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ABSTRACT 

The purpose of this paper is to review some of the 

work done by Abraham Robinson in topological groups and 

infinite Galois Theory using ultrapowers as our method 

of obtaining non-standard models. Chapter One contains 

the basic logical foundations needed for the study of 

Non-Standard Analysis by the method of constructing 

ultrapowers . 
In Chapter Two, we look at non-standard models of 

topological groups and give the characterizations of 

some standard properties in non-standard terms. We also 

investigate a non-standard property that has no direct 

standard counterpart. In Chapter Three, we analyze an 

infinite field extension of a given field F and arrive 
at the correspondence between the subfields of our 

infinite field that are extensions of F and the subgroups 
of the corresponding Galois group through the Krull 

topology by non-standard methods. 
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INTRODUCTION 

In 1961, Abraham Robinson pointed out that the 

methods available in contemporary mathematical logic 

were sufficient to construct a theory of analysis with 

infinitely large and infinitely small numbers. The 

resulting theory is termed Non-Standard Analysis. To 

date, such topics as topology, real and complex analysis, 

field theory and class field theory have been investiga- 

ted by non-standard methods. 

The purpose of this paper is to review some of the 

work done by Abraham Robinson in topological groups and 

infinite Galois Theory using ultrapowers as our method 

of obtaining non-standard models. Chapter One contains 

the basic logical foundations needed-for the study of 

Non-Standard Analysis by the method of constructing 

ult rapowers. 

In Chapter Two, we look at non-standard models of 

topological groups and give the characterizations of 

some standard properties in non-standard terms. We also 

investigate a non-standard property that has no direct 

standard counterpart. In Chapter Three, we analyze an 

infinite field extension of a given field F and arrive 
at the correspondence between the subfields of our 

infinite field extension that are extensions of F and 
the subgroups of the corresponding Galois group through 

the Krull topology by non-standard methods. 



We s h a l l  assume throughout t h e  paper a b a s i c  know- 

ledge  of topology, group theory  and f i n i t e  Galois Theory. 

The Axiom of Choice i s  t a c i t l y  assumed throughout t h e  

paper a s  it i s  fundamental t o  t h e  ultrapower cons t ruc t ion .  



CHAPTER I 

FOUNDATIONS 

The formal system i n  which we work c o n s i s t s  on t h e  

one hand of a  formal language K m d  on t h e  o the r  our  

not ions  of s a t i s f i a b i l i t y  and t r u t h  i n  K .  A s  we s h a l l  

be r e s t r i c t i n g  ourse lves  t o  the  'E' r e l a t i o n ,  we s h a l l  

incorpora te  i n t o  our language K a  simple theory  of 

types.  

Def in i t ion  1 

We begin with t h e  number 0 .  

i) 0 i s  a  type.  

ii) I f  . T a re  types ,  s o  i s  (7 ,.... 2) .  
Let be the  smal les t  s e t  S a t i s f y i n g  i and 

ii .T i s  c a l l e d  t h e  s e t  of types .  

We make t h e  fol lowing n a t u r a l  correspondence be- 

tween t h e  o b j e c t s  connected with a  non-empty s e t  X and 

: t h e  elements of X a r e  of type 0 i n  X. If P= [Y ,,.... Y, ,... 3 
i s  a c o l l e c t i o n  of o b j e c t s  of type 7- i n  X ,  then  i s  

of type ( 7 )  i n x .  I f  K, ,..., X, a r e  o b j e c t s  of type T ,..., T* 

i n  X r e spec t ive ly ,  then  <X ,,..., xq> i s  of type (T ,,-., 1) 
i n  X. Be s h a l l  only consider  o b j e c t s  of a d e f i n i t e  

type i n  X. 



Our formal language K s h a l l  cons i s t  of t h e  follow- 

i n g  spnbols:  

i )  , ( ) i + = 'J < )  ( r ead  comma, parentheses ,  

negat ion,  impl ica t ion ,  e q u a l i t y ,  s e t  brackets ,  

pointed b racke t s )  

ii) X, x,. . .  ( i n d i v i d u a l  v a r i a b l e s )  

iii) a,&,.. . ( i n d i v i d u a l  cons tan t s )  

i v )  € ( eps i lon  r e l a t i o n )  

V >  (v ( u n i v e r s a l  q u a n t i f i e r  ) 

vi) f o r  each 74!i', t h e  symbol 

( type p r e d i c a t e )  

The number of  onst st ants i n  our  language K s h a l l  

vary with respect  t o  any p a r t i c u l a r  theory  we wish t o  

s tudy wi th in  K. The number of cons tants  s h a l l  be l a r g e  

enough t o  put i n t o  one-to-one correspondence1 with any 

des i red  ultrapower of a model of t h e  theory.  This w i l l  

be made p r e c i s e  once ultrapowers a r e  def ined.  

We s h a l l  c a l l  any f i n i t e  sequence of symbols an 

expression.  We do not  wish t o  cons ider  a l l  poss ib le  

expressions b u t  j u s t  those expressions which a r e  formed 

i n  a regu la r  manner. To t h i s  end, we make t h e  fol lowing 

d e f i n i t i o n s .  

Def in i t ion  2 

Ind iv idua l  va r i ab les  and ind iv idua l  cons tants  

a re  terms. I f  t,,...,t= are terms, so  i s  <t, ,..., t,). 



There a r e  no o t h e r  terms. 

Def in i t ion  3 

i) If t, and t, a re  terms, then  t,€t, i s  an 

atomic formula. 

i i )  If t, and t, a re  terms, then ),=t, i s  an 

atomic formula. 

iii) I f f  i s  a term, then f o r  any c r e T  

i s  an atomic formula. 

There a re  no o the r  atomic formulas. 

The group of expressions we wish t o  consider i s  

embodied i n  the  fol lowing d e f i n i t i o n .  

Def in i t ion  4 

i)  I f  i s  an atomic formula, then  0 i s  a 

well-formed-f ormula (WFF) . 
ii) If 0 and @ a r e  W F k j  so  a re  (la), 

(@+ @), and ( ( v x )  CP ) f o r  any ind iv idua l  

v a r i a b l e  X .  

There a re  no o the r  WFF~o. 

We s h a l l  adopt t h e  s tandard convention f o r  t h e  

omissi:m of parentheses  ( see  [5] ) .  I n  a WFF 0 ,  t h e  

occurrence of a va r i ab le  X i s  bound i f f  it i s  e i t h e r  

t h e  v a r i a b l e  of t h e  q u a n t i f i e r  W x )  i n  t h e  WFF a o r  i s  



under t h e  scope of t h e  q u a n t i f i e r  (vx )  i n  t h e  WFF a , 
whereby scope we mean t h a t  t h e  WFF a i s  t h e  scope of 

(VX) i n  ( ( V X ) ~ ) .  Otherwise x is  s a i d  t o  he f r e e .  

D e f i n i t i o n  5 

A WFF i n  K i s  s a i d  t o  be a sen tence  i f f  every  

v a r i a b l e  i n  t h e  WFF is  bound. 

D e f i n i t i o n  6 

A mathematical  s t r u c t u r e  i n  K i s  a non-empty 

s e t  A c a l l e d  t h e  domain t o g e t h e r  w i t h  a n  

assignment t o  each i n d i v i d u a l  c o n s t a n t t i n  K 
an  o b j e c t  of f i n i t e  t ype  i n  A . We denote  t h e  

s t r u c t u r e  by C(. 

We a r e  now i n  a p o s i t i o n  t o  d i s c u s s  whether a WFF a 
i n  our  language K is  s a t i s f i a b l e  o r  t r u e  i n  a  given 

mathematical  s t r u c t u r e  e(. To t h i s  end, l e t  x( A) be 

t h e  c o l l e c t i o n  of denumerable sequences of o b j e c t s  of 

a r b i t a r y  f i n i t e  type  i n  A ,  t h e  domain of a. Let A 'be  

t h e  c o l l e c t i o n  of o b j e c t s  of a r b i t r a r y  f i n i t e  t ype  i n  A.  
Let  T be t h e  s e t  of terms of g. Let  s-(o.,3 .,... ) e  x ( A ) .  

Define $ : T- A, dependent on S by 

i )  i f  + is  X i ,  $(+) = 3 ; 

i i )  i f  t is  a n  i n d i v i d u a l  c o n s t a n t ,  l e t  g(+) be t h a t  
Y 

member of  A( ass igned  t o f  . 



Def in i t ion  7 

i) if an atomic formula i s  of t h e  form t,~-k. , 

then S P  Z(A ) s a t i s f i e s  t€tZ i f f  S"(t,)e $(tz) ; 

ii) if an atomic formula is of t h e  form t,= -I,, 

then  s o x (  4 ) s a t i s f i e s  t,=tz i f f  f (+)= 6 (*) ; 
iii) if an atomic formula is  of t h e  f o r m  Tr(t). 

then S €  r( A ) satisfies Tr(i) i f f  $(+) i s  of 

type i n  A ;  
i v )  f o r  any WFF 0 i n  g, r e  x( A ) s a t i s f i e s  

i f f  S does not s a t i s f y  a ; 
v )  f o r  any WFF1s and (B i n  K,  Sc r ( A )  
s a t i s f i e s  @a@ i f f  S s a t i s f i e s  a o r  s does 

not s a t i s f y  a;  
v i )  f o r  any WFF i n  K,  sa z( A )  s a t i s f i e s  

(vxi ) @ i f f  f o r  each sequence S' i n  x( A ) 
d i f f e r i n g  from 3 i n  a t  most t h e  in place ,  S' 

s a t i s f i e s  a. 

D e f i n i t i o n  8 

A WF'F is  t r u e  i n  a mathematical s t r u c t u r e  a 
i f f  every sequence i n  x ( A  ) s a t i s f i e s  it. A 

WFF i s  f a l s e  i n  a mathematical s t r u c t u r e  a 
i f f  no sequence i n  x( A )  s a t i s f i e s  it. 

Def in i t ion  9 

A mathematical s t r u c t u r e  i s  a model of a s e t  



of WFF1s r i f f  every WFF i n  r i s  t r u e  i n  the  

given s t r u c t u r e .  

Our i n t e r e s t  l i e s  i n  var ious models of a mathemati- 

c a l  theory.  A mathematical theory c o n s i s t s  of t h e ,  formal 

language together  with a schema of l o g i c a l  axioms, 

axioms f o r  our type theory,  and any o the r  axioms t h a t  

a r e  p a r t i c u l a r  t o  t h e  theory i n  quest ion,  e.g., group 

theory,  f i e l d  theory,  a. For a l l  t h e o r i e s ,  we adopt 

t h e  usual  r u l e s  of inference and t h e  s tandard d e f i n i t i o n s  

of proof i n  a theory.  

Def in i t ion  10 

A model of a theory T is a mathematical s t r u c -  

t u r e  i n  which a l l  axioms of T a r e  t r u e .  

Def in i t ion  1 1 

A WF'F' 0 i n  i s  v a l i d  i n  a theory T i f f  

i s  t r u e  i n  a l l  models of T. 

We have seen t h a t  every model of a mathematical 

theory T is  a  mathematical s t r u c t u r e .  Now given any 

mathematical s t r u c t u r e  a, 81 i s  a model of t h e  theory 

To, whose axioms a r e  j u s t  those s ta tements  which a r e  t r u e  

i n  a . Hence se6may f r e e l y  interchange t h e  terms model 

and mathematical s t r u c t u r e  as they  a r e ,  i n  t h e  above sense,  



equ iva l en t .  

We know t h a t  we may d e f i n e  a b s t r a c t  mathematical  

r e l a t i o n s  i n  terms of t h e  'c' r e l a t i o n  alone: Often our  

i n t e r e s t s  l i e  i n  i n v e s t i g a t i n g  some of t h e s e  r e l a t i o n s  

w i t h i n  a given mathematical  s t r u c t u r e .  Hence we may 

d e s i g n a t e  c e r t a i n  of t h e  a s s igned  c o n s t a n t s  i n  our  s t r u c -  

t u r e  as r e l a t i o n s .  Using t h e  axiom of choice ,  we can 

wel l -order  them i n  some manner, p l a c i n g  them i n  one-to-one 

correspondence wi th  a l l ' o f  t h e  o r d i n a l s  l e s s  t h a n  some 

i n i t i a l  o r d i n a l ,  s ay  f .  So we may now w r i t e  our  s t r u c t u r e  

61 as a*(A,R ,..., E...) f o r  a l l  4 . We c a l l  f' t h e  o rde r  of 

Given two s t r u c t u r e s  ~ = ( A , R  ,,..., ,...) and 

B={B,s .,... ,SF .... > , we c a l l  a and a similar i f f  t hey  have 

t h e  same o r d e r ,  p , and f o r  a l l  ll< r , & and S, a r e  of t h e  

same type.  a i s  a n  ex t ens ion  of i f f  t h e y  a r e  similar 

and A? B and f o r  R8 a r e l a t i o n  of  t ype  Q i n  A ,  if ?I 
i s  r e s t r i c t e d  t o  t h e  o b j e c t s  of t y p e  cr 5 n B  , dencted Y, 
we have %),a S,. 

Now given a mathematical  s t r u c t u r e ,  we a r e  i n t e r e s t e d  

i n  c o n s t r u c t i n g  non-standard models of t h e  s t r u c t u r e .  A 

non-standard model of a s t r u c t u r e  i s  a gene ra l i zed  model-- 

a model of t h e  t heo ry  of t h e  s t r u c t u r e  i n  which quan t i -  

f i c a t i o n  i s  i n t e r p r e t e d  as l i m i t e d  t o  a p a r t i c u l a r  sub- 

c o l l e c t i o n  of t h e  o b j e c t s  of f i n i t e  type ,  known as 

i n t e r n a l  o b j e c t s ,  such t h a t  t h e  o b j e c t s  of any f i n i t e  



t y p e  i n  t h e  o r i g i n a l  s t r u c t u r e  a r e  members of t h e  c o l -  

l e c t i o n  of  i n t e r n a l  o b j e c t s ,  and such t h a t  any mathema- 

t i c a l  n o t i o n  d e f i n a b l e  i n  t h e  o r i g i n a l  s t r u c t u r e  is  

de f ined  i n  t h e  new model and t h a t  any mathematical  s t a t e -  

ment t r u e  i n  t h e  o r i g i n a l  s t r u c t u r e  i s  t r u e  i n  t h e  new 

model w i th  t h e  q u a n t i f i c a t i o n  r e s t r i c t e d  t o  t h e  i n t e r n a l  

o b j e c t s  only.  There a r e  va r ious  methods f o r  o b t a i n i n g  

non-standard models. The method we s h a l l  use  i s  t h e  

u l t rapower  cons t ruc t ion .  We s h a l l  i d e n t i f y  p r e c i s e l y  

t h o s e  o b j e c t s  which a r e  s e l e c t e d  t o  be i n t e r n a l  and g ive  

a r e l a t i v e l y  s imple  counterexample t o  show why a l l  of 

t h e  o b j e c t s  of f i n i t e  type  i n  a p a r t i c u l a r  non-standard 

model can n o t  be considered as i n t e r n a l .  

For  our  c o n s t r u c t i o n ,  we need t h e  p u r e l y  s e t  

t h e o r e t i c  no t ion  of a f i l t e r .  

D e f i n i t i o n  12 

Let  I be a non-empty s e t .  A f i l t e r  A on I 
i s  a non-empty s e t  of s u b s e t s  of I s a t i s f y i n g  

t h e  fo l lowing  cond i t  ions : 

i) P+ A 
ii) h e m  a n d I Z a = A  impl ies  f i c h  

iii) A, and A, i n  A imp l i e s  A,nA,€A. 

Theorem 1 

Given any f i l t e r  on I , t h e r e  e x i s t s  a 



maximal f i l t e r  F on 1 t h a t  contains  h . 
Such maximal f i l t e r s  a r e  call.ed u l t r a f i l t e r s .  

Proof : 

The proof i s  a s t r a i g h t  forward a p p l i c a t i o n  of 

Zorn Is Lemma t o  the  c o l l e c t i o n  of a l l  f i l t e r s  

on I t h a t  contain b a n d  i s  l r f t  t o  t h e  r ~ a d e r .  

Perhaps one of t h e  most use fu l  of a l l  theorems on 

u l t r a f  i l t e r s  i.s the  following: 

Theorem 2 

Let A be any u l t r a f  i l t e r  on I . Then f o r  any 

L E I ,  e i t h e r  A r b o r  C A = [ i \ i r ~ h ~ i q ~ { ~  A 

Proof:  

Let A and suppose A4 A. Then A+ 1 and 

furthermore no subset  of A i s  i n  A due t o  

t h e  c losure  under superse ts .  Hence any B E  
i s  such t h a t  B nCn+ 4 . SO l e t  A be t h a t  

c o l l e c t i o n  of subse ts  of I t h a t  a r e  superse t s  

of s e t s  of t h e  form )nc& f o r  each B e r n  . 
S t r a i g h t  forward checking shows t h a t  i s  a 

f i l t e r  on I . Clearly L& contains  each BE , 
hence . But A is  maximal, hence . 
~ h u s  CAE A. 



Def in i t ion  13 

An u l t r a f  i l t e r  i s  c a l l e d  p r i n c i p a l  i f f  it 

c o n s i s t s  of a l l  superse t s  of f i x  , f o r  some 

&I. Otherwise the  u l t r a f i l t e r  i s  c a l l e d  

non-pr inc i p a l .  

Now l e t  [di\itl{ be a  non-empty family of s i m i l a r  

s t r u c t u r e s ,  say ~i =<&,* ...,%.-. Let A be a f i l t e r  on I . 
a 

Def in i t ion  14  

The reduced d i r e c t  product of t h e  family of 

mathematical s t r u c t u r e s  {(3ti(;sl$ r e l a t i v e  t o  

A i s  

where t h e  domain i s  t h e  s e t  of equivalence 

c l a s s e s  !/A where C i s  a funct ion  on 1 with 

qtil E A; and where t h e  equivalence r e l a t i o n  i s  zA 

t h a t  P 4 s ~ q ~  6 er i s  of type cr i n  zAih iff 
i 

f i \  R4 is  of type i n  ~ ; I t b  (whereby ccx (4% ....,%,?) A 
we mean <m, . -. TX )). We d e f i n e n t ,  G ~ T &  

- 1  Ja) ) m  'C ;, 

i f f  [i(+c €ti E A . 
If A i s  an u l t r a f i l t e r ,  we c a l l  t h e  reduced 

d i r e c t  product an u l t raproduct .  I f ,  i n  add i t ion ,  
I 

a ; = a f o r  each , w e  c a l l  ies = an 
b A 

ultrapower. 



It is  s t r a i g h t  forward t o  show t h a t  81yh 2'61 i f  

A i s  p r i n c i p a l  o r  if 1 i s  f i n i t e  o r  i f  a i s  f i n i t e .  

However, if' I and @1 a r e  a t  l e a s t  countably  i n f i n i t e  
T 

and i f  i s  non-pr inc ipa l ,  then 61/* has  c a r d i n a l i t y  

a t  l e a s t  2'0. For f u r t h e r  d e t a i l s ,  s e e  [ I  I ] .  

In any case ,  t h e r e  is  a n a t u r a l  embedding of a i n  
I: a /, , namely f o r  br A ,  l e t  Cp(U denote  t h e  equivalence 

c l a s s  t o  which t h e  f u n c t i o n  $ on I with  $ci,=Q, f o r  

a l l  is I , belongs.  By a s tandard  p o i n t  i n  /m = % , w e  

mean t h e  p o i n t  q ( h ) f o r  some bGa. We g e n e r a l l y  denote t h e  

4 s t anda rd  element pc&\ i n  a by R and a r b i t r a r y  elements 

+ + 
of 81 ( s t a n d a r d  o r  no t )  by 3 . For any element A-A* /a. 
*& i s  t h e  equivalence c l a s s  of some f u n c t i o n s  d:I - -A,  

and we may o f t e n  r e p r e s e n t  *a by *a= (d(ifiCcr/' f o r  some 

r e p r e s e n t a t i v e  f u n c t i o n  a(. Simi l a r  comments ho ld  f o r  

s t anda rd  o b j e c t s  and a r b i t r a r y  o b j e c t s  of a r b i t r a r y  

f i n i t e  t ype  i n  -lie(. We no te  i n  p a r t i c u l a r  t h a t  f o r  [ ~ ; \ u ~ f  

a fami ly  of s e t s  of t ype  (o) i n  A , we can embed i n  

t h e  u l t r a p r o d u c t  of t h e  f ami ly  of s e t s , n S ; /  , as t h e  
'as b 

s e t  of *S such t h a t  *s= ( S C ~ \ ~ X  , where SWaS, f o r  /h 

D e f i n i t i o n  1 5" 

A s e t %  of o b j e c t s  of type  Q i n  B% 
i n t e r n a l  i f f  t h e r e  e x i s t s  a fami ly  

of s e t s  of t ype  (o )  i n  A such t h a t % =  

each ( 6 1  . 



We now s t a t e  t h e  fundamental theorem of u l t r a p r o -  

duc t s  due o r i g i n a l l y  t o  a s .  A s  a  n o t a t i o n a l  convenience,  

f o r  a WFF 0 i n  K w e  w r i t e  81 k y  i f f  (P i s  t r u e  i n  Q .  

Theorem 3 

Let f 6 1 i  1 i e  IS be a non-empty c o l l e c t i o n  of 

s i m i l a r  mathematical s t r u c t u r e s ,  and l e t  0 
be an  u l t r a f i l t e r  o n 1 .  Let  *sm('Cs,,...) be any 

denumerable sequence of ob jec t s t20f  a r b i t r a r y  

f i n i t e  type  i n v r e  . Then f o r  Q(*S) a WFF 
A 

Proof : 

The proof i s  by induc t ion  on t h e  l e n g t h  of '' 
and i s  similar t o  t h a t  g iven  i n  [ I l l  w i th  t h e  

fo l lowing  a d d i t  ions  : '' 
Case 1 :  

Suppose a i s  of t h e  form t c f .  

* t i f  t ( / E (t. (i)\i(lk m 
i f f  fi(~(;le%Wi) E A by d e f i n i t i o n  14. 

Case 2 :  

Suppose 0 is  of t h e  form $,= t,. 

Then a g a i n  by d e f i n i t i o n  14 we s e e  that 
* 
t, = ** iff 1 i \t ti\ = *ti\f c A . 



It can now be seen t h a t  i f  @( and 1: a r e  a t  l e a s t  

countably  i n f i n i t e .  and i f  A is  a non-pr inc ipa l  u l t r a -  
3 f i l t e r  on 1 , t hen  a /m i s  a non-standard model of 01. 

There a r e ,  i n  gene ra l ,  many types  of non-standard models 

of a g iven  s t r u c t u r e  a. We wish t o  cons ide r  t hose  t h a t  

have d e s i r a b l e  p r o p e r t i e s .  One of t h e s e  p r o p e r t i e s  d e a l s  

w i th  t h e  n o t i o n  of concurrency. 

D e f i n i t i o n  16 

Let a be a mathematical  s t r u c t u r e ,  ~; 'a b i n a r y  

r e l a t i o n  of c e r t a i n  t ype  i n  a . a i s  i n  t h e  

domain of ?$I i f f  t h e r e  e x i s t s  a n  o b j e c t  b i n  6\ 

such t h a t  < h , b >  E ap. We say  t h a t  ap i s  con- 

c u r r e n t  i n  a ( o r  f i n i t e l y  s a t i s f i a b l e  i n  a) 
i f  f o r  each f i n i t e  s e t  of o b j e c t s  &,...,&,in t h e  

domain of ?a, t h e r e  e x i s t s  a b i n  81 such t h a t  

<&,b> s'Qp ,... l < ~ , b > ~ f $ .  



D e f i n i t i o n  17 
+ A non-standard model 01 of a s t r u c t u r e  a i s  

a n  enlargement of a i f f  f o r  every  concurrent  

r e l a t i o n  i n  , t h e r e  e x i s t s  an  o b j e c t  *b i n  

'a such t h a t  <a,%> C% i n  b f o r  a l l  s t anda rd  
C 

o b j e c t s  i n  t h e  domain of &I i n  a . 

One can n a t u r a l l y  a s k  when u l t rapowers  a r e  en la rge-  

ments. To t h a t  end, we in t roduce  t h e  no t ion  of an  u l t r a -  

f i l t e r  on a s e t  I being  adequate. The o r i g i n a l  d e f i n i t i o n  

appears  i n  [ I ] ,  bu t  we s h a l l  use a s l i g h t l y  more g e n e r a l  

d e f i n i t i o n  as p u t  f o r t h  by W. A. J. Luxemburg. 

D e f i n i t i o n  18 

Let  K; be an  i n f i n i t e  c a r d i n a l .  A f i l t e r  on 

I is  c a l l e d  K-adequate i f f  f o r  every  f ami ly  

of s u b s e t s  of K: wi th  t h e  f i n i t e  i n t e r s e c -  

t i o n  p rope r ty ,  t h e r e  is  a  mapping ?:I-+K such 

t h a t  t h e  f i l t e r  genera ted  by a l l  s u p e r s e t s  of 

s e t s  of t h e  form , f o r  each AE A, conta inc  

Q 3 .  

It can be shown t h a t  i f  I has  c a r d i n a l i t y  g r e a t e r  
IC 

t han  o r  equa l  t o  2 , t h e n  K-adequate  u l t r a f i l t e r s  e x i s t  

on I f o r  some prechosen c a r d i n a l  K ( s e e  [ I  3 o r  [2]). 

The follow.ing theorem g ives  a s u f f i c i e n t  cond i t i on  f o r  



an  ultrapower t o  be an enlargement. 

Theorem 4 

If A is  a non-principal u l t r a f  i l t e r  on I 
which is  K-adequate f o r  K L   card(^') where & 

i s  t h e  s e t  of a l l  ob jec t s  of a l l  f i n i t e  types 

i n  a ,  then a'h i s  an enlargement of a. 

Proof : 

Let Tr be any concurrent r e l a t i o n  i n  a. Then 

f o r  each a i n  the  domain of 4, l e t  ~,=[b~ta,bx1~yf .  

Thus t h e  family y= {F, ( a w TW w*uuu -3 
i s  a non-empty s e t  of non-empty s e t s  which have 

t h e  f i n i t e  i n t e r s e c t i o n  p roper ty  a s  is  con- 

current .  Hence, A being -adequate f o r  

b c a r d ( &  ) , it fol lows t h a t  t h e r e  e x i s t s  a  

map $:I+ A' such t h a t  f o r  every 4 i n  t h e  

domain of Ry, t h e r e  e x i s t s  a  subse t  &EA such 

t h a t  ~ ( A A  Fa . That i s ,  f o r  every a i n  t h e  

domain of Rp we have fi\%k\> € R ~ ( ~ & E A  . 
Therefore t h e  ob J e c t  ?= ( k ) \ i e x .  i s  such 

t h a t  (a,% € i n  h = a% f o r  a l l  s tandard 
k 

ob jec t s  a i n  t h e  domain of 5 i n  61 as seen 

from theorem 3. That is ,  *& i s  an enlargement 

of a. 



We have mentione'd t h a t  we can not make a l l  o b j e c t s  
-Y of a r b i t r a r y  f i n i t e  type i n  A i n t e r n a l .  To see  t h i s ,  

l e t  a be the  s t r u c t u r e  cons i s t ing  of t h e  domain A t h e  

s e t  of p o s i t i v e  n a t u r a l  numbers, along with t h e  usual  r e -  

l a t i o n s  of order ,  add i t ion  and subt rac t ion .  Let 1 be 

any i n f i n i t e  index s e t ,  and A any non-principal  u l t r a -  

.If r f i l t e r  o n r .  Then A = A A  i s  the  s e t  of p o s i t i v e  

n a t u r a l  numbers, both f i n i t e  and "inf  i n i t e f f - -  t h a t  i s ,  

f o r  any * ~ ' E ' A -  A , ?>a f o r  a l l  s tandard a€ A [ fo r  

r( f / , e i t h e r  [i(f'ti,>af o r  [ i \ f r u 5 & f  i s  i n  0 
f o r  any = A .  But r i l f U ) i h $ e ~  implies [ ; ~ f l i J = b j ~ A  f o r  

some b <&''in A due t o  t h e  na ture  of u l t r a f i l t e r s  and 

t h a t  t h e r e  a r e  only f i n i t e l y  many elements l e s s  than  any 

f i x e d  a c A .  That i s , * p ~ ~ ~ - ~  . I f ,  f o r  each acA we 

have t h a t  fi]f'La >a[ €A, then T? a f o r  a l l  s tandard as A': 

That is ,  *f %-A . ] 
The following statement i s  t r u e  i n  a : every non-empty 

subset  of A has a l e a s t  element. In  '& it reads : every 

non-empty i n t e r n a l  subset  of *A has a l e a s t  element. 

Now if we allow a l l  objec ts  of a r b i t r a r y  f i n i t e  type i n  

*A as i n t e r n a l ,  then ')A - A  i s  i n t e r n a l .  Hence it has a  

l e a s t  element, *j = ( p ~ ~ ~ ~ k r ~  say. Then (y\ -i = ( y c i )  - i ) c e z ~  

i s  l e s s  than *f , hence (*f) - 1 i s  i n  A . But then  Pf') - 1 
i s  s tandard,  so  (p-i&i * *j' i s  s tandard a l s o  as A has 

no maximal element. Thus 7~ A and *f 'A- A , a contra-  

d ic t ion .  So we can not  a l low a l l  o b j e c t s  of a r b i t r a r y  



f i n i t e  t ype  in*A t o  be i n t e r n a l .  

Now cons ider  t h e  language K .  If we wish t o  s t u d y  

a theo ry  T t h a t  has a s tandard  model whose s e t  of a r b i -  

t r a r y  f i n i t e  type  has  c a r d i n a l i t y  d, t hen  we s h a l l  
(2 9 

r e q u i r e  t o  have d cons tan ts  s o  t h a t  w e  may c o n s t r u c t  

w i t h i n  z a n y  adequate  ul t rapower  of T t h a t  i s  des i r ed .  

This  may, i n  gene ra l ,  be many more c o n s t a n t s  t h a n  we need, 

b u t  it a s s u r e s  us of be ing  a b l e  t o  c o n s t r u c t  w i t h i n  K 
bo th  s t anda rd  and non-standard models of T. 
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T O P O L O G I C A L  GROUPS 

Def i n  it ion  19 

The 4- tup le  ( G ,  * ,  -', 2) i s  a t o p o l o g i c a l  

group i f f  

-I i )  ( ,  ) forms a group 

i i )  Z i s  a topology o n "  

iii) : i s  a cont inuous f u n c t i o n  

w i t h  r e s p e c t  t o  t h e  topology Z on 

iv )  : 4x4 4 4 i s  a cont inuous f u n c t i o n  

on Gx 4 with  t h e  produc t  topology on GnG. 

Let ( G , , -', c) be a t o p o l o g i c a l  group. We would 

l i k e  t o  ana lyze  ( q, ' , -', Z) u s i n g  non-standard methods. 

Hence, it w i l l  prove b e n e f i c i a l  t o  s e e  what k ind  of 
-L 

topology Z induces on 6 /+' (which shall hence fo r th  

be w r i t t e n  *G ) , f o r  I a n  i n f i n i t e  s e t ,  A a non-prin- 

c i p a l  u l t r a f i l t e r  on 1 which may be assumed t o  be 

adequate  f o r  a f i x e d  i n f ' i n i t e  c a r d i n a l  i f  necessary.  

We s h a l l  always i n d i c a t e  when such a n  assumption i s  

needed. 

Lemma 1 

forms a base  f o r  a topology  on% which w e  



s h a l l  c a l l  t h e  ~ u a s i - ~ - t o ~ o l o ~ ~  ( o r  Q-topology) 

on % .  h he terminology i s  due e s s e n t i a l l y  t o  

A .  ~ o b i n s o n )  . 

Proof:  

A base  f o r  a topology on G i s  a c o l l e c t i o n  Z' 

of s u b s e t s  of G t h a t  s a t i s f y :  

i) ~ c Z ' ,  G e Z '  

i i )  T,T, Z8*T,nT,eZ'. 
The r e s u l t i n g  topology c o n s i s t s  of a l l  p o s s i b l e  

unions of s e t s  i n  t h e  base.  

1) @ c i &  a s $ €  Z a n d  # =  d k  E * z ~ .  
C +q % as G ~ Z a n d  t h u s  * G , = G ~  c * ~  . 

4t  
ii) Let  ,*T, E 'z*. Then T= T T   ti^ 

;ex 

and = zTlt~ f o r  T;,i c 2 and %,i E Z 

ilt Therefore  ZQ i s  a base  f o r  a topology 

on *G . 



Theorem 5 

The group o p e r a t i o n s b n  ' G  a r e  cont inuous 

wi th  r e s p e c t  t o  t he  &-topology on ' 6  . 

Proof:  

* ~ e t  *a= (a&% , *b= ( b i l c ~ s ~  , c = (cilurd 

Now f o r  each ie J, T; i s  a n  open neigh- 

borhood of  a;= b;& , s o  by t h e  c o n t i n u i t y  of 
-I  

m u l t i p l i c a t i o n  i n  ( G, ', , Z) , t h e r e  e x i s t  

open s e t s  Ui and i n  such t h a t  b;c Ui, 

L ; E ~  and UiVc ST. For  L E I - 3 ,  l e t  

ui =v = 4 . Then 

5- [i, 1 &=hei e x  2U;v a * ~  b;cU; CZ L ; E ~ E Z { G ~ .  

That i s ,  m u l t i p l i c a t i o n  i n  'G i s  continuous 

w i t h  r e s p e c t  t o  t h e  Q-topology on 'G . 
The proof t h a t  t h e  i n v e r s e  ope ra t ion  i n  

'G i s  cont inuous wi th  r e s p e c t  t o  t h e  Q-topology 

i s  similar t o  t h a t  of m u l t i p l i c a t i o n  and is  

l e f t  t o  t h e  r eade r .  



Hence, when we wish to analyze a topological group 

( 6  , , -I, Z) by non-standard methods, we shall consider 
('$ , , -',*z ) where *Z is the Q-topology on ' ~ 1  , 

4 generated by the topological base Z, . 

Definition 20 

Let *set . We define the 2-monad of *a, 

Theorem 6 
Y Let a be a standard point of G . Then 

Proof: 

For any open neighborhood V of a-', there 
exists an open neighborhood U of a such that 

C' E U-'G V , Thus 'V - v % 2 f i  (a-') and 

f IJ = uYA is such that *U 2.(&) , and 
- *u"G% . Therefore )&(a$' S *u-' *V . 

As V was an arbitrary open neighborhood, , 

PC (a$l c n { v L  \ v 4. , , ,,,,,,~O, 

o, a?{ = k t a ? ,  . 
Similarly, Icc c a-I))-' = f i  ( t a-' )-I) p (a\ , 

hence /u. t a-') G & ) . Hence 
P z  

a 



Theorem 7 
-Ir 

' Let &,b be any two s t a n d a r d  p o i n t s  of G . 
Then /ut ( a ) / y ( b )  =A (ab) . 

Proof:  

Let * € 1  , td ~ f i ( b )  . We wish t o  show 

t h a t  f o r  any open neighborhood of ab, w say ,  

i n  Z, * ~ * d  E E= W% 6 % -  . B U ~  f o r  any 

open neighborhood w of ab , t h e r e  e x i s t  open 

neighborhoods U,V of a, b r e s p e c t i v e l y ,  such 

t h a t  UV G w by t h e  c o n t i n u i t y  of m u l t i p l i -  

c a t i o n  i n  G . Hence f o r  &us U% , *v- ~2 , 
we have %I c *W . Now *U 2/Ur , 
U V z k ( b )  , hence *~€%,*d€w , s o  

%*d c k. A s  W w a s  a n  a r b i t r a r y  neighborhood 

of ab , 8 *d C\ [*w= W% \ w rw O=N M~.HwYII, 

M &bj . That is ,  4 * d  E,+ tab) . Hence 



Lemma 2 

x T i s  open i n  i f f  f o r  a l l  p ET, /*(r(~> c T ~ ,  

provided i s  adequate f o r  caeo (4) 

Proof : 

~ s s u m e T  i s  open i n  . A s  T is an open neigh- 

borhood of a l l  i t s  p o i n t s ,  clearly /Y ( p )  G T ~ ~  

SO, suppose f o r  a l l  .f i(,o, 5 TY* , 
and t h a t  i s  adequate f o r  z ~ ~ ~ ' ~ '  . The 

r e l a t i o n  % (A,B') which holds between two 

subse ts  of i f f  A is  a n  open neighborhood 

of ,c and B is  an open neighborhood of JC and 

A 2  , i s  concurrent on as f o r  any f i n i t e  - 
c o l l e c t i o n  of open neighborhoods of a  point^. , 

rn 
A ,,..., A,,, say,  n jl I A; is  an open neighborhood 

of ,c and % (A, ~ A ~ ' I  holds i n  4 f o r  a l l  
at' 

c ~ e o  (6 )  
i=r ,..., r . Hence, a s  A i s  adequate f o r  2 9 

we know t h a t  f o r  any c o l l e c t i o n  of open neigh- 

borhoods of the  po in t  *. i n  G , [hi 1 j o JI say, 

t h e r e  e x i s t s  by the  methods of theorem 4 a 

funct ion  $: I+ $ such t h a t  [i\r G Aki, = A;( E 4 

f o r  every ja J. Thus AtU,h = * A  is  such - r i z  

t h i s  holds i f  [Ai(ie 33 i s  t h e  c o l l e c t i o n  of 

a l l  open neighborhoods of x. i n  . That i s ,  



r E *A c/ucK\ . Thcraf o re  /". L is a neighbor-  
Jc hood of L i n  4 . 

Hence, as ~7~ 2,+&) f o r  a l l  L c T ,  

* T=/B i s  a neighborhood of t i n  G . Thus 

T must con ta in  a b a s i c  open s e t ,  zZT/, 

is  a neighborhood of JC i n  G , f o r  a l l  ~ € 7 .  

Thus T i s  an  open s e t .  

Hencefor th  we s h a l l  assume t h a t  A i s  adequate  f o r  

2='"= . 

Theorem 8 

Let  a c G ,  WG .W is  open i f f  W a  i s  open. 

Proof :  

If W open imp l i e s  w a  i s  open then  W a  open 

imp l i e s  W a ( d = W  is  open. Hence it s u f f i c e s  

t o  show t h a t  W o p e n  imp l i e s  Wa is  open. 

Let  W be open i n  (; . Let  LW. Then 

,t+(b) G*W=W% . L e t r c % .  T h e n r = d b  

f o r  some d s u  ~ h u s ~ ( d \ ) a  = f i ( d \ q  (a', = 

/Ur'd&' =b (L)by theorem 7. If *e ' e f i  Crl , 
t h e n  = %?, (ti') is  such t h a t  

*C E p, (a*) = =  c + M ' )  =,u, l d  ) . T ~ U S  

h=*e2k-'as%.c a chit. That i s , f i ( c ) y t  (tNa . 

I-: 



i s  open. 

Def in i t ion  2 1 

A t opo log ica l  space (G ,Z) i s  s a i d  t o  be 

- 

p,% E such t h a t  p + &  , t h e r e  e x i s t  two open 

Theorem 9 

A topo log ica l  group ( G  , , ", 2 )  i s  Hausdorff 

i f f  f o r  any two s tandard  p o i n t s  p , f , ~  *G such 

t h a t  p + ~ / ~ t ( p )  nfiq,)= 

Proof: 

I f  ( G ,  ', -', 2 )  is  Hausdorff (more p r e c i s e l y ,  

i f  (G , 2 )  i s  ~ ~ u s d o r f f )  then  f o r  any two 

d i s t i n c t  po in t s  p t c  G ,  t h e r e  e x i s t  open s e t s  

,T, such t h a t  P ~ T ;  , %eT,  and T;nT,=+. 

Hence I. 1 
p € T ;  4 , and T ; ~  n7;2 = 

-.c 

(T n~=)z = ~6 as seen i n  t h e  proof of 

lemma 1. 
3: 3: 

A s / i & ~ ~ ~ g  a n d / u , ( & P x h  , 



Let /u~(P) nfi(t) =# for all standard 

p % E  % such that p q  . Then, as seen in the 
ilt proof of lemma 2, there exist open sets in &, 

i ik  "T and *O say, such that C/uccpr and 

p€*, and '0  s/~t(gd and %E*O . Hence 
5 n * ~  -9. For *T= mT/h , 

il I 
*o = g a / a  , 

we necessarily have { i (  p c T  atuD q,e Oi *ND 

7; noi -@ WOT,.Z aruo O ~ E Z ~ E  A . That is, 
there exist non-empty disjoint open sets about 

p and & respectively, hence ( ,  , , ) is 

Hausdorff. 

Theorem 10 

Let kt  Ld c/ycal for some standard point h c * ~  . 
* rC Then 1 d-'ahte) for e the identity of the 

group G 

Proof: 

*d sfita) implies "4-' c& t a>)-' =A t a-' 1 by 

theorem 6 ,  Hence 'k *d-' E Ca) /*t f i  (a-'1 = 

p (aa-', =,i+ (el by theorem 7. 

Theorem 1 1  

is a subgroup of *G , for e the iden- 

tity of the group G.  



Proof: 

Clearly e ~ h ( e ) .  Let * a, * b a /ycte). Then 

a% -,+ (eel 
= P z  

(el by theorem 7. 

Let ' % ~ / y t e )  . * f '  = / c t t e - ' )  =/rq t e )  

by theorem 6 .  Hence (el is a subgroup of 'G . 
0 

/+ 

Definition 22 

Let %a ' G  . *a is said to be near-standard 
Y in % iff there exists a standard point b r  < 

* such that a € -  (b).  

Theorem 12 

i The near-standard points of , denoted 
* n s ( * ~ ) ,  form a subgroup of G . 

Proof: 

* ct points in *G , then we have z d e / r t  t e - - ( b )  = 

,+(a&) by theorem 7. Hence ?k*d e ws(*G). If 

*b e y + W  , for a a standard point of *G , 
then *b" ~/c t ta$ '  =/y. (a3 by theorem 6. Thus 

'b-' e m s ( * ~ )  . Hence 9% (%,I is a subgroup of 

Theorem 13 

/Ur (e)  is a normal subgroup of T?s (-1 . 



Proof: 

Clearly ,+(el C n s ( * ~ ) .  Actually, by the 

argument of theorem 11, ,t+(e) is a subgroup 

of ns P 4 ) .  
Let *a € A t e ) ,  *g e ns('6) . Then there 

;Ic exists a standard point be  4 such that 
+e CJ ~ y t b ) .  T ~ U S  f *ac3-' E,L+(~*(CW(~))-'= 

,+b+'e)ptb-') =/u, (bp+b- ' )  =fi(U,+ b-') = 

~ ~ ( b b - ' 1  ==(el by theorem 6 and theorem 7. 

That is, /+ (e) is a normal subgroup of 7 1 ~ ( * ~ ) .  

0 

Utilizing theorems 9,  10, 11, and 12, we have: 

Theorem 1 4  

Let (G ,-, -',Z) be a Hausdorff space. Then 

'=(*G)/ (e, r 4 /+ 

Thus p b ( e )  , SO the cosets of/lt(el 
in n s ( * ~ )  are precisely the monads of stan- 

dard points in *G . Thus any element of 

P/UC(~) / w e  ' for p a standard point of *G . 



i s  onto a s  any po in t  i n  forms a  
f '  d i s t i n c t  monad i n  G( by theorem 9. Now 

Hence Vis an isomorphism and thus  ' 

Before we look a t  something i n  *G which has no 

d i r e c t  counterpar t  i n  G , we present  t h e  c h a r a c t e r i z a t i o n  

of compactness by means of monads, which w i l l  prove 

use fu l  i n  chapter  3 .  

Def in i t ion  23 

A topologica l  space ( G , Z )  i s  compact i f f  f o r  

any non-empty family of open s e t s  {0i 1 
such t h a t  .uOc = , t h e r e  e x i s t s  a  f i n i t e  

4 K  

t h a t  0 0; = G . i t s  



Theorem 15 

A topological space (G,Z) is compact iff all 

points of 'G  are near-standard. 

Proof: 

Let (G ,Z)  be compact. Suppose there exists 

a point *p = (p;Iier /$ such that *p # % s ( * ~ ) .  

t Then for any standard point e e  G , *P a,+(%). 
Hence there exists an open neighborhood Ut of 

Thus there exists a finite subfamily, 
'R u, ,... ,u, say, such that U ui = G . So 

J = t  

(Gui)Ih j -I  = *G . That is, t i \ ? ,  G i d q f e ~ .  8' 

Thus f i 1 pC E U1 1 6 A for some j =f , t ,  ..., f i  , otherwise 

That is, for some j= I ,2  ,..., '?Iy T L \ P , E U ~ ~ € A  . 
Hence 9 c (CJj)YA , which is a contradiction. 
Therefore up must be a near-standard point of 

Suppose ( G, Z) is not compact. Then for 



some fami ly  of open s e t s  [Q 1 j E 5 f such t h a t  

U Oj = 4 , f o r  any f i n i t e  S'G 5, j~s,Oj + G . 
F3 

Consider t h e  r e l a t i o n  which holds i f f  

A E loi I j~ 53 and a4 A . Then by our hypothesis ,  

R is  concurrent.  Hence, as A i s  adequate f o r  

2cnLD(G) , t h e r e  e x i s t s  an  element *kht4 such 

t h a t  *k$$)% f o r  a l l  Oj E f o j \ i C S I  . 
That is ,  as f o r  any % EG, /u+ cg) E (O,)~A 

f o r  a s u i t a b l e  j E 5 , *k i s  not  i n p Z  f o r  

any s tandard c4&. That is ,  % i s  not near- t 
standard.  

0 

Let 'U be any subgroup of ' G  . * W  may o r  may not  
C 

be i n t e r n a l .  We know t h a t  u i s  closed under f i n i t e  

products.  Let N be t h e  non-negative n a t u r a l  numbers. 

" N - N ~  i s  a non-standard model of t h e  non-negative 

n a t u r a l  numbers. We speak of elements i n  % but  not i n  

as star-f i n i t e  elements. We wish t o  consider  t h e  

c o l l e c t i o n  of a l l  star-f i h i t e  products  of length  *U G k-N 
i n  *U , t h a t  is ,  ' H ' ~ '  . TO do t h i s  we need t h e  d e f i n i -  

t i o n  of an  i n t e r n a l  sequence of l eng th  * ~ h b ,  of e l e -  
J ments of CJ . 

Def in i t ion  24 

Let *rick . ( . * ) i s  an  i n t e r n a l  

sequence of elements of *U i f f  it can be 



obtained from a doubly indexed a r r a y  

a,, a,, . 

such t h a t  *?+I= (WIiIer& and f o r  any k I - - + I  
such t h a t  k(o dm; , we have \ = (aL,kti,)LerA 

a member of %/ . If these  condi t ions hold,  

then (*al,. . . . *a%) = ki where 

(!om i d e r  t h e  funct ions  : + by 

n, ((a)) = a 
~t',(ta,bQ = ab 

Then Ti, i s  defined f o r  each %s'N. Then f o r  b - ('hi)ie=k , 
%'tn:*~"-% i s  defined by * ' T f ~ = ~ ( W m ~ /  et , and, f o r  

m 
any sequence of l eng th  *W , *Tr% ((*a,, ... ,*a*,% = *A . . . *at, . 
Hence we can now mul t ip ly  together  t h e  members of any 

sequence of star-f i n i t e  length.  

NOW l e t  *W E ?N-N. Let N ( * ~ I  = [*- I * ~ r  'N ,, 
WSTS me N sueu TWW 'bn5m*wf. It is  s t r a i g h t  forward 

t o  show t h a t  * i s  an i n i t i a l  segment of 'N . 



Def in i t ion  25 
* I $ c-1 Let be any subgroup of . Define 

* (#-\ Define 'u* = U U 
'ti.(. *N 

. 

Theorem 16 
4 <'u U 4+ i s  a subgroup of . 

Proof: 

k The i d e n t i t y  *e of G is  i n  ' U * as I i s  

i n  tL\ and (*el i s  an i n t e r n a l  sequence (of  

l eng th  1 i n  N(%l) , t h e  product of whose mem- 

b e r s  i s  *e . 
* Now suppose (*a,,. .., b 3  i s  an i n t e r n a l  

+ sequence of l eng th  %I of elements of 4 , f o r  

fn E N(W. Then, as seen from d e f i n i t i o n  24, 

( . . , =  f o r  [ K ~ \ E I ' I ~  a family 

of sequences of elements of G ( i s  t h e  

sequence formed by t h e  i'* row i n  our doubly 

indexed a r r a y )  . 
Let ' 2 be t h e  family of sequences 

of elements of G such t h a t  if = (&, ,.. . , a+,.. , 
4 

t hen  KC' = (%, , . . . , a.T-' ) . Then r n &I ~i-k 
i s  an i n t e r n a l  sequence of l eng th  of elements 



* -7 , of *U . In f a c t ,  ;l;r K;-x = (("a,', - .  ., a, 
hence (*a;', . . .  , *A;) i s  an i n t e r n a l  sequence 

of length *n of elements of 'U . We need, how- 
- I 

ever ,  (fac, , . . . , a an i n t e r n a l  sequence of 

* l eng th  '% of elements of u . 

a", 
So ( I - ) n s ~  def ines  a sequence of funct ions  in 

, hence f o r  * = . , and *t%= z({*i)/A , 
( * x , , + ' ) % ~ ~  i s  a sequence of i n t e r n a l  func t ions  

in )4 . NOW f o r  *h , *k ((?a;', -. . , *a*:') = 

* 
(*a& . . . , ' and as and (*a;:---,*an,-'\ 

a r e  i n t e r n a l ,  so  i s  ('+a< I , . . .  ,*a;') . It i s  

c l e a r l y  of length  *?R and i s  cons t ruc ted  of 

c losed under m u l t i p l i c a t i o n ,  we have 
*,.....*a** *&I. ... *a,-' = * .  i n  ' u'*" . That 

i s ,  *u'-' i s  closed under inversion.  

It remains t o  show t h a t  *u'-' is  closed 

under m u l t i p l i c a t i o n  and t h a t  m u l t i p l i c a t i o n  



* Q-\ i n  i s  assoc ia t ive .  So l e t  *a,'...'*&*, , 
* 

*b,'. . . *  b* be elements of 'u'~' . Then t h e r e  

e x i s t  k,, k . € N  such t h a t  *m S k , ~ ,  *+n L h.Q. 

Hence, ** +*m 6 (b,tb,)*ks . Thus *fi+*m~N(tu). 

It i s  now s t r a i g h t  forward t o  show t h a t  
* * * *a,... . a,,. b,.. .. b, + * p\ , and t h a t  

t h e  m u l t i p l i c a t i o n  i n  *u'-' i s  assoc ia t ive .  

Theref o re  iruc*+-1 i s  a subgroup of * G . 
0 

Theorem 17 * *u* i s  a subgroup of G . 

Proof: 

The proof i s  similar t o  t h a t  of theorem 16 and 

i s  l e f t  t o  t h e  reader .  

Theorem 18 

Let 'U be a normal subgroup of *G . Then 
4 *c\'-' and * N* a r e  normal subgroups of . 

Proof: 

~ e t  (%,* ... * € U '  . Then h, , . . ., *hd 
i s  an i n t e r n a l  sequence of elements of *U and 

%I c NW. As *U i s  normal, f o r  any 'q r *G , 
(3%,y1, ..., 5*4*,*3-') i s  an i n t e r n a l  

sequence i n  4 C\ . Thus 9 a, *3' "$'&"$'* . . . *?'an,*$ = 



3 (*a,* .. .a*&m) 3.1 C p 4  . That is ,  C U c * u \  

+ i s  a normal subgroup of . 
+ (S' f o r  some Let * ~ P * u -  . Then *h E U 

, -I 'C u L1'4 - 6 % .  ~ h u s  f o r  any 9 s X 6 ,  2% 3 

by the  above. Thus *9*h*g4 = . Hence, *u' 
I i s  a normal subgroup of . 

0 

The connected component of t h e  i d e n t i t y ,  G ( e )  

i s  t h e  l a r g e s t  connected subset  of G conta in ing  e . 
That i s ,  t h e  l a r g e s t  subset  of G conta in ing  e t h a t  can 

not be decomposed i n t o  A,B such t h a t  AIQ 4 B , 
A n 3  = 4 and A,B a r e  both closedzSsubsets of . It i s  

s t r a i g h t  forward t o  show t h a t  G(e\ i s  a normal subgroup 

of G . We now give a non-standard proof of a s tandard  

theorem. 

Theorem 19 

If U i s  an open neighborhood of e and U 5 G(e1 

Proof: 
8 0  

Let G'= U u*\ . G' i s  open as it i s  t h e  union 
4=8 

of open s e t s  i n  G . To show it i s  closed,  l e t  

& E  G be such t h a t  i s  i n  t h e  c losure  of %=I 0 u*. 
Then any neighborhood V of a i s  such t h a t  

V n 6' + . ~ h u s  f o r  *V - VX * G I =  ( ~ 3 %  , 



*V n * ~ '  C d , f o r  V any neighborhood of 

(m, 21 

i n  G . ~ h u s f i  (a) A *GI+ $ 'r Let *b c *U 

(~2) (*" ' . *b €pZ(a) impl ies  

%dl ~,u+ta),u~ca-~) , f i t a n - ' )  =p,ccI . Thus 

Cbs')-l ; a-'-l *&-I = a*K1 ~ b c e )  . 

Butfi to E *U , thus  a*k? c b. Hence 

'b&"L"' SO &*p*b c +o*u'""'= f ~ ' " " i 1 ,  

Hence a € *G' . So a and hence G' i s  closed. 

- G ( e l 3  G' , hence G ce) - 6'  i s  openz'and 

G (el i s  both oper?and closed.  Also, g, - 6' 

i s  closed as G t  i s  open. Thus G(e)  = < ' f o r  

otherwise G(e) i s  not  connected, a cont radic-  

t i o n .  



CHAPTER I11 

INFINITE GALOIS THEORY 

Let F be a commutative f i e l d .  Let be an i n f i n i t e ,  

normal, seperable  extension of F.  We know t h a t  i f  i s  

a f i n i t e  ex tens ion  of F, then  t h e r e  i s  a 1 : 1  correspon- 

dence between t h e  extensions of F t h a t  a r e  subf ie lds  of 

& and t h e  subgroups of t h e  group of automorphisms on 

t h a t  l eave  F i n v a r i a n t .  If i s  an i n f i n i t e  extension 

of F , t h i s  correspondence f a i l s  t o  be 1:  1 .  So l e t  us 

analyze by non-standard methods t h e  r e l a t i o n s h i p  between 

extensions of F t h a t  a r e  subf ie lds  of and t h e  group 

G of automorphisms of t h a t  leave  F i n v a r i a n t .  We 

s h a l l  do t h i s  with t h e  a i d  of an i n f i n i t e  index s e t  I 
and a non-principal u l t r a f i l t e r  L& on 1 . We s h a l l  assume 

t h a t  h i s  adequate f o r  2 CRU)'L' (as noted i n  chapter  2 ) .  

We s h a l l  a l s o  r equ i re  one f u r t h e r  degree of adequacy of 
1 A which w i l l  be noted accordingly.  We s h a l l  denote @ 4 

as *a and F as *F throughout t h i s  chapter .  

Lemma 1 

Let G be t h e  Galois group of , t h a t  i s ,  

t h e  group of a l l  automorphisms of t h a t  

l eave  F i n v a r i a n t .  Then * G  - GX i s  t h e  

Galois group of i n t e r n a l  automorphisms of 'a 
t h a t  l eave  * F i n v a r i a n t .  *G i s  a subgroup of 



t h e  Galois group of *a/*F , say. 

Proof: 

As 'C i s  i n t e r n a l ,  it c o n s i s t s  of i n t e r n a l  

automorphisms, a l l  of which a r e  automorphisms 

of 'a and leave  *F i n v a r i a n t  a s  f i \  CCc $ =a 

Let *C be any i n t e r n a l  automorphism of 
4 @ t h a t  l eaves  'l F i n v a r i a n t .  Then *o= 

b 
and [i \ tr: $ = 6 OND Qi LEAVES r W V R R I R N ~  =3 E A . 
For i# J, l e t  a(; be t h e  i d e n t i t y  automorphism. 

 hen *c = ( ~ ) i c r d  = f o r  - i f  

i e 3 ,  '1(;=& i f  i43. But ?fieG, f o r  a l l  i e T ,  

hence *re *G . Hence * G  c o n s i s t s  of a l l  auto- 

morphisms on *@ t h a t  l eave  *F i n v a r i a n t  and 

t h a t  a r e  i n t e r n a l .  

*G i s  c l e a r l y  a subgroup of as t h e  

composition and inver s ion  of i n t e r n a l  automor- 

phisms a r e  i n t e r n a l .  

0 

Let ": index t h e  f i n i t e ,  normal, a lgebra ic  extensions - K of F t h a t  a r e  s u b f i e l d s  of a .  For each 3 e L, l e t  6 5 = I x  \T== m a  KI a K! f . Let F- [r; \y r I . 



Theorem 20 

i s  c losed under t h e  t ak ing  of f i n i t e  i n t e r -  

sec t ions .  

Proof: 

Let ,G ccT . Then Kd = . - -  1 say, 

and K, = f (b, ..., b,) say. Let 

KT = F(a  ...... a,, b., .. . ,&,,I . Then U, z K ~  , 
K T 2  , thus  f o r  any X E ~ ,  K%z. K4 and 

K9 2 K, . Hence 72 s and 3 c 7 . Therefore 

 ST,,^, . Let r~ cnq.  Then 

K x 2  Fta .,..., a,) and K2*a F(bl  ,-.. ,L,) . 
Hence K 2 a , ,  . . a ,  b , . . , b . Thus x E r. 
That i s ,  znq  = . 

Assume f o r  our induct ion  hypothesis t h a t  

any &-elements of r have t h e i r  i n t e r s e c t i o n  

equal t o  a set  i n  r. 
Let . , be k c 1  elements of k. 

t h e  induct ion  hypothesis.  Hence 

= I' f o r  G . n - - . f l G c  "G.+! 'GO qua 3 
- 

some 3 c = by t h e  above. That is ,  t h e  i n t e r -  

s e c t i o n  of %-elements of i s  again an e le -  

ment of r. So V ' i s  closed under f i n i t e  

i n t e r s e c t i o n s .  



- 
Thus a genera tes  a f i l t e r  on 5 ,  by t ak ing  a l l  

A 

superse t s  of elements of r. C a l l  it r, If A i s  adequate 
Y 

f o r  C R R D ~ ~ ; ~ )  , t h e r e  e x i s t s  a  func t ion  9 :I-2 such 

t h a t  t h e  f i l t e r  generated by s e t s  of t h e  form 3 (A) f o r  
A 

each h e b ,  conta ins  r. Henceforth we s h a l l  assume that  

A i s  adequate f o r  c a w  (Z) . 
-tr 

Now l e t  K = iz Kg, . Then as f i ) Kg,i, 1s n 

OF -r 3-1 (=\ by t h e  cons t ruc t ion  o f  3 , we have 
t t h a t  K i s  a s t a r - f i n i t e  ( i n  t h e  sense mentioned i n  

chapter  2 ) ,  normal, a lgebra ic  ex tens ion  of *F and sub- 

f i e l d  of *@ . Also, as [il Kqti, 2 % 2 5-' (5) C , 
I 

we have t h a t  ' K Z  , where 1(, i n  6 means t h e  s tan-  

dard po in t s  B E*@ such t h a t  CE &. A s  6 = U- Kp , 
P C ;  

we have * K ~ G .  
Now as, f o r  each i c I ,  Kscil i s  a f i n i t e ,  normal, 

a lgebra ic  ex tens ion  of F and s u b f i e l d  of a ,  t h e r e  

e x i s t s  a corresponding Galois group UqLLr of automor- 

phisms of , t h a t  leave  F i n v a r i a n t .  By t h e  na ture  

of 3 , we see  t h a t  *U = Tr wz &lld i s  an i n t e r n a l  group 

of automorphisms of % t h a t  l eave  *F i n v a r i a n t .  By an 

argument similar t o  lemma 3, *U i s  t h e  group of a l l  

i n t e r n a l  autornorphisms of K t h a t  l eave  *F i n v a r i a n t .  

We can c a r r y  through i n  much t h e  same manner t h e  usual 

1 : 1  Galois correspondence between t h e  i n t e r n a l  subf ie lds  

of *K which extend *F and t h e  i n t e r n a l  subgroups of *u. 



Theorem 21 

Let ' r c * ~ .  Then *Q , when r e s t r i c t e d  t o  6 , 
i s  an automorphism of . 

Proof: 
4+ 

Since *CC u, *r i s  i n t e r n a l .  So l e t  

*C = flk . Now f o r  each i c I ,  E i s  an 
r6T: 

automorphism of K3'c, , and by a fundamental 

theorem of Galois theory,  i s  t h e  r e s t r i c t i o n  

of an element of t o  K t  , say  qi. Then 

u Q i s  t h e  r e s t r i c t i o n  of *cp =a'Pi/m t o  *K , 

where *q C k .  

U Fta) , we have *c@= As @ =  ae*c 

*cr ( &i-~ F C ~ )  = I s - F F ( * ~ b )  as *C leaves  

*F, and hence F, i n v a r i a n t .  

Now @ s a t i s f i e s  some minimal polynomial 

F W E FW, t h a t  i s ,  P W = O .  ~ h u s  as 

*cT(xP) - (*GX)' and %b= b f o r  a l l  b e  F, *r 

can only map a t o  one of t h e  k- roots  of 

$w) E F L X ~  , say  . .  i n  @. Hence 

[i\qa=a, O R G ~ = ~ , = R  . . . O R  r;a-a,J c n . 
But, s i m i l a r  t o  t h e  argument i n  theorem 15, we 



* any automorphism of *K t h a t  l eaves  ' F 

i n v a r i a n t  i s ,  when r e s t r i c t e d  t o  a) , an auto- 

morphism of @ t h a t  n e c e s s a r i l y  l eaves  F 

i n v a r i a n t .  

I i  

L k f i n i t i o n  26 
+C 

For any %E*N, l e t  O(*C\ = O 

Then ev iden t ly  O ( * d  € G f o r  a l l  *QC *U by theorem 

Now l e t  @ be a subf ie ld  of @ and extens ion  of r. 
Then *8- i s  an i n t e r n a l  s u b f i e l d  of *& and exten- 

s i o n  of 'F . Let *% = B ~ * K  . This i s  again  an i n t e r -  

na l  s u b f i e l d  of *@ and extens ion  of *F and, i n  f a c t ,  

a s u b f i e l d  of *K . A s  we have t h e  Galois  correspondence 

4 between t h e  i n t e r n a l  s u b f i e l d s  of K t h a t  a r e  extensions 
* of * F and t h e  i n t e r n a l  subgroups of * , l e t  C\, be 

t h e  subgroup corresponding t o  *ey . Define O(* Ue\) by 

( )  [ T I  * Foe sowe *Q C *\(. Then 

O(*&,\ G G . I n  f a c t ,  as ' He i s  a subgroup of *G , 
* i s  a subgroup of G .  

Lemma 4 

i s  t h e  s e t  of i n v a r i a n t s  of 4, under 



Proof: 
ik f 

E * Q ~ ,  thus  as *CE Me leaves  
* 

@, 
i n v a r i a n t ,  cr leaves  @ i n v a r i a n t .  Hence 

0 * (6) l eaves  Q i n v a r i a n t .  

Suppose a+-@. Then at#@. Hence a P e  , 
;k 

t hus  &. Therefore t h e r e  e x i s t s  a 

* c E * c \ ~  such t h a t  *c&CL. ae Q , hence 

Y * T ~ s  a . Thus i s  p r e c i s e l y  t h e  s e t  of 

0 + i n v a r i a n t s  of under ( uel . 
0 

Lemma 5 

Let C be an automorphism of l eav ing  F 

i n v a r i a n t .  Then f o r  D a f i n i t e ,  normal, a lge-  

b r a i c  ex tens ion  of F and s u b f i e l d  of , 
a@)=D . 

Proof: 

Suppose 3 = F(a,, ...,&,I . AS ai s a t i s f i e s  a  min- 

i m a l  polynomial 00 i n  FL.7 , and s ince  D 

i s  normal, CTai must be a r o o t  of CCCX) , say  b;, 

which i s  n e c e s s a r i l y  i n n  due t o  t h e  normali ty  

of I) . That i s ,  0 D ~ 7 )  . S i m i l a r l y  u-'D C-D . 
Thus (rl) =3 . 

0 



Corol la ry  5. 1 

For * '  any i n t e r n a l  automorphism of *a leav ing  

4k *F i n v a r i a n t ,  i f  D i s  an i n t e r n a l ,  star- 

f i n i t e ,  normal, a lgebra ic  ex tens ion  of 'F and 

subf ie ld  of *a , then  *C *D = *D . 

Proof: 

This i s  a d i r e c t  consequence of theorem 3 and 

lemma 5. 

0 

Lemma 6 

q*Me) i s  p r e c i s e l y  t h e  s e t  of automorphisms 

of G l eav ing  t h e  elements of @ i n v a r i a n t .  

Proof: 

Suppose CE G i s  such t h a t  C l eaves  t h e  e l e -  

ments of i n v a r i a n t .  Then t h e  s tandard e l e -  

ment C E  *G leaves  t h e  elements of *@ invar-  

i a n t .  Thus CT * 
\*K 

l eaves  t h e  elements of QY 

i n v a r i a n t .  Thus by c o r o l l a r y  5.1, and t h e  f a c t  
* 

t h a t  K i s  a s t a r - f i n i t e ,  normal, a lgebra ic  

ex tens ion  of *F and s u b f i e l d  of *a , CT\,,+ 
K 

i s  an autornorphism of *K . Hence, as C 
1% 

i s  i n t e r n a l ,  0- 
C\, 

i s  i n  *MG. Hence 

O(qeK1)  = (T € y*ue) which i s  a subset  of G . 
Hence, using lemma 4, we have t h a t  *(*&,) 

i s  p r e c i s e l y  t h e  s e t  of automorphisms of 



l eav ing  t h e  elements of @ i n v a r i a n t .  

Hence we have a map 3 from t h e  s u b f i e l d s  of 

t h a t  a r e  ex tens ions  of F i n t o  t h e  s e t  of subgroups of 

G . We wish t o  cha rac te r i ze  t h e  range of 3 . 

Theorem 22 

A subgrqup 5 of i s  i n  t h e  imageaof V i f f  

o(*J)=J f o r  *J = 3 2  . 

Proof: 

Suppose J i s  i n  t h e  range of \) . Then 

J= O(*WE)) f o r  some f i e l d  @ , T c ~  c . 
Thus f o r  any Q E  3, l eaves  Q i n v a r i a n t .  

* I: Hence *c€ 3 l eaves  *@ = e  i n v a r i a n t ,  f o r  

* J = J~~ . MSO, as any *T c *G i s  i n t e r n a l ,  

say *T= 7; 4, , t hen  i f  *T leaves  *8 

i n v a r i a n t ,  we must have [i ('Ti € E4 FIND 7i uawEs 



l eaves  @ i n v a r i a n t .  Hence O(*J) 5 J , a s  
0 + * J= ( Me) . Clear ly  3 = 3 by t h e  n a t u r a l  

embedding, thus  J C- O(* J) . Hence 3 = O(* J) . 
k Suppose O(* J)= J . Let SI( be t h e  group 

of automorphisms of *J r e s t r i c t e d  t o  *K . By 

c o r o l l a r y  5.1, any element of *sK i s  an auto- 

morphism of "K . 
m w  *T, = [*q*, I * r e  * 33 = 2 J& 

f o r  J;,, = [a\%',, \ai E J f . ~ e n c e  *TI( i s  

i n t e r n a l .  

So l e t  *A be i t s  corresponding subf ie ld  

under t h e  "usual" Galois correspondence. Then 
#i 

*C E * ar leaves  A i n v a r i a n t .  ?nus Q = *nn @ 

i s  l e f t  i n v a r i a n t  by t h e  elements of * J~ , 
hence by t h e  elements of O(*&) = "(* J) - J . 

~f  a d e ,  ar a ,  t hen  b c * ~ - * h .  T ~ U S  

t h e r e  e x i s t s  *C € * sK such t h a t  *0a* A .  

Hence *(*~)a# a , and *(%) € J . Theref o re  @ 

i s  t h e  setUof i n v a r i a n t s  under a l l  members of 

3. Thus *8 =@=A i s  t h e  s e t  of a l l  invar- 

i a n t s  under a l l  members of * J. Therefore * o ~  
i s  t h e  s e t  of a l l  i n v a r i a n t s  under a l l  members 

of *Sk . That i s ,%k=  *A . 
.IlC * Thus = . UG , hence 3 = 0(5) = 

* . That i s ,  9(8\ = 7 . 



Using t h e  above r e s u l t ,  we may prove t h e  following 

s tandard theorem: 

Theorem 23 

7 - Q@)is a normal subgroup of G i f f  @ i s  

a normal extension of . 

Proof: 

If F C- @ @ f o r  8 a normal extension of F , 
then  *O = @% i s  a normal ex tens ion  of % F . 
Hence i s  a normal ex tens ion  of 5 . con- 

ve r se ly ,  i f  *eK i s  a normal ex tens ion  of *F 
t hen  *% n @ i s  a normal ex tens ion  of F . 
That i s ,  i s  a normal ex tens ion  of F i f f  

*eK i s  a normal ex tens ion  of *F . 
If J i s  a normal subgroup of G , * J i s  

a normal subgroup of *G , t hus  *O *5 *c-' C *J 

f o r  a l l  *C E *G . Thus by c o r o l l a r y  5.1, 

("0-1, )( * J~I(*c- ' \*~\  c YK f o r  a l l  *C E *G . 
Thus * & i s  a normal subgroup of *G . I n  f a c t ,  

i t  i s  normal i n  t h e  Galois group *CI of * Y  
3Y 6 over *F . Conversely, if r\< i s  a normal sub- 

0 * group of *U , then  ( S) = 3 i s  normal i n  

by t h e  previous theorem and t h e  assumption t h a t  

\)(g)= 3' . ~ h u s  J i s  normal i n  G i f f  *JK 
* i s  a normal subgroup of H. 



% 
NOW +TK corresponds t o  i f f m  J 

corresponds t o  @ .% So suppose i s  a  normal 

ex tens ion  of F . Then *eK being normal cor res-  

ponds t o  * JK under t h e  "usual" Galois corres-  

pondence and t h e  fundamental theorem of Galois 
JC t heory  t e l l s  us t h a t  Jy must be normal i n  

*u. Hence J i s  normal i n  . Simi lar ly ,  i f  

J i s  normal i n  G , @ must be a normal exten- 

s i o n  of F. 

We now s t a t e  t h e  exis tence  theorem f o r  t h e  Krul l  

topology on G . 

Theorem 24 

There i s  a  topology on G which i s  compatible 

with t h e  group s t r u c t u r e  of G and which has 

as a fundamental system of neighborhoods of t h e  

i d e n t i t y .  

Proof: 

The proof i s  a  s tandard one and may be found i n  

C61 

0 



Now consider  t h e  following s tatement:  if J i s  open 

i n  t h e  Krul l  topology on G and if Q E J  then  t h e r e  e x i s t  

. .  E such t h a t  f o r  a l l  T €  , i f  Cat= Ta,, - - .  , 

Ca,=Ta, , t hen  TE J- . 
If t h i s  statement i s  f a l s e ,  then  f o r  any a,,..., ame@ 

t h e r e  e x i s t s  a 7~ such t h a t  bii, am. , . - .  , Cam= Ta, 

and 76 3 ? Then t h e  following r e l a t i o n ,  (a,%) , defined 

by (&Y> € % i f f  4) and 2 4  5 and ca= Xa, i s  concur- 

r en t .  Then by theorem 4, we see t h a t  f o r  

= in,\ X E ~ ~ X ~  n w  . n l = [ v ~ ( ~ a ~ ~ ~ , ~ { ,  if A i s  

adequate f o r  C=c&eb(G) ,  then  t h e r e  e x i s t s  a f u n c t i o n  

h :I-G such t h a t  f o r  any S L , € ~ ,  t h e r e  e x i s t s  A, € d 

such t h a t  h&) c ax . That i s ,  Ei 1 (x,k(ifi E %( 6 0 . 
* 

So h = (kull;cxk i s  such t h a t  %a= Qb f o r  a l l  dE a , 
and *hf# J ~ &  . Thus O(ChIZC # J, a con t rad ic t ion ,  

provided A i s  adequate f o r  IC=CRPD&). But i n  chapter  2 

we assumed adequate f o r  &= 2 cQWo , hence it must be 

adequate f o r  C W D ( 6 )  a l so .  

Theorem 25 

For any * c r e * G ,  *c E,+(~(*CT)) . 

Proof: 

Let a(%-)= 7 . Then f o r  every a€ 6 , *ciA =m . 
Thus f o r  e v e r y  b€ &, [i\Uib.=~af E kA . Hence 

f o r  any f i n i t e  c o l l e c t i o n  of elements of a ,  



. . a  say, [ i \ ~ i a , = T a  , , . . . .  a;a%=~a.,(- 

6 [i 1 q.hj ='Tail E dh a s  u l t r a f i l t e r s  a r e  closed 
jn 

under f i n i t e  i n t e r s e c t i o n s .  

Thus, by t h e  observat ion made above, we 

see  t h a t  f o r  J any open neighborhood of 7 , 

{ i l c i  ~ J S ~ A  , hence "cE  3% . AS 3- was 

* a r b i t r a r y ,  we n e c e s s a r i l y  have 

0 
7+(7' * 

Corol la ry  25.1 

(G,Z) i s  compact. 

Proof: 

This i s  a d i r e c t  consequence of theorem 15 

and theorem 25. 

0 

Theorem 26 

(G,Z) i s  Hausdorff. 

Proof: 

Due t o  t h e  c o n t i n u i t y  of m u l t i p l i c a t i o n ,  i t  

s u f f i c e s  t o  show t h a t  3 =[el. 
3% 

Let CT € n 3 . Then C l eaves  each element Jm 
of each f i n i t e  ex tens ion  of F and subf ie ld  of 

i n v a r i a n t .  A s  6 = U Fca) , we see  t h a t  
ac3-c 

C i s  n e c e s s a r i l y  t h e  i d e n t i t y .  



Theorem 2'7 

J i s  closed i n  the  Krull topology i f f  

Proof: 

Let 0(*3) - J . cT i n  t h e  c losure  of J implies  

/UC(O)  n * ~ + # ,  f o r  o t h e r w i s e / ~ ( c ( ~ )  i s  

contained i n  the  complement of * J. But i n  t h i s  

case,  as O. c ?/ G ~ ( Q )  f o r  some *V open i n  

L 
, t h e  Q-topology on G as seen i n  lemma 2, we 

see t h a t  *J i s  contained i n  t h e  complement 

of which i s  closed. Thus C i s  not  i n  t h e  

c losure  of *J, hence not  i n  t h e  c losure  of 3 . 
Hence t h e r e  e x i s t s  *5 € * J ( 1  . Hence, 

as *3 C / L 4 r  ( O ( 3 1 )  by theorem 25, and t h a t  

P7 4 )  ' I  ( 1  = i f  d +p by theorem 26 and 

theorem 9,  we see t h a t  0(*3 = Q .  But 

O ( * J ) =  J, 0(*3)= CT , hence -1. Thus 3 i s  

c losed i n  t h e  Krul l  topology on G . 
Let J be closed i n  t h e  Krul l  topology on 

39 0 a 
G. Now 3 5 ( 3) a s  each element of J i s  a 

s tandard element of *s under t h e  n a t u r a l  

embedding. Let O(*IY) e .(* J) . Then *lY e "r . 
SC s o p ,  ('("w)) n * J+ # as n E / U ~  (~(ql)) by 

0 * theorem 25. So ( 0') i s  not  i n  t h e  complement 

of a s  it' i s  open, hence by lemma 2, 



C 

P7 
(CT) t C J = ~ S  f o r  any c c C J . 

.$o O(*v)e 3 . That i s ,  O(*J) =I . 
0 

Also, ( G  , q ) i s  t o t a l l y  disconnected, f o r  i f  

CT$ t hen  C i s  an open s e t  conta in ing  0 and 

n cr H-6. Hence i s  closed and, u t i l i z i n g  t h e  f a c t  

t h a t  ( G ,  2 )  i s  Hausdorff ,  ( G ,  2 )  i s  t o t a l l y  disconnected. 



FOOTNOTES 

1. This should read: ". . . large enough so tha t  some 

subset of the constants may be put i n t o  one-to- 

one correspondence with . . ." . 
2. C h w e  "... t o  each individual constant i n  ... n 

t o  " ... t o  some of the  individual constants in...". 
h A'. 3. Note t h a t  S i s  a p a r t i a l  function from a t o  

A 

4 Add the  following clause t o  the def in i t ion  of S : 
A 

iii) if  = . ,t,> anb S has been defined 

5. Change "... i f f  i s  true..." t o  "... i f f a i s  true..." 

6. Change "sen t o  "we" . 
7. Delete t h i s  paragraph (beginn~ng with "We know 

that . .  .") and i n s e r t  i n  i t s  place the  following 

paragraph : 

"Using the  axiom of choice w e  can well-order 

the s e t  C of constants of K p l a c i n g  them i n  one- 

to-one correspondence with a l l  of the ordinals l e s s  

than some i n i t i a l  ordinal  . We s h a l l  agree t o  

consider only s t ructures  i n  which the  constants 

given an assignment from an i n i t i a l  segment of C . 
So we may now write our s t ruc ture  a as 

A - , where 4 runs through soma i n i t i a l  

segment of ordinals, of order type 9 say, and 



where R* i s  the object of f i n i t e  type i n  A which 

i s  assigned to  the d3 constant. We c a l l  P the 

order of . 
8. Delete definit ion 14. In  i t s  place inser t  the 

following introductory paragraphs and revised 

definit ion : 

"We define . q A h  t o  be the s e t  of 
LC; 

equivalence classes t& where C i s  a function on 

1 with ?tt\ G Ai and where the equivalence relation 

i s  FA defined by # 2.3 i f f  Ci \ CL;, = f 6 . 
"We now proceed t o  define by induction on (r 

the object vS;/kl where f o r  a l l  ia r, S; i s  of cer . -- 

type i n  A; . Further we sha l l  show tha t  .TSA 
LC r 

lrSuppose now that has been defined of 
i tt 

type i n  2 KA;/dwhenever PI R; i s  of type T 

f o r  a l l  i 6 1  . Then if Si i s  of type C: (7) i n  

Ai f o r  all i e r ,  we define 

TT"SA= rCX  G Q P R L L L ~ T ~  

which i s  clearly of type (T 1 i n  

'Suppose nov that  C=( k. - and tha t  f o r  each 

j i n  I <, i~_ 7\ , y=~j~ ha8 been def b e d  of type 3 
in A$/A whenever R! i s  of type Ti i n  A; f o r  a l l  

1 ex 
€ 1 . Then we define 



L C  . men c lea r ly  .Ts/ i s  of type q i n  T A i  
c e z  '61 

Definition 14 

The reduced d i rec t  product of the fsmily of 

mathematical s t ructures  [ ~ l ;  ( i t ~ f  re la t ive  t o  

m %S 

where & =  C@&h 
If is an u l t r a f i l t e r ,  we c a l l  the reduced 

d i rec t  product an ultraproduct. If, i n  

addition, &=a f o r  each i C L  , ir(, a d 1  - 
TTC4h =@A an ultrapower. 
tcz 

 he reader may now eas i ly  prove 

induction argument tha t  TS' 
1 

;ex &= 
Llsr = S?(Q.L?L.~I 

by a, straight forward 

i f f  

- - - is the usual isomorphism notation. 

46 
Definition 15 should read: "An object 13 of type T 
i n  A=/~ is  in te rna l  iff there  e x i s t s  a family 

l S I l  i b r  < of objects of type O i n  A such tha t  

Note t h a t  i n  the def ini t ion of a , a l l  of the  

R's a re  in te rna l  objects. 

This should read : '"let *S =(%, - - ) be any denumerable 

sequence of in t e rna l  objects of a r b i t r a r y  ... II 



fo r  each positive integer j , S a  i s  any function 3 
on 1 such that  , and where on 

the l e f t  i s  interpreted i n  terns of quantification 

restr icted t o  internal  objects." 

14. Change ". . . on the length of . . ." t o  ".. . on the 

length of a . . ." 
15, The proof of theorem 13 should be amended as $0 be 

4 
consistent with the S notation. For example, 

consider case J (on page 15). Let + be a term and 

l e t  *S + be that internal  object assigned t o  ) by 

i f f  *s+ is  of type in .ITo)\ib c ex 

i f f  s+(L) is  of type (r i n  0; fo r  each 

ie , where %+ = (s+(~I 
A 

i ff  f c  \a; klTO"(~+ti)\j =I G A 

16. Rp i s  the object t o  which the pm constant is mapped. 

I.,  

19. For " c i s  a topology on" read " C i s  a topologyon 

G't . 
Jt 

20. Note tha t  the group operations i n  6 come from 4 by 



way bf theorem 3 and Bppropriate R ~ S .  

For it...  *T= TY,& be a neighborhood of , for  * ~ C T C ' ~ ~  read l t . . . * ~ = 3 ~ % a  ~t TQba a basic 

open neighborhood of *a in+G . 
* 

Note tha t  (%)a= (\h/d by theorem 3. 

Note tha t  we can define a f i n i t e  sequence of elements 

of G as being a function (i .e.  a binary relation of 

the obvious type) defined on an i n i t i a l  segment of 

N with values i n  6 . So f i n i t e  sequences have 

type ((0,0\\ . Let S represent the s e t  of a l l  f i n i t e  

sequences of elements i n  4 . 3 i s  of type ((to,o\)\ . 
Hence an internal  sequence of elements of % 1s an 

element of ' s -  sZ. Note tha t  t h i s  gives us  811 

sequences of s tar - f in i te  length i n  *G . 

as functions corresponding t o  the product of a l l  

elements of a sequence, reversal of a sequence and 

the length of a sequence respectively. They are of 

type ( O  Q 0 and 

((((0,0)),0\) respectively. Hence we may speak of 
Jt theLr counterparts i n  6 by means of theorem 3. 

For example, ;C 
5% is the res t r ic t ion  of *3 : *s--+*s 

t o  the elements ~ D c  * $ such t h a t  *A (*&)=%I . 



25. For It . . .  closed ..." read ",.. r e l a t ive ly  closed..," 

26. Note t h a t  &a) ~ * 6  #d comes from the  f a c t  t h a t  the 

re la t ion  eAw),U) defined by vis a neighborhood 

of a and U i s  a neighborhood of a and VS U i s  

concurrent. Hence as i s  adequate f o r  2 c4tw (6) 
3 

we see by the methods of theorem 4 that if 

IUjI it ~ f i s  the s e t  of a l l  open neimborhoods of 

a, we know t h a t  there i s  a function C' from 5 t o  7 
such t h a t  [i 1 (.)q,L, C V( 64 f o r  any neighborhood V o f  

- * a. Hence ,&(A) 2 U r TUcLi,/ lt and as 0 
f i l q t ; ,  n G'*#$=I~B as  ais in t h e  closure of G' , 

27. Note tha t  we define U* by means of a function F 
from pa i r s  of the form < U ~ * n > t o  the powerset of 6 
such t h a t  F(<U,%>) =Un [u:..:~, (KCU coa i,icn f . 
Hence w e  may consider the  corresponding function *F 
i n  *G which maps pa i rs  of the  form &J,"v\) i n t o  

& the powerset of G f o r  % an in te rna l  subset of 
Y- ( *-) *G such t h a t  k (<)V :%> ) =5 . 

28. For "... open ..." read "... r e l a t ive lyopen  ..." 
29. For "... open ..." read "... r e l a t ive ly  open ..." 
30. F O ~ ' ~ ' . . .  automorphisms on ..." read 'I... automorphisms 

on ;h e . .  
II 

31. For "... image ..." read "... range ... 11 



32. Note t h a t  the two l ines  beginning with "Also, as 

any . . ." and "That is ,  . . . I t  a re  unnecessary f o r  the  

proof of theorem 22 and may be deleted. 

33. F o r n . . .  i s  the s e t  ..." read "... i s p r e c i s e l y t h e  

s e t  ,.. I1 

34. Delete "Thus *3 i s  a normal subgroup of $6 . In  

f ac t ,  i t  i s  normal i n  the Galois group*q of *K 
I1 

over *F . Inser t  the  following: lt*.Sy i s  thus a 

normal subgroup of the in te rna l  Galois group of 

*K  over*^ . 
35. For "... i f f  ..." read ".., if ... I1 

36, This correspondence comes from the assumption tha t  

$(@IS 3 and tha t  )"SK=%@ by theorem 3 and 

corol lary 5.1. 

38. Delete t h i s  en t i r e  paragraph ( l i n e s  5- 18, page 52) 

and i n s e r t  in  i t s  place the following paragraph: 
-C 

"If i s  open, then = u'% 3; f o r  an 

appropriate col lect ion of 3: c and 'Ti E 6 . 
Thus any ce3 i s  such that Q = T C ~ '  f o r  an 

1 I 

appropriate D' i n  some Ti . Now xi consists  of a l l  

automorphisms leaving some f i n i t e  extension of F 



39. Delete t h i s  en t i r e  paragraph ( l ines  -I through -7 on 

page 54 and l ines  1,2 on page 55) and i n s e r t  the 

following paragraph : 

"Let 5 be closed i n  the Krull topology on 6 . 
o +  If G e  ( J) but c& 5 then as i s  closed, there 

e x i s t s  an open s e t  V such t h a t  CTCVS.~ . *US 

the standard element ce'6 i s  such t h a t  

theorem 25. T h u s P Z ( d n * ~ ~ ~  , a, colltradiction 

SO0(*3) = J *  
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