition time or sampling period,

denoted Ts [3]. The signal duration determines the achievable resolution in the delay time

domain, and can be adjusted based on user requirements, but should not be longer than the

coherence time of the channel. Mathematically, this means fDTsignal < 1. The sounding

signal is used to capture the channel variation in the time domain. The repetition rate of the

sounding signal should be at least twice the maximum Doppler frequency to avoid aliasing

but the repetition time should be larger than the maximum delay (τm) to avoid overlapping

of consecutive received pulses. Mathematically, this means τm < Ts < 1
2fD

. The latter

relation is equivalent to fn < 0.5 as discussed in Section 2.3.2. If the sampling frequency of

a sounding system is higher than the minimum sampling frequency of the channel phase,

interpolation techniques are not required before calculating the absolute phase.

The alternative is to use a communication system capable of channel estimation such as

pilot-aided modulations [87, 88] and blind channel estimations [89, 90]. The pilot symbol

is similar to the sounding signal in the sounding system. The repetition time of the pilot

symbol (i.e., the reciprocal of the pilot symbol rate) should satisfy fDTs < 0.5. Much larger

sampling frequency is preferred for recovering the envelope and phase, but it will decrease
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the channel throughput and capacity efficiency. Therefore, interpolation techniques usually

follows the channel estimation in these systems [87, 88].

3.4.3 Practical Considerations of Acquiring the Absolute Phase

As discussed in Section 3.1.1, the phase of the channel CAG consists of a distance-dependent

term and a random term. To calculate the absolute phase using the random wrapped phase,

the distance-dependent phase should be removed.

In practical sounding or communication systems, the distance-dependent phase can be

measured and removed from the channel phase using time synchronization techniques. This

removal might not be perfect, causing inaccuracy in the wrapped phase measurement. The

accuracy of the wrapped phase measurement is also affected by frequency synchronization

as discussed below.

The mobile and the BS can be synchronized by their own Frequency Standard oscillators.

This technique is experimentally feasible, using, for example, Rubidium Standards, as in

many channel sounding systems [86]. In this case, the measured phase difference (found from

signal mixing) between the receiver’s Standard-derived reference phase and the phase of the

received signal from the transmitter’s Reference-derived carrier, would be the wrapped phase

of the channel. In a communications system with the transmitted carrier phase-modulated,

this measured phase would also contain the modulation information. It is assumed here that

either there is a dedicated (i.e., unmodulated) pilot tone, or that any angle-modulation can

be separated from the channel phase variations.

Normally, a receiver derives its phase reference by locking to the received signal carrier

using a phase-locked loops (PLL). Without Frequency Standard oscillators, the measured

phase difference would also include a significant phase roll, exp(j∆ωot), where ∆ωo is the

radial frequency difference between the transmitter and receiver oscillators, and is a function

of time owing to temperature variations in the oscillators. The phase roll is not directly

caused by propagation within the mobile channel, but would be part of the measured phase

of the mobile channel.

If the PLL tracks the received carrier perfectly and instantaneously, then the derived

(instantaneous) frequency reference at the receiver would track the signal carrier perfectly.

The measured phase difference at the receiver will include the wrapped channel phase and

the phase roll.

With a very stiff (very long time constant) PLL, the receiver’s reference oscillator is more
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like the Frequency Standard situation in the sense that the fast phase changes (such as from

the phase roll) are smoothed out. The received signal phase (which is changing because of

the changing channel) and the reference phase (essentially constant) can be subtracted by

signal mixing to yield the wrapped channel phase.

In summary, effects such as the phase roll and the changing separation distance, add to

other practical issues such as oscillator phase noise, etc., to complicate the acquisition of

the wrapped channel phase, and consequently of the absolute phase.

The following chapter develops the statistics of the absolute phase. Therefore, the

distance-dependent phase and phase noises such as the phase roll etc. are omitted. The

channel phase contains only the absolute phase as defined by contributions from the local,

fixed scatterers.



Chapter 4

Statistics of the Absolute Phase

with Isotropic Scattering

In this chapter, the theoretical results for the mean, variance and pdf of the absolute phase

are provided for the well-defined Rice channel with isotropic scattering. These statistics are

fundamental to develop and analyze potential applications related to the absolute phase,

such as the Rice factor estimator presented in Chapter 5. Simulations are used to support

the analysis and discussion.

4.1 Mean of the Absolute Phase

The mean of the wrapped phase is zero for a Rayleigh channel and for a well-defined Rice

channel with a zero initial phase. But the mean of the absolute phase is not always zero. An

intuitive way to derive the mean of the absolute phase, as described by Blachman [22, 23],

is provided below.

Recalling the channel CAG here for convenience

h(t) = A exp[j2πfDt cos(β0)] + a(t) exp[jφW (t)] (4.1)

For a stationary well-defined Rice channel (i.e., β0 = 90o), the number of positive and

negative 2π crossings are evenly distributed (have the same mean) during the observation

interval so that the resulting absolute phase has a mean of zero.

Consider a well-defined Rice channel with a dominant component with a magnitude A,

56
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which rotates the origin with a constant rate. Its phasor is A exp[j2πfDt cos(β0)]. When the

magnitude of the diffuse component, a(t), is smaller than the magnitude of the dominant

component, A, then the absolute phase increases with an average rate of 2πfD cos(β0). On

the other hand, if a(t) > A, then the circumnavigations of the origin are random and so the

ensemble average of the absolute phase is zero. Mathematically, the mean of the absolute

phase is given by [22]

φ̄A(T ) = T × [2πfD cos(β0)]
∫ A

0
pa(a)da

= 2πfD cos(β0)T (1− exp[−K])

= 2π cos(β0)(1− exp[−K])L. (4.2)

The mean of the absolute phase calculated by (4.2) becomes zero when K = 0 or when the

dominant component has zero spatial Doppler (i.e., β0 = 90o).

Some examples, including both simulation and theoretical results, of the mean of the

absolute phase for various K and L are illustrated in Figure 4.1 and Figure 4.2. It can be

seen that the mean given by (4.2) is well supported by the simulation results. The sign of

the mean is determined by the AOA of the dominant source relative to the mobile velocity:

if β0 ∈ [0, 90o), the mean is positive, and is negative if β0 ∈ (90, 180o). The sign can be

used to indicate the quadrant or even specific direction of the dominant source relative to

the trajectory of the mobile.

4.2 Variance of the Absolute Phase

In this section, the techniques for calculating the variance of the absolute phase are pre-

sented. As discussed in Section 1.2, the absolute phase is analogous to the output phase

of an FM receiver. Therefore, various techniques, which have been proposed for analyzing

the output phase of an FM receiver, can be applied to the mobile channel to calculate the

variance of the absolute phase by reinterpreting the SNR and correlation functions of an

FM receiver.

The variance calculation techniques for the output phase of an FM receiver include

the correlation technique by Rice [20] and Middleton [24], the zero-crossing technique by

Blachman [22], and the click analysis by Rice [15].

In this section, these techniques are examined and compared in the context of the mobile
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channel. As shown below, the variances for some situations can be well approximated, and

some are complicated. The correlation and zero-crossing techniques are more general and

accurate than the Rice click analysis but they provide mathematically attractive forms only

for K = 0. The Rice click analysis is simple to derive but it approximates well only for K

larger than 2dB [15].

4.2.1 Correlation Technique

The correlation technique models the absolute phase as the accumulated phase change, as

given by (3.6). Then the variance of the absolute phase can be calculated through the

autocorrelation of the phase derivative, which has been derived by Rice [20] and Middleton

[24]. Denoting the phase derivative autocorrelation as Rφ̇C
(τ), then the variance of the

absolute phase at the observation time, T , is [91]

σ2

φ
(r)
A

(T ) = 2
∫ T

0
(T − τ)Rφ̇C

(τ)dτ. (4.3)

The autocorrelation, Rφ̇C
(τ), has a closed form only for K = 0, which is given by [20]

Rφ̇C
(τ) =

ρ̈(τ)ρ(τ)− ρ̇2(τ)
2ρ2(τ)

log(1− ρ2(τ)) (4.4)

where ρ(τ) is the autocorrelation coefficient function for the component of the channel.

ρ̇(τ) and ρ̈(τ) are the first and second derivative of the correlation coefficient function,

respectively. In the presence of isotropic scattering, the component correlation coefficient

function of the channel is given by ρ(τ) = J0(2πfDτ), then

ρ̇(τ) = −2πfDJ1(2πfDτ)

and

ρ̈(τ) = 0.5(2πfD)2(J2(2πfDτ)− J0(2πfDτ)).

More complicated (non-closed) expressions for Rφ̇C
(τ), with non-zero K, were given by

Rice [20], but the results require ρ(τ) to be non-negative, which is not the case for the

vehicular mobile channel model with ρ(τ) = J0(2πfDτ).
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4.2.2 Zero-Crossing Technique

The zero-crossing technique is based on the formulation of the absolute phase given by

(3.4). The variance of the absolute phase is obtained by the variance of the number of zero

crossings over (0, T ) multiplied with π2. The closed-form expression, derived by Blachman,

exists only for K = 0 [79],

σ2

φ
(z)
A

(T ) =
π2

4
− arcsin2[ρ(T )] + 2

∫ T

0
(T − τ)

ρ̇(τ)2

1− ρ(τ)2
dτ (4.5)

where ρ(T ) = J0(2πfDT ). Blachman also provided a mathematically tractable approxima-

tion when β0 = 90o [79, 91],

σ2

φ
(z)
A

(T ) = 2
∫ T

0
(T − τ)

ρ̇2(τ)
1− ρ2(τ)

exp[− 2K

1 + ρ(τ)
]dτ. (4.6)

For large T , (4.6) simplifies to [23]

σ2

φ
(z)
A

(T ) = 2T
∫ ∞

0

ρ̇2(τ)
1− ρ2(τ)

exp[− 2K

1 + ρ(τ)
]dτ. (4.7)

4.2.3 Rice Click Analysis

Compared with the correlation and zero-crossing techniques, the click analysis proposed by

Rice [15] is more intuitive, but it is valid for the well-defined Rice process only with large

K. As formulated in (3.7), the number of Rice clicks, Nr2π(0, T ), is modeled as a Poisson

distribution for large K [15]. Therefore, the variance of Nr2π(0, T ) is equal to its mean. The

general form of the variance of Nr2π(0, T ) for large K is given in [22], but here modified for

the modern definition of erf(x),

σ2
Nr2π

= fD cos(β0)T exp(−K)erf[
fD cos(β0)

√
K

2πrg
]

+
rgT√
πK

exp[−r2
g + (fD cos(β0))2

r2
g

K] (4.8)

where

erf(x) =
2√
π

∫ x

0
exp(−t2)dt,
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and

rg =
1
2π

√
− ρ̈(0)

ρ(0)
=

fD√
2

(4.9)

is the radius of gyration of the Doppler spectrum [15], i.e., the measure of Doppler spread

[2].

The value of the absolute phase is dominated by the number of Rice clicks, so the

variance of the absolute phase at the observation time, T , can be approximated by (4.8)

multiplied with 4π2,

σ2

φ
(c)
A

(T ) = 4π2fDT cos(β0) exp(−K)erf[
cos(β0)

√
2K

2π
]

+
4π2fDT√

2πK
exp[−(1 + 2 cos2(β0))K]. (4.10)

For the stationary well-defined Rice process, i.e., when β0 = 90o, (4.10) reduces to

σ2

φ
(c)
A

(T ) =
4π2fDT√

2πK
exp(−K). (4.11)

The other expression for the variance of the absolute phase when β0 = 90o is given by [15]

σ2

φ
(c)
A

(T ) =
4π2fDT√

2
erfc(

√
K). (4.12)

(4.12) approximates (4.11) for large K as can be seen from

erfc(x) =
e−x2

√
πx

(1− 1
2x2

+
1 · 3

(2x2)2
− · · · ). (4.13)

4.2.4 Comparisons of Variance Calculation Techniques

The variance calculation techniques are summarized in Table 4.1. Some examples, including

both simulation and theoretical results, of the variance of the absolute phase for various K

are shown in Figure 4.3 to Figure 4.5. When K ≥ 8dB as shown in Figure 4.3, both the zero-

crossing technique and the Rice click analysis work well and are equivalent for calculating

the variance of the absolute phase. These two techniques do not take into account the
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Correlation Zero-Crossing Click

Formulation (3.6) (3.4) (3.7)

K = 0 (4.3) (4.5)

β0 = 90o, large L (4.6)

β0 = 90o, large K, L (4.6)(4.7) (4.11),(4.12)

β0 6= 90o, large K, L (4.10)

Table 4.1: Variance calculation techniques based on various formulations of the absolute
phase. The numbers inside parentheses are the equations provided in this thesis. The first
row of the table lists the names of three variance calculation techniques, and the second row
lists the corresponding formulation of the absolute phase used for calculating the variance.
The first column of the table lists the corresponding condition for the variance calculation
equation to hold.
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variance of the phase difference (i.e., φW (T ) − φW (0) in (3.7) and φW2(T ) − φW2(0) in

(3.4)). Therefore, both (4.5) and (4.10) are not accurate when the variance of the absolute

phase is small (e.g., L ≤ 100). As L becomes very large (e.g., L = 1000), the variance of

the phase difference is negligible compared with the variance of the absolute phase.
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Figure 4.4: Same as Figure 4.3, except K = 5dB and K = 2dB.
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As K decreases, say to K = 5dB as shown in Figure 4.4, the Rice click analysis fails to

predict the variance of the absolute phase when L ≥ 100. The reason is that the false click

(Appendix B) starts to appear for medium K. If L is small, the accumulated effect of the

false click is small and then it can be neglected compared with the effect of the Rice click,

so the variance of the absolute phase based on the Rice click analysis can still work. As K

decreases, the valid L, for the Rice click analysis to work, also decreases (e.g., L ≤ 30 for

K = 2dB as shown in Figure 4.4).

When K becomes small, the false click becomes dominant compared with the Rice click

so that the Rice click analysis cannot predict the variance of the absolute phase, as shown

in Figure 4.5. On the other hand, the zero-crossing technique and the correlation technique

(only for K = 0) are good for calculating the variance of the absolute phase. Figure 4.3

to Figure 4.5 also show that the zero-crossing technique is a more general technique for

predicting the variance of the absolute phase given β0 = 90o.

4.3 Modeling pdf of the Absolute Phase

In this section, the pdf of the absolute phase is developed. Similar to the discussion of

calculating the variance of the absolute phase, the previous work on modeling the pdf of

the output phase of an FM receiver is first reviewed.

4.3.1 Review of pdf Modeling for the Output Phase of an FM Receiver

A rigorous formulation of the output phase of an FM receiver (analogous to the absolute

phase of the mobile channel) requires the setup and solution to a Fokker-Planck partial

differential equation [92]. This method was applied to find the distribution of the output

phase in FM receivers by Campbell et al. [25] where it is referred to as the distribution of

the “continuous phase” (this continuous phase differs to the definition used in this thesis).

Campbell et al. assigned the correlation function of the input narrowband noise to be double

exponential such that the noise can be modeled as a Gaussian-Markov process. Under this

restriction, the general formula of the phase distribution without approximation is still not

in an analytically attractive form (cf., Equation (23) in [25]).

Instead of the rigorous derivations, Blachman proposed an approximate solution to the

distribution of the output phase of an FM receiver (referred to as the distribution of phase

change in [23]) by taking advantage of the CLT. This was based on the output phase being
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the sum of many phase derivatives, as given by (3.6). If the correlation function of the

narrowband noise decays to zero after certain time (see p.88 in [22] for some examples of the

noise correlation and corresponding spectrum), then the phase derivative over (0, T ) can be

divided into many independent subintervals. The sum of these subintervals, i.e., the output

phase of the FM receiver (analogous to the absolute phase), approximates the Gaussian

distribution according to the CLT. In the presence of the FM carrier signal (analogous to

the dominant component in the mobile channel), the phase in each period is modeled either

by the Rice phase pdf with known initial phase, or the convolution of the two Rice phase

pdfs with unknown initial phases; and this introduces a periodic fine structure to the broad

Gaussian distribution.

Besides these investigations for general values of the FM receiver SNR (analogous to

the K factor of the mobile channel), the principal authors, e.g., [26, 27, 28], formulated the

distribution of the output phase of an FM receiver based on the click analysis proposed by

Rice. This was because analog and digital FM receivers usually operate with large SNR.

With large SNR, the output phase can be approximated by the sum of three mutually

independent random processes: the initial phase; the final phase; and the discrete click

process, as defined in (3.7). Both the initial and the final phase can be modeled by the Rice

phase pdf, and the discrete click process can be modeled by the difference of two independent

Poisson variables (i.e., positive Rice click minus negative Rice click) [26]. Therefore, the pdf

of the output phase of an FM receiver is the convolution of these three random variables.

In high-rate FM digital communications, the short interval between the start and the

end of the symbol means that the initial phase and final phase might become correlated [80].

The pdf of the correlated phase difference modulo [−π, π), given in [93, 94], is adopted to

derive the pdf of the output phase of an FM receiver. Under very high SNRs, the probability

of the phase difference lying either on [−2π,−π) or (π, 2π] is small, so the approximation

by taking a modulus of [−π, π) is acceptable. However, as shown below, it will not be the

case for the mobile channel in general.

4.3.2 Properties of the Absolute Phase in Mobile Channels

Despite the analogy to the output phase of an FM receiver, the absolute phase in mobile

channels exhibits many different properties.

First, the K factor for the mobile channel (recall this is analogous to the SNR in FM

receivers) is often either zero or small. Therefore, the approximated distributions for high
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SNR in FM receivers, as given in [26, 27, 28], are not always applicable.

Second, the correlation coefficient of the components for the mobile channel with isotropic

scattering is modeled by the Bessel function. Unlike the correlation function of the input

noise in the FM receiver, which is always assumed to be positive [22], the Bessel function

can be negative. It is shown below that the negative correlation coefficient significantly

changes the distribution of the phase difference.

Third, when the final phase and the initial phase for calculating the absolute phase are

highly correlated, the K factor of the mobile channel could be small. In this case, the

phase difference pdf for the mobile channel will have non-zero values anywhere in [−2π, 2π].

Therefore it is necessary to formulate the distribution of the correlated phase difference

without the modulo [−π, π) condition.

Fourth, if the dominant component of the mobile channel has a time-varying AOA

(not the well-defined Rice channel case), then the situation is different from the frequency

deviation in FM receivers, where the signal frequency is considered constant during the

observation time. However, in the following, the issue is averted by considering only the

case of the well-defined Rice channel.

4.3.3 Absolute Phase Formulation Selection for pdf Modeling

The absolute phase is a complicated random process, whose pdf depends on the Rice factor

K, the AOA of the dominant source β0, the observation interval T , the starting and ending

phase values, and the signal trajectory from time 0 to T . To acquire the pdf of the absolute

phase, a proper formulation of the absolute phase is required.

As discussed in Section 3.2, the absolute phase can be formulated through four tech-

niques based on different mechanisms. They are the unwrapping technique, the zero-crossing

technique, the phase derivative integration technique, and the Rice click analysis. These

techniques model the absolute phase as the sum of several random processes. If the pdf

of each random process, and the correlations among these random processes were known,

the pdf of the absolute phase can be calculated. In the following, the four formulations are

examined to check if they can be easily used to calculate the pdf of the absolute phase.

• Based on the zero-crossing technique as given by (3.4), the absolute phase is the sum

of the zero-crossing event and the difference of two random phases. It has been shown

the distribution of the zero crossing (i.e., Nπ(0, T ) in (3.4)) is a largely unsolved
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problem (c.f., p. 426 in [24]).

• Based on the Rice click analysis as given by (3.7), the absolute phase is the sum of

the Rice click event and the difference of two random phases. The Rice click (i.e.,

Nr2π(0, T ) in (3.7)) and its modeling have been well treated in the literature of FM

receivers [15, 26, 27, 28]. However, as discussed in 3.2.4, the modeling of the Rice

click is applicable only for large K.

• Based on the phase derivative integration technique as given by (3.6), the absolute

phase is the sum of many phase derivatives, and can be approximately modeled,

under some conditions, using a Gaussian distribution. This Gaussian approximation

was developed for modeling the pdf of the output phase of an FM receiver [23], as

discussed in Section 4.3.1.

• Based on the unwrapping technique as given by (3.2), the absolute phase is the sum of

the 2π discontinuity event and the difference of two random phases. This formulation

has not been used to develop the pdf of the absolute phase (or the pdf of the output

phase of an FM receiver), but, as detailed below, it provides intuitive but relatively

accurate models to analyze the pdf of the absolute phase compared with the other

three formulations.

The formulations based on both the phase derivative integration technique and the

unwrapping technique are adopted to model the pdf of the absolute phase in this thesis.

The Gaussian approximation, based on the phase derivative integration technique, together

with the approximation condition is discussed in 4.3.5.4. In the next three subsections,

the pdf of the absolute phase is developed using the formulation based on the unwrapping

technique.

4.3.4 Modeling pdf of the Absolute Phase Using Unwrapping Technique

Following (3.2), the absolute phase is divided into two different events, viz., wrapped phase

difference (continuous) and the cumulative number of 2π discontinuities (discrete). The

discrete event is the difference of two events (the number of positive 2π crossings, N2π+(0, T ),

minus the number of negative 2π crossings, N2π−(0, T ) ). Mathematically, this is

φA(T ) = [φW (T )− φW (0)] + 2π[N2π+(0, T )−N2π−(0, T )]. (4.14)
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Intuitively, and borne out by simulation in Section 4.3.7, the continuous event and the

discrete event are independent, because given K, the rate of 2π crossings is fixed (as proved

in Section 4.3.5), and this rate is not affected by the initial phase and the final phase.

Therefore, the pdf of the absolute phase can be modeled by convolving the pdf of the

continuous event and the pdf of the discrete event.

This independence assumption differs from the conclusion drawn by Yavuz et al. in

[95], where both the continuous event and the discrete event are defined based on the phase

derivative. The continuous event in [95] is a Gaussian-like noise and is correlated with

the discrete event when K is not too large. In our case, both the continuous event and

the discrete event are defined based on the phase itself, and the continuous event is the

difference of two phases.

When both K and L are large, the initial phase and the final phase for the continuous

event are uncorrelated, the number of positive 2π crossings and the number of negative 2π

crossings for the discrete event are uncorrelated, and the continuous event and the discrete

event are independent. The pdf of the absolute phase can be obtained by the convolution

of the pdfs of these four independent events. This is similar to the discussions about digital

FM receivers [26, 27, 28].

Other than for both large K and L, the initial phase and the final phase might become

correlated, and the positive and the negative 2π crossings might also become correlated.

In the following, the pdfs for the discrete event and the continuous event under different

scenarios are formulated. The relation between them and the limitations for the uncorrelated

assumptions are also discussed.

4.3.5 Modeling the Discrete Event-2π Discontinuity

Inspecting the trajectory of the absolute phase, it is clear that the 2π discontinuities domi-

nate the phase changes. Therefore, the distribution of the discrete event, i.e., the cumulative

number of 2π discontinuities, can be expected to dominate the variance of the pdf of the

absolute phase. This discrete event was coined the “broad factor” of the phase pdf [23].

As discussed above, the 2π discontinuity event consists of the positive and the negative 2π

crossing events.
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4.3.5.1 The Number of 2π Crossings

Stationary well-defined Rice channel. The channel is recalled as

h(t) = A + x(t) + jy(t) = r(t)ejφW (t). (4.15)

In this case, the number of positive and the number of negative 2π crossings are random

variables and follow the same distribution. The event of the positive 2π crossing can be

modeled as the event of the signal crossing the negative I(t) axis. Mathematically, it is [15],

either: x < −A, 0 < y < ∆y, ẏ < 0

or: r > A, π < φW < π + ∆φW , ˙φW > 0. (4.16)

Because x(t), y(t), and ẏ(t) are uncorrelated Gaussian variables, the joint pdf of x(t),

y(t), and ẏ(t) is

px,y,ẏ(x, y, ẏ; t) =
exp(− x2

2σ2 )√
2πσ

× exp(− y2

2σ2 )√
2πσ

× exp(− ẏ2

2ν2 )√
2πν

where ν2 is the variance of ẏ(t), and is defined as

ν2 = −d2ry(τ)
dτ2

|τ=0,

with ry(τ) the autocorrelation function of y(t). When ry(τ) = σ2J0(2πfDτ), the variance

of ẏ(t) is ν2 = 2σ2π2f2
D [2].

For an arbitrary interval ∆t, the average number of positive 2π crossings, Rc
+∆t, is

Rc
+∆t = ∆t

∫ −A

−∞
dx

∫ 0

−∞
|ẏ|px,y,ẏ(x, y = 0, ẏ; t)dẏ. (4.17)

Solving (4.17), the positive 2π crossing rate Rc
+ is

Rc
+ =

1
2
rgerfc(

√
K) (4.18)

where rg = ν
2πσ = fD√

2
, which is the same parameter as defined in (4.9). The average number
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of positive 2π crossings over (0, T ) is then

Rc
+T =

erfc(
√

K)fDT

2
√

2
=

erfc(
√

K)L
2
√

2
. (4.19)

This is how the average number of 2π crossings over duration (0, T ) depends on the obser-

vation interval L and the Rice factor K. For a fixed L, the signal trajectory with smaller

K will have more 2π crossings, as intuitively expected.

Well-defined Rice process channel. When the AOA of the dominant source, β0, is

not 90o, the average number of positive and negative 2π crossings over (0, T ), relative to

the dominant component, can be calculated in the similar way [15, 22] (again modified for

the modern erf(x) definition),

Rc
+T = −1

2
fD cos(β0)T exp(−K)erfc[

fD cos(β0)
√

K

2πrg
]

+
rgT

2
√

πK
exp(−r2

g + (fD cos(β0))2

r2
g

K) (4.20)

and

Rc
−T = Rc

+T + fD cos(β0)T exp(−K). (4.21)

When β0 = 90o, (4.20) is equivalent to (4.19) after (4.19) is approximated using the

expansion for erfc(x) as discussed in Section 4.2. Both (4.20) and (4.21) can be functions

of L by substituting rg = fD√
2

and fDT = L.

The number of 2π crossings over (0, T ), resulting by the rotation of the time-varying

dominant component, equals fD cos(β0)T , which has the same direction as Rc
+T . Therefore,

the average number of the difference between the positive and negative 2π crossings is

∆RN = fD cos(β0)T (1− exp(−K)) (4.22)

which, after multiplying 2π, equals the mean of the absolute phase given by (4.2).
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4.3.5.2 pdf of Uncorrelated 2π Crossings

For large K, the positive 2π crossings randomly appear with the average rate of Rc
+ and

are mutually independent. Therefore, the number of 2π crossings, given the observation

time T , can be modeled as a Poisson distribution [23, 96], whose probability mass function

(PMF) can be written as

p(n1 = k1) =
e−µ1µk1

1

k1!
(4.23)

where µ1 = Rc
+T . Similarly, the PMF for the number of negative 2π crossings can be

modeled as (4.23) with µ2 = Rc−T . For a stationary well-defined Rice process, µ1 = µ2.

Recall the cumulative number of 2π crossings over (0, T ) is given by N2π(0, T ) =

N2π+(0, T )−N2π−(0, T ). For large K (refer to next section for the value of K), the num-

ber of positive and the number of negative 2π crossings are assumed to be uncorrelated.

Therefore, N2π(0, T ) is the difference of two uncorrelated1 Poisson distributions, which is

given by the Skellam distribution [23, 26, 98, 97],

p(n = k) = e−(µ1+µ2)

(
µ1

µ2

)k/2

Ik(2
√

µ1µ2) (4.24)

where Ik(z) is the modified Bessel function of the first kind and kth order. The Skellam

distribution has a mean of µ1−µ2 and a variance of µ1 +µ2. When Rc
+T = Rc−T , the mean

is 0 and the variance is 2Rc
+T .

Some examples for various L given K = 5dB are shown in Figure 4.6. The Skellam

distribution resembles the Gaussian distribution when the number of both the negative and

positive 2π crossings is large. As seen in (4.19), the number of 2π crossings increases with L

but decreases with K. Therefore, larger L is required for larger K in order for the number

of 2π crossings to be approximately modeled by the Gaussian distribution.

4.3.5.3 Correlated 2π Crossing Events

The formula for calculating the average number of 2π crossings given in Section 4.3.5.1 hold

for any K and L, but the derived distributions discussed in Section 4.3.5.2 are based on

1Note here the assumption of independence between two Poissons given in [97] has been relaxed to
uncorrelated as developed in [98].
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Figure 4.6: The Skellam PMF examples for various L given K = 5dB and β0 = 90o. The
Skellam PMF resembles the Gaussian shape when L is large.

the assumptions that the positive and the negative crossing events both are uncorrelated,

and both events can be modeled as Poisson distributions. These uncorrelated assumptions

seem reasonable for large K. When K is not too large, the occurrence of the positive 2π

crossings becomes frequent, so that non-zero correlation arises among the positive crossings,

and therefore the number of positive 2π crossings can no longer be modeled as the Poisson

distribution. The same conclusion is applied to the negative 2π crossing event. For small

K, non-zero correlation aries between the positive and the negative crossing events so that

the PMF of the discrete event cannot be modeled by the convolution of two individual

PMFs. The correlation between the positive and the negative crossing events appears as

the false click in the phase derivative, or as two consecutive, opposite 2π discontinuities in

the wrapped phase (refer to Appendix B).

Correlations among these events complicate the pdf modeling of the absolute phase.

Investigations into these complicated scenarios can be found in the research of FM receivers

[82, 83, 95]. These works attempted to calculate the probabilities and correlations of these

crossing events, but none of them provide quantitative results. Instead of deriving a general
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pdf for the absolute phase in the presence of these correlations, statistical methods based

on simulation data are used here to find the conditions for K and L under which the

uncorrelated assumptions hold.

Statistical tests. The crossing events through simulation are obtained as follows.

• Generate the complex channel CAG for given K and L as discussed in Section 3.3;

• Find the wrapped phase using (3.1) and then subtract the initial phase φW (0);

• Calculate differences between adjacent phase samples from the last step, and count

the total number of the phase differences larger than π (i.e., the number of negative

2π crossings) and smaller than −π (i.e., the number of positive 2π crossings);

• Run the simulation 106 times, which generates 106 independent samples for each of

the crossing events.

Two assumptions are required to test whether the discrete event of the absolute phase

can be modeled using the Skellam distribution. One assumption is whether the number

of positive and negative 2π crossings can be both modeled as the Poisson distribution. A

simple check whether a count number can be modeled using the Poisson distribution, is

the ratio of the variance to the mean of the simulated data, which is called the index of

dispersion, ID. If ID = 1, the simulated data can be modeled as Poisson. Otherwise,

the simulated data is overdispersed (ID > 1) or underdispersed (ID < 1) [99]. The other

assumption is whether the positive and the negative 2π crossing events can be assumed

uncorrelated. If the correlation coefficient, rc, between these two events is zero, these two

events are uncorrelated. Otherwise, they are correlated to certain degree.

The goal is to approximate the crossing events by the uncorrelated Poisson models

when possible. So the confidence intervals of the estimates to the parameters (ID and

rc) will provide more information than the hypothesis tests to these assumptions. Since

it is hard to find the statistics of these estimates, the non-parametric bootstrap method

is appropriate for calculating the confidence intervals [100]. In the following, the 95%

percentile bootstrap confidence interval is used. Owing to the number of samples used for

estimating the parameters being as large as 106, the confidence interval is very small, as

shown below; i.e., the estimates are extremely close to the true values.
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Figure 4.7: Estimate and its 95% percentile bootstrap confidence interval (short horizontal
bars) of the index of dispersion for the number of positive 2π crossings at given L, and for
various K. The number of samples for estimating the Index of Dispersion is 106, and the
number of times for random sampling with replacement used in the bootstrapping operation
is 103. The shaded region represents the cases that can be approximately modeled using a
Poisson distribution.

Figure 4.7 presents the estimate to the index of dispersion (ID), together with the

confidence interval, of the number of positive 2π crossings for various K and L. It is

shown that ID is close to 1 and behaves independently of L only when K is larger than

5dB. Given other values of K, ID increases with increasing L, varying from smaller than 1

(underdispersed) to larger than 1 (overdispersed). Interestingly, the maximum of ID given

fixed L is not at K = 0 (Rayleigh case) as intuitively expected. Instead, the maxima are

around K = 0dB, and moreover, shift gradually from −3dB to 2dB with L decreasing from

1000 to 3. The number of negative 2π crossings follows similar trends as the positive ones,

and the results are not presented here.

For the mobile channel, it is acceptable to model the number of positive 2π crossings

as the Poisson distribution when |ID − 1| < 0.1. This approximation gives a region of

“Poissonness” as shown in the shaded region in Figure 4.7. This validity region includes
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Figure 4.8: Estimate and its 95% percentile bootstrap confidence interval (short horizontal
bars) of the correlation coefficient between the number of positive and negative 2π crossings.
The statistical parameters used for this figure are the same as those in Figure 4.7.

the cases when K > 8dB given any L, 5 < K < 8dB when L < 100, and K < 5dB for some

special values (different for various K) of L.

Similar to the index of dispersion, the correlation coefficients, rc, between the number

of positive and the number of negative 2π crossings, and their 95% percentile bootstrap

confidence intervals for various K and L, are estimated and shown in Figure 4.8. With

estimated rc negative, the number of positive and negative 2π crossings, for fixed L, are

negatively correlated. Also of interest, the maximum correlation coefficients are not at

K = 0 (Rayleigh case), but instead at about K = −10dB. Given K smaller than 5dB, the

correlation coefficients increase negatively with increasing L from 3 to 1000. When K is

larger than 5dB, the correlation coefficients are close to zero, and do not vary with changing

L.

For the mobile channel, it is reasonable to assume that the positive and negative 2π

crossing events are uncorrelated when |rc| < 0.1. In this case, K = 2dB is a lower limit for

this assumption to hold. This is the same conclusion, but arrived at in a different way, as
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given by Rice in [15].

Summary of uncorrelated conditions. Violating either of the above assumptions pre-

vents us from modeling the discrete events by the Skellam distribution. Based on the

simulation results, this requires that K is larger than 5dB. Below 5dB, neither the number

of positive nor negative 2π crossings can be modeled as a Poisson distribution for most

values of L. When K is smaller than 2dB, the number of the positive and negative 2π

crossings become correlated.

4.3.5.4 Summary of Modeling the Discrete Event

When the uncorrelated conditions hold, the number of 2π crossings can be modeled using

the Skellam distribution as discussed in 4.3.5.2. Recall that the discrete event of the absolute

phase equals the number of 2π crossings multiplied with 2π. So the PMF of the discrete

event is scaled version of the Skellam distribution given by (4.24),

p(n = 2πk) = e−(µ1+µ2)

(
µ1

µ2

)k/2

Ik(2
√

µ1µ2). (4.25)

On the other hand, when the observation interval L is long enough such that the number

of 2π crossings is large, the discrete event can be approximated by a Gaussian distribution

as discussed by Blachman based on the CLT in [23], without considering the distribution

of either the number of positive or negative 2π crossings, and the correlation between them

(refer to Section 4.3.1 for reasoning). This Gaussian distribution is given by

p(n = 2πk) =
2π√
2πσ2

φA

exp[−(2πk − φ̄A)2

2σ2
φA

] (4.26)

where φ̄A is the mean of the absolute phase as given by (4.2), and σ2
φA

is the variance of the

absolute phase and can be calculated using the variance calculation techniques discussed in

Section 4.2.

Both the Skellam distribution and the Gaussian approximation are used to model the

discrete event of the absolute phase in Section 4.3.7 when comparing the simulation to

theoretical results for pdfs of the absolute phase.
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4.3.6 Modeling the Continuous Event–Wrapped Phase Difference

The pdf of the wrapped phase difference is continuous from −2π to 2π, but it is repeated

each 2π interval, when convolved with the discrete event. It forms a “periodic factor” in

the distribution of the absolute phase [23].

4.3.6.1 Wrapped Phase Difference

For a stationary well-defined process, both φW (T ) and φW (0) can be modeled by the Rice

phase pdf. Define ζ(T ) = φW (T ) − φW (0) and note that ζ(T ) has a range of [−2π, 2π].

When K is large, the probability of the phase difference lying either both [−2π,−π) and

(π, 2π] is close to zero, so the pdf of ζ(T ) can be approximated by the pdf of ζ(T ) modulo

[−π, π), as given in [93, 94]. If φW (T ) and φW (0) are uncorrelated, the pdf of the phase

difference can by readily derived by convolving two Rice phase pdfs.

However, in general, ζ(T ) is the difference of two correlated wrapped phases, and should

be defined in a range of [−2π,−2π). In order to derive the pdf for ζ(T ) when φW (T ) and

φW (0) are correlated, the joint pdf of φW (T ) and φW (0), should be found first. For brevity,

ζ(T ), φW (T ), φW (0) and J0(2πfDT ) = J0(2πL) are respectively denoted as ζ, φ2, φ1 and

ρ in the following analysis. Here fDT and L are interchangeable.

4.3.6.2 pdf of the Phase Difference

The joint pdf of two Rice phases, φ1 and φ2, when separated by a time interval of T , is

given by (p. 419, [24] - note that there is a correction applied here),

p(φ1, φ2|T ) =
1− ρ2

(2π)2
exp[− 2Kρ

1 + ρ
]

∞∑

l,m,n=0

εlεmεn
Υ

l+m
2 ρn

l!m!

×A
(n)
lm cos[lφ1] cos[mφ2] cos[n(φ2 − φ1)] (4.27)

with

A
(n)
lm =

∞∑

q=0

ρ2q

q!(q + n)!
Γ[

l + n

2
+ q + 1]Γ[

m + n

2
+ q + 1]×

1F1[
l − n

2
− q; l + 1;−Υ]1F1[

m− n

2
− q; m + 1;−Υ] (4.28)
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where Υ = K(1−ρ)
1+ρ , Γ[·] is the Gamma function, and 1F1[·] represents the confluent hyper-

geometric function, also called the Kummer function. The infinite upper limits for l, m,

and n are replaced by K-dependent numbers in the calculation (e.g., 5 is good enough for

K < 0dB, but 30 is required for K > 5dB in order to make the approximation accurate).

Since ζ = φ2 − φ1, the pdf of ζ is given by [84],

p(ζ) =

{ ∫ π−ζ
−π p(φ1, ζ + φ1)dφ1 0 ≤ ζ ≤ 2π∫ π
−π−ζ p(φ1, ζ + φ1)dφ1 −2π ≤ ζ < 0.

(4.29)

Substituting (4.27) into (4.29), the pdf for the difference of two correlated Rice phases

can be obtained, viz.,

p(ζ) =

{
C(ζ)

∫ π−ζ
−π cos[lφ1] cos[m(ζ + φ1)]dφ1 0 ≤ ζ ≤ 2π

C(ζ)
∫ π
−π−ζ cos[lφ1] cos[m(ζ + φ1)]dφ1 −2π ≤ ζ < 0

(4.30)

with

C(ζ) =
1− ρ2

(2π)2
exp[− 2Kρ

1 + ρ
]B(ζ)

where

B(ζ) =
∞∑

l,m,n=0

εlεmεn
Υ

l+m
2 ρn

l!m!
A

(n)
lm cos[nζ].

When K = 0, the closed form of (4.30) is

p(ζ) =
1− ρ2

(2π)2

√
1− Λ2 + Λ(π − cos−1 Λ)

(1− Λ2)3/2
(2π − |ζ|) (4.31)

with Λ = ρ cos(ζ), which is the pdf for the difference of two correlated Rayleigh phases

given by Middleton [24] and Jakes [47].

When K is large, say, K > 8dB, the phase difference pdf can be approximated by the

pdf of phase difference modulo [−π, π) [93],

p(ζ) =
1− ρ2

4π(1− Λ2)3/2

∫ (π−cos−1(Λ))

−(π−cos−1(Λ))
exp[−H](1−H +

2K

1 + ρ
)(Λ + cos(θ))dθ (4.32)

where H = K[1−Λ cos(ζ)+Λ cos(θ)−cos(ζ) cos(θ)]
1−Λ2 and Λ = ρ cos(ζ).
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4.3.6.3 Examples of Phase Difference pdf

Examples of (4.31) are illustrated in Figure 4.9. The pdf shape is governed by the correlation

coefficient ρ = J0(2πL). Since ρ periodically oscillates around zero, even a small change

of L will change the shape of the pdf. For example, L = 3 and L = 3.5, corresponding

to ρ = 0.13 and ρ = −0.12, respectively, demonstrate the dissimilarity of the pdfs. When

L = 3.37, corresponding to ρ = 0.007, the pdf resembles a triangle, which is the pdf for the

difference of two uncorrelated, uniformly distributed phases.

The example of the phase difference pdf given by (4.30) is illustrated in Figure 4.10.

It shows that when K is large, the pdf of the phase difference is dominated by the Rice

phase, and therefore it varies with L but does not change as dramatically as when K = 0.

Compared with the Rice phase pdf, the Rice phase difference expands the range to [−2π, 2π]

and has larger variance.

4.3.7 Examples and Investigations of the Absolute Phase pdf

In this subsection, the simulation is run 106 times. The histogram is compiled from the

absolute phase at the end of observation interval expressed as distance in wavelengths L.

The size of the histogram bins is set as 0.01π.

The theoretical pdf of the absolute phase is obtained by convolving the discrete dis-

tribution (the Skellam distribution given by (4.25) or the Gaussian distribution given by

(4.26)) and the phase difference pdf (given by (4.30)). As discussed above, the pdf of the

continuous event (i.e., the phase difference) can be modeled for any K and any L. However,

the pdf of the discrete event (i.e., the cumulative number of 2π crossings) can be modeled

by the Skellam distribution only when K > 5dB, or when the number of 2π crossings is

so large that it can be approximated by the Gaussian distribution. The examples that

represents these scenarios are provided in this subsection. Other scenarios are also shown

as by simulation examples, but their modeling requires further investigation, and these are

not discussed in this thesis.

The figures of this section are displayed on logarithm or linear scales. These are chosen

case by case to emphasize the difference between the theoretical and simulation curves. In

the figures, the pdf of the absolute phase is denoted by p(φA).

When K ≥ 8dB, the occurrence probability of the 2π crossing is low. The cumulative

number of 2π crossings can be modeled by the Skellam distribution. Figure 4.11 is the
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Figure 4.9: Rice phase difference pdf for K = 0 and different L. The pdf shape is sensitive
to the correlation coefficient, ρ (positive, negative, or close to zero).
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Figure 4.10: Rice phase difference pdf for K = 5dB and different L. When K is large,
the pdf of the phase difference varies with L but does not change as dramatically as when
K = 0.



CHAPTER 4. STATISTICS OF THE ABSOLUTE PHASE 81

−3 −2 −1 0 1 2 3
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

Absolute phase φ
A
 in π

P
ro

b.
 o

f a
bs

ol
ut

e 
ph

as
e 

p(
φ A

)

K=8dB L=3

 

 
Simulation
Theory (Skellam)

Figure 4.11: Absolute phase pdf by simulation and theory, for K = 8dB and L = 3.

result from both simulation and theory, which match each other very well. The lower cut-

off, 3(10)−5, appearing on the logarithm scale, is due to the limited simulation size (number

of realizations) and selected bin size.

The histogram comprises the number of the samples in each bin scaled by the number of

trials and bin size. Mathematically, p(φA = φAi) = ni
Ntrials×binsize , where ni is the number of

samples in the ith bin. The minimum number of the samples for each bin is 0, which does

not display on the logarithm scale. This is why there is a cut-off on the logarithm scale. Its

value is 1
Ntrials×binsize = 1

106×0.01π
= 3(10)−5.

K = 5dB is the threshold value where the discrete event for some values of L can be

modeled by the Skellam distribution, say L = 30 as shown in Figure 4.12, but for some,

cannot, e.g., L = 1000 as shown in Figure 4.13. Clearly, the theoretical variance given by

the Skellam distribution is smaller than the actual variance of the absolute phase given by

the simulation. For K = 5dB and L = 1000, the number of 2π crossings is not large enough,

so the Gaussian approximation does not work either, as shown in Figure 4.13.

For K = 5dB and L = 3, the discrete event of the absolute phase should be modeled
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Figure 4.12: Absolute phase pdf by simulation and theory, for K = 5dB and L = 30.
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Figure 4.13: Absolute phase pdf by simulation and theory, for K = 5dB and L = 1000. The
lines for the Skellam theory and the Gaussian theory essentially overlap.
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correctly by the Skellam distribution based on the discussion in Section 4.3.5.3. Interest-

ingly, although the peak values of the simulations match well to the theory, at the minima

and tails the accuracy falls off, as shown in Figure 4.14.

For K = 0dB and L = 300, the discrete event of the absolute phase can no longer be

modeled by the Skellam distribution, as shown in Figure 4.15, because neither the number

of positive nor negative 2π crossings follow the Poisson distribution, and there is correlation

between them. However, the cumulative number of 2π crossings becomes large such that

the Gaussian approximation starts to hold. As shown in Figure 4.16, a magnified portion

of Figure 4.15, the peak values of the simulated absolute phase can be modeled better

by convolving the continuous event with the Gaussian distribution than with the Skellam

distribution.

For K = 0 and L = 300, the Gaussian approximation works very well to predict the

cumulative number of 2π crossings, as shown in Figure 4.17. However, for K = 0 and small

L, the Gaussian approximation no longer holds. Two examples are shown in Figure 4.18 and

4.19. The variances of the absolute phase at these two setups are similar due to the similar

values of L, but the shapes of the distribution of the absolute phase change dramatically

owing to the distribution of the phase difference. By convolving the continuous event with

the Skellam distribution, the resulting theoretical pdfs do not match the simulation results

very well, but are good enough to predict the positions of the peaks and valleys of the pdfs.

This subsection discussed simulation results for the stationary well-defined Rice channel.

For the well-defined Rice channel, the mean of the absolute phase is no longer zero, but the

pdfs of the discrete and continuous events follow the same trends as discussed above. The

simulation results for this more general case are not provided in this thesis.
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Figure 4.14: Absolute phase pdf by simulation and theory, for K = 5dB and L = 3.
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Figure 4.15: Absolute phase pdf by simulation and theory, for K = 0dB and L = 300.
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Figure 4.16: Detail of Figure 4.15.
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Figure 4.17: Absolute phase pdf by simulation and theory, for K = 0 and L = 300.
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Figure 4.18: Absolute phase pdf by simulation and theory, for K = 0 and L = 3.

−8 −6 −4 −2 0 2 4 6 8
0

0.01

0.02

0.03

0.04

0.05

0.06

Absolute phase φ
A
 in π

P
ro

b.
 o

f a
bs

ol
ut

e 
ph

as
e 

p(
φ A

)

K=0 L=3.5

 

 
Simulation
Theory (Skellam)

Figure 4.19: Absolute phase pdf by simulation and theory, for K = 0 and L = 3.5.



Chapter 5

Absolute Phase Based K Factor

Estimator

The absolute phase is a new variable that contains more information about the mobile chan-

nel than the wrapped phase. Development of the absolute phase will foster new techniques

for applications in mobile communications. One such application is to estimate the Rice

factor based on the mean of the absolute phase, which is the main topic of this chapter.

5.1 Introduction

5.1.1 K Factor Definition in Mobile Channels

As discussed in Chapter 2, the well-defined Rice channel CAG is the sum of a single,

dominant component and a number of diffuse components. The Rice factor, also known

as the K factor, is the ratio of the power of the dominant component to the power of

the diffuse component. K is an important metric for characterizing channels and is also

used as a digital communication parameter, such as in MIMO capacity [4]. Estimating K

accurately and easily is an interesting research topic in mobile communications. Simplified

models have fostered much published mathematical analysis. Therefore, a literature review

is included in next section to cover the different modeling approaches.

The powers used for defining K are considered fixed over the observation interval of

interest in the original works of Rice, i.e., for the well-defined Rice channel. More recently,

with mobile communications, these powers change with space and time because of the

87
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random nature of mobile patterns and surroundings. As such, the K factor becomes a

random variable [101, 102], and this means that the channel is no longer well-defined.

If there is shadowing in the well-defined Rice channel, the definition and interpretation

of K require more attention. Shadowing has been modeled as a slow-varying random factor

acting: 1) on the dominant component only [41, 103]; 2) on both the dominant and diffuse

components with the same random value [39, 40]; or 3) on both the dominant and diffuse

components with the same distribution but different random values [104, 105]. As discussed

in Section 2.1.2, the second type is the multiplicative shadowing [41], and is the only type

of shadowing model that can be removed from the Ricean fading by demeaning the signal

[7, 102]. For the other two types of shadowing models, the K factor is not fixed and an

averaging technique is required for its definition and computation [106].

5.1.2 Related Work on the K Estimator

Most existing K estimators are developed for the well-defined Rice channel in the absence

of shadowing using a single receive antenna. Many of these estimators find K using only the

data of the Rice envelope [7, 107, 108, 109]. In [7], K is estimated by comparing the pdf of the

collected envelope data to the Rice envelope pdf using goodness-of-fit tests. This statistical

method requires a large set of data and is hard to be applied in real-time applications.

Similarly, a standard maximum-likelihood estimator (MLE) of K is proposed based on the

Rice envelope pdf (referred to here as the envelope-based MLE ) in [107]. Besides requiring

the second moment of the envelope data, this estimator needs a root search of a complicated

equation (c.f. Equation (10) in [107]) for K. An expectation-maximization algorithm [110]

could be adopted to alleviate the computation load of the envelop-based MLE.

To reduce the computational complexity, moment-based methods are proposed in [107]

and [108], and then are generalized in [109]. The moment-based methods take advantage of

the ratio of two different moments1 of the Rice envelope being a (complicated) function of

only K. K can then be obtained by finding the root of the ratio function. The commonly

used moment order pairs are (1, 2) [107] and (2, 4) [108]. The (1, 2) moment-based method

is proved to have the best performance in terms of asymptotic variance, of all moment-

based methods, for moderate and large K [109]. However, it requires numerically inverting

1A moment of the Rice envelope pdf is a function of both the channel variance and K. For any two
moments, by equating the product of the moment order and the power of the moment function, for each
moment, the channel variance cancels when taking their ratio.
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the complicated ratio function. A polynomial fit to the ratio function could be used to

simplify the function inversion [111], but the (1, 2) moment-based method still has a higher

computational load than the (2, 4) moment-based method. The (2, 4) moment-based method

allows a closed-form function between the envelope moments and K, hence leading to a much

easier, albeit with a relatively larger estimation variance, implementation [112].

The Rice phase pdf is stationary only when the dominant component is constant. In this

special case, the Rice phase pdf alone can be used to find an MLE of K (referred to here as

the phase-based MLE ). However, because the Rice phase pdf is in a more complicated form

than the Rice envelope pdf, a simple, but approximate, solution exists only when K is large

(i.e., K >∼ 5) [113]. When the dominant source is other than broadside (i.e., β0 6= 90o),

the Rice phase pdf, although mathematically well-defined, is no longer strictly stationary

and is not suitable for estimating K.

The estimators based on neither the Rice envelope nor the Rice phase alone, use the

full information provided by the (complex) channel CAG. Therefore, complex-signal-based

MLEs were proposed by [11, 113] (using a polar signal representation) and [109] (using a

cartesian signal representation) and found to have an improved performance in terms of

the Cramer-Rao bound (CRB). The two types of complex-signal-based MLEs, derived from

different coordinate systems, are equivalent as shown in [11]. The complex-signal-based

MLE has been proved to have the CRB lower than those estimators based on the Rice

envelope alone [109]. This MLE is consistent but biased for a finite number of samples.

The bias can be removed by adjusting the estimator formulation [11]. However, finding the

unbiased MLE requires the knowledge of the exact number of uncorrelated samples used in

the estimator.

As well as the distributions of the channel CAG, the second-order statistics (e.g., the

autocorrelation functions) also contain information of K, hence leading to another set of

correlation-based K estimators such as the one proposed in [114]. The advantages of this

correlation-based K estimator are: that it considers the correlation of transmit data symbols

and therefore allows a non-data-aided estimator of K; and that it can jointly estimate K

and the local average SNR using the same channel samples and therefore allows a channel

with additive Gaussian noise. However, this estimator is limited in that it is based on

the autocorrelation functions derived from the assumption of isotropic scattering (i.e., the

Clarke spectrum), and therefore is sensitive to the physical scattering distribution; and it

lacks the robustness to large (larger than 52o as reported in [11]) AOA of the dominant
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component.

Most existing K estimators [11, 107, 108, 109, 110, 111, 112, 113] assume that there is

no shadowing , but some [4, 7, 102, 106, 115] account for some form of shadowing . Any

type of shadowing changes the estimated envelope distribution, and then the modeled pdf

is no longer Rician. Demeaning the channel CAG before estimating K is a common method

to remove the shadowing effects on the Rice fading [4, 7, 102]. The demeaning operation

in the mobile channel assumes the long-term shadowing is a slow-varying mean multiplied

to the short-term fading signal, and therefore will not affect the K factor estimation. But

this assumption is valid only for the multiplicative shadowing.

Instead of demeaning the channel CAG, the authors in [115] construct a K estimator

using only the statistics of channel phase derivative (a.k.a., instantaneous frequency). The

involved statistics are the mean (first moment) and ZCR (second moment related) of the

phase derivative, which require a complicated receiver structure for implementation. The

authors claim by simulation that this estimator is robust to shadowing. Actually, here the

shadowing refers to multiplicative shadowing. Since the second moment (i.e., ZCR) function

used in the estimator is derived based on isotropic scattering, the error in estimating K

increases with increased directionality of the scattering.

For other shadowing models, the shadowing affects the dominant and the diffuse com-

ponents independently, hence making the K factor change with time and position. In this

case, the K factor could be defined as the ratio of the average power of the dominant com-

ponent to the average power of the diffuse components. Two generalized moment-based

estimators for this definition of K are proposed in [106]. These estimators are based on a

shadowed Rice envelope model given in [41], which models the shadowing with the domi-

nant component envelope having a Nakagami distribution (for mathematical convenience).

Owing to the more complicated envelope distribution, the derivations and calculations of

these estimators have higher complexity.

All the aforementioned K estimators require a large number of uncorrelated samples

to achieve reasonable accuracy. As discussed in Section 2.2.3, for an idealized isotropic

scenario, the minimum spacing for two signals to be uncorrelated (i.e., the power correlation

coefficient approaches its first zero) is 0.38 wavelength at the carrier frequency2. Therefore,

2The required distance in wavelengths can be smaller or much larger than 0.38 for a nonisotropic scenario
[34, 47].
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each wavelength of distance provides only around 3 uncorrelated samples3. Requiring a large

number of uncorrelated samples is equivalent to requiring the physical channel (i.e., AOA

and magnitude of the dominant source, power of the scatterers, etc.) to remain unchanging

for a relatively long physical distance (e.g., 30 wavelengths for around 100 uncorrelated

samples), and this is unlikely to happen in the real-word mobile channel, in particular for

a handheld terminal.

5.2 Absolute Phase Based K (APK) Estimator Using Mul-

tiple Receive Channels

In this section, a new K estimator using MIMO channels is proposed based on the abso-

lute phase, and is called here as the absolute phase based K (APK) estimator. The APK

estimator concerns the fixed K estimation over an observation interval for a well-defined

Rice channel with isotropic scattering. The APK estimator uses only the channel phase,

and therefore is robust to the effects of the distance-dependent path gain and multiplica-

tive shadowing. It requires the mean of absolute phase (i.e., no amplitude involved), and

therefore allows a simple receiver structure compared with other real-time estimators, such

as the (2,4) moment-based estimator and the complex-signal-based MLE. The APK esti-

mator is only applicable when the K factor is small and medium (i.e., K <∼ 7), but for

small K (i.e., K <∼ 1), it can outperform the (2,4) moment-based estimator and achieves

a comparable performance to the complex-signal-based MLE with a small (e.g., 4) number

of uncorrelated channels and within a short distance in wavelengths (e.g., 10).

5.2.1 Derivation of the APK Estimator

The absolute phase for a well-defined Rice channel has complicated statistical behavior

including the variance and pdf, as discussed in Chapter 3. However, its mean for the channel

with isotropic scattering is relatively simple, and is given by (4.2). For convenience, it is

repeated here,

φ̄A(T ) = 2πfD cos(β0)T (1− exp[−K]). (5.1)

3This is consistent with the calculated result given in [11]. The number of uncorrelated samples usually
differs from the number of available samples. The latter approximately equals 1

fDTs
for each wavelength,

where fD the maximum Doppler frequency and Ts the sampling period.
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It shows that the mean of the absolute phase becomes zero when K = 0 or when the

dominant component is broadside to the mobile velocity over the observation interval (i.e.,

when β0 = 90o). As discussed in Chapter 3, the absolute phase, and hence its mean, are

not affected by the multiplicative shadowing and the distance-dependent propagation gain.

Solving (5.1), the K factor is readily derived as

K = − log
[
1− φ̄A(T )

2πfD cos(β0)T

]
. (5.2)

Denoting Tsp as the sampling period of the channel phase4, the time interval T can be

represented by T = nTsp with n the sample index corresponding to time T (n = 0 when

T = 0). Given T = 0, the absolute phase φA(0) = 0, so the estimator starts working from

the sample index of 1. The digital equivalent of (5.2) is

K = − log
[
1− φ̄A(n)

2πfD cos(β0)nTsp

]
, n ≥ 1. (5.3)

This result means that the K factor can be estimated if both the mean of the absolute

phase, φ̄A(n), and the Doppler frequency of the dominant source, fD cos(β0), are known,

provided β0 6= 90o. The Doppler frequency of the dominant source can be estimated from

the wrapped phase samples using FFT techniques as presented in [11, 109]. From now on,

the Doppler frequency of the dominant source, fD cos(β0) is assumed as a known parameter.

Estimating the mean of the absolute phase requires uncorrelated absolute phase samples

(in space) at the same time. This has become possible with a multiple antenna (e.g., MIMO)

system. Assuming multiple uncorrelated receive channels are available, with all having the

same fD cos(β0) and the same K factor, then at any time T = nTsp,

ˆ̄φA(n) =
1
M

M∑

i

φAi(n) (5.4)

where M is the number of uncorrelated receive channels. In a MIMO system, M = MtxMrx

where Mtx and Mrx are the number of properly designed (uncorrelated) transmit and receive

antennas. For example, for a single transmit antenna, M = Mrx. From now on, only this

simple case is considered, i.e., M is the number of receive antennas and this is the same

4Tsp is usually different from Ts, but they are taken as the same in this chapter because Ts used here is
small enough (i.e., fDTs = 0.01) to capture the variation of the phase.
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as the number of uncorrelated channels. A larger M produces a better estimate of K at a

particular time T .

By substituting (5.4) into (5.3), the APK estimator at time T = nTsp is obtained,

K̂AP = − log

∣∣∣∣∣1−
1
M

∑M
i φAi(n)

2πfD cos(β0)nTsp

∣∣∣∣∣ , n ≥ 1 (5.5)

where | · | represents the absolute value. As discussed in Chapter 4, the variance of the

absolute phase is relatively large especially for small K. If the number of uncorrelated

antennas is limited, the estimated mean of the absolute phase fluctuates around the true

value, and sometimes may become larger than 2πfD cos(β0)nTsp. In this case, the argument

of the logarithm becomes negative, producing a complex-valued result. To avoid the negative

argument of the logarithm, the absolute value of the argument is taken before the logarithm

is calculated.

In the following discussion, the normalized parameters are used: the sampling frequency

is fn = fDTsp; the distance in wavelengths the mobile travels from time 0 to time T is

L = z/λ = nfn with z the physical distance in meter. Correspondingly, the denominator in

the estimators above can be written as 2πfD cos(β0)nTsp = 2πfn cos(β0)n = 2πL cos(β0).

With these normalization parameters, the estimator given by (5.5) is a function of the

number of uncorrelated antennas (M), the observation interval as distance in wavelengths

(L), and the AOA (β0).

5.2.2 Performance Analysis of the APK Estimator

The APK estimator given by (5.5) is consistent when analyzed using large sample theory

[116]. The consistency property means that the estimator is asymptotically unbiased and

has a variance of approximately zero when the sample number M goes to infinity.

However, for a finite sample size, i.e., a limited number of uncorrelated antennas, the

estimated mean of the absolute phase differs from the true value. The error introduced by

estimating the mean of the absolute phase, given by (5.4), is propagated to the estimate of

K. Denote

ˆ̄φA(n, K) = φ̄A(n,K) + εφ(n,K) (5.6)

where εφ(n, K) is the estimate error of the absolute phase mean for a given K at the time
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instant nTs owing to the finite number of samples M , and the argument K is used to

emphasize that the true mean (φ̄A), the mean estimate ( ˆ̄φA), and the error (εφ), are all

dependent on K.

Substitute (5.6) and (5.1) into (5.5),

K̂AP = − log
∣∣∣∣1−

φ̄A(n,K) + εφ(n,K)
2πL cos(β0)

∣∣∣∣

= − log
∣∣∣∣exp[−K]− εφ(n,K)

2πL cos(β0)

∣∣∣∣

= K − log
∣∣∣∣1−

εφ(n, K) exp[K]
2πL cos(β0)

∣∣∣∣
= K + Kbias (5.7)

where Kbias is the estimator bias due to a finite sample size, and is affected by the error of

estimating the absolute phase mean (εφ), the distance in wavelengths (L), the AOA of the

dominant source (β0), and the Rice factor (K). The first and second moment of Kbias are

the bias and Mean Square Error (MSE) of the APK estimator, respectively.

When M is large, εφ can be modeled as Gaussian by the CLT. This approximated

Gaussian has a mean of zero, and a variance of σ2
φA

/M , where σ2
φA

is the variance of the

absolute phase and M is the number of uncorrelated antennas. By modeling εφ as Gaussian,

the argument of the logarithm in (5.7) is also Gaussian with the mean of 1 and the variance

of

σ2
ε =

σ2
φA

exp[2K]
M(2πL cos(β0))2

.

Then the pdf of Kbias, denoted by p(Kb), is given by

p(Kb) =
1√

2πσε

{exp[Kb − (exp[Kb]− 1)2

2σ2
ε

] + exp[Kb − (exp[Kb] + 1)2

2σ2
ε

]}. (5.8)

An example of the statistics of εφ and Kbias against K is given5 in Figure 5.1, where

L = 10, β0 = 0, and M = 32. When M = 32, εφ can be modeled as Gaussian with a mean

of zero. The standard deviation of εφ, from simulation, monotonically decreases with K

(crossed line). The argument of the logarithm in (5.7) is still Gaussian, but with a mean

of 1 and modified standard deviation (circled line). Owing to the nonlinearity of exp[K],

5Finer lines are used for this plot and the succeeding plots of this chapter, for clarity.
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Figure 5.1: The intermediate results: simulated standard deviation of phase error, εφ

(crossed), standard deviation of the logarithm argument in (5.7), formulated as σε (cir-
cled), mean of Kbias (starred), and square root of the second moment of Kbias (squared),
given L = 10, β0 = 0 and M = 32 for various K.

this modified standard deviation monotonically increases with K. After taking the absolute

value and the logarithm, Kbias is not Gaussian, but its numerically evaluated mean (equal

to the bias of the APK estimator, starred line) and square root of the non-central second

moment (equal to the root mean square error (RMSE) of the APK estimator, squared line)

change nonlinearly with K.

The changing trends of the bias and RMSE of the APK estimator against K are hard

to predict due to these nonlinear transformations, even when the phase error εφ can be

modeled as Gaussian for large M (e.g., 32 in this example). For small M , they become

more complicated because the Gaussian approximation no longer holds, as illustrated by

simulation results in the next section.
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5.3 Numerical Results and Discussion

5.3.1 Performance Analysis Using Simulation

The performance of the APK estimator is affected by the Rice factor (K), the observation

interval as distance in wavelengths (L), and the AOA of the dominant component (β0).

In a practical measurement, a signal is transmitted through the channel with additive

noise, and the received signal is used to estimate the K factor, so the SNR also determines

estimation accuracy of the K factor. The SNR is established by the anti-aliasing filters and

the sampling accuracy of the components (i.e., I and Q). It is assumed there are sufficient

statistics, after digitization, to interpolate the component signals in order to calculate the

phase signal without adding further noise.

The effects of these parameters, including the SNR, are analyzed by simulation below,

for a number of uncorrelated antennas (M). The major criteria to evaluate and compare the

estimator performance are the estimator bias and the root mean square error (RMSE). For

the simulations in this subsection, the number of trials is 5000, the number of uncorrelated

antennas is M = 1, 2, 4, 8, 32, and the normalized sampling rate is fn = fDTsp = 0.01.

K = 1, β0 = 0, and L = 10 are used as examples for these parameters in following discussion

when necessary. Other values of these parameters, if applicable to the APK estimator, have

similar trends as with the parameter examples, and they are not presented here.

As given by (5.5), the K factor can be estimated using the mean of the absolute phase

at any observation time. However, the APK estimator performance differs for different

observation intervals. Figure 5.2 shows how the bias and RMSE vary with increasing L

(time) given β0 = 0 and K = 1. For small numbers of antennas (e.g., M = 1, 2), the bias

and RMSE decrease rapidly when L increases from 2 to 20. For more than 4 antennas and

L >∼ 5, the performance does not improve much. After L ' 50, all curves continue to

decay slowly. A practical configuration for the APK estimator is M = 4 and L = 10, which

trades off performance with a simple system.

Figure 5.3 illustrates the bias and RMSE of the APK estimator against K for different

sets of antennas given L = 10 and β0 = 0. The trends of mean and RMSE against K,

given by the simulation results, are complicated and hard to predict as discussed in the last

section. Given M = 32, the theoretical curves of mean and RMSE (dashed lines), based on

the assumption that εφ can be reasonably modeled as Gaussian, match well the simulation

results, although there is small departure for K from 5 to 8. For a smaller M , the Gaussian
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Figure 5.2: The bias and RMSE of the APK estimator against the distance in wavelengths,
L, given K = 1 and β0 = 0.

assumption loses validity for a larger range of K, so the corresponding theoretical curves

(not shown) have a large discrepancy with the simulated ones. Interestingly, the APK

estimator bias at K ' 5 and the RMSE at K ' 6 are almost independent of the number of

antennas in this simulation setup.

An example of the APK estimator given M = 4, L = 10 and β0 = 0, with a confidence

region represented by the RMSE, is illustrated in Figure 5.4. In this example, the APK

estimator performs very well for K smaller than 2, and becomes less accurate for K between

2 to 6. For K >∼ 6, the estimated value of K stays around 6 so that the estimator bias,

shown in Figure 5.3, linearly decreases as K increases. This is because when K >∼ 6, the

mean of the absolute phase is almost independent of K owing to the term (1− exp[−K]) in

(5.1). Based on this observation, the APK estimator can work for K from 0 up to around

7. For K >∼ 7, both bias and RMSE become so large that the APK estimator is no longer

applicable.

As discussed above, the APK estimator cannot work when the AOA of the dominant

source is β0 = 90o. Figure 5.5 shows the APK estimator performance against AOAs for
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Figure 5.3: The bias and RMSE of the APK estimator against the Rice factor K, given
L = 10 and β0 = 0. The theoretical curves for M = 32 are also shown.
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Figure 5.5: The bias and RMSE of the APK estimator against the AOA of the dominant
source, β0, given K = 1 and L = 10.
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Figure 5.6: The bias and RMSE of the APK estimator against the SNR given K = 1, β0 = 0
and L = 10.
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the example of L = 10 and K = 1. The bias and RMSE start to increase from β0 = 50o

when the number of antennas, M , is 1 or 2, but given M = 4, these performances are

almost unchanging until β0 = 60o and become unacceptable when β0 > 80o. More antennas

extend the applicable range of AOA towards 90o. When β0 = 90o, the channel becomes

the stationary well-defined Rice channel. In this case, K can be easily estimated using any

other methods if the AOA can be estimated a priori. AOA estimation is not discussed here.

Figure 5.6 illustrates the bias and RMSE of the APK estimator against the SNR for

different sets of antennas given K = 1, L = 10 and β0 = 0. The APK estimator performance

improves with increasing M and/or increasing SNR. When the SNR is larger than 15dB,

both the bias and the RMSE of the APK estimator level out. This means that the effect

of the SNR on performance of the APK estimator can be ignored when the SNR is larger

than 15dB.

5.3.2 Estimator Comparisons

In this subsection, the APK estimator is compared to those that can be implemented in real

time and have relatively simple receiver structure, i.e., the (2,4) moment-based estimator

[108, 109], and the complex-signal-based MLE [11, 109].

The (2,4) moment-based estimator is given by [109]

K̂24 =
−2µ̂2

2 + µ̂4 − µ̂2

√
2µ̂2

2 − µ̂4

µ̂2
2 − µ̂4

(5.9)

where µ̂p is the estimated pth moment of the signal envelope, r(n), and can be obtained by

µ̂p =
1

Ns

Ns−1∑

n=0

rp(n) (5.10)

with Ns the number of available samples.

The complex-signal-based MLE is given by [109]

K̂ML =
Â2

2σ̂2
(5.11)

with

Â =

∣∣∣∣∣
1

Ns

Ns−1∑

n=0

r(n) exp[j(φW (n)− 2πnTspfD cos(β0))]

∣∣∣∣∣
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Figure 5.7: Comparison of averaged (over 5000 trials) results from three estimators for the
example of K = 1, L = 10, β0 = 0, and M = 4 in a sliding window mode. The length of
the sliding window is L = 10 (corresponding to 1000 samples when fn = 0.01, and about 30
uncorrelated samples with isotropic scattering for each antenna). For L < 10, the estimators
use all the available samples for estimation.

and

2σ̂2 = µ̂2 − Â2.

In the simulations, the samples up to time nTsp from multiple antennas are collected and

then used for estimating K by different estimators. The trial number used to estimate the

bias and RMSE is 5000. Here M = 4 is used as an example for performance comparisons

of these three estimators. More antennas produce similar performance curves for each

estimator but with smaller bias and RMSE. The bias and RMSE of the APK estimator for

M = 32 are also illustrated in the following figures. It shows that the APK estimator with

a large number of antennas can sometimes perform comparably to the other K estimators

with a small number of antennas. The examples of L = 10, K = 1, and β0 = 0 are used when

necessary for discussion, but the conclusions are applied to other parameter combinations.

Figure 5.7 is the averaged output of the three estimators with a sliding window of L = 10.
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For L < 10, the estimators use all the available samples for estimation. For small L (i.e.,

L <∼ 3, corresponding to fewer than 10 available uncorrelated samples), neither the (2,4)

moment based estimator nor the complex-signal-based MLE works and the latter exhibits

very large variation, including negative values of K. On the contrary, the APK estimator

approaches the actual value of K quickly and smoothly. This difference is because the

former two estimators are required to estimate the sample moments which does not work

well when the number of available uncorrelated samples is small. When L >∼ 3 , all three

estimators work well with the APK having the smallest bias. This is confirmed by the

performance comparison result at L = 10 given in Figure 5.8.

To get a feel for the computation time, the calculation duration is counted from time 0

to time at L = 15, during which each estimator is run 1500 times. Using Matlab on a PC,

the average calculation durations (over 5000 trials) are 0.88, 0.98, and 1.16 seconds for the

APK, the MLE, and the (2,4) moment-based estimator, respectively.

In summary, the APK estimator provides a more stable output at the beginning of the

adaptive output than the complex-signal-based MLE and the (2,4) moment-based estimator,

and also requires less memory and less computation time. Since no amplitude involved in

the APK estimator, it requires a simple receiver structure compared with the other two

estimators.

The performance of the three estimators against the distance, L, is shown in Figure 5.8.

Given small K (K = 1 in this example), and when L ≥ 5, the APK estimator has similar

but smaller bias, and similar but slightly larger RMSE than the complex-signal-based MLE.

The (2,4) moment-based estimator always has the largest bias and the largest RMSE across

all the distances of interest among the three estimators. In this setup, the APK estimator

with more antennas (e.g., M = 32, dashed lines) has much smaller bias and RMSE than

the other two estimators with M = 4.

The performance of the three estimators against K, given L = 10, β0 = 0 and M = 4, is

shown in Figure 5.9. The bias here is shown as the value relative to its actual K. It is clear

that the (2,4) moment-based estimator is not applicable for K smaller than 1, but both

the APK estimator and the complex-signal-based MLE have similar performance in this

range. From K ' 1, the relative bias and RMSE of the APK estimator start to increase,

become larger than those of the MLE, but smaller than those of the (2,4) moment-based

estimator before K ' 2, and finally exceed those of the other two estimators when K >∼ 2.

However, the maximum relative bias for the APK estimator is less than 20% (0.2 in the
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Figure 5.8: Comparison of the bias and RMSE of three estimators for various L given
K = 1, β0 = 0, and M = 4. Also shown are the bias and RMSE of the APK estimator for
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Figure 5.9: Comparison of the relative bias and the RMSE of three estimators for various
K given L = 10, β0 = 0, and M = 4. Also shown are the relative bias and the RMSE of
the APK estimator for M = 32 (dashed lines). The relative bias at K = 0 becomes infinity
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Figure 5.10: Comparison of the bias and RMSE of three estimators for various AOA given
K = 1, L = 10, and M = 4. Also shown are the bias and RMSE of the APK estimator for
M = 32 (dashed lines).

upper plot of Figure 5.9) for K from 0 to ∼ 8 given M = 4. This percentage decreases as

more uncorrelated antennas (e.g., M = 32, dashed lines) are used, especially for the region

of K from around 3 to 5.

The performance of the three estimators against AOA, β0, given K = 1, L = 10, and

M = 4, is shown in Figure 5.10. As expected, the performance of both the (2,4) moment-

based and the complex-signal-based estimators is not affected by the AOA, β0. However,

from the cos(β0) term in the estimator, the bias and RMSE of the APK estimator start

to increase at β0 = 50o, but become similar to those given by the (2,4) moment-based

estimator until β0 = 60o, and diverge to large values when β0 > 80o. As discussed for

Figure 5.5, more available uncorrelated antennas (e.g., M = 32, dashed lines) will move the

largest applicable AOA towards 90o.

The performance of the three estimators against the SNR, given K = 1, L = 10, β0 = 0

and M = 4, is shown in Figure 5.11. The effect of the SNR on the estimation performance is

similar for all the K estimators. Specifically, both the bias and RMSE of all the estimators
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Figure 5.11: Comparison of the bias and RMSE of three estimators for various SNR given
K = 1, β0 = 0, L = 10, and M = 4. Also shown are the bias and RMSE of the APK
estimator for M = 32 (dashed lines).

decrease as the SNR increases, but level out when the SNR is larger than 15dB. More

uncorrelated antennas (dashed lines for M = 32) increase the estimation accuracy of the

APK estimator, but will not change the effect of the SNR on the estimator. Another

observation is that the bias owing to the SNR for all K estimators is negative. This is

because the noise, additive to the channel, acts as the diffuse component of the channel

CAG, and then reduces the estimated value of K.

5.4 Summary

The problem of estimating the Rice factor, K, has been an interesting research topic in

mobile communications. Much analysis has resulted from models which simplify the physical

channel mechanisms. Estimating K requires a large number of uncorrelated samples for

good accuracy. However, the fast-changing K of the physical mobile channel limits the

number of available uncorrelated samples with fixed K. A multiple antenna system, such
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as MIMO, is a good candidate to reconcile these two requirements.

Existing K estimators which are easy to implement are based on the Rice envelope and

Rice phase pdfs. They require to estimate different moments of the Rice envelope and are

therefore sensitive to the changing K and are also sensitive to any kind of shadowing.

The channel phase based K estimator proposed in this chapter is derived from the

mean of the absolute phase. The K factor can be estimated after simple operations on the

mean of the absolute phase collected from multiple receive channels. Compared to other K

estimators, the proposed estimator requires less memory, less computation, and a simpler

receiver structure.

The performance (bias and RMSE) of the proposed phase based estimator, is analyzed

and simulated. The performance of this estimator improves when more uncorrelated receive

channels (M) and longer electrical observation interval (L) are available. A combination of

M = 4 and L = 10 is shown in this chapter as a practical configuration with acceptable

performance.

Similar to many K estimators derived from the Rice phase and/or Rice envelope pdf,

the proposed phase based estimator requires a mobile channel which is noise-free or with

very high SNR (i.e., SNR> 15dB). Low SNR will degrade the performance of this estimator

in a similar way to the performance of other estimators.

The proposed K estimator is based on the mean function of the absolute phase with

isotropic scattering. In the presence of directional scattering, non-zero correlation appears

between the real and the imaginary part of the channel CAG, and will thus influence the

mean as discussed in Chapter 6. In other words, the scattering directionality will introduce

estimation errors to this proposed estimator.

Nevertheless, the proposed absolute phase based estimator provides a different and sim-

ple way to estimate the Rice factor. The elegant properties of the proposed K factor

estimator stem from the absolute phase, the new channel variable. By taking advantage

of the absolute phase, other applications, such as mobile localization and tracking, can be

developed, and these are left as future work.



Chapter 6

Effects of Directional Scattering on

Mobile Channels

The research presented in Chapter 4 and Chapter 5 is based on the assumption that the

scattering surrounding the receiver is isotropic. However, as discussed in Section 2.2.4,

the directionality of the scattering alters the second-order statistics of the channel, hence

changing some of the results which were based on isotropic scattering. It is emphasized

again that the directional scattering is assumed to be uni-directional and in a 2D plane,

and directionality is the combination of both scatterers and antennas. In this chapter, two

effects of scattering directionality on the mobile channels are investigated: the mean of the

absolute phase; and antenna spacing design.

6.1 Mean of the Absolute Phase with Directional Scattering

As discussed in Chapter 3, the absolute phase can be calculated by

φA(T ) = [φW (T )− φW (0)] + 2π [N2π+(0, T )−N2π−(0, T )] (6.1)

where φW (T ) and φW (0) are the wrapped phase values within [−π, π) at time T and 0,

respectively, and N2π+(0, T ) and N2π−(0, T ) are the number of positive and negative 2π

crossings during the observation interval of (0, T ), respectively.

As a random variable, the mean of the absolute phase can be obtained by taking its

107
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expectation,

φ̄A(T ) = E[φA(T )]

= E[φW (T )]−E[φW (0)] + 2πE[N2π+(0, T )]− 2πE[N2π−(0, T )]. (6.2)

Since E[φW (T )] = E[φW (0)] = 0, then the mean of the absolute phase is determined by the

average number of cumulative 2π crossings.

6.1.1 2π Crossing Rate Owing to a Time-Varying Dominant Component

In this subsection, the 2π crossing rate is evaluated for a well-defined Rice channel with

a time-varying dominant component. As discussed in Section 4.1, the mean of absolute

phase with isotropic scattering is the result of the cumulative 2π crossings due to the time-

varying dominant component rotating with a increase rate of 2πfD cos(β0). This type of

2π crossing rate can be intuitively derived from the relationship between the time-varying

dominant component and the envelope of the diffused components modeled by the Rayleigh

distribution. In the presence of directional scattering, this relationship does not change, so

the mean of the absolute phase with directional scattering contains a term given by (4.2),

φ̄
(1)
A (T ) = 2πfD cos(β0)T (1− exp[−K]) (6.3)

If β0 = 90o, (6.3) becomes zero, which represents that the contribution of the dominant

component to the mean of the absolute phase is zero when the dominant component is

stationary. In the presence of directional scattering, x(t) and y(t) at the same instant (i.e.,

zero lag) remains uncorrelated, but non-zero cross-correlation appears between x(t) and

ẏ(t). This cross-correlation contributes another term to the 2π crossing rate, and hence to

the mean of the absolute phase.

6.1.2 2π Crossing Rate Owing to Scattering Directionality

In this subsection, the 2π crossing rate is evaluated for a well-defined Rice channel with a

stationary dominant component (i.e., β0 = 90o) and directional scattering. In this case, the

channel CAG can be written as h(t) = A + x(t) + jy(t). The derivation is similar to those

presented in Section 4.3.5.1.

In Section 4.3.5.1, it is shown that, for an arbitrary interval ∆t, the number of the
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positive 2π crossings, Rc
+∆t is

Rc
+∆t =

∫ −A

−∞

∫ 0

−∞

∫ ∆y

0
px,y,ẏ(x, y, ẏ; t)dydẏdx (6.4)

Denoting ZT (t) = [ x(t) y(t) ẏ(t) ], the joint pdf of x(t), y(t) and ẏ(t) is

px,y,ẏ(x, y, ẏ; t) =
1

(2π)3/2
√

det(Ch(0))
exp[−1

2
Z(t)T C−1

h (0)Z(t)]

where Ch(0) is the autocovariance of Z(t), which is given by

Ch(0) = E[Z(t)ZT (t)]

=




Rxx(0) Rxy(0) Rxẏ(0)

Ryx(0) Ryy(0) Ryẏ(0)

Rẏx(0) Rẏy(0) Rẏẏ(0)




When the directional scattering is modeled by the von Mises distribution, these second-

second order statistics are given by (2.26). Substituting (2.26) into above equation produces

Ch(0) =




σ2 0 b2

0 σ2 0

b2 0 c2


 .

and

Z(t)T C−1
h (0)Z(t) =

1
d2
{x(t)2c2 − 2x(t)ẏ(t)b2 + ẏ(t)2σ2 +

y(t)2d2

σ2
} (6.5)

where b2 = 2πσ2fD
cos(θ0)I1(κ)

I0(κ) , c2 = σ2

2 (2πfD)2
(
1 + cos(2θ0)I2(κ)

I0(κ)

)
, and d2 = σ2c2 − b4. The

determinant of Ch(0) is calculated as det(Ch(0)) = σ2d2.

Equation (6.5) suggests that the integral of y(t) can be calculated independently from

x(t) and ẏ(t). Then (6.4) becomes

Rc
+∆t = ∆t

∫ −A

−∞

∫ 0

−∞
|ẏ|px,y,ẏ(x, y = 0, ẏ; t)dẏdx (6.6)
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Solving (6.6), the positive 2π crossing rate with directional scattering modeled by the von

Mises distribution is

Rc
+ =

d2(1− erf( cA√
2d

))

4πσ3c
+

b2 exp[− A2

2σ2 ]
4πσ2

+
∫ −A

−∞

b2

4πσ4
exp[− A2

2σ2
]erf(

xb2

√
2σd

)dx (6.7)

If the scattering is isotropic, b2 = 0 and c
σ =

√
2πfD. In this case,

Rc
+ =

c(1− erf( A√
2σ

))

4πσ
=

erfc(
√

K)fD

2
√

2
,

which is the same as (4.18), the positive 2π crossing rate with isotropic scattering.

Similarly, the negative 2π crossing rate is given by

Rc
− =

d2(1− erf( cA√
2d

))

4πσ3c
− b2 exp[− A2

2σ2 ]
4πσ2

+
∫ −A

−∞

b2

4πσ4
exp[− A2

2σ2
]erf(

xb2

√
2σd

)dx. (6.8)

Rc− differs from Rc
+ only by the second term, so the cumulative average number of 2π

crossings owing to scattering directionality equals

∆RN = (Rc
+ −Rc

−)T =
b2T

2πσ2
exp[− A2

2σ2
]. (6.9)

Substituting for b2 in the above result, then the mean of the absolute phase for a well-defined

Rice channel with a stationary dominant component is obtained as,

φ̄
(2)
A (T ) = 2π∆RN

= 2πfDT exp[−K] cos(θ0)
I1(κ)
I0(κ)

(6.10)

where κ and θ0 are respectively the directionality parameter and the mean direction of the

directional scattering. If κ = 0, i.e., with isotropic scattering, I1(κ) = 0. Then (6.10)

becomes zero and is independent of the value of θ0, as expected.
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6.1.3 Mean of the Absolute Phase with Directional Scattering

With directional scattering, the mean of the absolute phase is the sum of (6.3) and (6.10),

φ̄A(T ) = 2πfDT × {exp[−K] cos(θ0)
I1(κ)
I0(κ)

+ cos(β0)(1− exp[−K])}. (6.11)

The mean of the absolute phase with directional scattering is determined by the maximum

Doppler frequency (fD) and the AOA (β0), of the dominant component, the mean direction

(θ0) and the directionality parameter (κ), of the directional scattering, the Rice factor (K),

and the observation time interval (T ).

Two extreme cases can be examined. The first case is for a highly directional scenario,

where the AOA of the dominant component and the mean direction of the scattering can

be assumed to be the same. When κ is large, I1(κ) is approximately equal to I0(κ). Then

the mean of the absolute phase reduces to 2πfDT cos(β0). This means in highly directional

scenarios, the concentration of the diffuse sources becomes equivalent to the dominant

source. The second case is for an isotropic scattering (i.e., κ = 0) and without the dominant

component present (i.e., K = 0). The mean of the absolute phase becomes zero, as expected.

6.1.4 Simulation Results and Discussion

The directional channel is simulated using Algorithm 1 as presented in Section 2.3.2. The

simulation parameters for this section are set up with the following examples: fn = fm =

0.01 (normalized sampling frequency); K=0dB (Rice factor); L = 50 (distance in wave-

lengths, replacing fDT in (6.11)); N = 20L/fn(number of samples used for the IDFT,

converted to an integer of power of two); ϕ0 = 0 (initial phase of the dominant component);

κ = [0, 1, 3, 5, 7, 9, 10] (directionality of scattering); θ0 = [0, 15o, 30o, 45o, 60o, 75o, 90o] (mean

direction of scattering); and β0 = [0, 30o, 45o, 60o, 90o] (AOA of the dominant component).

The first set of simulations compares the effects of the mean direction of scattering (i.e.,

θ0) and the AOA of the dominant component (i.e., β0) on the mean of the absolute phase

with fixed κ = 3. Both the simulated and theoretical results are plotted in Figure 6.1.

Given a fixed β0, the mean of the absolute phase decreases as θ0 increases from 0 to 90o

because the Doppler frequency of the diffuse scatterers decreases to zero as θ0 goes to 90o.

Similarly, given a fixed θ0, the mean of absolute phase decreases as β0 increases from 0 to

90o. In a modeled directional scenario, θ0 might be, but is not necessarily, the same as β0.
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Figure 6.1: Mean of the absolute phase against the mean direction of scattering, θ0, at
different values of AOA of the dominant component, β0, with K =0dB and κ = 3.

The curve (dashed line) for β0 = θ0 is also shown in Figure 6.1. One special point is at the

right lower corner of this figure, and represents that the mean of the absolute phase is zero

when θ0 = β0 = 90o, as expected.

The second set of simulations compares the effect of the directionality of scattering (i.e.,

κ) on the mean of the absolute phase with fixed β0 = 0. Both the simulated and theoretical

results are plotted in Figure 6.2. Except for θ0 = 90o, the mean of the absolute phase

increases quickly as κ increases from 0 to 3, but gradually approaches a limit when κ > 3.

This makes sense because when the directionality increases, the concentration of the diffuse

scatterers acts similarly to a dominant component. When κ = 0, β0 = 90o, and K = 0dB,

the mean of the absolute phase is 200, the same result shown in Figure 4.1 for the mean

with isotropic scattering. When θ0 = 90o, all diffuse scatterers have zero Doppler frequency,

and do not contribute to the mean of the absolute phase. Thus, the mean of absolute phase

when θ0 = 90o remains unchanged and independent of the directionality of scattering.

There are small discrepancies between the simulation results in Figure 6.2 and the theory

given by (6.11) for small κ, although they are not easily visible on the displayed scale.
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Figure 6.2: Mean of the absolute phase against the directionality of scattering, κ, at different
mean directions of scattering , θ0, with K =0dB and β0 = 0.

These discrepancies result from the IDFT based channel simulator used for simulations.

As discussed in Section 2.3.3, either insufficient channel phase sampling rate or inaccurate

reproduction of the first and second moment of the Doppler spectrum influences simulation

results of some second-order statistics, including the mean of absolute phase.

6.1.5 Summary

The directionality of scattering changes the second-order statistics of the mobile channel,

including the mean and variance of the absolute phase. A closed form for the mean of

absolute phase is derived in this section, and is confirmed by the simulation. This closed

form can be used as guidance for applications that require the mean of the absolute phase

in the presence of directional scattering. The variance of the absolute phase for the mobile

channel with isotropic scattering is complicated as discussed in Section 4.2, and becomes

much more complicated for the mobile channel with directional scattering, which is identified

as interesting future research.
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6.2 Antenna Spacing Design with Directional Scattering

In previous chapters, the investigations are focused on the statistics of the mobile channel.

The angular power density model can be applied to antenna spacing design. In this section,

the minimum spacing for uncorrelated antennas in a directional scenario is analyzed using

the von Mises distribution. It is shown that the resulting antenna spacings are well-defined

for any mean directions and angular spreads, including its limiting omnidirectional form as

expected.

6.2.1 Motivation

For space diversity or MIMO, the antennas need to be as compact as possible, but also be

able to retrieve signals with uncorrelated multipath fading. A compromise is to settle for a

low, rather than zero, correlation between the antennas. For small-N diversity and MIMO,

“low” correlation is often taken as a power correlation coefficient below about 0.5 [4]. For

large-N MIMO, the correlation coefficient threshold should be lower if possible because the

increased capacity efficiency (the point of MIMO) is more sensitive to the finite correlation

and the associated mutual coupling losses.

The minimum spacing requirement for uncorrelated antennas is well known in situ-

ations where both the scatterers and the antenna patterns are omnidirectional, or their

combination is omnidirectional. As discussed in Section 2.2.3, the required spacing is about

0.18 wavelength at the carrier frequency for a power correlation coefficient of about 0.5.

This spacing is dependent only on the carrier frequency, and is a result of the 2D omni-

directionality.

Uncorrelated multiple antennas are required both for BSs and for mobiles in directional

scenarios. Similar to modeling the directional channel, characterizing the minimum antenna

spacing for space diversity or MIMO in a directional scenario needs two other parameters:

the mean direction of the scenario; and a measure of the directionality. These two param-

eters can be described by many directional models, as discussed in Section 2.2.4.1. In [60],

comparisons of the von Mises distribution to other directional distributions are provided,

and the arguments on the choice of the von Mises distribution are detailed. More com-

plicated scenarios using the von Mises distribution for correlation functions have been dis-

cussed, e.g., [51, 117]. However, the von Mises distribution has not been used to specifically

analyze minimum antenna spacings for space diversity or MIMO in directional scenarios.



CHAPTER 6. EFFECTS OF DIRECTIONAL SCATTERING 115

6.2.2 Directionality Measure Using the Von Mises Distribution

For a directional scenario, the directionality is often measured by the angular spread, while

for a directional antenna, the directionality is often measured by the half-power beamwidth.

These equivalence of the two parameters are discussed as follows.

The angular spread is an important parameter for characterizing the directional scenario.

When modeled by the von Mises distribution, one definition of the angular spread is the

standard deviation of the von Mises distribution,

σθ (rads) =

√∫ π+θ0

−π+θ0

θ2pv(θ; θ0, κ)dθ − θ2
0. (6.12)

The angular spread depends only on κ and is independent of the mean direction θ0. There

is no closed-form solution to (6.12), but when κ is larger than 3 (i.e., ∼ 4.8dB), the angular

spread can be approximated by [17, 61]

σθ (rads) ' 1/
√

κ, κ > 3. (6.13)

When designing directional antennas, the half-power beamwidth (HPBW) [118] is the

preferred spread parameter, and is therefore of interest for directional scenarios. The closed-

form HPBW for the directional scenario modeled by the von Mises distribution is given by

HPBW (rads) = 2 cos−1

(
1− ln 2

κ

)
, κ ≥ ln

√
2. (6.14)

As expected, the HPBW is also a function only of κ. When κ < ln
√

2 (∼ −4.6dB), the von

Mises pdf becomes too broad to support an HPBW.

Figure 6.3 shows how both the HPBW and the angular spread increase as κ decreases,

and illustrates the approximation of (6.13) for κ > 4.8dB. When the HPBW is smaller

than 145o, the HPBW is close to twice the angular spread. This similarity enables us to

accurately approximate the angular spread in (6.12) with the HPBW in (6.14) for κ larger

than 0dB. Unlike the HPBW, the angular spread remains well-defined for the full range of

κ. The maximum value of σθ = 104o corresponds to an omnidirectional scenario, but its

physical interpretation requires care. The HPBW will be used in following discussion in

spaced antenna design, and the results are similar to those using the angular spread.
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Figure 6.3: The half-power beamwidth and the angular spread (and its approximation)
against κ for directional scenarios.

6.2.3 Relating Antenna spacing to the Von Mises Distribution

A modeled directional scenario in an urban area is depicted in Figure 6.4. Here, two BS

antennas are separated horizontally by a distance ∆z. The distance between the BS and the

scatterers is assumed to be large so that the AOA of the signals received at two antennas

are approximately the same, i.e. the scatterers are in the far field of the antenna array and

create the incident angular power distribution.

The channel is assumed to be WSSUS, flat, and Rayleigh fading, i.e., no dominant

source within the scattering distribution. The mean direction, θ0 in Figure 6.4, is defined

as the angle of the nominal center of the directional incident power relative to the vector

between the two antennas (the endfire direction). Note here the antenna patterns have been

included into the directional model. It is assumed that the two antenna elements have the

same far-field patterns, polarization, mean direction and shape.

It has been shown that, under above assumptions, the spatial correlation function,
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Figure 6.4: A directional scenario. The mean direction, θ0, of the scatterers is measured
from the antenna array endfire direction.

ρ(∆z), and the angular power distribution in the u domain, p(u), have the Fourier re-

lationship given by [4, 118, 119],

ρ(∆z) F⇐⇒ p(u) (6.15)

where u = kc cos(θ), with kc the wavenumber at the carrier frequency. p(u) is the incident

angular power distribution (i.e., p(θ) in the u domain), and is also called the Doppler power

profile. The distance ∆z is the spacing between two points in the multipath field and

corresponds to the spacing of two antennas.

If the von Mises pdf is used as the angular power distribution in a directional scenario,

the Doppler power profile becomes

pv(u) =
exp[ κ

k2
c
(uu0 +

√
(k2

c − u2)(k2
c − u2

0))]

πI0(κ)
√

k2
c − u2

(6.16)

where u0 = kc cos θ0 is the mean direction of the directional scenario in the u domain.

The closed-form spatial correlation coefficient function follows from the Fourier trans-

formation as

ρ(∆z) =
J0

(√
−κ2 + k2

c∆z2 − 2jκu0∆z
)

I0(κ)
(6.17)
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or in terms of the distance in wavelengths,

ρ(∆L) =
J0

(√
−κ2 + (2π∆L)2 − 4jπκ∆L cos(θ0)

)

I0(κ)
(6.18)

where ∆L = ∆z/λ is the antenna spacing in wavelengths. When κ = 0, the correlation

function reduces to the standard result of J0(2π∆L) for the omnidirectional scenario. This

correlation function is similar to the autocorrelation function given by (2.24) except for

the interpretation of the correlation variable. Note that ρ(∆z) here is the field correlation,

and is, under certain conditions (which can be usually met) equivalent to the open circuit

antenna voltage correlation.

Figure 6.5 illustrates the von Mises pdf at different mean directions in both θ and u

domain, and the corresponding correlation coefficient function (illustrated by its power,

real part, and imaginary part). The following observations are noted:

• Given non-zero κ, pv(θ) is symmetric about the reference direction only when θ0 = 0,

whereas pv(u) is symmetric only when θ0 = 90o. When the mean direction is not

broadside (i.e., when θ0 6= 90o), pv(u) becomes asymmetric, and the corresponding

correlation coefficient function is complex, as expected from Fourier theory.

• The power correlation coefficient function decreases more slowly when θ0 = 0o than

when θ0 = 90o, but the real part of the correlation coefficient function decreases in

an opposite manner. This shows that the real part of the correlation coefficient is not

enough to describe the correlation behavior for directional scenarios, as opposed to

the case of an omnidirectional scenario.

• Given the same κ, the power correlation coefficient function is the same for θ0 and for

180o − θo, even though their correlation coefficient functions are different.

6.2.4 0.5 Correlation Distance and HPBW

The minimum spacing of antennas can be acquired from the correlation distance that guar-

antees that the antenna voltages are below some correlation threshold which means “ef-

fectively uncorrelated” [4]. In this research, the power correlation coefficient of the open

circuit voltages, |ρ(∆L)|2, assigned to be 0.5, is used to calculate the minimum antenna

spacing. This spacing is referred to as the 0.5 correlation distance, denoted by d0.5.
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pdf with κ = 3 and the mean directions θ0 = 0o, 45o, 90o, 145o and 180o.

A numerical relationship between d0.5 and HPBW, using κ as an intermediate parameter,

is illustrated in Figure 6.6. It shows:-

• The curves of θ0 overlap those of 180o − θ0, as predicted by the power correlation

coefficient function, |ρ(∆L)|2. So only the curves with the mean directions from 0o to

90o are shown.

• The results are similar to those for the cosine-power distribution [118], but here, d0.5

is well-defined for an HPBW in its full range. In particular, the small HPBWs in

Figure 6.6 can continue approaching to almost 0o if κ is increased in the calculations.

• For a fixed mean direction, d0.5 increases as HPBW decreases. This intuitively makes

sense because two signals incident from a smaller direction (i.e., a larger κ) requires

a larger distance to decorrelate [3, 47]. It also follows from the uncertainty principle

applied to the Fourier transform [4].
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Figure 6.6: The 0.5 correlation distance in wavelengths varies with HPBW of the directional
scenario. The mean directions are θ0 = 0o, 15o, 30o, 45o, 90o.

• For a fixed HPBW, d0.5 increases with a greater rate for the mean direction approach-

ing 0o (or 180o). Mathematically, this is because the mean direction is in a cosine

function while the HPBW is fixed.

• For a fixed HPBW, θ0 = 0o requires the maximum distance to decorrelate two signals

while θ0 = 90o requires minimum. This can be seen from the uncertainty principle

of Fourier theory; when θ0 = 0o, the incident power pv(θ) is symmetric about the

reference direction, which corresponds to a smaller angular spread in the u domain

compared with the situation where θ0 = 90o, and an associated larger correlation

distance.

• For a highly directional scenario, for example, omni incident power and small HPBWs

(e.g., ∼ 10o), if the mean direction can be kept within about 30o to 150o, a spacing of

10 to 20 wavelengths is usually good enough for (effectively) uncorrelated antennas.

Conversely, directional antenna spacings must be very large for antennas along the

endfire directions.
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• When the HPBW is larger than 120o (corresponding to κ smaller than 1dB), d0.5

becomes 0.18λ and hardly changes with the mean direction. So if the HPBW of the

directional scenario modeled by the von Mises is larger than 120o, the directional

scenario can be treated as omnidirectional when designing the spaced antennas.

6.2.5 Practical Aspects of Antenna Spacing Design

It is emphasized that these observations and conclusions are only for uni-directional scenar-

ios. For example, the results presented above show that omni antennas need large spacings

along their direction of alignment if the distributed incident power is from only one of the

alignment directions (endfire directions); but if the incident power is from both directions

along the street or tunnel, etc., then the spacing can be close, as can be determined from

(6.15). To fix ideas, consider a vehicle with rooftop antennas, in an urban street, where

power arrives predominantly from both directions of the street. Here, the antennas require

much less spacing if aligned along the street direction than across the street direction. But

if the incident power is from one end of the street only, then the opposite will be the case.

The antenna spacing designed here is based on the correlation function of the antenna

voltages if the mutual coupling is neglected. This means that either open circuit volt-

ages (with open circuits, the mutual coupling is usually negligible for small antennas) is

considered, or else the mutual coupling is ensured to be low by restricting to large spacing.

For selection diversity using small elements, where only one port need be terminated

at a time with the others open-circuited, then the open circuit voltage correlations and

the terminated circuit voltage correlations can be the same. For directional antennas, the

apertures need to be consummately large, and therefore they cannot be spaced too closely in

the plane of directionality. In such cases, the mutual coupling is typically small, so the basic

design information presented here corresponds directly to the terminated circuit voltages

and can be used as final design rules.

For diversity combination that requires simultaneous use of the antenna signals (for ex-

ample, equal gain, maximum ratio, and optimum combining) or MIMO, the antennas must

be (simultaneously) terminated, so the terminated circuit correlation coefficient function

is required to design the antenna spacing. If terminated antennas are very closely spaced,

the mutual coupling cannot be neglected. In this case, the open circuit voltage correlation

function can be transformed to the terminated circuit voltage correlation function using

the antenna impedance matrix and the load impedance matrix [4, 120]. Alternatively, the
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embedded patterns, which include mutual coupling, can be used directly to find the termi-

nated circuit voltage correlation function. However, the antenna impedance and embedded

patterns depend on the spacing, so the design becomes iterative.

6.2.6 Summary

In this section, the von Mises distribution is used as an angular power distribution to find

the basic design information for antenna spacing in directional scenarios. The minimum

spacings are consistent with known ones for other directional distributions given the same

threshold of 0.5. However, the formulation here has the advantage that the one pdf can

model all directional scenarios without requiring approximations for different directionality.

Also, owing to the well-behaved decay characteristics of the correlation function, small

(much less than 0.5) correlation thresholds are well-defined and the antenna spacings can

be readily found. This is important for large-N MIMO where a lower correlation coefficient

is required for spaced antenna design because the capacity efficiency is sensitive to finite

correlations and the associated mutual coupling losses.



Chapter 7

Conclusion and Future Work

7.1 Conclusion

The absolute phase, defined as the accumulated phase change over an observation interval,

is a random variable which has not been utilized to date in mobile communications. It

provides extra channel information compared with the wrapped phase, such as the Rice

factor, and the angle-of-arrival and the Doppler frequency of the dominant component, and

will therefore foster new techniques in mobile communications.

To be able to use the absolute phase, its statistics need to be characterized, but even the

basics, such as the mean, variance, and pdf of the well-defined Rice channel are complicated.

The statistics of the absolute phase are based on the channel model. The connection

between the well-defined Rice channel, used in the literature for analysis, and the real-

world channel, is discussed in Chapter 2. The absolute phase is defined formally, and four

different formulations of the absolute phase are presented in Chapter 3, together with the

suggested methods to simulate and acquire the absolute phase.

The statistics of the absolute phase given isotropic scattering are provided in Chapter

4. The mean of the absolute phase has a general, closed-form formula, but the variance

of the absolute phase approximates closed forms only for several combination of K and L.

The pdf of two correlated wrapped phase differences without the modulo [−π, π) condition

is developed for finding the pdf of the absolute phase. The pdf of the absolute phase,

for large Rice factors (more than about 5dB), can be approximated by convolving the

pdf of the difference of two wrapped phases with the Skellam distribution; and for small

Rice factors but large observation intervals, by convolving the pdf of the difference of two
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wrapped phases with the Gaussian distribution. Finding the pdfs for other general cases

are open problems. Simulation results are presented to support statistical results, and some

unexpected behavior is revealed, such as the pdfs of the absolute phase for small or medium

Rice factor and small observation interval. Literature addressing various clicks is scattered

across many decades and across different aspects of communications. Appendix B gathers

and compares various clicks associated with the mobile channel, and offers new information

for the mobile channel.

The absolute phase augments information about the mobile channel, and therefore allows

new solutions to some applications in mobile communications. For example, the problem of

estimating the Rice factor, K, has been an interesting research topic. However, existing K

estimators requires magnitude or both magnitude and phase of the channel complex ampli-

tude gain. A K estimator is developed in Chapter 5 using only the absolute phase. Since

no amplitude is involved, the receiver structure can be greatly simplified. The simulation

results show that this estimator performs well in a range of practical K values.

The directionality of the mobile channel does not change the envelope and phase dis-

tribution of the channel, but alters its second-order statistics, including the mean, variance

and pdf of the absolute phase. In this thesis, the directional scattering for the well-defined

Rice channel is modeled using the von Mises distribution, and the directionality of the scat-

tering is considered in several research works. A generalized channel simulator is developed

in Chapter 2 to simulate the channel with directional scattering using the IDFT technique.

The mean of the absolute phase is derived for the channel with directional scattering in

Chapter 6. The von Mises distribution is also used to model the antenna power distribu-

tion in Chapter 6, and allows a convenient design framework for the uncorrelated antenna

spacing in directional scenarios.

7.2 Recommendation for Future Work

It is important to get real-world measurements for basic comparison with the models de-

veloped for the absolute phase. This measurement is very challenging, and there seem to

be no channel measurement of the phase (and hence the absolute phase) readily available.

Therefore, the suggested future work includes measuring the absolute phase, and comparing

the statistics acquired from the measurements to those developed in this thesis.

The absolute phase in the mobile channel offers a fertile area for further research. Besides
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the K estimator presented in this thesis for channel characterization, another important

application of the absolute phase may include location-aware systems, such as Enhanced

911 Emergency Calling Systems, personal locator service, location billing, interactive map

consultation, location-dependent e-commerce, and intelligent transportation system, etc.

The basic principle of existing techniques for mobile locating or positioning is to use two

or more BSs to intercept the mobile signal. These techniques include time-of-arrival (TOA)

[121], received signal strength (RSS) [122], time-difference-of-arrival (TDOA) [123], and/or

angle-of-arrival (AOA) [124]. Most of the positioning systems rely on the LOS signal, and

assume that NLOS signals can be detected and eliminated. The NLOS signal benefits the

position estimation only when it is a priori information [125]. Therefore, these existing

localization algorithms do not perform well in a NLOS channel.

However, if the overall phase (including the distance-dependent phase and the absolute

phase, as discussed in Section 3.1.1) of the mobile channel is known, it can be used to indicate

the relative distance changes between the BS and the mobile in a Rayleigh channel (i.e., no

LOS signal is available). This is because the distance-dependent phase after unwrapping

and the absolute phase are additive, as proved in Appendix D; the unwrapped distance-

dependent phase acts as the signal that contains the distance, but the absolute phase for

the Rayleigh channel acts as the noise, with a zero mean, added to the distance-dependent

phase. The mean of the overall unwrapped phase can then be used to derive the relative

distance change between the mobile and the BS. If the mobile and the BS are synchronized,

the absolute distance between the mobile and the BS can be calculated.

If the mean of the absolute phase is available, the increasing or decreasing trends in

any Rician-like channels can indicate if the mobile is moving towards or away from the

dominant source. This information could be useful for some applications such as handoff or

some other aspects of dynamic channel allocation.

Many other applications can be developed owing to the new channel information brought

by the absolute phase. For example, if the location of the mobile can be estimated, then

tracking the mobile users becomes another possible application.

Since the statistics of the absolute phase depends on the scattering distribution of the

mobile channel, future work may also include analyzing the effects of directionality of the

scattering on the performance of the applications related to the absolute phase.



Appendix A

Comparison of Unwrapping to an

FM Receiver

The unwrapping operation produces similar results to an FM receiver consisting of a limiter,

a discriminator, plus an integrator. Here the two processes are compared.

Finding the absolute phase by unwrapping to atan2 is as follows:

• detect the 2π discontinuities by taking the difference of two consecutive phase samples;

• add/subtract 2π to the phase difference if the absolute value of the phase difference

between two consecutive phase samples is larger than π;

• sum the modified phase differences over (0, T ) with the reference phase, φW (0), re-

sulting in the continuous phase, φC(t);

• subtract the reference phase from the continuous phase at time T , resulting in the

absolute phase, φA(T ) = φC(T )− φW (0).

The first two operations are similar to the discriminator (i.e., the differentiator) in an

FM receiver. The output of the discriminator is the phase derivative per sample. The

third operation, summing the phase difference, acts the same as the integrator (i.e., the

low-pass filter) in the FM receiver. Its output is the continuous phase. The last operation,

subtracting the reference phase, φW (0), is analogous to the lower limit in the integrator in

FM receiver, and results in the absolute phase, φA(T ).

When the phase variation is small, which corresponds to a large magnitude of the signal,

these two methods produce almost the same result, as shown in Section 3.2. However, the
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dissimilarity arises when there are dramatic phase changes, i.e., when the signal is close to

the origin. The phase derivative calculated by (3.5) is more sensitive to the small magnitude

than by the unwrapping operation, and might result in a fake phase jump owing to finite

accuracy calculation. One way to solve this problem is to detect the magnitude of the signal

and accordingly force the phase variation in the continuous phase to be no larger than π.

For the simulations in this thesis, the unwrap function to atan2 is used.



Appendix B

Review of Click Definitions and

Their Effects on the Absolute

Phase

The various clicks, including the Rice click, the doublet and the false click are defined in

terms of the phase derivative in an FM receiver, and are highly related to the 2π disconti-

nuity appearing in the wrapped phase (atan2). Another type of click, the π jump, observed

in the continuous phase, is important in mobile channels [4, 16, 29, 47]. These clicks are

illustrated and discussed using a stationary well-defined Rice process.

This Rice process is denoted h(t) = I(t)+jQ(t) = r(t) exp[jφW (t)], where I(t) and Q(t)

have means of A and zero, respectively. The signal trajectory wanders around the complex

plane, statistically near I(t) = A and Q(t) = 0 but sometimes experiences the following

special loci. For the figures in this appendix, fn = 0.001 is used.

B.1 Rice Click

As discussed in Section 3.2.4, a Rice click appears in the phase derivative whenever the

signal trajectory crosses the negative I(t) axis and completes a phase change of 2π by

circumnavigating the origin. An example of the Rice click was shown in Fig. 3.7. Sometimes,

I(t) is close to zero while the trajectory crosses the negative I(t) axis, as in Fig. B.1.

Compared with the Rice click in Fig. 3.7, the Rice click in Fig. B.1 has larger magnitude,
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Figure B.1: Another example of Rice click in a stationary well-defined Rice process with
K = 5dB.

but both of them correspond to one 2π discontinuity in the wrapped phase. Another view

is that the Rice click is the reason why the absolute phase goes beyond [−π, π).

B.2 Doublet

Sometimes, the signal trajectory is close to the origin when crossing the positive I(t) axis.

This event also results in a large impulse in the phase derivative and is referred to as the

doublet in FM receivers [82], as shown in Fig. B.2. Unlike the Rice click, there is no

corresponding 2π discontinuity in the wrapped phase. After the unwrapping operation, the

unwrapped phase stays the same as the wrapped phase. The doublet does not affect the

mean and variance of the absolute phase.
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Figure B.2: An example of the doublet in a stationary well-defined Rice process with
K = 5dB.

B.3 False Click

When the signal trajectory enters the left-half plane and crosses the negative I(t) axis, it

might go back to the right-half plane without circumnavigating the origin. In this case, the

wrapped phase experiences two consecutive, opposite, 2π discontinuities. Instead of two

impulses of an area of 2π, each 2π discontinuity results in an impulse with an area of about

π in the phase derivative, as shown in Fig. B.3.

Based on the modeling given by Rice, these two impulses are miscounted as two Rice

clicks in the click analysis. This is why this kind of impulse is called the false click in FM

receivers [82, 83]. Since the false clicks appear in pairs with opposite directions, they do not

contribute to the mean of the absolute phase. However, the false clicks affect the variance of

the absolute phase when the Rice click analysis given by (3.7) is adopted. It has been shown

that the probability of the false click decreases to infinitesimal when K is large [82, 83] and

this is where the Rice click analysis becomes accurate.
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Figure B.3: Signal trajectory with phase discontinuities and false clicks in a stationary
well-defined Rice process with K = 8dB.

B.4 π Jump

Whenever the signal trajectory passes close to the origin, there is a quick phase change of

around π, which is recognized as the π jump in mobile communications [4, 16, 29]. The π

jump, when observed without knowledge of the signal trajectory, may correspond to a Rice

click, a doublet, or a false click in the phase derivative, as shown in Figs. B.1, B.2 and B.3.

The π jump turns out to be associated with a deep fade in the envelope of a mobile

channel. The deeper the fade, the closer the phase jump to π. The direction of the phase

jump depends on which side of the origin the signal passes.

The phase derivative is also recognized as the random FM in mobile communications

[4, 47]. The π jumps, as a time function, give rise to spikes in the random FM and this is

an important source of the error floor in narrowband digital communications. The π jumps

also occur in the frequency domain, and these correspond to group delay spikes which causes

an error floor in the BER of wideband systems.
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B.5 Relation Among Various Clicks

• One Rice click in the phase derivative implies one 2π discontinuity in the wrapped

phase, but a 2π discontinuity in the wrapped phase does not necessarily imply a Rice

click (it could be a false click).

• The 2π discontinuity in the wrapped phase results in either an impulse with large

peaks in the phase derivative if I(t) is close to zero at crossing, or an impulse with

small peaks if I(t) is not close to zero.

• The impulse with large peaks in the phase derivative (the Rice click, the doublet, or

the false click) is the result of a small signal magnitude, usually associated with a π

jump in the continuous phase, but does not necessarily imply the 2π discontinuity in

the wrapped phase.

When observed in the phase derivative, the Rice click, the false click, and the doublet

appear as similar shapes. Therefore, in analog receivers, it remains a great challenge to dis-

criminate the doublet and the false click from the Rice click in the noise threshold extension

techniques [82]. In terms of the effects of these clicks on the statistics of the absolute phase,

only the Rice click is of interest.



Appendix C

Summary of Notations for Phases

There are many names for different phases. In this thesis they are

• Channel phase: the phase for a mobile channel. It could be either wrapped or

unwrapped depending on the context.

• Wrapped phase: φW (t), the phase defined over the period of [−π, π). When used

to model a mobile channel, the phase follows either the uniform or the Rice phase

distribution.

• Rice phase: the wrapped phase following the Rice phase distribution.

• Unwrapped phase: the phase value after removing the 2π discontinuities from

the wrapped phase, usually referred to as the output phase after the unwrapping

operation. It can be any value.

• Continuous phase: φC(t), the same as the unwrapped phase, but the name is more

general because the continuous phase can be obtained through many other methods

(e.g., the zero-crossing or the phase derivative integration).

• Absolute phase: φA(T ), the accumulated Rice phase change in (0, T ); It can be

calculated by φC(T )− φC(0).

• Phase derivative: the derivation of the continuous phase with respect to the time,

also called the continuous phase derivative. In the figures from the simulation, it is

represented by the (continuous) phase derivative per sample.
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Additive Phase Effects

The phase of the mobile channel comprises a distance-dependent phase term owing to signal

propagation between the mobile and the BS, and a random phase term owing to short-term

fading. At any time, these two (wrapped) phase effects are additive. To obtain the contin-

uous phase, the wrapped channel phase need to be unwrapped. In general, the unwrapping

operation is nonlinear. However, this appendix proves that these two phase terms are also

additive after unwrapping. In other words, the absolute phase can be separated from the

unwrapped distance-dependent phase.

Refer to Fig. 3.1 in Chapter 3. At time t, the mobile has moved a distance of d

relative to the BS. The distance-dependent phase is modeled as exp[jωcd/c], where ωc is

the carrier angular frequency, and c is the speed of light. Rewrite the phase as following:

ωcd/c = 2πfcvt/c = 2πfDt, where v and fD are the velocity and the maximum Doppler

frequency of the mobile, respectively.

Therefore, the channel CAG, with flat fading and distance-dependent phase, can be

modeled as

h(t) = exp[j2πfDt]r(t) exp[jφ(t)] = I(t) + jQ(t) (D.1)

where r(t) and φ(t) are respectively the envelope and phase of a well-defined Rice process;

I(t) and Q(t) are respectively the real and imaginary parts of the channel CAG. At any

time, the channel phase is φ(t) + 2πfDt.

To find the unwrapped channel phase from time 0 to T , the phase derivative based
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method, as discussed in Section 3.2.3, is used,

φd
A(T ) =

∫ T

0

I(t)Q̇(t)−Q(t)İ(t)
I(t)2 + Q(t)2

(D.2)

where the superscript d represents the phase here includes the distance-dependent phase.

Let r(t) exp[jφ(t)] = x(t) + jy(t), with x(t) and y(t) the real and imaginary part of

a Rician process, respectively. Let exp[j2πfDt] = cos(2πfDt) + j sin(2πfDt). Then (D.1)

becomes

h(t) = (cos(2πfDt) + j sin(2πfDt))(x(t) + jy(t)) (D.3)

Therefore,

I(t) = x(t) cos(2πfDt)− y(t) sin(2πfDt) (D.4a)

Q(t) = x(t) sin(2πfDt) + y(t) cos(2πfDt). (D.4b)

Taking derivatives of I(t) and Q(t) respectively,

İ(t) = ẋ(t) cos(2πfDt)− ẏ(t) sin(2πfDt)− 2πfDx(t) sin(2πfDt)− 2πfDy(t) cos(2πfDt)

Q̇(t) = ẋ(t) sin(2πfDt) + ẏ(t) cos(2πfDt) + 2πfDx(t) cos(2πfDt)− 2πfDy(t) sin(2πfDt)

Consequently,

I(t)Q̇(t)−Q(t)İ(t) = x(t)ẏ(t)− ẋ(t)y(t) + 2πfD(x2(t) + y2(t)) (D.6a)

I2(t) + Q2(t) = x2(t) + y2(t) (D.6b)

Substituting (D.6) into (D.2), the result becomes

φd
A(T ) =

∫ T

0

[
x(t)ẏ(t)− ẋ(t)y(t)

x2(t) + y2(t)
+

2πfD(x2(t) + y2(t)
x2(t) + y2(t)

dt

]

=
∫ T

0

x(t)ẏ(t)− ẋ(t)y(t)
x2(t) + y2(t)

dt +
∫ T

0
2πfDdt

= φA(T ) + 2πfDT (D.7)
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where φA(T ) is the absolute phase owing to short-term fading, and 2πfDT is the accumula-

tive phase change owing to the distance-dependent effect. This proves that these two phase

effects - random and distance-dependent - are additive after unwrapping, even though the

unwrapping, in general, is not a linear operation.

Another phase effect on the channel phase is the phase roll, modeled by exp(j∆ωot), as

discussed in Section 3.4.3. Here ∆ωo is the radial frequency difference between the trans-

mitter and receiver oscillators. The phase roll is a function of time owing to temperature

variations in the oscillators. Following similar derivation given above, the absolute phase

and the unwrapped phase roll are also additive.
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