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ABSTRACT 

A f i n i t e  g r o u p  G o f  o r d e r  n  i s  c a l l e d  a  sequenceab le  

g roup  i f  a l l  i t s  e lements  can be  a r r a n g e d  i n t o  a  sequence 

al,a2,. ..,a such  t h a t  t h e  p a r t i a l  p r o d u c t s  a  a  a  
n  1' 1 2 ' " '  

..., a  a  .a a r e  a l l  d i s t i n c t .  
1 2 "  n  

I n  Chapter  one, we g i v e  some s u f f i c i e n t  and necessa ry  

c o n d i t i o n s  o f  t h e  sequenceab le  group.  I n  Chapter  two, a  

comp le te  c h a r a c t e r i z a t i o n  o f  sequenceab le  a b e l i a n  groups  

i s  g i v e n .  Though t h e  p rob lem o f  d e t e r m i n i n g  w h i c h  non- 

a b e l i a n  g roups  G a r e  sequenceab le  i s  u n s o l v e d  a t  t h e  

p r e s e n t  t ime,. we know t h a t  t h e r e  a r e  i n f  i n i  t e l y  many 

non-abel  i an sequenceab l  e  g roups .  T h i s  i s  d i s c u s s e d  i n  

Chapter  t h r e e .  I n  Chapter  f o u r ,  t h e  d e f i n i t i o n  o f  seq- 

uenceab le  i s  ex tended  t o  symmet r i c  and s t r o n g  symmet r i c  

sequenceab le  g roups .  I n  t h e  l a s t  chap te r ,  we g i v e  some 

app l  i c a t i o n s  o f  sequenceab le  groups  t o  L a t i n  squares,  

Howel l  d e s i g n s  and Graph t h e o r y .  

i i i  
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CHAPTER O N E  

I n t r o d u c t i o n  

A f i n i  t e  g r o u p  G o f  o r d e r  n  w h i c h  possesses t h e  

p r o p e r t y  t h a t  a l l  i t s  e lement  can be  a r r a n g e d  i n t o  a  

sequence a  l,a2,a3 ,..., a  i n  such a  way t h a t  i t s  p a r t i a l  
n  

p r o d u c t s  a  ,a a  ,a a  a  ,..., a  a  ... a  a r e  a l l  d i s t i n c t  
1 1 2  1 2 3  1 2  n  

i s  c a l  1 ed a  sequenceabl  e  g roup.  

B a s i l  Gordon, who has i n v e s t i g a t e d  t h e  p rob lem o f  

sequenceab le  groups, c o m p l e t e l y  d e t e r m i n e d  a1 1 t h e  f i n i t e  

sequenceab le  a b e l i a n  groups .  However, f o r  t h e  n o n - a b e l i a n  

case, i t  i s  s , t i l l  n o t  c o m p l e t e l y  s o l v e d  a t  t h e  p r e s e n t  

t i m e .  A t  t h e  v e r y  b e g i n n i n g  m a t h e m a t i c i a n s  e i t h e r  used 

computer  o r  t r i a l  and e r r o r  t o  f i n d  t h e  sequenc ings .  

L a t e r  t h e y  d e r i v e d  methods t o  c o n s t r u c t  sequenc i  ngs. 

B.A.  Anderson, Bas i  1 Gordon, J. Dgnes, R i c h a r d  F r i e d l a n d e r ,  

A.D. Keedwel l ,  N .S .  Mendelsohn, E. T6r6k  and L.L. Wang, 

a r e  t h e  m a t h e m a t i c i a n s  who worked on  t h e  n o n - a b e l i a n  

case.  Even though  t h i s  p rob lem i s  n o t  c o m p l e t e l y  so lved,  

we a t  l e a s t  know t h a t  t h e r e  e x i s t s  an i n f i n i t e  number o f  

sequenceab le  n o n - a b e l i a n  groups  o f  odd o r d e r  and even 

o r d e r .  

I f  we add some r e s t r i c t i o n s  t o  t h e  sequenc ing  o f  t h e  

sequenceabl  e  group,  we w i  1 1  have sequenc i  ngs w h i c h  we 

c a l l  s y m m e t r i c  sequenc ings  and s t r o n g  symmet r i c  sequenc ings .  



There  a r e  some a p p l i c a t i o n s  o f  sequenceab le  groups .  

We can use  t h e  sequenc ing  t o  c o n s t r u c t  comp le te  L a t i n  

squares, H a m i l t o n i a n  d e c o m p o s i t i o n s  o f  an n -comp le te  

graph, c o n s t r u c t i o n  o f  Howe l l  des igns ,  e t c .  

B e f o r e  we go t o  t h e  n e x t  chap te r ,  we g i v e  some necessa ry  

and s u f f i c i e n t  c o n d i t i o n s  f o r  a  g r o u p  t o  be  sequenceab le  

wh ich  were  shown b y  J. ~ G n e s  and E. TGr6kC 71.  

Theorem 1.1 : A f i n i t e  g r o u p  (G, ) i s  sequenceab le  i f  

and o n l y  i f  t h e r e  e x i s t s  an ar rangemenet  o f  i t s  e lement  

al,a2, ..., a such t h a t  al=e(the i d e n t i t y  o f  G) and f o r  n  

any i n t e g e r s  i ,  j, i n - 1  2 < i + j c n ,  ai+l.. .a  ze. 
i +j 

Proo f  : We d e f i n e  br=ala2.. .ar  f o r  l r r r n .  A g r o u p  i s  

sequenceable i f  and o n l y  i f  t h e r e  e x i s t s  a  sequence 

al,a2,. . .,a such t h a t  b  b  
1' 2'" 

.,b a r e  a l l  d i f f e r e n t .  
n  n  

The l a t t e r  h o l d s  i f  and o n l y  i f  b .zb  f o r  l r  i sn-1, 25 i + j  r n  
I i + j  

wh ich  h o l d s  i f  and o n l y  i f  brlb ze w h i c h  i n  t u r n  h o l d s  
I i + j  

i f  and o n l y  i f  a  ... a ze f o r  l s i r n - 1 ,  2 < i + j s n .  O 
i + l a i + 2  i + j  

Theorem 1.2 : A f i n i t e  g r o u p  (G,.) i s  sequenceab le  i f  

and o n l y  i f  t h e r e  e x i s t s  an ar rangement  o f  i t s  e lements  

-1 
bl,b2,. . .,b such t h a t  b - l  b  =b b  imp1 i es i = j  . 

n  i-1 i j-1 j 

Proof : Suppose t h e  g r o u p  i s  sequenceab le  w i t h  a  sequenc ing  

al,a2, ..., an. D e f i n e  br=ala 2. . .a 
-1 

r *  Then b i  -lbi =ai. 



- 1 -1 
S i n c e  a . = a  i m p l i e s  i = j ,  bi- lbi=b b  i m p l i e s  i = j .  

I j j-1 j 
Conve rse l y ,  assume t h e r e  e x i s t s  an a r rangemen t  o f  

i t s  e l e m e n t s  bl,b2,. . .,bn such  t h a t  b - I  b  =b-' b  imp1 i e s  
i-1 i j - 1 j  

i = j .  D e f i n e  

and  

Then t h e  a  ' s  a r e  a l l  d i f f e r e n t  and 
i 

i- ' 

a a a  = b A b  
1 2 3  1 3  

and 



They a r e  a l l  d i f f e r e n t  because b  b  
1' 2 ' " "  

b  a r e  d i f f e r e n t  
n  

e lements  o f  G. Hence t h e  ar rangement  a  
v a 2 ,  

. ..,a o f  t h e  
n  

e lements  o f  G i s  a  sequenc ing  o f  G. 0 

Theorem 1.3 : L e t  G be  a  f i n i t e  sequenceab le  g roup  o f  

o r d e r  n  and @ be an au tomorph ism o f  G. Then al,a2 ,..., a n  

i s  a  sequenc ing  o f  G i f  and o n l y  i f  @ ( a  ) ,@(a ),. . . ,@(a 
1 2 n  

i s  a  sequenc ing  o f  G. 

Proof : No te  t h a t  i f  @ i s  an autornorphism o f  G, t h e n  @ - '  
a l s o  i s  an au,tomorphism. Thus al,a2,. ..,a i s  a  sequenc ing  

n  

i f  and o n l y  i f  a  ,a a  ,..., a a  ... a a r e  a l l  d i s t i n c t  
1 1 2  1 2  n  

wh ich  i s  t r u e  i f  and o n l y  i f  @ ( a  ) , @ ( a  a ) , . . . ,@(a a  ... a 
1 1 2  1 2  n  

a r e  a l l  d i s t i n c t .  T h i s  i s  t r u e  i f  and o n l y  i f  

@ ( a  ) ,@(a ) @ ( a  >,..,,@(a ) @ ( a  ) . . . @ ( a  1 a r e  a l l  d i s t i n c t  
1 1 2 1 2 n  

and i n  t u r n  i f  and o n l y  i f  @ ( a  ) ,@(a ),...,@(a i s  a  
1 2 n  

sequenc ing  o f  G. 0 

Theorem 1.4 : L e t  (G,*) be a  sequenceab le  g r o u p  o f  o r d e r  

n  h a v i n g  a  normal  subgroup H o f  o r d e r  h.  L e t  us r e p r e s e n t  

t h e  e lements  o f  t h e  f a c t o r  g r o u p  G/H b y  H1,H2,. . .,Hi, k=n/h, 

where H r e p r e s e n t s  t h e  i d e n t i t y  o f  GLH. Then t h e r e  e x i s t s  
1 

an ar rangement  a' a' 
1' 2 ' . * * '  

a' o f  H1,H2,. . .,H such t h a t  
n  k 



( i i )  H i ( i = 1 , 2 ,  ..., k )  appears  e x a c t l y  h t imes among the  

a ' l ' ( j=1,2  ,..., n ) ,  and 
J 

( i i i )  H i ( i = 1 , 2 ,  ..., k )  appears  e x a c t l y  h t imes among t h e  

e lements  a'a' . .a: ( j  = 1 , 2 , .  . . , n ) .  1 2 '  J 

Proof : Let b i = a l .  . . a i ,  l r i s n ,  where a  l , a2  ,..., a  is a  n 

sequencing of G ,  and Q be the  n a t u r a l  homomorphism of G 

on to  G / H  de f ined  b y  @(a )=aH f o r  any aeG. We know H i  a r e  

a3 1 mutual ly  d i s j o i n t ,  u H i = G  and aH=H i f  atH . Therefore  
i =l i i 

t h e  sequence a  H=aP,a H=a' ..., a H=a' c o n s i s t s  of h ' H . ' s  
1 1 2  2' n n I 

f o r  l s i r k .  The sequence b  H,b H ,  ..., b H a l s o  c o n s i s t s  
1 2  n 

of h H . ' s  f o r  l s i r k .  T h u s  t h e  theorem is  proved. 0 
I 

I n  t h e  fo l lowing  theorem, we l e t  

E = {{a , a  ,..., a . 1 : a . a .  ... a  = e  f o r  some in t ege r  j  l s j s i  
i 1 2  I J ~ + 1  i 

and a  a  ... a  t e  when l r t r k < i )  where a . ~ G \ { e )  and 
t t + l  k 1 

e  denote  the  number of t h e  e lements  i n  E i .  
i 

Theorem 1 .5  : Let ( G , . )  be a  group of o r d e r  n w i t h  

i d e n t i t y  e .  Then the  group ( G , . )  is sequenceable  i f  and 

on ly  i f  e  (n -3 ) !  + e  ( n - 4 ) !  + ... + e  < ( n - l ) !  
2 3 n - 1  

Proof : Let u s  cons ider  t h e  s e t  G\{e) and l e t  us c a l l  

an arrangement of i t s  e lements  a l , a2 ,  ..., a  wrong i f  
n - 1  

t h e r e  e x i s t s  i , k  such t h a t  a . a  ... a  =e f o r  l r i r n - 2 ,  
I i + l  i + k  

2r i '+krn-1.  



The t o t a l  number o f  a l l  d i s t i n c t  a r rangements  o f  t h e  

s e t  G \ { e ) = ( n - l ) ! .  By Theorem 1.1, t h e  g r o u p  i s  sequenceable 

i f  and o n l y  i f  t h e  number o f  wrong ar rangements  i s  l e s s  

t h a n  ( n - l ) ! .  

L e t  a  ,a , . ..,a b e l o n g  t o  E , t h i s  o r d e r e d  a r r a n g e -  
1 2  i i 

ment can be comp le ted  i n t o  a  p e r m u t a t i o n  o f  a l l  t h e  e lements  

o f  t h e  s e t  G\ {e)  i n  ( n - 1 - i ) !  d i f f e r e n t  ways, and a l l  t h e s e  

p e r m u t a t i o n s  a r e  d i f f e r e n t  wrong ar rangements .  Thus, t h i s  

c o n t r i b u t e s  e . ( n - 1 - i ) !  wrong ar rangements  o f  t h e  n - 1  
I 

d i s t i n c t  e lemen ts  o f  G \ {e ) .  

However, i f al, a2,. . . , an-l i s  a  wrong arrangement,  

t h e n  t h e r e  e x i s t s  a t  l e a s t  one p a i r  o f  p o s i t i v e  i n t e g e r s  

u,v l l u < v l n - 1  such t h a t  a  a  . . .a =e. L e t  us choose o f  u  u + l  v  

a l l  p o s s i b l e  p a i r s  t h e  p a i r  w i t h  t h e  p r o p e r t y  t h a t  v  i s  

m i n i m a l ,  and d e n o t e  t h i s  p a i r  b y  6 , ; .  Then ala 2 . . . a - ~ E -  v  v' 

and ala2.. .a am8 Em f o r  m>V because a-a- u  u + l  . . .a-=e. v  

S i n c e  V i s  m in ima l ,  al,a2, ..., at&E f o r  t c 7 .  Hence g i v e n  
t 

any wrong ar rangement  a  l,a2,-,a t h e r e  e x i s t s  e x a c t l y  
n-1 '  

one p o s i t i v e  i n t e g e r  v  such t h a t  a  
V a 2 '  

..., a  E E  . Then 
v  v  

t h e  t o t a l  number o f  wrong ar rangements  i s  e p ( n - 3 ) ! + e  ( n - 4 ) ! +  ... 3  

...+ e  ( l ) ! + e  . The p r o o f  i s f i n i s h e d . 0  
n-2 n - 1  

By t h e  l a s t  theorem, we can d e r i v e  an a l g o r i t h m  t o  

d e c i d e  w h e t h e r  o r  n o t  a  g r o u p  i s  sequenceab le .  A g roup 

i s  sequenceab le  i f  and o n l y  i f  i t s  e lements  can be a r ranged  



so that 

where ao,al, ..., a are all distinct. 
n 

Let ao,al,. . .,ak be an arrangement of the group 

elements with the following properties: 

a t e,a ,a-I such that a 
2 1 1  p2 a E2, 

.L ..., a such that a ,a ,..., a 
k-1 1 2  k 4 Eke 

 his means that E i  =$, liiin-1. The product ala2.. .ak 

is cal led k-sequenceable, lf -the elements e,al, ...., a 
k-1' 

-1 -1 
(ala2...ak-11 ,..., a k-1 exhaust all the elements of the 

group. We continue the procedure in the above way. If 



we can g e t  an (n -1 ) - sequenceab le  p r o d u c t ,  t h e n  t h e  g roup  

i s  sequenceab le  and t h e  (n -1 ) - sequenceab le  p r o d u c t  i s  t h e  

r e q u i r e d  sequenc ing .  



CHAPTER TWO 

Seauences i n  Abel i an G r o u ~ s  w i  t h  

D i s t i n c t  P a r t i a l  P r o d u c t s  

Sequenceable abe l  i an groups  have been compl e t e l  y  

c h a r a c t e r i z e d  by  B a s i l  Gordon C91. I n  t h i s , s e c t i o n ,  t h e  

necessa ry  and s u f f i c i e n t  c o n d i t i o n s  f o r  an A b e l i a n  g roup  

t o  be sequenceab le  a r e  g i v e n  and p r o v e d  i n  d e t a i l .  

B e f o r e  we s t a t e  and p r o v e  B.  Gordon ' s  Theorem, we 

i n t r o d u c e  t h e  n o t i o n  o f  a  comp le te  mapp ing  o f  a  f i n i t e  

g roup  and t h e n  s t a t e  and p r o v e  f o u r  lemmas w h i c h  w i l l  

s imp1 i f y  t h e e p r o o f  o f  t h e  ma in  theorem o f  t h i s  s e c t i o n .  

D e f i n i t i o n  2 .1  : A comp le te  mapping o f  a  f i n i t e  g roup  

G i s  a  one-one mapping 8 o f  G o n t o  G such  t h a t  t h e  mapping 

q ( g ) = g e ( g )  i s  a  one-one mapping o f  G o n t o  G.  

lemma 2.1 :  If G i s  a g roup of odd o r d e r ,  t h e n  G has a  

comp le te  mapping.  

P r o o f  : Suppose G i s  a  g r o u p  o f  odd  o r d e r  and l e t  g e G  

2  2 t -  2 t - l g z g .  be an e lemen t  o f  o r d e r  2 t - 1 .  I f  h=gt, t h e n  h  =g -g 

T h e r e f o r e  h  i s  a square  r o o t  o f  g. F u r t h e r ,  i f  keG and 
4 t - 2  

2t-1=g2t-1 w h i c h  imp1 i e s  k k2=g, we have ( k  ) =e, t h e  

i d e n t i t y  e lemen t  o f  G. S i n c e  t h e  o r d e r  o f  an e lement  

i s  a  f a c t o r  o f  t h e  o r d e r  o f  t h e  group, t h e  o r d e r  o f  k  



2 t - 1  2 t  t 
must be  odd. Hence, we have k  =e g i v e s  k=k =g =h. 

Thus, h  i s  t h e  u n i q u e  square  r o o t  o f  g. I t  f o l l o w s  t h a t  
2  2  

i n  a  g r o u p  o f  odd  o r d e r  w i t h  e lements  g ,g , .. ..g . g i = g  
1 2  n  j 

o n l y  i f  i = j .  D e f i n e  8 ( g , ) = g  f o r  i=1,2, ..., n .  We have 
I i 

2 
q ( g ,  )=g  i = 1 2  l S i n c e  q ( g .  ) = q ( g . )  i m p l i e s  

i I 
2  ' 2  

J 

=g w h i c h  i m p l i e s  g  =g , we have t h a t  q  i s  one-one. 
'i j i j 

Then t h e  i d e n t i t y  mapping 8  i s  a  c o m p l e t e  mapping.  O 

Lemma 2.2 : I f  t h e  g roup  G has a  c o m p l e t e  mapping, t h e n  

t h e r e  e x i s t s  an o r d e r i n g  o f  t h e  e lemen ts  o f  G such t h a t  

g l g 2  
...g i s  t h e  i d e n t i t y  e lement .  

n  

P roo f  : L e t  G={g ,g ,...,g ) and g  =a. Assume 8 ( g )  
1 2  n  1 / - I 

I 

i s  a  comp le te  mapp ing  o f  G. D e f i n e  e * ( g ) = o ( g ) e ( e )  . 
* 

Then B * ( ~ )  i s  one-one f o r  8  ( g -  ) = 8 * ( g . )  imp1 i e s  
I J 

e (g .  )e(e)-1=8(g-..)6(e).-1 wh ich  imp l  i e s  B(g .  1=8(g,  )-. We 
I J I J 

* * 
have g =g . A l s o  q  ( g )  i s  one-one because q  ( 9 .  ) = q * ( g .  

i j I J * -1- 
impl  i e s  g . 0  ( g .  ) = g s 8 * ( g . )  w h i c h  imp1 i e s  g S 8 ( g .  ) 8 ( e )  - 

I - I J J I I 

g . O ( g . ) e ( e ) - l  w h i c h  i m p l i e s  q ( g  ) = q ( g . ) .  We have g =g.. 
J J i J * i J  

-1 * 
Note t h a t  8 * ( e ) = 8 ( e ) 0 ( e )  =e and q  ( e ) = e 8  (e )=ee=e.  Thus, 

w i t h o u t  l o s s  o f  g e n e r a l i t y ,  we can t a k e  B ( e ) = q ( e ) = e .  Then 

G\{e,g2}.  T h e n  l e t  8 ( g 2 ) - l = g  . We f o r m  t h e  p r o d u c t  
3  

g 8 ( g  ) g  8 ( g  1. We c o n t i n u e  i n  t h i s  manner and e v e n t u a l l y  
2  2 3  3  



reach  a  p r o d u c t  

( 1 )  
-1 

g 2 8 ( g 2 ) g 3 e ( g  3) . . .g  0 ( g  )=e  where B ( g  )=g i  
S s  

- 1  
i -1 

.I. 

f o r  i=3, ..., s  and 0 (gS)=g2  . 

I f  s=n, t h e  theorem i s  p roved.  T h i s  i s  because 8  

i s  a  c o m p l e t e  mapp ing  and n ( g  ) ,q(g2) ,  ...,q ( g  ) = n ( g  
1 s . n  

i s  an o r d e r i n g  o f  t h e  e lements  o f  G such t h a t  q ( g  ) q ( g  I . . .  
1 2  

... q(gn)=g18(g ) g  8 ( g  2). . .gn8(gn)=e. 
1 2  

I f  sen, we r e p e a t  t h e  p rocess  b e g i n n i n g  w i t h  gs+18(gS+1), 

where g i s  an e lemen t  o f  G d i s t i n c t  f r o m  g ,g ,...,g . 
s + l  1 2 ,  S 

F i n a l l y  we a r r i v e  a t  a  s e r i e s  o f  c y c l e s  s i m i l a r  t o  t h e  

above whose p r o d u c t  i s  t h e  i d e n t i t y  e lement .  Thus, we ' 

have q(gl)n(g2) ... n(gn)=g18(g ) g  8 ( g 2 )  ... gn8(gn)=e.  Then 
1 2  

q(gl),q(g2),..-,n(gn) i s  t h e  r e q u i r e d  o r d e r i n g  o f  G .  O 

Lemma 2.3 : I f  t h e  p r o d u c t  o f  a l l  e lemen ts  o f  t h e  a b e l i a n  

g roup  G i s  n o t  t h e  i d e n t i t y ,  t h e n  G has t h e  fo rm A x B  w i t h  

k  
A c y c l i c  o f  o r d e r  2  , k>O, and B o f  odd o r d e r .  

P r o o f  : S i n c e  t h e  p r o d u c t  o f  a l l  e lemen ts  o f  G i s  n o t  t h e  - 

i d e n t i t y ,  t h e n  t h e r e  e x i s t s  no o r d e r i n g  o f  t h e  e lements  o f  

G such t h a t  g g . . .g =e. By Lemma 2.2, G has no comp le te  
1 2  n  

mapping. By Lemma 2.1, G i s  o f  even o r d e r .  Then G has t h e  

k  
f o r m  A x B  w i t h  A c y c l i c  o f  o r d e r  2  , k>O, and B o f  odd o r d e r ,  0 

Lemma 2.4 i s  any p o s i t i v e  i n t e g e r ,  and 6 ,6 ,..,,6 
1 2  m 



are positive integers, then there exist unique integers 

j j j S U C ~  that 
0 1 m 

j E j (mod 6 6 ... 6 ), 
0 1 2  m 

Proof : The proof of the existence and uniqueness of 

the expansion is entirely analogous to the expansion of 

an integer in powers of a number base. Since j and 6 6 ... 6 
1 2  m 

are positive integers, then by the Division Algorithm, 

there exist unique integers qo and jo, O ~ j ~ < 6 ~ 6 ~ . . . 6 ~ ,  

such that j=j +q 6 6 . . .6 . That is, jEjO (mod 6 6 . . .6 1. 
0 0 1 2  m 1 2  m 

Similarly, for integers j and 6 there exist unique 
0 1 

integers q and j 01j <6 such that j =j +q 6 
1 1 ' 1 1' 0 1 1 1 '  

For 

integers q and 6 there exist uaiaue i~tegzrs q and j 
1 2 2 2' 

01j < d  such that q =j +q 6 
2 2' 1 2  2 2 '  

Therefore 

+q 6 16 = - +q 6 = j1+(j2 j0 - jl 1 1 j l  + j 6 + q 6 d .  2 1  2 1 2  

We now continue this process. Finally we obtain 



j = j +j 6 + j  6 6 +.. .+q 6 6 ... 6 where 
0  L 2 1  3 1 2  m - 1  1 2 m - l  

S i n c e  O<j < 6  6 ... 6 , t h e n  
0  1 2  m 

- j  - j  6 j 6 6 ... 6 j o  1 2 1  m - 1  1 2 m-2 

so t h a t  O<q <6 . We r e p l a c e  q  
m-1 m 

b y  jm. The lemma 
m - 1  

i s  p roved,  0 

Next  we a r e  g o i n g  t o  p r o v e  B .  Gordon's  Theorem. 

The necessa ry  cond i  t i o n  o f  t h e  theorem i s  s i m p l e  t o  p rove.  . 

For  t h e  s u f f i c i e n c y ,  B, Gordon, u s i n g  t h e  e lements  o f  a  

b a s i s  o f  t h e  group, c o n s t r u c t e d  t h e  d e s i r e d  sequencing,  

Theorem 2.5 : A f i n i t e  a b e l i a n  g r o u p  G i s  sequenceable 

i f  and o n l y  i f  G i s  t h e  d i r e c t  p r o d u c t  o f  two groups  A 

k and B, where A i s  c y c l i c  o f  o r d e r  2  , k>O, and B i s  o f  odd 

o r d e r .  

P r o o f  : To see t h e  n e c e s s i t y  o f  t h e  c o n d i t i o n ,  suppose 

t h a t  G i s  sequenceab le  and l e t  al,a2, ..., a be an o r d e r i n g  n  

o f  t h e  e lements  o f  G w i t h  d i s t i n c t  p a r t i a l  p r o d u c t s .  

D e f i n e  b =a a  ... a f o r  each i n t e g e r  i, l r i s n ,  I f  a.=e 
i 1 2  i I 

f o r  some i > l ,  t h e n  b i  -l=ala2.. .a i -1 =ala2.. .a e=ala2.. . i -1 

... a a =b , c o n t r a r y  t o  o u r  assumpt ion  and t h e r e f o r e  
i-1 i i 



we have a  =b =e. Hence b  ze, t h a t  i s ,  t h e  p r o d u c t  o f  
1 1  n  

a l l  e lemen ts  o f  G i s  n o t  t h e  i d e n t i t y .  By Lemma 2.3, G 

k  has t h e  f o r m  A x B  w i t h  A c y c l i c  o f  o r d e r  2  , k>O, and B 

o f  odd o r d e r .  

To p r o v e  s u f f i c i e n c y  o f  t h e  c o n d i t i o n ,  suppose t h a t  

G=AxB w i t h  A and B as i n  t h e  s t a t e m e n t  o f  t h e  theorem. 

We t h e n  show t h a t  G i s  sequenceab le  b y  c o n s t r u c t i n g  an 

o r d e r i n g  a  
l f a 2 '  

..., a  o f  i t s  e lemen ts  w i t h  d i s t i n c t  p a r t i a l  
n  

p r o d u c t s .  From t h e  g e n e r a l  t h e o r y  o f  a b e l i a n  groups, i t  

i s  known t h a t  G has a  b a s i s  o f  t h e  fo rm co,cl, ..., c  . 
m 

k  
where c  i s  o f  o r d e r  2  , and where t h e  o r d e r s  6 6 ..., 6 

0  1' 2' m 

o f  C 1 S 2 ,  c  a r e  odd p o s i t i v e  i n t e g e r s  each o f  w h i c h  
rn 

d i v i d e s  t h e  nex t ,  t h a t  i s ,  6 i )6 i+ l  f o r  O < i < r n .  By Lemma 2,2, 

i f  j i s  any p o s i t i v e  i n t e g e r ,  t h e n  t h e r e  e x i s t  u n i q u e  

such t h a t  i n t e g e r s  jofjl,..,~ 
rn 

j j (mod 6162...6 1, 
0  rn 

( 1 )  O i j  2  



We are now in a position to define the desired se- 

quencing of G o  It is convenient to define the products 

bl,b 2,...,b directly, to prove they are all distinct, n 

and then to verify that the corresponding ai, as calculated 
-1 

from the formula a =e, a =b b are all distinct. 
1 i i-1 i '  

If i is of the form 2j+l (0rj<n/2), let 

w e  j j . are the integers defined in (1). On 
1 2  m 

the other hand, if i is of the form 2j+2 (0rj<n/2), let 

Now, we are going to prove the elements b b ..,b 
1, 2Ie n 

defined above are all distinct. 

Suppose bS=b with s=2u+l and t=2v+l. Then 
t 

-u -u -u -u -v -v -v -v 
lc 0 .  .C m - 

C~ C1 2 m - Co C1 lc 2 m 
. . .C Hence 

- k k -u = -v (mod 2 or equivalently u E v (mod 2 ), 

-u E -v (mod 6 ) or - 
1 1 1 1 = v l  

(mod 6 1, 
1 

From the inequalities in (11, then Oru.<6. and Osv.<6 
I I I i 

fov each integer i ,  lrim. We conclude that u =v 
1 1' 



u2=v2,. . .,um=vm. S i n c e  uO=ul+u261+u36162+ . . . + ~ ~ 6 ~ 6 ~ . . . 6 ~ - ~  

and v =v +v  6 +v 6 6 + . . .+  v 6 6 ...6m-1, 
0 1 2 1  3 1 2  m 1 2  

we have u =v so 
0 0 

t h a t  u -v  (mod 6 6 ..6 1. Toge the r  w i t h  t h e  f i r s t  con- 
1 2 '  m 

k 
gruence  o f  ( 2 )  and s i n c e  ( 2  , 1 3 ~ 6 ~ . . . 6  ) = I ,  t h i s  g i v e s  uzv 

m 
k 

(mod 2 6162...6m). Thus u ~ v  (mod n ) ,  w h i c h  i m p l i e s  u=v.  

Suppose bs=bt w i t h  s=2u+2 and t=2v+2.  Then 

u + l  u + 1  u + 1  
2 . . .C u m + l  2 v m + l  v + l  vl+l v + 1  

C C 
0 1 

c 
2 

= c  C 
0 1 

C 
2 

. . .C 
m 

and 
m 

k k u + l  E v + 1  (mod 2 ) o r  e q u i v a l e n t l y  u z v (mod 2 ), 

u + 1  5 w + 1  (mod 6 ) 
1 1 1 

o r  u E v1 
1 

(mod ti1), 

u +1 E v +1 (mod 6 ) o r  u E v (mod 6,). 
m m m m rn 

I n  a f a s h i o n  s i m i l a r  t o  t h e  above, b =b imp1 i e s  u=v. 
2u+2 2v+2 

F i n a l l y ,  suppose bs=b w i t h  s = 2 u + l  and t=2v+2.  Then 
t 

-u -U1 -u2 v + l  vl+l v 2 + 1  v m + l  
C 

C~ C1 2 
. . .c  = c  c . . . c  and 

0 1 
C 

2 m m 

k 
-u  E v + l  (mod 2 ), 

-u  2 v + 1  (mod 6 ), 
1 1 1 

-u r v + 1  (mod 6 1, 
m m m 

o r  e q u i v a l e n t l y  



k 
u + v + l  r 0  (mod 2 1, 

u  +v + 1  : 0  (mod 6 1, 
1 1  1 

um+vm+l  : 0  (mod 6 rn ) .  

S i n c e  O<u.<6 and OSv.<6., we have O < ~ . + v . + 1 < 2 ( 6 ~ - 1 ) + 1 < 2 6 .  
I i I I I I I 

f o r  each i n t e g e r ,  l l i s m .  T h i s  t o g e t h e r  w i t h  t h e  congruences 

( 4 )  f o r c e s  us  t o  have 

M u l t i p l y i n g  t h e  ( i + l ) ' s t  e q u a t i o n  o f  t h i s  sys tem b y  

6162...6i, l r i < r n ,  we o b t a i n  

ul+vl+l = 61 ,  

Add ing  them t o g e t h e r  g i v e s  us 



Simp1 i f y i n g  we g e t  

( u  +6 u +6 6 u +...+ti 6 ... 6 u ) 
1 1 2  1 2 3  1 2  m-1 m 

+ ( v + 6 ~ + 6 6 ~ + . . . + 6 6 . . . 6  v ) + l = 6 6 6  ... 6 
1 1 2  1 2 3  1 2  m-1 m 1 2 3  m' 

t h a t  i s ,  u +v + 1  = 6 6 6 ... 6 . S i n c e  u ~ u  (mod 6 6 .6 ) 
0 0 1 2  3 m 0 1 2" m 

and v ~ u  (mod 6162...6 ), t h e n  u+v+ lEu  +v + 1  (mod 6 6 . 6  ) .  0 m 0 0 1 24. m 

Bu t  u +v + 1  = 
0 0 

6162...6 so t h a t  u+v+ lcO (mod 6 6 ... 6 1. 
m 1 2  m 

- 

Combining t h i s  w i t h  t h e  f i r s t  congruence o f  ( 4 1 ,  we f i n d  

k k 
t h a t  u+v+lEO (mod 2 6 6 .6 1 because ( 2  ,6162...6 ) = I .  

1 2 "  m m 

T h e r e f o r e  u + v + l r O  (mod n),  w h i c h  o n  accoun t  o f  t h e  i n e q u a l -  

i t i e s  Osu<n/2 and O1v<n/2 imp1 i e s  t h a t  O<u+v+l<n w h i c h  i s  

i m p o s s i b l e .  Hence, t h e  e lemen ts  b b ..., b a r e  a l l  d i s t i n c t .  
1' 2' n 

Next  we c a l c u l a t e  a 
l J a 2 '  

..., a . I f  i = 2 j + 2  ( O r j < n / 2 ) ,  t h e n  
n 

These a r e  a l l  d i f f e r e n t  by t h e  same argument as above. I f  

J O  - =  + j  6 + j  6 6 +...+jm6162.. .6 
j l  2 1  3 1 2  

and 01j <6 f o r  
m-1 1 i '  



1 2  m ,  i m p l y  j -1 r j -1 ( m o d  6 6 . . . 6  ) a n d  
0 1 2  m 

.io-1 = (.i 
1 

6 + j  6 6 + . . . + j  6 6 ... 6 
- 1 1 + j 2 1  3 1 2  

w i t h  Osj - l < 6  
m 1 2  m - 1  1 1 

a n d  0 r . i  . < 6  w h e r e  i =2,3,. . . ,m. T h e n  
I i 

I f  i = 2 j + 1  and j =O b u t  j 2 # 0 ,  t h e n  j j ( m o d  1 3 ~ 6 ~ . . . 6 ~ ) ,  1 0 

0 
= j 6 + j  6 6 +... 6 6 ... 6 

2 1  3 1 2  * j m  1 2 m - 1  I i and O < j , < 6  f o r  i = 2 , 3  ,..., m, 

i m p l y  j-1 r j -1 ( m o d  6 6 ... 6 ) and 
0 1 2  m 

w i t h  0 2 6  - 1 < 6  Osj - 1 ~ 6  a n d  O s j , < 6  ' w h e r e  i=3 ,4 , .  ..,m. T h e n  
1 1' 2 2 I i 



S i m i l a r l y ,  i f  jl=j 2 . . .= j  =O b u t  j t ~ O ,  t h e n  
t-1 

These a  ' s  a r e  o b v i o u s l y  d i s t i n c t  f r o m  each o t h e r  b y  t h e  
i 

same r e a s o n i n g  as b e f o r e .  Because o f  t h e  exponent  o f  co, 

t h e y  a r e  a l s o  d i s t i n c t  f r o m  t h e  a  w i t h  i even. T h i s  
i 

comple tes  t h e  p r o o f  o f  t h e  theorem. O 

E x a m ~ l  e  : 

Cons ider  t h e  g r o u p  G=Z2xZ3xZ3. We use  b a s i s  e lements  c ,c 
0  1 

and c  o f  o r d e r s  2, 3, and 3, r e s p e c t i v e l y .  U s i n g ' t h e  2 
a  

n o t a t i o n  (a,@,y) f o r  t h e  e lemen ts  c o  clBcZY where c  =(1,0,0), 0 

c  =(0,1,0), c  =(0,0,1) and 6 =3, 6 =3 t h e  sequences a  and 
1 2 1 2  i 

b. a r e  t h e n  t h e  f o l l o w i n g :  
1 



I n  t h e  lemma below, p ( A )  deno tes  t h e  p r o d u c t  o f  a l l  

e lemen ts  o f  A where A i s  a  s u b s e t  o f  e lemen ts  o f  t h e  g roup  G. 

Lemma 2.6 : An a b e l i a n  g r o u p  G has e x a c t l y  one e lement  

o f  o r d e r  2  i f  and o n l y  i f  t h e  p r o d u c t  o f  a l l  n  d i s t i n c t  

e lemen ts  o f  G i s  n o t  t h e  i d e n t i t y  e lemen t  o f  G .  

Proof : L e t  t h e  s e t  H  c o n s i s t  o f  t h e  i d e n t i t y  and a l l  

t h e  e lemen ts  o f  G o f  o r d e r  2 .  Then H  i s  a  subgroup o f  G .  
-1 2  

T h i s  f o l l o w s  because ~ E H  and i f  a, beH, t h e n  (ab  = 
2  - 1 2  2  2 - 1 :  -1 

a  ( b  =a ( b  ) =e so t h a t  ab EH. I f  aeG i s  o f  o r d e r  
-1 -1 

g r e a t e r  t h a n  2, aza . Thus, b o t h  a  and a  appear i n  

p(G) and hence p(G)=p(H) .  

L e t  n(G) be t h e  number o f  e lements  o f  o r d e r  2 i n  G .  

Suppose n (G)= l ,  t h e n  p(G)=p(H)ze .  Suppose n(G)=O, t h e n  

p(G)=e because H={e).  Suppose n ( G ) > l .  Then H  has o r d e r  



k  g r e a t e r  t h a n  2  so t h a t  H  has o r d e r  2  , k > l .  Then H  has 

k  g e n e r a t o r s  gl,g2,. . .,gk and e v e r y  e lemen t  o f  H  has an 

"1 "2 "k 
u n i q u e  r e p r e s e n t a t i o n  i n  t h e  f o r m  gl g2 ... gk where n  

i 

"1 "2 "k i s  0  o r  1. Hence p(H) = n(g g ...gk ), where t h e  p r o d u c t  
1 1  

i s  o v e r  t h e  d i s t i n c t  k - t u p l e s  (nl,n2,. . .,n ) w i t h  each n  
k  i 

m  
t a k i n g  t h e  v a l u e  0  o r  1. Then p ( H ) = ( g  g ...g k )  where 

1 2  

m=2 k - 1  
and s i n c e  k > l ,  we have p(H)=e.  T h i s  p roves  t h e  lemma.O 

From Theorem 2.5, w e  know t h a t  t h e  a b e l  i a n  g r o u p  G i s  

s e q u e n c e a b l e , i f  and o n l y  i f  t h e  p r o d u c t  o f  a l l  e lements  o f ,  

G i s  n o t  t h e  i d e n t i t y .  Toge the r  w i t h  t h e  above lemma, we 

can s t a t e  t h a t  "a f i n i t e  a b e l i a n  g r o u p  G i s  sequenceab le  i f  

and o n l y  i f  t h e  a b e l  i a n  g r o u p  has an  u n i q u e  e lemen t  o f  o r d e r  2." 

B e f o r e  f i n i s h i n g  t h i s  chap te r ,  we g i v e  a  s i m p l e  method 

t o  c o n s t r u c t  a  sequenc ing  o f  an a b e l i a n  g r o u p  o f  even o r d e r  

L e t  t h e  e lements  o f  Z be  0,1,2, ..., 2m-1. We c l a i m  
2m 

t h a t  S: 0,1,2m-2,3,2m-4,5,2m-6,7,2m-8,9,. . . . ,4,2m-3,2,2m-1 

i s  a  s e q u e n c i n g  o f  Z2m. Obv ious l y ,  t h e  e lemen ts  o f  S a r e  

a l l  d i s t i n c t .  The p a r t i a l  sum P i s  o f  t h e  fo rm 0,1,2m-1, 

2,2m-2,3, ..., m+2,m-l,m+l,m and t h e y  a r e  a l l  d i s t i n c t .  

Thus, S i s  a  sequenc ing  o f  ZZm. 



CHAPTER THREE 

Non-abe l i an  Seauenceable Groups 

A t  t h e  p r e s e n t  t ime, t h e  p rob lem o f  d e t e r m i n i n g  t h e  

sequenceab le  n o n - a b e l i a n  groups i s  s t i l l  u n s o l v e d .  D i f f e r -  

e n t  m a t h e m a t i c i a n s  have used d i f f e r e n t  methods t o  c o n s t r u c t  

sequenc ings  f o r  n o n - a b e l i a n  groups .  We know o n l y  t h a t  t h e r e  

e x i s t  an i n f i n i t e  number o f  sequenceable n o n - a b e l i a n  groups .  

B a s i l  Gordon f i r s t  c o n s t r u c t e d  a  sequenc ing  o f  a  non- 

a b e l i a n  g r o u p  o f  o r d e r  10. N.S. ~ i l ende lsohn  h e u r i s t i c a l l y  

f ound  f i v e  sequenc ings  o f  a  n o n - a b e l i a n  g r o u p  o f  o r d e r  2 1 .  

J. Dgnes a n d e E .  TGrBk used a  computer t o  show t h a t  f o r  a l l  

n o n - a b e l i a n  g roups  o f  o r d e r  ns14, t h e  o n l y  n o n - a b e l i a n  

sequenceable g roups  were t h e  d i h e d r a l  groups,  D5, D6, and 

D 7 .  They a l s o  found a  sequencings o f  D 8  and 1 5  sequenc ings  

o f  a  n o n - a b e l i a n  g r o u p  o f  o r d e r  21. Lawrence Wang a l s o  

used a  computer  t o  t e s t  t h e  f i n i t e  g r o u p  G where G o f  o r d e r  

9  - 1 r pq i s  g e n e r a t e d  b y  a, b  w i t h  aP=b =1, a  ba=b where r i s  

a  p o s i t i v e  i n t e g e r ,  p, q a r e  pr imes, q ~ l  (mod p )  and r P z l  

(mod q ) .  He r a n  t h e  program f o r  n=6, 10, and 21, w h i c h  were 

known t o  be  sequenceab le  a l r e a d y .  He a l s o  t e s t e d  f o r  some 

o t h e r  n  and f o u n d  t h a t  f o r  n=39, 55,  57, t h e s e  groups  a r e  

a l s o  sequenceab le .  B .A .  Anderson d e r i v e d  a  t e c h n i q u e  t o  

f i n d  a  s e q u e n c i n g  o f  D where p>3 i s  an odd p r i m e  w i t h  
P 

p r i - m i t i v e  r o o t  r such t h a t  3 r z - 1  (mod p )  and he gave 



sequenc ings  f o r  D 
5, Dll' 

and D 
17 '  

F i n a l l y ,  R i c h a r d  F r i e d l a n d e r  

d e r i v e d  a method t o  c o n s t r u c t  a  sequenc ing  f o r  D where n 
n 

i s  a p r i m e  c o n g r u e n t  t o  1 modulo 4. 

A t  l a s t  we have an i n f i n i t e  f a m i l y  o f  sequenceab le  non- 

a b e l i a n  g roups .  A.D. Keedwel l  had c o n s t r u c t e d  a sequenc ing  

o f  a n o n - a b e l i a n  g r o u p  o f  o r d e r  2 7 .  R e c e n t l y  he showed t h a t  i f  

p i s  an odd p r i m e  w h i c h  has 2 as a p r i m i t i v e  r o o t  and q i s  

a n o t h e r  odd p r i m e  o f  t h e  f o r m  q=2ph+l ,  t h e n  t h e  non-abel  i a n  

g roup  o f  o r d e r  pq i s  sequenceable.  

ite f i r s t  g i v e  some b a s i c  d e f i n i t i o n s .  

D e f i n i t i o n , 3 . 1  : A d i h e d r a l  g r o u p  Dn i s  t h e  g roup  genera ted  -- 
2 n - 1 

by two e lemen ts  a, b  where a =b =1 and ab=b a. 

Then Dn has o r d e r  2n and f o r  any a, b.Dn, b j = a b - j  f o r  

any j .  I f  H=<b>, H i s  a  normal  subgroup o f  Dn, and t h e  

2 
f a c t o r  g r o u p  Dn/H={H,H1} where H1 =H. 

L e t  G=<a,b> be a non-abel  i a n  g roup  o f  o r d e r  pq, p<q  

where p and q a r e  d i s t i n c t  odd p r imes  s a t i s f y i n g  t h e  r e l a t i o n s  

P 9 S u v  x y  a =b =1 and ba=ab w i t h  sP,l (mod q ) .  Then ( a  b ) ( a  b = 

u+x vsX+y  
a b  . Also,  H=<b> i s  a normal subgroup o f  o r d e r  q 

and t h e  number o f  i t s  Sy low p-subgroups i s  l + p k = q .  There fo re ,  

( q - 1 )  i s  d i v i s i b l e  by  p. S i n c e  q i s  odd, 2p d i v i d e s  ( q - 1 )  

so  q=2ph+ l  f o r  some i n t e g e r  h. 

D e f i n i t i o n  3.2 : A map Q o f  g roup  G i n t o  G' i s  a  homomorphism 



i f  f o r  any a, b  b e l o n g i n g  t o  G, @ ( a b ) = ( @ a ) ( @ b ) .  

The n a t u r a l  homomorphism @:G+-G/H i s  a  homomorphism d e f i n e d  

P 9  S by O(a)=aH where acG. I f  G=<a,b> such t h a t  a  =b =1, ba=qb 

where sP,l (mod q )  and H=<b>, t h e n  t h e  n a t u r a l  homomorphism 

@:G+G/H maps G o n t o  t h e  c y c l  i c  g r o u p  o f  o r d e r  p  w i t h  e lements  

2  2  
l=H, x=aH, x  =a H, ... , x  P-1 P-I,, =a 

D e f i n i t i o n  3.3 : GHCpl denotes  t h e  s e t  o f  r e s i d u e  c l a s s e s  

modulo t h e  p r i m e  p. 

D e f i n i t i o n  3.4 : A g e n e r a t o r  x  o f  t h e  c y c l i c  m u l t i p l i c a t i v e  

g roup  o f  o r d e r  p - 1  o f  GFCpl i s  c a l l e d  a  p r i m i  t i v e  r o o t  o f  GFCpl. 

For  example, when p = l l ,  t h e  c y c l i c  m u l t i p l i c a t i v e  g roup  
0  1 2 

can be g e n e r a t e d  by 2 because t h e  powers 2  ~ 1 ,  2 ~ 2 ,  2 24, 
3 4 5  6 7  8  9  

2  58, 2  55, 2 E10, 2  =9, 2  57, 2 r3,  2  E 6  (mod 11) g i v e  a l l  
- 

t h e  p-1=10 non-ze ro  r e s i d u e  c l a s s e s  T,7,. . . , l o .  

\ 

D e f i n i t i o n  3.5_: L e t  G be a  g roup  o f  o r d e r  n, H  be a  normal 

subgroup o f  G o f  o r d e r  h, and l e t  G/H={xl,x2 ,..., x t )  such 

t h a t  t = n / h .  A sequence S o f  l e n g t h  n c o n s i s t i n g  o f  e lements  

f r o m  G / H  i s  c a l l e d  a  q u o t i e n t  sequenc ing  o f  G i f  each x  
j '  

l s j s t ,  o c c u r s  h  t i m e s  i n  b o t h  S and t h e  sequence o f  p a r t i a l  

p r o d u c t s  o f  S.  

By Theorem 1.4, we have t h e  f o l l o w i n g  s t a t e m e n t .  L e t  H  

be a  normal subgroup o f  G and @ be t h e  n a t u r a l  homomorphism 

de f imed  by  @ ( x ) = x H  f o r  xcG. I f  S i s  a  sequenc ing  o f  G, 



t h e n  t h e  image o f  S under  @ i s  a  q u o t i e n t  sequenc ing  o f  G. 

T h i s  g i v e s  us a  method t o  s e a r c h  f o r  a  sequenc ing  o f  G .  \Je 

can s e l e c t  a  normal  subgroup H o f  G, l i s t  a l l  q u o t i e n t  seq- 

u e n c i n g  o f  G, and l i f t  t h e s e  q u o t i e n t  sequencings back t o  G 

h o p i n g  t h a t  one o f  t h e s e  fo rms  a  sequenc ing  o f  G .  I f  a l l  t h e  

1 i f t i n g s  f a i  1 t o  f o r m  a  sequencing, t h e n  G i s  n o t  sequenceable.  

and H = A3 = {e, (132) , (132)1.  

So S 3 / A 3  = {A3, { (12) , (13) , (23) }1 .  

For  s i m p l i c i t y  l e t  S 3 / A 3  = { l , x }  where {e , (123) , (132) }  = 1 

and ~ ( 1 2 )  = @ ( 1 3 )  = Q(23) = x, where @ i s  t h e  n a t u r a l  homomor- 

phism. A q u o t i e n t  sequenc ing  Q o f  S / A  i s  a  sequence o f  3  3 

l e n g t h  6 such t h a t  Q and i t s  sequence o f  p a r t i a l  p r o d u c t s  i s  

made up o f  t h r e e  1 ' s  and t h r e e  x ' s .  A f t e r  c h e c k i n g  a l l  t h e  

combinat ions ,  we f i n d  t h a t  t h e r e  a r e  4 q u o t i e n t  sequenc ings :  

I n  o r d e r  t o  g e t  a  sequenc ing  o f  S t h e  f i r s t  1 i n  t h e  
3' 

q u o t i e n t  must  l i f t  back t o  t h e  i d e n t i t y  e  o f  S 3 .  U s i n g  t h e  

automorphisms o f  t h e  group, we know t h a t  t h e r e  e x i s t  i n n e r  

automorphisms mp, Q 2  such t h a t  @ ( 1 2 3 ) = ( 1 3 2 )  o r  @ ( 123 )= (132)  
1 ' 2 

and Q (13 )= (12 ) ,  @ ( 2 3 ) = ( 1 2 ) .  Then we can assume t h a t  t h e  
1 2 

second 1 l i f t s  back t o  (1231, and t h e  f i r s t  x  l i f t s  back t o  

( 1 2 ) .  Then t h e  t h i r d  1 must l i f t  t o  ( 1 3 2 ) .  Now, we have a  



partial sequence e, (1231, (121, (132). The partial products 

are e, (1231, (231, (131. However, if we put on a fifth 

element of either (131 or (231, we repeat a partial product e 

or (1231, respectively. Therefore, the first quotient sequenc- 

ing fails to lift back to a sequencing of S3. Similarly, all 

the other quotient sequencings fail too. hJe conclude that S 
3 

is not a sequenceable group. 

3 . 1  Sesuencin~s of some non--abelian groups of even order 

Suppose Dn is a dihedral group. Let H=<b>. Then 
2 

D /H={H,H } such that H =H. For simplicity we let H=l, 
n 1 1 

H =x. By the method described above, in order to find a 
1 

sequencing of Dn, we investigate the quotient sequencings of 

D /H. Lifting the quotient sequencings back to D , we hope 
n n 
that one of the liftings is a sequencing of Dn. Since 

2 n-1 
<b>={e,b,b , . . .,b }, the image of a1 1 these elements under 

the natural homomorphism Q is 1, and the image of 
2 n-1 

{a,ab,ab ,..., ab 1 is x. Then the quotient sequencing of 

Dn is a sequence of n 1's and n x's. For the case of D 
5 ' 

Richard Friedlander found that the quotient sequencing 

l,l,l,x,x,x,x,x,l,l could be 1 ifted back to give a sequencing 

One general form of a quotient sequencing of D which may n 

give a sequencing of D is 
n 



w i t h  n = 2 k + l .  The sequence of p a r t i a l  p roduc ts  is 

The o r i g i n a l  arrangement of t he  e lements  of  D having (1) n 

a s  i t s  q u o t i e n t  sequencing is of t he  form 

I t s  p a r t i a l  products  i n  D a r e  of t he  form 
. . 

n 

ST-SA+r1+r2+. . .+rk . . . , ab  . Where A = I a l , a 2 , .  . . / a k + l } /  

T = { t l , t 2 ,  ..., t 2 k + l  1 ,  R = 1r1 , r2 ,  ..., r k }  a r e  sequences of 

i n t e g e r s  modulo n ,  and SA = a  +a + . . . + a k + l ,  1 2  

Let D={dl,. . . , d k l  and E={eo,el, .  . . , e k }  such t h a t  

- di - t Z i - t z i - +  l r  i r k ,  

( 3 )  e o  = t -S and 
1 A 

Let ( A , D )  = I a l , a2  ,..., a ,d l ,d2 , . .  k + l  * , d k L  
( E , R )  = {eo , e l , .  . . , ek ,  r l ,  r 2 , .  . ., r k }  and 

( E A D )  = {e d  , e  , d  e  ..., d  , e  1. 
0' 1 1 2 '  2 '  k k  



Then t h e  a r rangemen t  o f  a l l  t h e  e lements  i n  D reduces t o  n  

and t h e  sequence o f  p a r t i a l  p r o d u c t s  i n  Dn  reduces  t o  

Then we have t h e  f o l l o w i n g  theorem. 

Theorem 3 . 1  : L e t  G be t h e  d i h e d r a l  g r o u p  o f  o r d e r  2n, 

n = 2 k + l .  Suppose t h e r e  e x i s t  sequences o f  i n t e g e r s  

A={al,a2,...,ak+l 1, R={rl,r2, -, r k } ,  D={d 1 ,d 2' ..., dk }  and 

E={eo,el, . . . ,ek} such t h a t  

- 
d i  - t2i-t2i-l, 

1s i sk, 

e  = t i  - S A  where S = a  +a + .  . .+a 
0  A 1 2  k + l '  

e  = t2 i+ l - f2 i t  l s i s k ,  and s a t i s f y i n g  c o n d i t i o n s :  1 

( i )  al,a2, e,ak+1,r1,r2,. . .,rk a r e  a l l  d i s t i n c t  modulo n, 

( i i )  t h e  e l e m e n t s  o f  P(A,D), t h e  sequence o f  p a r t i a l  sums 

o f  (A,D), a r e  a l l  d i s t i n c t  modulo n, 

( i i i )  t h e  e l e m e n t s  o f  P(EAD) a r e  a l l  d i s t i n c t  modulo n, and 

( i v )  t h e  e lemen ts  o f  P(E,R) a r e  a l l  d i s t i n c t  modulo n .  

Then t h e r e  e x i s t s  a  sequenc ing  o f  D,. 

P r o o f  : C o n d i t i o n s  ( i )  and ( i i i )  g u a r a n t e e  t h a t  e lements  



of (4) are all distinct and conditions ( i i )  and (iv) 

guarantee that elements of (5) are all distinct. Then 

( 4 )  is a sequencing of D . !I 
n 

We are at the point of seeking values of n such that 

there exist the sequences A,R,D,E satisfying all the con- 

ditions as described in the above result. Richard Fried- 

lander was sucessful in choosing the sequences A,R,D,E when 

n is a prime congruent to 1 modulo 4. We have the following 

theorem. 

Theorem 3.2C83 : The group Dn where n is a prime and 

n r 1 (mod 4 )  is sequenceable. 

Proof : Since n is odd we wri te n=2k+l. Let 

A = {0,2,. . .,2kl, R = {1,3,5,. ..,2k-11, 

D = 1-h,-3h,-5h,. . .,-(2k-l)h) and E = {0,2h,4h,. . .,2khl 
where the Legendre symbol (hln)=-1. 

In order to show Dn is sequenceable, it suffices to show 

all these sequences satisfy conditions (i), ( i i ) ,  ( i i i )  and 

(iv) as described in Theorem 3.1. 

( i )  Obviously all the elements of A and R are distinct 

modulo n. 

( i i )  We have to show that the elements of P(A,D), the sequence 

of partial sums of (A,D), are distinct modulo n. Suppose 

the partial sums of (A,D) are not all distinct. 



Case 1. Two equa l  p a r t i a l  sums a r e  f r o m  t h e  A p a r t .  Then 

t h e r e  e x i s t  i, k  such t h a t  

0+2+4+.. .+2i  E 0+2+. . . + 2 j  (mod n )  where O < i < j < ( n - 1 ) / 2 .  

Thus, i ( i + l )  E j ( j + l )  (mod n )  s o  t h a t  ( j - i ) ( j + i + l )  z 0  (mod n ) .  

T h i s  i m p l i e s  i = j  so t h a t  a l l  t h e  p a r t i a l  sums f r o m  A a r e  

d i s t i n c t .  

Case 2. Two equa l  p a r t i a l  sums a r e  f r o m  t h e  D p a r t .  Then 

t h e r e  e x i s t  i, j such t h a t  

SA-(h+3h+ ...+ ( 2 i - l ) h )  S - ( h + 3 h + . . . + ( 2 j - l ) h )  (mod n )  A 

where l r i r j s ( n - 1 ) / 2 .  

Then h+3h+ . . . +  ( , 2 i - l ) h  E h+3h+ ...+ ( 2 j - l ) h  (mod n )  so t h a t  

T h i s  i m p l i e s  i = j  and a l l  p a r t i a l  sums f r o m  D d i s t i n c t .  

Case 3 .  Assume one p a r t i a l  sum f r o m  A and one f r o m  D a r e  

e q u a l .  Then t h e r e  e x i s t  i, j such t h a t  

O+2+4+ .. .+ 2 i  E S - ( h + 3 h + . . . + ( 2 j - 1 ) h )  (mod n )  
A 

where O < i < ( n - l ) / 2 = k  and l < j < ( n - l ) / 2 = k .  

2  
Thus i ( i + l )  c S A - j  h (mod n ) .  

S i n c e  S A  = C 2 i  = k ( k + l )  and n = 2 k + i ,  
i =O 

2  
t h e n  4SA = 4k +4k  ( 1 )  

and n 2  = 4k2+4k+1.  ( 2  

Combin ing ( 1 )  and (21, we have 4SA = n2-1 .  



2  
Then 4 i ( i + l )  E 4(S - j  h )  (mod n )  o r  

A 
, 2  2  

4 i ( i + l )  E n  - 1 - 4 j  h  (mod n )  o r  

2  2  
( 2 i + l )  E - 4 j  h  (mod n )  

w h i c h  i m p l i e s  ( - h l n ) = l .  T h i s  i s  i m p o s s i b l e  as ( h l n ) = - P  

and n E l  (mod 4 ) .  

( i i i )  Now E A D  = {O,-h,2h,-3h,4h, ...,- ( 2 k - l ) h , 2 k h )  so  t h a t  

P(EAD) = (0,-h,h,-2h,2h, ...,- kh,kh). S i n c e  (h,n)= l ,  

t h e y  a r e  a l l  d i s t i n c t  modulo n. 

( i v )  T h i s  i s  s i m i l a r  t o  ( i i ) .  

Now (E,R) = I0,2h,4h, ..., 2kh,l,3,5, ..., 2k-1).  

Case 1. Two p a r t i a l  sums a r e  b o t h  f r o m  t h e  E p a r t .  Then 

t h e r e  e x i s t  i, j such t h a t  

( i + l ) i h  E ( j + l ) j h  (mod n )  where O ~ i < j < k = ( n - 1 ) / 2 .  

Hence ( i - j ) ( i + j + l ) h  E 0  (mod n )  and i t  i s  i m p o s s i b l e  as n  

i s  a p r ime .  

Case 2. Two p a r t i a l  sums a r e  b o t h  f r o m  t h e  R p a r t .  Then 

t h e r e  e x i s t  i, j such t h a t  

2  
( k + l ) k h + i 2  ( k + l ) k h + j  (mod n )  where O c i c j s k  

so t h a t  ( i - j ) ( i + j )  E 0  (mod n ) .  T h i s  i s  i m p o s s i b l e .  

Case 3 .  One p a r t i a l  sum i s  f r o m  A and t h e  o t h e r  i s  f r o m  R .  

Then t h e r e  e x i s t  i and j such t h a t  

2 
( i + l ) i h  E ( k + l ) k h + j  (mod n )  where Osisk, O r j s k .  

2  
Then 4 ( i + l ) i h  5 b ( k + l ) k h + 4 j  (mod n )  o r  



2 2 
4 ( i + l ) i h  r ( n  - l ) h + 4 j  (mod n )  o r  

2 
4 ( i + l ) i h  E - h + 4 j  (mod n ) .  

2 
So 4 j 2  F 4 ( 2 j + l )  h (mod n )  w h i c h  i m p l i e s  ( h l n ) = l .  

T h i s  i s  a c o n t r a d i c t i o n  and t h e  p r o o f  i s  f i n i s h e d .  O 

Example : We f i n d  a sequenc ing  o f  D 
13 ' 

We have n=13, k=6 

and (2113)= -1 .  We t a k e  h=2. The sequences A,R,D,E a r e  

A = {0,2,4,6,8,10,12), 

R = {1,3,5,7,9,11), 

D = {11,7,3,12,8,4), 

E = {0,4,8,12,3,7,11} and S A  F 3 (mod 1 3 ) .  

Then we use d i  ,= t2 - 
t 2 i  -1' l s i r 6 ,  

e = t - S  
0 1 A'  

e = t2i+l-t2i, l r i s 6 ,  
i 

t o  s o l v e  f o r  t h e  sequence T={3,1,5,12,7,10,9,8,11,6,0,4,2). 

Ne know t h e  sequences A, T and R and a sequenc ing  o f  D i s  
1 3  

The p a r t i a l  p r o d u c t s  a r e  

J. ~ G n e s  and E. T6rGk t e s t e d  a1 1 t h e  non-abe l  i a n  groups  

o f  o r d e r  ns12 o n  the  I CT 1905 computer, and f o u n d  t h a t  o n l y  

D and D were sequenceable. Because i t  t o o k  45-55 m i n u t e s  
5 6 

t o  t e s t  f o r  n=12, f o r  n>12, t h e  program o n l y  r a n  f o r  a c e r t a i n  



p e r i o d  o f  t i m e  o r  f o u n d  a sequenc ing .  I t  was found  t h a t  

D, and D 8  a r e  a l s o  sequenceable.  These a r e  t h e  r e s u l t s .  

D i h e d r a l  g r o u p  D3 :  

The number o f  p a r t i a l  sequencings o f  l e n g t h  3 o b t a i n e d  was 18, 

o f  l e n g t h  4 was 12 ,  and 

o f  l e n g t h  5 was 0. 

The g roup  i s  n o t  sequenceable ( t o t a l  number o f  p r o d u c t s  

t e s t e d  was 30 ) .  

D i h e d r a l  g r o u p  D 4 :  

The number o f  p a r t i a l  sequencings o f  l e n g t h  4 o b t a i n e d  was 20, 

o f  l e n g t h  5 was 152, 

o f  l e n g t h  6 was 270, and 

o f  l e n g t h  7 was 0. 

The g r o u p  i s  n o t  sequenceable ( t o t a l  number o f  p r o d u c t s  

t e s t e d  was 448) .  

Q u a t e r n i o n  g r o u p  Q o f  o r d e r  8: 
3  

The number o f  p a r t i a l  sequencings o f  l e n g t h  4 o b t a i n e d  was 72, 

o f  l e n g t h  5 was 216, 

o f  l e n g t h  6 was 48, and 

o f  l e n g t h  7 was 0. 

The g roup  i s  n o t  sequenceable ( t o t a l  number o f  p r o d u c t s  

t e s t e d  was 336) .  



Dihedral group D5: 

The number of partial sequencings of length 5 obtained was 280, 

of length 6 was 1920, 

of length 7 was 3920, 

of length 8 was 2240, and 

of length 9 was 320, 

The group is seauenceable (total number of products tested 

2 was 8680). One of the seauencings of length 10 is e,b,b , 
4 2 l 3  3 4 

a,ab,ab ,ab ,ab ,b ,b . The partial product sequence is 

Dihedral group D6: 

The number of partial sequencings of length 6 obtained was 935, 

of length 7 was 17520, 

of length 8 was 71580, 

of length 9 was 108840, 

of length 10 was 57312, and 

of length 11 was 3072. 

The group is sequenceable (total number of products tested 

was 259,260). One of the sequencings of length 12 is 

2 3 2 4 3 4 5  5 
e,b,b ,a,b ,ab ,ab,ab ,ab ,b ,b ,ab . The partial products 

3. 3 2 5 5  4 2 4 
are e,b, b ,ab ,a, b ,ab , b ,ab ,ab ,ab, b . 

3 4 Group G=Ib,a:b =a =e,ba=ab-l} of order 12: 

The number of partial sequencings of length 6 obtained was 1152, 

of length 7 was 14832, 



of length 8 was 64560, 

of length 9 was 85824, 

of length 10 was 39792, and 

of length 11 was 0. 

The group is not sequenceable (total number of products 

tested was 206,160). 

A1 ternating group A of order 12: 
4 

The number of partial sequencings of length 6 obtained was 1032, 

of length 7 was 16224, 

of length 8 was 63480, 

of length 9 was 91248, 

of length 10 was 41472, and' 

of length 11 was 0. 

The group is not sequenceable (total number of products 

tested was 213,456). 

For the dihedral group D which is sequenceable, one of the 7 
2 3 4 6 5  6 3 4 5 2 sequencing is e,b,b ,b ,a,b ,b ,b ,ab ,ab ,ab ,ab,ab ,ab . The 

3 6 6 5  3 2  part i a1 products are e,b,b ,b ,ab,ab5,ab4,ab2,b4,ab , b ,ab ,b ,a. 

For the dihedral group D 8  which is sequenceable, one of the 

2 3 4 5 6  5 4 7  6 3 2 
sequenci ngs is e, b, b , b ,a, b , b , b , ab ,ab , b , ab ,ab ,,ab,ab , 

7 2 6 3 4 ab . The partial products are e,b,b3,b6,ab ,ab ,ab ,ab,b ,a, 

As mentioned earlier in this chapter, B.A. Anderson 

introduced a method to construct sequencings of some dihedral 



groups o f  o r d e r  2p where  p  i s  an odd p r ime .  He succeeded 

i n  sequenc ing  D5,Dll,D17 and D 2 3  by  t h i s  method. 

We know t h a t  Dp i s  g e n e r a t e d  by  two e lements  a, b  

-1 - 1 
such t h a t  a2=bP=e and a  ba=b . The e lements  o f  D e i t h e r  

P 

have o r d e r  1, ( t h e  i d e n t i t y ) ;  o r d e r  p, (Zp\{e} ,  Z t h e  c y c l i c  
P 

subgroup g e n e r a t e d  by b )  o r  o r d e r  2 , ( D  \ Z  1. Suppose 
P P 

S:ao,al,. ..,a 2p-1  i s  a  sequenc ing  o f  D 
P '  

Then t h e r e  i s  a  

c o r r e s p o n d i n g  s t r i n g  T:n(ao),n(al),...,n(a2p-l where f o r  

l s i s 2 p - 1 ,  n ( a i )  i s  t h e  o r d e r  o f  a i .  We know t h a t  

c o u l d  be a  s t r i n g  f o r  some sequenc ings  of D . 
P 

Anderson's  method o f  c o n s t r u c t i o n  i s  t o  s p l i t  t h e  , 

sequenc ing  i n t o  t h r e e  s e p a r a t e d  p a r t s .  He f i r s t  c o n s i d e r s  

t h e  m i d d l e  p a r t  w h i c h  c o n t a i n s  a l l  e lements  w i t h  o r d e r  2 .  

A f t e r  s e q u e n c i n g  t h e  m i d d l e  p a r t  he c o n s i d e r s  t h e  f i r s t  

p a r t  and t h e  s e q u e n c i n g  o f  t h e  f i r s t  p a r t  i nduces  a  sequenc ing  

o f  t h e  l a s t  p a r t .  

L e t  c i  = aoa l...a i and t = ( p - l I L 2 .  Then 

P:c0,c1, ,ct,ct+l, C t+2 ,  " .,C t + p ' c t + p + l '  ' * t c  2p-1 

i s  t h e  sequence o f  p a r t i a l  p r o d u c t s  o f  S and 

%,cl, ..., c t  b e l o n g  t o  Z 
P'  

Ct+2,Ct+4,.*.,C t + p - 1  b e l o n g  t o  Zp, 

C t + l ~ C t + 3 ,  - *tCt+p b e l o n g  t o  Dp\Zp, and 

C t + P + 1 ' C t + P + 2 t * * * t  C2p-1  b e l o n g  t o  Dp\Zp. 



D e f i n i t i o n  3 . 6  : S u p p o s e  r = 2 s + l ,  w h e r e  s is  a n y  p o s i t i v e  

i n t e g e r ,  a n d  G i s  a n  a b e l  i a n  g r o u p  of o r d e r  r .  S = { { x i , y i  } : ls iss} 

is a s t a r t e r  f o r  G i f  e v e r y  n o n z e r o  e l e m e n t  o f  G o c c u r s  a s  

( i )  a n  e l e m e n t  of some p a r i s  of S  a n d  ( i i )  a d i f f e r e n c e  of 

some p a i r s  of S .  

I f  x . + y . = O  f o r  l r i s s ,  t h e n  w e  c a l l  S  t h e  p a t t e r n e d  
I I 

s t a r t e r  f o r  G .  

T h e o r e m  3 . 3  : S u p p o s e  p > 3  is a n  o d d  p r i m e  w i t h  p r i m i t i v e  

r o o t  r ,  n  i s  a p o s i t i v e  i n t e g e r  s u c h  t h a t  ( n , p - l ) = l ,  a n d  
n  s 

3 r  E-1 (mod p ) .  If t = ( p - 1 ) / 2 ,  c t = b r  f o r  some i n t e g e r  s 

s + ( k - l ) n  i k  r s + k n  
a n d  c = b r  a b  = a b  a n d  

t + 2 k - 1  

(1 s + k n  ' s + k n  
c = a b r .  a b J k  = b r  f o r  l < k s ( p - 1 ) / 2 ,  

t + 2 k  

t h e n  ( i  { i k , j k  : l < k < ( p - 1 ) / 2 }  i s  a r e d u c e d  r e s i d u e  s y s t e m  

m o d u l o  P,  

s + C ( p - 1 ) / 2 l n  
( i i )  b r  rS a = a b  = c  a n d  

t + p '  

( i i i )  { { i  
k ~ j k  

} : l s k s ( p - 1 1 / 2 1  is a, p a t t e r n e d  s t a r t e r  

X u v  P r o o f  : ( i )  We know ( a  b  ) ( a x b y )  = a u + x b v ( - 1 )  + y  

T h e n  w e  h a v e  

~ + ( k - l ) n ( - ~ ) + ~  s + k n  
a b r  " k  = a b r  a n d  



~ + ~ ~ ( - ~ ) + j  r s+kn 
b = b  w h i c h  imp1 i e s  

s + ( k - l ) n  n  i F r  
k 

( r  +1) (mod p )  l r k < ( p - 1 ) / 2  and 

s+kn 
' k  

z 2 r  (mod p )  l r k s ( p - 1 ) / 2 .  

Assume t h a t  t h e r e  e x i s t  u,v, l < u , v r ( p - 1 ) / 2  and ugv 

s + ( v - l ) n  n  - s+(u-111-1 n  
such t h a t  r ( r  +1) = r ( r  +1) (mod p ) .  T h i s  

vn un  = vn ( u - v > n  
imp1 i e s  r -r - r (1-r : 0 (mod p )  w h i c h  y i e l d s  

( u - v l n  - 
r = 1 (mod p ) .  T h i s  i s  i m p o s s i b l e  f o r  rt:l (mod p )  

o n l y  i f  t i s  a  m u l t i p l e  o f  ( p - 1 ) .  I t  i s  shown s i m i l a r l y  

t h a t  j and j a r e  d i s t i n c t  non -ze ro  r e s i d u e s .  Suppose 
u  v  

t h e r e  e x i s t  u,v where l l u , v < ( p - 1 ) / 2 ,  uzv  such t h a t  i u E j  (mod p ) .  v  
s+vn 

Then 2 r  - r st*(u-l)n(rn+l) 0 (mod p )  and 

s + ( u - l ) n  ( v - u + l ) n  n  
( 2 r  -r -1) r 0 (mod p ) .  S ince  r 

s + ( u - l ) n  
r Z 0 

(mod p),  t h e n  we have 2 r  ( v - u + l ) n  n  - r  -1 f 0 (mod p ) .  However, 

l r u , v < ( p - 1 ) / 2  and uzv, so  t h a t  v-u can t a k e  on any v a l u e  

f r o m  1,2, ...,p- 2  modulo ( p - 1 )  e x c e p t  ( p - 1 ) / 2 .  Then t h e  

same i s  t r u e  o f  ( v - u ) n  f o r  ( n , p - l ) = l .  From o u r  assumption, 

n  n  
3 r  + 1  r 0 (mod p ) .  I t  i s  e q u i v a l e n t  t o  - 3 r  -1 E 0 (mod p )  

o r  r n c 2 r  (P-1)/2-1~-1 : o (mod p )  f o r  r (p-1) /2 = - -1 (mod P)  

o r  2 r  ( ~ - ~ ) / ~ + ~ - r ~ - l  0 (mod p )  w h i c h  means t h a t  

2 r ( v - u ) "  +"-rn-1 z 0 (mod p )  has no s o l u t i o n .  There fore ,  

a l l  iu and j v  a r e  d i s t i n c t  (mod p ) .  



S i n c e  ( p - l , n ) = l ,  t h e n  n  i s  odd. Then we have 

( i i i )  From ( i ) ,  we can show s i m i l a r l y  t h a t  t h e  d i f f e r e n c e s  

o f  i and j a r e  a l l  d i s t i n c t .  What we have t o  p r o v e  
k  k  

i s  t h a t  

( i  +j ) r 0  (mod p )  f o r  l s k r ( p - 1 ) / 2 ,  o r  
k k  

n - 0  (mod p )  f o r  3 r  = -1 (mod p ) .  0 

L e t  us c o n s i d e r  Dll, t h e n  p = l l .  Le t -  r=7,  n = l ,  and s=4.  

r S  3  rs+kn 
Then c t  = b  = b  , = ab = ab 74+k 3+k 

' t + 2 k - l  = ab , 

c = b  = b  = b  
rs+kn 74+k  3+k 

t + 2 k  
f o r  1skr5 ,  

C 
r s  3  

= a b  = a b , a  
2  

= a b , a  = ab 
9  3  

= ab , t + l l  t + l  t + 2  a t + 3  

a 
8  

= a b , a  = ab 
10 

= ab, a  
4  

t + 4  t + 5  ' a t + 6  t + 7  = ab , 

a  7  
= a b , a  6 

= a b , a  5  
t + 8  t + 9  t + 1 0  

= ab and a  = a.  
t + l l  

We have t h e  f o l l o w i n g  p i c t u r e .  



Now { i k  : l i k < 5 }  = {2,3,10,4,6}, { j k  : l s k s 5 )  = {9,8,1,7,5) 

{ i k ,  j k  : l r k s 5 )  i s  a  reduced r e s i d u e  sys tem modulo 11. Also, 

{ { i k , j k }  : I r k s 5 1  i s  t h e  p a t t e r n e d  s t a r t e r  o n  Z 
11' 

Assuming t h e  above c o n d i t i o n s  ho ld ,  we have t h e  p a r t i a l  

sequenc ing  o f  t h e  e lements  o f  D \ Z  . I n  o r d e r  t o  comp le te  
P P 

t h e  sequencing,  we have t o  o r d e r  t h e  e lemen ts  o f  Z 
P '  

Obv ious l y ,  t h e  f i r s t  p a r t  o f  t h e  p a r t i a l  p r o d u c t  s t a r t s  
S 

a t  e,- and ends a t  b r  . Suppose F i s  a  c h o i c e  f u n c t i o n  on  t h e  



p a t t e r n e d  s t a r t e r  o f  Z 
P *  

L e t  F *  be a  sequence o f  F w i t h  0  

as t h e  f i r s t  e lemen t .  I f  F *  = (0 = f f f 
0' 1' 2, @ * , f ( P - 1 ) / 2  1 , 

i 
t h e n  f o r  O ~ i s ( p - 1 ) / 2  = - t ,  d e f i n e  g ( i )  = C f .  and c  = b  

g ( i )  

i j = O  J 

r s  
Suppose F *  has t h e  p r o p e r t y  t h a t  c t  = b  and {e,c . . .,c } 

1 ' t-1 

i s  e x a c t l y  t h e  s e t  o f  e lements  o f  Z t h a t  do n o t  appear as 
P 

p a r t i a l  p r o d u c t s .  That  i s ,  {cl,c2, ..., c  } n 
t-1 

- l k p - 1  = . Then sequenc ing  o f  F *  w i l l  match 
I c t + 2 k  

up w i t h  t h e  m i d d l e  p a r t .  A l so  we can use F *  t o  f i n i s h  t h e  

remainder  o f  Dp. 

t S 

d e f i n e  h ( i )  = C - f .  and c  
t + p +  i 

= abr + h ( i )  and h ( 0 )  = 0. The 
j t -  1 

* * 
e lements  o f  F and -F g i v e  us a l l  e lements  o f  Z as F i s  

P  

a  c h o i c e  f u n c t i o n  o f  t h e  p a t t e r n e d  s t a r t e r .  And f o r  

Then we see t h a t  t h e  c I s  a r e  e x a c t l y  t h e  e lements '  o f  
t + p +  i 

D \ Z  n o t  a p p e a r i n g  as c ~ + ~ ~ - ~ ,  l ~ k s ( p - 1 ) / 2 .  
P P 

3 * Again, suupose p=l-1, r=7, n= l ,  c  =b , F  ={0,7,5,1,3,9), 

* 
t 

0 7  
and -F ={2,8,10,6,4}. Then co=b , cl=b , c2=b 1 , c3=b 2  , c4=b  5 , 

3  .. 3 5  2  1 7  
c =b and c  =ab , c  =ab , c =ab , c  =ab , c  =ab , c  

5 16 17 18 19 20 2 1 = ~ '  



The sequenc ing  o f  D can be d e t e r m i n e d  comp le ted  b y  g i v i n g  
11 

p, r, n, c t  and F * .  

B .A .  Anderson u s i n g  t h e  above method, found sequenc ings  

o f  D 
5, Dllt D17' 

and D b y  hand. Ne have 
23 

3 * 
D 5 :  p=5, r=3, n = l ,  c  =b and F ={0,1,2}. 

t -  
9 * 

Dll 
: p = l l ,  r=7, n = l ,  c =b and F ={0,7,5,1,3,9). 

t 
3 * 

O 1 7  
: p=17, r = l l ,  n = l ,  c  =b  and F ={0,5,6,14,13,15,16,9,101. 

t 
3 * 

'23 
: p=23, r=15, n = l ,  c  =b and F = f 0 , 4 , 7 , 2 , 1 7 , 1 8 , 1 5 , 1 , 2 8 ,  

t 

Seauenci ngs o f  non-abel  i an nrouDs o f  o r d e r  ~q 

Now, we c o n s i d e r  t h e  groups  G o f  o r d e r  pq, such t h a t  

P 4 
G i s  g e n e r a t e d  b y  a and b s a t i s f y i n g  t h e  r e l a t i o n s  b =a =e, 

r 
ab=ba where e i s  t h e  i d e n t i t y ,  r i s  a p o s i t i v e  i n t e g e r ,  

Lawrence Wang used a computer t o  t e s t  f o r  s e q u e n c e a b i l i t y  

f o r  n=6, 10, and 21, f o r  w h i c h  t h e  answers were  known. He 

a l s o  succeeded i n  f i n d i n g  sequenc ings  f o ' r  n=39 (p=3, q=13, 

r=13) ,  n=55 (p=5, q = l l ,  r=3) ,  and n=57 (p=3, q=19, r = 7 ) .  

9  3 4 A.D. Keedwel l  f o u n d  a sequenc ing  f o r  G={a,b:a =b =e,ab=ba 1 
2 6 7. 7  

b y  t r i a l  a n d . e r r o r .  The sequenc ing  i s  e, b  a , ba, a , ba , 
2 8  2 7  4 2 5 2 5 2 4  3 2 2  2 

b a , b a , a , b , b a , a , a , a , b a , b a , a , b a , b ,  

2 4  8 2 3  6 2 3  8 5 b  a , a , b a , ba , b a, ba , ba , ba , a6 and t h e  p a r t i a l  

2 6  2 4  2 6  7 8  3 2 5  
p r o d u c t s  a r e  e, b  a , b a , b , ba , ba , a , ,  ba , ba , ba , 



~ . ~ g n e s  and E. TSr6k used computers t o  g e n e r a t e  15 

3 7 2 sequenc ings  o f  t h e  g r o u p  G={a, b:b =a =e, ab=ba 1 .  N.S.  

Mendelsohn succeeded i n  o b t a i n i n g  some sequenc ings  o f  t h e  

n o n - a b e l i a n  g r o u p  G o f  o r d e r  21. Then t h e  g r o u p  G=<a,b> 

P 9 r 
i s  a case o f  o r d e r  pq such t h a t  b =a =I ,  ab=ba , r P z l  (mod q )  

where p and q a r e  b o t h  p r i m e  and q z l  ( mod p ) .  The f o l l o w i n g  

i s  t h e  method Mende lsohn used t o  sequence t h e  g roup  G men t ioned  

above w i t h  p = 3, q = 7 .  

L e t  S be  a s e t  o f  a l l  t r a n s f o r m a t i o n s  o f  t h e  f o r m  

( X ) T ~ , ~ E U X + V  (mqd q )  where u=1,2,. . . , q-1, and v=0,1,2,. . . ,q-1. 

Obv ious l y ,  S i s  a g r o u p  o f  o r d e r  ( q - l ) q .  

- L e t  H be  a ' s e t  o f  t r a n s f o r m a t i o n s  d e f i n e d  b y  ( x ) T  - 
r ,s 

n 
r x+s where r i s  an  i n t e g e r  rP:l (mod q) ,  n=0,1,2,. . .,p-1, 

and s=0,1,2, ...,q- 1. We see t h a t  H i s  a subgroup o f  S o f  

o r d e r  pq. 

We r e p r e s e n t  t h e  e lemen t  T o f  H b y  (n ,s ) .  Then 
r ,s 

The r u l e  o f  r n u l t i p l  i c a t i o n  o f  any two e lements  o f  H i s  



U v  D e f i n e  a  mapp ing  @G+S by  @ ( a  b  ) = (u,v) f o r  any 

aUbV i n  G .  I t  i s  c l e a r  t h a t  i t  i s  one-one and o n t o .  L e t  

aUbv and agbh i n  G .  Then 

u v g h  u+g v r g + h )  
@ ( a  b  a  b  = @ ( a  b  

= (u+g,vrg+h)  

= (u,v) (g,h)  

U v  g h 
= @ ( a  b  ) @ ( a  b  and 

t h e n  @ i s  an isomorphism. 

T h e r e f o r e  i f  we can f i n d  a  sequenc ing  o f  S, i t  i s  

t h e  same as f i n d i n g  a  sequenc ing  o f  G .  I n  o r d e r  t o  g e t  a  

sequenc ing  o f  S, we a r r a n g e  t h e  f i r s t  e lements  o f  t h e  o r d e r e d -  

p a i r  (u,v), so t h a t  0,1,2 ,..., p-1, each appears  q t i m e s  

and t h e  d i f f e r e n c e s  o f  s u c c e s s i v e  p a i r s  a l s o  appear q  t i m e s .  

We do t h e  same t h i n g  t o  t h e  second e lements  o f  t h e  o r d e r e d  

p a i r s .  However, i t  i s  n o t  easy t o  a r r a n g e  t h e  second e lemen ts .  

S i n c e  we know t h a t  T  i s  a  sequenc ing  o f  G i f  and o n l y  i f  @ ( T I  

i s  a  sequenc ing  o f  G where @ i s  an automorphisrn o f  G, we 

can use t h e  automorphisrn g r o u p  o f  S t o  reduce t h e  number 

o f  p o s s i b l e  sequences t o  be c o n s i d e r e d .  F o r  t h e  case o f  

p=3,  q=7, Mendelsohn o b t a i n e d  f i v e  sequenc ings  h e u r i ' s t i c a l l y .  

They a r e  a l l  l i s t e d  i n  t h e  f o l l o w i n g  t a b l e .  





A.D.  Keedwel l  has shown t h a t  f o r  an odd p r i m e  p  w i t h  

2 as a  p r i m i t i v e  r o o t  and f o r  a n o t h e r  odd p r i m e  q  o f  t h e  

fo rm q=2ph+l,  t h e n  t h e  g r o u p  o f  o r d e r  pq i s  sequenceable.  

I n  p a r t i c u l a r ,  a1 1 non-abel  i a n  g roups  o f  o r d e r  3q e x c e p t  

D3 f  
and a l l  non-abe l  i a n  groups  o f  o r d e r s  5q, 119, and 13q 

a r e  sequenceab le .  

The method t h a t  A.D.  Keedwel l  used t o  show t h e  seq- 

u e n c i n g ~  e x i s t  i s  b y  mak ing  u s e  o f  t h e  p r o p e r t y  t h a t  t h e  

image under  t h e  n a t u r a l  homomorphism @ : G - + G / H  o f  a  sequenc ing  

o f  G  i s  a  q u o t i e n t  sequenc ing  o f  G. He c l a i m e d  a  p a r t i c u l a r  

sequence i s  a  q u o t i e n t  sequenc ing  o f  t h e  g r o u p  G  o f  o r d e r  

pq w i t h  2  as a p r i m i t i v e  r o o t  o f  GFCpl and t h e n  he con-  

s t r u c t e d  a  sequenc ing  o f  t h e  g r o u p  f o r  w h i c h  t h e  above 

sequenc ing  i s  t h e  q u o t i e n t  sequenc ing  under  t h e  mapping 

@ : G + G / H .  He f i r s t  s o l v e d  t h e  case  w i t h  p=3 and t h e n  gen- 

e r a l i z e d  t o  a l l  odd p r imes  p. 

D e f i n i t i o n  3 . 8  : A g r o u p  G  o f  o r d e r  n  i s  s a i d  t o  have 

a nea r -sequenc ing  i f  i t s  e lements  can be a r r a n g e d - i n  a  

sequence a  =e, al, a2, .. ., a 
0  

i n  such a way t h a t  t h e  
n - 1  

p a r t i a l  p r o d u c t s  a  
0  1' 0  1 2 '  o = ~ ,  a a a a a 

a r e  a l l  d i s t i n c t  and t h e  p r o d u c t  a  a  a  ... a =e. 
0  1 2  n - 1  

Lemma 3.4 : I f  q  i s  an odd pr ime,  t h e n  t h e  c y c l i c  g r o u p  

( Z  ,+) possesses nea r -sequenc ings .  
9  



P r o o f  : L e t  (Zq,+) be t h e  a d d i  t :  ve g r o u p  o f  t h e  f i e l d  

GFTql. L e t  r be a  p r i m i t i v e  r o o t  o f  GFCql. We c l a i m  t h a t  

h  h - 1  h + l  h  
t h e  sequence 0, r -r , r q-2 q-3 -r ,..., r 9-2 -r , 1-r , 

h - 1  h-2 
r-1, ..., r -r i s  a  nea r -sequenc ing  o f  ( Z  + ) .  They 

q' 

a r e  a l l  d i s t i n c t .  Each non-zero  e lemen t  i s  o f  t h e  f o r m  

I 1 
r r - 1  1 - 1  I f  t h e r e  e x i s t  i and j suc-h t h a t  r (r-1)- 

1- j 
r J ( r - 1 )  (mod q ) ,  t h e n  r ~1 (mod q ) .  T h i s  i s  i m p o s s i b l e  

f o r  t h e  range  o f  i, u n l e s s  i = j .  The p a r t i a l  sums o f  t h e  

h  h - 1  h + l  h - 1  q-2  h - 1  h - 1  
sequence a r e  0, r -r , r -r ,..., r -r  , 1-r , 

2 - 1  h-2 h - 1  
r - r  ,..., r -r , 0. They a r e  a l l  d i s t i n c t  excep t  

t h e  f i r s t  and t h e  l a s t  one because a l l  non -ze ro  e lements  

i h - 1  
a r e  o f  t h e  f o r m  r -r  and l ~ i ~ q - 1  and i z h - 1 .  A l so  n o t e  

t h a t  t h e  e lemen t  w h i c h  does n o t  o c c u r  as a  p a r t i a l  sum 

i s  -r h-l. 3 

L e t  t h e  image o f  t h e  n a t u r a l  homomorphism @:G+G/H 

2 be { l ,x ,x  ,. . . ,xp- I )  where k I={a:aq}=e.  Ue a r e  g o i n g  t o  

p roduce a  q u o t i e n t  sequenc ing  f o r  t h e  c o n s t r u c t i o n  o f  t h e  

sequenc ing  o f  G. 

Lemma 3 . 5  : L e t  p  be an odd p r i m e  such t h a t  2 i s  a  p r i m i t i v e  

r o o t  o f  t h e  G a l o i s  f i e l d  GFCpl. Then t h e  non-abel  i a n  g roup  

o f  o r d e r  pq where q  i s  an odd p r i m e  g r e a t e r  t h a n  P has a  

q u o t i e n t  sequenc ing .  

P r o o f  : We know t h a t  q = 2 p h + l  f o r  some i n t e g e r  h. L e t  t -- 



be an e lemen t  i n  GFCql s a t i s f y i n g  t h e  c o n d i t i o n  2 t ~ l  (mod p ) .  

a  p r i m i t i v e  r o o t  o f  GFCpl. 

We show t h e  f o l l o w i n g  sequence i s  a  q u o t i e n t  sequenc ing .  

( i )  A sequence o f  2ph 1 ' s  f o l l o w e d  b y  x, f o l l o w e d  b y  a  

t-1 sequence o f  2ph-1, c o p i e s  o f  t h e  sequence x  , 

2  
t - t  t3- t2  t ~ - 2 - t P - 3  1 - t p - 2  

X , x  , ..., X t X , f o l l o w e d  by  

2p-2 p t P - 2  ..., x , , x where a l l  i n d i c e s  a r e  computed 

modu lo  p. 

( i i )  The p a r t i a l  p r o d u c t s  a r e  2ph 1 ' s  f o l l o w e d  by  a  sequence 

t t2  t3  o f  2ph-1, c o p i e s  o f  t h e  sequence x, x  , x  , x  , ... 
t ~ - 2  ..., X 

t t2  f o l l o w e d  by  t h e  sequence x, x  , x  , . . . 

t x  , x, 1. T h i s  a r i s e s  f r o m  t h e  f a c t  t h a t  2 t ~ 1  (mod p )  

i m p l i e s  2  P - 2 t ~ - 2 ,  -1 (mod p )  so t h a t  tP- '_2 (mod p ) .  
2 p-2 p-3 

F o r  ( i  1, o b s e r v e  t h a t  t-1, t -t, .. ., t - t  , 

P-2 
tl-t a r e  a l l  d i s t i n c t .  The reason i s  s i m i l a r  t o  t h a t  

used i n  Lemma 3.4. 
P-1 2  p-2 

Also, 2 - t  , 2  ~t , P - 2 -  . . ., 2  = 1  (mod p )  

a r e - a l s o  d i s t i n c t .  



P-1 2 For  ( i  i 1, we n o t e  t h a t  l ~ t  , t, t , .. ., tP-2 a r e  

a l l  d i s t i n c t  non -ze ro  e lemen ts  o f  GFCpl as t i s  a  p r i m i t i v e  

r o o t  o f  GFCpl. T h e r e f o r e ,  t h e  sequenc ing  ( i )  i s  a  q u o t i e n t  

sequenc ing  f o r  1 and each d i s t i n c t  power o f  x o c c u r s  e x a c t l y  

2ph+ l=q  t i m e s  i n  b o t h  sequences ( i )  and ( i i ) .  0 

Now we a r e  g o i n g  t o  show t h a t  f o r  t h e  case p=3, t h e  

g roup  G o f  o r d e r  39 has a  sequenc ing .  

9  3 S Theorem 3 . 6  : L e t  G = {a, b:a =b =e, ab=ba ) be a  non- 

a b e l i a n  g r o u p  o f  o r d e r  34, where s P c l  (mod q )  and 2 be a  

p r i m i t i v e  r o o t  o f  GFCpl. Then G i s  sequenceab le .  

P r o o f  :We a r e  g o i n g  t o  show t h e  f o l l o w i n g  o r d e r i n g  o f  G 

i s  a  sequenc ing  o f  G.  

QSeauencing Sesuenc i n g  P a r t i a l  P r o d u c t s  
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( i v )  The e lemen ts  0, 2  2 2 
1 

( a  s  + B  ) + ( a 2 s  + B  1, . .. a  s  +B1, 1 2  

a r e  a l l  d i s t i n c t .  

( v )  The e lemen ts  0, Bls+a (Bls+a )+ (B2s+a3) ,  . . . 
2' 2  

q-2 q-2 ..., L (Bis+ai+l), p+ 1 (Bis+ai+l ) a r e  a l l  d i s t i n c t , .  
i = l  i = l  

h - 1  
= -r , f o r  -r 

h - 1  
i s  t h e  e lemen t  w h i c h  d i f f e r s  f r o m  

h  h - 1  r -r  h + l  h - 1  - r r h-2 - ,h-1 
e, a  , a  , ..., a , and 

2  3  
( v i i )  s  + s + l  E 0  (mod q )  f o r  s  E 1 (mod q )  i m p l i e s  

2  2 
( s - l ) ( s  + s + l )  E 0  (mod q )  w h i c h  i m p l i e s  ( s  + s + l )  = 0  

(mod q )  as s t l .  

L e t  t be a  p r i m i t i v e  r o o t  o f  GFCql and l e t  t h e  f o l l o w i n g  

h o l d :  

2  
a  s  +B 9-3 1 1 - 1  

= t  ( t - t  ) = t  
q -3+1  9 -4+1  1 - 2  t l - 3  - t = t  - 

.q-2 9-2 , 



Then 0  = 0, 

9-2 2  1 - 2  1 - 1  
Z ( a i s  + B i  = t - t  , and 

i = l  

O b v i o u s l y  a l l  t h e s e  e lements  a r e  d i f f e r e n t  and c o n d i t i o n  

( i v )  i s  s a t i s f i e d .  

N i t h  t h e  above assumpt ion,  we can have a  = t a  and 
i + l  i 

= t B i  f o r  i =1,2,. . .,q-3. Hence a i 
'i +I 

= t a  and 
i + l  1 

'i +I = t i p 1  f o r  i=1,2 ,..., 9-3.  

I n  o r d e r  t o  meet c o n d i t i o n  ( i ) ,  we can choose 

a  = t q - 2 a  and a=O. I n  o r d e r  t o  meet c o n d i t i o n  ( i i ) ,  
q - 1  1 

we can l e t  B i3 e {O, tq-2B1} and B 
s-1' 4  

72 Bq.  
q - 1  

For  c o n d i t i o n  ( v ) ,  we l e t  



U 1-2 1-3 u 2 
Bq-2s*aq-l = t (t -t = t (a s +Bq-2), and 5-1 

Then we have 0 = 0, 

They are all distinct elements of GFCql. 

In order to have condition (vi) be satisfied, we must 

h-2 have 0 = r +(a+Bq-l+Bl+B2+...+Bq-2 )s2+(p+a +a +. . . +  1 2  

a )s+B . From (i), al,a2 ,..., a are all distinct 
9-1 9 s-1 

s-1 
modulo q so we have E a i  = C(q-1)/2lq 0 (mod q) and 

i =l 



f rom ( i i ) ,  Bq-1+Bq+B1+B2+... -%-2 = C(q-2)/23q E 0 (mod q ) .  

h-2 2  Therefore, we have 0 = r +(a-Bq)s +ps+Bq w i t h  a=O. 

Now, we r e s t a t e  a l l  t he  c o n d i t i o n s :  

To meet c o n d i t i o n s  ( i ) ,  ( i i )  and ( i v ) ,  

a  i = t a  f o r  i=1,2,. . .,q-2, 
i + l  1 

i 

'i +I 
= t B f o r  isl,Z,...,q-3, 

1 

2 1 - 1  
a  s  +B1 = t ( t -11,  and 1 

9-2 , 2 
= - t  

1 - 2  
( t  al+p)s +B w i t h  

4 - 1  

(4-2 
B E { O f t  B B @ q - l f  q  4 - 1  # Bq. 

To meet c o n d i t i o n s  ( i i i )  and ( v ) ,  

and 

To meet c o n d i t i o n  ( v i ) ,  

h-2 2 
r +(a-B IS +ps+B = O w i t h  a  = 0 .  

4  q  

U 2 
From B s + t a  = t ( a  s  +B we o b t a i n  

1 1 1 1 



2 1-1 
From a s +B = t (t-11, we obtain 

1 1 

1-1 
a = st (t-1)-s8 
1 1 ' (b) 

Substitute (b) into (a) and obtain 

1-1 2 u 
= t (t-s t ) .  

Substitute ( c )  into (b) and obtain 

1-1 1-1 2 u 
a = st (t-1)-st (t-s t 
1 

1-1 u 
Substitute a = t (t -s) into the condition 

1 

= -t 1-2 
s-1 

yielding 

Ctq-2tl -1 (t"-s)+uls 2 +B = -t 1-2 which becomes 
s-1 

1-2 u 2 
Ct (t -s)+yls + B  1-2 

= -t . 
s-1 

u+l-2 Multiply by s on both sides to produce t + P + B ~ - ~ S  = 0. 

u+l-2 
Then u = -t if and only if = 0. 

s-1 



Since B 9-2 q-2 B t I O , t  6 ,  then B = t 
B1 

. The s e t  o f  
9-1' q  4 

condi  t i ons  reduces t o  

1 
a i + l  = t a f o r  i = 1,2,. . .,q-2, 

1 

i 
' i + l  = t B1 f o r  i = 1,2,. . .,q-3, 

1 - 1  2 u  
B1 = t ( t - s  t 1, 

s-2 
'q 

= t @1' and 

s-2 q-2 1 - 1  2 u  
We know f3 = t wh ich  i m p l i e s  f3 = t t ( t - s  t 1. 

9  1 9  

1 - 1  2 u  u + l - 2  
Now P = t ( t - s  t ; p = - t  

1 
. From (A)  and ( B )  we o b t a i n  

u + l - 2  + [ - t u + l  - 2  q -Z t l  -1 - t s + t  
2 u  2 

( t - s  t ) ( l - s  ) l ( r - 1 )  = 0. 

1 - 1  2 u - 1  2 u + l - 2  
Thus, t (1 - s  t ) ( I - s  ) ( r -1)  = t C l+s ( r - 111  

2 2 u - 1  u - 1  u - 1  
and '  (1 -s  -s  t + s t  ) ( r -1)  = [ l + s ( r - 1 ) l t  



2 2 2 
yielding (1-s )(r-1) = (s r-s +l)t u-1 and 

2 2 u-1 
s (s-l>(r-1) = s (r-l+s)t . 

u-1 
Ae obtain t r C(s-l)(r-l)l/(r+s-1) (mod q). Since 

a t 0, B1 t 0. Then from the equations for al and B we 
1 

u u-1 
1' 

u-1 
have t t s, t t s. Note that t t s implies 

-1 
s s - 1 - l r - s  , s(r-l+s) * (s-l)(r-I,), and r t sr2. 

Now, we can construct a sequencing as follows for a 

non-abelian group of order 3q, q prime and q = 6k+l. We 

2 choose a quadratic root of s +s+l z 0 (mod q) and a primitive 

root r of GFCql such that r t s+2 and r t 1-s. It is 

u-1 - 
possible if q > 7 and @(q-1) > 2. Otherwise, t - - 

C(s-l>(r-l)l/(r+s-1) (mod q) i s  not finite or equal s. We 
U 

choose another primitive root t of GFCql such that t # s 

and then calculate 

= a =  h-2 U-1 h - 2 
%I 0, r = -t (r-1)-'tl-', and v = r (r-1). 

We choose t 
1-1 

arbi trari ly, and compute both 
i i 

a = t a and 6 i +l 1 i +l = t B1 . Me substitute these values 

into the sequence. A sequencing of the non-abelian group 

of order 3q, q an odd prime is obtained. O 

We are going to use the case p = 3 as a guideline to 

find a sequencing of the non-abelian group of order pq. 



Lemma 3.7 : L e t  p  be  a  p r i m e  w i t h  2  as a  p r i m i t i v e  r o o t  
7 

r-1 
o f  GFCpl and 20 E 1 (mod p ) .  Then 5 2 , I - ~ P ' ~  - = -1 

and more g e n e r a l l y  aP-'-0 
- 1  - p - r  = -0 (mod PI. 

P r o o f  : S i n c e  20 f 1 (mod p), t h e n  ( 2 0 )  P-r - 
= 1 (mod p )  

w h i c h  i m p l i e s  a  P-r  1 2r-P (mod p )  

r -P 1 2 2  ( m o d p )  

2  r -1 
(mod p ) .  

w h i c h  

P- 
1 -a 

2P-ra 

A1 so 

i s  

2  - - - 

P- r  

S imi  

, 2a 

e q u i  v a l  

-1 (mod 

E 1 jmo 

l a r l y  a  

a  P-r-,P 

1 (mod p )  

e n t  t o  a  P-  

p )  . Now 

d  p )  i f  an 

p - r - 1  = r 
- 2  

- r -1  r 
E 2 

E -2 

- = -a 

i m p l i e s  2 p - l a p - 2  2  

2  
2  (mod p ) .  Then 

20 5 1 (mod p )  i s  eq 

d  o n l y  i f  a  P-r - r -  
= 2  

+1-p 
(mod PI. Then 

P- r 
(mod p ) .  Cl 

(mod p )  

we have 

u i  v a l e n t  

(mod p  

We make u s e  o f  t h e  above lemma and t h e  f a c t  t h a t  i f  

p  i s  an odd p r i m e  such t h a t  2  i s  a  p r i m i t i v e  r o o t  of 

t h e  G a l o i s  f i e l d  GFCpl, t h e n  t h e  n o n - a b e l i a n  group of  

o r d e r  pq, where q  i s  any odd p r i m e  g r e a t e r  t h a n  P, has a  

q u o t i e n t  sequencing,  w h i c h  we have shown be fo re ,  t o  seek 

a  sequenc ing  o f  t h e  n o n - a b e l i a n  g roup  o f  o r d e r  pq. 

Theorem 3.8C121 : L e t  p  be an odd p r ime  wh ich  has 2 as 

a  p r i m i t i v e  r o o t  and l e t  q  be a n o t h e r  odd p r ime  o f  the form 



q = 2 p h + l .  Then t h e  n o n - a b e l i a n  g r o u p  o f  o r d e r  pq i s  sequenceable. 

Proof  : F o r  t h e  case o f  p  = 3, i t  was shown p r e v i o u s l y .  

U s i n g  t h e  case  p  = 3 as a  g u i d e l i n e ,  we a r e  g o i n g  t o  c o n s t r u c t  

a  sequenc ing  o f  t h e  n o n - a b e l i a n  g r o u p  w h i c h  i s  o f  t h e  f o r m  

P-3 P-4 ( p - 1 )  
a  o a -1 aq-l h - 1  h-2 

b  , b  , ,  b  , b a  , where  y = r -r , a i s  

an e lement  o f  G such t h a t  20 z 1 (mod p ) .  

T h i s  sequenc ing  g i v e s  r i s e  t o  t h e  p a r t i a l  p r o d u c t s  w h i c h  

V W  a r e  l i s t e d  i n  t h e  f o l l o w i n g .  We r e p r e s e n t  t h e  e lement  b a 

by t h e  o r d e r e d  p a i r  v, w and s  i s  one o f  t h e  r o o t s  o r  t h e  con- 

g ruence sP = 1 (mod q ) .  They a r e  1 i s t e d  be low.  







b
 ln 

n
r
l
 

r-i 
I 

-
0

-
 

d
 

+ 
b
 

+ 
N

 b
 ln 

n
r
l
 

N
 

I 
V

W
 

d
 

+ + 
b
 

+ 
N

 b 
+

 

+ 
3
 

I 
a
 b 

+ 
M
 

I a b V
)
 

n
 

M
 

I
d

 
a
 

I 
u

 u
 

b
 

+ 





( 1 )  Then al 1 - 1  '1 0-1 
= t ( t  -s  1, 

( P - 2 )  U 1 - 1  p-2 up-3 a ~ - 2 - , ~ - 3  
a  
1 = t ( t  - t s 1, and 

(P-1) 1 - 1  "p-2 1-0 P-2 
= t  ( t - t  S 1. 

We a r e  g o i n g  t o  check t h a t  a1 1 t h e  p a r t i a l  p r o d u c t s  

(j > 
j P i  

o f  t h e  f o r m  ba a  a r e  d i f f e r e n t .  

( P-2 1 P-2 P i  
Case j = p-2, bcr a  



B(P-2 )  q - 2  ( p - 2 )  

s - 1  
, and 

i =l 

We n o t i c e  t h a t  

q - 2  ( p - 2 )  up-2 1 - 1  "P-2 1 - 2  
E Ei +y = t ( - t  1, p r o v i d e d  t h a t  y = t ( - t  1, 

i = l  

( P-2 
P-2 B ' i  

and 0 a r e  a1 1 d i f f e r e n t .  Then ba a  a r e  a l l  d i s t i n c t .  



We n o t i c e  t h a t  







We need 

up-2+1 -2 -1 1 - 2  UP+ p a p - 2  -1 up-2+1-2 - 2  
- t ( r -1)  + t  ( t - t  s ) ( l - s  ) - t  S = 0.  

T h i s  i s  e q u i v a l e n t  t o  

A sequenc ing  o f  a  n o n - a b e l i a n  g r o u p  o f  o r d e r  pq where 

2  i s  a  p r i m i t i v e  r o o t  o f  GF[pl, can be c o n s t r u c t e d  as f o l l o w s .  

F i r s t  we s e l e c t  one o f  t h e  r o o t s  s  where s  z 1 o f  t h e  

P  -' 
congruence s  = 1 (mod q )  and a l s o  a  p r i m i t i v e  r o o t  r o f  

GFCql such t h a t  r + s - 1  3 0 (mod q ) .  We do so because we need 

up-2-1  
t = s - 1 - l l r + s -  0 Then s e l e c t  a n o t h e r  

p r i m i t i v e  r o o t  t o f  GF q  and i n t e g e r s  u ~ , u ~ , . . . , u ~ - ~  such 

'1 0 - 1  u p 9  u p 1 2  03-02 u  p-2-'p-3 
t h a t  t zs , t zs  , t s s  ,..., t z 

0 ~ - 3 - , ~ - 2  .Up-2- l  
s , t = [ ( s - l ) ( r - l ) l / ( r + s - 1 )  3 s  (mod q ) .  

T h i s  i s  because we r e q u i r e  a!')# 0, f o r  i=1,2 ,..., p-1. 
I 

(j Then we can compute a 
1 

f p r  i=1,2 ,..., q-1, j = l , 2  ,..., p-1.  

h-2 1 - 1  U 
E v e n t u a l l y ,  we s e l e c t  h  such t h a t  r ( r - 1 )  f t ( - t  

p - 2 - I  
1 

(mod q ) .  A r b i t r a r i l y  choose an i n d e x  1 and we o b t a i n  a  

sequenc ing  o f  t h e  group.  0 



For  example, c o n s i d e r  t h e  n o n - a b e l i a n  g r o u p  o f  o r d e r  

3 
5 5  where p=5, q = l l  and t h e  g r o u p  r e l a t i o n s  a r e  ab=ba , 

We need 2 0 ~ 1  (mod p )  w i t h  5=3. We may choose s=3 

5 
s i n c e  3 5 1  (mod 1 1 )  and r = 2  w h i c h  i s  a  p r i m i t i v e  r o o t  

o f  G F C 1 1 1  as r + s - l r 4  (mod 11 )  w h i c h  i s  n o t  z e r o .  Then 

may choose t=2, a  p r i m i t i v e  r o o t  o f  G F C 1 1 1 .  Then 

u3 u1 U2 u3 1 - 1  
t = l .  I f w e c h o o s e t  = t  = t  = l , a n d a l s o t  = 1, 

t h e n  



(1) 
a = 5, a = 4, 0: = 8, a 

( 2 )  ( 3 )  ( 4  
7  7  7  7  = 4, 

a 
(1) 

= 1 0 ,  a, = 8, 0: = 5,  01 
( 2 )  ( 3 )  ( 4 )  

8  8  8  8  = 8, 

a 
(1 

= 9, a = 5, = 10 ,  a 
( 2 )  

0: 
( 3 )  ( 4 )  

9 9 9  9 = 5, 

(1) 
a = 7, a = 10,  a 

( 2  ( 3 )  
= 9, and a 

( 4  
1 0  1 0  1 0  1 0  = 1 0 .  

h - 1  h - 2  1 - 1  u -1 
A1 so we r e q u  i r e  r -r = t ( - t  1, t h a t  i s ,  

3  2  2  9  2 h - 2  = -6 w h i c h  i m p l i e s  h = 6. Now ab = ba , ab = b  a ,  

3  3 5 5 4  4  ab = b  a  , ab = b  a  . The f o l l o w i n g  i s  a  sequenc ing  o f  

t h e  n o n - a b e l i a n  g roup  o f  o r d e r  5 5 .  

Sequenci n g  P a r t  i a1 p r o d u c t s  
Sequenc ing  P a r t i a l  p r o d u c t s  ( c o n t d )  ( c o n t d )  

e  e b 4 a 9  ba 8  

a  
1 0  

a  
1 0  2  6  

b  a  
3  

b  a  

a  
9  

a  
8  

ba 
7  4  1 0  

b  a  

a  
7  

a  
4 3  3 

b a  2  9  b  a  

a  
3  

a  
7 4  7  

b  a  ba 1 0  

a  
6  

a  
2  2 

b  a  3  3  b  a  

a a  
3  

ba 3  4  
b  a  

a  
2  

a  
5  3  6  

b  a  b  

a  
4  

a  
9  4  3 

b  a  ba 3 

a  
8  

a  
6 2  2  

b  a  
3  7  

b  a  

b  ba 7 
ba 

6  4  5 
b  a  

2  3  
b  a  b  3  b  a  2  4  b  a  

b a g  . 
4  9 

b  a  4  6  
b  a b  



Sequencing Partial products 
Xquenci n~ Partial products (contd) (contd) 

3 7 
b a 

2 8 b a 2 4 b a 3 4 b a 

However, whether or not non-abelian groups of order pq, 

where 2 is not a primitive root are sequenceable is still 

unknown. 



CHAPTER FOUR 

Symmetr ic  and S t r o n g  Symmetr ic  S e q u e n c i n ~ s  

5 4 . 1  Symmetr ic sesuenc inns  

D e f i n i t i o n  4.L : Suppose G i s  a  g roup  o f  o r d e r  2n w i t h  

i d e n t i t y  e and u n i q u e  e lement  g* o f  o r d e r  2 .  A sequenc ing  

ala2,. . .,a i s  c a l l e d  a  symmet r ic  sequenc ing  i f  and o n l y  2n * - - -1 
i f  a  = g and a  

n + l + i  ( a n + l - i  ) f o r  l s i s n - 1 .  
n + l  

B e f o r e  pr0v. i  ng  t h a t  t h e  abe l  i an group o f  o r d e r  2n i s  

s y r m e t r i c  sequenceable, we need t o  o u t l i n e  t h e  c o n s t r u c t i o n  

of  t h e  sequenc ing  o f  t h e  a p p r o p r i a t e  a b e l i a n  group by B .  

Gordon. Suppose G i s  an a b e l i a n  g roup  o f  o r d e r  2n. B .  

Gordon showed t h a t  i t  i s  sequenceable and G = A x B  where A 

k 
i s  c y c l i c  o f  o r d e r  2  , k>O and B has odd o r d e r .  The group 

G has a b a s i s  c  
k 

0 '~1 '  
..., c where c has o r d e r  2  and t h e  

m 

o r d e r s  6 6 
1' 2 ' "  

.,6 o f  c1,c2, ..., c a r e  odd p o s i t i v e  i n t e g e r s  
m m  

such t h a t . O < i < m  imp1 i e s  6 .  16 I f  j i s  any p o s i t i v e  
I i + l '  

i n t e g e r ,  t h e n  t h e r e  e x i s t  u n i q u e  i n t e g e r s ,  j , j .  ... ,j 
0 1' m 

such t h a t  . - 
J = j 0  (mod 6 6 ..6 ) and 

1 2 '  lil 

0 
= ' +j 6 + j  6 6 +...  6 6 . . . A  

'1 2 1  3 1 2  + j m  1 2  
where 

in-1 

The sequence of p a r t i a l  p r o d u c t s  P i s  d e f i n e d  as f o l l o w s :  



- j  - i l  - j 2  
I f  i = 2 j + 1 ,  O s j < n ,  t h e n  b 2 j + l  = c0 c1 c 2  .. .cm a n d  - J m  

( 2  ) j+!. j l + l  j2+1  j m + l  
I f  i = ? j + 2 ,  O s j < n ,  t h e n  b 2 j + 2  = c0 c1 c . . . c  m 

T h e  s e q u e n c i n g  S o f  G is d e f i n e d  a s  f o l l o w s :  

I f  j = 2 j + 2 ,  O < j < n ,  t h e n  

i f  i = 2 j + l ,  O r j < n  a n d  s = m i n  { r :  ' #O), t h e n  r 

-1 - 2 j  - 2 j s  - 2 j s + 1 - 1  - 2 j m - 1  
( 3  ) a i  = b i - l b i  = c c . . . c m  , a n d  0  s C s + l  

= 0, a i  
- 2  j 

i n  p a r t i c u l a r  i f  j 
0 

= C 
0  

-1 * -1 * Let g b e  a n y  e l e m e n t  o f  G .  S i n c e  ( g  g g ) ( g  g g )  = e, 
* 

( r e c a l l  t h a t  g i s  t h e  u n i q u e  e l e m e n t  o f  o r d e r  2  i n  G I ,  t h e n  

-1 * * * * * 
g g g = g w h i c h  i m p l i e s  g g = gg . S o  g is i n  t h e  c e n t e r  

of G .  T h u s ,  s y m m e t r i c  s e q u e n c i n g s  h a v e  t h e  f o r m  

-1 
S: e , a 2 , . .  . , a  n t a n + l t a n  , " .  . , a i l  a n d  h a v e  t h e  a s s o c i a t e d  

p a r t i a l  p r o d u c t  s e q u e n c e .  
* * -1 -1 * * -1 -1 -1 

P: e , b 2 ,  ..., b n , b n g  ,b ,g  a n  = b n a n  g ,...,brig a n  a n - l - w a 2  

w h e r e  b i  = a la  2 . . . a i .  

* -1 * -la-1 -1 * 
T h e r e f o r e ,  P:  e , b  . . , b  , b  g , b  a- g , . . . , b  a 

2 '  
... a g , 

n  n  n  n  n  n  n - 1  2  

* * * * 
c a n  b e  r e w r i  t t e n  a s  P: e , b 2 , .  . . , b n , b n g  , b n m l g  , . . , b 2 g  , g  

B . A .  A n d e r s o n  i s  t h e  o n l y  m a t h e m a t i c i a n  w h o  d i d  some 

w o r k  ' o n  s y m m e t r i c  s e q u e n c i n g .  H o w e v e r ,  t h e  p u r p o s e  o f  t h e  



f i r s t  theorem o f  t h i s  c h a p t e r  i s  t o  show t h e  sequencings 

o f  B .  Gordon a r e  symmetric. 

Theorem 4 . 1  : Suppose G i s  a  sequenceab le  a b e l i a n  group o f  

o r d e r  2n. Then t h e r e  e x i s t s  a  symmet r i c  sequenc ing  o f  G .  

P r o o f  : L e t  al,a2, ..., a  be t h e  s e q u e n c i n g  d e s c r i b e d  i n  
n 

( 3 ) .  We a r e  g o i n g  t o  show i t  i s  a  symmet r i c  sequenc ing  o f  G.  

Suppose aiak = e. From ( 3 )  i t  f o l l o w s  t h a t  e i t h e r  i 

and k  a r e  b o t h  even o r  i and k a r e  b o t h  odd. For  i f  i = 2 j+2 ,  

2 j + l c - 2 t  - 
k  = 2 t + l ,  t h e n  c 0  2( - i - t )c1  z e  because c  has o r d e r  

0  - C o  0 " 

k  
2  , k>O. T h i s  c o n t r a d i c t s  aiak = e .  The case where i i s  odd, 

k i s  even i s  s i m i l a r .  

Now suppose i = 2 j + l  and k = 21+1, O< j , l<n .  By D e f i n i t i o n  

4.1,  we o n l y  need t o  show t h a t  i + k  E {2,2n+2). The case 

i + k  = 2 , . w i l l  happen o n l y  when a ,  = a  = e  as w i l l  be seen l a t e r .  

-2 j 
I f  j0  = 0, t h e n  a i  = c  0  . S i n c e  a . a  = e, t h e n  

3 : 
~k  

L J 

ak = c O  so  t h a t  lo  = 0. S i m i l a r l y ,  i f  lo = 0, t h e n  j 0  = 0 .  

I n  t h e  case j 0  8 0, lo z 0, b y  ( 3 )  we have 

- 2 j  - 2 j s  - 2 j s + 1 - 1  - 2 j m - 1  
a .  = c O  
I Cs C s + l  . . . C  rn and 

Now each 6 i s  odd so t h a t  we have s  = t, o t h e r w i s e  
i 

k  
a  a  # e. Hence, 2 ( j + l )  r 0  (mod 2 and 

k i 
jS+ls E 0  (mod 6 1, 

S 



because O r j  i <6 i ,  0 s l i < 6  i = 1 2 , .  rn. We m u l t i p l y  t h e  
i 

th 
( 6  1 e q t l a t i o n b y 6  . . 6  and o b t a i n  

s + i  1' s + i - 1  

( jrn+1rn+1)6162.. .6  = . 6  . 
m-1 rn 

We add t h e n  t o g e t h e r  t o  o b t a i n  

( j s + l s ) 6 1 6 2 . .  .6 s - 1  + ( j S + l  + ls+1+ l )6162 . .6s + .  . .+ (J,,, + l rn+ l )6162 . .  . 
0 6 m - 1  = . .6 s + 6162. ..6s+1 +.  . .+  ti1fj2.. .6, o r  e q u i v a l e n t l y  

js6162. . . 6  E-1 j s + l  6 1 6 2 .0  .6s+. . .+ j  6 6 rn 1 ~ " ~ ~ r n - 1  + l s 6 1 6 2 . . .  

. . . 6  + 1 6 6 . . . A  +. . .+I  6  6  ... 6 
s - 1  s + l  1 2  S m 1 2  m-1 

=6162 . . . 6  6 .  
rn-1 rn 

By ( 1 )  we have j0+l0 = 2.. .6 . Thus, j + l  E 0  (mod 
rn 

... 6 and 2 ( j + l . )  0  (rnod 21-11. S i n c e  O r j , l < n ,  we 
6162 rn 



c o n c l u d e  t h a t  2 ( j - 1 )  = 0 o r  2 ( j + l )  = 2n. I f  2 ( j + l )  = 0, t hen  

j = 1 = 0 w h i c h  i m p l i e s  a i  = ak = e. I f  2 ( j + 1 )  = 2n, t h e n  

t h i s  imp1 i e s  j + l  = n  and i + k  = 2n+2. 

The case where b o t h  i and k  a r e  even i s  s i m i l a r .  T h i s  

f i n i s h e s  t h e  p r o o f .  0 

Now we know t h a t  t h e  sequencings o f  B .  Gordon a r e  

symmet r ic .  I n  t h e  f o l l o w i n g ,  we a r e  g o i n g  t o  d e t e r m i n e  

some more g roups  w h i c h  have symmet r i c  sequenc ings .  

Theorem 4.2121 : I f  G i s  a  sequenceab le  g r o u p  o f  odd o r d e r  

n, t h e n  G x Z 2  has a  symmet r ic  sequenc ing .  

P r o o f  : S i n c e  t h e  o r d e r  o f  G i s  odd, t h e n  G has no e lement  

of  even o r d e r .  The re fo re ,  G \ {e )  can be p a r t i t i o n e d  i n t o  

2-e lement  s u b s e t s  such t h a t  each s u b s e t  c o n s i s t s  o f  an 

e lement  and i t s  i n v e r s e .  S i n c e  G i s  sequenceable,  i t  has a  

sequenci  ng.  e, x2, . . . , xn. Now choose one e lemen t  f r o m  each 

2-e lement  s u b s e t .  I f  x i  i s  a  chosen e lement ,  we a s s o c i a t e  

( X  -1) w i t h  x . I f  x i  i s  n o t  a  chosen e lement ,  we a s s o c i a t e  
i ' i 

( x . , l )  w i t h  x  . For  e  we a s s o c i a t e  1 w i t h  i t .  Then we have 
I 

- a  s t r i n g  y1,y2, ..., Y, - (e , l ) , ( x2 , i 2 ) , ( x3 , i  3)....,(~n,in) o f  

e lements  o f  G x Z 2 .  We c o n s t r u c t  a  symmet r i c  sequenc ing  o f  

G x Z 2  by  e x t e n d i n g  t h e  above sequenc ing .  D e f i n e  y  = (e,-1) 
n + l  

- - -1 -1 
and y  1 = ( x  . 1 i ) w h i c h  i s  equal  

n + l + j  ( ~ n + l - ~  n + l - J  n + l - j  

-1 -1 
t o  ( x  . de see t h a t  {y1,y2,. . . ,yZn} = G x Z  . n + l - j '  n + l - j  2  



S i n c e  ( x  , i . ) ( e , - 1 )  = ( e , - l ) ( x  , i .) f o r  I s j < 2 n ,  (e,-1) i s  
j J .  j~ 

i n  t h e  c e n t e r  o f  G x Z 2 .  The sequence o f  p a r t i a l  p r o d u c t s  i s  

e , l , x  i ) , ( x x  i i ,  . X X X  i i ... i 1, 
2' 2  2 3 ' 2 3  2 3  n '  2  3  n  

( x 2 x  3 . . . ~  - i  i ... i 1, ( x 2 x  3...x 
n '  2  3  

-i i , . . i  
n  n -  2  3  n-l) , 

- ..., ( x 2 x 3 , - i  i 1, ( x2 ,  i 2 )  They a r e  a l l  d i s t i n c t  f r o m  
2  3  

each o t h e r .  So t h e  p a r t i a l  p r o d u c t s  a l s o  i n c l u d e  a l l  t h e  

e l  ements o f  G x Z  
2  ' 

Thus, G x Z  has a  symmet r i c  sequenc ing .  n 
2  

Theorem 4.3C21 : Suppose t h e  g r o u p  G has a  symmet r i c  

sequenc ing  and B i s  an a b e l i a n  g roup  such t h a t  g c d ( ] ~ I , I ~ l )  = 1. 

Then G x B  has a  s y m m e t r i c  sequenc ing .  

Proof : Suppse G i s  o f  o r d e r  2n and has a  symmet r i c  

sequenc ing .  L e t  S : x1,x2, .. *"2n 
be a  symmet r i c  sequenc ing  

G 
o f  G and P G: ~ ~ , y ~ , . . . , y ~ ~  be t h e  a s s o c i a t e d  p a r t i a l  p r o d u c t  

sequence. I n  o r d e r  t o  have ( I G I , I B I >  = 1, B must  be o f  odd 

o r d e r ,  say k .  We a r e  g o i n g  t o  c o n s t r u c t  a symmet r i c  sequenc ing  

S G x B :  al,a2, .,a 2nk o f  G x B .  L e t  {cl,c2, ..., c  1 be a  b a s i s  
m 

o f  •’3 such t h a t  t h e  o r d e r s  6 
l t 8 2 t  

. . .,6 a r e  odd p o s i t i v e  m 

i n t e g e r s  w i t h  O < i  <m i m p l y i n g  6. 16i+1. I f  j i s  any p o s i t i v e  
1 

i n t e g e r  t h e n  t h e r e  e x i s t . u n i q u e  i n t e g e , r s  j ,j ,...,j such 
0  1 m 

where 01j < 6  O<j < 6  
1 1' 2  2 ' " "  

O ~ j ~ < 6 ~  

Now t h e  p a r t i a l  p r o d u c t s  a r e  d e f i n e d  as f o l l o w .  



I f  i = 2 j + l ,  O<j<nk, t h e n  

- j  - j  rn 
b  - - 

('i (rnod 2 n ) " l  
. . . c  ) and 

2 j + l  rn 

i f  i = 2 j+2,  Osj<nk, t h e n  

We a r e  g o i n g  t o  show a l l  t h e  b i t s  a r e  d i s t i n c t .  Suppose 

bs = b  where s  = 2 u + l  and t = 2v+ l ,  Oiu,v<nk. Hence t 

2 u + l  r 2 v + l  (mod 2n), t h e n  2u 2 2v (mod 2n) w h i c h  i m p l i e s  

u v (mod n ) .  As i n  Theorem 4.1, u E v  (mod k ) .  S i n c e  

gcd(n,k) = 1, we have u  E v  (rnod n k )  and t h u s  u  = v .  I t  i s  

s i m i l a r  f o r  t h e  case s  = 2u+2 and t = 2v+2, Osu,v<nk.  ina ally, 

i f  s  = 2 u + l  and t = 2v+2, t h e n  y, z  y t  so t h a t  bS z b t .  

Now t h e  sequence o f  S G x B  i s  as f o l l o w s .  

I f  i = 2 j+2 ,  O<j<nk, t h e n  

-1 
-J  1 -Jrn jl+l - 

- ( Y i - l ( r n o d  2 r 1 ) ' ~ l  . . . c  rn ) ('i(rnod 2 n ) " l  . . . c  rn 

2 j  + 1  
1 

2 j  + 1  
- - r?l  

( ' i  (mod 2 n ) " l  
. . . C  1. 

rn 

I f  i = 2 j+1,  O r j < n k  and s = r n i n { r :  j,zOl, t h e n  

- 2 j s  - 2 j  -1 s - 2 j r n - 1  a.  = b - 1  b  = 
(' i (rnod 2n)"s 

C 
s + l  

. . . C  i-1 i rn 1. 
I 

I f  j 0  = 0, t h e n  a. - 
I - ( ' i (mod 2n) , e l .  



A l l  a i l s  a r e  d i s t i n c t  b y  an argument  s i m i l a r  t o  t h e  

above i n  w h i c h  t h a t  b  I s  were shown t o  be d i s t i n c t .  Then 
i 

G x B  i s  a sequenceab le  g roup .  

Choose any a  a  such t h a t  a  a  = e  where a  and a  
s' t s  t S t 

a r e  i n  S G x B .  S i n c e  x1,x2, .. .,xZn i s  a  symmet r i c  sequenc ing  

o f  G, w h i c h  f o r c e s  e i t h e r  s  and t a r e  b o t h  even o r  s  and 

t a r e  b o t h  odd, we t h e n  do t h e  same t h i n g  as i n  Theorem 

4 . 1  t o  show t h a t  S G x B  i s  a  symmet r i c  sequenc ing  o f  G x B .  0 

From t h e  above theorems we can c o n c l u d e  t h a t  a b e l  i a n  

and n o n - a b e l i a n  symmet r i c  sequenceab le  groups  o f  a r b i t r a r i l y  

l a r g e  even o r d e r  e x i s t .  

B e f o r e  we go t o  t h e  n e x t  s e c t i o n ,  we t a k e  a  l o o k  a t  a  

r e l a t i o n  between symmet r i c  sequenc ings  and even s t a r t e r s .  

Def i n i  t i o n  4.2 : Suppose G i s  a  g r o u p  o f  o r d e r  2n w i t h  

i d e n t i t y  e  and u n i q u e  e lement  g* o f  o r d e r  2 .  Then E = { { x i ,  

y i l :  l ~ i r n - 1 1  i s  a  l e f t  ( r i g h t )  even s t a r t e r  f o r  G i f  and 

o n l y  i f  ( i )  e v e r y  n o n i d e n t i t y  e lement  o f  G e x c e p t  one denoted 

m, o c c u r s  as an e lement  o f  some p a i r  o f  E and 

( i i e v e r y  n o n i d e n t i  t y  e lement  o f  G e x c e p t  g* o c c u r s  

I f  G i s  a b e l i a n ,  t h e r e  i s  no d i s t i n c t  between l e f t  and 

r i g h t  even s t a r t e r s .  

Theorem 4.4C21 : I f  t h e  g roup  G has a  symmet r i c  sequenc ing  



a l , a 2 ,  ..., a n  t h e n  G h a s  a l e f t  e v e n  s t a r t e r .  

P r o o f  : S u p p o s e  I G I  = 2 n  a n d  G h a s  a s y m m e t r i c  s e q u e n c i n g  

w i t h  p a r t i a l  p r o d u c t  s e q u e n c e  b l , b 2 ,  ..., b p n .  Now l e t  

a n d  e v e r y  n o n i d e n t i t y  e l e m e n t  of G e x c e p t  m o c c u r s  a s  a n  

e l e m e n t  o f  some p a i r  of E .  Now, f o r  O < j ~ n / 2 - 1 ,  
-1 

( b ~ j + ~ )  b ~ (  j + l ) + l  
= a = a w h e r e  3 ~ p < n + l  a n d  p i s  o d d .  

2 ( j + l ) + l  P  
On t h e  o t h e r  h a n d ,  O r j < n / 2 - 1  i m p l i e s  

( b 2 n - ( 2 j + l )  2 n - 2 j  = a 2 n - 2  j 9 
= a w h e r e  n + 2 < q r 2 n  a n d  q  is 

e v e n .  We see  t h a t  t h e  t o t a l  n u m b e r  of p ' s  a n d  q ' s  is n - 1 .  

S i n c e  w e  h a v e  a s y m m e t r i c  s e q u e n c i n g ,  i t i s  c l e a r  t h a t  

C = {a : 3 1 p < n + l  a n d  p  o d d )  u {a  : n + 2 s q < 2 n  a n d  q  i s  e v e n )  P  9 
* 

c o n t a i n s  a s e t  o f  n - 1  d i s t i n c t  e l e m e n t s  of G\{e,g 1 .  M o r e o v e r  

L 

a = ( a . )  i f  a n d o n l y  i f  i + j  = 2 n + 2 .  S i n c e  t h e s u m o f  t w o  
i .. J 



p s s  o r  two q ' s  o r  a  p  and a  q i s  n e v e r  equa l  t o  2n+2, "0 

element  o f  C i s  t h e  i n v e r s e  o f  i t s e l f  o r  a n o t h e r  e lement  o f  C. 

* 
Thus e v e r y  n o n - i d e n t i t y  e lement  o f  G e x c e p t  g o c c u r s  i n  

Then E i s  a  l e f t  even s t a r t e r  f o r  G. U 

However, t h e  conve rse  i s  n o t  t r u e .  T h a t  i s ,  a  g roup  G 

may have even s t a r t e r  b u t  have no s y m m e t r i c  sequenc ing .  

Example : Cons ide r  t h e  q u a t e r n i o n  g r o u p  Q w i t h  g e n e r a t o r s  
3  

4  2 2  3 
a  and b  and d e f i n i n g  r e l a t i o n s  a  = e, b = a  and ba = a  b.  

The g roup  Q3 i s  o f  o r d e r  8 w i t h  i d e n t i t y  e  and an u n i q u e  

2 
e lement  a  o f  o r d e r  2 .  

2 3  3  
L e t  E = {{a,ab), { a  b,a b), { a  , b l ) .  I t  i s  easy 

t o  v e r i f y  t h a t  E i s  b o t h  a  l e f t  and r i g h t  even s t a r t e r  

f o r  Q3.  I t  has been v e r i f i e d  b y  computers  t h a t  Q3 has 

no sequenc ing .  Thus i t  c e r t a i n l y  has no symmet r i c  seq- 

u e n c i n g .  We can a l s o  p r o v e  a l g e b r i c a l l y  t h a t  Q3 does 

n o t  have a  s y m m e t r i c  sequenc ing  and s h a l l  do so  now. 

* -1 - 
Suppose S : e,a2,a3,a4,g ,ak i s  a  symmet r ic  

t a 3  2  
2 

sequenc ing  of Q3 .  Now Q 3 / < a  > 



2  Now, <a  > i s  a  normal  subgroup o f  Qz  o f  o r d e r  2, and we 
2 

2  
see t h a t  Q / < a  > - Z x Z  

2  
2 2 '  

L e t  @ : Q  +Q / < a  > deno te  t h e  
3  3 3  

0 

n a t u r a l  homomorphism o f  G o n t o  t h e  q u o t i e n t  g r o u p  4 / < a L > .  
3  

L e t  t h e  members o f  Z x Z  be d e s i g n e a t e d  b y  e,1,2,3 where e  
2  2  

i s  t h e  i d e n t i t y ,  each n o n i d e n t i t y  e lemen t  o f  Z x Z  i s  i t s  
2  2  

own i n v e r s e  and t h e  p r o d u c t  o f  any two d i s t i n c t  non iden -  

t i t y  e lemen ts  i s  t h e  r e m a i n i n g  n o n i d e n t i t y  e lemen t .  So 

2  
we can w r i t e  Q  / < a  > = Ie,1,2,3}. L e t  ai = @ ( a i ) ,  a i  cQ3, 

3  - - - 
and b i  = a  a  

2  
1 ~ " * ~ i *  

Then each xcQ / < a  > must  o c c u r  two 
3  - - 

t i m e s  i n  b o t h  o f  t h e  sequences ;? 
V a 2 '  

..., a  and 61,62c, ..., 6 . 
n  n  

Thus t h e  sequence S must  i nduce  a  sequence 3 o n  Z x Z  such 2  2  

t h a t  e v e r y  e l e m e n t  o f  Z 2 x Z 2  o c c u r s  e x a c t l y  t w i c e  i n  5 and 

i t s  a s s o c i a t e d  p a r t i a l  p r o d u c t  sequence B .  The sequence 

S f o r c e  3 t o  be  i n  t h e  f o r m  5 : l,x,y,z,l,z,y,x. Bu t  t h e n  

t h e  a s s o c i a t e d  p a r t i a l  p r o d u c t  sequence i s  ? : l ,x,z, l , l ,  

z,x,l. So Q3 has no symmet r i c  s e q u e n c i n g .  

54.2 S t r o n v  s y m m e t r i c  G e q u e n c i n ~ s  

I f  we p u t  some more r e s t r i c t i o n s  o n  symmet r i c  sequencings, - 

t h e y  can be used  t o  c o n s t r u c t  f a m i l i e s  o f  Howe l l  Des igns  

w h i c h  we w i l l  d i s c u s s  i n  t h e  n e x t  c h a p t e r .  B . A .  ~ n d e r s o n  

and P.A.  Leonard  showed t h a t  Z had a s t r o n g  symmet r i c  
2 P 

sequenc ing  i f  p25 and p  p r i m e .  Also, B.A.  Anderson showed 

t h a t  when p>3 i s  a  p r i m e  and p=5 o r  p7+3,+13 (mod 401, Zp-l 

had a" s t r o n g  s y m m e t r i c  sequenc ing .  Ne s h a l l  f i r s t  t a k e  a 



look at the sequencings. 

Definition 4.3 : Suppose G is an abelian group of order 
$ 

2n and S is a symmetric sequencing of G. S is strong if 

and only if the associated partial product sequence P 

satisfies the following conditions: 

( i )  lsi<jsn-1 implies b i b  i +l # b.b 
J j+l and 

2 
( i  i l si~n-1 imp1 ies bibi+l :e,m 1 where m = bn if n is 

even, m = bn+l if n is odd. 

The sequencing of B. Gordon is symmetric but not 

strong because b2 +lb2j +2 - - cOcl.. .cm, Osj<n for nr4. 

up-until now, the only known groups with strong symmetric 

sequencings are the cyclic groups Z 
2 P' 

where p25, p prime, 

and the cycl ic groups Z where p>3 is a prime and p = 5, 
p-1' 

or p~+3,+13 (mod 40). 

Suppose p23 is a prime, Z is the additive cyclic 
2~ 

group of order 2p and x = ?yeZ2p . Note that x is even, 

the subgroup <x> generated by x has p elements and all 

elements of <x> are even. Also <x>+p u <x> = Z . 
2 P 

We are going to define a sequence S and thus compute 

the partial sums P such that S and P have many of the ' 

properties required to be a strong symmetric sequencing. 

The sequencing S is as follows. 

i 
z (i-l)x (mod 2p) when 1 I i s (p+1)/2 

S:a; 
I 

= 2(i-lI-p when (p+3)/2 I i r (3p+1)/2 and 

: (i-1)x- (mod 2p) when (3p+3)/2 s i 2 2p. 





Then t h e  s e q u e n c e  o f  p a r t i a l  p r o d u c t s  i s  a s  f o l l o w s :  

P : b i =  + ( i - U l 2  (mod 2 p ) ,  a 5 i 5 3"+1, 2  2 2 

~ ~ ~ I x + P  2  o 2 p ) , m  2  5 i 5 2p,  

B e f o r e  g o i n g  a n y  f u r t h e r ,  we g i v e  two  e x a m p l e s .  In  
r 

e a c h  c a s e ,  S i s  t h e  s e q u e n c e  o f  a i r s  a n d  P is  t h e  s e q u e n c e  

o f  hi's T h e  e l e m e n t s  f3 a r e  s t a r r e d  a n d  t h e  e l e m e n t s  
X 

- 
mx - b p + l  a r e  u n d e r l i n e d .  

Example  1 We l e t  p = -1.1, x =  6 a n d  d o  t h e  a r i t h m e t i c  m o d u l o  

2 2 .  We h a v e  

C :  6=b b 2 = b  b 1 0 = b  b  8 = b  b  1 8 = b  b  5 = b  b  9 = b  b  
1 2' 2  3 '  3 4' 4  5'  5  6' 6 7' 7  8' 

1 7 = b b  7 = b b  
8  9 '  9 1 0 '  1 0  11' x x l = b  b  $ =2 a n d  m = 1 6 .  

Example  2  Ne l e t  p = 1 3 ,  x  = 4  a n d  d o  t h e  a r i t h m e t i c  mo'dulo 

26 .  Then  



C: 4=blb2, 16=b2b3, 10=b3b4, 12=b,+b5, 22=b5b6, 14=b6b7, 

13=b7b8, 17=b8bg, 25=bgb10, ll=blObll, l=bllb12t 

21=b12b13; BX=6 and m x = 3 .  

In the next theorem, we are going to give properties 

which the sequences S and P have. 

Theorem 4.4C41 : Suppose p23 is a prime, x = 2 y ~ Z  and 
2~ 

S and P are defined as above. Then 

( i )  {ai:l s i s 2p} - - z2P (We will write this as S = Z 1; 
2~ 

- ( i i )  al = bl - 0, ap+l = bqp = p; 

( i i i )  1 s k s p-1 implies a p+l+k - - - (ap+l-k); 

(iv) 1 2 j 2 2p implies b.+p = b2p-(j-1); 
J 

(v) 2 5 i < j s p+l implies bi-l+bi 2 bj-l+bj (mod 2p) and 

(vi) 2 s i 5 p+l implies b +bi 2 0 (mod 2p). i-1 

Proof : The proofs of statements ( i )  to (iv) are based 

on calculations which are straightforward. 

(1) In order to prove (i), w e have to show that all the 

a.'s, 1 s i s 2p, are distinct. Assume a = a.. 
I i J 

For 1 5 i ,  j s (p+1)/2. This implies 

(i-1)x-(j-l)x % 0 (mod 2p) 

which implies (i-l)x 5 0 (mod 2p) 

which implies (i-j) 2 0 (mod p) 

which implies i = j. 

For (p+3)/2 r i ,  j 5 (3~+1)/2 we have 

2(i-l)-p-C2(j-1)-~1 : 0 (mod-2p) 



which implies 2(i-j) E 0 (mod 2p) 

which implies (i-j) 5 0 (mod p) 

which implies i = j. 

For (3p+3)/2 I i ,  j r 2p we have 

(i-1)x-(j-l)x r 0 (mod 2p) 

which implies (i-j)x E 0 (mod 2p) 

which implies (i-j) 5 0 (mod p) 

which implies i = j. 

For 1 5 i r (p+1)/2, (p+3)/2 5 j r (3p+1)/2 we have 

(i-1)x-C2(j-1)-pl E 0 (mod 2p) 

which implies (i-1)x-2(j-1) r -p (mod 2p) 

which implies (i-1)x-2(j-1) = 2kp-p (for some integer k) ' 

= p(2k-1) 

which is impossible because the left hand side is even 

while the right hand side is odd. 

For (p+3)/2 5 i 2 (3p+1)/2, (3p+3)/2 5 j 5 2p we have 

(j-1)x-C2(i-1)-pl r 0 (mod 2p) 

which imp1 ies (j-1)x-2(i-1) E -p (mod 2p) 

which implies (j-1)x-2(i-1) = 2kp-P (for some integer k) 

= p(2k-1) 

which is also impossible because the left hand side' is 

even while the right hand side is odd. 

For 1 s i r (p+1)/2, (3p+3)/2 r j 5 2p we have 

(i-1)x-(j-l)x r 0 (mod 2p) 

which implies (i-j)x 2 0 (mod 2p) 



w h i c h  i m p l i e s  ( i - j )  z 0 (mod p )  

w h i c h  i s  i m p o s s i b l e  because p + l  < j - i  5 2p-1. 

These cases f i n i s h  t h e  p r o o f  o f  ( i ) .  

( i i )  C l e a r l y ,  a  = ( 1 - l ) x  = 0 and b = a  = 0 .  Now 
1 1 1 

a  = 2  ( p + l ) - 1  -p = p  and 
p + 1  

- = 2 p ( 2 p - l ) y + p  (mod 2p)  where x  = 2y 

- = p  (mod 2 p ) .  

( i i i )  Now 1 2 k  s p - 1  i m p l i e s  p+2 2 p + l + k  r 2p and 

2  I p + l - k  s p .  I f  1 s k  I ( p - 1 ) / 2  t h e n  p+2 s p + l + k  I (3p+11/2 

and ( p + 3 ) / 2  r p + l - k  s p.  T h e r e f o r e ,  

a  = 2 ( p + l + k - 1 ) - p  = p+2k and 
p + l + k  

a = 2 ( p + l - k - 1 ) - p  = p -2k .  Then 
p + l - k  

-a = p+2k. We have 
p + l - k  

a  = -a  
p + l + k  p + l - k g  

I f  ( p + 1 ) / 2  I k  s p-1, t h e n  ( 3 p + 3 ) / 2  I p + l + k  s 2p and 

2 s p + l - k  r ( p + 1 ) / 2 .  T h e r e f o r e ,  

a  E ( p + l - k - l ) x  E ( p - k ) x  (mod 2 p ) .  We have 
p + l - k  

a  - - -a 
p + l - k  p + l - k  

s i n c e  - ( p - k ) x  E k x  (mod 2 p ) .  

We have 
b  +p c ~ ( ~ - ' ) I x  (mod 2p)  + p  
j 2  



- 2  
= C 4 p  - 2 p j - 2 p ( j - l ) + j ( j - l ) l y + p  (mod 2 p )  - j ( j - l ) y + p  (mod 2 ~ )  

w h i c h  i s  c o n g r u e n t  t o  b . t p .  
J 

S u p p o s e  j = ( p + 1 ) / 2 .  T h e n  2 p - ( j - 1 )  = ( 3 p + 1 ) / 2 .  We h a v e  

2  
5 ( d ) y  (mod 2 p )  + p  a n d  

4  

w h i c h  i s  

S u p p o s e  ( p  

2  
(-)y+p2 (mod 2 p )  

4  

2  - (-)y+p (mod 2 p )  
4  

c o n g r u e n t  t o  b . + p .  
J 

+ 3 ) / 2  r j I ( 3 p - 1 ) / 2 .  T h e n  ( p + 3 ) / 2  5 2 p - ( j - 1 )  

I ( 3 p - 1 ) / 2 .  We h a v e  

2  
b . + p  5 (-)X 

J 8 +( j - -12+p 2  (mod 2 p )  

2  
Z (v) y+[  2 p - (  j -1 -?I (mod 2 p )  

w h i c h  is  c o n g r u e n t  t o  b . + p .  
J 



Suppose j = ( 3 p + 1 ) / 2 .  Then 2 p - ( j - 1 )  = 2 p - [ ( 3 p + l ) - l l  = ( ~ + 1 ) / 2 .  

We have 

- 2 - 1  2  
= ( y ) x + p  +p (mod 2p) 

2  
(-1, (mod 2p) and 

w h i c h  i s  c o n g r u e n t  t o  b.+p. 
J 

Suppose ( 3 p + 3 ) / 2  r j s 2p. Then 2p- (2p-1)  r 2 p - ( j - 1 )  

r 2p- (3p+3) /2 -1 ,  t h a t  i s ,  1 5 2 p - ( j - 1 )  s ( p - 1 ) / 2 .  We have 

b .+p  J C ~ I X + P + P  (mod 2p) 

I (mod 2p) and 

{ I ~ P - (  i - 1 ) 1 ( 2 p - j )  
2 

IX (mod 2p) 

We see t h a t  ( v )  and ( v i )  a r e  s l i g h t l y  s t r o n g e r  s t 'a te -  

ments t h a n  t h o s e  g i v e n  i n  D e f i n i t i o n  4 . 3  though one p a r t  o f  

t h a t  d e f i n i t i o n  i s  n o t  cove red  by  these  s t a t e m e n t s .  

( v )  Fo r  2  r i r p, l e t  c  = b +b . 
i i-1 i 



When 2 2 i 5 (p+1)/2 

2 
[ i2-3i+2+i - i  

2 
Ix (mod 2p) 

- 2 
= (i-1) x (mod 2p). 

When (p+3)/2 r i < p+l, 

(p+3)/2 s i s p+l. 
2 

Since x = 2y, (i-1) x (mod 2p) is even. Therefore, ci is 

even for 2 i i i (p+1)/2. For (p+3)/2 r i r p+l, 

- 
C. = 2PX+[( i ---3-- +1 2 

I 
i-e) 1 (mod 2p) 

2 

- 2BX+i 2 -i(p+3)+(-1 p+3 2 + i 2 - i  (p+l)+(-) p+1 2 (mod 2p) 
2 2 

- 2 2 
= 2Bx+2i -i(2~+4)+2p+2+- +' (mod 2p). 

2 

2 ide see that (p +1)/2 is always odd. Therefore, c i  is 

odd if (p+3)/2 r i s p+l. Thus it will suffice to show that 

there is no duplication in either half above. Suppose there 



e x i s t  i, j where  2  r i < j 5 ( p + 1 ) / 2  such t h a t  
2  2  

( i - 1 )  x  ( j - 1 )  x  (mod 2p ) .  

2 2  
i f f  ( i  - 2 i - j  + 2 j ) y  E 0 (mod p )  

i f f  ( i - j ) ( i + j - 2 ) y  r 0 (mod p )  

i f f  e i t h e r  i z j (mod p )  

But  n e i t h e r  o f  t h e s e  cases i s  p o s s i b l e  so t h a t  t h e  even 

c  ' s  a r e  a l l  d i s t i n c t .  
i 

Suppose t h e r e  e x i s t  i and j where ( p + 3 ) / 2  r i < j < p + l  

such t h a t  

The above t h e n  becomes 

p+3 2 p + 3  p+3 2  p+3 
2 ( t + y )  - 4 ( t + l )  2(s+-1 -4(s+-) (mod 2p)  

n n 
2 2  

L L 
i f f  2 t  + 2 t  5 2s +2s (mod 2p)  

i f f  t ( t + l )  5 s ( s + l )  (mod p ) .  

L e t  s  = t + k .  The above reduces  t o  

t ( t + l )  5 ( t + k ) ( t + k + l )  (mod p )  

i f f  k ( 2 t + k + l )  : 0 (mod p )  

i f f  e i t h e r  k  0 (mod p )  

o r  2 t + k + l  r 0 (mod p ) .  

Bu t  s i n c e  k I ( p - 1 ) / 2 - t ,  i t  f o l l o w s  t h a t  



= p-1.  

N e i t h e r  o f  t h e s e  cases i s  p o s s i b l e  so t h a t  t h e  odd ti's 
a r e  d i s t i n c t  and ( v )  i s  v e r i f i e d .  

( v i )  For  ( p + 3 ) / 2  r i < p+ l ,  t h e  c  I s  a r e  odd numbers. There-  
i 

f o r e ,  i n  o r d e r  t o  show ( v i  1, i t  s u f f i c e s  t o  show t h a t  

2 r i I ( p + 1 ) / 2  i m p l i e s  c 2 0 (mod 2p ) .  
i 

- 2  For  2 I i r (p+1 ) /2 ,  c = ( i-1) x  (mod 2 p ) .  
i 

Thus, c i  E 0 (mod 2p)  
2 

i f f  ( i - 1 )  y  5 0 (mod p )  

2  - i f f  ( i - 1 )  = 0 (mod p )  f o r  y  $ 0 (mod p )  

i f f  ( i - 1 )  : 0 (mod p ) .  

T h i s  i s  i m p o s s i b l e .  de  have f i n i s h e d  t h e  p r o o f .  O 

I n  example 1 and example 2, t h e  rows l a b e l l e d  C show 

c  I s  i n  each case.  They a r e  a l l  d i f f e r e n t .  
i 

From Theorem 4.4,  i f  S i s  a  sequencing,  i t  i s  symmet r ic  

and i t  has s e v e r a l  o f  t h e  p r o p e r t i e s  o f  s t r o n g  symmet r ic  

sequenci  ngs .  Thus, we w o u l d  1  i k e  t o  f i n d  o u t  when i t i s  

t h e  case t h a t  S i s  a  sequenc ing  and when i t  i s  t r u e  t h a t  

2mZci (mod 2p), 21i1p+1. C l e a r l y  S w i l l  b e  a  sequenc' ing 

p r e c i s e l y  when { b  : l < i s Z p } = Z  , t h a t  i s ,  when P=Z . We 
i 2 ~  2 ~  

w i  1 1  d e t e r m i n e  e x a c t l y  when t h i s  happens i n  t h e  f o i l o w i n g .  

I f  we can choose x  so  t h a t  P=Z and 2m m i s s e s  a l l  t h e  c  Is ,  
2 ~  i 

t h e n - w e  w i l l  have a s t r o n g  s y m m e t r i c  sequenc ing .  



Theorem 4.5 : Let C = {(O+l+ ...+ i)x (mod 2p) 
X 

: 0 i r (p-11/21 
2 

and W r {CB +(2k) 1 (mod 2p) : 1 r k r (p-11/21 
X 

2 where B = C(P -1)/81x. If x = 2y E Z 
X 2 ~ '  then 

Pxl = (p+1)/2 and / W x /  = (~-1)/2. 

Proof : Suppose x = 2yeZ 
2 ~ '  

In order to show [zx1 = (~+1)/2, 

it is sufficient to show that all elements of Cx are dis- 

tinct. If we assume the contrary, then there are i i 
1' 2 

within the specified limits and i > i  such that 
1 2  

(O+l+,..+i ) X  E (O+l+ ...+ i )X (mod 2p) 
1 2 

iff i ( i  +l)y 5 i2(i2+l)y (mod 2p). 
1 ,  1 

Let i l  = i 2 + t  The above reduces to 

i2(i2+l)y 5 ( i  +t)(i2+t+l)y (mod 2p) 

iff t(2i +t+l)y E 0 (mod 2p). 
2 

But 0 < t i (p-1)/2-i2 and it follows that 

2i +t+l r 2i +(p-1)/2-i +1 = i +(p-1)/2+1 r p-1 and y<p, 
2 2 2 2 

t<p. Therefore, t(2i +t+l)y c 0 (mod 2p) is impossible. 
2 

Then all elements of Z x  are distinct. We have / I / = (p+1)/2. - 
X 

Similarly, suppose not all elements of id are distinct. 
X 

There exist k and k with 1 r k < k '  r (p-1)/2 such that 
1 

2 
2 1 

2 
Bx+(2kl) : Bx+(2k2) (mod 2p) 

iff 2(k -k )(kl+k2) : 0 (nod 2p) 
1 2  

iff (k -k )(k +k E 0 (mod p). 
1 2  1 2  

This is impossible and therefore IWx/ = (p-1)/2. El 



I n  t h e  n e x t  theorem, we a r e  g o i n g  t o  see under  what  

c o n d i t i o n s  S i s  a  sequenc ing .  Tha t  i s ,  under  what  con-  

d i t i o n s  P = { b i  : 1 s i s 2p1 = Z 
2P' 

Theorem 4.6 : I f  ExnWx = 4,  t h e n  P  = Z . 
2  P 

Proof : L e t  N = {1,2, ..., 2p) and Q = { { j , 2 p - ( j - l ) } : l r j < p } .  

p - 2  L e t  V = D U E .  We see t h a t  i f  x1,x2 b e l o n g  

t o  DUE, t h e n  x  +x z 2p+1. dence V = D U E  c o n t a i n s  e x a c t l y  
1 2  

one e lemen t  o f  each member o f  Q. B y  t h e  d e f i n i t i o n s  o f  

C 'and W , C = { b  : reD}  and W = { b  : r € E ) .  Then 
x x x r x r 

C uY = { b r : r t V } .  A l so  a l l  e lemen ts  o f  L and W a r e  
X X X X 

even. So C uW c <x> .  
X X 

I f  C nW = @, t h e n  by t h e  l a s t  theorem I C  url I = p. 
X X X X 

We have C uWx= <x) .  I t  i m p l i e s  { b  : r e v }  = < x > .  By 
x r 

Theorem 4 . 4 ( i v ) ,  { b t : t c ~ \ v }  = <x)+p.    hen 

P = { b t : t r N }  = <x>+p  u  <x )  = Z . 3 
ZP 

Theorem 4.7C41 : Suppose p  3 i s  a  pr ime,  x = and 

S and P a r e  d e f i n e d  as u s u a l .  Then 

( 1 )  ( y ] p )  = -1 i f  and o n l y  i f  Cxuw; = <x>  i f  and o n l y  

i f  S i s  a  symmet r i c  sequenc ing .  

( 2 )  (yip) = 1 i f  and o n l y  i f  C \ { B  1 = i r i  . 
X X . X 

P r o o f  : C nW z @ means t h a t  t h e r e  e x i s t  i ,  O r i ~ ( p - 1 ) / 2 ,  
X X 

and k, l s k s ( p - 1 ) / 2 ,  such t h a t  



2  
( O + l + . . . + i ) x  E C f 3  + ( 2 k )  1 (mod 2p)  

X 

i f f  C i ( i + 1 ) / 2 ! 2 y  E [ ( p 2 - 1 ) / 8 1 2 y + 4 k 2  (mod 2p)  

2  i f f  4 i ( i + l ) y  E [ ( p 2 - l ) y + l 6 k  I (mod 2p) 

2  - 2 i f f  16k  = ( 2 i + l )  y  (mod p ) .  ( * I  
2 

Also, we n o t i c e  t h a t  16k 3 0  (mod p )  f o r  1 I k  I ( p - 1 ) / 2  

and i z ( p - 1 ) / 2 .  

2  2  
( 1 )  I f  (yip) = -1, t h e n  ( y ( 2 i + l )  I p )  = - 1 ( ( 2 i + l )  I p )  = -1. 

T h e r e f o r e ,  ( * )  does n o t  h o l d .  Hence IxnWx = $ w h i c h  

i m p l i e s  CXuWx = < x > .  

Now, suppose CxuW = < x >  so t h a t  C x d X  = 4.  
X 

I f  ( Y I P )  = 1, t h e n  ( ( 2 i + l ) ' y l p )  = 1. T h i s  means 

t h a t  f o r  any g i v e n  i t h e r e  e x i s t s  a  k  such t h a t  

2  - 2 
16k  = ( 2 i + l )  y  (mod p ) .  Thus (yip) = -1. I t  i s  

o b v i o u s  t h a t  Cxu W x  = < x >  i f  and o n l y  i f  S i s  a  

symmetr i c  sequenc ing .  

( 2 )  Suppose (yip) = 1. For  a  g i v e n  i, t h e r e  e x i s t s  an 

u n i q u e  k  such t h a t  ( * I  h o l d s .  T h e . e x i s t e n c e  i s  as 

above. F o r  uniqueness,  suppose t h a t  f o r  a  g i v e n  i 

t h e r e  e x i s t  kl and k2, kl t k 2  such t h a t  

2  2  
16k  r ( 2 i + l )  y  (mod p )  and 

1 

2  2 
16k r ( 2 i + l )  y  (mod p ) .  Then 

2  

2  2  
16k1-16k E 0  (mod p ) .  

2 



T h i s  i s  e q u i v a l e n t  t o  16(kl-k2)(kl+k2) E 0 (mod p )  w h i c h  

i s  i m p o s s i b l e  f o r  any k i n  t h e  a l l o w e d  range,  Thus t h e r e  

a r e  ( p - 1 ) / 2  s o l u t i o n s  t o  ( * I .  S i n c e  i = ( p - 1 ) / 2  i s  e l i -  

m i n a t e d  a t  t h e  b e g i n n i n g ,  i t  f o l l o w s  t h a t  Zx\{f3,} = YX. 

2  - 2  16k = ( 2 i + l )  y  (mod p )  f o r  some i, k.  Then 
2 2  

( ( 2 i + l )  yip) = ( ( 2 i + l )  I p ) ( y l p )  = ( y i p )  = 1. The p r o o f  

i f  f i n i s h e d .  O 

From t h e  above theorem, we know t h a t  f o r  a  p r i m e  p  r 3, 

i f  we can choose a  y  such t h a t  ( y i p )  = -1, t h e n  S i s  a  

symmet r ic  sequenc ing .  ?Je a r e  g o i n g  t o  show such a  seauenc ing  

S i s  a  s t r o n g  symmet r i c  sequenc ing  i f  p  r 5 .  I n  t h e  

f o l l o w i n g ,  l e t  

C = {bi-l+bi : 2 5 i s p + l }  

= { c .  : 2 r i s p + l ) .  
I 

Theorem 4.8[41 : Suppose p  r 3 i s  a  Drirne, x  = 2 y ~ Z  
2  P 

and S and P a r e  c o n s t r u c t e d  as u s u a l .  .We have t h a t  

( 1 )  i f  p : I (mod 41, t h e n  2m < C i f f  = ( y - 1 I p )  and - 

( 2 )  i f  p  3 (mod 4) ,  t h e n  2m g C i f f  ( Y I P )  = ( y - 1 1 ~ ) .  

Proof : I f  2m E C, t h e n  t h e r e  e x i s t s  an i, 2 s i s p + l ,  such 

t h a t  b +b G 2m (mod 2 p ) .  
i - 1  i 

However, 2m i s  a lways  even so t h a t  we o n l y  have t o  

c o n s i d e r  t h e  i t s  such t h a t  2 i i s ( p + 1 ) / 2  as c  i s  even o n l y  
i 

when 2 r i s ( p + 1 ) / 2 .  We have o n l y  t o  c o n s i d e r  



2 2  
( i - 1 )  x 5 ~ ( p ~ - 1 ) / 4 l x + ~ ( p + l )  1 /2  (rnod 2p) f o r  2 s i s ( p + 1 ) / 2 .  

T h i s  i s  e q u i v a l e n t  t o  
2  2  2  

( i - 1 )  v r C(p - 1 ) / 4 ] y + [ ( p + l )  1 /4  (mod p )  
2  

and 4 ( i - 1 )  y  Z ( - l ) ( y - 1 )  (mod p ) .  
2  

Hence ( 4 ( i - 1 )  yip) = ( ( - l ) ( y - l ) l p )  and t h e n  

T k e r e f o r e ,  2m E C i f  and o n l y  i f  (yip) = ( - l I p ) ( y - l l p ) .  

1 i f  p f 1 (rnod 4) and 
Now ( - l i p )  = (-1) 

-1 i f  p r 3 (mod 4 ) .  

I f  p  E 1 (mod 41, t h e n  2m d C 

i f f  ( y  

I f p Z 3  

i f f  ( y  

i f f  ( y  

Theorem 4.9641 : Suppose p  2 3 i s  a  pr ime,  x = 2 y ~ Z  
2  P 

and S and P a r e  c o n s t r u c t e d  as u s u a l .  We have t h a t  

( 1 )  i f  p  1 (mod 41, t h e n  S  i s  a s t r o n g  symmet r ic  seq- 

u e n c i n g  i f  and o n l y  i f  (yip) = -1 and ( y - 1 I p )  = 1 and 

( 2 )  i f  p  5 3 (mod 41, t h e n  S i s  a  s t r o n g  symmet r ic  seq- 

P roo f  : L e t  P  : 1 (mod 4)  f o r  case (1). I f  S i s  a s t r o n g  

symmet r ic  sequencing,  t h e n  f r o m  Theorem 4.7 (yip,) = -1 and 



f r om Theorem 4.8 (yip) z ( y - 1 1 ~ 1 ,  t h a t  i s ,  ( y - l ! ~ )  = 1. 

I f  ( y i p )  -1 and ( y - 1 I p )  = 1, t h e n  f r o m  Theorem 4.7 S i s  

a symmet r ic  sequenc ing  and f rom Theorem 4.8 2m L C .  Tha t  

i s ,  S i s  a  s t r o n g  symmet r i c  sequenc ing .  

Case ( 2 )  i s  s i m i l a r  t o  (1). il 

I f  we use t h e  p rocess  g i v e n  above f o r  Z we g e t  a 
6' 

sequenc ing  S:  0,4,1,3,5,2 w h i c h  i s  a symmet r i c  sequenc ing  

b u t  n o t  s t r o n g .  The o n l y  o t h e r  symmet r i c  sequenc ings  f o r  

Z a r e  6 

S1 
: 0,5,2,3,4,1; P : 0,5,1,4,2,3; C - 5,0,5; 2m = 3; 

1 1 ' 1 

S 2 :  0,2,5,3,1,4; P 0,2,1,4,5,3; 
2  ' 

C 2 :  2,3,5; 2m = 3; 
2 

S 3 :  0,1,4,3,2,5; P : 0,1,5,2,4,3; C . 1,0,1; 2m = 4; 3  3  ' 3 

S 4 :  0,4,1,3,5,2; P 0,4,5,2,1,3; C 4 :  4,3,1; 2m = 4. 
4  ' 4  

None o f  them i s  s t r o n g .  T h e r e f o r e ,  no s t r o n g  symmet r ic  

sequenc ing  e x i s t s  f r o m  Z 
6 '  

Now we come t o  one o f  o u r  ma in  theorems,  

Theorem 4.10C41 : I f  p  r 5  i s  a  p r ime,  t h e n  Z has 
2 P 

s t r o n g  symmet r i c  sequenc ing .  

P roo f  : A c c o r d i n g  t o  t h e  p r e v i o u s  theorems, what  we -- 

t o  p rove  i s  t o  show t h a t  when p  : 1 (mod 41, t h e r e  e x i  

YEZ2P 
such t h a t  ( Y I P )  = -1 and ( y - l l p )  = 1 and when p  

(mod 41, t h e r e  e x i s t s  ycZ such t h a t  (yip) = ( y - l l n )  
2  P 

We know t h a t  t h e  number o f  p a i r s  o f  c o n s e c u t i v e  i n  

have 

s  t s  

5 3  

= -1. 

t e g e r s  



in Cl,p-11 in which the first is a quadratic residue and 

the second is a quadratic nonresidue modulo p is 

N (p) = (1/4)C~-(-1) 
1 

(P-~)'~] and the number of pairs of 

consecutive integers in [l,p-11 in which the first is a 

quadratic nonresidue and the second is a quadratic non- 

residue modvlo p is N2(p) = (1/4)[(~-2)+(-1) (P-1)'2~ see C51. 

Then when p 2 5 and p z 1 (mod 4) N (p) 1 a r d  when p 2 5 
1 

and p E 3 (mod 41, N (p) 2 1. That is, when p 2 5, p E 1 
2 

(mod 41, there exists yeZ such that (yip) = -1 and 
2 P 

(y-lip) = 1 and when p 2 5, p 3 (mod 41, there exists 

ycZ such that (yip) = -1 and (y-llp) = -1. Thus a strong 
2~ ' 

symmetric sequencing always exists for Z when p 2 3. il 
2 P 

Example : Let p = 5, x = 4 and y = 7. Then p r 1 (mod 41, 

(y-1lp) = (615) = 1, and ( Y I P )  = (715) = -1. Also, 

S = 0,4,8,1,3,5,7,9,2,6; 

P = 0,4,2,3,6,1,8;7,9,5; 

mx = b = 1; and 2mX = 2. 
6 

Thus S is a strong symmetric sequencing. 

In the following we are going to show that strong 

symmetr i c sequenci ngs occur for the cycl i c groups Z 
p-1' 

when p 2 3 is a prime and p = 5 or p r +3, +13 (mod 40).C101 

In order to show this, we begin by defining the definition 

of starter first. 



D e f i n i t i o n  4.k : Suppose n  i s  a  p o s i t i v e  i n t e g e r  and G -- 
i s  an s b e l i a n  g r o u p  o f  o r d e r  2n w r i t t e n  a d d i t i v e l y .  Suppose 

* 
t h a t  G has e x a c t l y  one e lement  g o f  o r d e r  2. Then E i s  

an even s t a r t e r  f o r  G i f  and o n l y  i f  E = { { x i , y i  : l s i s n - 1 1  

such t h a t  

( 1 )  Every  nonze ro  e lement  

o c c u r s  as an e lement  

( 2 )  Every  nonze ro  e lement  

d i f f e r e n c e  o f  some pa 

o f  G e x c e p t  one, denoted by m, 

i n  some p a i r - o f  E and 
* 

of  G e x c e p t  g o c c u r s  as a  

i r  o f  G .  

I f  1 s i < j s  n - 1  i m p l i e s  x .+y .  t x.+y., x . + y i  d {0,2m}, 
I I J J  I 

and m g* we c a l l  E a  s t r o n g  even s t a r t e r .  S t r o n g  even 

s t a r t e r s  can be  used t o  c o n s t r u c t  H o w e l l  d e s i g n s  and even 

s t a r t e r s  i n d u c e  1 - f a c t o r i z a t i o n s  o f  K 
2n+2 

w h i c h  we w i l l  

d i s c u s s  i n  t h e  n e x t  c h a p t e r .  A t  t h i s  t i m e  we a r e  o n l y  

i n t e r e s t e d  i n  t h e  c o n s t r u c t i o n  o f  s t r o n g  symmet r i c  sequences. 

Theorem 4.1L : I f  G has a  s t r o n g  even s t a r t e r ,  t h e n  G 

has a  s t r o n g  symmet r i c  sequenc ing  where G = Z . 
2n 

Proof  : Suppose G has a  s t r o n g  even s t a r t e r  
* 

E = { { x i , y i }  : I s i s n - 1 1 .  L e t  E = Eu{O,ml and 
* * 

Q = { ! x , x + ~  1 : X E G ) .  Then e v e r y  e lemen t  o f  G o c c u r s  as 
* * 

an e lement  i n  some p a i r  o f  Q*  and Q n E  = $.  The re fo re ,  
* * 

E = 10,hl} u h i  h i  : l s i s n - 1 1  where h  = m. 
1 

L e t  us d e f i n e  H t o  be a  sequenc ing  i n  t h e  f o r m  



A c c o r d i n g  t o  H, we c o n s t r u c t  t h e  sequence P o f  p a r t i a l  

p r o d u c t s .  I f  n  i s  even, we s t a r t  h  = m i n  t h e  m i d d l e  a t  
1 

bn. I f  n  i s  odd, we s t a r t  hl = m i n  t h e  m i d d l e  a t  bn+l. 

Then we work  t o  t h e  ends o f  P a l t e r n a t i n g  f r o m  s i d e  t o  s i d e .  

* * * 
hl+g , h2, h3+g , :, hn-l+g , hn, and 

* 
For  n  even, b  = hl = m, bZn = h  = g and f o r  n  odd, n  n  

b n + l  
= hl and b  = h  . We c o n s t r u c t  t h e  sequenc ing  

2 n  n  
t 

S = { a i  : a. =bi -bi-l, 2 s i s 2 n )  and a  = 0. Me have a  
I 1 n + l  = g  

* * * * - f o r  - g  = g , and a  n + l +  i - -hitlfhi +g t an+l+i = hi+l-hi-g , 

l s i s n - 1 .  So an+l+i = - ( a  1 and each a  I S  a  
n + l - 1  n + l - i  
* 

d i f f e r e n c e  o f  a  p a i r  { h i + g  , hi+l} o f  t h e  s t a r t e r  E .  There-  

f o r e ,  S i nduces  e v e r y  e lement  o f  G and i s  a  symmet r i c  

sequenc ing .  

S i n c e  E i s  a  s t r o n g  even s t a r t e r ,  t h e n  f o r  l s i < j s n - 1 ,  

we have bi+bi+l  ;t b .+b  and bi+bi+l k {0,2m1. So S i s  
J j + l  

a  s t r o n g  s y m m e t r i c  sequenc ing .  U 

Example : For  n  = 5, E = {{4,2), {3,6}, {8,71, (9,511 w i t h  

* 
rn = 1, g = 5  i s  a  s t r o n g  even s t a r t e r  o f  Z because 

10 
4+2 = 6, 3+6 = 9, 8+7 = 5, 9+5 = 4  a r e  a l l  d i s t i n c t  and n o t  

equa l  t o  2m = 2. Now Q* = { { x , x + ~ * }  : x t G }  

= {{0,51, {1,61, {2,7), {3,81, {4,9}); 



P: 0,4,2,3,6,1,8,7,9,5; and 

S: 0,4,8,1,3,5,7,9,2,6. 

Thus S i s  a  s t r o n g  symmet r i c  sequenc ing .  

I n  o r d e r  t o  show t h a t  t h e r e  e x i s t s  a  s t r o n g  symmet r i c  

sequenc ing  i n  Z we have t o  show t h a t  t h e r e  e x i s t s  a  
P-1' 

s t r o n g  even s t a r t e r  i n  Z 
p - 1  

L e t  f :  ( Z p \ { O ) )  -+ Z be t h e  f u n c t i o n  d e f i n e d  b y  
P-1 

i 
f ( r  ) = i where  r i s  a p r i m i t i v e  r o o t  o f  G F C p l .  O b v i o u s l y  

f i s  a 1-1, o n t o  f u n c t i o n .  

Example : For  p  = 11, 2  i s  a  p r i m i t i v e  r o o t  o f  G F C l l l  because 
0  1 2  3  4  5 6  7 8  9  

2 ~ 1 ,  2 -2, 2  ~ 4 ,  2  E8, 2 r5 ,  2  510, 2 ~ 9 ,  2 r7 ,  2 r3,  2 ~ 6  

(mod 1 1 ) .  T h e r e f o r e ,  f ( l ) = O ,  f ( 2 ) = 1 ,  f ( 3 ) = 8 ,  f ( 4 ) = 2 ,  f ( 5 ) = 4 ,  

f (6 )=g ,  f (7 )=7 ,  f ( 8 ) = 3 ,  f ( 9 ) = 6 ,  f ( 1 0 ) = 5 .  E v i d e n t l y  i t  i s  

1-1 and o n t o .  
' n  ( P - 1 ) / 2  

No te  t h a t  p - 1  = 2  t, t odd and r E -1 (mod p ) .  

2 " - l t  
The re fo re ,  r 

I 
E -1 (mod p ) .  I f  x = r , x  z 0, t h e n  

L e t  us c o n s i d e r  t h e  sequence T: { a i }  
P-1 

= {l,3,5, ... 
i =O 

***,~-4,~-2,0,2,4,6,...,~-5,~-3,~-1). 

L e t  E = {{ai,ai+l) : i = l,3,5, ...,p- 2)  

\ { t h e  p a i r  w i t h  0  as one o f  t h e  e l e m e n t s ) .  



Note t h a t  t h e  e lemen t  i n  T  p a i r e d  w i t h  0  i s  e i t h e r  2 o r  -2 .  

Theorem 4.12 : I f  p  > 3 and p  = 5 o r  p  E t3 ,  213 (mod 401, 

t h e n  f ( E )  i s  a  s t r o n g  even s t a r t e r .  

Proof : L e t  K = {{a.,aicl} : i = O , l ,  ..., p-2, minus  t h e  
I 

two p a i r s  w i t h  z e r o } .  We see t h a t  i f  {ai,ai+l ) i K, t h e n  

{ - a  i '-ai+l ) E K and f ( a . 1 - f ( a  ) = f ( - a . 1 - f ( - a  . For  
I i + l  I i + l  

i f a  = r S a n d a  
i 

= rt, t h e n  f ( a . ) - f ( a i + l )  = s - t  and 
i + l  I 

f ( - a . 1 - f ( - a  ) = Cs+(p -1 ) /21 -C t+ (p -11 /21  = s - t .  And, 
I i +l 

i f  {a ,ai+ll E E ,  t h e n  { -a  i'-ai+l ) . S i n c e  f ( C x , - X I )  = 
i 

{ i , i + ( p - 1 1 / 2 1  where r i  = x and none o f  t h e  p a i r s  i n  E have 

one e n t r y  t h a t  i s  t h e  i n v e r s e  o f  t h e  o t h e r ,  t h e n  t h e r e  
* 

e x i s t s  no p a i r  { i , j }  i n  E such t h a t  f ( i ) - f ( j )  = ( p - 1 ) / 2  = g 

i n  Z A l s o  f ( i ) - f ( j )  z 0  f o r  any p a i r  { i , j )  E E because 
p-1 '  

f i s  one-one and o n t o .  Thus f ( E )  w i l l  be an even s t a r t e r  

f o r  Z i f  we can show t h a t  1 i < j r ( p - 3 ) / 2  i m p l i e s  
p-1' 

C f ( 2 i ) - f ( Z i + 2 ) 1  Z + C f ( 2 j ) - f ( 2 i + 2 ) 1  (mod p - 1 ) .  

k  t Suppose 2  = r , I = rS  and j = r . Then i ? j, 

k  s  k  t n  r ( r  +1 )  = r m a n d  r ( r  +1 )  = r .  

To t h e  c o n t r a r y ,  assume t h a t  f o r  some i,j, we have 

C f ( 2 i ) - f ( 2 i + 2 ) 1  E C f ( 2 j ) - f ( 2 j + 2 ) 1  (mod p - 1 ) .  Then 

k s  k k t  k  
( k + s ) - f ( r  r +r r ( k + t ) - f ( r  r + r  ) (mod p -1 )  

o r  (k+s-m) r ( k + t - n )  (mod p-1)  

o r  s+n 5 t+m (mod p - 1 ) .  

There fore ,  r s+n = - r t+m (mod p )  o r  



s k  t t k  s  r r ( r  +1)  - r r ( r  + I )  (mod p3 o r  

s k =  r r - r t r k  (mod p )  o r  

r S  E r (mod p ) .  

T h i s  i s  a  c o n t r a d i c t i o n .  

Assume C f ( 2 i - f ( 2 i + 2 ) 1  E - C f ( Z j - f ( Z j + Z ) I  (mod p-1) .  

Then (k+s-m) 5 - ( k + t - n )  (mod p -1 )  o r  

s + t  5 m+n-2k (mod p - 1 ) .  

The re fo re ,  r s + t  , rm+n-2k (mod p )  o r  

r s + t  = k  s  k  t - r ( r  + l ) r  ( r  + t ) r  -2k (mod p )  o r  

r ~ + t  = - ( r s + l ) ( r t + l )  (mod p )  o r  

r S + r t  E -1 (mod p )  o r  

i + j  5 -1 (mod p ) .  

T h i s  i s  i m p o s s i b l e  f o r  t h e  range o f  i, j. I t  f o l l o w s  t h a t  

f ( E )  i s  an even s t a r t e r  f o r  Z 
p -1 '  

To show f ( E )  i s  a  s t r o n g  even s t a r t e r ,  we s t i l l  have 

t o  show rn t g* i n  f ( E ) ,  t h e  sum o f  t h e  p a i r s  o f  f ( E )  a r e  

d i s t i n c t  and t h e y  a r e  n e i t h e r  0 n o r  2m. 

We know t h a t  m  = f ( 2 )  o r  rn = f ( - 2 )  and g* = ( p - 1 ) / 2 .  

k Suppose 2  = r . Then f ( 2 )  = k  and f ( - 2 )  = k + ( p - 1 ) / 2 .  I f  

( P - ~ ) / ~ + ( P - ~ ) / ~  = and = 3 .  k  = (p -1) /2 ,  t h e n  -2 = r 

I f  k = 0, t h e n  2  = r 
( p - 1 ) / 2  

= 1. B o t h  cases a r e  impo 'ss ib le  

SO t h a t  m r g*. 

Cons ider  t h e  p a i r s  i n  K .  I t  i s  c l e a r  t h a t  

f ( a i ) + f ( a i + l )  f ( - a i ) + f ( - a i + l )  (mod p - 1 ) .  The sums o f  

t h e  p a i r s  o f  f ( E )  a r e  d i s t i n c t  i f  we can show 



To the  c o n t r a r y ,  assume f o r  some i,j, we have 

C f ( 2 i  ) + f ( Z i + 2 ) 1  E [ f ( Z j ) + f ( Z j + Z ) I  (mod p -1 ) .  

Then k+s+m 2 k + t + n  (mod p-1)  o r  

s+m r t + n  (mod p-1)  o r  

s + m -  t + n  
r r (mod p )  o r  

S S t t  
r ( r  +1) E r ( r  +1) (mod p )  o r  

s s  t t -  s  t 
r r -r r = - ( r  -r ) (mod p )  o r  

s t 
( r  +r ) f -1 (mod p ) .  

T h i s  i s  a  c o n t r a d i c t i o n .  A l l  sums o f  p a i r s  o f  f ( E )  a re  

d i s t i n c t  modulo p-1. We can show the  sums o f  the  p a i r s  i n  ' 

f C E )  a r e  n o t  equal t o  0 o r  Zm, s i m i l a r - t o  t h e  above. The 

p r ime p  w i l l  have t h e  r e q u i r e d  p r o p e r t i e s  i f  and o n l y  i f  

f o r  1 I i I ( p - 3 ) / 2  n e i t h e r  

C f ( Z i ) + f ( Z i + 2 ) 1  - 0 (mod p -1 )  no r  

C f ( 2 i ) + f ( Z i + Z ) I  i Z f ( 2 )  (mod p-1)  has a  s o l u t i o n .  

Now f ( 2 i ) + f ( 2 i - Z )  E 0 (mod p-1)  

i f f  (k+s+m) r 0 (mod p-1)  

i f f  r 
k+s+m 

5 1 (mod p )  

s k  s  k  
i f f  r r ( r  + l ) r  r 1 (mod p )  

i f f  4 i ( i + l )  E 1 (mod p ) .  ( a )  

Also, C f ( Z i ) + f ( Z i + Z ) I  5 Z f ( 2 )  (mod p-1)  

i f f  s+m F k  (mod p-1)  

i ' f f  rs+m 
k 

E r (mod p )  



i f f  r s ( r s + l )  E 1 (mod p )  

I f  p  = 5, o b v i o u s l y  (a ) ,  ( b )  do n o t  b o t h  h o l d .  S i n c e  

( - n - l ) ( - n - l + l )  = n ( n + l ) ,  i f  n  i s  a  s o l u t i o n  t o  e i t h e r  

( a )  o r  ( b )  so  i s  -n-1. T h i s  means t h a t  i f  we have i n t e g e r  

n  where 1 I n  I ( p - 3 ) / 2  w h i c h  i s  a  s o l u t i o n  t o  e i t h e r  
1 1 

( a )  o r  ( b ) ,  t h e n  t h e r e  e x i s t s  n  w h i c h  has t h e  same p r o -  
2  

p e r t i e s  as n  and p / 2  s n  5 p-2  as n  = -1-nl. I f  p  > 5, 
1 2  2 

( p - 1 ) / 2  i s  n ~ t  a s o l u t i o n  o f  e i t h e r  ( a )  o r  (b ) ,  and ( p + 1 ) / 2  

h3s t h e  same p r o p e r t i e s  as ( p - 1 ) / 2 .  T h i s  reduces  t h e  

p rob lem t o  l o o k i n g  f o r  t h e  p r imes  p  such t h a t  t h s r e  a r e  no 

s o l u t i o n s  a t  a l l  t o  ( a )  and ( b ) .  S i n c e  

i f f  4 n ( n + l )  r 4  (mod p )  

2 
i f f  4n + 4 n + l  r 5 (mod p )  

2  
i f f  ( 2 n + l )  2 5 (mod p ) .  

Then ( a )  has no s o l u t i o n  i f  and o n l y  i f  ( 5 1 ~ )  = -1. Now 

4 n ( n + l )  1 (mod p )  

2  
i f f  4n + 4 n + l  f 2  (mod p )  

i f f  (2n+112 5 2  (mod p ) .  

There fore ,  ( b )  has no s o l u t i o n  i f  and o n l y  i f  ( 2 1 ~ )  =' -1. 

We know t h a t  ( 5  1p 1 E -1 i f f  p 5 +3  (mod 5 )  and 

( 2 1 ~ )  E -1 i f f  p  5 +3 (mod 8 )  

w h i c h  i m p l i e s  t h a t  p  ! +3, +13 (mod 40 ) .  T h e r e f o r e ,  f ( E )  

i s  a . s t r o n g  even s t a r t e r  i f  and o n l y  i f  p  5  o r  p  +3, 513 

(mod 40 ) .  O 



CHAPTER F I V E  

A ~ ~ l i c a t i o n s  o f  Sesuenceable G r o u ~  

I n  t h i s  c a h p t e r ,  we w i l l  d i s c u s s  some a p p l i c a t i o n s  

o f  sequenceab le  groups  t o  L a t i n  Squares, Howel 1 Des i gns 

and Graphy Theory .  

35.1 Aopl i c a t i o n s  t o  L a t i h  Sauares 

D e f i n i t i o n  5 . 1  : A L a t i n  square  L  o f  o r d e r  n  i s  an nxn 

m a t r i x  w i t h  n 2  e lemen ts  based o n  a  s e t  X w i t h  n  d i s t i n c t  

e lements  such  t h a t  none o f  them o c c u r s  t w i c e  i n  any row 

o r  column o f  t h e  m a t r i x .  

D e f i n i t i o n  5 . 2  : A L a t i n  square  L  o f  o r d e r  n  o n  a  s e t  X 

w i t h  n  d i s t i n c t  e lemen ts  i s  c a l l e d  row (co lumn)  comp le te  

i f  f o r  e v e r y  o r d e r e d  p a i r  (a,b) where a t b, a,b E X, 

t h e r e  e x i s t s  e x a c t l y  one row (co lumn)  o f  t h e  L a t i n  square  

i n  w h i c h  a and b  appear as a d j a c e n t  e lemen ts .  

I f  a L a t i n  square  i s  b o t h  row and column complete,  we 

c a l l  i t  a c o m p l e t e  L a t i n  square .  

L e t  Crn 1 d e n o t e  a  L a t i n  square  o f  o r d e r  n  o n  X .  , Then 
s t  

i t  i s  row (co lumn)  comp le te  i f  f o r  any o r d e r e d  p a i r  (a,b), 

where a,b E X, t h e r e  e x i s t s  e x a c t l y  one p a i r  o f  i n t e g e r s  

s, t where 1 I s  I n, 1 t I n such t h a t  



Examples : 

0. 1 3 .  2. 

The L a t i n  s q u a r e  1 2  0  3  i s  row c o m p l e t e .  

2 3 1 0  

3 0 2 1  

0 1 2 3  

The L a t i n  s q u a r e  1 2  3  0  i s  co lumn comp le te .  

3 0 1 2  

2 3 0 1  

 ina ally, t h e  L a t i n  s q u a r e  1 0  3 2  i s  comp le te .  

2 3 0 1  

3 1 2 0  

B .  Gordon f o u n d  a s u f f i c i e n t  c o n d i t i o n  f o r  t h e  ex-  

i s t e n c e  o f  a  c o m p l e t e  L a t i n  square .  

Theorem 5 . 1  : I f  G i s  a  sequenceab le  g r o u p  o f  o r d e r  n, 

t h e n  t h e r e  e x i s t s  a  c o m p l e t e  L a t i n  s q u a r e  o f  o r d e r  n.  

P r o o f  : L e t  S:al,a2, .,an be  a  s e q u e n c i n g  o f  G and 

P:b b  .., b  b e  t h e  sequence o f  p a r t i a l  p r o d u c t s  o f  S .  
lf 2, n  

We a r e  g o i n g  t o  v e r i f y  t h a t  t h e  m a t r i x  Cm 1 w i t h  
-1 

s t  

m = b s L b t  = a  s + l a s + 2 "  * a  
t 

i s  a c o m p l e t e  L a t i n  square .  
s t  

S i n c e  S i s  a  sequencing,  t h e n  as+las+2.. .a t  z 

ar+lar+2...at i f  s  t r .  T h a t  i s ,  mst t mrt i f  r t s .  



There fore ,  each row o f  Cm 1 c o n t a i n s  each e lement  o f  G 
s t  

e x a c t l y  once.  Fur thermore ,  m r t  z mru i f  t z u, as 

a r + l a r + 2 u * a t  a r + l a r + 2 " * a u *  There fo re ,  each column 

o f  i m  I c o n t a i n s  each e lement  o f  G e x a c t l y  once. Thus 
s t  

E m s t ]  i s  a  L a t i n  s q u a r e .  

To show CmStl i s  row complete,  suppose 

We have t o  show s  = u  and t = v .  By t h e  d e f i n i t i o n  o f  m  
s t '  

and bsAbt+l - - buAbv+l* ( i i )  

-1 -1 -1 -1 
From ( i ) ,  ( b S  b t )  = (bu  b v )  w h i c h  i m p l i e s  

The p r o d u c t  o f  ( i i and ( i i i ) y i e l d s  

-1 -1 
wh ich  i m p l i e s  b t  bt+l= bv bv+l. 

Tha t  i s ,  at+l = a  v + l '  and we have t = ' v .  

-1 -1 
Put t = v  i n t o  ( i )  w h i c h  produces  bS = b  and i m p l i e s  

U 

s  = u.  T h e r e f o r e ,  Cm 1 i s  row comp le te .  Sirni l a r l y ,  
s t  C m S t J  

i s  a l s o  co lumn c o m p l e t e .  Then t h e  m a t r i x  Cm 1 w h i c h  i s  
s t  

based o n  t h e  sequenceab le  g roup  G i s  a comp le te  L a t i n  square .  O 



U s i n g  t h e  p r o o f  o f  t h e  p r e c e e d i n g  theorem, we can 

c o n s t r u c t  a  c o m p l e t e  L a t i n  s q u a r e  o f  o r d e r  n  i f  a  seq-  

uenceab le  g r o u p  o f  o r d e r  n  e x i s t s .  

Examwle : L e t  u s  c o n s i d e r  t h e  g r o u p  Z . S: 0,1,6,3,4,5,2,7 
8 

i s  a  sequenc ing  and P: 0,1,7,2,6,3,5,4 i s  t h e  sequence o f  

p a r t i a l  p r o d u c t s .  Then t h e  L a t i n  square  

0 1 7 2 6 3 5 4  

7 0 6 1 5 2 4 3  

1 2 0 3 7 4 6 5  

Cmstl = 6 7 5 0 4 1 3 2  

2 3 1 4 0 5 7 6  

5 6 4 7 3 0 2 1  

3 4 2 5 1 6 0 7  

4  5  3  6  2  7 1 0  i s c o m p l e t e .  

hie n o t i c e  t h a t  f o r  a  comple L a t i n  square, i f  we i n t e r -  

change some rows (co lumns) ,  t h i s  comp le te  square  w i  1 ! become 

a row (co lumn)  c o m p l e t e  b u t  n o t  co lumn ( r o w )  comp le te .  

E x a r n ~ l e  : L e t  u s  c o n s i d e r  Z 6' 
Now S: 0,1,4,3,2,5 i s  a  seq- 

u e n c i n g  and P: 0,1,5,2,4,3 i s  t h e  p a r t i a l  p r o d u c t  sequence. 

Then t h e  L a t i n  s q u a r e  

4 5 3 0 2 1  

3  4  2  5 1 0  i s  comple te .  



The L a t i n  s q u a r e  

0 1 5 2 4 3  

1 2 0 3 5 4  

4 5 3 0 2 1  

3 4 2 5 1 0  

2 3 1 4 0 5  

5 0 4 1 3 2  

i s  row comp le te .  

We now c o n s i d e r  some r e l a t i o n s  between sequenceab le  

groups and o r t h o g o n a l  L a t  i n  squares .  

D e f i m i t i o n  5.3 : Two L a t i n  squares  [ k  1 and C t . . ]  o f  
i j I J  

o r d e r  n  o n  t h e  n - s e t s  R and S r e s p e c t i v e l y ,  a r e  o r t h o g o n a l  

i f  e v e r y  o r d e r e d  p a i r  o f  symbols o c c u r s  e x a c t l y  once among 

t h e  n2 p a i r s  Ck. 1 i = 1 , .  n, j = 1 ,..., n. 
~j I J  

For example, l e t  

2 3 1  2 1 3  

Ck. .I = 1 2 3  and C t . . l  = 1 3 2. 
I J  I J  

3 1 2  3 2 1  

Super impos ing  one upon t h e  o t h e r  y i e l d s  

2,2 3, l  1,3 

1,l 2,3 3,2 

3,3 1,2 2, l .  

We see t h a t  t h e  L a t i n  squares  Ck. I and C t . . l  a r e  o t h o g o n a l .  
I j I J  

T h e ' f o l l o w i n g  theorems were p r o v e n  b y  K .  H e i n r i c h .  



Theorem 5 . 2  : I f  G i s  a  sequenceab le  g r o u p  o f  o r d e r  n  and 

i f  t h e r e  a r e  two o r d e r i n g s  o f  G, say  hl,h2, ..., hn and h i ,  
-1 -1 

* w i t h  t h e  p r o p e r t y  t h a t  hl(h;) ,h2(h;) , . .. h5, *,hn, 
-1 - . . h  h  i s  a l s o  an o r d e r i n g  o f  G, t h e n  we can c o n s t r u c t  

n  n  

a  p a i r  o f  o r t h o g o n a l  L a t i n  squares  o f  o r d e r  n  w i t h  t h e  

p r o p e r t y  t h a t  one i s  row c o m p l e t e  and t h e  o t h e r  i s  comple te .  

P r o o f  : L e t  a  ,a ,..., a  be a  s e q u e n c i n g  o f  G. Choose 
1 2  n  

hl 
- = al,h2 - ala2,. . . , h = ala2.. .a . C o n s t r u c t  t h e  n  n  

L a t i n  s q u a r e  C t  1 w i t h  t h e  f i r s t  row b e i n g  al,ala2, ... 
i j 

..., ala 2...an. Row i i s  o b t a i n e d  b y  m u l t i p l i n g  each e l e -  

ment o f ,  row one o n  t h e  l e f t  b y  h  C o n s t r u c t  t h e  L a t i n  
i '  

square  Ck. 1 w i t h  t h e  f i r s t  row b e i n g  a  a  a  ..., a  a  ... a  . 
I j 1' 1 2'  1 2  n  

Row i i s  a g a i n  o b t a i n e d  b y  m u l t i p l i n g  each e lement  o f  row 

one o n  t h e  l e f t  b y  h i .  Then b y  Theorem 5.2, L a t i n  square  

C t . . l  i s  c o m p l e t e  and Ck 1 i s  row comp le te .  
I J  i j 

I n  o r d e r  t o  show C t  1 and Ck. -1  a r e  o r t h o g o n a l ,  
i j I J  

assume t h a t  t h e r e  e x i s t  o r d e r e d  p a i r s  ( r , s )  and (u,v) 

such t h a t  t h e  o r d e r e d  p a i r s  ( t r s , k r s )  and ( t  ,kUv) a r e  uv  

e q u a l .  We have t o  show r = u, s  = v .  From o u r  c o n s t r u c t i o n  

we have h  a  a  ..a = h  a  a  ..a 
r 1 2 '  s  u  I 2 '  v  

C r 

and hrala 2...as = huala 2. . .av.  

, -1 , - 1 
Then (hrala 2... as)(hrala2-as) = (huala 2...av)(huala2...av) 

* -1 ' -1 
w h i c h  i m p l i e s  h r ( h r )  = hu(hu)  



-1 -1 -1 S i n c e  hl(h;) , h 2 ( h 2 )  ,..., hn(hn)  i s  an o r d e r i n g  

o f  G, t h e n  r = u. S u b s t i t u t i n g  r = u  i n  t h e  above, we o b t a i n  

s  = v .  The p r o o f  i s  f i n i s h e d .  0 

Theorem 5.3  : I f  t h e  n o n - a b e l i a n  g r o u p  G o f  o r d e r  n  = pQ, 

where p  and q  a r e  d i s t i n c t  odd p r i m e s  and p ( q - l ,  i s  seq- 

uenceable,  t h e n  t h e r e  e x i s t s  a  s e t  o f  p - 1  p a i r  w i s e  o r t h o -  

gona l  L a t i n  squares  o f  o r d e r  n  a l l  o f  w h i c h  a r e  row comple te .  

P r o o f  : Suppose G i s  t h e  g r o u p  d e s c r i b e d  i n  t h e  above. 

Then G = <a,b> and i s  d e f i n e d  b y  aq = bP = l . a n d  ab = ba r 

P - where r = 1 (mod q),  r 3 1 (mod q )  and p l q - 1 .  

L e t  us c o n s i d e r  
i k  i k  i j k  

Gk = { l , ( b  1 , (a  1 , (b  a  1 : l r i c p - 1 ,  l i j c q - 1 )  f o r  a  f i x e d  

l k  2 k  
k, l i k s p - 1 .  S i n c e  ( b i l k  = bik and a l l  ( b  ) , (b ) ,..., ( b  q - l ) k  

i k  
a r e  d i s t i n c t  g i v e n  t h e  range  o f  i, t h e n  { ( b  : l s i s p - 1 )  i s  

I 
equa l  t o  { b  : l < i < p - 1 ) .  S i m i l a r l y ,  

j {(ailk : ls isq- : )  = { a  : 1 - 1 .  L e t  us  c o n s i d e r  t h e  s e t  
i j k  

i ( b  a  1 : l ~ i ~ p - 1 ,  l ~ j ~ q - 1 )  f o r  a  f i x e d  k .  We have 

( k - 1 ) i  ( k - 2 ) i  2 i  i 
i i k  i k  jCr + r r 

( b a - )  = b  a  
+ * - * + r  +r +I1 for  ab = ba  

Suppose t h e r e  e x i s t  (il,jl ) and ( i 2 , j 2 !  such t h a t  

il jl k  i 2 j 2 )  k  
( b  a  1 = ( a  a  . From wha t  we have shown above, we 

know t h a t  i mus t  be  equa l  t o  i and j may n o t  be  equa l  
1 2  1 

t o  j, on1 y:,when r 
( k - l ) i  ( k - 2 ) i  

+ r 
2 i  i 

+., .+r + r  + 1  5 0 (mod q ) .  
L 

i k i 
T h a t  i s .  ( r k i - l ) / ( r  -1) - 0 (mod q )  and hence r E 1 (mod q ) .  



Assume k i  = aq+s where a i s  a  p o s i t i v e  i n t e g e r  and 
k i a p+ s  s 

0 i s  < p. S i n c e  r P  E 1 (mod p),  t h e n  r : r E r 

E l  (mod q ) .  B u t  p  i s  a  p r i m e  and r j? 1 (mod q) so t h a t  

s  = 0 w h i c h  imp1 i e s  ki = ap.  T h i s  i s  i m p o s s i b l e  f o r  t h e  

ranges o f  i and k .  T h e r e f o r e ,  r 
( k - l ) i  ( k - 2 ) i  

+ r  +.  . .+r2i+ri+l 

3 0 (mod q ) .  Hence Gk = G f o r  1 < k  p-1. 

I f  we have an o r d e r i n g  o f  G, l e t  us  say h  h  2 t * * * / h n  . . 
1 I I 

t h e n  h  ,h , . . . ,h i s  a l s o  an o r d e r i n g  o f  G where 1 I i 5 P-1. 
1 2  n 

i i I 
Also, i f  we choose any two o r d e r i n g s  h  ,h , . . .,hn and . 1 2  

J J 
hJ,h , . . .,hn where 1 s i < .i P-1, t h e n  

1 2  

i -1 i -1 j i -1 
h J ( h  , h i ( h 2 )  , ..., h,(hn) i s  a l s o  an o r d e r i n g  o f  G. 
1 1 ,  

By Theorem 5.2, we can c o n s t r u c t  a  s e t  o f  p -1  p a i  r w i s e  

o r t h o g o n a l  L a t i n  squares  o f  o r d e r  n  a l l  o f  w h i c h  a r e  row 

complete.  0 

3 Theorem 5 . 4  : i f t h e  non-abe l  i an g r o u p  o f  o r d e r  n  = p  on  

two g e n e r a t o r s  i s  sequenceable,  t h e n  t h e r e  e x i s t s  a  s e t  o f  

p - 1  p a i r w i s e  o r t h o g o n a l  L a t i n  squares  o f  o r d e r  n  a l l  o f  

wh ich  a r e  row comp le te .  

Proof : I f  G i s  t h e  g r o u p  d e s c r i b e d  as above, t h e n  t h e r e  

p2  e x i s t  a a n d  b such  a  = b P  = 1 and ab = b a  p + l  . We can use  

t h e  method o f  t h e  l a s t  theorem t o  c o n s t r u c t  p - 1  p a i r w i s e  

o r t h o g o n a l  L a t i n  squares  o f  o r d e r  n  a l l  o f  w h i c h  a r e  row 

comple te .  U 



3 5 . 2  A D P ~  i c a t i o n s  t o  Howel 1 Des igns  

D e f i n i t i o n  5 . 4  : Suppose X i s  a  s e t  such  t h a t  ( X I  = 2n. 

A Howe l l  d e s i g n  o n  X o f  t y p e  H(s,2n) c o n s i s t s  o f  a  square  

a r r a y  o f  s i d e  s  such t h a t  

( i )  each c e l l  i.s e i t h e r  empty o r  c o n t a i n s  an uno rde red  

p a i r  o f  e l e m e n t s  t a k e n  f r o m  X, 

( i i )  each e lemen t  o f  X appears  e x a c t l y  once i n  each row 

and each column o f  t h e  a r r a y  and 

( i i i )  e v e r y  u n o r d e r e d  p a i r  appears  a t  most  once i n  a  c e l l  

o f  t h e  a r r a y .  

~ e ' c a n  see t h a t  t h e  range o f  p o s s i b l e  v a l u e s  o f  s  

i s  n  r s  I 2n-1 f o r  i f  s  < n  c o n d i t i o n  ( i i )  i s  v i o l a t e d  

and i f  s  > 2n-1, c o n d i t i o n  ( i i i )  i s  n o t  s a t i s f i e d .  

D e f i n i t i o n  5 . 5  : Cons ide r  a  Howe l l  d e s i g n  o n  X o f  t y p e  

H(s,2n) such t h a t  t h e r e  i s  a  s e t  Y c X  w i t h  o r d e r  2n-s and 

no p a i r  o f  e lemen ts  o f  Y occupy  a  c e l l  o f  t h e  d e s i g n  o f  

t y p e  H(s,2n) .  We d e n o t e  such a  H o w e l l  d e s i g n  by  ~ * ( s , 2 n )  

* 
and say  i t  s a t i s f i e s  t h e  - c o n d i t i o n .  

I n  t h i s  s e c t i o n  we a r e  o n l y  i n t e r e s t e d  i n  t h e  r e l a t i o n -  

s h i p  between sequenc ing  g roups  and H o w e l l  d e s i g n s .  By u s i n g  

t h e  c h a r a c t e r i s t i c s  o f  s t r o n g  s y m m e t r i c  sequencings,  we 

w i  11 show t h a t  t h e  Howel 1 d e s i g n s  o f  t y p e s  ~ * ( 2 p , 2 p + 2 )  

e x i s t  f o r  a1 1 p r i m e s  p. 



Examwle : The a r r a y  

1,s @ 4,5 2,3 

3,4 2,6 Q, 1,5 

2,5 4,l  3,6 4) 

4 3,5 1,2 4,6 

i s  a  HX(4,6) H o w e l l  d e s i g n  w i t h  Y = (1,31 and 

@ @ 1,2 3,4 5,6 7,8 

@ 4 5,7 6,8 1,3 2,4 

4,5 1,8 Q, 4 2,7 3,6 

3,7 2,6 Q, Q, 4,8 1 ,5  

2,8 3,5 4,6 1,7 @ @ 

1,6 4.7 3,8 2,5 @ @ 

i s  a  ~ * ( 6 , 8 )  Howe l l  d e s i g n  w i t h  Y = {1,4). 

I n  f a c t ,  a l l  d e s i g n s  o f  t y p e  ld(Zn-2,2n) s a t i s f y  t h e  

* 
- c o n d i t i o n .  T h i s  f o l l o w s  because an e lemen t  x  i s  p a i r e d  

w i t h  2n-2 o t h e r  e lements  so  t h e r e  rema ins  an e lement  y  

w i t h  w h i c h  x  i s  n o t  p a i r e d  i n  a  c e l l .  

We a r e  g o i n g  t o  show t h a t  a  s t r o n g  symmet r i c  sequenc ing  

o n  an a b e l i a n  g r o u p  o f  o r d e r  2n w i l l  i n d u c e  a  Howe l l  d e s i g n  

o f  t y p e  ~ * ( 2 n , 2 n + 2 ) .  I n  Chapter  f o u r  'we showed t h a t  when 

p  5  w i t h  p  a  pr ime,  Z has a  s t r o n g  s y m m e t r i c  sequenc ing  
2 ~  

and when p  > 3  i s  a  p r i m e  and p = 5 o r  p  E +3,+13 (mod 401, 

* P - 1  has a s t r o n g  symmet r i c  sequenc ing .  T h i s  means t h a t  f o r  

such a  pr ime,  p, ~ * ( 2 ~ , 2 p + 2 )  e x i s t s .  T o g e t h e r  w i t h  t h e  



example above, ~ * ( 2 ~ , 2 p + 2 )  e x i s t s  f o r  a l l  p r imes  i f  we can 

p r o v e  o u r  f i r s t  s t a t e m e n t  i n  t h i s  pa rag raph .  

Suppose an Abel i a n  g r o u p  Z 2 n  has a s t r o n g  symmet r i c  

sequenc ing  S:  al,a2, ..., aZn a s s o c i a t e d  w i t h  t h e  ~ a r t i a l  

p r o d u c t  sequence P: bl, b2,. . . ,b . 
2n 

L e t  E = 
{ I b 2 j + 2 t b 2 (  j + l ) + l  : O<j<n/Z-1)  

By Theorem 4.4, E i s  an even s t a r t e r .  

L e t  A  = I - ( b 2 j + 2 + b  2 ( j + 1 ) + 1  
1 : O< j<n /2 -1 )  

+b " t - ( b 2 n - ( 2 j + 1 )  2n -2 j  : O<jsn/2-1.}  

u I-2m,0). 

Then a i l  e lemen ts  i n  A a r e  d i s t i n c t  because S i s  a  s t r o n g  

s y m ~ n e t r i c  sequenc ing .  A l so  we n o t i c e  t h a t  

4(b2j+l+b2( j + l ) + l ) * b 2 j + 2 '  - ( b  z j + l c b 2 (  j + l ) + 1 ) + ~ 2 ( j t l ) + l  

f o r  Os j<n /2-1 ;  - ( b  +b +b 
2 n - ( 2 j + l )  2 n - 2 j  2 n - ( 2 j + l ) '  

- ( b  ) + b  
2 n - ( 2 j  + l ) + b 2 n - 2 j  2n -2 j  

f o r  O<j<n/2-1;  0+0, -2m+m 

a r e  a l l  d i s t i n c t  e lemen ts  o f  Z . We c a l l  A an adder  o f  
2n 

t h e  g r o u p  Z Z n .  

Theorem 5 . 5 C l l l  : A s t r o n g  symmet r i c  sequenc ing  on  'an 

Abel i a n  grouD Z w i t h  an u n i q u e  e lement  o f  o r d e r  2, induces 
2n 

a Howel 1 d e s i g n  o f  t y p e  ~ * ( 2 n , 2 n + 2 ) .  

P r o o f  : Cons ide r  t h e  i n t e g e r s  modulo 2n w i t h  two a d d i t i o n a l  

00 e lements  an, n+l such t h a t  wn+l = a,, mn+l+l = a n + l '  F rom 



t h e  above d i s c u s s i o n ,  we know t h a t  t h e r e  e x i s t s  an even 

s t a r t e r  and adder  w h i c h  s a t i s f y  t h e  p r o p e r t i e s  i n  above. 

L e t  t h e  s e t  E = I { x i , y i l  : l s i s n - 1 1  b e  a  s t a r t e r  o f  Z . 
2n 

L e t  {mn,zn}, { " n + l , ~ n + l )  be t h e  p a i r s  such t h a t  z  = 0, n  

z n + l  = m  where m i s  a  nonze ro  e lemen t  o f  G w h i c h  does n o t  

o c c u r  as an e l e m e n t  o f  some p a i r s  o f  t h e  s t a r t e r .  A l s o  

l e t  A = { c i  : l < i s n + l }  be t h e  adder .  Then x .+c i ,  y i t c i  
I 

where i = 1,2, ..., n - 1  and z.+c j = n ,n+ l  a r e  a l l  d i s t i n c t .  
J j '  

Now, we can c o n s t r u c t  a  Howel 1 d e s i g n  o f  t y p e  ~ * ( 2 n , 2 n + 2 )  

as f o l l o w s .  F i r s t  we p l a c e  { x  , y i }  i n  t h e  f i r s t  row, 
i 

t h  
( 2 n - c i )  column; {z,,~,} i n  t h e  f i r s t  row, ( 2 n - c n )  

t h  

t h  
column; and { ~ , + l , ~ ~ + l }  i n  t h e  f i r s t  row, ( 2 n - ~ , + ~ )  

column. Then i f  t h e  p a i r  {x ,y)  o c c u p i e s  t h e  c e l l  i n  t h e  
t h  t h  

i and j column, t h e  p a i r  C x + l , y + l )  o c c u p i e s  t h e  c e l l  

t h  t h  
i n  t h e  ( i + l )  row and ( j + l )  column ( r o w  and column 

i n d i c e s  a r e  t a k e n  modulo 217). 

t h  t h  
I f  t h e  c e l l  i n  t h e  i row and j column i s  empty, 

t h  t h  
t h e n  so i s  t h e  c e l l  i n  ( i + l )  row and ( j + l )  column. 

Then t h e  above c o n s t r u c t i o n  produces  a  Howe l l  d e s i g n  o f  t y p e  

Now we can  c o n c l u d e  t h a t  t h e  d e s i g n s  o f  a l l  t y p e s  

~ * ( 2 ~ , 2 ~ + 2 )  e x i s t  f o r  p  a p r i m e .  

Example : Cons ide r  t h e  s y m m e t r i c  sequenc ing3o f  Z w i t h  n  = 5 10 

S: 0,4,8,1,3,5,7,9,2,6 w i t h  p a r t i a l  p r o d u c t  sequence 



P: 0,4,2,3,6,1,8,7,9,5 where m  = 1 and 

{bi+bicl = l l i l n - 1 )  = {4,6,5,9). 

Then S s a t i s f i e s  a l l  c o n d i t i o n s  o f  s t r o n g  symmet r i c  seq- 

u e n c i n g ~ .  The a s s o c i a t e d  even s t a r t e r  i s  

E = {{4,2),{3,6},{8,7},{9,5)) and i t s  a s s o c i a t e d  adder  

A = {-(4+2)i-(3+6),-(8+7),-(9+5),-2,0) 

= (4,1,5,6,8,0) 

can be a p p l i e d  t o  t h e  p a i r s  {4,2}, {3,6), {8,7}, {9,5), 

{rn6,0} and {m5,1} t o  g e t  a  s t a r t e r - a d d e r  c o n s t r u c t i o n  o f  

~ * ( 1 0 , 1 2 ) .  We have ~ * ( 1 0 , 1 2 )  



55 .3  A P D ~  i c a t i o n s  t o  Graph T h e o r y  

We w i l l  d i s c u s s  t h e  r e l a t i o n s h i p  o f  d e c o m p o s i t i o n s  

o f  a  comp le te  g r a p h s  and sequenc ing  g roups .  We g i v e  some 

d e f i n i t i o n s  f ' i r s t .  

D e f i n i t i o n  5 . 6  : An u n d i r e c t e d  ( d i r e c t e d )  g raph  G i s  a  

s e t  V  o f  v e r t i c e s  t o g e t h e r  w i t h  a  s e t  E o f  edges where E 

i s  a  subse t  o f  t h e  s e t  o f  a l l  u n o r d e r e d  ( o r d e r e d )  p a i r s  

o f  e lements  o f  V. 

D e f i n i t i o n  5 . 7  : An u n d i r e c t e d  ( d i r e c t e d )  comp le te  g raph  

i s  a  g raph  such t h a t  t h e  s e t  E c o n s i s t s  o f  a l l  t h e  u n o r d e r e d .  

( o r d e r e d )  p a i r s  o f  e lemen ts  o f  V. I t  i s  an n -g raph  when I v / =  n. 

D e f i n i t i o n  5 . 3  : I f  G and G a r e  g raphs  w i t h  v e r t e x - s e t s  
1 2  

V1,V2 and e d g e - s e t s  E E r e s p e c t i v e l y ,  t h e n  t h e i r  u n i o n  
1' 2 

and i n t e r s e c t i o n  a r e  d e f i n e d  as f o l l o w s :  

U G  has v e r t e x - s e t  V  U V  and edge-se t  E u E  and 
G1 2  1 2  1 2  
G nG has v e r t e x - s e t  V  nV  and edge-se t  E nE 

1 2  1 2  1 2 '  

D e f i n i t i o n  5 .9  : A s e t  ElcE o f  edges o f  t h e  g raph  G i s  

c a l l e d  a  m a t c h i n g  o f  G i f  any two d i s t i n c t  edges o f  E have 
I: 

no common endver  t i ces  . 

D e f i n i t i o n  5 . 1 0  : A m a t c h i n g  o f  a  g r a p h  G i s  c a l l e d  a 

1 - f a c t o r  i f  e v e r y  v e r t e x  o f  G appears  as an e n d v e r t e x  o f  

some edge i n  t h e  m a t c h i n g .  



Definition 5.11 : If M1,M2, ..., M, are mutually edge- 

disjoint 1-factors of a graph G containing all edges of G, 

then these 1-factors are said to form a 1-factorization of G. 

Definition 5.12 : A Hamiltonian path (circuit) is a path 

(circuit) that passes through each of the vertices in a 

graph exactly once. 

Definition 5.13 : An Eulerian circuit is a circuit that 

traverses each edge in a graph exactly once. 

Suppose, we have a complete directed n-graph and we 

want to see whether it can be decomposed into n directed 

Hamiltonian paths. N.S. Mendelsohn found a relationship 

between sequenceable groups and decompositions of a com- 

plete directed n-graph into n directed Hamiltonian paths. 

Let us take a look at the theorem in the following. 

Theorem 5.6 : I f  G is a sequenceable group, then the com- 

plete directed graph with vertex set G can be decomposed 

into n Hamiltonisn paths. 

Proof : It is clear that the length of each Hamil tonian 

path is equal to n-1. The total number of edges is equal 

to n(n-1). 

Let us consider the Latin square such that the square 

is the multiplication table of the group G of order n. 



Each rcw o f  t h e  L a t i n  square  has n - p a i r s  o f  c o n s e c u t i v e  

l e t t e r s ,  t h e  t o t a l  numbers o f  p a i r s  i n  a l l  t h e  rows o f  t h e  

L a t i n  square  i s  equa l  t o  n ( n - 1 )  and t h e  t o t a l  number o f  

o r d e r e d  p a i r s  amongst n  l e t t e r s  i s  a l s o  n ( n - 1 ) .  T h i s  means 

t h a t  each p a i r  a p p e a r i n g  e x a c t l y  once  i n  t h e  rows i s  e q u i -  

v a l e n t  t o  no p a i r  o f  l e t t e r s  r e p e a t e d  i n  t h e  rows. So, i f  

we can c o n s t r u c t  a  row comp le te  L a t i n  s q u a r e  o f  o r d e r  n, 

we can decompose a comp le te  d i r e c t e d  g r a p h  o f  o r d e r  n  i n t o  

n  H a m i l t o n i a n  p a t h s .  S i n c e  G i s  a  sequenceab le  g roup  o f  

o r d e r  n, t h e r e  e x i s t s  a  row c o m p l e t e  L a t i n  square  o f  o r d e r  

n. The p r o o f  i s  f i n i s h e d .  O 

The above theorem t e l l s  us  t h a t  i f  a  sequenceable 

g r o u p  o f  o r d e r  n  e x i s t s ,  t h e n  we can decompose a  comp le te  

d i r e c t e d  n  g r a p h  i n t o  n  H a m i l t o n i a n  d i r e c t e d  p a t h s .  

Example : L e t  us  c o n s i d e r  t h e  c o m p l e t e - d i r e c t e d  n - s r a p h  

where n  = 6 .  Then 

0 1 5 2 4 3  

1 2 0 3 5 4  

4 5 3 0 2 1  

3 4 2 5 1 0  

2 3 1 4 0 5  

5 0 4 1 3 2  

i s  a  row c o m p l e t e  L a t i n  square  o f  o r d e r  6 .  



F i g u r e  1. 

A c o m p l e t e  d i r e c t e d  

6 -g raph  i s  shown t o  

t h e  l e f t .  

The d e c o m p o s i t i o n  i s  shown below.  



Sequenceable groups  a l s o  h e l p  us  t o  deocmpose a  comple te  

u n d i r e c t e d  g r a p h  i n t o  H a i n i l t o n i a n  p a t h s .  Now S :  0,1,2m-2, 

3,2m-4,5,2m-6, ..., 4,2m-3,2,2m-l i s  a s e q u e n c i n g  o f  Z . 
2rn 

L e t  us c o n s t r u c t  a  row comp le te  L a t i n  s q u a r e  b y  t a k i n g  P 

as t h e  f i r s t  row and row 

I sequenc ing  P.  Then 

i by  a d d i n g  i (modulo 2m) t o  t h e  

i s  row c o m p l e t e  L a t i n  square.  No te  t h a t  t h e  l a s t  . m rows 

a r e  t h e  same as t h e  f i r s t  b u t  i n  r e v e r s e  o r d e r .  Thus, 

t h e  f i r s t  m r.ows o f  t h e  L a t i n  square  exhaus t  a l l  t h e  pos-  

s i b l e  u n o r d e r e d  p a i r s  i , j  where i , j ~ Z  . T h i s  l e a d s  t s  2m 

t h e  f o l l o w i n g  theorem. 



Theorem 5 . 7  : F o r  e v e r y  p o s i t i v e  i n t e g e r  m, 

( i )  t h e  c o m p l e t e  u n d i r e c t e d  g r a p h  o n  2m v e r t i c e s  has a  

d e c o m p o s i t i o n  i n t o  m - d i s j o i n t  Hami 1 t o n i a n  pa ths ;  

( i i )  t h e  c o m p l e t e  u n d i r e c t e d  g raph  o n  2m+l v e r t i c e s  has 

a  d e c o m p o s i t i o n  i n t o  m  d i s j o i n t  H a m i l t o n i a n  c i r c u i t s  

each o f  l e n g t h  2m+l; and 

( i  i i e v e r y  c o m p l e t e  u n d i  r e c t e d  g raph  o n  an odd number 

2m+l o f  v e r t i c e s  has an E u l e r i a n  c i r c u i t  w i t h  t h e  

p r o p e r t y  t h a t ,  when a  c e r t a i n  v e r t e x  and a l l  t h e  

edges t h r o u g h  i t  a r e  d e l e t e d ,  t h e  r e m a i n i n g  p o r t i o n s  

o f  t h e  E u l e r i a n  c i r c u i t  a r e  H a m i l t o n i a n  p a t h s  o f  t h e  

r e s i d u a l  g r a p h  o n  2m v e r t i c e s .  

P r o o f  : C o n s i d e r  t h e  L a t i n  square  above. Then t h e  f i r s t  

m rows d e f  i ne t h e  r e q u  i r e d  Hami 1 t o n  i an decompos i t i o n  o f  

t h e  u n d i r e c t e d  g r a p h  o n  2m v e r t i c e s .  

Now l e t  us add two columns a t  t h e  b e g i n n i n g  and t h e  

e n d i n g  o f  t h e  L a t i n  square  where a l l  t h e  e lemen ts  o f  t h e s e  

two columns a r e  e q u a l  t o  2m. We o n l y  c o n s i d e r  t h e  f i r s t  m 

rows. d e  have, 

2m 0 1 2m-1 2  . . . m-1 m + l  m 2m 

2m 1 2  0 3 ... m m+2 m+l  2m 



Obv ious l y ,  each  row o f  t h e  above d e f i n e s  a Hami 1 t o n i a n  

c i r c u i t  o f  l e n g t h  2m+l and t h e y  a r e  a l l  d i s j o i n t .  The 

comple te  u n d i r e c t e d  g r a p h  o n  2m+l v e r t i c e s  i s  decomposed 

i n t o  m d i s j o i n t  H a m i l t o n i a n  c i r c u i t s  each o f  l e n g t h  2m+l. 

Moreover, t h e  u n i o n  o f  a l l  t h e  above d i s j o i n t  c i r c u i t s  

forms an E u l e r i a n  c i r c u i t .  A l s o  t h i s  E u l e r i a n  c i r c u i t  has 

t h e  p r o p e r t y  t h a t  when a c e r t a i n  v e r t e x  and a1 1  t h e  edges 

t h r o u g h  i t  a r e  d e l e t e d ,  t h e  r e m a i n i n g  p o r t i o n s  o f  t h e  

E u l e r i a n  c i r c u i t  a r e  Hami 1 t o n i a n  p a t h s  o f  t h e  r e s i d u a l  

g raph  on  2m v e r t i c e s .  O 

A s e q u e n c i n g  o f  a g r o u p  G can be used t o  c o n s t r u c t  

a  d e c o m p o s i t i o n  o f  a comp le ted  g r a p h  i n t o  H a m i l t o n i a n  

pa ths .  I n  t h e  f o l l o w i n g ,  we a r e  g o i n g  t o  show t h a t  a 

symmet r ic  s e q u e n c i n g  can be used t o  c o n s t r u c t  a  l - f a c t -  

o r  i z a t i o n  o f  a  c o m p l e t e  graph,  

As i n  Chap te r  f o u r ,  we use g* t o  d e n o t e  t h e  u n i q u e  

e lement  o f  o r d e r  2 i n  t h e  a p p r o p r i a t e  g r o u p  G o f  o r d e r  

2n. E i s  used t o  d e n o t e  t h e  even s t a r t e r  i nduced  b y  t h e  

symmet r ic  s e q u e n c i n g  o f  G and rn i s  an e lemen t  w h i c h  i s  

n o t  i n  E. 

Theorem 5 . 8  : I f  E i s  t h e  even s t a r t e r  i n d u c e d  by  a  sym- -- 

m e t r i c  s e q u e n c i n g  o f  t h e  group, t h e n  E * V Q *  i s  a Hami 1 t o n i a n  

c i r c u i t  o f  a c o m p l e t e  g r a p h  K where E*  = Eu{e,m} and 
. I G l  

Q* = { {x ,xg* }  : X E G } .  



P r o o f  : As i n  Theorem 4.4, 

E = { { b  
2 j  + 2 t b 2 (  j + l ) + l  

1 : 01j<n/2-1)  

" { i b 2 n - ( ~ j + ~ ) ' b 2 n - ~  
1 : O ~ j 1 n / 2 - 1 1  

wh ich  i s  an even s t a r t e r  o f  G and n o t e  t h a t  g* = a - - 
n + l  b2n/  

* 
g # m. 

Obv ious l y ,  t h e r e  i s  no  e lemen t  i n  t h e  i n t e r s e c t i o n  o f  

E *  and Q*. L e t  t h e  v e r t e x  s e t  o f  K I G l  
be  G .  Then Q* and 

E*  a r e  d i s j o i n t  1 - f a c t o r s  o f  K . I G l 
When n i s  odd, 

m = b  
n + l '  

b I) E* = I {b2 ,b31,  I b4 ,b51  ,..., Ibn-l,.n 

{{b2n'b2n-l I' ib2n-2f b2n-3 1 ,  * t { b n + 3 ' b n + 2 } }  

u I{e,bn+lll. 

When n i s  even, 

= { { e , b 2 n I /  {b2,b2n-l I, *,Ibn,bn+lII 

I n  each o f  t h e  two cases, n  even and odd, we can see 

t h a t  E*UQ* i s  a  H a m i l t o n i a n  c i r c u i t  o f  K . n  
I G l  

Theorem 5.9 : I f  G i s  a  g r o u p  o f  o r d e r  2n w i t h  a sym- 

m e t r i c  sequencing,  t h e n  t h e  even s t a r t e r  E, as d e s c r i b e d  

above, i nduces  a 1 - f a c t o r i z a t i o n  F(E) on K 
2n+2* 



Proof : Let the vertex set of K2n+2 = Gu{ml,m2}. Extend 

the group operation by defining 

xewl - - ml.x = ml and xWm2 - - m 2 - ~  - - m2 for every xeG. 

Let E' = EuIe,mll u {m,m2} and Q# = {{x,g*x}:xc~} u {ml,m2). 

Let F(E) = {XE#:XEG} u Q'. Since E# and Q# are both 1-factors 

of KZnr2, then each element of F(E) is a 1-factor of KZn+?. 

The order of F(E) is 2n+l. It will suffice to show that 

every edge of K 
2n+2 

occurs in some element of F(E). It is 

obvious that all { x , ~  } and {x,m 1 belong to a 1-factor of 
1 2 

# F(E) and {ml,m2} 6 Q . We need to show that {g,h} belongs 

to some element of F(E) for any g,hcG and g z h. 

-1  upp pose g h = g*. Then h = g*g which impl ies 
* # 

{g,h) = {g,g gl which belongs to Q . 
Suppose g-lh r g*' Then there exists a pair {x,y)zE 

- 
such that g-lh = x-ly. Thus, gx = hy-l. Let us say they 

are equal to k. Then gx-I = k which impl ies g = kx and 

-1 
hy = k so that h = ky. We have k{x,y) = {g,h} which 

# 
belongs to kE . Thus, F(E) is a 1-factorization of K 0 

2n+2 

Example : Let us consider Z 6 .  

Now S: 0,1,4,3,2,5 is a symmetric sequencing of Z 

and P: 0,1,5,2,4,3 is the partial product sequence of S. 

* 
a n d m  = 2 ,  e = 0 and g = 3. 





The above diagram i s  a 1-factorization o f  K8. 
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