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Abstract

The objectives of this thesis are to design, analyze and numerically investigate easily im-
plementable Variable Step-Size Implicit-Explicit (VSIMEX) Linear Multistep Methods
for time-dependent PDEs.

The thesis begins with a derivation of the family of second-order, two-step VSIMEX
schemes with two free parameters. A zero-stability analysis of these VSIMEX schemes
gives analytical results on the restriction of the step-size ratio for general second-order
VSIMEX schemes. The family of third-order, three-step VSIMEX schemes with three
free parameters is also derived. A zero-stability analysis of these VSIMEX schemes
gives numerical values for the step-size restrictions. A fourth-order, four-step VSIMEX
scheme and its stability properties are also studied.

Numerically, we apply our new VSIMEX schemes to the 1-D advection-diffusion
and Burgers’ equations. The expected orders of convergence are achieved, and accurate
approximate solutions are obtained. Our results demonstrate the superiority of VSIMEX

schemes over classical IMEX schemes in solving Burgers’ equation.
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Chapter 1

Introduction

1.1 IMEX Schemes

Many problems in physics, engineering, chemistry, biology and other areas involve the
numerical solution of time-dependent Partial Differential Equations (PDEs). Some types
of PDEs can conveniently be transformed into large systems of Ordinary Differential
Equations (ODEs) in time by doing spatial discretizations based on finite difference
methods, finite volume methods, spectral methods or finite element methods.

For large systems of ODEs with both stiff and nonstiff parts, the classical Implicit-
Explicit (IMEX) linear multistep methods treat the stiff part implicitly and the nonstiff
part explicitly (see Ascher, Ruuth and Wetton [1]). This has proven to be a powerful
technique. The main idea behind these IMEX methods developed in (1] is outlined
below.

Large systems of ODEs typically have the form
i= f(u)+ g(u). (1.1)

The term f(u) in (1.1) is a nonstiff and possibly nonlinear term which we do not wish
to integrate implicitly. This could be because the Jacobian of f(u) is non-symmetric
and non-definite and an iterative solution of the implicit equations is desired, or the
Jacobian could be dense, requiring the inversion of a full matrix at each time step (see
Ascher et al. [1]), or else an explicit scheme may be preferred for ease of implementation.

On the other hand, the g(u) term in (1.1) is stiff. Consequently, an implicit time
integrator should be used to prevent the unrealistically small time steps which arise

from an explicit treatment.
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Hence for solving ODEs (1.1), numerical schemes which integrate the g(u) term
implicitly and f(u) term explicitly are highly desired. Such implicit-explicit methods

are referred to as IMEX schemes in Ascher et al. [1].

1.2 Motivation for VSIMEX Methods

For solutions of ODEs (1.1) with different time scales, i.e. solutions rapidly varying in
some regions of the time domain while slowly changing in other regions, variable step-
size schemes are often essential to obtain computationally efficient, accurate results. For
example, small time steps may be necessary to capture rapidly varying initial transients,
while large time steps may be desirable to capture the subsequent slowly changing, long-
term evolution of the system.

Standard IMEX linear multistep methods are designed for the case of constant step-
sizes. Thus starting values must be computed every time the temporal step-size is varied
for standard IMEX schemes.

A commonly used approach for handling variable step-sizes for linear multistep meth-
ods is the interpolation method (see Nordsieck [9]). At each time-step, a standard fixed
step-size linear multistep formula is applied, and if necessary the required starting values
are approximated by interpolating through the past saved values. Unfortunately, this
process is sufficiently complicated that it is often avoided in practice.

The motivation behind this thesis is to provide the end-users of IMEX schemes with

easily implementable variable step-size IMEX (VSIMEX) linear multistep schemes.

1.3 Overview

The overview of this thesis is as follows:

In Chapter 2, general VSIMEX linear multistep schemes are defined. The order
conditions for order-s, s-step VSIMEX schemes are derived from the local truncation
error. This is followed by the derivation of different VSIMEX schemes up to fourth-
order. First-order, one-step IMEX schemes are also VSIMEX schemes. A general
class of second-order, two-step VSIMEX schemes with two parameters is developed,
and some popular second-order IMEX schemes and their corresponding variable step-

size versions are presented. A particular parameterization of third-order, three-step



CHAPTER 1. INTRODUCTION 3

VSIMEX schemes with three parameters is given and a fourth-order VSIMEX scheme
is also presented.

In Chapter 3, the linear stability analysis of IMEX schemes is discussed and reviewed,
and stability contours for different order IMEX schemes are plotted. The second part
of this chapter deals with the zero-stability analysis of VSIMEX schemes. Zero-stability
imposes restrictions on the step-size ratios required to ensure that VSIMEX schemes
are stable in the limit as the step-sizes approach zero.

In Chapter 4, numerical experiments for the linear advection-diffusion equation and
Burgers’ equation are carried out using various IMEX and VSIMEX schemes. Accurate
approximate solutions are obtained, and the expected orders of convergence for our
VSIMEX schemes are verified for a variety of time-step strategies.

In Chapter 5, a summary of this thesis and ideas for future work are presented.



Chapter 2

Lower and Higher Order VSIMEX

Schemes

In this chapter, different VSIMEX linear multistep schemes up to fourth-order are de-
rived. The first-, second- and third-order VSIMEX linear multistep schemes are families
of methods which admit one, two and three free parameters respectively. For the fourth-
order VSIMEX linear multistep scheme, we focus on the fourth-order variable step-size,
semi-implicit, Backward Differentiation Formula (VSSBDF4).

2.1 General VSIMEX Linear Multistep Methods

We consider an arbitrary grid {t,} and denote the step-size kni; = tnyj41 — tnyj. Fur-
thermore, assume that the previous s approximations U™ to u(t,4;),7 = 0,1,...,s—1,
are known.

The general s-step VSIMEX linear multistep schemes for ODEs (1.1) take the form

8

s—1 s
1 . ) )
k YU =3 B f(UM) + ) Cing(U™), (2.1)
n §=0

+s-1 4 =0

where o, # 0, Csn # 0 and s > 2. The variable coefficients o, 8;» and C;, are
functions of the mesh ratios w; = k;/ki—y fori=n+1,...n+s—1, s > 2 and must
satisfy the order conditions (2.4) listed below.

Ascher et al. [1] proved for fixed step-sizes k that s-step IMEX schemes achieve at

most order-s accuracy and that this is achieved by an s-parameter family of schemes.
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In this thesis, we only consider s-step, O(k’ ) VSIMEX linear multistep schemes, where
k is the average temporal step-size.

Begin by assuming that the mesh ratios k;/k, and the variable coefficients o,
Bjn and C;, are all bounded for 7 = n +1,...,n + s — 1, replace the approximate
solutions U™, j = 0,1, ..., s by the corresponding exact solutions u(t,+;) in the variable

coefficient difference equation (2.1) to obtain the Local Truncation Error (LTE)

s—1
Z &5 nU n+J Z ﬂj,nf(u(tn+_1 Z CJ ng n+J (2'2)
Jj=0

For a smooth function u(t), expanding equation (2.2) in a Taylor series about t,, yields

LTE =

n+s 1

LTE = knjs—l {aoynu + Jz;ajn [u tn) + u'( Zk,ﬂ.ﬁ-
j=1 2 P j-1
t>(zk,ﬁi) (zkw)}}
1=0 1=0
~ Bonf(u T ) S b
om Z Bim | Fultn)) + = (u(ta) D_ knsi +
=0
1 de-vf !
T oo nidaey dt(P—l) (; kn+z> J — Cong(u(tn))
—§:qn[1m @a }:mﬂ
1 d(p—l)g i1 P ,

Applying equation (1.1) to the LTE (2.3), a pth-order VSIMEX scheme is obtained

provided that the following constraints for o;,, ;- and c;, hold:

E
> =0,
7=0
s j-1 s—1 3
Z aj,n Z kn+'i = kn+3—l Z Bj,n = kn+3—l Z Cj,n7
7=1 1=0 j=0 j=0
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1 M j-1 P s—1 7j-1 p-1
H Z Qjn <Z kn+i) = n+s 1 Z ﬁj n (Z kn+i)
j=1 =0
J .
n+s 1 ' Z C n (Z kn+i) .
=0

Taken together, these constraints are known as the order conditions.

2.2 First-Order VSIMEX Schemes

First-order, one-step IMEX schemes are actually VSIMEX schemes, since they allow for
variable time-stepping. This one-parameter family of schemes for (1.1) can be expressed
as (see Ascher et al. [1])

Ut — U™ =k, f(U™) + knl(1 = 7)g(U™) + vg(U™1)]. (2.5)

The leading order term in the LTE in (2.5) is given by

kn

d
) u(tn) - kn’y J

which suggests the restriction v € [0, 1] to maintain a moderate LTE.
Some schemes in this one-parameter family are familiar. For example v = 0 gives

the Forward Euler scheme
Ut — U™ = k, f(U™) + kng(U™). (2.7)

Since this is a fully explicit scheme, rather than an IMEX scheme, we will not consider
it further.
When v = 1, we have

U™ U = ko f(U) + 2kalo(U") + g(U™)], (2.8)

which applies the second-order, one-step Crank-Nicolson method to g(u) and the For-
ward Euler method to f(u).
Another choice, v = 1, yields

Ut — U™ = k, f(U™) + kag(U™), (2.9)
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which applies Backward Euler to g(u) and Forward Euler to f(u). As we know, the
Backward Euler method is the first-order member of the class of Backward Differentia-
tion Formulas (BDFs) (see Lambert [8]).

In later sections, we will also develop some order-p VSIMEX schemes (p = 2,3,4)
similar to (2.9), which apply BDFs to g and extrapolate f to time step t,;,. Those
schemes will be referred to as order-p Variable Step-size Semi-implicit BDF (VSSBDFp)
schemes.

In practice, at least a second-order time integrator is desirable since a second-order
spatial discretization is often used. In the next section, we derive the general second-
order, two-step VSIMEX schemes with two free parameters, and highlight some partic-

ular VSIMEX schemes whose corresponding IMEX schemes are quite familiar to us.

2.3 Second-Order VSIMEX Schemes

Second-order, two-step VSIMEX schemes admit two free parameters. If our VSIMEX
schemes are centered in time about time-step ¢,1;4~ to second-order, we derive second-
order VSIMEX schemes, viz., a family of schemes involving two parameters (7, c) for
which equation (2.1) is

2 2

1
U™ =" B f(U) + Y Crng(UH) (2.10)
0 j=0

Jj=0

1

k
n+l 5T

where

(27 — 1)‘*)721+1

pn =

o 1+ Wn+l
ayjn, = (1 —=2%)wppr — 1,

1 n

Qon = + 2Ynts )

Y 1+ Wn+1
,60,71. = —YWn+l,
/Bl'n = 1 -+ YwWn+1, (211)
C’O,n = E

Cl,n = 1—’7—(1+

C2,n = v+
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In the constant step size case (i.e., if we set all consecutive step-size ratios w,4; = 1
foralln =0,1,...,N —2, where N is the number of total nodes in time interval [0, 7'),
the schemes (2.10) reduce to the family of IMEX schemes (see Ascher et al. [1])

%[(7 + %)U"+2 - 29U 4+ (y - é)U"] =
(v+ DFU™) = Af(U") +
(7+ $)g(U™) + (1 = 7 = )g(U™") + 59(U™), (2.12)

where & is the constant temporal step-size.
Some VSIMEX schemes corresponding to familiar IMEX schemes are as follows:

e (’7)6) = (%’0) gives

k_l;_l [Un+2 _ Un+1] — (1 + %wn+1) f(Un+1) _ %wn+1f(Un)
+ 5 [9U™2) + gU™)]. (213)

Since it applies Crank-Nicolson to the stiff term and the variable step-size second-
order Adams-Bashforth scheme to the nonstiff term, this scheme will be referred
to VSCNAB (Variable Step-size Crank-Nicolson, Adams-Bashforth).

The corresponding constant step-size IMEX version (CNAB) is a popular scheme
in computational fluid dynamics (see Ascher et al. [1]). It has the form
1 3 1 1

U = U] = SR U = S FUM) + 5 (g0 + U] (219)

e (7,¢) = (1,0) gives

1 1+ 2wpyg +2 +1 w721+1
Ut —-(Q1 nt1 ) U™ —ntl Ut =
knt1 | 14+ wnn (1+wnn) * 1+ wn+1U
(4 wne) FU™) = wn fU™) + 9(U™2). (2.15)

As mentioned in Section 2.2, this scheme applies a variable step-size BDF2 scheme
to the stiff part and extrapolates the nonstiff part to time step t,+,. This scheme
will be referred to as the variable step-size second-order semi-implicit BDF (VSS-
BDF2).

The corresponding constant step-size IMEX version (SBDF2) is given by

1[3 1
z §U"+2 —2U™ 4 5U"| =2 FU™Y) = F(U™M + g(U™?). (2.16)
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o (v,c) = (0,1) gives

1 1 Un+2 + (OJ - 1)Un+l _ w1?1+1 Ul =
kn+l 1 + Wn41 nr 1 + Wn41

sz |2 oU™) + (1= gl + 9] 217

2 lwnt Wn41

The corresponding constant step-size IMEX scheme is
1

o (U7 = U") = FU™) + 3 [g(U™) + (U] (2.18)

which applies a scheme somewhat like the Crank-Nicolson to the stiff part and a
Leap-Frog scheme to nonstiff part. In Ascher et al. [1}, scheme (2.18) is referred
to as CNLF (Crank-Nicolson, Leap-Frog). Correspondingly, we call scheme (2.17)
VSCNLF (Variable Step-size CNLF).

o (v,c) = (3,3) gives

A 1 (Un+2 - Un+l) = % [(2 -+ wn+1)f(U"+l) - OJn+1f(Un)] (219)
n+1
+ 16w1 [(8wnts + 1)g(U™*?) + (Twnir — Dg(U™?) + warrg(U™)] -
n+1

The corresponding constant step-size scheme, referred to as the Modified CNAB
method in Ascher et al. [1] is

1 3 n n
% (Un+2 _ Un+ ) — Ef(U +1) _ %f(U )
9 3 U .

+ 1—69(U"+2) + gg(U"+ ) + Eg(U ). (2.20)

Similar to CNAB, the modified CNAB scheme has a small truncation error. For
problems with small mesh Reynolds numbers, this modified scheme will be pre-

ferred due to its superior damping of high frequency errors ([1]).

2
Wni1

o (7,0) = (3, ~3ralsy) vields

! 2 _ ity = Wnt1 ntly _ Wntl oooon
knt1 (- = (” 3 )f(U ) — =T
1
+ m[(?) + 2wn+1)9(Un+2) + B+ wps1)(1 + UJn+1)g(U"+l)

— wnng(UM), (2.21)
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which treats the stiff g term using the two-step variable step-size implicit Adams-

Moulton scheme, and the nonstiff f term using the two-step variable step-size

explicit Adams-Bashforth scheme. We refer to (2.21) as VSAMAB.

The corresponding constant step-size AMAB scheme is given by

1 n+2 n+1\ __ 3 n+1 1 n
E(U+ —U+)—§f(U +)—'2'f(U )
+ 75 [50(U™?) + 89(U™) - (U] (2.22)

Schemes (2.21) and (2.22) are rarely useful in practical computation since they

exhibit poor linear stability. See Figure 3.10 of the next chapter for further details.

® (v,¢) = (3, —wnq1) Yields the fully explicit second-order, two-step variable step-
size Adams-Bashforth scheme
1 n
(U2 -U™) = 1+ [fUr) + U]
kn+1 2
Wn n n
- = UFUM) + g(UM): (2:23)

This is not a VSIMEX scheme, so we will not consider it further.

2.4 Third-Order VSIMEX Schemes

Third-order, three-step VSIMEX schemes admit three free parameters. One particular
parametrization for equation (2.1) can be derived by introducing the three parameters
(7,8, c). This leads to

3

3 2
S0l = 3 B f (U™) + 3 Cing(U™), (2.24)
0 =0

Jj= J =0

1

kn+2
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where

W731+1w721+2 [372wn+2 +27(1 — Wny2) — 1]

Fon = 14 wnr) 1+ wnp1 (1 +wng2)]

0p, = _w721+2[7wn+1wn+2(2 =3+ 1=+ wn+1)]’
’ 14+ wpya

g = _wni1(1 + ywng2)[l + wns2(3y — 2)] + wnie(2y - 1) + 1 6.
’ 1+ Wn+1

s, = 1 + 29Wn4g + wWnt1 (1 + Ywn2)(1 + 3ywnyo) 16
' (14 wnt2)[1 + wnta (1 + wryo)] ’

Bon = wh1Wnt2[67(1 + Ywns2) + 0(3 + 2wnso)] ,

6(1 + wn+1)
Own 423 + wrt1(3 + 2wnta)]

Bin = = Ynta[l + W1 (1 + YWwnta)] —

6 )
B _ (1 + ’7wn+2)[1 + wn+1(1 + 7wn+2)]
2 (1 + wn+1)
1o+ Wn+2 n Wn41Wnt2(3 + 2wy 42) 7
2 6(1 + (.dn+1)
Co L= 0w3,,+1wn+2 (3 + 2wn+2) -,
’ 6(1 + wn+1)
Cro = (1 + wn1)[1 + wn1 (1 4 wnpo)] — W2 w2 007(1 — )
1ln —
" w2, (1 + wnya)
_ Own+2[3 + wnt1(3 + 2wni2)]
6 )
C,. = w721+1wn+2(1 — '7)(1 + ’7wn+2) — C[]. + wn+1(1 + wn+2)]
o w121+1wn+2
4o l1 g nt2 | WntiWnio (3 + 2wn2) ,
2 6(1 + wnt1)
Ce — w2 1 Wni2Y(1 + Ywnaa) + (1 + wny1)
3n — .

W ymsa(L+ i)

11

(2.25)
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Remark:

o Restricting scheme (2.24) to constant step-sizes leads to the three-parameter fam-

ily of third-order IMEX schemes appearing in Ascher et al. [1]
Lifl 1 n+3 3 2 1 +2
nd O S VR n
k[<27 +7+3+9)U +< 37 7+2 0\U
+ §72+7—1 Uttt + —172+ ur
2 2 6

= (7 ks QS ée) fur?y — (72 +27+ %9) furh

12
(T2 20) s+ (T ) st
( &+%@¢W“)
(5

+&—§@ngU+(%e—ngﬂ. (2.26)

o Scheme (2.24) is centered at time step t,124, whenever 6 = 0.

o Letting § — Fo0o in (2.25) yields the variable step-size third-order fully explicit
Adams-Bashforth scheme.



CHAPTER 2. LOWER AND HIGHER ORDER VSIMEX SCHEMES 13

Note that choosing (v,6,c) = (1,0,0) in scheme (2.24) yields the variable step-size
third-order semi-implicit BDF (VSSBDF3)

3 2
1 : )
T Dl =Y B f(UT) + g(U), (2.27)
2 =0 3=0
where
o = — Wh1Wasa(1 + wntz)
" (1+ wnt1) (1 + Wnp1 + Wng1Wny2)’
1
2
O1n = W yo(Wna1 + TF s ),
_ wn+1wn+2(1 + wn+2)
Qgn = —1 = wWnio — T ,
n+1
a3, =1+ Wn+2 Wn+1Wn+2 (228)

14+ wpyo 14+ wnpi (14 wnga)’

w:,21+1wn+2 (1 + wn+2)

il

/80,71.

1+ Wn41 ’
ﬁl,n = —wn+2[1 + wn+l(1 + wn+2)]a
By = (1 + wp2)[1 + wna1(1 + wnta))

1 + Wn+l
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2.5 Fourth-Order VSIMEX Schemes

For the fourth-order, four-step VSIMEX schemes, we only develop the variable step-size
fourth-order, four-step semi-implicit BDF (VSSBDF4) scheme. This particular fourth-

order scheme for equation (2.1) has the form

4 3
1 v .
Fors D 0 U =" B f(U™) + (U™, (2.29)
e =0 =0

where

4 3 2
_ 14+ wni3 AsWpiiWnioWnyg

157 =
om 1+ wnyy Ar As ’
ain = —w3 w ———1 +wn+3é§
1n n+2 n+31 + Wnto Az’
Qg =W _Unt3 + Wp4ow —————A3 T Wntl
2.n n+3 1+ Wnts n+2Wn+3 1+ Wntl
Wn2(l + wnis3) Wn414g
gy, = —1—w 1+ 1+
3n n+3 [ 14+ Wnta ( Al ) )
Wn+3 WntoWn+3 Wn+1Wn42Wn+3
4y =1+ + +
n I+ wnts As As ’
1+ wpys A
3 2 n+3 412
= —W, W oWy —————
ﬁD,n n+1%n+2 n+31 + Wntl Aly
14w
2 n+3
= W oWpt3———— As, 2.30
Bin = Whio T (2.30)
Wn+3
= A, A 0
ﬂ2,n 2413 1+ Wt )
Itwny
B — Wnao(l + wnys) (1 + wn43)(As + wny1) + w:+21
sm 1+ Wn+2 Al ’

Al =1+ ‘*"'n-+—1(:l +wn+2)7
Ay =1+ wnya(1 + wnys),
A3 =14 wn+1A2.

In the constant temporal step-size case, equation (2.29) reduces to the fourth-order
SBDF (see equation (33) in Ascher et al. [1]). This scheme is given by
{1 ZEyrti_y n+ 3Un+2__ n+1 I =
17 2U Uurr + 3U + 4U
AF(U™P) = 6F(U™2) + AF(U™) = F(U™) + g(U™9). (2.31)



Chapter 3

Stability Analyses of IMEX and
VSIMEX Schemes

If the constraints (2.4) are satisfied, then the VSIMEX methods (2.1) are consistent.
By the Lax-Richtmeyer Theorem (see Strikwerda [10]}, IMEX methods are convergent
when applied to a well-posed initial value problem, provided stability is ensured (see
Ascher et al. [1]).

Hence, we are also interested in the stability properties of our VSIMEX schemes,
namely, what restrictions on step-size ratios w;, t =n+1,...,n 4 5 — 1 are required in
order to ensure order-s, s-step VSIMEX schemes are stable.

It is difficult to develop a linear stability analysis of VSIMEX schemes due to the
freedom introduced by the step-size ratios, w;. In this thesis, we focus on zero-stability.
This analysis appears in Section 3.2.

When constant step-sizes are utilized, our VSIMEX schemes reduce to IMEX schemes.
To better understand the stability properties associated with these IMEX schemes, a

linear stability analysis is presented in Section 3.1.

3.1 Linear Stability Analysis of IMEX Schemes

In this thesis, our linear stability analysis of IMEX schemes mainly follows the methods
developed in Ascher et al. [1].
The model problem for our linear stability analysis of IMEX schemes is the 1-D

15
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advection-diffusion equation,

Uy = AUy + bugy, (3.1)

subject to periodic boundary conditions on the interval [0,1]. Here a, b are constants
and b > 0.

In the spatial discretization, central finite differences schemes are used to approx-
imate u, and u,, and we denote by D, and D, the first- and second-order derivative
approximations in z respectively. Then equation (3.1) is discretized into a system of

semi-discrete equations in time

Uy = aDU; + bDyU;
_ aUJ‘.H — Uj_l 4 ij+l - 2UJ + Uj—l

2h h?

where 1 < j < M and M is the number of spatial mesh grids. Here we assume M is

(3.2)

even, and the spatial mesh grid size is h = 4.
By applying the discrete Fourier transform (DFT) and its Inverse DFT (see Tre-
fethen [11]) to (3.2) we obtain for every j

M/2 ] M/2

1 iejomhy a il(j ™ i(j-1)27h\ T
o Z eli2mhyr, = 5 |5 Z (e €G+1)2mh _ il(5-1)2 M| +
t=—4 1 | =-%+
r M/2
_:_2 % Z (eu(j-mwh _ geitizth eil(j+1)21rh)Ue ,
L e=—4 11
(3.3)
where
Uy, the DFT of Uy, is given by
M
. o M M
Ue:2ﬂ,hze—ze27rh]Uj’ g:_7+1’... ,_2_, (3‘4)
ij=1
and its Inverse DFT is given by
1 M/2
U; = o Z eil21rher, j=1,2,--- , M. (3.5)
p=- 41

By equating the coefficients in (3.3) and making use of the following identities,

UHD2Th _ =12tk _ joeiti2mh gin (9 (3.6)
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eil(j—l)?ﬂ‘h _ 2eilj27rh + eif(j+l)27rh — 2eifj27rh [COS(27TZh) _ 1] , (37)

we find for every wavenumber ¢

(}g = i% sin(2reh)U, + }21—2 [cos(2nlh) — 1] U, L= —-% +1,---, g
(3.8)
Letting
ap = i—g [cos(2meh) — 1],
By = %sin(27r€h), (3.9)
then we can rewrite (3.8) as
Us = iB, 0, + el (3.10)
From (3.9),
(oo 52)° | 5 (3.11)

Gr TGP

it follows that the coefficient pairs (aq, B¢) lie on an ellipse. See Figure 3.1.

a/hr

Zaoihth) 0
(0]

Figure 3.1: Ellipse of (o, §).

The general order-s, s-step multistep IMEX schemes for & = f(u) 4+ g(u) have the

form . .
1 n+s 1 ~ n+j < n+j > n+j
SU+ EZaJU W=D b f(UT) + ) eig(U), (3.12)
j=0 =0 =0



CHAPTER 3. STABILITY ANALYSES OF IMEX AND VSIMEX SCHEMES 18

where a;,b; and c; are constant coefficients, and k is the temporal step-size.
Applying the IMEX scheme (3.12) to (3.10), yields

1. 1 3—1 . s—1 . e 8 N
LA Y el =Y biiBU + ) ey (3.13)
j=0 j=0 j=0

which is a linear difference equation with constant coefficients for each fixed wavenumber
L.
The solution to (3.13) is given by (see Bender & Orszag [3])

AZH-S =P+ pary T 4+ pery T (3.14)

where 7; is the ith root of the characteristic polynomial p(r) defined by
s—1
p(r) = (1 = kesag)r® + Y _(a; — ikb; B — kcja)r, (3.15)
j=0

and p; is constant when r; is simple and a polynomial of degree d — 1 in n for multiple
roots r; with multiple degree of d.

To ensure linear stability, the IMEX schemes (3.12) must satisfy the root conditions,
i.e., all of the roots of the characteristic polynomial (3.15) have modulus less than or
equal to unity, and those of modulus unity are simple (see Lambert {8]). In practice,
determining the time-stepping restrictions is equivalent to finding the largest time-step
for which the ellipse in Figure 3.1 lies in the absolute stability region of the IMEX
schemes.

We can also obtain another important property for an IMEX scheme. From (3.10)

we know the exact solution is given by

Uy(t) = el 80, (0). (3.16)
Over one time step
Ue(tns1)] = e**|Ue(tn)], (3.17)

which indicates the magnitude of U, is amplified by a factor e** over a time interval of
length k. We plot the corresponding amplification contours in the (¢, 3) plane in Figure
3.2.

Figure 3.2 suggests that the roots of the characteristic polynomial of (3.15) should
be small for large and negative . This fact corresponds to the fast decay property of

high frequency modes when b is large.
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Next, the linear stability properties for different IMEX schemes are presented. For

notational convenience, we simply rewrite (3.10) as

V =148V +aV. (3.18)

—0.6—

1
1/kb I b
a 0 p ¢ é;é‘ d
-1k} I .
T ?#
-10/k 0

Figure 3.2: Amplification contours over a time interval of length k.

3.1.1 First-Order Methods

To test the linear stability of first-order IMEX schemes, we apply (2.5) to the model
test problem V = i3V + aV to obtain

Vi VR = iBkV" + ak [(1 — )V + AV (3.19)
Solving for V**1 we get
Vit = €(a, B)VT, (3.20)
where

14+ kB + k(1 —v)a

£l 8) =

The stability region is given by

(3.21)

{(a, 8): (e, 8)] < 1} (3.22)
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We plot the stability region contours for the first order SBDF with v = 1 in Figure 3.3 ,
and for two other first-order IMEX schemes, v = % and v = % in Figure 3.4 and Figure
3.5 respectively.

Among all first-order IMEX schemes, the SBDF1 scheme possesses the largest sta-
bility region and the strongest decay for « large and negative. Analytically, we can
verify this decay property by letting & — —oo in (3.21). This leads to £(—o0, §) = 0 for
v =1 (i.e., SBDF1). For smaller v values, the corresponding first-order IMEX scheme
will not have as strong a decay property and may even be unstable for large b. Hence,
arﬁong the first order IMEX schemes, the SBDF scheme is often preferred to the others.

Next, we examine the linear stability along the S-axis. For the origin (¢, 3) = (0,0),
we have

1€(0,0)] = 1. (3.23)

This indicates that the origin of the a — 5 plane lies in the stability region. For other
(0, 8) with 8 # 0,
1£(0,08)| = |1 +ikB] = v/ 1+ k262 > 1. (3.24)

Thus, it follows that first-order IMEX schemes are unstable for b = 0,a # 0 in (3.1).

1kt

-1K[

-10/k

Figure 3.3: Linear stability contour plot for SBDF1 (y = 1).



CHAPTER 3. STABILITY ANALYSES OF IMEX AND VSIMEX SCHEMES 21

Figure 3.5: Linear stability contour plot for v = 1.
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3.1.2 Second-Order Methods

To determine the linear stability contours for second-order methods, we apply equation
(2.12) to the model test problem V = i8V + aV. This yields
1 1 1
- __Vn+2_2 Vn+1 - \V| =
o v -2 - ]
B [(y + V™ — V)] +
a [(7 + g)v"+2 L1 -y =V 4 gv"] , (3.25)

and the corresponding second-degree characteristic polynomial is given by (see Ascher
et al. [1])

p(z) = {7 + -;— - ka(y + %) 22— 2y +ikB(y +1)
+ka(l—vy—c)lz+~v— %-Fikﬂv—kag. (3.26)

Letting &;, &, denote the two roots of p(z) in (3.26) for any given pairs (a, 8) and
(v, ¢), we can solve explicitly for & and & by using the quadratic formula. The stability

region for any pair (v, ¢) is thus

Some stability contours for particular IMEX schemes discussed in Section 2.3 are pre-
sented in Figures 3.6 to 3.10 below.

For the 1-D advection-diffusion equation (3.1), and over the family of second-order,
two-step IMEX methods, Ascher et al. [1] demonstrate that the SBDF2 scheme allows
the largest stable time step when the discrete diffusion part dominates (i.e. a—bh > %), and
that the CNLF scheme allows the largest stable time step when the discrete convection

part dominates (i.e. ﬁ < %) Also, the popular CNAB is competitive only when & ~ %
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-10/k 0

Figure 3.6: Linear stability contours for CNAB (y = 1,¢=0).

Figure 3.7: Linear stability contours for Modified CNAB (y=1,c = ).
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1/kp-1

Ig X T 'l 9 X

-1/kr1

L L L L L ) : 2 "
-10/k [

Figure 3.8: Linear stability contours for CNLF (y =0,c¢ = 1).

1/k

-1/Kr
0.
/

-10/k
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1k

-1/kF

-10/k

o

Figure 3.10: Linear stability contours for AMAB (y = 1,¢ = —1).

3.1.3 Third-Order Methods

Applying the general third-order, three-step IMEX scheme (2.26) to the model problem
/ = ifV + oV, yields

1[/1 1
[( Y+y+z +9)V"+3+(—272—27+§—9> yni?

gt eama)ve () ]

2
(7 3 +1+ 129) Ytz _ <72 +2v4 %9) yntl

2 2
+< o) e[S ) (oo v

’7 _4 n+1 i _ n
7 43¢ 39) |4 (129 c) % } . (3.28)

=

1

+
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The corresponding third degree characteristic polynomial p(z) is given by

1 1 2+ 3
p(z) = [572-+-7-+-—-+-9—ka(7 7+c)] 2~ [—72+27

3 2 2
1 (V3 23 23
—Z 40 29 A2 o 2
2+ -Hkﬂ( +1+12)+ka(1 y 3c+129>}z
2_ 4
31 ikB (2 2y 20) —ka (0 43— 26) ] 2
2 3 2 3
1, 1 Y+ 5 5
. S 20) —ka26-¢). .
27 "% M( 2 12 *\12" ¢ (329)

Define the three roots of polynomial (3.29) by &, &2 and &; for any given pairs («, 3)
and (7,0, c). The stability region for any pair (7,6, c) is thus

{(e,0): max{|&l,|&l, €]} < 1}. (3.30)

Some stability contours are displayed in Figures 3.11 to 3.13.

Ascher et al. [1] prove that the third-order SBDF scheme has the strongest asymp-
totic decay among the third-order IMEX schemes and is stable on the (-axis for suffi-
ciently small g.

The plots for two other interesting third-order methods appear in Figures 3.12 and
3.13. These plots indicate that the corresponding methods possess large stability regions

as well as strong high frequency decay.
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1/k

-1/k

-10/k

Figure 3.11: Linear stability contours for SBDF3 (v, 6,¢) = (1,0, 0).

Figure 3.12: Linear stability contours for (7,0, ¢) = (0, —2.036, —0.876).
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Figure 3.13: Linear stability contours for (v, 6, c) = (0.5, —1.25, —0.52).

3.1.4 A Fourth-Order Method

As shown in Ascher et al. [1], the general fourth-order, four-step IMEX scheme is a
four-parameter family of methods. In that paper, the authors mainly investigate the

fourth-order SBDF method. This scheme has good stability properties for solving stiff

problems.
Applying (2.31) to our test equation V = i3V + oV, yields
25 4 1
_Vn+4 _ 4vn+3 3vn+2 _ _Vn+l Yyt =
12 * 37 71

ikBlAV™S — V2 L gyt _ VT 4 VT, (3.31)
The corresponding fourth degree characteristic polynomial p(z) is given by

p(z) = (% - ka) 2 — (4 +14kB) 23 + (3 + i6kB) 2>

4 |
- (5 ; z4kﬂ) s kG (3.32)

Define the four roots of polynomial (3.32) by &;,&;,£; and &4. The stability region
for the SBDF4 scheme is thus

{(a, B): max{|&], &, |&], €]} < 1}, (3.33)

the linear stability contours are plotted in Figure 3.14.
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1K

-1/kE

Figure 3.14: Linear stability contours for SBDF4.

We are interested in finding IMEX schemes with good linear stability properties. We
also want the corresponding VSIMEX schemes to have good zero-stability properties.

Thus we consider the zero-stability of VSIMEX schemes in the next section.

3.2 Zero-Stability Analysis of VSIMEX Schemes

Zero-stability is concerned with the stability of a numerical method in the limit as the
step-size goes to zero; that is, zero-stability measures how computational errors, such
as errors in the starting values, round-off errors, etc. propagate as the computation
proceeds and as the temporal step-size approaches zero.

It is known that a zero-stable numerical scheme is insensitive to perturbations such
as round-off errors (see Lambert [8]). Moreover, necessary and sufficient conditions for
a linear multistep method to be convergent are that it is both consistent and zero-stable
(see Lambert [8]). Thus, zero-stability is an essential property of any usable linear
multistep method.

Zero-stability analysis deals with the behaviour of solutions as the step-size ap-

proaches zero. This can be interpreted in terms of the numerical solution of the linear
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multistep method applied to the differential equation (see Hairer et al. [6])
= 0. (3.34)

Although this test problem is special in the sense that the right hand side of (3.34)
denoted by F(t,u) equals zero, the stability characteristics for this equation determine
the stability for the situation when F'(t,u) is not identically zero. This is because the
solution to the homogeneous equation (3.34) is embedded in the solution to any equation
(see Burden and Faires [4]).

The zero-stability analysis of consistent linear multistep methods is carried out using
the root conditions. This is described in many reference books, such as Lambert (8],
Hairer et al. [6] and Burden and Faires [4], etc.

In this thesis, our goal is to find restrictions on the step-size variations that are re-
quired to ensure our VSIMEX schemes are zero-stable. Qur presentation mainly follows
Hairer et al. [6].

Applying order-s, s-step VSIMEX method (2.1) to the scalar differential equation
@ = 0 yields the variable coefficient difference equation (make the coefficient of U™**

equal to 1)

s—1
U™+ ey Ut =0, (3.35)

=0

We define the polynomial p,(z) of degree s,
s—1
pu(2) =2+ ajnd (3.36)
=0
and remark that the consistency condition of our VSIMEX schemes implies

pa(1)=0, n=01,...,N—s, (3.37)

and N is the number of total nodes in time interval [0, T'].

Define the divided polynomials p},(z) of degree s — 1 (Grigorieff [5])

(2
p) = 2
§—2
= '+ Z a7 (3.38)
j=0

From (3.36) and (3.38), we have
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-1
2 o102+ Foaztagn =

(z-1) (" T+ a2+ Al 2+ a0, (3.39)

Equating the coefficients of the corresponding terms yields

*
Qg on = 1+ as-1n,
*
aO,n = “ao,m
* * = . ) — LY —
Qg jin— Qjn = Qs_jn, for j=2,--- s~1 (3.40)

If we introduce the vector U, = (Unts~1, Un*s=2  U™)T, then equation (3.35)

becomes

unrts ] | —Qs_1n —Qs2n ... . —Qgn 11 U'n+s—l ]
pyrts—l 1 0 e 0 ynte—2?
: - 1 .0 : . (3.41)
[n+2 o : pn+l
| Ut i 1 0 L U |

For convenience, we write
Uns1 = AU, (3.42)

where A,, as in (3.41) is known as the companion matrix. It can be shown that the
roots of the polynomial p,(z) are the eigenvalues of the companion matrix A,,.
Similar to A,, the companion matrix A}, associated with the divided polynomial p},

in (3.38) is given by

[ —a;—2,n a:—3,n aa,n ]
1 0 0
A= 1 ... 0 (3.43)

Definition 3.1. (Hairer et al. [6]) VSIMEX schemes (2.1) are called zero-stable, if
HA‘IH-mA"H'm—l oo An+1An“ < 00 (344)

for alln and m > 0 and || - || is an appropriate subordinate matriz norm?.

L A|l = sup Uﬁ%‘ﬁu, where vector v # 0, and ||AV||, ||v|| are vector norm values.
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We are also interested in exploring the relationship between A, and A; defined

above. This can be easily done by introducing matrix T and its inverse 7! (Hairer et

al. [6], Grigorieff [5])

- - - -

1 11 1 1 -1 0
11 1 1 -1
T = 1 1|, T7'= 1 . (3.45)
0 : 0 -1
i 1] L 1]
with dimensions s X s.
A simple calculation leads to
T'A,T = A, 0 } , (3.46)
el | 1

where block matrix A;, is defined in (3.43) with dimension (s — 1) x (s — 1); eI, =
[0,---,0,1] with dimension 1 x (s — 1); the zero block matrix has dimension (s — 1) x 1
and 1 is just a scalar.

The next theorem is taken from Hairer et al. [6] and Grigorieff [5].

Theorem 3.2. The order-s, s-step VSIMEX scheme (2.1) is zero-stable if and only if

the following two conditions are satisfied for all n and m > 0:

(@) ||Apim: - Ani Al < oo
)|l am - A ) (347
(b) es—l j=n (H.;’:n A:) l < 0.
Proof. From (3.46), we see
Ar 0O
A, =T " T, 3.48
o (3.48)
SO )
A A 0
Ay =T | 70 T (3.49)
| e (AL +1) 1
By mathematical induction, we can deduce
[ An. o ATLAL 0
An m"'An An =T n+m n-+jl n T_l, 350
e oy (T 47) 1 (250
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and therefore, the assertion follows from Definition 3.1. O

An important attribute of Theorem 3.2 lies in that the dimension of the matrices
under consideration is reduced by one (Hairer et al. [6]). This property is especially
useful for the zero-stability analysis of second-order, two-step VSIMEX methods which
is provided in Section 3.2.2.

From the above discussion, we have the following observations:

e The purpose of introducing the companion matrix A, in (3.41) is to conveniently
set up the framework for the zero-stability analysis. By the recurrence relation

(3.42), we can easily get
Un+m+1 = An+mAn+m—l e An+1AnUn' (351)

To measure whether computational errors (or perturbations) in U, are under con-
trol as the computation proceeds and the step-size approaches zero, we simply
require that ||Anim - - Ans14n|| is bounded for some suitably chosen matrix norm.
This naturally leads to the Definition 3.1.

e In general, the companion matrix A;, involves the step-size ratios w;,j = n +

x

1,...,n +s— 1. The variable coefficients o],

j=0,...,5s —2 are functions of
step-size ratios, hence the Theorem 3.2 will impose restrictions on these values w;

in order to ensure zero-stability.

e An appropriate matrix norm for companion matrices A, or A; must be chosen
in order to apply the Definition 3.1 and Theorem 3.2. As we shall show in Sec-
tions 3.2.3 and 3.2.4, theoretical restrictions on the step-size ratios for third- and
fourth-order VSIMEX schemes vary according to which matrix norm is adopted.
This implies that the allowable step-size variations should be computed with re-

spect to some suitably chosen matrix norms.

In the following sections, we will use the Definition 3.1 and Theorem 3.2 to derive
the zero-stability restrictions on step-size ratios for order-s, s-step VSIMEX schemes
(s =1,2,3 and 4).
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3.2.1 First-Order VSIMEX Schemes

To test the zero-stability property, apply (2.5) to © = 0. This yields
Uyrtt —un =90 (3.52)
and the companion matrix A, defined in Section 3.2 is simply
A, =] (3.53)

for all n.
Thus Definition 3.1 is satisfied for schemes (2.5) and first-order VSIMEX schemes (2.5)

are zero-stable for any step-size sequence.

3.2.2 Second-Order VSIMEX Schemes

Applying second-order, two-step VSIMEX schemes (2.10) to @ = 0 and rearranging so
that the coefficients of U™*? equals 1 yields

U™2 4 AU+ X, U™ =0, (3.54)
where

A (I 4+ wag)[(1 = 27)wngr — 1]

1n — 3

) 1+ 2'7“‘Jn+1

(27— 1)“1721+1
Ap = ——————.
1+ 2'7“‘Jn+1

Rewriting (3.54) in matrix-vector form by introducing vector U,;, = (U™*2, U™*t1)T,

Un+2 -\ n - n Un+1
= b o : (3.55)
Un.+1 1 0 Un
Thus, we have
Uny1 = AnU,, (3.56)
where the companion matrix is
—An —Agn
A, = b o ] . (3.57)
1 0
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Also, the companion matrix A;, for the divided polynomial p}, of degree one is just

A:l = [_’\B,n]
= [’\O,n]- (358)

In this case Theorem 3.2 takes a simple form, which is presented in Theorem 3.3 (Grig-
orieff [5]).

Theorem 3.3. The second-order, two-step VSIMEX scheme (2.10) is zero-stable if and

only if the following two conditions are satisfied for alln and m > 0,

(a) sup (l’\O,n+m e /\0,n+1/\0,n|) < o0
(6) sup (|1 + Ao + AonAont1 + - + AonAont1 - - Aonam|) < 00.

We observe that if |Xo;| < 1 for all i =n,n+1,...,n+ m then conditions (a) and
(b) in Theorem 3.3 will be satisfied and imply zero-stability.

Recall )
Aoy = M
* 14+ 27w,»+1

Solving for |X;] < 1, we have the following results:

1. For 0 <y < %, if 0 < wi1 < =5, then [Ag;| < 1, and conditions (a) and (b) will
be satisfied.

In this case, if all w;41,i = n,n+1,...,n + m take the upper bound value 1=,
then )\o; = —1, and condition (b) in Theorem 3.3 will still be satisfied. This can
be easily verified from (3.50) and (3.58), since

[—1 0} L
if m is even

1 1 (3.59)

/\0,n+m e /\0,n+1/\0,n 0 ]

Mmool o]
Ljen Llimn 2o, Lz if m is odd
where I,4o is an identity matrix.
2. For <7< 1,if 0 <wip1 < ryril “2:2_?7_1, then |Ag;} < 1, and conditions (a) and
(b) will be satisfied.

In this case, to ensure zero-stability, w;;; can not take the upper bound value for

all 7, otherwise Ao; = 1 and condition (b) in Theorem 3.2 will be violated.



CHAPTER 3. STABILITY ANALYSES OF IMEX AND VSIMEX SCHEMES 36

3. For v = %, VSIMEX is zero-stable for any step-size sequence.

In this case, since Ag; = 0 for all 7, there is no restriction on w;;;.
In summary, we present the following Corollary 3.4,

Corollary 3.4. Consider the family of second-order, two-step VSIMEX schemes (2.10)

with two parameters (7, c). Suppose

1 : 1

0 <win < 15 if 0<v<;3
Y+y/72+2y-1 . 1

O<wiy < Zy—T if 5<’7§1

for all i > 0. Then the underlying VSIMEX scheme is zero-stable. In particular,

VSIMEX schemes with v = % are zero-stable for any step-size sequence.

We plot the ratios of step-size w versus the parameter v in Figure 3.15 based on
Corollary 3.4. Figure 3.16 shows magnified views of the maximum ratios for small and
large 7.

In summary, we make two comments on the step-size ratio restrictions for ensuring
zero-stability for second-order, two-step VSIMEX schemes. First, these are analytical
results. Second, the results are independent of the choice of matrix norms for the
companion matrix A, in Definition 3.1. As shown in the Sections 3.2.3 and 3.2.4, zero-
stability results for third- and fourth-order VSIMEX schemes are quite different. Those

results will be numerical and will depend on the choice of matrix norm.
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Figure 3.15: Maximum step-size ratio w vs parameter 7 for second-order, two-step
VSIMEX schemes (2.10).
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Figure 3.16: Maximum step-size ratio w vs small and large parameter ~ for second-order,
two-step VSIMEX schemes (2.10).
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3.2.3 Third-Order VSIMEX Schemes

Similar to the zero-stability analysis in the second-order, two-step VSIMEX case, we
apply our third-order, three-step VSIMEX schemes (2.24) to 2 = 0, and rearrange so

that the coefficient of U™*3 equals 1, which results in

2
U 4> N0 =0, n=0,1,2,...,N =3, (3.60)
3=0
where
/\j,nzzj'n’ j:011727 TL=O,1,2,...,N'—3, (361)
3,n

N is the number of total nodes in time interval [0,T] and a;,, a3, are defined in (2.25).
From (3.43), the companion matrix A}, corresponding to the reduced characteristic

polynomial p},(z) for the nth-step of (3.60) is

X A
A;=[ 1“ ;m}, (3.62)

where
’\;,n = 1+ A,

X = —don (3.63)

To apply Theorem 3.2, a suitable matrix norm for A} has to be chosen. It is clear
that if
14

<1, for j=n,n+1, - (3.64)

then Theorem 3.2 implies that the underlying third-order VSIMEX scheme is zero-
stable. Thus, the allowable zero-stable step-size ratios will be dependent on the chosen
matrix norm. Also, because there are two step-size ratios wyi1, wp+2 involved in the
computation of U™*3 in (2.24), it is difficult to derive analytically a sufficient condition
for the restrictions on the step-size ratios. Thus, we numerically derive restrictions on
the step-size ratios.

In the following, we choose some matrix norms for A}, and calculate the corresponding

zero-stable step-size ratios based on |43 < 1 for all j.
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® COO-Norm

If the co-norm is used, then ||A}]|, < 1 implies

*
’\l,j

+

Aoj) <1 forall j. (3.65)

By solving this inequality, we can find permissible step-size ratios for the different
third-order, three-step VSIMEX schemes. These are shown in Table 3.1. We also
compute the largest values R such that for constant step-size ratios w € [0, R) the
magnitudes of all eigenvalues of matrix A}, (which is independent of n in this case)

are less than one. See Table 3.1. The significances of R are as follows:
— Third-order, three-step VSIMEX schemes satisfy the root conditions (de-
scribed in Section 3.1) whenever step-size ratios w € [0, R).
— R is an upper bound for the zero-stable step-size ratios computed by using
different matrix norms in this thesis.
e 2-norm

We cannot choose the 2-norm for A3, since in the constant step-size case w; = 1
for all j, and the characteristic polynomial p,(2) of degree three for VSSBDF3

scheme is given by

18 9 2
_B3_ 02 9 2
pn(2) =2 T + TEAETR (3.66)
From (3.40), the companion matrix is
L 2
A= 11 1 (3.67)
1 0

which has 2-norm ||A*||, = 1.1894 > 1. Because SBDF3 is zero-stable, it follows

that the 2-norm is not useful for generating the step-size ratio variations.

o Grigorieff matrix norm (5]

The Grigorieff matrix norm 2 for A}, is defined and denoted by

14316 = 1Q2" A7 Q2lleo, (3.68)

2This matrix norm was originally designed in the stability analysis of BDFs methods on variable
grids in [5].
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Table 3.1: Ranges of zero-stable step-size ratios [g, @] for various third-order, three-step

VSIMEX schemes using co-norm. t refers to the results in Grigorieff [5].

[4illc R
Q

1.3394 2.1628
1.2992 1.6180
1.2481 1.8667
1.0954 1.6180
1.08 1.618

1.1915 1.6379
1.2151 1.6437
1.2112 1.6391
1.2283 1.6424
1.2485 1.6438

(7,8,¢)

(0, -2.036, -0.876)
(0.5, -1.25, -0.52)
(0.75, -0.43, -0.17)
VSSBDF3 (1, 0, 0)
(1,0,0)!

(1.5, 3.04, 1.26)
(v/3, 5.075, 2.105)
(1.75, 5.14, 2.13)
(
(

2,7.72, 3.2)
2.5, 14.02, 5.81)

OO OO OO O OO O

where A}, is defined in (3.62), and the 2x2 matrix @2 is chosen so that its columns

form a basis of eigenvectors for A} for equispaced grids.

Let 73,7 = 1,2 denote the roots of p;(z) for the equispaced grid case.

Then

T
the vector u;3 = [ Tj3, 1 ] is the corresponding eigenvector, a fact which can be

easily verified by the definition of eigenvalues and eigenvectors of matrices®.

13 723
QZ“{I 1}a

and

Also direct calculation yields

pn(na) pr{T23)
Q—IA‘Q — T3+ T23—T13 T23—T13
2 nw2 pp(m13) Tog + on(Tea)

T13—T23 T13—723

Defining
M3 = (13 — Tha) 7, k,l=1,2 and k # 1,

Thus

(3.69)

(3.70)

(3.71)

(3.72)

3The second subscript 3 in 7;3 and u;3 is used to indicate that the arguments in this section are
associated with the third-order, three-step VSIMEX schemes. In fact, the same arguments also work

for the other order-m, m-step VSIMEX schemes.
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and making use of (3.71), we derive
[4nlle = Q2" AnQelle
= max{|rk3 + o5 (7k3) - s + |Tes| - lon(m3)|, k,0=1,2 & k#I1}.
(3.73)

Imposing ||A4}||; < 1 yields the range of zero-stable step-size ratios. Numerical

results are shown in Table 3.2 for various third-order, three-step VSIMEX schemes.

In [5], two upper bounds K3, K,3 for ||A}[; are also given and used as two
criteria to generate step-size ratio restrictions. In this thesis, we derive these two
upper bounds, and calculate the ranges of zero-stable step-size ratios by imposing
K; <1 and K,3 < 1. Our numerical results show that the largest range of zero-
stable step-size ratios is generated by carrying out the analysis using ||A},||;. The

next largest range is occurred for K5 and the smallest one for K,3. See Table 3.2.
The derivation of the upper bound K5 for ||A}||¢ proceeds as follows:
Let p* denote the characteristic polynomial p}, for the equispaced grids,
p'(2) = 22+ Az + A (3.74)
Since
p*(tk3) =0, k=12, (3.75)

it follows that

Pr(Tka) = pPh(Tks) — P"(Tks)

= ()‘;n - )‘;)Tk:i + )‘Bn - ’\6 (376)
Similarly,
Pr(Tia) = (M, = AD)Tiz + Agn — Ap- (3.77)
Thus
14rlle = Q7' 45Qzlw
= max{|mxs + p;,(73) - Dia| + |Hgsl - |7 (73)], k,0=1,2, k#I}
(3.78)
< max{|ms| + [Tks] - (lon(7x3)| + |07(113)])} (3.79)
2 1
< max{|ril + [Mesl DD 1A = M- Imsl”, k=1,2} = K5 (3.80)

=1 r=0
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using pn = (2 — 1)p};, we can easily obtain the other upper bound Ky; for [|4;|I:
Recall

* . pﬂ(Tk3)
pn(Tk3) - Tes — 17
_ Tis + Z?:o A Tia (3.81)
Ths — 1 ' '
Thus
P;(Tka) = P;(Tka) - P*(Tka)
2
1 )
- — {Z T Oun = Aj)} , (382)
k3 — -
j=0
and

lon(Tka)| < o = 1| {Z [Arn = Ar - |mea|™s k=1,2 } : (3.83)

Hence, from (3.80), we derive

2 2 i,
.
”A;”G Sma‘x{lTk3|+|Hk3|'zz‘/\"'"—-’\r|' l l3| y k=1a2 } = An3

I=1 r=0 1~ 7s
(3.84)
This verifies the formulas 5.(16) and 5.(18) for m = 3 appearing in Grigorieff [5)].

We conclude by calculating the restrictions required to achieve zero-stable step-
size ratios wy41 and wy4o based on the Grigorieff matrix norm and its two upper
bounds. To proceed we use (3.78), (3.80) and (3.84) to calculate |A}||g, K53 and
K3, and plot the contours of these quantities with respect to the step-size ratios
for different third-order, three-step VSIMEX schemes. The ranges of step-size

ratios which ensure zero-stability can be obtained by these contour plots.

Stability contours for various third-order VSIMEX schemes are given in Fig-
ures 3.17 to 3.22 to visualize the stability regions for general variable step-size

ratios.

We remark that our study confirms the numerical stability ranges of step-size
ratios for the three-step BDFs method in Grigorieff [5]; see Table 3.2.
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Table 3.2: Ranges of zero-stable step-size ratios [g, @] for various third-order, three-step
VSIMEX schemes using Grigorieff matrix norm and its two upperbounds. § refers to
the results in Grigorieff [5].

|4:1lc(3.78) | K,3(3-80) Kn3(3.84)
(v,6,¢) Q q Q q Q
(0, -2.036, -0.876)

(0.5, -1.25, -0.52)

q
0 1.4234 0.7010 1.2111 | 0.8394 1.1318
0 1.2631 0.5818 1.1892 | 0.7887 1.1355
(0.75, -0.43,-0.17) | 0 1.3455 0.7343 1.1836 | 0.8622 1.1123
VSSBDF3 (1,0,0) | 0 1.2613 0.8351 1.1273 | 0.9210 1.0693
(1,0,0) 0 1.261 0.836 1.127 | 0922 1.069
1.5, 3.04, 1.26) 0 1.2714 0.7565 1.1612 ) 0.8738 1.1003
0 1.2738 0.7321 1.1689 | 0.8597 1.1081
0 1.2722 0.7361 1.1674 | 0.8619 1.1068
0 1.2735 0.7166 1.1728 | 0.8509 1.1125
0 1.2740 0.6900 1.1789 | 0.8365 1.1193

(
(v/3, 5.075, 2.105)
(1.75, 5.14, 2.13)
(2, 7.72, 3.2)

(2.5, 14.02, 5.81)

In summary, we remark that for third-order, three-step VSIMEX schemes

e Analytical results are difficult to obtain due to the fact that two step-size ratios
are involved at each step. This leads us to derive numerical results using Theorem
3.2

e Numerical results are dependent on the (suitably chosen) matrix norm.

e The third-order, three-step VSIMEX with parameters (v, 0, c) = (0, —2.036, —0.876)
possesses the largest (zero-stable) range of step-size ratios of all schemes consid-
ered in Table 3.1 and Table 3.2. The constant step-size version of this scheme also

has good linear stability as shown in Figure 3.12.
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Figure 3.17: Stability contours based on ||A%|l¢ (3.78) for the third-order VSIMEX
scheme with (v, 0, ¢) = (0,—2.036,—0.876).

Figure 3.18: Stability contours based on K; (3.80) with (v, 6, c) = (0, —2.036, —0.876).
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Figure 3.19: Stability contours based on K3 (3.84) with (v, 0,¢) = (0, —2.036, —0.876).
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Figure 3.20: Stability contours based on ||A%||¢ (3.78) for VSSBDF3 (v, 6, ¢) = (1,0,0).
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Figure 3.21: Stability contours based on K5 (3.80) for VSSBDF3 (v,6,c) = (1,0,0).
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Figure 3.22: Stability contours based on Kr3 (3.84) for VSSBDF3 (v,0,¢) = (1,0,0).
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3.2.4 The VSSBDF4 Scheme

To study the zero-stability of VSSBDF4 scheme, we adopt the ideas developed in Section
3.2.3. Applying our VSSBDF4 scheme (2.29) to @ = 0 , and rearranging to make the

coefficient of U™** equal to 1, yields

3
U3 NaUM =0, n=012,...,N -4, (3.85)
=0
where
Aj,n=:fi, j=01,23 & n=0,1,2,..., N —4, (3.86)
4n

N is the number of total nodes in time interval [0, 7] and a;n, as,, are defined in (2.30).
According to (3.36), the characteristic polynomial p,(z) of degree four for the n-th
step of (3.85) is given by

3
pu(2) = 2"+ Njn2?,  n=0,1,...,N. (3.87)
=0

For constant step-sizes,

48 36 16 3
— 4 _ 3y -2 —
p(z) =z 527 + T + % (3.88)

Also
p(1) = 0= p(z) = (z — 1p"(2). (3.89)

By long division, we have

23 13 3
3 — — 2 — — —
552 + 554~ 58" (3.90)

p'(2) =2

It is clear that the co-norm cannot be used to calculate the step-size ratio constraints,

since [|[A*|l, = £ + 2+ £ = £ > 1 for the (constant step-size) SBDF4 scheme. Here,
we adopt Grigorieff matrix norm defined in [5].

Let 7,4, i = 1,2, 3 denote the roots of p*(z). A short calculation shows that 7,4 are all

different. Similar to the matrix @) in Section 3.2.3, we choose the 3 x 3 matrix ()3 such

that its columns form a basis of eigenvectors of the companion matrix corresponding to

p, i.e.
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7'124 7'224 7'324
Qs = Tia To4 T34 | - (3-91)
1 1 1

Also, G-norm for A? is defined by ([5])

4%l = 195" A7 Qs loo- (3.92)

A straightforward calculation leads to

||A;||c=max{|rk4—nk4-p;<rk4)|+|nk412|p;<m)|, k1=123 & kaez},

Ik
(3.93)
where
e = [Ju—ma)™,  k1=1,2,3
Ik
2 .
Pn(Tha) = T‘?4+Z’\;,"T‘Z4’ n=0,1,2,...,N -4,
=0
Mn = 1+ A3, (3.94)
;,n = _(’\O,n + ’\l,n),
8,7;, = —/\O,na

and Agn, Ain, and A3, are defined in (3.86).

Because there are three step-size ratios involved in the computation of ||A%|l in
(3.93), we plot the 3-D isosurface of ||A}|| = 1 with respect to three step-size ratios
Wiyt = 1,2,3. See Figure 3.23. Here, it is more challenging to concisely describe the
range of zero-stable step-size ratios than it is for the second-order, two-step VSIMEX
case described in Section 3.2.2. However, it is straightforward to plot the numerical step-
size ratio constraints [g, Q] = [0.8016, 1.0818] for the case of constant step-size ratios.

See Figure 3.24 for the corresponding plot.



CHAPTER 3. STABILITY ANALYSES OF IMEX AND VSIMEX SCHEMES

n+3

1.5
N
| 1

® 05 05 ©

n+2 n+1

Figure 3.23: Isosurface contour (||A}]lc = 1.0) for VSSBDF4
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Figure 3.24: Stability region of VSSBDF4 vs the constant step-size ratios
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Chapter 4
Numerical Experiments

In the previous two chapters, we presented second-, third- and fourth-order VSIMEX
schemes, and studied the stability properties of these schemes and their corresponding
IMEX schemes. In this chapter, we carry out numerical experiments which verify the
expected orders of convergence of our various VSIMEX schemes. QOur test problems are
the constant coefficient advection-diffusion equation and Burgers’ equation.

To calculate the starting values associated with the different VSIMEX schemes, we
use the following methods:

For second-order, two-step VSIMEX schemes, we use the first-order SBDF1 method
with a very small temporal step-size.

For the third-order, three-step VSIMEX case, we use the third-order implicit-explicit
Runge-Kutta method IMEX RK(3,4,3) presented in Ascher, Ruuth and Spiteri [2].
This method applies a third-order, three-stage diagonally-implicit Runge-Kutta (DIRK)
method for the stiff term, and a third-order, four-stage explicit Runge-Kutta (ERK)
method for the nonstiff term.

For the fourth-order, four-step VSIMEX case, we use the fourth-order implicit-
explicit Additive Runge-Kutta method ARK4(3)6L[2] presented in Kennedy and Car-
penter {7]. This method applies a fourth-order, six-stage stiffly-accurate, explicit, singly
diagonally implicit Runge-Kutta (ESDIRK) method for the stiff term, and a fourth-
order, six-stage ERK method for the nonstiff term.

In the following experiments, we test various second-order, two-step VSIMEX schemes.
For third- and fourth-order, we mainly focus on the third-order, three-step VSSBDF3
and fourth-order, four-step VSSBDF4 schemes.

50
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For the advection-diffusion equation, numerical results show that some VSIMEX
schemes possess better stability properties than their corresponding IMEX methods.
Furthermore, our results demonstrate the superiority of VSIMEX schemes over the

classical IMEX schemes in solving Burgers’ equation.

4.1 Advection-Diffusion Equation
QOur first test problem is the one-dimensional constant coefficient advection-diffusion

equation,

U + Clg = Alzg, (4.1)

subject to periodic boundary conditions on the interval [0, 1] and initial conditions
u(z,0) = sin(27z), (4.2)

where ¢, A are constant coefficients.

The analytical solution of this initial-boundary value problem is
u(z, t) = exp(—4n?At) sin[27(z — ct)]. (4.3)

In the following sections, we present computational results for various VSIMEX

schemes applied to this test problem.

4.1.1 Second-Order VSIMEX Schemes

Consider the test problem (4.1) and (4.2) withc=1, A = ;L.
In the following computations, we carry out the spatial discretization using central

finite difference schemes to approximate u, and u;:

) — 11'1+1 — 11‘1—1 2
uz(Ijatn) AT +O((A$) )v (4'4)
no—QUr 4+ UP
, — I+l J j—1 2
Uze (T, tn) Do)’ + O((Ax)*). (4.5)

Notice, in theory, second-order accuracy in space is obtained. Here, we take step-
size AT = 1Jo in space and compute the value u at ¢ = 1. To measure the error,

the maximum norm of the absolute error is evaluated, i.e., ||U]N — u(z;,1)||oc O simply
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written as ||U — uel|o0, where u.(z) = u(z,1). From (4.3), the exact solution u. at t =1
is given by

ue(z) = exp(—0.0472) sin[27(z — 1)). (4.6)

To choose the constant temporal step-size, we simply divide the interval [0, 1] by
100, i.e., At = ﬁ. To approximate the evolution, we compute the value U at time
t;=1%,7=1,2,---,100.

To illustrate the stability and convergence properties of VSIMEX schemes, we gen-

erate variable temporal step-sizes by taking t; = (7%5)2. It is clear that tjp0 = 1 and

10
. . — 2041
At] - t.7+1 tJ ~ 10000

We summarize the computational results for different second-order VSIMEX schemes
in Table 4.1 and Table 4.2. Furthermore, the absolute errors for different IMEX and

VSIMEX schemes are plotted in Figure 4.1 for Az = 3.

—— CNAB

- » - VSCNAB
—6— MCNAB

~ & - VSMCNAB
-6 - VSCNLF
—a— SBOF

-4 -VSSBOF E
- —— IMEX with (y=1/8, c=1)
~ - = - VSIMEX with (y=1/8, c=1)

max. absolute error
S
T

Number of total nodes

Figure 4.1: Absolute errors for different second-order VSIMEX and IMEX schemes
in solving the advection-diffusion equation. The slopes are very close to -2.0 (using
logarithmic scales), indicating second-order convergence.

We make the following observations:

e Second-order in time is observed for all the VSIMEX schemes tested.

e Using this particular choice of variable step-size, some VSIMEX schemes have

better stability properties than their corresponding IMEX schemes. For example,
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Table 4.1: Numerical results for the advection-diffusion equation using various second-

order IMEX and VSIMEX schemes (

Az =

1

1000 )

Second-Order IMEX Second-Order VSIMEX
Scheme | Nodes | [|[U — %|loc Ratio Order | ||U — uellcc Ratio Order

CNAB | 100 Unstable 1.40e-2
y=1 1200 1.71e-3 3.47e-3 4.035 2.01
c=0 {400 4.08e-4 4191 2.07 | 8.46e-4 4.102 2.04
800 8.10e-5 5.037 2.33 | 1.90e-4 4453 2.15

Modified | 100 7.04e-3 1.40e-2
CNAB | 200 1.71e-3 4117 2.04 | 3.47e-3 4.035 201
y=1% 1400 4.08e-4 4.191 2.07 | 8.46e-4 4.102 2.04
= g 800 8.10e-5 5.037 2.33 | 1.90e-4 4453 2.15

CNLF | 100 Unstable 2.33e-2
v=0 200 Unstable 1.80e-3 12.944 3.69
c=1 1400 Unstable 3.65e-4 4932 230
800 1.55e-4 7.26e-5 5.028 233

SBDF | 100 1.11e-2 2.23e-2
vy=1 1200 2.76e-3 4.022 2.01 | 5.55e-3 4.018 2.01
c=0 1400 6.69e-4 4.126 2.04 | 1.37e-3 4.051  2.02
800 1.46e-4 4.582 2.20 | 3.21e-4 4.268  2.09

100 5.96e-2 7.76e-3
y=3 |200 9.38e-4 1.91e-3 4.063 2.02
c=1 400 2.13e-4 4404 2.14 4.56e-4 4.189 2.07
800 3.24e-5 6.574 2.72 | 9.29e-5 4.909 230
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Table 4.2: Numerical results for the advection-diffusion equation using various second-

Az = ).

2000

order IMEX and VSIMEX schemes (

Second-Order IMEX Second-Order VSIMEX
Scheme | Nodes | |[U — u¢]joc Ratio Order | [[U — u]lc Ratio Order

CNAB | 100 Unstable 1.41e-2
v = % 200 1.73e-3 3.49e-3 4.040 2.01
c=0 |400 4.29e-4 4.033 2.01 8.66e-4 4.030 2.01
800 1.02e-4 4.206 2.07 2.11e-4 4104 2.04

Maodified | 100 7.10e-3 1.40e-2
CNAB | 200 1.73e-3 4104 2.04 | 3.49e-3 4.012 2.00
y=131 1400 4.29e-4 4.033 2.01 8.67e-4 4.025 2.01
c= g 800 1.02e-4 4.206 2.07 2.11e-4 4109 2.04

CNLF | 100 Unstable 2.97e-2
v=0 200 Unstable 4.11e-3 7.226 2.85
c=1 400 Unstable 4.44e-4 9.257 3.21
800 Unstable 9.09e-5 4.885 2.29

SBDF | 100 1.11e-2 2.23e-2
v=1 200 2.78e-3 3.993 2.00 | 5.57e-3 4.004 2.00
c=0 |400 6.90e-4 4.029 2.01 1.39e-3 4.007 2.00
800 1.67e-4 4132 2.05 3.42e-4 4.064 2.02

100 6.92e-2 7.78e-3
v = % 200 9.60e-4 1.93e-3 4.031 2.01
c=1 400 2.34e-4 4.103 2.04 4.77e-4 4.046 2.02
800 5.33e-5 4390 2.13 1.14e-4 4.184 2.06
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when At =
At =

200, CNLF scheme is unstable while VSCNLF is stable, and when

100, CNAB is unstable while VSCNAB is stable.

e This particular variable temporal step-size choice does not give optimal accuracy
since the IMEX schemes have better accuracy than the VSIMEX schemes for this

test problem.

4.1.2 Third- and Fourth-Order VSIMEX Schemes

Consider the test problem

ug + ugz = 0.1ug,, (4.7)

subject to the periodic boundary conditions on the interval [-1, 1] and initial condition
u(z,0) = sin(nz). (4.8)

Here, we focus on the third-order, three-step VSSBDF3 and fourth-order, four-step
VSSBDF4 schemes. For the spatial discretization, we fix Az = W%o and apply fourth-
order accurate finite difference approximations of u, and ug., i.e. we use the 5-point
formulas

Uz(Tjytn) = = (U g = 8UR, 48U, = Ufyl + O((A2)Y), (4.9)

12A

1 n n n n
UII(.’E]" tn) = —W[Uj_z - 16Uj_1 + 30U 16U]+1 ]+2] + O A.’E) ) (410)

Here, we compute the solution u at time ¢ = 2. To choose the variable temporal
step-size, we first break the interval [0, 2] into 5 subintervals with equal length of 0.4,
then split each subinterval into smaller subintervals with different sizes, say subinterval
[0, 0.4] is divided by 6, [0.4, 0.8] by 4 etc. See partitioning scheme no. 2 in Table 4.3.

Initially, we take 25 nodes over the time interval [0, 2.0], as shown in Table 4.3. We
then double the nodes, while keeping the ratios of nodes between consecutive subinter-
vals unchanged, and continue this partition pattern until we take 400 nodes in time.
E.g. for 50 nodes, we partition the time interval [0, 2.0] as shown in Table 4.4.

As mentioned in Section 4.1.1, we use the maximum norm [|U}¥ — u.(jAz,2)[|e to

measure the computational error.
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Table 4.3: Different partitioning schemes for the time interval [0, 2] (total nodes=25)

Scheme No. [0,0.4] [0.4,0.8] [0.8,1.2] [1.2,1.6] [L.6,2.0]

1 8 7 3 3 4
2 6 4 3 7 5
3 3 3 4 7 8
4 1 1 5 8 10
9 3 7 2 5 8

Table 4.4: Different partitioning schemes for the time interval [0, 2] (total nodes=50)

Scheme No. [0,04] [04,0.8] [08,1.2] [1.2,1.6] [1.6,2.0

1 16 14 6 6 8
2 12 8 6 14 10
3 6 6 8 14 16
4 2 2 10 16 20
5 6 14 4 10 16

We summarize the computational results for VSSBDF3 in Table 4.5 and for VSSBDF4
in Table 4.6. The corresponding rates of convergence for VSSBDF3 and VSSBDF4 are
plotted in Figures 4.2 and 4.3 respectively.
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Table 4.5: Numerical results for the advection-diffusion equation using the VSSBDF3

scheme.

Scheme No. | Nodes in time | |[U — 4¢|]|c Ratio Order
Constant 25 1.194e-2
step-size 50 1.520e-3 7.86  2.97
100 1.895e-4 8.02 3.00
200 2.362e-5 8.02 3.00
400 2.962¢-6 7.97  3.00
25 2.986e-2
50 3.655e-3 8.17 3.03
1 100 4.527e-4 8.07 3.01
200 5.614e-5 8.06 3.01
400 6.999¢-6 8.02 3.00
25 1.974e-2
50 2.557e-3 7.72  2.95
2 100 3.212¢-4 7.96  2.99
200 4.016e-5 8.00 3.00
400 5.032¢-6 7.98 3.00
25 2.560e-2
50 3.389%-3 7.55  2.92
3 100 4.365e-4 776 2.96
200 5.515e-5 7.91 2.98
400 6.937e-6 7.95 2.99
25 1.490e-2
50 4.180e-2
4 100 7.920e-3 5.28 240
200 1.087e-3 729 287
400 1.423e-4 7.64  2.93
25 2.716e-2
a0 5.278e-3 5.15 2.36
5 100 7.512e-4 7.03 281
200 9.858e-5 762 2.93
400 1.261e-5 782 297
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Table 4.6: Numerical results for the advection-diffusion equation using the VSSBDF4
scheme.

Scheme No. | Nodes in time | ||[U — u|]lc Ratio Order
Constant 25 3.389e-3
step-size 50 2.132¢-4 15.90 3.99
100 1.329e-5 16.04 4.00
200 8.431e-7 15.76  3.98
25 1.222¢-2
50 7.922e-4 15.43 3.95
1 100 4.911e-5 16.13 4.01
200 3.060e-6 16.05 4.00
25 7.172¢-3
50 4.882e-4 14.69 3.88
2 100 3.111e-5 15.69 3.97
200 1.971e-6 15.78 3.98
25 9.269e-3
50 6.979¢-4 13.28 3.73
3 100 4.631e-5 15.07 3.91
200 2.975e-6 15.57 3.96
25 2.761e-3
50 9.677e-3
4 100 2.316e-3 4.18 2.06
200 1.796e-4 12.90 3.69
25 1.021e-2
50 1.337e-3 7.64 2.93
5 100 1.079e-4 12.39 3.63
200 7.409e-6 14.56 3.86
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Figure 4.2: Absolute errors for the third-order VSSBDF3 scheme with different par-
titions in solving the advection-diffusion equation. The slopes are approximately -3.0
(using logarithmic scales), which indicates third-order convergence.
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Figure 4.3: Absolute errors for the fourth-order VSSBDF4 scheme with different par-
titions in solving the advection-diffusion equation. The slopes are approximately -4.0
(using logarithmic scales), which indicates fourth-order convergence.
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4.2 Burgers’ Equation

Our second test problem is the one-dimensional Burgers’ equation
Ut + Uty = Algy, (4.11)
subject to periodic boundary conditions on the interval [-1, 1] and initial conditions
u(z,0) = sin(7z), (4.12)

where A is a constant coefficient.
In the following subsections, we present the computational results from applying
different orders of VSIMEX schemes to this test problem.

4.2.1 Second-Order VSIMEX Schemes

Consider the test problem (4.11) and (4.12) with A = 5.
For the spatial discretization, as in Section 4.1.1, we apply the second-order accurate
finite difference approximations of u, and u,,. See equations (4.4) and (4.5).
In the following experiments, we compute the solution u at time ¢ = 2 and fix
Az = ﬁlﬁ To approximate the exact solution, u., we use SBDF2 scheme with a very

small temporal step-size At = 5=z, i.e. 50,000 nodes in the time interval [0, 2].

To choose the variable temporal step-size, we use the methods given in Section 4.1.2.
Specifically, we divide the time interval [0, 2.0] into 5 equal subintervals of length 0.4
with equal step-sizes in each subinterval. This leaves the number of nodes distributed
in each subinterval unequal to give a variable step-size computation.

For 100 nodes in the time interval [0, 2.0], the distribution of these nodes is as shown
in Table 4.7. We double the nodes, while keeping the ratio of nodes between consecutive
subintervals unchanged and continue this partition pattern until we have 1,600 nodes in

time. E.g. for 200 nodes, we have the node distribution shown in Table 4.8.

Table 4.7: Nodes distribution in time interval [0, 2] (total nodes=100)

Subinterval | [0,0.4] [0.4,0.8] [0.8,1.2] [1.2,1.6] [1.6,2.0]
Nodes 18 28 22 17 15

We summarize the computational results for different second-order, two-step VSIMEX

schemes in Table 4.9.
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Table 4.8: Nodes distribution in time interval [0, 2] (total nodes=200)

Subinterval | [0,0.4] [0.4,0.8] [0.8,1.2] [1.2,1.6] [1.6,2.0]
Nodes 36 56 44 34 30

4.2.2 Third- and Fourth-Order VSIMEX Schemes

Consider the test problem (4.11) and (4.12) with A = 5. We compute the solution

u at time t = 2. For the spatial discretization, we apply fourth-order accurate finite
difference approximations of u, and u,,. See equations (4.9) and (4.10) of Section 4.1.2.

Our approximations using the VSSBDF3 scheme consider a fixed Az = ﬁ. A high

resolution solution is used to approximate the exact solution u.. This is obtained using

the SBDF3 scheme with At = -, i.e. 1000 nodes in the time interval [0, 2].

For the VSSBDF4 scheme, we choose Az = ﬁ. The approximation to the exact

solution is computed using the SBDF4 scheme with At = .

To choose the variable temporal step-sizes, we adopt the partition methods intro-
duced in Section 4.1.2. See Table 4.3 and Table 4.4.

We summarize the computational results for VSSBDF3 in Table 4.10 and for VSS-
BDF4 in Table 4.11. The corresponding absolute errors for VSSBDF3 and VSSBDF4

are plotted in Figures 4.4 and 4.5 respectively.
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Table 4.9: Numerical results for Burgers’ equation using various second-order IMEX
and VSIMEX schemes.

Second-Order IMEX Second-Order VSIMEX
Scheme | Nodes in time | [|[U — uclloc Ratio Order | ||[U — ue]lc Ratio Order
CNAB 100 1.477e-4 1.256¢-4
v = % 200 3.740e-5 3.949 1.98 3.218e-5 3.903 1.96
c=0 400 9.399¢-6 3.979 1.99 8.142¢-6 3.952 1.98
800 2.355e-6 3.991 2.00 2.047¢-6 3.978 1.99
1,600 5.890e-7 3.998 2.00 | 5.127e-7 3.993 2.00
Modified 100 1.440e-4 1.218¢-4
CNAB 200 3.648¢-5 3.947 1.98 3.125e-5 3.898 1.96
y=1 400 9.170e-6 3.978 1.99 7.909¢-6 3.951 1.98
c= g 800 2.298¢e-6 3.990 2.00 1.989¢-6 3.976 1.99
1,600 5.746e-7 3.999 2.00 | 4.983e-7 3.992 2.00
CNLF 100 Unstable Unstable
v=0 200 1.946e-3 Unstable
c=1 400 6.634e-6 2.213e-5
800 1.659¢-6 3.999 2.00 3.603¢-6 6.142 2.62
1,600 4.148e-7 4.000 2.00 9.086¢-7 3.965 1.99
3,200 1.038e-7 3.996 2.00 | 3.437e-7 2.644 140
SBDF 100 2.339¢-4 1.965e-4
v = 200 6.004e-5 3.896 1.96 5.176e-5 3.796 1.92
c=0 400 1.517e-5 3.958 1.98 1.325e-5 3.906 1.97
800 3.811e-6 3.981 1.99 | 3.349¢-6 3.956 1.98
1,600 9.540e-7 3.995 2.00 | 8.414e-7 3.980 1.99
AMAB 100 Unstable Unstable
v = % 200 Unstable Unstable
c=—% 400 Unstable Unstable
800 Unstable Unstable
1,600 Unstable Unstable
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Table 4.10: Numerical results for Burgers’ equation using the VSSBDF3 scheme.

Scheme No. | Nodes in time | |U — 4|l Ratio Order
Constant 25 7.418e-4
step-size 50 1.066e-4 6.96 2.80
100 1.447¢-5 7.37 2.88
200 1.881e-6 769 2.94
400 2.273e-7 8.28 3.05
25 2.445e-4
50 2.152e-5 11.36 3.51
1 100 2.191e-6 9.82 3.30
200 2.514e-7 8.72 3.12
400 3.874e-8 6.48 2.70
25 4.403e-4
50 5.201e-5 8.47 3.08
2 100 6.702¢-6 7.76  2.96
200 8.506e-7 7.88 2.98
400 9.471e-8 8.98 3.17
25 3.117e-3
50 4.711e-4 6.62 2.73
3 100 6.586e-5 7.15 2.84
200 8.790e-6 749 291
400 1.127e-6 7.80 2.96
25 1.174e-3
50 8.486e-3
4 100 1.484e-3 5.72 2.52
200 2.149¢-4 6.91 2.79
400 2.928e-5 7.34 2.88
25 1.084e-3
50 3.577e-4 3.03 1.60
5 100 5.460e-5 6.55 2.71
200 7.546e-6 7.24 2.86
400 9.794e-7 7.70 2.94
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Table 4.11: Numerical results for Burgers’ equation using the VSSBDF4 scheme.

Partition No. | Nodes in time | |U — u]|.c Ratio Order
Constant 25 5.112e-4
step-size 50 4.209e-5 12.14 3.60
100 3.160e-6 13.32 3.74
200 2.196e-7 14.39 3.85
25 7.461e-5
50 3.556e-6 20.98 4.39
1 100 2.469e-7 14.40 3.85
200 1.667e-8 14.81 3.89
25 5.221e-4
50 2.972¢-5 17.57 4.14
2 100 1.898e-6 15.66 3.97
200 1.230e-7 15.43 3.95
25 3.152¢-3
50 2.739¢-4 11.51 3.52
3 100 2.188e-5 12.52 3.65
200 1.601e-6 13.67 3.77
25 1.075e-4
50 4.415e-3
4 100 1.084e-3 4.07 2.03
200 9.731e-5 11.14 3.48
25 6.783e-5
50 1.900e-4
5 100 1.806e-5 10.52 3.40
200 1.403e-6 12.87 3.69
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Figure 4.4: Absolute errors for the VSSBDF3 scheme in solving the Burgers’ equation.
The slopes are approximately -3.0 (using logarithmic scales), which indicates third-order

convergence.
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Figure 4.5: Absolute errors for the VSSBDF4 scheme in solving the Burgers’ equation.

The slopes are approximately -4.0 (using logarithmic scales), which indicates fourth-
order convergence.
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Conclusions

5.1 Summary

In this thesis, we have successfully constructed a variety of new variable step-size IMEX
linear multistep schemes up to fourth-order. All our VSIMEX schemes are order-s,
s-step linear multistep methods.

First-order, one-step IMEX schemes are also VSIMEX schemes. A family of such
schemes with one free parameter is given. The family of second-order, two-step VSIMEX
schemes with two free parameters is derived. Included in this family of schemes are
VSCNLF (2.17), VSCNAB (2.13), Modified VSCNAB (2.20) and VSSBDF2 (2.15),
whose corresponding IMEX schemes are popular in practice.

A particular parameterization of third-order, three-step VSIMEX schemes is also
provided, which admits three free parameters. In particular, we recommend VSSBDF3
(2.27) because of its superiority in solving stiff problems. A fourth-order, four-step
VSIMEX scheme, VSSBDF4 (2.29) is also given.

The linear stability analysis of IMEX schemes is reviewed, and stability contours for
different order IMEX schemes are plotted.

The zero-stability of VSIMEX schemes is systematically analyzed. This imposes
restrictions on the step-size variations required to ensure VSIMEX schemes are stable as
step-sizes approach zero. Based on this analysis, analytical results on restrictions of the
step-size ratios for general second-order VSIMEX schemes are obtained and presented
(see Corollary 3.4). In particular, VSIMEX schemes with v = 1, e.g. VSCNAB and
Modified VSCNAB are zero-stable for any step-size sequences.
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Zero-stability is also used to determine step-size ratios for third- and fourth-order
VSIMEX schemes. These ratios are numerical results and dependent on the (suitably
chosen) matrix norm.

Numerical experiments for the linear advection-diffusion equation and Burgers’ equa-
tion are carried out using various IMEX and VSIMEX schemes. In our tests, the ex-
pected orders of convergence for VSIMEX schemes are achieved and accurate approxi-
mate solutions are obtained.

For a linear advection-diffusion problem, some stability improvements were observed
using VSIMEX schemes. For a Burgers’ equation example, it is demonstrated that
VSIMEX schemes give improved accuracy over classical IMEX schemes when variable
step-sizes are suitably chosen. In particular, when the time-stepping partitioning scheme
No.1 is chosen in Table 4.3 and Table 4.4, the error declines by 90% when VSSBDF4 is
used instead of its IMEX counterpart, SBDF4.

5.2 Future Work

There are several promising research opportunities related to VSIMEX schemes.

A study of the truncation error constants for VSIMEX schemes will be interesting,
since it can help to determine which VSIMEX scheme is more accurate, especially for
the second-order, two-step VSIMEX schemes.

In this thesis, we only consider the zero-stability analysis of VSIMEX schemes. This
analysis measures how computational errors propagate as the computation proceeds
and as the temporal step-size approaches zero. To better understand the behaviour of
our schemes for large time-steps, it would be interesting to carry out a linear stability
analysis of our VSIMEX schemes. We remark, however, that the freedom introduced
by the step-size variations makes this a challenging problem.

This thesis provides some useful order-s, s-step VSIMEX schemes. We have not
considered error control strategies. A natural continuation of our work is to design and

implement an automatic time-stepping strategy for our VSIMEX schemes.
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