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ABSTRACT

Since the semninal papcr of Blad:—Scho!w was pubhs.hed in 1973, a nmnber of
- alternative Opnon pricing models have been dcveloped m/the finance hteramre A great
dalofmmhhasbeendmcmnhdaxcthesemungm&lscmmnmuyAmajor
omwmcoftheemmnalm:sthalthmzsnowmpemngmdcmemfavomofany-
nnglemodeimdudmgmack-&hoiamelackofsuchcwdmt&mpamduem
interaction of biases® arising - from model xmweuﬁcztmn and errors in estimation of the _‘
va:ianccofswckrcmms.AvaﬁdmxfoerHpeﬁngkmOdelsmquirﬁasimultaneousyet“
separate examination of these two sources of biases. However, no attemp} have previously

been made 10 carry out such a test The objective of this thesis is 1o fill this vacuum.

. We idenufy estimation and specification error biases of the Black-Scholes and
Cox-Ross models by expanding the relevant formulas in a Taylor 5cri&& Both these
sources of b:ases are-"then cx.ammed b) using’ both analytml and Monte Carlo umulauon
%ﬁn@m First, estimation ‘error b:ases of the two models are ‘examined. Thcn', the

effects of misspecification of .the swock price process are gnvmgawd Finally, thc combined

cﬁmofWOﬁ'mcsﬁmaﬁmmdspedf@ﬁmmeajmatésofopﬁmpﬁmmamm

We 18t ar number of hypotbm The central hypothesis of the research 1s ﬁhat fhe
estimation error bias in the eomcm specified model is sometimes large cnough’ o make
us pick the "wrong” model as corru:z Our - results mppori thls ﬁ)?cnbcsis, and mdxczm
that there is a bias Mdsr- accz;nng the - C.ox-ﬁosg mode! as 'corract. even if mg'
Black-Scholes model is the true model for pricing the option. Importantly, in order to
provide a valid test for competing option pricing 'models, the results suggést an adjustment
‘of the models’ estmated price for the effecs of the second moment of the estmated

M&Eamnzgvsammkmmmdmemmmdmm



us 1o idc'nﬁfy' the true model—en the basis of _the specification error bias of ';tl;e ,mpdcls.

Extension of our araiysis w0 other fw}cm'ons-of the _-Oox'—Ross_ model is also discussed:

iv

'
g
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A Optica pﬁdng-models have been the focus of considerable. reéwch in the finance
:\_I’lggggne’ over the past decudf. Smce the seminal paper of Black and Scholes (B-S) was

jpubushed in 1973, a number of altemanve models and a burgeomngﬁnwnbcr of cmpmcal ,
tests  have 'been proposed . __and lmplememect The debate ‘ovex’ t.he _choibc of the
'appropl'iats"" mode! and the "correct” m ha&been a lbng andwimcrestin'g one\in'l‘h't':*’l
E debate commu&s, in part, because there have been serious  estimation and aspec:ﬁcznon -
problems in the tests used o examine the aprpropnatenes of vatious - modcls and in
particular the Black-Schol&s model, wmch has been the pnmary focus _of thme lests.
)These problems have mamfmd themselves in tests of opuon pncmg models through
systematic mispricing of the o;mons considered. Consequentl» Lhere is still considerable A
doubt regarding the em}m:m} validity of the theoreumi models pmposui Any Qhou:e:';
between competing models is bampﬂ?“ by the on of errors  arising - from
misspecification- and mismeasurement.  The c’amoe m-li.mvaed bmuse the error arising
from mlsmmsmemem makes it dlﬁ' cult o0 dmgnose the specification error of the .modcls, '

The exaxmnauon of the individual sources of the errors thus becom&s an nmponam lask

if we hope 1o unravel the Langled threads of existing empmcal work. | -

We shall see thal- the existing swudies have either examined the two - sources of
_Error joingdy without atiempting 10 decompose the individual Sources of error m 'xammed
enhonesomofmorwﬂmmmmummymvmgamgmeahﬁ Asmdjbové o

these shoricomings are’ spec.;uy -mgmﬁgam in tests which compare the performance of



competing modeis. Sinée all tess of the models are joint tests of the two bypotheses of

wym’nwmmm'mmmdmm

md&mmdmumwwymnmm'

ahoultbc tmtb or “falsity* dm&hWMlmmllMMM
(Wmmwmarmfwmmmmlbemm
mwdmmmdwmumﬁmw
mmum,pafammmbymdmngmcnﬂo{mdenn!mvm-mdmdcrpﬁcedm
Al mc‘mmms‘mﬂmmmmmmar quest rov.benernumup&i
mvrornﬁms'optiqopﬁdnsmde& ‘

=

In the following sections we review the literature on tess of the option pricing
modeisasdhlshh&blmc:mwmofmnmnd} We include a theoretical discussion of

mémmdﬁu'mmm:&dmcMWemmcmougu
Wﬁmmcmﬁa)mo{mmmmm&hnuutpcobj&ﬁnor
thislhcsisinlwnpungwdu} mm&mwcmlnwummnhasmmc

methodological and procedunl ' mvdvedmcnnvcnuom)mmdwmnethc

b&sfmmdmnnmvhthmdmmmdnmmw)'cmmc
two sources of pricing bas mentioned above. - 7 o ,

T -
L~ ~ o ———

12 Rewew of Tess o Qooco Boons Modeh

The proneenng Biack-Schues (1973) model of opton pricing has been extended and
Mﬁwmmnﬁmmwmttﬂﬁ&x— Ross (1976), Menon (1976). Roll
aem, Geste (19, T157%)., Whaley (1981), Rubinstein (1983} . Riubey (1984)
Booksaber-McDocald (1985), Hull-White (1985) . Johmson-Shanno (1965) and others As a



mﬂimmmﬁmmmnbmavdapednﬂmmwm

Blact-Scholes ‘model A greal deal of researth bas Ldooe 1 validaie the aliermative

modets empirically. Empincal iests of these models ha met with varying  jevels of
mAnnjozo‘mo{menhdwméﬂshu Lbcpriocsatimawdbv
memmmnmmnymnnad!mmmnumorm
Mumdwwnmmmmmmfmmmmm

ofag:mmodel. : .

For exampie, Black (1975) and Finnerty (1978)-reporied that deep in-the-money

{out-of-the-money) il opoors geaenally had B-S model prces that were greater {less)

mm,mﬂvpnmummumgm;,mmmmmeM>m
opposite result with regard 10 the direchon of the pnang bus when they analysed the
sandardized difference between the acal and B-S model prces  Rubmsiin® (1985)
confirmed the MacBeth-Mervilie (1979) results, but aiso found that the biases found - by
Black (1975) recurred i .some sampied penods  While Black (1975) explamed the
deviapons of the model pror from the actual pnoe in terms of erons in the esumated
vanance of siock rerurns. Macbeth and  Memille (1979). assuming market  eMiaeng.
atibuted thesé deviations 0 the weaknesses of the a;odti_ cs#dﬂi} s assumpuon of a
consun! muna of Lh{ stock’'s raie of return, Thcrefm_'c_ xin‘ another paper (1980} they
compared the B-S model with the Coi-Ross (C-R) model of gmm clasuaty of
nnm(CE\)mddumm wﬁmmmms&o&manm

bth&d;retil!imfmmcpmngo{aliopm.uamumcthml)of\finmct

process” (1980, p. 299) However. in some cases. they also found that the CEV model

mspriced opuons more than the Biack-Schoies model {1980, p. 297

For theoreucal considerabons. Thotp and Gelbaum (1980) ako believed that the
m'samwmmm~mmm:mcyfmauym

~u

b



deviations of the B-S model prices from 1bf observed prices of) options. However, they
mmmmmmw' options. Similar

mmmmm—mmmmr@mww_(mnm
i-Tinic (1982). Whﬂe conmary 0 the findings of MacBeth and Merville

to the conclusions drawn by.thk (1975).

Emanuel and MacBeth (1982) also compared the pricing bias of the Black-Scholes
10d CEV models and found that both models worked pootly for options in o out of
mem.mqrmmnmwpﬁdngmmmmmcmmsmd
concluded that. the B-S mode! performed as well as the CEV model in predicting market

Ball and Torous (1985). on the other- hand compared pnang bias charactenstics of
the B-S and Meron (1976) models Even though they found that the Black-Scholes
'umddmzsprmdmxﬂ mormom:rthcycuﬂdnoxdxﬂ’fmnamme
performanc: of m:twomodclsmxdenufnng over- and underpriced options.

Blomeyer and Resnick (1982) and BarooeAdesi (1984) tesied the BS model against
the Geske mode! of compound options . Their results showed that prices based on the
Geske and Black-Scholes models overvalued (undervalued) out-of-the-money options and
undervalued (overvalued) in the money optoms. However, in most cases the B-S model
m@famdmbgl&ma(m“abﬂumm}mmcﬁﬁkcmoddgﬁ@
Sumilar pricing bas for the B-S mode! was also found by Blomeyer and Klemkosky
(1983) They amribuied these biases © the “no-dividends oo the underlying stock”
asumpton of e Black-Scholes model ‘me:cﬁm they compared the performance of the
Hmmckwfwymmtxmwmmmnnoﬁm)
models. They found identical pricing-bias characleristics for the two models and concluded



that the B-S mode! is as good as the Roll model even for high ’;;dﬂrld—ryield

Other sudies such as those by Whaley (1982) and Sterk (1982) also compared the
American mode! ( Roll (193@, Geske (1979) and Whaley (1981)) against an ad—hoc__
dividend adjusted B-S model. Even though the djﬁdcpd adjusted B-S t;zodel s obviously’
flawed, it has'beenﬁ\difﬁaxh ‘;o"mbﬁsb the superiority of the RGW mode! empirically.
‘While the proponems of the American mode] claimed that the model would climinate the
pricing bus of _the Black-Scholes, Sterk (1983) showcd cmmncall) that the Amercan
model pcrforms more poorly than the B-S when the probability of early exercise is lessv

»

than 30 percent or over 70 percent » R

While the aythors mentioned above eummcd only the Black Scholes mode! or the
Bilack- Schota and ome other model, Rubms::m (1985) tested a number of alternative
models [ ¢g the consani-clasticity-of-variance mode! of Cox-Ross (C-R. 1976). the
diffusion—jump .process modci of Merwn (1976) “the wmrpcmnd _option ‘model of Geske
(1979) and the d1spiamd-d1ffuson mode! of Rubinsiein (1983)). He observed systematic |
deviations of market - prices from the E—S prices and anributed them to  model
misspecification. By ecxamining the Implied Sandard Deviations (ISDs. standard deviation
implied in the markelL price of the option) actoss maturities and exercise prices, he also
wied 1o distinguish ‘which option pricing model ‘would explain berier the observed biases
from Black-Schoies vah_im,Bm he could not differentiate between trh'»eApredjchc ability. of
the models  considered. He fo«ind the directon of the pnqng bias to vany from model Ldv
- model and from period 1o penod | |
Thﬂsthtempiﬁa}cﬁdmismdim‘;mmofwthmemdemd
direction of the pricing bias of the model The only copsensus s that systematic

mispricing exists with respect o each model tested In some cases, compeyng models were



-

memmmwwmmeofmem-msmodﬂ,md.as

mmm&smwwmmme{mmmvwr

Mmmﬂmﬁc@mbmmmummo&lhasmﬁyperfmedmmm'
the othcrmodcismexpla.mmg the maket pnca of options. We bcheve the lack of such ;
ewdmmonprwnmsonsbembuwdmthemteﬂ‘ectsofthemmofi
cnm—ﬁommmpeoﬁmuonmdmcﬂﬁmmbmmcth&sﬂmmmmor
»tbusmt.hc cortectly specified  model mgmbela:geenoughmmemmmm”
mchmpmkmcmmpmﬁcdmcdﬂasm ) |

Besides the empirical tests discussed above, a number of simulation tests of- the
competing models ha\}e,hecn'cmdmad . The results once again leave the choice of the
~ most appropnau: model in doubt Using simulated option pnm, Meron (1976a), Madansky
| (1977) Boyle (1977). Boyle and Anathanarayanan (1977), MacBeth and Merville (1980,
| Beckers (1980), Bhattacharya (1980),_Janow and Rudd, (1983,&.‘ 1933’0). Butler a{:d Schachwr
(1983, 1934, 1986), Johnsos-Shanno (1985), Bookstaber-McDonald (1985), Hull-White (1985)
and others  find sys:cmanc dmnms of the estimated model pnces from the true price
of the option. Some of thwe studies assume that the frue variance of the underlying
swck returns  is known and cmnpare the pcrformance of the Black—Schths_mode_lv with
that of the competing models, while others cxamine the impact of the estimated variance
on the B-S esimated price. - ) -

»

~There is litte consensus among these studies as regards to the bias pattern of the
option valuation models. For example, Meron wndudcs ﬁm the B-S model underpxicés
(overprices) m—thc—moncw “and out-of—thr—mmey (at-the-money) options when the actual
pmssofstmkrennmmassumedwbcamzmneof;mmandd:fﬁ&mprwﬁsea
Beckers (1980) and MacBeth and Merville (1980), on the other hand, find "that the B-S

mode! underprices ({(overprices) in-the-money (out-of-the-money) optx’ons when the

g



. 13
»

Mm secnmy prices  are’ characterised by constamchmmy of varianoe (CEV)
processes. Booksiaber-MacDonald (1985) use an option valuation model besed on & -
*generalised beta of kind 2 (GBZ)dmn‘bamonand compare its prices With thoseof the |
Back-Scholes model Their results suggest thal the Black-Scholss model  underprices
(overprices) om-of;thc‘ (in-the) money options. which is exactly the opposite 0 :’ thé
findings of Beckers and MacBeth—-Merville, Sometimes cxplan#tions for obscrved\mispricingv
patierns are also found in terms of changing retm volatilities ( Johnson-Shanno (1985) |
and Huﬂ-WmIe (1985)) and the methods wed to measure the amount of mispricing m
opnom (French—Mamn (1934)) I; is also. found that '(Machxh—MchlUc (1980) and .
R@Lchey {1984), among others ), at rhc money, the options are valuod by the B-S model |

with, very. small error due misspecification of stock price movements. In contrast,
Bhattacharya (1980) finds that the B-S model misprices - options only at-the-money while

Madansky (1977) finds underpricing of options by 1-2% by the B-S model in all cases.

~The other swdies by Bovle and Ananthznarayanan (1977) and those by Buter and
Schachter ( 1983 | 19832 ) suggest that the bias in the B-S estimated option price
arising from &eﬂmauo;z error of the variancci of the ﬁndcr_iying sock may be significant
| The B-S model is found overprice in- and our-of-the-money options and uridcrpricc
options at the money. -h is also found that these l‘JiasE“_de:rm’se with an increase in the
sample size used 1o Sﬁmm the variance rate (Boyle and Ananthanaravanan,- 1977) as
well as with an efficient method of estmating the sampfé variance ( Boyle (1977),
Parkinson {1980), Garman—Klass (1980) Butler and Schachter (1983a) . Geske-Roll. (1984)
and Bal-Torous (1584) ). In their recent study, Butler and Schachter (1986) also find -
ihaftheusm}csﬂmam'{mmmcsmwdvmmdxrwth into the B-S
mma}ame&sm&ﬁmmmméﬁmmm -

overprices all options except those near the money.
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'Q'mﬂf'mﬁﬂmﬂm mmmm 'saremsm;g*’

It i§ apparemt from the pmeding discussion that the bias identified in the empirical
andmmulanonhwmnmcznbeatm’buwdwsevemlsouxmofenor We are going to

fmmtwowmmofbaasabsuamngfmmthcomm

(2) Erors in estimation of the variance of the underlying stock . and |

(b) Misspedﬁmﬁon. of the prom characterising the movement of the underlﬁng

stock price.
Estimation error biases arise beczusc the true ,variancc-of the underlying asset is
unknown and an estimate of the- variance rate is used o generate the model price. As a

resuit , the model formula opnon price beoom&s a funcnon of the variance estimate used.

Thorp (1976) poinis out that this b:as will exist in option price estimates using an

aﬁmam,ofthevmmtémmemdclevmumcvmamecsﬁmamismbiased;

This would occur as a result of the nonlinearity of the model in the variance. This is

because the unbiasedness property does not hold under a nonlinear ‘wansformation.

Spéciﬁcqun error bias arises because the underlying ’'wue’ but unknown_stock—price
generating  process may be different from the stock price process selected by ihc
investigator. Several simulation tess ( eg, Meron (1976a), Macbeth and Merville (1980)

and  Beckers (1980%) have auempted w,cxﬁmine this source of bias by comparing the

estimales provided by altermative models with assumed “true” variance of the - underlying’



g
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'Ihemampmblcﬂ}a:ssec:awdmththetmsdismssedabovcmthatthctwosourccs

' of b:as are cxammed either jointly withoat attempting to decompose them into the

constituent sources of . bias or ~ examine gnly one source of bias without simuhan'eously

investigating the mher The empirical tests conform to the former while the sxmulanon

tests fit the Lmer mold. In addmon, there is a total . lack of information from simulation

tests about esnmanon error  biases in models other than the Black-Scholes _model.
Oonsaqucntly mmulanon tests m‘mgaung the :stimation error problem for oompeung

models would provide much meﬁﬂ information.

Since the two sources of error may interact sirswmaﬁml}y and unless the two

sources can be simultaneously yet separately identified, a proper basis for comparing the

performance of the competing models in valuing -option pnces may not exist - As a result,
it is an important task 1o decompose the total pricing-bias of the models into their
aﬁim.'au’on error and specification error components. Such decomposition will help determire
how and to what extent the observed pricing-bias characteristics of the models are
atmibutable to the individual sources of error, and therefore, will cnable the analyst "
isolate and remedy the bias so 4s-to obuwin bemer validation tests for the "compeﬁng/

models.

It is also an imporant task o examine the sensitivity of the competing models

with respect 1o the two sources of error. Examination of the -sensitivity of opﬁm'pﬁce
esimates 10 errors in specificaion and estmation can help w0 indicate which so;rcc of
bias we should be more concerned about dver what r;ngc of parameter values. On the
basis of such an analysis, the ihvestigawr can  decide whether © investigale  ceriain
esumates more thoroughly before making 2 final judgememt on the performance of the
models. I the investigator does decide 10 investigate the direction of bias more intensively

as a result of the semsitivity analysis, he may be able o improve the estimates of mc

e
Vol



option price and thereby reduce the risk of making a wrong decision about the ability of
alternative option valuation models to explain the market price of options This
examination can allow an investor to better Wd the significance of the two sources
of error on the option valuation problem and therefore help immprove his perfonnance by

providing additional information as Tegards to identifying over- and undervalued options.

Empiﬁca]mfmdecompom‘ngmetwosourcesofbiastpresemamhmdle.
The component paris of a joint hypothesis are not independently testable because of the
underlying logic of ‘all empirical tests. The form of any empirical test allows logic o be
used in one of two permisgible ways. Only when all the amptioﬁs (i.é the joini
. configuration consisting bf"tﬁc underlying “core” hypoihcsis . procedural specifications, and
conventions) of a theory being tesied are true, will the conclusions be true. On the other
hand, if the results of an empirical test mm out 1o be false, as they do in the case of
all the empirical tesis Of the -competing option pricing models, then it has to be that
one of the assumptions ('hypothesé') comstituting the “joint" empirical model .is false.
But ‘there is po way of isolating the sub—hypothesis among the joint hyiaotheses which is
causing the "poor” resulis. In the option pricing context, this implies that it is not
possible 1o identify whether _it is the estimation error or the speciﬁmtjon error which is
causing the anamolous resxm.r: as long as. we must rely exclusively on market data

'Thc only means of isolating the two sompgs‘ of error ﬂnmfore is.,through .
simulation. In such a swdy the investigator can simulate a known underlying  stock-price
generating process and then compare the pe;formance of the competing'modcls The data
required 1o ‘validate the models can be gemerated by simulation and the impact of the
underlying distribution of stock remrns and of the estimated variance rate examined in an
unbiased fashiop i‘hc distributions of lswck prices underlying ,n.c:h of - the competing
models can be simulated by design 10 abswact from specification errors so as o isolate

10



the effect” of themmanmermz Sumlaﬂy other stock price p’mmnbc"”

supenmposedonmenmdelsandfﬁmhnxmhnonofmcmmmofbmsmbe
achieved. .

L4 Obieaive of the Smdy =~ -

In this thesis we investigate the relative effects of specification and measurement
erTors on  option price estimates generated by corg@uig; optidn pricing models. As
explained earlier, it is necessary 1o examine the estimation problem and the specification
problern  simultaneously t0- provide a proper basis for comparing the ability of various
option pricing models 1o explain market prices ~F options. It is possible to identify the
two sources of bias in option price estimates by expanding the relevant option - pricing
formula: in a Taylpr series. Although it is unlikely that the ‘estimatcd mode! price will
converge fully to its true value with just the first few terms of the 'scrics, it is ‘assumed

that the contributions of the higher order terms when taken together will be very small

' Estimation error biases will be 're}.au;d 1o the moments of the_ estimated ;iarameufr(s)»

and the derivatives of the formula The derivatives show the sensitivity -anC bias
transmission characteristics of the model to estimation error and interact systematically with
the moments 0 produce biases in the estimate of the opton price. Specificaion error
biases will .be telated o the aliernative option valuation formulas themselves. Both these

sources of biases can be analysed using Monte Carlo simulation techniques.

To be more concrelz, we examine biases from specification error arising from

WamtmenmmmdmmtmwmmmsmmWe'

‘It will be seen in the later discussion that the absotute values of the terms bevond the
secondtermarevmsmallandrhatme»aralwmungmsgnswmmprwws
tzrms. Since the magnitides of these biases are very small, the cumulative effects of the
higher order terms will be negligible.

-



cxamine measurement error biases arising from estimation of the variance ‘rate of the

 underlying amet The Cox-Ross and Black-Scholes models are the subjects_of our analysis.

&nnwﬁvaﬁmwchmmﬁetwompdelsmontwomajmwmmemﬁmz»

(1) ‘The two models require the same inputs which makas it easier to compare the

effects of the two soums of error, especially the impact of the mmauon error of the

variance rate, on 'the option pricing models, and n

(i) The Cor-Ross model has -features with respect to the stock price process which
several sudies (e.g. Beckers (1980), Black (1975)) have found to be more characteristic of
actual stock price movement than thc lognormal process of the Black-Scholes. As a result,
the Cox-Ross model has becn congidered as an ideal candidate to study the likely

magnitude of specification error bias that may be found by implementing the B-S model '

on actual prices of options and vice versa.

Because the two models make different assumptions about the constancy of the

variance rate of the underlying asset and the resulting option pricing formulas differ in

form, the pricing bias induwd by estimation and specification errors should also differ.

First, we examine bias transmission characteristics of the models arising from the
estimation problem of the variance rate. The analysis of estimation error biases of the
B-S model is subsmnual]y a replicaion of other simulation swmdies (eg.

Boyle-Ananthanarayanan (1977) and Butler-Schachter (1983, 1986)). The analysis of biases
; .

for the Cox-Ross ‘mode! is, however, new in this smdy. To the extent that the bias is

related 10 the estimated variance, we examine the issue of whether a particular model,

regardless of its spec:ﬁanon, might perform more poorly as oompa.red o the otber one

simply because the modei is relatively more sensitive 1o errors in the variance estimate.

Th;sisimpommbecameamgebiasinﬂ:emodclpricexm’ghtexistevenwﬂhamm

12
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accurate estimate of the variance rate when the specific bias transmitted thrdughme o
derivatives of the model is very large. Similarly, a large error in the variamoe estimate
might not produce a large bias in the model price if the values of the’dcﬁvatives‘are |
very small. /

_ Second, we comsider the effects of misspecification of the stock price proce§ in

order to examine whether a model based on diffcrcnt specif' cations of stock return

_, diswibutions yields a significantly % opnon price as compared to the price which

would prevail under the true process. This analys:s is similar 10 the work done by

MacBeth-Merville (1980). Because the respomse system of the. model is dxfferem and

Wmmmmmmmusewcmm%rbemcmata
give_ﬁ ~mode] is correctly specified, examination of this issue will improve the ability of —

practitioners and researchers to identif); mxspnced options, among other things.

Third, we compare the combined effects of measurement error and of process
mispedﬁmﬁoini on the . option price gepmwd by alteinative modéls By 50 doing, we
aaxaminetheisweofwheme: theopﬁonpriceismore senséﬁvempmcessspedﬁmﬁon —————
f\or/ o the estimation problem of the variance rate. Conmdetauon of this issue is important .
in order to undersand the conflicting evidence contained in Lhe hu:ramre as well as 0
provide a broader basis for evaluatng the pefformance of competing optipn pricing

models. This issue has not previously been examined.

tests which auempt to compare the performance of alternative

opton pricing models\ have not addressed many of the issues outlined above. 'For
gxample, the studies which examiﬁe estimation error related probicnﬁ have only' been
characteristics of the competing models have not been—examined- By specifically



incorporating such an. amalysis into the simmulation smdy, we can mbséqﬁenﬂy deoompose'lti;:
the total bizs of the models into their estimation and spedﬁm error components and R
simultancously examine these two sources ‘of pricing bias in order to provide a broader

basis for comparing the ability of thé two models to explain market prices of options.

A brief overview of the two models we shall be using is given in the next -
Chapter. In Chapter Il a detailed analytical examination of lée\two.sourm of bias is ‘ Q
underaken. In Chapier iV the resuls of the Monte Culp tess. as regaids 1o the
estimation error of the variance rate are reported for the Black-Scholes model. The
Cox-Ross model Mome Carlo results for the estimation error problem are reported in
Chamﬁv.mmmmfhcﬁas,mmonchmﬁsﬁsofme
Cox-Ross and B-S models with respect to the estimation problem of the variance  Tate.
Chapter VI compares the performance of the Black-Scholes and Cox-Ross models with an-
examination of the seriousnéss of specification and measurement error b:ases of the
ﬁ:odels. The combined effects of the two sources of error are also examined in this
Chapter in order o undersand the conflicting results that have been observed in the -
empirical literature. While Chapters 1 through VI examine the esimation and_specification
error biases of the Black-Scholes and Cox-Ross models, in- Chapter VIF we e);amine
whether the results obained in the preceding chapters can be gemeralized for other cases
of the Cox-Ross model In this chapter we also shdw$how an ex-post test for the
Black-Scholes and Cox-Ross models can be dome by using simulated optioms and stock
prices. Finally, Chapter VI coniains a summary and outlines some directions for further

work in this area.



o . CHAPTRR 0
A BRIEF OVERVEEW OF TWO OPTION VALUATION MODELS'

we present an overview of e Black-Scholes and Cox—Pﬂs opuon
pricing models and show their

process. These models are used in suhsequcm chapters in order o examine, both

analytically and numerically , systematic biases in. the estimated option price arising from .

errors in- estimation and specification.
,‘J = e )
The Black-Scholés (1973) option pncmg model is based on the rdloﬁﬁg
assumptions.! |
1. Al individuals can borrow ‘hﬁ lend without restrictions at the instantaneous riskiess
4 rate of interest, T, and that ipw is constant over the life of me option, T.
2. The capital market is perfeér\{ in that therc are no transaction costs and no
differential taxes. _
3.‘ The stock price movement through time is charactcnzcd by. .a lognormal diffusion

Process:

Q¢

where u= the instantaneous expected return on the stock, X= the stock pnce, v=.

the instantaneous variance of stock .returns, assumed to be constant through the life

of the option, dt= a small increment in time , and dZ= ‘a2 Gauss-Weiner process

with zero mean and unit variance.

4. . The stock pays no dividends, D, during the option’s time to expiraton.

9

'The assumptions are taken from Whaley (1982).
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dX = u’R.dt + yv.x:dz (1) °



The Black-Scholes valuation formula is given by.

Cpe = XN < E-c..ﬁ-ﬁdi’)k ' - - @

dl = {in (X/E) + (1+59T)/ ¥vT , &2 = d] - VT .

r="mcin§annmmkksmcof'ium£=4mcicxads:pricc.ﬁ’:me,ﬁmeto
maturity . and N(di) is the unjvariate sandard normal cumulstive distribution function
wﬁhuppaimmﬂumﬁdi.v |
Assumpbon (3) of the Black-Scholes analysis has two imporant characteristics,
mamely, (a) thc vatiance of stock retumns isrconsunL V;r(dX/X) = v, and (bs;over a

very small interval in time the size of change in the siock price is also very small

Cox (1975) and Cox-Ross (1976) question the validity of characteristic {a} md denive an
opuon valuavon forraula for a "Comstant Elasticty of Variance® (CEV) diffusion process:

dX = u-X-dt + 5.x°. az | v (3)

vhmp=mcchsﬁanpaumctzr(os,;(l);ﬁdb>0.aconsum’T'bei'mpliauon-

dmmpmnmtmzmnmnnmotmckmpmmme

following equavon, is a decrumg funcuon of the stock pncc X. for p{l.

Cor and Rubinstein (1983, plO)mm&m For deuiled explanation see

Cox-Rubinstein in Opton Prigng . Ikﬂﬂ&ﬂﬂ Applications. Brenner, M. (ed.) Lexington
Books, Toronto.

chmiomummoqmm:nbdmofmemmofmmma

the Black-Scholes model and derive altermnative valuation formulas The discussion of these
models 1 outide the swope of (us study. however. For detailed discussion see
Coz-Rubinstein (1983).

16



Var(dx/x) = & x#"2 . I O Gw)
One special aase of the CEY process is the Absolute process.  That is when p = 0, the

CEV:procas reduces 1o mc Absolute procas
‘dx = u-X-dt + §. d2 | : I . . ¢3b)
and the variance of siock returns becomes
Vardx/xp = 8% - - | (30).

Cox-Ross (l97§) discuss the absolute prm as a2 limiting case of pure Markov
jummp prmes and derive an option nluxuon .fo;rnula Jfox ‘the absolute process. The
Cox-Ross fenmﬁa 5 gven by | |

- ,TJ

CCB = [X=E< ] N(hl) + [X+Ee T'IN(h2) + S[n(hl)+n(h2) : (4)

S — ‘/((61 '61 -’C~2rT)[2T) . 6; - V,XI..

~TT) /5.

Bl = (X-E¢ WS, h2 = (-X-Ee
and n () and N () are respectively the density and cumulative densinv functions of the

sfandard normal random viriabic. , )

A Justificaion for the absolute process may be found in the empiricai work of
MacBeth-Merville (1980). From the stwdy of six siocks, they infer that the elasticity
parameter. p. is usually less than 1. and the parameler values ranige from 5 w -2
Imporanty. three ou: of their six stocks appeared (0 follow the absolute diffusion process
. ' /7 ’
{te p = 0) :

17



h“x:;.thc- Absolute model, the Black-Scholes model is specnl case of the CEV
_ model That is when p=1. the diffusion process is lognormal The difference bemenmc
models s that the Back-Scholes model ssumes @ consant variance of stock retums,
I‘whcrus}thc'C,ox—Rms mode! allows the vzm.nee o change w_ithfh}c stock prict; To
~make this distinction more concrete, we follow MacBeth-Merville (1980, p. 287) and derive
a relationship between the variances of the Iwo models. Specifically, we “write an
expression for thcrurraria.nceinmnofthc Cox-Rossmodelintcxmof’amamW
of mock retums (Black-Schoies variaoce). In other words. given the variance of sock
rewrs, v, we obain the value of &' from equation (3c). That is &° = v-xz, This
relaiooship implies that the variance input 1o the Cor-Ross model is equal to the
Biack-Scholes variance "v' times stock price squared It is this difference between the
Biack-Scholes and Cox-Ross models that we comsider in order 1o examine the effects of
| m:specﬁcaum of the siock price pracesz\o: the option valuation -problem. |

We have chosen 10 distinguish the two models in the above manner for two
reasons: me'mbmymmawmmmmm—m&smd,
Cox-Ross model prices based on the same instanianeous variance, v, and, therefore, we
can examine the effects of different diffusion processes on thc.op{iob valuation problem
using the same variance. Second, we can use the same estimatés of the variance in the
Black-Scholes and Cox-Ross models. and, therefore, can compare their estimation error

blmmanunbtasedfasmm

In this chapter we have presented the Black-Scholes and Cox-Ross option pricing
models and shown that the models differ in the assumptions about the vardance of the -
ua&ﬂyingm&iihzsﬁwh&nmmanmmwghmemiﬁdddsgiﬁnmf
specifications of the diffusion process of the siock— price, we can use 4the same
inslantanecus variance of stock returns in order to examine specification and estimation

A}
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error biases of the two models. In the following cbaptcrweuscthwc modcls[ 1c
equations {2), (4) ] in order o provide 2 detajled analytical examination of hiases in the
mmamdopaonpnoewmchamefmm/grmsmsumauonofmevmmmwand

from misspecification of the moch -

R
\
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CHAPTER I
ANALYTICAL EXAMINATION OF ESTIMATION AND SPECIFICATION ERROR
. ' - BIASES - ‘

1

In Chapter I we provided an overview of the Black-Scholes and +the Cox-Ross
option pricing models. In this chapter we provide an analytical examination of systematic
‘bases in their estimated option prices arising from errors in estimation and specification. -
To mc'_cxtcnt that we are able to do so, the major issues we discussed m the

introductory chapter are also examined analytcally here.

We asume throughout that the marker is efficent Thus, empirically, rescarchers
would compare a model generated option price with the reporied option price. If the
" model used is correct and the Urue parameters are known, then it must follow that the
model price equals the reported option price. Of course this is the ideal case and woula
not be found in practic€, even hpder our assumption of an efficient market Systematic
deviations of model prices }'rom ma;kct prices of options cerainly would occur. Such |
wf)uld be the case when an éstimatc of a paxﬂmétcr is used in the valuation formula, :61
‘when the- m;dzl is misspecified . For example, when an estimate of the variance rate is
used 10 genergje the option price, -systcmatic mispricing of options by the model is found
due o en'ors in the sample variance. SMdc pricing biases also arise from
speciﬁcation error when { among other possibilities ) investigators use 2 model based on

incorrect assumptions about the return diswribution of the underlying asset -

.To begin with, assume that the option in the market is priced by some ideal
("ue™) model. say Culv: X. E 1. 1), where the option price is a ‘non-linear function
of the pafamc}.crs of the model (denoted hereafter by Cy(v); the parameters other than
v are suppressed for expositional convenmience) We define the reported option priroe by

20



CR(V). By assumption for the ideal model, C.R(v)z CM(V), where v is.the true variance
of the stock’s rate of return. | -

We assume, iemporarily, that the formula for the “ideal” model is kmown to the -
investigator. Suppose, however, the true variance of stock returns is unknown. Such is
certainly the case in acmal empirical work. The investigator, as a result, must use an
estimate of the variance in the formula w0 generate the option price. Because tt;c formula
is non-linear in the variance rate, the variance estimate produces systematic biases in the
mode] estimated price. This is true even if the v;.nance :sz;mam is unbiased [Thorp
(1976), Boyle and Ananmanamyanan (1972})Buﬂer and Schachter (1983, 1984, 1986)). This
is because the unbiasedness property is not preserved under a non-linear transformation.
Foliowing Butler and Schachter (1986), the bias can be shown by expanding the estimated

model vﬁlue, CM(V). a:oﬁnd v by fourth order Taylor Series expansion .

Cu® = G + CLivw=v) + (1/2)C (V(-v) + (176YC" ) J(VHV-v)

+ (728C7 (9) =9 = R o O N

The expeciation of (5) is, 7
,EICM(V)] : G =+ (1'/2}C'M(QHV—V)‘ - (1/6}C"'M(~')rH‘=—VY -

| + (1/24yC7 (VYE(=v), | (6) -

whate
*’CTM(V)‘ C‘"M{v). and C"”M(v} are respectively the second, third and fourth derivatives of

the model evaluated at v, ¥V = an esumale of the variance rate, E = the expected

‘An investgation of higher order derivatives might be necessary if the remainder term
seems 10 be very high. :

—— -
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vaIueopcra.mrgndR:thereminder'term,assmningE(R)xﬁo.

p
mode]l is given by the second term onwards in the right hand side (RHS) of (6). These

terms spec:iﬁdlly mdxcztemaz the higher order moments of the estimated vanance interact

sysematically with the derivatives of the model with Tespect to the vari nte o
produce estimation error biases in the estimated option !pricc. The derivatives show biases

,Specific 10 the model and wansmit the error due W the moments of the estimated

variance 0 the model where the moments thcmsglws represent estimation error in the

variance rate?

Because the bias in equation (6) is shown to be the sum of the products of the

moments and the derivatives of the model, the bias patiern in the estimated option price

wﬁidcpcndonthesigﬁsandmagnimd&of:helastthreetermsoftherighlhandside

of (6). Therefore, the analysis not only lends support to the notion tha: an (unbiased)

estimate of the variance 'pmducs biases in a model estmated price but also suggests
%haamgmﬂaltheﬁﬂmanmmbmwxﬁhzve signs for different

parameter values,

)

Let us now assume that the variance of stock returns is known, but the true
model is nol’ Specification error biases in the estimated option price will be observed if
the modclmcdwgenmmtheqpﬁonpﬁce%sbasedonmmmpﬁonsabomme
underlying return generating pm-omss of the stock . The impact of this source of

specification error can be illustrated by using Taylor series expansion in a manner similar

' We assume that the four moments of thc estimated vanance are suflficient 1o capture
the effects of estimaton error.

'We are able 10 assume this because the analvsis of our resuits is based om 2 controlled
experiment

The bias { i.e‘EICM(V)}—C.M(v)} in the option price estimates generatsd by the

S
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to that employed above. Following this procedure we show specification error biases as &
decomposition of the total bias arising from both estimation and specification errors As<

2o illusmation. consider two eption pricing models, C\/(¥) and Cp (). As before, Cp (v)
Tepresents the "true”( assumed) model Let C,,((v) denote a “misspecified” model which
differs from the “true” model. In other words, while CM(V) reflects the “actual”
return—generating  process, CMS(V) reflects some return—generating process other than the
"actual”. By axsur.xxption,‘C.M(v}::CMs(v)‘ We define the difference between the prices of

- these two models by -

B(v) = C¥) - Cpyg . " | : M

where v is the irue variance of the stock rengns

The option price generated b}i the "true” ;model with an estimate of the variance
— /

is, again, represented by CM(T/). Similaﬁ}ycgs(w represents the option price generated

by the "misspecified” model using an estimate of the variance. Now define the function

B¥) = CyM) = Cppe) | (Ta)

- We expand h(¥) around v by a fourth order Taylor Sens2s expansion

A}

BY) = h(v) = RNV ~ (L/DR(WHV=vF ~ (1/6)h™(vK¥=v)

&

— (124" )V} - R ’ (8)

where R'(v), h"(v). h"(v) and h""(v) represent the firsL second, third and fourth

derivatives” of h(v). Taking the expectation of (&), we have
— .

Elb(V)] = h{v) + (1/2DB7(¥) E(%=v) = (1/6h"(v)s E%=vy =~ (1724h"" (v}« E(v-v}. (9)

E(R) = 0 by assumpton

-
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By substinating (7) and (7a) in (9), we obtain

E(C, M - EIC (M = [C-Cpys + (/DIC()-Cy MIBwVY
4 (UBICT (s MIEWYY + (1/29)C™ -y (B, (10)

"The first term on the LHS shows the average option price estimated by the “true”

model with an estimator of the variance. Similarly, the second term represénts the average

—__option price generated by the “misspecified” model. However, the extant differences

between the two model prices do not tell us'whcthcr such discrepencies should be

attributable to thé process misspecification or to the estimation error.

We add and submcx‘CM(v) from the 1HS of (10). Rearranging terms then gives
BJC(MI-[Cy (I} - HICycMI-IC M1 = [C (v-Cyy(¥)]
- {720 (WEG-VF + (I/6)CT(GEV=-vY + (1724)C™) E(v-v]
+ [2C WMEC-VF + (/6" ((WEV-vP + (1724)C™" (ME(=vy].  (11)

Since C,((v) reflects the qpﬁon‘pﬁce obtained from the "zue” model using the “true”
variance rate ., the first term on the LHS gives cstimation error biases of the true
model. Similarly, the second term on .the LHS gives the bias in the misspecified model
arising from the combined effects of estimation and specification errors. The difference
berween these {wo terms indicates whether :hc estimation error bias in the “tue”™ model
is suffidenty Iarge Io cause the “misspecified” model o perform bemer than the “true”
model when predicing market prices of options. In other words,' wien we compare the

k3
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performance of the "mue” and “misspecified” models in explaining market prices of
options, the terms on the LHS of equation {11) indicate whether the cstimation erfor

-biasiﬁthe'myc’modciisiargtmwghtocauseustopictﬂfemisspedﬁedmoddas

—_

correc!.lnfact.the:eismmsonwhythisqmﬂdnotbeso,insomccases.\vhatwe

would like to be able to determine is the relevance of such cases for empirical work.

N
Subtragﬁng (11) from (6) gives

BlC MO0 = [C(-Cl + /20" (B2 + (1/6)C" ((WE-vY
+ (1/24)(:'"'Ms{v)m-v)'}, | (12)

The first term on the RHS is the mi&s'pedﬁmu’oﬁ bias and the other terms together are,

the estimmation error bias.

— T TTTT——

This decomposition of the total bias ino its comstiient components ( equation (12))
. ‘

makes it possible 10 separaiely. examine the estimation and specification error biases of
the model under study. Spedﬁcationf en'oz biases can be examined by comparing the
prices generated by thé CMS(v) and CM(v} models usiﬁg the “true” varance--v, and the
estimation error bias can be examined by analysing the products of the moments of the
sampie variance and the derivauves of the CMS(V) model. In general, the direction and
magnitude of the two sources of biases would be different A comparison of these two
blascs however, will indicate whether the model mmau:d opton price is relatuvely more
sensiﬁvve I process nﬁss:pédﬁmﬁ'on o7 ‘10 esumation errors. The w:z;ﬁnw effects of
specification and estimation errors will shed light on the pricing-bias characteristics of the
mode! which- may Jead 1o 2 betzer understanding of the contradictory . findings of the

existing empirical literature.



Ideally we would like 1o conduct a completely analytical examinati
Unfortunately analytical resuls are not easly obtained A complete analysis requires a
cumerical investigation —as— well Firs, however, we present those insights which are
available through the use of-analytical techniques. First we look at the individual sources
of blam in the Black-Scholes and Cox-Ross models. Then we examine the combined

effects of the estimation and specification biases in the two models.

-

>

A. Biases due o Esumation Error

We suart with the Black-Scholes (B-S) model and assume, temporarily, that. the
option is priced by the B-S model. By assumption, CBS(v)z C.R(V). We assume the true

varianceiswtknbwnv,hcmc thebias"arisingfrommimationerroi'inthe variance can

* be shown by substiuting Cpe(v) for C.Mm equation (6) :

E[Cp = CpV) = CpoE(-v) + (1/2)C p(E(W-vY

+ (V6T ggVFE-VF + (1/24)C™ po(VYE(V-vY-. . (13)

Following Thqrp (1976) and Butler and Schachter (1983, p. 8), we assume that the
sampie variance in the Black-Scholes model is gamma dismibuted* The moments of the
esumated variance are always positive. This implies that the agns of the biases in the
estimated model price arising from the higher order moments of the sample variance will
depend on the signs of the derivatives of the model. Thus, a cose look at the

d_c'n'va:ives is called for.

'W‘Boylc and Ananmamnyanan (1977) assume the sample variance to be Chi-square

distributed. Note that the chi-square demsity is a partcular case of the gamma density.

L

of these biases.



The derivatives of the Black-Scholes model obtained from equation (2) are

-

Cpg = (/XN V(T/¥)
= @ixyen) BB+ IIBYID gy 5o : 4
/ , ' - L , "
where ,
m—d13/2 - . . .
N(dl)=( 1427k , the first derivative of the univariate standard normal cumulative

distribution function with respect to the variance v. .

As is well known, we see that the first derivative of the model with respect 1o

‘

the variance rate is always positive,

‘The second derivative of the model is,

C"BS = (1/2V)C'1‘3$[{(M(X/E)+IT)1/VT} - (vT/4) - 1] % 0.:,t\,,.‘, (15)

w

The sign of the deriVative is indeterminate and depends on the values of the inputs’ of
the model. We can be more clear about the nature of the bias arising from the second
moment of the estimated variance if we look at [{(In(X/E)+rT)/vT} - (vT/4) - 1] of

equation (15) more closely.

Consider the case when [{{(In(X/E)+1T)'/vT} - (vI/4) -1] = 0. And, therefore, we

find

- C'BS%Oas,

{In(X/Ee T2 2 (1= S | | | (15a)



‘__11 appomsfrom (35a) that, to the extent that the bias is related to the second moment
of the estimated vafiance, for low values' of {ln(X/Ee’rT}’

tend to. underprice options while for its high values the reverse would be true. Naturally,

this siatement depends on the fact that the parameters, v, 1, T, X and E, assume only

positive &;alua in equation (15a). For given values of v, r and T, we can now determine

the type of option which would tend to be under or over-priced 'by the Black-Scholes

model.

_TT,‘-‘ the

First, comsider an option which is at the money. Tbat is when X = Ee
LHS of (15a) is equal to zero which is always smaller than ((vI/2) + 1) -1. Therefore
it follows that, to the extent the bias is related to the second moment of the “estimated
variance, the Black-Scholes mode! will always underprice options at the money.. However,
as the stock price changes (ie, when the options move away from ‘at the money) .
ceteris paribus, (111()(/}:"3'1-1-))2 increases monotonically and evenmally becomes greater than

((VI/2)+1)-1. This indicates that deep-in, in- and out-of-the monmey options will be

ovcrpﬁwd by the "Black-Scholes model. With the i:hinges in the wvalues of T, 1, and v,

the sign of the derivative may change also. ‘Therefore, the analysis seems 1o suggest that,
< .
depending on the values of the parameters of the model, the variance of the sample

variance will induce different bias patterns into the model price.
The third and fourth derivatives of the model are :

o pm =1T, s
C,.BS = CBSIV{(W-/& Y/ 2T HT/8)«1/2v))

- [t(n(x/Ee Tysrvy - (1/2¢]Cpg 2 0. (16

the Black-Scholes model will’



-

C'mBS - C..lBS[{(m(X/Ee”fT);/2Tv!};(T/8)-1/2v] + C‘BS(1 ' ~(In(X /F:.ﬂ.)‘ /T\}’]

T | e o | -
- C'Bsil/v’-.‘&(ln(X/Ee Ty v % 0. ; : an

In order to determine the signs of the third and fourth derivatives, we, again. consider
an option which is at the momey ( ie when X = Be 'l). Equations (16) and (17)

respectivly then become

.

C"g = - C'pdl(T/M+(1/20% + Cpe(l/v) > 0. v (172)

and

Ctm ’

gs = - CUpd/8)+ (/23 + C'p (V) = Cplv)0. 17b)

Since CBS" is always positive apd since C‘BS is pegadve when the option is at the .
money (shown earlier), the sign 6f the third derivative is positive. - Similarly, “we can show
that tﬁe sign of the fourth derivative is negative at r,he‘lmmcy.f‘l‘hercfdrc’, the btas in
the model estimated 'price ansmg from the third and fourth momcn‘ts of the w.irhated_’
variance for options at the money will respw'jvely" be posin—'ve and - negative. However, chc _
signs of the bias arising from the third and fourth»;moments may change when the
options are m, deep—in and out—of-tl{é mone;'. This is because the second derivatve of
" the model which is positive for these options makes the sign of the third derivative
indetermzﬁate. For the same reason, the signl of the fourth derivauve is -also
indeterminate. Therefore, the analysis .suggests that the blases i;iduccd by the third and

fourth moments will also depend on the‘parametcr values of the model.

o

Because ‘the three fen’vatives may assume different 'Msigns dcpcndmg on the

parameter values considered, and because the values of the products of the mmv and

.



pricc s therefore amlyuaﬂyindemmm Further analysis of estimation crmor biases

9‘1, ical }

.,
Boyle and Amntamryanan (1977), and Butler and Schachter (1983), among others.
‘an'mwmmmfmmmmmmemmwm
of the varance nae They mentioned that the dismibution of the estimated variance is
impornt in analysing the esimation error biss of the model But they swdied the biss
ﬁmmmmﬁmmﬁgmpsumzmmummm

the conmibution of the moments of the estimated variance to the ol bias of the model, =~

we “have a betier undersanding of the pricing-bias characteristics of the Black-Scholes
m.msm.smam the bias of the model is a function of the
 moments of the estimated varance. We mke this analysis further in the numerical work
o foliow. | | |

Following the same line of reason as was used o examine the Black-Scholes
model, &Dm in the estimated céx—kosmodd ﬁn‘a:un be shown by the [cilowing

equwon. assuming CCR(V) = C.R(v).

HCxM - Cg ‘-‘-‘ (2 g (MEM-vY + (1/6)C ~p (VE(V-vY

- (129C G EV-VY. ] —_ (18)

" As'in the Black-Scholes model, estimation error bisses in the Cox-Ross model arise
from the interaction of the derivalives of the model with the moments of the estimator
dmmmmaﬁnamqm*m—m?@mmmmm

sL ¢
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Ceg = [H6E Daixbl2v) - [(X+Ee oth2xn2/av)

-

+ SM + (o(hl}Fn(h2HQ/4rS > 0 .

‘whers

S = JIVX - VX- e E )y,

: ) §
M = {in(h1Xh1’/2v} - in(h2Xh2:/2v}]

and

Q = Xx-xu I

-

The second derivative of the model is,

C"CR = [X—&—TT][Uhl-hI’)/dv’]:(ﬁl) + [X+&_IT][(3h2-h2’)/4v’]n(h'2)

+ SW o+ (20M/4rS) - in(hl) - n(h2B1Q/16r'S% % 0.

where

W = [(b]'-4h1")n(h1)/4v} - {(h2* - 4h2')(h2)/4v"}. -

The third and fourth derivatives are:

= fX-Ec-rT][l(Z)h : 5-2h1’~}0h1)/lf>\"ln(hl)]'

C...CR S

+ [X~E:,-n][ijzgmfvﬂf-mZ)llsv’lrxh2)] + (3WQ/ars)

3

(19

(20)



a

+ [(SY-3MQ)/160S] + 3nhl>-u2Q/64rST 2 0. ey

where
Y = [(2b1-24n1*+48hI*)/16V*]n(hl) - [(2h2‘-24h2*+48h2")/16v]n(h2).
And B
Cog = X-Ee THA, + (X+EeTHA, - (6Q*W/I16rS") + (d4QA,/41S)
+ SA + (I2PM/BAPS) - 1S[n(hI)}n(h2I[Q*/2560ST] 20. 22)

A, {(336h1-1680h1°-16h1" + 1680h1)/256v*] n{bl),

A, = [(336h2*-1680h1>-16h1" + 1680h1)/256v") n{h2),

A, [(2h1*-24h1' +48h1%)/16V*]n(h]) - [(2h2*-24h2* +48h2?)/16v'}n(h2),

A, = [(16h1'-384h1* + 2304h1*-3072h1%)/256v*In(h])

- [{16h2*-384h2* + 2304h2*-3072h2?)/ 256V n(h2).
Atlempts 10 look at the behaviour- of the derivatives of the Cox-Ross model proved
analytically intractable even for options at the money. The only conclusion We can draw
is that the signs of the derivatives of the Cox-Ross modcl depend on the pa;amcter

values of the model
) : P
Since the signs of the derivatives of the Black-Scholes and Cox-Ross models

depend oo the parameter values of the modeis, and since the moments of the estimated

32
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variance are not known, we are not in a position to compare the estimation error biases & -

of the two models analytically. For that we must examine them numerically, o

ﬁowevet, w get a feel for the fe}.an’ve effects, of the moments of the sample
variance on the two models, we comsider the following data: X = SO.E--VSC.vzv
025, r =015 and T = 1. The values of the second derivatives of the Cox-Ross and ’
Black-Scholes models are -123532 and -123921 respectively. This implies thal to the
extent tie bias is related 1o the second moment of the csumated variance . both the
Black~-Scholes and Cox-Ross models will .tend to underpfic‘:: ’opxions ’Qfﬁch are near the
money (in this case (X/Ez '\ = 10151)) . The magnitude of the bias in the two
models will also be similar. Since the curvature of a function is usually examined using
the the seoond derivative , the above values seem to sugges! that the two models h;vc
almost identical inflection pomts for opums at the money. Therefore, we suspect that the

s will tend to pmdwc similar biases for options at tbevmcmey. However, with the
change of the value of the stock price, ceteris paribus, the bias parwin méy change. For

exampie, when the stock price changes from 50 10 60 or 46, C becomes 236.68 and

CR
396.58 respectively. The corresponding values for C'gg art 593 and 34LIL The

—

implication of- these findings is that even though both the models tend o overprice in
and out-of-the money options, the Black-Scholes model, as compared to the Cox-Ross

model, will produce greater biases for options in the money and vice versa for options

.

out-of~the-money. Examination of {t'm higher order terms does not vyield much in the

way of additional insight so we wili simply restrict our further examination of the

estimation error biases [0 numerical woOTK
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B Biass due lo Specifiation Ermor

We again begin with Black-Scholes.

Suppose, however, that the stock price movement is actually characterised by the

Absoiumprmepdihcopﬁmasamut,ispricedbytheCox-Rossmochlnthis

case, by assumption, the reporied (market) option price is equal 1o the Cox-Ross model
price, ie CR(" = Ccg(¥). However, when we use the Black-Scholes formula to price
the option, the bias arising from misspecification of the model can be shown by a
pmamhogm.swmatmedmdcnmgequanon(la Wemnnemattbevananceof

stockrcmrnsxsknownanddcm(:{hebmby

= Cp - Cegtv) ‘ ’ (23)
which gives, in the Black-Scholes case, the following specification error bias (the

difference between equation (2) and equation (4)).
CBS(V)—CCR(v) = - X[N(h2)+N(hI»N(dl)] + E-e-gT[N(hl)-N(hZ)-N(dZ)]
- S{n(hl)-n(h2)]. (24)

The bias in the B-S option price due o misspecification of the stock “price process

~will depend on the relativé suength of the three terms om the RHS of equation (24).

The biases might be positive, wro or negative depending on the values of the parameters

used in generaling the option  price.

To d;mmimmmmmmﬁdngmdmmdngmay%ye—
made atlempss w 00k at the second derivative of (24) with respect to the stock price
but we could not anmalytcally determine ,the  specification  error bias of the model



Therefore , we have followed an alternate route. That is, we set the RHS of equation

(24) ‘equal to zet0 and rearrange terms 0 find

[Cos® - Cg® 3 0
as

[X/Ee™™T) [N(1)+N(52-N(dD)-+En(B1) + ph2B( 120 (v-ve 21T

+ [N2)+Nd2-Nh1)] 3 0. . . (24a)

To determine £he type of option which will be o;ver- or underpriced, we consider
the the data, E=50, r=.015, v=.025, and T=1, and find the value of the stock price,
{ie., X=49.85) at which the speciﬁmﬁon bias is equal- to- zero. This implfcs “that, when
the option is in the Deighbourhood of at the momey ( in this case, (X/Ee ') =
1.01206), the Black-Scholes and Cox-Ross models will give exactly the same price fdr the
option. As a result, when the stock price is different from 49.85 (ie., when the ons
are in— or out-of the money), 'ceteris paribus, the B-S model will e.imc} ‘overprice Of
underprice optons. For example, when X = 40 (ie, when the option is out-of the
money), the LHS of equation (J4a) is equal 1o .1129 which is greater tha:l1‘zero,
impiying that the B-S: mod.el will overprice oul of the rmoney opuons. Similarly, we can
show that the B-S model will underprice options when the swock price is greater than
4985, That is, the B-S mods! will underprice in-the-money optuons. Thus, for high
“values of the stock price, X, ceteris paribus, the Black-Scholes mode! will underprice the
"u*uer' option price while for low values of X the reverse would be true. Ome possible
explanation for this mispricing behaviour can be provided by looking_ at the relationship

between the variances of the two models
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Recall from chapter I that the variance imput 'to the Cox-Ross model is equal to =

the Black-Scholes variance times stock price squared (a scale ‘.pa;tametcr). This implies that }7
each time the.swock price changes, the Cox-Ross model uses a different variance imput—"
(Le the Black-Scholes ‘variance times: the scale parameter) to pnoe the option.- Therefore,
the Yariame used in th?, Cox-Ross model to price out-of (in-) the-money options is
smaller (larger) than the variance used 'in' pricing optibns at the monesi. Since the
Black-Scholes mo_del does not allow the variance to change with the stock price, and
simﬁe the option price is positively related to the variance, the price geueratc;i by the
Black-Scholes model for out-of (in-) the-money options will, in general, be greater
(smaller) than‘ the “true” pnce of the option. As a result, the specification error  bias
(BSSE) calculated from equation (24) will be positive, zero or negatx depending on \
whether the option is out, at or in the money. This result is suppone-d ‘by r.he |

numerical results which follow.

By switching the roles of the Cox-Ross model and the Black-Scholes model in the -
foregoing discussion, we can obtain exactly the opposite specification error bias for the
Cox-Ross model. This is ~BSSE in equation (24) above. -

C. Biases due 1o Firors in Estimation and Specification

In the previous two sub—sections, we illustrated the biases in the Black-Scholes and

Cox-Ross models arising independenty from errors in estimation and specification. We



%

YEICRM - Cog) =cBpeCgll + [(1/2C" pg(VBv=vY

+ (O gg(IE-YP + (/241 p(WE(-Y)]. | (25)

The overall bias in the Black-Scholes model price depends on the contributions of

the -two sources of bias discussed above. Since both the specification and estimation error

‘ biases "depend on the parameter values considered, the resulting bias pé’nern in the model -

pnce is énaly’dcally ,indetcmin.ate. This is tue even when the options are at the money.
This is because the estimation error bias in the B-S model is indeu:rminale[5 Possibly
because of this, there exists conflicting evidence as to the magnitude or even direction of
the biases in the tests of the model (e.g. Black (1975), MacBeth "and Merville (19795.
Boﬂe and Ananthanarayanan (,1977). Bmlel' and Schachter (1983) "and Rubinstein (1985).

among others). We hope jo find out if this is a reasonable explanation.

When we compare the ability of the Black-Scholes a.nd Cox~Ross models to explain

the reported option price (reported option price is assumed o be get;eratcd by the

Cox-Ross model), we usually compare whether E{CBS(V)] - 'CCdeV) is “equal to, gIcaLeI
than, or smaller than 'E[CCR(V)]- CCR(V). Because the estimation problems associated 'with
attemnpts to validate the models are related to bor.hv estimation and specification ETTOTS, and
because the two sources of error have different effects on the wo models, conflicting
" evidence as regards the performance of the models can repmted}y be observed in
validation tests of the models. It is possible that the models will perform equally well,
 even when the Black-Scholes model is not the correct rfnode}'. This would be the case
~when the estimation error biases of the Cox-Ross modey are equal tw the sum of the

X

specification and estimation error biases of the Black—Sc_g:bIcs model. Our Monte Cario

“If we restrict our analysis 10 the second derivative we can sign the bias for options at
the money.

J
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results, in a later chapter, seem o suggest that the. Black-Scholes model performs as well

as the Cox-Ross model when the option is in the neighbourhood of at the memey. In -
this sitiation it is difficult, if not impossible, to compare the performance of the models
without separately bui simultaneously examining the two sources -8{ bias. The, implication
of this examination is that omce we 1dznnfy the sources underlying the pricing bias of
the models, it would be useful to know which source of bias we should be more
concem;d ab?;ut pver what range of parameter values. And amurdmgly measures can be
undertaken to remedy the bias so as to provide a better validation test for ,theroompeting
@ﬁmvvalmﬁon Meh For example, to the extent the bias is related to the estimation '
problem, ‘improved methods for estimating the variance rate can be devised and one
mode!l can be said to perform more poorly than the other when the model is merely
more. se%smvc o estimation error of the sample variance. A theoreumny better model can
be used in pricing opﬁons if the majority of the bias arise from misspecification of the

process of the underlying stock pnce.

In this chapter we have analyically examined systematic biases of the Black-Scholes |
and Cox—Ro& models resulting from erors in mmanon and speaﬁcauon 7. Wel have
seen that both the B-S and Cox-Ross models may produce pcmnve , eT0 or negative
biases in the estmated option price due to the estimation problem of the vﬁnce raté./
We have also seen that the bias due to misspecification of the process might be positive.
ie10, or negative depending on whether the option is out, -at, 01' m the money. Hdwever,

the analytical discussion of these two sources of biases has not 'provided enough -

information 10 come 10 any definite. conclusions about the extent and magnitude of biases

in the Black-Scholes and Cox-Ross models. For that, in the following chapters, we



CHAPTER IV
MONTE-CARLO TESTS FOR ESTIMATION ERROR BIASES IN THE

BLACE-SCHOLES MODEL

In Chapter III we provided an analytical examination of biases arising from errors

‘in estimation and specification in the Black-Scholes and Cox-Ross option pricing models.

In this chapter we examine the pam:rn and magnitude of estimation  €ITOT b:ascs of the -

Black-Scholes mode! in a qu.anmauve fashion. We examine these biases in terms of the
first four moments of the estimated variance. This is done by employing Mome-Carlo
gimulation techniques. The contributions of the moments to the overall bias of the
Cox—Ross model are exammad in the following chapter. We also cmploy Monte—Ca.rlo
s:mulanon techniques in a later chapter in order 1o examine biases arising from errors in
both estimation and ‘specification in the Black-Scholes and Cox-Ross models. Section A of
this chapter provides a brief discussion of the potential uscfulness of the Monte Carlo
study. In section B we "prt')vide a discussion of Monte Carlo simulation techniques which
were used. Section C reports the results of Monte Carlo tests of estimation error bmscs

for the Black-Scholes model.

A. The Potential Usefuiness of Monte Carlo Swmdy

Previous studies 1o examine estimation error biases in option pncmg models havg
focissed on the Biack-Scholes model. Boyle and Anathanarayanan (1977) examined the
impact of variance estimates on the Black-Scholes option pricing model They investigated
tne bias in the Black-Schoies formula by comparing the expected value (obtained by
using the probability denstw function of the estimated variance) of the Black-Scholes.

estimated option price with the trus price of the option (obtaimed by directly inserjing

39



the true variance of sock retuns into the Rlack-Scholes formula) The argument in .
Boyle-Ananthanarayanan mns as follows: If f{V) represents mepmbabﬂ*wfdcmwfﬁmenm -

(pdl) of the sample. variance, V, and g(V) is the option valuation function which is

random in V, then the expected option value is gi'ven by

g

HeW) = J srmKv. ' | e

The bias s then calculated as E [g()] - g(v). where g(v) is the true price of the -

opuoncalcuiamdbyphxggngmcuucvanance v,inm-théﬁmcﬁmg.Boyleand
Ananthanarayanan use numerical integration techniques to calculate the extent of the bias.
Theydonot,provideabrmkdownofthesourcsof&sﬁmationmorbiasinwrmsof

the moment components of the sample variance. Similarly, Butler and Schachter (1983) use
the numerical integration method o estimate the magnitude and direction of the bias in

the Black-Scholes formula witho decomposing the estimation error bias into its moment
componem‘s,.v_‘rbus, as noted eaxhcr a useful extension of their work would be t
examine the‘oontribuu'bh of the higher order moments of the estimated variance (o ihc
Gl estimation eror bias of the model In last chapter we have already (analytically)
examined the contnbuuon of the ‘moments 10 the overall bias of the model. Below we

continue to examine the _moment components of the bias by Monte Carlo methods.

Boyle (1977),1155' a Mome Carlo approach to obtain a pumerical solution to the
option pr)ang problem without atiempting © look a the bias issue. His analysis is able
3 use ﬂn’s simpler method as compared 10 the numerical imégraﬁon mcthod used - by
Boyle-Ananthanarayanan and Butler-Schachter, o get an unbiased estimate of the expected
vdueof{heepﬁeﬁpﬁ'ce.Wthzstﬁabﬁshadtheﬂvaﬁdiqcfthehionw&ﬁomethod
in his analysis of obtaining esumates of option values on dividend paying siocks. This

Monte Carlo approach is useful in our comtext in order to examine the related bias
o i -



)problemdimmedabove.v PR /

]

(i) The aggregate estimation error bias in option pricing models can be decomposed
inmthe'mam;mcompouemsofthcvariamesﬁmate.Bydoiﬁgsothepropottiohofbias
induced by each of the componemts can be examined, and a bemer lmdcrstari_ding of the
pricing-bias of the models can be obiained. |

2

(ii) Since the variance of stock retumns is the only stochastic input variable in the
option pricing formulz amd since the stochastic variance estimates can be génerau:d
independently of the particular model specification, the estimation error bias and its
components .m' be isolated from the specification bias. As a resuly, the c#timadon error

biases of the competing yoption pricing models (e.g., B-S and C-R ).m be compared.

*(iii) The use of Monte Carlo procedures provides a convenient means 1o examine
the bias issue as compared (o the numerical integration technique hitherto used The

Monte Cario method is easy 1o understand and easy implémpm.

However, the method is not without drawbacks. It provides only statistical esumates
rather than exact results. It is also a slow and costly way to study a problem.

]

B Monte Carlo Simulation Techniques
. « :

Monte Carlo simulation techniques perform sampling experiments on the .data and
.model of a system. This technique involves the construction of the sampling distribution
of an estimator when ma;hcmaziml techniques are madequatc 10 eslablish the undc-riying
natore of the mue distribution The essence of this technique is tha! an analogue of the
relevant situation is created. and ome simulates the relevant process o generale a body of

™
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data from which the desied solution can be oblained’ Typically, in a Momte Cao -

study, the response {(dependent) variable is exprésed as a function of stochastic input

~ variables and an avm’g’? estimate of the -respomse variable is obtained by the

- Monte~Carlo “sample mean method. * This estimate is then compared with 7the known true

valueofth:vaﬁablcofinmmordcrwobtainanwﬁmateofthebiﬁs. :
, ¢
The Sample-Mean Monte CAlo Algorithm can be characterised by the following

_ seps:

(i) A sequence V, (where i = 1, 2, ,, K ) of K random numbers is generated.
(ii) Given a known functional ! form, the response varable is computeod as a

function of the mpux variables generated in step (i) above, ie compute g(vi).
(ii) The sample meéas is compuied by g = (1/K) T g(V).

In' the comtext of the option pricing vproblcm discussed here, vi, the estimated
variance of stock rewms, represents the only stochastic input_vaﬁable'in"the'obtibn'
pricing formula. As a result, the cxp&:md value of the option pn'oé gﬂprau:d by any
particular option pricing model (ie- B-S or C-R ) can be estimated by the sample mean
method The moments of the generated variance estimates can be obtained so that the

1 3

contributions of each of these moments to the total estimation error biases of the model

can be established
]

‘An excellent expositon of the Monic Carlo methiod cambe found in Hammersley and
Handcomb (1964).

‘There is another Monte Carlo technique for computing the imtegral (26). The technique
is called “the hit or miss Moniz Cario method,”. This technique is based on the
geametrical interpretation of an integral as an area. Nevertheless, the sample mean method
xsmeefﬁacmmmmemiozmmcmmmtswhymhavc the sample
mean method in this study. —

-
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As noted earlier, - estimation error in the sample variance induces bias in

‘ o
Black-Scholes option price estimates. Of course the estimation error derives from the

dlstnbuuon of  the variance mm Therefore, in order to examine estimation error
mdmd biases in opnon price wt;maus, we generate K different estimates of the
variance, ¥V, each representing a mple of size N. The sampling dtsmbuuonts assumed
to be the gamma density function such that E(v)) = v, the true variance, and Var(V) =
2/N . * These simulated variance estimates are then plugged Toto the B-S formula in

order to obtain K different estimates of the option price. Since researchers do not know

_the true variance Vof stock reurns and use an estimate of the variance in the formula in

order to obtain an estimated option price, these K different’ option price estimates
Tepresent the option price that cagp be obtained by researchers who) undertake K
independent experiments to obtain the B-S mbdel price. Given that the B-S modél is
dorrecﬂy speciﬁed; one might at first expect that the average of these K .&stimated option
prices should represent the true __(market) price of the option. But Myl&me
and Butler-Schachter have shown that the expected option price is not equal  the true
value - of the option, as noted in chapter- IIl. As a result, the bias that the B-S madel
on average) produces, due 1o esnmauon of the variance rate, is given by the difference 6!‘
the average price of the option from the "price that would pfcv'ai) ‘were. the irﬁc variance,
v, used. For our purposes, the average price of the option ;nemwd by the model is

found by the Monte Carlo Sample mean method outlined above.

',We‘ also vary' the size of N and generate different sets of K variance csumatcs

and then reestimate the model prices in order to examine the effects of sample size:

*Our choice of the gamma density function in geherating the variance estimates is based -
upon the analyses of Thorp (1976) and Butler and Schachter (1986), amonmg others. They
uguemazmevanancesesnmamdasmemmnofmcsqmmdperwnmgechmgam'
the stock price. As Black-Scholes (1973) assume that the percentage change in the stock
price is distributed N(0O,v), the vamnceesnmamlstherefongzmmadxmbmed. For a
de:aﬂed&sammofth:spomsee&xﬁamd&ch&chm(l%). -
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msm#’@umm»ﬁmmmmmf&'m&s
ﬂnmmxm\mmium,mmmmﬂw
mmmmmmmmmmamcmwsmm'm.
variations in the sample size has imporam implications ss regards the conflicting evidence
,mmmn@amsememmmmmmmdiﬁm
and becase the variance estimates may cootain differeni magnitudes of errors across

sudies, the pricing biss revealed in various tests should also differ. y

Eﬂimﬁmm;wbimmmmennﬁnedmamdmm.spedﬂauy.;in
mdmmsdmmmmmc&nnumﬁmem
mmmmdmmmmmmmmxmwmusm
pmﬁcanumanlcnmnonofmcmum)ofmcmoddmmemomemsorme
estimated variance. The values of the derivatives of mc}vex urfﬁen multiplied by the
corresponding moments of the estimaled variance in order 10 find the bias induced by
each of the moments in the estimated model price. The biases arising from each of the
moments arc then compared o each other and © the overall bias of the model in order
10 examine how, and o what extent the bisses in model estimated price are atibutable

mmmmuofm:nmﬁcvm:
C. Resuls of Mome-Carlo Tesis of Emimavion Err Biases [or Black-Scholes Model

Following the procedures outlined above . we gencrale 50 different estimates of the
vanance m: from the gamma” density function by usirg the ‘subroutice "GGAMR" from
the Intermational Mathematcal and Sadstical Library (IMSL), We insert ecach of these

nﬂmmmm&smma»mmﬂmwmd

' We expect the sampie variance 10 change when we change the sample size
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mum5~m:=mofmcavmggopﬁmpMWcrme‘mk"opﬁwpﬁce.
The “true” option price is assumed o bc geperated by the Black-Scholés formula and is
obtained by insering the wuc variance . v, inip the formula We assume’ throughout that

the estimator of the variance rale is unbiased (e E(V) = v).

“Table-] through Tabie-11 report tbe results of Monte-Carlo simulations for the B-S

model for a variety of stock prices (40. 50, 60, 80). times to option's expiration (1. 3, 5,
7,9, 15¢. and smple sues (60. 100, 140) used in esimating the variance of siock.

returns. The mwvamm:‘m:, v, is assumed 10 be .025 per quaner -
{. Pattern and Magnitude of Biases in the B-S Model

Table-1 reports the “wmue” price of the option generated by the Black-Scholes

model, and Table-2 provides the estimated Black-Scholes opton prices with unbiased

variance estimates. |t should be noted that the sample mean, v. of the variance used in

- - - — " . - - -
estimating the Black-Scholes option price is different for different sample sizes. For
N=60, it is 02482513, whereas v = 024549 and .02499679 when N= 100 and 140
respectively, Because of this, the estimated option prices in Table-2 decrease as the

sample size. N, decreases.

5ﬁthDFscmnmedmch-Sfmmuhwmesﬁmawdb}' using a Fortran program
obuined from Butler and Schachter (1986).

.S
‘Notz that the options waded in an organised exchange have maturity penods maximum
of 3_quaners Consideraion of options with more than three quariers siems from the fact
mmmwmmmmmmmmm,
emﬂmmmmﬂsfmmemmmqopﬁmmybemtwimmc
results for different types of options when the types of options ( such as. ai-. in,
deep-in. and out-of the mopey options) arc defined in terms of X/Ee .
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option price. * The averge option price that the formula gives is then calculated by
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Tablie-3 shows the biases (Table-2 minus Table-l) found in the Black-Scholes

model due 10 estimatjon of the variance rate, These biases are of different szgnsandof
different orders of magnitude. Further, the bias pattern is found to change with a'dmngel

intheswckpﬁcethecpﬁou’Stimctomnnityandlhesamplesize.Tofadﬁmcan
undermndnuofmcbuspanemofmemdd,weﬁrstcnnnncmebmsofmemodel
forapammhrnmp}emandmcn zplamthqeffectsofmcsampleszeonmese
biases of the model. .

Table-3 mdmm that for N=140 the Bla'ck-Scholﬁ model overprices (with a f:u;
exceptions for long manmty options) deep in the money options (X=80). The ovezpricigg
is also observed for options out (X=40) and in the money (X=60) with one quarter 10
manurity, but otherwise—the model underprices options. The absolute bias is greatest for
options at the money. ° These findings are comsistemt with those of Boyle and

| Ananthanarayanan (1977)-, and Butier and Schachter (1983), but they contradict the

findings of other simulation studies, notabty Meron (1976), Madamky (1977), MacBeth and
Merville (1980), Beckers (1980),

Bookstabier-McDonald (1985). For example, MacBeth-Merville report that the. model

Mﬁm options out-of-the—money (comsistent with our findings) but underprices options

in the money (conmadicts our results). In addition, we observe that the model tends 10

underprice options, espeualh for X=40, and X=60, as the option’s time 10 matrity

mmsmpuamalmcmmamdo&snotalwaysfomthemodelto

_ overprice optons in and out of the money as found by Boyle: and Anathanarayanan

(1977)amongothcrs.msdnffc:mccmommmsxsduemthefactmatBoyleand

Ananthanarayanar (1977) comsidered an option which had onlycmquamrmmanmty.‘
g

"For our purposes, being ai the money means X=E so that when X=Ee 1! ( comsidered
in Chapter IIl ) we are slightly in the money. This definition however does pot change
resuls of our analysis.

]

in
the

*

(1980) . Hul-White (1985) and



Teble-4 lists the percenmtage biases of the model price (ie the dollar difference
betwecn'the estimated price and the reported price as a fraction of the rcponedpnoc)

Again for N=140, the twable shows that the percentage bias is greatest for out of the—-

money options, and that the bam in general, decrease as the option’s time 10 expiration
increases except for options in the money (X=60). This indicates that the estimation error
of the variance rate forces the model to increasingly misprice the option in the money
when the mamrity period of the option, ceteris paribus; is increased. Tabled also shows
that the m.agm'md_cv of the percentage bias .in the BlackﬁSc;}olcs model is negatively
related 1w the stock price, given the option’s expiration date. These are new insights into
the mispricing behaviour of the model, which are not found in the existing simulation

studies.

Table-3 shows that with .the decrease of the sampie size in estimating the variance
rate, the bias in the mode!l price increases in  all cases except for in~ and
out-of-the-money optons of ome quarter to maturity and for deep-in-the— money options
of long mawrity. In additon , the biases for short maturity (T=1) in- and
 out-of-the-money options (X=40. 60) become negative with N=60., which implies that the
increased deviation of the estimated parameter from the, uué value of the variance rate
will change the bias pantern of the model In particular, we observe that (when N=60)
the model underprices all opuons excep: those which are deep in the money (X=80)
‘with 1, 3, and 5 quarters w© maturity . The implicaion of these results is that depending
on the accuracy of the estimated variance (which here is being related 1o the sample size
used), the pricing bias of the model may differ across swdies. For example, the results
we have found for N=60 comform mm the most Mw observed bias of the
Black-Scholes formula. That is, the model tends to underprice al- androut—,of—the-monéy

options while overpricdng dee r-in—the~monev—opiions” (e.g., see Black (1973), Finnerty



(1978), Thorp-Gelbaum (1980), Guliekin-Rogalski (1982), among others). But the results -

contradict the findings of other swdies, notably MacBeth-Merville (1979), Sterk (1982,
1983), and Rubinstein (1985). Thus the results suggest that the conflicting evidence about
the model’s vahd:ty observed in the empirical liwraune'can,‘in part, be attributable to

the sampie size used in estimating the sample variance.

Further, we observe from Table—4 rhat when N=60 and T=1], the‘ percentage  bias
is greatest for opﬁod_ax the money, and it incwascs’as the sample size decreases.
However, the perceniage bias for out of the money oplions decreases as N decreases.
Thisob&waﬁmsmtnnpﬁﬁngbmmcmebﬁsigthemmwdpﬁccfmopﬁons

out-of-the-money decreases as the size of N decreases. The results thus imply that

increasing the sample size used .in estimating the variance rate will not always reduce the

biasinxheﬁﬁmadepﬁcz.wpedaDyforomofmcmeyopﬁom

In short, for the range of parameter values comsidered in this study, we observe
multi-directional biases in the Black-Scholes model arising from the problem of the
“estimation of the variance rate. The biases are also found to be of different orders of
magmmde even with an unbiased estimator of the variance rate. The mﬂts thus sﬁp'pon
the hypothesis that even if the B-S model is comectly specified , the variance estimate
induces different panems of sysiematic biases into the model estimated qption price,
depending on the model’s other parameters As a resull, when researchers use an
unbiased estimate of the variance mate , the B-S model will produce 2 biased estimate of
the option price . This will | sométimﬁ, lead the researcher commit'a "Type 1" error
by rejecting the null hypothesis when in fact it is mue, ie, the B-S model is the true
modei to price options. For investors, committing a “Type [" error is particularly serious
when aliernative modeis are recommended for pricng of options or when auempts are

being -made 1t buy or sell options on the basis of the information obtained from the

4s



estimated option price of the Black-Scholes formula

Further, our results indicate that the sample size used in estimating the variance

-may change/,,the‘ bias pattern of the model estimated price. Since different swudies use

different sample. sizes in estimating the variance ( e.g, Finnerty used 8 years of weekly

observations, Geske-Roll used 180 daily observations, Rubinstein used about 350 daily

observations, and 30 on) , and since the error in the estimated variance differs across

studies, the bias pattern in the Black-Scholes estimated option price should also differ

across various tests of the model
2. Biases and the Effects of the Moments of the Estimated Variance Rate

We have seen above that our res;.ﬂts are consistent with those of Butler and
Schachter (1983) and Boyle and Anathanarayanan (1977). We provide some new insights
T~ . \_ 4 _
into the model’'s mispricing by examining the biases of the model in terms of the effects

| ~ of the underlying distribution ie., the moments of the estimated variance .

Table—5 reports biases arising from the second moment of the estimated variance in
the Black-Scholes estimated option price. These biases are obtained by multiplying the
second derivative of the mode! with the second moment of the variance estimate. The
lable shows that the bias arising from the second moment of the estimated variance in
the Black-Scholes estumated price is largest and negative for the opton around the

exercise price, and it is positve for deep in the money oplions. ‘Positive —bias_is also

mansmitted w0 the model price for out and in the money oplions Wwith one gquarter

mariiy.

Interestingly, the biases observed in the Black-Scholes model (in Table-3) are of the
same signs as the biases reported in Table-S { a few exceptions are found when N=60).
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For example, overpricing of out-of-the-money options by the Black-Scholes model is

congzmwnhmepo&uvcbmsmmmdbythesewndmomentofthemmatedvanancewr

andsoonThxs:sanmghtmatexplamsthebmintheKack-Scholsmodelfound'

in Buller and Schachier (1983, 1984) and Boyle and Ananthanarayanan (1977). That is,

the Black-Scholes model tends 1o overprice out-of-the-money options while it underprices

in-and at-the-money options. This can be seem more clearly by examining the biases

reporied in Table-6. Tables reports the met bias in the estimated option price afier we
adjust the original bias (from Table-3) for the bias -induced by the second moment of
thc' sample variance. That is, we deduct the product of the second moment of the
estimated variance and the second derivative of the model (Tabie-5) from biases reported
in Table-3. Table-6 shows an uni-directional (negative) bias in the estimated option price

~for all cases. This clearly indicates that the multi-directional biases in the model' estimated -

pricc found in Butler-Schachter and Boyle-Anathanarayanan are due to the effects of the
second x:fabmcm of the variance estimate. The total remaining biases of the modcl arising
from the higher order moments of the sample variance are uniformly negative, and the

magnitude of these bzases, in qlcneral, is very small

Table-7 reporis biases in the model estmated price arising from the third moment

of the estimated variance. These biases are calculated by the product of the third

derivaufe of the model and the third moment of the estimated variance. Similarly, the

~ bias iny the mode! esumated price induced by the fourth moment is obtained by the

" of the fourth derivative of the model and the fourth moment of the variance

estigate (Table-8). It is seen from Table-% that the fourth moment induces biases which

‘af%hzsémcsigns{cmp%fo;iﬁ—the-mmeyoﬁﬁomofaﬂmamiryandforshoﬁ
mawrity deep-in-the-money options) as the biases  induced by the second moment
{Tablt;S). But the bias panern induced by the third moment (Tabie-7) is opposite ( with
- ’ o | +
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a few exceptions ) to that which is due to the second and fourth moments. e}ifbfe.

the Tesults suggest that the various momemts of the estimated variance induce different
patterns of biases into the model eStimated price and that the total bias in the estimated
option price depends on the relative sizes of biases induced vby the various moments of

‘the estimated variance.

Comparing Tables 5, 7, and 8, it is seen thar the magnitude of the bias arising
from the moments of the sample variance decreases (with a few exceptions) as the order
of the moments increases. The second moment indu greater biases in the cstimau:d_

option price as compared to the other two moments, and the biases induced by the third
Al and fourth moments together are smaller than those of the second ‘moment The results
seem 10 suggest that majority of the bias in the model estimated price arise from the
second moment of the estimated variance and, therefore, a more accurate estimate of the
mode! price can be obuined by concentrating on reducing the bias' arising from the
second moment of the variance estimate. This is possible by reducing the variance of the
estimated variance. This is what most researchers have been doing Existing studies suggest
tha/1 the variance of the variance estimate can be reduced either by increasing the sample
size }Jsed in estimating the variance rate, providec'l the variance is constamt over that
period, or by using some variance reduction techniques suggested by Gcske—Roll.(]984),
Parkinson{1980), Bovle (1977) and Boer—Ananthanarayanan' (1977), among others. Since the
variance of stock reums may not remain constant over longer periods, and since, for
small samples, - the variance reduction technique, such as the Bayes-Siein rnetho; used by

Geske-Roll (1984), iwelf gives a biased estimator of the variance rate (e.g, see

Butler-Schachter 8934) p.6). ar easier approach would be to adjust the estimated price of

‘Even though the third and fourth moments individually induces biases of different signs,
we should not be surprised with the results reported in Table—6. This is because the bias
reported in Table—6 is the ouwcome of the combined effects of the higher order,
including third and fourth, moments of the sample variance.
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the option for the bias induced by the second moment of the estimated variance. Of
couse, this adjustment procedure will work betier when the variance estimate used in the
formula is unbiased Even though this adjustment procedure is ad-hoc. and requires |
repeated samples of stock prices to estimate vthevvariance , it will provide us with a
more accurate estimate of the option price and .therefore will enable us tb provide: a
bemer validation test for the model This may also help investors improve  their
W\Qc/rformance by re;iudng the probability of misidentifying over-or underpriced options.

The imporance of the above adjustment for the effects of the variance of the
estimated va;iance can be seen more clearly by examining the proportions of the bias
induced by the three moments to the overall bias of the model. These biases are
reporied in Tables 9, 10 and 11. It is seen in Table-9 that the second moment induces
al;nostallofthebiamofrhemodel.lnsomeczses,thepmponionofbiasesinduced
by the second moment is greater than 100%. This result is not surprising because the
overall ‘bias of the model consists of bisses induced by all the Tomeats of the estimated
variance and some of the hjghér order moments (e.g., the third moment in\ our anal,ysis)_
have induced negative biases inio the model eén'mated price. The third and fourth
moments individually do not induce more than 10% of the overall biases of the model.
<Even though the percentage biases reporied in Tables 10 and 11 have changed with the
sample size, the second moment is stll found to induce much of the bias in the mode
estimated price: In a few casas ( where we observed pt;sitive biases in the model
estimated price with N=140 and these biases became negative with the decrease of the
sample size (see Table-3)) the percentage biases induced by the three momenis have
increased, otherwise they have uniformly decreased with the decrease of the sample size.

The rationale for this result can be found in the following analysis
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The majority of the generated variance estimates have come from the lefthand side

of thergamma denﬁtj function - for which the expected value of the variance estimates

have decreased with the: decresse in sample size. This has caused the mean value of the
B-S estimated prices 10 dectease. As a result, the politive (negative) bias observed in ihe
model ‘price with N=140 has decreased (increased) with ‘the decrease of N. On the other
hand, the magnitudes of the individual moments of >t.he vanance ‘qtimate have increased

asthesizcohoasdm&sedThishasmcrwsedthebias&sinductdbyw:hofme

moments. As a resuit, the percentage biases induced by the moments have increased in -

these cases. In other cases the percentage biases have decreased, probably because all the

other momeﬂts (not considered here) have added more biases to the model estimated

option price. ¢

To conclude, we can say that the majorrityvof the pricing bias of the model is due

10 the second moment of the estimated variance. It has zlso been found that the second

moment induces multi-directional biases into the estimated price of the B-S model. That

is, even when inv&n‘gawrs usean unbiased estimator of the variance rate, the results
suggest that the B—S model woulzi yield biases of different signs "and‘ of different orders
of magnitude. These results support the hypothesis t.bat> the nonlinearity of the
Black-Scholes model in the mmawd variance rate causes the model to misprice options
in different directions. VIBulm—Schacinm (17983:)7and Boyle-Anathanarayan (1977) - have also

found similar implications by examining the estimation error biases of the model. We

eitend their studies by examining the’ esimation error biases of the model in terms. of-

the momems of the estimated variance. We find that the wvariance of the variance
estimate induces the majority of the bias of the model and these biases are subject’ 1o
change with the change in the size of sample used in estimating the variance rate. Since

the error in the variance estimale depends on the sample size used, and since different
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mxhame&ffmsampiemmes&maungthe&mm,wnmﬁamymuhsas

rega:dswmcb;aspanzmofthemmambcobwvedamgvanwsmofthe
model. For example, ouwr results with N:-=60 (Table=3) -seem to lend suppourt to the most
widely observed biases of the model That is, the model tends to underprice at- and
out-of-the-money .opﬁom while it overprices deep-in-the-money options. But for other
values of N the mispricing behaviour of the model has been found to be different Since
any number of bias patterns can be ohtained by the selection of different samples, it can
be expected that even if the Black-Scholes model is the true ;Jmodel forpndng the
option, the empirical validation of the model would be a difficult task, unless the model
estimated ﬁn‘ce is approximated by taking into account the effects of the moments of the
estimated variance. Our Monte Carlo test results suggest that the adjustment of the model

. S :
estimz:ed price for the effect of the second moment of estimated variance will reduce the
4

bias of the model by a significant amount Even though this adjustment pmcedure’ is

ad-hoc, this would provide investigators with a more accurate estimate of the option price

and would enable them w provide a better validation test for the model This  adjustment

will eliginate the multidirectional bias patiern of the . estimated price (as observed in
Table—6) and therefore -would help investors improve their performance by Mmg the
risk of misidentifying over- or underpriced options.

‘1n' this chapter we have reporied the bias of the Black-Scholes m&} ansing from
the underiying distribution of the estmated variance rate. It is found that the model
produces multi-directional sysematic biases in option price estimates du¢ 1o the estimation
problem of the variance maiz. Thess biases are also found to be of different orders of
magnitude. Furthcr, we have found thai the mult-directional bias in the model estimated

price arises from the second moment of the estimaied variance. It is also found that the

mﬁm@mﬁ‘mwi’smfommcxmmm&mm
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repeatedly be observed due 10 the degree- of accuracy of' the &;umawd variance. Even
ihough‘ we do not know the true variance of the underlying asset the Tesults sﬁggqt
that researchers should adjust the estimated model price for the. effects of the variance of
the estimated variance, even when they use an unbiased estimator of the variance rate in

generating the model price.

~
i

We tumn next to an examination of {gxe effects of the estimation error of the

sample variance on the Cox-Ross model Estimation error biases in the Cox-Ross model

~ estimates are examined in a manner similar to the above in the next chapter. The results

for the two models will then be compared

Speciﬁmtioﬁ error  biases of the models are examined by comparing the prices
generated by the competing models with the wue variance inserted into the formulas. For
the Cox-Ross model, as mentioned in chapter II, the variance rate is 8§’=v-X’, whereas

v is the variance used for the Black-Scholes model

Finally, the relative effects of estimation and specification efrors on oplion price
estmates generated by the B-S and C-R models are examined It is invesigated “whether
the -esimated option price is relatvely more sensitive 10 the specificaion error or to the
estimation error, and whether the combined effects of the two sources of error provide
some insights in order to. undersand the conflicting evidence that has repeatedly been

observed in the empirical studiss.
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Exercise price=50,

Estimated Black-Scholes Option Prices

TABLE

-2

f

with unbiased variance estimates.

r=0.015,

v=0.025 per gquarter,

X=Stock price, T=Ofti®dn's time to expiration.*
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is assumed to be the true varlance of stock returns,
= Sample observations’
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Biases observed in the Black-Schcles model
vith unbiased variance estimates

- e G- e . e G e S e e e e G e WS P S S VS M W Ee e

Biass Estimated option price-True option price

Exercise price=50, r=0.,015, v=0.025 per quarter,
X=Stock price, T=Option’'s time to expiration.*
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sv |100/0.000909]-0.009602]-0.01728 |-.022795]-.026995 |-.034976
|80 |+.000581]-0.022948|-.038824 |-.050226|-.058894 |-.075454 %
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60 |[100/.00047 |-.00765 [-.012878-]-. 016495[- 019226 1-.024307 ‘

60 |-.00198 |~.020101 |-.03154 |-.039581|-.045624 |-.057022
" |140.000473 |.004929 |.005844 |.005295 |.004303 |.00172¢
80 |100|.000656 |.005875 |.00582% |.003967 |.001678 |-.003922
60 '55???2'}'585955"}'685758"17665?35'3'55555?13'6?58?2 |
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* V.is asgumed to be the true varigance of stock returns.
N—srsamp%e observations.
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" TABLE - 4 - o
, S

Percentage biases observed in the Black-Scholes
Model with unbiased variance estimates
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APB = (|Bias of Table 3{!100)/True option price

N

Exercise price=50, r=0.015, V=0,025 (per guarter)
' Z=Stock priCe, T=Option's time to expiration.*

T 1 1 5 f’/i 9 15
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X N ' )
140.460723 |.234309 .257509 246786 |.232555 194803
40 |100{.295229 |.519151 |.510413 |.473979 |.440079 |.362457
60 188688 1.2408 14696 04437 .|.960117 781929
1401.162646 |.14753 .137122 128801 L121691 10484

50 |[100}.309928 |.281145 |.261392 3.245813 |.232638 |.201104 f/ﬂ
60 |.679619 l.éTBT?# i.s73237 {.539608 511434 }.442955 \N\\

~ 140/.011993 |.02013 034146 |.040839 |.044137 |.04634
60 |100|.004205 |.055186 |.079832 |.081024 |.096545 |.099219

60 f6?9565"'72;55£""?5%5?5"P?éi&é"'ééé???'"5553;3' ‘
 |140].001538 |.015214 |.017088 |.0t4731 |.011434 |.004084
o0 |100| ouar3e Lareiae Tiovress Iioriose 1.ovaee ].ovsaee

60 fé&iéé5T55;555"?’6'2755'"(56655?"6?552“"622&%"

* V is assumed $6 be the true variance of stock returns. - - .
. N= Sample obServations. ] i ' :
o : >
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- TABLE - §

Biases arising from the second moment of the estimated
varzance in the Black-Scholes model pr:ce
Exerc1se price=50, r=0.015, V=0.025 (per,quarter)
X=Stock price, T=Times to option's expiration.*
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60 |100] 002211 |-.003462 |-.007207
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7 l140| 000546 |.005228 |.008307
80 |100|.000768, |.007351 |.008865
60 |.001289 |.012338 |.014879
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TABLE - 6

&

Biases in the Black-Scholes model after adjustment

for the bias induced by the variance of variance estimates
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Exercise price=50, r=0.015, v=0.025 (per guarter)
X=Stock price, T=0Option's time to expiration.*
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TABLE -

7

Biases arising from the third moment of variance
estimates in the Black-Scholes formula price
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Exercise price=50, r=0.015, v=0.025 (per quarter)
- X=Stock price, T=Option's time to expiration.*
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.000188 |.000826
.000303 |.000368
000506 |.000616
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* v is assumed to be the true variance of stock returns.
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Exercise price=50,

TABLE\-'{

Biases arising from the fourth moment of variance
estimates in the Black-Scholes formula price

r=0.015, v=0.025 (per quarter)

X=Stock price, T=Option's time to expiration.*
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* v is assumed to be the true variance of stock returns.
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TABLE -9

f

Proportion of biases due to the second, third and fourth
moments of variance estimates to the overall biases
of the Black-Scholes model (N=140)

Exercise price=50, r=0.015, v=0.025 (per quarter)
X=Stock price, T=Option's time to expiration.*

el I
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©l2na|109.32
40 |3ra|7.3478
atn3.3253
~ |2na|98.5977
50 |3rd|3.2437
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T analii7s
€0 |3rals.2652
sth|e.5675
"~ |2nal115.49
80 |3rd|5.3288
sth|1.1405
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TABLE -10

Proportion of biases due to the second, third and fourth
moments of variance estimates to the overall biases
of the Black-Scholes model (N=100)
Exercise price=50, r=0.015, v=0.025 (per quarter)
X=Stock price, T=Option's time to expiration.*
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* v is assumed to be the true variance of
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Proportion of biases due to th
moments of variance estimates t
6f the Black-Scholes

Exercise price=507
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_ CHAPTER V
MONTE-CARLO TESTS FOR ESTIMATION ERROR BIASES IN THE COX-ROSS
| 'MODEL

.In Chapter- IV we examined the pattern and magnitude of. the - estimation error

biases of the Black~Scholes model using ‘Monte Carlo simulation techniques. A similar

examination of the es%ﬁon errory biases of the Cox-Ross model is provided in thxs

Chapter. Estimation error biases of the Cox-Ross model are then compared with those of . »

the Black-Scholes model. The relative effects of the second, third and fourth moments of

the estimated variance on opﬁon'price estimates generated by the two models are also

compared.
A, Estimation Error Biases in the Cox-Ross Model

In Chapter I we analytically examined the. estimation error biases of the Cox—Rops
model. It was shown there that the C-R estimated option prices are biased even when
they are obtained by" using an unbiased estimate of the variance of stock returns in the

C-R formula. ' We discussed that the bias in the C-R estimated option price will be of

different sigme~ and of different orders of magnitude, depending om the bias induced byv

each of the moments of the estimated variance. We could not unambigously dctefminc
the extent of the bias in the model estimated price because the values of the products
of the moments of Athe esimated variance and the derivatives of ~ the model were
unknown analytically. Therefore, in tl:us chapter we vemploy Monte Carlor simulation

techniques to‘mlcula;e the extent of the estmation error bias of the Cox-Ross model.

¥
4

"This is because the C-R formula is nonlinear in the variance, and the unbiasedness
property does not hold under a nonlinear transformation.
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Table-12 through Table-22 report the results of Monie-Carlo simulations for the

Cox-Ross model for the same set of stock prices (40, 50, 60, 80), times 1o option’s
expiraion (1, 3, 5, 7, 9, 15) and sample sizes (60,. 100, 140) considered for the.
. Black-Scholes model in Chapter IV. We use equivalent inputs in both the Cox-(Rossvand
Blad—SchdesmodeBmordammeawns’stcntwmpambfthewﬁmaﬁmm
biases of the two models. Since the B-S and C-R models differ in. functional form, we
expect that the estimation error biases of the two models should also differ.

T‘heresmtsr;porwdinTaﬂﬁuthmugh2'2a1ebobtainedinamannersimﬂarto'
that adopted for the Black-&:holé model except that here we assume that the market -
price of the option kg@g;amd by the Cox-Ross model In other words, the Cdx—Rpss
model is the "true” (correctly specified) model for pricing of options. However, as before,

we assume that the true variance of stock returns, v, is .025 per quaner,' ,
-1. Pattern and Magnitude of Biases in the Cox- Ross Model

. Table-12 repornis the ma:kct price of the option ‘generated by the Cox-Ross model.
These prices are obtamed by directly inserting the true value of the variance of stock
rewrns, v, intg ke C-R formula Table-13 pr;'fidwi the average C-R option prices with -
-unbiased variance estimates. The unbtased variance estimates used in generating thesé
prices are the same as those used in genemating the' B-S model estimated price (Table 2
of Chaj:tcr Iv). * It is seen in Table-13 that the C-R estimated option prices decrease
(except for shon mamrity (T=1) deep-in—the-money option) as the sample size decreases.
Thisisbecamethesamplcmmnofthevaﬁameusedin&sﬁmatingtheoptionpﬁcc
decreases with the decr®e of the size of N. For example, as noted in. chapter IV.

’Wcusethesamevanancemmawsmorderwfaahmcamsmmmmpansonof
snmanonenmb:asmofﬂ:eB—SandC—RmodelsThxsoompanmxsdonemalam
section of this chapter.



when N=60 it is .02482513, whereas vV = 024949 and .02499679 when N= 100 and 140

respectively. ~ .

-

Table-14 gives the estimation error biases in the Cox-Ross model which are
obmined as the dollar excess of the  C-R estimated option price (Table 13) over the

market pnceof the option (Table-12)° The biases are found 10 be of different signs

and of different magnitudes. The biases also change with changes in the .stock price, the

option’s time 1o mamrity, and the smple sze. Specifically, when N=140 the Cox-Ros
mode] overprices (excepl for long mawrity) deep in-the-money options (X=80). “The
overpricing is also obkerved for options out- and in- the- money with one quarer 10
marity, otherwise the model underprices options . The absolute pricing bias is greatest

for options at the money.!

Table-15  lists the percentage biases in the Cox-Ross model price (biases in
proporion to market prices of options) and shows that the percentage bias is greatest for
out- of-the money optioms This is because the model prices are typically low for these
options. It is seen in Table 15 that for N=140 the percentage biases decrease wnh the
ind;se of the option’s time to expiration in all cases except for options in the money
{X=960). This indicates that the estimation error of the varianci rate forces the model 0
mcreamngh misprice 1n the moneyv éptions when ..the maturity period of the option, ceteris
paribus, is increased. Table-13 also shows, again for N=140, thai the magnitude of the
percentage Abias in the Cox-Ross model is negatively related to the stock price, givcn the

- option’s expiration date. This implies that the bias in the Cox-Ross mode] estimated price

“We call it the markes pﬁce of the oplion because here we assume that the option is
priced by the Cox-Ross model

*As eglfmed in fn 6 of Chapter IV, being at the money means X=E so that when

X=EFEe (considered in Chapter III) we are slightly in the money. This definition
~however does not change the resulis of our analysis
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will always increase (given our parameter sets) with a decrease in the price 6f-the>stoék,
given the exercise price. S

However, with thp decrease of the sample size in esnmaung the van'anceb rate, the
bias in the model estimated price increases (Table-14) in all cases. except for options out
of the money wi;hl one quarer to mammity and deep-in—the money options vmh T=5 .
The direction of the bias in the estimated price has also changed with changes' in "~ the

sample size used For ezample, the bias in the model price is negative for thevshon_;,

maturity (T=1) in-the-money options (X=60) with N=100 and 60. This implies that the
increased deviation of the estimated variance from the true value of the variance will
change the bias pattern of the model Because of this, it xs possible that conflicting
evidence as regards o the bias pamem of the model can be obscrvoidlacros studies
wiﬁch use different sa;mplc sizes—in Emma:mg the variance of stock returns. For example,
Thorp-Gelbaum (1980) found the Cox-Ross model to “underprice (overprice) at- and out

of the (in the) money option whereas MacBeth-Merville (1980) found the model to
overpﬁce (underprice) out-of-the (in- and at-the) money options.

Further, we observe from Table-15 that thc percentage bias in the estimated price

for out of the moncy options (thh T= 1) decrmses as the .size of the sample used

decreases. But the oppo&te rwult holds for other opuons (with a few exceptions for )
X=80) considered in our s:mulauons. This indicates that the use of a larger satuple size

mesnmanngmevanance@Jnota]waysredmmcbmsmthemmatedmodelpnce,
especially for options out of\the money. This result for the out-of-the~money option is
not surprising because the wtal bias in the mimatcdpﬁcc('fahle-l‘t)forthisopﬁon
decreases--as the size of N decreases. |
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I shor, for the range of parameter values considered in our simulation tests we
observe multi-directional biases in the Cox-Ross model arising from the estimation
problem of the variance of the underlying stock. The biases are also observed 1o be of
" many orders of magnitude, even with an unblased estimator of the variance' rate. The-
results thus support our agalytical discussion (in chapter II) that even if the Cor-Ross
model is the true model tw price the' option, the variance estimate mduws different

patterns of biases in the el estimated option price.

Even thougl; it is méntioned elsewhere (e.g Butler and Schachter (1984)) tha; the
estimation problom associted with the unknown but estimated vangnce of the underlying
asset is shared by any. Wwﬁféﬁ are non-linear in the variance):. the
examix‘;_aﬁon“ of the effects of the estimation erfor of tht;, ‘variance on the Cox-Ross model
estimated priée is lacking }n the eijsﬁng' 1iteraﬁ1rc. The‘ résults of “this chapter - thus
pr;,vide useful -insights about] the model's mispricing of options that might be observed in |
" any validation tests  of V model. That is, tﬁe model iﬂl tend o overprice
deep-in—the-money opu'dng 6a“nd short mamnry in- and out-of-the money options.
Otherwise, the model’ will tend to undcrpriée opu'pﬁs/Of course the pattern- of the bias
explained above may change depending on the accuracy of the sample variance used in
any tesis of the model. This patiern of bias is (dis)simil_ar o the péacm of bias in B-S.

We return to this point shortly.

We now examine estimation error biases o_f the Cox-Ross model in terms of the
" effects of the moments of the .estimated variance.

n .
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‘_mmc(loz-kosaummdopuoum'l‘h&

“opmormcqwmwmmmy.

Z‘ - . A

z.,sam’wzguzﬁw of the ym of the Estimated Varidnce

TM!Gmh&amﬁwm oftheesiinn_wdviﬁanée

obnmedbymulﬁplymgmc
oy
mnddmnuwoftth-RfmmnhbytheswﬁthoImeuumwdvmm

Thcubksbowithutb:bmmdmédbymcmdmommofthemwdmi

tshrgmmdnegauvcroropnonsalthemoncymdn:spouuveforumopuons
dec-pmthcmoney(x w)THCMmalsoponuveform-mdwz-of-the-moncy

" Interestingly. the bisses observed in the C-R estimated option price (in Table-14)
have mowy the same signs as the bisses
of out-of-the-money optidas by the Cox-Ross model \is congruous with me‘-'podtive bias

induced. by the second modem of mc'ummwd\

»mmm:mcmmmmmmme ode! estimated option price arise due 10
~tbesemndmomcmo{mcmmredvammelnorderwen:mncthupmhm:ywc
"Mmﬂrw.?mmmmmmmemmpﬁam
_"wxdgzmtheonpmlbus(‘fahk—-ﬂ)fmthchusmdmadbytheswondmomemofthe
,thmtﬁmmmmmmdmemdmofmemwd
,nmnccammcmddennmofmcmodelfrunbusarcponedmhb!e-n
Tabie-17 shows an uni-directonal (negative) bias in the _mzmtad owon price for all

ases This indicates that the multi~directional stock® specific and maturity-period specific
biases of the model are due 1o the- effects of the second moment of the variance

Tabie-16. For example, overpricing

estimaic. The remaining biases of the fnodc!anﬁng from the hagherordcr ,momcntsof

mmmmmwmwmrywm.mmmmm
the biases are quite small Even ‘though we shall see in the following paragraph that the
tird and fourth mcmocnts individually induces different patterns of bisses in the estimated
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'modeipw wtthaﬂdnotbennprmdmﬂnthemﬂtsofhhie—l?ﬂmsbeamc

menepﬁvebmmwdm&htc—i‘fnsmeoumof the combined effects the

mghcrmder,mdudmgmemnﬁvandfounhmnm,ofthcesnmamdvmm ]

"raﬂe-lsrembias’m the mo&i'mmwdpﬁaarﬁngfmmme third moment

of the estimated variance. These mobmnedbymhngtheprodmofthctmrd

dcnvanve oﬁmc mode!l and the' third moment of the estimated variance. Similarly, the

busanmngfrom/}amhmomtmthcmwdmodclpncensobwnedb)mer

product of the fourth moment and the famh derivative of the model (Table-19). It is
seen from from Table 19\ that the fourth moment induces biases in the model estimated

]

price which have mostly the same signs as the biases induced by the second moment -

(Tabie-16). A few exceptions are found for ulong mamrity in~ and deep-in-the money

options. The sign of the bias induced by the third moment (Table-18) is opposite to that -

which is due w the second and fourth moments Therefore, ‘the resulis suggest that the

various moments of the sumple variance induce diffcrent pauems of biases into the model

estimated price and tha. the toal bias in the estmated option price depends on the

. - : .
relatve sizes of\buscs ‘nduced by the various moments of the estimated variance.

Comparing - Tables 16, 18, and 19. it is seen that the second moment of the

sample variance induces grealer biases in the &cﬁmtedioption price as compared 10 ihe
other two moments, and that. the biases induced by the third and fourth moments
wg:tbet are smaller than those of mf second moment The results thus suggest that
mt}ofthcbmmmchsnmawdopumpnocmfranmcmdnmcm
of_v.h:r esimated variance. and therefore, an accurate estimate of the option price can be
obuined by coocenmating on reducing e bias arising from the second moment. of the
mmmgnwmm:w.mwkmm 1o do this would
uwmmémmmdmemrmmem“mmmem
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moment of the estimated variance. This adjustment will reduce the bias of the estimated
price by a significamt amount and would emable rescarchers o provide a bemer validaton
test for the model.

’

'mc:mpomnceoftheaboveadjusunemfortheb:asmdmdbytheseoond
momcmmnbeseenmoredmﬂybycummngthepropommsofmebmsmdmdby/f

—

the three moments to the overall bias of the,model.%"hsc’ﬁim are rcponed in Tables
Ll Dias of t

J—

%71 ad B It is wen in Table-20 that the second moment induces almost all of the
© biases of the model (a few exceptions are found for X=80), In some cases - the
propmﬁmofbiasainduwdbymemd-mommtisvgrummaglmmmtis
wmm.gnmgmw,fmmr‘m-mmme
ovenali bias in the estimated option price cousisis of biases induced by all the moments

of the sample variance and some of the moments induce negative bmsu(mm the model
esimated price. The third and fourth momeats individually or jointy ‘do mot induce
significanl amount of biases in the C-R estimated price. Even though the percentage
biases reported in Tables 21 and 22 have changed with the sample size, the second
moment is still found to induce mud;ot‘ ther biasﬂuin the model estimated price.
However, mafcwmmefamhmommtbasindmdasigniﬁmtammtofbiasin
’mcmnmedopuonpncc lna&dxmthcpcmcn.agebamm&wedbymethm
moments have increased for some cases, othermse "they have decreased with the decresse - \ L

7

of the sample size. The rationale for these results can be found in the following analysis.

- ‘ mmﬁmn'ofme&wdmmhavemﬁomtﬁcle&hmdside
of the gamma disumibution for which the expcaed_valm of thevarim&sﬁmaxsrhavc
&aasedwim-ihcmofmenmﬁc m'mmsm.memnﬁlm of the

ﬁ\, C~Rmwdmtomhsarwhmcposnvc(mve)bmob&rwdmthe
modelpmeth—lwhasdeamd(mused)mmmcdeamofNOnmemher
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_ N\
A \
hand, the magnitudes of the individual moments of the variance estimate has increased as

thesxzeofthesamplehasmmd.\'rmshasmsedthebzas&smduwdbyuchof

N 4

the _moments. As a mm, the percentage - b:ass _induced by the 1 momcnts havc increased -

in ths., ng/ W tage b:ases have decreased, probably bemuse all

the other momems (not conszdcred here) have ed more bias to the model estimated

opion price. | AN

To conclude, we can say that the majority of the pncmg bias of m%&a is due

wmesecondmomentofthesumawdvmmeIthasalsobecnfoundmattheseoond

moment induces mtﬂadlrecuonal biases into the estimated price of the Cox-Rom model.

That is, even when investors use an unbiased estimator of the vanance_: rate, the results

suggest that the Cox-Ross mode! would yield biases of different signs aﬁd\ of different

orders of magnitudes. These results support our hypothesis that fe non—hneanty of the
C-R model in the estimated variance rate causes the model “to misprice opuons in
directions. We also find that ‘the mispricing behaviour of the mode] is subject ;o chéng;
with the change in the size of the sample used in estimating the the variance rale.
Since the error in the .variance cstimate depends on the sample size used. and since
different studies use different sampie sucs in estimating th‘e vanm . contradictory - results
as regards w0 the bias pattern of the model can be 6bserved among" various tests of the

model. For example, our results with N=60 (Table-14) seem to lend support, in part. o
Y

" the empirically observed biases by MacBeth-Merville (1980). That is the model tends to

overprice (underprice) the short maturity om—of-tb&money (at- and in-the-money) options.
But, for other values of N the mispricing behaviour of the model has been found o be

different Since any. numbeg~.of bias patterns can obuined by the selecton of different

samples, it can be expected t even if the Cox-Ross mode! is the tue model for .

pricng the option, the empirical validation of the model would be a difficult task, unlsss
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the model estimated price is approximated by taking into account the effects of the
moments of the estimated variance. Our results suggest that the adjustment of the model
estimated price for the effects of the second moment of the estimated variance will
reduce the bias of the model by a significant amount Even though this adjustment
procedure is ad-hoc, this would provide investors with a more accurate estimate of the
option price and would emable them 1o provide a better validation test for the model.
This adjustment will elmmme the multidirectional bias panem of the estimated option .
price (as observed in Table-17) and therefore would help mthors 1mprove their

performance by reducing the risk of mmdcnufymg over- or underpriced options.

B. Comparison of Esimaied Eror Biases of the Cox-Ross and Black-Scholes Models

lnmxssecuonwcmreandcontrastthewumauoneﬂorbmofthe
Black- Scholes and Cox-Ross modcls. Since the two models differ in ﬁmcuonal form, we
expect thal estimation error biases of the models should also . dxffer First, we compare
the total estimation error biases of the B—S and C-R models reported respectively in
Table-3 of chapter IV and in Table=}4- of thxs chapter. We then compare the effects of

the moments of the estimated variance on the option price generated by the two models.

The results reporied in Table-3 and Table-14 suggest that both the Black-Scholes
and, Cox-Ross models result in similar bias patterms in the estimated price of the option.
That is, both the B-S and C-R models produce multi~directional biases in the estimated
option price ‘and these biases are of same signs'for ihe two models w?en they are
viewed ucross siock prices, given mammity periods, Or across maturity periods, given siock
prices. In other words, we find Vihal both the Blé&;Schuls and the Cox-Ross models

MVcﬁmiMpﬁdngmmmmﬁmm'mmEmmofthevaﬁmof
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an

stock returns.

Nevertheless, ‘the. magnitude of. biasés in t.he‘ gsu'mated price of the two models are
different except for options at the money (ie when X=E). For er le, the Cox-Ross
model produces greater biases for options out- and deep-in- the- z;y .. whereas the
bias produced by the Biack-Schoies model is grmtcr for options in in the money at least
| when ‘N=140. However, with the change of sample observations from 140 to 100 or 60
'/t is observed that the Black-Scholes model produces smaller (greater) biases for options
in the money (out of _Lhe money). Tables 3 and 14 also show that when the. option is
at the money, the estimation error in- the variahce estimate iﬁduces'the same bias for the
two. models, even though the two models differ in functional form. This result occurs
because the two models are equally sensitivelaslrrega:ds to the effects of each of tﬁe
three moments of the estimated variance (Table-9 vs. Table-20, Table-10 vs. Table-21,
and Table-1l vs. Table-22). For example, the second, third and fourth moments of the
estimated variance rapéctitely induce 98, 3, and 1 percent. of the Lotal estjmgu’dg crrdr
bias of _each of the models when thg option is at the money (Tabir9 vs. Table-20)..
For other options comsidered, the proportion of the bias mduwd by these three momén‘.é

10 the overall bias of each of the models is different across the models.

To conclude, we «an say that both the Bl;ck—-SchoIes and Cox-Ross models produce
multidirectional biases in the estimated option price and these biases are of same signs
for the two models when they are viewed across stock 'pn'ces of given maturity periods
or across maturity periods for given stock prices. However, the magnitude of the biases
in the estimated price of the two models are different except for options gL'xl}c money.
For example, the Cox-Ross (B-S) model produces grmu:r biases fof out and deep-in-the

(in) money options. The major implications of these results are:

\ .



(i) The Co‘x—Ro& model régardl& of its specification, mlght perform poorly in
predlctmg market prices of out- and deep—m—the money optnons as compa:ed to the B—S
* model simply because the Cox-Ross model is relatively more semsitive to errors in the
variance esﬁxﬁate for these types of options. Similarly, the B-S might perform poorly in

predicting the price of the in-the-money option as compared to the Cox-Rdss model.

- (i) In- both inodels, the majority of the pricing bias is due to the second fnoment
of the estimated variance and these biases are very large as compared those induced by
“the higher order moments. To ﬁrovide a better comparison of the ability of the models'
in predicting market prices of options, our results suggest an adjustment of the models’
-estimated prices for the effects of the second moﬁmt of the sa;xlple variance. This will
help reduce biases of the two models by a oonmderable anount and thereby allow
regsearchers 0 prowde a hetizr validation m for the competing models.

(ii) Finally, and most impontant, our results suggest that as long as the options are

al the money the estimation error bias of the two models might provide the same

-

misinformation about over-or underpriced options. -

“‘Howevver, it is imporani o note that the above results are only based upon the
effects of the estimation emor of the variance. Since the two models ' differ' in
specification of the underlying process of the stock price, it is also of interest to examine
specification error biases in option. price &snmaws generated by the two V'modcls This is
because the specification error may confuse the interpretation of the .evjdence of the
- estimation error and that might lead mchers'to validate the “wrong" rﬁodel as correct
Therefore, the exa%fmnon ~of specification error biases and their companson 0 theA

mmanonembmofmcrwomodclsarepmwdedmthcfouomgdmpm
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TABLE - 12

Theoretical Option Prices Generated by the Cox-Ross Model
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Estimated Cox-Ross Option
with Unbiased Variance Esti

Exercise price=50, r=0.015, v=0.025 per quarter)
X=Stock price, T= Option's time to expiration.*
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100
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1140
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60
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TABLE ~ 14

Biases Observed in the Cox-Ross Model

with Unbiased Variance Estimates

Bias=Estimated option;price - True option price

.Exercise price=50,
X=Stock price, T=Option's time to

.
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P e e
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Exercise pr1ce 50,
X=Stock price, T= Opt1on s t1me to

TABLE - 15

Percentage Biases Observed in the Cox-Ross '
Model with Unbiased Variance Estimates

_APB= (|Bias of Table 14|X100)/True option prite

e |
e
~|140{.866991 |.
40 100| 816089
60 |.584261
a0l 161736
50 |100].308909
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60

80
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TABLE -16

Blases arlslng from the second moment of the estlmated
variance in the Black-Scholes model price
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* v is assumed to be the true variance of stock returns.
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Biases in

.TABLE - 17

the Cox-Ross Model after Adjustment

for the Bias- 1nduced by the Variance of Variance Estimates

Exercise price=50, r=0.015, w=0.025 (per quarter)
X=Stock price, T=Option’'s time to expiration.*
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Exercise price=50,

Biases arising from the third moment of variance

TABLE -~ 18

&

estimates in the Cox-Ross formula price
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Biases arising from the fourth moment of variance
estimates in the Cox-Ross formula price
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WT.ABI.E -20

_ ,4Ptop6rti6n'of Biases of theCox-Rogs Mddel - @
~arising from the Second, Third and th Moments T
: of the Estlmated Variance (N=140) - (
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Proportion of Biases of the Cox-Ross Model
arising from the Second, Third and-Fourth Moments
of the Bstlmated Variance (N=100)
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TABLE -22

<

“~

Proportion of Biases of the Cox-Ross Model
arising from the Second, Third and Pourth Moments
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MONTE CARLO TESTS FOR BIASPSV DUE TO ERRORS IN SPECIFICATION AND
ESTIMATION

-—

In Chapters IV and \’ Tespectively we reporwd Monte~-Cario tests results for the

_estimation error biases of the Black-Scholes and Cox-Ross  models. Specification  error

_biases for the Ha;ckj-Schom and Cox-Ross models, and the combined effects of errors in

specification and estimation oo option price estimates generated Sy these two models are
examined in this chhpm. Wé 'cxéminc the seriousness of the above two sources of error
on the model estimaisd option price in order to find oum whether the estmation error
bias in the correctly specified model is sufficiently Emc 1o cause the misspecified model

10 be selected as correct Comsideration of this issue is important in order to understand

the conflicting evidence conuined in the empirical literature as well as to provide a

broader basis for evaluating the performance of the Black-Scholes and Cox-Ross oplion

ANy

&wmw mmmmg_mﬁ_m_ :

pricing models 10 explain the market price of options '

We assume, -emporarily, that the slock price movemeni. is charactensed by . the

@se, by assumption, the trﬁ: oﬁdon price iS equal to the Cox-Ross modei pﬁce
(obuained by inserting the mue value of ihe variance of stock retumns in the Cox-Ross
formula). Thus, when researchers use the Black-Scholes formula with an esumate of the
variance matt to gemeraz the Opon price, systemalic biases in the B-S esiimaied option
price would arise. from the combined effects of model misspecification aﬁd ‘the error in

Absolutz process and the opuon, as a resull is priced by te Cox-Ross model. In this



Table 23 reports biases in the"BiaX-Scholes estimated option price ansyg from the -
combined effects of the above two. “of errors. These bmm are obtained as the

dollar excess of B-S estimated option prices (Table-2) over the ‘true price of options
(TablrlZ) It is seen .in Tablz—23 that the B-S model overprices out—bf-th&- money
options (of all maumues) and it underprices all other options. The bxass in the B-S
estimated option price are least when the options are ‘at the money (X 50). Interesungly,r

.Lhc above findings conform - with thc biases empirically obscrved by MacBeth-Merville

(1979, 1980) and Rubinsein (1985). That is, the Black-Scholes model overprices -
(underprices) out-of-the (in- and deep-in-the) money options. But they.conwadict the
most widely observed ‘biases of the B-S model contained in the empirical literature. As
doed i Chapter 1V, the most widely observed bias™ of the. l\i—s formula is a tendency
o underprice (overprics) out-of-the (ia-the) ‘money options X eg. see Black (1975),
Finnerty (1978). Thorp-Gelbaum (1980), and Guliekin-Rogalski (1982). among others).

It is imporant 1o note that, even though Rubinsicin (1985) found biases opposie 1o
those reported by Black (1975) and others, he ~also reporied that the biases found by
Black recurred in some sample periods. Within the framework of thc present study, this
reversal in the bias patiem of\m/B-S model may be explained by a cbange in the
parameter value of the CEV process over different time periods. an example, when the
slock price movement is characterised by the lognormal process (ie. when the B-S model

conwins omly the -estmation ermor bias), the B-S formula will tend to misprice Options in

a manner reporieg in Black (1975) and other swdies This point has already been

| dicussed in Chapter TV where we examined the estiration error biases of the B-S model.

However, when the stnck price movcmcnz follows the absolute process {(ie., the B-S
mode} contains both specificaton and estimation error bias), the B-S formula will wnd o
misprice options in a manner reporied in MacBeth-Merville (1979, 1980). As a result, the—

1
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B-S model with only estimation  error eon’mmds more with most empmcul nsuns than "
the B-S wnh errors in specification and mnmanon.L/ : : —_— R

In order to understand the significance of the two“Sources of biases in_the B
esumated price , we now separatciy examine the specification and estimation error biases
of the model. 4'Table-’24 reports the specification error bias in ‘the B-S estimate¢ option
price. These biases are obtained “by using equation (24) of Chapter 1L mt is, the
difference between option prices generated by the B-S and C-R models ( with the e
variance of slock rewrns inserted into the Tespective. formula) gives the specification, error
tuas of the B~S model. Table- 24 indicates that the B—S model overprices (undcrpnces)
out- of- thrmoney (in and at-the-money) options due to wsspec:ﬁcauon of mc
mdeﬂying process of the stock price. These findings are conmsistent with the analytical
results dxsamsed at Chapter I as well as with the findings of other sunulauon studies,

notably MacBet.h—Mervﬂle (1980), Beckers (1980)and Ritchey (1985).

-

Further, we observe that the signs of the biases reporu:d 'in Table-24 . in most
cases, are different from those of the estimation error biases of the model (Table-3 of
Chapter IV). Forrexa/mple. when N=140 the estimation error bias is positive for optx:ons
deep’in the money whereas the specification error bias is negative for .these options, and
s0 on. The magnitudes of bmses arising independenty from errors in estimation (Tabie-3) |
and specification - (Table-24) are also quite different ~ except Tor at the money  options.
Comparing Tables 3 and 24, it is seen that the specification error, as compared o the
estimation error, induces greater biases into the B-S &stjmawdApﬁoe for all oplions, except
for the option at the momey. Because of this, the biases reported in Table-23 are of the
- same  signs ‘.as the specificaton error biases of the model (Table-24).- For example,
underpricing of deep-in-the-money opt.ions'{ by the Black-Schoies model” (Table-23) is

congruous with the negative bias induced the, specification error (Table-24).
%2 o -
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{\ Interestingly,~at the momey, the options are valued by the Black-Scholes model with

mﬂ‘a@m_m/mﬁcanm of stock ‘price movements, and that ‘the magnitude of - -

this specification eror bias is smaller than the estimation error bias of the model The -
results thus suggest that when the optiohs- are at the money? the B-S est:mawd option
price is relatively insemsitve with respect to the specification protlem, and that * the
majority of the biases in the B-S estimated price for options at. the money are due to
errors jn the estimated variance. This can be segn more clearly by comparing Tables 25
and/26. Tables 25 and 26 respectively Teport the percentage hiases in the B-S estimated
option price arising from errors in specifiaction and ‘estimation. It is seen that for options
at” the money, the perceniage bias in the B-S estimated price due to erors in the
estimated variance ‘is at least two times greater than that of the specification error (this
is evem true when we compare Tables 4 and 25). For other options, - the specification
crror; indm greater percentage biases into the B-S option price. The highest percentage
specificaion error bias of the model is found for options -out-of-the money. Therefore,
we can sa}'lhat the -model mwd option price is very semsitive to the specification
problem when the options are out-of-the monmey, and that the eslimation problem is more.

serious when the oﬁﬁons are at the money.

Since the 'two sources of errors induce different patterns of biases in the B-S
estimated option price, and since the specification error, in most cases, .changes the
interpretation of the evidence of the estimaton error, it is ™~ possible tt;at the estimation
error bias in the correctly spéciﬁcd model is sufficiently large in some cases o cause the
misspecified model 10 be selected as correct In order 1o examine this possibility, we _pbw
compare the ability of the B-S and C-R models to explain the true price of the option
Specifically,” we compare the esumation crror biases of the Cox-Ross model (Table 14)
with the ovenil bus of the Black-Scholes model reported in Table-23. As .before, we
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assume that the opu'oh in the market is 'priwd by the Cox-Ross model.

% ) A

Coﬁ)paring Tables 14 and 23, it is seen that the absolute values of the biases in
the B-S estimated option price are, in all cases, greater than 'thc biases in the Cox-Ross
sumawd option pricc.r-’ This result indicates that if the actual stock ;rice movement
follows the *absolute process , it is unlitely that the Black-Scholes model will perform
beruer thanqrthc qu-Roas model in explaining the market price of options. Therefore, we
can say- t_hat'thc;, above result does not support our i)ypothesis that the estimation error
bias in the comectly specified - model is o large as to cause the misspecified model . to
be selected as comect Thus, the choice between the Black-Scholes and Cox-Ross models
is mot hampered by the interaction of errors in estimation and specification. |

) - ' .
However, by switching the r'mm of the Cox-Ross model and the Black-Scholes

model in the following discussion (ie., by assuming that the B-S model )is correctly

specified and the Cox-Ross mode! is misspecified), a different picmre eMETges. - o=
B Specifiation and Estimation Error Biases in the Cox-Ross Model

Spe&ﬁcadon error b:ases for the Cox-Ross model are examined by assuming that
tbe B-S model gene}atcs ‘the market price of options ~{that is, the actual stock pri;g;
movement follpws the lognorma! process). The biases in this case are nothing o:me: than
the negative of specification error biases of the Black-Scholes model (i€ negau've of
BSSE in equation 24 of chapter III) . The speciﬁc\zu'on error biases of the Cox-Ross
model are reporied in Table-27. L is seen in Table-27 thai the Cox-Ross™'fhodel
underprices (overprices) out-of-the-money (al-, in-, and deep-in-the) options. Further, we
observe that the signs of the specification error biases of the Cox-Ross model are

diffezent (except for out-of and most deep—in-the—ﬁ'i‘qncy options) from those of the
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estimation error bias of the model (Table-14). For example, the specification error biases

are positive for options at the money whereas the estimaton emir biases are megatve for

these options. The magnitudes of biases arising independently from cm'ns in specification
(Tatne-ﬁ) and estimation (Table-14) are also different from each other. Comparing Tables
14 and 27, it is seen thatshe specification error biases are greater than the estimation
error bias when the Optmus afc mrdeep-m, and out—of the money. At the money, the
options are valued by the Cox-Ross ® model with small (positive) emors due 1o
 misspecification of stock price movements, and that the “magnitude of this specification «
mmbiasismuumanmcsﬁmaﬁonmbia;ofﬂ;émode}(mﬁmmbiam
arenegat_iveinthisczse).Thismdicamthaiaslongastheopﬁqnsmatthembney,
the bias arising from the joint effects of errors in esumation and spécification in the
Cox-Ross model will -be smaller than the estimation error bias of the C-R ‘model This
can be seen more clearly in Table-28, where we report the combined cffects of errors in

specification and estimation on option price estimates generated by the Cox-Ross model.

- The biases reported in Table-28 arise when an estimate of the variance is used in
the Cox:Ro&s formula 1 generate t.hcr Opuon price. These biases are obtained as tﬁe:
dollar difference of Cox-Ross estimated option pnds over the true prices of optioms. As
noted above, the ‘trus price of the option is genmerated by the B-S formula (with the

true value of the variance inserted into the B-S 'fgrmula).

Y

It is seen in Table-28 that the Cox-Ross model overprices (underprices) in- and
deep—ix; {(out-of and some ai-) the money money options. The biases "in the C-I;
_estimated option price are least when the options are at the momey. The above findings
conform with the biases empirically observed by Thorp and Gelbaum (1980). That is, -the
Cox-Ross model overprices in- and deep-in-the money options and it underprices at- and
out-of- the money options. But, they contradict the findings of MacBeth-Merville (1980).
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MacBeth—Mervﬂle found that the Gox-Ross model overpriced (tmdﬂpnwd) out—of—thc (m— .

_anddeep-—m—-xhe)mmcyopm

It is imporant to note thal, even though MacBeth-Merville (1980) found  the
Coi-Ross model 1o misprice options in the above manner, they concluded that . the
Cox—Ross model, as compamd 10 the M/model best describes the market pncf. of the
option. In some cases, however, they found that Lhc Cox-Ross model mxspnced opuons
more than the B-S model . Therefore, the question arises: whether the estimation error
bias in the B-S model is sufficiently large in many cases o make MacBeth-Merville pick
the Cox-Ross model as comrec. We shall see in the following discussion that this s

certainly the case when the options are at “the money.

In order w examine _i;hetbcr the estimaton error bias in the B-S model is .la‘rge
enough 10 cause the Cox-Ross model i be selected as correct, we compare thc“ overall
bias of ‘the. {/ Cox-Ross model (Table-28) with the estimation error bias of the
Black-Scholes ‘modél (Table-3). - Comparing Tables 3 and 28 . +it is seen that the
- Cox-Ross mhodel misprices out-of, in-, and - deep~in the money options more than the

Black-Scholes model (the signs of the biases actoss the models are different though).

a

However, for opﬁons) at the money, the estimation error bias of the B-S model is

greater than the overall bias of the C-R model (Table-28). Thc( results thus imply that
as long as the options are al the money .(most of the options’used in empirical tests
and taded in the market are at the money), the Cox-Ross chodel may perform better
than the Black-Scholés, even if the Cox-Ross is nt;ispedﬁcd. It is posﬁblcr that this could
explain MacBeth-Metville’s (1980) findings that the Cox-Ross model performed bemer than
the Black-Scholes model. The implication of the above analysis is that there is a bias
tawiids accepting the Cox-Ross model even when the B-S model is the true model to

price options.

L
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Impomntiy,theabow mﬂtswpportomhypothmsﬂmthe esumanmm blas

mmemxﬂymﬁedwdwhrgeeémghmmemwmmmemsspedﬁed
Melwbeselmdasm'Smﬂ:euumanmmbmesmﬂ:cmecﬂy'

specified model may dxffer acmss studies (depending on data set comdered and sample :

mmed)mdmmfmmmhmmﬁcrmmodels(dcpendmgmmeu.

‘dewauonoft,hemnmdprowsfromtheu'ueprowasofsmckreun'ns),ulsexpected
that even if the Black-Scholes model is the true model fo pricing 'the option, the
~ empirical validation of the model would be a difficult task, unless we. undertake ne;ﬁsary

mmzfeswmedymemmaﬁonmbiamofthemodeLOmMontcCaﬂomulm~

(mChap(crsWandV)mg;mt.bat:hcadjmuncmofmcmodclmumawdpncefurthe
eﬂ'ectsofthcmdmomcmofthemmawdvamncewillreducetheblasofthe

by a s:gmﬁcam amount and therefore would help m:chers provide ‘a better

vandatmnwstfmtheB—SandCox—Rosm:ls.Thmxsbemusctheremmmngbmsesof

thcmodr.}smllthcnenstonlydlxtonnsspeaﬁcznonoftbcu'ueundeﬂnngprmof
mcswdemwledg:ofmespeaﬁauonmmbmsmbeusedmldennfyme_

truemodclforpnangmcopnon.

In this chapter we have reported the bias of the Black-Scholes and Cox-Ross.
( .

option pricing models arising from crmrs in estimation and speciﬁcation. We have

"examinedtheseﬂmm&ofmcrwomofenmonm:modelmtimawdoptio‘nvprice.

mordertoﬁndomwhcther the estimation error bias in the correctly spec:ﬁed model is
suﬂ':c:enxi}largemsomecasstoauscthennsspeafedmodeitobesclecwdasconect
. 1t is found that the speafauonenorbmsxsme serious for both the models when
the options are in, out-of -and deep-in the mom':yﬂAt the money, the options are priced
bythcmodclsmmsmanmmsducmmnsspeuﬁmonofsmckpmmovcmcms,and
thatmcungmmdeofmzsspeaﬁcanmmbagmmnerthanmpmumm

B
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b:asasofthemodels. sereaﬁtsthmmggestthatmmonwofmeb\assmthemodcl‘

mmawdpncefor'ﬂatthemoncymduewemmmcwumawdmmw;'
have examined whethcr the estimation enm' ‘bias in the oorrecﬂy specified modex is largc-‘ 4
manymsetomakemwcherspldthemmpeafedascom lthashecn\fmmdthal.
when the B-S is the true model, the mmanon enor‘bms of the B-S Me! (for.
. options at the money) are gratcr tban the overall bias of the Cox-Ross model, 1mplyms~ ‘
that even if the B-S model is thc true  model for pn“dﬁi"ﬁxc option, rmrchcts nuéht,, SO
ﬁempmcally validate_the Cox-Ross model as correct (ihis s because most~GT the options
. uadedmthemarketareatthemoney) Inordertocxrcu;nvcnttmsmodclselchm
| problem, our mults suggst an adjustmcm of the model estimated pnoe for the effects 01‘
the Vseconéf moment of the estimatec variance. This adjustment gives a more accurate
estimate - of the .v":option price }jperawd by‘ the relevent model and» enables us  w idcnﬁfy
the true model ‘on the basis of specification error biases’of the models: |

To put the results in.another way, we say that when the B-S model is the jue .
modet of option pricing, the estimation error bias of the ‘B-S model corresponds 1o most
widely observed bmses of - the model. Howevet, -we find va bias. towards accepling ' the
Cox-Ross model, even if the. B-S model is the tue ';nodel The bids’ in favour “of ‘ﬁic /
_gi—Rm model is due to the joint effects of errors in estimation and 'tpecxﬁaluon on
theifCox-Ros estimated opton price. The results thus xmply lhal evcnmxf the swck price T
movement is characteristised by a lognormal process , the Cox—.Ros modcl ( as__against- -
- the B—S model) may be selected as the correct modsl, uﬁles we undcnakc necessary .
measures to reﬁedy the estimaton efror bxas&s of the models. This is berzuse me
snmanon erTOT b:as maks it mﬂ'cuh 1o dugnose the speaﬁczuon error - bias of xhc
Cox-Ross model. Therefore, the present study suggts:s that the chmmanon of thc variance

induced biases is essemtial in order o provide a proper basis for comparing the
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Biases in the Black-Scholes Estimated Price

due to Errors in Specification and Estimation.*

Bias=Estimated B-S prices-Cox-RoSs prices.
Exercise price=50, r=0.015, v=0.025 (per quarter)
X=Stock price, T=Times to option's expiration.**
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to Misspecification of the Stock Price process. *®
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Exercise price=50, r=0.015, V=0.025(per quarter)

X=Stock price, T=Times to option's expiration.**
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% Biases in the Black-Scholes Estimated price due
to Misspecification of the Stock Price Process.
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%Biaé-(lBias in Table 24|*100)/True option price.
r=0.015, V=0, 025(per quarter)
X=Stock price, T-T1mes to option's expxratlon k&
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TABLE -26

S—  ()

$ Biases in the Black-Scholes Estimated Price due
to Estimation error in the Variance Estimate*

A T - - —— - — - - ———

Exercise price=50, r=0.015, V=0,025(per quarter)
X=Stock price, T=Times to option's expiration,*#

. ———

—— - —

- ———— - -

-

s L s T e
.297006 |.308086 |.286326 |.264403
658068 |.610666 |.54992 |.500348
1.5728  [1.37205 |1.2117 |1.0816
147148 |.136555 |.128087 |.120851
280417 |.260318 |.244451 |.231032
614578 |.57093  |.536617 |.507904
.019543 |.032973 |.03932 |.042421
.053595 |.077089 |.08764 |.092796
0140816 |.188796 |.21n304 |.220208
015015 |.016678 |.014248 |.010891
.017897  |.016635 |.010676 |.004287
023708 |.014806 |.00037 |.014616

® The Cox-Ross model generates true prices of options.
** v 1s the.true variance of stock returns. ,5

®
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Biases in the Cox-Ross Estimated Price due
to Misspecification of the Stock Price process. *
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Biases in the Cox—-Ross ‘Sstimated Price
due to Errors in Specification and Estimation.*

Bias=Estimated C-R prices - BLack-Scholes prités.
Exercise price=50, r=0.015, v=0,025 (per quarter)
X=Stock price, T=Times to option's expiration,**
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* The Black-Scholes model is assumed to the correctly
specified model to generate market prices of options.
** v .15 the variance of stock returns.
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N CHAPTER VI
SOME EXTENSIONS

In the preceding chapters we examined the estimation and speciﬁchn’dn error biases
: N
of the Black-Scholes model and Absolute version of the Cox-Ross model in order to

find out whether the option'mispricing by the correctly specified model is large cﬁough
to make us validate the “"wromg"™ model as "correct”. In this chapter two additional
questioﬁs are examined. In the first section we examine whether our results can be
generalized -for other cases of the Cox-Ross model The Cox-Ross model encompasses the
- CEV family of processes which depend on the value of the elasuaty parameter of the
variance. In the second part we desctibe an ex—post test for the Black-Scholes and
Cox-Ross models using &imulated options and _stock prices We show how estimation error

¥

and specification error impact on tests of this i

A Othér Versions of the Cox-Ross Model

@

Cox (1975) and Cox-Ross (1976) derived the following option pricing formula for a

CEV Process (given by equation (3) in Chapter ).

-8

CCE‘ = Xog ()\X_e n+1) G(A(Ee_rT') n+1-(1/8))
r - ? g r - !
Q0. \ :
-ze‘”. g(rg f, nvi-(1/60)6nEe T )Y, nery, (27)

wherz 6 = 2p - 2, p = the elasucty patameler,

A= 2r/ (8 67T -1 52 = w272 .
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G(Z.n}=c-zzn_1/f‘(n)isthegammadm'nityﬁmscﬁon,

*

r'in) = je-vvn-l‘is the gamma function and
G(w,n) = [g(Zn) dZ, the complementary gamma distribution function.

~ The Cox-Ross mode! we comsidered was the case when p = 0. That is when p -
= 0, the CEV model reduces to the Absolute (Cox-Ross) model. We chose the Absolute

model for two reasons:

(i) Since the CEV process can be used to fit a wide range of'processa»(including
the lognormal), it is impowblc to make any companson Betwecn the CEV and

Black-Scholes models without restricting the parameter value, p, 10 some extent

() Most imporiant, a justification for the Absolute model is found in the empirical
work of MacBeth-Merville (1980). They found that the Absolute mode! best fits the

empirical data as compared 1o other models considered.

— ' When p=1. the diffusion process is lognormal. As a resull by considering the
Absolute {p=0) and Black-Scholes (p=1) models in our analysis, we examined two
extreme cases of the CEV model Other cases of the CEV model could have been used
“by resmicting p between 0 and 1! We did not consider these intermediate cases in our.

previous discussion. In this section we explicitly consider these cases in order to examine

‘For values of p greater than 1, the CEV process could also be analyzed Emanuel and
MacBeth (1982), however, explain that for mathematical reasons (ie., for explosive nature
of the stochastic process) and because of different boundary behaviour (the density
function has a flat upper 1ail), the analysis is not identical. The analysis is not identical
because the option price does not tend 1o zero as the exerrise price tends 1o infimity
{this is a result of the flar mil of the density function). This implies that no maner
how large the exercise price, there is some probability that the stock price will exceed
the exercise price, and that an option with zero probability of being exercised will have
(non zer0) positive price. In contrast, for p§ the option will expire worthless.
Furthermore, the formula with o > 1 is different from the formula for p¢l. Therefore,
we may not be abie 1o generalize our analysis for these cases
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whethér the other versioms of the mode‘rl,wgmd also result in similar hnd of bmsesdue
‘4o erors in estimation and specification We found in our preceding analysis that both
the B}ack-Scholgs and Absoimé models have similar pricing bias characteristics with . respect
to estimation error in the variance. W‘e used two different functional forms (equations (2)
and (4) in Chapter ) for the two models It could have beem possible insiéad to use
the CEV formula (equation (27)) choosing the p values equal to 0 and 1 in cquation
(27). The results, of course, would have been the same. F

‘ The question arises whether the estimation ,eﬁor biases for othef cases (OCp<l) of "
the CEV process woiﬂd have ‘the same sjgns as the biases ’of the Black-Scholesr and,. |
Absolute models. In order to provide a thorough analysis of this question, it would be %
necessary (o examine the derivatives of the the CEV formula with respect to the variance

for different values of the elasticity parameter p. That is, first we have lobtain ihe
derivatives of the general CEV model with respect to the variance and then to examine
whether the signs of the derivatives change with changes in the elasticity pérametcr. This
examination will shed lignt on the effects of the moments of the estimated variance on
the estimated optionv price of the CEV model, and will allow us to determine the
estimation error biases of different versions of the CEV mode! (the analysis would be
similar 1 that provided for the B-S and Absolute models in Chapter III). Unfortunately,

" we could not obtain the derivatives of equation (27) with respect to the varance rate.
Failing that the estimation error biases fo: another specal case of the CEV model has
been examined If the estimation error biases of this model are found to be similar to
those of the Absolute and Black-Scholes models, we may be able 1o say that the other
,:casesaftheCE‘v'wou}daisopmdnctsimiiarkindsofbiaseswimmwthc

ssumation problem of the variance rate. , —_
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The model we comsider here is the.case when p =5. When p=5, the CEV
model becomes the Squar—Root model The SquareRoot model is another popular
version of the CEV model In addition, Beckers (1980) has found the square root process
to be more characteristic of -the actual stock price movement‘than the lognormal process _
assumed by Black-Scholes. | " |

'I'he’square root mode] is given by:
Ceg®) = A/B, | _ @
where A = 1+h(h-1)(W+2y)/(W+yP)-h(h-1X2-hX1-3hX(W+ + 29)/2(w+ 8/ (w + ),

B = [(2h:((w+29)/(w+yPXI~(1-hX1-3h)(w+ 2y)/(w+ v} 72,

h(W) = 1Q2/3KwW+yXw+3yXw+2y) 2,

'y = 4rX/(VX(1—e-rT)), K = 4rE/(VX(eIT-1)), and w is a parameter which ‘takes on the

values 0 or 4.

“Table 29 repoms the estimation error biases of the Square-Rool model for the
same set of stock prices (40, 50, 60, 80), quarters to option’s expiraton (1, 3, 5, 7. 9,
15) and sample sizes (60, 100, 140) considered for the Black-Scholes and Absolute
models. Thesc biases are the difference between the—fstimated and the theoretical option
prices generated by the Square-Root model The estimated option prices are the average
Square-Root model option prices with unbiased variance estimates The variance estimates
used in generating these prices are the same as those used in the Black-Scholes and

 Absolute models.

It is seen in Table 29 that the estimaton error biases of the Square—Root model

vary in sign and magnitude. Specifically, when N=140 the Square-Root model overprices
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deep-in-the money options (X=80). A few exceptions are seen for long maturity opuons.

The overpricing is also observed for options out--and in-the- money with one quarter to

maturity, otherwise the mpde) underprices options. These biases have also changed with
changes in the stock price ,> the option’s time t0 maturity, and thé sample size.
Importantly, the biases of the Square-Root model are of the same signs as the biases of
the Black-Scholes (Table-3) and Absolute (Table-14) models wheﬁ they are viewed across
stock prices, given maturity periods, or across maturity periods, given stock prices. For
énmple, at the money, the options of all mémrities are undeiprioed by the three models.

- Since these three models are three special cases of the CEV model, and since we have

found the models to produce biases of the same signs, we may generalize the results by

saying that the estimation error biases for other cases of the CEV model will be of the
same signs as the biases of the three models considered.

Nevertheless, the ‘magnitude of biases in the estimated price of the different -

versions of the CEV model are different except for options at the money. This can
clearly be seen by Acomparing the magnitudes of biases of the Black-Scholes (Table-3),
Absolute (Table 14) and Square-Root (Table-29) models. It is seen from these tables that
the a‘ésolute values of the biases for the 'Squaze—Rgm model are between the magnitudes
- of the biases of the Black-Scholes and Absolute models. This result is not surprising,
rather, this is whai we expected. This is because the Square~Root model is an
intermediate case of the two exteme versions: of the CEV model. This result thus
~ suggests that the Mmm of biases for other cases of the CEV -model will depend on
the p value 1o be comsidered in equation (27). That is, if we choose the p value close
0 zero (one), the magnitudes of the biases for this case would be closer 0 those of

the Absolute {Biack-Scholes) model.
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We wm next 1o examine the specificaion error biases of the SquarrRootmodel. '
We noted in~Chapter Il that the variance input 13 the CEV model is equal to the B-S
variance times X° 2P, This implies that, for a given value of p, mchitimethestock

price changes, the CEV model uses ‘a different varianc:input to price the option.
Therefore, the variance imput o, the CEV model o price out-Of-the (in-the) money
options is smaller (greater) than the variance imput used in pricing options at the' money.
Since the Black-Scholes model does not allow the variance o change with the stock

price, and since the option pn'@ccv is positively relan;d to the variance rate, the price -

generated by the m@s model for out-of-the (in-the) money options will be
greater (smaller) than't'.he price generated by the CEV model -As a result, the
specification eror biases for the CEV model, given that the Black-Scholes is the true
‘model, will be negative , zero, or positive depending on whether the option is out, at,
or in the money. In order 1o find out whether this would be the case we examine the

specification error biases of the Square-Root model. These biases are then compared with
3

-

those of the Absolute model.

‘ s T
Table 30 reports the specification error biases of the Square-Root model. These

biases are obtained as the difference between option prices 'generaGed by the Square-Reoot
and Black-Scholes models with the true variance msened in the respective formulas. It is
seen in Table 30 that the Square-Root model underpriécs (overprices) out-of-the-money
(all other) optioms. Importanty, these biases are of the same signs as the biases of the
Absolute model (Table 27). Th&efore, this result support our assertion that the CEV
model will underprice (overprice) om—df-thrmoney (all 'mher), options when the

Black-Scholes model is the true model for pricing the option.

Nevertheless, the magnitudes of the biases are different for the two models.

Comparing Tables 27 and 30 we find that the specification error biases of the
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Square-Root model are smaller than those of the Absolute mco'dillri';rhisi t tﬁ&efo& o
suggest that the greater is the value of p the smaller would be the specification emror—

bias of the- CEV model This is because the higher the value of the elasticity parameter
the smaller would be the variance input to the CEV model. Since the option price is
positively related to the variance, and since the variance input to the absolute mode]
(VX?) is greater than that of the the Square-Root model (VX), the magnitudes of the
specification error biases of the ‘Square-Root. mod,cl,
Absolute model. |

Now we compare the overall biases of the Square-Root model (Table-31) with the
mﬁmaﬁnnenorbias&oftth-Smodnl(Tgb;rQMmMzmmwmmé
estimation error bias in the B-S model-is large enough to cause the Square-Root model
0 be selected as correct Comparing Tables 3 and 31, it is secen that the Square-Root
mode! misprices out-of, in-, and deep-in-the money options morc than the Black-Schoies
model. However, for options at the money -, the estimation error biases. of th;: B-S
modél are. greater than the sum of the estimation and specification error biases of
Square-Root model. The muhs' thus indicau:i that as long as the options are at the

money (most of the .options used in empirical tests and traded in the marker are at the

money), the Square-Root mode! may appear to perform better” than *the Black-Scholes

model even if the Square-Root model is the misspecified model. Since the same result
was also found for the Absolute model, this - suggests that there is a bias towards
accepting -the CEV model even when the B-S model is the mue model of option

valuation.

Up to this point we have exarhined the estimation and specification error biases of
the Black-Scholes and Cox-Ross models in order to examine whether the estimation error

bias in the conecﬂyspedﬁedmodelislargeenoughwmmemtocbwcmcwrong
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model as correct As mentioned above, we have found that there is a bias towards

validating the Cox-Roes model even when the Black-Scholes is the true model for pricing -

mcop&mﬁisex-anmmfmihewmpamﬁvepcﬁmofmqmmm

been dome by comparing the deviations of the Is' estimated option prices (obtained

by using anéimate of the variance) from the frue prices of options. The question
remains whether the Cox-Ross model would also demonstrate . superior performance in an
ex-post test based on the hedged portfolics. This is a test where the informagion on
prices at which options and stocks can be bought or sold is given in advance. The
purpose of the following section is to show how an ex-post test for the Black-Schojes

and Cox-Ross models can 'be done by using simulated options and stock prices.

B. Expost Tests Based on the Hedged Portfolios
<

Black and Scholes (1972) developed a technique to measure the ex-post performanoé

- of the Black~-Scholes model. This technique measures the cx—posi,risk adjusted retum 0

option positions, and has been used by Blomeyer-Klemkosky (1983) in order w compare
the ex-post performance of the Blac'k-Schols and Roll models. They argue that if a
model identifies the equilibrium option pricing process, the model could be used to
iécxm’fy options that are over or underpriced in the market Sinoe the market forces
cause the mispriced option 10 return to its equilibrium price, a trading strategy using the
pricing model can be employed 10 develop an appropriate short or lomg position in the
mispric:;:l option with a resultant positive mean holding-period return. They a:gue that if

one model can consistently develop higher mean holding-period returns, then that model

~ would demonstr’a;e superior ex-post performance.
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N Eamcye;jmd Klemkosky calculate the excéss rerm on a hedge (established

independeatly by the Black-Scholes and Roll models) held from tme t untl t+1 for an~

initally underpriced option (the model price is greater than the market price} by:

A A M . . ‘
Ry = Gy o ¢ - @G (/’BXXXHI X
~ - e qacMaxx) w & | (29)
A A o o s
Ct+1 and Cl = the option prices in the market’ al tme t+]1 and t respectively,

X and )(l = the stock prices at time t+1 and t respectively,
ac{"‘/ax = the hedge ravo for the model used 10 establish a hedge position.

r = the risk-free interes{ rate, and At = the holding’ penod of the option position.

Note that for an initally overvalued call option the excess return 15 simply —RHA

It is impliGt in the Blomeyer-Kiemkosky analysis that the heage is correctly
-established However, if the Black-Scholes- model is correct (assuming thal the true
variance is known). then the hedge established by the Roll modei must be incorrect (this
is because the Roll model is the misspecified model). This implies that the excess mean
holding—“;criod returns from an  incorrecty mﬁlishcd hedge i1s no longer the truc cx;:css’
returns. This is because the hedge ratic (the first derivative of the mode! with respect o

X) 15 biased due 0 using the misspecified model, and this biased hedge does mot give
the riskless rewm on the mode! investment Therefore, even if the Roll model 15 found
0 generate higher excess remurns thar the Black-Scholes. we -can ngl clim that the Roll
mode! has demonsmated superior ex-post performance. The oniy conclusion we @n make A

is that the higher returns for the Roll mode! are due o higher nisks associated with the
\\

114



R

vhedgcmb&shedbymcwmgmodeLTopuimisingnotﬁcrny.ic'mnymatthc

difference  between the excess returns generated by the two models is due to
misspecification of the Roll model (assuming that the true variance of stock retumns has
been used in establishing the hedge). ' Therefore, the excess mean-holding-period rewns

can be considered as a measure of option mispricing by the Roll model when the

Rlack~Scholes mode! is the tue model of option pricing This makes sense because if the
. market prices are the B-S model prices (estimated. with the wue variance), the excess

rewms ' from the hedge position esablished by Black-Scholes mode! (with the tue
variance) will be equal 10 zero. For the Roll model the cwsskremrm should be

different from zero.

Following the above line of _ argument, we show below how the ex-post
nsk-adjusted retums 1o a hedge posiion can be used 0 examine the comparative
performance of the Black-Scholes and Cox-Ross models.

To begin with, assume that the option in the market is priced by the
Black-Scholes model. By assumption, the market price is equal to the B-S model pﬁc;
(obtained by inserting the true variance in the formula). Suppose. however. that the true
nnanccm!amkrcmmsisnotknowgwaninvmorahdmmforc.hcobuinsthcﬁ—s
model price with an estimate of the vanance. If he finds that the market price is higher
{lower) than the estimated mode! price, it would pot imply that the option is overpriced
(underpriced) in the market nrather, it would imply that Lbc mode] has underpnoed

(overpriced) opuons duc 0 estimation error in the vaniance. Suppose, however, that the

’Nmmaxxfm@mxnnmsmkmmmdxfmmmwofmcvammcxsmd
in esablishing the hedge, the hedge ratio will biased for the two models. In that case,
the excess return generaled by the Cox-Ross model would be due o the combined
effects of errors in estimaion and ‘specifiation. and for the Black-Scholes model the
excess return would result from errors in sstimation (even if the B-S model is the true
mode! for pricing the option). We discuss this point in details in the rest of this
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investor is pot aware of this problem. He acts as if the option is mispriced in the
market and employs a wading stralegy using the estimated model price. If the model
price is higher (lower) than the market price. he takes a long (shon) position in the,
option with a corresponding short (loug) position in the siock. Suppose that he maintains
the hedge position (the hedge is established at the model price) until the next option
,mnsaction at which it is closed at the new tmnsacuon pnces . and calculates the
mean-holding-period excess retums using equation (29). If the excess return thus cailculated
s found © be positive, it dogs Dol mean thal the model has correctly idenufied over or
underpriced opuons, rather, the excess return has .rcsulwd from the incorrecty established
hedge based on the mmawd modcl price. This is because, if the hedge was established
at the theoretical (zue) option 'price of the model, the cxccs$ rcmrn' would be equal 1o
zero. Thus, we can say that the calculated excess return for tﬁc Black-Scﬁolc; model 1s

an outcome of errors in the estimated vanance, and that the excess return provides a

measure of oplion mispridng by the ‘Brtack-Sd}oia model on an ex-post basis. The closer

the, excess return o 2ero the - betier would be the performance of the Black-Scholes

model when explaining the market prices of oplions.

Similarly, ﬁm excess remurn from the hcdéc posibon esablished at the Cox-Ross
mode! pnce (with an estimate of the vanance) would provide a2 measure of option
mispricing by the Cox-Ross model This mispricng of options by the Cox-Ross model
would be due 1o errors in—esmaton and specification, if the Black-Scholes model is the
gue model for pricgng the opuon I the Cox—Ré& modd - generates returns smaller thar
the Black-Scholes model, then we can say that the Cox-Ross model has demonstrated

supenior ex-posi performance evern if the Cox-Ross model is misspecified

Since our ex-ante lests results suggest that the estimation error biases in. the

Black-Schoies mode! are sometimes  large enough w0 cause the Cox-Ross model w0 be

11€
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selected as comect, we shall expect that the excess returns generated from the Cox-Ross
m&}wmmeﬁmkmﬂﬁmMofﬁcm—Smdsmo&lmwldmc
Cox-Ross model dcmonstnle superior ex-post performance. We show below how an
- —ex-post test for the Black-Scholes and Cox-Ross models can be done by using simulated

optons and stock prices

)

To begin with, assume that the stock price movement is characterized by a
jognormal process (equation’ 1 in Chapter ). In other words, the Black-Scholes model is
the tue model for pricng the option The option price in the market at Gme 1 will
then be equal 10 the theoretical Black-Scholes model price, say C,. obtained by insering
,mgo&ammmarﬁmrﬁ)'ﬁmmpﬁm,xfan&memvaﬁanm
of swck retuns in the formula Assume that this theoretical model price is the first
transaction price of the day. 1 for a partcular option. Now we calculal: the mode! price
o!mcopnonlmnganmmamofthcvanamcandthesmckpnu:x and compare it
to the market price. If the model pncc, is lower (higher) than the market price, we take
a short (long) posidon in the opuon (at the market price) with a corresponding long
(short) position in the siock. The hvmm: in the hcdgek is however determined by the

estimaled model price, which is given by

. A . . .
\,m = C( - (aCMI/aX)x, - (30)

if the market price is lower than the estmated model price, and -Vyy if the market
price 15 higher than the esumaled modei price. The hedge position is then maintained

unal ume t+1 at which it is closed out at the new wansaction.prices We assume that

m;m;*mntime{}isx which can be generated based on the logpnormal

-1

diffusion process. This is noted above, the stock price follows 2 lognormal

DrOCess.
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* Following Boyle (1976), we can obiain

X _ Xte(r-(V /2)+ 'VZ)’

t+1 G1)
where Z is the weiner process with zero mean and .nit variance. The market price of

option forltigne t+1 can then obtained by inserting the true variance 'and )'(H_1 in the
Black-ScSoim formula. The excess rewrn on the hedge held from tme t to t+1 for the
option overpriced Sunderpﬁwd) by the model is then calculatea by RH (-Ry). The above
proci:duxe is repeated across all transactions on all options written on a particular stock,
and the mean-holding-period retumns are found for the Black-Scholes model. If the
mean-holding—- penod returns are positive, we will conclude that the Black-Scholes model
underpriced options relative o the market This underpricing of .options by the B-S

) N
model is due 1o estitnation error in the variance. § \3

Following the above procedures, the mean-holding-period excess returus for the
Cox-Ross model can also be obtained The only difference in this case is that the-
investment in the hedge (equation 30) will be determined by the Cox-Ross - estimated
hedge rato (the first derivatve of the model "with respect to X). Since the hedge ratios
for the two models are different, the risks associated with the hedge positicns- for the
wo models should be different Therefore, the excess returns generated from the hedge
positons for the two models wili be different If the Cox-Ross model is found to
develop lower excess retumns, we would conclude that the Cox;Ross model has shown

superior performance on an ex-post basis

In this chapter we have sxamined the estimation and specificaion error biases of
the Square—Root model in order to find out whether the rtesults obwined in  the
precéding chapters can 'be generalized for the CEV model. We have found that the

Square-Root mode! produces biases similar w0 those of the Black-Scholes and Absolute
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modeis. Imporanty, it is seen that there is a bias towards validating the Squar&RootA
model even when the Black-Scholes model is the true model of option pricing. We have
discussed the generality of this result for other cases of the Cox-Ross model and found
that the estimation error bias in the Black-Scholes model isrémeﬁm&s large enough to
cause the Cox-Ross model to be selected as correct, even if the Cox-Ross model - is
misspecified In this chapter we have also discussed how an ex-post test for t.be'
Black-Scholes and Cox-Ross models can be donme by using simulated options and stock
prices. We have shown analytically that the closer is the , mean—holding-period rewrms 10

2er0 the better would be the performance of the models on an ex-post basis.

7
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Exercise price=50,

TABLE -
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Biases Observed in the Sguare Root Model

with Unbiased Variance Estimates
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Exercise price=50, r=0.015, v=0.025(per quart
X=Stock price, T=Times to option's explration.**
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TABLE -30

Biases in the Sguare Root Model Estimated Price due
to Misspecification of the Stock Price process. *
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Lognormal process is assumed to be the true process.
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TABLE -31

Biases in the Sguare Root Model Estimated Price
due to*Errors in Specification and Estimation.*

Bias=Estimated C-R prices - BLack-Scholes prices.
Exercise price=50, r=0.015, v=0.025 (per guarter)
X=Stock price, T=Times to option’'s expiration.**
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—

3 5
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21361 |-.303469.
- 225557 |-.323346
200191 | L012102
el e
-.030621 {-.018387
198540 |.279434
18314 |.271383
17827 |.250931
176315 |.369553
176941 |.368332
177856 |.364516
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* The Black~-Scholes model is assumed to the correctly
specified model to generate market prices of options.
** v is the variance of stock returns,
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- CHAPTER VII
SUMMARY AND CONCLUSIONS

Option pricing models have’ been the focus of comsiderable research in the finance
literamure over the past decade. Since the seminal paper of Black-Scholes was published in
1973, 2 mumber of aliemative option pricing models have been developed. A great deal
of restarch has been done to validate these competing models empirically. A major
oucome of the empirical tesws is that there is no compelling evidence fn favour of any
single model including the Black-Scholes. We recognise that the lack of such evidence is
due to intstaction of biases arising from model misspecification and errors in estimation
* of the variance of stock returns, and that a valid test for competing models requires a
.simuhaneous yet separate cxaminﬁtion of these two sources of biases. Howevq,\_no
auempts have previously been made to carry out such a test The objective of this thesis

is w fill this vacuum

| We have identified and cxamined the estimation and specification error biases of
Black-Scholes and Cox-Ross models by expénding the relevant formulas in a Taylor

series. tion error biases bave been related to the moments of the estimated variance
~and the gderivativeﬁ of the modeM with f&spect to the variance of stock retumns.
Spedﬁgation error  biases have been related to the alimative option valuation formulas
- themselves. Both these sources of biases were then mﬂmmmmww and

Monte Carlo simulation technigues.

First, we have analysed pricng bias characteristics of the models arising from the
esumation problem of the varance of stock returns. Existing studies which examine
esumation error related problem have only been concerned with the B-§ model (eg.

Boyle-Ananthanarayanan (1977) and Butler-Schachter (1983, 1986)). The variance induced
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pricing bias characteristics of the Cox-Ross model have noit been examined. By

incorporating such an analysis in the present study, we have examined the issue of

~whether a panicular model, regardless of its specification, will perform more poorly than
the other ome simply because the model is relatively more sensitive o errors in the
variance estimate. The mﬁns reveal that 1o the extent that the bias in the estimated
opton price is related to estimation error in the sgmple variance, the Cox-Ross model

will produce greater biases for out-of-the and deep-in-the money options as compared to

the B-S model simply because the Cox-Ross model is relatively more sensitive to errors

in the estimated variance for these types of options. Similarly, the bias produced by the
B-S model is greater when the option is in—tixe money. Importandy, we have found that
when the options are at the monmey, the estimation error in the sample variance induces

the same bias for the two models , even though the models differ in functional form.

The major implication” of this result is that as long as the option is at the money , the

estimation error bias of the two models provides the same info}maﬁon about the
migpriced options.
Further, we have found that in both models the majority of the ptsStimation  error

bias is due to the second moment of the estimated variance. To provide a better

comparison of the ability of the models in predicting market prices of options, the results.

thus suggest an adjustment of the models’ estimated prices for the effects of the second

moment of the sémple variance.

We have considered the effects of. misspecification of the stock price proccssion the
estimated option price. The object gf_ this consideration has been (0 examine whether a
model based on different specifications of siock fewm distributions yields a signififiny
different option price as compared w0 the price which - would prevail under the -rue

process. It has been found that when the options are near the momey, the bias arising
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'B—Sde-Rmodelsthbmetnwvaﬁanceofstockremmsglvethesameopﬁonp ''''
estimates when the opuonsarcnmfthc money. Otherwise, the optior prices generated by‘
the two models are different That is,,specification error biases have been fomnd o be |

serious when the options are in, deep-in, and out-of the money. These results, however,

have been found to be comsistent with the findings of MacBeth-Merville .(1980) and

Beckers (1980).

Finally, the combined -efTects of estimation error and of process misspecification on_

the option price generated by the B-S and C-R models have been examined. In
pammiarwehawewmnedﬂ}emessofmeabovetwowmofbmsonme
model estimated option price in order to find oyt whether the esnmauon error b1as in
theoorrecﬂyspeaﬁedmodelxslargeenoughmsomemsestomakeuspnckthe
misspecified” model as correct . It has been found that the specification error bias, as
compared to the estimation error bias, is more serious f;rib:tl; the models when the
options are in, deep-in, and out-of-the money. However, the majority of the biases in
the estimated price for options at the money are due to errors in the estimated variance.
We have examined whether the estimation error bias in the correctly specified model is
large cnough to cause researchers to validate the misspecified model as comrect. It has
been found that, when the B-S model is the true model, the estimation error bias of
the B-S model for options at the money #re greater than the overall bias of the
Cox-l:?\os model, implying that even if the B-S model is the true model for pricing the
option, there is a bias towards accepting the Céx—Ross as correct (this is bwuse most

of the options used in empirical tests and traded in the market are at the money).

Similar results have also been found for another case of the CEV model. Then, we haveA

discussed how estimation error and specification error affect the tests of the Black-Scholes .
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and Cox—Ross models on an ex-post basis. It has been shown there that if the excess

reurns on the hedge position established by ‘the Cox-Ross model is smaller than those

of the Black—Scholgs the Cox—Ross mode! would demonstrate superior ex-post performance

k
even when the Black-Scholes model is the true model for pricing the option.

In order to circumvent this xhodel selection problem, the results of this study
suggest an adjustment of the models’ estimated prices for the effects of the seoond
moment of the 'estimated variance. 'I'tus adjustment reduces (ehmmam) the csuxmuon
error bias of the models by a agmﬁcant amount and enables us to identify the true

model on ‘the basis of specification -error biases of the models. This adjustment, aiso,

helps improve investors performance by reducing the risk of misidentifying under or

overpriced options.

—

However, ,the adjustment of the model estimates for the effects of the second
moment of the estimated variance deals with only one. of many data broblcms which

exist in any aaemf:?m validate a]tcrﬂaﬁve models. The other well-known data problems
(\\J -

such as the bid-ask sp“fead and nonsynchronous data should also be dealt with in order

10 provide a better validation 'wst of the models. Nevertheless, measures to remedy the

bias arising from estimation error in the sample variance should be undertaken in order

10 provide a better validaton test for the models.

o

Several studies have used ISDs (an estimate of the variance rate implied in market °

prices of options) to mitigate the concern about the bias arising from the estimation

_problem of the variance, Unformnately, ISDs could not solve this problem. This is

because (i) the ISD is sill an estimate and not the true standard deviation which is

impossible to infer except by chance (Butler-Schachter (1983a)), and (ii) the ISD can not

be equal to the market's estimated standard deviation, and it is in fact a biased estimate
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of the wue sandard deviaion (cf. Butler-Schachter fmu»mm_ the ISD estimates
banhm[mmdmpmﬁn.mmcmmﬁmin‘mm—&hdﬁmodd
than the historical estimates (Butiter-Schachter, 1985). As a result whether the  historical
enimamofmevmmmmclSDsmmdinwsﬁngmempanﬁvepafmof
nmmpmm.mmwmmymehamﬁmm‘
'crr‘mc.’c'cnmmcsbandbcmnmmdcrloprqucabeneruhdanonmof
the model;. .
mc.mtmrkmaybéexm&d in _several way&Ontimmedmcexm&
Mﬁtm?dbemwnﬁdermenluhcrwﬁmpﬁdngmodelsundcrmehnne;or
our anmalysis. A direct test of the models would also be a wonhwhile sk if we want
o look #t the' impbications of our simulation results for validating alternative option
pmngmodch&nmvehanwuwedmcmmeualmdmwdmoddmor
mmdmmmmbwmmmcmﬂmmmemoddmwdm‘
prices, the results of the empirical tests should be interpreated with proper caution. This .
is because the other sources of error may cause the models 1o misprice options in' a
diﬂcrenlﬁy. . g-\‘
Further. we notc that we have investigated e effects of estimation error of a
consant variance of siock remms on the model estimated option price. Hence. a paraliel
,mnommmmaﬁmummorAcmgngmormm(Gm:
(1985). Scot (1986), Mesville-Pieprea (1985)). along  with ‘the effects of emors in
specification can be expiored The amlysis of this problem is expected to be more

-
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