Constructing High-Order Runge-Kutta Methods with
Embedded Strong-Stability-Preserving Pairs

Colin Barr Macdonald
B.Sc., Acadia University, 2001

A THESIS SUBMITTED IN PARTIAL FULFILLMENT
OF THE REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE
IN THE DEPARTMENT
OF
MATHEMATICS

© Colin Barr Macdonald 2003
SIMON FRASER UNIVERSITY

July 2003

All rights reserved. This work may not be reproduced in whole or in part, by photocopy or other
means, without permission of the author. except for scholarly or other non-commercial use for

which no further copyright permission need be requested.



APPROVAL

Name: Colin Macdonald
Degree: Master of Science
Title of thesis: Constructing High-Order Runge-Kutta Methods with Em-

bedded Strong-Stability-Preserving Pairs

Examining Committee: Dr. Mary Catherine Kropinski
Chair

Dr. Steve Ruuth

Senior Supervisor

Dr. Bob Russell

Supervisor

Dr Jim Verner

Supervisfr

Dr. Manfred Trummer

Internal/External Examiner

Date Approved: July 25, 2003

il



PARTIAL COPYRIGHT LICENCE

I hereby grant to Simon Fraser University the right to lend my thesis, project or
extended essay (the title of which is shown below) to users of the Simon Fraser
University Library, and to make partial or single copies only for such users or in
response to a request from the library of any other university, or other educational
institution, on its own behalf or for one of its users. I further agree that permission for
multiple copying of this work for scholarly purposes may be granted by me or the
Dean of Graduate Studies. It is understood that copying or publication of this work

for financial gain shall not be allowed without my written permission.

Title of Thesis/Project/Extended Essay

Constructing High-Order Runge-Kutta Methods with Embedded
Strong-Stability-Preserving Pairs

Author:
(signature)
Colin Mocdou 0 IJ
(name)
2003 /08 /05
(date)



Abstract

Runge-Kutta methods are one of the fundamental techniques in scientific computing. They
are used to compute numerical solutions in a step-by-step fashion for ordinary differential
equations (ODEs) and also, via the method of lines, for partial differential equations (PDEs).

By sharing information, embedded Runge-Kutta methods execute two Runge-Kutta
schemes simultaneously while incurring minimal additional cost. Traditionally this is done
for the purpose of actively selecting step-sizes for error control. However, in this thesis, we
suggest another possible use where the two schemes would be used in different regions of
the spatial domain based on local properties of the solution. For example, the solutions
of hyperbolic conservation laws contain both smooth and non-smooth features. Strong-
stability-preserving (SSP) Runge-Kutta schemes are particularly well suited for use near
non-smooth or discontinuous behavior such as shocks because they have a nonlinear stabil-
ity property that helps them prevent spurious oscillations (such as the Gibb’s phenomenon)
and other non-physical behaviour. Unfortunately, SSP schemes have limitations that make
them expensive or inappropriate in smooth regions of the solution where a high order of
accuracy is desired. In these regions, schemes based on “classical” linear stability analy-
sis are likely a better choice. This motivates the use of high-order Runge-Kutta schemes
with embedded SSP pairs, where the higher-order scheme, based on linear stability analysis,
would be used to evolve smooth regions of the solution. The lower-order SSP scheme would
be used near shocks or other discontinuities to help prevent spurious oscillations. This thesis
explores the construction of these new methods.

Following a review of Runge-Kutta methods, strong-stability, and other related concepts,
the proprietary BARON optimization software is introduced as a powerful tool for deriving
optimal SSP schemes. Various Runge-Kutta methods with embedded SSP pairs are then

constructed using a combination of BARON optimization and analytical techniques.
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Chapter 1

Introduction

The original motivation behind this thesis was to construct embedded Runge-Kutta meth-
ods for use in computing numerical solutions to hyperbolic conservation laws. The methods
would use a high-order linearly stable Runge-Kutta scheme in smooth regions of the spa-
tial domain and, in the vicinity of shocks or other discontinuities, switch to a lower-order
scheme possessing a “nonlinear stability” property which would help prevent spurious oscil-
lations and overshoots. The derivation of such a method turned out to be more challenging
and interesting than was originally thought and, as such, this thesis has more to do with
the construction of these embedded methods than it does with the original motivational
example.

This chapter begins with an introduction to Runge-Kutta methods and linear stability.
It then touches briefly on the topics related to the solution of hyperbolic conservation laws,
including nonlinear stability and strong-stability-preserving Runge-Kutta schemes.

Finally, the chapter concludes with a discussion of linearly stable Runge-Kutta methods

with embedded strong-stability-preserving Runge-Kutta schemes.

1.1 Runge-Kutta Methods

Runge-Kutta methods are a class of numerical methods for computing numerical solutions

to the initial value problem (IVP) consisting of the ordinary differential equation (ODE)

U' =F(U(t)), (1.1a)
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and the initial conditions
U(to) = U°, (1.1b)

where U € RM F :R x RM — RM and ¢ € [to,tf] C R. A Runge-Kutta method computes
a numerical solution, U™ =~ U(t,), to (1.1) by taking time steps of size h = At with
t, = to+ nh. For example, the simplest Runge-Kutta method is Euler’s method or Forward

Euler which computes
U™l = U™ + hF(t,,UM). (1.2)

Forward Euler is an example of a 1-stage method, that is, F' is evaluated once per time
step. It is explicit in the sense that no system of equations must be solved to proceed from
U™ to U™,

Although Forward Euler is simple to understand and easy to implement, the global
error (the difference between UV and U(ty), where ty = ty + Nh) is proportional to h.
Heuristically speaking, one might expect around 108 steps to compute a solution accurate

to 6 decimal places [HNW93]. Suppose however, that instead of (1.1), we have a quadrature

problem
U =F@), Ult)=0", (1.3a)
which has the solution .
. - P _
U(ty) = Ulto) + / F(t)dt. (1.3b)
to

Then highly accurate numerical solutions can be calculated using a s-stage quadrature

formula (see, for example, [BF01})
O =0" + 1S biF(t + cjh), (1.4)
j=1

where the ¢; are the nodes or abscissae (typically ¢; € [0,1]) and the b; are the quadra-
ture weights (3 7_; b; = 1). Now reconsider problem (1.1) and note, that to extend the

quadrature formula (1.4), we could use

U =U" + h S b F(tn + c;h, U”), (1.5a)
j=1

where U° is an estimate for U at the node point ¢;. Explicit Runge-Kutta methods build
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these stage estimates recursively using

U =Um, (1.5b)

U? = U™ + hag  Fta, U ), (1.5¢)

T =U"+h [aglF(tn,Ul) + agn Flty, + ch, U] (1.5d)
s—1 N

US_—.U"+hZaSkF(tn+ckh,U ) (1.5¢)
k=1

where aj are the stage weights for T’ and Zi;ll ajt = cg. Note in (1.5¢c) that U is
obtained with a Forward Euler step of size hag;. Although not immediately obvious from
(1.5), an s-stage Runge-Kutta method requires exactly s evaluations of F'. To see how this

is possible, consider an alternative formulation which lends itself well to implementation:

K!' = F(t,,U™), (1.6a)
K? = F(t, + coh, U™ + hay K1), (1.6b)
K*=F (tn + csh, U + h(ag K' + - + a5s_1K571)) (1.6c)
Ut =U"+ h(bK' + -+ b,K%). (1.6d)

This formulation also makes it obvious that a general s-stage Runge-Kutta scheme will
require s temporary vectors for the K's; this can be a significant amount of storage for
very large problems such as those resulting from the discretization of partial differential

equations (PDEs) in three dimensions.
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1.1.1 Butcher Tableaux

The node points c;, weights by, and stage weights a;; are often expressed in Butcher Tableau

form using a matrix A, and s-vectors b and ¢:

0
C2 | G421
c|l A €3 | G31 a32
bT
Cs | Qs1 Q52 ... Ggs—1
by by ... by b

and, to reiterate, the corresponding s-stage Runge-Kutta method is

. i-1
U =U"+h> apFlta+axhU), j=1,...s
k=1

U™l = U™+ 1> bjF(ty + b, T7).
j=1

For example, the 2-stage Modified Euler method
U =Um,
U’ =U"+ hF(ta,U"),

1 11 _
U™ = U™+ b |5 F(tn, UY + SF(ta+h, |,

has the Butcher tableau
0

111
1/2 1/2
The simple Forward Euler scheme (1.2) has the Butcher tableau

%.

(1.7a)

(1.7b)

(1.7¢)

(1.8d)

(1.9)

Here we are restricting our discussion to explicit Runge-Kutta methods; that is, methods

where each U’ can be calculated explicitly from the previous stage estimates Uk, k =

1,...,7 — 1. In particular, this implies that A must be lower triangular. If A is not lower
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triangular, then the scheme is known as an implicit Runge-Kutta scheme and requires
expensive system solves at each time step. For this thesis, we will concentrate on explicit
Runge-Kutta methods and thus use the terms “Runge-Kutta method” and “explicit Runge-
Kutta method” interchangeably.

1.1.2 o3 Notation

An alternative notation to Butcher tableaux is a—#3 notation where the Runge-Kutta method

is broken down into a series of Forward Euler steps. The a—f notation uses two matrices

( ai0 Bio
a0 Qg1 B0 D21
a= ) o , B= ) o , (1.10a)
L Gs0 Gs1 ... Ogs—1 i L /BS,O Bs,l oo Bs,s—l ]

and the Runge-Kutta scheme is

0’ =un, (1.10b)
A

sz — Z [aikUk + hﬁikF(tn + ¢k, Uk)} , =1, .S, (1.100)
k=0

Ut =0, (1.10d)

where a;; > 0 and ZZ_:I() o = 1.
Given a particular scheme in a—f3 notation, there is a unique corresponding Butcher
notation. Following [SR02, RS02a], we define the intermediate x matrix using the following

recursive definition
i—1

Kik = Bik + Z Q5 Kk (1.11a)
j=k+1

The k; coefficients are related to the Butcher tableau coefficients by

ik = Kiopo1,  k=1,...4-1, i=1,...,5—1, (1.11b)
by = Ks k-1, k=1,...,s. (1.11¢)

However, for a given Runge-Kutta method in Butcher notation, there is no unique conversion

to a—0 notation; instead there is a family of a3 representations. For example, consider the
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Modified Euler scheme (1.8) which has the following one-parameter family of a—3 notations

o 1 g=| ! (1.12)
T h1-a a ) S\i-a L) '

for A € [0,1] (see [SR02]). The family of a—3 representations are algebraically equivalent
(see [SO88]) and should produce the same results up to roundoff errors. However, particular
members of the family may be easier to implement, require less memory storage or expose

certain stability restrictions.

1.1.3 Error and Order

There are typically two reasons for using an s-stage Runge-Kutta method with s > 2 over
Forward Euler: improved accuracy and/or improved stability properties. Here we discuss

error and the order of an s-stage Runge-Kutta scheme.

Definition 1.1 (Global Error) Global error is simply the difference between the exact

solution U(ty) and the numerical approzimation UV measured in some norm. Specifically
g.e. = [U(ts) = UV, (1.13)
where || - || is typically the 1-norm, 2-norm, or oco-norm.

Definition 1.2 (Local Truncation Error) If we assume that U™ s ezact, i.e., U1 =
U(t,_1), then the local truncation error is the error introduced by the single time step from

tn—1 to tn. The local truncation error is the vector
Lte. =U"-Ul(tn), (1.14)
although we are often interested in ||l.t.e.|| for some norm.

A Runge-Kutta method is said to be order p if the global error is order p, that is, if

ge < Kh?, (1.15)

for some constant K. For sufficiently smooth problems, the global error can be related to

the local truncation error and this motivates the following definition.
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Definition 1.3 (Order) A Runge-Kutta method is order p if, for sufficiently smooth prob-

lems, the local truncation error is order p -+ 1, that is, if

[Lt.e.|| = KhPH! + O (hPH2) (1.16)

for some constant K.

We will often use the notation RK (s,p) to refer to an s-stage, order-p Runge-Kutta scheme.

1.1.4 The Order Conditions

For a Runge-Kutta method to be of order p, it must satisfy certain order conditions. These
conditions are based on matching leading terms of Taylor expansions of U(t, + h) and of
(1.7c) as a function of h (see [HNWO3|). For example, a 2-stage, order-2 Runge-Kutta

method satisfies the following order conditions

b1+b2=1, (T)

1
baag) = 5 (t21)
and a 3-stage order-3 Runge-Kutta method must satisfy

by + by + b3 =1, (’7’)

1

boagy + bs(asz + asz2) = 3 (to1)
1

boa3, + bz(as + azp)? = 3 (ta1)
1

bsazzag = 5 (t32)

As in [HNW93], we denote the order conditions with ¢4, where r indexes the order conditions
of order g (also, 7 and ¢;; are used synonymously).

As seen in Table 1.1, the number of order conditions grows exponentially as order in-
creases (see [HNWO3]). Specifically, a 5'"-order Runge-Kutta method must satisfy the 17

order conditions shown in Table 1.2.

6 7 8 9 10
20 48 115 286 719

P 1 2 3 4°5
# of order-p conditions | 1 1 2 4 9

Table 1.1: Number of order conditions up to order 10.
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Order-L{[T] + Sb=1 ] 7 et = 15
\I) Sobictaje, = 1/10

Order-2 { I Zb]bc]' = 1/2 \>/ Z bjc]-a]-kci = 1/15

ts4 \J Y- bjciajkarc =1/30
\V4 Zb]-cgzl/g 7€ G5
- S
Order-5
S bjajecd = 1/20

t bicd =1/4
\]/‘ Z iCk / \H Zb]-a]-kckakgcl = 1/40
\) Zb]—Cja]‘ka = 1/8

Order-4 0 2
rder Y S biaee = 1/12 \( > bjajkakcy =1/60

Order-3

t >_bjajkapic = 1/24 ” S bo xantaimen = 1/120

H

\

Table 1.2: The 17 order conditions up to order 5.

Each order condition has a tree associated with it and in fact there is a 1-1 mapping
between the set of rooted labeled trees of order q and the order conditions of order ¢ [HNW93].
Given a rooted labeled tree (see Figure 1.1 for example), we can find the corresponding order

condition as follows [Ver03]:

1. Assign an index 4,4, k,... to each non-leaf node. Assign the parameter b; to the root
node. Starting at the root, assign a;; to each non-leaf node j adjacent to node ¢, and
¢). to each leaf node connected to node k. The left-hand-side of the order condition is

the sum of all products of these parameters.

2. Assign a 1 to each leaf node and assign n + 1 to each node having n descendent nodes.

The right-hand-side is the reciprocal of the product of these integers.

For example, in Figure 1.1 the left-hand-side turns out to be > bja;jcjajkck and the right-
hand-side is 4%. This corresponds to the order condition t57.
We will refer to the trees with only one leaf node as “tall trees” (i.e., 7, to1, t32, taa,

and t59 in Table 1.2). The “broad trees” are the trees were each leaf node is connected
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Figure 1.1: The rooted labeled tree corresponding to order condition ts7: Y biaijcjanck =
1

4_0.

directly to the root. In Table 1.2, the “broad trees” are 7, to1, t31, t41, and ts5; and they
have the special property that the corresponding order conditions are functions of only by
and c; indeed they correspond to the conditions for quadrature methods to be exact for

polynomials up to degree 4 (see [Hea97]).

1.1.5 Linear Stability Analysis

The Linear stability analysis of a Runge-Kutta method identifies restrictions on the spectra
of the linearized differential operator and on the possible time steps. says add a introduction

The linear stability function R(z) of a Runge-Kutta method (see [HW91]) can be iden-
tified with the numerical solution after one step of the method of the scalar Dahlquist test
equation

U=XU, U’=1, z=hA (1.17)

where A € C. The linear stability region or linear stability domain is the set
S={zeC:|R(z)| <1}. (1.18)

Let L be the linear operator obtained by linearizing F. For a Runge-Kutta method to be
linearly stable for (1.1), we must choose h such that h\; € S for each of the eigenvalues X;
of L. Typically this will impose a time stepsize restriction.

For an s-stage order-p Runge-Kutta method, R(z) can be determined analytically (see
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[HW91]) to be
P
:ZEI' + Z 1 2*, (1.19)
k=1 k=p+1
(s)

where tt;’ are the s-stage, order-k “tall trees”. Figure 1.2 shows the linear stability regions
for Runge-Kutta schemes with s = p for s = 1,...,4 (that is, the schemes that do not require
tall trees). These plots were created by computing the 1-contour of |R(z)|. To quantify the
size of these linear stability regions, we measure the linear stability radius (see [vdM90]) and
the linear stability imaginary azis inclusion (for example, as discussed in [SvL85]). These

quantities are defined as follows:

Definition 1.4 (Linear Stability Radius) The linear stability radius is the radius of the
largest disc that can fit inside the stability region. Specifically,

p =sup{vy:v >0 and D(y) C S}, (1.20)

where D(7y) is the disk
D(7) = {2 €C: |z 4] < 7} (121)

Definition 1.5 (Linear Stability Imaginary Axis Inclusion) The linear stability imag-
inary azis inclusion is the radius of the largest interval on the imaginary azis that is con-

tained in the stability region. Specifically,
p2 =sup{vy :v >0 and [(—iv,iv) C S}, (1.22)
where 1(21, z9) is the line segment connecting z;, 29 € C.

In Figure 1.2, the linear stability radius and the linear stability imaginary axis inclusion are
noted. When s # p, the linear stability region is determined by the value of the additional

tall trees. For 6-stage order-5 Runge-Kutta methods, the linear stability function is

R(z) =142+ 4224 128 4 Lot 4 125 4 44(%6 (1.23a)
where
6
ttg3 ) = bsassasiaszazan. (1.23b)

Figure 1.3 shows some examples of the linear stability regions for RK (6,5) methods and in

(6)

Figure 1.4, the values of p and p, are plotted against ttg’. Two important values on this
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p=1p,=0.001 p=1p,=0.002

ar ar

2+ 2l

1F 1r

E of E o
1t F
-2t -2F
_3 . . " . ) ) i " ) _3 " . . . L L i " )
35 -3 -25 -2 -15 -1 05 0 05 1 <35 -3 -25 -2 -15 -1 -05 0 05 1
re re
(a) Forward Euler (b) RK (2,2)
p=1.255 pz=‘|.74 p=1.395 p2=2.83
3r 3
2r 2k
Pz
1+ 1}
Eo0 Eo0

-1t -1

-2F -2F
-3 L L L A . n i L s -3 s A L \ A X 1 .\ '
-35 -3 -25 -2 -15 -1 -05 0 a5 1 -35 -3 -25 -2 -15 -1 -05 0 05 1

re

(c) RK (3,3)

re

(d) RK (4,4)

Figure 1.2: Linear stability regions for Runge-Kutta schemes with s = p. The roots of R(z)
are marked with +’s and the linear stability radius p and linear stability imaginary axis

inclusion ps are labeled.
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Figure 1.3: Various linear stability regions for RK (6,5) schemes. The roots of R(z) are
marked with *’s and the linear stability radius p and linear stability imaginary axis inclusion

po are labeled.
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Figure 1.4: Linear stability radius (solid) and linear stability imaginary axis inclusion
(dashed) for RK (6,5) schemes.
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plot are the global maximum of p &~ 2.3868 at ttés) ~ 0.00084656 and the global maximum
of min(p, p2) ~ 1.401 at ) ~ 0.0029211.

For 7-stage 5*"-order Runge-Kutta methods, the linear stability function is
R(z)=1+2+32+ %23 + L2t + %25 + ttg)z6 + tt(77)z7, (1.24a)

for the tall trees

(7

tty ' = brargaesasaaa3asang, (1.24b)
7

tté ) = bgagsassazasacy + by (a75054043032C2 + A7664043G32C2

+ a76a65053a32C2 + A76065054042C2 + A76065054043C3) - (1.24c)

Figure 1.5 shows several example RK (7,5) linear stability regions and in Figure 1.6, the

values of p and py are plotted against ttg) and tt(77).

p=2.12, p2=1.59, né”:o.oma, t"=0.00020 p=1.52, p,=2.74, ttg)=0,0014, t"=0.00058
ar @ 4!'

im
(=]

3

-3

Figure 1.5: Various linear stability regions for RK (7,5) schemes. The roots of R(z) are
marked with *’s and p and py are labeled.

1.1.6 Embedded Runge-Kutta Pairs

Two Runge-Kutta schemes can be embedded and, by sharing common stages, the result-

ing embedded Runge-Kutta method will be computationally cheaper then running the two
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(a) Wide-angle (b) Magnified

Figure 1.6: The linear stability radius (solid contours) and linear imaginary axis inclusion
(dashed contours and shading) of RK (7,5) for various values of tt((;) and ttg).

schemes independently. We refer to the two schemes of an embedded Runge-Kutta method
as pairs. The Butcher Tableau for an embedded Runge-Kutta method has two s-vectors of

weights b and b and is expressed as
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and the schemes are

. i1 _
U =U"+hY ajpFlta+ch T, j=1,..,s, (1.25b)
k=1

U =U™ + 1S biF(ta + b, T7), (1.25¢)

j=1

s
U™ = U™+ by b;F(t, +c;h, T7), (1.25d)
j=1
where U™+ and U™ are the two solutions. After each time step, one of the two solutions
is typically propagated and the other discarded. Traditionally, embedded Runge-Kutta
methods are used for error control for ODEs; the two schemes typically differ in order,
where the higher-order scheme provides a way to estimate the error in the lower-order
scheme. If the error estimate is within acceptable tolerances, then the step passes and the
lower-order scheme is propagated to the next timestep.! Otherwise, the step is rejected and
a new stepsize is selected.

In this thesis we present another possible use for embedded schemes in a partial differen-
tial equation context. Depending on spatially local characteristics of the solution, one of the
two embedded schemes (or a convex combination of the two) could be used to propagate
that component of the solution. That is, each scheme could be used in different regions
of the spatial domain depending on characteristics of the solution. Over the next several

sections, we discuss this idea in more detail.

1.2 The Method of Lines

The method of lines is a widely used technique for approximating partial differential equa-
tions (PDEs) with large systems of ODEs in time. A numerical solution to the PDE is then
calculated by solving each ODE along a line in time (see Figure 1.7).

Consider a general PDE problem with one temporal derivative

uy = f(U, Uz, Uy, Uzz, Uzy, Uyy, - - - ), (1.26)

where f is some function. The method of lines begins with a semi-discretization of the

problem. First, the spatial domain is partitioned into a discrete set of points. In one

!Some methods, such as Dormand-Prince 5(4) propagate the higher-order result and use the lower-order
for the error estimate [HNW93].
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Figure 1.7: The method of lines.

dimension, for example, the domain z € [0, 1] could be discretized with constant spatial
stepsize Az = ﬁ such that z; = jAz for j = 0,..., M. For higher-dimensions, a suitable
ordering of the spatial points ; for j = 0,..., M is chosen. Then we associate the time

dependent vector U (t) with each of these spatial points, specifically
Uj(t) = u(t,x;). (1.27)

Here we consider a finite difference approach where all of the spatial partial derivatives are
replaced with finite difference equations. For example, the spatial partial derivative u, could

be approximated with the simple forward difference

U;n1—-U;
A R} 1.28
u:ll Al} ’ ( ° )
or the with the essentially non-oscillatory schemes of the next section. After all spatial
partial derivatives have been replaced with appropriate finite differences, and any boundary

conditions have been discretized or otherwise dealt with?, we are left with a system of ODEs
U' = F(t,U(t)), (1.29)

where the operator F' depends on the particular spatial discretizations and often also on
the value of the solution itself.

Usually the spatial stepsize imposes a stability requirement upon the time stepsize. In
the case of hyperbolic conservation laws, this restriction is known as the Courant-Friedrichs-

Lewy or CFL condition and is the requirement that the numerical domain of dependence

2Dealing with boundary conditions in a method of lines framework is non-trivial particularly for higher-
order schemes. For this thesis, we will deal with periodic boundary conditions to avoid these additional
complications.
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L Physical domain of dependence

Numerical domain of dependence

Figure 1.8: The physical and numerical domains of dependence for U7,,.

must contain the physical domain of dependence (see Figure 1.8 and [Lan98]). In other
words, the time stepsize must be chosen so that all pertinent information about the solution

at t, has an influence on the solution at ¢,41.

1.3 Hyperbolic Conservation Laws

Hyperbolic conservation laws (HCLs) are fundamental to the study of computational gasdy-
namics and other areas of fluid dynamics. They also play an important role in many other
areas of scientific computing, physics and engineering.

HCLs are PDES which express conservation of mass, momentum or energy and the
interactions between such quantities. The gencral HCL initial value problem (IVP) is the
PDE

u; + divf(u) =0, (1.30)

coupled with boundary conditions and initial conditions, where u is a vector of conserved
quantities and f is a vector-valued flux function. From a mathematical point of view, and
particularly from a computational point of view, HCLs pose difficulties because they can
generate non-smooth (or weak) solutions even from smooth initial conditions. These solu-
tions are typically not unique and can include both physically relevant non-smooth features
(like shocks or contact discontinuities) and non-physical features such as expansion shocks.
Specifying an entropy condition (see [Lan98]) will enforce unique and physically correct fea-
tures of the solution (such as correct shock speeds and smooth expansion fans rather then

expansion shocks). Because of the importance of dealing with these phenomena correctly
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within the computational fluid dynamics (CFD) community, there is a lot of interest in
computing the correct entropy satisfying solution to HCLs.

The general one-dimensional scalar conservation law is
U + f(u)q; = Oa (131)

with appropriate boundary conditions and initial conditions, where u is some conserved
quantity and f(u) is the flux function. Scalar conservation laws exhibit much of the same
behavior as general HCLs such as shocks and other discontinuities. The computation of
their solutions also involves finding the correct entropy satisfying solution. For this reason,

scalar conservation laws such as the linear advection equation

u; + aug = 0, (1.32)
or the nonlinear inviscid Burger’s equation

us + uuy =0, (1.33)

are often exploited in the development and refinement of numerical techniques.

1.4 Essentially Non-Oscillatory Discretizations
Consider the scalar conservation law
U + f(u)z = 0, (134)

where physical flux f(u) is convex (that is, f'(u) > 0 for all relevant values of u). A method

of lines approach to solving (1.34) using finite differences usually involves the conservative

form
_ 1 3 ; 3
Up = Az (f(uj+%) - f(uj—%)> ) (1.35)
where f(uj+%) = f(uj_ky41,. - -, uj4K,) is the numerical fluz. The numerical flux should

be Lipschitz continuous and must be consistent with the physical flux in the sense that
flu,...,u) = f(u) [Lan98].
Often f;+% = h(uj,u;4+1) where h(a,b) is a Riemann solver such as the Lax-Friedrichs

approximate Riemann solver

WY (a,b) = 5 [f(a) + £(B) —a(b—a)], o =max|f'(w) (1.36)
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or one of many others (see [Jia95, Shu97, Lan98]). Unfortunately, schemes built using these
Riemann solvers are at most first-order for multi-dimensional problems [GL85].
Essentially non-oscillatory (ENO) discretizations take a different approach from most
discretization techniques. They are based on a dynamic stencil instead of a fixed sten-
cil. Given a set of candidate stencils, ENO discretizations attempt to pick the stencil
corresponding to the smoothest possible polynomial interpolate. Geometrically speaking,
ENO discretizations choose stencils that avoid discontinuities by biasing the stencils toward

smoother regions of the domain.

1.4.1 ENO Schemes

The ENO numerical flux f i+l is a high-order approximation to the function A(z i+l ) defined

implicitly by
I—{-%
F(u(z)) 1/ h(E)de, (1.37)

T Az ), as
2
as in [Jia95).
Assuming a constant spatial stepsize Az, we compute the third-order ENO numerical

flux fj+% as follows [Jia95]:

1. Construct the undivided (or forward) differences (see [BF01)]) of f(u;) for each j

f15:01 := £(u;),

f,1) =1l +1,0] - £15,0],
fl3,2] = fli+1,1] = fl5,1],
f15,3] == fli + 1,2] - f[5,2],

2. Choose the stencil based on comparing the magnitude of the undivided differences.
Using the smallest (in magnitude) undivided differences will typically lead to the
smoothest possible approximation for h(a:j 1 ). The left most index of the stencil is

chosen by computing

1= 7; (1.38a)
i=i—1 if|f[i,1]] > |f[i - 1,1]], (1.38b)
i=di—1 if|f[i,2)| > |f[i — 1,2)|, (1.38¢)
i=i—1 if|f[i,3]] > |fli = 1,3]|. (1.38d)
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3. Finally, we compute the interpolating polynomial evaluated at z j+k
3
fie1= X_j()( — j,m) fli, m], (1.39%)
where

1 g+mqim
clg,m) = EF S I n). (1.39b)

l=q r=q

r#l

If Az is not constant, then divided differences could be used instead of undivided differences
and ¢(q, m) changed accordingly.

The ENO discretization technique is quite general and can be extended to any order (at
the cost of increased computation of undivided differences and wider candidate stencils).
However, for the purposes of this discussion, we will use the term “ENO” to refer to third-

order ENO discretizations.

1.4.2 WENO Schemes

Weighted essentially non-oscillatory (WENO) numerical fluxes build upon ENO schemes
by taking a convex combination of all the possible ENO numerical fluxes. WENQO uses
smoothness estimators to choose the weights in the combination in such a way that it
achieves 5*"-order in smooth regions and automatically falls back to a 3*9-order ENO choice
near shocks or other discontinuities.

Note that we have used the term “WENO” when discussing fifth-order WENO discretiza-
tions (which in turn are based on third-order ENO discretizations) but that higher-order
WENO discretizations are possible and indeed ninth-order WENO discretizations have been
constructed (see [QS02]).

WENO discretizations must compute all possible ENO stencils and are therefore more
computationally expensive then ENO discretizations on single-processor computer architec-
tures. However, WENO schemes can be more efficient on vector-based or multi-processor
architectures because they avoid the plethora of “if” statements typically used to implement

the stencil choosing step (1.38) of ENO schemes [Jia95].
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1.4.3 Other ENO/WENO Formulations

There are also ENO and WENO formulations for Hamilton-Jacobi equations such as the

level set equation

where ¢ implicitly captures an interface with its zero-contour and V may depend on many
quantities. Hamilton-Jacobi equations do not contain shocks or discontinuities but they
do contain kinks (i.e., discontinuities of the first spatial derivatives) and as such their nu-
merical solution can benefit from schemes like ENO/WENO which help minimize spurious
oscillations. See [OF03] for a detailed and easy-to-follow description of Hamilton-Jacobi
ENO/WENO. Additional information on level set equations and their applications can be
found in [Set99] and [OF03].

For the purposes of this thesis, in either the hyperbolic conservation law or Hamilton-
Jacobi formulations, ENO discretizations provide uniformly third-order spatial stencils al-
most everywhere in the domain. WENO discretizations provide fifth-order spatial stencils

in smooth regions and third-order spatial stencils near shocks and other discontinuities.

1.5 Nonlinear Stability

For hyperbolic conservation laws where solutions may exhibit shocks, contact discontinuities
and other non-smooth behavior, linear stability analysis may be insufficient because it is
based upon the assumption that the linearized operator L is a good approximation to F'.
Numerical solutions using methods based on linear stability analysis often exhibit spurious
oscillations and overshoots near shocks and other discontinuities. These unphysical behav-
iors are known as weak or nonlinear instabilities and they often appear before a numerical
solution becomes completely unstable (i.e., blows up) and in fact they may contribute to
a linear instability. We are interested in methods which satisfy certain nonlinear stability
conditions. ENO and WENO are examples of spatial discretization schemes that satisfy a
nonlinear stability condition in the sense that the magnitudes of any oscillations decay at
O (Az") where r is the order of accuracy (see [HEOC87]). The strong-stability-preserving
time schemes discussed next satisfy a (different) nonlinear stability condition. Finally, a

survey of nonlinear stability conditions is presented in [Lan98].
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1.6 Strong-Stability-Preserving Runge-Kutta Methods

Strong-stability-preserving (SSP) Runge-Kutta methods satisfy a nonlinear stability require-
ment that helps suppress spurious oscillations and overshoots and prevent loss of positivity.

We begin with the definition of strong-stability.

Definition 1.6 (Strong-Stability) A sequence of solutions {U™} to (1.1) is strongly sta-
ble if, for alln > 0,
U < [jumy), (1.41)

for some given norm || - ||.

We say that a Runge-Kutta method is strong-stability-preserving if it generates a strong-
stable sequence {U"}. The following theorem (see [SO88], [GST01], and [SR02]) makes a—03

notation very useful for constructing SSP methods.

Theorem 1.1 (SSP Theorem) Assuming Forward Fuler is SSP with a CFL restriction
h < Atp g, then a Runge-Kutta method in a0 notation with B;; > 0 is SSP for the modified
CFL restriction

h< CAtpp,

where C = min %l is the CFL coefficient.
ij

The proof of this theorem is illustrative and we include it for the case when s = 2.
Proof The general s-stage Runge-Kutta method in a—@ notation is

ul® = u”,
uV = ay0u® + hB1F (),
u®@ = agul® + hBaF(u'?) + agruV + hBs F(uV),

u"t = (2,

where g, > 0, Zi—:lo a; = 1. Assume G > 0 and that Forward Euler is SSP for
some time stepsize restriction. That is ||u™ + AF(u™)|| < ||u*| for all A < Atpg. Now
@] = u©@ + hB10F ()] and thus [[uD|] < [[u)]] for

hB10 < AtrE. (1.42)
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Now consider

@ = ”a20u<°> + hBsF(u®) + agu® + hﬂ21F(u<1>)|| ,
B2o B21

|u@| < ago ||u@ + hE2 F®) ‘ + ag [ + REE PD) ; ,
Q20 21
and, provided that

h@ <AtrEg, (1.43)
@20
B21

h— <AtrEg, (1.44)
9]

then

[u® | < azolful®| + anluV],
[u@ | < agol[u@ ) + an @],
[u® || < (a0 + a21)[u ],

@) < .

Note that the three restrictions (1.42), (1.43), and (1.44) are exactly the condition in the
theorem. |

The SSP property holds for a particular Runge-Kutta scheme regardless of the form it is
written in. In this sense, a—3 notation should be interpreted as a form that makes the SSP
property and time step restriction evident. Also note that a given a—f8 notation may not
expose the optimal C' value for a particular Runge-Kutta method (recall the Modified Euler
example from Section 1.1.2).

We will use the notation SSP (s,p) to refer to an s-stage, order-p strong-stability-
preserving Runge-Kutta method.

1.6.1 Optimal SSP Runge-Kutta Methods

For a given order and number of stages, we would like to find the “best” strong-stability-
preserving Runge-Kutta scheme. As in [SR02], we define an optimal s-stage, order-p, s > p,
SSPRK scheme as the one with the largest possible CFL coeflicient C. That is, an optimal
SSPRK method is the global maximum of the optimization problem

(1.45a)

. Ok
max min ,
ik, Bik ik
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subject to the constraints

ik Z 0, (145b)
i—1
D o =1, (1.45d)
k=0
ter(®, B) = Ygr, (1.45¢€)

where tg,(a, 3) and 7, represent, respectively, the left- and right-hand sides of the order
conditions up to order p written in terms of a; and ;. The order conditions in Butcher
notation are polynomial expressions of by and a;; and thus, using (1.11), t,- (e, 3) are poly-
nomial expressions in a;; and G.

This optimization problem is difficult to solve numerically because of the highly nonlinear
objective function (1.45a). In [SR02], the problem is reformulated, with the addition of a

dummy variable z, as

max z, (1.46a)
ke, Pik
subject to the constraints

Qi > 0, (1.46b)
IB‘ik Z 07 (146C)

i—1
> ok =1, (1.46d)

k=0
Qi — 20k 2 0, (1.46€)
tqr(aaIB) = Yqr, (1-46f)

where tg(a, ) and ~4 are again the left- and right-hand sides of the order conditions,
respectively. Notice that the dummy variable z is just the CFL coefficient we are looking
for.

In Chapter 2, we will find some optimal strong-stability-preserving Runge-Kutta meth-
ods using a numerical optimizer to find a global maximum for (1.46).

In Theorem 1.1 we assumed that 3;; > 0. While it is possible to have SSP schemes with
negative (3 coefficients, these schemes are more complicated. For each G;; < 0, the downwind-

biased operator F is used in (1.10c) instead of F. The downwind-biased operator is a
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discretization of the same spatial derivatives as F' but discretized in such a way that Forward
Euler (using F') and solved backwards in time generates a strongly-stable sequence {U™} for
h < CAtrpg (see [SO88, Shu88, SR02, RS02a]). At best, the use of F complicates a method
because of the additional coding required to discretize the downward biased operator. At
worst, if both F' and F are required in a particular stage, then the computational cost and
storage requirements of that stage are doubled! In [RS02a] and [Ruu03] schemes are found
with negative 8 coefficients that avoid this latter limitation. Also, schemes involving F
may not be appropriate for any PDE problems with artificial viscosity (or other dissipative
terms), such as the viscous Burger’s equation u; + uu, = ug,, because these terms are
unstable when integrated backwards in time.> However, as is proven in [RS02b], strong-
stability-preserving Runge-Kutta schemes of order five and higher must involve contain
some negative @ coefficients in order to satisfy the order conditions. In summary, there are
significant reasons to avoid the use of negative 8 coeflicients although this is not possible

for fifth- and higher-order schemes.

1.7 Motivation for a Embedded RK/SSP Pair

Recall that weighted essentially non-oscillatory (WENO) spatial discretizations provide
fifth-order spatial discretizations in smooth regions of the solution and third-order spatial
discretizations near shocks or other discontinuities.

Because of the fifth-order spatial regions, it is natural to use a fifth-order time solver
with WENO spatial discretizations. In fact, we should use a strong-stability-preserving
Runge-Kutta method because the solution may contain shocks or other discontinuities.
Unfortunately, as noted above, fifth-order SSPRK methods are complicated by their use of
the downwind-biased operator F. However, the SSP property is only needed in the vicinity
of non-smooth features and in these regions WENO discretizations provide only third-order.
This idea motivates the construction of fifth-order linearly stable Runge-Kutta schemes
with third-order strong-stability-preserving embedded pairs. The fifth-order scheme would
be used in smooth regions whereas the third-order scheme SSP scheme would be used near
shocks or other discontinuities.

We could also use these embedded methods or build others like them for error control.

To construct an error estimator for a SSP scheme, we could embed it in a higher-order

3For example, it is well known (see [Str92]) that the heat equation u; — uzs = 0 is ill-posed for ¢ < 0.
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linearly stable Runge-Kutta scheme and use the difference between the schemes as the error
estimator. Although the error estimator scheme would not necessarily be strongly stable,
its results would not be propagated and thus any spurious oscillations produced could not

compound over time.

1.7.1 On Balancing z and p

Recall that within a PDE context, the CFL coefficient C (or z) measures the time stepsize
restriction of an SSP scheme in multiples of a strongly-stability-preserving Forward Fuler
stepsize Atp . Now, because p = 1 for Forward Euler, p effectively measures the time
stepsize restriction of an linearly stable Runge-Kutta scheme in multiples of a linearly stable
Forward Euler stepsize, say B\tph Thus, assuming that these two fundamental stepsizes are
the same (Atp g = EtpE), the overall CFL coefficient for method consisting of embedded
Runge-Kutta and SSP pairs will be simply the minimum of z and p. We use the following
working definition of the CFL coefficient for a RK method with embedded SSP pair:

Definition 1.7 The CFL coefficient C for an embedded RK / SSP method is the minimum
of the CFL coefficient of the SSP scheme and the linear stability radius of the RK scheme.
That is,

¢ = min (C, p) = min (z, p) . (1.47)
Methods typically cannot be compared solely on the basis of CFL coefficients; to achieve
a fair comparison, one must account for the number of stages each method uses. This

motivates the following definition

Definition 1.8 (Effective CFL Coefficient) A effective CFL coefficient C.g of a method
18

Ceg=C/s, (1.48)
where C is the CFL coefficient of the method and s is the number of stages (or more generally

function evaluations).

In the next chapter, we use an optimization software package to find optimal strong-

stability-preserving Runge-Kutta schemes. We investigate embedded methods further in
Chapters 3 and 4.



Chapter 2

Finding
Strong-Stability-Preserving
Runge-Kutta Schemes

In this chapter, we present a technique for deriving strong-stability-preserving Runge-Kutta
schemes using the proprietary software package GAMS/BARON. Some optimal SSPRK

methods are then shown.

2.1 GAMS/BARON

The General Algebraic Modeling System (GAMS) [GAMO1] is a proprietary high-level mod-
eling system for optimization problems. The Branch and Reduce Optimization Navigator
(BARON) is a proprietary solver available to GAMS that is particularly well-suited to
factorable global optimization problems. BARON guarantees global optimality provided
that the objective function and constraint functions are bounded and factorable and that
all variables are suitably bounded above and below. The optimization problem (1.46) has
polynomial constraints and a linear objective function so if appropriate bounds are pro-
vided, BARON will guarantee optimality given sufficient memory and CPU time (at least

to within the specified tolerances).

27
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2.1.1 Using GAMS/BARON to Find SSPRK Schemes

We use a hybrid combination of Butcher and a—f notation using the A4, b, and « coefficients.
This allows the order conditions (by far the most complicated constraints of the optimization
problem) to be written in a slightly simpler form. Each 8;; can be written as a polynomial
expression in the Butcher tableau coefficients. The optimization problem (1.46) can then

be rewritten as

2.1
max z, (2.1a)
subject to the constraints
Qi 2 Y, (2.1b)
ﬁik(A1 b) >0, (2 1C)

k=0
QG — Z,Bik(A, b) Z O, (2.16)
th(A> b) = Yqr» (2.1f)

where, as usual, ¢, denote the left-hand side of the order conditions up to order-p. Some

of the GAMS input files that implement (2.1) are shown in Appendix A.

2.1.2 Generating GAMS Input with Maple

The order condition expressions grow with both p and s and entering them directly quickly
becomes tedious and error prone. The proprietary computer algebra system maple was
used to generate the GAMS input file using the worksheet in Appendix B.1. Basically this
involves expanding the order conditions and other constraints in (2.1) and formatting them
in the GAMS language.

2.2 Optimal SSP Schemes

The remainder of this chapter presents some optimal strong-stability-preserving Runge-
Kutta schemes. Table 2.1 shows the optimal CFL coefficients for s-stage, order-p SSPRK
schemes. Note that [GS98| prove there is no SSP (4,4) scheme.
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s=1 s5=2 s=3 s=4 s=5 s=6 s=7 s=38
p=1| 1 2 3 4 5 6 7 8
p=2 1 2 3 4 5 6 7
p=3 1 2 2651 3518 [4.288] [5.107]
p=4 n/a® 1508 |2.295]| [3.321] [4.146]

®There is no SSP (4,4) scheme.

Table 2.1: Optimal CFL coefficients for s-stage, order-p SSPRK schemes. BARON was not
run to completion on boxed entries and thus these represent feasible but not necessarily
optimal SSP schemes.

2.2.1 Optimal First- and Second-Order SSP Schemes

The optimal first- and second-order SSP schemes have simple closed-form representations
which depend only on the number of stages s. The following results are proven by [GS98],
[SR02], and others:

1. The optimal first-order SSP schemes for s = 1,2,3,... are

1 k=i-1, )

Qg = , t=1,...,s, (2.2a)
0 otherwise.
L k=4d-1, ,

B =< ° , i=1,...,s. (2.2b)
0 otherwise.

That is, « consists of 1’s down its diagonal and 3 consists of % down its diagonal and

they have a CFL coefficient of s.
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2. The optimal second-order SSP schemes for s = 2,3,4,... are

1 k=i1-1, )
Qg = i=1,...,5s—-1, (2.3a)
0 otherwise.
L k=0,
ok =¢ =L k=s-1, , (2.3b)
0 otherwise.
1 .
—— k=3-1
Bir = s—1 ? ] ’ i=1,...,8—1, (2.3c)
0 otherwise.
1
2 k=s—-1,
Bsk =19 ° . (2.3d)
0 otherwise.

The optimal SSP (s,2) schemes have CFL coefficients of s — 1.

2.2.2 Optimal Third-Order SSP Schemes

The optimal SSP (3,3), SSP (4,3), SSP (5,3) and SSP (6,3) schemes are shown in Tables 2.2,
2.3 and 2.4. For these schemes, BARON ran to completion and thus was used to guarantee

optimality.

2.2.3 Optimal Fourth-Order SSP Schemes

As noted in [GS98], there is no 4-stage, order-4 strong-stability-preserving Runge-Kutta
scheme. For five stages, BARON ran to completion and Table 2.5 shows the optimal
SSP (5,4) scheme. For six or more stages, BARON was not able to prove optimality within
a reasonable amount of time (24 hours of computation on a Athlon MP 1200). It does how-
ever, readily find feasible schemes; for example, Table 2.6 shows a feasible but not proven

optimal SSP (6,4) scheme.
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0
1/2 | 1/2
1| 1/2 1/2
0 1/21/6 1/6 1/6
1 1 |1/6 1/6 1/6 1/2
1/2 | 1/4 1/4
| 1/6 1/6 2/3 [ 1
1 0 1
1 T 2/3 0 1/3
a=|3/4 1/4 | 0 0 0 1
| 1/3 0 2/3 F 12
(1 10 172
B=10 1/4 F=1 0 o 1/6
[0 0 2/3 .0 0 0 1/2
(a) SSP (3,3) (b) SSP (4,3)

Table 2.2: The optimal SSP (3,3) and SSP (4,3) schemes in Butcher tableau and o3
notation. The CFL coefficients are 1 and 2 respectively.

0
0.37727 | 0.37727
0.75454 | 0.37727 0.37727
0.72899 | 0.24300 0.24300 0.24300
0.69923 | 0.15359 0.15359 0.15359 0.23846
0.20673 0.20673 0.11710 0.18180 0.28763

1
0 1
a=1035591 0  0.64409
036793 0 0 063207
0 0 023759 0  0.76241
[ 0.37727 7
0 037727
8= 0 0 0.24300
0 0 0 023846
0 0 0 0 028763 |

Table 2.3: The optimal SSP (5,3) scheme in Butcher tableau and a—0 notation. This scheme
has a CFL coeflicient of 2.65063.
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0
0.28422 | 0.28422
0.56844 | 0.28422 0.28422
0.69213 | 0.23071 0.23071 0.23071
0.56776 | 0.13416 0.13416 0.13416 0.16528
0.85198 | 0.13416 0.13416 0.13416 0.16528 0.28422
0.17016 0.17016 0.10198 0.12563 0.21604 0.21604

- ]
0 1
L_ | 018828 0 081172
041849 0 0 058151
0 0 0 0 1
| 0 02398 0 0 0 0.76011 |
[ 0.28422 7
0 028422
B 0 0  0.23071
b= 0 0 0  0.16528
0 0 0 0 028422
| 0 006818 0 0 0  0.21604 |

Table 2.4: The optimal SSP (6,3) scheme in Butcher tableau and o—f notation. This scheme
has a CFL coefficient of 3.51839.
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0

0.39175 | 0.39175

0.58608 | 0.21767 0.36841

0.47454 | 0.082692 0.13996 0.25189

0.93501 | 0.067966 0.11503 0.20703 0.54497

0.14681 0.24848 0.10426 0.27444 0.22601

[ 1
0.44437  0.55563
0.6201 0 0.3799
0.17808 0 0 0.82192
| 0.0081647 0 051723 0.13374 0.34086
[ 0.39175
0  0.36841
0 0  0.25189
0 0 0 0.54497
| 0 0 0  0.088679 0.22601

33

Table 2.5: The optimal SSP (5,4) scheme in Butcher tableau and a—f notation. This scheme
has a CFL coefficient of 1.50818.



CHAPTER 2. FINDING SSP RUNGE-KUTTA SCHEMES

0
0.35530 | 0.35530
0.60227 | 0.27049  0.33179
0.46975 | 0.1224  0.15014 0.19721
0.56481 | 0.076343 0.093643  0.123  0.27182
1.00063 | 0.076343 0.093643  0.123  0.27182 0.43582
0.15225  0.18675 0.15554 0.13485 0.2162 0.15442
S -
0.2387  0.7613
L_ | 054749 0 045251
0.37629 0 0 062371
0 0 0 0 1
| 013024 0.15681 021688 0 0 0.49608 |
[ 0.3553 T
0 033179
| o 0 0.19721
=1 o 0 0 0.27182
0 0 0 0  0.43582
| 0 0.068342 0.094518 O 0  0.15442 |

Table 2.6: A SSP (6,4) scheme in Butcher tableau and a—(3 notation. This scheme has a

CFL coeflicient of 2.29455. This scheme has not been proven optimal.



Chapter 3

Fourth-Order Runge-Kutta
Methods with Embedded SSP

Pairs

In this chapter we look for fourth-order Runge-Kutta schemes with embedded strong-
stability-preserving Runge-Kutta pairs. We begin with the formulation of an optimization
problem for finding such pairs. The optimization software GAMS/BARON is then used to
compute solutions to this problem. This chapter then closes with some comments about

using this technique for order-5 and higher.

3.1 Finding Lower-Order Pairs with BARON

We wish to find RK (s,p) schemes with embedded SSP (s*,p*) schemes where s* < s and
p* < p. The optimization problem (2.1) for the SSP (s*,p*) can be augmented as follows

max_z, (3.1a)
a,Abb

35
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subject to the constraints

o > 0, i1=1,...,8 k=1,...,1—1, (3.1b)
Bi(A,b) >0,  i=1,..., k=1,... i1, (3.1c)
1—1
O = 1, 1= 1, e ,S*, (31d)
k=0
ok — 2Bk (A,0) >0,  i=1,...,s k=1,...,i—1, (3.1e)
ter(A,B) = 7r, (up to order-p*), (3.1f)
ter (A, b) = vgr, (up to order-p), (3.1g)

where, as before, ¢, and «,, denote the left- and right-hand side of the order conditions.
Note that we are only optimizing z, the CFL coefficient of the SSP scheme; in particular,
the RK method only has to be feasible.

At first glance, it seems strange that we specify s*; after all, in most tradional embedded
Runge-Kutta methods, both schemes have access to all of the stages. However, the SSP
condition imposes additional constraints upon the coefficients of all stages up to the last
one used by the SSP scheme (namely stage s*). For example, (3.1¢) specifies that each
0 coefficient used by the SSP scheme is non-negative which implies the corresponding A
coefficients must also be non-negative.! However, non-negative A coefficients is not a re-
quirement for non-SSP Runge-Kutta methods. Using too many or all of the stages for the
SSP scheme could (theoretically) make it impossible to satisfy the necessary order condi-
tions for the Runge-Kutta scheme. Although in practice this was not observed, increasing
s* did occasionally have an adverse effect on the resulting schemes, e.g., the RK (5,4) /
SSP (4,1) versus the RK (5,4) / SSP (5,1) methods in Table 3.4.

An example GAMS input file that implements (3.1) for RK (5,4) with embedded SSP (3,3)
is shown in Appendix A.2 and others can be found in Appendix C. CPU time for each of
the computations in this chapter was limited to 8 hours on a Athlon MP 1200 processor

with 512MB of RAM.

'This follows trivially from the recursive relationship (1.11) between Butcher tableaux and o3 notation.
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3.2 4-Stage Methods

For s = p = 4, the CFL coefficients for the possible combinations of s* and p* are shown

in Table 3.1. Note that it is not possible to embed a third-order RK scheme in a RK (4,4)

s*=1 =2 s*=3 s*=4
1 2 2 [2.654]
1 1 0.957] [2.229]

“Tt is not possible to embed a 37-order RK scheme in an 4**-order RK scheme.
*There is no SSP (4,4) scheme.

Table 3.1: CFL coefficients of SSP (s*,p*) schemes embedded in order-4 linearly stable RK
schemes. Boxed entries correspond to methods which are feasible but not proven optimal
([-] denotes proven upper bounds)

scheme regardless of strong-stability properties (see [HNW93]) and there is no SSP (4,4)
scheme (as proven in [GS98]). For many of the calculations, the alloted time was not
sufficient to guarantee optimality for the given values of s, p, s* and p*,; in these cases, both
the best value found and the upper bound are shown.

Tables 3.2 and 3.3 show the Butcher tableaux for the particular schemes with p* = 1 and
p* = 2 respectively. The upper and lower bounds for the A and b coefficients were chosen
to be 10 and —10 respectively. In some cases (like Table 3.2a), these values were actually
chosen by BARON; barring a rather unlikely coincidence, this would seem to indicate the
presence of at least one free parameter in the solution that could be used, for example,
to minimize the magnitude of the A and b coefficients. All 4-stage, order-4 methods have
the same linear stability region (shown in Figure 1.2d) and therefore all of these embedded

methods have the same linear stability region for the RK (4,4) scheme.

3.3 b5-Stage Methods

For s = 5, p = 4, the CFL coeflicients for the possible combinations of s* and p* are
shown in Table 3.4. Again note that there is no SSP (4,4) scheme and that for some of

the calculations, the alloted time was not sufficient to for BARON to run to complete and
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0 0
1/2 | 1/2 1/2 | 1/2
0 |10 -10 12 | 1/4 1/4
1 | -0.45000 1.50000 -0.050000 1 o -1 2
b [ 1/2 1/2 b [ 1/4 1/4 1/2
b | .17500  0.66667 -0.0083333 0.16667 b | 1/6 0  2/3 1/6
(a) RK (4,4), SSP (2,1),C =2 T =1.7s (b) RK (4,4), SSP (3,1), C =2,
T =0911s
0
1/2 | 1/2
0o |10 -10
1 |-0.45000 1.50000 -0.050000
b | 1/2 1/2
b | .17500  0.66667 -0.0083333 0.16667

(c) RK (4,4), SSP (4,1), C = 0.957

Table 3.2: RK (4,4) schemes with embedded SSP (s*,1) pairs. C is the CFL coefficient of
the SSP scheme and T is the computation time.
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0
1 |1
1/2 | 3/8 1/8
1 | 466238 1.22079 -4.88317 0
b [1/2 1/2
b | 0.16667 0.23493 0.666670 -0.068262
(a) RK (4,4), SSP (2,2), C =1, T = 41.7s
0
1 |1
1/2 | 3/8 1/8
1 |-65 25 10
b 12 172 0
b |1/6 2/15 2/3 1/30
(b) RK (4,4), SSP (3,2), C = 1,
T = 4313s
0
1 |1
1/2 | 3/8 1/8
1 | 466238 1.22079 -4.88317 0
b [1/2 1/2
b | 0.16667 0.23493 0.666670 -0.068262

(c) RK (4,4), SSP (2,2), C=1,T =41.7s

Table 3.3: RK (4,4) schemes with embedded SSP (s*,2) pairs. C is the CFL coefficient of
the SSP scheme and T is the computation time.
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ensure optimality.

Table 3.5 shows the Butcher tableaux for the embedded methods with p* = 3. These
methods are significant because in the WENO context discussed in Chapter 1, they are
competitive with the commonly used optimal SSP (3,3) scheme. Consider the RK (5,4) /
SSP (5,3) method where the RK scheme has a linear stability radius of about p ~ 1.84 (see
Figure 3.1) and the SSP pair has a CFL coefficient of C & 2.30. Thus by Section 1.7.1, we
would expect that the overall CFL coefficient for the method would be min(C, p) ~ 1.84.
The effective CFL coefficient for this 5-stage embedded method is thus about % = 0.368
and thus the method is about 10% more computationally eflicient then the optimal SSP (3,3)
scheme (which has an effective CFL coefficient of %) and about 20% more eflicient then the
optimal SSP (5,4) scheme (which has an effective CFL coeflicient of about —1%@ = 0.302).
The embedded method is also potentially more accurate in smooth regions of the domain
if used with WENO discretizations as discussed earlier. It is likely possible to optimize the

linear stability properties of the RK scheme and further improve these methods.

s*=1 =2 s*=3 s"=4 s*=5
pr=1| 1 2 3 3.995 3.624
p* =2 1 2 2.999 [3.796]
p =3 1.000 2 [3.603]
p* =4 n/a® [2.965]

®There is no SSP (4,4) scheme.

Table 3.4: CFL coefficients of SSP (p,s) schemes embedded in linearly stable RK (5,4)
schemes. Boxed entries correspond to methods which are feasible but not proven optimal
([] denotes proven upper bounds).

3.4 Higher-Order Schemes

In theory, this technique should work for s = 6 and p = 5 as well, however, the nine
additional constraints from the order-5 order conditions increase the complexity of the op-
timization problem (3.1). Unfortunately, BARON was not able to find a feasible solution
to any problems with p = 5 within several days of computation.

In the next chapter, we simplify the problem by specifying particular SSP schemes and
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0

1 1

1/2 1/4 1/4

2.50674 | 594669  -10 6.65005

-0.021492 | 0.059473 0.058176 -0.13569 -0.0034480

b 1/6 1/6 2/3

b 530033 0.34232  0.14262 -0.0062035 -4.778980

(a) RK (5,4), SSP (3,3), C =1, T = 28800s

0

1/2 | 1/2

1|12 1/2

1/2 | 1/6 1/6  1/6

1 | -3.8692 1.3738 -1.7477 5.2431

b |1/6 1/6  1/6 1/2

b | 1/6 1/3  0.13488 1/3  0.031788

(b) RK (5,4), SSP (4,3), C = 2, T = 5106s

0
0.36717 | 0.36717

0.58522 | 0.26802 0.3172

0.44156 | 0.11606 0.13735  0.18816

0.8464 | 0.11212 0.13269 0.18178 0.4198

b 0.17279 0.094505 0.12947  0.29899 0.30424
b 0.12293 0.31981 -0.15316 0.31887 0.39155

(c) RK (5,4), SSP (5,3), C = 2.30128, T = 64800s

Table 3.5: RK (5,4) schemes with embedded SSP (s*,3) pairs. C is the CFL coefficient of
the SSP scheme and T is the computation time in BARON.
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p=1.1, p,=0.02 p=1.325, p,=0.023

p=1.8425, p2=3.17

Eo Eo0 E of
At 1t -1t
2} -2F -2r
-3t -3 -3f
-4 . 4 -4 ” L . L L ’
-3 -2 -1 0 1 -3 -2 1 0 -4 -3 -2 -1 0 1
re re re
(a) RK (5,4) / SSP (3,3) (b) RK (5,4) / SSP (4,3) (c) RK (5,4) / SSP (5,3)

Figure 3.1: Linear stability regions for RK (5,4) schemes with embedded third-order SSP

pairs.
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attempting to satisfy the order conditions using the remaining A and b coefficients



Chapter 4

Fifth-Order Runge-Kutta Methods
with Embedded SSP Pairs

In this chapter we look for fifth-order Runge-Kutta schemes with embedded strong-stability-
preserving Runge-Kutta pairs. Recall, the motivation is to find a fifth-order linearly stable
Runge-Kutta scheme with an embedded third-order SSPRK scheme. The linearly stable
scheme could then be used in smooth regions of a WENO spatially discretized problem
and the SSPRK scheme used near shocks or other discontinuities where spurious oscilla-
tions are more likely to develop. However, the techniques in this chapter, particularly the
modified Verner’s method in Section 4.2, are not limited to the hyperbolic conservation law
application, and could potentially be used to find other types of embedded pairs.

We begin by finding some p-order Runge-Kutta schemes with p < 4 with embedded
SSPRK schemes.

4.1 Specifying an RKSSP Scheme

Instead of solving the complete optimization problem (3.1) for an RK (s,p) scheme with
embedded SSPRK (s*,p*) scheme, the problem can be simplified by specifying a particular
SSPRK scheme and thereby decreasing the number of unknown coefficients.

Recalling the motivation of finding a fifth-order linearly stable scheme with embedded
third-order SSP scheme, we concentrate on the problem with p = 5 and p* = 3. For

example with s = 6 and specifying the optimal SSP (3,3) scheme from Section 2.2.2, we

44
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have the partially complete Butcher tableau in Table 4.1. Tables 4.2 and 4.3 show two other

embedded methods, and of course many others are possible.

0

1 1

1/211/4 1/4

C4 | Q41 Q42 Q43

C5 | as1 as2 as3 Aasgq

Ce | de1 G2 a63 0Agga 0465

b |[1/6 1/6 2/3 0 0 o
b b by by by by bg

Table 4.1: Butcher tableau for an RK (6,5) scheme with the optimal SSP (3,3) scheme

embedded.
0
1/211/2
1 |11/2 1/2
1/211/6 1/6 1/6
C5 | as1 Aas2 as3 asg
Ce | A6l Ag2 463 0G64 (65
b |1/6 1/6 1/6 1/2 0 O
b by by b3 by by bg

Table 4.2: Butcher tableau for an RK (6,5) scheme with the optimal SSP (4,3) scheme

embedded.

We are left with the problem of finding the remaining coefficients such that the 17 order

conditions are satisfied. We can do this by directly looking for a feasible solution or by
converting the problem into one of optimization through several techniques.

One intuitive way of formulating an optimization problem is to maximize the linear
stability radius p; that is, set the objective function to be p and specify the order conditions
as constraints. Another option is to minimize the sum of the coefficients squared and again
specify the order conditions as constraints. Unfortunately, BARON was not able to find
any feasible solutions within a reasonable amount of computing time (3 or 4 days) using
either of these ideas. Instead we seek a solution directly by solving the order conditions

algebraically.
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0
0.37727 | 0.37727
0.75454 | 0.37727 0.37727
0.72899 | 0.24300 0.24300 0.24300
0.69923 | 0.15359 0.15359 0.15359 0.23846

Ce agl ag2 ag3 ag4 ags

C7 ari ar2 ar3 a74 ars are

b 0.20867 0.19871 0.11710 0.18561 0.28992 0O 0
b by by bs by bs be b7

Table 4.3: Butcher tableau for an RK (7,5) scheme with the optimal SSP (5,3) scheme
embedded.

4.2 Modified Verner’s Method

In [Ver82], Verner presents a technique of deriving explicit Runge-Kutta methods which he
compares to solving difficult jigsaw puzzles. Verner begins with s = p and satisfies as many
of the order conditions as possible. Additional stages are then introduced with zero weights
and the remaining order conditions satisfied with the help of certain simplifying assumptions
(see [HNWO93]). Here we follow a modified technique which requires only that we assume p
of the s nodes are distinct; for example, for an RK (6,5) method, we have to assume that
some set of five of the six ¢ coefficients are distinct. Put another way, one duplicated ¢
coefficient is acceptable.

Consider the problem of embedding the known optimal SSP (3,3) scheme into an un-
known RK (6,5) scheme. We begin by satisfying 11 of the 17 order conditions by means of

a series of Vandermonde system inversions.
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4.2.1 Six Stages with Embedded Optimal SSP (3,3)

The “broad tree” order conditions 7, to1, t31, ta1, and ts; can be written in the following

Vandermonde matrix formulation

by
1 11 1 1 1 1
ba
0 ¢ ¢c3 ¢4 c5 cg b 1/2
0 &g g ||, (=]13] (4.1)
0 3 3 ¢ & o b4 1/4
0 & o & ot o b5 1/5
6

If the optimal SSP (3,3) scheme from Section 2.2.2 is embedded then c; = 1 and c3 = 1/2

and the system can be rewritten as

11 1 1 1 by 1 1
01 1/2 ¢4 ¢ ba 1/2 ce
01 1/4 & ¢ bs | =1 1/3 | —bs| 2 |, (4.2)
01 1/8 ¢ ¢ by 1/4 s
0 1 1/16 ¢} ct bs 1/5 c

and, assuming c4 and cs are distinct from each other and from {0,1/2, 1}, this system is
invertible. The solution of this system uniquely determines by, b, b3, bs, and bs in terms of
the free parameters ¢y, cs, s, and be.

Now consider the to;, t32, ts3, and tse order conditions, which can be written in the

following Vandermonde matrix system of second-order homogeneous polynomials

b. .
11 1 1 1 gbﬂﬂ 1/2
s
01 1/2 ¢4 os 772 1/6
5 5 E bjajg - 5 (43)
0 1 1/4 ¢ < 1/12
4 3 > bjasa
0 1 1/8 ¢; ¢ 1/20
2. bjas
where the second-order homogeneous polynomials are defined as
Iﬁl E bjajl
162 E bj(ljg
163 = E bjajg . (44)
164 Z bjaj4
165 E bjaj5
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Rewriting the system (4.3) as

11 1 1 Ie1 1/2 1
01 1/2 ¢ 1, 1/6 c

AR IR I A B 5)
01 1/8 ¢ Ieq 1/20 ci

we invert to find 161, 1627 1637 and 164 in terms of C4, Cs, and IGS-

Continuing with the t3o, t44, and tsg order conditions, we can form the Vandermonde

system
b;a;a
11 1 1 gb] IRk 1/6
A5 Q
01 1/2 Zb] w2 o 104 | (4.6)
iA5Q
01 1/4 ¢ TRk 1/60
2. bjajkaga
Defining the third-order homogeneous polynomials as
Iy = ijajkakh (4.7)
ik
we invert the system
11 1 Is; 1/6 1
01 1/2 Is | = 1724 | —Isa| ¢ |, (4.8)
0 1 1/4 Is3 1/60 c?

to find Ir, I, and Is3 in terms of ¢4 and Is4.
The fourth-order homogenous polynomial equations come from the t44 and tsg order

conditions written as the Vandermonde system
b;a;papa
11 1 gb] JREREL 1/24 ws)
QLA = , .
01 1/2 JEREREL 1/120
> bjajkarans
and, defining I4,, = Zj’k’l bja;karlarm, We invert the system
11 I 1/24 1
a ) _ (Y — I3 , (4.10)
01 Iy 1/120 1/2

to find [4 and I4p in terms of I43.



CHAPTER 4. FIFTH-ORDER RK METHODS WITH EMBEDDED SSP PAIRS 49

Finally, we write the tsg order condition as
bia;LarQmam
(11) Z]]kkll 1 :(1/120)’ (4.11)
> bjajkakaimama

and the solution for the fifth-order homogenous polynomials is
I3y = 1/120 — Iso. (4.12)

The “jigsaw puzzle” is half done. The information gleaned so far can be summarized in

the following homogeneous polynomial tableau?:
Iy Iy
Isy Iss Isz3 |Isg
Iey Iss Iss Ies |Ies

| bi b2 by by b

where the unboxed entries are known from the process above in terms of the boxed en-

(4.13)

tries and the unknown entries of ¢ (namely, c4, c5, ¢g). Table 4.4 shows the homogeneous
polynomial expressions associated with each of these I;;.
We then proceed with a back-substitution algorithm starting in the bottom-right corner

and working column-by-column to the left. Beginning in the fifth column, we find

ags = a (4.14&)
We move to the fourth column and calculate
a5 = 131, (4.14b)
Igs
Igy — b
agq4 = _Gi—bé__f)a'f)ll (414C)
Working down the third column, we find
L
agz = 2. (4.14d)
Isy
a5y = Is3 — bsasz;lz:;s— 5604640443’ (4.14¢)
-b —b
ags = 18 = (4.14f)
6

1Note this is not a Butcher tableau.
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Continuing in this fashion we can find expressions for each a;; which depend on ¢4, cs, cs,
bg, Igs, I34, and I43. In particular

1 — a9y — 120135 + 60aq;l43
120143

asy = (4.15a)

I39

_ 13 4.15b
Tus (4.15b)

a3y

However, by our choice of the embedded SSP (3,3) scheme, these expressions for a3; and

a3g should both equal % and of course as; = ¢y = 1. Solving (4.15), we find that for the
method to contain the embedded optimal SSP (3,3) scheme? we must have

= —. 4.16

Iy = (4.16)

Recall from Section 1.1.5 that the linear stability region for a RK (6,5) method is deter-

mined by one-contour of the expansion factor

2 5
_ 2o LF (6) 6
d=1+zt o+t titg 2 (4.17)

where ttés) is the “tall tree” of order 6, specifically,

15 = beagsassazazzan . (4.18)

Note that ttg = Ip; = I32a51 and thus we have
La3
1

The linear stability properties of our RK (6,5) scheme are therefore determined completely

£ = (4.19)

by our choice of Iy3.

The formation and solution of the homogeneous polynomial equations has satisfied the
order conditions T, to1, t31, t3, ta1, ta3, taa, ts1, tse, tso. The remaining order conditions, t49,
t52, ts3, ts4, ts5, and ts7 define six equations that the a;;, ¢ and b must satisfy. Thus we have
a system of six nonlinear equation in seven variables: ¢y, ¢s, cg, lgs, Is4, 143 and bg. Using
maple, we can compute four solutions to this system shown in Tables 4.7, 4.8, 4.9, and 4.10.

Notice that each of the solutions contain free parameters and thus each corresponds to a
family of embedded RK (6,5) / SSP (3,3) methods. We will analyze each of these families
to find a “good” RK (6,5) / SSP (3,3) method based on the following approximately ranked

criteria:

%At first glance this seems counterintuitive because we began by embedding the optimal SSP (3,3) scheme;

however, until this point we had only used the node values ¢ and not the particular a:; values of SSP (3,3)
scheme.
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6}
cq = 3/5,
Iy3 = —1/75,
-[54 = _5/367
o _ 310 ~17

>~ 10 5¢6— 3

100 (5¢ce — 3)*

Igs =

27 (10cg — 7)(20cg — 9)(5¢6 — 6)°
b 1 1
= T4(50c2 — 60cs + 21)(ce — 1)(2c6 — 1)ce(5¢6 — 3)’

Table 4.7: The first maple solution with free parameter cg.

L}, [bo]

Ce = 1)
cs =3/5—V6/10 or 3/5+6/10,

¢4 =6/5 —cs (the other root),

16 1
Isy = 5=
o 5, 19
65 = —5¢ T 3¢

Table 4.8: The second maple solution with free paremeters I43 and be.

52
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1. Linear stability properties (large p and po values).

2. Small magnitude A and b coefficients. Large magnitude A and b values can contribute

to dangerous build up of rounding errors.

3. by = 0. Without this property, the internal stages may be restricted to first-order (see
[Ver82)]).

Of course, other properties could also be used to evaluate the solutions.

The first family of solutions is shown in Table 4.7 and has one free parameter cg. The
linear stability properties of this family of schemes are fixed because I43 is fixed. In particular
ttéﬁ) = %i ~ —.0033, and examining Figure 1.4 this corresponds to a linear stability radius
of p ~ 1.25 and a negligible linear stability imaginary axis inclusion (py =~ 0.024).

The second solution shown in Table 4.8 has two free parameters I3 and bg. Additionally,

cs and cx are the roots of the quadratic 10z? — 12z + 3. Here we choose c5 = 3/5 —

v6/10. Recalling from Section 1.1.5 that ttéﬁ) ~ 102090200 maximizes min(p, ps), we choose
Iy = 4%. The resulting one-parameter family of methods is shown in Table 4.11a.
By choosing a value for the parameter bg, say bg = %, we obtain the embedded RK (6,5) /
SSP (3,3) method shown in Table 4.11b. This method has optimal linear stability properties
(in the sense that min(p, p2) is maximized) and has no overly large coefficients. However,
by # 0 and thus the method cannot have high stage order.

The third maple solution is shown in Table 4.9 with free parameters cs, I43, and Igs.
Again we optimize the linear stability properties by choosing I43 = 4%. Next we chose
cs = 2 and Igs such that by = 0; the resulting embedded RK (6,5) / SSP (3,3) method is
shown in Table 4.12. This method has optimal linear stability properties, no overly large
coefficients, and by = 0.

The fourth maple solution is shown in Table 4.10 with free parameters c5 and Igs. In this
case, I43 is known in terms of the free parameters and thus to optimize the linear stability

properties, we solve the equation
292

= 4100000

and find an expression for Igs in terms of ¢s. The remaining parameter c¢s is chosen so

43 (4.20)

that by = 0 and no coeflicients are overly large. Table 4.13 shows the resulting embedded
RK (6,5) / SSP (3,3) method.
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0
1 1
1 1 1
: V6 6258 41063 6891 42751 657 876
g- + 10 15625 + 15625\/_ 31250 + 31250\/_ T 31250 © 15625 6
3 /6 296 _ 807 T_ /6 + 54 618 231 468 248 /¢
5 10 3125 6250 6250 3125 3125 6250 625 625
1 1+ —%\b/g— 15; “5197979\;_ ]1§7725 7560%‘1)/_ 1875 118%11)+\/_ _;gzims
6 6 6 6
b i i 2 0 0 0
b é = : - 4+f
(a) One parameter family of methods
0
1 1
1/2 1/4 1/4
0.84495 | 0.56717 0.43615 —0.15835
0.35505 | 0.10290 0.027862 0.44746 —0.22315
1 0.68981 —0.35689 —0.33943 0.34546 0.66105
b 2 z 2 0 0 0
b 0.11111 -1/2 0 0.37639 0.51250 1/2

(b) bs = 3 (Rounded to five decimal places)

Table 4.11: An embedded RK (6,5) / SSP (3,3) method obtaned from the second maple
solution. This method has z =1, px~ 1.4 and py = 1.4.

The RK (6,5) / SSP (3,3) methods in Tables 4.11, 4.12, and 4.13 all have z = 1 and
p = 1.4 and thus they all the effective CFL coefficient
min(z,p) 1 (4.21)

==
S

and thus incur about twice the computational expense of the optimal SSP (3,3) scheme.
However, using the WENO discretization idea, the method should be able to produce a

more accurate fifth-order answer in smooth regions of the domain.



CHAPTER 4. FIFTH-ORDER RK METHODS WITH EMBEDDED SSP PAIRS

0
1 1
1/2 1/4 1/4
1/5 | 2046/15625 —454/15625  1533/15625
2/3 | —739/5625 511/5625 —566/16875 20/27
1 |11822/21875 —6928/21875 —4269/21875 —4/7 54/35
b 1/6 1/6 2/3 0 0 0
b 1/24 0 0 125/336 27/56 5/48
(a) Exact
0
1 1
1/2 1/4 1/4
.20000 | 0.13094 —0.029056 0.098112
66667 | —0.13138 0.090844 —-0.033541 0.74074
1 0.54043 -0.31671 —0.19515 —0.57143 1.54286
b 1/6 1/6 2/3 0 0 0
b 0.041667 0 0 0.37202 0.48214 0.10417

(b) Rounded to five decimal places

56

Table 4.12: An embedded RK (6,5) / SSP (3,3) method obtained from the third maple

solution. This

method has z =1, p~ 1.4 and ps =~ 1.4.
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4.2.2 Seven Stages with Embedded SSP (5,3)

Assume that we have embedded a 5-stage, third-order SSP method such as the optimal
SSP (5,3) scheme in Section 2.2.2. Suppose, as is the case for the optimal SSP (5,3) scheme,
that the values for 0, ¢g, c3, ¢4, ¢c5 are distinct.

The “broad tree” order conditions 7, 91, £31, t41, and t51 can be written in the Vander-

monde matrix formulation

b1
11 1 1 1 1 1 by 1
0 cy c3 ¢4 c5 cg c7 b3 1/2
0 c2 2 2 & & o by | =1 1/3 |. (4.22)
0 3 o g & & & bs 1/4
0 c§ cf cf & ¢ bs 1/5
be
By the distinctness of ¢, ¢3, ¢4 and cs, the system
1 1 1 1 1 b1 1 1 1
0 cp ¢c3 ¢q4 cs ba 1/2 Cce cr
0 2 3 3 o by | = 1/3 | —be| 2 | —br| & |, (4.23)
0 3 ¢ o o by 1/4 c c
0 c5 cb cf c bs 1/5 e ch

is invertible and the solution uniquely determines b1, by, b3, by, and bs in terms of the free
parameters cg, c7, bg, and by.

The 91, t39, t43, and tsg order conditions can be written in the Vandermonde matrix

system
> bjaj
11 1 1 1 1 ¥ bjajo 1/2
0 ¢ c3 ca 5 co Xbias | _ | 16 | (4.24)
0 & & cf & & || Lbiau 1/12
0 ¢ ¢ ¢f & < 2 bjags 1/20
2_bjaje

The second-order homogeneous polynomials are now defined as

I =) bjae, (4.25)
J
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and rewriting system (4.24), we invert

11 1 1 Iy 1/2 1 1
0 I 1/6
2 f oA 7= / s | C -] ¢, (4.26)
0 c % 2 I3 1/12 c? c
0 3 3 T4 1/20 ci c
to we find Ir1, I7o, Iz3, and I74 in terms of cg, Ir5 and Izg.
The t3s, t4q, and tsg order conditions form the Vandermonde system
2 bjajkan
1 1 1 1 1 Z bj QA2 1/6
0 ¢ c3 ¢4 c5 Yobjajrars | = | 1/24 |. (4.27)
0 3 ¢ % ¢ Y bjajkaks 1/60
Y bjajrars
We define the third-order homogeneous polynomials as Iy = 5 .k biajkak and invert the
System
1 1 1 Ig1 1/6 1 1
0 Ca C3 IG2 = 1/24 - IG4 Cq - IG5 Cs y (428)
0 & o3 Is3 1/60 c? c?

to find Ig1, Igs, and Ig3 in terms of Ig4 and Igs.

The t44 and tsg order conditions form the Vandermonde system

Yobjajkapan

1 1 1 1 ijajkaklalg _ 1/24 ’ (429)
0 Ca C3 C4 ijajkaklalg 1/120

Y bjajrakia
1
V()
3 C4

and we invert the system

oo ) ()=o)
= —Is3
0 ¢ )\ In 1/120

to find Is51 and I55 in terms of Is3 and [Isg4.

—_

o

Finally, we write the t59 order condition as

> bjajkanaimam
( 1 11 ) ijajkaklalmamg = ( 1/120 ), (431)

> bja;kaka1mams
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and find
I = 1/120 — L4y — Ly3. (4.32)

The homogeneous polynomial tableau for the RK (7,5) scheme is thus

L

Isi Isp |Is3

Ien Is2 Iez |lea (4.33)
Im Ira Iz Ina ’m [1_76|

by by by by b5

where the unboxed entries have been determined above in terms of the boxed entries and

ce and c7. Table 4.5 shows the homogeneous polynomials associated with each of these I;;.

Using the back-substitution algorithm, we find

I
arg = %a (4.34a)
7
I
as = I%Z, (4.34b)
I;s = b
arg = -0 b76“65, (4.34c)
I
a5y = KS: (4.34d)
Iss — bsagsass — brazsass
= 4.34
agq b7a76 3 ( e)
are = I74 — bsasqa — b6a647 (4.340)
b7
I
as3 = T:—z, (4.34g)

Continuing in this fashion we can find expressions for each a;;, 2 > 4 which depend on ¢,
c7, be, bz, Irs, I7s, Iss, Isa, Isq, Is3, I43, and I49. Of course, these expressions also depend
on ¢o = as1, €3, C4, C5, a31, and azo but these have already been specified by our choice of
the SSP (5,3) scheme. Indeed this choice also specifies values for the a4;,1 < j < 3 and
asj, 1 < j < 4 expressions: this gives a system of seven equations which must be satisfied
for the RK (7,5) scheme to contain the specified SSP (5,3) scheme.

Perhaps surprisingly, these seven equations depend only on I4o, I43, Iss, Is4, Is4, and

Iss; specifically they are independent of Izg, Izs, cs, c7, bg, and by. In fact, maple can find
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a solution to these equations with one free parameter, that is we can solve for any five of
them to be linear in terms of the sixth. Suppose we choose Igs to be the free parameter. We

will use this free parameter to maximize the linear stability region of the RK (7,5) scheme.

Maximizing the Linear Stability Region

Recall that the linear stability region for an RK (7,5) method is determined by one-contour

of the expansion factor

2 5
¢=1+%+%+---+I%2—O+tté7)z6+tt(77)z7, (4.35)

where ttg) and tt(77) are the “tall trees” of order 6 and 7, specifically:

7
tté ) = bsagsassaa3azaca + by (arsassaqzasacy + areagaaazazaco (4.36)
+ a76a65053a32C2 + A76065054042C2 + A76A65054043C3) ,
(7
tt7 ) = b7a75a55a54a43a32a21. (437)

These two expressions are dependent only on l4g, 143, Iss, Is4, 64, and Igs and thus using
our solution from above, only on Igs. For example, using the optimal SSP (5,3) scheme, the

tall trees become

t£{7 ~ 102 x 10~ [g5 + .185 x 1072, (4.38)
17 ~ 825 x 1072 s, (4.39)

which define a straight line through the tté7)-tt(77) space shown in Figure 4.1a. By examining
the cross-section of ttg)—tt(;) space defined by this line (see Figure 4.1b), we can choose
Igs such that the resulting RK (75) scheme has linear stability properties that are in some
sense optimal. A possible choice is to maximize min(p, p2),i.e., maximize the minimum of
the linear stability radius and the linear stability imaginary axis inclusion. In this case, by

choosing Igs = .02215, we find p = py = 1.56.

Solving the Remaining Order Conditions

Six order conditions, namely 49, t59, ts3, ts4, ts5, and t57, have not yet been satisfied by the

solution of the homogeneous polynomial equations above.
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1.5 2 25 3
“e x107

(a) Linear stability disc radius (solid contours) and

imaginary axis inclusion (shading and dotted con-

tours).
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(b) Cross-section along dashed line in (a). Linear
stability disc radius (solid line) and imaginary axis
inclusion (dash-dot line).

Figure 4.1: Matching the coefficients of the RK (75) scheme with the optimal SSP (53)
scheme restricts the values of tt((;) and ttg) to a line parameterized by Igs (dashed line in

(a)). A judicious choice of Ig5 will result in a scheme with optimal linear stability properties.
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Solving these equations with maple results in the Butcher tableau shown in Table 4.14.
This method has an effective CFL coeflicient of

min(z,p) _ 1.56
s T

=0.222, (4.40)

and is thus about 50% more computationally expensive then the optimal SSP (3,3) scheme.
However, using the WENO discretization idea, the method should be able to produce a
more accurate fifth-order answer in smooth regions of the domain.

There is another family of solutions with one free parameter but the magnitudes of its
coefficients are unreasonably large regardless of the parameter. A typical Butcher tableau

is shown in Table 4.15.

0
0.37727 0.37727
0.75454 0.37727 0.37727
0.72899 0.24300 0.24300 0.24300
0.69923 0.15359 0.15359 0.15359 0.23846
0.88817 0.11302 1.49947 0.13475 —1.06421 0.20515
1 —0.51211 3.91736 —0.04705 —0.21862 —1.64544 —0.49413
b 0.20673 0.20673 0.11710 0.18180 0.28763 0 0
b 0.12210 0.49290 —-0.23202 —1.98395 1.85394 0.96554 —0.21851
Table 4.14: An embedded RK (7,5) / SSP (5,3) scheme with z ~ 2.65, p ~ 1.56 and
p2 ~ 1.56.
0
0.37727 0.37727
0.75454 0.37727 0.37727
0.72899 0.24300 0.24300 0.24300
0.69923 0.15359 0.15359 0.15359  0.23846
0.15811 | —2.69551 2.56572 —10.79002 10.38573 0.69219
1 —0.28039 3.44396 —22.22852 38.01971 -—-18.39261 0.43783
b 0.20673 0.20673 0.11710  0.18180 0.28763 0 0
b 0.10015 0.57233 —3.25595 7.85429 —4.38191 0.03801 0.07309

Table 4.15: A poor embedded RK (7,5) / SSP (5,3) scheme with z

~
~

2.65, p ~ 1.56 and

p2 = 1.56. The coefficients of this scheme are unreasonably large.



Chapter 5
Concluding Remarks

In this thesis, we have successfully constructed the first high-order Runge-Kutta methods
with embedded strong-stability-preserving pairs. Specifically, we have found families of
6-stage fifth-order Runge-Kutta methods with embedded third-order SSP pairs and one
7-stage fifth-order Runge-Kutta method with an embedded third-order SSP pair.

Although the original motivation for such methods came from the solution of hyperbolic
conservation laws whose solutions contain both smooth and non-smooth regions, the tech-
niques we developed and to some extent, the methods themselves, are more general than
that. In particular, the modified Verner’s technique in Chapter 4 can be used to embed
a given Runge-Kutta method in a larger method under very general assumptions. For ex-
ample, this technique could be used to build error control pairs for existing Runge-Kutta
schemes.

Additionally, Chapters 2 and 3 showed that GAMS/BARON is a viable software package
for constructing strong-stability-preserving Runge-Kutta schemes and lower-order embedded
methods. For lower-order schemes, BARON can find global optima and even on higher-order
methods, BARON is often quick to locate feasible solutions which are likely close to optimal.

It remains to be investigated how effective the new embedded methods will be for the the
time evolution of hyperbolic conservation laws. The question of automatic stepsize control

for strong-stability-preserving methods is also worthy of future research.
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Appendix A

GAMS/BARON Codes

A.1 Example Optimal SSP Input Files

ssp33.gms

$ eolcom #

positive variables
k10
k20, k21
bil, b2, b3
r21
r31, r32

# objective cannot be declared positive
variables
z

3

k1iQ.up = 1 ;
k20.up = 1

bi.up =1 ; b2.up
r2l.up =
r31l.up =
z.up = 4 )
z.1lo = -100 ;

# initial guess for minos run (mot required if baron is run first)
#k10.1 = .5 ;

#k20.1 = .333333; k21.1 = .333333;

#b1.1 = .333333; b2.1 .333333; b3.1 = .333333;

#r21.1 = .5 ;
#r31.1 = .333333; r32.1 = .333333;
#z.1 = -48 H
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equations
zcl0
zc20, zc21
zc30, zc31, zc32
ar20, ar30
bp20
bp30, bp31
til
t21
t31, t32

3

# SSP conditions

# conditions arising from dummy var z:
zcl0 .. 1-zxk10 =G= O;

zc20 .. 1-r21-z%(k20-r21*k10) =G= 0;
zc21 .. r21-z*k21 =G= 0;

zc30 .. 1-r31-r32-z*(bl-r31%k10-r32*k20) =G= O;
zc31 .. r31-z*(b2-r32%k21) =G= 0;

zc32 .. r32-zxb3 =G= 0;

# each row of alpha must sum to 1:
ar20 .. 1-r21 =G= 0;

ar30 .. 1-r31-r32 =G= 0;

# each beta must be >= O:

bp20 .. k20-r21%k10 =G= 0;

bp30 .. b1-r31%k10-r32%k20 =G= 0;

bp31 .. b2-r32%k21 =G= 0;

# Order Conditions

tll .. bl+b2+b3 =E= 1;

t21 .. 2%( b2¥k10+b3*(k20+k21) ) =E= 1;

31 .. 3*%( b2xk10%k10+b3*(k20+k21)*(k20+k21) ) =E= {1;
t32 .. 6x( b3xk21*k10 ) =E= 1;

# decimals only affects the display command and cannot be > 8
option decimals = 8;

# BARON run:

model m /all/;
option nlp = baron;
m.optfile = 1;
m.workspace = 500;

solve m maximizing z using nlp;

# MINOS run:

model m2 /all/;

option nlp = minos;

option sysout = on;

m2.optfile = 1;

solve m2 maximizing z using nlp;

variables
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r20, r30

betall

beta20, beta2il

beta30, beta3l, beta32

r20.1

=1 -1r21.1;
r30.1 =1 - r31.1 - r32.1;
betal0.1l = k10.1;
beta20.1 = k20.1 - r21.1%*k10.1;
beta21.1 = k21.1;
beta30.1 = b1.1 - r31.1%k10.1 - r32.1%k20.1;
beta31.1 = b2.1 - r32.1%k21.1;
beta32.1 = b3.1;
file out / ssp33.coeff /;
put out;
out.nd=15;
out.nr=0;
out.nz=0;
out.nw=22;

put z.lo, 2.1, z.up/;

put ’# A matrix:’//;

put k10.1/;

put k20.1, k21.1/;

put ’# b vector:’/;

put bi.1, b2.1, b3.1/;
put /’# alpha matrix:’/;
put 1/;

put r20.1, r21.1/;

put r30.1, r31.1, r32.1/;
put ’# beta matrix:’/;
put betal0.1/;

put beta20.1l, beta21.1l/;
put beta30.1l, beta31l.l, beta32.1l/;

putclose out;

A.2 Example Embedded RK/SSP Input File

rk54 _ssp33.gms

$ eolcom #

positive variables
k10
k20, k21
bhi, bh2, bh3
r21
r31, r32

H
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variables
k30, k31, k32
k40, k41, k42, k43
b1, b2, b3, b4, b5

variables
z
k10.up = 5;
k20.up = 5; k21.up = 5;
bhl.up = 5; bh2.up = 5; bh3.up = 5;
r2l.up = 1;
r3l.up = 1; r32.up = 1;
z.up = 4;
z.lo = -100;
k30.up = 10; k31.up = 10; k32.up = 10;
k40.up = 10; k41.up = 10; k42.up = 10; k43.up = 10;

bl.up = 10; b2.up = 10; b3.up = 10; bd.up = 10; bS.up = 10;
k30.1o = -10; k31.1lo = -10; k32.lo = -10;

k40.1lo = -10; k41.lo = -10; k42.lo = -10; k43.1lo = -10;

bil.lo = -10; b2.1o = -10; b3.1lo = -10; bd.1lo = -10; bb.lo = -10;

# initial guess for minos run (not required if baron is run first)
#k10.1 = .5 ;

#k20. .333333; k21.1
#bh1. .333333; bh2.1
#r21. .5 ;

#r31. .333333; r32.1
#z.1 ;

.333333;
.333333; bh3.1 = .333333;

.333333;

[ S

N
(e}

equations
zc10
zc20, zc21
zc30, zc31, zc32
ar20, ar30
bp20
bp30, bp31
thit
th21
th31, th32
# cdup, cdlo
# cbup, cblo
t11
t21
t31, t32
t41, t42, t43, t44

3

# SSP conditions
# conditions arising from dummy var z:
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zc10 .. 1-z*k10 =G= 0;

zc20 .. 1-r21-z*(k20-r21*k10) =G= O;
zc21 .. r21-zxk21 =G= 0;

z¢30 .. 1-r31-r32-z*(bh1-r31*k10-r32xk20) =G= 0;
zc31 .. r31-zx(bh2-r32xk21) =G= 0;
zc32 .. r32-z*bh3 =G= 0;

# each row of alpha must sum to 1:
ar20 .. 1-r21 =G= 0;

ar30 .. 1-r31-r32 =G= 0;

# each beta must be >= 0:

bp20 .. k20-r21xk10 =G= 0;

bp30 .. bh1-r31xk10-r32xk20 =G= 0;
bp31 .. bh2-r32%k21 =G= 0;

# Order Conditions for SSP scheme

thil .. bhi+bh2+bh3 =E= 1;

th21 .. 2*( bh2xk10+bh3*(k20+k21) ) =E= 1;

th31 .. 3%( bh2xk10*xk10+bh3*(k20+k21) *(k20+k21) ) =E= 1;
th32 .. 6x( bh3*k21*k10 ) =E= 1;

# each c_i should be in [0,1]

#c4up .. k30 + k31 + k32 =L=1;
#cd4lo .. k30 + k31 + k32 =G= 0;
#cbup .. k40 + k41 + k42 + k43 =L=1
#cblo .. k40 + k41 + k42 + k43 =G= 0

# Order Conditions for RK scheme
t11 .. bl+b2+b3+b4+bb5 =E= 1;
t21 .. 2% ( b2*xk10+b3*(k20+k21)+b4* (k30+k31+k32)+b5* (k40+k41+k42+k43) ) =E= 1;
t31 .. 3%(b2xk10*k10+b3*(k20+k21) * (k20+k21) +b4* (k30+k31+k32) *(k30+k31+k32) +
b5* (k40+k41+k42+k43) * (k40+k41+k42+k43)) =E= 1;
t32 .. 6*x(b3*xk21%k10+b4*k31%xk10+b4*k32* (k20+k21) +b5*k41*k10+bb*k42* (k20+k21) +
b5*k43% (k30+k31+k32)) =E= 1;
t41 .. 4x(b2*k10*k10*k10+b3*(k20+k21) *(k20+k21) *(k20+k21) +
b4*(k30+k31+k32) * (k30+k31+k32) * (k30+k31+k32) +
b5* (k40+k41+k42+k43) * (k40+k41+k42+k43) * (k40+k41+k42+k43)) =E= 1;
t42 .. 8%( b3*xk21*xk10*(k20+k21) +b4xk31*xk10*(k30+k31+k32) +
ba*k32* (k20+k21) * (k30+k31+k32) +b5xk4 1xk10* (k40+k41+k42+k43) +
b5xk42% (k20+k21) * (k40+k41+k42+k43) +

b5xk43* (k30+k31+k32) * (k40+k41+k42+k43) ) =E= 1;
t43 .. 12%( b3*k21*k10%k10+bdxk31*xk10*xk10+bd*k32* (k20+k21)*(k20+k21) +
bb*k41xk10%k10+b5*k42* (k20+k21)*(k20+k21) +

bS5*k43* (k30+k31+k32) *(k30+k31+k32) ) =E= 1;
t44 .. 24%( b4xk32%k21xk10+b5xk42%xk21*k10+b5*k43*xk31*k10 +

b5%k43%k32*% (k20+k21) ) =E= 1;

# BARON run:

model m /all/;
option nlp = baron;
m.optfile = 1;
m.workspace = 400;

solve m maximizing z using nlp;
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# MINOS run:

#model m2 /all/;

#option nlp = minos;

#option sysout = on;

#m2.optfile = 1;

#solve m2 maximizing z using nlp;

variables
r20, r30
betall
beta20, beta2l
beta30, beta31l, beta32

r20.1 =1 - r21.1;

r30.1 =1 - r31.1 - r32.1;
betal0.1 = ki10.1;

beta20.1 = k20.1 - r21.1%k10.1;
beta21.1 = k21.1;

beta30.1 = bh1.1 - r31.1%k10.1 - r32.1xk20.1;
beta31.1 = bh2.1 - r32.1xk21.1;
beta32.1 = bh3.1;

file out / rk54_ssp33.coeff /;
put out;

out .nd=15;

out.nr=0;

out.nz=0;

out.nw=22;

put z.lo, z.1, z.up/;

put ’'# A matrix:’//;

put k10.1/;

put k20.1, k21.1/;

put k30.1, k31.1, k32.1/;

put k40.1, k41.1, k42.1, k43.1/;
put ’# bh vector:’/;

put bhil.1l, bh2.1, bh3.1/;

put ’# b vector:’/;

put bi.1l, b2.1, b3.1, b4.1, b5.1/;
put /’# alpha matrix:’/;

put 1/;

put r20.1, r21.1/;

put r30.1, r31.1, r32.1/;

put ’# beta matrix:’/;

put betai0.1l/;

put beta20.1, beta21.1/;

put beta30.1l, beta31.1l, beta32.1l/;

putclose out;

70



Appendix B

Maple Worksheets

B.1 generate_gams ssp.mws

# Notes:
# the resulting .gms file needs to the all of the """ replaced with
# "xx" or alternatively powers could be expanded
> restart:
> with(LinearAlgebra):
# Number of stages and order. Note only s <= 8, p <= 5 is supported
# without making changes below
>s :=7; p :=5;
s =7
p :=5

# Upper bound on each k_ij, upper and lower bounds on z
> KUP := 1; ZUP := 4; ZLO := 1;

KUpP :=1
ZUP := 4
ZLo := 1

Size of workspace:
WORKSPACE := 500;

Vv #®

WORKSPACE := 500

The output filename: (will be overwritten if exists)
GAMS_FILENAME := sprintf("sspid¥d.gms", s, p);

Vv #®

GAMS_FILENAME := "ssp7b.gms"

# Filename that GAMS should store the coefficients in:
> COEF_FILENAME := sprintf("sspidid.coeff", s, p);

COEF_FILENAME := "ssp75.coeff”

# Shouldn’t need to change anything past here
> fd := fopen{(GAMS_FILENAME, WRITE%;

fd := 0

# Header
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> fprintf(fd, "$ eolcom #\n"):
> #fprintf(fd, "$ inlinecom /* */\n"):
> fprintf(fd, "\n"):
>
# Optionally put some comments at the top of the GAMS file:
> # fprintf(fd,"# SSP65 example\n\n"):
>
# Define A, b, alpha, beta
# Need to make this bigger if you want to support s > 8:
> 4 := Matrix([[0,0,0,0,0,0,0,0], [k10,0,0,0,0,0,0,0],
> [k20,k21,0,0,0,0,0,0], [k30,k31,k32,0,0,0,0,0],
> [k40,k41,k42,k43,0,0,0,0], [k50,k51,k52,k53,k54,0,0,0],
> [k60,k61,k62,k63,k64,k65,0,0], [k70,k71,k72,k73,k74,k75,k76,0]1],
> readonly=true);
Lo 0 0 0 0 0 0 0]
[ ]
(k10 0 0 0 0 0 0 0]
[ )
[k20 k21 0 0 0 0 0 0]
[ ]
(k30 k31 k32 0 0 0 0 0]
A= [ ]
(k40 k41 k42 k43 0 0 0 0]
! ]
[k50 k51 k52 k53 k54 0 0 0]
[ ]
0 0]

[k60 k61 k62 k63 k64 k65
[

]
(k70 k71 k72 k73 k74 k75 k76 0]

> b := Vector([b1l,b2,b3,b4,b5,b6,b7,b8], readonly=true);
> #b := Vector([bh1,bh2,bh3,bh4,bh5,bh6,bh7,bh8], readonly=true);
[b1]
[ 1]
[b2]
[ ]
[b3]
[ 1]
[b4]
b= [ ]
[b5]
[ 1]
[b6]
[ 1]
[b7]
[ ]
[b8]

# First column will not be used for optimization:

> alpha := Matrix([([1,0,0,0,0,0,0,0], [r20,r21,0,0,0,0,0,0],

> [r30,r31,r32,0,0,0,0,0], [r40,r41,r42,r43,0,0,0,0],

> [r50,r51,r52,r53,r54,0,0,0], [r60,r61,r62,r63,r64,1r65,0,0],

> [x70,r71,r72,r73,r74,r75,r76,0], [r80,r81,r82,r83,r84,r85,r86,r871],

> readonly=true);
[1 0 0 0 0 0 0 0]
[ ]
[r20 r21 0 0 0 0 0 0]
[ ]
[r30 r31 r32 0 0 0 0 0]
{ ]
[r40 r41 rd2 r43 0 0 0 0]

alpha := [ ]

[x50 r51 r52 rb3 rb4 0 0 0]
{ ]
[r60 ré1 r62 r63 r64 r65 0 0]
[ ]
[x70 r71 r72 r73 r74 r75 r76 0]
[ ]
r80 r81 r82 r83 r84 r85 r86 r87]

> ¢ := Vector(s):
> for j from 1 to s do
> for k from 1 to s do
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> cljl := c[j] + a(j,x];
> end;
> end;
> VectorOptions(c, readonly=true);
> ¢ := ¢y
[ 0 ]
[ ]
[ k10 ]
[ ]
[ k20 + k21 ]
[ ]
c := [ k30 + k31 + k32 ]
[ ]
[ k40 + k41 + k42 + k43 ]
[ ]
[ k50 + kb1 + k52 + k53 + kb4 ]
[ ]
[k60 + k61 + k62 + k63 + k64 + k65]
> beta := Matrix(s,s):
> for i from 1 to (s-1) do
> for k from 1 to i do
> betali,k] := A[i+1,k] - sum(’alphali,j+11«A[j+1,k1’,’j’=k..i-1):
> end do:
> end do:
> for k from 1 to s do
> betals,k] := blk] - sum(’alphali,j+1]1*A[j+1,k]’,?j’=k..i-1):
> end do:
> MatrixOptions(beta, readonly=true);
> beta := beta;
beta :=
[kt0 ,0,0,0,0, 0, 0]
[k20 ~ r21 k10 , k21 , 0, 0, 0, O, O]
[k30 - r31 k10 - r32 k20 , k31 - r32 k21 , k32 , 0, 0,
0]
[k40 - r41 k10 - r42 k20 - r43 k30 , k41 - r42 k21 - r43 k31

, k42 - r43 k32 , k43 , 0, 0, 0]

[k50 - r51 k10 - r52 k20 - r53 k30 - rb4 k40 ,

k51 - r52 k21 - r53 k31 - r54 k41

k53 - r54 k43 , k64 , 0 , 0]

k52 - rb53 k32 - rb54 k42

(k60 - r61 k10 - r62 k20 - r63 k30 - r64 k40 - r65 k50 ,

k61 - r62 k21
k62 - r63 k32
k64 - ré65 k54
[b1 - r71 k10
- r76 k60 ,
b2 - r72 k21
b3 - r73 k32
b4 - r74 k43
b6 - r76 k65

#
>

# Variables & Bounds

# Variables

>

r63 k31 - r64 k41l - r65 k51 ,

r64 k42 - r65 k52

k65 , 0]

k63 - ré64 k43 - r65 k53

r72 k20 - r73 k30 - r74 k40 - r75 k50

r73 k31 - r74 k41 - 175 kb1 - 176 k61 ,

- r74 k42 - r75 kb2 - r76 k62 ,

r75 k53 - r76 k63 ,

b

7]

b5 - r75 k54 - r76 k64

0

i

»

»
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> fprintf(fd, "positive variables\n"):
> for j from 2 to s do

> fprintf(fd, " ")

> for k from 1 to (j-2) do

> printf( "%4s, ", convert(A[j,k],string)):
> fprintf(fd, "%s, ", convert(A[j,k],string)):
> end do:

>  printf( "%s\n", convert(a[j,j-1],string)):
> fprintf(fd, "%s\n", convert(alj,j-1],string)):
> end do:

k10

k20, k21

k30, k31, k32
k40, k41, k42, k43

k50, k51, k52, k53, k54

k60, k61, k62, k63, k64, k65

> fprintf(fd, " ")

> for j from 1 to (s-1) do

>  printf( “%s, ", convert(b[j],string)):

> fprintf(fd, "%s, ", convert(b[jl,string)):

> end do:

> printf( "%s\n", convert(bl[s],string)):

> fprintf(fd, "%s\n", convert(b[s],string)):

>

bl, b2, b3, b4, b5, b6,

b7

> for j from 2 to s do

> fprintf(fd, " ")

> for k from 2 to (j-1) do

> printf( "%s, ", convert(alphalj,k],string)):
> fprintf(fd, "%s, ", convert(alphalj,k],string)):
> end do:

>  printf( "%s\n", convert(alpha(j,j],string)):

> fprintf(fd, "%s\n", convert(alphalj,jl,string)):

> end do:

r21

r31, r32

r4l, r42, r43

r51, r52, r53, r54

ré61, r62, r63, r64, r65

r71, r72, r73, r74, r75, r76

> fprintf(fd, " s\n\n"):

> fprintf(fd, "# objective cannot be declared positive\n"):
> fprintf(fd, "variables\n z\n ;\n\n"):

# Bounds

# Upper bounds on matrix A
> for j from 2 to s do

> for k from 1 to (j-2) do

> printf( “%s.up = %g; ", convert(A[j,k],string), KUP):

> fprintf(fd, "%s.up = %g; ", convert(a[j,k]l,string), KUP):

> end do:

>  printf( “%s.up = %g;\n", convert(a[j,j-1],string), KUP):

> fprintf(fd, "%s.up = Yg;\n", convert(Alj,j-11,string), KUP):

> end do:

k10.up = 1 H

k20.up = 1 ; k21,up = 1 5

k30.up = 1 ; k31.up = 1 ; k32.up = 1 H

k40.up = 1 ; kdl.up =1 ; k42.up =1 ; k43.up

k50.up = 1 ; kbl.up = 1 ; kb2.up = 1 ; k53.up
; kb4d.up = 1 ;

k60.up = 1 ; k6l.up = 1 ; k62.up = 1 ; k63.up
; k64.up = 1 ; k65.up = 1 H

> for j from 1 to s do

>  printf( "%s.up = %g; ", convert(b(jl,string), KUP):

> fprintf(fd, "%s.up = 4g; ", convert(b(jl,string), KUP):

> end do:

> printf( "\n"):

> fprintf(fd, "\n"):

bi.up = 1 ; b2iup = 1 ; b3.up = 1 ; bd.up = 1

; bb.up = 1 ; b6.up = 1 ; b7.up = 1 R

> for j from 2 to s do

> for k from 2 to (j-1) do

> printf( "%s.up = 1; ", convert(alpha{j,k],string)):

> fprintf(fd, "4s.up = 1; ", convert(alpha{j,k],string)):
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> end do:

>  printf( "%s.up = 1;\n", convert(alphalj,jl,string)):

> fprintf(fd, "%s.up = 1;\n", convert(alphalj,j],string)):

> end do

r2li.up = 1;

r3l.up = 1; r32.up = 1;

r4d1.up = 1; r42.up = 1; r43.up = 1;

r51.up = 1; rb2.up = 1; rb3.up = 1; rb4.up = 1;

rél.up = 1; r62.up = 1; r63.up = 1; r64.up = 1; ré65.up = 1;

r7l.up = 1; r72.up = 1; r73.up = 1; r74.up = 1; r75.up = 1; r76.up =
1;

> fprintf(fd, "z.up = %g;\n", ZUP):

> fprintf(fd, "z.lo = %g;\n", ZL0):

> fprintf(fd, "\n"):

>

> fprintf(fd, "# initial guess for minos run (not required if baron is
> run first)\n"):

> for j from 2 to s do

> printf( "H#):

> fprintf(fd, "#"):

> for k from 1 to (j-2) do

> printf( "%s.l = Yg; ", convert(A[j,k],string), 1/j):

> fprintf(fd, "¥%s.l = Y%g; ", convert(A[j,k],string), 1/j):

> end do:

>  printf( "%s.1l = Yg;\n", convert(A[j,j-1],string), 1/j):

> fprintf(fd, "%s.1l = %g;\n", convert(A[j,j-1],string), 1/j):

> end do:

#k10.1 = .5 H

#k20.1 = .333333; k21.1 = .333333;

#k30.1 = .25 ; k31.1 = .26 ; k32.1 = .25 ;

#k40.1 = .2 : k41.1 = .2 ; k42.1 = .2 ; k43.1 = .2 ;
#kb50.1 = .166667; kb61.1 = .166667; k52.1 = .166667; kb3.1l = .166667;
kb4.1 = .166667;

#k60.1 = .142857; k61.1 = .142857; k62.1 = .142857; k63.1 = .142857;

k64.1 = .142857; k65.1 = .142857;
> printf( gy

> fprintf(fd, "#"):

> for j from 1 to s do

>  printf( "%4s.1l = %g; ", convert(b[j],string), 1/s):
> fprintf(fd, "%s.l = %g; ", convert(b[j],string), 1/s):
> end do:

> printf( “\n"):

> fprintf(fd, "\n"):

#

bl.1 = .142857; b2.1 = .142857; b3.1 = .142857; b4.1 = .142857; b5.1l =
.142857; b6.1 = .142857; b7.1 = .142857;

> for j from 2 to s do
> printf ( R ADN
> fprintf(fd, "#"):

> for k from 2 to (j-1) do

> printf( "%s.1l = %g; ", convert(alphalj,k],string), 1/j):

> fprintf(fd, "%s.1l = %g; ", convert(alphalj,k],string), 1/j):

> end do:

>  printf( "4s.l = %gi\n", convert(alphalj,j],string), 1/j):

> fprintf(fd, "%s.l = %g;\n", convert(alphalj,jl, strlng), 1/3):

> end do:

#r21.1 = .5 H

#r31.1 = .333333 r32.1 = .333333;

#r4a1.1 = .25 ; r42.1 = .25 ; r43.1 = .25 ;

#r61.1 = .2 ; rb2.1 = .2 ; rb3.1 = .2 ; rh4.1 = .2 H
#r61.1 = .166667; r62.1 = .166667; r63.1 = .166667; r64.1 = .166667;
r65.1 = ,166667;

#r71.1 = .142857; r72.1 = .142857; r73.1 = .142857; r74.1 = .142857;

r75.1 = .142857; r76.1 = ,142857;

> printf( "#z.1 = Yg; \n , (ZUP+ZLO)/2):
> fprintf(fd, "#z.1 = Yg;\n", (ZUP+ZL0)/2):
#z.1 = 2.5 H

> fprintf(fd, "\n"):

>

# Equation Header

> fprintf(fd, "equations\n"):

> for j from 1 to s do

> fprintf(fd, " ");

> for k from 1 to (j-1) do

> printf( "zehdid, ", j, k-1);
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> fprintf (fd, "zckdid, ", j, k-1);
> end do:

>  printf( "zc¥d%d\n", j, j-1);

> fprintf(fd, "zcidid\n", j, j-1);

> end do:

zcl10

zc20, zc21

zc30, zc31, zc32

zc40, zc4l, zc42, zc43

zc50, zcb1l, zcb2, zcb3, zcb4

zc60, zc6l, zc62, zc63, zc64, zc65

zc70, zc71, zc72, zc73, zc74, zc75, zc76

> fprintf(fd, " "):

> for j from 2 to (s-1) do

> printf( "arjdid, ", j, O):
> fprintf(fd, "ar¥did, ", j, 0):
> end do:

> printf( "ar’d%d\n", s, 0):

>

fprintf(fd, "ar’d’%d\n", s, 0):
>

ar20, ar30, ar40, arb50, ar60,

ar70

> for j from 2 to s do

> fprintf(fd, " "):

> for k from 1 to (J -2) do

> printf( "bpadid, ", j, k-1):
> fprintf (fd, ”prd/d ", j, k-1
> end do:

>  printf( "bpidid\n”, j, j-2):

> fprintf(fd, "bp/d/d\n , Js 3=

> end do:

bp20

bp30, bp31

bp40, bp41l, bp42

bp50, bp51, bpS2, bp53

bp60, bpél, bp62, bp63, bp6d

bp70, bp71, bp72, bp73, bp74, bp7S

# The number of order conditions: (pg 147 of Hairer):
> cardTq := [1,1,2,4,9,20,48,115,286,719];

cardTq := [1, 1, 2, 4, 9, 20, 48, 115, 286, 719]

> for j from 1 to p do

> fprintf(fd, " ")

> for k from 1 to (cardTq[jl-1) do

> printf( "thdid, ", j, K):

> fprintf(fd, "t%d%d, ", j, k):

> end do:

>  printf( "thd%d\n", j, cardTql[jl):
> fprintf(fd, “t%d’%d\n", j, cardTq[jl):
> end do:

ti1

t21

t31, t32

t41, t42, t43, t44
t51, t52, t53, t54, t55, t56, t57, t58, t59

fprintf (fd, "zc)dAd .. %s =G= 0;\n", j, O,
convert ((1-sum(’ alpha[g k1’,’k’=2. J)) - z-beta[g 1],string)):
for k from 2 to j do
printf( "zchdhd .. Us
z*betal[j,k],string)):
fprintf(fd, "zc%did .. Us
z»betalj,k],string)):

G= 0;\n", j, k-1, convert(alphalj,k] -

G= 0;\n", j, k-1, convert(alphal(j,k] -

> fprintf(fd, " ;\n\n"):

>

>

# SSP Conditions

> fprintf(fd, "# SSP conditions\n"):

> fprintf(fd, "# conditions arising from dummy var z:\n"):

> printf( "zc7d/d .. %s =G= 0;\n", 1, 0, convert(alphall,1] -
> z»betal1,1], strlng

> fprintf(fd, "chd/d .. %s =G= 0;\n", 1, 0, convert(alpha(1,1] -
> z»beta[1,1],string)):

> for j from 2 to s do

> printf( "zeidid .. %s =G= O;\n", j, O,

> convert((1-sum(’alphal(j,k]’, k’=2. J)) - z*beta[] 1],string)):

S )

>

>

>

>

>

>
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> end do:

> end do:
zc10 .. 1-z+k1l0 =G= 0;
zc20 .. 1-r21-z#*(k20- r21*k10) =G= 0;

zc21 .. r21-z*k21 =G= 0;

zc30 .. 1—r31-r32-z*(k30-r31¢k10-r32*k20) =G= 0;

zc31 .. r31-z*(k31-r32+k21) =G= 0;

zc32 .. r32-z*k32 =G= 0;

zc40 .. 1-r41-r42-r43-z*(k40-r41*k10-r42+k20-r43+*k30) =G= 0;

zc4l .. r41-z+*(k41-r42+k21-r43+k31) =G= 0;

zc42 .. r42-z+»(k42-r43+k32) =G= 0;

zc43 .. r43-z+*k43 =G= 0;

2¢50 .. 1-r51-r52-r53-r54-z* (k50-r51+#k10-r52+k20-r53+k30-r54*k40) =G=
0;

2cb1 .. r51-z*(k51-r52*k21-r53*k31-r54+k41) =G= 0;

2c52 .. r52-z*(k52-r53+k32-r54*k42) =G= 0;

zcb3 .. rb53-z*(k53-r54*k43) =G= 0;

2cb4 .. rb4-z*kb4 =G= 0;

zc60

1-r61- r62-r63-r64—r65-z*(k60 -r61*k10-r62*k20-r63*k30~r64*k40-r65+*k50)
=G= 0;

zc61 .. r61-z*(k61-r62*k21-r63*k31-r64*k41-r65+*k51) =G= 0;

zc62 .. r62-z*»(k62-r63*k32-r64*k42-r65+k52) =G= 0;

2c63 .. r63-z*(k63-r64*k43-r65+k53) =G= 0;

2c64 .. r64-z*(k64-r65+#k54) =G= 0;

zc65 .. r65-z*k65 =G= 0;

2c70

1—r71—r72-r73 r74-r75-r76-2z*(bl-r71*k10-r72*k20-r73+k30-r74*k40-r75+k5
0- r76*k60) =G= 0;

z¢71 .. r71- z*(b2 -r72%k21-r73+k31-r74+k41-r75*k51-r76*k61) =G= 0;
zc72 .. r72-z*(b3-r73*k32-r74*k42-r75+k52-r76*k62) =G= 0;

zc73 .. r73-z*(b4-r74*k43-r75+k53-r76+k63) =G= 0;

zc74 .. r74-z*(b5-r75*k54-r76*k64) =G= 0;

2c75 .. r75-z*(b6-r76+k65) =G= 0O

2c76 .. r76-z*b7 =G= 0

> fprintf(fd, "# each row of alpha must sum to 1:\n"):
> for j from 2 to s do

>  printf( "ar%d0 .. %s =G= 0;\n", j, convert(l -
> sum(’alpha(j,k]’, ’k’=2..j), string)):

> fprintf(fd,"aerO .. %s =G= 0;\n", j, convert(1l -
> sum(’alphal(j,k]’, ’k’=2..3j), string)):

> end do:

ar20 .. 1-r21 =G= 0;

ar30 .. 1-r31-r32 =G= 0;

ar40 .. 1-r41-r42-r43 =G= 0;

ar50 .. 1-r51-r52-r63-r64 =G= 0;

ar60 .. 1-r61-r62-r63-r64-r65 =G= 0;

ar70 1-r71-r72-r73-r74-r75-r76 =G= 0;

> fprlntf(fd "# each beta must be >= 0:\n"):

> for j from 2 to s do

> for k from 1 to p 1 do

> printf ( "bphdid .. %s
> string)):

> fprintf (fd, "bp%di4d .. %s =G= 0;\n", j, k-1, convert(betalj,k],
> string)):

> end do:

> end do:

bp20 .. k20-r21*k10 =G= 0;

bp30 .. k30-r31*k10-r32*k20 =G= 0;

bp31 .. k31-r32+k21 =G= 0;

bp40 .. k40-r41+k10-r42+*k20-r43+k30 =G= 0;

bp41l .. k41-r42+k21-r43*k31 =G= 0;

bp42 .. k42-r43+k32 =G= 0;

bp50 .. k50-r51*k10-r52*k20-r53+k30-r54*k40 =G= 0;

bp51 .. kb51-r52+k21-r53*k31-rb54*k41 =G= 0;

bp562 .. k52-r53*k32-r54#k42 =G= 0;

bp53 .. kb53-rb54#k43 =G= 0;

bp60 .. k60-r61*k10-r62+k20-r63+k30-r64*k40-r65+#k50 =G= 0;

bp61 .. k61-r62*k21-r63+k31-r64+k41-r65*k51 =G= O;

bp62 .. k62-r63+k32-r64+*k42-r65+#k52 =G= 0;

bp63 .. k63-r64+*k43-r65*k53 =G= 0;

bp64 .. k64-r65+*k54 =G= 0;

bp70 .. bl-r71*k10-r72*k20-r73*k30-r74+k40-r75*k50-r76*k60 =G= 0;
bp71 .. b2-r72+*k21-r73*k31-r74*k41-r75*k51-r76*k61 =G= 0;

bp72 .. b3-r73*k32-r74*k42-r75*k52-r76+k62 =G= 0;

]
[~}
]

0;\n", j, k-1, convert(betalj,k],

77
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bp73 .. b4-r74%k43-r75+«k53-r76+%k63 =G= 0;
bp74 .. b5-r75%«k54-r76+«k64 =G= 0;
bp75 .. b6-r76%k65 =G= 0;

> fprintf(fd, "\n"):

#

>

# Order Conditions

> fprintf(fd, "# Order Conditions\n"):

>

# 0C1

> if (p >= 1) then

> # this is called tau but easier for the scripts if we call it til
>  suml := sum(’b[j]’, ’j’=1..s):

>  printf( "t1l .. %s =E= 1;\n", convert(suml,string)):

> fprintf(fd, "t11 .. %s =E= 1;\n", convert(suml,string)):

> fi:

til .. bl+b2+b3+b4+b5+b6+b7 =E= 1;

>

# 0C2

> if (p >= 2) then

> suml := sum(’b[jl*c[j]’, ’j’=1..s):

>  printf( "t21 .. 2%( %s ) =E= 1;\n", convert(suml,string)):
>  fprintf(fd, "t21 .. 2%( %s ) =E= 1;\n", convert(suml,string)):
> fi:

t21 .. 2%(

b2¥k10+b3*(k20+k21) +b4* (k30+k31+k32) +b5* (k40+k41+k42+k43) +b6* (k50+k51+
k52+k53+k54) +b7* (k60+k61+k62+k63+k64+k65) ) =E= 1;

>

# 0C3

> if (p >= 3) then

>  suml := sum(’b[jl*c[jl"2’, ’j’=1..s8):

>  printf( "t31 .. 3%( %s ) =E= 1;\n", convert(suml,string)):
> fprintf(fd, "t31 .. 3*( %s ) =E= 1;\n", convert(suml,string)):
>

> suml := O:

> for j from 1 to s do

> for k from 1 to s do

> suml := suml + b[jI*A[j,kl*c[k];

> end:

> end:

>  printf( "t32 .. 6*( %s ) =E= 1;\n", convert(suml,string)):
> fprintf(fd, "t32 .. 6*( %s ) =E= 1;\n", convert(suml,string)):
> fi:

t31 .. 3%(

b2kk10~2+b3* (k20+k21) "2+b4* (k30+k31+k32) "2+b5* (k40+k41+k42+k43) ~2+b6*(

k50+k51+k52+k53+k54) “2+b7 * (k60+k61+k62+k63+k64+k65) "2 ) =E= 1;

32 .. 6%(

b3xk21xk10+b4*k31%xk10+b4*k32% (k20+k21) +b5%k41%¥k10+b5*k4 2% (k20+k21) +b5x*

k43% (k30+k31+k32) +b6*k51*%k10+b6%k52% (k20+k21) +b6%k53* (k30+k31+k32) +b6*

k54% (k40+k41+k42+k43) +b7*k61%k10+b7xk62* (k20+k21) +b7*k63% (k30+k31+k32)

+b7*k64* (k40+k41+k42+k43) +b7*xk65* (k50+k51+k52+k53+k54) ) =E= 1;

# 0C4

> if (p >= 4) then

>  suml := sum(’b[jl*c[j]1"3’, ’j'=
printf ( "t4l .. 4x( %s ) =E

fprintf(fd, "t41 .. 4*( %s ) =E

1..8):
= 1;\n", convert(suml,string)):
= 1;\n", convert(suml,string)):
suml := O:
for j from 1 to s do

for k from 1 to s do

suml := suml + b[jI*A[j,k]*c[k]*c[j];

end:
end:
printf ( "t42 .. 8x( %s ) =E= 1;\n", convert(suml,string)):
fprintf(fd, "t42 .. 8%x( %s ) =E= 1;\n", convert(suml,string)):

suml := O:
for j from 1 to s do

for k from 1 to s do

suml := suml + b[jI*A[j, kI*c[k]"2;

end:
end:
priotf ( "t43 .. 12%( %s ) =E= 1;\n", convert(suml,string)):
fprintf(fd, "t43 .. 12x( Y%s ) =E= 1;\n", convert(suml,string)):

VVVVVVVVVVVVVVVVVVVYVVY

suml := O:
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> for j from 1 to s do

> for k from 1 to s do

> for 1 from 1 to s do

> suml := suml + b(jI*A(j,k]*»A(k,1]*c(1];

> end:

> end:

> end:

> printf( "t44 .. 24+( %s ) =E= 1;\n", convert(suml,string)):
> fprintf(fd, "t44 .. 24»( %s ) =E= 1;\n", convert(suml,string)):
> fi:

t41 .. 4x(

b2*k10"3+b3* (k20+k21) "3+b4*(k30+k31+k32) "3+b5* (k40+k41+k42+k43) “3+b6*(
k50+k51+k?2+k53+k54)“3+b7*(k60+k61+k62+k63+k64+k65)‘3 ) =E= 1;

t42 .. 8%

b3*k21xk10* (k20+k21)+b4*k31*xk10* (k30+k31+k32)+b4a*k32* (k20+k21) * (k30+k3
1+k32) +b5»k41xk10* (k40+k41+k42+k43) +b5*k42% (k20+k21) * (k40+k41+k42+k43)
+b5*k43* (k30+k31+k32) * (k40+k41+k42+k43) +b6%k51xk10* (k50+k51+k52+k53+k5
4) +b6xk52% (k20+k21) * (k50+k51+k52+k53+k54) +b6*k53* (k30+k31+k32) » (k50+k5
1+k52+k53+k54) +b6*k54* (k40+k41+k42+k43) * (k50+k51+k52+k53+k54) +b7*k6 1%k
10* (k60+k61+k62+k63+k64+k65) +b7*k62* (k20+k21) * (k60+k61+k62+k63+k64+k65
)+b7*k63% (k30+k31+k32) * (k60+k61+k62+k63+k64+k65) +b7 *k64* (k40+k41+k42+k
43) *(k60+k61+k62+k63+k64+k65) +b7xk65* (k50+k51+k52+k53+k54) » (k60+k61+k6
2+k63+k64+k65) ) =E= 1;

t43 .. 12x(
b3*k21%k10"2+b4*k31%k10~2+b4d*k32% (k20+k21) “2+b5xk41%k 10" 2+b5*k4 2% (k20+
k21) "2+b5%k43* (k30+k31+k32) “2+b6%k51%k 10" 2+b6*k52* (k20+k21) "2+b6%k53* (
k30+k31+k32) “2+b6xk54 % (k40+k41+k42+k43) “2+b7*k61%k10~2+b7+k62* (k20+k21
) "2+b7*k63%(k30+k31+k32) ~2+b7 *k64* (k40+k41+k42+k43) ~2+b7*k65* (k50+k51+
k52+k53+k54)"2 ) =E= 1;

t44 .. 24*(
b4a*k32*k21*k10+b5*k42*k21+k10+b5*k43*k31+%k10+b5+k43*k32* (k20+k21)+b6*k
52xk21%k10+b6+k53*k31+k10+b6*k53xk32* (k20+k21) +b6+*k54*k41xk10+b6+k54*k
42% (k20+k21) +b6*k 54*k43* (k30+k31+k32) +b7*k62%k21%k10+b7*k63+k31*k10+b7
*k63xk32% (k20+k21)+b7*k64*k41+k10+b7*k64%k42% (k20+k21) +b7*k64%k43* (k30
+k31+k32)+b7*k65%k51%k10+b7+k65%k52* (k20+k21) +b7*k65%k53* (k30+k31+k32)
+b7*k65*k54* (k40+k41+k42+k43) ) =E= 1;

0Ccs
if (p >= 5) then
suml := O:
for j from 1 to s do
suml := suml + b[jl*c[jl~4;
end:
printf ( "t51 .. 5*( %s ) =E= 1;\n", convert(suml,string)):
fprintf(fd, "t51 .. 5%( %s ) = 1;\n", convert(suml,string)):

suml := O:
for j from 1 to s do

for k from 1 to s do

suml := suml + b[jI*A[j,kl*c(kl*c[j]1"2;

end:
end:
printf ( "t52 .. 10*( %s ) =E= 1;\n", convert(suml,string)):
fprintf(fd, "t52 .. 10x( %s ) =E= 1;\n", convert(suml,string)):

suml := O:
for j from 1 to s do

for k from 1 to s do

suml := suml + b[jl*A[j,k]l*clk]2*c[j];

end:
end:
printf( "t563 .. 15*%( %s ) =E= 1;\n", convert(suml,string)):
fprintf(fd, "t53 .. 15*( %s ) =E= 1;\n", convert(suml,string)):

suml := O:
for j from 1 to s do
for k from 1 to s do
for 1 from 1 to s do
suml := suml + b[j1*A[j,k)*A{k,1]*c{1)*c(j];
end:
end:
end:
printf( "t54 .. 30*( Ys )

, convert(suml,string)):
fprintf(fd, "t54 .. 30x( %4s )

, convert(suml,string)):

E= 1;\n"
E= 1;\n"

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVERY

suml := O:

79
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for j from 1 to s do
for k from 1 to s do
for m from 1 to s do
suml := suml + b[jI*A[j,k)*c[k]*A{j,m]*c[m];
end:
end:
end:
printf( "t55 .. 20%( %s ) =E= 1;\n", convert(suml,string)):
fprintf(fd, "t55 .. 20%( %s ) =E= 1;\n", convert(suml,string)):

suml := O:

for j from 1 to s do
for k from 1 to s do

suml := suml + b[(jI*A[j, k]*c(k]"3;

end:

end:

printf( “t56 .. 20%( %s )

fprintf(£fd, "t56 .. 20*( %s )

1;\n", convert(suml,string)):
, convert(suml,string)):

L]

W
-
-
D-

suml := O:
for j from 1 to s do
for k from 1 to s do
for 1 from 1 to s do
suml := suml + b(jI*A[j,k]I*Alk,1]*c[1]*c[k];
end:
end:
end:
printf ( "¢57 .. 40x( ¥%s ) =E= 1;\n", convert(suml,string)):
fprintf(fd, "t57 .. 40*( %s ) =E= 1;\n", convert(suml,string)):

suml := 0:
for j from 1 to s do
for k from 1 to s do
for 1 from 1 to s do
suml := suml + b[jI*A[j,k]*A[k,1)*c[1]1"2;
end:
end:
end:
printf( "t58 .. 60%( %s ) =E= 1;\n", convert(suml,string)):
fprintf(fd, "t58 .. 60*( %s ) =E= 1;\n", convert(suml,string)):

suml := O:
for j from 1 to s do
for k from 1 to s do
for 1 from 1 to s do
for m from 1 to s do
suml := suml + b[jI*A[j,kI*A[k,1]*A(1,m]l*c(m];

FIVVVVVVVVVVVVWVVVVVVVYVVVVVYVVVVYVVVVYVVVVVVVYWVVVVVYVVVYVVVVVYV VY

end:
end:
end:

end:

printf( "t59 .. 120%( %s ) =E= 1;\n", convert(suml,string)):

fprintf(fd, "t59 .. 120%( %s ) =E= 1;\n", convert{(suml,string)):
> fi:
t51 .. 5x(

b2%k10"4+b3* (k20+k21) “4+b4* (k30+k31+k32) “4+b5* (k40+k41+k42+k43) ~4+b6+*(
k50+k51+k5%+k53+k54)”4+b7*(k60+k61+k62+k63+k64+k65)‘4 ) =E= 1;

t52 .. 10%

b3#k21xk10%(k20+k21) “2+b4*k31%k10%(k30+k31+k32) "2+b4*k32* (k20+k21) * (k3
0+k31+k32) “2+b5*k41%k10% (k40+k41+k42+k43) ~2+b5xk4 2% (k20+k21) * (k40+k41+
k42+k43) ~2+b5*k43% (k30+k31+k32) * (k40+k41+k42+k43) ~“2+b6*k51*k10* (k50+k5
1+k52+k53+k54) "2+b6*k52% (k20+k21) * (k50+k51+k52+k53+k54) "2+b6*k53* (k30+
k31+k32) *(k50+k51+k52+k53+k54) "2+b6*k54* (k40+k41+k42+k43) * (k50+k51+k52
+k53+k54) “2+b7*k61%k10%* (k60+k61+k62+k63+k64+k65) ~2+b7 #k62% (k20+k21) * (k
60+k61+k62+k63+k64+k65) “2+b7*k63* (k30+k31+k32) * (k60+k61+k62+k63+k64+k6
5) “2+b7*k64* (k40+k4 1+k42+k43) * (k60+k61+k62+k63+k64+k65) ~2+b7 ¥k65% (k50+
k51+k52+k53+k54) x (k60+k61+k62+k63+k64+k65) "2 ) =E= 1;

£53 .. 15%(

b3xk21*k1072% (k20+k21)+b4*k31*k10"2*(k30+k31+k32) +bd*k32* (k20+k21) "2x(
k30+k31+k32) +b5*k41*k10~ 2% (k40+k41+k42+k43) +b5*kd2x (k20+k21) ~2* (k40+k4
1+k42+k43) +b5*k43* (k30+k31+k32) “2% (k40+k41+k42+k43) +b6xk51%k10~ 2% (k50+
k51+k52+k53+k54) +b6+k52+ (k20+k21) "2 (k50+k51+k52+k53+k54 ) +b6*k53* (k30+
k31+k32) “2# (k50+k51+k52+k53+k54) +b6+k54* (k40+k41+k42+k43) “2* (k50+k51+k
52+k53+k54) +b7*k61%k10 " 2% (k60+k61+k62+k63+k64+k65)+b7*k62% (k20+k21) 2%
(k60+k61+k62+k63+k64+k65) +b7 *k63* (k30+k31+k32) “2% (k60+k61+k62+k63+k64+
k65) +b7#k64* (k40+k41+k42+k43) "2% (k60+k61+k62+k63+k64+k65) +b7*xk65* (k50+
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k51+k52+k53+k54) ~2*% (k60+k61+k62+k63+k64+k65) ) =E= 1;
t54 .., 30%(
b4xk32+%k21xk10% (k30+k31+k32) +b5xk42*k21%k10% (k40+k41+k42+k43) +bS*k43*k
31#k10%(k40+k41+k42+k43) +b5»k43%xk32* (k20+k21) * (k40+k41+k42+k43) +b6+k 52
#k21#k10% (k50+k51+k52+k53+k54) +b6+k53#k31%k10* (k50+k51+k52+k53+k54) +b6
#k53%k32% (k20+k21) * (k50+k51+k52+k53+k54 ) +b6xk54%k41#k10* (k50+k51+k52+k
53+k54) +b6#k54%k42% (k20+k21) * (k50+k51+k52+k53+k54 ) +b6*k54%k43* (k30+k31
+k32) # (k50+k51+k52+k53+k54) +b7*k62+k21#k10% (k60+k61+k62+k63+k64+K65) +b
T#k63%k31+%k10% (k60+k61+k62+k63+k64+k65) +b7*k63%k3 2% (k20+k21) * (k60+k61+
k62+k63+k64+k65) +b7 *k64%k41%k10* (K60+k61+k62+k63+k64+k65)+bT7 #k64%k4 2% (
k20+k21) *(k60+k61+k62+k63+k64+Kk65) +b7 #k64+k43* (k30+k31+k32) *(k60+k61+k
62+k63+k64+k65) +b7*k65%k51%k10% (k60+k61+k62+k63+k64+k65) +b7*k65%k52x (k
20+k21) * (k60+k61+k62+Kk63+Kk64+k65) +b7 *k65%k53% (k30+k31+k32) * (k60+k61+k6
§+k63+k64+k65)+b7*k65*k54*(k40+k41+k42+k43)*(k60+k61+k62+k63+k64+k65)
=E= 1;
t55 .. 20%(
bS*k41~2%k10"2+2%b5%k41xk10#k42% (k20+k21) +2%b5*k41%k10*k43* (k30+k31+k3
2) +b4#k31"2%k10"2+2%b4#k31xk10*k32* (k20+k21) +b4*k32~ 2% (k20+k21) ~2+b3*k
21°2%k10"2+b5*k43 2% (k30+k31+k32) "2+b7*k62 2% (k20+k21) “2+2xb7*k62* (k20
+k21) ¥k63% (k30+k31+k32) +2#b7 #k62% (k20+k21) #k64* (k40+k41+k42+k43) +2%b7*
k62% (k20+k21) *k65% (k50+k51+k52+k53+k54) +b7*k63~2# (k30+k31+k32) ~2+2%b7*
k61xk10*k65% (k50+k51+k52+k53+k54) +b64k54 2% (k40+k41+k42+k43) "2+b6*k53~
2% (k30+k31+k32) "2+2%b6xk53% (k30+k31+k32) *k54* (k40+k41+k42+k43) +b7*k61"
2%k10°2+2#b7*k61*k10%k62% (k20+k21) +2¥b7*k61%k10*k63% (k30+k31+k32) +2%b7
*k61%k10%k64* (k40+k41+k42+k43) +b6+k51 " 2%k10"~2+2%b6%k51%k10%k52% (k20+k?2
1) +2%b6+k51%k10#k53% (k30+k31+k32) +2#b6*k51#k10%k54 % (k40+k41+k42+k43) +b
6xk52° 2% (k20+k21) ~2+2%b6xk52% (k20+k21) ¥*k53# (k30+k31+k32) +2*b6*k52# (k20
+k21) *k54* (k40+k4 1+k42+k43) +b5%k42~ 2% (k20+k21) ~2+2%b5*k42* (k20+k21) *k4
3% (k30+k31+k32) +b7*k65 " 2% (k50+k51+k52+k53+k54) "2+ 2%b7»k64* (k40+k41+k42
+k43) *k65% (k50+k51+k52+k53+k54 ) +2#b7*k63# (k30+k31+k32) k64 # (k40+k41+k4
2+k43) +2+b7+k63% (k30+k31+k32) *k65% (K50+k51+k52+k53+k54 ) +b7+k64 "~ 2% (k40+
k41+k42+k43)"2 ) =E= 1;
156 .. 20%(
b3#k21#k10"3+b4*k31#k10"3+b4*k32# (k20+k21) "3+b5*k41%k10"3+b5*k42% (k20+
k21) “3+b5%k43* (k30+k31+k32) “3+b6+k51#k10"3+b6+k52% (k20+k21) “3+b6%k53* (
k30+k31+k32) "3+b6xk54* (k40+k41+k42+k43) "3+b7*k61%k10~3+b7*k62# (k20+k21
) “3+b7*k63% (k30+k31+k32) "3+b7*k64# (k40+k41+k42+k43) ~3+b7*k65% (k50+k51+
k52+k53+k54)°3 ) =E= 1;
157 .. 40%(
b4*k32%k21*k10% (k20+k21)+b5%k42%k21%k10% (k20+k21) +b5*k43*k31+k10% (k30+
k31+k32) +b5S*k43%k32% (k20+k21) * (k30+k31+k32) +b6+k52%k21%k10* (k20+k21) +b
6*k53%k31%k10% (k30+k31+k32) +b6%xk53%k32# (k20+k21) * (k30+k31+k32) +b6*k54*
k41%k10% (k40+k41+k42+k43) +b6%k54 #k42# (k20+k21) * (k40+k41+k42+k43) +b6%k5
4»k43%(k30+k31+k32) * (k40+k41+k42+k43) +b7#k62xk21+k10% (k20+k21) +b7*k63*
k31%k10# (k30+k31+k32)+b7+k63%k32* (k20+k21) *(k30+k31+k32) +b7 xk64*xk41+k1
0% (k40+k41+k42+k43) +b7#k64%k42# (k20+k21) * (k40+k41+k42+k43) +b7*k64%k4 3+
(k30+k31+k32) % (k40+k41+k42+k43) +b7*k65%k51 #k 10* (k50+k51+k52+k53+k54) +b
T*k65%k52% (k20+k21) * (k50+k51+k52+k53+k54) +b7»k65#k53% (k30+k31+k32) * (k5
O+k51+k52+k53+k54 ) +b7#k65+k54% (k40+k41+k42+k43) * (k50+k51+k52+k53+k54)
) =E= 1;
158 .. 60x%(
b4*k32%k21%k10~2+b5%k424k21%k10~2+b5*k43#k31xk10"2+b5*k43+k32% (k20+k21
) "2+b6%k52%k21%k10"2+b6%k53*k31%k10~2+b6#k53%k32% (k20+k21) “2+b6%k54*k4
1#k10"2+b6+k54xk42# (k20+k21) “2+b6+k54*k43* (k30+k31+k32) " 2+b7»k62xk21*k
1072+b7+k63%k31xk10"2+b7+k63%k32% (k20+k21) ~2+b7*k64*k41+%k10~2+b7*k64 ¥k
42%(k20+k21) “2+b7*k64%k43* (k30+k31+k32) “2+b7#k65+%k51#k 10" 2+b7*k654k52*
§k20+k21)‘2+b7*k65*k53*(k30+k31+k32)"2+b7*k65*k54*(k40+k41+k42+k43)'2
=E= 1;
159 .. 120%(
b5%k43%k32%k21#k10+b6%k53*k32*k21%k10+b6%k54*k42%k21*k10+b6*k54*k43%k3
1#k10+b6*k54%k434k32#%(k20+k21) +b7*k63%k324k21%k10+b7*k64#k42*k21%k10+b
T#k64+k43%k31*k10+b7#k64+k43%k32% (k20+k21)+b7+k65%k52%k21%k10+b7*k65%k
53%k31xk10+b7*k65xk53%k32#(k20+k21) +b7*k65%k54%k41xk10+b7*k65%k54%k4 2«
(k20+k21) +b7*k65%k54*k43% (k30+k31+k32) ) =E= 1;
fprintf(fd, "\n"):

Model setup, BARON call
fprintf(fd, "option decimals = 8;\n\n"

fprintf(fd, "# BARON run:\n"):

fprintf(fd, "model m /all/;\n"):

fprintf(fd, “option nlp = baron;\n"):

fprintf(fd, "m.optfile = 1;\n"):

fprintf(fd, "m.workspace = %d;\n", WORKSPACE):
fprintf (fd, "solve m maximizing z using nlp;\n\n"):

VVVVVVVVVHVYV

fprintf(fd, "# only affects the dis lag command and cannot be > 8\n"):
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>

>

> fprintf(fd, "# MINOS run:\n"):

> fprintf(fd, "model m2 /all/;\n"):

> fprintf(fd, "option nlp = minos;\n"):

> fprintf(fd, "option sysout = on;\n"):

> fprintf(fd, "m2.optfile = 1;\n"):

> fprintf(fd, "solve m2 maximizing z using nlp;\n\n"):
>

> fprintf(fd, "variables\n"):

> fprintf(fd, " "):

> for j from 2 to (s-1) do

>  printf( "%s, ", convert(alphalj,1],string)):
> fprintf (fd, "4s, ", convert(alpha{j,1],string)):
> end do:

> printf( "%s\n", convert(alphalj,1],string)):

> fprintf(fd, "%s\n", convert(alphalj,1],string)):
120, r30, r40, r50, r60,

70

> for j from 1 to s do

> fprintf(fd, " ")

> for k from 1 to (j-1) do

> printf( "betajd¥d, ", j, k-1):

> fprintf(fd, "betaldid, ", j, k-1):

> end do:

> printf( "betald’d\n", j, j-1):

>  fprintf(fd, "beta%d¥d\n", j, j-1):

> end do

betall

beta20, betal2l

beta30, beta3l, beta32

betad0, betad4l, betad2, betad3

betab50, betabl, betab2, betab53, betab4d

beta60, beta6l, beta62, beta63, beta64, beta6b

beta70, beta7l, beta72, beta73, beta74, beta75, beta76

> fprintf(fd, " ;\n"):

> for j from 2 to s do

>  printf( “%s.1 =1 - ", convert(alpha{j,1], string)):
> fprintf(fd, "%s.1 = 1 ~ ", convert(alpha[j,1], string)):
> for k from 2 to (j-1) do

> printf( "%s.1l - ", convert(alphalj,k], string)):

> fprintf(fd, "¥%s.1 - ", convert(alpha(j,k], string)):

> end do:

>  printf( "%s.1;\n", convert(alphalj,j], string)):

> fprintf(fd, "%s.l;\n", convert(alphalj,j], string)):

>  #printf( "%s.1 = Ys;\n", convert(alphalj,1], string),
> convert(l-sum(’alphalj,k]’, ’k’=2..j), strin g :

> #fprintf(fd, "%s.l = %s;\n", convert(alphalj,1], string),
> convert(l-sum(’alphalj,k]’, ’k’=2..j), stringg):

> end do:

>

r20.1 = 1 - r21.1;

r30.1 =1 - r31.1 - r32.1;

r40.1 = 1 - r41.1 - r42.1 - r43.1;

r50.1 =1 - r51.1 - r52.,1 - r53.1 - r54.1;

r60.1 = 1 - r61.1 - r62.1 - r63.1 - r64.1 - r65.1;

r70.1 =1 - r71.1 - r72.1 - r73.1 - r74.1 - r75.1 -~ r76.1;

> for i from 1 to s do

> for k from 1 to i do

> if (i = s) then

> printf( "betakd¥%d.l = ¥%s.1l", i, k-1, blk]):

> fprintf(fd, "betaldid.l = s.1", i, k-1, blk]):

> else

> printf( "beta¥dkd.l = %s.1l", i, k-1, A{i+1,k]):
> printf(fd, "betaldid.l = %s.1l", i, k-1, Afli+1,k]):
> fi:

> for j from k to i-1 do

> printf( " - Y%s.1l*/s.1l", alpha(li,j+1], A[j+1,k]):
> fprintf(fd, " - %s.lx%s.l", alphali,j+1], A[j+1,k]):
> end do:

> printf( "s\n"):

> fprintf (fd, ";\n"):

> end do:

> end do:
betal0.1l = k10.1;
beta20.1 = k20.1 - r21.1%k10.1;
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beta21.1 = k21.1;

beta30.1 = k30.1 - r31.1#k10.1 - r32.1#k20.1;

beta31.1 = k31.1 - r32.1%k21.1;

beta32.1 = k32.1;

betad0.1 = k40.1 - r41.1+*k10.1 - r42.1+k20.1 - r43.1+*k30.1;
betad1.1 = k41.1 - r42.1%k21.1 - r43.1+k31.1;

beta42.1 = k42.1 - r43.1#%k32.1;

betad43.1 = k43.1;

beta50.1 = k50.1 - r51.1*k10.1 - r52.1+%k20.1 - r53.1#*k30.1 -
r54.1*%k40.1;

beta51.1 = k51.1 - r52.1*k21.1 ~ r53.1+*k31.1 - r54.1+k41.1;
betab2.1 = k52.1 - r53.1*k32.1 - r54.1#*k42.1;

betab3.1 = k53.1 - r54.1%k43.1;

betab4.1 = k54.1;

beta60.1 = k60.1 r61.1*k10.1 - r62.1*#k20.1 - r63.1%k30.1 -

r64.1*k40.1 - r65.1+k50.1;

beta6l.1 = k61.1 - r62.1*k21.1 - r63.1*k31.1 - r64.1*k41.1 -

r65.1*k51.1;

beta62.1 = k62.1 - r63.1%k32.1 - r64.1*k42.1 - r65.1*k52.1;
beta63.1 = k63.1 - r64.1+k43.1 - r65.1%k53.1;

betab4.l = k64.1 - r65.1+k54.1;

beta65.1 = k65.1;

beta70.1 = b1l.1 - r71.1#k10.1 - r72.1%#k20.1 - r73.1*k30.1 -

r74.1%k40.1 - r75.1+k50.1 - r76.1+k60.1;
beta71.1 = b2.1 - r72.1*k21.1 - r73.1*k31.1 - r74.1%k41.1 -
r75.1*k51.1 - r76.1*k61.1;

beta72.1 = b3.1 - r73.1*k32.1 - r74.1%k42.1 - r75.1*k52.1 -
r76.1*k62.1;

beta73.1 = b4.1 ~ r74.1*k43.1 - r75.1#k53.1 - r76.1*k63.1;
beta74.1 = b5.1 - r75.1%k54.1 - r76.1*k64.1;

beta75.1 = b6.1 - r76.1%k65.1;

beta76.1 = b7.1;

> ## unfortunately, this will not work! (the expression won’t have

VVVVVVVVVVVVVVVVVVVVVVVVVVYV

v

put k10.1
put k20.1
put k30.1, k31.1, k32.1/;
put k40.1
put k50.1

#for j from 1 to s do

# for k from 1 to j do

# printf( "beta%d¥d.1l = %s;\n", j, k-1,
convert(beta(j,k],string)):

# fprintf (fd, "betald%d.l = %s;\n", j, k-1,
convert(betal[j,k],string)):

# end do:

#end do:

fprintf(fd, "file out / %s /;\n", COEF_FILENAME):

fprintf(fd, "put out;\n"):

fprintf (fd, "out.nd=15;\nout.nr=0;\nout.nz=0;\nout.nw=22;\n\n"):
fprintf(fd, "put z.lo, z.l, z.up/;\n"):

fprintf(fd, "put ’'# A matrix:’//;\n"):
for j from 2 to s do

printf ( "put "):

fprintf(fd, "put "):

for k from 1 to (j-2) do

printf ( "%s.l, ", convert(A[j,k],string)):
fprintf(fd, "%s.1l, ", convert(A[j,kl,string)):
end do:
printf( "%s.1/;\n", convert(a(j,j-1],string)):

fprintf(fd, "%s.1/;\n", convert(A(j,j-1],string)):
end do:

' k21.1/;

~

, k41.1, k42.1, k43.1/;
, kb1.1, k52.1, k53.1, k54.1/;

put k60.1, k61.1, k62.1, k63.1, k64.1, k65.1/;

>

>
>
>
>
>
>
>
>

fprintf(fd, "put ’'# b vector:’/;\n"):
printf ( "put "):

fprintf (fd, "put "):

for j from 1 to (s-1) do

printf( "%s.1l, ", convert(b[jl,string)):
fprintf(fd, "Ys.l, ", convert(b(jl,string)):
end do:
printf ( "%s.1/;\n", convert(b(s],string)):

fprintf(fd, "%s.1/;\n", convert(b(s],string)):

.1's)
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>

put
b1.1, b2.1, b3.1, b4.1, b5.1, b6.1,

b7.1/;
> fprintf(fd, "put /’# alpha matrix:’/;\n"):
> printf( "put 1/;\n"§:

> fprintf(fd, "put 1/;\n"):
> for j from 2 to s do

", convert(alphalj,k],string)):

fprintf (£d, "%s.1l, ", convert(alphalj,k],string)):

"%s.1/;\n", convert(alpha(j,j],string)):
fprintf(fd, "%s.l/;\n", convert(alphalj,j],string)):

r43.1/;
r53.1, r54.1/;
r63.1, r64.1, r65.1/;

>  printf( "put “):
> fprintf (fd, "put "):
> for k from 1 to (j-1) do
> printf( “is.1,
>

> end do:

>  printf(

>

> end do:

put 1/;

put r20.1, r21.1/;

put r30.1, r31.1, r32.1/;
put r40.1, r41.1, r42.1,
put r50.1, r51.1, rb2.1,
put r60.1, ré61.1, r62.1,
put r70.1, r71.1, r72.1,

> fprintf(fd,
> for j from 1 to s do

r73.1, r74.1, r75.1, r76.1/;

"put ’# beta matrix:’/;\n"):

"betajd/d.l, "

, 3. k-1):
, J. k-1):

"betal’d’%d.1/;\n", j, j-1):
fprintf(fd, "beta’d/d.l/;\n", j, j-1):

beta32.1/;

betad42.1, betad3.l/;

beta52.1, beta53.1, betab4.l1/;

beta62.1, beta63.1, beta64.l, beta65.1/;
beta72.1, beta73.l, beta74.1, beta75.l,

out;\n"):

>  printf( "put "):
> fprintf(fd, "put "):
> for k from 1 to (j-1) do
> printf(

> fprintf(fd, "betald’d.1l, *
> end do:

> printf(

>

> end do:

put betal0.1l/;

put beta20.1, beta21.l/;
put beta30.1, beta3l.l,
put betad40.1l, betadl.l,
put beta50.1, beta51.1,
put beta60.1, beta6l.l,
put beta70.1l, beta71l.l,
beta76.1/;

> fprintf(fd, "\n"):

>

>

> fprintf(fd, "putclose
>

> fclose(fd);

>
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Appendix C

Additional Source Code

The author’s website at http://www.math.sfu.ca/~cbm/ contains additional source code,
errata lists and machine readable code for the various Butcher tableaux and a~f3 notation

matrices contained in this thesis.
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