N

Polynomials With Plus or Minus One Coefficients:
Growth properties on the unit circle

]

by

- Lesley Robinson b

B.Sc.. University of British Columbia in association with University C'ollege of the

Cariboo, 1994

A THESIS SUBMITTED IN PARTIAL FULFILLMENT
OF THE REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE
in the Department
of

Mathematics and Statistics

(© Leslev Robinson 1997
SIMON FRASER UNIVERSITY !
August 1997

All rights reserved. This work may not be
reproduced in whole or in part, by photocopy

or other means, without the permission of the author.



(L4 |

National Library
of Canada du Canada
Acquisitions and Acquisitions et
Bibliographic Services

395 Wellington Street- |
Ottawa ON K1A ON4 -

Canada Canadan

The author has granted a non-
exclusive licence allowing the
National Library of Canada to

_reproduce, loan, distribute or sell

copies of this thesis in microform,
paper or electronic formats.

The author retains ownership of the
copyright in this thesis. Neithér the
thesis nor substantial extracts from it
may be printed or otherwise
reproduced without the author’s
permission. '

Bibliotheque nationale ) e

s

services bibliographiques

395, rue Wellington
Ottawa ON K1A ON4

Your file Votre référence

Our file Notre référence

L’auteur a accordé une licence non
exclusive permettant a la )
Bibliothéque nationale du Canada de
reproduire, préter, distribuer ou
vendre des copies de cette thése sous
la forme de microfiche/film, de
reproduction sur papier ou sur format
électronique.

L’auteur conserve la propriété du
droit d’auteur qui protége cette thése.
Ni la thése ni des extraits substantiels
de celle-ci ne doivent étre imprimés
ou autrement reproduits sans son

e

autorisation.
i

0-612-24232-3

Canada




"APPROVAL

Name: Leslev Robinson
Degree: Master of Science
Title of thesis: Polyvnomials With Plus or Minus One.Coefficients: " Growth

properties on the unit circle

Examining Committee: Dr. Carl Schwarz
Chair

Dr. Pgfer Bopwein

Senior Supervisor

Dr. N. Reilly

Dr. M. Trummer

Dr. T. Brown R

External Examiner

Date Approved: _ July 31, ;997

i}



Abstract | :

L

In the 1950's and 1960’s Littlewood, Erdés and others made conjectures concerning the
modulus of £1 polynomials on the unit circle in the complex plane. One such conjecture
asks whether there are positive numbers A; and A, such that, for every degree n. there

exists a polynomial P, (z) having only £1 coeflicients, with the property that

AVn+ 1< |Pu(2)] < Apvn + 1

for |z} = 1. Another asks whether £1 polynomials exist, for every degree n. satisfving the

one-sided inequality

Avn+1 < |P(z)]

Both are unsolved. This thesis describes the background of these problems and presents
numerical evidence on polynomials up Q degree 64 supporting the conjectures. Numerical
data on mean and extreme valies of norms Ly, L3, L4 and Mahler measure is also presented.
Graphical computer programs to view the image and modulus of £1 polynomials on the

unit circle were developed, and their usage explained. -
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Chaptei‘ 1
Introduction

There are many interesting facts known regarding the modulus of an analytic function.
particularly in regards to bounds on the modulus. The principal question addressed by this
thesis is concerned with the modulus of a certain subset of analytic functions - polvnomials
having only £1 coefficients, and with a domain consisting of the unit circle in the complex
plane. \ |

About forty years ago conjectures concerning the bounds on the modulus of the image
of the unit circle under such polynomials were posed by Erdos, and discussed in papers by,
~amongst others, Clunie, Hayman, Littlewood, Shapiro and, more recently by Newman and
Bvrnes, Spencer, and Jozsef Beck.

Some of the conjectures rajsed in these papers remain unanswered. In particular. the
‘question of whether there are positive numbers A, and A4, such that, for every degree n.

there exists a polynomial P, (z) having only %1 coefficients. with the property that

Avn+ 1 <[P (2)] < Apvn+ 1

for |z] = 1. Furthermore, it is not known whether £1 polynomials exist, for every degree n.

satisfving the one-sided inequality

Avn+ 1 <[P, (2)]

This thesis describes the background of these problems and presents numerical evidence
that suggests both conjectures may be true. Numerical data, theorems and conjectires

regarding norms Ly, L3, Ly and Mahler measure are also presented.
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As one might ;xpect there is a close relationship between these problems and various

problems in signal processing. One of these connections is with the so-called Barker poly- ",

nomials (See Saffari [18]). However, this thesis does not elaborate on these applications.

1.1 Notation Used in This Thesis

Throughout this thesis a &1 polynomial refers a function of the form

where a; € {—1,1}and z is a complex variable. Since we are considering the behaviour of the
polvnomials on the unit circle, sometimes it is more convenient to consider the polvnomial

as a function of 6

k=0 s
or

: P(8) = ax(coskB + isinkf), 8 € [0.27], ax € {~1.1}
k=0

The notation p,, will represent the quantity v/n + 1, where n generally denotes the degree
of a polvnomial.

If the modulus or other quantity concerning a %1 p’oly jal of degree n is said to be

normalized, this means it has been divided by by pu,,. _

A polynomial is sometimes represented by a binary number. Each digit in the binary
number represents a term of the polynomial, with a 0 denoting — and a 1 denoting +. Lor
example the polynomial P(z) = —z%+ 22 4 z + 1 is represented by the binarv number 0111.

The 1fotation E'(-) indicates an expected value, or mean.



Chapter 2

History of the Problem

2.1 The Modulus of +1 Polynomials

2.1.1 Rudin-Shapiro Polynomials

2

In 1951 Shapiro [20] discovered a recursive sequence of £1 polynomials having modulus
bn the unit circle bounded above by 2u, = V2(n + 1)%. where n is the degree of the
po_lynomial. These polynomials were rediscovered independently by Rudin in 1959, and are
often referred to as Rudin-Shapiro Polynomials. Some authors refer to them as Shapiro-
Rudin Polynomials, and, more recently, as Golay-Rudin-Shapiro Polynomials, since it has
been revealed that they were discovered in a different form by Golay prior to 1951 [1].

Theorem 1 (Rudin-Shapiro) Let Py(z) = Qo(z) = | and let

P (2) = Po(z) + 247 Qu(2) (2.1)

an-{*l(:) = [)m(:) - :'ZQO(:)

for cach natural number m. Then for |z| =1,

‘Pm(:)‘ < \/:2_

Hn

where (1, = /2™, n=2" —1 being the degrec of P, (z).
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Proof: Sum equations (2.1) and (2.2) to obtain

y
. Pryi(2) 4 Quyi(2) = 2Pn(z)  ©
Now take their difference to obtain
Prny1(z) = Qm4i(2) = 22" Qi (z)
Hence
1Pt (2) + Quur (2)]F = 2P0 (2)]* = 4| P (2)
and
|Pot1(2) = Quan ()2 = 12277 Qui(3)* = Qi (2)

whenever [z] = 1. Summing the above expressions yiolds:

[Prt1 (2) + Qe ()P 4 [Pgr (2) = Qs (2017 = B2+ 1Qu ()]
But

1Pt 1 (2) + Quert ()2 + [P (2) = Quega (2)1° =
{RPs1 (2) + RQut ()} + {3 Pt (5) + 3Qui (5)} +
{RPus1(2) = RQuat ()1 +{IP0us1(2) = 3Quenr (1)} =
2RPrs1(2)? + IPug1 ()2} + 2{RQui1 () + 3Qums1(2)%)
o = 2{|Pup1 () + 1 Qugr ()}

Thus we have

P2 +1Qu2)1)

|Pm+1(:)|2+)Qm+l(~)‘ 2(

Considering the @bove expression for 1 = 0 as a basis, and proceeding inductivelv, we

obtain

P2+ 1Qua ()] = 274! = 20

Hence

|[m :)’ len(:” < ﬂ/ln

completing the proof. O
* The constructive nature of this proof allows us to create Rudin-Shapiro polvnomials

and thus to examine their properties. although the degrees of the polynomials increase



=
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exponentially with m., limiting the practical uses of this construction. The first few Rudin-

Shapiro polynomials are given below:

2
I3 :“’x,
[)3(3)::7—36+15+Z4—33+;’2+3+I Boas
Q;(:):—:’--f—:b—:r’—:"—:‘-f—:)-f—:-f—l
1,1(:J:_:15+:14_:13_:1z_:11+:10+:9+:x+:7_:n+::+:1_:'x+:.+:+[
(24(:)::1#__:14_+_:11+:]2 11 1009 3T 65
Pﬁ(:)::m_:m_f,:zw LIPS L L L RN e e
14 13 121

Oas(z) = 23 4 230 _ 229 _ 28 27 26 25 08w
L I U I TN | S [N ST R RN PR
e =R A T, I

Figures 2.1 to 2.4 represent the modulus of the first five Shapiro-Rudin polvnomials.

* Their normalized modulus around the unit circle is plotted as a function of 8. The plot of
modulns verses angle appears to have a characteristic shape for odd-indexed Rudin-Shapiro
polynomials. with the modulus achieving its uppef bound of V24, at § = 0 and 6 = 27 and
then dipping down in a graceful spike to give P, (7) = 0. thus ruling out the possibility of

the odd-indexed sequence solving the two-sided inequality conjecture deseribed in the next

~ection.
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nomalized modulus

ae

nomatized modulus

o
@

Q2

—p2
Qz

31418 6283

Figure 2.1: Modular plot of Rudin-Shapiro polynomials P;(z} and @Q,(z)

ae

06

02

—p3
Q3!

Figure

31415 B 283

2.2: Modular plot of Rudin-Shapiro polynomials P3(z) and Q3(z)
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5
3
b~
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k-
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— P4
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o 31415 6 283
)
Figure 2.3: Modular plot of Rudin-Shapiro polynomials Py(z) and Q4(z)
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£
-]
e
3 !
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2
—p5
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ol

2 31415 6283

0

Figure 2.4: Modular plot of Rudin-Shapiro polvnomials £5(z) and Q5(z)
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2.1.2 Some Conjectures

Shapiro-Rudin polynomials provide an example of an infinite sequence of +1 polynomials
whose maximum modulus on the unit circle is bounded above by an absolute constant.
After learning about this sequence, it is perhaps natural to ask: Is there a sequence having
a minimum modulus that is bounded from below? Since Shapiro’s result appeared in 1951

[20] several authors have made conjectures concerning the minimum modulus.
Conjecture 1 (Minimum Modulus) There erists a positive constant A. indepcndcnt of

n. such that for arbitrarily large degree n therc exists

P.(z) = Zak:k. ap € {1.—1}
k=0

for which ‘
minjegz P2

Hr

The above problem was published by Clunie in 1959 [7]. In his paper Clunie tells us that
the problem was posed by Erdés and conveyed to him by Hayman. Havman [10] published
the problem again in .1967. It remains unsolved as of 1997. |

Littlewood [12] combined the idea of an upper bound and a lower bound into a two-sided

inequality.

Conjecture 2 (The Two-Sided Conjecture) There erist positive constants Ay and A,

such that. for arbitrarily large degree n. there is a polynomial

T

P.(z) = Zak:k.ak e{l.~1}

k=0

for which

forall |z} = 1.

Littlewood’s conjecture remain open. Clunie and Littlewood also considered versions of
these conjectares for polynomials with complex coefficients of modulus one. that is: a;| = 1.
rather than ay € {1.—1}. These conjectures have been solved. In 1990 Jozsef Beck [1] proved

the following theorem. regarding polynomials whose coefficients are 400" roots of unity:
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Theorem 2 (Beck) For sufficiently large n, there erists a polynomial

P(z) = Z aé.:k

with ap € {€2™9/400 . 5 —0.1,....399} and positive constants Ay and A,. independent of u.

-

such that

P(z)

A < l ! < A,

N T

whenever |z = 1.

The proof for this theorem appears in Beck's paper Flat Polynomials on the Unat Cirele
Note on a Problem of Littlewood.
In 1980 Kahane [11] proved the existence of “ultra-flat™ polynomials having arbitrary

complex coefficients of modulus one. These polynomials have the pgoperty that

maxg | P, ()]
i —————= = |
n—> qIiNg |[)n(0)|

[

Kahane's result disproved the following conjecture of Erdos [9] from 1962:
C

1"
Conjecture 3 Let P(z) be a degree n polynomial with eompler coe fficie nts of modulus 1.
There erists a constant ¢ > 0. independent of n. so that

lmlax|P(:)| >+ ),
zl=1

The conjecture of Erdos remains unsolved for the case of £1 coefficients.

Theorems of Beck and Kahane are mentioned here for completeness. but this thesis
i~ concerned only with polynomials having £1 coefficients. The two-sided conjecture and
the minimum modulus conjecture for polynomials having 1 coeflicients have been open

problems now for about 10 vears.

2.1.3 Spencer’s Theorem

J. Spencer generalized the idea of Rudin-Shapiro polyvnomials. calling any £1 polynomial of

degree i with

max |P(z)] < K vn+1

[=1=1
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a Rudin-Shapiro function for K. In 1985 he provided a new proof for the existence of

Rudin-Shapiro polynomials of arbitrary degree n. In addition. Spencer demonstrated that

such polynomials are exponential in number for each degree n. i

Spencer’s proof relies of the following theorem, which ié!\the main result of his paper Sir
\

Standard Deviations Suffice. [21]
Theorem 3 (Spencer) Let
Vi vn € R™. where |[vil] <1 for 1 <i<n
Then there erists €1...6, € {=1,1} such that
levi+ -+ 6 val| < K Vn
where K is a constant independent of n.

In the above theorem the notation |[|x|] is defined as ||x|| = max{r,|. x =(oy.....0,) €
Rll

To apply Spencer’s theorem to 1 polynomials on the unit circle. we consider the terms
of the polynomial as vectors in R2. But for each of the infinitely many 6's on the unit
circle P(8) represents a different set of vectors. Spencer reduces it to a discrete problem by

th roots of unity and the classic Bernstein inequality |F/(z)| < n|| || where

considering (4n)
Hl)” = I“a')(l:|:] |[)(:)|

Spencer also proved the existence of “many™ Rudin-Shapiro polvnomials in the following

theorem.

Theorem 4 (Spencer) There are at least (2—d,+0(1))**! polynomials with maxg. =, [1’(z)] ~
KN Vn+ 1. 8 is defined for all K > Kg, Ko an absolute constant.

2.2 Mahler Measure and Norms of +1 Polynomials

2.2.1 Introduction

The root mean square value of the modulus of a polvnomial |P(z)| on the unit circle. also
known as the L, norm. is given by

|

e A:
1Pl = (5 [ 1Piel* o)
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For £1 polvnomials of degree n, the value of this quantity is constant:
1
IPllL, = (n+1)2
since

2 ) 2 ) 2 )
[wper = [Twreents [ ape)
0 0

0

2m T 2 2 T 2
= / {Z Q) COS kt’)} +/ {Z g sin kt’)}
0 k=0 0 k=0

The terms of the integrands are, up to sign. products of two elements from the orthogonal

set {1.cosf.sinf.cos26.sin26. ... cosnf, sinnf} with

27 27
/ sin? k6 df :/ costkBdb = 1. k>0

0 0

2T 2

/ sin k@sin j8df = / cosk@cos j0d8 =0, k #
0 - 0
V 2 )
/ cos08db = 27
0

2m )
/ sin® 08 d6 = 0
0

So it follows that
i

i
(2%/0# lP(B)]“iQ) g (2%{(717r+ 27) 4+ (n 7r)}>: =(n+ 1)%
More generally. the above method may be used to show that for any polvnomial having real
coefficients ay .. .a,
L I
(27/“ |P()}? (10> - ;ak
As noted previously, the qu;mtity {(n+ 1)2l will be denoted p,,. and division by this quantity

i= used to normalize other measures and facihtate comparison between various degrees.

, 1 2T ? i ;lj
1P, = (3= [ 1Pier de)
27 Jo

i~ computed in this thesis for p = 1. p = 3, and p = 1. Sometimes known as the L, norm.

27
vxp{/ |0g|[’((9)|d9}
0

is also computed. [t was studied by Kurt Mahler [15] and is often known as the Mahler

The L, norin defined as

the quantity

Measure.
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2.2.2 Theorems and Conjecture on the L, Norm

Littlewood [12] considered the quantity

1

J, = —
o

2m
| 1P@)*do - i
0
Since

~or

He proved the following theorem regarding the L4 norm of Rudin-Shapiro polynomials [11].

J, = /027{|P(0)|2—u31}2 d6

Theorem 5 (Littlewood) If n = 2k — 1 and P(z) is the Rudin-.S’hapirb polynomial of
degree . then '
dn+ )= (=D n+1)

3

1Pz, =

Newman and Byrnes [16] are motivated to study the Ly norm because the L, norm (for
any p > 2) is a lower bound for the maximum modulus of a £1 polynomial on |z| = 1. They

rediscovered the theorem of Littlewoood (given above) and also prove:

Theorem 6 (Newman and Byrnes) Inthe set of + polynomials of degree n E(||P|l7,) =
2n+ 1)2 = (n+1).

Newman and Bvrnes make the following conjecture. Thev note that, because the [

norm is a lower bound for the maximum modulus, that the truth of the conjecture wounld
1

)1

YT

imply that the Erdos conjecture is also true with ¢ =1 — (

Conjecture 4 (Newman and Byrnes) The minimum Ly norm among all £1 polynon-

Q \

als of degrce nois asymplotic to (5);';1“

2.2.3 Thearem and Conjecture of Borwein and Lockhart

Borwein and Lockhart prove the following theorem in [3]. It applies to a more general class

of random polvnomials and. in particular, applies to £1 polviiomials.

Theorem 7 (Borwein and Lockhart) Let

gn(6) =D Xy
()

-
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be a polynomial having coefficients X that are independent, identically distributed random

variables with mean 0, variance equal to | and. if p > 2 a finite p'* moment E(|Xk[F). Then

~ E(lall3,)

(n+ 1)p/? — {1+ p/2)

asn — X,

As we shall see. the numerical evidence gathered for this thesis is consistent with this
theorem (in the case of &1 polynomials for p = 3 and p = 1) and also supports the following

*~

conjecture:
Conjecture 5 (Borwein and Lockhart) ('nder the conditions of Theorem 7

P
lgall?,

almost surely as n — >x. If so then also

E(“qn”Lp)
(n+ 1)1/2

s

S T(1+p/2)Mr

as n — x by dominated convergence.

2.2.4 ? Mahler Measure

In 1962 Kurt Mahler [15] studied the measure of a polvnomial which now carries his name.

M(P) = exp {/h log | P(8)] (10}
0

The Mahler measure of a polvnomial is multiplicative  M{(PQ) = M(FP)M(Q) and may
be calculated from the roots of the polynomial according to the following theorem. which

follows from Jensen's formula (see, for example [2]).

Theorem 8 (Mahler) If P(z) = a, 2" 4+ an_12" "1 4+ -+ g has roots {ag ..o} then

. 2r
exXp {/ log | P(8)] d()} = ja, JIV'_; max(1.]a,])
0

This theorem was used to calculate the Mahler measure numerically while gathering data

for this thesis.



Chapter 3

Some General properties of +1

Polynomials

-

While there are 2"+! £1 polynomials of a given degree. there are not 2**! distinct sets of
modnlii values. Indeed. £1 polynomials of a given degree may be partitioned into families
that share the same set of modulii values. As in Littlewood [12]. two polynomials in the

same such family will be called conjugates.

3.1 Conjugates

Definition 1 (Conjugate) If P(z) and Q(z) are said to be conjugate provided one of the
following holds:

1. Q(2) = -P(3)

2 Q) = £P(-z)
3. Q(2) = £ P(
fQiz) = £ P(

Conjugate polynomials always share the same set of modulii values. That is. whenever

P{z) and Q(z) are conjugate. we have:

{IP()]: =h =1} ={]Q() : 2] = 1}

3

14
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A pair of conjugates may be classified according to whether [P(z)| = |Q(z)] or |P(z)] =

|Q(—=z)| for z on the unit circle in the complex plane.

e When P(z) and Q(z) are related according to expressions 1. or 3. in the definition.
then |P(z)] = | (z)|. for all |z} = 1. In case 3., we have Q(z) = z*P(L). Then
=" P( )l |z | P( % | = |P(Z)| = |P(z)| whenever |z] = 1.

The plot of modulus verses angle for P and Q are. of course, identical. but the image
of the unit circle under P and Q may be different. The image of the nnit circle for

two such conjugates are shown in figures 3.1 and 3.2.

e When P(z) and Q(z) are related according to expressions 2. or 4. in the definition.

then |P(z)| = |Q(—=z2)|. for all |z] = 1. In case 2. it follows immediately that |P(z)] =
1Q(—2)| In case 4., we have Q(z) = 2"P(='). Then |2 P(H)| = P =
|P(-7)] = |P(—=z)| whenever |z] = 1. In cases 2. and . the modular plot of P(#) on

[0.7] is a mirror image of the modular plot of Q(#) on the same interval. The plots of

modulus verses angle for a conjugate pair such as this is shown in figure 3.3.

Although conjugates must always share the same set of modular values. it is not true
that all polynomials sharing the same modular values are necessarily conjugate. Consider

the following pair:

I)(:): _+_~ ~12_+_:l]_NlU_:S)+:X+:7_~h__1+:1 +:-+ +l
Oz)= =z — 213 2l sl 0 8 T L6 5
Numerical evidence suggests that |P(z)] = |Q(=)] for all [z] = 1. yet the two are not a

conjugate pair.

One may ask, is it possible to have polxnornmk P(z) and Q(z) with
{IPG)] ]zl =1} = {Q)] - || = 1}

vet neither [P(z)| = |Q(=)!| for all |z = L. nor |P(z)| = |Q(—=)| for all |z] = I7 No such
example was apparent in the data collected for this thesis.
Rudin-Shaprio polvnomials. which were discussed in (‘hapter 2. are examples of conju-

gate pairs. This is proved in the following theorem.
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Figure 3.1: The Unit circle transformed under P(z) = —z7 = 2% — R S R e |

(left) and Q(z) = :‘—P(f:) (right)

25

nomalized modulus

S
Figure 3.2: Joint modular plot of conjugates shown in Figure 3.1

-

283
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nomalized modulus

f——— 101111
1010111

31415 6828}

£y

é

Figire 3.3: Example: Modular Plots of Conjugates P(z) = 25 - 2> 4+ 24 4+ =3 4 22 4 - 4+ |
(~olid) and Q(z) = :"T’(%’J (dotted)

Theorem 9 Rudin-Shapiro polynomials P, (=) and Q,,(z) of degree 2™ — 1 (as defined in

Theoremn 1) are a conjugate pair with

m ]
Q?lt(:)::Z —lRIL("t)y M eveEN

m 1
Quiz) = =" 7'P,(==). m odd

i

Proof (by induction) Note that the result is true for m = 0 and m = 1. Suppose it is
true for m = k and k is odd. Then from the definition the Rudin-Shapiro polvnomials

k4l _ 1 k+1 _ 1 1 k -1
= 1f’k+1(-j)=:2 l{Pk(—T)+(“j)2 Qu( )} (3.1)

>

‘e . % . - .
Since & is odd. by The induction hypothesis
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and
1 1
7= @)

Substituting these results into equation 3.1 vields:

k41 ] Sk+1 ] l 5k I Hk
T P (o) = T {j??Qk(:) +(=-)? :-zk—_lPk(:)} = P(2) =22 Qul2) = Qi)

Py (-

Thius Qrer(2) = S P (—%) and since similar results follow when & is gven the stated
result is true for all integers m. O

The conjugate relationship between P, (2} and Q,,(z) is depicted in figures 2.1 to 2.1
which show. for m = 2...5. that the modular plot of P, (z) on [0.7] is a mirror image of

the plot of Q,,(z) on the same interval, just as for the more tyvpical conjugate pair plotted

in figure 3.3.

3.2 Self-Conjugates: Reciprocal and Symmetric

[ most cases a £1 polvnomial P(z) has seven distinet conjugates. However. sometimes not.
[ a case where Pz} is equal to one of its conjugates, Littlewood calls F’(2) a sclf-conjugate.

There are two tyvpes of self-conjugates, here called reciprocal and syronetric. Both tyvpes
of self-conjugates appear to have some extremal properties among all 1 polynomials of the

same degree.

‘Definition 2 (Reciprocal) A +1 polynomial P(z) is said to be a reciprocal provided
P(z)="P(L) or P(z) = —z"P(1)

Reciprocal polvnomials. like palindromic words. are the sane (up to sign) when thev are
reversed. They occur in both odd and even degrees. A few examples are:

:5+:4—:"~:2+:+l

I L |

AL R LV |

T

An odd degree reciprocal polynomial P(z) =577

;=% has the property that for cach
k€ {0..n}. ax = a, i or. for each k € {01,2} ax = —,_k. An ;*w‘n degree reciprocal
polvnomial must have ap = a,_; for each k. since the middle coefficient an remains nn-
2T :

changed. When n is odd. their are 2( ) degree n reciprocal polvnomials. and when nis

n . .
even there are 2(228Fdegree n reciprocal polvnomials.
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Definition 3 (Symmetric) A £1 polynomial P(z) is said to be symmetric provided P(z) =
P or P(z) = -2 P(3). |

Symmetric polynomials occur only for even degrees. The name symmetric is not a
standard definition. but has been used in [6] to describe polynomials of this sort. The name

reflects the symmetric nature of the modular plots. While the modular plot of ervery +1

polynoniial is svmmetric about § = = due to the fact that [P(:‘)l = |P(Z)] (and hence
|P(6)] = |P(2r — 6)]). symmetric polvnomials have the property that |P(z)| = |P(-z)].
hence |P(8)| = |P(x — 6)|. An example of the modular plot of a symmetric polynomial is

shown in figure 3.4.

nomalized modulus

. 31415 5223

Figure 3.4: Example: Modular Plot of Symmetric self-conjugate P(z) = —z'% — 211 4 -1V
oS S 3+ 224 2~ 1L Note symmetry about 6 = 3
When the degree is divisible by 1. svinmetric polvnomials satisfv P(z) = :“I’(l:l—). In

this case the middle term is raised to an even power. An example of such a syvmmetrnc

polynomial is
6

Py ==+ 454

3 2 .
+ 7+ -+ ]
Svimettic polvnomials with degrees divisible by -4 have the property that 4, = @,y when

A is even and ax = —a, - when k is odd.
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s

When the degree is even, but not divisible by 4, syimmmetric polynomials satisfy P(z) =
—:”P(%l). In this case the middle term is raised to an odd power, and a;x = —a,_; when

kis even and ay = a,,_x when k is odd. An example of such a symmetric polynomial is

For all even degrees there are 2(23) symmetric polynomials. There are no odd de-

gree symmetric polynomials, since if n is odd and P(z) = t=0 arzt = :"I’(%‘) =

2SRy ak (=15} then. equating coefficients of the leading term gives a, = ay. while
k=0 z q

equating the constant term give ag = —a,. However, there are odd degree polvnomials

having the property that ay = a,_4 when k is odd and ax = —a,,_x when £ is even {or vice
g propert) :

versa). C'uriously, the Rudin-Shapiro polynomials appear to have this trait.

The total number of self-conjugates for even degrees is 2°3 while the total number of
self-conjugates for odd degrees is 2", So as the degree increases. the total number of
self-conjugates form a smaller and smaller portion of all 1 polvnomials. Yet as we shall

sec. theyv appear to have some interesting tendencies towards extremal properties.



Chapter 4
Experimental Methods and Results

For (iogrees up to 24 the complete sets of £1 polvnomials were studied. For even degrees
to 14 {\he set of symmetrical polynomials were studied and for degrees up to 42 geciprocal
polvnomials of the form P(z) = z"P(1/z) were studied.

Data for degrees higher than 24 was obtained among the self-conjugates since ax the
degree increases they form a diminishing fraction of total 1 polvhomials. For example
svinmetric polynomials are 1/2§th of the entire set. This means. for instance. that degree
11 svmmetric polynomials form only about 0.000023%45 percent of the total set. which
consists of 295 = 35184:37208%832 polvnomials.

For each polvnomial the following quantities were estimated:

.. .. . P(=
. Minimum modulus on the unit circle. min;z, £

Hn
. . . ’N =
. Maximnm modulus on the unit circle, maxj;=; —=

Hn

N

3. Normalized Mahler Measure
4. Normalized Ly. L,. L3, and L4 norms.

The expected value of each quantity was calculated for cach degree. and a list of 100
polvnomials having extremal properties for each quantity was maintained.
In addition more limited calculations involving the minimum modulus of svuunetric

polyvnomials up to degree 64 were undertaken.
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3

‘4.1 How the Data was Calculated

Data for this thesis was gathered using programs written in ('4++4. Graphs were created with
spreadsheet software. The minimum and maximum modulus of a polvnomial was estimated
simply by evaluating the modulus of the polynomial on the unit circle at regular intervals
on [0.7]. For a degree n polynomial, the number of intervals used was 20 x n. the same
density of intervals used to create the modular plots which illustrate this thesis. Results on
certain polynomials were verified using up to 1000 x n intervals, and the initial estimates
appear to’be accurate to within at least 2 decimal places.

Ly. L,. L. and L4 norms were calculated by numerical quadrature (Composite Sinpson’s
algorithm [5. page 176] nusing 20 x degree intervals). Although L,/p, = 1 for all +1
polynomials, it was calculated along with the other norms to varifv data integritv. The
norms appear to be accurate to at least 5 decimal places.

Mahler measure was calculated acrording to the formula
M(P) =1 ;mar{l.]a,]}

where a,. ¢ = 1...n are the roots of the polvnomial. The roots were extracting numericaliv.

4.2 Means Over Various Sets of +1 Polynomials

Mean values over all £1 polvnomials degree 4 to 24 are summarized in Table 1.1, Data for
complete sets was gathered only up to degree 2.4 hecause of the large amonnt of time taken
for the programs to run.

Table 1.2 displays mean values for Ly.L3. L3, and L} over all 1 polynomials degrees 6
to IX. This data was collected as an afterthought. which is why processing continned only
to degree X, The data in Table 4.2 is displaved graphically in Figure 1.1 and Figure 1.2,
along with least-squares estimation curves. Although the curves for L.ﬁ and L3 are already
known (Theorem 6 ). were included in the calculations to verify the integrity of the data.

The least-squares curve for L} is

~

! L

- 0.07(n+4+ 1)+ 0.018%(n+ 1}27 — 0.3255

ot

y=13357(n+ 1)

and is the hest approximating function of the form a{n + 1)3,' +b{n+ 1)+ c(n+ l)% +d.

This forim was chosen because the value of mean 133 appears to fall between o(n) and o{n-}.
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This result is consistent with Theorem 7. which states that E(l;)/(n + 1)5 = (1 + p/2).
since T(1 4 3/2) =~ 1.33. ‘
Salem and Zygmund [19] show that for the set of 1 polynomials there are constants ¢

and d with

d/(n+1)log(n + 1) < E(M) < c/(n + 1) log(n + 1)

where M is the maximum modulus. Figure 4.14 shows the expected maximum modulus of

svmmetric. reciprocal and all 1 polynomials after division by \/(n + I)log(n + 1). The
normalized curves appear to approach three different constant asymptotes. suggesting that

the expected maximum modulus of reciprocal and svmmetric polvnomials also grow accord-

ing to e\/(n + Nlog(n+ 1), but with different constants ¢.

Mean values over all svinmetrical £1 polvnomials degree 6 to 1l are summarized in
Table 4.3. Mean values over reciprocal polynon.\ials of the form P’(z) = 2 P(1/z) of degrees
6 to 12 are given in Table 1.4, Data from Tables 1.1, 4.3 and 4.1 are displaved graphically

in Figures 4.3 to 1.14

4.3 Extremal Data for Various sets of £1 Polynomials

This section contains tables and charts containing extremal data for modulis. Mahler mea
sure and Norms Ly through L. In the tables a polvnomial is represented by a binary
number as deseribed in section 1.1.

Generally more than one polynomial attains the extremal value. but only one extremal
polvnomial for each category is given in the tables. The polvnomial selected for inctnsion
i~ that having the smallest binary number representation among the set of polvnomials
attaining the extreme value.

In tables that contain extremal polyvnomials over the entire set of £1 polvnomials. a *

* svmbol is omitted in tables that contain

svmbol indicates a svinmetric polvnomial. The
extremal polvnomials over the set of symmetric polynomials. _

The caption for a table indicates which category of extreme values the table represents,
but often a polvnomial is extremal in more than one categorv. All extremal valnes in the

tables (except the reciprocal tables) are shown in bold letters.
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=

I Asvmptotic values predicted by Borwein-Lockhart conjecture:

degree | Min mod Max inod Mahler L, norm ~ Lynorm Ly norm
-4 0.35393 1.60169 0.78372 0.89805 1.08302 1147
5} 0.14882 1.69173 0.72178 0.88765 1.08590 1.13356
6 0.24925 1.71462 0.77687 0.89444 1.08759 1.15761
n 0.10593 1.72591  0.73573 0.88R8H2 1.0891.1 1.16092
X 0.17034 1.76916 0.75996 0.89101 1.09019 116360
9 0.09950 1.80244 0.74%69 0.88951 1.09110 1.1658]
10 0.15240 1.81554  0.76205 0.89046 1.09182 116766
11 0.10051 1.84023 0.74340 0.88K34 1.09247 1.16921
12 0.13605 1.86152 0.76040 0.88976 1.09297 1.17055 |
13 0.0821K 1.87751 0.7504K 0.88872 1.09:3-13 IR TR ’
14 0.11030 1.89472 0.75541 0.883%04 1.09:382 147273 !
15 0.08020  1.90949  0.74903 0.88828 LOYIIN 117361 |
16 0.10600 1.92400  0.75722 0.888%0 1.09447 LIT145
17 0.07037 1.93960 0.74923 0.88%10 1.0947H LATHIN
18 0.09581 1.95162  0.75610 0.88849 1.09-199 1.175%
19 0.069 1.964 0.75000 0.88796 1.09522 117641
20 0.083 1.976 0.75404 0.88R16 1.095.42 117698
21 0.063 1.987 0.75116 0.88790 1.09560 LIT7AN
22 0.081 1.997 0.75467 0.88805 1.08577 117791
| 23 0.058 2.007 0.74943 0.8876H 1.09592 LITR3T
2- 0.076 2.017 0.75411 0.887K9 1.09606 117876
1.

09954 1.1 8921J

Table 4.1: Normalized mean values over all £1 polynomials of degrees 8 to 24, The asvmp-

totic values predicted by Borwein and Lockhart in Conjecture 5 are shown for p = 3 and
p =
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Degree | E(Li) E(L3) E(L3) E(L])
6 | 236647 7 23.9685 91
T 251312 8 293963 120
R | 267303 9 351622 153
9 | 281288 10 41.2715 190
10| 295331 11 47.6933 231
1 3.0773 12 514246 276
12 | 320808 13 61.4364 325
13 1332527 14 6R.T324 37N
L4 | 344206 15 T6.292% 435
15 1355311 16 SE1145 496
16 | 3.66463 17 921828 56l
17T | 376787 I8 100497 630
IR | 387283 19 109.045 703

Table 1.2: Expected Values L. L2 L3, and LY over all £1 Polvnomials degrees
! 1-. L3 1 A g

6 to [N

degree | Mahler  Max mod Min mod L; norm L4 norm L, norm
X | 0.808313 1.63063 0.295031 0.909184  1.07367 1.13195
10 0.78050 1.63765 0.23094 0.90077 1.0TR39  1.13983
12 0.78380 1.70459 0.21541 0.90109 1.0%066 114573
114 0.78546 1.71903 0.23917 0.89970 1.08317 1.1506%
16 0.77596 1.7ARRH 0.19737 0.896%0 1.08507 1.15441
Ix 0.77432 1.78021 0.17431 0.89613 1.08655 115773
20 0.77290 1.8029% 0.16044 0.89552 1.0KX763 1.16623
22 0.765862 1.83057 0.139%26  0.893571  1.08871 1.1625
21 0.76464 1.85437 0.12968 0.89307 1.0%953 116441
26 0.767591 1.87227 0.129% 0.893279  1.09025 1.16606
28 0.76565 1.89:304 0.12216 0.89272 1.090%3 1.16716
30 0.762377 1.906 0.110252  0.891923 1.0914 1.16X71
32 0.7617H6 1.92301 0.106202 0.%9159 1.09187 1.169X2
34 0.76150 1.934%6 0.100%4 0.891:34 1.09230 1.170%2
36 0.76052 1.95129 0.09°95 0.89106 1.09267 FIT17
38 0.75966 1.96205 0.09122 0.%9075 1.09:302 1.17253
10 0.75937 1.97669 0.0880% 0.89056 1.09332 1.17326
42 0.759474 1.98552 0.0854632  0.890433  1.09361 117393
14 0.75912 1.99771 0.08321 0.89027 1.093%6 1.17455

Table 4.3: Normalized mean values over Svinmetric 1 polynomials of even degrees X 10 11
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degree | Max mod  Min mod Mahler Ly norm L3 norm L4 norm
6 1.97803 0.0126426 0.614107 0.82437 1.13876  1.2.4334
T x| 1.97486 0.01133 0.51464  0.802:39  1.14638  1.25515
R 2.04942 0.01135 0.57139 0.81125 1.14622 1.2585%
9 2.08147 0.00801 0.55275  0.80727  1.15009 1.2653
10 2.1534 0.01006 0.57207  0.81124 1.1499 . 1.26735
11 2.15R07 0.00273 0.49563 0.79627 1.1533K 1.27224
12 2.21482 0.00595 0.56683 0.80942 1.15281 ° 1.27443
13 2.18378 0.00589 0.55 0.80436 1.15516 1.27709
14 2.24031 0.00538 0.5511 0.80629 1.15476 1.27XK%
15 2.22538 0.0029 0.5218 0.79972  1.15685  1.28104
16 2.29231 0.00433 0.55393 0.80583 1.15626 1.28231
17 2.28119 0.00429 0.53372 0.80075 1.15805 1.2%.131
18 2.33272 0.00398 0.54836 0.80461 1.1575 1.2%533
19 2.3133 0.00208 0.52514 0.79973 1.15907 1.2%703
20 2.35879 0.00372 0.54556  0.80393  1.15848  1.28772
21 2.34587 0.0033 0.53873 0.80094 1.159K6 1.2%925
22 2.38%5 0.00329 0.54733 0.50:36X 1.15931 1.25982
23 2.37944 0.0020%8 0.52241 0.7T9IRKRK 1.16059 1.20111
24 241544 < 0.00276 0.54506 0.80308 1.16002 1.29162
25 240277 0.00285 0.53741 0.80039 1.16115 1.2927RK
26 2.44307 0.00261 0.54187 0.80253 1.16062 1.29318
27 2.42862 0.00157 0.52801 0.79933 1.16167 1.2942
28 2.46625 0.00257 0.5429%  0.%0236  1.16114 29454

29546
29575
29658
296%3
29757

1
29 245177 0.00217 0.53141  0.79951  1.1621 I
30 2 ARR2T 0.00236 0.51415 0.802 11616 1
31 247389 0.00151 0.52845  0.79917  1.1625 1
32 2.50894 0.00214 0.53998  0.80171  1.16201 1
33 2.19483 0.00215 0.53488  0.79964  1.16283 |
34 2.52906 0.001%89 0.54015  0.80152  1.16237  1.29779
35 2.51338 0.00129 0.52668  0.79%8%4  1.16315  1.20%17
36 2.5469%  0.00194528  0.540032 0.801351 1716269  1.20%66
37 2.53207 0.00187 0.53408  0.79941  1.163142  1.2992X
3R 2.56:343 0.0017X 0.53821  0.%011 116298 1.29945
39 2.54931 0.00117 0.52879  0.79%93  1.16367  1.30002
10 2.5791R 0.00171 0.53%63  0.8009%  1.16325  1.30017
41 2.56485 0.00168 0.5314%  0.79907  1.1639 1.3007
12 2.59556 0.00163 0.53816  0.800%3  1.16349  1.300%3

Table 4.4: Normalized mean values over reciprocal £1 polvnomials of degrees i to 12
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degree polynomial
1 Mahler max mod min mod [, L3 L
7 00001101 o
0.93412 1.38137 0.56021 0.96761 1.03014 1.05737
000001000
0.81116  2.33333 0.37007 0.8947 112053 1.24242
9 0001011001
0.8924%  1.5793% 0.41706 0.94737  1.04837  1.09162
10 00001100101*
0.94725  1.38336 0.62268 0.97367  1.0255%  1.04986
11 000001100101
0.96262 1.28077 0.6306 0.98171 1.01718 1.03305
12 0000011001010*
0.98637 1.38675 0.83793 0.99276 1.00816 1.0173
13 00000011001010 I
0.95556 1.60357 0.67253 0.97757 .1.02262 1.0453
14 000001100110101% |
0.96589 1.29099 0.72036 0.98305 1.01635 1.03179
15 0111110101100110
0.94148  1.521 0.61211 0.97051 102917 1.05737
16 00000001100101010*
0.92346  1.69775 0.60748 0.95993  1.04236  1.08533
17 001010000011001100
0.92505  1.6X924 0.56503 0.96157  1.03928  1.07N2X
Ix 0010111010000100001 |
| 0.95499  1.10534 0.60664 0.97755 1.021x9  1.04287 |
19 * 01001001000101110001
0.90144  1.78646 0.5748 0.95127  1.04806  1.09351
20 000000111001101101010*
| 0.95459  1.39564 0.65465 0.97707 10227 104155
21 0011101111010010111010 ]
0.933 1.6480% 0.56061 0.966 1% 103363 106613 |
22 00000001110011011010101* ‘
| 0.95329  1.44352 0.62554 0.9767 LOZ28S 104507
- 23 000000001110011011010101
L 0.91911 1.39639 0.71358 0.97301 L0293 10603
21 0011100111111010100110110* %
| 0.95752  1.61245 0.65609 0.97764 102442 1.05045 |

a svmmetric polvnomial

34

Table 150 £1 Polynomials having highest minimum modnlis. degrees 7 to 24 * indicates
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degree polynomial
Mahler max mod min mod L, L3 L
6 0100111
0.94366 1.17282 0.37796 0.97665 1.0168 1.0293
R 000110010
0.89 1.37437 0.36256 0.95148  1.03757  1.06703
10 00001100101
0.94725  1.38336 0.62268 0.97367  1.0255%  1.049%6
12 0000011001010
0.98637 1.38675  0.83793  0.99276 1.00816 1.0173
14 000001100110101
0.96589 1.29099 0.72036 0.98305 1.01635 1.03179
16 00000001100101010
0.92316  1.69775 0.60748 0.95993  1.04236  1.08533
IR 0010111010000100001
0.95499 1.10534 0.60664 0.97755 1.02189 1.04287
20 000000111001101101010 ]
0.95459  1.39564 0.65465 0.97707  1.0227 104455
22 00000001110011011010101 ]
0.95329 1.44352 0.62554 0.9767 1.02288 1.04507
24 0011100111111010100110110
0.95752 1.61245 0.65609 0.97764 1.02412  1.05015
26 000000000110001001101010101 ,
0.87942  1.7907 0.58046 0.93455  1.070%9  1.110x7
2% 00000011110001100100101101010 ]
0.92304  1.53739 0.56278 0.96092  1.03866  1.07515
30 0000000011100011001001001010101
0.9144%  1.61645 0.59114 095569  LOMTL 108727 |
32 000000000111110011001010010101010
0.91272  1.64753 0.629 0.95327 105042 110111 |
34 0000000001 1000001100101001101010101
0.00042  1.87769 0.6375 0.94491  1.063%2  1.13193
736 0010000101000011100110110100000101110
| 0.94%65 141214 0.60876 0.97462  1.02425  1.0-1699
| 3% 000011100000000011001100101010100100101 ’
0.92556  1.76141 0.64861 0.96041  1.04273 Loﬂﬁiiﬁj
10 00001111100000100100010001110101101011010
0.93056  1.90017 0.64392 0.96124  1.04724  1.10132
12 0000000011011000011011000110100111001010101 ]
0.96612 1.14163 0.67861 0.98287 1.0172 103417
1 000000001100011110001001110110100100110101010 .
0.96986 1.1163R% 0.68203 0.98493 1.01497  1.02976

>

35

Table 1.6 Svmmetric polvnomials }\1&\'111;{ highest minimum modulus, even degrees 6 to 1t
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degree *polvnomial
max mod min mod L, L3 Ly
16 00111111100000100100001100101110001010010101001
1.502%88 0.60773 0.96565 1.03473 1.06847
48 0000000000011011000011011000110100111001010101010
1.57143 0.70049 0.97704 1.02438 1.04951
4K 0010101110101001001111001100101100011111101111110
1.32844 0.61841 0.9819 1.01717 1.03329
50 000001100000001101101100100011000111001010100110101
1.47219 0.61382 0.9781X 1.0214 1.04206
. 50 001100000000011110000110011001101001011010101011001
’ 1.40726 0.60517 0.97863 1.01931 1.0365%

Table 4.7: Polvnomials with a high minimum modulus. Those with minimum modulus in
bold have the highest minimum modulus among symmetric polvnomials of the same degree.

| degree  polynomial
Mahler max mod min mod L L3 L4 - |
52 000001 11111100011100011001000110010010010010101001010
097112 1.43489 0.62171  .0.98535 1.01501 1.03028
54 0010011011001001111110001010000010010101100011000110001
093481 1.66095 0.64461 0.96637 1.03445 1.06R85
56 001110000011100010001101010100000000110111011011010110110
0.95874  1.53272 0.62236  0.97944 1.02023 1.04001
HN 00011100000111000100011010101000000001101110110110101101101
0.9541%  1.52923 0.61162 0.97694 1.02304 1.04574 |
60 0010100001100111001011010100010001000000111100100110010111110 ‘
| 09424 1.72256 0.60365  0.97056 1.02997 * 1.05974
; 62 000001110111110001011001000110100001101110011110110101110110101
F 0.93807  1.56389 0.6272 0.96856 1.0313  1.06119
‘( 64 01110100011100010111001010011101000010011111001000010010010000100
1 0.92%62  1.68024 0.60094 0.96274 1.0392% 1.0791

J

Table 4.8: These £1 polvnomials have a minimum modulus > 0.6, but they are not known
to be extremal. All are symmetric.



CHA PTER 4. EXPERIMENTAL METHODS AND RESULTS 37

degree polynomials

Mahler Max mod Min mod L, Ly L

7 00010110

0.85943 1.28869 0.038%6  -0.95143  1.03275  1.05737

R 000101001

0.88257 1.37237 0.23216  0.94998  1.03769  1.06703

9 0000011010

0.892:34 1.38608 0.33024  0.95434  1.03371  1.0594K

10 00011101101* )

0.95466 1.14643 0.30151 0.98243 1.01172 1.02005
[l 000001100101

0.96262 1.28077 0.6306 0.98171 1.01718 1.03305
12 0001110010010* |
0.82133 1.27388 0.01%79  0.94234  1.03509  1.05955

B 00001010011001

0.93942 1.28812 0.49712  0.97157  1.02449  1.0453

I 000111010100100 _

0.92122 1.29088 0.23274  0.96616  1.0261 10176

15 0001000111010010 - ‘

0.94411 1.30838 0.53678%  0.97347 1.02344 1.0439
16 - 00111111101010110% ]
0.83514 1.32623 0.10891  0.93549  1.04311  1.07-431

17 001100001101101010

0.91537 1.29013 0.19008  0.96456  1.02664  1.047 14

IS 0001111101110101101

0.9336% 1.28279 0.39903  0.97055  1.02363  1.04287

19 00000110011001011010

0.88775 1.32575 0.04802  0.95856  1,02975  1.05312
20 000010101101101100111

0.88599 1.32577 0.01811  0.955%2  1.03187  1.05629

21 0101101001111100010001

0.90541 1.30024 0 0.96596  1.02513  1.04537

22 00000001111001011010101*

0.80941 1.28816 0.11049  0.93205  1.04187  1.07061

23 000000110001011011001010 B
0.87903 1.25837 0.16413  0.95145  1.0333%  1.05737 |
21 0010010110111011100001110° B
| 0.91691 1.28914 0.2 0.96604  1.02517  1.04X9 |

* indicates that a polvnomial is a symimetric.

Table -1.9: 1 Polyvnomials having smallest maximum modulus, degrees 7 to 24, The svmbol
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-~

Degree Polynomial

Mahler max mod min mod L L L4

6 0100111

0.94366 1.17282 0.37796 0.97665 1.0168 1.0293
8 000110010

0.89 1.37437 0.36256 0.95148 1.03757 1.06703
10 00011101101

0.95466 1.14643 0.30151 0.98243 1.01172 1.02005
12 0001110010010

0.82133 1.27388 0.01K879 0.94234 1.03509 1.05955
14 000001100110101

0.96589 1.29099 0.72036 0.98305 1.01635 1.03179
16 00111111101010110 :
0.83514 1.32623 0.10891 0.93549 1.043-H4 1.07-434
1% 0001111101110101101

0.93368 1.28279 0.39903 0.97055 1.02363 1.04257
20 001111111001101010110

0.95984 1.32737 0.43167 0.98201 1.01511 1.02826
22 00000001111001011010101

0.80941 1.28816 0.11049 0.93205 1.04 18T 1.07061
24 0010010110111011100001110

0.91694 1.28914 0.2 0.96604 1.02517 1.04:189
26 000000110110110001110010101

0.94284 1.21369 0.32957 0.97534 1.01918 1.03152
28 00100101101110111011100001110

0.9295 1.24568 0.1946% 0.97226 1.0197% 1.0:3.19%
30 0000000110110100111100011010101

0.90508 1.25006 0.14737 0.96402 1.02445 1.0-42:48
32 001001000000001110110101010001110

0.90674 1.24793 0.32686 0.95962 1.03062 1.0542
34 00001000011000110111001001101000101

0.82575 1.29676 0.07622 0.93984  1.035%6  1.0600%
36 0011100010101110000101101111110110110

0.89176 1.3033 0.0641 0.96171 1.02537 1.0-44:43
38 000000011111000111001101101101011010101

0.94944 1.27585 0.16013 0.97755 1.01913 1.03583
10 00000001111100011100110010010010100101010

0.94217 1.2873 0.11876 0.97732  1.01767  1.032%5
42 0011110000000000011001100110101010101101001

0.91993 1.26787 0.14205 0.96768 1.0236- 1.04191
44 000010100001110011100110011011001001011111010
0.90602 1.29459 0.14907 0.96262  1.026%1  1.04739

of svmimetric polynomials, degrees 6 to 44.

Bh

Table 4.10: Symmetric £1 Polynomials having smallest maximum modulus amongst the set
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degree  polynomial
Mahler max mod min mod L, Ls Ly
6 0010100
0.73584  1.466 0.0173 0.91138 1.05649 1.09715
8 000101000
0.73686 1.66667  0.02946  0.89772 1.07824 1.1404
10 00101110100
0.58073 1.61825  0.00063  0.84594 1.09549 1.159%%
12 0011010101100

, 0.66623 1.61303  0.0046 088382  1.07271 1.12322
14 000101101101000
0.63583 1.63624  0.0005 0.86504 1.08979  1.1539%
16 00001101010110000
0.75069 1.69375  0.01%37  0.91021 1.064%6 1.1164
I8 0001110110110111000
0.76992 1.62142  0.00135  0.91833 1.05695 1.1012x
20 001101011111110101100
0.66219 1.57882  0.01053  0.8805  1.07712 1.13233
22 00001010011011001010000
0.72493 1.59237  0.0006 0.89964  1.06983 1.12222
24 0011110110101010110111100 '
0.61291 1.59933 0 0.8747 107609 1.12943
26 001001010001111100010100100
0.69812  1.63945  0.0039%  0.88887 1.0772  1.1352%
28 01100101011110001111010100110
0.69521 1.66867  0.00945  0.88693 1.07859 1.136x9
30 0010111000100001000010001 110100 7
0.67622 1.62986  0.01595  0.88329 1.07822 113575
32 001100111110101111101011111001100
0.70155 1.60456  0.00004  0.8918%  1.07533 1.13276
34 0011010011111110T010111111100101100 O
0.65391 1.61136  0.00022  0.8X2 1OT4R8  1.12854
36 0011101101000101000001010001011011100
0.70865 1.59322  0.00066  0.89375 1.07306 1.12757
38 001110111010010110000011010010111011100
0.6%905 1.61914  0.00075  0.89187 1.0719  1.1253]
10 00111011101011010011111001011010111011100
0.66517 1.58988  0.00151  0.88426 1.0728  1.1237X
12 001010110001 1111011001001 101111100011010100 |
0.72619 1.57135  0.00196  0.90319 1.065%% 1.11511

39

Table 1.11: Reciprocal £1 Polynomials having smallest maximum modulus amongst the set
of reciprocal polvnomials. even degrees 6 to 42.
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degree  polynomial

Mabhler max mod min mod L, L3 L4

7 OI111110

0.6982 1.55176 0.012 0.89223 1.07371 1.12905
9 0110000110

0.67454 1.72754 0.02704 0.86%22 1.09%91 1.17405
11 000101101000

0.70283 1.65301 0 0.89493 1.07007 1.12174
13 00011011011000

0.62003 1.56088 0.00159 0.86433  1.08327 1.13911
15 0010001111000100

0.69863 1.62509 0.00001 0.89189  1.07:382 1.12905
17 000010110011010000 '
0.6947 1.60944 0.00375 0.89237 1.067X 111568
19 01011110011001111010

0.74139 1.58236 0.01576 0.90657  1.06285  1.10852
21 0001110110110110111000

0.73285 1.54286 0.00239 0.90516  1.06393 1.11123
23 010011100000000001110010

0.67699 1.63299 0.00033 0.88535  1.0419%  1.12905
25 01011111001100110011111010

0.71254 1.52097 0.00274 0.89999 1.06559 1.11317
27 0111110011010110101100111110

0.7127 1.569197 0.00165 0.90572 1.06635 1.11689
29 011001010000111111000010100110

(0.68194 1.63211 0.00287 0.586%1 1.07494  1.12973
31 00001001110100111100101110010000

0.6633% 1.61848 0.00595 0.87%67  1.07963 1.13711
33 0110100111011100000011101110010110

0.64713 1.57064 0.00046 0.87549 107777 1.13137
35 010111000011011111111110110000111010

0.69402 1.60029 0.00315 0.8837%  1.07%16  1.1:3358
37 01010110000001100111100110000001101010

0.7163% 1.58736 0.00115 0.9059 1.06707  1.11X25
39 0011011000010101111111111010100001101100
0.72175 1.59461 0.00018 0.89995 1.0694 1.12204
41 000111010001001011011110110100100010111000
0.69827 1.58534 0.0002 0.891416  1.06836 1.1171

¢ Table 1.12: Reciprocal £1 Polynomials having smallest maximum modulus amongst the <et
. . —_ R J
of reciprocal polynomials. odd degrees 7 to -41.
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degree Polynomial

Mahler max mod  min mod L, L,y L4 |
7 00001101

0.93412  1.38137 0.56021 0.96761  1.03014 1.05737
R 001101000

0.90834 1.46305  0.32976  0.95795 1.03593  1.06703
9 001100000

1 0.92363  1.49 0.35262  0.96446  1.0313%  1.0594%
10 00011101101*

0.95466  1.14643 0.30151 0.98243 1.01172 1.02005
11 000001100101

0.96262  1.28077  0.6306 0.98171  1.01718 1.03305
12 0000011001010*

0.98637  1.38675  0.83793  0.99276 1.00816  1.0173
13 000000110010%0

0.95556  1.60357  0.67253  0.97757 102262 1.0453
14 000001100110101* ,
0.96589  1.29099  0.72036  0.98305 101635 1.03179 |
15 0001000111010010 1
0.94411  1.30838  0.53678 0.97347  1.02344 1.0439
16 00100110000101011

0.94067  1.39918  0.50775  0.97106  1.02685 1.05128
7 000100011101001011

0.94612 141722  0.4714 0.97368  1.02466  1.04711
I8 0010111010000100001*

0.95499  1.40531  0.60664  0.97755  1.021x0  1.042%7
19 00000101110100111001

0.96188  1.3105 0.44721 0.98192  1.01631 1.03103
20 001111111001101010110%

0.95984  1.32737  0.43167 0.98201  1.01511 1.02826
21 00000100110101001 11000

0.95411  1.3%287  0.13486  0.97818  1.01987 1:03806
22 00000001110011011010101*

| 0.95329 1.44352  0.62554  0.9767 1.022%%  1.01507
|23 001100011111101010110110

| 0.96237 136319  0.397% 0.98244  1.01567 1.02988
21 0001110000000101011011001

0.96683  1.38019  0.48233 0.98438  1.01427 1.02763

Table 1.13: £1 Polvnomials having largest Mahler measure. degrees 7 to 21.

L]
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degree polynomial
Mahler max mod min mod Ly Ly L4 |
6 ~ 0100111
0.94366 1.17282 0.37796 0.97665 1.0168 1.0293
8 000011010
0.8917 1.37994 0.33333 0.95274 1.03704 1.06703
10 00011101101
0.95466 1.14643 0.30151 0.98243 1.01172 1.02005
12 0000011001010
0.98637 1.38675 0.83793 0.99276 1.00816 1.0173_1
14 000001100110101
0.96589 1.29099 0.72036 0.98305 1.01635 1.03179
16 00111110011010110
0.93885 1.35059 0.57835 0.97025 1.02715 1.05128
1R 0010111010000100001
0.95499 1.40534 0.60664 0.97755 1.02189 1.04287
20 001111111001101010110 '
0.95984 1.32737 0.43167 0.98201 1.01511 1.02826
00000001110011011010101

329 1.44352 0.62554 0.9767 1.02288 1.04507
24 0011100111111010100110110
0.95752 1.61245 0.65609 0.97764 1.02442 1.050:45
26 000111100010001000100101101
0.96894 1.31082 0.50748 ° 0.98548 1.01288 1.02446
28 00011000111111101010110110010 '
0.96268 1.40513 0.55709 0.98163 1.01779 1.03498

KBO 0001100011010101111111001001101

0.95476 1.53455 0.53R8K2 0.97759 1.02169 1.0-124%
32 001111000101110110001000010010110
0.94978 1.45473 0.52223 0.9756 1.02301 1.0-H167
34 00000111110011011001110011010110101
0.96105 1.351R6 0.50709 0.98109 1.0178 1.0345
36 0001110111110001001100010010100010010
0.95736 1.65219 0.5601% 0.97851 1.02195 1.0-1:443
3X 000000001101101001001110000111001010101
0.96383 1.40184 0.54716 0.98265 1.01607 1.03107
10 00011110001010101100110011111111011010010
0.96104 1.36576 0.5019 0.98169 1.01622 1.03068
12 0000000011011000011011000110100111001010101
0.96612 1.44163 0.67861 0.98287 1.0172 1.03417
4 000000001100011110001001110110100100110101010
0.96986 1.4163%8 0.68203 0.98493 1.01497 1.02976

13

Table 4.14: Symmetric £1 Polynomials having largest Mahler measure amongst all sV

metric polvnomials degrees 6 to 44.
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degree polynomial |
Mahler max mod min mod L, Ls L4 J
6 0001000

0.7545 1.88982 0.02348 0.89545 1.0843 1.15433
8 000101000

0.73686 1.66667 0.02946 0.89772 1.07824 1.1404
10 00110101100

0.69266 1.68657 0.01504 0.88923  1.0778 1.13809
12 0000100010000

0.71912 2.49615 0.0043 0.88131 1.11766 1.23%02
14 001000111000100

0.70453 1.9467% 0.00877 0.88706  1.0%905 1.1653%
16 00000110101100000 d{
0.75911 1.99709 0.0186%8 0.9031 1.08125  1.15426
18 0001110110110111000

0.76992 1.62142 0.00135 0.91333 1.05695 1.10128
20 000001100101001100000

0.77033 1.96396 0.00519 0.9120%  1.06H89  1.11963
22 00110011110101111001100

0.74886 2.04894 0.00579 0.88996 1.10173 1.19506
24 0011001111101011111001100

0.75896 1.81725 0.0198 0.89927  1.08062 1.116X% |
26 000000011001010100110000000

0.76048 2.50185 0.0074 0.90193 1.0909 1ISTIY |
28 00101011110011011001111010100

0.77272 1.82595 0.00371 0.91502 1.06427 1.11696
30 Q0LLILI1110011010101100111111100

0.75987 1.86362 0.0170% 0.90233 1.0774 [.11139
32 000111110111011010110111011111000

0.75696 1.684% 0.00114 0.90913 1.065%1 1.1172X%
34 00100110000101011111010100001100100

0.75273 1.64131  -0.0012 0.91591 1.055%9 l.OQTL
36 0011111001000101001001010001001111100

0.7613 1.9214 0.00156 0.90909 1.07191 1.13364
35 ~ 001111 1111010001101100010111110111100
0.75816  1.R4@8° . 0.002  0.90%02 1.06%0% 1.1236
40 0001111011010010000001000100101101111000
0.76474 1.8RR52  0.00256 0.91052 1.0704 1.13043
12 0001000111011110100111110010111101110001000
0.77236  2.03127 0.00%95 091132 1.07072 1.131x9

Table 4.15: Reciprocal 1 Polynomials having largest Mahler measure amongst all reciprocal
polynomials even degrees 6 to 42.
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" degree polvnomtal
Mahler max mod min mod L Ls Ly |
[ 7 - 01000010
0.7753 1.68485 0.02524 091135 1.07049 1.12905
9 0001001000
0.75333 1.89737 (G.00399 0.91236  1.0651x%  1.12115
11 000101101000
0.70283 1.65301 0 0.89493 1.07007 [.12174
13 00111011011100
0.70937  1.8939 0.02753 0.882%6  1.0911 116577
15 © 0101100000011010
0.7514 1.81337 0.00149 0.90v17  1.07049  1.12905
17 0l0100111111001010
0.75639 1.90022 0.01029 0.90344  1.07981  1.1.1966
19 01011001111110011010
0.76631 1.70993 0.00457 0.91554  1.06063  1.10852
21 0101111100110011111010
0.76351 1.63921 0.00215 0.91946  1.0553:1  1.09%9%
23 010100000110011000001010
0.76086 1.92647 0.00342 091139 1.06121  1.11927
25 00100010000111100001000100
0.76251 1.96116 0.00149 0.91327 1.06251 1.11317
27 0011001111101001011111001100 T
0.75619 1.81474 0 0.9074%  1.07309 1.13477
29 0L1100010110111111011010001110 ]
0.762 2.01517 0.001R8X 0.91675  1.06227 111719
31 00101110100001000010000101110100
0.77461 1.71819 0.01174 091615 1.06214 11121
33 0010000100101110000111010010000100
0.758353 1.923%5 0.002%4 0.90987  1.06%81 1.12656
35 000001011101001110011100101110100000
0.76389 1.90062 0.00153 0.90956 1.0712 L3116
37 00110111000101101111110110100011101100
0.76097 1.9237R8 0.00407 0.91007 1.06%52 1.12609
| 39 0001011001011110111001110111101001101000
{’ 0.75826 1.660%% 0.009%5 0.91563  1.03695 1.10017
11 001000111011111001011110100111110111000100
0.76478 1.69%27 0.00561 0.91332 1.06215 1.110%4

polyvnomials even degrees 6 to 12,

45

Table 4.16: Reciprocal 1 Polynomials having largest Mahler measure amongst all reciprocal
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Degree Polynomial
| Mahler maxXx mod  min mod L, Ls Ly
7 00001101
0.93412  1.38137 0.56021 0.96761 1.03014 1.05737
R 000101100
0.90834 1.46305 0.32976 0.95795 1.03593  1.06703
9 0000101100
0.92363 1.49869 0.35262 0.96446  1.03138  1.0594x
10 00011101101%
0.95466  1.14643  0.30151 0.98243 1.01172 1.02005
11 000001100101
0.96262 1.28077 0.6306 0.98171 1.01718 1.03305
12 0000011001010*
0.98637 1.38675 0.83793 0.99276 1.00%16  1.0173
13 00000011001010y :
0.95556 1.60357 0.67253 0.97757  1.02262  1.0453
14 000001100110101*
0.965%9 1.29099 0.72036 0.98305 1.01635  1.03179
15 0001000111010010
| 0.94411  1.30838  0.5367% 0.97347  1.02344 1.0439
16 00100110000101011 ‘
0.94067  1.39918 0.50775 0.97106  1.02685 1.05128
17 000100011101001011
0.94612 1.41722 0.4714 0.97368  1.02166  1.047.11
Ix 0010111010000100001% o
0.95499  1.40534 0.60664  0.97755  1.02189  1.04257 {
19 00000101110100111001
0.96188  1.3405 0.44721 0.98192 1.01631 1.03103
© 20 001111111001101010110*
| 0.95984 1327~ 0.43167 0.98201 1.01511 1.02826 ‘
21 0000010911010100111000 ‘W
0.9541t‘*\\L§§;£Z}7 0.1434%6 0.97818 1.01987 1.03806 |
22 0g4000001110011011010101*
| 0.95329 in4352 0.62554  0.9767 LO228% 104507 |
123 A01100011111101010110110
0.96237  1.36319 0.397% 0.98244  1.01567 1.02988
2 0001110000000101011011001
| 0.96683  1.3%019 0.4%233 0.98438  1.01427 1.02763 |

Table 4.17: Polvnomials having largest L, norm

.degrees 7 to 24,

4R
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degree Polynomial

| Mahler max mod min mod L, Lj Ly
6 0011101
0.88332 1.39578 0.2825% 0.95115 1.03652 1.061%4
R 000011010
0.8917 1.37994 0.333343, 0.95274 1.03704 1.06703
10 00011101101
0.95466 1.14643  0.30151 0.98243 1.01172 1.02005
12 0000011001010
0.98637 1.38675 0.83793 0.99276 1.00816 1.0173
14 000001100110101
0.96589 1.29099 0.72036 0.98305 1.01635 1.03179
16 00111110011010110

| 0.93885 1.35059 0.57835 0.97025 1.02715 1.05128

|18 0010111010000100001
0.95499 1.40534 0.60664 0.97755 1.02189 1.04287
20 gol111111001101010110
0.95984  1.32737 0.43167 0.98201 1.01511 1.02826
2?2 00000001110011011010101
0.95329 1.44352 0.62554 0.9767 1.02288 1.04507
24 0011100111111010100110110
0.95752 1.61245 0.65609 0.97764 1.024142 1.050-15
26 000111100010001000100101101
0.96894 1.31082 0.5074R8 0.98548 1.01288 1.02446
2% 00011000111111101010110110010

J.96268 110513 0.55709 0.98163 1.01779 1.03498
30 0001100011010101111111001001101
0.95476 1.53455 0.5:3%82 0.97759 1.02169 1.0-424X J
32 001111000101110110001000010010110 l
0.94978 1.45473 0.52223 0.9756 1.02301 1.0.1167 ‘
34 00000111110011011001110011010110101 '
0.96105 1.351%6 0.50709 0.98109 1.0178 1.0345 ’
36 0001110111110001001100010010100010010 |
0.95736 1.653219 0.5601% 0.97851 1.02195 1.04413

[ 3R 000000001101101001001110000111001010101 —1

| 0.96383 1.40184 0.54716 0.98265 1.01607 1.03107

{40 00011110001010101100110011111111011010010 %
E 0.96104 1.36576 0.5019 0.98169 1.01622 1.03068 [
{42 0000000011011000011011000110100111001010101

| 0.96612  1.11163 0.67861 0.98287  1.0172 1.03417 |
¥ 000000001100011110001001110110100100110101010

\; 0.96986 1.41638 0.68203 0.98493 - 1.01497 1.02976

Table £.1%: Symmetric polvnomials having largest Ly norm amongst the set of all svmmetric

polviiomials, degrees 6 to 44
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degree  polynomial
Mahler Maxmod Minmod Ly Ls L
6 0010100
0.73584 1.466 0.0173 0.91138 1.05649 1.09715
8 000101000
0.73686 1.66667  0.02946 0.89772 1.07%24 1.1404
10 00110101100
0.69266 1.68657  0.01504 0.88923 1.0778 1.13%09
12 0001101011000
0.71561 1.74885 0.02687 0.89161 1.07862 1.13957
14 001000111000100
0.70453 1.94678  0.00877 0.88706  1.08905 1.1653K
16 00001101010110000
0.75069 1.69375  0.01837 0.91021 1.0648%6 1.11644
18 0001110110110111000
0.76992 1.62142 0.00135 0.91833 1.05695  1.1012X8
20 000011001010100110000
0.76291 176614  0.00259 0.9166 1.05913  1.106147
22 00110010111111101001100
0.74008 1.97182  0.00111 0.90166 1.07699 1.14303
[ 24 0000111101110111011110000

0.75059 1.8883%  0.01826  0.90175 1.0%0%2 1.15102
26 000111011101101101110111000
0.75913 1.77908 0.01823 0.90765 1.07057  1.12771
28 00101011110011011001111010100 '

: 0.77272 1.82595 0.00371 0.91502 1.06427  1.11696
30 0001010111100110110011110101000
0.75631 1.90113 0.00495 0.90604 1.07251  1.132%9
32 000111110111011010110111011111000
0.75696 1.684R 0.00114 0.90913  1.065%1 1.11728
34 00100110000101011111010100001100100
0.75273 1.6.4131 0.0012 0.91591 1.055%9  1.09777
36 0010111010000100001000010000101110100
0.75264 1.80%39 0.00074 0.91087 1.06400 1.11514
38 0001011101101111001110011110110t1101000
0.75157 1.67396  0.00552 0.91477 1.05726 1.10051
10 00001011101101111001110011110110111010000
0.75099 1.74136 0.00262 0.91233 1.06107 1.10838
12 0001001011110011011101011101100111101001000
0.7583%  1.69565  0.00246 0.91252 1.06325 1.11355

Table 1.19: Reciprocal polynomials having largest L; norm amongst the set of all reciprocal
polvnomials. even degrees 6 to 44
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degree _ polynomial

Mahler Maxmod Minmod L; La Ly

7 01000010

0.7753 1.68485 0.02524 0.91135 1.07049 1.12905

9 0001001000

0.75333 1.89737 0.00399 0.91236 1.06518  1.12115

11 000101101000

0.70283 1.65301 0 0.89493 1.07007 1.12174

13 01110100101110

0.69596 1.65864 0.0159 0.88701 1.07937 1.13911

15 0101100000011010 ‘

0.7514 1.81337 0.00149 0.90717 1.07049  1.12905

17 010100111111001010

0.75639  1.90022 0.01029 0.90344 1.07981  1.14966

19 01011001111110011010

0.76631 1.70993 0.00457 0.91554 1.06063  1.10%52

21 0101111100110011111010

0.76351 1.63921 0.00215 0.91946 1.05534  1.09%9%

23 010001000011110000100010

0.76083  1.63299 0.00243 0.91578 1.05663  1.09%92

25 00000110010100101001100000

0.75295 1.96116 0.01767 0.9149 1.05%49  1.10419

27 0010011110101111010111100100

0.73729 1.72636 0.0056 0.90823 1.06356  1.11321

29 011100010110111111011010001110 ]

0.762 2.01517 0.0018% 0.91675 1.06227  1.11719

31 00101110100001000010000101110100

0.77461 1.71R19 0.01474 0.91615 1.06214  1.1124

33 0010000100101110000111010010000100

0.75853  1.923R5 0.00284 0.90987 1.068%1  1.12656 i

35 010001G11011100111111001110110100010

0.75141 1.69548 0.00274 0.91034 1.06394 1.11401

37 00101100101111011100111011110100110100

0.75851  1.99561 0.005R83 0.91042 1.06825  1.12609
- 39 0001011001011110111001110111101001101000

0.75826 1.6608% 0.00985 0.91563 1.05695 . 1.10017

11 001000111011111001011110100111110111000100

0.70478  1.69R27 0.00561 0.91332 1.06215  1.110%1

Table 4.20: Reciprocal polynomials having largest L norm amongst the set of all reciprocal

-

polyvnomials. odd degrees Tto 41
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degree  polynomial
Mahler Maxmod Minmod 1L, Lj Ly
7 00000000
0.35355 2.82843 0 0.64757  1.30023 1.52263
8 000000000
0.33333 3 0.0051 0.62671  1.3251% 1.56719
9 0000000000
1031623 3.16228 0 0.60803  1.34804 1.60%%6
10 00000000000
0.30151 3.31662  0.00314  0.5914 1.36914  1.6473
11 000000000000
0.28868  3.4641 0 0.57637  1.38876 1.6%325
12 0000000000000
0.27735 3.60555  0.00757 0.56269 14071  1.71705
13 00000000000000
0.26726 3.74166  0.00331  0.55027  1.42433 1.74189%
K 000000000000000
0.2582  3.87298 0 0.53886  1.14059 1.77927
15 0000000000000000
0.25 4 0 0.52826  1.156 [.X0%09
16 00000000000000000
0.24254  4.12311  0.00226  0.51849  1.47063 1.8356
17 000000000000000000 ‘
0.2357  4.24264  0.00284  0.50936 -~ 1.1%45%  1.R6103
1% 0000000000000000000 bt
0.22942  1.3589 0.001 0.50081  1.1979  1.8X71Y
19 00000000000000000000
0.22361 4.47214 0 0.49274  1.51067 1.9114%8
20 000000000000000000000
0.21822 1.58258  0.00086  0.48521  1.52291 1.93.4%%
21 0000000000000000000000
0.2132  4.69042  0.00211  0.47807  1.53469 1.95747
22 00000000000000000000000
0.20851 1.79583  0.00143 - .0.47131  1.54604 1.9793
23 000000000000000000000000
0.20112  4.89%9% 0 0.46489  1.5569%  2.000.3
24 0000000000000000000000000 R
[02 5 0 0.45882  1.56756  2.02092 |

Table 1.21: Polynomials having smallest Mahler measure, smallest Ly norm . largest L+ and

largest Ly norms, degrees 7 to 24.
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degree  Polynomial )

Mahler max mod min mod [, L3 Ly J

R 001100110

0.58968 2.13437 0.25238 0.7781 1.18634  1.32412

10 00110011001 4

0.5356 2.35488 0.2232 0.73909 1.22393 1.3%947

12 0011001100110

0.49387 2.55704 0.20208 0.70677  1.25676  1.-14705

14 001100110011001

0.46046 2.74469 0.18815 0.67936  1.2%595  1.49%66

16 00110011001100110

0.43297  2.92052 0.17656 0.65569  1.31224  1.545H4

1% 0011001100110011001

0.40984  3.08647 0.16469 0.63494  1.3362 1.5%88HN

20 001100110011001100110

0.390041  3.24404 0.15625 0.61651  1.35R822  1.62%12

2?2 0011001100110011001100!

0.37284  3.39437 0.1506 0.60005 1.37862 1.66536

24 0011001100110011001100110

0.35773  3.53%36 0.14631 0.5%515  1.39763 1.7001

26 001100110011001100110011001 T

0.3443 3.67675 0.13986 0.57158  1.41544  1.73321

28 00110011001100110011001100110 T

0.33228  3.81015 0.13494 0.55915H  1.43221 1.76:132

30 0011001100110011001100110011001

0.32144  3.93905 0.13096 0.54769 1.44807 1.793%5

32 001100110011001100110011001100110

0.31158  1.06388 0.1256 0.53709 1.4631 .=

34 00110011001100110011001100110011001 T

0.3025%  4.18501 0.1209% 0.52723 147711 1.RIX9

36 0011001100110011001100110011001100110 o

0.291432  4.30273 0.11701 0.51803 1.19106 1.87469

Bh 001100110011001100110011001100110011001

0.2%669 4.41733 0.11363 0.50942 1.50411 1.X9945

40 00110011001100110011001100110011001100110

0.27963 4.52901 0.11079 0.50132 1.51663 1.92329

42 0011001100110011001100110011001100110011001 }

0.27307  4.63806 0.10844 0.49369 1.52%65 ?i.9~1627

44 00110011001 100110011001[001100110011(}61 100110
;0.26694 4.74439 0.10652 0.48649  1.540227 1.9684%

Table 4.22: Svimetric polynomials having largest Ls and Ly norms and smallest Mahler

measire and L norin among the set of all syinmetric polynomials. degrees % to 44
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degree Polynomial

Mabhler max mod  min mod L Ls Ly

7 00001101

0.93412 1.38137 0.56021 0.96761 1.03014 1.05737

X 010000110

0.90%8:34 1.46305 0.32976 0.95795 1.03593 1.06703

9 0101111001

0.92363 1.49569 0.35262 0.96416 1.03138 1.0594N8

10 00011101101*

0.95466 1.14643 0.30151 0.98243 1.01172 1.02005
11 000001100101

0.96262 1.28077 0.6306 0.98171 1.01718 1.03305
P 0000011001010 . —
0.98637 1.38675 0.83793 0.99276 1.00816 1.0173

13 00000110010101

0.95556 1.601%6 0.67253 0.97757 1.02262 1.0:453

14 000111011101101*

0.96589 1.29099 0.72036 0.95305 1.01635 1.03179

15 0001000111010010

0.94411 1.30838 0.53678 0.97347 1.02344 1.0439

16 00100110000101011 ‘ a’
0.94067 1.3991R 0.50775 0.97106 1.02685 1.05128

17 011001000011110101 '

0.92364 1.41157 0 0.9729% 1.02003 1.03653
1= 0000101011110011011

0.946 1.3648 0.22942 0.97611 1.02016 1.03795 “l
19 00000101110100111001 3
0.96188 1.34())5 0.44721 0.98192 1.01631 1.03103 '
20 001111111001101010110* .
0.95984 1.32737 0.43167 0.98201 1.01511 1.02826 }
21 0000010011010100111000

0.95411 1.38287 0.43486 0.97818 1.01987 1.03806 J
22 00011000000110110101010 )
0.94858 1.45816 0.34554 0.97602 1.02169 1.041 74J
23 0o1100011111101010110110 [
0.96237 1.36319 0.397% 0.98244 1.01567 1.02QBSJ
2 0001110000000101011011001 [
70.96683 1.3%019 0.48233 0.98438 1.01427 1.02763J

Table 4.23: PolynoifMals having smallest Ly norm . degrees 7 to 24.

-1
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polynomials. degrees 6 to 14

degree polynomial

Mabhler max mod min mod L1 Ls L,

6 0100111

0.94366 1.17282 0.37796  0.97665 1.0168 1.0293

] 000011010

0.8917 1.37994 0.33333 0.95274 1.03704 1.06703

10 00011101101 .

0.95466 1.14643 0.30151 0.98243 1.01172 1.02005

12 0000011001010

0.98637 1.38675 0.83793 0.99276 1.00816 1.0173

14 000001100110101

0.96589 1.29099 0.72036 0.98305 1.01635 1.03179

16 00111110011010110 ‘

0.938R85 1.35059 0.57835 0.97025 1.02715  1.0512%8

IR 0010111010000100001 ]

0.95499 40534 0.60664 0.97755 1.02189 1.04287

20 001111111001101010110

0.95984 1.32737 0.43167 0.98201 1.01511 1.02826

22 00000001110011011010101

0.95329 1.44352 0.62554 0.9767 1.02288 1.04507

24 0000001110001101101101010

0.94154 1.32071 0.34021 0.974 1.02133 1.03923

26 000111100010001000100101101

0.96894 1.31082 0.50748 0.98548 1.01288 1.02446

28 00011000111111101010110110010

0.96268 1.40513 0.55709 0.98163 1.01779 1.03498

30 0000001101100101111001110010101

0.93775 1.44802 0.17961 0.97367 1.02099 1.03879

32 001100000001111001101001010100110

0.93704 1.41614 0.1329% 0.9744 1.02043 1.03816

34 00000111110011011001110011010110101 |

0.96105 1.351%6 0.50709 0.98109 1.0178 1.0345 i

36 0011110000000001100110010101010010110 B

0.93779 1.31325 0.29351 0.973%1 1.0202 1.03665

3R 000000001101101001001110000111001010101

0.96383 1.401%4 0.54716 0.98265 1.01607 1.03107
|10 00011110001010101100110011111111011010010

0.96104 1.36576 0.5019 0.98169 1.01622 1.03068

12 0001001101001001111111010101100011110011101

0.94732 1.28797 0.09092 0.97985 1.01535 1.02826 J

14 000000001101101001001110110001111000110101010 |
L£L96756 1.32454 0.53456 0.98437 1.0145 1.02794 }

Table 4.24: Symmetric polynomials having smallest Ly norm among the set of all svinmetric
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degree  polynomial
Mahler max mod min mod L, Ls " Ly |
6 0010100
0.73584 1.466 0.0173 0.91138 1.05649 1.09715
8 000101000
0.73686 1.66667 0.02946 0.89772 1.07824 1.1404
10 00110101100
0.69266 1.68657 0.01504 0.88923 1.0778 1.13809
12 0011010101100
0.66623 1.61303 0.0046 0.88382  1.07274 1.12322
14 000110101011000
0.66565 1.65188 0.0083% 0.88024 1.08134 1.114223
16 00001101010110000
0.75069 1.69375 0.01837 0.91021 1.06486 1.11614
1R 0001110110110111000
0.76992 1.62142 0.00135  0.91833 '1.05695 1.1012x
20 000011001010100110000
0.76291 1.76614 0.00259 0.9166 1.05913 1.10647
2E&  00001100101010100110000
0.7224%8 1.61865 0.00319 0.9001 1.06955 1.12222
24 0000101011001001101010000
0.70928 1.798X3 0.00568 0.89739 1.0704 1.12196
26 001101111010111010111101100
0.7184 1.65635 0.00878 0.89877 1.06881 1.1199x
2% 00101011110011011001111010100
0.77272  1.82595 0.00371 0.91502 1.06427 1.11696
30 0011101101000001000001011011100
0.68806 1.68261 0.00036  0.89383 1.07083 1.12121
32 000111110111011010110111011111000

&75696 1.684% 0.00114 0.90913 1.06581 1.1172%
34 00100110000101011111010100001100100 .
0.75273 1.64131 0.0012 0.91591 1.05589 1.09777
36 0010111010000100001000010000101110100 ¥
0.75264 1.80839 0.00074 0.91087 1.06409 1.11514
38 000101110110111100111001111011011101000
0.75157  1.67396 0.00552 091477 1.05726 1.10051
40 00001011101101111001110011110110111010000
0.75099 1.74136 0.00262 0.91233 1.06107 1.10%3%
42 0001001011110011011101011101100111101001000
0.7583%  1.69565 0.00246 0.91252 1.06325 1.11355

ot

-1

Table 4.25: Reciprocal polvnomials having smallest L3 norm among the set of all reciprocal
polvnomials. even degrees 6 to 42
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degree  polynomial

Mahler max mod min mod L; - Ls Ly

7 01000010 ki

0.7753 1.68485 0.02524 0.91135 1.07049 1.12905
9 0001001000

0.75333 1.89737 0.00399 0.91236 1.06518 1.12115
11 00010110.1000

0.70283 1.65301 0 0.89493 1.07007 1.12171
13 01110100101110

0.69596 1.65864 0.0159 0.88701 1.07937 1.13911
15 0101100000011010

0.7H14 1.81337 0.00149 0.90717 1.07049 ~1.12.‘)0:’)
17 010110000000011010 .
0.7059  1.67591  0.00189  0.89727 1.08%F  1.1156%
19 01011001111110011010 .

0.76631 1.70993 0.00457 0.91554 1.06063 1.10%52
21 0101111100110011111010

0.76351 1.63921 0.00215  0.91946 1.05534 1.09%9%
23 010001000011110000100010

0.76083 1.63299 0.00243 0.91578 1.05663 1.09%92
25 00000110010100101001100000

0.75295 1.96116 0.01767 0.9149 1.05849 1.10119
27 0010011110101111010111100100

0.73729 1.72636 0.0056 0.90823 1.06356 1.11321
29 011100010110111111011010001110

0.762 2.01517 0.00188 0.91675 1.06227 1.11719
31 00101110100001000010000101110100

0.77461 1.71%19 0.01474 0.91615 1.06214 ].1124
33 0111100101000100110010001010011110

0.73366  1.5%453 0.01237 0.90527 1.06411 1.11175
35 011000110100010111111010001011000110

0.71337 1.61929 0 0.90893 1.05895 1.1026%
37 ~01000110000001011011011010000001100010

0.718 1.62221 0.00237 0.9034R8 1.06335 .1 102J
39 - 0001011001011110111001110111101001101000
0.75826  1.6608% 0.00985 0.91563 1.05695 1.10017 }
41 001000111011111001011110100111110111000100
0.76478  1.698R27 0.00561 0.91332 1.06215 1.110%4

Table -4.26: Reciprocal polynomials having smallest Ly norm among the set of all reciprocal

polvnomials. odd degrees 7 to 11

4
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L, WS "

e

degree polynomial
Mabhler Max mod Min mod L, Ls L,
7 00001101
0.93412 1.38137 0.56021 0.96761 1.03014 1.05737
R 010000110
0.90834 1.46305 0.32976 0.95795 1.03593 1.06703
9 0110000101
0.92363 1.49869 0.35262 0.96446 1.03138 1.05948
10 00011101101*
0.95466 1.14643 0.3015! 0.98243 1.01172 1.02005
11 000001100101
0.96262 1.28077 4 0.6306 0.98171 1.01718 1.03305
12 0000011001010*
0.9%637 1.38675 0.83793 0.99276 1.00816 1.0173
13 0101001100000!
0.95092 1.60059 0.57465 0.97587 1.02314 1.0453
14 010010001000111*
0.96589 1.29099 0.72036 0.9%:305 1.01635 1.03179 |
15 0001000111010010° ’
0.94411 1.30838 0.5367% 0.97347 1.02344 1.0439
16 00100110000101011

| 0.94067  1.3991K 0.50775 0.97106 1.02685 1.05128

17 011001000011110101
0.92364 1.41157 0 0.9729% 1.02003 1.03653
1R 0000101011110011011
0.946 1.3648 0.22942 0.97611 1.02016 1.03795
19 00000101110100111001
0.96188 1.3405 0.44721 0.98192 1.01631 1.03103
20 001111111001101010110*
0.95984  1.32737 0.43167 0.98201 1.01511 1.02826
21 0000010011010100111000
0.95411 1.38287 0.43486 0.97818 1.01987 1.03806
22 00011000000110110101010
0.94R858 1.45%16 0.34554 0.97602 1.02169 1,04174 |
23 00110001 1111101010110110 |
0.96237 1.36319 0.3978 0.98244 1.01567 1.02988 |
24 0001110000000101011011001
0.96683 1.3%019 0.48233 0.98438 1.01427 1.02763

Asymptotic value predicted by Newman-Byrnes conjecture  1.04664 }

Table 4.27: Polynomials having smallest normalized Ly norms . degrees 7 to 21. The
asvinptotic value of min(Ly/u. ) predicted by Newman and Byrnes in Conjecture 1 is also

~hown
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degree Polynomial
Mahler Max mod Min mod L, L; L,
6 0100111
0.94366 1.17282 0.37796 0.97665 1.0168 1.0293
8 000011010
0.8917 1.37994 0.33333 0.95274 1.03704 1.06703
10 00011101101 ' :
0.95466 1.14643 0.30151 0.98243 1.01172 1.02005
12 0000011001010
0.98637 1.38675 0.83793 0.99276 1.00816 1.0173
14 000001100110101
0.96589 1.29099 0.72036 0.98305 1.01635 1.03179
16 00111110011010110
| 0.93885 1.35059 0.57835 0.97025 1.02715 1.05128
| 18 0010111010000100001 ‘
) 0.95499 1.40534 0.60664 0.97755 1.02189 1.04287
C 120 00111111100110101010
0.95984 1.32737 0.43167 <+’ 0.98201 1.01511  1.02826
22 00000001110011011010101
0.95329 1.44352 0.62554 0.9767 1.02288 1.04507
24 0000001110001101101101010
0.94154 1.32071 0.34021 0.974 1.02133 1.03923
26 000111100010001000100101101
0.96894 1.31082 0.50748 0.98548 1.01288 1.02446
28 00011000111111101010110110010
0.96268 1.40513 0.55709 0.98163 1.01779 1.03498
30 0000001101100101111001110010101
0.93775 1.44802 0.17961 0.97367 1.02099 1.03879
32 001100000001111001101001010100110
0.93704 1.41614 0.13298 0.9744 1.02043 1.03816
34 00000111110011011001110011010110101
0.96105 1.35186 0.50709 0.98109 1.0178 1.0345
36 0011110000000001100110010101010010110
0.93779 1.31325 0.29351 ™07381 1.0202 1.03665
38 000000001101101001001110000111001010101
0.96383 1.40184 | 0.54716 0.98265 1.01607 1.03107
40 00011110001010101100110011111111011010010
0.96104 1.36576 0.5019 0.98169 1.01622 1.03068
| 42 0001001101001001111111010101100011110011101
0.94732 1.28797 8.09092 0.97985 1.01535 1.02826
4 000000001101101001001110110001111000110101010
0.96756 1.32454 0.53456 0.98437 1.0145 1.02794
Asvmptotic value predicted by Newman-Byrnes conjecture  1.04664
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Table 4.28: Symmetric polynomials having smallest L4 norm among the set of all svmmetric
polynomials. degrees 6 to 44. The asymptotic value of min(L4/u,) predicted by Newman
and Byrnes in Conjecture 4 is also shown
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| degree  polynomial
Mahler Max mod Min mod L, Ls Ly
|6 0010100
0.73584 1.466 0.0173 0.91138 1.05649 1.09715
8 000101000
0.73686 1.66667 0.02946 0.89772 1.07824 1.1404
10 00110101100
0.69266 1.68657 0.01504 0.88923 1.0778 1.13809
12 0011010101100
0.66623 1.61303  0.0046  0.883%2 1.07274 1.12322
11 000110101011000
0.66565 1.6518R 0.00838 0.88021 1.08131 1.14223
16 00001101010110000
0.75069 1.69375 0.01837 0.91021 1.06486 1.11644
1% 0001110110110111000
0.76992 1.62142 0.00135 0.91%33 1.05695 1.10128
20 000011001010100110000
0.76291 1.76614 0.00259 0.9166  1.05913 1.10647
22 01011001111111110011010
0.72248  1.61865 0.00319 0.9001 1.06955 1.12222
24 0000101011001001101010000
0.70928  1.79%83 0.00568 0.89739 1.0704 1.12496
26 001101111010111010111101100
0.71%4 1.65635 0.00878 9.89877 1.06Rx%1 1.11998
28 00011110110111011101101111000
0.73414  1.67207 0.00437 0.90445 1.06501 1.11353
30 0011101101000001000001011011100
0.68806 1.68261 0.000:36 0.89383 1.07083 1.12421
32 000100110101111000111101011001000
0.67335 1.65316 0.00024 0.89523  1.06627 1.11464
34 00100110000101011111010100001100100
0.75273 1.64131 0.0012 0.91591 1.055%9 1.09777
36 0000100111001011101011101001110010000
0.714315 1.67661 0.01262 mﬂﬂ’f&l 1.0642 1.11303
38 000101110110111100111001111011011101000
0.75157  1.67396 0.00552 0.91477 1.05726 1.10051
40 00001011101101111001110011110110111010000 .
0.75099 1.71136 0.00262 0.91233 1.06107 1.10838
12 0001001011110011011101011101100111101001000
0.75%3%  1.69565 0.00246 0.91252 1.06325 1.11355 J

62

Table 4.29: Reciprocal polynomials having smallest Ly norm among the set of all reciprocal

polvnomials. even degrees 6 to 42.

-
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degree  polynomial
Mahler Max mod Min mod L, L3 L,
T 01000010
0.7753 1.68485 0.02524 . 091135 1.07049 1.12905
9 0001001000
0.75333 1.89737 0.00399 0.91236 1.06518 1.12115
11 000101101000
0.70283 1.65301 0 0.%9493 1.07007 1.12174
13 01000111100010
0.65773 1.60689 0.00692 0.87517 1.0%164 1.13911
15 0010001111000100
0.69863 1.62509 0.00001 0.89189 1.07382 1.12905
17 000010110011010000
0.6947 1.60944 0.00375 0.89237 1.0678 1.11568
19 01011001111110011010
0.76631 1.70993 0.00457 0.91554 1.06063 1.10852
21 0101111100110011111010

&.76351 1.63921 0.00215 0.91946  1.05534 1.09898
23 000010100110011001010000
0.73926 1.63299 0.00324 0.91185 1.05712 1.09892
25 00000110010100101001100000
0.75295 1.96116 0.01767 0.9149 (1.05%49 1.10449
27 T)ﬁl()OllllOlOlll]OlOl11100100
0.73729 1.72636 0.0056 0.90823  1.06356 1.11321
29 001101111101011110101111101100
0.75481  1.82574 0.0036 0.91207 1.06436 1.11719
31 00101110100001000010000101110100
0.77161 1.71%19 0.01474 0.91615 1.06214 1.1124
33 0111100101000100110010001010011110
0.73366  1.58453 0.01237 0.90527 1.06411 1.11175
35 011000110100010111111010001011000110
0.71337 1.61929 0 0.90893 1.05895 1.10268

- 37 01000110000001011011011010000001100010

0.71R8 1.62221 0.00237 0.9034%8  1.06335 1.11024
39 0001011001011110111001110111101001101000
0.75%826 1.66088 0.00985 0.91563 1.05695 1.10017
11 010110111101110100011110001011101111011010
0.75002 1.64656 0.00067 0.91002 1.062%5 1.11084

633

Table 4.30: Reciprocal polvnomials having smallest L4 norm among the set of all reciprocal

polvhomials. odd degrees 7 to 41.
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o8
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Figure 4.22: Highest minimum modulus for degree 12—0000011001010: a “particularly
striking” polvnomial. according to Littlewood.

4.4 Some Modular Plots of Extreme Polynomials

In {12]. Littlewood provided the modular plot of polynomials having highest minimum mod-
uhis for degrees 12, 14, 18 and 20. His plots where on the interval [0.7/2], the rest. he says.
“coming by svmmetries”™. Carrol. Eustice and Figiel [6] point out that a special subset of
even degree =1 polvnomials (namelv the symimetric polynomials) display this symmetry.
Littlewood singled out the highest minimum modulus degree 12 polvnomial as being a
“particularly striking™ example of a flat polvnomial. It has an exceptionally high minimum
modulus. = 0.8379. The plot of this polvnomial on the interval [0. 27} is given in Figure 4.22.
Figure 4.23 shows a high (but not known to be extremal) minimmum modulus degree 6.
polviiomial. Figure 4.24 depict the highest minimum modulus (also the fattest) degree 14
svimetric polvnomial. This figure also contains a plot of the symmetric polynomial having
the highest marimum modulus. since the “flat™ nature of the other polynomial is better
appreciated when =een in comparison to a polynomial with a fairlv high maximum modulus.
Figure 4.25 depicts the highest minimum modulus symmetric polynomial of degree 32.

Not all flat and high minimum modulus polynomials are symmetric. There are plentv of
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Figure 1.23: High minimum modulus symmetric, degree 64
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Fieure 1.24: Highest minimum modulus symmetric (solid) plotted with highest maximum

modulus svinmetric (dotted). degree 44
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Figure 1.25: Highest minimum modulus symimetric degree

32 polyvnomial 000000000111110011001010010101010. and the highest maximum modulus
degree 32 polvnomial 0000000000000000000000000000000
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gether with high maximum modulus symmetric polvnomial
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odd degree and non-symmetric even degree polvnomials that have these characteristic. A

example of a non-symmetric “flattish™ polvnomial is given in Figure 4.27.
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Figure 4.27: An ~example of a non-svmmetric  “flat”™  polvnomial. degree 21

0001110000000101011011001

This section represents only a small selection of modular plots. The Java PolvApplets
that were written for this thesis. and are described in the Appendix. allow the modular plots

for vour choice of £1 polyvnomials to be easily view®d.



Chapter 5

Observations and Conclusions

5.1 Evidence on the One and Two-sided Conjectures

For each degree up to 24. and for even degrees up to 64, we see there are +1 polvnomials
having a normalized minimum modulus that is bounded well away from zero. Furthermore,
it appears polynomials with a high minimum modulus also tend to have a below average to
average maximum modulus. Figure 5.1 plots the highest minimumn modulus for each degree
along with the associated maximum modulus of each polvnomial.

Polynomial having highest minimum modulus are not usually the “flattest™ for the de-
gree. Figure 5.2 depicts a selection of symmetric polynomials that have a fairlv flat modulis
with

0.4 < (=) <15
Ha
for even degrees between 10 and_14. (Note that these polynomials were found on lists
containing polynomials with high Mahler measure.) If we are concerned only with the one-

sided inequality, we may improve on the lower bound. finding polvnomials of degrees 10 to

23 and even degrees up to 64 that satisfv J

0.35 < B2

Hn

As the degree increases, the lower bound appears to gradually drift upwards, giving

P (z
06 < Pl
Hn

for even degrees between 32 and 64.

69
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Figure 5.2: The maximum and associated minimum modulus of a selection of flat polvno-

mials

5.2 Evidence on Conjectures about Norms

5.2.1 Evidence on the Newman-Byrnes Conjecture

In 1990 Newman and Byrnes [16] conjectured that the minimum normalized Ly norm among
all =1 polvnomials of the same degree is asymptotically about 1.04664 (Conjecture -1). Thev
say that their conjecture is based on “extensive numerical evidence™ but do not indicate what
degrees were stndied. Data gathered for this thesis up to degree 44 do not provide evidence
that would suggest the conjecture is true. The extreme value of the L4 norm was determined
to degree 24, and an upper bound for that value for even degrees 26 to 44. Figure 5.3 reveals
that the smallest Ly norins do not fall along a smooth curve and appear to drift downwards

from the predicted asvmptote. «

5.2.2 Evidence on the Borwein-Lockhart Conjecture

. . 3 L o . -\
Borwein and Lockhart have conjectured that Elly C(l+p/2)p as n — x. (Conjecture 3

Hn

Expected values of Ly and Ly norms were computed to degree 24. The normalized values are
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Figure 5.3: Minimum L, norms and asymptotic value conjectured by Newman and Bvrnes

plotted against degree in Figure 5.4. The data falls along smooth curves that approach.the
predicted asymptotes. E(L3)/u} and E(L})/ud are also shown. along with the asymptotic

values proven by Borwein and Lockhart in Theorem 7.

5.3 More Observations about Maximum and Minimum the
Modulus

Svmmetric polynomials tend To have higher minimum modulus than non-svmmetric poly-
nomials. This can be seen for degree 14 in the histogram depicted in Figure 5.6. where the
distributions of minimum modunlus for symmetric and non-svmmetric degree 14 polvnomials
are displaved. .

Figure 5.7 depicts svinmetric polvnomials as a peréent of all £1 polvnomials and as a
percent of a list of 100 =1 polvnomial having liighest minimum medulus. Svimmetric degree
22 polvnomials. for example. constitute only about 0.0005 percent of all degree 22 +1
polynomials. vet 20 of the top 100 minimum moditus degree 22 polyvnomials are svinmetric.
However. not all svinmetric polynomials have a high minimum modulus - -the next sm‘fiun

-
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describes a series of symmetric polynomials having a maximum minimum modulus tending

to zero.

50% - - . - -

0% -- -- e s s

@ symmeinc
!@ non-symmetnc *

percent of total
!
j
l
i
4
1

0-01 01-02 02-013 031-04 04-05 . 05.06 06.07 07-08
‘ Minumum modulus

Figure 5.6: Distribution of minimum modulus for degree 14, symmetric and non-symmetric

Carroll. Eustice and Figiel [6] note that Littlewood’s table containing Wigh minimum
modulus polynomials (in [12]) reveals that the extremes are attained by symmetrics for the
even degrees from 10 to 20. They mention that it “would be interesting to know™ whether
or not the extremal polynomials must always be symmetric for even degrees greater than 10. 7
Data gathered for this thesis indicate that the result is true for all even degrees from 10 up
to and including 26, but it appears that it is not true for degree 28. The highest minimum
modulus degree 28 polynomial is not symmetrical, although its maximum modulus is only
slightly higher than that of the extreme symmetrical for the same degree, based on evaluating
the modulii at 28000 evenly spaced points on [0, r]. The modulii of the highest symmetric
and overall highest degree 28 polynomials are compared in Figures 5.8 and 5.9. There
are two non-svmmetric degree 28 polynomials having a higher minimum modulus than the
extremal among the symmetrics. (see Table 5. N 7

Properties of symmetric. reciprocal and non-symmetric degree 14 polynomi?ls are shown

in Figure 5.10. which is a scatter-plot of maximum vs. minimum modulus. Each dot in this
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g L

degree
Mabhler

polynomial
max mod min mod L, Li

L4

28

00000000001101110101100001111
2.08240 0.57407 0.93191 1.07515

1.15119

2R

00010101000000100100111001110
1.52503 0.56610 0.96652 1.03279

1.06379

L

{28

7 00000011110001100100101101010*

1.53744 0.56276 0.96092 1.03866

1.07545

Table 5.1: The three degree 28 polvnomials having highest minimum modulus. based on

evaluating the modulii at 28000 points in [0.7]. The

*

and bold tvpe indicates the extremal value.

indicates a symmetric polvnomial
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plot represents a +1 polynomial of degree 14. A dot is located in such a-way that the
maximum modulus of the polynomial it represents may be read along the x-axis and the
minimum modulus along the y-axis. \

Asseen in Figure 5.10 for degree 14, the reciprocal polynomials have a minimum modulus
at or near zero. In fact, odd degree reciprocal polynomials of the form P(z) = z"P(1/z)

must always have a zero at z = —1, since such polynomials are of the form
P(z) = apz" + a2 + 2"+t apzt tac+ ag
Since n is odd. we have
P(-1)=—-as+ay —ay+...+a,—a, +go=10

Numerical evidence strongly suggests that even degree reciprocals must also have zeros on
the unit circle, although the zeros are not located in such regular places as the they are for
the odd degree reciprocals;

Even degree polynomials having the property that ax = —a, 4 except when & = n/2 are
a kind of “semi-reciprocal”™ because P(z) is the same as —z"P(1/z) except for the middle
coefficient. Curiously. these “semi-reciprocals™ appear to always have a minimum modulus
of 1 (1/u, when normalized), attained at z = 1 and z = ~1. among other places. In
Figure 5.10, the horizontal line of dots with minimum modulus of 1/x4 =~ 0.25% is composed
mainly of these “semi-reciprocals™. ~

Note that the upper right-hand quadrant of the chart in Figure 5.10. where we would®
expect to find polvnomials having a high maximum and a high minimum modulus. is lacking
in points. (This is also true for degrees less than 4. Degrees greater than 14 have too many
points for the graphing software to handle.) Perhaps it is not.possible for a polynomials to
have both a high minimum modulus and a high maximum modulus. This observation leads

to the following conjecture:

Conjecture 6 If there i1s an infinite sequence of £1 polynomials that satisfies the Minimum

Modulus Conjecture. then it also satisfies the Two-sided conjecture.

This conjecture is only weakly supported by the data, since the maximum modulus
of polynomials attaining the highest minimum modulus. while remaining below average.

appears to gradually drift upwards. (see Figure 5.1) -
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N4

5.4 Some Sets of Extremal Polynomials

While flat and high minimum modulus polynomials exist for every degree studied. unfortu-
nately no pattern or general rule was determined to facilitate finding such polynomials for
arbitrarily high degrees. However. for other extreme values, obvious patterns exist.

The largest possible maximum modulus occurs when. for some angle 6. the terms of the
polvnomial represent vectors all going in the same direction. This occurs, for example, at
6 = 0 when all terms of the polynomial have the same sign. So the value of the maximum
modulus for a degree n polynomial is n + 1.

Polvnomials having coeflicients all of the same sign have other extremal properties be-
sides highest maximum modulus. The normalized Mahler measure of these polvnomials is
just 1/p,,, since all their roots lies on the unit circle, so the smallest Mahler measure among
the £1 polynomials is attained by such polynomials for every degree n. For degrees up to
24. we see that such polynomials also attain the highest L; norm and L4 norm. and the
lowest L, norm.

For even values of p > 2. the following theorem shows that the highest L, norm is

attained by this type of polvnomial for each degree n.

Theorem 10 (Borwein) For cven values p > 2 and for every n, the mazimum L, normn
among +1 polynomials of degree n is attained by a polynomial having coefficients all of the

same sign

Proof
Since p is an even number greater than 2, p = 2k for some positive integer k. So for
every =1 polvnomial P(8) of degree n,

1

1 2 P
—/ |P(0)|”d0>
27 Jo

(= |
= (3 [T1P@rras)’
( |

PO, =

if P(z)% = Y% a,z'. The squares of the coefficients of P(z)*. and hence the L, norm of
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P(z)* and the L,k norm of P(z). will be maximized when the coefficients of P(z) all have
the same sign O.

Based on the numerical evidence, we further conjecture:

Conjecture 7 For each degree n, among the 1 polynomials of degree n the lowest Ly norm
and the highest L, norm for every p > 2 are attained by a polynomial having coefficients all

of the same sign.

Among the set of symmetric polynomials there are none having coefficients all equal.
However, symmetric degree n polynomials of the form
*
00110011...0011001
when n =2 (mod 4) or

00110011...00110

whenn =0 (mod 4) appear to have extremal properties among the svimmetric polvnomials
similar to those of polynomials having coefficients all equal. (see Table 4.22) This observation

leads to Conjecture 8.

Conjecture 8 For cvery even degree n,_among the symmetric £1 polynomials of degree n
the highest marimum modulus. the lowest Ly norm and Mahler measure. and the highest L,

norm, p > 2, are attained by a polynomial having the form given above.

Certainly a series of high minimum modulus or flat polynomials is not to be found among

symmetrics having this form—their normalized minimum modulus tends to zero. since

P PO

min < =
fz|=1 M Hn Hn

The modular plots of these symmetric polynomials appear to have a characteristic shape (see
1
. . . 2 amaa\ 2 .
Figure 4.24), with a maximum modulus of (%)2 attained at § = /2 and § = 37 /2.
(£1 polvnomials having coeflicients all of the same sign also have a characteristic modular

plot -see Figure 4.25, with maximum modulus n + 1 attained at § = 0 and 8 = 27.)

5.5 Some Smooth Curves—a Summary

A glance at the charts of mean and extreme data shows that some sets of data fall along

=mooth. regular curves while other data does riot. The following, when plotted against
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degree, appear to fall along distinctly smooth curves. Bold type indicates that an exact

expression for the quantity in terms of the degree has already been established.

1.

N1

10.

11.

13.

E(L3) over all +1 polynomials and all symmetric polynomials (Figure .1)

For every £1 polynomial L2 =n + 1, hence E(L3) =n+ 1.

. E(L3) over all £1 polynomials (Figures 4.1 and 4.2)

. E(L}) over all +1 polynomials (Figure 4.1). Newman and Byrnes have proven that

this is 2(n 4+ 1)2 — (n + 1). More generally, Borwein and Lockhart have.proven that

E(LE) — I'(1 + p/2)(n+ 1)?/% as n — oo (Figure 5.5 for p = 3 and p = 1).

E(/Lg) over all £1 polynomials and all symmetric polynomials (Figure 4.11)

E{L4) over all £1 polynomials and all symmetric polynomials (Figure 4.12). Borwein
and Lockhart have conjectured that the expected value of normalized L, approaches

(14 p/2)'/Pasn— .

E(maximum modulus) over all £1 polvnomials (Figu;és 4.13 and 4.14) Salem and

Zvgmund have shown that this quantity grows according to ¢\/(n + 1) log(n + I).

. E(maximum modulus) over all symmetric polynomials (Figures 1.13 and 4.14)

. E(maximum modulus) over all reciprocal polynomials (Figures 14.13 and 4.1-)

Smallest Mahler measure over all £1 polynomials (Figure 1.16) Equals | (not
normalized) and occurs for polynomials having coefficients all of the same sign. since

their roots lie on the unit circle.

Smallest Mahler measure over all symmetric polynomials (Figure 1.16 and 1.17) Ap-

pears to be fairly constant at about 1.79 when not normalized.

Smallest L, norm over all 1 polviiomials and all symmetric polvnomials (Figure 4.19)

. Largest maximum modulus over all +1 polynomials (Figure 4.18) This is just

n+1l.

Largest maximum modulus over all symmetric 1 polynomials (Figure 4.18) Appears

1
(o be (42me2)
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14. Largest L3 norm over all 1 polynomials and all symmetric polynomials (Figure 4.20)
15. Largest L4 norm over all 1 polynomials and all symmetric polynomials (Figure 4.21)

The following quantities do not follow quite such smooth curves, but they display marked

differences between odd and even degrees:
e E(minimum modulus) over all £1 polynomials (Figure 4.6)

e E(Mahler measure) over all £1 polynormials (F;gure 4.8)

5.6 Concluding Remarks | e

~a

The one-sided and two-sided conjectures, which have beep~unsolved since they were first
posed over forty years ago. are supported by the data E)reser]te(i here. No doubt future
research! will study higher degrees and reveal whether or not the trends described in this
thesis regarding the modulus of £1 polynomials on the unit circle continie beyond the

degrees studied here.

"Andrew Odlyzko has done extensive calculations on some of these problems and his results will be
reported later this year [17].



Appen’ix A
Guide to PolyApplets

Two Java applets that can be run on the World Wide Web. an'd may be useful for studving
+1 polynomials are described here,- They have been tested on a PC' running Windows 95
with Microsoft Internet Explorer. In theory, Java is a “platform independent™ language:
the applets should run in the samne manner on any platform running a Java-enabled Web
browser. But at the time of this writing this does not appear to alwavs be true in practice,
so if you are using a browser czther than Microsoft Internet Explorer the behaviour of the
applets mdy not be exactly as described. At the time of this writing the applets are available
on the Warld Wide Web at the URL’s given below. If the URL’s given are not available.
contact the Centre For Ezperimental and Constructive Mathematics (http://cecm.sfu.ca) at

Simon Fraser University to obtain updated URL's.

Poly Applet 1—Select From a Set of +£1 Polynomials

http://polymath.cecm.sfu.ca/java/gallery/lesley /thesis1.html

This applet is useful for studying a large number of £1 polynomials having degrees not
greater than 15. »

To run the applet, select from the lists shown:

1. A plot tvpe

2. A degree

3. A polvnomial

83
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Figure A.1: Polvapplet 1. showing a plot of type 1
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Figure A.2: Polvapplet 1. showing a plot of type 2
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To select a degree, use the mouse to scroll up and down the list then click the mouse on the
desired degree.

Once a degree is selected, the polynomial list will become populated with a binary
representation of every *1 polynomial of the selected degree. For example. the binary
number 00101 represents the polynomial —z% — 23 + 22 — z + 1. Note that it may take a few
minutes for the list to be constr)ucted, particularly for higher, degrees.

To select a polynomial from the list click with the mouse on the polynomial list to activate
it, then scroll up and down the list either with the mouse or with the up and down arrow
keys to select a polynomial. Every time you select a new polynomial, a plot corresponding
to that polynomial will appear in the plane to the left of the lists. The plot that appears

depends on what plot type has been“selected. There are three plot types available:

1. Level Curve - the image of the unit circle in the complex plane under the selected
polynomial. The red circle is the unit circle, the blue curve is its immage. The unit
circle and its image are drawn simultaneously. You may control the speed at which

the curves are drawn using the “faster...slower” slider.

2. Modulus - the modulus of the selected polynomial on the unit circle plotted as a

finction of angle from 0 to 2m. .

3. Roots - Roots of the polynomial are plotted in the complex plane. The red circle is

the unit circle.

.~

To plot more than one polynomial at the same time, gse the "Accumulate Plots™ option.

The ~“Normalize™ option causes the modulus to be divided by (degree + 1)% ) -

PolyApplet 2—View a £1 Polynomial

http://polymath.cecm.sfu.ca/java/gallery/lesley /thesis2.ht ml

This applet is useful for studying polynomials up to about degree 100. It is similar to
PolvApplet 1. except that no polvnomial list is created. You must enter a polvnomial as a
binaryv string, either by tvping it at the kevboard or copying from a file and pasting.

To begin, use the mouse to select a degree from a degree list. Next, enter a binary
string having length one greater than the selected degree into the text-box labelled “Enter

polvnomial here:”. After activating the text-box by clicking on it with the mouse. vou may
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type in the text-box or paste from the clip-board. To paste from the clip-board. copy a
binary string from a file onto the clip-board and paste it into the text-box with_the “('trl -
v" key combinatilon.

After a new binary string is placed in the text-box (or after changing any other setting)
activate the current polynomial by pressing the “Enter” key wheﬁ the cursor is visible in the
text-box. Yol may adjust the scale of the plots by typing an integer in the “Enter scale:”

box. You must re-activate the current polynomial for the scale change to take effect.

Show Yectors

The plot types available in this applet are the same as those avey,lable in Polyapplet 1, but
one additional option is available in Polyapplet 2: the “show vectors™ option. Clicking the

“show vectors” button causes an animated string of vectors. added together nose to tail.

.

to appeat. Each vector represents one term of the polynomial: The vectors change as 8
changes in increments from 0 to 27 around the unit circle, creating the animation. The
speed at which 6 changes is controlled by the “slow-fast” slider. After theta reaches 27,
‘the animation stops and two fixed strings of vectors appear. These fixed strings of vectors
represent the modulus at approximately its maximum and minimum values.

The “show vectors™ option was added in the hope that studying the pattern of the
vectors might provide some clues about the behaviour of the modulus. One half of the vector
string appears in blue, the other half in red. For even degrees the two halves are separate:
by a single white vector that represents the middle term of the polynomial. Reciprocal
polvnomials have “symmetrical” vector string, with the first half of the vector string a
mirror image of the second half, allowing, for example, both halves to be stretched out at |
the same time.

Svmmetric polynoniials. on the other hand, tend to have the two halves of the vector
string distinctly different shapes: whenever one half is stretched out fairly flat, the other

half tends to be crunched up. In [14] Littlewood describes symmetric polynomials as having

... a central term and two stretches of n/2 terms on either side, the end one
having the coefficients of the. front one written backwards. but affected with signs
alternately — and +.

The idea of considering a polynomial as two vector strings joined together may be traced

back to Rudin-Shapiro polynomials, because a Rudin-Shapiro polynomial having 2™ terms




|
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is created by joining together a pair of Rudin-Shapiro polvnomials each having 2"~! terms.

Figures A.3 to A.5 show Polyapplet 2 in typical applications.
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APPE.\'QL%%Q. GUIDE TO POLYAPPLETS

[ View a +/- 1 Polpnomial

©

.

89

MEIE

\

. Max motl
:‘i You entered:

"o oom 1100010

|

%W.-;JL; B

.. laster

R

FR Sty o o LA E DAL

L = Y

. lmnmou:nnutmmnommmn1mam1ncmnoomnmomm1mmuﬂ

DEGREE.

Min mod
Enter scale:

|§¢3 i

|

I~ Nommaize Plots

B R e bt o N

Figure A.5: Polyapplet 2 showing the image of the unit circle under a degree 64 polynomial
with a high minimum modulus. The small circle in the middle of the image is the unit circle




Appendix B

-~

Selected Data

Lists containing the 50 most extreme ;;olynomials in various categories are given here for
degrees 23, 24, 42 and 44. For degrees 23 and 24 the lists contain polvnomials extremal
among the complete set of +1 polvnomials of the same degree. For degrees 42 and ‘11 the
lists contain polynomials extremal-among the set of symmetﬁr polynomials of the same
degree. i
The extremal quantity is shown in bold italic type if it is minimal and in bold type if

it is maximal. For degrees 23 and 24, reciprocal polynomials are marked with a tilde and

svmmetric polynomials are marked with an asterisk.
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Degree 23 *symmetric ~reciprocal
50 smallest Mahler measure

Polynomial Mahler Maxmod Minmod
000000000000000000000000~ 0.20412 4.89898 0 0
010101010101010101010101~ 0.20412 4.89351 0 0
000000001111111100000000~ 0.20412 3.33395 0 0
010101011010101001010101~ 0.20412 3.33395 0 0©
001100111100110000110011~ 0.20412 2.77338 0 0
011010011001011001101001~ 0.20412 2.7567 0 0
001100110011001100110011~ 0.20412 3.47219 0 0
010101101010010101101010~ 0.20412 3.26524 0 0
010110101010010101011010~ 0.20412 3.2059 0 0
011001100110011001100110~ 0.20412 3.47219 0 0
000011110000111100001111~ 0.20412 3.24766 0 0
010110100101101001011010~ 0.20412 3.24766 0 0
000011111111000000001111~ 0.20412 3.2059 0 0
010010010010010010010010~ 0.20412 3.29102 0 0
000011110000000011110000~ 0.20412 2.92112 0 0
000000000000111111111111~ 0.20412 3.55431 0 0
011001101001100101100110~ 0.20412 2.77338 0 0
011010010110011010010110~ 0.20412 2.67757 0 0
000000111111000000111111~ 0.20412 3.26524 0 0
001111000011001111000011~ 0.20412 2.67757 0 0
010101010101101010101010~ 0.20412 3.55431 0 O
010110100101010110100101~ 0.20412 2.92112 0 0
001100110011110011001100~ 0.20412 2.76393 0 0
001100001100001100001100~ 0.20412 2.88669 0 0
000111000111000111000111~ 0.20412 3.29102 0 0
001111000011110000111100~ 0.20412 3.22051 0 0
011010010110100101101001~ 0.20412 3.22051 0 O
011001011001011001011001~ 0.20412 2.88669 0 O
001111001100001100111100~ 0.20412 2.7567 0 0
011001100110100110011001~ 0.20412 2.76393 0 0
010010101101010010101101~ 0.20413 3.19529 0 0
001100001100110011110011~ 0.20413 2.66322 0 0
000000111111111111000000~ 0.20413 3.26497 0 O
000111000111111000111000~ 0.20413 2.79424 0 0
000111111000000111111000~ 0.20413 3.19529 0 0
010010010010101101101101~ 0.20413 2.79424 0 0
011001011001100110100110~ 0.20413 2.66322 0 o0
010101101010101010010101~ 0.20413 3.26497 0 0
010010101101101101010010~ 0.20425 2.78305 0 0
000111111000111000000111~ 0.20426 2.78305 0 0
011001101010101010011001~ 0.30744 2.07834 0 O
010111111010010111111010~ 0.30744 2.24049 0 0
001100111111111111001100~ 0.30744 2.07834 0 O
000010101111000010101111~ 0.30744 2.24049 0 o°
011010011010010110010110~ 0.30744 2.97781 0 0
001110011100001110011100~ 0.30744 2.97345 0 0
010101011001100110101010~ 0.30744 2.69896 o]
011011001001011011001001~ 0.30744 2.9734S 0 0
010110010110011010011010~ 0.30744 2.54888 0 0
000011000011001111001111~ 0.30744 2.54888 0 0

Ll

.46489 .

.46489
.59598
.59598
.65883
.68408
.55439
.60631
.64544
.55439
.60108
.60108
.64544
.58733
.65875
.57811
.65883
.69691
.60631
.69691
.57811
.65875
.65603
.64793
.58733
.62384
.62384
.64793
.68408
.65603
.64307
.69551
.63828
.67023
.64307
.67023
.69551
.63828
.69387
.69387
.72516
.72938
.72516
.72938
.68968
.67802
0.7201
.67802
.71905
.71905

L3
1.55698
1.55698
1.34014
1.34014
1.23944
1.22914

1.3906

1.3261
1.30621

1.3906
1.32757
1.32757
1.30621
1.34358
1.25388
1.38515
1.23944
1.21453

1.3261
1.21453
1.38515
1.25388

1.2544
1.25616
1.34358
1.31998
1.31998
1.25616
1.22914

1.2544
1.30663
1.21516
1.31788
1.23807
1.30663
1.23807
1.21516
1.31788
1.22765
1.22765

1.1735
1.17189

1.1735
1.17189
1.25658
1.25834
1.19455
1.25834
1.19717
1.19717
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L4

.00043
.00043
.60769
.60769
.42031
.40554
.68543
.58377
.55503
.68543
.58377
.58377
.55503
.60769

45309

.68543
.42031
.37983
.58377
.37983
.68543
.453009
.44395
.45309
.60769
.57317
.57317
.45309
.40554
.44395
.55503
.37983
.57317
.42031
.55503
.42031
.37983
.57317
.40554
.40554
.29261
.29261
.29261
.29261
.46649
.46649

34696

.46649
.34696
.34696

91



APPENDIX B. SELECTED DATA

Degree 23 *symmetric ~reciprocal
50 largest Mahler measure

Polynomials Mahler Maxmod Minmod Ll L3 L4
001110000000101011011001 0.96237 1.36319 0.3978 0.932441 1.01567 1.02988
011001001i010111111100011 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
011611010101111110001100 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
001100011111101010110110 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
010010111000011101110111 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
. 000100010001111000101101 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
: 000111101101001000100010 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
010001000100101101111000 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
010101101101100111000000 0.95108 1.43816 0.40825 0.97688 1.0207 1.03929
010101101100111000111111 0.95108 1.43816 0.41125 0.97688 1.0207 1.03929
000000111001101101101010 0.95108 1.43816 0.40825 0.97688 1.0207 1.03929
000000111000110010010101 0.95108 1.43816 0.41123 0.97688 1.0207 1.03929
001101100001111011110101 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
0106100001000011110010011 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
000001011101001011000110 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
011000110100101110100000 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
001110011011010101111111 0.9499 1.63299 0.57092 0.97422 1.02688 1.05442
011011001110000000101010 : 0.9499 1.63283 0.57092 0.97422 1.02688 1.05442
0006000010101001001100011 0.9499 1.63299 0.57092 0.97422 1.02688 1.05442
010101000000011100110110 0.9499 1.63283 0.57092 0.97422 1.02688 1.05442
000000011100110110101010 0.94911 1.59639 0.71358 0.97301 1.02943 1.0603
010101001001100011111111 0.94911 1.59639 0.71358 0.97301 1.02943 1.0603
010101011011001110000000 0.94911 1.59639 0.71358 0.97301 1.02943 1.0603
000000001110011011010101 0.94911 1.59639 0.71358 0.97301 1.02943 1.0603
010101100011000000110110 0.94884 1.63299 0.61023 0.97298 1.0294 1.0603
011011000000110001101010 0.94884 1.63299 0.61023 0.97298 1.0294 1.0603
001110010101100100111111 0.94884 1.63299 0.61023 0.97298 1.0294 1.0603
000000110110010101100011 0.94884 1.63299 0.61023 0.97298 1.0294 1.0603
010001000100101001111000 0.94861 1.43076 0.41584 0.97499 1.0235 1.04542
000100010001111100101101 0.94861 1.43076 0.40825 0.97499 1.0235 1.04542
010010110000011101110111 0.94861 1.43076 0.40825 0.97499 1.0235 1.04542
000111100101001000100010 0.94861 1.43076 0.41584 0.97499 1.0235 1.04542
000001001101010011100011 0.94759 1.58117 0.4625 0.97357 1.027 1.05442
010100011000000110110110 0.94759 1.58117 0.4625 0.97357 1.027 1.05442
011011011000000110001010 0.94759 1.58117 0.4625 0.97357 1.027 1.05442
001110001101010011011111 0.94759 1.58117 0.4625 0.97357 1.027 1.0544z2
001110000000101011001101 0.94583 1.56961 0.41534 0.9738 1.02478 1.04845
011011010101111110011000 0.94583 1.56961 0.41534 0.9738 1.02478 1.04845
010011001010111111100011 0.94583 1.56961 0.41534 0.9738 1.02478 1.04845
000110011111101010110110 0.94583 1.56961 0.41534 0.9738 1.02478 1.04845
010101000000111001101001 0.94547 1.72347 0.52012 0.97212 1.02938 1.0603
000000010101101100111100 0.94547 1.72347 0.52012 0.97212 1.02938 1.0603
011010011000111111010101 0.94547 1.72347 0.52012 0.97212 1.02938 1.0603
001111001101101010000000 0.94547 1.72347 0.52012 0.97212 1.02938 1.0603
011110100001100101110111 0.94445 1.52102 0.47218 0.97318 1.02503 1.04845
001011110100110000100010 0.94445 1.52102 0.47218 0.97318 1.02503 1.04845
010001000011001011110100 0.94445 1.52102 0.47218 0.97318 1.02503 1.04845
000100010110011110100001 0.94445 1.52102 0.47218 0.97318 1.02503 1.04845
011110000010010100011001 0.94377 1.51724 0.46124 0.97287 1.02516 1.04845
001100100000111010110100 0.94377 1.51724 0.46124 0.97287 1.02516 1.04845




APPENDIX B. SELECTED DATA

Degree 23 *gymmetric ~reciprocal

50 smallest max modulus

Polynomials Mahler Maxmod Minmod o m L3 L4
010100110110100011000000 0.87903 1.25837 0.16413 0.95145. 1.03338 1.05737
000000110001011011001010 0.87903 1.25837 0.16413 0.95145 1.03338 1.05737
000001100011110110010101 0.87903 1.25837 0.16413 0.95145 1.03338 1.05737
010101100100001110011111 0.87903 1.25837 0.16413 0.95145 1.03338 1.05737
001110011001001010100000 0.9318 1.27336 0.30074 0.96963 1.02481 1.04542
000001010100100110011100 0.9318 1.27336 0.30074 0.96963 1.02481 1.04542
010100000001110011G01001 0.9318 1.27336 0.30074 0.96963 1.02481 1.04542
011011001100011111110101 0.9318 1.27336 0.30074 0.96963 1.02481 1.04542
000001100000101101101010 .83109 1.29028 0.01223 0.93481 1.04372 1.07457
010101101101000001100000 .83109 1.2%028 0.01223 0.93481 1.04372 1.07457
010100110101111000111111 .83109 1.29028 0.01223 0.93481 1.04372 1.07457
000000111000010100110101 .83109 1.29028 0.01223 0.93481 1.04372 1.07457
010111111100011100110110 .90513 1.29617 0.08255 0.96379 1.02567 1.04542
011011001110001111111010 .90513 1.29617 0.08255 0.96379 1.02567 1.04542
001110011011011010101111 .90513 1.29617 0.08255 0.96379 1.02567 1.04542
000010101001001001100011 .90513 1.29617 0.08255 0.96379 1.02567 1.04542
010010101000000011110011 .86587 1.29966 0 0.95596 1.02801 1.04845
001100001111111010101101 .86587 1.29966 0 0.95596 1.02801 1.04845
000111111101010110100110 .86587 1.29966 0 0.95596 1.02801 1.04845
011001011010101111111000 .86587 1.29966 0 0.95596 1.02801 1.04845

010011101100011110111110
011111011110001101110010
001010001011011000100111
000110111001001011101011
010100110110001110000000
000000011100011011001010
000001100011011011010101
010101001001001110011111

.88707 1.29994 0.13213 0.95447 1.03268 1.05737
.88707 1.29994 0.13213 0.95447 1.03268 1.05737
.88707 1.29994 0.13213 0.95447 1.03268 1.05737
.88707 1.29994 0.13213 0.95447 1.03268 1.05737
.92501 1.31336 0.192 0.96847 1.02483 1.04542
.92501 1.31336 0.192 0.96847 1.02483 1.04542
.92501 1.31336 0.192 0.96847 1.02483 1.04542
.92501 1.31336 0.192 0.96847 1.02483 1.04542

O 0O 0O OO0 O 0O O 0O O OO0 0O 0 0 O O 00 O 0O OO0 0O OO0 O OoOOobod o oo o oo ooo o oo

000000101010011010011100 .88589 1.31786 0.14862 0.95227 1.03566 1.0632
001110010110010101000000 .88589 1.31786 0.14862 0.95227 1.03566 1.0632
011011000011000000010101 .88589 1.31786 0.14862 0.95227 1.03566 1.0632
010101111111001111001001 .88589 1.31786 0.14862 0.95227 1.03566 1.0632
010101011011000011000000 .85052 1.31843 0.07701 0.94548 1.03641 1.0632
000000110000110110101010 .85052 1.31843 0.07701 0.94548 1.03641 1.0632
010101100101100011111111 .85052 1.31843 0.07701 0.94548 1.03641 1.0632
000000001110010110010101 .85052 1.31843 0.07701 0.94548 1.03641 1.0632
010100100010110011100000 .87625 1.31885 0.11216 0.9517 1.03312 1.05737
000001110011010001001010 .87625 1.31885 0.11216 0.9517 1.03312 1.05737
010100100110000100011111 .87625 1.31885 0.11216 0.9517 1.03312 1.05737
000001110111100110110101 .87625 1.31885 0.11216 0.9517 1.03312 1.05737
: 011010001100010000010111 .86418 1.32224 0 0.95621 1.02794 1.04845
% 000101111101110011101001 .86418 1.32224 0 0.95621 1.02794 1.04845
010000101000100110111100 .86418 1.32224 0 0.95621 1.02794 1.04845
001111011001000101000010 .86418 1.32224 0 0.95621 1.02794 1.04845
011001101011000010100000 .87816 1.32557 0.09256 0.95353 1.0326 1.05737
000001010000110101100110 .87816 1.32557 0.09256 0.95353 1.0326 1.05737
010100000101100000110011 .87816 1.32557 0.09256 0.95353 1.0326 1.05737
001100111110010111110101 .87816 1.32557 0.09256 0.95353 1.0326 1.05737
011001101101000001010000 .B88257 1.32711 0.06341 0.95194 1.03571 1.0632
000010100000101101100110 .88257 1.32711 0.06341 0.95194 1.03571 1.0632




APPENDIX B. SELECTED DATA

Degree 23 *symmetric ~reciprocal
50 largest min modulus
Polynomials Mahler Maxmod Minmod L1 L3 L4
000000001110011011010101 0.94911 1.59639 0.71358 0.95301; 1.02943 1.0603
010101001001100011111111 0.94911 1.59639 0.71358 0.97301 1.02943 1.0603
010101011011001110000000 0.94911 1.59639 0.71358 0.97301 1.02943 1.0603
000000011100110110101010 0.94911 1.59639 0.71358 0.97301 1.02943 1.0603
000111101101001000100010 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
010001000100101101111000 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
000100010001111000101101 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
010010111000011101110111 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
000000110110010101100011 0.94884 1.63299 0.61023 0.97298 1.0294 1.0603
001110010101100100111111 0.94884 1.63299 0.61025 0.97298 1.0294 1.0603
011011000000110001101010 0.94884 1.63299 0.61023 0.97298 1.0294 1.0603
010101100011000000110110 0.94884 1.63299 0.61023 0.97298 1.0294 1.0603
: 011000110010010100000001 0.91068 1.80657 0.60842 0.95149 1.05386 1.10923
} 011111110101101100111001 0.91068 1.80657 0.60842 0.95149 1.05386 1.10923
! 001101100111000001010100 0.91068 1.80657 0.60842 0.95149 1.05386 1.10923
001010100000111001101100 0.91068 1.80657 0.60842 0.95149 1.05386 1.10923
i 010010111111001110101010 0.92293 1.72174 0.57611 0.9588 1.04562 1.09364
’ 010101011100111111010010 0.92293 1.72174 0.57611 0.9588 1.04562 1.09364
000111101010011011111111 0.92293 1.72174 0.57611 0.9588 1.04562 1.09364
: 000000001001101010000111 0.92293 1.72174 0.57611 0.9588 1.04562 1.09364
1 011000110100101111110101 0.93266 1.71028 0.57481 0.96541 1.03572 1.07176
4 010100000010110100111001 0.93266 1.71028 0.57481 0.96541 1.03572 1.07176
001101100001111010100000 0.93266 1.71028 0.57481 0.96541 1.03572 1.07176
000001010111100001101100 0.93266 1.71028 0.57481 (0.96541 1.03572 1.07176
010101000000011100110110 0.9499 1.63283 0.57092 0.97422 1.02688 1.05442
011011001110000000101010 0.9499 1.63283 0.57092 0.97422 1.02688 1.05442
000000010101001001100011 0.9499 1.63299 0.57092 0.97422 1.02688 1.05442
001110011011010101111111 0.9499 1.63299 0.57092 0.97422 1.02688 1.05442
011110001110111011010010 0.9388 1.55998 0.5668 (0.96902 1.03072 1.0603
010010110111011100011110 0.9388 1.55998 0.5668 0.96902 1.03072 1.0603
001011011011101110000111 0,9388 1.55998 0.5668 0.96902 1.03072 1.0603
000111100010001001001011 0.9388 1.55998 0.5668 0.96902 1.03072 1.0603
001110110001010011110111 0.9141 1.92877 0.56637 0.9541 1.05068 1.10411
000100001101011100100011 0.9141 1.92877 0.56637 0.9541 1.05068 1.10411
011011100100000110100010 0.9141 1.92877 0.56637 0.9541 1.05068 1.10411
010001011000001001110110 0.9141 1.92877 0.56637 0.9541 1.05068 1.10411
001110001101101010111111 0.93809 1.48773 0.55639 0.96911 1.02968 1.05737
000000101010010011100011 0.93809 1.48773 0.55639 0.96911 1.02968 1.05737
010101111111000110110110 0.93809 1.48773 0.55639 0.96911 1.02968 1.05737
011011011000111111101010 0.93809 1.48773 0.55639 0.96911 1.02968 1.05737
011011010101111110011100 0.94244 1.53817 0.55603 0.97175 1.02664 1.05145
001110011111101010110110 0.94244 1.53817 0.55603 0.97175 1.02664 1.05145
001110000000101011001001 0.94244 1.53817 0.55603 0.9717S5 1.02664 1.05145
011011001010111111100011 0.94244 1.53817 0.55603 0.97175 1.02664 1.05145
011111101101000111011000 0.93078 1.74164 0.55373 0.96476 1.03587 1.07176
000110111000101101111110 0.93078 1.74164 0.55373 0.96476 1.03587 1.07176
001010111000010010001101 0.93078 1.74164 0.55373 0.96476 1.03587 1.07176
010011101101111000101011 0.93078 1.74164 0.55373 0.96476 1.03587 1.07176
010101001011000001000110 0.91041 1.99323 0.55264 0.95196 1.05385 1.11177
011000100000110100101010 0.91041 1.99323 0.55264 0.95196 1.05385 1.11177




APPENDIX B. SELECTED DATA

Degree 23 *symmetric ~reciprocal

50 smallest L1 norm

Polynomials Mahlerx Maxmod Minmod L1 L3 L4
010101010101010101010101~ .20412 4.89351 0 0.46489 : 1.55698 2.00043
000000000000000000000000~ .20412 4.89898 0 0.46489 1.55698 2.00043
001100110011001100110011~ .20412 3.47219 0 0.55439 1.3906 1.68543
011001100110011001100110~ .20412 3.47219 0 0.55439 1.3906 1.68543
010101010101101010101010~ .20412 3.55431 0 0.57811 1.38515 1.68543
000000000000111111111111~ .20412 3.55431 0 0.57811 1.38515 1.68543
000111000111000111000111~ .20412 3.29102 0 0.58733 1.34358 1.60769
010010010010010010010010~ .20412 3.29102 0 0.58733 1.34358 1.60769

010101010101010101010100
001010101010101010101010
011111111111111111111111
000000000000000000000001

.40825 4.48663 0.0667? 0.59146 1.48085 1.8803
.40825 4.48663 0.06678 0.59146 1.48085 1.8803
.40825 4.49073 0.06678 0.59146 1.48085 1.8803
.40825 4.49073 0.06678 0.59146 1.48085 1.8803

0

0

0

0

0

0

0

0

o]

0

0

0
010101011010101001010101~ 0.20412 3.33395 0 0.59598 1.34014 1.60769
000000001111111100000000~ 0.20412 3.33395 0 0.59598 1.34014 1.60769
000011110000111100001111~ 0.20412 3.24766 0 0.60108 1.32757 1.58377
010110100101101001011010~ 0.20412 3.24766 0 0.60108 1.32757 1.58377
000000111111000000111111~ 0.20412 3.26524 0 0.60631 1.3261 1.58377
010101101010010101101010~ 0.20412 3.26524 0 0.60631 1.3261 1.58377
010101010101010101010111 0.43321 4.4864 0.04965 0.61468 1.47114 1.86977
000101010101010101010101 0.43321 4.4864 0.04965 0.61468 1.47114 1.86977
010000000000000000000000 0.43321 4.49073 0.04965 0.61468 1.47114 1.86977
000000000000000000000010 0.43321 4.49073 0.04965 0.61468 1.47114 1.86977
001111000011110000111100~ 0.20412 3.22051 0 0.62384 1.31998 1.57317
011010010110100101101001~ 0.20412 3.22051 0 0.62384 1.31998 1.57317
001110001110001110001110 0.33028 3.2719 0 0.62581 1.33808 1.60097
011100011100011100011100 0.33028 3.2719 0 0.62581 1.33808 1.60097
001001001001001001001001 0.33028 3.271¢9 0 0.62581 1.33808 1.60097
011011011011011011011011 0.33028 3.2719 0 0.62581 1.33808 1.60097
011010101010101010101010 0.40815 4.07978 0 0.62685 1.41925 1.7727
010101010101010101010110 0.40815 4.07978 0 0.62685 1.41925 1.7727
000000000000000000000011 0.40815 4.08248 0.01393 0.62685 1.41925 1.7727
0011112111121121111111111 0.40815 4.08248 0.01393 0.62685 1.41925 1.7727
0000000000011111121111111 0.40356 3.53874 0.04785 0.62761 1.37791 1.6774
000000000000011111111111 0.40356 3.53874 0.04785 0.62761 1.37791 1.6774
010101010101001010101010 0.40356 3.53874 0.04785 0.62761 1.37791 1.6774
010101010100101010101010 0.40356 3.53874 0.04785 0.62761 1.37791 1.6774
010101010101010110101010 0.33028 3.3263 0 0.63486 1.33555 1.60097
010101011010101010101010 0.33028 3.3263 0 0.63486 1.33555 1.60097
00000000112111112112211111 0.33028 3.3263 0 0.63486 1.33555 1.60097
000000000000000011111111 0.33028 3.3263 0 0.63486 1.33555 1.60097
010101010101010101010001 0.47938 4.4862 0.09814 0.63695 1.46261 1.86013
011101010101010101010101 0.47938 4.4862 0.09814 0.63695 1.46261 1.86013
001000000000000000000000 0.47938 4.49073 0.09814 0.63695 1.46261 1.86013
000000000000000000000100 0.47938 4.49073 0.09814 0.63695 1.46261 1.86013
010101010101011010101010 0.39742 3.49222 0 0.63762 1.36475 1.65717
010101010110101010101010 0.39742 3.49222 0 0.63762 1.36475 1.65717
000000000011111111111111 0.39742 3.49222 0.00287 0.63762 1.36475 1.65717
000000000000001111111111 0.39742 3.49222 0.00287 0.63762 1.36475 1.65717
000000111111111111000000~ 0.20413 3.26497 0 0.63828 1.31788 1.57317
010101101010101010010101~ 0.20413 3.26497 0 0.63828 1.31788 1.57317




APPENDIX B. SELECTED DATA

Degree 23 *gymmetric ~reciprocal
50 largest L1 norm

Polynomials Mahler Maxmod Minmod L1 L3 L4
001110000000101011011001 0.96237 1.36319 0.3978 0.98244- 1.01567 1.02988
011001001010111111100011 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
011011010101111110001100 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
001100011111101010110110 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
011000110100101110100000 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
000001011101001011000110 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
0101000010000111104010011 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
0011011006001111011110101 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
010101101100111000111111 0.95108 1.43816 0.41123 0.97688 1.0207 1.03929
000000111000110010010101 0.95108 1.43816 0.41125 0.97688 1.0207 1.03929
000000111001101101101010 0.95108 1.43816 0.40825 0.97688 1.0207 1.03929
010101101101100111000000 0.95108 1.43816 0.40825 0.97688 1.0207 1.03929
010001000100101101111000 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
000111101101001000100010 0.95397 1.50953 0.61993 0.97644 1.02418 1.0484S
010010111000011101110111 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
000100010001111000101101 0.95397 1.50953 0.61993 0.97644 1.02418 1.04845
000000011100011001001010 0.94003 1.63299 0.06687 0.97501 1.02195 1.04237
010100100110001110000000 0.94003 1.63299 0.06687 0.97501 1.02195 1.04237
010101001001001100011111 0.94003 1.63077 0 0.97501 1.02195 1.04237
000001110011011011010101 0.94003 1.63077 0 0.97501 1.02195 1.04237
010001006100101001111000 0.94861 1.43076 0.41584 0.97499 1.0235 1.04542
000111100101001000100010 0.94861 1.43076 0.41584 0.97499 1.0235 1.04542
000100010001111100101101 0.94861 1.43076 0.40825 0.97499 1.0235 1.04542
010010110000011101110111 0.94861 1.43076 0.40825 0.97499 1.0235 1.04542
000000010101001001100011 0.9499 1.63299 0.57092 0.97422 1.02688 1.05442
001110011011010101111111 0.9499 1.63299 0.57092 0.97422 1.02688 1.05442
011011001110000000101010 0.9499 1.63283 0.57092 0.97422 1.02688 1.05442
010101000000011100110110 0.9499 1.63283 0.57092 0.97422 1.02688 1.05442
011000110000001011101001 0.94278 1.47102 0.37%87 0.974 1.02241 1.04237
011010001011111100111001 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
001111011110101001101100 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
001101100101011110111100 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
010011001010111111100011 0.94583 1.56961 0.41534 0.9738 1.02478 1.04845
001110000000101011001101 0.94583 1.56961 0.41534 0.9738 1.02478 1.04845
011011010101111110011000 0.94583 1.56961 0.41534 0.9738 1.02478 1.04845
000110011111101010110110 0.94583 1.56961 0.41534 0.9738 1.02478 1.04845
011011011000000110001010 0.94759 1.58117 0.4625 0.97357 1.027 1.05442
010100011000000110110110 0.94759 1.58117 0.4625 0.97357 1.027 1.05442
001110001101010011011111 0.94759 1.58117 0.4625 0.97357 1.027 1.0%5442
000001001101010011100011 0.94759 1.58117 0.4625 0.97357 1.027 1.05442
011010100010011111001111 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
000011000001101110101001 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
010110010100111011111100 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
001111110111001010011010 0.94118 1.37344 (0.28818 0.97338 1.02266 1.04237
010001000011001011110100 0.94445 1.52102 0.47218 0.97318 1.02503 1.04845
001011110100110000100010 0.94445 1.52102 0.47218 0.97318 1.02503 1.04845
011110100001100101110111 0.94445 1.52102 0.47218 0.97318 1.02503 1.04845
000100010110011110100001 0.94445 1.52102 0.47218 0.97318 1.02503 1.04845
010101011011001110000000 0.94911 1.59639 0.71358 0.97301 1.02943 1.0603
000000011100110110101010 0.94911 1.59639 0.71358 0.97301 1.02943 1.0603




APPENDIX B. SELECTED DATA

Degree 23 *symmetric ~reciprocal

50 smallest L3 norm

Polynomials Mahler Maxmod Minmod o1 L3 L4
001100011111101010110110 0.96237 1.36319 0.3978 0.95244: 1.01567 1.02988
011011010101111110001100 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
011001001010111111100011 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
001110000000101011011001 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
010100001000011110010011 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
001101100001111011110101 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
011000110100101110100000 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
000001011101001011000110 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
010101101101100111000000 0.95108 1.43816 0.40825 0.97688 1.0207 1.03929
000000111001101101101010 0.95108 1.43816 0.40825 0.97688 1.0207 1.03929
000000111000110010010101 0.95108 1.438l16 0.41123 0.97688 1.0207 1.03929
010101101100111000111111 0.95108 1.43816 0.41123 0.97688 1.0207 1.03929
010101001001001100011111 0.94003 1.63077 0 0.97501 1.02195 1.04237
000001110011011011010101 0.94003 1.63077 0 0.97501 1.02195 1.04237
010100100110001110000000 0.94003 1.63299 0.06687 0.97501 1.02195 1.04237
000000011100011001001010 0.94003 1.63299 0.06687 0.97501 1.02195 1.04237
001111011110101001101100 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
001101100101011110111100 : 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
011010001011111100111001 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
011000110000001011101001 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
011011001010111101111000 0.9292 1.37985 0.03092 0.97277 1.02245 1.04237
000111101111010100110110 0.9292 1.37985 0.03092 0.97277 1.02245 1.04237
010010111010000001100011 0.9292 1.37985 0.03092 0.97277 1.02245 1.04237
001110011111101000101101 0.9292 1.37985 0.03092 0.97277 1.02245 1.04237
001110010110100010111111 0.92182 1.48264 0.0229 0.9713 1.02259 1.04237
000000101110100101100011 0.92182 1.48264 0.0229 0.9713 1.02259 1.04237
011011000011110111101010 0.92182 1.48264 0.0229 0.9713 1.02259 1.04237
010101111011110000110110 0.92182 1.48264 0.0229 0.9713 1.02259 1.04237
011010100010011111001111 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
010110010100111011111100 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
001111110111001010011010 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
000011000001101110101001 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
001001110010000111010111 0.92938 1.38243 0 0.97152 1.02286 1.04237
000101000111101100011011 0.92938 1.38243 0 0.97152 1.02286 1.04237
011100100111010010000010 0.92938 1.38243 0.069%64 0.97152 1.02286 1.04237
010000010010111001001110 0.92938 1.38243 0.06964 0.97152 1.02286 1.04237
000001110011101010110110 0.92875 1.35294 0 0.9712 1.02302 1.04237
011011010101110011100000 0.92875 1.35294 0 0.9712 1.02302 1.04237
010100100110111111100011 0.92875 1.35294 0.0641 0.9712 1.02302 1.04237
001110000000100110110101 0.92875 1.35294 0.0641 0.9712 1.02302 1.04237
001100110100010100101111 0.91575 1.37269 0 0.96831 1.02341 1.04237
000010110101110100110011 0.91575 1.37269 0 0.96831 1.02341 1.04237
011001100001000001111010 0.91575 1.37269 0.0585 0.96831 1.02341 1.04237
010111100000100001100110 0.91575 1.37269 0.0585 0.96831 1.02341 1.04237
011101110110000011010010 0.91927 1.36294 0 0.9686 1.02349 1.04237
010010110000011011101110 0.91927 1.36294 o] 0.9686 1.02349 1.04237
000111100101001110111011 0.91927 1.36294 0.05852 0.9686 1.02349 1.04237
001000100011010110000111 0.91927 1.36294 0.05852 0.9686 1.02349 1.04237
010010110000011101110111 0.94861 1.43076 0.40825 0.97499 1.0235 1.04542
000100010001111100101101 0.94861 1.43076 0.40825 0.97499 1.0235 1.04542




APPENDIX B. SELECTED DATA

Degree 23

50 largest L3 norm
Polynomials
000000000000000000000000~
010101010101010101010101~
011111111111111111111111
000000000000000000000001
010101010101010101010100
001010101010101010101010
010000000000000000000000
000000000000000000000010
010101010101010101010111
000101010101010101010101
001000000000000000000000
000000000000000000000100
011101010101010101010101
010101010101010101010001
000100000000000000000000
000000000000000000001000
010101010101010101011101
010001010101010101010101
000010000000000000000000
000000000000000000010000
010111010101010101010101
010101010101010101000101
000001000000000000000000
000000000000000000100000
010101010101010101110101
010100010101010101010101
000000100000000000000000
000000000000000001000000
010101110101010101010101
010101010101010100010101
000000010000000000000000
000000000000000010000000
010101010101010111010101
010101000101010101010101
000000001000000000000000
000000000000000100000000
010101011101010101010101
010101010101010001010101
000000000001000000000000
000000000000100000000000
010101010100010101010101
010101010101110101010101
000000000100000000000000
000000000000001000000000
010101010101011101010101
010101010001010101010101
000000000010000000000000
000000000000010000000000
010101010111010101010101
010101010101000101010101

*symmetric

Mahler
.20412
.20412
.40825
.40825
.40825
.40825
.43321
.43321
.43321
.43321
.47938
.47938
.47938
.47938

49495

.49495

.49495

.49495

.50344

.50344

.50344

.50344

.49601

.49601

.49601

.49601

49614

.49614

.49614

. 49614

.51487

.51487

.51487

.51487

.4806

.4806

.4806

.4806
.49263
.49263
.49263
.49263

0.5116

0.5116

0.5116

0.5116

0.51472

0.51472

0.51472

0.51472

.

O 0 0O 0O O O O 0O O O 0 0O 0 O O O O O O 0 O oo o oo oo oo o o oo

o O O O

O O O O

Maxmod

4.89898
4.89351
4.43073
q.
4
4
q

49073

.48663
.48663
.49073

4.49073

[ O O O O S N

B N Y N Y Y Y Y Y N N N N N

4

.4864

4.4864
4.49073
4.49073

q
q

.4862
.4862

.49073
.49073
.48601
.48601
.49073
.49073
.48584
4.
4.48073
4.49073

4
4

48584

.4857
.4857

.49073
.49073
.48557
.48557
.49073
.49073

48547

.48547
.49073
.49073
.48539
.48539
.49073
.49073
.48526

48526

.49073
.49073
.48532

48532

.49073
.49073
.48528
.48528

~reciprocal

Minmod o

0 0.46489

0 0.46489
0.06678 0.59146
0.06678 0.59146
0.06678 0.59146
0.06678 0.59146
0.04965 0.61468
0.04965 0.61468
0.04965 0.61468
0.04965 0.61468
0.09814 0.63695
0.09814 0.63695
0.09814 0.63695
0.09814 0.63695
0.05554 0.64893
0.05554 0.64893
0.05554 0.64893
0.05554 0.64893
0.14211 0.65581
0.14211 0.65581
0.14211 0.65581
0.14211 0.65581
0.02773 0.6583
0.02773 0.6583
0.02773 0.6583
0.02773 0.6583
0.05529 0.66084
0.05529 0.66084
0.05529 0.66084
0.05529 0.66084
0.20655 0.66672
0.20655 0.66672
0.20655 0.66672
0.20655 0.66672
0.03665 0.66022
0.03665 0.66022
0.03665 0.66022
0.03665 0.66022
0.07462 0.65828
0.07462 0.65828
0.07461 0.65828
0.07461 0.65828
0.17404 0.66722
0.17404 0.66722
0.17404 0.66722
0.17404 0.66722
0.16065 0.66806
0.16065 0.66806
0.16065 0.66806
0.16065 0.66806

L3
1.55698
1.55698
1.48085
1.48085
1.48085
1.48085
1.47114
1.47114
1.47114
1.47114
1.46261
1.46261
1.46261
1.46261
1.45536
1.45536
1.45536
1.45536
1.44928
1.44928
1.44928
1.44928
1.44422
1.44422
1.44422
1.44422
1.44007
1.44007
1.44007
1.44007
1.43677
1.43677
1.43677
1.43677
1.43468
1.43468
1.43468
1.43468
1.43377
1.43377
1.43377
1.43377
1.43312
1.43312
1.43312
1.43312
1.43264
1.43264
1.43264
1.43264

2
2

T T T S S S T = i = i e S R I e

[

1
1
1

i

L4
.00043
.00043
1.8803
1.8803
1.8803
1.8803
.86977
.86977
.86977
.86977
.86013
.86013
.86013
.86013
85144
.85144
.85144
.85144
.84373
.84373
.84373
.84373
.83705
.83705
.83705
.83705
.83142
.83142
.83142
.83142
.82688
.82688
.82688
.82688
.82346
.82346
.82346
.82346
.82001
.82001
82001
82001
.82116
.82116
.82116
.82116
.82001
.82001
.82001
.82001

.

98




APPENDIX B. SELECTEDN DATA

Degree 23 *gymmetric ~reciprocal
50 smallest L4 norm
Polynomials Mahler Maxmod Minmod L1 L3 L4
011001001010111111100011 0.96237 1.36319 0.3978 0.98244 . l.o01567 1.02988
001100011111101010110110 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
001110000000101011011001 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
011011010101111110001100 0.96237 1.36319 0.3978 0.98244 1.01567 1.02988
010100001000011110010011 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
001101100001111011110101 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
011000110100101110100000 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
000001011101001011000110 0.95077 1.39811 0.40676 0.97742 1.01935 1.03618
010101101101100111000000 0.95108 1.43816 0.40825 0.97688 1.0207 1.03929
000000111001101101101010 0.95108 1.43816 0.4082% 0.97688 1.0207 1.03%29
0101011011001110001111i1 0.95108 1.43816 0.41123 0.97688 1.0207 1.03929
000000111000110010010101 0.95108 1.43816 0.41123 0.97688 1.0207 1.039%929
010101001001001100011111 0.94003 1.63077 0 0.97501 1.02195 1.04237
000001110011011011010101 0.94003 1.63077 0 0.97501 1.02195 1.04237
011011000000111001110101 0.90816 1.35272 0 0.96665 1.02382 1.04237
010100011000111111001001 0.90816 1.35272 0 0.96665 1.02382 1.04237
011011010101110011100000 0.92875 1.35294 0 0.9712 1.02302 1.04237
000001110011101010110110 ; 0.92875 1.35294 0 0.9712 1.02302 1.04237
000011111011011100110101 0.89169 1.33263 0.01875 0.9625 1.02445 1.04237
010100110001001000001111 0.89169 1.33263 0.01875 0.9625 1.02445 1.04237
010110101110001001100000 0.89169 1.33263 0.01875 0.9625 1.02445 1.04237
010010110000011011101110 0.91927 1.36294 0 0.9686 1.02349 1.04237
011101110110000011010010 0.91927 1.36294 0 0.9686 1.02349 1.04237
011011001010111101111000 0.9292 1.37985 0.03092 0.97277 1.02245 1.04237
011010100010011111001111 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
011010001011111100111001 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
011000110000001011101001 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
010110010100111011111100 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
001111110111001010011010 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
001111011110101001101100 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
001110010110100010111111 0.92182 1.48264 0.0229 0.9713 1.02259 1.04237
001101100101011110111100 0.94278 1.47102 0.37587 0.974 1.02241 1.04237
001100110100010100101111 0.91575 1.37269 0 0.96831 1.02341 1.04237
001001110010000111010111 0.92938 1.38243 0 0.97152 1.02286 1.04237
000111101111010100110110 0.9292 1.37985 0.03092 0.97277 1.02245 1.04237
000101000111101100011011 0.92938 1.38243 0 0.97152 1.02286 1.04237
000011000001101110101001 0.94118 1.37344 0.28818 0.97338 1.02266 1.04237
000010110101110100110011 0.91575 1.37269 0 0.96831 1.02341 1.04237
000001100100011101011010 0.89169 1.33263 0.01875 0.9625 1.02445 1.04237
000000101110100101100011 0.92182 1.48264 0.0229 0.9713 1.02259 1.04237
001110011111101000101101 0.9292 1.37985 0.03092 0.97277 1.02245 1.04237
i 010010111010000001100011 0.9292 1.37985 0.03092 0.97277 1.02245 1.04237
: 011011000011110111101010 0.92182 1.48264 0.0229 0.9713 1.02259 1.04237
i 010101111011110000110110 0.92182 1.48264 0.0229 0.9713 1.02259 1.04237
é 011100100111010010000010 0.92938 1.38243 0.06964 0.97152 1.02286 1.04237
5 010000010010111001001110 0.92938 1.38243 0.06964 0.97152 1.02286 1.04237
k 010100100110001110000000 0.94003 1.63299 0.06687 0.97501 1.02195 1.04237
3 000000011100011001001010 0.94003 1.63299 0.06687 0.97501 1.02195 1.04237
001110000000100110110101 0.92875 1.35294 0.0641 0.9712 1.02302 1.04237
010100100110111111100011 0.92875 1.35294 0.0641 0.9712 1.02302 1.04237




APPENDIX B. SELECTED DATA 100

Degree 23 *gymmetric ~reciprocal
50 largest L4 norm
Polynomials Mahler Maxmod Minmod L1 L3 L4
000000000000000000000000~ 0.20412 4.89898 0 0.46489__ 1.55698 2.00043
010101010101010101010101~ 0.20412 4.89351 0 0.46489 1.55698 2.00043
011111111111111111111111 0.40825 4.49073 0.06678 0.59146 1.48085 1.8803
000000000000000000000001 0.40825 4.49073 0.06678 0.59146 1.48085 1.8803
010101010101010101010100 0.40825 4.48663 0.06678 0.59146 1.48085 1.8803
001010101010101010101010 0.40825 4.48663 0.06678 0.59146 1.48085 1.8803
010000000000000000000000 0.43321 4.49073 0.04965 0.61468 1.47114 1.86977
000000000000000000000010 0.43321 4.49073 0.04965 0.61468 1.47114 1.86977
010101010101010101010111 0.43321 4.4864 0.0496§ 0.61468 1.47114 1.86977
000101010101010101010101 0.43321 4.4864 0.04965 0.61468 1.47114 1.86977
001000000000000000000000 0.47938 4.49073 0.09814 0.63695 1.46261 1.86013
000000000000000000000100 0.47938 4.49073 0.09814 0.63695 1.46261 1.86013
011101010101010101010101 0.47938 4.4862 0.09814 0.63695 1.46261 1.86013
010101010101010101010001 0.47938 4.4862 0.09814 0.63695 1.46261 1.86013
000100000000000000000000 0.49495 4.49073 0.05554 0.64893 1.45536 1.85144
000000000000000000001000 0.49495 4.49073 0.05554 0.64893 1.45536 1.85144
010101010101010101011101 0.49495 4.48601 0.05554 0.64893 1.45536 1.85144
010001010101010101010101 0.49495 4.48601 0.05554 0.64893 1.45536 1.85144
000010000000000000000000 0.50344 4.49073 0.14211 0©.65581 1.44928 1.84373
000000000000000000010000 0.50344 4.49073 0.14211 0.65581 1.44928 1.84373
010111010101010101010101 0.50344 4.48584 0.14211 0.65581 1.44928 1.84373
010101010101010101000101 0.50344 4.48584 0.14211 0.65581 1.44928 1.84373
000001000000000000000000 0.49601 4.49073 0.02773 0.6583 1.44422 1.83705
000000000000000000100000 0.49601 4.49073 0.02773 0.6583 1.44422 1.83705
010101010101010101110101 0.49601 4.4857 0.02773 0.6583 1.44422 1.83705
010100010101010101010101 0.49601 4.4857 0.02773 0.6583 1.44422 1.83705
000000100000000000000000 0.49614 4.49073 0.05529 0.66084 1.44007 1.83142
000000000000000001000000 0.49614 4.49073 0.05529 0.66084 1.44007 1.83142
010101110101010101010101 0.49614 4.48557 0.05529 0.66084 1.44007 1.83142
010101010101010100010101 0.49614 4.48557 0.05529 0.66084 1.44007 1.83142
000000010000000000000000 0.51487 4.49073 0.20655 0.66672 1.43677 1.82688
000000000000000010000000 0.51487 4.49073 0.20655 0.66672 1.43677 1.82688
010101000101010101010101 0.51487 4.48547 0.20655 0.66672 1.43677 1.82688
010101010101010111010101 0.51487 4.48547 0.20655 0.66672 1.43677 1.82688
000000000000000100000000 0.4806 4.49073 0.03665 0.66022 1.43468 1.82346
000000001000000000000000 0.4806 4.49073 0.03665 0.66022 1.43468 1.82346
010101011101010101010101 0.4806 4.48539 0.03665 0.66022 1.43468 1.82346
010101010101010001010101 0.4806 4.48539 0.03665 0.66022 1.43468 1.82346
000000000000001000000000 0.5116 4.49073 0.17404 0.66722 1.43312 1.82116
000000000100000000000000 0.5116 4.49073 0.17404 0.66722 1.43312 1.82116
010101010101011101010101 0.5116 4.48532 0.17404 0.66722 1.43312 1.82116
010101010001010101010101 0.5116 4.48532 0.17404 0.66722 1.43312 1.82116
000000000010000000000000 0.51472 4.49073 0.16065 0.66806 1.43264 1.82001
000000000001000000000000 0.49263 4.49073 0.07462 0.65828 1.43377 1.82001
000000000000100000000000 0.49263 4.49073 0.07462 0.65828 1.43377 1.82001
000000000000010000000000 0.51472 4.49073 0.16065 0.66806 1.43264 1.82001
010101010111010101010101 0.51472 4.48528 0.16065 0.66806 1.43264 1.82001
010101010101000101010101 0.51472 4.48528 0.16065 0.66806 1.43264 1.82001
010101010101110101010101 0.49263 4.48526 0.07461 0.65828 1.43377 1.82001
4.48526 0.07461 0.65828 1.43377 1.82001

010101010100010101010101 0.49263




APPENDIX B. SELECTED DATA 101

Degree 24 *symmetric ~reciprocal

50 smallest Mahler measure

Polynomial Mahler Maxmod Minmod L1 L3 L4
0000000000000000000000000~ 0.2 5 0 0.45882 1.56756 2.02092
0101001010010100101001010~ 0.2 3.30761 0 0.59913 1.33112 1.58302
0000011111000001111100000~ 0.2 3.30761 0 0.59913 1.33112 1.59302
0101010101010101010101010~ 0.2 4.99443 0 0.45882 1.56756 2.02092
0110110110110110110110110~ 0.32361 3.40512 0.00009 0.61614 1.35601 1.63561
0011100011100011100011100~ 0.32361 3.40512 0.00009 0.61614 1.35601 1.63561
0110011001100011061100110~ 0.32916 3.22764 0.00009 0.63277 1.32149 1.57203
0011001100110110011001100~ 0.32916 3.22764 0.00009 0.63277 1.32149 1.57203
0000101000011100001010000~ 0.33793 2.39942 i 0 0.74513 1.1864 1.32819
0101111101001001011111010~ 0.33793 2.39942 ’ 0 0.74513 1.1864 1.32819
0000011111111111111100000~ 0.34442 3.03605 0 0.67749 1.27752 1.49774
0000000000111111111100000 0.34442 3.27189 0 0.66478 1.31451 1.57285
0101001010101011010101010 0.34442 3.27189 0 0.66478 1.31451 1.57285
0101001010101010101001010~ 0.34442 3.03605 0 0.67749 1.27752 1.49774
0111001110011100111001110~ 0.34442 3.23607 0.00086 0.65914 1.31426 1.56872
0101010101101011010101010~ 0.34442 2.99452 0 0.67313 1.27871 1.49774
0011011001001101100100110 0.34442 3.25122 0.00333 0.65285 1.31658 1.57285
0010000100001000010000100~ - 0.34442 3 0.00203 0.69631 1.23442 1.41492
0110010011011001001101100 0.34442 3.25122 0.00333 0.65285 1.31658 1.57285
0101010101101010101001010 0.34442 3.27189 0 0.66478 1.31451 1.57285
0010011011001001101100100~ 0.34442 3.23607 0.0009¢6 0.65914 1.31426 1.56872
0000011111111110000000000 0.34442 3.27189 0 0.66478 1.31451 1.57285
0000000000111110000000000~ 0.34442 3 0 0.67313 1.27871 1.49774
0110001100011000110001100 0.34442 3.25122 0.00333 0.65285 1.31658 1.57285
0011000110001100011000110 0.34442 3.25122 0.00333 0.65285 1.31658 1.57285
0111010001011101000101110~ 0.34442 2.99657 0.00203 0.69631 1.23442 1.41492
0000011111111110000011111 0.35665 3.00802 0 0.69982 1.25345 1.46323
0101010101010100101010101 0.35665 3.53622 0 0.62994 1.36779 1.66341
0101001010010101010110101 0.35665 3.00802 0 0.69982 1.25345 1.46323
0011111000001111100000111 0.35665 3.25691 0.00406 0.65726 1.31609 1.57285
0001111100000111110000011 0.35665 3.25691 0.00406 0.65726 1.31609 1.57285
0000011111000000000011111 0.35665 3.00802 0 0.69982 1.25345 1.46323
0110110010011011001001101 0.35665 3.25415 0.00354 0.65811 1.31589 1.57285
0110101101011010110101101 0.35665 3.25691 0.00406 0.65726 1.31609 1.57285
0101001010101011010110101 0.35665 3.00802 0 0.69982 1.25345 1.46323
0011100111001110011100111 0.35665 3.25415 0.00354 0.65811 1.31589 1.57285
0000000000000001111111111 0.35665 3.53622 0 0.62994 1.36779 1.66341
0100101001010010100101001 0.35665 3.25691 0.00406 0.65726 1.31609 1.57285
0100110110010011011001001 0.35665 3.25415 0.00354 0.65811 1.31589 1.57285
0001100011000110001100011 0.35665 3.25415 0.00354 0.65811 1.31589 1.57285
0000000000111111111111111 0.35665 3.53622 0 0.62994 1.36779 1.66341
0101010101101010101010101 0.35665 3.53622 0 0.62994 1.36779 1.66341
0011001100110011001100110* 0.35773 3.53836 0.14631 0.58515 1.39763 1.7004
0110011001100110011001100* 0.35773 3.53836 0.14631 0.58515 1.39763 1.7004
0011011000110110001101100~ 0.36098 2.67605 0.0008 0.70372 1.21784 1.38217
0110001101100011011000110~ 0.36098 2.67605 0.0008 0.70372 1.21784 1.38217
0101010101000001010101010~ 0.36153 4.19445 0 0.67845 1.35681 1.68856
0000000000010100000000000~ 0.36153 4.2 0 0.67845 1.35681 1.68856
0111000111100011110001110~ 0.36355 3.08562 0 0.68794 1.28047 1.51275
0010010010110110100100100~ 0.36355 3.08562 0 0.68794 1.28047 1.51275




APPENDIX B. SELECTED DATA

Degree 24

50 largest Mahler measure
Polynomial
0001110000000101011011001
0100100101010000001110011
0110010010101111111000111
0011000111111010101101101
0110110101011111100011000
0011100000001010110110010
0100110110101000000011100
0001100011111101010110110
0011100111111010100110110*
0110110010101111110011100*
0010001000100101101111000
0111011101110000111010010
0001111011010010001000100
0100101110000111011101110
0000001110011011011010101
0101011011001110001111111
0101010010010011000111111
0000000111000110010010101
0101011011011000000011000
0000001110001101010110010
0100110101011000111000000
0001100000001101101101010
0111100010010110111011101
0010110111000011101110111
0100010001001011011100001
0001000100011110001001011
0101011110111100001101100
0110001101001011101000000
0000001011101001011000110
0011011000011110111101010
0101111110100110100011001
0000101011110011110110011
0110011101001101000000101
0011001000011000010101111
0110010011110000100001010
0101000010000111100100110
0011000110100101110100000
0000010111010010110001100
0100100101010001100011111
0001110000000100110110101
0101001001101111111000111
0000011100111010101101101
0101110100111111011000110
0011011000101011000010000
0000100001101010001101100
0110001101111110010111010
0110110000000101010011100*
0011100101010000000110110*
0101011011001000000011100
0110110101011100111000000

*symmetric

Mahler
0.96683
0.96683
0.96683
0.96683
0.96261
0.96261
0.96261
0.96261
0.95752
0.95752
0.95339
0.95339
0.95339
0.95339
0.95313
0.95313
0.95313
0.95313
0.95145
0.95145
0.95145
0.95145
0.95137
0.95137
0.95137
0.95137
0.95078
0.95078
0.95078
0.95078
0.94996
0.94996
0.94996
0.94996
0.94831
0.94831
0.94831
0.94831
0.94777
0.94777
0.94777
0.94777
0.94709
0.94709
0.94709
0.94709
0.94696
0.94696
0.94669
0.94669

1
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Maxmod
1.38019
1.38019
1.38019
.38019
.41909
.41909
.41908
.41909
.61245
.61245
.45852
.45852
.45852
.45852
.39941

1.4

.39941

1.4

.38079
.38079
.38079
.38079
.58717

58717

.58717

58717

.39366

39366

.39366
.39366
.57466
.57466
.57466
.57466
.47053

47053

.47053
.47053
.32474
.32474
.32474
1.32474
1.39848

1.4
1.4

1.39848
1.61245
1.61245
1.33497
1.33497

~reciprocal

Minmod
0.48233
0.48233
0.48233
0.48233
0.55855
0.55855
0.55855
0.55855
0.65609
0.65609

0.5714

0.5714

0.5714

0.5714

0.2
0.21333

0.2
0.21333
0.50526
0.50526
0.50526
0.50526
0.56584
0.56584
0.56584
0.56584
0.21153
0.21153
0.21153
0.21153

0.6

0.6

0.6

0.6
0.33558
0.33558
0.33558
0.33558

0.2
0.21474
0.21474

0.2
0.32153
0.32153
0.32153
0.32153
0.47685
0.47685
0.21228

0.2

L1
0.98438
0.98438
0.98438
0.98438

0.9818

0.9818

0.9818

0.9818
0.97764
.97764
.97676
.97676
. 97676
.97676
.97805
.97805
.97805
.97805
. 97704
.97704
.97704
. 97704
97524
97524
97524
97524
97881
.97881
.97881
.97881
.97476
.97476
.97476
.97476
.97653
.97653
. 97653
. 97653
.97665
. 97665
.97665
.97665
.97538
.97538
.97538
.97538
.97388
0.97388
0.97652
0.97652

O O 0O O O O O O O O 0 0 0 0 OO0 O O O O OO0 o oo oo oo oo oo o oo o

L3
1.01427
1.01427
1.01427
1.01427
1.01721
1.01721
1.01721
1.01721
1.02442
1.02442
1.0228
1.0228
1.0228
1.0228
.02026
.02026
.02026
.02026
.02062
.02062
.02062
.02062
.02522
.02522
.02522
.02522
01772
.01772
.01772
.01772
.02534
.02534
.02534
.02534
.02052
.02052
.02052
.02052
.01957
. 01957
.01957
.01957
.02201
.02201
.02201
.02201
.02549
.02549
.01952
.01952
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L4
.02763
.02763
.02763
.02763
.03348
.03348
.03348
.03348
.05045
.05045
.04489
.04489
.04489
.04489
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.05045
.05045
.05045
-05045
.03348
.03348
.03348
.03348
.05045
.05045
.05045
. 05045
.03923
.03923
.03923
.03923
. 03637
.03637
.03637
.03637
. 04207
.04207
.04207
.04207
.05045
.05045
.03637
.03637




APPENDIX B. SELECTED DATA 103

Degree 24 *gymmetric ~reciprocal
50 smallest max modulus
Polynomial Mahler Maxmod Minmod Ll L3 L4
0111000011101110110100100* 0.91694 1.28914 0.2 9.96604 1.02517 1.04489
0010010110111011100001110* 0.91694 1.28914 0.2 0.96604 1.02517 1.04489
0101001010001110110011111 0.88164 1.31061 0.19219 0.95115 1.03508 1.06132
0000011001000111010110101 0.88164 1.31061 0.19219 0.95115 1.03508 1.06132
0101001100010010000011111 0.88164 1.31061 0.19219 0.95115 1.03508 1.06132
0000011111011011100110101 0.88164 1.31061 0.19219 0.95115 1.03508 1.06132
0111111011011000111010100* 0.92633 1.31078 0.29062 0.96694 1.02741 1.05045
0010101110001101101111110* 0.92633 1.31078 0.29062 0.96694 1.02741 1.05045
0010010000101100010101110 0.88948 1.31601 0.03352 0.95939 1.02854 1.05045
0111010100011010000100100 0.88948 1.31601 6.03352 0.95939 1.02854 1.05045
0010000001001111010001110 0.88948 1.31601 0.03352 0.95939 1.02854 1.05045
0111000101111001000000100 0.88948 1.31601 0.03352 0.95939 1.02854 1.05045
0000001110001101101101010* 0.94154 1.32071 0.34021 0.974 1.02133 1.03923
0101011011011000111000000* 0.94154 1.32071 0.34021 0.974 1.02133 1.03923
0010010010101111110001110* 0.93435 1.32089 0.2 0.97114 1.02411 1.04489
0111000111111010100100100* 0.93435 1.32089 0.2 0.97114 1.02411 1.04489
0111000111011000000010010 0.90509 1.32204 0.0795 0.96217 1.02814 1.05045
0100100000001101110001110 0.90509 1.32204 0.0795 0.96217 1.02814 1.05045
0001110101011000100100100 0.90509 1.32204 0.0795 0.%6217 1.02814 1.05045
0010010010001101010111000 0,90509 1.32204 0.0795 0.96217 1.02814 1.05045
0011100000010101011011011 0.91773 1,.32254 0.14926 0.96588 1.0263 1.04768
0010010010101011111100011 0.91773 1.32254 0.14926 0.96588 1.0263 1.04768
0111000111111110101001001 0.91773 1.32254 0.14926 0.96588 1.0263 1.04768
0110110101000000001110001 0.91773 1.32254 0.14926 0.96588 1.0263 1.04768
0000101001111101001101110 0.88961 1.32287 0.07609 0.95816 1.02982 1.0532
0111011001011111001010000 0.88961 1.32287 0.07609 0.95816 1.02982 1.0532
0101111100101000011000100 0.88961 1.32287 0.07609 0.95816 1.02982 1.0532
0010001100001010011111010 0.88861 1.32287 0.07609 0.95816 1.02982 1.0532
0100100101010001100011111 0.94777 1.32474 0.2 0.97665 1.01957 1.03637
0000011100111010101101101 0.94777 1.32474 0.2 0.97665 1.01957 1.03637
0101001001101111111000111 0.94777 1.32474 0.21474 0.97665 1.01957 1.03637
0001110000000100110110101 0.94777 1.32474 0.21474 0.97665 1.01957 1.03637
0101011111100011100100100 0.89968 1.3259 0.04377 0.96042 1.02968 1.0532
0010010011100011111101010 0.89968 1.3259 0.04377 0.96042 1.02968 1.0532
OOOOOOlQlOllOllOllOOOlllO 0.89968 1.3259 0.04377 0.96042 1.02968 1.0532
0111000110110110101000000 0.89968 1.3259 0.04377 0.96042 1.02968 1.0532
0110110101010000000011100* 0.91411 1.32602 0.24287 0.96357 1.02799 1.05045
0011100000000101010110110* 0.91411 1.32602 0.24287 0.96357 1.02799 1.05045
0110110001110000000010101 0.92133 1.32686 0.15591 0.96762 1.02475 1.04489
0101011111111000111001001 0.92133 1.32686 0.15591 0.96762 1.02475 1.04489
0011100100100101010111111 0.92133 1.32686 0.15591 0.96762 1.02475 1.04489
0000001010101101101100011 0.92133 1.32686 0.15591 0.96762 1.02475 1.04489
0101001010011001111100000* 0.88206 1.32694 0.1283 0.95269 1.03458 1.06132
0000011111001100101001010* 0.88206 1.32694 0.1283 0.95269 1.03458 1.06132
0000011011011001110010101 0.91653 1.33139 0.09618 0.96776 1.02344 1.04207
0101011000110010010011111 0.91653 1.33139 0.09618 0.96776 1.02344 1.04207
0101001110001100100111111 0.91653 1.33139 0.09618 0.96776 1.02344 1.04207
0000001101100111000110101 0.91653 1.33139 0.09618 0.96776 1.02344 1.04207
0000000120101001110100110 0.91336 1.33226 0.19657 0.9646 1.02653 1.04768
0.91336 1.33226 0.19657 0.9646 1.02653 1.04768

0110010111001010110000000




APPENDIX B. SELECTED DATA 104

Degree 24 *symmetric ~reciprocal

50 largest minimum modulus

Polynomial Mahler Maxmod Minmod L1 L3 14
0011100111111010100110110* 0.95752 1.61245 0.65609 0.97764 1.02442 1.05045
0110110010101111110011100* 0.95752 1.61245 0.65609 0.97764 1.02442 1.05045
0111001011100110111100100* 0.92027 1.96977 0.6 0.95721 1.04856 1.10178
0110011101001101000000101 0.9499%6 1.57466 0.6 0.97476 1.02534 1.05045
0101111110100110100011001 0.94996 1.57466 0.6 0.97476 1.02534 1.05045
0101010000110000100110111 0.93271 1.73862 0.6 0.96533 1.03582 1.07187
0100011000101100101111111 0.93271 1.73862 0.6 0.96533 1.03582 1.07187
0000000101100101110011101 0.93271 1.73862 0.6 0.96533 1.03582 1.07187
0011001000011000010101111 0.94996 1.57466 . 0.6 0.97476 1.02534 1.05045
0010011110110011101001110* 0.92027 1.96977 ’ 0.6 0.95721 1.04856 1.10178
0001001101111001111010101 0.93271 1.73862 0.6 0.96533 1.03582 1.07187
0000101011110011110110011 0.94996 1.57466 0.6 0.97476 1.02534 1.05045
0011111100110100110101010 0.9291 1.79958 0.59158% 0.96313 1.03908 1.07959
0101010110010110011111100 0.9291 1.79958 0.59159 0.96313 1.03908 1.07959
0000000011000011001010110 0.9291 1.8 0.59159 0.96313 1.03908 1.07959
0110101001100001100000000 0.9291 1.8 0.59159 0.96313 1.03908 1.07959
0101010110110011100000000* 0.93774 1.62215 0.58891 0.96738 1.03517 1.07187
0000000011100110110101010* 0.93774 1.62215 0.58891 0.96738 1.03517 1.07187
0000111101101001000100010 0.93608 1.66662 0.58229 0.9667 1.03538 1.07187
0100010001001011011110000 0.93608 1.66662 0.58229 0.9667 1.03538 1.07187
0101101000111100010001000 0.93608 1.66662 0.58229 0.9667 1.03538 1.07187
0001000100011110001011010 0.93608 1.66662 0.58229 0.9667 1.03538 1.07187
0100001011111011001111100 0.91773 1.80333 0.57914 0.95691 1.04566 1.09208
0011111001101111101000010 0.91773 1.80333 0.57914 0.95691 1.04566 1.09208
0001011110101110011010110 0.91773 1.80333 0.57914 0.95691 1.04566 1.09208
0110101100111010111101000 0.91773 1.80333 0.57914 0.95691 1.04566 1.09208
0101010010010001110000000* 0.93549 1.8 0.57274 0.96604 1.03723 1.07703
0000000111000100100101010* 0.93549 1.8 0.57274 0.96604 1.03723 1.07703
0001111011010010001000100 0.95339 1.45852 0.5714 0.97676 1.0228 1.04489
0010001000100101101111000 0.95339 1.45852 0.5714 0.97676 1.0228 1.04489
0111011101110000111010010 0.95339 1.45852 0.5714 0.97676 1.0228 1.04489
0100101110000111011101110 0.95339 1.45852 0.5714 0.97676 1.0228 1.04489
0110000110011111100101011 0.94174 1.50055 0.57119 0.97083 1.02856 1.05593
0010101100000011001111001 0.94174 1.50055 0.57119 0.97083 1.02856 1.05593
0011010011001010110000001 0.94174 1.50055 0.57119 0.97083 1.02856 1.05593
0111111001010110011010011 0.94174 1.50055 0.57119 0.97083 1.02856 1.05593
0011100101011001001111111 0.94621 1.65843 0.57097 0.97278 1.02776 1.05593
0000000110110010101100011 0.94621 1.65843 0.57097 0.97278 1.02776 1.05593
0101010011100111111001001 0.94621 1.65843 0.57097 0.97278 1.02776 1.05593
0110110000001100011010101 0.94621 1.65843 0.57097 0.97278 1.02776 1.05593
0101011000110000001101101 0.94001 1.65921 0.57042 0.96955 1.03078 1.06132
0100100111111001110010101 0.94001 1.65921 0.57042 0.96955 1.03078 1.06132
0001110010101100100111111 0.94001 1.65921 0.57042 0.96955 1.03078 1.06132
0000001101100101011000111 0.94001 1.65921 0.57042 0.96955 1.03078 1.06132
0000000001110011011010101 0.93021 1.73627 0.56773 0.96386 1.03802 1.07703
0101010010011000111111111 0.93021 1.73627 0.56773 0.96386 1.03802 1.07703
0101010100100110001111111 0.93021 1.73627 0.56773 0.96386 1.03802 1.07703
0000000111001101101010101 0.93021 1.73627 0.56773 0.96386 1.03802 1.07703
0001000100011110001001011 0.95137 1.58717 0.56584 0.97524 1.02522 1.05045
0010110111000011101110111 0.95137 1.58717 0.56584 0.97524 1.02522 1.05045




APPENDIX B. SELECTED DATA

Degree 24

50 smallest Ll norm
Polynomial
0101010101010101010101010~
0000000000000000000000000~
0101010101010101010101011
0010101010101010101010101
0111111111111111111111111
0000000000000000000000001
0110011001100110011001100*
0011001100110011001100110*
0101001010010100101001010~
0000011111000001111100000~
0101010101010101010101000
0001010101010101010101010
0100000000000000000000000
0000000000000000000000010
0000000000000111111111111
0000000000001111111111111
0101010101011010101010101
0101010101010010101010101
0011100011100011100011100~
0110110110110110110110110~
0101010101010101010101001
0110101010101010101010101
0000000000000000000000011
0011111111111111111111111
0101010101011101010101010~
0000000000001000000000000~
0101010101010110101010101
0101010101001010101010101
00000000000111111113111111
0000000000000011111111111
0101010101010101010101110
0111010101010101010101010
0010000000000000000000000
0000000000000000000000100
0101010101010100101010101
0101010101101010101010101
00000000001111111111211111
0000000000000001111111111
0110011001100011001100110~
0011001100110110011001100~
0111000111000111000111000
0001110001110001110001110
0100100100100100100100100
0010010010010010010010010
0101010101010101010101101
0100101010101010101010101
0001111111111111111111111
0000000000000000000000111
0101010101010101101010101
0101010100101010101010101

tgymmetric

Mahler
0.2
0.2

o O O
>

o
£

0.35773
0.35773
0.2
0.2
.42412
.42412
.42412
.42412
0.3946
0.3946
0.3946
0.3946
0.32361
0.32361
0.4
0.4
0.4
0.4
.40419
.40419
.39653
.39653
.39653
.39653
0.4687
0.4687
0.4687
0.4687
0.35665
0.35665
0.35665
0.35665
0.32916
0.32916
0.39851
0.39851
0.39851
0.39851
0.4

0.4

0.4

0.4
0.39886
0.39886

o O O O

© o0 O O O O

Maxmod
4.99443
5
4.59577
4.59577
4.6
4.6
.53836
.53836
.30761
.30761
.59556
.59556
4.6
4.6
.62328
.62328
.62328
.62328
.40512
.40512
.19713
.19713
4.2
4.2
4.59443
4.6
.59417
.59417
.59417
.59417
.59536
.59536
4.6
4.6
53622
.53622
.53622
.53622
22764
.22764
.30531
.30531
.30531
.30531
.79854
. 79854
3.8
3.8
3.45633
3.45633

Lo W W W W

SsosWWw W Ww W

Sae W W w W

.

.

W W wWwwwwwwwww

~reciprocal

Minmod
0

0
0.06883
0.06883
0.06882
0.06882
0.14631
0.14631
0

o]
0.03432
0.03432
0.03432
0.03432
0.2

0.2

0.2

0.2
0.00009
0.00009
0.0098
0.0098
0.0098
0.0098
.00215
.00215
.04685
.04685
.04685
.04685
.06221
.06221
.06221
.06221
]

]

0

]
.00009
.00009
.04771
.04771
.04771
.04771
.01415
.01415
.01415
.01415
0.0316
0.0316

O O O O O O O O O ©

O O O 0O O O © O o O

Ll
.45882
.45882
.58311
.58311
.58311
.58311
.58515
.58515
.59913
.59913
.60585
. 60585
0.60585
0.60585

0.6098

0.6098

0.6098

0.6098
0.61614
0.61614
0.61812
0.61812
0.61812
0.61812
0.62566
0.62566
0.62612
0.62612
0.62612
0.62612

0.6276

0.6276

0.6276

0.6276
0.62994
0.62994
0.62994
0.62994
0.63277
0.63277
0.63418
0.63418
0.63418
0.63418
0.63535
0.63535
0.63535
0.63535
0.63761
0.63761

0O 0O 0 0 0 OO0 O O 00

o

L3
1.56756
1.56756
1.49361
1.49361
1.49361
1.49361
1.39763
1.39763
1.33112
1.33112
1.48447
1.48447
1.48447
1.48447
1.39196
1.39196
1.39196
1.39196
1.35601
1.35601
1.43317
1.43317
1.43317
1.43317
1.44917
1.44917
1.381e6l
1.38161
1.3816l1
1.38161
1.47642
1.47642
1.47642
1.47642
1.36779
1.36779
1.36779
1.36779
1.32149
1.32149
1.34249
1.34249
1.34249
1.34249
1.38652
1.38652
1.38652
1.38652
1.35327
1.35327

58]

[38]

[l S

1
1

o

= =

1
1
1
1
1.
1.

1.
1.
1.
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L4

.02092

2092

.904138
.90418
.90418
.90418

. 7004
. 7004

.59302
.59302
.B89437
.89437
.89437
.89437

. 7004
.7004
. 7004
.7004
63561
63561
7989
7989
7989
.7989

.84595
.84595
.68657
.68657
.68657
.68657
.388537
.88537
.88537
.88537
.66341
. 66341
.66341
.66341
.57203
.57203
.60862
. 60862
.60862
. 60862
.71008
.71008
.71008
.71008
.63561
.©3561




APPENDIX B. SELECTED DATA

Degree 24

50 largest L1 norm
Polynomial
0110010010101111111000111
0001110000000101011011001
0100100101010000001110011
0011000111111010101101101
0011100000001010110110010
0100110110101000000011100
0001100011111101010110110
0110110101011111100011000
0000001011101001011000110
0110001101001011101000000
0101011110111100001101100
0011011000011110111101010
0101011011001110001111111
0000000111000110010010101
0101010010010011000111111
0000001110011011011010101
0110110010101111110011100*
0011100111111010100110110*
0100110101011000111000000
0000001110001101010110010
0101011011011000000011000
0001100000001101101101010
0010001000100101101111000
0001111011010010001000100
0111011101110000111010010
0100101110000111011101110
0001110000000100110110101
0101001001101111111000111
0100100101010001100011111
0000011100111010101101101
0000010111010010110001100
0011000110100101110100000
0110010011110000100001010
0101000010000111100100110
0101011011001000000011100
0011100000001001101101010
0000001110011101010110110
0110110101011100111000000
0011011000101011000010000
0000100001101010001101100
0101110100111111011000110
0110001101111110010111010
0111100010010110111011101
0100010001001011011100001
0010110111000011101110111
0001000100011110001001011
0101111110100110100011001
0110011101001101000000101
0011001000011000010101111
0000101011110011110110011

*symmetric

Mahler
. 96683
. 96683

o O O

O O O O O O O o

o

.

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

96683

. 96683
. 96261
. 96261
.96261
. 96261
.95078
.95078

95078
95078

. 95313
. 95313
.95313
. 95313
. 95752
.95752
.95145
.95145
.95145

95145
95339
95339
95339

.95339
.94777
.94777
. 94777
. 94777

94831
94831
94831

.94831
.94669
.94669
. 94669
.94669
.94709
. 94709
.94709
. 94709
.95137
.95137
.95137

95137

.94996
. 94996
.94996
. 94996

[ L e = I T e o S o

T T T e T e S T e o e i e e

L T T e S S N

Maxmod
.38019
.38019
.38019
.38019
.41909
.41909
.41909
.41909
.39366
.39366
.39366
.39366

1.4
1.4

.39941
.39941
.61245
.61245
.38079
.38079
.38079

38079

.45852
.45852
.45852
.45852
.32474
.32474
.32474
.32474
.47053
.47053
.47053
.47053
.33497
.33497
.33497

33497
1.4
1.4

.39848
.39848
.58717
.58717
.58717
.58717
.57466
.57466
.57466
.57466

~reciprocal

Minmod

0
0
0
0
0
0
0
0
0

0.

o O O O

0
0
0
0
0
0

0
0

0
0
0
0
0
0

0
0
0
0
0
[
[
0

.48233
.48233
.48233
.48233
.55855
.55855
.55855
.55855
.21153
21153
.21153
.21153
.21333
.21333

0.2

0.2
.65609
.65609
.50526
.50526
.50526
.50526
0.5714
0.5714
0.5714
0.5714
.21474
.21474

0.2

0.2
.33558
.33558
.33558
.33558
.21228
.21228

0.2

0.2
.32153
.32153
.32153
.32153
.56584
.56584
.56584
.56584

0.6

0.6

0.6

0.6

L1
0.98438
0.98438
0.98438
0.98438

0.9818

0.9818

0.9818

0.9818
0.97881
0.97881
0.97881
0.97881
0.97805
0.97805
0.97805
0.97805
0.97764
0.97764
0.97704
0.97704
0.97704
0.97704
0.97676
0.97676
0.97676
0.97676
0.97665
0.97665
0.87665
0.97665
0.97653
0.97653
0.97653
0.97653
0.97652
0.97652
0.97652
0.97652
0.97538
0.97538
0.97538
0.97538
0.97524
0.97524
0.97524
0.97524
0.97476
0.97476
0.97476
0.97476

L3
1.01427
1.01427
1.01427
1.01427
1.01721
1.01721
1.01721
1.01721
1.01772
1.01772
1.01772
1.01772
1.02026
1.02026
1.02026
1.02026
1.02442
1.02442
1.02062
1.02062
1.02062
1.02062
1.0228
1.0228
1.0228
1.0228
.01957
.01957
.01957
.01957
.02052
.02052
.02052
.02052
.01952
.01952
.01952
.01952
.02201
.02201
.02201
.02201
.02522
.02522
. 02522
.02522
.02534
.02534
.02534
.02534

[ L = T e e e e R e o o e ol
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L4

.02763
.02783
.02763
.02763
.03348
.03348
.03348
.03348
.03348
.03348
.03348
.03348
.03923
.03923
.03923
.03923
.05045
.05045
.03923
.03923
.03923
.03923
.04489
.04489
.04489
.04489
.03637
.03637
.03637
.03637
.03923
.03923
.03923
.03923
.03637
.03637
. 03637
.03637
. 04207
.04207
.04207
. 04207
.05045
.05045
. 05045
. 05045
.05045
.05045
.05045
.05045




APPENDIX B. SELECTED DATA

Degree 24

50 smallest L3 norm
Polynomial
0011000111111010101101101
0100100101010000001110011
0001110000000101011011001
0110010010101111111000111
0110110101011111100011000
0001100011111101010110110
0100110110101000000011100
0011100000001010110110010
0101011110111100001101100
0011011000011110111101010
0110001101001011101000000
0000001011101001011000110
0110110101011100111000000
0000001110011101010110110
0101011011001000000011100
0011100000001001101101010
0100100101010001100011111
0000011100111010101101101
0101001001101111111000111
0001110000000100110110101
0101010010010011000111111
0000001110011011011010101
0000000111000110010010101
0101011011001110001111111
0110010011110000100001010
0101000010000111100100110
0011000110100101110100000
0000010111010010110001100
0001100000001101101101010
0101011011011000000011000
0100110101011000111000000
0000001110001101010110010
0101011011000000011000011
0011110011111110010010101
0000001110010101001101001
0110100110101011000111111
0110101100011101000100000
0000010001011100011010110
0101000100001001001111100
0011111001001000010001010
0101011011011000111000000*
0000001110001101101101010*
0110001101111110010111010
0101110100111111011000110
0011011000101011000010000
0000100001101010001101100
0101101011111000001001100
0011001000001111101011010
0110011101011010111110000
0000111110101101011100110

*gymmetric

Mahler

0
[¢]

0.

o]
o]
o]
o]
o]
o]
o]
o]
o]
o]

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0.
0
0
0
0
0
0
0
0
0
0
0
0
0
0
o]
0

.96683
. 96683
96683
.96683
.96261
.96261
.96261
. 96261
.95078
.95078
.95078
.95078
.94669
.94669
.94669
.94669
.94777
.94777
.94777
94777
.95313
.95313
.95313
. 95313
.94831
.94831
.94831
.94831
. 95145
.95145
.95145
.95145
.94049
.94049
.94049
. 94049
0.9429
0.9429
0.9429
0.9429
.94154
. 94154
.94709
. 94709
. 94709
. 94709
. 94174
.94174
.94174
.94174

Maxmod

[ T e S R e R S T e = = e =

[

.38019
.38019
.38019
.38019
.41909
-41909
.41909
.41909
.39366
.39366
.39366
.39366
.33497
.33497
.33497
.33497
.32474
.32474
.32474
.32474
.39941
.39941

1.4

1.4
.47053
.47053
.47053
.47053
.38079
.38079
.38079
.38079
.35391
.35391
.35391
.35391
.35402
.35402
.35402
.35402
.32071
.32071
.39848
.39848

1.4

1.4
.36606
.36606
.36606
.36606

~reciprocal

Minmod
0.48233
0.48233
0.48233
0.48233
0.55855
0.55855
0.55855
0.55855
0.21153
0.21153
0.21153
0.21153

0.2

0.2

' 0.21228
0.21228
0.2

0.2
0.21474
0.21474
0.2

0.2
0.21333
0.21333
0.33558
0.33558
0.33558
0.33558
0.50526
0.50526
0.50526
0.50526
0.18264
0.18264
0.18264
0.18264
0.27944
0.27944
0.27944
0.27944
0.34021
0.34021
0.32153
0.32153
0.32153
0.32153
0.2

0.2
0.20525
0.20525

L1
0.98438
0.98438
0.98438
0.98438

0.9818
0.9818
0.9818
0.9818
0.97881
.97881
.97881
.97881
.97652
.97652
.97652
.97652
.97665
.97665
.97665
.97665
.97805
.97805
.97805
.97805
.97653
.97653
.97653
.97653
.97704
.97704
.97704
.97704
.97466
.97466
.97466
.97466
97461
.97461
.97461
.97461
0.974
0.974
.97538
97538
.97538
97538
.97386
.97386
. 97386
.97386

.

O 0O 0O 0O 0O 0 00 00 0 O 0O 0 0 00 0 O O o OO OoOOoOOoO o oo O O O

O O O O O © O O
.

L3
1.01427
1.01427
1.01427
1.01427
1.01721
1.01721
1.01721
1.01721
1.01772
1.01772
1.01772
1.01772
1.01952
1.01952
1.01952
1.01952
1.01957
1.01957
1.01957
1.01957
1.02026
1.02026
1.02026
1.02026
1.02052
1.02052
1.02052
1.02052
1.02062
1.02062
1.02062
1.02062
1.02091
1.02091
1.02091
1.02091
1.02112
1.02112
1.02112
1.02112
1.02133
1.02133
1.02201
1.02201
1.02201
1.02201

1.0224
1.0224
1.0224
1.0224
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L4

.02763
.02763
.02763
.02763
.03348
.03348
.03348
.03348
.03348
.03348
.03348
.03348
.03637
.03637
.03637
.03637
.03637
.03637
.03637
.03637
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923

03923

.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.04207
.04207

04207

.04207
.04207
.04207
.04207
.04207




APPENDIX B. SELECTED DATA

Degree 24 *symmetric
50 largest L3 norm

Polynomial Mahler
0000000000000000000000000~ 0.2
0101010101010101010101010~ 0.2
0111111111111111111111111 0.4
0000000000000000000000001 0.4
0101010101010101010101011 0.4
0010101010101010101010101 0.4
0100000000000000000000000 0.42412
0000000000000000000000010 0.42412
0101010101010101010101000 0.42412
0001010101010101010101010 0.42412
0010000000000000000000000 0.4687
0000000000000000000000100 0.4687
0101010101010101010101110 0.4687
0111010101010101010101010 0.4687
0001000000000000000000000 0.48256
0000000000000000000001000 0.48256
0101010101010101010100010 0.48256
0100010101010101010101010 0.48256
0000100000000000000000000 0.49443
0000000000000000000010000 0.49443
0101110101010101010101010 0.49443
0101010101010101010111010 0.49443
0000010000000000000000000 0.48861
0000000000000000000100000 0.48861
0101010101010101010001010 0.48861
0101000101010101010101010 0.48861
0000001000000000000000000 0.4923
0000000000000000001000000 0.4923
0101011101010101010101010 0.4923
0101010101010101011101010 0.4923
0000000100000000000000000 0.49849
0000000000000000010000000 0.49849
0101010101010101000101010 0.49849
0101010001010101010101010 0.49849
0000000010000000000000000 0.48073
0000000000000000100000000 0.48073
0101010101010101110101010 0.48073
0101010111010101010101010 0.48073
0000000000001000000000000~ 0.40419
0101010101011101010101010~ 0.40419
0000000001000000000000000 0.49667
0000000000000001000000000 0.49667
0101010101010100010101010 0.49667
0101010100010101010101010 0.49667
0000000000010000000000000 0.5028
0000000000000100000000000 0.5028
0101010101010001010101010 0.5028
0101010101000101010101010 0.5028
0000000000100000000000000 0.50105
0000000000000010000000000 0.50105

Maxmod
5
4.99443
4.6
4.6
4.59577
4.59577
4.6
4.6
4.59556
4.59556
4.6
4.6
4.59536
4.59536
4.6
4.6
4.59519
4.59519
4.6
4.6
4.59503
4.59503
4.6
4.6
4.59489
4.59489
4.6
4.6
4.59477
4.59477
4.6
4.6
4.59467
4.59467
4.6
4.6
4.59458
4.59458
4.6
4.59443
4.6
4.6
4.59452
4.59452
4.6
4.6
4.59444
4.59444
4.6
4.6

~reciprocal

o O O O O O O 0O O O O O O O o 0o o0 © o.bo o o o o o

o O 0O O O O 0O O O O O O

Ll
.45882
.45882
.58311
.58311
.58311
.58311
.60585
.60585
.60585
.60585
0.6276
0.6276
0.6276
0.6276
0.63922
0.63922
0.63922
0.63922
0.64646
0.64646
0.64646
0.64646
0.64887
0.64887
0.64887
0.64887
0.65197
0.65197
0.65197
0.65197
0.6554
0.6554
0.6554
0.6554
.65173
.65173
.65173
.65173
.62566
.62566
.65628
.65628
.65628
.65628
.65692
.65692
0.65692
0.65692
0.65812
0.65812

o 0O 0O 0 o0 0o o o o .0

o O O 0O 0O 0O 0O 0O OO O O o

T T T T T T T T T T T O I I e R R R R I O e

L3
.56756
.56756
.49361
.49361
.49361
.49361
.48447
.48447
.48447
.48447
.47642
.47642
. 47642
.47642
.46954
.46954
.46954
.46954
.46373
.46373
.46373
.46373
.45886
.45886
.45886
.45886
.45481
.45481
.45481
.45481
.45154
.45154
.45154
.45154
-44928
.44928
.44928
.44928
.44917
. 44917
.44757
.44757
.44757
.44757
.44691
. 44691
.44691
.44691
.44668
.44668

108

L4
.02092
.02092
.90418
. 90418
.90418
.90418
.89437
.89437
.89437
.89437
.88537
. 88537
.88537
. 88537
1.8772
1.8772
1.87719
1.87719
.8699
.8699
.8699
.8699
.8635
.8635
.8635
.8635
1.85804
. 85804
.85804
.35804
.85353
.85353
.85353
.85353

1.85

1.85

1.85

1.85
.84595
.84595
.84747
.84747
.84747
.84747
.84544
1.84544
.84544
1.84544
.84595
1.84595
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APPENDIX B. SELECTED DATA

Degree 24

50 smallest L4 norm
Polynomial
0011000111111010101101101
0100100101010000001110011
0001110000000101011011001
0110010010101111111000111
0101011110111100001101100
0011011000011110111101010
0110110101011111100011000
0001100011111101010110110
0011100000001010110110010
0100110110101000000011100
0110001101001011101000000
0000001011101001011000110
0110110101011100111000000
0000001110011101010110110
0100100101010001100011111
0000011100111010101101101
0101001001101111111000111
0001110000000100110110101
0101011011001000000011100
0011100000001001101101010
0000001110011011011010101
0101010010010011000111111
0110010011110000100001010
0101000010000111100100110
0001100000001101101101010
0101011011011000000011000
0011000110100101110100000
0000010111010010110001100
0101011011000000011000011
0100110101011000111000000
0011110011111110010010101
0000001110001101010110010
0110101100011101000100000
0000010001011100011010110
0110100110101011000111111
0000001110010101001101001
0101000100001001001111100
0011111001001000010001010
0101011011011000111000000*
0000001110001101101101010*
0101011011001110001111111
0000000111000110010010101
0110001101111110010111010
0101110100111111011000110
0100110100111001010111111
0000001010110001101001101
0010101100100111100010000
0000100011110010011010100
0111111001110010110111010
0101110110100111001111110

tgymmetric

Mahler
. 96683
.96683
.96683
.96683
. 95078
.95078
.96261
.96261
.96261
.96261
.95078
. 95078
.94669
.94669
. 94777
.94777
. 94777
.94777
. 94669
. 94669
.95313
.95313
.94831
.94831
.95145
.95145
.94831
.94831
. 94049
.95145
. 94049
.95145
0.9429
0.9429
0.94049
0.94049
0.9429
0.9429
. 94154
.94154
. 95313
. 95313
.94709
. 94709
.93975
.93975
.92518
. 92518
.92518
.92518

O 0O 0O 0O O O O O O O O O 0O O 0 O O O O o O O O O o oo o o o o o

O O O O O o O O O O O o

O S T I S e T T e e e e e i R T e L e e e e e e

[ S = I =

Maxmod
.38019
.38019
.38019
.38019
.39366
.39366
.41909
.41909
.41909
.41909
.39366
.39366
.33497
.33497
.32474
.32474
.32474
.32474
.33497
.33497
.39941
.39941
.47053
.47053
.38079
.38079
.47053
.47053
.35391
.38079
.35391
.38079
.35402
.35402
.35391
.35391
.35402
.35402
.32071
.32071

1.4
1.4
.39848
.39848
.39863
.39863
1.3988
1.3988
1.4
1.4

~reciprocal

Minmod
.48233
.48233
.48233

o O 0TV O O 0O 0O O o0 O O

o o O O

O 0O 0 0O 0O O 0 0O 00 0 0 000000 0 o0 o0 oo o o o o o o

48233

.21153
.21153
.55855
.55855
.55855
.55855
.21153
.21153

0.2
0.2
0.2
0.2

.21474
.21474
.21228
.21228

0.2
0.2

.33558
.33558
.50526
.50526
.33558
.33558
.18264
.50526
.18264
.50526
.27944
.27944
.18264
.18264
.27944
.27944
.34021
.34021
.21333
.21333
.32153
.32153
.21832
.21832
.08165
.08165
.08165
.08165

L1
0.98438
0.98438
0.98438
0.98438
0.97881
0.97881
0.9818
0.9818
0.9818
0.9818
.97881
.97881
.97652
.97652
.97665
.97665
. 97665
.97665
. 97652
. 97652
.97805
.97805
.97653
.97653
.97704
. 97704
. 97653
.97653
97466
.97704
.97466
.97704
.97461
.97461
.97466
.97466
.97461
97461
0.974
0.974
. 97805
.97805
.97538
. 97538
.97332
.97332
.97005
.97005
.97005
.97005

O O O 0O O O 0O O O 0O O O O O O O O O oo o OoOCOoC o o o o o

.

O O O O O O O O O ©
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L3

.01427
.01427
.01427
.01427
.01772
.01772

01721

.01721
.01721
.01721

01772

.01772
.01952
.01952
.01957
.01957
.01957
.01957
.01952
.01952
.02026
.02026
.02052
.02052
.02062
.02062
.02052
.02052
.02091
.02062
.02091
.02062
.02112
.02112
.02091
.02091
.02112
.02112
.02133
.02133
. 02026
.02026
.02201
.02201
.02248
.02248

02305

.02305
.02305
.02305

109

L4
.02763
.02763
.02763
.02763
03348
.03348
.03348
.03348
.03348
.03348
.03348
.03348
.03637
.03637
03637
.03637
.03637
.03637
.03637
.03637
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923
.03923
. 03923
.03923
.03923
03923
.03923
.03923
03923
03923
03923
03923
03923
.03923
04207
04207
04207
.04207
.04207
1.04207
1.04207
1.04207

[T N N A
.
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APPENDIX B. SELECTED DATA

Degree 24 *gymmetric
50 largest L4 norm

Polynomial Mahler
0000000000000000000000000~ 0.2
0101010101010101010101010~ 0.2
0111111111111111111111111 0.4
0000000000000000000000001 0.4
0101010101010101010101011 0.4
0010101010101010101010101 0.4
0100000000000000000000000 0.42412
0000000000000000000000010 0.42412
0101010101010101010101000 0.42412
0001010101010101010101010 0.42412
0010000000000000000000000 0.4687
0000000000000000000000100 0.4687
0111010101010101010101010 0.4687
0101010101010101010101110 0.4687
0001000000000000000000000 0.48256
0000000000000000000001000 0.48256
0101010101010101010100010 0.48256
0100010101010101010101010 0.48256
0000100000000000000000000 0.49443
0000000000000000000010000 0.49443
0101110101010101010101010 0.49443
0101010101010101010111010 0.49443
0000010000000000000000000 0.48861
0000000000000000000100000 0.48861
0101010101010101010001010 0.48861
0101000101010101010101010 0.48861
0000001000000000000000000 0.4923
0000000000000000001000000 0.4923
0101011101010101010101010 0.4923
0101010101010101011101010 0.4923
0000000100000000000000000 0.49849
0000000000000000010000000 0.49849
0101010101010101000101010 0.49849
0101010001010101010101010 0.49849
0000000010000000000000000 0.48073
0000000000000000100000000 0.48073
0101010111010101010101010 0.48073
0101010101010101110101010 0.48073
0000000001000000000000000 0.49667
0000000000000001000000000 0.49667
0101010101010100010101010 0.49667
0101010100010101010101010 0.49667
0000000000100000000000000 0.50105
0000000000000010000000000 0.50105
0000000000001000000000000~ 0.40419
0101010101010111010101010 0.50105
0101010101110101010101010 0.50105
0101010101011101010101010~ 0.40419
0000000000010000000000000 0.5028
0000000000000100000000000 0.5028

4

S

Maxmod
5
.99443
4.6
4.6
.59577
.59577
4.6
4.6
.59556
.59556
4.6
4.6
.59536
.59536
4.6
4.6
.59519
.59519
4.6
4.6
.59503
.59503
4.6
4.6
.59489
.59489
4.6
4.6
.59477
.59477
4.6
4.6
.59467
.59467
4.6
4.6
.59458
.59458
4.6
4.6
.59452
.59452
4.6
4.6
4.6
.59447
.59447
.59443
4.6
4.6

~reciprocal

Minmod
0

0
0.06882
0.06882
0.06883
0.06883
0.03432
0.03432
0.03432
0.03432
0.06221
0.06221
0.06221
0.06221
0.0159
0.0159
0.01589
0.01589
0.16356
0.16356
0.16356
0.16356
0.04442
0.04442
0.04442
0.04442
0.1112
0.1112
0.1112
0.1112
0.15279
0.15279
0.15279
0.15279
0.063
0.063
0.063
0.063
0.13697
0.13697
0.13697
0.13697
0.15306
0.15306
0.00215
0.15306
0.15306
0.00215
0.10939
0.10939

L1
0.45882
0.45882
0.58311
0.58311
0.58311
0.58311
0.60585
0.60585
0.60585
0.60585

0.6276

0.6276

0.6276

0.6276
0.63922
0.63922
0.63922
0.63922
0.64646
0.64646
0.64646
0.64646
0.64887
0.64887
0.64887
0.64887
0.65197
0.65197
0.65197
0.65197

0.6554

0.6554

0.6554

0.6554
0.65173
0.65173
0.65173
0.65173
0.65628
0.65628
0.65628
0.65628
0.65812
0.65812
0.62566
0.65812
0.65812
0.62566
0.65692
0.65692

L3
.56756
.56756
.49361
.49361
.49361
.49361
.48447
.48447
.48447
.48447
.47642
.47642
.47642
.47642
.46954
.4695¢4
.46954
.46954
.46373
.46373
.46373
.46373
.45886
.45886
.45886
.45886
.45481
.45481
.45481
.45481
.45154
.45154
.45154
.45154
.44928
.44928
.44928
.44928
.44757
.44757
.44757
.44757
.44668
.44668
.44917
.44668
.44668
.44917
.44691
.44691

[ T N S T I T = B B N X

1
1

[ T T

1
1
1
1
1
1
1
1
1
1
1
1

110

L4
.02092
.02092
.90418
.90418
.90418
.90418
.89437
.89437
.89437
.89437
.88537
.88537
.88537
.88537
1.8772
1.8772
.87719
.87719
1.8699
1.8699
1.8699
1.8699
1.8635
1.8635
1.8635
1.8635
.85804
.85804
.85804
.85804
.85353
.85353
.85353
.85353
1.85
1.85
1.85
1.85

. 84747
.84747
.84747
.84747
.84595
.84595
.84595
.84595
.84595
.84595
.84544
.84544



APPENDIX B. SELECTED DATA

Degree 42 Symmetric Polynomials

50 smallest Mahler measure

Polynomial
000010010111110011010111110011010111100010
011111001110010110101000000111100100110101
011110001100101000001000101000001100100101
010000000000110101110111011111001010101011
001010011001100111001000110110011001100000
000100000110111001000110111001000110101110
011001100110011001100110011001100110011001
001100110011001100110011001100110011001100
000000000000000000000010101010101010101010
010101010101010101010111111111111111111111
001100110011001001100110011000110011001100
011001100110011100110011001101100110011001
001100100110001100100110001100100110001100
011001110011011001110011011001110011011001
001110010011100100111001001110010011100100
011011000110110001101100011011000110110001
011101110111011101110111011101110111011101
001000100010001000100010001000100010001000
000010111101000010111101000010111101000010
010111101000010111101000010111101000010111
011101100010011101100010011101100010011101
001000110111001000110111001000110111001000
010101010101010000000010101011111111111111
000000000000000101010111111110101010101010
000110111001000110111001000110111001000110
010011101100010011101100010011101100010011
001111000011110000111101001011010010110100
011010010110100101101000011110000111100001
011110000111100001111001011010010110100101
001011010010110100101100001111000011110000
001100100110011001110011011001100110001100
011001110011001100100110001100110011011001
011001100110001100110011001100100110011001
001100110011011001100110011001110011001100
011001101100011001101100011001101100011001
001100111001001100111001001100111001001100
001100110110011001100110011001100111001100
011001100011001100110011001100110010011001
000000001010101111111101010100000000101010
010101011111111010101000000001010101111111
011001100110110011001100110011000110011001
001100110011100110011001100110010011001100
001010000010100000101000001010000010100000
011111010111110101111101011111010111110101
011001100110011001100010011001100110011001
001100110011001100110111001100110011001100
011011000110110100111001001111000110110001
001110010011100001101100011010010011100100
001000100010001101110111011100100010001000
011101110111011000100010001001110111011101

Mahler Maxmod

0.1525

0.1525

0.1525

0.1525

0.1525

0.1525
0.27307
0.27307

0.3391

0.3391
0.34329
0.34329
0.35511
0.35511
0.35657
0.35657
0.36033
0.36033
0.38904
0.38904
0.39386
0.39386
0.40059
0.40059
0.40121
0.40121
0.40185
0.40185
0.40365
0.40365
0.40563
0.40563
0.40907
0.40907
0.40928
0.40928
0.41105
0.41105
0.41162
0.41162
0.41195
0.41195
0.41287
0.41287
0.41459
0.41459
0.41484
0.41484
0.41562
0.41562

2.03877
1.73729

1.8907
1.96254
2.53808
1.78157
4.63806
4.63806
3.20247
3.20247
3.5207
3.5207
.38602
.38602
.21696
.21696
.35843
.35843
.12997
.12997
3.5207
3.5207
.70509
.70509
.33062
.33062
.96313
.96313
3.0354
3.0354
3.38602
3.38602
3.38602
3.38602
3.54703
3.54703
3.44052
3.44052
3.02343
3.02343
3.21696
3.21696
3.20247
3.20247
4.43296
4.43296
2.38731
2.38731
3.38602
3.38602

Minmod
0.06248
0.03541

0.0912

0.0223
0.06211
0.03453
0.10844
0.10844
0.02299
0.02299
0.01274
0.01274
0.01451
0.01451
0.00172
.00172
.02299
.02299
.01325
.01325
.01529
.01529
.00172
00172
.03843
.03843
03444
.03444
01999
.01999
.01171
. 01171
.00418
.00418
.01314
.01314
.00928
.00928
.02588
.02588
.00172
00172
01221
.01221
.11505
0.11505
0.00917
0.00917
0.02246
0.02246

.

O O O O 0O 0O 0O OO0 O O O 0O O O oo o oo oo oo o o o o o oo

L1
0.90237
0.91212
0.88037
0.85496

0.8523
0.88076
0.49369
0.49369
0.59823
0.59823
0.63664
0.63664
0.66066
0.66066
0.65168
0.65168
0.60525
0.60525
0.64964
0.64964
0.65552
0.65552
0.68956
0.68956
0.65824
0.65824
0.66483
0.66483

0.668
0.668

0.6888

0.6888
0.66622
0.66622
0.68909
0.68909
0.66584
0.66584
0.68453
0.68453
0.66635
0.66635
0.66835
0.66835
0.60558
0.60558
0.72336
0.72336
0.68409
0.68409

L3
1.0893
1.0669
1.0918
1.1121

1.142
1.0956
1.5287
1.5287
1.3648
1.3648
1.3175
1.3175
1.2904
1.2904
1.2953
1.2953

1.364

1.364
1.3196
1.3196
1.3148
1.3148
1.2682
1.2682
1.3034
1.3034
1.2937
1.2937
1.3002
1.3002
1.2788
1.2788
1.3035
1.3035
1.2918
1.2918
1.3085
1.3085
1.2901
1.2901

1.295

1.295
1.2928
1.2928
1.4621
1.4621
1.2113
1.2113
1.2881
1.2881

111

L4
1.17086
1.12207
1.16406
1.20319
1.27479
1.17354
1.94627
1.94627
1.63863
1.63863
1.56835
1.56835
1.52449
1.52449
1.52081
1.52081
1.63863
1.63863
1.56835
1.56835
1.56835
1.56835
1.4731
1.4731
.54012
.54012
.52081
.52081
.53596
.53596
.51338
.51338
.54249
.54249
.54484
.54484
.55873
.55873
.52449
.52449
.52081
.52081
.51773
.51773
.85155
.85155
1.3667
1.3667
1.52449
1.52449
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APPENDIX B. SELECTED DATA

Degree 42 Symmetric Polynomials

50 largest Mahler measure

Polynomial
010101011000110100111001001111001001111111
000000001101100001101100011010011100101010
000010000101001011100110010000111110100010
010111010000011110110011000101101011110111
000111110000010001110111011011101011010110
010010100101000100100010001110111110000011
001101101111110101101000011111010100011100
011000111010100000111101001010000001001001
010101110100100111101100010110001111011111
000000100001110010111001000011011010001010
000111111000111011111101010001001001010110
010010101101101110101000000100011100000011
000010010000011110110011000101101011100010
010111000101001011100110010000111110110111
000111000100001011100010010000101110110110
010010010001011110110111000101111011100011
000000000111001011000110110000110110101010
010101010010011110010011100101100011111111
010101011000111100010011101101001001111111
000000001101101001000110111000011100101010
010101001010010010011001100011100000111111
000000011111000111001100110110110101101010
001100000000011110011101100101101010101100
011001010101001011001000110000111111111001
010001110000100011101000010010001011011011
000100100101110110111101000111011110001110
000000000111100001100110011010010110101010
010101010010110100110011001111000011111111
000000001111100011100110010010010100101010
010101011010110110110011000111000001111111
010100100011000111010111110110110010001111
000001110110010010000010100011100111011010
000000100100110111101000010111001110001010
010101110001100010111101000010011011011111
001100000000011110011001100101101010101100
011001010101001011001100110000111111111001
010010110111011110111001000101110111000011
000111100010001011101100010000100010010110
000010000101100011100110010010011110100010
010111010000110110110011000111001011110111
010010100101000100100110001110111110000011
000111110000010001110011011011101011010110
001001011011111101100110011101010001111000
011100001110101000110011001000000100101101
010100101001001101011101111100111000001111
000001111100011000001000101001101101011010
000001011001001111110111010100111001111010
010100001100011010100010000001101100101111
011100001100010111111101010111101100101101
001001011001000010101000000010111001111000

Mahler
0.96612
0.96612

0.9606

0.9606
0.95727
0.95727

0.9552

0.9552
0.95518
0.95518
0.95514
0.95514
0.95504
0.95504
0.95453
0.95453
0.95377
0.95377
.95354
.95354
.95353
.95353
.895278
.95278
.95269
.95269
.95258
.95258
0.9522
0.9522
.95216
.95216
.95153
.95153
0.95074
0.95074
0.95001
0.85001
0.94979
0.94979
0.94949
0.94949
0.94925
0.94925

0.9486

0.9486
0.94851
0.94851
0.94821
0.94821

0O 0o OO0 oo o o o

o O 0 o

Maxmod
1.44163
1.44163
1.45289
1.45289
1.40659
1.40659
1.34599
1.34599
1.37249
1.37249
1.43737
1.43737
1.40597
1.40597
1.38762
1.38762
1.39015
1.39015
1.48115
1.48115
1.32106
1.32106
1.39215
1.39215
1.33665
1.33665

1.3957

1.3957
1.52783
1.52783
1.40597
1.40597
1.53769
1.53769
1.47901
1.47901
1.50914
1.50914
1.35584
1.35584
1.53485
1.53485
1.63486
1.63486

1.3576

1.3576
1.45392
1.45392
1.37249
1.37249

Minmod
0.67861
0.67861
0.43499
0.43499
0.46605
0.46605
0.38032
0.38032
0.41212
0.41212
0.57805
0.57805
0.37767
0.37767
0.50183
0.50183
0.53037
0.53037
0.59677
0.59677
0.1525
0.1525
0.4575
0.4575
.48229
.48229
.51654
.51654
.34256
.34256
.59777
.59777
.50569
.50569
0.4418
0.4418
0.50336
0.50336
.4686
.4686
.4575
.4575
.6089
.6089
0.46402
0.46402

0.4636

0.4636
0.37283
0.37283

©C O 0 O 0O O O O O ©

O O O O o O

L1
0.98287
0.98287
0.98122
0.98122
0.97957
0.97957
0.97927
0.97927
0.97928
0.97928
0.97753
0.97753

0.979

0.979
0.97854
0.97854
0.97725
0.97725
0.9762
0.9762
.98002
.98002
.97722
.97722
.97788
.97788
.97687
.97687
.97739
.97739
.97635
. 97635
.97651
. 97651
97618
.97618
.97618
.97618
.97594
. 97594
. 97515
.97515
0.9735
0.9735
0.97532
0.97532
0.97529
0
0
0

O 0O 0O O 0O 0 0O O O O O 0O o0 0 O 0 o o o o o o

.97529
. 97557
. 97557

L3
1.0172
1.0172
1.0175
1.0175
1.0188
1.0188
1.0181
1.0181
1.0181
1.0181
1.0222
1.0222
1.0189
1.0189
1.0191
1.0191
1.0216
1.0216
1.0246
1.0246
1.0163
1.0163
1.0209
1.0209
1.0193
1.0193
1.0217
1.0217
1.0213
1.0213
1.0226
1.0226
1.0223
1.0223
1.0225
1.0225
1.0218
1.0218

1.022
1.022
1.0241
1.0241
1.0286
1.0286
1.0228
1.0228
1.0228
1.0228
1.022
1.022

112

L4
1.03417
1.03417
1.03417
1.03417
1.03612
1.03612
1.03417
1.03417
1.03417
1.03417
1.04382
1.04382
1.03612
1.03612
1.03612
1.03612
1.04191
1.04191
1.04948
1.04948
1.03024
1.03024
1.03999
1.03999
1.03612
1.03612
1.04191
1.04191
1.04191
1.04191
1.04382
1.04382
1.04382
1.04382
1.04382
1.04382
1.04191
1.04191
1.04191
1.04191

1.0476

1.0476
1.05871
1.05871
1.04382
1.04382
1.04382
1.04382
1.04191
1.04191




APPENDIX B. SELECTED DATA

Degree 42 Symmetric Polynomials

50 smallest maximum modulus

Polynomial
001111000000000001100110011010101010110100
011010010101010100110011001111111111100001
010001100001110010101000000011011010011011
000100110100100111111101010110001111001110
001110001010111100010111101101000000100100
011011011111101001000010111000010101110001
001000111110110000101100001011000101001000
011101101011100101111001011110010000011101
011011011011111100000010101101010001110001
001110001110101001010111111000000100100100
010101001010010110011101100111100000111111
000000011111000011001000110010110101101010
010010100111101110001000100100010110000011
000111110010111011011101110001000011010110
000000001001011011001100110001111000101010
010101011100001110011001100100101101111111
000001000011110111001100110111010010111010
010100010110100010011001100010000111101111
000100001010010110001100100111100000101110
010001011111000011011001110010110101111011
001101010100010110101100000111101111111100
011000000001000011111001010010111010101001
010101001010010010011001100011100000111111
000000011111000111001100110110110101101010
001010010101000111001100110110111111100000
011111000000010010011001100011101010110101
001010011110111000100110001001000101100000
011111001011101101110011011100010000110101
001001001001010111101100010111111000111000
011100011100000010111001000010101101101101
000101111100011001001000111001101101011110
010000101001001100011101101100111000001011
010010110111111110011001100101010111000011
000111100010101011001100110000000010010110
000100100101110110111101000111011110001110
010001110000100011101000010010001011011011
010010010001011010101100000001111011100011
000111000100001111111001010100101110110110
001110101110000111011001110110100100000100
011011111011010010001100100011110001010001
001010011111101011001000110000010101100000
011111001010111110011101100101000000110101
010101101101001000011001101000111100011111
000000111000011101001100111101101001001010
000001111100101100100110001100001101011010
010100101001111001110011011001011000001111
000000001001011000110111001001111000101010
010101011100001101100010011100101101111111
000001111110001110001100100100100101011010
010100101011011011011001110001110000001111

Mahler
.91993
.91993
.94732
.94732
.90464
.90464
.90817
.90817
.89854
.89854
.89023
.89023
.91194
.91194
0.9104
0.9104
. 90093
.90093
.91822
.91822
.89353
.89353
. 95353
. 95353
.90727
.90727
.91813
.91813
.90994
. 90994
.90131
.90131
0.9205
0.9205
. 95269
. 95269
.83024
.83024
.89245
.89245
.91185
.91185
.85053
.85053
.89087
.89087
.88388
.88388
.85245
.85245

SO O O 0O 0O 0O 0O OO0 o0 O o0 o o

O O O © O O O O O 0o O o 0o o o o

o O O O O O 0O O 0O O O O o O o o

Maxmod
1.2679
1.2679
1.288
1.288
1.3084
1.3084
1.3098
1.3098
1.3108
1.3108
1.3125
1.3125
1.3126
1.3126
1.3149
1.3149
1.3152
1.3152
1.3152
1.3152
1.3209
1.3209
1.3211
1.3211
1.3306
1.3306
1.331
1.331
1.3319
1.3319
1.3334
1.3334
1.3339
1.3339
1.3367
1.3367
1.3378
1.3378
1.3387
1.3387
1.3388
1.3388
1.3392
1.3392
1.3407
1.3407
1.3415
1.3415
1.3437
1.3437

Minmod
.14205
.14205
.09092
.09092
.15095
.15095%
.02883
.02883
.15005
.15005
.04753
.04753
.16786
.16786
.12455
.12455
0.1525
0.1525
0.04232
0.04232
0.10754
0.10754
0.1525
0.1525
0.09901
0.09901
0.31461
0.31461
0.1525
0.1525
0.18601
0.18601
0.06717
0.06717
.48229
.48229
.10759
.10759
.03551
.03551
.20252
.20252
.02627
. 02627
.17483
.17483
.24408
.24408
.09027
. 09027

O 0O 0O OO 0O 0O 0 O o0 o0 o0 o O o o

O O 0O O O OO O O O O 0o O o O O

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

L1
96768
96768
97985
97985
96206
96206
96384
96384
95803
95803
95846
95846
96307
96307
96332
96332
95929
95929
96868
96868
95824
95824
98002
98002
96434
96434
96445
96445
96411
96411
95865
95865
96962
96962
97788
97788
93391
93391

0.9595
0.9595

0
0
0.
0
0
0

0.
0.
0.
0.

.96272
.96272

94126

. 94126
.95374
.95374

95108
95108
94458
94458

L3
.0236
.0236
.0154
.0154
1.027
1.027
1.0275
1.0275
1.0311
1,0311
1.0292
1.0292
1.0284
1.0284
1.0276
1.0276

1.03

1.03
1.0233
1.0233
1.0293
1.0293
1.0163
1.0163
1.0256
1.0256
1.0276
1.0276
1.0258
1.0258
1.031
1.031
.0229
.0229
.0193
.0193
.0445
. 0445
.0297
.0297
.028S
.0285
.0404
.0404
1.035
1.035
.0363
.0363
.0364
. 0364

— o e e

[ N N e

[

113

L4
1.04191
1.04191
1.02826
1.02826
1.0476
1.0476
.04948
.04948
.05505
.05505
.05134
.05134
.05134
.05134
.04948
.04948
1.0532
1.0532
.04191
.04191
.05134
.05134
.03024
.03024
.04571
.04571
.04948
.04948
.04571
.04571
.05505
.05505
.04191
.04191
.03612
.03612
.07649
.07649
1.0532
1.0532
.05134
.05134
.06949
.06949
.06234
.06234
.06414
.06414
.06234
.06234
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APPENDIX B. SELECTED DATA

Degree 42 Symmetric Polynomials

50 largest minimum modulus

Polynomial
000000001101100001101100011010011100101010
010101011000110100111001001111001001111111
010101001000100100101000001110001000111111
000000011101110001111101011011011101101010
010000000111110100110111001111010110101011
000101010010100001100010011010000011111110
000000001111000011100110010010110100101010
010101011010010110110011000111100001111111
001001011011111101100110011101010001111000
011100001110101000110011001000000100101101
000000000111100000110011001010010110101010
010101010010110101100110011111000011111111
000001110110010010000010100011100111011010
010100100011000111010111110110110010001111
010101011000111100010011101101001001111111
000000001101101001000110111000011100101010
010111110100000101100110011110101111010111
000010100001010000110011001011111010000010
000001111100000100100010001110101101011010
010100101001010001110111011011111000001111
011110001101010100110011001111111100100101
001011011000000001100110011010101001110000
000111111000111011111101010001001001010110
010010101101101110101000000100011100000011
000010100111000001000110111010110110000010
010111110010010100010011101111100011010111
010010010100111011110111010001001111100011
000111000001101110100010000100011010110110
010101010110100101001100111110000111111111
000000000011110000011001101011010010101010
000111100010101011101100010000000010010110
010010110111111110111001000101010111000011
011011011011111101100010011101010001110001
001110001110101000110111001000000100100100
000000000001111000110011001001011010101010
010101010100101101100110011100001111111111
000000100111001011000110110000110110001010
010101110010011110010011100101100011011111
010010001000010010010011100011101000100011
000111011101000111000110110110111101110110
001101111111100001101100011010010101011100
011000101010110100111001001111000000001001
000011000001100010110111000010011010110010
010110010100110111100010010111001111100111
000111110000000000110011001010101011010110
010010100101010101100110011111111110000011
010000000010100000110111001010000010101011
000101010111110101100010011111010111111110
000000000101100011000110110010011110101010
010101010000110110010011100111001011111111

Mahler
.96612
.96612
. 93245
.93245
.93741
93741
.92161
.92161
.94925
. 94925
. 93205
.9320%
. 95216
.95216
. 95354
.9535¢4
.94287
.94287
.91737
91737
.91965
.91965
.95514
.95514
0.93565
0.93565
0.94503
0.94503
0.92021
0.92021
0.92299
0.92299
0.9419
0.9419
0.94802
0.94802
0.94633
0.94633
0.93036
0.93036
0.94761
0.94761
0.9377
0.9377
0.91341
0.91341
0.8992
0.8992
0.93694
0.93694

.

O 0O 0O 0O 0O 0O 0O 0O O 0O 0O 0 0 0O 0 o0 o o o o o o o

o

Maxmod
1.44163
1.44163
1.65963
1.65963
1.53489
1.53489
1.71671
1.71671
1.63486
1.63486
1.59213
1.59213
1.40597
1.40597
1.48115
1.48115
1.50194
1.50194
1.78397
1.78397
1.78342
1.78342
1.43737
1.43737

1.7275

1.7275
1.43497
1.43497
1.62739
1.62739
1.62879
1.62879
1.69135
1.69135
1.46202
1.46202
1.70499
1.70499
1.59213
1.59213
1.57753
1.57753
1.69339
1.69339
1.64952
1.64952
1.82067
1.82067

1.6669

1.6669

. Minmod
0.67861
0.67861
0.65133
0.65133
0.63132
0.63132
0.60986
0.60986
0.6089
0.6089
0.60258
0.60258
0.59777
0.59777
0.59677
0.59677
0.59242
0.59242
0.58448
0.58448
0.57988
0.57988
0.57805
0.57805
0.57798
0.57798
0.57768
0.57768
0.57473
0.57473
0.57339
0.57339
0.57017
0.57017
0.57007
0.57007
0.56957
0.56957
0.56795
0.56795
0.56778
0.56778
0.56318
0.56318
0.55826
0.55826
0.55129
0.55129
0.55035
0.55035

Ll
0.98287
0.98287
0.96402
0.96402
0.96775
0.96775

0.9582

0.9582

0.9735

0.9735
0.96492
0.96492
0.97635
0.97635

0.9762

0.9762
0.97221
0.97221

0.9559

0.9559
0.95773
0.95773
0.97753
0.97753
0.96658
0.96658
0.97264
0.97264
0.95951
0.95951
0.96066
0.96066
0.97012
0.97012
0.97416
0.97416

0.9726

0.9726
0.96522
0.96522
0.97377
0.97377
0.96851
0.96851
0.95551
0.95551
0.94594
0.94594
0.96807
0.96807

L3
.0172
.0172
.0393
.0393
.0331
.0331
.0454
.0454
.0286
.0286
.0359
.0359
.0226
.0226
.0246
.0246
.0258
.0258
.0487
.0487
.0453
.0453
.0222
.0222
.0352
.0352
.0264
.0264

1.04
1.04
. 0396
.0396
.0315
.0315
.0252
.0252
.0282
.0282
.0333
.0333
1.026
1.026
1.0319
1.0319
1.0445
1.0445
1.059
1.059
1.0322
1.0322

o e T e S N i e e T T e
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114

L4

.03417
.03417
.07994
.07994
.06593
.06593
.09177
.09177
.05871
.05871
.07125
.07125
.04382
.04382
.04948
.04948
.04948
.04948
.09999
.09999
.09177
.09177
.04382
.04382
.07125
.07125
.05134
.05134
.07822
.07822
.07822
.07822
.06414
.06414
.04948
.04948
.05688

05688

.06414

06414
05134

.05134
.06414
.06414
.08675
.08675
.11899
.11899
.06414
.06414



APPENDIX B. SELECTED DATA
Degree 42 Symmetric Polynomials
50 smallest L1 norm
Polynomial
011001100110011001100110011001100110011001
001100110011001100110011001100110011001100
010101010101010101010111111111111111111111
000000000000000000000010101010101010101010
011101110111011101110111011101110111011101
001000100010001000100010001000100010001000
001100110011001100110111001100110011001100
011001100110011001100010011001100110011001
011100110011001100110011001100110011001101
001001100110011001100110011001100110011000
000110011001100110011001100110011001100110
010011001100110011001100110011001100110011
010001100110011001100110011001100110011011
000100110011001100110011001100110011001110
001000110011001100110011001100110011001000
011101100110011001100110011001100110011101
011001100110011100110011001101100110011001
001100110011001001100110011600110011001100
001100110011001100111001001100110011001100
011001100110011001101100011001100110011001
011011100110011001100110011001100110010001
001110110011001100110011001100110011000100
001101110011001100110011001100110011011100
011000100110011001100110011001100110001001
010111101000010111101000010111101000010111
000010111101000010111101000010111101000010
001101100110011001100110011001100110011100
011000110011001100110011001100110011001001
001110011001100110011001100110011001100100
011011001100110011001100110011001100110001
011011000110110001101100011011000110110001
001110010011100100111001001110010011100100
001100110011001100100110001100110011001100
011001100110011001110011011001100110011001
011001100110011001110111011001100110011001
001100110011001100100010001100110011001100
010101010101010101011101111111111111111111
000000000000000000001000101010101010101010
001000110111001000110111001000110111001000
011101100010011101100010011101100010011101
011001110110011001100110011001100111011001
001100100011001100110011001100110010001100
001100010011001100110011001100110011101100
011001000110011001100110011001100110111001
010011101100010011101100010011101100010011
000110111001000110111001000110111001000110
001100110011000110011001100110110011001100
011001100110010011001100110011100110011001
001100100110001100100110001100100110001100
011001110011011001110011011001110011011001

Mahler
0.27307
0.27307

0.3391

0.3391
0.36033
0.36033
0.41459
0.41459
0.42261
0.42261
0.44164
0.44164
0.43905
0.43905
0.44308
0.44308
0.34329
0.34329

0.4257

0.4257
0.45954
0.45954
0.45882
0.45882
0.38904
0.38904
0.42056
0.42056
0.42017
0.42017
0.35657
0.35657
0.42125
0.42125
0.45384
0.45384
0.44738
0.44738
0.39386
0.39386

0.4685

0.4685
0.47651
0.47651
0.40121
0.40121
0.41779
0.41779
0.35511
0.35511

Maxmod
4.63806
4.63806
3.20247
3.20247
3.35843
3.35843
4.43296
4.43296

4.2399

4.2399

4.2179

4.2179

4.2179

4.2179

4.2399

4.2399

3.5207

3.5207

4.2179

4.2179

4.2179

4.2179

4.2399

4.2399
3.12997
3.12997
3.89693
3.89693
3.84889
3.84889
3.21696
3.21696
4.06059
4.06059

4.2399

4.2399
3.20247
3.20247

3.5207

3.5207

4.2399

4.2399

4.2179

4.2179
3.33062
3.33062
3.33062
3.33062
3.38602
3.38602

 Minmod
0.10844
0.10844
0.02299
0.02299
0.02299
0.02299
0.11505
0.11505
0.03345
0.03345

0.1525

0.1525
0.04964
0.04964
0.02217
0.02217
0.01274
0.01274
0.06413
0.06413
0.03178
0.03178
0.03806
0.03806
0.01325
0.01325
0.02182
0.02182
0.01034
0.01034
0.00172
0.00172
0.04713
0.04713
0.04687
0.04687
0.02084
0.02084
0.01529
0.01529
0.02927
0.02927
0.08771
0.08771
0.03843
0.03843
0.01881
0.01881
0.01451
0.01451

L1
0.49369
0.49369
0.59823
0.59823
0.60525
0.60525
0.60558
0.60558
0.61822
0.61822

0.6197

0.6197
0.63111
0.63111
0.63405
0.63405
0.63664
0.63664
0.64146
0.64146
0.64621
0.64621
0.64679
0.64679
0.64964
0.64964
0.64993
0.64993
0.65093
0.65093
0.65168
0.65168
0.65291
0.65291
0.65409
0.65409
0.65481
0.65481
0.65552
0.65552
0.65647
0.65647
0.65764
0.65764
0.65824
0.65824
0.65898
0.65898
0.66066
0.66066

L3
1.5287
1.5287
1.3648
1.3648

1.364

1.364
1.4621
1.4621
1.4449
1.4449
1.4457
1.4457

1.436

1.436
1.4357
1.4357
1.3175
1.3175
1.4072
1.4072
1.4273
1.4273
1.4276
1.4276
1.3196
1.3196
1.3797
1.3797
1.3796
1.3796
1.2953
1.2953
1.3736
1.3736
1.4087
1.4087
1.3484
1.3484
1.3148
1.3148
1.4208
1.4208
1.4199
1.4199
1.3034
1.3034
1.3055
1.3055
1.2904
1.2904

115

4
1.94627
1.94627
1.63863
1.63863
1.63863
1.63863
1.85155
1.85155
1.81685
1.81685
1.81649
1.81649
1.80482
1.80482
1.80593
1.80593
1.56835
1.56835
1.76212
1.76212
1.79443
1.79443

1.7963

1.7963
1.56835
1.56835
1.70395
1.70395

1.7022

1.7022
1.52081
1.52081
1.70088
1.70088
1.76802
1.76802
1.62064
1.62064
1.56835
1.56835
1.78803
1.78803
1.78538
1.78538
1.54012
1.54012
1.54012
1.54012
1.52449
1.52449



APPENDIX B. SELECTED DATA
Degree 42 Symmetric Polynomials
50 largest Ll norm
Polynomial

000000001101100001101100011010011100101010 :

010101011000110100111001001111001001111111
010111010000011110110011000101101011110111
000010000101001011100110010000111110100010
010101001010010010011001100011100000111111
000000011111000111001100110110110101101010
010001100001110010101000000011011010011011
000100110100100111121101010110002121001110
010010100101000100100010001110111110000011
000111110000010001110111011011101011010110
010101110100100111101100010110001111011111
000000100001110010111001000011011010001010
001101101111110101101000011111010100011100
011000111010100000111101001010000001001001
010111000101001011100110010000111110110111
000010010000011110110011000101101011100010
010010010001011110110111000101111011100011
000111000100001011100010010000101110110110
010001110000100011101000010010001011011011
000100100101110110111101000111011110002110
010010101101101110101000000100011100000011
000111111000111011111101010001001001010110
000000001111100011100110010010010100101010
010101011010110110110011000111000001111111
010101010010011110010011100101100011111111
000000000111001011000110110000110110101010
001100000000011110011101100101101010101100
011001010101001011001000110000111111111001
010101010010110100110011001111000011111111
000000000111100001100110011010010110101010
001001101111100000101000001010010100011000
011100111010110101111101011111000001001101
010101110001100010111101000010011011011111
000000100100110111101000010111001110001010
010100100011000111010111110110110010001111
000001110110010010000010100011100111011010
010101011000111100010011101101001001111111
000000001101101001000110111000011100101010
000111100010001011101100010000100010010110
010010110111011110111001000101110111000011
001100000000011110011001100101101010101100
011001010101001011001100110000111111111001
011100011101010011101000010011111101101101
001001001000000110111101000110101000111000
010111010000110110110011000111001011110111
000010000101100011100110010010011110100010
001001011001000010101000000010111001111000
011100001100010111111101010111101100101101
010100101010011010001100100001100000001111
000001111111001111011001110100110101011010

Mahler Maxmod
0.96612 1.44163
0.96612 1.44163
0.9606 1.45289
0.9606 1.45289
0.95353 1.32106
0.95353 1.32106
0.94732 1.28797
0.94732 1.28797
0.95727 1.40659
0.95727 1.40659
0.95518 1.37249
0.95518 1.37249
0.9552 1.34599
0.9552 1.34599
0.95504 1.40597
0.95504 1.40597
0.95453 1.38762
0.95453 1.38762
0.95269 1.33665
0.95269 1.33665
0.95514 1.43737
0.95514 1.43737
0.9522 1.52783
0.9522 1.52783
0.95377 1.39015
0.95377 1.39015
0.95278 1.39215
0.95278 1.39215
0.95258 1.3957
0.95258 1.3957
0.94142 1.37249
0.94142 1.37249
0.95153 1.53769
0.95153 1.53769
0.95216 1.40597
0.95216 1.40597
0.95354 1.48115
0.95354 1.48115
0.95001 1.50914
0.95001 1.50914
0.95074 1.47901
0.95074 1.47901
0.93856 1.41256
0.93856 1.41256
0.94979 1.35584
0.94979 1.35584
0.94821 1.37249
0.94821 1.37249
0.94689 1.41482
0.94689 1.41482

Minmod
6.67Q§1
0.67861
0.43499
0.43499

0.1525

0.1525
0.09092
0.09092
0.46605
0.46605
0.41212
0.41212
0.38032
0.38032
0.37767
0.37767
0.50183
0.50183
0.48229
0.48229
0.57805
0.57805
0.34256
0.34256
0.53037
0.53037

0.4575

0.4575
0.51654
0.51654
0.11549
0.11549
0.50569
0.50569
0.59777
0.59777
0.59677
0.59677
0.50336
0.50336

0.4418

0.4418
0.09674
0.09674

0.4686

0.4686
0.37283
0.37283
0.37223
0.37223

Ll
0.98287
0.98287
0.98122
0.98122
0.98002
0.98002
0.97985
0.97985
0.97957
0.97957
0.97928
0.97928
0.97927
0.97927

0.979
0.979
0.97854
0.97854
0.97788
0.97788
0.97753
0.97753
0.97739
0.97739
0.97725
0.97725
0.97722
0.97722
0.97687
0.97687
0.97654
0.97654
0.97651
0.97651
0.97635
0.97635
0.9762
0.9762
0.97618
0.97618
0.97618
0.97618
0.97609
0.97609
0.97594
0.97594
0.97557
0.97557
0.97533
0.97533

L3
1.0172
1.0172
1.0175
1.0175
1.0163
1.0163
1.0154
1.0154
1.0188
1.0188
1.0181
1.0181
1.02181
1.0181
1.0189
1.0189
1.0191
1.0191
1.0193
1.0193
1.0222
1.0222
1.0213
1.0213
1.0216
1.0216
1.0209
1.0209
1.0217
1.0217
1.0184
1.0184
1.0223
1.0223
1.0226
1.0226
1.0246
1.0246
1.0218
1.0218
1.0225
1.0225
1.0185
1.0185

1.022
1.022
1.022
1.022
1.022
1.022

116

L4
1.03417
1.03417
1.03417
1.03417
1.03024
1.03024
1.02826
1.02826
1.03612
1.03612
1.03417
1.03417
1.03417
1.03417
1.03612
1.03612
1.03612
1.03612
1.03612
1.03612
1.04382
1.04382
1.04191
1.04191
1.04191
1.04191
1.03999
1.0399¢9
1.04191
1.04191
1.03417
1.03417
1.04382
1.04382
1.04382
1.04382
1.04948
1.04948
1.04191
1.04191
1.04382
1.04382
1.03417
1.03417
1.04191
1.04191
1.04191
1.04191
1.04191
1.04191



APPENDIX B. SELECTED DATA
Degree 42 Symmetric Polynomials
50 smallest L3 norm
Polynomial

000100110100100111111101010110001111001110 -

010001100001110010101000000011011010011011
010101001010010010011001100011100000111111
000000011111000111001100110110110101101010
010101011000110100111001001111001001111111
000000001101100001101100011010011100101010
010111010000011110110011000101101011110111
000010000101001011100110010000111110100010
010101110100100111101100010110001111011111
000000100001110010111001000011011010001010
011000111010100000111101001010000001001001
001101101111110101101000011111010100011100
011100111010110101111101011111000001001101
001001101111100000101000001010010100011000
001001001000000110111101000110101000111000
011100011101010011101000010011111101101101
010010100101000100100010001110111110000011
000111l10000010001110111011611101011010110
010111000101001011100110010000111110110111
000010010000011110110011000101101011100010
010010010001011110110111000101111011100011
000111000100001011100010010000101110110110
010001110000100011101000010010001011011011
000100100101110110111101000111011110001110
001100000000011110011101100101101010101100
011001010101001011001000110000111111111001
010101011010110110110011000111000001111111
000000001111100011100110010010010100101010
010001011111000011001000110010110101111011
000100001010010110011101100111100000101110
010101010010011110010011100101100011111111
000000000111001011000110110000110110101010
011000001100010111111001010111101100101001
001101011001000010101100000010111001111100
010101010010110100110011001111000011111111
000000000111100001100110011010010110101010
010010110111011110111001000101110111000011
000111100010001011101100010000100010010110
010111010000110110110011000111001011110111
000010000101100011100110010010011110100010
010100101010011010001100100001100000001111
000001111111001111011001110100110101011010
011100001100010111111101010111101100101101
001001011001000010101000000010111001111000
010010101101101110101000000100011100000011
000111111000111011111101010001001001010110
010100011100110101101000011111001101101111
000001001001100000111101001010011000111010
000000100100110111101000010111001110001010
010101110001100010111101000010011011011111

Mahler
0.94732
0.94732
0.95353
0.95353
0.96612
0.96612

0.9606

0.9606
0.95518
0.95518

0.9552

0.9552
0.94142
0.94142
0.93856
0.93856
0.95727
0.95727
0.95504
0.95504
0.95453
0.95453
0.95269
0.95269
0.95278
0.95278

0.9522

0.9522
0.94539
0.94539
0.95377
0.95377
0.94309
0.94309
0.95258
0.95258
0.95001
0.95001
0.94979
0.94979
0.94689
0.94689
0.94821
0.94821
0.95514
0.95514
0.93926
0.93926
0.95153
0.95153

Maxmod
1.28797
1.28797
1.32106
1.32106
1.44163
1.44163
1.45289
1.45289
1.37249
1.37249
1.34599
1.34599
1.37249
1.37249
1.41256
1.41256
1.40659
1.40659
1.40597
1.40597
1.38762
1.38762
1.33665
1.33665
1.39215
1.39215
1.52783
1.52783
1.40597
1.40597
1.39015
1.39015
1.35738
1.35738

1.3957

1.3957
1.50914
1.50914
1.35584
1.35584
1.41482
1.41482
1.37249
1.37249
1.43737
1.43737
1.48094
1.48094
1.53769
1.53769

‘Minmod
0.09092
0.09092

0.1525

0.1525
0.67861
0.67861
0.43499
0.43499
0.41212
0.41212
0.38032
0.38032
0.11549
0.11549
0.09674
0.09674
0.46605
0.46605
0.37767
0.37767
0.50183
0.50183
0.48229
0.48229

0.4575

0.4575
0.34256
0.34256
0.38356
0.38356
0.53037
0.53037
0.41292
0.41292
0.51654
0.51654
0.50336
0.50336

0.4686

0.4686
0.37223
0.37223
0.37283
0.37283
0.57805
0.57805
0.23345
0.23345
0.50569
0.50569

Ll
0.97985
0.97985
0.98002
0.98002
0.98287
0.98287
0.98122
0.98122
0.97928
0.97928
0.97927
0.97927
0.97654
0.97654
0.97609
0.97609
0.97957
0.97957

0.979

0.979
0.97854
0.97854
0.97788
0.97788
0.97722
0.97722
0.97739
0.97739
0.97491
0.97491
0.97725
0.97725
0.97407
0.97407
0.97687
0.97687
0.97618
0.97618
0.97594
0.97594
0.97533
0.97533
0.97557
0.97557
0.97753
0.97753
0.97345
0.97345
0.97651
0.97651

L3
1.0154
1.0154
1.0163
1.0163
1.0172
1.0172
1.0175
1.0175
1.0181
1.0181
1.0181
1.0181
1.0184
1.0184
1.0185
1.0185
1.0188
1.0188
1.0189
1.0189
1.0191
1.0191
1.0193
1.0193
1.0209
1.0209
1.0213
1.0213
1.0214
1.0214
1.0216
1.0216
1.0217
1.0217
1.0217
1.0217
1.0218
1.0218

1.022
1.022
1.022
1.022
1.022
1.022
1.0222
1.0222
1.0223
1.0223
1.0223
1.0223

117

L4
02826
02826
03024
03024
03417
03417
03417
03417
03417
03417
.03417
.03417
.03417
.03417
.03417
.03417
.03612
.03612
.03612
.03612
.03612
.03612
.03612
.03612
.03999
.03999
.04191
.04191
.03999
.03999
.04191
.04191
.03999
.03999
.04191
.04191
.04191
.04191
.04191
.04191
.04191
. 04191
.04181
.04181
.04382
. 04382
.04191
.04191
1.04382
1.04382

1.
1.
1.
1.
1.
1.
1.
1.
1.
1.
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1




APPENDIX B. SELECTED DATA
Degree 42 Symmetric Polynomials
50 largest L3 norm
Polynamial

001100110011001100110011001100110011001100

011001100110011001100110011001100110011001
001100110011001100110111001100110011001100
011001100110011001100010011001100110011001
010011001100110011001100110011001100110011
000110011001100110011001100110011001100110
01110011001100110€110011001100110011001101
001001100110011001100110011001100110011000
010001100110011001100110011001100110011011
000100110011001100110011001100110011001110
011101100110011001100110011001100110011101
001000110011001100110011001100110011001000
011000100110011001100110011001100110001001
001101110011001100110011001100110011011100
011011100110011001100110011001100110010001
001110110011001100110011001100110011000100
011001110110011001100110011001100111011001
001100100011001100110011001i00110010001100
011001000110011001100110011001100110111001
001100010011001100110011001100110011101100
011001100010011001100110011001100010011001
001100110111001100110011001100110111001100
011001101110011001100110011001100100011001
001100111011001100110011001100110001001100
011001100111011001100110011001110110011001
001100110010001100110011001100100011001100
011001100100011001100110011001101110011001
001100110001001100110011001100111011001100
011001100110001001100110011000100110011001
001100110011011100110011001101110011001100
011001100110011001110111011001100110011001
001100110011001100100010001100110011001100
011001100110011001101100011001100110011001
001100110011001100111001001100110011001100
011001100110011000100110001001100110011001
001100110011001101110011011100110011001100
011001100110111001100110011001000110011001
001100110011101100110011001100010011001100
001100110011001000110011001000110011001100
011001100110011101100110011101100110011001
001100110011001100010011101100110011001100
011001100110011001000110111001100110011001
011001100110011011100110010001100110011001
001100110011001110110011000100110011001100
011001100110010001100110011011100110011001
001100110011000100110011001110110011001100
011100110011001100110111001100110011001101
001001100110011001100010011001100110011000
001000110011001100110111001100110011001000
011101100110011001100010011001100110011101

‘Mahler
0.27307
0.27307
0.41459
0.41459
0.44164
0.44164
0.42261
0.42261
0.43905
0.43905
0.44308
0.44308
0.45882
0.45882
0.45954
0.45954
0.4685
0.4685
0.47651
0.47651
0.47708
0.47708
0.47996
0.47996
0.48209
0.48209
0.46885
0.46885
0.47369
0.47369
0.45384
0.45384
0.4257
0.4257
0.456
0.456
0.49013
0.49013
0.48376
0.48376
0.49131
0.49131
0.47786
0.47786
0.53748
0.53748

Maxmod
4.63806
4.63806
4.43296
4.43296

4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4

-

4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4

.2179
.2179
.2399
.2399
.2179
.2179
.2399
.2399
.2399
.2399
.2179
.2179
.2399
.2399
.2179
.2179
.2399
.2399
4.
.2179
.2399
.2399
.2179
.2179
.2399
a.
.2399
.2399
.2179
.2179
.2399
.2399
.2179
.2179
.2399
.2399
.2179
.2179
.2179
.2179
.2179
.2179

2179

2399

0.44102 4.06059
0.44102 4.06059
0.46992 4.06059
0.46992 4.06059

. Minmod
0.10844
0.10844
0.11505
0.11505
0.1525
0.1525
0.03345
0.03345
0.04964
0.04964
0.02217
0.02217
0.03806
0.03806
0.03178
0.03178
0.02927
0.02927
0.08771
0.08771
0.0295
0.0295
0.04412
0.04412
0.02946
0.02946
0.06199
0.06199
0.06557
0.06557
0.04687
0.04687
0.06413
0.06413
0.06319
0.06319

0.1183

0.1183
0.04105
0.04105

0.1525
0.1525
0.05368
0.05368
0.1525
0.1525
0.02675
0.02675
0.03067
0.03067

L1
0.49369
0.49369
0.60558
0.60558

0.6197

0.6197
0.61822
0.61822
0.63111
0.63111
0.63405
0.63405
0.64679
0.64679
0.64621
0.64621
0.65647
0.65647
0.65764
0.65764

0.66289

0.66289
0.6638
0.6638

0.66669

0.66669

0.66317

0.66317

0.66316

0.66316

0.65409

0.65409

0.64146

0.64146
0.6607
0.6607

0.67058

0.67058

0.67218

0.67218

0.66814

0.66814

0.67002

0.67002

0.69005

0.69005

0.66095

0.66095

0.67697

0.67697

L3
1.5287
1.5287
1.4621
1.4621
1.4457
1.4457
1.4449
1.4449

1.436

1.436
1.4357
1.4357
1.4276
1.4276
1.4273
1.4273
1.4208
1.4208
1.4199
1.4199
1.4154
1.4154
1.4139
1.4139
1.4115
1.4115
1.4095
1.4095
1.4093
1.4093
1.4087
1.4087
1.4072
1.4072
1.4065
1.4065
1.4061
1.4061
1.4055
1.4085
1.4033
1.4033

1.402

1.402
1.4013
1.4013
1.3887
1.3887
1.3809
1.3809

118

L4
1.94627
1.94627
1.85155
1.85155
1.81649
1.81649
1.81685
1.81685
1.80482
1.80482
1.80593
1.80593

1.7963

1.7963
1.79443
1.79443
1.78803
1.78803
1.78538
1.78538
1.78118
1.78118
1.77773
1.77773

1.7758

1.7758
1.77153
1.77153
1.77192
1.77192
1.76802
1.76802
1.76212
1.76212
1.76724
1.76724
1.76684
1.76684
1.76802
1.76802
1.76054
1.76054
1.76054
1.76054
1.76212
1.76212
1.73085
1.73085

1.7216

1.7215%



APPENDIX B. SELECTED DATA

Degree 42 Symmetric Polynomials
50 smallest L4 norm
Polynomial

000100110100100111111101010110001111001110 -

010001100001110010101000000011011010011011
010101001010010010011001100011100000111111
000000011111000111001100110110110101101010
000000100001110010111001000011011010001010
010101110100100111101100010110001111011111
011100111010110161111101011111000001001101
001001101111100000101000001010010100011000
011100011101010011101000010011111101101101
001001001000000110111101000110101000111000
011000111010100000111101001010000001001001
001101101111110101101000011111010100011100
000010000101001011100110010000111110100010
010111010000011110110011000101101011110111
010101011000110100111001001111001001111111
000000001101100001101100011010011100101010
000100100101110110111101000111011110001110
010001110000100011101000010010001011011011
010010010001011110110111000101111011100011
000111000100001011100010010000101110110110
010010100101000100100010001110111110000011
000111110000010001110111011011101011010110
000010010000011110110011000101101011100010
010111000101001011100110010000111110110111
010001011111000011001000110010110101111011
000100001010010110011101100111100000101110
011001010101001011001000110000111111111001
001100000000011110011101100101101010101100
011000001100010111111001010111101100101001
001101011001000010101100000010111001111100
001010010000010001100010011011101011100000
011111000101000100110111001110111110110101
011101010001011110001100100101111011111101
001000000100001011011001110000101110101000
010101011011010110001100100111110001111111
000000001110000011011001110010100100101010
011100001110010101011101111111100100101101
001001011011000000001000101010110001111000
011100001100010111111101010111101100101101
001001011001000010101000000010111001111000
011101011011000101001000111110110001111101
001000001110010000011101101011100100101000
010101111000111100110011001101001001011111
000000101101101001100110011000011100001010
000000001111100011100110010010010100101010
010101011010110110110011000111000001111111
010010110111111110011001100101010111000011
000111100010101011001100110000000010010110
010010110111011110111001000101110111000011
010111010000110110110011000111001011110111

Mahler Maxmod = Minmod

0.94732 1.28797
0.947321.28797
0.95353 1.32106
0.95353 1.32106
0.95518 1.37249
0.95518 1.37249
0.94142 1.37249
0.94142 1.37249
0.93856 1.41256
0.93856 1.41256

0.9552 1.34599

0.9552 1.34599

0.9606 1.45289

0.9606 1.45289
0.96612 1.44163
0.96612 1.44163
0.95269 1.33665
0.95269 1.33665
0.95453 1.38762
0.95453 1.38762
0.95727 1.40659
0.95727 1.40659
0.95504 1.40597
0.95504 1.40597
0.94539 1.40597
0.94539 1.40597
0.95278 1.39215
0.95278 1.39215
0.94309 1.35738
0.94309 1.35738
0.93586 1.37249
0.93586 1.37249
0.93627 1.37806
0.93627 1.37806
0.88624 1.37249
0.88624 1.37249
0.93736 1.37249
0.93736 1.37249
0.94821 1.37249
0.94821 1.37249
0.94065 1.35774
0.94065 1.35774
0.92925 1.36054
0.92925 1.36054

0.9522 1.52783

0.95221.52783

0.9205 1.33388
0.9205 1.33388
0.95001 1.50914
0.94979 1.35584

0.
0.

0.1525

0.1525
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

0.4575

0.4575
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
.32652
.32652
.20608
.20608
.34256
0.
0.
0.
0.

0.4686

o O O o o

09092
09092

41212
41212
11549
11549
09674
09674
38032
38032
43499
43499
67861
67861
48229
48229
50183
50183
46605
46605
37767
37767
38356
38356

41292
41292
22791
22791
28982
28982
04067
04067
23004
23004
37283
37283

34256
06717
06717
50336

Ll
0.97985
0.97985
0.98002
0.98002
0.97928
0.97928
0.97654
0.97654
0.97609
0.97609
0.97927
0.97927
0.98122
0.98122
0.98287
0.98287
0.97788
0.97788
0.97854
0.97854
0.97957
0.97957

0.979

0.979
0.97491
0.97491
0.97722
0.97722
0.97407
0.97407
0.97224
0.97224
0.97201
0.97201
0.96212
0.96212
0.97266
0.97266
0.97557
0.97557
0.97307
0.97307
0.97044
0.97044
0.97739
0.97739
0.96962
0.96962
0.97618
0.97594

L3
1.0154
1.0154
1.0163
1.0163
1.0181
1.0181
1.0184
1.0184
1.0185
1.0185
1.0181
1.0181
1.0175
1.0175
1.0172
1.0172
1.0193
1.0193
1.0191
1.0191
1.0188
1.0188
1.0189
1.0189
1.0214
1.0214
1.0209
1.0209
1.0217
1.0217
1.0226
1.0226
1.0228
1.0228
1.0241
1.0241
1.0226
1.0226

1.022
1.022
1.0226
1.0226
1.023
1.023
1.0213
1.0213
1.0229
1.0229
1.0218
1.022

119

L4
1.02826
1.02826
1.03024
1.03024
1.03417
1.03417
1.03417
1.03417
1.03417
1.03417
1.03417
1.03417
1.03417
1.03417
1.03417
1.03417
1.03612
1.03612
1.03612
1.03612
1.03612
1.03612
1.03612
1.03612
1.03999
1.03999
1.03999
1.03999
1.03999
1.03999
1.04191
1.04191
1.04191
1.04191
1.04191
1.04191
1.04191
1.04191
1.04191
1.04191
1.04191
1.04191
1.041591
1.04191
1.04191
1.04151
1.04191
1.04191
1.04191
1.04191



APPENDIX B. SELECTED DATA 120

Degree 42 Symmetric Polynomials
50 smallest L4 norm
Polynomial Mahler Maxmod . Minmod Ll L3 14
001100110011001100110011001100110011001100  0.27307 4.63806 6.10894 0.49369 1.5287 1.94627
011001100110011001100110011001100110011001 0.27307 4.63806 0.10844 0.49369 1.5287 1.94627
001100110011001100110111001100110011001100 0.41459 4.43296 0.11505 0.60558 1.4621 1.85155
011001100110011001100010011001100110011001 0.41459 4.43296 0.11505 0.60558 1.4621 1.85155
011100110011001100110011001100110011001101 0.42261 4.2399 0.03345 0.61822 1.4449 1.81685
001001100110011001100110011001100110011000 0.42261 4.2399 0.03345 0.61822 1.4449 1.81685
000110011001100110011001100110011001100110 0.44164 4.2179 0.1525 0.6197 1.4457 1.81649
010011001100110011001100110011001100110011 0.44164 4.2179 0.1525 0.6197 1.4457 1.81649
011101100110011001100110011001100110011101 0.44308 4.2399 0.02217 0.63405 1.4357 1.80593
001000110011001100110011001100110011001000 0.44308 4.2399 0.02217 0.63405 1.4357 1.80593
010001100110011001100110011001100110011011 0.43905 4.2179 0.04964 0.63111 1.436 1.80482
000100110011001100110011001100110011001110 .43905 4.2179 0.04964 0.63111 1.436 1.80482
011000100110011001100110011001100110001001 .45882 4.2399 0.03806 0.64679 1.4276 1.7963
001101110011001100110011001100110011011100 .45882 4.2399 0.03806 0.64679 1.4276 1.7963
011011100110011001100110011001100110010001 .45954 4.2179 0.03178 0.64621 1.4273 1.79443
001110110011001100110011001100110011000100 .45954 4.2179 0.03178 0.64621 1.4273 1.79443
011001110110011001100110011001100111011001 0.4685 4.2399 0.02927 0.65647 1.4208 1.78803
001100100011001100110011001100110010001100 0.4685 4.2399 0.02927 0.65647 1.4208 1.78803
011001000110011001100110011001100110111001 0.47651 4.2179 0.08771 0.65764 1.4199 1.78538
001100010011001100110011001100110011101100 0.47651 4.2179 0.08771 0.65764 1.4199 1.78538
001100110111001100110011001100110111001100 0.47708 4.2399 0.0295 0.66289 1.4154 1.78118
011001100010011001100110011001100010011001 0.47708 4.2399 0.0295 0.66289 1.4154 1.78118
011001101110011001100110011001100100011001 0.47996 4.2179 0.04412 0.6638 1.4139 1.77773
001100111011001100110011001100110001001100 0.47996 4.2179 0.04412 0.6638 1.4139 1.77773
011001100111011001100110011001110110011001 0.48209 4.2399 0.02946 0.66669 1.4115 1.7758
001100110010001100110011001100100011001100 0.48209 4.2399 0.02946 0.66669 1.4115 1.7758
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4

o o O o o

011001100110001001100110011000100110011001 0.47369 .2399 0.06557 0.66316 1.4093 1.77192
001100110011011100110011001101110011001100 0.47369 .2399 0.06557
011001100100011001100110011001101110011001 0.46885
001100110001001100110011001100111011001100 0.46885
011001100110011001110111011001100110011001 0.45384
001100110011001100100010001100110011001100 0.45384
001100110011001000110011001000110011001100 0.48376
011001100110011101100110011101100110011001 0.48376
011001100110011000100110001001100110011001 0.456
001100110011001101110011011100110011001100 0.456
011001100110111001100110011001000110011001 0.49013
001100110011101100110011001100010011001100 0.49013
001100110011001100111001001100110011001100 0.4257
011001100110011001101100011001100110011001 0.4257
011001100110010001100110011011100110011001 0.53748
001100110011000100110011001110110011001100 0.53748
011001100110011001000110111001100110011001 0.49131
; 001100110011001100010011101100110011001100 0.49131
; 011001100110011011100110010001100110011001
4 001100110011001110110011000100110011001100
011100110011001100110111001100110011001101
001001100110011001100010011001100110011000
011101100110011001100010011001100110011101
001000110011001100110111001100110011001000

0.66316 1.4093 1.771%92
.2179 0.06199 0.66317 1.4095 1.77153
.2179 0.06199 0.66317 1.4095 1.77153
.2399 0.04687 0.65409 1.4087 1.76802
.2399 0.04687 0.65409 1.4087 1.76802
.2399 0.04105 0.67218 1.4055 1.76802
.2399 0.04105 0.67218 1.4055 1.76802
.2399 0.06319 0.6607 1.4065 1.76724
.2399 0.06319 0.6607 1.4065 1.76724
.2179 0.1183 0.67058 1.4061 1.76684
.2179  0.1183 0.67058 1.4061 1.76684
.2179 0.06413 0.64146 1.4072 1.76212
.2179 0.06413 0.64146 1.4072 1.76212
.2179 0.1525 0.69005 1.4013 1.76212
.2179 0.1525 0.69005 1.4013 1.76212
.2179 0.1525 0.66814 1.4033 1.76054
.2179 0.1525 0.66814 1.4033 1.76054
.47786 .2179 0.05368 0.67002 1.402 1.76054
.47786 .2179 0.05368 0.67002 1.402 1.76054
.44102 4.06059 0.02675 0.66095 1.3887 1.73085
.44102 4.06059 0.02675 0.66095 1.3887 1.73085
.46992 4.06059 0.03067 0.67697 1.3809 1.7216
.46992 4.06059 0.03067 0.67697 1.3809 1.7216

o O O O O o




APPENDIX B. SELECTED DATA

Degree 44 Symmetric Polynomials

50 smallest Mahler measure

Polynomial
0000101011110110111100010010111000101111
0111101110010000101100010011110100011011
0111101011110001001111101011000100101111
0111100101001101010011101100000011000001
0111011010111000011101000010010110111110
0110110000111111011110011010001010110100
01101010011110001€90101100001110110100111
0110010100101011111111101010101111110000
0110010100101000001010011111010111110000
0110010100100111111011001110101001110000
0110001000000101110101000000100001010111
0101101000010110010110011000011000010111
0101010010100111100001000101101001111100
0101000011010110011111101010011000001101
0100111011101100110111001000110011101110
0100110000010001111100010010100100010100
0100100100010010000001000101011100010001
0100011101111011010110111006001110100010
0100011000010101101000110111100000010110
0100010010001100001011101111010011011100
0100001110000010101011101111111101011011
0100000111010010011111001010011100001001
0100000100000010111111101010111101010001
0011110001010001100010111101100100000100
0011101010100011000100010001001101111111
0011100110011001011111001010000110011001
0011011010000010010011001100011101011110
0011010110101101111111001010100011111000
0010110110010110100011001101111000011000
0010110011111100011000010110010010101100
0010101010111100111011001110110010111111
0010011010101010110101000000111111111110
0010010101001010111010011110111111000000
0010001101000010000001000101011101000011
0010000110011101000011101101000010011001
0001010111010110110011101100111000001000
0001010101010010010100010000011100000000
0000110010100110000011001101011001111100
0000101101000010111101000010111101000011
0110011001100110011001100110011001100110
0011001100110011001100110011001100110011
0101010101010101010101000000000000000000
0000000000000000000000010101010101010101
0110001101100011011000110110001101100011
0011011000110110001101100011011000110110
0001000100010001000100010001000100010001
0100010001000100010001000100010001000100
0110100101101001011010011110000111100001
0011110000111100001111001011010010110100
0100101101001011010010111100001111000011

Mahler
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.14907
0.26694
0.26694
0.33148
0.33148
0.34869
0.34869
0.35223
0.35223
0.39278
0.39278
0.39406

Maxmod
2.04698
2.09231
2.04646
1.84071

1.6866

1.7852
2.31297
1.70801
1.85732
2.00555
2.03222
2.13151
1.81341
1.96468
3.14466

1.6607
2.23607

1.5823
2.03156

2.2161

2.0846

2.1929
2.46915
1.78741
2.48104
2.33333
1.91799

1.7911
1.78989
1.88493
1.93793
1.86509
1.56072
1.96073
1.65716
1.89525
2.83235
2.15616
3.03604
4.74459
4.74459
3.42864
3.42864
3.44158
3.44158
3.42864
3.42864
3.08578
3.08578
2.99272

Minmod
0.02309
0.09614
0.03678
0.07636
0.02899
0.12497
0.00607
0.20038
0.04916
0.14907

0.0875
0.07427
0.11844
0.01799
0.05374
0.09602

0.0346
0.08331
6.09631
0.01747
0.03249
0.06178
0.15068
0.21661
0.00925
0.03844
0.06005
0.22921
0.04307
0.06098
0.05374
0.07183
0.06302
0.07155
0.08555
0.03771
0.04345
0.11241
0.07371
0.10652
0.10652
0.02637
0.02637
0.00226
0.00226
0.03334
0.03334

0.0397

0.0397
0.00907

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.8662
0.
0.8816
0.
0.
0.
0.9071
0.9344
0.
0.
0.
0.
0.
0.9123
0.
0.
0.
0.
0.
0.8768
0.
0.
0.
0.9135
0.
0.
0.
0.
0.
0.
0.
.59089
.59089
.64258
. 64258
.59715
.59715
.65391
.65391
.66069

© O O O 0O 0 © 0 ©

L1
89087
87012
87852
92863
89652
93868
85813
92611
88262
94142

86743

90005
83176
92015

87077
88488
87355
82652
86076

85823
86508
90448
92298
88302

90358
91028
93441

92945
89254
86944
88351
74311
48649
48649

L3
1.09968
1.10715
1.09869
1.06208
1.07501
1.05295
1.12683
1.06359
1.09265
1.05129
1.10436
1.10616
1.09255

1.0902
1.18974
1.06128
1.09139
1.05344
1.10397
1.09428
1.10629
1.14173
1.13842
1.07314
1.13122
1.11336
1.07643
1.06624
1.08312
1.08963
1.08226
1.06929

1.0511
1.07214
1.05231
1.08339
1.13685
1.10855
1.27283
1.54022
1.54022

1.374

1.374
1.31137
1.31137
1.37412
1.37412
1.31196
1.31196
1.30248

121

L4
1.18942
1.19756
1.18112
1.11741
1.13267
1.10002
1.24009
1.11882
1.16771
1.09853
1.18943
1.19525
1.16647
1.17018
1.38471

1.1117
1.17872
1.09853

1.1906
1.17508
1.19641
1.25535
1.27006
.13402
.24931
.21113
.14207
1.12303
1.14864
1.15893
1.15253
1.12857
1.09252
1.13402
1.09403
1.14994

1.2796
1.20553
1.50616
1.96848
1.96848
1.65709
1.65709
1.55517
1.55517
1.65709
1.65709
1.55517
1.55517
1.53591

e S




APPENDIX B. SELECTED DATA
Degree 44 Symmetric Polynomials
50 largest Mahler measure
Polynomial
0000000011000111100010011101101001001101
0101010110010010110111001000111100011000
0101010110001111000110111001001011011000
0000000011011010010011101100011110001101
0101000101111100001001100111010010100001
0000010000101001011100110010000111110100
0101010111000011111001100110101101001000
0000000010010110101100110011111000011101
0101000111010110100011001101111000001001
0000010010000011110110011000101101011100
0110110100100000010011001100010101110000
0011100001110101000110011001000000100101
0110010010000001010010111100000101011100
0011000111010100000111101001010000001001
0010010101101101110101000000100011100000
0111000000111000100000010101110110110101
0101101010101100101001100111110011111111
0000111111111001111100110010100110101010
0001100000000011110011001100101101010101
0100110101010110100110011001111000000000
0011111111110001111001100110100100101010
0110101010100100101100110011110001111111
0101101011110111110011001100101000101111
0000111110100010100110011001111101111010
0111000110111000010100010000010110111001
0010010011101101000001000101000011101100
0101101111001010001110111011011111001011
0000111010011111011011101110001010011110
0111001111010110101011101111111000001011
0010011010000011111110111010101101011110
0101010110001111000100110001001011011000
0000000011011010010001100100011110001101
0000000011111000111001100110110110101101
0101010110101101101100110011100011111000
0010010100101000100100110001110111110000
0111000001111101110001100100100010100101
0111111110010011110010011100101100011010
0010101011000110100111001001111001001111
0111000001111101110001000100100010100101
0010010100101000100100010001110111110000
0111010110000101001110111011000001011000
0010000011010000011011101110010100001101
0101101011110111110011101100101000101111
0000111110100010100110111001111101111010
0101010101101011010011001100001111100000
0000000000111110000110011001011010110101
0001011011110101100100110001100000101110
0100001110100000110001100100110101111011
0010011010000011010100010000001101011110
0111001111010110000001000101011000001011

Mahler
0.96986
0.96986
0.96756
0.96756
0.96007
0.96007
0.95939
0.95939

0.9584

0.9584
0.95823
0.95823
0.95681
0.95681
0.95624
0.95624
0.95554
0.95554

0.9555

0.9555
0.95497
0.95497
0.95331
0.95331
0.95329
0.95329
0.95316
0.95316
0.95286
0.95286
0.95283
0.95283

0.9528

0.9528
0.95241
0.95241
0.95206
0.95206
0.95189
0.95189

0.9503

0.9503

0.9501

0.9501
0.95002
0.95002
0.94979
0.94979
0.94973
0.94973

Maxmod
1.41638
1.41638
1.32454
1.32454
1.40652
1.40652
1.51057
1.51057
1.32988
1.32988
1.49815
1.49815
1.36125
1.36125
1.39139
1.39139
1.44836
1.44836
1.36723
1.36723
1.40943
1.40943
1.45593
1.45593
1.60343
1.60343
1.33815
1.33815
1.43479
1.43479
1.35526
1.35526
1.35965
1.35965
1.41433
1.41433
1.65094
1.65094

1.4463

1.4463

1.5462

1.5462

1.3556

1.3556
1.51992
1.51992
1.40916
1.40916
1.49156
1.49156

Minmod

£ 0.68203
0.68203

0.53456
0.53456
0.57078
0.57078
0.62241
0.62241
0.37431
0.37431
0.59638
0.59638
0.47873
0.47873
0.53993
0.53993
0.55711
0.55711
0.44679
0.44679
0.501
0.501
0.53071
0.53071
0.60659
0.60659
0.42228
0.42228
0.49159
0.49159
0.45935
0.45935
0.14907
0.14907
0.52827
0.52827
0.5422
0.5422
0.4915
0.4915
0.57457
0.57457
0.48461
0.48461
0.45137
0.45137
0.44581
0.44581
0.48369
0.48369

L1
0.98493
0.98493
0.98437
0.98437
0.98036
0.98036
0.97936
0.97936
0.98121
0.98121
0.97873
0.97873
0.97921
0.97921
0.97905
0.97905

0.9777

0.9777
0.97883
0.97883
0.97855
0.97855
0.97723
0.97723
0.97603
0.97603
0.97811
0.97811
0.97788
0.97788
0.97796
0.97796
0.97943
0.97943
0.97685
0.97685
0.97607
0.97607
0.97635
0.97635
0.97502
0.97502
0.97567
0.97567
0.97595
0.97595
0.97592
0.97592
0.97576
0.97576

L3
1.01497
1.01497

1.0145
1.0145
1.01887
1.01887
1.02105
1.02105

1.01592

1.01592
1.02184
1.02184
1.01921
1.01921
1.01922
1.01922
1.02218
1.02218
1.01928
1.01928
1.01939
1.01939
1.02164
1.02164
1.02503
1.02503
1.01945
1.01945
1.01953
1.01953
1.01948
1.01948
1.01759
1.01759
1.02178
1.02178
1.02424
1.02424
1.02259
1.02259
1.02482
1.02482
1.02281
1.02281
1.02256
1.02256
1.02206
1.02206
1.02265
1.02265

122

14
1.02976
1.02976
1.02794
1.02794
1.03692
1.03692
1.04219
1.04219
1.02976
1.02976
1.04393
1.04393
1.03692
1.03692
1.03692
1.03692
1.04393
1.04393
1.03692
1.03692
1.03692
1.03692
1.04219
1.04219
1.05081
1.05081
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03336
1.03336
1.04219
1.04219

1.0491

1.0491
1.04393
1.04393
1.0491
1.0491
.04393
.04393
.04393
.04393
1.04219
1.04219
1.04393
1.04393

1
1
1
1




APPENDIX B. SELECTED DATA

Degree 44 Symmetric Polynomials

50 smallest maximum modulus

Polynomial
0000101000011100111001100110110010010111
0101111101001001101100110011100111000010
0010010110110000000011001101010100111000
0111000011100101010110011000000001101101
0000001111101101101110011011100011101011
0101011010111000111011001110110110111110
0010101100011000111010111110110110010011
0111111001001101101111101011100011000110
0010011110111010000011101101011110111010
0111001011101111010110111000001011101111
0001100011110101111011001110100000101101
0100110110100000101110011011110101111000
0111101111000010100110111001111101001011
0010111010010111110011101100101000011110
0001111101100010111010111110111101100010
0100101000110111101111101011101000110111
0001100011000010100000010101111101001101
0100110110010111110101000006101000011000
0100111110011101000000010101000010011010
0001101011001000010101000000010111001111
0111110100001100100100010001110011010000
0010100001011001110001000100100110000101
0000001001001100100111101001110011000111
0101011100011001110010111100100110010010
0000000011011010010011101100011110001101
0101010110001111000110111001001011011000
0001101011110010100011001101111100101111
0100111110100111110110011000101001111010
0110111010010010100010111101111100011110
0011101111000111110111101000101001001011
0101010110011011010010111100001110011000
0000000011001110000111101001011011001101
0010010010111111101000110111101010111100
0111000111101010111101100010111111101001
0110110010010000101010011111110100011100
0011100111000101111111001010100001001001
0111010100011110100100110001111010010000
0010000001001011110001100100101111000101
0000001000011001110010111100100110010111
0101011101001100100111101001110011000010
0000010010000011110110011000101101011100
0101000111010110100011001101111000001001
0111101111011110001001000111011010001011
0010111010001011011100010010001111011110
0101010010100100100110011001110001111100
0000000111110001110011001100100100101001
0100001010011110101100110011111010011111
0001011111001011111001100110101111001010
0100010111011001001010011111000110001000
0001000010001100011111001010010011011101

Mahler
0.90602
0.90602
0.88313
0.88313
0.92733
0.92733
0.92962
0.92962
0.90329
0.90329
0.88423
0.88423
0.91285
0.91285
0.92305
0.92305
0.90488
0.90488
0.90958
0.90958
0.92077
0.92077
0.91632
0.91632
0.96756
0.96756
0.92662
0.92662
0.87964
0.87964

0.9165

0.9165
0.93144
0.93144
0.88784
0.88784
0.93294
0.93294
0.87886
0.87886

0.9584

0.9584
0.90117
0.90117
0.92988
0.92988

0.8885

0.8885

0.9156

0.9156

Maxmod
1.29459
1.29459
1.29546
1.29546
1.30164
1.30164
1.30366
1.30366
1.30799
1.30799
1.31852
1.31552
1.31679
1.31679
1.31992
1.31992
1.32091
1.32091
1.32336
1.32336
1.32341
1.32341
1.32445
1.32445
1.32454
1.32454
1.32465
1.32465
1.32488
1.32488

1.3251

1.3251

1.3267

1.3267
1.32691
1.32691
1.32772
1.32772
1.32959
1.32959
1.32988
1.32988
1.33149
1.33149
1.33288
1.33288
1.33301
1.33301
1.33327
1.33327

Minmod
0.14907

10.14907

0.19944
0.19944
0.22268
0.22268
0.24184
0.24184
0.00799
0.00799
0.12251
0.12251
0.22382
0.22382
0.0894
0.0894
0.12604
0.12604
0.04512
0.04512
0.18397
0.18397
0.16119
0.16119
0.53456
0.53456
0.32533
0.32533
0.0505
0.0505
0.02372
0.02372
0.472
0.472
0.0854
0.0854
0.15235
0.15235
0.03605
0.03605
0.37431
0.37431
0.06146
0.06146
0.06134
0.06134
0.04616
0.04616
0.06744
0.06744

Ll
0.96262
0.96262
0.95282
0.95282
0.96955
0.96955
0.96933
0.96933
0.96232
0.96232
0.95758
0.95758
0.96281
0.96281
0.96902
0.96902
0.96144
0.96144
0.96568
0.96568

0.9655

0.9655
0.96527
0.96527
0.98437
0.98437
0.96699
0.96699
0.95696
0.95696
0.96926
0.96926

0.9679

0.9679
0.95661
0.95661
0.97173
0.97173

0.9517

0.9517
0.98121
0.98121
0.96047
0.96047
0.97306
0.97306
0.95466
0.95466
0.96999
0.96999

L3
1.02681
1.02681

1.0331

1.0331
1.02336
1.02336
1.02426
1.02426
1.02829
1.02829
1.02751
1.02751
1.02839
1.02839
1.02404
1.02404

1.0285

1.0285
1.02469
1.02469
1.02778
1.02778
1.02695
1.02695

1.0145

1.0145
1.02692
1.02692
1.02895
1.02895
1.02314
1.02314
1.02751
1.02751
1.03075
1.03075

1.0228

1.0228
1.03537
1.03537
1.01592
1.01592
1.03066
1.03066
1.02029
1.02029
1.03353
1.03353
1.02072
1.02072

123

L4
1.04739
1.04739
1.05755
1.05755
1.04219
1.04219
1.04393
1.04393
1.05081
1.05081
1.04739
1.04739
1.05081
1.05081
1.04393
1.04393
1.05081
1.05081
1.04393
1.04393
1.05081
1.05081

1.0491

1.0491
1.02794
1.02794

1.0491

1.0491
1.05081
1.05081
1.04219
1.04219
1.05081
1.05081

1.0542

1.0542
1.04219
1.04219
1.06253
1.06253
1.02976
1.02976
1.05588
1.05588
1.03692
1.03692
1.05922
1.05922
1.03692
1.03692




APPENDIX B. SELECTED DATA

Degree 44 Symmetric Polynomials

50 largest minimum modulus

Polynomial
0101010110010010110111001000111100011000
0000000011000111100010011101101001001101
0101010111000011111001100110101101001000
0000000010010110101100110011111000011101
0110010101010010110011101100111100000000
0011000000000111100110111001101001010101
0000000011110000111001100110110100101101
0101010110100101101100110011100001111000
0010010011101101000001000101000011101100
0111000110111000010100010000010110111001
0111010100011110110001100100111010010000
0010000001001011100100110001101111000101
0100100010010010100000010101111100011101
0001110111000111110101000000101001001000
0000000001101110000111001001011011100101
0101010100111011010010011100001110110000
0110110100100000010011001100010101110000
0011100001110101000110011001000000100101
0101011010101100111110011010110011111110
0000001111111001101011001111100110101011
0101101001010100110110111000110000000111
0000111100000001100011101101100101010010
0000000011000110000101100001011001001101
0101010110010011010000110100001100011000
0101010101000110001101000011011001000000
0000000000010011011000010110001100010101
0111010110000101001110111011000001011000
0010000011010000011011101110010100001101
0101010101101011000110011001001111100000
0000000000111110010011001100011010110101
0101000101111100001001100111010010100001
0000010000101001011100110010000111110100
0101010101001110000111001001011011000000
0000000000011011010010011100001110010101
0111101111110100111000110110110000101011
0010111010100001101101100011100101111110
0011000110000011100000010101101101011001
0110010011010110110101000000111000001100
0101010101101000001101100011010111100000
0000000000111101011000110110000010110101
0010000000010001010010111100000100010101
0111010101000100000111101001010001000000
0101010111000011111001000110101101001000
0000000010010110101100010011111000011101
0000011110000000100100110001110101011010
0101001011010101110001100100100000001111
0101010110110011011000110110001100111000
0000000011100110001101100011011001101101
0000111000001100100000010101110011010110
0101101101011001110101000000100110000011

Mahler
0.96986
0.96986
0.95939
0.95939
0.94368
0.94368
0.93145
0.93145
0.95329
0.95329
0.94221
0.94221
0.94211
0.94211
0.93994
0.9399¢
0.95823
0.95823
0.94218
0.94218
0.93272
0.93272
0.92243
0.92243
0.88829
0.88829

0.9503

0.9503
0.9365¢4
0.93654
0.96007
0.96007
0.92115
0.92115
0.94863
0.94863
0.90531
0.90531
0.89838
0.89838
0.88703
0.88703
0.94573
0.94573
0.92809
0.92809
0.94219
0.94219
0.93075
0.93075

Maxmod
1.41638
1.41638
1.51057
1.51057
1.55635
1.55635
1.65593
1.65593
1.60343
1.60343
1.54575
1.54575
1.49085
1.49085
1.50197
1.50197
1.49815
1.49815
1.66357
1.66357
1.82795
1.82795
1.93793
1.93793
2.23607
2.23607

1.5462

1.5462
1.63904
1.63904
1.40652
1.40652
1.63978
1.63978
1.41564
1.41564
2.09231
2.09231
1.69118
1.69118
1.93793
1.93793
1.55847
1.55847
1.54431
1.54431
1.86786
1.86786
1.39439
1.39439

Minmod
0.68203
0.68203
0.62241
0.62241
0.61523
0.61823
0.61423
0.61423
0.60659
0.60659
0.60377
0.60377
0.60333
0.60333
0.59701
0.59701
0.59638
0.59638
0.59581
0.59581
0.59511
0.59511
0.58137
0.58137
0.57708
0.57709
0.57457
0.57457
0.57393
0.57393
0.57078
0.57078
0.56861
0.56861
0.56682
0.56682
0.56618
0.56618
0.56473
0.56473
0.56467
0.56467
0.56354
0.56354
0.56342
0.56342
0.56339
0.56339
0.56121
0.56121

L1
0.98493
0.98493
0.97936
0.97936
0.97146
0.97146
0.96424
0.96424
0.97603
0.97603
0.97097
0.97097
0.97061
0.97061
0.96978
0.96978
0.97873
0.97873
0.97032
0.97032

0.9643

0.9643
0.95913
0.959813
0.93925
0.93925
0.97502
0.97502
0.96786
0.96786
0.98036
0.98036
0.96115
0.96115
0.97508
0.97508
0.94875
0.94875
0.94771
0.94771
0.93849
0.93849
0.97317
0.97317
0.96342
0.96342
0.96914
0.96914
0.96635
0.96635

L3
1.01497
1.01497
1.02105
1.02105

1.0284

1.0284
1.03755
1.03755
1.02503
1.02503
1.02851
1.02851
1.02928
1.02928
1.02954
1.02954
1.02184
1.02184
1.03089
1.03088
1.03944
1.03944
1.04434
1.04434
1.06909
1.06909
1.02482
1.02482

1.0323

1.0323
1.01887
1.01887

1.0362

1.0362
1.02299
1.02299
1.05764
1.05764
1.05215
1.05215

1.0679

1.0679
1.02592
1.02592
1.03622
1.03622
1.03543
1.03543
1.03055
1.03055

124

L4
1.02976
1.02976
1.04219
1.04219
1.05588
1.05588
1.07546
1.07546
1.05081
1.05081
1.05588
1.05588
1.05755
1.05755
1.05755
1.05755
1.04393
1.04393
1.06253
1.06253
1.08176
1.08176

1.091
1.091
1.14339
1.14339
1.0491
1.0491
1.06417
1.06417
1.03692
1.03692
1.06906
1.06906
1.04393
1.04393
1.11882
1.11882
1.1015
1.1015
1.13672
1.13672
1.05081
1.05081
1.07067
1.07067
1.07546
1.07546
1.05755
1.05755



APPENDIX B. SELECTED DATA

Degree 44 Symmetric Polynomials

50 smallest L1 norm

Polynomial
0011001100110011001100110011001100110011
0110011001100110011001100110011001100110
0101010101010101010101000000000000000000
0000000000000000000000010101010101010101
0100010001000100010001000100010001000100
0001000100010001000100010001000100010001
0110011001100110011001000110011001100110
0011001100110011001100010011001100110011
0010011001100110011001100110011001100110
0111001100110011001100110011001100110011
0100110011001100110011001100110011001100
0001100110011001100110011001100110011001
0001001100110011001100110011001100110011
0100011001100110011001100110011001100110
0111011001100110011001100110011001100110
0010001100110011001100110011001100110011
0110011001100110011000110110011001100110
0011001100110011001101100011001100110011
0011101100110011001100110011001100110011
0110111001100110011001100110011001100110
0110001001100110011001100110011001100111
0011011100110011001100110011001100110010
0110001100110011001100110011001100110011
0011011001100110011001100110011001100110
0110110011001100110011001100110011001100
0011100110011001100110011001100110011001
0110001101100011011000110110001101100011
0011011000110110001101100011011000110110
0101010101010101010100010000000000000000
0000000000000000000001000101010101010101
0011001100110001001100110011000100110011
0110011001100100011001100110010001100110
0011001000110011001100110011001100110111
0110011101100110011001100110011001100010
0011001100110011001110011011001100110011
0110011001100110011011001110011001100110
0011000100110011001100110011001100110001
0110010001100110011001100110011001100100
0011001100110011001110111011001100110011
0110011001100110011011101110011001100110
0010111101000010111101000010111101000010
0111101000010111101000010111101000010111
0100110011001100110011101100110011001100
0001100110011001100110111001100110011001
0110011001100110011100110010011001100110
0011001100110011001001100111001100110011
0011001100100011001100110011001101110011
0110011001110110011001100110011000100110
0110011000100110011001100110011001110110
0011001101110011001100110011001100100011

Mahler
0.26694
0.26694
0.33148
0.33148
0.35223
0.35223
0.40668
0.40668
0.41314
0.41314
0.43179
0.43179

0.4293

0.4293
0.43494
0.43494
0.41422
0.41422
0.45056
0.45056
0.44937
0.44937
0.40896
0.40896
0.41194
0.41194
0.34869
0.34869
0.43838
0.43838

0.4356

0.4356
0.46131
0.46131
0.41402
0.41402
0.46185
0.46185
0.45203
0.45203
0.40027
0.40027
0.42992
0.42992
0.40774
0.40774
0.45487
0.45487
0.45961
0.45961

Maxmod
4.74459
4.74459
3.42864
3.42864
3.42864
3.42864
4.53382
4.53382

4
4

.3538
.3538

4.33333
4.33333
4.33333
4.33333

4

4
4.
4

.3538
.3538
3538
.3538

4.33333
4.33333

4
4

.3538
.3538

4.01386
4.01386
3.96933
3.96933
3.44158
3.44158
3.42864
3.42864
4.33333
4.33333

4
4

.3538
.3538

4.14461
4.14461
.33333
.33333
.33333
.33333
.16926
.16926
.14461
.14461
.01386
.01386

4

N N O T I 7 B G N

[ N

.3538
.3538
.3538
.3538

Minmod

0.10652,

0.10652
0.02637
0.02637
0.03334
0.03334
0.10926
0.10926
0.02078
0.02078
0.14983
0.14983
0.03579
0.03579
0.01517
0.01517
0.05006
0.05006
0.03291
0.03291
0.01867
0.01867
0.00606
0.00606
0.02579
0.02579
0.00226
0.00226

0.0404

0.0404
0.05157
0.05157
0.02476
0.02476
0.04861
0.04861
0.02436
0.02436
0.07118
0.07118
0.03212
0.03212
0.09794
0.09794
0.03721
0.03721
0.04777
0.04777
0.03834
0.03834

L1
0.48649
0.48649
0.59089
0.59089
0.59715
0.59715
0.59765
0.59765

0.6087
0.6087
0.61009
0.61009
0.62127
0.62127
0.62442
0.62442
0.6298
0.6298
0.63624
0.63624
0.63703
0.63703
0.64022
0.64022
0.64125
0.64125
0.64258
0.64258
0.64616
0.64616
0.64631
0.64631
0.64647
0.64647
0.64651
0.64651
0.64685
0.64685
0.64729
0.64729
0.648
0.648
0.64866
0.64866
0.6494
0.6494
0.65103
0.65103
0.65107
0.65107

L3
1.54022
1.54022

1.374
1.374
1.37412
1.37412
1.47388
1.47388
1.45912
1.45912
1.4599
1.4599
1.45071
1.45071
1.45037
1.45037
1.42537
1.42537
1.4425
1.4425
1.44272
1.44272
1.39494
1.39494
1.39495
1.39495
1.31137
1.31137
1.35893
1.35893
1.4204
1.4204
1.43623
1.43623
1.38284
1.38284
1.43546
1.43546
1.41976
1.41976
1.32393
1.32393
1.40268
1.40268
1.36164
1.36164
1.42712
1.42712
1.43097
1.43097

125

L4
1.96848
1.96848
1.65709
1.65709
1.65709
1.65709
1.87351
1.87351
1.84304
1.84304
1.84273
1.84273

1.8319
1.8319
1.83286
1.83286
1.79582
1.79582
1.82218
1.82218
1.82381
1.82381
1.73253
1.73253
1.731
1.731
1.55517
1.55517
1.64124
1.64124
1.79206
1.79206
1.81595
1.81595
1.71869
1.71869
1.81363
1.81363
1.78862
1.78862
1.57576
1.57576
1.75488
1.75488
1.67503
1.67503
1.80395
1.80395
1.80931
1.80931




APPENDIX B. SELECTED DATA 126

Degree 44 Symmetric Polynomials

50 largest Ll norm

Polynomial Mahler Maxmod Minmod L1 L3 L4
0000000011000111100010011101101001001101 0.96986 1.41638 .0.68203 0.98493 1.01497 1.02976
0101010110010010110111001000111100011000 0.96986 1.41638 ’0.68205 0.98493 1.01497 1.02976
0000000011011010010011101100011110001101 0.96756 1.32454 0.53456 0.98437 1.0145 1.02794
0101010110001111000110111001001011011000 0.96756 1.32454 0.53456 0.98437 1.0145 1.02794
0000010010000011110110011000101101011100 0.9584 1.32988 0.37431 0.98121 1.01592 1.02976
0101000111010110100011001101111000001001 0.9584 1.32988 0.37431 0.98121 1.01592 1.02976
0101000101111100001001100111010010100001 0.96007 1.40652 0.57078 0.98036 1.01887 1.03692
0000010000101001011100110010000111110100 0.96007 1.40652 0.57078 0.98036 1.01887 1.03692
0101010110101101101100110011100011111000 0.9528 1.35965 0.14907 0.97943 1.01759 1.03336
0000000011111000111001100110110110101101  0.9528 1.35965 0.14907 0.97943 1.01759 1.03336
0000000010010110101100110011111000011101 0.95939 1.51057 0.62241 0.97936 1.02105 1.04219
0101010111000011111001100110101101001000 0.95939 1.51057 0.62241 0.97936 1.02105 1.04219
0110010010000001010010111100000101011100 0.95681 1.36125 0.47873 0.97921 1.01921 1.03692
0011000111010100000111101001010000001001 0.95681 1.36125 0.47873 0.97921 1.01921 1.03692
0111000000111000100000010101110110110101 0.95624 1.39139 0.53993 0.97905 1.01922 1.03692
0010010101101101110101000000100011100000 0.95624 1.39139 0.53993 0.97905 1.01922 1.03692
0100110101010110100110011001111000000000 0.9555 1.36723 0.44679 0.97883 1.01928 1.03692
0001100000000011110011001100101101010101 0.9555 1.36723 0.44679 0.97883 1.01928 1.03692

0011100001110101000110011001000000100101 0.95823 1.49815 0.59638 0.97873 1.02184 1.04393
0110110100100000010011001100010101110000 0.95823 1.49815 0.59638 0.97873 1.02184 1.04393
0011111111110001111001100110100100101010 0.95497 1.40943 0.501 0.97855 1.01939 1.03692
0110101010100100101100110011110001111111 0.95497 1.40943 0.501 0.97855 1.01939 1.03692
0101101111001010001110111011011111001011 0.95316 1.33815 0.42228 0.97811 1.01945 1.03692
0000111010011111011011101110001010011110 0.95316 1.33815 0.42228 0.97811 1.01945 1.03692
0101010110001111000100110001001011011000 0.95283 1.35526 0.45935 0.97796 1.01948 1.03692
0000000011011010010001100100011110001101 0.95283 1.35526 0.45935 0.97796 1.01948 1.03692
0111001111010110101011101111111000001011 0.95286 1.43479 0.49159 0.97788 1.01953 1.03692
0010011010000011111110111010101101011110 0.95286 1.43479 0.49159 0.97788 1.01953 1.03692
0101101010101100101001100111110011111111 0.95554 1.44836 0.55711 ©0.9777 1.02218 1.04393
0000111111111001111100110010100110101010 0.95554 1.44836 0.55711 0.9777 1.02218 1.04393
0000111110100010100110011001111101111010 0.95331 1.45593 0.53071 0.97723 1.02164 1.04219
0101101011110111110011001100101000101111 0.95331 1.45593 0.53071 0.97723 1.02164 1.04219
0111000001111101110001100100100010100101 0.95241 1.41433 0.52827 0.97685 1.02178 1.04219

0010010100101000100100110001110111110000 0.95241 1.41433 0.52827 0.97685 1.02178 1.04219
0000100111111011110011101100101110101001 0.94926 1.37437 0.44424 0.97661 1.01991 1.03692
0101110010101110100110111001111011111100 0.94926 1.37437 0.44424 0.97661 1.01991 1.03692

0111000001111101110001000100100010100101 0.95189 1.4463 0.4915 0.97635 1.02259 1.04393
0010010100101000100100010001110111110000 0.95189 1.4463 0.4915 0.97635 1.02259 1.04393
0111111110010011110010011100101100011010 0.95206 1.65094 0.5422 0.97607 1.02424 1.0491
0010101011000110100111001001111001001111 0.95206 1.65094 0.5422 0.97607 1.02424 1.0491
0111000110111000010100010000010110111001 0.95329 1.60343 0.60659 0.97603 1.02503 1.05081
0010010011101101000001000101000011101100 0.95329 1.60343 0.60659 0.97603 1.02503 1.05081
0011100011101010111101000010111111101101 0.94624 1.34164 0.33333 0.976 1.01993 1.03692
0110110110111111101000010111101010111000 0.94624 1.34164 0.33333 0.976 1.01993 1.03692
0101010101101011010011001100001111100000 0.95002 1,51992 0.45137 0.97595 1.02256 1.04393
0000000000111110000110011001011010110101 0.95002 1,51992 0.45137 0.97595 1.02256 1.04393
0100001110100000110001100100110101111011 0.94979 1.40916 0.44581 0.97592 1.02206 1.04219
0001011011110101100100110001100000101110 0.94979 1.40916 0.44581 0.97592 1.02206 1.04219
0111001111010110000001000101011000001011 0.94973 1.49156 0.48369 0.97576 1.02265 1.04393
0010011010000011010100010000001101011110 0.94973 1.49156 0.48369 0.97576 1.02265 1.04393




APPENDIX B. SELECTED DATA

Degree 44 Symmetric Polynomials

50 smallest L3 norm

Polynomial
0000000011011010010011101100011110001101
0101010110001111000110111001001011011000
0101010110010010110111001000111100011000
0000000011000111100010011101101001001101
0000010010000011110110011000101101011100
0101000111010110100011001101111000001001
0000000011111006111001100110110110101101
0101010110101101101100110011100011111000
0101000101111100001001100111010010100001
0000010000101001011100110010000111110100
0110010010000001010010111100000101011100
0011000111010100000111101001010000001001
0111000000111000100000010101110110110101
0010010101101101110101000000100011100000
0001100000000011110011001100101101010101
0100110101010110100110011001111000000000
0110101010100100101100110011110001111111
0011111111110001111001100110100100101010
0101101111001010001110111011011111001011
00001110100111110110211101110001010011110
0000000011011010010001100100011110001101
0101010110001111000100110001001011011000
0010011010000011111110111020101101011110
0111001111010110101011101121111000001011
0101110010101110100110111001111011111100
0000100111111011110011101100101110101001
0011100011101010111101000010111111101101
0110110110111111101000010111101010111000
0101010110110100100011001101110000111000
0000000011100001110110011000100101101101
0100010010001001011010011110000111011100
0001000111011100001111001011010010001001
0111000101011100001011001111010010000001
0010010000001001011110011010000111010100
0101010010100100100110011001110001111100
0000000111110001110011001100100100101001
0100010111011001001010011111000110001000
0001000010001100011111001010010011011101
0101111101000011001110011011001101000010
0000101000010110011011001110011000010111
0000000010010110101100110011111000011101
0101010111000011111001100110101101001000
0011100010001110100001000101111011011101
0110110111011011110100010000101110001000
0101101101010011001011101111001100000011
0000111000000110011110111010011001010110
0101101011110111110011001100101000101111
0000111110100010100110011001111101111010
0110010100110111101010011111101000110000
0011000001100010111111001010111101100101

Mahler
0.96756
0.96756
0.96986
0.96986

0.9584

0.9584

0.9528

0.9528
0.96007
0.96007
0.95681
0.95681
0.95624
0.95624

0.9555

0.9555
0.95497
0.95497
0.95316
0.95316
0.95283
0.95283
0.95286
0.95286
0.94926
0.94926
0.94624
0.94624

0.9425

0.9425
0.92905
0.92905
0.94234
0.94234
0.92988
0.92988

0.9156

0.9156
0.94207
0.94207
0.95939
0.95939
0.94454
0.94454
0.94158
0.94158
0.95331
0.95331
0.93666
0.93666

Maxmod
1.32454
1.32454
1.41638
1.41638
1.32988
1.32988
1.35965
1.35965
1.40652
1.40652
1.36125
1.36125
1.39139
1.39139
1.36723
1.36723
1.40943
1.40943
1.33815
1.33815
1.35526
1.35526
1.43479
1.43479
1.37437
1.37437
1.34164
1.34164
1.44935
1.44935
1.37437
1.37437
1.33366
1.33366
1.33288
1.33288
1.33327
1.33327
1.34883
1.34883
1.51057
1.51057
1.34239
1.34239
1.41753
1.41753
1.45593
1.45593
1.41669
1.41669

Minmod

. 0.53456

0.53456
0.68203
0.68203
0.37431
0.37431
0.14907
0.14907
0.57078
0.57078
0.47873
0.47873
0.53993
0.53993
0.44679
0.44679
0.501
0.501
0.42228
0.42228
0.45935
0.45935
0.49159
0.49159
0.44424
0.44424
0.33333
0.33333
0.20303
0.20303
0.01799
0.01799
0.32896
0.32896
0.06134
0.06134
0.06744
0.06744
0.2287
0.2287
0.62241
0.62241
0.14907
0.14907
0.14907
0.14907
0.53071
0.53071
0.14907
0.14907

Ll
0.98437
0.98437
0.98493
0.98493
0.98121
0.98121
0.97943
0.97943
0.98036
0.98036
0.97921
0.97921
0.97905
0.97905
0.97883
0.97883
0.97855
0.97855
0.97811
0.97811
0.97796
0.97796
0.97788
0.97788
0.97661
0.97661

0.976
0.976
0.97534
0.97534
0.9739
0.9739
0.97499
0.97499
0.97306
0.97306
0.96999
0.96999
0.97456
0.97456
0.97936
0.97936
0.97519
0.97519
0.97456
0.97456
0.97723
0.97723
0.97311
0.97311

L3
1.0145
1.0145

1.01497
1.01497
1.01592
1.01592
1.01759
1.01759
1.01887
1.01887
1.01921
1.01921
1.01922
1.01922
1.01928
1.01928
1.01939
1.01939
1.01945
1.01945
1.01948
1.01948
1.01953
1.01953
1.01991
1.01991
1.01993
1.01993
1.01994
1.01994
1.01997
1.01997
1.02007
1.02007
1.02029
1.02029
1.02072
1.02072
1.02092
1.02092
1.02105
1.02105
1.02144
1.02144
1.02146
1.02146
1.02164
1.02164
1.02177
1.02177

127

L4
1.02794
1.02794
1.02976
1.02976
1.02976
1.02976
1.03336
1.03336
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03868
1.03868
1.04219
1.04219
1.04044
1.04044
1.04044
1.04044
1.04219
1.04219
1.04044
1.04044



APPENDIX B. SELECTED DATA 128

Degree 44 Symmetric Polynomials

50 largest L3 norm

Polynomial Mahler Maxmod Minmod L1 L3 L4
0011001100110011001100110011001100110011 0.26694 4.74459 0.10652 0.48649 1.54022 1.96848
0110011001100110011001100110011001100110 0.26694 4.74459 v0.10652 0.48649 1.54022 1.96848
0110011001100110011001000110011001100110 0.40668 4.53382 0.10926 0.59765 1.47388 1.87351
0011001100110011001100010011001100110011 0.40668 4.53382 0.10926 0.59765 1.47388 1.87351
0001100110011001100110011001100110011001 0.43179 4.33333 0.14983 0.61009 1.4599 1.84273
0100110011001100110011001100110011001100 0.43179 4.33333 0.14983 0.61009 1.4599 1.84273
0111001100110011C01100110011001100110011 0.41314 4.3538 0.02078 0.6087 1.45912 1.84304
0010011001100110011001100110011001100110 0.41314 4.3538 0.02078 0.6087 1.45912 1.84304
0100011001100110011001100110011001100110 0.4293 4.33333 0.03579 0.62127 1.45071 1.8319
0001001100110011001100110011001100110011 0.4293 4.33533 0.03579 0.62127 1.45071 1.8319
0111011001100110011001100110011001100110 0.43494 4.3538 0.01517 0.62442 1.45037 1.83286
0010001100110011001100110011001100110011 0.43494 4.3538 0.01517 0.62442 1.45037 1.83286
0110001001100110011001100110011001100111 0.44937 4.3538 0.01867 0.63703 1.44272 1.82381
0011011100110011001100110011001100110010 0.44937 4.3538 0.01867 0.63703 1.44272 1.82381
0110111001100110011001100110011001100110 0.45056 4.33333 0.03291 0.63624 1.4425 1.82218
0011101100110011001100110011001100110011 0.45056 4.33333 0.03291 0.63624 1.4425 1.82218 -
0110011101100110011001100110011001100010 0.46131 4.3538 0.02476 0.64647 1.43623 1.81595
001100100011001100110011001i001100110111 0.46131 4.3538 0.02476 0.64647 1.43623 1.81595
0110010001100110011001100110011001100100 0.46185 4.33333 0.02436 0.64685 1.43546 1.81363
0011000100110011001100110011001100110001 0.46185 4.33333 0.02436 0.64685 1.43546 1.81363
0110011000100110011001100110011001110110 0.45961 4.3538 0.03834 0.65107 1.43097 1.80931
0011001101110011001100110011001100100011 0.45961 4.3538 0.03834 0.65107 1.43097 1.80931
0110011011100110011001100110011001101110 0.47032 4.33333 0.03792 0.65401 1.42963 1.8063
0011001110110011001100110011001100111011 0.47032 4.33333 0.03792 0.65401 1.42963 1.8063
0110011001110110011001100110011000100110 0.45487 4.3538 0.04777 0.65103 1.42712 1.80395
0011001100100011001100110011001101110011 0.45487 4.3538 0.04777 0.65103 1.42712 1.80395
0011001100110011001101100011001100110011 0.41422 4.3538 0.05006 0.6298 1.42537 1.79582
0110011001100110011000110110011001100110 0.41422 4.3538 0.05006 0.6298 1.42537 1.79582
0110011001000110011001100110011001000110 0.47352 4.33333 0.0412 0.65769 1.4251 1.80024
0011001100010011001100110011001100010011 0.47352 4.33333 0.0412 0.65769 1.4251 1.80024
0110011001100010011001100110011101100110 0.47453 4.3538 0.03973 0.65811 1.42423 1.7999
0011001100110111001100110011001000110011 0.47453 4.3538 0.03973 0.65811 1.42423 1.7999
0110011001100110011101100010011001100110 0.46895 4.3538 0.04125 0.65438 1.42188 1.79446
0011001100110011001000110111001100110011 0.46895 4.3538 0.04125 0.65438 1.42188 1.79446
0011001100111011001100110011001110110011 0.47272 4.33333 0.05636 0.66005 1.42171 1.79548
0110011001101110011001100110011011100110 0.47272 4.33333 0.05636 0.66005 1.42171 1.79548
0110011001100110001001100111011001100110 0.46166 4.3538 0.04197 0.65748 1.42059 1.79446
0011001100110011011100110010001100110011 0.46166 4.3538 0.04197 0.65748 1.42059 1.79446
0011001100110001001100110011000100110011 0.4356 4.33333 0.05157 0.64631 1.4204 1.79206
0110011001100100011001100110010001100110 0.4356 4.33333 0.05157 0.64631 1.4204 1.79206
0110011001100111011001100110001001100110 0.50152 4.3538 0.0314 0.672 .42011 1.79582
0011001100110010001100110011011100110011 0.50152 4.3538 0.0314 0.672 .42011 1.79582
0110011001100110011011101110011001100110 0.45203 4.33333 0.07118 0.64729 .41976 1.78862
0011001100110011001110111011001100110011 0.45203 4.33333 0.07118 0.64729 .41976 1.78862
0110011001100110010001100100011001100110 0.47226 4.33333 0.05433 0.65856 1.41755 1.78793
0011001100110011000100110001001100110011 0.47226 4.33333 0.05433 0.65856 1.41755 1.78793
0110011001100110111001100110111001100110 0.47053 4.33333 0.05955 0.66128 1.41692 1.78862
0011001100110011101100110011101100110011 0.47053 4.33333 0.05955 0.66128 1.41692 1.78862
0100110011001100110011101100110011001100 0.42992 4.14461 0.09794 0.64866 1.40268 1.75488
0001100110011001100110111001100110011001 0.42992 4.14461 0.09794 0.64866 1.40268 1.75488
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APPENDIX B. SELECTED DATA

Degree 44 Symmetric Polynomials

50 smallest L4 norm

Polynomial
0000000011011010010011101100011110001101
0101010110001111000110111001001011011000
0101000111010110100011001101111000001001
0000010010000011110110011000101101011100
0101010110010010110111001000111100011000
0000000011000111100010011101101001001101
0101010110101101101100110011100011111000
0000000011111000111001100110110110101101
0101000101111100001001100111010010100001
0000010000101001011100110010000111110100
0110010010000001010010111100000101011100
0011000111010100000111101001010000001001
0000000011011010010001100100011110001101
0101010110001111000100110001001011011000
0110110110111111101000010111101010111000
0011100011101010111101000010111111101101
0100010010001001011010011110000111011100
0001000111011100001111001011010010001001
0000000111110001110011001100100100101001
0101010010100100100110011001110001111100
0100010111011001001010011111000110001000
0001000010001100011111001010010011011101
0111000000111000100000010101110110110101
0010010101101101110101000000100011100000
0001100000000011110011001100101101010101
0100110101010110100110011001111000000000
0010011010000011111110111010101101011110
0111001111010110101011101111111000001011
0101010110110100100011001101110000111000
0000000011100001110110011000100101101101
0110101010100100101100110011110001111111
0011111111110001111001100110100100101010
0111000101011100001011001111010010000001
0010010000001001011110011010000111010100
0101110010101110100110111001111011111100
0000100111111011110011101100101110101001
0101101111001010001110111011011111001011
0000111010011111011011101110001010011110
0101111101000011001110011011001101000010
0000101000010110011011001110011000010111
0110110111011011110100010000101110001000
0011100010001110100001000101111011011101
0101101101010011001011101111001100000011
0000111000000110011110111010011001010110
0001110111110000111011001110110100101000
0100100010100101101110011011100001111101
0110010100110111101010011111101000110000
0011000001100010111111001010111101100101
0011100111010101111010011110100000001001
0110110010000000101111001011110101011100

Mahler
0.96756
0.96756

0.9584

0.9584
0.96986
0.96986

0.9528

0.9528
0.96007
0.96007
0.95681
0.95681
0.95283
0.95283
0.94624
0.94624
0.92905
0.92905
0.92988
0.92988

0.9156

0.9156
0.95624
0.95624

0.9555

0.9555
0.95286
0.95286

0.9425

0.9425
0.95497
0.95497
0.94234
0.94234
0.94926
0.94926
0.95316
0.95316
0.94207
0.94207
0.94454
0.94454
0.94158
0.94158
0.92822
0.92822
0.93666
0.93666
0.93067
0.93067

Maxmod

1.32454

1.32454
1.32988
1.32988
1.41638
1.41638
1.35965
1.35965
1.40652
1.40652
1.36125
1.36125
1.35526
1.35526
1.34164
1.34164
1.37437
1.37437
1.33288
1.33288
1.33327
1.33327
1.39139
1.39139
1.36723
1.36723
1.43479
1.43479
1.44935
1.44935
1.40943
1.40943
1.33366
1.33366
1.37437
1.37437
1.33815
1.33815
1.34883
1.34883
1.34239
1.34238
1.41753
1.41753
1.37189
1.37189
1.41669
1.41669
1.37437
1.37437

Minmod
0.53456
0.53456
0.37431
0.37431
0.68203
0.68203
0.14907
0.14907
0.57078
0.57078
0.47873
0.47873
0.45935
0.45935
0.33333
0.33333
0.01799
0.01799
0.06134
0.06134
0.06744
0.06744
0.53993
0.53993
0.44679
0.44679
0.49159
0.49159
0.20303
0.20303

0.501

0.501
0.32896
0.32896
0.44424
0.44424
0.42228
0.42228

0.2287

0.2287
0.14907
0.14907
0.14907
0.14907
0.14907
.14907
.14307
.14907
.14%07
.14907

o O O O O

L1
0.98437
0.98437
0.98121
0.98121
0.98493
0.98493
0.97943
0.97943
0.98036
0.98036
0.97921
0.97921
0.97796
0.97796

0.976
0.976
0.9739
0.9739
0.97306
0.97306
0.96999
0.96999
0.97905
0.97905
0.97883
0.97883
0.97788
0.97788
0.97534
0.97534
0.97855
0.97855
0.97499
0.97499
0.97661
0.97661
0.97811
0.97811
0.97456
0.97456
0.97519
0.97519
0.97456
0.97456
0.97037
0.97037
0.97311
0.97311
0.97163
0.97163

L3
1.0145
1.0145

1.01592
1.01592
1.01497
1.01497
1.01759
1.01759
1.01887
1.01887
1.01921
1.01921
1.01948
1.01948
1.01993
1.01993
1.01997
1.01997
1.02029
1.02029
1.02072
1.02072
1.01922
1.01922
1.01928
1.01928
1.01953
1.01953
1.01994
1.01994
1.01939
1.01939
1.02007
1.02007
1.01991
1.01991
1.01945
1.01945
1.02092
1.02092
1.02144
1.02144
1.02146
1.02146
1.02243
1.02243
1.02177
1.02177
1.02202
1.02202

129

L4
1.02794
1.02794
1.02976
1.02976
1.02976
1.02976
1.03336
1.03336
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03692
1.03868
1.03868
1.04044
1.04044
1.04044
1.04044
1.04044
1.04044
1.04044
1.04044
1.04044
1.04044




APPENDIX B. SELECTED DATA

Degree 44 Symmetric Polynomials

50 largest L4 norm

Polynomial
0011001100110011001100110011001100110011
0110011001100110011001100110011001100110
0110011001100110011001000110011001100110
0011001100110011001100010011001100110011
0111001100110011001100110011001100110011
0010011001100110011001100110011001100110
0001100110011001100110011001100110011001
0100110011001100110011001100110011001100
0010001100110011001100110011001100110011
0111011001100110011001100110011001100110
0100011001100110011001100110011001100110
0001001100110011001100110011001100110011
0110001001100110011001100110011001100111
0011011100110011001100110011001100110010
0110111001100110011001100110011001100110
0011101100110011001100110011001100110011
0110011101100110011001100110011001100010
0011001000110011001100110011001100110111
0110010001100110011001100110011001100100
0011000100110011001100110011001100110001
0011001101110011001100110011001100100011
0110011000100110011001100110011001110110
0110011011100110011001100110011001101110
0011001110110011001100110011001100111011
0110011001110110011001100110011000100110
0011001100100011001100110011001101110011
0110011001000110011001100110011001000110
0011001100010011001100110011001100010011
0110011001100010011001100110011101100110
0011001100110111001100110011001000110011
0110011001100111011001100110001001100110
0011001100110010001100110011011100110011
0011001100110011001101100011001100110011
0110011001100110011000110110011001100110
0110011001101110011001100110011011100110
0011001100111011001100110011001110110011
0110011001100110011101100010011001100110
0110011001100110001001100111011001100110
0011001100110011011100110010001100110011
0011001100110011001000110111001100110011
0110011001100100011001100110010001100110
0011001100110001001100110011000100110011
0110011001100110011011101110011001100110
0011001100110011001110111011001100110011
0110011001100110111001100110111001100110
0011001100110011101100110011101100110011
0011001100110011000100110001001100110011
0110011001100110010001100100011001100110
0001100110011001100110111001100110011001
0100110011001100110011101100110011001100

Mahler
0.26694
0.26694
0.40668
0.40668
0.41314
0.41314
0.43179
0.43179
0.43494
0.43494

0.4293

0.4293
0.44937
0.44937
0.45056
0.45056
0.46131
0.46131
0.46185
0.46185
0.45961
0.45961
0.47032
0.47032
0.45487
0.45487
0.47352
0.47352
0.47453
0.47453
0.50152
0.50152
0.41422
0.41422
0.47272
0.47272
0.46895
0.46166
0.46166
0.46895

0.4356

0.4356
0.45203
0.45203
0.47053
0.47053
0.47226
0.47226
0.42992
0.42992

Maxmod
4.74459
4.74459
4.53382
4.53382

4.3538

4.3538
4.33333
4.33333

4.3538

4.3538
4.33333
4.33333

4.3538

4.3538
4.33333
4.33333

4.3538

4.3538
4.33333
4.33333

4.3538

4.3538
4.33333
4.33333

4.3538

4.3538
4.33333
4.33333

4.3538

4.3538

4.3538
4.3538

4.3538

4.3538
4.33333
4.33333

4.3538

4.3538

4.3538

4.3538
4.33333
4.33333
4.33333
4.33333
4.33333
4.33333
4.33333
4.33333
4.14461
4.14461

Minmod

. 0.10652

0.10652
0.10926
0.10926
0.02078
0.02078
0.14983
0.14983
0.01517
0.01517
0.03579
0.03579
0.01867
0.01867
0.03291
0.03291
0.02476
0.02476
0.02436
0.02436
0.03834
0.03834
0.03792
0.03792
0.04777
0.04777

0.0412

0.0412
0.03973
0.03973

0.0314

0.0314
0.05006
0.05006
0.05636
0.05636
0.04125
0.04197
0.04197
0.04125
0.05157
0.05157
0.07118
0.07118
0.05955
0.05955
0.05433
0.05433
0.09794
0.09794

L1
0.48649
0.48649
0.59765
0.59765

0.6087
0.6087
0.61009
0.61009
0.62442
0.62442
0.62127
0.62127
0.63703
0.63703
0.63624
0.63624
0.64647
0.64647
0.64685
0.64685
0.65107
0.65107
0.65401
0.65401
0.65103
0.65103
0.65769
0.65769
0.65811
0.65811
0.672
0.672
0.6298
0.6298
0.66005
0.66005
0.65438
0.65748
0.65748
0.65438
0.64631
0.64631
0.64729
0.64729
0.66128
0.66128
0.65856
0.65856
0.64866
0.64866

L3
1.54022
1.54022
1.47388
1.47388
1.45912
1.45912

1.4599

1.4599
1.45037
1.45037
1.45071
1.45071
1.44272
1.44272

1.4425

1.4425
1.43623
1.43623
1.43546
1.43546
1.43097
1.43097
1.42963
1.42963
1.42712
1.42712

1.4251

1.4251
1.42423
1.42423
1.42011
1.42011
1.42537
1.42537
1.42171
1.42171
1.42188
1.42059
1.42059
1.42188

1.4204

1.4204
1.41976
1.41976
1.41692
1.41692
1.41755
1.41755
1.40268
1.40268
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L4
1.96848
1.96848
1.87351
1.87351
1.84304
1.84304
1.84273
1.84273
1.83286
1.83286

1.8319

1.8318
1.82381
1.82381
1.82218
1.82218
1.81595
1.81595
1.81363
1.81363
1.80931
1.80931

1.8063

1.8063
1.803985
1.80395
1.80024
1.80024

1.7999

1.7999
1.79582
1.79582
1.79582
1.79582
1.79548
1.79548
1.79446
1.79446
1.79446
1.79446
1.79206
1.79206
1.78862
1.78862
1.78862
1.78862
1.78793
1.78793
1.75488
1.75488
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