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Abstract

In this work we will study identities. Loosely speaking an identity is an equivalence relation
on the edges of a finite complete graph. Identities arise naturally in a Ramsey theory setting
when one analyzes the finite coloring patterns that must occur when the edges of a large
complete graph are colored with a comparatively small set of colors. We restrict ourselves
to color sets of size < R, and graphs whose vertex set is of size greater than that of the
color set but less than or equal to R,. We show that it is consistent that for all n < w the
identities realized by all w-colorings of the complete graph on X, is strictly contained in the
set of identities realized by all w-colorings of the complete graph on X4, vertices.

We generalize the notion of identity by adjoining an ordering on the set of vertices of
the graphs, and an ordering on the set of colors. The objects arising from the generalization
are called CV-identities. We consider the CV-identities that arise when coloring complete
well-ordered graphs with the color set w ordered in the usual way. With this color set we
consider the CV-identities that arise when the vertex set is one of R;, 8, and R, ordered
as a set of ordinals. We also determine the CV-identities that arise when the color set is Q

with the usual ordering and the graph being colored has vertex set R;.
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Chapter 1

Introduction and Definitions

1.1 Notation and terminology

There are two basic notions that will be studied in this work. They are tdentity and CV-
tdentity. Identities arise naturally in a Ramsey theory setting when one analyzes the finite
coloring patterns that must occur when the edges of a large complete graph are colored with
a comparatively small set of colors. Identities have been studied by Shelah [15] and Gilchrist
and Shelah [5, 6]. Their definition will be given here and they will be analyzed in chapter
2. CV-identities are a broad generalization of identity. We will delay their definition until
later. They will be analyzed in chapter 3.

An w-coloring is function f : [B]?> — w where B is a set of ordinals ordered in the usual
way. The set B is the field of f and is denoted fld(f).

Definition 1.1 Let f, g be w-colorings. We say that f realizes the coloring g if there is a
one-one map k : fld(g) — fld(f) such that for all {z, y}, {u, v} € dom(g)

f{k(2), k(1)}) # f({k(u), k(v)}) = 9({z,¥}) # 9({u, v}).

We write f ~ g if f realizes g and g realizes f. It should be clear that ~ induces an
equivalence relation on the class of w-colorings. We call the equivalence classes identities.

The collection of all identities is denoted ID.
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Deflnition 1.2 Let f, g be w-colorings. We say that f V-realizes the coloring g if there is
an order-preserving map k : fld(g) — fld(f) such that for all {z,y}, {u, v} € dom(g)

f({k(2), k(¥)}) # F({k(u), k(v)}) = 9({z,9}) # 9({v,v}).

We write f ~y g if f V-realizes g and g V-realizes f. Note that ~y induces an equivalence
relation on the class of w-colorings. We call the equivalence classes V-identities. The

collection of all V-identities is denoted IDy .

For both types of realization we will call the map & : fld(¢g) — fld(f) an embedding.
In the above definition the V refers to vertices. In most situations that follow, B will be
a cardinal less than or equal to R, ordered in the usual way as a set of ordinals. In the
following we will speak of w-colorings realizing (rather than V-realizing) other w-colorings
whenever the context makes the type of realization clear. If f, g, h, [ are w-colorings, with
f ~ gand h ~ I, then f realizes h if and only if g realizes . Thus without risk of confusion
we may speak of identities realizing colorings and of identities realizing other identities. The
same is true of V-identities. If I and J are identities we call J a subidentity of I, written
J — I if I realizes J. The notion of sub-V-identity is similarly defined. We say that an
identity I is of size r if [fld(f)| = r for some (all) f € I. In the following we will consider

only identities of finite size.

An identity can be regarded as a finite structure (A, E), where E is an equivalence
relation on [A)?, see [15). The correspondence is given by: A = fld(f), and {z,y} ~g {u,v}
if and only if f({z,y}) = f({u,v}).

A V-identity can be regarded as a finite structure (A, E, <4), where F is an equivalence
relation on [A]? and < is a linear ordering of A. The correspondence is given by: A = fld(f),
{z,y} ~E {u,v} if and only if f({z,y}) = f({u,v}),and z < y if and only if z <, y.

We remark that the notion of subidentity does not correspond to that of substructure.
To simplify the language in what follows we find it convenient to abuse terminology by
referring to w-colorings and structures (A, E) as identities rather than as representatives of

identities. Similarly for V-identities. In each case the intended meaning should be clear.

Definition 1.3 Let f : [B)) — w be an w-coloring and I = (A, E,<4) be a structure

corresponding to a V-identity. Let k : A — B be an order-preserving map such that for
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all {z,y}, {v,w} € [AP,

f({k(2), k(¥)}) # F({k(v), k(w)}) = {z,4} #E {v,w}.
Then k is called an embeddingof I into f. A similar definition is given when I is an identity.
Definition 1.4 Let K be a collection of identities. We define

S(K) = {I:(3J € K)(I is a subidentity of J)}.

Similarly, for K a collection of V-identities, we define

Sv(K) = {I:(3J € K)(I is a sub-V-identity of J)}.
Definition 1.5 Let D be a set of ordinals, m < w and f : [B]? — w be an w-coloring,.

i) Z(f,n) (Zv(f,n)) is the collection of (V-) identities of size n realized by f.

ii) Z(D,m,n) = N{Z(g,n)|9: [DI* — m}, Ty(D,m,n) = N{Zv(g,n)|g: [D]* — m}.
iii) Z(D,n) = N{Z(g,n)|g: [D]? — w}, Tv(D,n) = N{Iv(g,n)|g: [D]* — w}.
iv) Z(f) = UZ(f,n) : 0 < w}, Tv(f) = U{Tv(fym) : n < w}.

v) (D) = U{Z(D,n) : n < w}, Iy(D) = U{Zv(D,n) : n < w}.

We now define several collections of identities. To do this we establish some notation.

Let o, 7 € <¥2. We write 7 C ¢ whenever 7 is an initial segment of 0. A binary tree is
a subset ¢t of <“2 such that for all ¢ € t and 7 € <¥2, 7 C o implies 7 € t. Let T be the
set of all finite binary trees. For t € T, 0 is a leaf of t if 0 € t and ¢ is C-maximal in ¢.
We write B(t) for the collection of leaves of t. For t € T we define an identity I, = (A, E;)
in the following manner: A; is the collection of leaves of t, and for {a, 3}, {7,6} € [A;]? we
have {a, 3} ~g, {7,6} if and only if N 8 = yN é. An identity J which can be represented
as I, for sorfie t € T is said to be realized by a binary tree. We denote by IDy the collection
{I : t € T} and by IDT the collection S(IDz). I, is used to denote I, when t = (m+1)2,
We call I,,, the identity realized by the complete binary tree of height m+1. It should be
noted that IDT is equal to S({I, : m < w}).

If J = (B, F) is an identity and A C B we define the restriction of J to A to be the
identity I = (A, FN([A)* X [A)?)). This will be written: I = J} A. Similarly for V-identities.
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Definition 1.8 Let n < w, I = (A, E), J = (B, F) be identities, @ = (a,,...,a,) € A" be
a sequence of distinct elements from A, and b = (b,,...,b,) € B" be a sequence of distinct

elements from B. J is obtained from I by duplication of & to b if
i) B=AUb
i) I=JIA

iii) the mapping which is the identity on A\ @ and which maps @ to b is is an embedding

of I into J as structures
iv) F is the least equivalence relation on [B]? consistent with i) — iii).

When n = 1 we say that J is a one-point duplication of I.

Definition 1.7 Let I = (A, E,<,) and J = (B, F, <g) be V-identities. J is obtained from
I by end-duplication if there exist final segments &, b of (A, <,), (B, <g) respectively such
that the structure (B, F) is obtained from the structure (A4, E) by duplicating a to b.

Let IDEy denote the minimal collection of V-identities which is closed under end-
duplication, the taking of subidentities, and which contains the trivial V-identity of size
one. Let IDE = {(A,E): (A, E,<) € IDEy}

Let IDM denote the least class of identities which is closed under duplication, the taking
of subidentities and which contains the identity of size one. We will show that IDM = IDT,
see §2.5 theorem 2.37. This result is probably known but we have been unable to find it in
the literature.

We quote the following results of Shelah:
Theorem 1.8 ([15]) I(R,) D IDE.
Theorem 1.9 ([14]) There ezists f : [R,]? — R, such that I(f) C IDE.
Corollary 1.10 I(R,) = IDE.

Theorem 1.11 ([16]) If x > R, then I(x) DO IDM.
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1.2 New results on Identities

We now summarize the original results to be presented in the thesis. We begin with results
related to the study of identities.

The most important result presented here says that every model M of ZFC has a generic
extension in which cardinals are preserved and in which I, € Z(R,,). This is theorem 2.18
below which appears in the joint paper [5]. The main idea of the proof, in particular the
idea of using historical forcing, is due to Shelah. Another result from [5)] states that for all
m, 0 < m < w, eh(Z(R,,)) € I(R,n41). Here eh is a certain operation on sets of identities,
see definition 2.20. This appears here as theorem 2.21 and is due to the author. These two
theorems imply that, for each m > 1, the consistency of ZFC implies the consistency of
ZFC plus I(R,,) € T(Rm41)- In Section 2.3 we sharpen this result showing that Con(ZFC)
implies the consistency of ZFC plus (Vm > 1)}(Z(Rm) & T(R(m41))-

The most important open problem about identities is to characterize, for each m < w,
the set of identities I such that ZFC - I € I(R,,). Below, the set of identities which are
in Z(X,,) in every model of ZFC will be denoted IDA™. We approach this problem by
analyzing a certain collection C™ whose definition is based on the forcing construction used
in [5]. For this we must refer to the partial ordering which determines the appropriate notion

of forcing. Let m, 2 < m < w, be fixed and
F= {fA 1A € p(nm)}

be an indexed family of mappings such that f, is a one to one function from A into A
such that rng(f) has order type |A|. From the pair (F, m) a set PF'™ of finite w-colorings is
defined (see §2.1) whose fields are finite subsets of R,,. PF'™ is ordered by inverse inclusion
— this is the notion of forcing used in [5] which we discuss in more detail here.

We let CF'™ denote:
{I € 1D : 3p € PF'™ (p realizes I)},

and C™ denote the union of the sets C"'™ as F runs through all possible families. Intuitively,
ID \C™ is the set of all identities which are omitted by every possible generic coloring of

R,,, where “generic” is restricted to the particular sense exploited in [5]. Of course, ideally
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one would like information about the intersection of the sets CF™ as F runs through all
possible families. But we know of no way of working with the intersection rather than the
union. We do not know if the union is in fact different than the intersection.

Our principal findings about the sets C™ are:
i) C™ is recursively enumerable. (§2.4, theorem 2.26)
ii) €™ C IDT. (§2.5, lemma 2.32)

iii) Let ¢ be a binary tree. Then I, € C™ if and only if ¢ does not embed the complete
binary tree of height m + 1. (§2.7, corollary 2.45)

iv) For each m there is no finite set of identities J™ such that I ¢ C™ if and only if some

member of J™ imbeds in I. (§2.5, theorem 2.36)

v) The tree identities in C? do not generate C2. More precisely S(C? NID7) # C2. (§2.7,
theorem 2.52)

vi) It is false that I € IDT = (I ¢ C? & I, embeds in I). (§2.6, corollary 2.41)
Other new results not concerned with C™ are the following:

i) For all k,m < w, I(k,m,4) # I(R;,Re,4). This implies that the identities realized
by coloring finite graphs with finitely many colors cannot capture the diversity of
identities realized by colorings of infinite graphs with infinitely many colors. (§2.9,
theorem 2.64)

ii) For all k < w, if there exists an R,-complete, (X, R;, < w)-saturated ideal on R;, then
I(R:) 2 IDT. (§2.8, theorem 2.57)

1.3 New results on CV-identities

In Chapter 3 we will investigate a new concept called CV-identity. Let f be an w-coloring.
In passing from f to the identity f/ ~, both the ordering of the vertex set, fld(f), and the

ordering of the set of colors, rng(f), are forgotten. The V-identities are what we get when
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only the color ordering is forgotten. The CV-identities are obtained when neither ordering
is forgotten.

An O-coloring is a triple (f, F, <F), where f : [B]> — F, B C On, and <7 is a linear
ordering of F. The O-coloring (f, F, <F) realizes the O-coloring (g, G, <®) if there exists an
order-preserving map k : fld(g) — fld(f) such that

F({k(z), k(n)}) <" f({k(u),k(1)}) = 9({z,4}) < 9({u,v})

for all {z,y}, {u,v} € dom(g). We say that the O-colorings are equivalent , written f ~ g,
if f realizes g and g realizes f. The equivalence classes of finite O-colorings are called
CV-identities. We denote by IDcy the collection of all CV-identities. For a cardinal x and
an ordering (F,<F), Zcy(k, F,<¥) denotes the set of all CV-identities realized by every
O-coloring, (f, F,<F), with fld(f) = k. When F has a natural ordering, such as in the
cases when F = Q and F = w, Zcov(k, F, <F) is abreviated Zoy (s, F). In situations where
(F, <F) is clear from the context we write Zcv (k) instead of Zcy (k, F).

Since other authors have not considered CV-identities, the only results about them which
can be considered as already known are those which follow from the existing literature on
identities and V-identities. We now list the results that have been proved concerning CV-

identities.

i) We define a collection C of CV-identities and show that
Con(ZFC) = Con(ZFC + Icv(R),w) = C).
(83.1, theorem 3.2)

ii) There exist a CV-identity J whose underlying identity is an element of Z(R;) yet
J € Icv(Rs,w). (§3.2 This is contained in a remark following lemma 3.25.)

ili) We define a large class, £, of CV-identities and show that Zcy(R,,w) 2 €. (§3.3,
theorem 3.29)

iv) Icv(Ry,Q) only contains two CV-identities. They are the ones having field size one
and two. (§3.4, theorem 3.41)
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v) As an application CV-identities we exhibit a c.c.c notion of forcing which destroys all
N,-saturated ideals on R;. The existence of such partial orders is known, but this is a

new example. (§3.2, theorem 3.28)



Chapter 2

Identities

In this chapter we will examine Z(x) for x a cardinal less than or equal to R,. The literature
on identities up to 1992, discussed on page 5, leaves open the question of how the sets
I(Rn) (2 £ m < w) fit between IDE (= Z(R,)) and IDT (C Z(R,)). Some progress in this
direction has been made in the papers [5] and [6] by the author and Shelah. In [5] it is
shown that if ZFC is consistent then so is ZFC + I(Rn41) 2 Z(Rp) for each m < w. This
result will be reproduced here. It will also be expanded and analyzed in greater depth.
We now present some lemmas which describe some general information about the set
IDA™, for m > 2. The proof of the first is a slight modification of the proof of lemma 6 in

[15]. For this reason we offer no proof.

Lemma 2.1 Let & be a cardinal, R, < k < R,, and I € Iy(x). If J is an end-duplication
of I then J € Iy (k).

Lemma 2.2 Let 2 <m < w. Then IDA™ CIDT.

Proof: Let M be a model of ZFC in which 2R > R,,. We show that there exists f :
[Rn)? — w such that I(f) C IDT. Let g : R, — “2 and h: <“2 — w be one to one
maps. Define f : [R,,]? — w by f({e,8}) = h(g(a)N g(B)). Now let n < w and A € [R]".
Define r to be max{|g(a) N g(b)| : {a,b} € [A4]?}. Define t € T to be the finite binary tree
for which B(t) = {g(a) t (r +2) : a € A}. It should be clear that f | A is realized by the
identity I,. O
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Lemma 2.3 For all k > 1, I(Niy,) = ID if and only if 2% < R,.

Proof: To prove the ¢ if ’ direction, let f: [Ry4,]? — w. By the Erdos Rado theorem there
exists B C Ry, such that [B] > R, and |f”B| = 1. Clearly f | [B]? realizes all identities in
ID. To prove the other direction note that if 2* > .., the function defined in the previous

lemma does not realize any identity not in IDT. This clearly suffices since IDT & ID. O

We now present a theorem that will simplify the task of characterizing Z(D) for D a set
of ordinals.

Theorem 2.4 Let D be a set of ordinals and I € (D). Then there ezists J € Iy (D) such
that I is the reduct of J. Conversely the reduct of any J € Iy (D) is in (D).

Proof: Let I be an identity which is not the reduct of any V-identity in Zy (D). Let
Jiy...,Jx be the V-identities that have I as their underlying identity. For each 1 < i< k
there exist f; : [D]? — w such that J; € Ty (f;). Define f : [D]? — w by f({a,8}) =
9({fi({a,B}) : ¢ < k)), where g : w* — w is any one-one function. Then {J; : 1 < i <
k} NZy(f) = 0. This implies that I ¢ Z(f) and so I ¢ Z(D). The converse is obvious. 1

To explain the work to follow we now sketch the contents of [5] which will occupy sections
1 and 2 of this chapter. First we fix a natural number m > 2 and a model, M of ZFC. A
collection of functions F = (f4 : A € ®(R,,)) is chosen as a set of parameters for defining
a partial order PF'™. We stipulate that f4 : A — A is one-to-one and rng(f) has order
type |A|. This partial order consists of a collection of pairs (u,c) where ¢ is an w-coloring,
fld(c) = u and u is a subset of R,,. We choose a PF'™-generic filter G and essentially define
fm to be U{c : 3u((u,c) € G)}. We show that M[G] = I, € I(fm). This is one of the
two key results of [5] and is presented in §2.1. The other is a construction which shows how
certain identities in Z(R,,,;) may be generated from identities in Z(R,,). This construction
occupies §2.2.

We extend the above results using an iterated forcing construction and show the existence
of a model M such that M = (Vm,2 < m < w)(Z(R.) 2 Z(Rm41) 2 Z(Rm)). This result

appears in the section §2.3.
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Unfortunately, the results of [5], although a step in the right direction, do not resolve,
for m > 2, the central question as to which identities are in Z(R,,) in every model of ZFC.
(We recall that this set of identities is denoted IDA™.) On the other hand it is still open
whether the method of [5] resolves this question. Towards identifying how far historical
forcing can help us determine IDA™, in §2.4 - §2.7, we investigate the class of identities C™

defined as follows. First let CF'™ denote
{I € ID: 3p € PF™(p realizes I)}

and F™ denote
{F : F is a function, dom(F) = §(R,,), and

(VX C Rp)(F(X): X — X is one-to-one and rng(F(X)) has order type | X|)}.

Then C™ is defined to be Y{CF™ : F € F™}. Since the generic coloring f,, considered

in §2.1 realizes at most colors in CF™ we have
IDA™ C ([{¢F™:FeFm}CCc™

It is an open question whether C™ C IDA™. So it seem worthwhile investigating the set
cm.

We conjecture that C™ does not depend on the particular ground model of ZFC being
considered. However, the most we have been able to show in this direction is that C™ is
recursively enumerable (see §2.4). It would be helpful to have an explicit criterion for I to
be in C™ in terms of the structure of I. However, at present no such criterion is known.

One might hope that ID \C™ could be characterized by a finite number of “constraints”.
In §2.5 we eliminate this possibility by showing that there is no finite 7™ C ID such that

(VIe ID)[I¢C™ & (37 € T™)J = I)).

Now recall the collection, IDT, of identities generated by finite binary trees. We also
prove in §2.5 that IDM = IDT.

In §2.6 we demonstrate the existence of an identity in IDT \C? which does not embed
I,. This shows that IDT \C? is not characterized by the single constraint I,.
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Now recall the definition of T and the identities I, for t € T. It was conjectured that for
m, 2 < m < w there exists T, C T such that C™ = S({[,; : t € T,,}). In §2.7 we refute this
conjecture for the case m = 2. (The question is open for m > 2 but seems likely to go the
same way.) Three results are needed.

Firstly, we show that, for 2 < m < w, I; € C™ if and only if ¢ does not embed the complete
binary tree of height m + 1. Secondly, we show that if ¢ does not embed the complete binary
tree of height 3 then I; € eh(Z(R,)). Finally, we exhibit a particular identity J € C? of size
8 such that J ¢ eh(Z(R,;)). (The operator eh on sets of identities is defined in §2.2.)

That J € C?, is proved by studying a certain operation I — [ on I(R,,). These results
are in the section §2.7. This concludes our analysis and extension of the results in [5].

In §2.8 we continue the analysis of Z(x) and show that, if there exists an R,-complete
(Rn, Rp, < w)—saturated ideal on R,, then Z(XR,) D IDT. Thus the preceding results will
demonstrate the existence of a c.c.c. forcing notion that destroys all such ideals.

Finally we consider finite colorings of ﬁﬁite complete graphs. We show that for n > 3,
there do not exist k,m < w such that Z(k,m,n) = I(R,,w,n).

2.1 The Forcing Construction

For 2 < m < w we are going to define a partial order for which the corresponding notion
of forcing will allow us to omit an identity from Z(R,,). The resulting kind of forcing is
called historical forcing (see [13]) and first appeared in Baumgartner and Shelah [2]. In this
method conditions are allowed into the partial order if they can be constructed from the

amalgamation of simpler conditions satisfying certain properties.

2.1.1 The Partial Order

Fix m, 2 < m < w. The definition of the partial order depends on a parameter F = {f, :
A € P(X,n)}, where for each A C R,,, fa : A — A is a one-to-one function such that rng( f)
has order type |A|]. We let ™ denote the set of all such F.

Definition 2.5 Let 2<m<w, F€ F™,and 1 <t < m. For @ = (ey,...,a:), a sequence

of distinct elements in R,, we define a subset A5 of X,,. The definition is by recursion on ¢, the
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length of the sequence a. If ¢ = 1 then & = () and Aj; is defined to be {z € R,, : z < a;}.
Now suppose that & = (ay,...,an4;). Let § denote (ay,...,a,). We assume that Aj;
has been defined. If a,41 € Aj, we define A5 to be {z € Aj : fa,(z) < fa,(@ns1)} I
an4y € As we define A5 to be the empty set.

Definition 2.6 Let 2 < m < w, F € F™, b € R,,, and a € [R,,]<”. We say bRF'™a if and
only if there exists a = (aj,...,an) € ™a such that b € A;.

When m = 2 we will simplify the notation in the following manner. Let F € F2, b € R,,
and a € [R;]<“. As just specified, bR"?a if and only if there exist a;,a; € a such that
a3 < aj, b < ay, and f,,(b) < fa,(az). To simplify the notation we define, for v € R,, the
linear order <¥ by a <¥ g if and only if f,(a) < f,(8). With this new notation we have
that bRF?a if and only if there exist a;, a; € a such that b <{ a,.

Let R = {(u,¢) : u € [Rn,]<v, ¢: [u]? — w}. The elements of the partial order will be
certain pairs in R. The next three definitions will enable us to select from R the desired

subset.

Definition 2.7 p = (u,c¢) € R is the amalgam of p° = (u%,¢°) and p' = (ul,c!) € Rif there
exist h < w and increasing sequences 13,...,1) and 4},...,1} in R, such that for all s,¢ with
(0<s<t<h), and all 4,j,k,I < R,,:

i) w0 ={i3,...,1%} and u! = {i},...,il}
i) *({i, %)) = ¢'({i,, it}
iii) i =il v < il
iv) u=uUu!
v) eDd(cfuet)
vi) {i,j} ¢ [v’] U [u']® implies c({i,;}) & rng(c’) U rng(c")
vii) ¢({i,j}) = e({k,}) implies ({i,5} = {k,1} v {i,j}, {k,1} € [W’] U [u']*)

The amalgamation of p° and p* to p is allowed by F provided that p is the amalgam of p°
and p' and for all ¢:



CHAPTER 2. IDENTITIES 14

viii) 0 # i} implies —i! RF™y0,

Note that, if there is an amalgamation of p° and p! then there cannot be one of p! and p°.
So there is an essential lack of symmetry. It is also worth observing that in terms of the
notion of duplication, the amalgam of p° and p! € R may be regarded as being obtained

from p° by simultaneous duplication of all the elements in u° \ u!.

Definition 2.8 ¢ = (u,c?) € R is a one-point eztensionof p = (uP,e?) € Rif ! = v? U {r}
for some r > u?, ¢® C ¢4, and for all ¢, j,k,l € u?

i) {i,j} ¢ dom(c?) implies c?({i,}) ¢ rng(c?)
ii) ¢*({i,5}) = c*({k,1}) implies ({i,7},{k,1} € dom(p) V {3, 5} = {k,1}).

Definition 2.9 Let Pg™ = {(u,c) € R : |u| = 1} and let P;[} be the subset of R which
contains Pf'™ all amalgams of pairs of elements from Pf'™ allowed by F and all one-point
extensions of elements of P'™. Let PF™ = [J{Pf™ : n < w}. Given p = (u?,c?) and

g = (u?,c?) we define p < q to hold if u? D uf and ¢® D ¢f.

Closing of PF'™ under one-point extensions is necessary to show that our forcing produces
a function whose domain is of size R,,. Elements of PF'™ are called forcing conditions.
Conditions p, ¢ € PF'™ are said to be compatible if there exists r € PF'™ such that r < p and
r < ¢. A condition p = (u,c) is said to realize an identity I = (A, E) just if the w-coloring
c realizes I. In this case the embedding k : A — fld(c) which witnesses the realization of
I in c is called an embedding of I into p. Similarly for V-identities.

Lemma 2.10 Let2 < m < w, F € F™, and a € [R,]<“. Then |{c: cRF™a}| < R,.

Proof: As there are only finitely many @ € ™a it is sufficient to show that |{c: cRF™a}| <
No, for each @ € ™a. Fix @ = (a;,...,am). Let B denote the set of non-empty initial
segments of & and consider the sets {A5 : 8 € B}. By induction on |7, we show that for
all ¥ € B, |A5] < X, where t = m — |7].

When |7] =1, Ay = {2 : 2 < ;} and s0 |A5| < R,,_;. Now let § € B have length n + 1
and define 7j to be 8 } {1,2,...n}. If a,4; € Ay then A5 = {z € Ay : fa,(2) < fa,(@n41)}
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By the induction hypothesis | A;| < Rp,_|5 and since f,, has range of order type |A4|, |A;| <
R-jgi-1 = Rpn_y3)- If anyr € Ay then Az = @. In either case the result follows. We conclude
that IA(,I S No. a

Lemma 2.11 Form,2<m<w and F € F™, PF'™ i3 c.c.c.

Proof: Let (p, : @ < w;) be a sequence of distinct conditions. By thinning we can suppose
that there are n,! < w and i} (a < w;,0 < j < n) such that for all a,3 < w, and all j,k,
with 0 < j < k < n,

i) wPe = {ig,...,12}

ii) i < ig
iii) er=({ig,ig}) = e ({i},f})
iv) pa € P/

Applying a A-system argument, see [8] page 49, allows us to thin the sequence of conditions
further so that

VaVA(ie = i)V (V8 < wi)(Va < B)(ig < #) (0<t<n).

Let T={t<n:if# i¥ some a,f < w, }. For py and p, to have a common extension in
PF™ we need only show that i RF™{iJ,...,i0} fails for all t € T. By the previous lemma
{t € R : iRF™{i3,...,42}}| = Ro. For each t € T, i is strictly increasing in a, whence
iR {43,...,19} fails for all sufficiently large @ < w,. Since T is finite, p, and p, have a

common extension in PF'™ for all sufficiently large a. O

Lemma 2.12 For each a < X,
D, = {{u,c) € PF™ : 35(8 € u A a < B)}

is dense in (PF'™, <),
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Proof: Let a < R, and p € PF™, Choose 8 > a and define ¢ = (u?,c?) € PF™ to be the
one-point extension of p such that u? = u? U {3}. It is clear that ¢ € D, and q extends p.
O

We now fix m with 2 < m < w, a countable model M of ZFC, and F € (F™)M. We
use the superscript M to indicate that a notion is being interpreted in the model M. Now
we step outside the model M and we choose a subset of (PF'™)™ which will be denoted by
G. Note that G will not be a set in the sense of M although all its elements are in M. G
will be obtained by the method of forcing, see Chapter VII of [8]. A set X in (§(PF™))M
is called dense if for all p € (PF'™)M there exists ¢ € X with ¢ < p. We recall that a subset
of (PF™)M is generic if it is closed upwards and directed downwards with respect to <,
and meets every dense subset -of (PF™)™, Because M is countable it is easy to show that
generic sets exist. Fix a generic set G. The method of forcing allows us to construct a
new model M[G] of ZFC of which M is a submodel and G is an element, see theorem 4.2
of Chapter VII of [8]. It is always the case that the ordinals in M[G] are the same as the
ordinals in M. However, in general some cardinals of M will fail to be cardinals in M[G)].
This is because there may be functions in the model M[G), not in M, which “collapse”
some cardinals of M. In the present situation, since PF'™ is c.c.c. the cardinals in M[G) are
exactly the same as the cardinals in M, see theorem 5.10 of Chapter VII of [8]. From now
on, except where explicitly stated, we will be talking about sets in the model M[G]. G is a
set of finite w-colorings, pairwise compa.tible in the partial order PF'™, (Note that PF'™ is
the same whether we interpret it in M or in M[G).) The set | J{c : Ju({u,c) € G)}, denoted
g, is a function whose domain is [B)? for some B C R,,. Since G is generic it intersects each
of the sets D,, a < R,,. Thus, for each a < R,, there exists p = (u,c) € G and § > a such
that 8 € u. Thus fld(g) is cofinal in R,, whence |B| = R,,. Let h : R,, — B be the unique
order preserving bijection and define f, : [Rm]? — w by fm({a, 8}) = g({h(a),h(B)}). To
show that an identity is not realized by f,, it is sufficient to show that it is not realized by

any condition in PF'™, The next theorem follows from the above discussion.

Theorem 2.13 Let M |= ZFC,2 < m < w, and I € ID. There ezxists a cardinal preserving
generic eztension M[G) of M such that M[G) |= I € I(R,,) implies M =T € C™.
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2.1.2 Omitting [,

In this subsection we will not distinguish between the identity I,, and the structure ((™*+V 2, E)
where E is the equivalence relation on [(™+!) 2)? defined by {5,v} ~ {a,8}if nNv = ang.

We will show that f,, does not realize I,, by showing that no condition in PF'™ realizes I,,.
Definition 2.14 (n,...,%m,m+1) i8 a special sequence if

i) 7 € (m+1)9

i) |mNnigq| =iforali<m.

Lemma 2.15 Letp € R and h be an embedding of I, into p. There exists a special sequence
(D05 -+ s Thms Mm+1) Such that h(n;)RF™{h(n0), ..., h(m-1)} for i € {m,m + 1}.

Proof: We define 7, € (™t1)2 and A; € P(R,), 0 < k < m — 1, by recursion on k such that
forali<m-1

i) |mnmgl =1
i) Aigr = {z € Ai: fa,(z) < fa,(h(mis1))}
iii) A; 2 {h(7):7 € V2Aly N} =i}

Let 7o be the unique v € (™*1)2 such that h(v) = max(rng(h)) and Ao = {z € R : 2 <
h(mo)}. Suppose that . and A; have been suitably defined for all k < j where j < m — 1.
Let C denote {v € ™*)2: |y N n;] = j}. From iii) of the induction hypothesis, h”C C A;.
Let 7,4, be the unique v € C such that f (h(8)) < fa,(h(v)) for all § € C \ {v}. Define
Ajy to be {z € Aj : fa,(z) < fa;(h(nj41))}. Cleatly |n;41 N 7| = j. Consider ¥ € (m+1)2
such that |y N 94| = 7+ 1. Clearly |y N ;| = 7 and thus by the induction hypothesis
h(v) € A;. Also v € C and ¥ # 141 80 fa,(A(7)) < fa;(h(nj41)) by the choice of 7;4;.
Thus h(y) € A;+1. This completes the induction step and the definition of 7, ..., 7m-, and
Agy...,Am_y. Letting fm, Jm4+1 be the two elements of {vr € (™*V2: |y N yp_y| = m — 1}
completes the construction. By induction, for all 0 < i < m, {h(%i41),.- ., A(Mm+1)} € A;
and A; = A(a(no),...h(n:))» Where A(n(n,),...a(ns)) i8 given by definition 2.5. From this it is clear
that A(n ) RF™{h(%),-- -, h(Mm-1)} for i € {m,m +1}. O
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Lemma 2.16 Let (1q,...,Mm+1) be a special sequence, p,q € R, p be a one-point eztension
of g, and h be an embedding of J = I,{{no,...,Mm41} in p. Then h is an embedding of J

in q.

Proof: Let p = (u,c),q = (v,d) and J = (B,F). Towards a contradiction suppose
that u \ v = {h(m)}. f i < m, then {Nm,%} ~F {Mm+1,%}, but c({h(nm), h(m)}) #
c({h(Mm+1), h(m)}) since p is a one-point extension of q. This contradicts h being an em-
bedding. If i € {m,m+ 1}, consideration of the pairs {ng,7m}, {70, m+1} leads to a similar

contradiction. [l

Lemma 2.17 I, ¢ C™.

Proof: Let I, = (A, E). Towards a contradiction let ¢ = (v,d) € PF™ be a condition
into which I, can be embedded. Let (ng,...,7m4+1) be a special sequence satisfying the
conclusion of lemma 2.15. By restriction we have an embedding h of I, t {n0,...,m+1}
in ¢g. Choose p = (u,¢) € PF™ such that p < g, {h(10),...,A(Im+1)} C u and |u| is
minimal. From lemma 2.16, p is not a one-point extension of r € PF™. Therefore there
are p° = (u%c%),p' = (ul,c!) € PF™ such that p is the amalgam of p° and p'. Since
neither p° nor p! can replace p, there exist ¢, < m + 1 and a,b € u such that h(n;) = a €
u® \ ul,h(n;) = b€ ul \ ¥

From the definition of amalgamation, {a,b} is the only pair in [u]? which is assigned
the color ¢({a,b}) by p. The only pair in [{ng,...,Mm+1}]> which is in an E-equivalence
class of size one i8 {fm,Nm+1}- Thus i,j are m,m + 1 in some order. Also, for each
k < m, h(n) € u® N u'. Otherwise one of the pairs {a,h(m)}, {b, h(m)} would also be
assigned a unique color by ¢, contradiction. From lemma 2.15 we conclude bRF™u® since
{h(m0), ..., R(Nm-1)} C u’. This contradicts the definition of amalgamation and completes
the proof of the lemma. O

From lemma 2.17 it is clear that in M[G), I, & Z(fm). Hence we have the following

theorem.

Theorem 2.18 In M([G], I, € I(Rs).
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2.2 Realization of I,

We will show that I, € I(R,,4;) for all m, 2 < m < w. This will be done by showing that
if a given collection of identities is contained in Z(R,,), we can extend the collection in a

nontrivial way to a new collection contained in I(Ry,4,).

Definition 2.19 Let (J; : 1 < i < n) be a finite sequence of identities. We define the
end-homogeneous amalgam of the sequence as follows. Choose a sequence of w-colorings
¢ :[Gi)? — wsuch that¢; € J;, G;NG; = @ for 1 < i< j < n,and rng(c;)Nrng(c;) = @ for
all1 <t<j<n. Let G=J{G;:1< i< n}. Now choose a new w-coloring ¢ : [G]? — w
such that for all {r,s}, {t,v} € [G]* and all i, 1 < i < n,

i) eDeg
ii) ¢({r,s}) € mg(e;) if and only if {r, s} € dom(¢;)
iii) if {r, s}, {t,v} are not in {J{dom(¢;): 1 < j < n}, then

e({r,8})=¢({t,v}) & min{j:r €G; Vs €G;} = min{j:t € G;VveEG;}.
The end-homogeneous amalgam of (J; : 1 < ¢ < n) is the identity realized by c.

Definition 2.20 Let Z be a collection of identities. Define eh(Z) to be the collection of
identities produced by forming all end-homogeneous amalgams of finite sequences of identi-

ties in 7.
Theorem 2.21 Let 1 < m <w. IfT CI(Xy) then eh(T) C I(Rm41).

Proof: Let f:[R,;1]? — w and (J; : 1 <i < n) be a sequence of identities in Z. We will

produce by recursion a sequence ({As, B:) : 0 < k < n) such that:
i) f induces J; on theset A;for1<i<n
ii) By D Biyy for0<i<n

ili) [Bi| =Rpy1 for0<i<n
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iV) A.'+1 C B.‘ \ BH-I

v) f({a1,01}) = f({az,b2}) whenever there exist i,j (1 < i < j < n) such that {a,,a2} C
A; and {bl,bg} - Bj.

Define B, to be Ry, and A, to be empty. By induction suppose that (A;, B;) have
been defined for i < k < n. Let C; be the first R, elements of B,. For each b € B, \ C;
there exists a subset D; of C; and ¢;; < w such that |D,| = R, and f({b,z}) = ¢, for
all z € D;. Now choose a finite set A, C D; such that f induces I, on A,. There are
only R, finite subsets of C; and a countable collection of possible values for ¢, ;. Thus we
can choose Biy; C B; \ Ci of cardinality R4, and ¢; < w such that A,, = A,, for all
{b1,b2} C Byyy and cp; = ¢; for all b € By We let Ayyy = A, for b € Byy,y. It is easy to
see that f induces the desired identity on the set |J{4;:1<i<n}. O

Theorem 2.22 For all m such that 1 <m < w, I, € I(Rpny1).

Proof: We first claim that for all m < w, I, is the end-homogeneous amalgam of (I, I,,).
Let I, be denoted by ((™+»2, E), and for i = 0,1 denote by S; the collection {n € (m+?)2:
n(0) = i}. For n € (m+92 let /j € (™+1)2 be defined by j(z) = n(z + 1). Now n— j(n € S;)
is an isomorphism of I,4, | S; onto I,,,. Note that in the end-homogeneous amalgam of
(Im, I) all edges between the two copies of I, receive the same color. The claim then
follows because {n,v} ~g {a, 3} whenever {n,a} C S, and {v,8} C S,.

The proof of the theorem is by induction on m < w. By the claim I, is the end-
homogeneous amalgam of (I, lp). Since I, is the trivial identity of size two and thus an
element of Z(X,), we apply theorem 2.21 and conclude I; € Z(R;). Assume the result holds
for m < j. By the claim [}, is the end-homogeneous amalgam of (I}, I;). By the induction
hypothesis I; € I(R;,,), whence, by theorem 2.21, I;, € I(R;;,). O

We note that this theorem provides a new proof of the fact that Z(R,) 2 IDT. This is
a corollary of a more general result given in [16]. From theorem 2.18 and theorem 2.22 we

obtain:
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Theorem 2.23 For each m > 1, Con(ZFC) implies that there is a model of ZFC in which
I(Nm) g I(Rm+1)'

2.3 Iterated Forcing

Let M be a model of ZFC. We follow the notation of [8] and describe an iterated forcing of
length w in the model M. We first define P, and 7, by induction on n < w. Fix F € (F)M,
Let Py be {0} and 7y be an Py-name for the partial order PF:3, Now assume that P, and =,
have been defined for all n < m, such that P, is a partial order and r, is a P,-name for a

partial order. P, is defined to be
{p:p=(pn:n<m),pl méePy,, pn € dom(r,) and p | m - p,, € 7,,}.

The ordering given to P,, is defined as follows. For p= (p, :n <m)and p' = (p, : n <
m) EPpyy,p<pifandonlyif ptm<p tmandp!|mhpn,<p,.
Let ¢(F, m + 1) state that F € F™*!. We now claim that

lp. - 3F3c($(F,m + 1) A g = PP,

The proof is as follows. Take any P,,-generic G. Then in the model M[G] choose F €
(Fm+1)MIG) and define the partial order PF™+1, Since PF™+! ¢ M[G] it must have a P,,-
name. Thus in all generic extensions of M the statement has been shown be true, whence
it is forced by 1p_. Thus the claim has been shown to be true.

Applying the mazimal principle, see Theorem 8.2 Chapter VII of [8] we conclude that
there exist P,,-names F' and & such that 1p, - ¢(f‘, m+2)Ad = PFm+3  Get Tm41 €qual
to such a name, 4.

The partial order P, is defined to be

{p:p={(pn:n <w),(Yn<w)(p!n€P,)A|supt(p)| < w}.

(Here supt(p) denotes the set of n < w such that p, # 1,_..) For p= (p, : n < w) and
P=(p,:n<w),p<pifandonlyifforaln<w,ptn<yp|n.

Theorem 2.24 Let M be a model of ZFC, and let G be P, -generic over M. Then

MIG) | (¥m, 2 < m < w)(Z(R0) 2 Z(Rasr) 2 T(R0)).



CHAPTER 2. IDENTITIES 22

Proof:

Fix n, 2 < n < w. We follow the notation of definition 5.10 of [8] and define i, , : P, —
P, for n < n < w by defining i, , to be the p’ € P, such that p’ | n = p and p’(m) = 1,_ for
n < m < 1. We define G,, to be i;'L(G). Then by lemma 5.13 of [8], G, is P,-generic over

M. In the model M{G,] we define Q, to be val(r,,G,) and H, to be

{val(p,G») : p € dom(x,) A 3p(p(p) € Gns1)}-

By lemma 5.13 of [8], H, is Q, generic over M[G,]. Now Q, is the partial order that the
model M[G,) considers to be PF:"*?, (for some F € F"*? as defined in M([G,]). Using the
methods of §2.1 there exists a function g, : [R,42)? — w such that I,,; € Z(g,). Again
by lemma 5.13 M[G,] C M[G). This implies that g, is in the model M[G]). As n was

arbritrarily chosen it is clear that
MGk (¥n, 2 < 1 < w)(Fhn : (R — w)(In & T(hn)).

This coupled with the fact that ZFC F (Vn, 1 < n < w)(I, € I(Rn41)), see §2.2, theorem
2.22, gives the desired result. 1

2.4 C™ is Recursively Enumerable

In this section we show that, for 2 < m < w, C™ is a recursively enumerable collection in
’ y

the sense that there exists an algorithm which lists all the elements of C™.

Definition 2.25 Let p € R. We say that H C Ris a history of pif H is a collection minimal

with respect to the following conditions:

i)pe H

ii) If ¢ = (u%,¢?) € H and |u?] # 1 then there exist ¢°,¢' € H such that ¢ is the amalgam

of ¢° and ¢' or there exists ¢° € H such that g is a one-point extension of ¢°.

Let F € #™. If in addition we require that in ii), all of the amalgamations are allowable
with respect to F, we say that H is allowable with respect to F.
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Given p € R and a history H of p there is a natural indexing of the elements of H by elements
of {0,1}<“. If p° and p* € H and they are amalgamated to form p we let p(o) denote p° and
p(y denote p'. If ¢ = p, € H and ¢° = (u%¢°) and ¢' = (u!,c') € H are amalgamated to
form g we designate ¢° as p,-(o) and ¢' as p,-(3). In the case that p, = ¢ € H is a one-point
extension of ¢’ we let ¢’ denote.p,-(0y ( Po-(1) i left undefined).

Suppose that p = (u,c) € PF'™ for some particular F' € F™. We show that there exists
G € F™ and p* = (u*,c*) € P™ such that p* realizes the same identities as p and u* C w.
For & € ™u let AL denote the set obtained from definition 2.5. Recall that for any a € u
and B C u, aR"™B holds if and only if a € A for some & € ™B. Let v C R, be a finite
set such that u C v and

vavp((a,B € S"un Af G Af) = (3z € v)(z € Af \ A7)).

Let z — z* (z € v) be the unique order-preserving map of v onto an initial segment of
w. For X C R,, let X* denote {z* : z € X Nv}. For @ € S™u we define gp,, where By

denotes (Af)*, to be the unique map from Bj into itself such that

fas(2) < faa(y) ¢ 98,(2*) < 98.(¥")

for all 7,y € v As. By the choice of v it is clear that for all @, 8 € $™u, AL # Af implies
B # Bz. Thus we may choose G € F™ to be any element which assigns the mapping gs,
to the set Bs. By induction on the length of & we have Af,). = (Az)". This implies zRF™B
if and only if z* F6™B* for all z € 4 and B C u.

Let H = (p, : 0 € "2) be the history of p. We define a condition p* and its history
H*=(p;:0 G <n2) by letting p} = (u},c*), where ¢* : u}, — w is defined by ¢*({z*,y*}) =
c({z,y}) for all {z,y} € [u]®. It is clear that H* is a history of p*, allowable with respect to
G. That is to say p* € PG™.

Theorem 2.26 For each 2 < m < w there is an algorithm which lists the elements of C™.

Proof: Let I be an identity in C™. It is easy to see that there exists an algorithm that
generates all pairs (H,G,) where H = (p, : 0 € *"2) is a history of an element of R

whose universe is a subset of w and G is a collection of one-to-one functions {gs : A C
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max(ug) and g4 : A — A}. We run the algorithm and and upon the output of each pair
(H,G,) we determine whether or not H is allowed by those G € F™ which contain G,. If
H is allowed we list all subidentities of pg. By our previous results if there exists F € F
and p € PF'™ such that p realizes I there exists G € F™ and p* = (u*,c") € PS™ such that
p* realizes I and u* C w. Thus our procedure lists all identities in C™. That it lists only

elements of C™ is obvious. (J

We conjecture that C™ is in fact recursive in the sense that there exists an algorithm
which determines whether or not a given identity is an element of C™. The argument above
shows that, given m and the isomorphism type of an element of R, one can effectively check
whether for some F € F™, there exists p € PF™ of the given isomorphism type. The
difficulty in computing the membership of C™ lies in our inability to compute from the size

k of an identity I a number k’ such that
IeC™ = (Ip = (u,c))({ embeds in p and |u]| < k).

The details of this problem are quite sensitive to the particular way one sets up the pa-
rameters F'. For example, instead of the mapping f4 (see the beginning of 2.1) one could
substitute a well-ordering <# of A of order-type |A4]. One could also restrict A to run
through only those sets which can arise in the definition of the sets A5 (see definition 2.5).

2.5 Finite Bases

Being unable to characterize C™ we try to gather as much information as possible about
this set of identities. Here we show that C™ C IDT and that for m, 2 < m < w there does
not exist a finite set of identities J,, such that I ¢ C™ if and only if J has some identity
in Jn as a subidentity. We require some general lemmas about duplication. The first two

follow easily from the definitions, so we offer no proof.

Definition 2.27 Let £ and D be collections of identities. We say that £ is an basis for
D\ C™ if for all identities I € D, I € D\ C™ if and only if there exists J € £ which embeds

in 1.
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Lemma 2.28 Let I = (A, E) be a subidentity of J = (A,F) anda € A. Let I' and J' be
obtained from I and J respectively by duplicating a. Then I' is a subidentity of J'.

Lemma 2.29 Let n < w and K; = (A;, E;) (1 < i < 4) be identities. Let ay,...,8,41 € A,
be distinct, K, be obtained from K, by duplicating (a,,...,a,), K3 from K, by duplicating
Gn41, and K, from K, by duplicating (a,,...,a804.). Then K, is a subidentity of K.

Lemma 2.30 Let n < w and I = (B, F) be obtained from J, = (Ao, Ey), by duplicating
a=(ay,...,a,) tob=(by,...,b,). For1<i<nletJ;,, be obtained from J; by duplicating
a; to b;. Then I is a subidentity of J,.

Proof: The proof is by induction on n. When n = 1 the result is trivial. Thus suppose that
the result holds for n < j. Let I, Jo, Jy,...,Jj41,8 = (@1,...8;41) and b=(b,.. .bj41) be
as in the hypothesis of the lemma. Let K, be obtained from Jy by duplicating (a,...,a;)
and K, be obtained from K, by duplicating @;4,. By induction K, is a subidentity of J;
and thus by lemma 2.28, K, is a subidentity of J;4+;. By lemma 2.29 I is a subidentity of
K,. Thus I — K; — J;4,. O

Lemma 2.31 IDT is closed under duplication in the sense that, if I € IDT, and J is
obtained from I by duplicating @ to b, then J € IDT also.

Proof: From the previous lemma we may suppose that J is obtained from I by duplicating
atob. Let I = (AE),J = (B,F),t € T,and h : A — B(t) witness that ] — I, =
(B(t), E;). Define t' to be t U {h(a)*(0),h(a)’(1)}. Then k: B — B(t') by k(z) = h(z) for
z € A\ {a}, k(a) = h(a)*(0), k(b) = h(a) (1), is an embedding of J into I». O

Lemma 2.32 Forallm > 1,C™ C IDT.

Proof: It is clearly sufficient to prove that, for all p € PF™, if I, is the identity represented
by p € PF™ then I, € IDT. Towards a contradiction suppose that p = (u,c) € PFm™ is such
that I, ¢ IDT with |u| least possible. Clearly |u| # 1. There are now two cases:
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Case 1. p is obtained by amalgamating po, py € PF™. Then I, is obtained from I,, by
duplication. But I, € IDT implies I, € IDT by lemma 2.31, which contradicts the choice
of p.

Case 2. pis a one-point extension of ¢ € PF'™. By choice of p, I, € IDT. Let J be obtained
from I, by one-point duplication. Then J € IDT by lemma 2.31. But I, — J by inspection,
so I, € IDT, contradiction. O

We now define some identities which will be used to show that there does not exist a
finite basis for ID \ C™.

Definition 2.33 Let P, = (A,, E,) be the identity of size n where A, = {1,2,...,n} and
the only equivalence class of E, that is not a singleton, is the collection {{i,i+ 1} : 1 <
i < n}. Let Q, = (B,,F,) be the identity of size n where B, = {1,2,...,n} and the
only equivalence class of F, that is not a singleton, is the collection {{i,i+1}:1 < i <

n}u{{1,n}}.
Lemma 2.34 Letn be odd, n >3 and m > 1. Then Q, ¢ C™.

Proof: Fix m and n satisfying the hypothesis. We will show that @, ¢ IDT and then
apply lemma 2.32. Let ¢t be a binary tree, B(t) = {n,...,7,} C <“2, and suppose that the
identity I; has @, as a subidéntity. Without loss of generality i — 7, (1 < ¢ < n) induces an
embedding of @, into I;. Then there exists 7 such that p; N7y =7 fori=1,2,...,n-1
and n, N7, = 7. This is impossible as n is odd. O

Lemma 2.38 Foralln>1andm > 2, P, € C™.

Proof: Fix n and let J, be P, restricted to the even elements of the set {1,2,...,n}.
Similarly let J, be the restriction to the odd elements. It is clear that all the equivalence
classes of edges in the structures representing both J; and J;, all have size one. Thus each is
an element of Z(R,). Now observe that P, is a subidentity of the end-homogeneous amalgam
of J; and J,. Thus we may apply 2.21, to see that P, € Z(R;) C I(R,,) forall m > 2. If
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there were a model M of ZFC in which P, ¢ C™, then from theorem 2.13 there would be a
model M[G] of ZFC such that P, ¢ Z(R,,), contradiction. O

Theorem 2.38 For each m, 2 < m < w there does not ezist a finite basis, J,,, for ID\C™.

Proof: The result follows from lemmas 2.34 and 2.35. Fix m,2 < m < w. Towards a
contradiction let J,, be a basis for ID \ C™. For each odd 7,3 < n < w, @, € C™ and
thus there exists J, € J,, such that J, — Q,. As @, is a cycle of length n any subidentity
must be a monochromatic path of length =, a collection of disjoint monochromatic paths of
length less than n, or @, itself. The first two options are not possible as P, € C™ for all
k > 1. Thus @), must be an element of J,,, forallodd n,3<n < w. O

The next theorem does not concern itself with bases but the proof involves some of the

lemmas we have just proved.
Theorem 2.37 IDT = IDM.

Proof: “ O ”. This containment follows from lemma 2.31. “ C ”. Recall that I, is the
identity realized by the binary tree of height m + 1. By induction on m < w we show that
I, € IDM. This suffices as IDT = S({I, : m < w}). When m = 0 the result is trivial.
Suppose the result holds for m < j. Consider I; = (4;, E;). By definition 4; = U+12 and by
the induction hypothesis there exists J = (B, F) € IDM and an embedding f : (+12 — B.
Let B = {by,...,b:} for some k < w and {cy,...,c;} distinct elements not in B. We define
a sequence (Kg,..., K}) of identities in IDM, (K; = (C;,G;)). Set K, equal to J and for
0 < i< k,let K;,, be obtained from K; by duplicating b; to ¢;. Now define g : U+%2 — C,
by g(n) = b; if n=v"(0) and f(v) = b; and g(n) = ¢; if 7 = v*(1) and f(v) = b;. It is clear
that g is an embedding of I;;, into K. O

2.6 Bases Relative to IDT

Since the last section shows that it is impossible to characterize ID \ C™ by a finite basis the

question naturally arises whether IDT \ C™ has a finite basis. The question remains open.
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What we show here is that {I;} is not a basis for IDT \ C2. In fact we will show that there
exists J € IDT \ C? which does not embed I,.

We begin with a proposition that will be used to prove that J ¢ C2. Let K = (A, E,<4)
denote the CV-identity for which A = {0,1,2},0 <4 1 <4 2, and the only E-equivalence
class which is not a singleton is {{0,1}, {1,2}}.

Proposition 2.38 Let 2 < m < w, F € F32, and p € PF2. Then p does not realize K.

Proof: Towards a contradiction let p = (u, c) realizing K be chosen so that |u| is minimal.
Let H = (p, : 0 € <"2) be the history of p and f : A — u witness the realization. By
the minimality of |u| we can assume that neither py) nor p(; realize K and that there
exist distinct z,y such that z € rng(f) N u(® \ (") and y € rng(f) N uf? \ u(®. Also note
that there exists z € rng(f) N u{® N ul!), otherwise all edges in [rng(f)}> would receive
distinct colors which contradicts f being an embedding. By the definition of amalgamation
c({z,y}) € {c({z, 2}),c({y,2})}. Therefore f(1) = 2 and so eitherz < z<yory< z< z.
Without loss of generality suppose z < z < y. Let y’ be the element of u{® corresponding
to y. Then the mapping {(0,z),(1,y),(2, 2)} witnesses that p, realizes K, contradiction.
O

Definition 2.39 Let J = (A, E) be the identity characterized by setting A = {1,2,3,...,8}
and letting the E-equivalence classes that are not singletons be:
1) E, = {{17 8}7 {872}7 {215}’ {5a 1}’ {1, 7}a {5a 3}v
{3,7},{3,6},{4,6},{4,7},{2,6},{4,8},{5,4},{2,7}}

ll) E;= {{172}7 {273}a {3a4}a {4v 1}}
lll) E3 = {{5, 6}v {6’7}7 {7’8}a {8’ 5}}

The identity J can be visualized as a coloring of the edges of the complete graph on the
vertex set {1,2,...,8}. The coloring has the following properties. The edges on {1,2,3,4}
are colored so that there is a monochromatic cycle from 1 to 2 to 3 to 4 and then back to

1. The remaining two edges get two colors appearing nowhere else. This is the equivalence
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Figure 2.1: The F-equivalence classes E,, E3, and a portion of E,.

class E;. The edges on {5,6,7,8} are colored in a similar fashion. More precisely there is
a monochromatic cycle from 5 to 6 to 7 to 8 and back to 5. This color is distinct from all
other colors, as are the two colors appearing on the two remaining edges. This is equivalence
class Es. All other edges, except {1,6} and {8, 3}, are given a color distinct from all other
colors. This is equivalence class E3. (In order to refer to this color we will name it blue.)
The two remaining edges between the cycles, {1,6} and {8, 3}, are also given two distinct
colors appearing nowhere else. In figure 2.1 we have indicated only the pairs in F, which
contain either 7 or 8; 5 is F, related to all of 1,2,3,4,amd 6 to 2,3,4.

The following symmetries should be noted. Each point lies on one of two monochromatic
cycles of length 4. Each monochromatic cycle contains two points such that each connects
to every other point in the other monochromatic cycle with an edge that gets colored blue.
Each monochromatic cycle contains two points such that each connects to exactly three
points in the other monochromatic cycle with an edge that gets colored blue. It is easy to
see that J is an element of IDT: by coloring the edges {1,6} and {3,8} blue we obtain the
identity I.

Theorem 2.40 J € IDT\ C2.
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Proof: Towards a contradiction let F € F?, and choose p = (u,c) € PF2and f: A — u
witnessing that p realizes J. We simplify the notation and use <, instead of <. Let
H = (p, : 0 € 25") be a history of p. Choose z € A such that f(z) is maximum in f”A.
Because of the symmetries of the identity, by relabeling the points we may assume that
z is one of 7 or 8. We show that each of these possibilities implies the existence of an
amalgamation in H that is not allowed by F.

Case 1. f(1), f(2), £(3), f(4) < f(7).

Fix y € {1,2, 3,4} such that f(y) is the <;7)-greatest element of { f(1), f(2), f(3), f(4)}.
Observe that the points 1,2,3,4 all lie on the same monochromatic cycle and that for all
y € {1,2,3,4}, {y, 7} is in the equivalence class E,. Using the symmetries of J again, we
may assume that y = 4 or y = 3. Since the proof is similar in both cases we examine only the
first. We conclude that f(1)RF?{f(4), f(7)} and f(3)RF3{f(4), f(7)}. Let J, = (A1, F})
denote J | {1,3,4,7}. Observe that the only Fi-equivalence class which is a singleton is
{1,3}. Choose o € ="2 of maximal length so that {f(1), f(3), f(4), f(7)} C u°. By the
maximality of |o| and the properties of amalgamation, f(4), f(7) € 4 N u{!) and either
f(1) or £(3) € u” M\ u?(®, This contradicts the definition of p, being allowed by F. This
concludes the first case.

Case 2. Otherwise.

Clearly z = 8. First note that {y,7} € E; for all y € {1,2,3,4}. Thus, by the previous
proposition there do not exist i, € {1,2,3,4} such that f(i) < f(7) < f(j). Therefore
f(7) < f(i) for all i € {1,2,3,4}. This is impossible as p then realizes K on the set
{f(7), f(1), f(8)}. This concludes the second case. O

Corollary 2.41 {I,} is not a basis for IDT\ C3.

2.7 Identities Realized by Binary Trees

In this section we will show that {I,,} is a basis for IDy \C™, see corollary 2.45. One should
contrast this result with the corollary 2.41 of the previous section. We will also show that
there does not exist a collection T, C T such that C? = S({; : t € T3}), see theorem 2.52.
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Recall the definition of T, the collection of finite binary trees. For n € t € T we define
tt ntobetheset {r €t:nC vVvwv Cn}and for B C <“2 we define B to be the set
{ne€ <v2:3v € B(v 2 n)}.

Lemma 2.42 Let t be a binary tree not embedding the complete binary tree of height 2.
Then I, € I(X,).

Proof: We show that I, is the underlying identity of an ordered identity which is produced
by a sequence of one-point end-duplications. The result then follows from theorem 1.10. Let
B denote the set of leaves of t. Since t does not embed the complete binary tree of height
2, we can define by recursion, (v1,...,v,) and (6,...,0,.,) such that {v,...,»,} = B and
forall 1 <i<j<n, Ny =6. We define a sequence of ordered identities (J;,...,Jn-1).
J1 = (A, Ey, <,) is obtained by setting A; = {a;,a;} and @, <, a;. For1 < j<n—-2we
define J;;, to be the V-identity obtained from J; by duplicating a;;, to a;;3. It is clear
that the mapping v; — @;,1 < i < n is an embedding of I; into the identity underlying
Jar. O

Theorem 2.43 Let1 < m < w andt € T be a finite binary tree not embedding the complete
binary tree of height m + 1. Then I, € I(Rp).

Proof: The proof is by induction on m. When m = 1 the conclusion follows from the
previous lemma. Now suppose that the result is true for m < j. We claim that if a binary
tree t does not embed the complete binary tree of height j + 1 there exists w < w and a
sequence of binary trees (¢, : v < w) such that I; = eh({];, : v < w)) and for all v < w, t,
does not embed the complete binary tree of height j. We then apply the induction hypothesis
and theorem 2.21 and conclude that I; € Z(X;). Let ¢ be a binary tree that does not embed
the complete binary tree of height j + 1.

Let B denote the set of leaves of t. By recursion, for v = 1,2,... we define 7, €

<2, B, C B, and I, € {0,1} such that:
i) B, does not embed the complete binary tree of height j

i) B, CBNttr (L)
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iii) Forl1<r<s<w,rCr and ,°(I,) L 7,.

The recursion ends when we reach w such that B={J{B,: 1<v<w}. Let ; ={n:n€
B}. Since t does not embed the complete binary tree of height j + 1 there exists {; € {0,1}
such that ¢t | (,°(l,)) does not embed the complete binary tree of height j. Choose such an
I, and define B, = BNt} (r°(l;)). Now suppose that (7, : v < k),(B, : v < k), (I, : v < k)
have been defined with the above properties. Define 7, = N\{n:n € B\ U{B, : v < k}}.
If 7, ¢ B we again apply the hypothesis that ¢ does not embed the complete binary tree of
height j + 1 to show there exists I, € {0,1} such that the complete binary tree of height j
does not embed in ¢ | 7,°(l;). Choose such an I;. Let B, = BNt | n"(l;). If . € B, we
define B; to be {r;}. This completes the construction.

For 1 < v < w we let ¢, denote the binary tree B,. It is easy to prove by induction that
forl<r<s<w,a€ B(t)and § € B(t,),anB = 7,. Thus I, is the end-homogeneous
amalgam of the sequence (I;,,...,1;_ ). Each t, does not embed the complete binary tree
of height j. Applying the induction hypothesis gives I;, € Z(R;_;). Thus by theorem 2.21,
L eZ(¥;)

Corollary 2.44 Lett be a finite binary tree. Ift does not embed the complete binary tree
of height 3, then I, € eh(I(R,)).

Proof: Let t € T be a binary tree not embedding the complete binary tree of height 3. By
the claim in the proof of the previous theorem there exists a sequence of trees (¢, : v < w)
such that for 1 < v < w, t, does not embed the complete binary tree of height 2, and
I, =eh({I;, : 1 < v < w)). By lemma 2.42, each I, € Z(X,). O

Corollary 2.45 Let I, € IDr. Then for m,2 < m < w, I; € C™ if and only if t does not
embed the complete binary tree of height m + 1.

Proof: The “if” part is immediate from lemma 2.43 and the “only if” part from theorem
2.17. 0
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We now define an identity J, and show that it is an element of C2. Qur interest in J is
that it is an example of an identity in C? \ S(C2 N ID7). To obtain J we define a ternary
function (I,m,n) — I(m,n) from ID x Z* x Z* to ID such that J is the value at (I,,2,2).
The mapping will have the property that for all j > 2, and m,n > 1, I € Z(R;) implies
I(m,n) € I(R;). Since I, € I(R;) we conclude that J € T(R,).

Definition 2.46 Let J = (A, E) be the identity obtained by setting A = {1,2,3,...,8}

and letting the E-equivalence classes that are not singletons be:

i) E1 = {{1,2},{3,4},{5,6},{7,8}}
i) E; ={{1,6},{1,8},{3,6},{3,8}}
iii) Es = {{2,5},{2,7},{4,5},{4,7}}
iv) E, = {{1,5},{1,7},{3,5},{3,7}}
v) Es = {{2,6},{2,8}, {4,6}, {4,8}}.
See figures 2.2 and 2.3.
We now define the operation (I,m,n) — I. Let k,m,n < w and I be an identity of
size k. Let G = {1,,2,...,k} Cw, g:[G]? — w, be such that g € I. Let H be the set

{1,2,...,k(m + n)}. We define a new w-coloring k, from g, m,n, by letting b : [H]? — w

be any function such that for i, < j; and i; < j,

h({’th}) = h({'h]?})

if and only if either

J1,J2 2 km 4+ 1 Aty < km A k divides |5, — Jo| A k divides |i; — 1,
or there exists r,s < w and {p,,ps,ps,ps} C {1,2,...,k} such that:
i) p1 =4, — sk,ps = j1 — sk,p3 = i, — rk,py = j2 — vk and

i) g({P1,p2}) = 9({P3, Pa}).
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Figure 2.2: The E-equivalence classes F,, Ezl, and Fj.

We call (h, H) the (m, n)-iterate of (g, G) and the identity I, realized by h, the (m,n)-iterate
of I. Note that [ depends only on I, m, n. The coloring h has the following intuition. For
1 <1< m+n acopy of the coloring g is defined on the set {ki + j:1 < j < k}. Now
fix a pair (ky, k2) € {1,2,...k} x {1,2,...,k}. We choose the k;th vertex from each of the
first m copies and the kyth vertex from each of the last n copies. We then put a single new
color on all the edges between the set of vertices so chosen in the first m copies to all the
vertices chosen in the last n copies. We do the same thing for all such (k;,k;). All edges
for which we have not specified a color are assigned a new and distinct color. See figure 2.4

for a partial diagram of the (2,4)-iterate of Q5.

Theorem 2.47 Let I be an identity and i > 2. For all m,n < w, I € I(X;) implies the

(m,n)-iterate of I is an element of I(X;).

Proof: Let + > 2 and f : [\,]> — w. Let I = (A, E) with |A] = k. Since I € I(¥)),
for I < R; we can choose {8;; : 1 < j < k} such that for all / < ¥;, f induces I on
{Bij 11 <j <k}, 1< 41,52 <k andly <lyimply B, < Bi,j, and ji < j, implies
Briy < Prj,e For Ll < Rilet g4, : {Br,; :1 £ j<k} — {B,; :1<j<k}

be the order preserving bijection. Without loss of generality we can assume that g, ;,
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Figure 2.3: The E-equivalence classes F,, F, and FEs.

is an f-isomorphism. Thus we assume that {j,,72} C {1,...,k} and l,,l; < N; imply

f({ﬂll,jnﬂh.jz}) = f({gll.l:(ﬂ’hjl)vglx,lz(ﬂlhjz)})' For | > R;_, we define a sequence of sets
B! and elements of w, ¢}, (1 < r,j < k) such that:

l) B,l. g R,‘_l and lB,l.l = R.‘_l

u) T1>T2$Bl CB,I.2

r3 -

iii) forall ),,l;e Bl foral1<j<kand1<s<r
f({ﬂt,nﬂz,,j}) = f({ﬂz,nﬂt,,j}) =€y

Using only cardinality considerations the construction should be clear. Again by considering
cardinalities there exist C C R; \ R;_, of cardinality ®; and ¢,; < w(1 < r,j < k) such that
foralll e C, ¢, = c, .

For each I € C choose D, € [BL]™. Since D; € [R;_;]™ and [R;_;]™ has cardinality N,_,,
the pigeon-hole priciple tells us that there exists D = {l,,...,l,} and C' C C of cardinality
N; such that D; = D for all l € C'. Let ly41,...ylmyn C C' be distinct. The (m, n)-iterate
of I is then induced by fontheset {3, ;:1<s<m+n,1<;5<k}. 0O
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Figure 2.4: One new equivalence class in the (2,4)-iterate of Q.

Corollary 2.48 J € C2.

Proof: J is equal to the (2,2)-iterate of I,. Note that I, is the unique identity of size 2. O

We now prove a proposition and a lemma which will be used to show that J & eh(Z(R,)).
Let L = (C,G, <¢) denote the ordered identity for which, C = {0,1,2},0 <¢ 1 <¢ 2, and
the only G-equivalence class which is not a singleton is the set {{0,2},{1,2}}.

Proposition 2.49 L ¢ IDEy.

Proof: Towards a contradiction let K = (B, F,<g) € IDEy realizing L be such that |B|
is minimal. Let f : C — B witness the realization. Define K; = (B, F}, <,) to be the
restriction of K to the range of f. By the minimality of |B| there exist M = (A, F,<,) €
IDEy, @ € <“A, a final segment of A and b € <“B such that K is obtained from M by
duplicating @ to b. By the minimality of B, rng(f) N b # @ and rng(f) Na # 0. Since f is
order-preserving this implies f(2) € b. Now |rng(f)N (@ Ub)| # 3. Otherwise, the definition
of end-duplication implies that F; has three distinct equivalence classes, a contradiction to
f being an embedding. Thus f(0) € B\ (aUb), f(1) € @, and f(2) € b. Now {f(1), f(2)}
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lies in an Fi-equivalence class of size one by the definition of end-duplication. But since f

is an embedding {f(1), f(2)} ~r, {f(0), f(2)}, contradiction. O

Lemma 2.50 I, ¢ I(X,).

Proof: Let I; denote an ordered identity whose underlying identity is I;,. By theorem 1.10
it suffices to show that no J € IDEy realizes [,. Towards a contradiction let J € IDEy.
It is clear that I; realizes L and thus J must also realize L. This contradicts the previous

proposition. O

Theorem 2.51 J ¢ eh(Z(R,)).

Proof: Towards a contradiction choose K = (D, G) € eh(Z(R,)) and f : A — D witnessing
the fact that J = (A, E) is realized as a subidentity of K. Let K be the end-homogeneous
amalgam of Jy, Js,. .., J, for some n < w, where J; = (B;, F;) is an element of Z(R,). Since
I, — J and J; € Z(R,), by the previous lemma, rng( f) is not contained in a single B;. From
the definition of end-homogeneous amalgamation an edge in [B;]? cannot be G-equivalent
to an edge not in [B;]2. Every a € A belongs to an element of E,. Thus if any edge is
mapped by f into [B;]?, then A is mapped into B;, contradiction. In the end-homogeneous
amalgamation of Jy,...,J,, the color classes, i.e. the G-classes, are those from Jy,...,J,
respectively, together with new classes, one for each i,1 < i < n. An edge belongs to the
i-th new class just if it links B; with B; for some j, ¢ < j < n. So in the present context
there exists a particular ¢ such that if {a,b} € E,, then one of f(a), f(b) is in B; and the
otheris in | J{B; : i < j < n}. Without loss of generality i = 1 and f is the identity. So each
of {1,2}, {3,4},{5,6},{7,8} meets B, in a singleton. The identity J is invariant under the
permutations (12)(34), (56)(78), (13)(24) and (57)(68) so it suffices to consider the three
cases:

Case 1. {1,3,5,7} C B,.

This is impossible as J | {1,3,5,7} = I; and by the previous lemma I &€ T(X,).

Case 2. {2,3,5,7} C B,.
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The largest equivalence class in K | {f(1), f(3), f(5), f(7)} has three edges yet J |
{1,3,5,7} has an equivalence class with four edges.
Case 3. {2,3,6,7} C B;.

Here {f(3), f(5)} #c {f(3), f(7)} yet {3,5} =g {3, 7}.
a

Theorem 2.52 There does not exist T, C T such that C? = S({I, : t € T}).

Proof: Towards a contradiction let T, C T be such that C2 = S({I, : t € T3}). J € C? so
there must exist ¢ € T, such that J — I,. Now t cannot embed the complete binary tree
of height 3 by corollary 2.45 and thus I; € eh(Z(R,)) by corollary 2.44. This provides a
contradiction as J ¢ eh(Z(R,)) by theorem 2.51. OJ

2.8 Saturated Ideals

In this section we will show that the existence of a certain kind of ideal on R,, implies that
I(X,,) 2 IDT. Throughouf the section A denotes an uncountable cardinal and, for any
3 C B(N), 3t denotes P(A)\ J. For X,Y € 8(A) we write X ~,Y if XAY € 3. This is
clearly an equivalence relation on £()). We denote by [X], the equivalence class of X and
by $())/3 the collection of all equivalence classes. For equivalence classes [X] and [Y] we
say that [X] < [Y]if X \Y € J and note that the relation is independent of the choice of
representatives, X and Y. We define four kinds of ideal on A.

Definition 2.53 Let » be a cardinal. A collection J C 8()) is a k-complete ideal on A if

the following conditions are satisfied:
i) XCYCAandY €Jimply X € 3
ii) {Xog:a<n}CIand n< kimply {X,:a<n} €S
i) D ed

iv) AgJ
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v) a € A implies {a} € 3

Definition 2.54 Let x and u be cardinals and J be a x-complete ideal on A\. We say that

J is p-saturated if for every collection {X, : @ < u} C I* there exist a,§ < u such that
XN Xp € 5%,

Definition 2.55 Let x,u, and v be cardinals. A x-complete ideal J on X is said to be
(4, py < V)-saturated if for every X € [3*]* there exists Y € [X]* so that for every § < v
and Z € [Y) (NZ € 5*).

Definition 2.56 Let x and v be cardinals and J be a x-complete ideal on A. J is u-dense if
there exists D € [3*]# such that for all [X] € £()\)/J there exists D € D such that [D] < [X].

Throughout this section we will assume that all ideals under discussion are R;-complete.
It has recently been shown that it is consistent relative to the consistency of the existence
of certain large cardinals that there exists an R;-dense ideal on Rj, see [3]. This has two
consequences of interest to us. The first is the consistency of the existence of an (X3, R,, < w)-
saturated ideal on R,. This is the set theoretic hypothesis of the main theorem of this section.
That the existence of an R;-dense ideal on R, implies the existence of an (R3, R;, < w)-
saturated ideal on R, follows from the same result for ideals on N;, mentioned by Laver in
[10]. The second consequence is a result of Woodin (private communication): the existence
of an R, dense ideal on R, implies CH. From CH and the Erdos-Rado theorem it follows that
Z(R;) = ID. Thus the existence of an R,;-dense ideal on R, trivially implies that Z(X;) =
ID. The same proof cannot be given when one merely hypothesizes the existence of an
(X3, Ry, < w)-saturated ideal on X, since the existence of such an ideal does not imply CH.
One can add R; Cohen reals to a model in which there exists an R,-dense ideal on R; to
produce a model in which CH does not hold and there is an (X, R;, < w)-saturated ideal on
R,. This is also a result of Woodin (private communication).

We now establish some notation to be used below. For J an ideal on R,, and B a subset
of R, of cardinality R,, let f : X, — B denote the unique order-preserving bijection from

R, onto B. By J*(B) we denote the collection {Y C B: f~1(Y) € 5*}.

Theorem 2.57 Let k > 2. If there ezists an (N, Ry, < w)-saturated, R,-complete ideal 3
on X, then I(X;) D IDT.
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Proof: For each n,1 < n < w we will show that I,_; € Z(R;). Let f:[R:]* — w. We fix
n,1<n<w. Foreach n€ <"2, v € 5”2 and ( € "2 we define subsets I,, J,, M,, D, of

Re, a sequence of sets (K : @ € M,), and elements ¢, < w and a¢ € ®; such that
)yILnJ, =9
ii) Jy 2 My = Iy-0) U Jy(o)
iii) Iy 2 Dy = Iy U Jyp-q)
iv) for all @ € M,, K € 3%(1,)
v) for all @ € M, and z € K7, f({z,a}) =¢,
vi) if ( 2 7°(0) then a; € M,
vii) D, = ({Kg*: 2 n°(0), 8 € "2}.
vili) v 2= (JLUL) C(J,Ul,).

To start the construction we partition R; into two disjoint subsets Iy, Jy each of cardinality
R:. There are three procedures to follow.

Procedure 1. If I, and J, have been defined we define I,-(o) and J,-(0) as follows. For
a € J, choose K € 3*(I,) and ¢ < w so that f({a,z}) = ¢c; forall z € K. Choose ¢, <w
and L, C J, of cardinality R, such that ¢ = ¢, for all a € L,. By (¥, i, < w) saturation
let M, C L, be of cardinality R, with the property

VX[X C My A |X|<w=n{K]:a€ X} eI, (2.1)

Choose I,,- o) and J,- (o) to be subsets of cardinality R, which partition M,. This completes
the first procedure.

Procedure 2. If I, has been defined and a; has been chosen for each § 2 7~ (0), we
define I,-(1) and Jy-(;) as follows. Let H, denote {a; :9*(0) C 6, § € "2} and D, = N{Ky :
a € H,}. From equation (2.1) and vi), D, € 3*([,). Choose I,-(;j and Jy-(;) to be subsets
of cardinality ®; which partition D,. This completes the second procedure.

Procedure 3. If In({) = n and I; has been defined, choose a¢ € I.
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We construct the sets I,,J, (7 € 5"2) and the ordinals a,(n € "2) by repeatedly
applying the three procedures above. It is easy to check that properties i) to viii) hold.
Let n and v be distinct elements of "2. We claim that if nN v = v then f({a,,a,}) = ¢,.
Without loss of generality we may assume that n 2 4°(0) and v 2 7°(1). Recall the
sets M, and K3+ defined during the construction of J,-i0) and IL,-(o). It is clear from the
construction that a, € I, C Jyq) U Iy:(0) © M, and thus f({a,,z}) = ¢, forall z € K .
Now recall the set D, defined during the construction of J,-) and I,-;3y. It is clear that
a, €I, € Liyy) UJyny € Dy € K7 . This implies that f({a,,a,}) = ¢,. Thus for all
{v,n},{B,6} € ["2]?

n1Nv=808= f({ay,a,}) = f({ag, as}).

This suffices to prove the theorem since f | {a, : n € 2"} realizes I,_,. O

2.9 Finite Analogs

The question addressed here is whether Z(R;,w,t) can be generated by finite colorings of
finite graphs. Clearly we cannot hope to find some m and n such that Z(m, n,t) = I(R,,w,t)
for all ¢t simultaneously, since t must be less than or equal to m. Thus we can ask whether,
for fixed t, there exist m,n < w such that I(R,,w,t) = I(m,n,t). This question is not
a simple application of Ramsey theory. It is true that for a fixed finite number of colors
and desired finite monochromatic complete subgraph, we can find sufficiently large complete
graphs such that no matter how they are colored they must have the desired monochromatic
complete subgraph. But this is clearly too strong, since for all ¢ there exist identities that are
not in Z(R,,w,t) and a monochromatic subgraph of size ¢ realizes all identities of size t. To
answer the question we determine the identities of size 2,3, and 4 in Z(R,,w). We show for
t = 2, 3 that there exist m,n < w (depending on t) such that Z(R,,w,t) = I(m,n,t). Once
four points are used the situation gets more complex and it turns out that the identities in
I(R,,w,4) cannot be written in the form Z(m,n,4) for any m,n < w. We define a collection
of identities M; = (A;, E;). In the following we represent E; by its associated partition of
(A2
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M, : A ={1,2},E = {{12}}

M, : A, = {1,2,3), E; = {{12,13},{23}}

Ms : As = {1,2,3,4}, E; = {{12,13, 14}, {23, 24}, {34}}

M, : Ay = {1,2,3,4}, E, = {{12,34}, {23}, {24}, {13}, {14}}
My : Ay = {1,2,3,4}, Es = {{12,23,34}, {14}, {13}, {24}}
M, : As = {1,2,3}, Es = {{12,13,23}}.

For obvious reasons we call Mg a monochromatic triangle. The following two lemmas are
immediate. They show that if there exists ¢t such that for all m,n < w, I(R;,w,t) #
I(m,n,t) then t > 4.

Lemma 2.58 I(2,1,2)= {M;} = I(®;,w,2)
Lemma 2.59 1(3,2,3) = S({Ms}) = I(R,,w,3)

We now prove a series of lemmas which show that there are no m, n such that I(R,,w,4) =
I(m,n,4).

Lemma 2.60 My ¢ IT(R;,w,4).

Proof: Recall the V-identity K, which was defined at the beginning of §2.6. We first
claim that K ¢ IDE. The proof is similar to the proof of proposition 2.38 so we omit it.
By corollary 1.10 I(R,;,w) = IDE. Thus it suffices to show that there does not exist a V-
identity J*, produced by a sequence of end-duplications such that My embeds in the identity
J underlying J*. Towards a contradiction choose J* = (A, E, <,) € IDEy with |A| least
possible such that there exists an embedding f : As — A, of Mj into the identity (denoted
by J = (A, E)) underlying J*. Let L* = (B, F,<p),b C B, and @ C A be chosen so that
J* is obtained from L* by duplicating b to é. By the minimality of |A|, rng(f) N @ and
rng(f) N b are both non-empty. We now note that each pair, {z, y} of consecutive elements
in the sequence (f(1), f(2), f(3), f(4)) lie in the same E-equivalence class. This implies that
{z,y} C Bor {z,y} C A\b. Since B\ b < b < &, by inspection we see that J* must realize
K, contradiction. O
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Lemma 2.61 For m < 2n+ 1, M ¢ I(m,n,4).

Proof: Define f : [2n+1]? — {1,...,n} by f({a,b}) = i whenever b—a =i (mod 2n+1)
or b—a = —i (mod 2n + 1). In effect we place 2n + 1 points symmetrically on the
circumference of a circle and give the edges the same color if they have the same length.
Each vertex belongs to exactly 2 edges of each color. The identity M3 has a vertex which
belongs to three edges all in the same equivalence class. Thus Mj is not induced by this

coloring. O

Definition 2.62 Let m,n < w,i < m, k < n, f: [m]* — n. Define T C [m]? to be the
k-star of fat iif T = {{i,j} € [m)?: f({i,7}) = k}.

The following lemma can be found in [7] theorem 3.6. We give our own proof.
Lemma 2.63 Ifm > 2n+ 1 and m > 4 then Mg € I(m,n,4).

Proof: The idea is that relatively few colors are used so that from some vertices we get
large k-stars for some k < n. If any of the k-stars overlap, My will be realized.
Towards a contradiction let f : [m]?> — n which does not realize Ms. Fix k < n and

consider the following matrix.

0 if|{5:f({i,5}) =k} € {0,1}
ax=9{1 f|{j:f({i,j})=k}=2
r+1 if [{5: f({i,s}) =k} =r>2

We claim that if )::.';;l a;; > m then f realizes My in color k. The proof is by induction
on m. Let m = 4 and assume that 3/o5' a;x > m. There must exist j < 4 such that
a;; > 1. Thus vertex j is connected to all 3 remaining vertices with edges of color k. Now
a;; < 4 for all 1 so there must exist i # j such that a;; > 1. Thus there are at least two
edges leaving vertex i is color k. By inspection My is realized in color k. Now suppose the
result holds for all ¢ < m. We first eliminate all monochromatic triangles of color k. To this
end, choose a C-maximal collection S of subsets of m satisfying the properties that s € S
implies |s| = 3 and f"[s]? = {k}. Define Z = m\JS. Clearly |Z| < m if S # 0. Note that
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for all s € S there do not exist | € s and m ¢ s such that f({l,m}) = k, otherwise My is
realized by f. So a;: = 1 for each i € |JS. Thus }_,c;a;: > |Z| and we may apply the
induction hypothesis. Thus without loss of generality we may assume that S = 0.

Let T be a star at j, and |T| > 2. Since f does not realize a a monochromatic triangle
in color k by an earlier reduction, and since f does not embed Mj, every edge e of color k
which meets |JT belongs to T. So the points of | JT can be deleted from fld( f) leaving the
inequality intact. We are left with stars of size 0 and 1 and thus 375" a;; = 0, contradiction.
Thus the claim is proved.

We now claim that for all i,

n-1

Za.-me—n+1.

k=0

which may be see as follows: Since each ¢ belongs to m — 1 > 2n + 1 edges, more than two of
the edges have some color k and thus for this k¥ we have a;; > 4. Fix such k. Now consider
a color k' # k. If more than one of the edges through i has color ', recoloring all but one
of these edges with k leaves Y"7_4 a; , unchanged or diminished. So Y77 a;; is least when
n — 1 of the edges through i have a unique color and the remaining m — n have a common
color. This completes the proof of the second claim.

We now complete the proof of the lemma. Since m > 2n + 1, m(m —n + 1) > mn. Thus

m-1ln-1

ZZa;,;Zm(m—n+1)>mn.

i=0 k=0

This implies that Y ing'a;, > m for some k. By the first claim Ms is realized by f,
contradiction. [J

Theorem 2.84 For all m,n, I(R,,w,4) # I(m,n,4)

Proof: Towards a contradiction choose m,n < w such that Z(R,,w,4) = I(m,n,4). M3 €
I(R;,w,4) so by lemma 2.61, m > 2n + 1 and thus, by lemma 2.63, M5 € I(m,n,4). This
contradicts lemma 2.60 which says that My ¢ I(R,,w,4). O
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CV-identities

One should now recall the definitions of CV-identity, and Z¢y (D), for D a set of ordinals,
given in §1.3. Let (f, F, <F) be an O-coloring. Denote by Z¢y (f) the collection of all finite
CV-identities that are realized by f.

In a manner analogous to that for identities and V-identities, a CV-identity can be
represented by a structure I = (u, <, <) where u is a set linearly ordered by < and < is a pre-
order of [u]2. Given such a structure let B C w be the initial segment of w such that | B| = |u]
and k : u — B be the order preserving bijection. Define f : [B]? — w to be the unique
function whose range is an initial segment of w such that for all {a, b}, {z,y} € [u]?, {a,b} =%
{z,y} if and only if f({k(a),k(d)}) < f({k(z),k(y)}). The CV-identity corresponding to
the structure is the ~¢y-class which contains the O-coloring (f,w, <). It is easy to see that
every CV-identity can be represented in this manner.

As a notational convenience, for {z,y}, {a,b} € [u]® we will write {z,y} ~ {a,b}
whenever {z,y} < {a,b} and {z,y} = {a,b}. We also write {z,y} < {a,b} whenever
{z,y} % {a,b} and {z,y} # {a,b}.

In this chapter we study the collection Z¢y (k) for various cardinals . In section 3.1 we
examine the case when k equals R;. We define a collection C, of CV-identities and show that
ZFC F C C Icv(Ry). We then construct a model M of ZFC via a forcing argument such
that M |= C = Zcv(R;). We have been unable to show that this result is provable in ZFC,
or that there exist models of ZFC in which C # Z¢y(R;). A few more words concerning this

problem will be given at the end of this introduction.

45
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Section 3.2 concerns itself with CV-identities in Zcy (R;). We exhibit two CV-identities,
R, and R;, which have the same underlying identity. We show that R; € Zcy(R;) in all
models of ZFC. In contrast to this result we produce two models of ZFC that show that
R, € Icv(R,) is independent of ZFC. The first model is constructed by a c.c.c. forcing
over a ground model which contains a O, -sequence. It satisfies R, & Zcyv(R;). Thus not
all CV-identities, whose underlying identity is in Z(R,), occur as elements of Zcv(R;). The
second model is one in which there exists an Rj-saturated, R,-complete ideal on R,. The
ideal is used to show that R, € Zcv(R;). We deduce that the c.c.c. forcing notion used
to construct the first model destroys all R,-saturated, R,-complete ideals on R,. For some
history and ramifications of this result see [18].

In section 3.3 we define a collection £, of CV-identities and show that in all models of
ZFC,Icv(R,) 2 €.

In the final section we study Zcv(R,,Q), where Q is ordered in the usual way. The
reader should note that up to this point the color set has had order type w. We define a
collection of CV-identities, D, and prove that Zcy(R;,Q) = D in all models of ZFC. The
method of proof is as follows. By a forcing construction we produce a model in which the
desired equality holds. We then show for each CV-identity I, if there exists f : [},]? — Q
in the generic extension such that I € Zcy (f) then there exists g : [R;]> — Q in the ground
model such that I € Zcy(g). The reasoning is as follows. The coloring f can be coded as an
(w),w)-model of a certain first order theory T;. The existence of such a model is equivalent
to the consistency of another first order theory T;. We then note that the consistency of T;
is absolute for models of ZFC. Finally, the consistency of T} in the ground model allows us
to construct the coloring g.

We present a few remarks concerning the problem left open in section 3.1. The method
of proof used in section 3.4 to show ZFC proves Zoy(R,,Q) = D cannot be used to show
that ZFC proves Zcy(R;,w) = C. Suppose that we try to mimic the methods used in
section 3.4. As shown in section 3.1 we can force the existence of a model of ZFC in which
Tcv(Ry,w) = C. For each CV-identity I for which there exists f : [R;]? — w such that
I ¢ I(f), with f in the generic extension, we can construct an (w;,w)-model, code it as a

consistent first order theory, and show that this theory is consistent in the ground model.
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This is the procedure used in section 3.4. Unfortunately, the consistency of the theory does
not allow us to construct, at least directly, a function g : [®;]> — w that omits I. The
most we are able to do is construct a function g : [X,]> — B that omits I, where B is a
countable set that is linearly ordered. One hope was that it would be possible to show that
there exists a countable subset C of B of order type w and an uncountable subset D of R,
such that g({d,,d;}) € C for all {d,,d;} € [D]?>. We conclude the section with a theorem
that shows that this is not always possible. The theorem says that if CH holds then there
exists a function f:[R;]? — w + w such that forall BC X, forall SCw+w

|B| = Ry A ot(S) =w = Ha, B} € [BI'(f({, B}) € 5).

We conclude this introduction by noting that the results for identities proved in lemma
2.3 are also true for CV-identities. We offer no proof as it is similar to the one already given

in lemma 2.3.

Lemma 3.1 Forallk > 1, Icy(Ri41) = IDey if and only if 2% < R,.

3.1 CV-identities at ¥;

The classification of the co]lection‘of identities Z(X,) has been demonstrated in {15]. We
produce a similar classification for CV-identities. In this section we will define a collection
C of CV-identitiess and show that there is a model of ZFC in which Zcy(R;) = C. Towards
this result we define f, : [{0,1,...,n})? — w for 1 < n < w by f,({z,i}) = 4 for all
0< i<z < n. Define C = J{Zcv(fi):i <w}.

Theorem 3.2 There ezists a model of ZFC in which Icy(R,) =C.

Proof: This theorem follows immediately from lemmas 3.3 and 3.4 to be proved in the next

two subsections. OO0

3.1.1 Inducing CV-identitiess

Lemma 3.3 Let f: [N,]* — w. ThenIcv(f) 2C.
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Proof: By recursion on n < w we define a decreasing sequence (B, : n < w), of subsets
of R;. To start choose By C R, \ {0} of cardinality R, such that Az f({0,z}) is constant
on By. Given B, of cardinality R, choose B,,; C B, \ {min(B,)} of cardinality X, such
that Az f({min(B,),z}) is constant on B,,,. This completes the recursion. Clearly f |

[{min(B, : n < w}]? realizes every member of C. 0

3.1.2 Omitting CV-identities

Throughout this subsection we will let M be a model of ZFC. The main result of this section

is the following lemma.

Lemma 3.4 There erists a cardinal preserving forcing extension N of M and functions
£, 5 f1 1 [Ry] — w in N such that for every I € C, one of f°, f*, f' does not realize I.

We first establish some definitions and notation. We define 2 linear orders of w;, x w,

called the lezicographic and the antilezicographic orders respectively by:

(my,ny) <' (Mg, ny) & (M) < My V (my = myAny < ny))

and

(m1,m1) <° (Mg, 1m2) & (my,ny) D! (Mg, 1)
Towards defining the partial orders that will be used in forcing we let
R = {g: g is a mapping from [B)? into w, |B} < w, B C },}.

For f € R define ld(f) = {z,y € }, : {z,y} € dom(f)}. We say that f,g € R are
isomorphic, denoted f ~ g, if |ld(f)| = |d(g)| and f({z,¥y}) = 9({k(z), k(y)}) for all
{z,y} € dom(f), where k is the unique order preserving map from fld(f) onto fld(g). We
say that the pair (f, g) is properif f ~ g and fld(f)\fld(g) < fid(g)\fld(f). (Here and in the
remainder of the thesis, for sets of ordinals A and B, we write A < B whenever a € A and

b € B implies a < b.) For F € {l,a} an F-amalgam of f and g, where (f, g) is proper, is an
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extension h € R of f and g such that id(h) = fid(f)Ufld(g), rng(f)Urng(g) < rng(h\ fUg),

and

h({xl, yl}) < h({:‘:?’ y2}) < (:‘:1, !I1) <F (:‘:2, II:)

for all zy,z; € fld(f) \ id(g) and y1,y, € fld(g) \ id(f).
Definition 3.5 For F € {/,a} define the partial ordering PF as follows. Let
P = {f: f is a mapping from [B)? into w, |B| = 1}.

Define
PE. =Pfu{geR:3f, fs € P[ such that g is their F-amalgam }.

Let PF = J{Pf : n < w}, with the ordering of inverse inclusion.

Lemma 3.8 Let F € {l,a}. Then PF is c.c.c.

Proof: Let A = {f, : @ < w1} C PF. For each a < w; let B, denote fld(f,).Without loss
of generality there exist m,n < w such that |B,| = n < w and f, € P%, for all a < w;,. We
may also assume that f, ~ f5 for all ¢, < w,. By a A-system argument we may assume

that there exist B C w, and a collection {D, : @ < w,} such that
B,=BUD,ABND,=0A[(z€ Dy Ay € Dsg = z<y)

whenever a < 8 < w,.
Choose distinct a, 8, with a < 8. Clearly the F-amalgam of f, and f; is in R: denote
it by g. Since both f, and fs are elements of PL, g is an element of PL,_,. Thus A is not

an antichain. O

Let G' be P! generic over M and G° be P®-generic over M[G']. Define N to be the model
M[G')[G®] and in N denote by g and g' the functions |JG* and |JG' respectively.

Lemma 3.7 The cardinalities of fid(g*) and fld(g') are both X,.
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Proof: It is sufficient to show that {f € PF : fid(f) € a} is dense in PF for all a < w;.

This is easy and we leave it to the reader. O

For F € {a,l} let h* be the unique order-preserving bijection from R, onto fid(¢F), and
define fF : [%,]* — w by fF({a,B}) = fF({hF(a),hF(B)}. Our next goal is to define
f*: [®]? — w, the third coloring we need for the conclusion of lemma 3.4. For g, T € <2

we write o <; T if

[(en7) (@) Con(enT)(1)CTAlol=|r]]V]a| <|r|.
Let h : <“2 — w be the unique bijection satisfying ¢ <; 7 = h(o) < h(7). Choose an
injective map g : w; — “2. Now f*: [R,]? — w is defined by f*({n,»}) = h(g(n) N g(v)).

We now outline the proof of lemma 3.4. Let I be a CV-identity which is not in C. It
will be shown that one of f, f', f* does not realize I. To this end we name some particular
CV-identities: {K; : 1 < i < 10}, {J; : 1 <4 < 4}. Then, towards a contradiction, we
suppose that I is realized by each of f°, f!, f*. We first show that none of K, to Ky is
realized in I. From this we deduce that I must realize one of J, to J;. We finish by showing
that f* does not realize each of J, to Jj.

We name the ten CV-identities that are not elements of C having field size three. For
each i,1 < i < 10 let K; = (u; <;,=;) be such that u; = {0,1,2} and <; is the usual

ordering. To complete the definition we define the order on the edge colors.
i) K,:{1,2} < {0,1} < {0,2}
ii) K,:{1,2} <{0,2} <{0,1} -
ii) Ks:{0,1} < {1,2} < {0,2}
iv) K4:{0,2} < {1,2} < {0,1}
v) Kg:{0,2} < {0,1} ~ {1,2}
vi) Ke:{0,1} ~ {1,2} < {0,2}

vii) K7:{1,2} < {0,1} ~ {0,2}
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viii) Kg: {0,2} ~ {1,2} ~ {0,1}
ix) K : {0,2} ~ {1,2} <.{0,1}
X) KlO : {0, 1} < {1,2} ~ {0,2}.

As a notational convenience we use < instead of <; and ~ instead of ~; since the context
makes the intention clear. It should be noted that a CV-identity K = (u, <, <) for which
v = {0,1,2} and 0 < 1 < 2, is an element of C if and only if {z,y} < {1,2} for all
{z,v} € [v]*\ {{1,2}}.

We now name four of the CV-identities that o'ccur on four vertices. Foreachi,1 <1 <4
let J; = (u;, <;, <;) be such that u; = {0,1,2,3} and <; is the usual order. To complete the

definition we define the order on the edge colors:
i) J1:{0,2} < {0,1} < {1,‘2} < {0,3} < {1,3} < {2,3}
ii) Jp:{0,1} < {0,2} < {1,2} < {0,3} < {1,3} < {2,3}
ii) Js:{0,3} < {0,1} < {1,3} < {0,2} < {1,2} < {2,3}
iv) Jy:{0,1} < {0,3} < {1,3} < {0,2} < {1,2} < {2,3}.
We denote the collections {K; : 1 < i < 10} and {J; : 1 < i < 4} by K and J respectively.

Lemma 3.8 In N, f' does not realize any member of K\ {K,} and f* does not realize any

member of K \ { K3, K3}.

Proof: We will show that f' does not realize K, and that f* does not realize K;. The

remaining arguments are very similar and are left to the reader.
Lemma 3.9 f' does not realize K,.

Proof: It is enough to show that no p = (u?,c?) € P' realizes K,. Suppose otherwise.
Choose m minimal such that there exists p € P!, for which there exists an order-preserving
map g : {0,1,2} — uP showing that K, is realized. Let po = (u°,¢° and p, = (u',c!) be
such that p is their amalgam. Since m is minimal rng(g) N u° \ »! and rng(g) Nu' \ u° are

non-empty.
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Suppose |rng(g) N u®Au!| = 2. Then ¢({g(1),9(2)}) < ¢({9(0), g(1)}) because {1,2} <,
{0,1}. Now note that g(0) € u® N u!, g(1) € u®\ w!, and g(2) € u' \ u° so that by the
definition of amalgamation we have ¢({g(1),9(2)}) > ¢({g(0),9(1)}), contradiction.

Hence, |rng(g) N u®Au!| = 3. There are two cases. The first is {g(0),g(1)} C u° \ !
and g(2) € u! \ u°. The second occurs when ¢(0) € u° \ u! and {g(1),9(2)} C u' \ «°. In
the first case ¢({g(1),9(2)}) < ¢({9(0),9(1)}) since {1,2} <, {0,1}. This contradicts the
definition of amalgamation as new edges get colors larger thaa all colors previously used. In
the second case ¢({g(0),9(2)}) < ¢({9(0),9(1)}) because {0,2} <3 {0,1}. This contradicts

the fact that the lexicographic order is used when coloring new edges. O

Lemma 3.10 J? does not realize K,.

Proof: It is enough to show that no p = (uP,c?) € P° realizes K,. Suppose otherwise.
Choose m minimal such that there exists p € P5, for which there exists an order-preserving
map g : {0,1,2} — uP verifying that K, is realized. Let p, = (u? ¢c°) and p, = (u!,c!) be
such that p is their amalgam. Since m is minimal rng(g) N u° \ u' and rng(g) Nu® \ u° are
non-empty.

Suppose |rng(g) N u®Aul| = 2. Then ¢({g(1),9(2)}) < ¢({g(0),9(2)}) because {1,2} <,
{0,2}. Now note that g(0) € u® nu', g(1) € u®\ u!, and ¢g(2) € u! \ u° so that by
the definition of a.ma.lga.ma.tion we have ¢({g(1),9(2)}) > ¢({9(0),9(2)}), contradiction.
Hence |rng(g) N u’Au!| = 3. There are two cases. The first is {g(0),g(1)} C u° \ u! and
9(2) € u' \ 4°. The second occurs when g(0) € u° \ u! and {g(1),9(2)} C u' \ v°. In the
first case ¢({g(1),9(2)}) < ¢({9(0),9(1)}) as {1,2} <, {0,1}. This contradicts the definition
of amalgamation since new edges get colors larger than all colors previously used. In the
second case ¢({g(0),9(1)}) < 'c({g(O),g(2)}) because {0,1} <; {0,2}. This contradicts the

fact that the anti-lexicographic order is used when coloring new edges. [

This completes the proof of lemma 3.8. 0

Lemma 3.11 Let K = (u,<, <) be a CV-identity in which no member of K is realized such
that K ¢ C and |u| > 4. Then some member of J is realized in K.
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Proof: We first note that since X' ¢ C there must exist {a,b,c,d} C u such that a <
b,c,d, b < d, and {a,c} > {b,d}. The ordering of the set {a,b,c,d} determines the cases
we must examine.

Case 1. a<c<b<d. K {cb,d}¢gK = {c,b} < {b,d}. Thus {a,c} > {b,d} > {¢c,b}.
This implies that K | {a,b,c} € K, contradiction. Thus the first case is vacuous.

Case 2. a<b< d<ec. Since K | {b,d,c} & K, {b,c} < {d,c}. Similarly, restricting K to
the set {a,b,d} we get {a,d}, {a,b} < {b,d}. Restricting to {a,bd, ¢} gives {a,c} < {b,c}.

One of the following orders on edge colors must occur:
i) {a,d} < {a,b} < {b,d} < {a,¢} < {b,c} < {d,c}
ii) {a,b} < {a,d} < {b,d} < {a,c} < {b,c} < {d,c}.
iii) {a,b} ~ {a,d} < {b,d} < {a,c} < {b,¢} < {d,¢}.
Each of these has J, or J; as subidentity.

Case 3. a<b<c<d.
Since K | {a,b,c} € K, {a,c} < {b,c}. Similarly, restricting K to the set {a,b,d} we
get {a,d}, {a,b} < {b,d}. Restricting K to {b,c,d} gives {b,c} < {¢,d}. Thus one of the

following orders must occur:
i) {a,d} < {a,b} < {b,d} < {a,c} < {b,c} < {d, c}

i) {a,b} < {a,d} < {b,d} < {a,c} < {b,c} < {d, c}.
iii) {a,b} ~ {a,d} < {b,d} < {a,c} < {b,c} < {d, c}.

Each of these has J; or J; as a subidentity. O

We establish some notation and definitions. Let I = (u;,<;, <) and J = (u;,<;,=%;)
be CV-identities. We say that I is a reordering of J if u; = u; and <;==<;. Let £ be the
collection of CV-identities, {L,, Ly}, where, for i = 1,2, L; = (u;,<;, %), w; = {a,8,7,6}
and a <; § <; 7 <; 6. We complete the definition by defining the order on the edge colors.
To simplify notation we use < instead of <; as the context makes the usage clear. The

colors are ordered according to:
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l) L,: {aaﬂ} ~ {0’7} ~ {a’ 6} = {ﬂ77} ~ {ﬂ,&} < {776}
i) Ly :{a,7} ~ {a,8} ~ {B,7} ~ {B,6} < {e, B} < {7,6}.

Lemma 3.12 Let K be an CV-identity of size four. If K is an element of Icy(f*) then K

is realized in a reordering of L, or a reordering of L,.

Proof: Let {a;:1 <1 <4} CR; and K be thevidentity realized by f* t [{a;:1 <1< 4})%
We will show that K is a reordering of L, or of L;. Recall the function g used in the definition
of f*. Define G to be the set {g(a;)Ng(a;): 1 <1,j < 4}. Now there exists a C-preserving
map from G onto the binary tree whose set of leaves is {(0,0,0), (1,0,0), (1,1,0), (1,1,1)}
or the complete binary tree <22. It should be observed that the color assigned to {a;,a;}
by f® is primarily determined by the length of g(a;) N g(a;). Thus in the first case K is a

reordering of L,. In the second case K is a reordering of L,. (]

Lemma 3.13 No member of J is realized by a reordering of a member of L.

Proof: The following two propositions clearly suffice.
Proposition 3.14 No J in J is realized by a reordering of L,.

Proof: Towards a contradiction suppose that there exists ¢, 1 < i < 4 and a linear ordering
<* of {a,B,7,8} such that K = ({a,f3,7,8},<*, <) is a reordering of L, which realizes J;.
Since, in J;, {2,3} is the unique edge which is assigned the greatest color, ¥ and é are the
two largest elements with respect to <*. Within these constraints we have four orderings
that <* can impose on the set {a, 3,7, 8}. Since the permutation (v, é) is an automorphism

of ({a,3,7,68},=,) it is sufficient to consider the orderings
)a<*f<ry<té
i) B<*a<*y<*$

Case 1. In this case, {8,7} > {a,6} in L,, yet {1,2} < {0,3} in J; and J,. Also {a,7} <
{B8,6} in L,, yet {0,2} > {1,3} in J3 and J,.
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Case 2. In this case, {a,v} < {8,7} in L; but {1,2} > {0,2} in J;.
Thus no reordering of L, realizes any of the CV-identities in 7. [J

Proposition 3.18 No J in J is realized by a reordering of L,.

Proof: Towards a contradiction suppose that there exists ¢, 1 < ¢ < 4 and a linear ordering
<* of {a, 8,7, 6} such that K = ({a, 8,7, 6},<"*,X,) is a reordering of L, which realizes J;.
Since, in J;, {2,3} is the unique edge which is assigned the greatest color, ¥ and é are the
largest elements with respect to <*. Thus a,f are the smallest. In K the edge between
the second and third elements in the <* ordering is one of {a,v}, {a, 6}, {8,7}, or {B,6}.
Since the color assigned to all these edges is less than the color assigned to {a, 3}, the color
assigned to the edge between the second and third elements in the <*-order is less than
the valued assigned to the edge between the first and second elements in the <*-ordering.
By inspection, in J;, the color of the edge between the second and third elements is greater

than that of the edge between the first and second, contradiction. O

This completes the proof of lemma 3.13. (0

Lemma 3.186 No member of J is realized by f*.

Proof: Towards a contradiction let J € J be realized by f*. Now J has size four and thus
by lemma 3.12 it is realized in a reordering of L, or of L,. This contradicts lemma 3.13. O

We now prove lemma 3.4. It is easy to see that all CV-identities that are not elements
of C and have field size three are elements of K. By lemma 3.8, in N = M[G°][G'], each
member of K is not realized by some coloring of [R;]*>. Thus the inclusion Zcv(R;) C C is
valid for CV-identities of field size three. Let I ¢ C have field size greater than three. By
lemma 3.11 one of the CV-identities in J is realized in I. But lemma 3.16 shows that each
CV-identity in 7 is not realized by f*. So f* does not realize I. This completes the proof

of lemma 3.4.
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3.2 CV-identities at N,

Two particular CV-identities, called R, and R,, play a role in this section. We will consider
two models of ZFC. In one R; € Icy(R;) (theorem 3.22)‘ and in the other R; ¢ Zcv(R,)
(theorem 3.24). We demonstrate that in all models of ZFC, R; € Zcv(R;) (lemma 3.25) and
R, € Tcy(R3) (lemma 3.26). This provides a proof of the consistency of Zev(R2) # Zev(Rs)
(theorem 3.27). The CV-identities R, and R, have the same underlying identity, called
I,, and ZFC F I, € I(R;). This answers in the negative, the question as to whether
all reorderings of a CV-identities in Zcv(X;), whose underlying identity is in Z(R;), are
themselves elements of Zcy(Rz). The forcing notion used in this section provides a new
way of finding c.c.c. forcing extensions of models of ZFC in which there is no R,-saturated,
N;-complete ideal on R;. A previous construction of such forcing extensions is found in [18].

We define R; = (u;, <;, <;) by setting u; = {0,1,2,3} and <; to be the usual ordering.
The order of the edge colors is given by:

i) R, :{0,2} ~ {0,3} ~ {1,2} ~ {1,3} < {2,3} < {0,1}
ii) Rz :{0,2} ~ {0,3} ~ {1,2} ~ {1,3} < {0,1} < {2,3}.
We need the function p : [w;]? — w, defined in [17] by Todorcevic. Fix a model M of

ZFC in which there exists a O0,, sequence (C, : @ < w; A a a limit ordinal ). Extend the
definition of C,, for ¥ < w, by setting Co41 = {a}. Define p : [w3]? — wy by

p({e,8}) = sup{p(e, min(Cs \ @)),0t(Cs N a),p(¢,0): ¢ € CsNea}.

Following the notation of [17] and [18] we write p(a, ) for p({a, 3}).
The following are properties of p, see [17].

i) p(—,a): a — w, is countable to one,

i) If a < f <7 <w, then

(a) p(a,B) £ max{p(a,7),p(8,7)}
(b) p(a,7) < max{p(e, B),p(8,7)}
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We quote the following lemma from [18].

Lemma 3.17 Let an uncountable family F of finite subsets of w; and an ordinal p < w, be
given. Then there are distinct z,y € F such that for everya €z \y,B€y\z,v€ZNY

pla, B) 2 maz{p, min{p(e,7),(8,7)}}-
For b € R,, @ € [R;]<“ we define bRa to hold if there exists a,, a; € @ with a; < a3 such
that p(b, a3) < p(a1,a3).
We note that for a fixed @ € [R;]<“ there are only countably many c such that cRa. We
let R denote {(u,¢) : u € [Ra]<¥, ¢ : [u]? — w}. We say that p = (u,c) € R is the amalgam
of p° = (u°,¢°) and p* = (u!,c!) € R if there exist h < w and increasing sequences 1g,. ..,

and ¢},...,4} in R, such that for a.ll s,t,0<s<t<handallijkl<w;
i) u®={,...,i3} and u! = {i},...,i}}
i) ({i,#%}) = ¢'({i;,1})
iii) ¥ = vid <il
iv) u =4’ U
v) e D (c?uUct)
vi) ({i,5} ¢ [v’P U [w']’) = e({i,5}) > rng(c’) U rng(c’)
vii) e({i,5}) = e({k,1}) = ({i,5} = {k, 1} v {i, 5}, {k, 1} € (v’ U [u']?)
viii) 1 € u% j € u', k € w Nu! and k < i < j imply p(4,7) > max{p(k,i),p(k,5)}
ix) 9 # il = ~il Ru®.
Now recall the notions of one-point extension and history as given in the previous chapter.

Also recall the natural indexing of elements of a history

Definition 3.18 We define a sequence of subsets of R. Let Py = {({u,c) € R: |u| = 1}.
Given P,, let P, be the subset of R which contains P,, all amalgams of pairs of elements of
P,, and all one-point extensions of elements of P,. Let P = | J{P, : n < w}. For p = (u?,c?)

and ¢ = (u%,¢?) let p < g mean that v D uf and ¢® D ¢‘.
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Lemma 3.19 P is c.c.c

Proof: Let (p, : @ < w;) be a sequence of conditions. By thinning we can suppose
that there are n,! < w and if (a < w;, 0 < j < n) such that for all @, < w, and all
ik, (0<j<k<n)

i) wPe = {ig,...,i%}

ii) i <if
iii) o= ({ig,ig}) = e ({if, %))
iv) p. €P;.

Applying the A-system argument allows us to thin the sequence of conditions further so
that '
VaVA(if = if) v (VB < wy)(Ya < B)(if < i) (0<t<n).

Since p(—,a) is countable to one we can inductively define a sequence (as : § < w;)

such that 8 < 4 < w; A b € uP=~ \ uP*» implies
-3Ja,3ay(a;, a; € v$** A p(b,a3) < p(a1, az)).

By Velickovic’s lemma 3.17 we may choose v,8 € {as : f < w,} such that for all #,5 €

uPT U up"
i € uPv, j € wP¢, and k € uP* NP implies p(i,7) > min{p(k,1),p(k,5)}.

Using the quoted properties of p we conclude that, if i € u?7, j € w?*, k € v»"NuP¢, and k <
i < j, then

So the conditions p, and ps have a common extension in P. O]

Lemma 3.20 Let p € P. Then p does not realize R,.
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Proof: Towards a contradiction suppose the lemma fails. Let m be minimal such that
there exists p € P,, realizing R,. Let H = (p, : ¢ € 25™) be a history of p. Let g :
{0,1,2,3} — u” be the order preserving map witnessing the realization. Since m is minimal
rng(g) N u® \ ul) and rng(g) N uf!) \ uf® are nonempty. Note that in R, each edge of
the cycle (02130) has the same color. Thus for any two consecutive elements z,y, of the
sequence (g(0),9(2),9(1),9(3),9(0)), either z,y € ul® or z,y € ul*). On the other hand,
from the minimality of m, rng(g) intersects both u{® \ u(*} and u{* \ u(®. It follows that
either g(0), g(1) € uf® n ulM) or ¢(2), g(3) € u!® N ul!). The former contradicts {0,1}
being the unique edge of R, with the maximum color. Thus g(2), g(3) € u{® N uf* and
g(0) € ul®\ u g(1) € ulth \ ut® or vice-versa. Without loss of gererality the first
possibility occurs.

We conclude from the above that {g(2),9(3)} € u!® n ul!). Towards a final con-
tradiction note that p(g(1),9(3)) > p(9(2),9(3)) since ~g(1)R{g(2),9(3)}. Let R* de-
note the CV-identitiy R, | {1,2,3}. Choose o € 25™ such that |o| is maximal sub-
ject to {g(1),9(2),9(3)} C u°. This implies |u(® \ u”™™ N {g(1),9(2),9(3)}l > 1 and
lue™ )\ w9 N {g(1),9(2),9(3)}| > 1. Now note that the color of the edge {g(2),9(3)}
is maximal in the collection of colors occuring on the edge set [{g(1),9(2),9(3)]>. Thus
g(2) € @ \ yo'(1) and ¢(3) € u” M \ w9, or vice-versa. If g(1) ¢ u”® Nu") some
new edge receives a color previously used, a contradiction to the definition of amalgama-
tion. Using property viii) of the definition of amalgamation we conclude that p(g(1),9(3)) <
p(9(2), 9(3)), a contradiction to a previous note. 1

Let M be a model of ZFC and G be P-generic over M. Define g = {c : Ju((u,c) € G)}.
Lemma 3.21 In M[G), |fld(g)| = R,.

Proof: The set {(u,c) € P: u ¢ a} is dense in P for all @ < w, since P is closed under
one-point extensions. So fld(g) is cofinal in (X,)™. But, since P is c.c.c. (R;)™ = (R;)M[€).

Hence the conclusion. [
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Theorem 3.22 Let M be a model of ZFC and G be P-generic. In M|[G] there is a function
f :[Rq]> — w such that R, & Icv(f).

Proof: In M[G], |id(g)| = R, so there exists a unique order-preserving bijection h : Rg —
fid(g). Define f : [R;]? — w by f({a,8}) = g({h(a),h(8)}). It is clear from lemma 3.20
that R, ¢ Zcv(f). O

We are now going to show that there exists a model of ZFC in which R; € Zov(R;) and
Zcv(Ry) # IDey. The model will be one in which there exists an R,-saturated, R,-complete
ideal on R;. It has been shown that the existence of such ideals is consistent relative to
the consistency of the existence of certain large cardinals, see [9]. It is shown in [1] and in
[10] that when one adds Cohen reals to a model of ZFC the existence of an R,-saturated,
R;-complete ideal on R, is preserved. Since CH fails in this model we may apply lemma 3.1
to conclude Zoy(R,) # IDcy.

Lemma 3.23 Let k > w be a cardinal such that K — (k,w)?, f : [K]? — w, and n < w.
Then either Icy(f) = IDcv or there ezists D C & such that |D| = k and f({a,8}) > n for
all {a, B3} € [D]2

Proof: Define g : [x]? — {0,1} by g({a,8}) = 0 if and only if f({a,(}) > n. Now
use the fact Kk — (x,w)?. If there is a homogeneous set of size x in color 0 we are done.
Thus we may assume that there is D C & of order type w such that f({a,3}) < n for all
{a,8} € [D}]*. Now apply w — (w)3,, to find E C D and k < n such that D has order
type w and f({a,}) = k for all {a,B} € [E]*. Clearly f  [E]? realizes all CV-identities.
)

Theorem 3.24 If there ezists an R,-complete, Rj-saturated ideal 3 on R, then, R, €
Tev(Ry).

Proof: Let f : [N;]? — w. For @ > R, choose C, C R, and d, < w so that C, € J* and
f({z,a}) =d, forall z € C,. Choose D C R, \ R, and ¢; < w so that |D| =R, and d, = ¢,

for all a € D. Applying the previous lemma we may assume that there exists D; C D such
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that |D,| = R; and f({a,8}) > e for all {a,8} € [D,]?. By Rj-saturation there exists
{a,B} € [D1]? such that C, N Cp € 3*. Let ¢; = f({a,B}) and C = C, N C;s. Note that
¢ < ¢; and |C| = R,. We again apply the previous lemma to find distinct a,b € C and
¢3 < w such that f({a,b}) = ¢3 and ¢; < cs. '

It is then easy to verify that f({a,b}) = cs3, f({@,8}) = c3, and f({z,y} = e for
z € {a,} and y € {a,b}. This together with the fact that a < b < a < 3 implies that f
realizes R, on {a,b,a,3}. 0

Lemma 3.25 R; € Zcv(R3).

Proof: Let f :[R;]? — w. For a € R;\ R; choose C, C X, and d, < w such that [Cy| = Ry
and f({z,a}) =d, for all z € C,. Let D C R;\ &}, and ¢; < w be chosen so that |D| = R,
and d, = ¢, for all a € D. By lemma 3.23 we can choose, for a € D, d,1,da 3z € C, and
es < w such that f({da,1,ds2}) = €, > ¢; By the pigeon-hole principle there must exist
E C D, c; < w, and a,b € R, such that |[E| =R, and for all a € E, d,, = a,d, > = b and,
c; = e,. We may assume that a < b. Again by lemma 3.23 we may choose two elements
¢ < d € F such that f({c,d})=c3 > ¢3. As¢c; < ¢3 < c¢3and a <b<c<ditis clear that
f realizes R;. OO

We now remark that it is not true that if 7 and J are CV-identities such that I is a
reordering of J and I € Zoy(R;) then J € Tcoy(R;y). The identities Ry and R, provide an
immediate counterexample. We also note that the identity underlying both R, and R, is I,

which is an element of Z(R;), see theorem 2.22.
Lemma 3.268 R, € Icv(Rs).

Proof: Let f : [N3]? — w. For a € R; choose C, C [Ry,¥3 + X)), dy < w such that
ICal = R, and f({z,a}) = d, for all z € C,. Let D C Ry, ¢; < w be chosen so that
|D| = R; and d, = ¢, for all a € D. We now follow the construction process in the previous
theorem, producing three colors, ¢;,¢c;, and ¢3 and four elements a,b,c,d € R, such that

c1<c;<ca<wand c<d<a<hb. Itis clear that f realizes R,. O
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Theorem 3.27 There is a model of ZFC in which Icy(R;) # Tcv(Ra).

Proof: This is immediate from theorem 3.22 and lemma 3.26 O

Theorem 3.28 Let M be a model of ZFC such that M |= O,,. Let P € M be the partial
order defined in this section. Then for all P-generic G,

M[G] [ B3(3 is an R;-saturated ,R,-complete ideal on R, ).

Proof: Theorem 3.22 shows that M[G] |E Ry € Zcv(R;) which contradicts theorem 3.24 if

there exists an Rj-saturated ideal on R;. O

3.3 CV-identities at N,

We start with some definitions. Let n < w. Denote by <; the ordering of "2 where a <;
if and only if @ D (an B)*(0). Denote by k,, the unique one-to-one function from 2" (the
ordinal) to ™2 such that for all 0 < ¢,j < 2*,i < j if and only if ka(i) <i ka(j). For
fe ("2 et g7 : <"2 — w be the unique function such that

i) rng(g,) is an initial segment of w
i) Vn,7,8 € <"2((7°(0) S v An(1) € &) = (9s(7) < 9,(8) & f(m) = 1))
iii) v C 8= g,(7) < 9s(6).
For f € ("2 define hy : [2"]* — w by hy({§,1}) = g5(ka(i) N ka(5))-
We deﬁne E=U{Tcv(hy): fe ("N2An < w).
Theorem 3.29 Zoy(R,) 2 €.

Proof: We will show that foreach n,1 < n < w,

Iov(Raa) 2 (J{Zov(hy): f € *"22A1<m<n).
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The initial stage of n = 1 needs no proof. Thus assume the result for n < k and let f €
(**'2) 9, Let g : [Ngi42)? — w. For i = 0,1 define f; : <*2 — {0,1} by fi(n) = f({(i)"n).
We have two cases to consider f(@) = 0 and f(@) = 1. We analyze the first case and leave
the second since it is similar.

For @ € Nap41 choose Co C [Nary1, Rars1 + Ra2x) and b, < w such that g({a,z}) = ba
for all z € C,. By the pigeon-hole principle there exists D C Njz4; and b < w such that
by = bforalla € D. Now let @ € D. By lemma 3.23 we may assume without loss of
generality that there exists E, C C, such that |E,| = |C,| and mg(f | [E.)?) Cw\b+ 1.
For a € D, by the induction hypothesis there exists a set G, C E, such that g | [G,]?
realizes Zcy(hy,). For each a € D choose such a set. Again by the pigeon-hole principle
there is D, C D of cardina.litx N2n41 and a set G such that G, = G for all @ € D,.
Let ¢ = max(rng(g | [G]?)). By lemma 3.23 we may assume without loss of generality
that there exists D; C D, of cm&inaﬁty Rae41 such that g | [D;)2 C w\ 1+ ec. By the
induction hypothesis there exists H C D, such that g | [H]? realizes Zcy(hy,). It is clear
that g | [H U G)? realizes Icy(hy). O

3.4 CV-identities with color set ordered like the rationals

In the section we will classify Zcy(R;,Q). Towards this end we let D be the set consisting
of the two CV-identities which have field sizes one and two. We show Zcy(R;,Q) = D. We
outline the proof. Let R be the collection of all CV-identities that have field size three. Let
M be a model of ZFC. We first construct c.c.c. partial orders P (%), for F € {a,l} and
i€ {0,1}. In N = M[G*°}[G*'][G"°][G"!] we define fF :[R,]? — Q using GF*. We then
show that each K € R is omitted by one of the 7. The final step is to show that a copy of
each fF¥ can be constructed in the ground model M. This is accomplished by considering
2-cardinal models.

We establish some definitions and notation. From §3.1 recall the lezicographic and

antilezicographic orders of w; X w;, denoted <' and <° respectively. From the same section
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recall the definitions of isomorphic and proper. Let
R = {g: g is a mapping from [B)? into Q, |B| < w, B C ¥;}.

For F € {l,a} and i = 0, an (F, {)-amalgam of f and g, where (f, g) is proper is an extension
h € Rof f and g such that fid(h) = fld(f) U fld(g), rng(f) U rng(g) < rng(h \ fU g), and

h({zlv yl}) < h({zz, yﬁ}) « (zlv yl) <P (327 yZ)

for all z,,z, € fid(f) \ id(g) and y;,y; € fid(g) \ ld(f). For F € {l,a} and ¢ = 1, an

(F,t)-amalgam of f and g, where (f, g) is a proper pair, is defined exactly as above except

mg(f) U mg(g) > mg(h\ fU g)
Definition 3.30 For F € {l,a} and i € {0,1} define the partial ordering P (F?) as follows.
Let P9 = {f : f is amapping from [B]? into Q, | B| = 1}. For n > 1 let P,{{}” denote the

union of P {F¥) and
{g € R: there exist f,, f; € P such that g is their (F,{)-amalgam }.

Let P (F%) = Y{P(F) : n < w} with the ordering of inverse inclusion.

Let M be a model of ZFC. Let G*° be P*%-generic over M. Define N*? to be M[G*7).
Let G*! be P%!.generic over N*° and define N*! to be N*°[G*!]. Let G'* be P'*-generic
over N*! and define N'° to be N*![G"?]. Finally let G"! be P"!-generic over N'? and
define N to be N'°[G"!]. In other words N = M[G*°][G*!][G"°][G"'] where GF* is PF
generic over the appropriate model. In N define g©* = |JGF* for F € {a,l},i € {0,1}. The

following two lemmas are proved in a manner similar to lemmas 3.6 and 3.7.
Lemma 3.31 Let F € {l,a} and i € {0,1}. Then P (F¥ 5 c.c.c.
Lemma 3.32 The cardinality of fld(gF*) is R, for each i € {0,1} and F € {l,a}.

For F € {l,a} and i € {0,1} let A*¥ : R, — fld(¢""*) denote the unige order-preserving
bijection and define fF* : [R,]* — Q by fFi({a,8}) = g™ ({hF(a),hF*(8)}). Recall the
collection, K, of CV-identities given in section 3.1. We now define three additional CV-
identities which have field size three. Together with the collection K, they constitute the
complete set of all CV-identities with field size three. For i = 11,12,13let K; = (u;, =;, <;)
be such that u; = {0,1,2}, <; is the usual ordinal ordering and <; is as follows:
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l) K, :{0,1}< {0,2}< {1,2}
i) Kz : {0,2) < {0,1} ~ {1,2}
111) K;3: {0, 1} ~ {0,2} < {1,2}.

The following lemmas are all proved in a manner similar to the proofs of lemmas 3.9. They

will be omitted.

Lemma 3.338 In N, f'° omits K \ {K,}.
Lemma 3.34 In N, f*° omits K \ {K,, K3}.
Lemma 8.35 In N, f"! omits { K3, K}s)}.
Lemma 3.38 In N, f2° omits {K,,, K,s}.

Lemma 3.37 Let M be a model of ZFC. There exists a cardinal preserving forcing exten-
sion N of M and functions fF¥ : [R]> — Q for F € {a,l},i € {0,1} in N such that for
every CV-identity I ¢ D, one of the O-colorings fF* omits I.

Proof: Every CV-identity that is not an element of D has field size 3 or realizes a CV-
identity of field size 3. The four lemmas listed show that every CV-identity of field size

three is omitted by one of the four colorings fF¢. O

We continue with some lemmas needed to prove the main result. The following theorem

is essentially proved in [11) on pages 126-133.

Lemma 3.38 Let L be a countable language containing a designated unary predicate. Let
T be an L-theory. There is an extension T’ of T such that there is an (w;,w)-model of T if

and only if T' is consistent.

Definition 3.39 Let L = {p,<, f,g} be a language, where p is a unary predicate, < a
binary predicate and f,g are binary function symbols. Let T, be the L-theory which has

axioms saying that < is a linear ordering of the universe as well as
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i) VzVy(z # y & p(f(z,v)))
i) YzVyVz[(z,y < z) = [p(9(y,2)) A (9(y,2) = 9(z,2) = y = 2)]].

Let n < w, I be a CV-identity of size n, K a model of Ty, and A C K be of cardinality
n. Let h : n — A be the order-preserving bijection. Denote by g, : [r]? — w, the unique

function such that rng(g,) is an initial segment of w and for all {r, s}, {t,v} € [n]?,
ga({r,3}) < ga({t,v}) & FM(h(r),h(s)) < FY(A(t), h(v)).

Let ¥;(z,,...2,) be the formula in the language L such that for all K such that K | T,
for all A = {a,,...,8,} € [K]*, K | ¥i(a1,...,a,) if and only if g4 does not realize I.
Define T; to be the theory To U {Vz,,...,Yz,%s} and T} to be the extension of T; as given

in lemma 3.38.

Lemma 3.40 Let M be a model of ZFC and I be a CV-identity of sizen. In M there ezists
an (w,,w)-model K of T; if an only if there erists a function f : [R,]> — Q that does not
realize the CV-identity I.

Proof: The proof of the ¢ if > part is clear. We now prove the  only if ’ part. Since we
have a two-cardinal model of T,, the first axiom shows that the collection of colors, p¥, is
a countable set. Thus there exists an order preserving bijection A : p — Q. The second
axiom shows that there is a subset R of K of order-type R,. Let k : R; — R be the unique
order-preserving bijection.

Define f : [X;)? — Q by f({a,B8}) = h(fX(k(a),k(B))). Since K | T, for all A €
[K]", ga does not realize I. This suffices to show that f does not realize I since for all
B € [X4]", f | B realizes I if and only if g4 realizes I, where A = {k(a):a € B}. O

Theorem 3.41 I.v(X;,Q) = D.

Proof: Let M be a model of ZFC and I be an CV-identity not in D. By lemma 3.37 there
exists an extension N of M and a function f : [R,]? — Q in N such that f does not realize

I. By lemma 3.40 there is an (w;,w)-model of Ty in N. It follows from lemmas 3.38 that T
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is consistent in N. If T} were inconsistent in M, a formal proof of a contradiction from the
axioms of T} would exist in M and thus also in N, showing inconsistency in N, contradiction.
Thus T} is consistent in M. By lemma 3.38, this consistency shows the existence, in M,
of an (w),w)-model of T;. Applying lemma 3.40 we obtain a function f : [R,]*> — Q that
omits I. Thus the theorem is proved. 1

An attempt at proving that ZFC F Zoy(R,,w) = C in a manner analogous to that in
theorem 3.41 would take the following form. First, using theorem 3.2 we find a model N
such that N | Tcy(Ry,w) =C. Let I ¢ C be a CV-identity. By lemma 3.40 there exists an
(w,w)-model of T}, and so by 3.38, T} in consistent in N. Any proof of the inconsistency
of T} in M would give a proof of the inconsistency in N. Thus T; is consistent in M, the
ground model. Again, 3.38 shows that 7} has an (w;,w)-model in M. The proof now fails.
This (w;,w)-model only shows that there exists in M, a function f :[R;]?> — B such that
I ¢ I(f), where B is a countable linearly ordered set. One might hope to find a set C C B
of order type w and an uncountable D C R, such that f({d,,d.}) € C for all {d,,d,} € [D)?,
and thus rescue the theorem. The following combinatorial argument show that this will not

always be possible.

Lemma 3.42 (CH) There ezists a function f : [R;]? — w + w such that for all B C X,
forall S Cw+w,

(IBl = Ri A ot(S) =w) = IH{a, B} € [B]*(f({e, B}) € 5).

Proof: List the subsets of w +w of order type w as (S, : @ < w;). List the countable subsets
of w; as (C, : @ < w;). We define f in w, stages. At stage @ < w, we define f({a,v}) for
7 < a.

We define the construction at stage a. List the set {Ss : § < a} in order type w as
(Th:n < w) and the set {Cs: 8 < aACs C a} as (D, : n < w). We now define the values
f({a,7}) where v < a. This is done in w stages. List the pairs {{m,n): m,n < w} in
order type w by defining a bijection A : w — w X w. At stage k < w let h(k) = (m,n) and
choose o € w+w \ T, and 4, € D,, \ U{y; : j < m}. As D, is countable this is possible.
Define f({a,7:}) = a;. For ¥ € {: : k < w} define f({a,v} = 0. The construction is now
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complete.

We now show that f indeed does what we have claimed. Towards a contradiction choose
B C R, of cardinality ®; and S5 C w + w of order type w and suppose f({b,7}) € S5 for
all b,y € B. Let BN B = C; for some § < w;,. Choose b € B such that b > max{$, 3}. By
hypothesis f({b,c}) € S5 for all ¢ € C; but as C; C 4,6 < b and 8 < b we have, by the
construction, that there exists 4 € Cj such that f({b,v}) € w +w\ Ss.

More precisely, C;s occurs as D,, for some m < w in our listing of {C, : n < bA C, C b}.
Also S occurs as T, for some n < w in the listing of {S, : n < b}. Consider k = h(m,n) < w.
By construction we have chosen 7z € Dy = Cs and a4 € w+ w\ T, = w + w \ S5 and then
defined f({b,7:}) = a;. O



Chapter 4

Open Questions

The following are some open questions.

i) Are the methods used in this thesis sufficient to cha.ra.ctefize IDA™? In other words,

is it true that IDA™ = C™ for m > 27
ii) Does N{CF™: Fe Fm} = Y{CF™: Fe F™}?

iii) Recall the definition of f, : [Rm]? — w given in §2.1. This function depended upon
the choice of F € F™ used to define PF™ and the choice of the PF™.generic G. Is the
set of identities realized by f,, independent of the choice of F and G?

iv) Does there exist an algorithm which determines membership in C™?
v) Does ZFC F Iy (R;,w) =C?
vi) Does ZFC + Icy(R,,w) = &7

vii) Is Toy(R,,w) closed under end-duplication?

viii) Does Zov(Ru,w) = U{Zev(Ra,w) : n < w}?

ix) Does there exist x > R, such that Zoy(R,,w) G Zev(k,w)?

69
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