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Abstract

We consider a nuclear norm minimization problem that can be viewed as convex relaxation

of rank minimization problem arising in many fields in engineering and applied science.

Though this problem can be reformulated as semidefinite programming (SDP) problem, it

is computationally challenging for general SDP solvers due to the size of this problem. In

this thesis, we study first-order methods for nuclear norm minimization problem. In partic-

ular, we first propose several reformulations for this problem. Then we apply two suitabe

first-order methods, namely, fast iterative shrinkage algorithm (FISTA) and nonmonotone

gradient method (NGM) for solving these reformulations. Finally, we compare the perfor-

mance of these approaches on randomly generated instances and report some promising

computational results.

Key words: nuclear norm minimization, first-order methods, fast iterative shrinkage al-

gorithm, nonmonotone gradient methods, l1-norm projection, matrix shrinkage threshold

problem
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Chapter 1

Introduction

In recent years, there is a rapidly growing interest in the recovery of an unknown low-rank

or approximately low-rank matrix from very limited information. This problem has many

applications in machine learning [2, 3, 4], Euclidean embedding [28], dimension reduction and

coefficient estimation in multivariate linear regression [61, 37], matrix completion [15, 17],

control [41], computer vision [56] and collaborative filtering [52]. For instance, in computer

vision, inferring scene geometry and camera motion from a sequence of images, known as

the structure-from-motion problem, is a lower rank approximation problem since the images

form a matrix which has very low rank. Similarly, in statistics, it is of great importance to

be able to determine the number of factors for the linear factor model. A more accurate

estimate is expected for a smaller number of factors since there are fewer free parameters.

Given that a low-rank coefficient matrix of the model usually ensures a small number of

factors, it is sufficient to find a coefficient matrix of a low rank.

The matrix rank minimization problem aims to find a matrix of minimal rank subject to

a system of linear of equality constraints. Mathematically, it can be formulated as follows:

min
X∈<p×q

{rank(X) : A(X) = b}, (1.1)

where A : <p×q → <m is a linear map, b ∈ <m, and rank(X) denotes the rank of X.

It is well-known that the rank of a matrix equals the cardinality of its singular values.

Due to this combinational nature, problem (1.1) is generally NP-hard. Recently, Fazel et

al. [27] proposed a convex programming relaxation approach for (1.1). In particular, they

replaced the rank function by the trace norm function in (1.1) and the resulting problem

1



CHAPTER 1. INTRODUCTION 2

becomes the following convex programming problem:

min{‖X‖∗ : A(X) = b}, (1.2)

where ‖X‖∗ denotes the nuclear or trace norm of X, that is, the sum of singular values of

X. One natural concern regarding the above relaxation is: when the relaxation is tight?

Very recently, Candès and Tao [16] and Recht et al. [50] provided some sufficient conditions

ensuring the above convex relaxation is tight. In other words, under those conditions,

problems (1.1) and (1.2) are equivalent in the sense that they have exactly the same unique

solutions.

It is interesting to observe that when the matrix X is restricted to be diagonal, problem

(1.2) becomes the well known basis pursuit (BP) problem:

min
x∈<n
{‖x‖1 : Ax = b}. (1.3)

It has been shown in [23] that the BP problem (1.3) is capable of identifying sparse solutions

to the underdetermined system Ax = b under some suitable assumption. This problem has

attracted substantial much interest in compressed sensing [19, 20, 21, 24, 25] and has a wide

range of applications in statistics and signal/image processing. In addition, two closely

related formualtions to (1.3) were also proposed in literature [23, 29, 12] and they are:

min
x∈<n

1
2
‖Ax− b‖22 + λ‖x‖1, (1.4)

min
x∈<n
{‖Ax− b‖22 : ‖x‖1 ≤ τ}, (1.5)

where λ and τ are some constants. The first formulation above is frequently referred to

as the basis pursuit denoising (BPDN) while the second one is commonly known as least

absolute shrinkage and selection operator (LASSO). It is not hard to show that problems

(1.4) and (1.5) are all equivalent to (1.3) for some suitable prameters λ and τ . They have

also been widely used in statistics and signal/image processing. Similar to (1.3), problem

(1.2) can also be solved as the following problems:

min
X∈<p×q

1
2
‖A(X)− b‖2F + λ‖X‖∗, (1.6)

min
X∈<p×q

{‖A(X)− b‖2F : ‖X‖∗ ≤ τ}. (1.7)

for some suitable parameters λ and τ .



CHAPTER 1. INTRODUCTION 3

Problems (1.2), (1.6) and (1.7) can be reformulated and solved as semidefinite program-

ming (SDP) problem. Indeed, as shown in [27, 52], problem (1.2) can be reformulated as

the following SDP problem:

min
U1,U2,X

1
2(Tr(U1) + Tr(U2))

s.t.

[
U1 X

XT U2

]
� 0,

A(X) = b.

(1.8)

Though problem (1.8) is polynomially solvable, it is computationally challenging for ex-

isting SDP solvers when the size of problems is relatively large. For instance, the widely

used SDP solvers SDPT3 [59] and SeDuMi [53] are based on interior-point methods. They

need assemble and solve typically dense system of linear equations to compute the Newton

direction each iterate. When the size of the matrix is relatively large, this system becomes

prohibitively huge for storing and computing. Indeed, it is extremely difficult for these SDP

solvers to handle the instances of (1.8) when p and q are both larger than 1000 or m is larger

than 5000.

Recently various first-order methods have been proposed to solve (1.2) and (1.6), es-

pecially for large-scale instances. These methods enjoy good theoretical convergence and

have very promising practical performance. In particular, Lu et al. [37] studied a variant

of Nestrov’s smooth method [44] for solving problem (1.6) in which A is specialized to

A(X) = AX ∀X ∈ <p×q for some A ∈ <n×p, namely,

min
X∈<p×q

1
2
‖AX −B‖2F + λ‖X‖∗, (1.9)

where B ∈ <n×q. They showed that the dual of (1.9) is smooth and can be suitably solved

by a variant of Nestrov’s smooth method [44]. Recently, (accelerate) proximal gradient

methods were applied to solve (1.9) in [34, 49]. In addition, Ma et al. [39] studied a fixed-

point type method for solving problems (1.2) and (1.6), which can be viewed as an extension

of the method proposed by Hale et al. [31] for (1.4). Also, Toh and Yun [55] applied the

proximal gradient method proposed in [40] for solving (1.2) and (1.6). Lately, Liu et al. [35]

studied inexact proximal point methods for solving (1.2) in a more general setting where

second-order cone constraints are also allowed.

In this thesis, we mainly consider problems (1.9) and its closely related problem

min
X∈<p×q

{‖AX −B‖2F : ‖X‖∗ ≤ τ}, (1.10)
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where A ∈ <n×p and B ∈ <n×q. We first show that they can be reduced to the case where

A has full column rank. Then we derived the dual counterpart of (1.9) and proposed a

cone-constrained reformulation for (1.9). Subsequently, we applied the accelerate proximal

method FISTA [11] and nonmonotone gradient method [38] for solving the aforementioned

formulations, and compare their computational performance. Our numerical results show

that nonmonotone gradient methods generally outperform FISTA substantially even though

the latter method has a more attractive theoretical iteration complexity. In addition, we

provided a simpler proof for matrix shrinkage operator than the one given in [39], which is a

major operator used in most of first-order methods for nuclear norm minimization problems.

This thesis is organized as follows. In Chapter 2, we first review two types of first order

methods for solving general nonsmooth minimization problem. Then we discuss how to solve

`1-norm projection and matrix shrinkage-threshold problems that will be used in Chapter

3. In Chapter 3, we discuss in details how to apply the first-order methods to nuclear norm

minimization problems (1.9) and (1.10). In Chapter 4, we present the computational results

comparing the performance of FISTA and nonmonotone gradient methods applied to the

problems (1.9) and (1.10). Finally we present some concluding remarks in Chapter 5.

1.1 Notation

Throughout the thesis, all vector spaces are assumed to be finite dimensional. The symbols

<p and <p
+ (resp., <p

−) denote the p-dimensional Euclidean space and the nonnegative (resp.,

nonpositive) orthant of <p, respectively, and <++ denotes the set of positive real numbers.

For any z ∈ <p, Diag(z) denotes the p × p diagonal matrix whose ith diagonal element

is zi for i = 1, . . . , p. Additionally, Dp denotes the space of p × p diagonal matrices. The

Euclidean norm is denoted by ‖ · ‖. The space of all p × q matrices with real entries is

denoted by <p×q. Given matrices X and Y in <p×q, the standard inner product is defined

by 〈X, Y 〉 = Tr(XT Y ), where Tr(·) denotes the trace of a matrix. We denote by ‖X‖F the

Frobenius norm of a matrix X, that is, ‖X‖F =
√
〈X, X〉. In addition, σi(X) denotes the

ith largest singular value of X. For a real symmetric matrix X, λi(X) denotes its ith largest

eigenvalue. The rank of X is denoted by rank(X).

Let X be a normed vector space whose norm is denoted by ‖ · ‖X . The dual space

of X , denoted by X ∗, is the normed vector space consisting of all linear functionals of
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u∗ : X → <, endowed with the dual norm ‖ · ‖∗X defined as

‖X∗‖∗X = max
X
{〈X∗, X〉 : ‖X‖X ≤ 1} ∀X∗ ∈X ∗,

where 〈X∗, X〉 := X∗(X) is the value of the linear functional X∗ at X.

If U denotes another normed vector space with norm ‖ ·‖U and E : X → U ∗ is a linear

opeartor, the operator norm of E is defined as

‖E‖X ,U = max
X
{‖EX‖∗U : ‖X‖X ≤1}. (1.11)

A function f : X ⊆X → < is said to be L-Lipschitz-differentiable with respect to ‖ · ‖X if

it is differentiable and

‖∇f(x)−∇f(x̄)‖∗X ≤ L‖x− x̄‖X ∀x, x̄ ∈ X .



Chapter 2

Preliminaries

In this chapter, we first introduce a class of nonsmooth minimization problems and establish

the first-order optimality conditions for them. Then we review two types of first-order

methods, that is, fast iterative shrinkage-thresholding algorithm and nonmonotone gradient

methods for these problems and state their convergence results. Finally we discuss how

to solve `1-norm projection and matrix shrinkage-threshold problems that will be used in

Chapter 3.

2.1 Nonsmooth minimization problems

In this section we are interested in a class of nonsmooth minimization problems as follows:

min
x∈X
{F (x) := f(x) + Ψ(x)}. (2.1)

We now make some assumptions regarding problem (2.1):

• X is a closed convex set in <n.

• f is continuously differentiable in <n and moreover, ∇f is Lipschitz continuous on X
with Lipschitz constant L with respect to ‖ · ‖, that is,

‖∇f(x)−∇f(y)‖∗ ≤ L‖x− y‖ ∀x, y ∈ X ,

where ‖ · ‖ is an arbitrary norm and ‖ · ‖∗ is its dual norm.

6
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• Ψ is a closed convex (possibly nonsmooth) function in <n. A special and important

case is the one in which Ψ is separable into the sum of individual components of its

argument, that is,

Ψ(x) =
n∑

i=1

Ψi(xi).

• Ψ(·) is simple enough so that one can find a closed-form solution for minimizing the

sum of Ψ(·) with some proximal functions (e.g., separable quadratic function).

• Problem (2.1) is solvable, i.e., Arg min{F (x) : x ∈ X} 6= ∅.

We next study the first-order optimality conditions for problem (2.1). Before proceeding,

we introduce two terminologies, namely, the tangent and normal cones to the set X at a

feasible point.

Definition 1 A vector d is said to be a tangent to X at a point x ∈ X if there exist a

feasible {xk} approaching x and a sequence of positive scalars {tk} with tk → 0 such that

lim
k→∞

xk − x

tk
= d.

The set of all tangents to X at x is called the tangent cone and is denoted by TX (x).

Definition 2 The normal cone to the set X at the point x ∈ X is defined as

NX (x) = {v |vT w ≤ 0 ∀w ∈ TX (x)}. (2.2)

Definition 3 A vector s is called a subgradient of the function Ψ at x ∈ X if for all y,

Ψ(y)−Ψ(x) ≥ 〈s, y − x〉.

The set of all subgradients of Ψ at a point x is called the subdifferential of Ψ at x, denoted

by ∂Ψ(x).

Definition 4 Let x ∈ X and d be a nonzero vector such that x + td ∈ X for sufficiently

small t > 0. The directional derivative of Ψ at x along d, denoted by Ψ′(x; d), is given by

the following limit if it exists :

Ψ′(x; d) = lim
t→0+

Ψ(x + td)−Ψ(x)
t

.
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We are now ready to establish the first-order optimality conditions for problem (2.1).

Theorem 2.1.1 If x∗ ∈ X is a local optimal solution of problem (2.1), then the following

statement holds:

0 ∈ ∇f(x∗) + ∂Ψ(x∗) + NX (x∗). (2.3)

In addition, if f is convex and (2.3) holds at x∗ ∈ X , then x∗ is an optimal solution of

problem (2.1).

Proof. We first show that

dT∇f(x∗) + Ψ′(x∗; d) ≥ 0 ∀d ∈ TX (x∗). (2.4)

Let d ∈ TX (x∗) be arbitrarily chosen. Then, there exist sequences {xk}∞k=1 ⊆ X and

{tk}∞k=1 ⊆ <++ such that tk ↓ 0 and

d = lim
k→∞

xk − x∗

tk
.

Thus, we have xk = x∗+tkd+o(tk). Using this relation along with the fact that the function

f is differentiable and Ψ is convex in <n, we can have

f(x∗ + tkd)− f(xk) = o(tk), Ψ(x∗ + tkd)−Ψ(xk) = o(tk), (2.5)

where the first equality follows from the Mean Value Theorem while the second one comes

from Theorem 10.4 of [51]. Clearly, xk → x∗. This together with the assumption that x∗ is

a local minimizer of (2.1), implies that

f(xk) + Ψ(xk) ≥ f(x∗) + Ψ(x∗) (2.6)

when k is sufficiently large. In view of (2.5) and (2.6), we obtain that

dT∇f(x∗) + Ψ′(x∗; d) = lim
k→∞

f(x∗ + tkd)− f(x∗)
tk

+ lim
k→∞

Ψ(x∗ + tkd)−Ψ(x∗)
tk

,

= lim
k→∞

[
f(xk) + Ψ(xk)− f(x∗)−Ψ(x∗)

tk
+

o(tk)
tk

]
,

= lim
k→∞

f(xk) + Ψ(xk)− f(x∗)−Ψ(x∗)
tk

≥ 0,

and hence (2.4) holds.
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For simplicity of notations, let S = −∇f(x∗)−∂Ψ(x∗). We next show that S∩NX (x) 6= ∅.
Suppose for contradiction that S∩NX (x) = ∅. This together with the fact that S and NX (x)

are nonempty closed convex sets and S is bounded, implies that there exists some d ∈ <n

such that dT y ≤ 0 for any y ∈ NX (x), and dT y ≥ 1 for any y ∈ S. Clearly, we see that

d ∈ TX (x∗), and

1 ≤ infy∈S dT y = infz∈∂Ψ(x∗) dT (−∇f(x∗)− z)

= −dT∇f(x∗)− supz∈∂Ψ(x∗) dT z

= −dT∇f(x∗)−Ψ′(x∗; d),

which contradicts (2.4). Hence, we have S ∩NX (x) 6= ∅. Using this relation, (2.2) and the

definitions of S, we easily see that (2.3) holds.

We now prove the second part of this theorem. Given any x ∈ X , let d = x−x∗. Clearly,

d ∈ TX (x∗). It together with (2.3) implies that

dT (∇f(x∗) + s) ≥ 0 ∀s ∈ ∂Ψ(x∗).

Due to convexity of f and Ψ, we easily know that

F (x)− F (x∗) = F (x∗ + d)− F (x∗) ≥ dT (∇f(x∗) + s) ∀s ∈ ∂Ψ(x∗).

It follows from the above inequalities that F (x) − F (x∗) ≥ 0. Due to the arbitrarity of x,

we conclude that x∗ is an optimal solution of problem (2.1).

Definition 5 x ∈ <n is called a stationary point of problem (2.1) if x ∈ X and it satisfies

(2.3).

Given a point x ∈ <n and H � 0, we denote by dH(x) the solution of the following

problem:

dH(x) := arg min
d

{
∇f(x)T d +

1
2
dT Hd + Ψ(x + d) : x + d ∈ X

}
. (2.7)

The following proposition provides an alternative characterization of stationarity that

will be used subsequently.

Proposition 2.1.2 For any H � 0, x ∈ X is a stationary point of problem (2.1) if and

only if dH(x) = 0.
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Proof. We first observe that (2.7) is a convex problem, and moreover its objective

function is strictly convex. The conclusion of this proposition immediately follows from this

observation and the first-order optimality condition of (2.7).

2.2 First-order methods

In this section we review two types of first-order methods for problem (2.1) and state their

convergence results. In particular, in Subsection 2.2.1 we review a fast iterative shrinkage-

thresholding algorithm (FISTA) proposed by Beck and Teboulle [10]. In Subsection 2.2.2,

we review two nonmonotone gradient methods proposed by Lu and Zhang [38] and Wright

et al. [60], respectively.

2.2.1 FISTA method

Recently Beck and Teboulle [10] proposed a first-order method called FISTA for solving

problem (2.1) in the case when f is convex and Lipschitz differentiable. In their method, a

“quadratic” approximation of F (X) = f(x) + Ψ(x) at a given point y ∈ X is introduced as

follows:

QL(x, y) := f(y) + 〈∇f(y), x− y〉+ L

2
‖x− y‖2 + Ψ(x). (2.8)

Let TL(y) denote a unique minimizer of QL(x, y) over X , that is,

TL(y) = arg min
x∈X

QL(x, y). (2.9)

We are now ready to describe the algorithm framework of FISTA [10] for solving problem

(2.1).

Algorithm 1: FISTA
Let L be the Lipschitz constant of ∇f . Choose an arbitrary x0 ∈ X . Set y1 = x0,

θ1 = 1 and k = 1.

begin
xk = TL(yk)

θk+1 = 1+
√

1+4θ2
k

2

yk+1 = xk + ( θk−1
θk+1

)(xk − xk−1)

k ← k + 1
end
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The convergence result of FISTA for solving problem (2.1) is stated as follows. Its proof

can be found in [10].

Theorem 2.2.1 Let the sequences {xk} and {yk} be generated by FISTA when applied to

problem (2.1) for which f is convex and Lipschitz differentiable. Then, for any k ≥ 1,

F (xk)− F (x∗) ≤ 2L‖x0 − x∗‖2

(k + 1)2
,

where x∗ is an arbitrary optimal solution of problem (2.1).

Remark. The main computational effort of FISTA lies in evaluating the operator TL(·).
Generally, the computation of TL(·) can be intensive. Nevertheless, when X and Ψ are

simple, TL(·) typically has a closed-form expression.

2.2.2 Nonmonotone gradient methods

In this section we review two nonmonotone gradient methods proposed by Lu and Zhang

[38] and Wright et al. [60], respectively, for solving problem (2.1).

We first describe the nonmonotone gradient method proposed by Lu and Zhang [38] for

solving problem (2.1).

Algorithm 2: Nonmonotone gradient method I (NGM I)
Choose parameters 0 < η < 1, 0 < σ < 1, 0 < α < ᾱ, 0 < λ ≤ λ̄, and integer M ≥ 0.

Set k = 0 and choose x0 ∈ X .

begin
Choose λI � Hk � λ̄I.

Solve (2.7) with x = xk and H = Hk to obtain dk = dH(x).

Compute ∆k = ∇f(xk)T dk + Ψ(xk + dk)−Ψ(xk).

Choose α0
k ∈ [α, ᾱ]. Find the smallest integer j ≥ 0 such that αk = α0

kη
j satisfies

F (xk + αkd
k) ≤ max

[k−M ]+≤i≤k
F (xi) + σαk∆k.

Set xk+1 = xk + αkd
k and k ← k + 1.

end

The convergence result of the method NGM I for solving problem (2.1) is stated as
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follows. Its proof can be found in [38].

Theorem 2.2.2 Suppose that F is bounded below in X and uniformly continuous in the

level set L := {x ∈ X : F (x) ≤ F (x0)}. Then, the method NGM I is well defined and

moreover, any accumulation point of the sequence {xk} generated by NGM I is a stationary

point of (2.1).

Remark. Recall that the method FISTA can only be applied to problem (2.1) for which

f is convex and Lipschitz differentiable. Nevertheless, the method NGM I can be applied

to (2.1) with any smooth function f .

We next describe another nonmontone gradient method proposed by Wright et al. [60]

for solving problem (2.1).

Algorithm 3: Nonmonotone gradient method II (NGM II)
Choose parameters 0 < η < 1, 0 < σ < 1, 0 < α < ᾱ and integer M ≥ 0. Set k = 0

and choose x0 ∈ X .

begin
Choose αk ∈ [α, ᾱ].

repeat
xk+1 = arg min

x∈X
{∇f(xk)T (x− xk) + αk

2 ‖x− xk‖22 + Ψ(x)},
αk ← ηαk

until

F (xk+1) ≤ max
[k−M ]+≤i≤k

F (xi)− σ

2
αk‖xk+1 − xk‖22.

k ← k + 1.
end

The convergence result of the method NGM II for solving problem (2.1) is stated as

follows. Its proof can be found in [60].

Theorem 2.2.3 Suppose that the method NGM II is applied to (2.1), where f is Lipschitz

continuously differentiable, Ψ(x) is convex and finite-valued and F is bounded below. Then

all accumulation points are stationary points of (2.1).



CHAPTER 2. PRELIMINARIES 13

Remark. We remark that for global convergence, the method NGM II [60] needs a

strong assumption that the function f is Lipschitz continuously differentiable, which is not

required for the method NGM I [38]. In addition, the method NGM I can be viewed as

an extension of the second projected gradient method (namely, SPG2) studied in [13] for

smooth problems, but the method NGM II cannot.

2.3 l1-norm projection

In this section we discuss efficient approaches to solving the l1-norm projection problem

that appears in the first-order methods for problems (1.4) and (1.5).

Given c ∈ <n and τ > 0, consider the l1-norm projection problem in the form of

min
x
{‖c− x‖2 : ‖x‖1 ≤ τ}. (2.10)

Let x∗ be the unique optimal solution of (2.10). Clearly, if ‖c‖1 ≤ τ , we have x∗ = c.

Otherwise, ‖x∗‖1 = τ and moreover, there exists a λ ≥ 0 such that x∗ is also the optimal

solution of the problem:

min
x

1
2
‖c− x‖22 + λ‖x‖1. (2.11)

It is well-known that the optimal solution of (2.11) is given by the soft thresholding operator

xc(λ) = sign(c) ·max{0, |c| − λ}, (2.12)

where sign : <n → <n is defined as follows:

[sign(c)]i =

{
1 if ci ≥ 0,

−1 otherwise,
for i = 1, . . . , n.

Thus, the solution of (2.10) can be reduced to find the root of the equation

ϕ(λ)− τ = 0, (2.13)

where ϕ(λ) := ‖xc(λ)‖1.
Recently two efficient approaches were proposed in literature for finding the root of

(2.13). In particular, Candès and Romberg [18] and Daubechies et al. [22] independently

developed an O(n log n) approach. More recently, van der Berg et al. [11] and Duchi et

al. [26] independently developed a linear time (i.e., O(n)) approach. Although the latter



CHAPTER 2. PRELIMINARIES 14

approach has a more attractive theoretical complexity, we observed from implementation

that the former approach typically performs better.

We now present the two approaches mentioned above for solving l1-norm projection

problem (2.10).

Algorithm 4: O(n log n) method
if ‖c‖1 ≤ τ then return x∗ = c

Initialize p := [|c|; 0], s = 0

y = −sort(−p)

for i = 1 to size(y) do
s = s + yi

ϕ(yi) = s− i · yi

end

for i = 1 to size(y) do

if ϕ(yi) > τ then
break

end

end

k ← i− 1

δ = (τ − ϕ(yk))/k

λ = yk − δ

return x∗ = sign(c) ·max{0, |c| − λ}
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Algorithm 5: O(n) method
if ‖c‖1 ≤ τ then return x∗ = c

Initialize p = [|c|; 0], s = 0

while 1 do
k = dlength(p)/2e
yk = upper−median(p)

phigh = find(p > yk)

plow = find(p < yk)

shigh = ‖phigh‖1 + yk

ϕ(yk) = s + shigh − k · yk

if ϕ(yk) > τ then
p = phigh

else
yk+1 = max(plow)

ϕ(yk+1) = s + shigh − (k + 1) · yk+1

if ϕ(yk+1) > τ then
break

end

p = plow

s = s + shigh

λ = yk − (τ − ϕ(yk))/k

end

return x∗ = sign(c) ·max{0, |c| − λ}
end

It shall be mentioned that the above two algorithms can be easily modified to solve the

following problem:

min
x
{‖c− x‖2 : ‖x‖1 = τ}. (2.14)

2.4 Matrix shrinkage threshold problem

In this section we consider the following matrix shrinkage threshold problem:

min
X∈<p×q

1
2
‖C −X‖2F + λ‖X‖∗ (2.15)
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for some C ∈ <p×q and λ ≥ 0. Clearly, problem (2.15) can be viewed as a generalization of

problem (2.11).

For convenience, we assume throughout this section that p ≤ q. Let C = U [Diag(c) 0]V T

be the singular value decomposition of C, where c ∈ <p
+ consists of the singular values of C,

U ∈ <p×p and V ∈ <q×q are orthogonal matrices. We next show that the optimal solution

of (2.15) is given by

XC(λ) := U [Diag(xc(λ)) 0]V T , (2.16)

where xc(λ) is defined in (2.12).

Before proceeding, we introduce two lemmas as follows. The proof of the first lemma

can be found in [33].

Lemma 2.4.1 Let A,B ∈ <p×p be symmetric matrices. Assume that B is positive semidef-

inite. Then

λi(A) ≤ λi(A + B) for all i = 1, 2, . . . , p. (2.17)

Lemma 2.4.2 Let X = [X1 X2], where X1 ∈ <p×q1 and X2 ∈ <p×q2. Then ‖X‖∗ ≥ ‖X1‖∗.

Proof. We first observe that

XXT = X1X
T
1 + X2X

T
2 .

It follows from Lemma 2.4.1 that λi(XXT ) ≥ λi(X1X
T
1 ) for all i, which together with the

fact that λi(Y Y T ) = σ2
i (Y ) for any matrix Y , implies that σi(X) ≥ σi(X1) for all i. Using

this inequality and the definition of ‖ · ‖∗, we see that the conclusion holds.

Theorem 2.4.3 Given any C ∈ <p×q, the optimal solution of problem (2.15) is XC(λ) that

is defined in (2.16).

Proof. Let U , V and c be defined above, and let D = Diag(c). Upon performing change

of variable by letting X = UX̃V T and using the fact that C = U [D 0]V T , we see that

problem (2.15) is equivalent to

min
X̃

1
2
‖X̃ − [D 0]‖2F + λ‖X̃‖∗ (2.18)
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We rewrite X̃ as X̃ = [X̃1 X̃2], where X̃1 ∈ <p×p and X̃2 ∈ <p×(q−p). In view of Lemma

2.4.2, we observe that the optimal solution of (2.18) is X̃∗ = [X̃∗
1 0], where X̃∗

1 solves the

following problem

min
X̃1

1
2
‖X̃1 −D‖2F + λ‖X̃1‖∗. (2.19)

We now claim that X̃∗
1 is a diagonal matrix. Given any index i, let P ∈ <p×p be the diagonal

matrix with all diagonal entries are 1 except that the ith one is −1. Let X̂∗
1 = PX̃∗

1P . It is

easy to observe that

‖X̃∗
1 −D‖F = ‖X̂∗

1 −D‖F , ‖X̂∗
1‖∗ = ‖X̃∗

1‖∗.

It implies that X̂∗
1 is also the optimal solution of (2.18). Since problem (2.18) is strictly

convex, it has a unique optimal solution. Hence, X̃∗
1 = X̂∗

1 , which together with the defini-

tion of X̂∗
1 implies that X̃∗

1 is diagonal. It then follows from (2.18), (2.11) and the relation

D = Diag(c) that X̃∗
1 = Diag(xc(λ)). Using this result, and the relations X∗ = UX̃∗V T

and X̃∗ = [X̃∗
1 0], we see that the conclusion holds.

Before ending this section we now discuss a closely related problem to (2.15) as follows:

min
X∈<p×q

‖C −X‖F : ‖X‖∗ ≤ τ} (2.20)

for some C ∈ <p×q and τ ≥ 0.

Let C = U [Diag(c) 0]V T be the singular value decomposition of C, where c ∈ <p
+

consists of the singular values of C, U ∈ <p×p and V ∈ <q×q are orthogonal matrices. Using

the similar arguments as used in the proof Theorem 2.4.3, we can show that the optimal

solution X∗ of problem (2.20) is given by

X∗ := U [Diag(x∗) 0]V T ,

where x∗ is the optimal solution of (2.10) that can be efficiently computed by the methods

discussed in Section 2.3.

In addition, using similar arguments as above, we can see that the solution of the problem

min
X∈<p×q

{‖C −X‖F : ‖X‖∗ = τ} (2.21)

is given by

X∗ := U [Diag(x∗) 0]V T ,

where x∗ is the optimal solution of (2.14) that can be efficiently computed.



Chapter 3

First-order methods for nuclear

norm problems

In this chapter, we discuss in details how to apply the first-order methods reviewed in Chap-

ter 2 to nuclear norm minimization problems (1.9). In Section 3.1 we first show that problem

(1.9) is reducible to the case where A has full column rank and also provide simplification

for problem (1.10). In Section 3.2 we discuss the implementation details of FISTA and the

NGM methods for solving problem (3.3). More specifically, in Subsection 3.2.1, we present

the implementation details of first-order methods for solving problem (3.3) in primal form.

In Subsection 3.2.2, we present the implementation details of first-order methods for solving

problem (3.9) in dual form. In Section 3.3 we discuss the implementation details of FISTA

and the NGM methods for solving problem (3.8).

3.1 Problem simplification

In Lu et al. [37], A is assumed to be full column rank for problem (1.9). In this section we

show that for the case where A lacks full column rank, problem (1.9) can be reduced to the

one with full column rank.

Suppose A lacks full column rank, namely, r := rank(A) < p. Let

A = U

[
T 0

0 0

]
V T ,

18
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where U ∈ <n×n, V ∈ <p×p and T ∈ Dr
++. We easily observe that

‖AX −B‖F =

∥∥∥∥∥U

[
T 0

0 0

]
V T X −B

∥∥∥∥∥
F

=

∥∥∥∥∥
[
T 0

0 0

]
V T X − UT B

∥∥∥∥∥
F

.

Let

X̂ = V T X UT B =

[
H

H̆

]
, (3.1)

where X̂ ∈ <p×q, H ∈ <r×q and H̆ ∈ <(n−r)×q. We further have

‖AX −B‖2F = ‖[T 0]X̂ −H‖2F + ‖H̆‖2F , ‖X̂‖∗ = ‖X‖∗.

It is easy to see that problem (1.9) is equivalent to the following problem:

min
X̂∈<p×q

{
1
2
‖[T 0]X̂ −H‖2F + λ‖X̂‖∗

}
. (3.2)

Let X̂ be partitioned into

X̂ =

[
X̃

X̆

]
,

where X̃ ∈ <r×q and X̆ ∈ <(p−r)×q.

We next show that problem (3.2) can be reduced to the following problem:

min
X̃∈<r×q

{
1
2
‖TX̃ −H‖2F + λ‖X̃‖∗

}
, (3.3)

where T , X̃ and H are defined above.

Theorem 3.1.1 X̃∗ ∈ <r×q optimizes problem (3.3) if and only if X̂∗ =

[
X̃∗

0

]
∈ <p×q is

an optimal solution of problem (3.2).

Proof. We first show that problems (3.2) and (3.3) have the same optimal value. Clearly,

the objective function of (3.3) minorizes that of (3.2). Thus, the optimal value of (3.3) is

bounded above by that of (3.2). On the other hand, suppose X̃∗ ∈ <r×q is an optimal

solution of (3.3). Let

X̂∗ =

[
X̃∗

0

]
.
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We easily see that the objective function of (3.2) achieves the optimal value of (3.3) at X̂∗.

Thus, the optimal value of (3.2) is majorized by that of (3.3). It immediately follows that

the conclusion of this theorem holds.

Given that problems (1.9) and (3.2) are equivalent, we see from Theorem 3.1.1 and (3.1)

that an optimal solution of problem (1.9) can be obtained as follows. Let X̃∗ be the optimal

solution of (3.3). Then

X∗ = V

[
X̃∗

0

]
is an optimal solution of (1.9). Thus, for the remainder of this chapter, we will focus on

how to efficiently solve problem (3.3) instead.

We next provide some bound on the optimal solution of problem (3.3).

Lemma 3.1.2 For every λ > 0, the optimal solution X∗
λ for problem (3.3) is unique and

bounded. In addition,

‖X∗
λ‖F ≤ ‖X∗

λ‖∗ ≤ rx = min
{
‖H‖2F

2λ
, ‖T−1H‖∗

}
. (3.4)

Proof. Using the fact that T is a r × r positive diagonal matrix, it is easy to see that
1
2‖TX − H‖2F is strongly convex function with respect to X. Together with the fact that

the nuclear norm ‖ · ‖∗ is convex, it follows that the objective function of problem (3.3) is

strongly convex, for which we conclude that the optimal solution X∗
λ of (3.3) is unique.

Considering the objective values of (3.3) at X = 0 and X = T−1H, respectively, we

obtain that for the optimal solution X∗
λ,

λ‖X∗
λ‖∗ ≤

1
2
‖TX∗

λ −H‖2F + λ‖X∗
λ‖∗ =

1
2
‖H‖2F , (3.5)

λ‖X∗
λ‖∗ ≤

1
2
‖TX∗

λ −H‖2F + λ‖X∗
λ‖∗ = λ‖T−1H‖∗. (3.6)

Moreover, using the fact that

‖X‖2F =
min (r,q)∑

i=1

σ2
i (X) ∀ X ∈ <r×q,

we can easily see that

‖X‖F =

√√√√min (r,q)∑
i=1

σ2
i (X) ≤

min (r,q)∑
i=1

σi(X) = ‖X‖∗. (3.7)
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The relation (3.4) then immediately follows from (3.5), (3.6) and the above inequality.

Before ending this section we provide a simplification for problem (1.10) that is closely

related to problem (1.9). Indeed, using similar arguments as above, we can show that

problem (1.10) can be reduced to

min
X∈<r×q

1
2‖TX −H‖2F

s.t. ‖X‖∗ ≤ τ,
(3.8)

where T and H are given above.

3.2 Implementation details of first-order methods for (3.3)

In this section we discuss the implementation details of the first-order methods reviewed in

Chapter 2 for solving problem (3.3). More specifically, in Subsection 3.2.1, we present the

implementation details of first-order methods for solving problem (3.3) in primal form. In

Subsection 3.2.2, we present the implementation details of first-order methods for solving

problem (3.9) in dual form.

3.2.1 First-order methods for the primal of (3.3)

In view of Lemma 3.1.2, we can easily observe that problem (3.3) is equivalent to the

following problem:

min
X∈X

{
1
2
‖TX −H‖2F + λ‖X‖∗

}
, (3.9)

where X = {X ∈ <r×q : ‖X‖∗ ≤ rx} and rx is given in (3.4).

We next discuss the implementation details of the first-order methods reviewed in Chap-

ter 2, namely, FISTA and NGM methods, for solving problem (3.9).

FISTA for the primal of (3.9)

The implementation details of FISTA [10] for problem (3.9) are addressed as follows.

Let f(X) = 1
2‖TX − H‖2F and Ψ(X) = λ‖X‖∗. It is not hard to verify that f(X) is

continuously differentiable in <r×q and moreover,

∇f(X) = T (TX −H) (3.10)
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is Lipschitz continuous on closed convex set X with Lipschitz constant Lf = ‖T‖2. Here ‖·‖
denotes the operator norm of a matrix. Therefore, the objective function of problem (3.9)

satisfies the assumptions we described in Section 2.1. It immediately implies that FISTA

can be applied to solve problem (3.9).

We are now ready to discuss the implementation details of FISTA. It is not hard to see

that the main effort of FISTA per iteration lies in solving the subproblem in the form of

X∗
X = arg min

X∈X

{
f(Y ) + 〈∇f(Y ), X − Y 〉+

Lf

2
‖X − Y ‖2F + Ψ(X)

}
(3.11)

for some Y ∈ <r×q. Simple algebra shows that (by dropping constant terms in Y )

X∗
X = arg min

X∈X

{
1
2
‖C −X‖2F +

λ

Lf
‖X‖∗

}
, (3.12)

where

C = Y − ∇f(Y )
Lf

.

We next discuss how to solve problem (3.12). Let X̂∗ be the optimal solution of the following

unconstrained optimization problem:

X̂∗ = arg min
X∈<r×q

{
1
2
‖C −X‖2F +

λ

Lf
‖X‖∗

}
. (3.13)

If ‖X̂∗‖ ≤ τ , then X∗
X = X̂∗. Otherwise, X∗

X is also an optimal solution of the problem

(2.21) with τ = rx, which can be efficiently computed by the method discussed in Section

2.4.

We now address initialization and termination criterion for FISTA method. In particular,

we choose the initial point Y 1 = X0 = 0. In addition, we set parameter θ1 to be 1. Given

an approximate solution Xk ∈ X , we observe that

F (X) ≥ Fk(X) := f(Xk) + 〈∇f(Xk), X −Xk〉+ 1
2
σ‖X −Xk‖2F + λ‖X‖∗

for all X ∈ <r×q, where σ = λ2
min(T ) that is the strong convexity parameter of f . Let F ∗

k

be defined as follows:

F ∗
k = min{Fk(X) : X ∈ X}.

Then, F ∗
k is a lower bound of the optimal value of problem (3.9). Given an accuracy

parameter ε > 0, we terminate FISTA method once

F (Xk)− F ∗
k ≤ ε (3.14)
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is satisfied.

The iteration complexity of FISTA for finding an ε-optimal solution of problem (3.9) is

established in the following theorem.

Theorem 3.2.1 Let {Xk}∞k=1 be generated by FISTA algorithm when applied to problem

(3.9). For a given ε > 0, FISTA finds an ε-optimal solution of problem (3.9) in a number

of iterations which does not exceed ⌈√
2rx‖T‖√

ε
− 1

⌉
.

Proof. The conlcusion of this theorem follows from Theorem 2.2.1 with Lf = ‖T‖2,
X0 = 0, ‖X∗

X ‖∗ ≤ rx.

NGM methods for the primal of (3.9)

The implementation details of NGM methods that were reviewed in Chapter 2 for problem

(3.9) are addressed as follows.

Given an iterate Xk, the main effort of NGM methods lies in finding the search direction

dk. It can be computed by solving subproblem (2.7) with H = α−1
k I for NGM methods,

which becomes,

dk := arg min
d

{
〈∇f(Xk), d〉+ 1

2αk
‖d‖2F + λ‖Xk + d‖∗ : Xk + d ∈ X

}
, (3.15)

where ∇f(Xk) is computed by (3.10). Here, αk > 0 is chosen according to the scheme

proposed by Barzilai and Borwein [7], which is also used by Birgin et al. [13] for studying

a class of projected gradient methods. Let 0 < αmin < αmax be given. Initially, choose an

arbitrary α0 ∈ [αmin, αmax]. Then, αk is updated as follows:

αk+1 =

{
αmax, if bk ≤ 0;

max{αmin,min{αmax, ak/bk}}, otherwise,
(3.16)

where ak = ‖Xk−Xk−1‖2F and bk =
〈
∇f(Xk)−∇f(Xk−1), Xk −Xk−1

〉
. Upon performing

change of variable by letting X = Xk+d, it is easy to see that problem (3.15) can be reduced

to the one in the form of (3.11), and so (3.15) can be efficiently solved by the approach

discussed above. In addition, the termination criterion for NGM method is the same as for

FISTA method.
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Note that when the NGM methods are applied to solve problem (3.9), multiple objective

function evaluations are required to obtain a new iterate from a current iterate. Given that a

nuclear norm needs to be computed for evaluating objective function, it is clear that multiple

nuclear norm compuations are required between successive iterates. When problem size is

relatively large, evaluation of nuclear norm can be very expensive. To avoid this drawback,

we propose another reformualtion of problem (3.9) and then apply NGM methods to solve

it.

It is easy to see that problem (3.9) is equivalent to

min
t,X

1
2‖TX −H‖2F + λt

s.t. ‖X‖∗ ≤ t

X ∈ X .

(3.17)

Letting Z = (X, t), f(Z) = 1
2‖TX −H‖2F , Ψ(Z) = λt and

Z := {(X, t) : ‖X‖∗ ≤ t, X ∈ X} ,

we see that problem (3.17) can be rewritten as

min
Z∈Z
{f(Z) + Ψ(Z)} . (3.18)

It is clear that the NGM methods can be applied to solve problem (3.18). Moreover, the

search direction dk used in these methods for (3.18) can be essentially computed by solving

min
X∈X ,‖X‖∗≤t

{
〈∇f(Xk), X −Xk〉+ 1

2αk
‖X −Xk‖2F + λt

}
. (3.19)

Using the similar arguments as used in Subsection 2.2.2, problem (3.19) is equivalent to the

following problem:

min
X∈X ,‖X‖∗≤t

{
1
2
(‖Ck −X‖2F + λαkt

}
, (3.20)

where

Ck = Xk − αk∇f(Xk).

It is not hard to see that the optimal solution of problem (3.19) can be given by t∗ =

‖X∗
X ‖∗ and ‖X∗

X ‖∗ is the optimal solution of problem (3.11) that can be efficiently computed

(see Chapter 2).

We next establish a convergence result for the NGM methods when applied to problem

(3.9) or (3.17).
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Theorem 3.2.2 Let {Xk}∞k=0 be generated by the NGM methods when applied to problem

(3.9) or (3.17). Then any accumulation point of {Xk}∞k=0 is the optimal solution of problem

(3.9).

Proof. Recall that problem (3.17) is equivalent to (3.9). The conclusion of this theorem

immediately follows from Theorems 2.2.2 and 2.2.3, and the fact that problems (3.9) and

(3.17) are convex.

3.2.2 First-order methods for the dual of (3.3)

In this subsection, we consider first-order methods for solving the dual of problem (3.3) and

show that the latter problem can be simultaneously solved.

Before proceeding, we first introduce the following notations. Let

U =
{
U ∈ Rr×q : ‖U‖ ≤ 1

}
(3.21)

and

Br×q
F (t) :=

{
X ∈ <r×q : ‖X‖F ≤ t

}
. (3.22)

Theorem 3.2.3 Given any ε ≥ 0, let Xε be an ε-optimal solution of the following smooth

saddle point problem

min
X∈Bp×q

F (rx)
max
U∈U

{
1
2
‖TX −H‖2F + λ〈X, U〉

}
, (3.23)

where U and rx are defined in (3.21) and (3.4), respectively. Then, Xε is an ε-optimal

solution of problem (3.3).

Proof. First, note that the nuclear norm ‖ · ‖∗ is the dual norm of the operator norm

‖ · ‖, namely,

‖X‖∗ = max
‖U‖≤1

〈X, U〉

(e.g., see Fazel et al. [27] and Boyd and Vandenberghe [9]). Then, the conclusion of this

theorem immediately follows from the above relation and Lemma 3.1.2.

From the above theorem, we see that problem (3.9) can be solved as problem (3.23).

Clearly, the dual of the latter problem is as follows:

max
U∈U

min
X∈Bp×q

F (rx)

{
1
2
‖TX −H‖2F + λ〈X, U〉

}
. (3.24)
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For the purpose of our implementation, we reformulate problem (3.24) into the problem

min
U∈U

max
X∈Br×q

F (1)

{
φ(X, U) := −1

2
‖rxTX −H‖2F − rxλ〈X, U〉

}
(3.25)

obtained by scaling the variable X of (3.24) as X ← X/rx, and multiplying the resulting

formulation by −1. In the remaining part of this subsection, we will consider problem (3.25)

rather than (3.24).

For convenience of notation, let Ω = Br×q
F (1) and

min
U∈U

{
G(U) := max

X∈Ω
φ(X, U)

}
. (3.26)

Observing that φ(X, U) : Ω × U → < is a smooth function which is strictly concave in X

for every fixed U ∈ U , and convex in U for every fixed X ∈ Ω, we can conclude that (i)

problem (3.26) and its dual, that is,

max
X∈Ω

{
F (X) := min

U∈U
φ(X, U)

}
, (3.27)

are both solvable and have the same optimal values; and (ii) the function G(·) is convex

differentiable and its gradient is given by

∇G(U) = ∇Uφ(X(U), U) ∀U ∈ U ,

where

X(U) := arg max
X∈Ω

φ(X, U).

The following result shows that an approximate solution of problem (3.27) can be ob-

tained by solving smooth convex minimization problem (3.26). Its proof is similar to that

of Theorem 2.4 of Lu [37].

Proposition 3.2.4 Let X∗ be the unique optimal solution of problem (3.27), and let F ∗ be

the optimal value of problems (3.27) and (3.26). Suppose that the sequence {Uk}∞k=0 ⊆ U
is such that G(Uk)→ F ∗ as k →∞. Then, X(Uk)→ X∗ and G(Uk)− F (X(Uk))→ 0 as

k →∞.

From the above proposition, we easily see that problem (3.3) can be solved simultane-

ously while solving problem (3.26). Indeed, suppose that {Uk}∞k=0 ⊆ U is a sequence of

approximate solutions obtained by solving (3.26). It follows from the above proposition
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that for any given ε, there exists some iterate Uk such that G(Uk)−F (X(Uk)) ≤ ε. Clearly,

X(Uk) is an ε-optimal solution of (3.27) and hence (3.3).

We next discuss the first-order methods, that is, FISTA and NGM methods for solving

problem (3.26). Before proceeding, we state a proposition that will be used to compute the

Lipschitz constant of ∇G(U), where G is defined in problem (3.26). Its proof can be found

in Theorem 1 of [44].

Proposition 3.2.5 Let U and X be normed vector spaces with the respective norms de-

noted by ‖ · ‖U and ‖ · ‖X . Assume that φ(X, U) : Ω× U → < has the form

φ(X, U) = 〈U, EX〉 − h(X) + θ(U), ∀(X, U) ∈ Ω× U , (3.28)

where E : X → U ∗ is a linear map, h : Ω → < is a differentiable strongly convex function

with modulus σh > 0 with respect to ‖·‖X , and θ : U → < is Lθ-Lipschitz-differentiable func-

tion with respect to ‖ · ‖U . Then, the function G(U) defined by (3.26) is (Lθ +‖E‖2X ,U /σh)-

Lipschitz-differentiable in U with respect to ‖ · ‖U .

We next show how to compute the gradient and its associated Lipschitz constant of

G(U) defined in (3.26). Indeed, the function φ of problem (3.25) is of the form (3.28) with

θ ≡ 0 and the functions E and h given by

EX = −λrxX, ∀X ∈ Ω,

h(X) = 1
2‖rxTX −H‖2F , ∀X ∈ Ω.

(3.29)

Moreover, in the context of problem (3.26), X and U are specified as <r×q, and their

associated norms ‖ · ‖X and ‖ · ‖U are Frobenius norm. Clearly, for any X ∈ Ω, we have

∇2h[∆X, ∆X] = r2
x‖T∆X‖2F ≥ r2

x‖∆X‖2F /‖T−1‖2 ∀∆X ∈ <r×q,

which immediately implies that h is strongly convex with modulus σh = r2
x/‖T−1‖2 with

respect to ‖ · ‖X . Now, using (1.11), we obtain

‖E‖X ,U = max
{
‖λrxX‖∗U : X ∈X , ‖X‖X ≤ 1

}
,

= λrx max {‖X‖F : X ∈X , ‖X‖F ≤ 1} ,

= λrx.

(3.30)

Hence, by Proposition 3.2.5, we conclude that

L = ‖E‖2U ,Ω/σh = λ2‖T−1‖2.
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The gradient of G is given by

∇G(U) = ∇Uφ(X(U), U) = −λrxX(U), (3.31)

where

X(U) = arg max
X∈Ω

{
−1

2
‖rxTX −H‖2F − λrx〈X, U〉

}
. (3.32)

We can easily see that X(U) is the optimal solution of the following equivalent problem:

min
X∈Ω

{
1
2
‖rxTX −H‖2F + λrx〈X, U〉

}
. (3.33)

We now discuss some of the computational technicalities to find the optimal solution X(U)

of problem (3.33). For any ρ ≥ 0, let

v(ρ) = (r2
xT 2 + 2ρI)−1(rxTH − rxW ),

ϕ(ρ) = ‖v(ρ)‖2F − 1.
(3.34)

If ϕ(0) ≤ 0, then clearly v(0) is the optimal solution of problem (3.33). Otherwise, the

optimal solution of problem (3.33) is equal to v(ρ∗) where ρ∗ is the root of the equation

ϕ(ρ) = 0. The latter can be found by the well-known root finding schemes specially tailored

for solving the above equations. For example, Newton’s method can be suitably applied

to find the aforementioned root by choosing ρ = 0 as the initial guess and generating a

sequence of ρk according to

ρk+1 = ρk −
ϕ(ρk)
ϕ′(ρk)

k ≥ 0.

In addition, when applied to problem (3.26), the FISTA and NGM methods require

solving the subproblem in the form of

min
U∈U

1
2
‖C − U‖2F (3.35)

for some C ∈ <r×q, where U is given in (3.21). Without loss of generality, suppose that the

singular value decomposition of C is given by

C = Û
[
Diag(c) 0

]
V̂ T ,

where Û ∈ <r×r, V̂ ∈ <q×q and c ∈ <r
+. Thus the optimal solution U∗ of problem (3.35) is

given as follows:

U∗ = Û
[
Diag(w) 0

]
V̂ T ,
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where w ∈ <r
+ is defined by

wi =

{
ci if ci ∈ [0, 1],

1 otherwise,
∀i = 1, . . . r.

The convergence result for the FISTA method when applied to the dual of problem (3.3)

is given as follows.

Theorem 3.2.6 Let {Uk}∞k=0 be generated by FISTA algorithm with initial point U0 = 0.

For a given ε > 0, FISTA finds an ε-optimal solution of (3.26) and its dual (3.27), and

hence of problem (3.3), in a number of iterations which does not exceed⌈√
2mλ‖T−1‖√

ε
− 1

⌉
, (3.36)

where m := min{r, q}.

Proof. In view of Theorem 2.2.1, we see that G(Uk)−G(U∗) ≤ ε when

k ≥
√

2L

ε
‖U0 − U∗‖F − 1.

Since U∗ ∈ U , we see from (3.21) that ‖U∗‖ ≤ 1. Thus, we have

‖U∗‖F =
√

Tr(U∗T U∗) ≤
√

min{r, q}λmax(U∗T U∗) =
√

m‖U∗‖ ≤
√

m.

The above observation together with the fact that ‖U0‖F = 0 and L = λ2‖T−1‖2 implies

that the conclusion of this theorem holds.

Remark. The practical termination criterion for FISTA is based on the dulity gap

G(Uk) − F (X(Uk)). In addition, it shall be mentioned that a variant of Nestrov’s smooth

method (VNSM) was applied to solve another dual formulation of problem (3.3) by Lu et

al. [37]. They showed that an ε-optimal solution of (3.3) can be found in at most⌈
2λ

√
2m log(n/m)‖T−1‖√

ε
− 1

⌉
(3.37)

number of iterations, where n := r + q. Thus, we improve their iteration complexity by a

factor of
√

log(n/m) while retaining a similar iteration cost.

We next establish a convergence result for the NGM methods when applied to solve

problems (3.26) and (3.27).
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Theorem 3.2.7 Let ε > 0 be given. The NGM methods generate a pair of ε-optimal solu-

tions (Uk, X(Uk)) to problems (3.26) and (3.27) in finite number of iterations.

Proof. Suppose by contradiction that the NGM methods do not terminate. Then they

generate a sequence {Uk}∞k=0 ⊆ U satisfying G(Uk) − F (X(Uk)) > ε. Note that G(·) is

convex, which together with Theorem 2.2.2 (2.2.3) implies that any accumulation point of

{Uk}∞k=0 is an optimal solution of problem (3.26). By the continuity of G(·), it further

implies that any accumulation point of {G(Uk)}∞k=0 is the optimal value F ∗ of (3.26). Using

this observation and the fact that {G(Uk)}∞k=0 is bounded, we conclude that G(Uk)→ F ∗ as

k →∞. Further, in view of Proposition 3.2.4, we have G(Uk)− F (X(Uk))→ 0 as k →∞,

and arrive at a contradiction. Therefore, the conclusion of this theorem holds.

3.3 Implementation details of first-order methods for (3.8)

In this section, we discuss the implementation details of first-order methods for solving

problem (3.8).

Let f(X) = 1
2‖TX − H‖2F and Ψ(X) = 0. As discussed in Subsection 3.2.1, f(X) is

continuously differentiable in <r×q and moreover, ∇f(X) is Lipschitz continuous on the

closed convex set {X ∈ <r×q : ‖X‖∗ ≤ τ} with Lipschitz constant Lf = ‖T‖2. Therefore,

problem (3.8) satisfies the assumptions imposed on problem (2.1) described in Section (2.1).

It implies that the FISTA and NGM methods can be suitably applied to solve problem (3.8).

In addition, when applied to problem (3.8), the FISTA and NGM methods require solving

the subproblem in the form of
min 1

2‖C −X‖2F
s.t. ‖X‖∗ ≤ τ

(3.38)

for some C ∈ <r×q and τ ≥ 0, which can be efficiently solved by the approach described in

Section 2.4.

The convergence result for the FISTA method when applied to problem (3.8) is given as

follows.

Theorem 3.3.1 Let {Xk}∞k=0 be generated by FISTA algorithm when applied to (3.8) with

initial point X0 = 0. For a given ε, FISTA finds an ε-optimal solution of problem (3.8) in
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a number of iterations which does not exceed⌈√
2‖T‖τ√

ε
− 1

⌉
. (3.39)

Proof. In view of Theorem 2.2.1, we see that F (Xk)− F (X∗) ≤ ε when

k ≥
√

2L

ε
‖X0 −X∗‖F − 1.

Since ‖X∗‖∗ ≤ τ , we see from (3.7) that ‖X∗‖F ≤ τ . The above observation together with

the fact that ‖X0‖F = 0 and L = ‖T‖2 implies that the conclusion of this theorem holds.

We next establish a convergence result for the NGM methods when applied to problem

(3.8).

Theorem 3.3.2 Let {Xk}∞k=0 be generated by the NGM methods when applied to problem

(3.8). Then any accumulation point of {Xk}∞k=0 is the optimal solution of problem (3.8).

Proof. The conclusion of this theorem immediately follows from Theorems 2.2.2 and

2.2.3, and the fact that problem (3.8) is convex.



Chapter 4

Numerical results

In this chapter we report the results of our experiment which compare the performance of

FISTA method with NGM methods discussed in Sections 3.2 and 3.3 for solving problems

(3.3) and (3.8) on a set of randomly generated instances. In Section 4.1, we compare the

performance of NGM I method based on formulation (3.17) with FISTA and NGM methods

based on formulation (3.9). In Section 4.2 we compare the performance of NGM I method

with FISTA method for solving (3.26). In Section 4.3 we compare the performance of NGM

I method and FISTA method for solving problem (3.8).

The random instances for problems (3.3) and (3.8) used in our experiment were generated

as follows. We first randomly generated matrices A ∈ <n×p and B ∈ <n×q, where p = 2q

and n = 10q, with entries uniformly distributed in [0, 1] for different values of q. We then

computed T and H for (3.3) and (3.8) according to the procedures described in section

(3.1). In addition, all computations were performed on an Intel Xeon 5320 CPU (1.86GHz)

and 12GB RAM running Red Hat Enterprise Linux 4 (kernel 2.6.9) and by Matlab V7.0

(R14). We use the default random seed in Matlab to generate all datasets and the CPU

time reported in this section does not include the time for inputing the data and outputing

the results.

4.1 Numerical results on the primal of problem (3.3)

In this section, we first evaluate the performance of NGM I, NGM II for solving problem

(3.9) and NGM I for solving problem (3.17). Then we compare the performance of FISTA

method for solving problem (3.9) and NGM I method for solving problem (3.17).

32
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We choose initial point X0 = 0 for FISTA and NGM methods. And for NGM methods

we set α0 = 1, γ = 1e−4, M = 2, αmax = 1, αmin = 10−15. We use (3.14) as our termination

criterion with ε = 10−1.

Table 4.1: Comparison of NGM methods for λ = 1
Problem Iter Time Nf

(p,q) NGMC NGM I NGM II NGMC NGM I NGM II NGMC NGM I NGM II

(200,100) 50 50 50 2.7 4.1 5.3 56 105 164
(400,200) 60 60 60 24.4 35.0 51.1 67 126 203
(600,300) 50 50 60 77.5 108.0 205.2 56 105 211
(800,400) 70 70 60 255.7 361.2 511.7 78 147 218
(1000,500) 60 60 60 422.5 597.1 1005.2.7 67 126 221

Table 4.2: Comparison of NGM methods for λ = 10
Problem Iter Time Nf

(p,q) NGMC NGM I NGM II NGMC NGM I NGM II NGMC NGM I NGM II
(200,100) 60 60 40 3.4 5.3 5.4 67 126 160
(400,200) 80 80 80 32.6 47.6 73.5 89 168 290
(600,300) 80 80 80 122.3 172.2 281.0 89 168 291
(800,400) 90 90 90 322.1 461.2 755.8 100 189 327
(1000,500) 90 90 90 625.9 891.1 1471.4 100 189 328

Table 4.3: Comparison of NGM methods for λ = 100
Problem Iter Time Nf

(p,q) NGMC NGM I NGM II NGMC NGM I NGM II NGMC NGM I NGM II

(200,100) 50 60 30 2.8 5.1 4.1 56 126 118
(400,200) 190 160 190 69.0 88.6 156.1 210 336 692
(600,300) 300 300 320 352.8 535.2 844.9 331 630 1158
(800,400) 540 490 330 1491.6 2085.6 2094.3 595 1029 1211
(1000,500) 380 800 650 2066.6 6672.9 8017.6 419 1680 2337

For convenience of presentation, we use NGMC to label NGM I method for solving

problem (3.17). The performance of NGM methods for the randomly generated instances

with parameters λ = 1, 10 and 100 is presented in Tables 4.1-4.3, respectively. The problem

size (p, q) is given in column one. The number of iterations of NGM I, NGM II and NGMC

are given in columns two, three and four. CPU times (in seconds) are given in columns four,

five and six. The number of function evaluations (labeled as Nf) is given in the last three

columns, respectively.

From Tables 4.1-4.3, we can see that the number of iterations of NGM methods varies

greatly with the parameter λ. In addition, NGMC generally outperforms NGM I and NGM

II. We also see that NGM I substantially outperforms NGM II in general. This behavior
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is consistent with the fact that NGM I has less function evaluations (mainly, nuclear norm

evaluations) than NGM II. Thus, we will only focus on NGM I method rather than NGM

II method in the remaining numerical tests.

Since NGMC method generally outperforms NGM I and NGM II, we next aim to com-

pare NGMC with FISTA for the primal of problem (3.3). We apply the same termination

criterion (3.14) and set an upper bound of 5 hours computation time (or 18,000 seconds)

per instance for both methods. The performance of NGMC and FISTA for our randomly

generated instances with parameters λ = 1 and λ = 500 are presented in Tables 4.4-4.5,

respectively. As seen from the tables, NGMC can solve all instances for λ = 1 within 5

hours while FISTA is only able to solve the instances with q ≤ 400. On the other hand,

when λ = 500 and q ≥ 900, both methods cannot terminate within 5 hours. In addition,

NGMC substantially outperforms FISTA.

Table 4.4: Comparison of NGMC and FISTA for λ = 1
Problem Iter Time Obj

(p,q) NGMC FISTA NGMC FISTA NGMC FISTA

(200,100) 80 590 4.5 29.0 45.27 45.31
(400,200) 80 1270 32.8 475.0 91.28 91.33
(600,300) 90 1970 138.0 2804.2 137.45 137.49
(800,400) 80 2370 292.5 9280.9 183.63 183.68
(1000,500) 100 2749 701.4 18001.6 229.19 229.29
(1200,600) 90 1620 1076.5 18004.5 275.24 276.67
(1400,700) 90 1041 1677.7 18012.1 321.62 332.31
(1600,800) 90 702 2465.4 18009.3 367.38 428.82
(1800,900) 100 497 3841.3 18025.7 413.62 688.86
(2000,1000) 120 366 6305.8 18037.1 459.36 1608.14

4.2 Numerical results on the dual of problem (3.3)

In this section we report the computational results of NGM I and FISTA for solving the

dual of problem (3.3), namely, problem (3.26). We also compare their performance when

applied to the primal and dual of problem (3.3). The parameters for FISTA and NGM I

are the same as those given in Section 4.1. In addition, we use G(Uk) − F (X(Uk)) ≤ ε as

the termination criterion for NGM I and FISTA with ε = 10−1.

For convenience of presentation, we use NGMD to label NGM I method for solving
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Table 4.5: Comparison of NGMC and FISTA for λ = 500
Problem Iter Time Obj

(p,q) NGMC FISTA NGMC FISTA NGMC FISTA

(200,100) 20 30 1.2 1.5 1173.52 1173.51
(400,200) 30 50 13.5 19.7 3656.33 3656.37
(600,300) 70 80 109.5 115.8 7851.82 7851.80
(800,400) 110 100 408.8 348.0 13676.02 13676.09
(1000,500) 180 220 1276.4 1454.3 21120.07 21120.12
(1200,600) 180 270 2146.4 3006.5 30302.61 30302.63
(1400,700) 200 410 3763.8 7078.3 41195.78 41195.78
(1600,800) 350 540 9422.7 13554.5 53603.97 53603.97
(1800,900) 510 547 18030.8 18030.3 67694.38 67694.52
(2000,1000) 400 439 18015.9 18005.5 83038.61 83037.75

Table 4.6: Comparison of NGMD and FISTA for λ = 1
Problem Iter Time Obj

(p,q) NGMD FISTA NGMD FISTA NGMD FISTA

(200,100) 10 10 0.8 0.8 45.26 45.26
(400,200) 10 10 4.5 5.1 91.28 91.28
(600,300) 10 10 16.1 18.1 137.44 137.44
(800,400) 10 10 38.7 42.2 183.63 183.63
(1000,500) 10 10 100.3 80.9 229.18 229.18
(1200,600) 10 10 124.7 136.3 275.23 275.23
(1400,700) 10 10 231.2 213.3 321.62 321.62
(1600,800) 10 10 284.7 314.9 367.38 367.38
(1800,900) 10 10 394.6 435.3 413.62 413.62
(2000,1000) 10 10 534.4 592.6 459.36 459.36

problem (3.26). The performance of NGMD and FISTA for our randomly generated in-

stances with parameters λ = 1 and λ = 500 is presented in Tables 4.6 and 4.7, respectively.

As observed from these tables, NGMD generally outperforms FISTA except for the case

q = 500 and 700 when λ = 1. In addition, NGMD is nearly two times faster than FISTA

when λ = 500. We also observe that a large λ often leads to a slower rate of convergence

for FISTA and NGMD. Finally, in view of Tables 4.4-4.7, NGMD and FISTA generally

outperform the corresponding ones that are tailored for solving the primal of problem (3.3).
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Table 4.7: Comparison of NGMD and FISTA for λ = 500
Problem Iter Time Obj

(p,q) NGMD FISTA NGMD FISTA NGMD FISTA

(200,100) 40 70 2.5 4.4 1173.52 1173.54
(400,200) 40 70 16.7 30.3 3656.33 3656.40
(600,300) 30 70 44.2 108.5 7851.83 7851.88
(800,400) 30 80 103.8 291.4 13676.03 13676.06
(1000,500) 30 80 201.5 556.8 21120.07 21120.10
(1200,600) 30 80 333.5 935.7 30302.57 30302.63
(1400,700) 20 80 358.7 1453.8 41195.82 41195.78
(1600,800) 30 80 770.4 2165.5 53603.93 53603.98
(1800,900) 30 80 1094.7 3056.6 67694.10 67694.15
(2000,1000) 30 80 1446.9 4115.0 83035.63 83035.68

4.3 Numerical results on problem (3.8)

In this section we report the computational results of NGM I and FISTA for solving problem

(3.8). We choose initial point X0 = 0 for FISTA and NGM I. And for NGM I we set α0 = 1,

γ = 1e − 4, M = 2, αmax = 1, αmin = 10−15. We use (3.14) as our termination criterion

with ε = 10−1.

Table 4.8: Comparison of FISTA and NGM I for τ = 1
Problem Iter Obj Time

(p,q) FISTA NGM I FISTA NGM I FISTA NGM I

(200,100) 70 100 801.60 801.61 3.1 5.2
(400,200) 170 140 3260.56 3260.56 54.7 52.9
(600,300) 210 270 7435.46 7435.43 251.9 379.9
(800,400) 250 230 13240.67 13240.64 750.0 786.4
(1000,500) 350 380 20666.34 20666.34 2011.7 2527.3
(1200,600) 390 370 29832.24 29832.22 3783.4 2449.7
(1400,700) 450 360 40708.45 40708.44 7126.0 6800.8
(1600,800) 490 520 53104.42 53104.40 11032.5 13744.6
(1800,900) 540 380 68287.06 68287.06 17636.6 14382.2
(2000,1000) 570 470 83049.24 83049.24 24827.1 23272.1

The results of NGM I and FISTA for (3.8) with τ = 1 and 10 are presented in Tables 4.8

and 4.9, respectively. We observe from these tables that NGM I produces smaller function

values and has better CPU time than FISTA. Thus, we conclude that the method NGM I

generally outperforms FISTA when applied to problem (3.8). We also see that as τ increases,
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Table 4.9: Comparison of FISTA and NGM I for τ = 10
Problem Iter Obj Time

(p,q) FISTA NGM I FISTA NGM I FISTA NGM I

(200,100) 230 110 453.21 453.22 8.63 5.36
(400,200) 330 130 2448.80 2448.80 87.1 43.9
(600,300) 490 200 6126.44 6126.43 469.4 247.2
(800,400) 580 430 11422.86 11422.84 1410.7 1259.2
(1000,500) 650 420 18322.86 18322.85 3086.8 2449.1
(1200,600) 710 490 26973.12 26973.10 5789.5 4944.5
(1400,700) 770 610 37315.98 37315.98 10466.4 10184.8
(1600,800) 820 520 49183.59 49183.58 16069.7 11948.2
(1800,900) 880 500 62828.01 62828.01 24714.8 16957.1
(2000,1000) 1101 780 78048.23 78048.23 40860.0 34126.1

the performance of NGM I and FISTA become worse.



Chapter 5

Concluding Remarks

In this thesis, we first provide some preliminaries for solving nuclear norm minimization

problems (1.9) and (1.10). Further, we provide problem simplification and apply first-order

methods for the resulting problem and its closely related problem. The performance of these

methods is then compared using a set of randomly generated instances. We show that first-

order methods typically have better performance when applied to solve the dual counterpart

of the problems. Moreover, NGM I method [38] generally outperforms the FISTA method

[10]. Finally, we shall mention that the methods discussed in this thesis can be extended to

solve more general problems in the form of (1.6) and (1.7).
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