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Abstract. 

I r i  the 1 l).5O's and 1960's Littlewood, Erdos and others 'made conjectures coricc~rr~ing t t i e  

niodulr~s of f 1 polynomials on the unit circle in the complex plane. One such coriject~crt~ 

asks whcther there are positive numbers A, and A2 such that ,  for every degree n .  tlwrf\ 

cxists a ~)oIynornial P7,( t)  having only f 1 coefficients, with the property that 

for 121 = 1 .  Another a s k s  whether f 1 polynomials exist, for every degree 11. satisfvirig t t i r )  

o~ie-sided inequality 

A,- < lPn(2)I 

Hotti are unsolved. This thesis describes the backgrour~d of these prohlenis a r~d  prescr~ t~  

~iur~ieric-al evidence on polynomials up o degree 64 supporting the conjectures. S ~ r ~ i i c ~ r i c . ~ ~ l  ri 
r l a t  a 011 rncan and extreme vailles of riorrns L , L 3 ,  L4 arid Mahler Irreaslrrc is also prewr~ t r v l .  + 

Graphical computer programs to view the image and modulus of f 1 polynomials or1 t t w  

r~liit circle were developed, and their usage explained. - 
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Chapter 1 -  

Introduction 

There are many interesting facts known regarding thc modulrrs of an analytic t 'u t~ct io~~.  

particularly in regatds to bounds on the nio$ulus. The principal questioli addrwswL t)y t l ~ i .  

thesis is concerned with the modulus of a certain subset of analytic functio~is polvno~l~ials 

having only f 1 coefficients, and with a domain consisting of the uriit circle i r i  t l ~ e  c o ~ ~ ~ p l c s  

pIa1ie. 

Ahout forty years ago conjectures concerning the l)orlrids on the rnodul~~s of t I I P  ir~~itgf. 

of the unit circle under such polynomials were posed by Erdos, and discllssed i r i  papcrs I)\;.; 

ariiongst others, Clunk, Hayrnan, Littlewood, Shapiro and, more recently hv Newrliarl arltl 
b 1  P 

?, Hyrnes, Spericer, and Jozsef Bwk. 

So~iie of the conjectures raised in these papers remairi r~rialiswc~rcd. 111 partit.\rlar. t l ~ t l  

'q~iestion of whetfi& there are positive numbers A l  and such that ,  for cverv tlegrw 1 1 .  

tllcre exists a polynoniial P,,(Z) having only f 1 coefficients, with t h ~  p rop r ty  t hn t  

for 121 = 1 .  Furthermore, it is not known whether f 1 poly~iornials exist, for cvcry c l~grw 1 1 .  

satisfying t hc one-sided inequality 

TI1 ? s thesis describes t.he background of thcse problems and presents 11111licrical c ~ v i c l c ~ l ~ c . t ~  

tliat suggests both conjectures may be true. Nu~iieric-al data,  . t l ieore~~ls  arid c .o~~j tv . t~cr . t~~ 

regarcling liorriis L 1 ,  LC3,  Lq and h4atiler measlrre are also presented. 



C H A P T E R  I .  INTRODIK'TION - .. 

, 
As one might expect there is a close relationship between these problems a.nd vario~~s. 

problems in signal processing. One of these connections is with the so-called Barker 1)oly- '. 
rioniials (See Saffari [Is]). However, this thesis does not elaborate on these applications. 

1.1 Notation Used in This Thesis 
r 7 I hroughout this thesis a f 1 poly~ion~ial refers a functio~i of the form 

~ h r e  n~ E { - 1. 1 ) and z is a corriplex variable. Since we are co~isidering t tie Iwhavio~~r of t t i t .  

p o l y ~ ~ o ~ ~ i i a l s  on the unit circle, sometimes it is more convenient to consider t t i ~  poly~ior~~ial 

as a function of 0 

The notation p,, will represent the quantity d m - ,  where n ge~ierally dc~iotcs t I I P  clcg~w 

of a polynonlial. 

I f  the modulus or other quantity concerni~ig a f 1 poly 

r~orwralized, this means it has  been divided by by p,,. 

.A polynoniial is sornetirnes represented by a binary nuniber. E k - h  digit in  t l ' l c h  I ) i r i ; i r . ,v  

1i111111wr represents a term of the polynoniial, with a O deriotirig - allti a 1 cltlriotirig t-. 1.'oi. 

?'lie liotation E ( . )  indkates a n  expected value, or mean. 
1 



Chapter 2 

History of the Problem 
P 

2.1 The Modulus of f 1 Polynomials 

2.1.1 Rudin-Shapiro Polynomials 
4 

In 19.71 Shapiro ['LO] discov~red a recursive sequcwce of f 1 polyriomials 11avil;~ 111otlul1r 

irl~ t l ip  unit ~ i r r l e  bound~d  above by , = &(n + 1 ) 1 .  where 11 is t t ~ e  (legrw uf t t ~ v  

po lyno~~~ ia l .  These polynomials 'were rediscovered iridtptndelltly l,y H r l t l i ~ ~  i l l  19.50, ar~cl ;ircl - 
often referred to as Rucfin-Shapiro Polyno~nials. Some authors refer tlo t t~c l~r  a.5 St~iil)iro-- 

1{11cl i r1  F'oly~iomials, aricl, more recently, as C;olay-Rr~di~~-Slial,iro F'~l~.~~or;~i; t ls .  s i ~ i c . ~ .  i t  t ~ i i . \  

Theorem 1 (Rudin-Shapiro) LC t Po(z)  = Q O ( z )  = 1 a l ~ d  l r  t 



( 'HAPTER 2. HISTORY OF THE PROBLEM 

Proof: Sum equations (2.1) and (2.2) to  obtain 
/ 

P171+1 ( z )  + Q l l l + i  (2 )  = 2Pm ( 2 )  
C 

- 

S o u  take their difference to obtain 

\vlrcr~c~\:c~r = 1 .  Sun~ming  the a l~ove expressions vields: 



('HA PTER 2. HISTOR\' OF THE PROBLEM 

exponentially with nl. limiting the practical uses of this constructiori. The first few Kudi11- 

Shapiro polynomials are given l>elow: 

F'ig11rcs 2.1 to 2.4  represent the r~locl~rl~rs of t h ~  first five Shapiro-K~~clir~ ~)ol~~rrorrli;il~. 

l'trcir tiorr~ralizccl ~.~iocl~~l i rs  aro~rrlcl the 1111it circle is l~lot tccl ;t\ a fl~trc.fiol~ of 6 ) .  l ' t ~ o  ~ ) I o I  01' 

~r~c~d~rllrh vtrsrs a l~gl r  appears to have a rharactrristic s t ~ a l ~ e  for och-irrclr~srvl K~rclir~-St~i~l)iro 

ml\~t~orr~ialx. ~ v i t l l  the I ~ O ~ I I I I I S  achieving its upper t ) o u ~ ~ d  of Ap,, at 6, = 0 a11,I H = 27; ; L I I I I  L - 
tt1c11 clipping down in a graceful spike to givr f',,,(i~) = 0,  ttr~ls r11li11g o ~ r t  t t ~ ~  1)osbiI)ilit~. 01' 

t i 1 f 1  ocicl-i~lcltscci scclr1ctlc.c 5oli.itig tlrc t\vo-.\icIr~l i ~ t t q ~ r a l i t ~ .  co11jcc.t 11rc c lc~sc . r i t~ tv l  i r r  1 t 1 f 1  r~ost 

w . t  io t~ .  
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Fig~rrp 2.1: Liodular plot of Rudin-Shapiro polynomials P 2 ( z )  and Q 2 ( z )  

Figlrrc 2.2:  \ i o d ~ ~ l a r  plot o f  Rndin-Sl~apiro polynomials P3(2) and Q 3 ( z )  
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2.1.2 Some Conjectures 

Shapiro-Rudin polynomials provide an example of an infinite sequence of f 1 po ly~~on~ ia l s  

whose maximum modulus on the unit circle is bounded above by an absolute constant. 

After learning about this sequence, it is perhaps natural to  ask: Is there a sequence havir~g 

a r ~ ~ i ~ ~ i r n u ~ n  n~odulus that is bounded from below? Since Shapiro's result appeared i l l  195 I 

['LO] several authors have made conjectures c o ~ ~ c e r n i ~ ~ g  the n~ini~nurn n~odul~rs .  

4 .  
Conjecture 1 (Minimum Modulus) Therr  cxists n posititlf corwtarlt .4, irl& pc rldc r l l  oJ 

n .  .such that for arbitrarily largc dcgmc n thcrc r ~ i s t s  

TIIP a h v e  problem ~v;tci published by ( ' l un i~  i r ~  19.50 [i']. I I I  tiis Imlwr ( ' l 1 1 1 1 i r 3  t ~ l l s  11s t t ~ a t  

t t ~ p  problem was posed by Erdos and conveyetl to hirn l ~ y  H a y r ~ ~ a r ~ .  1lay111ar1 [ lo]  l ) ~ ~ l , l i h l r c v l  

Conjecture 2 (The Two-sided Conjecture) 7'hr lr cris t  p o s i t i ~ v  cwr~.sttrrt/., :I I riritl .- \  

j o r  (ill 1 ~ 1  = 1 .  

L i t  tlc~voocl'x cc~rljcct~rrc r c ~ ~ ~ a i r ~  ope11. ('1111lie a11(1 Littl~\voc)(l iilso co~~si(lr~r(vl \ .ors io115 01' 

t tie follo\virig throren~.  regarding polynorr~ials wl~ose c~~ffic.icrith arc 400"' root5 of' I I I I ~ ~ Y  
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Theorem 2 (Beck) For sufficiently large n ,  them e ~ i s t s  a p o l y ~ ~ o r n d  

with a k  E { c 2 r L ~ / 4 0 0  : j = 0. 1. ..., 399) a n d  positicc corwtnnts .ill arid .d2.  i i d c p r  n d t r ~ t  o j u .  
"'t 

suc.lr t h d  

I'11c c.o~~jec.t l ~ r r  of Erdiis r~~riaitrs ~rlrsol\ ,~d for ttrc caw of  f 1 c.of>ffic.ic~~ts. 

I ' l ~ c o r r ~ r ~ ~ s  of Heck a11(1 Kallarr~ arc ~r~cr~tiollcrl I~crr. for c . o ~ r ~ ~ , l r ~ t r ~ r ~ c ~ ~ s .  I ~ l r t  t t~is  t11(+';5 

. . 
is c.o~~c-ern~cl or~ly ivitl~ p o l y ~ ~ o ~ n i a l s  having f 1 c-ocfficicr~ts. I I I P  tu,o-biclc>(l ~ , I ~ I I J P ~ . ~ I I ~ I ~  ; i11(1  

2 . 1 . 3  Spencer's Theorem 



('HA PTER 2. HlSTORY OF T H E  P R ~ B L E M  a' 

a Rudtn-.Yhapiro function for K. In 198.5 hr. provided a new proof for the existerrc.e of 

K~rdin-Shapiro polynomials of arbitrary d e g r e ~  n.  In addition. Spenctr 'delnorrstratc~~l tlrnt 

s11ch polyno~nials are exponential in number for each degree n .  i 

Spencer's proof relies of the following theorem, which isi the main rpsult of his paper .Srl 

.Standard Dct~iatior~s .S'ufice. [2 11 
7, 

Theorem 3 (Spencer) Lrt 

7'hrri tlirrr r ~ i s t s  t ~  . . . t ,  E ( -1 ,  1 )  such that 

~ r h f  rr K is n cor~stant in'dcpt ndcrrt' of T I .  

2.2 Mahler Measure and Norms of d11 Polynomials 

2 .2 .1  Introduction - 

'1.t1t) r o o t  I I I P ~ ~ I I  5(111are vaI11e of tlre 11ro(l1111is o f  a pol!,11o111ial l / ' ( z ) l  011 t I I ( >  1 1 1 1 i t  I i r l . l f , .  i ~ l h o  
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s' 

For f 1 polynorrlials of degree n ,  the value of this quantity is constant: 

Thr  trrnrs of the integrarlds are. up to sign. products of two elrnlcnts f rnn~ thc ortltogor~al 

s ~ t  { 1. cos 0. sin 6. cos 28. sin 28. . . . . cos n8, sill n0) with 

Zr: 
sill '  k0 d8 = 1 cos2 k8d6 = i;. k > 0 

sir1 k8sin j 8d8  = 1-0s k6cos jOd0 = 0,  k # J 

cos' 08 d8 = 2x 

2 n 1 sin' 00 d0 = 0 

i~ c - o r r ~ p ~ ~ t ~ ( l  i 1 1  t l ~ i x  t t~rs is  for p = 1 ,  p = : 3 .  ar~d  p = -1. Sorrrc~tirl~c~s lillo\.r.r~ ;t~ t 1 1 t l  I , , ,  r 1 0 1 . 1 1 1 .  
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2.2.2 Theorems and Conjecture on the L4 Norm 

Littlewood [12] considered the quanti ty - 

1'" { 1 p ( 0 )  1' - P:}' d0 J,, = 7 
LT 0 

flc proved the following theorem regarding the L4 norrr1 of Rudin-Shapiro polyr~orr~ials [1.1]. 

Theorem 5 (Littlewood) If n = ' L ~  - 1 a n d  P ( z )  i s  thc  ~ n r f i i ~ - . 5 ' h n p i &  polyr~orrrirrl ( I / '  

a11~. 1) > 2)  is a lower hound for the ~naxi~nuni  rnod~rlus of a f 1 pol~.r~orr~ial  or1 /:I = I .  . l ' l ~ r s \  

rwl ixovcrd t l ~ e  theoren1 of Littlewoood (give11 ahove) a d  a h  prow: 

Theorem 6 (Newman and Byrnes) 111 t h r  . s c t  o f f  polyrmrr~ic~ls  o f  d tgrr t  r t .  b.'(II ) = 

2 ( n +  1 ) l  - ( n +  1 ) .  

Sc~wrr~ar~  arid Byrnes ~rrake the following ( , o ~ ~ j e r t ~ l r ~ .  Thty I I O ~ C  t t ~ i i t .  I ) ( V . ~ I I S P  I , !  

Ilorrrl is a lo\ser hound for the 1naxim11111 n~otlull~s,  that t h t  trut11 of t11e (.o~~jt.(.t l i r t>  \ V O I I I ( I  

i ~ l ~ p l ~  t l ~ a t  the Erilos conjecture is also true witlr c = 1 - ( $ ) f .  - 

2.2.3 Theorem and Conjecture of Borwein and Lockhart 

Theorem 7 (Borwein and Lockhart) L c t  



bc a polynorriial hav ing  coef f ic ients  .Xk that  arc indcpendcn t ,  idcnt icul ly  distributed randorrr 

w r i a b l c s  wi th  meart 0. variance equal t o  I a n d .  if p > 2 a f i n i t c  pth rrmnirrd E(l.Ykjr'). I'lrr r i  

As we shall see. the numerical evidence gathered for this thesis is corrsistcnt wit11 ttris 

t hcortm ( i n  t h e  r a w  of f 1 polynomials for p = 3 arid p = 4) arid also supports t t ~ r  follo~vi~rr: 
C 

c-orijr~ct urc: 

Conjecture 5 (Borwein and Lockhart) I 'ridcr thr c.orldifiorl.k o j  T h t  orr rrr  7 

rrlnrost .surf ly as n --+ x.. I f  so thcrt also 

2.2.4 ' Mahler Measure 

1 1 1  1962 l i ~ r r t  llaliler [15] stuclicd thr. nica.s~lrr of a polyrio~~iial ~ v t r i c t ~  now carric>s Iris 1 1 i i 1 1 r t ~ .  

Theorem 8 (Mahler) If P ( : )  = a,,:" + (I,,-] :"-' + . . . + q, ha.\ root.\ l o l .  . . . . ( h , , }  t11t 1 1  

Tlrix t l ~ t ~ o r r ~ ~ ~ r  wa.5 I I S C ~  to calctl lat~ t t i ~  \lahlcr rrleasllrc rrll~rr~rically wlrilr~ giitl~vring ( l i l t i t  

for t l t i x  t t t~sis .  



Chapter 3 

Some General properties of f 1 

Polynomials 

rnocl~~lii va l~~es .  Indeed, f 1 polynomials of a give11 degree III~! ,  t)r partitior~t~cl i r l t o  L i r r ~ i l i t ' h  

t t ~ a t  stlare t t ~ e  same set of rnod~ilii val~les. . Is  i r ~  L,ittlewood [12].  two pol~.11o111iiil5 i l l  t t ~ r ~  

~ ~ I I I P  s11cti family will he called co i~ juya tcs .  

3.1 Conjugates 

Definition 1 (Conjugate) if P( : )  and Q(:) urr .+(lid to br c - o r ~ j ~ ~ g a t t  p r ~ o r ~ t l r r l  o r ~ t  (?/ t l r c  

follo~rirlg 1rold.u: 
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A pair of conjugates may be classified according to  whether I Y(2)l = IQ(2) ( or I P(: )  1 = 

IQ(-,-)I for z on the unit circle in the complex plane. 

Ltrhen P ( z )  and Q ( z )  are related accorcling to expressions 1 .  or : 3 .  i n  t t l ~  clefi~ritioll. 
I - then iP(,-)l = IQ(z)l. for all 121 = 1 .  In case 3. ,  we have Q(:) = : "P (z ) .  I .~IPI I  

1 I Z " P ( ~ ) ~  = IznIIP(;)l = lP(Z)l = IP(t)l whenever = 1. 

The plot of modulus verses angle for P and Q are. of course, ider~tical. h~ r t  thr~ i ~ ~ ~ ; t g f *  

of the  nit circle under P and Q may I)e different. The irrlagt of the 1111i t  c.irc.lt. for. 

two such conj~rgates are shown in figures 3 . 1  a ~ ~ c i  3.2. 

LC'Ilen P ( z )  and Q ( z )  are related accortling to expressions 2. or 4. i l l  t t ~ c  clcfi~ritiurr. 

then IF'(,-)[ = IQ(-z)I. for all 121 = 1.  111 case 2. it follows i~rr~r~ecliately tirat It'(:)l - 
iQ(-:)I 111 c-ase4.. we t~aveQ( : )  = z 7 ' [ ' ( ? ) .  'I'hen / : " ~ ( + ) l  = / ~ ' ~ j j / ' ( ~ ) /  = 

If'(--?)I = IF'(-:)/ whenever 1 - 1  = 1. I n  caws 2. a11d 4 .  the rnodr~lar plot of' ('(0) O I I  

[O. ir] is a rriirror irnage of the modular plot of Q ( 0 )  on the sarnc interval. 'ftrc~ 1)lotx 01' 

n ~ o d ~ r l ~ l s  verses angle for a conjugate pair such a.; this is show~l i 1 1  fig~rrc :3.:l. 

.Althor~gh co~ljugates must always share the salrir set of r l~or l~~lar  

that all ~)olyr~o~nials  sharing the sanle rnotlular val~res a r r  ncc.css;lrily 

t Ire follouirrg pair: 

c o ~ ~ j ~ ~ g a t ~  pair. - 
O ~ l e  I I I ~ !  ask, is it possible to  have polynon~iah P ( : )  awl Q(:) wit11 

. r t  rwithrr //'(:)I = lQ(z)l  for all I:/ = 1 .  nclr It'(:)I = IQ(-:)I fur all /:I = I,.' So s1r1.11 

e s a ~ l ~ p l ~  w a s  apparent in the data  collected for this thesis. 

K~ldin-Shaprio polynomials, which were disclrss~ci i l l  ( 'hapter 2 ,  arc ~ s ; i ~ ~ ~ p l ~ x  of V O I I J I I -  

gatc pairs. This is proved in the following theore111. 
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Fip,ur~ 3.1: TIIP i'rlit circle transformed illlder Pi;)  = - z 7  - zb - zi - z4  - zJ + :_' + z + I 
( left) and Q ( : )  = z 'P( : )  (r ight)  
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F i ~ l l r c  :j.:j: Example: \Ioclular Plots of ( 'onj~lgates P ( z )  = z6 - z5  + z4  + z 3  + z L  + ,- + 1 
( w l i c l i  and Q ( z )  = z 6 P (  $) (dot ted)  

Theorem 9 Rudirl-.5'hapiro polyrtorrlials P,,, ( 2 )  arld Q, ( 2 )  of degwe 'Lm - 1 ( a s  rlcfiilcd iri  

1 
,(-;), rn odd - 

Proof ( b y  induction)  sot^ that the res111t is true for m = 0 and r n  = 1 .  S~lppose it is 

trllr' for 111 = k and  k is odd .  T I ~ P I I  from the  definition the bd in-Shapi ro  polynor~~ials 
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and 

S ~ ~ t ) s t i t r ~ t i r ~ g  these results into eqr~atiori 3 . 1  yields: 

r .  _p+ 1 - I h ~ ~ s  Q k + 1  ( z )  = - Pk+l (-l) and since similar results follow when k is ~ \ ~ e r i  t t i ~  x t ; i t c v l  

resl~lt is true for all integers r r i .  0 

Ttlc corij~~gati. relationship betwwn P,,,(2) and Q,, , (z)  is depic-teti in figures 2.1 to 2. i. 

ivhich s110w. for 772 = 2 . .  . 5 ,  that the modular plot of I : , , ( : )  or1 [O.  7; ]  is a 111irror irlliigt~ 01' 

the plot of Q,, , (=)  011 the same interval, just, as for the more typical cm~ijugatr. pair ~~lo t t (vI  

i ~ \  f i g ~ ~ r r  : j . :3.  

- 
3.2 Self-Conjugates: Reciprocal and Symmetric 
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Definition 3 (Symmetric) .A f 1 polynomial P ( z )  is said to be symmetric provided P ( z )  = 

? P ( + )  0, P ( 2 )  = -zn P($). 

Syrnnnetric polynomials occur only for even degrees. The name syrrairwtric is not a 

standard definition. but has been used in [6] to describe polynomials of this sort. The name 

reflects the symmetric nature of the modular plots. While the modular plot of fr7cr.y f 1 

polyrwruial is syrnrnetric about 8 = 7; due to  the fact that  P ( z ) (  = IP(Z)I (anti hc~ilc-c 

IP(B)I = I P ( 2 r  - 8 ) / ) .  sy,nmrtriz polynomials liavi the property that  IF'(.-)/ = /Pi-.-)I. 
: 

hence IP(6) )  = I P(T - 8)l.  Ari example of the modular plot of a symmetric poly~romii~l i:; 

h o i v n  i l l  figure :j.-i .  

- + - 1 "  - F i g u r ~  :{. 1: Esarnple: l lodular Plot of Syrn~netric self-conjugatt P ( I )  = - z12 - - l  
,I, + = d  - -' + = 6 +  +5 + = 4  + = 3  + =1 - - + 2 - 1 .  Note svrnrnetry about 0 = 5 

5yrnr111~tri(- poIsno~n:ials \ v i t h  degrees divisible ty -1 h a v ~  the property t l ~ a t  a k  = a,,-L \ V ~ I ~ I I  

k is P \ , P I I  all11 (1k = -a,,-;. when k is odd. 
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U'hen the degree is even, but not divisible by 4 ,  symmetric polynontiais satisfy P (2) = 

- z 7 ' F ' ( & ) .  In this case t h ~  middle term is raised to  an odd power, and ak = -n , , - l ,  wl~rrl 

k is eveti anti ak = a,-k when k is odd. A n  example of such a syrnrrlet ric polyrlorllial is 

' - For all eve11 degrees there are 2(2?) symmetric polyriorrlials. There arc [lo od(l c l c x -  

g rw syutntetric polynoniials, sirice if n is odd artd P ( z )  = E L ,  a k z k  = z 1 [ l ' (  G )  - 
z 7 L { C ; = o  then. equating coefficients of the Itlacling term gives u,' = a,,. ~ . i l i l r ,  

e q ~ ~ a t i r ~ g  the constant term give a. = -a , , .  However, there arc odd degrct. pol!.llotrliiils 

havi~ig the property that ak = a,,-k when k is odd arid ak = -a,,-k whcr~ k is cvt'rl (or vic.63 

vc.rsa). ('urionsly, the Rudirl-Shapiro polynomials appear to  have this trait. 
E g  The total number of self-conjugates for eve11 degrees is 2 2 while the totitl r ~ ~ ~ r r ~ l w r  of 

M self-conjugates for odd degrees is 2 2 . So as the degree in(-reascs. the tot21 rrirrt~lwr o f  

w l f - cm~j~~ga te s  forrri a srrialler and srrtaller portion of all f 1 ~)olyt~onli;tls. 1t.t AS ..;\r.c. sl~;iII 

scc. t l~cy  appear to have so111e interesting tel~clcwri~s toward:, t.xt rr.111ai j)ropc~rtir~x. 



Chapter 4 

Experimental Methods and Results 

T l ~ c  cspccted value of each clua~itity ivas ralculatml f , r  rac.11 cicgrw. ; i r ~ c l  ;i list of' 100 

~ ~ o l ~ ~ r ~ o l ~ r i a l s  having cxtremal propertics for each quar~tity i v a s  ~ ~ ~ a i ~ r t i i i ~ ~ r v l .  

111 adtiitin11 more limited calculations involving the I I I ~ I I ~ I I I I ~ I I I  I I I U ~ ~ I I ~ I I S  of h j . [ ~ ~ l ~ ~ r ~ t r i c .  

pol j . l~ol~~ials  111' t o  degrw 64 ivcre ~ ~ n d c r t a k e ~ ~ .  
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f 

4.1 How the Data was Calculated 

Data for this thesis was gathered using programs written iri  ('++. Graphs were created with 

spreadsheet software. The rninimuni and rnaxirnurri nlodrllus of a polyr~o~r~ial  was estilr~atrcl 

sirnplv by evaluating the modulus of the polynornial on the unit circle a t  repllar iritervals 

(111 [O. T I .  For  a degree n polyrloniial, the nurnher of intervals used was 20 x r l .  t l111 x a r~~v  

clcirlsity of intervals used to  create the modular plots which illustrate this ttlesis. Kcs~~ltx O I I  

certain polyrloniials were verified using up to 1000 x 71 intervals. ar~tl t t ~ c  i~iitial vxt i r r~atr~~ * 
appear to be accurate to  within a t  least 2 decimal places. 

L I  . L 2 .  b. and I,.* norms were calrulated by rirrrilerical cl~ladratr~re ( (  'om posit Si I I I ~ ~ O I I ' ~  

algorithm [ 5 .  page 1761 ~ l s i r~g  20 x df yrr r iritervals). : \ l t l ~ c ~ ~ ~ g t ~  L 2 / / 1 , ,  = I for ;ill k 1 

~)ol>,r~orr~ials, it was calculated along with the otlrer rwrrlis to varif~. clata i ~ ~ t v g r i t ~ . .  l ' 1 1 0  

rwrIr1.s appear to Iw accurate to a t  leait 5 decimal places. 

\ lal~ler Iliea.sllre was calculated according to t t ~ c  for~~iu la  

4.2 Means Over Various Sets of f 1 Polyrio~nials 



This result is consistent wit 11 Theore~n 7. whirli states that E ( % L ) / ( ~  + 1 ) f i I.( 1 + p / 2 ) .  

since F(1  + 312) % 1 . X J .  

Salem a rd  Zygnrund [I91 show that for the set of f 1 polyrrorrrials thcre arc corrstiir~ts r 

arrci (1 with 

~vt~crr. .\I is tile I ~ I ~ X ~ I ~ U I I I  I I I O ~ U ~ U S .  Figure 4.13 shows ttre expected nraxirr~urrr ~lroclr~lrrs ( 1 1  

syn~n~etr ic .  reciprocal anti all f l  poIyrror~iiaIs after tlivisior~ t)y J(n + I )  Iog(n + I) .  ' I ' I I V  

~rorrn;tlizcd curves appear to approach three different constant i~syrrrptotes. s r~gg~s t i r~g  t \ \ ; i t  

th r .  cspccted ~naxinlurn rnodulr~s of reciprocal ard syhrnrtric polyr~orr~ials also grow i i c ~ o r t l -  

ir~g t o  r J ( n  + I ) loy(n  + 1 ) .  h~rt  with ciiffbrent corrstants r . .  

l l r a r ~  val~rrs over all syr~rrr~etrical f 1 polvr~orr~ials degree f i  to 1.1 art1 surr~~r~arizcvl i r ~  

Table 4.3.  lleaii values over reciprocal polynomials of thc for111 I ) ( = )  = : ' ' I ' (  I/:) o f  c1t~gr.r~~- 

t i  to -12 are given i n  Tal)le 4.4.  Datb frortr l'at~les 4 . 1 .  -4.:I arrti -1.4 arc. clisl)l;iycvl gral)liic,itll~ 

i r ~  1;ig11rrs 4 . : 3  t o  4.14 

4.3 Extremal Data for Various sets of& 1 Polynomials 
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9. 

hlin mod Max mod Mahler L 1  norm . L.3 norm L4 rlornr 
0.35393 1.60169 0.78372 0.X9X0.5 I .OX302 1 .1-17-I.l 
0.13882 1.69173 0.72178 O.XX76.5 1 .OX.i90 1.15:L56 
0.2492.5 1.71462 0.77687 0.89443 1.0X7.59 1.1576 1 
0.10.593 1 .7'L.i91 0.73.573 0.8SX.52 I ,089 I4 I . 160!12 
0.1 70;34 I .76S 16 0.7.5996 0.XS 10 1 1 ,090 l!l I . I (i:H;O 
0.09950 I .XO244 O.74x69 0.8895 I 0 10 I .  l ( i . i s l  
0.1 .5230 1 .X 1 .i.54 0.7620.5 0.H9046 I .O!) 18% 1 . 167(j(i 
0 .100 . i l  1 .x402:3 o.'i4:340 o.xxx:u 1.0w.l~ 1.1692 1 
0.13605 1 .X61.52 0.76040 O.XX976 1 .US297 1 . 170.;.-1 
O.OX21 8 1 . 7 7 1  0.75038 O.XXX72 1 ~ l  1 . 17 1; 1 
0 .1 1030 I .s94r2 0.7.5.5-11 o . x x ~ w  I .O!):<SY . 172;:j 
O.OX020 1 .go949 0.7490:3 O.%xX2X 1 . 0 9 l  I S  1 . I T : ~ ( J  1 
0.10600 1 .92400 0.7.ii22 0.XXXXO 1 . 0 1 1 -  1 .  17 1.l.i 
0.07037 1.9:3960 0.74923 0.XXX 10 1 . 0 9 . ~  1 . 1 7 ~  
0.09.iXl 1 .9.5 162 0.75610 0.8XX49 I .09 499 I . I ?r7)S.l 

0.069 1.964 0.75000 O.HX796 1 .09:',22 1.176.1-1 
0.083 1 . 7  0.7.5401 0.XXX 16 1 .0!1.5.12 1 .  I 7G9S 
0.063 1 .9Xi  0.751 16 O.XXi'90 1.0!1.560 I .  177.1s 
0.08 1 1 .Y97 0.7.5467 0.8XX0.5 1.09.577 I .  1779.1 
0.0.5s 2.007 0.7494:3 O.XX7(;,-) 1 .O!1.592 1 . 1 7S:37 
0.076 2.017 0.7.54 1 1  O.XX7X9 1 . 0 !Mf i  1. 17S7f; 

I 

.4s;mptotic values p r~d i r t ed  11y Borweirl-Lockl~art c.ollj~c-t~~rrl: 1.09954 1.18921 
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Degree 
6 - 
I 

8 
9 
10 
1 1  
12 
13  
14 
1 .5 
1 6 
1 7 
1 x 



EXPERIA4ENTAL ,VETHODS A N D  RESI,'LTS 

Max rnod Min mod Mahler  L 1  rlorni Ls norm L4 norni 
1.97803 0.0126426 0.614107 0.82437 1.13876 d.24:3:34 



C H A P T E R  4.  E X F E R I ~ I E ~ V T A L  iMETHODS A N D  RESULTS 

L3 
L4 

U 
leaY squares 

lean squaies 

d 2 4 6 8 10 12  14 18 18 20 

degree 

Figllre -4.1: l l ean  L?.  L: ,  and L: with least-squares approximation equations 

Fiqrlrc 4 .2:  .\lean L.f i v i t h  least-squares approximation equation 



C H A P T E R  4 .  ESPER1,21E.Ir73 L A4ETHODS A N D  RESULTS 

- M r  mod - Man mod 

- 0- . Mahler 

- - L: norm 

. r- L3 norm 

--A - L 4  norm 

Figrlrp 1.3:  Sorrlializetl LIeans over all f 1 po1yno"mials Degrees -1 to 2-1 

-- Mahler 

-Marmod - uu"noa 
- 4 -  L 1  

-t3 

- * -  L 4  



C1H44PTER 4. E?iPERIiZ.IE,VTAL LLIETHODS AJVD RESULTS 

' 0 15 2 5 30 

degree 

5 1 "  I 5  20 2 5  10 

Degree 

-+- Odd degrees 

Even Degrees 



. . 15 -" < -  

degree 

Figure 4.7: Sorr~lal ized \Ie;t!l .\Iahler Degrws -1 to 2-1 

. . . . - c  . > > 3 

Degree 



( ' H . ~ P T E R  4 .  E?iPERl,\IEST-AL METHODS A N D  RESULTS 

--C An 

Symmetnc 

--a-- Reowocal 

Figure 1.9:  l l e a r ~  l l a t ~ l e r  l l e a s u r ~ ,  All, Symmetric- and Reciprocal 

--t Al l  

Symmetnc 

-+- R e ~ p o c d l  



( 'H:\ P T E R  .r.  ESPERl.IIE.YT.-1 L LIIETHODS .AND RESL'LTS 

degree 

, - . ' 20 ; 5 W 35 40  4 5 

degree 



('H.4 P T E R  1. E.\iPERI.IlE,YTA L .\IETHODS .4.VD RESC'LTS 

I 
1 5  

0 10 1 5  20 2 5 30 35 40 4 5  50 

degree 



degree polynomial  
Llahler m a s  mod min mod L1 L3 12 -t 

- 
I 00001 101 
0.93412 1.38137 0.56021 0.96761 1.03014 1.057$7 / 

1 % 00000 1000 
0.x 1 1 16 ~.:H:~:I:J  0.37007 o.x!+~r 1 l o :  I .'L-12-11' 
9 0001011001 
0.X923X 1 ..5793X 0.41706 0.947;37' 1.048;37 I .U9 162 
10 00001100101* 
0.9472.5 1 .38:336 0.62268 O.S'i:$Gi- 1 . 0 2 5  I .O-l!IX(i 
1 1  000001100101 
0.96262 1 .28077 0.6306 0.98171 1.01718 1.03305 
12 OOOOOl lOOlOlO* 



( 'H .4  P T E R  3. EXPERI.tIE.YT.4 L ,ZIETHODS .I,Yl) HESI 'LTS 

degree polynomial 
hlahler rnax mod min mod L 1  L 3 L 4  

6 01001 11 
0.94366 1.17282 0.37796 0.9766.5 1 .0168 1 .0293 
8 0001 10010 
0.89 1.37437 0.36256 0.9.5148 1 .OX.',: 1.06703 



C'HAPTER 4 .  EXPERIMENTAL hiiETHODS AND RESCiLTS 

degree p o l y n o m i a l  
rnax mod min mod L 1  L 9 L4 

46 00111111100000100100001100101110001010010101001 
1 ..50288 0.60773 0.96.565 1 .03473 1 .06847 

48 00000000000110110000110l10001l010011l001010101010 
1 ..57143 0.70049 0.97704 1.024:38 1 .0195 1 

4 X oolololllololooloolllloolloolollooollllllollllllo 
1 .:328&I 0.61841 0.9819 1 .Ol7 l7  1 .O:3:J'LS 

- 

I I degree polynomial 
1 LIahler niax mod mi11 r ~ ~ o c i  L 1  !J 3 L ,4 I 
1 52 000001111111000111000110010001100100l0010010101001010 I 0.071 12 1 . 4 4  0.62171 .8.98535 1.01501 1 .O:KUX 
I . id  00100110110010011111100010l00000l0010l0l10001100011~001 
1 0.9:jlX 1 1.66095 0.6446 1 0.96637 1 .03445 1 .06X5 i 



C'HA P T E R  4. EXPERIhIEhrTA L iZfETHOD.5 A N D  RESI 'LTS 

degree polynomials 
Mahler Max mod Min niod L 1  L .3 L 4  

7 

I 000101 10 



Degree Pdynornial 1 
Mahler max mod min mod L 1  L 3 L 4 

6 01001 11 



('IIAPTEK 4.  EXPER1,I'JESTAL METHODS Ah'D RESIrLTS 

degree polynomial  
Mahler max mod min m o d  L 1  L3 L4 

- 

6 0010100 
0.73583 1 A66 0.0173 0.91 13% 1.05649 1 .09715 
8 000101000 
0.73686 1.66667 0.02936 O.XR772 1 .Or821 1.1-10'4 
10 00101110100 
O..iXO73 1.61825 0.00063 0.H.1594 I .095-19 I .  159XH 
12 0011010101100 
0.66623 1.61303 0.0046 O.XX3X2 1 .O727.l 1.12322 
14 000101101101000 
0.63.5X3 1.63624 0.0005 0.X6.504 1 .OX979 1.1.539X 
16 00001101010110000 
0.7*5069 1.69375 0.01X37 0.91021 1 .O6,lXti 1 .1  16.1.1 
1 X 0001110110110111000 
0.76992 1.62142 0.00 13.5 0.9 1 X33 6 1.10 12s 
2 0 001 10101 11 11 110101 100 
0.66219 1.57882 0.010.53 0.HX0.5 1.07712 I .  1:32;C3 
2 2 00001010011011001010000 
0.72493 1.59237 0.0006 0.X9963 1 .069X:I 1.12222 
2 4 00111101101010101101l1100 
0.61291 1.59933 0 O.X7;47 1 .Oi609 1.129,1:$ 
2 6 001001010001111100010100100 
0 . 6 9 ~  12 1.63945 O.OO:~W o.xxxxr i . o x 2  1.1:552s 
2 X 01100101011110001111010100110 
0.69.524 1.66867 0.00945 O.XX693 1 .07X59 I .  I : j f jS9 

:3 0 0010111000100001000010001110100 
0.67622 1.62986 0.0 1.595 O.HH:129 1 .OlH22 1: I :{575 
3 2 001100111110101111101011l11001100 
0.701.5.5 1.60456 0.00004 0.X9lXX 1.07533 1 . 1  X7 f ;  
3.1 OOllOlOOlllllllOIOlOlllllllOOlOllOO 
0.65391 1.61136 0.00022 O.XX2 1.07-1x8 1.12S.5.1 
3 6 00111011010001010000010100010l1011100 
O.iOX6.5 1.59322 0.00066 0.X937.5 1.01:306 1.1277)7 
3 x 001110111010010110000011010010111011100 
0.68905 1.61914 0.0007.5 0.X91X7 1.0719 I. 125:j 1 

40 001110111010110100111110010l1010111011100 
0.66,; 17 1.58988 0.00 154 O.XX426 1 .OT2x 1.12:jTS 
12 001010110001111101100l00110l111100011010100 
0.72619 1.57135 0.00196 0.90319 1.06:',%S 1 . I  1.iI I 



Mahler max mod min mod L 1  L 7 L 4 
- 
1 01111110 



CH-4 P T E R  3. E X P E R l h l E S T A  L METHODS A N D  RESlJLTS 

10 20 30 

degree 

+All Max mln modulus 

- - * - - Symmetnc Max mln rnodulus 

-All Mln max modulus 
1 - - + - - Symmetnc Min max modulus 

--+ Recl~rocal Min max modulus 

Fiqurr - I .  15: S~nallcst r r ias i r~~u~ii  rnodulus and largest minimum ~nodulus over all f 1 pol!- 
rlomialh. anti ovpr si.ni~netric- a ~ i d  over reciprocal polynomials. 



(.'HA4PTEK 4 .  EXPERIMENTAL METHODS A N D  RESIyLTS 

degree Polynomial 
Mahler max mod mill mod L1 
- L I L4 

1 00001 101 
0.93412 1.38137 0.56021 0.96761 1.03014 1 .05737 

8 001 101000 
0.90834 1 .4630.5 0.32976 0.9.5795 1 .03.59:J 1 .0670:3 

Table 4.13: i 1 Po l>~~ io r~ l i a l~  having largest .I lali l~r rllea.\llrc\, clrgrcc~:, 7 t o  2 1. 
i 



('H.4 P T E R  3. EXPERI .b lEN4  L IWETHODS AND RESI;LTS 

degree polynomial 
Mahler r n a x m o d  m i n r n o d  L 1  L 3 Ls 

6 01001 11 
0.94366 1.17282 0.37796 0.97665 1.0168 1.0293 
8 00001 1010 

0.8917 1.37994 0.33333 0.95274 1.03704 1 .06703 
10 00011101101 
0.95466 1.14643 0.30151 0.98243 1.01 172 1 .02005 
12 0000011001010 
0.98637 1.38675 0.83793 0.99276 1.00816 1.0173 
14 000001100110101 
0.96589 1.29099 0.72036 0.98305 1.01635 1.03179 
16 00111110011010110 
0.93885 1 .:3.50.59 0.5783.5 0.97025 1.02715 1.05128 
18 0010111010000100001 
0.95499 1 .A0534 0.60664 0.97755 1.02189 1.04287 1 

' I ' a t ~ l ~  -1.14: S>.nln~etric 5 1  Polynon~ials h a v i ~ ~ g  largest LIahler n l ~ ; t s u r ~  arliorlgst all ~ , ~ I I I -  

111~tric p01y110111ials degrees 6 to 41. 



degree polynomial 
Mahler m a x  mod  min mod I,, L 3 L4 

6 000 1000 
0.7545 1.88982 0.02348 0.89.545 1 .OM3 l.lTi433 



cfegrw polynonlkl 
Mahler rnax rnod rnin mod L 1  L .3 L4 

7 
1 01000010 



degree - mrn Mahler-all 



('H.-\PTER 4.  E.YPERI.~lE.Y7'.4L ;\IETHODS AND RESlJLTS 

F i p ~ r ~  I .  17: S ~ n a l l e s t  \Ialilcr measure, not normalized. -411 a n d  symnie t  ric r4 

' 3  ' 5  20 25 30 35 40 4 5 51 

dcgrn  

F i g ~ ~ r c  -1.13: Largest rnasirnum modulus.  all a n d  symmet r i c  



Degree Polynomial 
blahler rnax mod rnin mod L1 Ls  L 4  - 
I 00001 101 



('If.4PTEK 4. EXPERl,\IE,YTAL AIETHODS ASD RESI'LTS 

degree Polynomial 
Mahler max mod min mod L1 L 3 L 4  

6 001 1101 
0.X85.32 1.39578 0.28258 0.95115 1 .036.?2 1 .06.191 
8 00001 1010 
0.8917 1.37994 0.33333. 0.95274 1 .03704 1 .06703 
10 00011101101 
0.95466 1.14643 0.301.51 0.98243 1.01172 1.02005 

12 0000011001010 
0.98637 1 .:l867.i 0.83793 0.99276 1 .OO8l6 1 .Ol73 
13 000001100110101 
0.96589 1.29099 0.72036 0.98305 1 .Ol635 1 .O3l79 
16 " 00111110011010110 
0.93885 1.3.iO.j9 0..578:3.5 0.97025 1 .02715 1 .05128 

-- 

1 X 00101 11010000100001 
0.95499 1 .30.534 0.60664 0.97755 1 .02189 1 .04287 
20 001111111001101010110 
0.95984 1.32737 0.43167 0.98201 1 .01511 1 .02826 

-1 n t ~ l ~  1. 1 S: Sy11111iet ric po l~~ l lo~~ l i a l s  ha\.ing largest L I  Ilornl arnonght the w t  of all by111 r l r r .1  ric. 
i)ol> r~o~~ l i a lx ,  degrees 6 t o  1-1 



( 'H.4PlER 4 .  EXPERIiZIENTclL LilETHODS AiYD RESI'LTS 

degree polynomial 
hlahler Maxmod Minmod L1 L3 L 4 

6 0010100 
0.73.584 1.466 0.0173 0.91138 1 .05649 1 .097 1.5 
8 000 10 1000 
0.73686 1.66667 0.02946 0.89772 1 .O7XN 1.1304 
10 00110101100 
0.69266 1.68657 0.01.504 0.88923 1 .O778 1.13809 
12 0001 10101 1000 
O T l  1.74885 0.02687 0.89161 1 .OTX6'L l.l;3957 

. ? 

lable 4.19: Reciprocal polynomials Iiaving largest L 1  Iiorrn amoligst the set of all rec.iproc.it1 
~)olynonliais, even degrees 6 to 44 



C H A P T E R  4.  E X P E R I M E N T A L  M E T H O D S  A N D  R E S I i L T S  

degree - polynomial 
Mahler Maxmod Minrnod L1 L3 L 4 

" 
I 01000010 
0.77.53 1.6848.5 0.02524 0.91135 1 .O?O49 1.12905 
9 0001001000 
0.7.5333 l.897:U 0.00399 0.91236 1 .O6.i lX I .  12 1 1 :) 
11 000101101000 
0.70283 1.65301 0 0.89493 1 .07007 1.12 174 
13 01110100101110 
0.69596 1.65864 0.0 1.59 0.88701 1 .079:37 1.139 1 1 
15 0101100000011010 
0.7.5 14 1 .HI337 0.00149 0.90717 I .OTOAS l.l'2!lO.j 
17 010100111111001010 
0.7.5639 1 .go022 0.01029 0.90344 1 .O;SX 1 1 . 1  19fi6 
19 01011001111110011010 



( 'HAPTER 4. EXPERlhlENTA L METHODS AXD RES[!LTS 

degree polynomial 
hlahler Maxmod Minmod L1 s - L 4 

I 00000000 
0.3.53.55 2.82843 0 0.64757 1.3002:3 1 ..5226:3 
8 000000000 
0.333:33 3 0.005 1 0.62671 1.325 1 X  1 ..567-l9 
9 0000000000 
0.31623 3.16228 0 0.60803 1 .:3-1804 1.60XX6 
10 00000000000 
0.301.51 3.31662 0.00313 0.5914 1.3691-1 1.617:j 
11 000000000000 
0.28868 3.464 1 0 0.57637 1.38876 1.6KJ2.5 
12 0000000000000 
0.27735 3.60Fi.55 0.007.57 0.56269 1 .-I07 1 1 .?I705 
13 00000000000000 
0.26726 3.74 I 66 0.00:k3 1 0.55027 i 2 . 1 :  I . ; . N I X  
14 000000000000000 
0.2SX2 3.X7298 0 0.53886 I .-130.79 1.77!127 
1 *5 0000000000000000 
0.2.5 3 0 0.52826 1 .-I.-)(j 1 .SOSO0 
16 00000000000000000 
0.24253 4.1231 1 0.00226 0.51849 1 .-l706:1 1 .X:j5fj 
17 000000000000000000 
0 . 2  -1.24263 0.00284 0.50936 * 1 .-LH.1.5S 1 .Sfj 19;$ 
18 0000000000000000000 Y 

0.22942 4.3.589 0.001 0.50081 1 ..I979 I .SS7 19 
19 00000000000000000000 
0.22361 -1.47213 0 0.49274 I .  0 7  1.9 1 I .lH 
20 000000000000000000000 
0.2lX22 3..58258 0.00086 0.48521 1 .?'L'LSI 1.9:jASX 
2 1 0000000000000000000000 
0.2132 4.69032 0.0021 1 0.47807 1.5:3-169 1.957.17 
22 00000000000000000000000 
O.20K.51 3.79583 0.00143 . .0.47131 1.5 160.1 I .970:3 
2 3 000000000000000000000000 
0.20412 4.S9X9X 0 0.46489 1 .  'L.0004:1 I 
2 3 0000000000000000000000000 
0.2 .') 0 

----I 
0.45882 I . .  2.02092 

l ' a b l ~  -1.21: F'olynorrlials having slrlallest 1lahlr.r I H P ~ . W ~ P ,  srr~allwt I,, rlorrll . Ii~rgrst I,.$ ;tri , l  

largest L4 norms, degrws 7 to 23. 



('H.1PTER -1: EXPERI,\lE,L'TA L XIETHODS AND RESULTS 

0 5 10 15 20 25 30 

degree - Mln L1 N m  (All) 

- - + - - Min L1 Norm (Symmetric) 

+ Max L1 Norm (All) 

- - * - -Max L1 Norm (Symmetric) 

---fr-- Max L1 Norm (Recmrocal) 

Fiz l~rc  1.19: E s t r ~ ~ ~ i a l  L 1  i~cjrri~s o ~ ~ r  all 2 1  polynomials of degree to 2-1. and owr s~.rninc>tric- 
i)ol\ rior~iialh of I ~ C ~ ~ P P S  to 1 1 .  



degree Polynomial 
Llahler rnax mod min rnod L 1  L 3 L 4 J 

8 001 1001 10 
i 



% 

( 'H.IPTER 4 .  EXPER1.ZIE.Y TA L hJETH0D.S ..l.YV RESI 'LTS 

degree Polynomial 
hlahler rnax rriod 1ni11 mod L1 L 3 L 4  
- 
I 00001 101 



fB 
( 'H.4PTER 4 .  E.YPERIMEIVT,-IL METHODS .4.Vll HESO'LT.5 

degree polynomial 1 
Mahler niax mod min rnod Ll  L3 .L 4 

6 01001 11 

Tat~lc -1.24: S>.ri~rtret ric po l> ,~~on~ia l s  11aving smallcst L,3 liorrr1 arlivrlg t11r sct of all x ~ 1 1 1 1 1 l ~ t  ric 
pol).t~on~ials. (iegrees 6 to -11 



CHAPTER 4 .  EXPERIMENTAL METHODS A N D  RE.'?~ILTS 

degree polynomial 
Mahler max mod min mod L1 L 3 * L4 

6 0010100 



('HA PTER 4.  EXPERlhfENTAL ,IIETHODS AND RESI 'L7S 

, - 
degree polynomial 
Mahler max mod rnin mod L 1  L 3 L4 - 
I 01000010 



CH.4PTER 4. EXPERI,\IEXT,.ZL METHODS AiWD RESCLTS 

degree 

M a x  L3 Norm (All) 

- - + - -Max L3 Norm (symrnetnc) . 
-+. M n  L3 Norm (All) 

- - U - -Min L3 Norm (syrnrnetnc) 

+ M n  L3 Norm (reaprocal) 

Least Squares 

Fiq11rt1 4.20: Estrernal L 3 riorrns over all k l  polynor~iials. ovPr syrnrnetric a r~d  rcriprocal 
pol!.rlcul~~ials. Linear least scluarPh estiriiate for rniriirnurn L.3 amortg syrnrnetric p l ~ ~ r ~ o ~ ~ ~ i a l s  
15 slio~vri. 



degree poiynornial 
hlahler rr l l a x  mod Llin rnod L1 L 3  L4 
- 
I 00001 101 
0.93412 1 . M I 3 7  0.56021 0.96761 1.03014 1 .05737 

8 0100001 10 

0.90834 1 A630.5 0.32976 0.9.5795 1.03.593 1.06703 
9 0110000101 
0.92963 1.49869 0.35262 0.96446 1 .03 138 1.05948 
10 0001 1101 101 * 
0.95466 1.14643 0.30151 0.98243 1 .01172 1 .02005 
11 000001100101 
0.96262 1.28077 5 0.6306 0.981 71 1 .01718 1 .03305 
12 000001 l 0 O l 0 l 0 *  
0.9%637 1 .;3867.5 0.83793 0.99276 1.00% 16 1.01 73 

- 
1 :3 01010011000001 
0.9.5092 1.600.59 0..5746.5 0.97.5X7 1.01:j 1.4 1 .0453 
1 -1 010010001000111~ 
0.965X9 1.29099 0.7203ti 0.9X:J0.5 1 . 0 1 fj :3 .') 1.03179 
1 .i 00010001 11010010~ 
0.94411 1.30838 0..53678 0.97347 1.02344 1.0439 
16 00100110000101011 
0.94067 1.399 1 X 0..5077.5 0.97106 1.02685 1 .05128 

1; 011001000011110101 
/ 0.92363 1 .41 1.57 0 0.9729% 1.02003 1.03653 

1 x 0000101011110011011 
0.946 1.363% 0.22942 0.576 1 1 1 .020 16 1.03795 
19 00000101110100111001 
0.96188 1 .:3405 0.4472 1 0.98192 1.01631 1.03103 

1 10  001111111001101010110* 
1 0.95984 1.:32737 0.43167 0.98201 1 .01511 1 .02826 

0000010011010100111000 1 if95411 1.3XYX7 0.434Xtj 0.97818 1.01987 1.03806 
22 00011000000110110101010 
0.9-lX.-)X 1.4.58 1 fj 0.:j4.5*54 0.97602 1 .02169 h 0 4  1 74 

23 001100011111101010110l10 
I 0.96237 1 .:J6319 0.3978 0.98244 1.01 567 1 .02988 
/ 2.4 0001110000000101011011001 

0.96683 l.:JX0 19 0.48233 0.98438 1.01427 1.02763 
I .k>.lriptotic value predicted by sew man-Byrr~es cor~ject ure 1 .O4664 

-1'at)le 1 .27:  Polyr~oriiials having srnallest r~orn~alized Lq nornls , clcgrccs 7 to 2.1. .1'\11> 
a-<>.mptotir 1.a11re of miii(L4/p.;) prdicted I)>.  S ~ w r r i a n  and B y r n ~ s  in ( 'or~jrcturr 1 is alho 
. - t l o ~ + ~ l i  



CW.4PTER 4. EJXPERl,Z.fENT..1L METHODS A N D  RESULTS 

d e g r ~ e  Polynomial 
14ahler Max mod Min mod L1  IJ 3 L4 

6 0100111 
0.94366 1.17282 0.37796 0.97665 1.0168 1 .0293 
8 00001 1010 
0.8917 1.37993 0.33333 0.95274 1.03704 1.06703 

10 00011101101 
0.95466 1.14643 0.30151 0.98243 1.01172 1.02005 

2 6 000111100010001000100101l01 
0.96894 1.31082 0.50748 0.98548 1 .Ol288 1 .O2446 

2 l'c 00011000111111101010110110010 
0.96268 1 .4O.jl3 0.55709 0.98163 1.01779 1.03498 

3 0 000000110110010111100l110010101 
0.93773 1 .-I4802 0.17961 0.97367 1 .02099 1.03879 
3 2 001100000001111001101001010100l10 
0.03701 1 A1614 0.13298 0.9734 1.02043 1.03816 
34 00000111110011011001110011010110101 
0.96105 1 .:35186 O.rjO709 0.98109 1.0178 1.0345 

36 0011110000000001100110010101010010110 
0.93779 1.31325 0.29351 b97381 1.0202 1.03665 
38 0000000011011010010011l0000111001010101 
0.96383 1.40184 . 0.54716 0.98265 1.01607 1 .03107 

40 O O O l l l l O O O l O l O l O l l O O l l O O l l l l l l l l O l l O l O O l O  
0.96104 1.36576 0.5019 0.98169 1.01622 1.03068 

-1 2 0001001101001001111111010101100011110011101 
0.94732 1 . 8 9  0.09092 0.97985 1.01535 1 .02826 
44 0000000011011010010011101100011l1000110101010 
0.967.56 1.32451 0..534.56 0.98437 1 .0145 1.02794 

.-\symptotic value predicted by Newman-Byrnes conjecture 1.04664 

Table -1.23: S~ , rnmet r ic  polynomials having smallest Lq norm among the  set of all symmetric 
~)ol.vnorllials. degrees 6 to  -14. The  asyniptotic value of min(L4/p,)  predicted by Sew man 
a11tf B . rnes  in ( 'onjwture 4 is also shown 



1 degree polynomial 
Mahler Max mod hlin mod L1  L 3 L4 
6 0010100 
0.73584 1.466 0.0 173 0.91 138 1 .0.5649 1 .09715 
8 000101000 



( 'HA P T E R  3. EXPER1;ZfE;YTA L METHODS AiVD RESI.TLTS 

degree polynomial 
Llahler l f a x  rnod >!in rnod L ,  L s - L4 

I 0 10000 10 
0.77.53 1.6848.5 0.02523 0,9113.5 1 .OTO49 1 .I2905 
9 0001001000 
0.7.5333 1.897%' 0.00399 0.91236 1 .O65lX 1.121 15 
11 000101101000 
0.70283 1.6rj.301 0 0.x9-193 1.07007 1.12174 
1 3 01000111100010 
0.6.5773 1.60689 0.00692 0 . 7  1 .OX164 1.13911 
1 5 0010001111000100 
0.69863 1.62-509 0.0000 1 0.89 1 X9 1 O X  1.1 2905 
17 000010110011010000 
0.6047 1.60944 0.00375 O.XD237 1 . O G X  1.11568 
19 01011001111110011010 
0.7668 1 1 .'iOSS3 0.004.57 0.9 l.5.i.I 1 .O6O63 1 . lo852 
2 1 0101111100110011111010 
6 1 1.6392 1 0.0021 5 0.919-16 1 . 0 5  1 .O9898 
2 3 000010100110011001010000 
0.73926 1.63299 0.00323 0.91 l X T ,  1 .O57 12 1 .O9892 
2 5 00000110010100101001 l00000 
0.7.529.5 1.961 16 0.01767 0.9139 ., I .O:iX-19 1 . lo449 - 
2; m10011110101111010111100100 
0.73729 1 .726:J6 0.0056 0.90823 I 0 1.1 1321 
29 OOllOlllllOlOllllOlOllIllOllOO 
0 . 7 4  1 1 . 2 7 4  0.0036 0.91207 1.06-1:j6 1.11719 
:3 1 00101110100001000010000l0l1l0l00 
I i . ; ~ x i ~  0.01-l~-I O . T ) M I ~  m j ' ~ 1 - 1  1.1124 
:13 011110010100010011001000l0l00111l0 
0 . 6  1 . 4  0.01237 0.90527 1 .0(j4 1 1 1.1 11 75 
:j .; 0110001101000101111110l0001011000110 
0 . 7 1 7  1.61929 0 0.90893 1 .05X95 1.10268 

01000110000001011011011010000001100010 
0.71X 1.6222 1 0.00237 0.90348 1 .0633.i 1.1 1024 
39 ooolOlloOlolll~lollloOlllolllloloollol0Oo 
0.7.5826 1.66088 0.00985 0.9 1563 1 .O.i69.i 1 . loo17 

010110111101110100011l100010ll10ll1l011010 i :!75002 1.64656 0.00067 0.91002 1.062X.j 1.1 1084 

Tatjlr 1. : jO:  Reciprocal p o l ~ ~ n o r ~ ~ i a l s  ]laving smallest L4 norm arnorlg t h ~  set of all rpc.iproc.al 
pc~)ly~lo~llials, odd degrees 7 to 31. 
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0 5 10 15 20 2 5 30 3 5 4 0 4 5 50 

degree 

M a x  L4 Norm (All) 

- - * - - M a x  L4 Norms (Syrnrnemc) 

--i. Mm L4 Norm (All) 

- - O - - Mn L4 Norm (syrnmetnc) 

U Min L4 Norm (Recrprocal) 

Least Squares 
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F i g ~ l r ~  4.22: Hiqllest rninirnr~n~ ~noclulus for degree 12-000001 1001010: a "particr~larl.v 
5rrikillg" poly~\oniial. according to Littlewood. 

4.4 Some Modular Plots of Extreme Polynomials 

111  [12]. Littlenootl provided the rriodular,plot of polynomials having highest niiriirnum rrlo(l- 

11111s for ciegr~es 11). 14. 1X and 'LO. His plots where on the interval [O. .ir/2], the rest. he savs. 

"coming 1,y s>,ninietries". ('arrol. Er~stice and Figiel [6] point out that  a special subset of 

P \ . P I I  ~ l r g r ~ e  il pol!~nornials (namely the symmetric polynomials) display this symmetry. 

L i t  tlr\vood singleci o r ~ t  the t i igh~st minimum modulus degree 12 polynomial as being a 

"partic.ularly striking" esarnplt. of a flat polynomial. It has an exceptionally high minirnun~ 

!~rocl\~lrls. =z 0.S379. The plot of this polynomial on the interval [O. 2n] is given in Figure 4.22.  

F i g ~ l r ~  -t.L':3 slio\vs a high (1)11t not known to be extremal) rnini~riurn lr~odulus degree 6.1 

p ) l \ ~ ~ o ~ i r i a l .  F i g u r ~  4.24  rl~pict  the highest 1nini1nu111 ~nodulus (also the flattest) degree -14 

.rrirrlctric. polyno~nial. This figure also contains a plot of the symmetric polynomial having 

the  highest rnarirrlum rrlodulus. since the  "flat" nature of the other polynomial is hetter 

; i~~l~rcc- ia t~c l  \vllen c ~ e ~ i  in c-on~parison to a polynomial with a fairly high maxirli~~rri rnodulrrs. 

Fiqurp -1.25 tlcpicts t11e lliqllest rr~iriiriiuni ~riodulus symmetric polynor~~ial of degree 32. 

.Uot it11 flat anti high irlirtirnuln niodulus polynomials are symmetric. There are pler~ty of 
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0 

Figr~rc .1.23: High nninirnum modulus  symmetric, degree 64 



F i g ~ l r c  1.26: tliqh mini rn~l r~ l  modulus  s>~r~lrrlet ric ( i ~ g r c c  
~ J L '  p o I > r ~ o ~ ~ l i a l  000001 1101 11 1100010110010001101000011011 10011 1101 10101 1101 10101. t o -  

qct 1lr.r ivit 11 high 111axi1nun1 modulus  s y r r i l ~ i ~ t  ric pol\ 11o111ial 
aay001100110011001100110011001100110011o0110011001100110011001 

;x 



odd (legree and [)on-qrtirnetric even degree polynomials t h a t  have these characteristic. A 

e ~ a r n p l e  of a non-symmetric "flattish" polynor~iial is given in Figure 4.27.  

F i q ~ r t .  4 . :  I ~ x a ~ i p l e  of a i o ~ ~ - ~ t e t r i  "flat" o I 1 1 t 1 i a 1  clcgrrv~ 21  

0001110000000101011011001 



Chapter 5 

Observations and Conclusions 

5.1 Evidence on the One and Two-sided Conjectures 

For each degree up to 24. arid for even degrees lip to 64, we see ttiere are f 1 p o l y ~ ~ o ~ ~ ~ i i i l h  

I~avir~g a riorrnalizeti rnininiurr~ rnociulus that is hounded well away fro111 zero. F~irtlrcrrr~orr~. 

i t  appears polynomials with a high niinirnurn r r ~ o d u l ~ ~ s  also tend to have a t)clow avclragc. to 

average ~naxirnrini ~riodulus. Figure 5.1 plots the highest rr~inir~~rlrn I I I O ~ I I ~ ~ . ' ~  for car11 (iegrw 

grw.  Figr~re 5.2 depicts a selec-tion of syninietric polyr~orl~ials that tlavc a fairly flat rr~oti~ll~rx 

for rven degrees hetweeri 32 and 6-1. 
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4 0 5 10 15 20 25 30 
E 35 40 4 5 50 

degree 

- - + - . rnax modulus I 

Figurr .i. 1: For ~ a c l r  clegree strown. the rnaxirnurn and rninirnuln rnociulus of the ~~olyr ror~~ia l  
attairlirig the Iliqhrst rl~illirnu~n rnod~llus (highest among the syrnrnetrics for tlrgrpes > A)  
ih  plot t eci 
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Fip,~lt-t. i . 2 :  Tile n~axirnurn anti associatctl I I I ~ I I ~ I I I I I I I I  I I ~ O ~ I I ~ I ~ S  of a se lec t io~~ of flat pol>.rlo- 
111ia1h 

5 .2  Evidence on Conjectures about Norms 

5 . 2 . 1  Evidence on the  Newman-Byrnes Conjecture 

5 . 2 . 2  Evidence on the Borwein-Lockhart Conjecture 

E ( L  I 

t+ 1r\vi>i11 ii~id Lockhart 11at.e ( . o l~ j ec t~~red  that 2 -+ r (  1 + p / 2 ) ;  as 1 1  -i x. (('c~njrv~turc~ . i j  
C l  " 

Esp t~ tec l  i.al11e.s of L.{ a ~ ~ c l  L 4  Iior1ll.s ivere (-0111j)1lte(1 to tfegre~ 21. TIIP ~~orrnalizcd va111es itrrl 



-+- Mm L4 Norm (All1 

r Mm L4 Norm (Symmelrrcl - Newnan BIrnes ~ o r y e u u e d  asyrnpfolr 

- - - Least Squares esllmale (symmelrlrl 

5.3 More Observatioris about Maximum and Minimum the 

Modulus 
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- L3 norm - - - ~3 asymto~e 

, --t L4 noml 

L 4  asvmlole 

Fiq11r~ 5.4: .Ll~arl riornializd L3 anti L4 norms and asymptotic values conjectured hy Bor- 
1vei11 ancl Lockhart 

~ ~ ( ~ 3 ~ 3 ) l ( n + 1 ) ' 1 3 ~ 2 1  - - - bmlt lor L3 

-+- E(L4'4)I(n+ 1)-2 

- bmll for L4 

k I Z I I T P  -).-): k-j L ? ,  /1:, and E (  L j ) I p :  and asymptotic values proven by B o r ~ v ~ i n  aIld Lockhart 
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describes a series of symmetric polynomials having a maximum minimum modulus tending 

t o  zero. 

Figure .5.6: Distribution of minimum modulus for degree 14, symmetric and non-symmetric 

Carroll. Eustice and Figiel [6] note tha t  Littlewood's table containing high minimum 

niodulus polynomials (in [12]) reveals tha t  the extremes a re  at tained by symrnetrics for the 

even degrees from 10 t o  20. They mention t h a t  it "would be  interesting t o  know" whether 
* 

o r  not the  extremal polynomials must  always be symmetric for even degrees greater than 10. 

D a t a  gathered for this thesis indicate t h a t  the result is t rue  for all even degrees from 10 up 

t o  and including 26, but it appears tha t  it is not true for degree 28. T h e  highest minimurn 

rnodulus degree 28 polynomial is not symmetrical, although its maximum modulus is only 

slightly higher than t h a t  of the extreme symmetrical for the  same  degree, based on evaluating 

the  modulii a t  28000 evenly spaced points on [0, n]. The  modulii of the  highest symmetric 

and overall highest degree 28 polynomials are  compared in Figures 5.8 and 5.9. There 

are  two non-symmetric degree 28 polynomials having a higher minimum modulus than the 

es t remal  anlong the symrnetrics. (see Table 5.  bJ 

Properties of symmetric.  reciprocal and non-symmetric degree'l4 polynomials are shown 

in Figure 5.10, which is a scatter-plot of maximum vs. minimum modulus. Each dot  in this 
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10 12  I 4  16 19 20 22 24 

Degree 

Figllr-c 5.7: S> .n~~ne t r i r  polyno~nial..; as a j ~ ~ r c ~ l i t  of total and a perrhnt of 100 high ~ r l i r l i r r l r r r r ~  

~i~oci~lllrs polyrioniials 
e* . ' 

degree polyrio~nial 
LIahler m a x  mod min mod L 1  L 3 L 4 

2s 00000000001101110101100001111 
2.08240 0.57407 0.93191 1 . 0  1.1.51 19 

2 s 00010101000000100100111001110 

! 1 ..j.L503 0..56610 0.96652 1 .03279 1 .06:l79 1 
0000001 1110001 100100101 lOlOlO* 
1 . 3 7 4 4  0.56276 0.96092 1 .O3866 ' 1 .O'i.il.i 

Ta1,l~ - ) . I :  T l ~ e  tlirw degree 213 poly~io~nials having highest minin~uni ~nodulus. I~ased 011 

p\.aluati~io, the ~nodulii at MOO0 points in 10. T I .  T11e * indicates a sylnrnetric pollr~oriiial 
nr~d huld t!.j)e indicates the extrerrial value. 



Figl~rc  .?.S: Highest minimum m o d u l ~ ~ s  degree 28 polynomial. compareci to the highest 

- hqhest symmelrlc 

heghesl overall 

Figure 5.9: C'lo4e u p  of il~odulus of polynon~ials ho \vn  above. 
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plot represents a f 1 polynomial of degree 13. A dot is located in such a. way that the 

maximum ~nodulus of the polynomial it represents may be read along the x-axis and t l ~ e  

niininiu~n n~odulus along the y-axis. 

As seen in Figure -5.10 for degree 13. the reciprocal polynomials have a mininiu~n niodull~s 

a t  or near zero. In fact, odd degree reciprocal polynon~ials of the for111 P(:)  = ~ ' ~ P ( l / z )  

niu5t always have a zero at  t = -1,  since such polynomials are of the form 

Since n is odd. we have 

Silrneric.ai evidence strongly suggests that even degree reciprocals ~ r ~ u s t  also liavt. zcros O I I  

the unit circle, although the zeros are not located in such regular places as the t11t.y arc !'or 

the odd degree reciprocals. 

Eve11 degree polynolnials having the property that nk = -a,,-l; except wherl k = 1112 arc> 

a kind of "semi-reciprocal" because P ( z )  is the same as -2" P( 1 1 2 )  except for t l ~ r  r l ~ i c l c l l ~  

coefficient. ('uriously, these "semi-reciprocals" appear to always have a ~ n i r l i n ~ u l ~ ~  111ot111li1.s 

of 1 ( l / p l ,  when norn~alizeci). attained at z = 1 and : = -1 .  anlong other p lac~s .  1 1 1  

Figure 3.10, the horizontal line of dots with n1inini11111 rriodulus of 1 /14  z 0.2.5X is c.or~~pt,s[~l 

rnaiiily of these **semi-reciprocals" . \ 

Sate that the upper right-hand quadrant of the chart in Figure 5.10. where wc wo~ll tP 

e s p c ~ t  to finti polynomials having a high maxirn~~rn anti a high rninin111m n ~ o t l ~ ~ l ~ ~ s .  is lac-ki~~g 

i l l  points. (This is also t r ~ ~ e  for degrees less than 14. D~grees  greatc'r tharl 1-1 have too I I I ~ I I ~  

points for the graphing software to handle.) Perhaps it is riot,possiblc for a po l \ . l~~o~~ i i i t l~  to 

have hot11 a high niini11111n1 rnodulus anti a high n i a x i ~ n ~ ~ l r ~  n~oc111l11s. This oi,servatiorl Itbatls 

to thc following conjecture: 

This conjecture is only weakly supported hy the data ,  since the r r iax i r~~ur~~ r~~ocl l~ l~rs  

of polynomials attaining the highest ~ ~ i i ~ i i n i ~ ~ ~ ~ i  ~~iodulus .  while renlairii~ig l)elow averag.6.. 

appears to gradually drift upwards. (see Figure .5.l) 



Max Modulus vs. Min Modulus - Degree 14 

I 
not dconfugate 

Fig~ir(l 5.10: \ l i ~ ~ i ~ n u m  llodulus vs .  .Ilaxirnurn hlodulus. degree 14 

* 
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5.4 Some Sets of Extremal Polynomials 

\.Vhile flat and high minimum modulus polynomials exist for every degree studied. unfortu- 

nately no pattern or general rule was determined to  facilitate findihg such polyr~ornials for 

arbitrarily high degrees. However, for other extreme values, obvious pa.tterns exist. 

The largest possible maximum modulus occurs when, for some angle 0. the terms of thc 

polynomial represent vectors all going in the sarne direction. This occurs, for exaniplr, a t  

0  = 0 when all terms of the polynomial have the same sign. So the value of the n i a x i n ~ ~ ~ r r ~  

modulus for a degree n polynomial is n + 1 .  

Polynomials having coefficients all of the same sign have other extre~nal  proprrtirs t)t.- 

sides highest rnaximum modulus. The normalized Mahler measure of these polynonrial..; is 

just l/p,,, since all their roots lies on the unit circle, so the smallest LIahler rneasr~rr amorlg 

the f 1 polyriornials is attained by such polyriomials for every degree n .  For degrees 111) t o  

24. we see that such polyno~r~ials also attain the h ighs t  L3 Ilorm and riornl. a r~d  tllc 

lowest L 1  Ilorrn. 

For even values of p > 2 ,  the following theorem sliows that the highcst I,,, rrorlrl is 

attained by this type of polyriornial for each degree n .  

Theorem 10 (Borwein) For ~ r ~ c r l  valu t s  p > 2 arzd for c vcry r l ,  thc rrlar/rrlurrt L, rlorrn 

among  f 1 polynomtals of dcgrcc n is attained by a polyrlontzal h a ~ v ~ l g  cocf f ic~t  rlt.5 (111 of t h t  

.SaTrlf .Slgrl 

Proof 

Sirice p is a n  even ~iurr~her  greater than 2, p = 2 k  for sonle positive ir~teger k .  S o  f ' o r  

 very f 1 polynornial P ( 0 )  of degree n ,  
9 

i f  Pi-)'  = c:'& a , : ' .  The squares of the coefficients of ~ ( 2 ) ' .  arid hence the L2 rlorrri of - 
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P ( z ) ~  and the L2k norm of P ( z ) ,  will be maximized when the coefficients of P(z) all haw 

the same sign 0 .  

Based on the riunrerical evidence, we further conjecture: 

Conjecture 7 For each degree n ,  among thc f 1 polynorn2als of degme n the loulcst L 1  nor.rn 

a i d  thc hzghcst L p  norm for ctrery p > 2 a w  attazrscd by a polynonual havzng cocficwnts d l  

of the same szgn. 

Among the set of symmetric polynomials there are none having coefficients all equal. 

Howevcr, symmetric degree n polynomials of the form 

~ v h e ~ ~  n 0 (mod 1) appear to have extrennal properties alllong the svr r~r~~ct r ic  p o l y r ~ o r ~ ~ i a l ~  

sirnilar to  those of polyriornials having coefficients all equal. (see 'Table -1.22) This ol)servittio~~ 

ieads to ('otrjecture 8. 

Conjecture 8 For crrry F - Z Y ~ L  d t g r ~ c  ri,-among thc syrrlrrw trw f 1 polynom~als of d f g l ~ r  T I  

the hlghcst ntaxznlurrl niodulus, the lowest L 1  norria and Mahlcr rntasurc, and tht hlghr.$t I , ,  

norm. p > 2 ,  are attazrted by a polyrionlzal havzrty the forrn gzwn  abow.  

('ertainly a series of high ~ninirnun~ modulus or flat polynomials is not to t)e ~ O L I I I ~  ~ I I I O I I ~  

s>.rnm~trics having this forni-their ~ror~nalized nli11irnr1111 rnodu l~~s  tends t o  zero. sir~cc 

Tlie ~ l ~ o d u l a r  plots of these symrnetric polynorr~ials appear to have a characteristic- shape (sctl 

Figure 1.21),  with a rriaxirr~urn ~nodulus of ("lf '"+') attained at  B = n /2  a ~ l d  O = :la/2. 

( i l  poly~ionrials having coefficients all of the sarnp sign also have a charact~ristic r~~ot l~ l la r  

I t  s e e  F i g u r ~  4.25. kvith niaxir~~~irli  ~nodulus n + 1 attair~ed at  B = 0 ar~cl 8 = 27r.) 

5.5 Some Smooth Curves-a Summary 

.A glance at  the charts of mean and extreme data  shows that sorne sets of data  fall alot~g 

-111ooth. regular curves ivhile other data  does r~ot .  The following, I+ hen plotted a g a i ~ ~ s t  
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degree, appear to  fall along distinctly smooth curves. Bold type indicates that an exact 

expression for the quantity in termszf  the degree has already been established. 

1. E ( L i )  over all f 1 polynomials and all symmetric polynomials (Figure 4.1)  

For every k l  polynomial L i  = rz + 1, hence E ( L i )  = n + 1. 

2. E ( L i )  over all f 1 polynomials (Figures 4.1 and 4.2) 

3 .  E(L:) over all f 1 polynomials (Figure 4.1). Newrnan and Byrnes have proven that 1 

this is 2 (n  + 1)2 - ( n  + 1).  More generally, Borwein and Lockhart have- proven ttlat 

E(LF) I T(l  + p / Z ) ( n  + 1)pl2 as n -+ rn (Figure 5.5 for p = :l and p = 4 ) .  

-1. E(L  ) over all f 1 polynomials and all symmetric polynoniials (Figure 4.1 1 )  r' 
5. E (L4)  over all f 1 polynomials and all symmetric polynornials (Figure -1.12). Borwcir~ 

and Lockhart have conjectured that the expected value of normalized L ,  approac.11~~ 

I- ( ]  + p/2)1/p &S n -+ K. 

6. E(rnaximum niodulus) over all f 1 polynornials (Figures 4.1:1 and 4.14) Salem mcl 

Z y g n i r d  have shown that this quantity grows according to c. J(n + 1 )  log(n + 1 ) .  

- 
r . E(111axiniu1li niodulus) over all symmetric polynomials (Figures . I .  1 :1 and 4.1-1) 

X. E(1naxirnurn ~nodulus) over all reciprocal polyno~nials (Figures - 1 . 1 : 3  and 4.1-1) 

9. Smallest Mahler measure over all f 1 polynomials (Figure 4.16) Equals 1 (11ot 

normalized) and occurs for polyno~nials having coefficients all of the same sigr~, si11c.c' 

their roots lie on the'rmit circle. 

10. Srnallest hlahler measure over all symmetric polynomials (Figure 3.16 and . J . l T )  :lp 

pears to be fairly constant a t  about 1 . i S  wtie~i not nornlalizcd. 

1 1 .  Smallest L1 norm over all f 1 polponnals  and all sy~nnletric polynomials 

12. Largest maximum modulus over all f 1 polynomials (Figure 4.18 ) This is jrrst 

13. Largest niaxi~nunl ~nodulus over all symmetric f 1 polyrioniials (Figure 4.lHj Appears 
I 

to he ( 7 1 2 + : ~ 1 + ~ )  
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14. Largest Lg norm,over all f 1 polynomials and all symmetric polynomials (Figure 4.20) 

1.5. Largest L4 nor111 over all f 1 polynomials and all symmetric polynornials (Figure 4.21) 

The following quantities do not follow quite such smooth curves, tmt they display marked 

differences between odd and even degrees: 

0 E(1ninimum nlodulus) over all f 1 polynomials (Figure 4.6) 

0 E(Mah1er measure) ovw all f 1 polyrrornials ( ~ i g u r e  4.8) 

5.6 Concluding Remarks - i -* 

T l ~ e  one-sided and two-sided conjectures, which have t)ee~1/111isolve~I sirlce t11ey NC'rC first 

posed over forty years ago. are supported by the data  presented here. No ciouht f r~ t r~re  

research' will study higher degrees and reveal whether or rlot the trends described i r ~  this 

thesis regarding the rnodr~lus of f 1' polyr~on~ials on the unit circle corltiri~~e twyor~d t h  

degrees studied here. 

. 
'.4ridrew Odlyzko has done extensive calculations on some of these problerns and hs results will by 

reported later this year [ IT] .  



Appendix A 

Guide to PolyApplets 

Two Java applets that can be rurl on the World Wide Web arid may be ~lseful for studyirlg 

f 1 polynomials are described here, They have been tested on a PC' running \Vir~tIows 95 

with llicrosoft Internet Explorer. in theory, Java is a "platfornr i n d ~ p a r d ~ n t "  l ang~~agr :  

the applets should run i l l  the same rnahner on any  platfornr running a Java-enat~led U'd, 

browser. B I I ~  a t  the time of this writing this does not appear to always tw t r ~ l e  i l l  practice, 

so if jrou a i e  using a browser other than Microsoft Internet Explorer the I~ehaviorlr ,of' tiw 

a p p l ~ t s  may not be exactly as described. A t  the time of this uriting the applets are availal)l<b 

O I I  the \Vorld Wide Web a t  the I'RL's given below. If the t T R L ' \  given arc. [lot availa1)lr~. 

co~rtar t  i k ~  ('c litn For Ezpcrzrrwrital arid (hristructzvc .2lathfrr1attc.~ (h t t l , : / / cec~~~ .>f !~ .c -a )  d t  

Simon Fraser I'niversity to obtain ~rydated I-RL's. 

PolyApplet 1-Select F'rom a Set of f 1 Polynomials 

http://polymath.cecm.sfu.ca/java/gallery/lesley/thesisl .ht ml 

This applet is useful for studying a large nun~ber  o f f  1 polynoniials having dcgrces  lot 

qreater than 1.5. 

To rurr the applet, select from the lists shown: 
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1 . 2 7 2  2 3 1  -2 -10  z ^ 9 ~ z ' 8 ~ z ~ 7 - z K - z 7 - z ~ 4 ~ z ~ 3 ~ z  

MaxMod 11 M n  Mod 

POLYNOMIALS 112) DEGREE 

\ i PLOT ms 

13 Rods 

Figure .4 . l :  Polyapplet 1 .  showing a plot of type I 

MaxMcd 11 

WLYNOMIALS (121 DEGREE 

.i 

F i g u r ~  A.2:  Pol~,applet 1 .  showing a plot of t ~ ~ p e  2 



i lPPENDlX A. GUIDE TO POLYAPPLETS 

To select a degree, use the mouse to scroll up and down the list then click the mouse on the 

desired degree. 

Once a degree is selected, the polynomial list will become populat,ed with a binary 

representation of every f 1 polynomial of the selected degree. For example. the binary 

number 00101 represents the polynomial -z4 - z3 + 1' - 2 + 1.  Note t.hat it may take a few 

minutes for the list to be constructed, particularly for h ighq  degrees. 

To select a po5nomial from the list click with the mouse on the polynomial list to activate 

it, then scroll up and down the list either with the mouse or with the up and dowrr arrow 

keys to select a polynomial. Every time you select a new polyrioniial, a plot c_orrespor~di~~g 

to that polynomial will appear i,n the plant. to the left of the lists. The plot that appearx 

depends on what plot type has been'selected. There are three $ot types available: 
. 

1.  Level Curve - the image of the unit circle in the coniplex plane under t l l c .  xclcctccl 

polynomial. The red circle is the unit c-ircle, the blue curve is its image. The t r r l i t  

circle "aid its image are drawn simultaneously. You may control the spettl at wlrich 

the curves are drawn using the "faster. ..slowerv slider 

2. llodulus - the rnodulus of the selected polyrlol~iial or1 the urrit circle plot t c~ l  ;t.4 ii 

f;;;iction of angle from 0 to 27r. . 

3.  Roots - Roots of the polynomial are plotted i n  the complex plane. The red circle is 

ihe unit circle. 

To plot more than one polynoniial at  t h e  sarlre t i ~ ~ i c .  e e  the ".Accurriulate Plots" optiorl. 
1 

The "Normalize" option causes the niodulus to b~ divided by ( d c g r e f  + 1 ) s  - 

PolyApplet 2-View a f 1 Polynoniial 

ht tp://polymat h.cecm.sfu.ca/java/gallery/lesley/t hesis2.ht ml 
This applet is u se f~~ l  for studying polynoniials up to about degree 100. It is similar t o  

Pol>,.Applet 1. except that no polynomial list is created. You must enter a polynor~lial as it 

binary string, either by typing it a t  the keyboard or copying from a file and pasting. 

To begin, use the mouse to select a degree from a degree list. Next, enter a t)i~~arjr 

5tring having length one greater than the selected degree into the text-box labelled "E5rter 

polynoniial here:". .After activating the text-box by clicking on it with the mouse, you mn\i 



APPENDIX A .  GUIDE T O  P O L H P P L E T S  
.I 

type in the text-box or paste from the clipboard. To paste from the clipboard. copy a 

binary string from a file onto the clip-board and paste it into the text-box with the "('trl - 

v" key combination. 

After a new binary string is placed in the text-box (or after changing any other setting) 

activate the current polynomial by pressing the "Enter" key when the cursor is visible in the 

text-box. Yot~ may adjust the scale of the plots by typing an integer in the "Enter scale:" 

box. You must re-activate the current polynomial for the scale change to  take effect. 

Show Vectors 

The plot types available in this applet are the same as those avapablr i n  Polyapplet I ,  h11t 

one additional option is available in Polyapplet 2: the '.show vector$' option. ('lickir~g the 

"show vectors" button causes an animated string of vectors. addecl together nose to tail. 
-? 

; to appea;  Each vector represents one tern1 of the polynomial. The vectors c l ~ a ~ ~ g e  a, H 

changes in i~lcrernents from 0 to  2~ around the unit circle, creating the animatiorl. 'f11c . . 
speed a t  which 0 changes is controlled by the "slow-fast" slider. After theta reaches 27r. 

'the animation stops a n d  two fixed strings of vectors appear. These fixed strings of vectors 

represent the modulus a t  approximately its maximu~n and minimum values. 

Tlw *'show vectors" option was added in the hope that studying the patter; of the 

vectors might. provide some clues about the beliaviour of the rnodulus. One half of thb vrctor 

string appears in blue, the other half in red. For even degrees the two halves are separate11 

1 ) ~  a single white vector that represents the middle term of the pol~nomial.  R ~ ~ ( . i p r ( ~ c ~ i ~ l  

poly~omials have '.sy~n~netrical" vector string, with the first 11alf of the vector strir~g ii 

mirror image of the second half, allowing, for example, both l~alves to  he stretched out a t  

tbe same time. 

S~ , rnn~et r ic  polynoniials. on the other hand, tend to have the two halves of t l ~ e  tor 

string distinctly different shapes: whenever one half is stretched out fairly flat, t11c o t t l~ r  

half tends to  be crunched up. 111 [13] Littlewood describes symmetric po ly~~on~ ia l s  ;ts 11avi11g , 

harlrlg the coe f i c l c r~ t s  of t h t .  front one ujrittcn backu*ards. but afltctcd uuth slyrln 
6 

ultcrnatcly - and +. 

The idea of considering a polynomial as two vector strings joined togetber may tw traced 

Imck to  Rlidin-Shapiro polyriornials, because a Kudin-Shapiro polynomial having 2'' ternis 
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is created by joining together a pair of Rudin-Shapiro polynomials each ]laving 2"-' tcrn1.s. ' 

Figures A.3 to .A.5 show Polyapplet 2 in typical applicatior~s. 
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Figure A . 3 :  Polyapplef 2,  showing a plot of type 1 
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F i g ~ l r ~  A . 5 :  Polyapplet 2 stio~ving the iniage of the unit circle under a degree 64 polyriorriial 
~ v i t h  a high rriiriimuni niodulus. The srriall circle in the middle of the image is the unit circle 



Appendix B 

Selected Data 

Lists containing the 50 most extreme polyno~nials in various categories arc giver1 lrerc for 
I 

degrees 23, 24. 42 and 44. For degrees 23 and 24 the lists contairi polv~lonrials t~strc~ir;tl 
.. 

among t.he complete set of 51 polynornials of the same degrer. For degrccs 42 a ~ d  1.1 t t 1 ( >  

lists contain polynonrials extrenial -among the set of svrriIl1etfir p o l y ~ ~ o ~ ~ ~ i a l s  of the salllfl 

degree. a 

The extrenial quantity is shown in bold italic type i& it is nii~~inial and ~ I I  tmltl tylw i f '  

i t  is maximal. For degrees 2 3  and 24, reciprocal polynornials arc rnarkcd with a tilde ar~tl 

s>~rrirnetric polynonlials are marked with an a..;terisk. 



APPENDIX B. SELECTED DATA 
Degree 23 

50 smallest Mahler measure 

Polynomial 

000000000000000000000000- 

010101010101010101010101- 

000000001111111100000000- 

010101011010101001010101- 

001100111100110000110011- 

011010011001011001101001- 

001100110011001100110011- 

010101101010010101101010- 

010110101010010101011010- 

011001100110011001100110- 

000011110000111100001111- 

010110100101101001011010- 

000011111111000000001111- 

010010010010010010010010- 

000011110000000011110000- 

000000000000111111111111- 

011001101001100101100110- 

011010010110011010010110- 

000000111111000000111111- 

001111000011001111000011- 

010101010101101010101010- 

010110100101010110100101- 

001:00110011110011001100- 

001100001100001100001100- 

000111000111000111000111- 

001111000011110000111100- 

011010010110100101101001- 

011001011001011001011001- 

001111001100001100111100- 

011001100110100110011001- 

010010101101010010101101- 

001100001100110011110011- 

000000111111111111000000- 

000111000111111000111000- 

000111111000000111111000- 

010010010010101101101101- 

011001011001100110100110- 

010101101010101010010101- 

010010101101101101010010- 

000111111000111000000111- 

011001101010101010011001- 

010111111010010111111010- 

001100111111111111001100- 

000010101111000010101111- 

011010011010010110010110- 

001110011100001110011100- 

010101011001100110101010- 

011011001001011011001001- 

010110010110011010011010- 

Mahler 

0.204 12 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.204 12 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.204 12 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20412 

0.20413 

0.204 13 

0.20413 

0.204 13 

0.20413 

0.20413 

0.20413 

0.204 13 

0.20425 

0.20426 

0.30744 

0.30744 

0.30744 

0.30744 

0.30744 

0.30744 

0.30744 

0.30744 

0.30744 

0.30744 



APPENDZX B. SELECTED DATA 
Degree 23 

50 largest Mahler measure 

Polynomials 

001110000000101011011001 

OllOOlOOiOlOlllllllOOOll 

011011010101111110001100 

001100011111101010110110 

010010111000011101110111 

000100010001111000101101 

000111101101001000100010 

010001000100101101111000 

010101101101100111000000 

010101101100111000111111 

000000111001101101101010 

0000001;1000110010010101 

001101100001111011110101 

010100001000011110010011 

000001011101001011000110 

011000110100101110100000 

001110011011010101111111 

011011001110000000101010 

000000010101001001100011 

010101000000011100110110 

000000011100110110101010 

010101001001100011111111 

010101011011001110000000 

00000000111001l011010101 

010101100011000000110110 

011011000000110001101010 

001110010101100100111111 

000000110110010101100011 

010001000100101001111000 

000100010001111100101101 

010010110000011101110111 

000111100101001000100010 

000001001101010011100011 

010100011000000110110110 

011011011000000110001010 

001110001101010011011111 

001110000000101011001101 

011011010101111110011000 

010011001010111111100011 

000110011111101010110110 

010101000000111001101001 

000000010101101100111100 

011010011000111111010101 

001111001101101010000000 

011110100001100101110111 

001011110100110000100010 

010001000011001011110100 

000100010110011110100001 

011110000010010100011001 

001100100000111010110100 

Mahler 

0.96237 

0 .96237 

0 .96237 

0 .96237 

0 .95397 

0 .95397 

0.95397 

0 .95397 

0 .95108 

0 .95108 

0.95108 

0.95108 

0 .95077 

0 .95077 

0.95077 

0 .95077 

0 .9499 

0 .9499  

0 .9499 

0 .9499 

0 .94911  

0 .94911  

0 .94911  

0 .94911  

0.94884 

0 .94884 

0.94884 

0.94884 

0 .94861  

0 .94861  

0 .94861  

0 .94861  

0 .94759 

0 .94759 

0 .94759  

0 .94759 

0 .94583  

0 .94583 

0 .94583 

0 .94583 

0 .94547  

0 .94547 

0 .94547 

0 .94547 

0 .94445 

0 .94445 

0 .94445 

0 .94445 

0 .94377 

0 .94377 

reciprocal 



APPENDIX B. SELECTED DATA 
Degree 23 

50 smal l e s t  max modulus 

Polynomials 

010100110110100011000000 

000000110001011011001010 

000001100011110110010101 

010101100100001110011111 

001110011001001010100000 

000001010100100110011100 

OlOlOOOOOOOlllOOllGOlOOl 

011011001100011111110101 

000001100000101101101010 

010101101101000001100000 

010100110101111000111111 

000000111000010100110101 

310111111100011100110110 

011011001110001111111010 

001110011011011010101111 

000010101001001001100011 

010010101000000011110011 

001100001111111010101101 

000111111101010110100110 

01:001011010101111111000 

010011101100011110111110 

011111011110001101110010 

001010001011011000100111 

000110111001001011101011 

010100110110001110000000 

000000011100011011001010 

000001100011011011010101 

010101001001001110011111 

000000101010011010011100 

001110010110010101000000 

011011000011000000010101 

0101011111:1001111001001 

010101011011000011000000 

000000110000110110101010 

010101100101100011111111 

000000001110010110010101 

010100100010110011100000 

000001110011010001001010 

010100100110000100011111 

000001110111100110110101 

011010001100010000010111 
k 

t 000101111101110011101001 

010000101000100110111100 

001111011001000101000010 

011001101011000010100000 

000001010000110101100110 

010100000101100000110011 

001100111110010111110101 

011001101101000001010000 

000010100000101101100110 



APPENDIX B. SELECTED DATA 
Degree 23 

50 largest min modulus 

Polynomials 

000000001110011011010101 

010101001001100011111111 

010101011011001110000000 

000000011100110110101010 

000111101101001000100010 

010001000100101101111000 

000100010001111000101101 

010010111000011101110111 

000000110110010101100011 

001110010101100100111111 

Si1011000000110001101010 

010101100011000000110110 

011000110010010100000001 

011111110101101100111001 

001101100111000001010100 

001010100000111001101100 

010010111111001110101010 

010101011100111111010010 

000111101010011011111111 

000000001001101010000111 

011000110100101111110101 

010100000010110100111001 

001101100001111010100000 

000001010111100001101100 

010101000000011100110110 

011011001110000000101010 

000000010101001001100011 

001:10011011010101111111 

011110001110111011010010 

010010110111011100011110 

001011011011101110000111 

000111100010001001001011 

001110110001010011110111 

000100001101011100100011 

011011100100000110100010 

010001011000001001110110 

001110001101101010111111 

000000101010010011100011 

010101111111000110110110 

011011011000111111101010 

011011010101111110011100 

001110011111101010110110 

001110000000101011001001 

011011001010111111100011 

011111101101000111011000 

000110111000101101111110 

001010111000010010001101 

010011101101111000101011 

010101001011000001000110 

011000100000110100101010 

*sylmnetric 

Mahler 

0.94911 

0.94911 

0.94911 

0.94911 

0.95397 

0.95397 

0.95397 

0.95397 

0.94884 

0.94884 

0.94884 

0.94884 

0.91068 

0.91068 

0.91068 

0.91068 

0.92293 

0.92293 

0.92293 

0.92293 

0.93266 

0.93266 

0.93266 

0.93266 

0.9499 

0.9499 

0.9499 

0.9499 

0.9388 

0.9388 

0.9388 

0.9388 

0.9141 

0.9141 

0.9141 

0.9141 

0.93809 

0.93809 

0.93809 

0.93809 

0.94244 

0.94244 

0.94244 

0.94244 

0.93078 

0.93078 

0.93078 

0.93078 

0.91041 

0. 91041 



APPENDlX B. SELECTED DATA 
Degree 23 

50 smallest L1 norm 

Pol ynomi a 1  s 

010101010101010101010101- 

000000000000000000000000- 

001100110011001100110011- 

011001100110011001100110- 

010101010101101010101010- 

000000000000111111111111- 

000111000111000111000111- 

010010010010010010010010- 

010101010101010101010100 

001010101010101010101010 

011111111111111111111111 

000000000000000000000001 

010101011010101001010101- 

000000001111111100000000- 

000011110000111100001111- 

010110100101101001011010- 

000000111111000000111111- 

010101101010010101101010- 

010101010101010101010111 

000101010101010101010101 

010000000000000000000000 

000000000000000000000010 

001111000011110000111100- 

011010010110100101101001- 

001110001110001110001110 

011100011100011100011100 

001001001001001001001001 

011011011011011011011011 

011010101010101010101010 

010101010101010101010110 

000000000000000000000011 

00111111111111111111llll 

000000000001111111111111 

000000000000011111111111 

010101010101001010101010 

010101010100101010101010 

010101010101010110101010 

010101011010101010101010 

000000001111111111111111 

000000000000000011111111 

010101010101010101010001 

011101010101010101010101 

001000000000000000000000 

000000000000000000000100 

010101010101011010101010 

010101010110101010101010 

000000000011111111111111 

000000000000001111111111 

000000111111111111000000- 

010101101010101010010101- 

+symmetric 

M a h l e r  

0 .20412  

0 .20412 

0 .20412 

0 .20412 

0 .20412 

0 .20412  

0 .20412 

0 .20412 

0 .40825 

0 .40825 

0 .40825 

0 .40825 

0 .20412 

0.20412 

0.20412 

0 .20412 

0 .20412 

0 .20412  

0 .43321  

0 .43321  

0 .43321  

0 .43321  

0 .20412 

0 .20412 

0 .33028 

0 .33028 

0 .33028 

0 .33028 

0 .40815  

0 .40815 

0 .40815 

0 .40815 

0 .40356 

0 .40356 

0 .40356 

0 .40356 

0 .33028 

0 .33028 

0 .33028 

0 .33028 

0 .47938 

0 .47938 

0 .47938 

0 .47938 

0 .39742 

0.39742 

0 .39742 

0 .39742 

0 .20413  

0 .20413 



APPENDlX B. SELECTED DATA 
Degree 23 

50 largest L1 norm 

Polynomials 

001110000000101011011001 

011001001010111111100011 

011011010101111110001100 

001100011111101010110110 

011000110100101110100000 

000001011101001011000110 

010100001000011110010011 

OOllOliOGOOllllOllllOlOl 

010101101100111000111111 

000000111000110010010101 

000000111001101101101010 

010101101101100111000000 

010001000100101101;11000 

000111101101001000100010 

010010111000011101110111 

000100010001111000101101 

000000011100011001001010 

010100100110001110000000 

010101001001001100011111 

000G011100i1011011010101 

OlOOOiOO0lOOlOlOOllllOOO 

000111100101001000100010 

000100010001111100101101 

010010110000011101110111 

000000010101001001100011 

001110011011010101111111 

011011001110000000101010 

010101000000011100110110 

011000110000001011101001 

011010001011111100111001 

001i11011110101001101100 

001:0i100101011110111100 

010011001010111111100011 

001110000000101011001101 

011011010101111110011000 

000110011111101010110110 

011011011000000110001010 

010100011000000110110110 

0011:0001101010011011111 

000001001101010011100011 

011010100010011111001111 

000011000001101110101001 

010110010100111011111100 

001111110111001010011010 

010001000011001011110100 

001011110100110000100010 

011110100001100101110111 

000100010110011110100001 

010101011011001110000000 

000000011100110110101010 

Mahler 

0.96237 

0.96237 

0.96237 

0.96237 

0.95077 

0.95077 

0.95077 

0.95077 

0.95108 

0.95108 

0.95108 

0.95108 

0.95397 

0.95397 

0.95397 

0.95397 

0.94003 

0.94003 

0.94003 

0.94003 

0.94861 

0.94861 

0.94861 

0.94861 

0.9499 

0.9499 

0.9499 

0.9499 

0.94278 

0.94278 

0.94278 

0.94278 

0.94583 

0.94583 

0.94583 

0.94583 

0.94759 

0.94759 

0.94759 

0.94759 

0.94118 

0.94118 

0.94118 

0.94118 

0.94445 

0.94445 

0.94445 

0.94445 

0.94911 

0.94911 



APPENDIX B. SELECTED DATA 
Degree 23 

50 smallest L3 norm 

Polynomials 

001100011111101010110110 

011011010101111110001100 

011001001010111111100011 

001110000000101011011001 

010100001000011110010011 

001101100001111011110101 

011000110100101110100000 

000001011101001011000110 

010101101101100111000000 

000000111001101101101010 

000000111000110010010101 

010101101100111000111111 

010101001001001100011111 

000001110011011011010101 

010100100110001110000000 

000000011100011001001010 

001111011110101001101100 

001101100101011110111100 

011010001011111100111001 

011000110000001011101001 

011011001010111101111000 

000111101111010100110110 

010010111010000001100011 

001110011111101000101101 

001110010110100010111111 

000000101110100101100011 

011011000011110111101010 

010101111011110000110110 

011010100010011111001111 

010110010100111011111100 

001111110111001010011010 

000011000001101110101001 

001001110010000111010111 

000101000111101100011011 

011100100111010010000010 

010000010010111001001110 

000001110011101010110110 

011011010101110011100000 

010100100110111111100011 

00111000000010011011010l 

001100110100010100101111 

000010110101110100110011 

011001100001000001111010 

010111100000100001100110 

011101110110000011010010 

010010110000011011101110 

000111100101001110111011 

001000100011010110000111 

010010110000011101110111 

000100010001111100101101 

*sylmaetric 

Mahler 

0.96237 

0.96237 

0.96237 

0.96237 

0.95077 

0.95077 

0.95077 

0.95077 

O.95lO8 

0.95108 

0.95108 

0.95108 

0.94003 

0.94 003 

0.94003 

0.94003 

0.94278 

0.94278 

0.94278 

0.94278 

0.9292 

0.9292 

0.9292 

0.9292 

0.92182 

0.92182 

0.92182 

0.92182 

0.94118 

0.94118 

0.94118 

0.94118 

0.92938 

0.92938 

0.92938 

0.92938 

0.92875 

0.92875 

0.92875 

0.92875 

0.91575 

0.91575 

0.91575 

0.91575 

0.91927 

0.91927 

0.91927 

0.91927 

0.94861 

0.94861 



APPENDIX B. SELECTED DATA 
Degree 23 

50 largest L3 norm 

Polynomials 

000000000000000000000000-  

010101010101010101010101- 

01111111111111111111llll 

000000000000000000000001 

010101010101010101010100 

001010101010101010101010 

010000000000000000000000 

000000000000000000000010 

010101010101010101010111 

000101010101010101010101 

001000000000000000000000 

000000000000000000000100 

011101010101010101010101 

010101010101010101010001 

000100000000000000000000 

000000000000000000001000 

010101010101010101011101 

010001010101010101010101 

000010000000000000000000 

000000000000000000010000 

010111010101010101010101 

010101010101010101000101 

000001000000000000000000 

000000000000000000100000 

010101010101010101110101 

010100010101010101010101 

000000100000000000000000 

000000000000000001000000 

010101110101010101010101 

010101010101010100010101 

000000010000000000000000 

000000000000000010000000 

010101010101010111010101 

010101000101010101010101 

000000001000000000000000 

000000000000000100000000 

010101011101010101010101 

01010101010101000101010l 

000000000001000000000000 

000000000000100000000000 

010101010100010101010101 

01010101010111010101010l 

000000000100000000000000 

000000000000001000000000 

010101010101011101010101 

010101010001010101010101 

000000000010000000000000 

000000000000010000000000 

010101010111010101010101 

010101010101000101010101 

Mahler 

0.20412 

0 .20412 

0 .40825 

0 .40825 

0 .40825 

0 .40825 

0 .43321  

0 .43321  

0 .43321  

0 .43321  

0 .47938 

0.47938 

0 .47938 

0 .47938 

0.49495 

0 .49495  

0 .49495 

0 .49495  

0.50344 

0.50344 

0.50344 

0.50344 

0 .49601  

0 .49601  

0 .49601  

0 .49601  

0.49614 

0 .49614 

0 .49614 

0 .49614 

0.51487 

0 .51487 

0.51487 

0 .51487 

0 .4806 

0 .4806 

0 .4806 

0 .4806  

0 .49263 

0 .49263 

0 .49263 

0 .49263 

0.5116 

0 .5116  

0 .5116  

0 .5116  

0 .51472 

0 .51472  

0 .51472  

0 .51472 



Degree 23 

50 smallest L4 norm 

Polynomials 

011001001010111111100011 

001100011111101010110110 

001110000000101011011001 

011011010101111110001100 

010100001000011110010011 

001101100001111011110101 

OllOOOllOlOOlOlllOiOOOOO 

000001011101001011000110 

010101101101100111000000 

000000111001101101101010 

010101101100111000111111 

000000111000110010010101 

010101001001001100011111 

000001110011011011010101 

011011000000111001110101 

010100011000111111001001 

011011010101110011100000 

000001110011101010110110 

000011111011011100110101 

010100110001001000001111 

010110101110001001100000 

010010110000011011101110 

011101110110000011010010 

011011001010111101111000 

011010100010011111001111 

011010001011111100111001 

011000110000001011101001 

010110010100111011111100 

001111110111001010011010 

0OilllOllllOlOlOOllOllOO 

001110010110100010111111 

001101100101011110111100 

001100110100010100101111 

001001110010000111010111 

000111101111010100110110 

000101000111101100011011 

000011000001101110101001 

000010110101110100110011 

000001100100011101011010 

OOOOOOlOlilOlOOlOllOOOll 

001110011111101000101101 

010010111010000001100011 

011011000011110111101010 

010101111011110000110110 

011100100111010010000010 

010000010010111001001110 

010100100110001110000000 

000000011100011001001010 

001110000000100110110101 

010100100110111111100011 

Mahler 

0.96237 

0.96237 

0.96237 

0.96237 

0.95077 

0.95077 

0.95077 

0 .95077 

0 .95108 

0 .95108 

0.95108 

0.95108 

0.94003 

0.94003 

0.90816 

0 .90816 

0.92875 

0 .92875 

0 .89169 

0 .89169 

0 .89169 

0.91927 

0.91927 

0 .9292 

0.94118 

0.94278 

0 .94278 

0 .94118 

0.94118 

0 .94278 

0 .92182 

0 .94278 

0 .91575 

0 .92938 

0.9292 

0 .92938 

0.94118 

0 .91575 

0 .89169 

0.92182 

0.9292 

0 .9292 

0 .92182 

0 .92182 

0 .92938 

0 .92938 

0 .94003 

0 .94003 

0 .92875 

0.92875 



APPENDIX B. SELECTED DATA 
Degree 23 

50 largest L4 norm 

Polynomials 

000000000000000000000000-  

010101010101010101010101- 

01111111111111111111llll 

000000000000000000000001 

010101010101010101010100 

001010101010101010101010 

0100000000000000~0000000 

000000000000000000000010 

010101010101010101010111 

000101010101010101010101 

001000000000000000000000 

000000000000000000000100 

011101010101010101010101 

010101010101010101010001 

000100000000000000000000 

000000000000000000001000 

010101010101010101011101 

010001010101010101010101 

000010000000000000000000 

000000000000000000010000 

010111010101010101010101 

010101010101010101000101 

000001000000000000000000 

000000000000000000100000 

010101010101010101110101 

010100010101010101010101 

000000100000000000000000 

000000000000000001000000 

310101110101010101010101 

010101010101010100010101 

000000010000000000000000 

000000000000000010000000 

010101000101010101010101 

010101010101010111010101 

000000000000000100000000 

000000001000000000000000 

010101011101010101010101 

010101010101010001010101 

000000000000001000000000 

000000000100000000000000 

010101010101011101010101 

010101010001010101010101 

000000000010000000000000 

000000000001000000000000 

000000000000100000000000 

000000000000010000000000 

010101010111010101010101 

010101010101000101010101 

010101010101110101010101 

010101010100010101010101 

reciprocal 



APPENDZX B. SELECTED DATA 
Degree 24 

50 smallest Mahler measure 

Polynomial 

0000000000000000000000000- 

0101001010010100101001010- 

0000011111000001111100000- 

0101010101010101010101010- 

0110110110110110110110110- 

0011100011100011100011100- 

OllOOllOOllOOOllOGll00110- 

0011001100110110011001100- 

0000101000011100001010000- 

0101111101001001011111010- 

0000011111111111111100000- 

0000000000111111111100000 

0101001010101011010101010 

0101001010101010101001010- 

0111001110011100111001110- 

0101010101101011010101010- 

0011311001001101100100110 

0010000100001000010000100- 

0110010011011001001101100 

0101010101101010101001010 

0010011011001001101100100- 

0000011111111110000000000 

0000000000111110000000000- 

0110001100011000110001100 

0011000110001100011000110 

0111010001011101000101110- 

0000011111111110000011111 

0101010101010100101010101 

0101001010010101010110101 

0011111000001111100000111 

0001111100000111110000011 

0000011111000000000011111 

0110110010011011001001101 

011010110101101011010l101 

0101001010101011010110l01 

0011100111001110011100111 

0000000000000001111111111 

0100101001010010100101001 

0100110110010011011001001 

0001100011000110001100011 

0000000000111111111111111 

0101010101101010101010101 

0011001100110011001100110* 

0110011001100110011001100* 

0011011000110110001101100- 

0110001101100011011000110- 

0101010101000001010101010- 

0000000000010100000000000- 

0111000111100011110001110- 

0010010010110110100100100- 

Mahler 

0.2  

0 .2  

0.2 

0.2 

0.32361 

0.32361 

0.32916 

0.32916 

0.33793 

0.33793 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.34442 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35665 

0.35773 

0.35773 

0.36098 

0.36098 

0.36153 

0.36153 

0.36355 

0.36355 



APPENDIX B.  SELECTED DATA 
Degree 24 

50 largest Mahler measure 

Polynomial 

0001110000000101011011001 

0100100101010000001110011 

0110010010101111111000111 

0011000111111010101101101 

0110110101011111100011000 

0011100000001010110110010 

0100110110101000000011100 

0001100011111101010110110 

0011100111111010100110110* 

0110110010101111110011100* 

0010001000100101101111000 

0111011101110000111010010 

0001111011010010001000100 

0100101110000111011101l10 

0000001110011011011010101 

0101011011001110001111111 

0101010010010011000111111 

0000000111000110010010101 

0101011011011000000011000 

0000001110001101010110010 

01001101010l1000111000000 

0001100000001101101101010 

0111100010010110111011101 

0010110111000011101110111 

0100010001001011011100001 

0001000100011110001001011 

0101011110111100001101100 

0110001101001011101000000 

0000001011101001011000110 

0011011000011110111101010 

0101111110100110100011001 

0000101011110011110110011 

0110011101001101000000101 

0011001000011000010101111 

0110010011110000100001010 

0101000010000111100100110 

0011000110100101110100000 

0000010111010010110001100 

0100100101010001100011111 

0001110000000100110110101 

0101001001101111111000111 

0000011100111010101101101 

0101110100111111011000110 

0011011000101011000010000 

0000100001101010001101100 

0110001101111110010111010 

0110110000000101010011100* 

0011100101010000000110110* 

0101011011001000000011100 

0110110101011100111000000 

Mahler 

0 .96683  

0 .96683 

0 .96683 

0 .96683  

0 .96261  

0 .96261  

0 .96261  

0 .96261  

0 .95752 

0 .95752 

0.95339 

0 .95339 

0 .95339 

0 .95339 

0 .95313 

0 .95313 

0 .95313 

0 .95313 

0 .95145 

0 .95145 

0 .95145 

0 .95145 

0 .95137 

0 .95137 

0 .95137 

0 .95137 

0 .95078 

0 .95078 

0 .95078 

0 .95078 

0 .94996 

0 .94996 

0 .94996 

0 .94996 

0 .94831  

0 .94831  

0 .94831  

0 .94831  

0 .94777 

0 .94777 

0.94777 

0.94777 

0.94709 

0 .94709 

0 .94709 

0 .94709 

0 .94696 

0 .94696 

0 .94669 

0 .94669 



APPENDIX B. SELECTED DATA 
Degree 24 

50 smallest max modulus 

Polynomial 

0111000011101110110100100' 

0010010110111011100001110' 

0101001010001110110011111 

0000011001000111010110l01 

0101001100010010000011111 

0000011111011011100110101 

O1lllllO1lO1lOOO1llOIOIOOf 

0010101110001101101111110* 

0010010000101100010101110 

0111010100011010000100100 

0010000001001111010001110 

0111000101111001000000100 

0000001110001101101101010* 

0101011011011000111000000* 

0010010010101111110001110' 

0111000111111010100100100* 

0111000111011000000010010 

0100100000001101110001110 

0001110101011000100100100 

0010010010001101010111000 

0011100000010101011011011 

0010010010101011111100011 

0111000111111110101001001 

0110110101000000001110001 

0000101001111101001101110 

0111011001011111001010000 

0101111100101000011000100 

0010001100001010011111010 

0100100101010001100011111 

0000011100111010101101101 

0101001001101111111000111 

0001110000000100110110101 

0101011111100011100100100 

0010010011100011111101010 

0000001010110110110001110 

0111000110110110101000000 

0110110101010000000011100* 

0011100000000101010110110* 

0110110001110000000010101 

0101011111111000111001001 

0011100100100101010111111 

0000001010101101101100011 

0101001010011001111100000' 

0000011111001100101001010* 

0000011011011001110010101 

0101011000110010010011111 

0101001110001100100111111 

0000001101100111000110101 

0000000110101001110100110 

0110010111001010110000000 



APPENDIX B. SELECTED DATA 
Degree 2 4  

50 largest minimum modulus 

Polynomial 

0011100111111010100110110* 

0110110010101111110011100* 

0111001011100110111100100* 

0110011101001101000000101 

0101111110100110100011001 

0101010000110000100110111 

0100011000101100101111111 

0000000101100101110011101 

0011001000011000010101111 

0010011110110011101001110* 

0001001101111001111010101 

0000101011110011110110011 

0011111100110100110101010 

0101010110010110011111100 

0000000011000011001010110 

0110101001100001100000000 

OlOlOlOllOllOOlllOOOOOOOO* 

0000000011100110110101010* 

0000111101101001000100010 

0100010001001011011110000 

0101101000111100010001000 

0001000100011110001011010 

0100001011111011001111100 

0011111001101111101000010 

0001011110101110011010110 

0110101100111010111101000 

0101010010010001110000000* 

0000000111000100100101010* 

0001111011010010001000100 

0010001000100101101111000 

0111011101110000111010010 

0100101110000111011101110 

0110000110011111100101011 

0010101100000011001111001 

0011010011001010110000001 

0111111001010110011010011 

0011100101011001001111111 

0000000110110010101100011 

0101010011100111111001001 

0110110000001100011010101 

0101011000110000001101101 

0100100111111001110010101 

0001110010101100100111111 

0000001101100101011000111 

0000000001110011011010101 

0101010010011000111111111 

0101010100100110001111111 

0000000111001101101010101 

0001000100011110001001011 

0010110111000011101110111 

Mahler 

0.95752 

0.95752 

0.92027 

0.94996 

0.94996 

0.93271 

0.93271 

0.93271 

0.94996 

0.92027 

0.93271 

0.94996 

0.9291 

0.9291 

0.9291 

0.9291 

0.93774 

0.93774 

0.93608 

0.93608 

0.93608 

0.93608 

0.91773 

0.91773 

0.91773 

0.91773 

0.93549 

0.93549 

0.95339 

0.95339 

0.95339 

0.95339 

0.94174 

0.94174 

0.94174 

0.94174 

0.94621 

0.94621 

0.94621 

0.94621 

O.94OOl 

0.94001 

0.94001 

0.94001 

0.93021 

0.93021 

0.93021 

0.93021 

0.95137 

0.95137 



APPENDZX B. SELECTED DATA 
Degree 24 

50 smallest L1 norm 

Polynomial 

0101010101010101010101010- 

0000000000000000000000000- 

0101010101010101010101011 

0010101010101010101010101 

01111111111111111111lllll 

0000000000000000000000001 

O1lOO1lOO1lOO1lOO1lOOllOOt 

0011001100110011001100110* 

0101001010010100101001010- 

0000011111000001111100000- 

0101010101010101010101000 

0001010101010101010101010 

0100000000000000000000000 

0000000000000000000000010 

0000000000000111111111111 

0000000000001111111111111 

0101010101011010101010101 

0101010101010010101010101 

0011100011100011100011100- 

0110110110110110110110110- 

0101010101010101010101001 

0110101010101010101010101 

0000000000000000000000011 

00111111111111111111lllll 

0101010101011101010101010- 

0000000000001000000000000- 

0101010101010110101010101 

0101010101001010101010101 

0000000000011111111111111 

0000000000000011111111111 

0101010101010101010101110 

0111010101010101010101010 

0010000000000000000000000 

0000000000000000000000100 

0101010101010100101010101 

0101010101101010101010101 

0000000000111111111111111 

0000000000000001111111111 

0110011001100011001100110- 

0011001100110110011001100- 

0111000111000111000111000 

0001110001110001110001110 

0100100100100100100100100 

0010010010010010010010010 

0101010101010101010101101 

010010101010101010101010l 

0001111111111111111111111 

0000000000000000000000111 

0101010101010101101010101 

0101010100101010101010101 

Mahler 

0.2 

0.2 

0.4 

0.4 

0.4 

0.4 

0.35773 

0.35773 

0.2 

0.2 

0.42412 

0.42412 

0.42412 

0.42412 

0.3946 

0.3946 

0.3946 

0.3946 

0.32361 

0.32361 

0.4 

0.4 

0.4 

0.4 

0.40419 

0.40419 

0.39653 

0.39653 

0.39653 

0.39653 

0.4687 

0.4687 

0.4687 

0.4687 

0.35665 

0.35665 

0.35665 

0.35665 

0.32916 

0.32916 

0.39851 

0.39851 

0.39851 

0.39851 

0.4 

0.4 

0.4 

0.4 

0.39886 

0.39886 



APPENDlX B. SELECTED DATA 
Degree 24 

50 largest L1 norm 

Polynomial 

0110010010101111111000111 

0001110000000101011011001 

0100100101010000001110011 

0011000111111010101101101 

0011100000001010110110010 

0100110110101000000011100 

0001100011111101010110110 

0110110101011111100011000 

0000001011101001011000110 

0110001101001011101000000 

0101011110111100001101100 

0011011000011110111101010 

0101011011001110001111111 

0000000111000110010010101 

0101010010010011000111111 

0000001110011011011010101 

0110110010101111110011100' 

oollloollllllololoollolloC 

0100110101011000111000000 

0000001110001101010110010 

OlOlOllOllOliOOOOOOOllOOO 

0001100000001101101101010 

0010001000100101101111000 

0001111011010010001000100 

0111011101110000111010010 

0100101110000111011101110 

0001110000000100110110101 

0101001001101111111000111 

0100100101010001100011111 

0000011100111010101101101 

0000010111010010110001100 

0011000110100101110100000 

0110010011110000100001010 

0101000010000111100100110 

0101011011001000000011100 

0011100000001001101101010 

0000001110011101010110110 

0110110101011100111000000 

0011011000101011000010000 

0000100001101010001101100 

0101110100111111011000110 

0110001101111110010111010 

0111100010010110111011101 

0100010001001011011100001 

0010110111000011101110111 

0001000100011110001001011 

0101111110100110100011001 

0110011101001101000000101 

0011001000011000010101111 

0000101011110011110110011 



APPENDZX B. SELECTED DATA 
Degree 24 

50 smallest L3 norm 

Polynomial 

0011000111111010101101101 

0100100101010000001110011 

0001110000000101011011001 

0110010010101111111000111 

0110110101011111100011000 

0001100011111101010110110 

0100110110101000000011100 

0011100000001010110110010 

0101011110111100001101100 

001101100001111011110l010 

0110001101001011101000000 

0000001011101001011000110 

0110110101011100111000000 

0000001110011101010110110 

0101011011001000000011100 

0011100000001001101101010 

0100100101010001100011111 

0000011100111010101101101 

0101001001101111111000111 

0001110000000100110110101 

0101010010010011000111111 

0000001110011011011010101 

0000000111000110010010101 

0101011011001110001111111 

0110010011110000100001010 

0101000010000111100100110 

0011000110100101110100000 

0000010111010010110001100 

0001100000001101101101010 

0101011011011000000011000 

0100110101011000111000000 

0000001110001101010110010 

0101011011000000011000011 

0011110011111110010010101 

0000001110010101001101001 

011010011010101100011111l 

0110101100011101000100000 

00000L0001011100011010110 

0101000100001001001111100 

0011111001001000010001010 

0101011011011000111000000* 

0000001110001101101101010* 

0110001101111110010111010 

0101110100111111011000110 

0011011000101011000010000 

0000100001101010001101100 

0101101011111000001001100 

0011001000001111101011010 

0110011101011010111110000 

0000111110101101011100110 

*symmetric 

Mahler 

0.96683 

0.96683 

0.96683 

0.96683 

0.96261 

0.96261 

0.96261 

0.96261 

0.95078 

0.95078 

0.95078 

0.95078 

0.94669 

0.94669 

0.94669 

0.94669 

0.94777 

0.94777 

0.94777 

0.94777 

0.95313 

0.95313 

0.95313 

0.95313 

0.94831 

0.94831 

0.94831 

0.94831 

0.95145 

0.95145 

0.95145 

0.95145 

0.94049 

0.94049 

0.94049 

0.94049 

0.9429 

0.9429 

0.9429 

0.9429 

0.94154 

0.94154 

0.94709 

0.94709 

0.94709 

0.94709 

0.94174 

0.94174 

0.94174 

0.94174 



APPENDIX B. SELECTED DATA 
Degree 24 

50 largest L3 norm 

Polynomial 

0000000000000000000000000- 

0101010101010101010101010- 

01111111111111111111lllll 

0000000000000000000000001 

0101010101010101010101011 

0010101010101010101010101 

0100000000000000000000000 

0000000000000000000000010 

0101010101010101010101000 

0001010101010101010101010 

0010000000000000000000000 

0000000000000000000000100 

0101010101010101010101110 

0111010101010101010101010 

0001000000000000000000000 

0000000000000000000001000 

0101010101010101010100010 

0100010101010101010101010 

0000100000000000000000000 

0000000000000000000010000 

0101110101010101010101010 

0101010101010101010111010 

0000010000000000000000000 

0000000000000000000100000 

0101010101010101010001010 

0101000101010101010101010 

0000001000000000000000000 

0000000000000000001000000 

0101011101010101010101010 

0101010101010101011101010 

0000000100000000000000000 

0000000000000000010000000 

0101010101010101000101010 

0101010001010101010101010 

000000001000000Q000000000 

0000000000000000100000000 

0101010101010101110101010 

0101010111010101010101010 

0000000000001000000000000- 

0101010101011101010101010- 

0000000001000000000000000 

0000000000000001000000000 

0101010101010100010101010 

0101010100010101010101010 

0000000000010000000000000 

0000000000000100000000000 

0101010101010001010101010 

0101010101000101010101010 

0000000000100000000000000 

0000000000000010000000000 

Mahler 

0.2  

0.2 

0.4 

0.4 

0.4 

0.4 

0 .42412 

0 .42412  

0 .42412 

0 .42412 

0 .4687 

0 .4687 

0 .4687 

0.4687 

0 .48256 

0 .48256 

0 .48256 

0 .48256 

0 .49443  

0 .49443 

0 .49443 

0 .49443 

0 .48861  

0 .48861 

0 .48861  

0 .48861  

0 .4923 

0.4 923 

0 .4923 

0 .4923 

0 .49849 

0 .49849 

0 .49849  

0 .49849  

0 .48073 

0 .48073  

0 .48073 

0 .48073  

0 .40419 

0 .40419  

0 .49667 

0 .49667 

0 .49667 

0 .49667 

0 .5028  

0 .5028 

0 .5028 

0 .5028 

0 .50105  

0 .50105 



APPENDIX B. SELECTED DATA 
Degree 24 

50 smallest L4 norm 

Polynomial 

0011000111111010101101101 

0100100101010000001110011 

0001110000000101011011001 

0110010010101111111000111 

0101011110111100001101100 

0011011000011110111101010 

0110110101011111100011000 

0001100011111101010110110 

0011100000001010110110010 

0100110110101000000011100 

0110001101001011101000000 

0000001011101001011000110 

0110110101011100111000000 

0000001110011101010110110 

0100100101010001100011111 

0000011100111010101101101 

0101001001101111111000111 

0001110000000100110110101 

310101?011001000000011100 

0011100000001001101101010 

0000001110011011011010101 

0101010010010011000111111 

0110010011110000100001010 

0101000010000111100100110 

0001100000001101101101010 

0101011011011000000011000 

0011000110100101110100000 

0000010111010010110001100 

0101011011000000011000011 

0100110101011000111000000 

0011110011111110010010101 

0000001110001101010110010 

0110101100011101000100000 

0000010001011100011010110 

0110100110101011000111111 

OOOOOOlllOOlOlOlOOllOlOOl 

0101000100001001001111100 

0011111001001000010001010 

0101011011011000111000000* 

0000001110001101101101010* 

0101011011001110001111111 

0000000111000110010010101 

0110001101111110010111010 

0101110100111111011000110 

0100110100111001010111111 

0000001010110001101001101 

0010101100100111100010000 

0000100011110010011010100 

0111111001110010110111010 

0101110110100111001111110 

+symmetric 

Mahler 

0.96683 

0.96683 

0.96683 

0.96683 

0.95078 

0.95078 

0.96261 

0.96261 

0.96261 

0.96261 

0.95078 

0.95078 

0.94669 

0.94669 

0.94777 

0.94777 

0.94 777 

0.94777 

0.94669 

0.94669 

0.95313 

0.95313 

0.94831 

0.94831 

0.95145 

0.95145 

0.94831 

0.94831 

0.94049 

0.95145 

0.94049 

0.95145 

0.9429 

0.9429 

0.94049 

0.94049 

0.9429 

0.9429 

0.94154 

0.94154 

0.95313 

0.95313 

0.94709 

0.94709 

0.93975 

0.93975 

0.92518 

0.92518 

0.92518 

0.92518 



APPENDIX B. SELECTED DATA 
Degree 24 

50 largest L4 norm 

Polynomial 

0000000000000000000000000-  

0101010101010101010101010-  

01111111111111111111lllll 

0000000000000000000000001 

0101010101010101010101011 

0010101010101010101010101 

0100000000000000000000000 

0000000000000000000000010 

0101010101010101010101000 

0001010101010101010101010 

0010000000000000000000000 

0000000000000000000000100 

0111010101010101010101010 

0101010101010101010101110 

0001000000000000000000000 

0000000000000000000001000 

0101010101010101010100010 

0100010101010101010101010 

0000100000000000000000000 

0000000000000000000010000 

0101110101010101010101010 

0101010101010101010111010 

0000010000000000000000000 

0000000000000000000100000 

0101010101010101010001010 

0101000101010101010101010 

0000001000000000000000000 

0000000000000000001000000 

0101011101010101010101010 

0101010101010101011101010 

0000000100000000000000000 

0000000000000000010000000 

0101010101010101000101010 

0101010001010101010101010 

0000000010000000000000000 

0000000000000000100000000 

0101010111010101010101010 

0101010101010101110101010 

0000000001000000000000000 

0000000000000001000000000 

0101010101010100010101010 

0101010100010101010101010 

0000000000100000000000000 

0000000000000010000000000 

0000000000001000000000000-  

0101010101010111010101010 

0101010101110101010101010 

0101010101011101010101010-  

0000000000010000000000000 

0000000000000100000000000 

Mahler 

0.2  

0 .2  

0.4 

0.4 

0.4 

0.4 

0 .42412 

0 .42412 

0 .42412 

0 .42412 

0.4687 

0.4687 

0.4687 

0.4687 

0 .48256 

0 .48256 

0.48256 

0 .48256 

0 .49443 

0 .49443 

0 .49443 

0 .49443 

0 .48861  

0 .48861 

0 .48861  

0 .48861  

0.4 923 

0 .4923 

0 .4923 

0 .4923 

0 .49849 

0 .49849  

0 .49849 

0 .49849 

0.48073 

0 .48073 

0 .48073 

0 .48073 

0 .49667 

0.49667 

0 .49667  

0.49667 

0 .50105 

0 .50105 

0 .40419 

0.50105 

0 .50105 

0 .40419 

0 .5028 

0 .5028 



APPENDZX B. SELECTED DATA 
Degree 42 Synmnetric Polynomials 

50 smallest Mahler measure 

Polynomial 

000010010111110011010111110011010111100010 

011111001110010110101000000111100100110101 

011110001100101000001000101000001100100101 

010000000000110101110111011111001010101011 

001010011001100111001000110110011001100000 

000100000110111001000110111001000110101110 

011001100110011001100110011001100110011001 

001100110011001100110011001100110011001100 

000000000000000000000010101010101010101010 

010101010101010101010111111111111111111111 

001100110011001001100110011000110011001100 

011001100110011100110011001101100110011001 

001100100110001100100110001100100110001100 

011001110011011001110011011001110011011001 

001110010011100100111001001110010011100100 

011011000110110001101100011011000110110001 

011101110111011101110111011101110111011101 

001000100010001000100010001000100010001000 

000010111101000010111101000010111101000010 

010111101000010111101000010111101000010111 

011101100010011101100010011101100010011101 

001000110111001000110111001000110111001000 

010101010101010000000010101011111111111111 

000000000000000101010111111110101010101010 

000110111001000110111001000110111001000110 

010011101100010011101100010011101100010011 

001111000011110000111101001011010010110100 

011010010110100101101000011110000111100001 

011110000111100001111001011010010110100101 

001011010010110100101100001111000011110000 

001100100110011001110011011001100110001100 

011001110011001100100110001100110011011001 

011001100110001100110011001100100110011001 

001100110011011001100110011001110011001100 

011001101100011001101100011001101100011001 

001100111001001100111001001100111001001100 

001100110110011001100110011001100111001100 

011001100011001100110011001100110010011001 

000000001010101111111101010100000000101010 

010101011111111010101000000001010101111111 

011001100110110011001100110011000110011001 

001100110011100110011001100110010011001100 

001010000010100000101000001010000010100000 

011111010111110101111101011111010111110101 

011001100110011001100010011001100110011001 

001100110011001100110111001100110011001100 

011011000110110100111001001111000110110001 

001110010011100001101100011010010011100100 

001000100010001101110111011100100010001000 

011101110111011000100010001001110111011101 

Mahler Maxnmd 

0.1525 2.03877 

0.1525 1.73729 

0.1525 1.8907 

0.1525 1.96254 

0.1525 2.53808 

0.1525 1.78157 

0.27307 4.63806 

0.27307 4.63806 

0.3391 3.20247 

0.3391 3.2b247 

0.34329 3.5207 

0.34329 3.5207 

0.35511 3.38602 

0.35511 3.38602 

0.35657 3.21696 

0.35657 3.21696 

0.36033 3.35843 

0.36033 3.35843 

0.38904 3.12997 

0.38904 3.12997 

0.39386 3.5207 

0.39386 3.5207 

0.40059 2.70509 

0.40059 2.70509 

0.40121 3.33062 

0.40121 3.33062 

0.40185 2.96313 

0.40185 2.96313 

0.40365 3.0354 

0.40365 3.0354 

0.40563 3.38602 

0.40563 3.38602 

0.40907 3.38602 

0.40907 3.38602 

0.40928 3.54703 

0.40928 3.54703 

0.41105 3.44052 

0.41105 3.44052 

0.41162 3.02343 

0.41162 3.02343 

0.41195 3.21696 

0.41195 3.21696 

0.41287 3.20247 

0.41287 3.20247 

0.41459 4.43296 

0.41459 4.43296 

0.41484 2.38731 

0.41484 2.38731 

0.41562 3.38602 

0.41562 3.38602 



APPENDlX B. SELECTED DATA 
Degree 42 Symmetric Polynomials 

50 largest Mahler measure 

Polynomial 

010101011000110100111001001111001001111111 

000000001101100001101100011010011100101010 

000010000101001011100110010000111110100010 

010111010000011110110011000101101011110111 

000111110000010001110111011011101011010110 

010010100101000100100010001110111110000011 

001101101111110101101000011111010100011100 

011000111010100000111101001010000001001001 

010101110100100111101100010110001111011111 

000000100001110010111001000011011010001010 

000111111000111011111101010001001001010l10 

010010101101101110101000000100011100000011 

000010010000011110110011000101101011100010 

010111000101001011100110010000111110110111 

000111000100001011100010010000101110110110 

010010010001011110110111000101111011100011 

000000000111001011000110110000110110101010 

010101010010011110010011100101100011111111 

010101011000111100010011101101001001111111 

000000001101101001000110111000011100101010 

010101001010010010011001100011100000111111 

000000011111000111001100110110110101101010 

001100000000011110011101100101101010101100 

011001010101001011001000110000111111111001 

010001110000100011101000010010001011011011 

000100100101110110111101000111011110001110 

000000000111100001100110011010010110101010 

010101010010110100110011001111000011111111 

000000001111100011100110010010010100101010 

010101011010110110110011000111000001111111 

010100100011000111010111110110110010001111 

000001110110010010000010100011100111011010 

000000100100110111101000010111001110001010 

010101110001100010111101000010011011011111 

001100000000011110011001100101101010101100 

011001010101001011001100110000111111111001 

010010110111011110111001000101110111000011 

000111100010001011101100010000100010010110 

000010000101100011100110010010011110100010 

010111010000110110110011000111001011110111 

010010100101000100100110001110111110000011 

000111110000010001110011011011101011010110 

001001011011111101100110011101010001111000 

011100001110101000110011001000000100101101 

010100101001001101011101111100111000001111 

000001111100011000001000101001101101011010 

000001011001001111110111010100111001111010 

010100001100011010100010000001101100101111 

011100001100010111111101010111101100101101 

001001011001000010101000000010111001111000 

Mahler Maxmod 

0.96612 1.44163 

0.96612 1.44163 

0.9606 1.45289 

0.9606 1.45289 

0.95727 1.4 0659 

0.95727 1.40659 

0.95521.34599 

0.95521.34599 

0.95518 1.37249 



APPENDIX B. SELECTED DATA 
Degree 42 Symmetric Polynomials 

50 smallest maximum modulus 

Polynomial 

001111000000000001100110011010101010110100 

011010010101010100110011001111111111100001 

010001100001110010101000000011011010011011 

000100110100100111111101010110001111001110 

001110001010111100010111101101000000100100 

011011011111101001000010111000010101110001 

001000111110110000101100001011000101001000 

011101101011100101111001011110010000011101 

011011011011111100000010101101010001110001 

001110001110101001010111111000000100100100 

010101001010010110011101100111100000111111 

000000011111000011001000110010110101101010 

010010100111101110001000100100010110000011 

000111110010111011011101l10001000011010110 

000000001001011011001100110001111000101010 

010101011100001110011001100100101101111111 

000001000011110111001100110111010010111010 

010100010110100010011001100010000111101111 

000100001010010110001100100111100000101110 

010001011111000011011001110010110101111011 

001101010100010110101100000111101111111100 

011000000001000011111001010010111010101001 

010101001010010010011001100011100000111111 

000000011111000111001100110110110101101010 

001010010101000111001100110110111111100000 

011111000000010010011001100011101010110101 

00101001111011100010011000100100010l100000 

011111001011101101110011011100010000110101 

001001001001010111101100010111111000111000 

011100011100000010111001000010101101101101 

000101111100011001001000111001101101011110 

010000101001001100011101101100111000001011 

010010110111111110011001100101010111000011 

000111100010101011001100110000000010010110 

000100100101110110111101000111011110001110 

010001110000100011101000010010001011011011 

010010010001011010101100000001111011100011 

000111000100001111111001010100101110110110 

001110101110000111011001110110100100000100 

011011111011010010001100100011110001010001 

001010011111101011001000110000010101100000 

011111001010111110011101100101000000110101 

010101101101001000011001101000111100011111 

000000111000011101001100111101101001001010 

000001111100101100100110001100001101011010 

010100101001111001110011011001011000001111 

000000001001011000110111001001111000101010 

010101011100001101100010011100101101l11111 

000001111110001110001100100100100101011010 

010100101011011011011001110001110000001111 

Mahler M-d 

0.91993 1.2679 

0.91993 1.2679 

0.94732 1.288 

0.94732 1.288 

0.90464 1.3084 

0.90464 1.3084 

0.90817 1.3098 

0.90817 1.3098 

0.89854 1,3108 

0.89854 1.3108 

0.89023 1.3125 

0.89023 1.3125 

0.91194 1.3126 

0.91194 1.3126 

0.9104 1.3149 

0.9104 1.3149 

0.90093 1.3152 

0.90093 1.3152 

0.91822 1.3152 

0.91822 1.3152 

0.89353 1.3209 

0.89353 1.3209 

0.95353 1.3211 

0.95353 1.3211 

0.90727 1.3306 

0.90727 1.3306 

0.91813 1.331 

0.91813 1.331 

0.90994 1.3319 

0.90994 1.3319 

0.90131 1.3334 

0.90131 1.3334 

0.9205 1.3339 

0.9205 1.3339 

0.95269 1.3367 

0.95269 1.3367 

0.83024 1.3378 

0.83024 1.3378 

0.89245 1.3387 

0.89245 1.3387 

0.91185 1.3388 

0.91185 1.3388 

0.85053 1.3392 

0.85053 1.3392 

0.89087 1.3407 

0.89087 2.3407 

0.88388 1.3415 

0.88388 1.3415 

0.85245 1.3437 

0.85245 1.3437 



APPENDIX B. SELECTED DATA 
Degree 42 Synnnetric Polynomials 

50 largest minimum modulus 

Polynomial 

000000001101100001101100011010011100101010 

010101011000110100111001001111001001111111 

010101001000100100101000001110001000111111 

000000011101110001111101011011011101101010 

010000000111110100110111001111010110101011 

000101010010100001100010011010000011111110 

000000001111000011100110010010110100101010 

010101011010010110110011000111100001111111 

001001011011111101100110011101010001111000 

011100001110101000110011001000000100101101 

000000000111100000110011001010010110101010 

010101010010110101100110011111000011111111 

000001110110010010000010100011100111011010 

0101001000110001110101l1110110110010001111 

010101011000111100010011101101001001111111 

000000001101101001000110111000011100101010 

010111110100000101100110011110101111010111 

000010100001010000110011001011111010000010 

000001111100000100100010001110101101011010 

01010010100101000111011101l011111000001111 

011110001101010100110011001111111100100101 

001011011000000001100110011010101001110000 

000111111000111011111101010001001001010110 

010010101101101110101000000100011100000011 

000010100111000001000110111010110110000010 

010111110010010100010011101111l00011010111 

010010010100111011110111010001001111100011 

000111000001101110100010000100011010110110 

01010101011010010100110011l110000111111111 

000000000011110000011001101011010010101010 

000111100010101011101100010000000010010110 

010010110111111110111001000101010111000011 

011011011011111101100010011101010001110001 

001110001110101000110111001000000100100100 

000000000001111000110011001001011010101010 

010101010100101101100110011100001111111111 

000000100111001011000110110000110110001010 

010101110010011110010011100101100011011111 

010010001000010010010011100011101000100011 

000111011101000111000110110110111101110110 

00110111111110000110ll00011010010101011100 

011000101010110100111001001111000000001001 

000011000001100010110111000010011010110010 

01011001010011011110001001011l001111100111 

000111110000000000110011001010101011010110 

010010100101010101100110011111111110000011 

010000000010100000110111001010000010101011 

000101010111110101100010011111010111111110 

000000000101100011000110110010011110101010 

010101010000110110010011100111001011111111 

Mahler Mammd Minmod L1 L3 

0.96612 1.44163 0.67861 0.98287 1.0172 

0.966121.44163 0.67861 0.98287 1.0172 

0.932451.65963 0.65133 0.96402 1.0393 

0.932451.65963 0.65133 0.96402 1.0393 

0.93741 1.53489 0.63132 0.96775 1.0331 

0.937411.53489 0.63132 0.96775 1.0331 

0.921611.71671 0.60986 0.9582 1.0454 

0.921611.71671 0.60986 0.9582 1.0454 

0.949251.63486 0.6089 0.9735 1.0286 

0.94925 1.63486 0.6089 0.9735 1.0286 

0.932051.59213 0.60258 0.96492 1.0359 

0.932051.59213 0.60258 0.96492 1.0359 

0.95216 1.40597 0.59777 0.97635 1.0226 

0.95216 1.40597 0.59777 0.97635 1.0226 

0.95354 1.48115 0.59677 0.9762 1.0246 

0.95354 1.48115 0.59677 0.9762 1.0246 

0.94287 1.50194 0.59242 0.97221 1.0258 

0.94287 1.50194 0.59242 0.97221 1.0258 

0.91737 1.78397 0.58448 0.9559 1.0487 

0.91737 1.78397 0.58448 0.9559 1.0487 

0.919651.78342 0.57988 0.95773 1.0453 

0.91965 1.78342 0.57988 0.95773 1.0453 

0.95514 1.43737 0.57805 0.97753 1.0222 

0.95514 1.43737 0.57805 0.97753 1.0222 

0.93565 1.7275 0.57798 0.96658 1.0352 

0.93565 1.7275 0.57798 0.96658 1.0352 

0.945031.43497 0.57768 0.97264 1.0264 

0.945031.43497 0.57768 0.97264 1.0264 

0.920211.62739 0.574730.95951 1.04 

0.920211.62739 0.57473 0.95951 1.04 

0.922991.62879 0.57339 0.96066 1.0396 

0.92299 1.62879 0.57339 0.96066 1.0396 

0.94191.69135 0.57017 0.97012 1.0315 

0.94191.69135 0.57017 0.97012 1,0315 

0.94802 1.46202 0.57007 0.97416 1.0252 

0.948021.46202 0.57007 0.97416 1.0252 

0.946331.70499 0.56957 0.9726 1.0282 

0.94633 1.70499 0.56957 0.9726 1.0282 

0.930361.59213 0.56795 0.96522 1.0333 

0.930361.59213 0.56795 0.96522 1.0333 

0.94761 1.57753 0.56778 0.97377 1.026 

0.947611.57753 0.56778 0.97377 1.026 

0.9377 1.69339 0.56318 0.96851 1.0319 

0.9377 1.69339 0.56318 0.96851 1.0319 

0.913411.64952 0.55826 0.95551 1.0445 

0.91341 1.64952 0.55826 0.95551 1.0445 

0.8992 1.82067 0.55129 0.94594 1.059 

0.8992 1.82067 0.55129 0.94594 1.059 

0.93694 1.6669 0.55035 0.96807 1.0322 

0.93694 1.6669 0.55035 0.96807 1.0322 



APPENDIX B. SELECTED DATA 
Degree 42 Symmetric Polynomials 

50 smallest L1 norm 

Polynomial 

011001100110011001100110011001100110011001 

001100110011001100110011001100110011001100 

010101010101010101010111111111111111111111 

000000000000000000000010101010101010101010 

011101110111011101110111011101110111011101 

001000100010001000100010001000100010001000 

001100110011001100110111001100110011001100 

011001100110011001100010011001100110011001 

011100110011001100110011001100110011001101 

001001100110011001100110011001100110011000 

000110011001100110011001100110011001100110 

010011001100110011001100110011001100110011 

010001100110011001100110011001100110011011 

000100110011001100110011001100110011001110 

001000110011001100110011001100110011001000 

011101100110011001100110011001100110011101 

011001100110011100110011001101100110011001 

001100110011001001100110011dOO110011001100 

001100110011001100111001001100110011001100 

011001100110011001101100011001100110011001 

011011100110011001100110011001100110010001 

001110110011001100110011001100110011000100 

001101110011001100110011001100110011011100 

011000100110011001100110011001100110001001 

010111101000010111101000010111101000010111 

000010111101000010111101000010111101000010 

001101100110011001100110011001100110011100 

011000110011001100110011001100110011001001 

001110011001100110011001100110011001100100 

011011001100110011001100110011001100110001 

011011000110110001101100011011000110110001 

001110010011100100111001001110010011100100 

001100110011001100100110001100110011001100 

011001100110011001110011011001100110011001 

011001100110011001110111011001100110011001 

001100110011001100100010001100110011001100 

010101010101010101011101111111111111111111 

000000000000000000001000101010101010101010 

001000110111001000110111001000110111001000 

011101100010011101100010011101100010011101 

011001110110011001100110011001100111011001 

001100100011001100110011001100110010001100 

001100010011001100110011001100110011101100 

011001000110011001100110011001100110111001 

010011101100010011101100010011101100010011 

000110111001000110111001000110111001000110 

001100110011000110011001100110110011001100 

011001100110010011001100110011100110011001 

001100100110001100100110001100100110001100 

011001110011011001110011011001110011011001 



APPENDIX B. SELECTED DATA 
Degree 42 Symmatric Polynomials 

50 largest Ll norm 

Polynomial 

000000001101100001101100011010011100101010 

010101011000110100111001001111001001111111 

010111010000011110110011000101101011110111 

00001000010100101110011001000011lllO10100010 

010101001010010010011001100011100000111111 

000000011111000111001100110110110101101010 

010001100001110013101000000011011010011011 

000100110100100111111101010110001111001110 

010010100101000100100010001110111110000011 

000111110000010001110111011011101011010110 

010101110100100111101100010110001111011111 

0000001000011100101110010000110l1010001010 

001101101111110101101000011111010100011100 

011000111010100000111101001010000001001001 

010111000101001011100110010000111110110111 

000010010000011110110011000101101011100010 

010010010001011110110111000101111011100011 

000111000100001011100010010000101110110110 

010001110000100011101000010010001011011011 

00010010010111011011110100011101111000l110 

010010101101101110101000000100011100000011 

000111111000111011111101010001001001010110 

000000001111100011100110010010010100101010 

010101011010110110110011000111000001111l11 

010101010010011110010011100101100011111111 

000000000111001011000110110000110110101010 

001100000000011110011101l00101101010101100 

011001010101001011001000110000111111111001 

01010101001011010011001100111100001111l111 

000000000111100001100110011010010110101010 

001001101111100000101000001010010100011000 

011100111010110101111101011111000001001101 

010101110001100010111101000010011011011111 

000000100100110111101000010111001110001010 

010100100011000111010111110110110010001111 

000001110110010010000010100011100111011010 

010101011000111100010011101101001001111111 

000000001101101001000110111000011100101010 

000111100010001011101100010000100010010110 

oloolollolllollllollloolooololllolllooooll 

001100000000011110011001100101101010101100 

011001010101001011001100110000111111111001 

011100011101010011101000010011111101101101 

001001001000000110111101000110101000111000 

010131010000110110110011000111001011110111 

000010000101100011100110010010011110100010 

001001011001000010101000000010111001111000 

011100001100010111111101010111101100101101 

010100101010011010001100100001100000001111 

000001111111001111011001110100110101011010 



APPENDIX B. SELECTED DATA 
Degree 42 Symmetric Polynomials 

50 smallest L3 norm 

Polynomial 

000100110100100111111101010110001111001110 

010001100001110010101000000011011010011011 

010101001010010010011001100011100000111111 

000000011111000111001100110110110101101010 

010101011000110100111001001111001001111111 

000000001101100001101100011010011100101010 

010111010000011110110011000101101011110111 

000010000101001011100110010000111110100010 

010101110100100111101100010110001111011111 

000000100001110010111001000011011010001010 

011000111010100000111101001010000001001001 

001101101111110101101000011111010100011l00 

011100111010110101111101011111000001001101 

001001101111100000101000001010010100011000 

001001001000000110111101000110101000111000 

011100011l01010011101000010011111101101101 

010010100101000100100010001110111110000011 

000111110000010001110111011011101011010110 

010111000101001011100110010000111110110111 

000010010000011110110011000101101011100010 

010010010001011110110111000101111011100011 

000111000100001011100010010000101110110110 

010001110000100011101000010010001011011011 

000100100101110110111101000111011110001110 

001100000000011110011101100101101010101100 

011001010101001011001000110000111111111001 

010101011010110110110011000111000001111111 

000000001111100011100110010010010100101010 

010001011111000011001000110010110101111011 

000100001010010110011101100111100000101110 

010101010010011110010011100101100011111111 

000000000111001011000110110000110110101010 

011000001100010111111001010111101100101001 

001101011001000010101100000010111001111100 

010101010010110100110011001111000011111111 

000000000111100001100110011010010110101010 

010010110111011110111001000101110111000011 

000111100010001011101100010000100010010110 

010111010000110110110011000111001011110111 

000010000101100011100110010010011110100010 

010100101010011010001100100001100000001111 

000001111111001111011001110100110101011010 

011100001100010111111101010111101100101101 

001001011001000010101000000010111001111000 

010010101101101110101000000100011100000011 

000111111000111011111101010001001001010110 

010100011100110101101000011111001101101111 

000001001001100000111101001010011000111010 

000000100100110111101000010111001110001010 

010101110001100010111101000010011011011111 

Mahler Maxmod 

0.94732 1.28797 

0.94732 1.28797 

0.95353 1.32106 

0.95353 1.32106 

0.96612 1.44163 

0.96612 1.44163 

0.96061.45289 

0.9606 1.45289 

0.95518 1.37249 

0.95518 i.i7249 

0.9552 1.34599 

0.9552 1.34599 

0.94142 1.37249 

0.94142 1.37249 

0.93856 1.41256 

0.938561.41256 

0.95727 1.40659 

0.95727 1.40659 

0.95504 1.40597 

0.95504 1.40597 

0.95453 1.38762 

0.95453 1.38762 

0.95269 1.33665 

0.952691.33665 

0.95278 1.39215 

0.952781.39215 

0.9522 1.52783 

0.9522 1.52783 

0.94539 1.40597 

0.94539 1.40597 

0.95377 1.39015 

0.95377 1.39015 

0.94309 1.35738 

0.94309 1.35738 

0.95258 1.3957 

0.95258 1.3957 

0.95001 1.50914 

0.95001 1. 50914 

0.94979 1.35584 

0.94979 1.35584 

0.946891.41482 

0.94689 1.41482 

0.94821 1.37249 

0.94821 1.37249 

0.95514 1.43737 

0.95514 1.43737 

0.93926 1.48094 

0.93926 1.48094 

0.95153 1.53769 

0.95153 1.53769 



APPENDlX B. SELECTED DATA 
Degree 42 Symmetric Polynomials 

50 largest L3 norm 

Polynomial 

001100110011001100110011001100110011001100 

011001100110011001100110011001100110011001 

001100110011001100110111001100110011001100 

011001100110011001100010011001100110011001 

010011001100110011001100110011001l00110011 

000110011001100110011001100110011001100110 

01110011001100110C110011001100110011001101 

001001100110011001100110011001100110011000 

010001100110011001100110011001100110011011 

000100110011001100110011001100110011001110 

011101100110011001100110011001100110011101 

001000110011001100110011001100110011001000 

011000100110011001100110011001100110001001 

001101110011001100110011001100110011011100 

011011100110011001100110011001100l10010001 

001110110011001100110011001100110011000100 

011001110110011001100110011001100111011001 

0011001000110011001100l1001100110010001100 

011001000110011001100110011001100110111001 

0011000100110011001100l1001100110011101100 

01100110001001100110011001l001100010011001 

001100110111001100110011001100110111001l00 

011001101110011001100110011001100100011001 

001100111011001100110011001100110001001100 

011001100111011001100110011001l10110011001 

001100110010001100110011001100100011001100 

011001100100011001100110011001101110011001 

001100110001001100110011001100111011001100 

011001100110001001100110011000100110011001 

001100110011011100110011001101110011001100 

011001100110011001110111011001100110011001 

001100110011001100100010001100110011001100 

0110011001100110011011000110011001l0011001 

001100110011001100111001001100110011001100 

011001100110011000100110001001100110011001 

001100110011001101110011011100110011001100 

011001100110111001100110011001000110011001 

001100110011101100110011001100010011001100 

001100110011001000110011001000110011001100 

011001100110011101100110011101100110011001 

001100110011001100010011101100110011001100 

011001100110011001000110111001100110011001 

011001100110011011100110010001100110011001 

001100110011001110110011000100110011001100 

011001100110010001100110011011100110011001 

001100110011000100110011001110110011001100 

011100110011001100110111001100110011001101 

001001100110011001100010011001100110011000 

001000110011001100110111001100110011001000 

011101100110011001100010011001100110011101 



APPENDIX B. SELECTED DATA 
Degree 42 Symmetric Polynomials 

50 smallest L4 norm 

Polynomial 

000100110100100111111101010110001111001110 

010001100001110010101000000011011010011011 

010101001010010010011001100011100000111111 

000000011111000111001100110110110101101010 

000000100001110010111001000011011010001010 

010101110100100111101100010110001111011111 

0111001110101101G1111101011111000001001101 

001001101111100000101000001010010100011000 

011100011101010011101000010011111101101101 

001001001000000110111101000110101000111000 

011000111010100000111101001010000001001001 

001101101111110101101000011111010100011100 

000010000101001011100110010000111110100010 

010111010000011110110011000101101011110111 

010101011000110100111001001111001001111111 

000000001101100001101100011010011100101010 

000100100101110110111101000111011110001110 

010001110000100011101000010010001011011011 

010010010001011110110111000101111011100011 

000111000100001011100010010000101110110110 

010010100101000100100010001110111110000011 

00011111000001000111011l011011101011010110 

000010010000011110110011000101101011100010 

010111000101001011100110010000111110110111 

010001011111000011001000110010110101111011 

000100001010010110011101100111100000101110 

011001010101001011001000110000111111111001 

001100000000011110011101100101101010101100 

011000001100010111111001010111101100101001 

001101011001000010101100000010111001111100 

001010010000010001100010011011101011100000 

011111000101000100110111001110111110110101 

011101010001011110001100100101111011111101 

001000000100001011011001110000101110101000 

010101011011010110001100100111110001111111 

000000001110000011011001110010100100101010 

011100001110010101011101111111100100101101 

001001011011000000001000101010110001111000 

011100001100010111111101010111101100101101 

001001011001000010101000000010111001111000 

011101011011000101001000111110110001111101 

001000001110010000011101101011100100101000 

010101111000111100110011001101001001011111 

000000101101101001100110011000011100001010 

000000001111100011100110010010010100101010 

010101011010110110110011000111000001111111 

010010110111111110011001100101010111000011 

000111100010101011001100110000000010010110 

010010110111011110111001000101110111000011 

010111010000110110110011000111001011110111 



APPENDIX B. SELECTED DATA 
Degree 42 Symmetric Polynomials 

50 smallest L4 norm 

Polynomial 

001100110011001100110011001100110011001100 

011001100110011001100110011001100110011001 

001100110011001100110111001100110011001100 

011001100110011001100010011001100110011001 

011100110011001100110011001100110011001101 

001001100110011001100110011001100110011000 

000110011001100110011001100110011001100110 

010011001100110011001100110011001100110011 

011101100110011001100110011001100110011101 

001000110011001100110011001100110011001000 

010001100110011001100110011001100110011011 

0001001100110011001100110011001l0011001110 

011000100110011001100110011001100110001001 

001101110011001100110011001100110011011100 

011011100110011001100110011001100110010001 

001110110011001100110011001100110011000100 

011001110110011001100110011001100111011001 

00110010001100110011001100110011001000l100 

011001000110011001100110011001100110111001 

001100010011001100110011001100110011101100 

001100110111001100110011001100110111001100 

011001100010011001100110011001100010011001 

011001101110011001100110011001100100011001 

001100111011001100110011001100110001001100 

011001100111011001100110011001110110011001 

001100110010001100110011001100100011001100 

011001100110001001100110011000100110011001 

001100110011011100110011001101110011001100 

011001100100011001100110011001101110011001 

001100110001001100110011001100111011001100 

011001100110011001110111011001100110011001 

001100110011001100100010001100110011001100 

001100110011001000110011001000110011001100 

011001100110011101100110011101100110011001 

011001100110011000100110001001100110011001 

001100110011001101110011011100110011001100 

011001100110111001100110011001000110011001 

001100110011101100110011001100010011001100 

001100110011001100111001001100110011001100 

011001100110011001101100011001100110011001 

011001100110010001100110011011100110011001 

001100110011000100110011001110110011001100 

011001100110011001000110111001100110011001 

001100110011001100010011101100110011001100 

011001100110011011100110010001100110011001 

001100110011001110110011000100110011001100 

011100110011001100110111001100110011001101 

001001100110011001100010011001100110011000 

011101100110011001100010011001100110011101 

001000110011001100110111001100110011001000 

Mahler Haxmod Minunxi L1 L3 

0.27307 4.63806 0.10844 0.49369 1.5287 

0.27307 4.63806 0.10844 0.49369 1.5287 

0.414594.43296 0.11505 0.60558 1.4621 

0.41459 4.43296 0.11505 0.60558 1.4621 

0.42261 4.2399 0.03345 0.61822 1.4449 

0.42261 4.2399 0.03345 0.61822 1.4449 

0.44164 4.2179 0.1525 0.6197 1.4457 

0.44164 4.2179 0.1525 0.6197 1.4457 

0.44308 4-2399 0.02217 0.63405 1.4357 

0.44308 4.2399 0.02217 0.63405 1.4357 

0.43905 4.2179 0.04964 0.63111 1.436 

0.43905 4.2179 0.04964 0.63111 1.436 

0.45882 4.2399 0.03806 0.64679 1.4276 

0.45882 4.2399 0.03806 0.64679 1.4276 

0.45954 4.2179 0.03178 0.64621 1.4273 

0.45954 4.2179 0.03178 0.64621 1.4273 

0.4685 4.2399 0.02927 0.65647 1.4208 

0.4685 4.2399 0.02927 0.65647 1.4208 

0.47651 4.2179 0.08771 0.65764 1.4199 

0.47651 4.2179 0.08771 0.65764 1.4199 

0.47708 4.2399 0.0295 0.66289 1.4154 

0.47708 4.2399 0.0295 0.66289 1.4154 

0.47996 4.2179 0.04412 0.6638 1.4139 

0.47996 4.2179 0.04412 0.6638 1.4139 

0.48209 4.2399 0.02946 0.66669 1.4115 

0.48209 4.2399 0.02946 0.66663 1.4115 

0.47369 4.2399 0.06557 0.66316 1.4093 

0.47369 4.2399 0.06557 0.66316 1.4093 

0.46885 4.2179 0.06199 0.66317 1.4095 

0.46885 4.2179 0.06199 0.66317 1.4095 

0.45384 4.2399 0.04687 0.65409 1.4087 

0.45384 4.2399 0.04687 0.65409 1.4087 

0.48376 4.2399 0.04105 0.67218 1.4055 

0.48376 4.2399 0.04105 0.67218 1.4055 

0.456 4.2399 0.06319 0.6607 1.4065 

0.456 4.2399 0.06319 0.6607 1.4065 

0.49013 4.2179 0.1183 0.67058 1.4061 

0.49013 4.2179 0.1183 0.67058 1.4061 

0.4257 4.2179 0.06413 0.64146 1.4072 

0.4257 4.2179 0.06413 0.64146 1.4072 

0.53748 4.2179 0.1525 0.69005 1.4013 

0.53748 4.2179 0.1525 0.69005 1.4013 

0.49131 4.2179 0.1525 0.66814 1.4033 

0.49131 4.2179 0.1525 0.66814 1.4033 

0.47786 4.2179 0.05368 0.61002 1.402 

0.47786 4.2179 0.05368 0.67002 1.402 

0.44102 4.06059 0.02675 0.66095 1.3887 

0.44102 4.06059 0.02675 0.66095 1.3887 

0.46992 4.06059 0.03067 0.67697 1.3809 

0.46992 4.06059 0.03067 0.67697 1.3809 



APPENDIX B. SELECTED DATA 
Degree 44 Symmetric Polynomials 

50 smallest Mahler measure 

Polynomial 

0000101011110110111100010010111000101111 

0111101110010000101100010011110100011011 

0111101011110001001111101011000100101111 

0111100101001101010011101100000011000001 

0111011010111000011101000010010110111110 

0110110000111111011110011010001010110100 

01101010011110001C3101100001110110100111 

011001010010101111111l101010101111110000 

0110010100101000001010011111010111110000 

0110010100100111111011001110101001110000 

0110001000000101110101000000100001010111 

0101101000010110010110011000011000010111 

0101010010100111100001000101101001111100 

0101000011010110011111101010011000001101 

0100111011101100110111001000110011101110 

0100110000010001111100010010100100010100 

0100100100010010000001000101011100010001 

Mahler 

0 .14907  

0 .14907 

0 .14907 

0 .14907  

0 .14907 

0 .14907 

0 .14907  

0 .14907 

0 .14907  

0 .14907 

0 .14907  

0 .14907  

0 .14907  

0 .14907  

0 .14907 

0 .14907  

0 .14907 

0 .14907  

0 .14907  

0 .14907  

0 .14907  

0 .14907 

0 .14907  

0 .14907 

0 .14907  

0 .14907  

0 .14907 

0 .14907 

0 .14907 

0 .14907  

0 .14907 

0 .14907  

0 .14907 

0 .14907  

0 .14907 

0 .14907 

0 .14907 

0 .14907 

0 .14907  



APPENDIX B. SELECTED DATA 
Degree 44 Symmetric Polynomials 

50 largest Mahler maasure 
Polynomial 

0000000011000111100010011101101001001101 

0101010110010010110111001000111100011000 

0101010110001111000110111001001011011000 

0000000011011010010011101100011110001101 

0101000101111100001001100111010010100001 

0000010000101001011100110010000111110100 

0101010111000011111001100110101101001000 

0000000010010110101100110011111000011101 

0101000111010110100011001101111000001001 

0000010010000011110110011000101101011100 

0110110100100000010011001100010101110000 

0011100001110101000110011001000000100101 

0110010010000001010010111100000101011100 

0011000111010100000111101001010000001001 

0010010101101101110101000000100011100000 

0111000000111000100000010101110110110101 

0101101010101100101001100111110011111111 

000011111111100111110011001blOO110101010 

0001100000000011110011001100101101010101 

0100110101010110100110011001111000000000 

0011111111110001111001100110100100101010 

0110101010100100101100110011110001111111 

0101101011110111110011001100101000101111 

0000111110100010100110011001111101111010 

0111000110111000010100010000010110111001 

0010010011101101000001000101000011101100 

0101101111001010001110111011011111001011 

0000111010011111011011101110001010011110 

0111001111010110101011101111111000001011 

0010011010000011111110111010101101011110 

0101010110001111000100110001001011011000 

0000000011011010010001100100011110001101 

0000000011111000111001100110110110101101 

0101010110101101101100110011100011111000 

0010010100101000100100110001110111110000 

0111000001111101110001100100100010100101 

0111111110010011110010011100101100011010 

0010101011000110100111001001111001001111 

0111000001111101110001000100100010100101 

0010010100101000100100010001110111110000 

0111010110000101001110111011000001011000 

0010000011010000011011101110010100001101 

0101101011110111110011101100101000101111 

0000111110100010100110111001111101111010 

0101010101101011010011001100001111100000 

0000000000111110000110011001011010110101 

0001011011110101100100110001100000101110 

0100001110100000110001100100110101111011 

0010011010000011010100010000001101011110 

0111001111010110000001000101011000001011 



APPENDIX 3. SELECTED DATA 
Degree 44 Synrmetric Polynomials 

50 smallest maximum modulus 

Polynomial Mahler 

0000101000011100111001100110110010010111 0.90602 

0101111101001001101100110011100111000010 0.90602 

0010010110110000000011001101010100111000 0.88313 

0111000011100101010110011000000001101101 0.88313 

0000001111101101101110011011100011101Ol1 0.92733 

0101011010111000111011001110110110111110 0.92733 

0010101100011000111010111110110110010011 0.92962 

0111111001001101101111101011100011000110 0.92962 

0010011110111010000011101101011110111010 0.90329 

0111001011101111010110111000001011101111 0.90329 

0001100011110101111011001110100000101101 0.88423 

0100110110100000101110011011110101111000 0.88423 

0111101111000010100110111001111101001011 0.91285 

0010111010010111110011101100101000011110 0.91285 

0001111101100010111010111110111101100010 0.92305 

0100101000110111101111101011101000110111 0.92305 

0001100011000010100000010101111101001101 0.90488 

0100110110010111110101000000101000011000 0.90488 

0100111110011101000000010101000010011010 0.90958 

0001101011001000010101000000010111001111 0.90958 

0111110100001100100100010001110011010000 0.92077 

0010100001011001110001000100100110000101 0.92077 

0000001001001100100111101001110011000111 0.91632 

0101011100011001110010111100100110010010 0.91632 

0000000011011010010011101100011110001101 0.96756 

0101010110001111000110111001001011011000 0.96756 

0001101011110010100011001101111100101111 0.92662 

0100111110100111110110011000101001111010 0.92662 

0110111010010010100010111101111100011110 0.87964 

0011101111000111110111101000101001001011 0.87964 

0101010110011011010010111100001110011000 0.9165 

0000000011001110000111101001011011001101 0.9165 

0010010010111111101000110111101010111100 0.93144 

0111000111101010111101100010111111101001 0.93144 

0110110010010000101010011111110100011100 0.88784 

0011100111000101111111001010100001001001 0.88784 

0111010100011110100100110001111010010000 0.93294 

0010000001001011110001100100101111000101 0.93294 

0000001000011001110010111100100110010111 0.87886 

0101011101001100100111101001110011000010 0.87886 

00000100100000111101l0011000101101011100 0.9584 

0101000111010110100011001101111000001001 0.9584 

0111101111011110001001000111011010001011 0.90117 

0010111010001011011100010010001111011110 0.90117 

0101010010100100100110011001110001111100 0.92988 

0000000111110001110011001100100100101001 0.92988 

0100001010011110101100110011111010011111 0.8885 

0001011111001011111001100110101111001010 0.8885 

0100010111011001001010011111000110001000 0.9156 

0001000010001100011111001010010011011101 0.9156 



APPENDIX B. SELECTED DATA 
Degree 44 Symetric Polynomials 

50 largest minimum moctulus 

Polynomial Mahler 

0101010110010010110111001000111100011000 0.96986 

0000000011000111100010011101101001001101 0.96986 

0101010111000011111001100110101101001000 0.95939 

0000000010010110101100110011111000011101 0.95939 

0110010101010010110011101100111100000000 0.94368 

0011000000000111100110111001101001010101 0.94368 

0000000011110000111001100110110100101101 0.93145 

0101010110100101101100110011100001111000 0.93145 

0010010011101101000001000101000011101100 0.95329 

0111000110111000010100010000010110111001 0.95329 

0111010100011110110001100100111010010000 0.94221 

0010000001001011100100110001101111000~01 0.94221 

0100100010010010100000010101111100011101 0.94211 

0001110111000111110101000000101001001000 0.94211 

0000000001101110000111001001011011100101 0.93994 

0101010100111011010010011100001110110000 0.93994 

0110110100100000010011001100010101110000 0.95823 

0011100001110101000110011001000000100101 0.95823 

0101011010101100111110011010110011111110 0.94218 

0000001111111001101011001111100110101011 0.94218 

0101101001010100110110111000110000000111 0.93272 

0000111100000001100011101101100101010010 0.93272 

0000000011000110000101100001011001001101 0.92243 

0101010110010011010000110100001100011000 0.92243 

0101010101000110001101000011011001000000 0.88829 

0000000000010011011000010110001100010101 0.88829 

011101011000010100111011l01l000001011000 0.9503 

0010000011010000011011101110010100001101 0.9503 

0101010101101011000110011001001111100000 0.93654 

0000000000111110010011001100011010110101 0.93654 

0101000101111100001001100111010010100001 0.96007 

0000010000101001011100110010000111110100 0.96007 

0101010101001110000111001001011011000000 0.92115 

0000000000011011010010011100001110010101 0.92115 

0111101111110100111000110110110000101011 0.94863 

0010111010100001101101100011100101111110 0.94863 

0011000110000011100000010101101101011001 0.90531 

0110010011010110110101000000111000001100 0.90531 

0101010101101000001101100011010111100000 0.89838 

0000000000111101011000110110000010110101 0.89838 

0010000000010001010010111100000100010101 0.88703 

01110101010001000001l1101001010001000000 0.88703 

0101010111000011111001000110101101001000 0.94573 

0000000010010110101100010011111000011101 0.94573 

0000011110000000100100110001110101011010 0.92809 

01010010110~010~110001100100100000001111 0.92809 

0101010110110011011000110110001100111000 0.94219 

0000000011100~10001101100011011001101101 0.94219 

0000111000001100~00000010101110011010110 0.93075 

010110110101100~~10101000000100110000011 0.93075 

Mi- 
o .se203 

0.68203 

0.62241 

0.62241 

0.61923 

0.61923 

0.61423 

0.61423 

0.60659 

0.60659 

0.60377 

0.60377 

0.60333 

0.60333 

0.59701 

0.59701 

0.59638 

0.59638 

0.59581 

0.59581 

0.59511 

0.59511 



APPENDIX B. SELECTED DATA 
Degree 44 Symmetric Polynomials 

50 smallest L1 norm 

Polynomial Mahler 

0011001100110011001100110011001100110011 Oi26694 

0110011001100110011001100110011001100110 0.26694 

~101~10101010101010101000000000000000000 0.33148 

0000000000000000000000010101010101010101 0.33148 

0100010001000100010001000100010001000100 0.35223 

0001000100010001000100010001000100010001 0.35223 

0110011001100110011001000110011001100110 0.40668 

0011001100110011001100010011001100110011 0.40668 

0010011001100110011001100110011001100110 0.41314 

0111001100110011001100110011001100110011 0.41314 

0100110011001100110011001100110011001100 0.43179 

0001100110011001100110011001100110011001 0.43179 

0001001100110011001100110011001100110011 0.4293 

0100011001100110011001100110011001100110 0.4293 

0111011001100110011001100110011001100110 0.43494 

0010001100110011001100110011001100110011 0.43494 

0110011001100110011000110110011001100110 0.41422 

001100110011001100110110001~001100110011 0.41422 

0011101100110011001100110011001100110011 0.45056 

0110111001100110011001100110011001100110 0.45056 

0110001001100110011001100110011001100111 0.44937 

001101110011001100110011001100l100110010 0.44937 

0110001100110011001100110011001100110011 0.40896 

0011011001100110011001100110011001100110 0.40896 

0110110011001100110011001100110011001100 0.41194 

0011100110011001100110011001100110011001 0.41194 

0110001101100011011000110110001101l00011 0.34869 

0011011000110110001101100011011000110110 0.34869 

0101010101010101010100010000000000000000 0.43838 

0000000000000000000001000101010101010101 0.43838 

0011001100110001001100110011000100110011 0.4356 

0110011001100100011001100110010001100110 0.4356 

0011001000110011001100110011001100110111 0.46131 

0110011101100110011001100110011001100010 0.46131 

0011001100110011001110011011001100110011 0.41402 

0110011001100110011011001110011001100110 0.41402 

0011000100110011001100110011001100110001 0.46185 

0110010001100110011001100110011001100100 0.46185 

0011001100110011001110111011001100110011 0.45203 

0110011001100110011011101110011001100110 0.45203 

0010111101000010111101000010111101000010 0.40027 

01111010000101111010000101l1101000010111 0.40027 

0100110011001100110011101100110011001100 0.42992 

0001100110011001100110111001100110011001 0.42992 

0110011001100110011100110010011001100110 0.40774 

0011001100110011001001100111001100110011 0.40774 

0011001100100011001100110011001101110011 0.45487 

01100110011101100~1001100110011000100110 0.45487 

01100110001001~0~~~0011001l0011001110110 0.45961 

0011001101110011001100110011001100100011 0.45961 



APPENDIX B. SELECTED DATA 
Degree 44 Symmetric Polynomials 

50 largest L1 norm 

Polynomi a1 Hahler 

0000000011000111100010011101101001001101 0.96986 

0101010110010010110111001000111100011000 0.96986 

0000000011011010010011101100011110001101 0.96756 

0101010110001111000110111001001011011000 0.96756 

0000010010000011110110011000101101011100 0.9584 

0101000111010110100011001101111000001001 0.9584 

0101 000101111100001001100111010010100001 0.96007 

0000010000101001011100110010000111110100 0.96007 

0101010110101101101100110011100011111000 0.9528 

0000000011111000111001100110110110101101 0.9528 

0000000010010110101100110011111000011101 0.95939 

0101010111000011111001100110101101001000 0.95939 

0110010010000001010010111100000101011100 0.95681 

0011000111010100000111101001010000001001 0.95681 

0111000000111000100000010101110110110101 0.95624 

o o i o o ~ o ~ o ~ i o ~ i o ~ ~ ~ o ~ o ~ o o o o o o i o o o i ~ i o ~ o o o  0.95624 

0100110101010110100110011001111000000000 0.9555 

000110000000001111001100110OlOl101101010101 0.9555 

0011100001110101000110011001000000100101 0.95823 

0110110100100000010011001100010101110000 0.95823 

0011111111110001111001100110100100101010 0.95497 

0110101010100100101100110011110001111111 0.95497 

0101101111001010001110111011011111001011 0.95316 

0000111010011111011011101110001010011110 0.95316 

0101010110001111000100110001001011011000 0.95283 

0000000011011010010001100100011110001101 0.95283 

0111001111010110101011101111111000001011 0.95286 

0010011010000011111110111010101101011110 0.95286 

0101101010101100101001100111110011111111 0.95554 

0000111111111001111100110010100110101010 0.95554 

0000111110100010100110011001111101111010 0.95331 

0101101011110111110011001100101000101111 0.95331 

0111000001111101110001100100100010100101 0.95241 

0010010100101000100100110001110111110000 0.95241 

0000100111111011110011101100101110101001 0.94926 

0101110010101110100110111001111011111100 0.94926 

0111000001111101110001000100100010100101 0.95189 

0010010100101000100100010001110111110000 0.95189 

0111111110010011110010011100101100011010 0.95206 

0010101011000110100111001001111001001111 0.95206 

0111000110111000010100010000010110111001 0.95329 

0010010011101101000001000101000011101100 0.95329 

0011100011101010111101000010111111101101 0.94624 

0110110110111111101000010111101010111000 0.94624 

0101010101101011010011001100001111100000 0.95002 

0000000000111110000110011001011010110101 0.95002 

01000011101000001~0001100100110101111011 0.94979 

0001011011110~01~00100110001100000101110 0.94979 

0111001111010~~0000001000101011000001011 0.94973 

00100110100000110~0100010000001101011110 0.94973 



APPENDIX B. SELECTED DATA 
Degrn 44 Symmetric Polynomials 

50 smallest L3 norm 

Polynomial 

0000000011011010010011101100011110001101 

010101011000111100011011100l001011011000 

0101010110010010110111001000111100011000 

0000000011000111100010011101101001001101 

0000010010000011110110011000101101011100 

0101000111010110100011001101111000001001 

000000001111100C111001100110110110101101 

0101010110101101101100110011100011111000 

0101000101111100001001100111010010100001 

0000010000101001011100110010000111110100 

0110010010000001010010111100000101011100 

0011000111010100000111101001010000001001 

0111000000111000100000010101110110110101 

0010010101101101110101000000100011100000 

0001100000000011110011001100101101010101 

0100110101010110100110011001111000000000 

0110101010100100101100110011110001111111 

0011111111110001111001100110100100101010 

0101101111001010001110111011011111001011 

0000111010011111011011l01110001010011110 

000000001101101001000l10010001111000l101 

01010101100011110001001100010010110l1000 

0010011010000011111110111010101101011110 

0111001111010110101011101111l1100000l011 

010111001010111010011011100l11101l111100 

000010011111101111001110110010111010100l 

00111000111010101111010000101l1111101101 

0110110110111111101000010111101010111000 

0101010110110100100011001101110000111000 

000000001110000111011001100010010l101101 

01000100100010010110100111100001110l1100 

0001000111011100001111001011010010001001 

0111000101011100001011001111010010000001 

0010010000001001011110011010000111010100 

0101010010100100100110011001110001111100 

0000000111110001110011001100100100101001 

0100010111011001001010011111000110001000 

0001000010001100011111001010010011011101 

0101111101000011001110011011001101000010 

0000101000010110011011001110011000010111 

0000000010010110101100110011111000011101 

0101010111000011111001100110101101001000 

0011100010001110100001000101111011011101 

0110110111011011110100010000101110001000 

0101101101010011001011101111001100000011 

0000111000000110011110111010011001010110 

0101101011110111110011001100101000101111 

0000111110100010100110011001111101111010 

0110010100110111101010011111101000110000 

0011000001100010111111001010111101100101 



APPENDZX B. SELECTED DATA 
D e g r e a  44 Symmetric Polynomials 

50 largest L3 norm 
Polynomi a1 Mahler 

0011001100110011001100110011001100110011 8.26694 

0110011001100110011001100110011001100110 0.26694 

0110011001100110011001000110011001100110 0.40668 

0011001100110011001100010011001100110011 0.40668 

0001100110011001100110011001100110011001 0.43179 

0100110011001100110011001100110011001100 0.43179 

o ~ ~ ~ o o ~ ~ o o l l O O l l C O l l O O l l O O l l O O l l O O l l O O l l  0.41314 

0010011001100110011001100110011001100110 0.41314 

0100011001100110011001100110011001100110 0.4293 

0001001100110011001100110011001100110011 0.4293 

0111011001100110011001100110011001100110 0.43494 

0010001100110011001100110011001100110011 0.43494 

0110001001100110011001100110011001l00111 0.44937 

0011011100110011001100110011001100110010 0.44937 

0110111001100110011001100110011001100110 0.45056 

0011101100110011001100110011001100110011 0.45056 

0110011101100110011001100110011001100010 0.46131 

0011001000110011001100110011001100110111 0.46131 

0110010001100110011001100110011001100100 0.46185 

0011000100110011001100110011001100110001 0.46185 

0110011000100110011001100110011001110110 0.45961 

0011001101110011001100110011001100100011 0.45961 

0110011011100110011001100110011001101110 0.47032 

0011001110110011001100110011001100111011 0.47032 

0110011001110110011001100110011000100110 0.45487 

0011001100100011001100110011001101110011 0.45487 

00110011001100110011011000l1001100110011 0.41422 

0110011001100110011000110110011001100110 0.41422 

0110011001000110011001100110011001000110 0.47352 

0011001100010011001100110011001100010011 0.47352 

0110011001100010011001100110011101100110 0.47453 

0011001100110111001100110011001000110011 0.47453 

0110011001100110011101100010011001100110 0.46895 

0011001100110011001000110111001l00110011 0.46895 

0011001100111011001100110011001110110011 0.47272 

0110011001101110011001100110011011100110 0.47272 

0110011001100110001001100111011001100110 0.46166 

0011001100110011011100110010001100110011 0.46166 

0011001100110001001100110011000100110011 0.4356 

0110011001100100011001100110010001100110 0.4356 

0110011001100111011001100110001001100110 0.50152 

0011001100110010001100110011011100110011 0.50152 

0110011001100110011011101110011001100110 0.45203 

0011001100110011001110111011001100110011 0.45203 

0110011001100110010001100100011001100110 0.47226 

0011001100110011000100110001001100110011 0.47226 

0110011001100~~0~~1001100110111001100110 0.47053 

001100110011001~~01100110011101100110011 0.47053 

01001100110011001~0011101100110011001100 0.42992 

0001100110011001100110111001100110011001 0.42992 

Hi- L1 
0.10652 0.48649 

0.10652 0.48649 

0.10926 0.59765 

0.10926 0.59765 

0.14983 0.61009 

0.14983 0.61009 

0.02078 0.6087 

0.02078 0.6087 

0.03579 0.62127 

0.03579 0.62127 

0.01517 0.62442 

0.01517 0.62442 

0.01867 0.63703 

0.01867 0.63703 

0.03291 0.63624 

0.03291 0.63624 

0.02476 0.64647 

0.02476 0.64647 

0.02436 0.64685 

0.02436 0.64685 

0.03834 0.65107 

0.03834 0.65107 

0.03792 0.65401 

0.03792 0.65401 

0.04777 0.65103 

0.04777 0.65103 

0.05006 0.6298 

0.05006 0.6298 

0.0412 0.65769 

0.0412 0.65769 

0.03973 0.65811 

0.03973 0.65811 

0.04125 0.65438 

0.04125 0.65438 

0.05636 0.66005 

0.05636 0.66005 

0.04197 0.65748 

0.04197 0.65748 

0.05157 0.64 631 

0.05157 0.64631 

0.0314 0.672 

0.0314 0.672 

0.07118 0.64729 

0.07118 0.64729 

0.05433 0.65856 

0.05433 0.65856 

0.05955 0.66128 

0.05955 0.66128 

0.09794 0.64866 

0.09794 0.64866 



APPENDIX B. SELECTED DATA 
Degree 44 Symmetric Polynomials 

50 smallest L4 norm 

Polynomial 

0000000011011010010011101100011110001101 

0101010110001111000110111001001011011000 

0101000111010110100011001101111000001001 

0000010010000011110110011000101101011100 

0101010110010010110111001000111100011000 

0000000011000111100010011101101001001101 

0101010110101101101100110011100011111000 

0000000011111000111001100110110110101101 

0101000101111100001001100111010010100001 

0000010000101001011100110010000111110100 

0110010010000001010010111100000101011100 

0011000111010100000111101001010000001001 

0000000011011010010001100100011110001101 

0101010110001111000100110001001011011000 

0110110110111111101000010111101010111000 

0011100011101010111101000010111111101101 

010001001000100101101001111,0000111011100 

0001000111011100001111001011010010001001 

0000000111110001110011001100100100101001 

0101010010100100100110011001110001111100 

0100010111011001001010011111000110001000 

0001000010001100011111001010010011011101 

0111000000111000100000010101110110110101 

0010010101101101110101000000100011100000 

0001100000000011110011001100101101010101 

0100110101010110100110011001111000000000 

0010011010000011111110111010101101011110 

OlilOOllllOlOllOlOlOlllOlllllllOOOOOlOll 

0101010110110100100011001101110000111000 

0000000011100001110110011000100101101101 

0110101010100100101100110011110001111111 

0011111111110001111001100110100100101010 

0111000101011100001011001111010010000001 

0010010000001001011110011010000111010100 

0101110010101110100110111001111011111100 

0000100111111011110011101100101110101001 

0101101111001010001110111011011111001011 

0000111010011111011011101110001010011110 

0101111101000011001110011011001101000010 

0000101000010110011011001110011000010111 

0110110111011011110100010000101110001000 

0011100010001110100001000101111011011101 

0101101101010011001011101111001100000011 

0000111000000110011110111010011001010110 

0001110111110000111011001110110100101000 

0100100010100101101110011011100001111101 

0110010100110111101010011111101000110000 

0011000001100010111111001010111101100101 

0011100111010101111010011110100000001001 



APPENDIX B.  SELECTED DATA 
Degree 44 Symmetric Polynomials 

50 largest L4 norm 

Polynomial Mahler 

0011001100110011001100110011001100110011 6.26694 

0110011001100110011001100110011001100110 0.26694 

0110011001100110011001000110011001100110 0.40668 

0011001100110011001100010011001100110011 0.40668 

0111001100110011001100110011001100110011 0.41314 

00100110011~0110011001100110011001100110 0.41314 

0001100110011001100110011001100110011001 0.43179 

0100110011001100110011001100110011001100 0.43179 

0010001100110011001100110011001100110011 0.43494 

0111011001100110011001100110011001100110 0.43494 

0100011001100110011001100110011001100110 0.4293 

0001001100110011001100110011001100110011 0.4293 

0110001001100110011001100110011001100111 0.44937 

0011011100110011001100110011001100110010 0.44937 

0110111001100110011001100110011001100110 0.45056 

001~101100110011001100110011001100110011 0.45056 

0110011101100110011001100110011001100010 0.46131 

001100100011001100110011001lOOll001100110111 0.46131 

0110010001100110011001100110011001100100 0.46185 

0011000100110011001100110011001100110001 0.46185 

0011001101110011001100110011001100100011 0.45961 

0110011000100110011001100110011001110110 0.45961 

0110011011100110011001100110011001101110 0.47032 

0011001110110011001100110011001100111011 0.47032 

0110011001110110011001100110011000100110 0.45487 

0011001100100011001100110011001101110011 0.45487 

0110011001000110011001100110011001000110 0.47352 

0011001100010011001100110011001100010011 0.47352 

0110011001100010011001100110011101100110 0.47453 

0011001100110111001100110011001000110011 0.47453 

0110011001100111011001100110001001100110 0.50152 

0011001100110010001100110011011100110011 0.50152 

0011001100110011001101100011001100110011 0.41422 

0110011001100110011000110110011001100110 0.41422 

0110011001101110011001100110011011100110 0.47272 

0011001100111011001100110011001110110011 0.47272 

0110011001100110011101100010011001100110 0.46895 

0110011001100110001001100111011001100110 0.46166 

0011001100110011011100110010001100110011 0.46166 

0011001100110011001000110111001100110011 0.46895 

0110011001100100011001100110010001100110 0.4356 

0011001100110001001100110011000100110011 0.4356 

0110011001100110011011101110011001100110 0.45203 

0011001100110011001110111011001100110011 0.45203 

0110011001100110111001100110111001100110 0.47053 

0011001100110011101100110011101100110011 0.47053 

0011001100110011000100110001001100110011 0.47226 

0110011001100~~0010001100100011001100110 0.47226 

0001100110011001100110111001100110011001 0.42992 

0100110011001~00~10011101100110011001100 0.42992 
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