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f NTRODUCTIOI 

J o i n t l y  h e t e r o s c e d a s t  i c - a u t o c o r r  e r r o r s  cause 

est  imat i o ~ l  p r o b i e m s ,  T h e  o r d i n a r y  lea st s q u a r e s  e s t i m a t o r  (DLS) 

w i l l  b e  u n b i a s e d  b u t  i n e f f i c i e n t ,  S o r e o v e r ,  i f  the i n c o r r e c t  

e s t i m a t e d  g e n e r a l i z e d  l e a s t  s q u a r e s  e s t i m a t o r  (EGLS) is u s e d  the 

s i t u a t i o n  Bay b e  n o  b e t t e r ,  a n d  p o s s i b l y  worse ,  F o r  i n s t a n c e ,  i f  

b o t h  h e  teroscedast i c i t y  a n d  a u t o c o r r e l a t i o n  e x i s t ,  h u t  

c o r r e c t i o n  i s  for one prob lem only, t h e  e s t i m a t o r s  are  still 

b a s e d  on n o n s p h e r i c a i  e r r o r s  and t h e y  will r e m a i n  i n e f f i c i e n t ,  

This p a p e r ,  unlike t h e  l i t e r a t u r e ,  studies the p r o b l e n  in 

d e t a i l ,  F i v a  e s t i m a t o r s  a r e  p r o p o s e d  a n d  e a c h  is tested u n d e r  

nine s e v e r i t y  c o m b i n a t i o n s  of h e t e r o s c e d a s t i c i t y  and 

a u t o c o r r e l a t i o n ,  

Deter mining t h e  s e v e r i t y  l e v e l s  presented a major i m p a s s e ,  

.c I 
L n e  abso lu te  vdiue or' the  a u t o c o r r e i a  t i o n  craer ' r" ic ient  i s  

commonly  u s e d  t o  i n d i c a t e  t h e  degree o f  s e r i a l  c o r r e l a t i o n ,  but 

n o  sititifar indicator e x i s t s  f o r  h e t e r o s c e d a s t i c i t y ~  

T h e  f i r s t  of t w o  flonte Car lo  s t u d i e s  is c o n d u c t e d ,  T h e  

p o s t u l a  tea  h e t e r o s c e d a s t i c i t y  i n t e n s i t y  measure is u s e d  t o  

determine t h e  severity L e v e l  a t  ~ h i c i z  E G L S  outperforms OLS, The 

r e s u l t s ,  f o r  t h e  data u s e d ,  indicate estimated GLS h a s .  a s~allcjr 

mean s q u a r e  e r r o r  t h a n  OLS f o r  even v e r y  weak Levels o f  

h e t  e r s s c e d a s  t icit y, 

f i n a l l y ,  n i n e  d i f f e r e n t  s e v e r i t y  c o m b i n a t i o n s  of 

h e t e r o s c e d a s t i c i t y  and  a u t o c o r r e h t i o n  were c h o s e n  a n d  u s e d  i n  a 

s e c o n d  Monte C a r l o  s t u d y  t o  examine tiie p e r 2 o r ; n a n c e  of the f i v e  



e s t i a a t o r s .  ~ h c  d e t a i l s  of this s t u d y  ant i  the c o n c l u s i o n s  a r e  in 

s e c t i o n s  four  and  five. 



H e  terosce3ast ic i t  y  a n d  a u t o c o r r e l a t i o n  c a n  o c c u r  

s i m u l t a n e o l i s l y  i n  @any d i f f e r e n t  e s t i m a t i o n  c o n t e x t s -  

lJaf o r t u n a t e l y ,  f o r  t h e  m o s t  p a r t ,  t h e  l i t e r a t u r e  i g n o r e s  t h i s  

p r o b l e m ,  

What their modell. i n  effect implies i s  a n  o r d i n a r y  
regression m o d e l  w i t h  r e s i d u a l s  s h o w i n g  b o t h  
h s t e r o s c e d a s t i c i t  f a n d  a u t o c o r r e i a  t i o n ,   egression 
m o d e l s  shere both these problems  are  h a n d l e d  
s i m u l t a n e o u s l y  have n o t  been  es t imated,  ( H a d d a f a ,  1977, 
pp, 398) 

T h e r e  h a v e  b e e n  on ly  tuo ar t i c l es ,  H a r r i s o n  and Bccabe 

(1975) a n d  Epps a n d  f p p s  (19771, d i r e c t l y  concerned w i t h  t h e  

j o i n t  p r o b l e m ,  However ,  t h e y  f o c u s  o n  t h e  r o b u s t n e s s  of v a r i o u s  

t e s t s  f o r  n o n - s p h e r i c a f n e s s ,  w i t h  no d i s c u s s i o n  on t h e  b e s t  

e s t i n t a t o r  ilridelr these c i r c u m s t a n c e s .  

I n  t i l n ~  series or  c r o s s - s e c t i o n  r e g r e s s i o n  a n a l y s i s ,  the 
p r o k i e n s ,  of a u t o c o r r e l a t i o r ,  and he  t e r o s c e d a s t i c i t p  may 
often s t e a  froxi a common c a u s e ;  t h e y  z a y ,  therefore,  b e  
r e a s o n a b l y  e x p e c t e d  t o  o c c u r  s i t r , u l t a n e o u s l y ,  Yet m o s t  
tests for  a u t o c o r r e l a t i o n  a r e  f i o r m u l a t e d  u s i n g  t h e  
a s s u m p t i o n  of h o ~ o s c e d a s t i c i t ~  a s  a maintained 
h y p o t h e s i s ,  L i t t l e  is  k r o w ~  a b o u t  hou  these t es t s  
p e r f o r m  when t h i s  a s s u m p t i o n  is untrue, ( H a r r i s o n  a n d  
HcCabe, 1975, p.215) 

f a r r i s o n  a c d  a c C a b e  c o c c l u d e ,  o n  t h e  b a s i s  of a Monte Carlo 

study, t h a t  t e s t s  f o r  au t o c u r r e i a t i o n ,  i n  p a r t i c u l a r  the D u r b i n  

- B a t s o n  tes t ,  are o n l y  v e r y  s l i g h t l y  a t f e c t e d  by t h e  p r e s e n c e  of 

h e t e r o s c e d a s t i c i t y ,  



T h e i r  mode l  h a s  f i r s t - o r d e r  a u t o r e g r e s s i v e  a n d  

m u l t i p l i c a t i v e  h e t e r o s c e d a s t i c  d i s t u r b a n c e s :  

+ u and v(ut) = x Y = p e t - l  t t o  

Rho v a r i e s  b e t w e e n  0 a n d  - 9 -  Ga~ma is set  b e t w e e n  0 a n d  2 a n d  is 

u s e d  t o  i n d i c a t e  t h e  s e v e r i t y  o f  h e t e r o s c e d a s t i c i t y -  

G a m m a  is a n  i n a d e q u a t e  m e a s u r e  s i n c e  it i g n o r e s  t h e  

m a g n i t u d e  o f  t h e  x 's -  T h e y  d o  use t u o  f o r m s  of x, o n e  

r e p r e s e n t i n g  a random n o r m a l  v a r i a b l e ,  t h e  o t h e r  a p u r e  t r e n d  

v a r i a b l e .  T h e  fo rm cf x is f o u n d  t o  h a v e  a n  i n a p p r e c i a b l e  effect  

o n  t h e  p o w e r s  of  t h e  tests, b u t  t h e  s i z e  of t h e  x ' s  s h o u l d  b e  

u s e d  i n  c o n j u n c t i o n  w i t h  gamma t o  d e t e r m i n e  t h e  s e v e r i t y  o f  

h e t e r o s c e d a s t i c i t  7, T h e r e f  ore, it is  u n c e r t a i n  whe t  h e r  o r  not 

t h e  a u t  o c o r r e l a t i o n  tests h a v e  b e e n  r i g o r o u s l y  e x a m i n e d -  

Epps  a n d  Epps  t a k e  a  s i m i l a r  a p p r o a c h  (1977, p-745): 

L i t t l e  s t u d y  h a s  b e e n  g i v e n  to t h e  p r o p e r t i e s  o f  t h e  
f o u r  t es ts  j i i u r b i a - U a t s o n ,  G e a r y ,  G o i d f e i d - Q  u a n d t ,  a n d  
G l e  jser) when BOTH a u t o c o r r e l a t i o n  and 
h e t e r o s k e d a s t i c i t y  a r e  p r e s e n t :  y e t  i n  time-series 
m o d e l s ,  e s p e c i a l l y ,  t h e  e f fec t s  o f  o m i t t e d  v a r i a b l e s  may 
o f t e n  g i v e  rise t o  b o t h  p r o b l e m s  s i m u l t a n e o u s l y ,  It is  
v a l u a b l e ,  t h e r e f o r e ,  t o  know h o u  r o b u s t  a r e  t h e  s t a n d a r d  
tests f o r  o n e  p r o b l e m  i n  t h e  p r e s e n c e  o f  t h e  o t h e r .  

Epps a n d  E p p s  r e e x a m i n e  t h e  D u r b i n - H a t s o n  b o u n d s  test sad- 

t h e  G e a r y  tau test,  They  a l s o  i n v e s t i g a t e  t h e  r o b u s t n e s s  of t h e  

S o l d f e l d - Q u a n d  t a n d  G l e  jser tests f o r  h e t e r o s c e d a s t i c i t  y- The 

f o u r  t e s t s  were e x a m i n e d  b o t h  a n a l y t i c a l l y  a n d  f rom Wonte C a r l o  

o u t  comes. 

B o t h  a p p r o a c h e s  c o n c u r  w i t h  t h e  p r e v i o u s  work - t h e  b o u n d s  

test a n d  t h e  G e a r y  test  a r e  r o b u s t  i n  t h e  p r e s e n c e  o f  

h e t e r o s c e d a s t i c i t y ,  T h e  a r t i c l e s  d i f f e r ,  h o w e v e r ,  i n  t h e i r  



s p e c i f i c a t i o n  o f  t h e  e r r o r  term, ~ l u l t i p l i c a t i v e  

h e t e r o s c e d a s t i c i t y  was r e p l a c e d  b y  a d d i t i v e  h e t e r o s c e d a s t i c i t y ,  
2 

e t = pet-1 + ut so tha t  v (e  = o t  = s + y x2 t t 

The i m p e t u s  b e h i n d  t h i s  s t e p  was  t o  f a c i l i t a t e  t h e  use of t h e  

r a t i o  o f  t h e  maximum t o  minimum disturbance v a r i a n c e s  a s  a 

h e t e r o s c e d a s t i c i t y  measure t h a t  was  i n d e p e n d e n t  of t h e  d e g r e e  o f  

a u t o c o r r e l a t i o n ,  For e x a m p l e ,  

a I f  t h e  earlier s p e c i f i c a t i o n  i s  u s e d ,  

max 
Y 2 (e t )  - - x , + p y ( e t 1 )  - 

(es)  min ?, 7 
x; + ~ - v ( e ~ - ~ )  

Obviously t h e  r a t i o  w i l l  v a r y  w i t h  r h o  a n d  t h u s  d e p e n d s  on t h e  

s e v e r i t y  of au t o c o r r e l a t i o n .  

T h i s  r a t i o  l o o k s  o n l y  a t  t h e  r a n g e  of v a r i a n c e s ,  a l l  o t h e r  

v a r i a n c e s  are n e g l e c t e d .  C o n s e g u e n t l y ,  t h e  d e g r e e  o f  

h e t e r o s c e d a s t i c i t y  t h a t  t h e  a u t o c o r r e l a t i o n  tests h a v e  been  

s u b j e c t e d  t o  i s  i l l - d e f i n e d .  F o r t u n a t e l y ,  t h e  a n a l y t i c  r e s u l t s  



a r e  free o f  t h e s e  m e a s u f e m e n t  problems a n d  a s  s u c h  are r e l i a b l e ,  

T h e  G o l d f e i d - Q u a a d i  a n d  Gle jser tests a r e  shown to  b e  

i n v a l i d  i f  t h e  errors are  se l -ha lby  c o r r e l a t e d *  Y e t  they do y i e l d  

f a i r l y  g o o d  results if a u t o c o r r e l a t i o n  is c o r r e c t e d  f o r  f i r s t ,  

A s  a r e s u l t ,  E p p s  a n d  Epps  s u g g e s t  a s p e c i f i c  seq-uantial.  t e s t i n g  

prncedu  re: if n u t o c o r r e l a t i o n  exists, a p p l y  t h e  

h e t e r o s c e d a s t i c i t y  t e s t  t o  t h e  C a c h r a n e - o r c u t t  t r a n s f o r m e d  

r e s i d u a l s ,  T h e y  d o  n o t  ritake t h e  natural e x t e n s i o n  to e s t i r n a t i o n  

p r o c e d u r e s ,  T h i s  p a p e r  fills t h e  gap* 

T h e  o n l y  o t h e r  a rea  i n  t h e  l i t e r a t u r e  that is c o n c e r n e d  

w i t  b  j o i n t l y  heteroscedastic-autocorfe1ated d i s t u r b a n c e s  is i n  

t h e  p o o l i n g  of c r o s s  s e c t i o n  a n d  t i a e  series d a t a ,  T h e  f a u l t  

h e r e  is  t h a t  i t  is o n l y  indirectly d i s c u s s e d  - i n  f a c t ,  only 

a l l u d e d  to.  

T h e r e  a r e  t h r e e  basic  a o d e l s  i n  w t i c h  t h e  p o o l e d  c r o s s  

s e c t i o n  time series d a t a  art. s l o t t e d ,  They are: dumlny v a r i a b l e ,  

e r r o r  c o m p o n e n t s ,  a n d  v a r y i n g  c o e f f i c i e n t  models- The most 

c o m p r e h e n s i v e  model, t h e  o n e  t h a t  a l l o w s  f o r  d e p e n d e n c e  ac ross  

a l l  u n i t s  a n d  f o r  all time p e r i o d s ,  i s  discussed only 

t h e o r e t i c a l l y  b y  Judge et a l ,  (1980, pp-327-328) and Kmeata 

(1971, pp*512-514)- It d o e s  n o t  seem t o  h a v e  been a p p l i e d ,  

T h e  g e n e r a l  a p p r o a c h  t o  e s t i m a t i o n  w i t h  p a n e l  d a t a  is  t o  

make a s s u m p t i o n s  a b o u t  t h e  i n t e r c e p t  a n d  s l o p e  c o e f f i c i e n t s :  d o  

they v a r y  over time? O r  over i n d i v i d u a l s ?  O r  b o t h ?  The n e x t  s t e p  

is  t o  d e c i d e  ufse ther  o r  n o t  t h e  c o e f f i c i e n t s  r e p r e s e n t  f i x e d  

p a r - i m e t e r s  o r  r andom s a r i n  b l e s .  T h e s e  d e c i s i o n s  a r e  t h e n  



i n c o r p o r a t e d  i n t o  t h e  modells s p e c i f  i c a t i o n I  T h e  v a r i a n c e  

c o v a r i a o c e  m a t f i x  of t h e  r e s u l t i n g  d i s t u r ' i ; a n c e  term i s  m e r e l y  a 

s i d e - e f f e c t ,  a n d  f u r t h e r m o r e ,  is s u c h  t h a t  t h e s e  d i s t u r k a n c c s  d o  

n o t  h a y e  s i m u l t a n e o u s  h e t e r o s c e d a s t i c i t y  a n d  a u t o c o r r e l a t i o n *  

A i f o w a n c e  is made f o r  o n e  o r  t h e  o t h e r ,  b u t  n e v e r  b o t h .  

J u d g e r s  c o m a e n t s  o n  t h e s e  models are i l l u u i n a t i n g *  

A s  p o i n t e d  o u t  by Snamy ( l 9 7 4 ) ,  the a s s u m p t i o n s  of t h e  
error c o m p o n e n t s  model  d i s c u s s e d  i n  t h i s  s e c t i o n  c o u l d  
b e  regarded a s  f a i r l y  r e s t r i c t i v e ,  T h e y  i m p l y  t h a t  t h e  
c o n t e m p r a n e a u s  c o v a r i a n c e  between o b s e r v a t i o n s  o n  two 
i n d i v i d u a l s  is t h e  same for e v e r y  p a i r  of i n d i v i d u a l s  
a n d  t h a t  t h e  c o v a r i a n c e  b e t w e e n  two o b s e r v a t i o n s  an a 
g i v e n  i n d i v i d u a l  i s  c o n s t a n t  over tirne a n d  t h e  same f o r  
e v e r y  i n d i v i d u a l .  It n a y  be p r e f e r a b l e  t o  u s e  ,-- ( t h e  
c o r u p r e h e n s i i r e  mode l )  , (1980 ,  p - 3 4 5 )  

The a s s u m p t i o n s  t h a t  h a v e  been made a b o u t  the e c o u l d  be 
r e g a r d e d  a s  f a i r l y  r e s t r i c t i v e ,  T h e r e  is n o  c o r r e l a t i o n  
b e t w e e n  t h e  d i s t u r k a n c e s  c o r r e s p o n d i n g  t o  d i f f e r e n t  
i n d i v i d u a l s  a n d ,  i n  a d d i t i o n ,  t h e r e  is no ser ia l  
c o r r e l a t i o n ,  (1980, p - 3 5  1) 

T h e  r andom c o e f f i c i e n t s  v e r s i o n  of t h e  dummy v a r i a b l e  %ode1 

c a n  a l s o  b e  i n t e r p r e t e d  a s  a n  o m i t t e d  v a r i a b l e  ~ o d e l ,  **In t h i s  

c a s e  we e n d  u p  with a  r e g r e s s i o n  model. i n  which t h e  r e s i d u a l s  

are both h e t e r o s c e d a s t i c  a n d  a u t o ~ o r r e f a t e d , ~  (Madda la ,  3977,  

p 1 3 3 7 ) ,  Unf c r t u n a t e l y  t h i s  is f a r f l y ,  if e v e r ,  adin i t ted  i n  

p r a c t i c e ,  F o r  example, i n  t h e  duamy v a r i a b l e  c o n t e x t ,  

h o m o s c e d a s t i c i t y  is a s s u m e d ,  a n d  o n l y  a  l i m i t e d  ser ia l  

d e p e n d e n c e  f o r  a g i v e n  unit is a l l o w e d ,  Even i n  t h e  broader 

omitted v a r i a b l e s  c o n t e x t ,  t h e  common a p p r o a c h  i s ,  a g a i n ,  t o  

al low f o r  a u t o c o r r e l a t i o n  orily, See for e x a m p l e  Madda la  [1977, 

p-3'26) a n d  G f i l i c h e s  (1977) .  
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The  B o n t e  C a r l o  s t u d y  r e p o r t e d  h e r e  e x a m i n e s  t h e  

p e r f o r m a n c e  of f i v e  p r o c e d u r e s  o r  e s t i m a t o r s  u n d e r  n i n e  

d i f f e r e n t  s e v e r i t y  c o m b i n a t i o n s  of h e t e r o s c e d a s t i c i t y  a n d  

a u t o c o r r e l a t i o n ,  

A l t h o u g h  t h e  a b s o l u t e  v a l u e  of t h e  c o r r e l a t i o n  c o e f f i c e n t  

[p) i n d i c a t e s  t h e  d e g r e e  o f  a u t o c o r r e l a t i o n ,  t h e r e  does n o t  

exist i n  t h e  l i t e r a t u r e  a c o m p a r a b l e  s e v e r i t y  m e a s u r e ,  (h) f o r  

h e t  e r o s c e d a s t i c i t  y. 

2 2 Y  F o r  m u l t i p l i c a t i v e  h e t e r o s c e d a s t i c i t y ,  a t  = a xt 9 

Kmenta (1971, pp-263) H a r r i s o n  and  3cCabe (1975) and  H a r v e y  

t h e  d e g r e e  of h e t e r o s c e d a s t i c i t y ,  T h e  l a t e r  m e a s u r e  c o n s i d e r s  

o n l y  t h e  r a n g e  of v a r i a n c e s ,  a l l  intermediate i n f o r m a t i o n  i s  

n e g l e c t e g ,  a n d  it d e p e n d s  o n  t h e  form o f  h e t e r o s c e d a s t i c i t y  

u s e L  Gamma i s  i n s u f f i c i e n t  b e c a u s e  t h e  m a g n i t u d e  a n d  

v a r i a b i l i t y  of t h e  u n d e r l y i n g  o b s e r v a t i o n s  i s  i g n o r e d ,  a n d  a  

s p e c i f i c  form of h e t e r o s c e d a s t i c i t y  i s  r e q u i r e d ,  T h e y . a r e  b o t h  

unbounded, a n d  t h e r e f o r e  h a r d  t o  i n t e r p r e t .  

To p r o c e e d  w i t h  t h e  s t u d y ,  a  s e v e r i t y  measure o f  

h e t e r o s c e d a s t i c i t y  had t o  be d e v e l o p e d .  For t h e  p u r p o s e s  o f  t h i s  

s t u d y  i t  is i n p o r t a n t  t o  be a b l e  t o  s p e c i f y ,  c o n t r o l ,  a n d  

c o m p a r e  t h e  l e v e l s  of a u  t o c o r r e l a  t i o n  a n d  h e t e r o s c e d a s t i c i t y ,  T o  

8 



i l l u s t r a t e  t h i s  p o i n t :  t o  e x a m i n e  the s a m p l i n g  d i s t r i b u t i o n s  of 

the e s t i m a t o r s  when a u t o c o r r e l a t i o n  and h e t e r o s c e d a s t i c i t y  a re  

of d i f f e r e n t  m a g n i t u d e s  i t  is n e c e s s a r y  to:  ( a )  s p e c i f y  t h e  

levels, s a y  p=.9, h = - 5 ,  (b) t o  know t h a t  a u t o c o r r e l a t i o n  is m o r e  

s e v e r e  t h a n  h e t e r o s c e d a s t i c i t y ,  s i n c e  p i s  g r e a t e r  t h a n  h a n d ,  

(c) t o  make  s t a t e m e n t s  about t h e i r  r e l a t i v e  s e v e r i t y .  F o r  

exa mpl?, a u t o c o r r e  l a t i o n  i s  4 0  p e r c e n t  w o r s e  t h a n  

h e t e r o s c e d a s t i c i t  y- 

To d e t e r m i n e  how h e t e r o s c e d a s t i c  a g i v e n  e r r o r  s t r u c t u r e  

is, i ts  d i s t a n c e  f r o m  t h e  ideal h o n o s c e d a s t i c  case s h o u l d  be 

c a l c u l a t e d ,  T h i s  i s  p r e c i s e l y  w h a t  t h e  c o s i n e  of t h e  a n g l e  

between t w o  v e c t o r s  c a p t u r e s  - t h e  relative d i r e c t i o n  of t h e  t w o  

vectors,  o r  t h e  c l o s e n e s s  o f  t h e  a n g l e  between  t h e s e  v e c t o r s :  

As a c o n s e q u e n c e ,  t h e  c o s i n e  m e a s u r i n g  t h e  r e l a t i v e  

d i r e c t i o n  b e t w e e n  a v e c t o r  o f  c o n s t a n t s ,  r e p r e s e n t i n g  



h o n o s c e d a s t i c i t y ,  and a v e c t o r  of a c t u a l  v a r i a n c e s ,  r e p r e s e n t i n g  

h e t e r o s c e d a s t i c i t y ,  was c h o s e n  a s  t h e  i n d i c a t o r  o f  t h e  d e g r e e  of 

h e t e r o s c e d a s t i c i t y .  It is e a s y  t o  c a l c u l a t e ,  i s  bounded  b e t u e e n  

z e r o  a n d  one, is i n f l u e n c e d  b y  a l l  o b s e r v a t i o n s ,  a n d  is s c a l e  

i n v a r i a n t ,  F u r t h e r m o r e ,  a s  shown b e l o w ,  i t  i s  a n a l o g o u s  t o  t h e  

s e v e r i t y  m e a s u r e  o f  a u t o c o r r e l a t i o n ,  p. 

T h e  v.% r e p r e s e n t  t h e  v e c t o r  o f  t h e  e r r o r  v a r i a n c e  t e r n s  i n  
1 

t h e  c l a s s i c a l  n o r m a l  l i n e a r  r e g r e s s i o n  model ,  which w i t h o u t  l o s s  

of g e n e r a l i t y ,  can  b e  c o n s i d e r e d  a s  a v e c t o r  of 1 ' s -  T h e  uils 

d e n o t e  t h e  e l e m e n t s  o f  a  v e c t o r  of t h e  v a r i a n c e s  f rom a  

h e t e r o s c e d a s t i c  m o d e l ,  (i-e., t h e  d i a g o n a l  e l e m e n t s  o f  i ts 

' c o v a r i a n c e  m a t r i x )  T h e  c o s i n e  o f  t h e  a n g l e  b e t w e e n  U a n d  V will 

i n d i c a t e  how f a r  t h e y  are f r o m  e a c h  o t h e r ,  T h u s  i t  w i l l  m e a s u r e  

t h e  d e g r e e  of  h e t e r o s c e d a s t i c i t y  of U, 
I 

F o r  a n y  t w o  a r b i t r a r y  v e c t o r s  o f  two d i m e n s i o n s  (i.e- t w o  

o b s e r v a t i o n s )  t h e  maximum c o s i n e  is 1, o r  9 = oO. I n  o t h e r  w o r d s ,  

t h e  v e c t o r s  a r e  z e r o  d i s t a n c e  a p a r t ,  T h i s  s i t u a t i o n ,  w h e r e  t h e  

v e c t o r s  l i e  a t o p  e a c h  o t h e r ,  is h o m o s c e d a s t i c  (see F i g u r e  ( l a )  ) . 
The minimum Cos 8 is 0 a n d  o c c u r s  when t h e  two  v e c t o r s  a r e  a t  

r i g h t  a n g l e s  ( e = go0),  ( s e e  f i g u r e  ( I b )  ) , Note  t h a t  o n l y  t h e  

p o s i t i v e  o r t h a n t  is d e a l t  w i t h ,  s i n c e  both o f  t h e  v e c t o r s  

c o n t a i n  v a r i a n c e s  a n d  t h u s  c o r t a i n  o n l y  p o s i t i v e  e l e m e n t s ,  

However,  b y  c o n s t r a i n i n g  o n e  o f  t h e  v e c t o r s  t o  c o n s i s t  o f  

l1s, t h e  minimum c o s i n e  is no l o n g e r  z e r o ,  T h e  maximum d i s t a n c e  

b e t w e e n  the h o r n o s c e d a s t i c  a n d  h e t e r o s c e d a s t i c  v a r i a n c e s  is n o  

l o n g e r  90  d e g r e e s ,  F o r  e x a m p l e ,  i n  F i g u r e  ( l a ) ,  a c o m p a r a t i v e  



figure (la) homoscedasticity figure ( l b )  heteroscedasticity 

figure (lc) in 3 dimensions maximum Cos @ =1, minimum Cos 0 =.57 
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b a s e  h a s  been s p e c i f i e d ,  t h e  h o m o s c e d a s t i c  v e c t o r ,  or a V e c t o r  

of 1 ' s .  It is o b v i o u s ,  from v i s u a l  i n s p e c t i o n ,  that t h e  f a r t h e s t  

a n y  v e c t o r  can be from t h i s  base i s  45 degrees- (Cos 45 

degrees=-71) , 

A s  t h e  s a m p l e  s i z e  i n c r e a s e s  a t w o - d i m e n s i o n a l  d i a g r a m  c a n  

n o  l o n g e r  b e  u s e d  t o  v i s u a l i z e  t h e  minimum c o s i n e  o r  t h e  maximum 

a n g l e  b e t w e e n  t h e  two v e c t o r s ,  (see Figure(1c) f o r  a n  

i l l u s t r a t i o n  i n  3 d i m e n s i o n s , )  I n  all c a s e s ,  C o s  8 =I still  

r e p r e s e n t s  the maximum c o s i n e ,  o r  t h e  h o m o s c e d a s t i c i t y  c a s e  w i t h  

t h e  two v e c t o r s  i n d i s t i n g u i s h a b l e  i n  s p a c e ,  b u t  t h e  minimum 

c o s i n e  c l e a r l y  d e p e n d s  on t h e  sample s ize ,  The p r o o f  i n  Append ix  
- 1 - 

1 s h o w s  t h a t  t h e  minimum C o s  e = fi w h e r e  N i s  the number of 

o b s e r v a t i o n s .  

I n c o r p o r a t i n g  all o f  t h i s  i n f o r m a t i o n  l e a d s  t o  t h e  

f o l l o w i n g  m e a s u r e  of t h e  s e v e r i t y  o f  h e  t e r o s c e d a s t i c i t y :  

T h i s  m a n i p u l a t i o n  of the c o s i n e  c o m p e n s a t e s  f o r  t h e  minimum 

c o s i n e s s  dependence on N a n d  t h u s  e n s u r e s  t h a t  0 5 h I 1. 



T h e  c o s i n e  is s u b t r a c t e d  from o n e  s u c h  t h a t  when t h e  two s e t s  of 

v a r i a n c e s  a r e  t h e  same, o r  h o m o s c e d a s t i c i  t y  p r e v a i l s  a n d  C o s  

8 = 1 , t h e  s e v e r i t y  of h e t e r o s c e d a s t i c i t y ,  h, is 0- On t h e  o t h e r  

h a n d ,  when t h e  t w o  v e c t o r s  are a s  d i s t a n t  a s  p o s s i b l e ,  t h e  

s e v e r e s t  case o f  h e t e r o s c e d a s t i c i t y ,  h= 1, 

I n  a d d i t i o n  t o  t h e  i n t u i t i v e n e s s  of t h i s  s e v e r i t y  m e a s u r e ,  

a s  o u t l i n e d  a b o v e ,  it h a s  many o t h e r  a d v a n t a g e s :  

1, C o s  8 is e a s y  t o  c a l c u l a t e :  w i t h  V e q u a l  t o  a v e c t o r  o f  1's 

i t  s i m p l i f i e s  t o  : 

2. it i s  scale  i n v a r i a n t  s o  t h a t  C o s  (3O,V)=Cos ( U , V )  

3 .  I t  is b e t w e e n  zero  a n d  o n e  - t h e  same a s  t h e  s e v e r i t y  

E e a s u r e  of c o r r e l a t i o n ,  I p l ,  An h  of - 8  can be i n t e r p r e t e d  

as  b e i n g  80 p e r c e n t  a s  h e t e r o s c e d a s t i c  a s  f e a s i b l e ,  

4 h  i s  a n a l o g o u s  t o  r h o  t h u s  t h e  two s e v e r i t y  e e a s u r e s  c a n  be  



directly c o m p a r e d  a n d  c o n t r a s t e d ,  

T h e  f o r m u l a  for t h e  c o r r e l a t i o n  c o e f f i c e n t  l o o k s  very 

s i m i l a r  t o  t h a t  g i v e n  f o r  t h e  c o s i n e ,  In fac t ,  p  is the 

c o s i n e  b e t w e e n  t h e  vector of e t t s  a n d  lagged e t t s  . "In 
o t h e r  w o r d s  t h e  g e o e e t r i c  i n t e r p r e t a t i o n  of c o r r e l a t i o n  is 

t h e  c l o s e n e s s  of t h e  angle 8 , (Wonnaco t t  a n d  W o n n a c o t t  

1970, p.303)  

5 .  i t  does  n o t  d e p e n d  o n  t h e  f o r m  of h e t e r o s c e d a s t i c i t y ,  u n l i k e  

0 t h  er m e a s u r e s ,  
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A Monte C a r l o  s t u d y  c o m p a r i n g  01,s t o  e s t i m a t e d  GLS ( E G L S )  

f o r  v a r i o u s  s e v e r i t i e s  of h e t e r o s c e d a s t i c i t y  was run.  T h e  goal 

was t o  f i n d  t h e  minimum f: a t  which  e s t i n a t e d  GLS is p r e f e r r e d  t o  

oLS o n  t h e  b a s i s  o f  t h e i r  mean s q u a r e  e r r o r s  (HSE). 

O L S  r e g r e s s i o n  e s t i ~ a t e s  a re  u n b i a s e d  b n i  i n e f f i c i e n t  i f  

t h e  error terms a r e  h e t e r o s c e d a s t i c ,  E s t i m a t e d  GLS should 

i n c r e a s e  e f f i c i e n c y ,  b e c a u s e  i t  t a k e s  t h e  size o f  t h e  v a r i a n c e s  

i n t o  a c c o u n t  a n d  w e i g h t s  t h e  r e s i d u a l s  a c c o r d i n g l y ,  
Y 

T h e  m u l t i p l i c a t i v e  h e t e r o s c e d a s t i c  model ,  wt = xtT v . t "  

was c h o s e n  a n d  e s t i m a t i o n  of gamma was u n d e r t a k e n  f o l l o w i n g  t h e  

@&'nod of Harvey i i 9 7 5 j  a n d   par^ j i 3 6 6 ) .  

T h e  model: 



T h e  $2 are t h e  d o l l a r  c e t u r n s  on the N e w  York Stock . - 
Exchange from 1955 to 1979 r e p o r t e d  in tens o f  dollars, 

/ (/ 813 /i,n 

The p r o c e d u r e :  
C)  
L 

o is e s t i n a t e d  u s i n g  t h e  OLS residuals from a r e g r e s s i o n  of 
wt 

y o n  x and a c o n s t a n t .  

^ 2  ^2 
o  = w  an estimate of xY o  

2 

wt 
t ' t v  

^ 2 
Thus log w i s  an estimate of 

t 

2 
y log xt + log av  

2 Gamma is e s t i l r a t c d  by regressing l o g  w o n  log xt and a 
t 

c o n s t a n t -  Once gamma-hat i s  o b t a i n e d ,  a c a n  be e s t i m a t e d  and 

the EGLS estimate of b e t a  found,  This e s t i m a t e d  GLS p r o c e d u r e  is  

irrp lemented ,  a s  i s  customary, b y  t r a n s f o r m i n g  the raw d a t a  and 

using OLS on the transformed d a t a ,  

Yt X - ' 1 t * 
A =a--;;--+ f i 7  + wt . where w * = 
Y Y Y t - - 
2  2 

- 
X X 

2 
t  t  

L 
X  v  
t t Y t  1 X 

A Regress - on - t 
A and T- 

Y Y Y Y 



F o r  t h e  data  u s e d  i n  t i i i s  s t u d y  t h e  s e v e r i t y  levels ( h ) ,  

and the c o r r e s p o n d i ~ g  gammas a r e  g i v e n  in Table 1. 

T A B L E  7 

OLS 

OLS 

G LS 

GLS 

GLS 

GLS 

G L5 

GLS 

GLS 

Kmeri ta  suggests yaruina s h o u l d  never  be greater t h a n  6, and 

t h a t  a gamm o f  2 is a more common level. Laucaster  (1968) a n d  

Park (1956) concur  with a maximu3 gaEma of  2, 



T h i s  is a d d e d  e v i d e n c e  o f  t h e  d i s a d v a n t a g e s  of u s i n g  t h e  

e x p o n e n t  a s  a s e v e r i t y  m e a s u r e ,  T h e s e  a u t h o r s  r e p r e s e n t  s e v e r e  

h e t e r o s c e d a s t i c i t y  w i t h  a gamma of 2, F o r  t h e  d a t a  used i n  t h i s  

s t u d y ,  a  gamma of 2 y i e l d s  an h of , 1 3 2 ,  o r  o n l y  13 p e r c e n t  a s  

s e v e r e  a s  p o s s i b l e -  F o r  some o t h e r  d a t a ,  i t  c o u l d  r e p r e s e n t  a n  h 

o f  -99. The  s i z e  a n d  v a r i a b i l i t y  of t h e  x y s  is v i t a l ,  o m i t t e d  

inf orma t i o n ,  

T h e  H o n t e  C a r l o  e x p e r i m e n t  c o n s i s t e d  of 100 i t e r a t i o n s  f o r  

l e a c h  o f  t h e  s e v e r i t y  l e v e l s ,  F o r  a g i v e n  s e v e r i t y  l e v e l  after 

I100 i t e r a t i o n s  were c o m p l e t e d ,  t h e  mean, v a r i a n c e ,  b i a s ,  a n d  ISE I 

I o f  t h e  ^GLS a n d  100 B were c a l c u l a t e d ,  

The r e s u l t s  i n  Table 7 show t h a t  f o r  h >, 132 a r i s i n g ,  i n  

t h i s  e x a m p l e ,  f r o m  

v(wt )  = x: 0; 

FGLS o u t p e r f o r m s  D L S  on t h e  b a s i s  o f  t h e  BSE c r i t e r i o n .  OLS is 

t h e  p r e f e r r e d  e s t i m a t o r  f o r  c a s e s  of h o m o s c e d a s t i c i t y ,  and  when 

h i s  less  t h a n  ,132, It is a b i t  s u r p r i s i n g  t h a t  e v e n  at v e r y  

weak l e v e l s  of h e t e r a s c e d a s t i c i t y ,  (h2.132) , EGLS w i l l  p r o d u c e  

b e t t e r  e s t i m a t e s  o f  t h e  r e g r e s s i c n  c o e f f i c i e n t s  t h a n  O L S ,  

This s e v e r i t y  m e a s u r e  f o r  h e t e r o s c e d a s t i c i t  y, combined  w i t h  

t h e  e x i s t i n g  s e v e r i t y  m e a s u r e  o f  a u t o c o r r e l a t i o n ,  a l l o w s  

d e v e l o p m e n t  o f  t h e  Monte C a r l o  s t u d y  t o  i n v e s t i g a t e  t h e  

p r o 2 e r t i e s  o f  v a r i o u s  e s t i m a t o r s  u n d e r  d i f f e r e n t  i n t e n s i t i e s  of 

a u t o c o r r e l a t i o n  a n d  h e t e r o s c e d a s t i c i t y ,  



IV, STRUCTI3BIBG TEE HONTE CABLO STUDY 

The model: 

T h e  e s t i m a t o r s  e x a m i n e d  were: 

P r o c e d u r e  111; on t h e  u n t r a n s f o r m e d  d a t a  ------ 
Re t e r o s c e d a s t i c i t y  and  a u t o c o r r e l a t i o n  c a u s e  OLS es t imates  

t o  be i n e f f i c i e n t  but u n b i a s e d  a n d  GLS is b e s t  l i n e a r  u n b i a s e d  

{BLUE), I n  g e n e r a l ,  r h o  and gamma are anknown  a n d  m u s t  be 

e s t i m a t e d  b e f o r e  E G L S  c a n  be u s e d .  Thus t h e  p r f o r m a n c e  o f  EGLS 

r e l a t i v e  t o  OLS will a l s o  d e p e n d  o n  the a c c u r a c y  o f  r h o - h a t  a n d  

gamma-hat,  T h e s e  estimates a re  u n l i k e l y  t o  b e  e f f i c i e n t  s i n c e  

t h e y  a r e  u s u a l l y  c a l c u l a t e d  o n  the basis of n o n - s p h e r i c a l  

errors, 

Under t h e s e  c o n d i t i o n s  i t  may b e  b e s t  t o  ignore b o t h  

p r o b l e m s  a n d  j u s t  r u n  OLS. I f  OLS is p r e f e r r e d ,  when is this 

t r u e ,  t h a t  is, f o r  w h a t  p, h c o m b i n a t i o n s ?  



P r o c e d u r e  c o r r e c t  s o l e l y  f o r  h e  t e r o s c e d a s t i c i t y  .----- -- -__------ 
The r e s e a r c h e r  c h o o s e s  t o  i g n o r e ,  o r  f o r  some r e a s o n ,  

r , 
, b e l i e v e s  a u t o c o r r e l a t i o n  is  a b s e n t ,  T h e  form o f  

h e t e r o s c e d a s t i c i t y  is assumed known a s  m u l t i p l i c a t i v e  b u t  t h e  

s e v e r i t y ,  a n d  t h u s  gamma, must  b e  e s t i m a t e d ,  
Y - 
2 

w t = x  V 
t t '  

where vt n(0,1),  v(w,) = xY V(vt) . t 

Following t h e  p r o c e d u r e  s u g g e s t e d  by Harvey (1971) and  

o t h e r s ,  u s e  t h e  OLS r e s i d u a l s  t o  estimate wt 

A 2 2 
log (w ) y. log xt  + log a, 

t 

A 2 
Regress log (wt) on l o g  xt t o  get a n  e s t i m a t e  of gamma. 

Gamma-hat i n d i c a t e s  the r e l a t i o n s h i p  be tween  t h e  error v a r i a n c e s  

a n d  t h e  i n d e p e n d e n t  v a r i a b l e ,  C o n s e q u e n t l y  i t  is  used t o  we igh t  

t h e  raw d a t a  s o  t h a t  t h e  r e s u l t i n g  error term is a p p r o x i m a t e l y  

s p h e r i c a l ,  o r  t h e  h e t e r o s c e d a s t i c  i n f l u e n c e  is c o u n t e r - b a l a n c e d ,  

Thus t w t 
- -  1 Xt 

6 
- ci- 

n +  B + .' 
Y Y Y ? - 

x T s xtF x-2- t Xt 
t 



OLS o n  t h e  c o r r e c t e d  d a t a  w i l l  be BLUE if t h e  t r a n s f o r m a t i o n  i s  

success•’ ul, 
\ 

However,  i f  t h e  d i s t u r b a n c e s  are  a l s o  a u t o c o r r e l a t e d ,  e = 
t 

+ w  
p e t - 1  t ' t h e  new e r r o r  term is 

It is o b v i o u s l y  b o t h  a u t o c o r r e l a t e d  a n d  h e t e r o s c e d a s t i c .  One 

form of h e t e r o s c e d a s t i c i t y  h a s  been t r a d e d  f o r  a n o t h e r .  

Furthermore, b e c a u s e  t h e  a u t o c o r r e l a t i o n  h a s  been d i s m i s s e d ,  t h e  

estimate of gamma will be i n e f f i c i e n t .  et = pet-l + wt b u t  

pet-l 
h a s  been ignored, Thus g a m ~ a - h a t  was c a l c u l a t e d  f r o m  

a u t o c o r r e l a t e d  e r r o r s  a n d  hence will. be  inefficient, The right 

h a n d  side of t h e  a b o v e  e q u a t i o n  w i l l  be a p o o r  estimate o f  t h e  

left h a n d  s i d e ,  In c t h e r  words ,  t h e  r e s e a r c h e r  h a s  f a i l e d  t o  

t r a n s f o r m  w i n t o  a  s ~ h e r i c a f  e r r o r , t h a t  is, h e  h a s  not even 
t 

i s o l a t e d  Y As a r e s u l t ,  t h i s  est imator w i l l  likely p e r f o r m  
t o  

p o o r l y ,  except, p e r h a p s  i n  c a s e s  where the a u t o c o r r e l a t i o n  is 

weak c o m p a r e d  t o  t h e  d e g r e e  o f  h e  t e r o s c e d a s t i c i t  y, 



P r o c e d u r e  1x1 c o r r e c t  sol el^ f o r  a u t o c o r  r e l a t i o n  ------ -- ___-------- 
A u t o c o r r e l a t i o n  is known t o  e x i s t ,  b u t  it's s e v e r i t y ,  p,  

m u s t  be e s t i m a t e d ,  T h i s  is p o t e n t i a l l y  t h e  p r e f e r r e d  p r o c e d u r e  

when t h e  d e g r e e  o f  a u t o c o r r e l a t i o n  i s  much g r e a t e r  t h a n  t h a t  of 

h e t e r o s c e d a s t i c i t  y- I4 c r e o v e r ,  t e s t s  f o r  a u t o c o r r e l a t i o n  a r e  

r o b u s t  i f  h e t e r o s c e d a s t i c i t y  is  a l s o  p r e s e n t ,  w h e r e a s  

h e t e r o s c e d a s t i c i t y  tests a r e  n o t  r o b u s t  if e r r o r s  a r e  j o i n t l y  

s e r i a l l y  d e p e n d e n t ,  ( E p p s  an2 E p p s  (1977) ) T h u s ,  a u t o c o r r e l a t i o n  

is more l i k e l y  t o  b e  d e t e c t e d  a n d  c o r r e c t e d  for -  A l s o ,  

a u t o c o r r e l a t i o n  is more f r e q u e n t l y  t e s t e d  f o r  than 

h o m o s c e d a s t i c i t y ,  s i r n ~ l y  b e c a u s e  i t  is a s t a n d a r d  statistic i n  

n o s t  r e g r e s s i o n  p a c k a g e s ,  

T h e  C o c h r a n e - O r c u t t  i t e r a t i v e  t e c h n i q u e ,  w i t h  s p e c i a l  

t r a n s f  orrna t i o n  of t h e  f i r s t  o b s e r v a t i o n ,  was used.  

(a)  yt = + kt 
+ et 

mul t ip ly  (b) by p (c)  PYt-1 = + pBxtVl + 

(d) Subtrac t  (c)  from . ( a )  

where e - pet-l - - 2 
X v 

t t t '  



S t e p s  (a)  t h r o u g h  (d)  are a n  a t t e m p t  t o  c o m p e n s a t e  for t h e  

a u t o c o r r e l a  tea e r r o r  term, 

Rho is unknown a n d  is e s t i ~ a t e d  by r e g r e s s i n g  t h e  OLS 
A 

r e s i d u a l s  on et l a g g e d ,  T h e  Cochrane-Orcu tt  i t e r a t i v e  

p r o c e d u r e  is u s e d  t o  c a l c u l a t e  rho ,  T h e  f i n a l  rho chosen is  t h e  

r h o - h a t  o f  the t e n t h  i t e r a t i o n  o r  w h e n  t h e  a b s o l u t e  d i f f e r e n c e  

i n  two s u c c e s s i v e  r h o - h a t s  is <,003- - 

T h i s  e s t i m a t e  o f  r h o  is  used  t o  t r a n s f o r m  t h e  raw data 

a c c o r d i n g  t o  ( d ) ,  The f i r s t  o b s e r v a t i o n s  were t r a n s f o r m e d  
1 

"2 -z a c c o r d i n g  t o  (1 - P ) . OLS i s  r u n  on t h i s  c o r r e c t e d  data, 

The r a t i o n a l e  b e h i n d  t h i s  p r o c e d u r e  is t o  c r e a t e  a 

s p h e r i c a l  error tern: s u c h  t h a t  be t t e r  e s t i m a t e s  c a n  b e  

c a l c u l a t e d .  U n f o r t u n a t e l y ,  t h e  new d i s t u r b a n c e  term, 
Y 

P is a n  e s t i m a t e  o f  x 
vt t 

which is s t i l l  

h e t e r o s c e d a s t i c ,  T b i s  w i l l  c a u s e  the e s t i m a t e s  t o  r e m a i n  

i n e f f i c i e n t ,  On t h e  o t h e r  hand, i f  p i s  l a r g e  r e l a t i v e  t o  h ,  

t h i s  p r o c e d u r e  c o u l d  b e  optimal, 

P r o c e d u r e  14): c o r r e c t i o n  f o r  b c t h  agocofgeJa t i o n  2 4  ------ 
h e t e r o s c e d a s t i c i t y  ------- 

(a)  u s e  t h e  m o d i f i e d  C o c h r a n e - 9 r c u t t  i t e r a t i v e  t e c h n i q u e  o f  

p r o c e d u r e  (3) t o  find t h e  e s t i r o a t e s  of  t h e  r e g r e s s i o n  

c o e f f i c i e n t s  a n d  rho,  

(b) u s e  t h e  r e s i d u a l s  f r o &  t h e  autocorrelated-corrected 

d a t a  t o  d e t e r m i n e  t h e  t r a n s f o r m a t i o n  r e q u i r e d  t o  rerrove 

h e t e r o s c e d a s t i c i t y ,  



"2 & 

log G t ) ' log (wt) 3 log X: v(vt) 

^2 
regress log (wt) on log x and a constant to find q. 

t 

( c )  u s e  x: t o  w e i g h t  t h e  n o n - a u t o c o r r e l a t e d  d a t a  i n  a n  

attempt to create a s p h e r i c a l  d i s t u r b a n c e  term. 

- pet-l T h e  resulting e r r o r  term, t 
h 

is close t o  being s p h e r i c a l  h e n c e  O L S  a p p l i e d  t o  {i). 

T h i s  p r o c e d u r e  is a n  o u t c o m e  of Epps a n d  Epps'  (1977) 

/ r e s u l t  t h a t  i f  h e t e r o s c e d a s  t i c i t y  a n d  a u t o c o r r e l a t i o n  o c c u r  

\ s i m u l t a n e o u s l y  , o n l y  t h e  a u t o c o r r e l a t i o n  t e s t s  are  r o b u s t .  I n  
\ 
!this case t h e  d a t a  s h o u l d  first be t r a n s f o r m e d  t o  correct for 
I 

i a u t o c o r r e l a t i o n ,  a n d  t h e o  t e s t e d  f o r  h e t e r o s c e d a s t i c i t y .  
I 

[ ~ x t e n d i n ~  E p p s  and Epp's c o n c  l u s i  cn t o  a n  e s t i m a t i o n  p r o c e d u r e :  

i 



a u t o c o r r e f a t i o n  s h c u l d  be t e s t e d  f o r  f i r s t  a n d  c o r s e c  t ea  f i r s t ,  

i f  i t  e x i s t s ,  i i e x t ,  test  t h e  n o n - a u t a c o r r e l a t e d  r e s i d u a  1s f o r  

k e t e r o s c e d a s t i c i t  y ,  P i n a l i g ,  if h e t e r o s c e d a s t i c i t y  is p r e s e n t  

the a p p r o p r i a t e  c o r r e c t i o n  is a p p l i e d  to t h e  a u t o c o r r e l a t i o n -  

free d a t a ,  T h e  necessary t r a n s f  o f m a t i o n  1s d e t e r m i n e d  f r o m  the 

autocorrelated-corrected r e s i d u a l s ,  Rgtenta  s u g g e s t s  a s o m e w h a t  

s i m i l a r  m e t h o d ,  (1971,  p . 5 1 3 )  

T h i s  est imator  is  e s t i m a t e d  GLS l i k e  (2) a n d  ( 3 ) ,  however 

it takes  both p r o b l e m s  i n t o  a c c o u n t  a n d  c o n s e g u e n t Z y  sh r su fd  

perform well, In a d d i t i o n ,  gamtca-hat i s  b a s e d  on a p p r o x i m a t e L y  

n o n - a u t o c o r r e l a t e d  e r r o r s ,  i n  c o n t r a s t  t o  i ts  estimate i n  121, 

and t h u s  s h o u l d  be nsore e f f i c i e n t .  It f o j l l o w s  t h a t  t h e  

c o r r e c t i o n  f o r  h e t e r o s c e d a s t i c i t y  sLou3.d a l s o  h e  more s u c c e s s f u i  

t h a n  i n  (2).  

P r o c e d u r e  J5L; Two-stam c o y g g c t i o n  fgg both --------- 
a u t  a c o r r e l a t i o r i  a n d  h e t e r o s c c d a s t  i c i t y  ------------ --- ------------- 

The rationale b e h i n d  t h i s  me thod  is t h e  same a s  t h a t  f o r  

p r o c e d u r e  ( 4 ) -  F i r s t  c o r r e c t  &or a u t o c o r r e l a t i o n  a n d  t h e n  f o r  

h e t e r o s c e d n s t i c i t y -  B u t  t h e  r h o - h a t  f r o m  ( 4 )  is c a l c u l a t e d  on 

t h e  b a s i s  of h e t e r o s c e d a s t i c  errors arid t h u s  is inefficient, 

This f i f t h  p r o c e d u r e  a t t e a p t s  t c  i m p r o v e  p r o c e d u r e  (4) by 

a l l o w i n g  f o r  h e t e r o s c e d a s t i c i t y  when r h o  i s  e s t i m a t e d .  Nopef u l l y  

t h i s  will i m p r o v e  rfto-ha*, 

I n  a d d i t i o n ,  t h e  s u c c e s s  o f  t h e  estimated SLS d e p e n d s  

p a r t i a l l y  on t h e  e s t i m a t e s  of r h o  a n d  gamma- Gamma was e s t i m a t e d  

o n  tie b a s i s  o f  au t o c o r r e i a t e d - c o r r e c t e d  r e s i d u a l s ,  R h o  was 



e s t i n a t e d  o n  t h e  b a s i s  of h e t e r o s c e d a s t i c  r e s i d u a l s ,  t h u s  it 

w i l l  b e  i n e f f i c i e n t  b u t  u n b i a s e d ,  T o  i m p r o v e  t h i s  estimate of 

rho, a n d  EGLS, h e t  e r o s c e d a s t i c i t y  s h o u l d  be t a k e n  i n t o  a c c o u n t ,  

Rho-star is c a l c u l a t e d  from t h e  r e g r e s s i o n  of 

A * A .. 
A A 

e e yt - a  - x t B  - a - x  B 
t t-1 . - t-1 Y t - 1  

on - A . Or .. on A 

Y Y Y Y 

Gamma-hat is t h e  same c n e  f ~ I . i n d  i n  p r o c e d u r e  (4). Beta-ha t  a n d  

a l p h a - h a t  are t h e  C o c h r a n e - O r c u t t  i t e r a t i v e  estimates from 

p r o c e d u r e  ( 3 ) ,  t E a t  is, they were based o n  

autocorrelated-corrected da ta ,  The r e s u l t i n g  e s t i m t e  o f  r h o ,  

p*, a n d  gamma-hat  a r e  used t o  t r a n s f o r m  t h e  raw data ,  

* 
wt should b e  approximately s p h e r i c a l ,  so OLS is a p p l i e d  t o  

W h e t h e r  t h i s  p r o c e d u r e  is  a n  i m p r o v e m e n t  o v e r  p r o c e d u r e  ( 4 )  

will d e p e n d ,  i n  p a r t ,  on t h e  p r o p e r t i e s  of p* r e l a t i v e  t o  



r ho -ha+ .  It s h o u l d  s u r p d s v  cs t indtors  ( 1 ) .  (21, and (3)  since it 

makes p r o v i s i o n s  f o r  j o i n t l y  heteroscedast  ic-autacorrelated 

errors- 



~ l l e c b a n i c s  -- 
The f i v e  e s t i m a t o r s  were e x a m i n e d  u n d e r  n i n e  s e v e r i t y  

of h e t e r o s c e d a s t i c i t y  and a u t o c o r r e l a t i o n ,  T h e  

sampl ing  d i s t r i b u t i o n  of e a c h  e s t i m a t o r  f o r  e a c h  c o n b i n a t i o n  was 

based  o n  o n e  h u n d r e d  i t e r a t i o n s ,  

T h e  t r u e  a l p h a  a n d  beta  v e r e  se t  a t  5 a n d  2 r e s p e c t i v e l y ,  

and r e m a i n  u n c h a n g ~ d  t h r o u g h o u t  t h e  s t u d y -  The i n d e p e n d e n t  

v a r i a b l e ,  x , is a l s o  p r e d e t e r m i n e d ,  a n d  c o n s i s t s  of 25 
t 

o b s e r v a t i o n s -  x is f i x e d  i n  r e p e a t e d  s a m p l e s  a n d  a c r o s s  
t 

e x p e r i m e n t s ,  a s  i s  the sample size,  The x ' s  a r e  the same a s  u s e d  

i n  t h e  f lonte Carfo s t u d y  of s e c t i o n  111- 

I T h e  d e p e n d e n t  v a r i a b l e  Y ,  a n d  e, v a r y  from s a m p l e  t o  s a m p l e  

and a c r o s s  e x p e r i m e n t s ,  d e p e n d i n g  on  the v g e n e r a t e d ,  r h o ,  and  

/gamma. Rho and  gamma a r e  a d j u s t e d  f o r  e a c h  e x p e r i m e n t  i n  

( a c c o r d a n c e  d t h  t h e  d e s i r e d  s e v e r i t y  l e v e l s  o f  a u t o c o r r e l a t i o n  

1 and h e t e r o s c e d a s t i c i t y ,  
) 

To gecerate t h e  25 standard n o r m a l l y  d i s t r i b u t e d  e r r o r s ,  vt 

a n  IHSL s u b r o u t i n e  was used.  e r r o r s  were the-n u s e d  t o  
7 
g e n e r a t e  

Y - 
2 

w i t h  e = f X1 
2 1 / 2  0- p ) 

A l t h o u g h  t h i s  r e q u i r e d  v(et-l) = v(et), which i s  f a k e  g i v e n  

the h e t e r o s c e d a s t i c  d i s t u r h a n c e s ,  i t  was t h o u g h t  t o  b e  more' 

r e a s o n a b l e  t h a n  s e t t i n g  el t o  zero,  requiring an  i d e n t i c a l  

s t a t i o n a r y  e r r o r  f o r  all Monte C a r l o  i t e r a t i o n s ,  o r  s e t t i n g  



Y 
- 2 

el - X1 V1, wh ich  would be i n c o n s i s t e n t  w i t h  t h e  m o d i f i e d  

c o c h r a n e - O r c u t t  e s t i m a t o r  u s e d  t o  e n s u r e  no o b s e r v a t i o n s  a r e  

l o s t *  

Once t h e  e t  were c a l c u l a t e d ,  t h e  yt were c o n s t r u c t e d  

a c c o r d i n g  t o  
Yt = 5 + 2 x t + e  t o  

S u m m a r i z i n g ,  i n  a n y  g i v e n  e x p e r i m e n t ,  25  vt are  g e n e r a t e d  

a n d  t h e n  25 e t  , a n d  f i n a l l y  25 yt , T h e  first i t e r a t i o n  of t h e  

first e x p e r i m e n t  i s  r e a d y  tc p r o c e e d ,  T h e  raw da t a  c o n s i s t s  of 

t h e  c o n s t r u c t e d  yt a n d  t h e  p r e d e t e r m i n e d  xt . Once t h i s  

i t e r a t i o n  i s  c o m p l e t e ,  t h a t  is t h e  r e g r e s s i o n  c o e f f i c i e n t s  from 

/ e a c h  o f  t h e  f i v e  p r c c ~ d u r e s  h a v e  been e s t i m a t e d ,  t h e  s e c o n d  

\ i t e r a t i o n  b e g i n s .  Twenty-f i v e  new vt ,  et ,  and yt are p r o d u c e d ,  
'i 

I w h i l e  the xt , r h o ,  gamma, a l p h a ,  a n d  k e t a  r e m a i n  c o n s t a n t -  
- 

; Again,  t h e  e s t ima t~s  o f  a l p h a  arid beta  for t h e  f i v e  p r o c e d u r e s  

,' are caicu l a t e d ,  T h i s  p r o c e s s  c o n t i n u e s  un ti1 100 iterations h a v e  

b e e n  c o m p l e t e d ,  The s a m ~ l i n g  d i s t r i b u t i o n  of e a c h  e s t i m a t o r  i s  

t h u s  f o r m u l a t e d  on t h e  basis of t h e  100 e s t i m a t e s  c a l c u l a t e d  

f r o m  its c o r r e s p o n d i n g  p r o c e d u r e ,  T h i s  r e q u i r e s  t h e  c a l c n l a t i o n  

of t h e  mean a n d  v a r i a n c e  f o r  t h e  i r d i v i d u a l  e s t i m a t o r s .  T h e  HSE- 

'is u s e d  t o  d e t e r m i n e  t h e  p r e f e r r e d  e s t i m a t o r -  T h i s  c y c l e  i s  

' r e p e a t e d  for  e a c h  of t h e  e i g h t  r e m a i n i n g  

h e t e r o s c e d a s t i c i t y - a u  t o c o r r e l a t i o n  s e v e r i t y  c o m b i n a t i o n s -  

T h e  d e t a i l e d  F o r t r a n  p r o g r a m  f o r  t h i s  Monte C a r l o  s t u d y  is 

in A p p e n d i x  2. 



y, RESULTS BID CDICLUSZOIS 

Tables 3 t o  11 c o n t a i n  t h e  o u t c o h e s  of t h e  nine 

c o m b i n a t i o c s  o f  p=,2 ,  -4, artd - 6  w i t h  h = ,  132, - 2 ,  a n d  - 3 ,  T h e  

r p v e r a l l  r e s u l t s  are s u n m a r i s e d  i n  T a b l e  2- 

T h e  FJionte C a r i o  study in S e c t i o n  131 i n d i c a t e d  t h a t  EGLS, 

w i t h  c o r r e c t i o n  s o l e l y  f o r  h e t e r o s c e d a s t i c i t y ,  would outperform 

OLS f o r  e v e n  very  weak levels of h e t e r o s c e d a s t i c i t y  (h - >, 1 3 2 ) -  

%?hen h e l e r o s c e d a s t i c i t y  and  a u t o c o r r e l a t i o n  occur j o i n t l y  t h e  

b e s t  solution d e p e n d s  on t h e  l i ? v e l s  of p, h, a n d  on their 

re1 a t i v e  magnitudes, 

T h e  problems  i n  e s t i m a t l a t g  t h e  c o m p l i c a t e d  v a r i a n c e  

c o v a r i a a c e  aatrix (Le, b o t h  r h o  a n d  g a t m a )  s o  tha t  E G L S  c a n  b e  

a p p i i e d ,  o c t v e i g h  t h e  po t en t l a  L benez its when h e t e r o s c e d a s t i c i t y  

and a u t o c o r r e l a t i o n  a r e  w e a k  (p=,2  a n d  - 4  c o i i i b i n e d  with 0=,132),  

For tf iese two e x p e r i m e n t s ,  CLS an the raw da t a  was t h e  o p t i m a l  

estimator,  f oilowed b y  EGLS w i t h  c o r r e c t i o n  f on: 

h e t e s o s c e d a s t i c i t y ,  B u t  OZS quickly loses ground when o n e  or  

b o t h  p r o b l e a s  are  p r e s e n t  t o  a n y  degree, For p=,h a n d / o r  h>,132 ,  

OLS f r e g u e x t l  y had  t h e  s e c o n d  l a r g e s t  aSE, A u t o c o r r e i a t 4 o n  and 

h e t e r o s c e d a s t i c i t y  c a n  no l o n g e r  be etraded,  a n d  c h o i c e  o f  t h e  

b e s t  p r o c e d u r e  a e p e n d s  o n  p and h ,  

I n  p r a c t i c e ,  procedure ( 3 1 ,  c o r r e c t i o n  solely f o r  

a u t o c o r r e _ t a t i o n ,  is t h e  most l i k e l y  a p p s o a c h  because: ( i )  tests 

for  a u t o c o r r e l a t i o n  a r e  r o b u s t  i f  h e t e r o s c e d a s ' t i c i t  y j o i n t i y  



is, in g e n e r a l ,  more o t t . e n  tested a n d  c o r r e c t e d  f o r  s i m p l y  

b e c a u s e  i t  is a s t a n d a r d  t e s t  s t a t i s t i c  o f  m o s t  r e g r e s s i o n  

p a c k a g e s ,  {iii) t h e  r e l e v a n t  l i t e r a t u r e  t e n d s  t o  o p t  f o r  

a u t o c o r r e l a t i o u  i f  t h e r e  is a p o s s i b i l i t y  o f  both o c c u r r i n g ,  

p r o b a b l y  f o r  r e a s o n s  g i v e n  i n  (ii) , and because o f  u n c e r t a i n t y  

i n  d e a l i n g  w i t h  t h e  j o i n t  p r o b l e m ,  

T h e  E o n t e  Carlo s t u d y  t o  c o m p a r e  e s t i m a t o r s  u n d e r  

c o n d i t i o n s  of joint h e  t e r o s c e d a s t i c i t y  a n d  a u t o c o r r e l a t i o n ,  

i n d i c a t e s  p r o c e d u r e  ( 3 )  is t h e  wors t  e s t i m a t o r -  It h a d  t h e  

largest v a r i a n c e  i n  s e v e n  o f  t h e  n i n e  e x p e r i m e n t s ,  t b e  worst 

b i a s  i n  a13. n i n e  a n d  h e n c e ,  n u t  s u r p r i s i n g l y ,  t h e  w o r s t  IYSE i n  

s e v e n  o f  t h e  e x p e r i m e n t s .  Its poor  p e r f o r m a n c e  i n d i c a t e s  t h a t  

e v e n  weak h h e t e r o s c e d a s l t i c i t y  [h=, 132) c a n n o t  b e  i g n o r e d  in t h e  

si~ultaneous s i t u a t i o n ,  T h e  t r a n s f  orma t i o n s  to  c o r r e c t  f o r  

a u t o c o r r e l a t i o n  a r e  i n e f f e c t i v e  b e c a u s e  t h e  parameters are  

e s t i m a t e d  f r o m  n o n - t r i v i a l l y  h e t e r o s c e d a s t i c  r e s i d u a l s  a n d  h e n c e  

a r e  i n e f f i c i e n t ,  

T h e  results f o r  p r o c e d u r e  121, c o r r e c t i o n  s o l e l y  for 
- 

h e t e r o s c e d a s t i c i t  y, a r e  i n  s h a r ~  c o n t r a s t  t o  t h o s e  f o r  p r o c e d u r e  

( 3 ) -  P r o c e d u r e  (2) h a d  t h e  smal les t  RSE more o S t e n  t h a n  a n y  

o t h e r  es t imator  ( 3  times) a n d  i t  was f i r s t  o r  s e c o n d  b e s t  i n  s i x  

o f  t h e  n i n e  c o r a b i n a t i o n s ,  This r e i n f o r c e s  t h e  p r e v i o u s  

concf u s i o n  t h a t  evec weak h e t e r o s c e d a s t  icity c a u s e s  

n o n - n e g l i g i b l e  e s t i m a t i o n  p r o b l e m s  In o t h e r  words, the s t r e n g t h  

and t h e  s e v e r i t y  of h e t e r o s c e d a s t i c i t y  d i f f e r ,  h may i n d i c a t e  a 



Law i n t e n s i t y  o f  h e t e r o s c e d a s t i c i t y  y e t  i t  c a n  h a v e  a powerful 

inf l u e ~ c e  on the r e s i d u a l s  a n d  hence o n  e s t i m a t i o n ,  

I n  t w o  e x p e r i m e n t s  c o r r e c t i o n  s o l e l y  t o r  a u t o c o r r e l a t i o n ,  

p r o c e d u r e  ( 3 ) .  was n o t  t h e  w o r s t  s o l u t i o n ,  but t h e  t h i r d  worst, 

T h i s  o c c u r r e d  when there was a s u b s t a n t i a l .  d i f f e r e n c e  b e t w e e n  

the d e g r e e s  of h e t e r o s c e d a s t i c i t y  a n d  a u t o c o r r e f a t i a n  ( p = . b ,  

h=,. 132) a n d  ( p = , 6 ,  f i = , 2 ) ,  T h e s e  a r e  the two c a s e s  where the 

u s u a l l y  flgo0d84 e s t i m a t o r  o f  proccduze (21 had t h e  L a r g e s t  MSE, 

T h e s e  r e s u l t s  l e a d  t o  s e v e r a l  i n t e r e s t i n g  o b s e r v a t i o n s :  a l t h o u g h  

t e c h n i c a l l y  p may be g r e a t e r  t h a n  h t h i s  d o e s  n o t  mean 

a u t o c o r ~ e l a t i o n  is t h e  m o r e  s e r i o u s  p r o b l e m ,  I n  f a c t ,  f a r  t h e  

c o m b i n a t i o n s  s t u d i e d ,  (p-h) is a p ~ r o x i m a t e l  y , P before t h e  

p r o  h l  ens c a u s e d  by h e t e r o s c e d a s t i c i  ty a r e  o v e r s h a d o w e d  by  t h o s e  

o S  a u t o c o r r e l a  tion, T h a t  is, p r o c e d u r e  (21, correction s o l e l y  

for  h e t e r o s c e d a s t i c i t y ,  h a s  t h e  b i g h e s t  HSE i n  t h e s e  s i t u a t i o n s ,  

F u r t h e r m a r c ,  p r o c e d u r e  (31, t r a n s f o r m a t i o n  f o r  a u t o c a r r e l a t i o n  

w h i l e  ignoring h e t e r o s c e d a s t i c i t y ,  is still not opt imal -  

I n s t e a d ,  p r o c e d u r e  (5) where c o m p e n s a t i o n s  are  made f o r  b o t h  

a u t o c o r r e l a t i o n  a n d  h e t e r o s c e d a s t i c i t y ,  becomes t h e  p r e f e r r e d  

es t imator ,  fo l iowed c l o s e l y  b y  p r o c e d u r e  (4 )  and. t h e n  p r o c e d u r e  

( 3 )  - 
T h i s  d o e s  not  p r e c l u d e  t h e  u s e  o f  ~ r o c e d u ~ e  (2). I t  could 

b e  c h o s e n  i n  cases w h e r e  a u t o c o r r e l a t i o n  is c a u s i n g  a g r e a t  d e a f  

amre d e v i a n t  b e h a v i o r  t h a n  f i e t e r o s c e d a s t i c i t y *  However ,  i t  

a p p e a r s  t h a t  if t h i s  is e v e r  t o  b e  t r u e ,  p must b e  s u h s t a c t i a l l y  

g r ea t e r  t h a n  h, 



when p=,6 h=, 132,  pr-3, h = - 2 ,  a n d  p=-C h=, 3, In o t h e r  words, i t  

g i l l  be a d o p t e d  when a u t o c o r r e l a t i o n  a l s o  s t a r t s  t o  h i n d e r  

est i a a t i o n ,  

Tor c o m b i n a t i o n s  p=,6 h=, 132 a n d  p=-5 h=- 2 a u t o c o r r e l a t i o n  

becomes  a g r e a t e r  o b s t a c l e  t o  e s t i m d t i o n  t h a n  

h e t e r o s c e d a s t i c i t y ,  T h e  t a b l e s  p r o v i d e  t h e  evidence, Procedure 

(3) n o  l o n g e r  h a s  t h e  l a r g e s t  MSE, i g n o r i u g  a u t o c o r r e l a t i o n  a n d  

t r a n s f o r m i n g  s o l e l y  f o r  h e  t e r o s c e d a  s t i c i t p ,  p r o c e d u r e  12) , 
s u d d e n l y  becomes t h e  worst e s t i m a t o r ,  

I n  the l a s t  e x p e r i ~ e n t ,  p=,6 h=, 3, a u t o c o r r e l a t i o n  i s  still. 

a r e l a t i v e l y  i a p o r t a n t  p rob lem,  however  i t  i s  n o t  o v e r p o w e r i n g  

h e t  e r o s c e d a s t i c i t y  (p-h=,3) , F o r  s u p p o r t  of  t h i s  see T a b l e  3 1 ,  

w h e r e  c o r r e c t i n g  s o l e l y  f o r  h e t e r o s c e d a s t i c i t y  is t h e  t h i r d  best 

s o l u t i o n ,  w h i l e  c o r r e c t i n g  sole ly f o r  a u t o c o r r e l a  t i o n  is, o n c e  

a g a i n ,  t h e  l e a s t  d e s i r a b l e  a p p r o a c h .  C l e a r l y  m u t o c n r r e f a t i o n .  

cannot be swamping h e t e r o s c e d a s t i c i t y  o t h e r w i s e  t h e  r a n k i n g  o f  

these two e s t i m a t o r s  u o u l d  be r e v e r s e d *  

P r o c e d u r e s  (4 )  a n d  ( 5 )  h a v e  t h e  same r a t i o n a l e :  both 

a u t o c o r r e l a t i o n  a n d  h e t e r o s c e d a s t i c i t y  ace d e a l t  w i t h  o n  a 

s e q u e r i t i a l  b a s i s ,  F u r t h e r ,  t h e  same gamma-hat is u s e d  i n  ( 4 )  a n d  

(5) , This gamma-hat i s  e s t i ~ a  t e d  from nsn-au t o c o r r e l a t e d  

residuals, On t h e  other hand ,  p r o c e d u r e  ( 4 )  e s t i m a t e s  r h o  from 

h e t e r o s c e d a s t i c  r e s i d u a l s ,  w h i l e  (5) , when e s t i m a t i n g  r h o ,  

a t t e m p t s  t o  c r e a t e  a s p h e r i c a l  e r r o r  b y  t a k i n g  

h e t e r o s c e d a s t i c i t  i n t o  account, T h e  o u t c o m e s  i n d i c a t e  s u c c e s s  



f o r  p r o c e d u r e  (5) : it g e n e r a l l y  h a s  a s m a i l e r  MSE t h a n  p r o c e d u r e  

(4)  P u r t h e r ~ o r e ,  t h e  r h o - h a t  of p r o c e d u r e  15) has a 

c o n s i s t e n t l y  s m a l l e r ,  a l b e i t  for s o n e  c o ~ b i n a t i o n s  o n l y  

s l i g h t l y ,  HSE t h a n  t h e  estimate of r h o  f r o m  p r o c e d u r e  ( Y )  , T h i s  

r e i n f o r c e s  t h e  a b o v e  o b s e r v a t i o n  t h a t  t h e  effort t o  reestimate 

r h o  o n  t h e  b a s i s  of n o a - h e t e r o s c e d a s t i c :  residuals is  w o r t h w h i l e ,  

T h e  i m p o r t a n c e  o f  t a k i n g  h e t e r o s c e d a s t i c i t y  i n t o  a c c o u n t  

h e c o m e s  more p r o n o u n c e d  a s  r h o  i n c r e a s e s ,  T h e  more  severe t h e  

a u t o c o r r e l a t i o n ,  t h e  more p r o b l e m s  i t  can c a u s e  an3 t h u s  t h e  

g r e d t e r  t h e  benefits o f  i n p r o v i n g  r h o - h a t ,  As a n  e x a m p l e ,  see 

experiments 7,  8, and  3, Por: a given h ,  t h e  p o s i t i v e  d i f f e r e n c e  

b e t w e e n  the Pl.fSEss of the r h o - h a t s  from p r o c a d u s e  (4) a n d  

p r o c e d u r e  ( 5 )  becomes g r e a t e r  a s  a u t o c o r r e l a t i o n  b e c o m e s  more  

i n t e n s e ,  Ta a d d i t i o n ,  f o r  a g i v e n  s e v e r i t y  o f  a u t o c o r r e l a t i o n ,  

a s  h e t e r a s c e d a s t i c i t y  becornes more  s e v e r e ,  t h e  i m p o r t a t a c e  o f  

r e m o v i n g  t h e  d e t r a c t i n g  h e t e r o s c e d a s t  i c i t y  beco iaes  more 

p r o n o u n c e d ,  C o m b i n a t i o n s  3,  5, a n d  9 s h o ~  t h a t  f o r  a g i v e n  r h o ,  

a s  h i n c r e a s e s ,  t h e  d i f f e r e n c e  b e t u e e n  t h e  HSESs of the r h o - h a t s  

from p r o c e d u r e  (4)  a n d  p r o c e d u r e  (51 i r t c r e a s e s -  

Ho s i rni lar  s t a t e s e n t s  c a n  b e  made a b o u t  t h e  e s t i ~ a t e s  of 

gaama. T h e  gamma-hat  of procedure (4 ) .  and (51, is c a l c u l a t e d  

f r o m  a p p r o x i m a t e l y  n o n - a u t o c o r r e l a t e d  r e s i d u a l s  a n d  t h u s  is 

e x p e c t e d  t o  be  a n  i ~ p r o v e m e n t  o v e r  p r o c e d u r e  ( 2 )  ' s  gamma-hat, 

The estimate o f  gaxima f o u n d  i n  p r o c e d u r e  12) is c a l c u l a t e d  f r o m  

a u t o c o r r e l a t e d  r e s i d u a l s ,  y e t  i t  i n v a r i a b l y  h a s  t h e  smaller MSE, 



U n f o r t u n a t e l y  gamma- hat :  is c o n d i t i o n a l  on t h e  success of 

t h e  t r a n s f o r m a i t i o n  t o  correct  f o r  a u t o c o r r e l a t ~ o n  a n d  t h u s  o n  

r h o - h a t ,  A s  m e n t i o n e d  e a r l i e r ,  r h o - h a t  can  b e  i m p r o v e d  by 

c o m p e n s a t i c g  f o r  h e t e r o s c e d a s t i c i t - p .  Consequently t h e  e s t i m a t e  

of ga@ma c o u l d  also be i m p r o v e d  i f  t h i s  reest imated r h o  was u s e d  

t o  r e m o v e  t h e  i n f l u e n c e  of a u t o c o r r c L a t i o n  b e f  o m  e s t i a a t i  ny 

gamzia, 

S u m m a r i z i n g ,  f o r  t h i s  s t u d y ,  

i) There is a d i f f e r e n c e  b e t w e e n  t h e  s t r e n g t h  

of h e t e r o s c e d a s t i c i  ty ar,d t h e  severity of 

h e t e r o s c e d a s t i c ~  ty, Xn other words ,  kor even 

s ~ s a l l  h f s ,  h e k e r o s c e d a s t i c i t y  c z n  b e  a 

p o w e r f  ult h i n d e r a n c e  t o  e s t i m a t i o n ,  

ii) F o r  e q u a l  s e v e r i t i e s  of a u t s c o r r e l a t i o s  a n d  

h e t e r o s c e d a s t  i c i t y ,  h e t e r o s c e d a s t i c i t y  is 

t h e  more  t z o u b F e s o m e  probiem. When h is a t  

l e a s t  . 332, O e t e r o s c e d a s t i c i t y  dominates 

autocorfe  l a t i o n  u n l e s s  (p-h)  >. 4, 

ii i) 

When h e t e r o s c e d a s t i c i  t y  d o m i n a t e s  

a u t o c o r r e l a t i o n  the best a p p r o a c h  is t o  

correct s o l e l y  f o r  h e t e r o s c e d a s t i c i t y  and  

ignore  au tocor reha t ion ,  

i v )  t h e  e x c e p t i o n  t o  ( i i i )  is when b o t h  

a u  t o c o r r e l a t i o n  a lad h e t e r o s c e d a s t i c i t y  a r e  

weak ( p  (. 4, h (, 1 3 2 )  * T h e n  O L S  h a s  t h e  



s a a l l e s  t ZSX, 

Khen auf .ocor re la  t i o n  is  a s  s t r o n g  as,  o r  

s t r o n g e r  t h a n  h e t e r o s c e d a s t i c i t y ,  (p i s  much 

g r e a t e r  t han h) , correct fo r  b o t h  

au t o c o r r e l a t i o n  a n d  h e t e f o s c e d a s t i c i t p  u s i n g  

p r o c e d u r e  ( 5 ) .  However, if f o r  some r e a s o n  

p r o c e d u r e  ( 5 )  is  u n a v a i l a b l e ,  procedure [ 4 ]  

would ,  i n  ~ o s t  c i r c u n s t - a n c e s ,  b e  a good 

substitute, b u t  n o t  p r o c e d u r e  ( 3 ) -  fn f a c t ,  

v i f  the o v e r a l l  worst. approach is t c  correct 

s o l e l y  f o r  a u t o c o r r e l a t i o n ,  E v e n  when 

a u t o c o r r e l a t  i o n  d o m i n a t e s  

h e t e r o s c e d a s t i c i t y ,  c o r r e c t i n g  s o l e l y  for 

a u t o c o r r e f a t i o n  4s s u b - o p t i m a l ,  

v i i f  

P r o c e d u r e  ( 5 )  is i n  g e n e r a l  preferred t o  

p r o c e d u r e  (4.): r h o  s h o u l d  b e  r e e s t i m a t e d  on 

t h e  bas i s  a•’ he  te r o s c c d a s - t i c  corrected da ta ,  

This is e s p e c i a l l y  t r u e  if 

h e t e r o s c e d a s t i c i t y  is s t r o n g  {but  n o t  

n e c e s s a r i l y  s e v e r e )  o r  i f  p is  a t  l e a s t  of 

i n t e r t n e d i a t e  severity f i -e .  p== 6) 

I n  c o n c l u s i o n ,  the Monte Car lo  r e s u f  ts i n d i c a t e  that t h e  

s i m  G l t a n e o u s  o c c u r r e n c e  of h e t e r o s c c d a s t i c t y  and  a u t o c o r r e l a t i o n  



s h o u l d  not he  i g n o r e d  or  s i m p l i f i e d  into a one d i m e n s i o n a f  

pro blem,  T h e  a F F r o ~ r i a t e  es t imat ion  procedure depends o n  t h e  

absolute and r e l a t i v e  m a g n i t u d e s  of t h e  severity of 

au tocor re ia t io t l  and  he te roscedas t i c i  ty, T h i s  e m p h a s i z e s  t h e  need 

f o r  a severity measure of h e t e r u s c e d a s t i c i t y .  h,  t h e  c o s i n e  

m e a s u r e  o f  the intensity of h e t e r o s c e d a s t i c i t y  a p p e a r s  t o  b e  t h e  

best a1 terna t i v e ,  
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THE N S E  RANKINGS FOR EACH EXPERIMENT AND EACH ESTIMATOR 
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Proof: 

1-I 1'1 
Cos 8 = -for vi = 1 V i  

i=l i=l 

minimize Cos 8 with respect  t o  u subject  t o  u I 0 ( s ince  
i r  i 

u = a vector of variances) 

s e t t i ng  t h i s  equa l - t o  zero and solving f o r  u : 
j 

s ince t he  r i g h t  hand s ide  i s  independent of j , t h i s  implies 

then 



~ u t  a cosine of 1 is  a maximum not a minimum, thus 

u = u = u > 0 is  a loca l  and an absolute maximum.   his means t h a t  
j k 

Cos 8 cannot a t t a i n  a minimum a t  an i n t e r i o r  point  i n  t he  pos i t i ve  

orthont. The minimum must be a t  a boundary. 

Since t h e  minimum poin t  l i e s  on a boundary of the  pos i t ive  

or thont  it w i l l  l i e  e i t he r  on a coordinate hyperplane o r  on a 

coordinate axis .  cos 8 is  completely symmetric with respect  t o  

u1 ' ...,u . Hence, without l o s s  of genera l i ty ,  the s t a r t i n g  point  can be 
N 

any coordinate hyperplane, i n  pa r t i cu l a r  the  u hyperplane - t h a t  
N 

TO f ind the  minimum Cos 8 on t h i s  plane, minimize Cos 8 

1 i= 1 
subject  t o  = 0 . The r e s u l t  is u = f o r  j = l t - . . I N - l  , 

j N-1 

and u = 0 and Cos 8 = 1% . 
N 

But t h i s  i s  a maximum cos 9 fo r  t h i s  hyperplane (uN = 0) 

since f o r  any other  combination of u 's cos 8 would be smaller. 
j 

I 

For example, and 

w h i c h i s  < /s N . 

Again, t he  minimum must be a boundary solution on t h i s  

hyperplane. This means the  minimum must occur on some plane of lower 

dimension without l o s s  of genera l i ty  take u = u = 0 and 
N-1  N 

minimize Cos 9 . Continue t h i s  process, u n t i l  two dimensions 



are left, each time taking one more component as zero, and searching 

the resulting hyperplane for a minimum cosine. The conclusion will 

be similar for each hyperplane: 
U j = u k = U  

for j = 1 to N-T 

with the remaining u 's constrained to zero. In each case, Cos 8 
j 

will equal and will be a maximum at u = u = u , not 
j k 

the desired minimum. 

When two dimensions remain, the minimization of Cos 8 

2 
C Ui 
i=l subject to u = 

3 
...= u = O  gives u = . o r u  = u  = U ,  

N j 2 1 2 
C Ui 
i=l 

u = 
3 

... = u = 0 and Cos 8 = 
N 

. Once again, a maximum not a 
minimum is found. A minimum will occur if u, = 0 , u, = 1 (the 

A - 
u axis), or u = 0 , ul = 1 (ul axis) , that is, on one of the 

2 2 

boundaries of the positive u1 , u2 quadrant and Cos 8 will 

equal 
1 
F *  

Consequently Cos 8 attains a minimum when u = 1 for 
j 

some j and u = 0 for k # j , k = 1, ..., N . In other words, 
k 

the minimum is when u lies along one of the N coordinate axis 

. -1 
and Cos 8 = - . 

6 
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