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angle xmdd inbIlding Bkk-Schoiw. ,The k k  of such evidence is, in pa, due t - 

intrrrrclion of arising horn model ndrpdficatitm and cmm in cnimrtion of the 

k e n  made to cany out such a t& The otrgecave of this thesis is to fill this vacuum 

We tcst a number of hypxbes& The, mnai hypothesis of the is that the 
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@ti& pricing - &tls have bem the f- of considerable. research in the f- 

e' over the paa dcade. Sina the reminal paper of 3lack and Scholcs, (BS) was 
' 

3 pubiiphed in 1973, a glrmt+r uf sltermtive models and a burgeoning o m b n  of @rid 

tso have been propored and implemented. The d i k e  o v y  ihe choke ~f the 
=. * 

"appropriate" model and the "amecf" test b. been a long and intrresting me.. nie - 

* debate continues, in part, becaw there have been serious estimation and 3pif irat ion - .  

problems in the tepts rscd to elamine the appropriatenesr of variohsmodels, and in 

- 
These problems have manifested ~emsefves in tesrs of aption pricing modeli thm@ 

1 

systematic misprichg of the options amsidezed Consequatly there is still considerable 

\ 
between competing models is 4 by the iynction of m o o  arising fmn 

1 

from mismeasu~ement makes it difficulr to dugme the -cation error of the .models. 
I 

The e m t i o n  of the individual souras of the errors thus be&nes an imponanr task 

if we hope ul unravel the ta&ed threads of existing empirical .work .,- 

C 

th*r nhortmmingr u e  esparafly pid in tars wbici~ m m p u c  t he  prfomaqx of '. 4 



basts far UI L f t u z a t l ~ t  W rhcB uc#apq tn ckcmpx and n m u l w y  examhe the 



f w M - W )  wm= p;r#ztly B-S model pnm ttLlr p m  (I-) . 



curiuded b t  tht &S m d d  pcrfocmcd as well as the CEV model in p d i a m g  market 
- 

prnEsQf- 
- 

lmdFrnlued (a&&) la the mm) c p x c ~  H m r .  in mas aoa -the B-S model 



=Y 
flawtd it has ' k e n  difficult w-utabkb the superiority of d ~ t  RGW model empirically. 

of d ~ e  h m h n  mobil daimcd that the model wwld eliminate the 

poorly than tbc B-S when the probability of early exercise is less 

modtls f clg. the coasrant-chxiv-of-m model of Cox-Ross (C-R. 1976). the- 

misspedficatiw. By e q  the implied Standard Deviations (ISD5. standard deviation 

lmpfitd in the marker prict of the option) a m  maturities and exercise prim. he also 

nitd to d i s t i w  wtucfi opncm prianp &el would explain k n e r  the observed blases 

she modcls #rmidcrtd He found rhe diream of the pricing tnas to var)  from model W 

model and from pmod to pen&. 



- bias in the m & y  -MI model might be large em@ in some to make 

tfiar of the armptmg models, while others examine the m p c t  of the estimated variance 

on the  3-S e&naud price. 



B k i k - ~ o l ~  modct Their results suggest that the BlacS;-Schdcs model undcrpriccs 

fmdmgs of B&MS and MaE&th-Mer-ville, Sometimes explanatim for obsmtd mispricing 
\ 

&d l$ll-Whik (1985)) aed the x d m &  lrpd to m g s m  the amcmr of mirpridng in 
1. 

- -  
. < -- - optims (Frermch-Uartin (1984)). I t  is atso found that (MzcBcrh-MeWe (1980) and 

* .  

The 3-5 model is found to in- and our-of-themoney options and underprice 
3 

options at the  money. it is also found h t  these bisEi-dt;clwse mth an increase in the 



it appanm Frw the prcccdrag disarsim that the bias idmtifid in the empirid 
1 

t 
and simllladoa litcramre om k amited to several sources of error. We are going to 

h 

two tmurc& .of h i s  a b s r a k g  fmm the others 
- 

Enm in estimation of the variame of the underlying stock . and 

Misspeaficadcm of the proas charactrnslng the movement of the underlying 

Estimation enor bias$ arise beixusc the me variance of the underlying asset is 

unknown and an estimate of the whnce rate is used to generate the model price. As a 

e%hnatts provided b j  aftemahye models with aimmed "me" v a r h s z  of the  undertying 



masdmcnr sourca of. bias &examine Q& m e  some of bias without simulbmusly 

'-z 

-=s- - investigating the other. The cmprricaI teso d o r m  to the farmer while the simulation 
3 

teas fit the lam mold In a W o s  there is a total lack of information from simulation 

tests abut  estimation am biases in models other than the Black-Scholcs -model. . 

Cmsqucntly, simulation tests in&esti$ating the .sthation gRh problem for mmpeting - - 
models would grovide mud useful infomation 

- 

e 

* 

Since the two mas of error may interact systematically and unless the two 

S D U I ~  can be simtrlran-y yet separately identified a propcI basis for comparing the 

performance of the armpea modtls in valuing upom prices m a y  nor e x i n  As a result 

i~ is an important task to d e m q m e  the todl pricing-bias of the models into 'their 

estimation enor and spedficatim wror mponenrs Such damnposition will help determitt 

how and to what exfen1 the observed pridng-tias chamcttristics of the d e i s  are 

amiburable b the individual so- of emr, and therefore. ail1 enable the analyst lo 

It  is also an imponmi task to. e u m l n e  the witivir) .  of t he  a m q k t i n g  models 

with r e s p a  LO the two somas of enm. Examnation of the ~sensitivirj of option .price - - 
-- 

exhates to errors in spedficah and emmrton can help ro indicate which sowce of 

bias we Should be more m e m e d  about dber'whar m g e  of parameter vaiun. On the 

basis of web an analysis, the invmipur rsLn dec ide  whether to investipre cxnain - 

as a ~esult of the  sensitivity anal-piis, he may be able to implove the &marts of the 



of mor on the qmon v a l w i a  pmblem and thmfore help Lmptove his performance by 

providmg additional infOwati(x1 as regards to identifying over- and undervaiued options 

Empirical tests for d a a q m m g  the two sources of bias present a major hurdle . 
\ 

The component pans of a joint hypothesis are not indepeadently w b l e  because of the 

underlying logic oftall rmpurca] tan The form of any empirical lat allows logic to be 

mvtntions) of a tbm h n g  are true, will the amcltsions k me. On the other 

hand if the results of an empirical twt tun out to be false. as they do *in the case of 
f 

all the empirical teams of the ,axnpeting option pricing models, then it has to be that 

one of the assumptions (%ypothescs') amaiming tbe "joint' cmpiricaf model .is false. 

Bur #me is way of the sub-hypothesis amvng the joint hypotbcsts which is 

causing the "pour' d& in the op& pricing arntext this implies that it is not 

r 

causing the anamolous remdrs as long as we must rely exclusively on markn data 
* .  

. .  
The only means of isdating the twq wqxs of m m  tbnfm is through 

simulation. In nacfi a study the investigato~ can simulate a known under1G- &-price 



In this thesis we investigate 

enors on option price estimates 

explained earlier, it is neasary  to 

the relative effects of specification and measurement 

examine the estimation problem and the specificdtion 
< .  
a 

problem simultaneously to- provide a proper basis ,for comparing the ability of various 

option pricing models to e m  market p-rices nf qtim. It is possible to identify the 

TWO SOUIF~S of bias in @an prioe estimates try expanding the relevant option -pricing a- 

fonnda in a Taylor series. PLfthmgb it is unlikely that the estimated model price will 

converge M y  U, its m e  

that the contributions of 

Estimation enor biases 

and the derivatives of 

&&on 

t he  moments to p r o d y  

biases will be related u, 

d u e  with just the fust few terms of the series. it is m m c d  

the hi&a order Ems when taken together will be very small. 

will be related LO the moments of the estimated paramedr(s) - -- 

the fmk The derivatives show the .sensitivity -ani 

of the &el to esrimagon error and interact systernaticaI1y 

biases in the  estimate of the option price. Specification 

bias 

with 

error 

these 

from 



- 
- - 

f the variance .rate of the 

(i) The two mad& nquire the same inputs which makes it easier to compare the 

effeds of the two smrccs of enor, wpecially the impact of the estimation error of the 

variance rate, on the optim pricing models, and + 

several satdies (w. Beckcrs (1980). Blna (1975)) have f w d  to be more characteristic of 

aaal sock price movanent than the lagmrmal p&. of the Black-Schdes As a result 

the Cox-Ross model has k e n  considered as an ideal candidate to study the Sikely 

magnitude of specification mar bias that may be found by implementing the B-S model 

0 0 ' ~  prices of optiats and viec versa. 

Because the wo modcb make different assumptim about the constancy of the 

variance ratc of the underlying aset smd the resulting option pricing fomuSas differ in 

form, the pricing bias induced by estimation and specif~cation tnors should also differ. 

F i  we examine bias uands ioa  dummiaics  of the models arising from the 

estimation problem of the vaniance ratc Tbe analysis of estimation error biases of the 

Eb-S model is subsrantially a replication of other simulation W a  (e.g. 
- 

BoyltAnanthanarayanan (1977) and W I t l ~ ~ ~ t e r  (1983. 1986)). The analysis of biases 

fm the Cox-Rca 'model is, 'howwn, new in this study. To the extent that the bias is 

re- u, h e  &mated v;uiazw. we eumine the issue of whether a partiadz model, 



- 

aaxrrate estimate of the varianice rate when the -c bias transmiw the 

might not produce a large bias in the model price if the d u e s  of the derivatives art 

%and, we consider the effezts of rnisspedfication of the stock price pnxxss in 

or& to examine whether a model based on differcrit specifications of stock return 
(s 

distributions yields a s i s r r i f i t l y  t option price as compared to the price which F a  
would prevail under ~e true proces This analysis is similar to the work done by 

UacBetkMerville (1980). Because the rqxmse _SSTstem of the. model is different and 
/ - 

I& p ~ & h +  and because we a ilcver be w e  that a 

given model is correctfy spedfied, examination of this issue wil l  improve the ability of 
0 

pradtitioners and researchers to idem@ nlispriced options, among other ttmgs 
- 

Third we ampare the combined effects of measurement error and of process 

mi-cation on the option price generated by alwmtive models By so doing, we 

exmine the issue of whetba the q b n  price is more semttive to pmxs specifition 

d t o  the stirnation problem of the variance rate. Cornideration of this i sue  is importan1 

in order to undemaad the conflicting evidence contained in the literamre as well as to 

provide a broader tesis for evaluadng the performance of mmpung optipn pricing 
-- 

-- 
A - 

models. This issue has not previously been examined 

option pricing models\ have m addressed- -many of the issues ou~hncd above. For 

tzhamaeristics of the axnpehg models have m betn-m&m& Bj W f d y  



s i r n u t m y  exmine the~ two r##mxs 'of pricing bias in order to provide a broader 

basis for amping the aWty of the two models to explain market prices of options 

A brief &ear of the two models we shall be using is given in the next h 

Cox-Ross model M m  Carlo nsuIB for the estimation enor problem are reported in 

examination of the strimess of spedficaticm and measurement erra biases of the 

mod& The combined effects of the- two sourrxs of e m r  are also examined in this 

C h q m  in order to undersand the conflicting results that have been observed in the F 

ernpirid literature. While Chapters I through VI examine the estimation and specification . 

biases of the Black-Schdes and Cox-Ross d e b ,  in Chapter W we examine 

wbcther the results obtained in the preceding chapters can- be generalized for other cases 

3kk-Scfida and Cox-Ross models can be done by using simulated opticlm and stock 

work in tfiis area. 



4 A BEIIEEF OVEWEW TWO OITIOIP VALUATKFN MODEIS 

t an overview of & W - S c b d a  and C o x - R a  6$ th  

plricing models and sh 
r J  

with respect to specification of the ssorJ;>ricx 

4 

All individuals can bormw a d  lend without restrictions at the instanrantws nsklczs 

T h e  stock price movement thrwgh time is characterized by a lqprmal 

process: 
Q 

and no 

where p =  the instantaneous expeaed return on the srock, X =  the uock pnrt. v =  

the b'W~?aneous v- of stock Ieann$ assumed m be amstant through the life 

of the option, dt= a small i n a e m t n t  in time . and dZ= a Gauss-Mr#r p r m  

with zero mean and unit wimce. 

fhe stock pays dividends, D, during the option's time to expimion. 

- 

'The assumptions are fkm Whaley (1532). 





puuncus. P: a d 1 i  ks t b ~  :, md he paramcur vztun - ru igc  from .5 to -2. 

fntponul!.Jp. thrrt cnz of !.beis sir s m k s  appeared LO fdlou hc a W u &  diffusion process 
r- 

J 

[it p = Of. 



mmW ftr;ot i s - a  p=L the diRta5m proaas is kpomid The M h m x  I m w u j t J e  

nmdds is that tbt iarct-ktmb mnW mumcs a aoastaat FIPfiPIYX of sin& mums, 
- - I  

whcras,rhc Ccrx-Roos modtf d b s  the varia#x to,haagt with the stock p r k  To 

v, m &ah thc due of 6' from equation (3c). That is 6' = v.X2. This 

We have &am to dmmguhb the two models in the above nranner for two 

mwxtx Flrsr in this way wr are abk to obiah and mqarc Black-Scbdcs and 

a 
models and Phorvn that the mde1S &iff= in the asmpxhs about tiie vazhxx of the 





h Chapm we -W an overview of the Ehk-Schdes and *the Cox-Rm 

aption pn'cing modcls In this c h p t e ~  we provide an analytical ernmination of systematic 

introdudory chapter are a h  examined anafytidly here. 

model used is m e a  and the uue paramem are known, then it must follow that the 

wxlcl price equals tbc rqomd option price. Of course this is the ideal case. and would 

not be found in p 6  evm bpds our assumplion of an efficient market  systematic' 

deviations of model prices kom market p r i a  of options ccrrainly would -. Such 

wotdd be the case when an &mate of a m e t e r  is used in the valuation formula, or - - - 
when the, model is missytdfied . For twnpte. when an mimate of the varianrz rate is 

usdl to gene* the option price, -tic mispridng of options by the model is found 

due to mon in the sample varianw. Systematic pricing biases also arise from 

To begm with. amune thar the opbbn in the marker is priced bj m e  ideal 

of h e  pakxtea of the wdei ( d d  hneahcr w v ) ;  the paramnm other d m  

v are Puppmaed for e m d d  amvmimcc). we defue the rqmkd option price by 



We qsame.  t m p m d y ,  thax the f m u b  for the "ideal' model is ~ X R F W E ~ ~ O  the " 

investigatar. Srrppcwe, hawever, the me var imx of stock reams is unknown Such is 

ceTtainly the case in qmcal wort The investigator, as a result, m m  w an 

esbnate of the variance in the fonmda to generate the option price. Because the formula 

is wr&hear in the  whme rate, the variance e - t e  prodwxs sysrtmatic biases in the 
- - - 

mode1 wtimated price. This is me even if the variance atimav is unbiased [Thorp 
3 

(1976). Boyle and Aaanbnaayanan (1977). ,Butler and Schachter (1983. 1984. 198611. This 

k bxase the M- gral#rry is msf presmed under a nowfinear nansformation 

FoUoaing Butler and Schxhrn (19%6). the bias 8n be shown by expan- the d m a t e d  

model value. CM(V), around v by fourth ordn Taylor Sma expansion . I  

The exp&ticm of (5)  is, 

ae mode1 evafuared ai v. t = an estimate of the variaMx rare, E = the expcctcd 



modcl is given by the secoed term onwards in the right hand side ( X I S )  of (6). These 

.-- 
-tically with the deckdvcs  of the m&l with respect to the variamx rate to 

- 

Because the bias in ~ t i m  (6) is shown to be the sum of the ~~~ of the 
i 

1 8  
moments and the dcrjvarives of the modtl, the bias pattern in the Kdmated option price 

will depend on the sigm and -W of the last three tenm of the nght hand side 

of (6). Thmfm, the analpis -not only 1mds support to the non'on that an (unbiased) 

estimate of the v a r h e  pducts biases in a mMel e s q t e d  price but also suggests 

h t i n m , t k e s Z i m & m m W * h a v e  s i p  for different 5 

paramem values. 

Let us now assume tlzat the variance of stock re- is kmwn, but tbe true 

model is notJ Spedfication enoz biases in the  estinzated option price will be observed if 



The option prie genemed 4 the 'me* model with an mimaw of the variance 
\ / 

is, again, reprerented by s ( T ) .  ~ i m i h . r l y ~ & i )  represents the option prim generated 

\ 

by the "-ed" mcdef using an W t e  of the variance. Now define the function 
-7 

We expand h(t) around v by a fo'ath ordn Taylor Sen?: expansion 

3 

h(t )  = h(vj - hl(v)(t-v) - (1/2)h"(vXt-v)' - (1/6)h"'(v)(t-vy 
b 



The fm ttrm on the LHS s$ows the average option priot mimated by the "true" 

-,option pria generated by the ' r m * ~ f e d 8  -el. Howwer, the exranr differences 

We add and subuaff CM(v) horn rhe L H S  of' (10). Rcarrangine terms then gives 

Sinct CM(v) refleas the option price obtained f~m the  'me' model ushg rhe 'true' 
0 - 

variance rare , the f i  tnm m &t W S  gives t~trmatioln enor bia.ses cf the me 

3 model. Simihfy,  the m d  tam on h e  LMS gives the bias in the mispecified model 



IIXXS~ as 
L 

What we 

WOTt 

The firm tenn on the  RHS is &e miaptdfication bias and the oher tenns together are. 

the esthatim *TOT bias. - 
--' 

This d m t i o n  of &e W k s  into 1% coastiruent components f quation (12)) 

of 

the 

the 

the 

and 

two 

existing emphial lik~idme. . * '  



of bkm in the Bladr-Wes armd Cox-Ross models Then we examine the cDmbined 

effects of the tstilnation and spdicatioa biases in the two models 

We s t a ~  with the Black-Scfidts WS) model and assume, temporarily, that. the 

v ~ i s m k n o w n ,  

be shown by sutjstirllting 

&S model %y stamrptioa. %(v)= %(v) We a m m e  the me 
e 

hcnm the bias aising frrsm estimation en& in the variance can 

C&s) for -in equation (6) :- 

Following Thorp (1976) and Wltln and Schachrer (1983, p. 8), we' assume that rhe 

q l c  v a .  in the M-Wdcs model is gamma ctistrihted4 The moments of the 

depend on the signs of h e  derivatives of the model. Thus, a close luuk at the 



d 

The derivatives sf tbe Bkk-S&des modtl obtained fIom equation (2) are 

where 

N(dl)=( ld27r)e the fust derivative of the univariate standard n& cumulative 

As is well knows we see that the frrst derivative of the model with respect to 

the variance rate is always positive. 

The second derivative of the model is, 
-=- -- 

-- 

The sign of the derivuve is indetermiaate and depends on the values of the inputsq of 

the modeL We an be more dear a b u t  the nature of the bias arising from the second 

moment of the estimated varianoe if we look at [f(~n(X/E)+rT)~/vTl - (vT/4) - 11 of 

equation (15) more closely. 

Consider the m e  when [I(ln@/F)+rT)i/vTl - (vT/4) -1) = 0. An& therefore, we 

find 



7 - - - 

It appears from (1%) that, to the extent that the bias is related to the second moment - 
of the *d' vafhme, for lou values, of f l n ( ~ / E e ~ ~ l ~  the Black-Scholes model will 

tend to4 mdqnice aptions M e  for its high vdues the reverse would be true. Naturally, 
- 

positive values in equation (1%). For given values of v, r and T, we can now determine 

tbe type of option which would tend to be under or over-priced by the Black-Schdes 

Fm amsider an optim which is at the money. Tbat is when X = &-rT . ; the 

LHS of (15a) is equal to zero which is always smaller than ((vT/2) + -1. Therefore 

it f & m  thag to the m the bias is related to the m d  moment of the estimated 

variance, the Black-Schdcs mode! wilt always underprice options at the money. However, 

as the stock price changes (i-e., when the options move away from 'at the money) , 

((vT/2)+1)'-1. This kdicatcs that deepin, in- and out-of-the money options will be 

overpriced by the Black-Schols modeL With the &&a in the values of T, r. and v. 

' the sign of the derivative may change also.   he ref me, the analysis seems to suggest that 
Q 

depending m the values of the panmeters of the .model, the variance of the sample 

variance will induce different bias patferns into the model price. 

The third and fourth derivatives of the model are : 

and 



- - 

In order to d&ermine the signs of the third and fwnb derivatives, we, rglio. comidn 

an option which is at the mwey ( i.e when X = Eqktions (16) and (17) 

respectivly then become 

and 

Since CB & always positive and since CtBS is negative when the option is a1 chc 

money (shown earlier), the sign of the third derivative is positive. SimWy, we can show 

that the sign of the fourth derivative is negative at theimsney. Thmfore, the bias in 
- 

the model estimated price arising ~KKD the third and fourth momen'ts of the estimaud 
- 

variance for options at the money will respedvely be positive and negative. However. the 
> 

signs of the bias arising from the third and fourth moments may change when the 
- 

options are in, deepin and out-of-the money. This is because the seccmd derivative of 

the model which is positive for these uptions makes the sign of the third derivative 

indeterminate. For the same re- the sign of the fourth derivawe is also 
- 

indeterminate. Therefore, the analysis .suggests that the biases induced b) the th~rd and 

fourth momenrs also depend QII the parameter values of the modti. 

Because the three erivatives may assume different signs d c p d h g  m the B 
paramem values considea  and because she d u e s  of the prodPcts of the and 

# 



vimaff lftC rrtirnrtim enor bias into its m t  ampmenth & amhing 

frrrm lk iarcnrtion ol rbe &rimtiVes of w mdd *rjtk fk & of the- cninrotor 



and 



- -- 

when 

And 

/' 
Anrmpts to leek ar rht bt$avllour of she k i v a t i v a  of b Cox-- w d e l  proved 

m d ~ c l l l )  in-Me men fn qnom at the mortty. The only cooclraion q e  can &aw 



However, rcl get a f d  for the relative e f f a  of the moments of the sample 
I 

variance on the rwo lTlDdtk, we consider the follwhg data: X = 50. E = SC, v = 
9 

425. r =.015 and T = L The values of the second derivatives of the Cox-Ross and 

M - S c h d e s  models are -123532 and -1239.21 respectively. Tbis implies r h a ~  to the . 

cxttnI tf ie bias is relaxed to the m d  molllent of the minuted variana , both the - 
Black-W~dw and Cox-Ross models w 3  *tend to undcrpria opti~m whkb arc near the 

money (in this (x/E~- '~ = LO1S1)) . The magniolde of the bias in tbe two 

modeis will also be s b i h r .  Since the a m a w e  of a function is w d y  examined using 

the rhe secaad derivative , &e above values seem to suggcd thal the rwo d e l s  have 

afmost identical Meaim points far aptforss at the money. Therefore, we nrsptct that the 
t 

d b  will tend to p d u ~  siarilar biaws far options at the money. Huwevcr. with the 

change of the value of the  stock price, atnis paribus, t he  bas panern ma); change. For 

example. when rhe strxL price duqu fmm 50 to 60 or 40. beams 236.68 and 
7 

396.58 +ve~y. The ci%cqmn@ values for CtBS 345.93 and 341.11. The 

impfication of' these findrryp is that even b = u g h  both the models t m d  t overprice in 
I 

and m-of-the msnq options tbe Blaclr-Scfides model, as oowpared to rhe Cox-Ross 

way of adcfitiwai insight so ' w e  will -1)- remict oq further examination of the 
e 

estimation enor biases tc, n u m e r i d  



case, by tfie qomd (-a) option price is equal to the ax-Ross model 

price. Le $(v) = C (v). Howncr. when we use the W-Scholes formula to price CR 

the option, the bias arising from rmsgpadfifatim of the nuid  can be s h m  by a . 

d 

p c x s  adopus to ha used in deriving equation (12). We assume that the w i a x e  of 

difference between quation (2) and cqwuim (4)). 



~eref'e , we have fdlmed an &emate route. That is, we set the RHS of equation 

To determine ;he cyp of option which will b; over- or underprice6 we consider 

rhe the data, E=%, r=.m5, v=.OZS, and T=l. and find the d u e  of the suck price, 

(ie., X=49.85) at which b e  sgecifimtion bias is equal to. zero. This implies - t h a ~  when 

the option is in the neighbmnhd of at the money. ( in tftls case. (X/Ee -m - - 

1.01206). the Black-kholcs and Cox-Ross models will give exanly the sune price 

option. As a result when the stock price. is different from 49.85 (i.e.. when the 

a e  in- or out-of the money), mteris puibus, the B-S model wiii either overprice or 
0 

underprice options. For example, when X = 40 (ie.. when the option is out-of the 

implying that the B-S model pill ovnpficz out o f  the money opuaa. Slmilarl>. we can 

show that rhe B-S model aiil unde~price uptiom when the nock price is greater than 

49.85. That is, b e  3-S mode1 will u n d w c e  -k-the-mmey options. Thus. for high 
* 

values of the stock price. X ,  csmis paribw the Black-SchoIes model GI1 mderpricx the 



- - 

Cox-Ross model is eqtlat to 

tarh time the - wock prict cbngs, the Cox-Ross model uses a different variance i n p d  

( i t  the Black-Wes varianct tlmts tpe d e  pammeter) to price the option Therefore, 

the variance used in the, Cox-Ross model to price out-of (k) the-money opti01ls is 

smaller (larger) than the variance used in pricing ~tih at the money. Since the 

Black-Scholes model dots m dow the variance to change with the stock price, and 
, 

since the option price is posirively &.awl to the varian&, the price generated by the 
k 

Btack-Scholts model for out-of (in-) the-nwney options will, in general, be greater 

(smaller) than the "nut" -price of the option, As a result, the -cation error bias 
- 

mSE) calculated fro15 cquafion (24) will be positive, zero or negative depending on 

the optioa is wr, a6 or in the money. This r d t  is strpported by the 

M m  the rdes of tbe Cox-Ross model and the Hack-Scbolw &el in the 

biases In the Black-Schdes and \ 



The ovnall bias in the &-~chola model price depnds on the matribuaoas of 

the two swms of bias discus& above. Since both the specification and tstimatim enor 

biases depend on the parameter values considered, the resulting bias panem in the model 

price is analytdly indeterminate. This is me even when the optirms are at the money. 

This is -use the mimation error bias in the B-S qcdel is indeterminate. . ' Possibly 

&rue of this, thke  exim c m f k t i q  evidence as to the magnitude or even dmcmr of 

the biases in the tests of the modd (e.g, B k k  (l975), MacBerb -and Merville (1379)' 
u 

Boyle and Ananthanarayanan (19TT). Wer and Schacbter (1983) 'and Rubinstein (1985). 

aw>ng others). We hope p find out if this is a reasonable explanation 
. . 

When we mmpare the &r)- of the Black-Schola &d Cox-Ross models to explain 

the reponed option price (reported option price is assumed y be generated by the 

Cox-Ross model), we W y  mmpare w E t E r  E[C&V)j - C d v )  is 'equal to. greater 

t h ~  or smaller tbpa 4CCR(V)]- CCR(v). Because the ntimation problems assmated with 

anempts us Wdate the modeis are rekted to both estimation and specification errors, and 

because the two souras of enm have diffe~ent effects on the two mdels ,  conflicting 

evidence as rewds Be perf- of the models can repeated): be o k r v e d  in 

validation t e s ~  of the models. Ir is possible that the models will perform equally well, 
b 

even when the  Black-Schoiw modd is not the m e c t  model. This wouid be the case 

when the eslirnaticm onm b i a s  of the Cox-Ron mod3 are equal to the rum of the 
i 

specification and enimation mm biases or the  lack-Sgb!-es model. Oru Mmte Carlo 

'>If we rcsnict ow analysis to t he  serond de-ri-ative we can sign the tnas for optim at 
*e monq. 



with- separately b u ~  simuttahtorrsly e x m h i q  the two souras -sfc b k  The' implication 

the miodcls, it would be useful to knool which source of bias we should be more 
4 

amemtd abbut p v n  what range of para mete^ values. And accmdingly, measures can be 

i 
rmd&rtaten to remedy the blas so as to provide a better validatian test for the competing 

option valuation mod& Fur example, to the extent the bias is related to the estimation 

problem, improved methods for esimting the variance rate can be devised and one 

model can be said to perform more w l y  than the other when the model is merely 

A e 
more 'tive to estimaEiaa enar of the sample variance. A theoretidy bemr model can 

be uscd in pricing uptions if &e majoriry of the bizis arise from misspedfication of the 

pmxss of b e  mddying stock pria 

In tfiis chapter we have anal*Ony examined systematic biases of the &dc-SchoIes 

and Cox-Ross models red- fm enars in estimation and specification . We have . 
I 

s e n  &at both tbe 3-S and Cox-Ross models may p r d u x  positive , ten, or negative 
4 

biasts in the estimated option price due to the cstimation problem of the variance rate. 

We have also seen that the bias due to mmpeaf~mtion of the process might be positive. 

im, oi negative dependme w whetha the @on is out at or in the money. However. 

h e  analytical dmmim of these two x~mzs of biws has not provided enough 

information to m e  to any defbirc. cmdusims about the  extent and magnitude of biases 



provided an analyncal exantination of biases arising horn errors 

in estimation and specification in the 33ack-Scholes and Cox-Ross option pricing models 

In this chapter we examine the panern and magnitude of e s t i m a b  error b i a s  of the 

Black-Scfioles &el in a puanatative fashion. We examine &ex biases in tcnm of the 

fim fow moments of t h e  es2imated variance. This is done by employing Monte-hlo 

simulation techniques. The umnibutiom of the moments to the overall bias of the 
9 

Cox-Ross model are examined in the following chapter. We also cmploy Monu-Carlo 
- 

this &pm provides a brief c-hcwsion of the potential rrstfuLness of the Montc Carlo 

study. In section B we provide a d k m i u n  of Monte Carlo simulation techniques which 

were used. Section C repam the resu l~  of Mcmte Carlo ms of enimaticm errox biases - 

- 

f o ~  the Black-Scholes model. 

A The Porential UseNness ef Monte Carlo Study - -  r 

Previous studies to eumine wsimation error biases in uption pricing models have 



V* d g@) is the optiari valuation W , m  which is 

option vdui is given by 

The bias ii then ,@- as 

m~-byJw& 

the true pn'ce of the , 

fimction g. Bqle and 

tbe extent of the bias. 

They do not provide a brtakdown of the sources of estimation 

the mktmt  mmponcn~ of the duple mrkxe. Similatly, Butler and Sdrachter (1983) use 

enor bias in terms of 

the nunmipl intcgmtiou method to &mate the rnapinrde and direction of the bias in 

a>mpanents. ,Wm as noctd eartiex, a lrstfbl extension of their work would be to 

examine the contribution of &e h i g h  order moments of the minuted variance to the 

tM61 aimation e m *  M of the mad;L in isn cixiptu we have h t a d y  4-3aiczt~y) 

eumined the contribution of the momenssGQ- the overall bias of the model. Below we 

conti;rmc m examine the-moment components of the bias by Monte Carlo methods. 
\ -- 

Boylt (1977) uses a Monte Cario a p p d  to obtain a numerical sdution to the 



d - 

problem cbamcd M e .  

-- 

( i)  The aggregate aaimatim e m  bias in uption pricing models can k duxmpmd , - - 

into the moment ampamts of the variarre estimate. By dang so the proportion of bias 

indud by eacb of the mmponerm can k examined, and a bertcr u a d a s ~ n ~  of the , 

prich&bias of the &Is can be obtain& 

(ii) Since the v m  of stock returns is the only axhadc input variable in the 

independently of the partmh model specificatios the Ktimaticm enor bias and its 

annpmem can be isolaM from the specification bias. As a rtstJt the stimauoa mor  

biases-of the mmpetmg optim plidng models (e.g. B S  and C-R ) cao be compand 



dafa horn d&h the daircd aalmim tan be obtaineds Typically, in a M- &lo 
- - -- 

- 

variabieb and an avenb;' &mate of the -response variable is obtained by the 

Mmte€kio"samplt mean metbob This estimate is then compared with the known true 

inmes 

Monte 

in ordcr to obtain an estimate of the bias. 

cako Algorithm can be charaderiscd by the following 

(i) A seqve~ce Fi (whm i = 1, 2 . . , K ) of K random numbers is generated 
- 

1 
(5) Given a knuwn furdonal form. th'e rcspoase variable is mrnputcb as a 

W o o  of rhe input varLMa generated in step (i) above, i e  mmpute g(Vi). 

part iah optim pricing modtt (ie- B-S or C-R ) taxi be estimated by the sample mean 

method. The moments of the wim~ estimata can be obtained so that the 
t 

ammbufims of tach of thcsc mmmn to b e  toral estimatian a m  biases of the model 



As noted earlier, estimation enor in the sample variaDcc induccs bias in 
4 

Black-Schole option price estimates Of course the estimatiaa error derives from the 

distribution of the variarace estimate. - Therefore, in order to examine estinmrioa mor 
- - 

induced biases in option price estimates, we generate K different estimates of the 

variance, t, each representing a sample of size N. The samphg disaibutim is asumed 

to be the garnma density function such that E(f) = v, the m e  and V a o )  = 

2v/N . These simulated vsrLzncc estimates are then plugged %UQ the B-S formula in 
8 

order to obtain K different esthaks of the option price. Sinct researchers do not know 

the true variance of stock returns and we an estimate of the variancc in the formula in 

order to obtain an eaimated option price. these K different option price cstimatcs 

represent t?ie option price that tag be obtained by researchers who undenake K 

independent experiments to obtain the B-S model price. Given that the B-S model is 

correctly specified one might at fm expect thit the average of these K estimated option 

prices should represent the m e  - (market) price of the option But BoyltAnathanarayanan 

and Butler-Schachte~ have shown that the elrpected option price is not equal 14 the true 

value of the optios as noted in chap- EL As a result, the bias zhat the B-S m e 1  

w average produces, due to estimation of the variance rate, is given by the difference of 

the average price of the option from the 'price that would prevail were, the uue vanarm, 
-- 

v, use& For our purposes, the average prie of the option generated by the model is 

found by rht Monte Carlo Sample rn- method oudined above. 

We also vary- tbe size of N and generate different sers of K variance estimates 

and then reestimate the model prices in order to .examine the effects of sampjc size. 



plor;idc r sun#nal c m n h t h  of tk sensitivity of the modet u, ffie m*nma of the 
f 

enulpW wimce. Tbe nlus of ihe dcnvuinr d the I &en multiplied by the 



the cairwtrn of the wirrrr nu is unlhtd (it E@) = v). 



is a h  obmvtd fur optiom 

manniry, h t  u t b y e € k  

P optiom at the mnnty. 

for N=140 the Eh&-SChdt~ model oveqnicw (with a few 

opaoas] dGtp in the m y  options (X=80). The overpricing 
L = 

ouz IX=40) and in the money (X=60) with one q u m  to 

fe of other sirrmlation studies, notaw M m o a  (1976). bhdamky (1977). McBeth and 

in the money (contradicts our rcslllts). h addition, we &stme that the model tends to 

(1977) C ( 3 0 S i ~  an opa*m WE& had only caze quarter to mxmily. , 
r- 
'2 -k 

. ~ c a  our pnpcss bang a mag)' mam X = E  u, &at A m  x=&-'~ (amidntd 
in Chapter Ill ) we uc &@tiy in the m y .  Ttris defktim honrwrr dots rn r)tanne 
* r # u b Q f O C g ~  



Table4 lists the pmrntagt biasts of the model price \i.e the doahr Me-  

Agam far N=140, the M e  that the perctntage bias is gmtm for WI of the-- 

of-the rate forcts the model to mxa&gly misprice the option in &e money 

when the qanuity paid of the option, cetcris paribus. is Tahle4 atso shows 

that t be  magnitude of tht pactntage bias .in the Black-Wes madel is ncgativ<ly 

the mispTidng behaviour of the wxlti which are not found in the exhung simulation 

Table3 shows thar wi& .the &crease of the sample site in &mating the variance 

rate, the bias in the model p* haeases in all m e x m p ~  for i &id 

out-of-hemoney c$dons of one quane~ m mannit). and f o ~  d e e p - k t h t  money options 

~~-of- themone) :  options (X=40. 50) become negative with N--60. which implies that the 

will change t t te bias panem of t he  model. Ln pamcular. we observe that (when N=60) 

the mDdei underprices all optjom e x q r  thrrsc which are d a p  in the money (Xz80)  

iliitb 1, 3, and 5 quarters to maturity . f h e  implication of these results is that depending 

on b e  aanrrac3. of the wtimared v u i a c e  (which 

used), b e  pricing bias of &e &eI m a y  differ 

we have found for Fi=% CDnform wiih &e 

Black-sols formula Thar is, t h e  modti tends 

here is b a q  related ro the sample size 



- 

I 

(1982). among others). Wrt the results ' 

F d e r ,  we obsrrre irom TabIt-4 that when N=60 and T=l, the percentage bias 
7 

is gmksz for options n thc mooey. aad i t  inacpsa as the sample size dmesws 

bias in the cstimattd xmdd pri# . cspcdaliy for out of the m y  optics. 

m a d e .  wen wivith an u a ~  mimaurr of the variance Rle The ~ l s  &us & 
the hy$ttieais that even ir ihe B-s model is m m c ~ y  spciiitxj . the variance estimate 

the option price . ? k s  will , %ometimu, lead the rsearcbcr to commit a 'Type I' error 

when alternative modcis art mmmendcd for pri- of optiaca or when ammpts are 
I 

~ ~ ~ a d t r o b u ) . o r ~ ~ m ~ c ~ o f ~ e m f ~ ~ ~ t h e  



. . 
cslquml option price of tfie Bkdr-Schdcs formula 

- 
- 

Funher, om resnlk indicate that the sample size ltstd in estimating the variatrce 

-may change _the bias paern of the model estimated price. Since different sntdics use 
e 

diffe~em sample sizes in wrimaCing the varhce ( e.g. Emmy used 8 years of weekly 

O-atiam. M e - R d l  ltsed 180 M y  observations, Rubinsttin used about 350 daily 

&stmati- and so on) , and since the error in the estimated variana &firs aaoss 

2. Bkztes and the EBcts of the M o m ~ n t i  of the Estimated Vmionce Rate 

We hate seen above &tar w &IS are consistent with rhw of Butler and 

Wachter (1983) and Boylt and PLnathmamyanan (1977). We provide some new insights 
- . .- rp, 
inu, t h e  model's mispridng by examhhg the b%es of the modti in rtm of the effects 

of the underlying disuibution ie, t h e  m o m a s  of the eshated variance . 

the Black-Scholes 

second derivative 

rabk shows that 

the Black-khdes 

estimated optlm price. These bhss are & w e d  by rnuiuplying the 

of the model witfr b e  seconsd moment of the  v iu -mce  cstjrnate. The 

the bm w , g  from the smmd moment of be estimated variance in 
8 

emmated price 5 ~~ and nqgtlve for the optm around the 



and so oa This is an insight that eqhius the biases in the Rkk-Schdes model found 

in-and at-themonty optiom This on be setn more clearly by e m b h g  the biases 
/ 

rcponed in lablc-6. TabIt-6 npons the net bias in the estimated option price after we 

adjust the on'giBaI bias (fmm TabIe-3) _for the bias .induced by the se#md moment of 

&mami whna and the stcoad derivative of the model (Table-5) fmm biases reported 

in Tabit-3. >Table6 shows an uzwhrem . . 
'd (nwtive) hias in the estimated option price 

for all case. This dcarfy indicates b t  the rnul&directional b b s  in the model' estimated 

price found in ~ t r -Scha&er  and Boyfe-Araathanarayanan are due to the effects of the 
r 

stcond m ~ m t n t  of the varianct mimate. The total remaining biascs of the model arising 

imm the hrghcr or& mamars of the smq4e variance are uniformly negative, and the 

of these b i a s ,  in enera& is very smalt. 8, 

of the tstimated variance. These biases are calculated by t he  p~cxiuc~ of the third 

of the model and the third m e n t  of the estimated variance. Similarly, tbe 

the model &mated instuotd b~ the fouTth wrment is obtained by the 

f h e  f o m  derivative of the mod& and the f& m m t  of the variance 

(Tables). It is sea fimn T a b k b  that the fmmh rncnnerrt indues b i a s  which 



-- - - 

a few exceptions ) to that which is due to the second and fourth moments &ere fore. 

the &ts suggm that rhe varicms moments of the estimated variance induce different 

patterns of biases imo rhe mxkl &timated price and that the mal bias in the estimated 

uption price depends on the relative size of biases indued by the various mornem of 

the W t e d  variance. 

Comparing Tabla 5,  7, and 8, it is reen that the magnitude of the bias arising 

from the moments of the sample variance d~~ (with a few exceptions) as the c ~ d e r  

of the moments increases The second mmegt indu greater b@s in the estimated T 
option price as compared to the other rwo moments, and the biaser induced by the third 

and fbmtb dmmenrs mgerher are W e r  6 those of the sbcond moment The results 

seem to suggest that majority of the bias in rhe model estimated price arise from the 
t 

* . 
m d  moment of lbe estimated variance and, therefore, a more accurate estimate of the 

modei price can be obtained by a x x m n a ~  on reducing the bias arising from the 

m d  moment of the variane estimate. This is possible by redking the variance of the 

esdmared variance. This is what war raearchen have been doing Euning studies suggest. 
-p- 

/ 

that the v h c e  of the v a r i m a  estimate be reduced either by increasing the sample 

siLe ~d in estimating the v a - i m x  rate. providei the variance is crrmtant over that ' 
? 

period OT by uSing some variance reduction techniques suggened by Geske-Roll (1984), 

Parkinson{l980), Boyle (1977) and Boyle~nantbanara~anan~ (1977). a m g g  others. Since the 

variance of nock renrms m a y  nor mmn constant over 1-er periods, and since. for 
- 

small amples, the variance reducrim technique, such as the byes-Stein method used by 

M e - R o l l  (1984), iwlf gives a bias& esximator of b e  variaDce rate (e.g. see 

Wlt]er-Wfh&~ 6%) p.6), ac easier appmach would be lo adjust the cnirmred price of 

'Even though t h e  third and f& moments individuaUy inducts b b c s  of different signs. 
we should nor be mprised with the  rcsults reponed in T a b l e .  This is because the bias 
repmxl  ia Table4 is the wt#ime of the m h a d  effects of the high= order. 
mdl-ldq thtrd and fm m o m e m  of the sample wimce. 



- 

-- 

the option for tbe bas induced by the second moment of the estimated variamx. Of 

repeated samples of stock prices to estimate the variance , it 

mon acwate estimate of the option price and therefore will 

betux validation ts? for the model. This 'may also help 

xpcrforrnance by r e h &  ibe pmbollip of misid~ntihmg orer-ar 

The imporrance of the above adjustment for the effects 

estimated variance can be seen more d&y by examining h e  

is ad-hoe and requires 

will j%-t%ide us with a 

enable us to provide. a 

investors improve their 

underpriced options 

of the variance of the 

proportions of the bias 

induced by the three wxnents to the overall bias of the model. These biases are 

regorred in Tables 9, 10 and 11. It is sen in Table9 that the seoond moment induces 
0 

almost all of the b i a w  of the nmodeL In some wses, the propman of b i a s  induced 
r 

by the second moment is greater than 100ab. This r m l t  is not srrrFnising becaw the ' 

- 

o v e d  bias of the model #>mists of biases induced by all the -mem of the estimated 
\ 

variance and some of the h i g h e ~  mde~ moments (e.g., the third xmmcnt in our analysis) - - 

have induced negative bses into the model estimated price, The third and fourth 

moments individually do wt h d u a  more than IOB of the m d  biases of the model. 

e Even though the V t a g e  biases reponed in Tables 10 and 11 have changed with the 

sample size, the second moment is still found to i n d w  much of ?he bias in the model 

tstimattd price In a few c a s  ( whne we observd pmitive biases in the model 

tstimaztd prie with N=1# and these biases W e  negative with the decrease of the 

sample size (see Table-311,- t h e  p e m ~ e  biases induced bj the three moments have 

inma&, otherWiY t h q  &TI uniformly decreased with the dm= of the ample size. 

,The latimale for thk rtSulf can be found in the fdlowing analysis 



- 

Tne majority of the genemcd ymiance csbimatcs have m e  frmn the leftband side % 

3-S -red prices m dmeae. & a result, the p&ke  (n- bias obscrvcd in the - 
7 

model. priEe with N=l& has fir#Jeased) with the d m  of' N. On the other 

hand, the magnitudes of the individual moments of the variance e@mate have increased 

as the size of N has demas& This has increased the biases Mttctd by each of the 

these cases In other cases the percentage biases have dm& pmkbly because dl the 

&n moments (nor cxmidezed here) have added 

option price. j 

To d u d e ,  we can say that the majority of 

to the semnd moment of the estimated variance. It 

more biases to the model estimated 
- - 

-\ -- 

the pricing bias of the model is due 

has &so been found that the second 

moment induces m u l r i - d i r & d  biases into the mimated price of h e  l3-S model. .That 

is, even when i n v s r i g a m  use an &W enimam of the variana rate. the results 

suggest that the I3-S model would yield biases of different signs and of different orders 

of magnitude. These results nrpport the hypothesis thar the n e e a x i t y  of the 

Black-kholes model in the wn'mated v* rate causes the model to mrsprice options 

in different directions Bulm-Schachter (1983) and BoyleAnarhanarayan (1977). have also 

f m d  simih hpfications by exanrj.rrinn t h e  estimation m biases of the model. We 



- -- -- 

I-& to the blas pattern of the modcl can bt &served amcmg variotls tfiits of &e 

--&- options wit& it overprices dcq~in- the:mmq optim Bpy far othu 

values of N tbe mi;JpTidng btltaviuur of the model has bten f w d  to be mtrent Since 

option. the empirical validat- of the mOdtt would b e ' a  di fkdt  task, tmless the model 

estimated pria is a57pn>lrimaW by Oifmg into mmmt the cffm nf  the mrrmllntc of I5-e 

cshated wiaoct. (hn Mmrc Culo ra ravlts suggest h t ' t h e  adjvmnmt of the model 
L 

pria ior the effta of the serxlDd moment of tstimated varimce will reduce the 

/i bias of the modd a sqnifican~ armuxx Even though this adjustment procedure is 

ad-hoc, this would pmvide inv'ksxigators with a mon acanate estimate of the option price 

anb would maMe than IU -dt a hem vatidation test for d ~ t  &L This. adjustment 

will ehqmare the r u l t i ~ ~  bias pantrn of the ,&mad price (as observed in 

Tablt-tr) and therefme .would help inwsrors improve their pcrfommce by Yudng  the 
t 

products rulti-duecrional sysxmmk W in option pria wtimak d~ to &e -tion 



reptaredy be obsrrved due to the degnt of ammq of the estimated nriurc. Evm 

varianrx of the underlying 

We tm nen -to an examhatian of 1 e e f f m  of the estimation e m  of the 

w e  v* on he Cox-Ilars modtL Estimation wror b k s  in the Cox-Ross model 

esrimata are examined in a mannn dmikr to the above in the next chapur. The results 

Specification emn biavs of the models are examined by mmpanag the prices 

generated by the c ~ m p e m g  TIEodefr with t h e  true variance inscrud into the formulas. For 

h e  Cox-Rw model, as mmnoned in dupm IJ, the v a r k c e  rau is b 1  =v.X1, whereas - 

Y is the variance used for the Blafk-Schdw model 

' esdmata genenvd by the B S  and C-R models are examined 11 is i n v t n i p v d  whelher 

eslimtiun error. and w n e r h e ~  hi! mhcd c f f m  of the rwo rowcn of mor provide 



* V is assumed to be t h e  true v a r i a n c e  of stock r p u r n s .  



TABLE - 2 

Estimated. Black-Scholes Option Prices 
with unbiased variance est'imates. 

Exercise price.50, r=0.015, v=0.025 per quarter, 
X=Stock price, TsOgRiSm's time to  expiration.* 

--- 
50 roo --- 

60 --- -- 

80 I!? 

Is assumed to be the true variance of stock returns. 
= Sample observations. 



Biases observed in the Black-Schclcs model 
with unbiased variance estimates 

Bias- Estisrated option price-True option price 

Exercise price-50, r-0,015, v-0,025 per quarter, 
X-Stock price, T=Optionts time to expiration.* 

140 --- 
roo --- 
60 -- 
140 --- 
roo --- 
60 

1 4 0  --- 
r DO --- 

* v . i s  assumed ti3 be t h e  true var@nct  of s t o c k  r e t u r n s ,  
N = twrsplt e b s e r v a e i m .  



TABLE - 4 r 
Percentage biases observed in the Black-Scholes 

-XgcIel with unbiased variance estimates ------------------------------------- 
APB - ( !B ias  of Table 3fXtOO)/True option prPce 

a Exercise pr c.e=50, rs0.015, V-0.025 (per q u a r t e r )  
3 8  XfStock pri t, T 4 p t i m ' s  ti- to expiration.* 

be the t r u e  variance of stock r e t y r n  . t - 

/ 



Biases arising from the  second moment of the estimated 
variance in. the Black-Scholes model price 

Exercise price=50, r=0,015, V=0.025 (per quarter) 
XkStock price, TrTimes to option's expiration.* 

60 
,,& --- 

140 --- 
5d t o o  ---- 

* v is assumed to be t h e  true variance of stock returns.  . . 



Biases in the Black-Scholes model after adjustment 
for the bias induced by the varianpe of variance estimates --------------------------------------------------------- 
Exercise price=50,'r=0.015, v.0.025 (per quarter) 

I 

X=Stock price, T=OptionVs time to expiration,* 

* v is assumed to be the true variance of stock returns. 
I ( 



-- 

TABLE-? 

- 
Biases arising from the  th ird  moment of variance 
estimates in the Black-Schofes formula price 

Exercise price=50, r=0.015,1v=0.025 (per quarter) 
XxStock price, T=Optionis time to expiration.* 

- 

* v is assumed to be the  true variance of stock returns, 



- k TABLE 

Biases arising from t h e  fourth moment of variance 
estimates in the Black-Scholes formula price 

------------------------------- 
Exercise price-50, r=04015, v=0.025 (per quarter) 
X=Stock price, T=Opt ion ' s  time t o  expiration,* 

* Y is assumed to be the t r u e  variance of stock returns. 



TABLE -9 

Proportion of biases due to the second, third and fourth 
rnoments-of variance estimates t o  the overall biases 

- 
of the Black-Scholes model (N=140) ............................... 

Exercise price=50, r-0,015, v=0,025 (per quarter) 
X=Stock price, T=Opt ion's time t o  expiration .* 

& 
v is assumed t o ' b e  tHe true variance of stock returns.  

I 
1 
'v 



/ 

TABLE -10 

Proportion of biases due to the second, . th i rd  and fourth 
moments of variance estimates to theaoverall biases 

of the Black-Scholes model ( ~ = 1 0 0 )  

~xercise price=50, r=0.015, ~10.025 (per quarter) 
X=Stock price, T=Option's time to expiration,* 

* v is assumed to be the true variance of stock  returns. 



Proportion of b i a s e s  due t o  
moments of variance 

of the 

Exercise price=50; r=0.015, v=O,. arter ) 
X=Stock price, T=Optionls time t n.* 

* v is a s s u m e d o b e  the true variance of stock returns.  



MODEL 

In Chapter- TV we exmined the pattern and magnitude of the. estimation enor 

biases of the Black-Scholes model using Monte Carlo simulation techniques A similar 

examination of the *on enor biases of the Cox-Ross model is provided in this 't 
Chapter. Estimation e m  biases of the Cox-Ross model are then compared with those of 

the Black-Scholes model. The relative effects of the ,second, third and founh moments of 

the estimated variance on option price estimates generated by the two models are also. 

anrrpared. 

In Chapter ID we analytically examinexi the estimation error biases of the Cox-Ross 
4 

muctei. It was shown thme that the C-R estimated option prices are biased even when 

they are obtained by using an unbiased minute of the variance of stock returns in the 

C-R formula. We discuaed that the bias in the C-R estimated option pricp will be of 

diffe~ent signs and of different orders of magnitude, depending on the bias induced by 

each of the moments of the m t e d  variance. We could not unambigously determine 
* 

the extent of the bias in the model estimated price b u s e  the values of the products 

of the moments of the estimated variance and the derivatives of the model were 

unknown analybcdily. Therefore, h this chapter we employ Monte Cario simulation 

techniques to mlnrlate the exttnt of the estimation error bias of the Cox-Ross model. 
I 

~ ~ h i s  is because the C-R form& is wnlincu in thk variaoce, and the unbiasednefs 
property does not hdd under a nonlinear m.&Ormation. 



- -- 

- - 

TaMtl2  through Tabk-22 npoIt the results of Mantecarh sirnulam far the 

, Cox-Roes model for the sanmt ett of stock prices (40, 50. 60, 80). tima to option's 

expication (1, 3, 5, 7, 9, U) and sample skm (60. 100, 140) consickred for the,' 

Black-Scholcs modtl in Chapter N. We me equivalent inputs in both the Cox-- and 

fgack-ScMes mod& in mdtr 10 ~EUR a consistent amprism of the esrimation error 

biases of the two modcls Sin# ?he %S artd C-R models Wer in functionat form, we 

expect that the cshatim cnor t i a s  of the mo modeIs should also differ. 

The results nqmed in Tables fZ t h u g b  22 are obtained in a manner similar to 
4 

that adapted for the ~ - ~ d ~  model exccpt that here we assume that the market 

pncz of the option m t t d  by the Cox-Ross model In other words, the Cox-Ross 

model is the 'true" (comuljr spedfitd) model far pricing of options. Howkvcr, as before. 

we assume that the me w k x e  of ssmk mums, v, is .025 pcr quarterquarteT 

Table12 reports the mxkct price of the option yperated by the Cox-Ross model. 
--- 

Thew prices are ob- by M y  bming the f i e  value of the variance of stock 

prim are the same as thm W i. generating the2 B-S model, atimated price (Table 2 

of Chapter IV). ' It h rem in TablrU b t  the C-R estimated option prim decrease 

(except for Bort m;aturir). (?=I) *in-tfie-mooey option) as the sample sire decreases 

This is beaure the sample mean of the sariam ustd in admating the option price 

with the & o~ the size of N. FB example, as rtoted in. cwter IV. 

We irw the same miaxe  csrimatcs in order to facilitate a mminent mmparisoo of 
c s t i m a h  mar biases of tht 3-5 and C-R models This oomparison is done in a htm 
scctian of this chapter. 



when N=@ it is .M482513, whmas 7 = ,024949 and .0249%79 when N= 100 a d  140 
- 

Table14 gives the &mation enor b i a s  in the Cox-Ross model which arc 

ob@ned as the dollar excess of the C-R estimated option prlcc (Table 13) over the 

market price of the optioo (TabIrU).' I h e  biavr are found ro be of hiffercnt signs 

and of diff-tllde~ The bhes also change with changes in the rStoclr price, the 

mode1 overprices (except fm long matllrity) d c q  in-the-money options (X=W). .The 

oveTpricing is also o&mtd far optiom art- and in- the- wmey with one quantr to 

, mamity, otherwise the &el undnprim options . The absolute pricing bias is greatest 

far options a t  the m y . '  

Table-15. lists tbe perrxnuge biases in the Cox-Ross model price (biases in 

proportion to market prices of options) and shows h t  the percentage bias is greatest for 

out- &-the money options ?his is beawe the model price are t y p i d y  low for these 
- 
%- 

opbns 1; is seen h Tabk 15 that for N=14 the percentage biwr dm- with the 
- 

\ 

inclrease of the option's time to expiration in d ~ s e s  exapt for options in the money 

@=a). This indicates that the w o n  error of the variancz rate form the model to 
0 

incTeam@p misprice m the m o n q  options when .the maauity period of the option, ceteris - 
paribus, is ina& Table15 also shows, again for N= 140, t h a ~  the mgnirude of the 

pe-tage bias in the ~ o x - ~ & m o d e l  is negatively relaled u, the stock pria. given the 

option's expiration date. This implies that the bias in the Cox-Ross model tstimattd price 

3We mil it the markel p ~ i a  of the opricm because here we m e  that the option is 
plczd by the COX-RES BxXkL 



- 
However, with the ckawsc of the sample size in es€imathg the vaniamx rate, the 

/ 

bias in the model estimated price inaeases (Table-14) in all mcs. except for options out 

of the with one qmer to rmmrity and deepin-the mcmey options wiih T=5 . 

The direction of the bias in the estimated 'price has also changed with changes in the 

sampIe &e lrstd For tl;amp1e, rhe bias in the model price is negative for the short 

maturity V=l) izz-the-money aptions (X=60) with N=100 and 60. This implies that the 

inaeastd dtviatipn of ' the estimated variance fiom the true value . of the variance will 

which llsc different samp1t skein %&wing the variance of stock returns For example, 

ThoqH3lbaum (1980) fiRmd the Cox-Ross &el to  rice (overprice) at- and out 

. . of the (in the) money optiba whereas bkB&-Mmille (1980) f k d  theXel to 

overprice (underprice) out-f-the (in- and at-the) money options 
- - 

Funbcr, we observe fram Table* that the percentage bias in the E&IW& price 
I -- 

for out of the money- o p t i c ~ ~  &id~ T=l) decrrass as the size of the sample ped 
I ' 

decreases But the opposite result hdds for other options (with a few exceptions for 
= 

X=.80) d d e r e d  in our simulatim~ This indicates that the use of a larger anpie size 

espeQally for optiom out o w e  money. This rwult for the m-of-thmmmey option is 



In short, for the range of parameter values considered in our simulation tests we 

*me multi-directicmal biases in the Cox-Ross model arising from the estimation 

problem of the miamx of the underlying stock. ' Z e  biases are also observed to be of 

m y  orders of magnitude, even with an unbiased estimator of the variance' rate. The- 
. #  

results thus puppon our aqalytid discussion (in chapter ID) thst even if the Cox-ROSS 
.t 

model is the true model to price the option, the variance estimate induces different 

patterns of biases in the el estimated option price. 7 
Even thocgh it is (e.g Butler q d  Schach~r (1984)) that the 

/ 
estimation pria!cm d t e d  with the &own but estimated variance of the underlying 

I P- -3 

asset is shared by any. 1 (whiifc6 are non-linear in the variance). the 

exwhation of the effects of the estimation enor of the variance on the Cox-Ross model - 
estimated is lacking the ekmhg literature. The results of 'this chapter thus ' 

provide useful aindgha abo model's mispridng of options $pt might be 0 b ~ ~ e d  in 

any validation tests of Id q e L  Thar 4 the model @ tend .to overprice 

Otherwise, the model will tend to underprice @ti& Of course the pattern of the bias 
, - 

3 

explained above may change depending on the accuracy of the sample variance used ir, 

any tests of the model, This pattern of bias is (dis)nmilar to the pattern of bias in B-S. 

- We renun to this point shortly. 

We now examine estimation m r  biases of the Cox-Ross model in terms of the 

e f f m  of the moments of the estimated variance. 



A 

~ ~ . t b e r s b o t n d ~ o f t h t ~  
i 

, and so an Therefore, it is 



-- 
tgt aeg&w bias rcpmed in TaW-17 is the uomme of die c o r n ~  

h g k  o r e  iDd- me third md famh -a of the estiraated nd.acc J 

7 

b i a s ~ ~ t h t  lbanh 5n t& cstimattd mocttf price is obtained by the 
- 

- 
_---- 

p r o d ~  of the fwrth rnmmt and the f& derivative of the model (Table-19). It  is 
D 

I 

(TaMtl6). A few excqtbm arc formd -for or'lcmg maturity in- and deep-in-the money 
i 

o p t i o p t i ~  'The sign of the bas induced by the third momcnt (Tabltl8) is opposite to that 
b 

which is due to the semd and fotntb moments Thmfore, the rrsulrs suggest that the 
- 

3 

various ~ C K W ~ P D  of the si*mpfe variaDct induce diffmnt paatrm of b~~ into the model 

&mpn.ng hT;lblri 16. 18, and 19. it  is s m  that the second m m r  ol' the 



the bias of the estimated 

The imponaDct 

mamcnt can be seen 

the three moments to - 
3 3 7 E a l d 2 2 . f t I s  

bi2ws of the IflOdCl (a fw exctptions art found for X=#). In some cases , the 

t, caimattd price. The third and fourth moments individually or jointly do m induce 

significatlr amount of biases in the C-R &mated price. Even though the pcnxntage 

moment is sfill found to indux much of the bias in the ~~mclel estimated price. 

However. in a few caxs the fourth molmtnt has induced a significant arrmunt of bias in 

%' 

Thc mtjority of the led mriame caimaws have awrac from thc lefthand side . 

C-R csbartd p r h s  to knasc. &. a muh the @ti= (negative) W obsaved in the 
I 



. --- 

- - -  

hand, the magiitlrdes of the individual moments of the variance estimate has iDcrtastd as 

_/-- 
_! 

the mxuas As a rcs& the percatage biases inductd-by-tkiFmmenrs haw inaeased 
__/--- 

/ 
_/-- 

the athn moments (not ccmidatd hm) have $ed more bias to the model csrimatcd 
C 

\ 

To conclude. we can say that the majority of the pridng bias of th @el is due 

to the wamd moment of the cstimatcd variance. It has also W n  found that the second 

m e n t  induces multidirectioaal biases into the estimated price of the Cox-Ross model. 

That is, even -When inmam w an mbiasect estimator of the variance rate, the rtsults 

suggest that the Cox-Ross model A d  yield biases of different sigm and of different 

ordm 

C-R 

of magnitudes. These rcsults support our hypothesis @at e non-linearity of the = 

model in the mimartd variance rate causes the model rnisprice options in 
- 

dirraicnr W; llso f d  that the mispriciq behaviw of the model is subject to change &' 

with the d m g e  in the site of the sample used in estimating the the variance rate. 

Siwx the tnoI in the .variance &mate depends on the sample size use& and since 

different d t s  use ~~t s a w  sizes ir, esirmting the variance . mtradictor)..- results \ 

as regards to the bias panern of the model can be observed among variow t u t s  of the 

modcL For example, our results with N=60 (Tabltl4) setm to lend suppbn. in pan. to 
4\ 

the t m p i W y  observed biases by MacBcth-Mcrville (1980). That ik the model tends to 

overprice (unbeTpnce) the &m manip out-of-themoney (at- and in-the-monty) upti- 

Bur for other values of N the mispimq behaviour of the model has been fourrd to be 



0 
- 

- - 

* the model a t h t e d  price is by taking into aaxnmt the effects of the 

estimated price .for the dfeds of the suxmd moment of the estimated variance will 

reduce the bias of the mixid by a significaat amount Even though this adjustment 

procedure is abhilc, this W d  provide investors with a more BCCUZate esrimate of the 

aption price and would enable them to provide a better validation test for the -el. 

?%is adjustment will clim+mtc the multidirmionnl & pattern of the mimared option 

price (as observed in TaMt-17) and therefore would help investors improve their 
- 

performance by reducing the risk of misidentifjmg over- or underpriced options 

Bhck-Schdes and Cox-Ross models Sincc the two 

expea that estimation error biases of the models 
- 

the md dmatiw mra bbcs of the B-S and 

the tstimaticm error biases of ;he 

models differ in functional form, we 

shouid alsa . differ.. Firs& we compare 

C-K models rtporttd, respectively in 

TaMt3 of chapter IV and in Table14 of this chapter. We then cornpart the e f f m  of 

the moments of the estimattd variaElct on the option price generated by the two models. 
$ I 

J 
The results in Table-3 and Table14 suggest that both the Bladr-Wes 

and,Cox-Rm models result in similar bias pa- in the estimated price of the option. 



f 

E r, 
- - 

StOckreftrrns 

- - -  

- 
- 

Nevertheless, the magnitude of bias& in the estimated price of th,e two models are 

bias pmhl€ed 

when ,N= 140. 

different except for options at the money {ie when x=E). For e e, the Cox-Ross 

model products greater biases for options out- and deepin- the- ey . whereas the - 

by the W - S c h o l e s  model is greater for options money at least 

However, vhth the change of sample observations from 140 to 100 or 60. 

/ is observed 
- 

- -- 

in the money 

at the money, 

- 

that the Black-Schdes model produces smaller (greater) biases for options 

(out of .the money). Tables 3 and 14 also show that when the. option is 

the estimation error in the variance estimate indlrces the same bias for the 

two, models, even thou& the two models differ in functional form. This result occurs 

because the two models are equally sensitive as regards to the effects of each of the 

three moments of the estimated variance (Table9 vs. Table-20. Table10 vs. Table-21. 

and Table11 vs Tablt.22). For example. the second, third and fourth moments of the 

estimated variance respectitely indux 98. 3, and 1 percent of the total estimatik error 

bias. of4ach of the mdels when the option is at the money (Table9 vs. Tabre-20). 
B 

Fox other options considered the proportion of the bias induced by these three mornen's 
m 

to the overall bias of eacb of the models is different across the models. 

To conclude, we art say that bath the Black-SchoIts and Cox-Ross models produce 

rnultidkaional biases in the m t e d  option price and these biases are of same signs + 

for the two mdels when they are viewed across stock prices of given maturity periods 

or across maturity perids for given srocf: prim. However, the magnitude of the biases 
* 

in the estimated prict of the two xnodels are different t x c q  far options at the money. 

exanpie, the Cox-Ross (&S) model pmduces p m  t i a s  for out and beep-in-the 



- - 

(i) The Cox-Rars model . &ar&ss of its specification, might perform poorly in 

p d ~ n i n g  market prices of 

model simply because the - 
varianct estimate for ~~ 
predicting the price of the 

- - 

out- and d e i t h e  money options as ampared to the B-S . 
Cox-Ross model is relatively more sensitive to erron in the , 

types of options Similarly, the B-S might perform poorly in 

in-tbe-money-option as compared to the Cox-Ross model. 

(ii) In both models, the majority of the pricing bias is due to the second moment 

of the estimated variance and these biases are very large as cmpared those induced by 

the hrgber order moments To provide a ktm a>mparison of the ability of the models 

in predicting market prim of options, our resuits suggest an adjustment of the models' 

&mated prices for the e f f m  of the second moment of the' sample variarmce. This will 

h2ip reduce biases of the two models by a considerable mom and thereby allow 
t 

researchers to provide a kwr validation test for the ampeting models 

(iii) Finally, and ,most impartant our raults h e s t  that as long as the options are 

at the money the estimation tnor bias of the two modeis might provide the same 

misinformation about over-or u n @ W  &ti- 
I 

- 
However, it is iniponant to nore that the above results are ody based upon the 

effects of the estimatibn e n o ~  of the variance. Since the two models differ in 
e 

specifidon of the Wrlying process of the stock price, -it is +YJ of interest to examine 

specification error biascs in qtim price e s t i m a ~  generated by the two models This is 

because the specificarion nrar may coafttse the interpretation of the evidence of' the 

mimation e m  and that might lead resemhers to validate the 'wrong' W e l  as m e c t  





Estimated Cox-Ross Option 
with Unbiased Variance 

Exert-iSe price.50, r.0.015, ~ ~ 0 . 0 2 5  kper quarter) 
X=Stock price,-T= Option's time to expiration.* 

* v is assumed to be the true variance of s t o c k  returns. 
N = Sample ubsevations 



TABLE - 14 

Biases Observed iq the Cox-Ross Model 
with Unbiased Variance Estimates ............................... 

Bias=Estimated option price - True option price 
-- 

-\ 

.Exercise price=50, r=0.015, V=0.025 (per quarter) 
X=Stock price, T-Option's ti*-to expiration.* 

is assumed to be the true variance of stock returns. 
= sample observations. 



percentage Biases Observed in the Cox-Ross 
Model with Unbiased Variance Estimates ..................................... 

APB= ( f ~ i a s  of Table 141~100)/~rue option prize 

Exercise price=50, r=0.015,-.~=0:025 (per quarter) 
x=~tock price, T=Optiont s time to expiration3 

* v is assumed to be the true variance of stock returns. 
No Sample observations. * 



TABLE -I6 

Biases arising from the second moment of the estimated 
variance in the Black-Scholes model price ............................... 

Exercise price=50, r=0.015, ~ ~ 0 . 0 2 5  (per quarter) 
X=Stock price, T=Times to option's expirati n.* e 

* v is assumed to be the true variance of stock returns. 



TABLE - 17 

Biases in the COX-ROSS Model after Adjustment 
for the Bias'induced by the Variance of Variance Estimates 

Exercise price=50, r=0.015, w=0.025 (per quarter) 
XzStock price, T4ption's time to expiration." 

is assumed to be the t r u e  variance of stock returns. 



TABLE - 18 

a ,  V L  
Biases arising from the third moment bf variance 

estimates in the Cox-Ross formula price 

Exerciser price-50, r=0.015, v=0.025 (per quarter) 
X=Stock price, T=Option's time to expiration.* 

* v is assumed to be the true variance of stock returns. 



t 

Biases -arising from the fourth moment of variance 
estimates in the Cox-Ross formula price - <  

P -------------------L--------------- m 
Exercise pricc=50, r-0.015, -0.025 (per Garter-)  

' , XmStock price,.T-Option's time to expiration.' % 

* v is assumed to be the  t r u e  variance of stock returns. 
_/" 



- - 

TABLE -20 

s Mddel Proportibn of Biases of the G 
arising from the Second, Third % and k h  Moments 

of the Estimated Variance <N=140) 

Exercise pricp50, r=0.015, v=0.025 (per quarter) 
X=Stock price, T=Qptionls time to expiration.* 

* v is assumed to be the true variance of stock returns. 
%L 



of Biases of the  Cox-Ross Model Pt'oport ion 
arising from the second, Third and-Fourth Moments 

of the Estimated Variance (N+= 100) 
-------*---------------------A- 

Exercise price=50, r=O,OtS, v=0,02'5 (per quarter) . 
X=Stock price, T=Optionls time to expiration,* 

* ~ , i s  assumed to be t h e  true variance of s tock  r e t u r n s .  



TABLE -22, 

c *, 
Propurtion of Biases of the Cox-Ross Model 

arising from the Second, Third and Fourth Moments 
of the Estimated variance (N-60) ............................... 

Exercise pricel50, r=0,015, v=0.025 (per quarter) 
X m S t o c k  price, T=Option's time to.expiration,* 

* v is assumed t o  be the true variance of stuck* returns. - 



I 

In Chapters N and V rwpectively we reported Mtmte-Car10 tests results for the - 
estimation cnor biases of &e Back-udes and Cox-Ross models Specification error 

the confiiamg evidtwx contained in the ~ r i c a i  literature as well as to provide a 

broader baris for evaluadng rhe prformam of the Black-Scholcr and Cox-Rosr option 



(1979, 1980) and _ R m  (19'85). That is, the Black-Schdcs model overprices - 

most widely obsmred b b e  of the B-S mode1 contained &I the empirical literature. As 
1 , \ 

mtcd ih Chapter TV. tbe mca widely otacrvcd bias- of the. +S formula is a -mdcncy 

- It is important to note h 4  even though RubinsttiD (1985) f a d  b i a s  opposite to 
I 

fhac rtponEd by Bkct (1975) aad others, he* r e p m i  that the biases f m d  by 

BIad rtanrcd in some sample pcrioQ Within the framework of the prcstnt mdy,  this 

reversal in the bias pam of e 3 - S  model may bt e x p h d  by a change in the 
! L/ * 

a manna rqmntgp in B&cic (1975) and studies. This point has been 



B-S model with Onty estimarian mor czmqmmh m e  witb wrsi empirical Tesutts 3 
aod*aimptionC, the B-S wiih ews in spdkama - 

of the makl .Table24 . 

difference between option 
?- 

4 
m i a n 5  of stock re- 

bias of the B-S modeL 

estimated price , we now separatcfy examine the spedfimtion and estimation error biases 

out- of- the-money (in and at-themoney) mtions due rn rnisspedficatioa af the 

underlying p~ocws of the SIC@ price. Thest findings are consistent with the analytical 

reparts the spedfication e m  bias in 'the. B-S &matt& option 

ohided 'by using equation (24) of Chapter 111. That is the 

pricts generated by the B-S and C-R models ( with the me. 

inserted into the mspeave. formula) gives the spcdficatim, error 

TaMe- 24 indicates that the B-S &el avtrpriow (undtrprices) 

r d t s  11 Chapter Ill as well & with the findings of other simulation studer. 

Further, we observe rhat the signs of the b a s e  

i cases, are different from thuse of the mimation mor 

Chapur W). For elqnple. when N= 146 $e mimation 

deep in the money whnws &e specification enor bias 

reponed in Table24 . in most 
C d 

biases af the n d e l  (Tixhk-3 of- 

error bhs is positive for options 

is nkgitiw for #these options, and 

so on. The magnitudes of biases arising Mqxmdtntly from tnm in sumation (Table-3) 
% 

tl 
and spedfiation (Tabie24j are atso quire different except fur at the money options. 

C a q a m g  Tables 3 and 24, it IS seen t h a ~  t he  specification mor, as armpared to the 

estimatim mor, ~ n d u a s  greatn bases urto the 8-5 esumarcd p c e  ;or all opuons, e x a p t  

fm ~e option at the mooe). Because of this, the bmes reported in Table23 are of the 

& same ngns as the spedficanon emr btasts of the &el (Tabit-24): Fm example, 

d 
underpriang of d t c p . i n - t f i ~ ~ c ~  optiom @ the Rlack-Sctides modcl (labte-23) is 



at the m m q ,  the parmuagt bias in the B-S estimated price due to mors in the 

cstimad varianct is at l eas  two times greater than that of the sjxdication cnor (this 

k even me whcn we cxglrpart Tabb 4 a d  25). For other opwz the specification 

morjinduca grcavr prrcntlge biasg inw tbe BS option price. The highest prccntage 

inrtlprttatisn of the evidence of rfre stimtion mar. it i s p & b l e  that the estimation 

enor bias in the conecrfy sptcifitd &el is -aently large in some cascs w cause the 
- 

rmslPptcifitd - model to be &#red as contct La mdcr to examine this parnwty, we now 

wiwith the ovtTail bus of the W-Schdcs  &I ftpOned in TaMe-23. As .before, we 



assume that the option in the market is priced by the Cox-Ross model. 

b n p h g  Tabla 14 and 23. it is qccn that the absolute values of the bilsa in 

t h e  B-S estimated option price are, in all cks, greater than the biases in the Cox-Rmr - - 
cjlinud option pria. Thir result indicates that if the actual stock price movment, 

, 
follows the *absdutc p m e s  . it is unlikely tbat the Black-Scbdcs model wiU perform 

r t 

k m than the Cox-Ross model in e x p b m g  the market price of options Therefore, we 
B 

mn say that, the a h  mult cbs nrzt supgon our hypothesis that the e s ~ u o n  error 
b . 

bias in the coneafy specified .model is so large as to fause the rr$sspecificd model to 
- 4' 

3 
how eve^, by swi- the roles of the Cox-Ross model and-the Black-Scholls - 

model in ihe following divrridon (ie.. by agyniog that the B S  model is c o r r d y  . 

, -ed and the Cox-Rosr model is misspedficd), a different p i m e  emerges. - - 

Spedficatioa error biases for L e  Cox-Rosr model are examsned by assurmng that 

the B-S model penekes  the market price of options 7 t h a  s. the actual stock pnq  
C 

movement fdlpws the lopcmd procws). The biases in this case are nothing other than 

. the neqtive of rpedficadm e m  b$ws of the Black-Schola model tie, negauve of 

BSSE in equauon 24 of chaptn III) . The spdficauon enor tnavs sf rhe A&x-Ross 
3 

model are reported in Tab lea .  I t  is  seen in Table-27 that the Cox-Ross"'n30del 
5.) 

- 

underprices (overpTices) out-of-themoney (at-. in-, and deepin-the) optim Further. twe 
- 

- 
- 

otatm that the signs of t he  specification eno~ brases of the Cox-Ross modcl are 

d i h r  (exrtpr fm out-of and most ~ t h ~ q  options) from thase of the 



'I - 
For example, the sgdfica:tion tnor biases 

these options The nmpimie of biases &iq independently from rrrors in sptcific~tiun 

flaHc-27) and estimation VaMc-14) arc also different from & otbn. CompariDg Tables 

error bias when the aptials arc in,- dtcp-in. and out-of the money. At the money, the - 
options valued by , the &a-Rags * mocttl with sad Wtive j  cnors due to 

negative in this case). This hdicam that as long as the @om arc at the money, 
- 

bias arising from the join1 effects of eno~s in estimatioa 'ad sp&%cation in the 

Cox-Ras &I will {tc smaller than tbe estimation mor bias of the C-R model, This 

can be seen more dmy in Tabk28, d m  we report the m h e d  effects of nzon in 

noted above. the uue price of "the option is generated by the B-S formula (with the 

me vduc of the varianct immrd into b e  B-S 'formula). 
-- 

& 

It- is seen in Table28 that the Cox-Rcrss model overprices (underpriccs) in- and 

dtcp-in (out-of and m e  at-) the moa~). moaey options The biases in the C-R 

cstimaltd option price an ieas when the aptiom are at the mey. The above findings 

OOaform witfi the bases aqma& &served by Thorp and Wbm (1980). That is, the 

COX-ROQI mOdel obuprias in- and dap-+the m y  optiom and it vndcrprica a r  and 

m-of- the money options Wlf  they axmad& the fm- of M a c B u b M M e  (198C). 



Qx-Ross model to mhjyria optiom in the above manner, thcy coaciudod that. the 

Cox-Ross model, as awparect ~o the el, bes d & b  the market pria. of the 
ta 

qnioa la m e  cascs, howem, thcy fovnd tbat the Cox-Rm hodel mjspriced options 
, 

more than h e  B-S modkI . Thertfort, the question arises: wbefhtr the mimation e m  

bias in the B-S model is wfkitndy Iarge in many casts to make MacBcth-Mcrville pick 

the Cox-Rrws model as correct %Ye shall in rbe fdlowmg cikus1611 that his is 
#@ 

-- 
h ordu tO examine whetbe? the estimation enor bias in the B-S model is large 

amugh to cause the Cox-Rags &l u, be selected as axrm we axnpart the-overall Q 

bias of the Cox-Ross model (Tablt28) wjth the estimation c-rrar bias of the .i 

Black-!kbdes model (?he signs of &c biases auoss the models are difftrcnt though). 
B 

However, for options at &te m y .  the estimation enor bias of the B-S model is > 
greatg~ than the overall bias of the C-R rnodel (Table-28). The results thus unply br I 
as loog as t he  *ti- are at the money ( m a t  of the opum used In empincat tests 

and mded in the market are ar the money). the Cox-Ron model m a y  perform bewr 

than the Black-Wdes, even if the Cox-Ross is mispecified It is possible that this muld 

- 

h e  Bladr-Schda model. The impgcatipa of the above analysis is tbar rhm is a bias - 

ro&grds accepting the Cox-Ross model even when the B-S modtl is the me &el to 

1 
price optiom. - 



, dektion of the aatmcd pmxs fmm me me p m a  of mums), 'it is e m  
I 0 

that even if the Black-Scbola model is the true model f m m  'the op- the - 

effects of the seaad momcm of the mimated varianrz will reduce the bias of the 

modd by a siguifmt anmtmt and t h e n f a  would help mmchers provide a better 

tfic modeis wili then exist cmly cfuc to mispdbt ion of the mte underlying of 

In this cbrpta we have repmed tbe bias of tiie M-Scholes and Cox-Ross 
('- 

@on pri,Cing models arising from & 5 estimation and spcification We have 

. It is found tbat the sptdficao'w error bias is more serious for both the &ls when 

+ tht options are 4 Mkof and *in ae &y. At the money, the options are priced 



in any case to make nscaxbers pick the nriaPpecificd as c o r n  It has bttn if'ound that. 

when the B-S is the mte model, the c'stimatida error' bias" of the F)-S model (Tor 

- options dt the money) arc paw @an the wtrall bias of the Cox-Ross mxl& mrplying , 

A 

that even if the B-S' -1 is the true maid for option, rumrchm m$bt - 

the d moment of the estimated variance. This a d j q e n t  gives a &re accurate 

- 
. C 

d 
To put the rest& in. another way, r e  say that w h p  the B S  model is the p c .  

mode? of option pricing, the egimaag error bias of the B-S model cvn-esponbs - - -- t o m o s ~  

widely observed biases of the model. Howevq, we find- a bias lowards accepting the 

Cox-Ross model, even if the &S model is the me 

Cox:Ross model is due to the joint effects of e m  
-* 1,s - 
th;f~ox-~oss estimated option' price. The results bur 

movement 

the B-S 

measures 

estimarion, 

Cox-Ross 

model. The bids' in favour Oaf 6: 
in estimatim. and Bpuifitjon on 

R 

~ m p l y  that even if tbe stock price - 
the Cox-Ross model ( as--agairm 

model. me~efm, the prcsent ,study suggests that the chmimhm of thc w i a m t  



.-- 

of the tbt 



- 
Biases in the ~ l s c k - S c h o l t s  Estimated P r i c e  
due to Errors in Spccificstion and Estimation'.* ------------------------------- 

BiasdZstisated 0-S prices-Cox-Ross prices. 
Exercise price-50, r-0.015, v-0.025 ( p e r  quarter)  
X=StotB,prict, T-Tises to option's expiration.** 

* The  Cox-Ross model is-assumed to t h e  correctly 
specified model to generate market prices of options. 

**  v is the variance df stock r o t u r n s .  



Biases in the Black-Scholes Estimated Price due 
to Hisspecification of the Stock Price process. 

Exercise price-50, r-0,015, V=0.025(per quarter) 
X=Stock pfice, T-Times to option's expiration.** 

Absolute diffusion process is assumed to be the true process. 
**  V is assumed to be true var iance  of stock returns. 

9 
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% Biases in the  Black-Scholes Estimated Price due 
to Estimation error in the Variance Estimate* ------------------------------- 

Exercise price-50, r=O .O15 ,  V=0.025(per quarter) 
X=Stock price, T=Times to option's expiration.** 

The Cox-Ross model generates t rue  prices of options. 
+* v is the.trbe variance of s tock  r e t u r n s .  - 

P 





t ~ i a s e s '  in the Cox-Ross $stirnated Price r 

due to Errors in Specification and EstimatSon.* 

BiasvEstimated C-R prices - BLack-Scholes prices. 
Exercise pricet50, r~O.015, v=0.025 (per quarter) 
XsStoc k pr ice, T=Times to option's expiration.** 

* The Black-Scholcs model is asswmd to t h e  correctly 
specified model to generate market prices of options. 

** v . i s  the variance of stock returns. 



9 
-- In the preceding h p m  we examined the estimation and specifidation am biases 

\ 
of the Black-Schdes model and Atsolute version of the Cox-Ross model in order to - 
fmd out whether the option mispridng by the correctly specified mcdel is large enough 

to make tq validate the 'wrong* model as "correct". In this chapter two additional 
c 

questions are exmined h the first section we examine whether our results can be 

generalized for other cases of the bx- on model. The COX-Rok model ~ommp~rra the 

CEV family of'prooasa which dcpnd dn the value <f the elasticity parameter of the 

variance. In the stcond part we describe an ex-mq test for the Black-Scholes and . 
Cox-Rms models using 9imulated options andrtock prices. We show how &mation error 

1 
C o x  (195) and Cox-Ross'(lP76) derived the following option pricing formula for a 



complementary gamma distribution function. 

we considend WE the case when p = 0. That is when p 

= 0, the CEV model reduas to the Absdute (Cox-Ross) model. We 

(i) Since the CEY pnxxss can be lrscd to fit a 'wide range of 

the I-), it is impogsible to 

- 8lack-Schdes models without  rcsnicring 

b 

make any comparison 

the parameter value, p ,  

for the ~ b s o l u k  model 

chose the Absolute 

between the CEV and 

to some extent 

.is found in the empirical 

work of MacBcth-Merville (lw). They found that the A M u t e  model best fits the 

empirical data as ampared to othn models considered. 
- 

C- W e n  p = l ,  the di&m p- is lognormal. As a r a v l ~  by mnddcring the 

Absolute (p=O) and Btack-Wdes (p=l)  d e l s  in our analysis, we examined two 

e x m e  cases of the CEV &eL Other cases of the CEV &eI awld have been used 
+ 

by &cling p betwm 0 and 1.' We did not amsider these intermediate cases in our. 



the M-Scholer and Abrohnt models have simh pricing bias chaxactcristics with respect 

to -tion mor in h e  variance. We used two different functional forms (quah'm (2) 

and (4) in Chapte~ a) for the two models It could have beea possible insttad to use 

the CEV f d u l a  (equation (27)) choosing the p values equal to 0 and 1 in equation 

(27). The results, of came, W d  have been the same. 

Tbe quation arivs whether the stirnation .error biases for other cases (O<p<l) of 

tbe CEV p r m s  would have the same signs as the biases of the Black-Scholes and; 

b 
Abschtt z & c k  3.n d e r  pmfide a h r m @  anatysis of this question, it wodd be 

n m s a r y  to examine rhe derivatives of the the CEV formula with respect to the variance 

fur diffe~ent values of the e M a t y  parameter p .  That is, first we have' to obtain the 

derivatives of the g e n d .  CEV model with respect to the variance and then to examine 

whether the signs of the derivatives change with changes in the elasridry parameter. This 

examination will shed Iight on the effeus of the moments of the estimated variance on 

tbe Winated option price of the CEV mwlel, and will allow. us to determine the 

estimation enoT biases of different versions of the CEY mcdd (the d g ; s i s  would be 

similar to that provided for the B-S and Absolute models in Chapter In). Unfortunately, 

we c d d  not obtain the derivatives of equation (27) with r e r p c t  to the variance rate. 

Failing that, the mimation m biases fu: another speaal case of the CEti model has 

been examinecl If h e  mimarim enoT brases of this &el are found t be' nmjlar to 
I 

Ihrn of the Absolute and Biad-Scfides m&els, we may k able u, say that the other 



version of the CEV modd In addition, &cters (1980) has fotmd the square root process 

to be ~llon characterigtic of -the aaual- stmi price movement than the logaormal process 

y = 4 r ~ / ( ~ ~ ( l - e - ~ ~ ) ) ,  K = 4rE/(VX(erT-1)). and w is a psramem which *takes on the 

values 0 OT 4. 

Table 29 rtpons the eshatim enor biases of the SquareRoot model for the 

same set of stock prices (40, 50, 60, 80). quarters to option's expiratioa (1, 3, 5. 7, 9, 

15) and sample sizes (60, 100. 140) considered for the Black-Schdes and Absolute 

prices generated by the S q u a ~ R m  model The estunated . I 

option prim are the average 

SquareRm model option wi9ith u n W  variance csrirnatrs The mrima estimates 

used in generating these pks are the same as thcse used in the Elack-Moles and 

ASsdtitt wdtk 

It is sten in Table 29 rhar the estimation tnor biases of the SquartRocff model 



-- 

afso observed for options out- and in-the money with one quarter to 

the mode1 underprices options nese biascs have also changed with 

changes in the stocL7p&e the option's time to maturity, and the sample size. 

Importandy, the biases- of the SquartRoot &el are of the same signs as tbe W of 

the Black-Scbola (Tablt3) and Absolute (Tabltl4) models when they are viewed a- 
* 

srodc prices: given maturity periobs, or aaoss maturity periods. &en stock pricts. For 
- 

example, at the money, the options of aU mamities are underpriced by the three models. 

Since these three models are thee s p e d  cases of the CEY model, and since we have 

f m d  the models to p d u a  biases of' the same signs, we may generalize the results by 
- 

saying that the estimation e m  biases for other cases of the CEV model will be of the 

9 m e  signs as the biases of the t h m  models considered 

Nevertheless, the ~magninzde of biases in the estimated price of the different 

ve~sioos of t he  CEV model are different except for options at the money. This can 

dearly be seen by comparjng the magnitudes of biases of the Black-Schdes (Table3). -- 

Absolute (Table 14) and Sqrrare-Roo: (Table-29) modeis. It is seen from these tabla that 

the absolute vhes  of the biases for the Square-Root model are betwem the magnitudes 

of the biases of the Black-Scholes and AtKolute models. This r d t  is not surprising. 

rather, this is what we expected This is because the Square-Root model is an 

intermediate case of the two e m m e  versions of the CEV modti. This resuit thus 

suggm hat  the magnitudes of biases for other' cases of the CEV model wiU depmd on 
< 

- 

h e  p value to h amsidered in equatim (27). That is, if we choose the p value close 



wiuvc tirm x*-*~. This implies tbu. for a given d u e  of p, ach time thc stock 
* 

price dungs, the CEV modd uses , a  different variance input to price the option. 

. Tbmfm, the wkDcc inpn ty the CEV model to price out-oiFthe (bthe)  money 

options is d c r  (grwtn) tban the varianot input used in pricing options at the money. 

Since tix Bladr-Scholes model does Imt allow the variance to change with @e stock 

price, and since the @cm priot is posirively relared to the variance rate, the price 

generated by the A s  model for wt-of-the (in-the) b e y  options will be 

specifrcatioa eror biases fox the CEV modfl, given that the Black-Sd~oles is the true 

model, will be negative . m. or positive dependmg on wherher the option is out, at, 

or in b e  money. In or& to find out whether this would be the case we examine the 

those of the Absoiute &el. . 
R 

Table 30 reports the spedfication tnor biases of the Square-Root model. These 

and B&ck-Schdts models witb the m e  var imx inserted in the respective formulas It is 

reen in Table 30 ' that the SqvarrRm model underpri& (oveqiriccs) out-of-thrmoney 

(afl orha) opti-.mdy, these biascs an: of the same signs as the biases of the 

Absdute n#del (Table 27). Therefore, this result support our assertion that the CEV 

n#ldtl Prill underprice (ovtrprice) out-of-the-wmey (all ather). options when the 

Nevatheless, the magninxks of the biases are different for the two models., 



-OOt model are &a than thcsc of the Absdutic m&kL This m@c-@ef& 

suggest that ?he greater i s&c  Tmkteofp h s I B e t f f f  wetda k t h e s p a c S F i c 4 $ o c r t r m r - -  

bias of the (3EV model This is beesc  the hrghcr the value of the chstkity pmrmcrcr 

the smaller would be the wimcc input to the CEV model. Sirrc the option prict is 
* 

positively related to the varhax, and simx the variance input to the abrduv modtl 

.(VX2) is greater .than that of the the square- dot d e l  (VX), the magnitudes of the 

-cation enor biases of the Square-Root moQel ,are W n  thno thae of the 

Now we compare the overall biases of the Squart-Root model (Tablt31) with the 

estimation enor bias in the B-S model- is large enough to cause a e  SquareRoot modti 

to be selected as correct b q a r h g  Tabla 3 and 31. it is seen tbat the S q u u t R o a  

model misprices out-of, in-, and deep-&the money options mort than the W-Sdides 

model. However, for options at the money . the estimqion onor biases of th; 8-S  

d e l  are- greaer than the rn of the estimation and spccifiutim m r  biases of 
- 

Square-Root model. The r d r s  thus indicate that as long as the options are ar the 

money ( m m  of the qtim used in en@ical tests and 'traded in the W e r  are ar the 
, 

money), the Sqwe-Rwt model may appear to perform better- %%I ' the Black-Schdcs 

model even if the SquareRmt &el is the misspecified model. S i m  tbe same result 

was also found for the Absolute mdd, this suggests that thm is a bias towarQ 
- 

accepting the CEY model even when the B-S model is the me model of option 

Up to this point we have e ed the a h a t i o n  and specifkatim m basics of 

t he  Rlna-Woks and Cox-Ross models 

bias in the correctly spedf~ed model is 

in order to eramine w k h n  the .&rnatioo mor 



been dux by oomparing the ckvhtions of the e k '  estimattd option prices (dmind 

/' 
rtmaim whether the Cox-Rces male1 would also danonstrate,suptrior perfommce in an 

p m p e  of the following rectioo is to show how an ex-post te& far the Bhk-Scbops 

., and Cox-Ross models can .be done by using simulated options and stack prices - 

Btadc and Scfides (192) developed a udmique to mtasurr the ex- performance 

of the Blarl-Wdes &eL Tbis ttchnique mmsms the ex-post risk adjtjlrsttd n m  to 

idatif)  options that are ovn rn undtrpriad in the market Sin# the market forus 

cause the mispriccd optjon ro rcm to i ts  equilibrium pria. a tradmg rrring the 



i' 
j BIrmcycrfi:axl KlcmLsuky calculate Fhc elcat rearm on r hedge (established 

A 
5.t i A and Ct = rhc .option p r k  in the market 11 time, t +  i md t ~ - * e ! , ,  

rtnrrm is because ttit hedge ratio ( t he  firsr derivative of the rndcl with 1-1 U, 

X) is truIcd dw to using rbe mmpbdfied model. and t h i s  b a w d  hedge c l e s  nol give 
0 .  



an k amsiclad as a mnsm of optioa miqx5iq by the Roll modcl whee the 

W+Wcs modti s the a -1 of ogribn-pridng This makes scrw bust i f  the 

nurket prim arc Lble B-S mmkl prices (wrirrratcd with the me variaoct). the exass 

vanaacc) will be equal to m. For the Roll model the excess rtm should be 

7 diffcrenr fm m. 

u 
nsk-adjzrsted r e m  to a hedge positioa cno be used to examine the comparative 

perfomana of the W-Scbolu utd Cox-Ross modck 

(rmdqrictd) in the markc~ rather. i t  would imply that the modd has underpriced 



m e a x ~ h d e p c r i o d  e x a s  rtturm using equation (29). If the e x a s  rcturn rhus caicularcd 

is found to k positive, i~ Qts r#x mean that tbe mode1 has a m c d s  identified over or 

llndc~prirxd optiom, n&a, Iht el~ctsr return bas resulted from the incorrectly cstablishcd . 

at tbt th#mtical (true) 'pTict of the model. the excess rerum would tx qua1 to 

d l  price (with an &mau of the  vananct) w o d d  prowdc a mcasurc of option 
\ 

nue model for p n 5 q  rht opeton I f  &e Cox-Rm model .generam rrnim smallt~ thar, 



' -ex- ttat for the W-ScWcs and Cox-Ross models can be b e  by lrsing simulated 

tramadon pria of the day, I. for a particular optioa. Now we cakul;ttt rhe model price 

of the optim laing an esm+tc of the m i a x e  and the aod: pr i a  XI. and m e  it 
I 

to the market pria. If the d d  pice is fmm (higher) than the market price. we take 
* 

a short (iong) position in the opticm (at tbe market price) with a wmspondLag long 

(short) paxinun in the  aoct The mvcstmcnt in the hedge is however determined by the 

mimartd modrl priw. WW 5 given by : 



where Z is ~e weinc~ prrxxss with zero m a n  and ;mit variarPw. The market prim of 

option for rime t + l  can then obtaioed by miming the m e  variance,and Xt+l 
. .- in the 

~&-&oits f-ula. The e m  rem on &e hedge held from time t to 1+1 for the 

oprim ovnpriccd fuadapictd) by the model is then calculaw by RH (-RH). Tbc above 

p~ocedure is repeated across ail -ens on all options wrintP1 ao a panicular stock, 

and the mmn-holdmg-pen& r t m m s  are found for the Black-Schdes mdel.  If the 

underpriced optiom relative to the marker This underpricing of ,options by the B-S 
\ 

model is due to estir,wh~ erm in the v m .  1 & 

Following the above p r d u r w ,  the mean-holdmgperiod exrms r e w .  for the - 

Cox-Ross model can also be obtained The only differem in this case is that the- 

invmmenr in the hedge (equation 30) will be determined b) the Cox-Rass estimated 

hedge ratio (the first derivative of the &el 'with rcspea w X). Since *e hedge ratios 

for b e  wo models are difkrenr, b e  & associated witb h e  hedge wittens lor the 

two wxiels should be diffe~ent The,~efme, tbe  ex= rem generater! from the hedge 

positions for t h e  two models %-ill be diffe-rm~ If the Cox-Ross M e l  is found to 

derdq lo we^ e x e s  rcnirns, we would &ude that the Cox-Ross m d e l  has shown 



4 
- 

maMs. Imponandy, it is seen that there is a bias towarck validating the Square-Root 
- 

model t v c n ~ ~ c n  the ~ - ~ #  ILkOdCl is The true mode1 of aption pricing. We have 

dims& the gentmlity of this Etsult for oaher cases of the Cox-- model &nd found 

causc thc Cox-- m a k l  IO be s e l d  as correct, even if the Cox-RCKS &el is 

-cd in this fhapm we have also, discussed how an ex-post test for the 

W - % h o i s  and Cox-Rm &b can trt done by using Sim&ted options and stock 

p r i m  We have shown anaIj.tidy that the  closer is the ,mean-hddmg-period returns to 

ztro the bem would k the perf- of the models on an ex-post basis. 



TABLE - 29 

Biases Observed in the Square Root Model 
with Unbiased Variance Estimates ------------------------------- - 

~i=s=~stimated option price - True option price 
Exercise price=50, r=0.015, V10.025 (per quarter) 
X=Stock price, T=Option's time30 expiration.* 

is assumed to be the t 
= sample observations. 

ue variance of stock r e t u r n s .  



TABLE -30 

* Lognormal process is assumed to be the true process. 
** v is the t r u e  variance of stock returns. 

Biases in the Square Root Model Estimated Price due 
to Misspecification of the Stock Price process. * ................................................. 
Exercise prices50, r=0.015, v=0.025(per quarter) 
XmStock price, T=Times to option's expiration.** 

D 



Biases in the Square Root Model Estimated Price 
due to'Errors in Specification and Estimation.* ------------------------------- 

%ias=Estimsted C-R prices - ~ ~ a c k - ~ ~ h o l e s  prices. 
~ x e r c i ~ e  price=50, r=0.015, v=0.025 (per quarter) 
X=Stock price, T=Times to option's expiration.** 

* The alack-Scholes mudel is assumed 
specified model to generate market 

** v is the variance of stock r e t u r n s .  

to the correctly 
prices of aptions. 



Optlon pridng modds have bten the focus of considcrabie research in the finance 

A -1 fittram over the paw decade SibCt the seminal paper of JBack-Wolcs was published in 

1973, a number of attrraative op&m pricing models have been developed A great deal 

smgle d l  hdudmg the Hack-Scholes. We recognise that the lack of such evidence is 

due lo int=cticm of b$ws ark& horn model misppcdfiaioo and erron in estimation 

: of the miaxe of stoct rctum, ad that a valid test for rxrmptting models requires a 

simultaneous yet separate cxamination of these two sources of biases. However, no - - 
antmpts have previously been made to carry out such a test The objective of this thesis 

We have identified and examined the estimation and specification emor biases of - 

and Cox-Ross mcdels by e x p d q  the relevant formulas in a Taylor 
Z 

tim enor bkcs have been related to the w>ments of the estimated variance 

< and the , derivatives of the mode# with rerpen to the vaMmt of' stock retums. 
? , 

Specification e m  biases have been related to the a l ~ n t i v e  option valuation formulas 
# 

themclvts Both thest sources of b i a s  w m  then aaatysed using krth analytical and 

Fim, we have analpa! pridng bias characteristics of the models arising from the 

- &mation amr relad proMem have only been anmmed with the B-S xm&l (e.g, 



pricing bias ciMmamm - . .  
cs ~f the Cox-Ross 

imqombg such an anatysis in b e  prestnt 

- - 

- - 

model have m been examined. By 

study, we have examined the issue of 

whether a particular mod&, regardless of its specification, will @om mart poorly than 

the other one simply because the model is relativ'ely more sensitive to ems io the 

varian# estimate. The results reveal that to the extent that the bias in the estimartd 

option price is related to estimation enor in the sample variance, the Cox-Ross d e l  

will produce greater b b e  for out-of-the and deep-&the money options as compared to 

the 3-S mmld simply becam the Cox-Ross model is relatively more sensitive to errors 

in the estimated varkxe far these types of options. Similarly, the bias produced by the 

3-S model & greater when the option is in-the money. Importantly. we have found that D 

- 

when the options are at the money, the estimation error in the sample variance induces 

the same bias for the two models , even though the models differ h functional form - 
The major implication- of this result is that as long as the option is at the money . the 

estimatipn w r o ~  bias of the two models provides the same information about the 

misprid options - 

Further, we have found that in both models the majority of thedenimation error 

bias is due to the m d  moment sf the estimated variance. To provide a bemr 

comparison of the ability of the models in p~edicting market prim of options. the results 

thus suggest an adjument of b e  models' estimated prices for the e f f p  of the second . 

moment of the sample v a i m x .  

We have amsidered the e f f m  of,misspecification of the stock price p r m  on the 

estimated optition price. The objec? sf this amsideration has been to examine whether a 

model based on diffnent -edoas of & few distributions yiel+ a tlpnir&lly 

different option price as compared to the price which wwld prevail under the m e  

pfoctss It has been found when the spticrm are near the wmcy,  the bias a-rbhg 



the two models are different That is,, specification error biases have been f m d  to be 

serious when the options art is deep-in, and out-of the money. These results, however, 

-- have been found to be Eoasistcnt with the findings of MacBeth-Merville (1980) and 

Becktrs (3984). 

Finally, the combined effects of estimation error and of process -cation on 

the option price generated by tbe B-S and C-R w>deG have been examined, lh ' '  

p t d a r ,  we have examimd the feritatsness of &e above two sources of & on the P 

&I estimated option price in order to find oyt whether the estimation enor bias in 

the axmzly -ed model is 1-e enough in sane cases to make us pick 1; . 
"misspedfied' model as currect . It has been found that the specification error bias, as 

- - 

oompartd to' the estimation e n o ~  bias, is more serious for both the models when the 

options are in, deepin, and out-of-the money. However, the majority of the biases in 

the estimated price for options at the money are due to e m  in the estimated variance. 

We have examined whether the estimation enur bias in the correctly spedfied model is 

iargc cn0ug.b to cause researchers to validate the misspecified model as correct It has 

bttn found that when the 33-S xrtodel is the true model the estimation enor bias of 

the 3-S model for options at the money are aeater than the overall bias of the 

Cox-~rm model, implying that even if the B-S model is the true model for pricing the 

optim there is a bias .towards amptmg the Cox-Ross as correct (this is because most 

of at optlorn used in empirical tests and mded in the marLet are at the money). 

S i  results have atso been fwnd fix &a case of d e  (33 madeL Then, we lave  

discussed how estimation error and speaficarim enor affect the tests of tbe Black-Scholes 



and Cox-Ross models on an ex- basis It has becn shown thm that if the excEgi 

returns on the hedge position established by the Cox-Ross modtl is smaller th.a those 
.. 

of the Black-Scholp, the Cox-- model would demonstrate superior ex-- performar~ff 
k 

even when the ~la&-kholer model is the true model for pricing the optim 

In order a circumvent this model selection problem, the results of' this rady 

suggest an adjustment of the models' ' estimated prices for. the effects of the xcond 

moment of the "ted variance. This adjustment reduces (eliminates) the atstirration 

enor bias of the models by a significant amount and enables us to identify the me 

model on .the basis of spedfication enar biases of the mdeis This a@ustmcnt. akm, 

helps &prove investon' performance by reducing the risk of rnisidtntifymg under or 
,- 

1 

overpriced options. 

-. 

However, ,the adjustment of the model estimates for the effects of the second 

moment of the estimated variance deals with only one of many data problems which 

exist in any n ~ ~ m  validate alternative model+ The other well-known daq proMma 
-Y 

2 

such as the bid-ask s p h d  and data should also be dealt with In order * 

to provide a better validation test of the models Nevertheless, measures to rtmedy ihc 

bias arising from estimation enor in the sample variance should be undenakm in order 
\ 

lo provide a better validation m t  for the models 

Several studies have used ISDs (an estimate of the variana rate implied in market ' 

prices of options) to mitigate the copcezn about the bias amdhg from ihe estimaum 

problem of the variance. Unformnately, ISDs c w l C  not sdve this probirm i s  IS 

-- because (i) the ISD is &I an &mate and not the true standard deviation wfiiqb is 

impossible to infer except by cham (Butler-Schachter (1983a)). and (ii) the ISD can ao! 

be equal to the market's estimaM standard beviatioa, and it is in fact a biastd estimate 



trrw ar t4r wiame M d  k rrrr#tsn. in order to provide a bttw validatiaa test of 
1 
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