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Abstract

Over the last twenty years, moving mesh methods have become a very useful tool for
solving many partial differential equations (PDEs) numerically, in particular, PDEs
having large solution variations such as boundary layers, shock waves, blow-up, and
moving wave fronts. Various types of moving mesh methods have been developed to
solve such problems. These methods generally use a non-uniform mesh with a fixed
number of mesh points as time evolves. The points are concentrated in regions with
steep solutions. In their recent paper, Cao, Huang and Russell introduce a moving
mesh method based on specifying the Jacobian of the coordinate transformation, the
geometric conservation law (GCL) and a curl condition. In this thesis, we study the
relationship between the resulting GCL method and the Monge-Kantorovich mass
transfer problem: a civil engineering problem first formulated by Monge in 1781. The
transfer problem is concerned with finding the optimal path, in the sense of moving
parcels of materials from one site to another one with minimal transportation cost. We
also investigate the link between moving mesh theory and fluid dynamics, meteorology,
computational anatomy and image registration by establishing a relationship between

the coordinate transformations used in their formulations.
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Chapter 1
Mathematical Background

Transformation techniques have been used in many different areas of mathematics.
For example, transformation techniques have been used to describe the Lagrangian
method for solving computational fluid dynamics problems, the Monge-Kantorovich
mass transfer problem and moving mesh methods for mesh adaption.

In this chapter we review some basic definitions and theorems from calculus and

vector analysis that we encounter in some parts of the thesis.

1.1 Vector Fields

Points in a plauce can be identified by using a two-dimensional Cartesian co-ordinate
system. A planc together with the Cartesian co-ordinate system is called the xy-plane
and is denoted by R?.

R® = {(z,y)| = €R. yeR},

where R is thie set of all real numbers. The set
R*={(z,y.2) | ©. y, z€ R}

describes all the points in three-dimensional space. Similarly, points in n-dimensional

space are defined as
Rn:{(IlaI2In)’ -TLER} (11)
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Figure 1.1: Representation of a vector in a plane.

Definition 1.1. A vector is a quantity characterized by both magnitude and direction.

A vector in R™ is an ordered n-tuple v = (v), vs, ..., v,) of real numbers. In particular,

a vector in R? is an ordered pair v = (v;, 1), and a vector in R? is an ordered triple

v = (v1, v, v3). The real numbers are called the components or the coordinates of v.

The length of a vector in R? is defined as (see figure 1.1)

vl = \/v? + 03,

and for v = (vy,v9,...,v,) € R".

Joll = \Jed o+ 22,

Definition 1.2. The dot product of two vectors v = (vy, v, ...,v,) and
w = (w,wy,...,w,) €R". n >2is the real number v - w defined by
V-ow = Cuy Ftogwg + - U Wy

(1.2)

(1.3)

(1.4)
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Figure 1.2: Geometric representation of vector product.

An equivalent definition of the dot product of two vectors in R? or R3 is
v-w = |vfw] cosd,
where 0 is the angle between v and w. This definition implies
v-w =0 if and only if v and w are orthogonal.

U

Definition 1.3. The vector product of two vectors is an operation that assigns a
vector to two given vectors. Unlike the dot product, it is defined only for vectors in
R3. The vector product of two vectors v = vyi + vaj + vsk and w = wyi + wej + wsk
is the vector v x w defined as
i j k
vXxw=| v vy w3 | = (Vaws—vaw2)i — (Liws — vzw))j + (V1w2 — vows)k.

wy wy W3
J

The direction of the vector v X w is determined by the right-hand rule (see fig-
ure 1.2).
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In R? and R? an equivalent definition of the vector product of two vectors v and w is
v x w = ||v|||lw| sinb e, (1.5)

where € is a unit vector normal to both v and w. (1.5) shows that non-zero vectors
v and w are parallel if and only if v x w = 0. The tangential velocity v of a body

rotating with constant angular speed w about a certain axis in space is defined as
v=w Xr,

where w is the angular velocity with magnitude w and r is the position vector of the

rotating body.

1.2 Calculus of Functions of Several Variables

In this section we introduce some definitions and theorems on functions of several

variables.

Definition 1.4. A function whose domain is a subset of R™ and whose range is
contained in R" is called a real-valued function of m variables if n = 1, and a vector-
valued function of m variables if n > 1. Real-valued functions are also called scalar-

valued or just scalar functions.

d

Definition 1.5. A vector field on & C R™ is a vector-valued function F : Q§ — R™

defined on a subset € of R™.
d

Although the domain and the range of a vector field belong to the same set R™,
we often visualize them in a different way: we can think of the elements of the domain
as points, wlhercas we can view the elements of the range as vectors. For example, a
vector field on R? is a function that assigns a vector F(z,y, z) to every point (z,v, z)

in the three-dimensional space R3. This interpretation helps us graph a vector field :
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its value F(x,y, 2) at (x,y, z) is represented as a vector F(z,y, z) whose initial point
is (z,y,2). Similarly, a vector field on R? assigns the vector F(z,y) € R? to each
point (zr,y) in its domain.

There are some situations when it is more convenient to visualize a vector-valued
function F :  C R™ — R™ as a mapping of points. This is a useful way of thinking
about F, for example, in the change of variables technique used for solving partial

differential equations.

Definition 1.6. Consider a function « : [a, b] — R* defined on an interval [a,b] of real
numbers. The value x at t € [a,b] can be interpreted as a point «(t) = (z(t), y(t), z(t))
in space; as t changes from a to b, the values «(t) defines a curve in R*. Similarly a

function x : [a, b] — R? describes a curve in the zy-plane.
]

Definition 1.7. Let F(x) be a vector-valued function F : @ ¢ R™ — R". We denote

the n x m matrix of partial derivatives of the components F evaluated at x as

oF,  oR oF,
Ox1 dxo [o
OF, 0F OF;
DF(z)= | ™ o= S (1.6)
oOF, OF, OF,
B o1, Jxy Orm

provided that all partial derivatives exist at . If F': R — R then DF(z)is 1 x 1
matrix and DF(z) is the usual derivative F'(x). Assume that F(z): § CR™ - R

is a real-valued function of m variables . Then DF(x)7 is the m x 1 matrix

DF(2)" = | 22 g oF }T, (1.7)

b—I—I 520 “e El'y—n
DF(x)7 is called the gradient of F at x and is denoted by VF(x).

]

Definition 1.8. A vector-valued function F : € R™ — R" defined on an open set
2 ¢ R™ is differentiable at a point g € §2 if
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1. all partial derivatives of the components Fy, Fy, ..., F, of F exist at @y, and

2. the matrix of partial derivatives DF(xy) of F at x( satisfies

| F(z) — F(zo) — DF(zo)(x — zo) |

lim =0, 1.8

@, R -

where || - || in the numerator denotes the length in R™, and || - || in the denomi-
nator is the length in R™.

U

If a vector-valued function F satisfies the conditions (1) and (2) of definition [1.8],

the matrix defined in (1.6) is called the derivative of F at ;.

Theorem 1.1. Let F : 2 C R™ — R" be a vector-valued function with components
N, F...F,: QCR™ — R. If all partial derivatives

OF;

are continuous at g, then F is differentiable at x.

a

Definition 1.9. A function whose partial derivatives exist and are continuous is said

to be in the class of C'! or smooth functions.

In the following we give some brief introduction to Monge-Ampere equations.

Definition 1.10. A Monge-Ampere equation is a second order partial differential

equation of the form (see [46))

Horr + 2K ¢yy + Loy, + M + N(¢rzbyy — ¢2,) =0, (1.9)

Y

where H, K, L, M, and N are functions of x,y, ¢, ¢, and ¢y.
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N |

Simplified Monge-Ampere equations arise in the form (see [47] and [48])

uzruyy_uiy = f(2,y, Uz, uy) (1.10)
and
Upyz, Urjzg -+ Uzz,
Il f(z,y,u, Vu) (1.11)
Uz,z; Uzpzg --- Ur,z,
|

The classical Monge-Ampere equation (1.10) has been the center of considerable
interest in recent years because of its important role in various areas of applied math-
ematics. Also, Monge-Ampere type equations have applications in the areas of differ-
ential geometry, the calculus of variations, and several optimization problems. such
as the Monge-Kantorovich mass transfer problem [1].

For future reference, we state the following Helmholtz decomposition theorem.

Theorem 1.2. Let 2 be a smooth bounded connected open set in R™. Then any

vector field v with continuous first derivatives in €2 can be written uniquely as
v=u+ Vo,

where ¢ is a smooth potential function, defined on 2 up to an additive constant, and
u is a smooth divergence free vector field (i.e,V - u = 0), parallel to the boundary of

2. Note that V¢ is irrotational since V x V¢ = 0.
a

The Helmholtz decomposition theorem [44] is the simplest application of the Hodge
decomposition theorem (see [42]). Brenier [3] shows that the Helmholtz decomposition

is a linearization of the polar factorization of vector-valued functions.



Chapter 2
General Theory

In this chapter we introduce the ideas behind fluid dynamics, moving mesh methods,

the mass transfer problem, semi-geostrophic equations and computational anatomy.

2.1 Fluid Dynamics

Fluid dynamics describes the motion of liquids and gases in response to applied forces.
Consider a fluid in an arbitrary volume (t), moving with velocity v(z,t). Then
the fluid motion can be described by following the fluid particle path lines a(t) con-

trolled by the equation
dzx

ar
The above description of fluid motion is called the Lagrangian formulation.

v(z(t),t), z(0)= . (2.1)

The study of fluid motion provides us with the capability of understanding the
transport of mass, momentum and energy. The equations of fluid dynamics are best
described via conservation laws for mass, momentum, and energy. These conservation
laws are given in terms of challenging nonlinear PDEs. For future reference, in this
section we discuss the conservation laws for mass and momentum. In deriving the
conservation laws, one frequently faces the problem of finding the time derivative of

integrals such as

d

— F(z,t)dz, 2.2
5, F@ (2.2
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where the F'(z,t) can be a scalar or vector-valued function, 2(¢) is either a fixed or a
material volume (i.e., consists of the same fluid particles and whose bounding surface

moves with the fluid). In one-dimensional space, we have Leibniz’s rule

db da
— Hdr = | —dez+ F(bt)— — F 2.3
3 [ Feni= [ E s Fo% - Fanl 23)
to compute the integral (2.2). Generalizing Leibinz’s rule, in two and three dimensions
we write 4 5F
— F(z,t)dx = —d Fv-ndS 2.4
% (z,t)dx T m+/m() v - ndS, (2.4)

where v is the velocity of the boundary, Wthh is equal to the fluid velocity when Q(t)
is a material volume and n is a unit vector normal to the surface of Q(t). (2.4) is
called the Reynolds transport theorem. Using the divergence theorem the transport

equation (2.4) can be written equivalently as

%/f;(!) F(x,t) dm:/ {%];WLV (Fv)} dz. (2:5)

The conservation laws can be derived by using (2.5). Since  is an arbitrary test
volume, then from the Reynolds transport theorem for F' = p (the fluid density)

follows the conservation law for mass

dp
E+v (pv) =0, (2.6)

which is sometimes called the continuity equation. If the fluid is incompressible, then

the continuity equation reduces to
V.v=0. . (2.7)

To derive the equation for conservation of momentum, Newton's second law of me-

chanics can be written as
dm

¥
dt ’

where f is the total force acting on the fluid volume and m is the total momentum

(2.8)

written as

m = pvd. (2.9)
Q1)
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The total force f can be written as (see [45])
f= / (fl + f5 + fg) dx, (210)
Q(t)

where f; is internal pressure, f5 is the viscosity dissipation in the fluid, and f; represents
the external forces.

The momentum equation can be derived by using the Reynolds transport theorem
(2.5). To this end, consider an incompressible fluid flow where p = constant. For

F' = pv (momentum per unit mass), (2.5) gives

ov 1
E-’-’U'V’U:;(fl-f-fg-f'fg). (211)

The conservation of momentum is described by (2.11). For an incompressible fluid

flow, it is shown that (see [45])
fi=-VP, f=pVv, (2.12)

where P is the fluid pressure and p is the viscosity of the fluid. Thus, for f3 = pg

(only the gravity), the momentum equation (2.11) gives

9 1
-a—;}-+v-Vv=——VP+g+VV2v, (2.13)
p

where v = pu/p. These equations are called the Navier-Stokes equations. If viscous
effects are negligible, which is generally found to be true far from boundaries of the
flow field, (2.13) reduces to the Euler equation

ov 1
— -Vv=—--VP+g 1
5 TV VY p +g (2.14)

2.2 Moving Mesh Methods

Over the last two decades many moving mesh methods have been developed to solve
time-dependent PDEs with steep solutions. The aim of these methods is to find an
efficient way for an automatic selection of meshes depending upon the behavior of

the solution of the PDE. In the following two subsections we give a description of the
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moving mesh methods based on the idea of the equidistribution principle, which was
first introduced for differential equations by de Boor [14] and Dodson [15], and also
give a summary of the GCL method described in [1].

Consider the initial-boundary value problem (IBVP)

uy = fu, Uz, Uzz) (2.15a)
u(r,0) =g(z) a<z<b wulat) =us ubt)=uz t>0. (2.15b)

The following two approaches are often used to solve (2.15) numerically. The first
approach is to use a finite difference scheme to discretize the PDE both in time and
space on a fixed uniform spatial mesh. As a result of this discretization, we obtain an
algebraic system of equations. The numerical solution of (2.15) will be obtained by
solving the resulting algebraic system of equations. The second approach is by using
the method of lines (MOL), in which the discretization is done in space or in time only.
Discretizing in space produces a system of ordinary differential equations (ODEs)
with appropriate boundary and initial conditions. The MOL approach separates the
spatial and temporal variables which allows the possibility of using different meshes
at different time levels. In the case of solving PDEs with steep solutions, a standard
MOL approach in the variables (z, t) requires the ODE solver to take very small time
step to maintain accuracy. To resolve this problem, moving mesh methods are often
used to obtain the numerical solution of the system (2.15). The idea behind moving
mesh methods is to introduce new variables (£, t) so that the given problem can be
solved numerically easier than for the original variables (z,t). The new variables are
normally defined via a co-ordinate transformation, z = z(,t), = € [a,b], t > 0.
The variables (z,t) and (&,t) are called the physical and computational variables

respectively.

2.2.1 Equidistribution Method

The most commonly used moving mesh methods are based on the idea of equidistri-

bution. Several moving mesh methods based on equidistribution principle have been
developed in the literature (i.e., see [16]. [18], [19], [13], [5]., [8] and [1]).
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The idea of equidistribution is as follows: Suppose some measure of the error

function is available. Then, a good selection for a mesh
T:{a=zo(t) <z(t) < - <zpn_1(t) < zN(t) = b}, (2.16)

would be one where the contribution of the error function is distributed equally over
the subintervals for all values of . In practice, however, the mesh 7 is found by
approximately equidistributing with respect to the monitor function M(z,t) > 0.

The arc-length monitor function

M(z,t) = /1 + 2, (2.17)

is commonly used to determine the distribution of the mesh at each time level. For ex-
ample, the arc-length monitor function is used for the mesh selection to solve Burgers’
equation (see [9])
up = [107%u, —u?/2),, ~1 <z <1, 0<t<n/10, (2.18a)
u(—=1,t) = u(l,¢) =0, wu(z,0)= —sin(7x). (2.18b)
Figure 2.1 illustrates the mesh distribution and the solution of Burgers’ equation (2.18)
at time ¢t = 7/10. From figure 2.1 we notice that the mesh points are concentrated in
the regions where the variation of the solution is large.
To obtain a mathematical expression for the EP we first assume, without loss of

generality, that the computational co-ordinate lies in the unit interval [0,1], and a

corresponding uniform mesh is given on the computational domain by
Ei=—, 1=0,1,2 ..., N (2.19)

Mathematically, finding moving meshes 7 for which the monitor function M is equally

distributed for all values of ¢t means

(1) 1 b 1
]\[z,t)d:r:—/ Mz, t)dz =: =6(t), i1=1,....N. 2.20
/Ii_m ( % | Mty = o0 (2.20)

This equidistribution equation can be rewritten as

x; (1) L b %
g lr = — N : =—=0(t), t=0,...,N. .
/a M(z,t)dz N/a, M(z, t)dz Nc’?(z‘), 1=0,...,N (2.21)
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From (2.19) and (2.21) follows the continuous form of EP

£0(t) = /I M(s,t)ds. (2.22)

For notational simplicity, the explicit dependence of M on u is not specified. Differ-
entiate (2.22) with respect to € to obtain
0
M (z(&,1), t)a—fw(éy t) = 6(t), (2.23)

or equivalently

0 6(t

Oz ___ 01 (2.24)

0¢  M(z(&.t),t)
and then differentiate (2.23) with respect to & to get

0 0
a—g{M(:c(f,t),t)a—gx(f,t)} = 0. (2.25)

The differential forms of the equidistribution principle (2.23) and (2.25) can be used
to obtain the moving mesh {z;(¢,t)}¥,. In [9] several other forms of moving mesh
partial differential equations (MMPDESs) have been formulated from (2.22), (2.23)
and (2.25) by differentiation with respect to time.

Differentiating the equidistribution equation (2.22) with respect to time along lines

where £(t) is constant yields

- : oM
§t0+§0=§0=/ —8?(8’t)ds+Mj:' (2.26)
Differentiate (2.26) with respect to x to get
: - . OM s,
0, = .0 = (z.4) + —(M#). 27
§0+ €0, = &0 = S (a,0) + (M) (2.27)

Note that we have used Leibniz’s rule in computing the right hand side of (2.26) and
(2.27). Combining (2.24) and (2.27) gives

17, 17, 6
— Mz, — (A r) = — T.1), 2
(91&]\[(:6'0 + ax( I(x,t)x) 0]\[(1‘ t), (2.28)
or .
a]\f di (]\f‘)‘ej\/[ 2.29
a + aiv xr) = 5 . ( . )
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Define a normalized monitor function as

Mz, t Mx,t
; (z, ) _ M ) = plx,t). (2.30)
[ M(z, t)dz ¢
Rearranging (2.30) gives
M = pf. (2.31)
Taking the time derivative of (2.31) yields
oM Opb ap
—— = =f0=+4p. .32
T T T (2.32)
Taking the derivative of M = with respect to x gives
0 0 0
—(Mz) = —{(pbz) =0—(pz) = 6di r). 2.

Substituting (2.30), (2.32) and (2.33) into (2.29) yields

5} N
prid + div(pz) = 0. (2.34)

Note that (2.34) is just the conservation of mass equation found in fluid dynamics,
where p is interpreted as density. Thus, mesh points can be treated as particles in
a flow. Furthermore, this suggests that it is meaningful to construct a moving mesh

strategy based on conservation laws found in fluid dynamics.

2.2.2 The GCL Method

The MMPDESs (2.23) and (2.25) directly control the location of mesh points. Another
class of moving mesh methods is the velocity based moving mesh methods. These
methods control the time derivative of the mesh x(£,t). Velocity based methods
include the moving finite element method described in [10] and [11], the deformation
method [12]. aud the GCL method [1]. For a velocity based method, the MMPDESs can
be formulated for the mesh velocity. The mesh points are then obtained by integrating
the mesh velocity field. In this subsection, we summarize the GCL method derived

by Cao, Huang and Russell {1].
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Figure 2.2: The mapping from 2. to 2

Consider a problem of solving a time-dependent PDE defined over a physical
domain Q ¢ R™, n =1, 2 or 3. In order to obtain a numerical solution of the PDE
using moving mesh methods, an automatic selection of an adaptive mesh at each time
step is required. To this end, define a one-to-one co-ordinate transformation from a

computational domain ., C R" to the physical domain §2 (see figure 2.2)
r:Q —Q zEt)=x VEe€N. (2.35)

Let A, be an arbitrary, fixed volume in §2, enclosed by a smooth boundary 04, and
let A(t) = {z|lz = z(€,t) £ € A.} be the corresponding image of A. in 2 under the
transformatlon x = x(£,t). Then the change in volume of A(t) equals the total flux
through the surface 9A(t)
4 de = / x; - ndS, (2.36)
dt A A1)

where x, is the mesh velocitv. Equation (2.36) is the integral form of the geometric
conservation law (GCL) derived by Thomas and Lombard {4] in the context of fluid

dynamics. The left-hand side of (2.36) can be rewritten as

d%/A dm——/ (€,1)d€ = /—Jst (2.37)
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where J is the Jacobian of the transformation, which gives the ratio of the volume
element in €2 to volume element in €., and % is the time derivative in the co-ordinate

system (£,1), and has the form

D 0 .
where V is spatial gradient operator and 9/t is the time derivative when x is fixed.

Using the divergence theorem, the right-hand side of (2.36) can be written as

/ T -ndS = V-wtdmz/ (V-xy)J(E,t) dE. (2.39)

DA(t) A(t) A

Since A, is an arbitrary test volume, (2.36) gives the differential form of the GCL,
1DJ

Suppose we are given a density function p(x,t) > 0 such that

| otatrdz =1,
Q

where p(x, t) is proportional to the variation in the solution of the underlying problem.

Based on the one-dimensional equidistribution equation (2.24) discussed in Subsection

§ 2.2.1, for mesh adaptation it is reasonable to choose the Jacobian
c(§)

p(x(§),1)

where ¢(&) is a time-independent function which can be determined from the initial

JE, 1) = (2.41)

co-ordinate transformation.

In particular, in one dimension (2.41) reduces to the equidistribution equation
(2.24) when taking ¢(€) =1. This means that (2.41) can be viewed as a generalization
of the one-dimensional equidistribution principle.

Differentiate (2.41) with respect to time t to get

% = —%%@3, (2.42)
and differentiating (2.41) with respect to x gives

C
VI= =25V (2.43)
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Using (2.38) we obtain
DJ 0a]

—_— == -V J. .
D = B + x, (2.44)
Substituting (2.42) and (2.43) into (2.44) gives
DJ c (0Op
R 24
Dt p2(8t+xt Vp) (2:45)
which is equivalent to
D] ¢ Dp (2.45)
Dt p?Dt’ '
so that DI D D
1 p —cDp 1Dp
ety ey 2.47
I Dt (c)< 2Dt> o Dt (2.47)
Using (2.47) we can rewrite the differential form of the GCL (2.40) as
1Dp 1 [/ dp
p, ==L = _Z (L -V 24
V- x, i p<6t+wt p>, (2.48)
or equivalently,
dp
5 TV (pm) = 0. (2.49)

Note that (2.49) is mathematically equivalent to (2.41) since (2.41) is satisfied by any
nonsingular transformation, and (2.49) is just the conservation of mass equation in
fluid dynamics. Therefore, as seen in the one-dimensional space, for two- and three-
dimensional spaces it is also meaningful to construct a moving mesh method based
upon the conservation laws found in the literature of fluid dvnamics.

Suppose the physical domain © does not move with time. Integrating (2.49) over

(2 and using the divergence theorem we obtain

/ —(l:::+ / (pxt)dx = — pd:c+/ px:-ndS =0, (2.50)
0 o9

where n is a unit vector normal to d§2. If we assume that the boundary points are

not allowed to move out of the physical domain,
z,-n=0 on I (2.51)
so the boundary tern in (2.50) vanishes. Thus, (2.50) gives the compatibility condition

— ,t)dx = 0. .
” Qp(-’B. )dz =0 (2.52)
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Using the Helmholtz’s decomposition theorem 1.2, Cao, Huang and Russell [1]

show that the mesh velocity field can be determined using the additional condition
Vxwv—u)=0 in Q, (2.53)

where w and u are, respectively, a weight function and a background velocity field
to be specified, and v is the mesh velocity field which was previously denoted by x;.

Equivalently, (2.53) can be rewritten as
1
v=u4 -V, (2.54)
w

where ¢ is a smooth potential function. In terms of the notation v for the mesh

velocity, the boundary condition (2.51) can be rewritten as
v-n=0 on 0. (2.55)

Substituting (2.54) into (2.49) and (2.55) yields the elliptic system

p _ o . -
V- <EV¢) =~ V-(pu) in Q, (2.56a)
op
il —wu-n on Jf. (2.56b)

Solving the system (2.56) for ¢, the mesh & = x(£,t) can then be determined from
the initial mesh x(&,0) by time integration of the velocity field

xy = u(x, t) + Vo(z,t). (2.57)

w(x,t)
In [1] (2.49) and (2.53) are shown to be exactly the Euler Lagrange equations for the

least square functional

I(v) = %/Q {\V - (pv) + %—? 2 + (g)zlv x w(v -—u)|2}d:1:, (2.58)

where the minimization is over all vector fields v(x,?) that satisfy the boundary
condition (2.55). Thus, the velocity field can be computed directly by minimizing the
functional I(v) in (2.58), and the mesh can be found by solving

(€. 1) = v(x(§,1),t), &€ (2.59)
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2.3 Mass Transfer Problem

The mass transfer problem was first described by Monge in 1781. It was formulated
as a problem of displacing parcel material from one site to another one with minimal
transportation cost. This problem was later studied by Kantorovich in 1942 (see [6]),
leading to the so-called Monge-Kantorovich problem (MKP) which has applications
in many different fields. Benamou and Brenier [2] formulate MKP in a computational
fluid mechanics framework. In this Section, we give a summary of the MKP framework
described in [2]. The Monge-Kantorovich mass transfer problem is stated as follows:

Given two density functions po(x) > 0, pr(x) > 0Va € R, with total mass one,
Le.,

[ mierde = [ @)z =1 (2.60)

determine a mapping « : R" — R™, & = x(£,t) such that

L o€ = [ prta (261

for all bounded subsets €2 of R™.
If x(&,t) is a smooth and one to one mapping, then (2.61) gives

_ oz (§)
|~ [ e <s>>det< £ ) de. (2,62
Since 2 is arbitrarily chosen, (2.61) and (2.62) give
_ oz (E)) _ polé)
)= det’( % )" @ @) (263)

where J is the determinant of the Jacobian matrix which describes the rate of com-
pression or spreading of the mass induced by the mapping « : £ — x(§).

The selection of the mapping (&) that satisfies (2.63) is not unique. To show this
non-uniqueness, for instance, if we take Q. = @ = B(0,0) (the unit circle with center
(0,0)), then

x(r,0) = (r cos (6 + 2knr?) v sin (0 4 2knr®)) k=1,2,3. ..
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satisfy (2.63) with po/pr = 1. Therefore, the mapping which satisfies (2.63) can be
selected to be optimal in a suitable sense. One way is to introduce the L? Kantorovich

(or Wasserstein) distance between pg and pr defined as

o, pr)? = g [ 12(6) - EPm()de, (2.64)

where p > 1 is fixed, | - | denotes the Euclidean norm in R™ and the infimum is taken
among all maps (&) transporting po to pr. The original Monge transfer problem

corresponds to p = 1. The case p = 2 has been studied by Benamou and Brenier [2].

Definition 2.1. The mapping x = x(£) is said to be an optimal mapping and solves
the LP Monge-Kantorovich problem (MKP) if the infimum in (2.64) is achieved by
the map & = x(§).

O

This definition concludes that the Monge-Kantorovich problem consists of finding
a mapping € = x(£) which satisfies (2.63) and minimizes the transportation cost
Clz)= | |2(€)—&lpo(€)dE (2.65)
]Rn
where |z(€) — &|?po(€) is the traveled squared distance weighted by the amount of the

transferred mass. In the following, we state the basic theoretical result of the L2MKP
(see [7], [3]).

Theorem 2.1. There is a unique optimal transfer & = (&, t) characterized as the
unique mapping which transfers po to pr and can be written as a gradient of a convex
function ¥

Z(£.1) = VI(E), (2.66)
O

Substituting (2.66) into (2.63) shows that ¥ is a solution (in a suitable weak sense)

of the Monge-Ampere equation

det (H¥(£)) pr (VE(£)) = po(&), (2.67)
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where HV is the Hessian matrix of U. Therefore, the solution of the Monge-Kantorovich
mass transfer problem reduces to solving the Monge-Ampere equation (2.67).

To avoid solving equation (2.67) directly, Benamou and Brenier [2] introduce an
alternative numerical method for the L2MKP based on transforming the mass trans-
fer problem into a continuum mechanics framework. To establish this framework
they artificially fix a time interval [0,T] and consider all possible smooth enough,
time-dependent, density and velocity fields p(x,t) > 0, v(z,t) € R" that satisfy the
continuity equation

dp

5 +V () =0, (2.68)

for 0 <t < T,z €R", with initial and final conditions

p(+,0) = po, p(-,T) = pr. (2.69)

The new problem then is to minimize the functional

T
Clp,v) = T/O / p(x, 1) |v(x, )| de dt, (2.70)

for all (p, v) satisfving (2.68) and (2.69).
The relationship between the Monge-Kantorovich problem and continuum fluid

mechanics is established through the following proposition [2].

Proposition 2.1. The square of the L? Kantorovich distance is equal to the infimum

of the functional T
:r/ / p(x, t) |v(x, )| dedt, (2.71)
0 kel

among all (p, v) satisfying (2.68) and (2.69).

There exists moreover a unique optimal flow written as

8;(13 = U((I)(&, t)v m(&a 0) = £ VE
In terms of the potential ¥ the flow is given as

z(&t)=z+ %(V\Il —x).
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The optimality conditions of this space-time minimization problem are shown to
be (see [2])
v(z,t) = Vo(z, 1), (2.74)

and the Hamilton-Jacobi equation
1
O + §|V¢|2 =0, (2.75)

where the potential ¢ is the Lagrange multiplier of the constraints (2.68) and (2.69).

2.4 Semi-geostrophic Equations

The semi-geostrophic equations are the standard model for slowly varying flows con-
strained by rotation and stratification. They have been used to describe front for-
mation in meteorology. In this section we give a summary of the semi-geostrophic
equations studied by Purser and Cullen [38].

For a constant Coriolis force f, the semi-geostrophic equations can be written as
(see [34], [38]. [36])

Duy, 0y Du, L
Dt fo+ %~ Di flv—1y) =0, (2.76a)
Du, 0y Dy, B
T + fu+ 5, ~ Di + flu—1uy) =0, (2.76b)
D6
Z7 -0 :
o , (2.76c)
V- -u =0, (2.76d)
Jd a9 0 6

w= {2 = = fup = fugg— ), 2,

Ve ((fix/ay ag)b (foJ, fuj,g90>, (2.76e)

where (ugy.v,) is the geostrophic wind, 6 is the potential temperature, ¥ is the geo-
potential and g is the acceleration due to gravity.

The system (2.76) can be solved by defining the co-ordinate transformation (see
[36])

T
X =(X,v,2)" = (H”—;y—i}—Jng—ZO) . (2.77)
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The transformation (2.77) describes the evolution of a spatial mesh. Using (2.77), the
semi-geostrophic equations (2.76a) , (2.76b) and (2.76¢) reduces to the Lagrangian

form
% = u, = (u,,v,,0)7. (2.78)
It is shown that the Jacobian of the transformation (2.77) defined as
g = det (%%5%) , (2.79)
satisfies
% —0 (2.80)

Using (2.76e), the transformation (2.77) can be written as

X =V_P (2.81)
where
P(x) = % + %(1‘2 + y2). (2.82)

The transformation (2.77) is due to Hoskins [36]. Substituting (2.81) into (2.79) gives
the Monge-Ampere equation

g = det(H, P), (2.83)

where H, P is the Hessian of P with respect to coordinates . The Hessian of P is
symmetric, and if it is nonsingular its inverse is also symmetric. This implies that x

is the gradient of some function R(X), i.e.,
z = VxR | (2.84)

where
v._(9 9 9
XT\ox' oy’ 9z )
R is called the Legendre conjugate convex function of P, and they can be shown to

be related by (see [37])
P+R=z X. (2.85)
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From (2.77) and (2.84) we get

) )
ug=f<5—§— > vg:—f<a—f,—x>. (2.86)

Taking p = 1/¢, i.e., p has a meaning of density, then from (2.79) and (2.84) we obtain
the Monge-Ampere equation

p =det(Hyx R). (2.87)
It can be shown that D
Btp — 0, (2.88)
where

The velocity field (u4,v,) then can be computed as follows:
1. Given the values of p at t = 0, solve the Monge-Ampere equation (2.87) for R
2. Calculate the velocity field (ug, v,) from R using (2.86)

3. From (2.88) compute a new density p using the values of the just calculated

velocity (ug,vg), and return to 1.

2.5 Computational Anatomy

Miller et al. [24] show that there are three aspects of Computational Anatomy (CA):

1. Automated construction of anatomical manifolds, points, curves, surfaces and

subvolumes.
2. Comparison of these manifolds.

3. Statistical codification of variahility of anatomy via probability measures allow-

ing for inference and hypothesis testing of disease states.

Definition 2.2. Mathematical structures are termed as anatomies in CA.
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In [24] it is shown that the study of the second aspect of CA is based on the theory
of transformations. There are two types of transformations that have been studied in
the literature of CA:

1. Geometric or shape type studied through mappings of the co-ordinate systems
of the anatomies. Variation in the image space is accommodated by introducing

groups of transformations carrying individual elements from one site to another.

2. The second transformations type is of photometric values accommodating the

appearance or creation of new structures.

Dupuis et al. [27] and Trouve [26] (see also [24], [25]) established a variational formu-
lation of the basic transformation problem. We review their findings in this Section.
The mappings of shape type are invertible, 1-1, onto continuous mappings with
continuous inverses that are differentiable (i.e., diffeomorphisms). These transforma-
tions form a group denoted by X'
Let the background space 2 be a bounded domain with a piecewise C! boundary
on R". Define the transformations z(t) € X : Q@ — Q, te€[0.1].

The inverse transformations z7!(t) = £(¢) are uniquely defined according to

™ z(€,1),t) = E(z(€,1), 1) =€ te[0,1]. (2.90)
The evolution equations of x(t) and its inverse £(t) can be written as (see (24])
0
0 2(e.t) = vlw(e,0.1) (2.01a)
ézﬁ(m,t) = —DE€(x, t)v(x. 1), (2.91b)
x(0) = &0) = ud, (2.91¢)

where id is the identity map and D is the Jacobian matrix of the inverse transformation
&(x.t). giving an n x n matrix for R" valued function f,

Of;:
al'j .

Df; =

Figure 2.3 shows the description of the evolution equations (2.91) and the variation
of the flows x(-).
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w(£,0)=¢

Figure 2.3: The figure on the left shows the Lagrangian description of the flow; The
figure on the right shows the variation of the flow element x(-) by n(-).
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Remark 2.1. Note that in the moving mesh context the notation J has been used

for the determinant of the Jacobian matrix, i.e., in CA
J =detD.

O

An essential aspect of CA is to define the metric distance between anatomies
through the mapping between them. In [27], [24] and [26] the distance between two

anatomies is defined via the geodesic length of the flows that connect them.

Definition 2.3. The geodesic length is defined as the square root of the energy of

the transformation of the path

! ox
E(w) = [ ot o) =5 (2.93)
0
where | - ||, is a suitable norm defined on © (e.g., a Sobolev space with L a differ-

ential operator). In practice, linear differential operators have been used to enforce
smoothness on maps; it is generally constructed from the Laplacian and its powers.

In R™, L is an n x n matrix of differential operators L = (L;;) defined as

Lv(-,t)= z": Lijvi,j=1,2,..., n
i=1
The norm-square energy density is defined as
B = [ B0 = Ivie)l}
= (Lv(-,t), Lv(-,t)) < oo,t € [0,1]. (2.94)
g

Theorem 2.2. The metric between transformations (0), (1) is defined as the length
of the shortest path x(t), t € [0, 1] satisfying (2.91b) with the boundary conditions

z(0) = zp, (1) = a1, ie,

1 1
d(zo, 1)° = inf/ Eu(t)dt :inf/ o (0)]]2 d, (2.95)
T T 0

0
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The geodesics satisfy the Euler-Lagrange equation (see [24])

OVE(D) 4 (Dl ) VED) + (D, EC (.1
+ dive(-, 1)V, E,(,t) =0, (2.96)

where V,E,(.,t) = 2L* Lv(t) with the adjoint defined as (Lz(1), x(2)) = (x(1), L*x(2)),

and div is the divergence operator.
O

Remark 2.2. Note that in one dimension equation (2.96) reduces to the Burgers’
equation. In fact for L = id, V,E, = 2v and Dv = (Dv)! = divv = v,, hence, (2.96)
reduces to

v, 4+ 3v,v = 0. (2.97)

O

Equation (2.96) was first derived by Mumford [35]. He used a variational argument
to compute (2.96) via perturbing the geodesic by n(t), t € [0,1] and leaving the

endpoints unchanged (see Figure 2.3).

Remark 2.3. Note that the distance (2.95) has similar form as the L°MKP distance
(2.71) defined in Section 2.3.

d

Definition 2.4. Image functions in CA are defined as functions from the background

space 2 to R". 1: Q) — R". For example, in MRI 8-bit gray-scale images,

liz) € [0.255], =€ Q=(0.1)*(2D), (0,1)® (3D).

Denote the set of all anatomical image functions by 7,

T={U:T()=la()IleTxe X}
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For any two images Ip,I; € 7, there exists a transformation x that registers the
given images [} = Ip(x). Given two anatomical images Iy and I, identify the first
image with the identity transformation and the second image, call it target image, with
a transformation (to be estimated) x;. The deformable template model approach to
image comparison involves estimation of the unknown diffeomorphism x; registering
the given images i.e., I =Igox;.

The goal in CA is essentially to construct the shortest length curve x(t),t € [0, 1]

which connects two elements Iy, [} € 7 and minimizes the target norm squared

ITo(£(1)) = T2,

This is called inexact matching which has been studied by Dupuis [27].

In the literature of medical imaging the registration problem is defined as the
problem of determining the corresponding points between two images or between an
image and the anatomy. In other words, the registration problem is a problem of
constructing a coordinate transformations between the data sets. In [28] and [31]
a method of registration based on the Monge-Kantorovich problem of optimal mass

transport is derived.
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Links with Mesh Adaptivity

Techniques

When using moving mesh methods to solve a time dependent PDE, it is generally
required to find an automatic way of selecting an adaptive mesh which suits the
behavior of the physical solution. The adaptive mesh is determined by constructing a
time dependent co-ordinate transformation between a computational domain 2. and
a physical domain 2. This co-ordinate transformation is determined by solving a
set of moving mesh PDEs. In this Chapter, we present a relationship between the
co-ordinate transformation techniques that have been used in moving mesh methods
for the purpose of generating adaptive mesh and the co-ordinate transformation used
in the Monge-Kantorovich mass transfer problem for the purpose of obtaining an
optimal transport mapping. We also present some links between the transformational
techniques of moving mesh methods and those found in some applications that are
related to the Monge-Kantorovich problem; for example, fluid dynamics, meteorology,

computational anatomy, and image registration.

3.1 Links with the Monge-Kantorovich Problem

The main purpose of this section is to establish a link between the transformations

that have been used for solving the Monge-Katorovich mass transfer problem [2] and

31
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the techniques of adaptivity for moving mesh methods.

Consider the mapping x(£) = x defined in the MKP formulation that transfers
a density pp(€) > 0 defined on Q. to a density pr(x) > 0 defined on Q2. To establish
a link between this mapping and those transformational techniques of moving mesh
methods, Q. and €2 can be thought of as a physical and computational domains, re-
spectively, with po being independent of time. Recall that from the MKP formulation

(see section § 2.3) we have the condition

/Q ol de = /Q pr () da. (3.1)

Condition (3.1) states that the two domains Q. and  have the same amount of
mass. Thus, this condition is equivalent to the compatibility condition (2.52) for the
transformation defined in the GCL method to generate adaptive mesh.

For the mapping defined for the MKP, it is shown that its Jacobian has the form

(see section § 2.3)

Po(€)
= — =, 3.2
or (@(©) 52
and (3.2) is shown to be equivalent to the Monge-Ampere equation
det (HU(€)) = —22(8) (3.3)

pr(x(€))

We first consider the one-dimensional problem. If we take pp =1 and pr =
M, where A/ is a monitor function, then equation (3.2) is just the equidistribution

principle (2.24)

1
Moreover, using (3.2). (3.3) and (3.4). the optimal transport problem reduces to
solving
1

Finding a suitable mouitor function A is verv problem dependent; for example, when
solving the problem (2.15) with f(x,u,, u,;) = €uy, — uu,. the selected monitor

function is the arc-length monitor function A/ = /1 + «2. The optimal mapping
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z(&) can be obtained by solving (3.5) for ¥ and then setting
3,

z(§) = E)—g‘p(&)' (3.6)
In two- or three-dimensions, a link between the mapping of the optimal trans-
portation mapping and the technique of adaptivity can be established via the gen-
eralized form of the equidistribution principle (2.41) derived by Cao, Huang and
Russell [1] (see Subsection § 2.2.2). This link can be shown by taking po(€) = c(€)
and pr(x) = p(x,T), (3.2) reduces to the generalized form of the equidistribution

principle (2.41)

c

J=-. 3.7

g (3.7)

Thus, the optimal transport mapping can be obtained by solving the Monge-Ampere
equation

c(§)
det (H¥Y(&)) = ——————. 3.8
)= e &)

The mesh velocity field in the GCL method formulation [1] is computed by using
the Helmholtz’s decomposition theorem [44] (see Subsection § 2.2.2). However, in the
following we present a derivation of the mesh velocity field in the Monge-Kantorovich
mass transfer problem framework. To this end, fix a time interval [0, T], and without
loss of generality, set T=1. To generate an adaptive mesh define a transformation
z:Q,— Q, x=x(£t). Suppose that the density function p(x,t) >0, t € [0,1] is
given. Let @, := v be the mesh velocity field, which satisfy the conservation of mass
equation oy

and the boundary condition
v-n =0, (3.10)

where n is the outward unit vector normal to the 95).

The energy of the transformation can be defined as

E(v):/o /Q%p(a:,t)\v(:c,t)\g dxdt. (3.11)

We can link the co-ordinate transformation defined for the GCL method to the optimal

mapping defined for the MKP via the following theorem.
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Theorem 3.1. The mesh velocity field ; = v in the GCL method [1] can be deter-
mined as a minimizer of the energy (3.11), subject to the conditions (3.9) and (3.10),

and the obtained velocity field has the form
v(@,t) = Vo(a, ), (3.12)
where the potential function ¢ is the Lagrange multiplier of the constraint (3.9).

Proof 3.1. The Lagrangian for this minimization problem is defined as

! 1 %,
L(v,¢) = / / {—p|’v|2 + ¢ (_p +V- (pv))} dxdt. (3.13)
o Ja L2 ot
The minimum of the functional (3.13) occurs when
aL daL
5 =0 5 =0 (3.14)

If 2L = 0, then differentiating (3.13) with respect to ¢ yields

8¢
/o /Q (% +V. (pv)) dxdt =0, (3.15)

and since the spatial and time domains of integrations are chosen arbitrarily, (3.15)

gives the continuity equation (3.9). To show (3.12), consider

V- (¢pv) = Vo - (pv) + oV - (pv),

or equivalently
¢V - (pv) =V - (¢pv) = V¢ - (pv).

This gives,
¢V - (pv)dx = /

Q Q
and by using the divergence theorem we obtain

/V-((bpv)dm:/ ppv - ndS,
)

o0

V- (¢pv)dx — /Q Vo - (pv)dx, (3.16)

where n is the outward unit vector normal to dQ. Using (3.10) we get

/ V  (¢pv)dzx = dpv-ndS = 0. (3.17)
Q o0
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Therefore, (3.16) reduces to

/Q¢>V (pv)dzr = —/QV¢- (pv) dz, (3.18)

and L(v, ¢) becomes

//{ Pl + ¢—“—V¢- pv} dzdt. (3.19)

If % = 0, then differentiating (3.19) with respect to v vields

/1 /(pv — pVo)dzdt = 0. (3.20)
0 Jo ’

Taking into account that the spatial and time domains of integrations are chosen

arbitrarily, (3.20) gives
pv — pVo =0, or equivalently v = V¢, (3.21)

This shows that the velocity v = V¢ minimizes the energy of the transformation.
O

Note that constraint (3.9) of the minimization problem in Theorem 3.1 is originally
derived from the geometric conservation law (2.40) and the generalized form of the
equidistribution principle (2.63) in the GCL method formulation [1]. In other words
the constraint (3.9) has been derived as a result of the idea of adaptivity and the
volume preserving law in the GCL method. This constraint has also been derived as
a result of conservation of mass in the optimal mass transport problem. Theorem 3.1
shows that the mesh velocity field (3.12) that minimizes the transportation energy
(3.11) is a gradient of the potential ¢; therefore, it is a curl free vector field. i.e..
V x v = 0. This means that the velocity field is free of rotation and the corresponding
transformation can be thought of the nearest transformation to the identity. This
result agrees with the result obtained by Cao, Huang and Russell [1]. In fact, the
velocity (3.12) obtained in the MKP framework is a particular case of the velocity
(2.54) derived in [1] when u =0 and w = 1.
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Substituting (3.12) into (3.9) and (3.10) yields

| 9
V- (pVo) = —5? (3.22)

and
V¢é-n=0on 0. (3.23)

Solving (3.22) and (3.23) for ¢, then the optimal mapping, or equivalently the adaptive

mesh for a given initial mesh x(&,0) = £, can be computed by integrating

x, = Vo(x,t). (3.24)

3.2 Links with Fluid Dynamics

In this section we show some links between the transformation techniques of moving
mesh methods and those found in fluid dynamics.

In the literature of fluid dynamics, we have the Reynolds transport theorem,

d oF
t

— F(:r,t)d:r:/ —d:r+/ Fv - ndS, (3.25)
dt Ja ORZ a0

where F(x,t) represents a property of the fluid, n is a unit vector normal to 992 and
)(t) is the fluid volume.

For F(x,t) = 1, the Reynolds transport theorem reduces to

4 dr = / v-ndS. (3.26)
dt Jow 20

This is precisely the geometric conservation law that has been used in the derivation of
the GCL method (see Subsection § 2.2.2). Also, for F(x,t) = p (the fluid density), and
using the divergence theorem the Reynolds transport theorem gives the conservation
of mass equation

dp
" + V- (pv) =0. (3.27)

Note that this is just the moving mesh equation derived earlier in the GCL method

formulation (see Section § 2.2.2).
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Solving the incompressible fluid dynamics problems in Lagrangian co-ordinates

reduces to solving the Lagrangian system (see [45])
2, = us(x(t), £) 2(0) = o (3.28)

where uy is the flow velocity field. From moving mesh theory we know that most
of the moving mesh methods are based on a Lagrangian type approach which is
best introduced via a co-ordinate transformation. The fluid flow equation (3.28) can
be considered as a moving mesh equation, where the fluid particles are treated as
mesh points. In fact in [1] it is shown that the GCL method can be considered as a
generalization of the Lagrangian method when choosing the background velocity u
to be the flow velocity us.This can be shown by recalling the system (see Subsection
§2.2.2)

z, = u(x,t) + %V(ﬁ(w, t)in 2, (3.29a)
0
v (5%) - —a—‘t) ~ V- (pu)in O, (3.29b)
o¢ = —wu - non 0, (3.29¢)
on

and considering the case p is constant for incompressible fluid flow, where from
V -uy = 0 (conservation of mass equation (3.9)) we have ¢ = constant. Hence, for
w =1 (3.29a) reduces to (3.28).

3.3 Links with Semi-geostrophic Equations

In [33] Budd and Piggot present a link between the analytical transformation found
in solving the semi-geostrophic equations in meteorology and the adaptivity ideas. In
this section we present their findings for the one-dimensional problem, but for the
two- and three-dimensional problems we show this link in a different way than that
given by Budd and Piggot.

Recall that in Section § 2.4 a co-ordinate transformation from a physical domain
(z,y,z) to a dual space (X,Y,2),

T
X=(XY2)7 = <z+%,y—%fz—i> ‘ (3.30)
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is defined to solve the semi-geostrophic equations (2.76a, 2.76b, 2.76¢). Since the dual
space is where the computations are performed, then the transformation (3.30) can be
thought of as a transformation from a physical domain 2 to a computational domain
Q..

Transformation (3.30) describes the evolution of the spatial mesh. Under this
transformation the semi-geostrophic equations (2.76a, 2.76b, 2.76¢) were shown to
take the form {38], [34], [33] (see Section § 2.4)

% =1y = (u,,v,,0)7, (3.31)

In the previous section, it is shown that the GCL method can be considered as a

generalization of the Lagrangian method. Thus, a numerical method based on (3.31)

will perform in an adaptive way, and is a Lagrangian form of mesh adaptivity where
the mesh moves at the speed of the wind velocity field.

In Section § 2.4, the Jacobian of the transformation (3.30) is shown to be written

as

XY, Z)
Az, y, =)
Now we show a relationship between the transformation (3.30) and the transforma-

q= — det(H,(P)). (3.32)

tional techniques of mesh adaptivity.

In one-dimensional space, we have the equidistribution principle

oz 1

o M
If we take the monitor function M = g in (3.32), and set the computational variable
X to be £ then (3.32) reduces to

M=PF,.

This equation shows a relationship between the transformation defined for solving
the semi-geostrophic equations and the monitor function introduced for the mesh
adaption in moving mesh methods.

In three-dimension, Budd and Piggott use the co-ordinate transformation tech-
niques defined in [22] to establish a link between the transformation defined in (3.30)

and the idea of the mesh adaptivity. We now proceed by a different route and show
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this link via the co-ordinate transformation defined for the GCL method [1]. To this

end, recall from the GCL method in Section §2.2.2 that we have the generalization of

the equidistribution principle relation
ox ()

JE ) = — = —=—.
&= 5¢ = e n
Comparing (3.32) and (3.34), if we take c(£) =1 and p = ¢, then (3.32) reduces to

(3.34)

P = det(Hr(P))§

thus, the geostrophic equations can be solved if the density p is found. Therefore, we
have shown some link between the co-ordinate transformation found in the literature
of semi-geostrophic equations in meteorology and the mesh adaptivity techniques used

in moving nesh methods.

3.4 Links with Computational Anatomy

The comparison between two manifolds (e.g., points, curves, surfaces and subman-
ifolds) in computational anatomy is based on co-ordinate transformations between
these manifolds. In this section, we show a relationship between the co-ordinate
transformations between these manifolds and mesh adaptivity techniques for moving
mesh methods. To this end, recall that in computational anatomy (see Section § 2.5)

we have the system of equations

d
aa:(Et) = ’U(:IJ(&,t),t), (335&)
9
5 (x,t) = —DE(x, t)v(x,t), (3.35b)
z(0) = £(0) = id, (3.35¢)

describing the transformations as arising from an evolution in time. In moving mesh
terminology, the solutions of the system (3.35) can be thought of as co-ordinate trans-
formations between a computational domain §2. and a physical domain €2, where £
and x are the computational and physical variables respectively. The evolution equa-
tions are in Lagrangian form. Therefore, by the discussion given in Section § 3.3, the

system (3.35) can be considered as a particular case of the GCL method [1].
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In Section § 2.5 it is shown that the problem of CA is to determine the shortest
length curve x(t), ¢ € [0,1] which minimizes the target norm ||Io(£(1)) — I;||>. In
other words, the goal in CA is to find an optimal mapping that transfers Iy to I; and
minimizes the distance between the two images. In moving mesh methods terminology,
this is equivalent to finding a co-ordinate transformation between a computational
domain and a physical domain which is close to the identity. In Section § 2.5 it is also
shown that the velocity field can be determined as the minimizer of

inf /0 E,(t)dt = inf /0 lo(0)|2 dt, (3.36)

xr

where  satisfies the system (3.35).
In the GCL method framework it is shown that the mesh velocity can be deter-

mined by minimizing the functional (see Section § 3.1)

/0 /Q%p(:c,t)|v(:c,t)|2 dxdt. (3.37)

Thus we conclude that, for both the GCL method and computational anatomy for-
mulations, the velocity field v is obtained by minimizing a transportation cost, and

both have an inherent relation to the Lagrangian method.

3.5 Links with Image Registration

Recall that the image registration problem in Section § 2.5 is defined as a problem of
constructing a co-ordinate transformation between two data sets.

To establish a link between transformations of data sets and the idea of mesh
adaptivity in moving mesh methods, we state the following theorem found in the

literature of image registration (see [30]).

Theorem 3.2. Suppose two images are taken at times 7y and t respectively. The first
one has density py > 0, defined on g, and the second one has density p > 0, defined
on (2. If the two images are assumed to differ only as a result of the motion of par-

ticles in the three-dimensional scene, then there exists a one-to-one two-dimensional



CHAPTER 3. LINKS WITH MESH ADAPTIVITY TECHNIQUES 41

mapping ¥ : R? — R? that transforms points £ € € into their corresponding points
xz = V(£) € 2. The associated change is given by

plx) = I3 (€)po(€) (3.38)

where J ! is the inverse of the Jacobian of the mapping ¥.
a

(3.38) implies that if a small region in 2, is mapped to larger region in €2, then there
must be a corresponding decrease in density, which is the idea of the equidistribution
principle. Recall that the GCL method in Section § 2.2.2 has the following form for

mesh adaptation:
_ cle)
p()
If we consider the first image domain €2y as a computational domain and the target

(3.39)

image domain € as a physical domain. then by taking pp(&) = ¢(&), (3.38) will be the
same as the GCL method relation (3.39). Hence we see that there is a link between the
co-ordinate transformations used in the image registration process and the adaptivity

technique for the GCL method.



Chapter 4
Numerical Experiments

In Section § 3.1 (see theorem 3.1), it is shown that the mesh velocity field can be
derived by minimizing the energy of the transformation which is shown to be a curl
free vector field v = V. This curl free vector field is shown to be a particular case of
the velocity field derived for the GCL method. To understand different features of the
GCL method and to explain how the adaptive mesh computed by the GCL method
can be interpreted as a mapping that solves the Monge-Kantorovich mass transfer
problem, in this chapter we use the velocity form v = V¢ to generate an adaptive
mesh in two-dimensional space for which the density function is given. Precisely

speaking, we solve the system

x, =V¢, infl (4.1a)
V- (5%) = —%, in Q (4.1b)
Vo -n=0, onodl (4.1¢)

to generate the adaptive mesh. The system (4.1) is defined on the physical domain .
However, in order to perform the computations, we transform (4.1) to a computational

domain .. The system (4.1) can be rewritten in terms of the computational variables
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€ = (£,m) as follows (see [39]):
ox

= = J 0TV, 4.2
J7IV,. - (AV.0) = —% +J e TV .p, (4.2b)
J7'1CV.¢-n=0, (4.2¢)

where

C =

Un —Ye
—Iy Te )

V. is a spatial gradient operator defined on 2. as

T
vc= 27—(?_ ’
o0&’ On

J is defined as

Te T
J = 6 1 = Isyn - .rny:'.
Ye Uy
and
all g1
A=JcTpC = E
a2l g2
where
r 2 2 P P
an = i (.I‘” + yu) » G2 = o = —j (Igﬂ?,, + ?J{yn) and az = j (-Tg * yg) .

4.1 Finite Difference Scheme

In this section. we show how the system (4.2) can be discretized and transformed into
a linear svstem of difference equations.

For spatial and temporal discretization of the system (4.2), let

1

II:T.

£, = (ih.jh), At > 0.1" = nAt, and w(g;,, t") = ],

15"

Now, let @}, and o}, denote approximations at time t". These values may be used

for the spatial discretization of (4.2b) and (4.2¢) by using a standard finite difference
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method on a nine point stencil (see figure 4.1). As a result of this discretization we
n+1
ij

obtained by solving the resulting linear system. The new mesh at t"*! may be obtained

obtain a linear system of algebraic equations in . Approximations d)%“ can be
by discretizing (4.2a), first in the spatial domain by using the standard centered finite
difference to obtain a system of ODEs and then discretizing the resulting ODEs system

in time using a suitable finite difference method.

i-1,j+1 1,j+1 1+1,j+1
o i o
-l je—m&- i+1

i-1,j-1 1.j-1 i+1,j-1

Figure 4.1: The nine stencil used in discretization in the spatial domain

To find a corresponding systcin of difference equations to the system (4.2), replace
the terms J and V, by the finite difference terms

I = [Jeadyy — 6,26y

n
i

and

= [08)"]

For any function g(x,t) let

?+1/2.J = [!/(gu‘vtn) +9(€i+1,jatn)]v

o —
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and define G7,,, , similarly. Let

5£(G5£¢)?j =h"? [ ?+1/2,j (d)?—}-l,j - ¢7J) - ?—1/2,]‘ (d)?j - d)?—l,j)] .

Then the term V.- AV, ¢ can be approximated by
n+1

Vi (A(23)Vh0)

tj

= [6 (A"6:0) + 65 (A6,0)] " g
3 [0+ 66) (472 (8,4 6,) ) + (6, + 67) (4% (6¢ + 62) o).

where d¢, 0g, 0, and &, are the forward and backward difference quotients in the
variables € and n, and A!', A2 = A?! and A%? are approximations of a;;,a;, =
ao1 and age evaluated at ™ and t". Therefore, (4.2b) and (4.2¢) can be replaced by

the difference equations

n [~ - n+1 o . - "
BN T [—a—f +37% - CTVhp| . (43a)
ij
[7'cVie-m) " =0, (4.3b)
i
and (4.2a) will be replaced by the ODEs system
ox|" -
[E} = [J—ICTmej = fr. | (4.4)
iy

If the density function p is given, then the system (4.3) is linear and can be rewritten

in matrix form as
Ad = b. (4.5)

n+1 at tn+1

To compute the new mesh 7 , we solve the system (4.4) by using a

4th-order Runge-Kutta method.

For a given initial mesh :1:?]- and initial potential d)?j, the following procedure may

n+1,

be used to calculate the new mesh 7

1. Given approximations ™ and ¢" at time t = {", compute
Ky = Atf (", z})

1

2. From (4.5) compute ¢"*2 (:1:?] + é]\.’l)
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3.

10.

Calculate

1
Kg = Atf (tn+%,$% + §K1>

etk
From (4.5) compute gﬁi;? (x} + 3K2),
Compute
1
Ky = Atf (t"+%,m;;. + 51{2)
nt
From (4.5) compute qﬁi;"‘ (x} + Ks),

Compute
K, = Atf (tn+%,$% + Kg)

Compute ;"' by setting
ntl _ oo L - -
x,; :$ij+6(K1+2A2+2K3+I\4)
Setn=n+1

Go to 1.

4.2 Numerical examples

In this section. we give some numerical examples of generating adaptive meshes in

two-dimensional space for some given density functions.

In all of our numerical examples we choose Q. = Q = (0,1) x (0,1), Q. to be a

fixed 41 x 41 uniform rectangular mesh, and take a 41 x 41 uniform rectangular mesh

as an initial mesh.

The choice of the density function is motivated by the fact that p satisfies the

generalized form of the equidistribution principle (2.41), so that p can be interpreted

as a deusity function. 1.c., the computed mesh by p is concentrated in regions where

p is large.



CHAPTER 4. NUMERICAL EXPERIMENTS 47

In order to satisfy the compatibility condition (2.52), we normalized the given

density function at each step time. The function
E(x,t) = plx, )(z, 1),

is defined to show how accurate the computed mesh satisfies the equidistribution
relation (2.41). The computed mesh is accurate when the function E is close to 1.
For all of the examples, the density functions chosen to generate the mesh are

similar to those used in [1].

Example 4.1. For the first example, an adaptive mesh will be generated by using

the density function
p(x) =1+ Aexp (=50 |(z — 0.5)° + (y — 0.5) — 0.09|) ,

where A is a parameter adjusting the ratio of the largest cell size to the smallest one.

Using the GCL method the time-dependent density function can be defined as
p(x,t) =1+t Aexp (=50 |(z — 0.5)* + (y — 0.5)> — 0.09]) .

If we let the time variable take values from t = 0 to t = 1, then the density function p
varies from py = 1to py = 1+ Aexp (=50 |(z ~ 0.5)2 + (y — 0.5)2 — 0.09]). This can
be thought of as an example of the Monge-Kantorovich problem for transferring the
density po to the density p;. The mapping that solves the MKP in this case corre-
sponds to the adaptive mesh at time £ = 1.

We use a time step At = 0.1. The plots for the computed mesh and the function
E at time t = 1 with two parameter values A = 5,10, are shown in figure 4.2. Note
that the computed mesh is concentrated in the region where p is large, i.e., in the
region near the circle (x — 0.5)2 + (y — 0.5)2 = 0.3%, which agrees with the results
derived in [1]. The values of the function E are between 0.8087 and 1.2502 for A = 5,
and between 0.6575 and 1.7933 for A = 10. This shows that the larger the parameter
A, the larger the density p.



CHAPTER 4. NUMERICAL EXPERIMENTS 48

Example 4.2. For this example, the mesh is generated by using a density function
defined as

(z.1) 1+50(0.1+t)exp(=50(y —0.5)%), for —0.1<t<0,
x,t) =
P 14 5exp (=50 (y — 0.5 — 0.25 sin(27z) sin(27t))?), fort > 0.

Note that the values of the density function p vary from an initial densitv pp = 1 at
t =—0.1to py = 5exp(=50(y —0.5)?) att = 1, which shows a transfer of density p
from pg to p;. Again, the mapping that solves the MKP corresponds to the adaptive
mesh at t = 1.

We use At = 0.0005. Figure 4.3 shows the plots of the computed mesh at four
different times t = 0, 0.25, 0.75 and 1. Note that the density function is periodic.
The computed mesh plots at t = 0 and t = 1 appear to be the same. However, these
two plots are not identically the same plots because of the discretization errors. As

expected, the generated mesh is concentrated in regions where the density p is large.
a

Example 4.3. For this example, an adaptive mesh will be generated for the density
function
p(x,t) = 1+ Aexp( — 50(y — 0.5 — 0.25 sin(2rz))?).

The time-dependent density function can be defined as
p(x.t) = 1+t Aexp( — 50(y — 0.5 — 0.25 sin(27z))").

For this density function, we can think of a transfer of density from pg =1at ¢t =0
to pl =1+ Aexp( —50(y — 0.5—0.25 sin(27rx))2) at t = 1. We use At = 0.05, and
choose two values for the parameter A = 5,10. Figure 4.4 shows the plots of the
computed mesh and the function E at t = 1. Note that for this example, the given
density function is not periodic in time but maintains a sine wave shape. Also, here
the mesh is concentrated in regions where the density p is large, and the concentration
increases with the increase of the parameter A. The values of the function F vary
between 0.9416 and 1.0220 for A = 5 and between 0.8673 and 1.0310 for A = 10.
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Example 4.4. In this example, an adaptive mesh is generated by a density function
defined as

(1) 1+100(0.1+t)exp (=50 [(x —0.5)*+ (y —0.5)> = 0.09]), —0.1<¢t<0,
T, =
P 14+ 10exp (=50 |[(z — 0.5 - )2+ (y — 0.5)% = 0.09]), t>0.

The time step used for this example is At = 0.01. The plots for the computed mesh for
this density function are shown in figure 4.5. Note that the mesh is also concentrated
around the circle (z — 0.5)2 + (y — 0.5)? = 0.3% at time ¢t = 0 and the circle shape

moves to the right till it leaves the domain.

4

Example 4.5. In example 4.3 above we notice that the computed mesh is concen-
trated around a circle moving to the right while time changes. It would be interesting
to see mesh adaption which shows two circles moving in two opposite directions. In

this example we show this picture by defining the following two densities:

{ 1+50(0.1+1)exp (~50 |(z — 0.65)2 + (y — 0.5)2 = 0.09]). —0.1<¢<0,
p1=

14+ 5exp (=50 |(z —0.65 — )% + (y — 0.5)> = 0.09)), t>0,
) 1450(0.1 +t)exp (=50 |(z — 0.25)* + (y ~ 0.5)> = 0.09]), —0.1<¢t <0,
P27 1 4 5exp (=50 |(z — 0.25 — 1) + (y — 0.5)2 — 0.09]) | t>0,

The plots of the generated mesh and the function E at different times are shown in
figures 4.6, 4.7, 4.8 and 4.9, each of which shows that the computed mesh is concen-
trated around two circular regions. These two circles move as time evolves till they

leave the domain while maintaining their circular shapes.

4.3 Remarks

In the above examples we have indicated that the computed adaptive mesh at time

t = 1 corresponds to the optimal mapping that solves the Monge-Kantorovich mass
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transfer problem, i.e., the mapping that transfers py to p; with minimum transporta-
tion energy. However, in solving the Monge-Kantorovich mass transfer problem the
density in the time between the initial and final times is not given. It can be com-
puted together with the velocity field by solving a set of Euler Lagrange equations
obtained from minimizing an energy functional subjected to some constraints (see
Section § 2.3). In fact, in moving mesh methods, when solving a physical problem the
density function is computed from the physical solution. There is need to do a nu-
merical study in greater detail to show how to use these transformational techniques
for mesh adaption to solve the Monge-Kantorovich mass transfer problem. Recently,
Budd and Williams [17] show some interesting numerical results generating adaptive
meshes using the Monge-Ampere equation.

In example 4.1 and example 4.2, we use the procedure explained in the previous
sections to compute the mesh, and the code we use in the computations of these two
examples is written in Fortran. For example 4.3, example 4.4 and example 4.5, we
follow the approach of Cao, Huang and Russell [1] in the computations of the adap-
tive mesh, and we use the GCL code which was originally written for the numerical

experiments in [1].
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The computed mesh for A=5, t=1 The plot of the function E for A=5, t=1
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Figure 4.2: Example 4.1: The mesh solution at t = 1, for A = 5, 10.
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The computed mesh at t=0
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Figure 4.3: Example 4.2: The mesh solutions at ¢t = 0, 0.25, 0.75, 1
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Figure 4.4: Example 4.3: The computed mesh and the function E at t = 1.
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Figure 4.5: Example 4.4: The mesh solution at t = 0, 0.25, 0.5, 0.75.
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mesh solution at t=-0.05 The plot of the function E at t=-0.05
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Figure 4.6: Example 1.5: The plot of the mesh and E at ¢t = —0.05, 0.
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mesh solution at t=0.1 The plot of the function E at t=0.1
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Figure 4.7: Example 4.5: The plot of the mesh and E at ¢t = 0.1, 0.2.
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mesh solution at t=0.25

The plot of the function E at t=0.25
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Figurce 4.8: Example 4.5: The plot of the mesh and E at ¢t = 0.25, 0.5.
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mesh solution at t=0.75 The plot of the function E at t=0.75
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Figure 4.9: Example 4.5: The plot of the mesh and E at t = 0.75. 1.



Chapter 5
Concluding Remarks

In this thesis we studied the relationship between the optimal mapping used in the
Monge-Kantorovich mass transfer problem and the idea of adaptivity used in mov-
ing mesh methods. We extend this study to consider the link between the idea of
adaptivity of moving mesh methods and the transformation techniques found in the
literature of fluid dynamics, the semi-geostrophic equations in meteorology, computa-
tional anatomy and image registration. We also showed that the mesh velocity field
in the GCL method can be determined via a Monge-Kantorovich framework, and it
is shown that the obtained velocity by this framework is a gradient of some potential
function. This agrees with the results of the GCL method. It is shown that the so-
lution of the Monge-Kantorovich mass transfer problem, image registration problem,
and the problem of finding an adaptive mesh in moving mesh theory all reduce to
solving the Monge-Ampere equation. However, in the case of two-dimensional space
the Monge-Ampere equation derived in each of these problems is a highly non-linear
second-order equation, and its numerical solution is very challenging. Some alterna-
tives are required to avoid a direct use of a Monge-Ampere equation to solve those
problems.

Further investigation is needed in order to be able to employ the transforma-
tion techniques that have been used in moving mesh methods for obtaining adaptive
meshes, for solving the optimal mass transportation mapping problem, with the goal

of obtaining better results than the other methods that have been used to solve MKP.
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In the future we would like to develop the above mentioned relationships in such
a way that enables us to use co-ordinate transformation techniques for moving mesh
methods to solve some interesting problems in some fields of applied mathematics
including fluid dynamics problems, the optimal mass transportation problem and the

image registration problem.
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