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Abstract 

The purpose of t h i s  paper is  t o  discuss  various topics  regarding 

probabi l i ty  measures on t he  space B of sequences taking t h e  values 

, l , . . . , -  (where r is  assumed f ixed) ,  together with i t s  Bore1 subsets ,  

8 (Q) .  We emphasize s h i f t  invar iant  Markov measures, as  well as  t h e  space of 

a l l  s h i f t  invar iant  Markov measures, denoted M(B,T), where T is  t h e  

(one-sided) s h i f t  on S. Throughout, we take  an approach t o  t he  matrix 

representa t ion of Markov measures t h a t  i s  a  s l i g h t  improvement over previous 

approaches. Also, we give d i r e c t  proofs,  f o r  t h i s  s e t t i n g ,  t o  some known 

r e s u l t s .  

Our main r e s u l t s  a r e  t h e  charac te r iza t ion  of atomic ergodic measures 

a s  per iodic  o r b i t  measures, and t he  charac te r iza t ion  of atomic ergodic 

Markov measures a s  blarkov measures induced by cyc l i c  permutation matrices.  

Other r e s u l t s  appear i n  t he  discussion of entropy, where we give necessary 

and s u f f i c i e n t  condit ions f o r  a  Markov measure t o  have entropy equal t o  zero 

or  log r. We a l so  prove t h a t  t h e  entropy map i s  continuous on M(B,T). 

Elsewhere, we prove t h a t  M(Q,T) i s  not convex. In addi t ion,  as  a  r e s u l t  

of our discussion of nonatomic measures on ( , ( ) )  we give a  simple 

method f o r  constructing examples of ( s t r i c t l y )  increasing continuous 

functions on t he  u n i t  i n t e rva l .  

( i i i )  
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In t roduc t ion  

The purpose of  t h i s  paper i s  t o  d i s c u s s  va r ious  t o p i c s  regarding  t h e  
m 

sequence space Q = IT {O,l ,  ..., r - 1 )  (where r is  considered f ixed)  endowed 
0 

with t h e  product topology, and t h e  space P(Q) ,  of a l l  p r o b a b i l i t y  measures 

on ( , ( ) ) ,  where B(Q) i s  t h e  a-a lgebra  of Bore1 subse t s  of Q .  We 

s h a l l  p resen t  some new r e s u l t s  f o r  s h i f t  i n v a r i a n t  Markov measures and 

ergodic Markov measures, a s  well  a s  f o r  t h e  space of a l l  s h i f t  i n v a r i a n t  

Markov measures, denoted M(Q,T!, where T i s  t h e  s h i f t  on Q. 

We begin,  i n  s e c t i o n s  1 t o  3 ,  with a d e s c r i p t i o n  of  t h e  s e t t i n g  t h a t  

we w i l l  be working with throughout.  I n  s e c t i o n  1, we d i scuss  t h e  sequence 

space 52, a topo log ica l  measurable space,  and t h e  s h i f t  T (which some 

authors  c a l l  t h e  one-sided s h i f t ) .  I n  s e c t i o n  2 ,  we give  a  d i r e c t  proof 

t o  t h e  Koimogorov ex i s t ence  theorem. I n  s e c t i o n  3 we begin d i scuss ing  t h e  

space P(Q) a s  well  a s  t h e  subspace, P(Q,T), of a l l  s h i f t  i n v a r i a n t  

p r o b a b i l i t y  measures on ( , ( ) )  We then  look a t  e rgod ic i ty ,  p resen t ing  

some known r e s u l t s  f o r  ergodic measures, a s  well  a s  f o r  t h e  space of a l l  

ergodic measures, denoted E(Q,T). 

I n  s e c t i o n  4 we look a t  Markov measures. I n  our  p resen ta t ion  of t h e  

ex i s t ence  theorem, (4 .1 ) ,  S denotes t h e  index s e t  f o r  t h e  p r o b a b i l i t y  

d i s t r i b u t i o n  p and t h e  s t o c h a s t i c  matr ix  P t h a t  induce t h e  measure p,  

and E denotes t h e  s t a t e  space f o r  t h e  Markov chain  on ( Q , ) ,  Here we 

avoid assuming t h a t  E = S, t h a t  i s ,  we al low f o r  t h e  p o s s i b i l i t y  t h a t  

E $ S. Because of t h i s  approach, we have, i n  (4.13),  a  s l i g h t  improvement 

over t h e  usua l  c h a r a c t e r i z a t i o n  of ergodic Markov measures. I n  another  



theorem, (4.11), we give a simple proof t o  a theorem of Doob [ 2 ] .  We c lose  

t h i s  sec t ion  by proving t he  nonconvexity of t h r ee  subspaces of P(L2): t h e  

subspace of Markov measures, M(B); t he  subspace of s h i f t  invar ian t  Markov 

measures, M(O,T); and t he  subspace of Bernoull i  measures, B(B,T). 

Our major r e s u l t s  appear i n  sec t ions  6 and 7 ,  where we consider atomic 

measures on ( , ( ) )  Section 5 begins t h e  discuss ion with a look a t  

per iodic  po in t s ,  o r b i t s ,  and o r b i t  measures. The main r e s u l t  i n  sec t ion  6 

is  t h e  charac te r iza t ion  of atomic ergodic measures a s  per iodic  o r b i t  

measures. In sec t ion  7 ,  we charac te r ize  atomic ergodic Markov measures a s  

Markov measures induced by cyc l i c  permutation matr ices .  In addi t ion,  (7.5) 

character izes  non-Yarkovian atomic ergodic measures, t h a t  is, non-Markovian 

per iodic  o r b i t  measures. 

In sec t ions  8 t o  10, we discuss  t he  nonatomic case ,  where it i s  

na tu ra l  t o  consider t h e  u n i t  i n t e rva l  I ,  with i t s  Bore1 subsets ,  B(1). 

In sec t ion  8 we look a t  d i s t r i b u t i o n  funct ions ,  f v ,  t h a t  correspond t o  

measures v on ( I , ( I ) )  Section 9 then presents  some known re la t ionsh ips  

between nonatomic measures on (Q, 8 (52) ) and nonatomic measures on ( I  , B  (I) ) , 
O n 

using t h e  na tu ra l  mapping cp from D onto I ,  where 9(0) = Z - 
n=O r n+ 1 

m 

f o r  any = (an)n=o i n  Q This sec t ion  c loses  with (9.19) which 

furnishes  a d i r e c t  proof of t he  isomorphism of t he  p robab i l i ty  spaces 

(P,B(Q),p) and ( I , ( I ) ) ,  where p E P(B) i s  nonatomic, and m is  

Lebesgue measure. In sec t ion  10, a  main r e s u l t  i s  t h e  ca lcu la t ion  of 

d i s t r i b u t i o n  funct ions .  For any s h i f t  invar ian t  Markov measure y,  (10.5) 

gives a simple method f o r  ca lcu la t ing  t h e  d i s t r i b u t i o n  function f  of t h e  

random va r i ab l e  on ( y )  Theorem (10.6) gives t he  corresponding r e s u l t  



fo r  Bernoulli measures. I t  i s  known t h a t  i f  a p robab i l i ty  measure y is  

1 ergodic, and not equal t o  (F ,...> 1 
-)-Bernoulli measure, then t h e  r 

d i s t r i bu t i on  function f i s  s ingular .  Thus t he  above method i s  a mechanism 

fo r  constructing examples of ( s t r i c t l y )  increasing continuous s ingular  

functions on the  u n i t  i n t e rva l ;  f o r  example, Lebesgue's s ingular  function i s  

1 1 generated by (- , 0, -)-Bernoulli measure. 2 2 

In sec t ion  11, we discuss entropy on P(Q,T), beginning with basic  

de f in i t i ons  and some known r e s u l t s .  One of our main r e s u l t s  i n  t h i s  sec t ion  

i s  (11.10): f o r  any s h i f t  invar iant  Markov measure p,  the  entropy of T 

r e l a t i v e  t o  p, h (T), equals zero i f f  p i s  induced by a permutation 
IJ. 

matrix, i . e . ,  i s  an ergodic atomic (Markov) measure. We a l so  show, i n  

(11.13), t ha t  f o r  each measure p E M(Q,T), h (T) = log r i f f  p i s  the  
C1 

1 1 (r >..., -)-Bernoulli measure. We c lose  t h i s  sec t ion  by proving t h a t  t he  r 

entropy map, p I+ h [T) i s  continuous on M(Q,T). 
i-1 



1. The sequence space Q 

(1.1) Def ini t ions .  Throughout, r w i l l  denote a  f ixed but a r b i t r a r y  

pos i t i ve  in teger  such t h a t  r 2 2 .  Let S  = { 0 9 1 , . . . 9 r - 1  be a  f i n i t e  

s e t  of r po in t s  with t he  d i s c r e t e  topology. Define t h e  sequence space 

Q by Q = TI Sn , where S = S, t h a t  i s  
n=O n 

Endow t h e  s e t  Q with t h e  product topology. 

For each n  2 0,  l e t  xn : Q + S be defined by xn(o) = w n ' 

A subset  of Q of t h e  form 

{wC Q : xo(w) = i ... ,x  (a) = i n } ,  where iO,.*. , i  C S ,  n 2 0 ,  0  ' n n  

denoted by Z ( iO9  ..., i n ) ,  i s  ca l l ed  a  cyl inder  s e t .  Let S denote t h e  

co l l e c t i on  of a l l  cyl inder  s e t s ,  together  with t h e  empty s e t  6 .  

Recall t h a t  a  topological  space i s  zero-dimensional i f f  every point  

i n  t h e  space has a  neighbourhood base cons i s t ing  of clopen s e t s ,  i e .  s e t s  

t h a t  a r e  both open and closed.  

(1.2) Theorem. The sequence space with t h e  product topology i s  a 

compact, zero-dimensional Hausdorff space with countable base S .  



proof. Clear ly  S i s  a compact Hausdorff space i n  t he  product topology. 
CCL 

1t is  e a s i l y  seen t h a t  t h e  co l l e c t i on  S i s  a countable base f o r  t he  

product topology of S and t h a t  each cyl inder  s e t  i s  clopen. 

( 1 . 3 )  Theorem. The sequence space with the  product topology i s  

rnetrizable. 

Proof. Define d : S x S + [0,1] by - 

Then we see  r e a d i l y  t h a t  d i s  a metr ic  on 8. Let 

U(w,c,N) = {q€S : /qn-onl < E ,  O5n9)  where otS,  00, R O .  

Recall t h a t ,  on t h e  r e a l  l i n e  IR , t h e  two metrics D ( ~ , Y )  = I x-y 1 and 

P ' (X,Y)  = -kd-- a r e  uniformly equivalent .  Hence, given c > 0, t he r e  
1 + Ix-YI 

ex i s t s  6 > 0 such t h a t  p(x,y) < c whenever 0 '  (x,y) < 6 .  Suppose 

d ( q 9 ~ )  < 2 -(N+l) 6. Then we have, f o r  0 5 n 5 N ,  

So t h a t  p(qn9an) < L Thus t he  d-topology i s  s t ronger  than t h e  product 

topology. 



Now cons ider  t h e  s e t  jq E 8 : d(q,o)  < E ) ,  where o € 8 is  

f ixed .  Choose an N > 2 such t h a t  Z 2-n < & / 2 .  Choose 6  > 0  such nlN 

t h a t  p f ( x , y )  < & / 2  whenever p(x ,y)  < 6, f o r  any x , y  E I R .  Then we 

obta in ,  f o r  each q  E U(o,G,N-I), 

so t h a t  t h e  d-topology coinc ides  with t h e  product topology. 

A c o l l e c t i o n  C of subse t s  of 8 is  c a l l e d  a  semialgebra i f  t h e  

following t h r e e  cond i t ions  hold :  ( i )  4 E C ;  ( i i )  i f  A , B  E C ,  then  

A B E C;  ( i i i )  i f  A E C ,  then  Q - A is  a  f i n i t e  union of pa i rwise  

d i s j o i n t  se ts  i n  C .  

I I 

Let sntl = Si, where Si = S, n  e 0.  
i= 0  

(1.4) Lemma. The c o l l e c t i o n  S is  a  semialgebra. 

Proof. By d e f i n i t i o n ,  6 E S. For any Z o y . . . y i n )  and Z ( j 0 , . . . , j n )  
P 

we have 

according a s  ( i O ,  ..., i n )  = ( j o  ,..., jn) o r  ( i o  ,... ' i n )  f ( j o y . . . . j n ) -  

Given Z ( i O ,  . . . . i,) and Z ( . . , )  where m < n,  we have 



SO t h a t  

according a s  ( i O , .  . . , i ) = ( j  O , .  . . . jm) o r  ( i O , .  . . , i,) # ( jo , .  . . , j,) . m 

For any cy l inder  Z ( i O ,  . . , i n )  we have 

which i s  a union of rncl-l d i s j o i n t  cy l inders  i n  S.  We a l s o  have 

The a lgebra  generated by t h e  semialgebra 3 i s  denoted by A(S). 

(1,5) Lemma. The a lgebra  A(S) c o n s i s t s  of s e t s  of t h e  form 

where E c sn+', and n 2 0. 

Proof. I t  i s  p l a i n  t h a t  A(S) c o n s i s t s  of a l l  f i n i t e  d i s j o i n t  unions of - 
s e t s  i n  t h e  semialgebra S .  Thus A C A(S) iff A = {a:  (ao, ,a,) C 

where E c sn+19 n E 0. a 



Let B(9) denote t he  a-algebra generated by a l l  open subsets of 9 

and l e t  o(S) denote the  o-algebra generated by t h e  semialgebra S.  

Then we obta in  r ead i l y  t h a t  B(9) = o(S) (since S is  a countable base 

fo r  9 ) .  Let C(Q) denote t he  s e t  of a l l  real-valued continuous functions 

on 9 .  Also, f o r  each E c Q, we denote t h e  ind ica tor  (charac te r i s t i c )  

function of E by IE. 

(1.6) Lemma. Let F be t he  family of a l l  l i n e a r  combinations of 

indicator  functions of s e t s  i n  t h e  semialgebra S .  Then F i s  dense i n  

C(Q) i n  t h e  uniform topology. 

n 
Proof. Wehave F =  { Z  c; 1, : E; € 3 ,  ci  € IR, n L 1 ) .  S inceeach  

cylinder s e t  

a subspace of 

E is a clopen subset of 

t h e  vector  space C ( 9 ) .  

n 

9 ,  lE i s  i n  C (9) , so t h a t  F i s  

I t  i s  e a s i l y  seen t h a t  each f C F 

can be wr i t t en  a s  f = 2, 
'i 'E where c € IR and Ei,  . . . ,E  a r e  

i n i= 1 i 
n 

pairwise d i s j o i n t  s e t s  i n  S, so t h a t  If1 = E IcillE C F. Thus F i s  
i= 1 i 

a l so  a s u b l a t t i c e  of t h e  vector  l a t t i c e  C(9). Since F i s  a separat ing 

family of functions on 9 and contains t h e  function 1, F i s  dense i n  

C(Q) by t h e  Stone-Weierstrass theorem (see Hewitt-Stromberg [ l ] ) .  n 

(1.7) Definit ion.  The transformation T defined on t he  sequence space 

9 by ( T d n  = where w € 9 and n 2 0, i s  ca l l ed  t h e  s h i f t .  



(1.8) Lemma. The s h i f t  T i s  a  continuous su r j e c t i on  from S1 onto 

i t s e l f .  In p a r t i c u l a r ,  T is  a  measurable transformation from t h e  

space (Q,B(S)) onto i t s e l f .  

proof. By d e f i n i t i o n ,  To € S1 f o r  each a € Q . Given o = (on) eO € D, - 
- 1 

we obta in  T  {a}  = { ( i ,oo ,o l , .  . .) : i C S} so t h a t  T i s  a  su r j e c t i on  

but not an i n j ec t i on .  For each cyl inder  s e t  Z ( i 0  i n  we obta in  

so t h a t  T is  continuous. o 

(1.9) Remark. Since f o r  any n  L 0  t h e  mapping x  : S1 + S i s  
n  

continuous, it i s  a l s o  a  measurable funct ion from the  measurable space 

( Q ) )  onto t h e  measurable space (S,B(S)) , where B(S) denotes t h e  

power set of S. 

We s t a t e  without proof t he  following unique extension theorem. 

(1.10) Theorem. Let IJ. and v be p robab i l i ty  measures on (Q,B(Q)). 

If p(E) = v(E) f o r  each E i n  t h e  semialgebra S, then p, = v on 

'uw. 

See Blumenthal and Getoor [ I ] ,  HaPmos [ I ] ,  Royden [ I ]  f o r  t h e  proof,  



2. The Kolmogorov extension theorem 

Let p be a p r o b a b i l i t y  measure on t h e  measurable space (B,B(B)). 

consider t h e  sequence of random v a r i a b l e s ,  o r  t h e  s t o c h a s t i c  process 

t x n ' e o  
on t h e  p r o b a b i l i t y  space ( a ,  ( p )  . For each n 2 0, de f ine  

the  funct ion p : sn+' n + [ 0 , 1 1  by 

where {xo=iO,  . . . , x =i 1 = {o€B : xo(o)= iO,  . . . , n n xn (a) =i 1 . Then t h e  n 

following consistency condit ions hold: 

1 ~ ~ ( i ~ , . . . , i ~ )  = z ~ ~ + ~ ~ , . . . , i  i ) .  
iES n ' 

Using a p r o b a b i l i t y  vector  and a s t o c h a s t i c  matr ix ,  we may generate 

functions pn, n?O s a t i s f y i n g  t h e  consistency condit ions.  

(2.1) Example. Let p = (pi)icS be any p r o b a b i l i t y  vec to r  on t h e  s e t  S. 

For each n 2 0, de f ine  

p n ( i O 9 +  - , i n )  = Pi Pi " - " P i  , where i i ..., i E S. 
0 1 n 0' 1' n 

Then { P , ' ~ ~  s a t i s f y  t h e  consistency condi t ions .  



(2.2) Example. Let p = (p i )  ~ E S  be any p r o b a b i l i t y  vector  on S and 

l e t  P = ( P ~ ~ ) ~ , ~ ~ ~  be any r x r  s t o c h a s t i c  matrix,  i . e . ,  0 I p  i j  5 1 

and Z pik = 1 f o r  each i , j  E S,  For each n 2 0, t h e  function defined 
k€S 

where i ,  l , . . . , i  E S , n 

s a t i s f i e s  t h e  consistency condi t ions .  

There a r e  funct ions  {pnInz0 s a t i s f y i n g  t h e  consistency condit ions 

t h a t  a r e  not induced by any p a i r  of a  p r o b a b i l i t y  vec to r  and a s t o c h a s t i c  

matrix.  

(2.3) Example. Let p = (pi) and q = (q . )  be two p r o b a b i l i t y  vectors  
1 

f o r  a l l  i, and on t h e  s e t  S = { O , , . , - 1  such t h a t  pi = - r 

1 - 3 - - = - f o r  i E 2. For each n r 0, de f ine  t h e  
q~ = 2r ' q1 2r ' 'i r 

funct ion p n 0  i n  by 

where iO, . . . ,  i E S. n 

I t  is  e a s i l y  seen t h a t  t h e  funct ions  {pn}eO s a t i s f y  t h e  consistency 

condit ions.  In  p a r t i c u l a r  we ob ta in  



suppose t h a t  t h e r e  e x i s t  a  p r o b a b i l i t y  vec to r  u  = (u . )  on S and an 
1 

r x r  s t o c h a s t i c  matrix A = (a i j )  such t h a t  

f o r  a l l  i 0' " . , i  E S and a l l  n  1 0. Then we obta in  n  

3 u = POCO) = - 0 
and a  = P ~ ( O , O ) / U ~  = 4 r '  00 

25 a  con t rad ic t ion .  so t h a t  = - 
16 48 ' 

(2.4) The Kolmogorov extension theorem. Let S = 0 , .  . - 1 ,  f o r  some 

2 2. Let { P ~ } ~ ~ ~  be a  sequence of funct ions  s a t i s f y i n g  t h e  consistency 

Sn+ 1 condit ions,  where p  has domain . Then t h e r e  e x i s t s  a  unique 
n  

p robab i l i ty  measure on (8 ,8 (Q) )  such t h a t  

v(xO=iO, . . . . x n  =in)  = p n ( i O , .  . - , i n )  f o r  a l l  

iO, ... i E S and a l l  n ?  0. n  

Proof. Define t h e  s e t  funct ion p on t h e  semialgebra S by . - 



We want to show the following: 

(i) If a set A in S is a finite union of the disjoint sets . 

n 
A1,. . . ,An in S, then &4 = 2 - pA 

i=l i '  

(ii) If a set A in S is a countable union of the disjoint sets 

l,A2y... in S, then pA 5 E pAi. 
ir 1 

For any cylinder set ( i , .  i n  and any k r 1, we have 

( i ,  . i ) = U . . . U Z(iO,. . . ,in,intl,. . . ,in+k), 
n i ES n+ 1 i ES n+k 

and 

Let A = Z(iO, ..., im), be an arbitrary cylinder set. Suppose 

u 
A = U At where Aly+..,A are pairwise disjoint cylinder sets. For u t=l 

each At, there exist jt,lye-9 in S, n 2 1, such that 
jt ,nt t 



i ~ e t  n  = maxjn ' 1 5 t 5 u}.  Then, as  above, we obta in  
t - 

SO t h a t  

Using t he  preceding r e s u l t s ,  we obta in  

Thus ( i )  holds.  

To prove t he  a - add i t i v i t y  of p on S, suppose t h a t  a  cyl inder  

s e t  A is  t he  union of a  countable co l l e c t i on  U = of d i s j o i n t  



sets in S. From (1.2) we see that U is an open covering of the compact 

set A, so that there is a finite sub-collection of cylinder sets 

k 
U1 = {An A 1 c U such that A = U A . Note that, since the sets 

1 nk i=l ni 

in U are disjoint, we have An = 4 whenever An € U - U 1 .  Thus (ii) 

holds. Therefore, by a well-known theorem (see Neveu [I], Royden [I]), 

p has a unique extension to a probability measure on the o-algebra 

a(S) = 6C51). 

Let p be a probability measure on ((51)) . By (1.8) T is 

measurable, and so we define the probability measure Tp by the formula 

(Tp) (E) = ~ ( T - ~ E )  where E € B (51) . 

A probability measure p with Tp = p is cal1ed.T-invariant. 

Let p be a T-invariant probability measure on (O,8(51)), and 

let ~,(i~,i~,...~i~) = p(x =i x =i . x i n  where n e 0 and 
0 0' 1 1 '  n 

i l ,  . i € S. Then the functions {pn} n satisfy the consistency 

conditions, together with the shift invariance conditions: 

P i ,  i n  = (T) (xo=io, . . . . x =i ) n n 



( 2 . 5 )  Corollary.  I f  funct ions  {pn}n20 s a t i s f y  t h e  consistency 

condit ions,  together  with t h e  s h i f t  invariance condi t ion,  then t he r e  e x i s t s  

a  unique T-invariant  measure p on (Q,B ($2)) such t h a t  

p(xO=iO,  . . . , x =i ) = pn( iO, .  . . , i n )  f o r  a l l  
n n 

iO, ..., i E S and a l l  n 2 0. n 

Proof. By t h e  Kolmogorov extension theorem, t he r e  i s  a unique p robab i l i ty  

measure p such t h a t  p(xo=iO, . . . , xn=in) = pn( iO, .  . . , i n )  f o r  a l l  n 2 0 

and a l l  iO, ..., i E S. Using t he  s h i f t  invariance condit ion,  we obta in  n 

= p(x =i ..., x =i ) 1 0' n+ l  n 

- 1 = p(T (x =i ..., x = i n ) )  0 0' n 

= (Tp) (xo=io,  * .  . , x = in)  n 

so t h a t  p(E) = (Tp) (E) f o r  a l l  E € S. By t h e  unique extension theorem 

(1.10) we have p = Tp. o 

(2.6) Remark. The funct ions  defined i n  Examples (2 .1 )  and (2.3) s a t i s f y  

t h e  s h i f t  invariance condi t ions .  



(2.7) Example. Let P = (pij)i,j6S be an irreducible stochastic matrix 

and let P = (pi)ics be the stationary distribution for P, that is, 

pP = p. Let ~ ~ ( i ~ , i ~ , . . ~ , i ~ )  = pi pi . . -  pi for n r 0 and 
0 0 1  n-1 n 

iO,..*,i 6 S. Then the functions {pnln20 satisfy both the consistency n 

conditions and the shift invariance conditions. 



3 .  Probabi l i ty  measures and ereodic measures 

(3.1) Definit ion.  Let P(8) denote t he  s e t  of a l l  p robab i l i ty  measures 

on (O,B(S)). For each o E 8 ,  def ine  t he  p robabi l i ty  measure E by 
W 

E ~ ( A )  = lA(o)  f o r  A C 8 -  Let E (8) = {co : o E 8 ) .  

I t  is  well-known tha t  P(8) i s  a  convex s e t  and t ha t  each p in  

P(S) i s  regular ,  t h a t  is ,  f o r  each A € B(S), 

p(A)  = sup{p(C) : C compact, C c A) 

= inf{p(G) : G open, A c G } .  

By the  Riesz representa t ion theorem, P(8) can be canonically mapped 

b i j e c t i ve ly  onto t h e  s e t  of a l l  pos i t i ve  l i nea r  forms J on C(8) such 

t h a t  J ( l )  = 1. We s h a l l  assume t h a t  P(B)  i s  endowed with the  weak* 

topology. A base f o r  t he  weak* topology on P(8) i s  given by t he  

co l lec t ion  of a l l  s e t s  of t he  form 

where p  € P(Q), f € C (8) , k 2 1 and E 7 0. See Parthasarathy [ l ]  , 

Walters [ I ]  f o r  d e t a i l s .  

( 3 . 2 )  Lemma. Let be an enumeration of t h e  cylinder s e t s  i n  8. 

Define 



Then d i s  a me t r i c  on P(B) and t h e  d-topology coincides with t h e  weak* 

topology of P (B) . 

Proof. By t h e  argument given i n  t h e  proof of (1 .3) ,  t h e  d-topology i s  - 
equivalent  t o  t h e  topology having a s  a  subbase t h e  c o l l e c t i o n  of a l l  s e t s  

of t h e  form {vCP(B) : 1 v ( E n ) - ( E n  < , where p € P(B), n 2 1 and 

E > 0. By (1 .6) ,  t h i s  topology is weaker than  t h e  weak* topology. On t h e  

o the r  hand, given f E C(B) and 0, t h e r e  is ,  by (1.6) a  func t ion  

g € C(B) of  t h e  form g = E ci lE such t h a t  /If-gl( c ~ / 4 .  Let 
i=l i 

c = m a x { / c . (  : 1 i 5 1 .  Suppose (p(Ei)-v(Ei) /  c ~ / 2 n c  f o r  1 5  i 5 n.  
1 

Then we o b t a i n  

(3.3) Corol la ry .  Let y ,  pl, p2, ... be p r o b a b i l i t y  measures i n  P(O). 

Then t h e  fol lowing a r e  equivalent :  

( i  1 '%'nzl converges t o  y i n  t h e  weak* topology. 

( i i )  l i m ~ ~ , E = p ( E )  f o r e a c h c y l i n d e r s e t  E .  
- n+w 



(3.4) Theorem. P(B) is  a  compact convex s e t  i n  t h e  weak* topology. 

Proof. By (3 .2 ) ,  t h e  weak* topology i s  me t r i zab le .  Thus, t o  prove t h e  - 
compactness of P(B), it s u f f i c e s  t o  show t h a t  P(Q) i s  s e q u e n t i a l l y  

compact. Let {ynIel be a  sequence i n  P ( 8 ) ,  and l e t  {EkIkZl be an 

enumeration of t h e  c y l i n d e r  s e t s  i n  B .  By Can to r ' s  diagonal  procedure, 

we ob ta in  a  subsequence {pn l i  of {pnIn such t h a t  t h e  sequence of  
i 

r e a l  numbers {pn (Ek)li converges f o r  each c y l i n d e r  s e t  . Define t h e  
i Ek 

s e t  func t ion  v on S by v(E ) = l i m  p '  (E ) f o r  each cyl inder  s e t  
k n k  i+- i Ek 9 

and v ( 9 )  = 0. We see  r e a d i l y  t h a t  v i s  f i n i t e l y  a d d i t i v e  on S. By an 

argument given i n  t h e - p r o o f  of (2.4) ,  v is  o -add i t ive  on S ,  so ' t ha t  it 

i s  uniquely extended t o  a  p r o b a b i l i t y  measure on Q ,  denoted by y. By 

(3.3) ,  we o b t a i n  'n . + p. 0 

1 

(3.5) Def in i t ion .  Let K be a  subse t  of a  r e a l  v e c t o r  space X .  The 

convex h u l l  of K ,  denoted by ch(K), i s  def ined  by ch(K) = 

n n  
{ Z aixi : xi€K, O 5 a  5 1 ,  E a . = l ,  n  1 A p o i n t  x  i n  K i s  i 1 i=l i=l 

c a l l e d  an extreme p o i n t  of K i f  whenever x  = ay + (1-a)z,  0 < a  < 1, 

x,y C K ,  then  x=y=z. The s e t  of a l l  extreme p o i n t s  of K is denoted by 

ext  K. 

(3.6) Theorem. ex t (P (Q) )  = {cm : o € B l .  

Proof. Suppose E = pp + (1-p) , where y,v E P(B), 0  < p c 1, and 
__E 63 

a C Q with xn(o) = in, n 2 0. Then we have 



1 = ( ( i 0 , . . . ,  i n  = p ( i 0 ,  . i n  + (1-p)v(Z(io, .  . . , i n ) )  

f o r a l l  n ? 0 ,  

so t h a t  ( Z ( i 0 ,  i n  = v(Z(io,  . i ) )  = 1 f o r  a l l  n 2 0 .  Since n 

{a} = n Z , .  . i n  , we obta in  ( a )  = v )  = 1 t h a t  i s ,  
n= 0 

On t h e  o the r  hand, suppose p C P(P) i s  such t h a t  p # f o r  a l l  

o C Q .  Then 

( i )  There i s  a point  w C Q such t h a t  p(U) > 0 f o r  every open 

nhd (neighbourhood) U of o. 

If n o t ,  we choose, f o r  each o € P, an open nhd Urn of o with 

p(Uo) = 0. By t h e  compactness of 8, t h e r e  a r e  po in t s  ol, ..., o € O n 

n n 
such t h a t  Q = U U and thus 0 < p(Q) = Z p(U ) = 0, a 

a. ' 0. i=l 1 i=l 1 

con t rad ic t ion .  

( i i )  There i s  an open nhd V of o with 0 < p(v) < l 9  where denotes 

t h e  c losure  of V.  

By ( i )  , we have 0 < p(U) 5 p(u) 5 1 f o r  every open nhd U of a. 

Suppose p(u) = 1 f o r  some open nhd U of o. Since p f we have 

0 < ( - a )  5 1. By t h e  r e g u l a r i t y  of , t h e r e  i s  a compact s e t  

C c - {a} such t h a t  0 < p(C) 5 y(v-{a}) Since $2 i s  a compact 

metr izable  space, t h e r e  is  an open s e t  V such t h a t  o E V 6 v c - C .  

Using ( i )  and s i n c e  p(C) > 0, we ob ta in  0 < y(V) 5 p(v) < lP, 



22. 

( i i i )  Let V be a s  i n  ( i i )  , and l e t  p = p,(V) , q = 1-p. Define t h e  

measures pl and y2 by 

f o r  any E E B(S2). 

Then p1 and p2 a r e  d i s t i n c t  elements i n  P(Q) , and p = ppl t qp2, 

so  t h a t  p !! ex t  (P (S) ) . 

We s h a l l  g ive  a s imple proof of t h e  Krein-Milman theorem f o r  P(S).  

(3.7) Theorem. P(S) i s  t h e  closed convex h u l l  of E )  i n  t h e  weak* 

topology, t h a t  i s ,  P (Q) = cch(E (Q) ) . 

Proof. Since P(Q) i s  convex and E(S) c P(Q),  we o b t a i n  

ch(E (9))  c P (Q)  a By ( 3 , 4 ) ,  we a l s o  ob ta in  cch (E (2) )  c P (S) . To prove 

P(S) c cch(E(Q)) ,  l e t  V(p,n,c) = {v€P(S) : I v ( z ( i  O , . .  . , i n ) )  

- w@(i  O , . . . , i n ) ) /  < E ,  i0 ,... ,i n € S where p € P ( Q ) ,  c z 0, and 

n 5 0. Let { A ~ }  be an enumeration of t h e  p a r t i t i o n  
n+ 1 

l5kCr 

{ ( i o , . , i n )  : i 0 ,  n € S of  S .  Choose a r b i t r a r y  po in t s  % € Ak, 

r n+ 1 

f o r  1 5 k C rntl. Define t h e  measure v = Z p(Ak) * E  We s e e  
k= 1 "k' 



We now consider t h e  mapping T on P(Q) ,  introduced i n  sec t ion  2 .  

Recall t h a t  t h i s  mapping i s  derived from t h e  s h i f t ,  T, on 9 ,  introduced 

i n  sec t ion  1. We have t h e  following theorem. 

( 3 . 8 )  Theorem. The mapping T : P (9) -t P (9) defined by 

( T  A = ( T A )  f o r  any A € B ( a ) ,  i s  continuous and a f f i n e ,  t h a t  i s ,  

T(pp+(l-plv) = pTp + (1-p)Tv, f o r  any p,v E P(S), p C [0 ,1] .  

Proof. Suppose p n + p  i n  P(9). Let f € C(Q). By (1 .8))  foT € C(B), 

so t h a t  

Jfd (Tp*) = Jf oTdpn -+ J f e T d ~  = Jfd (Tp) . 

Thus Tpn + Tp. 

Let o = pp + (1-p)v where p,v € P(O)  and 0 4 p 5 1. Then 

a 6 P(8 )  and (To)(A) = ~ ( T - I A )  = p p ( ~ - l ~ )  + ( I - ~ ) V ( T ' ~ A )  = 

= P (Tp) (A) + (1-p) (Tv) (A) f o r  each A € B (B) , so t h a t  T (pp+ (1-p) v)  = 

= PUP) + (1-p) (Tv). 0 

(3.9) Def in i t ion .  Let P(Q,T) denote t h e  s e t  of those  measures p i n  

P(O) such t h a t  Tp = p. 

Examples (2.  I ) ,  (2.3) and (2.7) , toge the r  with theorem (3.8) , show 

t h a t  P(O,T) i s  a nonempty convex subset  of P (Q) . 

(3.10) Theorem. P(Q,T) i s  a compact convex nowhere dense subset  of 

p (Q) * 



Proof. For any sequence ipn) C P(8,T) C P(Q),  t he r e  is ,  by (3 .4) ,  a  - 
subsequence p such t h a t  pn - p C P (8) . By ( 3 . 8 )  , we have 

n : 

'ni 
= Tpn 4 Tp, so t h a t  Tp = p E P (8,T) . Thus P (9 ,T) i s  a compact 

i 

(closed) subset of P(Q) . 

To prove t h a t  P(S,T) i s  nowhere dense - in  P(Q),  l e t  p be a 

measure i n  P(S,T) and l e t  o E L2 be such t h a t  T o  f w. Define t h e  

1 1 sequence illn) by p = - E + 1 - - )  f o r  a l l  n = 1 2 , .  . . Then 
n n w  n 

q E P(Q) - P(L2,T) f o r  a l l  n E 1, and pn + p. Thus t he  i n t e r i o r  of 

P(S2,T) i s  empty, and s ince  it i s  closed,  P(P,T) is  nowhere dense. o 

For each i i n  S, l e t  [ i ]  denote t h e  point  o = i n  

t he  sequence space P such t h a t  on = i f o r  a l l  n E 0. 

(3.11) Theorem. P(Q,T) fl ext  P(L2) = { E  : i E S) C ext P(Q,T). 
[ i l  # 

Proof. By (3.6), wehave P(S2,T) fl ext  P(L2) = P(Q,T) fl { E  : oEL2) .  - 0 

Suppose E E P (Q,T) . Then E = TE = E SO t h a t  To = w, o r  
o o o To' 

equivalently,  o = [ i ]  f o r  some i E S. I t  i s  p l a in  t h a t  

l E [ i ]  : i € S} P(Q,T) fl ( E ~  : o € Q ) ,  
that %I : i E S l =  

P(Q,T) n 0 E 8 ) .  

Suppose 
[ i l  

= pp + (1-p) v f o r  some i E S, where 

P,V E P(Q,T) c P(S2) and 0 < p < 1. By (3 .6) ,  we obta in  E [ i ~  = P = V ,  

so t h a t  E E ext  P(S2,T) f o r  a l l  i E S. I t  w i l l  be shown i n  sec t ions  4 
[ i l  

and 7 t h a t  { E  : i E S) c ext  P(S2,T). a 
Eil # 



(3.12) Remark. By a theorem of Oxtoby [ I ] ,  t h e  s e t  of extreme p o i n t s  of 

any compact convex me t r i c  space is a G6-set.  Thus both ex t  P(52) and 

ext  P(52,T) a r e  G s e t s .  6 

(3.13) Def in i t ion .  A measure y i n  P(52,T) i s  c a l l e d  T-ergodic o r  

simply ergodic i f  whenever T-IA = A ,  A € 8 (52) , then  e i t h e r  y(A) = 0 

o r  y(A) = 1. Let E(52,T) denote t h e  s e t  of a l l  T-ergodic measures i n  

P(Q9T) 

(3.14) Remark. For each y i n  P(P,T),  l e t  Io(p,T) = iACB(52) : A = T-'A] 

and I(y,T) = iA€8(52) : ~(AAT--'A) = 01. Then Io(p,T) and I(p,T) a r e  

sub-a-algebras of B(52) such t h a t  lo (y,T) c I (y ,T) . I t  is  known t h a t  

y E P(52,T) . i s  ergodic i f f  y(A) = 0 o r  y(A) = 1 f o r  each A E I (y ,T) .  

(See B i l l i n g s l e y  [ l ]  : Phelps [I!, Walters [ I ] ) .  

We s t a t e  without proof t h e  fol lowing u s e f u l  r e s u l t  ( see  Brown [ I ] ,  

Walters [ l ] ,  Denkers e t  a1  [ I ] ) .  

(3.15) Theorem. Let p be a measure i n  P(52,T). Then t h e  fol lowing a r e  

equivalent  : 

n-1 
( i i i )  For each f C L1(52,B(Q),y), l i m -  Z f ( ~ ~ o )  = 

n+w n i = O  

y-almost everywhere. 



By d e f i n i t i o n ,  f o r  measures y,v f P(Q),  y  i s  s ingu la r  with respec t  

t o  v ,  denoted y  1 V ,  i f  t h e r e  e x i s t  s e t s  A , B  E B(Q) such t h a t  

A fl B = 9 and y(A) = 1 = v(B). Also, . V  i s  abso lu te ly  continuous with 

respect  t o  p, denoted v << p, i f  v(B) = 0  whenever p(B) = 0, 

B E B(S). 

(3.16) Theorem. Let p,v E P(B,T). Then 

( i )  If p,v E E(Q,T), then e i t h e r  p = v o r  p  1 V .  

( i i )  If v < < y ,  with y E E ( Q , T ) ,  then p = v .  

Proof. ( i )  (B i l l ings ley  [ I ] ) :  Suppose y  # v .  Then t h e r e  e x i s t s  a  s e t  

A E R (52) such t h a t  y  (A) # v (A) . By (3. IS) ,  we have 

1 
n- 1 

i l i m  - E lA(T o) = y(A) p-a.e,  
n  

n  i = O  

and 

1 If we l e t  E = { a  : l i m  - 2 lA(~'w) = p(A)l and 
n  n i = O  

1 F = { a  : l i m  - Z l A ( ~ ' o )  = v(A)], then p(E) = 1 = v(F) and E fl F = 4 ,  
n  n  i = O  

so  t h a t  y  1 v .  



( i i ) :  Let E € B(Q) be a r b i t r a r y .  I t  fol lows from (3.15) t h a t  

1 
n- 1 i 

l i m  n Z lE(T o) = p(E) p-a. e . .  Since v <c p ,  it follows t h a t  
n i = O  

1 
n-1 i 

l i m  - Z lE (T a )  = p(E) v-a.e.  . Thus, from t h e  Lebesgue dominated 
n n i = O  

convergence theorem, we ob ta in  

n-1 i 
p(E) = [p(E)dv = l i m  - Z [(lEoT )dv = v(E). o n 

n i = O  

We now show t h a t  E (B ,T) = ext  P (B ,T) . 

(3.17) Theorem. For each p E P(Q,T), p E E(B,T) i f f  p E ex t  P(B,T). 

Proof. = Suppose p E E(Q,T) and p = ppl + (1-p)p2, f o r  some 

15, p2 € P(Q,T), 0 < p c 1. Then we have pi << p,  i = 1 , 2 ,  so t h a t ,  

- by (3.161, P = w1 - p2. Thus y E ext  P (B , T) . 

(<=) Let p € P(S,T), and suppose p $ E(Q,T). Then t h e r e  is  a s e t  

A € B(Q) such t h a t  T-'A = A and 0 < p(A) c 1. Let B = Q - A .  Define 

two measures and P2 by 

Then we ob ta in  ~ ~ ( T - ~ E ~ I A )  = ~ ( T - ~ w T - ~ A )  = ~ ( T " ( E ~ A ) )  = ir(EnA1 so  t h a t  

T )  (E) = ( E )  Thus pl E P(8,T). S imi la r ly ,  we a l s o  ob ta in  



p2 € P(P,T). Note t h a t  pl(A) = 1 and p2(A) = 0, so  t h a t  # p2. 

Thus, s ince  p = p(A)pl + p(B)p2' we have t h a t  p i ext  P(8,T) . 

(3.18) Remark. By (3.10) , t h e  s e t  P (8 ,T) i s  a compact convex s e t  s o  

t h a t ,  by t h e  Krein-Milman theorem, P(B,T) = cch E(S2,T). Since both 

P(B) and P(B,T) a r e  metrizable compact convex s e t s ,  we can apply t h e  

Choquet r epresen ta t ion  theorem ( r e c a l l  t h a t  E(8) = ex t  P(8) and 

P (8) = cch E (B)) : For each p i n  P (8) (or  P (8 ,T) ) , t h e r e  is a unique 

p r o b a b i l i t y  measure T defined on t h e  Bore1 subsets  of t h e  compact 

metr izable  space P(B) (or  P(8,T)) such t h a t  T(E(P)) = 1 

(or ( E ( 8 , T ) )  = 1 and 

IQ fdp = SE (JQ f d v ) d ~ ( v )  

f o r  each f  E C(8), where E = E(B) o r  E = E(8,T). See Phelps [ I ] .  



4 .  Markov measures and ergodic Markov measures 

Note t h a t ,  given a  measure y  i n  P(52) and s e t s  A , B  i n  P ( S ) ,  

t h e  condi t ional  p r o b a b i l i t y  of A given B y  denoted ~ ( A I B ) ,  i s  defined 

- @(WB) ~ ( ~ 1 ~ ) -  y(B) , provided t h a t  y(B) > 0.  

On a  p r o b a b i l i t y  space (52 ,B (52) ,y) , t h e  sequence {xnIwO is  

c a l l e d  a  Markov chain with s t a t e  space S and t r a n s i t i o n  matrix 

P = ( P i j ) i ,  j a ~  i f  t h e  following condit ions hold: 

( i )  f o r e a c h  iES, p ( x = i ) > O  f o r  some n z 0 ,  n  

( i i )  The Markov property:  y  (xn+l=in+l 1 x  =i . . . ,x. = in )  
0  0' n  

- - P (xnt / xnsin) f o r  any n  L 0  and any i O ! .  . . i n  S such 
n+ l 

t h a t  y(xo=iO, .  . . ,x  =in) > 0  n  

( i i i )  The s t a t i o n a r y  property:  y ( ~ ~ + ~ = j  I X  = i )  = ~ ( x ~ + ~ = j  Ixn=i) m 

f o r  any 0  5 m < n  and any i , j  such t h a t  y(xm=i) > 0  and 

P(X = i )  > 0. The common value  of y(xntl= j  I xn=i)  f o r  a l l  n  such t h a t  n  

p(xn=i)  > 0  is  denoted by p .  and i s  c a l l e d  t h e  one-step t r a n s i t i o n  
lj ' 

p r o b a b i l i t y  from s t a t e  i t o  s t a t e  j .  

The p r o b a b i l i t y  vec to r  p  = (pi)icS defined by pi = y(xo=i)  i s  

c a l l e d  t h e  i n i t i a l  d i s t r i b u t i o n  f o r  t h e  chain.  

Suppose b&,O is  a  Markov chain on a  p r o b a b i l i t y  space 

(O,B(B),y) as above. Define t h e  n-s tep  t r a n s i t i o n  p r o b a b i l i t i e s  



n r 0,  a s  fol lows:  
i j  

(0) p = 6 i j  where 6 i j  denotes t h e  Kronecker symbol, 
i j  

P (n+l)  = e (n) 
'kj 

f o r  n > 1. 
i j  kES i k  

Thus i f  we denote t h e  n-s tep  t r a n s i t i o n  matrix by , then 
i , j € S  

Note t h a t  t h e  t r a n s i t i o n  matr ices  a r e  s t o c h a s t i c  

matrices.  Recall  t h a t  a  square matrix (ai j)  15i, j% is  s t o c h a s t i c  if 

m 
0 I a 5 1 f o r  each i , j ,  and L a i j  = 1 f o r  each i. I f  a  s t o c h a s t i c  i j  j  =l 

m 
a l s o  s a t i s f i e s  Z a = 1 f o r  each i, it i s  matrix 

(ai j  1 15i, j  9 i=l i j  

c a l l e d  doubly s t o c h a s t i c .  A p r o b a b i l i t y  vec to r  p = 
@il ~ C S  i s  c a l l e d  

a d i s t r i b u t i o n  f o r  a  s t o c h a s t i c  matr ix  P = (pij) i , ES i f  

p P = p ,  t h a t  i s ,  Z pipij = p j  f o r  each j  i n  S. 
i ES 

(4.1) The Existence Theorem. Let p = (p i )  its be any p r o b a b i l i t y  vec to r  

and l e t  P = (pi j) i , jES be any s t o c h a s t i c  matrix.  Then t h e r e  e x i s t  a  

unique measure p € P(Q) and a unique nonempty s e t  E c S such t h a t  

(i) p(x =i * .  , xn=in) = pi pi o o 9  n o  pi f o r  any n 2 0 
0 01 .  n-P n 

and any i i  € S. n 



( i i )  t h e  sequence r x n ' r e ~  defined on (B,B(Q) ,p) i s  a Markov 

chain with s t a t e  space E ,  i n i t i a l  d i s t r i b u t i o n  
(Pi )  ~ E E  

and t r a n s i t i o n  

matrix (pij) i, c E .  

Proof. ( i )  Define p ( i O ,  . , i n )  = pi pi ... pi f o r  any n 2 0 n 
0 0 1  

i 
n-1 n 

and any i0, . . - , i  E S. Then we have t h a t  0 E p n ( i o ,  ..., i n )  9 1, n 

Z p o ( i )  = 2 pi = 1 and E 
Pn+l i 0 , , i  i ) iES iES i ES n' n + l  

n+ 1 

= Z p i p i i  . . .  - - Pi Pi i 
P i  i 

. By t h e  Kolmogorov 
i ES 0 0 1  n + l  

Pinin+ 1 O 0 1  n-1 n 

extension theorem (2.4) '  t h e r e  e x i s t s  a unique p E P(Q) with 

( i i )  If p(xn=i)  > 0, then 

Suppose p(x0=i0 ,  . . . . x =in)  > 0. n Then we a l s o  ob ta in  



Let E = {iES : p(x =i) 7 0  f o r  some n  r 0 ) .  By d e f i n i t i o n ,  n  

P i  = w(xO=i) and Z pi = 1, so t h a t  E 2 {iES : pi > 01 # 4 .  We a l s o  
i ES 

have 1 = Z pi = 2 pi. Let i E E .  Then, p(x = i )  > 0 f o r  some 
i ES i EE n 

n  1 0  and ( x n + = )  = 0 f o r  a l l  j  C S - E ,  so t h a t  

( 4 , 2 )  Defini t ion.  The measure p  E P(Q) defined by means of t he  

p robab i l i ty  vector  p = (pi)iCS and s t ochas t i c  matrix P  = ES 

as  i n  (4.1) is  ca l l ed  t he  (p, P) -Markov measure. 

(4.3) Corollary.  For any two p robab i l i t y  vec to rs  p  = (pi)iES and 

9  = hi)iES t h e r e  e x i s t s  a  unique p robab i l i t y  measure i n  P(O), c a l l ed  

t h e  (q,p)-Markov measure, such t h a t  



f o r  any n 2 0 and any i o . . . i  i n  S. Moreover, {xnlnzO is  a n 

sequence of independent random v a r i a b l e s  on ( ( Q )  p )  with 

p(x - i )  = qi and p(x = i )  = pi , 0- n 

f o r  any i € S and.any n r 1. 

Proof. Define t h e  s t o c h a s t i c  matrix P = (p i j ) i , j tS  by Pij  = P j  f o r  

a l l  i, j E S. By (4.1) , t h e r e  e x i s t s  a unique p € P(Q) with 

p(xo=i0 , . . . , x =in)  = qi p 
. * '  P i  . Clear ly  p(x = i )  = o 9 i 

. We a l s o  
n o il n 

obta in ,  f o r  n r 1 and i t S, 

Therefore, p(x =i . . x i n  = q pi . . . pi 
0 0' = p(x =i )p(x  =i ) .. . n 

0 1 n 
0 0 1 1  

... p(x =i ) .  a n n 

A s  an immediate consequence of (4.3) we have 

(4.4) Corollary.  For any p r o b a b i l i t y  vec to r  p = (pi) t h e r e  e x i s t s  

a unique p r o b a b i l i t y  measure p € P(Q),  c a l l e d  t h e  p-Bernoulli  measure, 

such t h a t  



for any n 2 0 and any i0,.*..i E S. Moreover, 'Xn'n2~ is a n 

sequence of i.i.d. (independent identically distributed) random variables 

on (3, B (3) ,p) with common distribution p. 

(4.5) Theorem. Let p be the (p,P) -Markov measure. Then the following 

are equivalent: 

(i) p is a stationary distribution for P, i.e. pP = p. 

(ii) p is T-invariant, i.e. p € P(Q,T). 

(iii) {x ) is a stationary process on ( 3  (3) , )  , that is, n n?O 

for any n ?  0, k ?  1 and any iO,se.,i in S. n 

Proof. Let p = (pi)ieS and P = ( P ~ ~ ) ~ , ~ ~ ~ .  

(i => (i) : Suppose (i) holds. Let p (iO, il, . . *,in) = pi pi -.pi n 
0 0 1  n-1 n 

for any n E 0 and any iO,. . . ,i in S. By (i), we obtain n 

E P ~ + ~  (i, i . . . ,in) = E pipii pi - o e e pi - 0 ' '"'Pi i - P i P i i  
- 

i€S i 0 0 1  n-l n 0 0 1  i n-1 n 

= pn(iOTil9...,in), so that, by ( 2 . 5 ) ,  v E P(3,T). 



( i  = i )  : Suppose ( i i )  holds.  Then we have 

-k 
p(xk=iO,  xktl=il ,  . .., x =i ) = pT (X =i . . . , xn=in) k+n n 0 0' 

= ~ ( x  =i ..., x =i ) .  
0 0' n n 

( i i i )  = ( i )  If ( i i i )  holds,  then f o r  each j  i n  S, we have 

(4.6) Def in i t ion .  Let M(S2) denote t h e  s e t  of a l l  (p,P)-Markov measures 

and l e t  M(Q,T) denote t h e  s e t  of those  (p,P)-Markov measures with 

pP = p. Let B(S2,T) denote t h e  s e t  of a l l  Bernoul l i  measures. 

From (4.4) and (4.5) we have 9 # B(S2,T) c M(S2,T) c P(S2,T). We 

s h a l l  c h a r a c t e r i z e  t h e  s e t  M(S2,T) n E(S2,T) of  ergodic Markov measures. 

We begin with a lemma. 

(4.7) Lemma. Let P = (p i j ) i , jcS  be a s t o c h a s t i c  matr ix .  Then 

1 
n 

( i )  The Cisaro  l i m i t  l i m  - Z p(k) = 
q i j  

e x i s t s  f o r  each 
n4- k= l  i j  

i and j . 

( i i )  The matr ix  Q = (qi j )  i , ES i s  a s t o c h a s t i c  matr ix  such t h a t  

1 
n k 2 Q =  l i m -  .Z P ,  Q P = P Q =  Q, and Q = Q .  n  

n4- k = l  

( i i i )  Each row of t h e  matr ix  Q i s  a s t a t i o n a r y  d i s t r i b u t i o n  f o r  P. 



1 
n 

Proof. i )  ( i ) :  Let = ; Z pm, where n r 1. If we wr i t e  
m= 1 

n 
, then q (n) Z p(m) s o t h a t  O s q  5 1 ,  f o r  n i , j € S  i j m = l  i j  i j  

each i and j .  Therefore, t h e r e  i s  a subsequence { 1 of 1 such 
k 

Cnk) 
t h a t  l i m  q = q i j  f o r  each i , j  i n  S .  Let Q = 

( q i j ) i ,  j ~ ~ a  
Then i j n k 

we have 

so t h a t  

(n,) (n,) 
Z qi j  = Z l i m  

q i j  = lim q i j  
= 1. 

j j nk-- n k +- j 

Thus Q i s  s t o c h a s t i c .  On t h e  o the r  hand, we have 

and so,  taking t h e  l i m i t  a s  n +, PQ = QP = Q. 
k 

Suppose {Qm 1 is a subsequence of { such t h a t  
k 

m lim -cW P k  = Qv.  
k 

Then we ob ta in  

So t h a t  Q = QQv = Q v Q .  By interchanging t h e  r o l e s  of Q and Q' we have 



Q' = QQ1 = Q ' Q  = Q. Therefore, Q = Q2 and 

1 
n 

k 
Q =  l i m  = l i m -  Z P ,  t h a t  is ,  n n+ n j m  k= l  

1 
n 

q i  j  
= l i m  - C p(k) f o r  each i , j  C S. n n+ k=l  i j  

( i i i )  Let n be t he  i - t h  row of t he  matrix Q, t h a t  i s ,  n i  = (qi j)  cs, 
i 

and l e t  ni(k) be t h e  k-th coordinate of n i ,  t h a t  i s  ni (k) = qik. 

Since QP = Q, we ge t  f o r  each j ,  

See Chung [1] and Hoe1 e t  a l .  [ l ]  f o r  p r o b a b i l i s t i c  proofs of t h e  above 

1 emma. 

(4.8) Remarks. Let P = (pi j) . ,  jFS be a s t ochas t i c  matrix. A s t a t e  i 

i n  S i s  ca l l ed  recur ren t  

t r an s i en t  (or P- t rans ient)  

w 

we have 8 p(n) < f o r  
n= l  i j  

w 

(or P-recurrent)  i f  Z p(n) = and i s  ca l l ed  
n= l  ii 

m 

i f  Z p(n) c -. For each t r an s i en t  s t a t e  j ,  
n= l  ii 

a l l  i € S. Let C and D denote t h e  s e t  of 

recur ren t  s t a t e s  and t h e  s e t  of t r an s i en t  s t a t e s ,  r espec t ive ly .  Then 

S = C U D .  A nonempty subset  E of S i s  ca l l ed  a closed (or P-closed) 

s e t  i f  Z pi j  = 1 f o r  each i C E .  A closed s e t  E i s  ca l l ed  
j €E 

i r reduc ib le  i f ,  f o r  any i , j  F E ,  p(m) > 0 f o r  some m e 1 and 
i j  



p(n) > 0 f o r  some n  2 1. I t  i s  well-known t h a t  the  s e t  C i s  a  
j  i 

nonempty closed s e t  and is  t he  union of a  f i n i t e  number of d i s j o i n t  

i r reduc ib le  closed s e t s  C 1 C  and t h a t  t h e  s e t  D is not closed.  m 

Therefore, t he  s t a t e  space S  can be par t i t ioned  uniquely i n to  t h e  s e t  D 

of t r an s i en t  s t a t e s  and a  f i n i t e  co l l ec t ion  {Ck}15kSn of i r reduc ib le  

closed s e t s  (of recurrent  s t a t e s ) .  The matrix P i s  cal led  i r reduc ib le  

if S  i s  i r reduc ib le .  See Chung [ I ] ,  Doob [ I ] ,  Fe l l e r  [ I ] ,  Hoe1 e t  a l .  [ l ]  

f o r  d e t a i l s .  

(4 .9)  Lemma. Let P  = (p i j ) i , j tS  be a  s tochas t i c  matrix and l e t  

n  1 
Q = (q i j ) i , j t s  where Q = l i m  - n  Z pk. Suppose t h a t  t he  s e t  C of 

n  k=l  

P-recurrent s t a t e s  i s  P'- irreducible and t h a t  t he  s e t  D of P- t rans ient  

s t a t e s  i s  no t  empty. Then 

(i9 q i j  = 0 f o r  a l l  ( i , j )  € SxD, 

- ( i i )  qi j  - q j j  > 0 f o r  a l l  ( i 9 j )  t SxC, 

( i i i )  P  has a  unique s t a t i ona ry  d i s t r i b u t i o n  p  = (p i )  its given 

m 

Proof. (i) : For each j  t D we have Z p(n) < f o r  a l l  i t S, so 
n= l  i j  

1 
n  

that q i j  
= l i m -  Z p(n) = 0 f o r  a l l  i E S* n  

n  k= l  i j  

( i i ) :  Let i be an a r b i t r a r y  s t a t e  i n  S and l e t  Ei = {jCC : qij > 01. 

We claim t h a t  Ei = C .  By ( 4 . 7 ) ,  together  with ( i )  , we get  



so t h a t  qi j  > 0 f o r  some j o  € C .  Let k  be any s t a t e  i n  C .  Since C 
0 

is  i r r e d u c i b l e ,  we have p(n) > 0 f o r  some n  2 1, so  t h a t  by (4 .7 )  , 
j  ,k 

- 
qik - C qim P  (n) , 

q i j o  
p(n) > 0.  Thus k  E Ei ,  and so  E. = C .  Since i 

mES 
I. 

mk j  ok 

was a r b i t r a r y ,  it fo l lows t h a t  qi > 0 f o r  each ( i  , j )  € SxC . 

I t  remains t o  show t h a t  q j j  = qi j  f o r  each i € S j E C .  For 

an a r b i t r a r y  j t C ,  l e t  q  = max{qij : i E 51. Suppose q .  > q  f o r  
j  J k j  , 

2 
some k  € S. Since Q = Q , we ob ta in  q i j  m 

f o r  a l l  i so t h a t  q .  < a, a  c o n t r a d i c t i o n ,  Thus - 
j  -' 

- n > O  f o r  
J q j  j  7'j 

a l l  i E S, j E C .  

( i i i )  By (4.7), t o g e t h e r  with ( i )  and ( i i )  , t h e  p r o b a b i l i t y  vec to r  

P  I (pi)ics def ined  by pi = qii is  a  s t a t i o n a r y  d i s t r i b u t i o n  of P .  

Suppose n  = ( " i ) i C ~  i s  a  s t a t i o n a r y  d i s t r i b u t i o n  of  P .  Then we have 

n = L ni p(n) f o r  each j  and each n 2 1, 
j i j  

so  t h a t  

n 
n - - i n i [ +  L p'k'] f o r  each j  and each n ?  l o  

1 k = l  i j  

Le t t ing  n  -+ =, we ob ta in  



n j  = E ni q i j  - - T n i  ' I j j  - - q j j  f o r  a l l  j .  
i 1 

(4.10) Corol lary .  Let P = ( ~ i j ' i ,  ~ C S  
be an i r r e d u c i b l e  s t o c h a s t i c  

matrix and l e t  Q = (q i j ) i , j tS  
1 n k  

where Q = l i m  - Z p . Then P has 
n  n  k= l  

unique p o s i t i v e  s t a t i o n a r y  d i s t r i b u t i o n  p = (pi)iCS given by 

- pi - q i i >  0, i E S. 

We prove t h e  following vers ion of a  theorem of Doob [ I ] .  

(4.11) Theorem. Let P  = ( p i j ) i , j  be a  s t o c h a s t i c  matrix 

1 n 
Q = (qi j) i , jEs be given by Q = l i m  - Z P k  . Then t h e  s t a t e  n  n  k = l  

and 

space S  

can be p a r t i t i o n e d  uniquely i n t o  t h e  set  D o f  P-trmsiezl_t s t a t e s  and a 

f i n i t e  c o l l e c t i o n  IC1, ..., Cm} of P- i r reducible  closed s e t s  such t h a t  

( i )  f o r  each i E S and each j  E D ,  q i j  = 0,  

- ( i i )  f o r  each Ck,  q i j  - 
q j  j  

f o r  a l l  i , j  C C k ,  and 

ll k = ( 4 j j ) j t c k  i s  a  unique s t a t i o n a r y  d i s t r i b u t i o n  of t h e  s t o c h a s t i c  

( i i i )  f o r  d i s t i n c t  Cs and C t ,  
q i  j  = 0 f o r  each i E C s  and 

j  E C t 3  

( iv)  f o r  each i 6 D and each j E C k ,  q i j  = [ I qit]qjj 
t ECk 

Furthermore, we have 



(v) P = (pi) iES is a stationary distribution for P iff 

p = Z ckok, where ok is the probability distribution on S such that 
k= 1 

ok(i) = nk(i) for each i € Ck, and 0 5 ck 5 1 with Z ck = 1. 
kt 1 

Proof. The existence of the partition of S into D C 1 . . . C m  follows 

from (4.8). Clearly (i) holds. (ii) follows from (4.10). 

(iii): Suppose Cs fl Ct = 4 .  Let i € Cs, j € Ct. Since both Cs and 

Ct are P-closed sets, we have P ("1 = 0 for all n 2 0, 
and thus qij 

= 0. 
ij 

(iv) : Let i € D and j C Ck. It follows from (4.7), together with the 

preceding results, that 

(v) (=>I Suppose P = is a stationary distribution of P. Fix 

Ck, where 1 5 k 5 m. Then we have, for each j €  Ck, 

so that 

Letting n -+ =, we obtain, 



where c = Z pi . By s i m i l a r  reasoning, we have p = 
k i C C k  "i 'ij  = O j  ies 

f o r  a l l  j  E D .  I t  fol lows t h a t  Z ck = 1. Define t h e  p robab i l i ty  
k= 1 

vector  uk on S by uk( j )  = q j j  f o r  j  6 Ck and q ( j )  = 0 otherwise. 

Then we ob ta in  a ( i )  = qii = n k ( i )  k f o r  each i C Ck and 

(<*I: I t  i s  s t ra ight forward t o  show t h a t  any p r o b a b i l i t y  vector  p of 

m 
t h e  form p = C ck%, where c and u a r e  defined a s  i n  (v) , i s  

k= 1 k k 

a s t a t i o n a r y  d i s t r i b u t i o n  of  P. u 

(4.12) Remark. Let p E M(Q,T) be a (p,P) -Markov measure with 

p = ( P ~ ~ ) ~ , ~ ~ ~  and P = By (4.1) and (4.5) ,  t h e  s t a t i o n a r y  

process ( x  ) 
n n?O 

defined on ( ( Q )  p )  has pi = p(xn=i)  f o r  each i C S 

and each n r 0. Let E = { i  C S : pi > 0 ) .  Then, on (Q,B(Q),p) ,  

( X n ' w ~  i s  a Markov chain  with s t a t e  space E ,  t r a n s i t i o n  matrix 

p '  = 
( ' i j ) i ,  ~ E E  and s t a t i o n a r y  i n i t i a l  d i s t r i b u t i o n  p 1  = (pi)iEE. BY 

d e f i n i t i o n ,  t h e  chain 
t x n ' e ~  is  c a l l e d  a r ecur ren t  chain iff t h e  s t a t e  

space E i s  i r r e d u c i b l e ,  o r  equivalent ly ,  t h e  matr ix  P 1  i s  i r r e d u c i b l e .  

In  t h i s  case ,  a l l  s t a t e s  i n  E a r e  c a l l e d  recur ren t  a s  wel l .  



From t h e  d e f i n i t i o n  of the  n-step t r a n s i t i o n  p robab i l i t i e s  we see 

by induction t h a t ,  f o r  any p E M(S) with s tochas t ic  matrix 

P = ( P ~ ~ ) ~ , ~ ~ ~  
and i n i t i a l  d i s t r i bu t i on  p = (pi)icS, 

- - p i p i i  " ' P i  i P 
(k) , ... 

0 0 1  m - l m  i j  *j o j  'jneljn 
m 0 

fo r  any i ,  . i , j 0 ,  . t S, and any m,n 2 0, k 2 1. j n 

(4.13) Theorem. For each (p, P) -Markov measure i n  M(Q ,T) , t h e  

following a r e  equivalent:  

( i )  p i s  ergodic. 

( i i )  the re  i s  a unique P- i r reducible  closed subset C of S 

such t h a t  p. > 0 f o r  each i 'f C and E pi = 1. 
1 Y i E C  

( i i i )  t h e  s t a t i ona ry  process {xnIe0 defined on (Q,B(S),p) i s  

a recurrent  chain. 

Proof. Notation is  as  i n  (4.11) . 

( i )  = ( i i )  : Suppose is  ergodic. Then p.p = piqij f o r  a11 i , j  € S9 
1 j 

- f o r  we have from (3.15) t h a t  



1 n -k 
pipj = p(xo= i )y (xo= j )  = l i m -  Z p( (xo= i )  n T ( x o = j ) )  n  

n  k = l  

1 n  
= l i m -  Z p .  p (k) = 

n 1 Piqij . n k = l  i j 

By p a r t  (v) of (4 .11 ) ,  p  = Z c  o where 0  5 ck 5 1, 
k= 1 k k' 

Z C; = 1. Thus ck > 0 f o r  some k. Let i € C k ,  where ck > 0.  
k= 1 

- Then pi = c o (i) = ckqii 7 0 .  But by above, pi - 
k k  

qii, and t h u s  we 

have ck  = 1. Therefore ,  p  = ok, so  t h a t  p  - 
j - q j j 7 0  

f o r  a l l  j  € Ck,  

and C p j  = Z q j j  = I .  
j  €Ck j €Ck 

( i )  = (i) : We may assume without  l o s s  of  g e n e r a l i t y  t h a t  p  = 
O l '  

Let 

A = {xo=iO, . .  . , xm= im } and 8 = {x = j  x  j  1 where m , t  2 0 and 
0  0' t t  

i i j j ,  € S. Then we have, f o r  each k  > m,  
j t 

s o  t h a t  

1 
n  

-k l i m  - Z p(A n T  B) = pi pi n - ' P i  i 4 i j P j  j * . .  n- k = l  o 0 1  m - l m  m 0  0 1  P j t - l ~ t  a 

We a l s o  have 



1 
n -k 

We want t o  show l i m  - C y(A n T B) = ( A ) ( B ) .  If { i o , .  . . , im} C C l ,  n  n  k= 1 

then s ince  - - 
'j0 

by (4.11), t he  equa l i ty  holds.  Otherwise, we have 
q imj  

1 
n 

l i m  ;; 2, y(A n T - ~ B )  = 0 and ( A )  = 0 so t h a t  again t he  equal i ty  holds. 
n  k=l  

By ( 3 .  IS), we obtain  ( i )  . The equivalence ( i i )  -<=> ( i i i )  follows from 

(4.12). a 

(4.14) Corollary. I f  P = jES i s  an i r reduc ib le  s tochas t ic  matrix 

and P = (Pilies is  t h e  pos i t i ve  s t a t i ona ry  d i s t r i b u t i o n  of P,  then t h e  

(p,P)-Markov measure i s  ergodic. 

(4.15) Corollary.  Every Bernoulli measure i s  ergodic. 

(4.16) Definit ion.  A measure p  E P(Q,T) s h a l l  be ca l led  mixing (some 

authors use strong-mixing) i f  l i m  y(A n T - ~ B )  = p(A) y(B) f o r  each 
w m  

A,B E 8 (Q) ,  o r  equivalent ly ,  f o r  each A , B  E S. 

I t  i s  c l e a r  t h a t  every mixing measure p. i n  P(O,T) i s  ergodic. 

(4.17) Definit ion.  A s tochas t ic  matrix P = (pi j ) i ,  jES i s  ca l led  

pr imit ive  i f  the re  i s  an n  E 1 such t h a t  P" is  pos i t ive ,  t h a t  i s ,  

p(n) > o f o r  a l l  i , j .  
i j  

Every pr imi t ive  s t ochas t i c  matrix i s  i r reduc ib le .  



(4.18) Theorem. Let P = ( p i j ) i , j f S  be an i r r e d u c i b l e  s t o c h a s t i c  matr ix  

and l e t  p  = (pi)iES be t h e  p o s i t i v e  s t a t i o n a r y  d i s t r i b u t i o n  of P .  

- Let y  be t h e  (p,P)-Markov measure. Then t h e  fol lowing a r e  equivalent :  

(i) y i s  mixing. 

n) ( i i )  l i m  = pi f o r  each i and j .  
w- i j  J 

( i i i )  P  is  p r imi t ive .  

Proof. ( i )  = ( i i )  : Suppose p, is mixing. Let A = {xo=i}  and 

(n) 
B = {x0=j  1.  Then we have pipij = y(xo=i ,  x  = j )  = ~ ( A ~ T - " B )  - y (A)p(B) n  
- - pipj as n  + -. - Since pi > 0, we ob ta in  ( i i )  . 

( i i )  = ( i )  : Suppose ( i i )  holds.  Let A = { x O = i O Y . .  . , X  =i 1 and k k  

B = { x O = j O Y . .  . , x  - m-jm} . Then, f o r  n  > k, we have 

so  t h a t  l i m  ~ , ( A ~ T - " B )  = pi pi . . . pi i P j  P j  j  n  o 0 1  k-1 k  o 0 1 'jm-1jm 

= p,(A)p, (B) . Hence p, is  mixing. 

( i )  = ( i ) :  Suppose ( i i )  holds.  For each j ,  t h e r e  i s  an n  2 1 such 
j  

t h a t  p ( n ) , O  f o r a l l  n 2 n  i s  Let n = m a x n  Then P" i s  
i j  j ' j  j  ' 

p o s i t i v e .  



The implication ( i i i )  => ( i i )  is  t h e  Markov-Kolmogorov theorem. See 

Chung [ I ] ,  Fe l l e r  [ I ] .  

(4.19) Theorem. Every p-Bernoulli  measure, with p pos i t i ve ,  i s  mixing. 

We c lo se  t h i s  sec t ion  by showing t h a t  B(Q,T) , M(Q,T) and M(Q) 

a r e  compact nonconvex s e t s .  

(4.20) Theorem. B(Q,T) i s  a compact nonconvex subset  of P(Q,T) . 

Proof. To prove B(Q,T) i s  compact, it i s  enough t o  show t h a t  it i s  

sequen t ia l ly  compact. Suppose { pn} n21 is  a sequence of p -Bernoulli  n 

measures, where pn = (pn( i ) )  iEs is  a p robab i l i t y  vector  f o r  each n 2 1. 

Then t he r e  e x i s t s  a subsequence 
{ pnki nk of i pn) such t h a t  

i s  a p robab i l i ty  vector .  Let p be t he  p-Bernoulli  measure. By (3.3) and 

(4 .4) ,  we obta in  pn += pa  
k 

To prove B(Q,T) is  not convex, l e t  p = (pi)icS and q = (q i )  ~ C S  

be two pos i t i ve  p robab i l i t y  vectors  ( t ha t  i s ,  pi z 0, q. r 0 f o r  a l l  
1 

i g S) such t h a t  p # q .  We may assume without l o s s  of genera l i ty  t h a t  

po # qO9 and p1 # ql.  Let y and v be t he  p-Bernoulli  measure and t he  

q-Bernoulli  measure, r espec t ive ly .  Clear ly  cp  + (1-c)v E P(Q,T) f o r  each 

c E [0,1]. We claim t h a t  cp + (1-c)v E P(Q,T) - M(Q,T) f o r  each 

C E (091) .  Let z = cp + C ' V ,  where c '  = 1-c. Suppose z E M(S2,T) f o r  

some c E ( 0 , l ) .  If we l e t  ti = z(xo=i)  f o r  i € S then 



ti = cp(xO=i)  + c l v ( x  0  = i )  = CF i + c l q  i > 0,  and 

z ( x o = i ,  x l= j )  = cp.p  + c l q . q  > 0 f o r  each i , j  € S. 
1 j  1 j  

Let ' i j  
= r ( x l = j / x O = i )  f o r  j  € S. Then t = (ti)iCS is  a  p o s i t i v e  

s t a t i o n a r y  d i s t r i b u t i o n  of t h e  s t o c h a s t i c  matrix ( t i j ) i , j e S .  Therefore, 

t h e  sequence { x n ' n z ~  defined on ( 9 ,  ( )  , )  i s  a  Markov chain with s t a t e  

space S, t r a n s i t i o n  matrix ( t i j )  i, cs, and s t a t i o n a r y  i n i t i a l  

d i s t r i b u t i o n  t , and by (4.5) , ''nl*O i s  a  s t a t i o n a r y  process on 

(9 B ( )  , )  . Now we have 

so  t h a t  

. A simple c a l c u l a t i o n  y i e l d s  p  p q  (q -p ) = p q  q  (q -p ) and thus  
0 1 1  1 1  1 0 1  1 1  

e i t h e r  po = qO, o r  p1 = q1 a  con t rad ic t ion .  o 

(4.21) Theorem. M(Q) i s  a compact nonconvex subset  of P(S2). 



Proof. By the proof.of (4.20), M(Q) is not convex. It remains to show 

that M (8 )  is sequentially compact. Suppose ipn is a sequence of 

(pn, Pn) -Markov measures, where pn = (pn (i) ) iEs is a probability vector 

and pn = ( ~ ~ ( i ~ j ) ) ~ , ~ ~ ~  is a stochastic matrix for each n = 1,2, ..., 
k 

Then each measure p is identified with a vector in I , where n 
0 
L 

I = [0,1] and k = r + r , so that there exists a subsequence i'nk Ink 

such that 

lim p (i) = pi 2 0 and lim pn (i,j) = pij 2 0, 
k+a nk k-.~ k 

where i, j E S. 

Observe that 

Z pi=lim Z p (i)=l and Z pijZlim 2 p (i,j)=l 
i€S 

n k+ i€S k j ES k-t- jES nk 

for each i. 

If we let p = (pi) ~ C S  and P = (pij) i, j CSy 
then p is a probability 

vector, and P is a stochastic matrix. Let p denote the (p,P)-Markov 

measure. Then we obtain 

i 1) = lirn (p (iO) *p (io, ill* a *Pn (lm-l 2 

k+w "k nk k 

= lirn (xO=iO . ,X =i ) 
n k+ k m m 



SO. 

f o r  any m r 0  and any iO,. . . ,i i n  S, and t h u s ,  by (3 .3 ) ,  % + p. a 
m 

(4.22) Theorem. M(S2,T) i s  a compact nonconvex subse t  of  P(S2). 

Proof.  By t h e  proof  o f  (4.20) ,  M(S2,T) is  no t  convex. S ince  

M(S2,T) = P(P,T) fl M(Q), t h e  s e t  M(S2,T) i s  compact by (3.10) and (4.21) .  

(4.23) Remark. Given t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  p ,p l , p  2 , . . .  and t h e  

s t o c h a s t i c  m a t r i c e s  PyP1,P2, ..., l e t  p be t h e  (p, P) -Markov measure and 

l e t  pn be t h e  (p , P  )-Markov measure, f o r  n  = 1 ,2 ,  .... I f  
n  n  

l i m  p n ( i )  = pi and l i m  p  ( i , j )  = p i j  
n 

f o r  each i and j ,  t hen  pn - p,, 
n+w n- 

Suppose pn + p. Then 

p i  = ~ ( x  - i )  = l i m  p  (xo=i )  = l i r n  p n ( i )  f o r  each i, 0  - n  n- n- 

and 

P i j  
= ( j  x i )  = lirn p, (X = j  ( X  - i )  = l i n t  p  ( i , j )  

n+- n  1 0- n  n-+m 

f o r  each j provided pi > 0. 

Thus, if p = (pi) iCS i s  a  p o s i t i v e  p r o b a b i l i t y  v e c t o r ,  t hen  

P i j  = lirn p n ( i , j )  f o r  a l l  i , j  E S. However, i f  p  i s  not  p o s i t i v e ,  t hen  
n+OD 

t h e r e  may be s t o c h a s t i c  m a t r i c e s  Q = (q i j ) i 9 j cS  such t h a t  P + Q, and t h e  

p a i r s  (p,Q) a l s o  r e p r e s e n t  t h e  measure , t h a t  i s ,  



f o r  any m 1  0 and any iO, ..., i i n  S. m 

w 

FOP example, l e t  52 = I7 (0 ,1 )  and S = ( 0 , P ) .  Define 
0  

;c 

P = Q c = i  1 ,  where 0 5 ~ 9 1 ,  c # ~ ,  1 

- 0  1 1  

Let p denote t h e  (p ,Pn)-Markov measure and l e t  p denote the  
n  

(p,P)-Markov measure. Note t h a t  each p a i r  (p,Qc) a l s o  represents  t h e  

measure p and q -. p, although Pn % Qc. 



5. Pe r iod ic  u o i n t s  and o r b i t s  

(5.1) D e f i n i t i o n .  An w f Q i s  c a l l e d  a  p e r i o d i c  p o i n t  of  T. (o r  a  

n  T-per iodic  p o i n t )  w i th  pe r iod  n  2 1 i f  T  o = o and ~~w # o f o r  a l l  

m € { 2 , .  . . - 1 .  Let pn(T) denote  t h e  s e t  of 

with per iod  
- 

n,  and l e t  P(T) denote t h e  s e t  o f  

For each n  1 1 , l e t  F ( T ~ )  denote  t h e  of  a l l  f i x e d  p o i n t s  

n  of  T", i . e . ,  F(T") = { o  : T o = a]. For any s t a t e s  io, . . . ,i n-1 c S, 

l e t  [ i O , . . . y i n - l  ] denote  t h e  p o i n t  o € R such t h a t  oqnrm = i  f o r  m 

a l l  q  2 0 and a l l  m € { O , l , - . - , n - 1 ) .  

a1 1 

a l l  

s e t  

p e r i o d i c  p o i n t s  of  T  

p e r i o d i c  p o i n t s  of T, 

(5.2) Lemma. 

( i )  

( i i )  

( i i i )  

Let o E Q and n r 1 . The fo l lowing  a r e  equ iva l en t :  

Trio = o. 

Wk = on+k 
f o r  a l l  k  r 0. 

o = [ i O ,  ..., i ] f o r  some iO,*. . , i  i n  S.  n-1 n- 1 

Proof .  ( i )  => ( i i ) :  I f  ~~o = w, t hen ,  f o r  each k  2 0,  

( i i )  = ( i i i )  : Suppose ( i i )  ho lds .  Let im = o f o r  m C { O , l , . .  , n - l }  - 
m 

We o b t a i n  



i = a  = W  - - ... = w where q E N ,  
m m n+m 2n+m qn+m 

so  t h a t  ( i i i )  holds .  I t  i s  p l a i n  t h a t  ( i i i )  => ( i )  . o 

(5.3) Lemma. Let n be any p o s i t i v e  i n t e g e r .  Then 

( i i i )  F(Tn) = u{pd(T) : d In). 

-d 

(v) P(T) i s  a countably i n f i n i t e  dense subse t  of 8 .  

Proof. j i  j i s  obvious. 

( i i )  : By ( i )  we o b t a i n  F (T) c F(Tn) l l  F (Tntl) . To prove ( i i )  , l e t  

n + l )  
o = [ i  . . . , i n ]  E F(T . I f  w C F(Tn), then ,  by (5 .2 ) ,  0  ' 

= 0 = i 0 l r q s n ,  qn qn- (q-1) (n+l )  n- (q-1) n- (q-1) , = o O = W  

so  t h a t  w = [ i O ]  E F (T) . Thus ( i i )  holds .  

( i i i )  : Suppose o E F (Tn) . I f  we d e f i n e  d = minim : Tmw = o} , then  

d 1 5 d 5 n and w E P (T). Let n = qd + s ,  where q Z 0,  0 5 s 5 d-1. 

n s qd s 
I t  fol lows t h a t  o = T w = T (T a )  = T o, so  t h a t  s = 0. Thus 

d F(Tn) c u{pd(T) : d / n } .  I f  o ( P ( t )  and d l n ,  then  o E F(Tn). Thus 

( i i i )  holds .  



( iv )  : I f  o t (T) , then, by (5.1) together with ( i )  , o E pd (T) c F (Td) 

f o r  some d 2 1. On t h e  o the r  hand, i f  w E F(T"), then by ( i i i ) ,  

o E P ~ ( T )  f o r  some d 2 1 such t h a t  d / n .  Thus ( iv )  holds.  

n (v) : By (5.2)  we have card F ( T ~ )  = r f o r  each n 3 1. I t  follows 

from ( iv)  t h a t  P(T) i s  a countably i n f i n i t e  subset  of 52. Given o E Q 

and n 2 1 , l e t  rl = [ i O ,  ..., i ] where ik = yn, 0 5 k 5 n-1. Then 
n-1 

n - 
we have r) € F(T ) and qk = %, 1 c k 5 n-1. Thus P ( t )  i s  dense 

(5.4) Def in i t ion .  A point  o E Q i s  ca l l ed  T-wandering i f  t h e r e  i s  an 

open neighbourhood U of o such t h a t  the  s e t s  T-"u, n 2 0 a r e  

pairwise d i s j o i n t .  Let W(T) denote t h e  s e t  of a l l  T-wandering po in t s .  

The s e t  Q - W(T) i s  c a l l e d  t h e  non-wandering s e t  f o r  T. 

.., 
(5.5) Theorem. P(T) c Q - W(T) = Q .  

Proof. I t  is  easy t o  see  t h a t  w t Q - W(T) i f f  f o r  each open neighbour- 

hood of a, U n T-"U # 6 f o r  some n 2 1. Suppose o t i ( T ) .  By 

(5.3 i v ) ,  o E F(Tn) f o r  some n r 1. I f  U i s  any open neighbourhood 

n -n n 
of o, then T o = o E U and o ( T T o c T-"u, so  t h a t  o t U fl T-"u. 

- 
Thus we ob ta in  P (T) c Q - W (T) . 

I t  i s  p l a i n  t h a t  W(T) is  an open subset  of 9 so  t h a t  Q - W(T) 
- 

i s  a closed subset  of Q which conta ins  t h e  dense subset  P(T). 



(5.6) Def in i t ion .  The s e t  OT(o) = {Tno : n e 0) i s  ca l l ed  t h e  

T-orbi t ,  o r  simply t h e  o r b i t  of o € 5 2 .  We s h a l l  w r i t e  O(o) fo r  

OT(o) and O(o) f o r  t h e  c losure  of t h e  o r b i t  O(o) . The o r b i t  O(o) 

i s  c a l l e d  a  pe r iod ic  o r b i t  i f  o is  a  pe r iod ic  point  of T. 

(5.7) Lemma. For each o  € , t h e  o r b i t  O(o) is an i n f i n i t e  s e t  i f f  

m 
T  o # ~ " o  whenever m # n i n  Z+ = {0,1,2 ,... 1 .  

Proof. Given o € Q ,  de f ine  t h e  map f  : Z+ + Q by f ( n )  = ~ " o .  

I f  f i s  an i n j e c t i o n ,  then O(w) i s  i n f i n i t e .  Suppose f  i s  not  an 

i n j e c t i o n .  Then t h e r e  e x i s t s  an m € Z+ such t h a t  f(m) = f(m+k), i . e . ,  

k m - 
Tma = T (T a )  f o r  some k 2 1 . Let n  = min{m c Z+ : Tmo t P(T)I and 

l e t  Tno have period d .  I t  follows t h a t  Tio t F(T) ,  0  5 i 5 n-1, and 

i O(w) = {T o : 0 5 i 5 n+d-11. 

From t h e  proof of (5.7) we obta in  immediately, 

(5.8) Lemma. For each o E 52, t h e  o r b i t  O(w) i s  a  f i n i t e  s e t  i f f  t h e r e  

e x i s t s  a  unique n  d Z+ such t h a t  Tio f P(T),  f o r  0  5 i 5 n-1, and 

i d 
Tno E ? (T) . In t h i s  case  0  (a) = {T o : 0 5 i 5 n+d-1) where Tna C P  (T) . 

(5.9) Len'una. For any two per iod ic  po in t s  o, w1 of T, e i t h e r  

O(U) = o(wT) o r  O(W) n o(wl)  = 4 .  

d d  ' 
Proof. Let E P (T) and o1 E P (T) . I f  O(o) n O(ol)  # 9,  then 

i T a =  TJoT f o r  some i , j ,  where 0  5 i 1 0 5 j 5 d 1 - 1 .  I t  

fol lows t h a t ,  f o r  each n  2 0, i + n  o = Tj+"wl C O(oT) s o  t h a t  



O(o) c O(wT). S i m i l a r l y  we ob ta in  O(ot )  c O(w). Thus O(o) = O(ot)  

and d  = d t .  o 

By (5.3.v)  and (5.9) we ob ta in  

* 

(5.10) Theorem. P(T) i s  a  countably i n f i n i t e  union of pairwise 

d i s j o i n t  p e r i o d i c  o r b i t s .  

(5.11) Lemma. I f  w E P(T) and a t  j! P(T) ,  then  e i t h e r  

O(o) n O(ol)  = 4 o r  O(o t )  i s  f i n i t e  and O(o) c O ( o l ) .  

d  
Proof. Let w E P (T) . Suppose 0  (o) n 0  ( a t )  # 4 .    hen we have 

j  Tio = T ot where 0  E i 5 d-1, j 2 1, SO t h a t  O(o) c O(wl) . Also, 

d  i i j  
we ob ta in  ~ ~ ( T j w ' )  = T (T a )  = T o = T ot  , so t h a t  

1 

O(ot)  = { o ' , T o t , .  . . , T ' - ~ w ' )  U O(a).  

(5.12) Example. Define t h r e e  p o i n t s  a, a t ,  wtl i n  SZ by 

I t  is  p l a i n  t h a t  w, o f ,  ots a r e  no t  p e r i o d i c  p o i n t s  of T. We s e e  

r e a d i l y  t h a t  To = Tot so  t h a t  



Observe also that O(wl') = {dl, [I] 1 and O(w) l l  O(o") = O(ol) fl O(wl') = 4. 

- 
If the orbit of w E 9 is finite, then 0 (a) = 0 (w) c 9, so that 

# 
O(o) is not dense in 9. We shall show 

- 
(5.13) Theorem. {w : O(w) = &) is a dense 

G6.  

Proof. Let U = denote the countably infinite family of all 

cylinder sets Z(iO, ..., i ) .  Recall that U is a countable base for Q. n- 1 

Note that O(w) = Q iff O(w) fl Urn # 4 for each m. It is straightforward 

to show that 

Let Urn, Uk € U be arbitrary and let 

If Gm = Unz0 T-n Urn, then for each n1 2 t, 



so  t h a t  Gm i s  a dense open subse t  of 8. By t h e  Baire category theorem, 

t h e  s e t  {o : 0 (a) = 8) i s  a dense G g .  a 



6. Atomic ergodic measures 

(6.1) Def in i t ion .  Let p be a  measure i n  P(S-2). A point  w E B i s  

c a l l e d  an atom of p  i f  p((w1) > 0. The measure y  i s  c a l l e d  pure ly  

atomic i f  p(A(p)) = 1, where A(y) denotes t h e  s e t  of a l l  atoms of p. 

' For any w t B a  pure ly  atomic measure p ,  € P(B) such t h a t  A(p) = O(w) 

i s  c a l l e d  a  T-orbi t  measure, o r  simply an o r b i t  measure of a. An o r b i t  

measure of w € B i s  c a l l e d  a  pe r iod ic  o r b i t  measure i f  w is a  pe r iod ic  

point  of T. 

Note t h a t  t h e  s e t  A(p) can e a s i l y  be seen t o  be countable,  s ince  

C ~ ( ( w ) )  = 1 < , with ,p((w)) > 0  f o r  a l l  w E A(p). Also, it 

i s  p l a i n  t h a t  t h e r e  e x i s t s  a  s u r j e c t i o n  from t h e  s e t  of a l l  purely atomic 

measures i n  P(B) onto t h e  s e t  of a l l  p r o b a b i l i t y  vectors  p  = ( P ~ ) ~ ~ .  

(6.2) Lemma. For each w E '2, p  i s  an o r b i t  measure of o i f f  t h e r e  

e x i s t s  a  unique p o s i t i v e  p r o b a b i l i t y  vector  p  = such t h a t  

IJ. = Zn Pn E , where t h e  Tnw a r e  d i s t i n c t .  
Tnw 

Proof. Suppose y  i s  an o r b i t  measure of o. Then f o r  any 0 E B(B) 

we have 

and so  p  = CeOy(Tnw) * E  I f  we de f ine  p  = p(Tna) f o r  n  2 0 ,  then 
Tnw n  

P ' (P,),~ i s  a  p o s i t i v e  p r o b a b i l i t y  vector ,  and p = Zn p, gTn . 

On t h e  o t h e r  hand, f o r  each p o s i t i v e  ( i n f i n i t e  o r  f i n i t e )  p r o b a b i l i t y  vec to r ,  
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P = (P,),~, t h e  formula p = Zn pn e def ines  t h e  o r b i t  measure y 
T w  

of w such t h a t  p ( ~ " a )  = pn > 0 f o r  a l l  n.  o 

(6.3) Lemma. I f  p i s  an o r b i t  measure of € Q f o r  which t h e  o r b i t  

O(w) i s  f i n i t e ,  then t h e r e  e x i s t  p C (0 ,1] ,  a pure ly  atomic measure 

p1 with a f i n i t e  number of atoms,and a pe r iod ic  o r b i t  measure p2 such 

p2 a r e  uniquely determined. 

Proof. By (5.8) t h e r e  e x i s t s  a unique n € Z+ such' t h a t  ~~a $ (T) f o r  

d k 
i < n and ~ " w  E P(T).  Let ~ " w  C P (T) where d 2 1. Let pk = p(T w) 

n+d - 1 
f o r  O ' k c n + d - 1  and p = C  p k .  Mote t h a t  0 < p C 1 and p = 1 

k=n 

i f f  n = 0. Define 

- P1 - - ." z, P k E k  i f  p < 1, and 
l - p  k=O T w  

n 
Then p2 i s  a pe r iod ic  o r b i t  measure of T w and y = p2 when p = 1. 

If  p < 1, then p = (1-p)yl + pp2. Since A(yl) f l  A(p2) = 4 ,  we have 

pl 1 p2. I t  is  s t ra ight forward t o  show t h e  uniqueness of t h e  decomposition 

(6.4) Lemma. I f  p E P(O) i s  pure ly  atomic, then Tp a l s o  i s  pure ly  

atomic and A (T y) = TA (p) . 



Proof. If A(p) i s  f i n i t e ,  say A )  = w : 1 5 i 5 1 ,  then 

n 
p = Z p io& where pi = "ai). Since T i s  an a f f i n e  map on P(9) 

a. i= l 1 

I1 

and T E ~  = E we obta in  Tp = Z 
i Tai i= l 'i 

Suppose A(p) = {ai : i 2 11 i s  i n f i n i t e .  Then p, = Z. P i  ' 
i 

where pi = p ( y )  . Define 

qn 

where n = 1 , 2 , . .  .. I t  is e a s i l y  seen t h a t  p E P(9) and 
n 

n 
p = Z p.  + qnpn f o r  each n 2 1, so t h a t  

1 i= 1 i 

Tp = Z T 
P i  "Toi 

+ qn I vno For each f E C (9) , we obta in  
i=l 

where < f , p  = Jfdp. Thus Tp = 'iel Pi 'TU. 
0 

1 

(6.5) Lemma. Let p C P(Q,T) be atomic. I f  o E 9  is  a n a t o m o f  p, 

then w i s  a per iodic  point  of T, p(w) = p(Tnw) f o r  a l l  n 2 1,  and 

p(O(o)) = dp(o) where d denotes t h e  period of w. 

-1 n + l  Proof. We have, f o r  each n 2 0, Tno  E T-%. (Tnw) = T (T w) so t h a t  

n+ P 
P (Trio) 5 P (T a )  and 1 p(Tnw) i s  a non-decreasing sequence of - 
pos i t i ve  numbers. Note t h a t  ~ " w  i s  an atom of p f o r  any n 2 0. 



I f  O(w) i s  i n f i n i t e ,  then,  by (5 .7) ,  p(O(o)) = + r n ,  a con t rad ic t ion .  

Thus O(o) is  f i n i t e .  By (5.8) t h e r e  e x i s t s  a  unique m 2 0 such t h a t  

i w d  
T  o f P(T), 0 c i 5 m - 1 ,  and ~~w E PIT) .  Let Tmo E P (T). I f  m = 0,  

then we a r e  done. Suppose m 1 1. We ob ta in  e a s i l y  t h a t  

m+n 
p(Tmo) = p(T o) f o r  a l l  n  E 1 ,  d ;  and 

Since TO (a) c 0  (a) , we a l s o  obta in  0  (a) c T - ~ T O  (a) c T-'0 (a) and thus 

m w d  
so  t h a t  p(o) = p(T a ) .  Since w f P(T) , we have w # T a. I t  follows 

t h a t  {o,Tdo) c T - ~ T ~ ~  = T - ~ s I ( T ~ ~ )  and 

a  con t rad ic t ion .  a 

(6.6) Lemma. If p E P(52,T) i s  atomic, then t h e  set A(p) of a l l  

atoms of p  i s  a  countable union of pai rwise  d i s j o i n t  pe r iod ic  o r b i t s .  

Proof. By (6.5) each o E A(p) is  a  pe r iod ic  point  of T  and 

A&) = U{O(o) : o E A(p)) .  The r e s u l t  follows from (5.9) .  



(6.7) Theorem. Let w E Q .  Then 

( i )  w i s  a per iodic  point  of T i f f  t he r e  e x i s t s  an o r b i t  

measure of w i n  P (9 ,T) . 

( i i )  If an o r b i t  measure of w e x i s t s  i n  P(Q,T), then it i s  t h e  

per iodic  o r b i t  measure of o i n  P(Q,T) . 

d 1 d-1 
Proof. Suppose w E P (T) . If y = - 2 

d 
E i '  then y i s  an o r b i t  

i = O  T w 

measure of w and Tp = 52, 
d ' i  = y. By (6.5) we obta in  t h e  theorem. 

i=l T w 

(6.8) Lemma. Let y E P(Q) be purely atomic. The following a r e  

equivalent  : 

( i i )  The r e s t r i c t i o n  of T t o  A(v) i s  a b i j e c t i on  of A(y) onto 

i t s e l f  and y(w) =k(Tw) fo r  each w E A(y). 

Proof. ( i )  = ( i i )  : Suppose y = Ty. By (6.5) we show r ead i l y  t h a t  T 

i s  a su r j e c t i on  of A(y) onto i t s e l f  and y(w) = p(To) f o r  each to E A(y). 

Suppose To = Twl f o r  some w # o1 i n  A(w) . I t  follows from (6.6) t h a t  

O(w) = O(wl), and both w and w1 have t h e  same period d ,  so t h a t ,  

by (5.2) , o = [ i O ,  . . . , i ] and w = [ j ,  . . , j ]  , where 
d-1 

n 
i0,- . ,i  d - l ~ J O • ÷  q 0 9  jd-1 t S. Using T w = ~ " w l  f o r  n 2 1, we obta in  

w = 0'.  

( i i )  = i )  : Suppose ( i i )  holds.  Since y i s  purely  atomic, we obta in  

= Pn where A(y) = {on : n 2 11 and pn = y(w,) > 0. By (6.4),  
n 



Tp i s  a l so  purely atomic and A(Tp) = TA(p) = A(p). Given an E A(p), 

t he r e  i s  a unique w E A(p) such t h a t  Tw = o . I t  follows t h a t  m m n 

so t h a t  Tp = p. o 

(6.9) Theorem. Let p E P(S2,T). The following a r e  equivalent:  

p i s  a purely atomic ergodic measure. 

p i s  an atomic ergodic measure. 

p i s  a per iodic  o r b i t  measure. 

1 n-1 
p = - 2  E i f o r  some w E S2 and n 1 1. n 

i = O  T o 

Proof. I t  i s  p l a in  t h a t  (i) => ( i i ) .  To prove ( i i )  => ( i i i ) ,  suppose p 

i s  an atomic ergodic measure. Let o E A(p). We have from (6.5) t h a t  

d 
w E P (T) f o r  some d 2 1, O(w) c A(p), and p(O(w)) = d p ( ~ )  > 0. I t  

is  easy t o  see  t h a t  0 (a) c T - ' o ( ~ )  , so t h a t  p ( ~ - l o ( a )  AO (a))  = 0.  By 

(3.14) and t h e  ergodici ty  of p, we have ( O ( ) )  = 1, and 0 (a) = A(p) . 
d ( i i i )  => ( iv)  : Suppose A(p) = 0 (a) where w E P (T) . By (6.5) we 

i obtain 1 = p(O(w)) = dp(w) and p(w) = p(T w), 0 r i 5 d-1 so t h a t  



1 ( iv)  => ( i )  : Suppose p  = - Z E n i '  where w E S2 and n  2 1. 
i = O  T  w 

Since p  = Tp, we ob ta in  ~ " o  = a. I f  we denote t h e  period of by d ,  

d- 1 
then d l n  and p  = ' 2  x E 

i '  Note t h a t  p  is  pure ly  atomic. To prove 
i = O  T  u  

i t h e  e rgod ic i ty  of p, suppose E = T-IE and ( E )  > 0 Then T o E E 

f o r  some i C {O,l ,  ..., d-1) .  Since T T - ~ E  = E (T i s  onto by (1 .8 ) ) ,  

n  we obta in  TE = E ,  so  t h a t  by induction,  T E = E f o r  a l l  n  2 1. 

I t  follows t h a t  O(o) c E and p(E) = 1. o 

1 d - 1 
(6.10) Corol lary .  I f  p  = - C E 

d 
n  f o r  some o E P (T), then 

n=O T o 

(6,11) Theorem, L i s  a pure ly  atomic measure in P(Q,T)  iff 9 i s  a 

countable convex combination of pure ly  atomic ergodic measures i n  P(Q,T). 

Proof. (=>): Suppose p  i s  a  pure ly  atomic nonergodic measure i n  

P(S2,T). By (6.5) and (6.6) t h e r e  e x i s t s  a  countable s e t  {an} C A(p) 

such t h a t  w has period dn and A(p) = UO(on) where O(w,) a r e  
n  

pai rwise  d i s j o i n t  with p(O(on)) = dnp(wn) > 0. I f  we put  pn = dnp(on) , 

then O < p  and Z = 1. For each n ,  d e f i n e  t h e  pure ly  atomic 
n  n ~ l  Pn 



where = l and p  a r e  ( 1  : Suppose P  = Z W l  Pn Pn Pn > O, 'nZl Pn n 

pure ly  atomic ergodic  measures i n  P(B,T). By (6.9) t h e r e  e x i s t s  a  

d  
sequence 

'oni,l such t h a t  on E P "(T) and A(pn) = O(0,) SO t h a t  

A(p) = Uwl A(%) = UW1 O(on). I t  is  c l e a r  t h a t  p  i s  a pure ly  atomic 

measure i n  P(8) .  Note a l s o  t h a t  f o r  a l l  m,n, e i t h e r  0 ( ~ )  = 0 ( ~ )  

o r  O(o,) fl O(on) = 4 . We can s e e  r e a d i l y  t h a t  t h e  r e s t r i c t i o n  of T  t o  

A(p) is  a  b i j e c t i o n  of A(p) onto i t s e l f .  By (6.8) it remains t o  show 

t h a t  p(o) = p(To) f o r  each o E A(p). Given o E A(p),  l e t  0 E O(om) 

and E = {n : o E A(%)). Then we have A(pn) = O(om) f o r  a l l  n  t E ,  

s o  t h a t  - 
'n - 'm f o r  a l l  n E E .  I t  fol lows t h a t  

f o r  a l l  n  t E .  q (a)  = wm(4  = - d m 

Since To € O(%), we a l s o  have 

1 
yn(To) = ~ 1 , ( T d  = - f o r  a l l  n .E  E .  

dm 

Thus we have 

so t h a t  p  = Tp. A l t e r n a t i v e l y ,  we may show p  = Tp by a  minor 

modif ica t ion  of t h e  proof of (6 .4) .  



7.  Atomic ergodic Markov measures 

The main r e s u l t  of t h i s  sec t ion  i s  t h e  following. 

(7.1) Theorem. The following a r e  equivalent:  

(i) p i s  a purely atomic ergodic Markov measure. 

d-1 
( i i )  p = , Z 6 f o r  some o = [ i O ,  . . . , i ] E pd (T) 

n=O T o d-1 

where iO, ..., i 
d-1 a r e  d i s t i n c t  s t a t e s .  

( i i i )  p is  t he  Markov measure induced by a cyc l i c  permutation 

matrix (pj k) .j ,kEE, where E c S,  and t he  uniform probab i l i ty  vector  on 

E .  

The proof i s  based on t h e  following l e m a s .  

(7 .2 )  Lemma. Let E = { i O ,  ..., i 1 be a subset  of S and l e t  
d- 1 

P = ( P ~ ) ~ ~ ~  be t h e  uniform probab i l i ty  vector  on E .  Let P = (p jk) j ,kEE 

be t h e  cyc l i c  permutation matrix such t h a t  pi = 
6i j f o r  0 5 n 9 d-1, 

n n+ 1 

j  E E ,  where i = i I f  p is  t h e  (p,P)-Markov measure, then d 0' 

p = i  E E 
n where o = [ i O ,  ,id-lb 

n=O T o 

In p a r t i c u l a r ,  p i s  a purely atomic ergodic Markov measure. 

Proof. Clear ly  pP = p,  so t h a t  p E P(S2,T) by (4 .5 ) .  Let 

o = [ i  09. . . , i  1 .  Then o has period d ,  s ince  t h e  s t a t e s  i09eos . i  d- 1 d-1 

a r e  d i s t i n c t .  We obta in ,  f o r  each n 2 1, 



so t h a t  p(o) = - Similar ly ,  we a l s o  ob ta in  d .  

1 p ( ~ n ~ )  = -J f o r  a l l  n € { 1 , 2 , .  . . ,d-11. 

d-1 
Thus p.(O(o)) = 1. I t  follows from (6.9) t h a t  p = - ' n  and t h a t  n=O T 

is  a pure ly  atomic ergodic Markov measure. o 

Note t h a t  i f  p i s  t h e  (p,P)-Markov measure, where P contains 

no c y c l i c  permutation matrix,  then p is  nonatomic. Consider t h e  

- - pr odilct P i i  - - P i  i f o r  any iO, ..., i t S. The s t a t e s  io,...,ir 
0 1 r-1 r r 

r 
a r e  not d i s t i n c t  and thus  we have ll pi < 1, f o r  otherwise, P 

v = l  v - l v  

would conta in  a c y c l i c  permutation matrix.  Let 

pl = max 
' j j  

. Let o E D be a r b i t r a r y ,  where 
j 0 j r  o 1 p j r - l j r  

xn(o) = in, n 2 0.  We ob ta in  

n o r  
( a )  = 1 ( Z ( i ,  i ) )  = l i m  p n o r  i n P i  i n-tm n+ 0 v=1 v-1 v 

n 
5 l i m  p ( p l )  = 0. 
n-m j o  



( 7 . 3 )  Lemma. If a = [iO,. . . ,i ] where iO,. . . ,i d- 1 d  - 1 
a r e  d i s t i n c t  

d-1 
s t a t e s ,  then  p = B C  ' n  is  a  pure ly  atomic ergodic  Markov measure. 

n=O T o 

Proof. C l e a r l y  Tp = p. I t  fol lows from (6.9) t h a t  b . i s  a  pure ly  atomic 

ergodic measure. I t  remains t o  show t h a t  p i s  Markov. Consider t h e  

process { x n ' n z ~  on t h e  p r o b a b i l i t y  space ( (  , . I t  i s  p l a i n  t h a t  

' X n ' n z ~  is  s t a t i o n a r y .  Let E = t i 0 ,  ..., i 1 and l e t  iq = lt d-1 
f o r  

q z t(mod d ) .  We ob ta in ,  f o r  each j  E E ,  

Define t h e  p r o b a b i l i t y  vec to r  p  = ( p j ) j e E  We ob ta in ,  f o r  
by 'j = B  . 

each i E E ,  
n; 

f o r  a11 k  E E so t h a t  

f o r  a l l  k  € E.  Define t h e  s t o c h a s t i c  matr ix  
= ( ~ ~ k ) i , k E ~  by 



- pjk - p(xl=k x0=j)  . I 

Note t h a t ,  f o r  each im E E ,  

- Pi k - 6i k f o r  a l l  k  E E ,  
m m + l  

t h a t  is ,  P i s  a  dxd cyc l ic  permutation matrix. I t  is  e a s i l y  seen t h a t  

pP = p. We show r ead i l y  t h a t ,  f o r  each i E E and n ? 1, m 

f o r  a l l  k € E.  Thus {xnIe0 i s  a  Markov chain with s t a t e  space E ,  

t r a n s i t i o n  matrix P and s ta t ionary  i n i t i a l  d i s t r i bu t i on  p, so t h a t  p 

is  t h e  (p, P) -'Markov measure. o 

Proof of t he  theorem. In view of (7 .2 )  and (7.3),  it remains t o  show t h e  

implication ( i )  => ( i i )  . Suppose t h a t  p is  a  purely atomic ergodic 

Markov measure, o r  equivalently,  by (6.9), 

d-% 
p = g  Z E f o r  some w E P d (T) . 

n=O ~~w 

We see  r ead i l y  t h a t  i f  d= l  o r  2 ,  then w = [ i ]  f o r  some i E S, o r  

w = [ i , j ]  f o r  some i , j  E S with i j Thus it i s  enough t o  show t h a t  

i f  w = [iO, - . , id-l] where d  2 3 and iO. . 
id-l a r e  not d i s t i n c t ,  

then t h e  measure p i s  not Markov. Let E be t h e  s e t  of d i s t i n c t  s t a t e s  



For each j  € E de f ine  

I t  follows t h a t  1 5 m  I d - 1  f o r  each j  E E ,  Z m = d  and 
j j  EE j 

2 r m I d-1 f o r  some j  E E .  
j  

Consider t h e  process ' x n ' n z ~  on t h e  p r o b a b i l i t y  space (Q , B  (Q)  ,p)  . 
Since Tp = v, t h e  process ' X n ' n z ~  i s  s t a t i o n a r y .  We obta in ,  f o r  each 

j  E E ,  

and p(xo€E) = 1. Note t h a t ,  f o r  a l l  n  2 1, ( x = )  = ( x 0 = )  f o r  each 

j € E ,  and p(xntE) = 1. Define t h e  p r o b a b i l i t y  vec to r  p  = ( p j ) j t E  by 

m 
- - - j  For any j ,k E E we ob ta in  

P j  d  

so t h a t  



Define t he  s t ochas t i c  matrix P = (pjk) , kEE by 

Note t h a t  pP = p and t h a t  p  = ( ~ ~ + ~ = k x ~ = j )  f o r  a l l  n  E 0 and a l l  
jk 

j , k  E E.  

To prove t h a t  p i s  not Markov, it i s  enough t o  show t h a t  t he  

Process {xn}n20 does not  have t h e  Markov property.  For ea'ch j  E E ,  

l e t  A , = { n :  j = i  = i  0 5 n 5 d-1) and l e t  
n  n + l Y  

i f .  A .  # +, 
I 

Suppose t h a t  t h e r  e  is a  s t a t e  j  E E si uch t h a t  T c , i. 
J 

0  5 T 5 d -  (Note t h a t  t h i s  condit ion is  always s a t i s f i e d  
j 

e . ,  

when d = 3 . )  

1 We obta in  p  r - > 0 and 
j j  m j  



so t h a t  p i s  not  Markov. 

Suppose t h a t  z = f o r  a l l  j E E .  ( In  t h i s  case  d  1 4 . )  
j 

We may assume without  l o s s  of g e n e r a l i t y  t h a t  

i0 # id-l and m .  5 m f o r  a l l  j E E .  J i 0 

Let m = m i  and l e t  itkl15k3+l be such t h a t  
0 

O = t  < t 2 <  ... < t  < t  
1 m m + l  = d and 

i = i f o r  a l l  k.  
O tk  

d  Define s = min{tk+l-tk : 1 5  k 5 m}. Then 2  5 s 5 and 4 5 m s  4 d .  

Let s = t 
ko+l- tko where 1 5 ko 5 m. I f  we w r i t e  

j v  = i 
t +v  f o r  0 5 ~ 5 s - 1 ,  

0 

then  j o = i O  and 

We have then ,  



S 
(otherwise,  e i t h e r  w E P (T), s < d ,  o r  m = m+l) so  t h a t  p i s  not  i 0 
Markov. 

1 
d-1 

(7.4) Lemma. For any d >  r and any w € P ~ ( T ) ,  p = - ' & n  i s  a 
n=O T o 

pure ly  atomic ergodic  non-Markov measure. 

d Proof. Suppose t h a t  d 9 r and w E P (T) . I t  fo l lows t h a t  

w = [ iO . .  . . .i ] where io,. . . ,i d-1 d-1 
a r e  no t  d i s t i n c t  s t a t e s .  Using (6.9) 

and (7.1) we o b t a i n  t h e  r e s u l t .  

We ob ta in ,  from (7.1) and (7 .4) ,  t h e  fol lowing theorem. 

(7.5) Theorem. Let p be a pure ly  atomic ergodic measure. Then t h e  

fol lowing a r e  equivalent :  

d  
( i i )  p i s  t h e  p e r i o d i c  o r b i t  measure of some w € P (T) provided 

t h a t  e i t h e r  d 9 r o r  3 5 d 5 r and o = [iO,, i ] where d-1 

. i o 9  e .  >id-1 a r e  no t  d i s t i n c t  s t a t e s .  

By (7.1) we a l s o  have t h e  fo l lowing theorem. 

(7 - 6 )  Theorem. Let p be t h e  (p,P)-Markov measure. Then t h e  fol lowing a r e  



equivalent : 

(i) p is nonatomic ergodic. 

(ii) p is ergodic and P is not a cyclic permutation. 



8.  Nonatomic measures on t h e  u n i t  i n t e rva l  

We now s t a t e  and prove some well-known r e s u l t s  (see Bi l l ingsley.  [2] ,  

Halmos [ I ] ,  Hewitt-Stromberg [ I ] ,  Royden El]) t h a t  w i l l  be used i n  t h e  next 

sect ion.  Let I denote t he  closed u n i t  i n t e rva l  and m, Lebesgue 

measure on I .  

(8.1) Lemma. Let f : I + I be a continuous nondecreasing function.  

Then f is  a sur jec t ion  i f f  f (0) = 0 and f (1) = 1. 

The proof i s  simple and i s  omitted. 

(8.2) Lemma. Let f : I + I be a continuous nondecreasing function such 

t h a t  f (0) = 0 and f (1) = 1. Then 

( i )  Fo reach  [ a , b ] c I  with a < b ,  f - l ( [ a , b ] )  i s a  

nondegenerate i n t e rva l  i n  I ,  i . e . ,  f- ' ([a,b])  = [ s , t ]  f o r  some s , t  E I ,  

s < t .  

( i i )  FOP x E I ,  f- '({XI) is  e i t h e r  a s ingle ton o r  a non- 

degenerate closed i n t e rva l  i n  I .  

( i i i )  The s e t  E = {x C I : f-'({x}) i s  a nondegenerate in te rva l}  

i s  e i t h e r  empty o r  countable. 

( iv)  The map f : I - f (E) + I - E where E i s  t h e  s e t  

defined i n  ( i i i ) ,  i s  a s t r i c t l y  increasing homeomorphism. 



Proof, ( i )  Let 0 5 a  < b 5 1. By (8.1) t h e r e  e x i s t  po in t s  x,y i n  I  

such t h a t  f ( x )  = a < b = f ( y ) ,  SO t h a t  x  < y and x ,y  € f - l ( [ a , b ] ) .  

For any u ,v  E fe ' ( [a ,b] )  with u  < v ,  we have 

a  5 f  (u) 5 f  (z) 5 f (v) 5 b f o r  a l l  z  E [u,v] 

1 so t h a t  [u,v] c f -  ( [ a ,b ] )  . Thus f - ' ( [a ,b] )  i s  a  connected subse t  of I .  

Since f - I  ( [ a ,b ] )  is  a l s o  c losed ,  f - l  ( [ a ,b ] )  i s  a  nondegenerate c losed  

sub in te rva l  of I .  

( i i ) :  By t h e  argument used above we s e e  t h a t ,  f o r  each x  E I ,  f-'({x}) 

i s  a  nonempty c losed  connected subse t  of I, so t h a t  it i s  e i t h e r  a  

s i n g l e t o n  o r  a  nondegenerate closed sub in te rva l  of I .  

( i i i )  : Suppose E # . I t  fol lows from ( i i )  t h a t ,  f o r  any x ,y  E E with 

- I 
x i y, f  - ({XI )  and f- ' j{y}) a r e  d i s j o i n t  nondegenerate closed 

s u b i n t e r v a l s  of I .  We show r e a d i l y  t h a t  f - I  (E) c o n s i s t s  of countable 

pa i rwise  d i s j o i n t  nondegenerate closed s u b i n t e r v a l s  of I  so  t h a t  E 

must be countable.  

( i v ) :  By ( i i i ) ,  both I - f - l ( ~ )  and I - E a r e  nonempty Bore1 subse t s  

of I .  Since f  i s  a  s u r j e c t i o n  on I ,  we ob ta in  

f ( ~  - f - ' ( ~ ) )  = f  F'CI-E) = I - E.  

Suppose t h a t  f  (x) = f  (y) f o r  some x ,y  € I  - f - ' ( ~ )  , x < y Then we have 

f ( x ) ,  f  (y) € I - E s o  t h a t  x  = f - l f  (x) = f - l f  (y) = y,  a  con t rad ic t ion .  

1 Thus f  : I - f -  (E) + I - E i s  a  s t r i c t l y  inc reas ing  b i j e c t i o n .  I t  i s  

p l a i n  t h a t  f i s  continuous on I - ( E )  To prove t h a t  f  i s  an open 



1 
map on I - f (E), let (a,b) fl (I - f-'(E)) = A, a < b. Then we have 

f ( A )  = (f(a),f(b)) fl I - E, so that (iv) holds. 

Let P(1) be the set of all probability measures on (I,B(I)) 

where $(I) denotes the o-algebra of Bore1 sets in I. 

(8.3) Lemma. Let v C P(1) and let f be the distribution function 

of v defined by fv(x) = v([O,x)), x E I. Then 

(i) f v is a nondecreasing function on I with fv(0) = 0, 

fv (1) E 1 and is continuous on the left in (0,1] . 

(ii) f is continuous on I with fv(0) = 0, fv(l) = 1 

iff v is nonatomic. 

Proof. Let f = fv' It is plain that f(0) = 0 5 f(x) E f(y) 5 1 for 

o n x r y r l .  

(i): To prove the left continuity of f, let x E (0,1] and let {xnInzl 

be a nondecreasing sequence in (0,1] such that lirn x = x. It follows 
n n 

that 

f(x) = v(U [O,X,)) = lim v([O,xn)) = lirn f(x,). 
n n n 

(ii) : Let x E [0,1] and let {xn}n21 be a nonincreasing sequence in 

[O, 1) such that lim x = x. Then we have v ({x)) = v (0 [x,xn)) = n n n 

= lim v([x,xn)) = lim (f(xn)-f(x)) = f(xt) - f(x), so that v({x}) = 0 
n n 

iff f is continuous at x. On the other hand we also have, f(1) = 1 

iff ~((1)) = 0, 



(8.4) Theorem. Let v € P(1) be nonatomic and l e t  f v  (x) = v([O,x)) , 

x € I .  Then f is  a measure-preserving continuous nondecreasing 

sur jec t ion  from ( I ( 1 ) v )  onto (I,13(I),m)s 

Proof. Let f = f . By t h e  preceding lemmas, f i s  a continuous v 

nondecreasing sur jec t ion  of I onto i t s e l f ,  so t h a t  it i s  Borel measurable. 

I t  remains t o  show t h a t  fv  = m ,  i. e . ,  v (f-'(A)) = m(A) f o r  each Borel 

s e t  A. I t  follows from (8.2 . i )  t h a t ,  f o r  each [a,b] c I with a < b, 

f-' ( [a ,  b] ) = [ s ,  t ]  and [a,  b] = [ f  (s)  , f ( t )  ] f o r  some O5s<t91, 

so t h a t  m([a,b]) = f ( t )  - f ( s )  = ( [ s , t ) )  = v ( [ s , t ] )  = v(f- ' [a,b]) .  By a 

general form of the  unique extension theorem (see Blumenthal and Getoor e l ] ,  

Halmos [ I ] ,  Royden [ I ] )  we obta in  fv  = m. 

Let f be a nondecreasing function,  f : I + I .  f i s  ca l l ed  

s ingular  i f  f '  = 0 m-a.e.. By a well-known theorem, f i s  absolute ly  

continuous i f f  f i s  an i nde f in i t e  i n t eg ra l  with respect  t o  m. We quote 

without proof t he  following. (See Bi l l ings ley  [2],  Hewitt-Stromberg [ I ] . )  

(8.5) Theorem. Let v € P(1) and l e t  f v (x )  = v([O,x)). Then f v  i s  

absolute ly  continuous (fv i s  s ingular)  i f f  v c< m (v 1 m ) .  

(8.6) Theorem. Let v € P(1) be nonatomic, f v  (x) = v([O,x)) , x € I .  

Then 

( i )  There e x i s t  two uniquely determined nondecreasing continuous 

functions 
81 

and g2 on I whose sum i s  f v ,  such t h a t  gl(0) = g2(0) = 0 ,  



1 
i s  a b s o l u t e l y  continuous and g2 i s  s i n g u l a r .  

( i i )  Let v and v 2  be t h e  Bore1 measures def ined  by 1 

Then v = v + v with v l  cc m y  v 2  1 m. This  decomposition i s  t h e  
1 2 

Lebesgue decomposition of v. 

Proof, ( i )  : Let f = f . I t  i s  well-known (see  Hewitt-Stromberg [l] , 
V 

Y 
Royden [ I ] )  t h a t  f' e x i s t s  m-a. e.  , and 9 5 1 f '  (t)dt 5 f ( Y )  - f (x) 

X 

whenever x s y i n  I .  I f  we d e f i n e  t h e  func t ions  gl and g2 by 

X 

g l ( x j  = J f f ( t j d i ,  g2(x) = f j x )  - gl(x) 
0 

where x E I ,  then  gl and g2 have t h e  d e s i r e d  p r o p e r t i e s .  

To prove t h e  uniqueness of t h e  decomposition of f ,  l e t  

f Z g 1 + g 2  and f = h l + h 2  be two such decompositions of f .  Then 

g1 - hl is  a b s o l u t e l y  continuous with gf - h i  = 0 m-a.e., so t h a t  

gl(x) - hl(x) = gl(0) - hl(0)  = 0 f o r  a l l  x E I .  Thus we o b t a i n  

g1 = hl and g2 = h2 ' 

( i i )  : We have t h a t  v l  <c m and v2 1 m, by (8.5). 



(8.7) Corollary. Let v E P(1) and fv(x) = v([O,x)), x € I. 

Then 

v = m iff fv(x) = x for all x E I. 

(8.8) Theorem. For each nonatomic v E P(I), there exist Borel sets 

I1 and I2 in I such that v(I1) = m(12) = 1 and a measure-preserving 

homeomorphism from (1,(Il),v) onto (12,B(12),m). (In particular, 

(I, B (I) , v) and (I B (I) m )  are isomorphic. See section 9. ) 

Proof. Let f (x) = v([O,x)) for x E I. By (8.4), f is a measure- 

preserving continuous nondecreasing surjection from (I(1)v) onto 

(I B (I) m )  . Let E = {x € I : f-' (x) is a nondegenerate interval}, 

- 1 I, = I - f (E) and I2 = I - E. It follows from (8.2) and (8.4) that 
* 

both I1 and I2 

the restriction of 

measure-preserving 

are Borel sets and v(I1) = m(12) = 1. Denote by g 

f to I1. By (8.2), g is a strictly increasing 

homeomorphism from (I,(I) v )  onto (12,B(IZ) ,m) . 



9. Relat ionship between nonatomic measures on Q 

and nonatomic measures on I 

(9.1) Def in i t ion .  Define t h e  subsets  Q O ,  Qr-l and Q* of 52 by 

Q 0  = {a : a f  [O], 3n 2 i such t h a t  am = 0 f o r  a l l  m 2 n . )  

%-1 = { a  : o # [r-11, 3n Z 1 such t h a t  am = r-1 f o r  a l l  m Z n.)  

Let I. be t h e  s e t  of a l l  r - ad ic  r a t i o n a l  numbers i n  (0 ,1) ,  i . e . ,  

a 
I = t x : o < x < 1 ,  x = -  
G - where a , n  E N )  . 

rll 

Let ip : Q -+ I be defined by 

and l e t  be t h e  r e s t r i c t i o n  of t h e  map ip t o  Q*. 

(9.2) Lemma. ( i )  The map q is  a continuous s u r j e c t i o n  from Q onto I .  - 
( i i )  The r e s t r i c t i o n  of t h e  map ip t o  52 - (QO U Br i s  a - 

homeomorphism of Q- (QOn Qr - onto I - Io.  



Proof. ( i ) :  I t  i s  p l a i n  t h a t  0 5 cp(o) 5 1 f o r  a l l  o E 9 ,  cp(o) = 0 

a 
iff w = [O] , and 9 (a) = 1 i f f  w = [ r - l ]  . Suppose - E I. where n r 

r 1 a .  Applying t h e  d i v i s i o n  algorithm n t imes,  we obta in  a unique 

sequence ( i 0 , i ,  i ) i n  S with i n  1 such t h a t  
n- 1 

i 
0 

i 
1 

i a n-1 so  t h a t  - =  - +  - +  . . .  + - 
n r 2 n . Define w = (corn) and ot  = (oh) by r r r 

o = i f o r  0 5 m 5 n-1, w = 0 f o r  a l l  m 2 n m m m 

and 

0' = i f o r  O P m Z n - 2 ,  ot  = i m m n-1 n-1 - 1, 

w' = r-1 f o r  a l l  m 2 n.  m 

a Then we have w € G O ,  w1 € Or-1 and q(w) = cp(wt) = 7 . 
r 

r-1 i i+l Suppose x C (0 , l )  - Io. Since [O, 1) = U [? , --) , t h e r e  i s  a 
i = O  

unique i E S such t h a t  
0 

Next, t h e r e  e x i s t s  a unique il E S such t h a t  



By a r e p e t i t i o n  of t h e  argument j u s t  used, we ob ta in  a unique sequence 

in}rro i n  S such t h a t  

i n so t h a t  x = Z - . I f  we de f ine  o = (in)nr0, n+ 1 
then o € Q-(QOU Qrd1) 

rl=o r 

and q(o)  = x.  We 

5-2- (9 U Qr 
0 - 

Recall t h a t  

see  r e a d i l y  t h a t  q(o) # q ( o f )  whenever o # a' i n  

, f o r  each n 5 0, t h e  map x : $2 + S defined by n 

xn(o) = an is  continuous. I t  follows from t h e  Weierstrass M-test t h a t  

X n W  
t h e  map cp (a) = Z - n+l i s  continuous on Q Thus ( i )  holds.  

n=O r 

( i i ) :  The preceding argument shows t h a t  t h e  r e s t r i c t i o n  of t h e  map q 

t o  8-(Q U Qr ,) i s  a continuous b i j e c t i o n  of Q-(Q U Qr onto I - 1,. 
0 - 0 - 

We see  r e a d i l y  t h a t ,  f o r  any io , i l , . . , i  C S ,  n 

n i 
where u = Z - so  t h a t  q : 2-(QoU Qrm1) + I - k+l  ' I. i s  a n  open map. 

k=O r 

Thus ( i i )  holds ,  



85.  

(9.3) Lemma. The map $ : S* -t I is a continuous bijection such that 

is Borel measurable. 

Proof. By (9.2) the map $ is a continuous bijection from Q* onto I. 

Since we have, for any io, ..., i € S9 
n 

- - [u, U + - 
r n+ 1 

n i k where u = 2 - k+l , the map : I - Q* is Bore1 measurable. 
k=O r 

(9.4) Definition. Let Xi = (Xi,Bi,pi) i = 2 be probability spaces, 

each with a aeasure-preserving transfornation T : Xi - X 
i i ' 

For any measurable transformation f : X1 - X2, define the 

probability measure fpl on X2 by (fpl) (B) = pl (f-l (B)) for each 

B t B2. 

The probability spaces X1 and X 2  are said to be isomorphic if 

there exists Yi € Bi with p i  = 1 where i = 1,2, and an invertible 

measure-preserving transformation f : Y1 4 Y2 (i.e., f is bijective, and 

f , f-l are measurable and measure-preserving ) . 
to be equipped with the u-algebra Yi n Bi and 

measure pi to this u-algebra. 

The space Yi is assumed 

the restriction of the 



The transformation T1 i s  sa id  t o  be isomorphic t o  T2 if there  

e x i s t  Yi E Bi with pi(Yi) = 1 such t h a t  Ti(Yi) C Y i 7  i = 1,2 ,  and 

an i nve r t i b l e  measure-preserving transformation f : Y1 4 Y 2  such t h a t  

fTl(x) = T2f (x) f o r  each x € X I .  

(9.5) Def ini t ion.  Let P(Q*) = {p  E P(Q) : p(Q*) = 1, or  equivalent ly ,  

p r  = 0 P(Q*,T) = {p  E P(Q*) : Tp = p} and E(Q*,T) = 

= { p  € E(Q,T) : p(Q*) = 1 ) .  

(9.6) Lemma. Let q and be as  i n  (9.1) and l e t  p E P(Q) . Then we 

have 

( i )  qp c P ( I ) ,  p i s  a measure on ( I  B ( I ) ) ,  and qp 5 qv , 

( i i )  qu = qu i f f  p € P(Q*) . 

Proof. ( i ) :  I t  i s  p l a in  t h a t  qp E P(1) and u i s  a measure on ( I , B ( I ) ) .  

For each B E B ( I )  , we have 

so t h a t  p (q-I (B) ) 2 p ($-I (B) ) . 

( i i )  I f  p € P(P*) , then p(q-' (B)) = p(qS1 (B) n Q*) + p(q'l (B) fl PrSl) 

= p(q-l(B) fl Q*) = p($-'(B)), f o r  each B E B ( I ) ,  so t h a t  qp = $p. 

I f  p E P(Q) - P(Q*), then p(Pr-,) , 0 and p(q-I ( I ) )  = p(Q*) + p(Qr-,) 

> * I  = - 1  so  t h a t  4% : cp.  a 



(9.7) Theorem. The mapping : P * )  + ( 1  defined by 

is a b i j e c t i o n .  

Proof. Let v E P(1) . By (9.3) we have q - l v  C P (Q*) , so  t h a t  

t (q-'v) € P(1). Since + (q-' (B))  = B f o r  each B t B(1) , we a l s o  have 

f o r  each B E 8(1) so  t h a t  q(q-lv) = v .  

On t h e  o the r  hand, i f  p E P (Q*) , then q - l  ($p) E P (Q*) and 

q- l  (qp) = p. Suppose t h a t  Cp = $pl where p , p f  € P(Q*) . I t  follows t h a t  

y = q- l (qp)  = t - l ( q p f )  = p f  O 

(9.8) Def in i t ion .  Let NA(Q) = {p  E P(Q) : y is  nonatomic) and 

NA(1) = { v E P ( I )  : v i s  nonatomic} . 

(9.9) Theorem. Let and be a s  i n  (9.1) . Then we have 

( i i )  t h e  r e s t r i c t i o n  of t h e  mapping t o  NA(Q) i s  a b i j e c t i o n  

between NA(Q) and NA(1) , and qy = qp  f o r  a l l  y € NA(Q) . 



Proof. ( i )  : Suppose y E NA(B) . Since t h e  s e t  
%-1 is  a countably 

i n f i n i t e  subse t  of 8, we ob ta in  p(Qr-,) = 0 so t h a t  p E P(Q*) . 

- 1 ( i i ) :  Let y E NA(Q). For each x E I ,  9 ({x))  i s  e i t h e r  a  one-point 

s e t  i n  8-(QOU 8r-1) o r  a  two-point s e t  i n  Pou %-I so  t h a t  

( sy) ({x))  = y(q-'({XI)) = 0 ,  i . e . ,  e y  E NA(1). By (9.6) we ob ta in  

y = y .  Given v E NA(I), we have, by (9 .7 ) ,  $-'v E P(Q*) and 

($-'v) ( { w ) )  = v({$(o) 1 )  = 0 f o r  each o E 8* 

so  t h a t  $ ' lv E NA(8) . Thus ( i i )  fol lows from (9.7)  . 

(9.10) Def in i t ion .  Define t h e  r - a d i c  t ransformat ion  T1 on I  by 

T 7 ( x )  = r x  (mod 1) f o r  0 5 x < 1 and T f ( l )  = 1. 

Let P(I ,T1)  = { V  E P(1) : T1v = v) .  

(9.11) Lemma. $(TO) = T f ( $ ( o ) )  f o r  each o E Q*. 

Proof. I t  i s  c l e a r  t h a t  T(Q*) = Q* and T ( I )  = I .  For each w E Q* 

we o b t a i n  

r-1 r - 2 i i+l r-1 
I t  i s  r e a d i l y  seen t h a t  Q* = U {xo=i}  n SZ*, I = U tF , ---$ U [I , 11, 

i = O  i = O  



and 

i is1 
Jr({xO=i] N*) = [; T) f o r  0 5 i 5 r-2, 

Thus, i f  o E -{x = i ]  fl Q*, 0 5 i 5 r-1, we obta in  
0 

(9.12) Lemma. P(Q,T) n NA(Q) = P(Q*,T) fl NA(Q). 

The proof i s  simple and i s  omitted. 

(9.13) Lemma. Let \Ir be t h e  b i j e c t i o n  between P(P*) and P(I)  a s  

defined i n  (9.7) .  Then t h e  r e s t r i c t i o n  of t h e  mapping Jr t o  P(QX,T) i s  

a b i j e c t i o n  between P(QX,T) and P ( I , T f ) .  

Proof. I t  i s  enough t o  show t h a t  Jr is  a s u r j e c t i o n  from P(SZX,T) onto 

P ( I , T f )  Let )I E P(Q*,T). I t  follows from (9.7) and (9.11) t h a t  

*/L t P(I)  and 



so  t h a t  E P ( I , T 1 ) .  S i m i l a r l y  we ob ta in ,  f o r  each v E P ( I , T 1 ) ,  

1 1 1 
T(P- V)  = (T+- ) V  = ( q - ' ~ ? ) v  = q - l ( ~ ~ v )  = q- 

1 so  t h a t  9- v E P (Q* ,T) . 

We ob ta in  from (9 .9 ) ,  (9.12) and (9.13) t h e  fol lowing:  

(9.14) Theorem. Let be t h e  b i j e c t i o n  between P(B*,T) and P( I ,T1)  

a s  def ined  i n  (9.13). The r e s t r i c t i o n  of  t h e  mapping t o  

P(Q,T) n NA(Q) i s  a b i j e c t i o n  between P(B,T) C1 NA(B) and P(I ,T1)  n NA(1). 

(9.15) Lemma. E(B,T) = E(BX,T) P(QX,T). 

Proof. By d e f i n i t i o n ,  E(B* ,T) = E(8,T) n P(B*) c P(B*,T). Let p be an 

atomic ergodic measure, i . e .  p  € E(Q,T) n A(B). We s e e  r e a d i l y  t h a t  no 

p o i n t s  i n  'r - 1 a r e  p e r i o d i c  p o i n t s  of  T, s o  t h a t ,  by (6 .9 ) ,  p(Br-l) = 0 .  

Thus we o b t a i n  E (Q ,T) fl A(Q) c E (B*,T) . By (9.9). we a l s o  have 

E(Q,T) fl NA(B) c E(B,T) f l  P(B*) = E(Q*,T). Using (6.9) we ob ta in  

so  t h a t  E (Q,T) = E (B* ,T) . 

(9.16) Theorem. Let be t h e  b i j e c t i o n  between P(QX9T) and P(19T1) 

a s  defined i n  (9.13).  Then t h e  r e s t r i c t i o n  of t h e  mapping t o  E(Q,T) 

i s  a b i j e c t i o n  between E(Q,T) and E ( I , T 1 ) .  



91. 

Proof. Let p € E(Q,T) and v = $p. I t  follows from (9.15) and (9.13) 

t h a t  v € P(I ,T1) .  Suppose T'-'B = B where B € B(1). By (9.11),  we 

-1 -1 
have J I 1  (B) = $ ( T  (B))  = T (JI (B)) so  t h a t  v (B)  = p(JI-' ( B ) )  = 0 

or  1. Thus v E E(I ,T1) .  

Let v e E(I ,TI) and p = v .  Note t h a t  p € P(M*,T) . Suppose 

T-'A = A where A € B(8). We r ead i l y  see  t h a t  

- 1 
Set E = A n Q*. Then we have E c T-IE and $(E) C $(T-'(E)) = TI ($(E))  

so t h a t  v (TT- l  ($ (E) )  A $ (E) )  = 0 .  Therefore we have 

Since p(A) = p(AnQ*), we have p(A) = 0 o r  1, and thus p E E(Q,T) . 

Using (9.14) and (9.16) we obta in  t h e  following: 

(9.17) Theorem. Let be t h e  b i j e c t i on  between E(Q,T) and E(I ,T1)  as 

defined i n  (9.16). Then the  r e s t r i c t i o n  of t he  mapping $ t o  

'E(Q,T)  n NA(Q) i s  a b i j e c t i o n  between E(Q,T) NA(Q) and E(I ,T1) n NA(IIa 

Let X denote t h e  p = 
P 

( ~ i ' i t s  Bernoull i  measure where pi = - . P 



(9.18) Theorem. The p r o b a b i l i t y  spaces Q = (Q,B(Q) ,A) and 

I = ( I ( 1 )  m )  a r e  isomorphic, and t h e  Bernoul l i  s h i f t  T on Q and t h e  

r - a d i c  t ransformat ion  Tq on I a r e  isomorphic. 

Proof. Since X E E(Q,T) NA(Q), . we ob ta in ,  by (9.17),  

$1 E E(I ,T1)  n NA(1). By (9.3) and (9. 11 ) ,  it remains t o  show t h a t  $1 = m .  

I t  i s  e a s i l y  seen t h a t ,  f o r  each n 2 1, 

1 
A($% - y , 11) = X((x =r-1, o c k 4 n-1). n Q*)  

r k 

- 1 1 
A($ [u, u + -) )  = X((x =i 0 5 k k n-1) fl Q*) n r k k' 

1 
= X(x =i 0 I k 5 n-1) = - 

k k' n 9  r 

n-1 i 
k where u . =  Z - 

k+ 1 € Io. By t h e  unique extens ion  theorem, we ob ta in  
k=O r 

The fol lowing r e s u l t  is  a g e n e r a l i z a t i o n  of (8 .8) .  



(9.19) Theorem. Let v E P(P) be nonatomic. Then the probability spaces 

(P , B (P) , and (I, 8 (I) m )  are isomorphic. 

Proof. Let and $ be the mappings as defined in (9. I ) ,  let 

p E NA(Q), and let v = $v. By (9.9), v E NA(1). Let f(x) = v([O,x)) 

for x E I, E = (xEI : f-'({XI) is a nondegenerate interval in 11, 

- 1 I1 = I - f (E) and I2 = I - 8 .  By (8.8), we have v(Il) = m(12) = 1 

and the mapping f : ( I  ,(Il) v )  + (IB(1) m) is a measure-preserving 

homeomorphism. In particular, the two probability spaces (I, B (1)v and 

(I, B (I) ,m) are isomorphic. 

Define 52 = (I~) . Then we have 8 = q-' (I~) f I  P* E B (Q) and 

(PI) = ( ( I ~ ) )  = ( 1  = 1 It is easily seen from (9.3) that the 

restriction of the mapping $ to Q is an invertible measure-preserving 

map from (P1,(),) onto (11(11) v )  Note that (52,8(52) ,v) and 

(I B (I) v) are isomorphic. 

Define the mapping g by g(w) = f ($ (a)) for each w E 52'. It is 

straightforward to show that the mapping g is an invertible measure- 

preserving map from (521,B(S21),p) onto (12,B(12),m) so that the theorem 



10. Continuous s ingu la r  d i s t r i b u t i o n  funct ions  

In t h i s  sec t ion ,  nota t ion i s  a s  i n  s e c t i o n  9. Our point  of 

depar ture  is t h e  following lemma. 

(10.1) Lemma. Let p  
1 +2 

E P(Q*) . Then we have 

(i) 1 p2 iff $pl 1 h2, 

Proof. By (9.3) we have +pi E P ( I )  , i = 1,2.  

( i ) :  Suppose t h a t  8* = A1 U A,, A1 n A, = 4 and ( A )  = 1 i = 1 ,2 .  

I t  follows from (9.3) t h a t  I  = $(a*)  = $(A1) U $(A2), $(A1) n f(A2) = 

= C (A1 fl A,) = 6 ,  and f-' (f ( A ~ )  ) = Ai so  t h a t  t p  ($(Ai)) = pi (Ai) = 1, 

i = 1,2 .  Thus +pl 1 $p2. 

Suppose t h a t  I = B1 U B2,  B1 fl B2 = 6 and ($pi) (Bi) = 1, 

i = 1,2 .  Then we have 8* = $-I ( I )  = ( B ~ )  U 9-l ( B ~ )  , $-l n (82) = 4 

and pi (  ( B ) )  = p i  ( B )  = 1, i = 1 , 2 so  t h a t  yl 1 p,. 

( i i )  : Suppose t h a t  p1 c< p2. I f  ($p2) (B) = p2 ( f - I  (B)) = 0, then 

P - ( 1 )  = ( $ 1  ( 1  = 0 so t h a t  f p l  << t p 2 .  

Suppose t h a t  Spl << $p2 and p2(A) = 0 where A € B(Q*).  By 

(9.3) we have ($(A)) = A and so  p2 (A) = ($p2) (9 (A)) = 0, so t h a t  

($il,)($(A)) = p l ( N  = 0. Thus p1 << IL*. a 

Using (9-16) , (10.1) and (3.16) , we ob ta in  t h e  following r e s u l t .  



(10.2) Theorem. Let p,v E P(I ,T1) .  Then 

( i )  i f  p,v E E(I ,T1) ,  then e i t h e r  p  = v o r  p l v ,  

( i i )  i f  v << p, p  E E(I ,T1) ,  then p  = v .  

(10.3) Discussion and Definit ion.  For any v E P(I ,T1) ,  l e t  f  be 

t he  d i s t r i bu t i on  function of v defined by f (x )  = v([O,x)) ,  x  E I .  

'-1 i 
Since T I  v = v ,  we obta in  e a s i l y  t h a t  f (x) = Z { f  (F + - f ($1, 

i = O  

x  E I  Let D(I,T1) denote the  s e t  of a l l  continuous s ingular  nondecreasing 

'-1 i functions f on I with t h e  property f (x )  = E { f (F  + $ - f ( $ I ,  
i = O  

x  E I .  I t  i s  p l a in  t ha t  t he  s e t  D(I,T1) i s  convex and is  i den t i f i ed  with 

t h e  s e t  of those nonatonic v E P ( I j T 1 )  such that v 1 m. 

(10.4) Theorem. Let p E P(B,T), v = qp  and f (x)  = v([O,x)), x  E I ,  

and assume t h a t  v # m.  Then t he  following a r e  equivalent:  

( i )  i s  nonatomic T-ergodic, i . e . ,  p  E E(Q,T) ll NA(B). 

( i i )  v i s  nonatomic Tv-ergodic,  i . e . ,  v E E(I,T1) n NA(1). 

( i i i )  f  i s  an extreme point  of D ( I ,T1)  

Proof. By (9.17), we obta in  ( i )  <=> ( i i ) .  

( i i )  = ( i ) :  Suppose v E E(I ,TP)  fl NA(1) and f (x )  = v([O,x)), x  E I .  

Assume t h a t  f = pg + qh, where g,h E D ( I , T 1 ) ,  0  < p,q < 1, p+q = 1. 

Let o and T denote t h e  measure on I  induced by t h e  d i s t r i bu t i on  g 



and , respec t ive ly .  I t  follows t h a t  o,z E P(I ,T1)  n NA(1) and 

v = po + qz. Since v is  an extreme point  of P(I ,T1)  (as is e a s i l y  

seen by (3.17) and (9.17)) ,  we must have v = o  = z, so t h a t  f  = g  = h. 

( i )  = ( i )  : Suppose f  is  an extreme point  of D ( I  T I )  Let v be 

the  measure induced by f .  Assume t h a t  v = po + q~ where o , ~  E P ( I  , T I  ) , 

0  < p,q < 1, p+q = 1. Let g  and h  be t h e  d i s t r i b u t i o n  functions of 

o  and z, respec t ive ly .  Then we have f  (x) = pg (x) + qh (x) , x  € I .  

Since v i s  nonatomic, both o  and z a r e  nonatomic, o r  equivalent ly ,  

both g and h  a r e  continuous. We a l so  have f 1  (x) = pgl (x )  + qhl(x)  = 0  

m-a.e. s o t h a t  g l ( x )  = h l ( x )  = 0  m-a.e., s ince  g1 2 0  and h1  ? O m - a . e .  

Consequently, we have f  = pg + qh where g,h E D(I ,T f ) .  Since f  i s  an 

extreme point  of .D( I ,Tf ) ,  we must have f  = g  = h, so t h a t  v = o  = T. 

(10.5) Theorem. Let y  be a  (p,P) -Markov measure such t h a t  pF = p ,  and 

l e t  f  be t h e  d i s t r i b u t i o n  funct ion of t h e  random va r i ab l e  on (Q,y) ,  

i . e .  f ( x )  = ~ ( c o  : (~(co) c x) .  Then 

( i i )  f  i s  a  s t r i c t l y  increas ing (continuous) funct ion i f f  P i s  

pos i t i ve .  



Proof. ( i )  For any iO,. . . ,i E S with in 2 1, we ob ta in  n- 1 - 

( i i )  Suppose P i s  p o s i t i v e .  Then t h e  p r o b a b i l i t y  p  a l s o  i s  p o s i t i v e  

and t h e  measure p i s  nonatomic ergodic so  t h a t  f i s  continuous. To 

prove t h a t  f i s  s t r i c t l y  inc reas ing ,  l e t  0 5 x < x '  5 1. There e x i s t  

two r - a d i c  r a t i o n a l s  u  and v  such t h a t  x 5 u < v 5 x l ,  with 

-n i k- 1 n+m i k- 1 u = Z , v = 2 7 where i o 9 a . 0 9 i  E '9 in+m-l 2 1, 
k = l  r . k = l  r n+m-1 

n  2 0, m r 1. I t  fol lows t h a t  



Suppose P i s  no t  p o s i t i v e .  Then pi = 0 f o r  some i 
0' jo  € s. 

0 0 

7 
I t  fol lows t h a t  f 

0 

so  t h a t  f  i s  not  s t r i c t l y  inc reas ing .  

(10.6) Theorem. Let p be a p-Bernoull i  measure where p = (pi)iCS i s  a 

p o s i t i v e  p r o b a b i l i t y ,  and l e t  f  be t h e  d i s t r i b u t i o n  func t ion  of t h e  random 

v a r i a b l e  cp on (51 ,~ ) .  Then 

( i )  i f  p  i s  uniform, Pi - l  - f o r a l l  i, then  f ( x ) = x  

f o r  a l l  x E I ,  

( i i )  if p i s  not  uniform, then  f  i s  a s t r i c t l y  inc reas ing  

continuous s i n g u l a r  func t ion  such t h a t  

i-l i i+l 
f ( x )  = Z p j  + p . f ( rx -1 )  f o r  - 5 x < - , O z i s r - 1 .  

1 r r 
j = O  

Proof. ( i ) :  I t  fo l lows from t h e  proof of (10.5) t h a t ,  f o r  each r - a d i c  

K r a t i o n a l  u of t h e  form u = Z - k + l  ' f ( u )  = u ,  Since r - a d i c  r a t i o n a l s  
k=O r 



a r e  dense i n  I  and f is  continuous, f ( x )  = x f o r  a l l  x E I .  

( i i ) :  Suppose p i s  not uniform. I t  follows from (10.5) together  with 

(10.2) t h a t  f  i s  a s t r i c t l y  increasing continuous s ingu la r  function.  

i i+l Suppose - 5 t 5 - r ' 0 5 i 5 r-1. Since {xnleO a r e  i . i . d .  random r 

var iab les  with a common d i s t r i bu t i on ,  (pi)iES, we obta in  f o r  v = $p, 

'n - < r t - i )  
n r 

< r t - i )  

(10.7) Example. Let p be t he  (p0,0,p2)-Bernoulli  measure on 

m 

S = TI {0,1,2} where 0 c p0,p2 < 1, po + p2 = 1. Let f  be t h e  
0 

d i s t r i b u t i o n  funct ion of t he  random va r i ab l e  q on ( 8  (S) , )  Since 

p i s  nonatomic ergodic,  f  i s  a continuous s ingu la r  funct ion and i s  not  

s t r i c t l y  increas ing by (10.5) . 



Define t h e  open i n t e r v a l  

where ik E {0 ,2} ,  0  E k s n - 2 ,  n r  1. Let 

Then t h e  Cantor s e t  K i s  defined by K = I - U V . Using (10.5), we n  n= 1 

obta in ,  f o r  iO,. . . ,i € {0,2},  n-2 

i k 
where jk = -2- , 0 5 k 5 n-2. Observe t h a t  



Suppose p = 0 In this case, the function f is called 

the Cantor function or Lebesguels singular function. We obtain from the 

preceding result that 

and that, for iO,. -, i 6 {0 ,2} ,  n- 2 



i 
where k = - 

'k 2 

m OD 

Define U = I - U Vn. The set U 7 is a union of countably n n= 1 n= 1 

infinite pairwise disjoint closed intervals Jk such that f (J ) = ck k 

(constant). We shall show that f is strictly increasing on the set U .  

It is straightforward to show that, for each x  C U ,  there is a unique 

K 
o = (an) 6 51 such that on C { 0 , 2 ) ,  n e 0 ,  and x = Z - k+l ' 

Suppose 
k=O 3 

x , y  6 U ,  x  c y. Let 

w m 
l 4 c  j k  x = 2 - y = Z -  where ik,jk E { 0 , 2 1 .  
3k+l 0  3k+1 

Since x c y,  there is an n 2 0  such that 

i = j  for k < n and in#jn, i.e. i =O, jn=2 k k  n 

K 
Let u = Z - Then we obtain 3k+l a 

Since not all j k, k r n+l, are zero (for otherwise, y C there 

is an m e n+l such that jm = 2, so that 



m -  j  
Thus we obta in  f (y) - f (x) 2 f 

n + l  3 k + l  

Note t h a t  m({x : f1 (x) = 01) = m(U Vn) = 1. 
1 

We s h a l l  g ive  an example of a  c l a s s  of nonatomic non-Markov ergodic 

measures. 

(10.8) Example. Let S  = O l r - l  and Sf  = 0  . where 

r r  2. Let q =  
(qi )  0si9 be a  p o s i t i v e  p r o b a b i l i t y  vector  such t h a t  

1 
q0 # ql ,  max{qi) < T . Define t h e  doubly s t o c h a s t i c  matrix P = (p i j ) i7 jcSf  

by 

Clea r ly  P is  i r r e d u c i b l e  and t h e  uniform p r o b a b i l i t y  vector  p  on S f  i s  

t h e  s t a t i o n a r y  d i s t r i b u t i o n  f o r  P .  Let p denote t h e  (p,P)-Markov measure 
00 

defined on Q' = S f .  Then p i s  a  nonatomic T-ergodic Markov measure on 
0  

(L" ,B(Qf) ) .  For each n  > 0, de f ine  yn(a) = on f o r  o € Then 

'yn'n20 
i s  a  Markov chain with t h e  s t a t e  space S f ,  t h e  s t a t i o n a r y  

t r a n s i t i o n  matr ix  P and t h e  s t a t i o n a r y  i n i t i a l  d i s t r i b u t i o n  p. 



104. 

Let f  : Sf  + S  be such t h a t  f ( i )  = i f o r  a l l  i E S  and 

f ( r )  = 0. Define t h e  s t o c h a s t i c  process {'n'n?~ on ' by 

I t  follows t h a t ,  f o r  any iO, ... .ik E S, k z 0 ,  n  2 1, 

so t h a t  
"n'wo 

is  s t a t i o n a r y  with s t a t e  space S. However {xnIeO is  

not a  Markov chain on ( Q  ( Q )  , , f o r  we have 

- whose only r e a l  so lu t ion  is  ql - qO, a  con t rad ic t ion .  

I t  i s  p l a i n  t h a t  t h e  mapping : (  8 )  4 ( Q . 8  defined by 

( 5  (a)), = xn (a) f o r  a c $2 , n  2 0  i s  a  measurable s u r j  ec t ion  and 

$2 6 Q 1 ,  8(Q) = 8 ( Q c )  f l  Q .  Define t h e  p r o b a b i l i t y  v on (S2.862)) 

v = 5 ~ .  I t  can be shown t h a t  v i s  nonatomic, We s e e  r e a d i l y  t h a t  

t h a t  

by 

xn(w) = w f o r  each w E S and n z  0, so  t h a t  n  



where i Oy . . . y i  C S. I t  fol lows t h a t  v(x =0) # v(x2=1 xo=l,xl=O) 
n  I 

s o  t h a t  v i s  not  Markov. Denote a l s o  by T  t h e  r e s t r i c t i o n  of t h e  

s h i f t  T  t o  Q Then we ob ta in  

where w E Q ' ,  n 1 0, so t h a t  5T = T5. To prove t h a t  v i s  T-ergodic, 

- 1 suppose T  E = E ,  where E E 8(Q) .  I t  fol lows t h a t  

- 1 -1 -1 -1 -1 E E = E T E = T  E E y  where 5-IE € B ( Q 1 ) ,  so  t h a t ,  by t h e  e r g o d i c i t y  

of p  V(E)  = ~ ( c - ' E )  = o o r  1. o 



11. Entropy 

(11.1) Def ini t ion.  A p a r t i t i o n  5 of (Q,B(Q)) i s  a f i n i t e  d i s j o i n t  
k 

co l lec t ion  5 = {A1,. * . , A  } of measurable s e t s  k 
such t h a t  p = U Ai . 

i=l 

For any two p a r t i t i o n s  5 = {A1, ..., Ak} and q = { B 1 , . . . , B n }  of 

(O,B(Q)), t h e  jo in  of 5 and q ,  denoted by V ,  is  t he  p a r t i t i o n  

defined by N q  = {Ai n B j  : 1 5 i g k, 1 5 j  5 m) . For each p a r t i t i o n  

5 = (A1,.. . ,Ak} of (Q,B(P)) and f o r  each pos i t i ve  in teger  n, t he  jo in  

n- 1 
V T - j5  of t he  p a r t i t i o n s  5 , ~ - ' 5 , .  . . ,T '("-')< i s  defined by 

j = O  

n- 1 
v T - j e  = {A. n T - ' A ~  n ... n T-("-1) Ai : A~ , . . . , A ~  

1 
E 5 ) .  

j  = O  0 1 n- l  0 n- 1 

(11.2) Definit ion.  Let 5 = {A?, . . . ,A } be a p a r t i t i o n  of (2 ,B ( a ) )  and k 

l e t  1-1 E P(S2,T). The entropy H ((5) of t he  p a r t i t i o n  5 r e l a t i v e  t o  p 
CL 

is' defined by 

where log ( A )  = loge(Ai)  and OlogO = 0. The entropy h (T,5) of t h e  
CL 

s h i f t  T r e l a t i v e  t o  5 and p is  defined by 

The entropy (or t h e  measure-theoretic entropy) h (T) of t he  s h i f t  T 
CL 

r e l a t i v e  t o  is  defined by 



We s t a t e  without proof t he  following r e s u l t .  (See Walters [ I ] . )  

(11.3) Lemma. Let q : [0,1] -t [0, l / e ]  be t h e  function defined by 

Then 

( i )  q  i s  s t r i c t l y  concave, t h a t  is ,  

crl(x) + ( l - c ) ~ ( y )  n q(cx+(l -c)y)  f o r  a l l  x,y,c E [0,1] ,  

and equa l i ty  holds i f f  x=y o r  c=O o r  c = l .  

k 
(i i) Z ciq(xi) 5 q Z cixi f o r  any k r 1 and any 

i=l [ib ] 
X I ,  0 e > x  kY C 1 9 " ' 9 c  k € [0,1] such t h a t  Z ci = 1. Equali ty holds iff 

i= 1 

. a l l  the  xi ' s  corresponding t o  nonzero c  a r e  equal. i 

r P 
(11.4) Corollary.  For each { x ~ } ~ = ~ '  [0 , l ]  with Z xi = 1, r ?  2 ,  

i= l 

Z ?(xi) 5 log r. 
i = P  



1 
The e q u a l i t y  holds i f f  xi = f o r  a l l  i. 

Proof. By (11.3) ,  we o b t a i n  

s o  t h a t  Z .r (xi) s log r .  Again by (11.3),  e q u a l i t y  holds i f f  xl = x 
i= 1 i 

f o r  a l l  i, o r  equ iva len t ly ,  x = - f o r  a l l  i. 
i r 

(11.5) Remark. Let p  E P(O,T) and l e t  5 be t h e  p a r t i t i o n  of  

(Q,B(P)) de f ined-by  5 = {{xo=i} : i E S I .  By (11.4) ,  we ob ta in  

H (C) = - E p(x = i j  l o g  p(xo=i)  i l o g  r. 
CL i = O  0  

I t  i s  e a s i l y  seen t h a t  H ~ ( T ' ~ s )  = H (5) f o r  each i 2 0 and 
CL 

n- 1 n- 1 
H ( V T ' ~ < )  5 E H ( T - ~ E )  f o r  each n  2 1 

IJ. i = o  i = O  CL 

n- 1 
so  t h a t  H ( V T - ~ s )  5 n HP(5) 5 n log  r f o r  each n  t 1. I t  i s  wel l -  

i = O  

known ( see  B i l l i n g s l e y  [ I ] ,  Walters [ I ] )  t h a t  t h e  sequence 

t L  H ( V To1<) 1 i s  nonincreasing , so  t h a t  
i = 0  n10 

I 
0 5 h (T,5) = l i m  - H ( V ~ ~ ' 5 )  5 log  r, 

I-L n " I-L i = o  



We s t a t e  t h e  following version of t h e  Kolmogorov-Sinai theorem. 

(11.6) Theorem. Let 5 = {{xo=i} : i € S}. Then 

See Bi l l ings ley  [ I ]  and Walters [ I ]  f o r  t h e  proof. 

(11 7 )  Defini t ion.  The mapping p I+ h (T) from P(P,T) i n t o  [0, log r ]  
CL 

i s  ca l l ed  t he  entropy map of t he  s h i f t .  

Entropy was introduced i n to  communication theory by Shannon [I] i n  

1948. In 1958, Kolmogorov [ l ]  defined t he  entropy of t he  general measure- 

preserving transformation,  and a bas ic  con t r ibu t ion  was made by S ina i  [ l ] ,  

i n  1959. We s h a l l  compute t he  entropy h (T) f o r  Markov measures and 
CL 

Bernoull i  measures and inves t iga te  p roper t i es  of t h e  entropy map. 

(11.8) Theorem. For each (p,P) -Markov measure CL i n  M(a,T), 

Proof. Let E = { i E  S : p i , O ]  and F = S - E. Clear ly  E # 6 .  I t  i s  

e a s i l y  seen t h a t  Z pi = 1  and pi j  = O  f o r e a c h  i C E ,  j E F ,  so 
i EE 

t h a t  E pi j  = 1 f o r  each i € E.  We a l s o  have p = Z pipij f o r  each 
j EE j i E E  

j C S. Let 5 = {{xo=i l  : i E s} .  Then we have, f o r  each n >  1, 



and 

log p(xo=iO, .  . . , x  =i ) : iO, . . . , i C S-1 
n-1 n-1 n- 1 

n-1 

- - -Zipi pi ... pi (log Pi + E log pi i 1 : 
0 0 1  n-2 n-1 0 j=l j-1 j 

p i  i .." pi > 0, i , .  . . i € E i  
0 1 

i n- 1 
n-2 n-1 



n- 1 
= - Z pi log  pi - Z Zipi 

i O E E  0 0 j= l  

= - C pi l og  pi - (n-1) Z Z pipij  log  
iES i E E  j€E 

= - Z pi l o g  pi - (n-1) C Z pipij  l og  
i € S  i € S  j ES 

Since  0 5 - C pi l og  pi 5 log  r, we o b t a i n  
iES 

1 -k 
hp(T,5) = l i m  f; H ( V T 5 )  = - 2 Z Pipij log  P i j  . 

n- I-L o ies j ES 

By t h e  Kolmogorov-Sinai theorem, hp(T) = hp(T,5) = - 2 Pipij log  Pi j  - Q 

i € j  

(11.9) Theorem. For each p-Bernoul l i  measure p,  hp(T) = - Z pi l og  pi. 
i € S  

Proof. Each p-Bernoul l i  measure p i s  t h e  (p,P)-Markov measure where 

Pi j  - P j  f o r  a11 i , j  E S. By (11.8) '  we o b t a i n  



(11.10) Theorem. For each 1-1 E M(O,T), the following are equivalent: 

(i) h (T) = 0. I-1 

(ii) 1-1 is a (p,P) -Markov measure such that P = (pij) , ES is a 

permutation matrix and p = (pi) ~ C S  
is a stationary distribution of P. 

Proof. (i) = (i) : Suppose (ii) holds. Since P is a permutation matrix, 

there exists a bijection Q of S onto itself such that 

- 
'ij - 'cp(i)j for all i,j E S. 

It follows tha t ,  f o r  each i F S: 

so that, by (11.9), hy(T) = 0. 

(i) = (ii) : Suppose (i) holds. Since 1-1 E M(Q,T), there exist a stochastic 

matrix P = (pij ) i, ES and a stationary distribution p = (pi)icS of P 



such t h a t  p is  t h e  (p,P)-Markov measure. Suppose P i s  not a  permutation 

matrix. Define E = { i  E S  : pi 7 0 )  and F = S - E.  Then E # 4 .  A s  we 

have shown i n  t h e  proof of (11.8) , p '  = (pi) i t E  is  a  p o s i t i v e  p r o b a b i l i t y  

vector  on E ,  t h e  matrix Pf = j E E  i s  s t o c h a s t i c ,  and p 'P '  = p f  . 
Note t h a t  pi j  = 0 f o r  each i E E ,  j C F. 

We s h a l l  show t h a t  Pf  i s  a  permutation matrix.  Since 

hF(T) = L (- Z pi j  log p.  . )pi  = 0, we obta in  
i C E  jES I J  

- Z pi j  log pi j  = 0 f o r  each i E E ,  
j ES 

s o  t h a t ,  f o r  each i E E ,  

P i j  = 0 o r  1 f o r  a l l  j  E S, 

o r  equivalent ly ,  P i j  = 0 o r  1 f o r  a l l  j  E E Since E pi j  = 1 f o r  
j  EE 

each i E E ,  t h e r e  i s ,  f o r  each i E E ,  a  unique q ( i )  C E such t h a t  

- 
P i j  - $ ( i ) j  f o r  a11 j  E E .  

I t  remains t o  show t h a t  t h e  mapping q  i s  a  s u r j e c t i o n  of E onto i tself .  

I f  not ,  t h e r e  is  a  k  d E such t h a t  pik = 0 f o r  a l l  i E E Then we 

ob ta in  pk = Z pipik = 0, a  con t rad ic t ion .  Since E i s  a  f i n i t e  s e t ,  
i E E  

t h e  mapping q  is  a  b i j e c t i o n  of E onto i t s e l f  s o  t h a t  P1 is  a  

permutation matr ix .  Note t h a t  



- 
Pij - $(i) j 

for each i E E and each j E S. 

We extend the permutation matrix P 1  - - ('ijli, j EE to a permutation 

matrix Q = (qij)i,jtS by letting 

- - qij - Pij for (i,j) E E x S; qij - 6ij 

for (i,j) E F S. 

It follows that 

for each j E S, so that pQ = p. Let v denote the (p,Q)-Markov measure. 

To complete the proof, it is enough to show that for each n 2 0, 

or equivalently, pi pi - P i  i - - P i q i i  " '  qi i for any states 
0 0 1  n-1 n 0 0 1  n-1 n 

iO,.ea,i . We see at once that the above equality holds for n = 0,l. n 

Suppose equality holds for some n L 1. Let iO,..o,i be any states. 
n+ 1 

If p(xO=iO,. . . ,X =in) = 0, then p(xo=iO,. . . ,x ) = o =  n n + ~ = ~ n +  1 

= v(x0=i0, ..., x =i 1 .  If p(xO=iO,*..,x =i ) > 0, then all states n+l n+P n n 

i0,sse9i are in E, so that pi - - n qi i and p(iO=iO,...;~n+l=in+l 1.. n n+P n n+l 

- - v ( ~ ~ = i ~ , . . . , ~ ~ + ~ = i ~ + ~ ) .  By induction, p = v. 



From (7.1) and (11.10) we obtain t h e  following r e s u l t .  

(11.11) Corollary.  h (T) = 0 f o r  each atomic ergodic Markov measure p. 
CL 

(11.12) Theorem. For each p E M(Q,T), t he  following a r e  equivalent: 

( i )  hp(T) = log r 

1 1  ( i i )  p is  t h e  (F , - 1 
r y * . . y  

-)-Bernoulli measure. r 

Proof. ( i )  = ( i )  : Suppose ( i )  holds. Let p be t he  (p,P) -Markov 

measure i n  M(8,T). By ( l l . 8 ) ,  we obtain 0 5 hp(T) = Z f ( i ) p i  = log r ,  
i 

where f ( i )  = -2 pi j  log pi j y  i E S. Since 0 5 f ( i )  5 log r f o r  each i, 
j 

i f  f ( j )  < log r f o r  some j E S with p .  7 0, then 
J 

hu(T) = C f ( i )p i  5 log r ,  a contradic t ion.  Thus we have f ( i )  = log r f o r  
I 

= - fo r  a l l  i , j  with p i ,  0. Also, a l l  i, so t h a t ,  by (11.4), p i j  

we have, f o r  each j ,  

1 P so t ha t  p is  t h e  (F ,..., -)-Bernoulli measure. r 

' 1 1 ( i )  = ( i )  : If p is  t he  (; , . . . , -) -Bernoulli measure, then, by (11.9) , r 
1 1 h (T) = -2 - l o g  - =  log r .  

P r r i 

We s h a l l  show t h a t  t h e  entropy map i s  a f f i n e  upper semicontinuous. 

We begin with a lemma. 



k 
(11.15) Lemma. Let 5 = {Ailizl , k e 2 ,  be a p a r t i t i o n  of (Q,B(Q)).  

Then t he  mapping p I+ H ((5) from P (Q) i n t o  [0, a) i s  a bounded concave 

function.  

k 
Proof. By (11.4), we have 0 5 H ((5) = - Z p(Ai) log h(Ai) 5 log k f o r  

I-L i= 1 

each p € P(Q). Let p,v € P(Q) and 0 r c 5 1. Then, by (11.3), 

(11.14) Lemma. Let 5 = {{xo=i l  : i € S 1 .  Then t he  mapping p I+ h (T,E) 
CL 

i s  an a f f i n e  mapping from P (Q ,T) i n t ~  10, log r ]  . 

Proof. Let v , v  € P(O,T) and 0 5 c r 1. By (11.13) we obta in  

f o r  each n r 1 so t h a t  



Let a be any p a r t i t i o n  of (Q,B(B))  and l e t  A E a. Put 

p = p(A) and q  = v(A). Then 

= - (cp + (1-c)q)log(cp + (1-c)q) + cp log  p  + (1-c)q log q  

= -cp[log(cp + (1-c)q) - log(cp)]  - pc[ log  cp  - log  p] 

5 -PC log  c  - q(1-c) log(1-c) 

By summing t h e  above i n e q u a l i t y  over a l l  A E a, we o b t a i n  

f o r  any p a r t i t i o n  a .  Thus we have, f o r  each n  2 1, 

n-1 n - l  
o Hcp+(l-c) v ( v T - ~ E )  - CH ( v T - ~ E I  

i = O  0  



so t h a t  

By (11.5)'  t h e  proof i s  complete. 

(11.15) Theorem. The entropy map h (T) i s  a bounded a f f i n e  funct ion on 
CL 

P(519T) - 

The proof follows from (11.6) and (11.14). 

(11.16) Theorem. The entropy map h (T) i s  a bounded a f f i n e  upper semi- 
I' 

continuous funct ion on P (51, T) . 

Proof. Let 5 = ({xo=i}  : i t s}. By t he  Kolmogorov-Sinai theorem, 

hiL(T) = h (T,E) f o r  each p C P(Q,T). By (11.15), it remains t o  show t h a t  
P 

h (T, E )  i s  upper semicontinuous on P (51, T) . 
I-L 

Suppose p -+ p i n  P(51,T). Let n be a f ixed pos i t i ve  in teger .  

n-1 
Wehave then ,  V ~ - ' 5 = ( Z ( i ~ , . . . , i  ) : i ..., i 6 s )  and 

0 
n-1 0 ' n-1 

p k ( Z ( i O 9 . . , i ) )  p [ Z ( i , . , i  ) )  f o r  each . Z ( i , . . , i n ) ,  so t h a t  n 
n- 1 n- 1 n-1 

l i m  H ( V T - j ~ )  = $( V T-'S). Therefore f o r  each f ixed n,  H ( V T - ~ S )  
4 'k 0 0 I-L 0 

i s  a continuous funct ion of p Since, by (11.5), 

1 
n-1 

h (T,S) = l i m  $ ;; H ( V T"S) , hp[T,S) is  an upper semicontinuous function 
I-L w- 0 



(11.17) Remark. We s h a l l  construct  an example t o  show t h a t  t he  entropy 

mapping of T i s  not  continuous on P(Q,T). For each n r 1, consider 

t h e  s e t "  of f ixed po in t s  of T", F (Tn) . By (5 .2 ) ,  card F (Tn) = rn. 

Let p be defined by 
n 

By (6.8),  we have t h a t  pn c t (51,T) , n e 1. For any cyl inder  s e t  

i ,  . . , i )  , we obta in ,  f o r  n 2 m ,  

1 1 where X is  (F ,...,--)Bernoulli measure, X € P(51.T). Thus "-+ A. 
r 

However h (T) 5 O f o r  211 n 2 1, becmse pn i s  c~ i l c en t r a i ed  on a f i n i t e  
'n 

number of po in t s ,  while hX(T) = log r ,  by (11.12). Thus h (T) i hX(T). 
pn 

(11.18) Theorem. The entropy map y I-. h (T) i s  continuous on M(O,T). 
CL 

Proof. Suppose p 4 p i n  M(S,T) , where p a r e  t h e  (pn, P,) -Markov n n 

measures and p i s  t he  (p, P) -Markov measure. By (4.23) , we have 

l i m  pn( i )  = pi f o r  each i C S,  and l i m  p n ( i , j )  = pi j  f o r  each j E S, 
n+OD Wm . 

provided pi 7 0. 

I f  pi = 0,  then s ince  0 5 -pn ( i )pn ( i , j ) l og  p n ( i , j )  5 pn ( i ) / e  

f o r  each j ,  we have l i m  p n ( i ) p n ( i , j ) l o g  p n ( i , j )  = 0 f o r  each j .  
n+m 



I t  follows from (11.8) t h a t  

l i m  h  (T) = - 1 i m  C C p n ( i ) p n ( i ,  j ) l o g  p n ( i ,  j )  
n- 'n n- iES jES 

(11.19) Remark. I t  follows from t h e  Choquet r epresen ta t ion  theorem 

(3.18) together  with (11.16) t h a t ,  f o r  each p C P (S,T) , the re  is a  unique 

p r o b a b i l i t y  measure T defined on P(Q,T) such t h a t  T(E(Q,T))  = 1 and 
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