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Abstract 

In t,his t,liesis. t l ~ e  proldenl of \:iew pla.11ning with co~n l~ incd  view n11d t.ravel costs, tlc~lotecl 

11). Tro.uelr~~z,q IzrPP, is acldrc+sccl. I t  refers to pla~luin:, a seqrlence of viewlmints t,o f'r~lly 

i~ispect  t l ~ e  o l~jec ts  of interwt and a path  to realize t,llese viewpoi~lts. \vhile ~ n i ~ ~ i l ~ l i z i n g  total 

cost. inclutlil~g Ihoth view cost and traveling cost. The  idea of conihining the t.wo costs is 

motivated I)\- rohotic: applications, especially the rcmotc miss io~~s .  where the tfimc antl ellrryv 

spent, arc- n c.ritic;~l fact,o~. to succc~ssl1111~- coniplet,e thc taslis, n ~ 1 . ~ 1  w s t  is t1.1~ C L I I I I I I ~ ~  t i w  

ti111t' al-~rl cncrgy co l~s l~~ i lp t ion  d u ~  to the rol~ot.  uiove~neilt~s ant1 t l ir~s is proportio~ial to t h  

total distance travelctl I)>- the rol,ot. View cost c~or~-cspo~~cls  to blie i~ilage procrssing. illlag(. 

rcgistlatiou ancl geo~net.l-ic. model co~lst.rrlction a.f'ter w c l ~  view is takcn ant1 is 1)rol)ol t,ional 

to t,lw n u ~ n h e ~ .  of viewpoint plan~ied.  

First,, we assunle t l ~ a t  the viewpoints are givcn, the gcwmetries of the object, antl t l ~ ~  

graph e n c d i n g  tlie robot paths are l<nourn (also known as the model-hasecl case). \;\ic\ cive 

an  LP I~asetl approximation algorithm t,he solution cost of which is within a. certaill ~.at,io 

of the optimal cost. We show that  the approximat,ion ~.at,io is in the order of the freqr~ency 

pa.lwnetcr, clefinecl ijs the rnax i inu~ i~  number o l   viewpoint,^ tha.t see a single surface patch of 

the object, of the problem. Together with the poly-logarithmic approximation rat.io provideel 

l q  an existing LP based randomized algorith~n (a.fter  educing o w  problem t,o tlie related 

group Steinel. t,ree prol~lem),  the  best,  know^ approxi~~la t ion ratio to Traveling VPP is the 

rninimu~n of a constant times frequency a.nd the poly-logaritllmic of the input. size, which 

~~ ia tc l l e s  (with the approximation order) the exisbing hardness of approximation rcsult for ;I 

closelv re1;itrrl pl~ohle~n. tllc Group S t e i i l ~ ~ .  rise pmhle111. This result parallels that for tllc 

\\:cll-k~io\v~l set. covering pl.ohle~n. 

T l ~ c n  we intmclrrcc a geometric probleni. ~ i an~c l ;  the I/Vntrlm~nn. Route Problem 111ith 

n i s c ~ r t e  l ' ieu~ co.sf. denotecl hy GMTRP, whicl~ ~.efers t.o p h l ~ n i n g  a co~it,inuor~s rolmt tour 



i ~ ~ s i t l e  a polygon and a numl~er  of cliscrete vie\:;poi~~ts on i t  with the l i l i n i~~ iu l l~  toti11 cost. 

as the weightcd sum of the view aantl travel cost.. s t ~ c h  tha t  every point 0 1 1  thc p o l y g o ~ ~  

(inkel-ior) bouncla.ry is visible from a t  least 011s \:icn:point plannecl. Tlic G W R P  gel~eralizes 

tllc ~.~~11-kll0\\:1.1 IVi~t ,chlan  Route Pl~ol)lelu, wl~ic.1~ refers t,o plan t,lle shortest t , o r~~ .  such  tllat 

ail!; pol!.gon Ix)untlal~y point is \ . is ibl~ to a t  Icaat one poiut on t , l~e  t,our. \\'c pi.oposcs a 

~iovel sampliug ~ n c t l ~ o d  to reduce ally GWRP instance to a navel ing VPP instance- wit,li 

a bouncletl nunlber of  viewpoint.^ such that. the opt.imal solution to the GWRP is wit.hi11 a 

consta~i t  rat.io of the opt.imal solrrt.ion cost of the retlt~ced nave l ing  VPP. T h ~ r s  combining 

the irpproximatioi~ i1lgol.ith111 t80 the Traveling VPP,  wc Ilave an  approximation ;rlgoritllnl 

to t,Jlc GWRP. \hie also ilnplemc~lt O I I Y  appros in~a t io~ i  algorithm for t,hc GIYRI' tl~wt tnlws 

a polygon and a robot s t a r t  point and proclt~cc.~ n GWRP solution. I+" p ~ c v n t  some 

prcli~niual-y exl~crinlental results tha t  sllow the power of the algorithm. 
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Chapter 1 

Introduction 

1.1 Introduction 

I~n;lgiuc\ at  ;\ I~istoric site, n rohut is askctl to ar~t,ononiorlsl>. s c a ~  t , l~e artif;rr,ts (.HI tlie sit(- a~l t l  

I ) r ~ i l t l  tllcir c:oi~lpletc s ~ r f a w  rel)i~rsc~itz~tioi~s.  T l ~ e  ~.ol,utic artifact, " t l o r , ~ ~ ~ l ~ e ~ ~ t , a t i ( ; ~ ~ ~ "  or .i.ir- 

t u d  ~ r a l i t y  en\.irolll~~ellt. const,ruct,io~l ahi1it.y ar~t.o~nabes iLlilll\. tedious ti~sI<s tlolle p r i ~ ~ ~ a r i l y  

I,\; Ilr~lilen t.l~us fal-. (Src Ref. [RAOG] and tlic rcfereiices therein for some of the few ~ s i s t i n g  

worlcs on a u t o l ~ ~ a t i n g  this process.) Please sce Ref. [LPC ' O O ]  for all intrwsting \:ol-k o l ~  

3D ~ligitizat~ion of historic  artifact,^ in which a. g r o ~ ~ p  fro111 St,anforcl Universi t ,~ spcrlt i ~ i n r  

nionths in Italy tligitalizirlg the scnlptures made by h~Jichelangelo. In Ref. [LP('{ 001, the 

planniug a d  moving were done by lluman. Note tha t  if using autononlous robot sensor 

syst,ems, not only the time spent in nloving the 3D laser scanner nild p l a n ~ ~ i n g  the scanning 

acti1:ities c:an be greatly shortened, but  tedious worlt can I N  avoidecl for lliuman operators. 
r 7 .I. lie domnent, ioned vision-based robotic application motivates t,he problenl col~sideretl 

in this thesis: to plan sensing actions and a robot traveling pa.th in realizing these act,ions 

such that  the surfaces of the objects of interest are completely "tlocumentcd"/scan~iecl. For 

a so11.1tion t,o be feasible, i t  n u s t  satisfy: the cove7ing con,.st~a,int tl1a.t for any ohject surface 

patc.li, a t  least one viewpoiut where the surface patch is visible ~ O I I I  is chosen: and tlie 

connertiou const~nin,t t,hat the vic-.wpoint,s chosen are connected via the pat,h plal~netl. At 

the si\nlc time. for such applications. especia.lly in remote missions. the time and eilergy 

spent ij.re a critical factor for the tasks to be succ:essfrdly complet~etl. Thus,  we inode1 this 

rol,ot,ic: ohjoct inspect,ion t,ask a s  an optin-~ization problem of minimizing the  conespo~lcling 

total cost, a weighted sunl of I,ot,l~ t,he iriew cost a.ud the txavel cost,. View cosl correspontls 
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position IZK 
G- -- . .a 

. - . . . . _ _ _ _  

Robot traveling path 

Figure 1.1: A n a v e l i ~ ~ g  VPP itlstmce. I t  s h o w  G plametl  sensor viewpuints that  totally 
cover the s~trface of the  011jec:t of int,crest,, n.td the robot traveling path to realize t.lleln. 

surfarcss in a t,n.o- or thrc~c~-tli~nensio~la.l envimnment,. We call this special case M e t . r i c  Vieu~ 

Plnnming Pwble~n wztlr T/.avel Co.st 0n.d Vislbzlaty Rwnge, or Met~ic  T V P P  ill sliort. Notc 

that. unlike t,Iie geueral Tnveling VPP, for h,letric T V P P ,  the l.011ot h a w 1  dist,anc:e hetween 

two viewpoints is the shortest path length between theln. Note t,liat the s h o r t ~ ~ s t  path 

lengths are governed by a metric, i.e., they sat.isfy the  triangular inequality. 

Rather than calling the geometrjc version "naveling V P P  in a polygon", we use a. well- 

known problem in the comput~ational geometry literature, the Wntchma.n Route Problem 

or W R P  in short [C'.\T91]. which asks for t,he shortest. pa.th inside a polygon (possibly wit,ll 

l~oles) such that. every poilit on t,he polvgon I )o~~nt lary  is visible from a t  l r i r t  olle point ~ I I  the 

path,  and call the geo~net,ric version the lVotrh.n~ari Route Proble7n nnth Di.s.r:rr tc. Vieu~ ( '(>.st. 

or Geuemlized I~Vnfcl~rrra~ Ro7rtr: Problem (G\hlRP). GWRP is a h u e  generalization to t,llc 

WRP:  while the WRP fol- simple p o l y g o ~ ~ s  (without holes) is it1 P (solvable in poly1ion1ia.1 

t,ime). GWRP is NP-hard. Tllc latter follows from the fact t1ia.t when travel cost, is ignored: 
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GWRP rrtlr~ces to the wcll-know11 NP-hard Art  G a l l ~ r y  Problem (AGP).  

In t,his paper,  wc cmsider a ~lont,rivial rest~ict,ecl \wsion of t,he GWRP: called t,lle kl/l~ole 

Eflqc. C ' m ~ e r i ~ t g  G ~ I ' ? I ) ,  01. kI/EC-C: WRP, in \\ihich ail\. p ~ l \ ~ g o n  edge is requirecl to be ent,irely 

visiljle from a t  least one planned viewpoint. T h e  ~.est,riction arises naturally i l l  illspection 

t.aslis in rol3otic applications. where thc "inap" given to t,he r o l ~ o t  is often a c.liscl.etizetl 

bur~nclary reprcwntation a,ncl cluri~ig inspect.ion tasks each small discretized bounclnry piece 

is considered a s  inspected from one planned viewpoint if and only if all the points on it are 

visible. Thus ,  by regarding each piece as a polygon edge, we 11aw a whole edge covering 

instance. T h e  sa.llic restriction is also used in the t,erraii~ guarding problem [Eid02]. WEC- 

G W R P  has t l ~ e  same NP-l~a.rclnrss wntl inapprosil~lahility i1s CWRP.  (Plcnse see Appendix A 

i~~app l -os i~na lde  fbr ~)oly~r ;o~is  wit11 lwles. follo\vs from t,lw i~ecluc:tioli frol~i  all arI)it,ral.!. Set. 

C:overi~lg Prolde111 insttwco to a culrok  rdqe c o c ~ e ~ i n g  Poiut AGP i~~sta.ncc.  Formal dcfi~ritions 

of Tra.veling V P P  and WEC-GWRP are given in Chapters 2 aid 4 respectively. 

Both Traveling V P P  and WEC-GWRP combine and gcnelalize some well-known NP- 

l~ar t l  prohlems and are immediately NP-hard. We a.clopt in this thesis approxiinatioii algo- 

r i t h n ~ s  [VazOl] tha t  are fast (runs in time of the  order of a polyiio~nial of the input size) 

and guarantee worst,-rase performance as oul. ~ n e t l ~ o d o l o g , ~ .  To mcmsure the  qua.lit); of a.n 

approxill-iat,ion algoritlim, we rise the approxilnation rat8io [Va.zOl]. For our n~i~ii inizat~ion 

pro1)lem. i t  is defined as the upper bou~id oil the ratio between the algorithmic solution cost. 

(its objective function d u e )  and the opt,imal solution cost. 

In t,he following, we survey some related works to 'Iiaveling V P P  and GWRP respec- 

tively. T h e w  works spa11 the Iielcls of algorithmic robotics, combinatorial optimization, 

approximation algoritlun, and con~putational  geometry. They are organized in the follow 

ing fashion. First, we discuss those closely related to the case when the tra.\rel cost is ignored. 

Seco~~t l .  we discuss those closclv rrlat,etl to the case when the plalinctl viewpoints are given 

and the \,icw cost. is ignored. Last. KC discuss those related to the general prohleni, Le., 

co~nl~ining both view ancl t.rave1. 



1.2  Related Work to  Traveling VPP 

1.2.1 View Planning Problem and Set Covering Problem 

\Yithout, considering tra.vel cost, nave l ing  VPP reduces to t,hat of finding the miaimum 

~ ~ u n h e r  of viewpoints to cover all the surfaces of the o l~jec t ,  and thus is closely related to  

the viev planning problem (VPP) consitleretl in t.he con~puter  vision rescwch area and the 

set co~~el . ing  problem (SCP) considerecl in t,he co~lihi~lat~orial optmimizat,io~l r e s e a d l  area. 

Tlre  b ~ a c ~ u  Pla,rl,r~ing Pi.oblerrr 7s de,fiilerl ,fomiadIy o.s: ,qi,~lrrj, a .set o f  v.ie~upoir~t.s and ~r .set, 

qf' S ~ W ~ O . C ( :  patches, p h  the nr.in.i.nr.lrrr, n:ciniDer. o f  vic7upoi.nts .sircli that t h e  o6,ject . s w f n . u . . s  w e  

tot o l l , ~ ~  viewed .VRRO.:f]. 

111 such vision applications as digitizing ohjrct  jicon~etries. r~sr~a.lly a sensor positio~iing 

systcin is used in a well-cont,rollctl antl li~niteti worl<spacc. Hence t,lie vicw cost t,hnt, corre- 

s p o ~ ~ t l s  to tlic iniiic,e proccssillg, i n ~ a g e  ~~egis t~ .n t iou nntl geon.let,ric ~nodc l  construction aft,er 

cwc.11 \,it.\\: is take11 tlonlinatcs t l ~ c  ctf(.)~,t. i l l  111o\.iug t , l~c S ~ I I S O ~  ;uid tI111s ~ .ea l iz i~lg  diffc>re~it 

vienpoints. Tlir~s,  the aim is to optimize only t.ho nu111l)c~r of plalinecl viewpoil~ts. Pleaw 

sc~. [SRR03] for a cletdecl survek- ~ I I  the VPP. 

Tlre assrrniptio~~ of VPP that. \.ic\v cost, is tloniil~a.nt 1i1nit.s its possible applicat,ions. For 

ins t~i ice .  in t,hc 1.1azardous envil.on~nent 01. in a large- worltsp:~cc, a ~ ~ t o n o m o u s  robot-sensor 

syst ,e~ns a1.e more nppropriat,e ant1 the tl.avcl cost c a ~ l w t  he i g n o l d .  Note t l ~ a t  t,he conihiild 

travel ant1 view cost is n major consideration of the Traveling VPP. 

The Set  Covering Problem is  defined for-ntnlly as: given n, universe of e1en~en.t.s and s0m.e 

.w~.bsets o,f thc rirrive~se, dete7mine the mininmm 71urnbei of such subsets. the   mi on of u~hiclr. 

is  the -univcr..se [VazOl]. 

The  S C P  is a well-know NP-complete probleni ant1 plays a central role in the combinato- 

rial opt,iiiiizat~ion area. Tlle best known approxinla.tio11 a.lgorithlns for SCP proceed greedily 

according to the (amortized) coveril-~g cost. and 11a.w an a.pproximation ratio of either the 

frequency constant, defined as the nlaximrlm number of given subsets an  element belongs 

to, or the logarithm of the numher of elements !VazOl]. 

Scott e f  nl. formdateti the V P P  into an i ~ ~ t t . ~ r r  li1lea.1. progralu (ILP) [SRROO.SRROl]. 

Also. t,lie\. claimcd t,hat V P P  is iso~norphic. to tllc svt cowling pi.ol,le~il I)elow. hut no 

concret.e constructiol~ was shown. (111 Chapter 2. wo givc reductions in both clirect,ions 

bctwcxw V P P  and SCP, thus establishing their equivalence.) 
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1.2.2 Metric TSP and Steiner tree problem 

For t,lw Tiaveling VPP, i f  the viewpoints t,o Ix \.isitt,ck a w  ~ ) r ~ - d ~ t o r i l l i n e d .  the p ro l~ l~ i i i  

reduces to the n~ct,ric traveling sa1esinla.1-I proble111 (hletric T S P ) .  The  Metric 'l'SP is to 

plan n tour to visit specifiecl vertices on a cu~nplete graph with metric. T h e  well-knowl 

and st,rnight,forwa.rtl approximation framework is to approxi~nnte the tour I)!. solving first a 

shortcst trep c o n ~ ~ ~ ( : t , i ~ i g  t.Ii(w v e r t i c . ~ ~  m c l  c o ~ ~ s t ~ i ~ u ~ t ~ i n g .  R tour fro111 t,he t,ree IVazOl]. The  

collst.ructio~r can Ilc either to lirst. douhle the ec1gc.s on tlie tree. and col~struct  a tour l ~ y  t a k i ~ ~ g  

s l l o l t c ~ ~ t s  (having a 2 a.pprosiniation ratio): or to use Cl~ristofidcs' algoritl~ln (having a 1.5 

n.pprosiinatioi~ rat,io) [PSP?]. Christoficlcs' algorithm first coiistl.uc:ts thc miniinuni spanning 

trcc T on tlic original g r a p l ~ ;  second, it c o ~ n p ~ ~ t e s  tlic niiiiimunl cost pcrfwt unatching 

1)et.wi.n i~crticcs of T with odcl clrgrecs: third. it. adds ctlg:.css corrc~sponcling t.o this niatcl~iing 

to T to ~ s ~ a k e  i t  Eulcrian: last,, i t  co~iipr~t,es il torlr 011 the ~ . e sd t iug  Er~lerian g rap l~  [Chr71i]. 

P l a ~ i ~ i i ~ ~ g  tile slnortcst counect,ing t r w  corrc~s1)oiitls t o  a~iothcr  NP-c,o~liplc~tc p l . o l ) l c ~ ~ ~ ,  t,lie 

S t c i ~ ~ e r  tl-t3c l ) ro l ) l e~~~ . '  T l ~ c  Steiner trcc ~ ) r o l ) l e ~ n  uf p l a u u i ~ ~ g  tthc sliortest t w ,  C . O I I ~ I C ( . : ~ ~ I I ~  R 

givm s111)srt. of ill1 t h  \-c,rtices on a graplr a t lmi t .~  c.o~istant upprox in~a t , io~~  ri~t.io algol.itln~~s. 

T'licw a p p ~ o x i ~ n n t i o ~ ~  algo~.it,l~nis gc-nesa.lly cs1)loit tllc u~n(ltlrl,vi~lg ~netrics o f  tlw prc)1)1~~111, 

for i~lst,iu~c,c~, sollle d g o r i t h ~ n s  us<, gl.eecly t ~ d ~ ~ ~ i ( l u e s  tliat r~tilize tlle ~inetric i ~ ~ f o l i n a t i o ~ ~  tu 

lirst. opt.in~a.ll!; solve the I ~ ~ ~ ~ ~ I ~ I I . I I I I  spaiming ~ I . C C  (AIST) OH the sl~ort.est, pat.11 graph. Note 

t1ia.t r,Jnis n~et.ric information is not availa.ble for a geuernl SCP: while i t  exists i~nplicitly iu 

the hletxic TVPP tlue t,o its finite range c o n s h i n t .  

1.2.3 Attempts to  combine both travel and view 

There is some existing work on combining the vim; and tra.vel cost in the robotics literature, 

I,ut not in a uniiiecl and gloI3al fashion. For example, Fekete e t  nl. [FKNW] and Isle1 ct  

al. [IKD03] considered a local version of the rol)ot. esploratiou problem, "t,o look a.l.ountl a 

corner", i.e., to detect an  object hidden behind a corner while minimizing the sulni of the 

robot travel tlist,ance and tlie sensor scan t,inlc. The pi~ohlem is considerably s i ~ n p l e ~  since 

the goal is local, i.e.. the objective is not, to cover all the ol)ject surfaces. 

Dan~lc r  and Kavraki [DK02] considerecl th r  c m ~ l ~ i w t l  p r o l ) l e ~ ~ ~ ,  however. in a. .,n:-ak 



O(lo(: / / I ) ,  /n I ~ e i ~ l g  t,lle nunll>er of surfa.c:e patclies, of tlic silllie o ~ d e l .  ;rs the i~~appros i i l~a l~ i l i t~y  

~i..ult of t,he prol~lcin. Int,uit,ively, t,lle sensor range constraint of the hIet,iic TVPP irllplicitly 

cor~pl(,s the t,ra\;eling antl vicw componeilt,s: -ill order to cover a surface patch, thc r o l ~ o t  has 

1.2.4 Connected facility location problem 

111 an interesting work [SK04]. the p1.oble11i of connectetl facility location is a.dclressetl, wliicll, 

g i \ w  a set of fb,czlztaes and a set of c1ieut.s both residing i n  a inetric space, asks for a set, of 

operL facilities con~lect,etl I,; a Steiner tree and the  .serl,ice assignments het,n:een thesc opeli 

facilitit,~ autl all tlic clients. such that, t,he total rust,. the sum of lmt,ll the t,ot,al service assigil- 

~ncll t  (,ost and the tlee cost, is nliiliniizecl. Using the metric hcurist~ics in t,hei~ algorit.11111. 

tllc ar~tllors gi\.c a greed\/ algoi.itlhnl with cnnstant appros i~la t ion ratio. By regalcling t,he 

clicli~ts 11s the surface patches in t,he 3aveli11g VPP and rc~gi~rcling t l ~ r  facilit,ies as the v i e w  

poirlt,s. ~ I I P  ( ~ ~ ) ~ l n e c t e d  facility locatioi~ prol)lem is related to t,he n a v e l i ~ i g  \/PI'. Ilowever, 



(i)  Optimal solution (ii) Two level solution 

I:igure 1.2: A p1ana.r example shows the arbitrarily poor performance of the t.w-level de- 
coupled npproa.cli. T h e  object. t,o inspect,, t,he triangle, has three surface pat,clles. . T I .  .sz and 
s:j; t,he four possil~le scming posittiom, o r  \:iewpoints: are u l ,  u z ,  u:3 and c , ~ ,  all sl.lown in 
the  t,op figure. r!,l coincides with the robot s tar t  position s. T h e  shaded sensing trianglrs 
show the covering: 1.elations:  viewpoint,^ r i l ,  03 and 714 cover the surface patches . % I ,  s-2 ancl 
.s:j respect,ively, while u2 (sensing triangle of wliich is not showi~)  covers I)oth $ 1  and . s p .  T h e  
line srginents connectilig the views, e l ,  ea and e3, denote the robot's tra~leling path; the 
nui~ibers on each scgment are the rcspect,ive t rwel  cost (distances). (The tlist,ancc~s are n o t  
drawn to scale.) We assume the view m c l  have1 cost are ecl~.~ally weightetl in the objective 
frmct.ion, i.e. the unit view cost (cost for each view) is the  same as the unit, trwel cost (cust 
for 1111it t,riwcl clista.nce). T h l ~ s  the t,ot,:tl cost is the s u m  of the ~ lumhcr  v i e w p o i ~ ~ t . ~  planned 
;i.ntl thc total clistance of the pnl.11 phnl~et l  l ' l ~ e  dashed lines shown i l l  t,11cs two I)ottom 
ligurcss i1l.e the pla.nlled paths connecting the ~ ) l a . n ~ ~ e d   viewpoint,^. T h c  opt i~nal  solution is t.o 
take t h w  1-irws a t  .r. vl n.nd 02 using the (lashed line segments as the t r ave l i~~g  ~)atl i .  T h e  
soltition gi.i.ri~ Iy t,hr clecouplecl  st (.an I)c 111aclc arbitrarily poor fly pulling ('2 f:~rt,l~er t,o 
the left, 



1.2.5 Group Steiner tree problem, traveling purchaser problem, and el-- 

rand scheduling problem 

T h e  prohlems of group Steiner t r w  (GST): t.r;rveling purchaser ( T P P ) ,  and errand scheduliiig 

(ESP)  are closely related to n a v e l i ~ i g  VPP. 

The Group Stviner. Trw Problem. i s  & f i n d  formnlly n.s: given a graph G = (V. E ) .  -where 

the ncrte3- set V is d~iuirletl in to  k dZ.st.inc(: g7~71ps. gl , p, . . . , g,;, c o n s t r ~ ~ ~ t  the ~nii7,irnwn cost 

Str ilrer t7.r (' to  cor1:nect at h c t  one u c r t w  j k m .  each g70u.p. 

The  GST gcwxdizcs both t,he S C P  and t,lle Stener tree prol~leni where t,he hest known 

~q)prosinl;tt,ion rat,ios ale O(log n )  and O(1) respect,ively. Clieltr~ri et nl. ICEKOG] aiici Garg 

et. 0.1. [GI<R001 used a grc.rtl\. algoi. i t l~n~ ant1 an LP-1,asetl ra.nclomizecl rounding algol.it,l-i~i~ 

rwl~cckively to acliie\.e the Iwst knon;n p ly - lug  approxi~iiatioil ratio, O(log IVI log log 11'1 . 

l u g k  log AT), wl~erc\ IVI, X ,  n l l t l  iIr arc. t 1 1 ~  11~111li)er o f  ~ T H P ~  ilotles, tlie nr~i i i lm of g m ~ . ~ p s  allti 

t,he ~i iaxi rnu~n rarcli~ia.lit\- of  tlic grorlps rc~sprctivel~.. As nli interesting rol,ot,ic a.pplicatiui1. 

Salla r t  01. [SRLSAOG] ~~sr:tl t,lie ;~~)l)rosiiliat,iolr GST algo~, i t l i~n proposed I,\/ C1ic;Itrlri ct  

al. [C)EI<OG] to sol\,r, the prohlenl of planning tours for t,hc i,obot. a.rln t,o ac l~ iew a.t least, onc 

configuration fro111 cacli distinct g~ .oup  of conligurations tha t  achieve thc sitme elid-efiectol. 

pose. 

I t  was open whether thc gap hetween tlie best known SCP a,ild GST approximation rat.ios 

could be closed until rc.ccwtly, Halperin a ~ l d  Krauthgamer show the poly-log jnapproximalitv 

Imrdness result for GST,  i.e.. the optimal solrition to G S T  cali~lot  he approximated hy an!; 

polynomia.1 a.lgorithn1 within the O(log'-' k )  ratio, for any E > 0 [HK03]. By  considering 

each group in any G S T  i ~ ~ s t a r ~ c c  as tlie viewpoint set of a surface patch in the Traveling VPP. 

G S T  is reduced to a. special cast, of the Tra.veling V P P  where the viewpoint sets that. cover 

clifferent surface patches arc exclusive; i.e., they do not share common  viewpoint,^. Thus,  t.he 

Traveling V P P  is cert,ainly a I i a ~ t l ~ r  p i ~ o l ~ l e n ~  than GST and can not. be approximated within 

log2-' ISI. Please s w  C:hapter 2 For t,he reduction from Traveling V P P  to GST. thus showing 

t,l.icir eqr.livalence. I t  also i~nplies that  the n a r e l i ~ i g  V P P  is not approxi~nal~lc  wit,llin t h ~  

salne poly-log ratio. 

T/bc Travelin,g pir~chn.srr. p ~ n b l e ~ r ~  (TPP) i s  defined jornrally a,.s: glzlen a set of 71~ar.e- 

h.or~.se.s. Y V ,  ~o,r~,ner't~rl l q  (1 qmplr G = ( W .  E ) ,  E C_ 2"Vx"V: and o .set o f  p,~advcts P cuzth 



reylriren~rnts 0.n.d fhe  pi-ice.? of bli?jirl:(l 0. pod7ict at  o u~a-rr.house, d,,.,,,. ul E: W , p  E P. the 

(~tn.lCrn.itcd ca.po.citated) Tmr!cli/rg P u r c l i a s e ~  problem ( T P P )  asks ,JOT ct~rtaiis wnreho~tsses for, 

P O C ~  p ~ n ~ / u ~ t  a n d  the to717. conirectio11, between the planned u1nr~rlm1.sr.s rl;ith the m i n i r r ~ ~ l m  

t o t d  cost, t l ~ e  .s7~m of fhe p7.oduct pv~c/ ta.se  co.rt and thc  tour  cost. 

T h e  Triwcling V P P  is a specia.1 c ; w  of T P P  nlie1.e tlie pricrs are ~ ~ n i f o r n i  for all the 

1)rotluct and wa.r~liousr pails. I n  Chapter 2, wc also show t,hat TPP can he  retlr~cetl to 

Traveling VPP. This again s l i o u ~  t,he equivalcuce of tlic t,wo pl~oble~ns.  

T h e  eqltivaleuce between GST,  TPP and Traveling V P P  also implies that  the approxi- 

 nation result we clevelop for Xaveling V P P  also applies to GST a ~ ~ c l  T P P .  

T h e  errand sch,ed7~lin.g problerrt ( E S P )  i s  defmed ,for-nrally as: ,qizien n gr-aplt G = (V. E )  

7uitt1. metl-ics ( the edgr 711riglt.t~ nf u ~ h i c h  satisfy the triongu.lnr- Ineq~~trl i ty)  a n d  n set of erra~ltls. 

7 d t f  I ? ,  m c h  wl.te:r. i.5 ( J . . c s o c % ~ ~ I ! ~  ulith O. .FIL/J .CC~ o,f fhr .SF er.r(~?ld.s. p%ar,. n . s h o ~ t  to11.7. . S I ~ C / L  tll0.f 

t l ~  .lbltion of the .sitd).set.s a.s.soc~c7terl with the r:rrf?cc.s risitctl 7.\ tlae ,ldt.ole .cpi: jS'ln97,l 

Sla\.ik [SlaW] gi\vs a11 algorithm wit,l~ an apl)roxi~liation ratio of 3 p / 2 ,  n.1iere p is t,he 

111axil11l11il I I ~ I I I I ~ ~ Y  of 1 iod~s  i l l 1  erra~it l  is assucintctl n.it,ll. T~.aveling. V P P  gclieralizcs ESP ill 

the followi~lg scl~scs: the graph ill 'hvcli l lg V P P  tloes not assl.lnle nwtrics: there is no \.iew 

cost in ESP: and therc is 110 tlist.i~lctiou in E S P  of viewpoint aucl St,eincr ~ioclc on tlie grilllh. 

In  Traveling VPP,  even if some \:iewpoints are traversed in the solution. the robot tloes not 

need to t,a.ltc a view of t,lienl. They a.rc simply fol. t,ra\:el use a.ntl do  not incur view cost, 

hence te~mecl as Steiner notlrs !VazOl]. Thus  the result,s Ihy Sla.vilc !Slag71 d o  not apply to  

?iwc.lil.~g VPP. Simple rcdr~ctions fro111 Traveling V P P  to ESP, for example. adding to t,he 

t.ra\,el cost of each edge r. = ( 1 1 ,  1 : )  t,he view cost, of 110th viewpoint,s IL and u j  do not work, 

since this construction requires that. the robot take a view a t  every graph node i t  visits. 

1.3 Related Work to GWRP 

1.3.1 Art Gallery Problem 

Ig~ioring the tra.ve1 cost. GWRP reduces to the i11.t gallery proh1e111 (AGP) consiclewd iri 

the conlputa.tiona1 geon~ct,ry rcsr~~1~c.1~.  In tlie siinilar fasliioil t,Ilat T'rnveling V P P  generalizes 

VPP.  the G W R P  generalizcxs the  AGP. Lye refer 1.0 [O'R87,SlleS2:U1~ro0] for tletailetl surveys 

011 works for A G P  in the last. century. Here we only mention t h s c  closely related to t.his 

thesis work, and some r e c e ~ ~ t .  ( Ievel~p~nents .  
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not.etl l ~ y  Vertex-AGP, \\;here the gt~arcls a1.e 1.estrict.ec1 to Iw J I ~ ~ C E C I  011 the polygoii vert,ices. 

All these w~xioi is  are NP-llartl, even fol. siniple p o l v ~ o ~ i s  (witliol~t holes) [O'RS7]. Tliis 1110- 

ti\rat,cs the efforts to tl(v+p approximation algoritlun. To t.he hest of our knon~ledge t,lie hest, 

existing app~.oxiinat,io~i algoiit,li~ii f o ~  Vertex-ACP has the al)prosiniat,io~i rat,io of O(log 1 7 ) .  7 1  

I~eing the iiuml)er of pol5,gon vertiws (GlloS7J. Tlicre is 110 c-xistilig a p p r o x i ~ ~ ~ a t , i o ~ i  a lgo~. i t , l~~i i  

for Point,-AGP. 

There a le  t ~ v o  major recent, cle\.elopment~s on AGP. 011 tlle coniplexit,\- a ~ ~ a l y s i s .  t l ~ e  

Poi11t-Ac;P anti Vei.t,es-AGP are sho\vn to I)c APX-l~artl. i .c.,  t,l~t.rc, cl.xist,s a coiist,ai~t F > 0 

s ~ ~ c l i  t11a.t 110 pul!.noniial nlgui.itll~~i call ;~pljrosi~iintr  the op t , i~ l~a l  s o l u t i o ~ ~  within a ratio of 

( I  + 6 ) .  for s i i ~ ~ p ! ~  ~ ) o l y g ~ ) ~ ~ s  R I I ~  log- i~iapproxi~~~al j le  f o ~  pol\.cpns n.it.11 liolcs IESU'Olj. Note 

tliat t l ~ e  i~ial~l~roxii~~ill~ili~~ rcsr~lt f cx  p o l y g o ~ ~  \\:it11 I~olcs is tllc same i\s tliat tor SC:P IF~i98l. 

And indeed tlie r c d ~ ~ c t i o u  usetl t,o cstal,lisl~ the iiiayprosiil~abilit~. for Point-AGP is fro~ii 

the SCP. On t , l~e other llalldj rcce~it effork are inatle o ~ i  clesig~~ing approxin~at~ioii algorit,ll~iis 

for soine siinpler versions of Point-AGP. Nilsso~i INil05] designed a const,ant, approximatio~i 

algorit,l~m for Point-AGP for moliotone polygons. A simple p o l y g o ~ ~  T' is monotone  if therc 

esist,s a. line I such t,llat the i n t e ~ s e c t i o ~ ~  of P a.nd any line b' perpendicular t,o 1 is either all 

empty set,, a single point, or a single line segment [cIBvKOSOI:I]. Constant approximation 

algoritlims were given for 1.5D terrain guarding problem [BhlKh105,Ki1106]. A 1.5D terrain 

is a polygonal curve that  is n~onot,one w.r.t,. the horizontid axis, i.e. its intersectioi~ wit11 

any vertical line is either an e ~ n p t y  set or a single point [BhII(h,I05]. T h e  terrain guarding 

prohlem refers to finclir~g t,he m i ~ ~ i r n u ~ i i  J I U I ~ ~ ~ L .  of   point,^ fro111 a. terrain such that, a11 the 

point,s of tlie terrain are visible. Not,e t,hat it is ope11 whether t,he two ;~hove-l~ientioned 

guardi i~g p rob le~~ i s  are ill P. AS also inent~ioiiecl by Ben-hloslic et nl.  [Bh,lI<iLI05], t,lieir 

efforts to ol,t,ain an approxiniat , io~~ a lgor i t , l~ l~~  foi. t , l~c Poilit,-AGP Iia\.e failed. 

T h e w  arc, also relal;etl ~vorks on IIOW to p~.act,icailv solve Point-AGP. Efrat and Har-Pelecl 

assume that  a dense g i d  laid oil the polygo11 is available ant1 ~~iewpoi i i t s  are r~st,rict,ed ta be 

grid ~,ert,ices .F,HP02]. Golizalez-Eanos and Lat,onihe pruposc~ to first randomly sample tlie 
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interior o f  the polygoii; a i d  l,y restricting the possil)lr g~lartl positiol~s to he tliesc sa~nph,..;, 

solve blie correspoilding SCP by rc,ga.rtliug ex11 sample as the set of the tlecoliiposetl polygol~ 

I,ountla.ry it. covcrs [GBLOl]. Tliese approaches h a w  an i~nnletlinte drawhack. As shown in 

Fig. 1.3: if thc polj-go11 112s a small Iternel ( the  s r t  of viewpoints that. sees the whole polygun 

lmunclary), t,aking a view a t  a single poiut ill t,he kernel I,econ~c,s the opt in~al  solution, 

Imt,ll met,hods are likely t o  fail: the cliscr~'tizat~ion 1~1iet~Jioc1 has t,o make the rcsolut.ion very 

line; ancl sampling a poii~t  in the kernel bcco~nes a rare eve~lt  for the rantlomizetl sa.mpling 

method. 

Figure 1.3:  A polygon with a small kernel, the sha.cled region. 

1.3.2 Watchman Route Problem 

Ignoring the view cost. I-lle GWRP is equi\,alent t,o the \ \ ~ ~ ' L ~ , c I I I ~ ~ ~ I I  route prohleln (\,\rRP). 

Tlre W n f c l ~ m a n  Rou.te Pnoblem. is for.mo.lly defined as: give~l. 11 polygon. ph1.71 a ~0r~f inu0t1 .s  

tour in. the polygon u~ i th  nti.nim,um, length. s?l.ch thmt every point on  the polygoi, inter-i.o,r 

I I O I L ~ ~ ( I . I ~  i s  uis7hlr. t o  0.t least one yo7:nt on the t o w  plavrrerl JC'NSI]. 



I t  is illtcresting enough that  although the covering c ~ l ~ s t , r i ~ i l l t  is i~llierent i l l  tlle WRP,  for 

silnple polygons. it is actlrally pol'i;~io~~lially solvahlr ~ ( ' N S ~ . T N ~ ~ - I ] .  E-Iowevel; fol. polygons 

with 11olt~s (well with a Imuntlerl numl~er) :  t,llc IYRP is NP-colnplet,e. ( 'lcarlv, t,he navel ing 

V P P  antl the G W R P  that  consider the view cost are generalizations to the WRP. Also, 

unlike the W R P  l~e ing  restricted in 2D e ~ w i r o ~ l ~ l i e n t ,  Trow ling W IISVS il graph to encocle 

tlle traveling, thus is applica.ble to lnore general cases: fc~r exanlple ro l~o t s  with nont.rivia1 

geometries wncl kilieliiatics. Notr  also tha t  G W R P  is not a trivial estcmsioll to the W R P  ill 

the following swse .  First. unlike t l ~ e  WRP, t.hc G W R P  is a clear generalization to both the 

Point-AGP and thc hletric TSP,  hence is as least iw hsrcl. Second, the best W R P  solutio~i 

i11;1,j- incur an  1111hor1ntletI cost for the correspontling GWRP solutiori. i.e., infinitc ~ ~ u m h e r  

of \ricwl)oints a le  neeclccl oil the tour to cover tlw whole pol\-gon Iml~~lclas~. ,  [GB04]. 

1 .3 .3  Shortest Pa th  Problem 

H c r ~  ivc gir.c> ;r cl~~icli plw.icw O F  t,hc np1)roac:ll I\:(: t,altr, to1 GWRP.  \\'e apply a .ol.rri.pl.lt~g 

c7 lqor , i t l i r r i  t11at co1111)ut~c~s a linitc. 1111rnl)er of \.ic?\~points i~lsitl(, t l ~ c ~  polygol~ t,o I . ~ Y I I I ~ . . C ~  t,llc 

G\\'RP i l~sti l~lcc to a 'Li.~r\x~li~ig V P P  illst,a~lce :rnd apply t.hc na\.rlin:: V P P  solvrl, t,o t,l~c. 

~ i 7 1 d t r r . c t J  T~-a\.eling V P P  i~lstar~cc.. T11is sirl~ipliilg a l~ to r i thn  utilizes tllc ~uet,ric s t r ~ ~ c t ~ ~ r c  of 

the polygoli ant1 is ~x.ht ( -d  to approximatio~l algorithn~s for shortest path prohlen~s, such 

as tlie unweighted shortest pa th  proble~il in 3D [Pay85,l\lh.IPS7] and the wciglltecl shortest, 

path prol~len12 in 2D [hIPSl,SROG,AMSO5]. Unlike the iu~iweightetl sllortc,st. pat11 problem in 

2D where t.he shortest path is encoded in the visibility graph colisisting of only tlie polygon 

vertices a~l t l  t.he s tar t  and end points of the path, for both tlie above-nientioned problems, 

the sl~ort,est path may pass through the polygon or polyhedron edges a t  poiuts between tlie 

vert,ices antl these points are hard or i~npractical  to compute. From our point of view, these 

nlol.lts can Ile cat,egosizetl into those that  use the principle of optinlality mcl approximate 

t l ~  glot,wlly opt,iiilal pa th ,  for exa.mple, [MMP87, i\IP91]; antl those t,hat. do  I I O ~ ,  alid t,hus 

app~.osinlate all tlie locally opt, i~nal paths. Due to the vicw cost and visibility co~is t ra in t ,~ ,  

only tccl1niq11c.s of t,he second cat,egory can be useti fol. WEC-GWRP. To our knowled~c,  

thcrc a i r  ta:o sl~cll wosl<s as cliscusscrd 1)elow. 

Pal)ntli~nit~riou [Pap851 clesignecl all apl)roximatioll algoritllnl f u ~  t11c Ei~clidcan shortest. 

2. I'l~nt is. a I ~ I I R  partit.iol~ecl into rt$otrs wit,ll different tveigl~ts is givcl~ m ~ t l  t l ~ e  I17ngth of t l ~ e  path is the 
weigl~tetl s ~ l t n ~ n a b i o l ~  or Ll~e lel~gtl~s or its palts i r t  different r~f i iwt .  



pat,h ~)i.ol~lcln ill OD, i.e.. to ])Ian thc shortest path het,ween a start  p o i ~ ~ t  all([ a goal p o i ~ ~ t  in 

a 3D space whilc avoiding polyl~eclral ol)st.a.cles in tlie space. T h e  algorithn~ appros i~nates  

(within (1 + F) ratio) every locally optinla1 path 11y discretizing each edge of the pol.vhc- 

(,Iron olxtarle accordiug to the shortest clistancc fro111 ally point. on t,l.~at edge t,o t,lle st,ait 

point. This sampling step is applicahlr to WEC-GWRP: first, apply the m n c  illgorit,h~n t,o 

discretize every visibility segment; and then solve the  Tra.veling V P P  instance using t,l~csc 

c o ~ n p r ~ t e d  viewpoints. Since the  distance fio111 a vjsibility edge where n plamecl viewpoint. 

in tlie opti111a.l WEC-GWRP solut , io~~ resides to the st,ai,t position (aft,er \Icing: wciglitetl by 

u~, , )  is a t  most t,he optimal cost. of WEC-GMIRP, the error intl.oclucecl hy the tliscrctization is 

still ho~~lit let l  w.r.t. the optimal cost of WEC-GWRP. T h e  number of colnputetl viewpoints 
r t s  1w L is 0(-). wherc L is the largest. coorclinatc of any point in P. 

Aleksantlrov et  01. [.4hIS05] tlesig~~erl an approxi~i~at~ion algoritl11.11 fol. tlic prol)lenl of 

planning t , l~e s l~or tes t  path on weighted (triangulated) polyhedral s~ufaces.  TIw i~l::.orithn~ 

discretizcs cach t ,r ia~igi~liu f ' a ~ . ~ ,  OF the input polyllctlral s11rfac.c P st~cli t,h;at clvcry lo call^. 
sllortest pat11 call hc al)pi~oxi~ilntctl \ v i t , l ~ i ~ ~  a ratio of ( I  + E )  using t l ~ c w ~  (l iwl(~liz(~(l  pui11ts. 

The I I L I I I ~ C ~  of S L I C I ~  ~o i -~ l l )~~ t , cc I  p o i ~ ~ t s  is l)o~~~icIecl 1)' o(c ' (P)$  log2 :). W I ~ C ~ P  1 1 '  is t l i ~ ,  
v 

~ ~ u ~ n l ) r r  of triangu1;ltc.d facc!s of P. C ( P )  c i~p t r~ res  thc  gconletric cllnrncte~istic of P itil(I is 

pwportional t,o t8Iw averao;cy reciprocal of the sine values of all the ttriaiigular fncc, mgles. 

This sa~lipling step is also app1ical)le to WEC-C;lhlRP: first, t l . ia~~gulnte  all t,l~e: visihilitj. 

cells; second: discretize ea.cll triangle usi~ig their a.lgorit.lim; last, solve the corresponcli~~g 

Traveling VPP instalice. Since t.he ~iunlber of triangles is O(n4) ,  the number of colnp~~tecl  

viewpoints is O ( C ( P )  log2 $). 

Notr t l ~ a t  for both of the above-nlentionetl approximation algorithms, the nurnlm of 

con~puted viewpoints depend critically on some geometric pa.rarneters, the largest coorcliimte 

of any point in the polygon [Pap85], and the clua.1it.y of tlle polygon triangnlat.ion [AMSO51 

(Triangulation with sliarp angles result in large C ( P )  values.) respect,ivclv. as opposed 

to 0111. sa.mpling algorithm. To better illustrate, in Section 4.5: we give a simple example 

in which the triangulation-based algorithm [AhlSO5] requires substantially more sampling 

viewpoint,s tlia.11 our sanipling algorit,l~ln to acl~ieve the sa.mc approximation ratio. 
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1.4 Overview of Results 

Tlie e~nphnsis of this t l~csis is to t l e s ig~~  good nlgorit~l~nls for Traveling V P P  aml the CWRP. 

App~.oximation a l g o r i t l i ~ ~ ~ s  arc. East, ancl g~~a.i,ant,cv t,lm algoritllmic prrformauces even i l l  t,he 

worst case scenarios. 111 tlie follon:ing, we discuss tlie rnetl~otlology ncloptetl a.ncl the 1.cs111tx 

for the 'Tiawli~ig V P P  and thc G W R P  respcct,ivel;. 

1.4.1 Traveling VPP and Metric TVPP 

Tlie fact tliat the clecor~plecl approach I>y Da.nner a~ i t l  Ihv rak i ,  [DI<02]? cannot solve the 

Traveling V P P  sa.tisfactorily motivates us to 11-lode1 the proldem in a unified fo~rnuln.t~ion t.liat 

combii~es the view and trawl cost ill a single objective function to minimize. 111 CJin.ptcr 2, 

\ve give a.11 ILP fo rmula t io~~  for t,lle Traveling VPP.  M'e show via a reclr~c;t,ion t,o tllc groul) 

Stciner n c e  probleni (GST) [HI(O3] t,ll:~.t navel ing V P P  is log-square i1.1:1pl.)1,0xin1i1l)le. Wc 

t l t~x i~n  a ror~ncling algorit l l~~l.  called Rour~d ( r i d  C ; ' o r t r i ~ c , t .  that  takes an opt,inial so lut , io~~ to 

the rclascd linc:~r 1)rograln (LP) and o r r t p ~ t s  i l l1  ilit,cgral sull~tion. We also sliow tlint t 11~  

a p ~ x o x i r n i ~ t i o ~ ~  ratio of o l ~ r  ror~ncli~lg algorithn~ is a co lwt , a~~ t  times F ,  the hec lue~~cy  of t l ~ c  

T h d i ~ l g  VPP,  i.e.. the n ~ a x i i i i u ~ ~ ~  11r1111lwr v i~\vpoints  tha t  cover a singlcl surface patch. 

Together with the 1)oly-logi~ritli~liic approxi~na.tion algorit.li~ii given in [CEROG. GKROO] for 

the GST. our a l g o r i t h ~ ~  can approxinia.tc the 'Jlaveling V P P  within the ratio of either 

const,ant tiines frequency ur t,he poly-log of the i ~ i p ~ ~ t  size, whichever is snialler. This result. 

parallels t,he well-kriow~~ appl.oxi~nat,ion ratio result for SCP, i.e., the best approximation 

rat,io fix S C P  is e i the~ ,  the freqrre~ic!; or t,lie loga~.i thm of the nunlber of elements, wl-~iche\.c~. 

is suialler. 

I11 Appendix B and Chapter 2, we also cliscuss several ways of solving the relaxed LP, 

including the  colunin gt*neration methocl a ~ ~ d  givc an  alternative L P  formula,tion using multi- 

co~nmodity n e t ~ w o r  flows, the size of which is a. polynomial of the input size. 

In Chnpter 3, we consider a restricted version of the ?I.a.sding VPP, the  Metric TVPP. 

We propose a greed; two-step algoritlum that  first solves the S C P  component and then 

solves the hletric T S P  t-o get a t o u ~ .  connecting the planned viewpoints a t  the Sirst step. 

\4'v show the a p p r o x i l ~ ~ a t i o ~ ~  rat,io lo r  t,llis algorit,lln~ is in t,lle oldel  of t l ~ e  Inga.rit.li111 of thc 

11unlher of surface piitc:llc~s. 
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Eve11 if scwniligly w r y  CIOSC* t.o the T ~ a \ ~ l i n g  VPP, to actually apply the approxin~at,ion 

algorithm dtxsignecl for t,lle Tra\:eling VPP, we will Iia.\:e to deal with the different viewpoil~t 

spaces respectively f o ~ ,  t,he two p1.olhms, i.e., unlike t,he Traveling V P P  n111ert.: the clisclet,e 

viewpoint set is given in atlvancc., for the WEC-C;TYRP; we Iiaw to deal n:it,h t l ~ e  cont,inuor~s 

polygoli int~el.iol. and a.n infinitc nulnlxr of possiblc viewpoints. t-\lt,llougll one ca.n cliscret,ize, 

111' to a certain resolution, or ra.~irlomly sa.~nple the polygon interior and then call the n a v -  

cling VPP solver, as mentio~~ecl ahove, there are tn:o clear shor t comin~s  with this approach: 

first,, tAe result,irg i~lgorit,ll~n runl~ing time clepentls c,riticall~. on the sizc of t,lle polygon and 

is 110 longer t l ~ l ~ l  polyuo~l~ia l  ( the  ~ .u~ iu i i i~g  time ;also tlcpcnds on the nr~mhcr of sa~nples ,  

11ot n i l  input. t,o tlle pi ,ohlrn~);  and as we disc,~~sscrl ca~liel , ,  sonlr c:rit.ical viewpoint,s may Iw 

~l~issc>tl during the  cliscretization antl this ~ w ~ ~ l t s  ill ~mhouncletl :~l)proxinla.tio~x ratio. 

This ~i~otivwtes the approacl~ we twkr in t,llis tllc4s: to propose a novel ~uct,hoc.l that, o~ l ly  

S H I I I ~ I C S  a polvnolninl I I I I I ~ I ~ C ~ .  O F  \.irwpoi~lt.s . . a d ~ q ~ ~ ; \ t ~ l y "   l lot i l~ iss i~lg  ally crit,ical poil~ts 

111)  to n consta~l t  : \ l )p ros i~~ la t io~~  ratio): antl the11 to call t,he ' I lav~l ing V P P  solvrr for all 

apl)rosinlat,e solllt,ion foi tlicw si1n11)1~s. T h c  rcsr~lting itlgoi~itl~in t,he11 Iias t,he apl~rosinl;lt.iol~ 

~ x t i o  as the protlact of t,hc two parts, i.c.. thc c o n s t a ~ ~ t  as the result of the sa~upl ing algorithn~ 

and the minimum of t,he view frequency para~netcr  antl the pol\;-logarithm of the nunher  

of polygon edgos 

1.4.3 Experiments 

As the first s tep   toward^ i~l lp le~l le~l ta t io~ls  011 real robot-s('11sor systenls, we clevelopetl a. 

prelinlinary impleinenta.tion of the algorit,luu for simulatecl 2D polygona.1 enviro~ment,s  as 

well as real environment maps ge~~cratecl  by rohot-sensor systems. For the latter, we lirst 

compute t,he polygon R P ~ J ~ O S ~ I ~ I R . ~ ~ ~ I I S .  w e  implelnent the viewpoint sampling algoi~ithnl 

nientionecl ahove; after c,;llling a11 LP solver and gett,iug the LP opt,ilnal solution, we inlple- 

mcnt the  algoritlr~n Round and Conuect for 'Ila.veling VPP. 

1.5 Contributions 

To the hest. of our kn.owldgc~. %a\,eling VPP is t l ~ e  first work in robot.ics t l ~ a t  tries t,o 

opti~nize I)ot,h view anc-l 1 ra~:cl cost in a. r~niiietl and glolxd fashion (as opposed to tllc 
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clecouplecl two-level approach [DK02] ant1 the 1ocn.l optiniization of looking arouncl a 

corner [FKNOJ. II<D03]), allcl t l ~ e  algorithuis clweloprd give t,ho Iwst known approxi- 

mation ratio. in the cwcler of the xriew I'rcquency or a polynolnial of log 11 whichever is 

snra.llcr. 

MIEC'-G\YRP is also t,lie first aiirl the oul!- work in the coniputational geonietry n rw 

that  co~ ih inc~s  AGP and the shortest pa t,h proldem. We also give the  lirst, approxima- 

tion algorithm for t,llis problem. I t  has the approximat~ioil ratio of' t,he sinaller of thc  

orcler of the view frequency or O(log n ) .  Mk l~clieve tliat bile ~ n a j o r  conipo~~ent,  of the 

CWRP solver. the sampling a lgor i th l~~ ,  is a. gcueral technique and can also be used for 

other shortest l.oute prol~lculs. As opposecl to the s a n ~ p l i i g  techniqr~es in tlic short~c~st~ 

path  l i t e r a t ~ ~ r e ,  [PapH5,AhISOS], the 11i11l1ber of c0111pute~I v i ~ w p o i ~ l t s  l)y 0111. s a ~ n p l i l ~ g  

: ~ l p r i t h n ~  is l m u ~ ~ d e t l  I q  a. polynomial of the 11u11111er of polvgon ve~t ices  a.ncl cloes not 

clcp~i~cl on ; I I ~ \ ,  geo~nctric pa.rn.111etei of the polygoii. 

1.6 Thesis Organization 

111 the rc-st. of thc thesis, we covcr the prol)lein forl~~ulat . io~i a ~ ~ t l  ;~l=;ori t lms for Trave l i~~g  

VPP,  hlctric TVPP ancl CWRP i n  C h p t e r s  2. 3. and 4 respectively. T h e  details of the 

simulator a d  the siinulation ~cssult,s a1.e give11 i l l  Cllapt,er 5. We also o u t l i ~ ~ e  sonw future 

work direct.ions in Cha.pter 6, including forn~rllating ancl proposing possil~le approaches for 

r~n l~nown version of 'Ikaveling VPP.  



Chapter 2 

Traveling VPP 

2.1 Notations and ILP formulation 

2.1.1 Traveling VPP: abstraction to set covering on a graph 

Traveling VPP is f o m n l l y  defined as: given n . s ~ t  o,f uie7cipoints, a set of .su~:face patches, a 

gr.o.ph connectirrg the uiewpoints ~ u i t h  edge co.st.7. t1l.e  mil: uiew cost mtd tlse uni.2 tm71e1 cost. 

plan. n .sub.set o,f t he  viewpoin,t.s and n sub.set o j  the ed,ge.s. u ~ i t h  tI1.e minin~u.m total co.st 0.5 

th,e summat ion  of the view cost (un i t  view cost tinws th.e n.um.be~ oJ'planned r%cwpozrrts) and 

the t ~ a v e l  cost ( w i t  travel cost t i m e s  the total edge cost). s u c h  tha t  every .su.rfa.ct patch i s  

coveled b y  at least one planned. virwpoin~t. 

In t.his following, we formula.te nave l ing  V P P  as a combinatorial optimization prob- 

lem combining two well-Ia~own problems, na~nely  the set covering problem (SCJ-') and the 

t,raveling salesnlan problem (TSP) .  

By co~lsitlering each ohject surface patch ;IS all slement ill a sulxet  that  a \,iewpoint 

can cover !SR.ROI], all a.rhitrarv VPP i n s t a m  is immediately an S C P  instance. Since the 

VPP has A I L  illherent geolnetric structure, one ~ n i g l ~ t  Iwpe that. VPP is a siinpler versiou of 

SCP. In C l i a p t ~  3, \\:e give a recluct,ion from SC'P t,o a special caw of the hletric TVPP, n 

wstrictetl case of'Tia.\;eling VPP,  in which t,llc view cost is do~ninant,; t.llus equivalent to the 



VPP ' .  This inlplies the eqr~ivalence of the SCP antl VPP. 

On t11e other Iia.nd, axsruming the planned viewpoints are give11 (or thc VPP as a suh- 

~ ) r o l > l e ~ i ~  is i ~ l ~ ' ( ' i ~ ( l ~ .  sol\wl),  Traveling VPP is recluc:ccl t,o the h,let,ric Trawling Salesiiia.r~ 

Probleni (hletric T S P )  hy const~r~ct , ing  t,lw short,c.st pat,]] graph on t,he pla.nnecl vien:points 

[DK02]. The  sliortest path graph is tleIi~ietl as the compl i+~  graph I )c t \v(~ '~i  the  pla~l~lecl 

\ + \ v p o i ~ ~ h  in whicl~ the edge cost I ~ e t ~ w c ~ n  two viewpoints is the length of t11v sholtest path 

the rol~ot.  iiecds to t.ravel to  realize thein. Since the two prohleins; S C P  (wit~hout ~net,rics) and 

h1et.ric 'l'SP (with ~netrics) ,  have fi111darnental1-y t l iffere~~t structrlres and solving techniques, 

?'laseling V P P  is an interesting and IIOII-trivial genera.lizatio~~. 

Thus,  in tlie a lx tmct  wnse,  Traveling VPP can also he  telmed as "Silt. Chvering on a 

Grnp l~" .  

2.1.2 Integer program formulation of Traveling VPP 

~no\le~uent~s coimect, i~~g t,lie  viewpoint,^ antl t,l.ie rol>ot s tar t  position, is also givei~. We assume 

Iinary covering relationship, i.c., a. viewpoint either covers a surface pa.tch or does not cover 

it.. These iissunlptions are based on a realistic scenario and algorith~ns fro111 t.he 1itera.t.ure 

ca.11 he used to derive these quantities. We discuss these realistic issues with an  eye t.owarcls 

in~ple~nentation in Section 2.8. 

Our formula.tion of Traveling V P P  is to choose a subset of t l ~ e  viewpoints ancl a (Steiner) 

tree on the gl,aph to connect them, under the (covering) constraint that. every surface patch 

is covered by a t  least onc planned viewpoint ancl t,he (connectmion) co~ist,raint t,liat c \ w y  

pla.nnecl viewpoint is connected to the robot start  posit,io~i via the planned (Steiner) tree. 

The ol~iect,ive is to ~nini~i i ize  the total cost of the plan, clef net1 as t,lw srrm of the view costs 

and tile t.ree cost (the sum of a.11 edge costs ill the  Steiner tree). 

T l ~ c  rcwsun for using a (rooted) Steiner trce insteacl of il tour is that  we ;I].(. able to 



conlhinr t,lle (rooted) Steincr trcv. formulat,ion with covering const,raints. I t  is not clcta~. 

how to cornl~i~lc! a t o ~ l r  (or  pat,]^)  constraint,^ (especially the su l~ t ,o t~ r  c1iminatio1-I constraint,s 

[C,P02j) with the covering colistrainl;~. hloreover, h.letric T S P  can he c;isily ilpprosilnnt,etl 

using the solution to the Steinel. tree prol~le~l-I [V;lzOl]. 

We (It)l~otx the set o f  all v icwpoi~~ts  hy V ant1 incles them I,!: i .  Mk clcnote t,he set of 

surface patchcs 1,y S and incles tl1e111 Iy j .  We use the not,atio~l z E V and j G S to imply 

the ..it11 viewpoint." and the " j th  surface patch", respectively. For 1 E V, let S ( i )  tle~lote the 

subset of t111. sr~rfa.ce patc11t.s tha t  v i~wpoi~ l t .  i covers; and for j E S1 let V ( j )  denote the subset 

of vic.wpoil~t,s that  cover surface patcI1 , I .  The  r o l ~ o t  nlovenlents a w  i.estrictrtl to the graph 

C: = ( V ,  E). w l ~ ~ r e  the notle set V is the set of all viewpoints and .s, t,lw stai,ting position of t,he 

robot. 111 c a w  the  robot s tar t  position does not corrc~q~o~ic l  to a viewpoint. wc sinlply assign 

thc cniptj- set as t.he set of s~lrfacc patclies it hces. T h e  edge e 1,etnc.c-11 two v i e w  c,, and I ! , ,  

repi.~selil the path holn [I,, to o;?. We use c ,  to denote the cost (length) of edge e .  We also 

ilsc. T (-: V : s fi T to tleiiot,r a cut or s r ~ l w t  o f  t8hc graph tliat docs 110t inc l~~ t l c  thc robot start. 

1)osit~ioll. \Ve uscX h(T) to tlenobc the set. of CYIRPS t ha t  "crosses" T.  I~aviag o ~ ~ r  w t l  insicle T 

a ~ ~ t l  thc o t h c ~  or~tsitlc '7. i.r., P .: 1 . t .  ~2 > F ci(T) +=> 0 1  c  TAP^ 4 T OR 1.2 E T A V ~  4 T. 

\\k I ISP  1 0 , , .  t . 1 ~  \init \,icn: (,<)st, or cost 1 ~ 1 ,  \.ie\vpoint,. a d  iii,)> tlic t111it 1):it.h tmcn4 or cost p a  

unit trnveliug tlistalicc. Furt,hern~orc, we use F t,o denote thc vielv h.equelicy, tlefi~lccl as t,he 

111asi1ilr1111 nunher  of viewpoints that  covcr a single surface patch. i.c., F = t n a s , , ~ s  IV(j)l, 

wliei~t~ lill tlmotes the carcliriality of a discrete set A.  

We tlefine a binary va.riable, y;, as t,hc indicator whether to t,ake a view a t  viewpoint i ,  

correspondi~g to yj = 1, or not,, corresponding to  y; = 0; we define the hinary variable, z,, 

as the indicator whether to include the edge e in the robot. traveling pa.th, corresponcling to  

z, = I ,  or not ,  corresponding to :, = 0. Thus,  the ILP forml~lation for the traveling VPP 

is given as: 
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Traveling VPP (ILP): 

T h c  coverage coust,raints: (2.2), require that. for ectch surfa.ce a t  lcast one view is chosen 

from its  viewpoint set. T h e  connect.ioil constraints. (2.3). require that  for each plallucrl 

1:icnr i .  i.e.. ! j ,  = 1. and fill, C\:C~.J. C L I ~  T of tile \ w t ~ e x  5 ~ t  t l ~ a t  srparates 1 h m  t,lw rol.)ot, 

st,art. positioil .s. a t  I ( m t  our ctlge t h t  crosxc~ T ~ t l ~ i s t  I,(, cliuse~l to conuect. the cut .  S ~ I  

co~iuect,ion coust.rai11t.s arc ilsetl i l l  t l ~ c  st.a~itlartl ( r o o t d )  Steiner tree prohlenl ILP fonnu1~-  

tion [G\\'9%]. and  c~ssc~l~tiall\. esprcss tha  lotion t l ~ a t  rac,ll sclcc.tec1 uoclc I J I I I S ~  he 1~1~nc11al)lc 

F ~ O I I I  the st~11.t ~ iodc .  Nute t , l ~ t .  t , l~c al)ovc ILP fu r in~~ la t io l~  (2.1) is i~ut ,  t,lie rilost co~upact, 

olle, since therr  are a large number of const,raii~ts corresponding to the c ~ ~ t s  ill the graph. 111 

the following, we will also give a polyiio~~lial-sized fornlulation (especially useful to solve t , l~e 

corresponding relaxed LP). Nonetheless, this fornli~la.tion gives us a lot of intuitioll, since 

i t  works directly with the edge i ~ s s i g i i i ~ ~ e l ~ t , ~ ,  and is handy when we a.~lalyze the a.lgorithmic 

performance. 

2.2 Hardness Analysis of Traveling VPP 

As the generalizatio~l t,o lx>tti S C P  and Metric TSP,  nave l ing  VPP is imn~ecliately scvn to 

be an  NP-llartl problem. Ttie Ilardness of approsima.tion, i.e., the best approximation ratio 

by a.ny polyno~nial a lgor i th~r~,  is of great importance to a.pproxima.tio~~ algorithni closign. 

Please see the appendix for a brief recap of the liartl~lcss of approximation theory. I n  this 

section. nlc rlso t,lie 1.c.s11lt- in [H1<03] to show the I I ~ U C ~ ~ I P S S  of approxima.tioll for Traveliiig 

VPP via leduct,io~is t,o thc group Steiner tl,c>c> ~prol~lem (GST). 

G S T  is defincd as follows. Given a graph G = (11. E). where the vertex set V is tlividetl 

into I; distinct groups. q1, qn, . . . . yi;. const,ruct t l ~ e  ~nini lnul l~  cost Steincr tree to connrct a t  
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Icnst, one vert,es fro111 eacl~  g1.0111). Tlle GST c.c>~leralizcs I,otli t,lle SCP and t,lie Steiner twc 

prohleni where the bctst known approximation rn.tios are O(lug 11)  and 0 ( 1 ) ,  respectively. 

111 [GKROO, CEKOG], tlie a.r~tliors uscd all LP-l~nsccl rantlomizecl rou~icliiig a1,yoritIm and a 

greeclv algorit,Iim rcsspectivel!; to achieve tlie hrs t  known poly-log approsinlation ratio for 

t,he GST,  O(log IVJ1ogIog)VI . logklog M): where I1/1. k. ant1 A T  a.re t,he numbel~ of graph 

~ ~ o t l e s ,  the  ~ iumher  of g r o ~ ~ p s  a d  the ~naxinium ca1~lil1a.Iit.y of the groups respectively. 

We now s l~ow that  blie nave l ing  V P P  is not approsimable within the same polv-log 

ratio via the redwtion given in [GKROO]. By consiclering each group ill any G S T  illstance 

as the viewpoint set of a surface patcli ill t , l~e Tra\.eling VPP,  G S T  is reclucetl to il special 

cnsc, of t,he navel ing V P P  wllcre the viewpoint sets that. c o \ ~ c ~  different surface pat,chcs axe 

exclusive, i.e., they clo not sliarc romnlon viewpoints. Thus.  the Traveling V P P  is certainly 

a t  least as hard as CrST anti cannot h e  approsimatecl w i t l l i ~ ~  log2 .'- IS(,  following the r r s ~ ~ l t  

of [HK03]. where Halperin n l ~ t l  Kra .~~t , l iga . i~ i~l .  show t11a.t t l ~ :  0pti11ia1 s ~ l t . ~ t . i o l ~  to GST cz~u~iot  

he approsi~liatr t l  l ~ y  all\. polv~lonlial i ~ l g o r i t l ~ ~ n  wit11i11 the o ( I o , ~ - ~  A: )  ratio, fol. an!, F > 0. 
T h c  qr~est,ion r e ~ ~ ~ a i n s  \\:hether Trawling V P P  is Iinrcler to t r p p r o ~ i ~ ~ l i ~ t ( ' .  14% sho\v ill tllc 

folltnving that  tlic i~ ia l~prox i~~ ia l i t i c s  of Tra-e l i l~g 14•‹F' and GST are of the  smic. order I)>- 

sho\ving a rctluction f rou~  l la\x, l ing VPP to CST in t,wo stcps. 

We h s t  s l~ow Iiow t,u 1-educe an arbit~rary 'Ila\leling V P P  instance to a n .avel i~ig  V P P  

inst,ance with 0 view cost. Given an  wbi t rarv  17la.veling V P P  instance 1vit.h unit view cost 

and unit tl.aveling cost .w,, and ull, respvctively, we add a new viewpoint it, for each original 

viewpoint i ,  with an ident,ical srlrfac,e patch set,; lct t,he s u r f x e  p t c h  set for z be empty; 

a.nd connect i' t,o i via. a n  edge> with cost of ,:::.'. I t  is easy to see an  optimal solut,ion to 
I' 

the 1,eclucecl (0 view cost) .irersiol~ of T r a ~ e l i n g  VPP co~~rc~sponcls t.o an  optima.1 solution t.o 

the original 3ave l ing  V P P  instance since view costs are ellcoded in the  edge costs of t,lw 

reduced Traveling V P P  instance. (Since the surface patch set of the origina.1 viewpoint is 

empty, tlie new solut,ion has to go to the new copy of t,he viewpoint, t,hus incurring tlie 

traveling cost :-: which is equivalent. t,o add i~ ig  5;; . ur,, = U J ,  in the  objective funct,ion.) The 

size of the resulting instance has 2iVI numl>er of viewpoints and IVJ + IS( number of edges. 

We now show how to construct. a GST instance f ro~n  a. nave l ing  V P P  instance with 

0 \4cw cost,. The itlea is to duplicate c?wh viewpoint. Inany t i l i i~s  (ec11.1a1 to tlie nl.~nil)cr uf 

surface patches it covers) to nialte the result,i~ig viewpoint. sets clist,inct. Consicle1- s r~ch n 

Traveling VPP ins tawe,  i.e.. the viewpoint set V, the  s r ~ r f x e  patch set  S, the  vie\vpoi~~t. set. 

V( j )  V for surface patcli j E S1 and the g r a p l ~  G that  cunnects V. We first constrtlct a 
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(a)  ('1) 

Figwe 2.1: Construction of a n  G S T  i~ist,ance frwn Traveling VPP with 0 vicw cost. 

group g, for c i d i  s~~rfacc. p t c h  j and c o ~ l s t r ~ ~ c t  n vcrtex for carh pair of il surface patch j 

ilntl o ~ ~ c  \.ic~n.poi~it. holn its \ f i c w p o i ~ ~ t  set. i . c h . .  ( , j .  I ) .  i (: V ( j ) ,  j ;: S. \\'c, 1wxlif?. t,llc graph 

G o f  rli.i~veli~lg VI?P acc~ortlingly 1)y first ( . v ~ ~ s t r ~ ~ ( * t i l ~ g  a t r w  with 0-cost e ~ l g ~ s  Iwt,\\x~c11 the 

vcrtices ~orrespont l i~ ig  to the satile \ . ie\vpoi~~t:  i.e.. { ( , I .  i )  : J ;- S ( i ) )  (picking x i  iirl)it,rar\; 

vertcs ( , j . i )  as the t,rw 1.oot) aucl the11 placing tlic t r w  root a t  t , l~c nocle i O I I  C:. Scc 

Fig. 2.1. T l ~ u s ,  we Iiave a G S T  instance on t h  graph over vertices in the forin (j. ,  i )  i~.nd 

gl,orlps cori~esponcli~~ig to thc surface pa.tches j .  And it is cnsy to see that  an  opt,i~nal GST 

solution that  picks vertices (j, i) and the Steiner tCrw between them corrc~spoiicl to an  optima.1 

solution t,o na . \d ing.  V P P  of picki~lg viewpoints i and the resulting St,einer tree connection 

I)y col laps i~g the 0-cost edges. The  above GST instance construction produccs O(IVIISI) 

number of vertices and O(E + IVIISI) numher of edges. 

By combining tBlle two reduction steps above, an  arljitrary nave l ing  V P P  instance with 

viewpoint set. V a.ncl surface pa.tch set S is redweti to a GST instance with a gmph having 

O(IVIISI) vertices, O(lV(lSI) edges, and IS\ groups. As a result., the  %aveling V P P  is i n a p  

proxinlable within 0(log2-' ISI) rat,io of the opt,imal using ally polynomial a.lg.orit,hrn. Also 

the I>est. know11 approxi~natioil algorithms l~~e~i t io l ied  at. the heginning of this section can 

I)a applied to thc 'I'raveling V P P  (after tllc rrtluct,ions given above) and  the a.pprosirnatio~~ 

ratio is O(log IVI log log IVI . log IS1 log F ) .  \\,l~cw F is t,l~cl view frequency. 
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2 .3  LP based Algorithms for Traveling V P P  (ILP) 

In this swtion,  we first give the L P  rela?ta.t,ion for tho ILP fornlr~lation give11 ill Section 2.1.2, 

i ~ ~ t r o d ~ ~ c t ?  a ro~mtling algorithm t,o get an intcyral solution Fi-om t,he L P  solrrtiolr, give the 

appros i~na t iu i~  ratio a.nalysis, and tlieli cliscr~ss Ilow t.o solve t,hc LP. 

2.3.1 LP Relaxation for Traveling VPP 

By relnsing the I~inary i n t c y a l  varial)l(ls. y, a11c1 2 ,  . t,o be positive rculs, we have tlle relaxed 

linear program (LP)  forlnr.11ation given as: 

L P  Relaxation: nrin ul , .  1 !I; -F w : ~ ,  c, :, 

, b' , E 

We call the optima.1 (fractional) solutioi~ and the corrc~sponcling cost the LP-optimal: 

solution and LP-optimal u n h e  respectivel~r. The  LP-optimal solution correspontls to the 

fract,ional LP-optimal viewpoint a,.ssigla~ni.ents and the fractiolial LP-opt.in~nl edge n.s.riqn- 

merits. We call the optimal (integral) solutiuu and c~orrespouding cost t.o the original ILP 

t,he ILP-optim.al solution and ILp-optim.al uahrr. respectively. The ILP-optima-l solution 

correspond to t,he il~tegral ILP-optimal v i~wpo in t  a.s.signm.en.ts and the integral ILP-opti.m.ar! 

edge a.s.si!yn.nwn t.7. 

2.3.2 Rounding Algorithm 
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,Cfvy 1 .  In i t ia l ize .  

Se t  viewpoint choice set V "  t o  in.clude d l  the ~ ~ i e w p o z ~ i f . v .  i. e. .  V "  +- V :  the viewpoint 

o l i ~ t i o n  .set V' f o  be em.pty. i . c . .  V' +- 0: the 7tncove7ad si~rfaclcc patch srt S" to  i,rrcl.irde (1.11 

s~~wfncc. patc11e.s. i e . .  S" - S 

.Ctep 2. R o u n d .  

1 W 1 i l ~  .wt S" i s  n o t  empty  

S'r,lr,rt the vicwpoivt i , , , , , , .  E V" that c o ~ v r . s  .sorlcr ~ ~ r ~ r o ~ ~ r r c r r !  .wt - fnw patcl-,.(e.s) onrl 

I L I L . S  thz lu.rqe.s% LP-optirrml ~ I ~ ~ ~ U J ~ O Z I I  t ~ . S . S ~ Q P I I I ) V I L ~ .  i, e . .  i ,,,,,,. = irrg I I I ~ \ x ; ~ ~ - :  S(,),7s,,id 

tmd nrld 7t t o  V ' .  i e . .  V' +- V ' i l  { i  ,,,,,,I 
Drlcte the .su~:fnce pc~tclr(cs) thtrt ill,,,,,, covcr~.s ,fivir1 t11c I I I L ( : O ~ L ~ (  1.1 rl w ~ : f o r l  /~otr,li w t .  

I . ( , . .  S" + Si' \ S( i  ,,,(,,. ): nnrl tlelcte I ,,,,,,. ~ I O I I I  t h ~  c . i r u ~ p n i ~ f  r,l,oic,r .wt .  1.r.. 

V" .- vp \ (i,,,,,,} 

Elit1 while 

O u t p u t  V ' .  i e . .  .set y: = 1 fwr, i f V ' ,  arid .srt g: = 0 Jbr 1 @ V ' .  

Step 3. Connect. 

G e t  the optirnod .solution to th.e Steiner tree problem t o  conncrt V' .  S e t  2: -7 1 ,for. ed.9e.s 

In the above algol.ithm, we iteratively choose the viewpoint with tlie largest (fractional) 

LP-optiinal viewpoint assignment until all the surface patches are covered. We then feed 

these cl-losc\n viewpoints t,o a Steinel. t,we a.lgorithm to get the optimal integral solution, ill the  

Connect st,ep. Note tha.t the Steiner t.we problem is an NP-complete prohlem for a general 

graph. So practica.lly speaking, we ran use a constant-ratio approximation algorithm, for 

exa.~nple tlie one in [C,\iIi92], and incul. an additional bounded performance cleg~:adation. It. 

is c.ns,v to see that  t,lie ~ .ou~i( i ing  pa1.t of tlie ahove algorit,hi~i (up  t,o the Conncct step) 1.~11s 

i l l  po ly~o i i~ ia l  time, O(IV1 JSI).  
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2.4 Approximation ratio for algorithm Round and Connect 

2.4.1 View cost analysis 

Proof. Mk sllow this I)y ~ o ~ ~ t l ~ a ( I i c t i c ) i ~ .  Assume tha t  fo~ some surface pt .c: l~ ,) F S. all t l ~ e  LP- 

opt i l i~ i~l  v i e ~ v p o i ~ ~ t  assigniiie~its a.1.e strictly less tllaii h j  i.e., yf .:: ;.;.''i G V ( , j ) .  By recallil~g 

t,hat viw freque~icgr F is t,he nlasinluni ~ ~ u m l , e r  of viewpoht that  covers any sr~rfacc pa tc l~  

(i.e.. ( V ( j ) l  5 F.Vj E S). we n ~ ~ ~ s t  I~ave. 

The a l~ove implies tha t  for , I  c S; the sun1 of covering viewpoint ilssignme~lts is stl.ictlv 

less t l ~ a n  1: or in other worcls, surface j  is not. covered. This  c:oiltra.tlicts the feasibility of 

t.he LP solution: sl)ecifically tlie constraints (2.4). 0 

I',rooJ It is equi~~alcii t  to S I ~ O H :  tha t  t l l c ~  al)ove a1go1,ithn can~ lo t  choose. a11y \ . i c ~ v p o i ~ ~ t  wlwsc~ 

LP-upt,i~ual viewpoint assignlnent is lcss than +. We show t,his ly cont,ratlict.ion. Assun~e 

w t  c.lu.xw one viewpoint i \vith pi  : b.  By the Round and Corrnrc./ i d ~ ~ r i t l l ~ i l .  t , l~e Round 
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Lelnn~n 2 implies t11a.t the view cost part of the algoritl~~nic solution i s  I)or~ndetl I)!; t.l~e 

\.ie\\' cost of t l ~ e  LP-optinla, as stated i n  Corollary I .  

Corollary 1.  A!,qoritlt.~rt, Ror~ntl and Co~lnect. g i ~ ~ r . . ~  n7r i.trteqral solution. with vie.iu cost at 

2.4.2 Total cost analysis 

111 the following, d t e r  sta.t.ing in Lemma 3 the Iialf-int.egralit.,v result of t,he Steiner 

tree problem [VazOl]. Jve sho\v that the solution givcn t)y the algorithnl Round t m d  Corrnrct 

has a total cost. at most 2F times t.he LP-optimal value. Since the LP-optin~al value is 

a lower bound on tllc ILP solr~t , io~~,  it follows that the algorit,l~m Round and Gbn~rect lias 

approximatio~~ ratio of 2F. 

Lemma 3. For the S'teirrer. tree problem. thr  i.m!e,yra,lity gap between th.e IP and 7,f.s w h r . c . 1 1  

LP is 2. 

Steiner tree pl.ot)lenr of conncc:ting V' ,  the ILP-optimal solution to which is 2;. M'P 11se 
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OPT:,,, to denote the correspoiitling optimal \ d u e .  i.e.. OPT,'.,, = xrEE cCz; Again. nlc 

Ilsr OPT;,,, to d e ~ ~ o t c  tile corresl)ondiiig rrlaxecl LP-opt,imal \,alr~c. Now we are rcntly to 

s h o ~  the appros inlnt io  1,atio of algorith~n R076nd o n d  C.'o~l.~~c.ct. 

Theorem 1. ALgo.~.ifliin Round antl Coil~lcct ho.s oia nppi,o3~iit1~c1tboi~ ~ . c ~ t ? o  o f  2 F .  Le . .  cost.,,,, 5 

OPT*. 2 F .  

No\\:, we claim that  the hyhricl s o l u t i o ~ ~  is a feasihle sol~ltion to the LP relasat,ion o f  

3-aveling VPP. Since the \:iewpoint assignn~ents of the hylxitl solutio~l is exactly t,he same 

as in the solution giwn l)y t l ~ e  algorithin Ror~ntl Corrnect. a.11 t,he covering constraints, 

(2.4).  a.re satisfied 1-)y the solutio~i v i ewpoi~~ t  set. V ' .  The  connection constPra.int.s. (2.5). are 

also satisfied, since 

T h e  first inequality aljove is ( I IK  t,o tlie fcasihility of t , l~e LP-optimal solution, ailti t , l l ~  

second is due t,o Le1111na 2. 

Since all y: are integral. 

V'. I t  follows imnietliat.cl\- 

value t,o conliec;t V'. i.c., 

-.e . ,-, IS a ftwsihle LP solution to the Steiner tree proble~ii  to cuuncct 

tha t  the connect.ioll cost C, 5F:  c, :,' is a t  least the  LP-opti~nal 



Note t h t  the al,qurith~n R O I U L ~  O I L ( /  Chnn( (.t (the Connect Step) gives a.n opthlal i~ltegral 

Steiner trcc solutio~i to connect V1.  By the integrality sap result for Steiner trclcs. Lcul~na 3. 

this tree cost is at most twice the LP-optiiiial \:aluc for the Steiner b r c ~  problcn~ to connect 

V1 ,  i.c., C,,GEc.,.::: = OPT: ,.,, 5 2. O P G  .,,,. So we have. 

2.4.3 Integrality gap for Traveling VPP 

Theorcm 1 shows that the algo;ol.it.hnl Round orrd Connect, recovers an integral solution from 

any LP-optimal solution to Tmveling VPP and the solr~tion cost is within 2F times the 

optimal value. This implies that the int.egra1it.y gw.p Ixt,ween ILP-optiina.1 and LP-optimal 

for naveling VPP is a t  most 2F .  In the followiig. we show that. 2F is also the integrality 

gap for T1noc1in.q VPP by giving all example that achieves t.liis ratio. 

Theorem 2. The  in,te,gmlity gap of the Tmz!cling L'PP is  2F 
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to and its iucles witliin that  cluster, f o ~  C X ~ ~ I ~ I ~ ~ I C ~  viewpoilit L C , , ,  . T11cl.c~ arc tn.0 t,vpcs of 

etlgcs. r antl e3.  ill  the graph,  superscript 1 or 2 tlenote the edge tvpc. el ecl=cts have the 

coniinoii etlge cost. f << 1 and e" eclgos Iiit\'e t,lic wiii1no11 cost I .  T h e  el  c ( I ~ s  in ~ 1 ~ 1 1  clust,er 

form n coi~iplet,c~ graph; and the e2 eclxes fu r~n  a coniplet,e graph hetwc-cm the clusters. We 

also use all e l  edge to connect. the rohot. st,art position .Y to a single 1-iewpoi~~t of a singlc 

c lus t c~ .  1\27 furt,licr ~ S S U J J I ~  the view cost is uegligihle co~nparecl \vit,li ti,aveli~ig cost,, i .e.,  

4< 1lS,>. 

Figure 2.2: A na.veling VPP insbance. There are 1 1  - F viewpoints, grouped into 1 1  clr~sters 
(circ:lecl hy clashed curves). Each cluster clontains exactly F viewpoi~its. For esa.~nple, 
clust,er C1 contains viewpoints ic,, [ ,  . . . . ic ,  ,I.-. There a.1.e .rr surface patclirs (not tlrawn). All 
viewpoints in R cluster, i E C j ;  only cover oiie surface patch indexed the same as tlie cluster, 
j E S. Two types of edges, labeled by el  and e2, counect the  viewpoints. Inside each c l ~ ~ s t e r ,  
c' d g e s  COLIN a complete gra.ph. Between clust,ers, c2 edges form another col-nplct,c gi,apll 
among t.hc representat,ive viewpoints of the clustels. one representat,ive pel. clust,er. 

I t  is not clifficdt to see t,hat the ILP-opt,ii~lal solution is t,o choose a singlc viewpoint 

from ci~cli clrlst,er antl construct a t,ree (whicl~ is also a path connecting these viewpoints) 

using- ( r ,  - 1) c2 edges, m c l  t,he c o r r c ~ s p o ~ ~ t l i ~ ~ g  ILP-optimal value is approxi11latc:ly ( I ,  - 1) . 1 

(i~eglectiug view cost a.11~1 el  etlge costs). The LP-optininl solution, howwri., is to assign $ 
t,o eacti viewpoint allti . + to ea.c~i e' etlge. (S~I ICF  E '  eclges c ~ o  not cont.riI)ute niuc~l t,o 

the ol~,ic,c,ti\.c function, we can simply ignore all thc c '  r t l g r s  in the  solution.) This solution 
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I +. (There are all togctller . , - , ,  ( i ) - ( ) 11111)er of (- c ( ~ p , ( x I  so 1111 ratio 

1)et.xcvn ILP and LP-optimal values approaches 2F a s s ~ l n ~ i ~ l g  11 is large, R J ~  the inttgralit?; 

gap Fur th r  gcncral p ~ . o l h u  is a t  least 2F. 

In  conclusion. since 1,ot.l~ the  upper and lower I~or~ncls arc 2F. t,lw integralit.3; ga,p of 

Tri~\:cling VPP is 2F. 7 

2.5 Solving the relaxed L P  

and givc a poly~lomially-sized LP rela,xation form~~lat ion.  I t  is motivat,ecl hy tree structures 

com~nonl!; used in motion pla.aning techniques to explore and 1.epreseilt t,he coli~~ectivi  tv 

of the conliguration space [BATh495, LICSS]. For thc general graph case. we s ~ ~ g g e s t  two 

\va!;s: to use all alt,emative LP relaxa.t,ion form~~lat , ion with p o l y ~ o n ~ i a l  size l x w d  on mult,i- 

comnoclit,y How;  or to adopt t,he column generation approach to p~~acticall!; solve t,he LP. 

2.5.1 Traveling VPP on a Tree 

linc!cli/~q C'PP O I L  a T ~ e e  is defined for.nrcally 0.9: gic11.11 (1. set of ~~iewpoirrt .~.  n .set of su7:focc. 

ptc*lrc.s. cr ti-(,/: corrnecti~rg the ~ i ewpo in t s  with d y e  costs. the, 1171i.f I J L C U '  cost a71d the 117~it t.rnvel 

r m t .  pl(r.11 rs sr~bset of the ~ ~ i m y o i n t s  and o. m6tree th.nt c.owr.~ct.s t h ~ n r .  with the m i n i n t u n ~  

totnl cost n.s the sum.matio-n o,f th.e l*ietc~ cost (unit  ~ : i e u ~  cost t.in7e.s the nunrber of plun7bed 
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vic uipobrlt.~) rrritl t h e  tm.ur/ cost ( i i i i i t  t 7 7 1 . 1 ~ 1  ( : o .~ t  ti vie.^ file t o f d  cilqc, co.sf of tltr p lur~nc~l  

.c~rbtl,c 1 . ) .  .s~ich tlmt ewr,!j .S.U y f m e  p c ~ t c l ~  i.v rouemi !  Oy at Ircwl  or^^ plari.l,eii ~!ze.ci~poir~.t. 

First. we rlaiin tha t  tlw a p p r o x i ~ ~ ~ a t i o ~ ~  rat.io of RIgorit11111 R o Y I . ~ ~  on(/ Con~r1.ect in~pro\:cs 

to F for Tlnueli~~q VPP on. n Tre~.  This  is I~ecnuse t,l~erc is no i~~tegra l i ty  gap for '.Steiner 

t1.w O I I  a tl.et.", si11c.o I)oth the ILP-opt,in~al anti LP-ol ) t i~ i~al  s o l u t i o ~ ~ s  of "St,einer t l ~ c  011 

a t r c~>"  correspo~ld to t ~ k i ~ l g  the 11nio11 of the iuiqur: patlis on tllc t,~cc. t , l~at  c o r ~ i ~ c ~ r t  t l i ~  

planned viewpoints to the s tar t  position. 

Howevel-. n-e e~iiphasizc~ tha t  T ~ n ~ ~ r l i n g  VPP on o. T7.w is not. a simple p roh le~ i~ .  First; 

11ot.e t , l~at  tlie counteresali lpl~ give11 in t , l~e  ilit,i-ocluct,io~~ is also a T m ~ l i ~ t , q  VPP on n Trc-c ill- 

stance. S ( m ~ l t l ,  c\.c, sl-loci;, via a couutercsa~i~ple ,  that  a grrecl,v dgorithin hils~cl 0 1 1  rtnlortized 

costs can perform cjuitc poorly (linear approximation ratio). The  a1gorit.hlu is to iteratively 

pick a viewpoint with t.he leilst a.mortizct1 cost., i.e.; the suni of t,he view cost. n ~ l r l  the sllorteit 

pat11 c,ust to con~lec,t to thc cxisti~ig t,ree. tlivitletl 1,y the ~lrunlwr of I I I L L . O \ : C ~ C ~  patcl~(es) it 

t .o\.c~~. a11tl itci ati\rcly ; r o ~  t,hc c x i s t i ~ ~ g  t ~ c t ,  r~sing this s11ol.test pot 1 1 .  Alt l ~ o ~ ~ g l ~  grcc~l\ .  alga- 

r i t l i ~ ~ ~ s  I)nsctl on uilortizccl cost 11we I)(vw s l ~ o \ v ~ l  t,o achic\.e t l ~ !  logarihlu~ic i\l)l)l.ozi~uat.iw 

ratio ( the  hcst ;~l)l , roxinl;~tio~~ ratio) for tllc S C P  [VazOll. i t  is 11ot so for T~rr~dirt!/ I;PP on r~ 

? ) r ~  C!oiisitlc~~. t,hc exa~np l r  i l l  b'i:. 2.Y. \I(. 11il\.e t,o cllocxc c i t l l r ~  \,icn-l)c~illt i l  (cvhich co~ . tw  

all t l ~ c  su rhce  patcl~es,  h l ~ t  coiincctctl to the s tar t  via a long etlgc) 01. all t l ~ c  r c ~ ~ ~ a i ~ ~ i i ~ ~ g  

\.ie\vpuints (connectccl via much sliorter d g e s ) .  It. is not difficult to see tha t  t.hc optillla1 

solutio~l is to choose i2: . . . . i,, and edges c?.  r 2 ; , .  . . . . ri,, , and blie cost is I-ougldy 1, t,lie edge 

cost of e2. The  algoritlim, however, will choose i l  since t,he amort,ized cost of i l ,  ;= 5 = 1 ,  

is lws t,liail t,llat, of any ot,l~er viewpoint. = 1 + E .  T h e  algorith~nic solut.ion is ~ , I I I I S  

( 1 1  - 1): arl,itrarily worse than the optimal value (1). Intuitively, this is hecausc* the large 

cost. edge is "underestimated" by the large n u ~ i i l ~ e r  of surface patches in the a~nortizecl cost. 

L P  f o r m u l a t i o n  fo r  Traveling V P P  on a Tree 

Thc T~~aueling VPP on, n Twe admits a polynomial-sized relaxed LP forni~la t~ion.  Sinc:~  

Linear Program is in P [Kha80]. we have a polynomial t,ime approximat.io11 algoritlin~ (with 

view frequency as the  approximation ratio) for Trat~e1in.g W P  on a Tree by sol\:il~g first. its 

L,P and using Ro.u.7i.d and Corr.r~ect t,o rccovei. an  integral solution. 111 the followi~ig, we show 

tlw ~)olynomial-size(] formulation. I~ltuiti\:clj., fol. i-I. viewpoint t o  l)e co~llrcctctl. o ~ ~ l v  tl~r: c ~ ~ t s  

c o r r o i g  to tlie ec1gc.s on it,s unique pat11 ( to  the s tar t  .s) are ~~ee t l ed  i lk  the co~inec:t.io~i 

coustraints, (constmint (2.5)): thus reducing clramatically t,hc LP size. 

Lt>t 1); denote the unique pat11 c'o1111ectiilg viewpoint i t,o .s.. !?o~- a11 cdge c =< i l .  ii, >. 



Figwe 2.3: AII  iust,aiicc of the Traveling V P P  on  a n e e .  There are 1 1  vie\\:points, Inhclcd I ) ?  
i l ,  ( 2 . .  . . , i , , .  a i d  rl - I i l ~ ~ l n l ~ e r  of surface patches (not t l~.awn).  Viewpoint i l  covers all thc 
surfa.ce patch. Each of viewpoints i?, . . . , i,, covers w1y onc surface patch. Imt all toget,l~er 
they cover 2.11 the I ) ; I .~C~ICS.  Viewpoint i l  is connected to s via a long etlge e l  with the cost of 
71 - 1. T h e  reniai~ling vien;point,s are fii,st c o ~ ~ ~ l c c t c t l  to a common node (t,hcse co~ inc~ t ions  
hiwe ~icgligil~lc cc~sts) a i~ t l  t.hen tso .s via a short. etlge e;, wit11 the cost of 1 + e,  wl1e1.c r is a 
s~lial l  positive n~1rn1)c.r. We also assume t.hc traveling cost dominates, and t,lw view cost is 
~ ~ ~ g l i g i l ~ l c .  

with i l  closer t.o the root of tllc twe. s. ~ I I W I I  i 2 .  we LISP '1; to tlc~lote the sul)trcc o f  tlic 

origillal twe rootorl at  1 2 .  i.c.. t l ~ c  sul)sct of' t m .  \wtices that  are r.o~ll~cr:t~t.c.l t o  s r , .  Notv 

that  c is t l ~ c  ollly ctlgc? t,llat c:i,ossc5s the sul)sc?t 7 , .  i .c.,  &(:I;) = {e}. Tlw LP for Tmotlilril 

VPP o,rr. n Trrc is t,llen give11 as: 

Since the c o w i n g  const,ra.ints for the alxwe formulation and for Traveling VPP are the 

same, we o n 1  need t,o show the equi\~a.lence 01 t,he co1uieci;ion c;or~st,raiilt,s. (2.5) a l~t l  (2.7).  

We show this equ iv t~ le~~ce  by reductions ill hot11 directions. First, for L F= V a.11~1 6 i / I , ,  

since T, is A cut  tha t  separates viewpoint i from the s tar t  position s and e is t h r  o111y edge 

crossing 'I; . accorcli~~g to (2.5): we have xr,,rb(T, : , . I  = ;-.c g l ,  (2.7). Seconcl; for all?. c11t T 

tliat selmrntcs i. and s ,  there must. he a t  Icast an cclge (. E pi t.ha.t crossc3s T, i.r., (- E 6(T) .  



2.5.2 Alternative polynomial-sized L P  re l~xa t ion  formulation for Travel- 

ing VPP 

foi all t,lre comnlotlities. We r e q u i ~ e  the y, alnount of c o ~ n ~ n o d i t y  L t,o flow h o ~ n  sowce 7 to 

.s. Then c \ c h  arc assigll ine~~t has to grlaral~tee the flow capacity, i.e., zc > f , . , ,k !~  E V. In 

addition, we rcquire flow conser\.at,iol~ fol. eacll flow a ~ ~ t l  for each vertex on t l ~ c  graph that 

is 11ot the terminal of that flo~v: i.e.. f (,,, = xI.FB(7,) ,f ,.(-, V% # 1' g V .  So the overall 

rela.xec1 LP is give11 as: 
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Traveling VPP (ILP using flows): 

Proof. We first show tha t  m y  feasible solutio~l ; I / ; ,  z,. f;,, to (2.8), corresponcls to a feasible 

solution yj. :, t,o (2.1). Since the covering  constraint,^ are the same for b o t l ~  formulations, we 

only need t,o sho\v tthe connection const,raint,s. For arly cut tha t  separates viewpoint 1 fro111 

s,  via t.he flow conservation law, we know the total aiuount of co~nmoclity flow 1: crossing the 

cut  (from i to s )  is a t  least the amount en~a.nating from i. which in turn is lower bounclecl 

by the viewpoint assignment, (2.10). Since the arc assignnrent is lowcer l>ounded hy t,he flow 

goiug t,hrough it,: (2.13), we have the t,otal nunlbcr of edges crossing T is at, least y.,. 

Second, for any optimal LP solr~tion yi. z, to (2.1), we can pick for each y; > 0 the 

nniqr~e path fro111 i, t o  s in tlw solution". autl assign t.he flow for commoditv i and arcs 

(directing towards s) on the pat,ll to I ) ?  !I,. It is clriu- that.  his coi~structiun g i \ w  a feasible 

flow s o l ~ ~ t i o n  to (2.8).  0 
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2.6 Poly-log approximation algorithm via reduction to  GST 

By the rcductioli nie~ltjo~iecl ill Section 2.2, we call const.i.uct fwln a.11 arbitrary 3 aveling 

V P P  i~ist,aiice a GST instancc \vit,li O(IVI(SI) \wticcs,  O(IVIISJ) etlgcs. ant1 JSI giwlps. We 

t,lic:i~ i\~1)1>. the ranclon~izecl rountling algorit,hiii in [GKROC)] to acliie\.c a 

O(log IVI log log IVI log IS1 log F), a poly-lug, approsinlat,ioli ratio. 

In conclr~sion, using both the  LP I>asetl algoritlinis. cleter~niuistic (Rouncl a~rtl  Connect al- 

xoritllnr) and randon~izecl ( the  r o u ~ ~ t l i ~ l g  a.lgorit.hm in [GKROO]) rormtling algoritlinis rcspec- 

t,ivdy. wc I I ~ T  the approximatio~i rat,io of eithcr O ( F )  or O(1og /I)) log lug IL'I l u ~  IS1 log F). 

\vllicllc.vcl. is sma.llcr. This approxinlat,ioil 1.cls111t parallels that  for SCT. 

2.7 Applications of Traveling V P P  Algorithm to Related Prob- 

lems 

2.7.1 GST 

Note that  a GST i ~ i s t a ~ i c e  is a 'llaveling VPP insta~lce with 0-view cost. So t l ~ e  frequency 

1)ountl is just t,he larqsst cardinality of the groulls and applying aIgorithm Roi~ilcl and Con- 

i x ~ t  gi\.es 11s a. frequency a.pproximatio~i ratio. Thus I,y applying t,he alxorit,hm Round and 

Connect a h o w  and LP ranclonlized rouncl i~~g in [GKROO], tlic optimal solut,ion to G S T  is 

approxi~nated within the ratio of ~n i i i (O(F) ,  O(log 11'1 log log IVJ log kc log N)). 

2.7.2 Traveling Purchaser Problem (TPP) 

TIIP (~uili~liitecl capacitat,ecl) nave l ing  P~irchwsrr problem (TPP) [17an181] is tlelinetl as 

follows. have ; I  set of uxel lor~ses ,  W, co~i i lc~ct~t l  I ) ?  a g r a p l ~  G - (W, E) \vit,h edge 

cost,s. a i~ t l  a set of p r o t l ~ ~ c t s  P. Each \4:arehorrse cr! r: W has a siit)set of t,hc products with 
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r~~~l i~ l l i t , e t l  s~~ppl ies . ,  clenoteil ly P(ic:), and t,lie corrcspontling p~oclr~ct  ~ ~ r i c c s ,  tlrnotetl I)\; 

( I , , . , , , .  (1. c W . p  E ' P ( ( o ) .  TPP asks fc~r certain warehoust's foi. cwch 1m~1ur . t  aurl t,he to1.u. 

co1111ectio11 Ixtn-ecxi t . 1 ~  planned warelior~scs with tlie I ~ I ~ I ~ ~ I I I ~ I I I  tot,al cost. t he  SWII  of the 

prm111ct. ~ - ) \ I ~ C ~ I ; I S C :  cost and t l ~ c  tour cost. Ravi and Sa lma~l  givc a pol\;-log approxima.tio11 

rtltio For TPP [RSW]. 

The  nave l ing  V P P  is a special case of TPP w l ~ e r r  t,lw pricvs arc uniform for all the 

pl.otlrlrt a.nd warehouse pairs. \'Vf IIOW s11ow IIOW to r ~ c l w c  an arbitrary TPP il~staiice to 

all iustnnce of a \i:eigl.ltctl vc-~rsion of Tlaveliiig VPP.  By 'wc~ i~h tc~ t l " ,  we mcan the view costs 

associated with the  viewpoints arc not uniforin. Since this \veightecl vcrsio~l has exactly t,lle 

same const,raints as nil\:eli~ig VPP,  the a l ~ o r i t l m  Round and Colillert oidy rounds to 1 the 

viriv1)oints with a s s i g ~ i i ~ ~ c l ~ t x  lower l)oui~tlecl hy i. By e~ilc,tl!. t h  salur? aiguments as in 

Scctioll 2.4, it is clear tha t  the algoritlinl Roulltl m t l  Co~lnect  still has t l i ~  f u q ~ ~ e l ~ c ~ ~  I )or~~l t l  

appros i~~la t , io~l  ratio for the w\;cigl~tetl V F ~ S ~ O I I .  Tllc rcd~rct iv~l  from TPP to 3as:eling V P P  

is clonc I)!. "rluplicat,i~~g" a nxrcl~orise accortli~ig to tlw I I I I I I I ~ C T I  O F  ([if-Fwwt pro(111(,t lxiccs it, 

01-f'c-IS aii(l co~~~~csr t , i i ig  tli~111 1.i:~ 0-cost e d g ~ s .  

F O ~ I I I I I I I ~ .  \\7' (Ieline the price set of a \\:i~rrhousr to tllc scxt ol t l i i f~wnt  pricc~s it, offus for 

tliff'c~.c,~~t products, i .c , . .  D(u') = {(I,,,.,,. 11. E Y V , p  P(rrs)}. R% o ~ l ~  tht. s r t  D(l13) n c c o r t l i i ~ ~  

t,o t - 1 1 ~  l~ricc c.~itit,ies, a~l t l  tleliotc tlw i"' slmllest plice as ( l ( i , l ) , .  We the11 ad(.[ c \ : ~ ~ I . ~ ~ ~ o L I s ( \ s  

u:,. i = 2 , .  . . . ID(u!)l t,o tlic warehorlsc set. W, (We rep1a.c~ the viewpoint I U  Ily u!l n.it11 a 

cliffwent product set clcscrihecl as follows.) and ncltl edge < / c r ,  cr1; > with 0 edge cost. T h e  

~ w e l l o u s e  u:, will cover only t,hc pl.ocluct in its procluct set. that  has t,lie price of cl(ur),. i.e., 

P(uJ,) = {p E P(tu) : rl(cc~,p) = d ( w ) , ) .  By this construct,ion. ear11 warehouse 11as a unique 

p r i c ~  for all the proclucts in its proclrlct. set. This  corresponds t.0 all  instance of the weighted 

T~aveling VPP.  Not,e t,hat t l ~ e  freqt~ency I~ouncSs for 110th instances ;-.re the saine, since we 

have liot incrcasecl the numbel. of warehouses tha t  offer a single product.. 

Thus,  by solving the resulting weiglitecl nave l ing  VPP installre, we can get tlie O ( F )  

approximation ratio for TPP, where F is defined as t,he n l a s i ~ ~ ~ u ~ l ~  numhcr of warehouses 

that. sell a single product.. 
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2.8 Issues Towards Implementation on a real robot-sensor 

system 

In t,l~is scction, we tliscuss sevcral issues and constraints towards in~ple~nent ing our algorithu~ 

on i t  r c d  rohot,ic sys t en~ .  

Our nave l ing  VPP forn.iulation assrlnres the viewpoint sc3t V a ~ ~ c l  the t~ravelin~, graph C: 

connecting tlicw viewpoints are given. For given scenes, the st^ viewpoints call be cleriwcl 

from t l ~ e  aspect graph of the scene [BDSO], or hy ra~ltloinly sampling t,he sensor config- 

t~sat,ion space, the space O F  t,he sensor co~~f ig~u ,a t ions  tliat. ~ ~ n i q u e l v  tletesn~ilws thc \lieu:- 

poi11t.s [GBLOl]. For 2D polvgons, in Chapter 4, we give a clcterministic sa~npl ing algorith~u 

that, colnput,cs a. polyno~nial sized viewpoint set and guara~rtrcs that  the o p t i ~ i ~ a l  solutiol~ 

cau Iw approxin~at,c.tl by t.l~c) sal~ipling viewpoints. We assume a I,inar!. coi,cragc 1.elationship 

uientio~~ctl .  i.e.. a vie\\;point, can either cover a, surface pa.tc11 or not. 111 reality. a v i e w p o i ~ ~ t  

illay covsr a s u f a c c  pat~c.11 oi111- part,inll~.. Uy sul~clivitling su~.lace ~)n.l:chrs. \ye call 111;1i1ltnin 

binary cowl-n:c3 ~ . e I a t i o ~ ~ s l ~ i p .  

Rt?illistic srilsol- Iicltl of \:ic.\v c o ~ ~ s t r a i n t s  s r ~ c l ~  as t,lw line of sight. c o ~ ~ s t r a i ~ ~ t  ( i . r . .  a 

\ , icwpui~~t  s t w  a su~.fact> patxl~ o111!. if t11e line s t > q ~ ~ s ~ i t  t,liat W I I I I ( Y ~ S  ~ , I I P I I I  is not o c c l ~ ~ l t ~ l ) .  

t.11~ rang(\ constraint. ( a  viewpoint. sees a surfiwc. patch only if the distance Iwtween t1lc111 is 

witliin a range), and thc i ~ ~ c i t l ~ n c e  constl-aint. (i.e.. a viewpoint sees a s ~ ~ r f a c e  patclr only if 

t,he angle lhet\veeli the line con~~ec t ing  them and the surface 11orn1il.l is in a range) call he 

incorporated via viewpoint a d  surface patch visibility computations. T h e  Traveling graph 

\voi~ld essentially he a roaclnlap built in the config~rra.tion spnc:r of the rohot. This  is a 

stanclarcl and well-studied technique For 1.obot motion p l a n n i n ~  IKSLOS6.Lat,91]. 



Chapter 3 

Metric Traveling VPP with 

Visibility Range 

111 this cl1ill)tt.r. a-cx cu~lsitlcr a special case O F  ma\.c.ling V P P  .cvhr~,c a 1)oillt l.vlmt ( i l l  t.u.o- 

t l i ~ ~ ~ e ~ i s i o u a l  or t~l~rc~c~-tl i~ncllsio~~al world) eql~ippctl \\.it11 n rang(, scllsor of ~.isil)ilit,v l.;lugc> 

l? is nsltetl to illspt3ct. a sclt of s ~ ~ r f i ~ ~  pa tc l~ \ s .  \\ i~ <:ill1 it the Mvtric  T t n ~ l i r r ~ ~  I'PP iiritlr 

C'isibility Ro.ryr7 01. hl(-ht,i.ic: T V P P .  

Metric  T V P P  i.7 dqfirled forni.ally us: givelr 11. sct 0.f rricwpoint.s, u set of' surfm-e pntc1t~c.s.. 

n ginplr con~recf ing the  viewpoint.^, the edges of whir11 cor-responrl t o  paths in the .sc1n2~ space 

CLS the c~c~wpoin ts .  (I. srr~sing mnge that dictnte.s that n vie,wpoznt covel,.; (L .surfb.ce prrtch only 

if they  ale  within t he  sensing range distance. the unit 2:11:w cost, and the un i t  travel cost. 

plan 11. su,b.set o,f the 11ieu1poin.f.s 0.n.d a sub.set 0 1  the edyrs.  wit/?, th.e minbrr~,~cl.rrr total cmt  ts.7 

the s u ~ 7 ~ n ~ a t i o i i .  01 t h ~  uiew cost and tlie tmve l  c m t ,  st/.cIt, that every . s l ~ ~ f u c e  pntclr i s  c o v r r d  

by  a t  /vast one planned viewpoint. 

First ,  u;c give il rctluctio~i from S C P  t,o h4et8ric TVPP,  which in2plic.s t,ha.t t,I-~e 1a.tter is 21 

harder proble~n than the SCP, and any approxiniatior~ a.lgorithm for it cannot have a. l)et,t,e~. 

approximat,ion ratio than tlie best a.pproxi~nation ratio for tlie SCP. 

Sincc the h[et,ric T V P P  is a, rostrict,ecl vcrsion ot' navel ing VPP. it is ~ ~ a t r ~ r a l  t,u ask 

whet l~cr  \vr call find a n  algorithm for hletric: TVPP with het,ter approxin~at,ion ratio. The 

answer is yes! AIKI this better approximation algoritliin follows the two-level approarh by 

Danner and I<iwrdti [DK02]. We show this grcwtlj, algol,ithnl has t,he approxiinat~ion rilbio i i r  

the  same order of the approximation ratio for the set covering problem. Intuit.ivrly, tlw key 
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3.1 Notation and Formulation 

3.2 Inapproximability of Metric T V P P  

I n  this section, \vc give an  L-reduction h m ~  SCP tu the hletric TVPP.  (Pleas11 s w  A . p  

pt'n(lis A 101. a quick recap of thc  L-retluctio~~ mctlwtl to prove inapprosiln:tl)ilit!. wsl~l t . )  
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Given all arbitmry S C P  instance, we c o ~ i s t r ~ ~ c t  n two-dimensionaI hletric T V P P  instance 

\vl~ere the unit. view cost is 1 all(! t l ~ c  t ~ r ; t v ~ ~ l i ~ ~ g  cost is ~~egl ig i l~le .  i.e.. r i l p  4: w,. : 1. In 

tlle const~ructcxl hlletric TVPP inst,a~lcc, the 11111nl)cr ot  viewpoint,^ antl surface pat,cl~cs are 

respecti \dy t.he same as the numlxr  of subsets antl elenitwts i n  the S C P  instance. Ally 

solr~t,ioi~ t,o the constructetl hrletric T V P P  inst,allce corrc~sponcls t.o a solution to t l ~ c  S C P  

inst,ance with t,lw same cost,. This L-retll~ct,io~l estencls the i~l;~l)proxinlal,ilit,,y r c s ~ ~ l t  for SCP 

to hlet,ric TVPP. 

PTOO,~.  111 t,he following, wc Ilse Turing hlaclliue ~notlcl f o ~  t . l~e retluct,ion constl.r~ction. 

Given an  arbitrary S C P  insta,nce, we tlenote t.he ruliverse of e l e ~ ~ l e n t s  Ijy S - -  {.s,: j = 

1.. . . . I ) ) ) .  allcl a c:ollect~ion of its subsets I,y V - (11; : I ! ;  C S: j = 1.. . . . n). Wc coustruct 

;I t,wo-climc~lsiond Metxi(. TVPP i ~ l h t ; ~ ~ ~ c , e  as i l l  Fig. 3.1. We first t l r ; ~  t,llrcc h v ~ i z o ~ ~ t a l  

lil~c. sc 'grnc~~ts of length L. nl~tl a t  hcigllts 0. H'. ant1 H respt.c:t~i\~cly. \,\re a1.c. going to put, 

\-icwpoiuts 011 tlw Imt ton~  line scyyrlcnt.. tlw ol)staclcs ~ I I  t l ~ e  ~llidtllc s t g i ~ ~ c i ~ t , ,  antl tlw s r ~ r f t w  

pi\td~css 011 top segments. T h  ~ i l l ~ ~ t .  of H is given wliilc H' is to I)c g ivw 1)eluw. The  left 

r ~ ~ t l p o i n t s  of t,lw t,Iircc line S ~ K I . I I C I I ~ S  all st,;\l.t 01.1 11 sillgle \wt ica l  li11e. MJc tli\.itl(> the top 
- 

l i~le s e g n i e ~ ~ t  eclua.lly into t,llree ~ ) t l ~ . t s ,  and the11 tli\:itle ec1~1a.lly t.hr ~~~ic lc l le  part  I jY ; .  into r r r  

piwrs. These 7rt  pieces. nlore acciuately the t ~ o t t o ~ n  surfaces of thenl; are the surface patches 

of the const,ructed h k t r i c  T V P P  ir~stance. T t i c \  size of eac l~  pa.tch is less than &. E;\cll 

surface patch corresponds to an  elelnent of t,lie rmiverse of t,he S C P  instance. We clenote 

the surface pa.tches using the sa.lne lal~els as t,hose for the elements in the SCP in~ t~nnce ;  

.s,,,j = 1,. . . : i n ,  t o  imply this correspondence. We then crratc viewpoints, conesponcling 

to the suhscts in the S C P  insta,ncc,. and put thetn on the  Rottom line segment. (at. height 

0) with equal distances between two consecutive ones. Let I. denote this dist,arice. So we 

1ia.ve I .  = &. VJe construct obstacles of negligil,le thickness on tlie midclle line (a.t height 

H'). For convenience of description, we define t.he sensing cone of a viewpoint u, to be 

AuiTT, . For two neighhoriilg viewpoints ,ui ancl .u,+l, we define the int,ersection point of 

t,lirir s ~ n s i ~ ~ g  cone t,o be the iut,ersect,ior~ point of line seg~nent,s (.,?;, a i ~ d  v j + , T , .  For example, 

in Fig. :3.l(a): tlie intersectioil point of ~ ( w i ~ ~ g  cones of 1 : 1  a d  ~1 is X I .  

For t.l~e ~niclclle line of olxtacles. we cut. some openings, such that  each viewpoint cowrs 

only the surface patches corresponcling to t,l~osc.  element,^ in its corresponcli~~g subset,. I t  is 

o ln ior~s  that  MT oilly need to do t,llis f o ~  thr  1)wl.t of t,he middle line inside the t.he sensing 
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3.3 Two-level Algorithm for Metric TVPP 

111 this sec;t io~~, wt' give tlie t,he pseudo code of a two-level algoritli~ii foi i\.Ietr.ic TVPP 

Algorithm 1. Tv~o-level Algorithm for Xlr:t~ic TVPP 



This algoi.itJ~nl solves the prol~len-1 in t\vo steps. 111 t l ~ c  fi rst step. it sol\ .c~ t l ~ c  VPP or 

SCP pa.st ofi\letric T V P P  greedily. In t,lip second step. it solves the hlctlic TSP t,o connect 

I l ~ t w  pickrcl \.iewpoiuts r~s i~ lg  t l ~ e  Chsistolitles' a lxor i t , l i~~~  [Clw7Gl. 

3.4 Algorithm Analysis 

3.4.1 Alternative algol.ithn1 

Algorithm 2. ALte711.ataue Alyorithrrz for, filetric T V P P  
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3.4.2 Analysis 

We call the tour that. connc:ct,s at ]cast one point. from every donlaill of the cente1.s a ilo~r~azn 

foul.. \Arc use OPTDohlroir, to denote the short,est length of such torurs. 

P,rooJ FOI. any  cent,rr 1 1  (: V1'. we arl,it,ral.ily pick one srrrfacc~ patch J from its swfacc pi1tr.11 

sr t .  i . r . .  J E S ( i , ) .  As slrow~r i l l  Fig. 3.2, any viewpoint 72 of srirfacc 1)ntch j ' s  \:ie\\;point 

set,. i .e..  Vi-, E V ( , j ) .  h a s  t,u lir in thr  domain of i l .  Since the optimal solutio~i to Jlctric 

TVPP is a frasihle s o l r r t , ~ o ~ ~ ,  a t  least one viewpoint fro111 V ( J )  is c l~os r~r  and visited I)y t,lle 

collst~l uctctl tour. 0 
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Lemma 6. Tlre cost o f  the opfiirrnl .soll~tiou to I l l e t ~ . c  TVPP i s  at l c n s f  the sum o f  tire 

rrrininrrttrr ~ I P U I  ~ o . s t  (bgvon'ng t?o~~clir~.gj  r r l ~ t l  the optimal tow cost to 11i.qit c . i t c m r y  tlo~rrmirr. of 

the rentei.7. i . e . .  

0 P ? : l . ~ ~ p r  > LO,:OPTCC'P + ( O , , ~ P T U O . \ ~ ~ ~ ~ , ~ .  (3.1) 

IV'I . O(1og rrr) (3.2) 

We use Cllristoficles' algoritluli [Chr76] to get a to11r of all the centers i l l  V". Tllis torlr 

is a t  most 1.5 times the cost of the optimal Metric TSP solut.ion to connect the ceuters. 

Since we (lo 11ot know t,he value of the latt,er, we will instead use the cost of anot,hcr feasil~lc. 

hdetric TSP solutio~r to coimect the centers. This solution is to first travel on  t,he optimal 

dolnain tor~l. a n d  then tletour t,o the centers ( a ~ t l  back) if needed. as shown bv t,lre dott,etl 

path ill Fig. 3.3. BJ. t,he definition O F  the tlo~naili tour, for a.nj~ ccntel.. there nir~st cxist a 

point. on t,hc tor~l- wit,l~in its 2 0  dist;~nce. This implies that the tour c.onstruct.ed i l l  Step 3 

of Algoritl~n~ 2 l~a s  lc?ngt,h a t  most 1.5(0PTuo,\ltc,,,, 1 -  lV1'I .-ID). The 4 0  f a c h  c:orlc.sl)ontls 

to traveling h o n ~  such a point on the clo~lia.i~i tour to the center and tlien t~rasr~liilg l~a.ck. 
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Furtl~er tlctouring (if ilcctled) from n cwtcr to ally of its clel~encleut view1mi1it.s in V'\VU. 

Step -1 of Algorit11111 2. illcurs a~ai11 a. traveling distancc of at. inost, 4 0 .  So the ov~rnll 

t,ravcling cost of t,llc algorit,h~nic solution is 11pp:1. I.)o~~il(lcd as follow: 

With t.he upper nncl lom:er I~ouiitls of the optinla1 and algorit,hmic so l~~t ion  costs to hletric 

TVPP, we are ready to prove the approsiaia.tion ratio result for Algorithm 2. 

Theorem 4. The o , p p ~ - ~ o m n ~ a t i o n  mtio qf Al,qor-if.hm 1 is inas( l .5 ,  (1 + GD2i)O(log 171,)) .  

Proof. As ment,ionecl before, the Metric TVPP so l~~t ion  hy Algorithm 2 has no I)et,ter 

cost. than that I)!: Algorit,hm 1. Combining the lowel, I,ouncl for the optimal solutioir 

cost OPTT\~pP, Lemma. 6: and the upper bound for the algorithmic solutrion cost c o ~ t ; ~ l ~ ,  

Lemnla 7, it is easy to sllo\v that the approximat,ion rat,io of Algoritlm~ 2 is max{l.5. (1 + 
6D~<')O(logi1~)). @ 
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Figr~rr :Kl: Reclu~t~ion f r o ~ n  t u ~  arl~itrar!. SC'P instrance to a VPP i~~st ,ai lce.  SPI> t,lw t,est for 
thr ~xp la i~a t , ion .  
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Figu1.r 3.2: Du~na iu  and tlepenclmce. \'i~\vpoints i ;  autl i2  we tlepc~ltle~it and I~nvt. a Frc~s 
pat11 o f  lcligtll :- 2 0 .  co~npr is i~ig  uf solitl l i ~ ~ c .  scyiiicl~ts joinjug tllc, tn.0 \-irn-poit~ts. 

F i g ~ w  3.3: A fea.sible l\let,ric TVPP sol~~t , ion  t , l ~ ; ~ t  talws t,he ol)t,iinal tlc)lni~in to111. ruitl clctows 
first to the r cn te r s~  and then to rest of tlle p l a~~ne t l  viewpoi~its. 



Chapter 4 

Generalized Watchman Route 

Problem 

4.1 Introduction 

A lw!. tlisti~~ct,ion heh\w.rl t I~e  l[\la\x~li~ig VPP and t,lle \qiEC'-GMJRP is tliat \vliile tlict for- 

~iwr I l i \ ~  i\ (Iiscrek \.ie\\:poii~t sc:t g i \ w  ill tatl\xnc.e, foi, t,lw ht.tcr. \\:? h n \ ~  to tltwl \ v i t , l ~  a 

(,o~iti~luuiii of vie\vp~iiit~s, t h  cwtilv polygon. This niotivatcs us to compute a fiiiitc niull- 

her of viewpoints inside the polygon to reduce the WEC-CWR.P to naveling VPP. W(! 

propose a novel sampling algoritllm that computes n finite )lumber of cliscrete viewpoints 

in the polygon (O(n12), where 11 is the number of polygon verticrs). We emphasize here 

that. the number of computecl viewpoints does ~ i o t  depencl on any geometric pa.ran~et,er of 

the polygon as opposed to [Pap%] and [AILIS05]. \Vc show that i f  we restrict the prol~leni 

to clioose planned viewpoints only from these sample viewpoints, the cost of the opt,in~al 

so[u t io~~ to t,he corresponcling Traveling VPP instance is a.t most a collstant t in~es the cost of 

t,lie true opt,imal WEC-GWRP solution. We then construct a Traveling VPP instance using 

t,he sample viewpoints and call the approxima.tion algorithm in Chapter 2 for a solution. 

This implies that the cost of the resulting solut.ion is at  ~ ~ ~ o s t  the cost of the optinial solutiw 

to  \IrEC-GWRP times the smaller of the order of t,hc view frequency and a pol\rnoniinl of 

log r~ . 

T l ~ e  sampli~lg algoritli~li works ill two steps: first i t  retluces t l ~ e  viewpoint space f~,onl 

t,he polygoil (2D) t,o a houncletl ~ ~ ~ ~ r n l ~ e r  of line s rg~~len ts  (ID), and then fi.olil these lil~c 
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4.2 Problem definition 
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Let S F P tlcnott. the st.art positioi~ of the xvatchman. Lct V1  denote a. suhset of viewpoi~lts. 

i.c.. V' - {X : S E P) a11c.1 r.outr(Vf) clcnotc! i t  rorlte connecting t , l~e viewpoints in V' nt i t l  

S.  Lct I [ - , .  and (I,,, denote thc n;ci$~ts for t,lle vie\\; a n d  t,ravcl costs, respcx.ti~.c.l\.. Lot Lj 

tle~iote thc cartli~lalit,y of 'n  clisc.l.c'tc3 sc.t E.  ;111tl let. I I I : ~ I I  cIc~lc)tc tlie lengt,li of l.or~tc~ (:I. 

T l ~ c  WE:C~-GIVRP is tlcfitlc~t as fol10u:s: 

4.3 Sampling Algorithm 

T h e  sainpling a.Igorit11nl consists of two steps. I t  first constructs the vi.szbility cell clecomposi- 

tion al~cl restricts t,lhe pla,n!iecl  viewpoint,^ to I)e on the visibility segments. I t  tile11 smlples ill 

t,he vicinity of each visibilit,y segment,. We define a local (w.r .  t,. a visibilitv segi~lent,) ~,egion 

ca.llec1 don~n , z r~  to clrlailt,ify this \vicinity concept,. Tlle shape of the domai~is  is so clesignecl 

tha t  t,he behaxior (Ijoth view and travel) of' any wat.clllnan routme is localiv approxima.tetl 

within a constant ratio. In the following, we give details of each step. 

4.3.1 Visibility cell decomposition 

First ,  ~ : e  give solile clcfinitiuns a ~ ~ t l  0 I w r v ~ t i c ) 1 1 ~  to clarify the visibility cell tlc>c.o~nposit,io~~. 

Our cleconlposit,io~~ is R .'finer" versioil t,lia~l that  given ill [ZG05]. i.e.. cad1 crll tlelined I ~ w c  

is completely contained in a singlc cell clelined in [ZG05]. This  implies t11a.t. the propertics 
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of the cells definctl in [ZGO5J are presc!rvecl here. Si1ni1a.r t.erminologies (not I>? exactly the 

same ~ ~ a n ~ e s )  alltl 1.esr1lts car1 ;11so he found ill [BL1\192, GhIR9'7]. 

Lrt V P ( X )  tlenotc t,lw i ~ i . s i h i l ~ t ~ j  polygo~r of tl point X c P, i.c., tlip set of points in 

P t,lla.t is visihle h o n ~  X.  V P ( X )  is a star-shnped s in~ple  polygon, whose etlgcs ;\rP eit,l~er 

tl~osc, contained in a'P or are cnirstr~ucted edges incident on reflex vertices. We call t.llcse 

consti.uctcd et1gc.s tlic 7oir1.doru.v of point X .  \A'? further e>tt,end ex11 w i ~ ~ r l o ~ v  i l l  t,hc tlirect,ion 

from A' to t . 1 ~  incidtwt reflex \rcl.tes 11nt,i1 i t  l ~ i t s  t,he polygol~ houutlar); for t l ~ e  liwt ti11.1~. 

and call i t  the extended u~i..rrdoro. AH extencletl winclow is a single line s e g ~ i ~ e n t  tha t  I I I ~ ~  

contail1 p i~~ . t , s  or~tsitle the polygon P. For cwmple .  ill  Fix. 4.1, the visihilit,y polygon of 

\rel,tes Al consists of a \vinclon. A 5 X l .  a.nd t,llc. corresponcling extenclecl wi~~tlon: is A?&. Wc 

use W ( X )  t.o denote the set  of cstentled \vintlows of point X. The  extcntletl wincloux of the 

polygon \-crticcs a.1-e of partic:ular interctst 11el-e. Wc call them the  critical extended u ~ i n d o ~ o s .  

Tlie set of  all critic,id est~c~lclerl wi~~t lo \vs  is clciiotccl hy C W ( P ) .  i.e., C W ( P )  - u.l,,,., W ( A ; ) .  

I t  is (,as>. to scc ICW(P)I :, IA,,]1,41 O ( I ~ ~ ) .  

We usc7 critical c.terrded nri~~rlo\vs to paltiti011 the polygon into Uj.~iSilit:Sl ( ~ I Y .  Let C 

denote t , l~e  set of' all visibility cells. See Fig. -1.1. The  visihilitj~ cells inclutlc 2D oprn r ~ ~ ~ i o u s  

calletl visibility faces. e.g.. cl in Fig. 4.1: open line segments (exclucli~lg the e~ltl-points) called 
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2; y - -A-., ,y,. . . . . . . . - . . . *x,2 

- 
(a) Visibility of vertex ,4 (b) Visibility of edge AIA2 

Figwe -1.2: The same vertices antl c t lg~ ls  are visilde from all the poil~ts in a visibility cell. 
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P70of. First. \re waut to cscluclc t.lw trivirll rase where tu take a view at. the start. position 

S O F  t,hc \ v a t c l - l ~ ~ ~ t ~ ~ l  mr~t,e is t,l~t: opti~tlal \VECC~MiRP s o l u t i o ~ ~ .  This c c i ~  1~ easily tlono 1)). 

c l i~d<ing i f  all t l ~ c  pol?-oil eclges arc entircl\- visible froni thc stat-t. positio~l S .  

No\\. for anjr f(~i\sil)lc~ WEC-GWRP so11.1tioll. an). plt~i~llrtl \.ic\\.puint X t , l ~ i ~ t  is 11nt o11 ail!. 

1-isil)ilit!- wgrnc~lt c a ~ ~ u o t  Ixlong to thr  sillilr visil)ility hwe as 5'. Otl~rs\visc. \vc can incl~~cle 

S i l l  a ~ ~ t l  exclr~tle X from the planuetl i:ie\vpoi~lt set rcsl)ccti\.e[y a ~ ~ t l  reduce pat11 cost. Thus. 

t,hc route c o ~ l ~ ~ e c t i n g  S a~l t l  the plan~lcti vic\\.l)oint. S ~ n r ~ s t  cross somc 1)ountliiig visihilit,!; 

scxlnent of the visibilit,y face that  X lxlongs to. Note that  accorclillg to our visibility 

definition, any polygon edge visible f rou~ X is visible f ~ o m  any poi~lt  on t,he bouncling 

visibility segment, and hence the crossing point. After replacing X with this crossing point, 

we ha.ve a feasible WEC-GWRP solut,ion with t,he same cost and all planned viewpoints a.se 

on the visibilit,y segments. 0 

4.3.2 Sampling visibility segment domain 

For ir \:isibility segment I ,  as shown in Fig. 4.3, we draw a cliainoncl shape consisting of two 

isosceles tsianglos with 1 as the corninon h e .  The  sides of each t,riailgle form an angle of 

rr .: 90 tlt5grccs with the I~ase.  LVe will sl~lmclrlently show how to determine o: in Section 4.4. 

\VP 'rleiinc t,he cloniai~i of the visibilit,y seglnent. tleliotetl by Dom(l ) :  as the set of all points 

of polygon p inside the cliamond (including t,he tliamontl h ~ ~ i t l a r ! ;  eclges). 111 Fig. 4.3, 

Dorrt(1) is the set, of points in the tliamolicl shape excluding t,he slladecl a.rea. 

L e ~ ~ i n l a  10 sta.tes a. simple, but crucial ohsenwtion: 
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Figure 4.3: Do11iai11 of \~isil)ility seglne~it I ,  Dom(1). I i is id~~ 00111(1), we d r m  vert,ical line 
svynent,s from cacli visil~ility cell vertex, e.g., X I ,  m c l  holli each intersection point lxt\vcc~~l 
domain boundaries and visililitp segments, v.g.. .Y2. The intersection points between those 
vertical line segmei~ t ,~ .  othel- visibility segments, t8he pol\.gon hor~nclaries, ant1 the domain 
houl~claries are inclutled in the viewpoint sa.mple sot. 

L e m m a  10. Fo7, n ~~z.sibil~ty .segflment 1 ,  t he  .slope (ui. r.t. I )  of c m j  othw ua.sibiLity segmen t  I' 

that inter..scrt.s Dom(1) is lrss th.an cr; i.e., 

I+oqf. Othcr\visr, t.Ile exl;elicletl critical wi~itlow collincar \\.it11 I' int,wsects I alitl split,s it 

i11t.o two ctlges. This col~tradicts t11a.t 1 is a single visibility segmcnt. 0 

Sec Fig. 4.3. Itiside each visibility sc'gment tlonlai~i Dolrt(1): we chaw vertical (per- 

~ ) ~ ~ i c l i c ~ l i \ r  to I )  lines flxm all 1;1ie vwt,ices of \risibilit,>. (:ells i111tl all the intersect~ion point,s 



t~et.u-ccw the tloluai~i 1)oundaries and t J ~ e  visibility sc:meiits. T h e  11i1111l)er of s11c1i ~ e r t i ~ i ~ l  

1inc.x is Ix)u~ltlecl 1,). tlle n u ~ n l ~ e r  of visililit,v cell \wtic:es p l w  twicc t,lle n ~ r n h e l  of \;isil)ilit,v 

t,he nu~nher  of polygo~i edges, t,he number of tlon~ain hountli~ries. rwpectiv~1y.j  Ths .  r is 

lmu~ltlrtl: 

Irl .-- I L ~  . o(2) = 00,~'). 

4.4 Sampling Algorithm Approximation Ratio Analysis 

In this sect.ion. we show that  the cost of the ol)timal solutio~l t,o t,he intlucetl n a v e l i ~ l g  VPP 

is a t    no st a consta~i t  times that  of the optinla1 solution t,o WEC-GV7RP. 

Tlie idea is as follows. Assuming we have the optimal solution to the WEC-GMIRP: we 

will find a. solution to t,he inclucetl nave l ing  VPP I-,y f i ~ s t  traversing the optimal route and  

pa r t i t i on i~~g  i t  illto pieces, then replacing eacli pierr with a route passing througli sample 

 viewpoint,^ \vIiile Iweping the  end-points of the piece fixed, a.nd tllen moving the enrl-points 

to sample viewpoints. The partition process guarantees that  the visildity segments that  

I Y I ( , I I  piece passcs throrlgli are orclrretl. T h e  slope lernnla., Lemma 10, then helps I~orrntl tlw 

length of the replacing piece w.r.t. t ha t  of t.he origil~al piece on the opti lr~al  1.or1t.e. 

For the opti~llal WEC-GWRP solut,ion. let V* de~iot,c the set of pla~ined viewpoints, w t l  

let <I* tlenotc the shortest route connecting V'Y As discussct.l in Scrt,io~i 4.1, we call assunle 

all plirn~~etl vie\vpoint~s are on the \~isil>ility segnients. M'P clriiot,e the s t ~ l x e t  of visihilit,y 
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L e m m a  11. 'I'lrc plnnned optimal mute o' co7i.si.~t.s qf a sequence of con.sc.c.otir~ l ine  seg- 

4.4.1 Partition of ox 

P a r t i t i o n  a c c o r d i n g  to d o m a i n s  

'To help tlelillt tJlc 1)art,ition, n:e first i l~trotlucr n lal>cling of solne ( i~ot .  all) etlgc>s iu L * .  

N0t.e that  all the edges in L* are naturally ortlerecl Ily the way O* t~averses  a ~ ~ t l  intel.sects 

t.liern. 1hTe sta.rt. with the first visibility segment alrcl label it. 1 , .  Skip the following visibility 

segrnent,~ wl~ose corresponding plannet1 v i e w p o i ~ ~ t , ~  (V* )  belong to t,he cwre~ i t ly  lal~eletl 

t l o m a i ~ ~ ,  D o m ( l l ) .  We then label the next visibility segment tha t  (5' passes tl~l.ough after it. 

exits Dorrl(ll) by L 2 ,  and continue i r ~  this fashion. We partition (j' according to the lal>eletl 

visibility segn~ents. Let di., k = 1, .  . . , Ii tle~iot,e these parts. Thus,  the start-  anti end-point,s 

of +j: are SIC a d  Sk+l, respectively. By definition, Sk I k  C Donr(lk) and Sk + 1 4 D o n ~ ( 1 , ~ )  

for k 2 1. Please see Fig. 4.4 for a.11 example. 

P a r t i t i o n  ins ide  a d o m a i n  

See Fig. 4.5. TIIP \wt,ica.l line seginents i l l  a t l o n ~ a i ~ ~  pwt,ition it intm ve~,t,ical .rtrip.s. Tlie 

strips arc 1)ounded I)y three types of bounclarirs: the polygon bor~ndary; the strip bound 

n q  t,hat scl)aratm t~\:o neighboring strips: ant1 tlie domain b o u n d a ~ j . ,  the bur~nclwv of the 

tlia~noiitl s l~apt.  tielining a domain. 
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Figr~re  4.4: Partitioil of the optimal WEC-G WRP route cd)* according to the visi hility scg- 
nlent,s and corresponding clon~ains it crosses. Note tha t  although sho\w diqjoint,ecl, tl~cl 
laheled donlains may intersect each other a d  planned viewpoints on (9; may 1x conta.i~ietl 
i l l  previous l a l~~ lec l  domains. 

Note tha t  all the visibility segments are ortlerecl inside a strip, since otherwise a vertical 

line a t  the intersection point where the order changes would have divided the strip into 

snlallel. strips. We order the visibilitv sqynents in a str ip according to t,heir intersection 

point wit,ll the left strip or domain l~oundwy.  TIIF. positio~i relation between \:isil~ilit,y 

We further partition each part of tlle o p t i n d  route; ()i., inside t,lw donlain Dom(lk)  I-)?. 

i ts strips. For a s h i p  s t ,  we c:leliote t,he p a r t i t i o ~ d  picw by (.$.(.st) = 0; I l  s t .  \Are ( I C I I U ~ C  

and cxit l)oint,s respecti\~ely ill the following. Mk clcnote the highest a ~ ~ r l  l o w ~ t  visil~ilit\. 
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Fizr~l-e 4.5: T h e  vert icd line segilwits fi-0111 \:isibility cell \:cl-tices pi\rtittioll a c101nai11 i~it,o 
strips. 1)oumletl hy tlomain boundary and/or polygon and str ip l)or~ntlar!;. 

C a t e g o r i e s  and p r o p e r t i e s  of  r ; i { . ( .s t )  

c ; i , ( . s t )  can be categorized into five cases. according to whether its entry point is on the  

lal~eletl visibility segment or on  the strip I)oundary and whether its exit point is 011 t,he strip 

bounclary or on the domain bouncla.ry. See Fig. 4.6 for illustrations. For cases (Ia.) ancl 

(It)), n;(st) enters on l k  ( a t  point Sk: i.e., L,! = Sk), and exit,$ either through the strip 

l ) o ~ ~ l ~ t l a r y ,  ( 'ase (I;\). or througl~ t,he dolllain I~or~nclary, Cnse (Ih). For cases (IIa), (IIh) 

and (TIC). S)i.(st) enters st tlirougl~ a st,rip 1)oruitlarv and exits througl~ eit,ller t,lw other st,rip 

I-)or~l~tIar\~, Cnse (IIa), or t,he same stl,ip I ) O ~ I I I ~ R I ~ ,  Casc! (1113). 01. the clonla.in I~ouncrlar~.. C:tsc 

(IIh).  

Mic now show that  r:);.(st) consists oF at  most thl-ee st,r:\ight liile scy i l e~~ t , s :  
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C'ase (Ia) C'as~s (11)) 

Case (IIc) 

Figure 4.6 Five cases of d;.(st). Case (Ia): (?;(st)  s tar ts  a t  SL; and exits from the strip 
I)o~~nclary. Case (11)): o[,(st) starbs a t  .S/; and exits t,hrougJi the domain Im~ntla.ry. Casr 

(IIa): h[,(.st) enters ancl exits t,hrougl~ cliffere~lt strip I)ountlarics. Case (IIb):  (;>:.(st) enters 
and exits through the same strip hol~ndary. C'ase (Ilc): c . ) i . ( . s t )  e11tei.s thor1g11 the strip 
I)o~~nclilry and exit.s t.hrough the tlo11la.i~ I)ou~idary. 



4.4.2 Approximating Q;(st)  using a route connecting sample viewpoints 

We show, case I>\; case, Irow to approximate d ; ( s t )  ~.~siug ;I i.outc, tlenot,etl by d ; < ( . s t ) ,  which 

c:onnects sa.mple \~iewpoint,s i l l  I? antl the stmart- and cntl-points of' &: ( . s t ) .  

Approximation for Case (Ia) 

This is tlie case wllerc i, smaller c-r gives us a I,et,ter appioxin~ti(.io~i latio. o i . ( . s f )  cw&t,s of 

two segments. Fig. .1.8(a). 01. three segments. Fig. J.S(l)). T h r  rorlte oi,. ( s t )  consists of thr 
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( c )  (cl) 

Figure 4.7: o>, consists oE a t  nlost 3 line segments. 

st.ra.ight line segment betwcvw S,>. and Rst and one or two detours on the  strip hounda.ry 

from R,t. 

We now show that  the alternative route call approxima.te the cor~~espol~cling part. of t.he 

opt,il.nal WEC-GWRP solution within a constant ratio (foi a given c t ) .  

Lemma 13. For ca.w (10); d;.(.ct) can appl-o~irnate d$(st) within the m t i o  qf 1 + & 
PTOOJ: In  t . 1 ~  following, we show for the subcnscs wheli c');.(.sf) consists of t t ~ o  segn~ents a ~ ~ t l  

~ I I ~ I I  it consists of t , l i~ce sc'gment,s. respectively. The  one-segmei~t caw is trrw trivially. 

See Fig. 4.9. ( ) ; . ( s t )  consists of two segmeiit.~, a and 11; 8 ; ( s t )  consists of the segment. 

c and a clctor~r consisting of seginents d l  and d2 [II correspo~~cls to t l i ~  slope of Lh,~l , ,  and  

is niwsured counterclocltwise from (1: thus I,ouncled )))I cr, i.c.. -tr 5 ,;Il 5 tr < ;7/'2. ( j2  is 
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. 1 c!; (,%/ y1 
I . C . ,  ,;,'-,,;(,I,,, 2 (1 

The  c a w  for tho equality occ~u.s fur colitlitio~l as s l i o i v ~ ~  ill Fig. 4.10. 

For the second su11-raw wherr (>; . ( .s t )  consists of three segmeiit~s, gL.(.st) includes t,hc 

segment SkRSt ancl det,ours a t  R,7t on tlie strip I,oundwry to reach (and tllen come back) 

I I L ; g I ,  and b l o w  xspcctively. In the following we analyzc t,he a.ppsoxiinat,ion ratio. We w e  all 
- 

int,ermediate t o w ;  a path consisting of SkH,t. a detour at S!; t o  reach l lL ig l ,  and hack, and a 

detour a t  RS1 to reach LI,,, and hack. We h s t  sliow the approxi~nation ratio of this tour t,o 

o ; ( s t ) ,  and then tlie approximation ratio uf da(.st) to this intermediate tour. 
-- 

Let A/ denote the i~ltersection point Ixtween the straight liiie segment SkRsl a d  ~ ; ( s t ) .  

\;\'c divide 4;.(.5t) int,o t,nro part,s; the part f ~ o m  Sk to A1 aiicl the pa.rt froill 111 t,o &,. Note 

tha.t each part, consists of t,wo line segmelit,s. We can approxima.te t h ~ w *  t,wo parts by the  

corresponcling parts of the interinetliate t o ~ u  sIlo\vn i l l  Fig. 4.11(1)1) and (h'2). lespccti\~ely. 

I t  consists of a st,raight line s ~ g i i ~ e n t  hetwccw Sk antl 111 antl a vertical det,oirr at. SL. to i.c;wh 

l,,;,,,, and I>acl<, Fig. 4.11(111), followecl l ~ y  a straight liue s q ~ n e i i t  Ijetweeu 111 a11d RX1 and a 

vertical t l e t o ~ ~ s  a t  R,ql to rca.cli l,,,,,, alltl 1,ack. Fig. 4.11(1>2). Froni the whovr a.nalvsis Tor t l ~ e  

two-segment wse.  we I<liow the  approxi~iiations are within (1 + &:;)-ratio for both, thus 
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Figllre 4.10: ?'lie worst case of the approsii~lntion of (.as(% ( IA) .  SI; is art) i t~ari lv closc to l l r iy l , :  
is parallel to t h r  clomain Ixmliclar?;, i.c. its slopc is 0; i111tl tli? l i ~ ~ c  scyiient, col~nectiiig 

R,,, has slope $ - r t .  i.c. i t  is ~)erpciitlic:rllal~ to 1, ,,, 1 , .  

Approximation for Case (Ib) 

\Ylog. hel-e we only consic.ler the case where c l$(s t )  exits f r o ~ n  the top left donlain 1hounda.r;. 

By Leinlna 12, if d l@)  I.ias th l rc  hcgnlents, the exit, point n111st lie I,et,n:een the highest awl 



Pmof. Note tha t  the first sub-case wl1el.c c h l . ( . y t )  cxmsists of one segment. Fig. 4.13(n), is 

H special cast3 of the second sub-case where o;,(st)  consist,^ of two segments, Fig. 4.13(b), 

(whe i~  points Sk, C a.nd B coincide). So in the following? we only show the a p p r o x i ~ m t i o i ~  

ratio for t,lie t,wo-segment sub-case. As S ~ I O M ~ I I  in Fig. .1.13(11), q ~ i . ( . s t )  c:oiisists of tlle two line 
- 

srg~nents  SkVqI antl Kt&, a n d  thr  detour fro111 V,l to 1.eacI1 I / , , , , ,  a t  point D and 1 ~ ~ 1 ~ .  I n  

tile followi~lg, we hound t l le~n respect.ively. 

First, we lmund the tobal length o f  srgments antl bktRs, w.r.t. JJ(:);.(st)l(. See 
- 

Fig. -l.l;l(a). Let 0 denote the a~lgle  hetween the two line segments Sk\.l, and C',,Rst, and 

o c: H <I 7 1 2  o. < T .  \Ve have 



Figure 4.12: Approximttte lirst. part of c)i .(st).  

Thc ratio lxt,ween the111 is bounded as follows: 
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Case (Ha) 

Not,e t,hat in tlle aiial!xis of casc (Ia),  we did riot use t , l x  fact that S),. is on L x .  So the result 

for cast ( Ia ) ,  Lemma 1 3 ,  generalims to case (IIa). For casc, (IIa), we have the f~.eetlom to 

tletorll a t  eit,hcr the c ~ i t ~ y  or the exit points of (!);.(.st). We can arhitrnrily choose one. 

Case (IIb) 



Figurc 4.14: Illr~stration of tlic Imr~ntl oil t , l~e length of route SkI/,,R,, 

4.4.3 Chaining together the partitions 

By its const rr~ct.iu~l, o;;(st)'s c h a i ~ ~ c t l  togrthel- form a c o n t i n u o ~ ~ s  ror~tc,. tlmotcvl I)y c.)': a 

s c q ~ ~ c i ~ c e  o f  line s e g ~ u c ~ ~ t s  with loops a t  their c~itl-points sliou:11 in Fig. 4.16 (a) .  Ho\vcvrr. 

t.lie start-point and encl-point of c$,.(.sf) ma.\: not l)clong to thc s;uiiple v i~wpoint  s(,t r. M'c 

cons t~uc t  a s o l u t i o ~ ~  ci from (5' as follows. FOI Sk and end-points without tlet,ours. c.g,  poiut. 

al~cl in Fig. 4.IEi(a). we can s i~np ly  ignore it,, since it is t , a h  care of hy t l ~ e  end-l)oint,s 

of it,s previous ant1 next strips. For example. ill Fig. 4.1G, let. ,4 anel B denote t,hc ~ ) l a l ~ n ~ c l  

viewpoints that, are iiii~liecliatelv lxfore and iiiimecliately a f t e ~  Sk on 6' ~.espectiveIy. We can 

bypass SA. and conuect directly A a i d  B, (the dotted line segment). For e~d-1.1oint.s with 

detours, we move them to the  11ea.rest sanlple viewpoint in.side the loops. As illustrated in 

Fig. 4.16(1>), the segments I/I/X and are replaced with and k'Z respectively. By 

t,he t,riangular i~~equali t ,y,  Ill.T/YII -1 (I'YzII is a t  most IlmII + llmll 1211XYll. T h s  11,,'111 
aclcls to ~ I C J ' ( /  a t. most the lengt,l~ of all the tletoul.s of d' a.nd is a t  most 211(!1'11. 

I t  is c l e a ~  that  1.;) is i L  solut,io11 to the i i l d~~ced  nave l ing  VPP, i.e.. al l  t,hc pli\iiile(I \,ie\v- 

points arcA h o u ~  t . 1 ~  sainple viewpoint s ~ t .  Using t,his solution, a:c! can lx~unil the cvst of the) 

optiiiial s(.)lutioll to the induced Traveling VPP 1v.r.t. t,he true optimal to the, WEC-GWRP. 

Theorem 5. The cost qf the optinrd solution to the inducc.d ~Tra,z~eling VPP is c ~ t  most 

11.657 tirr~cs that o f  the optzrrtnl solution to the  14'EC-GIYRP. 
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Figure 4.15: (a) case (IIb) w l ~ e ~ i  (>;.(st) co~isists of two seg111ent.s. ( I ) )  r a w  (IIh) w11c11 c-);(st) 
co~isist,s of thl.ccx scgnlci~hs. 

P~noj .  By s ~ ~ n m a r i z i ~ ~ g  caws (la). (11)). (IIa 1. (111)) ~ I I C I  ( 1 1 ~ ) .  JJr.(,.(st) 1 1  is a t  111ost ' i c . ~ ; . ( . s f  ) ' I  
I I titncs 111ns(l + G , ~ .  - + A), After d i a i ~ l i ~ ~ g  a~ i t l  ~noving thc ( Y I ~ I - ~  allti ?sit 1)oi1lts. t l ~ c  

leugth of o is at. 1110st txice tI1a.t. of t )k(..;t). Sillce d is a fcasil~le solutio~l to tl~c! i~lcli~cctl 

n i ~ v e l i ~ l g  VPP.  its cost is a lowrr l)ou~itl on t,hc o p t , i ~ n d  solution cost. t,o the i~lclucctl ?'lavcling 

VPP. Thus,  the cost of the optimal solr~tiou to the  induceti navel ing V P P  is a t  111ost 

2 m a x ( l +  A, -k &) tintestthe cost uf t,he true optimal solut,ion to t,he WEC-GMIRP. 
I Now we choose the n value to minimize this ratio, i.e.? to solve 2 nlin, ~ n a x ( l +  z:T, =+ 

2). ('05 o The  so lu t , io~~  is = 11.657, when (I. = 34' (via. numerical mini~nization using hlat,l;th). 

0 

After constructing t.he induced navel ing V P P  using the sample viewpoints, we call the 

a.pproximation algorithm in Chapter 2 to get a solution. T h e  approximation ra.t,io I-esult of 

this Traveling V P P  solver anti Theore111 5 implies tha t  the cost of the solution is a t  most 

the cost. of tllc opt,imal WEC-GWRP solut~ion times either the order of the view ~ ~ C ~ L I ~ I I C \ .  

or a p o l y ~ o ~ n i a l  of log 7 1 .  w l ~ i d i c v e ~ ~  is s ~ ~ ~ a l l e r .  
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Figure 4.1G: T h e  approxilnation solr~bio~l within a. cloliiain D0?12(1~), aftcr clia.ining togctlm. 
(bi.  ( s t )  for tlie stxips c)' crosses. 

4.5 Comparison with triangulation based sampling algorithm 

[AIMS051 

4.5.1 Recapitulation of triangulation-based sampling algorithm 

In tlw followi~g, we I~riefly co\w t h e  sa~npliiig algorithm proposed 1 q -  Aleksii~itlrov [AM3051 

in the context of GWRP. Not,e t , l ~ ; ~ t  i t  I I ~  an approximat,ion ratio of (1 i- F ) .  To achieve the 

same approxima.tion ratio a s  our GWRP algorithni, = 11.657, F z 10.657. 

First, the region, the visibility cell tlec:on~posit.ion in our ( w e .  is t.~.iangulatecl. Fig. 4.17 

sliows a tl-iangulatetl region with t,riangula.r faces A A  I XA2? AA2XA:1? AA3XAF4, a i d  

A A r X A I .  Second, a t  each vertex. for rxanrple X in Fig. 4.17, calcr11at.e tlie shortest tlis- 

t,anc,e to the edges of' its incitlrnt t,ri;u~gles ~sc lu t l ing  t,hc incident rtlgcs t,o the vertex, and 

tlcwotr i t  1,y d ( X ) .  I n  Fig. 4.17. d ( S )  is the Irngth of /';'n. pcrpr~ltlicwlar to eclgc m. 
- 

Tlic11, i l l  ~ a c h  triangulatetl t'iwr; fo~.  eac.11 v ~ r t m  X?  draw the i \ l lg~.~li~l .  hisector XA" ((livid- 

ing the angle 11 LA2XAI) autl co~nyu te  sa.mpling vie\\:poi~lts a lo l~g tlie 1,isector il-I the 



R~llon-ing \\Jay. Let r(X) denote t.he r q i o i ~  ( the  sli;~tletl region ill Fig. 4.17) arouiitl vertex 
~ - 

X: a isusceles triangle with side 1e11gt.h o f  $d(X).  X X '  i~ltcirsc~cts ~ I I C  edge of v(X)  that  is 
- 

r d  i~~c i t l cn t  ~ I I  X a t  point Po. Po is t,lw also t.lw first sampling \:ieu:poi~lt on XX'. The  
j - 

i tb  sampling \:ieu-poi~lt Pi is the olle such that = (1 + si11(~,/2) ,/;j~) IX1311. The  

tIistances fro111 the sa.mpling vi~w~poiil ts  to X form a geo~~ict r ic  scrics and the t,otal n u ~ ~ b c r  

,7 (-L.gL) is ~'ivcll h\. log1 ? , ,-,)* 7.z.i, 0) 
- .  

'44 

Figure 4.17: Illustration of the sampling algorithni proposed by Alelwnclrov [AhlS05]. 

4.5.2 Comparison using simple example example 

Fig. 4.18(i) shou~s a simple polygolr with its visibility cl~romposition. M'c ~ l o w  coinpa.re 

t,lw n u u ~ l ) e ~  of computecl  viewpoint,^ in the ~leigl~l~orhootl  O F  triangle A.YlX2A.I by the two 

;\lgorit,hms. The  an& I X L A I X 2  is t i~notetl  1,. 11 and is ~ u u g l ~ l y  1.15'' 2 0.0'21-nrl. 

We iiow show the sanipling  viewpoint,^ coii~putetl hv o t ~ r  GMrRP nlgoritliiu given ill this 

chapter ancl by t,lw sampling algorit,hm pruposctl Ily . \ l~~ l<sa~~t l ro \~  AhIS051. Fig. A.l!J(i) 

sl~ours the sampling viewpoi~lts c o ~ l p l ~ t t l d  hy t.11~: GWRP algorithnl for visihil i t~~ segment 



Figurc. J.18: (i) A simple polyxon (A1 112&.4 lili,.1cl,4;.) u:ith its \.isil)ility wll tlcc,o111positio11. 
(ii) T h c  z v o ~ ~ ~ c t l  ligr11.c o f  trianglr A X l  X2Al ~ . I I I ( - ' c ~  I)!: C S ~ ~ ( ~ I I S ~ O I ~ S  ot' zq+41. i111~l m. 

4.6 Application of sampling algorithm to  generalized 2.5D 

terrain guarding problem 

We belicve that t.he salnpling algorithm prol~oserl herc is a general teclwique and can also 

I)e used fix other slmtest .  route prol~lems \i:lrerc. o w  vc.o~ltl like t,o get an  approximat,iou 

algol.ithlii I)!, first retll~cing the cont,inuous in l ) l~t  s p x e  to a cliscretcs sninplc viewpoint set5 and 

then sol\:ing tthc resulting discrete problem. For exaniplc. the algorithm can be  applied to the 

following gc111e1.aljzd ~ w ~ i o n  of t,he 2.5D t,cri.ain g~lartling p~,ol)leln [Eid02] ulitli atltlitional 



(ii) 

Figurc 4.19: Cor~iput,ed sampling v i r ~ p o i n t ~ s  123: t,hc" GWRP algorit,hlii, ( i )  and sampling 
algorithu~ Aleksandrov [Ah,lSO5], (ii). 

t,ravcl cost in the ohjectivc function. 

Supposcx a11 autonon10i1s aerial rohot Hying a t  a certain height I ,  is asketl to inspect a 

2.5D t,erra.in, i.e., to fly on a tour a t  this height a n d  stop a.t some points to scan the terrain. 

A 2.5D t.errtiin is tlefi~ied as follows. A set. of disc~.etc points on t,he Iiol.izontal g ro~~i i t l  plane 

(of height, zero) is first triangulated, and then ei?ch point is liften! hy sonw height. The  

resr~lting 2D ~iia~lifoltl in 3D is called tlie 2.5D t.el.rai11 [EiclO2]. We assllme 11 is g~c:;rt,rr t,liall 

the heigl~t. of i~liy p o i ~ ~ t  of the t ,enaia,  AH exist,ing a.lgoritlrln for Terr;lin G~mrd ing  with 

n ia l lg lc  Rest,rict,iol~, [EitlU2]. first pru.tit.io~~s t,he pl:lile a t  height I )  into (:ells s ~ ~ c l l  thnt d l  

the points ~ I I  the same cell uholly  see/cover the samc strhset of t e ~ n i n  t r ia~glcs .  al~tl  theu 



CH.4PTER -1. GENERALIZED 14 YiTClLAlA N ROUTE PROBLEM 

cllou,ws o l~ ly  the cell \.crtices as thc viewpoints t,o I-ecluc:e the prohletl~ to ?\ SC'P i~tst,atiw. 

T l ~ c  g~.ectly i l l g ~ l i t l l ~ ~ l  fur SCP approxi~liates tlir' pl.ol)lem w i t l ~ i ~ i  a. rat,io of thc lq;l l . i t l i~ll  of 

the n u l ~ h e r  of terrain triaagles. 

\A'(. int,rutll~ce the problem of Gcneralizccl T P L Y ~ I ~ I I  Guarc l i~~g  wit,h ' l l i a ~ ~ g l r  Rest ,r ict io~~ 

(TR-GTG),  of p l a ~ ~ u i n g  a. tour at. the I~orizontal plane o f  Ileight Ii and a set of cliscret.e 

viewpoiilt~s on it siich tllat every t,rianglc o f  tllc t,crrain is visible from at, lwst. o i ~ c  pli:\nnetl 

\rien:point,, \vhile ~ninimizing the t,otal cost, as a weigl~tetl suin of the vie\\; cost,. propol,tional 

to the numl)er of plmnetl viewpoii~ts, ant1 t l ~ c  t ~ ~ ~ v e l  cost, the length of path p lan~~e t l .  To 

solve thc TR.-GTG prol~leni, we first apply thr  visibility cell tlcco~nposition a lgor i t l~~n  to thc 

plane a t  lit~i.=lit I L  and partiti011 it into visibility cells. \,Lie then usct the salnpli~ig algoritlrn~ 

proposctl i t 1  this paper to ~.eclucc the proh1~111 to a f i i~ite set of sa~riple \kvpo in t s .  and 

t11c11 c:onst,r~rct a l7w.eling VPP i11stallc:e. Thc  Tr;\.veling VPP solver i l l  C:llapt,c>l. 2 gives us 

an approximal:ion alyorithm wit.11 thc a.pprusin~atioli ratio ill tlir order of citlwr the view 

f'reclucilcy 01. a polynon~ial of log 1 1 .  ~\ : l i i c .hc \~~ .  is s n i a l l ~ r .  



Chapter 5 

Simulation Results for GWRP 

siniulator i~nplement~ation and the 1eiu1t.s for some polygo~is. 

5.1 Simulator Implementation 

T h e  si lndator consists of three parts, the polygon ,oenerat,ion, the sampling algorit1i11.1. LP 

optiniizer, a.nd the a.lgoritllin R o u ~ ~ c l  autl C o u ~ e c t .  

5.1.1 Polygon generation 

UC\'c offer two types of pulygon input,s: a l[scr Interface (UI) t,liat allow r1sel.s t o  tlri>n a 

polygon; ancl a text file listing t,hc ~ U I - t l i n a t c . ~  of t , l~e p o l y g o ~ ~  vel-t,ices i n  eit,her t , l~c clocl<wisc. 

or the counterclockwise order. The CII is a wi~iclow on the screen that  takes thc srqrlencc 
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of nlousc clicks as the yolygoi~ wrticrs.  i.e.. t,lie c:oorrli~~ntes of the iliorlse specify those of' 

tllc col-rc~sponclillg polygon vertex. Sve v i ~ .  5.1 for such a. 111a11ually rrc>at,cd POIVROII. TIN: 

tvxt file i n p u t  mocle ca.n he  ~ ~ s c t l  Fo1. 111aps gc'nerut,ecl h o ~ n  the real scenes usccl ill the rol)ot 

11lappi11g and navigation a.pplic,ations. 

Figure 5.1: A p o l y g o ~ ~  input createtl n ian~~al ly .  

A niobile robot,  a.n ActivAledia PowerBob [Mol~]! equipped with a. Holtuyo laser range 

lintler [Hok], is used to ga.ther tlif I I I D I )  tlat,a. 1% can either 111anua1ly control or run an  

ucti.~:r. simr~ltaneous localizatio~i a d  l~iilppjng (SLAM) a l g o r i t h  [TBF05] to ar~tomatica.lly 

c o ~ ~ t m l  bhr robot to 11.1ove i \ l011l l ( I  the Ii\I) t11.c~. Tlic collectetl laser rilllge finder's s c a n n i ~ ~ g  

tlaf;i are fed to a SLAhI algolitllll~ to generated a ntup Fol. the active SLAh.1 caw, the 

 nap can also he genera tad  011 t l ~ ~  Hy. Aft,euval,ds: we run tlic Dl'-SLAhI v2.0 clevelo],ecl 

a t  Duke University [EP04] 011 thr t l a t ~  to get the inaps. For cxainl)lr. i l l  Fig. 5.2, we sllow 
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5.1.2 Sampling Algorithm Implementation 

As discussed in Chapter 4, the sa~upl ing algorithm consists of: the visitdity cell decompo- 

sitiou that  partit,ions the polygon int,o visibility cells m c l  coniputes the visibility scgn~ents;  

and the visibility s e g ~ ~ i e n t  domai~i  sampling that. c o m p ~ ~ t e s  the sample viewpoint,s inside the 

domains of all the visibility segments. 

Vis ib i l i ty  cell  d e c o m p o s i t i o n  

Visibility cell tlecompositio~i corresponds to colnput,ing the line arrangement of t,he critical 

cxtcnclecl \vi~itlows and t,he polygo~i F ' C ~ ~ P S .  To C U I I ~ ~ I I ~ C  tlic-! critica.1 extcnclccl \vi~idows, we 

need to c o ~ n p u t e  the reflex vertices of the input polygon. This takes linear tinie 11y tra.versing 

the polygon countei.clockwise and checking if the t l~ ree  colisc~cut,ive polygon vertices corre- 

spoucl to a r i g l ~ f  t ~ l r n .  (\\;hen trav~rsing, co~~~lt,erclock\\iisr. t,lre polygun interior is OII the left 
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t l ~ c  vert,ex. n.c, cllrck t . 1 ~  signetl ~nag l~ i tu t l e  of kllcil- cross pl.otltrc,t. Reflex \ u t i c c s  art> tliosr 

To  compute the critical extended windows. we create a ray start ing from a. reflex vertex, 
L 

say A l ,  which is collinear with another polygoi~ vertex, say A2. and in the direction .-12-4,. 

The  par t  of t,lie ray Ihet,uweir A l  anel the last point whew tllis ray int,e~.sects tlie polygon is an 

critica.1 extended winclow. In  a l)rute force manner, urc call conlpute all the critical extse~ltlecl 

windows in O(nR), wlierc ,( is the number of polygon vertices: since there a.re O(n2) rays 

and it. takes O ( H )  t i~nes  to find the last i~lt,ersc.ctio~i p o i ~ ~ t  bch\reen n 1.a.y and t.hr polygon. 

Thc  1111111l)er of c,l-it,ic:al c.xteiitletl willclocw is 0 ( 7 1 2 ) .  

We the11 use tlte " i~ lc r t rne~~ta l  algorithln". Cliapt.cl~ (i.3 of [0'R98], to colnl,utc t l - i~  R I -  

range~nent  o f  the set. of line sc>jilnents that. includr all the critical extended windows and 

t,he p o l y g u ~ ~  cclgcs. The i11crerne1lta.l a.!gorit.hn~ c m ~ p r ~ t c ~ s  tllc a r rn~~gement s  iucrclllwtally 



CIH'4PTER 5. SIAf T.:T..4TIOI\i RESl -LTS FOR GMeR P 

-4,. = ( . I , ,  . ,Y?) 
Polygon in te r io~  

for each h e  s e p n l ~ l ~ t ,  i.e., the segmei~ts are put.  in a list a11t1 I~andlecl one a t  a time. Fur 

a ~ l c w  1i11e segment u ' ; ,  we "walk" along i t  t,hrough 2\11 t h r  previously hai~cllerl segments 

L I I ~ ,  11.2. . . . . w,-1 t80 const,rrrct the cells in O( i  - 1) t,imc. The wholc process takes O ( k 2 )  

tinie for k h e  segments nncl takes O ( I L " )  for the arrangements of all the extended 

windows, where n is the number of polygon vertices. During the incremental a.lgorit.hm, wo 

can also easily tell whether a cell belongs to the polygon by the simple ohservat . io~~ that  to 

\\:all< from t.he int.erior of the polygon and cruss the polygon boundary  result,^ in a cell that 

is outside the polygon. Thus ,  the visibility cell c1ec:oniposition t,altes 0 ( d )  time t,o cornpl~tc 

0(n4) nur1111er of visihilit!~ scg~nents.  

5.1.3 Visibility segment domain sampling 

To compute the sample viewpoints inside a visibility sv,ynent d ~ ~ l i a i u .  we first. C : U I ~ I J > I I ~ ~  

t l ~ e  arra.ngements of t,he set of the line segments, i n c l u d i ~ ~ g  Imth the t ) o u ~ ~ l a r v  e d p p  of 
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Using 0 =z 34" which gives the best, approximation ratio, we have sin (> =z 0.5601 and 

cos tr -- 0.284. 

Using t,he apex vcr.t,ic:c's i t~icl  the enclpoii~ts of thc visibility s e g ~ i ~ e ~ ~ t ,  we can c o m p u k  

the  edges of t,hr visibility segment clomail~. To check ~vhether  a visibility vert,ex is inside a 

cloinain takes collst.ii.ut time, by shooting from the vertex a ray a i d  counting the nun-her  of 

intel.section point,s I~etweell the sa,y ancl tlie clo~nain houndary cclges. If t l ~ i s  nunibes is odd,  

tllen t,he vel-t,cx is iusidc the donlain; if the iru~nber is even (inclucli~ig O), i t  is outside the 

domain. 

Co~iiputiilg the sample viewpoints coi-responcls to comput.ing t,lle intersection points as 

statrtl i l l  Svc:tion 4.3.2: we draw vertical h e  segments from each visibility cell vertex. and  

fro111 encli i~ltersc\ction point betweell donlain hountlaries m c l  visibility seginents. T h e  inter- 

sect.io11 points h e t w e e ~ ~  these vertical h e  s e g ~ ~ ~ e n t s ,  other visibility seglne~its. t.he polygon 

hou~ltlarics. and tllv domain hounclwrirs il1.e included in the viewpoint saniple set. This  



5.1.4 Generating and Solving L P  Forrnul a t '  ron 

L P  formulation 

we give tlt5t;ds of the cmwing relati011 c o ~ n p ~ ~ t w t i o ~ i .  (The  \.isil)ility grapll const,rr~ction is 

straightfor\\:t~l-tl i t ~ t c l  skipped here.) 

C h ~ p u t , i u g  the covering wlat.ion lwtweeli a viewpoii~t S ailcl a pol>.gon etlgc r c c ~ r c -  

spontls to comp!~t,iilg wl~etlicr I ,  is cut,irel!. \,isil)lc f ro~n  S. First ,  we c:lleclc i f  botll e~~ t lpo iu t s  

of P .  cle~lotecl I)!- S(e )  alitl T ( e )  rrspc~ctively. itre visible from X,  or equiva.lently, \ \ - l l e t l~c~  

tilt, linc seg~nc~i~l-s XS(r! ii11t1 XT(( ) intcrscct ally of t.lie u t l ~ c ~  polygoil cdgw E \ { r } .  (E is 

the sct of a.ll poly:on r(1ges.j This takes limnr ti111e. If Imtli S(c \ and T ( c )  art, visil)lr froul 

.Y; t,he c is 11ot cntirc,l\. \.isil,lv  fro^^ X if a ~ ~ t l  oilly if our: of tllr polvguli I lo l~s  is (:ollti~i~~c.tl 

( P I I ~ ~ Y C ~ J - )  ill t.lw triailgle A S ( c ) T ( c ) X .  C'11ec:kiiig this contlitiol~ trtkcs at. ~iiost  O(1)) ti~ncx. 

Solving Trave l ing  VPP L P  

We rise the  ILOG Cplex TCPL]. a commercial LP solver, to solve the LP for~nr~la.tiou for 

the induced T~aveli i-~g VPP,  Ec1.(2.8). I t  takes a phi11 text. file as input nncl otltput,s a~mtller  

tes t  file a s  t.he sol~it ion.  

5.1.5 Implementation of Algorithm Round and Connect 

As input to Round and Connect. the L P  optima.1 solutioli is given in a. file with the extension 

of ".t,xt", in which the \.ie\~:poiilt f'ra,ct,ional assign~nents. y;, are given. Also u;e input the 

surface patch set,s of t.hese viewpoint,s to tlie ro1111cI and connect algurithm. 

In t , l~e  Round st,ep, l ~ y  rounding iteratively t.he largest y; t,o 1 u ~ ~ t , i l  no uricoverecl su~~f 'ace 

pat,ch is left. \Tie have the viewpoint. solr~tiotl set V'. 

The Corrnect step co~nput.es n Steiltrr t,ree co~~nect io t t  o f  the viewpoints it1 V' .  We give a 

2-approxi~natim s o l r ~ t i o ~ ~  I)y usil~g t,lw ~ n i n i l u u ~ n  s p a n n i ~ ~ g  trec [VazOl]. The detailed steps 

are given as follows. First. we const.rwt. t,hc visibility graph [~SBvKOSOO] of the satnple 

viewpoints. V'. ant1 t,he reflex vertices of thc polygon. Seco~icl; we c01-1struct t , h ~  sl~ortest  
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~)at,Il graph. VG.  of V'. i.c. a co~npletc~ gl,npll. CG. on V' ~vhel-e thc rtlg-e cost of v i e w p o i ~ ~ t . ~  

111 ant1 ~ ' 2  is the sl~ort,est pa.t.l~ distance I,et.wee~~ t l ~ e m  on VG. Tliircl, we c o ~ n p r ~ t t  tlie 

~ n i ~ ~ i ~ r ~ u l n  spanning tree A1ST(V1) over C'G. For each edge of A1ST(V1)? we compute t.l~e 

corresponcling shortcst path on VG. Last, wc: take the r~uion of the ctlges 011 t h ( w  pa t l~s .  

Tlie resulting edge set is the e-tlgc solution set  El. To show the result, we tlraw the 1i11o 

s e g ~ l ~ e n t s  correspo~~t l ing t,o thc tdges in E'. 

5 .2  Simulation Results 

In this sect,ion. \.ire s1lo.i~ t,llc simulat,ion resdt ,s  for solnc user-gcneratetl polygol~s a.11tl t,wu 

polygon appros in~at io l~s  of t l ~ e  l i ~ ~ o ~ t  of t,lw rcsenldi I>al~s a t  Sinion Frase~.  U~iivcrsit~y, a 

s~iinllel one .i\rith only the RAhIP I &  ant1 ncal,l)y corriilol.~, Fiz. 5.11, and the li\~.ger O I I P  

u;it,l~ the RAhIP la13 and some ot,l.lcr rcscarch lalx in the SO00 lcvcl of Applietl S c i c ~ m  

I,~~il t l i~lg ;it Si~iiou Fraser IJ~~ivcrs i ty .  Fig. 5.12. 111 t l ~ c  sinl~~lations.  wc use a PC with h t ,c l  

C!orc2 2.13GHz Processor and 2G RAhI  for thc sampling a lgor i t l l~~i  a n d  t l ~ r  rou~lcl iultl 

c o ~ ~ ~ l c ~ . t  algoritlln~. m ~ t l  a Sun Blntlr 1000 \\:it11 tn-o 750 h h z  S u i ~  UltraSPhRC: I11 CPtJ's 

a~ l t l  2GB DR.Ah1 for the L P  opti~nizcr.  

Tlie sinlulat.io~l r s s ~ ~ l t , ~  for (liffercnt pruh1~1n ~ I ~ S ~ ~ \ I I C C S  are s11ow11 iu Figs. 5.5 to 5.1'2. 

Thev a.re 1al)eletl as E w .  1 to Eli\.. 8 rcqectively. T h e  nulnl~er of vei-t,iccs allcl reflt>s 

vertictls rcspect,ively of t h w  input polygons autl t,hc view and have1 \veigllt,s for t,l-~ese envi- 

~ ,onments  are list,etl in Tahle 5.1. For t l ~ e  r~scr-genera.ted polygons, we n d t e  some arl i t , rary 

assumpt,ions oil u,, and w,,. For t l ~ c  two r n a . 1 ~  of real scene, wit11 our experiences o ~ i  tlie 

1 ~ 9 u l  robot syst,ems, we assum? t,hc cost for traveling 1 ~net,el. is equal to t,a.king one view- 

point. This explains why t,here is a sudden change of' the ulp's for the r e d  maps from tlic 

user-grneratecl ones. I n  t,lie figiures, we sho\v t,hc input, polvgon, tlie sampling viewpoints 

(denoted by crosses in t,he figure) computed by the sampling algorithm, and the output. of 

the rouncl and connect a.lgorithm, a Steiner tree connecting the robot s tar t  position. denoted 

by a small circle, and the planned viewpoints, denoted I>y crosses. We list the results; t l ~ c  

11r111lRer of sampling viewpoints conlputecl. the view cost, travel cost and total cost respec- 

tively for the result.ing Traveling V P P  solution: in Tatde 5.2. We list the runn i l~g  t.inlcs for 

t l ~ e  sa .mpl i~~g  a.lgoritll~i~, L P  optin~izer,  and the rouncl a l ~ l  connect. algorithm in Table 5.3 

Not,? tha t  in the run time 1q1ortetl for the sa.rnpling algoril;h~n a ~ ~ d  LP opt,imizer, the la~.gel- 

parts (morc t,han 50% and mow t ,ha~i GO% rt\specti\relv) :\r(' for I /O ( i~lpl~t , /out ,p i~t , ) ,  i .e.,  to 
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The  tc'st results clearly show t,he power of the algorithms t l ~ s i ~ n e c l .  A l t ~ l ~ o u g l ~  we cannot 

cuulpare it with t,hc optimal solution d r ~ e  to the nature of the probleni (NP- I i ad  and log- 

ii1approxirnab1e), tlie ~.esult,s look reasonably closc t,o t,he opt,imal solution. 

5.3 Discussion 

EIW I !/ sainpling viewpoints 
. . - - - 

1 I 10 

1 21 9 

\wtircx.  TI1e reason is that  we use a cIat,a file that. i~iclr~tles t l ~ e  whole LP formulation as the 

ii11)11t to the LP opti~ilizei., CPlex. Tlle size liniit (srt Iy CPlcs) of t,liis LP ii-11)ut (letel-ininrs 

thc ~ n o s t  coniplex polygon for our inlplenlentijtio~~. However. one can use for exaniplc tlic 

coiu11111 ge~~~l . a t , i o i i  ~netl iod clescril~etl in Appciltlis C to  le\~cra:e t,l~is prohlem, siiice it always 

~ilaintains a reduced-sized actaue LP and iiic~luclrs \.acrid)les as ~ r w ~ d e d .  
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(a )  The i n p u t .  polygon 

(I)) The sa.mpling algoritlm ou tpu t  

(c) T h e  Ro?md nrrd Co.nn.ect algorithm output. 

Figure 5.6: T l~r  si~nrrlation ~csrrlt of En\.ironrne~~t. 2. 
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(c) The Rot~nd ~ : n d  Comecl- algorithm output 

Figure .5.'7: The sinlulat . iu~~ rt,sult of Environment. 3. 
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(c) The  Round and Connect algorit.lim o r ~ t p u t  

Figme 5.8: Thc s i~nula t io~i  ~.esult  of E l i v i r o ~ ~ ~ n e n t  4. 
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CHAPTER 5.  SIMILATION RESULTS FOR GU'RP 
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a )  The input polygon 

(h)  The  sampling ~ l g o r i t l i i ~ ~  output 

( c )  The Round and Connrv-t algorithnr output 

Fig-uu. 5.11: Thc sinlr~lat,ion result. for the la!w~t of tlw RAAII' lal,. ( E ~ w i l ~ o ~ ~ ~ ~ l c n t  7.)  S r ;~ lc  
is I:20U. 
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Fig~~lxs 5.12: TI1c sini~~latioii result for t,lw l t q o u t  of' thc RAMP a ~ t l  n c ~ i ~ l i l m l . i l ~ g  1~1)s .  (En- 
\ - i l . o ~ ~ ~ ~ l e ~ ~ t  8.) Scale is 1:ROO. 
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Table 5.3: R r ~ r ~ n i n g  time summary (in seconds) 



Chapter 6 

Conclusion and Future Work 

6.1 Conclusion 

6.1.1 Traveling VPP 

First, we considerecl a discrete version \\;here t,he viewpoints and a graph that  connects 

them are give11 as the input .  By reduction to  the Group Steiner n e e  (GST) problenl, we 

showed that  7ha.veling VPP cannot be approxiniatecl wit.hin the poly-log ratio. We gave 

an integer linear prograln (ILP) forlnulatioi~ t,liat niinimizes the weighted sum of travel ant1 

view costs urlcler the  const.raint,s t h . t  all the surfaces of the objects are covered I)v t . 1 ~  

planned viewpoiiit~s ~ i t l  t l ~ i ~ t  plai i~~erl  \~iewpoilits arp co~incctetl. This fornir~latioii provides 

the foundation t,o soh.? t l ~ e  p r o h h  optinially. 

To  design an  approximation algorithin. we t u r ~ ~ e t l  to the LP relaxat.io~l appoacli .  whicli 



CI-4PTER 6. CONCLUSION AND FT'TURE M'ORK 95 

6.1.2 Metric TVPP 

We also consitlerctl a special cast. of  t h  tliscrcte prol)len~ n.hcrc i\ 111ol>i1e rol)ot is usctl to  

i n s p ~ c t  ol)jeets in 2D or 3D and tlw s e ~ ~ s o r  Ilas a \risil)ility iaiige. We call this p ~ . o l ~ l w l  

"hdetric View Pla.nning Problem with Tra.vel Cost. awl Visibility R a ~ ~ g e "  (Metric T V P P ) .  

The  insight in the prohleni is t,llat the \isil>ility range couples t.he two different ol~ject,ivcs. 

view ant1 travel, ancl it is possil~le to use existing solving t echn iq~~es  for the view planni~lg 

problem. Col~sequently, we analyzed the two-level approach of Darner and I<avra.ki [DK021. 

which first solves t,lic view j h n n i n g  prohlenl wit,hout. considering tlie t,ravel cost. a ~ ~ c l  t,llen 

solvc the  tour problem to connect the p1n.nnr.d viewpoints 8.t the first level. Although we 

showecl tha t  this two-level approach pel.formetl arbitrarily poorly for t . 1 ~  general 1Cla.veling 

VPP,  for i\,let,l.ic T V P P  we showed t,Iic\t its approxim~t~ion i atio is in t,he order of a logaritlim 

of the nrm~ber  of surfaces. This rat,io is also in the same order as the inapproximabilitp result 

of  h k t r i c  TVPP.  AII intuit,ive expla~mtion is that  the visibility rai i~c:  ties the view ancl t,l.avel. 

a n d  the two-level algoritlun i s  I I O  1o11gt.i. rlecoupled. 



CHAPTER 6. CONCLUSION AND FUTURE l\'ORK 

6.1 .3  WEC-GWRP 

6.1.4 Experiments 

W e  then conclucted some preliminary esper ime~~ts / s i~~lu la t io~~s  of the approximation algo- 

si t ,h~ns for some 2D enviro~lments, including simula.ted 2D environment,~ and real robot,- 

generated 2D maps of the lab areas a t  RAMP lab, Simon Fraser U~iiversity. For the real 

maps, we first comput,e a polvgon approximation and t,hen apply our apprmimation algo- 

r i t l~lns.  We clisplay t,he comp~~t ,e t l  sampled virwpoint,s ale1 the t,rnveling pat,li of t,he robot. 

This  is an important step towards i~np lemel~ t . a t io~  OII  real robot syst.c!~ns. 
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6.2 Future Work: Traveling VPP in Unknown Environment 

and t,hc t r m d i n g  grn.pl~ is unknown, and give a competitive algoritlln~ that  co~nbincs a 

co~npctiti\.c onlinc5 g,rupl~ sc~a.rcli n l g o r i t l i ~ ~ ~  a~i t l  o ~ ~ r  TI a\~cling VPP a p p r o s i ~ ~ ~ a t , i o n  algolitl1111. 

1;;)~ Frlt,r~rc n:o~.l.r. \\:c n.0111rl like to investigat,e tllc: c a w  \vhcrc I)otli t,lit\ sr~~farcm 1~1tcl1 sc-t anrl 

t l i ~  grapll arc 11ot k~ion-~l  ill atlvancc. 

6.2.1 Problem assumptions 

Iusp~c t ion  ant1 Exploration Sensors 

\i\ie have two types O F  sensors orlboartl the rolmt, one used For o l ~ j w t ,  i i ispc~~-,iou and 

tlirls called inspect.ion sensor, denoted Iy I S !  a ~ ~ t l  t,lie ot,hei usecl for robot travelilg 

graph exploration thus ca.llecl explorat~ion sensor, denoted by ES.  The  IS  is "expen- 

sive" and the cost associa.ted with each IS view is counted in our objective function 

to minimize: the ES, on the other hand, is consicle~ed "cheap" and t,he cost of each 

ES scan is ignored. We c l e h e  t,he process hefort\ the nes t  I S ( E S )  scan an I S ( E S )  

iteration. 

111 real ~mhotic: a.pplicat.ions, the  ES col-respol~cls to a planar range sensor ( a  laser h e a n  

scans i l l  a plane) usecl tor simultaneorls locali~il t iol~ and mapping (SLAhI) ITBF051, 

whicll C ~ I I .  i l l  1.ea1 t.in~e: process 2D sensory inpr~t  ( r m g e  dab i l l  ?I p1a.n~ ohta i~~ecl  

via a siugle scau of a laser beam) to hniltl a map ~.eprrsc*~~t,a. t io~i of thc e~wironrnent. 

W ,  ant1 c~sti111nt.r t.he roljot, loca.tio~i w.r.t. t h r  nlap Ijuilt,: t ,lx IS corrcspo~& to an 



Sr~rfi~cc, Covcr;rgt: Completion Crit,eriou 

\Ii(. ;wu lne  that  a surfare covcragl5 c:oi~lplction criterion tlenotctl I,!; O is ;~vailahle. 

i.e., \\.c k~low a t  a l l  time u:het,her tlic t;tsl( is complet,etl or ,lot i~fter  calling 0. (The 

existence of such H task coniplctim criterion is critical to oul. prohlenl.) 

T h e  online s u r f x e  pat.cli set is generated in the following fashion. We are i~iit.ially given 

a. set of " h o ~ ~ i ~ c l i ~ l g  boxes" and  the ol~j(xt ,s  of interest a r e  c o ~ l t , a i ~ i ~ t l  in respect,i\.c IIOXCS. 

Tile uuscannecl surface patch set of these I)ou~~cIing hoses hecome our initial online 

surface patclt set to cover. After eax:l~ i~ispcct io l~  scan/view is tnke~l,  t,hc I)oundil~g 

I~oxcs w e  s h r ~ ~ n l c  by newly sca.nned object surface or co~~stl .uctetl  etlgw or hountlary 

of the sensor field of view (FOV) a t  views taken. T h e  u i ~ s c a l l ~ ~ e d  surface pat.ches of 

the ~~locliiietl I~ouncling boxes hcc:onle the new online surface p a t d ~ e s  to covei..' 

We ca.11 the ~~nscaiinecl surface patches of tlic ho~ulcling boxes a t  IS iterat,ion A- the 

o ~ ~ l i n e  surface patch set at iteration k 1  denoted Iby sk. Fig. 6.1 sl~o\vs t . 1 ~  requircd 

surIar.c\ pat,cli sets. S' and sf+' respectively. I,eforc and after all IS view. 



Sensor FOV 
S l  

Bounding 
box J' box 

S~ Object of 
I mteresl interest 

I 

sz 

Before an IS view Alter an IS vlew 

(I) Sk+'  IS a proper subset of Sk 

I 

s2 i Object of ', S5 
I 

interest I,, 

, 
s, .- . / 

-- / 

Before an IS view After an IS view 

(ii) General case 

Figure 6.1: T h e  online surface patch set before and after a 1S view 



Due to t l l ~  <('0111~trit. ~ i i \ t . ~ ~ r ( '  of. t l ~ c  prol~lcl-11. the chan:c' f r o n ~  s',' to  SLt ' cannot. 

I ) ( ,  conlplctc~ly wl>itrar!.. For exn~ilplc. Fig. G . l ( i )  s l~ows t l ~ t  s"+' = ( .yl~.rp.  .s.:j,.q.l) 

is a I I I U ~ ~ I .  s ~ h s c t  o f  s',' ( 5 , .  s . ~ .  .q. .S 1 .  v;. . s G ) :  Fig. G.l(ii) sllo\vs t l ~ a t  skt' - - 

{.sl .  5 2 ,  .ST .  q;. . S T )  inclr~tlc so~llc (I>ut not all) clclne~lts of S" a n d  a c .o~ l s t r~~c tcd  sur- 

f .  , \ te  . . S T .  Note tililt sincc the I,ouncli~lg Ixxrs  a1nm.s shinl{.  S" cui~not  he a propel. 

sulxct, of' s'.+'. Also. a s s u ~ n i ~ l g  o ~ ~ ~ l l i t l i r ~ c t . i o ~ ~ a l  l i~ ic  of s ig l~t  of tAle IS. t l ~ c  1111111- 

her of reflex \rrrt,ic,es on the ohjcct srli.face Imr111tl t,lle i i l~~i iber  of c o ~ ~ s t r ~ c t ~ d  s ~ ~ r f x e  

I,ounda~.ics. This is cspcx:ially uscf111 \vlwl-~ a~al!;zing t,lle algoritllnlic ~ ) c r f o ~ ~ ~ ~ a n c c  autl 

factoring thc intrillsic. 1)1.01)1~111 c011iplexit\ i l l  ~ I I C  a~lalvsis. 



6.2.2 Problem definition 

Unl<no>v~l Tr;n:~ling VPP 

-G~Ivw.  (I. m r f a c e  coue7-ing completiuir. critc.,i.ion 0. n partially k n o w n  and ite./nti.cv l?j 

rhars,qir,g cnrfurr, ptatch sc-l s". ( I  ,.ic.wpoir~f .sf t VA.. k: = 0. I. . . . .tuit/i. X:now/~ cowr-ing 1.1.- 

iotion (11,. r . t .  s"). nrrt/ ( I  pnl,ti1761:j e:rp/oi.~t6 ~ I O . ~ / I  c:" - (v". E L ' ) .  1; : [I, 1% . . . . p h r  1111 

opfinrnl o,/tlirtr, .strnte.q:rl t l ~ n t .  if'tlre to.~l>. is incontplrtc c~cc,oidj l~!~ to  0. 1f1 rir1e.c tho itc..r.t ric,/~~orr. 

A4A' o f  thc rnbot. A~ ;I {A,.s. Ak:.s.). 

traveling cost. the total dista:tzce tlre robot t~~n.vt.led. a.nd the riiew cost. proportionar! to flie 

n c t i o ~ ,  i .c to  .scar,. or. raot crrtd urheth.cr to up lo l , r  o,r irot rr  sppctivel:y. " 

Please note the clifferencr 1)etween the niotlel l)asc:tl ufl-line ancl tlle online ( : iLSPS.  U~ilikc~ 

the n~odel-hasecl (.me wlierr a clet.elministic sequence of traveling path ancl v i ewpoi~~ t s  is 

asltecl. t,lle online two asks fo1, a11 algol.it1-1111 t,liat tlpcitlps t,lw  st" action acrorcli~~g t.11~1 

currelit. knowlcclge. 
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6.2.3 Unknown vs. online 

To f '~ .~r t l~el .  clasif'v tile unkr lon;~~ na\ .o l i~lg  VPP fo~.lnulat,ioi~. here we distinguish it fi,o~li tllc 

o r ~ l i ~ e  prol)lelii clefi~iecl ill t,l~e optinrimtion literature [BEY%\. 

111 a n  071ll71e optimizntion problem, a t  each iteration a pa.rt of the probleni input is 

grneratctl and has to be solvctl I~elorc tlw illput from thc ucst  iteration co~lws.  To tell 

t.he qua1it.y of an online algorith,nr, the c:rlniulative solution cost until t . 1 ~  online input stops 

conling is oFtc11 co~nparetl n:it,li the ofbinc o p t i ~ i ~ n l  solr~tion cost, tlefinecl as  t,he optirnal 

s u l u t i o ~ ~  cost i f  nll tlie online-generiit~tl inputs are l<now~l in advance. T h e  quotient brt,wecm 

the online ancl offliue optimal solutior~ costs is calletl the ro~r~prti,ti~.c. rr~.t.io. 

To tlistirlg~.~isli t,ht? online prohlen~ ant1 O I I ~  u~lknown Traveling VPP form~~lat~ion,  let (1s 

fotmr11a.t~ a third problem; tlie model-ha.& on1in.e Troueling VPP, a i d  compare it with 

tlir u n k l ~ o w ~ ~  T~a\.eling VPP. For ~imdcl-l)nsetl onlillc ~~aveling VPP, thew is 110 ~ ~ o t i o n  of 

I , o u ~ ~ t l i ~ ~ g  Iws a~ltl  all the surface pit,cllcs y,ivm i l l  c~ich i t c ~ ~ a t i o ~ i  iwc in t , l ~ r  i r l p ~ ~ t  sct (.IF t l ~ c  

cwrrcspor~tling o f f l i~~e  prolden~. 

Online surface coverage: 

By (Itdinition. the model-basctl ouline Traveling VPP requires the surface patches 

gcnerat,cti a.t each iterat,iou w e  c o \ . ~ m I  I ) ~ ~ o I c  t.he ~ i e x t  set of patdles are give11, while 

t.lie unkl~own nave l ing  VPP cloes ~ ~ o t , .  

Srwface pat,cli set, generat,ion: 
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For the   nod el-l,asetl onlinc navel ing VPP. thc surface patcli set. gcncrat.ctl a t  each 

itc31.ation does not 1la1.c an!; int~el~scction with previous gcncl.atet1 sets, while h r  t,lic 

unknown Traveling VPP. t,hc set,s call 1iax.c somcwllat nrl)it,rar~. ~.clntion as tliscussecl 

carlier while tlcfii~iiig the online jmtch surface pat,h set for thc unknown case. 

Also, for the inoclel-basd olilinc %a.veling VPP: the onli l~e sul-facc patchcs at each 

iteration are also illcludecl ill the offline prol>lem. i.e.. t . 1 ~  offline opt,inial solutiol~ 

still has  to cover thcni. For the ~nknowl1 Traveling VPP, ( l i k w n t  sensing C J I I ~ C : O I I I ( ~ S  

~ ~ s u l t i n g  fl,oili clifferent viewpoints planned a t  1 ~ : 1 i  iteration lead to diffel.ent o l i l i ~ ~ r  

s ~ ~ r h c c  ])i~tc11 s ~ t  in the nest. it,eration. F01. e x a ~ ~ l p l e ,  scc Fig. 6.1 (i) a ~ i d  (ii). T~IIIS., 

the union of these online surface pa tc l~  sets of all i tcratiol~s may clialigc~ as a result of 

the corlrsc of the online actio~ls. 



Appendix A 

Background: Inapproximability 

and L-reduction 

or the / t c~u f r r~s .s  of n p ~ ) r r ) ~ : i r , ~ . t r t ~ o , r .  whicl~ r c f ~ s  t,o a prol)leni spccilic constal~t  or a f u ~ ~ c t i o ~ l  

of the input size as t.11~ lower I~ouiid 011 thc approxin~ation ratio o f  any polyi~onrial algo- 

ritlmi. assnlning some generally-believed co~nplesity class relations, for c sa~np le  P # NP. 

For exa~nple,  t,he i~la. l~proxin~ahil i ty result for SCP says that. the opt,inlal solutio~i to SCP 

cannot he approxiinatecl cvitlliil its (1 - o(1)) 111 ,L rat.io unless NP aclinits qr~asi-polynomial 

algo~~ithnis [Fei98]. 

14%. LIS(- the simplest for111 of' a colnnion .t~echnique, c~11ecI L - ~ e h c t l o r ~ ,  t,o ~ ~ s t a l ~ l i s h  the 

inapproxiinability result for R4etric TVPP, which works similarlv as the reduction ~liethotl 

[C:.170] used in proving YP-complete~iess ~.esult,s. Rather t h a ~ ~  c:overing the t,heory. we refer 

to [KVOO] for a detailed coverage on L-~ecluctioi~.  An intuitive expla.nation of the form we use 

is as Follows. Suppose the proldem of interest is Pl and we kno\v the inapproximability result 



~ P C O \ W  a. lwtt,cr apl)l.oxii~latioll solr~t,ic)~l to nil?; fi ins tmce I,!. lil.st solvillg t,lic cunstruct,ccl 

PI ilistwce using this I x ~ t t ~ ~ r  ; r l~or i thm.  This is co~it~rilclictoiy to t,l~c, i l l~ ] )~ ) rox i~ l l a l ) i I i t~~ .  resi~lt  

\\:o kl~ow for Pl. Note that  if t.hc inal)l)rosi~nabilit,y result tlcpc~ltls oil ~ I J P  i n p r ~ t  size, fo r  

c x a ~ n j ~ l e  that  for SC:P is log nlllerc r l  is t11c 1.1~11~iber O F  elerllel~tx i l l  t l ~ e  r~nivcrsc, I\-c will hnvc 

to int,rotlucc thc size ditfere~lcc l)etxc#c$!l t,he c:onstruct,ecl PI imt,ancr alltl thc P2 insta!~c,c? 

t,o PI 's i~~ap~)roxiinal)ilit!; result.. However, this is not the (.as(: for orlr ret1uc:tioii given in 

S w t . i o ~ ~  3.2 \I-here the given SCP inst.ance RIKI the  constructed h,let.ric TVPP i~ist,ancc ha,w 

the salue I I ~ I I I I ~ ) ~ ~  of surface pat,ches. 



Appendix B 

Column Generation Technique 

Applied to Traveling VPP 

rules for solving tlie dual progrnm, nncl use the complementary slackness conditions (CSCs) 

to get the solution. 

B . l  Dual program and complementary slackness conditions 

for Traveling VPP 

Cor respond i~~g  to the cwstra in ts  (2.4): we assuciate the tlual variahlrs. a,: t,o carh s ~ f a c . ~  

patch j ;  and c o n . c ~ s p o ~ I i ~ i g  to the cous t r a i~ i t ,~  (2.5); we associate the  clual variables; d17.. to 

each pair of vien: node i a ~ ~ d  c11t T that. iuclutles i h11t t~xclr~clcs s .  Tlic corrc.spoizdiilg t lual  

l i~lear p roga ln  (DLP) is givcn as: 
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DLP: 

Subject to: 

' d i € V  : 

V e € E :  

As per the duality theorem, a feasible solution to the primal linear program (its dual) 

provides bounds on the optimal solution to the dual (primal) and achieve the same optimal 

value when the complementary slackness conditions (CSCs) are satisfied. 

CSC of Traveling VPP: 

Dual CSC: C Y ~ > O +  y i = l  
i€V(j) 

eE6(T) 

In the column generation paradigm, we are working with the DLP, which contains a large 

number of variables, aj associated with surface patches and ,&- associated with view point 

i and a cut T of view set V that contains i. The idea is simple and related to the Simples 

method: we always work with a reduced version of the LP by only considering a sma.11 

number of dual variables, corresponding to the basic variables in the Simplex algorithm for 

LP, and add columns/non-zero dual variables whenever the dual solution call be improved. 

From the primal program point of view, after solving the LP relaxation using only the basic 

viwialbes, we can use the CSCs to get the corresponding primal variable solution; we check 

the infeasibility of the primal constraints and foi infeasible constraint, add the corresponcling 

dual va~iable. 
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B.2 Column generation algorithm 

The infeasibility of the constraint (2.4) for a surface patch j ,  or the rule to add q, says that 

we should add aj to the reduced LP if the sum (over its viewpoint set) of the (fractional) 

viewpoint assignments is less than 1. We can simply add the fractional assignments of the 

views that can see surface patch j and compare it with 1. So assuming we have the optimal 

primal solution to the reduced LP, this takes O(IVJISI) time, where / V J  and /SI are the 

numbers of surface patches and views respectively. (By some additional data structures, 

for example the links between surface patch and the views that see it, we can reduce the 

checking time.) 

The rule for adding ,OiT for a specific viewpoint i aslcs t,o check among all the cuts whether 

there exists one cut T such tha.t the number of edge crossing T is less than the viewpoint 

assignment yi. In the following, we show this corresponds to the classic min-cut problem. 

Lemma 15. The column generation rule for adding th,e dual variable PtT for a viewpoint 

and cut pair, for a specific viewpoint i is equivalent to requiring the minimum value of such 

summation for all possible cuts T to be strictly less than the viewpoint assignment, i e . ,  

rnin z, < yi 
TCV:~ETAS@T 

e € 6 ( T )  

Proof. First, if minTcv:iETAseT xeE6(T) Ze < yi and supposing T' is such a minimum cut, 

i.e., 

the primal constraint corresponding to the dual variable is not feasible and D7T~ should 

be added. 

Second, for any dual va.riable PZT if the primal constraint is infeasible, i.e., zrf6(T) Ze < 
yi, by fixing viewpoint i, we have 

min 
TICV:iET'As@T' 

C ze 5 C ze < gi 
r.6(T1) c ~ 6 ( T )  

By recalling the definition of the min-cut problem as finding the s - t cut ( i t . ,  the cut 

or partition of the graph vertices separating t,he vertices s and t on the graph) with the 
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minimum cut capacity (defined as the sum of the capacities of the edges crossing the cut), 

the subproblem of adding ,OiT for a specific i is equivalent to the min-cut problem. 

Lemma 16. The subproblem of adding PiT for a specific i is equivalent to the min-cut 

problem by assigning the edge assignments z, as the capacities for the edges. 

Proof. The proof proceeds by constructing the min-cut problem from the primal solution 

2,. By assigning the edge capacities c, as the edge assignments z, for all the edges, we have 

a min-cut problem instance, 

Min-Cut Problem Minimize I,, Y T  c V : i t T A s $! T 
e€6(T) 

The solution of the above min-cut problem is clearly minTCV:zETAs@T Eee6(T) Ze. SO ac- 

cording to the subproblem formulation of adding dual variable PiT for a specific i ,  (B.3), we 

can decide whether to add such dual variable ,BiT by comparing the optimal solution with 

Yz. 0 

By identifying the second type of subproblem, adding PiT, to be the min-cut problem, 

we can apply efficient algorithms for solving min-cut problems. Specifically, according to 

the duality between min-cut and max-flow problems [PS82], the existing efficient max-flow 

algorithms can be readily applied. 



Appendix C 

Traveling VPP on Explored Graph 

at  wllerc the online graph st,arch algorithm Fails to csplore to ser all the sr~rfate pntclws. 

In t l ~ e  following, we show IIOW t,o comline a. compet,itive oilline graph search algorit,h~n a~ id  

a odine Traveling VPP  solver t,o get a offline Traveling VPP  algorithin wit.11 double the 

competitive ratio for the graph search. 

The c d i ~ ~ e  graph search prohleln is closely to naveling VPP 011 Explol.ctl Graph. It  r e f ~ w  

to searching an  unknown gra.ph for a goal with unlwown position 011 the graph [FKI<+04J. 

In the next section, we show the competitive ratio for t,his problem is a lower 1)oulicl 011 

the con~petitive ra.t,io for the online naveling VPP, even in the case where the surfa.ce set 

is given ill advance (thus the only unknown part is the graph for tmveling). In [FI<K+O1], 

the i \ t ~ t l l ~ r ~  give an online algorithm using the spiral search heuristics in the 1,reatlth first 

hshion t , l~at achieves the same pcrformailce (up t,o a c o n s t a ~ ~ t  factor) as the hest offline 

..;c;~~di algori t.Iim. 

Intuitively, the approach to Tra.veling VPP  on  Esploretl GrapI~ is tc.) cleciclc whrn to stop 
. -- - - - - 

l'l'l~e ~totat~io~h ol o d r r ~ . . i r r v y  is oftc'r~ usetl in the o t ~ l i l ~ e  algoritli~n a ~ ~ a l v z i s .  It is ~nodeletl as t l ~ c  nciv~~rx;iry 
1 I r , l t  pro\ . i t l~s the  o r ~ l i ~ r e  i t ~ p ~ t t  to the problett~ F I I C ~  tllat the perfortnmtce of L l ~ i .  onlir~e :rll?;oritli~~~ is the \\'or-st.. 
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C.l Online Algorithm 

C. l . l  Online graph search algorithm 

For csample in case the graph is two 1.ays einitting from s, the online graph search 

probleln l)econic~s the "lost COW proI31cn1" and the it,erative cloubling nlgorit,Ilnl bas t h c  

conlpetitivc ratio, f .  of 9. 

C.1.2 Online algorithm for Traveling VPP  

IYith a competitive online gl.aph search algoritl~ni A, we start  by using A to search the 

g r a p l ~  iteratively. Each iteration ends when some new viewpoint(s) is(are) esplorccl. At 

t,he end of an  iterat,ion: laheled 114. k .  we use the explolwl graph G" t,o solvc t,he navel ing 

VPP. Assunling the ~ o r r e s p o ~ ~ d i ~ ~ g  T h v e l i ~ ~ g  VPP call be solved optin~ally. we compare t,lic 

cor~.rspontling cost. OPTci \\-it11 [.he (n-ciglit,ctl) exploratio~i cost so fa].. If t , l~c  exp lo ra t io~~  

cost is equal to the Traveling VPP cost. \ire s top the exploration and solvc~ t,lw ?'raveling 

VPP  sing thc explored graph so far. 
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C.1.3 Analysis 

According to t,lic algorithm, the cxl)lol~ation st,ops at it.eration I;. wlicll t l ~ e  (wt~igl~tcrl) cu- 

mulat,i\-e cxplorat,ion cost is equal to tlle uptilnal naveling VPP solutio~l cost  sing tlic 

esplol.ec1 graph, i.c.. 

I l l , , ~ i T  = 0 0 ~ ~ ; ; ; ' ~ ~  (c.2) 

In the follon:iug, \\re consider two cnses at iteration k .  

First: i f  the optinlal solution, nalnely viewpoints s, U I . - L ~ ~ , .  . . , v, and edges el ,  cn! . . . . P,,, 

are kno\vn w h e ~ i  we st,op the  exploration^ i.e., .s. u1;  2 ~ , .  . . ; U, E C k ,  cleal.1~  OPT^^;^^ = 

O P T ; , ' I ' ' ~ ~ .  And the total online algorithniic cost. is ~ l ' ^  . t  O P T ~ Y ~ ~  = O OPT:'.^^. So 

the competitive lat.io~-I is 2. 

Seco~itl, if G" is a p~opc l  s ~ ~ b s e t  of G, i.e., 3~; c G : t l J  $ G". (111 cast? 3r.j E G : P ;  @ c:'. . 

we can sin~ply ( in~agi~~ari ly)  p11t a vicwpoi~it. at. the ~iiiclpoint, of c!; al~tl tllis I . P ( ~ ~ I ( : P S  1.0 

3 u j  F- C: : u ,  @ G k . )  Since o ~ l r  glapll exploration algorithm is compet.itiw, wc 111ust 1m.r 
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