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Abstract

Planar lattice walks are combinatorial objects which arise in statistical mechanics in
both the modeling of polymers and percolation theory. It has been shown previously
that lattice walks restricted to a half-plane have algebraic generating functions. Much
work has been done to classify the generating functions of walks restricted to the first
quadrant quarter-plane as algebraic, D-finite, or non-D-finite. We consider walks
restricted to two regions: an eighth-plane wedge and a three-quarter-plane region.
We find combinatorial criteria to define families of walks with algebraic generating
functions in those regions, as well as an isomorphism that maps nearly one fourth of
the walks in the eighth-plane to walks in the quarter-plane. Further, we find evidence
of a family of walks whose generating functions are non-D-finite in any wedge smaller

than a half-plane.

Keywords: Dyck paths; formal power series; generating functions; planar lattice

paths; statistical mechanics

Subject Terms: Combinatorial Enumeration Problems; Generating Functions; Sta-

tistical Mechanics
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Chapter 1

Introduction

1.1 Planar lattice walks

Many problems in statistical mechanics can be modeled using combinatorial objects.
An example of such an object is the random walk. In this thesis, we examine one

form of random walk: the planar lattice path with next nearest neighbour steps.

A planar lattice path (also known as a planar lattice walk) of length n is a suc-
cession of n steps from one point in Z x Z to another, where each step is from a fixed
set (called a step set) ¥ C Z x Z. Unless otherwise stated, a lattice walk starts at

the origin.

We denote the eight steps (0,1), (1,1), (1,0), (1,~1), (0,-1), (=1, -1), (=1,0),
and (~1,1) by N, NE, E, SE, S, SW, W, and NW, respectively. We are interested in
walk sets given by subsets )} of {N, NE,..., W, NW}. Since the above steps never
change the z- and y- coordinate by more than one, we call them unit steps or next

nearest neigbour steps. Figure 1.1 shows an example of a path generated by the step
set V= {N,E,S, W}.

The length generating functions of walks in the half-plane {(4,7) € Z x Z|i > 0},
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Figure 1.1: Planar lattice path of length 36 generated by J = {N,E,S,W}.

which we denote by R, have been characterized by Banderier and Flajolet {1}. The
generating functions of walks in the first quadrant {(¢,j) € Zx Z|i > 0,7 > 0}, which
we denote by R, 2, have been the subject of much study (see [4],(5},[6],20],[21]). The
additional constraint on walks in R,/; causes the behaviour of generating functions

of walks in R, /s to be different from that of generating functions of walks in R,.

This thesis is motivated primarily by the question, “For a given step set ), what
eflect does the choice of a region have on the generating function of the walks in
that region?” We therefore consider walks in three different regions of the pla-
nar lattice: the quarter-plane {(4,j) € Z x Z|z > 0,5 > 0}, the one-eighth-plane
{(,j) € Z x Z|i > 0,7 > j}, and the three-quarter-plane bounded by the negative
z-axis and the negative y-axis. These three regions we denote by R;/;, R4, and
Ran/2, Tespectively. We consider these regions specifically because Ry/4 is smaller

than Rn./2, and Rsn/2 is bigger than R..
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The initial part of this research is an endeavour to classify the generating functions
of each of the walks described above as algebraic, D-finite, or neither for the regions
Rr/s and Rarjp. Algebraic generating functions are further classified as rational,
trivial (meaning the steps generate no walks), or neither. We then examine how

results on Ry /2, Rr/s, and Rgy /o can be extrapolated to general regions.

We begin by first describing the most ubiquitous lattice path, the Dyck path.

1.2 Dyck paths

Dyck paths are planar lattice paths of length 2n made up of the steps NE and SE that
start at the origin, remain in the region y > 0, and end at the point (2n,0). Figure
1.2 shows an example of a Dyck path of length 22. These paths are counted by the
Catalan numbers, which are a very well studied integer sequence in combinatorics.

The nth Catalan number, denoted by C, is defined as

Cn=<2n> 1 '
n/n+1

Its entry in the On-Line Encyclopedia of Integer Sequences is A000108 [22]. Stanley’s

book Enumerative Combinatorics Volume 2 [23] describes sixty-six different interpre-

tations of the Catalan numbers.

/\// N /\\/\/\\

Figure 1.2: Dyck path of length 22
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Dyck paths are a very important set of paths because they model physical phe-
nomena well, and techniques used in their enumeration have many applications in the
enumeration of other planar lattice paths. They are somewhat simple in that they
are only restricted by one boundary. We will examine in Chapter 3 the complications
that arise when we consider walks that are restricted by two boundaries. However we

must first develop some of the tools we use to enumerate walks.

1.3 Enumerative methods in combinatorics

Stanley [23] writes in his Enumerative Combinatorics Volume I,

The basic problem of enumerative combinatorics is that of counting
the number of elements of a finite set. Usually we are given an infinite
class of finite sets S; where 7 ranges over some index set I..., and we wish

to count the number f(i) of elements of each S; “simultaneously.”

The combinatorial objects examined in this thesis can be quite complicated and
are rarely counted directly. We must use more powerful tools of enumeration in order

to gain the desired information.

1.3.1 Ordinary generating functions

Let ] =N. Then f: N — N, where f(n) € N is the number of objects of size n. The

ordinary generating function of f is the formal power series

> fn)a.

n2>0

For example, let S, be the set of Dyck paths of length 2n. Then
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fln)=C, = (%?)/(n + 1), and the ordiﬁary generating function F(z) of f is

Fla)=_ <2:> T‘L-lF s

n>0

For many applications it is sufficient to express a generating function F(z) in
terms of a functional equation as opposed to a series in terms of f(n). For example,

F(z) =3 2™z™ can be expressed as F(z) = 1 + 2zF(z).

Hierarchy of ordinary generating functions

For the sake of simplicity, we will let 1 denote an arbitrary ordinary generating
function. We classify n as rational, algebraic, D-finite, or non-D-finite. We will
define these terms below using the notation defined in Appendix A. Throughout this
thesis K will denote a field of characteristic zero. In practice, however, we generally

assume K to be the complex numbers.

The smallest class of generating functions we consider is the class of rational

generating functions.

Definition 1.1. A formal power series 7 € K[[z]] is said to be rational if there exist

polynomials Q(z) and P(z), such that Q(z) # 0 and = SE?;

The rational generating functions have a natural extension to the class of algebraic

generating functions, which we define below.

Definition 1.2. A formal power series n € K{[z]] is said to be algebraic if there
exist polynomials Fy(z),..., Py(z) € K[z|, not all 0, such that

Po(z) + P(z)n+ ...+ Pyz)n® = 0. (1.3.1)

The smallest positive integer d for which Equation (1.3.1) holds is called the degree
of n.
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Example 1.3. Consider the Dyck paths: the generating function D(z) that counts
Dyck paths satisfies the equation

1 - D(z) + z*D(z)* = 0, (1.3.2)

so D(z) is algebraic.

If a generating function n = 3 a(n)z™ is algebraic, then the asymptotic growth
of a(n) must be of the form a(n) ~ au™n?, where o and p are algebraic over @, and

yeQ\{-1,-2,...} [28].

The rational generating functions are easily shown to be algebraic generating

functions.

The class of algebraic generating functions extends further to the class of differ-
entiably finite, which we will write as D-finite from now on. Stanley defines D-finite

as follows:

Definition 1.4. Let v € K[[z]]. If there exist polynomials po(z), ..., ps(z) € K|[z]
with pg(z) # 0, such that

Pd(ff)u(d) +Pd-1($)u(d—l) + -+ pi(z)u + pe(z)u = 0,

where u() = d/u/dz?, then we say that u is a D-finite power series.

Another word for D-finite is holonomic. An example of a D-finite function is
u(z) = 2%, since v/(z) = (1 + 2)u. However, z%¢* is not an algebraic series, so the
D-finite functions form a class which is not equal to the class of algebraic functions.

If uw € K{[z]] is not D-finite, we say it is non-D-finite.

There is another way of determining if a generating function 7 is D-finite that
depends on a property of its coefficients. We first define a function f : N — K to

be polynomially recursive, or P-recurstve, if there exist polynomials Fy, ..., P. € K|n)|
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with P, # 0, such that
Fe(n)f(n+e)+ Peoif(nte—1)+ -+ Po(n)f(n) =0,

for all n € N. The following proposition from Stanley [23] relates D-finite series and

P-recursive functions.

Proposition 1.1. Letn = }_ ., f(n)2" € K[z]]. Then n is D-finite if and only if

f is P-recursive.

Closure properties of generating functions

Let u,v € K|[[z]] be rational power series, and let o, 3 € K. Then wv and au + fv
are also rational. Similarly, if u,v € Ku[[z]], then au + Bv,uv € Kug([z]]. This is

because Kag|lz]] forms a subalgebra of K{[z]] [23].

Stanley (23] also states the closure properties of D-finite power series in the form

of two theorems, which we summarize:

1. If u,v are D-finite, and o, 8 € K, then au + Bv and uv are both D-finite.

2. If u is D-finite, and v € Ku,[[z]] with v(0) = 0, then u(v(z)) is D-finite.

1.3.2 Multivariate generating functions

Oftentimes we are interested in counting combinatorial objects in terms of more than
one property. For example, we might like to know how many Dyck paths of length n
there are that intersect the z-axis k times. A generating function in a single variable

could not contain the information we require, so we instead use a generalized form of

the ordinary generating function called the multivariate generating function.

A multivariate generating function is a formal power series over a set of variables

Zy,..., T, where each z, encodes a property of the combinatorial object. For this
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thesis we will always use the variable ¢ as our ‘counting’ variable, i.e., the variable ¢

will correspond to the size of the objects we enumerate.

Continuing our previous example, let D(¢;z) be the generating function that
counts the Dyck paths of length n that have k intersections with the z-axis. This
example has statistical mechanical properties that are examined in Example 2.2. We
let the power of ¢ denote the length of the walk, and we let the power of z denote the
number of time it intersects the z-axis. Therefore, we define D(¢; z) by

D(t;z) = Zt” Z anykzk,
n>0 k>0
where a, j denotes the number of walks of length n that intersect the axis k times.

We find by examinination that
D(t;z) = z+ 222 + (22 + 2t + (22 +22° + 2Y)1° + O(#%).

We classify the multivariate generating functions in a similar way to the uni-
variate generating functions. A series n € K|[[z1,...,Zm]] is classified as rational,
algebraic, D-finite, or non-D-finite. A series 7 is rational if there exist polynomials

P Q€ Klzy,...,Zm], @ # 0, such that Qn = P.

The series 7 is algebraic over the field K(z,...,z,) if there exist polynomials

Py,...,Ps € K[zy,...,Zx) not all equal to 0 such that Py+Pin+Pyn*+- - +Pnf =0.

The series 1 is D-finite over K(zy,...,Zy) if, for 1 < i < m, 7 satisfies a system
of non-trivial partial differential equations of the form

d

aj
>_P “’a_g =0
where P;; € Klzi,...,z,], and d; is the order of the partial differential equation in

the variable z;.
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1.3.3 Noncommutative gene‘rating functions

One tool we often use to show that a power series n € K[z, ...,Zn]] is algebraic is
the theory of noncommutative formal series in several variables. Stanley [23] describes
this theory in detail, although the theory of algebraic formal power series itself is due

to Chomsky and Schiitzenberger [12].

Again, let K denote a fixed field. Let X be a set, called an alphabet, and let X*
be the set of all finite strings of zero or more elements from X. We denote the empty

word (word string of zero elements) by e. Finally, define X+ = X*\ {¢}.

Example 1.5. Let X = {z,y}. The Dyck language, denoted by D, is the set of all

words w € X* satisfying the following conditions:

(a) The number of z's in w is equal to the number of y’s in w.

(b) For any factorization w = wv, the number of z’s in u is at least as large as the

number of 4’s.

The Dyck words of length six or less are given by
e zy 2 zyry %y Pyxy® 2%ylzy  zyzty? zyzyzy.
If we map z to the step NE and map y to SE, it is clear that the Dyck language

is isomorphic to the set of Dyck paths described in Example 1.3.

Definition 1.6. A formal noncommutative (power) series in X over K is a function

S X* — K. We write (S, w) for S{w) and then write

S= > (S ww.

weX

The set of all non-commutative formal series in X is denoted K {(X)).
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Example 1.7. Let X = {z,y}, and for w € X* define (S, w) as

lifweD
(S,w) =

0 otherwise.

Then
S=1+z2y+ $2y2 + YTy + :v3y3 + :I:Qy:zsy2 + :v2y2:vy + xym2y2 + TYTYTYy + - - .

Definition 1.8. Let Z = {z,...,2,} be an alphabet disjoint from X. A proper

algebraic system is a set of equations z; = p;, 1 < ¢ < n, where:

(a) p; € K(X,Z) (i.e., p; is a non-commutative polynomial in the alphabet X |J Z);

(b) (p:,1) = 0 and (p;,z;) = O (i.e, p; has no constant term and no terms

;25,0 = ¢ € K).

A solution to a proper algebraic system (p;,...p,) is an n-tuple

(Ry,...,Ry) € K((X))™ of formal series in X with zero constant term satisfying
R‘i :pi(X7Z)zi=Ri' (133)
Each R; is called a component of the system (pi,...Dpn)-

Definition 1.9.

(a) Aseries S € K((X)) is algebraic if S—(S, 1) is a component of a proper algebraic
system. The set of all algebraic series S € K ((X)) is denoted Ky ((X)).

(b) The support of a series S = 3 (S, w)w € K((X)) is defined by
supp(S) = {w € X* : (S,w) # 0}.

A language is a subset of X*. A language L is said to be algebraic if it is the

support of an algebraic series. An algebraic language is also called contezt-free.
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Example 1.10. Consider the Dyck language, D. The non-empty words in D are
described by the following recursive property. If w € DT then it begins with an z,
followed by a Dyck word, then a 7, and finally another Dyck word. Thus D is a

solution to the proper algebraic system
z=1+z2yz, (1.3.4)

and is therefore algebraic.

We would like to relate algebraic formal series to commutative algebraic generating
functions. First, we let ¢ : K((X)) — K{[X]] be the continuous algebra homomor-
phism defined by ¢(z) = z for all z € X. Thus ¢(S) can be thought of as the

“abelianization” of S.
Example 1.11. Let X = {z,y}, and for w € X and S € K{(X)) define (S,w) as

lifweD
(S,w) =

0 otherwise.
Then ¢(S) = 1+ zy + 2z%y* + 5%y + - - -

We now state without proof a theorem from Stanley [23] which allows us to relate

algebraic formal series to algebraic generating functions.

Theorem 1.2. Let S € Ku,{(X)), where X is a finite alphabet. Then ¢(S) is

algebraic over the field K(z) of rational functions in the commuting vartables X .

This theorem is particularly useful because many combinatorial objects are iso-

morphic to languages.

Example 1.12. We now apply Theorem 1.2 to Equation (1.3.4) to obtain the gener-

ating function which counts the Dyck words. We first abelianize the noncommutative
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generating function of the Dyck words. This new ordinary generating function D(z, y)

must satisfy the functional equation
D(z,y) =1 +ayD(z,y)*.

Essentially what we have done is replace each  and y in a word w € D with com-
mutative variables to obtain the ordinary generating function D(z,y). We now let

z =y = ¢t to obtain the length generating function D(t):

D(t) = 1+ t*D(t)?
1 - /1 -4t

2t2

1.3.4 The importance of D-finiteness

One might ask why it is relevant that the generating function of a combinatorial

object is D-finite or algebraic. According to Flajolet, Gerhold, and Salvy [13],

...a rough heuristic in this range of problem is the following: Almost

anything is [non-D-finite] unless it is [D-finite] by design.

In general, we expect a combinatorial object with a D-finite generating function to
have a “nice” structure. Furthermore, the asymptotic growth rate of the coefficients

of a D-finite series is of the form

(1/7)

a(n) ~ e R logbn,

where £,7 € N, 6 is algebraic over Q, and P is a polynomial [28]. This form is
important because typical applications of lattice path enumeration are interested
in asymptotic behaviour. Chapter 2 gives some examples of such applications in

statistical mechanics.

On the other hand, given a combinatorial object, we would like to determine

its generating function exactly. Guttmann [16] describes a method to distinguish
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between lattice-based problems that are likely to be “solvable”, and those which are
not. Typically explicit solutions of such problems are given as solutions to low order
differential equations. If a problem is unsolvable, its solution (generating function)

can be neither algebraic nor D-finite.

Guttman’s method takes advantage of the following fact: if f(z) =3 ., an(z)2"
with coeflicients a,(z) in the field K = C(z) is algebraic or D-finite, then the poles
of a,(z) that lie in a bounded region cannot become dense on the boundary of that
as n increases. For example, the function f(z) = 3, ,,2"/(1 — z") has poles that
become dense on the unit circle. However, not every non-D-finite function displays
this behaviour. For example, Guttmann [16] gives the following as an example of a

non-D-finite function whose singularities do not become dense on a boundary:

flz,z) = S

Tz (1 +12)2%  z(l+3z + %) 4
=1 A O(z%).
LT AT g ER Gl

Bousquet-Mélou and Petkovsek [6] used this fact about the singularities of non-
D-finite generating functions to find the first example of a set of walks restricted
to R4 whose length generating function is non-D-finite. Up to that point, it had
been conjectured that all walks restricted to R./4 had D-finite generating functions.
Bousquet-Mélou and Petkovsek proved the following results about walks generated

by {(2,1),(—1,2)} (these walks are known as knight walks):

1. The length generating functions of knight walks in R/, that begin at (1,1) is

non-D-finite.

2. The generating function that counts the knight walks in R,/ that begin at

(1,1) and end on the line y = z is non-D-finite.



Chapter 2

Statistical Mechanics

2.1 Statistical mechanics and combinatorics

There has recently been an increased interest in the enumeration of planar lattice
paths under different restrictions (see [3|,[4],[5],16],{7],[20],(21]). An example of a re-
stricted lattice path is a self-avoiding walk. This is in large part due to the suitability
of these combinatorial objects for the modeling of physical systems that arise in sta-
tistical mechanics. Most significantly, self-avoiding walks have been used to model
polymers in solution under different physical conditions (see [9],[10],[11],[25],[26],(27]).
These conditions usually take the form of a region in which the polymer must remain

and how the polymer interacts with the boundaries of that region.

Much of the information presented in Section 2.1.1 is taken from Introductory

Statistical Mechanics[8] by Roger Bowley and Mariana Sénchez.

14
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2.1.1 Introduction to statistical mechanics

Statistical mechanics is an area of physics which examines the bulk properties of
matter under the assumption that matter is composed of a very large number of
particles (typically on the order of 10?%), such as atoms or molecules. It is also
assumed that each particle obeys the laws of mechanics. These laws may be those of
classical, quantum, relativistic, or some other physics. The behaviour of an individual
particle is not considered, as statistical methods are used. Since such large numbers of
particles are considered, typical applications of combinatorics to statistical mechanics
involve the asymptotic behaviour of combinatorial objects, i.e., the behaviour of their

generating functions as n — oo.

The bulk properties of a system of particles is called the macrostate of the system.
Some examples of macrostate properties are pressure and temperature of a gas. When
we consider the macrostate of a system, we are not concerned with an individual
particle of that system. If we are interested in an individual particle, we consider its

microstate. The energy and momentum of a particle are examples of microstates.

In statistical physics, an important property of a system is its entropy. Entropy
can be thought of as a measure of the disorder of a system. The more disorganized a
system is, the higher its entropy. For example, think of a container of water molecules
as our system. When the water is frozen, its molecules are packed together in a
regular lattice in a very orderly manner. When the water is in the form of steam,
each molecule moves about nearly independent of the other molecules. Therefore,
the system has lower entropy when the water is frozen than when the water is in gas

form.

When combinatorial objects are used in statistical mechanics, the information
most often obtained relates to the entropy of a system. Therefore the bulk of this

chapter will be devoted to the methods used to consider the entropy of a physical
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system.

In statistical mechanics, the entropy of a system, denoted by S, is
S =klogW (2.1.1)

where k = 1.38066 x 1072* J K~! is Boltzmann’s constant and W is the number of
possible microstates of the system. The units in k are joules (J) and degrees Kelvin
(K). Boltzmann’s constant is named for thermodynamicist Ludwig Boltzmann. He
proved that Equation (2.1.1) gives a measure of the entropy of a system of atoms and

molecules in the gas phase.

There is another way to consider the entropy of a system: we may think of the
entropy of a system as the amount of “mixupedness” (a word coined by the physicist
Gibbs) which remains about a system after its macrostate has been determined. Given
a system’s macrostate, its entropy measures the degree to which the probability of
the system is spread out over different possible microstates. The higher the number

of possible microstates, the higher a system’s entropy.

2.1.2 The canonical ensemble

In statistical mechanics, an ensemble is a collection of systems all prepared in the same
way, i.e., they have the same macroscopic properties: they each have the same number
of particles, energy, volume, shape, magnetic field, et cetera. However, two systems
prepared in the same manner may not be in the same quantum state, z.e., their
microscopic properties may differ. The probability that a system is in a particular
quantum state is the fraction of the ensemble in this state. The microcanonical
ensemble is the physical model that assumes that each quantum state is equally
probable. This is perhaps not the most realistic model, but it is a reasonable starting

point.

The canonical ensemble is similar to the microcanonical in that each system is
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identically prepared, but the energy of eéch system is not constant. In this ensemble,
energy may be passed from one system to its neighbours, so the energy of a given
system fluctuates. Each system is in contact with the other systems, which act as a
heat bath for the system. A heat bath is a system so large that when it loses or gains
heat from some other system its energy remains constant. The combined system is

thermally isolated so its total energy, Ur is constant.

The partition function

Definition 2.1. Let E; denote the total energy of a system in microstate j. The

partition function is given by the equation
2=y
J

where the sum is taken over all the different quantum microstates, and the inverse
temperature § is conventionally defined as
1

8=,

where T is the temperature in degrees Kelvin.

As a simple example, suppose we have a system A of four particles where no
two particles have the same energy. Next, suppose the energies of the particles are
By =0,E=14x10"%J B3 =28x 1073 J, Ey = 5.6 x 10723 J. Finally, suppose the

heat bath of the system has a temperature of 4 K. Then the partition function is

Z=e" 4 Ve /2 el =275,

Alternatively, one may write Z as a sum over energy levels, E,. If there are g,

quantum states with energy E,, then Z may be written as

Z= Z gne_ﬁEna
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where the sum is over all the different energy levels of the system. The quantity g,
is called the degeneracy of the energy level E,. If no two microstates have the same

energy, then we say the system is non-degenerate.

Entropy in the canonical ensemble

In the canonical ensemble, the entropy of a system A is calculated by considering
M -1 replica systems in contact with each other and with A; when M is taken to
be very large, these systems act as a heat bath for A. The collection of systems is

thermally isolated.

Each of the replica systems is identical to the rest, but we assume that each of the
systems is easily distinguished from one another based on their position. A typical
example of a system would be a large classical object containing many particles such
as a bar of lead. We say that a system, i.e., bar of lead, is in a particular quantum
mechanical state 1;, and let n; be the number of systems in the quantum state ;. The
M systems can be arranged in M! ways. Since swapping the positions of two replica
systems in the state ¢ would not change the macrostate whatsoever, and there are

n;! ways of arranging the systems in state 4, the number of arrangements of systems,
denoted by W, is
M!
W=—-—
nlnglng! - -

If we take M to be so large that each n; is huge, we may use Stirling’s approximation
and the identity M log(M) = > n;log(M) to express the entropy for the M systems,

Sm, as
S = klog(W) = —kM <Z (%) log (%)) .

As M — oo, n;/M approaches the probability p; of finding the system in state ;.
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Thus the average entropy per system, S,‘ may be written as
S = —S k E log(p:) (2.1.2)
= = — 5 10 i) - 1.
5. : pilog(p

If all the probabilities are equal, then p, = 1/W, and

S:~kZ—log< ) = klog(W),

which is Boltzmann’s entropy for a system.

In the canonical ensemble the probability of a system being in the state v; is

o~ 0E:

Di = Z y

S0

log(pi) = —BE; — log(Z). (2.1.3)

Suppose these probabilities are not equal. We substitute Equation (2.1.3) into Equa-
tion (2.1.2) to see that

S = kZPi(ﬁEi + log(2)).
The average energy is denoted U and is defined by
= ZPiEz
Therefore,

S == +klog(2),

]

which we rewrite as

0 -TS = —kTlog(Z). (2.1.4)

The quantity (U —TS) is the mean value of the Hemlholtz free energy, an important
quantity in statistical mechanics. We denote this quantity by F.
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2.1.3 Combinatorics and entropy

Since the focus of enumerative combinatorics is counting, it is ideally suited to de-
termine the entropy of systems in some models. The main tool used is the ordinary

generating function, which is used to count arrangements of microstates and is written
Gu(z) = anm", (2.1.5)

where w, is the number of arrangements of n microstates. When combinatorics is
used in statistical mechanics, we eliminate all multiplicative constants and units of
measurement such as & and J, respectively. This is done for the sake of simplicity,
and for the reason that it would be entirely arbitrary to assign physical units to a
planar lattice path, which is a purely mathematical object. Therefore we say that the

entropy of a system of n particles is simply log(w,).

A combinatorial object that has been used in statistical mechanics is the random
planar walk. An interacting model is one in which the vertices of the walk interact
with each other, i.e., they are not independent. For example, a self-avoiding walk
(a walk which never visits the same point more than once) is an interacting model.
In an interacting model, each walk has an energy associated with it which depends
on some property of the walk. An example of such a property is the interactions of
a walk with some boundary. As a result, the generating functions will depend on a
new parameter which will be conjugate to the energy. We let p,(m) be the number
of a family of walks of length n counted with respect to some property of size m. For
example, m may be the number of times a walk hits the z-axis. If a walk is counted

by pn(m), we say it has energy m.

The canonical partition function of the model is

pn(z) = Z pn(m)zm,

m2>0

where z is an activity conjugate to the energy.
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In combinatorial models, a property of interest is the free energy density (free

energy per vertex or edge), which is defined as followed:

F.(z) = ;11- log pa(z).

The limiting free energy density (per vertex or edge) is defined by

F(2) = lim F,(z) = lim %logpn(z) (2.16)

n—00 n—0o0
for values of z where this limit exists.

The generating function of a model with partition function p,(z) is
Glz,2) = Y pa(z)z” =D Y palm)2"a"
n>0 n>0 m>0
If the limiting free energy exists, it can be computed from the radius of convergence of

G(z, z), denoted z.(z), using the Cauchy-Hadamard theorem, which we state below.

Theorem 2.1 (Cauchy-Hadamard). The radius of convergence r of the Taylor

series

o0
E anz"

n=0

18

r= (T lle)?)

n—0oo

Thus, from Equation (2.1.6) we find that

— /n __ z
oe) = A T =T (217

where F(z) exists.
Example 2.2 Staircase walks adsorbing on the main diagonal. An exam-

ple of a combinatorial object with statistical mechanics properties is given by van

Rensburg[25]: a staircase walk above the main diagonal is a random walk in the
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square lattice made up of N and E steﬁs that starts at the origin and stays on or
above the line y = . We say that such a walk adsorbs where it intersects the main
diagonal. If we rotate these walks by 45°, we see that the ones that end on the diago-
nal are isomorphic to Dyck paths (see Figure 2.2). Therefore the generating function
of such walks, denoted by Gp, is

1 —+/1—-4z?

Gole) = 222

Figure 2.1: Staircase walk rotated to form a Dyck path.

An ezcursion is a staircase walk above the main diagonal with only its end points
on the diagonal. Such walks can be thought of as a step N followed by a Dyck path
and ending with a step E. Therefore the generating function of excursions, denoted

by GE is

1—+v1—4z?

GEIIZGD(I) == 5

We now use the generating functions for Gp(z), and Gg(z) to construct a model
for Dyck paths adsorbing on (attaching to) the main diagonal. To do this, we in-

troduce a second variable z, which shall be the activity conjugate to the number of
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times a walk hits the main diagonal. A Dyck path is either a single visit of weight z,

or an excursion followed by a Dyck path. Thus we obtain the generating function

Gp(z,2) = z+ 2Gg(z)Gp(z, 2)

C1-2(1-v1—-4z2)/2

The radius of convergence z.(z) of Gp(z, z) is determined from the singularities of

Gp(z, z), t.e., when its denominator is zero, or when the square root term in the de-
nominator is zero. Therefore z.(z) depends on z(1 — +/1—4z?)/2. If
1 > z(1 = V1—-422)/2, then z.(z) = 1/2. If 1 = 2z(1 — V1 —42%)/2, then we

solve for z to find z.(z). From this we determine that

if 2 <2;

=

)

ze(z) =

i

, if z > 2.
This defines the free energy Fp(z) = — log z.(z) for this model.

Physically this can be thought of as follows: when z < 2, the free energy of the
system is independent of z, and therefore the systems interactions with the surface
are ignored. For z > 2, an increase in z corresponds to a more attractive diagonal

boundary, and thus a higher free energy.

2.1.4 Planar lattice walks and statistical mechanics
Linear polymers

A polymer is a molecule made up of many copies of a single smaller molecule called a
monomer. A linear polymer is simply a chain of monomers, i.e., two monomers have
one neighbour, and the rest each have two. Self-avoiding walks are a natural choice
of combinatorial object to utilise as possible models for polymers. In particular, the
thermodynamical properties of self-avoiding walks in confined geometries have been

investigated.
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At first glance, it may seem that such é model would be far too idealized and simple
to have any practical application in physics. However, it may be that model systems
that idealize a physical systems may exhibit the same critical behaviour (behaviour
as n — o0o) as the physical system they simulate. This would provide insight into the

properties that determine phase behaviour of physical systems.

Forces in square lattice directed paths in a wedge

Consider the walks generated by {N,E} confined to an arbitrary wedge between the
y-axis and the line y = rz, where r is a non-negative real number. We call such a
wedge an r-wedge. These walks can be used as a simple model of a linear polymer in
a confined space. The thermodynamical properties of these walks have been investi-
gated by van Rensburg and Ye [27]. Figure 2.1.4 shows a general representation of

the walks in which we are interested.

Y

| y=rx

Figure 2.2: Arbitrary confined walk

Let ¢’ be the number of directed paths from the origin of length n confined to
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the r-wedge. Then their generating function, denoted by g., is defined as

oo

Although they did not find g, for an arbitrary r, van Rensburg and Ye were able to
prove that

1n 2, ifr <1,

lim [c{”]
e iy, > 1

Therefore, by Theorem 2.1 the radius of convergence of the generating function g, is
given by
3, ifo<r<l,

,r.r/(1+r)
1+r

t, =
if r>1.

From this they are able to determine the free energy per vertex of the walk of infinite

length:

rlogr
L+7r°

Fr=—logt, =log(l+71)—

The derivative of F,, denoted by F;, represents the entropic force exerted as the
wedge is closed by increasing r. This force can be thought of as a spring force exerted
by the walk on the walls. This corresponds to the entropic force a polymer molecule

would exert on its enclosing boundaries. The expression of F, is given by

P 0, fo<r<li,
z%%,ﬁrzL

The entropic force can also be expressed in terms of the angle o between the y-axis

and the line y = rz. In these terms the force is expressed

[&iﬁiii&} log(cot @), if 0 < < 7/4,

F, =
0, if @ > m/4.
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With the use of MAPLE, van Rensburg and Ye found F, to be maximum when
r = 2.09349... [27]. This corresponds to a wedge angle o = 0.445624612 ..., which
is near 7/7. It should be noted that F. is a measure of vertical force against the line

y=rz.

What does all this mean to a non-physicist? According to this model, if we have
a polymer in a wedge, we can ‘squeeze’ it by decreasing a. As o decreases from 7/2
to m/4, we encounter no resistance, u.e., no force against the boundary of the wedge.
Further closing the wedge, however, causes a force which increases the smaller the
wedge becomes. The vertical force reaches a maximum near 7/7 and then decreases

with a.

The above results are in part what motivates our study of walks in different
restricted regions of the planar lattice. The combinatorial model in {27] is much
easier to examine than the walks we consider, and it illustrates the importance of the
choice of boundaries. The fact that F,, = 0 for a € (7/4,7/2) leads us to hypothesize
that the behaviour of the generating functions of the walks in R/, will not differ

significantly from that of the walks in R, /,.

Other models

There are many other restricted self-avoiding walks whose thermodynamical proper-
ties have been studied. Van Rensburg {25] has written a survey that covers a wide
variety of self-avoiding walk models and their thermodynamical properties. Other
combinatorial objects whose statistical mechanical properties have been investigated
are interacting polygons, animals and vesicles; van Rensburg’s [24] book on the sub-

ject is a thorough resource with many examples explained in detail.
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Lattice Walk Classification

We now examine general lattice walks in four different regions. Section 3.1 recalls
the half-plane, Section 3.2 the quarter-plane, Section 3.3 the one-eight-plane, and

Section 3.4 the three-quarter plane.

3.1 Reduction to half-plane

There has been much work done recently to classify the generating functions of lattice
paths in various restricted regions. For a given region, let £()) denote the set of all
walks generated by a step set ) that remain in that region. It is natural to think of
lattice walks in terms of languages. Let Y = {4, ..., A,} be a step set of cardinality
n. Then £(Y) is isomorphic to some language £ C Z*, where Z = {a1,...,a,}.

Let S be the formal noncommutative power series that sums all the words in
Z. In order to determine the complete generating function Qy(z,y;t), we apply the
function ¢ : K({(Z)) — K|z, y,t] defined as follows: if a4 is the letter corresponding
to the step Ay = (2%, y’), then ¢(ay) = z*y/t. For example, if ¥ = {N} and Z = {a},
then ¢(a) = yt.

27
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For each L£(Y), we actually considér two generating functions. The complete

generating function, denoted by Qy(x,y;t) is defined by
Qu(z.yit) = Y a;(n)zy’t,
i,jEZ,n>0

where a; j(n) counts the number of walks of length n that end at the point (3, j). The
length generating function, denoted by QQy(t) counts the walks of length n irrespective
of their end point, i.e., Qy(t) = Qy(1,1;t). If Qy(z,y;t) is algebraic (resp. D-finite),
then Qy(t) is also algebraic (resp. D-finite).

3.1.1 Walks in the half-plane

We say that a step set Y is simple if each step in Y is of the form (1,a), where a € Z.
A walk generated by a simple step set is called semi-directed because it always moves
in the positive z direction. Banderier and Flajolet [1] proved that, in R,, for any
simple step set )V the complete generating function for walks that stay on or above
the z-axis is algebraic. By assigning a weight to each step in a simple step set, we
adapt their result to show that for any ), the length generating function for the walks
generated by ) that remain in the half-plane R, are algebraic. We state this result

formally in Lemma 3.2.

For the purpose of this section, we will think of a step set V of size m as an ordered
m-tuple, although we will still call it a step set. With a step set
Y ={((a,b1),...,(am,bm)) we can associate an m-tuple of weights II = (wy, ..., wm),
where the weight w; > 0 is associated with the step (a;, b;). The weight of a given
path is defined as the product of the weights of its individual steps. Let a(n) be the
sum of the weights of all paths of length n.

There are several ways weights can be used with lattice paths. If each w; = 1 then
a(n) is the total number of paths of length n. Another situation of interest is when

> w; = 1, as this corresponds to a probabilistic model of walks where, at each step
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in a walk, each step (a;, ;) is taken with probability w;. Finally, we may use weights
to enumerate coloured paths: for example, w; = 2 would mean that the step (a;, b;)
can be coloured in one of two ways. In this case a(n) is again the total number of

paths of length n.

Example 3.1. Suppose we wanted to count the number of Dyck paths where we
colour each of the steps either red or blue. Then ¥ = ((1,1),(1,-1)), I = (2,2). In

this case the weights correspond to the number of ways of taking a step.

Let S =((1,b1),...,(1,b,)) be a simple step set, with II = (w,,...,wn) a corre-
sponding m-tuple of weights. Banderier and Flajolet give Qs(t) as a function of the
characteristic polynomial of S, which is a Laurent polynomial in v denoted by P(u)

and defined as
P(u) := ijubj.
7=1

The characteristic polynomial associated with the coloured Dyck paths in Example 3.1

is P(u) = 2u +2u™".

Now, let YV = ((a1,b1), ... (am, b)) be an arbitrary step set. For a walk w gener-
ated by Y to remain in R,, the following must be true of any prefix u of w: the sum
of all the steps in u must have a non-negative z-coordinate. We show these walks
have an algebraic length generating function by mapping V to an ordered pair (S, 1),
where S is a simple step set and II is a system of weights. We map ) to (S,II) as
follows: first, map each step (a;,b;) to the step (1,a;), and let k£ be the number of
distinct a;’s. Next, let S = ((1,¢1),...(1,ck)) be a k-tuple that contains each of the
distinct (1, a;)’s. Finally, let IT = (wy, ..., wx), where each w; is the number of steps

in V with z-coordinate c;.

Essentially we are mapping w to a semi-directed walk with possibly different
coloured steps that stays above the z-axis. For example, the step set

Y =1((2,2),(21),(-1,3),(—3,2)) has two steps with z-coordinate 2, one step with
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z-coordinate —1, and one step with z-coordinate —3. Therefore ) is mapped to the

ordered pair (S, 1I), where § = ((1,2),(1,-1),(1,-3)), and [T = (2,1, 1).

This shows that each walk generated by ) is isomorphic to a semi-directed walk
with coloured steps, and therefore Qy(t) = Qs(t), which is algebraic. However, in
order to show the algebraicity of the complete generating function for step sets that

are not simple, we use other techniques, which we describe below.

3.1.2 Single restriction lemma

We begin by proving a lemma which states that walks isomorphic to those generated
in R, by V whose steps are all unit steps have an algebraic complete generating
function. In order to do so we utilize both the Dyck language and its extension: the

Motzkin language.

Motzkin paths are similar to Dyck paths: they are lattice paths generated by
{(1,1),(1,0),(1,-1)} that end on the z-axis and cannot step below it. Before we
define the language corresponding to the Motzkin paths, we require the following
definition: let u be a word in X* and let & € X. We define |u|, to be the number of

occurences of the letter o in the word u.

The words that correspond to Motzkin paths are defined as follows: a word u €
{a,b,c}* is Motzkin word if |u|, = |u|, and for any factorization u = wv we have
|lwle > |wly. For example, u = aaacbecbbeacbaaabbeeeh is a Motzkin word. We call

the set of all Motzkin words the Motzkin language and denote it by M.

Like Dyck words, Motzkin words have a simple unique decomposition. If the first
letter of a non-empty Motzkin word is ¢, the word can be thought of as a ¢ followed by
a Motzkin word. If its first letter is an a, the decomposition is similar to that of a Dyck
word: again we consider the factorization v = awbv where w is the shortest word pos-

sible such that |awb|, = |awbl,. For example, the words u, = aaacbccbbeacbaaabbeceh
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and uy = caaacbcebbeacbaaabbeeeh are factored as shown:

uy = a(aacbeeb)b(cacbaaabbeeed)

us = c(aaacbecbbeacbaaabbeech).
Thus M is a solution to the proper algebraic system
z=1+4+cz+azbz,

and M is algebraic. To obtain the length generating function of Motzkin words, m(t),
weleta=b=c=1¢

m(t) =1+ tm(t) + t*m(t)*

To obtain the complete generating function of Motzkin paths, which we denote by

m(z,y;t), we let a = zyt, b = zt/y, and ¢ = zt:

m(z,y;t) =1+ tem(z, y;t) + 2 m(z, y; 1)

A Motzkin-like language applied to lattice walks

Each walk set can be considered in terms of the restrictions on its walks. For example,
the set of walks generated by the step set {S,NE,E} in R,/ is unrestricted. Walks
generated by {W,N,NE}, on the other hand, have the following restriction: for any
i, the first ¢ steps of a walk must have at least as many NE steps as S steps and at
least as many NE steps as W. This representation of planar lattice walks has similar

structure to Motzkin words and Dyck words.

For example, we may represent walks generated by {W,S,NE} with words made
up of the letters {1, y1, ¥2}, where z; represents NE, y; represents S, and vy, represents

W. The set of words representing these walks is the set

{ve{zn, 02} wly, < lwlsy, lwly, < lwls,Ywy = u}
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When we consider sets of walks in terms of a language we are able to classify the
generating functions for many different step sets as algebraic. We now state and

prove a lemma that gives a necessary condition for algebraicity of Qy(z,y;t).

Lemma 3.1. Let Y = {A;,..., A} be a step set of cardinality n, and let the language
Z C{ay,...,an}" be isomorphic to L{)). Suppose there exists some permutation p
and integers 1 < 1 < j < m < n such that we can define Z entirely by the condition

that for any factorization z = uv of a word z € Z,

1U|ap(1) 4 |U|ap(i) + 2([“|ap<i+1) o Ful

2 oy pny b+ (e + 2008y, + 0+ ula

Then Z 1is algebraic, and the complete generating function Qy(x,y;t) is also algebraic.

If Z can be defined in such a manner, it is called singular.

Proof. Let W C Z be the set of all words w € {a,b,c,d,e}* such that
jw|s + 2|w|s = |wl|. + 2lw|s. These words are isomorphic to the walks generated by
{(1,1),(1,2),(1,-1),(1,-2),(1,0)} in R,/> that end on the z-axis. In order to prove

that W is algebraic, we must first define three other sets of words.
Let W, be the set of all words w € {a,b,cde}* such that
[wle + 2|w|y = |w|. + 2lwlg —1 and such that for any prefix u of w,

|ulg + 2luly > |u|c + 2|ulg — 1 . These words correspond to walks that stay above

and end on the line y = —1.

Let Wy C Z be the set of all words w € {a,b,c,d,e}* such that
\w|, + 2|w|s = |w|. + 2|w|s + 1. These words correspond to walks that stay above

y = 0 end on the line y = 1.

Finally, let Wy be the set of all words w € {a,b,c,d, e}* that satisfy the following

three conditions:

o |w|, + 2wl = |wle + 2wlg;
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e there exists a factorization w = wv such that |ul, + 2|uly = |ulc + 2Juls — 1;

e for any prefix u of w, |uls + 2luly > |ul. + 2|uls — 1.

The words in W, correspond to walks that end on the z-axis but touch the line

y = —1 at some point. For the purposes of this lemma, we will speak of walks and

their corresponding words as if they are the same object.

In manner similar to that of Motzkin paths, we decompose a non-trivial w based

on its first return to the z-axis. The decomposition depends on both w’s first step

and its first step back to the axis. If w begins with an e, we count that single step as

both its first step and its first return to the axis. Therefore we have five cases:

Case 1.

Case 2.

Case 3.

Case 4.

Case 5.

If w begins with e, it is factored as w = ev, where v € W.

If w begins with a and first returns to the z-axis with c, it is factored as

w = aucv, where u,v € W.

If w begins with a and first returns with d, it is factored as w = awsdu,

where u € W, and w3 € W;.

If w begins with b and first returns with ¢, it is factored as w = bwscu,

where u € W, and wy € Wj.

If w begins with b and first returns with d, it is factored as
w = bwydu + bvdv’, where u,v,v" € W, and wy € W,. The plus sign
in such a decomposition represents an exclusive or, i.e., w satisfies pre-
cisely one of the two possible decompositions. This case is different from
the others because w might never touch the line y = 1 between its first

step and its first return.

Figure 3.1 shows the decomposition of Case 4 in terms of a walk.
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Figure 3.1: Decomposition of w in Case 4.

We next decompose a word w, € W, uniquely based on its first step onto the line
y = —1. If its first step to y = —1 is ¢, we factor wey as wy; = ucv, where u,v € W.

Otherwise we factor wy as wy = wadw, where w € W, and w3 € Wi.

In contrast to W, we uniquely decompose w3z € Wi based on its last return to
the x — azis. If that step is a, we factor w3 as w3 = uav, where u,v € W. Otherwise

we factor ws as ws = wbws, where w € W, and w; € Wh.

Finally, we consider wy; € W,. We know that w, must step down to the line
y = —1, so we uniquely decompose it based on its final step from that line. Again we
have two possibilities: if the last step from y = —1 is a, we factor wy as wy = wqaw,
where w € W, and wy € W,. Otherwise we factor wy as wy = wugbu,, where

Ug, Vg € Ws.

From the above unique decompositions, we determine that (W, Wy, W3, W,) is a
solution to the proper algebraic system
w =1+ ew + awcw + awsdw + bwycw + bwydw + bwdw
We = wew + widw
w3 = waw + wbw,

wy = wa(aw + buy).

Therefore W is an algebraic language.
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We now prove that the language X < {a,b,c,d,e}* defined by the restriction
|ule + 2lulp > lulc + 2|ulq is algebraic. In order to do so, we must define a second

language X = {u € {a,b,c,d, e}* : |ula + 2ulp > |ul. + 2Juls — 1}

For z € X there is a unique decomposition based on the last time z leaves the
xz — azis. This decomposition depends on the step taken by z from the axis for the
last time. If 2 ends on the axis, it is in W. Otherwise it leaves the axis for the last
time with either ¢ or d. If its last step from the axis is ¢, it factors as 2 = waz’, where
w € W, and 2/ € X. Otherwise it factors as z = wbz’ or z = wbZ, where w € W,
ZeX, andze X.

For z € X there is a unique decomposition based on the last time Z steps to the
region above the z-axis from below. If this last step is from the axis, Z factors as
7 = wsaz, Z = wabz, or Z = wybZ', where wy € Wy, z € X, and 2’ € X. Otherwise z
factors as Z = wpbz, where w, € W,, and z € X. Therefore (X, é\—.’) is a solution to

the proper algebraic system

z=w++ waz + whbz + whz

Z = wylaz + bz + bz) + wabz,

so X is an algebraic language. Figure 3.1 shows the decomposition of z in terms of a

walk.
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/z; \
/ wew XOR wew \ / | XOR
l /
/ zeX
wew \/ \ XOR wew /
\,‘ \

Figure 3.2: Decomposition of z.

Finally, to obtain the algebraic language Z isomorphic to £()) we simply let
a = Clp(l) + -+ Clp(i), let b = ap(H,l) + -+ ap(j), let ¢ = ap(j+1) + -+ ap(k), let

d = Aprs1) T+ Ap(m), and let e = apimar) + 7 + Ap(n)-
Given a step set Y, we let Qy(z,y;t) = ¢(Z), which is algebraic by Theorem 1.2.

O

Example 3.2. Let Y = {NE SE E} and consider the walks £(}) generated by Y
in the region R,/;. Then L£()) is characterized by the single restriction |u|ne > |u|se.
By Lemma 3.1, £()) is isomorphic to a language Z C {a,b,c,d,e}* defined by the

following proper algebraic system:

w =14+ bw + awcw

z=w+waz.
We apply ¥ to obtain the following generating functions:

Wiz;t) =1+ ztW(z;t) + *W(z;t)?
Qlz,y;t) = W(zit) + zytW (z;4)Q(z, y; 1)

=14 (zy + )t + (222 + 2% + 22%) ¢ + O(23).
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Notice that W(x;t) = Q(z,0;t) is the complete generating function for Motzkin
paths.

Lemma 3.1 applies to walks whose step sets are of any cardinality and whose steps
are not necessarily unit steps. For example, the walks in the first quadrant generated
by the step set {(2,2),(—2,1),(0,1)} have an algebraic complete generating function

and are counted by an algebraic length generating function.

Banderier and Flajolet’s result for simple walks in R/, can also be extended to

walks in R, that are not simple, and it can be stated in terms of a language.

Lemma 3.2. Let Y = {A,,..., A} be a step set of cardinality n, and let the language
Z C {ay,...,an}* be isomorphic to L(Y). Suppose there exists a permutation p,
positive integers 1 < j < m < n, and a set of positive integers I' = {v,7v2,...,Ym}
such that we can define Z entirely by the condition that for any factorization z = uv

of a word z € Z,

’Yl\u\apu) t+t 'Yj‘u‘ap(j) 2 FYj‘Fl‘u‘ap(j-i-l) + 0+ Ymlula (3.1.1)

p(m)’

Then the length generating function Qy(t) is algebraic.

Proof. Because of Banderier and Flajolet [1], it is sufficient to show that Z is isomor-
phic to a set of walks generated by a step set X' that must remain in R,. We first
define a function 8 : Y — Z x Z as follows:
6(A ) = (vio9) f1<2<m,
(0,) ifm+1<i<n
Essentially ¢ maps a step A,; to a step with a unique y coordinate that steps
away from or towards the y-axis by a distance of v,. Denote (A, ) by B,, and
let X =6()). Then a walk w generated by X is in R, if and only if, for every

factorization w = wv, the following inequality is satisfied:

vilulp, + -+ yluls, 2 vieiluls o+ Imlulsa (3.12)
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Inequality (3.1.2) is the same as Inequality (3.1.1), so the walks generated by X in
R, are isomorphic to Z. O

Lemma 3.2 is a more general result than Lemma 3.1, but our proof of Lemma 3.1 is
constructive and relies solely on the combinatorial properties of algebraic languages.
In contrast, the proof of Lemma 3.2 relies on Flajolet and Banderier’s [1] result whose
proof uses combinatorial arguments combined with complex analysis and Laurent

polynomials.

The language in Lemma 3.1 is defined by a specific case of the Inequality (3.1.1)
where I' = {1,2}. The method used to prove Lemma 3.1 can be used for any specific

set of positive integers I', but the larger T is, the more complicated the construction.

3.2 Walks in the quarter-plane

Recall that the quarter-plane is defined as Rr/2 = {(4,7) € Z x Zjz > 0,5 > 0}. This
region is a well studied one, and this section outlines some of the results proven about
walks in R,/2. As mentioned earlier, Dyck paths are easy to investigate because they

are really only bounded by the z-axis.

The next step is to consider a step set that generates walks which may interact
with both boundaries in R,/;. A walk that may interact with two boundaries is
defined by two restrictions as opposed to the single restriction of Dyck paths. One
such step set is ) = {NE,W,S}. The walks generated by ) are known as Kreweras’

walks and are named for Germain Kreweras.

3.2.1 Kreweras’ walks

Kreweras’ walks are planar lattice walks that start at the origin, remain in R/, and

are composed of three types of steps: NE, W, and S. Figure 3.3 shows an example of
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a Kreweras’ walk of length 24.

y
A

4—{ i
|
|

A e
s
4

A
|

Figure 3.3: Example of a Kreweras” walk of length 24

In 1965 [18] Kreweras proved that the number of planar walks that begin at (0, 0),
consist of 3n unit steps, any of which can be NE, S, or W and always remain in R,/;

is

a(3n) = ol <3n> (3.2.1)

(n+1)(2n+1)\n
Gessel [15] proved in 1986 that the generating function Q(t) of the numbers a(3n)
is algebraic. However, the methods used by both Kreweras and Gessel involved first
guessing the correct solution then proving it. The fact that this generating function
is algebraic is interesting because Q(¢) cannot be constructed with a proper alge-
braic system, a result which can be proven with the “pumping lemma” for algebraic
series [17]. The pumping lemma states a property that every context-free algebra must

have, and the generating function for Kreweras’ walks cannot have that property.

In 2005 Bousquet-Mélou [5] further investigated the enumeration of planar lattice
walks using NE, S, or W steps. She proved that the complete generating function
of those walks is algebraic. Unlike Kreweras and Gessel, she derived the solution

constructively rather than conjecture and verify a solution. Her methods and results
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are summarized below.

Bernardi {2] recently constructed a purely combinatorial proof for Equation (3.2.1).
He did so by finding a bijection between Kreweras’ walks that end at the origin and

loopless triangulations.

Enumeration of Kreweras’ walks of length n

Consider planar lattice walks that start at (0,0), use NE, S, or W steps, and always
remain R/, Let a,;(n) be the number of n-step walks of this type ending at (i, j).
Denote by Q(z,y;t) the complete generating function of walks:
Qlz,yit) = Y ai(n)ziyt™.
i,3,n>0
We construct these walks recursively by starting considering a walk as a shorter

walk with a single step appended to it. This recursive definition gives the functional

equation
1 1 t .
Qlz,y;t) =1+t <— + -+ wy) Rz, y;t) — -Q(z,0;t) — =Q(0,y;t).  (3.2.2)
T Yy Y T

The first term in the right-hand side counts the empty walk. The next term shows
the three ways one can add a step at the end of a walk. For example, iQ(x,y;t)
represents adding a step west at the end of a walk. Since the walk must remain in
Rz, we cannot add a S step to a walk ending on the r-axis, and we cannot add a
W step to a walk ending on the y-axis. The last two terms in the right-hand side

subtract the contributions of these forbidden moves.

There is a correspondence between walks ending on the z-axis and those ending
on the y-axis. If we take a walk that ends on the z-axis and substitute a S step for
each W step and vice versa, we effectively reflect the walk across the line y = z to get

a walk of the same length that ends on the y-axis. Therefore Q(x,0;t) = Q(0,z;t)



CHAPTER 3. LATTICE WALK CLASSIFICATION 41

and Q(0,y;t) = Q(y,0;t). Notice that zy — t(z + y + 2%y?) is symmetric in z and y.
Thus we can swap « and y in Equation (3.2.2) to show that Q(x,y;t) = Q(y, z;t), so

Q(z,y;t) is symmetric in z and y.

Equation (3.2.2) is equivalent to

(zy — t(z +y +2%") Q(z,y) = 2y — R(z) - R(y), (3.2.3)
where
R(z) = ztQ(z, 0; ).
Because of the symmetry properties of Q(z,y;t), R(x) is well-defined.
In order to state Theorem 3.3 we first recall from Table A.1 that the coeffecient

of 2 in f(z) is denoted by by [z']f(z).

Theorem 3.3 (Bousquet-Mélou [5]). Let W = W(t) be the power series in t
defined by
W =t(2+W?).

Then the generating function of Kreweras’ walks ending on the x-axis is

1 1 1 1 1
@z, 0:1) tx <2t x (W x) o )

Consequently, the length generating function of walks ending at (,0) is

W2'i+l (C B Ci+lW3>

[21Q(=,0;1) = 5 1

where C; = (2])/(2 + 1) 1is the ith Catalan number. The Lagrange inversion formula
gives the number of such walks of length 3n + 2t as

2eo(3n + 21) = 4"(21 + 1) <21> <3n + 22')‘

n+1+1)2n+204+1)\ ¢ n
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The complete generating function Q(z,y;t) can be recovered using

Equation (3.2.3):

(/W —2)vV1—zW? + (1/W = §)/1 — yW? 1

zy — t(z +y + 22%?) oyt

Qlz,y;t) =
where Z =1/z and § = 1/y.

The technique used by Bousquet-Mélou to prove Theorem 3.3 is called the obsti-
nate kernel method. This method couples the variables z and y so as to cancel the
kernel K(z,y) = (zy — t(z + v + z%y?)) to find information about the series R(z).
She then uses a tool called the algebraic kernel method, which we describe in detail
below. With the algebraic kernel method, she found Q4(z) = > a;:(n)z™, the diago-
nal of Q(z,y;t) that counts the Kreweras’ walks of length n that end on the diagonal

= 7. By finding Q4(z), she was then able to determine Q(z,y;t). We will first use

Dyck paths to give an example of the obstinate kernel method.

Obstinate kernel method applied to Dyck paths

Let £(Y) be the set of walks generated by ¥ = {NE,SE} in R,/2, and consider the
complete generating function Qy(z,y;t) of £(Y). The Dyck paths are a subset of
L(Y), and the complete generating function of the Dyck paths is Qy(z,0;t). We
construct the walks recursively in a manner similar to that of Kreweras walks to

obtain the functional equation

Qy(zyit) = 1+ t(zy + 2/y)Qy(z, v t) - %Qmo; 0. (3.2.4)

Equation (3.2.4) can equivalently be written as

(zy — tz*y* —tx*)Qy(z,y;t) = zy — 2°tQy(z, 0;t). (3.2.5)
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We call (zy —tz?y? —tz?) the kernel of Qy(z,y;t) and denote it by K (z,y). We treat

K(z,y) as a function of y and find its roots:

—1 £ Vx? — 4tz

—2tx?
1z /I ang
B 2tx '
Let Y, = 1=vl-dtz” “;;I‘M, and let ¥; = Y1422 Since Y} is a formal power series in ¢,

we may substitute it into Equation (3.2.5) to obtain

0 = zYp — £%Qy(z,0; t)

TY;
x4t
1 — 1 — 4t2z2

=g (3.2.6)

Finally, we substitute Equation (3.2.6) into Equation (3.2.5) and divide by K(z, y)
to obtain

1203yt — V1 - 422

T,y;t) = .
Wz yY) 21222 (tzy? + tz? — zy)

(3.2.7)

Algeraic kernel method applied to Kreweras’ walks

Equation (3.2.3) can be rewritten as

K(z,y)Q(z,y) = zy — R(z) — R(y).

The algebraic kernel method couples the = and y variables and uses the algebraic

properties of K(z,y) to determine Q4. Equivalently,
ry K. (z,y)Q(z,y) = zy — R(z) — R(y), (3.2.8)

where K.(z,y) = 1 —t(Z + § + zy) is the rational version of the kernel K. K, has an

Invariance property:
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Iterative application of the involuti\}e transformations ® : (z,y) — (Z7,y) and
¥ : (z,y) — (z,Z7) gives us the pairs (z,y), (Z¥,y), (27, ), (z,Z7), and (v, 7Y), all
of which can be substituted for (z,y) in Equation (3.2.8).

These substitutions give three equations:
YK, Q(z,y) = zy — R(z) - R(y),
IK,Q(z9,y) =7 — R(Z7) — R(y),
7K:Q(z,27) = § — R(z) — R(Zp).

Summing the first and third equations and subtracting the second one gives:

K, (zyQ(z,y) — 2Q(27,y) + 7Q(z, 27)) = 2y — T+ § — 2R(x)

_1 _tKT 2% — 2R(z).

Equivalently,

1

zyQ(z,y) — IQ(Z7,y) + 7Q(=z, Z7) + % = kl— <Z - 2% — 2R(z)> . (3.2.9)

We now consider Equation (3.2.9) in terms of formal power series in ¢ and examine
the constant term in y, i.e., the sum of all the terms that contain no powers of y.
On the left hand side of Equation (3.2.9), the only terms without a power of y as a
coefficient are in ZQ(Z7y,y;t) and 1/¢, so we may ignore the other terms. Recall that

Qy. git) =z Y (zy) (7)Y t"ais(n).
i,j,n>0
The constant terms with respect to y are those in which ¢ = j, v.e.,
WzQzy, 7it) =z > Tt"au(n).
i=5,n>0
Walks for which ¢ = j are those that end on the diagonal y = z. These walks are

encoded by the series

> Ttta(n),

1=3,n>0
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which we denote by Qq(z). Thus, the coﬁstant term with respect to y on the left hand
side of Equation (3.2.9) is £Qu4(Z) + 1/t. To determine Q, we need only to extract

the terms constant in y on the right hand side of Equation (3.2.9).

As a polynomial in y, K(z,y) has two roots:

1-t2 - /(1 - t2)? — 4t
B 2tz

Yo(x)

11—tz 4 /(1 -t8)? - 4t

Yi(z) T

Using Yy and Y,, K(z,y) factors as —tz?(y—Y5)(y— Y1), so K, = —tzj(y—Yo)(y—"1).
Below we use partial fractions of y to express K, as a Laurent series in y:
K, =tz¥\(1 - Yop)(1 —y/ 1)

1 _A, B C
K., Y, 1-Yg 1-y/%

Gathering like powers of y yields the system of equations

Y,
1:A+A§+Bmm+0mm
1

0=-YA-Ct
-1
=-——B
0 ¥ tr,

which we solve to determine

Y, ~1

A= dB=C=—rr-.
Yo—v, ' " tz(Ys — Y1)

Let A(x) = (1 - t%)? — 4t%z, which is the descriminant of ¥y and Y7. Since
Yy~ Y, = —+/A(z)/tz, there is the following expression for 1/K:

11 < Lo, _1>
Kr \/A(.Z‘) 1—Z7Y0 l_y/}/l

= \/_AIG_) (Z y Y+ y"Y;"> . (3.2.10)

n>0 n>1
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Each of A(z), Y,, and Y, can be expressed as a formal power series in ¢t with
coefficients in Q[z, Z], so the above expansion of 1/K, is valid in the set of formal
power series in ¢t with coefficients in Q|[z, Z,y, §]. Therefore from Equation (3.2.9), we

determine
1/t — 2% — 2R(z)

A(z)

—IQq(Z) + % =

As a Laurent polynomial in z, A(z) has three roots. Two of which (X, and X))
are formal power series in v/%; the other (X,) is a Laurent series in t. The coefficients

of these series can be computed inductively:

(1-tz2)2 -4’z =0
(x—t)2—4t’2* =0

T = +2tz%?% + ¢,

Thus X; is defined by the relation z = ¢t +2tx%2, and X, is defined by z =t — 2t2%/2.

To calculate X5 we solve for the “other” z:

(1—tz)? -4tz =0

2 _ 4t2 3 _ t2
z=2 2;: . (3.2.11)

Therefore X, is defined by the relation shown in Equation (3.2.11).

We now develop the initial series for Xy, X, and X, below by iteritave expansion:

1287
XO=t+2t2\/¥+6t4+21t5\/2+80t7+Tt8ﬂ+~-,
2 4 5 7 12878
X, =t — 22Vt + 6t* — 215/t + 80t —Tt\/hm,

1
X, = i 2t — 12¢* — 1607 — 2688t1° — 50688813 + - - . .

In order to proceed further, we must first state an important lemma proven by

Bousquet-Mélou and Schaeffer.
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Lemma 3.4 (Factorization Lemma [3, 7]). Let A(xz;t) be a series in t with coeffi-
cients in Riz,Z], and assume A(z;0) = 1. There emsts a unique triple
(Ao(t), Ay(z;t), A_(Z;t)) = (Ao, Ar(z), A_(Z)) of formal power series in t that sat-

1sfies the following conditions:

1. A(z) = AoA 4 (T)A_(Z);

b

the coefficients of Ay are in R;

“o

the coefficients of Ay (x) are in R[z];

~{—\

the coefficients of A_(Z) are in R[Z);

5. A(0) = AL(0;1) = A_(0;8) = A, (z;0) = A_(Z;0) = 1.

The proof of Lemma 3.4 gives an explicit construction of how to factor A(z) based

on the series expansions of its roots as series over t. We use this proof to factor A(z):
A(z) = DA (z)A_(T)

with
No=4t2Xy , AL(z) =1~-2/Xy, A_(Z) = (1 = 2X)(1 - ZX)).

Recall that W is defined by the formula W = ¢(2+W?3). Though it is not obvious,
X2 = 1/W23

W =t(2+W?
W — W3t = 2t

2t
W= <1—W‘2t>

1 (1= W\*
wz o\ 2 '
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Note that 1/W? has the same iterative definition as X,. We use Maple to expand
1/W2

1 1
— = — — 2t — 12t* — 160t’ 9.
i 60t" + O(t")

Since the first terms of 1/W? are the same as those of X5, and 1/W? satisfies the same

recurrence as Xo, we may conclude that the two series are indeed equal. Therefore

Ao =4t*/W? and Ap(z) =1 - zW?

We proceed with the canonical factorization of A(z) and the fact that X, = 1/W?

to determine )
A(z) <—:7:Qd(:f:) v 3) _ L _Z:Aﬁ ?f;(x)

)

t

Extracting the nonnegative powers of z gives R(z), from which @(z, 0;t) is deter-

1 /1 1/1 1
: = = - — - | — — = — W2 .
Q,0:¢) tx <2t T <W a:) b-e >

From Q(z,0;t), Q(z,y;t) can now be completely determined, and Theorem 3.3

mined:

follows.

3.2.2 Reverse Kreweras’ walks

We now develop in more detail an example from Mishna [20] to further illustrate
the importance of the algebraic kernel method of lattice path enumeration. Consider
planar lattice walks that start at (0,0), use SW, N, or E steps and remain in R/.
Walks created using these steps are simply Kreweras’ walks done in reverse, so we

call them reverse Kreweras’ walks.
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Enumeration of reverse Kreweras’ walks of length n

Let P(z,y;t) be the complete generating function for reverse Kreweras’ walks. We

obtain the functional equation

1 ¢ ¢ ¢
P(z,y;t) =1+t <— + 1z + y) P(z,y;t) - —P(0,y;t) — —P(z,0;t) + — P(0,0; t),
Ty Ty Ty Ty

or equivalently
(zy —t(1+ 2%y + y%)) P(z,y;t) = zy — tP(0,y;t) — tP(z,0;t) + tP(0, 0; ).
We let L(z,y) = zy — t(1 + 2%y + y%z) and let

1
L.z,y)= EL(x,y) =1-tZ7+z+vy). (3.2.12)

This rational kernel has the same invariance property as the rational kernel for

Kreweras” Walks, i.e.,

L(z,y) = L(25,y) = L-(z,27) = L.

Again, iterative application of the involutive transformations ® : (z,y) — (Z7,v)

and ¥ : (z,y) — (z,Zy) gives us the pairs (z,y), (Z¥,y), (7, ), (z,ZF), and (y,Z7).

We now define a counterpart to L,:

Substitution of the pairs (Z,7), (Z,zy), and (zy,§) into Equation (3.2.12) yields

the following system of equations:
gL P(Z,7;t) = 3§ — tP(%,0;t) — tP(0,7;t) + t P(0, 0; t)

yL.P(Z,zy;t) =y — tP(%,0;t) — tP(0,zy;t) + tP(0,0; 1)

L, P(zy,§;t) = ¢ ~ tP(zy, 0;t) — tP(0,g;t) + tP(0,0;1).
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Summing the first and second equation and subtracting the third one gives

ZYP(Z,7;t) + yP(Z, zy;t) — oP(zy, 5;t) = = (2§ + y — 2tP(Z,0;1) + tP(0,0;¢)).

-

(3.2.13)

We now apply the fact that the rational kernel K,.(z,y) from the proof of
Theorem 3.3 is equal to L.(z,y) to express the right hand side of Equation (3.2.13):
1
?(Ey +y — z2tP(Z,0;t) + tP(0,0;1))

r

= /Al(m) (Z y Y+ Z y”Y{") (s—:y + 1y — 22tP(%,0;t) + tP(0,0; t)) .

n>0 n>1

As in the case of Equation (3.2.9), extraction of the constant term of
Equation (3.2.13) with respect to y on the left hand side yvields z Py(z), where Py(x)
is the generating function that counts the number of reverse Kreweras’ walks ending
on the diagonal. The constant term in y on the right hand side is more difficult to

extract:

\/Al(z) (Z y Y+ Z an;") (fz} +y - 22tP(z,0;t) + tP(0,0; t)>

n>0 n>1
! (1+‘Y+y+y2+ ><“+ 2tP(‘0t)+tP(00t)>
= —+ = +... I -z z,0; ,0;
Z&(I) Yro YE Y? yry
1 I
= ——— | — + Yy — z2tP(z,0;t) +tP(0,0:%) ).
<= (7 + ¥o- 2P0+ P00
YoY1 = Z, so extraction of the constant term in y from Equation (3.2.13) yields
1 1
zPi(r) = —=—=—= | — + Y, —xz - 2tP(Z,0;¢) + tP(0,0;¢t
()= 2= (7 + % (2.050) + £P(0,0:))
1
= ——(2Y, —z — 2tP(%,0;t) + tP(0,0;t)) . (3.2.14)
A(z)

For a series f(z,Z,t) in C[z,Z][[t]], let f= denote the series obtained from f

by keeping only those terms whose coefficients of ¢t are polynomials in C[Z]. We
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now use the canonical factorization of A(z), use the fact that Ay = 4t2/W? and

A, (z) =1~ zW?, and extract the non-positive powers of z to determine P(Z,0;1):

<
~2tP(%,0,¢ .0, ¢ —2Yy \~
_ —2tP(%,0,t) + tP(0 )_( z - 2Y, ) (32.15)

0= AoA_(Z) AoA_(Z)

First we calculate

T z 1
Bousquet-Mélou[5]  showed  that  A_(Z) can  be  expressed as
1 — W + W3/4) + 22W?/4. If we let X = ZW?4 — W + W3/4),
then \/A_(Z) = /1 —ZX Note that X € k[[t]]. Therefore

1

Van® | VA VIR

X jX _2
- _* _.L+O(“)
VA WE T

- ( AOA_(£)> T VA @) VDo

From this we determine

<“_;L__>S(¢Z;§IE)=

Do _(3)

( b m) (VEE D)

(1 - A_(:z»)) .
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The other term in the right hand side of Equation (3.2.15) is more difficult to deter-

mine:

AA_(Z) ]\ tr/DoA_()
(= Y (VEEY
~ \tz/DoA_(7) xt

= _._f_(_l_—th_).:_ — _At@ ) . (3'2_16)
\/A()A_(I) xt
We next develop 2,/A(x) as a series in :
(\/A+(I)>S _ ( 1- IW2>S
xt xt
z TW? ) =
- (7 (- -0e))
r Ww?
= =5 (3.2.17)

Combine Equations (3.2.16) and (3.2.17):

(%)S NA_(Z) = % (f(l —~tZ) — (1‘: - VZ°> AOA_(f)) :
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Therefore,

S50

% (f (1 - A_(:r)) *% <$(1 —tz) - <$ - ”2/_2> AOA—@O)

—P(0,0; )~
tG(-vE@) - (st e - (o- 5 ) 2vEm))
IV e A

The only remaining unknown term is P(0,0;¢), which counts the number of reverse
Kreweras’ walks ending at (0,0). Fortunately, each reverse Kreweras’ walk that ends

in the origin is simply a Kreweras’ walk done in reverse. Thus we can extract P(0,0;¢t)

P00 =2 (1),

from Theorem 3.3:

2t 4

We now have a complete expression for P(z,0;t), and thus P(z,y;t).

Theorem 3.5. Let W = W(t) be the power series in t defined by
W =t(2+W?),
and let V = V(t) be the power series in t defined by
V=1-—aW(+W?3/4) +2*W?/4.

Then the generating function of reverse Kreweras’ walks ending on the x-axis is

1 /W w3 1 2 oz 1 2z w
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Corollary 3.6. The complete generating function for reverse Kreweras’ walks is

o3y =Ulz) = Uly) + U(0)
Pa,yt) = zy — t(1 + %y + yiz)

where
U(z) =tP(z,0;t).

Corollary 3.7. Let W(t) and V(t) be defined as in Theorem 3.5. The length gener-
ating function for the reverse Kreweras’ walks is

1-2U(1)+ U(0)

P(1L1;t) = T-30

where

Ulz) = tP(l",O;t)‘

3.2.3 Double Kreweras’ walks

The complete and length generating functions of both Kreweras’ and reverse Krew-
eras’ walks are algebraic, which leads us to wonder if there exist other generalizations

of the Kreweras’ walks with algebraic complete and length generating functions.

We consider the walks generated by the union of the steps that generate the
Kreweras’ and reverse Kreweras’ walks. That is, let Y = {N,NE, E, S, SW, W}. We call
the walks generated by V in R,/, double Kreweras’ walks, and denote the complete
generating function of these walks by Qu(z,y;t). We write Q4(z,y;t) in terms of its

iterative definition below:
Qa(z,y;t) =1+ t(y + 2y + 7 + 7+ I7 + T)Qae(z,y; 1)

~ (2 + 27)Qu(0, ;) — £(§ + 27)Qua(z, 05 ) + t27Qa(0,0;2). (3.2.18)

Unfortunately, we have been unable to successfully apply the algebraic kernel

method to Equation (3.2.18). One problem is that the step set for double Kreweras’
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walks 1s “too symmetric.” The kernel éf Qa4(z,y;t) is invariant over the same z,y
pairs as the Kreweras’ and reverse Kreweras’ walks, but substituting the different
pairs into Equation (3.2.18) does not yield enough different equations to determine
anything about Q4(z,y;t). However, with the aid of the GFUN package in MAPLE
(see Appendix B) we hypothesize that the length generating function for the double

Kreweras' walks, which we denote by Q4(t), satisfies the following two equations:

=28%(6t — 1)Qq(t)* + 4t2(6t — 1)Qq(t)® + 3t(6t — 1)Qq(t)* + (6t — 1)Qq(t) + 1
(3.2.19)

0 = (6t — 1)(2t + 1)tQ,(¢) + (12t% + 6t — 1)Qq(t) + 1. (3.2.20)

Therefore, it is our conjecture that the length generating function Q4(t) is algebraic.

We rearrange Equation (3.2.19):

Qalt) = 1%& — 3tQq4(t)? — 4t2Qu () — 263Qq(t)*. (3.2.21)

Since the generating function for unrestricted walks generated by ) in the planar

lattice is —, it appears that Q4(t) may simply be the subtraction of the generating

1-6¢°

function of walks that leave R, from the unrestricted generating function. However,
we have yet to find a proof that this is the case. The simplicity of Q4(¢) is encouraging
in that, if it were correct, there may be a nice combinatorial argument for a proof.

From Equation (3.2.20) we also determine the following recursion for the coeflicients

a(n) of t™ in Qq4(t):

g = 17
a; = 3’
1
an = ——=(12(n = L)an2 + (41 + 2)any) for n 2 2.

n +
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3.2.4 Classes of walks

There are many instances of different step sets that lead to isomorphic walks. For
example, the walks generated by a step set ) are isomorphic to those generated by
the set made up of the steps in ) reflected across the line y = z. Instead of examining
each step set individually, it is useful to collect the step sets into classes according to
the length generating functions of their walks in a given region. Table 3.1 gives the

isomorphic classes of step sets of cardinality three whose walk sets are non-trivial.

Class
1

2

2] ATA

<
WV
N

ZON RN

NS

AT

10

11

12 N=lTl7

N
DN ]

Table 3.1: R/, step set classes

13

R R e P P i A A AN

The generating functions for all walks generated by ) in the first quadrant where
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|Y| = 3 have been classified by Mishna [20]. Table 3.2 summarizes her results.

o7

y

Yy Counting GF Qy(z,y;t) = 3 a;(n)zyit
a7
! | -1 -1
(1-3¢) (1 =tz +y+zy))
/’ l—dt—/ 1822 1—yt—+/ 1 -2yt +12y2 — 412
4t(3t-1) t(2t—yz+yPat+yzy/1-2yt+t2y2—at?)
7 1-3t— VI—2t—3¢2 1-/T—dg? —ag2p2
N 2t(3t—-1) t(2zt ~y+yv1-4zt2—4z212)
1 1-2t—V1-88 1—vI—4t2—4zt2
f\‘ 2t(3t-1) t(2t+ 2zt —y+yv/1—4t2—4dzt?)
; W(l—t)+2t(W—1)yI-W? zy—R(z.t)=R(y.t)
. tW(3t-1) Iy—£(1+y+12y2)
1 (W24 W=2t)y/(1-W)(1+ W2 /r+ W3 /4)+ W+ Wt zy=U(z )= U(y.t)
. s ZYZATE UYL
a tW(3t-1) zy—t{z+y+z2y?)
J 1-t—+/(1+t)(1-3t) s (n)= G+DQ+ D) G+j+2)n!
N, 2t? VI (e Ry (AR BEEEL o
1 ..
A D-Finite
< D-Finite

t
\\
N

non-D-Finite

X

non-D-Finite

W = W(t) is the power series in t defined by W = t(2 + Wa)

V=1-zW(Q1+wW3/4)+22w?/4

Table 3.2: Classification of walks in R, [20]

3.2.5 Step sets of cardinality greater than three

Mishna [20] states a conjecture which applies to step sets of all cardinalities that

are made up unit steps. In order to state her conjecture, we must first define two
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operators on steps: rev and reflect. The rev operator reverses the direction of a step,
i.e., rev(z,y) = (—z,—y). The reflect operator reflects the step across the line y = z,

i.e., reflect(z,y) = (y, ). We now state Mishna’s conjecture:

The generating function @y is holonomic if and only if at least one of the following

holds:

e L()) are the Kreweras’ or reverse Kreweras’ walks;
e )Y is singular;

e ) is symmetric across the z- or y-axis;

o YV =rev(}Y);

o Y = reflect(rev())).

3.2.6 Gessel’s walks

Gessel conjectured that the length generating function Qy(t) for J = {N, SE,S,NW}
is D-finite, which is also guessed by MAPLE using the GFUN package. The GFUN

package guesses that Qy(t) satisfies the following differential equation:
(—282° — 2% + 6z — 1)zQy(t) + (~282% — 122° + 9z — 1)Qy(t) — 5z + 1 = 0.

However, Zeilberger has conjectured that the complete generating function Qy(z,y;t)
is not D-finite. Gessel’s walks are interesting because if both Gessel and Zeilberger are
correct, the walks would represent a first case in R,/; where the complete generating

function was not in the same class as the length generating function.
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3.3 The eighth-plane

Recall that the %-plane is the region R,y = {(t,j) € Z x Z|i > 0,1 > j}. We
consider this region because we would like to see if shrinking the lattice region in
question to one smaller than R/, results in a significant change in the behaviour of
the generating functions of walks. We specifically choose R,/4 for two reasons: the
first is that it lacks any reflective symmetry in the planar lattice, whereas R,/ is
symmetric across the line y = z. The second reason is that the boundaries of R4

are each parallel to a unit step.

3.3.1 Ry, to Rr/4 isomorphism

When we consider walks in terms of their restrictions, it is clear that some walks in
R4 are isomorphic to walks in R,/3. For example, the walks generated in R,/4 by
{NE,S,W} are isomorphic to the walks generated by {NE,SE,W} in R/, because
both are defined by the restriction |u|, > |uls > |ul.. In this section we define a

natural isomorphism between walks in R,/4 and walks in R/s.

Define v : Rrja — Rap by ¥((z,y)) = (z +vy,y). Let w = wo,wy,..., wp be
a planar lattice walk. Define the mapping ¥ on the set of planar lattice walks by
U(w) = Y(wp), Y(wy),...,¥(w,). Since ¢ is a function, it is obvious that U is well
defined.

Lemma 3.8. The mapping ¥ is an isomorphism that maps walks from Ra/z t0 Rr/a.

Proof. We first show that ¢ is a bijection from Z x Z to itself. Suppose
¥((z,y)) = ¥((a,b)). Then (z + y,y) = (a + b,b), which implies that y = b and
z = a. Therefore ¢ is one-to-one. Let (z,y) € Z x Z. Then (z — y,y) € Z x Z, and

therefore 1 is onto. Thus v is a bijection from the set of all lattice steps to itself.
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Since both w and ¥(w) are a sequence of points in Z x Z, both represent a planar

lattice walk of length n. It remains to show that ¥(w) is one-to-one and onto.

Let w = wq, wy, ..., w, and v = v, v1, . .., Un be walks in Ry /4, and suppose that
U(w) = U(v). Then for 0 < i < n, Y(w;) = ¥(v;), which implies that w = v.
Therefore, ¥ is one-to-one. Next, let w = wp, wy, ..., w, be a walk in R/, where
w; = (a;,b;). Then for 0 <i<n, 0<b; <a;, v '((ai, b)) = (as — b, b;) Is a point in

Ry2. Thus ¥ is onto and is therefore an isomorphism.

Finally, note that ¥((0,0)) = (0,0). Therefore if w is a walk that begins at the

origin, so is ¥(w).
O

Table 3.3.1 shows the mapping of the steps {N, NE, E,SE, S, SW,W,NW} in R,
1o Rq/2 by U.

Step in R,/o-plane | ¥(step)
N=(0,1) NE = (1,1)
NE = (1,1) (2,1)
E=(1,0) E=(1,0)

SE = (1,-1) S=(0,-1)

S = (0, -1) SW = (1, ~1)
SW=(=1,-1) | (=2,-1)

W = (~1,0) W = (=1,0)
NW = (~1,1) N = (0,1)

Table 3.3: U{N, NE,E,SE,S,SW, W, NW}

From these mappings we can see that a set of walks in Rr/4 whose step set is a
subset of {N,NE, E,S, SW, W} is isomorphic to a set of walks in R,/, whose step set
is a subset of {N,E,SE,S,W,NW}.
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For example, the set of walks in R,/4 generated by the step set {NE,S, W} is
isomorphic to the set of walks in R/, generated by the step set {N,SE, W}.

Another way to think of the isomorphism ¥~! is as a transformation on Rr/2

itself. This transformation is illustrated in Figure 3.4.

Figure 3.4: R,/» mapped by ¥~! to R, /4

The isomorphism ¥ allows us to classify (as algebraic, D-finite, or neither) the
generating function of every set of walks in R,/2 whose step set is of cardinality three
and whose step set does not contain either NW or SE based on the classifications
of generating functions of walks in the first quadrant. Table 3.3.1 summarizes the

classification of walks in R,/; we are able to classify using ¥.
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Y in g-plane | ¥(Y) | Classification of Qy(z,y;1)

e 1 N Rational
Z L Algebraic
/ \{ Algebraic
/'— \A Algebraic
b h Algebraic

SN
[ }_. k Non-D-Finite

Table 3.4: Walks in R,/4 mapped by ¥

We are further able to prove that two other classes of walks in R /4 have algebraic
complete generating functions. The length generating functions of these walks are al-
gebraic by Banderier and Flajolet [1], but we find their complete generating functions

and prove that they are algebraic.

Walks generated by Y = {NW, NE E}

The walks generated by the step set {NW,NE, E} are isomorphic to the set W of all
words w € {a,b,c}* such that for all factorizations w = wv, |ul, > 2|uls. That is to
say, for every b in w, there must be at least two previous a’s. The complete generating

function of these words is algebraic, and thus so is its length generating function.

To prove that Qy(z,y;t) is algebraic, we simply apply Lemma 3.1.
Let Z C {a, b, c}* be the language isomorphic to £(Y). Then (W, Ws, Z) is a solution
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to the proper algebraic system

w =1+ aw + awsbw
w3 = waw
z = w4+ waz.
Therefore both Z and Qy(z,y;t) are algebraic. Recall that ¢(a) = zt, ¢(b) = zgt,
and ¢(c) = zyt to obtain the following system:
Wiz, y;t) = 1+ zytW(z,y; t) + zyt* Wz, y; t)°,

Qy(z,y;t) = Wiz, y;t) + ©tW(z,y;1)Qy(z, ¥; 1)

Note that W(z,y;t) counts the walks that end on the line y = z. We find the first

few terms of Qy:

Qy(z,y;t) = 1+ (zy + )t + (¢ + 22%y + 2%*)t* + O(¢°).

Walks generated by Y = {W,NW, E}

The walks generated by the step set {W,NW, E} are isomorphic to the set W of all
words w € {a, b, c}* such that for all factorizations w = uv, |ulp+2|ul. < |ul,. Again,
the complete generating function of these words is algebraic, and thus so is its length
generating function.

To prove that Qy(z,y;t) is algebraic, we apply Lemma 3.1. Let Z C {a,b,c}*

be the language isomorphic to £(Y). Then (W, Ws, Z) is a solution to the proper

algebraic system
w =1+ awcw + awzcw
W3 = waw

2 =w+waz.
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Therefore both Z and Qy(z,y;t) are algebraic. We again recall that é(a) = zt,
é(b) = Zt, and ¢(c) = Z§t to obtain the following system:

Wiz, y;t) =1+ W(z,y;t)* + 2yt W(z,y; 1)°,

Qy(z,y;t) = W(z,y;t) + stW(z, y; £)Qy (2, ¥ t).

Again, W (z,y;t) counts the walks that end on the line y = . We find the first few

terms of @Qy:

Qy(z,yit) =1+ xt + (1 + 29 + (22 + zy + z3)82 + O(t*)

3.3.2 Unclassified cases

Two interesting unclassified cases in R, /4 are Yy = {NW,SW, E}, which is defined by
the restriction 2\ul. < 2Ju|, < |ul,, and Yo = {NE, SE, W}, which is defined by the
restriction |uj. < 2|uly < 2|ul,. These walks are interesting because their structure is

very similar to that of the walks generated by V; and Y, in Rn/s.

In Ra/2, @y, (t) and Qy,(¢) are both D-finite via Theorem 3.9, which was proved
by Bousquet-Mélou and Petkovsek [6]. Note that Theorem 3.9 does not apply to

Gessel’s walks.

Theorem 3.9 (Bousquet-Mélou and Petkoviek). Let YV be a step set, and sup-
pose that (z,y) € ¥ = (—z,y) € YV, and suppose that |y| < 1 for all (z,y) € Y. Then
the complete generating function Qy(z,y;t) for the walks generated by Y in Ry o is
D-finite.

Unfortunately we are unable to extend Theorem 3.9 to R, /4. Bousquet-Mélou and
Petkovsek proved their theorem by describing a “correspondence” between certain

walks in R, and walks in R./,. However, the proof of D-finiteness depends on the
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fact that the complete generating functions of walks in the half-plane are algebraic.
To extend their method to R,/ would require that all walks in the region R/
between y = z and y = —z have algebraic generating functions, and that region does

not have that property (see Chapter 4).

However, the walks generated in R;/Q by Y, are isomorphic to walks similar to
Kreweras’ walks, and the walks generated in R} , by Y, are isomorphic to walks
similar to reverse Kreweras’ walks. Therefore, we believe that in R,/4, Qy,(t) and

Qy,(t) are both D-finite.

The remaining unclassified cases in R /4 for ) of cardinality three are all very simi-
lar. Each of them 1is defined by a set of restrictions of the form
aluly < Bluly < vluls + 0]ule, where o, 8,7, € N. What that means is that any walk
subject to these restrictions can never return to the origin. Mishna and Rechnitzer [21]
have proven that walks defined by |u|, < |ulp < |uls + |¢|. have a non-D-finite length
generating function, and we believe that their result is evidence that our remaining

unclassified walks in R/, also have non-D-finite length generating functions.

Table 3.3.2 outlines the walks classified in this section, as well as the conjectures
for the unclassified walks. The column labeled “Classification” contains the class
into which the complete generating function Qy(z,y;t) falls. Conjectures for the

generating functions are denoted by an asterisk.
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Class Restrictions Classification cf.
e i\/ >/ R—}i /T" “/1_' lulg = Julp =0 Rational ﬁ

7 | ~ " 3
H / < .
TL} < i f" /L‘ — ‘ T‘ulb < ’u‘T | Algebraic §3.24
d - < U
TN e He = * Algebrai 3.2.4
/ 7/ L/1 \I‘l l | / ]u‘c _0 gebraic § 3.2.
i T
NS 2ulp < |ula Algebraic §3.24
L < ;/<! /1'/ luly + |ul, < |U’a Algebraic §3.24
) L»l - lulp + 2fulc < fulq Algebraic §3.24
_/L' l'_'[/ lufe < |uls < lula Algebraic §3.24
_/\' lule < 2[uly < 2[ul, D-finite”
\/—' 2ulc < 2uly < lul, D-finite*
'
ra T
é 1 }_' “\/ | fula < jule < jula + lulp non-D-finite | § 3.2.4
T
N

%'ula < |u|c < |ulu. + \ulb

non-D-finite”

\!
L\t lule < |ula < 20ule + |uls non-D-finite*
~
; \./ 2ule < ulp < jula + |ule non-D-finite*
L
I .
\: 2|uly < 2|ule < 2lulp + luls | non-D-finite”
\,—* 2ulp < 2lule < julp + |uls | non-D-finite*

Table 3.5: R,/ step set classes (conjectures denoted by )

In both R,,4 and R,/ there are step sets that yield algebraic generating functions,

and there are step sets that yield non-D-finite generating functions. We also have

an explicit isomorphism which maps walks between R,/s and R,/. Therefore, we

hypothesize that the generating functions for walks in different regions no bigger than
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Ry/2 do not differ significantly in their behaviour as long as their boundaries have

rational slopes.

3.4 The three-quarter-plane

Since Banderier and Flajolet [1] proved that all walks in R, have algebraic generating
function, we are interested in whether or not this is true for regions “larger” than
R.. A natural place to begin is the three-quarter-plane region R3./, bounded by the
negative z- and y-axes. This region is a good choice for two regions: the boundaries
are parallel to some of the unit steps, and the region is symmetric across the line

y = . These two facts allow for simplification in many cases.

We first investigate walks in Rj,/; by using MAPLE to count the number of
walks of length one to fifty generated by different )’s of cardinality three. From
this enumeration we use the GFUN package to try to guess three things: Qy(t), an
algebraic equation satisfled by @y(t), and a linear differential equation satisfied by
Qy(t). The code we use is adapted from code developed by Mishna; a sample of the

code is given in Appendix B.

The only V’s for which MAPLE is able to return any guesses all fall into a specific
class of step sets, which we describe in Section 3.4.1.
3.4.1 Half-planar step sets

Definition 3.3. A step set is half-planar if the walks it generates in the unrestricted

planar lattice remain in a half-plane.

An example of a half-planar step set is {N,NE,W,NW}. Figure 3.5 shows all the

maximal half-planar step sets.
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Sz N

Figure 3.5: Maximal half-planar step sets

When we examined the generating functions of walks generated by half-planar
step sets in R3./2, we noticed that they were algebraic and their walks fell into one

of three categories:

1. their walks were unrestricted:;
2. their walks only interacted with one of the boundaries of R,/s;

3. their walks could potentially interact with either boundary, but once they
stepped off a line through the origin, they could only afterwards interact with

a single boundary.
We give an example of each of the three possibilities below.
Example 3.4. Consider the walks generated by Y = {NW,NE,SE} in R3, /5. These

walks are unrestricted, so their length generating function is Qy(t) = 1=, which is

of course algebraic.

Example 3.5. Let Y = {NE,SW,NW}. The walks generated by Y in Rg,/; are
defined by the restriction

lune + |ulnw > [ulsw-
Therefore, by Lemma 3.1, Qy(¢t) is defined by the system
W(t) =1+ 28'W(t)*

Qu(t) = W(t) + 2tW (£)Qy(8).
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Therefore Qy(t) is algebraic.

Example 3.6. Let V = {W,S,E}. Then walks in £()) may end either in the
fourth quadrant or the second quadrant. If w € £()) ends in the fourth quadrant,
it is factored as w = vu;, where v is the longest prefex of w that ends at the origin
with a step W (v may also be empty), and u; is a walk in the half-plane y > 0.
The generating function V(¢) for walks in £(V) that end at the origin with a step
W is V(t) = 3 + 577 Since u; cannot step into the region z > 0, the generating
function Uy (t) for walks like u; is defined by the system

D(t) =1+ t*D(t)*
Ur(t) = D(t) + tD($)Us (1)
Therefore U (t) is algebraic, as is Q1(t) = V(£)U1(1).

If we L£(Y) ends in the second quadrant, it is factored as w = vug, where v is the
longest prefix of w that ends at the origin with a step E (again, v may be empty),
and u, is a walk in the half-plane z > 0. The generating function for v is again V()
as defined above. The walks in the half-plane z > 0 are defined by the restriction

lulw > |ulg, so by Lemma 3.1 their generating function Uy(t) is defined by the system

M(t) = 14 tM(t) + t2M(t)*

Ua(t) = M(t) + tM()Us(t).

Therefore Us(t) and Q2(t) = V(t)Usx(t) are also algebraic.

We are thus able to determine the algebraic length generating function for walks

in £L(Y):
Qy(t) = Qi(t) + Q2(t) — P(2).

We use MAPLE to determine the Q)y(t) explicitly, and the result is given in Table 3.6,

as well as the length generating functions for every class of half-planar step sets
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of cardinality three in Rs.,. These generating functions were determined with

Theorem 3.10.

y Qy(z,y:t)
Wl 2
Y i/L 1-t
i 17 1-VI=882
: (2t -1+v1-8t2)
/ 1—t—/1-2t—3¢2
! t(3t—1+v1-2t-3t2)
‘—1\ 1-2t+3t3 4+ (24t —1)V1-2t—3t2

(t-1)t(1=3t-1-2t=3t2)

e : 1-t—t2 4434 (t2+¢—1)vV1-8¢2
~ t(1—-t)(4t—1+V1-8t2)
2<t+(1—2t) 1—4t2—\/(1—4t2)(1—8t2)+t\/1—8tf§

V1422 (1-2t-v1-4t2) (1-4t-V1-8¢2)

2((1-2t)\/1——"4“£7+t2—\/(1-4t2)(1—2t—3t2)+w1—2t-3t2)

VI-4t7(1-3t-v1-2t-322) (1~2t— V=42

1-2t+(3—4t) V142 —3, /(1 —dt2)(1-8¢2) +(1+2)v 182

/1-4t2(1-2t - VI=4t? ) (1-2t—v1-8t2)

S N

/

»

b{
b

N <l+ 1 ) 1=t VIT26 38 1-/i=8E2 1
DN e T i w(l_l_t_\/lt.z—z_sﬂ 4t2<1“1_141_552> T4t

[MOUEERA— 2 4t

—

(1+ m)u_ﬁ——m

1
2 1-1/1-8:2 VI-4t?
at (1——t—)

]

e

Table 3.6: Half-planar length generating functions in Rg./, for |Y| =3

Rather than considering just R3./2, we consider a more general region larger than
the half-plane. Define the region as follows: let one of its boundaries be either the
positive y-axis or the line y = m,z, where m; is a non-positive rational number, and
let the second boundary be either the negative y-axis or the line y = moxz, where
mq is a rational number. We call such a region a rational region, and denote it by
Rirac. We also assume that my > m,. Figure 3.4.1 shows two possible Rgac’s, where

the shaded area is excluded from Rp... We call the region excluded from Ry, the
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forbidden region.

&
Y
x“”f‘

Figure 3.6: Two possible rational regions

First write m; and my as fractions in lowest terms, i.e., m; = p;/q; and
me = pa/q2, Where g, and ¢o are positive. Then a walk w in Reac generated by a
step set )V must satisfy at least one of two conditions based on m; and ms: for any

prefix u of w, either

g1 (Onwiulnw + Onjuln + Ine|u|ne — dswlulsw — ds|uls — dselulse)

> p1(Oneluine + 5E|U|E + dse|ulse — dsw|ulsw — dwlulw — Inwlulnw ), (3.4.1)
or

g2 (Onw|ulnw + Onjuln + Onelulne — dswlulsw — ds|uls — dselulse)

< p?(dNE|u‘NE + Og|uje + 555‘”&155 - (5sw|U{sw — (5w|u|w - 5Nw|u|Nw), (3.4.2)
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where

5. = 1 ifze)y
0 otherwise.
The first condition is simply that the walk is above the line y = mqz, i.e., 1y > piz.
The second condition is that the walk must be below the line y = maz. Note that
both conditions may be satisfied simultaneously. For the case when Ry, is bounded

by the negative y-axis, simply let g; = 0 in Equation (3.4.2).

For a half-planar step set ), we define its bounding edge as a line that unrestricted
walks generated by ) cannot cross. For example, walks generated by J = {N,W, S}
cannot cross the y-axis. Note that the bounding edge may not be unique. In fact,
it is only unique in the case where ) contains two parallel steps, i.e., two steps that
point in opposite directions. In Rg.c, walks generated by a half-planar step set have

a special property: once a walk steps off its bounding edge, it cannot return.

As an example, let Ryac = Rarj2, and let Y = {NW, W, S,SE}. Then the bounding
edge of Y is the line y = —z. Once a walk w leaves the bounding line, it must remain
in either the the second quadrant or the fourth quadrant permanently. This is because
a walk may never step towards the bounding line by definition of a half-planar step

set. We use that fact to prove the following theorem.

Theorem 3.10. Let Y be half-planar, and let L())) be the walks generated by Y in a
rational Tegion Reac. Then the length generating function Qy(t) for L()) is algebraic.

Proof. We find Qy(t) be decomposing a walk w € £()) based on the region in which
it terminates. Given a half-planar Y and a region Ry.ac, there are three possibilities

for how walks may interact with the boundaries of Reeac:

1. walks in £() cannot interact with either boundary except at the origin;

2. walks in £()) are restricted by one boundary but can only interact with the

second boundary at the origin;
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3. walks in £(Y) may interact with either boundary depending on whether they

step off the boundary line at z > 0 or at z < 0.

In the first case the walks in £()) are unrestricted, and therefore Qy(t) = Tiﬁ

Next, assume that walks in £()) are only restricted by one boundary. Without
loss of generality assume the boundary to be the line y = myz (if £()) actually
interacts with the other boundary, we simply reflect the boundary lines and the step
set across the z-axis). Then a walk w € L£()) is defined by the restriction that for

any prefix u of w,

g1 (Onwlulnw + Onjuln + Onelulne — dswlulsw — ds|uls — dselulse)

> pi(dnelulne + delule + dse|ulse — dswlulsw — dwlulw — Inwlu|nw). (3.4.3)
Therefore by Lemma 3.2, Qy(t) is algebraic.

Finally, consider the case where w € £(Y) may interact with either boundary of
Rirac. If w steps off the bounding line, we decompose w in a nearly unique manner
based on where it leaves its bounding line. If it does not leave the bounding line,
we decompose w based on where it ends. For the sake of simplicity, if w leaves the
bounding line or terminates in the region above y = m,z, we say that w ends above
the forbidden region. If it leaves the bounding line or terminates in the region below

Yy = mox, we say that w ends below the forbidden region.

Suppose w ends above the forbidden region. Then we may uniquely decompose
w as w = vu; based on its last return to the origin from below the forbidden region.
In this decomposition v is the longest walk possible that ends at the origin with a
step from below the forbidden region, and u, is defined by the inequality given in
Equation (3.4.1). If Y contains two steps (a,b) and (—a, —b), then the boundary line
is unique and v is a walk made up solely of (a,b) and (—a, —b) steps that ends at
the origin with a step up out from below the forbidden region. It is plain that v is

isomorphic to a semi-directed walk that ends on the z-axis with a step up. If the
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boundary line for Y is not unique, then v is the empty walk. The generating function

P(t) for semi-directed walks that end on the z-axis is

1
V1— 42’

which is algebraic. Since precisely half of the non-trivial walks counted by P(t) end

P(t) =

with a step up, the generating function for walks like v is denoted by V (¢) and given

by

Vi + 2\/1%@ if the boundary line is unique,

— ol

otherwise.

Since u; is defined by a single restriction, its corresponding generating function
U,(t) is also algebraic by Lemma 3.2. Therefore the generating function @Q(t) of

walks that end above the forbidden region is algebraic and defined as
Q(t) = V()Ui(1).

If w ends below the forbidden region, its decomposition is nearly identical to the
above case. We decompose w as w = vuq based on its last return to the origin from
above the forbidden region. The generating function that counts v is again V(¢).
The suffix uy is defined by the inequality in Equation (3.4.2) and is counted by Us(t),
which is algebraic by Lemma 3.2. Therefore the generating function Q,(t) of walks

that end below the forbidden region is algebraic and defined as
Qa(t) = V(t)Ua(t).

As we mentioned before, the above decomposition is nearly unique. The only walks
that are overcounted are those that end at the origin, which are counted exactly twice.

Therefore the length generating function for £(Y) in Rac is
Qy(t) = Qu(t) + Q(t) — P(t),

and Qy(t) is algebraic. a
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We realize that the proof of Theorém 3.10 is technical, but the essential idea
behind it is that half-planar walks fall into one of the three categories illustrated by
Examples 3.4, 3.5, and 3.6.

If both the boundaries of R, are parallel to unit steps, we say that Re.c is normal.
If Rfrae is normal, then we may actually use Lemma 3.1 instead of Lemma 3.2 in the
method used to Theorem 3.10. The reason for this is that when Rf.. has both
boundaries parallel to unit steps, the restrictions on the walks all have either 1 or 2
as coefficients, and therefore Lemma 3.1 is applicable. The advantage of this method
is that we are able to determine not only the length generating functions, but the
complete generating functions of the walks in Rfac. Tables 3.7 and 3.8 show the
restrictions on walks generated by each maximal half-planar step set in all normal

regions larger than R, (up to translation).
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Restrictions

rd \\4
1 Y

< -
I’4

None

None

AN
AN

lula + fuls + |ufe > lule

lula + [ulp + lule > |ule

lulg + lulp > juja = |ule

ula + fulo 2 Jula + ule
OR

lulp = luje = |ulg =0

Julg 2 lule + fulg + |ufe
OR

lufp = [ulc = [ujg =0

|ula > Jule + fula +{ule
OR

|ule 2 Jula + |ulp + |ule

)|

N

[ula 2 lulp + 2|ule + lula
OR

lulp = |ule = |ulg =0

Julq +fule > lulp + julc
OR

lulp = lulc = |ula =0

AN

2lula + fule 2 2fuls + |ulc

|ula + Jufe 2 |ulo + [ule

\\\'\h / lula + 2lulp + |ule > |ulg None
'\\T e
None None

Table 3.7: Restrictions on half-planar step sets in Rsx/s, Rar/2
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Restrictions

lulp = uje = |ula =0

K None None
/§ None None
T e+ 2l + e 2 lule None

2ula + ulp > |ula + 2ful,
OR None

lula 2 fulp + 2lulc + |ula
OR

lulp > |ula + |ule + 2]ule

lulp + 2|ule + |ula > |ula
OR

lulo = |ujc = lulg =0

2lufa + [ule > 2lulp + |ul.

lula > lulc + lula + |ule
OR

2uls + lule 2 fula = 2luls

lufa + 2{ulp + lulc > |ufa

lulp + ule > ula + |ule

OR

lulg > lulq + 2July + |ulc

None

lulp + {ule + [ula > |ufe
OR

lulp = |ule = |ula =0

Table 3.8: Restrictions on half-planar step sets in Rgﬂ/Q, Rrsa

77
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3.4.2 Non-half-planar step sets in Rar 2

In general, for a given ) the walks generated by ) must satisfy one of two con-
ditions: either dnju|n + Onelulne + Onwlulnw = dsefulse + dsluls + dswlulsw OR
Onelulne + Oelule + dselulse > dswlulsw + dwlulw + Onwlu|nw. What this essentially
means is that the walk must either be in the half-plane y > 0 or the half-plane z > 0.

Note that this is not an exclusive or, i.e., both conditions may simultaneously be

satisfied.

The most significant difference between step sets that are half-planar and those
that are not is that a walk generated by a half-planar )} may only satisfy both
conditions when it is at the origin, but a walk generated by a non-half-planar } may
intersect any point in Rs./2. The freedom enjoyed by a walk generated by non-half-

planar ) greatly complicates things.

The fact that walks are unable to enter the region (Z x Z)\Rs,/, keeps us from
utilizing the method that Bousquet-Mélou [3] used to prove that all walks made up
of unit steps in the slit plane®, denoted by R, have algebraic functions because her
method uses the fact that walks that begin and end on the z-axis in Ra,/2 may step

into the half-plane z < 0.

Another stumbling block is the fact that MAPLE has been unable to guess for
any of the non-planar step sets ) of cardinality three, let alone higher cardinalities.
We have used MAPLE to search for algebraic equations of order seven or lower and
differential equations of order seven or lower with coefficients of degree seven to no

avail.

However, because non-half-planar walks in R3,/ are able to return to the origin,
we believe that they have a “cycling” behaviour similar to that of walks in Ry, which

would give them a nice decomposition and thus D-finite generating functions.

1Walks in the slit plane begin at the origin and may step anywhere in Z x Z except for the
non-positive z-axis.



Chapter 4

Observations on More General

Wedges

4.1 A class of non-D-finite walks

There exist walks in R,/4 whose length generating functions are non-D-finite, but
there are none in R,. This leads us to pursue a general class of non-D-finite walks in
an arbitrary region “smaller” than R,. First, consider the step set ¥ = {NE, SE, NW}

in Rr/s. Mishna and Rechnitzer[21] proved the following theorem:

Theorem 4.1 ([21]). The complete generating function Qy(z,y;t) and the length
generating function Qy(1,1;t) are both non-D-finite.

These walks have two things in common with the knight's walks of Bousquet-

Mélou and Petkovsek:

e they may interact with both boundaries of Ry /4;

e they are unable to return to the origin.

79
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Therefore a good place to start our search for a class of non-D-finite walks is a

generalization of the walks in Theorem 4.1.

4.1.1 Walks in a quarter-plane wedge

Let X = {N,S,E} and consider the walks generated by X that remain in the wedge
bounded by y = £x. Let
(z,y;t Z bi;(n) Tyt
n,i,72>0

where b; j(n) is the number of walks generated by X of length n that end at (4, j). If
we map Y onto X by mapping NE to E, SE to S, and NW to N, we see that

Qx(z,y;t) = Qy(z'?y~ V2 21/*y'/?), and

QX(]-v 17t) = Qy(]'v ]-; t)

Therefore each walk generated by ) in the quarter-plane is isomorphic to a walk
generated by X in the wedge 0 < |y| < z, and Theorem 4.1 implies that neither
Qx(z,y;t) nor Qx(1,1;t) are D-finite.

Let By ;(t) = 2,50 0k(n)t" be the power series in ¢ that counts the number of
walks ending at (k, 7). Then

= > Bi,(t)y (4.1.1)

Jj=-k
encodes the walks that end on z = k where y marks the final height of the walk.
From this, we rewrite Qx(z,y;t) as

(z,y;t) ZBk (y,t)z". (4.1.2)

k>0

In order to determine By (t), we uniquely decompose a walk w generated by A" in

terms of its steps E. A walk w that ends on the line » = k£ can be decomposed as
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w = uwv where u is a walk that ends on fhe line £ = k — 1 followed by a step E, and
v is a walk made up solely of N and S steps that starts at (k,1), ends at (k,j), and
remains between y = z and y = —z. Therefore v is isomorphic to a generalized Dyck
path (called a directed path) that begins at height 4, ends at height j, and remains in
a strip of height 2k. Figure 4.1.1 (adapted from {21]) illustrates this decomposition.

©f==pulL

Figure 4.1: Directed path obtained from decomposition of a walk in the wedge

We denote the length generating function of such generalized Dyck paths by
Hf’]‘(t) This generating function is given as Example 11 in {14] and is written in

terms of a generalized Fibonacci polynomial

fn(t) = fn—l(t) - t2fn—2(t)'

We have

Jor (8) fr—j ()

k __ 4J—
AL =Tl

(4.1.3)

for j < 1.
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Therefore,

k
t) = Z By ;(t)y

=k
k-1

k
=Zyj Z t By o(t) H ik i (E)

==k i=—(k-1)

k-1
Z Br-1.4( Z YEHZ () (4.1.4)
i=(k—1) j=—k

Next consider B (y;t) under the transformation ¢ qu-i’ We compute

H2k( t) = H2" L S j—i+1(1 —¢* (1~ q4k—2j+2)
1+ q2 (1 _ q2)(1 _ q4k+4) )

and substitute into Equation (4.1.4), which results in the following expression for

Be(yit) = Bely, tip):

k-1 .

] 1 _ q21+2)(1 . q4k—21+2)
Bk(y)t) = Bk——l 1 (Z y q ~1+1 2 4k+4
- = (1= ¢*)(1 —g*+)

, (1- q2_7+2)<1 _ q4k—2i+2)
Ly gt

— — g4k
Pl 1 q.Z)(]_ q4 +4)

k-1 Z 2142 4k—2j+2
) o (L= g1 = gt
= Z Bie-1,4(t) (Z Ve (1 - &)1 - g+

i=1-k j=—k
i+1 —2j+2 4k—2i+2
(1-¢¥)(1-g¢ )
+ ylqtiT! . 4.1.5)
Py 0= = %) (

Let w € £(X) be a walk that ends at the point (¢, 7). The reflection of w across the

z-axis is also in L(X), so Bg(y;t) = Bk(é; t). We take advantage of this fact and use
maple to simplify Equation (4.1.5):

Bu(y, 2 _y(1+¢)Be (v, )
1+¢? (¢ —y)yg-1)

. ya*(a* —yq + qy* ' + 1)(1 + ¢*) Bei (9, 123)
y*(q = y)(yg = 1)(1 + ¢%+2)

(4.1.6)
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Since we are primarily interested in the length generating function of the walks in

L(X), lety=1:

1 q‘ _(1+Q2)Bk—1(1,ﬁzq—z)
Ul (@-D@-1)

¢“(¢* =g+ g+ 1)1+ ") Bi-i(g, 32)
(g —1){g — 1)(1 + ¢*+?)
(1+¢*)Be1 (1, k) ¢ (1+¢%)*Beoi(g, )
(1-¢q)? (1—q)*(1+ g*+?)

(4.1.7)

Since By (1) is rational, it appears that each of the (2k + 2)-th roots of —1 is a
pole of Bi(1), and the set of poles of B,(1) taken over all k£ is dense in the unit
circle. If this were the case, the following theorem applied to the generating function

Qx(y,v; If7) = > Bi(1; ﬁ;)yk would allow us to conclude that Qx(z,y;t) is non-
D-finite.

Theorem 4.2. [19] Let f(z;t) = 3 ca(z)t" be a D-finite power series in C(x)[[t]]
with rational coefficients in x. Forn > 0, let S, be the set of poles of c,(y), and let

S =JSn. Then S has only a finite number of accumulation points.

Unfortunately, Mishna and Rechnitzer were unable to prove directly that the
singularities in question did not cancel. However, using an iterated kernel method they
were able to prove that Qx(x,y;t) is indeed non-D-finite. Therefore the singularities
in Equation (4.1.7) do not cancel, for otherwise Qx(z,y; 1f7) would be rational with

a finite number of poles, and therefore algebraic.

4.1.2 An extension to more general wedges

A natural question is whether Theorem 4.1 can be extended to the generating func-
tions of walks generated by X in an arbitrary region between y = az and y = —bz,
where a,b € R* and z > 0. We first explore the region bounded by y + mz, where

m € Z.
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Let Qx,.(z,yit) = >, 50bis(n)7'y’t" be the complete generating function of
the walks generated by X in the region 0 < |y| < mz, and consider each walk in

terms of its steps E as in the case of m = 1. Therefore,

Qi (T, Y5 t) ch y,t)z”, (4.1.8)
k>0
where
Cely,t) = Y Cey(t)y (4.1.9)
j———mk

= Z Z tck 1‘ 1+mk]+mk (4110)

j=—-mk i=—(k—1)

- mk
= > Cronalt) D VEHTS e (4.1.11)
i=—(k—1) j=—mk
Next, consider Ci(y;t) un e
_ - q - (1 _ q2i+2mk+2)(1 _ quk—2j+2)
H12+'nk1k ]+mk( ) H12+77]§k J+mk <—2> = q] +

T+ (== ey
and substitute into Equation (4.1.4). Let y = 1 and simplify with MAPLE, which

results in the following expression for Cy(1;t) = Ci(1, 13L7):

(1+¢3)Ch-1(1, 12) (1 +¢*)(1 = ¢®™ ) Choi(q, 112)

R (e

(4.1.12)

Similarly to the case where m = 1, the poles of Cy(1,t) appear to be the
(2mk + 2)-th roots of —1. Barring some miraculous cancellations, it would appear
that the set of poles of Cx(1,t) taken over all k is dense on the unit circle. We have
unfortunately been unable to prove that this is the case. However, we have used
MAPLE to plot these singularities for various values of m and &, and they do appear
to be growing dense on the unit circle. Of course, these plots prove nothing in of
themselves as there may be cancellation for some much larger value of k. They are

encouraging, though. Table 4.1.2 shows some of the plots done with MAPLE.
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Chapter 5

Conclusions and Future Directions

5.1 Conclusions

In Chapter 1 we said that the motivation of this thesis is, “For a given step set V), what
effect does our choice of the boundaries of a region have on the generating function
of the walks in that region?” While we have not answered the question entirely, we

have made significant progress towards that goal.

Lemma 3.8 leads us to conclude that there is not a significant difference between

Rrs and Rz in terms of the behaviour of generating functions of walks.

Theorem 3.10 gives a large class of step sets that have algebraic complete gen-
erating functions in any region R at least as large as R, with rational lines for
boundaries. Furthermore, Therem 3.10 in conjunction with Lemma 3.1 gives a con-
struction for these generating functions in regions bounded by two lines parallel to
unit steps. The fact that we can construct these generating functions explicitly will

allow us analyze their asymptotic behaviour.
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5.2 Future work

In the course of this research many questions and conjectures arose that are possible

directions for further study. We outline some of these below.

5.2.1 A necessary condition for D-finiteness?

When we examine the complete generating functions classified by Mishna[20] (see
Table 3.2), we find two conditions that separate the two step sets whose complete
generating functions are non-D-finite from the others. First, Y = {NW, NE, SE} and
Y2 = {NW, N, SE} generate no non-trivial walks that end at the origin. Second, the
walks generated by )) and ), may intersect both the z- and y-axes. That is, the
walks may interact with either of the regional boundaries. From these conditions we

formulate Conjecture 1.

Conjecture 1. Let R be the convex region bounded by the line y = ax and the
liney = bz, and let Y be a step set. Suppose that the walks L(Y) generated by Y
that remain in R may interact with both boundaries, and suppose that the only walk
in L(Y) that returns to the origin is the trivial walk. Then the length generating
function Qy(t) = > a(n)t™ of the walks in L(}) is non-D-finite.

If Conjecture 1 is true, then it further implies that the complete generating func-

tion Qy(z,y;t) of L(Y) is also non-D-finite.

Recall from Section 3.2.6 that Zeilberger conjectured that the complete generat-
ing function of £(Y) for ¥ = {N,S,SE,NW} is non-D-finite. If he is correct, then
Conjecture 1 clearly cannot be a sufficient condition for D-finiteness. Therefore we

choose to conjecture in a manner that does not conflict with Zeilberger.
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5.2.2 Double Kreweras’ walks
Conjecture 2. The length generating function Qu(t) of the walks generated by

{N,NE,E,S,SW, W} in R qis algebraic and is defined by the system

0=263(6t — 1)Qq(t)* + 4t3(6t — 1)Qu(t)> + 3t(6t — 1)Qq(t)* + (6t — 1)Qqu(t) + 1.

5.2.3 Walks in a region larger than R,

Though we were unable to find evidence that all step sets in Rs./; give D-finite
length generating functions, we belive that that is the case. The intuition behind the
D-finiteness for non-half-planar step sets is the fact that walks generated by a non-
half-planar step may return to the origin as many times as they like. This indicates
that there may be some sort of cyclic construction of these walks that yield a D-finite
generating function similar to that of walks in the slit plane. This construction would

differ from that of D-finite walks in R, /s.

Conjecture 3. For any step set Y C {0, =1} x {0, £1}, the length generating function
Qy(t) for walks generated by ) in Ry e is D-finite.

5.2.4 A class of non-D-finite walks

In Chapter 4 we describe a potential class of non-D-finite walks.

Conjecture 4. Let ¥ = {N,S,E} and let m € N. Then the complete generating
function Qy(z,y;t) for walks in the wedge between the lines y = mz is non-D-finite.
5.2.5 Extensions of proven results

There is also more work that can be done with the results we have already proven.

For example, any of the walks we have directly enumerated can be examined in terms
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of their asymptotic behaviour. This asymptotic data can then be used to determine

the statistical mechanical properties of many walks using the methods discussed in

Chapter 2.

Asymptotic techniques such as those used by van Rensburg in [26] may also shed
light on the behaviour of the generating functions of walks generated by a half-planar
YV in any region larger than R,. This would include regions whose boundaries do not

have rational slopes.

Another worthwhile task is to generalize the construction used in Lemma 3.1 to

all the walks whose generating functions are algebraic by Lemma 3.2.

Finally, it is of interest to consider regions of the planar lattice that are “bigger”
than the slit plane. For example, suppose walks are allowed to walk anywhere in
Z x Z with the following restriction: a walk which crosses the negative z-axis from
south to north (resp. north to south) cannot do so again without first crossing the

negative z-axis from north to south (resp. south to north).

We close with a quote from Kurt Vonnegut, Jr.:

New knowledge is the most valuable commodity on earth. The more

truth we have to work with, the richer we become.



Appendices

A Table of notation

ring of polynomials in z

field of rational functions in z (the quotient field of K{z])
ring of formal power series in z

field of Laurent series in z (the quotient field of K[[z]])
ring of algebraic power series in z over K(z)

field of algebraic Laurent series in z over K(x)

ring of polynomials in z,,...,z;

ring of noncommutative polynomials in the alphabet X
ring of rational noncommutative series in the alphabet X
ring of formal (noncommutative) series in the alphabet X
ring of (noncommutative) algebraic series in the alphabet X
the coefficient of ™ in the power series F'(x)

Table A.1: Power Series Notation
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B Sample MAPLE code for counting walks

The MAPLE code below was used to generate sequences that counted the number of
walks of length 1 to n generated by a given step set that remain in the three-quarter
plane. We then used the GFUN package to guess the length generating function of
the walks generated then guess if the generating function was D-finite or algebraic.

Similar code was used for the same purpose in the quarter and one-eighth plane.

The first MAPLE procedure we define is Count270. It counts the walks of length
n which are generated by a given step set } and end at the point (7, j). It does so by
starting at the point (4, j) and recursively working back to the origin by subtracting
steps in V. Each successful return to the origin adds 1 to the value returned by
Count270. The inputs @ and b in Count270 are used to keep track of the last point
in the walk before the current point. This ensures that walks which step across the

forbidden region are not mistakenly counted.

#--Count270 counts the walks of length <<n>> generated
#--by the step set <<Steps>> ending at point (<<i>>,<<j>>)
Count270 := proc (i, j, a, b, n, Steps)
option remember;
#--if walk steps into forbidden region
if i <0 and j < 0 or n < O then O
#--1f walk crosses forbidden region
elif (1 = -1 and j = 0 and a = 0 and b = -1)
or (1 =0and j =-1and a=-1and b = 0) then O
#--1if walk has returned to origin and is of length <<n>>
elif n =0 and j = 0 and 1 = O then 1
#--if walk is in the allowed regiom, but not at the origin
else add{(Count270(i-s{1], j-s{2], i, j, n-1, Steps), s = Steps)
end if:

end proc:
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Next we define the procedure GenSefiesQ?O, which has two uses. It can be used
to generate the first n coefficients of the length generating function @y (t) for walks
generated by a given step set ), or it can be used to generate the first n coefficients
of the length generating function for walks that end af a given point (¢, 7). Which

task it undertakes depends on the input it receives.

In order to calculate the coefficients of the generating function for walks that end
at (i, 7), it simply creates a sequence where each term in the sequence is determined
by Count270. In order to calculate the first n coefficients of the length generating
function, it calculates a double sum for each 0 < ¢ < n which exhaustively counts all

the walks of length i generated by ).

#--Generate the sequence of number of walks generated by <<Steps>> of length
#--<<n>> ending at point <<final>>, where <<Steps>> is a list of 2-vectors
GenSeries270 := proc (Steps, N, final)

local k;

if nargs = 3 then [seq(Count270(op(final), k, Steps), k = 0 .. N)]

else [seq(add(add(Count270(i, j, i, j, k, Steps), j = -k .. k),

i=-k ..k, k=0.. NM]
end if:

end proc:

We now give an example of an application of GenSeries270 and the GFUN pack-

age for the step set V = {N,SE, W}.
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#--Generate the sequence that counts the walks generated by W,N,3W

L:=GenSeries270([[0,1],[-1,-1],[-1,0]],50);

L:=[1, 2, 5, 13, 35, 96, 267, 750, 2123, 6046, 17303, 49721, 143365, 414584,
1201917, 3492117, 10165779, 29643870, 86574831, 253188111, 741365049,
2173243128, 6377181825, 18730782252, 55062586341, 161995031226, 476941691177,
1405155255055, 4142457992363, 12219350698880, 36064309311811, 106495542464222,
314626865716275, 929947027802118, 2749838618630271, 8134527149366543,
24072650378629801, 71264483181775040, 211043432825804129, 625190642719667122,
1852627179112970417, 5491513337424989754, 16282402094173127445,
48290501472790543731, 143257222282210719471, 425087187921124738344,
1261657886652854734743, 3745441438578943092225, 11121367816301815115037,
33029606975710986335682, 98114921186644851532353]

Finally, we use the GFUN package to guess the if @y(t) satisfies an algebraic

equation and a differential equation.

#--Use gfun package to guess generating function
with(gfun):
guessgf (L,x);

1/2
1 1721 (x + 1)

(-1 +3x) X
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#--Use gfun package to guess differemtial equation

listtodiffeq(L,y(x));

2 /d \ 2
(-1 +2x+3x)x |-y +1+ @&x-1+3x)y&, y@ =1}, ogf]
\dx /

listtoalgeq(L,y(x));

2 2
[L+ (-1 +3x) yx) + (-=x+3x) yx), ogf]

MAPLE guesses that the length generating function for the walks generated by
Y = {N,W, SW} satisfies the equation

1+ (3t - 1)Qy(t) + (3t = 1)Qy(t)* = 0,

which is indeed the correct solution.

Since GenSeries270 generates the initial terms of an integer sequences, it is nat-
ural to check if these sequences are included in the On-Line Encyclopedia of Integer
Sequences [22]. Unfortunately, we were unable to classify any previously unclassified

walks in this manner.
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