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ABSTRACT 

S t o c h a s t i c  o p t i m a l  c o ' n t r o l  methods  w e r e  a p p l i e d  t o  an 

e i g h t - e q u a t i o n ,  l o g - l i n e a r  e c o n o m e t r i c  model of t h e  Canad ian  

economy. C e r t a i n  v a r  i a b l e s  w e r e  s e l e c t e d  a s  c o n t r o l  v a r  i a h l e s  

which w e r e  u s e d  a s  i n s t r u m e n t s  t o  d i r e c t  a g r o u p  of t a r g e t  

v a r i a b l e s  t o w a r d s  p r e s e t  t a r g e t  v a l u e s  o v e r  s p l a n n i n g  t i m e  

hor i z o n ,  

S e v e r a l  s t o c h a s t i c  c o n t r o l  models  w e r e  t e s t e d  on t h i s  

e c o n o m e t r i c  model and  a n  expec te r !  p e n a l t y  c o s t ,  an a d d i t i v e  

q u a d r a t i c  f u n c t i o n  o f  t h e  d e v i a t i o n s  f rom t h e  p r e s e t  t a r g e t s ,  

w a s  used a s  a s t a n d a r d  of compar i s o n ,  The c o n t r o l  models  r ange6  

f rom s i m p l e  models  which i q n o r e d  u n c e r t a i n t y  t o  more 

s o p h i s t i c a t e c !  a d a p t i v e -  c o n t r o l  mode l s ,  d e s i g n e d  t o  compensate  

f o r  t h e  c o n t i n u a l  r e v i s i o n  o f  t h e  model p a r a m e t e r s  over  t i v e .  

T e s t i n g  took  t h e  form of  computer  s i m u l a t i o n ,  g e n e r z t i n g  many 

t y p i c a l  time s p a n s  w h i l e  r e c o r d i n g  t h e  mode l ' s  o v e r s l l  

p e r f o r m a n c e  a g a i n s t  t h e  p r e s e t  t a r g e t s .  

An i m p o r t a n t  f i n d i n g  was  t h a t  t h e  o p t i m a l  c o n t r o l  

H a m i l t o n i a n  c o u l d  be o p t i m i z e d  r e c u r s i v e l y ,  e n a b l i n q  t h e  

s t o c h a s t i c  c o n t r o l  p rob lems  t o  b e  s o l v e 6  by c o n v e n t i o n a l  

s t o c h a s t i c  dynamic p r o g r  a ~ m i n g  methods .  

A s i m p l e  model,  a l t h o u g h  one t h a t  a l l o w e d  f o r  u n c e r t a i n t y  

i n  t h e  r e g r e s s i o n  c o e f f i c i e n t s ,  pe r fo rmed  c o n s i s t e n t l y  w e l l ,  

even  when t e s t e d  i n  an Z ! d ~ ~ t i v e  env i ronmen t .  Such s model c o u l d  

be used  t o  p e r f o r m  c o n t r o l  o p t i m i z a t i o n s  on a 50-60 e q u a t i o n ,  

econome t r  i c  model w i t h o u t  e x c e s s i v e  computa t i o n ~ l  c o s t .  

i i i  
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I .  INTRODUCTION 

A l a r g e  p o r t i o n  o f  economic t e x t b o o k  t h e o r y  i s  s t a t i c  and 

d e t e r m i n i s t i c .  A s t a t i c  t h e o r y  i s  a  t i m e l e s s  c o n c e p t .  Very o f t e n  

a  s y s t e m  i s  assumed t o  b e  i n  s t a t i c  e q u i l i b r i u n !  w i t h o u t  

knowledge o f  how i t  a c t u a l l y  g o t  t h e r e  o r  where  i t  might  move 

n e x t .  The p o s i t i o n  is t i m e l e s s  i n  t h e  s e n s e  t h a t  t h e r e  a r e  no 

l i n k s  w i t h  t h e  p a s t  o r  w i t h  t h e  f u t u r e ,  Some t e x t b o o k s ,  when 

c o v e r i n g  dynamics ,  c o n c e n t r a t e  o n l y  on e q u i l i b r i u m  dynamics .  

T h i s  i s  t h e  s i t u c l t i o n  where  a  sys t em i s  moving ( o r  g rowing)  

u n i f o r m l y  o v e r  time. D i s e q u i l i b r i u m  dynamics ,  a more d i f f i c u l t  

c o n c e p t ,  assumes  non u n i f o r m  movement t h rough  t i m e  and n o r m a l l y  

i n v o l v e s  l a g g e d  v a r  i a b l e s  a  I ong w i t h  e r r o r - a d j u s t ~ e n t  o r  c o n t r o l  

m e c h ~ n  isms. F r e q u e n t l y ,  u n c e r t a i n t y  in  t h e  s y s t e m  v a l u e s  o r  

p a r a m e t e r s  i s  i g n o r e d  and  t h e  economic s y s t e m  i s  t r e a t e d  a s  i f  

i t  w e r e  d e t e r m i n i s t i c .  I n  t h e  work t h a t  f o l l o w s ,  d i s e q u i l i b r i u m  

dynamics  of a  p a r t i c u l a r  s t o c h a s t i c  s y s t e m  w i l l  b e  c a r e f u l l y  

examined a n d ,  amongst 0the.r t h i n g s ,  t h e  e f f e c t s  of i g n o r i n g  

u n c e r t a i n t y  w i l l  b e  e v a l u a t e d .  

The s y s t e m  c h o s e n  f o r  s t u d y  i s  a model of t h e  Canad ian  

economy b u t  i t  c o u l d  j u s t  a s  e a s i l y  have been  a model of a  

b u s i n e s s  f i r m  o r  some o t h e r  i n s t i t u t i o n .  I t  i s  assume? t h a t  t h e  

s y s t e m  must  meet  c e r t a i n  o b j e c t i v e s  f o r  i ts  t a r g e t  var  i a b l e s ,  

e.g., s p e c i f i c  l e v e l s  of i n f l a t i o n  o r  unemployment ove r  t h e  

p l z n n j n g  t ime p e r i o d .  Some o f  t h e  v a r i a b l e s  i n  t h e  model a r e  

termed i n s t r u m e n t  o r  c o n t r o l  v a r  i ~ b l e s ,  e .g . ,  money s u p p l y  o r  



l e v e l  of government  e x p e n d i t u r e ,  m d  t h e s e  v a r i a b l e s  a r e  s e e n  a s  

b e i n g  a v a i l a b l e  f o r  a d j u s t r e n t  t o  s t e e r  t h e  s y s t e m  a s  c l o s e  a s  

p o s s i b l e  t o  i ts  t a r g e t s .  T h i s  i n  a n u t  s h e 1 1  i s  t h e  o p t i m a l  

c o n t r o l  p rob lem.  I n  a d e t e r m i n i s t i c  e n v i r o n m e n t ,  where  t h e  

number of  i n s t r u m e n t s  i s  e q u a l  t o  t h e  number of t a r g e t  

v a r i a b l e s ,  t h e  t a r g e t s  can  b e  a c h i e v e d  p r e c i s e l y .  For a 

s t o c h a s t i c  model where  t h e  number of i n s t r u m e n t s  might  be l e s s  

t h a n  t h e  number of t a r g e t  v a r i a b l e s ,  t h e  o p t i m a l  . c o n t r o l  

s o l u t i o n  w i l l  b e  t he  o n e  t h a t  i s  c l o s e s t  t o  a c h i e v i n g  a l l  t h e  

t a r  ge  ts. 

To  d e t e i m i n e  t h e  o p t i m a l  v a l u e s  of t h e  c o n t r o l  v a r i a b l e s  

under u n c e r t a i n t y  , s t o c h a s t i c  o p t i m a l  c o n t r o l  t h e o r y  w i l l  be 

used .  T h i s  t h e o r y  was o r i g i n a l l y  deve loped  by e n g i n e e r s  a n d  

s c i e n t i s t s  f o r  t h e  c o n t r o l  of h a r d w a r e  s y s t e m s .  I n  t he  e a r l y  

s e v e n t i e s  much i n t e r e s t  w a s  shown in a p p l y i n g  t h e  t h e o r y  t o  

economic s y s t e m s .  

The r e s e a r c h  o b j e c t i v e s  f o r  t h i s  s t u d y  a r e :  

t o  d e v e l o p ,  t e s t  and  c a l i b r c l t e  a s e t  of computer  a l g o r i t h m s  

f o r  a n a l y s i n g  t h e  s t o c h a s t i c  o p t i m a l  c o n t r o l  p roblem unde r  

v a r y i n g  d e g r c c s  of u n c e r t a i n t y  . 
t o  a p p l y  t h e  a l g o r i t h m s  t o  a r e l a t i v e l y - s m a l l ,  econornetr ic  

model of t h e  Canad ian  economy 

t o  a s s e s s  t h e  p r a c t i c a l  a p p l i c a t i o n s  of s t o c h a s t i c  o p t i m a l  

c o n t r o l  t h e o r y .  



I n c h a p t e r  I1 some o f  t h e  f u n d a m e n t a l  i d e a s  of g e n e r a l  

c o n t r o l  t h e o r y  a r e  d e v e l o p e d .  The i n t e n t  h e r e  is t o  c l e a r  u p  

some o f  t h e  c o n f u s i n g  d e f i n i t i o n s  and  t o  s e t  t h e  s t a g e  for some 

l a t e r  t h e o r e t i c a l  a n s l y s i s .  Chap te r  111 p r e s e n t s  t h e  b a s i c  

t h e o r y  beh ind  t h e  l i n e a r - q u a d r a t i c - t r a c k  i n g  c o n t r o l l e r  f o r  

s i m p l e  f e e d b a c k  c o n t r o l .  Again,  t h e  g o a l  i s  t o  d e f i n e  and 

c l a r i f y  b u t  a l s o  i t  i s  t o  p r o v i d e  a  framework f o r  compar ing  t h e  

v a r i o u s  a p p r o s c h e s  t o  a d a p t i v e  c o n t r o l  d e v e l o p e d  i n  Chap.ter I V .  

The methodology  f o r  t h e  s t u d y  i s  o u t l i n e d  i n  C h a p t e r  V where 

s p e c i a l  m e n t i o n  i s  made o f  Monte C a r 1 0  t e s t i n g  t o  b e  c a r r i e d  o u t  

o n  e a c h  p roposed  t h e o r e t i c a l  s o l u t i o n .  U n f o r t u n a t e l y  , t h e r e  h a s  

been a  l o t  of  t h e o r i z i n g  and  v e r y  l i t t l e  i n  t h e  way of 

comprehens ive  t e s t i n g  i n  many economic c o n t r o l  s t u d i e s .  The 

r e s u l t s  a n d  c o n c l u s i o n s  f o l l o w  i n  C h a p t e r s  V I  and V I I .  



11. GENERAL CONTROL THEORY 

Gener a 1  c o n t r o l  t h e o r y  was o r  i g i n a l l y  d e v e l o p e (  3 f o r  

i n d u s t r i a l  o r  s c i e n t i f i c  a p p l i c a t i o n s .  I n  t h i s  c h a p t e r ,  t h e  

g e n e r a l  t h e o r y  w i l l  b e  v e r y  b r i e f l y  s u m n a r i z e d  n o t  mere ly  t o  

show t h e  s i m i l a r i t i e s  w i t h  t h e  newer economic c o n t r o l  t h e o r i e s  

b u t  t o  d e f i n e  some o f  t h e  d i f f e r e n t  t y p e s  of c o n t r o l ,  I n  t h e  

same way t h a t  t h e r e  a r e  c o n f u s i o n s  i n  te rms  between t h e  two 

s c h o o l s  of f o r e c a s t i n g :  econome t r  ic  f o r e c a s t i n g  a n d  t i m e  s e r  i es  

f o r e c a s t i n q ,  s o  t h e r e  i s  c o n f u s i o n  be tween  t h e  o l d e r  s c i e n t i f i c  

c o n t r o l  t h e o r i e s  and  t h e  newer economic c o n t r o l  t h e o r i e s ,  I n  2 

1979 a r t i c l e  by ~ e l l n e r , ~  a p l e a  i s  made f o r  l e s s  c o n f l i c t  and  

more c o o p e r a t i o n  be tween  t h e  f o r e c a s t i n q  s c h o o l s  w i t h  t h e  a im o f  

improved f o r e c a s t s .  Even though t h e r e  is some t e r m i n o l o g y  

c o n f u s i o n ,  t h e r e  a p p e a r s  t o  b e  g r e a t  ~ o t e n t i a l  f o r  c o o p e r a t i o n  

be tween  the  d i  s c i p l i n e s  of c o n t r o l  t h e o r y ,  A n  e x c e l l e n t  exc7mp l e  

i s  a r e c e n t  economic  c o n t r o l  s t u d y 2  by two econorni sts: Kendr ick 

and Norman, and two c o n t r o l  e n g i n e c r , ~ :  Tse and Ear-Shalom. 

------------------ 
I Arnold  Z e l l n e r ,  " S t a t i s t i c a l  A n a l y s i s  of E c o n o m e t r i c  Mode l s , "  
J o u r n a l  -- of t h e  American s t a t i s t i c a l - ~ s s o c i z t t i o n ,  Vo l .  7 4 ,  No. 
367 (Sep tember ,  1 9 7 9 ) ,  pp. 6 2 8 - 6 4 3 .  

* David A .  K e n d r i c k ,  S t o c h a s t i c  C o n t r o l  f o r  Economic Models (New 
York: McCraw-Rill Book Company, 1981)  
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FIG. 2 . 1  OPEN-LOOP CONTROL. 

L e t s  beg in  by l o o k i n g  a t  some o f  t h e  b a s i c  i d e a s  beh ind  

i n d u s t r i a l  p r o c e s s  c o n t r o l .  F i g u r e  2.1  i l l u s t r a t e s  one o f  t h e  

s i m p l e s t  t y p e s  of c o n t r o l  : open-loop c o n t r o l .  G iven  some 

r e q u i r e m e n t s  f o r  t h e  s y s t e m  which a r e  t r a n s l a t e d  i n t o  e l e c t r o n i c  

o r  mechan ica l  s i g n a l s  t e rmed  s e t  p o i n t s ,  V , t h e  b l a c k  box 
S 

c a l l e d  a c o n t r o l l e r  g e n e r a t e s  a c o n t r o l l i n g  s i g n a l ,  
c . T h i s  

s i g n a l  may t r i g g e r  a s w i t c h  o r  a l e v e r  in  a c o r r e c t i o n  u n i t  t o  



c o n t r o l  t h e  p r o c e s s  t o  i t s  * d e s i r e d  l e v e l s ,  I f  t h e  s e t  p o i n t s  a r e  

f i x e d ,  t h e n  t h e  c o n t r o l  u n i t  is te rmed a  r e g u l a t o r .  A c o n t r o l l e r  

h a s  t h e  c e p a b i l i t y  t o  h a n d l e  v a r y i n g  s e t  p o i n t s ,  which a r e  

n o r m a l l y  changed by some e x t e r n a l  m a s t e r  u n i t ,  e . g , ,  d u r i n g  t h e  

werm-up phase  o f  some complex  p r o c e s s .  

N o t i c e  t h a t  t h e  c o n t r o l  s i g n a l  V - is i n d e p e n d e n t  of  t h e  

o u t p t s  of t h e  p r o c e s s .  Shou ld  a n  abnormal  e v e n t  t a k e  p l a c e ,  t h e  

c o n t r o l  s i g n a l  may n o t  r e s p o n d  c o r r e c t l y  and t h e  sys tem.  c o u l d  

move towards  e x p l o s i v e  i n s t a b i l i t y .  To. c o r r e c t  t h i s  weakness ,  

c l o s e d - l o o p  f eedback '  c o n t r o l  was  d e v e l o p e d  and  i s  shown i n  

F i g u r e  2 .2 .  H e r e  a  d e t e c t o r  is used t o  s e n s e  t h e  o u t p u t  s t r e a m  

and  f e e d b a c k  an  o u t p u t  s i g n a l  t o  t h e  c o n t r o l l e r ,  V , i n  e f f e c t  
0 

c l o s i n g  t h e  c o n t r o l  l o o p .  Any sudden  s h o c k s  t o  t h e  sys t em w i l l  

now be s e n s e d  by t h e  c o n t r o l l e r  and t h e  n e c e s s a r y  c o n t r o l  

s t r a t e g y  i m p l e ~ e n t e d .  

T h e r e  a r e  f u r t h e r  r e f i n e m e n t s  i n  p r o c e s s  c o n t r o l  t o  improve 

t h e  q u a l i t y  of c o n t r o l ,  For example,  a n o t h e r  d e t e c t o r  may b e  

p l a c e d  i n  t h e  i n p u t  s t r e a m  o r  a t  some o t h e r  l e a d i n g  p o s i t i o n  t o  

d e t e c t  s h o c k s  b e f o r e  t hey  reach  t h e  p r o c e s s ,  T h i s  new l o o p ,  a 

f e e d f o r w a r d  l o o p ,  g i v e s  t h e  s y s t e m  w a r n i n g  of t h i n g s  t o  come and 

a l l o w s  e x t r a  t ime  t o  r e a c t  smooth ly  t o  t h e  new s i t u a t i o n ,  

Feedforward  c o n t r o l  i s  i l l u s t r a t e d  i n  F i g u r e  2 .3 .  

Y e t  a n o t h e r  v a r i a t i o n  i n  c o n t r o l  s t r a t e g y  is c a s c z d e  

c o n t r o l  which h a s  t h e  e f f e c t  of d i s t r i b u t i n g  c o n t r o l  

i n t e l l i g e n c e  more w i d e l y  over  t h e  sys tem.  A d d i t i o n a l  c o n t r o l l e r s  

a r e  p l a c e d  i n  t h e  i n p u t  s t r e a m ,  one f o r  each i n p u t ,  w i t h  a  
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m a s t e r  c o n t r o l l e r  i n  c h a r g e  o f  t h e  i n p u t  c o n t r o l l e r s .  The m a s t e r  

c o n t r o l l e r  c o n t r o l s  t h e  i n p u t  c o n t r o l l e r s '  s e t  p o i n t s  which i t  

c h a n g e s  a c c o r d i n g  t o  t h e  o v e r a l l  s t a t e  o f  t h e  p r o c e s s .  With t h e  

a d v e n t  of  m i c r o p r o c e s s o r s  and  improved computer  network 

communica t ion ,  c a s c a d e  c o n t r o l  w i t h  f e e d f o r w a r d  and  f eedback  

c o n t r o l  l o o p s  c a n  b e  r e a d i l y  implemented i n  node rn  p r o c e s s  

c o n t r o l  a p p l i c a t i o n s .  

P r o p o r t i o n a l ,  I n t e g r a l  and  n e r  i v a  t i v e  C o n t r o l  

A s  i t s  name i m p l i e s ,  under  p r o p o r t i o n a l  c o n t r o l ,  t h e  

c o n t r o l l i n g  s i g n a l  i s i n  d i r e c t  p ropor  t i o n  t o  t h e  d i  f f e r e n c e  

be tween  t h e  s e t - p o i n t  s i g n a l  and  t h e  f eedback  s i g n a l .  

V = K  ( V - V )  
C S 0 

U n f o r t u n a t e l y ,  t h e  l a g  between t h e  d e t e c t e d  o u t p u t  s i g n a l ,  

V,, and t h e  a p p l i e d  c o n t r o l  s i g n a l ,  Vc ,  c a u s e s  b i a s  problems o r  

o f f s e t ,  a s  i t  is  known i n  p r o c e s s  c o n t r o l  t e r m i n o l o g y .  F i g u r e  

2.4 c l e a r l y  shows t h i s  p roblem f o r  t h e  c a s e  where  t h e  s e t - p o i n t  

demand i s  i n  t h e  form o f  a  l i n e a r  ramp f u n c t i o n .  I n  p r a c t i c e ,  

t h e  s e t  p o i n t  movements w i l l  r a r e l y  f o l l o w  such  a  s i m p l e  

f u n c t i o n  , b u t  t h e  f i g u r e  is i n t e n d e d  t o  show t h a t ,  d u r i n g  a 

p e r i o d  of a d j u s t . m e n t ,  t h e  p r o c c s s  may n o t  be  a t  t h e  d e s i r e d  

l e v e l  when o n l y  .under  p r o p o r  t i o n s l  c o n t r o l .  T h i s  b i a s  problem 



P r o c e s s  

O u t p u t s  

FIG. 2 . 4  PROPORTIONAL CONTROL OFFSET EFFECTS. 

c a n  be  removed by a d d i n g  a n o t h e r  component  t o  t h e  c o n t r o l  r u l e ,  

an  1 i n t e g r  a 1  component .  Here  d i f f e r e n c e s  b e t w e e n  s e t - p o i n t  

s i g n a l s  and f e e d b a c k  s i g n a l s  a r e  c o n s t a n t l y  i n t e g r a t e d  and  a n  

a d d i t i o n  i s  made t o  t h e  c o n t r o l  s i g n a l  i n  p r o p o r t i o n  t o  t h e  

i n t e g r a l .  T h i s  h a s  t h e  e f f e c t  o f  removing  b i a s  a n d ,  i f  a p p l i e d  

t o  t h e  b e g i n n i n g  o f  t h e  ramp i n  F i g u r e  2 . 4 ,  would g r a d u a l l y  

b r i n g  t h e  p r o c e s s  t o  i t s  d e s i r e d  l e v e l s  a s  i n d i c a t e d  by t h e  

d o t t e d  c u r v e .  A n o t h e r  component  i s  o f t e n  a d d e d  t o  dampen 

i r r e g u l a t i e s  and  s t a b i l i z e  t h e  p r o c e s s :  t h e  d e r i v a t i v e  

component .  The o t h e r  components  c o u l d ,  i f  n e c e s s a r y ,  be u s e d  by 

t h e m s e l v e s  b u t  t h e  d e r i v a t i v e  component ,  t hough  a  s t a b i l i z i n g  



i n f l u e n c e  i n  c o n b i n a t i o n  w i t h  t h e  o t h e r s ,  c o u l d  be  u n s t a b l e  when 

u s e d  by i t s e l f .  The f u l l  p r o p o r t i o n a l ,  i n t e g r  a 1  and d e r  iva  t i v e  

c o n t r o l l e r ,  somet imes  r e f e r r e d  t o  a s  t h e  PID c o n t r o l l e r ,  can  now 

be  f o r m u l a t e d :  

w h e r e  K , K p ,  K T ,  and KD a r e  c o n s t a n t s ,  

and V = ( V, - V, ) 

Con t r  01 of E conomi c S ys t e  rns - 
I n  p r o c e s s  c o n t r o l ,  a f t e r  c o n s i d e r a b l e  t e s t i n g ,  one o f  t h e  

c r i t i c a l  f u n c t i o n s  of t h e  c o n t r o l  e n g i n e e r  i s  t o  t u n e  t h e  

p r o c e s s  by j u d i c i o u s  s e l e c t  i o n  o f  t h e  PID c o n t r o l l e r  c o n s t a n t s .  

I n  economic s y s t e m s ,  the c o n t r o l  r u l e s  can  o n l y  be  d e v e l o p e d  

f rom a  mathema t i c a l  model of t h e  sys tem.  The model i s  t y p i c a l l y  

d e r i v e d  f rom a  l i rni tec? n u d e r  of p a s t  o b s e r v a t i o n s .  The t r u t h  

a n d  t h e  a c c u r a c y  of t h e  model,  g i v e n  t h e  many s p e c i f i c a t i o n  

a s s u m p t i o n s  a n d  1 i m i  t e d  in forma t i o n ,  become v i t a l  c o n s i d e r  a t i o n s  

l a t e r ,  a t  t h e  time o f  imp lemen t ing  t h e  c o n t r o l  r u l e s .  The 

c o n t r o l  of a n  economic s y s t e m  i s  s c h e m a t i c a l l y  i l l u s t r a t e d  i n  

F i g u r e  2 .5 .  

------------------ 
E. I .  Lowe and A .  E .  Hidrlen, Computer Cont . rol  i n  P r o c e s s  

I n d u s t r i e s  (London: P c t e r  P e r e g r  i nus  L t d . ,  1 9 7 1  p. 3 1 .  
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T h e r e  a r e  some major . d i  f f e r e n c e s  between p r o c e s s  c o n t r o l  

and t h e  c o n t r o l  of a n  economic sys t em.  The p l a n n i n g  t i m e  h o r i z o n  

is o f t e n  s h o r t ,  p e r h a p s  o n l y  s i x  t o  t e n  t ime p e r i o d s  i n t o  t h e  

f u t u r e .  T h i s  would p robab ly  mean t h a t  t h e  economic s y s t e m  i s  n o t  

i n  a s t e a d y  s t a t e ;  t h e  economic c o n t r o l  p rob lem i s  one o f  

c f i s e q u i l i b r i u m  dynamics  and  t h e  g o a l  i s  t o  p r o d u c e  a s t a b l e ,  

s h o r t - t e r m ,  c o n t r o l l e r  3 b l c  t o  keep  t h e  economic s y s t e m  o n  t r x k  



e v e n  in  times of u n f o r e s e e n  e v e n t s  o r  s h o c k s .  P e r h a p s  t h e  

b i g g e s t  d i  f f e r e n c e  be tween  p r o c e s s  a n d  economic  c o n t r o l  i s  t h e  

i n c l u s i o n  o f  a d e c i s i o n - m a k e r  in  t h e  l o o p ,  a c t i n g  a s  a n  

i n f o r m a t i o n  b r o k e r  and a c o r r e c t i o n  u n i t ,  

To  p r e p a r e  f o r  f u t u r e  t h e o r e t i c a l  a n a l y s i s ,  t h e  f o l l o w i n g  

d e f i n i t i o n s  a r e  p e r t i n e n t .  Open-loop c o n t r o l  w i l l  i n d i c a t e  t h e  

a b s e n c e  o f  f eedback  c o n t r o l ,  i . e . ,  a s e q u e n c e  o f  c o n t r o l  

s t r a t e g i e s ,  s e t  b e f o r e h a n d ,  which a r e  i n d e p e n d e n t  of t h e  e f f e c t s  

t h a t  t h e y  p r o d u c e .  Under normal   condition.^, one would e x p e c t  t h e  

model of t h e  economic  s y s t e m  t o  b e  u p d a t e d  w i t h  t h e  l a t e s t  

o b s e r v a t i o n s  b e f o r e  d e v e l o p i n g  new c o n t r o l  s t r a t e g i e s .  Assuming 

t h e  model t o  b e  w e l l  s t r u c t u r e d ,  j u s t  l i k e  w i n e ,  i t  w i l l  improve 

w i t h  a g e ;  t h e  p r e c i s i o n  o f  t h e  model w i l l  i n c r e a s e  a s  more 

o b s e r v a t i o n s  a r e  i n c l u d e d .  I t  coulc? be s a i d  t h a t  t h e  model 

p a s s i v e l y  l e a r n s  f rom t h e s e  new o b s e r v a t i o n s ,  Some c o n t r o l  r u l e s  

f o r  economic s y s t e m s  t a k e  e x p l i c i t  a c c o u n t  o f  t h i s  u p d a t i n g  

p r o c e d u r e  i . e . ,  t h a t  t h e  u n c e r t a i n t y  i n  t h e  model w i l l  d e c r e a s e  

o v e r  t h e  p l a n n i n g  t i m e  s p n .  Methods t h a t  a c t i v e l y  t a k e  t h i s  

l e a r n i n g  i n t o  a c c o u n t  w i l l  b e  s a i d  t o  p r o d u c e  a d a p t i v e  c o n t r o l  

r u l e s .  I n  t h e  l i t e r a t u r e ,  such names a s  d u a l  c o n t r o l ,  

c l o s e d - l o o p  c o n t r o l  and  a c t  i v e - l e a r n i n g  s t o c h a s t i c  c o n t r o l  a r e  

a l l  u s e d  i n t e r c h a n g e a b l y  t o  mesn a d a p t i v e  c o n t r o l .  

The s t a g e  is now s e t  f o r  t h e  s i m p l e s t  o f  c o n t r o l l e r s ,  t h e  

linear-qusdratic-tracking c o n t r o l l e r .  I t l o o k s  c o m p l e t e l y  

d i f f e r e n t  t o  t h e  P I D  c o n t r o l l e r  a t  f i r s t  s i g h t  b u t  i t  t u r n s  o u t  

t o  b e  r e r a r k a b l y  s i m i l a r  i n  many r e s p e c t s ,  
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The f o l l o w i n g  d e r  i v a t i o n l  o f  t h e  l i n e a r - q u a d r a t i c - t r a c k  i n g  

c o n t r o l l e r  (LQT c o n t r o l l e r )  s e r v e s  t h e  d u a l  p u r p o s e  o.f d e f i n i n g  

t e r m i n o l o g y  t o  be u s e d  l a t e r  in  t h i s  work and t o  r a i s e  a  

framework on which t o  b u i l d  t h e  more complex  a d a p t i v e  c o n t r o l  

models  i n  t h e  n e x t  c h a p t e r ,  

Much of s c i e n t i  f i c  c o n t r o l  t h e o r y  f o c u s e s  on c o n t i n u o u s  

s y s t e m s  and  8ynamic r e l a t i o n s  a r e  n o r m a l l y  r e p r e s e n t e d  by a s e t  

of  s i m u l t a n e o u s  d i  f f e r e n t . i a l  e q u a t i o n s .  Economic s y s t e m s ,  w i t h  

l o n g e r  t i m e  p e r i o d s ,  can  b e  assumed d i s c r e t e  i n  t ime and t h e  

dynamics  can  t h e r e f o r e  b e  i n t r o d u c e d  t h r o u g h  a  s e t  of f i n i t e  

d i f f e r e n c e  e q u a t i o n s ,  b!hat b e t t e r  s o u r c e  f o r  the dynamics  t h a n  

an e c o n o m e t r i c  model of t h e  system.  T h e s e  mode l s ,  normal ly  u s e d  

f o r  t e s t i n g  'what  i f '  s i t u a t i o n s  o r  f o r e c a s t i n g ,  c o n t a i n  t h rough  

t h e  i r  l a g  s t r u c t u r e s  a l l  t h e  n e c e s s a r y  in forma t i o n  t o  p e r f o r m  

dynamic a n a l y s i  s, F u r t h e r ,  an a n a l y s t  n e e d i n g  a n  econome t r  ic 

model f o r  a c o n t r o l  s t u d y ,  is l i k e l y  t o  pay  much more a t t e n t i o n  

t o  l a g  s t r u c t u r e s  and  t h e  r e s i d u a l s  i n  t h e  model deve lopmen t  

phase .  I n d i r e c t l y ,  t h i s  i s  j u s t  t h e  g o a l  of Z e l l n e r t 2  s t a t e d  

e a r l i e r ,  f o r  g e n e r a l l y  improving  t h e  s p e c i f i c c ? t i o n  of  s t r u c t u r z l  

econorne t r  ic models.  

I Gregory  Chow, A n a l y s i s  - a n d  C o n t r o l  of Dynemic Economic Sys tems  
(New York: J o h n  Wiley and S o n s ,  1 9 7 5 ) T p p .  2 2 6  - 232.  

Z e l l n e r ,  S t a  t i s t i c z l  A n ? l y s i a  - of Econometr ic  

1 3  

Models.  



S t a  t e -Space  T r a n s f o r m a t i o n s  

F i r s t ,  l e t s  d e f i n e  how t i m e  i s  g o i n g  t o  b e  t r e a t e d  i n  t h i s  

d e r i v a t i o n .  Assume t h a t  N t ime  p e r i o d s  of d a t a  e x i s t  a l r e a d y  and  

t h e y  a r e  a v a i l a b l e  f o r  t h e  deve lopmen t  of  t h e  e c o n o m e t r i c  model. 

The o b j e c t  of t h e  c o n t r o l  s t u e y ,  t h e n ,  is  t o  s e t  c o n t r o l  

v a r i a b l e  v a l u e s  T time p e r i o d s  i n t o  t h e  f u t u r e  g i v e n  N t i n e  

p e r i o d s  of h i s t o r i c a l  d a t a .  A t ime  p e r i o d  can b e  t h r e e  months o r  

it c o u l d  be a y e a r ;  i t  depends  o n l y  on t h e  f r e q u e n c y  w i t h  which  

t h e  h i s t o r i c a l  d a t a  w e r e  g a t h e r e d .  T i m e  p e r i o d  0 ,  i n  e f f e c t ,  

r e p r e s e n t s  t h e  l a s t  time p e r i o d  a t  which a  s e t  o f  o b s e r v a t i o n s  

were  i n c l u 6 e d  i n  t h e  model d a t a .  Time p e r i o d  1, w i l l ,  of c o u r s e ,  

be t h e  f i r s t  t i m e  p e r i o d  i n t o  o u r  p l a n n i n g  time span  o f  T t i m e  

p e r i o d s ;  t h i s  i s  n o r m a l l y  t h e  m o s t  i m p o r t a n t  t i a e  p e r i o d  f o r  t h e  

dec i s ion -maker  i n  t e rms  of immedia te  i m p l e m e n t a t i o n  o f  t h e  

c o n t r o l  s t u d y  r e s u l t s .  Now, l e t s  c o n s i d e r  t h e  r e d u c e d  form of  a 

g e n e r  a 1  econome t r  i c  model : 

Yt 
= A 

It Yt-l 
+ . . .  + A + C  x + . . . +  C x 

mt t-m o t  t n t  t -n  

where  y  i s  a  p - v e c t o r  of endogenous v a r i a b l e s ,  x i s  a q - v e c t o r  
t t 

of  i n s t r u m e n t  o r  c o n t r o l  v a r i a b l e s ,  A 
t , Ct 

and E a r e  ma t r  i c e s  
t 

of c o e f f i c i e n t s  and  t r  is  a n  r - v e c t o r  of exogenous v a r i a b l e s  
t 

which a r e  n o t  s u b j e c t  t o  c o n t r o l .  The m a t r i c e s  a r e  l a b e l l e d  w i t h  

t i m e  s u b s c r i p t s  t o  i n d i c a t e  t h a t  t h e y  o r  t h e i r  p r o b a b i l i t y  



d i s t r i b u t i o n s  may v a r y  o v e r  t ime .  The e r r o r  v e c t o r s  a r e  

assumed t o  b e  s e r i a l l y  u n c s r r e l a t e d  w i t h  a mean o f  z e r o  and a 

c o v a r i a n c e  ma t r  i x  V 
to 

The a n a l y s i s  can  b e  s i m p l i f i e d  by c o n v e r t i n g  t h e  s e t  of 

e q u a t i o n s  i n  (3 .1)  t o  s f i r s t  o r d e r  s y s t e m ,  T h i s  i s  a c h i e v e d  by 

I r e a r r a n g i n g  them t o  r e d u c e  t h e  l a g s  i n  t h e  r e d e f i n e d  s t a t e s  

b e  a t  most o n e  t ime  p e r i o d  a s  f o l l o w s  i n  e q u a t i o n s  (3 .2 )  : 

Y 
t-1 

Y 
t - 2  . 

Y 
t-m 

X 
t-1 

X 
t - 2  

X  
t-n 

The s y s t e m  o f  e q u a t i o n s  i n  (3 .2 )  c a n  b e  w r i t t e n  in  a more 

compact  form a f t e r  s u i t a b l e  r e d e f i n i t i o n  of  t h e  v e c t o r s  and  

mat r  ices: 
\ 

't 
= A y  + C x  + b  + E (3 .3 )  

t t-1 t t  t t 
where  b = E w 

t t t  



w h e r e  D 
t = ( A t I  C t I  Et) 

and  z' = 1 x '  I w' ) 
t ( yL t t 

arjd I r e p r e s e n t s  a m a t r i x  o r  v e c t o r  p a r t i t i o n  

C l e a r l y ,  t h e  sys t ems  ( 3 . 3 )  end ( 3 . 4 )  a r e  much s i r c p l e r  and 

c o n s e q u e n t l y  s h o u l d  be e a s i e r  t o  a n a l y s e .  T h i s  s y s t e m  i s  known 

a s  a s t a t e - s p a c e  r e p r e s e n t a t i o n  of  (3.1) a n d ,  i n  f a c t ,  i t  i s  a n  

a r t  t o  s e lec t  t h e  b e s t  r e p r e s e n t a t i o n .  H e r e ,  c o n v e n i e n c e  h a s  

g u i d e d  t h e  t r a n s f o r m a t i o n  a l o n g  w i t h  meaning•’  u l  economic 

r e p r e s e n t a t i o n .  ~ 3 1 1 ~  s u g g e s t s  methods f o r  o b t a i n i n g  optimum 

s t a t e - s p a c e  forms  which have  minimum r e a l i z a t i o n s .  The ,  b e s t  

r e a l i z a t i o n ,  a c c o r d i n g  t o  Wall, is  t h e  o n e  t h a t  p roduces  t h e  

s m a l l e s t  d i m e n s i o n  o f  t h e  s t a t e  v e c t o r .  O f t e n  s a c r i f i c e d  i n  t h i s  

r e a l i z a t i o n  is  economic meaning f o r  some o f  t h e  s t a t e  v a r i a b l e s .  

An e f f i c i e n t  r e a l i z a t i o n  c a n ,  however, c o n s i d e r a b l y  r e d u c e  t h e  

c o m p u t a t i o n a l  c o s t ;   orm man' s t a t e s  t h a t  t h e  c o m p u t a t i o n a l  c o s t  

r i s e s  e x p o n e n t i a l l y  ( a s  a c u b i c  f u n c t i o n  of t h e  state v e c t o r  

d i m e n s i o n )  f o r  h i s  methods of o p t i m a l  c o n t r o l  compu ta t ion .  

------------------ 
Kent  D.  Wzll  and  J. H .  W e s t c o t t ,  "Macroeconomic M o d e l l i n g  f o r  

C o n t r o l ,  I E E E  T r a n s a c t i o n s  on Autorna t i c  C o n t r o l ,  AC-19, ~ o l  . 6 .  
(Cecember,  1 9 7 4 )  pp.  9 5 2 - 8 7 3 7  

A l f r e d  L .  Norman, "L inea r  Q u e d r a t i c  C o n t r o l  f o r  Models with 
Long Lags" ,  Econome t r  i c a ,  ( f o r t h c o m i n g )  . 

I 

i 



Sys tem O b j e c t i v e  C r i t e r i a  

The p e r f o r m a n c e  o f  t h e  s y s t e m  c a n  b e  measured a s  some 

f u n c t i o n  o f  t h e  d e v i a t i o n s  of t h e  s t a t e  v a r i a b l e s ,  
Ytr  

from 

t h e i r  p r e d e t e r m i n e d  t a r g e t s ,  a  . One p a r t i c u l a r l y  c o n v e n i e n t  
t 

I 

1 r e p r e s e n t a t i o n  (and t h e  o n e  most o f t e n  u s e d  i n  economic c o n t r o l  
I 

i, s t u d i e s )  i s  t h e  a d d i t i v e  q u a d r a t i c  p e n a l t y  c o s t  f u n c t i o n :  
I 

The o b j e c t i v e  is  c l e a r l y  t o  min imize  t h e  w e i g h t e d  sum o f  t h e  

s q u a r e s  of t h e  d e v i a t i o n s  of t h e  s t a t e  va r  i a b l e s  f rom t h e  i r  

t a r g e t s .  The r e l a t i v e  i m p o r t a n c e  o f  a c h i e v i n g  c e r t a i n  . t a r g e t s  

can  b e  i n t r o d u c e d  by t h e  a p p r o p r i a t e  s e l e c t i o n  o f  t h e  w e i g h t s  i n  

t h e  m a t r i c e s  K . A l a r g e r  w e i g h t  f o r  a  p a r t i c u l a r  var  i s b l e  w i l l  
t 

g i v e  p r e f e r e n c e  t.o i t s  t a r g e t  a c h i e v e m e n t  o v e r  o t h e r  s t a t e  

v a r i a b l e s .  I t  is i n t e r e s t i n g  t o  n o t e  t h a t  t h e  c o n t r o l  v a r i a b l e s  

a l s o  appear  in  t h e  s t a t e  v e c t o r .  They t o o  c a n  b e  g i v e n  t a r g e t s  

e v e n  though t h e y  a r e  i n s t r u m e n t a l  i n  h e l p i n g  o t h e r s  t o  a c h i e v e  

t h e i r s .  I n d i r e c t l y ,  t h e  w e i g h t s  g i v e n  t o  them r e p r e s e n t  t h e  

p r i c e  o f  c o n t r o l .  C l e a r l y ,  c o n t r o l  can  be  made e x p e n s i v e  o r  

cheap .  I n  many c o n t r o l  s t u d i e s ,  a s  i s  t h e  c a s e  i n  t h i s  work,  t h e  

w e i g h t i n g  m a t r i c e s  a r e  p o s i t i v e  d e f i n i t e  d i a g o n a l  m a t r i c e s  which 

a r e  h e l d  c o n s t a n t  t h r o u g h o u t  t h e  p l a n n i n g  t i n e  span .  To e x p r e s s  

t h e  i m p o r t a n c e  o f  a c h i e v i n g  t h e  l a s t  p e r i o d  t a r g e t s  over  t h e  

o t h e r s ,  a t e r m i n a l  f a c t o r ,  a , can  b e  u s e d  t o  f a c t o r  t h e  l2st 



w e i g h t i n g  m a t r i x ,  K . The d i s c o u n t  f a c t o r , 5  B , is i n c l u d e d  s o  
T t 

t h a t  f u t u r e  p e n a l t y  c o s t s  can  b e  a p p r o p r i a t e l y  d i s c o u n t e d  be•’ o r e  

a d d i t i o n  t o  t h e  t o t a l  p e n a l t y  c o s t .  V a l u e s  f o r  a  r Kt, a t and ,  

B t  would be a s s i g n e d  by t h e  dec i s ion -maker .  I t  i s  q u i t e  p o s s i b l e  

t h a t  some p a r a m e t e r s  w i l l  b e  c o n t r o v e r s i a l  anc! t h e  

dec i s ion-maker  w i l l  need t o  p e r f o r m  s e n s i t i v i t y  a n a l y s i s  f o r  

d i f f e r e n t  v a l u e  c o m b i n a t i o n s .  An o b v i o u s  example  o f  t h i s  i n  

economic a p p l i c a t i o n s  i s  t h e  r e l a t i v e  w e i g h t s  t o  a s s i g n  t h e  

t a r g e t s  of i n f  l a  t i o n  and unemp1oymen.t. The dec i s ion -maker  

p r o b a b l y  r e p r e s e n t s  e n  e x e c u t i v e  commi t t ee  o r  c a b i n e t  w i t h  e a c h  

member h a v i n g  d i f f e r e n t  t a r g e t s  o r  w e i g h t s  f o r  t h e  s t o c h a s t i c  

c o n t r o l  a n a l y s i s .  T h e r e  might  a l s o  b e  s e v e r a l  s c e n a r i o s  t o  

e x p l o r e  c o r r e s p o n d i n g  t o  d i f f e r e n t  f o r e c a s t s  f o r  t h e  exogenous  

v a r i a b l e s .  The s i m p l e  t a s k  of a s s i g n i n g  v s l u e s  t o  t h e  

p a r a m e t e r s ,  men t ioned  above ,  may, i n  f a c t ,  be t h e  most d i f f i c u l t  

and t i m e  consuming p a r t  of  a  s t o c h a s t i c  c o n t r o l  s t u d y .  

Q u e s t i o n s  o f t e n  a sked  a r e :  why i s  t h e  p e n a l t y  c o s t  a  

q u a d r a t i c  f u n c t i o n ?  - why n o t  a  c u b i c  o r  some o t h e r  f u n c t i o n ?  

The answer  is d i f f i c u l t  and  c e r t a i n l y  i t  would be more e l e g a n t  

t o  l e a v e  the  f u n c t i o n  o p e n  f o r  a l a t e r  c h o i c e .  U n f o r t u n a t e l y ,  

t h e  c o n t r o l l e r  d e r i v a t i o n  becomes unwieldy f o r  a n y t h i n g  o t h e r  

t h a n  a q u a d r a t i c  f u n c t i o n .  S i m i l a r ,  i f  c r o s s - t e r m s  a r e  

i n c l u d e d  i n  t h e  p e n a l t y  f u n c t i o n  t o  t a k e  a c c o u n t  of t h e  

For s i m p l i c i t y ,  bo th  t h e  d i s c o u n t  f a c t o r ,  B t  , an6  t h e  t e r m i n a l  
f a c t o r ,  a , a r e  e x c l u d e d  f rom t h e  d e r i v a t i o n  of  t h e  
l i n e a r - q u a d r a t i c  t r a c k i n g  c o n t r o l l e r .  I t  is  2 s i m p l e  m a t t e r  t o  
i n c l u d e  them l a t e r .  



c o v a r i a n c e  be tween  t h e  s t a t e  v a r i a b l e s  ( o r  even w o r s e ,  

covar  i a n c e  be tween  s t a t e  v a r  i a b l e s  i n  d i  f f e r e n t  t ime  p e r  i o d s )  , 

t h e  d e r i v a t i o n  becomes e v e n  more d i f f i c u l t .  The c h o i c e  o f  a 

q u a d r a t i c  f u n c t i o n ,  much l i k e  t h e  c h o i c e  o f  s i m p l e  l e a s t  s q u a r e s  

f o r  r e g r e s s i o n  a n a l y s i s ,  r e p r e s e n t s  a cornpromi s e  be tween  an 

e l e g a n t  y e t  i n s o l u b l e  problem and  a much s i m p l e r  y e t  t r a c t a b l e  

app roach .  

Another  u n d e s i r a b l e  f e a t u r e  o f  t h e  p e n a l t y  f u n c t i o n  i s  t h e  

e q u a l  t r e a t m e n t  i t  hands  o u t  t o ,  u n d e r s h o o t i n g  v e r s u s  

o v e r s h o o t i n g  t h e  t a r g e t s .  T h i s  problem c a n  b e  r e l i e v e d  by 

c a r e f u l  s e l e c t i o n  o f  t h e  t a r g e t s  s o  t h a t  t h e  s o l u t i o n  p a t h  

c o n s i s t e n t l y  o v e r s h o o t s  o r  u n d e r s h o o t s  t h e  t a r g e t s .  Where 

g r a d i e n t  methods a r e  u s e d  i n  t h e  s t o c h a s t i c  c o n t r o l  a n a l y s i s ,  

a n o t h e r  way t o  r e l i e v e  t h i s  problem i s  t o  impose i n e q u a l i t y  

c o n s t r a i n t s  on b o t h  t h e  s t a t e  and  c o n t r o l  v a r  i a b l e s ,  r e s t r a i n  i n g  

them f r o m  e n t e r i n g  f  orbidc!en zones .  



Der iva  t i o n  o f  t h e  LQT C o n t r o l l e r  --- 
I t  i s  shown i n  Appendix  A t h a t  c l a s s i c a l  o p t i m a l  c o n t r o l  

t h e o r y  f o r  economic s y s t e m s  w i t h  d i s c r e t e  t i n e  p e r i o d s  i s  

d i r e c t l y  e q u i v a l e n t  t o  c o n v e n t i o n a l  dynamic p r o g r a m i n q .  

S t a r t i n g  a t  t h e  end of t h e  p l a n n i n g  t i m e  s p a n  and work ing  

backwards ,  t h e  c o n t r o l  v a r i a b l e  v a l u e s  would be s o u g h t  t o  

min imize  

beg in  by 

W 
T  

I n  t h e  

t h e  t o t a l  p e n a l t y  c o s t - t o - g o  a t  e a c h  time p e r i o d ;  L e t s  

l o o k i n g  a t  t h e  p e n a l t y  c o s t  f o r  t h e  last t ime  p e r i o d :  

= E ( y ' K  y  - 2 y ' K  a + a ' K  a )  (3.6) 
T T ' T  T T T  T  T T 

above  e q u a t i o n s ,  E , i s  t h e  c o n v e n t i o n a l  e x p e c t a t i o n  
T 

o p e r a t o r ,  u s i n g  a l l  t h e  p r o b a b i l i s t i c  in forma t i o n  a v a i l a b l e  a t  

t ime  p e r i o d  T . For t h e  p r e s e n t ,  i t  can  b e  assumed t h a t  T h a s  

a  v a l u e  o f  z e r o ,  i . e . ,  t h a t  t h e  e x p e c t a t i o n  o p e r a t o r  u t i l i z e s  

o n l y  t h e  N h i s t o r i c a l  o b s e r v a t i o n s .  L a t e r ,  t h e  range f o r  t h e  

e x p e c t a t i o n  o p e r a t o r  w i l l  b e  expanded.  The s u b s t i t u t i o n  in  (3 .7 )  

was p u r p o s e l y  made i n  a n t i c i p a t i o n  o f  a  l a t e r  r e c u r r e n c e  

rela t i o n  and ,  of c o u r s e :  

c = a '  K a 
T T T T  



i 
t The n e x t  s t e p  i s  t o  s u b s t i t u t e  t he  s t a t e - s p a c e  r e l a t i o n s  ( 3 . 3 )  
i 
i i n t o  t h e  p e n a l t y  c o s t  ( 3 . 7 )  to g e t :  
t 
I 
I 

t 
! = 

ET ( A T  YT-l + b T )  ' HT ( A T  YT-l + b m )  A 

I 
! + x '  E  ( C '  H C )  x  + 2 x '  E C' H ' ( A  y T  T T T  T  

+ b )  
T T  T  T T  T-1 T 

I + E E  I H E  - 2 E  ( A  y + b )I h  
T T v  T T  T  T-1 T  T  

b - 2 x ' E  C ' h  + E  c ( 3 . 9  
T ~ T T  T 

I t  is  now p o s s i b l e  t o  fi.nd a n  e x p r e s s i o n  f o r  t h e  o p t i m l  
xT by 

d i f f e r e n t i a t i n g  t h e  above  e x p r e s s i o n  and a p p l y i n g  f i r s t  o r d e r  

c o n d i t i o n s :  

0 = 2 E  C ' H  
T T  T  (AT Y ~ - l  

+ b T )  + 2 E  (C; HT CT) X; 
T 

The e x p r e s s i o n  f o r  t h e  f eedback  c o n t r o l  f u n c t i o n  c a n  now be 

d e r i v e d  f rom ( 3 . 1 0 ) .  

-1 
G = - ( E C ' H  C )  ( E C ' H A )  

T  T T T T  T T T T  

g~ 
= - ( E  C '  H C  ) - I  ( E  C' H b - ( E  C '  ) h ) 

T T T T  T T T T  T T  T 
i 



1 BY s u b s t i t u t i o n  o f  t h e  e x p r e s s i o n  (3 .11)  f o r  x* i n t o  t h e  
I T  
1 t e r m i n a l  p e n a l t y  c o s t  (3.9), w e  g e t :  
i 

+ E e '  H E - 2 E [ ( A  + CrnGT) YT 
A - + b + C r n g l '  hT 

T T T T  T T  T A. 

Now l e t s  move t o  t h e  n e x t - t o - l a s t  time p e r i o d  and  f o r m u l a t e  i t s  

p e n a l t y  c o s t :  

I t  i s  p o s s i b l e  t o  s u b s t i t u t e  f o r  t h e  o p t i m a l  l a s t  p e r i o d  c o s t  

(3 .12)  i n t o  (3 .13)  t o  g e t :  

I Tho q u a d r a t i c  c o n s t a n t s  i n  (3 .14)  c a n  b e  o b t a i n e d  from t h e  
i 
i 

f o l l o w i n g  s o - c a l l e d  R i c c a t i  r e c u r r e n c e  r e l a t i o n s :  



H = K + E (AT + C G ) ' H (A + CTGT) 
T-1  T-1  T T T T T 

= K ( A '  H A ) + G; (E, C' H A ) 
T-1  + E ~  T T T  T T T  

- 
h ~ - l  

- 
K ~ - l  "T-1 + E T ( A T + C G ) '  T  T  (hT - HT bT 

= K  a + E ( A  + C G ) '  h 
T-1  T-1 T T  T  T  T  

- E A ' H  b - 
T T T T  

'(E C '  H b ) Gi r T T T  

The s i m i l a r i t y  between (3 .14)  and (3.7) s h o u l d  now be e v i d e n t  

and  f o r t u n a t e l y  t h e  d e r i v a t i o n  is now c o m p l e t e ,  I n  f a c t  t h e  

above R i c c a t i  r e l a t i o n s  h o l d  f o r  e v e r y  t ime  p e r i o d  and  can b e  s o  

w r i t t e n :  

- 
t-1 - Kt-lat-l + E, (A t  + CtGt) '  ( h t  - H t  b t )  

- - K t - p t - l  + E, (A t  + CtGt) '  h t  

- E, A '  H b  
t t t  

- G; (E, C; H b ) 
t t  



S t a r t i n g  a t  t h e  l a s t  t i m e  p e r i o d ,  w e  s imp ly  b a c k t r a c k ,  u s i n g  t h e  

R i c c a t i  r e c u r r e n c e  r e l a t i o n s ,  s t o r i n g  t h e  v a l u e s  H t ,  ht,  ct ,  G t ,  

and g t  a l l  t h e  way back t o  t h e  f i r s t  t i n e  p e r i o d .  But i t  i s  now 

p o s s i b l e  t o  s u b s t i t u t e  a c t u a l  v a l u e s  i n t o  t h e  f i r s t  f eedbsck  

1 e q u a t i o n :  

The f i r s t  p e r i o d  c o n t r o l  v a l u e s ,  x can b e  u s e d  i n  ( 3 . 3 )  t o  
1' 

I 

h 
f i n d  t h e  f i r s t  s e t  of  s t a t e  v a l u e s .  C l e a r l y ,  a l l  t h e  s t a t e  

i 

? v a l u e s  can b e  d e t e r m i n e d  i n  a s i m i l a r  manner u s i n g  a fo rws rd  

sweep t o  t h e  l a s t  t i m e  p e r i o d  i n  t h e  p l a n n i n g  t i m e  span.  A f u l l  

s t o c h a s t i c  s o l u t i o n  f o r  t h e  LQT c o n t r o l l e r  h a s  now been 

o b t a i n e d ,  T h i s  s o l u t i o n  w i l l  min imize  the  t o t a l  e x p e c t e d  p e n a l t y  
i 
I 

1 c o s t  a s  l o n g  a s  E ( C 1 H C )  i s  p o s i t i v e  d e f i n i t e  o r ,  e q u i v a l e n t l y ,  

I 
i a s  l o n g  a s  H t is p o s i t i v e  d e f i n i t e ,  The s y m m e t r i c a l  d e f i n i t i o n  
I 
1 o f  p e n a l t y  c o s t  i n  (3 .5)  e n s u r e s  t h a t  H w i l l  h e  p o s i t i v e  
E t 

i d e f i n i t e .  
b 

I t  i s  a l s o  i n t e r e s t i n g  t o  compare t h e  LQT c o n t r o l l e r  w i t h  
B 
1 t h e  PID c o n t r o l l e r  f rom C h a p t e r  11. F i r s t ,  b e c e u s e  t h e  c o n t r o l  

v a r i a b l e s  i n  (3 .3)  have  an  irrmediate e f f e c t  ( t h e y  a r e  n o t  l a g g e d  



compared  t o  y  ) t h e r e  is  no need f o r  t h e  i n t e g r a l  component; 
t 

t h e r e  a r e  no b i a s  o r  o f f s e t  p roblems.  A t  f i r s t  s i g h t ,  t h e  

f e e d b a c k  f u n c t i o n  (3 .11)  a p p e a r s  t o  b e  a  s i m p l e  p r o p o r t i o n a l  or  

l i n e a r  c o n t r o l l e r .  However, t h e r e  may a l r e a d y  be f i r s t  

d i f f e r e n c e s  ( e q u i v a l e n t  t o  d e r i v a t i v e s  i n  a  c o n t i n u o u s  s y s t e m )  
f 

i n  t h e  s t a t e  v e c t o r .  I f  n o t  t h e y  c o u l d  be a d d e d u s i n g a  

r e l a  t i o n s h i p  s u c h  a s :  

Bo th  p r o p o r t i o n a l  and  d e r i v a t i v e  componen t s  would now be p r e s e n t  

i n  t h e  LQT c o n t r o l l e r .  The dec i s ion -maker  w i l l  have  t o  d e c i d e  

t h e  w e i g h t  t o  p l a c e  o n  t h e  f i r s t  d i f f e r e n c e s  compared t o  t h e  

o t h e r  s t a t e  v z r i a b l e s .  But t h i s  i s  j u s t  l i k e  t h e c o n t r o l  

e n g i n e e r  in  p r o c e s s  c o n t r o l  t u n i n g  t h e  p r o c e s s  by 

e x p e r  imenta  t i o n  w i t h  t h e  PIC const.an ts. 

S o  f a r  no men t ion  h a s  been made r e g a r d i n g  t h e  c a l c u l a t i o n  

o f  t h e  e x p e c t e d  v a l u e s  i n  t h e  f eedback  and R i c c a t i  e q u a t i o n s .  

O n e a p p r o a c h  i s t o  u s e  o n l y  t h e  mean v a l u e s  of t h e  model 

c o e f f i c i e n t s  o r  p a r a m e t e r s ,  i gno r  i n g  any covar  i a n c e  r e l a t i o n s .  

T h i s  a p p r o a c h ,  v e r y  a p p e a l i n g  i n  i t s  s i m p l i c i t y ,  y i e l d s  t h e  

c e r t a i n t y  e q u i v a l e n c e  s o l u t i o n .  A more d i f f i c u l t  but  p e r h a p s  

more r e a l i s t i c  a p p r o a c h  i s  t h e  u n c e r t a i n  p a r ? m e t e r s  method which 

i n c o r p o r a t e s  t h e  c o v a r  i a n c e  r e l a t i o n s .  The p r o b a b i l i t y  t h e o r y  

r e q u i r e d  f o r  t h e s e  r e t h o d s  i s  t o  b e  found i n  Appendix B and an  

example  o f  t h e i r  a p p l i c a t i o n  t o  a r e l a t i v e l y  s i m p l e  e c o n o m e t r i c  



model 

l a t e r ,  

of t h e  

i s  shown i n  Appendix D .  Both methods w i l l  be  e x p l o r e d  

along w i t h  a d a p t i v e  c o n t r o l  methods w h i c h  a r e  the  s u b j e c t  

next  c h a p t e r .  



I V .  ADAPTIVE CONTROL 

The LQT c o n t r o l l e r  d e v e l o p e d  i n  t h e  l a s t  c h a p t e r  d o c s  n o t  

t a k e  i n t o  a c c o u n t  how t h e  model w i l l  a c t u a l l y  b e  a p p l i e d ;  t h a t  

t h e  model w i l l  p r o b a b l y  be r e v i s e d  w i t h  new i n f o r m a t i o n  e a c h  

time t h a t  a  new s e t  of c o n t r o l  p o l i c i e s  a r e  r e q u i r e d .  Adap t ive  

c o n t r o l l e r s  compensa te  f o r  t h i s  u p d a t i n g  p r o c e d u r e  by a l l o w i n g  

f o r  a d e c r e a s e  i n  p a r a m e t e r  u n c e r t a i n t y  over  t h e  p l a n n i n g  t i m e  

span. P r e d i c t e d  s t a t e  v a r i a b l e  v a l u e s  a r e  t r e a t e d  a s  i f  t h e y  

were new o b s e r v a t i o n s  and  t h e  model i s  a p p r o p r i a t e l y  u p d a t e d  

w i t h  them a t  e a c h  t ime  p e r i o d  unde r  c o n s i d e r a t i o n .  I n  e f f e c t ,  

t h e  e x p e c t a t i o n  p a r a m e t e r , '  r , w i l l  t a k e  o n  a  v a l u e  o f  (t-1) 

when t h e  t ime p e r i o d  t i s  under i n v e s t i g a t i o n .  

For s m a l l  models  w i t h  l a r g e  q u a n t i t i e s  of h i s t o r i c a l  d a t a  

and r e l a t i v e l y  s h o r t  p l a n n i n g  t i r e  s p a n s ,  t h e  s i m p l e  LQT 

c o n t r o l l e r  f rom t h e  l a s t  c h a p t e r  s h o u l d  be q u i t e  s u f f i c i e n t .  

T y p i c a l  p r a c t i c a l  s i t u s t i o n s ,  however,  t end  t o  p r o d u c e  l a r g e  

models w i t h  a l i m i t e d  number of h i s t o r i c a l  o b s e r v a t i o n s .  H e r e  

a d a p t i v e  c o n t r o l  p o l i c i e s  c o u l d  be q u i t e  d i f f e r e n t  t o  t h e  s i m p l e  

LQT c o n t r o l  s o l u t i o n s .  

I n  t he  l a s t  c h a p t e r ,  w i t h  T equal .  t o  z e r o ,  i t  was obv ious  

t h a t  an  e a r l i e r  s t a t e  v a l u e  i n  t h e  p l a n n i n g  t i m e  span  c o u l d  n o t  

a f f e c t  t h e  v a l u e s  of t h e  f eedback  m a t r i c e s ,  ( 3 . 1 )  f o r  a  l a t e r  

time p e r i o d .  With a d a p t i v e  c o n t r o l l e r s ,  t h i s  i s  no l o n g e r  t h e  ------------------ 
l l n l e s s  o t h e r w i s e  s t a t e d  t h e  v a l u e  o f  ' w i l l  b e  (t-1) 

t h r o u g h o u t  t h i s  c h a p t e r .  



c a s e ,  E a r l i e r  s t a t e  v a l u e s  d o  i n  f a c t  a f f e c t  l a t e r  f e e d b a c k  

m a t r i c e s  by working  i n d i r e c t l y  t h rough  t h e i r  c o v a r  i a n c e  

r e l a t i o n s .  I t  would seem t h a t  under  t h e s e  c o n d i t i o n s ,  t he  b a s i c  

f o u n d a t i o n  o f  dynamic programming: B e l l m a n ' s  P r i n c i p l e  o f  

o p t  i m a l i t Y 2  would be v i o l a t e d .  Amazingly,  w i t h  c a r e ,  dynamic 

prdgramming can  s t i l l  b e  u s e d  unde r  t h e s e  c i r c u m s t a n c e s .  

T h e r e  have been  s e v e r a l  a t t e m p t s  t o  p r o d u c e  e f f i c i e n t  
I 

a d a p t i v e  c o n t r o l l e r s  i n  t h e  p a s t .  Because t h e  c o v a r i a n c e  

r e l a t i o n s  a r e  s o  complex and  n o t  e a s i l y  r e p r e s e n t e d ,  t h e y  a r e  

a l l  a p p r o x i r n a t i o n s ,  and d i f f e r  markedly i n  t h e i r  i n i t i a l  

a s s u m p t i o n s  a n d  c o m p u t a t i o n a l  a p p r o a c h e s .  A few of t h e  more 

p o p u l a r  o n e s  w i l l  be d e s c r i b e d  i n  t h e  f o l l o w i n g  s e c t i o n s .  

The MacRae A d a p t i v e  C o n t r o l  Model - 
E l i z r b e t h  C h r s e  ~ a c ~ s e )  d e v e l o p e d  one o f  t h e  s i m p l e s t  y e t  

most e l e g a n t  a d a p t i v e  c o n t r o l  models.  B e f o r e  d e s c r i b i n g  h e r  

- -------- --------- 
The P r i n c i p l e  o f  O p t i m a l i t y  s t a t e s :  

An o p t i m a l  p o l i c y  h a s  t h e  p r o p e r t y  t h a t  w h a t e v e r  t h e  
i n i t i a l  s t a t e  and t h e  i n i t i a l  d e c i s i o n  a r e ,  t h e  
r e m a i n i n g  d e c i s i o n s  must c o n s t i t u t e  a n  o p t i m a l  p o l i c y  
w i t h  r e g a r d  t o  t h e  s t a t e  r e s u l t i n g  f rom t h e  f i r s t  
d e c i s i o n .  

Taken from: R i c h a r d  E .  Pe l lman,  A d ~ p t i v e  C o n t r o l  P r o c e s s e s :  - A 

Guided T o u r ,  ( P r i n c e t o w n ,  New J e r s e y :  P r i n c e t o w n  U n i v e r s i t y  

P r e s s ,  19611,  p. 57. 

E l i z a b e t h  C .  MacRae, "An A d a p t i v e  L e a r n i n g  R u l e  f o r  
M u l t i p e r  iod D e c i s i o n  P rob lems ,  " Econometrics, Vol .  4 3  NO. 5-6,  
(September  - November, 1 9 7 5 ) ,  pp. 893-906. 



model i n  d e t a i l ,  a s m a l l  d i g r e s s i o n  o n  t h e  mechan ic s  of u p d a t i n g  

a n  e c o n o m e t r i c  model would  be u s e f u l .  P , s sume  t h a t  a s e t  o f  

exogenous  o b s e r v a t i o n s  a r e  s t o r e d  i n  a m a t r i x  Z and t h a t  w e  a r e  

a b o u t  t o  r e v i s e  t h e  model w i t h  a s i n g l e  s e t  of  o b s e r v a t i o n s  i n  a  

column v e c t o r  z  C l e a r l y ,  a s  i n d i c a t e d  i n  Appendix  B, t h e  o l d  
t -  

p a r  ame t e r s  of t h e  model, ITtv1 w e r e  d e r  i ved  f rom s i m p l e  r e g r e s s i o n  

a n a l y s i  s :  

'IT - t-i - ( z l  z 1  Y 

and  a f t e r  r e v i s i o n  t h e  new p a r a m e t e r s  will be: 

A The c o e f f i c i e n t  o r  p a r a m e t e r  c o v a r i a n c e  m a t r i x ,  r , a t  t ime  
t-1 

(t-1) is: 

and  a t  t ime  p e r i o d  t i s  : 

-1 
v @ ( Z '  Z + z  z ' )  
t t t  

A s i m p l e  c o v a r i a n c e  r e c u r r e n c e  r e l a t i o n  is t h u s  r e v e a l e d :  

For a f u l l e r  d e s c r i p t i o n  of  t h e  u p d a t i n g  v a r i a n c e  c o v a r  i s n c e  
r e l a t i o n s ,  s e e  Appendix  B 2nd i n  p a r t i c u l a r  n o t e  t he  d e r i v a t i o n  
o f  e q u a t i o n  (B. 17)  . 



MacRae a d d s  t h i s  r e c u r r e n t  cova r  i a n c e  r e l a  t i o n s h i p  t o  t h e  

p r e v i o u s  p e n a l t y  c o s t  f u n c t i o n  (3.5) w i t h  a p p r o p r i a t e  

m u l t i p l i c a t i o n  by a m a t r i x  of Lagrange  m u l t i p l i e r s ,  w : 
t 

which c a n  b e  r e a r r a n g e d 5  i n t o  t h e  f o l l o w i n g  form: 

( Y '  I x' I w ' )  
t-1 t t 

The midd le  t e rm i n  ( A . 7 )  c a n  b e  expanded by s u b s t i t u t i n g  f o r  z 
t 

from ( 3 . 4 )  a n d  s p l i t t i n g  M = v-'@ M i n t o  p a r t i t i o n s  
t t 

c o r r e s p o n d i n g  t o  A ,  C ,  and E in t h e  s y s t e m  e q u a t i o n s  (3.3) : 

The  K r oneckc r  p r o d u c t  o p e r a t o r ,  @ , and t h e  s t a r  p r o d u c t ,  @ , 
use? i n  ( 4 . 3 )  t h r o u g h  ( 4 . 7 )  a r e  d e f i n e d  i n  Appendix  R .  



S i m i l a r l y  t h e  f i r s t  t e r m  i n  (4 .71 ,  ( y '  K y  ) c a n  b e  p a r t i t i o n e d  
t t t  

a f t e r  s u b s t i t u t i n g  f o r  y  f rom ( 3 . 3 )  : 
t 

From ( n . 8 )  and  (4.9)  i t  i s  o b v i o u s  t h a t  wherever  t h e  

e x p e c t a t i o n  o f  a t r i p l e  p r o d u c t  o c c u r s  i n  t h e  MacRae model, i t  

w i l l  be r e d u c e d  by t h e  a p p r o p r i a t e  p a r t i t i o n  m a t r i x  of ( 4 . 3 ) .  

For example,  E ( A  H A) i n  t h e  s i m p l e  LQT c o n t r o l l e r  w i l l  become 

E ( A H A -  FlAA 1 i n  t h e  MacRae model. 

By s i m p l y  augment ing  t h e  t r i p l e  p r o d u c t  e x p e c t a t i o n s  we 

have ,  i n  e f f e c t ,  comple t ed  t h e  d i f f e r e n t i a t i o n  o f  ( 4 . 7 )  w i t h  

r e s p e c t  t o  x and t h e  R i c c a t i  r e c u r r e n c e  r e l a t i o n s  ( 3 . 1 8 ) ,  

(3 .1Q)  a n 2  ( 3 . 2 0 )  s u i t a b l y  m o d i f i e d 6  c a n  b e  used .  But w e  c a n  

a l s o  d i f f e r e n t i a t e  (4.7) w i t h  r e s p e c t  t o  t h e  c o e f f i c i e n t .  

v a r  i a n c e ,  rtRl' and o b t a i n  y e t  a n o t h e r  r e c u r r e n c e  r e l a  t i o n s h i p :  

6 I n  a c t u a l  f a c t  t h e  t r i p l e  p r o d u c t  e x p e c t a t i o n s  s h o u l d  be  
r e d u c e d  by o n l y  a p r o p e k t i o n  o f  M , f o r  example,  E ( C  H C )  would 
become E ( C  H C - y M ) ,  where  t h e  s t a b i l i t y  f a c t o r ,  Y , is  
i n  t h e  r a n q e  O 6 y 4 1. T h i s  i s  t o  gua rd  a g a i n s t  t h e  augmented 
t r i p l e  p r o d u c t  of E (C H C) becoming n e g a t i v e  d e f i n i t e ,  c h a n g i n g  
t h e  o p t i m i z a t i o n  from one  o f  m i n i m i z a t i o n  t o  maxirnizcltion. The 
v a l u e  of  t h e  s t a b i l i t y  f a c t o r  would be a s c e r t a i n e d  by e x p e r i m e n t  
a n d  f o r  most models i t  i s  e x p e c t e d  t o  b e  u n i t y .  



With t h i s  r e c u r r e n t  r e l a t i o n  w e  a r e  s b l e  t o  t a i l o r  t h e  

c o e f f i c i e n t  c o v a r  i a n c e  ma t r  ices f o r  min imum p e n a l t y  c o s t .  

U n f o r t u n a t e l y  , t h i s  c o n t r o l  p rob lem c a n n o t  be s o l v e d  a s  

e a s i l y  a s  i n  t h e  l a s t  c h a p t e r  b e c a u s e  o f  t h e  c o m p l e x i t y  of t h e  

new cova r  i a n c e  r e l a t i o n s .  Numer i ca l  t e c h n i q u e s  must  t h e r e f o r e  be 

used .  One a p p r o a c h  i s  t o  s t a r t  t h e  s o l u t i o n  o f f  w i t h  t h e  s i m p l e  

LQT c o n t r o l l e r  s o l u t i o n  assuming  u n c e r t a i n  parzme t e r s . .  These  

v a l u e s  can  b e  u s e d  t o  u p d a t e  t he  c o v a r i a n c e  r e l a t i o n s  i n  t h e  

p l a n n i n g  time span .  Assuming t h a t  M T  is z e r o ,  t h e  MacRae 

r e c u r r e n c e  r e l a t i o n s  (4 .10 )  c a n  b e  a p p l i e d  t o  y i e l d  a  s equence  

o f  Laqrange  m u l t i p l i e r  m a t r i c e s .  When t h e  f i r s t  t i m e  p e r i o d  i s  

reached ,  a  new s o l u t i o n  c a n  b e  o b t a i n e d  by s u b s t i t u t i o n  in  t h e  

s y s t e m  e q u a t i o n s  (3 .3 ) .  T h i s  new s o l u t i o n  c a n  t h e n  b e  used  t o  

u p d a t e  t h e  c o v a r i a n c e  r e l a t i o n s  i n  t h e  p l a n n i n g  t i ~ e  span  and 

a n o t h e r  i t e r a t i o n  o f  t h e  MacRae model u n d e r t a k e n .  Wi th  e a c h  

i t e r a t i o n  t h e  p e n a l t y  c o s t  s h o u l d  g e t  s m a l l e r  end when t h e  

d e c r e a s e  is  below a p r e d e t e r m i n e d  l e v e l ,  t h e  i t e r a t i o n s  a r e  

t e r m i n a t e d ,  y i e l d i n g  a f u l l  a d a p t i v e  s o l u t i o n .  I t  i s  a  s i m p l e  

m a t t e r  t o  r e p e a t  t h e  above  s t e p s  f o r  t h e  c a s e  where  t h e  

s t a b i l i t y  f a c t o r ,  y , is z e r o .  T h i s  t o o  w i l l  y i e l d  a  l e a r n i n g  

s o l u t i o n  b u t  w i t h o u t  t h e  MacRae r e c u r r e n c e  r e l a t i o n s  ( 4 . 1 0 ) .  I n  

f a c t  t h i s  model embodies  a c c i d e n t a l  l e a r n i n g .  I t  w i l l  b e  

r e f e r r e d  t o  e s  t h e  h e u r i s t i c  u n c e r t a i n  p a r a m e t e r s  model and i t  

t o o  w i l l  be t e s t e d  l a t e r  in  t h i s  work. 



The Chow A d a p t i v e  C o n t r o l  Nodel -- 
chow7 a l s o  d e v e l o p e d  a n  a d a p t i v e  c o n t r o l  model. He 

i n c o r p o r a t e d  t h e  s t a t e  c o v a r  i a n c e  r e l a t i o n s  i n  t h e  p l a n n i n g  t i m e  

span  by u s i n g  a n s n - a d d i t i v e  p e n a l t y  c o s t  f u n c t i o n .  

~ o t i c e  t h e  l a r g e  number of  q u a d r a t i c .  f o rms  t h a t  w i l l  b e  

g e n e r a t e d  f rom ( 4 . 1 1 )  which not. o n l y  i n c l u d e  i n t e r s t a t e  i m p a c t s  

w i t h i n  a p a r t i c u l a r  t ime  p e r i o d  b u t  a l s o  i n t e r s t a t e  i m p a c t s  

between t ime p e r i o d s .  Chow a p p l i e s  t h e  normal dynamic 

progrsmming a p p r o a c h  e x c e p t  t h a t  he s p l i t s  t h e  p e n a l t y  f u n c t i o n  

i n t o  two p a r t s  a t  e a c h  t ime p e r i o d :  a  p a r t  t h a t  i s  d e p e n d e n t  on 

x , , ET wt , and a p a r t  w t h a t  i s  i n d e p e n d e n t  of xt . For 
t N t  

example,  a t  t h e  l a s t  t i m e  p e r i o d ,  t h e  d e p e n d e n t  p a r t  i s  : 

H i s  a p p r o a c h  d i r e c t l y  p a r z l l e l s  t h a t  of  t h e  s i v p l e  LQT 

c o n t r o l l e r  i n  t h e  l a s t  c h a p t e r  e x c e p t  t h a t  t h e  e x p r e s s i o n s  a r e  

l o n g e r  and more unwie ldy .  Chow's model, l i k e  any o t h e r  a d a p t i v e  

model which i n c l u d e s  t h e  complex  covar  i a n c e  r e l a t i o n s ,  d o e s  n o t  

n e c e s s a r  i l y  have a  q u a d r a t i c  c o s t - t o - g o  p e n a l t y  f u n c t i o n .  Chow ------------------ 
1 
I Gregory Chow, "A S o l u t i o n  t o  Opt imal  C o n t r o l  of L i n e a r  Systems - 
w i t h  Unknown P a r a m e t e r s ,  " The Review of Economics and - 
S t a t j  s t ics,  (Augus t ,  1 9 7 5 ) ,  pp. 3 3 8 - 3 4 5 .  



in e f f e c t  a p p r o x i m a t e s  i t  a s  a q u a d r a t i c  by n u m e r i c a l l y  f i t t i n g  

a second o r d e r  T a y l o r  s e r i e s .  I n  t h i s  way he is  a b l e  t o  p r o d u c e  

s i m p l e  r e c u r r e n c e  r e l e t i o n s .  U n f o r t u n a t e l y ,  t h e  c o m p u t a t i o n a l  

c o s t  f o r  t h e s e  s i m p l e  r e c u r r e n c e  r e l a t i o n s  can  b e  enormous. ~ u s t  

t o  g i v e  an i d e a ,  c o n s i d e r  t h e  c a s e  o f  a  model w i t h  1 0  s t a t e s ,  1 0  

exogenous v a r i a b l e s  f o r  r e g r e s s i o n  and 10 time p e r i o d s  i n  t h e  

p l a n n i n g  t i m e  span .  A t  e a c h  i t e r a t i o n ,  2 2 0  H e s s i a n s  o r  m a t r i c e s  

of n u m e r i c a l  s e c o n d  o r d e r  d e r i v a t i v e s  of o r d e r  10  by 1 0 ,  would 

be r e q u i r e d .  Each e n t r y  i n  a  H e s s i a n  m a t r i x  would r e q u i r e  2 

r e g r e s s i o n  c a l c u l a t i o n s ,  each  one r e q u i r i n g  t h e  i n v e r s i o n  o f  a  

10 by 10 m a t r i x ;  i n  t o t a l ,  j u s t  f o r  p a r t  of  t h e  o v e r a l l  a n a l y s i s  

per i t e r a t i o n ,  t h i s  i s  4 4 , 0 0 @  i n v e r s i o n s .  A mara thon  of  

c o m p u t a t i o n  f r a u g h t  w i t h  many s o u r c e s  of e r r o r  and l o s s  of 

a c c u r a c y .  

The - Norman F i r s t  O r d e r  Dua l  C o n t r o l  Model 

 orm man' d e v e l o p e d  a  s i m p l e  y e t  e f f i c i e n t  open- loop  z d a p t i v e  

c o n t r o l  model. H i s  a p p r o a c h  depends  on t h e  s e p a r a t i o n  o f  t h e  

c o n t r o l  p r o b l e m  i n t o  a d e t e r m i n i s t i c  p a r t  and  a s t o c h a s t i c  p a r t .  

The  s y s t e m  e q u a t i o n s  f rom (3.3)  c a n  be  r e w r i t t e n  t o  r e f l e c t  t h i s  

s e p a r a t i o n .  The d e t e r m i n i s t i c  component  of  y  would be: 
t 

A l f r e d  L .  Norman, " F i r s t  Order  D u a l  C o n t r o l , "  A n n s l s  Of 
Economic and S o c i a l  P c a s u r e m e n t ,  Vol .  5 No. ? .  (1976)  p p .  - 
311-321 



and the s t o c h a s t i c  component of yt would be: 

and x = x + A x  
t t t 

Again g e n e r a l  dynamic programming can  be  a p p l i e d  u s i n g  a n  

o b j e c t i v e  f u n c t i o n  o f  t h e  f o l l o w i n g  form: 

where  ( b t ,  i n  e f f e c t ,  i n c l u d e s  t h e  e f f e c t  of the c o e f f i c i e n t  

c o v a r i a n c e  r e l a t i o n s  over  the p l a n n i n g  t i m e  h o r i z o n  and can b e  

f o r m u l a t e d  a s  f o l l o w s :  

Norman u s e s  a g r a d i e n t  method to o b t a i n  a s t o c h a s t i c  

E: 
- t-1 t t -  'r 

c o n t r o l  s o l u t i o n  a n d ,  a t  e a c h  s t a g e ,  he  o b t a i n s  a s imple  

7 5  
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x 
t 



c e r t a i n t y  e q u i v z l e n c e  s o l u t i o n  u s i n g  a  m o d i f i e d  v e r s i o n  o f  t h e  

R i c c a t i  e q u a t i o n s  (3 .20 ) .  The o n l y  change i s  t o  t h e  l a s t  

e q u a t i o n  f o r  c and s i m p l y  r e q u i r e s  t h e  a d d i t i o n  o f  a new 
t-1 

term, 4 
t ' on t h e  r i g h t  hand s i d e ,  

The method can  b e  e x p l a i n e d  more e a s i l y  w i t h  r e f e r e n c e  t o  

t h e  f l o w c h a r t  shown i n  F i g u r e  4.1. To  b e g i n ,  a s i m p l e  c e r t a i n t y  

e q u i v a l e n c e  s o l u t i o n  is d e r i v e d .  T h i s  i s  used t o  g e n e r a t e  t h e  

c o v a r i a n c e  r e l a t i o n s ,  (4.18), and e n a b l e s  t h e  p e n a l t y  c o s t  f o r  

a l l  t i m e  p e r i o d s  t o  b e  e v a l u a t e d .  Grad ien . t s  a r e  t h e n  d e r i v e d  f a r  

each  c o n t r o l  v a r i a b l e  t o  see i f  t h e  optimum h a s  been r e a c h e d ,  

G r a d i e n t s  c l o s e  t o  z e r o  s i g n a l  t h a t  a n  o p t i m a l  s o l u t i o n  h a s  been 

found .  I f  t h e  s e a r c h  i s  n o t  o v e r ,  a new s e t  o f  c o n t r o l  v a l u e s  

a r e  computed9 and  t h e  p r e c e d i n g  s t e p s  r e p e a t e d .  When t h e  s e a r c h  

i s  o v e r ,  t h e  o p t i m a l  c o n t r o l  i s  a p p l i e d  t o  d e t e r m i n e  the  s t a t e  

v a l u e s  a t  t i r e  p e r i o d  t; t h i s  new o b s e r v a t i o n  s e t  i s  r e c o r d e d  

and  t h e  n e x t  t i m e  p e r i o d  i s  t h e n  c o n s i d e r e d .  

The method i s  f a s t  and  h a s  t h e  a d v a n t a g e  t h a t  c o n s t r a i n t s  

can be  a p p l i e d  t o  t h e  s t a t e  v a l u e s  i f  s o  r e q u i r e d .  The 

d i s a d v a n t e g e  is  t h z t  i t  i s  open- loop  c o n t r o l  and may n o t  pe r fo rm 

a s  w e l l  2s feedback  c o n t r o l  i n  t h e  l a t e r  t ime  p e r i o d s .  

N o r m ~ l l y  some t y p e  o f  g r e d i e n t  s e a r c h  a l g o r i t h m  would be u s e d  
h e r e  such  a s  ZXCGR o r  Z X M I N  f rom t h e  computer  package  I F S L  by 
I V S L  Inc . ,  N B C  B u i l d i n g ,  Hous ton ,  T e x a s ,  U . S , A .  d e s c r i b e d  i n :  

J o h n  R .  R i c e ,  Numer i c z l  Methods,  S o f t w a r e ,  and  A n a l y s i s :  T M L  

i R e f e r e n c e  E d i t i o n ,  (New York ,  New York: McGraw-Hill Book 
i Company, 1 9 P 3 ) ,  p. 6 3 2 ,  
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Other  A d a p t i v e  C o ~ t r o l  Models  

The l i t e r ~ t u r e  abounds  w i t h  o t h e r  a d a ~ t i v e  c o n t r o l  methods.  

One o f  t h e  most famous i s  t h a t  of Bar-Shalom a n d  Tse .  T h e i r  

model i s  a  more r e f i n e d  v e r s i o n  o f  t h e  Norman model and  can  

h a n d l e  more d i f f i c u l t  s i t u a t i o n s .  For example ,  t he  sys t ems  

e q u a t i o n s  can  b e  n o n - l i n e a r  o r  t h e  s t a t e  v a l u e s  can  c o n t a i n  

~ e a s u r e m e n t  e r r o r .  G i v e n  some a s s u m p t i o n s  a b o u t  t h e  p a r a m e t e r  

r e l a t i o n s h i p s ,  t h e  model can  e l s o  c o p e  w i t h  unknown p a r a m e t e r s .  

The d i s a d v a n t a g e  o f  t h e  method i s  t h e  h igh  c o m p u t a t i o n a l  c o s t ,  

l i k e  Chow's r ~ o d e l ,  a t t r i b u t a b l e  t o  a  s econd  o r d e r  T a y l o r  s e r i e s  

approxima t ion ' '  compared t o  t h e  f i r s t  o r d e r  approxima t i o n  o f  

Norman. T h i s  same c r i t i c i s m  c a n  he  l e v e l l e d  a t  some o t h e r  f i n e  

a d a p t i v e  c o n t r o l  methods: ~ e n d r  i c k 1 2  and LJFadhyay13 u s i n g  t h e  

a d a p t i v e  model of Deshpande. l4 ~ r e s t c o t t l ~  a l s o  p roduced  some 

ve ry  i n t e r e s t i n g  a d a p t i v e  c o n t r o l  r e s u l t s ,  U n f o r t u n a t e l y  , t h e  

11' Y .  Bar-Shalom and Edson T s e ,  " C m t i o n  P r o b i n g  and t h e  V s j l u ~  
o f  i n f o r m a t i o n  in t he  C o n t r o l  of U n c e r t a i n  S y s t e m s , "  Anna l s  - of 
Economic - and S o c i a l  Measurement ,  Vol .  5 ( 1 9 7 6 ) ,  323-338. 

l1 Rar-Shalom and T s e  a p p l y  t h e  s econd  o r d e r  T a y l o r  s e r i e s  
approxima t i o n  b e f o r e  t a k i n g  e x p e c t a t i o n s  w h i l s t  Chow d o e s  i t  
a f t e r w a r d s .  They c l a i m  t h e i r  method i s  more e f f i c i e n t .  

17. K e n d r i c k ,  S t o c h a s t i c  C o n t r o l  f o r  Economic Models.  

l 3  T r e v e n i  U p ~ d h y a y ,  " A p p l i c a t i o n  o f  A d a p t i v e  C o n t r o l  t o  
Economic s t a b i l i z a t i o n  Pb l i cy  ," , ~ n t e r n a t i o n a l  J o u r n a l  - of 
Sys tems  S c i e n c e ,  Vol.  7  N o .  1 0 .  (1976)  pp .  6Al-650. 

J. G .  Deshpande,  T.  N .  Uppdhyay and D .  G. L z i n i o t i s ,  
"Adap t ive  .Con t ro l  of L i n e a r  S t o c h a s t i c  S y s t e m s ,  " Automa t i c ? ,  
Vol. 9 .  (1973)  , pp. 1P7-11 5. 

l5 Edward C .  P r e s t c o t t ,  "The M u l t i - P e r i o d  C o n t r o l  Problem," 
Econometrics, Vol .  4 0 ,  No. 6 (Novcmber , l972)  pp .  lC43-1058. 



r e s u l t s  w e r e  found by comple t e  e n r ~ m e r a t i o n  f o r  a very  s i m p l e  

model. and  t h e  app roach  would n o t  be  p r a c t i c a l  f o r  most 

s i t u a t i o n s .  R r u s s e r  and ! ? reeb r i rn16  have a l s o  c o n t r i b u t e 2  t o  t h e  

w e a l t h  of a d a p t i v e  c o n t r o l  i n f o r m a t i o n .  They l o o k e d  a t  s e v e r  a 1  

a d a p t i v e  c o n t r o l  methods and  t r i e s  v a r y i n g  t h e  number of t i m e  

p e r i o d s  ove r  which  l e a r n i n g .  t-ook p l a c e .  They r e f e r r e d  t o  t h e  

method a s  M-Control ,  M b e i n g  t h e  number o f  p e r i o d s  over  which  

l e a r n i n g  w a s  c o n s i d e r e d  and  a p p l i e d  t h e  s i m p l e  LQT c o n t r o l l e r  

f o r  t h e  t h e  r e m i n i n g  (T-M) p e r i o d s  i n  t h e  p l a n n i n g  t ime  span .  

An i m p o r t a n t  r e s e a r c h  o b j e c t i v e  i n  t h i s  work i s  t o  t e s t  t h e  

a p p l i c a t i o n  o f  c o n t r o l  methods t o  p r a c t i c a l  s i t u a t i o n s .  Some o f  

t h e  a d a p t i v e  c o n t r o l l e r s  d e s c r i b e d  above  w i l l  be t e s t e d  t o  see 

how t h e y  measure  u p  t o  t h i s  o b j e c t i v e .  The r a t i o n a l e  f o r  

c h o o s i n g  c o n t r o l l e r s  and  t h e  t e s t i n g  p r o c e d u r e  i t s e l f  w i l l  be 

the  s u b j e c t  of t h e  n e x t  c h a p t e r .  

------------------ 
I' G .  C. R m s s e r  and J. W. F r e e b a i r n ,  " A p p r o x i s a t e  Adap t ive  
C o n t r o l  S o l u t i o n s  t o  US Beef T r a d e  P o l i c y , "  A n n a l s  of E c o n o m i c  - 
and  - S o c i 8 l  Mci?surement, Vol .  3 ,  ( J m u a r y ,  1 9 ? 4 ) ,  pp. 1?7-303.  



V. METHODOLOGY 

I n  t h i s  c h a p t e r ,  t h e  f i r s t  i t e m  t o  b e  c o n s i d e r e d  w i l l  b e  

c h e c k i n g  and  t e s t i n g  of t h e  c o n t r o l  a l g o r i t h m s .  A s  ment ioned  i n  

t h e  l a s t  c h a p t e r ,  t h e r e  a r e  many c o n t r o l  s t u d i e s  i n  t h e  

l i t e r a t u r e ,  each  d i f f e r i n g  s l i g h t l y  i n  d a t a  u s e d ,  a s s u m p t i o n s  

made o r  n u m e r i c a l  p r o c e d u r e s  f o l l o w e d .  The s e c o n d  p a r t  of  t h i s  

c h a p t e r  w i l l  c o n c e n t r s t e  o n  t h e  s e l e c t i o n  o f  some o f  t h e s e  

c o n t r o l  models  f o r  t e s t i n g .  F i n a l l y ,  we w i l l  b e  d e s c r i b i n g  t h e  

t e s t i n g  p r o c e d u r e  i t s e l f .  

A s e t  oE computer  p rog rams  ( t h e  c o n t r o l  a l g o r i t h ~ s )  w i l l  b e  

u s e d  t o  t e s t  t h e  v a r i o u s  models  on s e v e r a l  e c o n o m e t r i c  models.  

The a u t h o r  h a s  t r i e d -  t o  r e s u r r e c t  t h e  c o n t r o l  models  a s  

a c c u r ~ t e l y  a s  p o s s i b l e  f rom a r t i c l e s  i n  t h e  l i t e r a t u r e .  With 

a m b i g u i t y  o r  vague  d e s c r i p t i o n s ,  t h e r e  might  be s l i g h t  

d i f f e r e n c e s  t o  t h e  o r i g i n a l  models .  S i m i l a r l y ,  t h e  e c o n o m e t r i c  

models  w e r e  a l s o  t a k e n  f rom a r t i c l e s  i n  t h e  c o n t r o l  l i t e r a t u r e .  

D i f f e r e n c e s  i n  r e g r e s s i o n  methods o r  e r r o r s  i n  d a t a  

communica t ion  may c a u s e  s m a l l  v a r i a t i o n s  f rom t h e  o r i g i n e l  

models .  The a u t h o r  h a s  t r i e d  t o  b e  a s  a c c u r a t e  a s  p o s s i b l e .  



A l g s r  i t hm Development  and  C a l i  b r a t i o n  - 
A s e a r c h  was  c o n d u c t e d  t o  f i n d  a  s i m p l e  e c o n o m e t r i c  model 

f o r  c h e c k i n g  t h e  computer  a l g o r i t h m s .  P r e f e r e n c e  was  g i v e n  t o  

one t h a t  had  been u s e d  p r e v i o u s l y  i n  o t h e r  c o n t r o l  s t u d i e s ;  

e s p e c i a l l y  one t h a t  had  been s u b j e c t e d  t o  a w i d e  r ange  o f  

c o n t r o l  models .  The o n e  e v e n t u a l l y  s e l e c t e d  w a s  deve loped  by 

h b e l l  and was  o r i g i n a l l y  u s e d  f o r  compar i n 9  rnone t o r y  and f i s c a l  

p o l i c i e s .  chow2 a l s o  h a s  used  i t  f o r  sorrie c o n t r o l  i n v e s t i g a t i o n s  

a s  h a s   endr rick,^ employing  a n  u p d a t e d  v e r s i o n  o f  t h e  Bar-Shalom 

and  T s e  The Abel  model a l o n g  w i t h  i t s  d a t a  i s  f u l l y  

d e s c r i b e d  i n  Appendix  C .  

A t  t h e  h e a r t  o f  t h e  compu te r  a l g o r i t h m s  i s  t h e  s i m p l e  LQT 

c o n t r o l l e r  w h i c h ,  a s  men t ioned  i n  C h a p t e r  111, w a s  based  upon 

t h e  work of chow.' A b e l ' s  computer  a l g o r i t h m  w e r e  a l s o  b a s e d  

upon t h e  work of Chow and t h e r e f o r e  s h o u l d  p r o v i d e  an  

i n t e r  es t  i n g  compzr i s o n .  

I Andrew 8. Abel ,  "A Compar i son  of  T h r e e  C o n t r o l  A l c ~ o r i t h m s  a s ,  
A p p l i e d  t o  t h e    one tar i s t - F i s c a l i s t  D e b a t e ,  " A n n a l s  of Economic 
and S o c i a l  Measurement ,  Vol .  4 ,  No. 2  (1975) pp.  2 3 9 7 5 3  - 

Chow, C o n t r o l  - of Economic Sys t ems ,  p. 271. 

David K e n d r i c k ,  " C a u t i o n  and P r o b i n g  i n  a Macroeconomic 
Model ,"  J o u r n a l  of Economic Dynamics and  C o n t r o l ,  Vol.  4 ,  No. 2 ,  - 
(May 1982)  pp. 149-170. 

Bpr-Shalom, C o n t r o l  of U n c e r t a i n  Sys tems .  - 
Chow, C o n t r o l  of Economic S y s t e ~ s .  - 



An E c o n o m e t r i c  Model of t h e  Canad ian  Economy - -- 
A key r e s e a r c h  o b j e c t i v e  f rom C h a p t e r  I is t o  conduc t  a  

c o n t r o l  s t u d y  on a r e l a t i v e l y - s m a l l ,  e c o n o m e t r i c  model of t h e  

Canad ian  economy. The L a i d l e r  model6 was s e l e c t e d  f o r  t h e  

p u r p o s e  and i t  i s  c l e sc r ibed  more f u l l y  i n  Appendix  E .  

The ~ a i d l d r  model c o n t a i n s  s e v e n  e q u a t i o n s  and ,  a l t h o u g h  

d e v e l o p e d  i n  a  m o n e t a r i s t  e n v i r o n m e n t ,  i s  n e u t r a l  w i t h  r e s p e c t  

t o  t h e  monetar  i s t - f i s c a l i s t  d e b a t e .  I t  c o n t a i n s  b o t h  m o n e t a r i s t  

and  f i s c a l i s t  c o n t r o l  v a r i a b l e s .  The s u s p i c i o u s  a b s e n c e  o f  t h e  

i n t e r e s t  r a t e  a s  a n  endogenous v a r i a b l e  i s  e x p l a i n e d  by t h e  u s e  

of a  much w i d e r  d e f i n i t i o n  o f  money, p3 ,  r a t h e r  t h a n  t h e  more 

common d e f i n i t i o n ,  PI. T e s t i n g  r e v e s l e d  t h a t  M 3  is n o t  s e n s i t i v e  

t o  i n t e r e s t  r a t e .  The model i s  l o g  l i n e a r  and q u i t e  r o b u s t .  With 

minor d i f f e r e n c e s ,  the model h a s  been a p p l i e d  t o  t h e  economies  

of B r i t a i n I 7  USA,*  and  l t a l y . '  

I t  s h o u l d  be  n o t e d  t h a t  L a i d l e r  u s e d  c o n s t r a i n e d ,  f u l l  

in forma t i o n ,  maximum l i k e l i h o o d  r e g r e s s i o n  t e c h n i q u e s  i n  

-- ---------------- 
Eavid  L a i d l e r  e t  a l . ,  "A Small  Macroeconomic Model of an  Open 

Economy: The Case  o f  Canada , "  Paper  P r e s e n t e d  a t  t h e  F i f t h  
Par  is-Dauphine C o n f e r e n c e  o n  I n t e r n a t i o n a l  Mone t s r y  Economics,  
Par  is, J u n e  1991. 

David L z i d l e r  end P 0' Fhea, "An Empir i c a l  ~ a c r o m o d e l  of an  
Open Econorcy Under F i x e d  Exchange R a t e s :  The U n i t e d  Kingdom 
l954-197O ," Economics, Vol. 4 7 ,  ( 1 9 8 0 ) ,  pp. 141-158.  

' David L a i d l e r  and 8. B e n t l e y ,  "A Smal l  ~ a c r & o d e l \ o f  t h e  
Post-War U n i t e d  S t a t e s ,  " U n i v e r s i t y  of Wes te rn  O n t a r i o  Resea rch  
R e p o r t  8101, ( 1981 ) ,  Mimeo. . . 

F. S p i n e l l i ,  "F ixed  Exchange R a t e s  and  Monetar ism:  The I t a l i a n  
C a s e , "  U n i v e r s i t y  of W ~ s t e r n  O n t a r i o  R e s e a r c h  R e p o r t  7315,  
( 1 9 7 9 ) ,  Pjrneo. 



d e v e l o p i n g  h i s  model. The f r e q u e n c y  w i t h  which r e g r e s s i o n s  a r e  

r e q u i r e d ,  e s p e c i a l l y  in  a d a p t i v e  c o n t r o l  models ,  make t h i s  

a p p r o a c h  computa t i o n a l l y  i m p r a c t i c a l  f o r  t h i s  c o n t r o l  s t u l y .  

However, one method t h a t  can b e  u s e d ,  a g a i n  a  compromise 

a p p r o a c h ,  i s  s i m p l e  r e g r e s s i o n  u t i l i z i n g  e x t r a n e o u s  i n f o r m a t i o n  

( s e e  Appendix 8). The e x t r a n e o u s  i n f o r m a t i o n  would t a k e  the  form 

of  a s e t  of z e r o  l i n e a r  c o n s t r a i n t s  on  t h e  model ' s  c o e f f i c i e n t s .  

A t  l e a s t  some o f  t h e  major  c o n s t r a i n t s  can b e  i n c o r p o r a t e d  i n  

t h i  s way. 

C o n t r o l  Models 

The s i m p l e  LQT c o n t r o l  model f rom C h a p t e r  I11 is a n  obv ious  

c a n d i d a t e  f o r  t e s t i n g ,  bo th  c e r t a i n t y  e q u i v a l e n c e  (no pa rame te r  

c o v a r  i a n c e  r e l a t i o n s h i p s  assumed)  a n d  w i t h  u n c e r t a i n  p a r a m e t e r s .  

~t w i l l  a l s o  b e  i n t e r e s t i n g  t o  t e s t  them i n  a l e a r n i n g  

e n v i r o n m e n t  compar ing  t h e i r  p e r f o r m a n c e  w i t h  some o f  t h e  more 

complex  a d a p t i v e  models  f rom C h a p t e r  I V .  

7 n  c h o o s i n g  a d a p t i v e  c o n t r o l  models  f o r  t e s t i n g ,  a 

compromise h a s  t o  b e  s t r u c k  between a c c u r a c y  of r e p r e s e n t a t i o n  

and c o m p u t a t i o n a l  cost . .  The models of Chow, Ear-Shalom, 

K e n d r i c k ,  P r e s t c o t t ,  and Upadhyay were f e l t  t o  b e  too 

computa t i o n z l l y  demanding, e s p e c i a l l y  when i n c l u d i n g  e x t r a n e o u s  

i n f o r m a t i o n  i n  t h e  a n a l y s i s .  However, t h e  MacRse model, 

i n c l u d i n g  t h e  h e u r i s t i c  u n c e r t a i n  p a r a m e t e r s  model a s  a s p e c i p l  

c a s e ,  l o o k s  computa t i o n a l l y  p o s s i b l e .  Arguing  a l o n g  s i m i l a r  

l i n e s ,  t h e  Norman model a l s o  s h o u l d  be chosen ;  i t  c o n t a i n s  t he  



e l e m e n t s  of some o f  t h e  more complex mode l s  

c o n c o m i t a n t  c o m p u t a t i o n a l  c o s t .  

Monte C a r l o  T e s t i n q  

The 

e x t r e m e l y  

n e g l e c t e d  

c e r t a i n t y  

t h e  c o v a r  

r 

t e s t i n g  of each  c o - n t r o l  model 

b u t  w i t h o u t  

i s  c o n s i d e r e d  

t h e  

a n  

i m p o r t a n t  p a r t  of  t h i s  work and some th ing  o f t e n  

i n  p r e v i o u s  c o n t r o l  s t u d i e s .  C o n s i d e r  t h e  s i m p l e  

e q u i v a l e n c e  s o l u t i o n  f o r  a  moment. Having  assumed away 

i a n c e  r e l a t i o n s ,  t h e  e x p e c t e d .  p e n a l t y  c o s t  must l ook  

v e r y  a t t r s c t i v e  t o  a '  dec i s ion -maker ;  i t  c o u l d  be much lower t h a n  

f o r  t h e  u n c e r t a i n  p a r a m e t e r s  s o l u t i o n .  However, i f  t h e  c e r t a i n t y  

e q u i v a l e n c e  s o l u t i o n  w e r e  a c t u a l l y  implemented  a n d  t h e  e s t i m a t e d  

cova r  i a n c e  r e l a t i o n s  w e r e  r e a s o n a b l y  r e a l i s t i c ,  t h e  t a b l e s  c o u l d  

be t u r n e d ;  i t  migh t  p e r f o r m  b a d l y  a g a i n s t  t h e  u n c e r t a i n  

p a r s m e t e r s  s o l u t i o n .  I t  i s  j u s t  t h i s  s o r t  of e f f e c t  t h a t  t h e  

Monte C a r l o  t e s t i n g  i s  d e s i g n e d  t o  c a p t u r e .  

I t  s h o u l d  be  p o s s i b l e  t o  s i m u l a t e  t y p i c a l  p l a n n i n g  time 

s p a n s ,  u s i n g  c o v a r i a n c e  r e l a t i o n s  f o r  t h e  e r r o r  t e rms  and t h e  

p a r a m e t e r s ,  s t a r t i n g  a t  t h e  f i r s t  t i m e  p e r i o d .  A method f o r  

g e n e r a t i n g  a v e c t o r  of t y p i c a l  v a l u e s  f o r  a m u l t i v a r i a t e  normal  

d i s t r i b u t i o n  w i t h  a cjiven c o v a r i a n c e  m a t r i x  i s  d e s c r i b e d  i n  

Appendix  F. A t  e a c h  t i m e  p e r i o d  i n  t h e  p l a n n i n g  t i m e  h o r i z o n ,  w 

s e t  of  t y p i c a l  c o e f f i c i e n t s  and  e r r o r  t e r m s  f o r  t h e  e c o n o m e t r i c  

model c o u l d  be g e n e r a t e d .  Us ing  t h e  a p p r o p r i a t e  feedback  c o n t r o l  

m a t r i c e s  ( o r  c o n t r o l  V A T  i a b l e  v a l u e s  i n  t h e  c a s e  of  open-loop 

c o n t r o l )  and  t h e  p r e v i o u s  s t a t e  v a l u e s ,  a new s e t  of s t a t e  



v a l u e s  c o u l d  be d e r i v e d .  With a  f u l l  s e t  o f  s t a t e  v a r i a b l e  

v a l u e s  ove r  t h e  p l a n n i n g  t i w e  span  and a  g i v e n  s e t  of  w e i g h t i n g  

p a r a m e t e r s ,  a  t y p i c a l  v a l u e  f o r  t h e  p e n a l t y  c o s t  c o u l d  be 

o b t a i n e d .  Over many t ime s p a n s ,  i t  would be  a s i m p l e  m a t t e r  t o  

o b t a i n  an a v e r a g e  p e n a l t y  c o s t  and  s t a n g a r d  d e v i a t i o n .  A t  l e a s t  

SO s i m u l a t i o n s  would be r e q u i r e d  f o r  t h i s  a v e r a g e  p e n a l t y  c o s t ,  

a l t h o u g h  100  o r  more s i m u l p t i o n s  would be p r e f e r r e d  i f  computer  

CPU time p e r m i t s .  

A s  l o n g  a s  t h e  w e i g h t i n g  m a t r i c e s  an.d c o n t r o l  f a c t o r s  a r e  

k e p t  c o n s t a n t ,  s i m u l a t i o n s  of t h e  v a r i o u s  LQT o r  a d a p t i v e  

c o n t r o l l e r s  s h o u l d  be d i r e c t l y  

regime o f  model v a r i a t i o n s  

par  sme t e r  u n c e r t a i n t y  and model 

comparing t h e  Abel  model t o  

L a i d l e r  model t o  t h e  r e s t r i c t e d  

c u r r e n t  v e r s u s  f u t u r e  p e n a l t y  

t h e  t e r m i n a l  f a c t o r  o r  d i s c o u n t  

comparab le .  O b v i o u s l y ,  a f u l l  

c o u l d  be  t e s t e d .  Model s i z e ,  

dynamics  c o u l d  be t e s t e d  by 

t h e  L a i d l e r  model and t h e  s i m p l e  

L a i g l e r  n o d e l .  The impor t ance  of  

c o s t s  c o u l d  be t e s t e d  by v a r y i n g  

f a c t o r .  F i n a l l y ,  t o  t e s t  t h e  

a n t i c i p a t o r y  c h a r a c t e r i s t i c s  of t h e  a d a p t i v e  models ,  a sudden  

s t e p  change t o  l a r g e  t e r m i n a l  t a r g e t s  c o u l d  be i n c o r p o r a t e d  i n  

t h e  model. 

The s i m u l a t i o n  of a d a p t i v e  c o n t r o l l e r s  r a i s e s  i! 

c o m p u t a t i o n a l  c h a l l e n g e ;  t h e  r e g r e s s i o n  s n a l y s i  s and  c o v a r i a n c e  

d e t e r m i n a t i o n  must be r e p e a t e d  T t i m e s  pe r  p l a n n i n g  t i m e  span  

s i m u l a t i o n .  I f  50 o r  more time s p a n s  a r e  s i m u l a t e d  and 

e x t r a n e o u s  in fo rma  t i o n  i s  i n c o r p o r a t e d ,  t h e  r e q u i r e d  c o m p u t a t i o n  

c o s t  c o u l d  be e x c e s s i v e l y  l a r g e .  



V I .  RESULTS A N D  DISCUSSION 

Checking  t h e  c o n t r o l  a l g o r i t h m s  a g a i n s t  t h e  p r e v i o u s  work 

of A b e l ,  Chow and Kendrick o c c u p i e s  t h e  f i r s t  two s e c t i o n s  of 

t h i s  c h a p t e r .  I n  t h e  n e x t  s e c t i o n  t h e  L a i d l e r  model i s  

summarized f o l l o w e d  by some p r e l i m i n a r y  t r i a l s  u s i n g  t h e  c o n t r o l  

a l g o r i t h m s .  The c h a p t e r  c o n c l u d e s  w i t h  a d i s c u s s i o n  o f  t h e  

s i m u l a t i o n  r e s u l t s  f o r  b o t h  s i m p l e  and a d a p t i v e  c o n t r o l  models .  

Cornpar i s o n  w i t h  t h e  Abel  C o n t r o l  S t u d y  --- 
The d a t a  f o r  t h e  Abel  model w e r e  t a k e n  f rom a  s t u d y  by 

 endr rick.' Given  t h a t  o n l y  7P of  t h e  o r  i g inc l l  40 o b s e r v a t i o n s  

were  a v a i l a b l e  f rom t h i s  s t u d y ,  s l i g h t  d i f f e r e n c e s  i n  t h e  

r e g r e s s i o n  e q u a t i o n s  would be e x p e c t e d .  I n  f a c t  t h e y  a r e  

r emarkab ly  s i m i l a r  and t h e  d e r i v e d  model w i t h  c o e f f i c i e n t  

s t a n d a r d  d e v i a t i o n s  is: 

2 
As t o  be  e x p e c t e d  f o r  t ime  s e r i e s  r e g r e s s i o n ,  t h e  R v a l u e s  a r e  

-- --_-_ --- - -----_ - 
K e n d r i c k ,  " C a u t i o n  and P r o b i n g  i n  a Macroeconomir  Model". 



high  a t  0.996 and  0.875 and a u t o c o r r e l a t i o n  o f  t h e  r e s i d u a l s  i s  

p r e s e n t ,  b u t  n o t  e x c e s s i v e ,  a s  i n d i c a t e d  by t h e  Durbin-Watson 

s t a t i s t i c s  of 1 .69  and  1.73. 

A compar i son  o f  s t o c h a s t i c  c o n t r o l  r e s u l t s  f rom t h i s  work 

and t h e  Abe l  s t u d y  a r e  shown i n  T a b l e  6.1. H e r e  a r e  shown f o r  

t h e  f i r s t  s i x  time p e r i o d s  some o f  t h e  key m a t r i c e s  f o r  t h e  

s i m p l e  LQT s o l u t i o n  d e r i v a t i o n .  A d e t a i l e d  d e r i v a t i o n  of  t h e s e  

r e s u l t s  i s  t o  b e  found i n  Appendix D .  The q u a d r a t i c  mat r ix .  H1 , 
d e r i v e d  f r o m  (3.18) , t h e  f eedback  ma t r . i c e s  G and g d e r i v e d  

1 1' 

f rom ( 3 . 1 ,  2nd t h e  s o l u t i o n  f o r  t h e  c o n t r o l  v a r i a b l e s  

government  e x p e n d i  t o r e  
G1 , and money s u p p l y M  d e r i v e d  f rom 

1 ' 
( 3 . 2 1 ) ,  a r e  a l l  shown in T a b l e  6.1. N o t i c e  t h e  s i m i l a r i t y  i n  t h e  

r e su l t s .  

A f u l l  s t o c h a s t i c  c o n t r o l  s o l u t i o n  f o r  t h e  u n c e r t a i n  

p a r a v e t e r s  c a s e  u s i n g  t h i s  r e g r e s s i o n  model i s  shown in T a b l e  

6.2. A s c h e d u l e  o f  s t a t e  and  c o n t r o l  v a r i a b l e  v a l u e s  a n d  t h e i r  

t a r g e t s  over  t h e  p l a n n i n g  t i m e  span is  i l l u s t r a t e d .  Far 

c o n v e n i e n c e  a l l  v a l u e s  and  t a r g e t s  have been  d i v i d e d  by one 

thousand;  t h e  p e n a l t y  c o s t ,  a s  a r e s u l t ,  i s  very  spa11  and 

t h e r e f o r e  is n o t  shown in  T a b l e  6 .2 .  

T h e  r e s u l t s  f rom t h i s  s e c t i o n  i n d i c a t e  t h a t  t h e  b a s i c  

r e g r e s s i o n ,  cova r  i a n c e  and c o n t r o l  a l g o r i t h m s  appea r  t o  b c  

work ing  s a t i s f a c t o r i l y .  



TABLE 6.1 
COMPARISON OF STOCHASTIC CONTROL SOLUTIONS 

WITH THE ABEL MODEL 

T h i s  C o n t r o l  S tudy  A b e l  C o n t r o l  S t u d y  



TABLE 6.2 

STOCHASTIC CONTROL SOLUTIONS US ING THE ABEL MODEL 

UNCERTAIN PARAMETERS SOLUTION 

Government  
Consumpt ion  I n v e s t m e n t  S p e n d i n g  Money S u p p l y  

C o n t r o l  T a r g e t  C o n t r o l  T a r g e t  C o n t r o l  T a r g e t  C o n t r o l  T a r g e t  

1 0.362 0.36 0.089 0.09 0.114 0.14 0 .147  0 .15  

2 0 .367  0 .37  0.090 0.09 0.113 0.14 0.146 0 .15  

3 0 .371  0.37 0 . 0 9 1 -  0.09 0.114 0.14 0.146 0 .15  

4 0 .376  0.38 0.092 0.09 0.115 0.14 0 .147  0 .15  

5 0 .380  0.38 0 .093  0 .09  0.116 0 .15  0 .147  0.16 

6 0.384 0 .38  0 .094  0 .09  0.116 0 .15  0.147 0.16 
- ----- 



? 

C o m p a r i ~ o n  w i t h  t h e  Kendr ick  C o n t r o l  S t u d y  -- 
 endr rick' used t h e  same Abel  d a t a  f o r  t e s t i n g  h i s  a d a p t i v e  

c o n t r o l  a l g o r i t h m s  e x c e p t  t h a t  he a p p l i e d  a h igh  t e r m i n a l  f ~ c t o r  

of 1 0 , 0 0 0 .  T h i s  h i g h  t e r m i n a l  f a c t o r ,  in  e f f e c t ,  p l a c e d  g r e a t e r  

i m p o r t a n c e  o n  a c h i e v i n g  t h e  t e r m i n a l  t a r g e t s .  F i g u r e s  6.1 and 
C 

6.2 a t t e m p t  t o  r e p l i c a t e  p a r t  of h i s  s t u 3 y  w i t h  t h e  Norman model 

u s e d  i n  p l a c e  o f  t h e  Kendr ick  model. As ment ioned  i n  Chap te r  IV, 

t he  Norman model i s  a  s i m p l e r  v e r s i o n  of t h e  Bar-ShaIom/Tse 

model which i n  t u r n  is a s i m p l e r  v e r s i o n  of  t h e  Kendrick model. 

Al though w e  would n o t  e x p e c t  t o  g e t  t h e  same r e & u l t s l 3  we migh t  

e x p e c t  t o  see s i m i l a r  p a t t e r n s .  I n  f a c t  t h e  p a t t e r n s  shown in  

F i g u r e s  6.1 and 6.2 were t a k e n  f rom t h e  l a s t  s i m u l a t i o n A  o f  50 

f o r  t h i s  s t u d y .  The l a s t  s i m u l a t i o n  was chosen  q u i t e  a r b i t r a r i l y  

and,  l i k e  K e n d r i c k ,  t h e  i n t e n t  i s  t o  show p a t t e r n s  r z t h e r  t h a n  

a c t u a l  v a l u e s .  

A s  i n  t h e  Kendr i ck  s t u d y ,  t h e  s i m p l e  LQT c o n t r o l l e r s  f o r  

c e r t a i n t y  e q u i v a l e n c e  ( l a b e l l e d  CERTAINTY) and  f o r  u n c e r t a i n  

p a r a m e t e r s  ( l a b e l l e d  UNCERTAIN) , used h e r e  i n  a l e a r n i n g  

e n v i r o n m e n t ,  a r e  ve ry  c l o s e  i n  p a t t e r n  and i n  v a l u e .  The Norman 

model ( l a b e l l e d  NORMAN) i s  more a g g r e s s i v e  than  the  o t h e r  

models ,  d i  s p l a y i n g  some v i o l e n t  f l u c t u a t i o n s  i n  the  e a r l y  t ime  

. > 

The e r r o r  t h a t  Kendr i ck  made i n  t h e  i n i t i a l  s t a t e s  w a s  
f a i t h f u l l y  r e p r o d u c e d  i n  t h i s  c o n t r o l  s t u d y  t o  b r i n g  t h e  r e s u l t s  
a s  c l o s e  a s  p o s s i b l e  t o  h i s .  

Kendr ick  was  o n l y  e b l e  t o  u n d e r t a k e  2 0  s i m u l a t i o n s  per c a s e  
b e c a u s e  each  s i rnu la  t i o n  consumed roughly  e i g h t  m i n u t e s  of 
computer CPU t i m e .  



FIG. 6.1 ADAPTIVE CONTROL SIMULATION - CONSUMPTION 
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FIG. 6.2 ADAPTIVE CONTROL SIMULATIQN - INVESTMENT 

Legend 
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p e r i o d s ,  and a c h i e v e s  t h e  s m a l l e s t  o v e r a l l  p e n a l t y  c o s t .  L i k e  

t h e  Kendr i ck  model, t h e  Norman model seems t o  p r o b e  and 

e x p e r i m e n t  i n  t h e  e a r l i e r  l e s s  c o s t l y  t ime p e r i o d s  i n  o r d e r  t o  

imp rove  c o n t r o l  f o r  t h e  more impor t a n  t l a  st per  iod . 
The e x p e c t e d  p e n a l t y  c o s t s  and  t h e i r  s t a n d a r d  d e v i a t i o n s ,  

a s  d e r i v e d  f rom t h e s e  50 s i m u l a t i o n s ,  a r e  shown i n  T a b l e  6.3. A 

summary of t h e  computer  r u n s  f rom which t h e s e  e n t r i e s  were  t a k e n  

is t o  b e  found i n  Appendix G .  

TABLE 6 . 3  

EXPECTED PENALTY COSTS FOR THE K ENDRICK 

STUDY SIPULATIONS . 

C o n t r o l  I Expec ted  P e n a l t y  S t a n d a r d  
Model C o s t  D e v i a t i o n  I 

C l e a r l y ,  t h e  Norman model d o m i n a t e s  t h e  o t h e r s .  More 

c o m p r e h e n s i v e  t e s t i n g  i s  r e q u i r e d  t o  s e e  i f  t h i s  dominance is  

l a s t i n g .  

C e r t a i n t y  
E q u i v a l e n c e  

U n c e r t a i n  
Par sme t e  r  s 

Norman 
Mod e  1 

1980 11 070 

460 4 1 9 9 1 P  

157 28 8 

3 



The L a i d l e r  Model 
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I n  most c o n t r o l  s t u d i e s ,  a s  i n  t h e  Abel  and  Kendrick 

s t u d i e s ,  s i m p l e  r e g r e s s i o n  a n a l y s i s  i s  used t o  e s t i m a t e  t h e  

p a r a m e t e r s  of t h e  model. For t h e  L a i d l e r  model,  more f u l l y  
\ 

d e s c r i b e d  i n  Appendix  E ,  the s i m p l e  r e g r e s s i o n  c o e f f i c i e n t s  a r e  

shown in T a b l e  6 . 4 .  The model i n  t h i s  form i s  n o t  v e r y  

s a t i s f a c t o r y ;  t h e  s t a n d a r d  e r r o r s  f o r  t h e  s econd  e q u a t i o n  ? r e  

l a r g e  and  some of t h e  c o e f f i c i e n t s  do  n o t  a g r e e  i n  magni tude o r  

s i g n  w i t h  t h o s e  d e r i v e d  by L a i d l e r .  A s  men t ioned  p r e v i o u s l y ,  he 

u s e d  f u l l  i n • ’  orma t i o n ,  mpximum l i k e l i h o o d  t e c h n i q u e s  t o  o b t a i n  

h i s  e s t i m a t e s .  U s i n g  z e r o  c o n s t r a i n t s  a s  e x t r a n e o u s  i n f o r m a t i o n  

f o r  t h e  L a i d l e r  model ,  r e g r e s s i o n  y i e l d s  t h e  r e s u l t s  shown i n  

T a b l e  6.5. These  c o e f f i c i e n t s  look much b e t t e r  snd  t h e  s t a n d a r d  

d e v i p t i o n s  a r e  s m a l l e r  and more manageable .  The s i m u l t a n e o u s  

n a t u r e  o f  t h e  r e g r e s s i o n ,  a s  o u t l i n e d  i n  Appendix  B ,  h a s  s t i l l  

been  r e t a i n e d  e v e n  u n d e r  e x t r a n e o u s  i n f o r m a t i o n .  The model i s  

now much more i n  t h e  s p i r i t  of  t h e  o r i g i n a l  L a i d l e r  model. Most 

of  t h e  c o e f f i c i e n t s  a g r e e  i n  s i g n ,  a p p r o x i m a t e l y  i n  magni tu2e  

and v a r i ~ n c e .  Excep t  f o r  t h e  d o m e s t i c  p r i c e  e q u a t i o n ,  t h e r e  is  

l i t t l e  ev ic ' cnce  o f  a u t o c o r r e l a t i o n  a s  i n d i c a t e d  by t h e  

Durbin-Watson s t a t i s t i c s  i n  T a b l e  5.5. The n o d e l  i s  n o t  p e r f e c t  

bu t  i t  i s  much c l o s e r  t o  t h e  o r i g i n s 1  model compared t o  t h a t  

o b t a i n e d  by s i m p l e  r e g r e s s i o n .  A s  a  t e s t  bed f o r  compar ing  

c o n t r o l l e r s ,  it. s h o u I 6  be rriore than  s d e q u a t e .  
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Simple  LQT Runs on t h e  L a i d l e r  M d e l  ---- 
Using t h e  L e i d l e r  model,  a  s e r i e s  of s i m p l e  LQT c o n t r o l  

r u n s  w e r e  made f o r  a  v a r i e t y  of i n i t i a l  and  t e r m i n a l  c o n d i t i o n s .  

T a b l e  6.6 c o n t a i n s  t h e  t a r g e t s  used f o r  a l l  of t h e s e  v a r i a t i o n s .  

The t a r g e t s  were  c h o s e n  t o  r e p r e s e n t  c h o i c e s  t h a t  s h o u l d  be  

q u i t e  a c c e p t a b l e  t o  a Canad ian  pol icy-maker .  They r e q u i r e  n o d e s t  

g rowth  f o r  t h e  economy w i t h  l i t t l e  in f  l a t i o n  and g r o w t h ' i n  t h e  

money s u p p l y .  The b a s e  r u n  w i t h  u n i t  c o n t r o l  f a c t o r s  and  u n i t  

d i a g o n a l  w e i g h t i n g  m a t r i c e s ,  
Kt ' i s  shown i n  T a b l e  6.7 f o r  t h e  

case o f  c e r t a i n t y  e q u i v a l e n c e  and i n  T a b l e  6.8 f o r  f o r  t h e  

u n c e r t a i n  p a r a m e t e r s  c a s e .  A t  f i r s t  s i g h t ,  t h e  c e r t a i n t y  

e q u i v a l e n c e  c a s e ,  w i t h  a p e n a l t y  c o s t  of  4 . 3 ,  l o o k s  much b e t t e r  

t h a n  t h e  u n c e r t a i n  p a r a m e t e r s  c a s e  w i t h  a p e n a l t y  c o s t  of 1 3 . 0 .  

A l l  t h e  v a r i a t i o n s  a r e  a p p l i e d  t o  t h e  u n c e r t a i n  p a r a m e t e r s  b a s e  

r u n ,  one a t  a  t ime ,  and t h e  r e s u l t s  f o r  t h e s e  c a s e s ,  a r e  shown 

in T a b l e s  6.9 t o  6.11. 

T a b l e  6.9 i l l u s t r a t e s  t h e  s i t u a t i o n  o f  a  h igh  t e r m i n a l  

f a c t o r ;  in t h i s  c a s e  t h e  p e n a l t y  c o s t s  f o r  t h e  l a s t  t ime  p e r i o d  

were  m u l t i p l i e d  by 1Q. A s  e x p e c t e d ,  t h e  t a r g e t s  f o r  t h e  l a s t  

t ime  p e r i o d  a r e  a c h i e v e d  more c l o s e l y  z t  t h e  e x p e n s e  o f  t h e  

o t h e r s .  The r e v e r s e  e f f e c t  i s  produced  i n  T a b l e  5.lC w h e r e  a  

d i s c o u n t  f a c t o r  of 1 .2  is o p e r a t i n g  on  the  p e n a l t y  c o s t s .  H e r e  

t he  f u t u r e  is  less i m p o r t a n t  and  t h e  n e a r - t e r m  t a r g e t s  a r e  more 

c l o s e l y  f o l l o w e d .  F i n a l l y ,  in  T ~ b l e  6.11,  t h e  e f f e c t s  of a  s t e p  

change in  t h e  t e r m i n a l  t a r g e t s  a r e  e x p l o r e d .  The r e s e r v e s  and  



TABLE 6 . 6  

TARGETS FOR THE LAIDLER MODEL 

S t a t e  V a r i a b l e s  

Time T r a n s i t o r y  Exchange Domestic  Money 
P e r i o d  Income R e s e r v e s  Rate P r i c e  S u p p l ~  

C o n t r o l  V a r i a b l e s  

Govern- 
Domestic ment Tax 
C r e d i t  Spending Rate 

o t e :  All v a l u e s ,  e x c e p t  t ime p e r i o d ,  a r e  g i v e n  i n  n a t u r a l  l o g a r i t h m s .  



TABLE 6 . 7  

CERTAINTY EQUIVALENT STOCHASTIC CONTROL SOLUTION FOR 
THE LAIDLER MODEL - BASE RUN 

T o t a l  P e n a l t y  C o s t :  4 . 2 7 0  

S t a t e  V a r i a b l e s  

Time T r a n s i t o r y  Exchange Domestic  Money 
P e r i o d  Income R e s e r v e s  Rate  P r i c e  Supply  

C o n t r o l  V a r i a b l e s  

Govern- 
bomestic ment Tax 
C r e d i t  Spending Rate 

N o t e :  A l l  v a l u e s ,  e x c e p t  time p e r i o d ,  a r e  g i v e n  i n  n a t u r a l  l o g a r i t h m s .  



TABLE 6 . 8  

UNCERTAIN PARAMETERS STOCHASTIC CONTROL SOLUTION FOR 
THE LAIDLER MODEL - BASE RUN 

T o t a l  Pena l ty  Cost:  13 .006 

I S t a t e  Var iab le s  

,Note: All v a l u e s ,  except  t i m e  per iod ,  are g iven  i n  na tura l  logari thms.  
I 

i 
I 
I 

Control  V a r i a b l e s .  

I Time T r a n s i t o r y  Exchange Domestic Money " 
Period Income Reserves  Rate P r i c e  Supply 

Govern- 
Domestic ment Tax 1 

C r e d i t  Spending Rate 



TABLE 6 . 9  

UNCERTAIN PARAMETERS STOCHASTIC CONTROL SOLUTION FOR 
THE LAIDLER MODEL - HIGH TERMINAL FACTOR 

T o t a l  P e n a l t y  Cost:  1 9 . 9 2 4  

i 
1 S t a t e  V a r i a b l e s  

Time T r a n s i t o r y  Exchange Domestic Money 
P e r i o d  Income R e s e r v e s  Rate  P r i c e  Supply 

C o n t r o l  V a r i a b l e s  

Govern- 
Domestic  ment Tax 
C r e d i t  Spending Rate 

Note:  All v a l u e s ,  e x c e p t  t ime p e r i o d ,  qre g i v e n  i n  n a t u r a l  l o g a r i t h m s .  



TABLE 6.10 

UNCERTAIN PARAMETERS STOCHASTIC CONTROL SOLUTION FOR 
THE LAIDLER MODEL - DISCOUNTED PENALTIES 

T o t a l  P e n a l t y  C o s t :  6 . 4 3 3  

S t a t e  V a r i a b l e s  

Time T r a n s i t o r y  Exchange  D o m e s t i c  Money 
P e r i o d  Income R e s e r v e s  R a t e  P r i c e  S u p p l y  

C o n t r o l  V a r i a b l e s  

Govern-  
lomest ic  ment T a x  
C r e d i t  S p e n d i n g  R a t e  

Note: A l l  v a l u e s ,  e x c e p t  time p e r i o d ,  a r e  g i v e n  i n  n a t u r a l  l o g a r i t h m s .  



TABLE 6.11 

UNCERTAIN PARAMETERS STOCHASTIC CONTROL SOLUTION FOR 
THE LAIDLER MODEL - H I G H  TERMINAL TARGETS 

T o t a l  P e n a l t y  C o s t :  1752.157 

S t a t e  V a r i a b l e s  

Time T r a n s i t o r y  Exchange Domestic Money 
P e r i o d  Income R e s e r v e s  R a t e  P r i c e  S u p p l y  

C o n t r o l  V a r i a b l e s  , 

Govern-  
) o m e s t i c  ment Tax  
C r e d i t  S p e n d i n g  R a t e  

Note: A l l  v a l u e s ,  e x c e p t  time p e r i o d ,  a r e  g i v e n  i n  n a t u r a l  l o g a r i t h m s .  



money s u p p l y  t a r g e t s  f o r  t h e  t e n t h  t i m e  p e r i o d  a r e  f a c t o r e d  by 

1 0  compared t o  t h e  b a s e  r u n s .  As would be  e x p e c t e d  f o r  a s i m p l e  

EQT c o n t r o l l e r ,  t h i s  va r  i a t i o n  s h o u l d  p r o d u c e  c o n • ’  u s i o n  i n  t h e  

l a t t e r  t ime  p e r i o d s  a l o n g  w i t h  a h igh  p e n a l t y  c o s t .  For a d a p t i v e  

c o n t r o l l e r s ,  t o  b e  t e s t e d  i n  t he  n e x t  s e c t i o n ,  i t  w i l l  b e  

! 
i n t e r e s t i n g  t o  s e e  how w e l l  t h e y  a n t i c i p a t e  t h i s  s t e p  change and 

p r e p a r e  f o r  i t  i n  t he  e a r l i e r  t ime  p e r i o d s .  



Adap t ive  C o n t r o l  Runs U s i n g  t h e  L ~ i d l e r  Model - 
F i g u r e s  5.1 th rough  6.7 d i s p l a y  t h e  s i m u l a t e d  movement of  

t h e  endogenous va r  i a b l e s  ove r  t h e  p l a n n i n g  t i m e  span  unde r  an 

a d a p t i v e  o r  l e a r n i n g  e n v i r o n m e n t ,  As w i t h  F i g u r e s  1 and 2 ,  t h e y  

r e p r e s e n t  t h e  r e s u l t s  of j u s t  one s i m u l a t i o n ,  q u i t e  a r b i t r a r i l y  

chosen  t o  b e  the  l a s t  of  50 .  I t  i s  t h e  g e n e r a l  t r e n d  and  

p a t t e r n s  t h a t  a r e  o f  i n t e r e s t  r a t h e r  t h a n  t h e  a c t u a l  v a l u e s .  

Aqain the  Norman model shows a  d i f f e r e n t  t r a c k i n g  p a t t e r n  

t o  t h e  o t h e r s  b u t  t h i s  time i t  i s  n o t  t h e  c l o s e s t  t o  t h e  

t a r g e t s .  A c t u a l l y ,  t h i s  l o o k s  a  p a r t i c u l a r l y  had s i m u l a t i o n  f o r  

t h e  Normzn model and  i l l u s t r a t e s  t h e  s i t u a t i o n  where  e v e r y t h i n g  

g o e s  wronq. One o r  two s i m u l a t i o n s  l i k e  t h i s  i n  50 c a n  

d r a s t i c a l l y  i n c r e a s e  t h e  o v e r a l l  a v e r a g e  p e n a l t y  c o s t .  

The o t h e r  c o n t r o l  models  a r e  v e r y  s i m i l a r  and ,  e x c e p t  f o r  

t h e  R e s e r v e s  s i m u 3 a t i o n  in F i g u r e  5 . 4 ,  t h e  c e r t a i n t y  e q u i v a l e n c e  

model ( l a b e l l e d  CERTFINTY) and  t h e  u n c e r t a i n  p a r a m e t e r s  model 

( l a b e l l e d  UNCERTAIN) a r e  a l m o s t  i d e n t i c a l .  The l a t t e r  model,  n o t  

d e s i g n e d  f o r  an a d a p t i v e  env i ronmen t ,  6 o e s  a l m o s t  a s  w e l l  a s  t h e  

b e s t  a d a p t i v e  model,  t h e  MacR.?e model,  A c t u a l l y  t h e  MacRse 

model,  a c h i e v e d  t h e  lowest  o v e r a l l  p e n a l t y  c o s t  f o r  t h i s  

s i m u l a t i o n ,  c l e a r l y  d o m i n a t i n g  i t s  r i v a l  a d a p t i v e  c o n t r o l l e r ,  

t h e  Norman model. The h e u r i s t i c  model,  t h e  node l  which l e a r n s  by 

chance ,  and i s  i n  f a c t  t h e  MacRae r o d e 1  w i t h  a  s t a b i l i t y  f s c t o r  

of z e r o ,  seems t o  f a l l  be tween  the  c e r t a i n t y  e q u i v a l e n c e  and  

uncc r  t a  i n  p a r  a m  t e r s  models .  



FIG. 6.3 ADAPTIVE CONTROL SIMULATION - TRANSITORY INCOME 
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FIG. 6.4 ADAPTIVE CONTROL SIMULATION - RESERVES 
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FIG. 6.5 ADAPTIVE CONTROL SlMULAnON - EXCHANGE RATE 
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I FIG. 6.6 ADAPTIVE CONTROL SIMULATION - PRlCE INDEX 
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FIG. 6.7 ADAPTIVE CONTROL SIMULATION - MONEY SUPPLY 

I I I I I 
2 4 6 8 10 

TIME - yews 

Legend 
A TARGETS 

X CERTAINTY 

D UNCERTAIN 

El HEURISTIC --- 
BX MACRAE --- 
X NORMAN -- 



The Over  a l l  A d a p t i v e  S i m u l a t i o n  A v e r a q e s  - 
The r e s u l t s  f r o m  a v e r a g i n g  50 a d a p t i v e  c o n t r o l  s i m u l a t i o n s  

a r e  shown i n  T a b l e  6.12 f o r  t h e  L a i d l e r  model  a n d  i n  T a b l e  6 -13  

f o r  t h e  A b e l  mode l .  

The e a r l i e r  d o m i n a n c e  o f  t h e  Norman model  i s  c l e a r l y  b r o k e n  

b y  t h e  r e s u l t s  i n  T a b l e  6.12.  T h e r e  is  no c l e s r  w i n n e r ,  e x c e p t  

t h a t  t h e  u n c e r t a i n  p a r  m e t e r s  model  d o e s  c o n s i  s t e n t l y  w e l l .  The  

Norman model  e n c o u n t e r e d  d i  f f i c u l t y  y i t h  t h e  h i g h  t e r m i n a l  

f a c t o r  c z s e ,  t h e '  g r a d i e n t s  t a k i n g  a l o n g  t i m e  t o  c o n v e r g e ,  o n  

t h e  o t h e r  h a n d ,  t h e  MacRae model  h a d  d i f f i c u l t i e s  w i t h  t h e  h i q h  

t e r m i n a l  t a r g e t s  c a s e  a n d  r e q u i r e d  t h e  s e l e c t i o n  o f  a s m a l l e r  

s t a b i l i t y  f ~ c t o r  t o  s o l v e  t h e  c o n v e r g e n c e  p r o b l e m .  

The r e s u l t s  i n  T a b l e  6 .13  a r e  s i m i l a r  t o  t h e  K e n d r i c k  

r e s u l t s  i n  T a b l e  6 . 3 .  H e r e  t h e  b a s e  r u n  f o r  t h e  Abe l  m o d e l ,  

shown in  T a b l e  6 . 2 ,  h z s  b e e n  c h a n g e d  t o  g e n e r a t e  a s e t  o f  

v a r i a t i o n s  s i m i l a r  t o  t h e  L a i d l e r  model .  For t h e  hi-gh t e r m i n 2 1  

f a c t o r  c a s e ,  t h e  K ~ n d r i c k  f i g u r e  o f  10,OC)O h a s  been  u s e d  a n d  a 

d i s c o u n t  f a c t o r  o f  1 . 2  was  u s e d  i n  t h e  d i s c o u n t e d  p e n a l t i e s  

case ,  The h i g h  t e r m i n a l  t a r g e t s  c a s e  w a s  g e n e r a t e d  by 

m u l t i p l y i n g  t h e  t e r n i n a l  t a r g e t s  f o r  c o n s u m p t i o n  and i n v e s t m e n t  

The Norman model  r e p e s  ts i t s  e x c e l l e n t  p e r f o r m a n c e  a l t h o u g h  

u n l i k e  t h e  K e n d r i c k  s i m u l a t i o n s ,  i t  d o e s  n o t  t o t a l l y  d o m i n a t e  

t h e  o t h e r s .  The  u n c e r t a i n  p a r  ? m e t e r s  model  d o e s  e x t r e m e l y  w e l l  

f o r  t h e  h i g h  t e r m i n a l  t a r g e t s  c a s e .  



TABLE 6.12 

STOCHASTIC ADAPTIVE CONTROL SIMULATION 

PENALTY C O S T S ~  FOR THE LAIDLER MODEL 

C e r t a i n t y  
E q u i v a l e n c e  

U n c e r t a i n  
P a r a m e t e r s  

H e u r i s t i c  
U n c e r t a i n  
P a r a m e t e r s  

MacRae 
Model 

Norman 
Dual  
C o n t r o l  

High D i s c o u n t e d  
T e r m i n a l  P e n a l t y  High 

Base  F a c t o r  Costs Tesmi-nal 
Ru n a = 100 B = 1.2  T a r g e t s  b 

a ~ h e  f i g u r e s  i n  p a r e n t h e s i s  a r e  e s t i m a t e s  of p o p u l a t i o n  s t a n d a r d  
d e v i a t i o n s .  

b ~ h e  l a s t  p e r i o d  b a s e  r u n  t a r g e t s  f o r  R e s e r v e s  and Money Supply 
were m u l t i p l i e d  by 10. 

 h he computer  r u n s  f rom which t h e  t a b l e  e n t r i e s  w e r e  r e c o r d e d  a r e  to  
be found i n  Appendix G. 



TABLE 6.13 

STOCHASTIC ADAPTIVE CONTROL SIMULATION 

PENALTY C O S T S ~  FOR THE ABEL MODEL 

a ~ h e  f i g u r e s  i n  p a r e n t h e s i s  are estimates o f  p o p u l a t i o n  s t a n d a r d  
d e v i a t i o n s .  

1 

b ~ h e  l a s t  p e r i o d  t a r g e t s  f o r  Consumpt ion  a n d  I n v e s t m e n t  were 
m u l t i p l i e d  by 100.  

 he c o m p u t e r  r u n s  f r o m  w h i c h  t h e  t a b l e  e n t r i e s  were r e c o r d e d  
a r e  to  be f o u n d  i n  A p p e n d i x  G. 

s o l u t i o n C  
v 

C e r t a i n t y  
E q u i v a l e n c e  

U n c e r t a i n  .. 
P a r a m e t e r s  

H e u r i s t i c  
U n c e r t a i n  
P a r a m e t e r s  

MacRae 
Mode 1 

Norman 
Du a 1 
C o n t r o l  

I 

H i g h  D i s c o u n t e d  
T e r m i n a l  P e n a l t y  H i g h  

B a s e  F a c t o r  C o s t s  T e r m i n a l  
Ru n  a = 10000 8 = 1 . 2  T a r g e t s  b  

1 . 2  9 , 7 4 9  0.4 9 , 1 3 1  
( 4 . 6 )  ( 3 9 , 7 6 0 )  ( 1 . 6 )  ( 9 , 7 4 3 )  

0 .2  1 0 , 2 7 6  0 . 1  342 
( 0 . 7 )  (43 , ' 369)  ( 0 - 2 )  ( 2 5 7 )  

0 .2  3 , 1 7 8  0 .1  8 , 6 0 2  
( 0 . 7 )  ( 1 1 , 9 3 2 )  ( 0 . 2 )  ( 9 , 4 2 7 )  

0 .2  26  0 . 1  3 , 1 9 9  
( 0 . 7 )  ( 42 ( 0 . 2 )  ( 5 , 1 5 7 )  

0 .0  6 3  0 .0  742 
( 0 . 1 )  ( 99  ( 0 . 0 )  ( 9 0 7 )  

I 



Comparison - o f  S t o c h a s t i c  C o n t r o l  S o l u t i o n s  w i t h  A c t u a l  Data  - 
A c t u s l  r e s u l t s  (measured  i n  n a t u r a l  l o g a r i t h m s  f o r  e a s e  o f  

c o m p a r i s o n )  f o r  t h e  Canad ian  economy o v e r  t h e  t ime  span  1975 t o  

1981  a r e  summarized i n  T a b l e  6.14. T h e s e  v a l u e s  were  e s t i m a t e d  

a s  c l o s e l y  a s  p o s s i b l e ,  u s i n g  t h e  same d a t a  s o u r c e s  a s  t h o s e  

l i s t e d  i n  L a i d l e r  ( 1 9 8 1 ) .  

S t o c h a s t i c  c o n t r o l  p r e d i c t i o n s  f o r  s i x  t i m e  p e r  i ods  u s i n g  

t h e  u n c e r t a i n  p a r a m e t e r s  c o n t r o l  model a r e  shown in  T a b l e  5.15. 

The t a r g e t s  used i n  t h i s  t a b l e  a r e  t h e  same a s  t h o s e  u s e d  

p r e v i o u s l y  o v e r  t h e  f i r s t  s i x  t i m e  p e r i o d s .  A s  s t a t e d ,  b e f o r e ,  

t h e y  were c h o s e n  q u i t e  a r b i t r a r i l y  and t h e  r e s u l t s  i n  T a b l e  6.15 

a r e  h e a v i l y  i n • ’  luencei!  by t h e i r  c h o i c e .  I n  f a c t ,  t h e  a c t u c ? l  

v a l u e s  i n  T a b l e  6.14 c o u l d  have  been  u s e d  a s  t a r g e t s  f o r  t h i s  

r u n  and ,  of c o u r s e ,  t h e  r e s u l t s  would t h e n  have been  c l o s e  t o  

t h e  a c t u a l  v a l u e s .  U n f o r t u n a t e l y ,  we c a n  o n l y  s p e c u l a t e  w h a t  

t a r g e t s  w e r e  b e h i n d  t h e  a c t u a l  v a l u e s  i n  T e b l e  6.14.  

T h e r e  a r e  some o b v i o u s  2 i f f e r e n c e s  between t h e  two s e t s  of 

r e s u l t s .  The a c t u a l  f i g u r e s  r e f l e c t  a  l a r g e r  money s u p p l y ,  

h i g h e r  i n f l a t i o n ,  and s m a l l e r  r e s e r v e  l e v e l s ,  T r a n s i t o r y  income 

i s  s ! s o  h i g h e r  and e v e n  though a w e i g h t i n g  f a c t o r  of 1 0 0  ( a s  

opposed  t o  u n i t y  f o r  t h e  b z s e  r u n )  was a ~ p l i e d  t o  t h e  t r a n s i t o r y  

income p e n a l t i e s ,  t h e  L; . idler  model seemed r e l u c t a n t  t o  mose 

c l o s e r  t o  i t s  income t a r g e t s .  



TABLE 6.14 

ACTUAL CANADIAN EKONOMIC AGGREGATES 

Govern- 
1 Transitory Reserves Exchange Doanestic Money b s t i c  m n t  Tax 
I Year Incorn 
i Rate Pr ice  Supply Credit Spending Rate 
* 1976 
\ 

0.178 1.765 4.671 5.032 4.443 4.371 0.094 -0.405 

i 1977 0.143 1.528 4.752 5.108 4.554 4.504 0.089 -0.439 

1 1978 0.107 1.520 4.833 5.195 4.762 4.722 0.040 -0.480 

TABLE 6.15 

S-IC CONTROL PREDICIXONS FOR 

CANADIAN ECONCMIC AGQZEGiTES 1976 - 1981 

Govern- 
Transitory Reserves Exchange b s t i c  Money b s t i c  ment Tax 

Year Incom Rate Price Supply Credit Spending Rate 

W E :  A l l  values, except t h  period, are given i n  natural logarithms. , 



BII . CONCLUSIONS 
Many of t h e  c o n t r o l  s t u d i e s  rev iewed u s e d  s m a l l ,  l i n e a r  

r e g r e s s i o n  models  i n  which s t a n d a r d  r e g r e s s i o n  methods w e r e  

employed. More p r a c t i c a l  s i t u a t i o n s ,  a s  i n  t h i s  s t u d y ,  o f t e n  

demand non l i n e a r  models and  s p e c i a l  r e g r e s s i o n  t e c h n i q u e s .  The 

r e s u l t s  f rom s i m p l e  r e g r e s s i o n  w e r e  s imp ly  n o t  good enough f o r  

t h e  L a i d l e r  model. The need  t o  impose e x t r a n e o u s  i n f o r m a t i o n  o n  

t h e  r e g r e s s i o n  by way of z e r o  r e s t r i c t i o n s  r e s u l t e d  i n  s l a r g e  

computa t i ona .1  ove rhead ,  e s p e c i a l l y  n o t i c e a b l e  i n  t h e  s i m u l a t i o n  

p h a s e  o f  t h e  a n a l y s i s .  These  r e s t r i c t i o n s  d i d  b r i n g  t h e  model 

c l o s e r  t o  the a c t u a l  L a i d l e r  model i n  which maximum l i k e l i h o o d ,  

f u l l  i n • ’  orma t i o n  methods were  u s e d  i n  t h e  p a r a m e t e r  e s t i m a t i o n .  

Wi thou t  s i m u l a t i o n ,  i t  would be t e m p t i n g  t o  c o n c l u d e  t h a t  

t h e  s i m p l e  c e r t a i n t y  e q u i v a l e n c e  model i s  t h e  b e s t  s t o c h a s t i c  

c o n t r o l  model,  C e r t a i n l y ,  i t  i s  c o m p u t a t i o n a l l y  e f f i c i e n t ,  h a s  

t h e  s m a l l e s t  p e n a l t y  c o s t  and  i t s  a l w a y s  e a s y  t o  i g n o r e  

u n c e r t a i n t y .  However, when t e s t e d  w i t h  s i m u l a t i o n ,  i t  i s  c l e a r l y  

i n f e r i o r  t o  t h e  u n c e r t a i n  p a r a m e t e r s  model,  a model s p e c i f i c a l l y  

d e s i g n e d  t o  h a n d l e  u n c e r t a i n t y  in  t h e  e r r o r  t e r m s  and i n  t h e  

r e g r e s s i o n  c o e f f i c i e n t s .  One would e x p e c t  t h i s  s u p e r  i o r  i t y  t o  

i n c r e a s e ,  t h e  more t h e  u n c e r t a i n t y  i n  t h e  r e g r e s s i o n  model, 

The t e s t i n a  of t h e  v a r i o u s  c o n t r o l  models  under  s i m u l a t i o n  

M P S  an  i m p o r t a n t  p a r t  of t h i s  s tu f 'y ,  F i f t y  s i m u l a t i o n s ,  

r e p r e s e n t i n g  500 y e a r s  f o r  t h e  L ~ i d l e r  model,  w e r e  pe r fo rmed  f o r  

each c o n t r o l  model. Wi thou t  t h e  cornputa t i o n ~ l  b u r d e n  ment ioned  



above  , a h i g h e r  number of s i m u l a t i o n s  would have been  

u n d e r t a k e n ,  e s p e c i a l l y  i n  view of t h e  h igh  p e n 2 l t y  c o s t  

d i s t r i b u t i o n  v a r i a n c e s .  A s m a l l  number of  o u t l i e r s  were  t h e  

c u l p r i t s  f o r  t h e s e  l a r g e  v a r i a n c e s ,  p r o d u c i n g  h i g h  p o s i t i v e  

skewness  i n  t h e  p e n a l t y  c o s t  d i s t r i b u t i o n s ,  much l i k e  a 

c h i - s q u a r e  p r o b a b i l i t y  d i s t r i b u t i o n ,  

The t r a c k i n g  p a t t e r n s  f o r  t h e  v a r  i o u s  a d a p t i v e  c o n t r o l  

mode l s ,  under  s i m u l a t i o n ,  showed how s i m i l a r  most models were  in  

t h e i r  s t o c h a s t i c  cont . ro1 s o l u t i o n s ,  t h e  o n l y  d i s s i d e n t  b e i n g  t h e  

Norman model w i t h  i t s  v e r y  a g g r e s s i v e  c o n t r o l  f l u c t u a t i o n s  i n  

t h e  e a r l y  s t a g e s  of t h e  p l a n n i n g  t i m e  span .  Norman would a r g u e  

t h a t  l e a r n i n g  i s  t a k i n g  p l a c e  i n  t h e  e a r l y  s t a g e s ,  j u s t  l i k e  a  

c a p t a i n  w i t h  a  newly commissioned v e s s e l ,  r ? p i d i y  manoeuvr i n g  

t h e  s h i p  f rom t h e  dock i n  o r d e r  t o  q u i c k l y  l e a r n  i t s  r e s p o n s e  

c h s r e c t e r i s t i c s .  O n p  s h o u l d  a l s o  n o t e  t h a t  t h e  Norman model i s  

c o m p l e t e l y  d i  f f e r e n t  i n  i t s  a p p r o a c h  t o  s t o c h a s t i c  c o n t r o l  

a n a l y s i s ;  one o b v i o u s  d i f f e r e n c e  i s  t h a t  i t  moves fo rward  

t h r o u g h  t h e  p l a n n i n g  t i m e  span  w h i l s t  a l l  t h e  o t h e r s  move 

beck wards.  

S j m u l a t i o n  was  p a r t i c u l a r l y  u s e f u l  i n  examining  t h e  

p e r f o r m a n c e  o f  t h e  a d a p t i v e  c o n t r o l l e r s .  None o f  them came c l o s e  

t o  t h e i r  t h e o r e t i c a l  p e n a l t y  c o s t  p r e d i c t i o n s  which unc?erscores  

t h e  c o m p l e x i t y  and t h e  d i f f i c u l t y  i n  m o d e l l i n g  t h e  a d s p t i v e  o r  

l e a r n i n g  env i ronmen t .  For t h e  r e l a t i v e l y  s i m p l e ,  Abel  

e c o n o m e t r i c  model,  t h e  Norman a d a p t i v e  c o n t r o l  model i s  by f a r  

t h e  b e s t  c h o i c e ,  For the '  L s i ? l e r  e c o n o m e t r i c  model ,  however, t h e  



PacRae a d a p t i v e  c o n t r o l  model d i d  w e l l ,  even  though i t  s u f f e r e d  

i n f  orma t i o n  o v e r l o a d  f o r  t h e  h igh  t e r m i n a l  t a r g e t s  case .  A 

s i m p l e  n o d e l ,  t h e  u n c e r t a i n  p a r a m e t e r s  model,  n o t  e v e n  d e s i g n e d  

t o  c o p e  w i t h  t h e  a d a p t i v e  env i ronmen t ,  per formed w e l l  f o r  b o t h  

econome t r  ic models .  These  c o n f u s i n g  r e s u l t s  a r e  t y p i c e l  f o r  

s t o c h a s t i c  c o n t r o l  s t u d i e s .  R a u s s e r ,  Norman and Kendr ick  a l s o  

found  t h a t  t h e r e  was  no c l e a r  w inne r ;  t h a t  d i f f e r e n t  models  

e x c e l l e d  f o r  d i f f e r e n t  c o n t r o l  p rob lems .  

Based upon a s i m p l e  a v e r a g e  rank  . i n d e x ,  t h e  u n c e r t a i n  

p a r a m e t e r s  a n d  t h e  MacRae model emerge j u s t  a h e a d  of t h e  Norman 

model a s  t h e  b e s t  c o n t r o l  models  f o r  t h e  L a i d l e r  e c o n o m e t r i c  

model. A key ac?vsntaqe f o r  t h e  u n c e r t a i n  p a r a m e t e r s  model i s  i t s  

r e l a t i v e  c o ~ p u t a  t i o n a l  e f f i c i e n c y ,  r e q u i r i n g  o n l y  1 2  s econds  of 

computer c e n t r a l  p r o c e s s i n g  u n i t  (CPU) t i m e  f o r  i t s  L a i d l e r  

c o n t r o l  s o l u t i o n  a s  opposed.  t o  60 s econds  f o r  t h e  MscRac model 

and  200 s e c o n d s  f o r  t h e  Norman model ( a l l  of t h e  models t ook  

a b o u t  4 0 0  s e c o n d s  of CPU t ime  f o r  t h e  50 a d a p t i v e  s i m u l a t i o n s ) .  

I n  f a c t ,  i t s  r e q u i r e d  computer c e n t r a l  p r o c e s s i n g  t i m e  seems t o  

grow e x p o n e n t i a l l y  w i t h  t h e  d imens ion  o f  t h e  s t a t e  v a r i a b l e  

v e c t o r  st a  r a t e  o f  2 .6 .  For t h e  Abel model ,  w i t h a  s t a t e  

v a r i a b l e  v e c t o r  d i m e n s i o n  of  4 ,  t h e  CPU t ime  was  2 s e c o n d s  

w h i l e ,  f o r  t h e  L a i d l e r  model,  w i t h  a  s t a t e  v e c t o r  d i m e n s i o n  o f  

8 ,  t h e  CPU t ime was  1 2  seconds .  I t  would seem ' t o  i n d i c a t e  t h a t  

t h e  u n c e r t a i n  p a r a m e t e r s  model cou ld  be a p p l i e d  t o  50-60 

e q u a t i o n  r e g r e s s i o n  models  w i t h o u t  p l a c i n g  t o o  much s t r a i n  o n  

t h e  computer  f a c i l i t i e s  ( t h e  r e q u i r e d  CPU t ime would he s b o u t  3 0  



m i n u t e s  f o r  t h i s  s i t u a t i o n ) ,  

An i m p o r t a n t  message f o r  t h e  po l icy-maker  emerges  from t h i s  

stuc?y: economic p o l i c i e s  s h o u l d  be i n v e s t i g a t e d  i n  a s t o c h a s t i c  

dynamic f r amework ,  n o t  d e t e r m i n i s t i c  and s t a t i c .  Even a v e r y  

s i m p l e  e c o n o m e t r i c  model ,  s u c h  a s  t h e  o n e  i n  t h i s  s t u d y ,  can  

y i e l d  s u r p r i s i n g  r e s u l t s  which a r e  some t i m e s  q u i t e  

c o u n t e r - i n t u i t i v e .  A medium-sized model of t h e  economy, 50-60 

e q u a t i o n s ,  s a y ,  d e v e l o p e d  w i t h  a keen  e y e  o n  t h e  e r r o r  t e rms  and  

s y s t e m  dynamics ,  c o u l d  be an  e x t r e r n e l y ~ v a l u a b l e  po l i cy -mak ing  

t o o l  when i n c o r p o r a t e d  i n  a s t o c h a s t i c  c o n t r o l  a n a l y s i s ,  much 

l i k e  t h e  o n e  d e s c r i b e d  i n  t h i s  s t u d y .  



A P P E N D I X  A 

OPTIMAL CONTROL THEORY 

AND DYNAMIC PROGRAMMING 



Opt imal  c o n t r o l  t h e o r y  was o r  i g i n s l l y  d e v e l o p e d  f o r  c o n t i n u o u s ,  

d e t e r m i n i s t i c  c o n t r o l  p rob lems .  For t h e  moment, t h e r e f o r e ,  

s t o c h a s t i c  v a r  i n t i o n s  w i l l  b e  i gnore? .  W e  b e g i n  by augment ing  

t h e  p e n a l t y  c o s t  f u n c t i o n  w i t h  a s t a t e  e q u a t i o n  c o n s t r a i n t :  

Cp t ima l  c o n t r o l  t h e o r y  p r o v i d e s  a s o l u t i o n  t o  t h e  s h o v e  e q u a t i o n  

a l o n g  w i t h  t h e  Lagrange  m u l t i p l i e r s  ox c o s t a t e  va r  i z b l e s ,  a s  

t h e y  a r e  c e l l e d .  A C a r e f u l  choice1  f o r  t h e  H a m i l t o n i a n  is n e x t  

made: 

H = 4 (yt-  a t ) '  K ( y -  a 1 + 2 1 '  (y - D 2 ) 
t t - t  t t t t t  

P o n t r y a g i n ' s  maximum o r  minimum p r i n c i p l e 2  is t h e n  a p p l i e d  i n  

o r d e r  t o  min imize  H f o r  each t ime  p e r i o d  over  a l l  p o s s i b l e  
t 

v a l u e s  f o r  t h e  c o n t r o l  v a r  i a b l e s :  

------------------ 
' ~ r t h u r  E .  Bryson and Yu-Chi Ro, App l i ed  Op t ima l  C o n t r o l ,  
(Walthpm, Mass: R l a i s 6 e l l  P u b l i s h i n 9  Company, 1 9 6 9 ) ,  p. < 4 4 .  

L. S .  Pont ryar j in  e t  a l . ,  T h e  M a t h e m a t i c a l  Theory  of O p t i m r l  
7 - - 

P r o c e s s e s ,  (New York: I n t e r s c l e n c e s ,  1 9 6 2 )  . 



The f i r s t  two c o n d i t i o n s  y i e l d :  

The l o g i c a l  p l a c e  t o  s t a r t  t h e  s o l u t i o n  i s  a t  t h e  l a s t  t ime  

p e r i o d ,  T ,  w h e r e  X T+l= 0 ,  which g i v e s :  

= K T  ( y T -  (A . 5 )  

W e  would t h e n  c o n t i n u e  moving backwards i n  time, s o l v i n g  Eor y t  

and 
At , u s i n g  t h e  r e c u r r e n c e  r e l a t i o n s  ( A . 4 ) .  Rut t h i s  i s  

e q u i v a l e n t  t o  a p p l y i n g  B e l l m a n ' s  p r i n c i p l e 3  and t h e r e f o r e  t o  

u s i n g  c o n v e n t i o n a l  dynamic programminq methods .  I f  dynzmic 

progr2mming me thods  a r e  u s e d ,  w i t h o u t  r e g a r d  t o  min i n i z i n g  t h e  

H a m i l t o n i a n ,  t h e  same r e s u l t s  w i l l  b e  o b t a i n e d  e x c e p t  t h a t  t h e  

c o s t a t e  v a r i a b l e s  w i l l  n o t  be e v a l u a t e d .  O b v i o u s l y ,  i t  would be 

a s i m p l e  m a t t e r  t o  e v a l u a t e  them, i f  r e q u i r e d ,  by u s i n g  a  

r e c u r r e n c e  r e l n  t i o n s h i p  d e v e l o p e d  f rom ( A . 4 ) .  

------------------ 
Bellman,  A d a p t i v e  C o n t r o l  P r o c e s s e s ,  p. 57 .  



APPENDIX B 

REGRESSION THEORY FOR 

STOCHASTIC CONTROL 



Der iva  t i o n  - o f  R e q r e s s i o n  C o e f f i c i e n t s  

Given a  s e t  of  o b s e r v a t i o n s  on t h e  endogenous  v a r i a b l e s ,  Y ,  and 

a  s e t  of  o b s e r v a t i o n s  on t h e  l a g g e d  endogenous ,  c o n t r o l  and  
t 

exogenous  v a r i a b l e s ,  2, r e l a t e d  by Y = Z TI  + E , t h e  o r d i n a r y  

l e a s t  s q u a r e s  e s t i m a t . e  o f  t h e  c o e f f i c i e n t  m a t x i x ,  TI , is: 

1 -1 
IT = ( Z ' Z )  Z ' Y  ( R .  1) 

I f  w e  impose z e r o  r e s t r i c t i o n s  on E . b y  wey of e x t r n n e o u s  
1 

i n f o r m a t i o n ,  e . g . ,  R i  IT = 0 f o r  t h e  i t h  e q u a t i o n ,  t hen :  

A 

IT 
i i s  a s e t  of r e s t r i c t e d  c o e f f i c i e n t s  t o  b e  found i n  t h e  i t h  

A 

row of II , t.he r e s t r i c t e d  c o e f f i c i e n t  m a t r i x .  T h e  sum of  

s q u a r e s ,  r e s i d u a l  c r o s s - p r o d u c t  m a t r i x ,  S, can b e  w r i t t e n :  

A 4 

s = ( Y '  I T  2 ' )  ( Y  - Z I I ' )  

T h i s  c r o s s - p r o d u c t  matr  i x ,  S ,  can t h e n  b e  u s e d  a l o n g  with N ,  t h e  
A 

number of  o b s e r v a t i o n s ,  s, t h e  number of columns i n  fl and p ,  

t h e  number of endogenous  v a r  i s b l e s  t o  o b t a i n  an e s t i m a t o r  f o r  
- 

t h e  r e s i d u a l  covar  i ~ n c c  m a t r i x ,  Vt: 



n 

I t  s h o u l d  be n o t e d  t h a t  t h e  r e g r e s s i o n  c o e f f i c i e n t s ,  K , 
o n l y  r e p r e s e n t  p a r t  of t h e  Dt m a t r i x  i n  (3.4) of  t h e  main t e x t .  

I n  f a c t ,  t h e y  a r e  t h e  f i r s t  row of m a t r i c e s  i n  (3 .2 ) ,  t h e  

r ema inde r  b e i n g  e i t h e r  n u l l  or  i d e n t i t y  m a t r i c e s .  I n  t h e  n e x t  

s e c t i o n ,  t h e  r e g r e s s i o n  c o e f f i c i e n t  c o v a r i a n c e  r e l a t i o n s h i p s  

w i l l  b e  a n s l y s e d .  The c o v a r i a n c e  m a t r i x  d e r i v e d  w i l l  b e  f o r  t h e  

f i r s t  row of c o e f f i c i e n t  m a t r i c e s  i n  m a t r i x  Dt. 

Der iva  t i o n  o f  t h e  C o e f f i c i e n t  Covar i a n c e  R e l a  t i o n s h i p s  -- 
T h i s  s e c t i o n  c l o s e l y  f o l l o w s  t h e  work of E l i z i ' b e t h  MacRseO1 We 

b e g i n  by making t h e  a s s u m p t i o n  t h a t  t h e  r e g r e s s i o n  c o e f f i c i e n t  

m a t r i x ,  
Dt ' w i l l  h ave  a m u l t i v a r i a t e  no rma l  p r o b a b i l i t y  

d i s t r i b u t i o n  w i t h  c o v a r i a n c e ,  rt , of o r d e r  e q u a l  t o  t h e  number 

of rows i n  Dt m u l t i p l i e d  by t h e  number of co lumns  i n  D t  . The  

p r o b a b i  1i t y  d i  s t r  i b u t  i o n  of  t t  under t h e s e  a s s u m p t i o n s ,  w i l l  

be:  

Fxp - $ [ P ( D 1 )  - P ( D 1  ) ] r 1  ! P ( D ' )  - 1 ( B . 5 )  
t t-1 t-1 t t-1 

Where P is  a pack o p e r e t o r  which forms a v e c t o r  f rom a m a t r i x  

by s t a c k i n g  t h e  matr i x  columns, one above  t h e  o t h e r .  The ------------------ 
I MacRse, An - A g n p t i v e  L e a r n i n g  R u l e ,  p. 9 0 5 .  

F? 5 



, , o b s e r v a t i o n s ,  may t h e n  b e  w r i t t e n ,  u s i n g  B a y e s  r u l e :  
i 

f 
Z 

'* 

The f i r s t  t e r m  o f  t h e  numera to r  i n  (B.7) c a n  b e  s i m p l i f i e d  by 

s u b s t i t u t i n g  f o r  t h e  s y s t e m  r e l a t i o n s  ( 3 . 4 )  t o  y i e l d :  

Because  x and w i n  z c o n t r i b u t e  n o t h i n g  t o  t h e  p o s t e r i o r '  
t t t 

d i s t r i b u t i o n  beyond t h a t  c o n t r i b u t e d  by yt - ( a l s o  in  z ) ,  t h e  
t 

o t h e r  t e rm i n  t h e  numera to r  of ( ~ . 7 )  i s  p r o p o r t i o n a l  t o  t h e  

r i g h t - h a n d  s i d e  of  ( B . 6 ) .  The denomina to r  in (8.7) i s  

i n d e p e n d e n t  of Dt and can t h e r e f o r e  b e  ignored  by s i m p l y  

c h a n g i n g  t h e  e q u a l i t y  s i e n  jn ( B . 7 )  t o  a  p r o p o r t i o n 2 1  s i g n ,  a *  

A f t e r  s u b s t i t u t i o n  i n t o  t h e  numera to r  of ( B . 7 )  and  - 

e x p a n s i o n  o f  t h e  q u a d r a t i c  forms:  



-1 -1 -1 
Exp -+  [ y' V y - 2 z' D' V y + 2' D' V D z 

t t  t  t t t t  t  t  t  t t  

Now t h e  pack o p e r a t o r r  i n  ( B . 9 )  h a s  t h e  f o l l o w i n g  p r o p e r t y :  

I n  (B.10).  @ i s  t e rmed  t h e  Kronecker  p r o d u c t  i n  which e z c h  

e l e m e n t  t o  t h e  l e f t  of t h e  o p e r a t o r  i s  m u l t  i p l i e c !  by t h e  

m a t r i x  on t h e  r i g h t  of t h e  o p e r a t o r .  T h i s  shou ld  n o t  be 

c o n f u s e d  w i t h  t h e  WacRae s t a r  p r o d u c t  o p e r a t o r 2  which i s  s 

s p e c i a l  fo rm o f  r a  t r i x  m u l t i p l i c s t i o n  d e f i n e d  by: 

The m a t r i c e s  i n  ( B . l l )  must  be  c o m p a t i b l e  such  t h a t ,  i f  A is  a n  

m by n m a t r i x ,  and t h e  s u b m a t r i x  B is of o r d e r  p by q, t h e n  
ij 

t h e  s i z e  of  B must be mp by nq and t h e  r e s u l t i n g  C w i l l  he  a p 

I b i d ,  p. 9 0 4 .  



E x p l o i t i n g  t h e  Kronecke r  p r o d u c t  r e l a t i o n s h i p  i n  ( B . 9 )  

g i v e s :  

- ( o t h e r  terms i n d e p e n d e n t  of D ) 
t 

(B. 12) 

A f t e r  c o m p l e t i n g  t h e  s q u a r e ,  n e g l e c t i n g  t e r m s  t h a t  a r e  

i n d e p e n d e n t  of  D , (8 .12)  c a n  b e  r e w r i t t e n  t o  g i v e  (B.13) : 
t 

I n  f a c t ,  by compar ing  (B.13) w i t h  (B .8 ) ,  a m u l t i v a r i a t e  n o r m i l  

p r o b a b i l i t y  d i s t r i b u t i o n  is r e v e a l e d  w i t h  a  mean of  p 2nd a 

p r e c i s i o n  g i v e n  by: 



The mean, p , can then  b e  f u r t h e r  s i m p l i f i e d  a f t e r  s u b s t i t u t i n g  

f o r  I' and t h e  s t a t e  e q u a t i o n s ,  ( 3 . 4 ) :  
t 

The above  e q u a t i o n ,  (B.15) ,  i m p l i e s  t h a t  a l l  t h e  c o e f f i c i e n t  

means a r e  e q u a l  t o  t h e  p r i o r  mean m d  a r e  t h e r e f o r e  c o n s t a n t  

ove r  t h e  p l a n n i n g  time span .  I t  i s  a l s o  p o s s i b l e  t o  d e v e l o p  an  

e x p r e s s i o n  f o r  c o v a r i a n c e  a f t e r  s u b s t i t u t i n g :  

Z'Z = ( 2 '  z + Z Z' ) 
t t  t-1 t-1 t t  

in t .0  e q u a t i o n  ( B . 1 4 )  t o  g e t :  

The above  e q u a t i o n ,  (B.17) ,  can h e  u s e d  t o  o b t a i n  t h e  

c o e f f i c i e n t  c o v a r i a n c e  m a t r i x ,  I' , a t  a n y  t ime  p e r i o d .  For 
t 

s i m p l e  r e g r e s s i o n ,  t h e  c o v a r i a n c e  be tween  t h e  i t h  and j t h  

e q u a t i o n s  i s  v ( 2 ' 2  ) w h i l e ,  f o r  r e s t r i c t e d  r e g r e s s i o n ,  i t  
j t t 



APPENDIX C 

THE ABEL MODEL 



The  Abel  model i s  a two endogenous,  two c o n t r o l  v a r i a b l e  model 

of t h e  U.S. economy. I t  is  q u a r t e r l y  and c o v e r s  t h e  p e r i o d  f ram 

a b o u t  t h e  end of t h e  Korean war (1951?-I) t o  t h e  b e g i n n i n g  o f  

heavy  i n v o l v e r e n t  i n  t h e  V i e  tn?m war (1953-IV) . The t h e o r y  f o r  

t h e  model i s  based  on t h e  c o n c e p t  of a  p r i v a t e  consumpt ion  

a c c e l e r a t o r  d e v e l o p e d  by P a u l  A .  ~ a m u e l s o n l  and t a k e s  t h e  

f o l l o w i n g  form: 

where  Ct is  p e r s o n a l  consumpt ion  e x p e n d i t u r e s  i n  b i l l i o n s  of 

1 3 5 8  d o l l a r s ,  It i s  g r o s s  p r i v a t e  i n v e s t m e n t  i n  b i l l i o n s  of 1 9 5 8  

d o l l a r s ,  Gt i s  government  p u r c h a s e s  of goods  and  s e r v i c e s  i n  

b i l l i o n s  of 1 3 5 8  d o l l a r s ,  Mt is money s t o c k  d e f i n e d  a s  c u r r e n c y  

p l u s  demand d e p o s i t s  (Ml), 2nd G D C  i s  a f i x e d  weight.  p r i c e  i n d e x  

f o r  p e r s o n a l  consumpt ion  e x p e n d i t u r e .  T h e  d a t a  which was used t o  

d e v e l o p  t h e  model i s  shown i n  T a b l e  C . 1  and w s s  t a k e n  from a  

s t u d y  by K end r  ick . 

------------------ 
I P a u l  A .  Semuclson,  " I n t e r a c t i o n s  Retween t h e  M u l t i p l i e r  
A n a l y s i s  and  t h e  P r i n c i p l e  o f  A c c e l e r a t i o n ,  " Review - of E C O ~ O ~ ~ C  

S t - a t i s t i c s ,  Vo l ,  21. (May 1 9 3 9 ) ,  pp. 75-7P. 

3 - K e n d r i c k ,  "Crtution ~ n d  P r o b i n g  i n  a Yscrocconon; ic  M o d e l , "  P -  
5 8 .  
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APPENDIX D 

SIMPLE LQT SOLUTION , 

FOR THE ABEL MODEL. 



The A b e l  e c o n o m e t r i c  model  c a n  b e  d e r i v e d  f r o m  t h e  39 s e t s  of 

o b s e r v s t i o n s l  i n  T a b l e  C . 1 ,  A p p e n d i x  C,  u s i n g  t h e  f o l l o w i n g  

r e g r e s s i o n  f o r m u l a :  

g i v i n g  t h e  f o l l o w i n g  r e d u c e d  f o r m  (D.2)  : 

I t  w i l l  be c o n v e n i e n t  l a t e r  t o  c o n s i d e r  t h r e e  s u b m a t r i c e s  of  t h e  

c o e f f i c i e n t s  f r o m  ( D . 2 )  i n  t h e  fo rm .rr = 71 1 where :  [*A ~C E 

l ~ o t e  t h a t  t h e r e  a r e  two e n d o g e n o u s  w r i a b l e s  f o r  t h e  same s e t .  
o f  f o u r  e x o g e n o u s  v a r i a b l e s .  C o n s e q u e n t l y ,  Z w i l l  h e  a 39 by 4 
m a t r i x  a n d  Y w i l l  b e  a 39 b y  2 m a t r i x .  



The c o e f f i c i e n t  m a t r i c e s  i n  t h e  s t a t e  e q u a t i o n  ( 3 . 3 )  can  also b e  

d e f i n e d :  

A - - 

C - - 

The i n v e r s e ,  ( Z ' Z )  , a by-product  from t h e  d e r i v a t i o n  o f  ( D . 2 ) ,  

i s  t a b u l a t e d  below: 



, 
An e s t i m a t e  o f  t h e  e r r o r  t e r m  c o v a r i a n c e  m a t r i x ,  7, u s i n g  ( B - 4 )  

4 

f and (8.5) f rom Appendix B ,  a g a i n  a by-product  o f  t h e  r e g r e s s i o n  
F: 
ig 
AS a n a l y s i  s, is: 

F 
4- I t  is  now p o s s i b l e  t o  d e r i v e  t h e  f u l l  - 1 4  by 1 4  c o e f f i c i e n t  
pa 
1 
"i 

covar  i anc  e ma t r  ix7 by a p p l y  i n g  (8.17) f rom Appendi x  B , i. e. , 
t h a t  r = i i @ ( z t i ! i l  t o  g e t :  

164.4 x 9.063 x 10 

A t  each s t a g e  i n  t he  s t o c h a s t i c  c o n t r o l  a n a l y s i s ,  the  n e x t  s e t  

of v a l u e s ,  H , h and  c , a r e  o b t a i n e d  f rom t h e  c u r r e n t  s e t  
t-1 t-1 t-1 

2 ~ o r  c l a r i t y ,  o n l y  t h e  c o r n e r  terms have a c t u a l l y  been d e r i v e d .  
T h e  o b j e c t i v e  h e r e  i s  t o  show how ( R . 1 7 )  c a n  be  a p p l i e d .  



o f  v a l u e s ,  H c G and  g The R i c c a t i  e q u a t i o n s  (3 .20 )  
t r  htt t, t to 

a r e  u s e d  f o r  t h i s  p u r p o s e  and  t h e y  r e q u i r e ,  s n o n g s t  o t h e r  

t h i n g s ,  t h e  e v a l u a t i o n  s f  s e v e r a l  t r i p l e  m a t r i x  p r o d u c t  

e x p e c t a t i o n s ,  e.g.,  E ( A t N A )  . These m a t r i x  p r o d u c t s  c a n  be  e a s i l y  

d e r i v e d  f r o m  t h e  f o l l o w i n g  m a t r i x  p r o d u c t .  3 

11 
w h e r e  H is a s u b m a t r i x  o f  t h e  c u r r e n t  HL m a t r i x :  

t 

11 
For e x a m p l e ,  t h e  s u b m a t r i x  H f o r  

2 

C 

t h e  s e c o n d  time p e r i o d ,  

u n c e r t a i n  p a r a m e t e r s  q u a d r a t i c  m a t r i x ,  H , is: 
2 

------------------ 
3 ~ h e  e q u a t i o n  ( D . 3 ) ,  a s  i t  s t a n d s ,  would  be u s e d  i n  t h e  
d e v e l o p m e n t  o f  t h e  u n c e r t a i n  p a r a m e t e r s  s o l u t i o n .  By d r o p p i n g  
t h e  l a s t  t e r m ,  i t  c m  a l s o  b e  u s e d  f o r  t h e  c e r t z i n t y  e q u i v a l e n c e  
s o l u t i o n .  



The t r  i p l e  ma t r  i x  p r o d u c t  e x p e c t  i o n s  can now be  r  e a d i  ly der  i v e d ,  

E ( A g  H A )  i s  s i m p l y  PPA and ,  f o r  example,  

- pCA 21 
E ( C ' H A )  - + H IT 

A 

A summary of t h e  c o n t r o l  a n z l y s i s  f o r  t h e  l a s t  two s t a g e s  

( o r  f i r s t  two t ime  p e r i o d s )  i s  shown i n  T a b l e  D.1. For 

s i m p l i c i t y ,  o n l y  t h e  d e r i v a t i o n  of  E ( A I H A )  i s  shown b u t  t h e  

o t h e r  t e rms  E ( C t H A )  , E(C8HC), E(AIMb) o r  E(CIHb) a r e  o b t a i n e d  

j u s t  a s  e a s i l y .  



T A B L E  D . 1  

S I M P L E  LQT S O L U T I O N S  

FOR THE ABEL MODEL 

C e r t a i n t y  E q u i v a l e n c e  U n c e r t a i n  P a r a m e t e r s  



APPENDIX E 

THE LAIDLER MODEL 



The B a s i c  Model - 
The ~ a i d l e r  .oclel1 is i n  t h e  t r a d i t i o n  of  open-economy 

monetar iasm and  was  d e s i g n e d  t o  c o p e  w i t h  d a t a  g e n e r a t e d  unde r  

f i x e d  exchange  r a t e s .  Thus t h e  i n t e r z c t i o n  o f  t h e  b a l a n c e  o f  

payments  w i t h  t h e  s u p p l y  and demand f o r  money, and t h e  

i n t e r a c t i o n  o f  a c t u a l .  a n d  e x p e c t e d  i n f l a t i o n  r a t e s  w i t h  

f l u c t u a t i o n s  i n  r e a l  income,  a r e  i t s  key i n g r e d i e n t s .  T h e  model 

i s  i n  l o g - l i n e a r  form a n d  may be s e t  o u t  a s  f o l l o w s :  

'L 
m d = 6  + 6 1 y  + p  

0 
(E. 3 )  

e 
A  = B Y 4  P + ( P  - Id-l (E.4) 

( p e - p )  = ~1 At + E Z  ( r + e + a - p )  (E  . 5 )  

Ams 
= ( 1  - p )  A c  + p  A r  ( E . 6 )  

'1n p a r t ,  t h i s  m a t e r i a l  was  t a k e n  d i r e c t l y  from: 
L i e  t 1 ,  "A Emall Macroeconomic Model of a n  Open 
Economy". 



The v a r i a b l e s  used above  a r e  a l l ,  w i t h  t h e  e x c e p t i o n  o f  

( t i m e ) ,  n a t u r e 1  l o g a r i t h m s  and  a r e  d e f i n e d  a s  f o l l o w s :  y t h e  

t r a n s i t o r y  component o f  t h e  l o g  of r e a l  income; m t h e  l o g  of  

t h e  nomina l  money s u p p l y ;  m t h e  l o g  of t h e  l ong- run  q u a n t i t y  of 
d 

nominal money demanded; .rr t h e  l o g  of t h e  p r i c e  l e v e l  r u l i n g  i n  

t h e  w o r l d  economy; e t h e  l o g  of t h e  exchange  r a t e  o r  p r i c e  o f  

f o r e i g n  c u r r e n c y ;  p t h e  l o g  of d o m e s t i c  p r i c e  l e v e l ;  p e  t h e  

v a l u e  t h a t  t h e  l o g  of t h e  d o m e s t i c  p r i c e  l e v e l  i s  e x p e c t e d  t o  

t a k e  n e x t  p e r i o d ;  t t h e  d e v i a t i o n  o f  t h e  l o g  of t h e  economy's  

a v e r a g e  t a x  r a t e  f rom t r e n d ;  g t h e  d e v i a t i o n  o f  t h e  l o g  of  

government  e x p e n d i t u r e  f rom t r e n d ;  r  t h e  l o g  of f o r e i g n  exchange  
'L 

r e s e r v e s ;  y  t h e  pe rmanen t  component of  t h e  l o g  of  income; c 

t h e  l o g  of d o m e s t i c  c r e d i t  e x t e n d e d  by t h e  c o n s o l i d a t e d  b a n k i n g  

s y s t e m ;  and ' a '  i s  a c o n s t a n t  t o  b e  d e s c r i b e d  below.  

E q u a t i o n  ( E . l )  may be  r e g a r d e d  a s  a  r e d u c e d  fo rm o f  a n  

incone  e x p e n d i t u r e  s y s t e m  t h a t  t e l l s  u s  t h a t  d e v i a t i o n s  of 

o u t p u t  from i t s  ' p e r m a n e n t '  l e v e l  ( o r  n a t u r a l  l e v e l ,  t h e  

c o n c e p t s  a r e  i n t e r c h a n g e a b l e  i n  t h i s  model)  depend  upon t h e  s i z e  

o f  any  d i  f f e r e n c e  be tween  t h e  s u p p l y  of money on t h e  one  hand 

and t h e  long- run  demand f o r  money on t h e  o t h e r ,  t h e  d e v i a t i o n  o f  

d o r e s t i c  p r i c e s  f rom some e q u i l i b r i u m  v a l u e  r e l a t i v e  t o  w o r l d  

p r i c e s  and  t h e  exchange  r a t e s  ( w i t h  u n i t s  of measurement  c h o s e n  

s o  t h a t  t h e  e q u i l i b r i u m  v a l u e  o f  t h a t  r e l a t i v e  p r i c e  t e rm i s  

z e r o )  and t h e  d e v i a t i o n  of  t h e  t a x  r a t e  and  gove rnmen t  

e x p e n d i t u r e  f rom t r e n d .  I n  f a c t ,  e q u a t i o n  ( E . l )  i s  a  l o g - l i n e a r  

app rox i  ma t i o n  t o  t h e  f o l l o w i n g ,  more c o n v e n i e n t l y  e x p r e s s e d  



r e l a  t i o n s h i p ,  w h e r e  c a p i t a l  l e t t e r s  a r e  u s e d  t o  i n d i c a t e  t he  

n a t u r a l  v a l u e s  of t h e  r e l e v a n t  v a r i a b l e s ,  w i t h  C be ing  r e a l  

consumpt ion ,  I i n v e s t m e n t  and  X n e t  e x p o r t s .  The approxima t i o n  

in q u e s t i o n  is o b t a i n e d  by l i n e a r  i s i n g  t h e  l o g a r i t h m i c  form o f  
? 

t h e  r e l a  t i o n s h i p  a b o u t  t h e  s t e a d y  s t a t e  v a l u e s  of t h e  l o g a r  ithrrts 

. of t h e  v a r i a b l e s  f o l l o w i n g  a  p r o c e d u r e  s e t  o u t  i n  Wymer. 2 

The p a r  an;e t e r s  of e q u a t i o n  (E.1) b e a r  t h e  f o l l o w i n g  

r e l a t i o n s h i p s  t o  t h o s e  o f  e q u a t i o n  ( E . 8 )  : 

I t  is w o r t h  n o t i n g  two p o i n t s  e x p l i c i t l y  h e r e .  F i r s t ,  t o  

e n t e r  f i s c a l  p e r i o d  v a r i a b l e s  a s  d e v i a t i o n s  f rom t r e n d  w h i l e  

making p e r m a n e n t ,  o r  s t e a d y  s t a t e ,  income s o l e l y  a f u n c t i o n  of  

time imposes  long- run  c rowding  o u t  of f i s c a l  p o l i c y  on t h e  

b e h a v i o u r  of t h e  rnodel, w h i l e  l e a v i n g  s h o r t - r u n  c rowding  o u t  

open  a s  a n  e m p i r i c a l  m a t t e r .  Second,  t h e  r e l a t i v e  p r i c e  l e v e l  

i n c l u g e s  a c o n s t a n t  'a ' : in e m p i r i c a l  work ,  p r i c e s  a n d  t h e  

exchange  r a t e  a r e  measured a s  i n d e x  numbers w i t h  a b a s e  o f  1970  

e t h e  1970  i n d e x  i s  o n e )  s o  t h e i r  l o g s  a r e  z e r o  i n  t h a t  

y e a r ,  and t h e  c o n s t a n t  ' a '  i s  t h u s  a  measure  o f  t h e  p r o p o r t i o n  ------------------ 
C. 8. Wymer, " L i n e a r i z a t i o n  o f  Non-Linear S y s t e m s " ,  Supplement  

# I S ,  Computer Programmer,  London Schoo l  of Econon ic s ,  1976,  
Mimeo. 



by which t h e  home c u r r e n c y ,  i n  t h i s  c a s e  t h e  Canad ian  d o l l s r ,  

w s s  u n d e r v a l u e d  i n  1970 .  

E q u a t i o n  (E.2) i s  a n  e q u a t i o n  t h a t  d e t e r m i n e s  t h e  b a l a n c e  

o f  o f f i c i a l  s e t t l e m e n t s  c o n c e p t  of  t h e  b a l a n c e  o f  payments  and  

makes i t  depend upon t h e  e x c e s s  s u p p l y  of money, a s  w e l l  a s  upon 

. r e l a t i v e  p r i c e  l e v e l s  a n d  t h e  exchange  r a t e .  

E q u a t i o n  ( E . 3 )  t e l l s  us t h a t  t h e  l o n g - r u n  demand f o r  r e a l  

money b a l a n c e s  depends  upon pe rmanen t  income, and o m i t s  a n  

o p p o r t u n i t y  c o s t  a rgument .  T h i s  l a s t  o m i s s i o n  migh t  d i s t u r b  some 

r e a d e r s ,  b u t  t h e  f o l l o w i n g  p o i n t s  s h o u l d  be n o t e d .  F i r s t ,  and 

most  i m p o r t a n t ,  beceuse  t h i s  i s  a model i n  which  t h e  economy is  

a l l o w e d  t o  b e  o f f  i t s  long- run  demand f o r  money f u n c t i o n ,  t o  

l e a v e  an  i n t e r e s t  r a t e  o u t  of t h i s  r e l a t i o n s h i p  d o e s  n o t ,  ?s i t  

would i n  a c o n v e n t i o n a l  IS-LP f r m e w o r k ,  e n s u r e  t h a t  o n l y  money 

m a t t e r s  a s  f a r  a s  t h e  d e t e r m i n a t i o n  of  r e a l  income 2nd p r i c e s  i s  

conce rned .  Second ,  some p r e l i m i n a r y  work c a r r i e d  o u t  u s i n g  

o r d i n a r y  l e a s t  s q u a r e s  on e q u a t i o n  ( E . 1 )  s u g g e s t s  t h a t  t o  add a n  

i n t e r e s t  r s t e  t o  t h e  demand f o r  money f u n c t i o n  makes no 

i m p o r t a n t  d i  f f e r e n c e  t o  t h e  r e s u l t s  o b t a i n e d  f o r  o t h e r  

p a r a m e t e r s  of t h e  s y s t e m ,  a c o n c l u s i o n  t h a t  r e c e i v e s  f u r t h e r  

3 s u p p o r t  from t h e  work of L a i d l e r  end B e n t l e y -  (1981)  on  U n i t e d  

S t a t e s  d a t a .  T h i r d ,  an2 of c o n s i d e r ~ b l e  i m p o r t a n c e ,  t h e  o m i s s i o n  

o f  i n t e r e s t  r a t e s  f rom t h e  model e n a b l e s  us t o  k e e p t h e  

s t r u c t u r e  s i m p l e ,  Were s u c h  a  v a r i a b l e  i n c l u d e d ,  t h e  model would 

L a i d l e r  2nd B e n t l e y ,  "A Smal l  Macronodel of t h e  Post-War 
U n i t e d  S t a  t e s " ,  



have t.o bc e x t e n d e d  i n  o r d e r  t o  c o p e  w i t h  i t s  ? e t e r m i n a t i o n ,  ,=?nd 

t h a t  wou4.d be no e a s y  m a t t e r .  F i n a l l y ,  o m i t t i n g  t h e  i n t e r e s t  

r a t e  f rom t h e  model d o e s  n o t  imply t h a t  t h e  v a r i a b l e  is  

unimpor tan t .  i n  t h e  t r a n s m i s s i o n  mechanism o f  monetary  p o l i c y ,  

The model may be  i n t e r p r e t e d  a s  i g n o r i n g  i n t e r e s t  r e t e  

var i a t i o n s ,  n o t  b e c a u s e  t h e y  d o  n o t  ma t - t e r  , b u t  b e c a u s e  they  Qr e 

an  i n t e r m e d i a t e  s t e p  i n  t h a t  mechanism. 

E q u a t i o n  ( E . 4 )  i s  a  c o n v e n t i o n a l  e x p e c t a t i o n  augmented 

P h i l i p s  c u r v e  w h i l e  e q u z t i o n  (E.5) t e l l s  us t h a t  i n f l a t i o n  

e x p e c t a t i o n s  depenc?,  b o t h  upon t h e  r a t e  o f  i n • ’  l a t i o n  r u l i n g  i n  

t h e  w o r l d  ecdnomy, and on t h e  d e v i a t i o n  o f  t h e  d o m e s t i c  p r i c e  

l e v e l  f rom i t s  long- run  e q u i l i b r i u m  l e v e l .  E q u a t i o n  ( E . 6 )  i s  a 

s t a n d a r d  l o g - l i n e z r  approxima t i o n  t o  t h e  money s u p p l y  i c ! e n t i t y  

w h i l e  e q u a t i o n  (E.7) d e f i n e s  t h e  pe rmanen t  o r  n a t u r a l  component 

of t h e  l o g a r i t h m  o f  income a s  a s i m p l e  t ime t r e n d ,  

The Data  Used i n  Q e v e l o p i n q  t h e  L a i d l e r  Model ---- - 
% 

The o u t p u t  v a r i a b l e  upon which  y and y  ? r e  b a s e d  i s  r e a l  g r o s s  

d o m e s t i c  p r o d u c t ,  The p r i c e  v a r i a b l e  is  t h e  consumer p r i c e  

i n d e x ,  chosen  b e c a u s e  i t  i s  t h e  most r e a d i l y  compprable  w i t h  t h e  

d a t a  upon which t h e  w o r l d  p r i c e  l e v e l  v a r i a b l e  i s  based.  The 

l a t t e r  vr7r i a b l e  is  a  GWP we igh ted  g e o m e t r i c  Pve rage  o f  t h e  

consumer o r  r e t a i l  p r i c e  i n d i c e s  of s i x t e e n  o t h e r  c o u n t r i e s ,  

w h i l e  t he  exchange  r a t e ,  Z e f i n e d  a s  t h e  d o m e s t i c  c u r r e n c y  p r i c e  

o f  f o r e i g n  c u r r e n c y ,  is a s i m i l a r l y  w e i g h t e d  i n d e x  of t h e  

i n c l i v i d u a l  exchange  r a t e s  on t h e  sarr,e s i x t e e n  c o u n t r i e s .  



The government  e x p e n d i t u r e  and t a x  v s r  i a b l e s  a p p e r t a i n  t o  

f e d e r a l ,  p r o v i n c i a l  and  l o c a l  gove rnmen t  a c t i v i t i e s .  A s  w i t h  t h e  

o u t p u t  s e r i e s ,  t h e y  r e p r e s e n t  d e v i a t i o n s  of t h e  l o g s  of t h e  

v a r i p b l e s  i n  q u e s t i o n  f rom t r e n d s  f i t t e d  by o r d i n a r y  l e a s t  

s q u a r e s  t o  t h e  o r i g i n a l  d a t a .  

The ' r e s e r v e '  s e r i e s  i s  c o n s t r u c t e d  by s t a r t i n g  i n  a  bench 

mark y e a r  and t h e n  a d d i n g ,  t o  t h e  v a l u e  o f  r e s e r v e s  obse rved  i n  

t h a t  y e a r ,  t h e  c u r r e n t  Ciinadian d o l l a r  v a l u e  o f  t h e  b a l a n c e  o f  

o f f i c i a l  s e t t l e m e n t s  c o n c e p t  of t h e  b a l a n c e  o f  payments  o b s e r v e d  

i n  t h e  n e x t  and  e a c h '  s u c c e s s i v e  y e a r ,  T h i s  p r a c t i c e  e n s u r e s  t h a t  

t h e  p r o p o r t i o n a l  change in  r e s e r v e s  v a r i a b l e s  on t h e  l e f t  hand 

s i d e  o f  t h e  e q u z t i o n  (E.2) i s  a p p r o p r i a t e l y  measured,  The money 

s u p p l y  i c l e n t i t y ,  t o  which e q u a t i o n  (E.6) i s  a  l o g - l i n e a r  

approxima t i o n ,  i s  t h e n  p r e s e r v e d  by s u b t r a c t i n g  t h e  r e s e r v e s  

v a r i a b l e  f rom t h e  money s u p p l y  (M3) t o  g e n e r z t e  a s e r i e s  f o r  

d o m e s t i c  c r e d i t .  The l a t t e r  v a r i a b l e  i s  t r e a t e d  a s  exogenous ,  

and a l l  c h a n g e s  i n  f o r e i g n  exchange  r e s e r v e s  a r i s i n g  f rom 

exchange  r a t e  c h a n g e s  t h a t  w e r e  a t  a n y  t ime  p e r n i t t e d  t o  

i n f l u e n c e  t h e  rconey s u p p l y  r a t h e r  t h a n  t h e  n e t  wor th  of t h e  

b a n k i n g  s y s t e m  a r e  hence  i n c l u d e d  i n  it .  They a r e  t h u s  t r e a t e c '  

a s  exogenous.  The a c t u a l  d a t a  u s e d  i n  d e v e l o p i n g  t h e  L a i d l e r  

model i s  shown in  T a b l e s  E.l and E . 2 .  



. TABLE E.l 

DATA USED I N  DEVELOPING THE LAIDLER MODEL 

I 
I Real GDP Consumer Prices World Prices Exchange Rate 
I $ Billion 1970 = 100 1970 = 100 $/FCU 1975 = 100 



TABLE E.  2 

DATA USED I N  DEVELOPING THE LAIDLER MODEL 
( C O N T I N U E D )  

D o m e s t i c  R e a l  G o v t .  T a x e s  as  a 
Money Supply R e s e r v e s  C r e d i t  E x p .  P r o p o r t i o n  ; 
$ C d n .  B i l l .  $ C d n .  B i l l .  $ C d n .  B i l l .  $ C d n .  B i l l .  of GDP 



APPENDIX F 

MULTIVARIATE NORMAL 

COMPUTER SIMULATION 



I n  s t . o c h a s t i c  c o n t r o l  s i m u l a t i o n ,  i t  i s  o f t e n  r e q u i r e d  t o  

g e n e r a t e  a v e c t o r  o f  t y p i c a l  v a l u e s  f o r  a m u l t i v a r i a t e  n o r m a l  

d i s t r i b u t i o n  w i t h  a mean v e c t o r , y  , a n d  a  v a r i a n c e - c o v a r i a n c e  

m a t r i x ,  $2 , of o r d e r  n.  

T h e  n e t h o d  i s  e x t r e m e l y  simple a n d  b e g i n s  by f a c t o r i n g 1  t h e  

v a r  i a n c  e - c o v a r  i ~ n c o  ma t r  i x  i n  t o  a  I ower t r  i a n g u l a r  ma t r  i x ,  p ,  

s u c h  t h a t :  

R = P P '  (E.1)  

U s i n g  c o n v e n t i o n a l  Monte  C a r l o  s a r n p J i n g ,  a v e c t o r ,  z ,  c a n  b e  

c r e ~ t e d  w h e r e  e a c h  o f  i t s  n e l e m e n t s  i s  a random d r a w i n g  f r o m  a n  

i n d e p e n d e n t  s t a n d a r d  n o r m a l  d i s t r i b u t i o r , .  Now d e f i n e  a n o t h e r  

v e c t o r ,  x ,  t o  b e :  

C l e a r l y  t h e  v e c t o r  x  w i l l  h a v e  a  m u l t i v a r i a t e  n o r m a l  

d i s t r i b u t i o n  w i t h  mean y and  v z r i a n c e  E ( P  z z '  P I )  o r  E(P P ' )  

w h i c h ,  by S e f i n i t i o n ,  is  t h e  r e q u i r e d  v a r  i a n c c - c o v a r  i a n c e  

m a t r i x l a .  , 

I The C h o l e s k i  f a c t o r i z a t i o n  method i s  i d e a l  f o r  t h i s  p u r p o s e  
a n d  i s  & s c r i b e d  i n :  
R i c h a r d  L .  P u r d e n ,  e t  a l . ,  N u m e r i c a l  A n a l y s i s ,  ( B o s t o n ,  Kass :  
P r i n f l l e ,  Weber anc? S c h m i d t ,  1 9 8 1 ) ,  p. 3 0 3 .  



APPENDIX G 

COMPUTER RUNS FOR 

ADAPTIVE CONTROL SIMULATION 



CHOW STGCHASTfC CONTROL H O D E L  - CERTAINTY EQUIVALENCE SCLUTION 

USING TEIE K E N C R I C K  IIODEL FOR THE C A S E :  H I G H  TERHINAL FACTCR 

SOLUTION S U E H A R Y  FOR TCTAL COST 

WITH S T A H D A R D  DEVIATION 

TERHINAL FACTOR - 10000. DISCOUNT FACTOR - 1.000 

STBBILITY FACTOR - 1 . 0 0 0  N O ,  S I f l U L A T I O N S  - 5 0  

COWSUP3'N TGT INVEST'T TGT GVTSPEND TGT $StfPPLY TGT 



CBOK S T O C H A S T I C  C O N T R O L  MODEL, - UNCERTAIN PARAMETERS S O L U T I O N  

T l S I N G  THE K R N O R I C K  HODEL F O R  THE CASE: H I G H  TERMINAL EACTCR 

#TTN STANDARD DEVIATION 199 10.29 3 

TERMINAL FACTOR - 10000.  DISCOUNT FACTOR - 1.000 

S T A B I L I T Y '  FACTOE - 1 . 0 0 0  N O .  S I M U L A T I O N S  - 5 0  

CONSUHrN TGT I N V E S T I T  TGT GVTSPEND TGT $SU$PLY TGT 



N O R B A N  STOCHASTIC CONTROL MODEL - ADAPTIVE SOLUTION 

U S I N G  THE R E M D R I C K  MODEL FOR THE CASE: H I G H  TERMINAL FACTOR 

SOLUTION SUEMARK FOR T O T A L  C O S T  

VITH STANDARD DEVIATION 

TERMINAL FACTOR - 10000 ,  DISCOUNT FACTOR - 1.000 

STABILITY FACTOR - 1 , 0 0 0  NO. SIMULATIONS - 50 

COMSUfl'N TGT I N V E S T ' T  TGT GVTSPEND TGT $SUPPLY TGT 
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CHOW STOCHASTIC CCHTFOL H O D E L  - CERTAINTY EQUIVALENCE SOLUTION 
USING T E E  ABEL HODEL FOR T H E  CASE: EASE R U N  

SOLUTION SUJIPIARY FOR TOTAL COST 

WITH STANDARD DEVIATION 

T E R R I N A L  FACTOR - 1. DISCOUNT FACTOR - 1,000 

STABILITY FACTOR - 1,000 NO. SIMULATIONS - 50 

CONSUM*N TGT I N V E S T ~ T  TGT GVTSPBNI) TGT $SUFPLY TGT 



CH3R STOCHASTIC CONTROL YODEL - CERTAINTY EQUIVALENCE SOLUTION 

PQR THE CASE: HIGH TERNINAL FACTOR 

SOLUYIOH SU M M A R Y  FOR TOTAL COST 9 7 4 9 . 0 1 3  

HLTH STANDARD D E V I A T I O N  

TERHINAL FACTOR - 10003.  DISZOUNT FAETOR - 1 .000  

STABILITY FACTOR - 1 , 0 0 0  N O .  SIHULATIONS - 50 

CQNSUN'N TGT ZNVEST'T TGT GVTSPEND rGT $SUPPLY TGT 



CHOW S T O C H A S T I C  C O N T R O L  MODEL - C E B T A I N T Y  E Q U I V A L E N C E  SOLUTION 

U S I N G  TEE A B E L  MGDEL FOR THE C A S E :  D I S C C U N T E D  P E N A L T I E S  

SOLUTION SUM3ABY FOR T O T A L  COST 

WITH STBNDRPD D E V I A T I O N  

TERHINAL FACTOR - 1 . D I S C O U N T  FACTOR - 1 . 2 0 0  

S T A B T L  1 TY . FACTOR - 1 . 0 0 0  NO. S I M U L A T I O N S  - 50 

CCNSUfl 'M TGT INVEST'T TGT G V T S P E N D  TGT $SUPPLY 



CHOrJ STOCHASTIC CONTROL MODEL - CERTAINTY EQUIVALENCE S O L U T I O N  

U S I N G  THE ABEL IYODEL FOR THE CASE: HIGH TERMINAL TARGETS 

SOLUTION S U R R A R Y  FOR TOTAL COST 

W I T H  S T A M C A R D  DEVIATION 

T E R 8 f N A L  FACTOR - 1. DISCOUNT FACTOR - 1.000 

S T A B f L I T l !  FACTOR - 1.000 NO. SIMULATIONS - 50 

CONSUH'N TGT XNVEST'I TGT G V l l S P E R D  TGT RSUEPLY TGT 

T 1.000 1,000 0.0 0.0 

1 0,367 0.36 0.117 0.09 0.114 0.14 0,148 0.15 

2 0.346 0.37 0 .098  0.09 0.112 0.74 0.138 0.15 



CHOW S T O C H A S T I C  CCM RCL H O D E L  - U N C E R T A I N  P A R A M E T E R S  SOLUTION 

O S I N G  T E E  ABEL PlCDEL F O E  THE C A S E :  BASE R U N  

S O L U T I O N  S U E M A R Y  FQR TOTAL COST 

WITH S T A N D A R D  D E Y I A T I O N  

T E B H I N A L  FACTOR - 1. DISCOUNT FACTOR - 1.000 

STABILITY' FACTOR - 1.000 NO. SIBDLATIONS - so 

C O N S U N ' N  TGT I N V E S T 1 ?  TG'I GVPSPEND TGT $SUPPLY 



CROM STOCHASTIC CCNI'FOL MODEL - UNCERTAIN PARAMETERS SOLUTION 

U S I N G  THE ABEI HCDEL FOR T H E  C A S E :  HIGH TERMINAL FACTOR 

SOLUTION SURHARY FOR TOTAL COST 10276 .136  

WITH STANDARD DEVIATION 43368,539 

TER3fWAL FACTOR - 10000.  DISCOUNT FACTOR - 1 .000  

S T A B I L I T Y  FACTOB - 1 . 0 0 0  NO, SIMULATIONS - 50 

CQNSUH'B TGT 1 N V E S T g ' I  TGT G V I I S P E N D  TGII $ S U P P L Y  TGT 



CHOF STOCHASTIC CONT ROL MODEL - UNCERTAIN PAR BMETEBS SOLUTION 

U S I N G  T E E  ABEL HCDEL FOE T H E  CASE: DISCCUNSED PENALTIES 

SOLUTION SUHHARY FOR TOTAL COST 

WITH S T A N D A R D  D E V I A T I O N  

TERBIt? AL FACTOR - 1. DLSCCUNT FACTOR - 1 . 2 0 0  

STABILITY FACTOR - 1 . 0 0 0  NO. SINULATIONS - 5 0  

CCNSUR'W TGT XBVEST'T TGT GV7SPEND TGT SSUFPLY TGT 



CHON STOCHASTIC c O N T F O L  MODEL - UNCERTAIN PARAHETEBS SOLUTION 

U S I N G  TRE ABEL HCDEL FCR THE CASF: H I G H  T E B B I N A L  T A R G E T S  

SOLUTION SUMHARY FOR TOTAL COST 

WITH STANDARD DEVIATION 

TERMINAL FACTOR - 1 DISCOUNT FACTOR - 1. 000 

STABILITY FACTOR - 1.000 NO. SIHULATIONS - 50 

COMSUH'N TGT I N B E S T ' I  TGP GVTSPEND TGT $SUPELY TGT 



R E U R I S T P C  STOf HASTIC CCNTRCL M O D E L  

U S I N G  T E E  B B E l  HCDEL FOE. T H E  C A S E :  BASE R U N  

SOLUTION S U H X R R Y  FOR TOTAL COST 

WITH STAND ARC DEVIATION 

T E R B I N A L  FACTOR, - 1 .  DISCOUNT FACTOR - 
STABILf'TY F A C T O R  - 0 . 0  NC. S I M U L A T I O N S  - 

CCNSUM'N TGT 1NVESS"I TG'I G V T S P E N D  TGT $ S U P P L Y  TGT 



HEURISTIC STOCB ASTIC CCNT-RCI YODEL 

USING THE BBEL R C D E L  F O E  THE CASE: H l G H  TERMINAL FACTOR 

SOLOTIOM S U H H A R Y  FOR TOTAL COST 

YLTH STANDABE DEVIATION 

TERMINAL FACTOR 10000.  DISCOUNT FACTOR - 1 .000  

STABILITY ' FACTOR - 0.0 N O .  SIflULA3IONS - 50 

CONSUPI'N TGT T N V E S T ' I  TGT GV'ISPEND TGT $SUPPLY TGT 



H E U R I S T I C  STCCRASTIC CGIT R C L  I G D E L  

U S I N G  TRE BEEL U G D E L  FOR THE CASE:  C I S C O U N T E D  PENALTIES 

SOLUTION SUBHARY FOR TOTAL COST 

K I T H  STANCARD DEVIATIOW 

TERMINAL FACTOR - 1.  DISCOUNT FACTOR - 1 ,200  

S T A B I L I T Y  FACTOR - 0 . 0  NC, S I M U L A T I O N S  - 50 

CCNSUII'N TGT INBES'I ' I  TGT GVIYSPEND TG'i $SOPFLY TGT 



BEUPISTIC STOCHASTIC C C I W R O L  MODEL 

USING TEE ABEL ACDEL FOR THE CASE: H I G H  TERHINAL TARGETS 

SOLUTION S U E M B R Y  FOR TOTAL COST 

WITH STANDARD DEVIATION 

TERMIMAL FACTOR - 1 .  DISCCUNT FACTOR - 1.000 

STABILITY F A C T O R  - 0 . 0  N C .  SIMULATIONS - 50 

C@NSUHIN TGT INVESTIT TGP G V I S P E N D  T G T  $SUPPLY TGT 



HACRBE STOCHASTIC CCNTROL HODEL - BCAPTIVE SOLUTION 

USING TRE B B E L  P!CDEL FOE THE CASE: E A S E  R U N  

SOLUTfON SUMHARP TOR TOTAL COST 

WITH S T A N D A R D  D E V I A T I O N  

TEBflTNAL FACTOR - 1 .  DISCOUNT FACTOR - 1 .000  

STABILITY FACTOR - 1 . 0 0 0  NO, SIMULATIONS - 50 

CONSUB'N TGT 1 N V E S T " I  TGT GVIZSPEHD TGT $SUPPLY TGT 



MACRAE STOCHASTIC CONTBGL HODEL - ACBPTIVE S O L U T I O N  

U S I N G  T B E  A P E 1  HCDEL FOR THE CASE: H I G H  T E R M I N A L  FACTOR 

S O L U T I O N  SUMFiARY FOR TOTAL COST 

@IT% S T R N D B R C  D E V I A T I O N  

TERFIINAL FACTOR - 10000. DISCOUNT FACTOR - 1.000 

STABILITY FACTOR - 1.000 NO. SIMULATIONS - 50 

CCNSUI!!'IB TGT I N V E S T ' T  TGT GVTSPEND TGT $SUPPLY TGT 



MACRAE S T O C H A S T I C  CCNTROL NCDEL - ACAPTIVE SOLUTION 

USING T A E  ABEI,  NCDEL FOE THE C A S E :  DISCOUNTED PENALTIES 

SOLUTICN SUMMARY FOR TOTAL COST 

RITH S T A N D A B D  D E V I A T I O N  

TERHINAL FACTOR - 1 .  DISCCUNT FACTOR - 1.200 

STABILITY FACTOR - 1 .000  NO, SIMULATIONS - 5 0  

CONSUPl'Xa TGT INVESTIT TGT G V T S P E N D  TGT $SUPPLY TGT 



MACR AE STOCHASTIC CONTROL HODEL - ACAPTIVE SCLIITION 

USING THE AEEL HODEL FOR THE CASE: H I G H  TERMINAL TAKGETS 

SOLUTICN S U M B A R Y  F O R  TOTAL CCST 

W I T H  STANDARC D E V I A T T G N  

TERBIBBL FACTOR - 1.  DISCOUNT FACTOR - 1 , 0 0 0  

STABILITY FACTOR - 1 , 0 0 0  NO, SIMULATIONS - 50 

CONSUM'N TGT INVEST'T TGT GVTSPEND TGT $SUPPLY TGT 



N O R B A N  S T O C H A S T I C  CONTRCL PICDEL - ACAPTIVE S O L U T I O N  
I 

U S I N G  THE ABEZ MCDEL PC& T H E  C A S E :  EASE R U N  

S O L U T I O N  SUHHARY FOR TOTAL COST 0. 04 1 

WITH STANDARD DEVIATION 0. 066. 

T E R H I N A L  FACTOR - 1, D T S C C U N T  FACTOR - 1.000 

STABILITY FACTOR - 1.000 NO. SIHULATTONS - 5 0  

CCNSUM'N TGT INVESTST TGI G V T S P E N D  TGI  $SUPPLY TGT 



NORMAN STOCHASTIC CONTROL HODEL - A r A P T I V E  SOLUTION 

USING TRE ABEZ B C D E L  F O R  THE CASE: H I G H  TERMINAL FACTOR 

SOLUTION S U E M A R Y  FOR TOTAL COST 

WITH S T A N D A R D  DEVIATION 

TERBIWAL FACTOR - 10000. D I S C O U N T  FACTOR - 1.000 

STABILITY FACTOR - 1,000 NO. S I P l U L A ' I I O N S  - 50 

C O N S U M ' N  TGT I N V E S I ' T  TGT G Y T S P E N D  TGT $SUPPLY TGT 



M O R r A N  STOCRASTIC CONTROL BOOEL - ADAPTIVE SCLUTION 

USING T H E  ABEL BOCEL FOR THE CASE: DISCOUNTED PENALTIES 

S O L U T I O N  S U R R A R Y  FOR TOTAL COST 

WITH S T A N D A R D  DEVIATION 

TERMIWAZ FACTOR - 1, DISCOUNT FACTOR - 1.200 

STABILITY FACTOR - 1,000 NO. SIMULATIONS - 50 

CONSUa'W TGT INVEST'T TGI GVISPEND TG'I $SUPPLY TGT 



NOREAN STOCHASTIC CO BTRCL X O D E L  - A CAPT I V E  SOLOTION 

USING T H E  ABEL HCDEL FOB THE CASE:  H I G H  TERMINAL TARGETS 
I 

SOZUTIOH S U M M A R Y  FOR TOTAL COST 741.687 

WITH S T A N C A B D  D E V I A T I O N  907.432' 

TERHTXAL FACTOR - 1 . D I S C O U N T  FACTOR - 1.000 

STABILITY FACTOR - 1.000 NO. SINULATIONS - 50 

C@NSUBIN TGT INVES'IIT TGT G V S S P E N D  T G T  $SUPPLY TGT 
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