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. ABSTRACT 

P r i o r i t y  arguments a r e  appl ied  t o  t h r e e  problems 

i n  the  theory of r ce .  c l a s s e s .  

Chapter I :  A conjec ture  of P. R .  Young i n  A Theorem on 

Recursively Enumerable Classes and S p l i n t e r s ,  PAMS 17,5 

( 1 9 6 6 ) ~  pp. 1050-1056, t h a t  an r . e .  c l a s s  can be constructed 

with any pre-assigned f i n i t e  number of i n f i n i t e  r . e .  

subclasses ,  i s  answered i n  t h e  a f f i rma t ive .  

Chapter 11: Standard cilasses and indexable c l a s s e s  were 

introduced by A. H.  Lachlan ( c f .  On t h e  Indexing of 

Classes of Recursively Enumerable Se t s ,  JSL 31 ( 1 9 6 6 , ) ~  

pp. 10-22). A c l a s s  C of r . e .  s e t s  i s  c a l l e d  sequence 

enumerable if the  r .  e .  @ sequences i can a l l  be enumerated 

simultaneously,  and subclass  enumerable i f  the  r .  e .  

subclasses  of @ can a l l  be enumerated simultaneously.  

It i s  shown t h a t  i f  @ i s  a  c l a s s  of r . e .  s e t s ,  @ i s  

s tandard * @ i s  sequence enumerable + @ i s  indexable * @ i s  

subclass  enumerable, but  none of t h e  impl ica t ions  can be 

reversed.  

Chapter 111: A p a r t i a l l y  ordered s e t  (B,<) i s  represented 

by the  r . e .  c l a s s  @ i f  (B,<) i s  isomorphic t o  ( @ , E ) .  

S u f f i c i e n t l y  many p.0. s e t s  a r e  proved representable  t o  

v e r i f y  a  conjec ture  of A. H. Lachlan t h a t  representahke p.0. 

s e t s  and a r b i t r a r y  p.0. s e t s  a r e  ind i s t ingu i shab le  by 

elementary sentences.  
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INTRODUCTION 

Recurs ive ly  enumerable c l a s s e s  were def ined  and 

f i r s t  i n v e s t i g a t e d  by Rice [ 2 ] .  For gene ra l  in format ion  

on r e c u r s i v e  f u n c t i o n s  we r e f e r  t h e  reader  t o  t h e  t e x t  

of Kleene [ I  1. The " p r i o r i t y  method'' of Fr iedberg  a n d  

Muchnik i s  d i scussed  i n  Sacks [ & I .  

Chapter  1 i s  t o  appear  under t h e  t i t l e  " I n f i n i t e  

Subc lasses  of Recurs ive ly  Enumerable Classess '  i n  the  

Proceedings  of t h e  American Mathematical S o c i e t y .  The 

main r e s u l t s  of Chapter  2 were announced a t  t h e  American 

Mathematical  Soc i e ty  Annual Meeting i n  Houston, January,  

1967. 

REVIEW OF BASIC DEFINITIONS. These a r e  most ly  s tandard  i n  

t h e  l i t e r a t u r e .  

N w i l l  denote t h e  s e t  of n a t u r a l  numbers, and Nn t h e  

C a r t e s i a n  product  of N with  i t s e l f  n  t imes .  

We w i l l  t a k e  as p r i m i t i v e  t h e  n o t i o n  of n  argument. 

p a r t i a l  r e c u r s i v e  ( p .  r .  ) f u n c t i o n .  I n t u i t i v e l y ,  t h i s  i s  a 

f u n c t i o n  from a subse t  of N" i n t o  N which can be 

e f f e c t i v e l y  enumerated when considered a s  a  s e t  of o rdered  

( n + l ) - t u p l e s .  Church's  Thes i s  i d e n t i f i e s  t h i s  i n t u i t i v e  

i d e a  wi th  var ious  provably equ iva l en t  fo rmal  d e f i n i t i o n s  

( s e e  [ I ] ) .  We w i l l  make f r e e  use of Church's  Thes i s .  

D e f i n i t i o n  0.1 An n  argument r e c u r s i v e  f u n c t i o n  i s  an 

n  
n  argument p. r.  f u n c t i o n  whose domain i s  N . 
D e f i n i t i o n  0 .2  R G N" i s  a r e c u r s i v e  s u b s e t  of N" if t h e  



c h a r a c t e r i s t i c  func t ion  f of R defined b y  

f ( x l  ,..., xn) = 0 if ( x  ,,..., xn)  E R 

i s  an n  argument recurs i .ve  funct ion .  That i s ,  we can 

e f f e c t i . v e l y  decide membership of R. 

Def in i t ion  0.3 S S Nn i s  i n z m  i f  

where R i s  a  r ecurs ive  subset  of N nfm and Q I ,  ...,&m a re  rn 

a l t e r n a t i n g  q u a n t i f i e r s  of which the  f i r s t  i s  3 .  

S  E Nn i s  i n  IIm ... ( r ep lace  3 b y v ) .  

Def in i t ion  0.4 S E Nn i s  a  r ecurs ive ly  enumerable ( r . e .  1 

subset  of Nn i f  S  i s  i n x  1 ' That i s ,  we can e f f e c t i v e l y  

enumerate S. 

Def in i t ion  0.5 A sequence <Sx ( x ~ , . . . ~ %  2 O> of 
1 3 * * . , ~  

r .  e .  subse ts  of N" i s  an m-dimensional r .  e .  sequence of 

r . e .  subse ts  of Nn i f  

n+m r . e .  subset  of N . 
Def in i t ion  0.6 A sequence <cp I xl,. e e ,xm 2 O> of 

X I > * * * > %  

n  argument p . r .  func t ions  i s  an m-dimensional r . e .  

sequence of n  argument p e r .  func t ions  i f  the  func t ion  cp 

defined by 

(m+n) argument p e r .  func t ion .  
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D e f i n i t i o n  0.7 A c l a s s  C of r . e .  subse t s  of Nn i s  an r . e .  - 
c l a s s  of r . e .  subse t s  of N" i f  e i t h e r  C i s  empty o r  t h e r e  i s  

a I-dimensional r . e .  sequence cSx I x  2 O> of r . e .  subse ts  of 

n  +t N s . t .  O = [S 1 x + 01. That i s ,  not  only can each member 
X 

of  @ be e f f e c t i v e l y  enumerated, but they can a l l  be 

e f f e c t i v e l y  enumerated simultaneously.  Such a  sequence 

a s  <Sx I x  2 O> i s  c a l l e d  a  r ecurs ive  enumeration of @. 

D e f i n i t i o n  0.8 A c l a s s  @ of n argument p . r .  func t ions  i s  an 

r . e .  c l a s s  of n  argument p e r .  func t ions  ... (obta ined  fram 

0.6 a s  0 .7 i s  from 0.5). 

FUNDAMENTAL THEOREM. (church, Kleene . Pos i ~ d r i n g )  

The c l a s s  of a l l  n  argument p . r .  func t ions  i s  an r . e .  c l a s s .  

The c l a s s  of a l l  r . e .  subse t s  of N~ i s  an r . e .  c l a s s .  

CONVENTION. Although i t  w i l l  be convenient t o  have the  

above d e f i n i t i o n s  i n  t h e i r  f u l l  g e n e r a l i t y ,  we make t h e  

fo l lowing convention. Unless otherwise s t a t e d ,  

r ecurs ive  s e t  means recurs ive  subset  of N 

r . e .  s e t  m e a n s r . e .  subset  o f N  

r . e .  sequence means I-dimensional r . e .  sequence of r . e .  s e t s .  

r . e .  c l a s s  means r . e .  c l a s s  of r . e .  s e t s .  

* such t h a t  



CHAPTER 1 

INFINITE RECURSIVELY ENUMERABLE SUBCLASSES 

P.R. Young [7] has constructed an i n f i n i t e  r . e .  c l a s s  

with no proper i n f i n i t e  r . e .  subclasses ,  and has asked i f  

i n f i n i t e  r . e .  c l a s s e s  with m+l i n f i n i t e  r . e .  subclasses  

e x i s t  f o r  every m r O .  It can f u r t h e r  be asked what i s  the  

most genera l  p a r t i a l l y  ordered s e t  we can represent  b y  the 

system of t h e  i n f i n i t e  r . e .  subclasses  of such a  c l a s s  

(under i n c l u s i o n ) .  These ques t ions  a re  answered b y  t h e  

theorem below. Our cons t ruc t ion  i s  based on a  formulation 

of Young's due t o  A. H. Lachlan. 

THEOREN. ( a )  Let m r l ,  nn l .  Let { F ~  I liism-!-I] be a  c l a s s  

of subse ts  of {x I l sxsn]  c losed t o  subse ts  and with 

U { F ~  I Isi-+l]  = [x  I l i x sn ] .  

Then t h e r e  i s  an i n f i n i t e  c l a s s  @* of r . e .  s e t s  and 

d i s t i n c t  r . e .  s e t s  A 1 ,  ..., An not  i n  C* such t h a t  

i s  an i n f i n i t e  r . e ,  c l a s s  with i n f i n i t e  r . e ,  subclasses  

( b )  There i s  an i n f i n i t e  r . e .  c l a s s  with one 

i n f i n i t e  r . e ,  subclass .  

CONVERSELY, any i n f i n i t e  r . e .  c l a s s  w i t h  f i n i t e l y  many 

i n f i n i t e  r . e .  subclasses  i s  of one of these  forms. 

PROOF. We prove the  converse f i r s t ,  Let @ be an 
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i n f i n i t e  r . e .  c l a s s  with m+l(mal) i n f i n i t e  r .e .  subclasses ,  

I f  C1 i s  an r . e .  subclass  and X E C C ~ ,  then C ~ U [ X )  i s  an r . e .  

subclass .  It fol lows t h a t  each i n f i n i t e  r . e .  subclass  

l acks  only f i n i t e l y  many members of @. Let @* be the  

i n t e r s e c t i o n  of t h e  i n f i n i t e  r , e .  subclasses ,  then @a* 

i s  f i n i t e ,  with members A l ,  ...,% say (n'l).  Now the  

i n f i n i t e  r . e .  subclasses  of @ have the  form 

where the  F  a re  subse ts  of [x I lSxSn]. These a r e  closed 
j 

t o  subse ts ,  f o r  i f  FSF 

and t h e  union of two r . e ,  c l a s s e s  i s  an r . e .  c l a s s ,  Also, 

by d e f i n i t i o n  of A 1 , - . . , , A n ,  

This completes the  proof of the  converse. 

Note t h a t  i n  ( a )  m - t - 1 ~ 2 ~ .  We give a  cons t ruc t ion  f o r  

the  case m+1<2~ and o b t a i n  a s  c o r o l l a r i e s  the  ease m+l=2" 

and ( b ) ,  both of which Young has already proved. 

Since m+1<2" t h e r e  a r e  subse ts  GI, .  . , G  say of 
1 

[ x  1 lsxsn)  d i f f e r e n t  from a l l  the  Fi. For each 

i, k(  l ~ i S l ,  lsksrnfl) t h e r e  i s  a  number 

PO, kMi-Fk,  

s ince  the  Fi a r e  closed t o  subse ts .  For each k  w i t h  

iSkrm+l t h e r e  w i l l  be a  d i f f e r e n t  var iat : ion of the  



cons t ruc t ion .  We w i l l  show t h a t  these  va r i a t ions  i n  t h e  

cons t ruc t ion  a l l  give r i s e  t o  the  same C*, A 1 ,  ..., An. 

A t  t h i s  poin t  we make some informal  remarks i n  an 

attempt t o  motivate t h e  cons t ruc t ion  which follows. @ 

w i l l  be enumerated i n  an r . e .  sequence 

<Ay. . ,An,  TO' V , ,  . . A  

To begin with the  ( x + l ) - s t  member of the  sequence i s  j u s t  

f x ] .  There w i l l  be an inc reas ing  funct ion  r ( i )  such t h a t  

t h e  Vi d i f f e r e n t  from each of A I , .  . . ,% a re  V 
r ( ~ ) ' ~ r ( l ) * ~ ~  

These w i l l  be d i s j o i n t  from each o the r  and from each of 

A I 9 . . . , A n .  A t  s t e p  s  of the  eons t rue t ion  we w i l l  work 

with a  r ecurs ive  approximation t,o r ( i ) ,  namely r ( i , s ) .  

We must ensure ( s e e  Lemma 1 below) t h a t  f o r  a l l  

s u f f i c i e n t l y  l a r g e  s ,  r ( i , s )  i s  constant .  Ca l l  t h i s  

Requirement r ( i ) .  Let We be the  r . e .  s e t  with index e i n  

some recurs ive  enumeration of t h e  r . e .  s e t s .  By 

"amalgamating" members of  the  sequence, we w i l l  s a t i s f y  

what we can c a l l  Requirement We, which i s  : i f  We 

i n t e r s e c t s  i n f i n i t e l y  many of V r ( o ) >  ' r ( ~ ) > * m m  

i n t e r s e c t s  them a l l  and 

1 5 i 1 *(EX) [ x E w ~ & ( z )  ( X E A ~ ~ Z E G ~ ) ]  ( s ee  Lemma 2 below). 

Now if we take We t o  b e U C 1  where 0, i s  an i n f i n i t e  r . e .  

subclass  we ge t  f o r  a l l  i V r ( i )  'I and f o r  a l l  i with 

Isis1 the re  i s  zcGi with A Z  E el .  Thus tshe only 

p o s s i b i l i t i e s  f o r  C1 a re  
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c - ( A ~  I Z E F ~ ]  ( i ~ k = m + i  ). 

Ax' r ( x ) ,  and V 
r ( x )  

w i l l  be independent of the  v a r i a t i o n  

used t o  ge t  t h e  sequence 

A n  V0' V y a o > ,  

but i n  v a r i a t i o n  k  use of t h e  func t ion  p  w i l l  ensure 

t h a t  f o r  no y,z do we have 

V = A Z  with z€Fk, 
Y 

and thus an enumeration of C - (AZ 1 zeFk] i s  e a s i l y  

obtained.  

I n  car ry ing  out the  cons t ruc t ion ,  the  fol lowing 

d i f f i c u l t y  i s  encountered : an "amalgamation" which we 

wish t o  make s a t i s f y  Requirement W w i l l  cause e  

( i , s )  # i s ) .  That i s  t o  say, Requirement We 

and Requirement r ( i )  c o n f l i c t .  We the re fo re  assfgn 

p r i o r i t i e s  t o  our  Requirements a s  fol lows 

d o ) ,  w,, r w ,  w , , . . . .  * 

Thus, when t h e  c o n f l i c t  above occurs,  we make the  

amaJ.gamation only i f  e < i .  It i s  now poss ib le  t o  dea l  w i t h  

t h i s  s i t u a t i o n ,  where only f i n i t e l y  many Requirements 

c o n f l i c t  with a  given Requirement. 

VARIATION k  OF THE COBSTRUCTION. Let <We I ezO> be an r e  e ,  

sequence enumerating a l l  t he  r . e .  s e t s ,  Let 

P = [ ( d , e )  I dewe]. The s - t h  p a i r  w i l l  mean the s - t h  

member of P t o  appear i n  an e f f e c t i v e  enumeration of P 

without r e p e t i t i o n s .  We def ine  

W: = (d I ( d , e )  i s  among the  f i r s t  s p a i r s ] .  



8 
S We def ine  f o r  each s20, by induct ion  on s ,  s e t s  A 1 , . . * , A  S 

n 

and a  sequence of s e t s  <v:, v:, . . .>. L e t  

Assume f o r  induct ion  

( 1 )  t he  v:, A' a r e  a l l  f i n i t e  
X 

( 2 )  the  A: a r e  all d i f f e r e n t ,  i n  f a c t  x - l a ~ z - U [ ~ ~  I y#x] 
Y 

(3) only f i n i t e l y  many of the  IT! can be the  same 

( 4 )  i f  vS i s  d i f f e r e n t  from a l l  the  A' then it  i s  
X Y 

d i s j o i n t  from them a l l  

( 5 )  of the  V: which d i f f e r  from a l l  the  A' d i f f e r e n t  
y 9  

ones a re  d i s j o i n t  

( 6 )  V: i s  d i f f e r e n t  from a l l  the  A: , 
0  0 p r o p e r t i e s  ev ident ly  possessed b y  the  Ax, V, . 

We can def ine  a func t ion  r ( i , s )  b y  

r ( 0 , s )  = 0  

r ( i+ l , s )  = I ~ x [ x > r ( i , s )  & v ;̂ # f o r  I s jm 
J 

' "Z # ';(j,s) f o r  0 s j ~ i - j ~  

Suppose the ( s f l )  - s t  p a i r  i s  ( d , e )  and the re  i s  a J>e 

such t h a t  ~ E V ;  There i s  a t  most one such j by  (5), 
C j , s > '  

Define 

R ( e , s , i , x )  = XEW;+' & ( z )  ( X ~ A ; " Z E G ~ ) .  

Case 1 .  There i s  i with Isis1 and - - ( ~ x ) R ( e , s , i , x ) .  Le t  i 

be the  l e a s t  such number. Put 



i f  IT! = A' f o r  some y(there 
Y 

otherwise  

T h i s  i s  where 'var ia t . ion k a r i s e s .  

Case 2. Case 1 does n o t  o b t a i n  b u t  Chere i s  i w i t h  i<J 

s+ I 
";(i,s) = $. Let i be t h e  l e a s t  such number. P u t  

f o r  a l l  x 

o therwise .  

If t h e r e  i s  no j>e such t h a t  d~  j3s) 
o r  i f  n e i t h e r  Zase 1 

n o r  Case 2 occurs  pu t  

S A;+I = A~ f o r  all x 

s V;+I = vX f o r  a l l  x. 

We show t h a t  ( I ) ,  ..., ( 6 )  a r e  p rese rved .  We have 

S 
A;GA:+', v ~ s v ~ + ~  x x ( s o  t h a t  t h e  A:, VX a r e  all non-empty), 

S S sS.1 S + l  s  s v = I( * vX = V~ , vx = A~ a q' = f o r  a l l  x , y .  
X J A~ 

( 1 )  and (3) a r e  c l e a r .  

For ( 2 )  we need cons ide r  on ly  Case I ,  where t k e  resu14 

fo l l ows  by i n d u c t i o n  hypo thes i s  ( 4 )  and t h e  d e f i n i t i o n  of 
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Sf d i f f e r e n t  from For ( 4 )  and ( 5 ) ,  consider  Vx 

s+l 
v~ 

S each o the r  and from a l l  the  A Z  . Then Vx, vS a r e  
Y 

d i f f e r e n t  from each o t h e r  and from a l l  A:, SO by induct ion  

hypothesis  (4), ( 5 )  they a r e  d i s j o i n t  from each o the r  and 

s+ I from a l l  the  A:. The des i red  conclusion i s  t h a t  Vx 

SS  1 a r e  d i s j o i n t  from each o the r  and from a l l  the  AZ . 
V~ 
If Case 1 occurs,  then n e i t h e r  vS nor  vS i s  equal t o  

X Y 
S S S 

v r ( j , s )  
'x - - v d j , ~ )  implies  t h a t  

- v; - . The two a r e  the re fo re  d i s j o i n t .  Also V: i s  

d i s j o i n t  from vS s+ 3 
r ( j , s )  

and from A" f o r  a l l  z, and so Vx 
2, 

i s  d i s j o i n t  from A Z  f o r  a l l  z .  I f  Case 2 occurs a t  l e a s t  

one v:, vS i s  d i f f e r e n t  from both vS and vS or 
Y r ( i , s )  r ( j r s ) '  

s+:- s  Sf . If both have t h i s  property then Vx -Vx = vy 

and V SC' = vS and t h e  r e s u l t  fol lows s ince  A Z  = A: f o r  
Y Y 

S s  
a l l  z .  This leaves  t h e  case where say Vx = V r ( i , s )  and 

then V vS d i f f e r s  from both vS r ( i , s )  and vS Y d jYdJ  Y 

and the  r e s u l t  fol lows by induct ion  hypotheses (4), ( 5 ) .  

( 6 )  fol lows by  a  s i m i l a r  argument, using the  f a c t  t h a t  

i n  the  cons t ruc t ion  j>O. 

We can f i n d  the  members of A;, V! e f f e c t i v e l y  from x, s so 



i s  an r . e .  sequence enumerating an r . e .  c l a s s  @. Let 

@ * = a -  ~ A ~ , ' . . , ~ I '  

LEMMA 1 .  For each x  and a l l  s u f f i c i e n t l y  l a r g e  ( s . l . ) s ,  

r ( x , s )  i s  a constant ,  r ( x )  say. 

PROOF OF LEMMA 1 .  By induct ion  on x. r ( 0 , s )  = 0  f o r  a l l  s 

so r ( 0 )  = 0 .  We suppose t h e  r e s u l t  holds f o r  a l l  y s x  and 

we show i t  holds f o r  x+l.  There i s  an so such t h a t  i f  

s a sO r ( ~ , s )  = r ( y )  f o r  a l l  yix.  I n  Case 1 o r  Case 2 

f o r  i f  we d iv ide  the members of the  sequence 

which d i f f e r  from each of A:, . . . ,$ i n t o  equivalence 

S c l a s s e s  under s e t  equa l i ty ,  
V 4 z , s ,  

i s  the  f i r s t  member of 

the  ( z + l ) - s t  such c l a s s ,  and by ( 4 )  and ( 5 )  the  only 

e f f e c t  of e i t h e r  case on t h e  computation of r i s  t h e  l o s s  

of the  o r i g i n a l  ( j + l ) - s t  c l a s s .  So i f  r ( x + l , s + l ) # r ( x + l , s )  

with s+so, Case 1 o r  Case 2 occurs with x+l>j>e and b y  

our  induct ion  hypothesis x+l = j. I f  Case 1 occurs we have 

~ ( e , t , i , d )  f o r  a l l  t > s  by ( 4 ) ,  because d  does not  belong 

-L ' r(j , t)  f o r  any j .  Now r(x+l,s+l) # r(x-t-1,s) can hold 

f o r  only f i n i t e l y  many sZsO through Case 1 -- a t  most 1 

times f o r  each e<x+l, and through Case 2 -- a t  most x+l 

t imes f o r  each e<x+l by our induct ion  hypothesis .  Thus 



r ( x + l , s )  = r ( x + l ) ,  a  constant ,  f o r  a l l  s . 1 . s .  Q.E.D. 

By ( 2 )  A:, . . .,A: a r e  d is t inguished by the numbers 

O , . . . ,  n-I f o r  a l l  s ,  so A 1  ,..., 4, are .  

We now wish t o  prove t h a t  t h e  V ~ ( 4  are  d i s t i n c t ,  

d i s j o i n t  from each o the r  and from a l l  the  A,. Suppose 

XEV r(u)"r(v)  with u  # v. Then f o r  a l l  s . 1 . s  

xdJs s  
r ( u ) " v r ( v ) y  so f o r  a l l  s .1 . s  xcvS ~ ( U ~ S ) ~ V ; ( V ,  s )  

con t rad ic t ing  ( 5 ) .  S imi la r ly  xeV flAY con t rad ic t s  ( 4 ) .  4 u) 

The ' r ( u )  a re  the re fo re  d i s t i n c t  s ince  they a re  non-empty. 

Now we show t h a t  f o r  a l l  x, e i t h e r  Vx = Vr(,) f o r  

some u o r  Vx = 
A ~ ( u Y k )  

f o r  some u. It fol lows by induct ion  

on s  t h a t  i f  V! i s  equal  t o  one of the  AS then i t  i s  equal  
Y 

t o  AS 
p ( u , k )  

f o r  some u. Suppose t h a t  the re  i s  no u  such 

t h a t  Vx = V 
d u ) '  

There i s  then a  u  such t h a t  r (u )<x<r (u+ l  ) .  

Consider s  s.  I-. t h a t  r ( v ,  s )  = r ( v )  f o r  a l l  vsu+l. Then 

S S Vx = A 
p ( z , k )  

f o r  some z ,  i n  which case V - 
x - A ~ ( Z Y k )  Y o r  

S S Vx = V f o r  some vnu, i n  which case Vx = Vr(  v ) .  
r ( . v , s )  

By induct ion  on s, A:. r (x ,  s )  and vS a re  a l l  
r ( x ,  S )  

independent of k. Thus Ax, r ( x )  and Vr ( x )  a re  a l l  

independent of k. 

LEMMA 2 .  If We i n t e r s e c t s  i n f i n i t e l y  many of V 
r ( 0 ) '  

V r ( , ) ,  ..., then 

( 7 )  Isis1 * ( ~ x ) ~ ( e , i , x ) ,  where we def ine  

~ ( e , i , x )  = x€We and (z) (xeAZ z€Gi) 



PROOF OF LEMMA 2. F i r s t  we have : i f  a, t a r e  any given 

numbers t h e r e  i s  s > t  and j > a  such t h a t  t h e  ( s+ l ) - s t  p a i r  

i s  ( d , e )  and devS 
r ( j , s > '  

For t h e r e  a r e  i n f i n i t e l y  many 

y>a such t h a t  We i n t e r s e c t s  V 
d y ) '  

Also these  V 
r ( y )  are 

d i s j o i n t .  So f o r  i n f i n i t e l y m a n y  members d  of We, 

d€V 
r ( y >  

f o r  some y>a. So t h e r i  i s  s > t  such t h a t  (d,e) i s  

t h e  (sf1)-st p a i r  and dcV 
r ( y )  

wi th  y>a. Now dcvS r ( j , s )  

some j. Suppose j<y. Consider 0 s  s.1. t h a t  r ( y ,  u )  = r ( y )  

U Then dcvU 
U 

and ~ E V , ( ~ ) .  r ( Y , u P r ( j , s )  so  by (4) and (5) 
u  - u  

'r(y, il) - ' r ( j ,s)> 
but  r ( ~ , u ) > r ( j , u ) z r (  j , s )  c o n t r a d i c t i n g  

t h e  d c J i n i t i o n  of r ( y , u ) .  Thus j ry>a.  

N c w  suppose t h e r e  i s  a l e a s t  is1 such t h a t  - (Ex)R(e , i , x ) .  

For. each y<i l e t  d ( y )  be such t h a t  ~ ( e , y , d ( y ) ) .  Let  t be 

s.1. t h a t  f o r  each y<i R ( e , t , y , d ( y ) ) .  Put a =  e  and l e t  s, 

j correspond t o  a, t as above. S ince  f o r  each y<i w e  have 

R ( e , s , y , d ( y ) )  and - - ( ~ x ) ~ ( e , s , i , x )  Case 1 ensu re s  t h a t  

~ ( e , s + l  , i , d )  and so  R ( e , i , d ) ,  c o n t r a d i c t i o n .  

Suppose t h e r e  i s  a l e a s t  i such t h a t  

- ( E x ) [ x e ~ ~ f l V ~ ( ~ ) ] .  Let  t be s.1. t h a t  r ( i , t )  = r ( i ) ,  f o r  

t f l  t each y<i (Ek)[xeWe f l V r ( y , t ) ]  and r ( y , t )  = r ( y )  and f o r  

l s y s l  R ( e , t , y , d ( y ) )  ( d ( y )  as above).  Pu t  a = m a x ( e , i )  and 

l e t  s,  j correspond t o  a, t a s  above. Then Case 2 ensures  

Sf1 s+l 
that daWe nvr(i, s + l )  so  ( E x ) [ x a ~ ~ n ~ , ( ~ ) ] ,  c o n t r a d i c t i o n .  

Q.E.D. 

R e c a l l  t h a t  @ has  d i s t i n c t  members 



and C* = ( v ~ ( ~ ) ,  V r ( l ) , . . . ] .  Suppose C1 i s  an i n f i n i t e  r . e .  

subclass .  Put C1 = We ( i t  i s  an r . e .  s e t ) .  We i n t e r s e c t s  

i n f i n i t e l y  many of the  V 
r ( i >  

so we can apply ( 7 )  and ( 8 ) .  

By (8), s ince  the  V 
r ( i  > a re  d i s j o i n t  from each o the r  and 

f r m  a l l  the  Ai, V r ( i )  E C1 f o r  a l l  i. So t h e  only 

p o s s i b i l i t i e s  f o r  C1 a r e  

We discount  the  f i r s t  p o s s i b i l i t y .  For by ( 7 ) ,  

xaW and(z )  ( ~ € 8 ~  e Z E G ~ )  f o r  some x. e 

~ # v r  ( j ) f o r  any j so the  only members of C  which x  belongs 

t o  a r e  the  [AZ I Z E G ~ ] .  SO one of these  s e t s  must be i n  

@ I  ' 

We complete the  proof by showing t h a t  

C  - [AZ I z€Fk] i s  r .  e .  ( l i l )  For consider  

the  cons t ruc t ion  of @ by v a r i a t i o n  k, i n  an r . e .  sequence 

Since V # anymember of C* * V x =  A 
p ( i , k )  

some i and 
X 

p ( i , k ) # ~ ~ ,  the  r .e .  sequence obtained b y  omi t t ing  the  z-th 

member of t h e  o r i g i n a l  one f o r  each zeFk enumerates the  

des i red  c l a s s .  

( a )  when m+l = 2n: 

Let n 1  = n+l, m! = 2""-2 and t h e  F i  ( l ~ k s 2 ~ " - 1 )  be a l l  



t he  subse t s  of (x  I l sxsn+l]  except the  whole s e t .  Let 

C, C* be constructed f o r  m l ,  n r ,  Fi a s  above. Define 

C  1 = O * U ~ A ~ + ,  1. 

Then 0, has no proper i n f i n i t e  r . e .  subclasses  (and t h i s  

p r o v e s ( b ) )  and U C , ~ f x  I x m ] .  Define 

and O2 i s  the  required c l a s s .  For given an i n f i n i t e  r . e .  

subclass  C of e2, C  - [ [ i )  I 0 s i s n - I ]  i s  an i n f i n i t e  r . e .  
3 3 

subclass  of el and the re fo re  i s  0, .  On t h e  o the r  hand my 

combination of the  ( i ]  can be added t o  C1 .  



STRONG mUMERATLON PROPERTIES OF R.E. CLASSES 

The s t a r t i n g  poin t  f o r  the  i n v e s t i g a t i o n  i n  t h i s  

chapter  i s  the  work of Lachlan i n  $ 1  of [5] and $ 1  of [6]. 

We a r e  concerned with c e r t a i n  "enumeration p r o p e r t i e s n  of 

c l a s s e s  of r . e .  s e t s  which a re  s t ronger  than  mere 

recurs ive  enumerabili ty.  Af ter  the  d e f i n i t i o n s  (2 .  1 through 

2 .6)  we w i l l  be able  t o  s t a t e  our main theorem. 

D e f i n i t i o n  2-1 ( ~ a . c h l a n ,  [5]) Let <W I xzO> be a  s tandard 
X 

enumeration of the  r . e .  s e t s ,  t h a t  i s  an r . e .  sequence 

with the  proper ty  t h a t  i f  <S I xZO> i s  any r . e .  sequence, 
X - 

t h e r e  i s  a  r ecurs ive  func t ion  g  with S  - 
X - W d x )  f o r  a l l  x. 

Then a  c l a s s  @ of r . e .  s e t s  i s  c a l l e d  s tandard i f  t h e r e  

i s  a  r ecurs ive  func t ion  f  s .  t .  <W 
f ( x )  

I xZO> i s  a  r ecurs ive  

enumeration of @, and s .  t .  
W f ( x )  

= W whenever W E @. 
X X 

Equivalent Def in i t ion  2.2 A c l a s s  @ of r .e .  s e t s  i s  

s tandard f o r  every r . e .  sequence <Sx I xZO> there  i s  an 

r .e .  @ sequence ( t h a t  i s ,  an r . e .  sequence a l l  of whose 

members belong t o  C) <Tx I xaO> s . t .  T = S whenever 
X X 

PROOF OF EQUIVALiENCE 

F i r s t  l e t  @ s a t i s f y  2.1 and l e t  <Sx I xZO> be any r .e .  

sequence. Let g  be a recurs ive  func t ion  s. t .  Sx = W 
g ( x )  

f o r  a l l  x, and define Tx = W 
f d x )  

f o r  a l l  x. Then 

<T I xZO> i s  an r . e .  sequence, TX& f o r  a l l  x, and 
X 



SX€C ' Wo E@ * W 
f g ( x )  

= W 
o( ) g ( x )  =I TX = SX 

Thus @ 

s a t i s f i e s  2.2. Now l e t  @ s a t i s f y  2.2 and l e t  <Tv I xrO> be 

an r . e .  @ sequence 

<Wx ( x"O>, t h a t  i s  

func t ion  s . t .  - Tx - 
enumerates @ and W-- 

A ' 

corresponding t o  the  r . e .  sequence 

WX& * Tx = Wx. Let f be a  recurs ive  

w f ( x )  
f o r  a l l  x. Then <W 

f ( x )  
1 x>O> 

€ C a w  
f ( x )  

= W . Q.E.D. 
A X 

Def in i t ion  2.3 A c l a s s  @ of r . e .  s e t s  i s  c a l l e d  sequence 

enumerable i f  the  r . e .  C  sequences can be enumerated a s  

t h e  rows of a  2-dimensional r .  e .  @ sequence. 

D e f i n i t i o n  2.4 ( ~ a c h l a n ,  [6]) A c l a s s  @ of r . e .  s e t s  i s  

c a l l e d  indexable i f  t h e r e  i s  a  r ecurs ive  enumeration 

<S 1 xrO> of @ s . t . ,  i f  <T 1 xrO> i s  any r . e .  @ sequence 
X X 

then t h e r e  e x i s t s  a recurs ive  func t ion  f w i t h  T = S  
x  fb )  

f o r  a l l  x .  The sequence <Sx> i s  c a l l e d  an indexing of a. 

D e f i n i t i o n  2.5 A c l a s s  @ of r . e .  s e t s  i s  c a l l e d  subclass  

enumerable i f  the re  i s  a  2-dimensional r . e .  @ sequence 

whose rows enumerate a l l  the non-empty r , e ,  subclasses  of 

Equivalent Def in i t ion  2.6 A c l a s s  @ of r . e .  s e t s  i s  

subclass  enumerable o t he re  i s  a  recurs ive  enumeration 

<Sx I x>O> of C  s e t . ,  i f  c7 i s  an r . e .  subclass  of C, then 

t h e r e  e x i s t s  an r . e .  s e t  W with ff = isx I XEW]. 

PROOF OF EQUIVALEXCE 

F i r s t  l e t  @ s a t i s f y  2.5 and l e t  <S I x,yrO> be a  2- 
XY 

dimensional r . e .  @ sequence whose rows enumerate a l l  t he  



non-empty r . e .  subclasses  of @. Let T be a  1 - 1  two 

argument recurs ive  func t ion  with range N (e .g .  the  Cantor 

p a i r i n g  f u n c t i o n ) .  Given a  number, we can e f f e c t i v e l y  f i n d  

the  p a i r  t h a t  T makes correspond t o  t h a t  number, and so  i t  

i s  poss ib le  t o  def ine  an r , e .  sequence <S 1 xaO> by 
X 

Then <S 1 xkO> i s  a  r ecurs ive  enumeration of @. Let c7 be 
X 

an r . e .  subclass  of @, and we show t h a t  t h e r e  e x i s t s  an 

r . e .  s e t  W with c7 = {sx I XEW]. I f  c7 i s  empty, take  W t o  

be empty. Suppose then t h a t  0 i s  non-empty. Then t h e r e  i s  

Xo w i t h  0 =[s 1 ~ 2 0 1  = 6s I yro]  and we can take 
x03 Y ~ ( X ~ , Y )  

W = f7 (xO,y)  I Y ~ o I .  
Now l e t  C s a t i s f y  2.6, and l e t  <Sx 1 xaO> have the  

property of 2.6. It i s  c l e a r  t h a t  we can modify a  

r ecurs ive  enumeration of a l l  t he  r . e ,  s e t s  t o  ge t  a  

r ecurs ive  enumeration of a l l  the  non-empty r . e .  s e t s  

<Vx I xaO>. There i s  a  two argument r ecurs ive  func t ion  

r ( x , y )  s . t .  t h e  range of hyr (x ,y )  i s  Vx: we can l e t  

r ( x , 0 ) ,  r ( x , l ) . .  enumerate t h e  members of Vx as they 

appear i n  some simultaneous enumeration of <V >, "marking 
X 

time" with r e p e t i t i o n s  t o  cover the  case Vx i s  empty. Now 

l e t  S  = 
XY df S r ( x , ~ )  

and <S 1 x, ya0> i s  a  2 dimensional 
x, Y 

r .e .  @ sequence with t h e  property required by 2.5, For i f  

0 i s  a non-empty r . e .  subclass  of @ t h e r e  i s  xo with 

1 X ~ O ] ,  Q.E.D. 
0 - 



MAIN THEOREM. I f  @ i s  a  c l a s s  of r . e .  s e t s ,  @ i s  s tandard 

* @ i s  sequence enumerable * @ i s  indexable * @ i s  subclass  

enumerable, but none of the  implicat ions can be reversed ,  

We w i l l  no t  complete the  proof of t h i s  theorem u n t i l  

t he  end of the  chapter .  THEOREM 2.1 proves the  t h r e e  

impl ica t ions ,  and the  th ree  counterexamples we need a r e  

provided by EXAMPLES 2.2, 2,1 and 2.4.  THEOREM 2 , 2  shows 

t h a t  t h r e e  r e s u l t s  on standard c la s ses  from [5] which were 

pointed out i n  [6] t o  f a i l  f o r  indexable c l a s s e s ,  do 

genera l i se  t o  sequence enumerable c l a s s e s ,  THEOREM 2.3 

g e n e r a l i s e s  t o  subc1a.s~ enumerable c l a s s e s  a  c losure  

condi t ion  proved i n  [6] f o r  indexable c l a s s e s ,  and EXAMPLE 

2 .3  shows t h a t  t h i s  condi t ion does not  cha rac te r i ze  subclass  

enumerable c l a s s e s ,  

THEOREM 2.1 If @ i s  a  c l a s s  of r .e .  s e t s ,  @ i s  s tandard 

* @ i s  sequence enumerable * @ i s  indexable * @ i s  subclass  

enumerable. 

PROOF. F i r s t  impl ica t ion ,  This a l ready fol lows from 

Example 4 of [5]. We w i l l  give a  proof from Def in i t ion  

2.2. Since we can e f f e c t i v e l y  arrange a  2  dimensional r o e .  

sequence as  a  s i n g l e  r . e ,  sequence ( a s  ir' t h e  f i r s t  ha l f  

of t h e  proof of equivalence of Def in i t ions  2,5 and 2 , 6 ) ,  

2  dimensional r . e .  sequences a l s o  have the property of 

D e f i n i t i o n  2 , 2 ,  Namely, t o  every 2 dimensicnal r 9 e ,  

sequence <S I x,yrO>, t he re  corresponds a  2  dimensional 
x >  Y 



r. e. C sequence <Tx 1 X, ykO> s .  t .  S 6 C * T x  A 

3 Y x3 Y , Y - Sx,y' 
Now def ine  <S > a s  fol lows.  Let <P I x~O> be a recurs ive  

x, Y X 

enumeration of a l l  t h e  r . e .  subse ts  of N~ and take 

S = [z  1 ( z , y )  E px]. If <Ux 1 XZO> i s  any r. e .  sequence 
x, Y 

t h e r e  i s  xo s e t .  P = ( ( z , y )  I Z E U , ]  and  so 
xn J - 

U = f z  I ( z , ~ )  E PXO] = S Y 
Thus a l l  r o e ,  sequences a re  

X ~ , Y '  

enumerated as  rows of <S > ( t h e  c l a s s  of a l l  r .e .  s e t s  
x, Y 

i s  sequence enumerable). The corresponding C sequence 

<Tx, Y 
> then enumerates by i t s  rows a l l  t h e  r . e .  C sequences, 

Q.E.D. 

Second impl ica t ion ,  Let C be a sequence enumerable c l a s s  

of r . e .  s e t s  and l e t  <S I x,y20> be a 2 dimensional r o e .  
x, Y 

@ sequence whose rows enumerate a l l  th.e r o e .  @ sequences. 

Form an r .  e .  C sequence <S I xkO> a s i n  t.h.e f i r s t  ha l f  of the  
X 

proof of equivalence of Def in i t ions  2,5 and 2.6.  We show 

t h a t  <S 1 xkO> i s  an indexing of C. For l e t  <Tx I xkO> be 
X 

A any r . e .  C sequence. Then t h e r e  i s  xo s.t. Tx - 
S x o , ~  f o r  

a l l  x. Define a recurs ive  funct ion  f by f ( x )  = r ( ~ 0 > x ) 4  

Then f o r  a l l  x, Tx = 'x0,x - - 'T (xO ,x)  = 'f ( x )  
Q.E.De 

Third impl ica t ion .  Let <Sx 1 xkO> be an Indexing of the  

indexable c l a s s  C and we show t h a t  <Sx> has the  property 

of D e f i n i t i o n  2.6. Thus l e t  c7 be a non-empty r . e .  subclass  

of C ( i f  ff i s  empty we take  W t o  be empty), Then ff i s  

enumerated by an r .e .  sequence and t h i s  must have t h e  form 

( x )  I xzO> f o r  some recurs ive  func t ion  f .  Taking W t o  be 



t h e  range of f ,  W i s  r . e .  and Q = [sx  I XEW]. 

Q.E.D. 

The example given [6] t o  d i s t i n g u i s h  indexable c l a s s e s  

from standard c l a s s e s  s u f f i c e s  t o  d i s t i n g u i s h  indexable 

c l a s s e s  from sequence enumerable c l a s s e s .  

EXAMPLE 2.1. The c l a s s @ =  { [ 0 ] , [ 1 ] ]  i s  indexable but no t  

sequence enumerable. 

PROOF. Any enumeration of @ i s  an indexing. @ i s  not  

sequence enumerable by a diagonal argument. 

Q.E.D. 

D e f i n i t i o n  2.7  ice, [2] )  A sequence <F I xrO> of f i n i t e  
X 

s e t s  i s  a s t rong ly  r . e .  sequence of f i n i t e  s e t s  i f  t h e r e  i s  

a r ecurs ive  func t ion  f  s . t .  

( 1 )  e i t h e r  f ( x )  = 1 o r  f ( x )  has  the  form 
a0+l a l + l  an+ 1 ... 

Po  ' P I  pn 
, where pn i s  the  (n i - I )  s t  prime 

(p0 = 2), and 

( 2 )  i f  f ( x )  = 1 ,  Fx = t he  empty s e t ,  and i f  

That i s ,  gi.ven x we can wr i t e  down the  members of Fx, 

"once and f o r  a l l " .  

THEOREM 2.2 Suppose t h a t  @ i s  a c l a s s  of r , e .  s e t s ,  

<F I xrO> i s  a s t rong ly  r . e .  sequence of f i n i t e  s e t s  s , t ,  
X 

each member of @ conta ins  Fx f o r  some x, and <T x I xaO> i s  

an r . e .  C sequence s . t .  f o r  each x, F x $ T x .  Then@ i s  

n o t  sequence enumerable. 



PROOF. We show t h a t  if <Sx 1 x,y>O> i s  a  2 dimensional 
3 Y 

r . e .  @ sequence, during a n y  simultaneous enumeration of 

<S > we can const.ruct an r . e .  C  sequence <UX 1 xkO> s o t .  
x >  Y 

f o r  each x, S 
XX 

# UX, so t h a t  <U > i s  no t  a  row of <S >. 
X x>  Y 

TO ob ta in  Ux: enumerate Sxx and FO, F, , . . simultaneously.  

Since SxxcC, by the  proper ty  of t h e  sequence <Fx> we w i l l  

f i n d  a  y  s . t .  F  E S 
Y xx ' 

Take U x = T and we have FY$ux., 
Y' 

so t h a t  ux#sxx. It i s  c l e a r  t h a t  <Ux> can be made an r o e .  

sequence. 

Def in i t ion  2.8  ice, [2]) A c l a s s  @ of r . e .  s e t s  i s  

c a l l e d  completely r ecurs ive ly  enumerable ( c , ~ ,  e ,  ) i.f 

t h e r e  i s  a  s t rong ly  r . e .  sequence <Fx I xrO> s. t o  f o r  any 

r . e .  s e t  W, 

W E @ o t h e r e  i s  an x  s a t .  Fx G W ,  

NOTE. This i s  not  R ice ' s  o r i g i n a l  d e f i n i t i o n ,  That 2,8 

i s  equiva lent  t o  the  o r i g i n a l  d e f i n i t i o n  i s  F l lce ls  "'Key 

a r r a y  con jec tu reu ,  proved by Myhill and Shepherdson i n  [3] .  

General is ing Lemma 1.1 of [5], we have 

COROLLARY 2.1 .  Let @ be a  sequence enumerable c l a s s  of 

r o e .  s e t s  and R, ~5 be c , r . e ,  c l a s s e s  s e t ,  U 2 @, the2  

e i t h e r  ( R  - 2 ) n  @ o r  (2 - ?I() fl C i s  empty, 

PROOF. Let @ be a  c l a s s  of r . e ,  s e t s ,  a.nd l e t  q, 2 be 

c.  r.  e  c l a s s e s  s .  t .  R U 2 2 @. Suppose t h a t  

A E ( R  - 2) n @, B E (2 - R )  rl @ and we show t h a t  @ i s  not, 



- 
sequence enumerable. Let <G I xkO> and <]Ix / xkO> be s t rong ly  

X 

r . e .  sequences of f i n i t e  s e t s  s a t .  f o r  avly r . e ,  s e t  W, 

W E  R @  t h e r e  i s  an x s , t ,  Gx E W 

W E P Q t h e r e  i s  an x s e t .  Hx S W 

Define a  s t rong ly  r . e ,  sequence <F 1 x>O> and an r , e ,  @ 
X 

sequence <Tx I xrO> by 

T2x = B T2x+l = A *  

Since @ U 2 ;1 @, each member of @ contains  F f o r  some x . 
X 

Also, f o r  each x Fx # Tx, f o r  otherwise i t  would fol low 

t h a t  e i t h e r  B E o r  A E 2. Thus b y  t h e  theorem, @ i s  not 

sequence enumerable. Q.E.9, 

W R C L L A R Y  2.2. If a  sequence enumerable c l a s s  of r o e ,  se+,s 

conta ins  a  f i n i t e  s e t ,  then i t  has a l e a s t  member, 

PROOF. That t h i s  property follows from fhe property of 

Corol lary 1 i s  Corol lary 1,3 of [5], For a  d i r e c t  proof 

from the  Theorem, l e t  a  c l a s s  @ of r o e ,  s e t s  ccnta in  a  

f i n i t e  s e t ,  then i t  conta ins  a  minimal f i n i t e  s e t  F, I f  

F i s  not l e a s t ,  l e t  A be i n  @ s ,Z ,  A ,d F, 3ef ine  

Fo = F, FX+, = i q  

where cO, c I J  
c  2 J . . .  i s  the complement of F i n  inc reas ing  

order .  Also def ine  

T = A , T  0 x+ 1 
= F. 



Then <Fx I xkO> i s  a  s t rong ly  r. e .  sequence, 'and <Tx 1 xrO> 

i s  an r . e .  O sequence s . t .  f o r  each x, Fx $ Tx. Also each 

member of C conta ins  Fx f o r  some x. For i f  W E C and W 

does not  conta in  F  f o r  an x, W L F and i n  f a c t  W = F 
x+ 1 

s ince  F  i s  minimal, so t h a t  W conta ins  Fo. 

Q.E.D. 

A f i n i t e  c l a s s  of r . e .  s e t s  i s  standard i f  and only i f  i t  

has a  l e a s t  member..(~heorem 1.5 of [2]). This a l s o  c a r r i e s  

over t o  sequence enimerable c l a s s e s .  We need only prove 

COROLLARY 2.3. I f  a  f i n i t e  c l a s s  has no l e a s t  member, i t  

i s  not  sequence enumerable. 

PROOF. Let C be [ A ~ , A ~ , . . . , A  ], and suppose C has no l e a s t  n  

member. It fol lows t h a t  f o r  each j ( 0 s j s n )  

A j  - A. n .  . . n  ii, i s  non-empty. For Oajrn, def ine  

F .  = [ x . ) ,  where x  E A - A. fl... 
J J j j 

n A n  . 
T .  = A , where i i s  chosen so t h a t  x .  p Ai . 

J i J 

Now applying the  Theorem, @ i s  not  sequence enumerable. 

 h he sequences here a r e  f i n i t e ,  but i t  makes no d i f fe rence  

t o  the  conclusion of t h e  c he or em). 

Q,E,D, 

A s  pointed out i n  [6], none of the  th ree  above Coro l l a r i e s  

holds f o r  indexable c l a s s e s ,  the  c l a s s  { {o]  , { 1 ] ] providing 

a counterexample i n  each case.  Our next  t a s k  i s  t o  

d i s t i n g u i s h  sequence enumerable c l a s s e s  from standard 

c l a s s e s .  O u r  example of a  c l a s s  which i s  sequence enumerable 



but no t  s tandard w i l l  have a l e a s t  member ( t h e  empty s e t ) ;  

thus  the  example answers i n  the  a f f i r m a t i v e  the  conjec ture  

on page 15 of [6] t h a t  t h e r e  i s  an indexable c l a s s  which 

i s  no t  s tandard b u t  which has a  l e a s t  member. 

EXAMPLE 2.2. There i s  a  c l a s s  of r . e .  s e t s  which i s  

sequence enumerable but not  s tandard.  

REMARK. The c l a s s  C  which we cons t ruc t  has t h e  empty s e t  

a s  a member; otherwise i t  c o n s i s t s  of s ing le tons  and p a i r s .  

PROOF. As shown i n  proving the  f i r s t  impl ica t ion  of 

Theorem 2.1, t h e  c l a s s  of a l l  r . e .  s e t s  i s  sequence 

enumerable. It e a s i l y  fol lows t h a t  the  c l a s s  of a l l  r . e .  

s e t s  with l e s s  than t h r e e  members i s  sequence enumerable. 

Thus l e t  <Wx I x, yiO> be a  2  dimensional r. e .  sequence 
J Y 

of r , e .  s e t s  with l e s s  than t h r e e  members, such t h a t  every 

r . e .  sequence of r . e .  s e t s  with l e s s  than  t h r e e  members 

occurs  a s  a  row. By D e f i n i t i o n s  2.2 and 2.3 i t  w i l l  be 

s u f f i c i e n t  t o  produce an r . e .  c l a s s  C, an r o e .  sequence 

<Sx I x+O> and a  2  dimensional r.  e .  sequence <T I x,  y+O> 
X J  Y 

such t h a t  

A.  t he  empty s e t  belongs t o  @ and @ conta ins  no s e t  

with more than two members 

C(x) .  (3y) (wxJy  # C  .v. S E O and S # Wx ) f o r  each x  
Y Y J Y 



We can regard ourse lves  a s  t r y i n g  t o  s a t i s f y  the  

double i n f i n i t y  of condi t ions  c ( o ) ,  D ( o ) ,  C (  1 ), D (  1 ) ,  . . 
with t h i s  order  of p r i o r i t i e s ,  sub jec t  t o  the c o n s t r a i n t s  

A and B j  during an enumeration of < Wx 1 x,yrO>. 
J Y 

Before g iv ing  t h e  d e t a i l e d  cons t ruc t ion  we expla in  b r i e f l y  

how i t  works. To s a t i s f y  ~ ( x )  say, choose a number y  and 

an ordered t r i p l e  (p,  q, r )  . We w i l l  ensure t h a t  

'xJ Y 
{ C  .v. ST E C and S # W 

d' Y X J Y  Y 
. Put p  i n  S and 

[p )  i n  C. A t  some s tage  we may have Wx = {p)  vent 1 ) .  
J Y 

Then we remove [p]  f r o m C  by convert ing i t  t o  [p,q] .  Later  

we may have Wx = [p ,q)   vent 2 ) .  Then we put r i n  
J Y 

S and [ p , r )  i n @ .  It i s  c l e a r  how by using d i f f e r e n t  y  
Y 

and d i s j o i n t  t r i p l e s  f o r  d i f f e r e n t  x  we can s a t i s f y  ~ ( x )  

f o r  each x. Suppose however we a r e  t r y i n g  simultaneously 

t o  s a t i s f y  ~ ( i )  say, by choosing a  number j and making 

( z )  W i J Z  E C )  ' (4 ( W i J Z  = T j J Z ) .  

Before Event 1 occurs,  we may 

put p  i n  T  
j , O '  

I f  then Event 

put q  i n  T While Wi 3 O  i s  
j J O *  

have W i J O  = [p].  We the re fo re  

1 occurs,  because of B we 

s t i l l  f p )  Event 2 may occur. 

Perhaps W i J O  i s  [ p , r ]  and so we may be i n  t roub le  i f  we 

put { p J r ]  i n  @. To ge t  over t h i s  d i f f i c u l t y  we a c t  roughly 

a s  fol lows.  I f  x s i  ( i . e .  C(x)  has p r i o r i t y  over ~ ( i ) )  we 

put { p , r ]  i n  C  and choose a  new number j' t o  use f o r  ~ ( i ) .  

This  time we w i l l  l eave  T . I  empty unless  i t  t u r n s  out 
J 90 

t h a t  W i j O  i s  [p ,q]  o r  [ p , r ]  and we w i l l  then make 



T r  - W  
j , O  - i , O '  I f  x> i  ( i . e .  ~ ( i )  has p r i o r i t y  over ~ ( x ) )  

we put r i n  S  but do not  put [ p , r ]  i n  @. Ins tead  we 
Y 

/ I choose a  new value of y  and a  new t r i p l e  ( P  ,q  , r f )  f o r  use 

with ~ ( x ) .  Now i s  say W i , ,  = [ p i ]  t h e r e  i s  no need t o  

pub p f  i n  T 
j, 1 

unless W i J O  becomes [p,q] (because [p]  # C ) ,  

and then we can complete our f i r s t  at tempt a t  s a t i s f y i n g  

~ ( x )  by p u t t i n g  [ p , r ]  i n  @. The y-th t r i p l e  i s  

(3yJ 3y-t-1, 3y-t-2). This  t r i p l e  may be used i n  conjunction 

with S t o  s a t i s f y  a  condi t ion  ~ ( x )  a s  above. Define 
Y 

Fo = [o) ,  F1 = { l , 2 ) ,  F2 = [3,4,5]re.. ., Then we w i l l  

have f o r  each x  

where y E Fx . Note t h a t  Fx has x+l members and t h e r e  a r e  

x condi t ions  ~ ( i )  with higher  p r i o r i t y  than ~ ( x ) .  The 

f u l l  cons t ruc t ion  now fol lows.  

CONSTRUCTION. 

D e f i n i t i o n  of <Sx I xaO> 

where y  E Fx. This def ines  an r . e .  sequence. 

We s t i p u l a t e  i n  t h e  f i rs t  place t h a t  t h e  empty s e t  belongs 

t o  C. The o t h e r  members of C and the members of the  T 



sequence a r e  obtained i n  a cons t ruc t ion  s t e p  s  of which 

fol lows s t e p  s ( s  = 0 , 1 , 2 , . , . )  of an enumeration of 

S 
<wxJg 1 X J Y ~ O > .  " x , y ~  I , y  and OS r e f e r  t o  t h e  s i t u a t i o n  

a f t e r  s t e p  s cf t h e  enumeration but before s t e p  s of t h e  

cons t ruc t ion .  We s e t  up a  framework f o r  the  process by 

a t t a c h i n g  numbers ( r e s p e c t i v e l y ,  ordered   airs) t o  even 

(odd)  values of s i n  such a way t h a t  every number (ordered 

p a i r )  i s  a t tached t o  i n f i n i t e l y  many values of s .  For each 

condi t ion  ~ ( x )  o r  ~ ( x ) ,  a f t e r  a c e r t a i n  s t e p  t h e r e  w i l l  

always be a  number associa ted  with t h e  condi t ion.  The 

a s s o c i a t e  of ~ ( x )  w i l l  belong t o  Fx and the  a s s o c i a t e  of 

~ ( x )  w i l l  correspond t o  a  row of t h e  T  sequence. The 

a s s o c i a t e  of a  condi t ion  may change. We define 

& ( y , i , s )  = ( 3 j ) ( 3 z ) ( j  i s  as soc ia ted  with ~ ( i )  .&. W: 
3 

i s  e i t h e r  [3y] o r  [3yJ3y+2].&. T' i s  e i t h e r  [ ~ y ]  o r  
j, z 

I n s t r u c t i o n s  f o r  a  s t e p  s  a t tached t o  x  

If ~ ( x )  has  no a s s o c i a t e ,  a s s o c i a t e  with ~ ( x )  the  l e a s t  

member of Fx. Let y be t h e  a s s o c i a t e  of ~ ( x ) .  Do nothing 

more unless one of the  following mutually exclus ive  cases  

holds.  

1 .  [3yJ3y+2] E OS. Do nothing. 

2. [3yJ3y-l-21 # OS and t h e r e  i s  y,  < y i n  Fx s . t .  

4 3 i  )i<x q ( y l  , i , s ) .  Then f o r  the  l e a s t  such y, ,  put 

[3y,,3y1-f-2] i n  O  and change the  a s s o c i a t e  of ~ ( x )  t o  y , .  



s 3. Ne i the r  1 .  no r  2. ho lds ,  [ j y , j y + l ]  E OS, W x , y  - - 

f 3 ~ , 3 ~ + 1 1  and --(3i)i,x Q ( Y , ~ , s ) .  m e n  pu t  6 3 ~ , 3 ~ + 2 I  

i n  @. 

4. Nei the r  1 .  n o r  2. ho lds ,  [3y,3y+l] E @', wS - - 
x, Y 

[3y,3y+l]  and ( ~ i ) ~ , ~  Q ( y , i , s ) .  Then if y + 1 E F 
X 

change t h e  a s s o c i a t e  of ~ ( x )  t o  y  4- 1 ,  and o therwise  

do no th ing .  

5. Nei the r  1 .  no r  2. ho lds ,  [3y,3y+l)  )! cS, [ ~ Y I  E OS 

and W: = {3y] .  Then conver t  any occurrence of 
r Y 

f 3 ~ I  i n  as t o  f3y,3y+l I .  
6. Ne i the r  1 .  n o r  2. ho lds ,  [ 3 y , j y f l ]  P e S ,  f j y )  #eS 

and W: # { j y ] .  Then pu t  (3yI  i n  O. 
r Y 

I n s t r u c t i o n s  f o r  a s t e p  s a t t a c h e d  t o  ( i r k )  

If ~ ( i )  has  no a s s o c i a t e ,  a s s o c i a t e  wi th  ~ ( i )  t h e  l e a s t  

number which has  n o t  ye t  been an a s s o c i a t e .  Let  j be t h e  

a s s o c i a t e  of ~ ( i ) .  For each prev ious  a s s o c i a t e  j1 of i, 

if t h e r e  i s  u, z s e t .  S 

T j , , z  
= [3u] and [3u] f eS, pu t  3u+l 

i n  T . Do no th ing  more un le s s  one of t h e  fo l lowing  
j l , z  

mutua l ly  e x c l u s i v e  c a s e s  ho lds .  

S 7. There i s  y  s. t .  W i j k  = ( 3 ~ 1 ~  T : , ~  i s  empty, f 3 ~ l  E OS, 

y  E FX, and i t  i s  n o t  t h e  case  t h a t  x > i  and 

) ( y l  f Y & y1 E Fx & Q ( Y ~ > ~ , S )  I *  
Then put  3y i n  T 

j , k '  

8. T h e r e i s y s , t .  S 
' i ,k = [ 3 ~ ) ,  = f 3 ~ I  and f 3 ~ )  )! eS. 

Then put  3y+l i n  T  
j ,k*  



There i s  y  s e t ,  S 

'i,k = { 3 ~ , 3 ~ + 1 1 ,  f 3 ~ , 3 ~ + 1 1  E eS and 

i s  empty o r  i s  f 3 y l .  Then put  3y,3y+l i n  T 
j , k '  

There i s  y  s . t .  S 

'i,k 

{3y] j!! as and T' - 
j , k  - 

s There i s  y  s e t .  W i J k  

and T' 
j, k  

i s  empty o r  

S There i s  y s e t .  

= f 3 ~ , ~ 1  wi th  u # 3y,3y+1,3y+2, 

f3y1. Then put 3y+l i n  T  
j , k *  

= f 3 ~ , 3 ~ + 2 1 ,  f 3 ~ , 3 ~ + 2 1  E eS 

i s  C 3y1. Then p u t  3y, 3y-1-2 i n  

$,k = {3y,3y+l 1. Then choose a  new a s s o c i a t e  f o r  i ,  

There i s  y  s . t ,  S wi,, = f 3 ~ * 3 ~ + 2 1 ,  L 3 ~ , 3 ~ + 2 1  # cS, 
[ ~ y ]  & and T' 

j , k  = 
[ 3y1. Then put  3y+ I i n  T 

j , k  
This  completes t h e  cons t ruc t ion .  

Remark. To connect t h e  program wi th  t h e  preceding d i scuss ion ,  

A t  a  s t e p  s a t t ached  t o  x we t r y  t o  s a t i s f y  cond i t ion  ~ ( x ) ,  

us ing  t h e  s t e p  s a s s o c i a t e  of ~ ( x ) ,  and a t  a  s t e p  s a t t ached  

t o  ( i , k )  we t r y  t o  s a t i s f y  cond i t ion  ~ ( i )  by making element 

( j ,  k )  of t h e  T sequence equa l  t o  element ( i , k )  of t h e  W 

sequence i f  t h e  l a t t e r  i s  i n  @, where j i s  t h e  s t e p  s 

a s s o c i a t e  of ~ ( i ) .  6, i s  t h e  f i r s t  s t a g e  of working on 

~ ( x ) ,  and 5, corresponds t o  Event 1 .  3. corresponds t o  Event 

2. 2. i s  t h e  case  where we r e t u r n  t o  a previous  a t tempt  t o  

s a t i s f y  ~ ( x ) .  I f  i < x, y  E Fx and & ( y , i , s ) ,  t h i s  means 

t h a t  we cannot complete t h e  a t tempt  wi th  y  t o  s a t i s f y  ~ ( x ) ,  

because of a c o n f l i c t  w i th  ~ ( i ) .  That accounts  f o r  t h e  

appearance of Q i n  2., 3., and 4. I n  4, we choose a 



new t r i p l e  f o r  ~ ( x )  i f  poss ib le ,  We a r e  even tua l ly  able  

t o  s a t i s f y  ~ ( x )  because of the r e s t r i c t i o n  i n  7., which 

ensures  t h a t  each ~ ( i )  with i<x can block only  one attempt 

t o  s a t i s f y  ~ ( x ) ,  whereas we have xf2 a t tempts  a t  our d i sposa l  

(corresponding t o  t h e  members of Fx);  we make these  at tempts  

with the  f i r s t  member of Fx, the second member of Fx, ... 
( s e e  4 . )  and e i t h e r  one of them works out o r  we w i l l  be 

a b l e  t o  retvz-n t o  a previous attempt by 2. 

The proor c o n s i s t s  of a  sequence of s i x  lemmas, 

LEMMA 1. For e m h  x, t h e  a s soc ia te  of ~ ( x )  i s  eventua l ly  

cons tant .  

PROOF. Because of I , ,  i f  t he  a s s o c i a t e  of ~ ( x )  ever  

changes by 2. i t  never changes again,  I f  t h e  a s s o c i a t e  of 

~ ( x )  never changes by 2., i t  can change only by 4 , ,  and 

this happens f i n i t e l y  o f t e n  s ince  Fx i s  f i n i t e .  

Q,E.D, 

LEMMA 2. For any y, i f  {3yj3y-t-2] i s  p u t  i n t o  @ a t  s t e p  

v and { ~ y ]  E cU, then u  < v. 

PROOF. Suppose t h a t  ukv, then by 1. ,2. ,  and 3. 63y3 E eV. 

B u t  a l s o  [ j y , j y + l ]  E eV, f o r  otherwise 2.  occurs a t  v (3. 

cannot)  and 4, must have occurred a t  w < v  while y  was an 

a s s o c i a t e  of ~ ( x )  and so [3y,3y+l] E aW which impl ies  

[3y,3y+1) E eV, c o n t r a d i c i t i o n .  It fol lows t h a t  5. occurred 

a t  a  s t e p  t < v  and 6. i s  impossible between t and v, 

con t rad ic t ion .  

Q.E,D, 



LEMMA 3. For each i, t h e  a s s o c i a t e  of ~ ( i )  i s  e v e n t u a l l y  

c o n s t a n t .  

PROOF. The a s s o c i a t e  of ~ ( i )  can change a t  s t e p  s a t t ached  

t o  ( i , k )  f o r  k  = 0,1,2 , .  . , by occur rences  of 12, Suppose 

t h i s  happens wi th  y  E Fx and x  > i and we d e r i v e  a  

c o n t r a d i c t i o n .  Let t < s be t h e  s t e p  a t  which 3y-t-1 w a s  pu t  

i n t o  T J , k '  
A t  t 8, o r  13, must have occur red ,  because 

s 
'i,k = {3y33yf2] e l i m i n a t e s  t h e  p o s s i b i l i t i e s  9, and 1 0 , a t  t. 

= { j y ]  i n  e i t h e r  case  s o  t h e r e  i s  u  < t s e t .  7. 
T j , k  
occur red  a t  u. Let  v be t h e  s t e p  a t  which {.3y,3y-t-2] i s  

pu t  i n t o  @. Then .v < s ,  Also 'v > u by Lemma 2, s i n c e  

{3y]  E guf We have - & ( y , i , v )  s i n c e  2. o r  3. occu r s  a t  

v. But a f t e r  s t e p  u  we have T  U+' = i . 3 ~ 1 ,  w;:; = i 3 ~ 1 ~  and 
J , k  

by s t e p  s we have T' 
J , k  = {3yJ3y+l]  and wS = f3y33y+2]. i , k 

Thus at, s t e p  v  we must have ~ ( y , i ; v )  by t h e  d e f i n i t i o n  of 

Q. Con t r ad i c t i on ,  

Thus t h e  y  i n  occur rences  of 12, belongs t o  Fx with  

x S i. Consider s s.1. t h a t  f o r  each x  S i and each 

y  E FX t h e  membership of (3y3, [3y,3y+l] and {jyJ3y+2) i n  O 

has  been permanently f i x e d ;  t h e r e  i s  such an s by 5,  and 6,  

Then we show 12. can happen f o r  a t  most one such s which 

w i l l  prove t h e  Lemma. 

Suppose 

a s s o c i a t e  of 

a t  S ,  > s 0 '  

t h e r e  a r e  two such s, so and s , ,  s . t ,  t h e  

~ ( i )  changes t o  jo a t  so and then  - t o  j l  

Let  s l  be a t t a c h e d  t o  ( i , k ) ,  Ws' = {3y33y+2+->1, 
i , k  



S 

{3y,3y+l], y  E Fx and x s i. There a r e  then t ,  u 
Tjdk = 
with so < u < t < s u and t a r e  a t t ached  t o  ( i , k ) ,  7. I ' 
occurs  a t  u, and 8. o r  13, occurs at; t o  Thus {3y] E @'I but 

t {3y] & @ , which c o n t r a d i c t s  our assumption about s 0"  

LEMMA 4, ( j ) ( k )  Ti E C ( i . e ,  B, h o l d s ) .  
c 9 

PROOF. Let j , k  be given. I f  T j j k  i s  empty then T j , k  @' 

F i r s t  suppose T 
j, k  

g e t s  a  member by t h e  "previous associate ' '  

case,  i . e .  t h e r e  i s  s ,  i, u s e t ,  j i s  a  previous a s s o c i a t e  

of ~ ( i ) ,  T' = [ j u ]  and [3u] &cS. Thus t h e r e  i s  t < s  
j, k  

s.  t .  3 E ct and 5. occurred between t and s  so [3ur3u+l ) 

E @ and T  
j , k  

E @. Thus we can assume t h a t  T  j ,k  acqui res  

members only  a t  s t e p s  s a t tached t o  ( i , k )  when j i s  t h e  

a s s o c i a t e  of i, 
T j , k  

can never havemore than 2 members 

s i n c e  a t  t h e  end of any s t e p  T jd= 
has a tmos t  2 members, I f  

T has one member then  T  
j 9 k  

= {3y] f o r  some y,  and 
j , k  

{3y93y+l) E eS and one of cases  80,  g . ,  l o . ,  1 2 . ,  o r  13. 

y i e l d s  a  con t rad ic t ion ,  If T j , k  has 2 members l e t  s be 

t h e  s t e p  when i t  g e t s  i t s  second member o r  both i t s  members 

i f  i t  g e t s  them both at once, Consideration of the  

p o s s i b i l i t i e s  8., g. ,  lo . ,  11. and 13 a t  s ,  using .In 8., l o , ,  

t h a t  {Jy, 3y+1] E C, gi:ves T j , k  '* 



LEMMA 5. Let  y  be t h e  f i n a l  a s s o c i a t e  of ~ ( x ) .  Then 

Wx, Y 
p @ . v , S  E @ & S  # W  ( s o  t h a t  ~ ( x )  h o l d s ) .  

Y Y x, Y 
PROOF. We n o t e  t h a t  t h e  a s s o c i a t e  of ~ ( x )  s ta r t s  a t  t h e  

l e a s t  member of F and p o s s i b l y  i n c r e a s e s  by occur rences  
X 

of 4. By 2 ,  i t  may decrease ,  bu t  t h e n  by 1 .  i t  remains 

f i x e d .  

F i r s t  case .  {3y33y+2] E @. If t h i s  happens by 3, then  

W x ~  Y 
= {3yJ3y-t1 ]. If  i t  happens by 2. we a l s o  have 

W = {3y,3y+1 1 becuase of t h e  c o n d i t i o n  i n  4. Thus by 
x, Y 

t h e  d e f i n i t i o n  of S  S  = {3y33y+2] and 
Y' Y 

Second case .  {3y,3y+2] { @ and y  i s  n o t  t h e  g r e a t e s t  

member of Fx. 

a { j y , j y + l ]  E C  & W x J g  = [3y33y+l] .  Then f o r  s.1. s 

3. o r  4.  occurs  and we g e t  a c o n t r a d i c t i o n .  

b )  f3y ,3~+1  I E @ & W x 3  Y # 63y,3y+1]. Then by 5. 

3Y WX, y so  i f  W E @ t hen  Wx = {3y], which i s  x, Y 3 Y 

imposs ib le  by 5. and 6. 

c )  { ~ Y , ~ Y + I  3 { @ & f 3 ~ 1  E @a If w XJ  Y E @ t h e n  

S~ = {3y] E O. ~f  wX = {3y], 5. g i v e s  a c o n t r a d i c t i o n .  
r Y 

d )  {3y,3y+l] { @ & [3y]  @. Then 6, can never  occur  

so  3y E W and W p @. x, Y x, Y 

Thi rd  case .  {3y,3y+2] { @  and y  i s  t h e  g r e a t e s t  member 

df Fx. The second c a s e  argument i s  v a l i d  except  i n  a ) .  

Let  s be s.1. a t t a c h e d  t o  x  s . t .  {3y,3y+I] E eS and 



f3~,3~+13 = wS We show that 2, or 3, occurs at s, 
x, Y* 

giving a contradiction. For suppose that 

Then since Fx has xfl members and there are only x numbers 

< x, there are y y2 in F s,t. for some i < x, &(yl ,i,s) 1 ' X 

and &(y2,i,s). Let j be the associate of ~ ( i )  at s and let 

S kl, k2 be s.t. Wi,k = [3y11 or f 3 ~ ~ , 3 ~ ~ + 2 L  q k  = f3~,] 
I 2 - 

or f 3 ~ ~ , 3 ~ ~ + 2 1 ,  T:,~ = f3y1] Or [ ~ Y , ~ ~ Y ~ + I I ,  and 
S 

1 

T~,k2 = (3y2] or [3y2'3y2fl]. There exist ul, u 2 with 

(say)ul < u2 and both < s s.t. Tj,klt first acquire 
j 4 

members at u u respectively. At u,, 7. must occur with 1' 2 

y = yl, k = k and at u2 7, must occur with y=y2, k=k 1 ' 2" 

For the only other possibilities, in the case u, for instance, 
u 

are 9. and 11.; 9. is impossible because then W 1 -  - 
i, kl 

(3y1, 3y1+1) which implies w!,~ = [3y1,3y1+1) instead of 
1 

[3y1] or [3y1~3y1+2)~ and 11 .  is impossible because then 

ul+l 

T ~ ,  k, 
= [ 3y1,3y,+2) which implies T' J ,kl = f3~,,3~,+21 

instead of [3y1] or f3yl,3y1+1]. Since 7 .  occurs at u 2 $  

we have -Q(yl,i,u2). But since 7. occurs at ul with y = g 1 

u Ul+l 

1 ' = [3y1] and T k = k we have Wi,k j,kl = [ ~ Y ~ I ,  and 
1 

combining this with w:,~ = [3y11 Or [ ~ Y ~ J ~ Y ~ + ~ I ~  and 
1 

Contradiction . 



LEMMA 6. Let j be t h e  f i n a l  a s s o c i a t e  of ~ ( i ) .  Then 

( z ) ( ~ ~ , ~  E C)*(z)(wi J Z = T j j Z  ) ( s o  t h a t  ~ ( i )  h o l d s ) .  

PROOF. Suppose t h a t  ( z )  ( w ~  E C) . Consider Wi, k. 
9 z  

F i r s t  case .  W i 9 k  i s  empty. Then T 
J J k  

i s  empty, 

Second case .  W i J k  h a s  one member. Then = [3y) f o r  

some y, y  E FX say,  and [3y] E C. 
T j , k  

can acqu i r e  members 

on ly  by 7. and 8. Suppose 8. occurs  a t  a s t e p  t,, then  

t h e r e  i s  a  s t e p  s < t s . t .  7, occurs  at s; then  by 5.  a d  

6. and t h e  f a c t  t h a t  [3y]  E @, [3y]  E @S i m p l i e s  t h a t  

t [3y)  E C which. i s  impossible .  Thus 8. can never  occur,  

and t o  show t h a t  T 
j J k  

= [3y]  we have  on ly  t o  show t h a t  

7. sometime oceu.rs. Thus we must show t h a t  i f  s i s  chosen 

s u f f i c i e n t l y  l a r g e ,  and x > i, then  f o r  each y, # y i n  Fx, 

4 ( ~ ~ 9 i , 4 *  

For no y  # y i n  Fx can we have [3y1]  { C. 0th.erwise 1 

suppose ( s a y )  y, < y and [3y,] ,  [3y] E C. Then because 

y  i s  sometime an a s s o c i a t e  of C(x), 4, must occur  wi th  

y, f o r  y, and so  [3yl,3y,+1 ) E C which imp l i e s  [3y1 ] c 

by 5. and 6 , ,  c o n t r a d i c t i o n ,  There is t h e r e f o r e  s with. 0 
t 

[3y1]  $ o f o r  a l l  t + so and a l l  yl # y i n  Fx,but 
S 0  S 

O = [ j y ) .  F u r t h e r  we can suppose t h a t  j b y 1  E C  andWiJk 

i s  t h e  a s s o c i a t e  of ~ ( i )  at  s,. For f i n i t e l y  many z, 
V s 

making up a  s e t  Z, we may have Wi O = [3yl 1 0' [ . 3 ~ ~ ~ 3 ~ ~ + 2 1  
3 z  



'i, z = {3y1 ,3y1+1] 9. w i l l  ensure t h a t  eventual ly  T 
j 9 z  

be [3y1,3y1+1] because then 12. would occur and 5 would 

n o t  be the  f i n a l  a s s o c i a t e  of ~ ( i ) ) .  Thus l e t  s 2 so be 

s.1. t h a t  f o r  each z E Z we do not  have W: 
9 z = [3y11 o r  

[ 3 ~ ~ , 3 ~ ~ + 2 ]  and T:,~ = f3y1]  O r  [ 3 ~ ~ > 3 ~ ~ + 1 ]  with yl  # Y i n  

Fx 
Now i f  t h e r e  i s  y, # y i n  Fx s .  t .  & ( y l  , i , s ) ,  t h e r e  

i s  z ,  which must  # Z,  wi th w T Y Z  = f3y1]  0' f 3 ~ ~ ~ 3 ~ ~ + 2 ]  and 

s 
= f3Y1] 0' Since z f Z, so 

T j y z  T ~ , z  
i s  empty. 

t 
B u t  [3y1 ] C f o r  any t so, and so T' i s  i n  f a c t  3 , z 

[3y1 ,3y1+1], both members being acquired by 9. a t  a s t e p  t 

t with so s t < s ,  and t h i s  i s  impossible because W i 3 Z  

cannot be 1. 

Third case ,  W 
i , k  

has two members and W i y k  = [3y, 3y+l] f o r  

some y. Then the  only cases  which can a f f e c t  T j , k  are 

7.,  8.,  and go, and 9. w i l l  ensure t h a t  T j , k  = C3~,3~+13. 

Fourth case.  Wi,g has  two members and W 
i , k  = C 3 ~ , 3 ~ + 2 1  

f o r  some y. Then 11. w i l l  ensure t h a t  T 5 Y k = C 3 ~ , 3 ~ + 2 3 *  

12. cannot occur s ince  j i s  the  f i n a l  a s s o c i a t e  of i. 

A. i s  c l e a r l y  s a t i s f i e d ,  and so Lemmas 4, 5, and 6 

complete t h e  proof.  



I n  [5] i t  was shown t h a t  i f  a  s tandard c l a s s  conta ins  

an inc reas ing  r . e .  sequence, then i t  conta ins  i t s  l i m i t  

( t h a t  i s ,  i t s  union) .  I n  [6] t h i s  c losure  condi t ion  was 

shown t o  be a  proper ty  of indexable c l a s s e s  a l so .  The 

Theorem below ( o r ,  r a t h e r ,  i t s  Corollary,  2 . 4 )  genera l i ses  

the  r e s u l t  t o  subclass  enumerable c l a s s e s .  

THEOREM 2.3. Let <T x  2 O> be an r , e .  sequence of r .e .  
X 

s e t s  s . t .  T  = @ ( T ~  1 x  2 O ]  i s  i n f i n i t e  and t h e r e  i s  a  

s t rong ly  

Ux 

subclass  

conta ins  

r . e .  sequence of f i n i t e  s e t s  <Ux I x  2 O> with 

u s u  Tx' x  x+l ' a n d u [ ~ ~ I x  2 0 )  = T. Then any 

enumerable c l a s s  conta in ing  Tx f o r  each x  a l s o  

T. 

PROOF. Let C  be a  c l a s s  of r . e .  s e t s  containing T f o r  
X 

e a c h x b u t  not  c o n t a i n i n g T .  Let <S I i , j  r O >  be a  
i, j 

2-dimensional r . e .  sequence of members of C, and denote by 

Ci the  

we can 

1 )  Rx 

2 )  If 

Then @ 

r . e .  subclass  of @ given by the  i - t h  row. We show 

enumerate an r . e .  sequence <Rx l x  2 O> s . t .  

E @ f o r  a l l  x  

<R I x  2 O> enumerates C*, then C* # C f o r  a l l  i. 
x i 

cannot be subclass  enumerable. 

DISCUSSION. 

To s a t i s f y  t h e  Co condi t ion:  Let S: be t h e  approximation 
j 

t o  Si a f t e r  s t e p  s of a recurs ive  enumeration of <Si, j>. , j 
We w i l l  make each member of the  R sequence a member of the  

T  sequence. If SO,O i s  a  Tx, then f o r  a l l  s SOj0 E T and 



so t h e r e  i s  y  s . t .  SOj0  E U ( s i n c e U [ ~ ~ J x  2 0 )  = T ) .  
Y 

Thus a f t e r  s t e p  s of we can w a i t  t i l l  we f i n d  such a 

Y. If we do, then the re  i s  a  l a r g e s t  x s o t .  U s sS 
X 0,O' We 

then ensure t h a t  f o r  each n, R, i s  TZ with z s u f f i c i e n t l y  

l a r g e  t h a t  Ux+l S TZ -- namely z 2 x4-1. I f  a t  a  l a t e r  s t e p  

we have t o  increase  x  we can do so s ince  f o r  any f i n i t e  

subset  F of TZ, t h e r e  i s  x' w i t h  F c U , 
If S O j O  i s  f a c t  

X 

Ta, say, and the  l a r g e s t  x with Ux E Ta i s  x ( a ) ,  then 

U x ( a ) + ~  w i l l  be i n  Rn f o r  each n  and S  {c*. On the  
090 

o the r  hand, i f  S  
030 

i s  not  a  Tx but i s  contained i n  T, i n  

o rde r  t o  make us go wrong b y  containing U f o r  each x i t  
X 

must be T, which i s  impossible s ince  T # C. 

I f  we t r y  t h i s  f o r  a l l  Cx ( w i t h .  SOj0,  S 1  ,0' S2,0, * a ) 

we w i l l  be l i a b l e  t o  i n j u r e  the Rx E C condi t ions  ( b y  

making Rx = T ) .  Thus we s e t  up a  p r i o r i t y  order ing  

To s a t i s f y  C1,  we r e s t r i c t  only Rn with n  2 1 ;  we the re fo re  

have t o  ge t  - two members of C ,  not i n  C* - RO ( s o  t h a t  they 

cannot both be R, and C, - Cf i s  non-empty). We look f o r  

two members of C ,  d i f f e r i n g  on the  l a r g e s t  Ux contained i n  

them. We a l s o  add the  condi t ion t h a t  C* i s  i n f i n i t e  f o r  t h e  

case where two such members cannot be found. And so on, f o r  

CONSTRUCTION. Define a 2-dimensional r . e .  sequence 



Now Fi i s  f i n i t e  f o r  a l l  i , j .  S i j j  , j # T s ince  T {c, i . e .  

(T-si ) U (8 .-T) i s  non-empty. I f  T - SiJ , j i, J i s  non-empty. 

s ince  T =@(u, Ix 2 01, ux s s i s  f a l s e  f o r  a l l  s.1. x 
i , j  

and Fi i s  f i n i t e .  On t h e  o the r  hand, i f  Sij j-T i s  non- , J 
empty, t h e r e  i s  y  with ST - T non-empty, and s o  , j 
SY E U i s  f a l s e  f o r  a l l  z .  Thus if x E F 

Z 
we have 

19j 
Y 1  

i , j  

Ux S UZ f o r  some y l ,  z l ,  and so y l  c y and 
$, j I 

Ux E S i , j  . This can hold f o r  only f i n i t e l y  many x s ince  

@ (ux 1 x 2 O ]  i s  i n f i n i t e  and so i n  any case Fi i s  f i n i t e .  
j 

~ e t  F: be the  s e t  of numbers i n  Fi a f t e r  s t e p  
j , j 

s of a  recurxLve enumeration of <Fi .>. Define a recurs ive  
3 J 

func t ion  c ( i , s )  a s  follows. 

If t h e r e  a r e  numbers jo, j '. . . , ji S, t. 

a re  d i s t i n c t  and non-empty, put 

c ( i  , s )  = t he  l a r g e s t  member of S s  
Fi.9jo u. . *u  F ~ , ~  , where - 

ji i s  chosen t o  be as small  a s  poss ib le .  

Otherwise we put 

We claim t h a t  f o r  each i, c ( i , s )  a t t a i n s  a  l a r g e s t  value.  

CASE 1 .  There a r e  numbers jO,. . . , Ji s . t .  F i s j O ~  *>Fi, ji 

a r e  d i s t i n c t  and non-empty. I n  t h i s  case i f  ji i s  chosen 

as  small  a s  poss ib le ,  then  f o r  a l l  s  s.1. t h a t  



we w i l l  have 

c ( i , s )  = t h e  l a r g e s t  member of Fi U...U Fi . .  
jo , J~ 

Thus c ( i  , s )  i s  bounded s ince  i t  converges. 

CASE 2 .  Otherwise, i n  which case [ F ~  I i, j 2 0 ]  i s  f i n i t e ,  

F 1 i ,  2 01 has a l a r g e s t  member n, and 

c ( i , s )  s n  f o r  a l l  s .  

If k ! ) f ~ ~ , ~  1 i , j  2 01 i s  empty, c ( i , s )  = 0  f o r  a l l  s .  SO i n  

m y  case c  ( i , s  ) a t t a i n s  a l a r g e s t  value,  

Thus there  i s  a  func t ion  f and an r . e .  sequence <R > 
X 

given by R - x - Tf ( x )  s a t i s f y i n g  the condi t ions  

( 0 )  f  (n f l  ) > f  ( n )  for all n  

( 1 ) f ( n )  > t he  l a r g e s t  value of c  (0 ,  s )  f o r  a l l  n  

( 2 )  f ( n )  > t he  l a r g e s t  .value of ~ ( 1 , s )  f o r  a l l  n  2 1 

(if I ) f ( n )  > the  l a r g e s t  value of c ( i , s )  f o r  a l l  n  r i 

For we can define a  recurs ive  func t ion  f ( i , s )  and a  

2-dimensional s t rong ly  r. e .  sequence <R:> a s  fol lows by 

simultaneous induc t i cn  on i and s .  

f ( i , 0 )  = 0  0 Ri = t he  empty s e t  

Let 

.. t (i,  sf1 ) = max[c (0,  sf!  ) + I , .  , c ( i ,  s+l ) + I  , f  (i- I ,  s+l )+I  ] 

i f  i > 0, and 



f ( i , s )  i f  t ( i , s + l )  5 f ( i , s )  

f ( i , s + l )  = 1 
i llx[x 2 t ( i , s + l  ) & R: G U ] otherwise 
L X 

where <T'> i s  a  recurs ive  enumeration of <T >. 
X X 

Note t h a t  the  d e f i n i t i o n  of f ( i , s + l )  i s  poss ib le  

because T @tux  I x 2 0 ) .  Define Ri = uiR: / s  2 0 ) .  

Lims f ( i , s )  = f ( i )  say e x i s t s  because f o r  each i, c ( i , s )  

a t t a i n s  a  l a r g e s t  value.  R. = T 
1 f ( i )  and condi t ions  ( 0 ) ,  

( I ) , . .  . hold. 

<R > enumerates @* E @. The proof i s  completed by 
X 

showing t h a t  C* @ f o r  each i. i 

We need consider only the  case where each member of 

Ci i s  i n  the sequence <T >. Thus f o r  each. i, j, 
X 

F = [ Y  / u y  E Si . ) because T tux 1 XZ 0 ) .  If Case 2 
i, j 3 J 

occurs,  e i t h e r  the re  i s  no y  s .  t .  u~ E a  member of Ci o r  

t h e r e  i s  a  l a r g e s t  such y. But by condi t ion  ( 0 )  f o r  each 

y t h e r e  i s  a  member of @* conta in ing  U 
Y'  

So Oi # o*. If 

Case 1 occurs,  the  i + l  s e t s  S  , * . . , S  a re  a l l  i , J o  iJ i  

d i f f e r e n t ,  and i f  n  2 i, condi t ion  ( i + l  ) y i e l d s  f  ( n )  > the  

l a r g e s t  .value of c ( i , s )  2 the  l a r g e s t  member of 

U.. . U Fi, jiJ S O  Uf ( n )  s Rn but U f o r  



0  5 m a i. Thus R, i s  d i f f e r e n t  from each of S 
i, j o j * * * ~ s i ,  ji 

f o r  a l l  n  2 i and i t  fol lows t h a t  a t  l e a s t  one of 

COROLLARY 2 .4 .  If a  subclass  enumerable c l a s s  conta ins  

an inc reas ing  r . e .  sequence then i t  a l s o  contains  i t s  

l i m i t .  

PROOF. Let the  subclass  enumerable c l a s s  @ conta in  the  

i n c r e a s i n g  r.  e .  sequence <T I x 2 O>. If 
X 

T = U [ T ,  I x 2 0 )  i s  f i n i t e ,  T = T f o r  some x  and so 
X 

T E O. Otherwise def ine 

X X 
U = To U T U.. .  x 1 U T: 

where T: i s  the  s e t  of numbers i n  Tx by the  end of s t e p  s  

of a  r ecurs ive  enumeration of <T > and the condi t ions of 
X 

the  theorem a re  s a t i s f i e d .  

COROLLARY 2.5. A simple example of an r . e .  c l a s s  which 

i s  closed t o  r . e .  l i m i t s  i n  the  sense of1 Corollary 2 .4  but 

i s  not  subclass  enumerable i s  [N-[x] I x  2 03. 

PROOF. Define Ux = [n  / n  < x],  T  = M-{x] and i t  fol lows 
X 

t h a t  any subclass  enumerable c l a s s  containing {N-{X] I x  2 03 

mus t  a l s o  contain N .  

The fol lowing example showsthat THEOREM 2 .3  does no t  

. charac te r i ze  subclass  enumerable c l a s s e s .  



EXAMPLE 2.3.  There e x i s t s  a non-empty r . e ,  c l a s s  @, 

c o n s i s t i n g  of s i n g l e t o n s  and p a i r s ,  which i s  no t  s u b e l a s s  

enumerable. 

PROOF. Let o ( l , j )  = 2 ~ ( i , j ) ,  wher? T i s  the  [Cantor p a i r i n g  

f u n c t i o n ,  so  that a  i s  an e f f e c t i v e  one-one correspondance 

between ordered  p a i r s  of n a t u r a l  numbers and t h e  even 

numbers. Let @* be the  c l a s s  of r , c .  s e t s  of c a r d i n a l i t y  

one o r  two. 

Take C = C* - [ ( o ( i ,  j)] 1 ( 3 y ) ( g ~ ~ ~  & o ( i ,  ~ ) E W  ) I  i ,  Y 

where <R. / j 2 O> i s  a  r e c u r s i v e  enumeration of t he  r ,  e ,  
J 

s e t s  and <W I i , j  2 O> i s  a 2-dimensional r , e ,  sequence 
i , j  

whose rows i n c l u d e  a l l  t h e  r , e ,  sequences,  

Suppose t h a t  @ i s  s u b c l a s s  enumerable, then by 

D e f i n i t i o n  2 .6  t h e r e  i s  an i s . t .  <Wi ( y 2 O> i s  a ,. Y 

r e c u r s i v e  enumeration of C, and i f  0 i s  an r o e ,  subc l a s s  of 

Let  C7 be t h e  r , e ,  c l a s s  enumerated by t h e  r , e ,  sequence 

<U / j 2 O> def ined  as f o l l o w s :  
j 

CASE ( 1 3 )  - ( 3 y ) ( y ~ ~ ~  & o ( i , j )  E W i S y ) ,  

Then p u t  U = { o ( i , j ) ] .  U j  E C. 
j 

CASE ( 2 j ) ,  ( 3y ) (ycRj  & o ( i , j )  E Wi 
s Y 

F i x  such a Y, s ay  yo, { o ( i , j ) ]  {c, I 

and Wi% 

\ 
=[a:  i2j ,, >n] 

with n # a ( i , j ) ,  P u t  Uj = ( o ( i , j ) , m ] ,  where m i s , a n . o d d  

number d i f f e r e n t  from n ,  

c7 c, and so t h e r e  i s  a j with  C7 = [ w ~ , ~  ( y t P.], J 



InCASE ( l j ) , f u ( i 2 j ) ]  E a -  [wi ) Y E  R . ] ,  con t rad ic t ion .  
3 Y J 

I n  CASE ( 2 j ) ,  take yo, n, m as above. We have [o ( i , j ) , n ]  

E (wi I y E R .  ] - a, giv ing  a  c o n t r a l i s t i o n .  For if 
3 Y J 

{ o ( i ,  j ) , n ]  E { ~ ( i , j ) ~ n ]  = ulc say. S in re  n  i s  odd and 

o ( i ,  j )  i s  even, o ( 1 , j )  = a ( i , k )  and the re fo re  J = k  be:a7b>e 

a  I s  one-one. This c o n t r a d i c t s  m # R .  

Our f i n a l  example completes t he  proof of t h e  Main 

Theorem. 

EXMPLE 2,4, There is a c l a s s  of r o e ,  s e t s  which i s  subclass  

enumerable b a t  not indexable.  

REMAFiK. The c l a s s  @ which we constru:t c o n s i s t s  of s ing le tons  

and p a i r s ,  arid eontai.ns a l l  t h e  p a i r s ,  

PROOF, Let <Wx ( x , y  2 O> be a  2-dimensional r o e .  sequence 
2 Y 

of r o e .  s e t s  with l e s s  than t h r e e  members inc luding  every 

r o e .  sequence of r o e .  s e t s  with l e s s  than  t h r e e  members 

among i t s  rows, and l e t  <cp I x  2 O> be a recurs ive  enumeration 
X 

of a l l  t h e  one-argument p e r ,  funct ions .  Pu4 cp(x,y)= ,q~ ( y ) .  d- x  

Let (i(n),~(n) 3 be t h e  ( n t l ) s t  ordered p a i r  of natJural  

numbers i n  some e f f e c t i v e  numbering, f o r  example we can 

def ine  the  f m c t i o n s  i and j b y  ~ ( . i ( n ) , j ( n ) )  - n, wlrere T 

i s  the Cantor p a i r i n g  funct ion ,  

DISCUSSION. To make @ non-lndexable, f e r  each p  we want t o  

prevent the  r o e ,  sequence <W I x 2 O> from being an 
P9X 

indexing of 0, t h a t  I s  (by Definition 2,4), w e  should be 



a b l e  t o  cons t ruc t  an r . e .  sequence <U I x 2 O> s . t .  i f  
X 

W E O f o r  a l l  x, then Ux E C5 f o r  a l l  x, and f o r  each q  P,X 
t h e r e  i s  an x  with cp(q,x) undefined o r  cp(q,x) def ined but 

w~,cp(q ,x)  # ux 
Let us a s s i g n  a  p o s i t i o n  fl i n  the  U 

sequence t o  t h e  p e r ,  func t ion  cp and a s ing le ton  [a) t o  
qJ 

t h e  p a i r  ( p , q ) .  Compute c p ( q , ~ )  and if it  i s  defined 

enunerate W 
~ , cp (qd3)"  

Put [a) i n  @ and a i n  U A s  long a s  8  ' 
cp(q,fl) i s  undefined o r  W 

P , ~ P ( ~ , B )  
# {a) we can leave i t  a t  

t h a t .  But i f  we ever have cp(q,p) defined and W 
P , c P ( ~ , ~ )  =fa1 

we remove {a] from @ by convert ing i t  t o  a  p a i r ;  i f  

subsequently i t  t u r n s  out  t h a t  W 
p,cp(q,fl) 

i s  a  p a i r  we can 

make U a d i f f e r e n t  p a i r ,  I n  genera l  ( ~ , q )  = ( i ( n ) ,  j ( n )  ) 
8 

and by using d i s t i n c t  a f o r  d i f f e r e n t  n,  and d i s t i n c t  ,B 

f o r  d i f f e r e n t  q, @ can be made non-indexable. 

Simultaneously, however, we must make @ subclass  

enumerable, t h a t  i s  (by Definitiion 2 .5)  we have t o  

enumerate r . e .  c l a s s e s  P(0, X,,  X2 , . . .  with K1 O s o t .  f o r  

each k, i f  W E @ f o r  a l l  x, then t h e r e  i s  1 with 
k, x  

{ w ~ , ~  1 x 2 0) = X1' A s ing le ton  (a) used a s  above can 

give us t roub le ,  f o r  i f  W i s  apparent ly [a) while [a)&, 
k, x  

we put [a] i n  Xl, but then i f  [a] i s  removed from C we must 

make t h e  [a] i n  5 a p a i r ,  and W may i n  f a c t  be a  
k, x  

d i f f e r e n t  p a i r ,  

We ass ign  p r i o r i t i e s  t o  our requirements, t h e ( i ( n ) ,  j ( n )  ) 

non- indexabi l i ty  requirement takTng p r i o r i t y  over t h e  row k 



subclass  e n m r a b i l l t y  requirement i f  and only i f  n 5 k, 

I f  n  .S k and a c o n f l i c t  a r i s e s ,  we choose a new 1 t o  use 

with k ,  convert ing each member of t h e  013 Xl t o  a  p a i r .  

Define 

Fo = t o ) ,  PI = [ 1 , 2 ) ,  F, = [3,4,5]>. .. We use as our - 

a f o r  t h e  ( i ( n ) , j  ( n ) )  requirement a member of Fn. We show 

t h a t  we can eventua l ly  f i n d  an a E F, which i s  " sa fe 'bas  

regards poss ib le  r o n f l i c t s  with a row k requirement with 

k  < n. 

73NSTRUCTION. Let W: y, cp(x,y,s) r e f e r  t o  t h e  s i t u a t i o n  

a f t e r  s t e p  s (=0 ,1 ,2 , , , . )  of a  simultsneous enumeration of 

<Wx, Y 
I x ,y  2 0> and computation of <cpx(y) I x,y 2 O>. 

There i s  x  E F, s e t .  P(n ,x)  =df f o r  each k  < n, 

i u [ w k , z  1 Z ~ O ]  .V.  ( 3 y ) ( 8 ~ ) ( y # ~  & W k$ z = [ x , y ] )  .V.  

( 3 y ) ( 3 z ) ( y e ~ ~ & y # x & W  k, z = [ y l ) .  

For i f  - P ( n , x )  f o r  each x  E Fn, f o r  each x E Fn l e t  

k ( x )  be t h e  l e a s t  number <n s e t o  

(3z ) ('k(x), z = [ X I  & (y! ( y  E Fn & Y#X %(3z)  ( w ~ ( ~ ) ~ ~ = [ Y ] ) ) ~  

and k ( x )  i s  a one-one func t ion  with ni-1 elements i n  i t s  

domain and n elements i n  i t s  range, whlch i s  impossible,  

There i s  the re fo re  a  b inary  recurs ive  funct ion  y(n,x)  s o t o  

( ~ ) ( x ) ( Y ( ~ , x ) E F ~ )  & (~)/~Y)(X)(X~Y*Y(~,X)=Y(~~Y)~&~ 

p!n,y(n,y)))e  

T h i s  i s  t r u e  because ~ ( n , x )  has  t h e  form 



< ( 3 ~  )(z) ~ ( n , x , k , y , z )  

where Q i s  a  r ecurs ive  r e l a t i o n .  Limxy(n,x) i s  t h e  " sa feu  

value of a F Fn r e f e r r e d  t o  above, 

A t  s t e p  s  of t h e  d e f i n i t i o n  of @, we a l s o  def ine  

numbers a ( n , s ) ,  p ( n , s )  f o r  each n  s ,  working 

success ive ly  on n=O, n= l ,  . . . , n=s,  We s t i p u l a t e  t h a t  a l l  

p a i r s  a r e  t o  be i n  @, and we enumerate them separa te ly .  

I n s t r u c t i o n s  f o r  s t e p  s e  

There i s  one case i f  n-SO 
7 

a ( n , s >  = y ( n 4  

@ ( n , s )  = t h e  l e a s t  number which has not  yet  been a  value 

of $ ( m , t )  wi th i ( m )  = i ( n ) ,  

Put { a ( n , s ) ]  i n t o  @. 

There a r e  t h r e e  cases  if n < s. 

suppose a ( n ,  s- 1 ) = y (n,m) . 
Case 1 v ( j ( n ) ,  f l ( n , s - I ) )  i s  def ined by s t e p  s and 

a ( n , s - I )  E wS i ( n ) , v ( j ( n > , ~ ( n , s - l )  ) *  
Then we put 

a ( n , s >  = ~ ( n d  

p ( n , s )  = ~ ( n , s - l ) o  

Also we remove f a ( n , s ) ]  from @, by convert ing any occurrence 

of i t  t o  a  p a i r .  

Case 2 Case 1 does not  occur. 

Then we put 

a ( n , s )  = y ( n , m + ~ )  



2.1 I f  a ( n , s )  = a ( n , s - I )  put  p ( n , s )  = p ( n , s - I ) .  

2 ,2  I f  a ( n , s )  # a ( n , s - I )  put p ( n , s )  = t he  l e a s t  number 

which has not, ye t  been a value of @ ( m , t )  with i ( m )  = i ( n j 2  

and remove [a(n ,s - : )  3 from C5 and put {a(r, ,s)  3 i n .  

NCTE. For earsh n t h e r e  a r e  two p o s s i b i l i t i e s :  

For some s, 2ase 1 occurs ,  Then f o r  a l l  t 2 s-1 

a ( n , t )  = a ( n , s - I )  = a ( n )  sayo  

~ ( n , t )  = @(n,s-4)  = @ ( n )  sayo 

Also i f  x  E $, f x )  # C. 

Case 1 never oczurs.  Then f o r  a l l  s o l ,  s a ( n , s ) ,  ~ ( ~ 1 , s )  

a r e  cons tants  a ( n ) ,  ~ ( h )  a s  before,  This  time 

a ( n )  = Limx y(n ,x)  and so ~ ( n , a ( n ) j .  

~ l s o  i f  x  E F ~ ,  (x]  E @ Q x = a ( n ) .  

@ i s  not  indexable,  

Suppose otherwise then  t h e r e  i s  p  s o t ,  t he  r o e ,  sequence 

<W I x 2 O> i s  an indexing of @, Define an r, e, sequence 
P9X - 1 <Ux I x 2 O> a s  fol lows.  Let i ( p )  be n0 ,n lsn29. . .  i n  

inc reas ing  order ,  For every number x  t h e r e  i s  a  unique 

@ ( n k s t )  = x  f o r  a l l  t 2 s unless  Case 2.1 ever happens 

put i n t o  Vx. Consider t h e  succeeding s t e p s  t a t  which 

p ( n k , t )  = x. I f  Case 1 ever  happens we know 

a b k d  = a b k h  @ ( n k , s )  = p ( n k ) ,  f a ( n k ) l  @ and so 

W ~ 9 ~ ( ~  (n,) ,@ = [a(ny) :>y]  w i t h  y  # a ( n k ) ,  We then 



put z # y, a ( n k )  i n t o  Ux. If Case 2.2 ever  happens we 

convert  Ux t o  a  p a i r .  

For each x, Ux E C, For U i s  a s ing le ton  only i f  
X 

n e i t h e r  Case 1 nor  Case 2.2 ever happens and then 

La(nk,s) I = L a b k )  I E O. 

Also <U 1 x 2 O> i s  no t  reducib le  t o  <W 1 x 2 O>. 
X P,X 

For if the  (q-1-1)-st p , r ,  func t ion  i s  t o t a l  choose k  s . t .  

j ( n k )  = q ,  Let s be the  f i r s t  s t e p  a t  which p (nk , s )  = ~ ( n ~ ) .  

Then a ( n k , s )  = a ( n k )  a l s o .  Take x  = p(nk)  i n  t h e  above 

d e f i n i t i o n  of U . Case 2.2 can never occur,  I f  Case 1 
X. 

ever (nk)  i s  a  d i f f e r e n t  p a i r  from W 
P > T ( ~ > B ( ~ ~ ) ) '  

and otherwise a ( n k )  E U 
p(nk)  

- W ~ , c p ( q , p ( n ~ )  ) so i n  e i t h e r  

case U p (nk)  # ' P , T ( ~ > B ( ~ ~ ) )  and the  ( q f 1 ) - s t  p . r .  funct ion  

cannot reduce <Ux(x 2 0  > t o  <W I x 2 O>, which i s  a  
P,X 

con t rad ic t ion ,  

C i s  subclass  enumerable, 

We enumerate a  sequence of r , e .  c l a s s e s  

K09 Y l >  Y2, * 9 

s e t .  1 .  X1 E @ f o r  a l l  1 

2. For each k, i f  ( x )  ( W  E @ )  then t h e r e  i s  1 with 
k, x  

Y1 = iwk ( x  01. 
> 

Follow a  plan by  which f o r  each ordered p a i r  (k ,x )  we consider  

t h e  s e t  W a t  i n f i n i t e l y  many s t e p s  of the  cons t ruc t ion  
k, x  

of @. For each k t h e r e  may be a  s t e p  at  which we a s s o c i a t e  



one of the  c l a s s e s  lyl wi th k. Y1 remains a s soc ia ted  with k  

unless  i t  is el iminated i n  which case i s  t o  be made t o  

con.sist  of a  c l a s s  of p a i r s ,  Later  we may choose a  new Y1 

t o  a s s o c i a t e  with k, 

Step s corresponding t o  ( k , x ) :  

ease ( a )  empty, Do nothing. 

%se ( b )  wESx  i s  a s ing le ton  [y],  y  E Fn say. 

n  5 k If [y]  E C5 a t  s t e p  s a s s o c i a t e  a value of 1 wi th  k  

i f  one does not  e x i s t  and put [y ]  i n  X1. We note  t h a t  t h i s  

ocf!urrence of [y]  i n  Y1 came from W k 3 x ,  

I f  [y]  F/ C5 a t  s t e p  s, 1 i s  assoc ia ted  with k  and 

[y]  E Yli e l iminate  Y1' 

n > k If [y] e C a t  s t e p  s and ( I U ) ( B V ) ( U # ~  & ~ E ~ ~ = [ y , u ] ) ~  

a s s o c i a t e  a  value of 1 with k i f  one does not  e x i s t  and put 

[ y )  i n  Xl. Not,e t h a t  t h i s  occurrence of [y ]  i n  yl came from 

i s  a  p a i r  [y3z] .  Associate a  value 1 with k  :ase ( e )  Wg,, 

i f  one does not  e x i s t  and put [y,z]  i n X l .  If [ y ]  o r  [ z ]  i s  

in .  X1 - C a t  t ,h . i s  time, convert  any occurrence of [y]  o r  ( z ]  

i n  X1 t o  [ y 3 z ] ;  otherwise j u s t  convert  any occurrence of 

:, i s  s a t i s f i e d . ,  

Otherwise t h e r e  a r e  l , k , x , s , y  s . t ,  1 i s  assoc ia ted  with k  

and i s  never el iminated,  s eorresponds t o  ( k , x ) ,  Case ( b )  

occurs a t  s t e p  s p u t t i n g  [ y ]  i n  ?( 1 f o r  good, and [y]  jd C, 



F i r s t  suppose y  E Fn with n  s k. I f  Wk 
J x  # CYI case ( 4  

gives  a  con t rad ic t ion ,  and i f  Wk = [ y )  Case ( b )  g ives  a  
,x  

con t rad ic t ion  s ince  X i s  e l iminated.  Next suppose y  E F, 
1 

with n  > k. Then Case ( c )  gives  a  con t rad ic t ion  a t  a  s t e p  

S corresponding t o  t h e  ( k , ~ )  s . t .  Wk,.v = (y ,u )  with u # y. 

2 .  i s  s a t i s f i e d .  

F ix  k  and suppose t h a t  ( x )  (wk  E o ) .  F i r s t  we show t h a t  
9 x  

a t  i n f i n i t e l y  many s t e p s  t h e r e  i s  some value of 1 assoc ia ted  

with k. This i s  c l e a r  unless [wk ( x 2 0 ]  c o n s i s t s  e n t i r e l y  
J x  

of s ing le tons  [y )  with y  E Fn, n  > k. With such an n  Case 1 

never occurs (because [ y ]  E C )  and y  = a ( n ) ,  P ( n , y ) .  This 

impl ies  t h a t  t h e r e  i s  z E Fn, z # y, [z] E [ w ~ , ~ (  x 2 0 )  

which i s  impossible s ince  a t  most one s ing le ton  from F  n  

can be i n  @. 

Suppose k i s  a s soc ia ted  with i n f i n i t e l y  many values of 

1. Then s ince  &JJ [ F ~  ( n  5 k) i s  f i n i t e  the re  i s  a  f i x e d  y  

s . t .  t h e  P( assoc ia ted  with k  i s  e l iminated i n f i n i t e l y  o f t e n  1 

through Case ( b )  with t h i s  y. 1.t follows t h a t  [y ]  { @ and 

thus  [ y )  i s  eventua l ly  not  i n  C  and so f o r  s . 1 .  1 associated 

with k we never have {y]  E Y1. Contradict ion.  

Let 1 be t h e  f i n a l  a s s o c i a t e  of k. X1 = [ w k j x  I x 2 0 )  

a s  fa r  a s  p a i r s  go. I f  [ y ]  = W k j x  and (Y] i Y 1 ,  y E Fn with 

n  > k, [ y ]  i s  eventua l ly  i n  C, and - - ( 3 ~ )  ( ~ v )  ( u # y  & Wk, v = f y ,  U )  ) .  

But y = a ( n ) ,  P ( n , y ) .  Thus t h e r e  i s  z E F,, z # y  s . t .  

[z) E {wkjX ( x 2 0) which i s  impossible.  Also Case ( c )  



ensures that if [ y ]  E K1, [ y )  = Wk,X f o r  some x. Thus 

X1 = [wlcJx I x ' 03. 

QeEeD. 
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CHAPTER 3 

PARTIALLY GF3ERD SETS REPRESENTABLF: BY R O E .  CLASSES. 

A p a r t i a l l y  ordered ( p . 0 . )  s e t  (8,s) i s  represented 

Q the  r . e .  c l a s s  C i f  8 )  i s  order  isomorphic t o  (C%,c), 

t h a t  i s  t o  the  p.0. s e t  c o n s i s t i n g  of C ordered by the  

i n c l u s i o n  r e l a t i o n .  (8,s) i s  representable  i f  i t  i s  

represented by some r . e .  c l a s s .  

A. H.  Lachlan has conjectured t h a t  p.0.  s e t s  and 

representable  p. o .  s e t s  a re  ind i s t ingu i shab le  by elementary 

sentences,  and has pointed out  iha t  t o  prove t h i s  i t  i s  

s u f f i c i e n t  t o  show t h a t  a l l  p.0.  s e t s  of a  c e r t a i n  type 

( see  the  Propos i t ion  preceding Theorem 3 . 4 )  a r e  representable .  

I n  t h i s  chapter  the  conjec ture  i s  v e r i f i e d .  

Let (8,o be a countable p.0. s e t ,  and a  a  func t ion  

from N onto 8. Define a  c l a s s  C of subse ts  of N by t h e  

sequence of s e t s  I(o), 1 ( 1 ) ,  1 ( 2 ) ,  ... with 

~ ( x ) = ~ ~ { y I o ( y ) < o ( x ) ] .  Wehave 

44 < O ( Y )  a x )  c I ( Y ) .  

F i r s t  suppose o ( x )  5 o ( y )  and l e t  z  E ~ ( x ) .  Then o ( z )  < o ( x ) ,  

and so o ( z )  < o ( ~ )  and z E ~ ( y )  Next suppose ~ ( x )  ~ ( y ) .  

Then s ince  a ( ? )  < a ( x ) ,  x E I ( X )  and so x E 1 ( y )  and 

a ( x >  < d y ) .  

Thus o ( x )  goes- to- I (x)  i s  a  wel l  defined order  

isomorphism from (B,<) onto (C,S). 



I f  the  r e l a t i o n  R def ined by  xRy = df o ( x )  < o ( y )  i s  

an re lad t ion ,  then @ i s  an r . e .  c l a s s  r ep resen t ing  (8,s). 

TI-IEGREM 3 , l  I f  (8,s) i s  a  p.0. s e t  s . t .  

( i )  t h e r e  i s  a  funct,ion o:N onto 8 with the  r e l a t i o n  R 

def ined b y  x R y =  o ( x )  S o ( y )  an 3Sedn?j3 r e l a t i o n ,  and d  f 

( i i )  (8,s) has a  greatest member, 

then ( 8 , S )  :is representable  by an r . e .  c l a s s .  

CONSTRUCTION A s  i n  t h e  remarks preceding the  statement of 

the  theorem, we represent  o ( x )  by a  s e t  which encodes the  

i n i t i a l  segment of ( 8 , S )  determined by a ( x ) ,  D i f f i c u l t i e s  

i n  doing t h i s  a re  overcome by ass igning  p r i o r i t i e s  t o  our 

requirements.  

By hypothesis ( i ) ,  the re  i s  a  r ecurs ive  func t ion  

c  (x, y, s  ) with range E {o, 1 ] S .  t .  f o r  a11 ordered p a i r s  (x, y )  

o ( x )  4 a ( y )  * c ( x , y , s )  = 0 f o r  a l l  s .1 .  s 

a ( x )  $ o ( y )  * c ( x , y , s )  = 1 f o r  a l l  s .1 .  s .  

We can assume t h a t  c ( x , x , s )  = 0 f o r  a l l  x , s .  

I n  s t e p s  s  = l , 2 , 3 ,  ... we w i l l  cons t ruc t  an r . e .  sequence 

< T ( u )  ( u r O> enumerating an r . e .  c l a s s  @. We w i l l  a l s o  

enumerate an r . e ,  s e t  A. 

Each x  w i l l  eventua l ly  have an assoc ia te .  The a s s o c i a t e  

of x may change, but i t  w i l l  do so only f i n i t e l y  o f t e n ,  

Denote the  f i n a l  a s soc ia te  of x  by a ( x ) .  We in tend  t h a t  

~ ( a ( x ) )  represents  o ( x ) .  If u E A, we in tend t h a t  ~ ( u )  

r ep resen t s  the g r e a t e s t  member of (B,<)  given by hypothesis  



(ii). 

Let <G(x)  1 x 2 O> be a r ecurs ive  sequence of d i s j o i n t  

i . n f i n i t e  s e t s .  There w i l l  always be a greater- than-x t a g  

defined i n  ~ ( x ) ,  i n i t i a l l y  taken t o  he t h e  l e a s t  member of 

~ ( x )  . The x-tag may change, but aga in  i t  w i l l  do so only 

f i n i t e l y  o f t en .  If  g ( x )  i s  the  f i n a l  greater-than-x tag,  

We fo l low a procedure by which we r e t u r n  t o  each 

ordered p a i r  of n.atura1 numbers a t  i n f i n i t e l y  many s t e p s .  

I n s t r u c t i o n s  f o r  an. (x ,y )  s t e p  s 

F i r s t ,  if y has no a s s o c i a t e ,  a s s o c i a t e  with y the  

l e a s t  number which has not  yet  been an a s s o c i a t e .  Let a ,  

be the  a s s o c i a t e  of y,, and l e t  g be t h e  x-tag.  

Case 1 c (x,y,  s )  = 0 

Then put g i n  ~ ( a , ) .  

Case 2 c ( x , y , s )  = 1 

Then do nothing unless  g E ~ ( a , ) ,  i n  which event t h e r e  a r e  

two subcases.  

We know x # YO 

Subcase 2 ( a )  x > y 

Then choose a new x-tag, t ak ing  i t  t o  be t h e  l e a s t  member of 

~ ( x )  g r e a t e r  than g. Se t  up a subprocedure by which g i s  

put i n t o  ~ ( u )  f o r  each u. 

Subcase 2 ( b )  x < y 



Then choose a  new a s s o c i a t e  a2 f o r  y, where a2 i s  the l e a s t  

number which has not yet been an a s s o c i a t e .  Put a ,  i n  A ,  

and s e t  up a  subprocedure by which ~ ( a  ) becomes C. 
1 

This  completes the  cons t ruc t ion ,  

Define Q(x,y) = [ s  I s i s  an ( x , y )  s t e p  and 2 ( a )  o r  ' ( b )  

occurs  a t  s ]  

We prove the  fol lowing 

LEMMA ~ ( x , y )  i s  f i n i t e ,  

PROOF OF LEMMA. We show t h a t  if s l  < s and s l , s2  E Q ( x , Y )  2 

then t h e r e  i s  s s .  t. s < s < s2  and e (x ,y ,s  ) = 0 .  Since 
3 1 3 3 

s  E & ( x Y  y )  impl i  e s  t h a t  c  (x,  y, s )  = 1 ,  t he  assumption t h a t  

~ ( x ,  y )  i s  i n f  i n l t e  w i l l  y i e l d  a con t rad ic t ion ,  s ince  c  (x,y,  s )  

converges. Suppose then t h a t  s l  < s, and s 1 , s 2  E & ( x Y y ) .  

For s  2 s l ,  denote the  x-tag j u s t  a f t e r  s t e p  s by 

g ( x , s ) ,  t he  a s soc ia te  of y  j u s t  a f t e r  s t e p  s  by a ( y , s ) ,  

and the s e t  of numbers i n  ~ ( u )  j u s t  a f t e r  s t e p  s b y  T ( u , s ) .  

Whether 2 ( a )  o r  2 ( b )  occurs a t  s, we have 

g ( x , s l )  P T ( " ! Y > ~ ~ ) J S ~ ) '  

However, s ince  s  E & ( x , y ) ,  2 

It i s  the re fo re  poss ib le  t o  def ine  a  s t e p  s t o  be the  3 
l e a s t  s t e p  with s ,  < s  S s  s . t .  3 2  

g (x , s3 )  E ~ ( a ( y , s ~ ) , s ~ ) ,  and we have 

g ( x , s j )  = g(x , s3 - I ) ,  f o r  otherwise Subcase 2 ( a )  shows t h a t  



s j n r e  t h e  only  n u m h e ~ s  t h s t  can  poss'ibly be i n  

I l s ( y ,  s,), s j )  a r e  discarded t a g s  from >;he subprocedure of 

2(a). The subproce3ure cf 2(b) does nc,% a , f fect  t h e  argument, 

s ince  a [ y ,  s  ) cannot he in A a t  
3 8 3 *  

Thus we have 

and. the  only  way t h i s  c a n  happen. i s  by :"Jade 1 .  Since the 

~ ( x )  a r e  d i s j o i n t  and a s s o c i a t e s  of d i f f e r e n t  numbers a r e  

d i f f e r e n ? ,  s I s  an l:x,y) s t e p .  Thus c ( x , y , s  ) = 0 arL3 the 
3 3 

Lemma i s  proved. 

It i s  now easy t o  show t h a t  the  x- tag d-~a,nges only  

f i n i t e l y  o f t en .  F o r  

the  x- tag changes a t  s 

* a E & ( x , y )  f o r  some y  < x 

and ~ ( x ~ y )  i s  f i n i t e .  
Y<X 
Also, the  &ssoc la te  of y  changes only  f i n i t e l y  o f t en .  

For 

the  a s soc ia te  of y  changes a t  s  

s E & ( x j y )  f o r  some x < y 

and & ( x g y )  i.s f i n i t e .  

Next we show tha,t 

g ( x >  T ! ~ ( Y ) )  d x )  d y )  

F l . r s t  suppose a ( x )  < a ( y )  and consider  an (x.,y) s t e p  s  s ,1.  

t h a t  c ( x , y , s )  - 0, the  x- tag i s  g ( x )  and the  associat,e of y  



i s  a ( y ) .  7 a s e  1 o c z u r s  and g ( x )  E T ( ~ ( Y ) ) .  Suppose t h e n  

g ( x )  E ~ ( a ( y ) )  and we o b t a i n  a  c o n t r a , d i c t i o n  f rom a ( x )  j( o ( y ) .  

7ons fde r  an : x , y )  s t e p  s s.1. t h a t  c ( x , y , s )  = 1, t h e  x - t a g  

i s  f i x e d  a t  g t x ) ,  t h e  a s s o c i a t e  of y  i s  f i x e d  a t  a ( y ) ,  and 

g ( x )  r ~ ( a , ( y ) ) .  ijne of  Subcases  2 ( a ) ,  2 ( b )  o c c u r s ,  and e i t h e r  

the  x-t ,ag i s  changed o r  t h e  a s s o c i a t e  o f  y  i s  changed, 

which. i s  impossi .ble .  

We have now 

~ ( a ( x ) )  ~ ( a ! y ) )  o ( x )  S  a ( y ) .  

For  if ~ ( a ( x ) >  E T.(a(y))  and a ( x )  $ a ( y ) ,  g ( x )  E ~ ( a ( x ) )  

b u t  g ( x )  # T(a(Cy) ). And i f  a ( x )  S  ~ ( y ) ,  we need c o n s i d e r  

o n l y  members o f  . ~ : a ( x ) )  o f  t h e  form g ( z ) ,  f o r  d i s c a r d e d  

a s s o c i a t e s  a r e  i n  T ( u )  f o r  a l l  u  ( t h e  subprocedure  of  2 ( a ) ) .  

If g ( z )  E: ~ ( a , [ x ) )  t h e n  a ( ? )  S  six), s o  a ( z )  S a ( y )  and 

g ! 4  T M Y ) ) .  
Thus p d e f j n e d  by 

p (0 (x)) = * ~ ( a ( x ) )  

i s  a w e l l  d e f i n e d  o r d e r  isomorphism from (B,S) i n t o  (c,s). 

It remains  t o  show p i s  o n t o .  If u i s  n o t  of  t h e  form a (x )  

f o r  any  x, t h e n  u 2 A and ~ ( u )  =@c, by t h e  subprocedure  of 

2 ( b ) .  Let  o ( x o )  be t h e  g r e a t e s t  member of (B ,<) .  For  a l l  

x, O ( X )  S  a ( x O )  , and s o  g ( x )  E T'(a(xO)). Also a11 d i s c a r d e d  

t a g s  a r e  i n  ~ ( a ( x ~ ) ) .  Thus 

~ ( u )  = @C =- ~ ( a ( x ~ ) )  = p ( o ( x 0 ) )  

and p i s  o n t o .  



THEOREM 3.2 If (8,s) i s  a p .o .se t  s e t ,  

(i ) t h e r e  i s  a func t ion  0 :N onto B wi.+h t he  r e l a t i o n  R 

def ined by xRy = o ( x )  o ( y )  an 3vfl v3 r e l a t i o n ,  and 

(ii) (B,<) i s  e f f e c t i v e l y  a  d i r e c t e d  s e t ,  t h a t  i s  t o  say 

t h e r e  i s  a  b inary  recurs ive  func t ion  u s e t ,  

o ( u ( x , y ) )  ) oCx) & o b ( x , y ) )  ) d y ! ?  

then (8,<) i s  representable  by an r . e .  c l a s s .  

@QNSTRU?,.FLON This i.s of course a  genera l i sa tzon  of 

THEORm 3.1, and we j u s t  i n d i c a t e  b r i e f l y  how t o  adapt the  

above cons t ruc t ion .  The exfs tance  of a  g r e a t e s t  member was - 
used i n  Subcase 2 ( b ) .  By p u t t i n g  a ,  i n  A we r e a l l y  made a l  

an a s s o c i a t e  of xo, where o ( x o )  i s  the  g r e a t e s t  member. 

Suppose the  z-tag B ~ ( a ~ )  when we do t h i s ,  then  we a r e  s a f e  

because we know t h a t  o ( z )  < o ( x o ) .  I n  t h e  present  case, 

using t h e  func t ion  u we can e f f e c t i v e l y  f i n d  a  y l  s e t .  f o r  

a l l  z with t h e  z-tag i n  ! r ( a l ) ,  o ( z )  < o ( ~ ~ ) ,  and we make a l  

an a s s o c i a t e  of y , .  The only  problem i s  : a l ,  now assoc ia ted  

with y l ,  could be t r a n s f e r r e d  again  t o  be an a s s o c i a t e  of y2 

(al though not by c o n f l i c t  with t h e  same x as  be fo re ) ,  then 

again t o  y and so on. The isomorphism might no t  be onto 3" - 
C. This i s  taken care  of by br inging the  requirement t h a t  

a ,  i s  a f i n a l  a s s o c i a t e  of something i n t o  the  p r i o r i t y  

scheme. That i s ,  i n  Case 2 we a re  faced with e i t h e r  i n j u r i n g  

t h e  "x-tag f i n a l l y  f ixed"  requirement, o r  i n j u r i n g  both the  

"y has a  f i n a l  a s soc ia te"  and the  "a, i s  a f i n a l  associa te ' "  



requirements. Thus we make the  condl.tions f o r  2 ( a ) ,  2 ( b )  

x 2 min {y,a  3 ,  x < min ( ~ , a  ] respect~:vely,  r a t h e r  than 
1 1 

Q o E o C ,  

THEOREM 3.3 Lf (8,s) i s  a p.0,  s e t  s e t o  

(i ) t h e r e  i s  a funct,ion a : N  onto 8 w.ith the  r e l a t i o n  R 

defined by xRy = a ( x )  < o ( y )  an 3vfl$63 r e l a t i o n ,  and 
d f 

( l . 5 )  given a f ln i+ ,e  s e t  F S N ,  we can e f f e c t i v e l y  f i n d  a 

number U ( F )  s . t .  i f  { a ( x )  I x t: F] has an upper bound i n  

(8,<),  then a u ( F )  i s  such an upper bound., then (Q.,<) i.s 

representable  by an r , e .  c l a s s .  

q3NSTRU O T I O N  

We assume t h a t  i.f F i s  a s ing le ton  {x], then U ( F )  = x. 

Let t h e  recurs ive  func t ion  c a r i s i n g  from ( i)  be defined as 

i n  THEOREM 3.1. Define f o r  f i n i t e  F N 

d = sg c ( x , u ( F ) , s ) .  
XEF 

Then we can e f f e c t i v e l y  f i n d  d ( ~ ,  s )  given F and s ,  d takes  

'values 0 and 1, and 

{ ~ ( x )  I x E F] has an upper bound i n  (8,s) * d ( F , s )  = 0 f o r  a l l  

{cr(x)  1 x E F] has no upper bound i n  (8,s) * d ( ~ , s )  = 1 f o r  a l l  

The idea  i s  t o  use the  func t ion  d ( F l s )  t o  s a t i s f y  an 

a d d i t i o n a l  requirement: f o r  each f i n i t e  s e t  F, if 

{ ~ ( x )  I x E F] has no upper bound, then eventua l ly  



{ t  I t i s  an x-tag and x  E I?] i s  not  cofitained i n  any ~ l e ) .  

Then we can hope t o  use th.e const,ruction of THEOREM 3.2 

" in  t h e  l i m i t , "  

i n  s t e p s  s = l p 3 J p . ,  , we cons t ruc t  an r o e .  sequence 

< ~ ( e )  I e  2 O> enumerating an r . e .  c l a s s  @. 

For each y  t h e r e  w i l l  be a  s t e p  a f t e r  which y  w i l l  

always have a  f i n i t e  s e t  of a s soc i3 tes .  An a s s o c ~ a t e  of y 

may be t r a n s f e r r e d  t o  become an as3ozia te  of y  # y, and a  
1 

new a s s o c i a t e  of y  w i l l  be chosen. We w i l l  ensure t h a t  y  

acqui res  a  f i n a l  a s s o c i a t e  which i t  never l o s e s .  If a l  i s  

a  f i n a l  a s soc ia te  of y, we in tend t h a t  ~ ( a ~ )  r ep resen t s  o ( y ) .  

To make the  isomorphism onto,  each n a t u r a l  number e  w i l l  

become an a s s o c i a t e  and be t r a n s f e r r e d  only f i n i t e l y  ofZen, 

t h a t  i s  i t  w i l l  become a  f i n a l  a s soc ia te .  

Let < G ( x )  I x 2 O> be a  r ecurs ive  sequence of d i s j o i n t  

i n f i n i t e  s e t s .  There w i l l  always be a greater- than-x-tag 

defined i n  ~ ( x ) ,  i n i t i a l l y  chosen t o  be the  l e a s t  member of 

~ ( x ) .  The x- tag may change, b u t  i t  w i l l  do so only f i n i t e l y  

o f t en .  If g(x) i s  the f i n a l  greater- than-x t ag ,  we in tend 

t h a t  f o r  a l l  y, and a l l  f i n a l  a s s o c i a t e s  a ,  of y, 

We fol low a  procedure by which we r e t u r n  t o  each 

ordered p a i r  of n a t u r a l  numbers a t  i n f i n i t e l y  many s t e p s .  

I n s t r u c t i o n s  f o r  an ( x , y )  s t e p  s  

There a r e  f i v e  opera t ions  t o  be performed i n  tu rn .  



1 )  If y  has  no a s s o c i a t e ,  a s s o c i a t e  wi th  y  t h e  l e a s t  number 

which has n o t  ye t  been an a s s o c i a t e .  

2 )  E f f e c t i v e l y  f i n d  a number r s s . t .  f o r  each s e t  E  

wi th  { t  I t i s  a  z - t ag  and z  E E ]  E ~ ( e ) ,  where e  i s  an 

a s s o c i a t e  of y, we do no t  have bo th  c ( z , y , s )  = 0  f o r  each 

z  E E U ~ X ]  and ~ ( E u [ x ] , ~ )  = 1 .  

3 )  For each z0 s . t .  t h e r e  i s  a s e t  F  and a number e  wi th  
- 

f t  1 t i s  a  z - t ag  and z  E F]  5 ~ ( e ) ,  d ( F , s )  = 1 and z0 = max F, 

choose a  new zo-tag, t a k i n g  i t  t o  be t h e  l e a s t  member of 

~ ( z ~ )  g r e a t e r  than  t h e  o l d  zo- tag.  S e t  up a subprocedure 

by which the  o l d  zo- tag i s  put  i n  every member of O. 

4 )  ( a )  For each z0 s .  t .  t h e r e  i s  an a s s o c i a t e  e  of y  wi th  

t h e  zo- tag  E " e ) ,  c ( z o , y y s )  = 1, and z0 2 min [ y , e )  choose 

a new zo- tag,  ... of C. [as i n  j)]. 

( b )  For each e  s . t .  e  i s  an a s s o c i a t e  of y  and t h e r e  i s  

zo wi th  t h e  zo- tag E ~ ( e ) ,  c ( z , y , S )  = 1 ,  and z0 < min{y,e]  

t r a n s f e r  e  t o  be an a s s o c i a t e  of 

u ({z  I z  < e  and the  z - t ag  E ~ ( e ) ] ) .  

If y  l o s e s  at  l e a s t  one a s s o c i a t e  b y  ( b ) ,  a s s o c i a t e  wi th  

y  t h e  l e a s t  number which has n o t  y e t  been an a s s o c i a t e .  
- 

5 )  I f  c ( x , y , s )  = 0  p u t  t h e  x - t ag  i n  ~ ( e )  f o r  every e  a s s o c i a t e d  

wi th  y .  

Th is  completes t he  c o n s t r u c t i o n .  

Lemma 1 For each f i n i t e  s e t  F, i f  [ ~ ( x )  I x  E F] has  no 

upper bound i n  (8,<), t hen  e v e n t u a l l y  we do no t  have 



[ t  I t i s  an x - t ag  and x  E F] ~ ( e )  f o r  a n y  e .  

Proof Let so be t h e  s t e p  a t  which d ( ~ , s )  i s  permanently 

f i x e d  a t  1 .  Then j u s t  a f t e r  o p e r a t i o n  3)  of s t e p  s  we 
0  ' 

w i l l  have { t  ( t i s  a z - t a g  and z E F ]  n o t  s; ~ ( e )  f o r  any e ,  

f o r  d ( ~ , s  ) = 1 .  We c la im t h a t  t h i s  ho lds  f o r e v e r  a f t e r .  0  

Supposing otherwise, ,  t h e  f i r s t  time i t  becomes f a l s e  i s  

a f t e r  o p e r a t i o n  5 )  of a s t e p  s  2 so. Let  s  be an ( x , y )  s t e p ,  

then t h e r e  i s  e  a s s o c i a t e d  w i t h  y a t  o p e r a t i o n  5 )  of s t e p  

s and a non-empty f i n i t e  s e t  E w i th  F = E  U 6x1, x { E, 

[ t  I t i s  a  z - t ag  and z E E] E ~ ( e ) ,  and c ( x , y , s )  = 0.  The 

same s i t u a t i o n  ho lds  a t  o p e r a t i o n  2 )  of s t e p  s .  
- 

d ( ~  U {XI ,  s )  = 1 because s 2 s r s 0 "  Suppose z E E, t hen  
- 

c ( z ,  y,:) = 0, because i f  e ( z , ,  y , s )  = 1 ,  o p e r a t i o n  4 )  would 

ensure  tha,t  t h e  z - t a g  $ ~ ( e )  a t  o p e r a t i o n  5 ) .  T h u s  

- 
c ( z , y , s )  = 0  f o r  each z E E U {x ]  and d ( ~  U 6x3, s )  = 1 ,  

which c o n t r a d i c t s  t h e  d e f i n i t i o n  of s. 
Q.E.D. 

Lemma 2 Each e  i s  a  f i n a l  a s s o c i a t e .  

Proof e  c e r t a i n l y  becomes an a s s o c i a t e ,  by 1 )  o r  t h e  l a s t  

p a r t  of 4 ) .  We m u s t  show t h a t  e  cannot be t r a n s f e r r e d  

i n f i n i t e l y  o f t e n .  Suppose o the rwi se ,  then  we can choose 

s as l a r g e  as we p l e a s e  so  t h a t  e  i s  t r a n s f e r r e d  by 0  

o p e r a t i o n  4 )  ( b )  a t  s t e p  so .  Let  so be s u f f i c i e n t l y  l a r g e  

t h a t  f o r  each f i n i t e  s e t  F wi th  max F < e  and each 

z  < e ,  c(z, u ( F ) ,  s ) i s  a t  i t s  f i n a l  value .  We can a l s o  0  



assume t h a t  f o r  each F with max F < e ,  

{ t  I t i s  a  z- tag and z  E F] E ~ ( e )  impl ies  t h a t  

o ( z )  < a u ( F )  f o r  each z  E F.  e em ma 1 ) .  Let 

Fo = [ Z  1 z < e and the  z- tag E ~ ( e )  a% opera t ion  4 )  ( b )  of 

s o ] .  Then e i s  t r a n s f e r r e d  t o  u ( ~ ~ ) .  Let s > so  be 
1 

the  next s t e p  a t  which e  i s  t r a n s f e r r e d ,  Tben the re  i s  

zO < e  with the  zo-tag i n  ~ ( e )  a t  opera t ion  4 )  ( b )  of s l ,  
- - 

and c (zo ,  u(Fo) ,  s , )  = 1 .  1 2 S ,  > s 0" and so b y  

d e f i n i t i o n  of so, c (zo ,  u ( F ~ ) ,  S )  = 1 f o r  a l l  s  2 so.  

Thus ~ ( e )  cannot have acquired the  zo-tag ( b y  operaf ion  5 ) )  

between s  and s , ,  and  the  zo-tag i s  a l ready i n  ~ ( e )  a t  so, 0  

t h a t  i s  z0 E Fo. By d e f i n i t i o n  of so we the re fo re  have 

o ( z o )  ' o u ( ~ ~ ) , a n d  c (zo ,  u (F0) ,  so)  = 0, which i s  a 

con t rad ic t ion .  

Q.Fa.;,D, 

Lemma 3 Each y  has a  f i n a l  a s soc ia te .  

Proof By 1 )  and the  l a s t  c lause  of 4 )  ( b )  t he re  i s  a 

s t e p  a f t e r  which y  always has some a s s o c i a t e .  Suppose the  

Lemma i s  f a l s e  then t h e r e  i s  so  s u f f i c i e n t l y  l a r g e  th.at f o r  

each x < y,  c ( x , y , s o )  has reached i t , s  f i n a l  value, and such 

t h a t  y  l o s e s  an a s s o c i a t e  by opera t ion  4 )  ( b )  of s t e p  so.  

By the  l a s t  c lause  of 4 )  ( b )  y acqui res  a  new associ .a te  e  

which has not  yet  been an assoc ia te ,  so t h a t  ~ ( e )  can 

conta in  only discarded t a g s ,  Let e  be t r a n s f e r r e d  from 

y a t  s l  > so. Then the re  i s  z0 < e  with the  zo-t,ag i n  



~ ( e )  a t  opera t ion  4) ( b )  of s ,  and c ( z , y , Z l  ) = I .  
- 
s 2 s1  > so and so by d e f i n i t i o n o f  s  e ( z o , y , s )  = 1 f o r  1 oy  
a l l  s  2 s  

0 '  Biit, the zo-tag must heve been put i n  ~ ( e )  b y  

opera t ion  5 )  of some st,pp bet wee^ so  s 
1 "  This i s  a, 

con t rad ic t ion ,  

Q,E.D, 

Lemma 4 The zo-t.ag changes only f i n i t - e l y  o f t e n ,  

Proof The zo-t,ag can change b y  3 )  o r  by 4 )  ( a ) .  Let so  be 

s u f f i c i e n t l y  l a r g e  t h a t  f o r  each f i n i t e  s e t  F with max F=zo, 

d(E',s0) has reached i t s  f i n a l  value,  and  i f  t h a t  value i s  

1 ,  i t  i s  impossible f o r  [t I t i s  a z- tag and z E F] l o  be 

contained i n  any ~ ( e ) .   ernma ma 1 ) .  Then a f t e r  s the  
0' 

zo-tag can no longer be changed by 3).  

Suppose the  Lema i s  f a l s e  and the  zo-tag i s  changed 

i n f i n i t e l y  o f t en  by  4 )  ( a ) .  Let 

Y = {y  I y c z0 o r  y  sometime has an assoc ia te  s z  1 .  0 

Y i s  f i n i t e  by Lemma 2 ,  and so there i s  a f ixed  y E Y 

and i n f i n i t e l y  many s t e p s  s  s , t . ,  f o r  some x, s  i s  an 

(x,y) s t e p  and +.he zo-tag i s  chznged at  opera t ion  4)(a) of 

s .  Let, s  be such a  s t e p ,  chosen s u f f i c i e n t l y  l a r g e  t h a t  

c ( z o , y , s l )  has reach.ed i t s  f i n a l  value,  namely 1 ,  and f o r  

each e  s z  e has become a f i n a l  a s s o c i a t e  co em ma 2 ) ,  0' 

Let s 2  be t h e  next  such s t e p .  J u s t  a f t e r  s t e p  s l  the  zo-tag 

i s  not i n  ~ ( e )  f o r  any a s s o c i a t e  e  of y, but f o r  some 

a s s o c i a t e  e  of y  a t  s t e p  s2, the  zo-kag i s  i n  ~ ( e ) .  This 



cannot have come about by opera t ion  5 ) ,  by d e f i n i t i o n  of 

s  Thus t h e r e  was a  t r a n s f e r  of e  t o  y  at some s t e p  s 1 ' 3 
between s ,  and s2, w i t h  the  zo-tag i n  ~ ( e )  a t  opera t ion  

4 )  ( b )  of s 3 ' By d e f i n i t i o n  of s , ,  e  > 0' Let 

Fo = [ Z  1 z < e  and the  z- tag  E ~ ( e )  a t  opera t ion  4 ) ( b )  of s  1. 
3 

We have y  = u(Fo) and z0 E Fo. Thus 

d ( ~  ,g ) = Fg n 3'g c ( z , u ( F ~ , H  ) = I s ince  c(zo,y,T3)  = I .  0  3 zeF0 3 
B u t  ( t  I t i s  a  z - tag  and z E F ~ ]  ~ ( e )  a t  opera t ion  3)  

of s and so opera t ion  3) ensures  t h a t  t h i s  cannot be the 
3' 

case a t  opera t ion  4 ) ( b ) .  This i s  a  con t rad ic t ion .  

Q.E.D. 

Lemma 5 Let e  be a  f i n a l  a s s o c i a t e  of y. Let g be the 

f i n a l  x-tag.  Then 

g  E ~ ( e )  @ o ( x )  < a ( y ) .  

Proof Suppose f i r s t  o ( x )  < o ( y )  and l e t  s o  be an ( x , y )  s t e p  

s u f f i c i e n t l y  l a r g e  t h a t  e  i s  permanently an a s s o c i a t e  of 
- 

y,  the  x- tag  i s  f i x e d  a t  g, and c ( x , y , s o )  = 0. Then 

g  E ~ ( e )  by opera t ion  5 ) .  

Suppose then t h a t  g  E ~ ( e )  but o ( x )  $ o ( y ) .  Let so be 

an ( x ,  y )  s t e p  s u f f i c i e n t l y  l a r g e  t h a t  e  i s  permanently an 

a s s o c i a t e  of y, t h e  x- tag i s  f i x e d  a t  g, g E T ( e )  and 
- 

c  ( x ,  y, s o )  = 1 .  Then opera t ion  4 )  w i l l  con t rad ic t  one of 

t h e  condi t ions  on s 0 '  

Q.E,D, 

Proof of THEOREM Let a ( y )  be  the l e a s t  f i n a l  a s s o c i a t e  



of y. We have ~ ( a ( x )  ) ~ ( a . ( y ) )  o o ( x )  < o ( y ) .  Let 

g  E ~ ( a ( x ) ) .  We can suppose g  i s  a f i n a l  t a g ,  of z say.  

Then by Lemma 5 o ( z )  S o ( x )  and s o  o ( x )  < o ( y )  m d  Lemma 

5 g ives  g  E ~ ( a ( y ) ) ,  

( - )  Suppose ~(s(x)) ~ ( a ( y ) )  bu t  o(x) $ o ( y ) ,  Then i f  g  

i s  t he  f i n a l  x - tag ,  by Lemma 5 g  E T ( a ( x ) )  - Z'(a(y)! ,  

c o n t r a d i c t i o n .  

Thus p de f ined  b y  p ( o ( x ) ) =  ~ ( a ( x ) )  i s  a w e l l  def ined  

o r d e r  isomorphism from (8,<) i n t o  (@, E). Also p i s  on to  

by Lemmas 2 and 5. 

Q,E,D, 

Let  2 be t h e  f i r s t  o r d e r  language c o n s i s t i n g  of a s i n g l e  

b i c a r y  p r e d i c a t e  cons t an t  Q and i ~ d i v i d u a l  c o n s t a n t s  

0, , , . . Let SO,  S, ,  S*,.,, be a f i x e d  e f f e c t i v e  - 
enumeration cf t h e  sen tences  i n  ie. 

We say  a  p.0.  s e t  (8,s) has  p r o p e r t y  ( E )  i f  t h e r e  i s  

a f u n c t i o n  o :  N on to  8 s . t ,  i f  ( 8 , < )  i s  made a  model f o r  

2 by i n t e r p r e t i n g  Q as < and - 0, - 1 ,  2 ,  . . . a s  

o ( 0 > ,  o ( l ) ,  a ( ? ) ,  ... we have 

( i )  {x I S, ho lds  i n  ( 8 , < ) ]  i s  r e c u r s i v e  i n  - 0 ' 
(ii) t h e r e  i s  a s i n g u l a r y  r e c u r s j v e  funct , ion f  s o t .  i f  

Sx ho lds  i n  (8, ) and Sx has  tl-e form ( 3 y ) ~ ( y ) ,  then  

~ ( f ( x ) )  ho lds  i n  ( B , < ) .  

A .  H. Lachlan po in ted  o u t  t h a t  i f  X, a  sentence involv.ing 

on ly  the  b i n a r y  p r e d i c a t e  constant  Q,  i s  s a t i s f i e d  b y  a  



p.0. set with Q interpreted as the < relation, then we 

have the following 

PROPOSITION X holds in a p.0. se3 with property ( E ) :  and 

that it follows that if every p.0, set with property (E) 

is representable by an r.e. class, then X is satisfiej by 

an r.e. class with Q interpreted as the inclusion relation. 

This was the motivation for THEOREM 3.3. 

THEOREM 3.4 Tf (8,s) has property (E), then (B, $1 is 

representable by an roe. class. 

PROOF This follows from THEOREM 3.3. 

Q,E,D. 

COROLLARY P.o. sets and representable p.0. sets are 

indistinguishable by elementary sentences, 

PROOF From TSEQRm 3.4 and the PRCPQSZTION. 

Q,EeD. 

OUTLINE PROCF GF PROPOSITION 

The proposition follows from an analysis of the proof of 

the completeness theorem (cf THEOREM 35 on page 394 of 

Kleen, [ I  1 ) .  

Let P be the sentence 

VX)Q(X,X) (~x)(~Y)(~z)(Q(x,Y) & Q(Y,z).+Q(x,z)). 

Then the sentence P & X is consistent. 

Let Yo = [P & x]. Define an increasing sequence of 

finite sets of sentences 

c Y Y;! E ... Y o -  1 



a s  fol lows.  

Define recurs ive  f  by 

f ( 0 )  = py(y  does no t  occur i.n S ) - 0  

f ( x i - I  )= py:y does not  occur i n  So9S1 ,  ,, . ,Sx+, - and y i s  n o t  

equal  t o  any of f(~),f(l),~~.,f{x)) 

To ge t  Yx+l  from Yx: - 
Is  Yx U [ S  ) c o n s i s t e n t ?  Answer  sing 0'. 

X N 

YES. Then Yx+, i s  Yx along w i t h  S and a l s o  i n  The case xy 
t h a t  Sx has the  form (3y)A(y) ,  the  sentence ~ ( f  ( x ) ) .  

NO. ThenYx+, i s  Yx along w i t h a x .  
K' 

Define Y* = Yx. Note t h a t  YxC1 i s  cons i s t en t  i f  Yx i s  
n=O 

(us ing  the  f a c t  t h a t  f (x )  cannot oc:ur i n  Y o r  Sx) and so 
X 

Y* i s  consi.st.ent. Also Y* i s  c l e a r l y  complete i n  d .  

[x 1 Sx E Y*] reciirsive i n  Of, an3 
N 

Sx E Y* and Sx has t h e  form ( 3 y ) ~ ( y )  impl ies  that, 

A ( f ( x ) )  e Y*. 

Define a  binary r e l a t i o n  $ on th.e doma5.n N of the  

n a t u r a l  numbers by 
- 
Q (m,n) df Q ( Z , ~ )  E Y*. 

This gives a  way of making ( N , Q )  a  model of 2 and by 

formula induct ion we can. show t h a t  f o r  each x 

Sx holds in ( Y , ~ $ )  Q S, E Y*. 

Proper t i e s  of IN,$) 

Since P E Ye, P holds i n  ( N , Q )  and so a i s  a  r e f l e x i v e ,  



t r a n s i t h e  r e l a t i o n  on N .  

[x 1 Sx holds i n  N,  g ]  i s  r ecurs ive  i n  0 '. 
N 

If Sx holds i n  ( N , Q )  and Sx has the  form ( 3 y ) ~ ( y ) ,  then 

~ ( f  (x) ) holds i n  ( N , Q ) .  

X holds i n  (3 ,Q) .  

Define a  system (B,<)  by l e t t i n g  8 be. t h e  equivalence 

c l a s s e s  on N of the  equivalence r e l a t i o n  

- 
x/E Y / ~  -df Q ~ Y ) .  

< i s  well  defi.ned and (f?,<) i s  a  p e r t i a l l y  ordered s e t .  

Define o :  N onto f? by  o ( x )  = x/~. We have 

Sx holds i n  (8,<) a Sx holds i n  ( N , Q )  s ince  o i s  a  

homomorphism. 

Thus (8,<) has proper ty  ( E )  and X holds i n  (8,s). 
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