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ABSTRACT 

This thcsis is an account 01' my attempt to intrtxlucc a radically ditlcr-cnt stylc 01' 

mathcmatics education to a traditionally problcmatic student population. I rcflcct on thc 

cspcricnccs both whilc engaged in thc caw study and aftcr its completion. 

Thc curriculum was based on thc four corncrstoncs cspoundcd in thc NCTM's ( 1989) 

Slnwlc~rds documcnt: problcn1-solving, conlmunication, reasoning, and connections. Discmrery 

learning and ctxyxaliirc, opcn-cndcd problcm solving rcplaccd thc schtx,l's individualistic, 

arithmetic-bad program. 

Thc young peoplc in this study attcndcd a greater Vancouver alternate school bccausc thcir 

tcmpcramentq and bchaviours tvcrc not suitcd to a regular schtxi setting. Elcvcn students 

voluntecrcd to participate, but I focus on two girls and threc boys in particular. Four salient 

personal problcms characteristic of this population are learning diff'icultics, poor stxial 

disabilities, and chronic, dcep unhappiness. 

With their insights, discovcrics, and verbalizations, i t  scmn b e c m c  cvidcnt that my 

studcnts were capable of Icarning many non-traditional and often complcs mathematical topics. 

Individual traits such as pcrccptivcness, dcpcndability, dgcbraic acumen, and enthusiasm all 

contributed t o  the ovcr-all succcss of thc cohort. Within the class, metacognitivc comments 

bccamc more frcqucnt as individual passivity gave way to group activity. 

Thc project was not without serious dit'f'iculties, howcvcr. Chronically poor student 

attendance rcmaincd a problem. Student mistrust of a new teacher, personality conflicts and bad 

Ieclings madc it doubtful at timcs whcthcr communication and cooperation \\KXC achicvablc aims at 

all. Initially, thc students wcrc very hesitant to talk to cach othcr about mathcmatics and would 

f'rcqucntly givc up on problcms rather than pcrsist at a cooperative solution. With the passive, 

individualizcd nature of' their previous math courscs, such rcsistancc to active, coopcrati\.c lcarning 

wit., undcrstandablc. List, csccssivc direct instruction and Icading by thc tcachcr of'tcn precluded 

intcr-sludcnt communication and discowry lcarning. 



As thc study PI-ogrcsscd, student discourse and ctwpcsation bcclimc Inore thc norm. 

Infighting diminished, just as student conl'idcncc in thc subject gscw. Thc matlicmatics 

cur-I-iculun~ had many special bcncfits !,I- thcsc students. I t  scr-ved as i? vchiclc fos honing 

stxial skills and for improving communication. I t  oflcrcd a chance for succcss in a 

typically failurc-pronc area. Finally, i t  provided a cognitive and emotional substitute 1'0s 

depression. Thus, in a way, thc course could bc dcscribed as a "social tun-iculurn". 



DEDICATION 

This thesis is dcdicatcd to the mcrnory of Frcd Walkcr, 

a1 tcrnatc schcml cducator and tcachcr of mathematics. 
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Introduction 
She's leav~ng home 

After I ~ v ~ n g  alone 
For so many years 

(Lennon and McCartney. 1967) 

111 September 193, one of rnjr students ashcd nw ;I question which, considering the 

clua1ific.r which follo\vcd i t .  I found unusual arid intrigui 11s. flcr c u ; ~ d  n.ortls wcw. "What do I 

need ~nalli for a n y ~ ~ a y ' !  l'm a hooker." 'l'he setting \vas a residential treatment centre for 

cmotionnlly clistilrbcd adolescents. I n  particular. 1 was with four students in the "clnssroonl" of ;I 

building termed the "closed unit" \\'here unopenablc, unbreakable windoivs and systems of locked 

metal doors wrcl-e supposed to preclude the ine\,itablc bolts for "freedoni" that many of these 

youngsters would make. 'l'he questioner was Nancy, a fourtcen year old girl. Having fled an 

abusive home for the streets of Vancou\:er. she had hecri apprehended hy the police. and had hecn 

sent by the corirts to the treatment centre where she now found herself in my small mathematics 

class. 

As an experienced mathematics teacher, 1 was accustotned to the perennial question,"Why 

do wc haire to study this for'?" and all the varia~lts thereof. 'I'o bc sure. I h:id a \\.hole reperloire of 

responses which ( i n  my own mind, at least) justified the existence o f  my professional specialty. 

Ruf ohvio[~sly, Nan<-y's particular query could not hat~c  twen ans\verctl i n  the co~~venlional \\.aj.s. 

My unrchearscd response was something like, "But you ivon't I)c a hooker for all your life." 

My consternation arose in part bccause this was n ~ y  first alternate school assignment. 

fh is t . \ ,c r ,  i l  t tas not just for want of a ready answer that I tva5 t i ~ h e ~ i  aback. From my suhseque~it 

discusxion tvitll her, I learned that this youngster was not being flippant or cheek).; she had asked 

a ~~crsoiial  question and \vaq expecting a serious anqwcr. Speci1ic:dlq. iri <pitc ol'dchilitating 

enlotional problems, this tragically precocious teenager was scckilig a rationale for learning 



In 1 5K)3. after ;I four Isear hiatus fronl alternate settings (spent as a hospital and 

ho~neb:)und teacher in strictly one-on-one teaching situations), 1 was assigned to a ha1 t'-time 

position at the Vale Road I .canling f;;lcility (Vl i l  ,f') alternalc school. I)isgr~~ntlcd \\.ith the 

n~athe~n;~t ics  curriculunl at VIZIJ, encouraged by my recent studies in mathematics education, rind 

h;~ppy to ha\,c thc c.1i;rllc.e to uork \\,ith a group of stutlcnts again, 1 launched into In), thesis. hl> 

plan was to document and study the process of creating and introducing a new nlathenlatics 

tun-icwluni tix my alterrl;rte school str~dents. 

This study will attempt to answer the following questions concerning a net$, approach to 

the mathematics education of the yoring peoplc at VKI~,F. 

*Which traits of ;~lternatc school students should be of concern to mathematics educators'! 

*Ho\c can the needs of these young people \xst  be met through c t~rr iculr~n~ modificxlinns'.' 



At the onset, however, i t  i \  important to describe \vhat i \  Incant hy the tern1 "curriculum" 

~ Y I ~ I W  n curricu1111ii is rnore than ju\t a course out111lc or s\llabu\. 'I'lie follou ing definition t)! 

the Natioml Council of Teacher\ of Mathematics ( N C T M )  i \  germane to this study: 

A curriculunl is ;in opel;ttion;ll plan for instruction that details \$hat mathematics \ [ d e n t s  
need to knon.  h o w  students are to nchicl c thc identified curricular- goals. \vhat tcacl~cr\ 
are to do to help students dcvelop their mathematical knou ledge. and the context in which 
learning and teaching occur. ( I O N .  1). I ) 





Chapter I 

'!'he a\.ai'rabilitj of pertinent literature 

learners as have other acadelnic areas" (p.  265). h.lj search \vas otn'iously not hindered by 

confusion over an excess of pertinent literature. 

Why docs such a bias exist in favor  of I:u~guagc arts over mathemittics in the  literature on 





Il,let us not shortchange Sl-,I children and youth by interpreting their mntherna~ics progrluns 
too narrowly in  tcrnis of an unfortunate myopic interpretation of "basic skills." Our 
planning of mathematics programs s h o ~ l d  bc done in full  cogni-lance of a more enlightened 
interpretation of what is "basic" ....( Weaver 1G Morse. 1981. p. 1.15) 

I now describe Ihe studenrs i l l  rny altcrn:ite school. and the educational strategies and 

i n n o \ ~ i o n s  for teaching them rnathemntics. 



Vale IIoi~ii l ,e ;~n~ing t+;~cilitq is an alternate school on an independent 4te. l t  collsists of (to 

courses (rnathem;ttics, 1:nglish. social s!t~tlies. science and consumer education) and for Elnglish 

Students are referred to the program by regular school personnel, b) the junior level 

altcmate school (I'amarac Re-tntry Program), or by district levcl discipline corn~nittees. Students 

nlay eLren apply directly to the program i f  they arc at least fifteen >seiirs old. Importantly, as older 

students, they car1 consider tl~emsclves as "volunteer" alternate school pupils. since n o  one student 

1s otdigated to attend because of Ministry age requirements. Referrals and applications are nlnde 

to the district spccial counsellor, and students are selected for ndnlissibilit) hy this counsellor, the 

head te:~cher, and the principal of the progrrlrn. 

I n  fall 1993. (he VII1.E stall' consisted of one full-tinle teacher. three half-tinie leacliers, a 

half-lime hend teitcllcr, and ii child care coullscllor. The full-time tc:~chcr had t\z,o groups of 



In order to plan an effecti1.c curriculunl for alternate school adolescents, one must first 

:tsk, "What is their ~ltlt[lre'?" and "What are their nccds?" 1 d o  not w.ish lo 1;hel or define p ~ ~ p i l s  as 

... the effects of labels, \fietvcd from the point of view of the lalxlcd, c,ill be harn~ful 
and detrimental. Rcing called emotionally disturbed or any one of its ilariants 
implies a negative sanction by society. 'I'he child's self-perception is likel), to be 
influenced by this label. and the perception of others is likely to be negatively 
colowed ....'I' he pupil is given a label because he has exhibited certain type? of 
behaviors but why docs he exhi hit those behaviors? Hecausc he is e~notinnall!, 
disturbed. Why is he emotionally disturbed? Hecause he hehaves that way. The 
ham~ful consequences of this circular explanation far outweigh the labeler's intent of 
helpfnlness. (p. 4) 

infortnation) shor~ld not he considereti in qtrict isolation. Rather, they s h ~ ~ u l t i  lie accon~p;tnied 1)) 





The fact that illterrlate school students had the larger average niathernatics deficit is not 

surprising, since one of their ~nc>st colnl1lorl I>ehaciortr pr-oblerns was s ~ h o o l  ~~erl'oi-mirlCc relaled. 

AS \veil, because they \vere older thiill their peers from the other school populations. the alternate 

program students ~ ~ ~ o t l l d  llatur;ilI>, have "biggc.? gritdc deficits than their younger c o ~ ~ ~ t c ~ r p i l r t s .  

The average age of the 1 1  students in the VKI ,F study group was 17.4 years. and their average 

expected grade le\!cl was 1 1.9. While the exl,ecteci average grade level for- the 19%) 1987 allen~itte 

school students was 1 1.0, tile correspor1dirlg average expected levels for the regular class students 

was only 9.7 grades rcspecti\,eI),. Finally. and most i~nportnntly, marl) alter~iale school strltlents 

had still not mastered the so-called "basic skills." even after repeated attempts over the ),eiirs ;it 

renicdiation. I'he issue of \vhctIicr the): shor~ld he sul!jectcd to yet anothcr round of  rot^ 

malhc.niatics will be tlisc~~sscd Intcr. 



Stone and Kot4 le) ( I%.$) disco\lered that of their group of 1 16 "disturbed" ch~ldren. Xh'XI 

fell below expected achic\.crnent le\.els in mathematics. 

In her detailed analysis of arittln~etic errors in "handicapped" and norrnal population\. ( 'ox 

( 15'5) found that her special educ-ation group find it rnuch higher incidc~rlcc of sq ster~~ntrc error\ 

( 14.5%) conipred to an aver:yc of only 6.374 for the normal population. 'I'hc highest t'recluenc) 

of errors for the special edrlcatioti students occurred at the intermediate (pre adolescent) lei el. 11 ~ t h  

~ 1 1  a\,erage of 20%. ('l'lle "handica1)ped" category cor~sisted of children placed in cla\\rooril\ lor 

the "mentally retarded". "eniot~o~lally disturbtd" and "learnir~g prolilern" clnscroonis.) 



higher in reading and spelling than their peers ith 1.1). 11111 in tnathenlatics, the two groups tested 

equallq lou.. The same authors corn~wnt:  

I black-lo-basic programs generalljr feature exlensivc drill exercises in which 
students provide rote responses to arithmetic cornputation facts. and little explicit 
attention is given to teaching underl}ing principles and relationships among 
mathematical concepts. ('apable and motivated students may sooner or later 
discover such relationships. but there is virtually no reason to believe that most 
mildly handicapped pi~pilswill do so. In fact, research indicates that pupils with 
learning disabilities. behavior disorders, and mental retardation generally show 
substantial achievement deficits in arithmetic cornpr~tation or reasoning or both. 
(Cullinan, I,loyd, & Epstein. 1981. p. 42). 

common clinical observation that rnrtn!, such children are academically retarded" (1).  -33L 'I'here i \  

Interestingly enough, however, the highest score I have ever seen in both regular and 

special education (12.0) was achieved t q  Daniclle. a \cry disturbed grade 9 girl in the residential 

study as an example of a young person \{,hose environmental traurnas, behavioural problems and 

sewre cn~otional conflicts certainly had no negative effect o n  her academic perfornmarm i n  

In other \vords, one should not jump to the conclusion that all pupils with ESI) tend to fare 

poorly in mathematics. Nor should one confuse mathematics clchie\wzct~t (as  measured o n  



One may object to the \,alidit~' of the particular assessment tools by which institutions 

determine academic deficits. As well, one may f ind the niathen~atics on such tests ~ncaningless. 

Indeed, all my previous alternate schools used the results of each individual's entry test to partly 

determine the individual math prograln for that stuclcnt. In other words, the rote-level 

mathematics which a strident missed on the ac]licvement test was the same n~athematics \3!hicIi 

made up that student's curriculum. More importantly, the constant repetition o\.cs the !,ears of 

Poor achievement test results by low-achieving students can be devastating to their self-image. 

Perhaps i t  \\..as fear of yet arlother hilure \j.hicli p~-ot~iptetl one VlZl,l' studcn('s outright r ~ f u s ; ~ l  to 

write the WKA'I' nrith the rest of the study group. Minna's reasons \\'ere stated succinctl),: "I 

can't do that. I forget how, to do ttlal. S o  I won't do it!" Another studenl. Hob, asked nic. "Wliat 

does WIIA'I' stand for? 1)oes it  mean I'rn stupid'?' These negative reactions suggest that such 

tests ilrc hardly irlnocr~ous, t.\!en if the sesillts are kept confidenti~~l and are not used to create 

individualized riiathematics progranis. 



r 

I he WRA'1' scores of the VK1,I; study group were not good iridiciitors of u.hicIi students 

\5:ould accept. or \vhicIi studellts \\.ottld reject, mlr new matheril;~tics topics. For instance. I put 

trerilendous stock in Ron, M I ~ O  scored the highest grade le\,el of the group (9.8). IJnfortunately, 

after only thrce scssiorls, he was the first (and last) student to quit thc prc!ject. 0 1 1  the other hand. 

h l e ,  who had the lou.est grade level (5.3) of the cohort u m t  on , as 1 shall describe later. to 

beconle a "star" performer in topics such as probability and logic. 

Out of elc\ en participants in the stud), onlj three (Minna, Ron and Chad) had not failed rt 

secondat3 level mathematics course before e~ltcririg VR12t'. 111 fact, Ron and Chad \%ere the onlj 

students o f  the group \\rho conlpleted regular Mathematics 8 and 9. Shawn had received only 

S l t r t ? ( l i ~ : * ~  Gi~r , l :c 'd  (SG) in Mathenlatic< b and 7. and had no scconrlar) credit hatwe\ ci-, i n  spite 

of having spent the last two >cars in learning assistance centres (L.A("s) and on the Ilospital 

llomebou~l,i j)rogr;iin. I ,il\ewise, Nina had not con~pleled a 4ngle second~trj lei el matliernntics 

cour\c, rnninly 1)ccausc of intcrnlitteiit periods of incarceration. \I'itliout exception. the students 



7 .  

1 able 1.1 below gives a rllore complete picture of n l  students' academic records prior to 

was attempted twice. (Records for Nina and Shawn were unavailable.) 

' I  I .  1 Student Mathematics Records Hcforc Entry to VKI , t  
MATHEMATICS COIJRSE 

Dale 

Alim 

A1onz.o 

Minna 

C 

I 1 I I I I I 

D 

P 

Ron 

(- 

D 

C- 

- 
A 

F 

C- 

SC; 

A 

F.P 

P 

I 
C ' 

\?I,(-+ 

P 

I- 

F 

P 



2) l,;lc!i of self-csteelll 

Sc.@.ste~~?z is defined by Webster's Ninth Ilictionary (1987) .'a confidence and 

satisfaction i n  oneself." 'I'hus if orle lacks self-esteenl, one has a low opinion of oneself. N o n  

.\elf-cor~c.ept is the perception one has of one's roles, talents, and identity. For adolescents. roles 

impinging on self-concept could be student, son, daughter, boy-friend, girl-friend, hockey player, 

figure skater, and so otl. For tllc alternate school student, low self-estcenl could i~lvoI\~e self- 

judgements such as incompetent, stupid, and inadequate. 

One c ~ n  easilq speculate ho\c chronic academic failure in mathe~nntic~ might co~ltrilwtc lo 

lack of self esteem, and vice \ersa. After repeated failures and eventual relegation to the 11ethcr 

\wid of gencrnl mathen~;jtics. some s tudc~~ts  blarile tllen~wl\ es for being "\tupici." I'llcj hecoli~e 

disillusloneti. cor~\tantly predict failure for themselves in mathetnatics. and refuse to 1nai.c an) 



18 

further effort$. 'I'hese students hcconle caught in u \ iciou\ circle of failure. \elf-cr-iticim, anger, 

and withdrawal from the learning situation. 'Their ~houghts o f  failure w o n  bccorne self-fulfilling 

prophecies; they \ + r i l l  indeed f,\il, arid the cycle will \tart me \+ .  to end 0111) \%hen the) drop 

mathematics or drop out of school entirely. 

Finally, some alternate school studenis react to chronic failure with comments like the one 

Juliana made \vhen pro\,oked by Ron: 

Ron: Men are better at math. I 'm better at math than you are. 

Juliana: Math is memorization. What's so important about math anyway? 

A link between self-esteem and attitude to learning mathematics was fouud in a study 

conducted by the American Association of University Women (1991). In a s i m q  of 2400 girls 

and 600 boj-s aged nine to fifteen, these researchers disco\ ered that students \\.ho enjoyed 

mathematics and sciellce gerleraliy had a positi\,e sense of self-worth. 13ut they found alarming 



implications for 111e math education of adolescent girls. in elementar) scllool. 67% of boys and 

6070 of girls stated "I always feel happy the way I am.'' Howe\,er by secondary school, 46% of 

the boys and only 29% of the girls reported that they still felt that way. Parslleling this decrease i n  

self-esteem was a decrease in the girls' attraction to mathematics. In the elementary school, 84%) 

of the boys and 81% of the girls stated that they enjoyed mathematics. But by secondary school. 

these numbers declined to 72% for the boys and only 6 1% for the girls. 'I'hus. as tvell as being 

more at risk than boys for poor academic achievement i n  mathematics (Feldhusen et al.. 19701, 

adolescent girls seem less inclirled to enjoy the subject than their male counterparts. 

There arc many emotionally healthy students who fit thc "1 can't (lo r~iath, I'm afraid of 

math, or the I refuse to do math" categories of mathematics withdrawal. However. for the student 

with ESD. the symbiotic relationsliip of reinforced failure and downward spiralling self-esteem 

usilally permeates most other school subjects and activities. For example, according to Canfield 

and Wells (1976), a negative self-concept is a better predictor of failure in reading than is low 1Q. 

Finally, as Weaver and Morse ( 198 1 ) write, 

.... l these] youngsters live mostly in anxiety, defensive negativism, and failure and 
are continually grappling with a sense of inadequacy. The positive cffcct from 
learning is seldom theirs. They are behind their potential ability in actual 
achievement. School often connotes failure, and the teachers are the taskmasters 
who "set you up to fail again." For most of them school is far from a happy place. 

(p. 99) 

And unfortunately, although indications of low self-esteem usually come into sharper 

focus in the learning environment, these feelings can permeate the lives of students with ESD 

outside of school as well. Troubled teenagers' internal feelings of inadequacy and failure coexist 

with a perception of the wlwle extxrernul world as a "hostile environment in which they will seek to 

cope rather than \as] an exciting, challenging field in which they will be able to demonstrate their 

skills and abilities" (Iarcombe, 1985, p.32). In particular, pervasive negative feelings can also be 

turned outwctrd\, in the direction of family members, peers and authority figures such as 

nlathematics teachers (as will be reported in Chapter 4). l'hus, in concert with self-efficacy and 



self-esteem, there exists a third interdependent aspect of the alternate school adolescent's profile: 

the social dimension. 

3 )  Socialization problems 

Maslow (1987) posits that achievement and social recognition arc essential factors in thc 

de\~elop~uent of self-esteem. Given that the mathematics achievement of alternate school 

adolescents is low, one might ask, "To what degree does lack of social recognition or of social 

contact in general, placc these students at risk crnotionally?" 

lJnfortunately, just as the sine qua non of the learning disabilities field is inappropriately 

low academic achievement, the ESD domain is characterized by deep, chronic unhappiness and 

by wl-iou\ \ocicdi;utio,~ p,*ohlcrns. These latter problems can be considered under the following 

four general headings: social self-image, personal re1 at ionships, language problems and social 

cognitions. 

Social self-imp 

Social self-image, which is an extension of self-esteem, is the perception people have of 

them~elves socially. Just as students with ESD generally have a poor concept of their academic 

abilities, they also have negative feelings about their own social status. The "I can't do 

mathematics" statements are paralleled by declarations like, "I'm unpopular," and "I can't get 

along with other kids." More seriously, the remarks "I hatc mathematics" and "Who needs math 

anyway?" have their respective social counterparts: "I dislike other people" and "Who needs 

friends anyunay?" Thus social self-irnage for children with ESD has tn o aspects: the first is a 

feeling of not being accepted by other people, and the sccond is a reciprocal feeling of dislike or 

indifference to otherc. If these sentiments are directed towards the mathematics teacher. we can 

see yet another factor to explain alternate school students' poor performance in the subject. That 

is, not only do they hate mathenlatics, but they might hate the mathematics teacher as well. 
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I n  their study. Iiotxrts and Peterson (1992) examined the relationship hetween acaclcrnic 

achievement and social self-image during early adolescence. Surprisingly, they foimd that for 

non-academic girls, there wac an in\ erst relationship betweer1 social self-image and mathematicc 

achievement; in other words, relatii'ely ktrgc gains in social self-image were associated with  lo^. 

mathematics scores in these stude~lts. The authors suggest that popularity among girls is hascd 011 

pecr norms: girls kvho are more successful than their peers arc not sought out as friends. Or 

perhaps girls arc concerned uzith the negative social implications of success in mathematics: girls 

\\lho arc "brainy" in math must also be "nerds" or "eggheads." For boys, the same conflict 

appeared only during the changeo\.er from sixth to seventh grade. No conflict bet\sreen social 

self-esteem and achievement in other academic subjects was found. 

This study raises several questions about the mathematics education of alternate school 

girls. Might they attempt to boost their low social self-images by deliberately sabotaging their 

own ach.ievement in mathematics? Do many bright but troubled girls give up mathematics careers 

or mathematical excellence as a trade-off for peer acceptance'? Or, already faced with a record of 

failure in the subject, might they seek out as friends those peers with similar academic records? If  

the answer to any of these questions is "yes," then the implications for the reinforced failure of 

alternate school girls in mathematics are grave. Clearly, a replication of the study is nwranted. 

including as subjects boys and girls with emotional and social disabilities. 

Alternate school adolescents' feelings of academic inadequacy are usually well-rooted i n  

the stark reality of repeated and well-documented (e.g., report cards) failures. Rut  how n'ell- 

founded are their typically negative social self-images? Combs and Snygg (1959) state, 

lflrom birth to death man is continually engaged in the search for greater feelings 
of adequacy. Whether or riot he is successful in this quest will be determined b\ 
the perceptions he is able to make in the course of his lifetime .... Inadequate 
people have gra1.e doubts about their capacities to deal with ewnts. Their 
experience has taught them that they are more often than not unliked, unwanted. 
land 1 unacceptable ....( in I ,arcombe. 1985, 11. 55) 



This has implicationc for the social experience of alternate school 1 ~ 1 t h :  how they act with other 

people, how others react to them, and the reasons behind their social isolation. 

Pc)rw)t~trl rt~lutiot7ship\ 

Alternate school adolescents have difficulties in forming and maintaining social 

relalionships. In the search for causes of this pheno~nenon, one must be cautious because 

causality, especially in the socialIemotiona1 realm, is difficult to establish. As Hallahan and 

Kauffman ( 1082) remark about emotional and learning probleins, "attempting to find out which 

causes which can be a frustrating and fruitless endeavor" (p. 37). Again, one will not discover 

c . c l 1 4 ~ .  bul rather possible c~orrelurc\ which affect each other il l  a "spiral of reciprocal negative 

interactions" (Hallahan & Kauffman, 1982, p. 190). 

A number of research studies indicate that poor ~ e e r  relationships are associated with low 

academic achievement (Bursuck, 1989: Lindzey & Byrne, 1978, in Bryan, 1976; Lilly, 1970, in 

Bruininks, 1978). Indeed, Wilchesky and Reynolds ( 1956) state, "In our clinical work with I,D 

children, it is difficult to remember ally child who \+*as not suffering in that way" (p. 41 1). 

One can easily speculate how academic failure might contribute to social ostracism. First, 

an adolescent's poor achievement could result in his being perceived as "different" by peers and 

adults (Hoylc 8r Serafica, 1988). I,ike\vise, gaining adequate grades is u.\uully valued by 

students, but performing poorly could earn a child with ESD the social disdain of his peers. 

Repeated academic failure can result in frustration and lack of self-esteem. From these 

negative feelings, undesirable behaviours such as social withdrawal, distractibility and hostility 

can develop (Lerner, 1985). As well, a failure-ridden student might he hesitant to take an active 

Part in learning experiences with hislher classmates. Thus opportunities for social as well as 

academic practice are missed. As Tanis Bryan ( 1 x 3 )  and her colleagues of the Chicago Institute 

found, a failing child "avoids new challenges and engages in maladaptive behaviour rather than 



personal academic success, the youngster gets caught in a vicious cycle of academic failure and 

social problems. 

Research has also shown that hyperactivity, another common ESD trait, was positively 

correlated with social rejection in an elementary school population (Flicck 81 I ~ n d a u ,  1985, in 

Kistner & Gatlin, 1989). 'The latter researchers found that 71 % of hyperaclive students were 

classified as "rejected" socially, whereas only 309qj of non-hyperactive students nterc so 

classified. Indeed, such were the social plights of Dale and Juliana, two hyperactive mer.~bers of 

the VRLF study group whose interesting behaviours are discussed in Chapter 4. 

In mathematics classes, youngsters with ESD frequently have trouble paying attention to 

what is important, and this inattention extends to the social realm (Osman, 1979). Also, as 

hyperactive adolescents, they have been known to impulsively blurt out rude, shocking and 

inappropriate comments such as "Boy, are you ugly!" They do not see their behaviour as 

inappropriate (Hallahfin, Kauffnlall, & Lloyd, 1985). nor do they care about the consequences of 

their behaviour. Thus, a normal child might describe a classmate with attention deficit disorder 

(ADD) in the following way: 

She can't stick to one math topic for too long. She doesn't pay attention 
when you talk to her, and she can't wait her turn to talk in our group. She 
makes the teacher mad by calling out in class, and she says the weirdest 
things right out of the blue. 

Understandably, such a student's behaviours in a mathematics class would probably not win her 

nlany friends. 

Likewise, adolescents with more severe mental illnesses such as neuroses and psychoses 

usually display behaviours \<,hi& could result in the alienation of peers and adults alike. For 



instance, neurotic teenagers arc given lo di\ erse synlptorns such as phobiar, ohsecsions, 

compulsions, fatigability, hysteria, hypochondria, depression, depersonalization, and anxiety. 

Although these conditions are mainly sut>jectivc. the) often result in Lxhaviours which socict! 

finds unwarranted and unpleasant. In the same way, psychoses such as schizophrenia are 

characterized bq bi~arre.  rcgressi\le or \\ ithdran 11 bcha\/io~~r,  misinteq>retation of realit), and los4 

of empalhy to others. Students with this serious and tragic affliction are not only at risk socially. 

but also suffer from red,,& intellectual functioning. In  C U ~ ,  their presence in an  dtcrrlatc 4chool 

nlathematics classrootn is not rare, and their teacher should be forewarned ol' their e i~rol lnw~t 3 rd  

should bc prel'ared for the i~le\,itable leanli~lg and sociali;.ation problems lhcse stlrdent\ \ \ i l l  bring 

\vith them. 

'Two other dinlensions of social disabilities under Quay's (1979) classification system arc 

the unxiety-witl~druwn group and the i t l l lr~~turi t~ group. The first dimension includes students 

who at first appear to cause no problems \vhatsoever in the classroom. Shy, self-conscio~~~ and 

withdrawn, they often fade into the background of any adolescent learning group, but lacking 

social confidence, these students are easily identifiable as friendless loners. I n  the classroo~n. 

these aloof young people are very content to sit passively and listen quietly to the mathematics 

teacher lecture. In Chapter 4, I describe one student with many of the above characteristics. 

On the contrary, stude~lts in the immaturity dinlension do attract attention to tliemcel\ e\. 

but in rather unique ways. Although in my opinion this classification describcs nobody in the 

VRLF cohort, it  deserves nlentior~ here because its occurrence in alternate school mathematics 

classes is otherwise quite common. Passive, sluggish, and inattentive, these pupils typically have 

poor coordination, and are slow to finish their work. Also, they can lack initiative, and as such 

can be easily led by peers. Seemingly preoccupied, the immature students lack interest in both 

individual and group school activities and thereby are at risk both mathenlatically and socially. 



The last classification i n  Quay 's  (1979) scheme is the \oc.ic~lirc~ilc~ggro\\iorl group. 

Commonly known as ju\,enile delinquents, adolescents in this category have been romanticized as 

Jamer Dean-like "rebel\ \L ithout a cau\e." Typically. one tiears of these students because they run 

afoul of the law through such acti\.ities as rowdy behaviour, stealing, vandalism, fighting or drug 

use. 

Of the eleven students in my project, six had past histories of violencc or aggressive 

r .  behaviour towards peers. 1 hree were highly suspected by school board officials of gang 

involvement . As well, three had been convicted under the Young Offenders Act of theft. Eight 

of my students had records of drug use or dependency. 

Oddly enough, these behaviours often occur in a peer group context, hence the l a ~ c l  

.~ociufi:etl. For although these young people frequently belong to gangs, engage in cooperative 

stealing, and keep "bad company," they do keep company nonetheless. Loyal to delinquent 

friends, and accepted by delinquent sub-groups, they can hardly be called loners. Indeed, onc 

might question whether they should be classified as .\ociufly deviuizt at all. 

Nonetheless, the label cmti-,ociul can be applied to those behaviours which seriously 

violate society's nomls and legal sanctions. And in any mathematics classroom, if there are any 

instances of disruptive behaviour and foolishness, the socialized-aggressive teenager will be in 

there with both sleeves rolled up. For the alternate school mathematics teacher, there are two 

important considerations with this kind of student. First, the classroom atmosphere can be at risk, 

since through negative peer pressure, other students often tend to admire and to imitate a 

boisterous and aggressive personality. Second, the problem teenager is a: serious personal risk 

not only for quitting or failing tliathematics, but also for dropping out of or being expelled from 

school en tire1 y. 7he future bodes poorly for these adolescents: undereducated and socially 

nlaladrait, they can face chronic unemployment, povertq, health problems, and careers as 

criminals and prisoners. 



h n ~ r n { q r  t/iffic.irllie, . . 

1;tnguage difficllltics in children with ESII can be considered in t\vo parts: the first 

involves actual linguistic skill dficits involving forms and codes. and thc second concerns 

problen~s in pragmatics which is the performance of language in social situations. 

Linguistic skill deficits can mean that wrnc sludcnlc, ccpccially thc learning disabled. 

cannot find the right words to communicate. They can experience problems with syntax, 

semantics and morphology which in tun, cnuse their listeners to become uncomfortable and 

hesitant about engaging in further con\lersation (Kronick, 1976). Likewise, students who use 

strange or incorrect language lnight cause their peers to think of them as unintelligent or 

incompetent. Also, poor receptive language skills could mean that adolescents with ESD \\,ill 

miss out on the meaning (and inevitably the use) of idioms and figures of speech which are 

conducive to bonding in young people. I,ast, these pupils could chose to withdraw from 

embarrassing situations where langllagc skills are required, and thus removed from oral practice. 

their linguistic problems are further worsened. Thus we see another potential spiral of delcterious 

interactions in the realm of emotional and social disabilities. 

The consideration of such language difficulties is important as more and more teachers 

plan to engage their students in mathematical dircussior7. Indeed, as Pimm (1987) points out , 

.. . 
drscussion has quickly become a new panacea. part of the new orthodoxy ....I However], despite 

the apparently innocuous request to increase the amount of discussion in mathematics teaching, 

this has not been achieved" (pp. 45-46). Perhaps one of the reasons for the lack of successful 

inlplementation of discussion in mathematics classrooms is that some students lack the linguistic 

ability to converse generally, let alone mathematically. In particular, closer attention should bc 

paid to students with I,D and ESD who enter alternate school mathematics classrooms with 

serious linguistic deficits. How teachers might better prepare such studentc linguisticallq \ t i l l  he 

discussed later. 



Closely related to linguistic competence is the idea of pragmatics or conimunicative 

competence, which "involves knowing how to use and comprehend styles of language appropriate 

to particular social circumstances" (Pimm, 19'87, p. 3).  To in\restigatc problems in pragmatics, 

educators of children with ESD can turn to research in the overlapping field of learning 

disabilities. 

Two of the students in the VKLF study group (Dale and Alonzo) had been clinically 

diagnosed ~vi th  learning disabilities in written and oral expression. Similarlj, a third studenl 

(Shawn) had long been recognized with severe LAD in both mathematics and language skills. In 

Chapter 4, I consider in detail the implications of learning disabilities as these three students 

learned mathematics in a classroom where writing and speaking were encouraged. 

I t  is now universally acknowledged that children with IAD frequently experience social and 

emotional problems. Indeed, there has recently been considerable discussion to promote deficits 

in communieati\w perfomance as prirru-v learning disabilities (Newcomer, 1989a; Gresham & 

Eliot, 1989a). The following symptoms have been noted regarding the pragn~atic deficits of 

youngsters with LAD. First. they may violate the "personal space" of others during conversations 

(Valletutti, 1987). They are poorly skilled at initiating a dialogue (Donahue 61 Bryan, 1983) and 

they are less able to maint?in a conversational flow than their normal peers (Donahue, Bryan & 

Pearl, 1980). T o  maintain a conversation. they llse unsatisfactory stratcgics ~ . h i c h  differ from 

those of their peers (Mathinos, 1988). Last, children with LD may be unable to modify their 

communications when speaking to different audiences (Bryan 61 Iflaurn, 1978). It is obvious that 

these students can have difficulties in social expression which cannot bc remedied by extra 

Wnllliar exercises in a learning assistance centre. 

Many progressive and well-intentioned tiiathe~natics teachers arc trying lo replace written 

tests with aswssments of oral performances. As they plan thc logisitics of oral testing, they 

should also consider the deficits in commurlicative competence that [%.ill hinder many of their 
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students. And as 1 shall later point out. the poor verbal skills of my student\ it11 l.D had to be 

taken into consideration as 1 relied more and more on speak-aloud protocols as a means of 

assessing student leai-ning during the study. 

In a manner similar to communicative incompetence, many students S ~ O M '  definite 

problems in social atvarcness. For ex:~nlp]e, they may not perceive such subtleties of social 

interaction as facial e~pl-cssions. bod) gestures, and tone of \loice (Osman. 1979: I ,ittle, IcIcI3). 

They often ha\re difficulties reading hov others feel (Imner,  19233) and ho\v others feel to\\. ards 

them (Hoyle 8i Serafica , 19%). Just as they fail to learn academic mathematics, adolescents vrrith 

ESD do not seem to lean1 fronl social cupcrience: they make repeated mistakes i n  social- 

interpretation situations. Unable to recognize social cues, they appear strange because they cannot 

make their behaviour fit the social circumstances (Hallahan, Kauffman & Lloyd, 1985). 

Furthermore, with the rejection resulting from this lack of social avm-eness, the), will bc denied 

the nonnal contact they need to grow socially and emotionally. Their future often looks poor: 

coupled ufith poor social skills and an allgry temperament, they are at risk for dropping out of 

high school, juvenile crime, and for adult psychopathology (Gresham e( Eliot, 19895). Such 

students must be identified by our schools. so that in academic situations such as mathematics 

classes, they can be gi\.en the opportunity "to learn to be normal." 

The socialization problems discussed here take on an even greater importance when 

education posits that 

learning n1atherna:ics req~lires construction, not passive reception, of kno\vledge, and to 
know mathematics rccluircs constn~ctitie work with mathematical objects in u ni~ul7crndc~ul 
(.o!?zrnlrni !\-....The role of the community is to prwide the setting, pose the challenges, XK! 

offer the support that will encourage mathematical construction. (Davis, Mahcr, & 
Noddings. 1990. pp.2-3). (Italics are mine.) 
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Instead of considering know ledge as absolute. formal and "out there." co~istructi\~ists sce i t  ac: 

19%). According to Cobb, Wood and Yackel ( 1990), "social interaction ... constiti~tes a crucial 

source of opportur;ities to lcarri mathematics ... and as such, mathematical learning is, from our 

perspecti\re, an interactive as nsell as constructive activity" (p. 127). 'Thornton, Tucker, Ilossey 

with knourledge" (p. 49). Finally, the NCTM (1991)  explains that 

mathematics is learned in a social context. one in which discussing ideas is val tied. 
Classrooms should be characteriz.ed by convel-sations about niathematics arncing 
students and between students and the teacher. (p. %) 

For these reasons, I have called my project a "social curriculum" and throughout the study have 

tried to focus on student talk as paramount as my alternate school students did their mathematics. 

The educational implications for those students with poor social interactions and low levels 

of linguistic coinn~unicatiotl are clear: these pupils are at far greater risk for failure in mathematics 

than we ever imagined ten or fifteen years ago. For unless proper considerations are given to 

these students, and unless appropriate interventions are made, they could fare just as poorly under 

a constructivist teaching modality as they did under a lecture/example/practice routine. Teachers 

are faced with a conflict: sorue students are not social, coniniunicative people, whereas 

"mathematics is, among other things, a social activity, deeply concerned with communication" 

(Pimm, 1987, p. xvii). 

3)  Pervasive mood of unhaupiness. 

1 turn now to the common trait which underlies all the aforementioned academic, self- 

esteem and socialization problems: alternate school students are often unhappy. As Hallahan et 

a\ .  ( 1985) state, "their li\,es seen1 filled with sadness that squelches pleasure in nearly e\,er] 
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situation" (13. 141). (infortunately, societj lets man! of thew adolcccents remain in plr;ce until 

they get "bad" enough to treat. 

And for some unfol-tunate youngster\. the szdness develops :nto a chronic and pervasiiae 

form called clinical depression. Known as melancholia in centi~ries past, this psychiatric illness is 

rnanifested by painful dejection, Ion self-esteem, difficult)' in thinking, psychonlotor retardation, 

and social isolation (Maag & Forness, 1 9 9 1 ) .  Here again is an inslance where poor intellectual 

functioning lour self-worth and poor social skills can appear siriiultaneousl) in the same 

individual. 

At Vale Road Ixarning Facility, the incidence of mental depression has increased 

alarmingly since 1% when 1 last taught in the alternate program. At least three of my s t ~ d y  

group students Lvere receiving psychiatric counselling for depressive illnesses My colleague, \trho 

has taught full time at VR[,f; for the last four years, and who has extensi1.e experience in special 

education, estimated that fully 72% of the students who enrolled in his class this year were 

suffering from serious depression. 

So what can mathematics do for alternate school students for whom the learning of 

~natheniatics is indeed tied into an intricate n e b  including personal emotions and social 

relationships? My hope in &\,eloping a new approach to mathematics education was to turn what 

for nlany students is a boring, threatening, and anxiet)'-causing subject into an exciting, 

satisfying, and ego-boosting experience. In the next chapter, I consider how alternate schools 

might best serve students mathematically. 



Chapter XI1 

Teaching mathematics to alternate school adolescents 

Given the rather negative descriptions of the la5t chapter, i r  is not difficult lo  unders~and 

fishy many mathematics teachers resist the placement of pupils with ESD in their classes. Indeed, 

teachers often maintain that emotional and social problems are not part of their mandate or 

expertise. In frustration, they may be heard to bemoan, "I deal with mathematics, not with 

psychological problems!" I n  inore lhan just a few cases. o\'er-zealous mainstreaming by some 

districts has resulted in the regular classroom mi\-placement of some severely disturbed 

youngcters. However, I believe that for utq3 students who are in an)' mathernaiics class, 

"ps>rchological problems" cannot be separated from mathematics teaching and learning. Also, 1 

submit that through pedagogical innovations and modifications, the alternate school mathematics 

teacher in particular can avoid adding to the problems of students, and conversely, can contribute 

to their therapeutic and learning processes. Although I am making these proposals with special 

education in mind, some of them are derived from certain modern theories in regular education 

and indeed, most are not radically foreign to regular teaching. 

In this chapter, then, I discuss curricular considerations for alternate school adolescents 

under the following headings: the theory of interactionism, desirable characteristics of the teacher, 

government policies, the educational locale, a rationale for a new curriculum, what mathematics 

dmuld be taught, and finally, how it should be taught. 

?%e theory of interoctionisnl. 

Underlying my ideas on mathematics interventions is the theory of interactionism. This 

concept posits that beha\~iours are a result of the interaction of a child's own characteristics 

(referred to as hislher temperament), and the demands, stresses and expectations of his 

cn\ ironnient. According to this theory. consonance bet\\ een the child's capacities, behavioural 

styles and motivations on the one hand, and the environment on the other, results in what is called 
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a "goodness of fit." Ho\\,e\,er. M here dissonance between child and environn~cnt exists, thcrc is a 

"poorness of fit" \vhich can lead to maladaptive behaviour and poor development (Clless 8r 

The following are exanlples of how poorness of f i t  could occur in the classroom. A 

hyperactive girl has difficulty when she is forced to sit still for long teacher presentations. A pupil 

~ ' h o  by nature is "slow to warm up'' reacts poorly when the teacher regularly begins the class with 

lively opening drills. Alld a leanler \\ ith low persistence displays inappropriate beha\ iours ~ ~ h e ~ l  

he is given an overly dranm-out mathematics problem. 

Unlike behaviourism, which manipulates the consequences of behaviour, or the 

psychoanalytic approach. which attempts to uncover underlying mental pathology, internctionism 

proposes that teachers handle the child in a manner appropriate to hislher temperamental 

characteristics. For instance, the teacher in the first example above could help accommodate his 

hyperactive student by lecturing less, or by allowing her to get up and stretch once in a while. 

The second teacher might tone down her drills, conduct them less frequently. or allow her pokey 

pupil to sit them out. And shorter mathematics projects would s l i t  the temperament of the third 

learner. Nole that the teacher need not necessarily alter the child's entire learning environment . 

Rather. in considering an individual student's temperament, the teacher makes minor adjustments 

which allow the student to behave appropriately, remain in the regular classroom, and have the 

opportunity to mature in temperament through peer modeling. 

In other cases, more radical changes tuust be made to suit the individual. For instance. 

resource rooms and isolated alternate schools like VRLF are sometimes necessary as learning 

en\'ironments for certain students. For many, separate sites away from the bells and regimens of 

regular high schools offer a haven where learning can eventually occur. Finally, there are 

students for whom temperamental considerations are not enough; often disturbat~ces need to be 



treated from the point of view of genetic, biochemical. neurological, perceplual. or coguilivc 

factors. As Thomas, Chess, and Birch ( 1976) state, 

ltlhe child's teruyxrament is only one of the many issues to be considered by professional 
n.orkers concerned with the prevention of pathology in psychological det.elopment, 
though often an important one. As our findings have demonstrated, the degree to which 
parents, teachers. pediatricians, arid others handle a youngster in a manner appropriate to 
his temperamental characteristics can significantly influence the course of his 
psychological development. The oft-repeated motto. "Treat your child as an individual." 
achieves substance to the extent that the individuality of a child is truly recognized and 
respected. (pp. 386-3237} 

Alternate school rrtatlternntics tcaclrers: desired traits 

At times, there can be a poorness of fit between a student and a teacher. Commonly 

called a "personality conflict," its occurrence prompts the question, "What teacher traits constitute 

a goodness of f i t  between a mathematics educator and an alternate school student?'ln other 

words, what are the characteristics of an alternate school mathematics teacher which result in a 

positive teacherlstudent relationship and in the optimum learning of mathematics? 

In general, research cannot provide definite answers to the above questions. Kaufmann 

and b'ong (1991) conducted a research review to determine whether generic (i.e., regular 

education) skills are sufficient for dealing with students with behavioural disorders. They found 

that "at best ... the distinctive features of effective teachers of students with behavioural disorders 

remain hypothetical" (p. 226). In a review of research on the prcparation and characteristics of 

teachers of students with ESD, Zabel (198'7) found that "most existing literature consists of 

opinion" (p. 172). The following, therefore, is my opinion of valuable teacher traits in the 

mathematics education of alternate school youths. 

First, I wish to stress the importance of the teacher's relationship to niathematics itself. 

By relationship, I mean specifically the teacher's concept of, his competence in.  and his 

ellthusiasm for mathematics. Thesc three attributes are important factors in education. because 



they detcrn~ine which mathematics is taught. hen. i t  is taught, and inevitably, if the students 

themselves will value i t .  And the value s t~~den ts  place on the mathematics presented to them will 

to a great extent affect their decicion to learn i t  o r  not. 

I'rimarily, a teacher of alternate school pupils must see rnore to mathematics than 

arithnietic computation, right and wrong a n w  ers. and the rote learning of rules and facts . On the 

contrary, his concept of the subject should include the view that mathematics involves people 

tending to relationships between things, and not just the things theniselves. With this broader 

perspecti\,e, the teacher can provide mathematical opportunities which transcend the usual 

humdrum content of most curricula for special students. 

As ~vcll.  lihe all mathematics educators at the secondary le\,el, alternate school teachers 

should have the competence to acquire new mathematical knowledge, to appreciate the concepts 

and processes inherent in mathenlatics, to see the connections between the various branches of 

mathematics, to recognize the relationships of mathematics to other disciplines, and to feel 

confident in their ability to do mathematics. These conlpetencies are especially important in light 

of the new topics for "general" mathematics such as those chosen for my VRLF project. 

Proficiency in mathenlatics is required for enhancing and modifying instruction in difficult special 

education situations. Jn other words, how else can "the subject matter be developed from 

different perspectives and in several altenlati\re ways so as to accommodate students with different 

backgrounds and learning styles" (Committee on the Mathematical Education of Teachers, 1 9 9 1 ,  

p. 3) ? 

Just as important as competencies are the uttitudes of teachers towards mathematics. 

Simply put, qualified teachers love their subject. They not only appreciate the beauty and 

Fascination of mathematics, but are enthusiastic about knowing, learning, using, and teaching it. 

Such attitudes are important for students and teachers alike. For alternate school youths, with 

their typically negative or neutral feelings to~vards math, it is important that love of the sut>ject be 
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demonstrated by their teacller as they leanl. For teachen, \\it11 all the conconlitant pressures of 

the profession, the enjoyment of what they teach is a \pita1 part of their psychological well-being. 

Thus. 1 believe that positive leanling at111osphe1.e~ are in~possible without teachers' personal high 

regard for mathematics. 

The second important aspect I wish to consider invol\res teachers' attitudes towards 

methodologies in mathematics education. or more importantly, towards c./7arzgt.\ in 

n~ethodologies. Mathematics teachers are being asked to adopt a new "curriculum and 

environment ... that are very different from much of current practice" (NCTM, IW1, p.1). As 1 

shall discuss shorlly, these advocated changes are very con~patible with my proposals for teaching 

techniques to serve the special needs of alternate school pupils. To be effective, teachers of these 

students should be willing to experiment with new curricular methods. As Hadley ( 1992) writes, 

"the teacher must be flexible and confident enough to become the facilitator of learning instead of 

the dispenser of information" (p. 263). 

In this new role, an educator must also be willing to relinquish the traditional teacher- 

centred authority of a lecture-based classroom to the students, who are invited to engage in open- 

ended problem solving and to converse freely in pairs or groups about the mathematics they are 

doing. For some teachers, the decision to give more control of the classroom agenda to students 

will be difficult indeed. But the potential gains in terms of increased inter-pupil communication 

and pupil self-directi on render the status quo unsatisfactory. 

However, teachers cannot be expected to just step into the new roles advocated by 

the NCTM. As Schoen and Hallas (1993) ask, 

Iwlhat new management techniques will a teacher have to learn in order to 
iniplement such changcs as using technology. more challenging content. and 
small-group teaching methods? Will thc risks be worth it  for the teacher? Will the 
necessary teacher education and administrative support be provided? How'? 
(p.1 16) 



36 

I shall look closer at the notion of funding for teachcr inscrvice training i n  the next section on 

government policies. 

Many tcachers of modified mathematics cor:rse\ do not pmsecs the tra~ts of competence 

and positive attitude: BC schools routinely force non-mathematics specialists to teach tnatkematic~ 

to homogeneous groups of Iov,,-attaining students. N o n .  a school bo'lrd \irould not hire a noti- 

mathematics specialist to teach Honours Mathematics 12. In my opinion, the placement of 

inexperienced and often unwilling teachers in modified mathematics courqes i~ indicative in itself 

of a myopic administrative view of mathematics and also of a low premium placed by school 

districts on the worth of pupils with ESD. Thus, to ensure equal "opportunity for all" (NCTM, 

1989, p.4), I contend that ctll students should receive their mathematics education from teachers 

with mathematical expertise. 

A third area of concern is how teachers should relate to alternate school students 

themselves. Just as it is necessary that a teacher love her subject, i t  is equally imperative that she 

have a sense that all children, even the most obstreperous or obnoxious, are equally deserving of a 

quality mathematics education. (The idea of a "quality" mathematics education for alternate school 

children will be addressed shortly.) As Weaver and Morse (1981 ) comment, "to care even when 

the child is bad is the difficult remedial stance for the teacher" (p. 103). 

Such a stance requires erlzputhj, for, or at least understanding of, alternate school 

individuals. By empathy is meant an "identification of oneself with another" and the resulting 

capacity for otle to answer self-questions of the form,"What would I be like if the same things 

happened to me that happened to John? This ability often requires that a teacher be informed of 

psychological phenomena such as the usual consequences of grievous wrongs inflicted on a 

Young child, or the unfortunate symptoms of neurochemical imbalances beyond a student's 

control. 



For exan-iple. consider a teacher who knows that his new s(uclent Ju\t came from a hornc 

cvhere she n.as sexually abused. ?'his teacher also understands that irerbal rudeness to adult males 

is a common reaction of abused children. Thus informed, the teacher finds it easier to dig deeper 

into his reservoir of patience in dealing with the new girl's hehaviour, arid thc student is therety 

given the time to adapt to her new teacher and learning environment. 

Therefore, as a necessary condition for student empathy and understanding, mathematics 

teachers' knowledge of the special needs of alternate school students is important. And 

obviously, such knowledge is also required in planning curricula for these pupils. School 

districts are thereby faced with the serious obligation of providing in-sewice training in special 

education for regular teachers assigned to alternate sites. Alternate school students deserve 

nothing less than specialist teachers who are also well informed about special education. 

We all tend to remember courses taken in the past not so much by the content covered, but 

more by the teacher who taught it. My alternate school students, in particular, chose to lay the 

blame for their poor academic records not upon themselves, or upon the curriculum, but rather 

upon their former secondary school mathematics teachers. In a survey conducted relatively early 

in the project. students \\!ere given the following task: 

Try to vi.suuli:c yourcelfin the l u ~ t  math course you took. Write do~,~tz rwo things 
which could hulk nude that math experience better than it uctuully MU\ (in your 
opinion l .  

Seven students responded to the task, and out of the fourteen possible remarks, nine were critical 

of the mathematics teacher. The following were their comments: 

*The teacher could have been more charismatic. 
*If the teacher wasn't such a bore it would have been better. 

If the teacher did more with the class. 
*If the teacher made math much more enjoyable and if he helped you out when 
you were stuck. 
*The teacher was stiff. with no sense of humor didn't really take alot of time to  
explain things. 
*No teacher to teach me anything therefor /sic] Math was done on my own which 
was boring. 
*my teacher was an idiot. 



*If he would have helped us out more. 
*it would be better if he wasn't such a socialist. 

My students, at least, appeared to piace high value o n  the teaching styles and levels of 

commitment of their former mathematics educators (riot to mention rolitical affiliations). 

Finally, I wish to discuss perhaps the most important single trail (after empathy or 

understanding) that a teacher of alternate school students should have: a sense of humour. I am 

not referring to the stand-up comic type of humour which in my experience, shy pupils withdran 

from. and rowdy students tr). to outdo. Nor do I mean the Bonzo the Clown style of goofines\ 

which most adolescents find immature. To be effective, a teacher's sense of humour should be 

relaxed and natural: used properly i t  should convey to disturbed students the message that 

nothing, especially mathematics, is really worth being unhappy over for too long. After all, no 

person is going to get sick and die if the mathematics syllabus is not co\,ered to Ministry 

specifications. With a mildly self-deprecating wit, teachers can demonstrate to alternate school 

~ u p i l s  that i t  is all right to laugh at oneself. A teacher can use laughter for the prevention of 

boredom, and comic relief for the neutralization of potentially difficult interactions with teenagers. 

Humour can also serve to motivate learning as students discover that mathematics and fun can 

occur simultaneously. Indeed, research by Bryan and Bryan ( 1991) has produced evidence that 

positive mood can increase students' feelings of self-efficacy and improve niathemntical 

performance. Alternate school teachers should also enjoy much of their students' sense of humor: 

mutual laughter makes for a healthy rl~athematics class. Last, a sense of humour can go a long 

w y  to promoting staff morale, and is indispensable for the individual teacher's own mental 

health, especially in special education settings. I n  sum, teachers must convey to alternate school 

Youngsters that although the world is truly mad, the easiest way to stay sane oneself is to laugh at 

it. 



CIoverrlrncitf policies and prorlourzce~r~errt~ 

While on the topic of humour, this might be a suitable point to ask the question, "What 

does the Ministry of Education ha\le to sal about the niathematicc educ:ition of youth a ith ESII 

and alternate school students in particular?'Here. 1 trace the RC government's official record on 

the suhject for the last seven years. 

The Ministry of mucation's (1988) Mathematics Curriculum Guide (7-12) contains n o  

mention whatsoever of young people with emotional and social disabilities, nor even special 

education students. In a one page "rationale" which includes "affective domain goals," it does 

briefly mention positive attitudes, successful experiences, and "content and presentation 

... appropriate to the increasingly diverse needs of all students" (p. viii). But how mathematics 

teachers are to promote success and positive attitudes is not discussed. Nor is mention made 

about how they are to prok~ide "appropriate content" out of (he very detailed "intended learning 

outcomes" which follow. Obviously, this is not a curriculum guide in the true sense of the word 

curricul~ltn. Rather, the writers (who are mathematics teachers) should have named their tome a 

\ ~ l [ u h ~ i \  or course c.ontent ,yui&. And finally, one gets the impression here of mere lip service to 

the affective needs of students. 

In the draft document for its mammoth educational reform program (called Year 2000), the 

Ministry of Education (1989a) finally broadens its definition of curric~ulrrtn to include "the set of 

planned learning experiences, and ... the experiences themselves" (p. 10). However, it barely 

mentions the topic of exceptional children. and relegates the particular topic of alternate school 

children to the category of "etc" : 

Special needs children (learning disabled, mentally handicapped etc.) will be enrolled 
in one of the Graduation Program options but the school will be able to modify the 
Common Curriculum for these students .... (p. 41) 



their dilemma. 

In its second publication of the same year, titled Working Plun # I .  the Ministry of 

submission to the Millistry asking not on14 for clarification of vague startsnients, but also for 

recognition of exceplional children. To my knowledge, a \lforkirz,q f'lun # 2  has not yet been 

published. 

However, in its Grud~rution Progt-an R ~ J O I Z \ C  Dm@, the Ministr! of Education ( 1990) 

fleshes out its philosophy on special needs students, and among other things calls for "common 

go on to state the following: 

The learning outconles of the Graduation Program are applicable to all students; within 
this framework, it is possible for all students to experience success and a sense of 
achievement through appropriately designed educational programs. The reporting of 
achievements is based on ... standards of achievement that are appropriate for the student. 
For a small nr~mber of these learners, there may be a need to adjust the specific intended 
learning outcomes. (p. 59) 

I interpret the above comments to mean that to insure student success. educators should shift 
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letrmitl,~ curtc  olue\ ~vhich mtlst be appropriately adjusted to suit the needs and ahilitie~ of special 

students. Further, 1 feel that if 111e current syllabus (as outlined i n  the Mathematics "Curricul~~nt" 

Guide) remains rigidlj in place, then a large number of these learner4 nri!l be short-changed. 

7hc Mufl?c.r~~utitr.s ~~,trric~~lur?zlA.s.se.s.si~~enf Frutnebcnrk was the first Year 2000 document 

dealing cuclusively will1 1n:ltheniatics and was not issued by the Ministry until early i n  1992. 

Remarkabi y close to the (:ur,-icul~nl uui Evuluutic~~~ Stundurcts (NCTM, 1989) in language, it 

"does not irnpose a change in subject content or in the designation of key topics" (11.6) of the 1988 

Curriculum Guide. Nor does it offer any new directions for the mathematics education of special 

need sludenls. For teachers are told that 

... learning opportunities should be designed to help learners ... work in environmtds that 
accornmodatc the learner's social, emot~onal, physical, and intcllcctual needs. (p. 22) 

But as usual, no explanation of terms nor elaboration is provided. 

In June 1992, educators received the latest instalment of the Year 2000 initiative, called 

f ie  Intcwnc~dicrte Progrum: Fnuntlurinn, (Ministg of Education, 1992b). Conccmed n.itli the 

education of students in gndes four through ten, this document addresses rather well the interests 

and needs of special students. It purports to promote development in six areas: intellectual, artistic 

and aesthetic, physical, social responsibility, emotional, and social. In the section labeled 

ernotic~r?ul &r-rlop,lre,~f, the writers express concern that some learners ''ma). not value their own 

abilities, appearances, or experience, especially when compared to those of their peers" (p. 39), 

and that "~o img  people who develop a strong sense of self, however, are also capable of seeing 

other people's perspectives and incorporating these perspectives into their understanding and 

behaviour" (p. 41). This section also discusses self-esteem in considerable detail, and describes i t  

as "the combination of self-confidence and self-respect" (p. 41). Under the heading wciul 

&\'cl()pr?zc~~lt, i t  is acknowledged that some "learners may need guidance in understanding the 

effects of their personal actions on others. As well, they may need to learn means of sol\ring their 

conflicts constructively" (p. 47). Expressing an obviously constructivist viewpoint, the writers 





L1nfortunatcly. no menlion is made of altenlatc settings ac one nicans of' providing such a 

.*\,ariety'' of learning opportunities. 

By the cnd of 1993, i t  was obvious that the l>olitical/cducational winds had changed 

considerably since the initiation of the Year 2000 program of rcform in 1988. Reacting to parental 

and public pressure, and nearing the end of its political mandatc, the government backtracked on 

many of its progressive proposals. In its most currcnt document, It7zproving the Quul i~ '  o f  

EJurcttion in Briritl~ Colut~lhicc, the Ministry of Education (1993b) re-introduced "basic skills" as 

its new educational buzzword: "Ry the end of Grade 10 ,  Istudents] are expected to have mastered 

the basics ..." (p. 3). I am certainly in favour of students learning basic arithmetic skills but 1 

object mainly to how such skills are taught, in particular to older adolescents who have failed to 

"master the basics" throughout their school lives. Also, 1 fear the introduction of new 

government-imposed curricula which are nothing but reformulations of what is presently taught to 

alternate school students. 

There are a few positive signs coming from the government, however. For instance, the 

same document purports that 

Iclnsuring that students learn to read, write and do basic mathematics is a primary 
goal of schools. These traditional basics are at the centre of an expanded set of 
essential skills that students need in today's world. The most important of these 
are the ability to solve problems and to use computer-based technology. (p. 2) 

As well, the government has recently proclaimed that BC schools may obtain all current NCTM 

St~17dur11.t documents by the same bureaucratic procedure ~rhereby textbooks are allocated. R )  

providing what is tantamount to free distribution of the NCTM publications, the Ministry of 

Fducation has not only apparently endorsed the Council's leadership in mathematics education. 

but has also provided an effective means of c o m ~ n u n i c a t i  thc Stctrukitt1t ' call f o ~ ,  reform. And 

importantly, in spring 1 9 4 ,  the Minister of Education announced an additional $30 million in 

grants to school districts for special education. Whether or not any of this money will bc allocatcd 
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for curricular reform in altclmate education, and in  articular for insen icc training for mathematics 

teachers, remains to be seen. As O'Shea writes, 

If we arc serious about ct~rriculuni change. \t'c nii~st learn the Icswns of history. 
Real change \4 i l l  rcquire time and m o n c ~  spent on \\ell-conce~\ cd and -executed 
plans for teacher re-education. There are no easy alternatives. ( 1981. p. 2 3 )  

Edlrcatiorzal settings 

According to Crabjford (l%2), a setting is "the relationship between persons acting and 

the arena in \vllich they act." In regard to my topic, there are perennial questions regarding the 

appropriate choice of arena in which the players (i.e., special students and their educators) can 

best carry out the drama of mathematics education. In  general, these questions have taken the 

form of a long-running debate featuring supporters of mainstreaming and supporters of 

segregating special learners. In other words, is i t  i s  ise to place students with ESD in regular 

classrooms, or should they be taught apart from their "regular" peers? And if they should be 

taught apart. what special settings are appropriate for them? 

There is no shortage of research on the efficacy of various settings for special students. 

There is, however, a ren~arkable lack of consensus as to which model stands above the rest. Fbr 

instance, in regard to the self-esteem of students, there are studies favoring special class over 

regular class placement (Rattle & Blowers, 1982; Yauman, 1980), und studies favoring regular 

cla?ses over resource rooms (McKinney & Feagans, 19%: Wang & Birch, 1984). Similarly, 

research revien s (1,einhardt & Pallay, 1982; Sindelar & Deno, 1978), and meta-analyses 

(Carlberg & Kavale, 1980; Wang & Baker, 1986). offer conflicting results concerning the 

benefits of various placement models for children with special needs. Indeed. Leinhardt & Pallay 

(1982) postulate that setting is nor a primary variable in education. Rather, we should study the 

conlplex interactions betu een placement options. teaching processes. and indi\lidual student 

tenlperaments and needs. 
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I n  the absence of solid empirical evidence one \\,a!. or the other, I accept o n  a huniatiistic 

h s i s  that the regular classroom is the desired educational setting in which to teach mathematics to 

students with ESD. Nonetheless, I feel that indisclinlinatc mainstreaming is the currcnt \ , o p e  in 

many RC school districts, a phenomenon Newcomer (1989h) calls the "new, improved holy 

frail". A hasic tenet of mainstreaming is that every student's cdwzttion "must be provided in the 

kctst r.evtr.ic.ti~.e er.~vir.onnle,~t that is consistent with the child's educational needs" (Hallahan, 

Kauffman & L2I,oyd, 1985, p.19). Hocj:ever, the regular clwssroom might be the "r?lo.\t restricti\'e 

en\~ironmcntv in which to educate ccrtain pupils (Cruickshank. 1977; Gresham, 1982: 

N~\vcomcr.  1989h). In other \vords, individual differences in the bcha\,iour and te~nperamcnt of 

a student might result in a poorness of fit between that student and the characteristics of an 

integrated nlat]lcmatics classrooln. For instance, some students might respond more effecti\.ely to 

small group instruction in a relatively less complex or threatening resource room. Others 

adolescents might not "fit" into the regular high school scene with its vice-principals, bells, and 

crowded hall-ways and be better suited to the smaller classes and flexible time-tables of alternate 

schools like VR1,F. In more serious cases. still others might need to be pulled c ~ n l p l ~ t e l y  from 

malignant home situations and educated in residential treatment centrcs. Thus, saying that 

nlainstrcaming in the regular mathematics classroom is the desired situation does not imply that 

nlainstreaming will result in successful learning for every child. 

Whether in an isolated setting or in a reg~ilar school, effecti~ c mathematics education 

requires two conditions: a rncaningful curriculum and a social context in which to teach it. I nonr 

turn to the final three considerations of this chapter: urhy a new curriculum is needed, n'hat 

mathematics one should teach to alternate school students, and finally, how one should tcach i t  to 

them. 



In general, the choice of mathenintical topics for sccondarq c.~rriculn is determined by two 

mathematician Ken6 Tllom, '.all nlathematical pedagogy, even if ~carccl!~ coherent, rests on n 

traditionall!, taught to alternate students result, in part, from a very narron \ ~ I C M '  of niatheniatics. 

geometric formulae, and nlechanical algorithms as meaningful mathematics. In\.ariably, low 

spiralling fashion. John Goodlad ( 1984) made the following observations from his stud!1 :)f 

The impression I get from the topics, materials, and tests of the cu~riculum is of 
mathematics as  a body of fixcd facts and skills to be acquired, not as a tool for 
developing a particular kind of intellectual power in the student. One might expect 
to see by the upper elementary years activities designed to use basic skills 
previously acquired: instead, these skills reappear as ends in themselves .... Why 
Idol so few mathematics teachers ... appear to get much beyond a relatively rote 
kind of teaching...'? (pp. 209-2 10) 

Goodlad's question applies especially to teachers of special needs studcnts. In other 

attaincrs and courses for the university-bound'? 

These questions bring rile to the second factor which detcrnmines the actual nxtliematics 

taught: that is, educators' beliefs about students' abilities and needs. In particular, we under- 



? 

program< \+ hich ijcrc then driven b ~ r  their performance on pre- and post-tc<tc. I he niatht.matic\ 

content of the program, for those ~ v h o  tcrcre 11. eak in computational algorithms, consisted 

"advanced" topics such as percentage, manipulation of algebraic exprcssion~, and thc use of 

ge01ncti-i~ arid trigonometric formulae. 

The use of an entry-level achievement tcst and the choice of such mundane rnathcrnatical 

topics arc both based on the special education niriviln "Above all, a\,oid failiiic." Educators arc 

convinced that the safest way to ensure success in alternate school students is through "fail-safe" 

topics such as clementav arithmetic. Thus, the temptation is to think, "Easy makes for success." 

Indeed as I'imn~ (1992) points out, "there is a force in education which sa1.s that eirerything 

should be casjr and unchallenging." It appears that the creators of the original VKLF mathematics 

progr2irn \+,ere influenced by that force. 

Well-intentioncd as they were, these educators did not realize that a better adage would 

hatre been "Avoid failure trntlfrustration." The folIo\cing quote from the NC'I'M ( 1089) 

C ~ I . ) . ~ ( . L ~ U I ? I  Stunhrd.~ sums up well the mathematical situation of alternate pupils: 

If students ha1.e not becn successft~l in "mastering" basic conlputatiolial skills i l l  

previous years. why should they be successful now, especially if the same 
methods that failed in the past are merely repeated? In fact, considering the effect 
of failure on students' attitudes. we might argue that further efforts towards 
mastering computational skills are counterproductive. (p. 66) 

And e\,eil if thesc special students arc successful in thcir post-tests, more often than not they 

forget thcir rote-lcarncd knowledge crithin da) s. 



most noticeable thing about ~nath classes was the repetition of this routine" (p. 6). Then thcrc is 

included). Here, the student i s  l-ites a prc-test, which is marked by thc teacher. Then, sccking 

individual help ;it times from the teacher, the student practices the mathematics missed on the prc- 

test. After \sriting a post-test on the same material, the student, if successful, goes on to \I rite :he 

ncxt prc-test. And so oil. Ac O'Shca (1987) asis.  

What is therc in this room that ti,ould attract a studcnt to mathcmatics? Where is 
the sense of inquiry, triumph, and joy in doing mathematics? (p. 33) 

Apart from the tedious nature of both the mathcmatics and the methods by which i t  is 

taught, there is one obvio\ts feature \% hich both thc above nicthodologies hare in common: the) 

preclude any meaningful oral corlimunication between students. In the special education situation, 

this lack of inter-student math talk means that students sorely miss needed opportunities for 

structured social interaction. And as I will argue, the students in both settings are, from a 

constructivist ~(iewpoint, missing a valuable educational experience. For as Cobb, Wood and 

Yackel (1990) state, 

social interaction ... is the process by which individuals create interpretations of 
situations that fit with those of others for the purposes at hand. In doing so, they 
negotiate and institutionaiize meanings, resolve conflicts, mutually take each 
others' perspectives and, more generally, construct consensual domains for 
coordinated activity. (p. 127) 

l'hus, in as far as they are being denied the occasion to interact, alternate school students in the 

above situations would be in double jeopardy: social and academic. 



My cIlallcngc \\.as to create mathematical cxpcricnccs which the special nccds studcnt 

perceives as colnprehensiblc and workable, hut not as "childish" nor irrele\mt. As ! shall 

describe later. I lost man). of nl) students intellectually during a rathcr c o m p l e ~  algebraic 

deri\ration of the Golden Ratio. As \ve!l, my students felt that one of my ver). first planned 

activities (with pentominoes) was infantile. As Mason ( 1992) suggests, therc is a \,cry delicate 

tension for the teacher to maintain as low attaining pupils succeed with complex mathematical 

concepts. For instance, tasks which are open-ended work wcll, but if these are too open and d o  

not allon some foml of closure for distractible students. then frustration can easily occur. 

Problems must be chosen so that even those studcnts with limited mathematical or linguisuc 

repertoires can participate in the solutions. In other nrords, teacher expertise in mathematics and 

~ ~ e d a g o g y  (special and regular education) is essential for the judicious choice of learning activities 

for alternate school youngsters. 

Ideally, mathematical experiences and situations should be planned which are of sufficient 

complexity and multiplicity that the learners' focus is drawn from the teacher to the mathematics. 

For students with elnotional disabilities, particular benefit is also obtained when their 

concentration shifts from their own troubled inner thoughts, to the topics at hand. If the task is 

sophisticated enough, and if opportunities for co-operative learning are provided, the students \$il l  

gain socialization experience as they draw on the expertise of fellow classmates. 

Having noticed that the present curriculum insisted to a high degrec on rote nlcrnoriration, 

and on the rehashirlg of pre\fiously learned mathematics, I decided to develop a course with the 

f d l ~ \ + ~ i n g  characteristics. First i t  M ~ S  not to be an elernentar) ~ h o o l  l e ~ e l  curriculum. 111 

particular, arithmetic computation would not be the direct object of instruction in this curricular 

1mdel; rather, nunlber sense and conlputation ~ o i i l d  be discussed and strengthened i l l  the context 

of problem solving and disco\,ery leanling. I would choose topics which were complex enough 



mathematics plays in so many aspects of society. 

l{o\vever, a Mason ( 1 9 9 1  ) concludes in his article Question\ A h t t  Geometry, "attributes 

~kasure ,  engagement, or mathematical thinking are significant, but not prinlary" (p. 83). More 

inl~ortant are the conceptual themes of the curriculum: namely, problem solving, reasoning, 

comnlunication, connections, and mathematical discovery. Included are units on pentominoes, 

Probability, Pascal's triangle, scientific notation and large numbers, inductive and deductive 

the Golden Ratio, fractals, and computer geometry. (See Appendix 7 for a discr~ssion 

of the mathematical topics Since my goal was to promote student awareness of 

mathematical concepts and methodologies, my pedagogical aim was not trivial. 

Contrary to my expectations, i t  was not difficult to find mathematical topics for my studj 
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:tpl>lications ....I Thic] allows individwl\ or groups to move ahead to their own highest 
level of abstraction for a given lesson. (NCTM,  1992,ll. 7 3 )  

The airn of my research was not to one-sidedly create a "successful" and "impressive" 

lllathernatics curriculum to be imposed upon the students at Vale Koad Learning Facilit). Rather. 

1 planned to usc a collaborati\!e approach \vhich ivould involve the students from the beginning of 

the undertaking. The reasons for this approach are as f o l l o ~ c .  First, I hoped that thc strident\ 

"'auld develop a sense of owrlership of the ne\v mathematics program. For the past four years, 

the students have beell encouraged to hecome in\fol\.ed in decision making around the school and 

to develop and share with the staff a sense of responsibility for the program's success. 

Second, I did not pretend to know what mathematics was "best" for my new students. 

MY experience has shown on nurlleroiis occasions that topics I felt to be interesting and 

stinlulating were of no interest to special needs students. Indeed, these students are so 

accustomed to being spoon-fed mathematical ~abulurn, that they often feel threatened by neb\, 

tollics (such as math art, probability, open-ended problems) and often reject these as a matter of 

cWrse. My plan was that, if allowed to make some choices of mathematical topics themsel\~cs. 

they would not develop such apprehensions about strange, new nlathenlatics. So the focus of  this 

thesis is on the proce.s.5 of alternate school curricular reform as well as on the end results. 

Having written abo~lt new schml mathematics for alternate school students, I noiv 

consider how it might be taught. 



t)J' students in a way that is nleaningful to them. Indeed, i n  her consideration of construciivism, 

Jauorski ( 1989) comments, 

l.inguistic communication becomes supremely important - teachers encouraging 
puprls to talk, and listening to them; providing opportunity for pupils to talk and 
listen to each other, encouraging open negotiation of meanings ... (p. 295) 

Pimm (1992) points out a rather global benefit to be derived from learning in a group 

context as opposed to teacher centered instruction. In the group mode, the presence of five 

students can be considered a \:rc"17<q:/l. For instead of re11 ing on her expertise alone to attempt to 

convey I?er personal understanding of a mathematical concept. the teacher can draw on the 

collective wisdom of the whole group. l'hat is, in addition to the teacher's point of view, there are 

five other unique perspectives of the same concept. As a result. the teacher can '.use pupils' 

apparent misconceptions in order to gain insight into [her] o\\ n images and constructions" 

(Jaworski, 1%9, p. 295). Also, there will be a greater likelihood that students will succeed in 

negotiating conceptual meaning out of fi\le points of Lieu as opposed to just one. In short, "there 

are sound cognitive reasons for allo\l\..ing students to work together" (Noddings, 19'90, p. 17). In 

the case of the mathematics classr~orll. one could argue that the interactive 1b.hole is greater t l ~ m  

wm of its inactive parts. 



It)hc teacher who delil~erately creates a Icanier centered communicating atmocphere 
rnanagcs a claccroom that promotes srudcnt g r m  th  i n  thc following i~ssuming 
rcsponsibilily, feeling accepted and respected. self-motivatiori, active participation. 
human interaction, feelin0 secltrc enough to respond and inquire. feeling 

P. 
understood, beconling selt-disciplined. verbalizing with ease. achieving insights. 
t,cconiing aware of appropriate attitudes. c h a n ~ i n g  \,slues. responding l o  
:erluincness in others. and respecting and valu~ng interaction with the teachcr. 
(1). 258). 



1'111 si~iiply. c1i;tnge Iiirs alwi~ys been imposed on  the terichcr. Although the tc;~cher 
is alniost universally recognized as  the most important factor in the edwational 
process. little importance hiis bee11 assigned to the preparation of teachers as 
chnngc agents. (11. 22) 

districts, admillistrators, t;l~-l,;lycrs h;~vc t o  be convinced of Ihe urgency of the situation. for 

clltcl-~)l-i\c. for the Inst illlillysix. i t  is the) \+t]lo inll)lcn~cnt the change?. Morem er, ;I\ Nndtlingx 

With ;\Itemate students i n  mind, 1 w i l l  offer a few practical Sllggcstions for inlplernelltillg 

Cool)erative Icarrling groups i l l  miIthc.m;ltics c.l;lssrool~i~. liesearch sllgjicsts that f ) w  or f ive  

"("dents is the olltimulll Si7,e for ct)openltivc learning groups (Serra, 198%). Since the average 

x iLr  of f l l i l [} lCf l l i l~ iCS c~jhor[ Vf<] ,F fii-C. I Cilll  attest t0 illis 110ti0ll. ' l h ?  pTScIlCe Of 

four or five stll(jenls t l s l l i l l l y  1lle;lnt one or  two elemhers of the grOll13 could become distracted or 

t"ml?~rarily lose ; t ~ ~ e l l [ i o l l  \vi(hout losir lg  wzllolc. group's 11lOIllCll~lllll. 0 1 1  the 0tllcr hand. 

S t ~ d e n ~ s  f ~ ) u r l ( i  tll;lt they ct,rlld v ( ~ i s a l l l ~ c a ~  in groups larger than five i~nd \vithiiraw from lenrning 

' S S C " ; S I ~ I ~ I I ~  \\'CI'lL cO1lllllO1l "'fi\.itic.;. As  I;rcl\ of. c lass  foctls nlld difl'icr~ltics in s t ~ d ~ n t s  ? 

reS"lts 01' I ; ~ r g c  Ic;uni ng grc)~lps. 



Noddings ( l9C)O) i,oillts out that educators should not assume that work groups and 

cooperative teaming are an automatic pedagogical panacea. Rather. since the loftiest aim of all is 

effective matliematics educatiori. inter-student communication \vhicli is task-focused. a c c ~ m t e .  

and clear can bc constriled 2s a separate end unto itself. 

Sf udmf tulk 

For some time now. ~iiathe~natics educators have known of tlie ad\mtnge to be derived 

from encouraging students with ESI) to talk in mathematics classrooms. For example, Amidon 

and Flanders (1961) found that dependency-prone students learned niore in a class \vhere thc 

teacher asked more questions and encouraged verbal participation than they did in a direct lecture- 

style situation. 'I'hesc researchers argue that under a direct teaching st>.le, this type of student 

finds more satisfaction in conipliance than in understanding the mathc~natics. Hut when a student 

is frcc to express her dout,ts, ask questiorls, and gain reassurance, her untkrslanding Awps pace 

With teacher compliance. 'I'hc iniplica(ions of this study are clear. All too conirnonly \\.c 

rec()mrnend close sr~pervision and direct leaching as an antidotc to lo\\.cr ;~chic\,cmc.nt i n  

n1athematics. and this practice may be more harmful than helpful. 







suggestions for different grading  neth hot is, the), hec;lrrlc part of the entire assessment process 

answers arc "all right.'' 

hfi)/uc.ogi~itior? may be defined as cognition n'hich deals critically with one's on.11 cogniti\,e 

knowledge, or  as  Gatlegno ( 1974) puts i t .  to 1,c "aware of onc's own a\varcncss" ([I. 80). 

Schoenfeld (1987) outlines the followi~ig thrcc aspects of ~iictacognition: 

a )  Your knowledge about your own thought processes. llow accurate are you in 
describing your own thinhing'! 

b) Control, or self-regulatio~l. I lour well do  you keep track of what you're doing 
when (for example) you're solving problems, and how well (if at all) do  you usc 
the input from these obser\lations to guide your problem solving actions'? 

c)  Beliefs and intuitions. What ideas about mathematics do  yo11 bring to your work 
in mathematics, and how docs that shape the way that you  do  mathematics'! 

(p .190)  

l h n  and to mollitor one's on,11 cognitive progrtxss in n lash. As Flavcll ( 1976) succinctly write\. 

.. 
cognitive strategies are invohed to mnhe cognitive progress. nietacognitive strategies arc invohcd 
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to  monitor i t"  (,I,. 2.32). Fin;~llj,. a further aspect of the co~icept \+fhicli transcends all the i ~ h o \ , ~  i s  

one's ability to reflect on and to understand the utility of self-anm-eness itself. 

I n  m:~thema~ics eduCirtion. nletacog~iitior~ i~i\,ol\,c,s one's  self^-;^\\ arciiess as a I C ; I I - I I ~ I -  01' 

mathematics. Such awareness could include for cxilmple, one's rnathcrnatical strengths or 

\~.eaknesscs. and one's p~.ci'erenccs for various mntlicmntical topics arid learning ~iiodcs. As 

niatherriatical behaviour, rnetacognitiori refers to monitoring one's progress in a task, and to 

making strategic decisions hxed on one's self-ohscnations. I t  invol\,cs the learner's beliefs 

about mathenlatics and mathematics learning, and the effects those beliefs have upon ~nathernatical 

achievement. I ,ast, metacopition in math entails the leanier's appreciation not o ~ i l j ~  of the valuc 

of heuristics and cognitive strategies, but also of the value of rnetacognitive strategies themselves. 

Many pupils fail to use cognitive and rnetacognitive strategies as spontaneously. 

frequently, and efficiently as their peers. For some students, the absence of metacognitive 

behaviours can mean failure just as the presence of such processes may promote good problem 

solving (Schoenfeld, 1983). Some students possess the necessary talent to solve a problem, but 

nonetheless fail in their atte~npts. I n  these cases, their failure can steni from attittrdinal problerii\ 

or from metacognitive ineptitude. (Lester, Garofalo Rr. Kroll, 1989) 

'1'0 explain this lack of metacognitive behaviours, some researchers posit actual strategic 

disabilities or deficits. Ilowe\ er, others also consider certain students. especially those \ z . i t h  1,D. 

as "passive learners" who are unwilling or rmmotivatcd to behave in a metacogni tive (or 

cognitive) way (Cherkcs-Julkowski, 1985; 'forgesen, 1977). 'I'his trait stands in direct contrast 

to the constructivist viewpoint which "implies a way of teaching that acknowledges learners as 

;ictive knowers" (Noddings. 1990, p. 10). 

Alternate schtx,l students become inactive prohlern solvers quite easily. With relatively 

fe\ir ;ic:idenlic s~~cccsses of ;lny kiiid, they show little or no faith that any strategic action on their 
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part will result in a solution to a problem. 'I'hese pupils ma) develop a "lenrriecl helplc.ssness" 

which causes the111 to rely on others for Ilelp or else to gi\ e up. horn their point of vicw. 

I'herc is ab~~ndant support for the recogniticw of nwtacocgnition as an integral part of 

students Inearls stri\ririg to make then1 aware of certain po\f er.; they already possess is hich they 

Aniong the n ~ n y  different functioning.; of man's mind we can see t\vo \t~hicfi go to nuke 
the rnathcniatician and these arc the awarencsses, first. of relationships as such. and 
second, of the dynamics of the mind itself as i t  is involved i n  any functioning. KnoLving 
this, teachers can serve their students best by bringin! them to the state of watchfulness In 
which they perceive how one beconles aware of relat~onships and of the dynamic< of the 
mind. (p. 81 ) 

I,ike\vise, Ilawson ( 1992) states that 

being aware of what one is doing is the only way in which learning will occur. 'I'he 
additional step of being awarc of oneself as one is learning is a challenge that requires 
working with students to help them develop tools for a'ccomplishing t h ~ s  task. (p. 24) 

Garofalo (1987) maintains that i f  we want our students to t~ecomc active learners and doers of 

nlathernatics rather than mere knowers of mathematical facts and procedures, we must design our 

irlstruction to help develop their nletacognition. Kohwer and 'l'hornas ( 1'239) call for instruction 

which \+,ill explicitly aid pul'ils to acquire the rnetacoglliti\~e strategies neccssar). for planning and 

monitoring during prohlem solving. 

Research literature from the 1,I> field provides ample evidence that metacognitive strategies 

nlathematics can and should be taught to special students. First, pupils ( ~ 1 1  be trained to use 

and maintain rnetacognitive skills (Rorkowski et al., 1989: Hos, 1988; Garofalo & Ilester, 

Inetacognitive strategy instruction (Garofalo & Ixster, 1985; I,opcr, I-lallahan, 8i Innna, 1982; 



stuients with learning disabilities appears to be uneqrlivocal. In regard to these successes, 

As rnathenlatics educators and tencllers, 11ot only should ice ~ncorporate such 
rnctacognitivc supplcrnents in our efforts to train studcntc; lo be proficient in applying 
algorithms and heuristics, but we should also help our students adopt a 
metacognitive posture toward mathematical perl'orn~ance in general. (p.  17.1) 

'1'0 ~ x o ~ ~ i o t ~ ~ " t c o g n i t i o n  in my alternate school study group, I itdhercd to the follow ing 

1)recepts derived from research in both mathematics education and learning disabilities. Initially, 

the instructor must irltroduct. tasks and strategies which result in success for the students, the]-eb? 

inducing "the belief in the general utility of being strategic" (Horkowski et al.. 1989, p. 59). I t  is 

also beneficial to give praise (or marks) for all attempted snlutionc (rather than just for correct 

answers) so the students will come to appreciate that even a failed or dead-end cognitive strategj 

can add positively to hidher metacognitive repertoire. Self-expression can be encouraged by 

having each learner complete questionnaires or written response logs about hoth negative and 

Posi tivc mathematical experiences. 

']'he teacher mrlst also a co-problern solver with students. 'I'his "team effort" approach 

"ill help actively irlvolve socially withdrawn students and help to eliminate low attaincrs' negati\x.> 

*. 7 view of "teacher as omnipotent possessor of all knowledge. I'hen, the teacher herself must 

delnonstratc Illetacognitive proble1l, s(>l\jing as she teaches. Questions S U C ~  a \  "Hnvc we S W I ~  this 

"tuatio11 before?" and "How well d o  you feel this approach working so far?" can be posed by the 

teacher as examplcs of rnctacognitivc hehaviour. 

'I'hc df'ective promotion of rnetacognition might requirc a~itudinal  changes on the part of 
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superintendent or  principal \risitcd niy classroom. My main fears focused on the possibility that 

there is today a rlcw perspective on str~dcnts' befuddlc~ticnt in rnatheniatical tasks. John Mason 

opportunities for group learning. In other words, there is relativelj little that the mathematics 

class c\tract from the ricnt situation when ii studerit gi\.cs a corrcc~t arisnw-. or professes to 

llndcr\ta~id :I concept. Hut there is pedagogical value in an ir~dividu:tI's a~iibigui t}. or 

If and when you get stuck, acknowledge that fact t q  writing S'I'IIC'K!, (and if  you 
rccognisc negative feelings such as anger or frustration arising inside you. put t h a ~  into the 
writing of the word S'TIJCK!). Then accept the fact that being stuck is an honourable 
state. a state from which much can be learned about yourself, and ultimately, about 
helping pupils. Only you can decide when to take a break, when to ponder a question as 
you go to sleep and upon waking, and when to conclude that you have rnade as much 
progress as you are likely to .... (p. 5)  

As 1 relate in Chapter 4, the above comments are examples of nietacognitive strategies which I 

introduced to my failure-prone students as they attempted to do mathcn~atics. 

kor the developnient of self-regulatory skills, Schoenfeld ( IC987b) ad\,ocatcs that students 

lean1 mathenlatics in cmall groups. He maintains that such cooperati\~c learning emulates the 

mctacogniti\,e activity which occurs in actual collaborative communities of mathematicians. 

Schocnfeld talks of a "society of mind" in which metacognition comes alive naturally througli the 

dialogues between active learners. 

Finally, mctacognitivc expertise develops through extensive practice and expt.riencc. 

After all, one Icanis to read well by rending a lot. and one leanis to ~vritc cxl~enly by writing n lot. 

difficult task for teachers is not to provide exte~isivc mct:icogniti\,c experience. Ratlier, i t  is to 

Provide the ~ite,lnirigful mathematical context for sbch expericrices to occur. Students cannot he 

expected to uw metacognitivc strategies atmilt, for example. adding frac.tioris or irrelevant M orci 



to be mctacognitive must insure tlial their students have something to be mct:~cogniti\~e ahout" 

( p . 8 6 ) .  

In  planning a curriculon~ with cooperative leamirig and challenging mathematical topics. i t  

vie\\. of the inactive learner concept, I wanted to motivate my altcrnntc school students to tahe 

Beliefs, the third aspect of rnctacognition, have as strong an influence on mat1icni;itical 

beliaviour as do cell-awareness and self-orchestra~ion. This point \I as d r i \ c ~ ~  horn', to me d t c r  

hearing a former VK1.F student (Jag) reveal his beliefs about the nature of mathenlatics learning: 

'I'lie teacher teaches you at the beginning of the class, and gi\ es > o t ~  '1 bunch of 
questions to practice on. and at the end of the chapter g i \ f e ~  y o u  a test. That's thc 
way I ' \ , c  been doins i t  since grade school. That's the wn)  !ou do math. 

He goes on to explain how tie began to fail mathematics: 

Ahout half way t h r o u ~ h  grade 1 0 ,  1 started looking in the back of the book and 
copying the answers from the back. 'cause i t  would take too long, and I would 
just copy the answers. And that was why 1 didn't understand what I was doing. 1 
just started failing tests .... Sometimes I wouldn't even go to math class because 1 
didn't i~nderstand. I thought there's no point in ~ o i n g  to math. So I'd just walk 
out to the store or something. I don't know ... l d ~ d n ' t  understand i t .  If didn't 
copy the answers out of the back of m y  book I'd get in trouble. so I 'd just, I'd say 
forget it and go. 

Jag believed that school mathematics rneant listening to a teacher, practising qr~estions from the 

text, and writing chapler test\. For him. Mathematics 10 in\~olved getting the correct an\\+ er.\ to 

homework exercises. 'I'his last helief was so strong, he considered i t  sufficient to placale the 

preclrided conceptt~al u~iderstanding which led to test failures. frustration. and to the 



64 

ine\/itahlc truancies for \\,hie11 hc was everitually suspended. Although aware that hc l x h c d  the 

understanding necessary to pass exams. he rlonethelcss puts his beliefs into action, or rather 

inaction. 

I t  is not difficult to ascertain Ihe origins of .lag's beliefs: he u'as merely following the rules of 

thc gnrne cnlletl Mathc~n;\ticf 10. In othcr \+rords. his helieE\ ahor~t nlathcrnntics arc. tlcri\ c d  fro111 tllc 

current curricular structure which gives individual homework and scatwork such prominence. 

'l 'l~ere is a strong consensus amongst r11;lthematic:s cclucators about the nature of many 

studenls' beliefs t o w r d s  rnathcmatics. (Haroody & Ginshcrg, ICNO: Horasi, 1992: I ,ester. 

Garofalo & Kroll. 198'): Sclioenfeld, 1992: Sclioenfeld, 1989: Silver, lC)H7: Sil\ er. 1982) For 

itlstancc, students can have mistaken beliefs about mathematics such as: 

Mathematics is mostly memorization. 

*There is usually only one way to solve any mathematics prohlenl. 

If one really understands the mathematics, then problems should only take a few minutes. 

Mathematics is based entirely o n  rules. 

Heing stuck in mathematics is ignomiriious and means one is stupid. 

hfortunately,  as Sclloenfeld (1489) comments, "they practice what they claim to bclie\'c." 

(11.349). 

Many students also have co~?jlicting beliefs about mathematics and mathematics learning. 

For instance, in a questionnaire adapted fro111 Horasi ( 1992), 1 asked my sti~dents to rate different 

statements as either 11EFINI'I'E12Y '1'KIIE. SOK'I' OF'I'IILTE, NO'1' VEIIY 'TK11E. or N(T1' 'I'I<I IE 

A'1' Al,I,. (See Appendix 1 .) Derek qualified the statement "'l'here is always a rule to folloiv i l l  

solving nlathcn~atic~al problems" as c l c ~ f i t ~ i t c ~ h ~  tr.lw. while he rated the declaration "E\,er! 

mathematical question has only one right ans~vcr" as not tt-rrc' c l t  ([I/. Whcrl I pointed out hen his 

thinking seems cotitractictory to me, I3erc.h replicd. "I don't pcrso~iall). scc any co~iilict ." 

1 .i kewise, Schocnfeld ( 1W9) descri hcs students uilh appnrc.nt 1 ) '  cwnlr;~dic~tory hcliei's: 



Ilespite their asscrtic)ns th;lt rnatheriiatics helps one to think logically anti that ouc 
can be crenti\rc iu mathematics. they claim that ~nathematics is best Icarncd b!, 
rncmorizntion. (13. M Y )  

For sonic strtdcnts, lack of mathematical sophistication may nccount for their inabilitj. to 

see such conflicts in their beliefs. In other words, they not have the cognitive n-~aturi t~ or 

Illis latter reason. 

'I'here is, howevcr, virtual agreement amongst educators as t o  the main cause of twliefs 

such as those listed abo\?c (Schoenfeld, 1092). As Mcl nod  ( 1989) comnients. "There i q  nothing 

wrong with the studcnts' mechanism for developing beliefs about mathematics" (11. 237). Indeed, 

Borasi (1992) points out that such belief's are "quite justified by the mathenia~ical e\peritnccs 

students are likely to have had during their years of schooling" (p. 208). In other \I ords, \vliilc 

thcy arc not true reflections of mathematics. such beliefs are often accurate descriptions of thc 

mathenlatics offered in schools. Schoenfeld (1987) sums up the situation well: 

As a result of their inctructio~l, many students dc\relop some beliefs a b w t  \\ hat 
innth is all about that arc just plain \tZrong - and those beliefs have a strong ncga t i~e  
effect on their mathematical beha\4our. (p. 195) 

'The effects of such erroncous convictions arc Icgion. For instance, students \ \ . i l l  not 

:ittcmpt t o  understand mathematics \\liich they believe i \  only to be niemori~cd.  'I'he! n i l l  forego 

5trrrtcgy monitoring and wlf-regul;~tion if they believe that tliert is only one \s ay to \ol\ e ,I 

problem. 'I'hcy will quickly give LIP  on problems that they h l i e v e  are typically solvable in a fe\\ 

minutes. Students' m~+ther~~atical  inquiric\ \ f i l l  he limited lo the \earth for ruler 11 hlC1i the! 
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I<csc:trch findings by i .ee and Whc.t.lcr ( 19%) provide a good example of the d fcc l s  of 

txlicfs on the bcliaviour of algebra students. 'l'hcse researchers discovered that many students 

rare1 y turn spontaneously to algebra to sol\'e pro1,lems. e\,en \t.hen judged cal~ablc of pcri 'c~rn~irl~ 

the necessary algebraic manipulations. It ivas found that these students attributed an cxtrcmelj, 

low status to algebra: in particular. t h q  sa\z, algc1,ra ":IS an irrcle\rant acti\.ity hut \vhich 1;jr S O I U ~  

rngs(erious reason seems t o  plcilsc tcachcrs anti rcxxrchers" (1). 101 ). 'I'hus, faulty belief 

structw-cs can inhibit tiesirable mctac.ogniti\,e 1~eh:iviours (e.g.. stratcgy choice) as well as  

cognitive ones. 

What steps can be take11 to promote morc accurate and producti\,e belief systems'! t i r \ t .  ~t 

should be ;~pprecirited that beliefs, unlike emotion.;, arc mainly cognitive in ~lature, and build up 

.;lowly cj\.cr long periods of tinw (Mcl .cod, 1989). The! are perhaps morc difficult to altcr than 

students' faulty cognitions or wcah ~nathenli~tical understandings. As well, beliefs have a strong 

affecti\rc component, and thus rooted in deep '1nutior1~ll layers. they n ~ a y  I>c extra resilient lo 

modification. t-inally, as Horasi ( 1'992) warns, shifts in bcliefs arc dependent upon an 

institution's paying morc than mere lip service to new educational approaches. 

As an important first step, Horasi (1992) suggests that teachers encourage students "to 

reflect on their beliefs.. to engage them in activities that require them to state what they think and 

feel about mathematics" (p. 209). 111 this \i ay. what Sil\,cr ( 1987) calls the "hidden curriculunl" 

of deleterious beliefs can be brought out in the open. 

t-inally. true crcdal change 13 i l l  cmnc on l j  after moditicationc to the source of those 

student beliefs: thc nlathematical content and methodologic\ of our present curricula. In the \\ ord\ 

of Silver ( l %U), 



( i  In designing 111aII1enx1tics ctrrrictrl:~ or plannirlg instructional activities. M C  need to 
be mindful that studellts wil l  integrate their experience with the activity. unit, or 
course that we are preparirl: with their prior experiences to  form or to modify 
attitudes toward and beliefs about mathematics and mathematical problem sol\ring. 
Let us (each toward this hidden ci~rricc~lum to allow our students to cJeirelop 
attitrldcs and beliefs that reflect a view of'mathenlatics as vibrant. challenging, 
creative, interesting, and constructive. (p. 57) 

Indeed, nny ti~sk was to girrc 111) students somethirtg to believe in! 

f'wr p r e ~  I [{re 1 

While promoting mathematics learning among alternate school youth, the tc;icher should 

tmrr in mind the following L~ct: many such )oungstcrs \sill  he hcyond the help of their 

mathematics teacher, in spite of well-co~isidercd and persistent inter\~ntions. }-or some 

unfortunate ones. their social and emotional wounds are so grave as to he beyond immediate cure. 

For others. deleterious or non-exictent home situations make learning i n  school an impwsibilit\. 

Hut perhaps the strongest force of all which hinders (or encourages) their participation in learn~ng 

activities is peer pressure. 

'I'he need for peer group acceptance is one of the salient features o f  adolescent passage. 

v .  

I hus, i t  is not surprising that socially bereft teenagers feel an especially strong ex ige iq  for 

friends. And i n  view of that intense wish for acceptance, we can see why alternate school 

adolescents arc especially susceptible to the pressures exerted by their peers. 

Of cource, there are plrpils \r 110 are not influenced by fellou classmates. Some 

youngsters, having endured chronic social rejection, have cot~cludcd that thcy will never be 

accepted arid have given up tqilig. Other individuals. sometimes termed ps) chopnthic or ariolnic. 

have no normal need nor tendency for friends. Still others will have strong social afliliations 

outside the mathematics clas\room, arid arc therefore not cubiect to inlluenc'es hy fcllou 

classmates. And sir~ce these studelits arc beyond el  ell /~o\i t ivc group prcssr1rc.s. thcy i l l  be a 

s[jecial challenge to mot i \late. 
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11idiviJual companions. cliques. and sub-groups can i~i t ' l \~c~icc  mnthcnl i~t i~s  stutlcr~ts i l l  

I .~hc\\  isc. although it is quitc conlmon to hear students \a! the) are useless in rnatlicmatics, as  if  

st1c.11 a coninlcnt were no rcflcction on their iritelligcnc.c, i t  is unusual to hear them tell their friends 

that tlic!. arc useless in rending ( I  ,aslctt. 19771. Also, ;rniongst tccnagcrs thcrc has a1v.aq.s hccn ;I 

tc:rc.hcr's educational agenda. W h c ~ l  such attitr~dcs gain hold in the rnathc~natics classrtmii 

altcrnatc students arc among thc first to jump on the anti-math bandwagon. And w11c11 tl~c~sc 

attitudes bccomc the dominant value of thc peer group, the tcachcr has a serious rnotiv:~tionnl 

prohlcni. 'I'his \ \as my greatest fear in initiating the project at Vale Road lxarning Facilit!. 

There are manoeuvres which can prevent any anti-rnathcrnatics backlash from bccoming a 

contagion. For instance, at the heginning of a coursc. one of my collcagucs tries to starch out an) 

stu(ient shc dcems to bc thc "dominant" ~ncrnhcr of any educationally subversive clique. Having 

identified the "rebel" Icadcr, she rclc~it l~ssly c~t ica \ ,ors  to nroo himiher over to her cause. With 

this stc~dcnt "on side" as  she puts i t ,  thc rest of the group settles in lo do some ~nathcrnatics. 

rcsourcc rooms or  in other special education settings. Essentially, only two s t ~ i c n t s  arc 

rcgi\tcrcd on thc first day of the school year. Af'tcr thcsc tit o u~ldcrgo a suitable period (~~sual l !  

just two or thrcc days) of acc1irn:iti~ation to the math classroom and to the tc:~chcr, :I second pair of 

, . s t ~ ~ d c n t s  is brought in.  i he process continues until a whole class (usual1 y ten to tu.clvc sti~dcllts) 

is rc~gistcrcci. 'I'hc procedure is c.ffcc,ti\.c. s i w c  wit11 the \.q first t\z.o pupils. the tcaclicr c*nn more 

easily "create" a positive Icarning anihicrlcc which tlicrcal'tcr scrlics ;IS thc status q r ~ o  to hc i~iiitatcd 

an) ,  ne\vconicrs who follo\v. ('l'liis ~ w c c . ; s  \\,xi to hc t'ollowcd i n  September 1913 a( V KI .I;: 



In gcncral though, altcniatc school tcachcrs must dc\'clop thcir own rcpcrtoirc o f  schcmes 

to ensure that pccr pressure rc~nairis posi ti\,c. S imply  put. i t '  the kids arc on your s i c k ,  i\ our job 

will he ;I joy. And when. against tremcridous odds. altcrtiatc stwicnts chose to form a !cam with 

the tcachcr and thc rest o f  the class, arid when with a sclisc of mathematical corlimunity they c~!joy 

learning ~n~~thcnl i~t ics .  the11 teaching n idwwi t ics  becomes even 111or-c rc~z.arding. 

In the next chapter I recount in detail the new curricular experiences at V I U J .  



Chapter IV 

A social curricxitum 

My task in implcrncnting a w\i curriculum began o n  my first day at V l i l F .  1-lo\ic"i cr. no 

as a tcachcr thcrc, the chnllcngc had lcss to do 1% ith tcaching mathematics than \vith M itining the 

trust and respect of thc studcnts i n  the program. 

k'rom the beginning. thc students \\ere disillusioned h>' the loss of two tcaclicr.; and 1)) thc 

uricxpcctcd dcparturc of thcir counsellor on the first day of school. As wcll, they felt that thcir 

building had bccn invadcd by strangers: five mdticultural workcrs, two district corlnscllors, and 

two hospi taI/honiehound tcachcrs had j (1st been assigned new offices at VRI,F. Fi 11;111y, they 

wcrc mistrustful of thc two new tcachcrs (m>sclf and Katcy who doublcd as hcad-teacher). 

On opening day, students rcvcalcd their apprehensions when asked to make brief 

sunirnarics of thcir fcclings at10111 the start of the school year. 'The f o l l o ~ ~ i n g  arc cxccrpts from 

thcir writings: 

My ke l i r~gs  from the past >,car arc the sarnc but I think t11cy slior~lci 11,1\ c hcpt the 
old tcachcrs. 
*I like this scooll but i don t lichc thc changes with the teacherr. and i havant 
changed over the sumer. 
*I want Wendy Hack. I don't like that all the New teachers are gone. I like VRI .t 
but all the changes arc going to he Hard to Handell. 
*If you realy want to know h o k v  I feel about Vale Koad 1 used to love i t  here 1 
really got along with Wcnd! last year 3rd I felt good about corning to school hut 
this year In1 not to sure about 1111s school New! teachers. e l t ra  people. 1 just want 
lo gel out of here as soon a \  ~ O S I  tde. 

Not all studcnts cxprcsscd rilisgi\.i~~ps ahout the change in staff: 



havc g c a t  respect for my teachers hccause they are giving me my educar~on. 
*I really enjoyed working with Wendy and 1 miss her already but life is full of 
changes and I can adapt quichly. So may we have a good time and I hope \< e can 
establish a good functional teacher student relationship 

Ilnfortul,atcl>., t hc senti mcnts cupresscd b>, the last s(uJcnt were not to con~c, to fruition 

within the next few rnontlls at least. 'I'hc situation w o r s ~ ~ i e d  trc~ncrld~tlsly ~ . h c n  Eric. the onlj. 

teacher with experience at VRI,F, suddenly received a court stlmmons which took him or1 a \j;c.ek- 

long Irip to 'loronto. IJnccrtnin as to the pl.cscnt regulations and practices, 1 \fainly attempted to 

cstahlish s o ~ n c  of thc same logistical clnssroorll guidelines that nrcre i n  place fi1.c years ago  \t,hi.n 1 

last taught in thc alternate prograin. Soon tantrums, argurncnts, disagrccrncnts and strife scl the 

general tone as our stutfcnts came togetllcr in rcscn(nlcnt. Obviotrsl~,. a nctz nxt thc~n~t ics  

cun-iculwn could riot have been parachuted in or imposcd top-down upon such a unwillina group 

of students. 

Mercifully, for all conccmcd, thc situation improved. With thc help of a core group of 

sympathetic students (Adic, Juliana and A1onz.o in particular), and with a better feel for the 

existing tone of the school, our staff began to feel morc and morc accepted by our student5 as 

rapport and trust slowly grew. So, buoyed by the increasing positive mood at V K I k .  I decided to 

try a few preliminary activilies bcforc Ihc formal co~nnienccmcnl of the pilot projcc*l. 

My first attempt at encouraging cooperative learning involved Shawn and Dinah, both 

stt~dcnts with severe learning disabilities. I gave thcrn each a series of dccodinp pi~r / lc \  in\ol\ in$ 

arithmetic qucstions. and askcd them to split the qucstions, each contributing answers for 

collaborative solutions. Shawn had many of the charactcristics of Quay's (1979) anxiet)- 

withdrawn dimcnsion described in Chapter 2. Extremely lethargic and dcprcsscd, he appcarcd 

barely able lo lift his pcncil. His conlrncnt to 13inah wa.; "Who carcs. I don't care what this is." 

While Shawn sal and did nolhing, Dinah did four or fivc p u ~ ~ l c s ,  and even ashcd for more. 

, . I hcrc 12 as, I~owcvcr, a b s o l ~ ~ l c l ) ~  no c o ~ ~ i ~ ~ ~ ~ l n i c : r t i o n  I~ctwccn them. In reaction to her f c l l o ~  



.. , 
studcn('s inaction, Ilinali comrncntcd. "Hc'4 too s lo~c .  I'hc ricxt daq. I tall\cd to licr ahout Ilon 

difficult i t  was to involve Shawn in most activities. ('l'lic initials 117'in all transcripts arc minc.) 

Dinah: 1 ask him if hc n.ants help and lie just \\~itlitii~ir\vs into his slicll. 

1 :  Instead of asking him whether or not he n.ants help, riiaybe ask him to share the 

work1 oad. 

Ilinali: Yell mayhc. 

In any event, I3uah never got the chancc t o  try out a ncn approach. Shawn did not attcnd that 

af tcrnoo~~;  hc was already establishing n pattern of c l i r o r ~ i ~  ahscntccism nliicli is auld later land 

him in jcopardy with the cntirc altcrnatc program. 

Soon aftcr, I tried to ilctivcly involve Minna and Juliana in a niould grou ing project in 

science. Ncithcr student was interested: Juliana \+a \  distracted hy a ho! passing by in the 

hallway; Minna cxprcsscd disdain at thc whole idea of physically doing something for a changc. 

For the momcnt, my hopes plunged. I thought. "What ~ v i l l  their reaction he lo r t ~ r l f l ~ c ~ i m r f i c ~ ~  in a 

lab setting? Man oh  man!" 

'I'hcsc preliminary attempts at innovation served a useful purpocc: that is, I quickly canic to 

understand that my studcnts would not automatically jump at the chancc to cngagc in cooperative 

or active learning situations. This rcalimtion 4iol1ld not Iiavc becn ~~~~~~~ising: aftcr rnonthc or' 

even ycarq spent alonc, passively doing scatwork, thc \tudcnts at VKl,k- could not bc cxpcctcd to 

mctamorphosc instantly into intcractivc lcarncrs. If i t  occurred at all. the transforliiation mould hc 

slow and gradual. And i t  would require patience, as  I{ ell as a great deal of judicious Icsson 

planning on my part. 

Certain comments riiadc by studcnts also served to rcmind nic early on about the nature of 

VRI .F. students. I-or instance. one student expressed \\ ell his frustration with the solitary, learn- 

at-) our-on'n p lcc  stylc of cdr~cation: "111 the m o n i i n ~  1 i 4  ahc u p  and tliinl\ 1 ha\ c to go to Vale 

Road 2nd work by ~ ~ i y s e l f .  I t  sucks man. I'd rather hc i n  a regular school." Finally, the 



following remarks by Juliana dro\'c l i o ~ i ~ c  for nic the negati~re sclf-concept of many alternate 

school students: "Evcrybod~~ looks at us as i f  we're bad kids. Most of us arc different. Most o f  

.. , 
us don't care. ~ h e s c  fen, con~mcwts \$'ere l'orc\t i11.1iings of ~ l l i l t  W C ) I I I < ~  I>c' [\\.O C ~ O I I ~ I I ~ O I I  f \ i i t t ~ ~ . ~ ~  

of our niatheriiatic.al cxpcric~iccs i n  the months to comc: poor student self-image, and lack of self 

esteem. 

I was rclicvcd thal official reaction to my plans for reform were positive. For instance, the 

district's Ilircctor of Instruction wrote, "[The proposal) ... is well designed and current in theor!. 

and nmethodologyl pedagogy .... 1 t is the kind of research that will contribute significantlq. to the 

'hody of knowlcdgc' thal wnstitutcs our profession." Eircr Ihe ~)ragmalisl. ni! own ~>rincipal 

ternicd thc proposal "i~itcrcsting and potentially useful." Another principal and former 

mathcriiatics dcp:rrtment head approved of my suggcslcd reforms, and expressed dismay that thcrc 

had not yct bccn any changcs in general mathcniatics curricula. 

As part of the "infomicd conscnt" forms for parents and guardians, and for thc students, I 

provided an information sheet describing my plans in detail. (See Appendix 2.) All parents who 

wcrc askcd gave pcrnmission for their childrcn to partake in the project. Also. at n o  time during or 

after the case study, did one parent cvcr ash for clarifications. ~ n a h c  comment\ to mc. or \I ithdrnn 

permission for student participation. 

In many ways, the altcrnatc school sctting afforded me considcrablc freedoms as a 

rcscarchcr and as a tcachcr that I probably would not have enjoyed in a regular secondary setting. 

For one thing, thcrc wcrc no school-mandated restrictions on 111y pilot courcc such as crocc-gr;idc 

cxanis or rigid departmental regulations. With only eleven students, I found th:lt i t  was much 

easier to experinlent with grot~p learning and with ditTcrcnt evaluation techniques. At Vale Road 

Ixarning hci l i ty ,  I could also incorporate studcnts who wcrc actually taking different Ic\'cls of 

mathe~iiatic\: i l l  particular. Adic. Alim and Juliana \ought credit for Mnthcniatics 1 1A. Alonzo for 

Inlro Mathcnmalics 1 I .  and Ron for Mathcm:~tics 1 0 .  'I'hc otlicr\. Chad. I l o n n y ,  Minna. Shawn. 
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Nina atid l h l c  werc enrolled in Mathematics 10H. 'This multi-grndc, multi-lc\ el \itwition could 

not have occrtrred i n  a regular secondary class, at least during nonnnl school h o ~ ~ r s .  

Finally. the iper) t'acl that Mathematics 10H \va\ :I locall> clc\ eloped course precluded an> 

official opposition against my "tampering" with its content. Indeed, whcrl Katcy ashcd me earlier 

if I intended to follow the provincial guidelines in planning my course. I was able to respond that I 

intended to throw out Mathematics 10H entirely, and to replace it using guidelines from the 

NC'I'M. 

Nor was there any initial opposition or hesitancy from my \tudents about their 

participation in the pro-jcct. Fnrly in January 1994, 1 met n'ith my class to ask for volunteers for 

the case study. We discussed how the mathenlatics they I\ o d d  ltmn. and thc method whereby 

they would Icani it .  would be different from what thcy werc used to. Also. they werc informed 

about research protocols such as questionnaires, group discussions and attitude sur\,eys. I,ast, I 

told the students that thcy would receive whole or partial credit for the courses in which thcy werc 

originally enrolled. In effect, the only real obstacle 1 eucountercd at this time u a s  the students' 

persistent forgctfulncss in returning their parental consent forms. 

I \#ividll recall this first meeting because for one thing, i t  \+as such n unusual configuration 

to have all my  students seated together around one table. I also remember that their main conccrns 

at the time ccntcrcd around their poor social self-image and the revelation that my professors from 

Sinion Frascr 1Jniversity would probably want to visit VRLF: 

Hob: Will thcy know that we arc social misfits'? 

Minna: I f  ice go to this school we have to he. 

Juliana: Will thcy want t o  know our namcs? 

As 1 write, my answer to thc last query is, "Considering the rnathcmatics that your group would 

d o  over the next five months, yes, Juliana, they probably would want to know your names." 



Topic I : Pentorrt irloes 

On the final day of .lanriary 1994, the last consent form u:is tinally subniittecl. and the first 

session oi'the pilot projcct was accordingly scheduled for'l'ucsday 3 February. At the start of this 

initial meeting. I stipdatcd the main coursc expectation: students must pruticipatc in no less than 

thirty-two mathematics sessions to receive course crcdit. These sessions would be held twice a 

week, on 'Tuesdays and Thursdays, in thc latter part of the afternoon. from 1:35 (after their hrcah) 

until disniissal timc (2:45). Any sessions nlisscd would ha\'e t o  be "made up" at soriic other tinic. 

'The studcnts agreed with these attendancc stipulations. 

Such attendancc requircmcnts were new for the participants because previously, thcrc had 

been no conseq uences for "excused" absenteeism. Students are "crhwnt c'xcured' at VKLF if, 

before the start of the class, thcy phone the school with a valid excuse for thcir expected absence. 

This distinction will be important later as 1 discuss thc net effects of chronic "uncxcuscd" 

absenteeism upon the fates of several members of the study group. 'This early on at least, I n.a\ 

hoping that thcsc policies, together with intrinsic student desire to do sonic interesting 

mathematics, would improve my s t ~ d e ~ ~ t s '  already dismal attendance records. 

I announced my intention to introduce forn~al rnarks and gradcs lcvcls as part of student 

asscssnicnt. (Gencrall y,  students received onlj  an arbitrary "C+" on thcir pupil records \\ hen 

thcy finished a course at VRI .F.) Again, the studcnts were in agrccmcnt with this curricular 

change. 

My rationales for introducing both course crcdit and course gradcs for the pilot project 

were the following First, thcrc is a wcll-known precedent for this procedure: in her study of 

mathematical inquiry, Horasi ( 1992) proposed that her two students earn academic credit for her 

mini-course on mathematical definitions. Second. 1 was interested to see if the studcnts \vould 
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r e s p o ~ ~ d  to the cl~allcngc of car~iing a11 "A" or a "H" \c i th preatc~- ct'fcrt and in\ o l ~  c'nicnt i l l  the 

mathematics. Finally, and most inlportantly, I bclicvc that all students, from clcmcntary grades 

lkforc  introducing the first topic, 1 gave the sti~dcnts the 111~1t1~cmatic~ qwstionnaire to 

complete. (Scc Appcndix 1 ) I imposcd no time limit o n  its completion. and the studcnts ~rorkccl 

away at i t  diligcntl~.. 1 decided to forestall any discussion of the results until I hncl a close look at 

their responses. Also, time was running out for the period, and I wanted the students t o  launch 

themselves ~vcll into thc series of pentomino acti\,itics. Thcrcforc. the results of thc qucstionnairc 

and subsequent group discussions about i t  will he brought in at various points during Chapter 111. 

Pentominoes arc the shapes one can make by aligning five sqrlarcs edge-to-edge. (Scc 

Figure 3.1 .) Mathematicians hnvc crcatcd a myriad of problcnls with pcntoniinoes, many of 

which I judged suitable in difficulty lcvcl for oldcr adolescents. Also, I lihcd the idea of' starting 

the course with a concrctc expcr ie~~cc:  \3 it11 no real iden yet of rn] student's ahi l i t~  levels. 1 

thought that they all \vould be equal to the ch:illcngc crcatcd by my planned manipulative activitie\. 

An excellent source of materials and problems \$,as I'c~nrotuino 12\\oi~\ by Creative Publication\ 

( 1986). 

Figure 3.1 The  12 pcntominocs. 
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For the first activity, 1 cli\!ided the sc\rcn studcnts present into t\vo pairs. and one group of 

three; to cach group 1 gaL1c about a hundred wooden one inch squares. l'licir instructions were to 

construct as  Inany sliapcs as possible by joining fi\:e s q ~ ~ a r c s  along thcir cclgcs. Adic. Juliana ; ~ n d  

Minna finished first, with exactly 12 pcntominocs and t h c ~ ,  n'crc satisfied that thcrc wcrc no morc 

di st i11c.t pentomi noes possible. Alonzo and 1)onny constr-wtcd morc than t \ \ , c l \ , ~ .  anrd whcn I 

explained that some of thcir constri~ctions were derived from others by means of a flip, they were 

able to narro\v down their constructions to 12. Finally, I asked each student to drau, thc 12 

pentominoes on a grid. At this point, they discovered how to distinguish each piccc as a lcttcr of 

the alpliabct: the sequence of letters F I, I P N T lJ V W X Y Z could hc easily remcnibercd and 

would providc an effective means of referring to cach pentomino. 

While the groups wcrc working on their constructions. students passing b~p thc classroom 

door noticed the seven students sitting around one table. I hcard them ask, "What arc you guys 

doing, art?" and "What's going oil in there'?" For thcm. and for myself as \\ell. this constituted an 

unusual sight: this was the first time all ycar my class worked togcthcr on one thing at the same 

time! So far, I was pleased with the way thc class was progressing. 

1-lowever, the next activity was not a popular one with the studcnts for onc reason: thcy 

deemed i t  too simple. They were asked to create "pentomino creatures" (such as faces and 

animals) and "pentomino numbers and letters" with the laminated paper sets of pentominoes 

which they had just cut out. They cxpcrimcntcd with their pieces for a short whilc, with 

comments like "'This is too easy." (Adic) and "What's your point? I 1 0  wc get to fingerpaint next?" 

( R o n ) .  At this point, a sort of panic ovcrtook me. Recalling the studcnt revolt of the previous 

fall. I i~mlcdiatcly hCgm to fear tlic worst scenario: thc students \+ s ~ ~ l d  decide right now. as ii 

group, that thcy would not participate further with me in the case study. Whcrc \vnuld becornc of 

my  thcsi\? Worse yet, what woidd happcn to my own self-crcdilility as  a rcti)nncr in 
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ni:ithcrnatics cducatiori'? So \\ hcri I sail the oh\  ious gclicral lack of interest in this phase of thc 

lesson. I irnnicdiatcly duriipcd it. 

In rctrospcct, I apl~rcciatc that such obvious stuticr~t rcjcction of a particular acti\.it!. can bc 

useful. Since this was a pilot project as well as a case study, 1 now know better: I would never 

i~itroducc this apparently pucrilc :issignnient to any future altcrnatc school groups. In other 

~ ' o r d s ,  I ~ S S O I I S  1c;tnled 19, rhc teacher on the first run-tliror~gli of an! course call o~ l l j .  ser1.c to 

benefit f'utmc instruction. 

I knew (hat the next activity would bc more challenging: the very sarnc p u n l e  Iixi bcc~l 

presented t o  n-~y Masters program cohort at SFIJ as  part of our matliernatics modelling course. 

l'hc prohlcm is simply put: can jrou arrange all 12 pcntominocs in a 6 hy 10 rectangle? I n  thc 

beginning, I tried to irijcct an clement of doubt into the proceedings, but Juliana was astutcly 

sceptical that the problem might have no solution: 

DT: Is this task possible? 

Adie: Everything's possiblc. 

Jt~liana: You wouldn't he asking us to do it if i t  w,asn't possible. 

Spwred o n  in their newfound certitude that the p u u l c  did indccd lia\'c a solution, the studclits 

remained tvcll on task for the remainder of the session. 

As thcy worked and pondcrcd thc problem, their comments made me appreciate that the 

pcntominocs activities contained a gold mine in riiatlicmatical concepts. For instance. 

Dale's quick responsc to my question 

1)nle: 'To do n 6 by 10, you obviously have to use all of them. 

1Yl: How many squares \vould bc lcft over if yo11 used only 1 1 pcntominocs? 

I >ale: Five obviously. 

l 'hc concept of area was being brought into play without the usual formality of introducing 

fortnulac l i  kc A = I w to be practised and memorized. As  well. this was one of my first inklings 



of his sharp ability in mental arithmetic. Although their attcrnpts were mainly trial and error, 

instances of studcnt intuition, strategic thinking, and problern-solvin;~ abilities appcarcd. 

Ih lc :  I a l \ \ , ;~ )~s  Iia\'e troul)lc with leftovers like the F. X .  : I I ~  1,. 

IJI': How could y ix l  try something different? 

Ilalc: We can do it if we could use the same pentominoes t\i.ice. 

Juliana: Oh\'iol~sly certain pieces can't be used i n  the corners. 

Dale: I could use these left-overs first, I guess. (/k plucc.\ rh(~ I;, .Y.t117t/ I. o r 1  tt7c 

t . c . ~ c , f i r / ~ , ~ l c ' . )  'T'here.  no^) I got all the troublcsonle ones out first. 

By the end of the first session, h o ~ e v c r ,  no solution had bccn disco\ crcd. 

Ilalc pcrsistcd at the 6 by 10 rectangle problem during all of Frida!'s rcgul,~r c;,ls\. 

attempting a solution by dogged trial and error. On Monday, he entered the room with the 

comrncnt, 'That pwr lc  drove me crary all weekend" and continued to \cork a n a l  at i t  for another 

two hours. 'I'llis tenacity was quite remarkable because Dale, as a student with diagnosed 

attention deficit disorder, could not usually sit still or concentrate 011 'I task Sol- more than ten 

minutes. As I shall later describe, Ilalc's shift from distractibility to work ethic would continue to 

a m w e  me and the other V K I J  staff over the next few monlhs. 

On the following Monday, I held a "mini-session" for Chad, a n c v  student to my clns\. 

( ' hd  had recently returned to VRI .F after a suspension for chronic absenteeism. In tlic 

beginning. I did not hold much hope for him in  the school, and franhlj, 1 \ \ : I \  c \  en apprclicn\i\ e 

about having such an apparently unpredictable student join the case study. Hut within days, my 

misgivi~igs about Chad would disappear, to be replaced by appreciation for his contribution\ to 

the group. 

While ('had worLcd silently (and even rnorosely in my opinion) on the activities of thc  

first session, I h l c  \iondered if he should return to the wooden squares the group started \z ith. 

Aftcr a f>w attempts tvith thcsc, he ;ibandoned the strategy. kinally, after sonic time. he blurted 

out, " I t  can't be done! That's niy answer! Tell me right out. I t  can't be donc, can it!" 1 cl~joycti 
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hearing thi4 new opinion, hecaucc in effect i t  \ \ : I \  the first inst;~ncc of one of m) strldc.nts rcfl~ting 

the commonly held belief that ill1 questions in mnthcmatics always h a ~ f c  an answer. 

llo\vcvcr, m). optinlistic 111oocI \i :IS s lmcrcd  \\,hen. froni the back of the class. came 

Minna's quick, sarcastic reply: "Yes i t  can. Obviously!" 'Ihen, just before the start of Session 2 

o n  'l'r~csdn)., I h l e  came up a , i t l i  a soltitic>~l to thc 6 h j  I0 pu/./le. 'l'lic psidc \ \ a s  widcnt in his 

smile and I enthusiastically shook his hand. Hut I;~tcr, \vhcn Iic was cxuhcrantly and confidently 

Iiclling his partner Ron ,  Adic told him to "shutup." I'licn. Minna hit him ~zrilh the comment. 

"And i t  took you like thrcc days, I>alc?" Although he was doing well with his unusually 

persistent and focused problem solving behaviour, i t  appcared cvcn this early in the study that 

I)ak was being socially ostracized by his peers, and in particular by the girls in the group. Such 

pccr r iection was not surprising in vie\\. ofthe rcse~rcli cited earlier \vhich correlates 

hyperactivity with social rejection. (See page 23.) 

SESSION 2 'T'ucsdav 8 February (Adie. Chad, Ilale, Juliana, Minna, and Ron) 
"('un y u  g ~ t  the cotnputer to solve it? " 

For the first part of the scqsion, the students worked individually on the 6 by I0 problem. 

I was ama/cd at the great concentration and calm which which they applicd thcnisclvcs to the task: 

tlierc were none of thc curses or oaths which were usi~al for this group. Ostensibly in disbelief at 

what they saw, passersby in the liallwa> stared at the cohort scatcd pnq~oscfully together arotmd 

:I table. 

After Ilalc's verbal altercation with h4inna and Adic, I asked him to compose a brief 

account of how hc solved the puzzle. He wrote, 

I don't know how I did i t  I just hcpt o n  going at i t  then finally got I t  the time 1 got 
I started in thc middle thc hardest part t11:lt w;ls hit \\.as niy nerves vcr!, flrstcratinp 
the think that kept me going tvas \\.ent I start something 1 want to finish i t  

I recognized the syntax crrors, lack of punctuation and spclling crrors as  familiar syniptoms of 

Ih lc ' s  learning disabilities in writtcn cxprcssioii. I t  was bccoriiing evident to me. ho\\,c\,er, that 



he certainly nppcarcd to ha\,c no disahilitics in the learning of ~iiatlicma~ics. His deep 

concentration on this first open-ended problem \i.as fascinating to behold, for i n  effect. I had 

ncL8cr hcf'orc ohser\pcd him li\,e up to Ilis claim ."... \\.lien I start somcthirig I \\,ant to fl~lisli i t . "  

Indccd, the majority of his nssignnicnts iri  English and social studies went unfinished bccause he 

simply did not ha\,c tlic perscvercncc. Inlportantlj.. I \$.as excited at the prospect of \\ atching i l l  

Ilalc the opening up of n latent talent which n o  one, including himself. knew cxistcd. 

Whe11 I h l c  nshcd if tlicrc n a \  more than o w  .tncn cr. 1 told the students to gut\\ hon 

many different solutions they thought cxistcd for tlic problem. Adic cstimatcd t\t~clvc, lion six.  

I h l c  four, and Chad speculated three. I told Ihcni that a computer had found over 23W xolut~on\. 

and Dale responded, "No way. I don't believe that. Show me whcrc you read that!" 

During session two, i t  was encouraging that thc students initiated dialogues on some of tllc 

problcm solving heuristics that 1 was planning to introduce in the study. For instance, llalc 

inquired about the possibility of using an Apple IIF, (our only compiltcrs in the room so far) to 

 con^ u p  with a solution to our problcm: 

Ilale: Can you get the computer to \olvc it '? 

I :  I don't think our computers here can do  that. 

Ilalc: When y o i ~  go to SF[], \\ h j  cati't you get the cornputcr thcrc to solve i t ' ?  

Then Adic hit on the pcntoniinos' connection to combinatorics with her comment, "It's li kc if you 

have five numbers, how many combinations arc thcrc'?" Finally. \vlicn I ashcd them \\ hy this ~ a \  

such a hard puz.~le, Chad answered. "Hecausc it's such a large rectangle." Remarkably, the 

sr~ggestion to rcducc (or specialize) the prohlcln to a si~iiplcr case had come from the group, and 

not from me. 

In response to my question, "What would hc an easier pu//le?', thc student\ offered man) 

atiswcrs, but I chose their s ~ ~ g g c s t i o ~ i  "3 h j  5" for an oh\'ious reason: if one could co\ er up four 3 

h) 5 rectangles using all t w l \  c different pentonlinoe\ s~mdtancoirsly, then one ~ o u l c i  have a 
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solution to thc larger (3 hy 10 rcc.tangle. 'I'ogctlicr, \\re listed all f i le  pos\iblc\ .Z 11) 5 wlutiom. h r  

alas, no four wed all 12 pcnton~inocs. (See  Figure 3.2) 

Fioure 3.2 'l'hc five 3 by 5 solutions. 

FPU LNV LPV LTY NPU PUV 

I thc~l ashcd the student pairs to \torh on 5 h j  6 pu/zlc<: the) 

simultnneous solutions with no duplication would result in n solution to the 6 by 10 rectangle. In 

the tinlc that \vas left, they cSamc up with sc\'cral solutions, hut n o  tnto wcrc siniultnncous. 111 thc 

niemtimc. by 2:30 Ph4, Juliana had her head down on her desk. and Minna was e\,idently 

d i s~r t~n t l cd .  nluttcring quietly something ahout "not ~ . a n t i n g  to do this shit ;in>, more." With 

student interest obviously waning, and not wanting to belabour what was supposed to be a 

sinipliticd version of the original problem, I decidcd not to pursilc the solution the next day. 

Nonethclcss, the session cndcd on a \,cry positive note for IW. Aftcr the class. ('had told 

me his opinion of his first session with thc group: 

Chad: Time has really flown by today. I think this is a good approach to math. 

DT: Why do you say so'? 

('had: (puu\it~,q 10 fhitik) R C C ~ U S C  it's fun ... and interesting. 

of my approach to doing mathematics. I t  was fortunate for rnj  sensc of well-being that he did so, 

because b j  the end of thc wech other students ~ w l l d  ha\re reacted in quite the opposite way. 



SESSION 3 1'hursd;iy 10 Fch;-~~ar\i ( Dale, Juliana, I)otin\. and Ron) 
"11 MU.\ c ~ ~ j o j , ~ i I ~ l o  h ~ ( . ~ ~ ~ t . s c J  it MU.Y ( 1  ,q~.ol/p ~ ; [ / ~ J I Y .  '' 

I M ;IS cxtrenie1y dis;~ppointcd 111;1t only 1 ~ 1 r  students (o11t of ;1 possible eight ;It this point) 

showed up for scssio~i 3.  lJ\,cn though Chad.  Adic. Minnil :~rlci  A l o n ~ o  phoned in \vitli Icgitimntc 

excuses, I \vas upset, and decided t o  canccl the n~athenialics session. Hut Ilalc ot?jcctcd. He said 

to me, "We have math schcdulcd on 'l'ucsdays and Thursciays, and there should be no exccptions. 

If you cancel, thcy \vill think thcy can stay away and have the math postponed." I could not help 

but agree witli his reasoning, and the session procccdcd. '1'11crcaftc1-. true to II;IIc's 1>r01)0~:11. t h ~  

mallicrnatics group met regardless of altcnti:mcc. 

1 had planned three activities for this session. First,thc students ~vould  complete a 

qufitionnairc about their past expcricnces in mathenlatics. 'They would thcn work on their fir\[ 

assignment, which was essentially to writc a recapitulation of their cxpericnces with pcntorninoes. 

(See page 85.) 1,ast. I planned to introduce topic 2: pro1,ahilit~. 

The class startcd off poorly, with great underlying negative friction and frequent abusive 

outbursts between Ilalc and Juliana. Eventually, 1 had to intcr\cnc. with the promise to send them 

both home if the vcrbal taunts continued. 1 told them that thcir antics were starting to givc mc "a 

pain in the gut." This commcnt secmcd to qucll thcir fcisty spirits for a tirnc. 

'I'hc four ?tudenrs thcn separated into pail-s it11 in\tructionc to collaborate on their 

assignment. Juliana and Ilonny workcd quietly behind a screen at the back of thc class. I'hcrc 

was little dialogue betiveen them, and in the end, contrnq to instructions, thcy handed in 

completely separate summaries for part A. Ron and Dale finishcd both the survey and the 

ass ign~ne~l  t ,  but Kon \vas sarcastic throughout the c\crcisc, calling i t  at one point. "pointlcs\ 

bullshit." I h l e  contributed greatly to the coniplction of the summary, dictating cxtcmporancously 

\vhilc Ro11 mainly transcribed I h l c ' s  w~ordc. Juliana returned to the larger group table. and h ~ d  

suddenly become friendly and chatty. Ron joined in the verbal abuse, calling her a "fcmina~i."  



if I expected inter-student communication, and the ability of this group to get along well cnough to 

do rnathc~llatics \$'as i r ~  question. Altliougli I lwlic\'etl rn}. main mandate at VRI .l-' \.as to provide 

successful academic cxpcricnces for my students, without social order i t  n,ould he impossible to 

Ili]urtian survival, development, learning, and acconiplishnicnt in life dcpcnd on 
the acquisition and maintenance of skills necessary for successful social 
interaction. Individuals who exhibit some degree of social incompetence m a y  find 
themselves at a disadvantage when compared to socially competent peers. (p.  I 

With no Somi;d training in nbnornial group psychology, I still bclieved that mathematics could bc 

a vehicle where social skills arc developed. A "social curriculum" is a two-way street: the best 

mathematics education should occur in a group context, and conversely. tlic social order o f  the 

group can be enhanced through its deliberations of mathematics. 

I n  spite of m\ expectations of social gro\vth for my students. 1 rea l i~ed tl1;tt they \t ere 

simply practising behaviours to which they were accustomed: that is, their educational experiences 

had thcm working silently, alone. and with little opportunity. at the seco~ldarq level at least. to 

express thcrnselvcs niathcri~atically. I also knew that my students had often bccn subjected to 

circle meetings and encounter sessions where they had bccn encouraged to "bare their souls" in 

public. I was certain that numerous interviews with psychiatrists, social workers, parole officers 

and counsellors had left riiany V1II.F students reluctant to divulge any further their i1111c.r feelings. 

even if thcsc feelings were ;~boilt mathcrnatics. Some studcnts evcrl had a sort of "p(;ycho- 

often adept at :inswcring personal questions. For inslance, in answer to par1 ('-2 of Assignment 

1 .  Juliana stated 



Jolhvioucly this assig~iment had sornc ccluc:ttional valtre or \ire would have not 
been srhjected to such material. 'I'hcse kind of problern~ not only ha\c  to do ~ i t h  
math but social interaction. whether or riot the suh.ject can function well within a 
group. This is prohably obser\,ed as well as the math problerns presented. 

discussion of Assignnicnt 1 \vhich qui r.xed their affective reaclions to the last three sessions. 

A )  SOA/IAlAKY 01; EVEN7S ( 9  rnurks) 
Write 11 sutnrnur-y of whut you did with the pentotnitzoes, sturting w ' i t l ~  yaw ;rztroductiorl 

to them ( U S  ~1oodet1 b1oc:k.s). Describe the problenr yo14 were ctsked to iwnsider. 1)e.sc:ribe 
y l l r  eflorts to .solw it, uncl the results vom obtuined. 

Out of the eight starting students in the cohort, only A l o n ~ o  did riot atternpt tllc 

assignment; he was away o n  work cxpcricnce at the time. Since Chad started late with the group. 

lie co~iiplctcd a solo effort on Part A. a day after the rest of the group. As \vcll. Adie and Minnit 

werc absent the day that the in-class assignment was completed: therefore, their conil~icntarie~ 

were done separately as \vcIl. 'l'hc group wrote thc following summaries for part A. 

,Juliana: First we wcre asked to mahe shapes with 5 blocks requiring all the edges put 
togcthcr to produce various shapes, we camc up with 12. 

We then cut the shapes out from paper and asked to f i l l  a 6 x 1 0  grid filling each space 
with a pentaminoe shape. 

We werc then asheti to f i l l  3 9 5 grids that required 3 pcntarninoe shapcs pcr grid, and 



again hut with 6 x 5 grids this time. 

Ilonny: We were first ash to mahc as many shapes with 5 blocks and all the edge touche4 
so we came up urith 12 diff'erent shapes. Then we were to fill thc 12 shapes into a h x 10 
grids which was really hard because we would always be short by I shape. Our goal in t h ~ s  
particular activity was to be the tirst grotrp to solve this p u z ~ l e .  

Dale and Ron: We used blocks to make pcntominocs. We thcn tried rnahing ni~nibers, 
letters and animals out of these pcntominoes that \IT had constructed from the b l o c h ~  and 
then from paper cut-outs. We then attempted to put these pentorninoes in que~t ion,  into a 6 
u I 0  sheet of paper with a rcctangdar graph on it. Dale K. after an extens~ve amount of' 
aggravating time finally figured out the pu7zIc. Our teacher. Mr. David 'I'ambellin l a  lover 
not a fighter] then forced i ~ c  to prlrsue making smaller 3 x 5 puzzles to see if u e  corild put 
four 3 x 5's together and mahe a six by ten puzzle. 'Through our testings we found this be 
impossit~e. So we then moved on to trying to put two 6 x 5 's  together to mahe a 6 x 10 
rectangle. And in our efforts we are very close to doing such a tash. N o w  we are currentl) 
writing this assignment 10 recap our findings. 

Adie: We started out with the blocks and madc a few pentominoes. Then we cut out 
pentominoes and tried a few piizzles. We had started with the harder puzzle and thcn down 
to the easier ones. First we did a 6 x 10 rectangle and found 1 way to do it with 12 
pentominoes, then we 3 x 5's and 6 x 5's. We found quite a lot of ways to do it. 

? Minna: We started with thc wooden blocks and madc pentominocs. I hen \ve cut out 
pentorninoes and tried a few puzzles. 

Chad: I had l o  discover the 12 pcntominoes. We were ashcd to try to f i t  thcm into a 6 x 10 
rectangle. 1 attempted to solve i t  by trial and error but i t  was difficult. Then we tried 
examining the problem on a smaller scale. This brought to light new. smaller patterns that 
could be fit together on a slightly larger scale. These brought out many dif'ferent 
combinations of 6 pentominoes. We tried to find 2 combinations that didn't use the other's 
pentominoes. 

I was generally impressed with individual efforts at writing a summary of events (Part A) .  'I'he 

students took obvious care to be precise and clear in their descriptions of the pcntominocs 

activities. in particular, Chxi 's  account was not only articulate. but also i t  captured \vcll the spirit 

of the "specialization to simpler cases" heuristic. 

I n  answering part H,  tilost of the str~dcrlts wrote that they eti.joycd the expericncc, and 

,Juliana: I found thc experience entertaining because i t  was a challenge, but an ea\y one at 
that. When I couldn't fill the spaces with the shapes properly I became easily frr~stratcd and 
disinterested with the actij'ity. 

r 7 1 here is a solution to this problem that we have not yet solved. i t  doesn't bother me. hut 
a \  f ix the otlicrs 1 d o  not know. I t  w o ~ ~ l d n ' t  bother me to return to the problern gi\ en but I 
wouldn't be choked up it '  I didn't. 



1)onny: 1 found this cipericncc cnjoyalllc because you nccd to d o  alot of Illinki~ig to co~llcL 
up with 12 shapes and thC filling thc 6 x 10 grid 14.a~ cl2cn har(lcr. I ~ . a s  ncvcr frustratcii 
becnusc it  \vas fun. easy and i t  sccni like a game. I \\.as not bothered because e\.cn though i t  
was not sc3lve. \\,e put nlot ot'cffort and teanwork into i t .  Mn>'bc. once in a n'hilc I \ \ror~ld 
come back to i t  to see what I could have done different. 

Ihle: H( 1) Yes I found it enjoyable because it  got my mind \\ondcring nnci gave me 
something to look for\vard to: ie: finishing it. 
(2)  Yes I was frustrated I was getting cratated and annoyed. 
( 3 )  Yes I was and 1 will be bothered until we find a solt~tion. 
(4) Yes I do  in the near future so 1 could figure out the problem. 

Minna: H(1) I t  \vas alright 1 didn't p;~y too n l i ~ l l  :ittc~iIion so I \s.;~s~i'l  shurc 01'\:liat to do.  
( 2 )  Yes. Didn't knon .   hat to do .  
( 3 )  N o  
(4) Yes. Next time I ' l l  try and pay more attention. 

Chad: H( I ) I t  was ell-joyable because it was a group effort. l 'herc \vas activc participation 
+ learning which is a lot better than the work we d o  alone here, in rny opinion. 
(2) No. If I was thcn i t  was only the natural frustration of not being able to do something. 
( 3 )  No I am not bothered because 1 suspect i t  is part of the techniques being used to teach 
the class. 
( 4) 1 don't think I ' l l  mahe a concious effort. 

Adie: H( I )  I for~nd the experience not entirely cr?joyablc. I t  \ \as  fun at first but thcn I got 
bored of [ring. 
(2) Yes. I was pretty frustrated. I got pretty pissed o f fuhen  I rvas trying to figure out the 6 
x 10, so 1 ga\,e up a couple times, but i t  wag oh. 
( 3 )  For a while I was bothered that us as a group didn't find a solrltion to the problem but 
after a while I didn't care. 1 was bothered hecause i t  was taking too long. 
(4) I don't really think that 1 would want to come back to this problem hccausc I'd get reall? 
sick of i t  and not bother doing it. 

Ron: H(1)  Mfcll i t  passed the time, 1'11 give i t  that. Rut i t  was no  trip to playland. 
(2) Yes 1 wag frustrated. Hencc 1 felt frustrated. I t  \vas agonizing but pleasant. 
( 3 )  1 was and arn not bothered because its only a math course its not the entire world to me. 
(4) I'm flexible on returning or not returning to this problem in the future. 

'I'lie students' comnients about their frustration Icvcls vcrificd my earlier hunch that the 

experience uf;is too d r i i ~ ~ 1 1  out for many of them. lndecd, open-ended problcrns arc problematic ill 

this way: if a solution is too long in the finding, and if the students' activities or Iicuristics are not 

varied cnough. tcdiu~n or loss of interest can rapidly occus. At this point. 1 midc a notc to , ~ i > < ~ l f  

that extra care would have to be taken to control the pace of future group experiences. 



~dcascd at thc rcactioris of Chad and Iloiiny to their \t,ork. In i)articulx, thcir cxprcssions of 

satisfaction as activc. team problcm-sol\~ers \\,as ~iit~sic- to mq c ; i ~ x  1 could place i n  

Chad's remarks especially, bccausc earlier in the year he had openly expressed to me an obvious 

dislike t o r  the Lvay the courses wcrc t:luglit :it VKI ,F. Indeed, I had reason to hclic\'c all nij 

strldcnts, since they were, for the niost part, well past the stage of trying to irnprcss any authority 

11 gures i ri the educational hicrarcliy. 

Importantly, Chad was ahle to recapitulate the two heuristics which the group practiscd 

during the pentominoes lessons: 

Finally, the answers provided to the last part of the assignnicnt varied grcatly from studcnt to 

student: 

Ntme one thing.fr-oln thi\ enpericwc.e tl~trt j w r  \%?ill re t~~el? ih~t .  fir t /w ro\t of j w ~ r  lik. 

Ihlc:  'l'hc one thing that I will rcniember is thc frlstcratioli. 

Chad:  'The word "pcntorninocs." 

Adie: Onc thing from this expcricncc that I will rcnicrnbcr for the rest of my life is the 

tcachcr \vho gn\'c i t  to me! 

Ron: 'I'herc is nothing from this cxperiencc that I will remember except for maybe the 

boredom. 

I h n n y :  'I'hc grid and all the cffort I put into i t  is what 1 would rcnienibcr for the rcst of my 

life. If I don't solve i t  I would probably rcmcnnbcr i t  for tlic rcst of my life. 

I was p;wficularly happy with all of I>onny's responses, riot only for thcir content, but also for the 

extra cffort lie put into them as an MI, student, Donny could benefit not only mathennatically, but 

also lingui\ticaIlq from thc nc\z emphasis on colnmunic:ition. Hopefull! , the practice cicri~ cd 

from sl~cli written as\ignnicnts ~ o u l d  help all 111q \tudcnts o\ crconic any linguistic shill< deficits. 



X (1 

1 rn:irked the students' assignments ~nainly on the basis of the depth of the nnsn ers gi\,crl. 

'I'hus Ilalc,  rho was the only studcnt t o  actually solve the 6 x 10 pwzlc,  did not rccei\'e an! extra 

credit for his feat. (111  rctrospcct, I feel he sl~)ulrl li;~\ 'c heen recognized \\.ill1 a f c ~  ho~tus m;irhs.) 

1 hoped that the high niarks given would scrvc two purposes. First. I felt thc students should 

receive a boost in self-contidcr~cc by obtaining a relatively good grade o n  thc very first 

assignment. Second. 1 wishcd to prornotc the type of self-expression which \\'as asked for in the 

assign~ncnl: my str~dcnts ~lcctied all the encouragement they cc>uld get to open up Iiws 01' 

cornmunicat ion. 

I felt that the pcntominocs experience was successful. With thc exception of Ron, all the 

students had participated acti\,cly in the two sessions, and gcncrallq' had given positivc reports of 

their cxpcricnccs. Pleased \4 ith Dale's new dc~ncanor,  Chad's cxprcsccd interest in group 

learning, and with the general contributions of Adie, Juliana and Ilonny, I \\'as looking font ard to 

presenting the next topic: probability. 

Topic 2: Prohahility 

SESSION 3 continued (Ilalc, Juliana, 1)onnv and Ron) 

I planned to introduce probability with a "motivating question" which hopefully 

would have the follo\ving qual~tics. I t  should be of sufficient cornplcxity as to allow the 

c t ~ ~ d e ~ ~ t ~  to engage i n  o p e ~ ~ - c ~ i d c d  proldc111 calving for at least t ~ \ o  or three weeion\. I 1  

should relate strongly cnough to the topic at hand to scrvc as a starting point for student 

invcctigation. I t  should riot be too difficult for the students to comprehend. and to kvorh 

at. I a t .  i t  should appeal to the interests of adolcsccnts. 



Ihle :  Hut the staff said that this was an -'unusual e iml" .  

In other words, Julima proffered that this would bc a good wager, w1icre;ls considering what he 

thot~ght was a clue in the presentation, Dale voiced the opposite opinion. I t  \vas encouraging to 

have these students "go out on a limb" malhcmatically: as  pointed out in C1i:rptc.r 2 (pp. 17- 1 9 ) .  

alternate school students are often fearful of public failure. and so are timorous about publicly 

comlnitting thcrnsel\~cs to a question. 

Soon after, Dale continued brainstorming the situation. He asked. "What is 52 dividcd by 

S? 'I'hcre would have to be 4 girls in a row about every 10 weeks or so." Not only was he again 

practising quick mental arithmetic, lx1t also. with his qucstionlsclf answer, lie lvas evidencing 

comprclicnsion of the prohlcrn situation. Indeed, given the small group s i x ,  1 soon came to rely 

on such cxtcl~~l,or:~rieo~~s questions and comments for their value in  contributing to student 

a ~ ~ c ~ ~ n l e l l  t. 

I then told the students to write what they thought nould he a typical pattern for ten births. 

I \aid, "Eor example, record a boy followed by two girl4 bq writing HGC. Continue o n  until you 

h a ~ c  tcn birth\. l 'hen. repeat this proccss four more time\. until I O U  h , ~ \  c. 11\ c list\ of wqwnces  

for ten births c x h . "  In retrospect, the class should have conlplctcd this activity first, bcforc 

Iicaring the ~ilotivating quc7tion. I n  this n a y ,  the rcwlt\ ~ ~ o u l d  11'1\c hcen more n;rtur:il and 

intuitive. and not biased to the "four girls in a row" a\pcct of thc problern. Noncthcless, the 

group qu~chl! fini\hcd the preliminary task, and concltrdc.il that four girl\ 111 A row is probnhlq a11 

odd occrlrencc. 



In a sho\v of one-upmanship, I>;rIe thctl teased Juliana about her commcnt. I t  was becorning 

evident that Ilalc \I as not cnt i rc l~  hlarncless for thcjihcs and ill>[~sc n hich \\ ere directed again\[ 

him by others in the class. Such tlioughtlcss behaviour, ~ h i c h  is oftcn typical of ADD 

adolescents, would only acerbate fellow students, and cxaccrhate Il>ale's already poor peer status. 

I told Juliana that her idca was a good one too. hcc.amc nlc \\ ould looh at thcsc "patte~iis" 

very soon. Her suggestion indccd had sonic merit, althottgh she was off-base with thc idca of 

1 0  
putting only ten different patterns in a hat. ('The correct suggestion of 2 permutations would 

have bccn right on the mark, but difficult to handle at this point.) 

Since most of the third session had \>ccn rahcn 1111 hy Assig~~lncnt 1 .  and by the sur\8cj .  

time ran out at this point, and the school day \\as concluded. 1 lcft that day with a strong scnsc 

that the s t ~ ~ d c n t s  woltld bc willing participants in the acti\'itics to come o n  thc following Tuesdag 

SESSION 4 l'ucsdav 15 Fehruaw (Adic. Chad, Ilonny. Ilalc, Minna, Ron,  and A l o n ~ o )  
" I  twlotr,q t o  ( I  frrt~lil~, o f f i ~ . c p  childwl." 

Ron was present, but chose to work on his Social Studies I 1 cowsc instead. Alonm 

rct urncd from work ~xpcr iencc but Juliana ivas absent . 

Hcforc the sesslon bcgan, Ilnlc could not resist snooping in my shopping bag which 

contained recently purchased decks of playing cards and pairs of dicc. 'I'hc idca immediately came 

to him to 1lscx cards to simulate births: a red card ~ o r ~ l d  rcprewnt the birth of a bog, and a black 

card t l i i ~ t  of ;I gil-I. 



92 

Wc 1It-st rc\,ie\\!c,d sonic hasic concepts of probability using tllc cards and the dice. The 

stutlents l i d  ahsolutcl y tio problems with questions like. "\'hat is the probability of drawing a red 

King out of a full deck of  c:irds'!" 

Since Minna, Adic, ( ' l id  and Alonzo were absent from the I x t  session. I had to presetit 

the moti\ at ing prohlc~n again. Hut unlihe Inqt day. I first instr~lctcci the Iie\\. students to 

h v n  some cxi~nlplcs of tell hirtlis in a ro\v. Interestingly, each of their crcatioiis included at Icast 

one stretch of four or niorc girls. 'l'hc~i 1 asked the group for suggestions on ho\\ 10 nlotlcl Ilic 

births of ten cliilclren. Ilale eagerly volunteered his idea to the group, and all three groups began to 

use the wrds ,  \vith one pcrsoti dealing. and onc person recording 13 strings of 10 cards each. 

Without saying anything, I brought out the ncw dice and placed them on the group table. 

After Adie and Mirtna tooh a pair, and began to  experiment: o n  their o ivn .  the) dccidcd to let :I 

thro\v of 1 .  2. or 3 rcprcsent a boj 's birth, and a roll of 3, 5. or 6 a girl's. binall). M ~ n n n  and 

Atfie then switched to a new niodcl: they did the last four runs by flipping coins. 1 was most 

encouraged to see first Dale, and now Adit awl Mirlna invent their onn model\ of  thi\ real-\\ orld 

\itwition. Hut u hen I h l c  offered to help thcrn, Adic's disdainful rcactioii w a\  ,"Ycl; 1 hnon'!" 

With the incrcaw i n  \ub,l l  put-downs. I could sense the friction e c ~ ~ ~ l ' ~ t i n g  hct\cce~i Adic and  

Ilale. 

So far, model results were rather atypical: for cxaniplc, out of a total of 13 trials of 10 

"bidhs" each, Alonzo and I)oti recorded t i 0  runs of 4 or more girls. The group ran a total of 52 

simulations of 10 births in ;I ran:. The film1 cxpcrirncntal probability calculated from their efforts 

was 6/52 or .12, u.hich ~ v a s  also low. (For thc answer to the nlotivatiilg question, "What is the 

prohahility that a scrics of 10 births ivill hn\'c 3 or more girls i n  n row'?". scc page 106.) So at this 

lmi~it, liopitig for less tli\'crgcncc between the theoretical and the cxpennicnt:il, I nsas eager to have 

the st udc~i ts try sonic co~iiputer ~iiodeling. 



In) students rnadc of i t  outside of computer assisted instruction mid \\orti proccssing. 1 explained 

lhat the c o ~ i i l ~ ~ t c r  could "flip ;I coin" t h r o ~ ~ g h  its raiido~ii nunihcr gC~icr:\tcir. and 1 1 ~ 1 1  cs\c~itiall! i t  

would print a "H" or a "(;" ;recording to u hethcr ;I " 1" or "0" respecti\ el! turned up. Using an 

o\.crhe:~d projector, I attempted to slio\r the studcnls the actuiil step-I)! -stc,p logic of the sniall 

program twin$ trscd. Hourever, after trying to makc sense out of the lines of Applesoft Hasic, the 

prograrnniing should have prcccded cxposurc to loops and random iiuiiihcr functions. 

15ch pair of stldciits rill1 fiftj-two computer simulations of tcri hirtlis c:tc.h. 'l'hc total 

cxpcrinicntal probability of four girls in a row recorded b~ thc whole group wjas 251158 or  0.16. 

I explained that the fraction ohtaincd by the group \vas cxpcrinicntal. \\ hcrcas Ihcir ans\zscrs for 

the carlicr c;ird and dice questions wcrc tcrrncd "thcoretical" probabilitic\. 

Alniost as if in  anticipation of a problcm I was going to present to the group, Adic then set 

things rolling with a very il~tilte qucstion: 

Adic: Is i t  possible to get two identical runs of 10? 

IYT': That is one of the questions I M as going to ach 1 ou. 

1 wrote Adie's qucstion on thc blackboard as qucstion number onc along with the second qucstion 

"What i \  the probirbility of obtaining 10 girls in a row ?" I thcn tried to mahe r-1 corincc'tio~i \z.ith a 

heuristic used in thc pentomino problcm: 

I :  Instead of trying to cover a 6x 10 rcctanglc what did e d o ?  

llalc: Tried to do 3x5's and 6x 10, n o  I mcan 5x6. 

Dl': So instcad of solvi~lg a difficult problem we choose to w l \ c  a...'? I'/'lli\ N Y I \  tr  Irdi11,y 

yl,c\rion! 1 
('had: A siniplcr one. 

11'1': Great. What is i t  about our original qucstion here which mahcs i t  a difficult onc?" 

Chad: 'I'hc four. 



Rejoicing inwardly over Chad's suggcstioli of five, I wrote on the blackboard, " H ~ N  man) 

dil'ferclit birth orders are there for a falnil\ of 5 childrcn'?" 

Ilale: I belong to a family of five children. 

13'1': What's the birth nrdcr. I M c ?  

Ilale: GGGl3G 

DT: So 1 want you to firid out how many other different birth orders like this one there are. 

I was most plcased with the group'sproblern sol\ ing. First. Adie wondered if t \ \o identiciil 

permutations were feasible. Then Dale and Chad remembered the technique of reducing a 

problcm to a siniplcr one. Finall>. Dale made the connection from the question at hand to thc sc:jl 

world: that is, he brought in his own family permutation to the problem. Such coniments were 

indeed useful in assessing student understanding. 

Finally, 1 asked the students to work indi\idilally at listing pemiutations for a series o f  five 

births. Chad hit on  a pattern of sorts by reducing the number of "13"'s each time He wrote. 

"13Hf3HH. RHHHG,  RHHGG.  R H G G G .  R G G G G .  GGGGG." 

Chad: 1s there a form~li i  or ;in equation or sotnething to compute this? 

171': If there is, I'm not going to tcll you. You ha\ e to d o  this question first. and t h w  

maybe you will see it. 

Ilnle: Is i t  5 times 5 times 2 equals .SO? 

11'1': 'Too big, Dale. Y o u  don't thinh I'd mahe you come up with that many do you '?  Hen 

rnm! do  )oli have Adic'? 

Adie: I / l c ~  h e d  i\ oil 1 1 ~  r t rh l~  hy nonr; 1l1rr.e t m J  o t r l ~ '  I C I I  t~it11~1e\ /e/i in the /)er.iodl 

~ ; O U I I ~ C I I .  I could comt~ 1113 M i t l i  ,I b1111~'h ~ I O I C ,  but 1'111 0111 of i t  right n o \ \ .  

A lo~im:  Is twenty-two c*lo\e'! 



'The loss of attention by Adie and I h l e  u.as not a concern to me. sirlcc i t  happened so late in thc 

period. AS at the end of the last session, 1 felt good about the \+ ay thc \tudrnt\ H ere responding 

to the ope~i-endcd problem situation. Inter-student rapport secrned improved. 1,ittle did I suspect, 

At the beginning of the class 1 explained last session's activities to tlie recentlj returned 

Juliana. She did thirteen simulations with cards and I ~ i iade  a point of listing hcr results n ith the 

rest of the group's. Interestingly, while she copied last day's questions fro111 the board, Dale 

hovered in the background, offering ideas and suggestions to the two of us. k \ e n  though n o  

foniial mathematics scssion was scheduled, he wanted to continue on with tlie probabilit~ topic. 

Whilst in the school office during the afternoon recess (commonly called "break" at 

Vfll.F;), several staff members and I were startled by a great cornmotion coming from the halluay. 

1,ooking up. I \$ itnessed b o d s  flying. classroom doors slanirning. 'lnd $tudtlnt\ chasing each 

other: this u a s  an altercation between three members of niy mathematics cohort: Minna, Dale, and 

Suliana. In the aftermath, Minna was rude and verbally abirsive to Melvin: she \vas sitspended for 

the day. Dalc and Juliana wcrc also sent home to cool don :I. I n  protest ovcr I\ hat she dwrned 

excessive penalties imposed by the stafT, Adie threatened to quit the program altogether. 

Qucstio~is of self-doubt abounded in me: "Would I have a math group to izork \i it11 ton~orrou'! 

Iqor tlie next four months'?" Hut the biggest bomb to shake my mathematics educator's ego that 

da l  was yet to drop. 



discussed the school and the studcnts involved, and the topic soon turned to education in general. 

;ind to the m;tthernatics case study in particr~lar. Ron \ \a \  t~xtrcnit~ly forthright in his co~nrncnts: 

Ron: To be completely honest, I firid your math progra~n ridiculous. I t  wastes my  time. I 

find the 11~1th problems to be quite horing. He had us putting topcthcr wooden squares, and 

then making figures or faces out of them. 

Mclvin: Are there any problems that you could bring in to the rest of the class? 

Ron: Not really. Also, the way you are doing i t  is wrong. You said "1,et's rnakc a list of 

the ways to solve this p r o b l c ~ n " . / l ~ ~ l ~ ~ ~ q l i \ /  I can u~iderstand those ways without yot~r  

explanation. You over-explain everything. You should get rid of those stupid questions 

like "What did you feel about the experience?" 'I'hose written questions are just like an 

assignment out of a hook. The students do the111 only because they want to get Ihem o\:cr 

with. It  would be better if you asked them orally. Also, you give too much explaining 

about how to answer them. I know what they mean, you don't have to go over each one 

and re-explain in detail. It's really patronizing. 1 learn more when the teacher lectures. and 

tells me what I have to know, and then the teacher asks all the studelits questions about the 

lecture. 1 will say this: 1 find your program so far ivastes niy time. 1 will grant you the "so 

far." 

I then explained to Ron niy own feelings on lectures; in particular I outlined my negative student 

experiences at university with that style of teaching. Although he did not buy into this argurnent, 

he did mahe one concession to me: 

I :  Maybe then it's not the math problems, but the way they're presented. 

Ron: Yeh. that could be. 

Trying to appeal to his interest in drawing, 1 showed him a ~nalh-art poster. He commented that 

he wras uot intcrcsted in that kind of art, that the poster \+as actuallj quite siniplc and that he 

copy i t  i l l  ten minutes if he wanted. Finally, 1 gave him a list o f  three probability qi~estions hoping 



And in view of his avowed reluctance to work in groups. I suggested he try these problems on 

his own. 

Soon after the shock of Kon's denial of rn) pedagogical agenda wore off', I realized that 

many of his criticislns were valid. As mentioned earlier. I knew that the pcntornino activity 

in\.olving letter and animal creation was definitely "too elementary" for older ;~dolescents. In 

xldition, I was beginning to doubt the efficacy of formal attitude surveys with these kids: my 

suspicion was that over their educational careers, they had been over-sul)~jected to probes o f  their 

personal feelings. Finally, I was recently noticing a recurring negati\,c feature in my teaching; put 

simply, I was talking too much in the mathematics class. 1 presumed that this excess of "teacher 

talk" might be stifling student self-expression and creati\'e thought; now I had been served notice 

that as well. my loquacity was turning some students off the program. Wcll, niea culpa. I t  w;ls 

time to regrotlp and perhaps make some changes to my teaching. 

Hut the day was not entircly a negative experience for me. Before lea\ ing for home. Adie 

announced her decision to remain in the program. She actual1 y agreed to mediatc between the 

enibattled study group members. Indeed, tliroughout the project. Aclie I\ ould often \cithdrr+\\ 

from learning situations; however, soon after such spells of academic negativity, she would 

return to the fold, and in effect, lift the spirits of her teacher. 

SESSION 5 Thursdav 17 February 1994 (Dale, Adie, Chad, Donnv) 
" I  liuve cr little hook jrotn elemerztury .tcliool with nitmhcrt likc that in it. l'ni ,qoitig to c h ~ k  tliem 
olrt trt l7ome." 

At our lunchtin~e team meeting, I brought up Kon's negative comments towards the new 

math progrmn. Eric's advice was to avoid pressuring him to participate and to permit him to 

o lwrkc  on the periphery. i n  the hope that lie might cl~oose toJoin the group. Kate! commented 

that \ o m  kids feel "safe" working out of a book; in other words, i t  is non-threatening for them to 

be able to study on their own with no pressures to :ictively conim~inicate with others. My 

collcagucs' i ~ d \ i c c  was entircly just and accurate: indeed. the prograni permitted its students 



At this point, I hegan to worry about the negative effects o f  poor attendance upon the case 

st~rcij: if such ahwntccism becnnie chronic. i t  would bcconie niorc and tilore difficult to maintain 

group momentum and pedagogical continuity. 

Hefbre the mathematics class started, I posed a fe\v yuestioris about the last s e w o n  to 1 M c  

and Chad. In particular, we were discussing the students' results \i ith thirteen experimental trials 

each: 

DT: Would you want to base your answer on each experiment. or on the computer trying i t  

one hundred timcc? 

Ilalc: O n  the coliiputer. 

n r :  Why? 

Dale: Because they lrhe .\tudcnt.sl didn't d o  i t  fifty-two times. 

13'1': Why do yo11 say fifty-two tilnes'? 

Dale: OK, because the computer is more accurate. 

('had: The more times they d o  i t  the more accurate i t  would probably get. 

I n  this cschangc, both Chad and Dale hit upon the concept of ;I larger sample space producing a 

more accurate experimental probability. Interestingly, my third question seemed to make Dale 

unsure of his answer and so he tried a different tach: I wish !low that 1 had nshcd him to explain 

his cornnielit "the coniputcr is more accurate" 

1 bcgan the session by distributing the second assignnient to the students. 
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My only cnnl~iient to the grollp \vas that the questions o n  the assignliic~il erc rittcli in rcvescc 

order of difficulty. 

'I'he class began \$.it11 directions to continue on f r o ~ n  Ivhere we ended last cia)': that is. 

work out a11 the possible permutations of five births. I told them that they would have ti\re 

mi~iutcs. arid then n3e would look at their results. All the students had their attempts fro111 scssiori 

four at hand. and earnestly began to work from thern. Finally. Chad voluntarily listed his results 

on the board: HHBHH, HHHBG, HHHGG, HH(;GG, RGGGG etc. Ilale's results were the 

same, except he started with GGGGG, GGGGH etc. Ilonny and Adie sat quietlq- and developed 

their own lists. '1'0 nly chagrin, Ron remained in the back, scarcely looking u p  during the whole 

hour. He did social studies, and did not mention his personal "assignment" from yesterday. 

Before the five minutes expired, the students began to discuss their results. 

Dale: I think I got them all. I He h d  u totd of .\ixtecln pc~rtnufutt'otl\ 1. 
Chad: What's the fonnula for this'? You have a two because these are tu o c h i c u ,  and qlou 

have a five. 

IYI': Some good thinking going on here. 

Ilale: Is the formula five limes five times two'? ? 

Chad's question concerning n possible forn~ula and Dale's reasonable guess were exactly the type 

of inquiring hehaviour I was hoping for. However, the students began to have difficult\, I\eeping 

track of their pern~utations past twenty-two. Remembering last session's ennui, I wrote the first 

combination on the board: HHHHH. 

I N :  What is another possible combination ? 

Adie: You could have four boys and one girl. 

From hcre. the students picked up the pattern, and quickly identified the remaining combinations. 

'l'hcn, we \vrc)tc dov n all the ~,cni~utations of eiictl combination: the prnce\c in\ c ) l \  ecl tlic x t i \  c. 

vocal participation of ('had, I h l e ,  and in particular Adie. Don, al\vays the silent one. remained on 

task by writing the results d o u ~ i .  'I'hey easily found the five permutations of the 4 boys- I girl 



studcnt intcrc~st rcrnniried high, until we I d  listed a11 ten. At this point. we had 

Chad srrrmiscd that the wxt  c*onilinations ~ o u l d  be 1 0 ,  5,  I, "sincc they are identical to the fir\t 

3 .  . thrcc. 1'0 t l i i c ;  point. (hc group 1~1d  diwo\ crcd the following: 

5 boys 4 boys 1 girl 3 boys 2 girls 2 boys 3 girls 1 boj, 4 girls 5 girls 
1 5 10 10 5 I 

hnthused now with the knowledge that the total number of permutations for 5 births was 32, the 

students spontaneously began to guess for ten births. offered sixty-four; Ilale suggested 

one hundred thirty-eight, and Adie surmised two hundred eight. Hoping that they would opt for 

a n  cvcn sirnpler case than five births, 1 asked: 

10 boys 9 boys 1 girl 8 boys 2 girls 
1 10 

10 bojzs 9 boys 1 girl 8 boys 2 girls 
1 10 

HHHHHHRHHH HHBHBHHHBG RRRHBBBHGG 

What will the total number of pemiutations be for the eight bops-two girls combination'! Ilo 

you really want to try i t ?  

Adie: No way. 

1Y1': So  instead of ten, i\,hat could we try'? 

Ilale: Try four. 

Adic: Oh no! 

Recalling that she was worn out at the end of scssion 4 while doing the same thing, 1 tried to 

placate her. 



' 1 ' 1 ~  group came up with tllc following: 

4 boys 3 boj s 1 girl 2 lwys 2 girls 1 boy 3 girls 4 girls 

1,ooking back, I now renli/.e that niy questions. "I)o y o u  want to continue on?" and "110 you really 

want to try it" were rather leading in their nttcriipt to bring the sti~derits to try a simpler case. 

How ever. at the time. 1 M ~ S  ~ x t r c ~ ~ i e I \  worried ahout student frt~stration and bol-cdoru. mtl 

wanted to keep things moving qrt~ckly. Such interference on my part, coupled with excexsi\ e 

teacher-talk, \ttas continui~ig to colicern me. 

l < h n  this point on. the interchanges were lively, and the suggestions came fast : this 

situation was unusual for- so near the end of the day! 

Dale: [right uwu\'l I know what the first two are. The first number is I ,  and the second 

number will always equal the number of bahics. 

Chad: Would the third one be double the second number'? IOh.\et-\~in~q the t? = 5 e.~u~nple].  

One thing we've established is that the number of combinations will be one greater than the 

total number of the family. 1i.e The 17th r . o ~ ~  of Pu\cul'.\ tric~nglc~ /1c1\ 1 1  + I cwtt.it.\.] 

Together, we found that the total number of permutations of two boys and two girls is h. Chad 

finished off the row as folloivs: 

4 boys 3 boys 1 girl 2 boys 2 girls 1 boy 3 girls 4 girls 
1 3 h 4 1 

Observing that time was running out, I asked the group to work out the permutations for t7 = 3 

As the students called out the various entries, we built up the three columns in the following table 

on the blackboard: 



'I'ntal 13crmutations I'ermutations of each cornbination 
2 1 .  1 

As we approached the 2_% mark, there wa\ general excitement about converging o n  the an\\\cr 

Finallj. when the answer (1024) came out, 1 could sense group's the satisfaction. I then ashcd. 

"Can you tell me how many pern~utations there will be for a family of thirteen children'?" Adie, 

Dale, and Chad, all computed the same answer on their calculators; Ilonny was still very quiet, 

b u t  appeared to be listening intently. 

IYI': So, what is the probability that n family of 10 children will have all girls'? 

Adie: Onc in 1023. 

I :  What's the most likely configuration in a family of 4? 

Adie and Chad: TWO b q  C, two girls. 

Ilale: One thing you know for sure. IGoc.\ to t11e hodr-d ~ ~ n d  udds I ,  0; I ,  7; I, 8; 1,9: 

I ,  10  to the thrid c~olurn11 for- n = 6, 7, 8, 9, rind 10 rc\pcc.ti\,cO-.] 

D'T: W i a t  numbers will go on the extre~ne right side? 

Chad: I ;  7 1 I 1 0 , l .  

D'i': If there are 20  children in the farnilq, can you tell how niany permutations there \ \ i l l  he 

M ithout doing the doubling proce\cl? 

Chad: Should we be able to tell right away? 

DT Yes. You can give the answer inst,lntly if you know the formula. 

('had: We have to find out Iiow to go from the number\ {l,Z,3.-l ...: and get (2.4.8.16 ...: 
IYI'. Well said, Chad. Repeat that please. 

('had: Take any gibe11 nunibcr, and get thc 1iun11w i l l  the middle. 

Di': 'I'hcse numbers i n  the middle are \pccial nutnber\, I ' I 1  tell jou that. If you're into 

computer ~c iencc ,  thow nu~nbers \ \ i l l  cwnic. 111' A lot. 

Chad: I have a little book from eleriientary \chool with number\ lihe that in it. I'm ping to 

check them out at home. 
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This w i ~ s  a timcly placc for the scssion to end. 1 \\,as pleased that tl:c students were able to ans\\.cr. 

each o f  the three questions on their original assignment. Furtherniore, the contributions and 

inductive insights ofired 1,y I h l e .  Adie, and ('had ga\,c me cause for joy: licrc \\,as the 

mathematical awareness which I hoped w o d d  grow in my students. Already I \vas looking 

forward to the next scssiori and one of ill)' favorite topics: I'nscal's 'I'rianglc and its 1 1 1 ~  riad of 

patterns. 

INTl3Kl,111>~: Pridav 18 Pebruary 19% ( Ilale and Alonzo) 
(Duke cr \ 1ndw17mf ic\ r o ( ~ * / i c v . )  

lieturning after a two day absence, Alonzo asked me what he had misced in 'l'liursday's 

session. Hoping for an opportunity to observe some student interaction, I asked Dale if he would 

explain the last day's activities to Aloni-o. Hc agreed. Importantl). this mini-cession \\ ould he 

the tirst instance of inter-student communication ivith no teacher direction whatsoever. 

Chad was at the next table. seerninglj engrocsed in a booh and \vheu 1 ached him if he 

would like to participate, he responded, "Not really: not unless I have to." His tone was neither 

flippant nor annoyed, hut rather apologetic. Juliana was also precent, and I purposel) did not a \ h  

her if she wanted to sit in also. (This decision was based on the uproar between Dale and .luliana 

two da~rs  earlier. Also, 1 \va\ intercctcd in whether or not Juliana ~vould shon an) perconal 

initiative by participating voluntarily.) She spent the time engaged in gathering new social studies 

nlodules from the filing cabinet. and paid no attention whatsoever to Dale anti A l o n ~ o .  

Dale and Alonzo's activit) was unique in another way as \jrell: this was the first time I 

used recording instru~iients to audiotape the voices of my students. (All transcripts up to this point 

were done in a pcrsonali~ed for111 of shorthand which I learned whilst attempting to keep apace of 

fast lecturers at university.) 1 asked both if they would mind if I recorded their tutorial scssion. 

l'hcy agrccd, although soinc\+ lint reluctantly. It is not difficult to understand their licsit:incy: thi4 

first attempt at using a tape recorder involved n o  less than three rather iniposing microphones 



placed o n  tlieir tahlc. and a co~ncomitant tangle of c-ortls. (Soon aftcr. I Icanicd that this 

tech~lological overkill was completely unnecessary; one r~nobtrusi\c pic/o-electric microphone 

well as the voices o f  any people standing close by at the hlachtm~rd.) 

pernii~tations of the births of five children, he sought to invol\re Alonm in the process with 

other ones we could do'?" I n  other words, rather than gi\,e n straight out explanation 10 Alon;.o. lie 

demonstrated some good teaching techniques. I n  addition to thc direct questioning, his frequcnt 

use of the rhetorical mini-question "right'?' indicated a social awareness of his classmate. Finally, 

his explanation evidenced thorough understanding of the original matlic~nnticxl aim of session 

five: that is, find a pattern or formula which will allow \is to calculate the total iiiunber of 

permutations of n births. Here, Ilale was referring to the chart iirhich was left o n  the board from 

the last session. (See Figure 3.3.) 

Ilale: And then for the next one."What is the probability of having 10 girls in a ro\rtd?" right, 

and ... i t  ... we'd have to do it this way, right? Or. we could find out. ah, some type of 

forn~ula that we c o d d  do for it right? Cause it'd make it  ... it'd take forever I mean if you do 

i t  this way, right? So, like what we did, we put ... we tried ... we made a chart, up on the 

board, right'? See up o n  the board'? We have 1,23,4,5,6,7.8,9,10 right? Then we did 

nunibcr 4 right'? [\.rv-ititlg] IJm, did 4 right? And u c did ex;lc11j tlic same. Four 1x>y, 1 

girl ... uh sorry. Four boys, no  girl. 'Three boys, 2 girl, 3 boys, 1 girl, and then 2 boys, 2 

girls, and then 3 girls, I boy, and 4 girls, right? When we did that, we got 16 altogether 

right'? 

Alonm: l Jh huh. 

Jlale: So we put 16 up on the chart. And then we did 3 and we got 8. and then we did 4 

and \re got 2 right'? So like. the 1liai11 thing t l i r l t  \ i c  M anted to uh. l ind o11t is uli  ... 

Alonm: A sequence'? 

Ilale: Yeh, like r ~ h  ... 

Alonzo: I .iLe Ilon tlicy'rc cut in half each tiriic? 
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Ihlc A method, '1 ~ncthod t l i ~ t  you could dc) niorc c . n \ i l ~ ,  IiLc \t~-,right out of )our lic,~ri. 

right? So like what \vc figured out i5, if you look up on tlic board .... Notc, can you f ~ n d  :I 

wc~ucncc o t ~ t  of like. hou i t  goc\ 2. 4. 8. 10. 32. 64. 128 '? 

Alonm: I t  doubles each time. 

Ilale: Yeh, i t  doublec each time, and h o n ~  \be got the n u m h e r ~  on there ... ~e ju\t added up, 

like all the ones that were on the hoard there right? And i t  doublcs each time. And noti i t ' l l  

hc ,I lot emicr 1 0  figure i t  out right'' 

Alonro: 1Jh huh. 

Ilale: Then for. 10, its you can see, i t  wa\ 120. Or  1024, right'! S o  ll's one out of 1023 that 

1 ou could gel lei1 girl\ in a rmc . 

Alon/o: S o  .... 

Dale: 'I'hen number one, "How many different birth orders are there of 1 0  children'!'' .... 

A l o n ~ o :  I \r.r.itjt~g 1 One thousand and tn entq -four.... 

Ilalc: .I ust basically l i  he a ...I ~lnintc~lligih1c.I. 
Alonm: So you have the same question then. 

Dale: And now, and now you can figure out how you get 30 right'? Just by doing the same 

thing. Right'? I,ihc, what we ... where \ve ended we nere  trying on h o ~ c  lo get. uh, to 

figure out how to get 30 without knowing any of the other numbers, right? And that's 

where we're going to continue tomorrow. 

I welcomed the changes that seemed to be occurring in Dale since he was last in n1y class the 

prc\ ious fall: once hare11 able to sit still for longer than  f i \ e  minutes, he \{.as no\s assuming an 

active, lasting interest in mathematics. More imlx~rtantly, he was showing signs of skills which 1 

once feared Mrerc lacking in his social repcrtoirc: 1>;1lc ~ i a s  the central figure in thc cohort's first 

really sustained episode of  cooperative learning. 

However, the group's general lack of collaboration still concerned me: at this point, I was 

pondering whether or not to award points on assignments for participation in group efforts. On 

the one hand, 1 wanted to promote coactive problem solving. On the other hand, I felt that 

in n classic debate with myself: do I emphasize intrinsic or extrinsic rewards for desired social 

khavio~tr '?  Then, recalling my  earlier conimit~ncnt to involve the kids in this curriculum, 1 



Topic 3: Pascal's Tricrnalc 

SESSION 6: 'Tuesday 22 FCbruarv, 1993 (Ilale. I h n n v .  Alonfol  

Juliana was prescnt, t )u t  i n  the first hour prior to the mathcnintics session, she did nothing 

h u t  work on her favorite topic: astrology. This time, she as investigating the ~iumcrologq' ol' 

winning I,otto 649 numbers. Although she had promised to do social studies over the weekend, 

there was no sign of any co~npleted horncwork. ("It's at honic.") Soon, she wondered over to 

visit another classrooni but was soon asked t o  leave. Finally, 1 discovered her conversing o n  the 

pay phone in the hallway, and gave her two minutes to get back to class. ("Hut I'm talking to a 

friend.") Whcn she didn't get off the phone, 1 sent her home. I was in quandry: she was a bright 

kid, with much to offer the cohort. Hut her behaviour was far too disruptive for the rest of my  

class, her attendance was poor (fourteen days missed out of thirty-sis since January), and she had 

completed only two units of school work in the same period. Colisequently, in consultation with 

my colleagues, we suspended Juliana from school until she arranged a meeting with us to 

"reassess the goals and objectives of the program. and d~ve Iop  11 stude11t co~itract." rroo tmf, 1 

thought, because the 1,otto 649 would be a mathematics topic at our 'l'hi~rsday session. Ho\z.e\,er, 

Juliana did not present herself on Thursday to work things nut; on the contrar~. ,  she voli~r~tarilj,  

stayed away froni VKl,F, on suspension, for nine more school days. 

('had w21s ahsent. ant1 hch icft the following rather \:asuc e\rcusc OII the si.11ool's a~ l s \ \ . ~ r i ng  

~t\achine: "I h i  olhcr commitments." llpon hearing this explanation. I phoned hini and told him 

that h e  should makc Vlil ,F his first conlmitniciit or go elsew~here for an ctlircation. I t  was 

disapPointil~g not to h:rvc~ him here because yesterday (nftcr l had offercd considerable praise for 
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his co~~ts i l~ut ions) .  he said he ~ o u l d  show up for sure. At this point. the f'uturc for both Chad and 

Juliana as participants in the rriatlieriiatics project seemed dim. 

Nonetheless, with the three students w h o  did s h o ~  up, and with three newly purchased 

calculators to facilitate their learning, I was eager to explore izith them the connections bet\\ een 

their prc\ ious if'orh in prohahility, and I'a.;cal's lr iangle.  'l'hc pnrtl! completed table fro111 Iart 

Number ( t i )  of Children 
1 

My plan was to initiate a search for patterns in Pascal'srI'riangle which would allow the students 

to induce the missing numbers in the permutations column above. So, after reviewing the 

questions in Assignment 2, I asked them two questions which were answerable from the table: 

"What is the probability of having I 0  girls in a row'?" and "What is the probability of 9 boys and 1 

girl?" Finally, I asked the questions which I thought would provide a segue into Pascal's 

'l'rianglc: "What is the probability of having 8 boys and 2 girls?" and "What are the missing 

nurnbers in our tablc'!" 

However, as the result of the faulty layout of the table, Dale surprised me with a different 

mean.; of c*alCrdating the numbers in the 6th ro\jr: 

IYT: Ca11 you see any pattern which will help you dcternline the missing numbers today? 

Ihlc :  I Rc.fc.r-r-itr,q to tlw 0th row\ One plus 6 iq  7; 6 plus I is. is another 7. So 14 take 

; I W ; I ~  64 ir; 50 . So that makes this 25. And twenty-file. Right'? I l ) c r \ ~  cl.r.itl'\ 25'\ it1 the 



0111 t.O\l, 1 0  $i\?l l / / c ,  /~llll~\l~;tl,q: i ,  0 ,  2.5, 25, O? i / 
11'1': You're guessing I ,  h , 25. How did you gct 25 again'! 

Ihlc:  Hnu '? 

117': Yep. 

l h l c :  t-'il'ty divitictl by 2. 'I'hcre's only 2 spots left open. 

IN': Alright. 1 put 2 spotstliere ah, because I didn't have enough rocm or1 t11c 

I l l ~ r l .  I I I /  I I /  I t  I I ,  I l o  . 1 1 .  . 1 I .c,l's 1oc)h at tlic 

~lurnker of s p o ~ s  111at urc have going down there and see if you can predict ho\s marly there 

should he. 

I1alc: Iuficr ( I  /&t, .\cc~m/.\ I 'I'hcrc should be arlolher one. OI IC 111orc. 

ll'1': Ho\\ I ~ I > ~ I I ! ~  t O ~ i ~ l ' ?  

Ilalc: 'l'hcw s11odd be one rnorc. 

1 :  I Iiru.sit~,q 1110 2.5'.\ tr17cl writing i17 ut~ofhc~r. hltrnk t o  oh[(cir/ 1.0, , . , , 0,  I For a 

totnl ol? 

Dale: For a total of 7. 

I>'I': Seven, O K .  

Ilale: OK,  I've got sotnething wrong in that one. 

I l l :  HOW did you gct that'? How did ... how did you come u p  wit11 7'! 

IMe:  Huh? How'd 1 come up with 7'? \Goes io the horirll] You lia\,c 2 here. 

3.4,5,6.7 .... So i t ' l l  bc 8 for 7, and 9 for 8. So on and so on. 

IN': O K  'I'hat's one of the patterns you're going to be looking at today. 'I'he trouble with 

the way it's on the board right now is that it's all cramped together. And the fact is, I put 

two little bars therc. and that \,as confusing. 'T'hat made you think therc \!.ere tw.o numhcrs. 

O K ,  you said 2 4 ?  

Alonzo: 25. 

Ilalc: 25, hut that's wrong. 

111': O K  Hut it's a good guess. [ A  hertcv N Y ~ I  u~)it l t l  /7cc\?c# hc~clt l  "~lcdu(.1io17. " I It's the sort 

of patter11 we'rc looking for. 

IMc:  I think once we find out ... like u p  to 7 maybe, we can start to figure out ... a pattern. 

Given my faulty presentation of the problem, Ilale was able to provide nu arls\ver which, although 

t~chnically \vrong, was obtained in a logically correct fashion. 111 other Lvords. he made a great 

deduction based on the irlt'ornmtion provided. 'I'hroughoi~t my teaching career, such mathematical 



I h l e  was the first of the three to rcmarh on a pattern, but i t  was Donny who finally cor!jccturcd the 

third nuniber- in the sixth row: 

I N :  'I'hcce nunibers are now in a slightly ... slightly more logical pattern here. And we'll see 

what happens \vhen we looh at i t  a little closer. '1-here's a I actunll) at the top of this. So 

that for~iis a perfect triangle, a triangular shape. Now. can we come up with some 5ort of 

pattern here l o  generate, say the numbers which come after the (3? 'I'his triangle consists of 

nutnbcr5 that arc i n  robs. and \se can call ( I  . I )  the first r w .  

Ilalc: HI  any chance ....I. lutt117ir1g out of his \rut t r t d  h c d i l z g  1 ~ c . X  to tlic h u t . c l /  

IJl7: l)aIc'? 

Dale: Y eh'? 

DT: Have a seat. 

Here 1 was concer~led that what he had to say w o d d  be o i ~ t  of range of the ~nicrophonc which was 

placed on the table i n  front of the three students. In the past, Dale was constantly being told to "sit 

increasing motivalio~i to do  mathematics. Indeed. such behaviour Isas t o  be fostered. not 



This exchange was typical of Ilonny's behavior~r in our sessions: often he would be the first to 

hcconie aware of rnathe~naticnl patterns. but he would inform us of his discoveries in at hest one 

or two syllnhlc corn11iuniqui.s. (iiveil his ES1> situation, one would expect such rctice11c.e: 

t h e r d m ,  I esl~ccii~ll~'  tricd to encourage self-expression on Ilo~iiiy's part: 



Often, in rny desire to preserve the class's nwnwntum, 1 \ \as guilty of putting +s ord\ o r  an\\\ er\ 

into my students' mouths. Here, I +'olunteercd the key word "difference" for llonny and the 

others. I was indced aware of niy behaviour at this early stage, but my over-loquaciousness \{,as 

most difficult to still c. 

'I'he group had now established that the sixth row of the triangle consisted of the numbers 

1 .  6,  I S , ,  15, 6, 1 .  I t  was Dale who discerned the remaining entry: 

Dale: OK. so the ~ i i i d d l ~  onc w o u l d  hc all . . . . I  p ~ r \ c ~ l  

Alonm: 17. 

Dale: Il'd be 20. 

D7': How'd >oil get 20'! 

I1ale: How'd I get 20') 1 added 1, 6. 15, 15, 6, 1 and that equals 44. and thcii 64 M hich 

we already know, tahc away -44 is 20. 

IYI' Well done. There'\ lots of ways to conie up with 20, and Dale found one 1 hadn't 

thought of. See what he did'? Explain i t  one more time, Dale. 

Dale: I added all .... 

IYI' jlnfcr-r-upiingl 'l'his is tlie ~nystcry nun~bcr  here now. 

Ilalc.: I addcd all the number\ up... 

DT Yes. 

Ih le :  ... and took ilwa> that froiii the ah average and I subtracted it. 

I)']': You :ictticd all the numbcrs u p  ;iri(i got....'? 



At this point, I handed the pupils tdanh templates o f  I'ascal's 'I'riangle and they each filled 

i n  the entries gleaned so far. Sensing the students' restless~tess so close to the end of the session. 

I told thcnl to looh clowly ;it \z'hat the} had so far. 'l'his tinle I! 1s as A l o ~ ~ l o  who had the "Aha!'' 

or "Eureka!" experie~~cc. 

PI': Sornetiriies i f  you looh at shapes or patterns from a slightly different angle the solution 

jumps out at you. 1,ooh at the number 15 i n  the 6th roic. I .ooh around it .  below i t ,  above 

i t .  ' lo the right and left of i t .  1,ooh at the 15. Imoh at the numhcr 20 next door to i t .  

Alon~o: Five and 10 equal 15. 'I'en and 10 equal 20. 

IYI'  Voilh! 

Alonm: 1-ifteen and 6 equal 2 1 . 

IYI': Well donc. That is but one pattern. 

Dale: 21 and 7 equals 28. And the next one down ... 28 and 8 is 36. Thirty-six and 9 i \  15. 

1Y1': Ilo you think that discovery might help you generate the rest of the triangle'? 'I'he 10th 

I-OW l? 

IMe: Ilavid, so put 1,9 on your big triangle there. It's 1.9,36, ..... 35,35,56. I ~ v t i r i r ~ q l  

N o  the next onc's 56...70... 

1 X :  Finish of the triangle to the 10th row. 

. . 
I his was a tough call. Regretfully, I chose to lead the students to the point where they "fell o\ er" 

the pattern. On the other hand, they seemed to er~joy their "discovery," and left the school that 

aftemoorl feeling good about themselves. 

Alonm ably dcmonstratcd his understanding of' the pattern by explaining it  aloud to 

Ilonny, \vho was seemingly stuck as the other t\vo computed the remaining entries t o  row ten 



171': Alonzo, you Carrie up ivith \\'hat I tllo~rght was the quickest way tc) generate the 

triangle. 

Alonzo: So adding the top ttvo numhcrs. 

IYI': Right. So put that in precise n~ords. Hen, \z,ould you say the triangle is generated? 

Ilalc: Hy  adding ...(I, r ~ i i . \ o )  

I :  How d o  you get any one number i n  l'ascal's 'I'riangle? 

Alnnm: I3y adding thosc tj1.o i l l ~ m b ~ ~ s .  

llonny: What was that again'? 

Alolizo: Add the n u ~ i ~ l ~ c r s  riglit : tho~~c .  

TIT: How many numbers are right aho\,e'.' 

Alonzo: 'Two. 

I was pleased when such vocali~ations occurred: they not only demonstrated undersl:rnding, but 

they also served to promote self confidence in the speaker. Hut most importantly, they laid a 

foundation for the social interactions which I was eager to promote amongst the members o f  the 

study group. 

Ilale's suggestion for checking our results also evidenced a good conceptual grasp of the 

situation 

1>'17: Now theoretically, do you ha\,e to do  any more arithmetic to get the rest of the 10th 

ro\v'? 

Ilalc: No. 

I>']: Why not'? 

Ilalc: 'Cause it's just ... the same as the other one. 1, 10, 45, 120, 220, 252 ... 

D'T: What's the probability i n  a fa~iiilj .  of 10 children of having 8 girls ... 8 boys and 2 girls'? 

Ilalc: I got a qucstion here. 

171': Answer my cluestion first.. 

Ilalc: Wait. Why does i t  go 120 and then 1 1 O'! 

Alonzo: 2 10.1 ('orr-cc./in~y D t r l c ~  '.\ .\lip] 

Ilalc: OK. O K .  Ncvcr mind. 

IN': What's the prot)ability of 8 hoys and 2 girls'? 



I h l c ~ :  I ' h c  proh:rbilit~, of 8 girls'? 

IYI': 8 boys 2 girls. 

I h l ~ ~ :  45. 

ll'l': o u t  of? 

Ih lc :  1023. 

I :  What's the prohahility of 4 boys 6 girls'.' 

Ihlc:  3 boys 6 girls, that ~ . o u l d  be 210 over 1021. 

11'1': In any fanlily of 10, what's ... what combination \I o d d  have the highest prohahility of 

oc*c~rri ng'! 

Ihlc:  Ah .... 

Alon~o:  3 boys 6 girls. 

Ih lc :  N o  .... 

Alonm: 5 boys 5 girls. 

IMc:  It'd be 5 girls 5...5 girls 5 boys ... 252. 1 knon. a good ~ ' a y  you could find out if our 

thing is right, Ih le .  

1>'1': Il,qmwir1g l.)trle'.i cv~ntncwt/ What docs that rcduce to'! 252 out of 1024? Fraction'! 

I I I C ~ ( . Y C /  It's about ... what? Roughly, 1 out of ... ? 

I>;llc: One out of every 4. 

1J1': One out of every 4 families, yeh. Half and half, does that make sense'? In a family of 

10 thc most likely combination will be....'? 

Alonzo: Fivc boys, 5 girls. 

I1ale: Ull .... 
I :  'I'hese are probabilities and it's come true \t.ith the triangle, right? 

I l c :  For making sure, when you added i t  u p  yoti could just add 1113 all the nurnhct-s i l l  thc 

10th row and see if i t  equals 1024. 

1)'l': Cheek i t  out. I h x  it'? 

Dale: I l/.si17<y ( ~ ~ ~ l c i ~ l ~ ~ t o r /  Yeh. 

In my ~~rwccupation with achieving closure to the lesson, 1 ignored Ilale's first suggestion. 'That 

night, listening to the tape of the session. I realized that the first step to inculcate student 

participation was easy: I should listen more and talk Icss. 

'I'hc stutlents spent the rest of the sessio~l \\ orhing on and discwsing Assignment 3.  (Scc 

A p p e ~ ~ l i \  3.) 'I'hcy were asked to work in teams o f  three pcople each, a id  to suhnlit one 



qucstion eight, I decided an intervention was in order. 

D'T: Idook at the back page for a sec. Question 8. It's worth 2 points right'? 

Dalc: Ill1 huh .  

1>'17: So 1'111 assuming that you're going to get half a point for every number you come up 

with. "What are the first 4 terms in the 100th row of this triangle'?" What hind of si7e pqwr 

would you need to get down to the 100th row it' you were going to .... 

Dalc: Ych. Ych.  Hut wait .... 

I X :  No ,  wait a sec. [lt~/errr/ptin~y uguil~l First of all, what sort of s i ~ e  paper would  yo^ 

need do you think'? 

Dale: A large Sucking paper. [ luyyhterl 

D'I': A \Y>I-V large paper. Right. so .... 

Dale: 'I'he first two terms we already know is 1 and a hundrcd. 

D'T: Alright, you got 2: yo11 got 1 out of 2 already. I \(I/-( u\tic~trll~~l 'l'hat's not tough eh? 

110 you sce that I>onny'? 

l h n n y :  Yeh. [\twX!\.l 

IYI': In  thc 100th row, I h l c .  the first 2 t e r ~ n \  \ \ o \ ~ l d  be....'.' 

l h l e :  0 1 1 ~  anti a hundred. 

lYr: What would the last tcrms be'? 



M! interition here \%as to prccltldc student discoul-ngcmcilt bq acl\no\i Icdging that t h ~ \  quC\tion 

indeed difficult. I n  other words. they should not he dismaqed if an ansucr  \i as not w o n  

forthconling. And importantly, 1 ksantcd to instill in the st~iderlts the attitude that not all question\ 

'I'hc three students recognized thc challenge presented bj  the third question in tlic 

assignment, which asked for the sun1 of all the numhers in the 1 Ith, ISth, 30tl1, 100th. and tinally 

r ~ h  ro~b of I'ascal's 'Triangle. Having recognized the pattern of do~ibling the prc\ iou\ rc4ultc to 

conlpute the sun1 of entries in each of the 1 Ith through to the 15th rons,  they saw the difficult! of 

doubling in coniputing the sums for the higher 30th and 100th row s. Soon. they expressed 

frustration \ k i t h  the procesc. Dale ashcd . "Ohay! Rut is there a faster n a)'? 1nstc.ad of f w h i u g  

adding all ... instead of adding all the way dowm'?" Donny came up with the suggestion "'I'hirt> lo 

thc ~ ~ o w c r  of ... thirty to the po\vcr of...\\ hatever!" Alonzo's suggestion \+,as a realistic one: "We 

~leed a different calculator." Howcver. ivhat the students really needed was a brush-up o n  

exponents and powers. As Dale succinctly commented: "I don't know how to d o  powers, 

though." 

I wrote several expressions like 3' and 5 4 0 n  the hoard. and asked them if they knew w h ; ~ ~  

each example eqtialled. Ilonny responded quickly and accuratcl~z. Hut Ih le .  clthough lie 



convert the row sunis from Pascal's Triangle ( 

decided a~mtlier hint was in order. 

Dale: Ah pee! I had something going tl- 
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ie. 2,4, 8, 16, 32, ctc.) to po\vers of tico. I 

[ere. OK, i f  wc go 30 to the .... no. Ych, 30 t o  the 

15111 powcr. 'I'hat be it? Ipurcwl Is that it'? 

IYf: You're making i t  too complex. 

IMe: 'I'hat wouldn't be it'! 30 to the 15th power'? 

11'1' Here's a c l ~ ~ e .  I ,el's go hack to the basic prob:~bility thing. We're flipping a coin. 

heads or tails. We're looking at births of children H or G .  H o w  man) choices did ~ . o u  

h a \  c'? Whcri you flippcd a coin? Ho\r I n m j  choiccf 1% erc thcw he11 an infant w a s  born'.' 

Alonro: Two. 

Dl.: Start thitiLing 2. Two. 

I)onny: Y o u  just double it? 

DT: Certainly doubling is coming into it there. 

Dale: Ohay. 

Donny: Something to the power 5.. 

D'T:: Oh. Something to the power 5. 

Donny: ... equals 32. 
4 

U.1.: Iwriringonlmrdl 17' = 3 2 ,  0 = 16.etc.( 

Dale: OK. Something to the power 4 eqirals 16. Sotliething to the power 3 equals 8. S o  

for r (row 1 30, we don't know yet! Ilaugh\ 1 
D'1': N o  but it's getting ... can you fi l l  in the blanks there'? 

Dale: OK, for r- 30, something to the power 30 equals somelliing. For 3c  lyire\tion 3c.1 

something t o  the power 30 equals something. Am 1 right? Then for a hundred, something 

lo the power 100 equals something. 

Donny: Ah, 2 to the power 5 equals 32. Right? 

Dale: 2 to the power of 3 equals 8; 2 to the power 3 equals 16. 

Ilonny: Ych. 

Ih lc :  2 to the power 30 equals whatever we're getting. 2 to the power 100 equals whatever 

we'rc getling. It's 2 to the power ... for everything. 

Donny: Yeh. 

Dale: I C'clchru~ing j Y ~i l ih l i !  

Dl': What ahout r'? 

Ihlc:  I. ? 2 to the power of r 



When I asked the students if they could "figure out" 2"'), Dale suggested that the answer 

\vould not f i t  on the calculator. When asked to discoiler how far the nlachine would take them, 

they Sound that their c;dculators overflowed at about ZLi. 1 told them that ~nathematicians would 

readily ;iccept the representation 2"" as a final answer. expliiining that 2"'' had as much 111~'iillillg 

as  any  huge n ~ ~ m b e r  they might have somehow worked out. Then. when queried for the sum of 

all the numbers in the 500th row of Pascal's 'l'riangle, tliej, all agreed with Ih lc ' s  ans\ver "2 to thc 

.500th power." This, 1 said, is the value of a generalization: if you know that the answer for the 

t-th row is given by the fornlula 2'. where r- is any number you like, then you could give an 

nnswcr for the 2 ~iiillionth row of the triangle. Dale's laughing response was, "You know what'! 

If we knew this a long time ago, it [the assignment) w o d d  have been history." Dale. at least. 

seemed to appreciate the value of a general forn~ula. 

The students had only two days t o  complete a rather difficult assignment. Although I felt 

that they had enough understanding to answer most of the ques t io~~s ,  thej, \s nultl oh\  iouslj need 

further instruction on question 6 I "\Vicct i c  thc / h i d  numhc~r in each oj rhe 15th r-0\2~, crnJ thc .{Oth 

row.?"I and on question eight I"ll:hrrt trre tlw  fit^ four- ~ c ~ t x ~ \  irl  tho l(KM vo\r of I'(I\( ( I / ' \  

7-1-itrng1e:'"l. I hoped for some real collaboration o n  their part, and in particular that Donny, Dale 

and Alonm would readily agree to tutor Adie, Chad and Minna who missed scssion 6. 

SESSION 7 'I'hursda~ . 24 February, 1903 ( Donnv, Adic. Chad) 
4 ~ 1 , ~  ~ I I ~ ) ~ . ~ ~  \ $ e ( i 1 9  to (io tl1([t 

For this session, I planned to have the students centre their investigation of co~nbin:ttorics 

around the mat11enl:itic.s of lottcrics. I 11olx.d that the students naould disco\,cr thc' relatio~~ship 

between combinations and I'ascal's Triangle. and that equipped with the comhinatorics fomiuln 
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. / I  n ! 

( = , they would be empowered to answer the more difficult questions ou 
r r !  ( n  - r ) !  

Assignment 3. 

'l'he fourth assignment centered around the following project: 

r .  I he rest of thc acsignni~nt included the following clucction\: 

(Kc~rtl " h c/ioow 1 ". or- f ,  rl1i11p rtrXcn 4 trt tr ritw) 

1 Whlrr is thc prnhuhilit~ of winning the Lotto 649:' 

2 )  IJow Itunjl u'iffirc-'r~t bud\ of poker urc there:' 

2 )  1Vhtrt it the 3rd t (wn  in rhe -20th row ofPu\c.ul'c Triungle? Whur it the 3rd tcJrtn in the) 

100111 rorz*.' 

4 )  A wottwnt\ p r \ e  is \turt(.hed b j y  2 twn .  A duv luter, the polrcc \ / 7 0 w  her 11 Irncup of 12 

\u\pec t ~ .  Ilow tnutn, different w u ~ ~  can the worrun pick 2 people out of the lirwrq,? l j  the 

2 perpctrutorc urc clcnong the 12, how niurzv wuy\ cun \he pick out 2 pcwple $0 thul ut lcrrjt 

orw o f  tho t~ o it qi(i/f\'.') 

5 )  Cric~sj? Pirru Purlour offers 14 different topping\ fir it\ pirrus. I/  only .? of the toppi17g\ 

c m J  ullowed on U ~ Y  I pi::a, how tnutzy cliflerent pixu\ cun he I J I U ~ O ?  

After describing our staff's abysmal luck in the l mtto 649 pool, I outlined the project to the three 

students prewnt: 

IYI': What I'd like to get you guys to work o n  is to devise a lotto for Vale Road. Ix t ' s  say 

you arc tllc lotttv-J orgaui~ers ,  and of course you want to make m o n q  at i t .  Y o u  want to sell 

lottery tickcts to [he people in the building, including staff. So you want to figure out how 
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vou can de~risc a lotto s\..stem that nlnhc,s 1 . o ~  moncj,. If it's going lo 111:1l\c 4 . o ~  rno1lc.J. 

people arc going to ha\zc to b u j ,  tickets. How are you going to make i t  attractiire to thcni'! 

What's going to he tlic " p ~ ~ l l " ' ?  

Ilon: How much money ~vill they \\:in'! 

Chad: Or you could ha\,e i t  like. evcryo~~c.  in the kingdo111 ...y 011 kno\v.  has thcir 11:lrnc in a 

box, and whoever gets pulled gets sacrificed to the gods. ( H e  Iuu,~/ Is . '~  

IYI': I'rn thinking niore of a rcivard type lottery. What is the setup with the W I ' !  What is i t  

atmit the a0 that riialies i t  so difficult to win? 

Chad: I don't know: I don't play i t .  

IJI': What is it you have to do'! 

Adie: (~ in in te l l i~q i l~ lo)  

1X': How many numbers'? 

Adic: Six. 

111': Right Donny? Do you know about the system'? Playing the lotto? 110 you know how i t  

ivorks? 

Donny: No. 

111': You have 49 ~iumtxrs,  and you have to pick 6. Why would that be difficult here? 

Ilonn y : 'I'he (AO? 

DT: Yeh. 

Chad: Because here there's not that many people. 

Dl': Yeh. What w o d d  happen? What would be the result of using i t  here'? 

Chad: No one would win. 

IYT: Yeh. Probably no[. Probably not. We're looking at a probability of winning which is 

probably prc'tty s~iiall. Question 1 on your assignment todaj. is "What is the probahilit) of 

winning the 649'.'" 

Adie. Oli!~! 

DT: Hut your major assignment will be, devise a system ( i ~ n i n t e l l i ~ q i h l ~ ~ )  The problem with 

thc 649 is that 49 ~iumbers makes i t  quite cumbersome. 

Chad: (.si~?qing the A39 t/ itt\,) Rig big big big ... big big big big .... 

('had's quips in this cxchange are characteristic of the hrunour which we all frequently er~joyed 

during the project. While comic relief is a rmst desirable ingredient in an) cccondari\ classroom. 

the spontaneous occurelice of laughter and good fun was an especially wclconled component of 



our alternate school. Not onl! does I~ulnour scnre to lubricate thc oft grating \\heels of education. 

i t  also elevates all of our spirits and helps create the positive atnlosphere necessarq for learning. 

,4140 evident i n  thc <ltw\ c ciialogw i \  11iy tc~idcnq to c)\ er-cxplnin thing\ f o r  tlic qtudcntc 

bor instance, instead of asking Adie or Chad to describe the workings of the l d t o  649 to Ilorln) 

(and thereby encouraging the intel--student communication I so desired). I o f i red  thc c'.ipIanntio~i 

myself. And with the comrnent "'lhe problem ~ v i t l i  the &Ic)...", 1 effectively cut short the 

students' investigation of nl) origin;il question n it11 a spoon-fcd ansu,cr. As mentioned ill the, 

discussion of session 6,  the rei'iew of sessional trailscripts has continually made clear to me this 

preponderance of teacher talk in my mathematics class. At this stage of the study, I wanted the 

students to converse more, to express themselves more. and to become reliant on each other ritther 

than cxclusivcly on their teacher 

Adie and ('had then suggested that 6-30, (that is, "30 choose 6") 6-20 or 6- 10 lottcric\ 

would be more appropriate for our school. Finally, I suggested we investigate a ganlc with a total 

of only five numbers, and the group isorked out the probabilities of winning a 1-5 (that is. "5 

choose 1 ") and a 2-5 lottery. When we compared the respective win probabilities of each system 

( I  i n  5, and 1 i n  10), Chad made a colljecture: 

Chad: 10. So all yo11 did was times the 5 by the 2. 

117': Oh. Good guess. What liappe~wl here'? What d o  \ve have for the pick I ?  

Adic: Five. 

l X :  That was the easy one. There were 5 of them right'? 

Chad: Yeh. Ohh! And so 1 would assume that urn. .. 
127': ( \ v r i f c ~ \  .T ( , h o o w  .; 0 1 1  ho irrc i ;  h c ~ g i ~ t \  1 0  / ; i t  ~ ' O t ? ? h i t l ~ l f i O t ? \ )  

Adie: That would be 15 wouldn't there'? 

1)'l': Good p e s s .  

Chad: I tliinh it's 15. 



After listing thc combinations of dra\f in$ 1iunibc.1-s i n  a 3-5 lotto. t11c group \\.as surprised to 

discover that the probability of winning i t  was the same as for a 2-5 ( 1  in 10). Finally, without 

any prompting from rne. Chad made the connection to Pascal's Triangle: 

Chad: Well, they go ... they go along this row (pointing to PLL\(.u/'.\ triungle) 

1N': Which row'? 

Chad: The 5 row. 

1>'1': Oh! 

Chad: 1,5,10,10. So I would assume that if you're gonna do 4 fives 14-51, thcre would 

only be 5, right'? 

Dl.: A 4-5, right. 

Chad: And if you were to do a 5-5, there's only one possibility. And i t  goes along the row 

of 5. Ycp! 

1)T: 'I'hink that fits'! 

Chad: 1 think so. 

D'T: How car1 we mr-thc a kst of it? 

Chad: By doing a 4-5. 

The students agreed to check Chad's conjecture by listing the combinations for a 4-5 lotto. 

But Chad balked at my idea of \,erifying the connection to Pascal's Triangle 13 it11 a 6 numbcr 

situation: "Well, I'd stake bets on this that ... that ah you know, since we learned the Pascal's 

'l'riangle ....( lu~.~gh.s)." I asked them which game would correspond to the number 15 in the 6 t h  

row of the triangle. When Chad answered incorrectly (3-6), 1 told them to find the probability of 

winning a 3-6 game. When they found that the total number of combinations for a 3-6 was 

actually 20 (thefourth number in the sixth row), Adie was the first to discover the pattern: in 

essence, to find C: , take the (r+ 1)st mlrnber in the n tb row of Pascal's Triangle. With their 

triangles in front of thern, all three students were able to answer questions like "What's the 

probability of winning a 3-6 Lotto'!" 

Chad: IJh. one out of 20. So, thc probability for a utn 649 would be 1 out of...a lot of 

I I  umhcrs. 

DT: Sure. How are you going to find that niunher out'! 



Chad: Well ...y ou .... OK, I have an idea. ( j ~ r r l / \ c ~ )  

I :  (IInir7tc~lli~qil~lc) '1'0 do a ... to do n 5 nwdc.1. \r hat rcnv c l o  ) o u  go to in I'awal's'? 

Chad: Ilrnm. we go to the 5th rom. We have to go to the 49th row. 

IYI': (did not hcur- Chud's un\~vr- )  '1.0 go to ... to do a 6 model. 

Adic: You haire to go to the 6th ran . 

171': 'I'he 6th row. '1'0 do a 49 model? 

Adic: 49th. 

111': The 49th row of Pascal's. 

Chad: Is there an easier way to do that? 

Adic: (rmitltelli~qihlc.) (kl~rgh\ i 

Ch:id: Can you take the .... 

D'T': Oh I hope there's an easier n a!. 

Chad: Can you take the 7 row, and times every number on there by 7? 

DT: Interesting. There is a bulk way to d o  this. O r  a 'bulky' way to d o  this. 

Donny: Continue the triangle on. 

D'I': Yeh. How wide would the triangle be'? 

Chad: Big! 

I then told the students that I would show them a "little formula" which would allow them 

to compute any term in the triangle. I also let them know that this would be a rare occurence: for 

thc most part, i n  this course they would discover such things for theniselves. There were two 

reasons why I decided to present the combinatorics forn~ula to them directly. The derivation of the 
12 ! 

combination notation formula = r !  (,, r )  ! is so complex, i t  would simply have confused 

them at this point. Second, the formula would enable us to compute many interesting, real-life 

probabilities. In  view of the good use we made of the formula, I would not hesitate to prcscnt i t  

to other classes in a similar fashion. 

The students caught on quickly to the relationship of combination notation to Pascal's 

l'rianglc and to the lotto prohlcms at hand. Ho\vcver. they needed tutoring on two subskills: 

calculator milltiplication, and reducing fractions. For instance. Adie asked. "When you use a 

calculator call you $0 6 times 5 timcs 3 timcs 3 timcs 2. or do jou ha\ to do 6 times 5 is ... timcs 

4.... Can you do i t  faster?" Then, when the nr~mbers hecame too large for pocket calculators, the 
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need arose for a refresher on simplifying fractions . fhis  \vould certainly not be the last 

time that mini-lessons on "basics" would be required. 'lhat evening, in reaction to this relatively 

new situation I wrote: "How mrrch more sense i t  makes to tc'ach or re\ i c ~ '  arithmetic and othcr 

skills in context rather than in complete isolation!" 

'l'hroughout the practice in reducing fractions. Adie \i as anxious to apply the 11cn forrnuln 

to the 649 question: "Try the 649 now!" and "No\v let's do the 649!" Mainly silent to this point, 
p I lonny was quich to master the "cancellation" procedures ~iecessnr~ to calculate , tlc rose to 

the task and was the first to come up with the astronomical odds of a ticket being a winner in our 

governrnent's Lotto 649: 1 in 13 983 816! 

Although student attendance was a worry, I was happy with the perforn~ancr of Donny, 

Adie, and Chad in this session. Ironically, the small group .;ire made it easy to assess their 

understanding of the probability concepts: their acti\,e invol~cnient in tlic lesson. their comments, 

their questions, and even their expressed misconceptions made me feel that perhaps exams and 

quizxs  would not be required. at least for the time heing. Since we nerc appro:iching the quarter 

mark in the study, 1 felt that a cohort meeting would be in order to addresq concerns such as 

assessment, attendance, and future mathematics topics. 

Inter-Session Monday 28 February. 1994 (Dale, Chad, Don, Adie, and Minna) 
' 'Whj~ don't we all ju\t w)rk  in one group and ... urd do it?" 

I presented the students with the following proposal which would tie their attendance into 

course evaluation. Essentially, my idea was to award each student five points for being at a 

regular 'Tuesday or Thursday session. If a student missed a scheduled session, then there would 

he no  five points, no matter what the excwe. As established at the onsct of the studj. anyone 

absent for a regular session must somehow make up that time i n  \vhat u e  nould now call a 

"make-up" session. No  attendance points would he awarded for such secsions. 
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I informed the students that I wanted their input so that in the cnd, i t  \sould bc partly their 

course as well. Since this was a pilot project, 1 informed them that their ideas would probahly be 

implemented in a mathematics course cvcntually dcsiglied for the ~cho lc  school. In nthcr \vorci\. 

if there was an idea that would not work with them, my cori~iecture was that it  probably \rrould not 

work with a course in the larger school context. 

My recommendation for an attendance policy was generally accepted by the cohort. Hut 

Dale had an altcn~ativc suggestion for attendance points: "Ych, add i t  on to your, l i  Le... put the 

attendance points ... add up all the attendance points and then, ah, once you d o  an assignment. if 

you're say a couple of m a r k  off, like say you have fifteen o u t  of twenty, and you got all tliesc 

bonus points, so you pop it up to twenty out of twenty." 1 responded, "The only problem with 

that is if J'OU get twcnty out of twenty on an assignment. then tlicrc's n o  real incellti\ c for you to 

come to the next session." Minna asked, "Can we just do i t  at the end, when we're finished it if 

we are like, a hit off? Like in ... say we have around sixty percent or something like 

that ...( unintc.ili<qih/r) ...j (1st add i t  up and maybe it'll go up to another grade o r  something. That's 

better than adding i t  up every time yo11 do something. you know?" I promised the students that 

we would discuss i t  further to see what we could decide on. 

'l'he implementation of such an attendance system was troublesome to me. On the one 

hand, I had to ask myself, "What about intrinsic motivation'? Should not student interest in the 

course be enough of a motivating factor for attendance?" On the other hand, I was teaching in a 

~ f a c t ~ i ~ n ~ :  no official VRI,F attendance policy existed, short of provisions for punishment for 

llnexcused absences. 1 decided to take the risk and implement the policy. I rationalized, "Of what 

motivational valuc is an excellent mathematics program if the students are not there in the first 

place to expericrice how good i t  is?" 



Tlic sc~cond topic conccrncd assignments. I explained that I had not lwcn too Sorccful :I \X)LII  

thc due dates on them. (For instance, assignnient 3 was due o n  'I'hr~rsdn~ last. Out I extended the 

Ilale: I don't think you should be. 

l>'r': Y o u  don't think 1 shodd  be? Why'? 

Adie: Hecausc, this is a "w.orh at your ow11 pace" thillg. 

I>'I7: 'I'hnt's true. In other words....'! 

Dale: l,ike, like, give u s  like :j deadline, but not for the r~ext cia),. I.ike, give i t  to us on 

Tnesday, don't say i t  has to he done on Thursdajf. Say i t  has to bc done a week froni 

Thursday. 

1>'l7: O K .  

Dale: I ,ike, give us a week to d o  i t ,  right'? 

1>'1': 'I'here seem to hc some extrcnies here. Adie says that it's not ... this is a " ~ w r k  at your 

own rate" school and 1'111 saying .... 

Chad: Yeh, but this is a course. 

Minna: Hut still, you're going to get behind in your assignments and stuff. (ver\. true) 

Dalc: ....( lat~intc~lli,qihlc~) a course where you work at your own pace. Give 11s a \$.eel\ 

and .... 

Chad: Hut we had the option not to take it .  (i.e. the pilot projcc.t cw/rr:w) 

IIT: Alright. Maybe the uh comproniise is to put a deadline on  i t ,  but to extend i t ,  and not 

make i t .  likc Dalc says. within the next couple of days. I t  may he morc app ... appropriate to 

make i t  a coup ... within the next couple of weeks. 

Chad: Y ch, maybe more leeway. 

DT: 1 run into a bit of a problem, and that is sometimes you need to get the results of an 

assignrnent done before you can go on to the next topic and understand it .  So in that case, 

would ah ... would i t  be alright to say this has to be done for next time so that we can go on. 

That m:ke scrlse? 

Minna: Uh huh. 

Dl': It's putting a constraint on you that you never had before in this course. Rut, like you 

say, we arc running a course. Sometimes, you need to...to lia\,e w,hat's callcd the prc3- 

requisites before you can go on. OK? So, I'm willing to listen to that argi~nient about not 

heing so exacting and so strict with the time. I'm also thinking of bringing in a little bit of 

tcsting :is wcli. 

Adie: 1 Jh huh. 



I t  was interesting to see thc students take sides in this debate about assigntnents. Minna and Chad 

argued that this &as after all, an academic course and that without deadlir~es, students \vould fall 

behind. Ilale and Adie lobbied for the status quo in which there were no deadlines in any courses 

at VR1.F. I was pleased that :I consensus was ac.hicvcd, and thar through this consensus. r+ c*oursc 

policy was i mpleniented. 

'I'hen ('had raised a point which I had conternplated a great deal myscll. 

Chad: Well, it's just a conccrn I've been having. Like 1 don't understand like, urn.  m! 

math that I tooh before'? 

ur: YCW 

Chad: I was learning things like uh there was this group of numbers with the N . and it had 

like a line on it. [lie ii re/fc.ring to the \yt?zhol h'jor the tcr oj nutimd niu~lhrr:~.] And i t  was 

this group where you were doing all sorts of' weird stuff like that and algebra. And nolc all 

of a sudden. and then that math (pointing to  thefjlin<y cwhinc~ cmtciining t?1utwid\ fi.otrl tho 

rqqulur VRLF courw.) it's like divide this and multiply that. And now this course is 

like ...p entorninoes, and probability. and I'ni wondering how i t  all tiec in. And I'm 

wondering if my ... my math is going to  suffer when I get out of here and get to a regular 

school. 

nl.: OK. 

Chad: I'm concerned about that. 

Adie: Sniart. (k~ugI7\) 

Chad: Because it's already suffered a lot, this transition. And only for myself, from French 

to English and ... and ... and ah I niean, i t  seems to me niore preferable (ltiirgh\) that this 

course would be better or  more preparing for the rigors ahead in regular school (kuughc) 

Hecause it's niore advanced: like other ... that stuff like I niean ...y ou know that yo11 can do 

i t .  You hnow what I'm saying? 

IYT: No, it's a valid point, and that's why I was pretty particular about what I wrote down 

in the deccription for your parcntq. Recausc a lot of' parents u auld looh at M hat K c'rc doing 

and say "You're not learning how to divide, or ..." 

Adie: I already know how to divide though! 



DT: Sonic of 4~ do! 

('had: Speak for yourself! 

171.: Y enh, riglit . 

( I~ui<qllt~~r) 

Dale: Dividing is boring. 'l'his is interesting. 

IJI': Your point is uh tahen, ('had. And, I've thought about ... a lot about that i n  the sense 

that I'd like to gi\,e you guys a modicum of algebra before you finish this courw. 

C l d :  What'! 

1Y1': Algebra. It's such an important tool. 

Chad: Yeh. 

DT: Hut in my opinion it's become overemphasized. in particular in the academic courses. 

('had: Could ... I{ i l l  ..... 

I N :  Hut 1'111 ... I'm ah trying to find a system to give you some algebra. 

While 1 appreciated Dale's comment about our course, I nonetheless had, in a scnsc, sonw of 

Chad's misgivings ahout pedagogic accountability. Would my students suffer academically for 

lack of fornial algebra instruction? Should they not be receiving some sort of formal exposure to 

plane geometry? One unassailable fact gave me renewed courage: few of my students in past 

alternate schools retained their "traditional" learning beyond a few w e e k  anywaj. After all. rnj 

only worry would be if and when parents expressed serious misgivings about their children's new 

"radical" mathematics course. 

Anxious for their input on the topics covered so far, 1 asked the group, "l>o you find this 

math that we're doing difficult?" 

Adic: Sort of. 

Chad: I find the math that we're doing in this course really good. 

DT: I \  i t  difficult t h o ~ g h ?  

Adic: Yeh.  'Cause .... 
Chad: It's ... it's difficult , yeh. Hut it's a good difficult. Not lihe an cxcrucinting difficult. 

( lrr~rgh\) 

Adie: ( lm ,yh$ )  

Chad: It's like, you know, just a comfortable difficult. It's ... it's like a rewarding difficult. 
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IIT: O K .  (1t1~1,qhs) t o r  instance, 11111, 1 would like l o  incorporate some testing when we do 

the algebra. And what's really important is that everybody have a good foundation on how 

to do integers. How to add and subtract integers. 

('had: See? What's an illtc.gerl? 1 hnou i t  in French, h t  I ha \c  I ~ U  ide,l. IN? clue \chat i t  i \  i n  

h g l i s h .  
. - 

IYT: 1,es chiffres n6gat1ls. 

Chad: Huh? 

1Y1': 1 .es chiffres nkgatifs ct positifs. 

('had: Negative n u ~ ~ ~ h c r s ' ?  

111': Yeh. So you're adding and subtracting them. I t  has to he 100%. And it's an 

importan1 shill. And I would ... I wrould include that i l l  testing. And  ... and some algebra too. 

Dale: Why do you need algebra? 

Chad: Algebra's cool ! 

Dale: If you're just going to do ... d o  a normal job?  

117': What do you mean by a normal job? 

Dale: Why do you nccd algebra if you're just going to do .... 

Chad: Why do you need social studies? 

Dale: You don't nccd algebra ... 
Chad: Why do you need phys ed'? 

I1ale: ... in everyday jobs. 

Chad: Part of the flaws in our. s c h o d  system. 

Dale: You need phys ed so you won't be a fat slob. Hu t  why do you need L I ~  algebra? You 

don't use algebra hardly ever. 

DT: I would disagree with that ... 
Chad: Same reason. 

Adie: You do use algebra. 

DT: ... because i t  is useful. And second, second point, you don't know what job you're 

going to he in. 

Dale: 1 know what job I'm going to be in. 

IYI': And third ... 

Dale: I'm going to he a cop. 

IYf: OK. 

Adie: (ltruglzing) 

DT: What about the algebra needed to work out whether a car's speeding or  not? 

Dale: It's all done on a computer. 
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DT: Mathematics. And thirdly, uh, wc'll talk ahout this at length some other time. My idea 

of math is that it's not a subject that necessarily has to be useful. in the sensc that it's useful 

like a shovel or some kind of rod. What ... what use is studying art? What use is a painting'! 

What use is a pocni or a short story? So these are the questions you can ask about math. 

But ironic all^., algebra is a irery useful tool, and that's ~vhy  I want to includc i t .  l'ni ... 1'111 

still trying to work out a systern to present i t  to you though, because I'm not really happy 

with the way it's done nomially. So that's my challenge: to come up with a (i~lli t i~c~lli~qihlt .) .  

Dale: I don't need algebra in the military. 

D'T: Y 011 don't know. 

IMe:  I know. 

Chad: .t- equals the number of rounds fired by J~ number of machine guns used. divided by 

: nun1bc.r of people killcd. 

( lqqhter) 

Chad: .... u amount of foreign countries. (laughs) Yeh,  of course you need algebra. 

I have always found such debates enjoyable. Hut discussions like the one above o n  the value of 

rnathernatics serve added purposes. They provide the students with a non-threatening forum for 

revealing their opinions of my subject. The air gets cleared: the students have a reinforced idea of 

my enthusiasm for the subject, yet they understand that I will not "come d o ~ / n "  on them for 

expressing themselves. And hopefully, they will come closer to niy way of viewing mathematics. 

After a few words on the problem of chronic student lates, 1 gave them some final 

thoughts on attendance: "It  disappoints me when you don't show up and when you ... especially 

when you don't show up for one of our math sessions. It's nice to ha\,e as many people as wc 

can. 'I'here are eight fornially enrolled in the group, and if there's eight people here, i t  means that 

there's eight different ideas that are coming out most of the time. The more ideas the better." 

. 7  

I hese comrnents were followed by the usual student committnwnts to do better in the future. 

1 then asked the students to spend the rest of the day trying to catch up on late 

assignnwnts. Adie expressed concern about the lack of calculators. 

Adic: We need cnlcdators though. How are we going to do i t  ? 



I :  You car1 c1ia1.c. mi~le, ,\lid 1'11 11.4 and sc.c \that I can find do\\ 11 i n  nib roonl. 

Chad: You can use tlie co~nputer\ for calculators ... 

IYT: You can. h i t  it's fairly awkbvrtrd (r.cfer.rin,s io Apple I/ '\) 

Adie: Why don't we all juct jt o h  in n i ~  group and ... and do it '! 

I niisscd Aciie's last comment in the classroom, but later, reviewing the tape, 1 thot~ght, "Yes! 

From now on, wc u i l l  all just work i n  onc group." 

For the remainder of the day, the students persisted well on their assignment tasks. I 

suggested to Minna (who just returned from a suspension and had missed the last three sessions) 

that she work at constructing l'ascal's Triangle, with Adie's help. Since Ilonny and Adie were 

working on the Lotto 649 queslion of Assignment 3. 1 suggested to Donny that hc move to the 

table with Adie and Minna. After considerable help from me to recapitulate the connections to 

Combination Notation, they \{ere able to answer questions 2 through 5 with no difficult). 

Ilonny seemed to need constant reinforcement that what he was about to attempt was 

"correct." Once he had been encouraged, he would proceed just fine. For instance, Adie found i t  

difficult to explain the generatio11 of Pascal's triangle to Minna. When Adie asked me to hclp 

Minna, I asked Donny if he could express the pattern to her. With a little prompting to he precise 

i n  his English, lie did so. Minna caught on instantly, worked on her trianglc, and then ncnt on to 

Assignment three. 

At the beginning of the afternoon, Dale had inquired what he missed on Thursday, and 

expressed interest at the combination notation work still left on the board. I asked Chad to help 

Dale with Session 7 work. They worked on listing combinations (with my prompting) for 5 

choose 1.5 choose 2, and 5 choose 3 lottos. Dale saw that the results corresponded to row 5 of 

Pascal's triangle. He expressed confusion, and I told him that i t  is milch easier to learu in a 

regular group session than at a "compressed" lesson like this one. (This was an obvious plrig for 

attendance!) With five minutes to go. hc xhed  me to delay thc explanation of c~nlbi~l ;~t ion 

notation until tomorrow. Finally, ('had wondered where the combination notation for~i~ula canlc 
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from. Hc was relieved when 1 reminded him that \\ e did not derive i t  or pro\,e i t  last day, but 

rather, that I had just presented i t  lo the class. 

St111 bvorried about too much tcaChcr-tnlh and  explicit teacher-c\l>lalii~tionu, I told the 

students of my concenl as they left for the da j .  'They also heard that one way to change this 

situation was to have more."student talk" (their phrase). That evening, I decided that session 

eight would be devoted to completing the I.otto assignment, and that I will not offer one word of 

con\ersation to the process. The students \could be told that between all of theii1, there sliollld 

expertise enough to complete the assignment by the end of the day. 

The fractal package which I had ordered in January arrived this day from the NCTM. A 

few of the students had a look at i t ,  and expressed interest; indeed, i t  looked ideal for this group. 

Since the recently ordered Macintosh computer was not yet on site, 1 would have to wait to 

introduce fractals. This situation was unfortunate. especially since the time was opportune to 

make the beautiful connection between fractals and Pascal's triangle. 

Five of the eight students fornially registered in the case study were present for this extra 

session. A sixth (Alonzo) was absent : a seventh (Juliana) was under suspension : and an eighth 

(Ron) was in  the back of our classroom. away from the group. At the beginning of the meeting. 1 

arranged a table and microphone for the students present. After calling them (more or less 

individually) to sit around the table, Ron had asked me. "Aren't you going to ask me too, I)a\ id'?" 

I responded, "I didn't think you wanted to participate, Ron. Do you want to join us'?" He 

replied, "I'll do so when I feel the necd." 1 told him that he was certainly welcome to rejoin 11s 

any time. During the one-half hour work session which followed our meeting, Ron doodled on a 

cartoon; this behaviour was unusual for him. because nor~nally, he wasted very little class t i~ne.  

My last words of the day went to Ron. Attempting to appeal to his artistic side. 1 

explained how at IIHC, a person could study mathcrnatics either in the kaculty of Arts. or in the 
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Faculty of Science. Also, I recounted how most of my ~natliematics professors were either qrritc 

sciencc/practical or else art s/liuniani ties oriented. He offered no  coni~nent whatsoever. I then 

ached him w h y  he hadn't started his gmdc tc11 lc\ el mathcmaticss jct. (Sincc N o \  e m l w .  lie h,1d 

completed all the 1 0  courses here, plus English 1 I and Social Studies 1 1 1. He seemed 

embarrassed, and slated sonwthing about n anting to save it  for last. whilc Iic concentrated 011 olle 

course at ;I time. 

lion never did rejoill the cohort. I~lsteatl. lie went on to finish the program at V K I I  and 

ironically set a school record for the fastcst completion of Grade 10 and 1 1 .  His last course as 

the regular academic Mathematics 10 which he did virtually alone. 

1.c-x~king back, I see that at this quarter point in the case study, i t  was becoming obvious 

who the major and minor players in the study were. Already on the periphery were Alonzo and 

Shawn. Minna's ternperariient would cveiitually be her demise at Vale Road. 'I'he remaining five 

students-Adie, Dale, Chad, Juliana and Ilonny would now constitute the central focus of the 

remainder of this narrative. 

SESSION 8 Tuesday 1 March 1994 (Adie, Minna, Dale, Chad) 

Adie and Minna arrived at school earl), but at 1230 there with no other cohort arrivals. 

Even though the session was not scheduled to start until 135, I decided to phone Ilale, Chad and 

Ilonny. 

Dale's mom reported that he had left for school. She asked how he was faring at VRI,F, 

and was pleased to hear of his excellent behaviour and progress in the mathematics study. 

Mentioning that his ADD had been a problem. she added that his disorder came in cycles. Ashed 

if the last four weeks have been a "low" point, she responded yes. She claimed that the cycles, 

both up and down, arc of indeterminant lengths. and are difficult to predict. At that point. I hoped 
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that Dale's silcccss to date in the ~~iathematics group was nlorc than just the "down sidc" of a 

hyperacti vity cycle. 

r .  

E3y 12:45, 1 decided to phone Chad and I>onny. I hc latter was not at home. Hut Chad, 

having just woken up, answered the phone and promised to head in t o  school. Meanwhile, with 

the prospect of poor attendance looming large once again. 1111 plans for a "grot~p" problem sol\~ing 

session this day seemed to be in vain. 

While Adie and Minna spent the first hour of the afternoon working on annual pictures. 

I h l e  wanted to finish his assignment 3. After I helped him kvith combination notation, he worked 

diligently. It should be noted that this extra, concerted effort took place outside the regularly 

scheduled mathematics class. 

At 1:35, Adie and Minna had to be coaxed back to the room. ('They were taking annual 

picturcs of the multi-cultural workers.) Dale was alrcadj on tash with assignment 4. and W ~ \ S  

ashing for help on the first question. Soon, he had mastered the combination notation (that is, he 

had memor i~ed  the technique), and was having sitccess \i it11 the questions. 1 suggested to Adic 

and Minna that they work with Dale, since he and Adie were at exactly the same point on 

Assi g111ncnt 4. Minua rcfuscd outright . Adic responded, "Minna won't work cooperatively with 

Dale". 

Sometirile later (around I:-%)) 1 found Minna doing science. When I asked her if she 

\$anted to try some math (after all. this was the scheduled time for it), she responded adamantlq. 

"No, I don't want to do  it! I don't know how, so I don't want to try!" Finally, around 2: 15, 

Adie hegin to corrch Minna in combination notation and the! \\ orLcd stendil) for half an hour. I 

wanted to tape their efforts: they seemed engrossed in the process, and Minna kept 011 task the 

whole time. However, 1 feared that plopping a tape recorder on their desk at that point would 
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have stifled their leaming/tutoring session. Adic whispered to me when I approached the desk: "I  

think she might have ...( pointing t o  Alinncr) ...g ot it!" 

('had finally arrived at 2: 15 and 1 inforriled him that I Mas glad he made the effort at least. 

1 found it  difficult to berate students for tardiness since they were in effect showing up for the 

tnntheniatics sessions. On the contrary. I was quite happy whc~lever students arrived for 

rnathernatics, late or  otherwise. 

I asked Dale (who by this time was enjoying success with the combination notation) to 

hrillg ('had ttp to date. At this point ill the transcript, the two stlrdcnts were pondering the large 

answers derived from combination notation and Chad was confused about the special readout on 
10 

my scientific calculator. Here. the number 3.4561 x I0 was displayed as -1. The 

following is a transcript of Dale and Chad attempting to make sense out of scientific notation. 

('l'he microphone was inadvertently shut off for the first part of their dialogue.) 

Dale: T h e  decimals are this far apart. 'That's the ... that's the uh power. 

Chad: What's the decimal point mean? 

Dale: That's ... the decimal point means ... the decimal point is .... 
Chad: These (uuir~telligit~le) calculators. You can't read them. 

Dale: The decimal point is the decimal for it. 

I0 
O n  the board, without saying anything, I wrote their number in scientific notation: 3.4-561 x 10 . 

Ilale: OK. OK. Yeh. I'll explain i t  to him that way. 

Chad: Times 10- 1 0  Why is i t  tirnes? 

Dale: That's to the .... 

Chad: Because .... 
DT: It's called wientific ~lotntion. 

Dde:  The number's to the power of 10. 

Chad: Exactly, but you don't .... 

Dl': The calculator merely gives yo11 the cxponcnt of 1 0  
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('hid: Hut ... OK.  wait a \ccorid. What's Ilic diffcrcncc bctnccri that and ... and a n~irnlwl- 

like uh you know, 11h 184 1 0  '! Wlly is it 10 10'! 

IN': It's the standard. 

Chad: Huh'? 

11'1': 'I'hc standard is to use 1 0  becai~se we're in base 10. 

I 0  
Hcre I realized that 10 was a poor example because of the extra 10 as the exponent: any another 

exponent would have been better. 

Dl': Here's an example. 1'11 just put two huge numbers into the calculator and niultiply 
1 :  

them together. ( 7 ' 1 ~  uil\\z.c)r rilr-tl\ out to he I .  1733 .t 1 0  I 

Chad: IJh h u h .  

131': It's going to guarantee an overflow. 

Dale: S o  i t  would be 10 to the 13th power. 

DT: The calculator's taking the answer. and putting the nunlbcr part as a nrrmber bet\+ ccrl 1 

and 10 .  And it's saying take that, and multiply i t  by 10 to the 13th powfcr. 

Chad: Multiply it by the 10? How ... why is ... where's the IO'? (A good yuejtion!) 

DT: The 10 is not there. The 10 is assumed to he there. 

Chad: Ohh! 

DT: That's why we call it standard notation. That's a good question. Why can't i t  be 

10 OW lo the 1 O'? 

Chad: So it's not 1.1744 to the power of thirteen. 

D'T:  No. It's times 1 0  to the 13. Which inems you take the decimal point and shift .... 

Chad: S o  that's actual1 y a decimal point, and that's on1 y 1 .... 

DT: 11h huh. You want to work out the true version of i t ,  you lahe the poirlt here .... 

Ilale: That would be ... i t  would be 1 to the I ,  2, o r  1 .  7 , 4 , 3, ..... 

PI': That's 4. 5. ....( c.out?tit~~q ~~c~c~it~zcrlpluc~e\ along w'ith Dllo) 

Dale: (utldin,y reros to  the nutnher 1744) ... 5, 6, 7, 8, 9, 10. 1 1 ,  12, 13. 

DT: Thirteen. 

Chad: Yeh, see, I learned to d o  commas in French. ( I t?  French i tm~et ior l ,  Chud evidc11t1~ 

I w t . t ~ ~ ~ t /  the Ewopr t t  ( lr\totu of c~\it~g (.otnt?lu\fot. rlc~c.il?lctll~oint\.) That's another hig 

difference. 

Ihle :  So ... so that'd lw 1 1 trillion, right'! 'l'hat trillion'! Hundreds, thouwilds , billion ... 

IYI*: Millions ..., 

Ilale: Hillions, trillions. .... so tllut'd be 1 1 trillion, 744 billion .... 

IIT: It's tricky, ('lml. We should probably do a little primary ccicntific notation beforc .... 



111 retrospect, I should 11ot have suggested that Chad's problem c\,ith the calculator readout was 

cnusctl by the lack of n preliminary session on scientific notation. Traditionall). we teach pre- 

requisites in anticipation of a given concept or skill. Rut here. his PI-oblcm nalurally set the \tagi' 

t'or some sort of cxp1or:ttion of scientific notation. 'Thus, nny choice of large numbers as the next 

topic riou had a c o ~ ~ t e x t .  In other words. given the realit) of the calculates's reatlout. the strlcle~lls 

\rould hopefully sec a need for studying scientific notation next. 

assignment 4: "How many different hands of poker are therea!" 'Their dialogue picks up where 

they are just computing the 649 probability. It is interesting to note not only their collaboration, 

but also Il>r-llc's new assumed role as a tcacher. 

Dale: (to Clwd) So d o  you understand how we got this and then when we divided by 720 

(h! ) ,  we got that answer'? Do you understand now? 

Chad: And that's not a power then. 

Here. Chad was confrlsed by the fact that my calculator sho\ized the ans\sges with a slight space 

hetween two of the digits. In other words, because of a quirk in the I.CD readout, the answer 

13983816 was displayed as 11398381. which resembles scientific notation. No wonder he 

was cxasperatcd; his comment about calculators was totally understandable. 

Dale: No. No because it's ..... 

Chad: Then what is it'? 

Dale: That's the number. 

Chad: And that's in ... in place of a cornma or a decimal point. 

D'T: 'That's the way ... that's just thc way the calculator is portraying the answer 

Chad: 011. 

1>'1': Y ell, that's not a... that's not scientific notation. 

('had: Ohh! 

Ih le :  Rut if thcrc's a great spot out unl in front of i t  .... 

C'llnd: Hccausc that's 0111) 1 I X'II there right? 

IJI': Yeh. 
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Chad: O K .  Well now i t  makes sense. Hut it's [lie confounded calculator that looks like 

that from when you'rc looking at i t  from o\>cr Ihcrc. 

Dale: It's a farther spot away right'? (i.c. sc.ic~rttific. noi(1ticir.l) 

Chad: Stupid, stupid, stupid! 

lh lc :  OK i f  it's a long way around ... a long way away, that's po\c.er. 

Chad: I thought ... il looked like i t  Kras a long way away. 

Ilalc: (1uugh.v) So, that's the answer to that one. (tlic 639 yuc.\tiortj 

Chad: 'I'hcre's that nlany different possibilities. So i t  would be 1,2, 
17 ! 

I l l :  Do the formula first. ( i . ~ .  ~ 1 r i t ~  (.:I: = ,.! I ) 

Chad: Huh? 

IMc: Just write out the formula first. Like just do ...( llulc \/iortf\ Chtrci it1 \t-r-itin<y) 

Chad: OK. 

Dale: (unintc~lligihlc~) ... do the forniula. 

Chad: 'That is a 9 isn't i t ?  (pctuse itt cwnvcr-sution u\ Cl7ud writes the fortnulu out) 

Dale: There. 

Chad: (on to the ttext ywstion) How many different hands are there in poker? Huh? Is 

there 12 handc of poker? It's been so long since I've played poker. 

Dale: OK, i n  poker thcrc's 52 cards. Right? 

Chad: IJh huh. 

Dale: And you got 5 hands ... and you got 5 cards in your hand . How many different hands 

are there? You get the same as .... 

Chad: No,  there's the royal flush, there's the straight flush. there's the ... 

Ilalc: No! 

Chad: ... 3 of a kind, 2 of a kind, there's 3 of a kind, there's a straight .... 
Dale: Yes, but how many different ways can you have 2 of a kind'? How many different 

kinds ... different ways can you have a straight? How niany different ways can you have a 

flush'.' Knou what 1 mean'.' 

Chad: So what it's really asking ... how niany different ways can you hold 5 cards in your 

hand'.' (o~trc.t!\.!) Yeh. 

Ilalc: Basically. 

At this point, through their dialogue alone, Chad and Ilale had successf'ully made their own sense 

out of the question. Then, Chad began to deviate from the assignmerir, only to be pulled back on 

task by Ilale. 



l h l c :  Nunihcr 2 M Y H I I ~  be the same thing as .... 

('had: You hnow r l q  c,nll look at you from space and iticntify !,ou. l'hat's nuts. Nuts. 

Ilale: And they don't have a cure for AIDS. 

('had: Yell right. 

Ih lc :  Number 2 would be the s m i c  thing. Alright? 

Ch:td: What you're really (cmi~~telli~qihl~) is how many different co~nbinations can you hold 

5 cards i n  your hand? O u t  of 52. So. Is (hat counting jokers'? 

Ih lc :  O K .  O K .  

Chad: 110 you have to \vrite it all out'? 

1)alc: Yell. Ych. You ha\,e to show your work. You see I had to ~vritc i t  all out. 
5 7 1  

Chad: OK. (writes 5! j& 5 , !  ) 

Ilale: Actually ... and the difference between 52 and S? You didn't want to write down 

52.5 1 *SO.... 

Chad: Well, no but I wrote it down as 52 (j2uctor-iul) .... 

Ilale: 1s that good enough'? Now 1 just have to use the calculator? If I didn't have a 

calculator right'? (cwzcrls flw 47*4h*45*44 ... in the numer.clfor clnd dcr~otnirw~or) 

Chad: Exactly. 

Dale: I'd ... I'd ... use a calculator for these ones right'? (~?zeunin,q u\in<q the juctoricil kc\. 

tliroc.tl\,) So 1 wouldn't usc i t  for number 3, right'! (@mtiotl -i or1 the u\\i~qn~?letll) What 

i s  the 3rd tenn in the 30th row of Pascal's triangle, right? 

Chad: Done i t .  - $0 
ilale: You &...what you  d o  .... (writin<y C ) 

('had: Two! [Jnderncath it. ( wri1e.i ?!) 

Ilalc: 30 and 2. 

Chad: 30 and 2. 

Dale: .... and 2. For 3rd tern, of the lOOth, do a hundred. and two. (write.\ c':', - 
Chad: I scc. 

Dale: Two. 

Chad: Two. Yell. 

I h \ e :  Very good. He understands how to do the third one. 

Chad: Thank you, Dale. 
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'I'his session ended on a positi\,c note for me. First, 1)ale's second stint as a tutor \{,as a great 

succcss. Not only did he heep C'hntl focused, he also appeared si~ccessfid in comrntlnicating the 

lesson to his classmate (for \r,hich ('had exprcssed his gratitude). Also. i t  was a pleasure to hear 

such a large recording segrucnt ~ ' i thout  my voice! This interchange between Chad and Dale \r as 

exactly what 1 was hoping for: pure inter-student communication. 

Topic 4: Large ttu~rlhers nrzd scietztific notation 

SESSION 9 'Thc~rsdny 3 March 1994 (Adie, Dale, Chad, Donny, Minna. Alonzo) 
" I  (wtucJ thc dorect!" 

For this session, I hoped that by creating their own "a~ialogies" for certain huge 

nnagnitudes, the students would develop an intuitive "feel" for swh numbers. Iuter, in session 

10, 1 planned to teach scieutific notation. 'The core of their new assignment (#5 )  \{,as the 

follo~ring four-part prohlcm: 

Devise an analogy to explain or make clear the size of each of the following numhcrs: 
I )  otw billio~i 
2 )  the tz1unb~r oj'poc cihle 64Y tickets 
- 3 )  100 billion (rlw number oj'sturs in the g a i t q )  
4 )  one googol. 

This problem was followed by a set of fifteen exercises which were adapted from Jacob's ( 1982) 

excellent text, Mutherncdic.c: u Humun Endeuvour. I first introduced them to a googol (by means 

of a Peunur.~ cartoon), and we reviewed the full decimal representations (i.e., with all the zeros) of 

the powers of ten from 10' to 1 0 ' ~ .  When we reached one trillion, the students agreed that the 

large number of zeros in the ntlnibers was becoming problematic. We investigated a systern for 

writing the numbers in a "nicer" way: that is, using powers. The students seemed to recall 

cffccti\,ely the notion of power, and were able to come up quickly with the power notatim for the 

11urnbers 10' through to (or I decillion). 

While I was discussing the formal names for large numbers (such as octillion arid 

nonillion), i t  bcca~ne a1)pitrcnt tha( Dale was not listening to rny explanation: 



1Y1': Will vou ever usc tlicsc \\pards \'cry mucl~'! I'rohahly not. 

Adie: No? What's the....'! 

1 :  Will yo11 he required to tiiernorize them'! No. Hut r ~ h  ... they're fun to use hecause 

todn~ ,  we're going to he looki~ig at some huge numlwrs nnd to be able to nanle them is ... 

Ilalc: David? 

11'1': ... it's not only fun but uh necessary. 

Ilale: I w a s  looking at this, OK'? Arid 1,ou wanted us to dc\'isc a modcl for i t  right? 

I X :  I'm going to explain that in a sec. 

I1iile: Hut just wait. I'm confused. You wouldn't be able to write 10 to a power for this 

'There's so illany di fkr tnt  nuinhcrs in it. It's not all zeros. 

Ilale was wondering how to write our 649 probability number in scientific notation, compared to a 

number like 30000(X) which would be simply 3.0 x 1 0  6 

Dl': It's OK. We'll look at that in a see. ( p u w )  Now, never mind one dec.. one 

dccillinn. Do wc have any idea how large say one million is'? What is one niillicm'? 

Certainly, to have a million dollars is beyond our comprehension. 

Ilalc: I see what ),nu want. 

At first, I was somewhat annoyed at Dale for not being attentive to my discourse. Actually, his 

"interruption" was a manifestation of his cntht~siasm for the assignment. I recognized a great 

op~ortuni ty  to use his confusion as a segue into an example analogy for a large number. My 

comment about a million dollars was a11 Dalc needed for an explanation: as 1 shall soon describe. 

he launched into the assignment whole-heartedly and was the only student who completed the 

four-part assignment. 

As an example of an analogy, 1 had the students guess how long it would take to count to 

one million, if one number were named per second. While Ilonny worked away silently on his 

calculator, the students were quick t o  offer suggestions: 

A1onc.o: A million scconds. 

Dl': A million s....OK, what is ... but that doesn't tell me anything about the ... the s i x  of .... 

Alonzo: Con\ erting i t  i n t o  like ininute\. 

117': Ych. 'That's what I M ant you to do. 



Ilale's reversal of dividend a~id divisor is typical of errors inadc by students with I D .  In fact, 

since Ih l e  uttered such "rcversalc" so frequently. and  sinc,c his meaning was clcar. 1 learned to 

largely ignore his errors of syntax 

After receiving guesses ranging from 12 to 60 hours. I missed a great pedagogical 

opportunity: instead of having the students work out the answer, 1 gave i t  to them directly. 

Nonetheless, they were surprised to discover hon long counting to a rnillioti ~ , o u l d  it1 fact take: 

117': Anyway, i t  was kind of nice to see you want to reach for a calculator, or to ask ho\z 

many seconds there are in an hour. Because that's how you \ ~ m d d  work out the ansu er. 

That's how you would come up with a model of one million. The answer is 12 days. 

Adic: 011 no! 

Dale: It'd take you 12 days! 

117': Yeh. 

I1onny: 1 came the closest. 

In spite of his reticence, Donny continued to suqxise me with his answers. He was so soft 

spoken, that the whole group did not hear his contribution which was nonetheless picked up b) 

the microphone and not appreciated until I reviewed the tape of the session later that night: 

I recommended to the students that they first tackle the qi~estions on large numbers (from 

hhtherrutic..\: ( I  tiulnun Endem-our, Jacobs, 19821, before tackling the assignment. In general. the 

() group worked well at questions such as "What does 10 mean?" and "Which of these numbers is 

the largest? 10d , I O O O ~ ,  10000'." However. faced with the following qucstiori, the 

students seemed stymied, and \vould not commit cven lo initiating a cooperative effort to solve it: 

The human brain cell contains about 10'0 brain cells, called neurons, and is far more 
complex than any computer that has ever been built. If each cell was represented by a dot 
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in :I line of dots like this I. . . . . . . . . . . . . . . . . / .  how far would the line 
stretch? 

I was dismayed by what 1 perceived to he ;I general trend: while the students were willing to t:the 

011  simple, one-step questions. they \ircrc often hesitant to tackle multi-faceted or  open-ended 

problems. 

Although the session went satisfactoril~. I \\'as ratllcr despondent after school that daj,. 

'I'he following is an excerpt from the d i a q  entry I wrote soon after the students left. 

S o  far, the students are ctill vcr) dcpc~ident on the teacher for help. direction. 
c\l>lanations. and ultimately. correct answers. 1'111 concerned with the preponderance of 
~itteranccs like. "Show me hov to do it." or "I'm stuck. Ivhat do  I do  next.?" and "Is this 
the right answer'!" Ilonny, for one. s e e m  constantly to be seeking advice and help. 
However, at least he tries, and for the most part. tries to follo\v through to the end of t h ?  
assignment. 

The students are sometin~es prone to d~scouragetuent (eg Adie, Minna) when they 
don't understand, or  aren't able to proceed. Adie's comment. "I  don't want to do an! 
more of this stuff man. I'm just going to be in the normal regular math." (But. in the end. 
the two stopped their note-passing, and went bach to the exercises. ) 

The students are reluctant to ~ o r k  collaboratively. Today, for the most part, the) 
ijorked silently and individuallj on their exercises. After all. they've been conditioned to 
be inactive learners. 

My tendency is still to try to over-explain, to talk too much; it's difficult to bach- 
off when students are frustrated or stuck. Rut I shouldn't be getting "down" on things 
when students don't "perform". This should be an opportunity for exploration! Don't get 
depressed at their behaviour. Docun~ent these behaviours. Learn from them, and 
experiment with new approaches which will, over time. encourage them to develop 
positive attitudes towards a subject which they've learned to consider boring and 
loathsome. Of course, they're going to balk at open-ended activities where they are for 
the first time being forced to think. 

Student attention and participation during my "presentation" is always good. They 
 lister^ and respond to me. By their responses, 1 think that they follow the logical flow. 
This is a system they are used to. perhaps from elementary school. But when directed to 
work in pairs, they withdraw into then~selves, regressing to how they worked under the 
Muth in I,@ ABE Math IOB regimen. 

'The exception appears to be Ilale, who dives head first into the problem, sticks 
with it, and discusses with classniates, (or me) possible avenues of attack. Today. he 
worked with Ilehlia, I t e c ~ c h -  or1 (~rll]collaborating on a solution to the "brain cell" 
question. He could easily be the subject of the thesis. Is this but a lull in his AD13 
circuitry'? Or has he found a forte'? Or both'? If he becomes liyperactive again, n i l l  hc hc 
able to carry on in class as well as he has l ~ e e n ?  This guy deserves an A on his report 
card. 
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Ol>\riously, I w:is trying to balance my negative post-session feelings with ~)ociti\~c observations 

and explanations. Hut my doubts about the project were of sufiicient strength that I often 

considered nbandoni ng the project enti re1 y. 

I'erhaps my negative emotions that afternoon resulted from an after-class conversation 

with Chad, who I was convinced woi~ld soon be suspended from school over his poor attendance: 

IYI': ( t o  Chtrtl tr lot~o)  We ha\fe to work out something for J O U .  

('had: Yell. 

IN': Cause i t  ain't working . 

Chad: I t  almost worked today. My friend's been calling me up every moniing. 

DT: And I phoned you too, and you \z cre up and at 'em this morning. You can't get in. 

Chad: I...l...it9s my sister, damn i t !  

LIT: No, no, no, no. 

Chad: (IulrgI?\) I t  is. Well ...y ell. 

DT: 'The problem rests with one person, man. 

Chad: I ' l l  get here. 1'11 get my uh ... my uh shit together. 

IIT: 'That's what I want to hear, yell. And then I want to see you do it. 

Chad: Yell. 

D'T: Because you can ...y 011 can do well here. 

Chad: Yell. 

11'1': If you come. 

Chad: Ych. 

Not that there was anything obviously "magical" i n  i t ,  but this conversation represented a 

tunling point for Chad at VRLF. From this day on. he did not miss a single session of 

~natlieniatics. His punctuality improved to such :in extent that he \\xs a common fiuturc i n  the 

hallways one-half hour before classes began in the afternoon. Indeed, Chad went on to win 

And in the wecks to follow, he was to become an ace pcrl;~rnlcr, particularly in algebra. 
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Howcvcr, the student of the moment was still LMc. whose mathematical star \\,as still i l l  

ascerltlcncy. During the next weeh. I h l e  would astound the teaching staff at V I I I F  with his 

I)crvm8erence in mathernntical problem sol\,iiig. 

'1'0 occupy the next two sessions, I planned work on scientific notation, and closure for 

Accignnient 5, and for the many questions on Iargc numbers. I needed to establish clearer 

deadlines and expectations on all assignments: since report cards were due out at the end of next 

week, I \s ould set a Tuesday deadline for Ascrgnmellts 3 , ~ n d  3 as ell. Follov ing thc 1 4  rite-up 

of session 10, therefore, I will provide an analys~s of student performance on assignments in 

particular, and on my choice of assignments as the major a\sesslnent tool for the curriculi~m to 

date. 

I~lterlude: Monday 7 March I994 
" D o  \wu w m t  tne to \hotzl wu?" 

At the beginning of the regular class, I asked the 5tudents to have assignments 3 and 4 

ready for the next day ('Tuesday). ' l o  his credit, Chad M orked hard to finish his, and handed them 

in. '1'0 my disappointment, however, he csche\ccd m] suggestion to do his mathematics 

cooperatively with the other cohort members, and worked alone. Adie and Minna chose to work 

together, hut their task was cutting and pasting for the school annual, not doing mathematic\. 1 

approached then1 well after break about doing some worh on the assignments: 

Dl': Will you have your assignments ready tor tornorrow? 

Minnn: I don't know. Maybe. 

Adie: We already spend two days a week on math. 

Adic's retort chagrined me particularly. especially i n  context of the pre\'ior~s commellt she rcbcently 

made about quitting the prqjcct and taking the "regular" mathcniatics. 

As was often the case durirlg the  stud^'. another iridi~'idual's hcha\~iorlr scr\fc.d to ho!, 111!, 

spirits which had been recently ticpressed by the i ~ n ~ i c s  01' othcr students. 111 this case, I M c  



teariled t ~ p  with Ilehlia, who had accepted my invitation to visit the clas\roorn at any time. The) 

\s,orked together tlic whole afternoon, mainly o n  the analogy part of  the arsignment. 

Ih le ' s  first task was to come up with a11 analogy for the number I billion. He decided that 

he would compute how far I billion of his size 10 shoes would stretch. The two quickly 

discovered that 1 billion of his shoes would go around the world alrnmt three times. Now 

all bough Ilehlia helped him considerably with the metric conversions. 1)ale alone came up wit11 tlic 

idea for the analogy. 

Having completed the fist question, Dale was eager to go o n  to the next task of making 

clear the magnitude of the Lotto 649 probability. 

Ilnle: ( to 117') What was the number of possible 649 tickets again? 

DT: (point\ to t117\~~0r 0 1 1  hIuckhor~r.tl) 

Dale: Oh yeh. 

Ilehlia: How did you arrive at that? I know it's ... it's calculating the possibi\ities: 13 million 

9 eighty -three eight ... 

Dale: Do you want me to show you? 

Dchlia: Ych, show me. 

Ilale: I'm gonna get a piece of paper. 

f h l c  eagerly demonstrated to Dehlia how the number 13,983,816 was derived from the formula 
( 4 0  - - 

4(k/lX-47*4(~45-44*~%3*~12-4 1 . . . 
o (r5*4-3-2* I -43-42.4 1 . . . 

With Ikhl ia  on the scene, I decided to "test" Dale's grasp of probability. I made his task 

open-ended, asking hirn to show her a probability example. He proposed the problem of 

comlwting the probability of having four girls in a fanlily of 20, and proceeded to work out 
(720 - 20! 

- (Figure 3.6 is a copy of his work.) 
-I Ir ( 2 0 - 4 ) "  



Ill': Explain to Ilehlia how ... how you could work out another probability Ilalc. 

Other than 649. Show that example, but with smaller numbers. 

Ilale: OK. 

IYI': Another case of probability. 

Ilale: OK ah ... how many possibilities are there of ... the possibilities of ... a hund .... no out 

of 20 babies, that 4 will be girls. 'I'hat'd be an OK one to do? 

I :  That's certainly another application of combination notation, yeh. 

Ilale: (uriintc~lli~qihl~~) combination notation of 20 and .... 

Ilehlia: Four. 

Ilale: Eour, right. S o  it'd be 20  19 18 17 16 15 14 13 12 1 1 10 9 8 7 6 5 3 3 2 1 arid then 

you .... 
Ilehlia: Take 4 from 20. 

Ilale: Yell, so it'd be 16, OK'? And then you'd start cancelling out. OK, 1'11 do  them long 

form this time. l'wcnty times 19 times 18 times 17 equals .... 

Dehlia: l 16,280 . 

Ilale: 116 thousand, 2 hundred and eighty. t o u r  times 3 times 2 times 1 equals 24. 

llchlia: It's still going to be a pretty big number. 

Dale: 1 1 6 2 8 0 divided by 24. Possibilities are ... 

I3chlia: So thc chances of only having 4 girls out of .... 

Dale: 4.845. 

I h l e  successfully worked out the number of permutations of four girls in twenty births. Hut by 

3) 
not bringing in the numher 2 as the denominator of the probability. he demonstrated that he did 



not internalize well his recent experience in\~olcfing the connections between permutations, 

1';iscal's 'I'rimgle, combination notation, and probability . 

After this side trip proposed by his tcnchcr, Ilalc \{'as anxious to get huCh to the problcni at 

hand: how could one create an analogy for N = 13.9&,3,816'? Again, he came up with the idea hy 

himself: how many times can 13,983,816 people fill HC Place'? Hy dividing N by 60 OM), he 

cirrne u p  it11 the solution: 213 sell-outs. 

As soon as he had lie read the answer from his calculator, he was read) to proceed to the 

I I next problem: devise an analogy for the number 10 . 

Ilale: One hundred billion stars in the galaxy. Ilanm! (Iuugh\) A hundred billion. 

Ikhlia: A hundred billion. 

Dale: What's something that's huge that could hold like a lot ... a lot of water'? 

Ilehlia: A lot of water? 

Dale: How many gallon jugs ofivatcr arc i n  th e . . . .  

Ilehlia: Pacific Ocean'? 

Ilalc: No. Ah .... 

Ilehlia: Oh, the tank at the aquariuni'? Or Kits pool, or ... ah what's another big pool? 

IMC: Hey uh llavid'? 

Ilehlia: We don't know the depths of those. 

Ilale: David, is there a way that we cor~ld find out the uh amount of water that's i n  I.al\c 

Superior or something? 

Although Dale's idea could have been developed into a feasible analogy, Dehlia suggested at this 

1)oint that they look at mountain heights. Assuming that i t  takes two weeks to climb Mount 

Evcrcst (height 8843 metres). thc two went on to claim that i t  would take lifetimes ol'stcatly 

ascent to clirrib 100 billion metres. (Ilale suggested that one lifetime should not include the 

retirc~llcllr c a r s .  sillce "bccnusc pcoplc aren't going to be climbing when tlicj'rc tight! .") 1,atcr. 

during session 1 1 . 1  would revisit Ilale's attempt at describing 100 billion, and point out the s~nall  

(but significant) arithmetic error which prevented them from discovering the true ans\i1cr of -W)O 

lifetinlcs. 
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Having finished question Ihrcc. I M c  immcdiatel~' expressed eagerness lo attack the last 

problem: how can one concei\~c of  a googol? At this point. Chad hcgan to complain that the other 

class had just gone on its break. Kemnrk:rbl~-. I h l c  (who  il l  the past would hn\,c hccn eager to 

leave the room) ignored the mention of recess. The sti~dcnts in my class finally left for their 

tmxk, hut he stayed behind and pressed o n  with the problem at hand. 'I'he duo returned to Ih le ' s  

original idea of bodies of water. As a hint, 1 gave them the fact that 18 ml, of kvater ( 1 mole) 

contained 6.23 x 10'~ molecules. Then, while I was explaining that the labels "cubic centimetre" 

and "niillilitre" were one and the same, Ilale left the room. 1 thought, "Finally, it's happened. Ht. 

has lost interest. he has become discouraged, and his attention span has ended." Much to my 

surprise (and delight!), he returned to the classroom (while the other students were still on their 

break) with the comment, "So. where were we?" 

After Dale consulted an atlas to find the total volume of water in the Earth's oceans, Ilehlia 

led the way in calculating the nimber of millilitres (1.17 x 10") and the number of molecules ( 

4.6 x lo4') therein. Dale expressed dismay that they liad reached only an order of niagnitude not 

even equal to one half that of a googol. He asked me an appropriate question, "Why would they 

5() even have a googol'!" (Here, I>ehlia claimed erroneously that if they could get to 10- . thej 

53 
would have reached "one half a googol.") Dale's linal answer on his assignment u as that in 10 

worlds of oceans, there would be 1 googol of molecules. Next to his answer he wrote, "That 

number is still pretty high, so my conclusion is there is n o  realistic way to make a nlodcl for a 

googol ." 

Although Dale and Dehlia worked as co-problem solvers, Dehlia often tended towards her 

natural role as teacher. She oftell questioned in a Socratic fashion, and generally lead the waj i l l  

matters of computation. However, Dale was able to come up with original ideas for analogies i n  

three out of the four questions. 'I'hough lhis day he seemed contcnt in his role of f o l l o ~  cr. hc mas  
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eclu;~lly 1113 to assuming the Icxiership role. as demonstrated in his tutoring scssions \c.ith his 

peers, (-'had and Alonzo. 

What is truly re111arkablc i n  this session, ho\vever, is Dale's 11e~-found pcrserverence. 

'I'ypically, a studerlt with A1111 would have lost interest after five ~ninutes. On the contraq, I1ale 

worked with Ilehlia for over two straight hours. Indeed, some spccial educators \vould he 

completely satisfied wit11 Ilale's progress based solely 011 his impro\tcd attention span and positi\lc 

task behaviours. 

At thc time, I was disappointed i n  one aspect of Dale's performance. For even though he 

evidenced a considerable degree of creativity in the problems. his poor number sense seemed to 

handicap him somewhat in his deliberations. Hut this begs the question, "How else is he going to 

acquire number sense'?" My answer was and still is, "Certainly not through a math course which 

teaches i n  a rote manner those arithmetic or algebraic skills \vhich he appears to lack." I n  

retrospect, perhaps I was being too hard on him, and on n-ryself. I would venture to say that most 

high school graduates would riot have the "good number sense" 1 expected from my students. 

Session 10 Tuesdav 8 March (Adie, Chad, Dale, Donnv, Minna and Alonzo) .- 
"She cuti't do it hecuuw I cxui'r c~xp1uir.1 to her propei-1~. 

r 7 1 his session was devoted to exercises on scientific notation. In the first set of actiiities, 

the students were given a paragraph containing astrolloti~ical facts such as the distance from F21rtl1 

to Mars (56 million kilometres) and the speed of light. Here, I was trying to avoid having the 

students manipulate large magnitudes which textbook exercises often present with no context 

whatsoever. 1 asked the students to enter the large numbers into scientific calculators, and to 

record the results in a table. When Dale entered .l(XX)(X) into his calculator and pressed kt;, for 

5 *cicotilic notatiorl, he forpat the significance of. the resultiiip readout 1-1 t i.e. 3 x 10- ) 

M e :  OK. 'I'his is 3 to the power 5. 

IYI': Is that what that is? Is that 3 to the poiver 5? 'I'hirik  no^,. What does 3 to the power 5 

niean? 



Ihlc:  13ut you wid ...y ou said it's 1101 10 to tlic IN)\+ cr 5. 

IJI': I didn't say that. 

I>;ile: It's ten t o  the power 5, just like u p  there, right? (r-efor-r-ilrg to u17 c\tr~llplc 0 1 1  tllc 

hltrc Al~ocad). 'l'hrcc to the powcr 5. 

IN': 'I'hat's the first nunlber. Why is i t  t hree to the pourer 5?  If you use your logic you'11 
i 

sce that 3 to the power 5 is p r o l ~ l ~ l y  not \\ hat you're at'ter el ther. (~t.t.ito\ -3- O I I  ho~crJ) 

What does that mean? 

Ilale: 3 times 3 times 3 times 3 times 3. 

II'I': You can work that out i n  your head. Three tirncc 3 is nine, times 3 is 27. See if you 

can work that out in your head. 

Ilalc: I t  would be 10 to the power 5 ,  and that three has to f i t  in somewhere. 

IYI': Ycs i t  does. From the thrcc ho\v do you .... 

Dale: (c'xc.ifccf) 'I'hrce times 10 to the powcr 5. 

13'1': Right. 

Ilale: Right? 

1Y1': Right. 

llale, although initially off in left ficld with his understanding of ' . ) 3 1 ' ' .  conjectured that ..that 

three has to f i t  in somewhere." When reminded of what he already knen, about powers and 

5 exponents (that is, the meaning of 3- ), he enjoyed his success in coming to terms with the 

meaning of the calculator readout. Indeed, when students are initially confused over various 

mathematical concepts, an appeal to what they know is all that is often necessary to bring them 

around to apparent understanding. 

The exercise also provided a context for revicwing the basic temiinology of powers: the 

students thcmselvcs came up with the terms husr and c.x-ponunt. 'I'his is the power of small group 

learning: although individuals may have forgotten (or never even learned) definitions or concepts, 

usually at least one person will come up with the required knowledge or perspective. 

Now the students' task was to write the scientific notation version of the numbers in a 

column bcsidc the calculator rcxlout vcrcio~is. Atlie waq i~iitially c011f11scd M hen the ci~I~~uI;~tor 

displayed only [=I instmid of 131 for the number 300. 



Atlic: 1 didn't gc.1 three ~ ~ o i n t  Icro ICI-o. 

1J1': What did you get. ju5t .3? 

Adie: Ych. 

IJI': O K  'I'hat's alright. So~netirnes the calculator \\ on't pui in the lcros. 'I'hesc are just 

space iillcr?. 

Adie: Yeh. 

IJI': What does this mean, 3 times...'? What is that number " 1 0  to the 2" after all? 

Adic: A hundred 

1>'1': Hrmdred. Sure. 'I'hree times a hundred i \  .... ? 

Adie: 'I'hree hundred. 
5 

Dl': 'I'hree h u d r e d .  'I'hree times ...' 1 (poilrt\ t o  3 .I /(F o r 1  I ) O L I R I )  

Adie: 100 tl lo~~sand. 

Here, Adie's initial confusion provided a good opportunity for me to quiz her orally on her 

ulidcrsta~iding of scientific notation. 1 was now heconling niorc and 11inre con\rinccd that in this 

small group setting, formal exams might not be necessary for evaluation. Instead, 1 had the 

opportt~nity t o  directly ask each student a few questions. 111 the much larger classrooms o f  

tnainstreanl schools, efficient oral examination on a daily basis is probably impossible. 

'I'hc last excrcisc in Part A asked thc students to enter two large numbcrs into the 

calculators: 1-50 000 000 (the distance from the F;,?rth to the Sun in kilonletres) and 

9 500 OOO 000 000 (the number of kilometres in one light year). Whc.11 i t  was found that ordinarj 

scientific calculators were too small to display these numbers directly, I asked Alonzo (who was 

using my Texas Instrument '1'1 81) how he managed in his attempts: 

1Y1': 'I'ry ... uh entcr the numbers below on your calculator: A hundred and 50 million. And 

the second one. 'I'ry..,just try it. Even try i t  on this one. ( ; . ( I .  thc .  7'181) What 

IMe:  Y oil could enter 1 -SO. ( Ih lc  is dew to the notiou of' w.ientific. notufio17.) 

Adie: Can't f i t  i t  i n  therc. 

1X': Will i t  fit in on thc '1'1 ? Did 4011 try i t  o ~ l  the big one? 

Alonro: What :Ire we supposed to enter herc'! 

Ill': Ah nunihcr 1 therc. 

A l o n m  Y ell. I've entered that. 

Ill': Did i t  cvtcr? 



Alon~o:  Ych, O K .  

IJI': It's a bigger calculator and i t  can handle big nurnbers. Most calculators have how 

many spaces? 

Adie: Seven or eight. 

D'I': Yeh. Eight tlsunlly. Seven or eight. 

A1onr.o: 'I'his is a cool calculator. 

IYI': What would happen if you had to work with these numbers though? 

Ilale: You'd have to enter into ... in from scientific notation. 

Finally, i t  was time to see if the group noticed the pattern for scientific notation: that is, 

nurnt)ers in S N  are expressed as the product of a number between 1 and 10, and a power of 1 0 .  

Here, we were using a list of nunibers which the students had already converted to S N  using their 

calculators. 

I>'I': In the ... in the final fonn what do you notice about the scientific notation that's 

consistent? In particular, what do you notice about the 1st number'? Each time'? 

Adic: 'They're all under ten. 

[Yl: Yes. 'I'hey're all under 1 0 .  And they're all greater than...'? 

Alon~o:  Five. 

Ilonny: One. 

Dale : One. 

1Y1': 'I'hey'rc all greater than one. In other words, the first part of your scientific notation 

should be a number betwcen ah one and less than 10. And 1'11 put ... make a sign "less than" 

like that OK'? (~ 'r i t i r~g I I A' < I 0  on hoclrd) And greater than or equal to.  And that's the 

number that goes here. What number would we use here to express 150 million'? 

Ilalc: One'? 

Adie: One point five. 

IYI': One point five. 

Ilale: Y eh. So we put that in. ( i .c .  into thc cul~ulutor.) 

Dl': (ir~terrupt \) Ti n ~ c s  . . . I  ? 

Donny: Ten. 

Adie: Seven. 

Dale: 'I'en to the power 7. 

111': Alright if we 11111 a... 

Adie: Eight ... tcn to the tight. 
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11'1 : One , 2, 3, 3, 5, 6, 7, X...very good. Y o u  notice that you hati to nwve ...y ou ha\,c to 

n m \  c. the dcci mal over 8 places licre to gct t l i i l ;  olic 1xrc.h again. That's \ C * ~ C I I  t i  tic not at  on. 

'Hie eight tells you how many places to rno\,c this dccimal to gct thc numlwr you're tnlhing 

about. 

Dale: So Lve have to i t  in our calculator. 

'I'his was the first time that 1 had attempted to teach scientific notation using calculators. I was 

plcawtl that the technique was working. First thc cnlculntor\ pro\~idetl cuamplc~s of scientific 

not:ition n t  the push of a tmto11. Also, they provided a context for learning SN:  the group seerned 

to apprcciatc that to cntcr large numbers into calculators required a worLing h n o v  Icdpc of 

scientific noation. . 

After several examples on the board, 1 felt that the studcnts were ready to reinforce their 

understanding of  scientific notation with some practice. Hut instead of having the students work 

on scores of meanitigless examples from a text. I assigned two sets of excrcises from 

.4~1utI1c~mcrtic:\: (1 l I~?un Endm\~our. Although tlie problems were not metric, in each case an 

interesting context was provided. In the first set. they were asked to convert nunihers to scientific 

notation: 

'l'he students worked diligenrly on their exercises, but there was very little inter-personal 

collaboratiorl i n  spitc of my plci~s. At one point. after several students h ;d  asl\cd my for help. or 

for verification of their work, I told thcwi. "Instead o f  asking me, compare notes. You're allowed 

10 lh:ll. You don't have to work by yourselves. Cornparc notes to see if you're getting tlie right 



155 

an\\vcrs." For thc niost part. thcrc M ere long p;+uscs w it11 no c r ~ t i o ~ i  \\ I L I ~ W C \  cr. V i e  

students worked, but they worhed silently. on their own. 

Vcrlx~l insults directed at Dale continued wJer  the last ti\:(; scssioris. 011 'l'hurstla>. tluring 

our mathematics sessiort, Adie call him "a fucking goof '  and this day, shc made fun of his 

occasional slammering. Referring to his pcrscr\rcrcncc, M i m a  co~nmcntcd.  "What n nerd!" (This 

latter comment was reminiscent of the aforementioned research findings by Koherts and Peterson 

(1992) concerning girls' negative attitudes towards high mathematics xhic\ 'cnlclit.) At this point. 

I felt that I was in a dilemma. I was hesitant to step in and directly discipline Minna and Adie, 

bccause I wantcd then1 to change their treatment of Dale voluntarily. Howcvcr I felt a 

responsibility for the tone of the class, and importantly, for Dale's feelings. Since my mild 

admonitions directed at Minna, Adie and Juliana had not remedied their social bchaviours, I felt 

that there were two challenges for the future: to insist on tolerance between students, and also to 

foster social metacognition. How I would go about encouraging such changes I had absolutcl\l no 

idea! 

Minna's comportment of late caused me concern. This day. for instance, she initially 

refused to join the group and rncrely sat at her desk for the first while and doodled away. She 

became so easily discouraged with mathematics that I feared she would soon decide to quit the 

cohort. At the end of thc class, I asked Adic if she \vould help Minna: 

Adie: 1 can't ... 1 can't do  tutoring. You'll just have to help her and show her how to do  i t  

because I can't. 

IYT': If I do  i t ,  she kind of backs o f f .  

Adic: She doesn't ... she won't d o  i t .  

IYI': Partlon? 

Adie: She can't d o  i t  because I can't explain to her properly. 

IJ1': Yeh hut give i t  a try. 

Adic: 1 already did. 

IYI': Not this part though. 



through each question together? 'That's all you can do. You'll succccd more than I do. I 

hrio\v that. OK?  I appreciate it. 

I left ti131 day thinking that if I cannot reach Minna, and that if even her classmates and friends 

cannot Iidp her. then her tcnurc at VR1 ,F \c:u precariously hanging by a slender thread indeed 

On thc positive side, 1 was as confident as a teacher can ever be, I suppose, that learning 

had occurrcd in my mathematics classroom this day. 'l'he snlallncss of my class nieant that 1 could 

m no nit or each s:udent's learning in a way I had never experienced a\ a teacher. Hecausc of the 

small studentiteacher ratio. 1 felt that both clircct obserbation and dinlogue continued to I>rm itle n 

thorough and nieaningful gauge of rny students' progress. 

SESSION 1 1 'I'hursdav 10 March 1994 LAdie, l M c ,  Donny, Minna) 

This session was dc\'otcd to allow the stodents to try to catch irp on their assipmerlt (#5 )  

on scientific notation, so that i t  could he handed in by Friday for report cards. My other rnotive in 

allo\ving a "free" period was to encourage cooperation between students in their \vorh. Alas. such 

tca~nworh still proved elusi\,e. 

Adic, Dale and I h n y  worked alone on their assignments, but Minnn chose to do science 

instead. When 1 asked her if she needed help, or if she was going to work on the assignment, she 

responded that she was going to d o  "the othcr math" in any event. Her final rcmarh to me a \  

indicative of the negative feelings she still harboured about mathematics: " I really don't 

understand i t  so I'm not going to bother." 

Rather than ask each other for help, the students were still turning t o  their teacher. For 

instance, although any fellow student could have pro\'ided the answer, I h n y  directed the silnple 

informational qucstiorl to me: "How rnanj days i n  a year again'!" Adic solicited m! help \\ it11 

sonic of the S N  problcrns. I h l e  spent most of the wssioll in\rcstigating the crror in his and 
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great deal of help from his teacher, he realized that by mistakenly entering 1 billion ( 1 0  ) rnltlaliy 

I I instead of 100 billion ( 10 ). his ariswcr was out by a factor o f  100. At this point, I~ouever. he 

was able to correct his pre\'ious ans\t cr quite quickly: 

FIT: Can you tell me tlie answer right away? 

Dale: I t  u a s  5-1 before. 1 tl i i l lk. 

D'I: What's the key operation here? 

Dale: 54 times 2. 

DT: What's the key? No. 

Ihle:  Sorry. Fifty four t in~es ten to the power of 2. so -54 times 100. 

DT: Exactly. 53 tiniec 100. Which is....'? 

Dale: (reu(hc \ f i r  ~ u 1 ~ ~ u l ~ o r )  

Dl': No, don't do i t  on there! 

Dale: Fi\ e tliou\and and 3 hundred. 

DT: Five thotrsand four hundred and ... it's a big difference eh? 

Dale: Yeh. Holy sliit! OK. -%I00 lifetimes to climb a hundred hillio~i meters! 

Fach student had much to offer to the rest of the group, but such energies were still not being 

shared. 'That evening, I thought that individual assign~nents might be precluding tlie cooperative 

learning which I desired. 

'To his credi t, Ilale was the only student in the cohort to create analogies of all four large 

numbers. Donny and Adie both concluded that one billion seconds \i.as appro\imately 32 yearc. 

and that 100 billiorl secontis was accordingly, 3200 years. Neither of the latter t\vo attempted to 

investigate one googol. or the number of possible 649 tickets. Chad and Minna never did turn i n  

assignriient 5. 

111 retrospect, tlie results. although disappointing. are not surprising. Since these students 

have beell sr~l!j~ctcti to :I lifctinic of' only "short ans~rer" mathe~iiatics. i t  should not he irnusual that 

they balk at s11ch ~pen-e~lded  assign~~ients. The results of previous a\s ipmcnts  and exercises 

during the projwt are consistent with this theory. O n  the one harid. a11 the students ivere read), to 
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tackle qucstioris l i  he "1- l cnv  n1;11i!. cliffe*r~rit hands of poker arc there'!" 0 1 1  tllc other 1ia11d. in 

Assignment 4, 1 Sound i t  impossihle to rnotivate the group to work oti creating a "customized" 

I .otto for VKI ,F . Sil~iilarll.. A s s i y ~ i ~ ~ i e ~ i t  3 problems like "Wnat is the 20th tern1 of the seclucric*c 

( 1 ,  - 3 ,  6, 10, 15 ...) ?" were devoured eagerly 1)y lily students. However, their response to the 

operi-ended question "What are the first four ternis in the 100th row of Pascal's 'T'rianele" \$:as 

rather less than enthusiastic. Oice  they had the combinatorical fomiula, the students were quite 

happy to work out the ariswrer. Ir i  surii, open-ended problem so11,ing. like co-operrtti\.c Icaniing. 

is not an activity which alternate school students will automatically adopt just because progressi\.c 

~nathcmatics educators think t11:1t i t  is time for change. 

With all the assignments in, I computed student averages for the first eleven sessions of 

the mathematics pilot project. In the past. student's report cards at VRLF were main1 anecdotal. 

with a nominal C+ given for completed courses. At this time, I was happy to depart from this 

custom and niy students were eager to receive actual "regular" school letter grades. The group'\ 

positive expectation of report cards sterrinled from two factors: first, there was the novelty of a 

new grading system, arid second, individual marks (coniputcd from attendance and from I?\ el 

assignments) were actually quite good. Accordingly, Adie, Chad, Dale and Donny ere all 

awarded A grades o n  their report cards. Hut regretfully. Alonm. Minna and Juliana did riot 

complete enough assignments to warrant any marks in mathematics. 

As long a\  the group \ize reniained small enough for indiviclual iiionitoring. 1 u ould 

continue with student dialogue during open-ended problem solving as an evaluation modality. 

Assignments would still serve as the main means of formal assessment, hut IienceSorth. these 

would he completed and marked as group projects. Perhaps this new ascecsment procedure 

wo111d also foster the students' intercst i n  co~nplex problem solving and the cooperati 1.e Icarrii 119 

that I had been aspiring Sor. 



Topic S I~ndrrctive n12d dcdrrctive logic 

SESSION 12 Tuesday 15 March 1994 (Dale, Chad. Ilonny, Shawn, A l o n ~ o )  

l'liis day markd tht. rcturli ol' Sliiin 11 \clio ~nontlic p rwiouc l~  had heen formall! renio\ c.d 

from the V I I I F  register becauw of poor attendance. As well as having learning disabilities, lie 

suffered from deep and chronic depression. Having just witnessed the transforniation of Dale, I 

was particularly curious to w e  what a new approach to mathematics rnight d o  Sor Sha\i-n. In 

particular. I tliotrglit his rctur~l tirncly. sincc we were about to begin a new topic wliich I felt might 

suit Inany of 111y students' tem~)erarnents. 

My decision to include illtluctive arid deductive reasoning in the curriculum was all eas) 

one. First, like all the mathematical topics 1 chose, this one was of great interest to me. 1 was 

thus eager to explore an important subject which %(as e rnp l~as i~ed  relativclq little in regular school 

mathematics courses. As noted in the NCTM's (1989) Stut~cklrd\ doculnent, "lilnductite arid 

deductive reasoning are required individually and i 11 concert in all areas of matliernatich ( 1). 14.3 1." 

Likewise, I felt that this topic would be particularly useful to students weak in basic life skills: 

The potential for transfer hetween matliernatical reasoning and the logic needed to resol\,e 
issues in everyday life can he enhanced by explicitly sub~ecting assertions ahout daily affairs 
to analysis in terms of the underlying princi ples of reasoning. (p. 145) 

las t ,  many of the experiences I planned were of the so-called "easy-entry" variety; in other 

words, little formal mathematics background would be necessary for participation. I t  was for this 

last reason in particular that I felt that an exploration of logical reasoning might appeal to student\ 

like Shawn. 

Overall, this topic was so successful with the cohort that we eventually extended i t  to 

cover ten whole sessions. (Of course. with the new curriculum, wc eli.joycd the freedom to dcl\ c 

a s  deeply as we liked into any topic.) Attendance improved, and even students from other cla\w\ 

began to attend our mathematics classes out of interest. And importantly, certain other students 

now took their turns to blossoni mathematically just as Iliile had done earlier on in the project. 
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Session twelve was rushed, as 1 had forgotten about a special school event which 

ncccssitatcd moving hack thc afternoon start lime. Also, my handouts \$!ere not collated. and I 

sorlieliow misplaced the "lesson plan" shcct colltaining previc,usly though-out examples of 

inductive reasoning. Simply put, confusion at the onset was rampant. Certainly, if a "repcat" 

class had followed this one, the second lesson w o d d  have proceeded tnuch Inore smoothlj,. 

(Ihad interrupted my bungled beginning with an important question: 

DT: Alright, guqs. Itiducti\ e reasoning. (ptru\c)) Induct i~  c reasoning ever) hod\ i \  ah ... 

Chad: I have a question. IJm ... every time we do ... we do the math thing, we do something 

11 e \\' . 

Dl': Yes'? 

Chad: Are they going to tie together? Or is that just the way i t  is? 

Dale: 'That'\ just the wall i t  is. 

DT: My prediction is -yes in ansuer to your first question. 

('had: Yell'? 

DT: And in answer to your question ...y our second question -yes. That's the way i t  i\. 

Chad: Cool. 

Chad's query was important one, as I was looking forward to having the students discover 

through their investigations the inter-relatedness of all mathematics. And ironically, i t  would be 

('had himself who would impress me again and again with his quick insights illto n~athcrliati~ai 

connections. 

When I asked the students for an examples of inductive and deductive reasoning, Dale 

asked, "Inductive is adding s t d f  right?" A little later, I understood his confusion. Using several 

examples, 1 went on to explain that inductive reasoning entailed three activities: 1 ) observing data, 

2) recognizing patterns, a ~ l d  3) making gcnerali~atiolis. I3ale wanted clarification on a difkrcrlt 

meaning of the term: 

Dale: I uh ... OK. OK. Indt~ction ... inci~~ctiori uneans to rnake ob ... obscrvatiolis right? 

DT: (/+'u~~rhlin~q cvitli \ t~cckt~t\ ' /~c~ t~~ /or r t \ )  Right. 
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Ih lc :  Ind~rctcd, right'? Hon, about "iliduclcd into the Hall of Faiiw'!" Would thal mean 

~iiakc an observation there? 

\'lien 1 explained the I,atirl roots of ~ l l e  word. lie was content \vith the idea that iriduc.tior~ rnearit to 

"In-ins in" or "lead in", whether i t  be sports heros or cxpcri~iiental data. 

Chad was able to give the follo\i~ing example of detiuctivc reasoning from Sherloch 

He'd find an envelope, and he'd have to find where the envelope came from. So he looked 
at the type of paper i t  was, so then he figured out i t  came from this place. S o  then he'd looh 
at the stamp or something like that, or the handwriting, and he figured out (unititelli~ihlc.) 
and then he knew he had a cornposi te of the person who sent the envelope. That sort of' 
thing. I think that's the way it worked righti? 

Still, the students were uncertain about deduction in mathematics, and in spite of any definition I 

could give, they wotrld natl~rally remain so until they all experienced examples of Loth types of 

reasoning for t hernselves. 

For this topic, I was not wanting for materials: Serra's ( 1989a) Discwering Geoinc)tr:~, 

provided a plethora of excellent activities and examples. In fact. any educator in search of a text 

for any regi~lar or alternate geometry courses at the secondary level need look no further than this 

hook. Together with my own problems and puzzles, Serra's textbook was invaluable in 

providing the framework for most of the geometric activities throughout the project. 

l'he text was also useful in that i t  allowed me to hear my students read aloud for the first 

ti me. For instance, 1 was pleased to hear Dale read so fluently: he proceeded at a good clip, with 

no stuttering, and a type of intonation which indicated understanding of the text. As well, he 

laughed at the punchline of Serra's example, and added his own apropos comments in the middle 

of the paragraph. During the lielit few sessions. 1 ~ .o t r ld  have the chance to listen lo thc oral 

reading of all my students as we all took turns with the examples from the booh. Indeed. I w;ts 

soon most impressed with the reading skills of c 1 \ ~ c J r - j 7  member of the cohort. 



Gradiliilly, after doing many exarnples (which the students all found enjoyable), 1 sensed 

'I'his was the last exercise of the session, and 1 was elated that Shawn (who had said virtually 

nothing to that point) eventually contributed a key idea to the group: 

DT: If you were o n  a bus and you saw this happen, every ... every girl that came on the bus 

wearing jeans sat on the Icf. 

Shawn: There's no reason to think that. 

117': Why not Shawn? Very good. 

Shawn: dust bccausc that's lihe incorrect. 

IIT: It's an incorrect con~ecture. Why? 

Shawn: Hecause ...( ~ r ~ ~ i ~ ~ ~ c ~ l l i g i I ~ l ~ ' )  

DT: (inrcrrupts) Does wcaring jeans have anything to do with where you sit on the bus? 

Shawn: No.  

1>'17: What could have been the explanation for the fact that all the girls who worejeans sat 

on the saine side of the bus? 

Ilalc: Maybe .... 

Shawl: l'liey wcrc friends? 

1>'1': OK.  Hut  these are people conling on at different stops; they aren't even talking to each 

other. 

Dale: I t  could simply be a... 

Shawn: Coincidence. 

117': Exactly ! Very good, Mr. Shawn. 

('had: It's a coincidence. 

IN': Y o u  have to distinguish between what's a coincidence ... 

I>ale: Hrni' [lo you spell that? 

I :  Coincidence, (w.r-iti11,q on hourdj)r DUIC j or ~ h ; i f  M e call coni~~ior~ly ... or yotl just say 

that that's just a. . . .?  

Shawu: I-luhc. 

lhlc: I .uch o f  the draw. 
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Sliawri demonstrated a well-h~iown truth  bout the minds of people \+ it11 learning disabilities: tliere 

is often r~ndctermined intelligence lurking just heneath the surf'ncc. At the end of this session, I 

u,as already hoping t1i:it given the chance. lie \vouId surprise 11s a11 with glimpses ofjtrst lie\\. 

profowid that iritclligetice can he. 

SESSION 13 Wedriesdav 16 March 19% (Juliana, Dale, Adie, Chad, and A l o n m )  

liather than cancel Thursday's session because of a previously scheduled school ski trip , 

I dccidcd to move the session to Wednesday. 'I'he start time also had to be changed to 12:30, \iliCc 

' k c "  normally takes place after the Wednesday afternoon recess. As a result, students were late 

arriving for the rllathenlatics class. At first, only Adie, Ilale, and Juliana were on hand. Having 

just received notice from (-had that he would be late, I waited until 1 2 3 5  before starting. 'There 

was also 110 word fro111 I>onny, and Alonro had not \e t  appeared. 'Tardiness and attendance \\ere 

relatively new worries to rile as an alternate school teacher (and major ones at that) since prior to 

this group project, such concerns meant little to the running of individualized programs. 

Hefore the afternoon session even began, Adie arrived at school in a foul mood, and i t  was 

a11 1 could do to convince her to stay for mathematics: 

Adie : Cyan you give me the math I missed on l'i~esclaq"? 

1YI: We're going to do  math today, and you can easily pick up on Tuesday's work. 

Adie: Why? I thought i t  was on 'Tuesday5 n~id Thursdays. 

IIT: Well, it's because of the ski trip tomorrow. 

Adic: I'm not staying at school today. 

D'1': Why can't you stay'? 

Adie: I don't like this school. 

Dl: Well, stay for the math anyway. 

Adie: OK. I'll stay for the math, and the11 I'm goin? honic. 

had beell having a "l~ersonality conflict" with Juliana. and \$anted to move to Eric's class in the 



cnr~tarlherousrlcss between l h l e  and the girls." 

Frankly, Juliana's unexpected return from a three \\ eel\ sl ~ p c ~ l s i o ~ i  that afternoon caused 

nic ~ 1 1  uncertain a p l ~ r c h c ~ ~ s i o ~ i  and malaise. I t  was difticdt to logicallj explain rnl Scclings 

towards hcr. Illas I worried that she would disrupt whatever inter-student rapport I had struggled 

to build so far'! Or W;IS she simply too much like a new studcnt infringing o n  my established 

routine'? In any evelit, my concerns were unfounded, because that day at least, she fit in quite 

nicely wit11 the group, contributed to the activity, and related quite well to other group members. 

My apprehensions around the shaky beginning to the session were soon swept aside as the 

students engrossed thcrnsclvcs fully i n  Serra's ( 1989s) often humorous e\crcixes 211 ind1ict i1.e 

7 .  logic. I he following was the last problem posed in the lesson entitled "Militrt i s  Ir~clut~tir,e 

Since I was eager to diminish my influence in the classroom, I tho~lght that such an open-ended 

problem would afford an excellent opportunity to observe student interaction. Accordingly, I left 

the classroom, and did not hear the results until I previewed the tape later that same evening. 

Juli: (\i,qIi\) 

Adie: (sighs) We want to give an example of one that is used incorrectly. 

Juli: Hull? 

Adie: Ixt 's give an example of one that's used incorrectly. 

Suli: tlni .... 

Adie: I don't know. 

Chad: What'? What are we supposed t o  do? 

.luli;111a: Gibe a11 c\amplc o ~ l t s i d ~  of scl~ool wherc iiiduc.ti\ e rcxoning is uscd ilicorrc~ctI\ 

11111 ... 

Atiic: Iloii't \vc have to pick one, right? 



('hiid: Give an cxarnple. OK, hut \rli:it'\ inducti\e I . c ' ~ v M ~ I ~ ~ ?  

Alonm: Well if ... like say if you're driving down the road, and it tahes you ten meters to 

\top your car ... 

Chad: Ilh huh. 

Alon7o: ... and I don't know how to explain that. 

Juli: OK say .... 

Chad: You could conjecture that at that speed, ever) time I t q  to stop, i t  will take 1 0  

meters. 

Alonm: Tcn meter\ to stop your car. 

Juli: Or  wrhat about every time you get to a stoplight, you're standing there. and unl ... OK i f  

you don't press the WA1,K signal, right, yoti don't pre\s that little button .... 

Adie: That car one of yours ... ten meters. That's probably the best one to go with. 

Alolizo: Yell. 

( / k i I c  re twn\  fr-om the offic e )  

Dale: What's that? 

Chad: 1 agree with that. 

Adie: When you stop your car .... 

Alonzo: If  it takes ... if you're going a certain speed, and i t  tahes you  ten meters to stop your 

car, every tirne. I don't even know how to explain it man. 1'111 still trying to figure out how 

to explain i t .  

Dale: It takes ten minutes (\ic.) to stop your car. 

Alonzo: ( t o  llult.) Meters. 

Chad: I think yo11 e x p l a i ~ ~ e d  i t  quite .... 

Ilale: Not necessarily though, because some brahes may be .... 

Juli: 7'cn meters. 

Chad: 011 yeh. What happens if your brakes failed one time'! 

Juli: Aghh! (cxu\perutedcct the interruptio~z)..To stop your car ... i f  every time you do  that 

then you can.. .. 
Chad: OK. we can say .... 
Juli: Assurne.that the tiext tirnc ... 

('had: (interruptit~g) OK. Hut wait .... 

Juli: ...y ou do  that it'll take another ten meters to stop your car. (rtri\itl<q hc~r 1loic.c o1,cJr 

('htrti'\) 

Chad: I t  might 110t be correct. 

J (11 i : ( / ~ u , q l ~ s )  



Adic: 'l'ha{'s incorrect. lx t ' s  just use thal onc. 

('had: You could say every ... i f  you're going at, you know, so ... i I you're going so  fast, 

and \.ou try and stop. and i t  tahes y o u  ten meters. \,ou can co~~.jecturc that e\,er> tinlc you're 

going that speed, and y o u  try and stop, it'll take )'ou I0 mctcrs unless your brakes fail. or 

you ha\,c a heart attack a t ~ d  aren't able to nlo\'c. 

Juli: Ohh! 

This \\,as the first time that all the pupils related so well to each other in their matlien~atics. 

Also remarl\ahle is the fact that although they still tended to ir~tcrrupt cacli others' comriicrits. tlic 

students treated their peers' ideas with respect and courtesy throughout. On1 y at one point was 

tlicrc any sign of exasperation or impatience: hott,e\~er. this incident with .Iuliana appeared to occur 

only out of eagenless to get on with the assignment. Importantly, even with their teacher out of 

the room, they were constantly striving to obtain closure or consensus on their ascignnient. 

Finally, there was constant cooperation between five students for whom individualized progress 

had been the nomi during their entire careers at V K I I .  

What was different about this session'! First, I feel that the larger class size contributed to 

the group's acconiplishrnent. In his teachers' guide for Di\c.ovcr.ing Gc.o~netr\,, Serra ( 1989b) 

offers the following suggestions for the size of cooperative groups: 

Kcsearch has shown ... that four or five is the optimum size for most cooperriti~~e learning 
situations .... If groups are too small, then there is not enough dialogue and someone is left 
out. If there are too many in a group. then there is too much happening. and managing 
group cooperation becomes very difficult. (p. 16) 

Second, when 1 was present, I made a great effort this time not to answer every student question, 

deflecting them back to the grot117 instead. Finally, my decision to leave the classroom altogether 

was obviously a good one. 

Huoyed by the students' latest cooperative cotnportnient , 1 was motivated to Lvorl, out 

soune sort of cv;~luative procedure for their group work. 1 began to entertain the itlea of not 

necessarily remarding them so much for a f i~l is l~ed group project, hut more for the collaborati\c 

process whereby they resolved the problem. Also. I wondered if the autoniatic five points for 
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merely attending a session should not he earned by I )  being o n  time; 2) sta~zing on (ask; 3 )  social 

proprieties; anti finally, 4) ;~ctivcly cooperating in mathematic:~l actiiritiec. 

Howcvcr. after the up-coming cpring hreah, I noulil h a ~ c  to cliccu\s mjr  idc,l\ on 

evaluation with the students before changing anything. The worst thing 1 could do at this point. i 

felt. would be t o  turn their newfound hehaviours around by impming rectrictions \! hich t h c ~  

would almost surely take as  cl~astisements. 

Iutcr-scc.;icm. Monday 28 March 

IJpon returning to school, I was ecstatic to find that CWEC's new Macintosh computer 

had been delivered during the holidays. Since I was familiar with Quick Basic, Geometers' 

Sketch Pad. and various graphing utilities. the pilot course could take several diffcrcnt paths. 

However, there was now a considerable onus on me to master each of these wonderful computcr 

applications. 

SESSION 14 'luesdav March 29 1994 (Dale, Juliana, Adie, Chad, A l i n ~ ,  and Naomi ) 
"011, 1 don't 1ike.fiuc.tions. " 

Two other surprises awaited me at the start of our first lesson following spring break. 

First. Naomi. a student from ;inother class who had been sitting in my room for some time. 

declared that she now regretted riot having started mathematics with our group. I asked her if she 

had finished any n~athematics, and since she already had passed Mathematics IOB, I told her she 

could possibly get some credit for Mathematics 1 1A if she chose to join the group. She remained 

i n  the back of the room, but was attentive throughout the group session, and even offered 

suggestions for solutions. In subsequent sessions, Naorni actually moved to our group table and 

participated. 

Surprise nurnher two was Alini. He had credit for Mathematics 10H. so he chose not to 

\)articipate regularly in the study. However, he also was interested in the proceedings. and began 
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to join in. Hc hept moving cloccr to the front M here thc group was sitting. and e\ cntuallq pulled 

up a chair to the table. 

I'he interest that both these students prot'essed this day was extremely gratifying to me. 

I-irst, i t  u x  a recognition that I was doing something right. Second, it  was an indication of 

intrinsic student n1otiv;ltion: this ic Ivhat we should be aiming for. Grades or performa~icc 

incentives. fear of failure or ~,unichnient, negative consequences for not participating, and so o n .  

icleally should not be the major motivatirig forces behind student participatio~i and attendance. 

At this date. I \vas still struggling \vith the dilemma of poor attendance. Dale \i as a 110- 

show today. Alonzo phoned to say he had found work, and would not be returning i n  the near 

future. And Shawn (poor Shawn) worlld he suspended for the absolute last time this \vrck.  (His 

performance with the group in the last session was thus a one-time event!) I asked mysclf, 

"Should 1 install a 'conscquencc' for absences? I f  secondary motivators exist at all, should the! 

not be positive'?" In any event, 1 felt that in the end, i t  would be interesting to compare students' 

~ \~el-a l l  a(tendancc to their attendance on Tuesdays and Thursdays. 

To further encourage the type of cooperative behaviour,which occurred in the last session. 

I told the students that they would each receive ten points for their work in the previous session: 

one point for the answer, and nine points out of ten for their contributions to the group. 1 

informed them that in other words, the proc.c..~.w.\ here were at least as important as any final  

results thcj  ttitned in .  

For this session, I had the students work on t~urnbcr patterns: i n  particular, the j~  \vould he 

given n logical progression of four or more nurnbers (or letters), and would have to make a 

conjecture about the next number (or  letter) in the sequence. We used Serra's lesson on number 

j'attcl-~~s ( 198Oa. 11. 35). hui 1 had the students keep their texts closed while onc studcnt irt a timc 

Wrote the sequelices on the hlachho:ird. 'I'his procedure was riicant to prevent students like Ilalc 



169 

from working on ahead of the group. A f  er all, the airn of the session u.ns as much to pro~note 

cooperative learning as i t  was to come up  \vith the answers. 

Juliitna remarhed that such sequence problems were often included on IQ tests. ' 1 ' 1 ~  ptlpils 

were interested to hear that by practising such number puzzles, they c o ~ l d  actually enhance their 

pc~l'orrnance o n  future intclligcncc tests. 'These kids issere fore\rer school-wise! 

Having just answered the by  low familiar triangular number problem { 1,3, 6, 10, ) .  

they chose the following interesting route for the fourth sequence in the exercise set: 

{ l , 4 ,  9, 16, 25, 36. -} : 

Juli: OK 'The [)...the difkrence between these is 3, between 4 and 9 is 5, behvcen 9 and 

16 is 7, betmccn 16 and 25 ..... 

Chad: I t  would be 9. I t  is 9. 

Adie: And thc next one is 1 1 .  

Juli: So 3 ,  5, 7, 9 .... 

Dale: Eleven. 

Adie: Eleven. 

Juli: Eleven. 

Chad: And then? 

Adie: Thirteen. 

Chad: So .... 

Dale: Forty nine. 

Chad: Hey, right on! 

Juli: Forty-nine? 

Adie: Forty nirte. O K .  

At the time, 1 was surprised that they did not recognize the progression as perfect squares at all. 

l'hey relied instead o n  the difference patterns which they had investigated earlier u.ith the 

triangular numbers. I n  retrospect, my reaction was probably due to my expectation that the 

students should ha\,e llati the same mind-set of the pattern as I did. IAer  I discuss further the 

Illlplications of the at(en~pts to impose my particular "awarenesses" upon the students. 



'I'he scvcnth progression { 1 /(I, 113, 112. 213, , e\,oked a familiar rcspo~icc from 

the stutlcnls before thcy settled in to solvc it: 

Adic: Oh I don't lihc fraclion\. 

Juli: 0 1 1  I hate fractions! ( p 1 1 1 w )  Can I t1a1.c a text? 

l X :  No it's O K .  I don't i t  ant y<,u to have a text. 

Juli: Oh OK. 

I X :  Just go fronl off ~ h c  hoard. 

Juliana's abhorrence of rationals actually prompted her to request a copy of the problems in thc 

texthook so she could go or1 ro the next non-fraction example. 

According to Serra's rules tor classroom deliberation, any item with an asterisk ( * )  beside 

i t  meant that students could ask the teacher for a clue. 

Dale: OK, David! ('lw! 

DT: No. Copy i t  down first. 

Juli: OK. 

I :  Work on i t  for a couple of miilutes. and ther~ (~~ninrelli*qihle) 

Juli: One sixth, one third, one half, two thirds. OK. What do these all have in comrnon? 

Naonli: They're fraction<. 

(Iuughfc~r) 

Dale: Yeh. They're all fractions. Good job. 

Juli: Ah, thank you. OK. 

Chad: Inmk at the bottom nunihers: thcy go 6 , 3 ,  2.3. So, 1 would say that the Ia\t 

number [nay be ... might be a 6. O n  just the botlonl. 

Adic: So 2 sixths'? 

Chad: 1 don't know. 

Juli: OK maybe the top. The next one. Hecause there's been 1 ,  2 , 3  "one's". Three 

"onc's", so there should be .... 

Adic: 'Three "twos." 

Juli: 'Three "twos." 

Adic: Right. 

Juli: So the next one \z i l l  be 2 over .... ? 

Adie: 'I'wo over (unitlrc~lli,qihle) something. 
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Juli: OK. How nia i i~  1lt1m1lc1.s arc there oirer all'! OK. that's it'! O K .  wait. Hold O I I .  O K .  

that's not right. OK, Hold oil. 

l X :  Hang on. Another qwstiorl? Try to observe a paltern in there ... 

Juli: Oh J c s ~ s !  

171': ... for about ah half a minute. See what you can come :;p with. 

Lhlc: Wc'vc hccn ohscr\fiug pnttcrns (rrr1ir7tc~lli,qihl(.i 

Juli: OK quiet quiet quiet quiet quiet. OK. One sixth to one third. 

Adie: How about one sixth to 2 thirds'? 

Juli: I wish I knew my fractions better. 

In her frustration. Juliana \{as actually motivated at this point to recall a forgol te~~ fact 

:-lboul fractions. I douht whether such a desire would ever have come from the drills of the old 

mathematics course at VR1.F. Hut undaunted by their lack of "basic skills," Juliana and her 

classniatcs carried 011. 

Juli: OK,  one sixth to one third is .... OK,what if you double one sixth? 

Adie: It'd be 2 sixths. 

Alini: It  just goes small. I t  gets small. Then it goes big, and then as soon as it hits half i t  

goes u p  again. 

Juli: One sixth. No. Yeah! 

Adic: One sixth would he t\tso 4xths if you double i t  right? 

Dale: 'Twelves. 

Adie: Twelves. Sorry. T w o  twel\res. 

Alim: OK You see? I t  goes one sixth, one third, and then a one half. After one half it goes 

up again. 

Here was an example of poor arithmetic skills not affecting the momentum of a student 

investigation. Adie was initially correct in stating that hvice one sixth was two sixths, hut she 

stood corrected by Dale's crrotieous assertion that twice one sixth equals tn8o twelfths. Although 

this misconception did not lead to the discovery of a pattern, they maintained interest in the 

With his comment "It gets small. Then it goes hig", 1 thought that Alini was referring to 

the relative magnitudes of the fractio~is. Reviewing the transcript, I saw that he tvas actually 



with a word 01' rcproaclirncnt . 

(:had finally hit upon a valid visual pattern: 

('had: O K  Wait. 1,ooh at this here. He)! I got i t  I thinh! 1,ooh at i t  t h i ~  way. If you 

put ... if you draw [heln, right'? See, they get bigger h> ... the) get bigpcr hq one sixth! 

(llr(~~.t ' \  fructiorl pic\ on hourd) Each time. So two thirds .... 

Juli. Hy one \ixth! 

Chad: S o  two thirds. The next one is .... OK, two thirds is .... MJcll, let'$ jurt drnlt i t  here. 

Ilni. Two thirds is that much, by one more sixth. So another one ~ o u l d  he 3 quarters. 

Thrce quarter\ is the answer. 

Ilalc: Thrce quarters? 

Chad: Three quarters. 

DT: Explain Iiow you got that again? 

Chad: Well, I d r c ~  thetii. 

Adie: If you drew them out. 

Chad: And they get bigger hy one sixth each time. 

I T :  And your answer'? 

Chad: 'Threc quarters. 

Alim: Is that right? 

The only fault in Chad's answer stemmed from his careless pie diagram . At this point, taking a 

cue from Dale that the students were eager to rnove on, and believing that they were close enough 

to a solution. 1 felt that a clue was in order. 

IYI': I like that concept of one sixth. Before you go on Dale, here's a little clue. Change 

each of those fractions to a common denominator. 

Chr-td: Ah! 

Atfie: O h  God! Get out of here! I don't know how to do that. 

Alim: The common clenominator is 6. 

I)T: If you don't hnow how to d o  it, ask the person next to you. 

Juli: 'l'hc common denominator is 2. 

('had: Well thnt's \+,hat I Just did hasically. 

Alini: N o 6  



Juli: It'.; two. 

1)T: Write the tractions out again. 

Juli: No it's two. It's smaller. 

Alim: Oh it's two right. I ~ C C ' ~ L I S C '  2 p e s  in(() .3'? 

Juli: Whoops. Six. 

1Jnder each term of the original progression 116, 113, 112,213, .- I had one of the 

students lr3rite the appropriate equivalent fraction with denominator 6. 

Dalc: OK Thal'd be 2 out of 6.  

Adie: Two thirds. I mean 2 sixths. Yell! 

Dale: This one will be three sixths, and this one will be four ... 

Adic: Four sixths. 

Dale: ... over six. And this one would be .... 

Ju l i :  Five sixths. 

IMe: Five .... 
Chad: Ohh! Whoops! Whoops! 

Alirii: Yeh that's pretty easy. 

Adie: Six sixths would be the last one. That would be one. 

Juli: Horrrahh! That 's very simple. 

Chad: Sorry about that. 

Dale: No the next one would be five over six. Yeh yeh. and the next one would be 6. 

Juli: No but what's the one on top of it'? Five sixths. OK, then six sixths. 

Dale: That's the answer too. 

Adie: OK! Sure. 

Juli: (singing) Joy to the World ... 

Again, we had an excellent opportunity to review basic skills in context: instead of being obliged 

common dcnorninators. 

I was most impressed with the cohort's effort during this session. For one thing, Adic 

and Juliar la  were kinder to I)ale on this day: there were IIO unkind remarks when he made his slip 

(very usual for strldcnts with 1,D) about "conlmon factors" instead of coninnon denoininators. The 
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studcnts displ:~yetl great 1,ersec.er-alice i n  their task, perhaps because they actually cr;joyetl the 

exercises! I was beginning to feel that I was actmlly observing a de\relopinp work ethic as well as 

a social ch;+ngc i n  the students. These changes ivould hopefl;lly continw to manifest theniselvcs 

and grow i n  the weeks to conic. 

Inter-session. Wednesday 30 March. 

Juli ,  Chad and Alirn made my day! They all announced that they wanted to resume 

indudivc niatheni:~tics when they arrived and were disappointed when I said not until Thursday. 

Thursday .3 1 March. 

Another positi vc sign that the students were \duing their niatheniatics classes occurred 

this morning. Dale phoned rile bright and early to excuse hirtisclf from the sessiot. becnwe of his 

job. When 1 asked him if there was no way out of it, he replied no, but then he asked for some 

work to do at home. I gave him the remainder of last day'wworh. plus the ne\\ as.;ignment oil 

picture patterns. I thought that it would be interesting to see what he would do at home, on his 

own. 

At noon, Katey complimented me for doing "wonders" with Dale, recalling "how off the 

wll he was last fall." Since collegial feedback was exceedingly rare, i t  was always good to 

receive input (especially positive) on rny new program. In spite of some new desirable txhaviours 

from the students, 1 felt at tirnes that I was operating in a collegial vacuum at VRLF. Did any 

other teachers elsewhere really care about a new approach to niatheniatics? Perhaps i t  was time to 

c(~iin~ilnicate with niathen~atics educators in other alter~inte schools. 

In any cvcnt, I had to cancel Thursday's session. Adie and Chad were already in another 

room watchirlg a movie. When I went t o  remind them that we had mathematics this day, they 

~lcatlcd with rile to let (hem \watch the movie ("011. comc on David!") so I agreed to let them slay. 

(')rigin;lllp I ttlought tilis would he a good '.test" of student nmtivation: would thcy pick ~no\'ies o r  
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riiatlic.malicc'! Hut  I did not feel too clisappointcd \vllcn tlicq opted for the bidco. si11c.c. i n  nl) 

classroom, they would lla\,c spent the first part of the afternoon in the usual pa5sii.e learning mode 

anyway, doing English, science or social studies. 

Juliana arrived one hour late. She had one look at the video, and decided to retuni to the 

clacc. ("It's in  black and \vhitc. and it'.; dubhcd.") Surprisingly, she asked for cornc mathcmatic..; 

to do and I infonned here that we would have to re-schedule the class. In retrospect. I should 

havc giver] her ~omcthing: strch a11 itnpromptu session could have been interesting! Whenever i l l  

the future, the students ask to do mathenlatics (like Juliana today; Chad, Alim and her yesterday), 

I would oblige them. Why sticl\ to an arbitrary cchedule? Take advantage of their interest! Rut 

above all, I thought, "These are good signs." 

SFSSION 15 Tuesdav 5 April 1994 (Adie, Dale, Chad, Donny, A l i ~ n )  
'6. I'his isn't goit~g to get us unyvl~ri-r. " 

'This lesson continued the logical sequences exercise set begun in the last session. 'To my 

great satisfaction, the students' attention span and interest in the problems remained hizh 

throughout. After successfi~lly solving four progrcssiorls (such as 3, 5. 1 1 .  29, 83. 245, -1. 

the students were presented with the following problem to tackle: 0, T, T, F, F, S ,  S ,  E. N ,  - 

Their efforts in this last case ;*re remarkable for three reasons. They collaborated well in a group 

effort to try to solve the purzle. 'They worked largely on their own, without soliciting very much 

help from me. I,ast, they refused to give up, even when, noticing they were stuch. I suggested 

they proceed to the next question. 

Having experienced success with patterns through finite differences, the students' main 

idphabet. Alinl wrote the following on the blackboard: 

(-\onsternation set in almost immediately. 



Atiic.: Holy shit! 

Dale: Now what? 

Al in~ :  'This isn't ... lool\s impossible. 

I h l c  and Adie: (Itucylr) 

Alim: I t  does though. Cnuw look therc'c like single .... 

('had: And you can't read i t  hackwards 

Ali~il: Single douhle double. do~rble douhlc single single. 

1)alc: OTTFF .... 

Chntl: I lmm .... 

Dale: Wait a second. 1 see comething there. OK, you know how the 20's right? They 

go ...(g oo\ ro horrr.J) I see something here. 1 see something hcrc. t-ifteen, and fo~r t~c.11.  

thcy go down by 1. The twenties and nineteens, they go down by 1 .  'I'he sixes and the 

five Ihey go down by I. So .... 

Ali~n:  Yeh but why is there double numbers though? 

Dale: Is that sort of close. David'? What I was talking about there? 

Al in~ :  It's a pattern, hut .... 

117': I t ' \  a pattern but .... 

Adic: Rut .... ! 

Alim: 1 don't think you're getting nowhere. 

Chad: I don't ... hmm. This is straaaaangc. 

Dale: OK David, we don't know this one. 

Adic: Yeh David. We don't know this one. 

Alinl: 'I'his one's really puz~ling.  

Alirn's comments "'This one's really puzzling"; "This ... looks impossible"; and "I don't think 

estimatillg the relative degree of difficulty of the prohlcm at the onset. Then. his last o\xert , ;~tio~l 

is an evaluation of the group's problem solving strategy so far. In the same vein, Chad 

commented a little later, "Maybe we're going at it the wrong way by putting nunlbcrs to the 

1)roblcm solving, especially since the bchaviour was a result of being stuck. 

Although the students had reachcd ;I dead end in their strategy. thcy \i ere not rend\, to y i \  c 

ul) on the problc~n. Even when I suggested, "I x t ' s  leave that one!", Ilale retorted, "I unnt to 



Sigur-c this out." Thi.; c;tatc of affairs I,rcscntect all excellent opportunity for an int reduction to 

Mason and Ihvis '  ( I W l  ) the state of "stuch" and the emotions involved therein. 

IIT: I want to a4h you guy'; to hccp :I record of how i t  feels to hc stuch ... 

Alim: It's frustrating. 

1)T: ... in a situation. So right now you're stuck on ( r~ni t~tc . l l i ,~ ih lc)  . 

Alitn: We havc to conic togcthcr :is a team. 

Adie: Oh.  

Alitn: Lxt's bc a famil! .. 

Adie: ( l u iq l~s )  

DT: Well i t  hclp~.. i l  helps to conic together as a team. But at times, a Learn can get stuch. 

And we're going to have to devote some time to the word "stuck". What it's like to be 

stuck, and ivhat you can do about i t .  

Alirn: Nothing's impossible. 

Dale: Yo11 can do it. 

DT: So Alim said one ... one aspect of being stuck is frustration for him. What about you 

Don'! 

Adie: Juct give up .  

Chad: Well, yeh, that's ... I think that's dead on the button. When you're stuch you're 

frustrated. 

Alirn: I think that's what everyonc feels. 

DT: What other emotion do yo11 feel'? 1,ike Adie said, "I just give up." 

Dale: How do 1 feel? .lust abandon i t .  

Alim: My frustration t i m s  to anger. 

Adie: Pisscd off 

Chad: I feel like giving up, or  working harder to solve it. It depends. 

Adie: Just quit. 

I T :  What does i t  depcnd on'? 

Chad: Wcll, whether ... how interested I am in it. 

DT: Right. H o ~ c  you fccl'? 

Chad: Yeh, cause I'm not going to ...y 011 know ...g o on and o n  trying to solve a prohlern 1 

really corildn'l care 1 ~ 4 5  ahout. Y o u  hnow. It's not worth 11iy time. Hut .... 

Alirn: 1 hate i t  when I'm trying to solve a problem that (~17it7t~~ll igihle). 
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('had: Since we're all at school. and we're all \ ~ o r h i n g  on this, and  kve h a ~ c  the group thing 

going, and we all seem to be directing our energies towards the same goal, it's ... i t  makes i t  

interesting, and therefore 1 \+ant lo. 

('had's comment summarized olle of the main tliemes that 1 had heen concerned with since the 

beginning of the project: namely. I believe that there is a positive correlation betkveen cooperati \ e 

learning and student motivation. Of course, the third variable involved in the pedagogical 

equation is mathetnatical content of sufficient complexity to stimulate the students. In the main. I 

feel that their comments about giving up or  abandoning a problem refer largely to their past 

experiences when they were working alone on nieaningless curricular conlenl. 

Realizing that the pupils were on the wrong path, and feeling ratller guilty that this was, in 

fact, a trich ques t io~~ ,  I asked them about their strategy so far: 

IY1': And if you're using inductive reasoning, and you see no visible pattern, what can j.ou 

do ? What can you say about this problem then'? Or what can you say about your approach'! 

Adie: Wrong approach. 

Chad: It's not working. 

I>'I': Good. It's not working. So you'd better do what? 

Adie: Change your approach. 

I :  Dale? Adie? 

Adie : I h  i t  different. Something different. 

However, the students still pressed on with the same strategy by proceeding to the second level of 

finite differences. After I provided the111 with the eleventh letter in the sequence, they had the 

following on the hlackbo:ird: 

~Jndaunted,  they decided to continw to look Sor a pattern : 

Chad: Wait. I think I've got sonielhing here. 

Adie: Write i t  up. 

Chad: Go back to the last one. and w i l e  the numhers up there again. And then ma) be i t  

we all look at the numbers \$ e c;rn see so~ncthirig. 



Adie: O K .  

IYI': I ,ook. 11' you decide you warit to stay with question 26, that's fine witli ~ i i c .  

Ih le :  Does everyone \~'arit to s t a ~ '  \\ i tli 26? 

Alim: Yeh! 

Adie: Yeh! 

('Iiad: O K .  

1Y1': I only wanted to go on so you wouldn't get frustrated by being stuck. 

Although Dale came close to the solution ("Maybe it's trying to sa) n \vord."). the group made ;I 

final rnetacogni tive judgement on the futility of its approach: 

Alirii: This isn't going to get 11s anpvhere 

Adie: (luu,ql~.s) 

Dale: 1 know. I t  ... i t  won't get us anywhere. Right ? 

I finally encouraged them to go 011 to the next question: 

IYI': One part of getting stuck is to adrnit you're stuck. Say, let's leave number 26, and do a 

few more. 

Alim: Come back. 

Adie: OK. I ,et's do number 30. 

IYI': And then come back to it. Maybe on the bus home you could have a look at i t  or 

something lihe that. When yoll're in a different environ~nent sometimes these things will 

ji~riip out at you. 

Alim: I think we should do number 30. 

With such a group consensus for change, I was comfortable to have the students finally move o n  

from the problem 0, T, 'I., F, F, S. S, E, (whose solution 1 leave to thc reader) 

Finally, the students went on to consider the sequence { 4 , 8 , 6 1 ,  221, 244, 884. } 

I h l e  quickly showed me the next number (8671) in the progression, and for the rest of the 

scssioii, enjoyed the role of "teacher". Soon Adie began to notice the pattern: 

Adie: Half of 8 is 4, half of 4 is 2. 

('lixl: Hut i t  won't .... \ire can't get into .... 

Adie: Half of 44 ... half of 4-4 is 22; half of 2 is 1. Right? Wtxll \vIien 1 . o ~  look at that 

those numbers are doubled, but .... 



('had: 'I'hcy're also opposite. 

Atiie: Ych, they're doubled. 88 and 4-4; 3 and 2: 34 and 22; and 1 and 2 

('had: Htdi? 

Adie: Huh'? (Iuugh.\) 88, right? Half of 2% is 44. 

('had: C>hh! 

Adic: Four ... half of 4 is 2. 

('l~ild: Ohh! By Jove, I tliinh she's got i t .  

I h l e :  Explain how you're doing i t .  

I h l c  was anxious to show the group what he already knew: 

Dale: Here. Hcrc. Call I show thcm'? 

I>'l': Yell. Yeh. G o  ahead. 

Alim: Here's the chalh. 

D'T: You  ...y ou guys are close. You'll be ...y ou're on the verge of getting it. 

Ilale: You were really close. I t  was XW time\ 2. 

Adic: 0 1 1  my God. 

('had: What? 

Adie and Ilale: 8% times 2. 

Chad: Why? 

Dale: Which was hundred and seven. (.sic) 

Adie: One thousand 7 6 8 ( 17fiS). Whatcvcr. 

Ilale: So switch it around: 8 , 6 , 7 ,  1 

Chad: Ohh! OK. 

Adie: OK.  Umm .... 

Ali~n:  We're stupid eh? 

Adie: Well, we  almost had i t .  (lurn,qh\) 

Chad: Yeh, 1 see how you get i t .  

Ilale: I lo you want me to do  nuniber 20 David? 

I was happy that finally the group was solving problems with very little input from me. In fact, i t  

was hearteriing t o  have one of the students take over the role of teacher for a change. 

'The last ~ ~ r o b l e r n  of the session { 6 ,8 ,5 ,  10,3, 14, 1 ,  ) provided an excellent 

r)plxvtt~lity to some 11trmbcr theory \\ it11 thc cohort. 'I'hc group immediately nrorc thc 

finite differences above the given sequence: 



'I'hey deliberated for a while o n  possible patterns, and since we were nearing the end of the class, 

I ashcd lhern to consider the set of numbers that the) h:rd i t r ~ l t e ~ l  above the originals: 

Adie: I know! l 'hose are all prirne numbers. 'I'hose arc all numbers that .... 

Chad: 'They can't be divided by anything. 

Adie: 'l'hey can't niultiply and get an ansuer. Or something. Yoti know what I mean? 

('had: They can't be divided by something. 

Adie: (luu,qh\) I ,ike you can't ... they can't go 1111 .... 

IYf :  Why isn't 22 a prirne? 

('had: Because they have 2....(/1umw) 

Dl': Adie, you explain i t .  Why it's not. 

Adie: Hecause 2 times 1 1 is 22. 

Dl': Why isn't 21 a prirne? 

Adie: Because 7 t i~nes  3 is 2 1 .  

Dl: Why is 19 a prime? 

Adie: Because they don't have multiply Factors or whatever. 

Chad: Y eh! (clups) 

D'I: Exactly. They only have ... how many factors does each prime have? 

Two unidentified voices: One ... one 

Chad: l w o .  

1 ended thc class by writing a formal definition of prime numbers on the board. Normally, the 

definition would be written at the beginning of the class, and would he followed by numerous 

examples. Here, the concept was reviewed in the context of a problenl, and the students 

themselves were involved in a way which had meaning for them. 

group, and spoke out when errors were committed. 
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I was concerned that I M e  showed some of the anti-social behaviours associated ~vith 

learning disabilities. For instance, at the beginning of the class. he Sound i t  humorous to hold a l i t  

cigarette lighter close to Alim's arnl. 'I'hen, he offered Adie some candies, and after she accepted 

a few, he informed her Iilughingly that he had just retrieved then1 off the floor. Such antics, 

which Lverc consis~ent \{,it11 the A])]) behaviours discussed in Chapter 2. only served to alienta~e 

I M e  from his peers. Ih r ing  this session 1 gained a new perspective on Ilale's social ostracism: 

from now o n ,  I would not be so quick to condemn only those students who mistreated him. Peer 

relationships were after all multi-faceted phenomena, and perhaps were far out of my pedagogical 

league lo conlrol. 

At the beginning of the afternoon class, Dale submitted the "homeu~ork" assignment I had 

given hinl on the phone. Essentially, i t  involved discerning geometric patterns, arid actuallq 

drawing the next logical shape in each of the various visual progression.;. Dale did poorly: he left 

rnany unfinished, and obviously had difficulty in making co~i.jcctures andlor in translating his 

conclusions into pictures. However, the full implications of his disappointing performance would 

not hit me until much later in the project when we began to investigate fractals. 

By the fifteenth session, Chad's attendance had improbed drastically. Hou e ~ e r .  his 

tardiness remained a chronic problem: today he was an hour and a quarter late for the afternoon 

class. Again, m y  sentiments were, "Well. at least he showed up on time for (he math lesson." I 

had difficillty chastising him because he was a likeable lad, and was becoming a very active 

participant in the ~nathematical considerations. I could sense that ('had's level of contribution \sac 

increasing, and in this regard, he was beginning to eclipse Dale. 

IN I'EK-SESSION Wednesdav 6 April 

r .  I wo nurses just assigned to VKI .F were visiting the classrooms : t r d  chatting with the 

s t l~dcn~s .  I h;ippciied to o\,crlicar Ch;id's opinio~is of the school u'hicli hc cxpresscd to them. He 

. . said, "lieally, 1 \tJ;~nt to go back to regular school \trith illy f'ricnds. I he courscs here are horing, 



except for the niath. hecause i t  in\,ol ves open discussionc." Such \,a1 idat ions of \i Imt I 1s a4 

atten~pting at Vale liond were instrumental i n  driving my desire for curricular change. Indeed, 

positive reinforcement is ;I two-way phenonienon: i t  is as important for teachers to receive i t  as i t  

is for students 

SESSION 16 Friday 8 April 1994 (Adie, Chad. Donny, Alim) 
" P owen\ of'thr pcitteni.\. " 

I'rior to the rnathern:ltics session, Alim asked, "Are we doing mat h today?" When I 

responded in the affirmative, he expressed his opinion of his experiences so far: 

Alim: I like doing math in thic class. It's fun. Also I t~nderctand i t .  I t '?  better doing ~natli 

in groups. 

Adie: What are we doing today'? Finishing off that exercise'? 

Dl': We'll he doing Exercise C. and then going on to deductive logic 

Adie: What's the answer to that problem? (ie O 7'7'E' F S  S E A' 7'E: --_) 

171': 1'111 not telling. 

Adie: Aghh! 

13'1': I'll just keep it on the board here for you to look at. 

Alim: Can we work on it today? 

I t  was good to hear that despite not achieving closure o n  last day's problem, the students were 

cager to continue their quest for a pattern. 

Serra's (198%) exercise C in inductive logic involved making con-jecti~res on patterns 

such as the following: 

'l'ahing his turn, Chad easily discovered the pattern. 

('had: 'I'he first one is 3 eights. And the next one is 4 eight?. 

IN': 'I'liree eights. 

('had: And then ... oh yeh. N o  doubt. ( h u g h \ )  And ull ... t1n1 ... and the last one i \  4 plus 

lmchct nine times 9376. 
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I :  If anythirig. just realize the arithmetic that you'\ e done here. without cvcn a ci~lcul:ltor. 

( h d :  l'cwers of the piittcrn~. 

IYI': I)o\vcrs ol' the ~x~tterns.  Very good. 

An important aim of' niathernatics education expressed i n  the N("1'M's ( 1'980) Standards is for 

students ofen have poor self esteem and low self confidence. I t  was rny hope that through such 

experiences, they would tun1 from these previous feelings of inadequacy and hopelessness to an 

awareness of their own abilities and powers to do mathematics. 

We then turned to consider examples of deducti~re reasoning. 'l'he follo\ving problenl 

from Serra's ( 1 %(>a) text provided good practice and resulted in some extc~lded group problern- 

solving. 

Edirh, Ernie, und h'w hcr\y cztrcJer.\ us ec.onotni.st, elcc.triciun, und enginc)er-, bur nor 
neces.suri!\~ it? [hut order. 73e ecot7omist does cnrz.sulring ~.ork j i ) r -  Elxr'.s hu.sitzes.s. Err7ie 
hired fhe c~lccfriciun to rewire his new kitchen. Edith eurr7.s less rhun the engineer hut more 
than Ernic. Mutt-h rhc ncrtncl.s with the occuptrrions. ( p. -563) 

Alim imniediately commented. "We have to draw this out." I though( this w o u l d  be an opportunr. 

time to introduce them to a deductive logic grid, and so 1 drew the following on the board. 

After I explained what "consulting work" was, the students began their task. Following 

~ons identb l~  debate, they arri \red at the stage where the sol l~lioti fell into place. thanks largely to 

Eva 

the chart. 

E,niie 

Llconotnist 

Electrician 

Engineer 

Alim: Ernie's not the engineer for sure. 

Adie: Ho\v do you hnow'? 

Alim: Hecause look .... 

('had: I t hinh we've j (1st bee11 guessing, unless we hncw .... 

Fdith 
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Alinl: ( ( 1 1  \trt,lc tilrw, rcwtlitlg) Edith c a l m  let\ than thc engliiccl- hut tilore Ihan F,t+nic. 

IJI': Say that spin Alim? 

Alinl: I-,dith earns less than the engineer but more than h i e .  

IYl': What d o  you I\no\f from that statemcnt? 

Alirn: So Ernie's not the Engineer. 

Adie: (ut the junze time.') He's not the engineer. 

IY1': Ah! OK. So? 

('had: Why do we  know that? 

IJI': I-,xplain. 

Aliln: Because uh ...it says here, "Fiiith earns less than the en_cineer." Right? 

Adie: (interrupting A l i t ~ )  S o  obviously he's not .... 

Alim: Hut more than Ernie. S o  obviously he's not the engineer. 

Chad: Ohh! 

Alini: Ernie's the econo~nist .  

IY1' : Right. O K .  

Chad: OK. W a y  to go. 

Alirn: OK. 

Adie: (1u~qh.c) S o  Edith is the electrician. 

D o n :  No  Edith's the .... 

Adie: No, no. (unintelligible) ... t ~ e c a l ~ s e  of the big cross over the engineer. 

Alirn: O K  Now that ... that we  know (rrt~it?tc~lli,qihlc.) 

Adie: OK. Fxiith is the electrician. And Eva is the engineer. 

Alirn: How d o  you hnow'? 

Adie: Hecause ... looh. 

Don: Yeh. 

Adie: 'l'here's nobody else there: you can put a cross underneath the economic 

thing ... economist.  Right there. 'Cause .... 

Alim: Yell yeh yell. 

Adie: So she's obviously the electrician. 

Chad: Oh ho! 

Alim: 1 get i t !  

('had: ('ool! 

Alim: ('ool! 'I'hat's wicked! 

('had: And that would leave ...( ~rt~it l~rl l i~qihl~~) engineer. 

Alinl: Hey this s t r ~ f f s  kind of fun. eh?  



I enjoyed observing the students ivork together Sor two reasons. First. i t  sass 2ood to see tlie~n 

reach a conclusion through cooperutive problem-solving. Second, their entl~usias~ii for the 

~woblem and the process was clearly evident. Now that they were getting a taste of group 

learning, I hoped that their willingness to participate in this modality ivould continue to grow. 

r 7 1 here was one aspect of their group beliaviour which needed modification: that is. thcl 

continually interrupted each other during the debating process. (Such hehaviour is not restricted 

to alternate school students: even graduate students are known to talk out of tun] during their 

classes.) Even thougli such talking out of turn could probably be attributed partially to their 

enthusiasm for the problem, the students would obviously need some guidance if i  group decorum 

in general, anti in forunl speaking in padcular.  

After this introduction lo deductive reasoning, I asked them to consider what the term 

meant: 

D'l: What 's the difference between dedl~ction ... deductive logic or reasoning, and inductive 

reasoning'? 

Alirii: It's when you take things out. When you see what ... what ... it's hard to explain. OK.  

1,ihc you throw things away ...y ou throw them out. 

('had: You get the actual answer for sure. With no doubt about i t  . 

Dl': True. 

('had: You .... 

Alim: You go step by step arid you ... like ... like what we just did. 1,ihe ...y ou marked off 

the things that they ~ e r e n ' t .  

Chr~d: No, but we did that with inductive reasoning too. Didn't we? 

IYI': What was the hallmark of inductive reasoning'? 

Chad: Patterns. 

IYI': Yell. And before that? 

('had: Observing the data. 
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IY1': 1 think you said, Alim, I think you said you go step by step. 1 hose \isere your \s'ortls'! 

Alim: Yeh hut it's hard to explain. I.ik e...y ou kno\\r what I rilean thougl~. l>ike you 

t h r o ~ '  .... 

1Y1': Y ch, 1 k~iow what you mean. 

Alinl: .... throw things away to find out the answer. 

IJI': Y o u  reject certain things as being not true, as you g < ~ .  

Alim: Yeh, you deduct (sic)  thenl. 

In spite of his imaginative interpretation of the root of the word "deduce." Alirn ~ v n s  accurate in 

his assessment that with deductive reasoning, we eliminate possibilities to arrive at the truth. 

For the final exercise of the session, 1 presented the students with the classic series 

problem S = 1 + 2+ 3+ 4 + 5 + 6 + .....+ 08+ 99+ 100. Adie came up ~vith an  approach which I 

had not seen before: she proposed adding 99 plus 1.98 plus 2,97 plus 3, etc. so that the result 

was 100 i 11 each case. 

Chad: That still leaves you with another 100 at the end though, so you have to add that 

hundred on. 

Adie: Yeh yeh.. 

('had: And you d o  that -50 times. 

Adie: 50 times, right, Which gives you 5...5 thousand right'? 

Chad: And yon add the other hundred on, and it's 51 hundred, right? 

f3ven though their first estimate of the answer was incorrect, Adie came ~p with a beautiful phrase 

to describe her process: she remarked, "What we're doing ... we're kind of like folding it in half 

you know?". Right away. the situation became clear to Chad. and he corrected their original 

mistake: 

Chad: 'I'here's not two 50's in there. It's just 50, SO .... 

Adie: Ixave the 50 out, and you .... 

I h :  Get four thousand nine. 

Chad: Eive thor~sand fifty. 



1 sh:t11 never forget Adie's "folding in half" depiction of the original sum, and 1 shall use i t  i n  

100+ 90 +98+ 97+Oh+95+94+O-$+C)2+W + ..+52 + 5 1 + 

Indeed, as they teach, there is always so much that mathematics educators can learn from their 

students . 

SkSSION 17 Monday 1 1  April 1994 ( Chad, I h n n y ,  Juliana) 
' ' l l o ~ ~ ,  it 1~111\1 he tough heiw u tccrchrr. eh?" 

I scheduled this extra session t o  make u p  for tlie class lost two weeks back. 

LJnfortunately, student attendance was typical of a Monday at V K I J .  Alim and Adie phoned in 

their excuses, but Dale, who failed to notify the school for this session and for the last one o n  

Friday, was causing me some concern. 

I first presented the students with tlie following problem, and let them work on it on  their 

own for a time: 

A C/US.S f -32 .stl~dent.s wus .sur\~t(?vd uhout their pre ferences , fhr pixu  toppings. 
- 1 .stictletzt likes oniom on!\' 
-5 .strrtiet7ts like. pepperoni onlv 
-6 .stidetll~ Ii,k t?z~.shroot?1.s on[y 
-20 stu~ient.~ like pepperoni 
-8 students like pepperoni und tnu.s/~rootn.s 
-3 students like peppero~zi ur~d onions 
-Z stidents don't like unv ofthe toppings 

How munv stutlenrs like d l  c f t h  toppings? 
How ,studenl.s like r?zu.shroom.v ~ n d  onions only? 

Chad: 'l'hc numbers that they give us adds up to more than 32. So some of them are like 

changing their minds or something. 

Juli: No! Hecause some of the ... if you read the question proper1 y, some of the students 

lihe pepperoni. sonie of the students lihe ~ ~ e p ~ ~ ~ o ~ l i  on14 . 

('had: (luugh\) 

Juli: So  20 of those students who lihe pepperoni could like something else loo. 

('had: Not if they like pepperoni on1 y. 
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Jul i  : (rc[i\it?,q I i c r  \-oi( e: wc t~ / i t i , qh~  ituputietrt m d  q q i t ~ i r d j  Here i t  sill s, ''20 \tucIent \ I i he t l i ~ ,  

pepperoni, and 5 students like the pepperoni only." 

('lid: Ohh. l we! 

Juli: So there's ... urlder\t:i~d? 

Chad: Yeh. Hmm. 

Juli: How many students like all of the toppings? Urn .... 

Chad: Well, \re can cross that out. ( J I L I U W ' )  

I :  I'm just going to run off ti couple of photocopies, so share information that 

you's e... that you're worh in~  through. 

Juli: Ilh huh. 

Ch;~d: Hnm. 

Juli: Hmm. Hmm. I understand. (putt) 

Chad: Does i t  meail ... like mushrooms and onionc. llocs i t  mean that the) like tlic~n 

together'? Or to they ... they ... they like one'? 

Juli: 'l'hey lihe them separate. 

Chad: Yeh. 

Juli: I'm not sure. 1 doesn't say, does it? 

Chad: N o  i t  doesn't say. I hate questions lihe that that ash you a question. 

At this point, I left the roorn. 'I'he two students considered the problem for another minute, then 

began talking of non-mathematical things. Even though little tnathematics was done in my 

absence, the students were quick to get back on topic upon my return to the classroom. Chad 

sought clarification on the wording of the problem, and then posed a key question: 

Dl': What have you got'? 

Juli: OK. 'I'his is difficult 

IYI': Have yo11 got a11 answer'! 

Chad: O K .  First of all, it's itlconcise. No, I've got a question. 

Juli: lnconcise'? 

Chad: Maybe that's not thc right word, but hey I I ~  ... (uninfelligihlc~) 

IYI': What's your question'? 

Chad: O K .  I t  says, "How many students like nlushroonis and onions?" 110 they lihc ... lio~r, 

Inany students like murhrooms and imions together? Or ho~v inan) students like niu\hroonl 

pinas, but they lihe onions? 

Dl': 'l'ogether. Yeh, you're right. 



('had: OK Shit. Well, arc. wjc. supposed lo dl-;i\r a tliagr-a~n? 

1Y1': Well. do you tllinh that will help'? 

('had: I can't think o f  how to do i t  though. 

('had's question about drawing a diagranl provided the perfect segue into Venn di:igratw. 1 then 

drew two non-intersecting circles on the blackboard. 

7 .  

1 hus tlie students themselves came up with the basic idea for the Venn diagrarn: intersecting 

circles represent the intersections of sets. 7'0 accornmodate the other "topping", Chad suggested 

that we "make tlie ... like the Olympic sign. 

completed Venn diagram: (See Figure 3.7 

Figure 3.7 



Juli: So 4 of these people have to like everything. 

Chad: I don't understand how you .... 

Jrlli: I 1  says 20 people lihe pepperoni. right'? 

Don: Yell. 

Chad: Oh ho! 

Juli: S o  you add these up. It's only ... i t  comes to 16 people who like pepperoni, so there's 

3 left. So where are you going to put them? 

Finally. following Chad's metacognitive question. Don proposed a \vay to answer the second par! 

of the problem. 

Chad: Are we on the right track'? 

Juli: Yes. 

Don: If you add all them up and then find out the left over .... 
Chad: Oh wait a second. Y eh. ( t r t h l i ~ i g )  6,4, 10, 15. 16, 17, 18, 19. 19 and 8 ic 27. 

We're missing ...and there's a 3 over there. We're missing 2. So  I guess the 2 \+ auld go i n  

the other one right? Yeh. right there. 

Juli: Oh! 

Chad: Cool. 

Juli: There! 

Chad: Yell! 

D7': (uninrelligihle) Juliana'? 

Juli: Yell.. 

Don: S o  how many like onions and mushrooms! 

Juli: Well, that was pretty good. 

IN': How long do you think i t  would have taken y o i ~ j u s t  fooling around with i t  ... with the 

words? 

Chad: Ihtys. 

Juli: I'rohably a long time. 

Chad: Wow! 

Dl': 'I'his is called a Venn diagraln, nanicd after the mathematician who invented it. And 

Venn diagrams are usually i~seti i n  set theory, to make things clearer. The circles represent 



' 1 ' 1 ~  curriculum again provided a situation where the proldern at hand necessitated the theory. 

\lsually, the tencl~er would introduce Venn diagrams, and \vould then follo\v up \z.ith tlumerou\ 

cxaniples of their applications. Rut here, in order to effectively solve the mathematical question, 

the students came up with the Venn construct largely on their own. 

r 7 I his session also resulted in some intcrestillg social d)'namics hetn cen Chad ant1 Julian:~. 

As an intelligent individual, Juliana seerned used to setting her own academic agenda, whether in n 

group or individual setting. Hut Chad reacted se\,eral times to her attempt to dominate the flov. of 

the lesson, and in particular to her tendency to interrupt others. For instance, at one point, Juliana 

tried to silence her peer: 

Juli: Ssh! 

Chad: Quit telling me to keep quiet! 

At three different points in the session, Juliana directed the following rather bossy comments to 

.. 
Chad: *"Can you just be quiet'? I'm trj~ing to read this. 

*"Ssh! 110 you mind? I can't just study this." 

*"Ssli! 110 you mind? 'I'his is my answer!" 

('had responded with the following conllnents: "You shouldn't put lxml>le down so much!" and 

6. 

You've done the same to me. Now you know how i t  feels. Reflect upon that for a second!" 

Considering Juliana's vehemence, I felt that Chad handled the situation with relative constraint. 

Yet he said to Juliana what she needed said to her. In retrospect, I realize that any reaction against 

such inimical comrnents was far Illore effective coming from a peer than i l  was coming from tne. 

I'erli:tpV~eer pressure W ~ C  the solution to my dilemma over how to foster positive inter-student 

relationships. 

Nolletheless, I took the oppostunity to talk to Ilonny, Juliana and Chad al~out classroom 

Propriety and orderliness: 
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1Y1': Ixt 's  reflcc~ upon the situatiotl hcrc. 

Chad: ( f u ~ g h \ )  

Dl': I was going to bring this up with the whole group. And that is. if you're \vorl\illg 111 ;I 

group, we all have to allow each other space to complete sentences. And I'm the number 

one guilty party for that. Hecause I listen to thcsc tapes after, and I'm constantly 

inlerrupting you guys. 

Chad: (luughing!\t to /)7') 'I'here you go again!  gee^! 

Juli: 0 1 1  God! 

Chad: You're talking. 

I T :  I'm just waiting for you to finish your sentence Chad. 

Chad: Oh ! 

DT: It's difficult to do  because you get excited about having an idea, and you want to in-ject 

it into the group. Hut we're always cutting each other off. 

Juli: OK. 

DT: And like I said, I'm probably the number one user of that technique: cutting off. 

Chacl: Keally'? 

DT: Yeh, I d o  i t  all the time. 1 don't allow you to complete your sentences. 

Chad: H m m .  

In truth, I was as  guilty as any of my students of interrupting others' oral contributions. I hoped 

that by including niyself in any culpability, the students would be more receptive to my 

observations about our group dynamics. 

- 7  

At the end of the day, Juliana and Chad appeared to part on good terms. I he session 

ended o n  a mther humorous note with the following discussion of the teaching profession: 

IY1': I've always said that being a teacher has its drawbacks in ... in physical health. One of 

them 1 thought was ... since I use a pen so much in my job ... that 1 get a little groove in my 

fingcr right there? 

Chad: Oh yeh! 

Juli: Hmm.  

1Y1': So that's a health hamrd, right? I've got a groove there. 

('had: Y eh, teachers should get danger pay. 

IYI': I h n g e r  pay, or or just orkman's compensation. 

('hati: ( ~ U I A ~ / I \ )  Y ell ! 
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D'l': So I've got 3 little groove. And the other thing 1s all this dust. eh? ('hall\ dust I'm 

breathing all tllc tinie. So I shoi~ltl get compen.;atio~l \s hen 1 retire lor  damage to 1 1 1 ~  

I1111gs ... 

('had: Y eh. 

IN': ... after all these years. 

Suli: Hmm. 

('had: Hoy it must be tough being a teacher, ch I h v i t l ' ?  

Dl': I t  is. I t  really is. (lulig11~) 

Juli: Well. they don't even pay as inucli as a teacher's worth do tliey? 

IX': Not as far as 1'111 concerned. 

Juli: Hnirti. 

Chad: Yell. 

IN': No  one gets what they're worth as far as they're concenlcd. 

Chad: Rut you get all the rest that they don't pay you in money out of other things in your 

job don't you'? 

Suli: 110 thcy pay you while you're on holiday? Whilc the school's out on holiday'? 

Chad: I nwan you get us! 

make illy profession well worth it all. 

Since we had passed the halfway point in the mathematics project, I decided to pause and 

obtain some student feedback. 7'0 that end, I handed each student a list of questions about past 

sessions, and about where we should head from this point. (See Appendix 4.) 

The first part of the questionnaire read as follows: 



Student opinion was quite varied in response to question 1. For i ~istance, Adie cited 

h r c d o ~ i i  as the principal reason for her dislike of the large numhers lopic: "l'lie thing \tias \\it11 Ine 

... after I tried, and didn't want to do i t  any more'! Then 1 got bored." Ilale's initial response to 

the queslion shocked me at first: 

1J1': O K  Ilale? I heard you ... l think you said the sarne ...( u.5 Adie) 

Ilale: Everything! 

Immediately I thought, "Oh no! He disliked everything." Hut to my relief, Dale meant the 

opposite of what I perceived initially. 

D'T': 'fhe sarne chapter? 

Dale: No everything. 1 thought about everything. 1 think everything shoulcl stay 

IYI': Should stay? 

Dale: Yell Cause I...1...1 actually had fun doing the large numbers so .... 

Chad: Yeh I didn't mind large numbers. 

Dale: Cause I got most of the answers, right'? So I didn't mind large numbers. 

Finally, Chad expressed dislike of the probability unit for philosophical reasons, commenting, 

"I'm not a prohahility kind of guy." 

In response to the second question, Dale suggested "that we keep the last three sessions 

f~lture looh at unsolved problems. Chad articulated a corn par is or^ hetween open-ended problcni 

solving, and the classic format of other mathe~natics courses: 

IYr: Well, what was the feature of other math courses that's different'? 

Chad: Well, they always solved the problem. They ... well .... Well , you know, I remember 

at Moscrop how i t  went was ... the teacher would go through a thorough explanation, we'd 

do probletiis together ... 

117': CJh huh ... 
('had: ... rhen we'd uh ... then we'd d o  the problenis in the t x d .  And then the next day 

we'd mark 'em all on the board. We'd all take turns going up doing the question?, and ... so 
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that was ... that was O K .  You krion~. I t  was clone good. 'Ihis is ...this is kiritl of nlorc f u l l  

though. Hecause uni ... i t  might be the small ~iurnber that we have, or else i t  might just be the 

uh . . . I  do117 k n o w .  It's marc of a group effort, and tliat kind of contributes to the good 

uh ... I clori't knon'. It's f u l l ,  and it's ... it's a lot morc .... I guess because we're ... we're 

taking tinie t o  explore i t ,  and come to our OM'II  c o ~ i ~ l ~ ~ s i o ~ l s ,  i11i~i \\:os!i through i t  thak wa),. 

So therefore, we're teaching ourselves. Kind of. I n  a way. Something like that. (1u~gh.s) 

I don't know. 

At this poirit. I was pleased that (-had had not only succeeded in describing the process of 

discovery Icaniing through coo1)erative effort, but also had given another endorscmcrit of the idea. 

During a discussion of the role of mathematicians at the uni\wsity level, Juliana and Dale 

becanie irlvolved i n  ail altercation rerriir~iscent of small children: 

Juliana: ( l o  /hk) 110 you rnir~d? 

Ilalc: (lo .lrrlitrtrrr) Juliana would you .... ! 

Juli: ('an you tell him, David? 

D'T: (irritutcd) Keep to yourself! 

Dale: (ungry) I've got my foot here, on this bar ... 

Juli: (\houring) He heeps on Licking my feet ! 

Dale: ... and she heeps 011 kicking my foot. Right? 

EST: Y o u  guys are like grade 5 kids .... 

Ilale: She's :I t i  tch! 

Juli: ( 1 ( 1 1 { < q I i s )  .... Well ...( ~~t~irz t~~l l i ,q i /~ lo)  ... st11l)icl. 

Dale: Ilavid, I wasn't doing nothing. 

luli: 0 1 1  110, ~ io t  at all. 

Dale: David, look under the table. 

DT: I'm not here to be a referee. I'm here to teach math. I don't have time for this 

nonsense. Alright. Which brings us to question three: "How do you feel about working in 

a group a y  opposed to worhing by yourself'?" 

Chad: (lu~r,i$i (11 tlie it-ouy) 

More and nlore I begall to feel that it was futile for rile to  intervene in a major way with such inter- 

personal c o l l f i c t s .  Sllrely many well-intentioiled teachers and you th  workers before me had tried 

I)ersonall~, to ct'kct cllarlgc in the social txhaviours of both Juliana and [)ale, and obviously had 



each others' throats. 

I noticed that Chad never got involved in personal conflicts or in petty arguments. Also, 

he mainly kept his distance from such rifts and fits of i l l  temper involving others. With such 

objectivity, I welcon~ed his rare conlrnents directed at his peers' conlportrnents For instance, 

during round two 01' tlle 011-going battle between Juliana and Ilale, ('had finally spoke out: 

Chad: Why don't y o u  give i t  a rest Juliana? 

Juli: I don't feel like it. 

('hnd: I don't like sitting around hearing it  lihc all dajr.  

Suli: So'? 

Chad: So there's n o  point to i t .  

Juli: Sure there is. 

Chad: I mean you know .... You complain when ... when there's a ... when ... when 

something happens, but you're the one instigating i t  all day. 

1 hoped at the time that I would be able to rely further on peer intervention such as Chad's to alter 

negative hehaviours within the group. 

Whereas Juliana's response to question 3 was typical of her mood of the day, the others 

expressed their satisfaction with cooperative over individualized learning: 

Suli: I like working in  a group that is smart, not stupid ( k c l r , d ~ . \ )  

DI': No. Divorce yourselves from personalities. But working in a group as opposed to 

working by yourselves on these problenis'? 

Adie: It's better. 

Su l i :  Hettcr. 

DT: Hetler'? 

Adie: Hecause you get more ideas, and more .... 

Suli: And ~ ~ 0 1 1  can figure out things easily. 

Adie: Ych. 

[)'I': Get Inore ideas and....'? 



Adic: Morc ...) ou fcel otlicr points of \ icn s of ever) tmtfj. 

IN ' :  O K .  

('had: Uh huh. I like M orhing in a group more than (uk ) t~c~ )  too. 

At this point, I sought sowe feedback from the students regardirig t y 7  perception of how they 

were faring in n group setting: 

DT: What I want you to do though, as we're getting into the second half. is to let me know 

when this becorncz a routine, and when (hi\ hecomes boring. Recause thcre ... soilictit~ie\ a 

change is good too. Maybe you should go back to working by yourself for a day o r  two.. 

Dale: Dale'? 

DT: I thought about that. Just a change. Maybe working in pairs. Now here's what I 

percei\e .... 

Dale: I think when we worked in pairs at the uh beginning was better. 

Adie: No! 

PI': I perceive just the opposite of that. 1 started off in the beginning having you guys 

work hind of paired up. And I find i t  didn't go as ~7el l  as having a group of five or  four. 

Did you find that? That was my observation. I was a little disappointed in the way i t  

worked, because I hneu you weren't going to work hy yourselves. but that jou  would 

work together with someone else. 

('had: lJmm .... 

DT: Hut I found that uh ... in your pairs you tended to get twgged down, and give up rather 

easily. There's not been one session here in this group that the group let down. And 1 

conlmcnd you guys. It's been great! The way you guys have stucA to these problems for 

an hour, an hour fifteen minutes. 

Chad: Hnnnn. 

PI': And I'm not just talking attention span. I'm talking about perse\wing, and keeping an 

interest in the problcni. 

Chad: Uh huh. 

IYI': My inkling (and see if you agree with this) is that the group has something to d o  wit11 

that. 

Chad: I would agree. 

IYI': My observation, being in a groul~ rnyself, is that if I decided I \+ant to take a couple of 

minutes off, I can hint1 of retreat and let someone else take o\ er 

Chad: IJh huh. 

IYI': I could pay attention, but I don't have to al\s.ays be perfimning. 
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('had: Y ell. 

I l l ' :  Someone's going to carry the ball for a while. then it's my turn. What do you think'! 

Adie: IJh hd i .  

Here, I was trying to obtitin tvhat Hall (1988) calls "respondent validation" of my observation\ so 

far. I initiated the above exchange hoping that by reporting my interpretations to the students, 

they in turn would verify or \,illidate m\ views as accurate from their points of view . 

I was sceptical about the results of this research tactic. First. 1 did not want to put my 

words into their mouths. only to have them thrown back at me and then reported as a 

correspondence between my ideas and theirs. Second. the short. terse responses obtained from 

the students in the above dialogue suggested that at this point, the students were perhaps content 

just to agree with me and to get on ivith the session. I was therefore leery about seeking 

L.  respondent validation" agairl hcfore the end of the prqject. 

I was nonetheless confident that these students would not hold back their feelings about 

the program from me, nor try to impress me with what they thought I wanted to hear. 'I'hus, I 

was eager to hear their suggestions about where the project should go from here. In answer to the 

question, "What things are working okay?", the students responded that both group wrorh and 

open-ended problem solving should continue. Hut in answer to the question, "What things 

should be done differently?" their answers centered on the theme of being stuck: 

Adie: Could take too long o n  one thing. Li he spend too much t i  me oil one .... 

Ilale: (interrupts) If we're stuck, help us out. 

Adie: Like, don't waste too much time o n  one thing. It'd be boring, right'? 

Their message was clear. Continue on with complex problems, but do not let us languish too 

long in trying to fitid soltltiolls. So. I would continue to walk the fine line between the mundane 

and the interesting, and betweell the challenging and the intimidating. Hut 1 welcomed their 

challenge: this dicho(omy. after all. uras one of the foundations of the new approach to 

mathematics curriculum. 



I h e  mid-project survey then asheti the \ludcnt~ for their input o n  future currict~lar topics: 

'I'hc only negative reactions to the abot'e suggested topics came out of students' confusion ahout 

the meanings of some of the content areas. Eor- instance, Adie confused the word "fractals" with 

fractions and i~nriiediately rejected the suggestion ourriglit. Chad expressed disinterest in area, 

volume and Pythagoras until I explained that this geometry would be done on the computer 

Also, he expressed the same dislike for statistics that he had for probability: 

Chad: I've hated all my life to hear about statistics }.ou know, like ... tun ...:: ith social 

services or whatever? 

I>alc: l>o you like sports though'? 

Adic: Ych. 

Chad: No I don't. 

Dale: Well, a lot of statistics are i n  sports. 

Chad: 1 know, but you see .... 

Dale: That's what I want to do. 

Chad: I think i t  just kind of ... of abolishes the concept of t ~ h  ... individt~ality, and I don't like 

statistics. 

D'T: You might want to think about statistics, in that ... i n  an objective way. l ike,  you might 

want to know about i t  so that yo1 ]...when you see a statistic, you can make an educated 

opinion. 

Chad: Well .... 

DT: You need to know how people can use statistics to make you think differently. So that 

you know the pitfalls and dangers of statisticc. And statistics can be very dangerous. 

Chad: Oh huh. 

1 And they can be used wild1 y by people who want to convince you that they're right. 

Chad: Uli huh. 

117': So, my idea in putting that in there is to say. "HOW can statistics mislead you?" Arid I 

tliouglit maybe \ve corrld spend half of :I sessio~i looking at \z ild. inaccurate ri~islcadill~ 

statistics. 



Chad: Hmm .... 

IYI': Peoplc use numbers .... 

Chad: Well it's just ... every time I hear a statistic you know. it's like oh .... 

IYI': You say there's lies? 

Chad: Either, well, it's either that, you  know. that statistic is apparent in mysclf, or it's not, 

you know. 'I'hat applies to me or i t  doesn't, y o u  know and so, what's the point of a 

statistic? I just don't like them because i t  groups people together and makes people 

statistics. and that's how i t  just .... 
Dl': It's very powerful. 

Chad: It's really powerful. 

In spite of his reluctance, 1 was confident that with the application of statistics 1 had in mind for 

the group, Chad would be a willing participant. 

itself: 

Student answers were 21s interesting as they ivere varied: 

Juli: 'I'ime? No. 

I l l ' :  'T'i me. ( write.\ on hoard) 

Adie: Numbers. 

IYI': Nunibcrs. (~ , r i tc \  o t l  hour4 

Adie: And how to use them. 

Juli: Of logic? 

IYI': Numbers and how to use them Adie? 

Adie: How to use them and how to live with theni. 

1J1': And how to what'! 

Adie: I,ive wilh them. 

IYI': Juliana. I ,ogici? 

Juli: I lm huni. 

IN': You xiid timc as well, right'! 



('had: Harmony. (l~tr~r\c>) In [he rilatcrial uorld. 

IJI': Any othcrs? 

Atiic: A~iswcrs. I t  gives thc answers to evcrytliing, docs~l't it? 

I l l ' :  I h c s  it? 

Adic: Ycli. 

I :  I h  we havc thc answers to everything in this course? 

Adie: Oh just that one thing. (pointing to the proh1c.m 0 T 7 ' F  I. S S __ on tho hourd) 

When reminded, Adie eventually agreed that indeed. we had tried several problems for which 

~nathematics had not pro\,ided us answers. l h i s  time, ho\srever. the stutients insisted on kno~ving 

the answer: in other words, how would 1 define mathematics myself? 

Dale: What do you  think i t  is? 

I J T :  I'm not going to say. 

Ilale: Why? 

Aclie: Hccnusc he's probably right. 

1J1': I have my own fommulation, but I want to see if you can come up with different things 

than I think. If 1 tell you what I think. you're gonna ...y 011 might say. "Oh good. 'That's 

over and we don't have t o  worry about it." 

Chad: Oh iio. No I don't care how you see i t .  I'm just curious, because we're all 1)utting 

do\\ 11 out. iillS\Yt'rS here. 

IYT': I...I'd prefer to leave i t  for now. 

Chad: O h ,  OK. 

l'hat evening, I recognized that I should have told them my version of the definition (that 

mathematics is the study of pattertis). After all. 1 was a member of the group as well. and as 

such, should have been wary of establishing myself as some otnniscient owner of the correct 

answer. Chad's comn~ent  was just: all the answers we were "all putting down" were equally 

valid. 

'1'0 end the session, I presented the students with the following problem. 



I h l e  i mmcdiatel y remcmtxred a similar versio~i of the problem from our ~vork with Pascal 's 

assignment was different than that of assignment 3. Primarily, this was to be a group problem; 

11ot necessarily be based on the correct answer, but rather on the number of different ways they 

c o ~ l d  come up with the correct answer. 1 recon~mended that the students utilize the following list 

of heuristics which I had just posted on the wall above the blackboard. 

Again, 1 stressed that the heuristics or "ways" were just as important as any final answers. 

IYT': Now you might not be able to use the way to come up with the answer. Hut if it's a 

feasible way, list it. Put i t  ...j ot it down on the list. And then in the group, either divide up 

the list. or tackle the problem together one at a time. I'll leave i t  up to you. 

Chad: S o  we can't just start working on it? 

Ill7: Si~rc.  

Dale: Well one of the ways .... 
Dl': (interrupring O M c )  Start with number 1.  and niake a guess. 

Dale: One of the ways is to just keep adding up the numbers. and to add an extra number 

every time. 

IYI': OK If you put that down on the final solution you hand in to me, you'll get credit for 

it. If  you're listillg that, w'rite "work i t  out." And then add a sc~l te~icc  or two to explain ... 1s 

that a good or ;i bad way to work i t  outi! 
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You could prob:lbly go IS times something equals something, 100 times something equals 
something, 11 times sornetlling equals something. And you'll get the answer for the 15th 
one. 

A litllc later. he was also the first to recall that the group had already worhed \\ith a formula of 

wc alread) have that f o r n l ~ l a  for the triangle'? For Pascal's Triangle? With the ('? 

a relatively  lor^ time I d o r c .  

"OK. I though( of another way. You can take the number like 15. and thcn the numhcr is 15 
plus fourteen, plus thirteen plus eleven plus nine plus eight plus S p l ~ s  3 plus 1. And that's 
the number whatever that is. But how do  you figure that out right'? Well that's not so  hard 
to do. And so urith a hundred it would be 100 plus 98 pills 96. .." 

Finally, he made the inlportant connection to a topic which we had just recently investigated: 

Chad: Hmm. I guess that would work for 100 too. W e  already did a hundred. It's five 

thoirsand fifty (50.50). Remember? 

Adie: For the 100th number would you have to go  a hundred plus 99 plus ...' ? 

Chad: Yeh .we already did that though, remember? 'I'hat big question'? 

Adic.: 'T'he alph:ibct (co~intrlli~qihlr) ? 

Chad: No, it was uh ... 1 might have it here. 

Adic: Y csterday (ut~intelli~qihle) last week right? 

Chad: Yell it was the big question. 

Adie: 5-50. Right. Y ell. 

Chad: 5 thousand 50. 

Adie: Hut how do  yoti know the answer to that one already'? 

Chad: Hccai~sc i t  is. You  know, u ~ n  .... 

Adie: l'hcre's gotta be a quicker way to do  it. 

Chad: Yeh here i t  is. Compute the sum of 1 ,2 ,3 ,4 ,  all the way u p  to 100 right'? W e  ... we 

got 5 thot~sancl 50 out of i t .  so .... 

Adie: 'I'hat's wrong though. 

Child: Huh'! 

Adie: 'I'hat's wrong. 

('had: It's not wrong: it's right. 
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Adic: No, tliiit's right. but it's not what we're trying to d o  here. 

('had: Hut i t  works. Well i t  just worked for 15. 'Cause think about i t .  'I'he first number is 

just I. 'I'hc second number is 2 o n  the bottom and one o n  the top. The third number there's 

3 o n  the bottom. 2, and thcn 1 , and that makes 6 .  The 4th number there's 4 on the hottoin. 

3, 2, and 1 .  Right? And ... and so ... so on and so forth. 

Juli: Ilnim. 

Chad: 'I'he fifth ... or the fifth one, there's 5 on the bottom. 3, 3, 2, I ,  and so i t  must 

bc ... there's a pattern. Right? So .... 

Juli: Hrntn. 

Adie: (1uqh.s) Hmm. So what is the nth number? 

Chad: Oh that's we need to find: the fornlula. 

'I'he above exchange is important for two reasons: it shows Chad's reasoning in deriving a 

solutioll, and i t  outlines his successful attempt to communicate his awareness to his peers. 

Importantly, these two phenomena occurred with no outside help from his teacher. 

He was able to determine the forniula by considering Adie's description of "folding" the 

series S = I + 2+ 3+ 4+ 5+ .....+ 98 + 99 + 100. The following is a transcript of Chad's 

Inomcnt of discovery: 

Chad: I've got it! It's ...w ith yours (Adie's) i t  came with a hundred and one. Which is one 

more than the number. S o  maybe it's ... and then you do i t  that ... and then you do it. Oh. 

I've almost got i t .  I'm right there. Hrum. It'd be like 11 .... Didn't we dread)! come up with 

the equation to d o  that though'? It was like a hundred times . . .p 111s a hundred and .... No, a 

hundred times a hundred and one, divided by 2. S o  maybe it's like 17 plus n plus I ,  or rz 

plus 1 divided by 2. No. Altimes n plus 1 divided by 2. Cool. OK. Right on. 

least: 

Chad: It's n ... ( [u~<qh\ )  NOW 1 feel like a mathematician! Hey 1 got i t !  N times n plus 1 

divided by 2. 

IN': h p l a i n  how you got that. 

Adic: How did you get n? 

('had: 'I'hat's \vhat we did with the hundred, remember? It'd be ... when he sIlo\s,ed 
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that ... the \cab that the hid ( ( ; t r c r \ \ )  came up \sit11 i t  \ \as  a liundrcd tinlcc a 1l~lid1-cd ; ~ n d  ollc'! 

Adie: Ych. 

('had: Remember how that .... ? So. it's the same here. 

I :  I don't want you to stop wit11 the problem riglit now though. 'I'hat'\ one way...tliat'c 

the right answer, but 1 \+,ant to see if yo11 ,9114s can ~c'orh \vith the algebra ric.it time, atld t ~ s c  

exactly what Adie did, wliich was folding the thing in half. 

('had: O K .  

117': Alright? And tn:inipulate these symbols a bit. I think there'll be sonietliing you can 

leas11 from that next time. 

Adie: IJln hum.  

IYI': O K ?  

Chad: OK. 

IYI': Well done! I thought i t  would take you guys a period and a half to do this. And you 

did ~ t .  

Chad: Well, we're smart! 

Chad felt like a mathematician because like Adic. he was perfomling like one: he again made 

relatively original disco\/erics and lie effectively conirnunicatcd the rnathernatics involved to his 

peers. We had reached a new high point in the study. I had great reason to be optimistic about 

how the students would handle the new topics which we would investigate between then and 3 1 

May. 

SESSION 19 Fridav 15 Ar,ril 1994 (Adie, Juliana, Chad, Alini, and Kosalie) 
"Cun we get u soccer. bull now." PIc~me:'" 

1Jnfortunately, my new-found enthusiasm was short-lived. This day. I h n y  

~uspended for breaclling the terrlis of an attendance contract which lie had signed a fen weeks 

previously. I regretted this loss because in his own quiet way, he contributed much to the 

mathematics project. I hoped he would opt to return to VKLJ  after his two-\seek s[~<pcnsioll. 

Also, Chad did not sho\v up 011 time to resume work on his equation. Originally, I i~icluded the 

nth triatigular ~lumbcr  probletii as the first question (out of 4) of the n w  assignment (number 7) 

for the Friday group. Hut sitice Ire wasn't there to carry the ball, I substituted another problem for 

It. 111 retros~)cct, I should have left i t ,  because the question had a lot of potential for connectious to 



other areas such ;IS the hantlshake problem and the distributive principle lie. n(n+ I )  = n2 +I? 1. 

" 0 1 1  well." 1 thought, ..lliaylx thcre will be another chance to return to it." 

'I'his day, a student from another class, Rosalic. asked to participate in our mathclliatic\ 

class. I was happy that a rlew person was on the scene, and also that perhaps word was 

spreading through the school about what we were doing. 

Rosalie did not wait to contribute to the group. I presented a "10 Minute Mystery" to 

them, and she was the first to cut through the red herrings in the problem to arrive at the 

"solution" to the crime. 1)uring a recapitulation of the nth triangular number question, Rosalie 

was at first lost, sirlce she was not present for the last session. However, after a brief explanation 

of the rneaning of "the 11th term of a sequence", she was well able to participate in the following 

lesson concerning triangular numbers. 

logether, we wrote the prinie factorization of each triangular number in the following 

way: 

. . r his exercise also provided the opportunity for a good revicw of factors. Juliana wondered ".I14 

we did not include all the factors of 6, and seemed to accept the idea that to include x and 1 as 

factors of any nutnberx would be trivial: 

Juli: Isn't one and 6 a factor too'! 

Al i 111: 3 and 5? (moving on to t l ~ c  fuctor..% of' 1-5) 

Suli: Isn't one....'? 

1 '  Yeh, we can include that, but we're not going to, because it's kind of ... 

Suli: Ych. 

IYI': ... the same for all of them. 

Juli: Right, right. 



IYI': Now look at thow and see if there's n to predict this number frorn the prilnc 

factorc. Is there any pattern to these nutnhcrs'! 

Alim: Yeh. 

Adie: 'I'hosc numbers are written twice. 

Alim: I t  goes uh .... 

Suli: Yeh, that's i t !  I pet i t !  I get it! I get it! 

Alim: kvery sccorid nunibcr i5 writtell tn ice. 

.luli: 'I'hc next one \vould be .... 

Alirn: I ,il\c 3 3 5 5 7 7 . 
Adie: Are they all odd numbers after'? So the next one's going to be .... 

Alim: 2 2 ..... 3 3 .... 

Adie: OK, the next one's going to be .... 

IJl': OK, one at a time. 

Adie: 'I'he next one is going to bc 2 2 2 times 3 3 3 . 

IY1': So you're saying nine times 27 ? 

Adie: No. 

1>'17: Or 8 times 27? 

Alim: Nah, that's not it. 

Adic: No. 

1J1': You know what we need here'? 

Alim: I don't thinh there's ... there's a pattern but it's too hard to figure out.. 

I :  Well, actually there is n o  pattern there. 

Adic: Oh. 

Suli: Oh. 'l'hanks a lot! (l~tu<qh\) 

Aliun: ( l u~gh \ )  

1 was initially concerned that after such an effort, the students would become discouraged when 

informed that they had a dead end. However, they were able to accept that no pattern iflns 

discernible in tlie prime f;lctorization :IS depictcd 011 the blackboard. 

the format of tile Illllllt)er~, ;llld that often things w i l l  then " p p  out". 1 suggested that since 
n(/1+ 1 ) ('had's forlllula -has a two in the bottom, we might try multiplying each of the prime 

2 



factoli zations by 2. t;,ssenti:~lIy. the nenr rel~rcscntation involved doubling thc slnallcst factor i l l  

each case. 

discussing their social lives at V K I F .  However, by the time 1 reached j0, the students sanr the 

Juli: 5 times 6 

IYl': Ha! 

Alim: h tirnes 7, 7 times 8, 8 times 9, 9 times 10. Got it! 

Adie: Yeah! 

IYI': 'That's the 8th term. The 9th term will be ... but not quite. 1 doubled these to get .... 

Alim: 1lh huh. 

Adie: Now divide it by two. 

JYI': Divide i t  by 2. S o  9 times 10. divided hy 2 is....'? 

Juli: 60. 

IYI': What? 

Juli: No. 

IY1': Not quite. That's OK. 

Juli: 'lhirty ... forty! 

Alim: Nine times I0 ... forty ... forty five. 

Juli: 45. 

'I'he group: Yell! yell! ych! 

I appreciated the students' entl~usiasrn, especially in light of the fact that they brought themselves 

hack to the mathenlatics at hand. I t  is, however. questionable here as to what thej actuallj 

.' 
discovered." I was leading them very directly, and they became aware of one small thing: the 

important; what i t  did for the students' attitude is. 

binally, I handed out Assignmerlt 7 to the group. Its preatnble read as follon,~:  



'l'he first problem read as follows: 

'l'hc group was quick to get under way: 

IYI': I'roblern number 1 there is appropriate tor Alim (utz m i d  socxwplujar). What's one 

obvious heuristic that you can use to solve this problem? 

Juli: Get a real soccer ball. . . . . 
Ilosie: Find a ball in the gym. 

Adic: Yell. 

I :  Before you go t o  the soccer ball in the gym, see what you can come up with here, O K ?  

G o  for it. ( I r t r~w c,ltr\\) 

Ali~n: 1 know how to do this. 

liosic: 'l'here's 28 white. and 16 black. 

Alim: ((.oi4/1li/lg) 1 . 2. 3. 4. 5. 6 . 'l'hat'c straight u11 Prom the top. right'? 

Suli: Yell. 
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Al i~n :  1 , 2. 3, 3. 5. 6 ,  on the top. And there's 6 on the bottom too, right'? Which 1 4  

what? 

Juli: 6.  

Alim: 12. 

Juli: 12. 

Alini: Then all you d o  is, you're adding these ones. 

Adie: What? 110 that agai~i? 

Alim: (~tninrelligihl~~) ...g oi11g around 1, 2, 3. Arid this side there'll be 3 niore. 

I :  IJni hum. 

Alim: 12, 13, 14, 15 ... 18! ( c ~ o u t z r i t ~ q  wl7ife p ~ ' n f u p n \ )  

Juli: IS! 

Alirn: Possibility. Go  grab a ball! 

Juli: OK! 

Alirn had discovered the correct answer for the number of white pentagons ( 1  2), but was 

uncertain ahout the g r o u l ~ ' w c l c ~ ~ l a t i o ~ ~  for the hlack ones. At this point, I arrived back in 

room, and advised them to try ;I different  neth hod of attack before looking at an actual ball 

1>'17: Heuristic number 7. Number 7. 

Juli: Look for patterns. 

Ill': What are the pattenis? 

Juli: Is there a pattern here.? Hnirii. Oh wait. Wait. I know. I know. I know. OK. 

Around every black thing. there's .... 
Kosic: 5 white petals. 

(]sing this observed pattern, the group was able to corne to a conclusion: 



Suli: Ydi.  

Alim: N o  .... 

Iiosie: No, i t  wouldn't. 

Adic: I t  would be doublc this. You double that, so >'ou double this. 

Alim: No. no. 

Juli: I .  2, 3, 4, 5 ,... 

Alim: No, these .... I,ool\. 1 ,  2,  3 ,  4, 5 around this onc. 

Rosie: 5 around this one, and 5 around this one. 

Alinl: Hut you can't count this. You can't cou~il the oncs you've already counted 

Juli: 'Cause you can't ... because this is a part of that too. 

Alim: Yell. 

Jr~li: Oh! 

Alim: 'I'his is a part of that, and a part o f  that 

Uosic 'I'here would be a lot of those copies 

Juli: Yell. S o  how ... OK 1, 2,3,4, 5. 'l'here's 5 on the top, and 5 on the bottom, so that's 

at least 10. And tlierc's 5 around ... 1, 2, 3 ,  4, 5 .... 
Alim: So 15. 

Adie: 15 

Kosie: And 5 more o n  the bottom which is 20. 

Juli: Hut no ... Oh yeh, right. 1 ,  2 , 3 , 4 ,  5, around the back, and 1, 2, 3,4, 5 .  'Cause 

there's 3 up here. alld there's 2 u p  hcrc. so that's 3 on the hack and 3 on the top. 

Alim: No. 

Juli: O r  3 on the ... so that's ... that is 15. 

Alim: I ,ook! 'There's 5 around the top. right'? 

Juli: Right. 

Al in~ :  'There's 5 around the bottonl right'? 

Suli l Im hum. 

Alim: Now all you have to d o  is count these ones ... I ,  2 , 3 , 4 ,  5. 

Juli: 4, 5. And then there's those on the back. 

Alim: O n  the back there's 5 more so that's 10. 20 

.luli: So thcre's 20. 

Alim: Yeh hut .... 



I felt that they were completely justified in asking to see the real thing in order to test the accuracy 

Kosie: Can I just see a soccer ball? 

Adie: Can we get a soccer ball now '? Please? 

Ali m: We're going to (~rt~ilitclli!;it'IP) wr~ourly  , Ihvid .  

Adie: Yeh please'? 

When Adie returned with tile ball. they were pleased to actually discover that their thinking was 

correct. Such immediate verification is important for students, and 1 made a mental note to allow 

for i t  more often in our l)roble~n-solving. 

Juliana brought the group back into focus with her exhortation, "On to the second 

problem!" This proved to be the niost difficult part of the assignment. I t  read as follows: 

l'he group made several stabs at a solution: 

Adie: I know! I know! You ask the native if he's a zombie or not. 

Kosie: Rut they always lie. 

Juli: l 'hat's right. Oh yes. . . . . O r  ask him something obvious about his body lihe...saj 

he had big nostrils. Or  like sa j  ,... I know! I know! You just say uni ..." Do you have a big 

nose?" and he'd he like, "HAI,". and then ... and then if he lied. urn .... 

Alim: How do you know which one means yes and which one means no? If he had a big 

nose, and he said HAI,, and if HAL. meant yes, and if he said HAI., right, and then he'd he 

telling the truth bec;luse he knows he has a big nose. HAI, would mean yes. 



'l'lie preceding dialogue is Ilole\$~orthy because each suggestion 1s in turn refuted by artother 

from their teacher. 

I11 spite of Juliana's rerninder of the hint to use heuristic number 6, the group decided 

Adie: 1,ct's do the rwx~ one. 

Juli: No,  

Alini: Yes. 

Chad: Oh ... 

( ~ U I C L $ I I C ' ~ )  

n'l': Make a group decision. You can go on to any question you \vant. 

Juli: All in favor say "nyc." 

Alim: Say RAl. or 1>A! 

( 1 ~ 1  r g l i t c ~ )  

Adie: 1,et's do this one. 

Juli: No. 

Adie: 1,ook at i t  . Read it. 

Suli: No, do the second one first. Yeeoow! 

Adie: OK. You guys do the second one. We'll do the third one. 

Juli: No you can't do tliat, We're supposed to do i t  as a group. 

Chad: Well .... 
Suli: OK. If you want  to. we'll do i t .  

( I u g h / e r )  

Now in agreement with her peers, Juliana spontaneously began to read the third problenl 

aloud. 'l'he students pondered i t  for a short while, but since the end of the class was near, their 

conversations soon turned to more personal topics. Considering their efforts for the period, I \r,as 
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scssiorl when we would take a fresh look at the two unsolved problenis which were discussed this 

A few days previously, I had placed a small poster of the sequence (0, T, 'T, F, F, S, S ) 

above the tioor. Alim, [)ale and Juliana considered i t  briefly at the beginning of session 20; I was 

resigning themselves to failure, as they were previously wont to do. 

I had no agenda for the day, except to have the group work on its latest assignment. Ilale, 

Juliana and Alim argued a b o ~ ~ t  which problem the class would tackle first: 

Juli: Hey Alim! We gotta figure out this problem no \+ .  We gotta figure out this problem! 

Alirn: (reudi~zg) "On the lsland of Zombies. HA[, or 1)A ...." 
Juli HAI,orI>A. 

Alim: But we d o  know ...( reading) "explain how the question" .... 
Juli: (ir~tc~rrupt\) We're not doing that one dummy.  

Alini: No, we are, (uni~ztcll(qihle). 

Juli: (luu,qI~.s) Oh that's a good one. We're doing this. We're doing problem number 3. 

I'm going to go up to the blackboard and do it. 

Alinl: No let's do number 2 first! 

Juli: No, we all agreed last time that we were going to do number 3. 
Alim: We decided to come hack to number 2. 

Dale: We're going to to number 2 next. 

Ill': l u l l  leave that here. You just t u r n  the switch on. 

Alini: OK. Thanks a lot. 

Juli: O K  Nurnber 2. 

I decided to b o ~ v  out of the students' agenda planning completely, leaving a "logic grid" for the 



I asked t l~e following questions: 

I :  What are the lmssililities from this scenario here? 

Alim: What's the possibility? 

1 Right. What arc the different possibilities? 

Alirii: A ;.omtic or ... 

Juli: A human! 

Alim: ... a human 

IYI': OK. 

Alirn: HAI, means ... HAL or 1lA. We don't know what it  is. 

1J1': OK. But what are the possibilities there? 

Alim: If h e ' s  a...if hc says .... 

Juli: Hal .... 
IYI': No. OK. (30 ahead. I'm sorry. 

Alim: If 311 ... l don't knoiz. The possihilitics arc .... 

Dale: He doesn't know. 

Aliin: He'll lie. Or he'll tell the trulli. 

Ilalc: Zombie, hurnan. 

Juli: Right. 

IYI': 'I'Ila('s...(hat1s a possibility. What are the possibilities for HAI, and DA? And I'm 

going to leave you with it .  

Alim: What's the possibilities? 

171': What could HAI, mcan? 

Alim and Ilale: Yes or no. 

I)']': What codd IIA nlean? 

Group: Yes or no. 

Alini: Oh. 

I l l ' :  Those are your possibilities. 

Alim: So here we go. 

Dl': NOW LlSe logic. O K ?  'f]le question is not a trick question, and it's not a long 

question. What arc t i z  o (~uestions that you could a 4  here'? 

Juli: Are you a human, or are you a zombie'? 

IYI': O K  And.  ivhat else could you ash? 

Juli: I In1 ..... 



Ihlc:  W11;lc does jrcs ... or \\,hat does IIA mean and \vhat docs ... uh .... 

IN': Right! 

Juli: Ahh! 

I thougl~t immediately that the clues 1 had given were too ob\'ious. Even so, the trio continued to 

spin its wheels arid went nowhere towards a solution. Dale finally offered to relate a problem 

which he thought was similar to the zombie plexer: 

Ihle:  It's the same as ah ... when you gel to the uni ... crossroad.;. Which way's right. and 

there's two people there? lJm ... have you ever heard that story about ... 
Alin~: (lntorr~lptin~(: ljule) OK. Next ...( unintelligible) Are you a zombie? 

Juli: A~ld  he says KAI ,.... 

I>ale: ... the crossroads, and there's two people there? 

Jd i :  And he says HAI,. 

Ilale: Or a fork in the road ...( urlintelli,(:ihIe) ...whot s telling the truth, arid the person who 

lies'! How do they figrlre that one out? 

Alim Wait! 

171': What was the question? 

Alirn: You're not meeting a ~ombie ,  you're meeting .... 

Juli: A thing. Wait! 

Alini: 1 lsc logic. 

Juli: Wait. I.et me think. 

IYT': (to Ilulc) That's right. It's the same. 

Ihle: How did I figure that one out'? 

IYI' It's the same kind of idea. 

Dale: How did I figure that one out? 

117': l lsi~lg logic. 

At the time, I was pleased at Dale's apparent attempt to use heuristic #9: "Have we done 

something sinlilar?" (See p. 203.) Looking back, 1 feel he contributed nothing to the soliltion of 

the problern except to conle up with a similar problem to which he did not recollect a solution. At 

least Ilale was 110t held to task here for his failure to remember. As I point out later, there 



working together i 11 probleni-sol ving, they sti I1 lacked the group skills necessary lor effecti vc 

con1munic;rtion. For instance, they frequently talked out of turn, internlptirig other students ~ ~ h o  

However, 1 knew by this l~oint  in the study that changes would come slowly. With reminders 

from me. and riiore import:ifltly, peer guidance from listeners such as ('had. 1 was confident that 

positive changes in group decoru~n would eventually occur. 

discourr~gernent to be a good opportunity to further explore the "stuck" phenomenon. 

Juli: We ju\t don't knon.  

Alirn: 'J'his qc~estion's stumped me. 

S u l i :  We just don't know. 

DT: Alright. Just ...j ust pause here for a second. This is called being stuck, or stumped. 

Ho\\ d o  you feel? 

Alim: Frustrated. 

Juli: Horcd. 

Dl': OK. Frustrated, number one? 

Juli: Angry. Ha! 

Dl': Really? An emotion like anger'? 

I :  W e  n o  I just feel really frustrated. 

117': ']'hat c o ~ ~ l d  be. I feel...l get angry too when 1 get stuck sometime. 

Juli: I t  makes me feel helpless. Or  not .... kinda ... cause I don't know i t .  and 1 aaant to 

knois the answer and 1 can't figure it out. 

Alim: I t  makcs me tliinh this thing's inlpossible. 

IYI': IMe? 

llal e: ~ ' 0 1 1 S ~ l  4. 

Alim: Is this all cn~otionai support class, or what? 

1X': No, btlt the ~ n l y  tf i i~lg you should rcalife from that i q  that thocc crnotiorl\ ;ire 

coniplctcly natural. And if you allow them t o  be the maill theme of your work right IKW, 
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then you i\on't gel anywhere. Hut  if you accept them a c  natural. then you can i~c tu i~ l l~  t l w  

them to your advantage. 

Alilii: How'? 

IYI: Hy accepting them first of all. 

Alirti: 1 could .... 
IYI': What is (his, a touchy-feely group'! Accept your feelings? No, just accept that the fact 

of being stuck is a tlatural thing. and then i t  happens to everjrbody, and you don't want to 

wear that as part of your personal thing. 

Suli: IJm hum So does .... 

IYI': (it~terrupting) What are you asked to find? If you're stuck, go bacL to the original 

question. 

Alim's comment about support" sewed to remind me of a crucial truth about these 

management training, psychiatric sessions, support groups, psychological counseliitig, and peer 

intenrention therapy, I frequently needed to remind myself that I am mai~ilq a teacher of 
. .  . .  

mathematics, and as such, should be aware of their sens~tlvlt~es towards attempts to manipulate 

them psychologically or emotionally. 

I did not realize until I heard the tapes of the session exactly how I interrupted both Juliana 

could have been some interesting comments there, but now they are lost forever. Second, I 

should practise what I preach, especially after the following sernionette which I gave at the 

beginning of this very session: 

171': Now, from this session as well, we have to develop sort of a plan for doing work in  

groups. Some sort of ... almost like a sort of code which we'll go by for the rest of thc 

sessions. 

Alim: ('ode'? 

I>'lX: Yeh, a sort of set of guidelines that will guide group behaviour. And as we go today, 

they'll probably spring up, and we can start making a list. 
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At tllic point. Rosic entered the classroom, and asked. "Are you guys still doing ~iiath'?" 1 

was pleased at her ltrrival, hopirlg that a fresh viewpoint on the zombie problcnl nould help the 

group out its dilemma. Alas. no such enlightenment occurred, a!though Dale hit on the right 

Ill': What are you trying to get the answer to'? 

Juli: To whether or not the guy ... the person or thing is a human or rornhie. 

Alim: What are you'? 

IlT: Number 1 .  yeh. And what about ... what else are you trying to find out'? 

Ilalc: I thinh you should ash .... 

Juli: ( i ~ ~ t ~ r r u p t i l l ~  Dulc) What's RAI, and DA mean? 

Kosie: What is ... what does HAL mean, and what does DA mean. 

IYI: OK. Those are questions. What is ...y our answer has to be yes or nci, \o how could 

you rep1ir;rcc that? 

Dale: Does RAI , rnearl yes? 

Kosie: What does this mean? 

Dale: Does HAI, mean yes? 

Juli: O K .  (u9ritit~<q oli hotrrJ) 

Ilale: Does DA mean yes'? Could you ask each'? O K .  There's only 1 person, right? So.. 

Juli: Iloes ... docs .... 

Ilale: DA tnean yes'? 

hfortunately, 110 olie was to discern how to interpret the various responses which a human 

or ~.onibie would give lo lh le ' s  question. 

Chad walked in the door, olle-llalf hour late, with the comment, "OK. It's all quite elementary. 

You see." Evelltually, not  even having heard my previously given clues, he asked, "You can use 

through 011 his suggestion, and ignoring rny previous comments, considered questions like "Do 

;'gain ashed thc hey 
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1X: Hallg on for a sccolitl. Since this is question of logic, you have to be a\$ arc of all the 

different possibilities. What are thc possibilities. \! hen you approach this native'? 

Suli: He c o d d  be I l l ~ l i l i \ ~ l  or a /onibie. 

117': ( ~ - r - i r i t ~ y  o t~  ~ O L I ~ C I )  What arc the other possibilities'? 111 this question'? 'That you're not 

sure about? 

. I d i :  HAl, means yes and DA means no. 

Ul': What's a third possibility? 

Kosie and IJaIe: HAI, means no.  

Mainly under my direction, we created a table which resembled the following: 

were able to reject the questions "Are you a zombie?" and "Are you hunian?" as inconclusive. 

HAL = no r 

Human 

Now. I was hoping that the students would see the solution from either of the two remaining 

Zombie % 

BAL = yes 

I 1 

questions: 

Dale You just ask him one question. 

1)T: You ask him if RAI, means yes. And what will the answer be if he's hunian'? 

('hati: HAI,. 

Kosic: I t ' l l  be yes. 

IYI': No.  (to Ko.sie) 

Chad: Ohh! It ' l l  he HAI,. right? 

111': Yeh. You can see froni the chart there. Isn't that simple? 

Chad: We came up with that questiorl on the first day. 

IYI': What will ... what will the answer be if you asked a person "Does BAL mean yes?" alld 

hc says DA. what is he? 

Dale: He's a zombie. 

Rosie: Zon~bie.  

JYI': He's golta he. He's got no other choice. No matter what the possibilities ;ire. he's 

going to say the same word. 

Ihle :  So qucstioll is, " l h c s  RAl, mean yes?" 



Iiosie: 'I'liat was e x y .  

Dale: Could y o u  have tlorie i t  \i.itll this question here? (ic I l o c ~ \  IIAl, ~,rc.cu/ / l o : ' )  

Grotq): Yell. 

IIT: Oh I'm sure. 

liosie: Yell. 

Alim: We've got i t !  

Dl': Well you've got pi~rt one. 

Thc truth was, the strlderlts woc~ltl never have "got i t"  without 1114 rather explicit help and 

direction. ('had was correct: they did colne up with that question o n  the first day. Hoibe\'er, they 

could not pick i t  up and run anywhere with i t .  In fact. I had to practically explain the solution to 

the third question of the 7,onibie problem as well. And \vhen in the end, one student asked 

another. "HAI. means yes right'? Or does i t  mean no?", I kneu2 that certain memberq of the group 

had no con~prchension of the solution as presented in the logic table. 

Perhaps I was expecting too much "discovery" in  their inathematical experiences. After all. 

under the classic regime, the teacher would simply state the problem, work through its solution 

with a ~nodicum of student help, and the11 assign "silnilar" problenls for the class to solve. So, i t  

was probably utlrealistic to expect the group to resolve every problem thrown at it. All I could 

do at this point was offer advice fro111 my own experience as  a confused undergraduate 

~llathernatics student: 

And you have to kind of take it home. Or  when you're riding home on the bus, look at i t ,  
and if it's rt little bit foggy right now, it ' l l  click. It's one of those type of things. 

SESSION 21 'Th~lrsda~l 21 April 1994 (Adic. Dale, Chad. Juliana) 
'6 

This is ( ~ ) 1 1 / i ~ s i 1 1 ~ ~ ,  hut it'\ g ~ t t i j ~ g  thc~rc~." 

For this session, 1 hoped that the students would work cooperatively on their assignment 

7 .  which was drjc the next day. C'or~trarqr to my  expectations however, this class tunled into 

1)imrrc occasion where the group fell apart. 



Chad: 'I'hc question i\,"I)ocs HAl, mean yes". Hecaure ...y 011 weren't 

4'0 "? 

Adie: 'Iucsday, I \\ arn't here. 

('had: Because i f  RAI, was yes, then a human would say SAI,. Right'? And if HAI. was 

no. he'd say HAl, as nrell. So if hc was a zornbie, his answers would always be 1)A. ,411({ 

if he was human, his answers would always be HAIL, n o  matter what they meant. 

Suli: Get it? Got i t .  Good. 

Chad: (1uugh.s) Well, the .... 

Adie: (1uugh.s) O K .  You ask the human ... 

Chad: lJh huh ... 

Adie: ... if RAI, means >.es, and he'd say HAL, right? 

(:had: (Jh huh. And he'd say i t ,  if you ask him that question, no matter HAl, rnearlt. 

he'd al\vays say BAI ,. 

in dctennilling for me the state of hi\ understanding. 

However. in spite of their indications of comprehension. both Adie and Jr~liana did not yet 

grasll the meaning of the solution. Chad was in the process of re-explaining the ansver ~s l ien  hell 

h o k e  loose: 

Chad: And then, you hnow, he'd say HAIJ because RAL, means yes. In this column. So 

lie's telling the truth. If HAI, was no. and you asked him "Does HAI, rnean yes?", he'd sa j  

RAIL bccause HAl, would mean no. 

Adie: Wait, wait! 

Juli: Right! 

Adie: Wait. OK. OK. (u/7it71t'lligihl~') the last one again'? If we were ashing a human, 

"lloes RAI, tnean ... 

Chad: ...y cs? 

Adie: ...y t ~ ? " ,  he'd s t \ .  "HAI,." 

Chad: Yell. 

Adic: And if we a4\eti him, " I h e s  HAL mean no'?" .... 

('had: No! Just t h ~ \  one cluestiorl. Nothing else. Here .... 
Suli: ( / ~ I I C ~ ~ . I . I ~ ~ ~ / ~ I I ~ )  I f  HAI. rnenns yes ... i f '  HAI. niearlr ye\ .... 

('had: i l e j ,  1'111 c ~ p l ~ t i i l ~ r l g  something! 



.Juli: Sl1~1t up!  If Hal meaws yes .... 

('had: Holy fuck! 

Juli: Fuck you! If HAI, Inearls ycs, hut ... and i f  i t  n w n t  no ,  right'? Here. HAI, ,  HAI,, 

RAI., HAI,. OK. I h e s  HAl, mean yes? Right'! And the human says HAI,. but i f  i t  ... i f  

HA!, meant no, he'd say ]>A. (1lo1l.ser7.s~~) Right'! Get it'? 

Adie: Oh. OK. 

Suli: And if i t  was a zombie, he al\vays lies, right? And "Does HAL mean yes?", and the 

zoml~ie 'd say 1)A. Kigllt'? 'Cause he always lies, so obviously .... 

Adit.: Oh. OK. 

I :  So IIA means no, and HA1 , tneans yes. 

('had's com1,osur.c in the face of such outrageous insults by Juliana was remarkable. Without a 

('had's explanation was correct. and Juliana's was nonsense: yet ironically. Adie 

expressed co~nprehension of Juliana's meaningless ramblings. For the rest of the period, Juliana. 

After a few minutes, Adie asked to speak to me alone: 

Adie: 1 don't .... l don't is'arlt to do this mat11 today. 

TIT: Well then, don't do  i t .  

Adie: Can I do sonlething else'! 

I l l ' :  Well you already are. 

Adie; Well 1 want to do my r6sumP. 

1JI: Hut 1 appreciate you asking. Well. it's up to you. 

Aclie: Well, I want to get your permission. You know (uiiinrc~lli,~ihIe). 

DT: Well I'm not going to say you have to do math. That's against the whole spirit of the 

thing. 

Adic: 1 just don't feel like doing i t ,  because today 1 don't want to do it. Can I do my .... 
IYI': I'm not going to come down and say ... I'm no t  going to force anyone to sit here. 

Adie: OK. Can 1 d o  my rksurnk then'? 

IYI: You've got an assign~nent to hand in. 

Adic: Yeh. I want to take that home, and worh on rny own. 



Shortly after. Adie left thc' classrocmi for I l ~ ~ e  rninutes. When she rcturnecl she sat quietlj a11d 

how important 1 feel thc ~nathem:rtics program is. 

This was the first time in any of the sessions that the group fell apart, and I was 

disappointed. It was especially disconcerting for me to see Adie beg off since she hncw the 

assignment was due the next cia). 

In hindsight, I feel that 1114' expectations for the group were unrealistizally high. With 

difficult task like the ~ombie  pu/.zle, I should not have been sup-ised at such student frustration 

and withdrawal. E v e ~  teacher has classes where continuity is lost and pupil interest disappears. 

yet I was upset at the first instance of such an occurrence. In the future. 1 should perhaps 

subscribe more to the f()ll()~Jil)g ;idagc: "Always expect your students to do well. Ilon't expect 

your students to do well always." 

In the meantime, Ihle  and Chad had immersed themselves in a consideration of the 

musicians problem: 

The problem c m e  wit11 a logic grid which I projected onto the blackboard. (See Figure 3.8.) 



(Henderson, 1982, 1). 3) 

As if i n  compensation for the beha\4ours of Juliana and Adie. Chad and DaIc worj\ed 

wonderf'ully well together for tile rest of the class. They adapted thetiiselves quickly t o  working 

impossible." They also engaged in some spontaneous metacognitive language at times, 

1nonitoring their progress arid commenting on the degree of difficulty of the problem. 

Ilale: O K .  Wait a sec. We know that the bass and the soul group did not finish first, 

right? 

Chad: 171n hum. 

Dale: OK 'I'he soul group did not finish first. 

Chad: We do'? We know that'? 

Dale: And didn't finish third. 

('had: We know that. We know that Jake's band finished second. 

Dale: O K .  Jake's not ..... 

( ' l i~ I :  We hnow that the reggae hand finished third. 

Ih lc :  Jahc's not  i l l  the soul group. 



('had: Huh'? 

Ilalc: Jake's not with the soul. Jake is not i l l  the soul group. Know why? 

m i d :  Oh yeh. 

[>ale: Jakc's not .... 

('had: Jake's not in thc reggae l ~ n d  either. 

Ilale: How do you know that? 

('had: Well ... well, because he finished higher than the bass player's group, and the bass 

player's reggae group finished third. 

Dale: Oh yell. 

Chad: So,  Jake's not in reggae, and he's not in .... 

I h l c :  .... soul. 

Chad: S o d ?  Oh yeh. 

IMe:  ( r r r r i t ~ t c ~ / l i ~ q i l ~ / o )  OK. 

Chad: 'This is con-fusing. @uu.re) 

Ilale: 'This is confusing, but it's getting there. 

Chad even thought a change of approach would be beneficial when at one point, he suggested. 

"How about we work on i t  quietly for a second'?" 

Rcmarkahle also was the discourse evidenced by the t ~ ~ o  students during their 

deliberations. liespectful of each other's o p i n i o ~ ~ s  and offerings, they were at times even humble 

i n  admitting error and gracious in praising good logic: 

Dale: So we know that jazz did not finish first. We know that. 

Chad: N o ,  w e  don't. 

Ilale: Yes we do. 

Chad: How do we know that ? 

Dale: Hecause the drummer's group finished behind John's group, but ahead of the jazz 

gr"up. OK? 

Chad: We don't know who John is. 

Dale: I...] know. Rut they finished ahead of the jazz group. Alright'? And if th  the 
jazz group can't he first. 

Chad: Ahh! 

Ihle :  You know? 

('hiid: Yell. yell. That's ... thzit's right 



Ilalc: l.l~~dcrstiind ! 

Chad: Ilh huh. Sorr! . 'I'hat's good. 

Although there 1% as I-IO final resolutiou to the n~usicians problem. top marks had to go to Dale and 

('had for their persistence, and their cooperative problem-solving. 

Inter-session. Friday. 22 April 1994 

Much to my delight, upon arriving at the school at 11:30, 1 found Adie in the classroom, 

already working on mathematics. In particular. she was writing up problem 4. which was her 

contribution to Assigntnent 7. Still hard at work at 12:OO when I popped in to see her, she said 

that the problem was arduot~s. 1 told her what was expected in the assignment: I did not want to 

necessarily see a correct ans\zJer. Iiather, she should use as many heuristics as possible, and 

simp1 y write the word "SI'IJCK" whenever she got bogged down. For the reniainder of the 

afternoon, che, Chad, and Alim each worked on their respective \I\ rite-ups. As 1 have recounted 

before in this narrative, Adie would often disappoint me, only to come back soon after to rejoin 

the fold. 

The students handed in their contributions to Assignnient 7 by the end of the class on 

Friday. Although problems 1 and 2 were dealt with by the group, Adie's solution to problem 4 

was hers alone, since she was the only one to work on it. Her writeup was rather aneniic. 

consisting only of a logic table and a diagram. (See Appendix 5)  In sum, Adie did not follow niy 

suggestion about including as marly different heuristics as possible. 'l'hcn again. deliberating 

alone. she obviously did not try a variety of approaches to the problem. 

Chad's contribution was fleshier, since in addition to the completed zombie problem, he 

and Dale had almost solved the 111usic poll conundrum. The following is his written description of 

their efforts to find a solution to the latter: 

We started off by filling in all the given information onto the chart then ive started cross- 
examillino things likc "Well if this is true then this would be true as well." Soon Mie had 

P X's and x ' s  all ovcr the graph. I t  got kind of overwhelming. We wanted a way to simplify 



i t .  We thought of writing things down il l  sentences. We tried ~naking a lie\\ type of table. 
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I t  was frustrating but we kept interested. 

He also provided a good account of the group's struggles with the zombies: 

Wc thought of a lot of questions that didn't ~ o r k .  We kept trying to think of the right 
question, not thinking of other factors. In fact, I think we even came up ivith the right 
question once,but we didn't realize it. We decided to rnake a chart and assume that HAI, 
meant yes. So then if w e  asked a human if BAL meant yes, he would answer BAL. A 
~ o m b i e  would say DA. Then we assumed that BAL meant no. If we asked a human if BAL 
rncant yes. and i t  meant no. he would answer BAL (no). A zombie would answer DA 
agal n.  

Chad's writing was always a pleasure to read: he used well-constructed. complete sentences with 

few if any spelling mistakes. Indeed, I looked fonvard to working with him in the English 

course. 

Alim's description of the cohort's efforts was closer to what I wanted, since he actually 

listed several "heuristics that we used": 

1 - we guessed how many black and white pentagons there were 
2- we worked i t  out by counting and multiplying 
3- we used the three diagrams of the soccer ball. 
8- we used a simpler problem by counting how many black and white pentagons on a real 
soccer ball. 
9- we looked at a real ball which is similar to the diagrams. 

He went on to describe their experience: 

O n  the first diagram you can see that the view is from the top of the ball. There were six 
black pentagons so we doubled i t  by looking at the second diagram which is a view froin the 
side. I t  clearly shows that there are 6 on top and 6 on the bottom. We used the same format 
in finding how many white pentagons there are. 

Clearly, Alim also demonstrated good composition skills. 

I was generally happy with the assignments, and awarded each of the students a group 

mark of 30 out of 40. However, I was not satisfied with the fact that problem 3 involved only 

I)ale and Chad. and that essentially, problem 4 received atlention from only one student: Adic. 

Hence. these last two qlrestions were in no way group efforts. In the future, I u ould ha\,e to take 

steps to insure that each group assignment indeed received a ,qr-our effort. 



SESSION 22 7'uesclay 26 April I994 (Adie. Dale, ('had) 
"7htrt MYIS u ~ l l  ~ h r w .  I lik(1 rl~trt." 

111 vie\$' of the **irlcompIctcness" of the last asGgnment, I decided to devote session 22 to 

achieving closure. I felt that before u s e  \cent on to the next topic, the whole group should have a 

chance to consider solutions to the last two problems. 

IJnfortunately, I accidentally erased about half of session 22 by recording the next class 

over top. 'This error was unfortunate, because first of all. there was some great p r o t > l e ~ i i - s o l i ~ i ~ ~ ~  

this day, as well as good attention to task and some good insights. IJnfortunately, n~ucli of the 

recording of session 23 was merely background niaterial 

In the following exchange between the three students, Dale took the lead in the reasoning 

for the musicians problem: 

Ilale: John didn't play the drums. 

Chad: Oh cool. 

Dalc: John played the guitar, right? 

IIT: We don't know yet. 

Adie: So,  John played ... Jake played the drums. 

Chad: John was first . We know that. 

Dale: What did John play? And then we'll find out... 

Chad: We don't know. We hnow that Jake plays ... 
Adie: The drums? 

Chad: ... thc drums. 

Ilale: OK. Through ... through trial and error, right? Since there's only one and t ~ ~ o  left. 

IJrn ... we know i t  says here, "Kock and country and western groups do not have heyboard 

ins ... instruments.", so that means since John came in first, John didn't play the piano or the 

organ. 

Chad: Joe plays the ~ ~ i a n o .  And he doesn't play it in the soul group. 

Ilale: OK. 

Chad: Wait a second here. The stupid (~triirzrc~lligihle) .... 

Dale: He either plays bass or the guitar. 110 ... do we know who played the bars? 

Adie: 'The bass pl;~yer'\ reggae group .... 
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Dale: Yes! 'I'he bass pl:~ycr's reggae group. I he basc is out. So that mc:lrls J o h n  pla?cd 

the guitar. You guys understand how I got that? O K  l'liere's only one or two left. right'! 

So that ~ n e a n \  ... and in olie of the questions i t  says the rock and country and Ivcqtern g r w p  

did not play the piano or the organ? I'iano or the organ, nght? 

Not only did Dale lead the ivay, bul he also paused to explain his reasoning to his peers. I believe 

that srrch patience and consideration for the status of others during problem-solving is the 

ha1 l mark of a natural teacher. 

Dale's leadership continued on throughout their deliberation of the problem, and 

evenlually he received a thank-you of sorts for his efforts. 

Adie: Ru t  we still have t o  figure out who played all these instruments though don't we? 

Ilale: Uh huh. . . . . 
Chad: Yep. The guitar player's group does not play country and western. So he doesn't 

play country and western. ( l t rugh~)  

Dale: Yes, but we figured out that John plays the guitar. 

Adie: We .... 
Dale: Right? 

Adie: Guitars ...g uitar ... country arid western. 

Dale: IJnderstand'? 

Chad: No I missed it. I'm sorry. 

Ilale: OK. here. 

Adie: Oh  boy! 

Dale: This question right here ... uh number 2. Rock and country and western groups do 

not have keyboard instru~~lents. right? That'd meat1 organ and the piano are out, right? 

Chad: IJh huh. 

Dale: O K .  

Chad: Hass ic  out. 

Dale: Hass was out. Why'? Because .... 

Chad: 'The drums are out too. 

Dale: And drums are out, so that rncans he plays the guitar! Right? Right'? 

Chad: How do you get his name? What....'? 

Ilalc: OK. Hccause Jake or John ... John finished first, right'? 

Chad: Yes. 
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Ilale: We've already established that. And the only places that we had open ... rock and 

country and western right? And so, we figured ... we already figured out,right? He 

came ... that he 17layed the guitar. And i t  said the guitar group ... the guitar player does riot 

play country and wcstcrn. 

Chad: Ohh! 

Ilalc: John's the guitar player, so that means John's with rock. He came in first. 

Chad: Yeh, 1 see it. Right on. Way to $0. 

relationships with other group niembers in the ])as[. 

Also noticeable from the above two exchanges is the students' frequent use of the first 

person plural ~>ronouns. Importantly, 1 thought this indicative that a group "mentality" or mindset 

was indeed taking hold. I was particularly pleased to witness the cooperative relationship this day 

hetween two erstwhile antagonists: Adie and Dale. 

Finally, there was almost a sense of celebration as the resolution of the problem came to all 

three students 

Dale: OK. Joe is not in soul. OK. \Ye know that John is in the rock group, right'? 

Adie: IJh huh. 

Ilale: John is in the rock group. 

Adie: Kight. 

Dale: We know that ... we know that Jake is in the country and western group. 

Adie: Yeh. 

Ilale: Do we know which group Josh is in? 

Chad: .lash plays reggae. 

Adie: Reggae, because reggae came in last. 

Chad: No, reggae came in third. 

Adie: Oh  yeh. Soul came in last. 

Dale: Do we know which group Jim's in? 

('had: Working on i t .  

Ijale: OK. For courltry and western. OK. Could ah Josh for number 3? OK. We jklsr 

have to find out who played ja// .  

[IT: Who l>]ayed soul:' Joe does not play his piano in the soul group. 



('had: Yeh. 

IY1': So where does he pla} his piano? 

Chad: Either i n  jac.7 or rocak. Oh but not rock. So he plays his piano i n  tlic jazr group. 

Iiiglit on! (howl\) 

Dale: So ... so the piano i \  i n  j a u ?  

Chad: Yep. 

Ilale: 'That means the organ is in wul. OK. Hut  we just have to find out if Joe ... OK. 

Joc played piano right? Joe played in the ja7.c. (~'ririn: on grid) That incans that Jim wa\ 

in the soul. Jim ... soul. 

IJT: And I t h i n k  that's uh .... 
Ihle: That's it! 

('had: Yeh! 

I IT :  And you guys did it. Well done! 

Chad: OK! Right on job! Narf! 

On account of their successful problem-solving effort, 1 was certain that at this point, my good 

feeling equalled their own in in(ensity. 

I then questioned Chad and Dale about how they felt during this mathematical experience, 

as opposed to their last effort. 

IYI': Compare ... compare what happened to you two on Thursday compared to what 

happened today. What ... how did i t  ... what was the difference? 

Chad: I don't know. 

Dale: I don't know. 

IIT: How was i t  different? 

Chad: 1 don't know. 

Ilale: We related more to the question. 

Chad: Well .... 
[IT: Obviously. How was it different than 'Thursday? 

Dale: You know (unintc.lli,giblc.) (Iuu,qh\) &got the answer. 

Chad: H ~ n m ?  

Dl': How ... how did the f l o w  go on Thursday for you two? 

Ilale: Hack and forth, back and forth ...( ur~intt.lfi,yib~e). 

Chad: We got stuck i n  a rut. 

IYI': Stuck i n  a rut. Riglit. 



('had: Yeh. 

Dale: Stuck between a rock and a hard place. . . . . 
Chad: I guess maybe i t  was looking at it like brand new ... like n'ithout all the ... 

131': Fresh ? 

Chad: ... X's all over the.place. 

111': Right. Sometimes i t  pays to just throw out what you were doing. Just put i t  aside. 

I n  other words. one of the best techniques for problem-solving is sinlply to take a break: go for a 

nurnber 10: "lxave the problem for a while." 

The discussion lead to the renewal of a theme about group work that had been brought up 

by Adie much earlier on in the project. 

Chad: One thing that 1 found that um ... was that ... what was confusing is that ... was that it 

got confusing when you're on a train of thought, right? And then, all sorts of other people 

get into different trains of thought'? When the probleni's so complex as  this'? I mean we 

figured i t  out, so i t  worked, but still i t  kind of destroys your train of thought. 

Dl': What does? What destroys your train of thought? 

Chad: When someone else starts having a train of thought. When we're working on 

something. Especially with all these different things. 

DT: Right. 

Chad: And, 1 don't know .... 

DT: Too much happening at once'! 

Chad: Huh? 

DT: Too much happetii~ig ... 

Chad: Yeh. 

I3T: ... sornetinies? 

Chad: That's the only thing 1 found kind of irritating at times. But we figured it out. And 

that's good. 

Adie: Well, you know 1 think the .... Gosh. (luugh.\) 1 do~l ' t  know ho\v to say i t  thougll. 

I .ike, you'll be saying something, right? If 1 wait for you to finish, then I'm totaliy going to 

forget what ... 



('had: 11111 11~111. 

Adie: ...y ou know, the ... the problem is. What I spotted, you know'? 

('had: Y dl .  

IYT: O K .  

Chad: Yeh. I mean, in other problems it's easy, you know. With lots of people, it's better 

that we throw our ideas out because they're not as complex as this. Rut this one is so 

complex. and you're trying to remember all sorts of different things. 

Adie: Yeh. 

'The students described an interesting dilemma for people working i n  small groups. If the problem 

at hand is perplexing enough, or of sufficient sol)histication. then it is often difficult for learners to 

remember or keep track of their owl1 ideas whilst they listen to and consider the offerings of 

others in  the group. Hence, there is a tendency for everyone to blurt out hidher ideas as soon as 

they are ti3rrned. Perh:lps after listening to their explanation, I would in the future be a little [nore 

tolerant when the cJassrooil~ "forum" was lost because of simultaneous outbursts or interruptions. 

With undiminished energy, the students then began to deliberate problem 4 for the first 

time. (See Appendix 5.) Dale finally came up with the last bit of deductive thinking necessary to 

solve thc puz7.le: 

Ilale: Wait a second! 'l'his guy's the Japanese, and he has a Philips TV. This guy can't be 

Japanese because he has an Hitachi. 

Adie: Right! That's right! 

Chad: Hey! 

Dale: Yes? 

Chad: Right on! 

D'I': Good deduction. 

Chad: Yeh. 

Dale: What does this guy have? The uh ... Phillips. 

Chad: Hey that's cool. 'That means the other guy's got the Sony. 

Dale: That lrleans that this guy has the snails. 

Chad: No!  

Dale: Yeh. 

Adie: Yes! No! 



Chad: 'Ihe Sony 'TV has the snails. l'he guy in the red house has snails. 

Ilalc: Soty. 

Chad: Hoy, I tell you nlan. Those English people arc meird. 

Ilalc: No h i t .  Escargots! OK. So that tileans this PLI> ; s  the u h  ... 

Adie: Spaniard. 

Dale: ... Spaniard. 

Adic: And this guy has the dog. 

IMe: Dog. Atid that means this guy has the uh zebra. 

Adie: Zebra. 

('had: We already got the orange juice. Cool! Right on! (/~orul.r) 

PI': Wait a tninute! Don't go! 

('had: Ilon't go. 

IYI': Excellent (r~t~irlrelli~ihlc.)! Good effort! 

Chad: 'I hat was well done. I like that! 

( > r o i ~ ~ ~  problern-solving simply does not get much better than this. There was good logical 

lhinking, cooperation, and sustained effort by everyone. Finally, the loud enthusiasnl 

accompanying the solution was not individual, but rather collective. I t  was a celebration by the 

group which, after all, had produced thc solution. 

'The timing of the final resolution also was excellent: they rnade their discovery just as the 

clock hit 245. However, I needed to keep them from leaving the school, since I wanted to send 

then1 away with a survey which needed lo be completed for the introduction to the next topic. 

(See Figure 3.9.) The group's task was to survey as nlany people as possible, asking for each 

V K I J  students are riot used to having honiework, so 1 hoped rather nervously that the cohort 

would show up on 'Thursday with enough data to begin our consideration of the golden rectangle. 
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INI'ER-SESSION Wed~iesdav 22 Al~ril I994 

Just as I was hoping for a full turn-out of students o n  'Thiirsday, I received news that 

Alonzo would be away for an extended period to work up north. However, a new student, Nina, 

would be attending 111y class starting Thursday. Since she and her pardian had already signed 

the study consent form, she would be joining our niathematics group immediately, just in time for 

the next session. Nina. of 9 age, promised to be an interesting addition to the project. since 

she reportedly had not had any formal mathelnatics education since Grade 6. 1 was certainly glad 

th21t we would be starting a new topic for her first day. so that she would not be confused by 

entering the study group in the nliddle of some confusing mathematical deliberations. Also, there 

~ o u l d  1101 be any "heavy" rnathernatics to discour:ige her on her first day at VK1,F. 

Topic 6 The Golden Ratio 

SESSION 23 'I'htirsdav B April 1994 (Aciie, Dale, Chad. Juliana, Nina, Lee-Ann) 
..I lhl'\ ,fii  \(Ytuuit~g!" 



golden rec.t:rnglcs out of all the other choices. So. i t  was \$ it11 considerable trepidation that I askcci 

('had ( ~ v h o  was serving as tally-master for the group) for the results of the poll 

were indeed the most po1,~ilar choices. (See Figure 3.9.) After giving the students a brief Ilisror~, 

. 7  

of the golden ratio ill architecture. I explained their next group activity. 1 he following dialogue 

concerning ratios resulted. 

IYI': IJh ... the next thing to do is measure the lengths of the sides of these rectangles. And 

we're going to calculate what's called a ratio of the length of the longer side to the length of 

the shorter side for each, C and 11. Now what is a ratio? Going back into your math'? 

Kemcmber what a ratio is? 

Juli: O h  .... 

D'T: Another word for it? 

Chad: It's how many took to something else. 

I X :  OK. You could say a ratio of 3 to 2, you mean? 

Ilr-lle: St;-ltsl! Stats'? 

IYT: I t  comes out in statistics. yeh. Rut what is ... what is it? Give me another example of 

one. 

Chad: A report. 

Anrialia: 5 to 6? 

Chad: 'I'he time. 

Juli: 110 they have the 2 little dots in between? 

I1T: Yeh. That's another way to write a ratio. And you could write 5 dot dot 6. Like that. 

(u.riti17.c: 017  our^/) OK? Third way? Simply a....? 

Dale: Ilivision. 

Dl': Yeh. You could write 3 divided by 2. Now when you get up in this level of 

mathelnatics. you tend not to use the dividing sign so much. 

Chad: The line. 

IYI': Yeh. Use the line. Instead of 3 divided by 2, we say.... 

Chad: 3 over 2 

Juli: 3 to 2. 

D'T: W h t ' s  arlothcr nalne for this? 

Juli: Fraction! 
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IYI': Fraction. So a ratio is Just a fraction. Silst a way of \vriling 2 11umbcrs. Compalillg 2 

nurnbers. What we're going to do is measure the length of both C and I). and compare i t  to 

what we call the \\~icith. Alright'? So, do that. Grab a ruler. Ixt's clo i t  all i n  wntimetrcs. SO 

we're .... 

Suli: We can do i t  together. 

Again, the ~opic at hand provided another opportunity for the group to recall the nomenclature for 

so-calletl basics like ratios. which, i n  the former course. w,ould have been a subject unto itself. 

devoid of context. 

The students exhibited no problems in their measuring: il l  fact, they were even quibbling 

about whether they should report their findings to the nearest tenth or hundredth of a centimetre. 

Finally, they con~puted the 1ength:width ratios of rectangles C and D as 1.63 and i .61 

respectively. This finding led to a discussion of similarity, and to a review of area and perimeter: 

DT: We say that those rectangles that you see in front of you, C and 11, have the same 

what ? 

Don: (quiet!\)) Shape. 

D'T: You  said it. I heard you. 

Annalia: Shape. They're the same, only bigger. 

Annalia was the third student from another class who asked to sit i n  on our rnathernalics 

[mceedings. She then asked, "Is that the same with Irw~un~qle.\] H and H?" 

After her question, the pupils set out measuring the rectangles of the non-Golden variety. 

"HopefuIIs," I thought, "none of these other rectangles will measure anwhere near to the golden 

ratio, and thereby complicate things immensely." By this time, the students had assumed roles in 

the process. SuIiana operated the calculator, Chad wrote down the data, and the others actively 

C a m  to a consensus ahout the accuracy of their ~neasurenients. I,uckily, 11ot one of the newly 

calculated ratios for the remaining rectangles was close to 1.6. 



I had asked Katey to speak brietly to the class, since she doubled as n specialist in interior 

design, and possibly could address the aesthetic side of our consideration of the Goldell liatio. 

l'he one thing I always find is there's also alniost a mathematical basis to how you tlecorate, 
and to ... or how you design windows and that sort of thing. As to what looks pleasing'! 
Now here's a thing you  might not have heard. I don't know if this works out with the one 
to six (referring to the n~rt~iher 1.6, the Golden Rurio) but in design they call i t  the one to 
three rule. If you were making a little collection of things, like a l~ttle collection of pictures 
on the wall'? Or of uh sorneth~ng ... baskets sitting on a table? You always find that the odd 
numbers work, and are more pleasing to the eye. And the even numbers don't work, and 
are not as pleasing. So if you put two things on a table, it's going to be unbalanced. I f  you 
have 3,  a group of 3,  it's tnore pleasing to your eye. 

Katey was willing to put her theory to the test, since we had photos of Greek architecture handy: 

Katey: Yeh. Anyhow, did you look at the Acropolis, or the Parthenon? h o w  many pillars 

are there? Was i t  an odd number? Just see for fun. Probably prove me \irrong. 

Dale: 'T'herc's eight. 

Katey: I 2 3 4 5 6...0h god! OK. I t  doesn't work. 

Chad: Yeh, but there's 1. 2, 3, 4. S...there's 7 spaces i n  between. so 7 rectangles. 

Katey: You're right. That's true, too. When you're doing that, you have to think of 

looking at spaces. 

Chad's observation was doubly astute, because i t  was these "rectangles" in between Greek 

colun~ns that the class would next investigate as instances of the Golden Ratio. 

Dale wondered about the relationship between human anatomy and mathematics: 

Dale: OK. Well. .. Ltnl ... this Doryphoros one ... type statue. How does that stand out'? 

DT: We'll look at that i n  a sec. ... 
Katey: Yeh. Even .... 

I :  ....' cause that's going to tie into anatom)'. 

Katey: 1 was just going to say, that with anatomy, there's the balance for the bones in your 

body. Every bone is urn ... balanced to the next bone. I,i ke this uh ... this is longer, and this 

is shorter. they're not the same? And your whole body's made up that way. You have a 

longer leg, then you have a shorter part of your leg. Then you have a shorter part of your 

foot, so that proportion is in your hody too, or i n  most bodies. 

Chad: That's fascinating! 
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I t  was good for the studellts to hear about such mathematical conlwctions from a visitor like Katcy 

whom they knew as their :trt teacher and specialist. In  fact, any curriculum of this type should 

actively involve not only mathematicians from outside Ihe school. but people like her \i lio could 

establish connections in a way that the regular lnathernatics teacher never could. 

Her last comments about the human body were timely, since the students were about to 

investigate their own anatomies for evidence of the golden ratio. First, from a photograph, they 

measured one of the Parthenon rectangles, arid found that the lengtli:widtli ratio was 1.7. At the 

same time, I measured the Parthenon photo which was pro.jected onto the blackboard. and Dale 

came up wit11 the same answer. This provided a good opportunity for a discussion of similarity: 

Dale: (cot?zputing on the cdcukutor) 1.7 for the one you got too. (i.e. the nrzc projrc.red orr 

t l ~ e  htwrcl) Ilalc? 

IIT: This one? 

Ilale: Yell. 

Ill': Now I just measured mine on the board up here, with this magnification. Why do I get 

the same result as you guys, with your pieces of paper? 

Chad: 'Cause the ratios are the same. 

IIT: Why? 

Chad: Because i t  doesn't matter how big the rectangle is. as long as the proportions are the 

same. Because i t  could be small, and you could get the same ratio. As long as you keep the 

proportions right when you go like that. (~e.\turp.s wirl~ hi\ ctrtm l And then .... 

137': What's "going like that" called? 

Chad: L J h  ... expanding? 

IIT: Or? 

Dale: Enlarging. 

DT: Enlarging or .... ? We do that in photography. 

Chad: Magnifying. 

IJnfor(unately, the girls were talking away in the background during this exchange. According to 

theory, they were to be listening and making their own "constructions" out of Chad's 

ol' thc group. 
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After discovering the (hldcri Katio on the photograph of Doryplioros (and after the 

inevitable joking about the spearbearer's anatomy), the students went on to the lab type activity of 

rnea~uring acpccts of t l~e~l -  ou2n bodies. Herc. we used Serra's ( 19893) well-clesigned exercise ( p  

478) for measuring and fornlulating the data from each student. 1 divided the class into two. with 

the boys ancl girls in differerlr group. For the most part, the students kept on task. This \ \as a 

particularly good introductioll for Nina, for altliot~gh she said nothing in our group discussions, 

The real challenge in this topic would come during the next session, however, when I 

planned to take the cohort through an algebraic discovery of the Golden Katio. Hopefully, 

enough of the students would ha\,e the experlise to follow the lesson. And I feared losing or 

discouraging students like Nina. ~ ' h o  simply did not have any mathematical background to speah 

of. 

SESSION 24 'I'uesday 3 Mav 1994 (Donny, Dale, Chad, Juliana) 
"I lectrned this it7 Grudc 6." 

During the pre-session time, Juliana's invective towards Dale suddenly increased in 

frequency and intensity. Accordingly, I took Juliana outside after one particularly derogatory 

appellation. 

1 You use these terms far far too often in class: I've noticed that listening to tapes. 

Juli: They aren't swear words. 

IJI': 'I'hat doesn't matter. You have to edit your choice of words, and to refrain from calling 

people names. 

k rhaps  1 had no ultimate control over Juliana's negativity towards others, but I felt responsible 

for the tone of langllage and for outright put-downs of others in my classroom. By this time, I 

was becoming extremely of our successful group dynamics. and I was prepared to e~ricl 

students lest such anti-social beha\/iours poison what we had achieved socially since our start i n  



February. After all, i f  the schoc,ls could adapt n "fero tolerance" policy towards physical 

violence, then 1 felt justified i n  establishing the same consequences for vituperatike beha\riourc. 

At the start of the session, Dale provided the group with a real-world example of the 

Golden Katio. As i t  turned out, he had actually measured the Golden Ratio in renovations being 

dew by a relative: 

IYI': What was i t  you measured again'? 

Dale: Ah ... his windows. 

Dl': Windows. 

Ilale: And he has a door, like going into his den. 

1Y1': Right. 

Ilale: Right? And it measured 1.6. 

IY1': Is that uh ... is this house ah ... custom built? 

IMe: Yeh. 

D'I': Is he designing i t  himself? 

Ilale: No. Urn ... it's an old house. Hut he uh ... tore out the whole living room and all the 

bedrooms and that, right? So it  was nothing, right. except blank. 

IIT: Yeh. 

Ilale: And then he put up the other .... 

IYI': So is it he who's doing that, or was it originally there? These ratios? 

Ilale: 'I'he ratios weren't t11ere because he took like the windows out and he moved the 

windows around. He .... 

IYI': You might want to ask him if that's what he's up to. Because a lot of people are quite 

aware of that. 

Ilale: No, I asked him and that's what he had done. 

IYT: He did? Oh, OK. The Golden Ratio, right? 

Dale He ... he's smart so .... 

Following Katey's real-world contribution, his revelation seemed to provide a wonderful 

continuity from the previous session. 

I)alc's example also served as an excellent segue into the lesson I had planned for this 

session. In 111y presentation of the probleni, Chad actually provided the key question: 
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Dl': Imt's say you're building a n e ~ .  house. And you want lo construct a window. And 

let's say you know the length of the window is going to be 2 meters. Alright'? The length 

has to be 2 metres. alright? Hut  you want a Golden Rectangle for a window. (rlr(r~s< 

di(~,qrun ot7 hocod) 

IMe: Oh. 

U1': You want this for architectural design. So the question is. if the length is 2.... 

Chad: What's the width? 

That Chad understood the problem is evidenced also by his subsequent formulation of the 

solution: 

Chad: So, 1.6 times what equals 2 riletres, right'! 

However, with my own agenda in mind, I ignored Chad's suggestion 1 . 6 ~  = 2 . Instead, I 
3 presented the equation -= 1.6 and took the students through a whole recapitulation of cross 
K' 

products. I reasoned that the latter equation was preferable because i t  resembled the way in which 

the students computed the golden ratio in the last session: that is, dividing length by width. I also 

wanted to prepare the students algebraically for a derivation of the golden ratio which would 

involve cross products. Ironically, we ended up with Chad's equation anyway which we 

proceeded to solve fornially. 

In retrospect, I should have gone with Chad's initial solution. After all, the cross product 

is a ginltnick which focuses on memory. not understanding. And Chad understood! If at the tinw 

this episode had taught me about the folly of insisting on my own pedagogic agenda, I could hn\,c 

avoided a disastrous session a few days Inter. 

When I asked the students to recollect how to solve such the equation 1.6 w = 2 , Chad 

came up with the solution. 

Chad: The answer's 1 point 25. 

DT: How'd you get that'? 

Chad: I.... 

Don: Divide. 



Juli: Is it? 

('had: 2 divided by I .6 

Suli: I t  can't be. 

111': Correct. 

Juli: Is it'? 

Chad: Yeh. 

131: Hut how do you reason that? 

Chad: It's backwards. 

Chad's last answer was a natural enough description of the classic equation-solving technique 

taught to beginning algebra classes. I t  was good when students l~rovided such apt transitions into 

what 1 wanted to cover next: 

DT: What is the operation in here between the 1.6 and the w ? 

Chad: Dale: Donny: Times. (All r11rc.e re\porld llr or1c.e. I 

DT: Multiplying, right. What's the opposite of multiplying? 

Don: Chad: Division. 

DT: How can I get rid of this 1.6? After all I don't want 1.6 here. I want w all by itself. 

Well, what's 1.6 doing to the w? 

Chad: Multiplying. 

DT: Multiplying. What's the opposite of multiplying again? 

Chad: Donny: Division. 
I .6 

DT: So what happens if 1 divide by I .h like this'! (wrile.\ w = 2 ) 

Chad: Huh? 

Dale: I t  takes away the w. 

Chad: It takes away the 1.6. 

DT: What does it leave? 

Chad: The w. 

Then finally, in student vernacular again, Dale was able to recall the division property of equality 

concept: 

D'1': Hut 1 can't just go dividing one side of the equation by 1.6. 

Dale: You've got ...y ou got to do the other side of it. 
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t;ollo\ving my csplanation of the properties of equality using the teeter-totter analogy, the students 

were able to recapitulate the co~lcept. 

IYI': What you do to o ~ i c  side .... 

Dale: ....y ou must do to the other. 

DT: To keep i t  in .... ? 

Chad: Dale: Balance. 

Dale: Fuck, I learned this i n  Grade 6. 

As described in chapter 3,  alternate school students often harbour bad feelings about having to 

review so-called elementary mathematics. 'Their reasoning goes something like this: "We nlust be 

stupid if we can't remember such easy stuff." In order to alleviate any such possible sentiments 

here, I related how quickly I forgot some of the math which I had just learned in one of my 

mathematics courses in the graduate program. 

DT: The nature of math, everyone, is that you're going to have to go over stuff, you kimv, 

in a u8ay like this, to try to click i t  back into your usable memory. And I'm sure for all of 

you it's there, but you haven't ... if yo11 haven't used to for 2 years, 3 years? You've got to 

kind of reach into your mind to pull it  out. OK? 

Chad: Yeh, but you never forget how to ride a bike. 

Perhaps we should be teaching alternate school students the mathematical equivalent of riding a 

bike. Cross products and equation-solving techniques are rapidly forgotten if not practiced and 

making students dependent upon memory only leads to frustration. But once learned, problem 

solving skills and mathematical awareness will probably be retained for life. 

Having fulfilled my agenda to this point, I felt that the students were ready to consider 

Euclid's twenty-three centuries old question: 

I Here, we were using the text A~tutlwt~tutic~s 9 by Kelly, Atkinson, and Alexander (lcm). 1 

u m e  up with the correct algebraic expression. 



DT: Just for easiness' sake, let's let the width of the rectangle be 1 .  OK? We can let i t  bc 

anything we want, but one's a nice number for simplicity, alright? And let's let ... we don't 

know what the length is, so let's call the length A-. What does x over 1 equal1? 

Dale: We know it's bigger than 1 .  

IIT: And this will be the answer to Euclid's question. What are the proportions of length to 

width which allow us to do this? 

Chad: To do what? 

IIT: Well first of all, if we let the length of the rectangle be K ,  and its width be I ,this little 

length in  here is ... see your square'? Whoops. Here's your 1 by 1 square, right'? 

Chad Urn hum. 

DT: OK Chad. If  this length here is 1 .... 
Chad: IJm hum. 

DT: And this big length up here is .v.... 

Chad: 2? 

UI': No. What is this length here'? 

Chad: That's uh .... u minus I .  

Again, Chad demonstrated his talent in matters algebraic. Indeed, any alternate school class could 

benefit from a key student who is as good at generalizing as Chad. 

able to come up wit11 the quadratic equation whose solution was the Golden Ratio. 

LJength of original rectangle - - Length of smaller rectangle 
Width of original rectangle Width of smaller rectangle 
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(Ihad spontaneously attempted to "cross-multiply" the recently derived equation. So at that point , 

after I suggested we should use brackets. we had .r(.x-- 1 )  = 1 . When wc tried substitoting .t = 1 

and .\ = 2 illto the equation, Chad was able to interpolate: "So  it'd be like somewhere between 1 

and 2. It'd be a deci~llal." Final l~~ Don suggested .r = 1.5 as a trial, and the group was under 

way. Dale led the way, and using successive approximations, they did not quit until dismissal 

tinlc, and they had come up with an approximation for the Golden Ratio ofx = 1.618033. 

I was pleased that the last two lessons went according to my plan. In the last session. the 

class used the survey and the actual measurements of the chosen rectangles to produce an 

approximatiotl for the Golden Ratio of 1.6. This session, using f o r d  geometry and algebra. we 

ended up wit11 a very accurate version of the same number. Thus we had come full circle from 

induction to deduction. All this was accomplished by a cohort of alternate school students with an 

average WKAT score of 6.6. 

SESSION 25 Thursday 5 Ma\l 1993 LDonny, Dale, Chad, Rosie, Karl) 
" Whcrr it this g~ttitzg us?" 

Encouraged by the group's accornplishrnents in the last session, I was eager to explore the 

golden ratio in greater depth with the students. By the end of the class, however, 1 woilld be 

wishing that I had left golden rectangles and had just gone on to the next topic. The fiasco of 

session 25 was the result of many factors: having new students arrive midway through the 

development of a topic; teaching too many new concepts at once; introducing subject matter which 

was beyond the scope of the students; and last, simply insisting on my own agenda. 

I have stated before that any teacher in an open-ended learning situation has the ultimate 

challcngc of choosing [earning - experiences which are challenging but, at the same time, not 

hopelessly difficult for the students. The results of my failing that challenge were obvious this 

day: general student disinterest. lack of focus, and discouragement were the central themes to arise 



249 

out ofthis lesson. And regretfully. I fell back coml~letely into a teacher-centred. lecture stvle 

lesson. 

My plan for the session was essentially to have the students investigate the zeros of the 

golden ecluation 11 = .r(.r - 1 )  - 1 from its graph. I2ater, I reasoned, we could look at the 

computer graph of the same function, and using the trace feature of the graphing program, come 

u p  with an accurate approximation of the golden ratio. So, before the class began, I was 

enthusiastic about using the new Macintosh computer for the first time in the study. 

I predicted that in order to accomplish this task, the students would first need to review the 

distributive principle. In particular, I felt that the equation could be graphed mc;e easily by 

converting it to the form y = -r - I = 0. It would also have to be in polynomial form to enter 

i t  in the cotnputer graphing program. 

In retrospect, all of the above activities could have been accomplished without insisting on 
I 1 

the algebraic background necessary to manipulate the original equation - = - 
1 x -  1 . After all, 

in the last session ]>ale and the others had no trouble evaluating the golden ratio from this form. 

But nothing at this point could have dissauded me from my agenda. 

We first went over the results of the last two sessions, mainly for the benefit of Alim, 

Kosie and Karl who were not in attendance. (Karl was another student from a different class who 

asked to sit in on our mathematics class.) The summary started off well enough. Chad 

recapitulated the results of the rectangle survey from the first lesson, and Dale made the following 

observation: 

Ilale: 'That blackboard will probably be a golden ratio too then. 

IYI': What's that? 

Dale: The blackboard ... 

Rosie: The blackboard'? 

Dale: ... will probably be one too. Just by looking at it. 
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DT: I don't k t lo~ . .  It'd be inleresting to see. We'll get the tape in here and measure it. 

Wc never did nlcasrlrc the blackboard. However. we should have spent the whole period 

measuring i t  and other objects instead of forging ahead into algebra and coordinate geometry. 

With a little planning, 1 could have organized an interesting field trip entitled "In Search of the 

Golden Ratio." 

I t  soon became obvious that the reasoning behind how we obtained the equation 

. r ( ~  - 1) =1  seemed lost or1 even those students who were present last day. 

Kosie: Does it matter what size the triangle is? I mean rectangle'? 

DT: 'That's what we're trying to find out. So we said in order to do that, let's let the 

width of this big rectangle be 1.  Make things simple. 

Dale: And the reason it has to equal 1 is because of ... the total dimensions of the 

square is I .  That's why it has to equal 1. Is that right David? 

I t  is clear to me now that with such evidence of my students' lack of understanding, 1 should have 

immediately abandoned my ambitious lesson plan at this point. 

Rut undauntedly (and unwisely), I descended further into the abyss of rnass student 

confusion. I explained that to simplify matters, we would now change the eqc~ation x(,r - 1 )  = 1. 

First came the actual distribution of .x(.x- -1 1. 

I T :  Before we earl go 011 and look at this equation, we have to alter its forrn a little bit. 

You need to pick up a little algebra here, righti? So pay attention to this. There'll be a little 

worksheet on it. There's another way to write this, without the brackets. And it's going to 

produce an equation which will allow us to use the computer, and allow you to use graph 

paper to look at this problem of the golden ratio. 

Dale: Is that computer set up to do that right now? 

IIT: Well, it's set up to gaph .  And that's what we're going to do later. OK? We'll 

perform an operation on the brackets here, in the following way. 

I M  e: Joy. 

There would he no  such emotion in our class this day. Had I allowed the students to g r q h  
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Hy plunging into an explanation of how to distribute through the brackets of .r(.r - 1 ), I 

made my  first critical mistake. Instead of starting with the expression .r(s - 1). I should have 

used purely nu~ilerical examples. By now, I had lost all the students. 'This fact should have been 

painfully obvious when even Chad expressed dismay at the result x(x - 1 ) = -$ - x . 

Also, the students were completely off task, talking to each other sotto voce. 'They were 

not paying attention because they did not understand a single thing which had occurred so far this 

session (with the ljossible exception of the students' rectangle survey). The inevitable unpleasant 

teacherlstudent exchange about their lack of focus was but a prelude to what was to follow. 

Although the group handled numerical examples such as 2*(8 - 5)  succ~ssfully, only Chad 

seenled able to distribute expressions like u (u - 5)  which contained symbols. Distributivity is 

indeed an iniportant algebraic concept, but so far, given my pedagogic approach, the students had 

alrnost no chance to comprehend it. 

From here, matters only worsened. I handed out a worksheet with twenty or so items 
3 

such as 3( 2 r  - 5)' ) = and x ( 3x7 -21- + 6) = . The exercise was a 

disaster. Actually, the true picture of the group's algebraic inexpertness emerged only after I went 

over the papers that evening. Of all the students, only Chad enjoyed a modicum of success with 

his answers. Dale managed to complete only three questions. Alim, Karl, and Kosie were 

confused and frustrated. And Nina, with no background whatsoever i n  algebra, or even in  

integers, was con~pletely lost. 

This day, I was following a general teaching scheme which had worked well up to this 

point i n  the study group. That is, so-called basic skills in arithmetic and algebra are best presented 

in the context of an open-ended problem. But my presentation of the distributive principle as part 

of Ihe golden ratio problenl was doomed for several reasons. First, i t  was not a concept that can 

bc  resented arid practised in one hour alone. Second, such an algebra lesson should have 



proceeded from the concrete (e.g. algebra tiles) to the familiar ( e.g. numbers) to the abstract (e.g. 

symbols). And last, the students were lacking a strong foundation in integers and basic algebra. 

For instance, I should never have presented Nina with such relatively sophisticated concepts anti 

skills. In surn, as an experienced teacher, I should have known better. 

Our foray into gaphing was almost as catastrophic. To begin with, on the students' 

worksheet, I made an error in algebraic format. The question asked them to draw the graph of the 

equation y = .; - x  - 1 = 0. Needless to say. they found that "zero" an initial source of 

confusion. And as they set about filling in a range of values corresponding to the integral do~nain 

4 I x 5 5,  Chad" explanation fell on deaf peer ears. And my own patience level was, by this 

time, on empty. 

Chad: Supposing ..v is 5,  then that would mean 5 titnes 5 is 25. Minus x...5...20. Minus I 

is 19. 

DT: Yeh. (then lo Dulc who uu.\ tulking out of turtz) I don't want to have to explain 

everything again. 

Alim: Just kick him out. 

Ilale: Sorry, David. 

DT: You could learn from what Chad's saying here. You're not into it? You may as well 

go home. 

Dale: I'm listening. 

DT: Maybe it's just this afternoon. 

Chad: It's the hot day that i t  is. 

DT: I just get concerned because if you just paid attention to what he's saying, you could 

learn from what he's saying. 

Rosie: So shut up and listen! 

Dale: So .... 

Rosie: Sorry. 

DT: We're taking this equation and we're going to pllt different values in for.r. Chadjust 

put 5 in. So what did you get Chad? 

Chad: 1 got 19. 

DT: 5 squarcd .... 
Chad: Minus S . . . . . .  
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IJI': O K .  I,ook, if you don't want to be here, then go. And if there's two people left, 1'11 

work with them. OKi! Alim? 

Alitn: What? 

I l l ' :  I mean if yo11 don't want to participate, then don't. It's completely voluntary. 

Alim: I say one thing and you freak out. 

DT: I'm not freaking out. 1 just ... l just talked to Dale about it and I turn around and you're 

not listening to what he's saying. You've got to listen to what people are saying here. OK, 

what's happening here Chad'? 

Chad: Got 19. 

DT: How'd you get 19? 

Chad: 5 squared is 25, minus 5 is 20, minus 1 is 19. 

DT: What he's doing is substituting the number 5 into that equation. 

Dale: David, can 1 ask you one question? 

D'T: Y eh, go ahead. You can ask me several questions. 

Ilale: Where is this getting us? 

Ilale's question was entirely 5 propos. Where indeed was this getting us'? Tempers were flaring. 

Comprehension was low. Student interest was zero. The temperature was 30". At this point, 

there was nothing "golden" about x. 

Mercifully, the students were able to complete their tables of ordered pairs, and plot the 

points on the grid provided. Karl was the first to notice the symmetry of the resulting parabola, 

but Chad was the first to finish the graph of y = ,t2 - x - 1 . Of all the pre-requisite skills needed 

to participate in my lesson this day, graphing was the only one which the students appeared to 

have remembered from mathematics classes past. 

As time was just running out, I asked Chad to show me the golden ratio on his graph, He 

circled the positive zero of v = .x.? -r  - I .  And when I asked about the negative zero, he 

answered that the negative answer "didn't count". In  the last analysis, I felt that Chad was 

meaningfully. 
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That evening, listening to the recording of this last session, I came to the conclusion that 

my students' lack of basic algebraic skills was the main cause of the lesson's failure. I n  

retrospect. however, 1 appreciate that the fault was not with my students, but rather with jny 

approach to teaching the golden ratio. 'The topic is rich and has many other facets which do not 

require an algebraic background. Thus judiciously chosen activities on my part could have 

resulted in successful experiences for the group. As Gattegno ( 1974) comments, teachers "should 

make people aware of certain powers they already possess which they can use in the same wajr 

that they are used by mathematicians (p. 82). Algebra is but one of many "methods" included in 

the NCTM's (19139) delineation of the tenn "n~athematical power": 

This tern, denotes an individual's abilities to explore, conjecture, and rea.im logically, as 
well as the ability to use a variety of mathematical methods effectively to solve nonroutine 
problems. (p. 5) 

In sum, most alternate school students would benefit from well-planned lessons which make them 

aware of the mental powers which they already have. 

I intended to do some serious planning for the next session. Perhaps I would retreat to the 

concrete and have the students actl~ally draw golden rectangles. The computer graph could serve 

as a good recapitulation of the jttst conlpleted graphing exercise. Or, perhaps I would forget the 

golden ratio entirely, recoup our losses, and move on to fractal geometry. 

SESSION 26 Tuesdav 10 May 1993 LAdie. Dale, Chad, Donny) 
"I have precision Ger7nu11 irwrutrzer~ts ." 

At the start of this session, I felt much better about continuing on with the Golden Ratio. 

For one thing, there promised to be nowhere near the confusion of the last class, since each of the 

students in attendance this day was familiar with the topic. As well, I had in mind an activity 

which was well within their abilities, and which at the same time would hopefully contribute to 

their urlderstanding of golden rectangles. 
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First, I asked the students to determine which of four given rectangles were golden. After 

measuring the dimensions of the rectangles, and verifying [heir nieasurcments within the group, 

they computed the various 1ength:width ratios. The group then verified that the rectangles labelled 

A and D were golden. 

Each student was provided with a compass and straightedge. Following my exanli>le on 

the blackboard, they divided each of the four rectangles into a square and smaller rectangle. The 

students then nleasured the dimensions of each of the recently constructed snnaller rectangles, and 

worked out the 1ength:width ratio for each. They were then ready to make conjectures: 

DT: Which of the s~naller rectangles are golden rectangles, obviously .... ? 

Don: Chad: A and D. 

DT: The same as before. OK. What ... what conjecture can you make about golden 

Rectangles? And start off your corljecture with the following. If you take a golden 

rectangle. and subdivide i t ,  or divide i t  into a square and a littler rectangle .... 
Adie: It's always going to be a golden. 

DT: Then? 

Adie: It's going to be the same thing. The golden ... it's going to be a golden rectangle. 

DT: Good. OK. So here. let's formulate this corijecture in exact ... as exact temis as we 

can. Y 011 were right. (wriritzg on hourd) 

Adie: The result is ... um ... that the smaller rectangle is also a golden rectangle. ( l ~ u g h \ )  

D'T: Good for you. Well done. Well done. 

In view of my leadirig questions, I obviously needed to remind myself that teacher silence could 

also be golden. Adie and Chad were irnrnediately able to extend the reasoning: 

IJT: What can we do from here? 

Adie: Do i t  again. 

Chad: IJni .... 
D'T: With what? 

Adie: With the rectangle. 

IIT: What one'? 

Adie: ?'he smaller one. 



171': The little one. Whai wil l  happen if we di\ ided it into a rectaligle and a square'! 

Chad: We'll have amthcr golden rectangle. 

Adi?: We'll Iiavc another golden .... 

rm W I I ~ ?  

Chacl: Because o f  our cor!jccture. 

IYI': Hecause the cotljecture is true'? 

Aclic: Yeh. 

('had: Yes. 

Adie's comnient "Do i t  again" was a good deduction: if the conjecture is true, then the next 

generation of smaller rectangles would also be golden. Thus. aided by actual geometric 

constructions, the studellts seemed to have arrived at an understanding of Euclid's original 

problem which eluded them in the theoretical considerations of last day 

infinity." Immediately. I thought that this excellent answer could provide all introduction to 

fractals. I hoped also that such enthusiasm for the idea of the infinite would persist during the 

next topic. 

referred to the idea of perfomling such a task on a computer: 

Chad: How ... i f  i t  gets so small that you're dealing with like one lnillimetre by one, you 

know'? 

I n :  Right. 

Chad: 'Jhc ratio's always going to be 1.6 . 

DT: Yeh. No matter how small this is, if you have something like .... 

Chad: Oh, 'cause the ratio doesn't need to be necessarily i n  centirnctres or millimetres or 

whatever. 

])'I3: I t  corlld t>e...it could be in microns. Theoreticall). I t  could be ... could be as small as 

you want. 

('had: O h .  
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IJJ': For as long as you have a sharp compass point. With a computer. we could do it. Set 

up a program to do it. What 1% o d d  the restrictions of the cornputer be? 

Chad: The resolution. 

JYJ': Ych. i n  other words how nlany .... ? 

('had: Pixels. 

some fulure point i n  this regard. 

Ilnfortunately, the students' constructions were soon limited by the finite nature of their 

golden. (See Figure 3.1 1 .) 

Figure 3.1 1 

Chad: Wait a second here. I didn't get a golden rectangle. Therefore our cor~jecture isn't 

true. 

Jlotl: Do it again? 

D'T: Just a sec. 

Chad: I got 2 squares. t 111 huh. 

DT: I t  doesn't look too golden. 

Chad: Yeh, that just doesn't cut it. 'That doesn't work. 

I'rovided were too small, so that by the third sub-division, the resulting rectangles were so t i l l > ,  
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'Tllic hitcll was a good example of the itnportance of planning and trial\ of student activities 

for such open curricular projects. I know that the next time I tr} thic acti\,it) \srith students, the 

original rectun$ec will bC a s  huge as possible. thereby ensuring that the third o r  fourth generatioll 

of golden rcctmgles will still be large enough for accuracy. 

rectangle divided completely illto two squares'?" The resulting discussion l~robably i could have 

served to point out that his discrepancy was due to construction and measurement errors. and not 

dlle to a false corljecture. 111 any event, the students seemed willing to accept the explanation that 

nly original rectangles were too small. After all, why doubt your own reasoning any further once 

the tecu.Iw accepts bla~ne for the situation'? 

At the beginning of the class, 1 had remarked about the high qualit} compasses which I 

was providing for each of the students. Then, in mock defence of his own constructions, Chad 

poked fun at my e ar I '  ler comments: 

Adie: You're off by n little bit. 

Chad: Hell, no. I have precision German instruments. 

TIT: You're off though. I can't understand i t .  But 1111 .... 
Adie: Chad's off. 

Chad: Are you doubting the precision of these German instrurnents? 

Indeed, the tone of this session was remarkably different from that of the previous day. 

Fillally, to test their of Euclid's definition. I asked the students about 

making larger constructions. (See Figure 3.12.) 



111': I Ill llllh. 

Adic: Oh ych. Add n square 

('hxl: Ilse the compass. 

D'T: T o  clo what'? 

Atiie: To measure the top of the square.(i.e. \I'LILJ AW) 

Don measured the new, larger rectangle on the blackboard. and the group verified that it was 

rectangle, and we ended up with the following diagram on the board: 

Figure 3.12 

At this point, I felt as satisfied as possible that the students had a well-founded geolnetric 

understanding of the concept underlyil~g the goldell rectangle. 

I then quiclily oatlined our previous derivation of the quadratic t r - 1 = 0 from the 
.t I which in turn was ohtained from the similar rectangles in Figure original equation - - - 1 1 

3 .10 .  Hopefully, the students would now see the reason why we spent so  much (futile) time and 

energy in colivertirlg i t  from rational to standard form: we now had the equation in the form 

necessary for entry into the computer. 

I was excited about this, our first real use o f the  new Macintosh computer. 1 was also 

hopeful that the graphillg utility would help shed more light on the solution of the golden qlladratic 

uqoatioll. 'I7hc qllcstioll u.;ls, ..For what v;rl ties of x \\.ill the fullction y = .I' - v - I equal 0 '?" '1.0 

begin with, we were presented with a choice of different equation types. This menu resulted i n  
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tjrief disc~lssioll of the differences between quartic, cubic and quadratic equations. 'l'heu, we 

sucli considerations. After all, this was to he a icondrous moment with a giaphing utility! (']lad 

Figure -3.13.) 

Figure 3.13 

4 

At first, the sti~dents were hesitant to modify the grid, so I gave them the following directive to 

encourage experimentation with the graph, "Go ahead. It won't destroy anything." 

Finally, came the big qi~estiorl relating to the golden ratio. 

F.'ollowirlg a qt~ick review of ordered pairs, and the characteristics of the axes, i t  was tinle to use 

the I I P ~ ( . C  feature of tile graplling program to gi\'e a coniputer approximation of the golden ratio, 

Chad 1,osed two i~l(~rest ing questions regarding the graphillg utility. He asked, "Isn't 

there some way you car1 tyl)e i l l  to ask i t  where ... where that is ... instead of using the r~louse?'' 

'The ilnswer to llis questioll is. of course, yes. 'lliere are indeed coml~uter programs and 

calculators w]lich w i l l  determine the x r o s  of fu~ictions on command. Then he asked, "klow come 



that ~lurnher didn't match the one we hail on the board there'?" (i.e. the group's extimation c,i tile 

golden ratio taken to 5 decinlwl places.) 1 explained that such approximations would be more 

accurate if we had a more l~owc.rful computer program. 

His questions led rne lo try to explain that there was also a formula which would allokv 11s 

to compute an extremely accurate solution to .\' - . I  - I = 0. However, 1 Lvas loathe to introd~rce 

the qi~adratic fornii~la to the group for three reasons. I felt that my students (with the possible 

exception of ('had) did not have the foundations in algebra to understand its derivation. Also, I 

was hesitant to sinlply drop another formula down upon them from out of nowhere: at that point, I 

wanted the co~nbitlatorics forniula to be the only "rnagic" equation which I presented without ally 

sort of logical delivation. Most importantly, 1 did not want a repeat of session 25 where I 

needlessly complicated the golden ratio topic for my students. 

1 was content with the tone and the results of this session. In particular, 1 felt our first uTe 

of graphing technology was a trelne~ldous success. I t  provided a review of graphing techniques 

and elementary coordinate system conventions and i t  demonstrated the power of the corn~>uter to 

expedite a solulion to a problem. I left that day with more evidence that with even the rnost 

elementary of mathelllatical foundations. my cohort was capable of some very profound 

~llathematical discoveries. 

SESSION 27 'I'hursday 12 May 1994 (Adie, Ihnny, Chad,Juliana and Alim) 
"l-loly! T/wt :\ mother Golden ti7 i17g, right :?" 

1 devoted this session for the students to work together on Assignment 8. In  order to 

encourage coolleration, I asked for only one submission from the whole group, with all ir~di\fidu;~l 

st[rdent responsible for (lie final write-up of each question. Siwe Dale led the way with 

sk~cccssive al,l~roximations i l l  computing the solution to the golden equation, we assigned him 

questions one and two i l l  atjselitia. (His written response to the topic, along wit11 those of [Ilc 

other stlldellts will tIc co\~ered in niy description of Session 28.) 



that he had :I good gr,l\p of the co~lcept o!' :I function'\ When I asked h o ~  \ i e  kne.\i from 

the graph that there \$a\  actually only one solution, he answered, "Well, there's two places \vherc 

i t  goes over zero and \$ e don't use the n e g a t i ~ e  one." Accordingly. 1 suggested that ('had s l ~ o ~ ~ l ~ ~  

hantlle the group's submission of the Assignment 8 qucstioti 011 the graph of the goldell equation. 

As for the other questions, 1 adv~sed the group to decide later which particular students ivould co- 

ordinate the. final drafts of questions 3 through 6.  

We went on to consider Question 3 from Assignment 8: 

Sit?lpli[j? t/ii\ e.t[~res.\iot~. 

1 + I 

I + 1 
1 

Chad was the first to express dismay at the sight of the continued fraction, and he offered the 

follo\ving metacognitive coniment as if ill explanation: 

. 7  I \YO! PIUS I is three, divided by 1 is 3, plus 1. That's four. Where am I now'? Four plus 
I...four divided by 1 is four plus ... it'd be five. What the hell? I don't know! I'\,e neLter 
done an equation like that before! 

start from the bottom then?" The students agreed to her good strategic suggestion, and what 

followed was esserltially a review of fraction arithn~etic. After computing the denominator 312 , 

the division techl~ique still eluded the group. Chad asked, "Hut how do you d o  something like 

that? First, they thought that the numerator 1 (corresponding to the denominator 3/21 \vould have 

to he converted to 212 to obtain cotiilnoii denominators. Hut all they needed was a remincler of the 

rule that they n o  doubt had heard many many times: 
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131: Now you need 10 go hack and ask yourself. "HON do yo11 divide orle fraction bq 

another?" 

('hi~d: Yo11 times i t .  

Adic: You gotta switch tile things arou~ld,  and mul t ip l~ .  

Juli: Ahh! 

('had: Aha! 

Dl': So what d o  I do? 

Adie: T w o  thirds ... 

Dl': And .... ? 

Adie: One  ... t imes two thirds. 

131': And what d o  we  get hcre? 

Adie: Hmnl. 

Chad: T w o  thirds. T w o  thirds. Aha! 

Normil ly,  working alorle. a student would find such a misunderstanding in arithmetic an 

insurmoimtable obstacle in the path towards simplifying such a complex expression. But working 

together, the stlldents were able to reconcile what turned out to be a communal m i ~ c o n c e ~ ~ t i o r i  and 

carry on.  

After colnputing the second fraction from the bottom to be 315, they recognized a pattern in 

cornputing the silccessive fractions. 

Chad: S o  when we  want to work it out ... 315 again ... 

ur:  OK 

('had: ... all we  need to d o  is invert that .... 
IYT Ahh! 

Chad: Ah hah! . . . . Wait! One plus .... I'hat'll be 3 thirds plus .... No, 5 fifths. ( l u ~ ~ h \ )  

Five fifths plus that is 8 fifths. 

Dl': Now .... now you did it right. Now yo11 .-.. 

Suli: Ha! 

('hati: Now all you d o  is invert, and add 1. S o  you have 5 eighths. 

Suli: PIUS I .  

('had: No. 8 eighths plus 5. (ie. N S  + .5/8) 

I :  13. 

Chx l :  13. 



Juli: Ovcr ....' ? 

11'1': ('alculator plcxe? 

('had: 1.3 over 8. 

IIT: What does that equal? 

Chad: Well that w o ~ l d  bc .... 

Juli: It's one plus ... onc .... 

C1i:td: One and .... 

Juli: 5ovcr8 .  

('liad:.What's 13 minus 8? Five eighths. 

.Ii~li: It's one and 5 over 8. 

Dl': What does that equal as a decimal ? 

Adie : One and five divided by 8. 

lY1: Calculator. Yell. Don't (utzi~ztrlligi/~lc). Write out the answer her,. She's going to 

give i t  to you. You got the answer Chad. Well done. 

Adie: Shit. 

IX.: Write i t  as a decimal. 

Chad: Hey, I couldii't have done i t  without you wonderful people. 

Adie: One point 6 2 5. Is it? One point 6 2 5. Holy! That's another Golden thing, right? 

'I'wo aspects of Chad's contribution to the cohort are again manifested here. First, there is his 

ability to discern and apply patterns. And second, there is his contrasting modesty and 

appreciation of the efforts of all the other "wonderful people" behind the group's problem solving 

success . For the triulllph of discovery expressed by Adie's last exclanlatioil above is truly a 

group triumph. 

While l~lanrling this session, 1 was hesitant to discuss the reasoning behind the connection 
I 

between the Golden Ratio and the continued fractio~ 1 + 
1 + 1 

However, buoyed by the group's most recent enthusiasm, I decided to go ahead with the 

presentation. 



111': What eqr~ation did yo11 use to get it? (ie. the goldet? rtrrio) 

Adie: .\-... 

('had: Squared .... 

Adic: .... squared, minus .I- niinus one equals zero. 

PI': OK. Now uh .... Let's see. Just trying to (~~7it?feIl igihlc).  (writing or? hotrrti) 

(p~114S~') 

Here, I recall being unsure about how to exactly proceed in order to produce the continued 

fraction fro111 the golden equation A' -x - 1 = 0. Panic was about to set in because I had no 

readily available notes on the process, and I knew that there was essentially only one "trick" 

which would lead us down the fruitful path. 

However, my memory served me well this day. The first step in the process, dividing 
9 

.r .r 1 0 - both sides o f  the equation by s, produced the following: _r-s-;- 2 . We then had a brief 
3 

.I-- 
review of the meanings of the terms !? . and - . Normally. such generalizations would 

X .Y .r 

appear almost out of nowhere, usually at the beginning of a basic course in algebra. Here, 

dwelling on these algebraic laws in a context hopefully made them meaningful to the students. 

At this point. I tried to explain to the students the significance of our new-found equation 
I .r - I - - = 0 . Chad provided the opportunity for an interesting conversational diversion: 
.r 

IIT: It's the same as the original because we haven't done anything illegal in it. And if you 

go and try to plug values in like you did over here, you're still going to come up with....'? 

One point .... ? 

Adie: Six. 

Dl': You're going to come up with the golden ratio. So this is still a valid formula. 

Chad: Why is i t  called the golden ratio'? Why isn't i t  the silver ratio? 

Adie: Yeh. 

DT: Well, it's as good as gold. 

Chad: Why isn't i t  the purple ratio, or the blue? 

IIT: 'This thing conies up so often, that nlathematicians have to glorify it. 

Chad: Hut gold is ugly. 



Juli: Are you a mathematician? 

D'f: 1 thinh so, yes. And you are too, when ~ o u ' r e  acting as mathematicians. 

Jd i :  Yah! (wid it1 tr "Oh uirc.!" tor7cl) 

L X :  Mathematicians are people who do....? 

Juli and Chad: Math. 

DT: Mathematics. 

Juli: I t  seems so easy for you. 

DT: Well, I mean, I'm in a different element. If I was up at Sinion Fraser, taking a course 

from a prof up there, I'd be, you know.... 

Juli: (Itruglz\) 

DT: It's all relative. 

I ~ i e l co~ned  such exchanges because in a sense, they served to level the educatior~al playing field. 

With the exception of Alim, who had said very little up to this point, the students seemed 

comfortable with the process of isolating the variable x in the equation r - I - !- = 0 . The 
.X 

students also seemed comfortable with each other this day: cooperation and good-natured ribbing 

had taken over from the individual efforts and the name-calling of past sessions. 

1 
When we ended up with .r = I + I_ as the final variation of the original equation. Chad 

asked an interesting question: 

Chad: Wait. Didn't we start out with that in the first place? 

Adie: No. 

DT: Ah ... it's a variation of the theme. 

Chad: No, I thought we really did start out with exactly that. Well, practically. 

DT: I wouldn't surprised if i t  comes around to that because ... 

Chad: What? 

IIT: ... this is the same equation as the original, and that's the same as this guy here. 

(Pointing to  A? - .r - 1 = 0 ). They're all the same, but just have different ... they just look 

different. They're just in disguise. 

Chad: OK. 

Chad's observatiorl had merit, for although our new equation was not identical to the rational form 
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opportunity for Chad to see how easily the equation .r = 1 + - could be transt'orn~ed into the .r 
1- -1- + I 

original equation involving the ratios of the sides of two golden rectangles, namely, - = - . 
I -1- 

We had just established that the golden ratio equals 1 plus its inverse. I then replaced tht: 
I 

variable x on the right hand side of the equation with a box: x = 1 + - 
0 

Chad: You're going to put 1 plus 1 over .u under the .... uh huh! 
1 DT: I'm going to put 1 plus 1 over x in its place. (writirzg I + - in the h0.1- tro obtuirl 

Adie: Ah! 

Chad: Y eh but .r....then you erase the x, and you do it all over again. 

DT: Yeh. 

Chad: Until you get sick and tired of doing it. 
1 

Dl': (~~ddin~q  to the ry~ration to ohtuin x = I + 1 ) 
1 + -  I 

I + - 

Chad: Hut that can go on forever. 

Chad appreciated the infinite nature of the continued fraction representation of the golden ratio. 

7 7 

I hen, Juliana made a connection to another famous irrational number. 

Juli: And it's like pi. 1s that ....(p cruse) 

DT: It's like pi, exactly. 

Juli: Oh! 

lX: We call it phi, in mathematics. P-H-I. 

Juli: Why? 

117': They said, "lxt 's give i t  a name. It's used so much. i t  keeps croppins up, let's call i t  a 

Greek letter." And that ... that stuck, so phi is the golden ratio. Other people use that. We 

haven't used i t  , this phi. It's just like pi in geometry Alright? 

Adic: OK. 
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session. Ide;tlly, with a fully developed curriculun~, the teacher could s im~ly  reach into a filing 

cabinet for a folder containing student n~aterials for an instant lesson on a topic such as the 

irrational number ~ r .  

However, there was an agenda for this session, and I felt obliged to leave Jr for another 

day. We now turned to consider the fifth question of Assignment 8: 

Initially, I tried to encourage the students to "fool around" with the Fibonacci numbers for a while 

with their calculators. But inertia and friistration quickly set in, and the students turned to other 

topics of conversation siich as Letterman and the lack of male nudity in movies. Sensing the 

mathematical wheels grinding to a halt, I felt obliged to direct the group in  the right direction: 

IIT: Now here's another clue. You've got to use a calculator. You've used the calcdator 

already for that. But what are you asked to find here? What do you want? What does the 

question ask? 

Juli: We want that phi nun~ber. 

117' OK. What is phi? Another word for it? 

Adie: Golden ratio. 

DT: The golden what'? 

Adie and Juli: Ratio. 

DT: What is a ratio'? 

Juli: Two dots i n  between .... 

Chad: (luu,qhv) 

DT: That's one way to put it. That's another way to represent it .  

Juli: I dunno. Fraction! 

DT: Fraction'? 

Chad: So many to so many. 

Juli: Ik ima l?  

DT: Or a decimal, yeh. Or a fraction. What operation is inlrolved ishen you say .... 

Juli and Chad: Division. 

IYr: OK. 

Juli: Hmm. In't's brainstorm noM. 



269 

I n  review of this exchange. 1 feel that I was far to explicit in my clue-giving. Again. the sllectre of 

too much teacher influence had returned to haunt me. Would I allow the students to follow 

Juliana's suggestion, or would I choose to interfere again'! Alas, I could not keep quiet. 

Dl': How is the sequence generated? What operation is involved in going from nulnber to 

number there? 

Juli: IJh ... adding! 

Chad: It's that number, plus the number before it. 

137': Right. Adding. Plus. That's right. But what does a ratio want you to do? 

Chad: Oh. I t  wants to go the differences between the numbers. 

Juli: Divide. 

DT: Right. 

Juli: OK.  a ratio. Oh! OK. OK. Divide. OK. 

From here, the students no longer needed my "help," so n~ercifully, I remained quiet. 

Adie: So, I divided by 2; 3 divided by 2....(luugh.s) 

Juli: 3 divided by 2 is .... 

Adie: One point 5? 

Juli: Hold on. 

Chad: 3 divided by 2 is 1.5. 

Juli: (working on cdculator. thinking out loud) OK. One point 5. One point .... no. 

Five. No. Oh. 

Adie: You go 5 divided by 3 now. 

Chad: (loudl~l) One point 6! 1 got it. Look at that! 

It was gratifying to see the excitement generated from a discovery, especially considering how 

off-task the students were just moments ago. Also, this was the second "Eureka" phenomenon of 

the session. And blessedly, my own voice did not figure in that great moment. 

up with an approximation for the golden ratio correct to 9 decimal places. Danny, who 

unfortunately was working alone. apart from the grollp, was the first to arrive at such an accurate 

estimation. Atld although I would have liked rnore contribution from him and Alirn, I was 
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satisfied with today's session. We had dealt with three different complex problems related to the 

golden ratio. and with the exception of a brief span of inattention ton~ards the end of the class, the 

students had remained remarkably on task. Furthermore, they had just spent one hour and fifteen 

minutes together in almost complete harmony and cooperation. And although I knew that the 

major antagonists were not together during this session, I remained optimistic that the last five 

sessions of the project would be as fruitful. 

SESSION 28 l'uesdav 17 May 1994 (Adie, Dale. Chad, Nina) 
"...the ncgutive nlodwr...di&~'t work with the geotnetr? we were doitig." 

'I'his session would be the last dedicated to Assignment 8, and to the golden ratio topic. 

The school day started off with tremendous disappointment. At the beginning of the afternoon 

class, Nina was the only student present. By 1 :00 PM, my discouragernent had turned into 

despair: none of the b.regulars" were there. I had thoughts like. "After twenty-seven sessions, this 

is the end of the program, because of the no-shows." I asked myself, "Isn't my math program 

enough of an attraction to get them here?" 

Rut then, my hopes elevated slightly when, at 1:05, Adie appeared, fifty minutes late. 

Finally, Chad ( 1:SS) and Dale ( I :%)  drifted in, twenty minutes late for the mathematics session 

itself. In a regillar school, such habitual tardiness would have landed most students in trouble. 

Here, however, in the alternate school, I was able to modify the expectations considerably, 

thereby providing the "goodness of fit'' between school and temperament described in Chapter 3. 

I was hard pressed to express anger at three students who showed U P  to do some mathematics. 

Reconsidering the continued fraction question from the last session, Chad was able to 

recollect and verbalize the pattern discovered: "That's all we're doing: one plus a fraction, invert 

i t ,  and add one. Invert i t  and add one. Invert i t  and add 1." However. the group decided that the 

responsibility of the ~ , r i t t c n  solution for question 3 s h o ~ l d  be left to Juliana (again in absentia). 

Accordingly, ('had conll,letcd the following answer to question 4 by the end of the session: 



('had's Answer: 
1 

In an attempt to figure out the Golden Ratio on a graph we used the equation j1 = .r - x - 1 
We gave x values of 5 to -4 and plotted the results onto a ~ r a p h .  We had two results that 
landed on 0 of the \)-axis. One was a negative number whlch wasn't what we were lookillg 
for. The other nun;ber was 1.61. We venfyed that by making a graph with the same 
parabola on the computer. We entered in the values of 1, - 1 ,  and -1 into the equation and i t  
gave us the curve. We could not use the negative number as i t  didn't work with the 
geometry we were doing. 

Chad's solution was excellent for two reasons. I t  was well-articulated and grammatically correct, 

and his mathematical language, although unconventional, was accurate in its own right. For 

instance, phrases such as "we had two results that landed on 0 of the y-axis," and "it didn't work 

with the geometry we were doing" were completely original utterances which nonetheless made 

mathematical sense. Chad's submission was given five points out of five towards the total mark 

for Assignment 8. 

Although his writing was less articulate than that of Chad, Dale's account of the solution 

for questions 1 and 2 was just as mathenlatically accurate. 

Ilale's answer. We started of trying to solve the equasion ~ f x  - 1 )  = 1 so we got the 
calculator out and tried to figure out the equasions by trial and error. We started of by n- = 
1.61 and that was way off. The closest we came of the calculator was x = 1.61805 witch = 
to 1.000635 to the place value of ten tousanth. We didn't go any further when we finished 
we were satisfied with our efforts so we stoped but you can go further. 

It took me a few minutes to discern what Dale was referring to with the number 1.000635. This 

was the closest that the group came on the calculator to the right hand side of the equation 

from a student with I,D. However. his high mathematical acumen and attentiveness to the 

problems at hand contintled to astound me. Dale's effort earned four marks out of five hr 

question I .  (Question 2 was not given a mark. 



This time, Adie realized that I wanted more than just an answer to thc problem. At the 

start of the session, she asked Chad, "Is this how we're supposed to do it? Just write i t  out like 

this?" Chad gave her a good answer: "I guess so. Just brain storm. Just write everything." 

Adie's consultation ])aid off, for she turned in the following description of the group's efforts iI1 

trying to solve problenl 5. 

Adic's answer. I) We went out to the 20th number by adding the number before a number 
to get the next number. 

2) We foilnd the pattern in the Fibonacci Sequence and i t  was found by adding, like I said 
i n  no.#l. 

3) 'Ihen we took a few guesses and came up with dividing the bigger no# by the no# right 
before it  and we are still trying to see how long it will take to get to the most acturate golden 
ratio. 

We used heuristics no# 1 ,  2, 3, 6, 7. 9. 
divide Answer: 

Even though Adie failed to comment on the heuristics which she listed so fleetingly, I was happy 

with her attempt to verbalize the group's efforts. Thus, so as not to discourage this behaviollr i n  

the future, I gave her a mark of five out of five for her contribution to Assignment 8. 

Finally, Nina handed in a response to question 6 which asked for the results of the 

students' inlrestigation of the golden ratio in human anatomy. 
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Nina's answer was merely a table listing anatomical ratios for three group members on]). 

Hcr response was disappointing since there were neither conclusions nor summary. In view of 

her work ethic during the actual n~easurement taking. and considering her newness to the 

program, I gave her meagre effort a rather generous three marks out of five. 

Finally, Juliana turned in a solution for question 3, the continued fraction. Absent for the 

'l'hursday session, she went to work at i t  on Friday afternoon. However. she was immediately 

blocked in her efforts to recreate the solution from Tuesday's session, and had to be reminded to 

start at the bottom of the expression. She even had difficulty with arithmetic tasks like 1 + 312. 

Frustrated and angry, she said she wanted to go and work elsewhere. Finally <he shouted with 

consternation, "1 don't know how to do  this!" Angrily, I replied, "You might as well go to the 

other room then!" 

Juliana's emotions are typical of the malignant self-esteemlfailure cycle discussed in 

Chapter 2 (p. 17). Feelings of inadequacy are often directed to the outside world, and I happened 

to be the closest person at whom to direct hostility. For my part, I immediately regretted losing 

my patience with Juliana, but 1 was weary that day of coping with students' lack of basic skills, 

and lack of motivation. [Jnfortunately, Juliana was the person who had to bear the brunt of one 

of my rare outbursts of anger. 

The next time we met, we made amends, and 1 worked with her a while on the continued 

fraction problem. She then made the following excellent write-up of the problem. (See figure 

3.14 which is a photocopy of her rather neat layout of the solution.) She wrote: 

Starting with the bottom of the question start dividing Q. 1A then taking each fraction and 
dividing step by step. On 'Thursday I felt frustrated because I got it in the beginning and 1 
forgot how to do it. but I managed now. 



Since Juliana did not mention any of the group's efforts in solving the problem earlier, 1 gave her 

four marks out of f ive for her answer. 

So i n  total, the cohort received 21 marks out of 25 for the whole of assignment 8. 1 feel 

that the experiment with group assignments was successful. First, 1 was reasonably confident 

that with the exception of Nina. each member of the class contributed fairly to the solutions of the 

questions. I observed that for the most part, the accounts provided by individual students matched 

closely enough the actual group problem-solving efforts. But with larger classes to observe, or 

with more groups to  monitor, a teacher's attempt to implement group assignments might be 

considerably more difficult or even outright impractical. 

E-or the last topic, I switched to solo assignments.since the graphic activities for fractals 

were intrinsically highly individualized. One student in particular would suffer the effects of such 

solitary activities. 



Topic 5: Fractals 

SESSION 29 Thursday 19 Mav 1994 (Juliana, Dale, Donny) 
" I t  htis the .s~1tnc~ pittern thur e~w:\whcrc) else ALL\." 

From the onset. I was enthusiastic about studying fractals with the group. The topic was 

relatively new to me, and I looked forward to learning about the concept along with my students. 

Our investigations would also make good use of computer technology. Furthermore. fractals 

would be 3 good diversion for the students: this topic would represent our first real excursion into 

geometry since pentominoes. And importantly. 1 felt that fractals would be an "easy entry" topic: 

in other words, no real formal algebra or geometry was necessary to initiate a program of stitdy in 

the area. 

For materials, I used the excellent workbook by Peitgen. Jiirgens, Saupe, Maletsky, 

Perciante and Yunker ( 1991 ) titled Frucru1.s f ir  the Clusroo~n: Strutegic Actil~itier Volutne I .  Egch 

uni t  is a series of well-planned, classroom-ready worksheets. By progressing through such a 

series, students should be able to discover for themselves various important concepts and 

properties of fractal geometry. Connections to other branches of mathematics are also stressed; 

the authors point out that in IJnit I alone, connections are made to the following mathematical 

topics: congruency, ratios, numerical patterns. geometric patterns. geometric sequences, Pascal's 

triangle, similarity, area, visualization, modular arithmetic. coordinate systems, logic and truth 

tables, exponential functions. and the !imit concept. Thus, the workbook can be described as 

"strategic" in that discovery learning and connections are its goals. Fortunately, permission is 

given to photocopy material from this publication for educational purposes. For the fractal topic, I 

am thus able to provide exact copies of my students' work. 

We also used several fractal programs from pllblic domain software, and we had recourse 

to fractal art gleaned from various textbooks and posters. As a bonus, the publications by k i t g e n  

et al. ( 1991 ) came with a set of color slides for classroom use. 



We covered the following topics: the Sierpinsky triangle. tree fractals, Pascal's triangle, 

the snowflake fractal, and the Mandelbrot set. For their first artivity, the students set to work 

constructing a Sierpinsky triangle on isometric grid paper. (See Appendix 6 and Figure 3.15 

below.) I felt that the activity would be a relatively simple one, since it essentially involved 

t,isecting the sides of any upward pointing triangle to create three new triangles. The first s i p  

that all was not well came in a comment from Dale: "Do you know what, David? I played connect 

the dots in school when I was in grade four." A while later, as the other three students progressed 

effortlessly in their constructions, Dale complained, "David, this is really a bummer. Especially 

when you're tired, you know." Finally, after his peers at already finished the construction down 

to the last bisection possible, Dale announced, "OK. I'm not going any further." He then put his 

paper away. 

Dale's frustration in constructing the Sierpinsky triangle was consistent with his previous 

difficulty in drawing geonietric patterns in the logic unit. My suspicions about another aspect of 

his learning disabilities were heightened; that is, he might have had problems in visual-motor 

coordination. Subsequent tine motor activities in the fractal unit would eventually confirm my 

diagnosis. 



When the students had completed five divisions or "stages" of the triangle. 1 showed them 

a computer program which was capable of ten stages. My first question was regarding the limits 

of the computer. 

D'I': Look at how fast it's doing it. What's going to happen though eventually to the 

computer'? l'heoreticallp, we shot~ld be able to go to 1 1  or 12, right? What will eventuall\ 

happen? 

Dale: You won't be able to see nothing. 

Juli: I t ' l l  go pure dark. 

DT: You won't ...y ou won't even what? 

Juli: See anything. 

DT: Why? What's the limit of the computer? Or let's say, of what you'rL watching here? 

Juli: Space'? 

ilnfortunately, I missed the opportunity to ask the students what the effective limit of their own 

drawings was. And I later regretted having "told" the students one of the salient features of 

fractals; that is, they are generated much more quickly and efficiently by computers than by human 

hands. Such a property would have been easily discerned by any student using pencil and paper 

to construct fractals. 

Next, I turned to the concept of self-similarity within the fractal. 

DT: Take this top triangle right here. OK? What does it look like compared to the ... to thc 

big triangle? 

Dale: A lot smaller? 

DT: It's smaller, but it's ... what? 

Juli: The same. 

D'T: 'The same what, Juliana? You're right. 

Juli: It's the same pattern that everywhere else has. 

Dl': Sure. Sure. We say it's similar. I t  has the sarne...it has the sarnc shape and the same 

pattern. 
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I.ater. I regretted providing the word "similar" for the students: with a few more questions. 1 was 

sure that they could have come up with the term: ironically, thpse were answers which they mere 

just on the verge of discovering themselves. 

Finally, I led the students in an investigation of patterns in the various stages of 

construction of the Sierl>inski triangle. The following series of questions dealt with the ntrnlber of 

triangles present after each stage: 

Figure 3.16 

Stage 0 Stage 1 Stage 2 Stage 3 Stage 4 

NUMBER OF TRIANGLES 

1. Count the number of shaded tri-ingles at each stage 0 through 4. 

STAGE 0 1 2 3 4 5 . . .  n 
NUMBER 1 

2. Extend the pattern to predict the number of triangles at stage 5. 
What constant mulliplier can be used to go from one stage to the next? 

3. Generalize to find the number of triangles for level n. 
As n becomes large without bound, what happens to the number of triangles? 

(Peitgen et al.. 1991, p. 13) 

Dale was quick to pick up on the pattern. In effect, he answered my next question before I even 

asked it. 

Dl': So stage 1. (Stcge o hus : ) t7 (2 . )  How many shaded triangles? 

Ilale: You times i t  ...y oil times i t  by 3 all the time. 

DT: OK 3. And stage 2, Dale? 

Ilale: Say again'? 

Jd i :  Nine 



DT: Nine, ych. 

Dale: 27. 

D'1': 27. 

Ilale: What's 27 times 3'! 27 times 3 ?  (~rlzirztclli~qihlc~) 

Don: 81. 

DT: What Don? 

Don: 81 

DT: 81. 

Dale: Yeh, yeh. I had 27 times 3 is 81. 

DT: 81, OK? And the next one? 

Dale: 81 times 3 is .... 
Don: 163. 

DT: No. 

Don: 243. 

I t  was good to see Danny responding verbally for a change. Since he seemed to respond to direct 

questioning, I would have to call upon him by name more often. 

When asked to generalize for tz  stages, Dale made a useful connection to a past activity 

DT: Now question 2. What constant multiplier can be used to go from one stage to the next 

then? 

Dale: Three times. 

DT: Three! Multiplier of 3,  OK? Generalize now to find the number of triangles for le\le[ 

n.  So, the pattern goes 1 ,  3, 9 ..... 
Dale: We basically do what we did with the oh ... fractal triangle. 

DT: Not fractal triangle. Can you remember what it was called? 

Dale: Fractal. 

DT: Dale'? 

Dale: That's what I said. 

DT: Not fractal. 

Dale: Fractal. No'? 

D'T: The other triangle we dealt with'? 

Dale: ... was the fractal triangle. 



1Y1': Hey'? (writing P -A - .or1 hotrrtl) 

I>ale: Fractal triangle. I' ... Ixt 111e see! hdore! Not a fractal triangle! Oh fuck.this! 

(cnt7itzrc~lligihlc). (T.hrow\ hi\ pcwc.il d o ~ w . )  

Juli: Pascal? 

Dale: Pascal. That's i t .  

D'T: Yeh, that's right. It's the same idca. 

Dale was astute in conlparitlg the group's searches for algebraic generalizations in the "fractal" 

triangle and "Pascal's" triangle. Howcver, his difficulty in verbal expression got the best of him 

again. His behaviour was understandable: already frustrated with an intricate geometric 

construction, he did not need the additional problem of verbal confusion. In retrospect, I should 

not have kept prompting him to come up with the correct word. A simple "Yoc mean Pascal, 

don't you?'from me at the beginning would have avoided all the negative emotions he 

experienced trying to verbalize the appropriate term. 

With minutes to go in the session, I decided to dismiss the class for the day. I felt that a 

break and a fresh start would prove beneficial in their consideration of an algebraic formula for the 

12th stage of the Sierpinski gasket. Resides, Chad would be in attendance next Tuesday, and I 

looked forward to challenging him to find more algebraic generalization formulae. 

'The day previous, Chad had announced to me that he had to work and would miss 

session 29. Thus, I had the idea that presenting the Sierpinsky triangle to him early would 

accomplish two aims: i t  would serve as a "practice run" for me on a topic I had never taught 

before, and it would keep Chad up to date on a topic with which I hoped he would lead the way. 

He worked well at questions 1 through 3. Although he had some difficulty coming up 

with 3'' as the generalization for the number of shaded triangles after 11 stages, he was able to 

predict what happens to the number of triangles as n becomes "large without bound." He also 

needed coaching to arrive at n suitable generalization for the total area of shaded triangles at stage 



281 

17. 1 th~llght that i f  Chad needed help here. then certainly the rest of the group \vould have to be 

guided carefully as we considered questions 4 through 6 of the Sierpinski triangle assignlnen[. 

SESSION 30 Tuesday 24 May 1994 (Adie, Donny, Chad, Juliana) 
"/t'.\ rhc stnnc. rts our tr-icrt7gk.c." 

'The first task facing the students was as follows: 

Figure 3.17 

Stage 0 Slage 1 Stage 2 Stage 3 Stage 4 

AREA OF TRIANGLES 

4. Let the area at stage 0 be 1. Find the total shaded areas at stages 1 through 4. 

STAGE 0 1 2 3 4 5 . . .  n 
AREA 1 

5. Extend the pattern to predict the total area at stage 5. 
What constant multiplier can be used to go from one stage to the next? 

6. Generalize to find the total area at stage n. 
As n becomes large without bound, what happens to the shaded area? 

(Peitgen et al., 1991, p. 13) 

Since Chad had been through the exercise with me, he agreed to keep relatively quiet while the 

other students considered the questions. Observing that one fourth of the large triangle had been 

"taken away", leaving a white area in the middle, Juliana and Adie stated that 314 of the original 

triangle was left shaded at stage one. When the girls experienced some difficulty in counting the 

total number of small triangles at stage 2, Donny came to their rescue, and the total shaded areas at 

this stage was found to be w16 At this point, I commented on how tedious i t  \vould be to total the 

small triangles at stage 3. Finally, Adic came up with a fast way of counting: 



Adie: 'l'hcre's 16 here, and 16 hcrc, and I6 here. 

IYT: Yeh. How many 16's are there'? 

Adie: Four 16's 

Juli: Oh, Sour. Right! 

LIT: And total? 

Adie: 64. 

DT: Alright 

Juli: That's right. 

DT: And shaded'? 

Adie: 27. 

Finally, using the same congruence properties, Don and Juliana came up with the answer for stage 

4, namely They appreciated that it would be easier to make a co~ljecture to predict the solution 
2 5 t ~  

for stage 5. Don was the first to answer correctly, and he responded in his typical mono-syllable 

mode: 

Don: 1024. 

J d i :  How'd you gct that'? 

Don: Well, 2-35 times 4. 

Adie: Times 4 ?  

Don: OK Well, 6.1 rimes 4 is 2-55. 

DT: 16 times 4...? 

Adic: 64. 

Juli: 4 times 4 is 16. 

DT: OK S o  what .... ? 

Adie: What'd you get'? A thot~sand what? 

Don: 24. 

D1': What about the top one'? 

Don: Well it's 243. 

DT: How'd you get that, Don? 

Adie: How'd you pet that? Yeh. 

Don: From here. (i.e. cjlrc.\tion 1 i 

Juli: From where'? 

Adie: Oh yell. 245. (\ic.) It's written out at stage 5. OK It's the right answer. e h ?  2.45'' 



Dl': Yell but how did you go from 81 to this one here? 

Don: Times by 3. 

D'T: By 3. See the tops? (i.0. the nunzhrrz~iors 

Adie: Oh yeh. . 
[IT: So the top 1x1s to be multiplied by 3. That's 2-43 ... So what would stage 6 be? 

Adie: IJni, 120 ... 1024 tirnes 4? 'That'll do it. (uninrelligihlc) calculator. And 243 times 

3 . . . .  

Don: 729 over that. 

I r was heartening to see Don become involved with his peers, and actually lead the way towards a 

solution. During Chad's agreed-to hiatus, i t  seemed Don took over the leadership role i n  finding 

patterns. 

Now i t  was time to make a generalization for stage n. Donny continued to carry the ball: 

DT: So question 5 says, "What constant multiplier can be used to go from one stage to the 

next?" What are you multiplying by? On each stage? 

Don: 4 . 
DT: 4 on the bottom. 

Don: And 3 on the top. 

DT: What is the constant multiplier that you use to go from one to the other? 

Juli Mni .... 3 fourths. 

Aftcr a brief review of exponents, Adie was able to come up with the generalization: at stage 11, the 
3 shaded area would be (L)" . As well, she was able to accurately describe the area as n increased 
4 

i n  size. 

Dl': What happens to the area now'? 

Adie: It's smaller and smaller. 

DT: Generalize to find the total area at stage n. There's the area at stage n. At stage 100 the 

area would be .... ? How would you write that? Stage loo? 
Adie: To the 100. 

DT: Three quarters to the....'? 

Adie: 100th power. 

I N :  What happens to the shaded area'? The shaded areas become....'? 

Chad: S I W  d I 1  er. 

Adie: Tinier. More triangles. 



DT: 'I'he sliadecl area gcts....? 

Adie: Snialler. 

DT: Srnaller. I t  approaches what? 

Chad: 0. 

Here were my Mathematics 10 modified students actually working with the Mathematics 12 

concept of limits. They had indeed come a long way from their individualized arithmetic 

programs of fractions, decimals and percent. 

While discussing limits, Chad asked the interesting question: "How can we prove that 

infinity actually exists'!" I explained that in mathematics. we cannot let infinity equal any quantity 

per se, but we can talk about wlhat happens as something approaches infinity. 1 thought this was a 

good point to review the concept of infinity in relation to the Sierpinski fractal: 

D'I': What nre you restricted by in these divisions that you're doing there'? 

Chad: Pencils. 

Jirli: Space. 

IX:  Pencils and paper. You're restricted by the physical thickness of your pencil. And the 

fact that ... how much longer could you shade like Adie's doing, right? (Huvintq rni.\\ed the 

lust \e\\ion, Adie was  rill rhdirzg her Sier-pink triangle ) What is the computer restricted 

to i n  this'? 

Juli: IJmm .... 
DT: I mean this has gone down pretty small. 

Chad: Pixels. 

DT: What's a pixel, Chad? 

Chad: It's a point on the screen. 

DT: 'That's right. So the computer's restricted too, by the tiny dot which is as far down as 

the computer will go. OK? In your mind though, what are you restricted to, as far as these 

divisions go'? 

Chad: IJmm .... 

IIT: What's the restriction? 

Chad: Well you're not. 

Dl': You're not at all? 

('had: No  you're not. 

Dl': S o  can you of this process going on forever'? 



('had: Ycs. 

IJI': How small a triangle do you want'? 

Adie: Not too srnall. ( l~~ugli . \)  

Dl': Not too small. But you could get a triangle as small as you .... ? 

Don: Want. 

1YT: Don said it. As small as you want. And that's the idea of infinity. 

At the tilne, I was happy with each student's active participation in our deliberations. The 

studcnts were obviously no longer the "inactive learners" as described in Chapter 3 (p. 59). 

In hindsight, however, I had again established myself at the centre of our investigation. I n  

the above exchange, "Don said it" alright, but only after I had put the words 1 wanted to hear into 

his mouth. With this Socratic mode of questioning, I was leading the students again. Not 

satisfied with Chad's comment "Well you're not". 1 gave him no opportunity to elaborate on it. 

So instead of listening to Chad's interpretation of infinity. I chose co ask more questions in the 

hope of eliciting the phrase "as small as you want." 

[Jnfortunately, I continued in my teacher-centred role for the next activity. h c h  student 

proceeded to draw a fractal tree using an isometric dot grid. (See Figure 3.18.) Basically. they 

had no problems in the construction. and were able to answer easily the questions which 

followed: 

IIT: What are these lengths here, if this is I '?  (pointing to the itzitiul verticul segtnent) 

.luli: Half. 

DT: Yeh. 

Don: Oh, a half. 

IYT: OK? And then, how many branches have a length of 1/4? This is the question here. 

How many branches have a length of 114? 

Chad: Oh ... 4. 

U'I': Yeh. These o~lcs  here. So watch what I'm doing on the board here. I ' m  doing i t  i n  

stages. So these ones here are 114 right? (putting tuhle on hoclrco 

Juli: And then 118. 

D l :  Right. 



Construction From tho endpoint of each branch, draw two new branches 
half as long growing off at 600 in opposite direction. 

Suppose the tree starts with an initial vertical segment of 1 unit as the trunk Imagine 
further that the tree continues growing branches, over and over by the process given, 
until fully grown. Visualize this completed tree. 

How many branches have lengths of 1/4? of 1/16? What is the sum of the lengths 
of all branches 114 long? 1/16 long? 

What is the total length of all branches of the completed tree? 

One interesting shape found on the completed tree is a spiral. Start at the base of 
the tree and turn right at each and every junction point. Ejote how these particular 

branches trace out a spiral. 

Dl': So, we have the length and the number of branches. (re fur in? to {uhlo 0 1 7  hoclrcI) The 

first branch is a length of I .  There's 2 branches of length 112.4 branches of lellpth I/J, 

right'? How many branches have a length of 1/8? 

Adie: 8 

Dl': Right Adie. So its 8, OK? Sixteen? 

Adie: 16. 

IIT: What's thc total length of all the branches of the conipletcd tree now'? 

('had: Oh .... oh! 'That's easy then. If we went down to \I hat ... l / I6 th?  

Dl': I think you did. didn't you? W e  went 1 .  2, 3. 4, S....(c 01{t7ri/7q t,t-((/lc l l C j \ )  1/32. 



('had: Well then there'd be 1 ,  2 .3 .4 .5 .  'T'here'd be 5. That'd bc the length. 

DT: (Il/ritit?,q o i l  hourd c.11~tr.t) What would the total length be if you did this 100 tirncs'! 

Chad and Adie: 100. 

By this point, the students had ample experience in constructing tables for inductive reasoning. 

Rather than trust their abilities to become aware of a pattern, I drew a table for them with the 

commcnt, "Watch what I'm doing on the board here." Although the students all contributed to the 

process with spirit, the heuristic they used came from their teacher. 

, . 1 he students then traced spirals on their completed trees. Without any prodding from me, 

Chad made the interesting connection: "That makes a spiral like the one on the Golden Rectangle." 

Whether his conjecture was exactly true or not, I did not know at the time. But I recall thinking, 

"I would not be surprised if they were indeed the same." I also recall being caught up in the spirit 

of discovery with the rest of the group: this was mathematics at its best. 

Finally, we went on to consider the connections between fractals and Pascal's triangle. 

Figure 3.19 
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I he students were well able to recollect the basic features the triangle: 
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Dl': liemcnibcr how it's generated'! 

Ilori: Yeh. 

Dl': How 'd you get the 15 in the 6th row'? Remember'? What did you do to get the (ct?lr-,.) 

15? 

Juli: You add the 5 and the 10. 

IY 1': (;reat. OK How many numbers are there in rou 8'? 

Don: 9. 

IYI': How niany in row 9?  

Doll: 10. 

In: In row lo?  

Don: I I .  

DT: How niany \vill be in row n? 

Don: Row n? 

Juli: n . 

Don: 12 plus I. 

IYT: 11 plus 1 right. OK (r-cucliizg tlirccriotz\) "Enter the numbers needed for rows I I and 

12." Just put rows 1 l and 12 in there. 

Don: OK. 

Chad: I can't remernbcr how to do it. 

Dl': Now reinember back. Do you have to do every single addition there? 

Adie: No. 

DT: Why not? 

Adie: Because i t  doiibles. 

117': Right. 

('had: Oh yeh, I remember how to do this now. 

D'T: Remember that image you had Adie? What did you say? Something about it . . . . I  ? 

Adie: Folding in half. 

I was pleased that the students remembered the patterns which they found earlier. However, I 

should not have been disappointed if their ~neniories had failed them here: after all. a teacher's 

mathematical patterns can be discovered. 
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Now a third conricction was about to be established: that is. the one hetween Pascal's 

triangle and fractals. Instead of conipleting rows 13, 1.1, and 15 of the  triangle, the students \\ere 

directed to simply enter the letters E for an even entry, and 0 for an odd one. They quickly 

recollected the rule for adding odds and evens and before long, the triangle was completed to row 

IS. 

In the next rictivity the students were asked to fill in Pascal's triangle with the n ~ ~ m b e r s  1 

or 0 depending on whether the corresponding entries were originally odd or even respectively. 

(See Figure 3.20.) This step created a bit of confusion, since in the previous exercise, the 

students had entered the letter 0 for odd, and now they were being asked to enter the number 0 for 

even. As Chad remarked, T h i s  is confusing, because I was just writing 0 ' s  for odd. and no\$ 

they're even." (In the future, I would simply skip the step with the letters.) 

Figure 3.20 

(Peitgen et al., 1991, p.30) 

At this point, the directions were easy enough. "Shade in the entries with 1's (odds) and 

leave ~~nsll&d the entries with 0's  (evens)." Soon, the final connection was made. (See Figllrc 

3.21) 



Figure 3.21 

(Peitgen et al., 1991, p. 30) 

Chad: Oh I see what's happening. I see! 

Chad: Ah ha!! 

DT: Ah ha! 

Adie: Yep. 

Chad: 1 can't say I'm surprised. (luughs) 

Dl' What do you notice? 

Chad: It's the same as our triangles! 

Adie: Yeh. 

IIT: What triangle'? 

Chad: The ones we were just doing 

Juli: These! (pointing to her Sier-pinski tricmgle) 

IIT: Sierpinski and Pascal n ~ u s t  have known each other, right? 

Adie: Yeh. they must have. 

These were indeed special moments when powerfitl mathematical connections were made and 

appreciated. 

Finally, the students were asked to "give a rule for coloring each cell based upon the 

coIorii1g of the two ccils immediately above it." Chad was able to generalize for the group: 

Cllad: I lm.  well, if they're both black ... we already went over that. 

PI': OK. Go ahead. Say that. 

Chad: l 'hey're ... if they're the same .... 

1)'l': Y ch? 



Chad: If they're the same, then it's white. And if they're not ... then it's t>lacl\. 

IYI': I f  they'rc the same .... ? 

C'hnd: Well if they're both black, or both white, then the one underneath i t ' s  going to 

white. If one of them is white, and one of them is black, it's going to bc black. 

D'T': OK When do you color a cell? Only if .... ? 

Adie: When the two on top are the same color. 

Chad: 1 think when they're different. 

Don: If the numbers are even or odd. ... 
Adie: Color the cell if the two at the top are plain. Whatever. Filled in. 

DT: Look at your diagram again there. 

Adie: Aghh! 

DT: You're close. 

Chad: If they're black, and white ..... 
D'T': Chad just said i t  right there, but he .... 
Chad: I said i t  three or four times. 

In: Hut  you used a lot of words. Try and condense that. When do you color a cell in? 

Chad: If the two cells above i t  are of alternating colors. 

DT: Say i t  ... instead of saying alternating colors, you can say....'? 

Chad: Different! 

Chad was correct in  exclaiming "I said it three or four times!" Nonetheless, when things were 

rolling along smoothly as they were here. I felt that the students could be pressed to be extremely 

accurate in their verbalizations. Also, I welcomed the opportunity to have a student express the 

answer in as nlany different ways as possible. In this way, the chances would be good that the 

speaker's peers would comprehend at least one version of the solution. 

I then handed out a sheet containing the rule for coloring the cells of Pascal's triangle. and 

a practice triangle. 'I'he students had just enough time to complete the 16-row triangle. (See 

Figure 3.22) Given the high spirits in which they left the class that afternoon, and given their 

success the I1ascaI connection so far. I was confident that in the next session. they would 

easily con~plete the Sierpinsky array in a much larger triangle. 



(Pietgen ct al., 1991, p. 3 1 )  

SESSION 3 1 Thursdav 26 May 1994 (Adie, Dale. Chad. Don) 
"Oh God! 1 /c.m .t ec) it firwzii?~!" 

For this session, I had the students work on two different fractals: the Sierpinski/I'ascal 

triangle from last day, and a snowflake curve. While they worked, I demonstrated various 

magnifications of the Mandelbrot set. This arrangement worked well, since the computer program 

took a few minutes to complete each stage. 

After the first magnification of the Mandelbrot "Seahorse Valley", I wanted to discuss the 

appearance of one of the infinite number of miniature islands, all similar to the main set. The 

students. however, noticed other aspects of the enlarged section. (See Figure 3.23 .) 

Dale: That's wild. I t  looks likc different colors cf a snowflake eh'? 

Dl': I think it's close to finished. 

Adic: Yeh. 

[IT: Kernember one thing: what the original l~oked like. What do you notice ],ere'.' 

(pointing to u n1idgc.t is kuid 

Dale: Same. 

DT: And a little one here. 
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Figure 3.23 

Dale: Looks like little inlets. 

DT: Rut what about in terms of the shape of the original? 

Adie: That looks like .... 
DT (Interrupts) We just magnified a little part of the coastline. 

Dale: What that looks like now .... it looks like the sun if it was a complete circle. It would 

look like the sun, you know if the sun has jagged tips on it? 

DT: Like flares? But see this little part in here? 

Adie: Urn hum. 

DT: What does that remind you of when vou look at the o r i~na l  one you started with? See 

this black part? 

Adie; Yeh. 

DT: It's almost a replica. 

Adie: Yeh. 

DT: Right? There's another little replica. lvlayve LIML U I ~ C K  park were we might want to look 

at later. 

Dale: It's almost a replica of the whole thing. 

DT Exactly. 

Dale: Ohh! 

DT: It's a self-replica 

Dale: I see now ... those 3 points. 



13'1': OK? 

Ilalc: Holy shit! 'l'hat's cool! 

My fixation on discussing the mini-island had two results. 1 stifled student verb a I '  ~zations ahout 

the inyriad of other "sights" to hellold on the scrcen and instead of waiting for a group response, I 

supplied the word ..replicav for them. Looking back. 1 realize ifthat a great opportt~nity 1 missed. 

Giver1 the students' cxciteinent over the beauty of the Mandelbrot set, I should have asked them 

each to write a small paragraph describing the richness they beheld. 

I t  was now time to shade a version of Pascal's triangle which was much larger than the 

example from last day. (See Figure 3.24) For Don, Adie and Chad, the activity was largely a 

pleasant one and i t  was gratifying to observe their reactions when the Sierpinski pattern began to 

emerge in Pascal's triangle. 

Adie: Yeh! ( I U L I ~ ~ I S )  Kind of trippy! 

Don: You see triangles inside. 

Adic: Yell. you see triangles inside. 

11011: Is that what i t  is? 



Dl': Well. it's like the one you did 

Don: Yeh. 

Adie: Ohh! 

the other day. except 
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it's just taking the triangle d o \ ~ ~ i l .  

A bit later, the triangle began to take on its grand form: 

Adie: Oh God! (purr\e) I can see it forming! 

Dale: Me too. 

Don: This ... it's like that ... a little triangle in each one have a whole in it (.\ic) 

Adie: Yeh! 

Don: I t  could go down forever. 

In his own words, Don was describing the concepts of self-similarity and infinity. And with her 

exclamations, Adie was expressing the joy of mathematical discovery. 

IIale, however, was not aniused with the task at hand. The following is a chronological 

list of his comments as he attempted to shade in the appropriate dots of the triangle. 

I don't ever want to see that triangle again. 
I don't want to do  these Da\'id, it 's stupid. 
D o  you know what this reminds me of? Ldke when you were in grade 6 and 7? How the 

last week of school, you got to color and that. And now we're at the last couple days of this 
math course, and we get these stupid games. I'm nineteen, David. I don't have to be fillin? 
in dots. 

This makes your eyes go all wacky. 
Man, this is going to be stupid. 
Bogiis. 
My eyes are dead. I'm seeing dots. 
Can you shut the lights off'? It'll probably be easier. 
Can you shut this one off for me up here? 
David, my eyes man! 
That's shit! 
My eyes are like turning into dots. 

Dale's difficulty in performing the task resulted in several types of comments. For instance, hc 

questioned the validity and importance of the activity itself. As  well, he described exactly what 

the activity is like for him visually. Finally, there were expressions of the sheer frustration he 

experienced as  the result of his perceptual/n~otor disability. 

IJnfortunatcly, there was no sympathy forthcoming from any  of his peers: 

Dale: I Sucked up. 



Adie: Who cares. Just do it. W h  don't you stop con~plaining? 

( I )cdc.  r i p  11p h i \  work i i t~d fhro~1.c it ( L I ~ Y ~ I ' . )  

Adie: I saw you screwed up! (ku(qh\) 

Dale: I'm too bloody tired to be f..fooling around with ... dots! 

Adie: What are you doing here if you're tiredi? 

Ilnle: Is that all we have to do today? 

This last comnlent vlas so untypical of Dale. since in the past, he always strived for clost~re on his 

assignments. Clearly, this sort of activity was not suited for all students. Provisions must be 

made in geometry curricula to allow for the shortcomings of students with learning disabilities. 

All I could hope was that Dale would fare better with the assistance of a computer and 

Geometer's Sketchpad. 

At the end of the day, I reflected how variable the experiences had been in this pilot 

project. From the depths of academic dismay, to the lofty experiences of discovery; from allnost 

cruel indifference to sublime cooperation. this class ran the gamut, not only this day, but quite 

often since the beginning of the study. For me, many of these high and low points centred around 

the themes of attendance. student discord, cooperative versus individual learning. and my own 

teaching style. 

There were many instances when I thought poor individual student attendance would be 

the demise of the project. In the long nin, however, the group did not let me down. Although the 

school eventually suspended Nina. Minna. and Shawn because of unexcused absenteeism, these 

students (along with Alim and Alonzo) were present enough of the time to provide a quorum 

whenever any of the five "regiilars" were away. In other words. because of the group, orlr 

sessions never skipped a beat and student truancy did not pose the threat to the study which I 

feared. The curriculi~m was thus able to provide a certain "goodness of fit'' between the 

mathematics classes and the students' tendency to irregular attendance. 
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Inter-student strife was another oft described area of concern. Anxious to promote 

harmony and cooperation, 1 initially took i t  upon myself to admonish students whenever fightins 

or other outbiirsts occiirred. Before too long. 1 began to appreciate Chad's cool and wc11-,1~lt 

chastisements of insults and anti-social behaviours. 'Thus the most effective means of achieving 

peace in the mathematics class was probably positive peer pressure. 

I n  spite of my efforts to encoilrage cooperative learning, i t  was at first difficult to awakcll 

the studcnts from the passive learning mode to which they had become accustomed. With the 

exception of several instances where students helped classmates who had missed school, they 

seemed to prefer working alone. Gradually, given more and more opportunities for group 

problem-solving, the students began to enjoy the benefits of working together. Old habits are 

often difficult to change, and in the case of individual versus group learning. it  was only a matter 

of time before they gave up the former modality to ernbrace the latter. 

As i t  turned out, there were some old habits which 1 had difficulty relinquishing as well. 

'The silence (or lack thereof) of the teacher has been a constant theme running through this 

narrative. From the start I knew that I Nras asking leading questions, putting words into students' 

mouths, intervening on their deliberations, spoon-feeding answers, offering explicit explanations, 

internipting, giving obvious clues, and in general talking too much. I was also aware that my 

teacher-centred approach stifled creative activity and student expression and promoted reliance on 

me rather than on the group. For a long stretch, during the logic unit in particular, I was able to 

maintain silence, and the students proved themselves quite adept at doing some great mathematics. 

Even towards the end, however, I tended to lapse back into a teacher-focussed Socratic style of 

questioning. 

At the time, I rationalized that such teacher interventions were necessary lest studellt 

frustration and boredom set in and class momentum be lost. 1 feel in hindsight that such concerns 

here valid, especially given the nature of the students as delineated in Chapter 2. J'here \+.;is. 
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however, a far simpler reason for n ~ y  pedagogic behaviour. Simply put, this was the way I had 

taught n~athcrl~atics for over twenty years and old habits such as these die hard. Part of this 

teaching style i~lvolved a tendency to impose rny rnathernatical agenda on my students. For 

instance, I knew of certain relationships in Pascal's triangle. and my plan was that my studerlts 

should l~econle aware of these very same relationships. 'The point is, there are many disco\ler&le 

patterns and connections inherent in all the topics we covered here, so there was no need to insist 

that the ones I had in mind should form our agenda. 

My problem was not "teacher talk" per se, but rather an excess of it. To be sure, a certain 

amount of direct instruction is part of the teacher's mandate: 

What we present to students of any age is what they cannot possibly find within 
thetnselves; these are the specific labels and notations whose exact forms are neither 
necessary nor held in common in all parts of the world .... Therefore i t  is the teacher's 
job to introduce to students the technical words of mathematics, words, like 
"slrbtraction," "lo,oarithn~," "ison~orphism," and the various notations, and make 
thern clear through examples or definitions. (Gattegno, ( 1974), p. 81 ) 

111 promoting rnetacognition in mathematics, i t  is also desireable for a teacher to demonstrate to the 

s t ~ r d e ~ t s  r~ot only hislher own awarenesses, but also how helshe became aware. But if a teacher is  

to truly educate their awareness, helshe must allow the students ample opportunity to explore, to 

observe, and to conjecture on their own. From the many wonderful instances where such 

discovery learning occurred at VRLF, I know first hand that if given the chance, alternate school 

students will readily f i l l  the vacuum resulting from teacher silence. 

Topic 8: The Geometer's Sketchpad 

SESSION 32 Tuesday 3 1 Mav 1994 (Chad. I ~ I I  1 
' ' ( 'uII we go'?" 

alld [)ale asked to be excused because he was wrking. Nina and Alim had become chronic non- 
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attenders who were on the verge of suspension from the school. Minna and Shawn had both beerl 

suspended, and A1onr.o was on extended work experience. 

I spent the whole time guiding Chad and Don through thc basics of the Geometer's 

Sketchpad. Since communication between the two students was non-existent. the transcript of 

this scqsion contains virtually nothing of note except teacher explanations. By the time 1 handed 

cut Assignment 10, they were bored and were asking, "Can we go?" 

The session ended qliickly with an unanticipated early dismissal for a staff meeting. I 

knew that this was not really the absolute end: the students all owed extra time to the project 

because of days missed. S o  there would be a second chance to observe the students' reactions to 

the Geometer's Sketch Pad. 

EXTRA SESSIONS. 
"I think rhur wu.\ ingenious of you.'' 

9 June 1994 (Don and Chad); 22 June (Adie and Juliana); 22 June (Dale) 

In c r e a t i ~ ~ g  Assignment 10, my intention was twofold: first, I wanted the students to learn 

how to use Geometer's Sketchpad. Second, through judicious questioning, I hoped that they 

would also learn some rather traditional geometry, albeit in a non-traditional way. Question 8 read 

as follows: 

As well as teaching then~selves to perform the constructions on the computer, the students would 

hopefully discover the subtle distinctions between segment, ray and line. In view of 

dominance of the last session with Chad and Donny, I vowed to leave the students alone as much 

as possible for this assignment. 
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assistance. At one point, thinking they were mder way. I left the classroonl to see if they wo~lld 

proceed on their o1t.n. 1'0 my disappointment, they did little in my absence, and eventually 

finished to question three only. Before leaving the class, Adie agreed to arrange for a final 

session on the cornputer before the end of the school year. To my chagrin, however, I still had 

not heard from her when school ended on 30 June. 

Rt this time, Dale had finished all his courses at VRLF, and was holding dowm a full-tilne 

job. So I appreciated that he agreed to an after-school session to finish up the last assignment of 

the mathematics course. Regretfully, he was by himself, so instead of inter-student 

con~munication on the transcript, there was considerable direct instruction from me, However, 

his responses to Question 10 were memorable. The students were asked to construct five separate 

circles, and to have the computer nieasure the radius, circuniference and area of each. llsing the 

built-in calculator, they were to compute the circunzferenceldiu~~zeter and uredsyuure of r d i u . ~  

ratios for each circle. The following are Dale's two responses. the first of which was oral: 

My conjecture is that the circumference divided by the diameter always equals n. 
So A (ureu) divided by r times itself ... r squared, equals pie." 

Even though Dale spelled n as "pie", I was pleased that he was able to make such articulations as 

the result of an inductive approach to geometry on the computer. With the computer, he was able 

to persevere and to enjoy success in a task which, with compass and straightedge alone, his 

learning disabilities would probably have rendered impossible. 

Given their previous experience with Geometer's Sketchpad, Chad and Dorm) were 

capable of considerably more independence. They soon established problem-solving roles: Chad 

operated the computer keyboard, and Donny served as scribe for the proceedings. 'I'he follo141ing 

was their response to question 8just qr~oted above: 

Chad: OK Here's a segment. Which one's a ray. this one'? That's a rajf. There's a ray. 

And that'll be a I '  ~ n e .  
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Don: What's the difference'? ( r e d i n g )  "In your own words explain the difference between 

a scgmcnt, a ray and a line." 

Chad: O K .  A segment has two ends, a ray has one end, and a line has no ends. 

Don: ( r r m  wribcs ( ' / i d ' \  word\ 1 

Now ,lsi~ally, the teacher would make the drawings, explain the concept, and write the definitions 

for the class to copy. But with this powerful geometry program, the students can probably 

discover most everything by themselves. 

For Chad and Donny, the true moment of triumph came with the most difficult question of 

the assignn~ent. Their instructions were simply to construct the form shown below in Figure 

3.25, given that the big triangle is equilateral, with each side bisected. After several trials with 

circles and midpoints, they were still unable to construct the original equilateral triangle. 

Figure 3.25 

Chad was getting nowhere with the following construction: 

Figure 3.26 



Finally. Donny hit upon the construction necessary: 

Donny: Make a circle go around. 

1Y1': What was your suggestion Don? 

Donny: Make a circle go around that. Iustead of two, just.niake one. 

('had: Yeh, OK. Why don't we do that? 

Donnp's suggestion was sinlply to make a larger circle with radius equal to the initial segnle~lt. 

and centre on the end of the segment. In other, words, he was proposing the first step in the 

classic construction of an equilateral triangle. (See Figure 3.27.) 

Chad eagerly attempted the construction with a flurry of positive inetacognitive comments and a 

co~uplement to Donny as well: 

Chad: OK. Ah, how would we do that? Oh, I think I know. There. Would that make a 

big circle? Oh wait! I think we're on the right track here. I think we are. I think that was 

ingenious of you. There. Now, i t ' l l  work! We've got to put a point there, don't we? 

Yep. So we have to rely on .... 

Dl': Pull the menu down. The construct menu. 

Chad: Point on an object'? 

D'T: Next one down? 

Chad: Huh'? Point of intersection! 

DT: Right. 



Chad: Oh! Ah ha! 

UI': What do you need to do to get a point of intersection? 

Chad: Donny, you're a genius. 

D'T: Just select ... that's right! 

Chad: Ah ha ha ha! 

lieviewing the transcript of Chad and Donny's experience with the Geometer's Sketchpad, I 

realized that again, there were far too many teacher interjections into the proceedings. However 

this last time, I was so caught up in the general excitement. I could not help but participate. 

This was Danny's and Chad's last session in the project and i t  was a memorable one. 

For this was a true "Ah ha!" moment achieved partly through individual ingenuity, but in the last 

analysis, mainly through cooperation between students. Indeed, the many memorable nlomellts 

such as this last one had me already convinced to continue the program in  the fall. 

COILEGIAL SESSION 27 June 1994 (Mel, Eric, Katey, Mavis, Maureer., and Edith) 

Only a very small group of people in our building had any idea of what had transpired 

mathematically in our classrooni: myself, and the cohort consisting of Dale, Donny, Chad, Adie 

and Juliana. Now, the personnel at VRLF remarked from time to time on certain obvious 

innovations to my classroom, such as the group scenario and the regularly scheduled mathematics 

sessions. My colleagues also noticed certain behavioural changes in individual students, such as 

Dale and Chad. However, with only my occasional rhetoric concerning open-ended problem 

solving and cooperative learning, the staff had virtually no knowledge of the project. So at this 

late point in the school year, I decided that the teachers and support staff should have at least one 

first-hand experience of the new curriculum. 
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was not worth continuing. Each teacher would have to feel competent and conlfortable enough in 

the discipline before agreeing to teach it. And each person would have to agree to the concept of 

djscovcry learning i n  a group context. In sum, 1 hoped that staff participation in an actual 

problem-solving session would promote my cause. 

Invitations went out, and all three teachers (Maureen, Eric, and Katey) agreed to attend. 

And I was happy that Edith (secretary), Mavis (multi-cultural worker) and Melvin (youth care 

worker) accepted my invitation as well. Indeed, six people would make a group of ideal size. My 

plan was to give the adults a sample of what the students experienced; accordingly, 1 decided to 

revisit Pascal's triangle, and the probability topic covered earlier with the cohort. Realizing that 

the future of the curriculum was at stake, 1 planned carefully and thoroughly for the upcoming 

session. 

'The session began with one of niy all-time favorite topics, namely, patterns in Pascal's 

Triangle. The group's challenge was to articulate the generating pattern of the triangle, and to 

evaluate the sum of all the entries in the 100th row. With the enthusiasm typical of teachers, they 

rose to the occasion in a way reminiscent of how my students dealt with the situation earlier. 

However, my aim was not to compare learning styles, but rather to convince mjl 

colleagues of the pedagogical value of a new approach to the teaching and learning of 

mathematics. Their initial reactions to the process were favorable: 

DT: Mathematics is simple if you can make it simple. (referring t o  putferns (IF (1 heuristic.) 

Katey: But also i t  can be fun. I've never had fun before. 

Eric: Always see i t  as an IQ test. 

Katey No, I'm just seeing i t  as fun, then I don't get uptight. 

Mavis: It's not fun. It's math. 

Katey: It's math, but it's more fun than usual. 

Maureen: That's because i t  doesn't count for anything. If this counted for marks, I'd 

be ... it'd no longer be furl.  
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Katey: It's cooperative, because normally in a math class we were never allowed to talk. 

You just did your own thing. Because we can talk, it rnakes i t  much tnore interesting. 

Because I have this fascinating person on my right, (hiel)  who helped me. And then 

listening to othcr person's comnlents .... 

Mavis: We're all on your right too, you know, if you go around. 

DT Well, let's get on to the main topic. Ixt's roll. 

Katey: That wasn't the main topic'? 

D'T: That was just the introduction. 

Katey: Oh my gosh! 

Indeed, my colleagues' comments provided potential grist for future staff discussion. For 

instance, how do tests and malks impact on the traditional mathematics education of alternate 

school students'? How might group learning be superior to the completely individualized 

programs as exist at VRI,F? If the group continued to enjoy the experience, and to generate 

questions such as these, my goal would be accomplished. 

After a basic review of probability using cards and dice, I presented the motivating 

question: ''What is the p-obability that in a series of 10 births, there will be 4 or more girls born i n  

a row'?" Before presenting the binomial theory behind the problem, I asked my colleagues to 

model the situation with the dice and playing cards. Following this activity. they paired up to run 

computer simulations. After writing on the board the sibling birth orders of all our families, the 

group totalled all the birth permutations for families of 5.4.3, 2, and 1 .  The connection to 

Pascal's Triangle was established: 

DT: Do these numbers look familiar to you'? 

Eric: It's the original pyramid. 

Mavis: Pascal's little thing. Is i t  Pascal? 

Maureen: Here we thought that triangle was just fun from the beginning! 

117': It's all connected. You can't get away from it. 
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Finally, wit11 only the denominator of the answer ( 1024). they discussed the open-ended 

situation. 

Ul': So we end this session without an answer. 

Maureen: I don't mind math without an answer when you get into this kind of' stuff. 

Mavis: Well, I'm slower on a lot of these things, but it definitely does make i t  interesting. 

Edith: I liked your approach. I liked how i t  evolves. 

From their comments, and from their enthusiasm for the experience, I judged the session a 

success. So at this ,mint, I was looking forward to discussing mathematics education with my 

colleagues during individual interviews which I set u p  for the next day. 

My main concern was, "Would they agree that change was absolutely necessary'?" 

Maureen's reaction was unequivocal: 

DT: What are the possibilities in the school of doing math like this all the time'? 

Maureen: A lot better than doing those stupid pre tests. (referrin8 to  he :~urrent ABE 

progritm ) 

DT: Because I foresee a need, not only in this, but also in social studies and English. And 

yet. I can't picture myself using the collegial or sort of communication model for me to be 

teaching Canadian history. 

Maureen: Was your whole pilot program done like this'! 

DT: Yeh. This was one of the things we ran through. 

Maureen: Throw out the other program. 

Maureen ended with a strong endorsement for a new program: "What I would say is, any math 

you can teach that way, you should." 

As a non-mathematics specialist, Katey was concerned with the prospect of having to 

teach the subject using a new approach: 

DT: How would you feel about teaching math in this style yourself? 

Katey: Well. I think I'd have to learn a lot inore about the topics, you know, to feel 

comfortable with it. But 1 like the style. And I think it's a style that applies to all subject 

areas: in the basics of cooperative learning, teacher led discovery, that kind of thing. so I 
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begin to see how it could he done. 1 hat way. I t  would just take more getting comfbrtablc 

with s m l e  of the basics. Or more of the hasics. 

1 For me ... like the prospccl of doing soniething like this in social s tud~es  is frigI1tcning. 

Katey: O h  is it? 

Ill': I don't thinh I could do it. 

Katey: Well you c.... 

Il'i': I don't think I ha \e  the depth, for instance, to ralk :~bo t~r  [he I ~ u i s  Riel rebellion... I 

know the date of the thing, and five causes, but ... b ~ t  to .... 

Katey: Well you probably feel like I do about math then, because I don't feel ... like 1 itlst 

don't feel that I know the .... 1,ike I said, I'd have to get a lot more familiar with the material. 

For Katey, the recent cooperative learning experience was preferable to what she herself had 

experienced in the past: 

Once i t  got going I actually thought it was really fun, which was amazing to me. And I 
really felt that I learned something? One of the few times in my life about that topic. I 
thought it was terrific. And I really ...y ou know what was tremendous was the cooperative 
learning. If I'd been in a class as a kid where you were actually allowed to talk about math. 
to lallgh about i t ,  to work together on i t .  I would have felt so  much better. So that made a 
big difference yesterday. We had humor about it. And we could team up. And I liked VoLlr 
practical examples too, because they were fun and they were appropriate to real life. 

Since both she and Mallreen described personal secondary sc11001 experiences in mathematics 

which were negative, I was hopeful that they would be even more in favor of curricular change at 

Eric was tfle only one of the three teachers with any post-secondary mathematics. I asked 

him how he felt non-specialists would fare in an open-ended problem-solving situation: 

Eric: I don't think all people will be able to do  it. Uh, or would want to do it. I mean 

you're going to have some resistance.. . . . Maybe because they themselves don't 

understand, or  maybe because their process .... 

D'1': Hut again, if ... if you don't have the background .... 
Eric: Right. The more of n background that you have, the more ... the greater the resollrces 

and repertoire that you can draw from, and that yo11 can...uh pick up in i ~ h  ... empatllic 

moments while teaching or Ivhile (rr~7itzrclli,~ihle) 
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IJI': Because a lot of this stuff is unplanned. I n  ~na th  as  \\ell. 'I'hc, Lids can lead you don 11 

aveilues, and if you don't kno\j where you're going. JOU nlight be alright. but you cert:iilll> 

might not be able to tahc as full advalltage of i t .  

Eric: And that's what I'm saying about this for non-specialists. Some kvill be able to do  i t  

'cause they have that flexibility of mind and that they can draw and can mahe relationships. 

Others don't. 

"I think it'd be great. I mean it's uh fun. A ~ l d  it's again ... it's one of the elements that a place like 

this needs. W e  need more variety." This was change for the sake of change. but I welcomed his 

approval nonetheless. 

So, with expressed collegial support for change, I had good reason to be optimistic. For 

one thing, I nligllt no longer have to teach in pedagogic isolation as I had since Februay.  And. 

with no negative reactions fro111 parents, school district administrators. or Ministry of Educatioll 

officials, i t  seemed feasible now that the mathematics pro-ject could now become a permanent 

feature of the entire school. 

On two separate occasions, I tried to obtain feedback from teachers in alternate schools 

outside my school district. At a February meeting of Lower Mainland alternate school personnel, 

I outlined my program at VRL,F, and distributed a questionnaire asking for input about programs 

i n  other schools. Out of fifteen forms handed out, four were returned. All four indicated usage of 

the AHE program. Finally. hoping to reach as broad an audience as  possible, I submitted a 

description of the VKLF pilot project for publication in the June newsletter of the BC Altcrmltc 

/:"hl(utiot? Pro+.\ \ionc~l Spec*icili\r.\' A\wciulio/z (PSA). I wrote, "If you have any ideas, or  

innovations in your mathematics program that you feel have worked, I would like to hear from 

you. " As 1 write, nearly nine n~onths  later, I have not received one reply to my article. I assume 

that reform in altcnlate school niatheniatics education is rare, or at best a well-kept secret. 
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Wit11 the prqject finished. and the school year coming to a close. I felt positi\re about the 

prospects of' teaching mathematics again at VKIJ in thc fall. Importantly. I was confident that 

new students would buy in to the program: indeed. nl)' efforts would be successful only throLlgh 

their voluntary participation in n,hat I have to offer. 

The "after~ttath" .... 
Final student comments (Adie and Juliana, Donnki and Chad) 

(>riginally I had planned to have final interviews with the students. In fact. I intended to 

have them complete an attitude survey identical to the one they had done at the beginning of the 

study. However, I thought better of engaging in such formal final activities. A s  mentioned 

previously, they were weary of any form of psychoeducational probing. My pupils were also 

more than familiar with my pronouncements on mathematics education; I suspected that any 

answers to such formal questioning might be echos of my own pedagogical pnntifications. So 1 

abandoned any ideas of a beforelafter comparative analysis of their questionnaire responses in 

favor of using the survey as a starting point for informal discussions of the mathematics course. 

One item to be rated by the students on the survey was, "Every tnuthetmticul yuc)\~iot? /.Io\ 

ot7l~ otw right ~~n\wet.." Donny 's response (Defit~irelj~ true) was the exact opposite of his 

previous opinion in February (Not  trlre ut t i l l) .  Initially I was surprised by this obvious reversal in 

viewpoint; however in retrospect I see that his response was not SO unusual. With the exception 

of the pentominoes puzzle, most of the problems in the course had only one "correct answer." 

This same item invited comments on the relative importance given to "correct answers" in 

some mathematics curricula: 

I T :  Where does this emphasis come from that says you have to get the right answer. or else 

you fail? O r  else you get i t  wrong. Where does that come from? 

Juliana: From teachers. 



31 11 
Adie: High school teachers. If it's 1i.rong. it's wrong. 'The) d m ' t  let you get a nl:lrl\ for 

it. In high school ( ~ ~ r l i t ~ r c ~ l l i ~ q i h l ~ ~ )  

131': What was the main objective in math courses in the past'! 

Adie: '1'0 try to figure out the answer. 

I asked how a student could theoretically receive a good mark on an problem in mathematics 

u.ithollt necessarily obtaining the right answers. C'hxl answered, "By showing an effort, and by 

'To be sure, our case study curriculum stressed problem-solving strategies over correct 

answers. So I was not surprised when four of the five students rated the statement '"There are 

usually several equally correct ways to work math problems" as "Definitely true," and Dale 

comn1entetl "Sort of true.'' Chad and Don reflected on what the course meant to them in this 

regard: 

Chad: Hut  we did find lots of different ways to do things. You know .... 
Don: Yeh. 

Chad: Um...like ah ... hrnm ... 1 don't know .... 

Don: Like Pascal triangle. 

Chad: Yeh. Some people took a longabout way, and some people took an abstract way, 

and some people took a kind of curved way, and others took a square way, and .... 

I n  other words. there are many ways to solve problems, and in a group setting, this diversity is 

manifested through individual preferences and talents. In paraphrase of Chad, Gattegno ( 1974) 

w ri tes, 

la]  true spirit of yielding to problems brings about the emergence in one's mind of a wealth 
of alternate routes .... Some can be called economical, some elegant. brilliant or  far-fetched, 
some awkward. clumsy, long or  tortuous. although all are correct and mathematically 
acceptable. (p. 85) 

When asked how our mathematics course differed from courses taken in high school, 

('had stressed thc importance of group effort: 



viewpoint. 

Having already taken mathematics in another alternate school, Don had a different perspective on 

the curricular differences: 

Don: More words than nrmbcrs. 

D'I': OK. What do you say Don? 

Don: IJni ... 1 giless urn ... the other one ... there ic only like one way answer? 

Chad: Yeh. 

Ilon: A I I ~  there's like not really a pattern? 

PI': Not really what? 

Ilon: Like a pattern in i t ?  'I'here's no pattern? 

Dl': In what'! No pattern to what'? 

Don: The regular math. 

Dl': In the other math? 

Don: There's like more numbers than words. 

IYT: More numbers than words. OK. That's interesting. 

I>on: 'This one. there was like a lot of words. like inductive reasoning, solving problems ,... 

Ilon's comments are interesting in light of his status as an ESL student. Many recent immigrants 

experience little difficulty with regular mathematics courses because these indeed entail "more 

numbers than words." 'To his credit. Don did not retreat from our situation where oral and writterl 

Finally, when I asked about evaluation, Don and Chad were not adverse to the idea of 

exams (which we never had in our course): 

DT: Did you miss not having any tests? Do you think this course should have actual 

exams'? 

Chad: Well, i t  might have been a good idea to have a test. 

D'1': Would you rather have a test that you do by yourself, or would you rather work in a 

pair? 

('had: Both. 

D'T': O K .  

Don: The qi~estions you don't understand, do  together. And the ones you do. do alone. 



In retrospect, I realize that my cl~rriculum emphasized group activity almost exclus ivel~ over 

individual perf'ornlance. Ideally, a mathenlatics curriculum should have a balance between 

individual and group efforts. And how expedient i t  would be to divide the curriculum according 

to the criterion which Don suggested. Whenever individual failure through miscomprchension 

seems probable. the curriculum should be flexible enough to switch its emphasis. and allow, for 

the potential of group success through mutual concept construction. This is, after all. the nlodus 

operaridi of professional mathematicians. 

Course results. 

At the end of the school year, Don, Dale and Chad received credit for Mathematics 10B as 

a result of their participation in the project. Their letter grades were as follows: Don (C): Adie 

(C+); Dale (C+) and Chad (B). Likewise, Adie was given a C+ grade for Mathematics 1 IA. Hut 

for their attendance. Dale, Donny and Adie all would have received B letter g r d e s .  Juliana 

accepted that she did not attend enough sessions to warrant any credit in mathematics. And 

regretfully, the cohort's absenteeism rate for the mathematics sessions was no better than its 

general, overall rate. Thus, in spite of the incentive of  narks for session attendance. the 

mathernatics program was not as strong a "draw" as I hoped i t  would be. 

My students' school records will show official credits for remedial mathematics courses 

which typically stress arithmetic, geometric formulae and rote algebra skills. But these high 

school transcripts will never reflect the rich mathematical experiences for six months in 1994. 

Postscript. 

With the successful experiences of the last five months, a growing repertoire of activities. 

and the prospect of over a thousand dollars worth of mathematics materials arriving o\ler the 

5urnrner, I was excited about the fall. 'There was no doubt that in m j  classroom at least. 

mathematics education based on problem-solving, communication. reasoning, and connections 

would be a permanent feature. 
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However. fate decreed otherwise. Over the summer, I i s m  offcred a position to teach 

Mathematics 12 at a district secondary school. After ten years in special education, I knew that the 

rime was right for Sirnply put. this was an offer I could not refuse. S o  in September 

1994, the niathernatics program at Vale Road Learning Facility was out of my hands. 

Since my hospitallhornebound office is still at VKLF, I am able to monitor the mathenlatics 

being taught there quite closely. Old teachers have left and new teachers have arrived. But the 

contenls of two whole shelves in the school sl~pply room speak volumes. For here sits the largely 

unused repository of my one tliollsand dollar mathematics order of the previous spring. I nle the 

sight of untouched posters, manipulative kits. computer programs, games, and books on fractals, 

Pascal's Triangle, patterns, and problem-solving all gathering book-room dust. But my regret is 

especially deep because of the good use the students there could now be making of these 

materials. 

One day early in September, there was a message for me at my VKLF office to phone 

Adie. Thinking in~nlediately that there was probably some problem with the transcript of her final 

marks, I phoned her back. In reality, she was concerned that her last assignment was still 

incomplete, and wondered when she could come in and finish it. SO, as she had done in the past 

after letting me down, Adie made restitution, and thereby validated once again the confidence I 

already had her. In a sense, Adie's behaviour was symbolic of all my students who indeed 

disappointed me many times during the course of our mathematical experiment. But overall, they 

performed far beyond my expectations, and left me with the certain knowledge of what is possible 

in the mathematics education of alternate school students. 



Conclusions 

'I'lle purpose of this final segment of my thesis is tuofold. First. in a summary of my 

story of clirricular change, I will attempt to answer the question, "What was learned f rom the 

study'!" Second, in a consideration of my research results. I will ponder, "Where can we go from 

here?" 

From the onset, my task was to introduce a radically different style of mathematics 

education to a traditionally problematic student population. My curriculum was based on the four 

cornerstones expounded in the NCTM's ( 1989) Stun~lu-d.\ document: problem-solving, 

contniunication, reasoning, and connections. Thus, as discussed in Chapter Three, discovery 

leanling through cooperative, open-ended problem solving was rny choice to replace the 

individualistic. arithmetic-based program which was the alternate school nonti. As predicted in 

the literature, niathernatical topics of sufficient challenge served to awaken my students from a 

state of learned passivity to an active modc of learning. 

At first, I considered this aim ambitious in the light of the nature of the alternate school 

students. Simply put, these young people attended Vale Road Learning Facility because their 

temperaments and behaviour were not suited to a regular school setting. In Chapter Two. I 

outlined the four salient personal problems of this population: learning difficulties, poor self- 

esteem, social disabilities, and chronic, deep unhappiness. These characteristics were consistent 

with the available literature on students with emotional and social disabilities. In particular, 

research findings on the socialization problems of students with attentional deficit disorder were 

born out by rny experiences with the study participants. Although study after study foiind that 

children with ESD generally had backgrounds of chronic academic failure. my group experieliced 

success with the new mathematics curriculum. 
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Froln the beginning. it was evident that this particular group of students was capable of 

learning the non-traditional and often complex niathernatical topics which I had chosen. 'rime 

after time, the cohort impressed me with its questions, insights. discoveries. and verbalizations. 

As long as the mathematics was not deeply entrenched in algebra. the group never faltered or gave 

up on any one topic. 

'There is nor one topic out of the eight which I would exclude from a future curriculunl. 

As described in Chapter 4, 1 would, however, modify my approaches to  son^ of the n~atheniatics 

(e.g., the golden ratio and pentominoes). An alternate school cumculum could include many 

other topics such as tessellations, finance, perspective drawing. and episodes from the history of 

mathematics. Since students enter and leave alternate programs at various times during the year. 

these topics could all be offered by a school on a continual, rotating basis. 

I feel that topics swh  as probability, fractals, and reasoning would not have been 

successful if taught on an individual basis. Often, one or two students in the class would be in the 

dark during a lesson. I t  seemed, however, that at the group level. there were always enough 

individuals "in the know'' to keep the learning momentum going in  a positive direction. Thus, 

general discouragement never did really take hold at any one time. 

Each individual brought personal strengths to the group. Chad was excellent at seeing 

patterns, and was the group's strength in algebra. Dale's insights and remarkable persistence 

helped the class overcome difficult moments. Adie's inevitable dependability, Juliana's 

enthusiasni and Donny's laconically expressed observations all contributed to the over-all success 

of the cohort. Within the group, metacognitive comments became more frequent as individual 

passivity gave way to group activity. This last result should hardly be surprising: after all, the 

students finally had something to be metacognitive about, and also had the group setting in which 

to overtly express theniselves. 
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Formal student assessment was done mainly through assignments. I found that  hole 

group assignments had the added benefit of encouraging the students to work cooperatively. 

Marks were also gi\~en for attendance. although this policy seemed to have no positive effect on 

student absenteeism. At no time did 1 feel the need nor desire for formal individualized tests 

(which usually test memory only). With such a small class s i ~ e ,  I felt confident that by listening 

to student dialogue and by occasional oral questioning, I could inforn~ally monitor and guage each 

student's learning. 

'The project was not w~thout its share of serious difficulties, however. For instance, 

chronically poor student attendance was a problem which I was never able to fully rectify. At 

times, absenteeism was so high that I thol~ght the program itself was doomed to failure. Student 

persorlality conflicts, teasing, name-calling, and bad feelings at times had me doubting whether 

communication and cooperatio~l were achievable aims at all. In the beginning, the students were 

very hesitant to talk to each other about mathematics. and they would frequently give up on 

problems rather than persist at a cooperative solution. But after all, given the passive 

individualized nature of their previous rnathernatics courses, 1 was not surprised at their resistance 

to active, cooperative learning. 

Another area of concern was the preponderance of "teacher talk". Unable to shake off the 

habit of over a generation of direct classroom teaching, 1 frequently interrupted the students with 

overt explanations. leading questions, obvious clues, and outright answers to some mathematical 

problems. However. in rnost of the sessions where I remained silent, group dialogues and 

collaborative efforts actually resulted in discovery learning. 

As the study progressed. student cooperation and communication became more the norm. 

Iniighting diminished, just as student confidence in the subject grew. I feel that thc matl~ernatics 

curricillum had Inan), special beneiits for these students. It served as a vehicle for honing social 

skills and for ii~l~,roving discourse. I t  offered many chances for success in a typically failure- 
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prone area. Judging from the s tude~~ts '  positive reactions to their achie\fenlents, I feel i t  served to 

improve their self-image regarding mathematical performance. Finally, i t  provided a cognitive and 

elnotional substitute for depression: we had many good laughs even as 1f.e contemplated some 

very mentally challeng~ng problems. Thus, in a way, the course could he described as a "social 

curriculum". 

Whether or not the new curriculum resulted in changes in student attitudes and beliefs 

about mathematics is difficult to ascertain. Although no formal attitudinal survey was taken, the 

cohort's final statements at least evidence recognition of profound differences between the new 

approach and previous courses. According to the students, their activities over the previous five 

months stressed the importance of perceiving relationships, recognizing patterns, developing a 

repertoire of strategies, and communicating their new-found awarenesses. In as much as I 

desigried the course to reflect my own notions of what mathematics is. and in as much as the 

students bought into it. 1 venture to conclude that the curriculun~ altered the students' perceptions 

of the subjcct i l l  a positive way. 

According to Kobitaille and Dirks (l982), a mathematics curriculum may be judged froln 

three different viewpoints: 

(Wle may distinguish among the curriculum as intended, the curriculum as implemented. 
and the curriculum as attained. By the Intended Curriculum is meant the curriculum as 
planned at the national, provincial, or local levels by curricuhm committees and consultants. 
and as codified in curriculum guides. The Implemented Curriculum is the curriculum as 
contained in the various texts and materials which are selected and approved for use in the 
schools and as communicated to students by teachers in their classrooms. The Attained 
Curriculunl is the curriculum as learned and assimilated by students. (p. 17) 

followed (hopefully) by attained. In my case, the order was quite the opposite. With no selection 

or al>l>roval committees involved, I feel that the VRLF curriculum belongs solely in the Attained 

category. 'T'hus, chapter 4 is my testimony as to what I believe my students accomplished over 

five months in 1994. 
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What can the future bode for mathematics in alternate schools? At the onset, extreme care 

must be taken in applying the results from V R I I  to other special education settings. 

In many ways, this setting uas  ~ni(]lle. My particlllar efforts at curricular reform [net N ith 

no opposition from parents, and the school board administr~tion welcomed i t .  Since the course 1 

discarded at VRLF was completely locally developed. 1 was free to replace i t  \vith any topics I 

desired. With students from an older secondary population, I could convincingly argue that an): 

further attempts at teaching them "basic skills" would be counterprodiictivc. Fi~rtherrnore, blessed 

with s~nall class sizes, I felt that my ability to carefully observe each student eliminated the need 

for formal written exams. Last. my students were not enrolled in an alternate school mathematics 

program because of intellectual weaknesses; rather, they attended VRLF as the result of 

behavior~ral problems which precluded attendance in regular schools. 

111 other settings, however. i t  might be difficult to initiate or sustain such curricular 

change. Some might argue that many general mathematics students in regular school settings 

would not be intellectually capable of open-ended discovery learning. Others might maintain that 

yot~nfier students should continue further "training" in basic arithmetic skills. Large class sizes in 

secorldary schools would rnake evaluation of individuals in a cooperative learning situation 

extremely difficult. Finally, parents, department heads, administrators, government officials. and 

even colleagues could erect immense barriers to the well-intentioned edrtcational reformer. 

In other words, since this is a case study, its results should not be used 

experimental sense. As Stake (1980) coinnients. 

1 i In most other studies, researchers generalize beyond particular instances to search 
for what is common and pervasive. The case study may or may not be an ultimate 
interest in the generalizable. 'The search instead is for an understanding of the 
particular case. (p .  67) 

And certainly, VRLF was a most particular situation. 



As an alternate school teacher, I agree with collegial generali~ability which .bin\,olves 

leaving the extent to which a study's findings apply to other situations up to the people i n  those 

situations" (Merriarn. 1988, p. 176). In that spirit. I offer the Sollowing s ~ g g ~ s t i o l l ~  for 

curricular change in alternate schools at the Grade 1 0 .  1 1 ,  12 level: 

(_'ourses it1 remedial arithmetic should be discarded in favor of a curriculum offering open- 

ended problem-solving in cooperative learning situations. Inductive and discovery learning 

should complement direct instruction. 

"Basicv skills in arithmetic and algebra can and should be taught or reintroduced in the 

context of mathematical topics. 

t.:valuation should not be restricted to formal individual written exams: i t  can also be 

accomplished through group and individual assignments. If classes are small, then direct 

observation of students by the teacher can help assess student learning. 

Conlputers should be a mainstay to promote inductive learning in alternate school 

Inathematics classes. Conlputer assisted geometry programs such as Geometer's Sketchpad 

can be usefill for learning disabled students who have visual/motor difficulties. 

School districts should allow release time for teachers to develop curricula. 

Teachers should also have the opportunity for inservice training in cooperative learning 

and methodologies for learner-centred classrooms. 

For alternate school students, mathematics and social interaction can be nlutually 

enhancing. In other words, students can construct mathematical concepts better through 

peer interaction than through individual paper ~ o r k .  And importantly. mathenlatics can be a 

means by which social improvement is realized. 
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jVlJATI1EMATICS QUESTIONNAIRE FOR S T U D E N V  

PAKT A 
Please irldicate yorlr like or dislike for the following academic sr~ l~ icc t s .  [:or each of 
the subiects, say  wliether you 

LIKE IT ALL OFTHE TIh4E (by writing 4)  
LIKE IT MOST OFTHE TIME (by writing 3) 
LIKE IT SOME OFTHE TIME (by writing 2) 
LIKE IT NEVER (by writing 1) 

ENGLISH _ SOCIAL STUDIES 
4 q, 

MATHEMATICS & SCIENCE 

P A R T  B 
Please complete each of the following sentences by writing Whatever comes to 1ni11d 
f irst :  

I 
Doing mathematics make mc fed -f~,\q 5 c  

Ll 
What I npecially like in mathematics is / 1 

PART C .  
For each of  the following statements, say whether you think i t  is: 

DEFINITELY TRUE (by wrihng 4) 
SORT OF TRUE (by writing 3)' 
NOT VERY 'PRUE (by writing 3) 
NOT TRUE A T  ALL (by n'riting I )  

Therc is always a rulc to follo~v In solving rnathcrnat~cai problcrns. 
Mathcmatics is a vcry good licld for creative pcople to cntcr. 
Evcry mathcrnatical qucstion has  ordy onc right answcr. 

/ 7'11crc is little placc for originality in rnathcrnat~cs. 
/ Only pcoplc with a vcry special talent a n  1ca-n mutliernat~cs. -- 

l - . ~ h c n :  arc usually seven1 cqually C O ~ C ~  ways to w w k  math p r - ~ b l c ~ ~ ~  
L If I understtxd x, thcn I could d o  algcbrx 

Evcryth~ng in rnarhcmarics is cithcr n&ht 01 \\'r.ilrlg. 
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SFIJ MATHEMATICS I'KOJI3C'l' 
I N I ~ O K M A ~ ~ ~ ~ O N  SHEET FOR STUDEN'TS 

'1'0: My students 
From: Dave Tambell ini 

As a student at , YOU may choose to participate in a 
mathematics project whch 1 am conductmg as part of my Masters program at SFU. The 
purpose of this infomlation sheet is to describe the project for you, and to inform you about 
your rights if you decide to partake. 

WHAT MATH WILL YOU 
In part, you will be introduced to many mathematical topics which are regularly 

taught in Grade 10 math. Thus, you will still work on basic skills (working with whole 
numbers, fractions, decimals, and per cent), algebra, and geometry. However, the way in 
which you learn these topics will be different from the regular program. For instance, you 
will review percentaoe but instead of doing pages of routtne questions, you will work on 

D ' 
percent problems whlch you and fellow students will actually bring to class yourselves. 

As well, you will be introduced to many new topics, and to different types of 
problems activities which will challenge YOU and your classmates. 

HOW WILL YOU LEARN MATH? 

At present, you do almost all of your work in math alone. But as part of the 
project, you will do much of your learning in pairs or in small groups. For example, you 
will still learn geometry, but I will not merely give you f ~ m u l a s  and theorems to memorize 
by yourself. Instead, working in pairs or in small groups, you will discover many of the 
geometric ideas for yourselves through inquiry, discussion, and experimentation. 

WHAT WILL YOU BE ASKED TO DO? 

First, you will complete a questionnaire about your thoughts on math. As well as 
doing the math, vou will be asked to comment on your work in interviews. You will asked 
to discuss (in gr&s and by yourself) both your attitudes to the math your are doing, and 
your beliefs about math in general. Some of the time, I will record our conversations. I 
will also ask each of you to keep a daily journal of your thoughts about your experiences. 

WHAT CHOICE? WILL YOU HAVE? 
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J 
I n  collaboration with a paflncr. try the folluwing quesbons about Pascal's Triangle. Wc 
shall consider {1,1} to be the LlRST row of the triangle. 

Describe five different patterns i n  the triangle. (5 pts) 

< .. / 
What is Lhe 2nd number in  the 99th row? (I pt) 1 ' 

, .  :/ What is the nei t  to Insi n:!n,bzr i n  :!~e 20011: row?%-:-. -' (I pt) 

fl What is the th~ rd  number in  the 10th row? (3 pts) 

In the l5 th row? / D L 2  

Find the sequence { 1.3.6. 10. 15. ...) i n  Pascal's triangle. (4 pts. total) 
a) Explain how these ue ce is oenerated &Jl&- - dv &$+&-J,: 

Y 
b) What is the 2 0 t h  tern? of  lhis sequence? (Use a 

(continued) { 1.3.6.10. l5  ,... ) 

- .  
*** Question #8 is a dif f tcdt one. So is the last part o f  question 116. You may want to 
get together as a class to solve these. 

- - I 
2- 
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How's it goin folks? 

Ccngratulat~ons! We've reached the half-way point in our math program!! 

Before we continue, let's pause and reflect a bit on what's gone on, and discuss 
what we could be doing for the last half. 

\Part A J  
Have a look through your "folders", and consider the following questions. 
We've covered the following topics: 
1) Pentominoes 2) Probability 3) Pascal's Triangle 4) Scientific Notation & 
large numbers 5) Inductive Reasoning 

1) Should all of these topics be included in future Math courses fcr CWEC? 
Shouid some not be included? Why not? 

2) Were you bothered that the some of the problems you were presented with 
were not solved? Why or whv not? 
eg. What is :he probability that a series of 10 births will have 4 or more girls 
born in a rcw? or Cover a 6 x 10 redangle with pentominoes. 
Would yoti like to revisit these problems in Part II of the course? 

~\jo: 1 . . ,  " 
3) How do you feel abotit working in 2 group, as opposed tc working by 

f -  ' 

Yourself? oggj. (coy& \&nS- 
\I 

For the future sessions: 
- - i K ,  'Ey2,kfhd Ci7( &&mo. 1) What things are working okay? O\!'ro'-( vL"" 

4 7' 
2) What things could be done differently? W c f l k  1 ~ ~ 3  6 r L J ~  p,b &, 

L I ~ * d O ~ $ ~  { , * [ f ? r : * ~ e 6  
3) What are some toptcs hat you would like to experience in Part II? 
Here are sorne areas I'd like to include: 
-Algebra (& integers) =Percentage K Fmance 
-Geometric Art (eg Escher) - =Trigonometry J 

?-rS,t$@tjc$ *Fractals 
 he number n *Area. Volme 8( Pythagaras jot1 the compuier) 
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I3y combirlin:, dcductmn. analysis. and shcc~  pcrsistcnce. thc answcr* to the c;ucstions 
I d o w  car1 bc found. (Also. use thc same hint given in problem 3) I h c  facts ccsenll~l to 
solvine the prohlern a r t  listed txlow. 

1) 7'hcrc are 5difTerent houses. each of a different colourand inhaoitcd by men of different 
nationalities, with different pets, d.inks, and television sets. 

2) The Englishman lives in the red house 

3) The red house is not ncxt to the ivory hnusc 

4) The Spaniard owns the dog 

5) Coffee is drunk in (he green house. 

6) The IJkrainian drinks tea. 

7) The g r u n  h o u x  is immediately to the right of the ivory housc. 

8) The owncrof the Son). TV also has snails for pets. 

9) A ToshibaTV is watched in thc yellow housc 

10) Milk is drunk in the middlc house. 

11) Thc Norwegian lives in the first house on the ieft. 

12) The man who has an RCA T V  also lives in the house next to the man with the fox. 

13! The ToshibaTV is in thc house next to thz house where the horse is kept 

14) Thc owner of the  Hi~achi T V  drinks coffee. 

15) The Japanese man has a Phillips TV 

16) The Nonvcgian lives next lo the blue housc 

17) The marl who owns the fox drinks water. 

Now. use logic to answcr thc iollowing: 
Who drinks water? 
Who owns the zebra? 
Whodenks orange juice? 
Who OWLS the fox? 
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SlERPINSKl TRIANGLE 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . .  
. . . . . . . . . . . . . .  . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . .  . . . . . . . . . . . . . .  . . . . .  . . . . . . . . . . . - . .  . . . . . . . . . . . . .  . . . .  . . . . . . . . . . . .  . . . . . . . . . . . . .  

. . . . . . . . . . . .  . . . . . . . . . . . . .  
. . . . . . . . . . .  . . . . . . . . . . . .  . . . . . ; . . . . .  . . - - . - . . . . .  . . . . . . . . . .  . . . . . . . . . . . .  . . . . . . . . . .  . . . . . . . . . .  

. . . . . . . . . a  . . . . - . . . .  . . . . . . . . . . . . .  . . . . . - . - .  . . . . . . . . .  
. . . . . . . . . . . .  . . . . . . . - .  - - - - . . * .  . . . . . - . . . . .  - - - . . . . .  . . . . . . . . .  . . . . . . . . . .  . . . . . . . -  - . - e . 0 .  

. . . . . . .  . . . . . . .  . . . . . . . .  . . . . . .  
. . . . . . a  . . . . I . .  . . . . . .  . . . . . .  . . . . . .  . . . . . .  s o . . . .  . . . . .  . . . . .  a * . * .  . . a * .  . a s . .  . . . . .  . . . .  - . . .  . . a .  . . . . .  . . . . .  

. . . .  
. . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
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Mathematical Topics from the Curriculum 

]'he following is a reflec~ion on the mathematics which I chose for the alternate school 

cl~rlicultlni. With the exception of certain comments on logic, I do not refer here to any 0 1 t h ~  

qudy group's experiences with the mathematical topics. Rather, the purpose of this appendix is 

to discuss the mathematics in and of itself, and to point out some of the many connections 

between the topics. 

The reader should not assume that I had predetermined all the mathematical content before 

the onset of the study. Rather, I decided on each of the themes at different points in the project. 

Finding appropriate topics was not a difficult task since these sprang quite natt~rally from their 

inter-connectedness. For instance, as I point out in this appendix, Pascal's triangle was a natural 

sub-ject to follow probability, and certain aspects of fractals flowed beautifully from ['ascal's 

triangle. Thus the choice of topics was mediated more by the connections inherent in all 

mathematics than by any deliberate master plannirlg on my part. 

Inductive and deductive logic. 

Togelher, deductive and inductive logic (or reasoning) are the means by which 

niatheniatical progress is made. 

Inductive logic is the process of observing data, recognizing patterns, and making 

generalizations (or conjectures) about those patterns. Also called empirical reasoning inductive 

logic is the basis of the scientific method. 

Here is an example of inductive logic. A person observes that Scare B(' Airlines has 

twice as many crashes as other passenger airlines. In view of such a poor pattern of safety, she 

corljectures that Scarc EK' is an unsafe airline. Accordinfly, she makes thc decision not to t l )  
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with Scare HC. She reasons that based on the company's past record, the probability of her 

dying on one of its flights is relatively high. 

'The astrollomcr Johannes Keplcr (1571 - 1630) discovered his laws of planetary motion 

through inductive reasoning. By observing and recording the motions of many planets over 

twenty years, he noticed patterns, and by generalizing from this data. he was able to formulate 

laws which are true for every planet. 

With modern, high speed computers, mathematicians can effectively use inductive 

methods to experiment with numbers or to test hypotheses. In other words. machines are now 

replacing deductive logic in pure mathematics research: the "clean and clever" arguments of the 

past are being replaced by computer techniques which systematically test and discard huge 

numbers of possible answers until the correct one is discovered. 

Sirlce this study emphasized discovery learning through experimentation arid observation 

of pattenis. Iny sttidents used inductive reasoning extensively. Generalizing about patterns. the 

students became aware of certain properties and rlnderlying principles of probability, Pascal's 

triangle, the golden ratio. and fractals. With repeated simulations, they were able to approximate 

the probability of having 4 or more girls born in n row in a sequence of 10 births. Obsen~ing 

patterns, they became aware of the relationship between binonlial probabilities and 

triangle. Measuring the dimensions of certain rectangles, they found a close approximation to the 

golden ratio. Through experimentation, the students discovered a relationship between Pascal's 

triangle and fractals. Using the Geotnc.fer-'5 Skefchptrd. they used the computer to measure the 

circumferences (C) and diameters (d) of several circles, and through induction. they "discovered" 

the relationship C = nd. Finally. with a dedicated unit on logic which provided prdctice in pure 

inductive reasoning, the students became aware of the nature of inductive logic itself, and of i t s  

place in mathematical inquiry. 
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Altho\igh new mathematical truths can be discovered by experiment or intuition. tile 

ultimate goal of mathematicians is to support inductive discoveries wiih con\rincing, 

mathematically sound arguments. Such arguments are set forth using the rules of deductive logic, 

which is the underlying structure or foundation of mathematics. 

('onsider the following three statements as an example of deductive reasoning. 

Frank plays the piano and no other instrument. 
The musical group Green Onions does not have a piano player. 
'Therefore Frank is not a member of the Green Onions. 

J-&ch of the first two statements above is termed an h ~ p o t h e ~ i s  of the deductive argument. 'I'he 

last statement is called the conclusion. 'The conclusion is derived from the hypotheses which are 

assumed to be truc. 

7'he renowned Sherlock Holmes was portrayed as a master of deductive logic. For 

instance, he n ight  have assumed the following two statements to be tnie: 

Anyone with wet boots must have been afoot last night 
Mr. Moriarty has wet boots. 

He would then be in a position to make a conclusion from the hypotheses: Mr. Moriarty must 

have been afoot last night. 

Isaac Newton (1642 - 1727) used deductive reasoning to derive the same astrorlo~nical 

laws which took Kepler a generation to formulate. T o  prove the astronomer's first law, Newton 

initially assumed as  true his own law of universal gravitation and his second law of motion. 

From these hypotheses. he was able to prove deductively that for any planet. the ratio of the 

square of its period (T) of revolution around the sun to the cube of its average distance ( r )  from 

3 .  
the sun. (i.e., the ratioT-Ir 1s a constant for all planets in our solar system.) 
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12 ! 

have been too cumtxrsonie at the time. 1 presented the cornbiuatorics fomlula (1" = 
r r !  ( 1 7  - r ) !  

to the group without formal proof. (Later in this appendix, I elaborate more on the golden ratio 

and on combinatorics.) Within a separate deducti\,e logic unit. the students experienced the 

concel,t firsthand with the problems outlined on pages 184 and 188 and in appendix 5. 

t'entominoes. 

A pentomino is a shape which can be made from 5 squares joined along their edges. 

ex,perinientation, one can discover that there are 12 distinct pento~ninoes: that is, there are 12 

different shapes each of which cannot be derived from a rotarion or flip (or  cornbination of these 

transformations) of any other pentomino. 

By orienting the 12 pentominoes, one can nanie each shape by its resemblance to a letter 

of the alphabct. (See Figure A below.) 

Figure A 



matllenlatical background is necessary to understand the nature and denlands of the \larious 

puzzles. 

One of  he most famous pentomino challenges i?  the 6 x 10 rectangle puzzle. Giken that 

each l~ellt(jniino consists of 5 unit squares, can you arrange the 12 pentominoes in a 6 by 10 

rectangle? Although over 2300 solutions have been found by computer. the reader might have 

trouble finding even one. Through dogged perseverance and trial and error, only one student i n  

t l~e study group came up with a solution. 

A prohlem in niathematics is often solvable by considering a simpler version of the 

original. For instance, by considering two 5 x 6 rectangles instead of one 6 x 10, one might 

discover solutions such as the following: (See Figure B.) 

Note that these two 5 x 6 rectangles provide a solution for a 5 x 12 puzzle as well. Note also that 

a solution for the latter can be obtained by combining a 5 x 7 and a 5 x 5 rectangle: (See Figure 

c. 1 

Figure C 
5 7 
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'fhere are valuable mathematical lessons to be learned from pentoniinoes. At'ter Ia\,oring 

long alld hard to find just a single answer, one niight be surprised (and humbled) to Iea1-n that 

there are thousands of solutions to the 6 x 10 rectangle problem. (One might also be curi(>ll~ 

about the power of the computer to conduct investigations illto matheniatical problems.) In 

contrast, there are only 2 distinct ways to cover a 3 u 20 rectangle with 12 pentoniinoes. For 

certain other puzzles, there are no solutions. Finally, i t  would not be surprising for a second 

grader to solve a pentoniino puzzle before a university graduate. 

I'robabilitv 

Consider the following question. What is the likelihood that in an obstetrics ward. a list 

of I0 consecutive biflhs contains 4 (or    no re) girls i n  a r m r ?  T o  answer the question, there are 

two possible routes. One could use sinlulations (or models) to determine inductively the 

experimental probability of 4 or more girls in a row. Or, using mathematical theorems. one collld 

use deductive logic to compute the theoretical probability of the event. 

I t  is not difficult to devise n~odcls for births: any experiment with a "binomial outconlev 

would suffice. Thus coin-flipping (headhail) and card-picking (blackh-ed) are examples of models 

which can simulate a birth outcome (boy/girl). I n  calculators and computers, random number 

generators (onelzero) are accurate and quick ways of modeling a large number of births. 'T'hc 

following program (written in Quick Basic) is a coniputer model of 100 sequences of 10 births. 

Note that the program also counts the instances of 4 or more girls in a row and computes the 

resulting experimental probability. 

REM Simulation for 10 births (x) where n - number of sequences 
RANDOMIZE 'I'IMEK 
DIM P( 10) 
Counter = 0 
o = 0  
CI 

F O R n  = I to 100 



FOIl x = 1 to 10 
t = o  
l,I-',17 y = INT( 2*RNII )  
IYx) = y 
IF y = 0 THEN PKIN'I' "G" 
IF y = 1 THEN PRINT "H" 
IF x >= 4 AND Foundfour = 1, THEN GOSUB Countcr 

NEXT x 
NEXT n 

PRINI' "Thc colnputcr model has produced 4 girls in a row"; PRINT " a total of';  
('ounter; "rimes out of "; g; ". The experimental probability is"; Counter/g 
END 
REM This is the counter subroutine 
Counter: 
t = P(x) + P(x - I ) + P(x-2) + P(x -3) 
IF t = 0 THEN COUNTER = COUNTER + 1 
IF t = 0 THEN Foundfour = 0 
Return 

Of course there will be discrepancies between different simulative outconies, but generally, the 

probability. [Jsing the above computer yrogranl. a larger sample space can easily be obtained by 

replacing the I 0 0  in the line FOR n = I to 100 with larger numbers such as 1000 or 10000. 

The theoretical probability of our question can be investigated without intensive formal 

background in mathematics. By looking at simpler cases (e.g.. 5 or fewer children instead of 

I 0), and by observing patterns, accurate corijectures can be made. Consider the possible 

outcomes (or saniple space) for the births of 5 children. The cotnhitutrions are as listed in the first 

row of Table A. Below each conlbination are listed the different birth orders (or pennurtrtiotls) for 

that conibination. For instance, for the combination (4 boys. 1 girl) there are 5 permutations: 

HBHRG, HBBGB. BBGRB, RGBBB, and GBBBB. For the combination ( 3  boys, 2 girls) 

there are a total of 10 permutations. The total number of pennutations for each combination is 

listed in the third row of the table. 'l'hus there is a total of 32 different birth orders. or 

permutations, for 5 children (i.e. 1 + 5 + 10 + 10 + 5 + ! permutations). 



I'otal number of 
~~ermutations 

5 boys 

HHRHH 

1 

4 boys 
1 girl 

RBBHG 
BBBGB 
BRGBH 
HGBHB 
GHBBH 

5 

3 boys 
2 girls 

RBHGG 
RBGBG 
RBGGR 
HGHGH 
BGGBB 
GHBBG 
GBBGB 
GBGBB 
GGHRB 
HGBBG 

10 

2 boys 
3 girls 

GGGBB 
GGBGH 
GGHRG 
GBGBG 
GRHGC; 
RGGGB 
BGGBG 
BGHGG 
RBGGG 
GBGGB 

10 

1 boy 
4 girls 

GGGGH 
G G G B G  
G G B G G  
GHGGG 
HGGGG 

5 

By totalling a11 the permutations for each case less than 5 children, one may become aware 

of a pattern. (Sec'rable H.) 
Table B 

10 One could thus con-jecture that there are a total of 2 (or 1024) possible birth orders for- 10 

children. With the denominator of the theoretical probd~ility known. all that remains is to 

de~crrnine the numerator: i.e., the total number of cases where 4 or more girls in a row occur. 

Number of 
Children 

'I'his exercise is left to the reader. 

Number of 
Pennutations 

I'ascal 's 'I'rianole 

Fro111 the previous example, consider 'Table C' which lists the nun~bers of permutations per 

combination for different numbers of children. 



'fable C 

So for 4 children, the numbers { 1 4 6 4 1 ) mean that we can list only 1 birth order for 4 boys 

in a row; 4 birth order pern~utations of 3 boys and 1 girl: 6 perniiitations of 2 boys and 2 girls; 3 

I 

perlnutatioris of 1 boy and 3 girls: and finally. only 1 birth order of 4 girls in  a row. 

Number of children 

Shifting the positions of the rows in the second column of Table C, we end up with the 

following array, which is called Pascal's triangle. (See Figure D.) 

Permutations 

Figure D 

1 I 1 1  

Row 0 1 

1 1 1 

2 1 2 1  

3 1 3 3 1  

4  1 4 6 4 1  

5 1 5 1 0 1 0 5  1  

This triangle is a virtual treasure trove of patterns and is a source of a myriad of connections to 

other branches of n~athenlatics. 

One of the most obvious patterns is the property by which the triangle is generated: eacll 

number or entry in the triangle (except for the 1's on its edges) is obtained by adding the 2 

numbers above it. 'Thus the next row of the triangle is 1 ,  6, 15, 20, 15, 6, I. 



The rows of the triangle have a connection to a branch of mathematics called 

cornbinatorics. 'I'nkc. for example, the entries in the fourth row: ( I ,  4, 6,4. 1 ). l'hcse nlimbcrs 

indicate the nutnbcr of uCays of chosing 0. 1. 2 .3  or 4 otjects respectivcl! out of a set of 4 

objects. Assurne that the 3 objects are the Ace (A),  Queer (Q), King (K),  and Jack ( J )  of hearts. 

']'here are 4 \vays to c h o o ~ c  1 card. 6 ways to choose 2 cards ( KQ. K.1, QJ, AK, AQ. anti As) 

and 4 ways to chose 3 cards (AKQ, AKJ, AQJ, and KQJ). 'There is only 1 way to choose 4 

cards (1.e.. pick all 4), and 1 way to choose 0 cards (i.e., don't pick any). 

I.ike\vise, the numbers in the 7th row ( 1,7 ,  21,35,35,21,  7, I )  represent respectivelv, 

the number of u8ays of choosing 0, 1 .  2 , 3 , 4 ,  5.6. or 7 elements out of a sct of 7 elements. 

'There are thus 35 ways to choose a committee of 3 people from a club of 7 members, and 35 

ways of choosing a committee of4 .  The last number. 1.  means that there i., only 1 nrav to form a 

committee of 7 people: choose them all. 

The 4th term of the 10th row of the triangle ( I ,  10,45, 120, 210, 252. 210, 120,45,  1 )  

tells us that there are 120 different ways of choosing 3 different pizza toppings from a list of 10 

possible toppings. We can state the total number of possible bridge hands ( 1.3 cards out of 52 )  by 

looking at the 14th entry of the 52nd row of Pascal's triangle. Or, by locating the 7th tern1 of the 

49th row, we will know the total number of possible Lotto 649 tickets (each created by choosing 

6 numbers from a total of 49). 

The last two tasks arc clearly formidable. Assuming that the loth row of Pascal's triangle 

takes up  I0 ce~itinictres of typed space, the 52nd row would be prol~ortionnlly over half 3 metre 

long! As well. the numbers in the triangle quickly become so huge that computing each entry by 

adding the t ~ . o  numhers abo\~e is next to impossible. 

Formal con~binntorics provides a fom~ula  whereby each number in the triangle call be 

coml>uted rclativcly easily. ( 1  shall not give its complex derivation here.) The i iu~i~bcr  of M nys of 
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clloosillg r elelnents out of a total set of 17 elements (commonly called "17 choose r") is given as 
T I I  r r !  

( = . ( 17! or 12 factorial indicates the product n (11-l)(n - 2)(t1 -3)....and so o ~ l .  
r t - ! ( \ I - r ) !  

down to 1. So h! = h*5*4*3*2*1 = 720. ) l'hus, the number of ways to choose 3 different pizza 

toppings from a total of 10 (or 10 choose 3 )  is also given by the oornbinatorics formula: 

']'he n\lmber of possible Lotlo 649 ticket conibinations (49 choose 6) can be computed as follows: 

In a similar fashion, one can discover that there are exactly 635 013 559 600 different bridge 

hands. 

Iiirze numbers 

Numbers such as 13 98.3 81 6 and 635 01 3 559 600 are so huge that they are probably 

meaningless unless related somehow to our everyday experience. For instance, the number 1 

billion can be given meaning with the answer to the question "How long would i t  take you to 

count to 1 billion, assuming that you count at the rate of 1 number per second?" The answer (32 

years) surprises most people, and also helps develop an awareness of the size of the number 10". 

How big is our national debt of over billion? If we paid i t  down at the rate of $ I n~illion per 

day, (lanada would be out of debt in approximately 1370 years. 

Speaking of getting out of debt, how small is your chance of winning the Lotto W9'! 

With one ticket, your probability of winning Canada's national lottery is 1 out of 13 9R3 816. T ~ )  

put this nunlbcr in perspective, imagine the following scenario. Standard tennis balls are laid 

side-by-side along the Trans Canada hifhwa~. all the way from Vancouver to Calgary. One (and 

only one) of those tennis balls has a red interior. For the price of $1. you can pick one tennis ball 
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:inywherc along the rotire. If the tennis ball you pick has a red interior, you \+in $2 million. Such 

is thes izeof  thenumber 13983816. 

How could you eLrer fully appreciate the infinitesimal odds against being dealt a bridge 

hand consisting of 4 Aces, 4 Kings, 4 Queens and the Jack of spades? I leave it to the reader to 

create an appropriate analogy which could help one fathom magnitudes such as 6.35 013 559 f30 

The oolden ratio 

Over 2000 years ago, Euclid posed the following question. "What are the dimensions of a 

rectangle that when it is divided into a square and a smaller rectangle. the smaller rectangle has the 

same shape as the original?'Ll,et us assume that the rectangle in question has a length .r, and for 

convenience, a width equal to I. (See Figure E below.) 

Figure E 
4 t * 

1 - - I -  

The smaller rectangle will thus have length 1 and width (.r - 1 ). If the shapes are the s a n ~ e ,  we 

must have the following similarity situation: 

Length of original rectangle - Length of smaller rectangle 
- 

Width of original rectangle Width of smaller rectangle 

.I' 
or, - - 1 

1 - .i-- 1 



I + $  
, . which is the length to width ratio of Euclid's special rectangles, 'l'lle positive value .4 =- - 

has been termed the golden ratio and has been labelled (phi) by some mathematicians. Such 

rectangles have an apparent aesthetic or harmonious quality which for centuries has made then1 the 

shajxs of choice for painters, architects, and sculptors. 

The golden ratio has many curious properties. A decimal approximation of this irrational 

number is 1.618033%. Oddly, its reciprocal is 0.61803398: phi is the only positive number that 

turns into its own reciprocal by subtracting 1. This result becomes obvious when we alter the 
1 

original defining equation .t2 - r - 1 = 0 to the form .i- - I =- . 
.i- 

As with the irrational numbers x arid c ,  the golden ratio can be expressed as an infinite 
I 

series. From the equation above, we know that (7' = x = 1 + -. By repeatedly substituting 
. \- 

i 1 
( 1 + - ) forx into the same expression ( 1  + - )  , we obtain the following continued fraction as an 

. t- .v 

equivalent for the golden ratio: 

I,ike the ubiquitous n, the golden ratio phi crops up in some surprising places. Consider. 

for instance, the famous Fibonacci sequence { 1, 1 ,  2, 3 ,  5.8,  13. 21,34, ....) wherein each 

ter~il (with the exception of the tirst two) is the sum of its two predecessors. I t  car1 easily be 

shown that tlie ratio of any two consecutive ternis of the Fibonacci sequence approximates the 

value of Y . The farther out in the progression we go, the closer the quotient of consecutive 

Fibonacci numbers is to the golden ratio. So 513 (or l .h6) is a fairly close approxinnation: 815 

( 1.6) is closer. and 21/13 (1.6153846) is closer yet. By the time we compute the ratio of the 20th 
6765 

Fibonacci nun~ber t o  the 19th. (i.e.. 3181 ), we have arrived at a very close appror;imation 

I + $  
( 1.018034) to the irrational golden ratio , . Actwlly. the golden ratio can be derived from - 
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any recursi\'e sequence (such as 4. 5, 9. 14, 23, 37 ... ) wherein each term is the sum of ' the two 

preceding terms. 

'I'Ilere is etren a connection between the golden ratio and 1%scal1s triangle, since the 

Fibonacci sequence is hidden in the triangle. Its exact location I leatrc to the reader to disco\,er 

Consider the golden rectangle ABCII in Figure F. By definition. the smaller rectangle 

l,H(:M is also golden. Dividing this latter rectangle in turn by Euclid's prescription. we obtain a 

third rectangle of the golden variety, namely, LBON. This process of dividing each rectangle into 

a square and srnallcr rectangle can theoretically be carried on indefinitely. producing an infinite 

array of golden rectangles. 

Figure F 

A L B 

By joining two opposite corners of each square with a quarter circle of radius equal to the side of 

the square, we end up with a geometric form appropriately called a golden spiral. (See Figure (;.I 
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'I'his spiral coilc inwards to infinity. and by drawing successively larger squares (starting with a 

square of dimension DC), wc can make it  coil outwards to infinity as well. 'I'he golden spiriiI is 

often found in nature: both nlollusk shells and galaxies expand in spirals which do not alter tileir 

shapes as they grow. I t  is also closely related to the Fibonacci progression which is used to 

describe certain patterns in natural growth. For instance, the spiral arrangement of seeds in a 

sunflower and the spacing of leaves or petals on certain plants can be described using Fibonacci 

nunlbers. Try to spot the Fibonacci number pattern on the stem shown in Figure H below. 

Fi oure H 

I n  sum, the golden ratio is second probably only to sr in its frequency of occurrence in 

~nathematics. I leave the reader with the diagram in Figure J. Your challenge is to demonstrate 

that this construction is indeed a golden rectangle. 
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Fractals 

'I'he idea of carrying on a geometric process indefinitely (i.e., of performing an b b i I ~ f i l l i t e  

number" of geometric constructions upon an object) is fundanlental to the concept of a fractal. 

('onsider the equilateral triangle (stage 0) on the left in Figure K below. 

Stage 0 Stage 1 Stage 2 Stage 3 Stage 4 

Bisecting its sides and joining the midpoints. we end up with 4 smaller triangles as show~l at stage 

1 .  Bisecting the sides of the 3 qmwrdpointi}~g triangles in tuni, we are left with the 9 s~naller  

upward pointing triangles shown in black at stage 2. We then repeat this procedure: bisecting the 

sides of these 9 triangles results in 27 new upward pointing black triangles (stage 3). At this 

stage, i t  is possible to make a conjecture. How many triangles will there be at stage 4'? At stage 

S'? At stage ,I? 

Assume that there are 3" black triangles at stage i 7 .  Now imagine what happens to the 

figure as 1 1 ,  the number of stages, Ixcomes larger and larger (or in mathematical terms, 1 o . p  

~ ~ i / / l ~ , l l  170101d). The ultimate figure which results from all of those bisections is called the 

Sic>rl,in\ki tr-iltn~qle. (See Figure I,.) I t  has also been coined the Sier-pimki gu\kc.i, since by 

mentally removing all "dowmtard pointing" white triangles, we can consider the triangle to be f(lI1 

of holes .  

1,et us assume that we have removed an infinite number of white triangles frorn tile 

original. The resulting Sieryinski triangle has a remarkable feature: it is \elf-,\it?zilur. Iniagine that 
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w8e have a nlicroscope which can enlarge any part of the original triangle. Let us focus on the 

lower right triangle which was formed at stage 1 of the: process. If ive niagnifq this triangle by a 

factor of 2. we will see an exact repl~ca of the entire Sierpinski triangle. Note that we have also 

"re1lloved" infinitely many white triangles from this smaller triangle. Likeivise, train the 

microscope on one of the even srnaller upward-pointing triangles formed at stage 2. Magnifying 

this triangle by a factor of 4, we see yet another exact copy of the original. This is self-similarity: 

no matter how deeply we pcer into the Sierpinski triangle. we will always find triangles which are 

exactly the same as the original. 

Several characteristics of fractals are illustrated by the Sierpinski triangle. First, an 

iterative 1,rocess (usually involving a large number of steps which we can imagine approaches 

infinity) results in sclf-similar figures. Both Figures K and L were drawn by computers, which 

with their speed in calculation and efficiency in drawing, have resulted in the recent discovery of 

many complex fractals such as the Mandelbrot set. Another feature of fractals is their 

dimensionality. 'Ihis concept will not be dealt with here except to ask the reader, "In how many 

planar directions can one move in the Sierpinski triangle? Are there essentially 2 directions as 

there are in a square, or is there only 1 as on a line? Oddly enough. the trtie answer lies 

somewhere between 1 and 2. 
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1 finish Appendix 7 with a connection between the Sierpinski triangle and the seeniinglq 

omnipresent I'ascal's triangle. On a copy of the grid below (Figure M), shade in all the cells 

containing entries which are odd. If the e n t n  is even. lea\,e it unshaded or white. You will soo,, 

discern a pattern which will obviate the task of considering the oddness or evenness of each 

nu~llber. The final result. the work of one of my students o n  an extended triangle. is shou u in 

Appendix 5. 

Figure M 

Conclusion 

In addition to discussing the mathematics offered in the case study, my aim in writing this 

al>pendix is to present my own appreciation of both the beauty and the challenge inherent in 

nlathcmatics. All too often. mathematics is considered a collection of techniques. I)oing 

is frequently equated with the recall of memorized forniulae and thc.orel>lr;. the 

nianil~ilation of algebraic s y m l d s .  and the calculation of correct answers to problems. For me, 

niathcmatics is the branch of human thought which deals with patterns and relationshil)s (or the 

lack thereof) betfz'een things. Idearning mthcmatics means learning to beco~nc a\varc not only of 



such relationships, but also of the "dynamics of the mind itself as i t  is involved in an \  

functioning" (Gattegno, 1974,p.81). Doing mathematics is the art and scicnce of using these 

awarenesscs to explore and discover new rclationshirs and patterns. Finally, by no means 

shorlld the learning and doing of mathematics be considered as separate activities. 
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