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ABSTRACT 

The concept of density of a s e t  of pos i t ive  integers  is  

introduced along with some of t he  bas ic  proper t ies .  A very general 

density i s  defined i n  terms of a sequence of non-negative regula r  

matrices and two f i l t e r s .  It i s  shown t h a t  most of the  known dens i t i e s ,  

i . e . ,  matrix method dens i t i e s ,  0-1 dens i t i e s ,  uniform density and some 

complete dens i t i es  a r e  subsumed under t he  general formulation. 

The c l a s s  of s e t s  of upper density zero a re  ca l led  zeroclasses.  

Special zeroclasses a re  s tudied,  i n  p a r t i c u l a r  zeroclasses consis t ing 

of lacunary s e t s .  Some surpr i s ing  inclusions between some of these  a r e  

proved. 

An R-type summahility method (RSM) , S , is a regular  l i n e a r  

functional on a r e a l  sequence space c such t h a t  ICs 1'. t h e  s e t  of a l l  
S 

sequences which are s-strongly sunnuable t o  zero,  is a s o l i d  subspace of 

c . It i s  shown t h a t  s i s  non-negative and continuous. A Bounded 
S 

Consistency type theorem f o r  t he  s t rong convergence f i e l d s  of RSMs is  

proved. RSMs and non-negative regular  surmnabi l i t i e s  are compared and 

i n t e r e s t i n g  matrix methods are  examined. Progress is made regarding the  

character izat ion of RSMs i n  t e ~ m s  of dens i t i es  and zeroclasses. 
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CHAPTER 0 

INTRODUCTION 

In  t h i s  t he s i s  we s h a l l  discuss three  aspects of sequence 

space theory. The f i r s t  i s  general density theory, the  second is the 

concept of zeroclasses consis t ing of lacunary s e t s  and, l a s t l y  

the  theory of s t rong summability with respect  t o  R-type summability 

methods. Most of our work extends t h a t  of Freedman and Sember 

[31, [41,  [8l. 

In  Chapter 1 we define a general s e t  function 

= d ~ ,  G. F (A) where A is  a subset  of I , the  set of pos i t ive  

integers .  M i s  a ce r ta in  type of sequence of i n f i n i t e  matrices and 

G and f are  f i l t e r s  on I . It tu rns  out  t h a t  d i s  a density 

(see Definit ion 1.2) on I . By judicious choices of MI  G and f , 

d caz becme i d e n t i c a l  w i t . ?  my of dens i t i es  considered i n  the  

l i t e r a t u r e  : e.  g. , matrix method dens i t i e s ,  0-1 dens i t i e s ,  uniform 

density and complete dens i t i es .  

Chapter I1 comprises combinatorial r e s u l t s  concerning 

c lasses  of bacunary s e t s .  Such classes  a r i s e  na tura l ly  i n  some 

sequence space and combinatorial s tud ies .  For example, Freedman [5 ] 

has shown t h a t  t he  c l a s s  L of lacunary sets corresponds exact ly  

t o  the  set of 0-1 sequences i n  the  space bs  + c where bs  is  

the space of  sequences with bounded p a r t i a l  sums and c i s  the space 

of a l l  convergent sequences. More recent ly ,  Brown and Freedman [2], 

have shown t h a t  t he  famous conjecture of ~ r d s s  ( t ha t  the  s e t  A - c I has 

1 
a r b i t r a r i l y  long ar i thmet ic  progressions whenever I: {; : a C A )  = a) 



i s  t r u e  i f  and only i f  it is .  t r u e  f o r  every lucunary set and t h a t  t h e  

conjec ture  does indeed hold when A is.  an L -.lucunary set ( see  
1 

d e f i n i t i o n  2 .1) .  In  Chapter I1 w e  in t roduce  many subclasses  of 

lucunary sets, show which of them a r e  f u l l  ( see  d e f i n i t i o n  2.42, l81 

and r e l a t e  them t o  one another  by means of s e t  t h e o r e t i c  inc lus ions  

of which some a r e  su rp r i s ing .  

In Chapter I11 we ca r ry  on t h e  i n v e s t i g a t i o n  of R-type 

summability methods (RSMs) introduced by Freedman and Sember 131. 

The connection between RSMs and d e n s i t i e s  i s  made c l e a r  through 

t h e  use of an a n a l y t i c  d e f i n i t i o n  based on t h e  concept of ze roc lass .  

Our e f f o r t s  culminate wi th  a somewhat s u r p r i s i n g  r e s u l t  which amounts 

t o  bounded consistency f o r  RSMs on t h e  as soc ia ted  s t rong  summability 

f i e l d .  The r e s u l t  does no t  r equ i re  t h a t  t h e  RSM be generated by a 

r egu la r  matr ix  and s o  is  i n  a sense  no t  comparable t o  t h e  t r a d i t i o n a l  

boanded ccns is tency theorem !BCT) . On t h e  ~ t h e r  hand, s i n c e  it a p p l i e s  

only t o  t h e  s t rong  convergence f i e l d ,  it does not  r equ i re  t h e  powerful 

a n a l y t i c  machinery f o r  i t s  proof a s  does t h e  t r a d i t i o n a l  BCT. 

F i n a l l y ,  Chapter 111 at tempts  t o  add t o  t h e  knowledge of 

RSMs t h a t  a r e  generated by regu la r  matr ices .  This ,  a s  the  reader  w i l l  

s ee ,  i s  a d i f f i c u l t  top ic .  

Many of t h e  p ropos i t ions  a r e  wellknown b u t  we have n o t  bothered  

t o  c i t e  sources.  

Our s p e c i a l  no ta t ion  w i l l  be in t roduced a s  needed. The 

no ta t ion  used i n  s e t  t h e o r e t i c  o r  sequence space d iscuss ions  i s  a l l  

s tandard.  A l i s t  of symbols and t h e i r  d e f i n i t i o n s  can be found i n  t h e  

Appendix. 



CHAPTER I 

GENERAL DENSITIES 

In  t h i s  Chapter, a general concept of density i s  defined. 

In  pa r t i cu l a r ,  density i s  defined i n  terms of a sequence of non- 

negative regular  matrices and t w o  f i l t e r s .  Many of the  standard 

dens i t i es  w i l l  be subsumed under our def in i t ion .  These include 

ordinary asymptotic density,  uniform densi ty ,  non-negative regular  

matrix dens i t i es  and 0-1 dens i t i e s  defined by zeroclasses.  [3 ] ,  [9]  

~ e f i n i t i o n  1.1. Two subsets ,  A and B of I are  asymptotic 

i f  A A B i s  f i n i t e .  (A A B means t he  symmetric di f ference of A 

and B ) .  In  t h i s  case we wri te  A -. B , 

Definit ion 1 .2 .  [3] A function 6 :  2' + R is  ca l led  a lower 

asymptotic densi ty  (or  j u s t  a density) i f  the  following f ive  axioms 

hold : 

(D2)  i f  A N  B , then 6 ( ~ )  = 6 ( B )  ; 

(D3) i f  A fI B =: g ,  then 6 (A) + 6 (B) I 6 (A U B) ; 

( ~ 4 )  f o r  a l l  A, B,  6 (A) 9 6 (B) 5 1 + 6 ( A  n B) ; 

Definit ion 1.3. If 6 is a densi ty ,  we define g: 2' -t R , t he  
- 

upper density associated with 6 , by 6 (A) = 1 - 6 (A') where = I - A. 



- 
A t  first, we  w i l l  l ist s o m e  basic properties of 6 and 6 

omitt ing m o s t  of the  proofs since the verif icat ions involve only simple 

a r g u r r a e n t s  and mst appear i n  [ 3 ] .  

P r o p o s i t i o n  1.4. L e t  6 be a l o w e r  a s y m p t o t i c  density and 6 

i ts  associated upper densi ty .  For A,B C 2' , w e  have 

- 
(v i )  For a l l  A , 6 (A) 5 6 (A) , 

- - - 
( v i i )  For a l l  A,B,  6 (A) + 6 (B)  1 6 (A U B) , 

P r o o f :  ( i v )  S u p p o s e  that A n B = g . B y  (D3) 

6 (A U B) + 6 (B') 5 1 + 6 ( ( A  U B) I l  B') . On the  other hand, A fl B = 9 

i m p l i e s  ( A  U B) fl B' = A . ~ h u s  6 (A  U B) + 6 (B') 5 1 + 6 ( A ) .  

( v i i i )  Suppose that A U B = I and so w e  get AC n BC = !2 . B y  

(D2) 6 (AC) + 6 (BC) I 6 (A' U BC) . T h e r e f o r e  

1 - 6 (A')' + 1 - .  6 (B') 1 1 + 1 - 6 (A' U B'). ~ h u s  w e  get 

D e f i n i t i o n  1.5. L e t  6 and 6 be associated l o w e r  and upper 

densities.  We define 



We say tha t  A c I has natural  density (resp. has natural  density 

0 
zero) with respect t o  6 i n  case A C q6 (resp. A C q 6 ) .  

- 
Note t h a t  A C q and 6 ( ~ )  = 6 ( A )  = 0 i f  andonly  i f  6 

The bas ic  f ac t s  concerning q 0 6 and q6 a re  contained i n  

the following proposition. We omit the proofs. 

. Proposition 1.6. I For any A,B C 2 . 

(i) A - I  = A  f q 6 '  

0 (ii: A -  = A C f16 , 

(iii) A C q6 and A -  B =) B C q 8 -  

Definition 1.7'. A c lass  X of subsets of I w i l l  be ca l l ed  . 

a zeroclass [4 1 i f  the following conditions hold: 

I Note t h a t  a zeroclass i s  ju s t  a non pr inc ipa l  i d e a l  on 2 a 

I Proposition 1.8. If 6 : 2 -+ R is  a lower asymptotic 

density then 
0 

1 l 6  is  a zeroclass.  



0 Proof: (i) I f  A i s  f i n i t e ,  then A N  4 and so  4 E q6 . 
- - 

(ii) L e t  A,B so  t h a t  & ( A )  = 0 and 6 ( ~ )  = 0 . By 
- 

~ r o p o s i t i o n  1.4. ( v i i )  6 (A U B) 5 (A) + (B) = 0 Therefore 
- 0 
& ( A  U B) = 0 . Hence A U B C q6 . 

- - - 
(iii) I f  A c B C q: , then 0 5 6 ( ~ )  5 6 ( ~ )  = 0 . Thus 6 j ~ )  = 0 

0 
and s o  A C T)& . 

- - 0 
( iv )  Since 6 (I) = 1 - 6 (4) = 1, we have I f q6 . 

Definition 1.9. A f i l t e r  on a s e t  X is  a family F of sub- 

sets of x which has the  following proper t ies :  

Definit ion 1. lo .  L e t  Fo = {A C 2' : A' is  f in i te} .  Then Fo 

is ca l l ed  the  ~ r g c h e t  f i l t e r .  

Remark : I f  X is a zeroclass then FX = {A' I A C X} is a 

f i l t e r  f i n e r  than t he  ~ r g c h e t  f i l t e r ,  i . e . . FX 2 Fo . 
In  order t o  introduce a p a r t i c u l a r  method of constructing 

dens i t i es ,  we w i l l  f i r s t  present severa l  lemmas. In  these lemmas, 

G and f w i l l  be f i l t e r s  on I . 

Lemma 1.11: For any pos i t ive  in teger  m, n l e t  P (m,n) and 

Q(m,n) be corresponding statements such t h a t  f o r  each m, n ,  



Then we have 

(i) f o r  each n 

{m: P (m,n) is  t rue)  E G 

s {m: Q (m,n) i s  t rue )  G . 

(ii) In: {m: P(m,n) i s  t rue )  E G} f F 

in: (m: Q(m,n) is  t rue)  E G)  E f . 

Proof: (i) For each n , by the  hypothesis, 

{m: P(m,n) is  t rue)  C {m: Q(m,n) is  t rue )  . Since G i s  a f i l t e r ,  

we have t he  r e su l t .  

(ii) By (i) , In: {m: P (m,n) i s  t r ue )  € G) - c {n: {m: Q (m,n) is  t rue )  G )  . 
Since f is  a f i l t e r ,  we have t he  r e su l t .  

Corollary 1.12. For any m,n E I , l e t  S (m,n) and T(m,n) be 

corresponding m a 1  nmbers  wiLh S(n ,n)  5 T ( m , a ) .  Tben for a f R, 

w e  have 

(i) f o r  each n E I 

Proof: Take P(m,n) t o  man a I S (m,n) and Q(m,n) t o  mean 

a I T (m,n) . By Lemma 1-11 (i) and (ii) hold. 

Lemma 1.13. For any m,n € I , l e t  P (m,n) , Q(m,n) and S (m,n) 

be corresponding s t a t e m n t s .  Suppose t h a t  f o r  each m,n € I , 



(P(m.n) and Q(m,n) )=S(m,n) .  

Then 

(i) f o r  each n  , i f  {m: P (m,n) is t rue )  E G and 

{m: Q(m,n) is  t rue )  E G then {m: S (m,n) i s  t rue)  € G , 

(ii) i f  in: {m: P(m.n) i s  t rue)  € G) E f and 

in: {m: Q(m,n) is  t rue)  f G) E F then (n: {m: S(m,n) is  t rue)  E G) E F. 

Proof: (i) For each fixed n, by the hypothesis, 

{m: P(m,n) is  t rue} n {m: Q (m,n) is  t rue )  c (m: S(m,n) i s  t rue ) .  (1) 

Suppose t h a t  {m: P (m,n) i s  t rue )  € G and 

{m: Q(m,n) is  t rue )  € G . Since G is  a  f i l t e r  {m: P(m,n) is  tu r e )  

n {m: Q(m,n) i s -  t rue )  E G. By (1) , (m: S (m,n) is  t rue )  E G . 

(ii) For each n  , l e t  

P (n) E {m: P(m,n) is t rue)  € G , 
1 

Q1(n) E {m: Q (m.n) i s  t r u e )  C G . and 

S (n) {m: S (m,n) is t rue )  E G . 
1 

By the proof of (i) . f o r  each n  f I , ( Pl  (n) and Ql (n) ) = S1 (n) . 

Since F i s  a  f i l t e r ,  we can apply (i) . Thus, we have 

= In: Sl(n) is  t r u e )  E F 

Hence t he  proof of (ii) is completed. 



Corollary 1.14. For each m,n E I , l e t  S (m.n) and 

T(m,n) be corresponding r e a l  numbers and a E R. Then we have 

(i) f o r  each n , i f  {m: a 5 S(m,n) 1 E G , and {m: 6 5 T(m,n) ) E GI 

then {m: a + 6 5 S (m.n) + T (m,n) ) E G. 

(ii) i f  {n: {m: a 5 ~ ( m . n )  ) E G) E F and In: {m: 6 5 T(m,n) f G) € F 

then {n: {m: a + B 5 S(m,n) + T(m,n) ) f G) C F . 

Proof: Let P(m,n) E "a 5 S (m,n) " ,  Q (m.n) E "6 5 T(m.n) It  and 

S (m,n) E "a + 6 5 S (m,n) + T(m,n)". By the lemma 1.13, we get  the  r e s u l t s  

(i) and (ii) . 

Lemma 1.15. Let F be a f i l t e r  on I which i s  f i n e r  than the  

~ r 6 c h e t  f i l t e r .  Fo . Then f o r  any A E 2I and fo r  any N f I , 

A C F A fI J,"€ F . where JN = {1,2,3,.. . ,N) .  

Proof: Since f i s  f i n e r  than F9 , f o r  any N E I . J;E F . 
Suppose t h a t  A E F . Since any in te rsec t ion  of two members of a f i l t e r  

C 
is  a l s o  a member, A fI ~~~f F . Conversely suppose t h a t  A fI JN C F . 
Any superset  of a member of a f i l t e r  i s  a l s o  a member. Thus A E F . 

Lemma 1.16. For any n,m 6 I , l e t  S (m,n) and T(m,n) be 

corresponding r e a l  numbers with the  property t h a t  there  e x i s t s  N E I 

such t h a t  n > NSS(m,n)  5 T(m,n) f o r  all,  m . Suppose t h a t  F is  

a f i l t e r  f i n e r  than fo . Then 

supla: {n: Cm: a r s (m,n) 1 E G) E F) 

Proof: Since f o r  any n > M and f o r  any m E P , S (m,n) 5 T (m,n) . 



BY CoroPlary 1-12 (i) , f o r  any n > N and f o r  any r e a l  number a , we 

have 

{m: a 5 S(m,n))  E G = {m: a 5 ~ ( m , n ) )  E G . 

Thus we have 

C in: im: a 5 s (m,n)}  E GI n J~ 

C 
c In: {m: a 5 ~ ( m , n ) )  E GI n J~ . 

Since f i s  a f i l t e r ,  

By Lemma 1.15, s ince f i s  f i n e r  than fo , (A) is  log ica l ly  equivalent 

Thus we have, 

{a: {n: Im: a r s(m,n) 1 E GI E f} 

Hence 

supla: In: Im: a 5 s (m,n) ) € GI E F) 



Lemma 1.17. Let G and F be f i l t e r s  and t € R then we have 

Proof: (i) For each n , we have 

r I i f  a f t  

~ h u s  {a: {n: a 5 t )  € f) = {a: a 5 t). 

Hence supla: in: a 5 t] € f) = t . 

(ii) If 6 5 t ,  then {m: 6 5%) = I € G and s o  , 

so,  (n: (m: @ 5 t) C G) = 4 f f. Therefore {a: a 5 t j  = 

{a: {n: {m: a 5 t )  € G )  f F) . Thus we have the  r e s u l t  (ii). 

Definit ion 1.18. Let x = (xn) f w ( the space of a l l  r e a l  

sequences) and l e t  A = (a*) , n , k  = 1,2,3 , .  . . be an i n f i n i t e  r e a l  

matrix. Then the  product Ax denote the  sequence (yi) , i f  it e x i s t s ,  

CO CQ 

where 
'i 

= E a x W e  denote (Ax) = yi = E a .  .x . We a l so  
i j  j 

j = l  j=1 1 7  j 

define c = {x € w: AX € C) . In Chapter 3 ,  w e  w i l l  wr i te  C f o r  c 
A A A' 

Definit ion 1.19. An i n f i n i t e  matrix A is  ca l l ed  regular  i f  

c c  c and fo r  any x f  c ,  l i m x  = l i m  ( A x ) i  . 
A i 



L e t  us s t a t e  the  wel l  known Silverman-Toeplitz Theorem 161 

without proving it. Furthermore 

Proposition 1-20. An i n f i n i t e  matrix A is  regular i f  and only i f  

(1) sup 1 / a i j l  I 

i j 

(2) l i m  a = 0 f o r  j = 1 r 2 , 3 , . a .  , 
i i j 

(3) l i m  E ai = 1 . 
i j 

Definit ion 1.21. A matrix A = (a .  . )  i s  ca l l ed  nonnegative i f  
1 7  

a 2 0 f o r  any i r j  = l ,2 ,3 , .  . . . 
i j 

Note t h a t ,  f o r  any matrix A , c is  a l i nea r  subspace of w . 
A 

For any x,y E cA and a E R , A(x+y) = Ax + Ay and A(-) = aAx . 

The following proposit ion introduces our general method of 

constructing dens i t i es .  

Proposition 1.22. Let M = {M,} be a sequence of nonnegative 

m 
regular  matrices. Let us denote M, = (aik) . Suppose t h a t  the 

following uniformity conditions hold. 

(i) For any & > 0 , there  e x i s t s  N such t h a t  n > N implies 

m 
1 - & 5  =* 1 1 + E f o r  a l l  m . 

k= 1 



(ii) For any E > 0 and fo r  any s E I , t he re  e x i s t s  N such 

m m 
t h a t  n > N implies am + a + . . . + a < & , f o r  a l l  m . n l  n2 ns 

Suppose fur ther  t h a t  F is  a f i l t e r  f i n e r  than Fo and G 

i s  any f i l t e r .  Let  d (A) = supta:  in: {m: a 5 (M X )  ) E G )  € F), 
M , G I F  m ~ n  

where XA (n) (= 1 i f  n f A , = 0 otherwise) is  the cha rac t e r i s t i c  

sequence of A . Then d is  a lower asymptotic density.  
M,G,F 

Proof: In  t h i s  proof, w e  denote d 
M I G 3  

(A) by d(A),  For any 

m m 
A €  2' , ( M X )  = l O D  a . X  ( j )  5 1  a . Since Mm is anon-  

rn A n j = l  n l  A j=1 n j  

m 
negative regular  matrix zOD a converges, thus  - (MmXA). - j=1 n j  

OD m 
a X (j) i s  a r e a l  number. Hence our def in i t ion  of d(A) i s  w e 1 1  

Lj=l n j  A 

defined. 

Suppose t h a t  A c B . Then x A ( j )  5 xB(  j )  f o r  a l l  j  . For 

1.6 we have 

5 sup{a: {n: {m: a 5 1 ) € G ) € F ) .  
'MmXB n 

Since x = 0 , we have, f o r  any m,n , (M x = 0 . Thus  
@ m @ n  

by Lemma 1.17, with t = 0, d($) = supia:  {n:'(m: a 5 ( M X )  ) E G) € F) = 0,  
m 4 n  

Next w e  w i l l  show d(1) = 1, Since 
X~ 

= (l,l,l,. .) = e , 

03 
m 

(M X 1 = 2 a By the assumption (i) there  e x i s t s  N such t h a t  
m n j=l j 



CO 

m 
n > N  implies 1 - € 5  C a 5 1 + E  fo r  a l l  m .  

n j j=1 

Let S (m,n) = 1 - E, T(m,m)  = 
(MmxI1 n 

and V(rn,n) = 1 + E . By 

Lemma 1.16 

r supia: in: {m: a r ( M  x ) 1 € G) f F) 
m I n  

5 sup{a; {n: {m: a r 1 + EI € G1 f f) . 

By Lemma 1-17 and the def in i t ion  of d , 1 - E 5 I 5 1 + E Since 

E is  a rb i t r a ry  d(1)  = 1. Let A C 2' , s ince 4 c A C I we have, 

Let A € 2' , and L be a pos i t ive  integer .  Then 

Mmx ( A  JL) 5 ?I !XA + xJL) = MmXA + MmxJL . For any & > O , by the 
m 

assumption (ii) of the proposit ion there  e x i s t s  a pos i t ive  in teger  N 

L 
s u c h t h a t  n > N = ,  ( M x  1 = C am < E  f o r a l l  m .  Let 

J~ j = l  n j 

T (m.n) = (MmxA) + E , then by Lemma 1.16, we have 

supIa: {n: {m: a I 1 ) € G I  C F )  
(MmX(A u 53 n 

supla: {n: {m: a 5 ( M  x ) + E) € G) E f )  
m A n  



Hence d (A U JL) 5 E + d (A) . Since E > 0 i s  a rb i t r a ry  d ( A  U J L )  5 d ( ~ )  . 

Also d ( A )  5 d ( A  U J L )  whence d ( A )  = d ( A  U J L ) .  

I f  A - B ,  then A U  J L = B U  JL forsome L € 1 .  

Hence d ( ~ )  = d (A U JL) = d ( B  U J ~ )  = d (B) . 

Next we prove t h a t :  

B y  the  def in i t ion  of d , f o r  any & > 0 , there  e x i s t  r e a l  numbers a 

and B such t h a t  

B y  Corollary 1.14 

equivalently,  

(n: Cm: a + 6 5 ) E G ) C F .  
(MmX (A u B) n 

Therefore a + B 5 d ( A  U B) s o  we have d ( A )  - E + dCB) - E < a + B Z d Q  U B). 

Hence d (A) + d ( B )  5 d (A U B) + 2s . Since & > 0 is  a rb i t r a ry  

d ( A )  + d ( B )  5 d ( A  U B ) .  



Fina l ly  w e  w a n t  t o  s h o w  t h a t  d ( A )  + d ( B )  5 1 + d ( A  n B) . 

For any E > 0 , there exist a and 6 such that 

d ( ~ )  - E 5 a , d ( B )  - E 5 B , 

in: {m: a 5  (M,x~),} € G I  C F and 

{n: {m: B 4 ( M ~ x ~ ) ~ }  F G I  C F . 

By C o r o l l a r y  1 .14,  

In: {m: a + 6 5 ( M x  1 + ( M , x ~  m A n  ) I  C G I C F .  

On the other hand x - 
A + ~ B - ~ A u B + ~ A ~ B ~ ~ I  + X ~ n ~  So t h a t  

' m A n  1 = 
' x 

+ (MmXB)n = ( M m ~ A  + M m ~ B ) n  = (Mm(XA + x B ) I n  ' Mm(XI + X ( A n B )  

(Mmxl) n + (Mmx (A n B) ) n By C o r o l l a r y  1 . 1 2  ( i i )  , w e  have 

By the hypothesis ( i )  for  any E > 0 , there exists  N E I such that 

n > N i m p l i e s  

By Lemma 1-16,  w e  have 



Hence d ( A )  - E + d ( B )  - & < a + f3 I 1 + E + d ( A  fl B) . Since & > 0 

is  a rb i t r a ry  we get d ( A )  + d (B) 5 1 + d ( ~  n B) , 

Proposition 1.23. Let M be a nonnegative regular  matrix 

and M = {M where Mm = M f o r  each m = 1 , 2 , 3  ,... . Let 
m 

G = {A € 2': 1 € A) and F be a f i l t e r  f i ne r  than Fo , then 

I 
f o r  each A  € 2 In  t h i s  ' case, w e  wri te  

Proof: Clearly conditions (i) and (ii) of Proposition P. 22 a r e  

e 



sa t i s f i ed .  Hence d 
I 

MIG,F i s  a density. Since f o r  each A E 2 , 

Hence d 
%G,F 

(A) = supCa:' {n: {m: a 5 (M x ) I E GI E F) 
m A n  

= supCa: {n: a 5 (MX ) I E F). 
A n 

Example 1.24. Let Fo be the ~ r g c h e t  f i l t e r  and l4 a non- 

negative regular matrix, then d (A) = l i m  inf  (Mx ) In t h i s  ", Fo n 
A n '  

case we wri te  $(A) = l i m  inf  ( M x A ) ,  , which is  ca l led  a matrix method 
n 

density. ( [91 Definit ion 3 .5) .  

Proof: Let 

r = d (A) = sup{a: {n: a 5 (Mx ) 1 E Fo). 
M, Fo A n 

Then f o r  any E > 0 , there  e x i s t s  a such t h a t  

Since Fo is  the  ~ r g c h e t  f i l t e r ,  there  e x i s t s  N such t h a t  n > N 

implies a 5 ( M x ~ ) ~  . Hence 

r - E < a 5 l i m  in•’ (Mx 
A n 

n 

and 



r 5 l i m  in • ’  (Mx ) . 
A n  

n  

and since Fo i s  the  ~ r g c h e t  f i l t e r ,  f o r  i n f i n i t e l y  many n . 
r + E > ( M x A I n  . Hence 

r + E 2 l i m  in • ’  (MXAIn . 
n  

The re  fore we have 

r = l i m  i n f  ( Q A I n n  . 

Example 1.25. Zet  

o e * .  

0 . .  . 

o . . .  

be the ~ e s & r o  matrix. Then 

$(A) = l i m  i n f  
n  ( Q A ) ~  

= l i m  i n f n  zn a x (i) 
i=l n i  A 

A (n). = l i m  ' inf - 
n  n 



where A(n) i s  the card ina l i ty  o f  the s e t  A n ( 1 ~ 2 , .  . . ,n) . We wri te  

d(A) = l i m  i n f  - A ( n )  , and say it is the ordinary asymptotic densi ty  
n n 

( b l ,  b l )  . 

Example 1-26.  Let M be the  ~ e s s r o  matrix and l e t  

m then MNm-l = (a 1.  where 
n i  

i 
1 k O otherwise . 

m- 1 
Let Mm = MN , G = {I) and Fo be the  ~ r g c h e t  f i l t e r .  

Then d (A) = l i m  i n • ’  min A[m+lrm+nl where A[m+l,m+n] is the 
M,Gl Fo n n 

card ina l i ty  of the set A n {m+l ,m+2, . . . , m+n) . I n  t h i s  case we wri te  

u(A) = l i m  i n • ’  min 
A[m+l ,  m+n ] 

and say t h a t  it is  the uniform 
n m L 0 n 

density [9]. 

Proof: By the  def in i t ion  of d M, G, ~ 2 ~ )  



= supIa: {m: 5 ( M  x ) f o r  a l l  m € I )  € F ~ }  
m ~ n  

= sup{a: In: a 5 i n f  m z l  (MrnxAInI C F o } *  

By the  same method of proof a s  i n  the  previous example 

d MI  GI  F = l i m  i n f  i n f  (M x 1 
n m l l  m A n  

CO 

= l i m  i n f  i n f  C am x (i) 
n m > _  1 i=l n i  A 

m+n- 1 
1 = l i m i n f  i n f  Z - x A ( i )  
n 

n m l 1 i = m  

= l i m  i n f  i n f  A[m,m+n-11 
n n m Z 1  

Since f o r  m 2 1 I A[m,m+n-11 1 2 
n 2 ..., 3 I 

i n  f ~[m,rn+n-ll= min A[m,m+n-11 
n m Z 1  n m l l  

- - min A [ ~ + P  ,m+n ] 
m > O  n 

Therefore we have 



d (A) = l i m  in•’  min A [mcl ,m+n] 
MtGIf n n m 1 0  

The l a s t  two examples show t h a t  two of t h e  important d e n s i t i e s  

which have fundamental d i f fe rences  ( see  [91) a r e   subsumed under our 

general  dens i ty  i n  Proposit ion 1.22. 

Example 1'. 27. Let  X be a ze roc lass  and f = {I - A I A E X I .  

Note t h a t  f is f i n e r  than Fo . Let M be t h e  i d e n t i t y  matrix f o r  
m 

a l l  m . Let G = {I}. Then 

1 0 otherwise . 

We w r i t e  d 
M , G J  (A) = dX(A) . ( I f  Xo is  t h e  s e t  of a l l  f i n i t e  s e t s  

of I , then i s  c a l l e d  t h e  d i s c r e t e  dens i ty . )  

Proof. Since ( M m X ~ )  n = xA (n) , w e  have 

I i f  a 5 x (n)  
A 

{m: a 5  ( M X )  } =  
m A n  

@ i f  a > xA(n) . 

Thus In: {m: a 5 ( M  x E = In:  a 5 xA(n) 1 .  Therefore 
m A n  



it follows t h a t  

Hence 

1 i f  I - A E X  

0 otherwise . 

- 
Now we want t o  express d 

M r  Gr I= (A) by a formula s imi la r  t o  the  

def in i t ion  of d . 

Proposition 1.28.  Suppose t h a t  MI G and F a r e  d e f i n e d a s  

i n  Proposition 1.22. Then we have 



Proof: Consider d 
M,G,F 

(A~) f i r s t .  

= supia: In: {m: a 5 ( M  x 1 - (M x 1 C GI € F) m I n m ~ r .  

By the condition (ii) i n  Proposition 1 - 2 2  a d  Lemma 1.16, it follows 

that for any E > 0 , 

Thus 

Hence 



1 - E - inf{a:  in:  Im: a 2 ( M  ) € G ) € F I  
&A n 

5 d M, G, F (A') 

2 P t- E - i n f i a :  In: Im: a 2 (M x ) ) E G I  E f )  . m A n  

Since E > 0 is a r b i t r a r y ,  

d C 

M r  G r  f: 
(A ) = 1 - i n f  {a: in:  irn: a e ( M J ~  1 I C G ) € f I . .  

Consequently, 

- 
d 

M r  GI  
( A ) .  = inf{a:  in:  {m: a e ( M X ~ ) ~ )  € GI C FI. 

Lemma 1.29. For any m,n E I , l e t  S (m,n) be t h e  corresponding 

r e a l  number. L e t  G, F be f i l t e r s ,  Then w e  have 

= sup{a: In: Im: a < S (m,n) € GI 6 F) . 

Proof: For any a R , a < S(m,n) =, a 5 S (m,n). By Lemma l.ll(ii), 

{n: {m: a < ~ ( m , n ) I  € G) E F -  Ira: {m: a 5 s ( m r n ) }  € G) € F ,  

There f o r e  we  have 

{a: {n: {m: a < s(m,n))  C GI € F) c {a: {n: Cm: a r s (m,n) I  € GI C F). 



Thus 

sup{a: In: Em: a < ~ ( m , n )  ) E G) E FI 

i sup{a: {n: {m: a f S(m,n)) E G) E ?I . 

Conversely, l e t  E > 0 be fixed, then fo r  any a € R , it follows 

that a f S(m,n) = a - E < S (m,n). By Lemma 1.11 (ii) , we have 

= sup{B + E :  En: Cm: f3 < s ( m , n ) I  C GI E F) 

Since E i s  arbitrary, 

supfa:  {n: {m: a r s (m,n) I E GI € F) 

Thus we have the result .  



I 
Defini t ion  1.31. Let d: 2  + R be a lower asymptotic dens i ty ,  

w e  s a y t h a t  d  is  complete i f ,  f o r  any A E 2 '  , d(A) = d ( ~ ) .  That 

I 
i s ,  every s e t  i n  I has n a t u r a l  densi ty  with respec t  t o  d o r  2 = qd . 

Defini t ion  1.32. An u l t r a f i l t e r  f on a  s e t  X i s  a  f i l t e r  such t h a t  

t h e r e  i s  no f i l t e r  on X which i s  s t r i c t l y  f i n e r  than F . 
Proposit ion 1.33. L e t  M, G, f and d 

M, G I  F 
be defined as  i n  

Proposit ion 1.12. I f  , f a r e  u l t r a f i l t e r s  then dMrGlF  i s  a  complete 

densi ty .  

Proof. For A E 2' , l e t  

By Lemma 1.11, i f  E g and a < a , then a2 E K . Since K 
1 2 -  1 

is bounded above by 
d ~ ,  G, F (A) = r 5 1 , it follows t h a t  

rnl - K = {x C R: x < r) o r  K = {x E R: x 5 r) .  nus 

K' = (x R: x L r) o r  K' = {x f R: x > r) . Hence 

r = i n f  K' 

= inf{a:  {n: {m: a 5 ( M J ~ ) ~ }  € GI € f lC  

= inf{a:  {n: {m: a r ( M X  1 € G) 1 f )  . 
m A n  

s ince  F is an u l t r a f i l t e r ,  f o r  any D E 2' , D $ F - ,D' € F . Thus 

we have 

r = i n f I a :  {n: {m: a 5 (MA 1 ) E G ) ~  € F) 



G i s  a l so  an u l t r a f i l t e r ,  s o  t h a t  we have 

r = inf{a: {n; {m: a 5 ( y A ) n } C  C G} C F} 

= i n f  {a: in: Im: a > (MmxA) n} E G E F} 

- - 
By Remark 2.30, r = d 

M , G r  F (A) , and SO 
d M , G , F ( ~ )  = d ~ r ~ , ~ ( A )  

Corollary 1.34. (1) I f  M is  regular matrix and F is  an 

u l t r a f i l t e r  then d (A) = sup{a: in: a 5 (MX ) ) € f} is  complete. 
Mrf A n 

(2) Let X be a zeroclass ,  

f i l t e r ,  then 

i s  complete. 

G = ( 1  - A: A E X} . I f  G is  u l t ra -  

i f  I - A E X  

otherwise 

Proof: By Proposition 1.23, it is obvious t h a t  (1) i s  t rue .  By 

example 1.27 it i s  obvious t h a t  (2) i s  t rue .  

Example 1.35. L e t  Mm be defined a s  i n  Example 1.27. Let 

6 = 111, and l e t  f be any f i l t e r  f i n e r  than t he  ~ r & h e t  f i l t e r .  Then 

d 
M,G, F is  not complete, 

Proof: By Example 1.27 we have 

d (A) = sup{a: i n :  a 5 min A [ ~ + P  ,m+n] 
M,G,F n 

} E F ) ,  
m l 0  



2" 22n+l]e  Since for each n , Let A = U [ ~  , 

- 
it follows that  d 

M t  G r F  
(A) = 0 < 1 = d  M,G,  F ( ~ )  

Hence d i s  not 

complete. Since F may be taken t o  be an u l t r a f i l t e r ,  t h i s  example 

shows that ,  in  general we do not get a complete density i f  G is  not 

also an u l t ra f i l t e r .  



CHAPTER I1 

LACUNBRY SETS 

As mentioned in the Introduction, the family of lacunary sets 

arises naturally in sequence space and combinatorial studies. In this 

Chapter we introduce several natural. subclasses of the lacunary sets, 

show their inter-relationships and consider their "fullness". 

First we introduce several. types of lacunary sets. 

Definition 2.1. Let the elements of a set A = (a. ) E 2I be 
1 

represented by an increasing sequence (an) and let (d ) be the 
n 

difference sequence, that is, - a . Then we define the 
dn = an+l n 

following: 

6  = {A € 2' : Urn d ==m) U Xo , where n x0 is the class of 
n 

all finite subsets of I , 

L1 = {A E 6  I dn 5 dn+l , for each n 1 U xO , 

I 1 L2 = (L1 "A€ 2 / " 1 ) U  xo , 

L, = {A € 6  I dn < dn+l , for each n) U xO , 

A set 

if A is a 

A € 2' is called a lacunary (rzsp. LT lacunary) 

finite union of members of L (resp. L T ) .  Note also 

that 6  = Ll . 
M~ 



Definit ion 2.2.  Suppose t h a t  A i s  a family of a s e t s .  Let 
n 

A = {B I B 5 A , f o r  some A € A) , the  heredi tary  closure of A , and 

Pet [AI be the  family of a l l  f i n i t e  unions of a l l  members of A . 

We prove a simple proposit ion.  

A 
Proposition 2.3. For any family 4 of s e t s ,  [A]  = [A] . 

A 

Proof: For any B € [A]. B = B1 U B? U ... U B f o r  some 
n 

For each i € { l , 2 , 3 , .  . . , n ) ,  there  e x i s t s  Ai € A such 

t h a t  A i > B i .  Then B = B U B2 U ... U B c A U A? U ... U An . 
1 n 1 

A " A  
s ince A~ U A U . . . U A € [A] , B € [A]. Hence [A] 5 [A]. 

2 n 
/' 

Conversely suppose t h a t  B € [ A ] ,  then B c A where A E [ A ] .  

Then A =  Al U A2 U ... U A where A.  € A . L e t  Bi = B n Ai , for  
n 1 

n 

i 6 , 2 n  then B c and B € A fo r  i C { l , 2 , . - . , n ~ q  
i i 

n f i  
Hence B = B U B~ U ... U B € [A] .  Therefore [A] c [21 . 

1 n 

Now we proceed t o  inves t iga te  t he  fu l lness  of the  various 

c lasses  of lacunary s e t s  j u s t  defined. We begin with a def ini t ion:  

Definit ion 2.4. A c lass  @ c 2' i s  f u l l  i f ,  

(a) U k :  S E @I = I (covering) ; 

(b) S € @ whenever S - c T E @ f o r  some T (hereditary) ; and 

(c) i f  (tk) i s  a sequence of r e a l  numbers and LkCS Iti/ < f o r  

each S € 9 ,  then Lm I \ [  < a  k=L 



I 
~_rpposition- ~f a c lass  A c 2 i s  f u l l  and [ A 1  + z1 , 

then [ A ]  i s  a f u l l  zeroclass (see def in i t ion  1.7.) . 

Proof: Suppose t h a t  A is a f u l l  c lass ,  f o r  each a f I , since 

UA = I , there  e x i s t s  S E A such t h a t  a E S . Thus {a) c S. By 

the heredi tary  property of f u l l  c lasses ,  {a) E A ,  s ince A contains 

any s ingleton,  [A] contains a l l  f i n i t e  s e t s .  c lea r ly  [A]  i s  closed 

under f i n i t e  unions. By the hereditary property of f u l l  c lasses ,  we 
A 6 A 

have A = A . ~ h u s  [ A ]  = [A] = IA]. Hence [A] a l so  has heredi tary  

property. ~y the hypothesis, I A ]  f 2' implies I 1 [A]. Hence [Al 

is  a zeroclass,  

A A 

P-. L, L ~ ,  L~ a re  f u l l  classes.  (Note t h a t  L = i) * 
A A A A A 

Proof: Since L2 C f1 C and L, Ll and L 3  are  heredi tary ,  L2 
A 

full would imply t h a t  and i are  a l so  f u l l .  Hence we prove only t h a t  
A A 

1 
n 

L2 i s  f u l l .  That L2 i s  covering i s  obvious. We show L2 has property 

(c) of def in i t ion  2.4. Let (.t be a sequence of r e a l  numbers f o r  which 
k 

E Itk 1 = . FOX each n E I ,  there  exists b C I such t h a t  1 It n I = 
k=l k= l  (bn+2"k) 

We w i l l  construct  two sequences ( M  n n 2 and n 2 1 

i n  1 with the  following proper t ies  : 



where 

Take 
Nl = bl 

and suppose t h a t  we have constructed two 

m- 1 sequences (Mn),,Z and (N m-l such t h a t  (1) and (4) a re  t r u e  f o r  
n n=l 

n = 1,2, .  . . ,m-2 and fur ther  2 , 3 , 5 , 6 , 7 a re  t rue  f o r  

m 
n = 2,3,4,.  . . ,m-1 . Since 2m and 2 +1 a re  r e l a t i ve ly  prime, by 

the  Chinese remainder theorem there  e x i s t s  x € I such t h a t  
0 

m x b mod 2 
0 m 

- 
X - o - Nm-l n 0 d ( 2 ~  + 1). 

m m 
As long a s  x x mod 2 (2 + 1 x is  a l s o  a solut ion of the  system 

0 

* Therefore we can take Mm € I such t h a t  

m 
M = b  mod2 , m m 

- - 
6'1, - Nm-l m d  urn + l) ,  



Mm > bm and M > Nm . m - 

w 

I t 1 = m  
m 

Since and M = b mod 2 we have 
= (b + 2%) m m 

m 

zm It 1 = By the  i n t eg ra l  t e s t .  zm 1 
= m  

k=l ( M  + 2rnk) 
m 

k=l M + 2% 
m 

Now w e  can take N € I such t h a t  
m 

This completes inductive def in i t ions  of (M,) and ( N n ) .  Let 

Clearly A C L2 and C a C A l t a  1 = m . 
A 

Proposition 2.7. The c l a s s  L3 i s  not f u l l .  

103 Proof: For the r e a l  sequence (-1 1 
k k= l  I ~;=1 k = - For any 

A 

A C L3 then there  e x i s t s  B C L3 such t h a t  A c B . Suppose t h a t  



B i s  expressed a s  a sequence (b 1 ,  and l e t  dn = bn+l - b  f o r  
n n 

n = 1 ,2 , . , .  . For n 2 2 

So t h a t  we have 

n 

Hence L 3  is  not  f u l l .  

We next  show t h a t  i f  we perform the  heredi tary  closure on 
M1 

we get  a l l  t h e  lacunary s e t s .  

n 

Proposit ion 2.8. I!. = . 
M1 

Proof: Let A =  { a , )  € L . L e t  N = 1 . Since l i m  dn = a  
1 0 n 

fo r  any k z 1 , the re  e x i s t s  
2 

Nk ' Nk-l  
such that dn > k whenever 

n > N  
k "  

For each n with N 5 n 5 N 
k k+l  ' 

dn = x k  + r , where 0 5 r < k . 
n n 

So t h a t  qnk = d - r > k2 - k = (k - l )k  . Hence 
n n 9n 

k -  and 

d = (4, n - r n )k  + ( k+ l ) rn  . Let an = ( ~ ~ , ~ ~ a ~ ~ , . . - , a  1 be the  

f i n i t e  sequence (k ,k ,  . . . , k ,k+ l ,  . . . ,k+l)  such t h a t  t h e r e  a r e  (s - rn) 

many k ' s  i n  the  f i r s t  p a r t  and r many (kc11 's i n  t he  second p a r t .  
n 



Note t h a t  ei 5 e + 1 f o r  i 5 j bu t ,  i f  
j 

N 5 n  n 
k 1 2 Nk+l i j i 

then e = e - 1 when e i s  the  l a s t  term of 

a and e i s  the f i r s t  term of an Also, c l ea r ly  
j 2 

a = a  
n n l + a n 2  

+ ,.. + a Let t ing bl = a and 
"%-I 

1 

b = a  + e  + e  + . , . + e  
1 2 

where m > 1 , we have m 1 m- 1 

B = {b : m C 5) C LM (and i n  general B { L 1 .  m 
1 Mo 

For any a C A , 
n 

where m = 1 + q1 + q2 + ... + q, Hence A c B . Therefore 

Conversely s ince = L and c b wehave L c L = L .  
M, 

Note t h a t  f o r  i 1 2 , lM., 
c L c L , thus we  conclude t h a t  

M: 

We now proceed t o  show t h a t  L . Actually, t h i s  

r e s u l t  is included i n  the  s t ronger  Proposition 2.28 below. We present 

it here ,  however, i n  order t o  see the  method of proof which is  d i f fe ren t .  
n 

Let 's  introduce so= def in i t ions  and lemmas before we prove L1 2 L . 

Definit ion 2.9.  (1) L e t  a , x  ,x , . . , ,x be pos i t ive  in tegers  
1 2  n 



with a = x + x + ... + x and x < x L .., 5 x . Then 
1 2 n 1 -  2 n 

(xl ,x2 , .. . ,x ) is  ca l l ed  a p a r t i t i o n  of a and n is  ca l l ed  the  
n 

length of the  p a r t i t i o n  (xl ,x2 I .. . ,xn) . 

(2) Let (al 'a2 . , an) be any f i n i t e  sequence of pos i t ive  in tegers  

nondecreasing sequence such t h a t  (y .y . . . . ,yik ) is a p a r t i t i o n  of a 
il i2 i ' 

Then ( Y ~ ~ ~ Y ~ ~  I - I Y ~  I - - I Y ~ ~ I - - - I Y ~  ) i s  ca l l ed  a (monotone) 
1 n 

p a r t i t i o n  of the  sequence (al,aZ.. .. ' an ) .  

cn 
Definit ion 2.10. Let be a sequence. Then the  f i n i t e  

subsequence (xS I x ~ + ~  , . . , ) i s  ca l led  a p a r t  of the  sequence 
t 

Lemma 2.11. Let (al , a2 , .  . . , a  1 be a s t r i c t l y  decreasing 
n 

sequence of prime numbers with n Z a Then there  does not e x i s t  a 
n 

p a r t i t i o n  of (alIa2 'a  such t h a t  i t s  f i r s t  term is la rger  
n 

than 1. 

Proof: Suppose t h a t  there  e x i s t s  a p a r t i t i o n  

1 of (al,a2,.-.  , a  ) with n YI1. ' 1 ' 
n 

~ s s u n e  t h a t  k = 1 fo r  s o m  i < n . Since y (i+l) is a mmber of 
i .  

the p a r t i t i o n  of a We have Y (i+l) l 5 ai+l Since 
i + l  ' 

(y llI...IYlklf-..IY,lI-e.~Ynk ) i s  nondecreasing, 
n 

a - c 5 a 
i - 'ib - (i+l) I i + l  

This contradicts  t h a t  (a ,a , , . . , a  ) i s  
1 2  n 

a s t r i c t l y  decreasing sequence. Therefore, f o r  any i = l f 2 , ,  . . ,n-1, k > 1, i 



Clearly yil < yik fo r  each i = 1,2, . . .  n -1 ,  since 
i 

otherwise, a = yil+yi2+. . . +yiki - - kiyil, which contradicts  t h a t  
i 

a i s  a prime number. Hence c 
'i1 < 'iki - (i+l) l f o r  i 

i = 1,2 ,  . . . , n- 1. There fore  
< Y1l < y21 

< . . . < ynl 5 a and 
n 

thus n < y 5 a , which contradicts  the hypothesis a 5 n . 
n l  n n 

n 

Proposition 2.12. L 1 2 L -  

Proof: Let p I < p 2  < ... < p n  < ..- be the  sequence of prime 

nmbers .  Let (a  be a sequence of na tura l  numbers whose ,difference n 

sequence (dn = an+l - an) is given by 

where ke-&+l > pe , f o r  each 8 1 1. 

By the construction l i m  dn = . Thus A € L. We wane 
n i'l 

t o  show t h a t  A 3 L1, . 
n 

Suppose t h a t  A f L1 and thus  A C B fo r  some B f L l  . 

L e t  fe 1 be the  difference sequence of B = {b,} so  t h a t  ei 5 e m i+l 

f o r  a l l  i . Since A c B , fo r  any n , a = bf (n) f o r  some function 
n 

f on I: and d = a  - bf  (n)= (bl + e + . . . + e 
1, f (n+l) 

1 
n n+l - an = bf (n+ l )  

e that * (e f (nr+l '  f ( n )  +2' 
.-., e 

f (n+l) 
) is  a p a r t i t i o n  of d Since n 



l i m  e = 
e f ( n )  

> 1 f o r  some n . Suppose t h a t  
m m 

(pk81Pk8-l,.. . ,%+l% 
) i s  the p a r t  of the  sequence (d 1 such t h a t  

n 

par t i t ioned  i n t o  (ef(m) +ll. - -  
f(m+l) 

, . . . ,e  
f (m+k8-8 +1 f (m+k8-8+1) 1 

n 

which is  a contradiction by previous lemma. Therefore A 1 Ll . 
n n 

Next l e t ' s  prove t h a t  L 2  2 L1 . F i r s t  we w i l l  prove some 

lemmas. 

Lemma 2.13. L e t  . p > 2 be a prime number and l e t  (al Ia2,  - - . :a ) 
P 

be the  sequence with a = p , f o r  a l l  i = 1 2 . p  . Let 
i 

Y ~ ~ Y ~ ~  - - - I %  Y 1  . I I .  - - I YplYP2 1 -  - I ) be a monotone 
1 2k2 

p a r t i t i o n  of (al,a2, '. . , a  with y > 1 . Then k = 1 and 
P 11 P 

Ypl = P - 

Proof: Suppose t h a t  k > 1 . Then y < p and, s ince P is  
P 

pkP 

a prime, 
ypl < 'pk 

1t follows t h a t  ki > 1 f o r  a l l  i < p s ince 
P 

i f  ki = 1, then y = p  > y p k  
i1 

, which i s  a contradiction.  Further- 
P 

more , 
'il < 'ik 

s ince a = p is a prime. Therefore 
i 

i 

1 < yll < y21 < . . . < ypl < p which a contradiction.  



Lemma 2.14. 

l i m  
2 2 

= 0 
n + c o  2 PI + P2 f -.. f pn 

where, of course, 
'n 

is  the  n-th prime number. 

Proof: By the  prime number theorem 

l i m  Pn 
= 1 .  

n t n n  

'n Pn So t h a t  l i r n  - = 1 . It follows, f o r  any k f I ,  t h a t  lirn - = 1. 
n n 'n+k 

Hence 

- 
= l i m  

'n-r 
CI 

s ince  k is  a r b i t r a r y  the lemma follows. 

Lemma 2.15. 



Proof: The proof of (1) and ( 2 )  a r e  similar. We prove (2) only. 

We know l i m  
X + o+ (En (l+x) ) /x = 1. Now using t h i s  and 

lemma 2.14, we have 

Since lim p 
m+1/pm = 1 

m + O 0  

2 
Since 1 (en m) /m converges, S is f i n i t e .  

m= PO 



A n 

Proposition 2.16. 1 c L  . 
2 #  1 

A n 

Proof: We construct  A C L1 such t h a t  A f L2 . Let 

{pl < P2 < - - - < Pm < ...I be t h e  s e t  of a l l  prime numbers. Let. 

- D - p , p  . . p be the  sequence of 2pm repe t i t ions  of p - m 

Let d = D , . . ,  D , and f i n a l l y  l e t  A = {a 1 C I be the  
m m 

sequence such t h a t  a = a + dl + . . . + dns1 
1 

fo r  n ? 2 where a = 1. 
n b 

Clearly A C L1 c L1 . Suppose t h a t  A C l2 s o  t h a t  A c B = IbUl , 

where B C L 2  . Let i e  be the  difference sequence of B . Since u 

B C 6 , there  e x i s t s  N such t h a t  fo r  any k Z N ek 
> l ,  Let 

us consider 
Dm 

the  m-th p a r t  of d 1 such t h a t  b C am . 
n N 

Consider the  following diagram: 

c lear ly  = 1 + 2 (pl + p2 + + Pwl ) and Bm =am + pm . 
Since A C B = {b ), some p a r t  of {e ) i s  a p a r t i t i o n  of the  m-th 

u u 

p a r t  Dm of Idn). (See the  proof of Lemma 2.11) . Suppose t h a t  

(esresfl1 a - . r et) i s  the p a r t i t i o n  of 
Dm 

Then bN 5 a = bs . am 

Thus N I s  and es > 1 .  ByLemma2.13, i f  

a I b, < bU+% < a a (m+l) 
then e = 

u 'm Bm 
(3)  



Since {eu} i s  a nondecreasing sequence i f  

a 
a (m+l) 

5 b U  5 a 3 (m+l) then pm 5 e 
u - Pm+l - 

Let 

f o r  m = 1,2,3 ,... . 
Then from ( 3 )  , we have 

From (4) we have 



NOW w e  have 

CO CO 

where S = U Bm and T = U B* . Let 
m 

m = l  m = l  

Then S - S1 and T - TI are  f i n i t e .  Thus f o r  some r e a l  M 

By the construction of a  a we  have am' Bm ' 



There fore by Lemma 2.15 , we have 

This contradicts  B E L2  . 
A A 

Proposition 2.17. [L3] 2 [L1]. 

A n 

Proof: Obviously [ L 3 ]  c [L1] . L e t  0 = {A c I: 
a CA 

n 

Then obviously D = [Dl. Since L3 c 0 (see the  proof of 

A A 

Proposition 2-71, it follows t h a t  [L3] C [ D l  = D. Since L2 is  f u l l  

(Proposition 2.6) there  e x i s t s  X E Ll with 1 $ = . Therefore 
xcx 

x f D and so  x 1 [L31 . ~ h u s  [L31 g [L1l. 

The following lemma w i l l  be used t o  prove t h a t  

[L 1 3  [L, 1 f o r  0 5 i < j (Compare t h e  remark following 
'i j 

Proposition 2.7) , ~ 

Lemma 2.18. Suppose t h a t  d, k ,  s, t, u, v, i and j a re  

2 
in tegers  such t h a t  d > k + k,  0 5 i < j < k , 0 5 s 5 k , 

1 5 v 5 k  and 1 , 5 t Z k , t h e n  



v(d+j) 5 t ( d + j ) + i  * v 5 t and v(d+j)  5 t ( d + j )  , 

vd : t d + i  = v 5 t and vd 5 t d  , 

v(d+j) I s (d+ j )  +td+i  =, Y < s + t  and v(d+j)  < s (d+ j )+ td  , 

v(d+j)  +sd I t d+ i  =, v+s < t and v(d+j)  +sd < t d  , 

vd 5 sd+ t (d+ j )+ i  * v 5 s + t  and vd < sd+ t (d+ j ) ,  

vd+s(d+j) 5 t ( d + j ) + i  = v + s  5 t and vd+s(d+j) < t ( d + j ) .  

Proof: The proofs of (1) and (2) are  s imi la r  so we prove (1) - 
only: I f  Y > t then v(d+j) .  I t ( d + j )  +d+j > t ( d + j )  +i contrary t o  

hypothesis, thus  v 5 t and c l ea r ly  (1) holds. 

The proofs of (3) and (4) a r e  s imi l a r ,  so  we prove (3) only: 

If v 5 s then the  conclusion c l ea r ly  holds. A s s u m  v > s then 

t . >  0 . I f  v Z s+t  then v(d+j)  Z s ( d + j ) + t ( d + j )  > s (d+ j )+ td+ i  con- 

t r a r y  t o  hypothesis. Hence v < s + t  and 

= s (d+j) +td+(t-1) j-d 

The proofs of ( 5 )  and (6) a re  similar and so  we prove (5) 

only. Since vd 5 sd+t (d+j) +i i s  equivalent t o  - i - t j  5 (s+t-v) d , 
2 

we have -d < -k-k < -i-tj 5 Cs+t-v)d. Thus we get  -1 < (s+t-v) or, 

equivalently,  v 5 s+t.  



If vd 2 sd+t (d+j) then we have (Y-s) d 3 t (d+j) . Since 

1 I t,  L 5 d and 1 5 j we have v-s > t which is  a contradiction. 

Therefore (5) holds. 

Proposition 2.19. I f  Q 5 i < j ,  then [ L  1 2 1. 
Mi j  

Proof: Let 

3 3 3 3 
Lm = (m + j  ,m + j  ,. . . ,m +j) , m repe t i t ions  of m + j  , 

3 3 3 3 
R = (m , m  , . . . ,m  ) , m repe t i t ions  of m , 
m 

and 

Bm = (Lm,RmILmlRm ,... ,L  , R  1 ,  m repe t i t ions  of 
m m Lm' Rm - 

U t  = ( B ~ , B ~ , .  . . , B ~ .  . . .) . &t A = fanln € I) such tha t  

a = 1 9  dl + ... 
+ dn-l 

f o r  n >_ 1 . Let 
n 

[a  ,a I =  {aE A I m 5 r E n )  
m n 

and 

Let us consider the m-th pa r t  of A corresponding t o  B m 

(diagram is ac tua l ly  i l l u s t r a t e d  below). 



2 2 2 
Here a ( m , t )  = l + 2 ( 1  9 2 4- . + (-1) )+ 2 C t - l ) m  f o r  1 5  m and 

1 5 t 5 m + l  and ( 3 ( m , t )  = a ( m , t )  + m . Note t h a t  a (m+l , l )  = a(m,m+l). 

Let 

Suppose t h a t  X = 1% E L and x c A . We want t o  show 
q Mi 

t h a t  i f  m3 > m2 + m and j < m then 

I X  n ~ - 1  5 2 . (*I 

Let Iy be t he  difference sequence of {x ) and f be 
9 q 

the  function on I such t h a t  x = a . Then f ( s+ l )  - f ( s )  equals s f ( q )  

the number of d ' s  i n  the  sum ys = df (s) 
n + df ( s ) + l  + . * .  + df (s+l) -1 a 

A t  f i r s t  we w i l l  consider the  following s i x  cases which. w i l l  be used 

(1) I f  a 5 x  < x  < x  I a  i. e. , th ree  consecutive 
a i m , t )  q  q+l  q+2 ~ ( m , t ) '  

elements of X are  i n  A , then s ince X C L and yq yq+l + i ,  
Lmt  

Mi 
we have 

X 
q+l  - xq xq+2 - X q+% 

c i ,  



BY the  previous lemma, case ( 1 1 ,  w e  conclude t ha t  

f(,+l) - f (q.) 5 f (q+2)  - f (qtl.) , and Yq 5 Yq+l - 
5 

(2) Similar ly ,  i f  x < x < x are i n  the  i n t e rva l  A 
q+2 m 

I then 
9 q+l 

we apply the previous lemma case (2) and we get  

f (q+l)  - f (q)  5 f (q+2)- f (q+l)  and yq E yq+l . 

(3 )  I f  a T x  < x  5 a  < x  ( a  t h a t  is ,  
a h t )  q q+l  B h t )  q+2 a(m,t+l)  

X X 
q '  q+l  

are  i n  
A ~ m t  

and x 
q+l  

is i n  
A ~ m t  

, then, since 

xq+l 
- x  _Cx 

9 q+2 - xq+l 
+ i , it follows t h a t  

which i s  equivalent t o  

(f (q+l)  - f (q)) (d+j) T ( B ( m , t )  - f ( .q+l))  (d+j)  + ( f (q+2)  - B(m,t))d  +i, 

Now we apply the previous lemma case (3 )  and we get  

(4) Similar ly  i f  

t h a t  is,  x i s  i n  ALmt 
Xq+l ' Xq+2 are  i n  

, then we 
9 

can apply the  previous lemma case C4) and get  



where t 5 m , t h a t  is ,  x and x 
q+l 

a re  i n  
A ~ m t  and x 

q+2 
i, s 

cl 

in A*(t+l) ' then we have 

a - a 
f (q+%) f Cq) 

5 a 
f (q+2) 

- a 
E (q+l)  

+ i 

= a - a + a - a + i 
f (q+2) a (m, t + l )  f (q+l)  a (m,t+l) 

equivalently 

We apply the  previous lemma case (5) and we get  

(6) Again, i f  

then we can apply the previous lemma case (6) and obtain 

Now assum t h a t  I X A-1 2 3 and s o  there  e x i s t  th ree  con- 

x secutive elements xwt w+2 of X i n  A rn ' By the  case (2) 



and s o  

1 1 
Thus f ( w + l )  - f (w)  5 2-m and yw = ( f (w+l )  - f ( w ) ) d  5 - m d  = 1rn4 , 2 2 

the  ha l f  length of A- . 

We claim: f o r  any U < w and x aa (m,l) , we have 
u 

c Yu - Yw 

Proof of claim: Since X f! L , we have Yu - < Y w + l .  Thus 
Mi 

l e t  y = t ( d + j )  + vd aad y = qd , Then we have t(d+j! + vd 5 qdfi .  
u W 

I f  t > 0 (resp. t = 0) , then we apply the  previous lemma 

case (4) (resp. case (2) and so we get  y < u - Yw - 
By the  above claim we conclude t h a t  f o r  any u 5 w and 

x ? a  w e  have c 
1 1 E L m 4  = - length of Amt - 

u a ( m , l )  Yu - Y, - 2 2 - 2 

length of A f o r  t = P,2,.,.,m+l . 
Lmt  

Hence, f o r  any t, A ~ m t  and A each contain a t  l e a s t  
L m t  

two e l e m n t s  of X . 

There fore  we conclude t h a t  : 

0 0 
By case ( 3 )  and ( 4 ) ,  i f  x € A L m t  and x f Am 

q 4+2 

then f (q+l)  - f (_q) < f (q+2)- - f (q+l)  - 



Now i f  we l e t  x be the  element o f '  X such t h a t  
S 
q - 

x € A  O and x E A f o r  q  = 1 ,2 , .  . . , m  . Then we have 
0 

S Lmq S 
9 q+2 Rmq 

f o r  q  = l , 2 , - *  - ,m- I ,  

Therefore w e  get  the  sequence of i nequa l i t i e s  

Since there  are  m- l  i nequa l i t i e s ,  we ge t  a  contradiction.  Therefore 

Final ly  we show t h a t  A 1 [ L  1. Suppose t h a t  A E [ L  1 
Mi Mi 

and so A = X U X2 U . . . U X where X € L  Since 
1 n  s Mi 

A = U (A- 
3 L n x . ) ,  i f  we take m > m + rn and m > j , w e  have 

RHlm i=l 1 

Since m can be a r b i t r a r i l y  l a rge ,  we get  a  contradiction.  Hence 



Corollary 2.20. For a l l  i 2 0 , 16 3 2 I63 . 
M, 

In  pa r t i cu l a r  1 L1 1 2 I f ]  . 

Proof: Obvious ly  , by proposition 

Proof: Obviously we know [ L2 1 c If1] . We want t o  show t h a t  

Suppose t h a t  A € [L2 ]  then there  e x i s t s  an i n f i n i t e  

2 x € L2 such t h a t  x c A . Then we have = 1 ( l /x)  5 1 ( l /n  < , 
xf X 

which is  a contradiction.  

2 2 
Proof: Let A = In and B = {n +I). Then 

n A A 

A U  B € [ f , ]  c [ f , ]  = G .  But A U  B { f  = f  3 L, . Therefore 

W e  w i l l  a l so  

some terms and prove a 

Definit ion 2.23. 

prove t h a t  [L l ]  + G . F i r s t ,  l e t ' s  define 

lemma. 

Let {a ) = A c I be a sequence and 
n 

a p a r t  of {an}. 

If (ds~ds+lt --,ds+r-l ) is  s t r i c t l y  decreasing sequence, 

where di = a i+l - a , then we say t h a t  ( a  . as+l r .  - . , a  ) is  a 
s s+r 

descending wave of length r + l  i n  A . L e t  d t  = a - a  be 
%+1 t 

ca l led  the  decreasing s teps  of the wave. 



Lemma 2.24, There e x i s t s  a function f (n) such t h a t ,  i f  

Al ,A2, .  . . ,A C L and X is any descending wave i n  
n 1 

A1 U A2 U ... U A ~ ,  then the  length of x is  l e s s  than or  equal t o  

f (n) . 

Proof: We take f ( 1 )  = 2 . 

Suppose there  e x i s t s  f (n-1) such t h a t  f o r  any 

A 1 r A 2 r - - - t  and A i n  L1 , and any descending wave X i n  n- 1 

A1 U A2 U ... U An-1, t he  length of X 5 f (n-1) .  

Let A = A1 U A2 U ... U A and B = A where 
n- l n 

A1lAZl .e .  , A  C Ll , l e t  
n 

1 Suppose t h a t  X i s  a descending wave i n  A U B and VU c X 

and V C X , then we wish t o  prove t h a t  1 W u l  < I WU+, I . U+l 

Let e > e > ... > e 
p+ l  

be the  
1 2 q+l  > c  1 - 2 >  

decreasing s teps  of 
vu vu+l 

Since B 6 Ll , 

(q+l) e 5 el  + e2 + ... + e - - b~ b ~ + 2  - - bU+l 
- 

q+l  q+1 - bU+l 

+ C2+ ' 
+ c  5 (p+l,)Cl < ( ~ + l ) e ~ + ~  Therefore q+l  < p+l  

p+l  

and s o  q < p where, c lea r ly  q = 1 wul and p = I ~ u + l  I * 

(2)  I f  X c A U B i s  a descending wave then we show 

Ix n B I  5 f(n-1) + 2 . 



Suppose otherwise so  t h a t  / X  rI B I > f h - 1 )  +2 . Let 

{b,,br+l,...Ib 1 C X h B  . where s = r + f(n-1) + 2 .  Then Vk c X 
S 

fo r  a l l  r c k  5 s - 1 .  BY (11, 0 5  I W  I I w ~ + ~ /  < ... < I W , - ~ I  
r 

thus we have I ~ ~ - ~ l  = I W  I 2 f (n-1) +l which is  a 
r+f (n-12+l 

contradiction s ince W is a descending wave i n  A . 
s- 1 

Final ly  l e t  X be a descending wave of A U B . Then by 

(2) we have I X  n B I  5 f(n-1)+2, Write X rI B = {br ,br+ l I - - - Ib  1- 
S 

Then X C  H U Vr U ... - vs-l U J where H and J a re  the  

(possibly empty) descending waves i n  A fI X which come before by  

and s o  we can s e t  f (n) = ( f  (n-1) +2) ( f (n-1) -1-3) . 

n 

Proposi t ion2.25.  Let a =  [ L , ] .  then [ L , ]  S G  
-1. 1. 

2 
Proof: c l ea r ly  [L1] c G . l e t  B = (n , (n-1) n ,  (11-21 n.. . . I 2n .n) 

n 

and idn} = { B ~  , B ~ , .  . . .B , . . . I  = (.1.4,2,9.6, 3.16.12.8.4,. . . ) . Let 
9 

a = 1 + d + ... + dn-l . Let Wm = (m,m ,..., m ) ,  with mOn+1)/2 
n 1 

repe t i t ions  of m and ly 1 = (wl,w2.. . . .w , . . . ) = m P 

(a  contains a rb i t r a ry  long descending waves, by the previous lemma, 
n 

A 

We have seen (.Proposition 2.12) t h a t  L l $  6 .  It foUows 



A 

t h a t  6 [L] . Proposition 2.25 shows t h a t  [L1] 2 G and it 
1 # 

follows t h a t  [ L l ]  2 [ L ]  . These together ,  however, do not imply 
6 

t h a t  [L1] $ [L ] .  This s t r i c t  inclusion is  the  l a s t  goal of the present 

chapter. We f i r s t  prove some useful  lemmas. 

Lemma 2 -26. Suppose t h a t  H G and B a re  given r e a l  numbers. 
1 ' 

Then the  following two methods of defining H1 , H Z ,  . . . ,Hk and 

M1tM2, - - . , a re  equivalent,  

(1) Mt = G(Ht + B )  and H = H + Mt f o r  t = 1,2  ,..., k . 
t + l  t 

(2) M1 = G(H1 + B) , Mt = (I+ G ) ~ - ~ M ~  and HtCl = H + M t  
t 

fo r  t = 1 ,2 , .  . . ,k . 

Proof: ( ( 1  2 ) . Since Mt = G(Ht + B) , we get M1 = G(Hl + B) 

and, f o r  t 2 2, 



t-l 
= (1+G) (HL + B )  - ( H P + B )  . 

t-1 1 
Therefore w e  have H + B = ( l + G )  (.HI c 8) = - M which proves 

t G t 

the lemma. 

Lemma 2.27. Let x, u, and v be posi t ive  integers .  Suppose 

that : 

< d f 0 . .  5 d 
1 

2 
and - uv(u+v) < d 

a+@ 2 1 '  

Then we have dl < d a + ~  

Proof: Suppose t h a t  dl = d = ... - - 2 da+8 = d . Then we get  

and 

It follows t h a t  



and 

By subtract ing the  second equation from the f i r s t ,  we get  the  equation 

1 1 - uv( u+v) = (av - Bu) d. W e  conclude t h a t  d I - uv (u+v) so  t h a t  2 2 

d 5 UV(U+V). This is  a contradiction t o  the  hypothesis. 
2 

Proposition 2.28. [ill  2 [ L ]  . 

2 2 
Proof: ~ e t  D m =  (mtm-l,m+m-2, ..., m) and 

(an) = ( D ~ , D ~ ,  ..., D . . . . ) .  Let A = {a } C 2' with a = 1, 
m n 1 

an = a l + 4 + *  . . +dn-l . Then obviously A € L . We claim t h a t  

n n 

A $ [L1] Assume t h a t  A C [L1] s o  t h a t  A C A U A2 U .. . 
1 " % 

where A. 6 Ll  f o r  i = 1 2 . .  . k - Let us denote Ai = {ail , 
1 n 

i i i 
= a - a  f o r  i = l 1 2 . . k .  Since 

dn n+l n Ai 
are  lacunary s e t s ,  

there  e x i s t s  N such t h a t  n 2 N implies di > (3k) fo r  a l l  
n 

i = 1,2, .  . . ,k. Take 
1 2  

a* = max(aN,aNl.. . ,a:) . 

Consider the  pa r t  Pm of A corresponding t o  
Dm 

as  

indicated i n  the  diagram below, 



Let a h )  be the function such tha t  a is  the i n i t i a l  element 
a Cm) 

of P Then we compute 
m 

Take m such tha t  a* 5 a 
3 

a  (m) ' (3k-l) , G = 9k , Let Mo = 3k , B = - 
2 

M1 = G(m+3k+B) and Mt = ( l+G) t - l~ ,  for  t = 2 . 3  ,... ,k . Then we 

have 

Since b$+. . . +Mo = ( ( l + G l  k-l) (m+3k+B) + 3k is a polynomial of m of 

2 degree 1, we can fur ther  take m such tha t  m 3 % + + ... + Mo. 

We w i l l  pa r t i t i on  pa r t  of Pm backwards from a so  tha t  we get a (m+l) 

intervals  LO,L1, . .~ ,Lk from r igh t  t o  l e f t  where the number of 

differences of A i n  the in te rva l  L i s  M for  t = 0,1,2,.. . ,k. 
t t 

L e t  Ht be the smallest dn i n  the in te rva l  L a t  the 
t 

r ight  hand end of 
Lt . 

M differences 
k M differences 

0 



Then c l e a r l y  
H t + l  = Ht + Mt , t 2 0. Since H = m+3k, 1 

1 
B = -(3k-1) , and M = (l+G) (t-1) 

M~ = G ( H ~ + B )  , Ml 
, we apply lemma 

2 t 

2,26 and we get  Mt = G(Ht+B) f o r  t = 1 , 2 ,  ..., k . 

A t  f i r s t  we p a r t i t i o n  Lt by 3k d i f fe rences  i n  A from 

I- 
l e f t  t o  r i g h t  and we get  i n t e r v a l s  1;.1;, . . . , I  of  A . 

3k di f ferences  M. d i f fe rences  
=k 

For each It , t h e  number of elements of A i n  t h e  i n t e r v a l  i s  3k+I.. 
j 

t 
Thus the re  e x i s t s  Ai 

such t h a t  1 1 ,  n A = I  E 3'. 
1 

Let a 
i i i 

= a a = a and a = a 
t 

P+L 6 + ~ '  q+1 6 +a+19 r + l  6+a+B+l 
be i n  I .  n ni. 

3 

Then w e  ge t  the equations 



i 
where x = d u = q-p and v = r-q . of course 

i ds 5 ds+l and 
P 

3 
r e c a l l  d i  > (3k) so we can apply lemma 2.27 and get  

Therefore we conclude t h a t ,  f o r  any It , there  e x i s t s  
Ai 

such t h a t  
j 

di increases i n  rt . 
n j 

A t  f i r s t  f o r  the  i n t e r v a l  
Lk 

there  a re  I"$ /3k Ik ' s - 
Mk 

j 
i 

Thus there  a r e  a t  l e a s t  - 
3k 

increases i n  t he  d ' s  among 
n 

A1 ,A2, .  " and qb . Thus there  e x i s t s  
Ai 

such t h a t  there  are a t  

M 

"k l e a s t  - increases of di ' s  i n  A.  fl [min 
n 1 

L p  max $1. 
3k2 

d: be the l a rges t  difference of A In the i n t e r v a l  [idm \, max \ ] ,  
k i 

Mk then di > - On the  other hand %/G = Mk/9k3 = (Hk+B) and s o  
n 

k 3k2 ' 

Mk/3kL = 3k (Hki-B) = 

as  indicated i n  the  

k 
3k ( 2 ~ ~ + 3 k - 1 )  /2 i s  the  length of t he  i n t e r v a l  I 

Mk 
diagram below. 

Since D is  a decreasing sequence, length of 1k > length of T~ 
m "Z. j 

whenever k > t . Therefore we get di > length of xt whenever k > t. 
rile j 



Without loss  of general i ty  l e t  us ass- t h a t  A = 
i A1 

Then f o r  

t 
any t < k. J A ~ ~  1 ~ 1  5 1 . For I 

"k - n with 1 5 j C - 
3k 

, the re  
j 

k- 1 e x i s t s  as  before A. such t h a t  11 n Ai 1  L 3 and c l ea r ly  A. # A ~ ;  
1 1 

Thus we know t h a t  the re  a r e  a t  l e a t  Mk/3k increases  of t he  d i ' s  n 

among A ~ .  . . . . and q; i n  Imin Lk-lI max L 1. So t he r e  e x i s t s  
k-1 " 

Ai # A1 
such t h a t  the re  a r e  a t  l e a s t  

2 
&$-1/3k increases of di ' s 

n 

i n  t h e  i n t e r v a l  [min $-1, m a x  $,$. Without l o s s  of general i ty  we 

assume t h a t  A = A2 . Then d2 ' %-1 
/3k2 where d2 is  

i n n 
(k- 1) (k-1) 

t he  l a r g e s t  d i f ference of A2 i n  t he  i n t e r v a l  [min 4-1~ ma $-11* 
- 

Since /3kL = 3 / = 3k (Hk-l + B) = 3k ( 2Hk- + 3k- 1) /2 
5-1 

is  the  length of the  l a s t  i n t e r v a l  I . ~ h u s  A cannot appear 
%-1 

2 

3k 

more than once i n  I s where h < k-1. Thus there  e x i s t s  A3 such 
7 

t h a t  the re  a re  a t  l e a s t  Mk-3/3k2 increases  i n  t h e ,  d i f ferences  of A 
3 

i n  the  i n t e r v a l  [min $-3; Inax $-3] 

i 
By repeating t h i s  process k times, f o r  a l l  dn a r e  

i 
1 

la rge r  than t he  length of I . Thus I A ~  ll I,/ 9 1 . f o r  
% - 
3k 

i = 1 2 . k  Hence 



The re  fore IO i s  not covered by A U A2 U . . . 1 U $ , which is  a 

contradiction. This completes the proof, 

S u m n a r y  f o r  Chapter 11. 

In Chapter 11, we have shown tha t :  

(1) 6, L L ,  L2 and ( f o r  i 2 1) are  f u l l .  ( ~ r o p o s i t i o n s  2.6 
Mi - 

and 2 . 8 ) .  

n 

( 2 )  1 = L ( f o r  i l 1) . (Proposition 2 -81  - 
M; 

( 3 )  = L1 $ L and L2 2 Ll . CPropositions 2.12 and 2.16) . 
Mo 

and [f. ] [f. 1. (Propositions 2.17, 2.20, 2.19 and2.21) .  
2 2  1 

n n 

(5) i l l ]  3 [ i l l  and f. [ L  ] (Propositions 2.25 and 2.22) . l f  1 

A 

(6) I l l ]  2 [ L l  . (Proposition 2.28). 

Freedman has found the re la t ion :  

A C [L] i f  and only i f  XA € bS + co,  where 

bs = {x B w : sup I 1 xi 
n i=l 

sequences. 

We have t r i e d  t 

i f  and only i f  XA 6 V1. 

< a) and c i s  the space of convergent 

f ind  a sequence space with A C [ f L ]  

This i s  especial ly  important because, as 

w e  have seen, [Ll] tu rns  out  t o  be unequal t o  [ L ]  . In  pa r t i cu l a r  

we wanted t o  construct a 
Vl 

which can be defined by an ana ly t ic  



n 
expression a s  the space bs is defined by sup I 1 xi 1 < , o r  

n i=l 
m+n 

bs + c i s  defined by sup l i m  sup / (xi-r) I < (5)  . The 
n m i = m + l  

existence of such an ana ly t ic  formulation f o r  V1 is  s t i l l  an open 

question. However, f o r  any zero c l a s s  Z , i f  we take 

then we have A C X i f  and only i f  C VO (Proposition 3.29). 

This i s  the  main motivation of our study i n  Chapter 111. 



CHAPTER I11 

R-TYPE SUMMABILITY METHODS 

The concept of an R-type summability mthod  (RSM) is  

introduced and s tudied t o  some depth. Each RSM is  defined on a 

subspace of LO , the  space of a l l  r e a l  sequences. We topologize u 

with the topology induced by uniform convergence ( t h i s  is  somewhat 

unorthodox). I t  tu rns  out t h a t  an RSM is regular ,  non-negative and 

continuous with respect  t o  t h i s  topology. 

We w i l l  bu i l d  on the  r e s u l t s  of Freedman and Sember 131 

and ult imately obtain a bounded consistency type theorem f o r  R S M s  

on t h e i r  s t rong summability f i e l d s .  When the  RSM i s  induced by a 

regular  matrix, our r e su l t  i s  implied by the standard Bounded 

Consistency Theorem [ 7 ]  although our proof does not require  the  same 

degree of depth. There are  however R S M s  which a re  not generated 

by any matrix. (See Proposition 3.46) . 

The t h e s i s  f in i shes  with an attempt t o  understand those 

R S M s  which are  generated by regular  matrices. 

Most of the notat ion employed i n  t h i s  chapter can be 

found i n  the  appendix. 

Definit ion 3.1. L e t  C be a subspace of Lo . Let S: C s +  R 
S 

be a l i n e a r  functional.  W e  l e t  



0 
IcsI = fx E a: 3r E R such t h a t  x-r C /cSI 1 .  

We say t h a t  S is  a summability method, 
Cs 

is the  convergence f i e l d  

a s soc ia ted  with S , I Cs / is  the  s t r o n g  convergence f i e l d  a s soc ia ted  

with S . 

Remark: Since S is a l i n e a r  f u n c t i o n a l  C: i s  the  ke rne l  of 

S and s o  
0 

Cs is  a l i n e a r  space. 

We in t roduce  several, types  of sumraability methods. 

Def in i t ion  3.2. Let  S: C + R be a surmnabiPity method. W e  
S 

say t h a t  

(1) S i s  r e g u l a r ,  i n  case c c C and f o r  any x E c , S(x)  = l i m  x. 
S 

( 2 )  S i s  nonnegative i f  x C C x z 0 ( i . e . ,  x 5 0 f o r  each i) 
s ' i 

then S(x)  2 0. 

0 0 
(3)  S i s  an R-type summability method (=MI i n  case m l ~  I = ICs 1 

S 

and S i s  regular .  

Note: For matr ix  methods " regular"  has th.e usual  meaning but  "non- 

negative" i s  somewhat d i f f e r e n t  here.  C e f i n i t i o n  (1) and ( 3 )  a re  from C31. 

Proposi t ion 3.3. For any summability method S: Cs + R , t h e  

condit ion m C O c C i s  equivalent  t o  t h e  condi t ion  x 6 I Cs I O and I SI S 

Proof. Assume t h a t  mlc l o  c C Suppose t h a t  x E lcs l o  and 
s s 



and l y l  C 1x1. Let z C w with 

Then z 5 e = (l,l,...) and y = ZX. By the assumption 

0 
ASSUE t h a t  x C I C  I and l y l  9 1x1 implies y C Cs . 

S 

0 
Suppose a C m, x € lcsl . Let la.1 9 M  f o r e a c h  i = 1 , 2  ,... . 

1 

0 
Then ~ ( I M x l l  =MS(lx l )  = M O  = O  . Therefore M x  C . Since 

0 
laxi C Il4x( and Mx C IcSI , by the assumption, ax C Cs . 

Proposition 3.4. Let S: C +- R be a regular  s u m a b i l i t y  
S 

method. Then S is  an RSM i f  and only i f  

0 
implies y C lcS I . 

l o  suppose t h a t  x c I cS 0 
Proof: Assume t h a t  m l ~  I = 1cs s 

and lyl 5 1x1. Let z C w with 

- 

A s  i n  the  proof of the  previous proposit ion z C m and y = zx. By 

0 
the assumption y C I Cs I . 



Assume 

0 
Since I cS I i m 

t h a t ,  i f  x C Its/ 0 

0 
cs 1 , it is enough 

and. lyl 5 x , then 

0 
t o  show m ] ~  s c ]cS l o .  The 

proof is s imi l a r  t o  t h a t  of the  prey ious  proposit ion and is  omitted. 

Proposition 3.5. (131, Proposition 4.8) . If S : C += R i s  an 
S 

E M ,  then 

Proof: W e  omit the  proof s ince readers can f i nd  the  proof i n  

the  reference . 

*Proposit ion 3.6. (131. Proposition 4 .9 ) .  I f  S i s  an RSM, 

0 
then ICs I and lCs 1 are subspaces of 

Cs 
and c O . respect ively .  

s 

0 
Furthermore, c  c lcsl and co c (cSI . 

Proof: We omit the  proof. 

Now we proceed t o  inves t iga te  fu r ther  proper t ies  of an RSM. 

Proposition 3.7. I f  S is  an R S M  then S i s  nonnegative. 

Proof: Suppose t h a t  x C cs and x 1 0 , We w a n t  t o  show 

t h a t  S(X) 1 0 .  

Assume that S (x) = -r , where r > 0 . Then I x+r /  = x+r and 

0 
S(x+r) = S(x)  + S ( r e )  = S ( d + r  = -r+r = 0 . Hence x+r € IcSI By 



0 
proposition 3.4, and since r e  5 x+r, r e  C lCs l  Thus S t r e )  = 0 ,  

which contradicts t h a t  S is regular.  Thus S (x) Z 0 , 

Proposition 3.8. If S: C -+ R i s  a nonnegative summability 
S 

method then f o r  any x, y i n  Cs , x C y implies S(x)  9 S ( y ) .  

Proof: This is a standard r e su l t .  

Proposition 3.9. I f  S: C + R i s  a nonnegative and regular  
S 

surmnahility method then S: C + R is a continuous function where 
S 

Cs i s  given the  topology of uniform convergence (write Tm f o r  t h i s  

topology) . 

Proof: Fox x E m, w e  denote x = sup 1 x 1  . ~t is s u f f i c i e n t  
n 

t o  show t h a t ,  f o r  any E > 0 , there  e x i s t  6 > 0 such t h a t  

IS !?I) - S ( y !  1 5 F, whenever x,y C '-s 
x-y C m I ( X - ~ [ [ ~  : 8 . 

Take 6 = E .  15 x,y c cS , x-y € m and IIx-YII ,  < 8 then 

-6e 5 x-y 5 6e . Thus, by Proposition 3.8, s (-6e) 5 S (x-y) 5 S (6e)  . 
Since S is  regular  and l i nea r ,  -6 I S (x) - S (y) 5 6 . 

Corollary 3.10. I f  S: Cs + R is  an R S M  then S i s  continuous, 

where Cs has the topology Too . 

Proof: If S : CS + R is  an R S M  then S is  a nonnegative and 

regular  by proposition 3.7. I t  follows t h a t ,  by Proposition 3.9, S 

is  continuous. 

Proposition 3-11. If S: C -t R is  an R S M  then f o r  any x 6 Cs , 
S 



l i r n  i n f  x 5 S (x) 5 l i r n  sup x , 
n n 

n n 

Proof: Let x C C I f  l i r n  i n f  x = - then obviously 
s n 

n 

l i m  i n f  x 5 S (x) . Suppose t h a t  l i m  i n f  x > - a .  Let x C C and 
n n s n n 

'n 
= i n f  q C n .  Then y = (yl,y 2,... ,y,,...) 5 x and 

k l  n 

l i m  y = l i r n  i n f  x . Consider t h e  eventual ly  constant  sequences n n 
n 

z , where 

n 
Then z E c and l i m  zn - n 

- 'n 
and z 5 x , Since S i s  an RSM, 

n 
z c c c cS and s ( z n )  = l i m z n  - - 'n 

. Since S preserves  order  by 

n 
Proposit ion 3.8, 

'n 
= S ( z  ) 5 S ( x ) .  Therefore l i r n  i n f  x = l i r n  y 5 S (x) , n 

n 

F i n a l l y ,  l i m  i n f  (-xn) 5 S (-X) . Thus S (x) 5 l i m  sup x n 
n n 

Corollary 3.12. If  S : c + R i s  an RSN then Cs f w ( the  
s 

space of  a l l  sequences) . 

Proof: By the previous proposi t ion  l i m  i n f  x 5 S (XI < and 
n n 

l i m  sup x > - . Hence no sequence which diverges t o  ox - 
n n 

can be i n  
Cs - 

Proposit ion 3.13. Suppose t h a t  S : C -t R i s  a regu la r  
s 

0 
summability m t h o d ,  m l  cs I c Cs and m $ Cs . Then S i s  an RSM- 



Proof: By  Proposition 3,4 

and l y l  9 1x1 implies y C /cS 

l y l  5 1x1- By Proposition 3.3, 

Thus 

, it i s  su f f i c i en t  t o  show, x C IcsI 0 

0 l o  Suppose t h a t  x C IcS I and 

I Y I  cs 

Assume t h a t  ~ ( 1 ~ 1 ) .  = -r < 0 . Then l y l  + r > 0 and 

0 
y / )  + S( re )  = -r + r = 0 . BY the def in i t ion  of IcSI , 

C m with 1 1 ~ 1 1 ,  = b . Then, fo r  each i , 

by the  hypothesis. Therefore m c C , which contradicts  the  hypothesis, s 

Hence ~ ( ( ~ 1 )  1 0  . 

Case ( 2 ) .  Assume t h a t  ~ ( 1 ~ 1 )  = r > 0 . Take w = 1x1 - ly l .  

0 
Then 1 w 1 = w 4 1 x 1 . By Proposition 3 . 3  and the  condition ml Cs 1 C Cs , 

I w I  E C . Therefore ~ ( l w l )  = ~ ( 1 x 1  - ] y l )  = ~ ( l x l )  - ~ ( 1 ~ 1 )  = 0 - r < 0 .  
S 

We can apply the argument of Case (1) t o  w and get S(lwl) L O , 
0 

a contradiction.  Thus ~ ( / y l )  = 0 and y € /cSI - 



Example - 3.14. Let B be a Hamel bas i s  fo r  c and B U D be a 

Hamel bas i s  f o r  w where B r) D = $ . For any x E w , we can express 

uniquely 

where ab, Bd a re  a l l  zero except f o r  f i n i t e l y  many. L e t  us write 

x = 1 abb , xD = Bdd . We define l i n e a r  functional S: w + R 
bEB dE D 

such t h a t  S ( x )  = l i m  x f o r  any x E w . Then S: C = w + R i s  a 
B s 

regular s u m a b i l i t y  method such t h a t  m (  Cs 1 c C , m c C but  S i s  
s S 

not an RSM . 

0 
Proof: Obviously mlCsl  C Cs and m c CS . By Corollary 3.12, 

since Cs = w , S cannot be an RSM . 

I f  S: C -t R is a regular  summability method and 
Cs 

is 
s 

small,  t h a t  is. m $ Cs then we can replace the  condition 

0 0 0 mj Cs 1 = I Cs I t o  ml Cs I c Cs f o r  S being an RSM. For example. 

AC, w6 where 6 is  ordinary densi ty  (see Defini t ion 3 .22 ) ,  VX when 

X is  not an u l t r a  zeroclass (see Definit ion 3.27 and Proposition 3 .45) .  

We have studied some proper t ies  of RSMs . Next we w i l l  

i l l u s t r a t e  some examples which show the  dif ference between nonnegative 

regular  s u m a b i l i t i e s  and RSMs . 

- 
Example. Let A E 2' be an i n f i n i t e  s e t  with 6 (A) = O , 

where 6 i s  t h e  ordinary density.  Let Cs = c @ < x > where < X~ 
> 

A 



denotes t h e  Linear subspace of  w spanned by x 
A S  

Let  S: C -+ R be 
S 

def ined by S ( x + t )  = l i m  x , where x E c and t E < x > . Then S 
A 

i s  regu la r  and nonnegative, C is  a closed subse t  of (w,Tw) b u t  
S 

Proof: S is  nonnegative and regular  immediately from t h e  

d e f i n i t i o n .  Next w e  want t o  show: c < x > is  a c losed subse t  
A 

of (w,Tw) 

n n 
Suppose t h a t  x E c and x + tnxA +- z E w with r e s p e c t  

t o  Tm , t h a t  i s ,  1lxn + tnxA - zIlw + 0 a s  n + . Suppose t h a t  

l i m x n  = r f o r  each n . F i r s t  l e t  us show {rn} i s  a Cauchy 
n 

sequence. For any E > 0 , t h e r e  exists N C I such t h a t  i f  n,m > N 

m then 112 + tnxA - (X + tmxA) / I w  < E . Then 

n n m m 
1 %  -rmj = 1 % - x  + X  - X  + X  -rml 

i i i i 

n n m m - Ixi - rnl + lxi - xil + /xi  - rmI. 

Since I-A is i n f i n i t e ,  f o r  each i € I -A,  w e  g e t  

n n m m Irn - rml 5 [xi - rnl + /xi - t x (i) - (xi - t m x A ( i ) ) I  + /x i  - rml 
n A 

n m m 
5 Ixi - 51 + /xi - rml + ll(xn- tnxA) - ( X  - tmxA)llrn 



n m 
Thus, s ince x + r and x -+ r , we have 

i n i m 

m 
r - rml 5 i n f  

i €1-A x - r n  + [xi - r + E 

Therefore r i s  a Cauchy sequence. Further w e  know t h a t  f o r  any 
n 

E > 0 there  e x i s t s  N € I such t h a t  n , m  > N implies 

ll(xn - tnxA) - ( x m -  tgA)llm < E and lrn - r / < E . 
m 

Suppose n ,m > N and i € A . , then we have 

m 
= I tnxA( i )  - X: + xn - rn + r - r + r - x + xy - t , ~ ~ ( i )  1 

i n m m i 

n m rn 
5 I tnxA(i)  - x i + x i - tmxA( i )  l+/xy - rnt+lrn  - r,[flr; - xil 

m n m 
2 il(xn - t n x A ) - h  - tmxA)llw+lrm - rnl+lxi - rnl+lxi - rml 

n m - c ZE + /xi - rllI+Ixi rml. 

m n 
Since x -+ r , x -+ r and A i s  given t o  be i n f i n i t e ,  we have 

i m i n 

n m 
infifA ( / x i  - rnI + Ixi - rml) = 0 . Therefore Itn - tml 5 ZE . Hence 

t } is  a cauchy sequence. Let l i m  t = t . Then tnXA uniformly 
n n n 

converges t o  t X , and so  x = (xn 
A - t iXA) + t n X A  uniformly converges 

n 

t o  z - t xA . Since c is a closed subset  of (w,T,), it follows 

t h a t  z - t xA € c and s o  z F c d3 < x > . Consequently c ki3 < > 
A A 

is a closed subset  of (w,T,). 



0 
Final ly  we prove t h a t  mi Cs I Cs Let B c A  s u c h t h a t  

B and A - B a r e  i n f i n i t e .  Then X € m l c s  
B 

W e  show t h a t  XB { Cs . 

0 l o  s ince xA € lcsl . 

Suppose otherwise and assume t h a t  XB = x + r X  where x € c 
A 

and r € R . We get 

Again, 

0 = l i m x  (i) = l i r n  (xi + r$(i)) = l i r n  rx (i) = r . 
i-ta 

B i-tw i- A 

i €A-B i f ~ - B  i €A-B 

Consequently X = x + OX = x . But xB 1 c , a contradiction.  
B A 

By t h i s  example we can declare the  following proposition. 

Proposition 3.17. S being regular and nonnegative does not 

imply r n l ~ ~ l '  i C~ . 

Example 3.18. Suppose t h a t  f :  m -+ R and g: m -+ R a re  

continuous regular summabilities from (m,Tw) i n t o  R . e ..g. , f and 

g can be "Banach l imi t s"  141 . L e t  us define h: m - t  R such t h a t  

h (x )  = 2f ixl,x3,. . . ,x 
2ni-1' " ' 1  - g(x2,x4,X6 ,"., X 2 n , - . - )  . 

Then h i s  continuous and regular  and m 1 cs 1 O c C but h i s  not nonnegative. 
S 



Proof: Given x, l e t  y = bl,x3,xg, - . .) and = C+x41~G, .. .) . 

Then we have 

Thus h is  bounded, equivalently h i s  continuous. 

For any x f c , since f and g are  regular ,  

Thus h is  regular. But h(-081,0,1 , . . . I  = 2•’(.0,010,. . . I  - g ( l I I I I I  

= 2.0 - 1 =  -1 , Thus h i s  not nonnegative. 

By the  above example w e  conclude t ha t :  

Proposition 3.19. A summability method S: C -t R being 
S 

0 
regular,  continuous and sa t i s fy ing  ml Cs 1 

C Cs 
does not imply t ha t  

S is  nonnegative (compare example 3 -14) , 



Proposition 3.20. Ef S: C + R i s  regular  and nonnegative and 
S 

0 
ml Cs 1 C Cs then S i s  an RSM . (Compare Proposition 3.4 .  ) . 

Proof: Suppose t h a t  

0 
dcs I  Cs imd lyl C m 

nonnegative, 0 5 S ( l y l )  5 

0 
equivalently y € [Cs  1 . 

0 
I C [cSI and 

By Proposition 3.4. S is  an RSM. 

We have shown t h a t  an RSM i s  nonnegative and continuous under 

t h e  topology Too . N e x t  we w i l l  f ind  some r e l a t i on  between dens i t i es  

and RSMs Freedman and Sember have found a connection between RSMs and 

densi t ies .  (131, Proposition 4.10) . We w i l l  extend t h i s  r e s u l t  s o  

t h a t  we obtain a "Bounded Consistency Theorem" on s t rong convergence 

f ie lds .  

Definit ion 3.21. - Let x C w and r C R and A E 2' with I - A  

i n f i n i t e .  We wri te  x r i n  case f o r  each E > 0 there  e x i s t s  
(A) 

N > 0 such t h a t  ixn - rl < E whenever n E N , n f A . 

Definit ion 3 -22. For any density 6 , l e t  

w6 = {x C w: 3r C n and A c I w i t h  :(A) = 0 and r+ r )  . 
(A1 

For any zeroclass X . l e t  wX = {x € w: 3r C R and A c 1 with 

x € X and x + r). We c a l l  w6 the  s e t  of (6-1 nearly convergent 
(A) 

sequences. We c a l l  w the  s e t  of (A-) near ly  convergent sequences. X 



0 - 
Proposition 3.23. For any density 6 , rl = {A E  w 1 6 (A) = 0 )  

is  a zeroclass (def in i t ion  1.7.) . 
- - 

Proof: Let A E  2I be f i n i t e .  Then 6 (A) = 6 ($1 = 0 (by 

0 
Proposition 1.1, V) . Thus A 6 r16 . Suppose t h a t  A and B are  i n  Q 

Q 
6' 

Then 

Then 

Then 

- - 0 
6 ( A )  5 ;(B) = 0 and A C  r): F inal ly  6 ( 1 )  = 1 so t h a t  I f q6 . 

Proposition 3.24. For any zeroclass X l e t  

L O  otherwise. 

5! 
dX is a density with rl = X . 

dx 
Proof: By example 1.2 7 dX i s  a density.  For any A E  2' , 

A f X i f  and only i f  I - (I-A) E  X i f  and only i f  dx(T-A) = 1 i f  

0 
andon ly  i f  we  ax(^) = O  i f  andon ly  i f  A E n  . Therefore 

dx 

0 
Remark: For any density 6 , r16 i s  a zeroclass.  And f o r  any 

0 
. zeroclass X , there  e x i s t s  a density 6 such t h a t  r16 = X . Therefore 

we do not have t o  dis t inguish between w6 and wX . u6 may be 

considered a s  and uX may be considered a s  w 
dx 



Proposition 3.25. For any zeroclass X , % i s  a l i n e a r  space 

of sequences with c c ox . (131, Proposition 4.3.) . 

Proof: I f  x C c then x\ r fo r  some r € R Since $ € X , 
($1 

Let x and y be i n  o and l e t  rl,r2 X ,A,B be such t h a t  

x + y->rl + r2 . So t h a t  x+y C wX . Suppose t h a t  k € R , 
( A  U B) 

then kx 4 k r  . Therefore kx C wX . Hence wX is  a l i n e a r  space. 
(A) 

Definit ion 3.26. 131. A density 6 (resp. zeroclass X) 

and RSM are r e l a t ed  i f ,  f o r  each A C 2' 

0 6 ( ~ )  = 0 (resp.  A C X) 6 IcSI 

Now, l e t  us introduce a new technique using the  zeroclass 

concept which w i l l  pave the  way t o  the  bounded consistency theorem on 

the  s t rong  convergence f i e ld s .  

Definit ion 3 .27 .  For any zeroclass  X , we denote 

0 
V X =  ix 6 w: For any a > 0 {i :  a Ix.]} h X} 

1 

0 vX = fx C W: 3r € R , x-r C vX} a 

Proposition 3.28. For any zeroclass X , 



(1) VX i s  a l i nea r  space of sequences,. 

0 
(2) VX is  a subspace of Vx 

Proof: Suppose t h a t  x C VX and y C Y' and r 
11*2 

C R w i t h  

0 0 
x-r E VX , y-r2 € VX . Since, f o r  any i , 

1 

/xi + yi - (rl + r2) ( 5 (xi - rl( + l y i  - r2/, 

for  any a > 0 , 

Thus 

By the def in i t ion  of 0 
Vx 

and the  proper t ies  of zeroclasses 

a a 
x i  - r > 1 U i y  - r > 1 X T ~ U S  

{i: a < / (X + y .  - (rl + r2) / 1 C X - Consequently it follows i 1 

t h a t  x+y E V X '  I f  k C R , then f o r  any a > 0 , 

Therefore fo r  any a > 0 , {i :  a i /hi - kr l  

x - r l l }  i f  k f  0 a 

i 

} C X , which implies 



kx E VX Hence YX is  a l i nea r  space of sequences. 

(2) In  the  proof of (1) we can put r = r = 0 .  The other  s teps  are 
1 2  

a l l  the  same. Hence 
0 

VX is  a subspace of vx . 

Proposition 3.29. For any zeroclass X , l e t  TX: VX + R be 

the  function from VX t o  R defined by 

Then TX is an RSM with domain C = YX and IC I = CTX = VX 
Tx Tx 

0 0 
= VX . Further. TX i s  re la ted  with the  zeroclass X, .  

Proof: In  t h i s  proof we w i l l  wr i te  TX a s  T f o r  convenience, 

We f i r s t  prove T 1s w e l l  defined. 

0 
Suppose t h a t  x-rl € VX and x-r 

0 
€ VX . Since 

0 
2 

VX is  a 

0 
l i nea r  space (x-rl) - (x-r2) = (r  -r ) e C VX . From the f ac t s  

2 1 

and (i: a < I (K -r ) e .  1 } E X , f o r  any a > 0 , it fsl%ows t h a t  
2 1 1  

r = r  
b 2 '  Thus T i s  well  defined. 



Then x-r 
0 C YX and y-x C Y; . s i n c e  

0 
YX is  a l i n e a r  space, 

x+y - (r + r  C YO and k,x - k r  C f o r  any r e a l  number k . 
1 2  X l X 

Therefore T (x+y) = T (x) + T ( y )  and T (kx) = kT (x) . Hence T is a 

l i n e a r  func t iona l  . 

We have 

= {x C w: for any a > 0, ii: a < IxJI C XI 

Theref o r e  

Furthermore, 

0 = {x C w: 31- C R x-r C v"} 
A 



Thus 

We now use Proposit ion 3 .4  t o  show tha t  T is  an RSM. 

0 
Suppose t h a t  x c ( c , I  and ( y (  C 1x1. For any i , 

I Y i l  5 Ixil. Thus a < /yil = a  < Ixil. Hence f o r  any a > 0,  

i :  u < C i :  a < x i .  On the other  hand {i: a < 

f o r  any u > 0 . Hence, f o r  any a > 0,  { i :  u < I Y i l }  C X 

Consequently, we have y C I C l o  . Hence T i s  an RSM. T 

F o r a n y  A €  2 I ,  

C 

Hence xA € V: = 

re la ted .  

Proposit ion 3-30.  For 

cT l0 -  A c x . ~ h u s  T and x a r e  

any zeroclass  X , VX i s  closed with. respect  

t o  the  topological  space (u,Too) . 

Proof: Suppose t h a t  x C vX and choose {xn} C VX such t ha t  

n 1 
/lxn - xlI_ = sup ]xi - xi] < ; (n e 1 ) .  Suppose t h a t  TX(xn) = T(X) = r n . 

ill 

Since {xn) converges t o  x , w e  have, f o r  any E > 0 , t h a t  the re  e x i s t s  

m 
N I such t ha t  n,m 3 N = /[xn - x /I_ < E . We want t o  shoy t h a t  



n,m 2 N 3 1% - r I 5 E . Suppose t h a t  n,m 2 A . For each i € I 
m 

then 

and 

- and i t  follows t h a t  I C: X , which is a contradic t ion.  Therefore 

1% - rml C E . Consequently it follows t h a t  r i s  a Cauchy 

sequence of r e a l  numbers. Let E r n  rn = r € R . 
n 



Now w e  claim t h a t  x € Y X '  For any a > 0 the re  exists 

n  a 
N E I such t h a t  n  > N = Ilx - x / I c o  < - and 

01 
3 

r - 1  For 

any i C I , 

So t h a t  

a n  i i :  a lxi - r c ii: - 3 < lxi - r . 

Since T (xn) = rn , 

a n 
{i: 7 < ]xi - rnl 1 c X . 

Therefore i :  a < x i  - r E . Hence x C VX , and so ,  i t  follows 

t h a t  c V x -  
0  Proposi t ion  3.31. For any zeroclass  X , VX is a  closed subset  

of (w,Tm). 

Proof: TX:. (vX,TOO) + R is  an RSM and s o  i t  is  continuous. Thus 

-1 0 
TX (0) = VX is  a  closed subset  of (Yx,Tm). Since,  by previous 

0 proposi t ion ,  VX is a. closed subset  of (u,T_) , VX is  a  closed 

subset  of  (w,TOO) . 



- - 
Propos i t i on  3.32. For any z e r o c l a s s  X , wX = YX (where wx 

denotes  t h e  c losu re  of  ox w i t h  r e s p e c t  t o  t h e  topology Tw) 

Proof: Suppose t h a t  x C wX and r C R and A C X w i t h  

x-r . Then by t h e  d e f i n i t i o n  of x -+ r , we have,  f o r  any a > 0 
(A) (A) 

S ince  A C X  and {1,2 ,..., N} E X ,  w e h a v e  A U  {1 ,2 ,ee . ,N} C x  a 

Thus f o r  any a > 0 , { i :  a < Ixi - r l }  C X . So t h a t  x C Vx . 

Therefore  wX C VX . Since  V i s  c losed  X X c V x .  

Suppose t h a t  x C VX and T(x)  = r . For each n , le t  

1 n 
i - x i  - r A . Then An C X .  Let  us  d e f i n e  x C w by n 

Obviously, xn+ r and A € X , t h u s  xn € wX . Since  
n 

(An) 

W e  g e t  i/xn - x/lw 5 . So t h a t  it fo l lows  t h a t  r C GX . Hence n 



0 0 
Proposi t ion 3.33. For any zeroclass  X , LOX = YX where 

Proof: In  t h e  proof of t h e  previous p ropos i t ion ,  we change "X 

0 
t o  uX , VX t o  VO and r t o  0 . Then w e  g e t  t h e  proof.  X 

Proposi t ion 3.34. (131, Proposi t ion 4.10). If  and S a re  

r e l a t e d  zeroclass  and RSM then 

(3) S and TX have some value on I C s I ,  t h a t  i s ,  

Proof: (1) Let x C u: l-l m . Then t h e r e  e x i s t  a set A f 2 

0 
such t h a t  A C X and x.--->o . Since A C , we have XA ( ]csl 

(A 

Writ ing x = xxA + X X ( ~ - ~ )  and no t ing  t h a t  x € m,  w e  have, by t h e  

0 
d e f i n i t i o n  of RSM, xXA f I Cs I . Fur the r  x X ~ - ~  f Co C I C s 1 by 

0 
Proposi t ion  3.6, it follows t h a t  x C ICS I - 

Next w e  cons ider  any x C I Cs lo . Then f o r  any Ci > 0 



(2)  Suppose t h a t  x € % n m , then t h e r e  e x i s t  r C R and A C X 

0 0 such t h a t  x + r . Since x-r C wX n m and by U) , x-r f I c I . 
( A )  S 

Thus we ge t  x € I cs 1 . "nce wx n m c IcSl . 
0 Suppose t h a t  x C I cs 1 and r € R such t h a t  x-r € I cS 1 . 

Then, by (1) , x-r E V O Therefore x f V X .  Thus IcSI c V x .  x -  

0 ( 3 )  Suppose t h a t  x C lcsl and r C R  w i t h  x-r C ] C  By 
S 

Proposi t ion 3 . 5  (1) , x-r C C: , s o  t h a t  S(x-r)  = O and S (XI  = r. 

On t h e  o t h e r  hand x-r C I c ( O C V: by (-1) . Therefore 
S 

T, (XI  = r. Hence, we g e t  S (I) = r = Tx(x) . X 

Proposi t ion 3 . 3 5 ,  I f  X1 and x2 a r e  zeroclasses  with 

Xl C X, . Then w e  have 
L 

Proof: (1) Suppose t h a t  x € VO . Then f o r  any a > 0 , 
x1 

{i: h. < Ix. I} C x1 C x2 . Therefore f o r  any a > 0 , 
1 

0 {i: C% < 1 x .  I }  6 x2 , equivalent ly  x C V . Hence 0 0 
1 

x2 

(2 )  and ( 3 ) .  For any x € V , l e t  T (XI = r . Then w e  have 
X, x, 



0 0 
x-r C vX C VX . Thus x-r C Vo and so  T (x) = r = T, ( X I  and Y 6 V . 

1 2 x2 x2 "1 X2 

Proposition 3.36. (.The bounded consistency theorem on strong 

convergent f i e l d s ) .  Let S1; C + R be an RSM r e l a t ed  with a 
s, 

zeroclass 5 and S -+ R be an RSM re l a t ed  with a zeroclass 3 . 
suppose t h a t  X C X2 and C n m c C .   hen: ., 

l S, S, 

0 
Proof: I f  x C I C  I n m .  Then 1x1 

1 

C V; (by Proposition 3.34) and T~ ( I x  
1 1 

hypothesis, C I7 m c C , we a l so  have ) x  
s, s 9 

) = 0 . Since by 

i s  defined. By Propositions 3.34 and 3.35, w n m c I C  I m c n m 
x2 2 x2 

- 
and 1x1 C VO fl m c UX fl m . Thus we can f i nd  a sequence {xn} i n  

X2 2 

I Cs / f l m  such t h a t  xn + 1 x 1 i n  the  sense of T_ . Since S2 i s  a 
2 

R S M  and by P~opos i t i on  3.9, S2 i s  continuous. Thus S (xn) -+ SZ ( 1 xi) 
2 '  

n n n 
Since we know t h a t  x € VX2 , by Proposition 3 . 3 4 ,  T (x = S2 (x 1. 

X2 
0 0 

On the  other  hand 1 xl C VX c V and s o  by Proposition 3.35, 
1 x2 

0 = TX1(IxI) = T (1x1). Hence we have 
X2 



n n O = T (Ixl) = l i m  T ( x  = l i m  S (x = ~ ~ ( 1 x 1 1 .  
x2 n '2 n 

2 

0 
So t h a t  x f I C  I . Consequently, w e  have 

s, 

I 

( 2 )  If x f 

By (1) x-r C 

(3)  Let x f 

0 
lCS I n m , than t h e r e  exists r f R with x-r f ICs I n m. 

'1 7 

IcS I n m  and r C R w i t h  X-r C I C  I n m .  Then by 
1 

S 
1 .  

0 
Proposi t ion 3.34, x-r f VX and T (x) = r . Again by Proposi t ion 

1 5 
3.35, x-r C V' - and T (x)  = r. By Proposi t ion  3.34, 

X2 '2 

Hence w e  have 
1 

= S2 

Corol laxy3.37.  Let S1: Cs + R  and S2: C + R  be 
1 

S 
2 

RSMs d e f i n e d o n  t h e  same domain C = C = C and r e l a t e d  with 
s S 1 S 2 

t h e  same ze roc lass  . Then I C  I fl m = I C  I fl m and 
s. s, 

Proof: By t h e  previous proposi t ion  Its I n m C I C  I f l  m 
1 s 2 

and Its / f l m  3 I C  I n m. T ~ U S  I C  I n m = IcS I n n and 
* 1 

S 2 
S 
1. 2 



Remark: L e t  F be the c o l l e c t i o n  o f  a l l  RSMs which a= =latea 

with zeroclass  . Then TX i s  a member 9f F and f o r  any RSM 

S: C + R  i n  F ,  S i s  TX on t h e  bounded s t r o n g  convergence 
S 

f i e l d  a s soc ia ted  wi th  S . 
N e x t ,  we w i l l  s tudy RSMS induced from matr ices .  Also, we 

w i l l  show t h a t  i n  the  matr ix  case proposi t ion 3.36 is a s p e c i a l  case 

of t h e  s tandard  Bounded Consistency Theorem on r e g u l a r  matr ices  . We 

w i l l  a l s o  show t h a t  Proposi t ion 3.36 is not  subsummed under t h e  

s tandard  Bounded Consistency Theorem on regu la r  matr ices .  

Def in i t ion  3.38. Let A he a r egu la r  matr ix.  Let fA: CA +- R 

be a function def ined by fA(x)  = l i m  (Ax) f o r  any x ( CA - Note 
i 

t h a t  CA i s  a l i n e a r  space of sequences and f A  i s  a l i n e a r  func t iona l .  

Def in i t ion  3.39. A matr ix  A i s  c a l l e d  an RSM i f  fA: CA + R 

Proposi t ion 3.40. Suppose t h a t  A i s  nonnegative (i .e. , A Z 0 nk 

f o r  a l l  n ,k = 1 , 2 , 3 , .  . . I  r egu la r  matrix. Then f~ : C  A + R  i s a n  

X M ,  

Proof : ~ e t  US w r i t e  c = cA , I C  1' = lcA10 and I C  I = IcAL 
A f~ f A  

(see d e f i n i t i o n  3.1.) .  Clear ly  f A  i s  regu la r .  Now suppose t h a t  

x t I cAl ' and l y  1 4 1 x 1 . Since A i s  nonnegative 



Thus 

Hence 

By Proposition 3.4, fA is an RSM. 

L e t  us s t a t e  the  Bounded Consistency Theorem (BCT) with- 

out proof. [7 I .  

Proposition 3.41. I f  A and B are regular  matrices such t h a t  

C n m c CB then f A h )  = fBLx) f o r  a l l  x € c n m . 
A A 

Remark : The BCT i s  very general and so  t h i s  theorem implies 

Proposition 3 . 3 6  when the  RSMs S1 and S2 are  induced by matrices. 

Corollary 3.42. Suppose t h a t  A and B are  RSM matrices 

and f A  and fB  a re  corresponding RSMs. I f  C fl m c CB then 
A 

Proof: By the  ordinary BCT, I f~ ( . c A b 1  

0 
Hence ( 3 )  i s  true.  Let x € I c &  fI m ,  then 1x1 € C A n m  and 



f A ( I x I )  = O. BY the hypothes is  c n m c cB and by t h e  BCT, 
A 

0 
1x1 C C B n m  and f,.(lxl) = o .  Therefore x c lcBl n m .  Hence 

(1) i s  t rue .  

(2 1 Follows from (1) as  hefore .  

Next w e  want t o  show t h a t  our  Proposi t ion 3.36 is meaningful. 

In o t h e r  words Proposi t ion  3.36 i s  not  deduced from t h e  BCT f o r  t h e  

non-matrix case. For t h i s  purpose, w e  w i l l  cons t ruc t  an RSM 

S :  c + R  such t h a t  f o r a n y  ~ s ~ m a t r i x  A ,  Jcsl n m g  1cAl n m .  
S 

A t  f i r s t  l e t  us in t roduce  a d e f i n i t i o n  and some p ropos i t ions .  

Def in i t ion  3.43. An u l t r a  ze roc lass  on I is a ze roc lass  X 

such t h a t  t h e r e  i s  no ze roc lass  on I which i s  s t r i c t l y  f i n e r  than A. 

( In  o t h e r  words, a maximal element i n  t h e  ordered family of a l l  zero- 

C ~ ~ S S ~ S  on I ) .  This is t h e  same as. maximal i d e a l  i n  2' [l] . 

Proposi t ion 3.44. Let X be an u l t r a  ze roc lass  on I . Then f o r  

Proof: kt F = {A € 2 ' :  I-A E X3 . Then F is an u l t r a f i l t e r .  

Thus f o r  any A C 2' , A C F o r  I-A F (see 111, Chapter I, 56.4, 

Proposi t ion  5 ) .  Hence f o r  any A € 2', A C X o r  I -A € X . 

Proposi t ion 3.45. i s  an u l t r a  ze roc lass  i f  and only i f  m C V X '  

Proof: Suppose t h a t  X is  an u l t r a  zeroclass .  Then f o r  any 

A € 2' . A € X or I-A C X , i f  and only  i f  xA € VX o r  
'(I-AI 'X 

i f  arnd only if xA € VX o r  -X + 1 f VX . Thus, s i n c e  
A 

VX i s  a 



l i n e a r  space which conta ins  c , - x + 1 € VX i s  equivalent  t o  
A 

'A ' Therefore,  f o r  any A C 2' , XA VX . Thus 

I IxA: A C 2 1 c VX . Since YX i s  a l i n e a r  space of sequence, m VX . 
0 

- 
Since VX i s  closed i n  (w,T_), mo = m i V (see 1101, p. 24, X 

15 Example ) . 

Suppose t h a t  is not an u l t r a  ze roc lass ,  then the re  e x i s t s  

an A C 2 '  s u c h t h a t  A f X  and I - A j X .  

Suppose t h a t  x A € VX . Then t h e r e  i s  an r C R such t h a t  

i :  x i  r X f o r a n y  a > O .  

Then {i : a0 < I XA ( i  ). - r 1 1 = I { A . And s o  w e  have a contradic t ion.  

Hence XA # VX s ince  X € m w e  have m VX . 
A 

Proposit ion 3.46. I f  i s  an u l t r a  zeroclass  then t h e r e  does 

not e x i s t  an RSM matr ix  A such t h a t  191 fl m = CA n m . 

Proof: Since i s  an u l t r a  ze roc lass  m c VX , and s o  

IvX1 n m = vX n m = m. On t h e  o the r  hand, f o r  any regu la r  mat r ix  A , 

C n m c m (see 16 1 ,  p. 187 Theorem 1 4  (The Steinhaus Theorem) 1 . 
A + 

f i e re fo re  f o r  any RSM matrix A , lcAl n m c c n m grn = I V  I n m  . 
A X 



Corollary 3.47. Let X be an u l t r a  ze roc lass  and l e t  Cs = VX 

and l e t  S: C + R be TX . Then f o r  any RSM matr ix  A , 
S 

lcAl n m c lcSI n m . 
# 

Proof: By t h e  previous proposi t ion  

Hence our BCT ( ~ r o ~ o s i t i o n  3.36) can be app l i ed  i n  cases unapproached 

by matr ix  methods. 

In  t h e  ma t r ix  c a s e s ,  t h e r e  a r e  many i n t e r e s t i n g  examples which 

a r e  no t  = M s .  For  the r e s t  of this chapter  w e  w i l l  s tudy regu la r  

matr ices  vis-a-vis  RSMs. A t  f i r s t  l e t  us  define a r e g u l a r  ma t r ix  which 

i s  no t  an RSM. 

Example 3 -48. Let A be given by 

By t h e  Silverman-Toeplitz Theorem, w e  can e a s i l y  see  t h a t  A i s  regu la r .  

Let x = (1,2,1,2.1.2 ,... ) .  Then A x  = 0. Hence x C 1CA]O . But if 

2 1 2 1 .  - w e  t ake  y = (1,1,1,2,1,1,1,2 ,... 1 then  ~y = (j, 7 ,  3 ,  5. , . . . I  and 



Also, if we take x = ( O , l , Q , l , O I 1 , .  . .) then Ax = C - 1 , - 1 , - 1 ,  * .  ) . I 

Therefore f a  i s  not nonnegative.  his example is generalized i n  Prop- 

os i t ion  3.50. The previous example i s  a l so  i n t e r e s t i ng  i n  view of the  

following. 

Proposition 3.49. ~f A i s  a regular  matrix then fg; (CA,T,) + R 

i s  continuous. 

We omit t he  proof. 

If A i s  a nonnegative regular  matrix then A i s  an RSM. 

Thus being a nonnegative regular  matrix i s  a s u f f i c i e n t  condition of 

being an RSM. But it i s  hard t o  f i nd  nice necessary conditions f o r  a 

matrix t o  be an RSM. The following proposit ion i s  an attempt t o  f ind 

necessary conditions f o r  being an RSM. 

Proposit ion 3.50. Let A be a regula r  matrix. Suppose 

t h a t  f o r  each column of A , a l l  members of t h a t  column are  e i t h e r  non- 
CO 

negative o r  nonpositive and l i m  1 a ik  = r and r 2 0 where 
n k= l  

a+ = max(aIO) and a- = max(-aIO). Then fA cannot be nonnegative. 

CO 

Proof: Since A i s  regula r  and 1 1 ank / = M < I 

k = l  

- 
t he  s e r i e s  1 ank converges f o r  each n Z 1 . 

k=% 

Now l e t  x € w such t h a t  



f 0  i f  k-th column of A is  nonnegative o r  a l l  zero  

Then 

'%erefore i s  not  nonnegative. Hence 
A A 

cannot be an RSM. 

Remark: Thus an RSM matr ix  cannot have the  proper ty  s t a t e d  i n  

Proposit ion 3.50. 

E x a m p l e .  

Then A .is an RSM 

Let a matrix A be given by; 



proof: We can e a s i l y  see  t h a t  A i s  regu la r ,  Suppose t h a t  

x C and s o  

and 

Then we show / x n  I + 0 . A s s u m e  t h a t  1 x  0 so t h a t  t h e r e  e x i s t s  

E > 0 such t h a t  f o r  i n f i n i t e l y  many n , Ixn 1 > E . Since 

2 1 x n I  - /xn+l I + 0 , t h e r e  e x i s t s  N such t h a t  n > N impl ies  

E ' I x n 1  - I X ; + ~ I  < T - Take no such  t h a t  / x n  1 > E and n > N . Then 
0 

0 

E we have 2& < 21xn I < + lxnOcl 
0 

and > & then 2E < 2I%/ < 

3 E I .  Therefore < 1 xnQfl 1 .  I f  k > no 

Therefore by induct ion  f o r  any n I n , E I- I xn 1 . Thus we have 

IxlI + Ix2I + - - - '  + Ixnl 
l i m  i n f  Z E ,  

n 
n- 

which is  a con t rad ic t ion .  

0 
Hence l i r n  lx  1 = 0 and 1 c 1 = c 

0 ' Since x CQ and 
n 

l u  1 I- 1x1 implies l i r n  y = 0 w e  have t h a t  A i s  an RSM. 
n 

n 

Example 3.52. Let A be given by 



t h a t  i s  

0 i f  j i s  even and 2 5 j I 2 i  

By t h e  Silverman-Toepliz Theorem, w e  can e a s i l y  see t h a t  A i s  regular .  

Let x € w be given by 

I j i f  i = 2 j + 2  and j € 1  

xi = \ otherwise. 

t h a t  i s ,  x = (0,0,0,1,0,2,0,3,0,4,0,. . . I .  Then (Ax), = -1 f o r  a l l  n. Hence 

l i m  (Ax)n = -1 and x € C and fA(x)  = -.I. Since x P 0 and 
n A 

f A ( x )  = -1 , f A  is not  nonnegative s o  t h a t  
A 

is not  an RSM. 

N e x t  l e t  us take  x 6 w by 



t h a t  i s ,  x = 1 1 , 1 , 2 , 1 , 3 1 , 4 , 1 , 5 , 1 , 6 . .  Take r C W 

I 2 j + l  if i = 4 j + 2  and j C 1  

I 1 otherwise,  

t h a t  i s  y = l , , l , l , l , 3 , 1 , 1 1 f 5 , 1 , 1 , 1 , 7  1 We know t h a t  

0 
(Ax), = 0 f o r  each n C I s o  t h a t  x C / C  / . Since 

A 

is odd 

i s  even , 

it follows t h a t  y f CA . Obviously l y  1 5 1x1 . Therefore 

The previous example i s  important  i n  t h e  sense t h a t  t h e r e  

e x i s t s  a r e g u l a r  matr ix  A which i s  e s s e n t i a l l y  nonnegative and s t i l l  

not  an RSM. E s s e n t i a l l y ,  nonnegative matr ices  were s t u d i e d  by 

Sonnenschein [9 1 because of t h e  fol lowing proposi t ion .  

Proposi t ion 3.53. Suppose t h a t  A i s  a regu la r  and e s s e n t i a l l y  
CO 

nonnegative matrix. L e t  dA(S1 = l i m  i n f  (AxS), = l i m  i n f  1 an& i(s(k) 
n n k = l  

f o r  any S € 2' . Then d is an asymptotic  dens i ty .  a 



Proof: (see [ g l ,  P a g e 2 6 ,  Theorem3.3). 
P 

Defini t ion  3.54. A matr ix  A Is s a i d t o  be e s s e n t i a l l y  non- 

negative i f  

While w e  have shown i n  example 3.52 t h e r e  e x i s t s  an e s s e n t i a l l y  non- 

negative r egu la r  ma t r ix  A such. t h a t  fA: C + R i s  not  an RSM, i f  
A 

A i s  an e s s e n t i a l l y  nonnegative regu la r  matr ix ,  then t h e  r e s t r i c t i o n  

of  f A  t o  C n m is an RSM. To prove t h a t ,  a t  f i r s t ,  l e t  us 
A 

prove two lemmas. 

Def in i t ion  3.55. L e t  A be a  matr ix ,  then  w e  denote 

A' = and A- = (.a- n i  ) . 

Lemma 3.56. Let A be an e s s e n t i a l l y  nonnegative regu la r  matr ix.  

Then we have 

Proof: (1) For any x € m,  x  € CA i f  and only i f  Ax € c  . 
+ 

Since A i s  a  r egu la r  matr ix ,  if AX € c  then A x  and A-x e x i s t  

+ - 
and f u r t h e r  Ax = A x - A x. Since A i s  e s s e n t i a l l y  nonnegative and 

x € m, we have 



4. 
Thus w e  get A X  C Co ,and so Ax C c i f  and only if A x  C c . Hence 

+ -. 
( 2 )  For any x C C n m,  fA (XI = lim  AX)^ = l i r n  I (A xli - (A x I i )  = 

A i i 

Lemma 3 . 5 7 .  L e t  S: C + R  be an RSM and l e t  
s 

c n m + ~  and c T = c S n m .  h e n  
T = S I ( ~ s n m ) '  s 

0 
( 1 )  ]cT10 = ]cSI n m 

( 2 )  T :  CT += R i s  also an RSM, 

Proof: ( 1 )  For any x c w , 

0 0 l c T l  I x I  CT 

- 1x1 C CT and T (  1 x 1 )  = 0 

- 1x1 C Cs fl m and s ( ] x ] )  = 0 

* x € I c S ~ O  and x C m 

0 - x c lcS] n n . 

0 0 
T ~ U S  ]cT] = ]cS] n m . 



Q 
(2 )  Let x € lcT10 and ( y l  5 1x1. Then x € I C  1 m and l y i  l 1x1. 

S 

0 
Since S i s  an RSM, l y l  6 I C , ~  . Since x c m and l y l  3 1x1, it 

Proposi t ion 3.58. Let A be an e s s e n t i a l l y  nonnegative regu la r  

matrix. Let S = fAl  ; (CA f l m )  * R be the r e s t r i c t i o n  of 

(CA "1 
A 

t o  CA f l m  Then S i s  an RSM. 

Proof: Since A+ is a nonnegative r e g u l a r  matrix fA+ : CA+ * R 

i s  an RSM. By t h e  previous lemma 
f ~ +  : (CA+ 

fl m) + R i s  

a l s o  an RSM. By Lemma 3.57 , 
A+ I tcA+ n m) = f A l  

(CA "1 

Thus S i s  an RSM. 
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APPENDIX 

L i s t  of Notations 

R i s  the s e t  of r e a l  numhers, 

I i s  the s e t  of positive integers.  

2' i s  the power s e t  of a given s e t  X . 

If  a ,b  C R , then maxCa,b) (resp. min(a,b)) i s  the maximclm (resp. 

minimum) of the s e t  {a,b), 

I f  S c R, sup S (resp. in•’ S) i s  the supremum (resp. infimum) of S 

+ 
I f  a C R ,  a =max(a,O), a =max(-a,O). 

w i s  the s e t  s f  a l l  rea l  sequences. 

1f x C w , then (xi) or (x1,x2 , .. . ) denote x . 

l i m .  x .  o r  l i m  x denote the l imi t  of a rea l  sequence x . 
1 1  

c = {x F w: l i m  x ex is t s}  . 

n n 
e ,  e are the sequences given by e = 1 for  a l l  k and e = 0 

k k 

I 
I f  A C 2  , X A  i s  the character is t ic  sequence of A , tha t  i s  

m i s  the l inea r  span of 
0 ixA: A C 2'1 

bs = {x C w: sup n 
k=P 



xy = (x y 1 i s  t h e  co-ordinate wise product  of two sequences x and y . 
i i 

For x E w and r E R , we w r i t e  x+r  = (x,+r) and r x  = (rx.1 . 
1 1 

For A,B c W , we w r i t e  

A+B = {x+yl x E A and y B). 

< For x.y ( W , x 5 y means xi - yi f o r  each i . 
M = (a  1 denotes i n f i n i t e  matr ices .  

nk 

I f  M = ( a  i s  an i n f i n i t e  matr ix  and Cx. ) i s  any sequence, t h e  
nk 1 

product  Mx denotes t h e  sequence (yi) i f  it e x i s t s ,  where 

03 

- 
'i 

- 1 ai jx j  . We a l s o  def ine  c = fx f W: MX f c}. In  Chapter 3; we 
j =I. ,v, 

w r i t e  C f o r  c 
. - M 

0 f u denotes zero sequence ( D l O , O , .  .. ) . 
Zero matrice A = ( a  . ) ,  where a = 0 f o r  a l l  i, j i s  denoted by 0 . 

n l  n i  

f: S -t T denotes a funct ion  from a s e t  S i n t o  a set T . 

I f  f ;  S + T i s  a funct ion  and U C S then f l u :  U + T i s  t h e  

r e s t r i c t i o n  of f i n t o  U . 



I A ~  i s  t h e  c a r d i n a l  number of a given s e t  A . 

For two s e t s  A and B , we l e t  A A B = (A-Bl U (B-A) be t h e  symmetric 

d i f ference  of A and B . 
For two s e t s  A and B , A N  B means A A I3 i s  f i n i t e .  

For A C 2*, we l e t  AC = =-A be t h e  complement of A . 

Fo = {A C 2': AC i s  f i n i t e }  is  t h e  ~ r g c h e t  f i l t e r .  

J = 2 , 3 ,  N when N C I. . 

I XO = {A C 2  : A i s  f i n i t e )  , 


