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ABSTRACT l‘ R .

Problém solving in knowlnge-ﬁibh'domains such asralgebrg is
hypothesized to consist of two phases:’nepresentétion and solut#on._
Experts are better than noviées at represeniation, while there afgifew

vdirferences in solution. 7&)33: instruction ha,.'; focussed b_n solutign;

‘recently therethave been cailé for instructional research 6h

representation.

Adoiescents, and Qarticularly learning disabled adolescents, have

?

difficulty underataﬁding and solving algebra word problems. The

S,

pﬁrpose of this study was to design, and investisatg the effectiveness
of, cognitive strategy instruction in representation and solution to

improve the algebraic problemkéolving of learning disabled
LT .
adolescents. . .

Two ihterwomen designs‘were employed: an experimental-control

‘group design and a single-subject design. Twenty learning disabled

adolescents in gradesv81through 10 in two Vancouver area schools were
assigned randomly to two groups. On alternate dafys for three months,
the }n;tructed students received individual instruction,; to criterion
in representation and solution for threé problem types. Five surface
strgctures werefused with three.problem;types based on mathematical

structure: relational problems, propo;zzzﬁkgroblemq, and pnobléms in

111
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ﬁwo variables and two ;qdations. Ihstruction for répreséntgtion,and
soluﬁ;on in the 1nstructéd gréup was Pased'on.cognitive task-ana%ysis,
and included declarative knowledge, podeiling of procedural knowledge
by the instructor thinking'aldud, guidedrpractiq?; and independe@t

préctice. Studqp%s\were taught a self-questioning strategy.

- -
~a

Data were derived from problem-solving measures, éhink-aloudv
protocols, interviews about met;cOQnition, and/eiassifiéation tasks.
These were examined for imp;ications requcﬁing theor}»in
instructional psychology. 'The data from between-éroup comparisons

demonstrated the supgriopity'of the instructed group on instructed

problqms, problem solving in general, and. in metacognition and:

schemata for algebraic problem types. Single-subject data showed the

instructional st:j::::;/gyoblem-solving ability increased dramaticaliy
over sessions T® ' problem type. These increases were maintained

4

and transferred tq similar problems. Think-a;oud protocols showed
students applied newly-acquired domain-specific knowledge. '

This study affirms the need for instruction in both phases of
problem solving, demonstrates that representation can be taught, and
that learning disabled adolescenté can acquire schemata useful fofv
solving probleﬁs. Recommendationsrweqe ma&e for future research in
instruction leéding to the development of éxpe?tise‘in knowledge-rich

domains.

» i
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CH-AP'I;I-;R 1
- : INTRODUCTION
Inétructiohal péyehologists study-theoretieal and practical

aspects of instruction

>

" mental processes, and learning outcomes. Instructional psychology has

been characterizéd by a shift toward studying‘more complex forms of
cognitive behavior, the interactionist assumptions that léarning

occurs as a result of mental constructions of the learner,: and a

L

o

growing interest in.the role.of knouledge in human behay;or (Resnick,
1981). Theory constiuction ig/pfbblem solving ‘and investigations of
effective instruetion,fg; tﬁe learning disap;ed are two areas in which
this pefspeetive of instructionél psycholééy,ig appapentf Thé pufpése
of the present ;nvestigation is f§ merge recent wprk'in these two

fields to study instruction designed to improve thefaigebraie problem

Solv;ng_qr learning disabled adole;éents.

Problem Solving

———

Problem soiving is a widely used but poorly de{}ned term.

According to Polya (1981), within mathematical proplgﬁ'solving "to

have "a problem means: to search eonseious;j'?or some action

’abpropriateito attaih a clearly conceived, but not immediately

attainable‘}Th! (p. 117). Usually, a mathematical word problem

identifies quantities, describes relationships between them, situates

and their effects on mentai rebresentations,’



. : k)
this information in a familiar context, and requires that the student

attain a goal.

In the ﬁast few years; educators have expressed three related
concerns about problem solving. The first is that problem solving is
an essential instructibnal goal in mathematics (The/National Council -

of Teachers of Mathematics, 1980). The second is that' students lack".

expertise in mathematical problem solving (Carbenter, Corbitt, Kepner,
Lindquist & Reyes, 1980). The third is an urgent plea that more
3nvestigative resdurces be devoted to cognitivé research that will
) lead to more effective instruction in problem solving (e.g., Davis,

198&; Frederiksen, 1984; Mayer, 1983). ) ‘ .

Recent theoretical formulations ébopt the-nature of problem

solving yield prescriptiopsrthat may be instrumental in meeting these
concerns. Mayer (1985) reviewed informatioﬁ-processing Eeseanch on
algebra word problems and reasserted tﬁere are two phases in§01ved in
solving verbal mathematical probleﬁs: problem representation and
problem Solution. Problem representation can be defined as actively
tfansforming an external verbal representation of a problem from wofds
on a page to an internal mental representation consistent with the
learner's available knowledge. Problem solution refers to applyihg
the legal operators ofrmaﬁhematics to the internal represenﬁation to

arrive at an answer that satisfies the 3651. Mayer has characterized

problem representation as primarily declarative knowledge and problem

solution as ainly-procedural knowledge. The implications that follow

ot



ané that to iéprbve perfdrdahce in the fppresentatién pha;é, there
must be instructibn in comprehens;dn g?'difficult lihguiétic
propositions ahd_gecognitioh.of problég;typés or‘problem~schemata.’
Within the solution phase, there must be instruction in.héw to use
épprobriate strategles and efficient:algoﬁithms. These implicatiéns
for instructidn_remain to.be'tested empiﬁically. |
Reviews of the literature on expert and novice problem QoiVers
show that experts are more adept at problem rebresentatidn'thénf
novic;s (Glaser, 1984; Hutchinson, 1985) although there'are few
diffgyences in their problem solutions (Lewis,‘1981). -However;

problem solution is the focus of most instruction (Simon, 1980). It
appears that to,ﬁak; problgm sol;ing instructibn more efféctive it
will be necessar& to enable leardeﬁ;'to éonstruct the repreéentations:
éssentiél to-good performance (Reif & Hglier, 1982).

To Qbserﬁe the development of expertise, it 1is necessary tp
instruct leérners who are judged to be eapablé of acquiring the

iffstructed knowledge, but have not yet done so. In the case of

algebraic word problems, there are many learniﬁg disabled adolescents

s

=

who fit this description.

Learning Disabilities
I ike most research on human learnin the zeitgeist in learnin .
e £ g ,@B
disabilities is cognitive (Reid & Hresko, 1981). Research has shown

- that the learning/;isabled are a heterogeneous group, difficult to

[y
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define, but typically'characﬁerized by average intelléctual ability
and below<averégé achievement in particular curricular areas such as

reading and mathematics. 'They have been'descriﬁed;as inactive

learnersi(Tbrgeson, 1977) and inefficient information processors

—‘(Swanson, in press). The definition that has received wide acceptance

A

is the one that appears'in the Education for All Handicapped Children
e ’ s

) . Act (U.S. Office of E&ﬁéation, August 23, 1977) and has been adepted

~
&

by several Cahadian prd@&nées. This definition reads:

"Specific learning disaBility™means a disorder in one
or more of the basic psychological processes involved
T in understanding or in using language spoken or
- . written, which may manifest itself in an imperfect

ability to listen, think, speak, read, write, spell or
“ do mathematical calculations. The term includes such
conditions as perceptual handicaps, brain injury,
minimal brain dysfunction, dyslexia, and developmental

aphasia. '
'y

Although reading is the curricular area which has received the

most attention in learning disabilities, researchers and practitioners

-

have found that learning disabled children and adolescents also
experience difficulties in mathematics (Cawley, 1985; ?leisbhner &
Garnett, 1983), and that they score lower than normally-achieving

peers on measures of fprmal reasoning and word problem solving (Lee &

Hudson, 1981; Skrtic, 1980). While considerable research has been
L5 _ .
Jdone to improve the effectiveness of reading instruction for the

learning disabled, little comparable research has been carried out in

mathematics.
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A few ihterventioq'studies,have investigated the effectiveness of

particular insfructional approaches for mathematics word‘problem

solving. Most of these have provided instruction to learning disabled

students in the middle years on one- aﬁd two-step problems (e.g.,

Marzola, 1985; Nuzum, 1983). 1In a study carried out by Montégué#-
(1984), junior high students were taught ta solve two-step problems. -

These problems bequ;re thét students read and then seleét two .

operations from addition, subtraction,'multiplication and division to
be carried out in the qorfect order. However,'junior secondary

mathematics,curricula démand that adolescents master abstract algepra

problems using symbols to stand for unknowns and generating and

solving linear equations. Careful search has yielded no

investigations reported ir the l&ﬁeraturevwhich have carried out

systematic instruction on algebraic word

disabled junior secondarysstudents.

-

problems with learning

A
ﬂResearchers in learning disabilities have begun to examine “‘he

role that metacognition plays in the performance of cognitive tasks

(Brown, 1980; Wong, 1985a). According to Flavell (1976),

-

metacognition refers to "one's knowledge corrcerning one's own

cognitive processes dﬁa—s;sducts" (p.:232) and the active monitoring -

and regulation of these processes. Recently, mathematics educators
have‘%sserted that instruction in problem solving would be -more
. ’ B

effect}ve if it were to incorporate metacognitive elements (Garofalo &

Lester, 1985). They érgue that such an emphasis would make students

-~
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more aware of How and when to apply their mathematical knbwledge, and

-more likely 'to monitor their problem solving to ensure that problem

goals ?ere met. The use of. self-questioning instructional pi'océdures'
has been shown to increase comprehension monitoring and prose.

comprehension (Wopg & Jores, 1982; Wong, Wong, Pérry, & Sawatsky, in

press). Students ask themselves a series of questions that focus

their attentibn on the ve’s'sential aspects of the task and that help.
them to be aware of their own lack of understémding- when it happens.

. Incorporating ;elf-questi!oning into problem-solving instruction in

AN

mathematics may also lead to increased metacognition.
!

The effectiveness of guided instruction in enabling learning '

i : _ -
disabled adolescents to solve’ simple word problems has been shown

(e.g., Montague, 1984). Guided instruction consists of demonstration,

guided practice, independedt prac»tice@, and feedback followed by

-assessments The challenge that remains is to operationalize the
_recommendations (Mayer, 1985; ﬁeif & Heller, 1982) for teaching both

complex, abstract algebraic word

' ‘representation and solution for

problems.

Integrating Prol;]:em-Solving Theory and Instructional

’ Research with the Learning Disabled

*

y 3
Algebraic problem-solving abilities are important for high school

students to acquire. Unfortunately, they frequentlry elude the

+learning disabled. Such abilities are necessary for success in most

’
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secondary mathematics and science curricula. As well,-postfsecondary
entrance reqnirements and programvrequirements usually>include‘
proficiency~in‘mathematics, including word problem solving. Yet,
researcherS'and teachers do not know the role of problem
representation, problem solution, or metacognition in developing word .
problem—solving skills. Nor do they know how effective guided o
instruction may help adolescentﬁ to acquire proficiency with abstract\
word problems that require representation in unknowns and the use of
unknowns to solve'equations. Sgﬁdying the relative contributio;s of
problem representation, problem solution and metacognition to solving_
nlword problems successfully should provide educators with'information
thatrwill enable learning disabled adolescentsato become more
proficient mathematics problem solvers. It should also help to
respond to tne.recent and widespreid concerns that educators havb‘
expressed about teaching proolem solving gene lly; SUCn a study, by
extension, will test the validity of hypftheses in instructional
psychology about the two phases of problem solving--problem
representatiog}and problem solution--and their relevance to.classroom
instruction. |
- % :
Geperal Research Questions
This study was designed to answer the following questions:

PO : N

5
=By

1. Will the problem-soyving ability of learning disabled
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B adolescents increase over.the course of guided. .
in;truétion in problem representation and problem -
‘Solution? o : ’ : '

2. ff present, will these increases Be maintaiqéd‘and
;ransferred'to tasks with new surface-sthuqtufes and to
ﬁaskg with new mathematical structur;?A

43.b Will learning disabled,studenté’ﬁunderstanding and
‘met;cognitive awareness of word problems increase

fbllowing guided instruction?

L,/\‘

Because many terms associated with problem solving have been °*

defined In various ways, it 1s necessary to specify'the definitions

used in this study. The terms which are defined explicitly are:

problem solving, problem representation, problem solution, learning

disabilities and guided instruction.

Problem solving in this study refers to the entire task of
working out algebraic word problems which requifé the use of symbols
to st;hd’for unknowns.and»the solution of linear'eqﬁatidﬁs on a
" structured worksheet. Problem solving includes problem representation
and problem solution.

Problem representation consists of actively transforming an

external representation of information into an internal

representation. The steps to "get the whole picture” of a verbal
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- thorough-to be correct. e

’ . e e
problem are to state: (a) the goal of the problem, (b)/the_
'information given, (c) the unknowns; and produce: (d) a/drawing-
showing the mathematical relationships, ahd\}F) a symbolic,

representat:ah (equation) All this is done on a structured worksheet

with the students'supplying the answersb/and must be accurate and

e

o

Problem solution consists of applying the legal operators of

mathematics to the internal've esentation to arrive at a final answer
that meets the goal of the prd%lem. Procedurally, this requires
students to state and write in the correct sequence the steps in the
manipulatiohs to the eguation that are_appropriate for each problem.
Theseuare (ai crearing brackets, (b) collecting'like terms, (e) adding
or subtracting whole numhers to isolate the unknown, (d)-finding the
value of the unknown, (e) meeting the goal of the problem, and
(f) checking.

Learning disabied participants in this study are identified by

their school district (in accord with British Columbia Hiﬁisfri‘of

- Education guidekines) as having a significant discrepancy between

potential, as measured by an individual intelligence‘test, and
achievement, as measured by standardized achievement tests. The
relevant area ofadisability for participation in this study is
mathematics, | = o

‘Guided instruction refers to teaching in small';teps by modelling

3

and thinking aloud with student practice after each step, guiding

\



students during initial practice, and providing_systematic feedback -

and corrections. ~ Students .are given a high level of successful“

practice and reach mastery criteria befbre moving on to new tasks. i

) Overnien" 
Chapter 2 contains a selectine integrative«reyien of problem
solving literature from the fieldsfof cognitive psycholoéQ,h
mathematics education, and special education. It concludes.with the‘
specificvresearch hypotheses»that are tested..'A detailed description
of the method: and procedures constitutes Chapter 3, and the results

and discussion appear in Chapters 4 ~and 5, respectively. The

instructional and assessment me?sures can be found in the Appendices

~with other information essential for replication.



CHAPTER 2

SRy , REVIEH OF LITERATURE : poo
’f A ) - oy )

L

One of‘ the goalscof‘ edl.tcation :I.s to teach problem solving. “In '

mathematicg and science, problems are usually well-structured Hhich

-

_means they contain all the ,necgssary 1nf_‘ormation and have algorithms .

which lead to the correct answer (Fredeg;iksen,' 1984). However, other

areas of the curriculum contain ill-structured pr_'oblems. Iﬁ'.fsocia; -

‘studies, for example, a problem might ask students how to ":I.ncr-g’ase

agricultural producti#ity in the USSR (Voss, Greene, Post, & Penner,

1983). While it is important to educate the next generations so they

wiif have the flexibility to solve ill-s,ﬁrugt;ured problems unimagined

today (S:Lmon; 1980), there are few gu:!.delipes about ways ‘to accomplish

this. In fact, deépite recent advances in cdgnitive science, there is

little instructional research providing empir-ical validation ot' the

tasks and procedures used to teach protedures for solving uell-

structured problems. ’ ) .

G

théoretical and empirical literature in cognitive Vpsychol'o’gy and

mathematics education, and on algebraic problem solving with some

reference to studies in physics. The second half of this chapter;

reviews single-subject studies in which léarning disabled a@o];esce’nts

are taught to solve simple mathematical word problems. The empirical’

findings and conceptual aspects. of earlier work inform the design of

T

'fher purpose of i;he first half of t/hi-s cnapter is tp review .

N
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instructional tasks and phﬁéedures in this st\udyi which ;\m}estis_atea
teaching ‘n%l-atructu}ed pfoblala‘in ons knowledge ?mun—augebra--ta
a‘% vsaupwle of atu&entsgho rareiy n#sger,fauch ﬁ'robleus--learning
disabled adoleseent;\‘

. L - o0

éognitive Theory and Problem Solvingr
In the paaf two decadss, in’t‘oraatio‘a-!proc&as'ing theorieg‘havé
‘ ' replaced earlier analyses Vor praqblen 3ol‘ving“." Gegt‘ait theori?ts
{Duncker, 19&45; Uerthewér', 19'59), who vrocua,sed on undérat#nding thvé‘

problem as a whole, were unable to broduce verifiable hypotheses.

A Behaviorist !’ﬁmiatians (e.g., Maltzman, 1955), which were couc;rned

o
- Ny .

with co‘nm)ctiona between presented »prcblr«aa ahd overt ans_we;ra,'w'ere
A? not applicadble to/complex problems. Both internal mental processes
and tiie reaultiasﬂ,/d;tions are the foci of information-processing

~

¥ analyasss.

L4

Cpgn;tive’ psycﬁolcgiaﬁa build th&:retical- nod:gls pr' the
conqeptual knowledge, proc;dmsl, and ezeéutivo processes rquired for
‘aol-ving particular problems. To test whether thof aré sufficient
oxp;am»t.iana, f.hcae theories are sometimes inplementad as prégrana run
on a computer (e.g., Bobrow, 1968), or operatiomlized as'{ﬁstruction
given to atu'danta {m.2,, {lelitr & Reir, 198%). The first lconput'e’r/
models like General Probles Solver (Ernst & Newell, 1969) consisted of
beuristics or rulss-of-thusb which could be agplied to many kinds of

probless. Gradually thess mn‘a have come to include declarative and
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:procec!urai knowledge specific to the pr‘-ov_blen dqinain.

Declarative knowledge refers to knowing that, consisting of -
facts, f»§QDCepts, and semantic ihf‘onmation (A'nvderson, 19‘?6)...
'Procedgral knowledge refers to skills,lknowihg how (A‘ndersonv. 1980). .
The dfs'tinction’be'tween the two 1is sometimes blurred. However,
dec,llarz;tive i;nowledge can uauall‘y be exbressed verbali'y, imel_-t-aa'\s'
procedural knowledge is frequently difficult to describe verbally and -
mt:;.t be acquired by doing. Each type of knouledée is thought to have-
its own proceasing éharacteristics.- (J/Declar_;r.ive .knéu_ledge 13‘ l;nore‘
flenble in its application 3apd more easily ﬁddif‘ied, although slow
and clumsy to apply. :Pro dué-é'l'kz;oﬁledge caz"x be applied more
quiékly, but cannot ea;ily be r:eflegt_:red upon or modified, thougﬁ it
can be replécéd. (For a dAétai'led discussion of declarative and
procedural :knowll.edge and their im}:lfé’ﬁ%:idns, see, %ves and Anderson,
1981.) |

Most theories of the architecture of human information processing
{e.g., Anderson, 1983) congaip several ‘eleme{n%s 1ncludi'ng long~-term
memory {(LTM) anci working némory or short-terﬁ mémoi‘y (ST™M). LTM is é,
repoaitor} of nearly permanent _gﬁowledge thought to contain boﬁh
declarative and procedural knowledge. S‘I,'H 'contains the information
that is being alcted on in a givén slice of ,time‘and maintains an
internal representation of what is going on. It has lim,i_ted capacity

(Miller, 1956) which thereby limits the size and complexity of

problems with which one can deal.

- - r
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“There are at least two ways to overcome the limited‘capaCity of
STM. First, complex knowledge structures can be developed which allow
" a single modifiable schema to represent a collection of reiated,

organized knowledge. Schemata have been variously defirned and *

discussed in the literature on memory (Bartlett, 1932; Norman & Bobrow
/ -7 .

1975; Rumelhart &'Ortony; 1977), but certain properties';gmain'

constant. For example, a'schema represents a prototypical abstraction

of a complex concept, déq;ved from many experiences with the complex

concept. A schema can guide the organization of incoming information

into clusters of knowledge that are instahtiations of the schema

(Thorndyke & Hayes—Roth; 1979). In addition, a schema can sefve as a
retrieval mechanism during reéall (Mandler & Johnson, 1977). The
Jimplicagion is that an individual with a ﬂ@il-developed séhemé for a
'particular type éf problem Qill be able to use that schéma wifh.
instahtia§i§ns for particuia: exémplésjto'represent complex cognitive
probleﬁs_in limited,STH; Then to be effective, problém-sdlving
1nstruc£ion should include developqent of problem schemaﬁa;
| Secoﬂd, p;ocedural knowledge, consisting of a sériés of
'conditioh-actIOn statemeni: about h;w.to perforq under particular
conditions, can be compiled. This meané that a{series df previously
unintegrated productions which follow ongranotheq>in sblving a problem
are integrated into a singlé production that has fhe effect of the,

series. Processing is fast and automatic, thereby reducing the load

on working memory. Procedural learning occurs only in executing a



skill (Anderson, 1983, p. 215). The implication is that an individual
who has executéd a series of problem-appropriate productions

repeatedly<will be better at solving that particular type of problem

Hence, to be effective, problem solving-inst uction should promote

development of automatic compiled procedures.

-

3

L s , ‘ L -

An information-processing‘analysis asks "What cognitive
operations and knowledge are necessary to solve.this algebraic word
problem?™ Attempts to answer this question in the past‘éo years naﬁe
'produced a model of mathematical and scientific problem solving with
two major parts: proolem representation,'converting a problem from
" words into an internal representation; and propleﬁ;solution, applying
the legal operators o¢f mathematics to the . internal representation to
arrive at-a final answer (Larkin, McDesmott Simon, & Simon, 1980}

Mayer, 1985; Reif & Heller, 1982).

: ,
Problem,representation can be broken down into the’translation of
each proposition inrthe problem followed by the integration of these
propositions into a recogniaable whole (Mayer, 1985). This section
reviews the researcé sbowing the importance of‘problem representationl
It focusses on the role which scnemata play in the construction of

representations, and raises gquestions about current conceptions of

-
X
-

L
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schemata in the literature on algebraic problem solving.
Ev;déhce‘to support the suffiﬁieney of translation and
integration as’;/description of bepresent%tion.was sbﬁght byVHayes and
Simon (197#) sing a'pu{zle calléd The Tea Ceremony. They designed a
computér prpgram that carried out translaﬁion, tha@ is, syntactic and
semantic analysis of pn;blem t;xt. This was integrated §y a second
prégram into a‘fOfE/gn which General Problem Solver could carry out
problem solut;oh. ‘The authors cohclUded'that the progham called
UNDERSTAND simulated some of the processes of humaﬁ*ﬁndehstanding for
ﬁhis prdblém.. Because The Tea Céremony is a knowiedge;leén problem,;
it'éould not be assumed that these findings applied to_p;gblems'ih.a
highly-structured knowledge domain like algebra (Giasgr, 1984). |
Hayes, Waterman and Robinson (1977) hypdtheéized a third
subprocess necessary for des;ribing the way peoplerepresentnziﬁebéaic

word problems. Selective at.tention would' occur between t nslation

anq integration, enabling a g;rson to make deci;ighs,about what is_

| relevant. A)computprgprogram ATTEND was compared @o’human protocols.

ATTEND detected problem elements and tagged as relevgnt'the,elements

referred tb most often in the problem. ‘ ;; ’: /’<
This model accounted for dhta‘when algebra problems_were not’

. recognized as familiar. However, when subjects were gskedrto rea& a

complex problem fwice, they changed their judgmedts of,belevance from

the first to the second Feading. ~The problem contaihéd inroréatidn

about space, weight, and flight with and against a wind. On first
, /-
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'beading,‘SubJects judged nearly every'bropositibn of the probleﬁ which
contained ‘a numbeﬁ to be rélevant.. On second reading, fhey judged as
impﬁrtant'only thdse propositions concerned with flying with and

against a wind. This finding was not consistent with ATTEND, as there

" were fewer elements conce;néd with flying with and against the wind -

than elements concerned with weight and space. Psychologists bagan to
evoke knbwledge'struc;pres in the fgrm’of;schemata to expléf; how tlLe
translated propositions were combiged’inté a coherent representation.’

Robinson and Hayes (1975) confirmed that findings about how

people worked on the wind problem did not conform to predictions made

by ATTEND. ‘They aréued_thét subjécts identified it as a 'river

- . e
current' type of pr%blem for which they had a schema, and then
AR :

narrowed their attention to a few aspects of the problem specified by
the schema. The authors acknowledged, however, thatyit was impossible

to discern whether tﬁé subjects aetually recognized it as a problem

ébout speed or as a river current problém "since the speed segments _

are confused with the relevant [current] segments" (Robinson & Hayes,

1978, p. 200, emggksis mine). _ - -

The canfounding that Robinson and Hayes pointed out has persisted -

into the 1980's. There are two major systems for classifying algebra
word problems: by the form of the underlying equations and by the
general form of’?h/e story line (Rrutetskii, 1976; Mayer, 1981). The
form of the undeflying eqﬁztion is based on the matheﬁaticai relations

present in the problem and refers to the structure of the solution

.

-



equation. For example, the standard solution for a problem may

i:equ'ire the solution of two equations in two un'nowns (simul’tan“eous
- linear equaticns). | The form of‘//th’e story line refers éo_ v_coﬁtextual O.t"‘
surfac“ef)details such as mention of riyer current, goney or age. For
m'any pr?oblems in the algebra curricula, there is no neceéséry
connection between the problem étructure. and the surface structure.l, *
Agf can be associated with simul taneous ].,{near eq'uaf;ions or proportion
problems. ' |
| In some cases, where the equat_ion to solve a problem is derived.
from a formula such aS disvta'nce = rate *® tinme, @.s dif‘f‘icult to
separate the problem structure from the \surf‘ace structure. However, :
even in thesevcases there are severai story lines which can be
- A ‘ ,
“associated ‘wi’ch the same problem ‘structure. For example, :Lnter‘-est =
principal ® rate ® time and discount = regular pr:ice" p‘er'éent
reduction are Vbothr ;'a/te problems. Alv person who would not sort
standard algebra probiems into groups of distance-rate-time, interest,
Vand discount problems but put them\into one category of .generaiized
rate problems "would have organized his or her algeb/ra-. problem sovaing‘
experience in a very powerful manner'; (SiJ(.ver-, 1985, p. 18).
Many _of—‘ ﬁhe investigations which pr-ovidé the‘strongest arguments
for irnstruction fo develop problem schemafa confound the mathematrical'»
structure and the story. iine in the same way as Robinson ;nd Hayes

(1978). In a series of much-quoted studies, Hinsley, Hayes and Simon

{1977) showed that students possessed schemata for familiar types of



algebra Qord' problems, ’Elnd/ shed some light on the nature of these
schemata &nd their source. They r"epor'ted_‘that their sample of high
school ZanAd college students sorted 776 problems f‘r'c;m 16 chapters of an
algebra text into 16 to 18 highly standardized categories such as
'miXtur-é pr-oble_ms' and 'd;stance-rate-time problems'. Furthermore,
when théy were read problems broken into_segménts, half the subjects
categorized the pr-ob/le'ms after hear'inrg less than one-fif2h of the
text. Egr exainple,r,af/ter htevari_ng thé‘thr'ee words "A r-»iver' ste:almer"',
one subjéct 's;aid, "\You,ar'e going to compa{re times upstream and
downstream - or if itbe time is constant, it will.t;e the distance." In
_the first two exper'im‘en,ts, the role of surface structure and
mathematical structure could not be di;st;,inguished because theyxwer'e
always combined in the same ways. . ' ~
In the third experiment pr-'otqcol's' u;ere recorded while two
 graduate students solved nine pr'oblemsv ;loud. 'I'h'e standard problem
types included ‘river curr"e‘ﬁt', tage', and ‘work' problems with
characteristic matching of‘céver' story to‘ the under:lying problem
strugture. Sil.x problems were nonstgndar‘d with a mj_.smatch of cover
story and algebraic structure. The standard 'problems we_reA so;#ed as
before. Significantly, the nonstandard problems were ‘solved in a
‘line-by-line fashion, without the use of schemata as desgr‘ibed in
.esarlier models (Bobrow, 1968; Hayes & Simon, 1974). Hinsley et al.
{1977) suggested that translation-only miéht be the default option

when the problem is not successfully' matched to one of the schemata

-



possessed by the subject. .The,iup‘lvication 1is that the subjects'

"schemata were based on surfac\e\features instead of the problem ‘

~C

structure. , Otherwise, subjects would have been able to overlook the
unusual surface features and be_ guided by the familiar problem

structure. The authors concluded that for familiar problems students

y

o
do have schemata which, guide their processing. Giv

" between the 16 .ch/agters of the most widely used high school. algebra

a

text (Dolciani, Berman & Wooton, 1973) and the 16 to 18 categories

generated by the subjects, it appears that instructio-n is a source of
3

[

these story—line bas;? schemata.

Mayer'(1981) set out to classify algebra story problems into

types and determine the frequency for each problem type. The
structure of his classification system is illustrated in Figure 1.

Algebra problems are divided into two formats: stor:y problems and

non—story problems. Only story problems are considered. ‘These are '

divided into eight families, one family of non-formula problems and

o

seven families of formula problems. From this point on, Mayrer

considers primarily theyword problems whose math;ematical structure and
. £ .

[y

equation are based known formula. This makes the systemrakin to

a classification of physics problems.

Problem solving, in physics is principle—d’riven and the subject

l

matter issorganized and taught according to principI“es and the
pi

formulae that, flow fmm them (Reif & Heller, 1982). Mathematics, on;

&Se other hapd is organized according to methodstf solution
@ .

e

20,

“the close match
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PROBLEM FORMAT : . STORY PROBLEMS NON-STORY PROBLEMS

.

TIME-RATE FAMILY®
PROBLEM FAMILY NON- FORMULA N

PROBLEMS FORMULA RROBLEMS

¢

CATEGORY

TEMPLATE OVERTAKE  ROUND - CLOSURE = ’
| | | TRIP :

Figure 1.

Classification of Algebra Probléms Based on Mayer'SAQ?'

~
-

. o 4 (1981) Systema‘

- -
L

l arigure prepared by gythor to illustrate-Mayer's description of a

MOTION  CURRENT  WORK

classification system.r - ‘ o - - L

PMayer provides examples for this one of the eight formula-based -
families of problems. . A

e

\( o . e .
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(Schoenfeld & Herrmann, 1982F. An extrapolation cf this organization

k‘%oulQ}imply that algebra courses should be organizéd sé that prpblém

solving is taught according to therproblem structure- instead of the
story line. HOHE;GP, after diqregarding non-formularprobléms, Mayer
divides each family‘into categories and each categéry igto templates.
A template:}éf;rs to a specific proposiﬁignal Structure'in combination
witﬁ a particular story 1ine./!M5}er (1981) a}gues'that the
propositional structure (or mathéEAtical structure) and the surface
structure are not mutqally QXclusive s&stems, for "1? g;neral certain
major,categoriég/of problems (based on story line) involve
vcharacteristié upderiying equations” (p. 136). This, -as I have
a;éued? %; more true for -the formula problfm; which Mayerwemphasizes;
In'the,non-fdrmuia prg@lems, mathemati§a1 structupe (such as
proportion or linear equations) can be associated with ; wide variety
of story lines (such as age, money or disténqe).,

; Mayer (1981)Jafgues thﬁf instruetion must be projEGed at\thé

level of thé.template because fo Anoviceéiall‘motion‘problems may'iook

alike butﬁth34361ution procedure 1 ffferent for different templates.
He7a;so,c1a;msrthat'it will be negessary to teach students'tp

generaliievrpom templatesrfb problem isomorphs in the taxonomy, i.e.,

* prodlems im whichthe solution paths map diréctly/aggig—one'another in

. onestdféﬁeffashion (Simon & Hayeﬁ;'1976). Hoﬁever,;it might be more

effective and parsimonious to teach at the level of isomorphsyinstead

of templates. As Silver (1985) asserts, schemata for isomorphs ought
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to be a ﬁowerf‘ul organization of problem knowled})a (p. 18). . Mayer
;al’:~3c.> recommends i_nvgstigations to detep*ﬁxin»e how lea_rher?s make
judgments about problem types, Rarid‘ how such schematic,knowledge’ is
acquired. » ‘ .

It appears that judgments ébou't' problem typés are made on the
basis of schemata. In /gn investigat;iop of memor;y for algebra story
proble,ms,BMéyer (1982) found that recall yas‘bett'er for
, ‘schema-relevant than schema-Jir-r-elevant information in pr-oblems».’ He
ﬁg also found that memory L\‘Eras better for common problems than for

unc‘o.mmori“.probiems' (Based on frequency counts in Mayer, 1981).‘

—— .

Learners also tended to change uncon!mdn problem types into common
: >

e

\Er-oblem types.
' Mayer also found” that the mathematical structure as determined by

K/the propositions in the problem exerted an influencﬁ‘ on memory:"

WSpecific:allly, problem‘s that contained relational statements eXpressing
t;he r-elat.:ionships betﬁeen variables ("John has $18 more than Mike")
were hard to remember. This vlatter finding substantiates; the results
~of an investigation by Loftus a'nci Suppes (1972) in which they located

structural variables that affected difficulty of story problems for

sixth graderé. The hardest problem in their set was one that\/*

_contained a relational proposition "™Mary is twice as oldras Betty was
2 years ago. Mary is 40 years old. How old is Betty?" These .findings
are bolstered by the outcome of investigations with primary school

children (Riley, Greeno, & Heller, 1983) and with college students
— . ) . .

—
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(Clement, Lochhead, & Monk, 1981). It appears that the mathematical

structure of algebra problems exerts a pervasive influence on
etudehts' schemata 'and problem representation, although texts are
organized (Dolciani et al., 1973)~end problems frequently crategorized'
.by researchers (Hins’iey et al., 1977; Mayer, 1981) according to a
combination of mathematical structure and surface structur;. oy

As might be expected, research shows that instruction plays a
role in schemata formation. In a 'seriesofzstudies empl‘oyin,g‘
non-formule problens, Silver (1977, 1981) found a significant
_correlation between a student's tendency to sort a set of problems by
s-tructurel _similarit‘y and tﬁe student's ability to solve those
problem‘s. Krutetskii (1976), a Russian psychologist and ‘mathema'tics
educator, has found that highly capable students are able to ;.erceiye
accurgteiy phe mathematical structure of a problem and to generalize

"

rapidly to a class of structurally related problems.

*

While these studies provide indirect support for the role of

1nstruction, Schoenfeld and Herrmann (1982) explored directly the

relationship between problem perception (Judgmen.s of similarity) and’

A3
proficiency. College students' perceptions of structure of

mathematical problems were examined before and after a month-long

intensive course on mathematical problem solving which emphasized the
methods used to solve a variety of problems. These students!'
perceptions were compared with experts'. Hierarchical clustering

~ analysis of the sorting data showed that before the course students

(\//
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4

-made Jjudgments abqut pr:blems on the basis of surface structure, words

or objects describeddiin the problem. After the course students
perceived prfoblem similarity more like the experts, on the basivs; of
the mathematigal structure. A éontrol group similar in age and

baék’ground to the students did not change from _c_atégorizing by surface

structure to mathematical structure. These data sugges'tf that

.instruction influences the problem schemata individuals subsequentfyf

bring to problem: rebresentation. If exp.er't‘s‘ in ma}:hematics sort by
problem structure (Schoenfeld & Her'r'mann,’ 1982) 1ike experts in

physics (Chi, Feltovich, & Glaser, 1981), ‘then maybe algebr-a pr-oblem~'

solving 1nstruction should include 1nstr-uction in developing powerful

schemata (Silver, 1985) based on the mathematical structuve of the
_ A A «

problem instead of a combination of mathematical and surfacg structure

(Mayer, 1981). To unravel the effects of mathematical stiucture and

]
i

surface structure in the formation of .problem schemata, it will be

necessary to separate the- two and study their influence when they are

. not confounded. %

- In summary, it appears that to f‘epregent algebra word prdblems;
individuals must translate each proposition and th‘en‘integraté these
into a unit;ied whole which specifies the mathemati_cal relationships
among the propositions. Such translation and in‘tegr;tion appear to be
guided by problem schemata whose major relevant f‘e'aturea*for this task

show the‘prdtotypical mathematical features of the problem. Effectiv{e“j

instruction in algebra problem solving would be expected to induce
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individuals io construct relevant schematd bazed on mathematical

structure which would guide probles represpntation.

The seacond major phase of problem\solving is problem solution.
This refers to applying the legal operators mathematics to the
internal Fepresentation to arrive at a final answer.\ Problem solution ..

is Lhogght to have two major components: strftegy application arnd

, algorithe autpaaéuity (Hayer; 1985). 'Ih generating solu;ionsl for

alg;bruc aqna;’.iona, students ;uat be aware of the purpose for which

_the procedures are used, to find the value of the unknown(s) and then
" meet the goal(s) of the problea. '

gquation solving is a syabol-aanipulatioé task in which ‘the

solver must transform a given string of symbols (such as X +X &3 =

19} into anot.ber string of :ytbola, uaing certain pemi ted bparations

(LMa, 1981}. The goal string nuat ht.ve the unimm for which one is

solving on one aide by itsalf, and no occurrence 4f the unknown on the

_ Other side of the eq‘untion, To solve an equation., two kinds of

know ledge m‘;; be used.
First, the solver must kaow an sdoquate'set‘ot algorit.hﬁa and_
N oparators. If the solver nkgs «n error in addi&g a quantity to both

. =
sides of an equation or in long division, then difficulty will arise.

-

To the extent that these processes can be carried out automatically,

without need for direct attention, more space becomes avallable in



working'memorj for processes that do requife attention. Computationai
algoritﬁms for single- and mulfi-digit numbers can be done with a
pocket calc;lator if they have not become automatic. However, it is
essQntial.rqr problem solvers to acquire automaticity of tﬂ% algebraic
operators neceﬁaéry to_solQe equations_for which there is nd
calculator. The data on algorithm automaticity with‘calculators
(Suydamﬂ 1982; Hheatley; 1980) are’anaiogous to those in reading
research w ere automaticity of word recognit}on skills has been
associated with higher levels of reading comprehension (LaBerge &
Samuels, 197h; Perfetti- & Hdgaboam, 1975).

Second, the solver must khowfh&w torchoose an appropriate
algorithm or operator at a é1Ven juncture (Lewis{ 1981). The
'knowledge needed to make this selection can b? called strategié
knowledge. Problem solution sirategies for algebra word p;oblema are
rarely taught explicitly to igarne}s. For example, Simon (1980) has
observed th;t,studepts are drilledron how to carry out aqubraic

~

operat;ons; such as how to add the same quantity to both sides of an
eq;atign, but are rarely taugb; when;to carry out the operations.
Algbrithas are taughf thle 5tra£egies are overlooked.

Bloom and Broder (1950) found that to enable remedial collgée
students to use appropriate solution strategies on comprehensive
examinations, it was necessary to provide models of stfategic problem

solution. Students who used/effective strategies modelled by thinking

aloud. The remedial students were asked to 1ist all the differences



betﬁeen a transcripé of Eheiﬁ éwh sfbategy and that of ﬁhq hodei.
VRemedial pafticipanﬁs improved their scorésrana 9xpreé§9d high levels
of confidenée:éndvoptimism about their$s§ratégies. ‘These findings
suggest that strategic behavioﬁb'vithin problem solution may be
aménable to direct instruction when clear demonstration -and feedback
are incorporated with enough practice. | »
Problem solution is made up Qf4strategy applicati;n and alQOrithﬁ
automaticity. It is hypoépesized that efficient instrqction in
algebra problem solving would entail sufficient modelling;'guided
'practice, and feedback to make the application of procedural knowledge

both strategic and augomatic.

—In summary, information-processing analyses Suggest that

algebraic problem solving is cogposed of-représentation and sblution.
Most confirmation for these tt;o phases has come from the comparison of
computer programs with protocols of competent solvers. The second v
approach fof supporting models of coénitioninvo;ves 1naucing
hypothesized knowledgg_gz;agtures and cognitive processing in suﬁjbcts
and assessing the sufficiency of the structures and processing. This'
approach has been used systematically by Reif and his colleagues
(Heller & Reif, 1984; Reif & Heller, 1982) in the study of problem

solving in physiecs.

W@m
Effective problem solving in complex domains depends on the

-
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content and structure of the knowiedge a‘bo'gt tt;e particular domain
(Glaser, 1984; Hutchinson, 198s). Studies in mathemétics (Greeno,
1978), engineeririé ‘thermodynamics (Bhaskar & Simon,- 1977;, physics._
(Chi et al., 1981; Lréu-kin et al., 1980), ;nd social studies (Voss et
‘al., 1‘98_3) have shown that;’the knowledge structures and problem-
solving pbocedqrjf of ‘axperts and novices differ in significant ways.
Although studies conﬁrastingq experts and novices hav"e yielded/
1flsights ébout probleﬁx solving, they are of limited value in designing
instruction. The performance, 'of‘ experts is not an optimal example for
riévices. Rather than emulate the automat;_q, almost unconécious
processing of experts, stu&én;s must be taught to %cquirg explicit
schemata and use explicit procedurés. The task of the: 1nstruction/alrv
.designer is to prescribe a théopetical modei of‘i good performance by
task analysis, rather than nmnib_e what experts do (Reif & Heller,
1982). The criterion of validity of such a prescriptive model is th;t.
it lead to predictably"ef'f‘ective performance when implemented by.a,
humar/m/l)earner, ‘rather than mimicking perf‘orﬁance of an expert.

/Reif' and Heller (1982) demonstrate a prescriptive model. They
identi‘f‘y the essential knowledge for good performance in three phaées '
of solving mechanics problems: representation, solution, and
assessment of solution. For representation, they. lay out th,ef
hierarchical, declarative knowledge base for the séience of motion

(mechanics) which contains individual descriptors, interaction

deacriptors, interaction laws, and motion principles. Elaborétions
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for each level of the hierarchy are supplied. These are accompanied
by procedural knowledge, sﬁch as applicability conditions, which
enables one to apply the knowledge base; All this'knoﬁledge,
Qeclaréti;e and procédural, is used for the first task faced by é
probleh solver, "to redescribe an originalnproﬁ}em—in a way
. facilitating the subsequent search for its solution. This can be done
by identifying the knbwledge éelevant to the problem, organizing it
effectively, and deagribing it in convenient symbolic fo;m" (Reif &
Heller, 198?, p. 113). The steps they prescribe include generating a
basic description containingv;he specified situation and the géal, and
generating a theoretical description including identification of
Systems,,drawing diagram;, and cheéking that the description is
consistent with known motion principles (equationé). The construction
of avsolution for physics problems is cérried out by app;ying
procedures sﬁch as séjisfying constraints, and decomposing the
problem. In the simplest case each of these procedures is reducéd to
the routine application of fechniques for solving algebraic equations
(Reif- & Heller, 1982, p. 117, 119), |

Reif and Heller argue that once the task analysis has been
'carried out, it is essential to sth\the v;TZdity of the model by
inducing human subjects to act in accordance with the model and.
observing whether the resulting performance contéins the predicted

cﬁaracteristics and is effective. Then the next step is to test a

model of effective problem solving instruction which ensures that
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‘student's internalize cor;tr"ol directions and other knowledge. .He,ller""%;’
and Reif‘ (1984) provide empirical validation for their anal}sis of
mechan_icg problems. . -They devised a carefully controlled ex;;eriment‘ J
where human subjects were .induced to acAt in accordance with specif‘i.ed%
alternative models fop representing 'problems.’ E{‘E?_"E]f prompt§ were
availapl’e and followed at all times. The r-esulrting perf‘ormancé was
observed in detail. The reéults show t;hat the pr)opoged model is
sufficient to gehera‘te excellent problem representations, ahdAthat
these representations result in u]uch .betterbsubsequeﬁt problem
solutions. If contrast to ;hé instructional emphasis on representa-
tion, Heller and Reif made no dibgc_t ef‘folr't to induce prkescribed
) problem solutions. The resulfs also “show that major comp.onentsl of the
model arel necessary for good perf‘ormahce. The authors assert there is
now a validated basis »f'or teachi;'lg problem representation in physics;
The work of Reif and his colleagues has implications for
mathematics instruction. Specifically, to design instruction, a task
analys(s/of‘ the declarative and procedural knowledge n_eéded for
solving algebra prdblems is required. | |
To teach students how tc solve a class of problems, -
first analyze the knowledge that they need in order to
’ solve that class of problems, and then carry out
instruction that will result in their acquisition of
the required knowledge. (Greeno, 1980, p. 13)
To make tacit processes explicit, irnstructors model by thlinking aloud-

(Heller & Hungate, 1985), arnd to ensure their active participation,
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-

students generate those processes‘themselves and then discuss their
performance (Bloom &‘Broderh 1950). - Students need guided practice

with the close scrutiny and feedbackof a knowlédgeable tutor (Heller

& Reif, 1984). It makes sense pedagogidally to develop qualitative

ﬁndersganding of prob;ems and concepts prior to attempting 1ﬁstruction
in specific problem—sbiving procedures. Lastly, if students afe to
qoﬁcentraﬁe on qualitafive reasoning, they should be given qredit fo}
their representations 5nd solutioﬁs, and not just their answers.
-Reif's prescriptive analyses provide a plan for bﬁidéing the gap

between'the theory- of information processing and the realities of

v i : »

problem-so%ving instruction. Operationalizing these prescriptions

* consistent with the nature of algebraic problem solv;ng should provide .

_a sound basis for designing instruction. —

It will also be necessarf to execute instructional procedures
'that enable ;earniﬂg disabled studen;s to internalize problem-solvlng
.knoﬁledge. The design of such procedures can be informed by both

characteristics of the learning disabled and by instructidnal research

that has been effective in teaching problem solving to the learning ,

disabled. These two topics are the subject of the remainder of this

chapter. -

-

Problem Solving and Learning Disabilities

Problem solving calls for complex cognitive processing. By

definition, learning disabled students have a "disorder in one of the

P

“—
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basic psychological prdqesses"‘(U.S. Office of Education,’migust 23,
1977 ) Inef‘t‘idiencies in reasoning, conceptuakizing, evaluating, and
merﬁory prdcesses characterize their‘l"ear'ning and pért‘ormance (Reid. &
Hresko, 1981; Torgeson, 1977). AWhen approaching complex cognitiv_e
-tasks, the learniﬁng*disabled tend to lack metacognitive awareness and

regulation (Wong, 1985a).

-

-

Recently, metacognition has been used to account f‘or the f‘a:l.lure
of the learning disabled to apply known skills in novel situations
(Borkowski & Cavanaugh, 1979; Schneider, 1985). Metacognlitive

deficiencies may also account for /,t;lfé failure to'acqurir'e compiex

knowledgef. Metacognitive comparisons of good and poor readers show .

that poor readers lack awareness of the features and ;’u'nétion_s of

reading, the ability to monitor comprehension and knowledge, and
application of strategies (Cariney/ & Winograd, 1979; Paris & Myers,
1981; Wong & Jones, 1982). The learning disabled have been found

p

deficient in internal storage strategies such as verbal rehearsal

(Douglas, 1981) and in focu_asing’ on Vr‘elev'ant' task information

(Hallahan & Kneedler, 1979). ) ‘ -

Given the nature of problem-solving and the characteristics of
the learning disabled, it is not surprising that they experience
considerable difficulty in solving mathematics word problems. " What is
surprising is that the field of special education has not developed a
relevant data base nor a substantial theoretical 1nterpretation of

mathematical problem solving for instructional purposes regarding

o



learning disabilities (Cawley, 1985). o . A

Investigators at the Learning Disabilities Research Institutes at f

the University of Kansas and Teachers College Columbia have begun to'

document the characteristics of learning disabfed problem solvers‘and A

,to develop cognitive interventions. They have used: guided instruction"'

procedures and tasks that call for a’ choice of basic operations and

2

computation. These are the’simplest word problems taught to junior

and senior high students. Although one must be cautious in
generalizing to mQre complex. algebraic problems, there is a knowledge

base from which to hypothesize about instructional proceddres.

The next two sections contain a review of cbaracteristics of

learning disabled adolescent problem solvers followed by a review of

,cognitive interventions in problem solving_for learning disabled

adolescents. ' A £
¥ Characteristics of lLearning Disabled Problem Solvers

Al though learning disabilities have tended to be associated with
reading problems, investigations and review papérs have confirmed that
disabilities in mathematics are also widespread (Fleischner &, Garnett,
1983; McKinney & Feagans, 1980). In an analysis of the cognitive
ablilities of grade seven, eight and‘nine students whose specific
learning disabilities pertain to mathem&tios, Pieper and Deshler

(1980) showed that reasoning involving equivalency statements- and

reintegration was highly correlated with mathematics disabilities.

V7
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Comparing learning disabléd_ and no\n-l,ear'n:ingr_ disabled seventh and

elghth graders, Skrtic ('1980)'f’opnd a significant difference between

the level of formal reasoning attained by the two groups, with the

learning disabled.lagging behind their non-disabled peers.

Additi-o"nall“y, the 1e’arn1ng disabled students perfcrmed sigrificantly

]

) less well on f‘ive of seven mathematics subtests of‘ the Woodcock-

Johnson Psychoeducational Battery. (WOodcock & Johnson, 1977) 'I'hese

'_‘;studies (Pieper & Deshler-, 1980; Skrtic, 1980) confir-m the existence

©  of junior high students with learning di‘sa'bilities in mathematics.

Such students perform inadequately on measures of mathematics aptitude

“and achievement; and are clearly def‘icient in formal r’-aaSoning which-
’ plays a major- ‘role in pr-oblem solving (Revlin & Mayer, 1978).

Adolescents with lear'ning disabilities in mathematics also do

poorly .on‘ ma,t;h‘ematicsver'bal pr-obl_ems compared to 'nor'mal peers. Lee
and Hudson~(1981) showed significant diffsrences in the penformance of
the tno "éroups on tno-step and t_:hr-ee-s.tep problems. 'Ifne lesrning
disabled students had fewer correct answersﬂand lower soores when

scoring criteria included ohoosing the correct operation, making f:he

correct calculation, and answering questions about the information

given and the goal of the proi:lem. Analyses of error patterns

indicated that learning’disa‘bled' students made signiticar?t‘ly more
errors in reasoning and understanding, but there were no differences
in computational accuracy if they had chosen the corroct operations,

in this study by Lee and, Hudson (1981). The non learning disabled
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nwere better at monitoring their performance_. These findings suggest .

\‘ .
that learni'ng disabled‘ ‘adolqscents are poor problenm solvers,
pé.rticularly in ,be‘gard ‘to problem representation and the metacognitivé

‘aspects of solving multi-step word problems.

In a série.s of interventions, iearning di\sabled adélescénfs f:ave
been taught to solve mathematies word problems. These intgrvention_s
involved‘ singleesybject multiple-bas‘eli‘ne designs which t‘adilitate the
examination of individual progress. Moreover, the _interventiohs
showed a shift'frpm a Beéaviorﬁ pers‘pect'ive (Blankenship & Lovitt,
1976) to a cognitive perspective (cf. Nuzum, 1983), with the problems

used becoming more complex, and the age of the students rising i’rom

T

vpreadolescence' to high school. A summary of tiese studies is

€

presented in Table'1.

',In the earliest of these studies, Blankenship and Lovitt (1976)
taught seven boys from 9 to 12 years of age one-operation (addition or
subtraction) word problems. Because most errors arise in selec;ing
the operation, they tried to reduce "rote c;omputation',' habits. 'I‘svelve'_
sets of addition and subt’ra;:tion word problems were gradually
increased in difficulty with the introduction of variations in syntaf/
and extraneou;'infornatioq. - Three successive te_chniques-rereadiné,
iriting ouf., and explaining the solution for unsolved pz;o.blems--
enabled eaca student to reach the eriterion (100% in three successive

sessions) on all 12 sets, Following mastery, accuracy on a test
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containing all problem types averaged 95.6%. The students could

discriminate among the classes and produce accurate answers to the

addition and subfraction word problems. However, it took 80

instructional sessions to reach these goals. It may have been -

unnecessary to break Ehe probléms into so mani classes. ‘The one
student for wﬁom baseline data were proViged méde no érfors at all in
baseline rfor 6 of the i2 problem types. The data suggest that
students weredacquiring a cognitive strategy fo; sol#ing types of word

problems instead of acquiring correct responses.

To teach a cognitive sgrategy for solving problems, Smitq and

Alley (1981) applied principles of cognit%ve behavior modification and

self-instruction (Meichenbaum; 1977). Three sixth graders°were taught

one-step problems involving all four basic operations. Instructional

steps drawn from Alléy and Deshler's (1979) learning strategies model
IR

consisted of making the sjudent aware of current habits, explaining

and demonstrating the alternative strategy, the student learning the

strategy,by3verbalizing, the student applying the strategy to

controlled materials, and posttesting on classroom materials. - The

seven steps withip\ﬁpe broblem-solying strategy based on Kramer's
(1970) analysis were: (a) read the problem, (b) reread the problem,
identifying what is given and what is asked fo}, (¢) use obJécts to
show the problem and choose the operation, (d) write the pumpérs to be
operated on, (e) complete the computation, (f) check the answer,

(g) show the answer. Problems requiring each of the four operations

. .
> .
- ! -
°
n
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were distributed randoaiy ‘on each taéksheetl' Scores improved from an

average of TB‘S\eg‘qratc answers on grade three level problems bdbefore -

instruction to an aven,go’or 97% accurate answers on grade six level -

. problems following instruction. The number of sessions reportsd for

baseline and instruction urasfw approximately 32, althou‘gh students

reached 100% correct in 1, 3 and 4 instructional sessions,

L  -/

. respectively.

Smith and Alley (1981) demonatrated the efficiency and

applicability of cognitive guided instructional procedures for problem
, o , ARy , , .
solving. Students using the strategy produced correct answers and

could discriminate azong problezs requiring ‘each of tt;e ?ou‘r; b'aﬂc
operations. The study 1ak_ufaitled 1n that no‘mea‘sures of cognitive
procésain.é or imoul\edse atwructures w;re céllecéed, hall? inatructic;n
focuased on procsdural. knowledge, and there- erre émly three students.
However, it served as a model ror' xl}ore proceaa-griented 1nterve’ntions."

In a study incorporating an information-processing task analysis,
y "oees; :

ifth and sixth graders to

‘Huzua (1983) taught W learning disabl

soive four types of word problems: additidh only, subtraction only,

addit:ton/o_r subtraction with extraﬂr‘y)ous information, and two-step

problems. A ai’ngle-au,pject design was used including pretreatment

"

biaclin:, pretreatment interview, intervention, posttreatment baseline’
and pasttrnt_’.neuz/interviaw. Instrue:i,an incorporated fe'atui-_ors of
cogliitivi behavior modification as the teacher provided a verbal.
explanation, modelled the correct procedure by thinking aloud, and

" gradually Phased out cues. In direct contrast to previous studies,




students were reqpired to reach‘cr’iteri,on on exgcuting the correct
procedure but the answer did not have to be corr"ectr. After reaching
by instruction in the next phase.

; A review of the information proqessing literature j:ed Nﬁzum’
(‘:_}98‘3) to divide the knowledgg_ for problem solving into three
categoriééﬁ knowledge of the problem (analysis of cdmponent parts and
ti:eir 'rela.tionsh‘ips), task-specific-knowigdge (identification of
proAblem type), and proc,eth;-al knowledge. Elements qti‘i the three kinds
of knowledgé for problem solving can be t‘ounq in the six phases of
instruction. In ’the first phase, the students were taught to identify
conponénts and select relevant information for the' solutidln {(with
addition problems o;ly). Phase two consisted of ascertaining whether_
t;he probler was concerned with combiningobjects' (addition) or
sﬁepazrating objects (subtraction). }’Botvh kinds of problems were
included; .' In the third phase students wereAinst/ructed ’to checﬁk for
extraneous information (which all problems'conta;ined). Phase four
added the step of identifying two-step problems (when all problems
'containeq two steps). The fifth phase required that the student check
to;‘ accuracy and the sixth phase required that a diagram be drawn
.before the co:mputation was done. All students completed all phr;wes
showing suba.tantial ‘mproveaents in problem-solving performance. On a

16-1itenm .ieasuré contéining the four kinds of problems used in the

study, average percentage correct answers improved froe 34.8% on
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pretest to 82.3% on 'posttest.

Nuzum's (19833 study was clearly an‘ advéncemerﬁt over its
predecessors as it employed mo}e complex problengﬁs, and attempted to
integrate recent‘ theoretical work in information processing. However,
it is‘névér specified how the three-component model of knowledge is
operationalized in‘the phases of instruction. Ther;\ﬁs littlg
specific diséu’ssion of how the findings reflect onrthe merit of the

theory.

Most school-invstrugtion in problem solving takes place with small

groups or entire classrood:s. Marzola '(1985) adapted Nuzum's (1983)

procedures to small group instruction and introduced calculators. A

two-group design was used permitting comparisons between experimental
and control subjects and causal interpretations'of‘ the outcomes.»
Sixty learning disabled fifth and sixth graders were instructed to

criterion in Nuzum's (1983) six phf/ses, except that in phase kf‘ive
students sorted problems with either extraneogs information or two
steps into two categories. The steps in instruction consisted of
verbal explanation, demonstration using the outline card as a guide,

the student solving one problem aloud, and the student solving three

problems independently. The mastery criterion was changed from

Nuzum's in that students were required both to follow the instructions

on the card and solve all three problems accurately. The control

group received no girect instruction but completed the average number

of worksheets completed by the experimental group using calculators.
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An analysis of covariance with pretest scores as,gpvar;ate_

yielded a Signifibant main effect due to instructional treatment
7 : .

across the four problem types. There was als6 a significant effect
due to ‘problem type, and a-significant éroup by problem type
interaction. The experimpntai group did better than the control group
in general and on each‘of the four problem types. Also, th;re’were
different patt;rns of problem type differences. For example, aqjusted'
posttést performanéé of the controls was pooresf on two-step probléms
and problems with extraneous inf‘or'matiﬁon. For the experimental group,
adjusted posttest performance was highest on the two-step problems.

Marzola's (1985) investigation is both an advancemenf‘;hd a_ study
with limitations. Thevcoﬁsistency bétween her findings with a
two-éroub design a;a the findings of the siﬁgle-subject studies
suggest thag_;he_ouhcc;es in ﬁhe duasi—experiﬁental ;qterventions can
be attributed to the instructiqplr Unfortunately, Hhrzola admin}stered
no maintenance or generalization tasks. She did:not make a direéfr,
connection between the model she adopted and its oﬁerationalization in
instructioh, S0 no conclusioms could be drawn about the relative
contq}butio;‘of the three kinds of knowledge. Although metacognition
was’not studied directly, it was-reported that instructioﬁal students
verbalized their use of "schemata" during the pdsttest.x A classifica-
tion task was incorporated as the fifth phase} howevgr, the emphasis

throughout Marzola's study was on determining the number and kinds of

operations, rather than the mathematical structure of the proplens.

o
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Using older students (15 to 19 years) ar:d,twofstép word prbblems,
Montague (1_9814) taught six adolescents iri a single-subject design.
The students had’to chqose two operations and carry‘ them out
| accurately in the correct order. An eight-step sfrategy was used:
(a)_ read the [’-oblem-aloud, (b) paraphrase the prdblem, (e¢) draw a
picture, (d) state ‘the problem, (e) hypothesize about the operations,
(f) est\imate, (g) calculate, (h) self-check. Strategy acquisition was .
conducted according to the learning strategies model (Deshler, A_lléy;
Warner & Schumaker,r 1981). Stepsr included description of the ﬁew ‘
strategy,‘ modelling, vef-bal» rehéarsal, student\practice, and
corrective fgeszcF. Five of the six st#dents reached the 7c:r-:l\./ter-:l.on
of seven correct answers on four consecutive ten-item tests. Data
were. c;olleeted on generalization and maiﬁféhéh'ce tasks. Four students
reached the criterion for genér-yaliz;ation--t‘iv'e correct édsyers ‘on a‘
ten-item test of three-step word pfoblems. 'I'he‘_same four students |
7 .maintained criterial per'fom’ancé (seven correct; answers on a ten-item,

-+

test of two-step prqbiegs) af'ter an interval of two.weeks.

Montague extended previous investigations by »1n$truct1ng olde;-
students in two-step problems requi’rix;g; the four basic L.operations,-‘and
by collecting generalizatiorn énd 'maintenanc,e data. “ The lack of _,thit;k-
aloud, me,a_sgres, metacognitive data,‘ and an 1nt;egrated theoretical
framework prevented Hc':ntaguev from Aexpiaining what cognit.iée-_\

acquisitions adolescents made when they inpi'ov;eed their problem solving

of two-step word problems. The question remains whether the'se

VA
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adolescents could then be taught the next type of word problem th@t;ﬂ*

appears in the Juniorfand senior secondary curricula—qthe~siﬁﬁlest

algebraic word préblems»reQuiring the use of unknowps*énd equations.

: ‘ | y

A series of interventions has been conducted with learning

»

disabled adoleécents demonstrating the potential of single-subject. .

designs for probing individuai/progress in problem solving. However,
without using think-aloud prétocols (Ericsson & Simon, 1984),

metacognitive interviews (Meichenbaum,»Burland, Gruson, & Cameron, in

press), and collecting "cognitive traces” (Winne, 1984) while students

wqu, it is impossible to realize the potential of single subject

designs for documenting individual progress and to answer questions

- L
about knowledge structures and cognitive processing.

o

Instructional tasks have been limited to mathematical word

problems requiring choice ‘of operation(s)rand ensuing calculations.
Secondary mathematics curricula demand that adolescents understand and
complete ﬁore complex algebraic word problems which require the use of

unknowns or variablés and equations. An extensive theoretical model

has been developed of algebraic problem solving. This has been tested

T

by operationalizing it in computer programs which account-quite well

{ : .
for protocols of competeit solvers. However, the model has not been

tested to the limit for algebra problem solving by inducing.

hypo@hesized structurés and processing in human"problem solvers, as

2

'
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Heller and Reif (1984) did for physies.

The preceding review on interVentions shows the applicability and
effectiveness of single~-subject designs and cggnitive behavior,
modification instructional procedures for teaching learning;disabled
7adclcsceﬁts to solve simpler mathematics word problems. Components of ‘
such effective cognZtive instruction include demonstration by
thinking aloud, use of self-questioning to acduire strategy, guided
practice, independent practice, and frequent feedback and cueing which
are gradually phased out. Instruction in both declarative and
procedural knowledge should be based on cognitive task analyses of
each problem type. To provide stringent tests, maintenance and
transfer data are necessary. Each kind of problem learned is valuable

in itself only if it is maintained, and is instructionally informative

-

~

when the limits off near and far transfer have been tested.

Hhat is needed is a study instructing learning disabled

Ls

o

adolescents to-carry out representation and sclution of algebraic word

problems. Instruction in representation shourd stress the declarative
knowledge essential to schemata for types of word prcblems;classi?iEdl
according to matnenatical structure. This is acccmpanied by the
“procedural,knowledge necessary to:use schenata:to translate

propositions and construct abstract representations. The components

-t

‘Qf the self-questioning strategy for instructing representation

~ o
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include reading and identifying the goal, knowns, and unknowns;

exo{essing the essential mathematical relationships in a drawing; .

identifying the type of problem; -and generating the equation. After ,

representation‘has been mastered for a problem type,‘instr;ction in
solution should concentrate-cnvstrategic and algorithmic processing{
The components of theyself-questioning'strategx for instruction in
solution‘include checking that an eduation has been written, expanding
terms, isolating the dnknown; finding the value of the hnknowc, and

ensuring that the answer meets the godl. The final self-question for

N
each of representation and solution instrucc{on’airects the student to

focus on the mathematical features that characterize the schema for

the oroblem type under instructioh; VMeasures of metacognitive -

awareness, classification of problems into mathematical types,  and

Y
",

think-aloud protocols provide data relevant to questions about
cognitive processes and knowledge structures that accompany the
development of competence in problem solving. 1In short, this study

attempts to answer pressing instructional questions and reflects on

: . %
current theoretical formulations of algebraic problem solving.

~

Résearch Questions

N ‘' Research Qua\annna Concerning Instructed Students

1. Will the instructed students' ability to'represent word

N
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problems, obtain!&omplete problem solutions, and

accurate numericai answers for three problem types'
] .

s LY

1ncreas§ followingrthe onset of ihstruction? VWiil
these increases be maintained over time?

Will the instructed students show transfer tb problem-
solving tés#s that are similar bué distinet from the

training tasks in that'they contain new surface

" features (near transfer), in that they contain more

complex mathematical struvetures (far transfer)? )

Will changes be observed in the students' wverbal.

behavior and understanding while thinking aloud during

intervention?. - . '

Will the intervention'differentially_gffect the

students' ability to work ouf{ the three types of

instructed problems--relationai, prbportion; and two-

variable two-equation problems? .

Will instructed students and non-instructed comparison

: VS o .
students show similar outcome.scores in algebra problem

solving on the instructed problem types, a multiple-

~~

choice test and an open-ended problem test?

- Will instructed students and non-instructed compariaLn

students show similar abilities on quélitatiye measures

v



related to algebra problem solving, specifically
metacognitive interviews, think-aloud protocols and a

problem classification task?

-y



CHAPTER 3
- METHOD

This research investigated the effects of instruction ihipEOblemﬁ,,nf

re;)reserlItation and problgm solution on t’he mathematical problem
solving'ability of learning disabled Junior hi'gh,scbools ‘stu'dentsi. Of
interest Qere stu!dents' abilities to\re;r"esent problems sf: te or
. Wwrite the problem solution, and obtain the correcﬁ numérical answer.
Instruction was provide/d for broblems contaiping three mathematical
structures: relaEio,nal problems,  proportion p ems, and problems
with two variables and two equations. .Progression from one problem
type to aﬁoth& depended‘on students' reaching instructiona_l‘cri;eria.
1':‘1ve surface structures of age, distance, money, work, and number were
combilned with each mathematical strpctur'es. This systemétic variation
has made the method complex to describe but provided information about :
tbé effects of applying the instruc‘tional procedures to more than ong
type of problem. , | |
Design of the Study g,

This study employed two interwoven désigns. A traditional

two-group (instructed vs. non-instructed comparison group) repeated

measures designvwith pretests and posttests was used to inveétigate‘

-~

the effects of instruction. In order to study the precise changes o

that took place during the instructional component of the study, .a_ '

o

. | <
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single-subject research design was used.. Both were necessary in order >

to answer the research questﬂéggmgosedvin*Chapter 2;‘

Iwo-Group Design ' \
Students who met the criteria for inElusioh in the study were
assigned randomly to the instructed or comparison condition (see
Figure 2). Analyses of covariance between the posttest score; of then

.two groups, with pretest scores as covariates, were conducted to

- | o
compare the outcomes of the intervention with thcse arising from -

-

resource rooﬁ‘instbuction. “Prior to posttesting,_gembers of the
comparison group received familiarization with the worksheet used 4in

the instruction-based assessment measures.

' <
.

single-Jubject Design ~ °
»*

o
> i»

A 'single-subject style of research design was embloyed to permit
. [/
close observation of knowledge acquisition and strategy use by

) _ . o ,
individual students throughout the course of intervention.: The design

o

adopted features of both an AB design and a multfbie-baselinq across

individuals deb{;é (Hersen & Ba:lou, 1976). These adaptations were

o

. ¢ R
necessary to use strategies designed to'study behavioral chapge for

‘the study of knowledge acquisition with qompli§:§§gnitive tasks.
)
Characteristic of an AB design, baseline data were collected prior to

—

intervention; However, baselines were of the same brief duration of
each student due to the obtrusive nature of the baseline task.

5 .‘\} AN
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.COMPARISON GROUP INSTRUCTIONAL GROUP
PRETESTS _ o PRETESTS
( THREE MONTH INTERVAL) _ FAMILIARIZATION WITH
] o o STRUCTURED WORKSHEET

AND INTERVENTION
FAMILIARIZATION WITH o |
" STRUCTURED WORKSHEET " (THREE MONTH DURATION )

F , , o )
_ POSTTESTS . : , POSTTESTS

( IMMEDIATELY FOLLOWING) . ' { IMMEDIATELY FOLLOWING)

q N TRANSFER TASKS
{ IMMEDIATELY FOLLOWING )

- ( SIX-WEEK INTERVAL ) v }

N
N
<
i

'MAINTENANCE TASKS

-~ -

Figure 2

WO~ Grouﬁ Design

5
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Similar to a multiple-baseline designv/;he intervention was applied

/

across several individuals who exhibited similar target behaviors.

2

Continuous measurement took,place during intervention, and baseline

and maintenande data were collegtedr .

The’students assigned to the instructed condition‘participated in
the intervention individually on alternate'days. These sessions were
'conducted by thi!ipvestigator, a special educator with seven years'
experiehce, in theflearning‘assistance centres of two junior seconda:;

“schools in a suburban school districtpin'the metropolitan®Vancouver,

A British;Columbia area. To minimize student frustration,'baselines
were established in the smallest number'ofrsessions possible.
Following ebtaplishment of a baseline for a student on a problem type,

7 ' ' , '
the instruetional treatment was initiated. After the student reached

. e
/ B

critégion on the representation phase for that prohlem type, the

baseline was established for the solution phase. Once criterion was

jL
reached on the solution phase, then these procedures were repeated ror

the next type, and~-so on. For each of the three types of word

‘problems, the experimental procedures were’ ordered .as follows

¢

(a) baseline in representation, (b) instruction in representation,

(e) baseline in‘solution, (d) instruction in solution (see Figure 3).

.

Immediately after the instruction phase had been completed, task-

specific measures of near and far transfer were administered.

°

Majintenance.measures of representation and solution were collected six

-

weeks later (see Figure 4). o

R



RELATIONAL PROBLEMS

V™

REPRESENTATION - L , o
THINKALOUD BASELINE . INSTRUCTION  INSTRUCTION/ ASSESSMENT
- " { DECLARATIVE PRACTICE . TO-

KNOWLEDGE )

\;)cnursmon

!

 SOLUTION

BASELINE  INSTRUCTION. INSTRUCTION/  ASSESSMENT THINKALOUD

(PROCEDURAL  PRACTICE : TO .
KNOWLEDGE) \\/cmremou
PROPORTION PROBLEMS :

REPRESENTATION

THINKALOUD BASELINE INSTRUCTION  INSTRUCTION/  ASSESSMENT
o { DECLARATIVE  PRACTICE T T0

KNOWLEDGE) - \/cmremoy
R ' 'x‘ 6 } -
SOLUTION /\‘ |

BASELINE  INSTRUCTION  INSTRUCTION ASSESSMENT  THINKALOUD
- (PROCEDURAL  PRACTICE TO .

KNOWLEDGE ) % ___CRITERION

TWO VARIABLE TWO EQUATION PROBLEMS -

 REPRESENTATION |
THINKALOUD  BASELINE  INSTRUCTION INSTRUCTION/  ASSESSMENT

SOLUTION

BASELINE - iNSTRUCTION INSTRUCTION/  ASSESSMENT THINKALOUD

{PROCEDURAL PRACTICE

TO
.KNOWLEDGE ) Un‘sﬂtou

Figure 3
Successive Phases of Single-SubJecifDoaign

in Iﬂtervention

{ DECLARATIVE =~ PRACTIC TO e
- KNOWLEDGE) - CRITERION® |



55.

" Preteaats (prior to intervention) -

Assessment measure (Criterion-referenced, consisting of
instructed problem types)

Multinle-choice problem test (B.C. Hagpematics Achievement
Test;, Grade 7/8 Applications)

Open-ended problem test (Q2 B.C. Achievement test)

Metacognitive interview

Thinkaloud for a relational problem

-Classification task ‘ ¢

Tasksheets (completed during intervention by instructed students)
Poattests (immediately folldwing intervention)

Assessment measure (Criterion-referenced, consisting of
instructed problem types) °

Multiple-choice problem test (B.C. Mathematics Achievement
Test, Grade 7/8 Applicattons) . )

Open-ended problem test (Q2 H.C. Achievement test)

Metacognitive interview ‘ o

Thinkaloud for. a relational problem

Classification task

ws(imdiately ﬁrollowing posttests for problem types
~ mastered)

Near-transfer tasks (criterion-referenced)
"Relational probleas
Proportion probleas
Two-variable two-equation problems
Far-transfer tasks (criterion—referenced)
T  Relatiodal probleas
. Proportion probiems : .
,‘I\co—%va,riable two-equation problems

Hainnnﬁngg (six'.‘weeks later, by instructed students)

A.saessaent measure (criterion-rererenced. consisting of
tnstructed problem types) .

.:. oot . . .
o . Figure 4

Dependent Measures

+ . - T x," \




Students L
Selection Criteria
Selection criteria focussed on identifying adolescents Studying
grade eight mathematics who had a history of learning disabilities,
wéré-experiencing particular difficulty in problem solving, but had

-

mastered the basic operations in mathematics. .
The first set of criteria reduired the séiéctipn of students
nidentified as learning disabled in accord with school district And
provincial guidelines (see Appendix A). These students had been
idéntified as learnipg disabled during their elementary school years,
and all had scored within the normal‘raﬁgevozxindiqiqual intelligence
tests, éqd shown a significant‘discrepanc} between ability and
achievement., All had a’history of. learning disabilities in-
mathematics on both conceptual and computationalktasks. Some had

-\ experienqu learning difficulties in other areas such as read;ng aﬂd
written expression.
Three criteria‘for prerequisite gnowredge were esfablished.'
These helped to specify the task domain to which criterion—refe}enced
measures of learning outcomes would be applied (Gaéne & Beard, 1978).
The first criterion was magtery or 80% correct answers on a 10-minute,
35-item test of b;sic operations with whole numbers (see Appendix B).
The second criterion required familiarity or 60% cérreét answers in a

set of five one-step word problemé requiring multiplication (see

'

Appendix B). To qualify as experiencing difffculty in solving
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algebraic word problems, students had to prdvidé the correct humericalA

answer to no more than 40% of a set of 15 problems designed to require

the use of unknowns and equations (see Appendix B). For the second.'

and third'criteribn measures, calculatois and familiarization with

&

their use were provided.

A school distfict official identified two learnihg assistance

teachers interested:.in the research. They nominated studeﬁts who met

- the first set of criteria. Consent was sought from 25 students and

their parents. The students were told what would .be expected of them

if they participated. ' A letter was sent to the parents providing

information about the stuay and requ$sting'their signed donsent (see

Appendix C). bf the 25)fam1iies,”21 responded positively. Thesq 21
studentsieompleted the critérion tests in the two week;‘priorAto the
start of 1nstrﬁ§fion; all met the second set of ériteria, IOne was
later disqualified when 1d§ntiriéd as éh'outligr on one éf ﬁhe
dependent variables (see Appendix D). B ;

The two junior secondary schools were located in suburBaA
communities near_Vancouver. These schéols servqa students from a wide
range of socioecoanic and ethnic baékgrounds in grades eight, nine
aﬁd ten., ‘Each school had‘avlearning‘assistaqce program in

‘mathematies. 1In School 1 (see IableAZ) the learning assistance

ke &

students received mathematics instruction in groups of 15. In School

2 the studehts,wonkedrindepgndéntly on individualized mathematics

-programs. There were approximately 15 students in the leabningrcentre
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at one time. Inétructional blocks were approtimately'one hour'in both
schools. When thexxfgre not wi;h,the resqargher, instructed and
comparison students continued with their learning assistance program

q

in mathematiecs. - , ’ o -

Description of Students _

The 20 student participants aré described in Table 2 according to
group,  age, sex,.sehool, grade, and performance on‘eriterion measures.
The students in each school were éssigned randomly to the instructed
and comparisbn condifions to proddce groups of 12 and 8irqspective1y;
Randomization was éarried out within the restricﬁioﬂﬁ 1mpo$e§;§27the

students' schedules, aS it was necessary that they participate in the

" intervention during thé periodrthey were seh%duled to receive learning

!

assistance.
The 12 students assigned to ﬁhe instructed condition consisted of

7 females and 5 males. Three were registered in grade 10, five iﬁ
grade 9; and four in grade 8. The results of the criterion tests (sée
Table 2) indiéated that the basic operations scores of the 12 students
ranged from 94% to%100$ with a mean of -97%. Their scéres on accuracy‘
of numerical answers to single-operation word problems ranged from 60%
to 100% with a mean of 768.3%. On the criterion measure for word:
problems requiring variables and equations, their peréentage of
. \ v

correct numerical answers ranged from 0 to 40 and their mean was 18%.

The eight students assigned to the control group consisted of 4

r—
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females and 4 males.” Two were enrolled in grade 10, three in grade 9,
gnd thrée Ain gradé 8 VRésuli;su of the cr‘it::er-i'o-n tests (see Table »2)
indic.atéd. that the —basic operations scores of th_e 8 ;students rar(ged
‘ from-86$ to 100%, w'ith a megn' of“~§71. Their scores on ‘accurva.’ey;of 7
numeridal answers to one-dpération word problems ranged from 60% t‘o '
100% with a meavn‘of‘ 82.5¢. On the criterion measure for word problemg |
requiring variables d)nd eQu'atiohér their percentage of ;:OPreé;t
= numerical answers ranged from 0 to 40 with a mean of 20%.
Hotelling's T2 test—wds used to 'cg_mpar'é means of the instructed
~and’ ‘cou:paris_o_n_group’s on ‘thre threé_ critex?ion vapiables -- basic:
operations, one-operation word pfoQ‘lems, and inst-ructed word ‘prfobléms.
(See Tablé 3 for means and standard de'viétio'nsv.) Resu]v.t‘s of-the
Hbotellix‘zg's T2 analysis showed norsi..gnif'icant differences between the
means of the two ghoups on the cr-,it“eri;on measures F(3,16) = .027,
p>.05. | : . .L_ |

In sgummary, all participants in the _study were junior l;igh
students, s}:_udying eiéhth grade‘matbh/ematics, identified by their
schoolg as requiring ~learn1né assistance in mathematics; "'I'he st;udehts

were adequate at basic operations and 's'impie one-step word problems

requiring multiplicatibn, but were boor at word pi'oblems requiring
s

-

variables and equations. -

5
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¢ Comparison Group Instructed hroﬁp
Variable Mean  ,SD N : Mean SD N =
Basic f ~34.00 1:69\3//5 34.00 ° 0.85 12l
Operations ' B

‘ . . . .

. 1-Operation 4,00 0.76 8 3.92 0.67 |12

Word Problems - \
Instructed | 2.63 2.07 8 .2.58  1.93 12

ord - Problems
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. Materials
- N Y b

" From the word problems which appeaﬁ in Junio'r :secbndar"y

®

mathematig urricuala., three mathemat-ical structures were selected:'

relati al. _protlems, préportion problems, and two-variable two-
equation pr-obleims‘. The first two types are typically taught in grade
eight and the third . type in grade nine. Task analyses of these three
problem types appear in Appendix E. | .

The first type of pr-oblem instructed was the relational problem.

A representative example 1s: "Sam has $18 more than Tom. Together‘ ’

they have $82. Find the amount of money each boy has." This type
of problem was instructed first because task analysis suggested they

are the simplest problems that require representation and the use of a

) variable for consistent correct solutions. Paige and Simon (1966)

t‘ouudk that relatvienal pﬁoblems requiree repreéentation -of relatio}l—
ships in the problems rather t'han Jjust translation, that (:I.s', '
step-py-atep substitution of algebr;aic symbols _for‘ the English words
and 'phr'ases. In adeition, the'e'quatio_n is typical of those f‘irst
taught in algebra:i "X + (X+18) = $82". Thus the problem solution for
relational problems provides a representative introduction to solving
equations\. 7 -

The second type of preblem :instructed was propertion. An example

is: "Brien saved $50 in 18 weeks. How long will it take him to save

)

$3507?" These are generally .thought to be cognitively more comple

they require that the student get two ratios equal to each: other in
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v oxhr td 6btain a pffobl'em i'epresentation with the. equation in the form
"50/18 = 350/X." This equation involves two equivalent fractidns and

- is nat as typical as the .equation that ¢haracterizes the relational

4
[y

problem. o r

The) ‘third type of pro‘blém, requiring representation in two

var'j:ables and solution of two equat‘ions,‘ is sometimes referred to as
simul taneous linear .equatiohs. An example c;BFfsi‘st's of : "Andrew has
1% coins, some quarters and the rest dimes. | The total valqe—.or the
coins is $3.45. _'Find. the ‘number o‘f‘ eachN kind-of coif." The paircof‘
relevant equations are; ';X + Y = 18" and ™.25% + .10Y = $3.45",
Because of its; greater gognitiy)é demands, this type of problem was

taught last. g ST S "

- After observation of two expert solvers and theoretical analyses,.

the task"analysés for the three types .‘of instructed word problems
evol§ed, during'/ two one-:ﬁen‘th-pilot gtudies, each invollving two
students who met fhe ch:(Lteria for inclusion in the study. In each
case, I instx&ﬁcted students 1ndividually in the general subtasks of
word problem re\{resentation - f‘inding the goal finding whatf was
 known, and introducing utdknowns. Consis\;;mrfwith Reif and Heller"s

(1982) work, I foupd that the students raquired an integrative

framework specif;c to the particular type of problem. The students

produced the.diagrammatic- representation first, laying out the

mathematical relationships inherent in the problem, identifying the

»

Vs
features of the problem and/or the problgnf type, and then moving to
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the detailed subtasks. Line<by~1ine translatioiiand detail-by-detgil

recording became the "default option" when aigtudent_cbuldn't identify °

the mathematical relationships in the problem as an instance ‘okf a
pantieular type of problem. Similar work in the pifo} stuc_iies led to
the dgecisiorns to use algorithmic slolntion‘ proéedures-for.the
4 relational and proportion pnoblems, and' systematic trial—‘and-erroi' for
the solution of two-variable two-equation problems. The task,ana’lyses
, for the three types of problems appear--in Appendix E. .
, ’ ) R A
. ‘Iraining Materials .
The study employed training materials consisting of sets._of".five

word problems (see Appendix E). Each set of five problems is neferned

to as a tasksheet and the form on which tHe studgnts wrote their

&

answers is caC’:ej a structured worksheet. Each taskshe'et contained

one mathematical s_tructure'-- relational problems, proport onal
problems, or problems requiring two equations in two unknowns ‘--‘»d with
one proﬁem reflecting each of five contextual details or surfa/ce
Structures ot‘ time, money, distance, number, age. The tasksheets were

designed to teach students that understanding mathematical structure
r

is necessary for problvevm representation and problem solution, while

surface structure is variable and an unreliable guide.

Problems of each type were drawn from mathematics series used by

grade eight mathematics teachers (Ebos, Robinson, & Tuck, 1984;

Eicholz, O'Daffer, Brumfiel, Shanks, & Fleenoi',‘ 1971; Sobel &

-
A -

7y

]
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Maletsky, 197&; Stein,‘1982). About ohe—quarter’of the problems in
the instructional<ﬁaterials were from these ‘sources. Tﬁe remaihing
three quarters were prepareo for this study, mod;}led on those in the
texts, but comgining each of the five surface structures with each of
the three mathematical structures. A total of 200 problems of each
mathematical structure were ;repareo (hO with each surface structure)

These were assigned randomly to tasksheets for training materials, o ~

! baseline tests, and dependent measures for:the pretests and posttests.

' One hundred broblemsiof each mathematical structure were available for~

‘use during training having been assigned randomly to 20 tasksheets.

Tpe tasksheets were examined by experienced mathematics educators to

t ’ - - \ " ' -
&%nsure that they contained no mathematical misconceptions.

The'odd-numbered tasksheets were used for training.and practice

khile'thc éven-numbered were used for regular task assessment. All
R ] . . " "

students-received the same training materials in the same sequence,

but progressed at their own rate. In the early weeis of intervention,

—

o

iwttruction'took place at one session and assessment at the following

seSsion. As students became more ficient, instruction and

assessment could usually be completed in one session.

Procedures
To facilitate describing the complex procedures, an overview is. S
given first, followed by detai} about each phase of the study.;iAll

students received pretests, posttests, and were made familiar with the
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structured i:;ﬁj@eet. Pgr students assigned to the instructed

condition, int fvention lasted 12 weeks wi;hin a gpan'pf 15 weeks due
to a three week Christmas;vécatidn. A brief review of all previous

inéfbuction was conducted in thé first post-vacation SBSSion.
. B
Adjustments in scneduling were npcessary when the schools changed from

n ’1

first to second semesber, four weeksvbefore the end of instruction,

All students received posttest measures at the close of intervention.

Transfer tasks were administered to the instructed students following

posttesting. Instructed stﬁdénts received_maintenance tasks six w?eks

later.

v

Procedures applted to all students are described first, followed

by procedures unique to instructed students.

EPreteating and Posttesting :

A

Pretesting began immediately followin& subject s(alection.{ Six A

pietests were administered in six sessioné. The eséessment measure,
consisting off15 probiems,vfive of each instructed type, had already
been administere&‘because it was used as both c}iterion measure for
identifying participénts~in the study and pretest. The order of the
remaining measures was: multiple qhdiee problem test, open-ended
problem test, metacognitive intervieﬁ, thinking aloud for a relational
problem, -and thé classifying task. Although the ﬁime taken:wés

recorded, each written‘test‘ﬁas administered without time limit.

§
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Calculators were providéd forf the written measures and the thinki‘ng o

2loud. Students were tested 1nd1vidually" for the interview a;a th\ev-

R

thinking-aloud protocol, and two at a time for the other meésures.
Posttesting was initiated 1mmed:_l.ate1y after the last day of
instruction. The Sﬁame schedule and arrangements described for

pretesting were used.

Familiarization with Structured Worksheet
All students were introduced to the structured worksheet (see
Figure 5) on which the assessment measures for instructed problems

were completed 1yn the preﬁe;‘t, posttest, ahd intervention. The

worksheet was divided into two parts, representation and solution, -

which contained the steps in problem solving derived” from cognitive

task analysis. Representation of the problem was 'expre\ssed as

"getting the whole picture™ on the top halrf of the wbrksheet. The
lower half of the worksheet was rese}'veq for showing the problem

solution. The script for familiarizationh appears in Appendix.F. The

pilot studies had shown that the wo'r-ks\heet provided students with
effective cues which guided them in completing prb*bluéﬁs and a 1anguage
for talking about problems. ' ‘

The students wewre provided with explanations L‘or the six
cc;mponents of problem representat;,ion that appear on the iqrorv-ksheetv:

making a drawing or using you‘r own words to show the relationships in

the problem; the goal (what you have.to find); the unknowns (what you



" "Problem Date ________ Name

Exercise ________, 'Btp.%!’h'au —— Session __ . Ob.
Gﬂhl: i ) ‘ 47 .‘/ . ﬁ .‘ - B
What I°don't know: P ( '
‘What I iaow: :
e ] : & o
I can write/say this problem in oy r{n“;orda or draw a piéturq.
Kind of problem:
Equation: - T ' | .
Solving the.'oquation:

. o e s

~
L ] ; ,

.. Hares
© Structured Vorkahest

¢

i




 don't 'kndw in th'e problem; this is where you introduce a variable)'r

the lmowns (tbe relevant intormation you know from reading the problem '

and trom your pricr knouledge) kind of problem (the class of problem
~ & . . N -
-that 1t tits.into or a description of the.problem's'reatures' equa&ifon‘i,‘:

»

" {a true statemen'c based on the relationahips 1n the problem and shdun

ﬁ-‘

Cin your drawing, including tbe variable you have introduced).
Problem-adlution was described‘u "the steps you carry: out on the
equa*ion to get to the goal". Brief explanations were provide¢ for‘

A .
the othér components of solution; compare your answer to the goal (tg

7

insure consisteney between the gqal and the answer you write 1n a-

/a\ sentence), checking (your compatationa and obtained values)

N Students in the compariaon group were 396n individually f‘or three
30’-m1nu\te sessiorxs. In uach session they recelved the t‘amiliariza-
tion," Qare' avs‘k‘ed‘ tobdet'ine the‘terms, and-to find the reLevant‘:'

-‘components in partir-ular ‘;oblems. Thenvthey were g'iv_enfah;
opportun.lty to try out -the worksheet with those problens. In thér
t‘;irat sassion they u..-ad relational problems from the first taaksheet.
In the second aoa:sion they usad the f'irst taaksheet ror proportion.
prablem- and 1n the third aession, the first taLksheet t‘or twoe-_
variable two-squation problms.: Tba? did-not raeeiva instruction or
feedback zpecific to the problems, onlly familiarization with the
‘structured workaheet; and the naaning of the exprasa.ic’ma)‘ used dnbit.v

Thess three 30-unute sesaions for the ccuparison group took place in

‘u}e week prior to poattesting.
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Students in the instructionai group receivedrramiiiarization with

" the: meanings of the expressions used ‘on the structured worksheet in

the course of the first day of intervention for each type of problem.) j
The students in the oomparison group continued\uith theirln

1earning assistance program in mathematics while the instructed

students participated in the intervention. Veroal problem solving was

included in the curriculum of  each student in the comparison group,

- and. the instructed problem types were part of the pboblem solving

P e “

) curriculun./ In one school, students in learning assistance worked on
'individualized programs that had been prepared by a special educator.
,There were about 15 students in the learning assistance centre at a
time. In the other .schocl students were instructed'in mathematigs by
a‘special educaton in a gnoup/containing about 15 students. Total -

instructional time was the same for students in the two groups:'

k]

Baselipne

Baseline measures were administered prior to instruction in

Experimental Conditions (Instructiopal Students) *
s

- representation and then again prior to instruction in solution ror
eachftﬁpe of problenm. In all’cases;students'were asked to conplete
both the representation and solution sections of the stractuned
worksheet. Students were told that the baseline served to determine -

how much they already knew and as a standard of comparison with their

L
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'la‘ter’ assessment measures. They were given a.set"of‘ ten ‘rjandomly
ordered problems of one’ matlr'xematical structure containing two pr‘oblems
‘ witnb eachv surface structure (sfee ‘Kppendix G). The students were
provided with calculators,but self-questigning prompts were not ‘made
available.A The investigator demonstrated the use’ of‘ the calculator tg
all studepts. |

‘ Invclinical and 'b.‘e'havior‘al -interventions, the convention has be'en.
to require a minimumv of three separate -o'bserv'at.ion‘points to establish
a trend in the baseline data ,(Iiersen & Earlow, 1976, p.-76). AHowever",
Kazdin (1982) argues"'tnat "reqvuirin’g the subject 'tocompl'ete a task
for assessment ipurQ’oses may be dif‘f‘icult ‘f‘or an extended baseline."
(p. 146), and ‘may jeopardize the in‘tervention He adds that "the
clearest ‘tnstance of stability woels? be if behavior never occurs or
ref‘lects a complex skill that is not likely to change over time
without special training" (Kaﬁd"n, 1982, p. 1118) Because students ‘in

the pilot studies had found the baseline measures dishearten g and
< E .

because the ¢complex knowledge was not li’kely to‘ change without
‘instruction, only two . baseline assessments were administered at the
beginning of each phase. To increase reliability, each set contained
ten problems rather than five, as in daily a-sses‘sments. Bas'eline
measures were scored for rebresenta’tio‘rf," sol'ution', and numerical answer
in accord with, guidelines bresented in t'hess,gxc_tion'entitled S_Q_Q_x;i,nx

Procedures. fter finishing a _baseline measure, ‘the student was shown.

his or her obtained scores on a graph. A student who reached the



72.
criterion of 80% on baseline in any phase would proceed to the

baselihe for the next phase.

o A

[ 4

Think-aloud protocols were administered prior to baseline fob
ey R . .

representation and following attaimment of criterion fdf solution for
_each type of Prqbieg. These were'audib'neéorde$ on ah Adwa

i

auto-reverse recorder equipped with clip-on microphones. The student
was given a problem typed on aibard, and asked to think out loud while
. doing ‘the problem. Consistqnt with the recoﬁmendétiong of Ericason

and Simon (1984), detaiied instructions were employed to ensure that

. ‘ - -
the students understood what was expected of them. At the first

administration, students practised thinking aloud while completing a

—

.multiplication question (see Appendix H for the 1n§tructiona}j‘
Scoring proegggres were developed to rate student35 understanding aa

they thought aloud.

1

> ﬂ J nhmw: M’” L -
Each student met individually with the instruetor for 9&3
. S

ho-nihute session on alternate days. These procedufqa were follo&ed:

1. The student was reminded of the purpose of the current X

session, and shown the graph of the results to date.

2. The tasksheet was placed in front of the student with



he prompt card for self—questionipg. (The prompt was

- gradually faded out.)

JThe student read and said from memdry-the'self-

questions.

The student and the teacher eaceread the first broblem ’

‘silently.

The ‘instructor read aloud and thought aloud for the

first word problem, making frequent references to the

prompt card for“self—questioning. This procedure was"

repeated for the second pﬁbblem. (See Appendix T for

sample tﬁanscript'of inétrugt%gn.) : o ' .

The student read aloud and thougat aloud for the third

(.

word problem. The instructor’prompted, encouﬁaged, and ‘

provided feedback specific to the‘studeﬁt's verbaliza-

~tiops., Examples are: mAre you certain that you are

letting X take the place of the simplest unknown?'
"That is correct, it“iéra relational problem; now, can
you tell me what st;ﬁctuéal»featurés of the7pbbblem
helped f%u to idenﬁify it?"™ This brocedure was prepeated
for the fourth problem. - B

.// '
The student. completed the fifth word problem without

-interjection from the instructor, aléud in the early

stages of the study and then silently. Feedback was.

provided. : »
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8; The ffequent prompté; encouragement and feedbéck were
E?édually faded out. (The reader 15 refefrea to
Appendii I for representative‘transcripté illustrating
the instruction in representation and solﬁtion.)

9. After completing a practice tasksheet in this manner,
the student completed an assessment tasksheet

’ ) independently, seeking help only if unable to proceed..

10. The student was shown a graph of progress and 1nformeq

A

about the purpose of the next session.

Components of Instruction for Problem Tvpes

A number of scripts were used thrdughodt the sthdyi orientation
script, generallscript about word probIeﬁs, and specific scripts for
representation and solution for each problem type. These can be found

-

in Appendix J.

" Instruction in repraesentation for relationai problems. On the

first day of intervention an orientation script was used to introduce

the student to the training experien;e. The orientation script

included a discussion of why we sometimes experience difficulty doing

werd problems, a description of self-questioning and its relevance to
!

the instruction, and a description of the two phases into which

problem solving would be divided: problem representation and problem

L
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B solution. The students were informed that—shese activities would help
“them to do word problems during intervention and in their mathenatios
classes. The inyestigator ansnered the students' questions and
listened to their qpncerns. |

| Following the orientation, the general script about word problems

(see Appendix J) was ueed to engage in'interactive'eonversation with

the student. THe purpose was to assist the student in acquiring
general information and vocabulany,about word problems and releting
these to existing knowledge. rThe existence ofrkindszof etory problems

was related to the existence of kinds of familiar stories (e.g.,
C’H\;;steries and westerns). ﬁeclarative information included the
”F\\iﬁportance of the/mathematical structure of a word problem (rather
than the contextual details) for detebmining‘the type of probiem ano

'how to proceed. Other topics includeo the use of a letter to stand

foﬁ an unknown quantity and the search to find the number so that the
letter is no longer neceesary.

Then the student was made familiar with the stguctured worksheet
on which the problems were to be completed.

The instructor read through the self-quesjioning for~tepresenta-
ticn with the student and pointed out the close connection between the
self-questions and the top half of the structured worksheet. The
student rehearsed until aBle to say the questions d@ard point to the

relevant parts of the workeheet. The self-questions for

representation were: v
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1. Have I read and understoﬁd each sentence? Are there
any words whose meaning I Have to ask?

2. Have I got thé whole Ap:-lctur'e, >a represchtation, for
this problem? |

3“. Have I writtep down my representétion on the worksheet?
(goal; unknowyn(s); know’n(s); type of problem; equation)

4, What problem featureﬂsvshould I focus on in a newA
‘problem so I can‘ know whether I can use the representa- .
tion I have been taught? g

A script was followed to present declarative information specifid
to relat_."n.onal problems (see Appendix J). Students were told to wétch

for a relational statement, a sentence giving information about one

unknown quantity in terms of its relationship to another unknown

+
quantity (e.g., John has $4 more. than Sam). They were also informecL

about guidelines specific to using unknowns to represent quantities in
relaticnal problems. |

Following this instruction in declarative knowledge, the

instructor proceeded as described in the section Gepneral Procedures

¥

mm_mm Tasksheets #1 to 20 were used in sequence,

P

odd numbers for practice a)nd even numbers for assessment. Sessions
consisting of instruction/practice and assessment (a teach/test cycle)
continued until the student reached the criterion of correct

representatioq for 4 out of 5 relational problems on three consecutive

assessmpents. Then baseline was conducted (as has been described) for -



the solution ofYkelational problems.

Instruction in solution for relational problems. Folidwing base-
{ - . § -
line fér solution, on the first day of instruction in this phase the
seript to familiarize the student with the work}ﬁeet’wés used (see

Appendik F).. The instructor read through the self-questioning for

solution with the student and pointed out the close connection between

thg self-qﬁestions and the bottom:half of the structured workshegt.

The student rehearsed until he or she was able to say thé'questions

and point to thevre;efapt parts of the work-sheet. The self‘-questiongz
for solution were: »

1. Have I written an equation

2. Have I expanded the terms?

3. Have I written out the steps of my solution on tﬁe
worksheet? (collected like terms; isolated-unknown(s);
solved for unkndwn(s); checked my answer with the goal;
highlighted my answer)

4., What pboplem'featureé should I focus on in a new
problem so I can know whether I can use the solution I
have been taught?

The student was presented qith procedural information aboht the
impoftance of adding/subtracting ohly terms that are alike, and

carrying out addition and subtraction before mul;iplication and

dtwd{sion in the procedure for solving an equation, The need tor

T | |
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consistency between representation and solution was emphj,s-ized (for

script, see Appendix J)

Teaching by tainking. aloud proceeded as degcribed in the section

General Procedures Throughout Intervention. Studefs were required to

Q

generate both the problem representation and the problem solution for

5

each 'prOblem,' Because the problem solution consisted of-solving the

equa;tion and answering the goal, which had been generated during the

\

representation. Sessions consist' -of instruction/practice and

&
assessment (teach/test cycle) continued until the student reached the .

criterion for the solution phase of 80% correct representations,
solutions, and answers in three consecutive sessions. Tasksheets in
the series #1 to 20 were used f‘ollowiné on f‘\rom the last tasksheet

'employed for assessment in problem representation.

Wlwwm » ) problems. .Following
administration of baseline for proportion problems, on the first day
of instruction in this phase, there was a review of the self-
questions fog r‘epresentation. The student demonstrated kno;rledge of
tne questionns and pointed to the relevant parts of the worksheet.
Declarative information specif'ic to proportion problems was presented

E

inciuding vocabulary for- terms such as ratio, complete ratio,

incomplete ratio, equivalent ratios, and "new case". Students were

told to watch for a nomplete ratio and an incomplete ratio that were

equivalent. They were reminded to employ a letter to stand for the

¥
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‘unknown term in the "new case" (see script in Appendix J).

-

'Teaching by thinkingsaloud proceeded as described in the seotion

wwmmmmm Tasksheets #21 to !40

containing{proportion problems were used sequentially. The teach/test
'
cycle continued until the student\reached criterion for

representation.

Instruction ip solution for proportion problems. Following
baseline for solution, there was a reviéw of self;questioms for
solﬁtidn and the student was required to show that he: or sﬁe had
learned the questions. Proéedﬁfal ihformation was prese;tedfabout
solving an equation in the special case when each term was in the form
of a fraction. Students were shown two procegures: how Lo use cross-
multiplication and how to make one side of éie equation equal to 1 Sy
multiplying by the inverse. (Most students chose to cross-multiply,
an operation with which many claimed to be f‘am‘iliar.) gxe need for
showing all the steps 1nx;ne's work was emphasized (see Apﬁendix J).

Following this instruction in procedural knawledge,
teaching by thinking aloud proceeded as Qescribed i? the section
General Procedures Throughout Intervention. Tasksheets #21 to 40

continued to be used in sequence with the teach/tesﬁ,cycle'confinuing

to criterion. ’ e



m&m Following administration of baseline for two-variable
two/-/-eqnation problems, selffqueetione for representation were reviewed
,a; in previoue phases. Declarative information specit’ic ‘to these
problems was presented including identification ot‘ two potential ‘
_,g/equations. It was pointed out that in each case the more complex
equation would be der'ived t‘rom the simpler equation. For example, thgr
value of each kind-of coin present could. be derive'd frﬁl’mriafion-
about’ the number of each kind of .coin‘\.i. The need for two variables was

discussed. It was emphasized that this type of pr‘oblem could be

g\Jidentiried by the need for two equations and two unknowns (see script

{

in Appendix J) g . ' ;l ) : ' g Ty
Teachind by thinking aloud proceeded as describ?d in General
Erocedures Throughout Intervention. Tasksheets #41 to 60 were used

for-the teach/test cycle.

-

- - 2 N v - . . . :
The administrati\on of 'baseline for solution wae f‘ollowehd ’by a ’review‘

of self-questions f'or solution. It was explained that these 3teps

ror.leolution of moet problems but that for some

L3

\
types of conplex iproblene and for unfamiliar probleme another -approach

L

would also prove valuable. Procedural knowledge relevant to .problem

golution by eyetenatic trial-and-error and charting of attempts was

&

presented.\ The nportance of recording all values cf variablﬁ and




‘ were employed

outcomes, and of'selecting the next.

outcomes was emphasized (see’scri

81.

8- o
values tried in light of previous

pt in Appendix J). Whereas the

instruction in solution for the first two problem types taught an

algorithm for solving equations, in
problems concentrated od systematic
Teaching by ‘thinking aloud pr

. » , . R

be used in sequence.

! .
« .

Iransfer

For the instructed students th
arter posttesting was coi:leted’

ca;culators but no self-que tionirg

near transfer §

4-/ ‘
comp1e+§d,

i

on structured worksh

T~ -

-transfer prooiems of eac

struction in solution for these
K’A ‘A

trial-and-error.

oceeded as described in ﬁﬂﬂgnal»

Tasksheets #u1 to 60 continued to
|

jatransfer ph;-e began immediately

‘Students are provided with

o |
| was~/'The ‘volume of the bfg box Has

iearning tofpr-iikms that ﬁeée new i?“

! F ‘\
" ace structur-s or cont%xtual detaiﬂs

I
fl structurL as- t e

i '
An ekample of a relationﬁl pro lem with Fhe surface structure volume ‘

3% cm3 forh ‘than the volume of 'f'

‘



o

r
3:2:1. If John 1s 18, find Jane's age. and Frank'

pair of eauations in tﬁo unknowns. Such a p;

8z2.
- .

‘the little box. The sum of their volumes was 72 cm3. Find the volume

of each box."™ (For the problems,vsee Appendix K. )
The far transfer measures were designed to assess whether

students cbuld transfer their learning to problems_that had the same
surface structure ‘but new and. cognitively more complex mathematical.

i

structures which had been derived’_y cognitive task analysis (for the

problems see Appendix K). 7/

P

Each instructed relational problem contained one of two RInds of

'relational Statements, either: mJohn had $9 more than Mary", or "John

P

had 3 times as much money as Mary.™ Each far transfer relational
problem contained both kinds of relational statements in combination
"John had $9 more than 3 times as much money as Jane."

Eacn instructed proportional problem contained two equivalent
ratios, one complete and one incomplete "The ratio of Hary 8 age to

John's is 3:2. If John is 8, how old is Mary?". Each rar-transfer

proportion problem contained three equivalent rlatios, one complete and

two incomplete: 'The ratio of Jane's'age to ohn's to Frank's is
age."

Each instructed two-variable tuo—equation problem resulted 4n a

in nickels and quarters. ~ He has 10 coins in all.



'by a simple calculation from the inforggtfé%}kiven in the problem. An
example- of such a problem 1s:."Sam has $1.55 in nickels, dimes, and
quartersy He has 10 coins in all. Nine of the coiné are niékels and

qﬁarters. How many coins of each kind does he have?" It can be seen

that if 94of the 10 coins are nickels and quarters, then there must be -

only 1 dime. AS with the far-tr;nsfer‘tasks for the other two types

of probleﬁs,'it was reasoned that a student would need to transfer all

that was learned in the instructed problems and construct a more

complex representation and solution in order to wopk ;hese %yansfer'

N\
]
;

-

problems.

o R .

- === The maintenance data were collected six weeks after the end of

instruction by administering the samé 15-item pre-post assessment

measure (contaiping five problems ofiéach type of instructional

- problem) under the same conditions used on the two brevious

-

administratgons.

¥

Beliability

On a random schedule, audio tapes were made ofvinstruction.
These were compared to the scripts to ensure that no impdrtant
components of instruction were absent or altered in any substantial

way.

)
4



‘ .Dependent Measure,s

T i
. . .
’ .
ES

Assessment measures for the- type of instructed problem were
collected in successive sessions. These consisted of students'
written responses on structured worksheets to the even-numbered

tasksheets cox?taining five problems of one mathematical structure.

The combleted structured worksheets were the principal debendent

measures.

——

are presented in the section entitled W

) _ ". : %

Students were instriucted to think out ‘loud, while representing

"and solving on the str red worksheet, prior to baseline for

representation and following attainment of criterion for solution in
each problem type. (See Appendix L for the problems which were used.)
The purpose was to allow detailed. examinatiomot" the verbalizations

producod by students while doingproblem representation and problem

'solution. These verbalizations were recorded f'or later 5eoring in

conjunction with the written worksheet and observations made by the

1

investigator. The guidelines used to determine ratings for under-

_ standing of problem representation and problem solution are presented

in the section ent’i‘tled =coring Procedures.

*

talled criteria used to evaluate the students' worksheets .




These measures were admihister d to instructed _and comparison

.students. In all cases students were provided with a calculator and

given as much timé as they required.

-~

This measure was included to assess directly the thoroughness and

'accuracy with which students completed problems of the same

mathematical structures, and surface structures as the instructed

problems, It consisted of five problems of each type: relatiohal, :

probortion, and two-variable two-equation.' These 15 problems were

' _ presented 19 random order. They had been selected atJaand\o‘m with the

condition‘that there be one problem containing.e‘aﬂch of the 15

canbinations of surface structure and mathematical structure (see'

Appendix B). Each problem wasK comnleted on a structured worksheet. .

Responses were scored according to three ‘sets of criteria described in

 the section entitled &cninz_mﬂdum L -

The Ministry of Education in British Columbia has prepared a

general mathematics achievement test (Robitaille, Sher-r-ill;» Kel],eher,

xlassen, & O0*Shea, 1980) that requires students to apply five mus/

taught in the mathematies curriculum at grades seven and eight. Three

1

-



subtests,jAnalgging Word Problems, Use of Diagrams, and Solving.

Préblems, were se;ected for inclusion because they were related to‘the'

ES

inatructionzip this study. /

The subtest, Analyzing Word Problems, was selected because its

= purpose‘was'to determine whether a student was able to analyze a

verbal problem and (a) distinguish be;ween:what is given and what is

found, (b) recognize whether sufficient information 1s~given to solve

the problem, and (c) determine what operations are required to solve

the problem. It was also intended to assess whether students could

—

- R
translate verbal problems into‘opeﬁ sentences. The subtest;/Use of

—

Diagrams, was 1nqluded>because'it assessed whether students could

construct a "model" such as a diagram as an aid to sol#ing a problem,

- and draw and interpret scale diagrams. The subtest, Solving Problgm;,

was related to the instructed problems in théé/&t assessed whether

-

students could test the appropriateness of an answer to a problem, and.

solve problems involving.pqpcents. See Apbendix M for the

£

instructiong'and problems used in this measure.‘ The three subiZsts

contained 8, 7, and 10 problems respectively. For each problem the

students read a brief stem apd then marked in the booklet the one of

>

f \ the four options that provided the best answer._ Although“ohly

r

multiple choice responses were’soorqu'students were also asked to

show their work. '

-



o
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,Aniassesauent test developed by the Learning Assessment Branch

(1985)- British Columbia Dﬁnistry of Education for use in grade 10 was -

used as a source of relevant word problems. Although many of the.

- r

problems would be solved better by representing the information in a
diagram none w.és an isomorph of the three instructed types. The

students were asked to show their work; - however, only the correct

-

numerical ran;wer was scored. This measure of general problem-solving

ability included a2 wide range of groblems taught in juni'or secondary

mathqga/j:ics. Thirteen problems were selected. Two were gne-step

problems, three were complex v,ariations on relational‘problemsr,ﬂgnd
four 1nv’o/1vedAmeasuremen't-s of length and area or vol;ne. " The
remainning fo;.l}_iqulved -adding fractions, pémutations, extrapolatioi; .
from a drawing, and 'ohe involved p'ercent‘ and prcg\portion.’ 'See .Appendix

M for the instructions and problems in this measure.

Metacognitive Interview
Metacognition refers to the awarexiess_ of knowi‘_edge and control
and regulation of knowledge (nger & Brown, 1984). /Insufficient self-

monitoring by the learning disabled has been alleviated by self-

1]

questioning inst;-rﬁction in studies of reading coujprehension"‘

o -

{(Palincsar, 1982; Wong & Jones, 1982). Ini:light of the cigse

relationship between self-questioning and metacognition, a

metacognitive interview was used to assess change in metacognitiap -of



¢

5

the instrpcﬁed group’ and_the comparison group over the_ period of
instruction. - S , - -
Consistent with Fl‘a"vell's (1976) recommendations, qﬁeéﬁ;{.ons about

the stﬁdents' perceptions of the task of working mathematics word -
problenig, stratégies t‘§r probiem solv'ir'lg', and about themselvesm as
pr-o_blaﬁ sollver-§ were posed in an individuai interview 7(s;ee instrument
and t‘,lowchar"t for administration in Apﬁendix M). -Each question wa§
vased, and followed by a 'prompt ("a'n‘ything e~1$e?:) to encourage a
student to ’eza'borate on a single-item ’r-espénse., If a student ftailed
‘to respond withif ten seconds or demonstrated lack of understanﬁng of
the quesAtion,. a sﬁecific probe was used which restated the question in
‘a'mor'e concrete and personalized manner. | , s

3

Llassificatdon Task
K] . o -
\ \The ability to recognize problem types and be ,guided by well
- developed prob}.em schemata is con‘aidered" an ’itﬁp‘or-t,ant ind;cator of -
expertise in problem solving (Mayer, 19’8‘2.; ‘Silver;" 1982). A -
\Vcl'assi‘f‘ic'ation task wds deSigﬁéd (seeUAppendiva) consistent with
Silver's (1980) recommendation that students be asked’ to select the
most. gimﬂar pr-olglgns out of a set: This instrument consisted of 10
set$ gqf’ tﬁree préblema. In each sét of thre; problaﬁs, Vtvﬂzo prolblems—g
had 'the same’ underlyir;g mathematical sﬁructurq (e.g., relatior;al_).4two

problems Had the same surface structure (e.g., age). and the third

cambination bore no planned similarity. In each case, the student
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chose the two most similar problems and wrote in a few words the

reason for the choice. It was pessible to discern whether the student

could verbalize the similarity'between the selected problens,

"Scoring Procedures -

R D

Some dependent measures were scored simply for correct numerical

answer. These measures included the multiple-choice measure (B.C.}

—

Hathematics Achievement Tests,‘f’gpade 7/8 Applications) and the open-

‘ended measure (Q2 B.C. Achievement Test). The classification task was

score.d»for, correct choice of two problems whose similarity was based
on mathematical structure. In the following section the critdria and
procedures for scoring the complex dependent measures are presented :

the instructed problems, the think-alou'q protocols,

metacognitive interview. .

Scoring of Problems Completed During Instruction
Responses to all assessment problems during intervention were- -
scored by the _in.vestigator- and 'tlhen \,verified by a seeon_d ra't'er.’
Disagreements were resolved by referring to e;:.ablished eriteria.
For each taskshe‘ét, pe'rcentages correct were calculated. When

students were required only to represent the problem, only one set-of

-




: : -, ) -
criteria was used -- to decide whether or not the representation for

each problem was complete and°accurate. When students were rquiréd

~

“to represent, solve, and give a numerical answer, then three separéte
sets._of criteria were used. These criteria were for the qompletgness
and correctness of the nepresentatibn: thoroughness and aéburacy'of

the solution, and the accuracy of the numerical adswer. In addition

to a raw data sheét, a graph displaying daily performance was

, " ,
maintained for gach student. Altogether students' completed prob;ems

were scored :gréhree areas: re&r@éentatidn, solhtion, and accuracy of

(S

numerical answer, yielding three separate scores.

0. In order for a representation to be
scored correct, the following criteria had to be met: ah accurate and
complete statement of the goal of the problem, a succinct statement of
what was khbwﬁ)after reading and understaqaihg the probiem, the
introduction of symbols (letters) to represent what was unknown in the
rproblep,’and a thorough abstract representation in thé fopm of an
equation (which could be accompaniedqby a Arawiﬂg) of the mathematical
relationships impiied in the problem. Students were also rqquirea to

give a sﬁccinct description of the featurqs of thé problem or name the

type of problem.

-

in;gnia_{gn_;gln;ign‘ Problem solution conaisted of” carrying’

out algebraic procedurea 1n the correct sequence to obtain the roota

3



—

| ‘of. the equations \and—m'eet the goal stated in the problem. The
, .followingd~ ériteri had to be met for a correct problem solution, to a
*;elational: or -proportion Problem: the series of steps known as
oollectingéii'ke t‘erms,. isolating the unknown}\,‘ andi solving for the"

L]

unknoqn; highlighting the answer thaé met the 'state,d 'gOalr,‘iand

~

evidence of checking the cémptitations and consistenc} of thé la,nswer'
Zith w'hra4:> was given in the i:roblem statement.r The ‘fc%iowing critery-iam
had to be met t.o score a‘ correct problem solution to a .tyo-variablll.é
twé-equatioh' prob,le:;:: 'systemat,ic trial and error with r;ecord keepingm
in g chart qu' each value tried, the numerical 'butcouie, and a J‘udgme‘nt

. | 9
of ‘the resulting error in that outcome. In addition the answer had to.

be expressed in a brief statement; that met the goal, and evidence of

checking (could be shown in the chart). was 'reqﬁi{'ed.

Qﬁnmn_mr_mgn The third criterion was that the student .

have recdrded the correct nfuherical answer.

» 7 ) ' S %y
Rationale. Zricsson ggd,smn/(l/ 984) emphasize that in carrying
out protocol anaiysis consistent with information theory, one,;{'su
attempting to infer what information was heeded by fhe, subject as
input for the observed verbalizatiop.' Such protocol analysis is a_

qualitative process. TYackel and Wheatley (1985) created an instrument

to. assess the degre”e of understanding exhibi ted during broblem;



s

solving. ‘However, they,were‘unable tooobtain overall quantitative

Y
® b

. scores because stme segments of a subject's protOcol were used to

generate more than one rating

The purpose of the present protocol - assessment instrument was to -

e

obtain overall scores on the degree of understanding'exhibited by a .
student—during each of problem representatiqn and solution., The.
inference of what the student was heedingrandvunderstanding was based
on'written and spoken verbalizations made by the atudent and an
observation checklist-}see Appendix N) ‘completed by the investiga;;r.
Consistent with the recommendations made bz,Ericsson and Simon
(1984}, the protocol analyses were based on cognitive task analysis of
each of the three types,of problems.. Segments from audiotapes were
4"transcribed and then rated for the degree of understanding shown in

3 ’\-

_problem repressntation and 'in problem solution. The six components of,,
representationlrated were: understanding of goal; knoﬁledge‘of
necessary explicit relationships use of an external code; schema for

mathematical structure of the problem; abstract coding of implicit

relationships' ‘and degree of generalizability./ The four components of

problem solution rated were level of abstraction, use of procedural;j.

—

v 5 ,
' knowledge;‘computation; and numerical answer. The scoring for each

aspect was carried out independently of the others._ Each segment ofpjf .

the protocol contributed to onIy ons category. AIl,aspects of the{f

—

.verbalization considered relevant within the task analysis °ontributed ;

- L] P

to the score. =~ - : PR S



-'by learning disabled ?dolescents. oA

jl’

Many of the categories yielded by the task analysis are similar‘

pu———

» to those that Iackel and Wheatley (1985) f‘ound to be related to high

scores'on a test ot‘ algebraic problems. The instrument was consistentﬂ
" ’

with the maJor tenets expressed by Ericsson and Simon (1984) in

2n9innnl_AnalxaiAi_Iszhal_nenanta_aa_naia_but deviates from their’ |

‘recommendations in one maior way in that it is used in a quantitative W

S

rather than qualitative fashion. Sums wer’e: taken \a‘cr‘oss categdries_

and across individuals. This deviation is consist‘ent with the purpose

N

=~ of this study -- to investigate the int‘-luence of‘-theory-based :

.‘cnstruction in problem representation and probl'em solut’ion on the

-degree of‘ understahding exhibited during think-aloud problem solving_

- . & -

Each category was rated 2, 1 or. 0, .depend:Lng on the degree §of , -

understanding demga{tyfed. 'mo ratings of‘ understanding resulted.

one for problem repr%sentation, and one for problem solution. .

“ -Goal, The goal. ref‘ers to the purpose f‘or which the problem is-

undertaken. The rating is based on the solver's verbalization of

purpose -and what is written beside the term "goa_l", on the worksheet.

' J
B

Scoring: i ] ‘
= Accurate goal: The solver shows eviidence :'ot‘ havin'g
- identified the intended goal of the problem before -

e

,93,"‘

&

gl
a
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: making fhe mathematical manipulations uhich constitute

problem solution. {%s

Lnaggnzatg_ggali The solver has identi’ied a goar““‘

different from the. intended goal of the problqp. S }/“
ﬂg_xgal‘ The solver has not identified a goal for the

. N S 1 -
problem._ ‘ C e IR

Generalizability, This refers

representation is userul ror‘solving similar problems. 1he indication

’

used‘is the extent to which appropriate variables are introduced.

TheSe are in the solver's verbalization and “ritten beside the tern'<7

¥

"what I don't know" on ghe,worksheet. ) : - -
. Scoring:
= In;gk;a;gg; The solver has identified all unknowns

-

freduired for'reaching a generafizable representation ;

" and introduced appropriate vapiables.

s.a.m.e_e.zi.d.u.c.a_g.t_in.t.em.t_m B_Q_UL followins

conditions must be met: At least one unknown (but not
s all unknouns) has been identified at least one

’ appropriate\variablec(but not all variables) has been

JO:H;Q_s.ndsnns_nr_inm;amm inuneornsmm:or the
% ) ,
i folgowing conditions has been met: One unknggn (but

&

not all unknowns) has. been identified' one apppopriate

e - - K ‘o
5. R . N - .
- g ’ . N .

R

g introduced. ]

AN ]
e

N
4 a? %5
EEA - 3
5
1l
¥

o the extent to uhich the }'Lb;



2\ ‘variable {bu'; “not all variables) has been ingrédfced.

* : . : R

! . 'l"bis r'erars t'.o tho :

P

extent to uhich the nocoaaary oxplicit rolationships givon in she
’ problcn information have been 3tated._ The. rating is based on the

solver's verbalization of vhat he ‘knows. after reading the - problem, :and.

what 15 uqitun besi the term 'what I’ kncw".

Scoring:
. ‘ - : The
i_j:olve'rf,ha's x‘dentiried’a\}l i‘elevanf_ f’latwﬂhipb 33‘““““ '
- in the problem. . - : | . ‘
1 3 7 | ‘ l 4

The aolvcr haa 1dentitiod at leaat ane, but not al»l,(*vs
re};aunt relationahipa givan in the problm. |

0 = Lack of Knowledge of HNesded Explicit Relationahbipa:
.Th§ a-ol"v“erftia identified nonke of the fzr*'eieva!.lt,

¥

re;stionships si?on-in ‘the problaj.

Mm;__gm This refers to the axtent to which !:au

. solnr has enployad an axternal code to express the probleu 1n}-
abstract, aylbolic notation. The ratins is baacd on the solver 18"

va-btnuuon and writun mmnne to "I can writ&/m bhis problu m'

ay oun vorda cr draw a,picture.” ' .

Scoring:. < -' o -
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m Dr‘awings or ver‘balizations showing in symb,o_lsl_ ‘

N
it

the r-elationshi’ps between the elemnts.

1 = mm_g_,_ Dr‘auings or verbalization shouing 1n symbols

the isclated elements without the relati,onships betwe‘e,n

them. )

4

o
"

m No draying's or verbalizations (including
equations) are presented. : . .

m.&mmnm_smmgn This refers to the

. extent to J:hich the . gplver 1dent1!‘ies (with r‘easoning) the problem as

-one with a —mathenatical ;,tr-ugture !‘orf,which. he has a s.chema. The '

'y ,
rating ‘is based on written response to the term "kind of problem"™ and
fh_e unprompted verbalization of the reasoning which led to this
" identification. e - "
‘ASe‘qring: : :
= Reasopned uyse of schema: Name or description of type of

problen, biaséd o‘h'ma\themat»ic'.ai structure, 1is

or features of the problem statement.

1 = Uaa of schema: Name or description of type of br-obiem,

' / based on natheaatical stmcture, is given.

W No naning or description of type of

problea based on mathematical structure.

~  accompanied by reason baaﬁ?;‘:on' mathematical stbuctu&é \'\/
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0 . This refers to the

extent to which the solver has employed abstract- coding of implicit

_relationships tg forﬁ an equatiog,zﬂ;€~is accurate and useful for

solving similar problems. Verbalizations and what is written beside -

Fequation",On‘the~wqushéet will be considered.
Scoriﬁg: |
'2 étﬂign; All implicit relation;hips Shdwﬁ,accuratéay ;n

‘ equations. ' ‘~ : oo

= Moderate: Some;.but not all, 1mplic1£-relatiohship$

shown acédrately in equations.
= H;;g;-ﬂé 1npiicit reiationships éhown‘acéurately in
‘equations. |

L

Lavel of abstractiop i solutiopn. This refers to the format of .

the first line in which an 6peration is performed on the equatioh;
The rating is based on the form of the first verbalization and the'
first line written under "solving the equation"
Scoring:
= High: Method 1nd1cates,awaéeness of class_of similar
probl;aa by retaining form of equation and including
unknowns. |

= Moderate: Some aspects of method could be useful for




Iy

8.

. ‘ ) . N ) . ’\- . -
"« . 8olving sfﬁgbéé7probleﬁgi?\Systematic trial and errorv

-

wi}g_nd use of variable will be taken as such an

1nd1)§tor. o »

0 = Low: IsPIaped numbers and arithmetic operatibns,;as ’
well as nonsjstematrc trial énd error show lack of

R

abstraction.

Erocedural kpowledge. This refers to the accuracy with which the-

algebraic mathematical manipulations or procedural steps are executed

in the solution.
Scoring: °

2 = High: Theretare no errors in the order or execution of

procedubar steps.
1 = Moderate: There ig one error in the execution or order:
‘of procedural steps. : .

0 = Low: There are two or more errors ih the execution or

L4

order of procedural steps.

~

Computation: This refers to the accuracy with which the
computations are carried out and reported in the solution.
; « | | ”
Scoring: . :

" 2 = High: There are no computational errors’in;;he basic

operations of addition, subtraction, multiplication,

*

division.

Ry 2

L
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1 = Hﬁngzaﬁgi fbere is one computational: error in basic
6pérat16ns. f )

0 = Low: There are two orupore colmputational errbrs in

basic operations.

- A Y
~Accuracy of answer. This refer3 to the accuracy of the numerical
answer and its consistency with the stated goal in the information

provided in the problem.

Scoring:

-

4

2

Bigh: Answer is numerically correct and consis@gnt
with the goal.

1 = Moderate: A subgoal has been reached or an answer
stated which is not consistent with the goal as stated
but is correctly computed given the sol§er's entries

/for variables in the problem.

(o]
1}

LoW: Incorrect numerical answer or no answer.

Scores were found for understanding of 5roble£:;épresentation and

problem solution. The possible totals were 12 and 8 respectively.
Sgoring Pre-Post Measures

Wm

This set of 15 problems (five of each of the three/ types) weré
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scored according to the progédures'describe&‘in the seétion entitled
Scoring of Problems Completed During Instruction within Seoring
Procedures. -Three sets of criteria were used for the completeness and
éorrectness‘of representation, of solution,kand theraccuraéy of thé

numerical answer. g

o
-

sScoring Metacognitive Interviewg
Ba;iﬁnalg" Metacognition refers to the‘knowledge we have about
our cognitive pibcesses and our use of this khowledge tgychoqse ways
‘of’dealing with a problem. Thé students were asked ten
- structured-interview queStions about the task, straﬁegies,,and about
themselves,as'prbblem solvers in aécordance with Flavell's (1976)
recommendation (see instrument and instructions in Appendix M),
and similar to 1nt9rv1ew questions about comprepension (Myérs’& Paris,
1978; Paris, 1979). Responses to the interview items were scored on a
simple 0-1-2 basis; 0 indicated either no responée or no ideéa aboué
what to do, 1 signaled that some éppropriate information was givepi
and 2 reflected that 1nformatipn was éiven in é complete and
sophisticated manner. Because it is important to be flexible and
employ a number_of approaches when one encounters difficulty with a
word problem, the prompt "anything else” follpwed sihglelitem
responses. Multiple-item respénaes were scored as more complete and

more sophisticated.
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"Classification svatem for respopses to metacognitive interview
L ﬂ‘( . - » o 4 r | ' , )
Queatibn i (Task): What ére mathematics word broblems? ‘
-  Scoring: | :
2 = Respbnses:containiﬁg,reference to the two phases of -
prpblém 20lving, i.e.,rdndgrétandihg (representatiqn)
énq-working it‘out’ksolution) or reference to prbbiem ¥
schemata (typés'of problems) based on ﬁathematicalg‘
structure. |
1 ='Responses'conta1n1ng some appropriate’information,'such
as: problems containing words and numbers, equations
put into words.
0 = Responses that indicate no knowlgdge of abstract
Himens;on such as: don't know, problems containingA-
numbers, have to get the answer. |

o

Question 2 (Person): What makes someone really good at doing word

problems:
- Scoring: . - 7 : - .

) 2 = Responses including.two”or more §f the major steps in
répresentation or solving: read pr&blems cérefully,
can Qolvé equgtions, understand the méaning bf the
?holé problem, récognize types of problems.

1= Rpsponses giving only one of the éomp&nénts in the



AN

previous listt
0 = Responses containing no information or only references
to computation: good at them,”they ask someone, good

at addition, ete., théy know what operation to do.

L.\

-

Questi$n¢3 (Person): What is the habdgst part of:déing word problems
. for you? - A ' 7 o
//gg;;ing:' ! : o ZU&\
| 2 = Response ;hoﬁing they know that there a}e different
,typgs of problems and some problems requiring repre-
sentation and solving 6f equations are more difficult.
than others. | J ‘
1 = So indication that it will be hérder for a perason to
Lemploy nowns and solve’equatiohs'than“to work s;mple
probiems Ehat reQuire only basic operations: Sq;ving
the equation.
0 = Response containing no information or no aéaraness of
“the diffiéulties posed by the~need‘to‘u3e representa-
tion: figuring it out, deciding what operation to use,
understanding kno qugifichtion). L - o

PR

Question uwsPerson): What would help you become a better problem
solver? r '

Scoring:




2= Resbons;e containing speqifié information that a person
could pr-"‘actic;e dr‘acqu:[.re knrowle‘dge aborut the
° combo‘ne,nts tizat posed moét difficulty for t'hvem:
‘reniember the imp\lant partls of d'i'fférent kinds of

problems, self-tes€&For a sp‘eéific reason (e.g., to get

an equation), other-test for a specific reason; ,ma\ke a

repr%sehtation (whole picture) for problems that person

had found hard:-

1 = Response containing Gaéue and general information about
’ ‘ N\

things that a person eould do: practice or study (no

' explanatiod), "fighbe out ali thé words, go over and

over probl e\m}k/"e , /%

0= .No’ response cor rgsponse cohtaining' no ‘information:

)

don't know, cheat. _ ' ) ' - : S
4 S : '
S

Question 5 (strategy): If you were getting ready to t

pi'oblem test, what would you do tha% would help you' the ﬁoaﬁ to do- |
».well on that test? | - o ,
Scoring:'ﬁ' ’ '
2 = Responseé that ‘indicate two or more productive
strategies initiated by the student: ask fpr -help
before the test, find out what kind of problens will be -

on the test, practice the kinds'I have learned, self-

test, other-test..



Question 6 (task):

Responses that indicate one action initiated by the

student from the above list.

No response or no :I.nf‘ormation in response: use a
calculator, nothing, try hard (no.specifics), skip, ask

-

fdr,help_during the test. -

-

104,

Are some parts of a word problem, as.it }s written

down, more important than others? How can you tell which paFts are

thé most important?

Scoring:

Complete, sophisticated responses mentioning that one

seeks, the parts of the . word problem that help you to -

<+

' and the type of problem it is.

surface'structures such as age.

Responses limited to reading (no specifics), mention of

.

‘“‘irecognize %he mééhematical struoture ‘of the problem{ |

‘the numbers given in the problem; the'words,that,;;

indicate the operation, the questton, or- reference tor

Responses containing no information such as: don‘t

knoﬁ, yes (no specifics), just guess which‘parts; or

responses holding to'the‘notion that all parts are of-

equal importance. b

4

> LT



Question

‘means in a word gnob;qﬁ??{;

‘Scoring:

2 =

I

T

7 (Strategy): What do you do if you don't now what a

S A
%

—

L -

"9£§ 31;41§u.

Responses containing a combination of two of more of -

'the_following’strategies‘ﬁhat are used when this

problem arises in any reading activity: skip it;

\
-
n

O
* "

recognition, ask, sound it out, guess from contgxt,

look it up in a dictionary. - &\,f\,«\\'x_ R

Reference to one strategy listed above:
No responsg or responSe,cohtaining no information such

as: don't know, think, nothing. .

R

~ Question 8,(Strat§gyi{ What do you do if you<d&nﬁt get the "whole

-,

Scoring:

2 =

‘ jf;-ﬁicﬁuf%*”ob'thé "?.'rifloi’e',me'anj.ng'i of a word problem? "

. . - . -
» -

R@sponse that indicates/systématic’use.of brior

knowlpdge about types of prqblems such as: try to

relationships;vpepreséit the equation as a drawing and

try toigéherate'the equation from thét; try values in

the equation as I can express it and keep a record of 7

the }esults.

Responses that indicate that the student views this

misunderstanding as the same as that arising when it is

_remember a problem that had similar mathematical



7; word that is’notfkﬁ?ﬁﬁzgiﬁﬁ&iqchbihgiiéh};}vtwd
L ;,str-ateéié# ]'.;ike;.t_hd.s'e‘ipvtl%e,fo:lléﬁifné 11st; guess,
lﬂ,askfziookl;t up,{SEip:iii réréad it~thyiﬁg t6

| undefstaﬁa eacﬁ_word.A‘ A o

N

0 = Responses containing no information or noaresponie:;
‘leave the proble@ out, guess, ahjthing thaﬁrzould hielp

(no specification). : ‘ e

- ~
o

Question 9 Strategy): After you have read and understood a word °

problem, what else must you stiil do in order to complete the problem

Succéssfully?

Scﬁring:

2 = A complete and sophisticated response inéludipé
refefence to”hgﬁh representation and solution.
Reference t§ representation yould‘inQIUde any of the
follogiﬁg: finding tﬂz goal, figuring out what is’
known, intrqducing/yﬁﬁﬁg;n(s), drawing a picture,

representing\3§§73;3b1§§7‘writing'equation(s).

Reference to solution would includé‘ény of the
L, : , ,
folibﬁing:~solving the equation(s), finding‘;he
value(s) of the uknown(s), making sure yoﬁ have reached
the stated goal, doing the steps in the right order to

solve the equation.

1 = Response which shows some éppropriate knowledge of



s sl

e

‘Strategy by referring to Qng;bf;répresent@tioh or
‘soLution;iﬁut not»both;V,See'detéiisgip”péragraﬁﬁ”
rabové.' T . 7 ' '

= No response or response containing no information that

»'befers4£o obtaining' an éqﬁation and solving the -

equation to obtain a ¢orrect answer; check it,'dhnry

out the operation (e.g., add).
X -

easy to do?

Scoring:

2 =

1 2

0 =

-

. Question 10 (Task):rwhat is there about a word problem tha;fhakes ft

Complete and sobﬁisﬁiéated response that refers to some ..

coabinationlof two or more of ;héAelemﬁhtggih the

following list:’eaﬁyLnuﬁﬁers, short problem,ﬁéleariy

stated, no difficult words, familiar type ofrproblem;'

easy to get the whole,picture, éasyrto solve the

equation.

Response that indicates some apprbpfiaté'kﬁowiedgé»'

about the task-of solving problems, and contains one of

the elements‘listed above.d o '4’&

No response or response that contaids no informatioﬁ  ‘

4

such as: get it right, know how to dﬁ*it;.kndw'théi

sign, or a respbnse thét refers to the surface

structure, such as age. ‘ | . e

"t a

.~
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g R
four research questions about the single subject data. Graphic“and*

Firally, there is a summary of the findings of the study.

'CHAPTER 4
et  RESULIS

The‘first sectionfof this‘chabter contains the findings for ‘the -

f§§ular presentations are complemented by;summaries of‘the courseJof

intervention for individual students. The second section presents the
- - - c . " - I .

, resultsrofitheﬂanalyses of covariance whicn test the four hypotheses

concerning differences betueen;tne instructed and conparison’groupsQ

>,

~ Research Questions Relating to Single-Subject Data

Did the instructed students' ability to represent word

problems, obtain complete problem solutions and

“accurate numerical answers for three problem types

- increase following the onset of instruction? Here
_these increases maintained- over’ tine? :

Y

: Tgeive instructed students progressed from one problem typerto

1

the next after reaching criterion; Because students reached critorion

. < AT R s
at different rates, there was variation in the number of problea types.
theyAlearned. However, in every case there was dramatic inproveuont

e

from baseline to the*firstzassessnent.after instruction. Every

studentAreacngd criterion_on'representation, solution, and answers for

each problem’tyoe they were taught. Six students (S1, 34, S7, 39,

~

'511,/812)‘reached criterion for representation, solution, and answers
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on all three problesm types. Four students (82, s3, s8, '$10) reached

criterion on two problea types. Two students (8%, 86 ) reached

_erfterion on only the first probles type, On the maintenance task,

—

five of six student-a' reached criterion on repreaantatipn,’ solution,
and aésuera for ail three t}pés.they had" been ﬁ'éught, the dther“
student a#intainad ror two 6;' the three types. "I"Az-ee of tﬁe ,rous}u,who ”
learmded two types maintained TfTor the'f;ﬁtz, and the fourth aain;#imd
for only one problem type. One of the two ,“a:tudant.s\ who leardéd'one \
problcrn type aaintaifn’d for that t‘ip,e.\ The Q;hér at_uden;t did not
reagch the na-intenance‘ critarion ror'ény »pmblas; .
: - e

The results for ind_ividual stu.dent.s on representation, so),ﬁtion,
and anw?rs for each problem tyﬂ? are presented 15 a series of .(graphs
in ?igura;-. 6 through 17. Each student received two admin;atraotioas of

i

baseline (each consiating of 10 questions) prior to instruction in:
i , b

representation and prior to'inatrqution in soluticn. The numerical

“answer which is often thought Of as the last stép in seclution wa?

scored aseparately. A student who reached criterjion (80%f correct) on

“both baseline measures for a phase received no instruction in that

phass and progreased to the next baseline. There i3 no instruction

phase shown on the graphs (in Figﬁres 6 through 17) when a student

‘reached criterion on baseline and did not receive instruction for that

problem type. The number Of assessments within instructional phases
varied because students continued in a phase until they reached the

cji;arion of B0OY correct on three sucossaive asaeassments. Posttests

v t



vere administered at the end of three months of instruction.
Maintenance was tested ‘s"'ix weeks later. The criteria for maintenance -
,and transfer tasks were also set aAt 80%. This Section éontains

descriptions of the course of intervention for 1ndiv1d—\tél ‘students. -’

—

' throughout 1nstruc’t‘ion and the 'problem types :’nastere;ﬂ (vas shown in
Figures 6 tb:ro'ugh _1'6)." If the student Aodified ‘the instructed -
. strgtegy'by combining or omﬂ:ting steps, théée modifica‘tio"ns were
noted. Maintenance data an& thansfgr data (as shown in Tab]\..esv 4, s, |
and 6) are discussed along‘ with lrelevant‘ cp;nments about thg stuc}ent's
attitude and attondan‘ce.- | 1 |

| The vdeskcriptipus, of ih"dividual studénts will be ;eque'nced_
acci:rding to the number of prbblem types on which thé Students reached
- eriterion. Descriptiovﬂs of the s‘:l.i S,tudgnt'$ wcho reached'criterior'l‘o.n
‘ three problem types will be presented first, followed by descriptionys
of students who reached crit;rion ‘on. two bproblep types; and lastly,
descriptions_' of _the_ two students th reachéd criterion on ohly ovne

problem type.

Sl reached criterion on representation, solution and answers for

all three types of word problems (see Figure 6). She used

trial-and-error haphazardly in the pretest: think aloud. On the '

baseline administrations for representation of relational problems, .

through trial-and-error she attained 5 out of 10 correct and 7 out of

10 correct numerical answers without representations or solutions. _
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She commented, "After thinking'out loud I have a way that works
sometimes, but not all the time." She also used this approach on the
baseline‘ﬁeasures for representation of proportion problems. On

‘baseline for solution of proportion problems, she reached criterion

and reported that she had been taught_how to cross-multiply b‘efore,i'

=

but not ¥hen until she learned to "get the whole picture”. ° By the‘end‘

of intervention, she had streamlined the st_:ra’tegy leaving out steps

such as the drawing and worked,vei’y quickly. She maintained ‘eriterial

pe.r;f‘ormance on 'representation, ,solutic}n, and answers for all problem
‘types (see Table 4). She attained criteriqn on all measures of ne;ar"
trapsf‘er except answers for relational problems where she q:l.d ndt
ensure that the answer met the goal. On far fx;'ansfer she failed to

-

rfeach cr‘itevrion on any measures for rel;:ltional problems but succeeded
in reaching criterion for proportion} and two-variable two-equation
problems. |
S2 also reached criterion for all phases of the three problem
types (Figure 7). She made no errors in m;intenance or near transf’gr,
correctly completing all repr"eserntatic_a'ns, so].ut;ions and answers (Tabie
4). On far transfer she reached ‘crivtr:erion on propdr?tion and two-
variable two-equation probleu;s, but not on rel‘ationald probleu.:s. She
did not modify the instructed strategy by combining or omitting steps,
but used it as‘ it had been ta_l.;ght at all times. In the .final meta-
cognitive interview, Sé coﬁented on how ,worf'.l problems had "Vbecome
fun" and how she could not believe she was saying-such a thing.
- L

=

112,



. . Near Far Main-
. Pretest = Posttest . narer Transfer  tenancel.
Problem - '
Type RS A  RSA RSA RSA RSA
1 Relational 0 01 434 543 333 54y
1 Proportion 002 555 555 555 555
1 Two-Variable 00 2 §yy 555 55 Y4 5 4 4
Two-Equation . ’ ' :
2 Relat:unal 000 555 555 232 555
2 Froportion 111 555 555 T 555
2 Two-Variable 0 0 0 5565 ° 555 555 55 5
Two=-ilquation \\\\\\\\ AU
L . 4
3. Relat:onal 000 ~ 455 yyy | 555 555
3 Proportion 00 2 55 555 555
3 Two-Varigble 0 0 0 555 556" 55 5 555
Two-Equation : ‘ B -
4 Relational 111 555 555 333 - 4uy
4 Proportion 0 0 3 555 555 000 544
4 Two-Variable 0 0 0 55 4 45 4 000 343
Two-Equation . .

Notae. All tasks reported on this table have a. total possible score
.of 5 ' )

3R = Representation, 8 = Solution, A = Answer. -
PMaintenance took place 6 weeks later. .

~
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S3 reached criterion on representation, solution and answers for Thvf

three problem types, and reached criterion for solution of’ proportion

;problems duringabaselins-(Figure 8). Shenever attained a score below

c;iterion on anything she had been taught, and was proud of this fact.
_'She maintained’and transferred all she had learned (Table u)./ During
maintenance she modified the strategies leaving out steps because she
V"said she was short of time and wanted to finish all the tasks. S3 had
‘a oonsistently‘positiveaattitude toward.learning to solve pnoblems;

and expressed a desire to be a nurse, "even though I have problems

learning in school." R - ' .

S4 reached criterion on representation, solution, and answers for
three\problem typesv(Figure 9). He maintained the three aspects of

relational and proportion problems,‘but only solution for problems in

two variables and two equations (Table'u)Q Sy reaChed'criterion on;‘

-

- near transfer for the three'types of problems,_but did not reach
eriterion on apy far-transfer tasks. This student was so enthusiastic

”about'finally learning to solve word problems that he engaged a tutor

~and asked the tutor how to do the relational problems from the

pretest. As a result he received inflated scores for representation
and answers on the baseline for representation in relational problems.

At my request he refrained from working on word problems with the

tutor during intervention. S4 learned quiokly.é He was the only

student who reached criterion for solution'during baseline on

relational problemis; He was the first to modify the strategies for




LN

' TWO-VARIABLE, TWO-EQUATION

- RELATIONAL PROBLEMS

' PROPORTION PROBLEMS

o
o

o

[+ ]
o

PERCENT CORRECT
» \
o

N
o

o

100
80

60

‘40

PERCENT CORRECT

100

PERCENT CORRECT
N » [+ 4] [+ 3
(] o o o

o

»
o ",.

REPR%SE,NTATION ~ SOLUTION
BASELINE INSTRUCTION BASELINE INSTRUCTION..

L - e |
S | |
— | 1 |
- | |
; | B
o F | I
| l |
Ly 1 ] 1
i 2 3 &4 5 6 T 8 9 I0
REPRESENTATION SOLUTION . '
BASELINE INSTRUCTION 83’_“_5‘5
' ' ] '
' |
|
- | I
| ‘l
, - l.
N | | 1J
i 2 3 4 5 8 7
REPRESENTATION SOLUTION
BASELINE INSTRUCTION BASELINE INSTRUCTION
= | | ’ I
}
' |
n | |
, l
B T ' |
I | ! |
B Ly o ol oy 0]
I 2 3 4 5 6 7T 8 9 10

SUCCESSIVE ASSESSMENTS

Figure 8

Percent Instructed Problems Correct on

‘

Successive Assessments for Student 3

BN

©_REPRESENTATION
® SOLUTION
B ANSWERS -

]



BLEMS

CO§
o
o
1

RELATIONAL

PROPORTION PROBLEMS

TWQ-VARIABLE, TWO-EQUATION

RECT
. -
o 8 8
T g

PERCENT
N
o
RS

o

REPRESENTATION SOLUTION
BASELINE INSTRUCTION BASELINE

=

e i T S —

g

» ® O
[e] o o
I I

PERC ENT CORRECT
N s
O O
T I

|

o
1

REPRESENTATION , SOLUTION-
BASELINE INSTRUCTION BASELINE

o
o

g

PERCENT CORRECT
n I o ®
(o] o o o
I T L}

o
L

|
1 2 3 &4 5 6 7

‘REPRESENTATION SOLUTION
BASELINE INSTRUCTION BASELINE INSTRUCTION

1

e

o
b ——— a—— e —— ——— ——— tr— —— —

l 2 3 4 5 6 7 8
SUCCESSIVE ASSESSMENTS

Figure 9

Percent Instructed Problems Correct on:

§uccéssive Assessments for Student U

or

O REPRESENTATION

® SOLUTION
A ANSWERS



representation and solution, omitting the drawing, and the statement ‘
\ .
of givens in representation, and doing up to three steps.at once in

solution. When semester 2 began, after session #1 for two’-vaﬁiablel
) To— 4 : ) -
two-equation problems, S4 was placed in a regular mathematics class.

- : B NN - . . .
He offered to come to intervention at noon to avoid missing hkis -

classes? I However, he sometimes confused our tonday 'schedul’é. ~ Other~ -
.Wise, his perférmance sugg;sts that hé wbuijd have completed 'the
intervention in less than three months. | | )

S5 'w‘as successful .with all three pi'éblem tirpes ('Figure 10). -She
took great pridé iﬁ reaching ériterion and commented f‘reéuentl’y: on how =
li;uch she had learned and how much she enjoyed getting 1004 on
assessments. The only ‘time-she‘ scored less than criterion on

- “instructed tasks, maintenance, or ‘transfer problems was on

.representation of ffar-’cransf‘e;'pr6pogti<m~prdblem\s\( Table 5).

— . 7\‘ ~ -

‘Although she developed spé,ed and accuracy, S5 never'mod-it;ied ;19\'
strategies she had been téught. —

S6 worked quickly -and reached criterion on all three problem.
types in spite of a suspension from school in the course ofk ;he_
intervention (Figuré 11). She reached criterion during baseline for
solution of proportion problems. vIn f‘;r-transfer tasks, she reached
criterion for.représg-ntétion', solution, and an;wers for only
proportion problems (Table 5). She worked._vetfy quickly with 1itt1e

‘attention to detail andfcould not do the f‘ar?-trans_fe,r relational or

two-variable two-equation problems. Howerer, she did reach criterion
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Table 5

i - Near Far Main-
: Pretest Posttest pnangrer  Transfer  tenanceP

Problem ' 7 * ' —
Type R S A2 RS A RS A RS A "R SA

5 Relational 000 555 5514 555 555
N _ e ' |

5 Proportion 002 54 4 55\5 345y 544

5 Two-Variable = 0 0 2 554 55 554 555
Tho—Equatiqn

6 Relational 000 555 555 000 544

6 Proportion 00 1 555 454 B4y 4k

6 Two-Variable 0 0 0 44y 55 4 000 554
Two-Equation : ‘

7 Relatfonal 000 u?z 553 000 544

. : »

7 Proportion 001 lzé 5 555 - 555 555

“ 7 Twe-Variable 000 00O ---C - - 00 1
Two=-Equation

8 Relational 001 555 4 33 000 323

8 Proportion 004 555 555 555 555

8 Two-Variable 0 0 0 000 --- - - 000
Two-Equation '

Hote. All tasks reported on this table have a total possible score
or 5. .
Representation, S Solution, A = Answer.
bHaintenance took place 6 weeks later.
CNear-transfer and far-transfer tasks were administered oqu for tasks
on which the student received instruction.

N



s

on allﬁneér-tﬁansfer‘tasks.énd on ali~mainten£5ce measures.

ST reached criterionjforVrepresenﬁatién, solution and ansiers ob
two probiem types éFigureL12). ¢On the maintenance t;:ks, hé reééhed
'ériterion=oh’all threé aspgcts for relational'andzpropbétion prébleub
(Tébie 55. For proportion problems, helhgg 1b6$ for near”and far

-

transfer on all of representation, Sq;ﬁtion, and answers, For,
relaiional problems, he reached criterion only on nearfgransfer
reﬁnesentation and solution. He commentég while he was atpembfing th; .
relatiopal far-transfe:‘problémsfgggt ﬁe was noﬁ’sure‘he undersfbod
because when he "chécked" the problems thef did not'wbrk. 'S7 worked
very Slowly ?nd without confidence in~the early sessions, asking for
feedback frequenti;; however; by the end of intervention, he worked
quickly and confidently; éommenting positively on his own performance.
S8 reached criterion on representation, solufion, and answers rqrv
two problém types, with criyerionnfor'proport;on solutions being
attained during Saseline (Figure 13). He-maintained what he had
learned for proporﬁion‘problems_but-néf fbr relafional problems (Tab}e
5). He experienced great difficulty with theAtrans(er tasks. On near
transfer he reached critgrion on'éll aspects of proportion but only on
representation for relational problems. BHe obtéined zero on far
transfer‘for rélational problems and 100% on far transafer for -
proportion problems. S8 commented fﬁéquently during the pretests on‘

his inability to complete word problems. He was easily frustrated and

stormed out of the room at one point during the.faf-tranaf;r’task for

?



TN

[~

RELATIONAL PROBLEMS

PROPORTION PROBLEMS

5

& 8

PERCENT CORBECY
‘ r
o

3

| BASEUNE

-

o]

" REPRESENTATION  SOLUTION

123.

IMSTRUCTION BASELINE ' INSTRUCTION

8

60
40

20

PERCENTY CORRECT

o

REPRESENTATION "3 SOLUTION
BASELINE INSTRUCTION BASELINE INSTRUCTION

he
— i ———— GM—— o So——  Sar———

Figure 12 -

0 REPRESENTATION

® SOLUTION
4 ANSWERS

Percent Instructed Problems Correct on -

<

Successive Assessments for Student 7
oA



124,

REPRESENTATION ' SOLUTION
BASELINE  INSTRUCTION  BASELINE  INSTRUCTION

100 :

2 [ | A
WG g0l | s
o & : |

[+ 4
g | |
a8 60 | gy
-
<2 40} t |
ow |
-9 |
< T 20} |
- . ' I
@ ok

vl o
s 6 7 8 9 0 1 12
REPRESENTATION SOLUTION «
BASELINE INSTRUCTION BASELINE o : .
100 -~ ’ :

g F ’ .
w5 B0t © REPRESENTATION
oF @ SOLUTION
o 60

o A ANSWERS
5540- -
- w
o
25 20
oa
[+ 4
Q o

. SUCCESSIVE ASSESSMENTS

Figure 13
Pgrcent Inatructed-Problemé Correct on

Successive Assessments for Student &



125.

‘ ¥

relational "pr-oblems. Some day_s ‘he choseé to spend less than 40 minutes
"in inter'vention because he did not want to "get behind in [his] other

. work." This limited the time he spent in intervention but probably

@ r

minimized his frustration.

vSQ f-eached Ler-iter-ign for representation, solution and answers f‘or-_
two problem types, and la_ttai/ned ‘'solution for proportion p;-oblemé
during‘ baselj.'rie (Figure 14). He had shown some familiarity with
proportion problenis during pretesting but said at fhat time that he
had to gues‘s which quantities i:o p:t;nto each ratio. 6n tfxe
maintenance pr-'oblems he reached cr-it_er'io‘n for represent;tibn,
sdlution; and answers for relational and pr-oportién problems and also
scored 60% on all aspects of problems in two—variables and two-
equations (Table 64) He scored—100% on all of r-epresentationk,
solution, and answers for relatiqnai and pro‘po;-tion Qfoi;léms on near
transfer and far transfer. If he had not been ill for three weeks,
his p;'ior- pef'_formance predicts that he would have completed the third
pro_blem type. Hhen he returned after his long illness, S9 left out
what he considéred to be thé r-epetiwﬁel/@ve parts of ,representaﬁion and

reverted to a less detailed listing of steps in solution. Neither of

these modifications lessened his understanding or accuracy.

—

S10 reached criterion on representation, solution and answers for
two types of problems, with criterion for solution in proportion
reached on the baseline measure (Figure 15). She maintained perfect

scores on all aspects of relational ‘and proportion problems (Table 6).

S
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- Table 6

Near Far Main-

Pretest Posttest :!Transfer Transfer tenancel
Problem ~ , '
St Type RSA RSA RSA RSA  RSA
9 Relational 002 555 555 555 4y
9 Proportion 004 555 555 555 555
9 Two-Variable 0 0 0 000 . 333
Two-Equation : ' R
10 Relational 000 554 555 000 555
10 Proportion 001 55% 555 555 555
10 Two-Variable 00 0 000 --- --- 322
Two-Equation ' .
11 Relational , 00 0 555 555 555 555
11 Proportion” 112 045 - -Z —-=- 004
11 Two-Variable 0 0 0 000 --- --- 000
Two-Equation
12 Relational -0 00 by 4y o 122 0 111
12 Proportion 000 ‘000 - - = - - 000
12 Two-Variable 0 0 O 000, --- -- - 000
Two-Equation {;

ﬂbxé{ All tasks reported on this table have-a total possible score -

of 5.

R = Representation, S = Solution, A = Answer. ‘f’ *\\~;\\\
Maintenance tock place 6 weeks later.. -

CNear-transfer and far-transfer tasks were administered only for tasks

on which the student received instruction.
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In addition, she completed some of the problems in two variables and

A

two equations correctly during maintenance, which was the first time

she had accomplished this in the entire study. She reached eriterion

on near-transfer relational and proportion problems and far-transfer

proportion phoblems, but would not try far-transfer relational ’

problems.v S10 ﬁorked slowly and was prevented from receiving

instruction in thé third problem tfbe by a suspension from school.

She was enthusiastic about the intervention as long as =he found the

.

problems easy.

S11 reached criterion on rébresehﬁatlon,'éolution,>ahd answefs

for only the firs: tvpe of problem--relational (Figure 16). He
maintained representation, solution, and answers for relational

problems and also obtained 100% on all near-transfer and far-transfer

S

relational problems (Table 6). He worked slowly and hesitantly never

completing instruction and assessment in the samé session‘until the

last two weeks of intervention. S11 was absent from school for twp

weeks following the fifth and the ninth assessment sessions. ‘During
the second absence he withdrew from school,'Bﬁt agreed to complete the

intervention. On the posttest assessment measure he reached criterion

for solution and answers on proportion problems which he had .not been:

taught. On the maintenance test he reached criterion for answers on

proportion problems. He said that he was trying to apply what he had

«

learned about relational problems.

312 also reached criterion on-representation, soiution, and

e
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answers for oniy one type of pbobiem (Figure 17). -~ She found the

representation assessments very difficult and disheéartening, and
T . WA . . .

completed eight assessments before reaching criterion on relational

'pr-obl_ems.' Her apbroach was to ntry to "remember it all" because it-was

so difficult to uridérsta_nd.- She rea'ched‘crite,rion on solu;ion and
answers in four assessments. VShe did not maintain what she had
learned; however, she\gi.d obtain 80% on all of representation,

solution and answers. on near-tbansf'er- problems completed immediately

.after posttests (Table 6). S12 did not reach criterion on far.

transfer. Although she met the criteria for inclusion in the study,
the algebraic word problems may have been inappr-opr-iaté for her. She
seemed to lack‘the' zﬁeéesséry prior knowledge, and she was obsérved to
spend little time’ on;-.task during intervention and in the learning

centre. S12 is the only student who did not reach criterion on any

‘maintenance. task.

In summary, the instructed students' ability to r'epr-e_sent word
problems, obtain problem solutions and correct numerical answers for
three problem types increased dramatically following instruction. ) Two

students learned to represent and solve one type of problem, four

- reached criterion for representation and solution for two types of.

problem, and six reached criterion on three ﬁyp_es of problems.
Maintenance data for each problem'type are shown in Table 7. Six
weeks after the end of instruction, criterial perf‘or-m'ance was

maintained by 10 of thé 12 students who had reached criterion on
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" Table 7

’ . . .

. Maintenance Problems of Each Tvpe
Representatibn Solution Answers

Type -of
Problems
Relational 10/12 10/12 ° 10/12
Proportion 10710 . 10/10 - 10710
Two-Variable _ 5/6 ‘ 6/6 k 5/6
Two-Equation c . : '

J
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relational problems. For proportion problems, criterion was

maintained by all 10 students who had re'éched crif.erion during
intervention. Five of the six students who had .re‘ached dritérion for
two-variable two-~equation pfoblems maintained‘_’ criterial pertr’vor-mance
six weeks later. 1In only thfée cases ouﬁ of 28 did a student master a
problem type during intervention and not ma;.nta.in c_riterial’
per‘fofmance on that pfoblem type six'week_s 1at,er;. The students!
abilities to do the instructed wor;kproblems improvgd and were
maintained over time.

Did the instructed studenﬁs show transfer to problem-

solving tasks that were similar but distinect from the

training tasks? Did they show near transfer, far
transfer? ST -

[N

Students received transfer tasks only for the préblem types on

which they had reached criterion during intervention.
' A

Near Transfer w

Near'-tr'ansfer tasks consisted of problems containing the aam‘e
mathematical structure as the instructed problems and new surface
structures (or contextual details). Table 8 shows the proportion of
students reaching criterion on near transfer for representation,
solﬁtion and answers for each of the instricted problem types. Every

student showed near transfer for proportion and two-variable
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Table 8 ' -

) Representation Solution = Answers

- Type of e : §

Problems
Relational 12/12 1112 9/12
Proportion 10/10 -T10/10 10/10
Two-Variable 6/6 ] 6/6 ... 6/6
Two-Equation .




t;v‘o-'et;uation problems. E\rerjr stude’nt' showed near transfer for
representation of relationar problems.x One student did not reachv
criterion on solution for ‘relational problems and three students did
not record the correct numerical answer (consistent with the goel) !‘or;'
relational problems. In, summary, the instructed students did shoq,
nearrtranst‘er‘to problems with -the sameo. ma;hemaﬁtical structure but
‘ di_f'f‘erent surface structures than-the instructed problems..
B &

. Far Transfer

Far-transfer tasks consisted of problems containing the same
surface structure as “the instructed problems and slightly“more complex
mathematical struc%ure. 'I'he relational problems contained two kinds
of relational statements rather than one, the proportion statements
contained three equivalent ratios, ‘one com_pl{ete and two incomplete;
the two-variable two-equation problems resulted in a pair of equations‘
containing three unknowns, one of which could be obtained by a simple
caleulation t‘rom the nformation given. 'I'able 9 shows the proportion
. - of students reaching,criterion on representation, solution, and
answers for each of the}nstructed problem types. Of the 12 studentst~
who reached c¢riterion on representation, solution, and answers for
relational proNblems in instruction, only 4 reached criterion on ‘thes'e’ '
aspects in the far- transf‘er problems. For proportion pré%lems, mo‘st

\ students who had reached criterion in instruction reached criterion in =

far transfer: 8 of 10 on representation, 9 of 10 on solution, ‘and 9.
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Table 9
Praportion of Inatructed Studenta Beaching Criterion on
Eac-TIrapafer Problama of Each Ivpe - B . »

‘ Roprhscnta tion Solution © Ansvers

Typs of
Probleas o

4

Relational w2 a/12 L 4/12
Proportion . 8/10 . 9/10 9/10
Two-Variable 8/6 w6 476

Two-Equation ' ,
- '& ° . ! L
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of‘10 on answers. For problems in two vabiables and twd equations; as
ﬁell, most students who had/reached criterion in instruction reached
criterion in far ﬁran;fer:AM~of 6‘on repbesentafiqn;,u‘of’6 on
soiution, and 4 of 6 on answers. In summary, the inétructed students

showed far transfer on proportion andAtwo-variablé,two-equatidn'

broblems, but showed little far transfer on relational pboblems.

Were changes observed in fhe students' verbal behavior
and understanding while thinking aloud during. the
course of intervention°
Each student was recorded thinking out loud immedihteiy prior to
instruction in representat; n and immediately following attainment of
criterion in solution for each type of ppoblem on ‘which they received
instruction. The think-aloud protocols Were transcribed and‘encoded
to be rated on ten 3_2;19;1_conceptual.categories. Six categories
contfibﬁféd to a rating of understanding péoblem represeqtaﬁion. The ,
maximum score for representation was 12: two pointsvfbr acéhrate and
complete verbalization for each aspect. Foﬁr catégoriésAcon;ributed
to a rating of understanding problem solution, with a maximum score of
eight. | .
Thinking-aloud scorés for the verbalizaticons of individuals are
shown in Table 16. For éach,type of problem, scores for represenia-'
tion and solution increased frcm before instruction to after -

instruction. However, the scores on protocols before instruction were

similar, for most individuals, across the three types of problems. In
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vTab;e 10 _
Ih1nk:A1éud_5nQ:2a_2t_Ind11idnal_InaLGntgd_Shudenia_nn
Representation.and Solution for Three Tvpes of Problems
Before and After Instructiop ’

Relational Proportion | A TNo-Vériable
Pre Post Pre | Pbsgw Pre - . Post

S# g s R:s RS R S RS RS
1 5oy 11 8 5 4 missing  missing 11 8
2 2 1 106 30 11 8 N - S
3 30 7 9 8 0 4 ST T—— A
4 5 o1 M7 74 10 8 ° 75 12 8
5 5 0 10 6 Dol ——- p—
6 10 12 8 ——- e —
T ko0 11 8 4 o1 1 8 6 & 12 8
8 2.1 118 2y 8 8  emeen memee
9 s 17 34 98 0 5 1 8
10 0 1 10 6 5 0 LI T— — '
1m0 08 01 - 98 40 10 8
A2 41 1 5 30 10 6 1 0 7 8
ps 12 8 128 - ‘12 8 12 8 12 8 12 8

Note. ps = possible score
: R = Representation; S = Solution. ,
Student did not receive instruction on problem type.
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‘'most cases, there wés" not a gradual improvement on.‘ verbalizations
before instruction for later phoblem t&bes. The individual eicepiions
were S2 and S5. | ' B , o= |

| On re‘presentation protocdl,»s, there were consistent changes
arising t‘ollowing,instructionQ Before instruction the aspects of
rfepres#nfatibn that were verbalized correctlg'*rand completély most
frequently were the gonal,and thé knowledge of needed explicit
relationships (the information given). Both these aépects require&
read;l.ng ar;d underétahding <ot‘ propbsitions in the problem stat’emept.
There was little evidence of domai::l-specit‘ic problem knowledge. Few
students attempted to _verbalizen evé'n a desérip_tion c:.>t‘ the type of
problem, except to 1dentit‘y‘ it by an operati%n such as "division
pr-o.blem". Before instruction the aspect of splution" that was moft
of ten verbalized was the choige of an operati’oﬁ at;d the carrjing gut
of that operation. The equation form was not used and a']:gebraic’ :
manipulations were not carried q‘ut explicitly. Studénts lacked this

knowledge specific to the domain of algebraic problems. . Some used

. 5
trial-and-error before instruction but none verbalized their reasoning

for selecting the next value and none recorded the results of every
trial. ¥ |

The verbalizations immediately following criterion :L,n solution
resembled tﬁe instructional scripts. Most stu‘dents were cAomplete -and

accurate 1in verbalizing representation except for the frequent

omission ot; the reasoning that supported the éhoice of problem type. -



The next most frequent inﬁdeduacy in verbalization of rehbésentation
was lack of Specificity in- naming what the“ unknown would represedt.
Solutions were iterb{,alized much more fully following insfruction with
the'incﬁlusion ‘of the eﬁuation forﬁ and explicit steps in solving the

equdtion. All errors in verbalization of solution for relat;ional )

/

. problems following instruction were in proceduré and computation and
they consisted either of omissions or érrors which the individuals‘
correctea later when the. problem resisted solution. For phopbbtion
problgms, all errors weré either a failure to use the equation f"orny or
failure to verbalize procedural steps. For two-variable ltwo-equation
problems, all students received full szores of eight on their
verbalizations of solution.

To 'summarizé, each student demonqtrated in the post-instruction
Yerbalizations improvement in understandihg of problem representation
and problem solution. r‘l'he major changes in 'verbaliéation were the
' inclusion and utilization .of\vocabulary and conceptual and procedui‘al
knowledge{ specific to algebraic problem solving." Students spoke of"
unknowns, variables, and équations. When they gave reasons "ror their
identification of the problelns as re}ationél, proportion, two-vafiable
two-equation, 'the\’- reasons were based on mathematical structure, such
as "It has a relational statement, Sam has $18 nofe than Tom, and I
know the total amount they have together, so it must be a relational
-problea®. | | |

Two students (S2 and S5) obtained much higheb scores :for

~
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under'stand‘ing, before instruction, on later problem types. S2 tried
to use all the information she _ha‘d learned, wifh relational problems,
“in her represeqtation and selution of the proportion problém. She
also identif‘ied 711: és a proportion problem but could not verbalize é
reaédn. Whep-she obtained an answer of 630C weeks, she decried it as
"too big". Ht—;r verbalizétion before instruction for prop_ortion
probléms showed much greater unde}standing than her ver;baliza‘t;.ion
‘befor-e relational problems. On t\hev two-variéble tuo-equation' think;
aioud protocol before instruction, she again used the steps she had
learned, this ‘tj’.me to the pointA of expressi;xg one of the two equations
?cor-r-ectly. She us'ed tr-i’al-anrd-er-r-or slowly and unsystematically to
f‘inally'obi:alin the correct answers. |
| SAS was also ablev to r‘épre;ent the proportion problem in hér
ver-balizatj.on prior tp instruction by remj.n_ding herself of each step
that had been used for reiational pr-obiems and altering it to suivt;.‘ the -
new problem. The other students recognized that the new .'pr-‘obvlem was
differgnt whe.n the propositibris did not match with those which 'yer‘e
familiar. One student said of the proportion problém, "It isn't .
relational because now you're oniy doing it with one person anc; be’tére
it was a relationship between two." For most students, th:Ls
recoénition of an unfamiliar mathematical structure derailed attempts
to make a drawing and write an equation.
Changes were observed in the students' verbal behavior while

thinking aloud during the course of instruction. Most changes were

&
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-closely related to instruction, reflecting the acquisition of domain-

specific algebraic problem-solving language, declarative knowledge,

and procedurgl knowledge.' :Verb'awlizations became more abstréet, more

complete, and more accurate showing increased undérstanding of
representation and solution.
Did the instruction differentially affect thei;tudenté3
ability to work out relational, proportion, and: two-
variable two-equation problems? '
The study provided data on the question of whether the
instructional procedures had the same outcome effects on students'
ability to complete three types of algebraic word.problems. The

answers must be tentative becausé the outcome effects are confotunded
E) .

by order effeéts. - However, patterns that emerged from the single

'sub,ject data bear on this question. No student reached criteri}on on
representation for any‘ot‘ t‘hre three problems type; during baseline
assessment. Even after successfully repr"_e‘senting previous problem
-types, stludents were unable to gbtain complete and accurate

repre’senpations on uninstructed problem types. These data suggest

that the representations of all three problem types posed similar

difficulties for the students in this study. However, the data 6n'

solution suggest that students found the solution for p;oportion
problems to be more straightforward after mastering relational
problems and reachvihg criterion on‘repr‘esentation of proportion

problems. Four of ten students reached criterion on baseline
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assessment for solution of proportion problems.. On the other hand, nd'

student reached criterion for solution of problems in two variables

and two equations on the baseline assessments.

?

It would appear that instruction in representation Specific to
the problem typé,'tn combination with the studen;s' prior knowledge of
solution Gbased en instruetion‘in»intervention and in their
classrooms) had moreveffect on solution of proportion problems than
the-other two types. Maintenance data (shown in Table 7) indicate

that a slightly higher proportion of students maintained representa-

tion and solidtion for proportion problems following instruction.

There was less near'tranéfer an& less far transfer for relational
problems thén for proportion and two-variable two-equation problgms
.(Tables 8 and 9).

All three problem types wére learned and maintained ddemto the

intervention, and similarities across problem types have been

reported. However, it may be stated tentatively, given the

limitations of the study, that there were differential effects, as
proportion problems were learned more readily, and relational problems

were less likely to be transferred.

Research Questions Relating to Two-Group Data

Did instructed students and comparison students show
similar outcome scores in algebra word-problem solving
on the instructed problem types, a multiple-choice
problem-solving test, and an open-ended problem~-solving
test?
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Pretests and posttests conéisting of'. the same set of 15’problemsf ‘
(five of each of three problem types) were administered to the
comparison and instructed students. Because this was a ‘criterion-
referenced measure on which scores were not expected to be pdrmally
dis‘t;ributed-, non-parametric statiatics were employed to answer the
questions of whether the two groups had similar outcome scores. Table
11 shows the proportion of students in the coﬁparison and instructed
grouss who reached criterion on representation, solution, and ahswers
for each type of problém. At pretest no studen‘ts in either the
comparison group or the insrtrucAted group reached criterion on any
aspect of relationai or two-variable two-equation problems. On
proportion problems, th}‘ee comparison students and two .in.structed
students reached criterion for numerical’ ;nsweré. No tests of
- significance were carried out on t]:ie pretest proportions. On the
poéttest proport'ions shown in Table 11, Fisher's Exact Test wa$
carried out yieldiné significance levels. These are sf;own in Table
12. Differences befween instructed and comparison groups weré
signifioaht on all of rébresent@tion/, solution, and answers for
relational, .proportion,/ and two-variable two-equation problems. 1In
ev/ery case the instructed group had significantly more stﬁdents’
reaohihg criterion than the é&mparison group. . The similarity of
~pr§test' scores and the posttest diff'erencervs in the number of stud,e,nﬁs
reaching criterion permit the conclusion\ that the two groﬁﬁs ’di.d not

show similar improvement on the instructed problems. The instructed



Table 11

- Comparison a Q Q Q Q
: Group 8 . 8 8 8 8
Relational
Problems : -
Instructed 0 90 90 12 11
Group 12 12 12. ‘12 12
Comparison o Q 3 Q 1
G 8 8 8 8 8
Proportion
Problems _ - '
Instructed 0 0 -2 10 11
Group 12 12 12 12 12
Comparison Q Q Q Q Q
- Group - 4 8 8 8 8 8
Two~Variable ) ’
Two-Equation O
Problems : : ,
Instructed _,Q\ 0 0 b -
_Group 12 12 12 12 12

3R = Representation; S = Solution, A = Answer.



Table%12

e ol DRI tticancet
~ Relational | Repfeéentétidn <.05 :
Relationgl Solution (.05
' Relationgl Answer | <.05
Proportion | Representation <.05
Proportion Solution <.05 )
Proportion Answer S <.05
Two-Variable Representaﬁion <.05 -
Two-Equation : ’
Two-Vapiab%e Solution o <.05
Two-Equation ) '
Two-Variable | Answer 7 <.05 .

Two-Equation

a4f-1 in all cases
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studehts Ashowed more improvement than ‘the comparison sfudenté.r
| «Thé th:'ee instructed problem tjfpeé. wéré;drawn f‘rfom ther_Junior; ‘

se-'cqndary cqrriculu’m. \How'ev‘er,' ;here ar".ejmany f’ormaﬁs 6n Vhiéh_
studeﬁts are\expeéted to demonstrate their pr"oblem-solving.abil:l_.t:l.e‘s.v,
VTwo assessmenf measures develqbed by the British Columbia Minirstbrry. of.
Education if-epreSént two of thesé formats--multiple éhoicg' a.bnd' open
: ——ended. |

Bec?use, this was a pre.test-posttest qontrol grouﬁ dgsigh, the
drata"‘for each of these problem-solving measurés were analyzed by means
of analyses~‘dt‘ covariancé '(Cook & Cam_@e‘li, 1979). The covariate
employ/ed in éach wés the pretest score, in one case on the multiple-
choice test (B.C..AppT’IEaT.’Tons)r'and in the 6ther case on tixe open- ( '
ended test (Q2). The dependent variable was pos-ttest score, 'meausure\d
on one 'problem-solving' test in eaeh case. Preliminary analycses i.;e;reé
carried oixt in order to ensure that the data met two as;umptions:' _
required for the analysis of covariance: the assumptiqns of,
homogeneity of variance and“ of barallel regression lines. . S .

TabJ.e 13 presents thé pretest; ,a,'l‘d posttest megns ar;d standax_'dj)
deviagions and‘ the adjulsted pc}sttest sﬁo’res for the two groups on B.Cn.
Applications.' Pretgest scores of the‘instrgucted and comparison grbups»
appear fairly similar and qﬁite‘ high. This test was normed on sevénth
and eighth gr-aders .andv the placements of the present learning digafbled
students rangdd from grade eight\t‘:hr‘ough ten. At t_he’ time of

posttest, scores among the instructed group had moved closer to the




Table 13
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Instructed

-

. o Mean Standard

Group Time Test -~ Mean "(adj)f Deviat1Qn
Comparison®  Pre B.C. Applications® 15,38, 5.04
' Compariéon ?ést - :B.C. Applications ~ 15.63 15.64 - 6.28

Instfﬁctéd°v>_Pbé B.C. Applicationsr | 14.42 4.21’

| »instru?ted V Pbst. B.C. Appiicationso 18.92A 18.90 2.64
Coupabisoﬂ» ‘Pre\ —\LQéd ] 3.88 1.96
Comparison Post Q2 5.38 5.17 2.50
Instructed Pre Q2 \3.5Q 7 | 1.45
Post Q2 8.50. - 8.64 | 1.45

aN=8; Ppossible total=25; °N=12; 9possible total = 13




_ceiling of 25. On the other hand, "Scores of ’the ~comparison group had -

- improved only slightly. ‘The adJusted means were 15, 6& for the
comparison group and 18. 90 fer the instructed group on the British

Columbia Applications posttest.

<«

The analysis of covariance for adjusted posttest scores on the S

—

British Golumbia;Applications test,did notvmeet ‘the required
assumptions of’h&mogeneity of variance and of parallel’regression
lines. A Kruskal-wallis non-parametric ‘test was applied~yie1ding no
significant differences. Inspection of the data suggests that a
ceiling effect may have contributed to ‘these findings (Cook and
Campbell, 1979)+ - S |

Table 13 also presents the pretest and posttest means and
standard deviations\for the Q2 assessment measure and the adjustedd
posttest means. Th& pretest scores of the;two groups are very’simllar"vﬁw

'and quite low as one might expect on a test developed for a tenth
grade population. Poittest scores indicate that the instructed group
had improved while the comparison group scores were‘fairly-similar to

,their‘pretest scores.' The adjusted means were 5.1] forvthe comparison
group and 8.64 for the instructed group on the Q2 posttest. |

~Table 14 is the summary taple forvtne analysis oﬁgcovariance forp
adjusted posttest scores on the Q2 assessment measure. This table
indicates that thevdif?erenceonoted in the‘means above was
significant,‘E(1,17) = 37.79, R < .OS.K Preliminary-analyses 1ndicated‘
that the assumptions of homogeneity.of varianceiand of‘norc

\

—
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Source of Sum of ‘ -
Variation ., Squares da£ M F ‘R
. “ . ‘ . ’
m(adj) '
Ss within 25.59 17 1.51
Trestments B
(adj) -
L o
¥



factor-covariate interaction were satisfied. V&Thte instructed students
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had hj:gher posttest scores in algebra word problem solviﬁé on the
open-ended proPlan-Solving test Q2 than 'the comparison students.

To answer the research question’;“Do the tﬁo groups havé Vsiailar
out come scores in prdblen s_ol'ving?ﬂ the results of the combérisqns
between the groups on the three relevant measures (instruc‘ted
problems, mﬂtiple'-choice problegs’. -and open-ended probleus)umay bs

~ examined using analyses‘of- covariance. In two of the three caée_S, the

tests of instructed probl-eus and Q2, the instructed group had higher

outcome scores than the comparison group; however, on the British
Columbia Apglxications multiple-choice test, there was no
significant difference between the instructed group and the comparison

F

group, .

‘Did instructed students and non-instructed comparison
students show similar abilities on qualitative measures
‘related to algebra word problem solving, specifically
metacognitive interviews, think-aloud protocols, and a
problem classification task?

For each of these three measures of thinking related tp problem
solving, preteats: and posttests were administered to the members of
the compariason group and the instructed group. Scoring proceduresk
were developed for the metacognitive interviews which yielded interval
data with a potential range in scores from 0 to 20. Similarly,

scoring procedures were developed to rate the degree of understanding

shown in the think-aloud protocols for relational problems.

Ca

o
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A4

Understanding of representation was rated out of 12, and uhderstanding

of solution was rated\out of 8. Thé'findings for the metacognitive

A

interview are presented first, followed by the findings for the think-

aloud protocol., Lastly the data for the classification task are

presented.

Metacognitive Interviews

The interviews were scored blind by the investigator according to
bthe—pfoéedures presented in tthSection entitled Scoring Procedyres.
Interrater reliability was estab;}shed by randomly selecting palf of
the interviews for each condition (Pretest.Compariéon, Pretesf
Instructed,‘Posttest CompariSon, Posttest Iﬁstructed) and havihg these
scored'blind by an educational psycho;ogist who had been instructed in
the scoring procedures. ReSult; bf the two scorings were pqqparedband
the second scorer was provided with correétive feedback. ﬁq then
‘scared’ the second half of the interviews. Interrater‘reliability,
calculated'using Pearéon Product Moment_correlatiéns on the interview
scores, was .95. Analysesiwere carried - out on the scores obtained by
the investigator. i

Because this was a pretést-posttest control group design, the
metacognitive interview data were analyzed by means qf an énalysis‘of
covariance (Cook & Campbell, 1979). The covariate was the pretest
score on the metacognitive interview. The means and Standard

deviations for the pretest and posttest and the adjusted posttest



scores for subjects in each group are r;resented in Table 15. The
scores of the_'instructed group at pretest, the c'ompavrisbon group at

br'etest, and the comparisoh group at ;>osttes£ were all similar._ inf
contrast the scores of the instructed group aﬁ posttest were higher.

The adjusted posttest means were 7.67 for the éomparison group -and :
14.39 for the instruéted gr-o‘ﬁp on the metacognitive'interview.

) The summary vtable for anélysis of‘Acovariaqqg on adjﬂusted posttest
scores on the metacognitive inter’iriew‘s is presente&—in Table 16. The
ad justed posttest mean of t‘he inétructed group was bsigni.ficant'lyl
greater than the adjusted posttest mean dt‘ tﬁ.e comparison group,
E(1,17) = 32.38, p < .05. Preliminary analyses indicated that the
assumptions bf homogeneity of variance and parallel regression lines
were met. The insi:ructed stud.ents showed mo‘.re' improirement Vonrthe

metacognitive interview than the comparison students.
. [} ) R

 Think-Aloud Protocols

The pretest and?sttest protocols for a relational prob‘lem were
yscored blind by the investigator. This .scorj.ng was done according to
‘i:he procedures presented in the section entitled W )
As, was done for the metacognitive interview, 1nterratet:’ reliability
was established by corrélating the scores of a Second educational
psjchologist with ‘those obtained by the anestigét;)r. terrater
- reliability on thelscores for understanding_ representation yas .96;

interrater reliability on the ratings for understanding solution’ was

1540



155,

Table 15
Pretest ~ Posttest
o  Standard , Adj.  Standard
Group _ Mean® peyjation = Mean ‘Mean  Deviation
Comparison 6.38  2.13 ' 7.63 - T.67 1.69-
(N=8) | o B
Instructed 6.50 1.57 : 14,42 14.39 3.18
(N=12)
=

apossible score=20
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Table 16 .
5nmmazz_9t_Analxa1a;9£LQ9xan1anne_tnn_AdJnaLad_Egahnnah,'
: . . iu L

Source of Sum of ) .
Variation .  Squares  4f M3 F I S
Treatments 216.78 1" 216.78  32.38 <.05

(adJ) ‘
Ss within ©113.80 17 6.69 -
Treatments
(adj)

( _

7 ;

L
7

—



'.95. The scoring results obtained by the inﬁestigator were used in‘

- subsequent analyses. A summary of means, adjusted means and standard
deviations of these scores is presehted in Table 17.
The scores for underatanding were analyzed by means of analysis

'of" covariance, as this' was a preteét‘-posttest control g'roup design.

Pretest scores served as the covari‘ate and posttest écores as the.

d;bendent variable. For widerstanding nebresentation, the scores of

. ) . K .
the instru~ted group at bretest, and the comparison group at pretest,

and poSttest were- similar. The mean of the instructed group at
posttest was 10.67 (S.D. = 0.89). out of a possible scdre of 12. The

adjusted posttest means of the gomparison and instructed groups were

4.36 and 10.59 for understanding representati;l._on. The differepnce

‘between the adjusted posttest lﬁeang was Significan£ in'an analysis o}‘
covariance, §(1,»17) = 272.66, p < .05 (see Table 18). .Th'e'requisite
assuinptions of homogene:[.ty of variance and parallel regréssion lines
were met. The inétructed ér-oup demonstfated better understanding of‘
representation than the comparison group following instruction.
Findings were similar for the scores on unders;:andihg solution.
Preliminary analysis showed both assumptions were met. The instructed
group at pretest, and the cbmparison group at pbetest and posttest haﬁ
similar scores. The mean of the instr;.xcted group-on understanding
solution at posttest was 7.50 (SD = 0.67‘). The possible score was 8.
Adjusted means of" the instructed and .comparison groups were 7.52 and

 0.84 at posttest. The anélysis of covariance (Table 19) indicated a



Table 17

: " Aspect of : . Mean Standafd.
Group Time Problem Solving Mean (adj) Deviation
Comparison®  Pretest Representation® - 2.50 - L 1.60
Comparison Pretest Solution® . ' 1.63 : 1.51
Comparison Posttest Represehtation .25 . 4.36 0.89
Comparison  Posttest Solution ' 0.88 0.8% 0.64

" Instructiond Pretest Representation - 3.56 2.61 |
Instruction. Pretest Solution . 1.6T " 1.40
7 '
Instruction Pdsttest Representation 10.67 10.59  0.89
//““Instruction,v Posttest Solution : 7.50 7.52 0.67

aN=8; bposs_ibl.e total score=12; Cpossible scorez8; §N=12-



‘Table 18

Source of*- - Sum of
Variation Squares ac MS F R
- > - -
" Treatménts 177.38 R 177.38 272.66 <.05
~adj)
Ss within 11.06 17 0.65 _
Treatments
(adj)




' Table 19

S 1600 T

Source of

Variation Squares de MS F R
. Treatments 208.68 - 1 - 208.68  485.61 1 <.05

(ad)) o ' :

Ss within 7.31 217 0.43

Treatments ’

S»



significant difference between the adjusted posttest.means, F(1,17) =

485.61, p < .05. The instructed group was cleanlzﬁsuperior following .

instruction.

Classification Task

Ability to classify problems and identify the basis for. the

161, .

classification is taken as an’indipation that préblém schemata have

been aéqhired. At pretest and“posttéstvcomparison and instructional
students chose the two problems out of a set of three that they
thoughp were most alike. There were 10 sets oé pioblems. Their score
was the number of times that the’tﬁo problems with the same
mathematical structure were selected as'most alike. For each’ group at

each testing the mean was expressed as a proportioh (see Table 20).

The difference was found between each mean.and the mean of 0.33 (which

.could be expected if_the*students had made their selections randomly).

A Z~3score was calculated in each case according to the formula;‘

o Z=  p=A_____
J a(1-a)/n

proportion correct

where p =
a = proportion correct if response made randomly
n = number of subjects. -

These results appear in Table 20.
For the comparison group at pretest andzpostfest and for the
instructed group at pretest, the mean expressed .as a proportion was

not significantly different from the mean that would have resulted

>

T
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Table 20 .
. Y * 5 N b

Summary of Means and Z-Scores for Pretest and Posttest

Besults on a Problem Classification Task

Group Time Mean? Z-ScoreP®  Significance

_ Comparison Pretest .063 =163 NS
(N=8)

Comparison '  Posttest .075 -1.55 NS

Instructed Pretest . 175 -1.16 NS

(n=12) ‘

Instructed * Posttest 667 +2.46 <.05 .

Expressed as a proportion of 1;

proportion 0. 33

possible ‘score = 10,
PMean that would result from the random selection = 3. 3, as a )



\

-- from random selections. On'th'ese"thréé;‘_ occa’vs-ions‘, the students were

not making thveir" s'e'leeAtion;yof problems thap weré most alike on a.

systematic basis. In 'contrast,, the mean for the instructed group on

the posttest kas significantly different from what would have arisen

by chance (z = 2.46, p < .05).

The reasons the students gave for their selections appeai- in

Table 21. The most frequent justification given by comparison

‘students at pre and posttest and instructed s;udents, at pretvest

referred to the surface structure or co‘ntextual ‘details. The most

‘frequent Jjustification given by the instructed'student‘s for their
po‘sttest cholces was the name 6f‘ the problenm typé to‘ ‘whiéh they

thought the two problems belonged. It is interesting to note that

they sometimes mislabelled the problems; knowing'thejcor"rect name of

the problem type was not necessary to selecting by mathemati;:al ‘

Bstructure. The stﬁdexits é.pp.ear to have learneﬂdv more than verbal
labels for types of broblems.

£In summary, the.se i‘esults indicate that comparison studénts dj.d
not‘change' 9:: improve theirgclassif‘iccation of alg,ebrarw‘o;‘d pr.obJ..ems.,
while the instructed students did. The comparison st}xdents did not

categorize systematically and referred to surface structure at both

testinés; The instructed students referred to surface structure at

the pretest when they did not make their decisions systenatically. o‘ni

the posttest they categorized problems systematically ref‘erring to the

more aophisﬁicated categorization by mathematical structure.

e
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Table 21

Types of Reasons

Posttest

Surface s;ructuréﬁ
number, money, age,
work, distange ‘

Mathematical structure
relationships between
elements, name or descrip-
tion of one problem type

Operation:-.
addition, subtraction,
division, multiplication ‘

Miscellaneous ‘aspects ..
of problem: e. 8oy '
metric, how many, work out

the same (no details), etc.

4

.22

.09

11

.76
.04
.04

v516 

010 “

.85

.02

.03

T4

.05

.02

.19
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Taking the results aoross tha thm qualitative neaauras relatedl -

to algebra uord problcu, it would zppeax‘* that the conpariaon and!

instructed students'did not sbow siailar autmma aa -a rasult or their '

Lnatructiom On t.he netacognitiu intarviw the inatructod 3tudgnt.a
were signiricantly botter in their ability to -answer questienn about\

npecta ot the tuk, u_;a tramgiea and t.he peraon (Flavell. 19’{6)

invoived 1n aolving —word problaas. " On thé think-aloud protocol

ratinga the matructcd studeats had signiricantly bet.t.er understandins

‘o

of the procc?bs 1nvclved 1Moprmnt1ng and’ aolving word probleua.-

On tha elasaitication tuk the 1n=tructed atudnnts shwod 1aproveuent

in thcir‘abilitypto categorize pro,bzleaa by uaing tbé, mathematical

atructure ‘»roll‘owring instruction. Qualitative c’hangés;we#e also

reported in the performance of the instructed students.. Following '

instruction, the inatr{zctqd students were significantly betfer than

their peers 1n;_§u;11tative aapects of algeora word problem aolving.

5 ” T
o . .

s
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CHAPTER 5

L DISCUSSION.

~This study merged recent work imn cognitive theory in problem

- solving with intervention research ‘involving the

The rgsult was an investigation of the effectiveness of i;heory-based

instruction to improve the:algebraic problem solving‘df'iearning

disabled adolescents. - ' ' : \/\ '; t
. . . \
Instruction was based on cognitf'}e. prescriptive task analysis.

“Twelve Junior high s‘tuden‘ts;,were taught declarative knowledge and
. ) . ) .
cognitive strategies in two distinct phases (representation and

solution) for three types of word problems. None of these three

LS . a

problem types involved the u;'se of a t‘amiliar-:mathmatickai, formula.

.

' They were distinguished by mathematical structure unconfounded b‘yv

cover story (surface structure). This was accomplished by'

systematically varying the same five cover stories with all three

instructed problem types.

¢

A comparison group was familiarized with the structured worksheet K

used for instruction and asaesane'nt. A two-group design was used to
compare the improvement of the instructed students with :-i comparison
group on a variety of quantitative and qualitatvive'aeaaures of
ai‘sebrjaie probieh solving. In addition, a ﬁingle-aubjoc,t design was
'uaf:d which racilitate‘d close examination of changes in the '1n§tru'c ted

students' problems aolv(ing during instruction.

learning di sabled’.l :
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nnswers to Research Questions <
‘.Rather-than reneat the answers to the Six research questions
which were addressed in detail in chaoterkfour;‘the substence'of the
answer to eecthuestion is briefly restated. These findings are then
used to generate implications for research in problem solving,r

cognitive theory in instruction, and instruction with the learning»

' disabled.

‘ The four research questions addressed by the single-subject
design were answered in the affirmative. The instructed students'
abilities,in representation,‘solution} and obtaining correct‘numerical
dnswers'inéressed dramatically_following instruction for each problem
type. fhese increases were maintained over time. Moreover, the
instructed students.sbowed'near transfer to new surface structures for.
the three problem typee; ‘Far transfer occurred less consistently,
uitﬁ'relational‘problems posing the greateSt difriculty. The
etudents' think-aloud protocols for representation changed tolloving
instruction.‘ There_were ehifts from reading comprehension of the
problens{\tﬁat is, constnucting meaning as in any reading taek, tov
expression and application of knowledge speciric to the_domain of
algebrsic’bnohlem solving, that is, constructing an algebraically
useful representation. For solution, the protocols showed a shift
fron'studente' reliance on arithnetic onerations and haphazard
trial-and-error to their use of algebraic operations and systematic

trial-and-error. There was linited evidence that intervention



diffg?gptially affectéd the students' masterf,of the problem types
withjreiétional prqblems posing the greatest difficulty‘ovérall;;
Because thé problém‘types were alway;-taught in the>same Qrderl.the
difficulty with\relational problems could be aftrigutéd to.theif
always being tagght‘first. ~

The two‘°research q;estionS'degling with between—grouﬁ comparisohs
demonstrated the superiority of’tﬁé‘insfructed group; The latter had -
higher scoresron iﬁsﬁrucfed pr-blem types and on gn‘qpen-ended tast i
tﬁan the comparison;grOUp,rBut,rbeqause of ceiling eéfects, not ;h a
mu;tiple-cho;ce test of.problemksdlving. The inétructed group‘als§~k
demonstrated better performance and understanding on qualifative

measures including metacognitive interviews, think-aloud Qﬁptocols,

and a problem classification task.

Implicaﬁions:fqr Ikeory and Research

This study drew on theoretical sources for its tramework and -
design, and its findings reflect on the nature and adequacy of these
sources. - Hypotheses were drawn from three sources: recentptpeory
about algebraic problem solving and problém isomorphsi the cbhstruct |
of achemata from cognitive instructional'psychology; and research oh
learhing disabilities which suppliéd thg constructs of metacognition
and guided instruction. The discussion that follows explores the -

implicationa of the findings for theory and research in these areas.
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Haa_Ihnnn_5unnnnL_tnn;nuLJnuuuuLJuijgnlsmiﬁglxinx?

The findings of this study provide empirical substantiation for

two phases of problem solving representation and solution. Unlike R

oollege -student novioes, learning disabled adolescents did not produce
adequate solutions to algebraic problems'initiglly (ef. Lewis, 1981).
‘Aftor the learning disablod'adolescents had masto;ed representotion of
avpartioular problom type, they gere,still uooble to produoe‘adequate
solutions,for the same problem tyoe. This was not consistent with
Holler‘and Reif's (1534) finoing that it was neoessaryuonly'to induce
excellent representations upon which college physics studonts would
outomatioallyfpboouoe sinilarlyahigh-quality solutions: Such
contrasts aerve as a reminder that most novioe-expert problem-s0lving
studies do not involve true novioes, but individuals who have already"
"had years of sucoego(ul aoademio experience with complex problem
otruoturos and may gave automatized many of the algobraio and
oomputational procedures necessary for solution. Tbe lea}ning'
disabled adolesoonta in this study had limited and generally
0unsuooeasful_oxperienoes with algebraiovword problems and the solutioﬁ
of algebrgic';quations Prior to intervention. Henco;~the present
study provides convincing evidence of the instroctability of

representation and solution.

It is 1ikely that the.learning disabled adolescents in this study
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‘had even more to contend with than most’ other true novices. The

extent ‘to which their learning disabilities contributed to their

inﬁbility to’generate solutions following instructfon in

'_ representation in an empirical question. It could be answered in an
investigation which compared, normally achieving adolescents to
adolescents with learning disabilities in mathematics.

.In order to operationalizer Mayer's‘(1985§ recommendations for
instruction in problem solving, it was necessary to employiReif's
(Heller & Re.if", 1984; Reif & Heller, 1982) work, in teaching
representation for physics problems as a model. Mayer's (1985)
nonspecific contentions about the neces8ity of instruction in
linguistic propositions‘and,declarative knowledge for representation
were supported in a general way. The instruction also confirmed the
1mportance of the acquisition of procedural knowledge which would

enable students to act on their knowledge of the problem type and the

meaning of expressions:such as "consecutive numbers" (Heller & Reif,

198&); Mayer's recommendations for instruction in efficient strategy
use and algorithm automaticity received support in the present study.
To operationalize instruction in both representation and. solution, ‘it
was necessary to conduct cognitive task analyses of the‘knowledge base
relevant for each phase, in addition toiobserving and recording

experts thinking aloud.- The task analyses yielded the knowledge

" structures that would be communicated explicitly in the scripts and

k2

N

the procedural knowledge that would be modelléd explicitly in the
: 7 : s
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thinking aloud during the »intervént;ion. The represe_n.tatiyons and

solutions necessary for cdmpet:e',nt algebréj.c solving webe induced

¥

, ’durinﬁg ‘practice, providing confirmation of the detailed domain-

' specific approach ‘taken by Reif and his colleagues. This study went

beyond Reif's current published work to demonstrate that functional

representétions and solutions -not only can be induced, but instructed '

-as well. Learning disabled adolescents produced them with only the

cues of a structured worksheet, maintained them six weeks later, and

©

'showved considerable transfer to néw surface structures and some

transfer to slightly more complex but related mathematiccl structures.
In summary, both representation and solution are esseni:ial to

algebraic problem solving, and both are amenable to intensive

- instruction that respects the complexity of the domain-specific

Jknowledge and emphasizeé the essential aspects of that knowledge. .

Does the Concept of Problem Tvpe Need Refinement?

Another currept concep’tion 6t‘ problem so‘lrving is that insﬁruction ,
shoﬁld focus on templates (Mayer, 1981). A \:e’mplaté consistc of a
particular combination of méﬁhematicgk structure and cover story. For-
Qzaﬂple, acdording to Mayer, motion problems (within the time-réﬁe
f'amily)-contain at least three templates: overtake, round trip, and
closure. The vet't'ectiven‘e‘ss of the present instruction in focussing
students' attention on éh’e mathematical structure of the prdbleh

suggests that jnstruction should be be focussed <;n isomorphs rather
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than templates, Simon and Hayes (1976) defined isomorphs as problems
in which solution paths map directly onto one another in one-to-one

fashion. Problem .types, as construed in this study, consisted of

problems in thch mathematiéal relationships were essentially the
same,fequations took the same form, and solution paths mapped directly
onto one another, while cover stories yaried. The notion of isofmorph
has been réfined to reflect the current emphasis on representation.-
There arg more complex variétion; of each of the*instructéd,problem
types, as operationalized in ﬁﬁe far-transfer tasks. :?he students?
successes in these, tasks with no direct 1nst;uctio; on ho;ﬁto transfer
what they héd been taught suggests that %he variations of surface and
malhematical structures may be transférred once the schemata for tThe
mathematical structure has been aéquired at the level of isomorph.
Students in this study learned to expect problém typesuﬁo;ﬁe
.distiflg_uish'able by mathéﬁatic‘ai"r'elations,hips. However, the
non-formula problems used in this study are among the simplest
algebraic problems in the junior high currzzalum, and may not be
representative of the formula problemglon_whichﬁngeE'(19815j
concentrates. These findings suggest the\hypobhesis for future
iesearehathat it‘would be effective .to teach schemata for formula
problems that encompass:several_templateSZ Fo; ?xample, problems
about.disfance—rate-time, rate of interest, and rate of doiﬁéfwork .

could be taught as an isomorph for rate in which surface structure .

varied over a consistent problem structure.
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On the basis of data from the present study, naming 1somorphs
accor;ding to 'their' mathematical structure was useful. §ome students
had difficulty remembering the name "relationei" but the "propoi-tion"

(sometimes called ratio) and "two- variable two-equation" names were

remeinbered without fail, even at the six-week maintenance test.

Students commented that the'names.helped them to "get the whole

e —— —

picture" because .they brought to iind the form the equation would

take. One student who had previous negative experiences commented

that the problems were easier f‘now that they are reiational"” than they

had been when they were called age probleme. He wondered why they‘/ha‘d
been "called age problems,»at‘a'li' because ag'e ‘does'n't‘really have
anything to do with 1it." He{and several other students continued to
have trouble with relationdl problems about consecutive numbervs,

confirming Vergnaud's (1982) observation that there are conceptual

differences among problems with the same mathematical structure and .

proble_mﬁrepr\eentation. T%se concep’t’ua'i differences are prpbably due .

to the mathematical meanings of particul_arv__ domainispecific

, : .
expressions such as "consecutive numbers" Analyses which would'_

clarif‘y the 3xtent and nature of these coneeptual dit‘ferences should_

receive more attention in future investigations.

. ®

It. appears that the isomorph as utilized in this study is an

ef‘tective and parsimonious vehicle for instruetidn 1n algebraic word
problems. Neming problems according to their mathematical structure
may also be instructive. However, many questions remain for empirical

>

.3
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investigation about the feasibility and effectiveness of structuring

aigebr:aic curricula ithhis manner. ‘
) Schyema;ta are hypothetical constructs representing‘ typical
abétragtions.of’ complex conceptsf information-pro.ce?sing theory
posits that ins’truxctioh.which would enable individuals to acquire -
.schemata woul‘d facilitate access to knowledge (Thorndyke & Hayes-Roth,
1979) and reduce the load on short term memory (Mandler & Johnsén,
1977). :What indications are there that students°migh.t‘hai/e devweloped
schemata‘fqr'the instructed problem types bgsed on mathe’m.atir‘cal
structure instead of either contextual details or'a combination of
structure and context? |

The st'bohgest suppo}'t for this hibdthesié is supplied by data
from the classification t.as‘k. | Student- were asked to ider—lftzify‘which _
twci of three problemsiwere' most alike, and the c;orreqt’aﬁswer- wasb the. 3
pair with the same mathematical structure. - Following 'ihstfuctian,
students systematically choée pr;oblems with the same mathematical
s‘tbucture, (and cofre‘ctiy identified this as the reason for theih_
'choicers.' On the pretest, iristructed stl.;dents and gomparisbn studénts
were unsystematic in their classitica_tion“fdf‘ pr‘%obl—e’ms _ahd m :“,6_
give contextual de.tails:as*théir' reason for their ch;icés. Comparispn
studgnts per*si#tedﬂ with these behaviors on the posttest. .A trend was

observed ifd the posttest data for instructed students: the two
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students who learned one problem type averag”’ed'”é’.'Swccrrec\t choices,

the four st@idents who learr;ed_, two problem types averaged 6:5 correct

« choices, and the six_ students who learned three problem types average_d

8.1 correct choices, out of' a possible 10 correct choices. These data
suggest that the more problem types students learned, the more they
based ‘their classif‘ication on problem structure. 7

" Correct classification in the’ task ranged over all three ;roblem
typ\es although only half‘ the instructed students had learned all
types. In 85% of the total 120 cases (10 choices made by 12

students), they mentioned the problem struccure or .type:of problem as

| the reason. However, in one-third of the cases where they referred_ to-
structure, theyA named the problem structure incorrectly. F_‘requently -

students who had rot been taught ‘two-variable two—e;qu'ati‘on problems

- called them relational, -and volunteered that they inew they were not

relational- problens; merely similar. 'I_'hese classification task ’data'

[y

enable one to infer that students who received extensive ejcplici_t

instruction in problem representation and solution appear to have .

acquired 'schemata for mathematical problem types based on structure.

Additional support is garnered from the instructed students!’ high a
- scores on the posttest and the maintenance test where problems of the

three types were in random order. Students tended to identify

problems of the types which they had iearned and solve these

immediately, and to identify the unfamiliar which they ‘left to last.

They were also able tc identify near-transfer and far-transfer

13

1
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problems as altered instances of the instructed problem types. : "Like

|

relational only harder" was a .f‘requent description\ of relational
. . | ¢ ’ . :

f‘ar-transf‘er—— problems. Many students'did not appear\ tq‘notioe that

the“cover stories were changed f‘or the near-transfer problems,

'oonf‘irming that .their schemata were based on the mathematical

<

-

structure independent ot‘ cover story.

E.uidence from this study, which could be interp,relted as
inco_nsistent with the view that the students developed scl;emata based
on mathematical structure, came from the.post thinkealoud p_rotocols.w

Students t‘requently did not »state spontaneously-reasons for their-

'identif‘icatio‘n ot‘ the problem type, although they usually could if
N - p 4
"asked at the end of‘ the protocol. 'I'here appear to be >t least two

. £
-plausibdble explanations, one methodological and one psychological. The

methodological explanation is that there was no cue on the worksheet
f‘or giving reasoning about problem type, while the other aspects of
k representation all. were cued, although reasoning had been modelled in
the ".thinl.cin‘g aloiud."' The psychological explanation arises from the
'theoretical writings of Ericsson and Simon (1984) who Ka'rgue‘ that
reasons are not heeded or aocessible in short term memory and must be
reconstructed. {.t is_ impossible to determine preois»ely why ther@e was

, N
a lack of explicit verbal reasoning given for clag‘sif‘ications of

problem type, but it appe? 'S that w/hatever the cause, it is not‘ ‘
Sufficient ‘to rejeot the. inf‘erenoe that learning disabled students i

were able to consgruct- sohemata for algebraio problem types ‘based don;

B VA
S
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mathematical structure.®

?o prbvide a cdntrast, a cbmposite sketch of students' ;cheméta _

prio% to instruction can be inferred from their answers to pretest'

4 @

problems, think-aloud protocols, classification tasks, and'metacogdif
tive interviews. From thésevdata, it can be 1nferred‘that;they v;eweqvv;p
algebr;ic problems as simple onéQOperatipn arithmaetic protlems m#derp‘i‘
‘éf "wobds and numpers", abtnut age, distance, or some other topic;
‘They viewed them as problegs requiring tge difficult selection of an‘
operation suéh as addition or mu;tiplication. eThey appeared to‘viqw
these problems as a teading cbmprehension task fog which it was
- essential to éonstruct meaning. They were usuall} wtle tovwrite down
or say the goai and tﬁe given information for the représentation and a
proposed arithmetic operation for the solution. |

On the whole, preinstructional students showed little domain-specific
algebraic knowledge 399 usually named the problem type by operation on
the structured worksheet, and by surface structure on the
classification task. The comparison ;tudehts did not qppéar”to
COnStruct new schemata based on mathemat;cﬁl structure. On,the
posttest, they did comblete more 6f¥th§ Structureq workshezt but had
not changed from viewing the.probléns-as trithmetic probleﬁs tot

8
viewing them as algebraic problems requirins the use of unknowns and

solution of equations, as the instructed students had.
The findings of this study are conaistent with other'inveétiga%

tions showing that experts in mathematics (Schoerifeld & Hermann, 1982)



ahd physics '(Chi, et al.,' 71981,) may be inferred tvo haveq acquired
schemata based on underlying problem structure ﬁnd ,brinciplens. There
have E:egn reports (Krutetskii, 1976; Silver, 1981) éh;t less competent
mathematics >students classify problemslerroﬁeoﬁvsvl‘y' 1rt‘ they contai‘ln
"c\ov'er;st'éhyiés",;th‘a‘t.trigger a specific :schema.i' ‘Ivnr this study,
stud'entis v}ith ; historj‘éf poor performance 1nvmat}1tefmat1cs classified‘r
1temg ina sophis-ticated wéy ﬁfter exténsive inﬁtruction. Theré is
congsiderable evidence »t‘:hat the 1earn1ngvdisabled students in this
study 'formed and used s‘chemata for algebraic problem t;ypes_based on
mathematical structure.

&
»

A major componant of recent 1n’_t‘erventions* bhat.;u;;es;sfuliy
increased the reading eonpret;énsion (Wong & Jo'ne-s,' 1982) and brqblem
solving abiulitiea (,Hdntague, - 1984) of 1earni'ng ‘disabled ado;escents
has been self—guestibniné. It has been hypothesized that s§1f4 |
questio'ns~are effective because they t:ocus attentionﬁon the easential
aspects of the tasks and strategies, and make it qasier fo:r; learning
disabled adolescents to mor;itor their own pert‘or'm;nce (ﬁong, 1985b).
This means that such strategies should lead to i:ncr“'ease_a‘

metacognition: knowledge about and awareness of cogrition, and

regulation of cognition. Hetacoénitive knowledge is usually thought.

o

>
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to be about the task, strategy, and person (Flavell 1976). In this

study there is direct evidence that students increased their awareness

of problem solving ‘as a consequence of intervention. ‘There-1is also
i‘ndirect evidence that they increased their regﬁiation and* monitoring
of bhblee solving. | ~

Tne evidence that students increased their awareness and

_knowledge about probiem solving comes. from ‘the metacognitive interview‘

questions aaministered to the instructed and comparison students

*%before and ai’ter intervex tion. ‘I'he higher scores obtained by the -
instructed students at posttest are a clear indication. Closer .

examination “~of the pretest interview transcript,s f‘or‘both groups shoi!s

that the highest scores were obtained- on the two questions that were

general in nature and reﬁuir’ed’no—douain-specifice knouledge. These -

questions were: "What do you do if YOu don't .what a word:means

in a word problem?® and "What is there about/a.word problem that makes

it easy to do?" Answers to the question ebout strategy to use if you |

don't knou what a word neans, were scored t.he same as in metacognitiﬁe

v

interviews about reading-—tuo points for any two comprehension

e

strategles’ from a list of such strategies as: skip 1it, Sound 1%, use:

the context. etc. Answers. to the question about nature of task that

~

ukes word problems easy, uerg\sc?ed the same as one would for any‘

arithﬁetic word 4moblen--tyo points for a conbination of two items

from a list including easy numbers, sbort problem, no hard words,

(%3

ei,c. The general nature of both questions is apparent. The least
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complete, accurate, and sophisticated answers on' the pretest interview.
were to the three questfons that called. for considerable '
ldouaini-speciric knowledge about algebraic word problem lving and its -

two phases: representation and solution: ‘"What is the ardes‘t part -

of doing any word problems for- you?" (person)_,l "'What do you do if you

don't get the 'whole picture' or the 'whole me‘aning" of‘-_"a~word.'

probl‘eom?"' (strategy) and "What are mathematics word problems?" (task).

The domaih-specifieity’of these ‘questions can be contrasted witljx""_the

general nature of the questions discussed above.

The comparison group's posttest results were the: samelas Atheir -

pr‘étests.' The instructed students, howev‘er,_achieved even higher

T~ —

scores for the more\"ma/lfquest\ions .about what to do if‘ you do not

understand somethlng and what makes a word problem easy. .'Ihese were

e

still their best two answers. .-Their most improved answers were to the, '

P

questions that demanded that the student engage in some task analysis
and show knowledge/of the relative importance of mathematical“
structure and of other aspects such as surface _structure. : 'Ifhese '

R | . i : ) B .
questions were: "What would help you become a better problem solver?"

P

(person), "Are some parts of a word problem‘as_,i?t is writtep _db‘irf,ff

more important than others?" (task), and ."Hhat-'do"ryou do if you don"‘t'[ .

get the 'whole picture' of a word problem?" (strategy) After
e

instruction the learning disabled adoleseents showed they were more'

knowledgeable about person, task gﬁﬁd strategy aspects of algebraic

- R . . A



' Metacognitive awareness improved with cognitive problem solving.

.

Before instruction, instructed students and comparison subjects" )

» e i

'rec'eived *low scores and showed lack of knowledge and,understanding
' about both metacognitive and cognitive aspects ot‘ problem solving. On .

' the posttests the instructed students were significantly better than-‘ -

-

their peers in the comparison group who received only familiarization

with the worksheet. The instructed students were better i—n
g

", o
'metaoognitive and cognitive aspects of problem §olving following K

< . — -

intervention. It is impossible to pinpoint the exeet«ti’me in the

' inter'vention at Hhi\-h this knowledge was acquired however, it did

’ rs

'take place in the oourse of instructi{on which emphasized declarative‘ .

kriowledge, think-aloud modelling, afd self-questioning. .The latter

. two _elem’ents have been recommended for increas’i»ng metacogni-tion

! 7 L)

(Meichenbaum, et al., in press).

The_re was no direc’t asslessment of metacopgnitive regulation in

'_found that some students who expressed awareness of' metastrategies in'
reading did not use those strategies to regulate pert‘ormance. They '

‘ -called these students "mimics" assuming they were saying what they

r

had heard the teacher say without understanding it. There may,

however, be a"nejed for direct, explicit instruction (for instance,

modelling by Athinkin'g aloud) to enable production-dericient students

to proceduralize their declarative knowledge about strategies.

i)

this study. Forrest-Pressley and Waller (1984) have identified the . -

_dangers of‘ assuming regulation from post hoc interview data. They
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o Forrest Pressley and Haller s . (1984) investigation was! ‘not an
ﬁ_;, : .,'instructional study, so they provide no, data to answer this question. :

| There are data in the p?e nt study to sugges increased metaeognitive

. 'regulation and monitoring. Students who made ernors in the posttest

1think aloud protocols frequently did thei‘teps of algebraic e

"manipulation in the wrong order or missed one of the steps. They came

.

.back and corrected their error'arter their numerical answer would not

‘/ .
;i’ 'chepkf.' This monitoring, taught in the soiution phase and used S
exteﬁsiveif after ihstruction, was absent from pretest think-aloud

& — -
back to insure that the answer

&

’ protocols.' Similarly, the attentio given to writing a sentence
containing the final answer and lookfifh
met the goal of tH® problem could bektaken as an»indication of
sophisticated metacognitive regulation. o : |
In future studies, 1t would be informative to assess
metaeognitive awareness with an interview -and corresponding metacogni-
"~ tive regulation with tasks like the-hypothetical ones posed in the
interyview questions. The consisten between awareness and,regulation
at.various points throughoutrinterve tion would illumi;ate the nature

of the development of metacognition.

s

-

.
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the fact that the Students were learning disabled. In recent years
several writerS—(éig. Cawley, 1985; Wong, 1979a, 1979b) have called’.

for the gﬂoption of theory to guide research in learning disabilitina.

It can be argued that existing theories in establi;hed fields generate

the framework, methods andlhﬁpotheses necessary for such research.
It has not peen shown that the learning disabled learn in a way

that 1s fundamentally different from other 1ndividuali;‘ratheﬁ;

learning diéabled students appear to be ;ess efficient learners (Réid"

& Hresko, 1981). Research and instructional approaches have

concentrated on executive or metacognitive control (e.g., WOng,»et »

al., in press) since the inefficiencies of the learning disabled are
often attributed to production deficiencies, éspécially in the use of
strategies. One critical a;pect'éf'a produciion deficiency 1sv£hat
the perSQp\cén use the behavior if instructed to do so (Brown &
Campione,’1984).. Instructional studigé have been cbaracter;zed bj

directﬁins;ruction and considerable practice of efficient -cognitive

strategies.

Instructional studies have focussed recently on te;ching complex
knéwledgé in particular ddﬁains such as mathematics problem so1ving
(Montague, 1984),and junior high social studies (Wong, et al., in

press) to the learning digabled. Such studies acknowledge the role of

prior knowledge and thq active construction of'knoﬁledge by legrnéra;,'

This research is consistent with current conceptions of cognitive

approaches to structional psychology (e.g., Marx, 1983; Resnick,

-
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1981). Resnick has argued that instructional psychology has been
characterized by a shift to the study of complex cognitive tasks,
iﬁteractionist assumptions emphasizing the mentalbconstructions of the
learner, and a growing interest in the role of knowledge in human
behavior. This study demohstrates in a convincing manner the
effectiveness of enabling students to construct knowledge, in addition
to teaching them cognitive strategies, when they are tackling complex
cognitive tasks.

This study showed the applicability of existing theory in
instructional psychology and current conceptions of problem solving to
the learning disabled population. While it is likely that the
learning disabled adolescents needed more demonstrations and practice
than would have been necessary with normally-achieving adolescents,
the cognitive-based instruction was effective. Students not only
learned what they were taught, but their general algebraic problem
solving ability improved, arid they demonstrated maintenance and
transfer. As wasvexpected, the concept of metacognition was valuable
in understanding the knowledge acquisition that occurred. Also,
changes in problem solving could be understood as acquisition and
accessing of schemata for various problem types.

Merging hypotheses, methods, and theoretical frameworks from
cognitive instructional psychology with guided instruction (which has
been shown to be effective with the learning disabled) yielded

valuable information about theory and practice. There may be an
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advantage to using learning disabled individuals in cognitive
instructional research. Because they learn like others, only more
slowly, it is possible to observe the acquisition of knowledge
structures and cognitive processes, as if in slow motion. Whereas,
normal learners might show automaticity almost immediately, these
students do not.

The benefits of intervention studies with such populations are
many-~-adolescents acquire cognitive competencies which help them reach
'their academic potential, instructional technology for complex
cognitive tasks is enhanced, and researchers acquire a "window"®™ on the

development of expertise.

Limitations of the Present Study

This study, like any intervention by one instructor, on
particular learning tasks, with a small number of students, has
limitations. Therefore, generalizations should be made with caution
until replications have been conducted.
All the instruction was done by one experienced special educator, the
investigator, who hadﬁcarried out extensive task analyses on the
problems used in the study. The robustness of the instruction will be
confirmed when it has been used successfully by other special
educators. Three algebra problem types and five cover stories were
used. Analyses indicated there were some differences in the effect of

the instruction as a function of the problem types. Observation
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suggested that some cover stories, such as those using the term
consecutive numbers, involved more difficult concepts than the others.
The instructional procedures may not be equally effective for all
algebraic problems. For example, formula problems which tend to
confound mathematical structure and cover story may not be as easily
taught with instruction that emphasizes schemata based on mathematical
structure. In this case, when it is almost impossible to separate the
two aspects, students may attribute problem type to the more apparent
cover story rather than the complex mathematical structure. Another
limiting factor was the small number of subjects and the heterogeneity
that exists in any learning disabled sample, despite the criteria used
for inclusion. To generalize to learning disabled adolescents
generally, it will be necessary to replicate this study with other
learning disabled groups.

The implications of this study for normal populations must be
drawn tentatively, although it is likely that the instructional
procedures would be effective with normally-achieving adolescents.
However, explicit and extensive instruction, such as used here, mighﬁ
be unnecessary with normally-achieving adolescents. Replication with
normally-achieving adolescents instructed in groups would require some
adaptation of the procedure and‘materials. Such adaptations would
include provision for individual practice within the context of a
group. For example, students would have to take turns thinking aloud

during practice. Modifications of scripts would be required to ask
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questions of a number of students during the presentation of
declarative knowledge in order to hold everyone's attention. If
individuals were required to meet mastery criteria, it would be
necessary to provide for variable amounts of practice. Marzola (1985)
provided a model in her successful adaptation of Nuzum's (1983)
instruction for teaching one~ and two-step word problems to groups.

In a study with such complex multi-faceted instruction, it is
difficult to ascertain which elements were essential to success and
which were merely contingent. To answer such questions, it would be
necessary to design comparative studies like Heller and Reif's (198%4)
in which the contribution of a particular element is evaluated by
inducing representation with and without the element.

Lastly, no effort was made in the present study to explore
motivational aspecté of long-terﬁ intervention, such as the students!
attitude to the instructor, other interpersonal factors, and the role
of cognitive motivational constructs such as self-efficacy. Although
no data were collected, it was apparent that the students were willing
to sustain effort over a long time. Two students who had been
suspended from school and one who withdrew from school during the
course of the study never lost interest in completing the
intervention. Given the current design with its emphasis on cognitive
factors, it is impossible to determine the role motivation played in
the outcome of the study.

Despite these limitations the long-term intervention was
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conducted in as rigorous a fashion as possible. The findings are
encouraging regarding the possibilities of instruction for the
learning disabled and enlightening regarding the application of

theories in instructional psychology and problem solving.

Recommendations for Future Research

The improvement in problem solving ability, understanding,
‘metacognition, and the acquisition of schemata for problem types
suggest that further research is warranted. The willingess of the
teachers and students to cooperate in an intensive five-month venture
imply that they viewed the intervention as valuable. It appears that
the application of current principles of instructional psychology and
conceptions of problem solving is appropriate and fruitful in school
settings.

Ther'e are two levels at which further research might be done and
several important questions to be asked at each level. At the macro
level, it is important to demonstrate the adaptation of the material
and procedures to small group instruction, and uitimately to whole~
class instruction if the findings are to have gener-él relevance for
instruction in algebraic problem solving. At the micro level, it is
essential to examine the development of individual expertise more
closely. The present study tapped the potential of single-subject
design, gathering think-aloud protocol data and interview data, to a

greater extent than most cognitive interventions. The acquisition of
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schemata and cognitive processes, however, should be subjected to more
fine-grained analysis with more frequent collection of qualitative
data, and closer ties among measures of knowledge, metaknowledge, and
regulation,

Many questions that remain to be answered have already been
alluded to. It appears there are two major types of questions to
address. There are questions about variables embedded in the design
of this study and questions about links with other theoretical
constructs relevant for intervention.

Many features of this study did not vary systematically over the
widest possible range. One of these is the domain knowledge. What is
the fole of representation in areas of mathematical problem solving
other than these three types of word problems? Studies on the effect
of representation on geoﬁetry problem solving (Greeno, 1978) and the
solution of simultaneous linear equations using a microcomputer (Lesh,
1985) suggest that the role of representation extends beyond the
boundaries of the present study. Extension to both simpler word
problém types (such as one-step and two-step problems) and to formula
algebraic proHlems would substantiate the pervasive role of
representation in instruction of mathematics.

Studies extending the range of problems and the age of subjects
could be carried out at the micro or macro level. Similarly, the
generalizability of these findings could be tested by varying the

population--is the instruction sufficient for normally-achieving
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adolescents and low-achievers, and how do gifted mathematical students
generate boundaries for identifying the applicability of schemata?

Details of the instruction that present themselves for furfher
investigation include the task analysis. What other operationaliza-
tions of instruction in representation and solution would also be
sufficient to enable students to generate full and accurate
representations and solutions? It has already been suggested that
investigations of the scope and sequence of the present steps in each
phase be systematically undertaken in the manner recommended by Heller
and Reif (1984). 1In keeping with the character of cognitive
instructional psychology, the fole of prior knowledge at all steps of
acquisition of expertise warrants further investigation. It may be
necessary to contrast and refine present methods of assessing
knowledge structures; as Leinhardt (in press; Leinhardt & Smith, 1985)
has been doing in her studies of students' and teachers' mathematics
knowledge structures.

Other 'lines of research that might help to explain the findings
of this study are the roles of self-efficacy and of ﬁeachers'
knowledge structures. Self-efficacy may have played a mediating role
in the students' continuing willingness to participate and the high
level of motivation they displayed (Walsh, 1986). Students' comments
suggested that the highly structured worksheet and extensive guided
practice made them confident that they would learn to solve word

problems. The degree of organization and accessibility in a teacher's
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schemata for problem types}m Y, inflmence the quality of tbe_k

o ; \w
- _explanationsra \}Eedgack pr%vided ‘to students (Herrmann, 1986)

Systematic mani ulation of one ugriable at a time could be . tacilitated

; by using microcomputers to deliver the guided instruction or tutoring

-~ » N ~

in representation and solution. i

<7 4

‘ Tovsummarize, an intervention that enables students to become

better problemvsolVers raises many questions about ‘why that

’

) intervention succeeded, dnd the extent, of the generalizability of the
3

findings. o . ;

Summary
~

AlthOugh'educators and researchery have expressed concern about

the need for instructional research in problem solving, few intensive

.interventidn studies have béen)conducted to teach algebraic problem

1

.7solviné37.The present study‘merged recent theory in learning'

-
e— . 9

disabilitieS’td examine the effectiveness of theor}-based'instruotion.

All research questions. were substantiated-susgesting that the

i
————

instruction was sufficient to enable learning disabled\adolescents to
construct adequate representations and soluéﬂons for competent
'algebraic problem solving. Simila; improvementsguere nct found in a
comparison group who received ramiliarization wfth the struotured

worksheet ror problem sglviﬁg and continued in the learning oentre

program in mathematics. s : - f . e

Implications of the findings for the adopted theoretical
& \ f . ( R
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l‘raaworks vers diadusa;d *It naa mfermd t.hat atndenzs had acquiredg'f

vall-structured schunta tor problea typea baaed on uathnatical_’

atruetur., thxt suoh problu uonorpha conatituted an appropriate""

’leval or 1nstruction, and t.hat natacognition had increaaed with

cognitiva aoquisitiona during the at:udy. ) SR .‘;éf-,

Recouendauona wero nadc ror mrther inv;atigations that would a

: ahcd ught on t.he apoeitic tactora aoat. raspon tble ror t.ho poaitive

warranted.
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Definition and Criteria for Severe Learning Disa ilities -

3

Used in School District of Participante

/7, ) ‘>1. Severely I%arning disabled students (for funding purposes)
s represent approximately 2$ of a "normal" school populatien.

- 2. A learning disability isra processing,order resulting in a.
significantadiscrepancy between estimated learning potentia) and.
actual performance. This discrepancy should not be primarily due
to .other factors such as: sensory. ‘impairment, mental handicaps,
behavior disorderrenvironmental ‘or cultural disadvantage, Eﬁs L.

3. A psychoeducational aseessment.should identify:

- - average or better intellectual ability (within 1 5.D.)
- a specific learning deficit: <
- a discrepancy of more,than: 1 S.D." on a standard achievement
test (i.e. primary ~ more than 1 ygar, Grade 5/6 - more than 2
years, secondary .- more than 3 years) .

'R Special placements shall be determined by the District Screening
Committee, and will require parent approval. Identif‘ication for
school=based programs should be determined by a school screening
committee’ which includes the -area counsellor. . :

5. An Individualized Education Plan should be developed for: each
student which includes instructional strategies to address the
learning deficit. S T ) L

> 6 Service delivery could include placement in a resource room’ or )
Skill Development Center, or support.'service on a. reguiar basis ;
by an itinerant teacher or ‘area counsellor.

Note: lh(—criﬁeria are used in conjunction with the Mini‘s‘try of‘
Education Special Program Manual, which contains a definition of
learning disabilities consistent with that in the Education ror »
A1l Hand:)[capped Children Act (U S. Office of‘ Edueation, Aug'ust
23, 1977 ' : . L

r

Y

.
LA



B-3.

APPENDIX B

Criterion Measures

" B-1. Basic Operations

B-2. One-Step Problems
Assessment Measure for Pre-Post
and Maintenance Tests
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 Name: _-Date: B
School s Group:
Time:
Ingstructions:Answer each question. Please show:your work.
A “.
ADD: ‘ .
5 4 51 70 4698
+8 +7 +69 . #83 4759
_ - . — —_—
%
T . .
7 ? 21 80 613
-4 -5 - 8 -1 A -276 .
Mug_’r;PL:: -
5 8 4 3 6 9
xé x9 x7 x8 X9 x?
t
6 7 8 é b 7
x8 XD x7 X6 - X9 x9
—_— s
GO'H#f?GE 2 ..
“.;_
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PAGE 2
MULTIPLY: > .
8 7 é 5 3 2
. X8 X7 X7 x4 X7 X9
4 10 ) &
LY XB X ? n [N “
'DIVIDE:
. g
A
g)az. - ‘ 9)72 : . &)as, =
7V 490 . o | 5) 325
_ L 3
H .
B , THE END .
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Name:___ Dates__ -
. oy 7 ’ 7 P . 7 .i e oy .
School . Broup: § - A
Time: ’

‘ . y . \

‘InstructionsiAnswer each word, problem.Show your work.

P |

{. The number of,Qﬁduéivin*a pbx ;5 ?,Q'ng minyf,r
gloves will there be in 32 boxes? <

)

2. In one hour a truck driver travels 90 Kilometres. .
How far will he travel in 12 hours, if he continues Sy
to drivé at the same speed? '

e

. . ) . ®
! .
p

3. It costs $23 for one ticket to a QHAM cbnc;rt,
How much will tickets cost for‘IZTpoople? S S

4. A machine packs 47 f4shirts in,a‘minute-‘#tnd‘the‘. AR
number of shirts it will pack in an 8-hour work day? .- s
- . _vq_A e g CE » f

o

| N RO |
5. Each boy on our team is 15 years old.; There are 8
boys on our team. What is the total age in years of -
the bors on our team? - - . e :
: N

A
>



1.

199.
ASSESSMENT MEASURE

Mary received interest on her money in 1984 and in
1985. In 1985 she receiued‘three times as much
interest as in 1984. The total of her intefest for the
two years was $1060. How much interest did she receive

in 19857

For every 3 dimes in my savings, there are 5 quarters.

I+ I have 81 dimes, find the number of quarters.

The sum of two consecutive odd numbers is 72. Find

each number.

A woman can build 5 chairs in 4 days. 1f she works for

72 days, how many chairs can she build?

Pan has the job of selling tickets for a school game.
The ticKets cost 795 cents for each adult and 50 cents
for each student. He so0i1d 120 tickets for a total of

$82.50. How many tickets of each Kind did Dan sell?

A pictur; é cm wide and ¢ cm high is to be enlarged so

that the height will be 18 cm. How wide will it be?

Dad and 1 drove to Calgary. It is 1546 Km. He drove

320 Km further than I did. How far did 1 drive?
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8. A man invested %10,000, part at &4 and the rest at 74

per year. The total annual income from these
investments is $680, How much did he invest at each

rate?

?. The sum of the ages of Jack, Robin, and Tom is 188
vears. Jack is the youngest. Robin is 4 years older
than Jack. Tom is 3 yvears older than Robin. Write an
equation stating that the sum of their ages is 188

vyears. Find the age of each man.

10. The ratio of the number of bors to girls in a class is
S5:t4. If there are 1é girls, then how many boys must

there be?

11. John works 54 hours in two weeks, In the second week
he works 3 hours less than he did in the firat week.

Find the number of hours he worked each week,

12. There were a number of goats and ducks in one pen, 15
in all. There were 44 feet in the pen. How many goats

were in :the pen?

13. The ratio of Mr. Jones’ age to Mrs. Jones’ age is 8:7.

Mr. Jones is 96 years old. Find Mrs. Jones’ age,
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14, The sum of a man‘s age and his son‘s age is 40. The

man has saved $3500 a year and his son has saved $50 a

vear. The total they have saved is $15500. Find the

age of the man.

15. 1 rode a bus and a train for a total of é hours. |

went at a rate of S0 Km/hr on the bus and 60 Km/hr on

the train. The total distance was 340 Km. Find the

distance I rode on the bus, and the distance I rode on

the train.
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APPENDIX C

Letter of Permission



SIMON FRASER UNIVERSITY

203,

FACULTY OF EDUCATION BURNABY, BRITISH COLUMBIA V5A 156

Telephone: (604) 291-3395

22 October 1985

Dear Parent,

I am writing to request your permission to have your
son or daughter participate in my project described below.

My project is designed to improve algebra word problem
solwing in junior high school students. Specifically, I
plan to teach students, especially those with mathematics
problems, a strategy to use with algebra word problems.

All the information will be analyzed anonymoucly. The
results of the project will help us help students who have
difficulty solving word problems. Your son or daughter’s
participation is completely voluntary. Hes/she may withdraw
tfrom the project at any time during the project. The
duration of your son or daughter’s participation will depend
on hissher individual learning rate. Generally for a high
school student to master such a strategy, instruction
averages about three months, with three sessions weekly,
each session lasting half an hour. Please discuss this
matter with your son or daughter as his/her consent to
participate is required.

I1¥ you have any questions you can call me at 2%91-3591
during the day ¢(and I will return your call), or at 421-453%
at home in the evening. Thank you for attending to this
letter,

Yours sincerely,

NMancy L. Hutchinson, M.A.
Graduate Student

Faculty of Education
Simon Fraser University

Date
I, y do give pebmission for my
" son/daughter, , to participate

in this project.

{Signature of parent or guardian)
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APPENDIX D

Test for Outliers



- 7 2 . 0' v 7\%17)1 RPE “‘ . 77:::7 7; -
E '9 . § 205. \
. R -
. ‘ . \
ST \\j;' - - Test to Determine Whether Student Was Outlier S s;ﬁ.”
. | B - E - S ‘ o oot ' e ’ o Jgg
= -#- =~ Rationale: One student was qualitatively different than all other . .7

participants tn thaf}. he took two. or three times as long %o complete#’" a
L e each criterion measure and each pretest dependent measure. Discnssion
T, e ‘with his mathematics teacher confirmed that he,sworketd very slowly,
xmén 07 “demanded perfection of himsel;:, and obtaired scores likeé the other
R students only when tests’ were timed. If allowed unlimited time he
would score much higher. As a example, on the B.C. Q2 Assessment

. '+ Test which was, open~ended and \atimed, he spent three sessions cn the -
-~ ' 13 problems and pbtained a- score of 12 out of 15, muoh higher than the
L of.her students. AN : v
A Y R ‘
e e LY %

7 _Progedure: " To detemine if he ,was an outlier, his score was removed

.. ‘ from the distribution and the standar-d deviation of thz distribution

o (‘ . calculated (S.D: = 1.62). His score of 12 was 5.12 standard
deviations from the mean of 3<7. ~This was accepted as evidence that
- he was ‘an outlier for this distribution. The Z scores of all other .
students on Q2, calculated according to the same procedures, ranged

from -1.57 for the lowest score (1) to 1.31 for the highest score (7).
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APPENDIX E
Task Analysis and Tasksheets for the

Thres Problem Types

£~1. Task Analysis of Relational Problems '
_ E-2. Task Analysis of Proportion Problems ——
E-3. . Task Analysis of Two-Variable , ‘
, Two-Equation Problems ) < T
E4. Relational Problems - Exercise 1 :
£5. Relational Problems - Exercise 2 - B
B6. Proportion Problems - Exercise 21
E7. Proportion Problems - Exercise 22
E8. Two-Variable Two-Equation
Problems - Exercise 31
£9. Two-Variable Two-Equation
Problems - Exercise N2




Task Analysis of Relational Problems -- "~

Problem Representation e

Read problem aloud. «A P

Evoke schema (kind of problem identified by\relational
statement).

' Draw and label diagram showing implicit relationéhips/(sum or

difference . of two unknown but related. quantities represented
concretely) T

4

Hrite goal. - L

Write unknbwns'(let X = simplest unknown, elaboration of X =

> related but more complex unknoun) ' C e
6; Write knowns (sum or difference, and relational stetement).
T, Represent probl em in;equation,(abstract unknownsiinserted 1hté'
equation whose form is isomorphic to diagram).
Problenm Solution
8. Check to be certain that an ecuation has been written.
9. Simplify equation by doing work to removq brackets.
10. Combine like terms (combine unknowns). : .
i1. By applying inverse operation to both sides of equation,_remove
term added to or subtracted from unknown.
12. By applying inverse operation to both sides of equation, remove
term that multiplies or divides the unknown.
13. State equation in terms of X = .....
14, Refer to goal éor meaningfulneas.‘ |
"15. VWrite statement(s) meeting goal(s).
16. Check accuracy of answer(s) by checking consistency with‘knowne.

and eubstituting into equation.

B P —
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¥

’Notes' " The novice may write the goal, unknowns, and knowns prior to
evoking schema and making diagram.

: The novice will reread the problem frequently, whereas the
more experienced solver will carry out quick lookbacks. '

J



¥
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Task Analysis of Proportion Problems

Read problem aloud.‘

-

2. Evoke schema (kind of problem identified by complete and
incomplete ratios comparing two factors).

3. Draw and label diagram showing implicit relationships (given
ratio set equal to ratjio for new case with labels for all terms,
and concrete representation)

4. Write goal.

5. Write unknown (let X = unknown term in incomplete ratio).

6. Write knowns (given ratio, and one term of new case)

7. Represent problem in equation (abstract unknown inserted into R

~equation whose form is isomorphic to diagram) R
. i \ . B O« : . = : ) N
RN - ' B o . ' _ , <
8. Check to be certain that an equation has been written. s
9. Simplify equation by doing work .to remove brackets.
10. Cross-multiply, or apply inverse operation to both sides of
equation to reduce one side to 1.
11. Bj'applying inverse operation to both ides of equation, remove
term that multiplies or divides the”q_ own. .
12. State equation in terms of X = .....
13. Refer to goal for meaningfulness.
14, Write statement(s) meeting goal(s).
15. Check accuracy of angger(s) by checking consistency with knowns,

and substituting into equation.

o

Notes: The novice may write the goel, unknowns, .and knowns prior to

" evoking schema and making diagram.

The novice will reread the problem frequently, whereas the
"most experienced solver will carry out quick lookbacks.
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' Task Analysis of Two-Variable Two-Equation Problems

MMW

Read problem aloud.

2. Evoke schema (kind of problem identified by need for two
variables and need for two equations)

3. Draw chart showing implicit relationships (sum of two simple

' unknowns equal to total of simplest factor; sum of two quantities

~ dependent on simple unknowns equal to total of complex factor,
with labels for terna) ' . .

. Write goal._,' |

5. ‘Write phkhoﬁna., Let sz,one uﬁkpown, Y = other unknown.

6. .Write knowns (the two sums).

T. ’Ropresent problem ip two:equations. Firot 1s a statement
involving simple unknowns. -Second is derived from first equation
combined with prior knowledge. _

. u;

8. Check to be certain two equations. have been written.

:9. Set hp table with two simple unknowns, their total, two. complex
‘terms involving unknowns, and their. total across the top, with
labels on each line.- , .

10. P11l in the table with terms that sum to the simple total.

Complete the table. Check outcome for complex total against that
listed at top of column. Describe outcome as low or high or dorrect.

11-

12.

-Select new values for unknowns pased‘on whether result was too

low or too high. Complete the table and check outcome against:
that listed at top of column. Describe outcome as,low, high or

correct.

Repeat step 11 until oﬂtcoﬂe'is correct.



13. Refer to goal for méaningfulness.'

211.

14, Write'stateménts meeting goals.

15. Check accuracy of answers by checking consistency with knowns and
substituting,iato equation. L .

Notes: The nevice may write the goal, unknowns, and knowns prior to h
evoking schema and making diagram.
The novice will reread the problem frequently, whereas the
most experienced solver will carry out quick lookbacks.



P;oblem Exercise 1

Mike has cycied 13 more km than Sam. Togethgr/they;

have cycled 12+ Km. Find the number of Km MiKe has .

cycled.

The sum of two numbers is eight'and}one of them is ‘two

gboater than the other. Find the numbers.

4
Jean gave twice as much money to the Red Cross as did
Ann. If the sum of their gifts was two dollars and
thirteen cents, how much did each give”

Ay

Ellen is seven years,oldér than her sisteh, and the sum

" of their ages is 21 years. How old is Ellen’s sister?

A grocer packs 70 kilogrhms{of cookies. ,Thére are 28
more K4 lograms of chocolate cookies than peanut butter
cookies. Find the number of kilograms of chocolate

cookies. he backed.' - .
N
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Praoblem Exercise 2

Mr. Smith and Mr. Jones both earned interest on their
money. Mr. Smith‘s interest was twice as much as Mr.
Jones’. If the difference between the two men‘s

interest was $510, how much interest did each man

receive?

Jenny jogged 17 Km farther last month than Mark. Their

total was 41 kKkm. How far did Jenny jog?

Henry is 3 years older than his brother, and the sum of

their ages is 25 yvears. How old is Henry?

One of two numbers is six times the other and their sum

is one hundred and thirty—-three. Find the larger

number.

Jane and Sam delivered 115 parcels the week before
Christmas. Sam delivered 31 fewer than Jane. Find the

number of parcels each student delivered.
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Problem Exercise 21

The ratio of the age of a boy to a girl was 72 : 6. I

the age of the girl was 1246 months, find the age of the

boy.

A machine produces 9 items in 5 hours. How many items

will it produce in 20 hours?

Of every 1S Km I run, I wear weights for 11 Km. If I

run 330 km, how many kKm will I run wearing weights?

Find the regular price of a suit that sold for $41.25

at a 2574 reduction.

Last baseball season the number of times John went up
to bat was 30. In those 30 times at bat, John got 18

hits._ What per cent of John‘s times at bat resul ted

in hits?



Problem Exercise 22

1. A boy is 2 years old and has received 3&é needles. I

215,

¥

he continues to need this medication, how old will he

be by the time he has received 108 needles?

Gwen’s car travels 11 Kilometres on 2 litres of gas.
At this rate, how far can it travel on 46 litres of

gas?

Mr. Brown picked é baskets of apples in 40 minutes.

that rate how many would he pick in & hours?

Mrs. Wilson pays $144 taxes on a house assessed at
$4,800. Using the same tax rate, find the taxes

assessed on a house assessed at $5,%00.

The ratio of the number of objects in set & to the

At

number of objects in set B is 4 to 3. I¥+ the objects

in set A were grouped by eights instead of by fours,

how would ?ou deecribe this ratio?
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Exercise 41

I drove my biKe and walked for a total of 3 hours. 1|
went at a rate of 30 kKm/hr on my bike and 3 kKm/hr

walKing. The total distance was 45 Km. Find how far I

walked.

John packed 10 crates in all. Each big crate costs
$1000. Each small crate costs $400. The total value
of the crates he packed was $4,200. How many crates of

each size did he pack?

The sum of a woman‘s age and her daughter’s age is 35.
1f the woman has made 3 friends every year and her
daughter has made 2 friends every year, find the number
of friends the woman has made. In ali, the two of them

have made 99 friends.

A number of cars took the 24 passengers to the picnic.
There were some cars that held é people and some that

held 2 people. If there were 8 cars, how many of them

~held & people? (A1l the cars were full.)

Ann has $?5 in 45 bills and $10 bills, She has 12

bills in all. How many $10 bills does she have?
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Exercizse 42

Pete bought pucks and hockey sticks for his team. He
bought 15 items in all. The sticks cost $7.00 and the

pucks cost $3.00. If he spent $77.00, how many did he

buy of each?

On Safari John travelled by Jjeep and on foot. The rate
of the jeep was 20 Km/hr. On foot the rate was 4
Km/hr, He travelled 128 Km in 8 hours. How far did he

travel in each manner?

A grocer mixes tea worth #$1.40 per Kg with tea worth
$2.20 peb kg, makKing a blend to sell for $1.80 per Kg.
How many Kg of each should he use if he plans to blend

75 Kg?

Some children in the class are 7 and some are 8. The
difference between the number of 7 year old and the
number of 8 year olde is 12, Thé sum of the ages is
234, Find the number of children of each age. (There

are more 7 year olds.)

The number of animals in the show ring was 30. Some
were cats and some were the owners of the cats. The
total number of legs in the ring was 94. How many

owners, how many cats were in the show ring?
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APPENDIX F

F-~1. Script for Familiarization

with Structured Worksheet

F-2. Completed Structured Worksheet
for Relational Problem

F-3. Completed Structured Worksheet
for Proporiion Problem '

F-4. Completed Structured Worksheet

for Two-Variable Two-Equation Problems



Seript for Familiarization with Structured Worksheet e

In solving a problem there are two main parts to be done. The
- first is called representation. This means getting a "whole picture®
for the problem. The top half of thig/gg;:sheet will help you to get

e

a whole picture or an understanding of/a Problem. It has a place ‘

where you can make a drawing showing the relationships among the parts

of the problem (point this out®). If you would brefer, you can write

the problem in your own words. Most people find it helpful to make a

drawing that shows them what is happening in the problem. <o
After you have read the problem and made your drawing (or written °

in your own words), thep you should write down the "goal”. This means .

what you have to find in the problem. "What I don't know" -- this is

where you can introduce an unknown.  You could "let X" stand for some

number that you don't know., ’ : :

£

— "What I know" -- this {is ybuh(oppOrtunity to write down what - ““/
information you learned from reading the problem. - Do you know the sum

of two things? Do you know how much money someone has? Do you know a °
ratio between two numbers? . X S - -

r’y

"Kind of problen' If you have seen problems like this before,
.write down the name of this kind of problem. If you have mot seen
problems like this’berore, then give this problem-type a name or
describe what it is like. "The equation® is the last part of your
representation. In an equation, you write down the things that are
equal to each other, in this problem. Remember that an equation
always contains an equale sign, and is a sentence that is true.

. Now, you have written a sentence with an equal sign, telling what
. things are equal to each other in this problem. This is an equation,
-a true sentence involving numbers, an unknown, and an equal sign. It
is based on the information given in the problen and shown in your
drauing.;

The bottul half of this worksheet is for the second main part of
solving problems -- solution. This means the steps you carry out :
operating on the equation in order to get to the goal. Show each one
of these steps on the worksheet. Remember you want to find -the value
of the unknown (X, perhaps) that you introduced in the representation.
"Compare to the goal”™ means loock back to the goal you have written -
down for the problem and be sure to write in a~eentencegthe4ansuer(s) A
that meets goal. "Checking” heans that you should check your: "~~~ ‘
calculations to be certain there are no errors and check your answer
by comparing it to the information you wrote -down in the . -
represeutation. You are making certain that the two are mot — ° < o

4



contradictory, that is, do not diugree with one another. Once you
have done_all these steps on the bottom half of the uorkaheet. you
have oo-pfttod the solution. o .
hmunuuon -~ on the top halr of the vorksheet.

&zution -- on the bottaa half or the vorksheat.

(k



.Pfdblem L Date. . Name

:Exerc“i'se RCI‘Q+-_ Exp.Phase__ Session _____ob.

éqal. 1 'Tort Fmol .‘halw $ar ""hc_ child drové. o ' \  7

What i?&oh't,knw’:' Let ala's;hincé‘ CJ\.[A drov&: x km
~ bistance Dad drowe - x+310 km

Qhat I kKnows Dad ,d%bde , 3194957&1—&:,,'%0“ som
Total distan ce drviven - 1546 km

I cin write/say this problem in my own words or draw a
.picture, ’
Son father

Kind of problem: chqﬁor\al

EQuatiqn:z :
X + x +320 = 1S44 |

Dad and I: drove -

Solving tho equation: . o Ca.jd'\/- I+ s
| . ] 154t km. He drove
X + XfBZO = IS‘-H-}. | 330 kw fur ther
Ax + 330 :* IS4L. than I did. Hew
‘ , far did 1 dvive o
2x + 320-320"* IS54L- 320 — -

aAx . -
= L’_-E-ji' x=06)3

Solution:

Child drove 613 km

{compare to goall . : ’ v f
| Q33 |
Check: (13 F 613
+32o0

a33 (Daai) IS46 v
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Problem__________ Date - Name____ —

P

T Exercise_ P"Og-rﬁ Exp.Phase______ Session___.___ .Ob._ ... .

- Goal 1. TOV . 'Ftnd 'Hrs, Jongs" age .

What ,l‘ don’,t"‘know e Le."' Mrs Jongs‘ '5.35 = x
Ra+o of Mr Jones® 4o Mrs. Jones® aje k
is ¥ : 7. | a ,

Mr. Jones s 9L years old . _ .

What I Know:

1 can write/s2yv. this problem in my own words or draw a

picture. Rato - " New Case
: 8 ‘ q¢
Mf. JONS ‘—'__"-\-—" , '—.__-‘—/‘//—/,‘\\,
Mrs. Jones _ , ,___’_‘_____,
Kind of j:r'oblem:‘ ; Propor"fl'oh .
Equatio;: b ; : T i
- 9 o o k
g -
1 X

The ra+r'o of Mr .

: A Jones’ aje'er:
¥ - 21’. o | Jones? aqge is £:7.
- R Mr. Jones is Q¢

years old. FonA

2 ) - . ,
% R L L U

Solutiont

Solving the equation:

Mrs. J nes is e years old.

{compare to goall . . | :
Check1 L - 9 ﬂ?lll:\ 9 /
o 7 'z ks ¥4



~ Problem___ Date . Name__ - = -
- . EXﬂCHO _%-&_Ji Tip‘??ﬁ'i?f - Se;inon Af‘ .70b':
£ s To V'Ft'ndf +he num bcr of Joa:!'.S. o
| Let x-:= | Nnum ber of;oa‘f‘é : ’
.

What  1 don’t Know :
: 4
Ld’ Y = number of ducks

What 1 knows Total pumber of ammals- 15
Total number of feet:= 4,u+ |

Goa‘f’s have & 'F'¢+
Ducks have 2 Fu.‘f"

1 can. wrcto/say this problem in my. own words or draw a

picture. 5oa+s duCkS
'anima ls X . + 4 = 15
feet 4 l\ + 2y = 44
Kind of problem: __2- \gan’able 2-egquathon
Equation: | - , ,
4 Y tay = 44 ’
é;lving‘the equation: ' o
X Y | 15 | 4 X |y 44 outcome N
¥ | 75|32 | 14| H | Hwolarge
7 [ 2| 18 1\9 BT
- - R | , - : )
- Solu‘tioﬁzﬁerc were 7 ‘oa.+5 There were a
: and 9 ducks _ number of 30a.1‘$ ahJ
| | | L ducks in ane pen,
(compare to goall IS5 in all. There were
Check::7 7 14 29 , | 44 feet in fh&f
+# X4 XL ik .| Hrw manY JoaTs
1’5’ 29 1, 4-4-‘/ \wzrc m*hc.Pen?




G-1.
G=2.

G-3.

G-4.
G-5.
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APPENDIX G

Relational Baseline Set A

Relational Baseline Set B

Proportion Baseline Set A

Proportion Baseline Set B

Two-Variable Two-Equation
Baseline Set A

Two-Variable Two-Equation
Baseline Set B
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 RELATIONAL .
'>Baseliné Set A
Art. and Frank worked on Monday. They packed 334 crates

TN

in all. Art packed half as many as Frank. How many e

did Art.pack?’

The sum of two flights made by a pilot is a distance of

D

260 Kilometres. One flight is three times as long as

the other. Find the distance of each flight.

Find two consecutive integers whose sum is thirty-nine.

-

Find four consecutive in}eéers,such that the sum of the

second and the fourth is ohe hundred sixty.

—

Mister C. is 13 years older than Mister B. The total

of their ages is 51. Find the age -of Mister C. -

A man is 21 years older than his son. The total of

'their ages is 104, How o\d is eachp

Hary and Tom worKed in a grocery store. Together they
worked 32 hours last week. Mary worked 4 hours longer

than Tom. Find the number of hours Tom worked.



- ;,,,,,,,'7,7,_7,f,2264,‘ o

8. Daisy, Lynn and Steve were walking in a marathon to
raise money. ﬁltqgether they walked’SO Kilometres, but
St}ve.halkod 3 more than Lynn, and Lynn walked 3 more

than Daisy. How many Kilometres did each person walk?

?. A .coat Qnd hat cost %$40.50 and the coat cqsts sixteen

dollars more than the hat. How much does the coat

cost? .

}

10. A bottle and-a stopper cost one dollar and ten cents,

and the bottle costs one dollar more than the stopper. \)

How much did each cost?

S
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RELAT I ONAL

Baseline Set B

Find two consecutive even integers whose sum is

fifty-eight.

A house in town is worth $1000 more than a house in the
country. The value of the two houses is $43,400. Find

the value of each house.

A woman receives twice as much interest as her husband
on her investments., The total interest received by the

two of them is $1782. How much interest does the woman

receive?

Ellen worked 7 days tonger at the farm than her sister,

and the sum of the days they worked is 21. How many

daye did each girl work at the farm?

The larger of two numbers is four'times the smaller.

‘Find the numbers if they add to twenty-five.

A man walks three times as far as his son. I+f the
total distance walked by both is 1é Kilometres, how far

did each walk?
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7. MarK has cycled 13 more Kilometres than Sam. Together
they have cycled 89 Kkm. Find the number of kKkm each boy

has cycled.

8. Sandy raked leaves four times as long as Jenny packKed
them into garbage bags. In total the girls worked 15

hours. How long did each girl spend working?

9. Mrs. Jones is five times as old as her granddaughter.
How old is each if the difference between their ages is

367

10. A boy is seven times as old as his puppy. The sum of

their ages is 16. Find the age of each.
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PROPORT I ON

Baceline Set A

Joan saved $25 in 9 weeKs. At that rate how long will

it take her to save %1757

A new computer prints 12 words in the time it took the
old printer to print 3 words. The old printer printed
795 words in an hour., How many words will new printer

print in an hour?

On a map, 379 cm represents 12 km. What distance is

represented by 774 cm?

Sales tax on a $3500 purchase is $#20. How much would an

item cost if the sales tax was $1i7?

Jim builds models to sell at a craft fair. He builds 3
in 14 hours. How long will it take Jim to build 42

mode ls?

On a trip, the ratio of Km driven to gallons of gas

ugsed is 43 to 2. How many gallons of gas were used in

~driving 903 km?

This old book has been in my family 7 years for every 2
years I have been alijve. If I am 36, find the age of

the book.
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8. The ratio of = man“s age to his daughter“s age is 10 to

4. The man is 40. How old is his daughter?

?. The number of hits a batter got in 200 times at bat was

95. MWhat percent of his times at bat did he get hits?

10. 96 compared to 180 is the same as 16 compared to what

number ?
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PROPORTION

Baseline Set B8

What number compared to S6 is the same as ¢ compared to

147

Al bought a guitar on sale for $20. He saved 20¥ of

the regular price. What did the guitar cost before the

sale?

Oranges sell at S for 39 cents. How much do 1S oranges

cost?

At work, John fixes 3 trucks for every 2 cars he fixes,

Last week he repaired 12 cars. How many trucks did he

repair?

12 compared to 75 is the same as what number compared

to 1007

A distance of 2 cm on a map represents 120 Km. What

distance is represented on this map by S cm?

A motorist travelled 172 Km on the Trans Canada Highway

in 2 hours. How long will it take him at that rate to

travel 301 Kilometres?
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Susie stocked 9 shelves at the grocery store in S50
minutes. At that rate, how long will it take her to

stock 81 shelves?

In our family, we calculated that my Dad has lived 11}

years for every 3 years I have lived. I am 12 years

old. How old is my Dad?

10. A man has ltived 3.5 years for every 1.5 years his son

has lived. 1If the son is 30, how old is the man?
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.7 BASELINE A

&

The sum of Steve and Tom’s ages is 30. Steve has

visited 5 toqntrieS'edory‘year, and Tom has visited 3

countries ebéfyLyeah. " The total number of countries ,
they have visited is 106. Find Steve’s age and Tom’s

age .

I travelled 760 Km, some at 100 Km/hr and some at 80

 Km/hr. The total time it took was 8 hours. Find the

distance 1 travelled at 100 km‘he. _

-

o r . ‘ ' o
A man can mow a lawn in 24 minutes and trim a shrub in-

18 minutes. Yesterday he worked 414 minutes, and

completed a total of 19 jobs. How many lawhs did he.

.cut?

Aunt Alice has saved 450, all in quagters and dimes:

She counted her coins and found that she has 380 cb}ns -

s

al together. How many dimes, and quarters does she

o L
have? -

=
v ¥

The number of books in a library is 1000. Some were

Borrowed twice this. yvear. The rest were borrowed 3

times. The total number of loans made was 2700. Find

-

the number o¥ books that were loaned once. A

a

Ry
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. i work at a grﬂce ry store, I miyx cooklos wor th 96

cents a kg wtth cooknos worth 72 conts a kg to so]! at
76 contség Kg. 14 1 requ;ro 60 kg of mixed COOKIOS,c

how many kg of o;chlk(nd 5houlq I have? . -

7. Robcrt cycles at & km/hr. Frank cycles at 8'Km/hr.
Robort rados to Frank s house with a mossage and Frank
'takos the message the rest of the way. The total

.distance is 25 km, and the whole operation takes 4

E

hours. How far did Robert cycle?
’ s T’ . I

8. In a draﬁor there are 36 stamps. Some are 34 cent

stamps, and some are 4 cent staﬁps. Their tot;t'o%]uo

. \ ' . ﬂ y .
is $8.64. Find the number of 34 cent stamps.

‘9"{gg~m9n together have a total age of 40 years. Joe has

. been sicK once each year. Frank has been sick twice

O . ~

each year. Altogether they have been sick 85 times.

Find the age of each man.

Is

10. A bgg box contains 8 toys. A small box contains 5
-toys. The total number of tors I had was 358. I put

them into 7 boxes. Find the number of large boxes and

the number of smal) boxes.

5

.\P‘w ’
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" Type 3
BASELINE B

Stewart has 25 stamps; some are(fs cent stamps and the

_rest are 18 cent stamps. The value of all the stamps

is $4.05 How many stamps of each Kind does he have?

Betty sold soft drinks at the school fair. Each big

glass cost $1.00 and each small glass cost $0.75. She

4 - . :
sold 90 drinks for a total of $71.75. How many soft

drinks of each size did Betty sell1? s

—

Sam and Laura had a total of 19 cavities. Their ages
“ sum to 12. “Sam has had ! cavity each year. Laura has

had 2 cavities each'year. Find their ages.

o

The number. of people at our school fair was S00. Some

were children and some were adults.: THKe children paid

'$0.50 and the adults paid $1.25. Find the number of

‘adults who attended, if we took in $362.50 in

admissions.,

Two boys leave towns 33 Km apart., One walks at a rated
- L Y .

of 3 Km per hour. The other walks at a rate of & km

per hour. Mow long did each boy walk, if they met

after a total of 8 hours of walking had taken place?

0
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6. Two people together have éitotal’agoro¥ 80 yogrs.v Nan
has lived in | house per year. Jen has l{uod in 2
houses pér year. The total number of housesgthey7haoe

lived in is 110. Find the age of Jen. 5/

7. There are more quarters than dimes in a piggyébank.

" The difforencé betheen the number of quarters and dimes
. is 10. . The total value of the coins in the bank is

$7.75. Find\fhe_numberbof each coin.

8. There were & boxes of candy; a number of them were

large and the rest were small. Each large box
contained 30 pieces. Each small box contained 20
pieces. Altogether th%re were 170 pieces of candy.

Find the number of small bbxes.27

3

9. A bird flew with a "wind assist® at 20 km/hr. Then
when the wind stopped he continued to f1y at 15 km/hr .
He travelled 110 km in & hours. Find the distance he

travelled at each speed.

10. John works 27 hours in total at two jobs. In the
first job he Qakos 7 toys each hour. In the second job

he makes 8 toys each hour. A)together he made 204

4

tors. How many hours did he work at each job.

+

e 236+
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,  APPENDIX H

Think-Aloud'Pnotocols

H-1. Instructions for Think-Aloud Protocol
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NAME : - : __ DATE:
'EXP. PHASE: " GROUP: _
INTERVIEWER: _____ RECORDED:

PROBLEM: . . -  TIME:

INSTRUCTIONS FOR THINK-ALOUD PROTOCOL,

L g

I am going to give you a mathematics word problem to read and work

"on. T will ask you to begin by reading the problem out load. Then I *

will give you instructions to,jhink it out loud
.Letfs try this idea oEitﬁi;kIhg»odt loud with a multipliéatiop

question. Listen to the instructions.’ The ou will have an
Qpportunity to ask me any questions you may have.

&

Here Qrerthe instructibns: Read the‘problem oﬁt loud. Then try to -
think ouf-loud. I bet you sometimes do this when you are alone and

—

working on a problem. I am not primarily interested'in;your answer.

I am interested in all you are thinking»as you do the question. DQn’t
_plan what to say, but let your thoughts be out loud. Do not try to
explain anything to me. Pretend no one is here but:yourself. Do not

tell me about the solution, BUT'SOLVE.IT.
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- Here is therﬁultiplication question. Read the question and think out

loud while you solve it.

17



| PROMPTS: "KEEP TALKING" OR "LET ME HEAR YOUR THINKING"

After 75 seconds of silence. - i | ". _ !

' When necessary to encoﬁrage»stgdéﬁts_td reveal tbei; thought .
processes. "

N

ASK for questions and ANSWER any questions the student may have,

before repeatingzinstrtctions, o !

-

-

Here are the instfuctions: Read the problem out loud.. Then try to
think out loud. I bet you sometimes do thisvwhen you are alone and
working on a problem. I am,not primarily'interegted in your answer.

f aﬁ ipterested in allvyoﬁ;afe thinking as yourqO the probléé.b Don't

plan ﬁhat ;6 say, but let'your tbbughﬁs be out ioud.' Do not try to

- explain anytbing.to me. Pretena no oné‘is‘hére but yourself. - Do hot§

tell me about the solution, BYT SOLVE.IT! - , '
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APPENDIX I
Representacive Trgnscripts of : B A

Instructional Sessions

I-1. Third Session of Instruction in Representation

for Propdrﬁion Problems with a Student Who Completed

*

Three Problem Types
I;Z. First Session of'Instruction‘in Sqlution,for”'
Relational Problems with a Student who Completed Two

Problem Types



~. . Excerpt :from Thiﬁh'Session of Instbuctibn"
for Proportion Problems with a Student
Who Completed Three Problem_Types

I: Sandi, I want ybu“to‘takexé look befbre we start'atrthefqueétions :
that you ask ygurself for representing the pproportion problems?.

S: OK. .Have I read and understood eéch'sentence? Are there any ,
words whose meaning I have to ask? Have I got ‘the whole picture |
- of representation for this problem? Have I written down my = .
representation on the worksheet? - Goals. Unknowns. Knowns. Type
of ‘problem and reasons. And the equation. Hhat'problem features -
should I focus on so. that I know whether I can use the
representations I have been taught? : ,

I: OK.  In proportion problems, remember that there will be two
' ratios that we'll 'be putting equal to ‘each other. In the problem
as you read, you will :find one ratio. And then one element out of
the second ratio. And the element that you don't know out of the
second ratio, remember that you will be putting that equal to X.
OK? That will be the unknown. I'll model the first couple
problems and then I'll get you to do the next three. And if
~you'll do them out loud, two out loud, then I can listen to how
you're thinking and respond. And you can do the last one silently
and I will give you a set of: five to do as an assessment. . OK?
"This will be Assessment #3 in representation. So if you get 80%
or.100% in the five problems that you'll be doing today, then
we'll be going on to solution for proportion. OK. First I have
to read and understand each sentence. The earlier steamship run
was at the rate of 240 kilometres in 32 hours. The first sentence
-gives me a ratio between the distance and time, for the earliest
steamship run. Then I have some new information, a new case --
how far would I expect the.ship to travel in 13 hours? So the
distance is going to be what I don't know. And the second ratio.’
And I know that the time in the new case, or the second ratio, Is
13 hours. Then I want to get the whole picture -- a :
representation, so I put down my ratio and the information for the
new case. For the ratio, it will be distance over time. The
distance was 240 kilometres and the time was 32 hours.: In the new
case, I don't know the distance, so it will be X kilometres, but I
do know the ship is going to travel for 13 hours. Both in the
"~ same units on the top. "Both in the same units on the bot tom.
B This is a proportion problem. My goal therd is to find the -
distance the ship would travel in 13 hours. What I don't know.
I'1]l let _the distance travelled in 13 hours equal X. -And that's
the only thing I don't know in this case, isn't it? What I know
is that the r?‘lo of distance to time was 240 to 32. Or I could

»

s
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write it 240 over 32. And I know that time in the new case is 13
hours. My equation will have distance on the top for both ratios
and time on the bottom. 240 over\32 = X over 13. Any questions,
Sandi? (no questions) '
.0K. Problem #2. The number of’ cookies ‘that can be made with the
recipe is 2 dozen. This recipe requires 2/3s of a cup of butter.
How much butter would be needed to make 72 cookies? I'11 have to
watch my units-because here I have in dozen and here I have in
-cookies. So I'l1l change dozen to cookies. So.I'm going to have a -
ratio with number of cookies and clps of butter. What's given is -
two dozen, which is 24 cookies. And 2/3s of a cup of butter., In
the new case the .number of cookies is 72 and the amount of butter
"will be X. We don't know. The goal is to find amount of butter
needed for T2 cookies. We'll let X equal the amount of butter
needed for 72 cookies. Now, what we know is the ratio. of number

of cookies to -cups of butter is 24 to 2/3s. And you will notice
that we have a fraction on the bottom of a fraction. But that's
OK. When we're working on solution I'll show you how to work with
that. . The other information that we have is that you. want to make»qi,
72 cookies. : T

Could you change the fraction, the 2/3, into deeimals points? Is
that what I do? - 4. ;

Yes. You could do it that way..or work with it as a fraction.

I'll show you how to do both and then you can decide which way .
you'd like. The equation, in the' equation for a proportion .
problem, wefre setting two ratios equal to’each,8£her. So 24 over
2/3s is equal to 72 over X. OK? Any questions. (no questions)

Do you want to do problem 3 thinking'out loud Sandi?

OK? And if you have any problems you should ask.’
OK.
(pause)

' Wanda picked 15 apples in two minutes. At the rate, how.many-

would she pick in 14 minutes? OK. Ratio is picked apples over
minutes., And it would be 15 apples over 2 minutes. In the new '
case, apples is X, because we don't know how many there are.. And -
minutes is 14. My goal is to find out how many apples Wanda can_
pick in 14 minutes. = What I don't know, we'll let X equal the - _ -
amount of apples picked in 14 ninutee.. And what I know, that the -
ratio of apples to minutes is 15 over 2. .In the new case there is
14 minutes. The kind of problem is proportion. And the equation

5
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is apples over minutes. That's 15 over 2 is equal to X over 14,
"I: Good. Number 47 | -
(pause) SR
' S: Mrs. Wilson pays $900 taxes on her house assessed at 15,000,
f.Using the same tax rate, find the taxes on a house assessed:at
18,400. OK. The ratio is taxes over assessed. So it would be ,
900 over 15,000. And -the.new case, we don't know the taxes so T
they'll be equal X and the assessed value of ‘the house in.the new . o
~ case is $18,400. Find the taxes on assessed ‘house at $18,400.
And ‘what I don't know, we'll let X equal tax rate. What‘I know
I: It'tells you that, um, using the same rate. So it says’ assuming
" the tax rate doesn't ckange, find the: tax on a house assessed at
. 18,400. So what you've let X be here is not really the tax rate, !
but the ... ' A _ A
S: Taxes. 3 - o o
I: Taxes. Right.
-S: OK.” What I know, is the ratio of taxes’ to assessed is 900 over
' .15,000. -And the new case, the assessed is at 18 400. The kind of
_problem it i8 == proportion. . . : o :
VIt,fHow do you know that it's a proportion problem, Sandi?
S §Because it has ratio and proportion in it. T : -
R ! .
~I: ©OK. 'I'he proportion is when you set two ratios equal to eaeh ,
_.other, isn't it? . . _ L , . - ‘ Jg
S: Taxes over assessed for the equation is 900- over 15,000 and X over = . /
) 18 400. : ‘ - : . . . ’
I: »And if it's an equation, what would ~you have to have, Sandi? -
S: -An\equals sign. ‘ ' ' )

OK. Very good, Sandi.



% lExce;Et'from Second Session of Instruction
' in Selution for Relational Problems with a Student .
Hho Completed Two Problem Types - - T .

i

I: Dave, remember we've finished with learning and practicing
" representation or the first part of problem solving, understanding
what's in the problem, and using that information to.get a,prbper : _
-equation that expresses the 4nformation in'the problem. Now we're R
going to start learning how to ‘solve those ~equations. When you' re. ‘ .
solving an equation, youy are trying to find ‘the answer or the
goals that you  wrote down when you understood the problem and did
“your representationur In order to get that goal, which might be :
how much money does Sam have, how old is John, or find the cost of -
, the tie. What you have to do is to solve the equation, or find -
- the values of X that satisfy the equation -- find the values of X.
that make the two sides of the equation equal to each other. OK?. -
. So what we'll be doing is working through a series of steps to
[ find what numbers X, or what number in some cases, X actually took
the place of.. ::Remember in representation we said that we would’
let X take the place of something we don't know. Now we're - going .
to figure out what number it is -- that that X actually - took the .
_place of. Or in some cases what numbers.» In each cdse when .
) you're solving a problem, the first thing you'll do is:-the - ——
o - representation. Understand the problem and work through until you C-

- 'have a representation. Because you need the equation -in order to.
. ~ do the solving.: Then we'll bé using a set of self questicns that

~you ask‘yourself to guide you through the steps in salving an
equation cees

°S: .Dad and I drove to Relowna. It was f RkS ﬁiles., He drove three
_times as far as I did.- How far did I drive? SR

: \ F
> Find haw far the eon drove. I 5uess it's the son isn'* it?

o - I'know ... that altogether they drove 1,448 miles. ... And that
S . - Dad drove three times as far-as the son." ... Equation X plus X
’ multiplied by 3 equals 1,448 kilometree. = Voo

Li: X equal the son..” Let X multiplied by three. equal. the Dad.

I: OK.’ You have the equation.' Do you und_eretand the problegn?

-

S: Yeah. )

I: In solving that 'equation the firfst step is to ask yourself the

- question "Have I written the equation?”. You know that you have
written an equation if what you have written has an equals sign. .
And values on each side of it. And in each case it

.
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does. Sometimes when we're writing an equation, we forget to e
write an equals ‘sign and what comes behind it. And if you have -
Just written X #+ X + 3 and stop there, it wouldn't be ‘an equation,
would it? What it means to have written an equation is that = -
everything on this side, if you do all of the operations that are
indicated here, this will be equal to this side of the equation.
OK? If you think of a balance beam. Do you know what a balance
beam is like in science? Where the two sides are balanced -- even
== at the same height. They are the same. If you add to one side
of the balancevbeam, it goes down. And if you want to make them
even again, you'd have to take some weight off where you add it,
or what could you do?

Put more on that side.“ | T ' 7 J&'

Put more on. this~stde"and‘it_wauld ‘g0 down And what»was heavier :

would come back up. - So when you dé something to one side ofthe
‘two arm balance, you have. to do it to the other. And that's what
happens with an.equation. If two things are equal,. and then you
add'more to one side, it won't be equal again & 1l you add the
same amount to the other side. You have writte# an equation, and
all the way through when you're solving this, you have to remember
the two sides are equal. " What I do to the one side -- I must do
‘to the otherFA‘Hhat's the second question tnat you ask yourself,

" Dave?

Have I expanded the terms?.

o}
Expanding terms usually -= what we mean by that is that you will
do the work that is indicated by the brackets. And sometimes
you'll find that you have 'a bracket -- say like this one that has
the X in {1 Right? And you'll have a number. But in front of
the brack€:r3 times what's in the bracket. In this case in the
example I ‘just wrote, 3 times 3X. When you expand the terms,
you'll work that out. So that would be, in this case, 9X. OK?
You're familiar with expanding the terms that are inside the
‘bracket? Suppose you had 4 times X plus 2. Do you remember what
it would ;mean to expand the terms? What would we do if we
- multiplied that out? First we multiply 4 times X and we get 4X,
- and that we multiply trtiﬁél 2. Right? And all your rules abeut
the signa that you're just working on now in your math class would
apply if there are negative signs, and so on. Right? If you had
5 times X - 3. 5 times X would ‘be 5X and 5 times -3 would -15.-
So expanding your terms is a name for something that you've
already learned about. OK? In our case, in the equation we have,
inside the bracket we have X times 3. And the simplest way to
- write that, for solving an equation, would be 3X. 3o when you
expand the term, we would say X + 3X = 1,448. And usually when

I
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Have I written out my SOIUtionvon the work sheet?
‘And the first step it asks you?
Collect like terms on each side. | L
Do you know what the expression "like terms" means?
It means that are*alike on each side.
Right. So what are the two things are alike on each side of the.
equation?. u
The left 'side, there's only the X.
i - 1‘9\‘ ;
There's X and ... the left side of the = sign? Everything to the
left of the = sign. 7You have X and’ ... ’
Oh, two X's!
Yes. X and X -
(interrupts)
‘X and X
nd 3X : ‘
and 3 — o o
Hhat do we understand there is 1n front of this X2 If it just
says X it stands for "1X". Right! So, in combining the 1ike
terms, we don't add anything new to the equation. We just do the
operations that are indicated in the equaﬁion. We do them for the
terms that are the same. So, here we have 1X + 3X. We add them
; together and get 4X. We didn't put anything new in. All we did
* was combine the same kinds of terms. And it's still equal to
1848. The next thing that we have to do.... what's the next step,
Dave? : ‘
Solve for unknowns?
Whoops. We missed onel

e e 247,

we're doing the equations, it's important to remember that this is

kilometres. But we won't write this in; we don't want to get. them
mixed in with the other numbers and letters in the equation. X +
3X = 1448. We've expanded the terms as much as we can. WNow,
what's the next step we have to do? What's the third question to
ask?

Isolate the unknowes;
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‘0K, Have I isolated the unknowns? What that means is that you

want to have the unknown that you're working with, in this case

that's X isn't 1{t? On one side of the equation. We don't want a
vhole bunch of numbers and other things here with it. We want to
get it isolated so we can find out what 1X is. Right now we have

.the X term alone on one side of the equation. Don't we? Because

we have RX oquals sanething.
Yeah. S ) s ,\_,,y

80 ws've pretty. Hell‘aéconplished that. Now,;we have to solve for
that unknown. We have to find out what X, iX is. We now know
what %X is. Usually we do this by using the inverse operation of

* what's here. ox, we have U times x. Hhat's the inverse of

lultiplying —-—— the opposite?
Dividing. | o .

o <

Right! Dividing. So what- we have to do to find out what 1X is
divide this side of the equation by 4. But if we do chis for one

" side of the equation, we have to do it to the other side. So we

4

divide both sides by 4. OK. 4X divided by 47
i! . o ' ot
Will give us 1X, é%nd 1448 divided by u?f‘
1627 |

162

362 .

362. OK. Mow we know what 1X is. Now we know what it was that X

was standing for up here when we said "Let X equal how far the son.
drove®. As soon as we find the value of X, we have found ..

Houw far the son drove.

How far the son drove. Now, what was the goal that we started
with? : 5

Find far the son drove.
. .
Right. Now we've solved for our unknown, we have to check our
answer against the goal. Because our goal didn't say to find X,
did it? It said to find how far the son drove. So our solution

g
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will be that the son drove 362 kilometres. It's often helpful to
figure out what the.other 'term is because then you can check to
make sure that you're right. Let's find how far Dad drove. What
did we say up here what Dad drove, in terms of the unknown?

+

S: X multiplied.by 3. | E :

I: Now you know X. Right?' So multiply it by 3, ahd then you'll know
how farDad drove. ' L ,

S: Can you make that clear? (can't quite ﬁnderstand)
I: Yes. :

S: 1086

I: 1086 kilometres Dad drove. OK. How doiild you check this, Dave?

S: Add them together.

I: Why don't ngg:o that and we'll see if you're right.

S: On this, or pen andlpaper:

I: Whatever you like.

(pause)

’

And usually what we do where it says check is to write down the
.two terms -~ 362 + 1086 = the total. And put a little check mark
to show that you've checked it and you know you're right. -
There. That's how we solve the equation. Those are steps you do
to get the actual answer to, um, the goal. What it was you set
. out to find. Do you have any questions?

S: No, but I will as soon as I start doing it!
I: 'I'1l do problem #1 -- thinking through out loud. The

representation, and then the solution.  Stop me if you have any
questions. o -

A shirt and tie cost $12.60. If the shirt was $2.00 more than the -
tie, find the cost of the tie. :

Remember from the representation, my first question I ask myself _
is "Have I read and understood each sentence?" and the first '
sentence tells me the total cost of the two items. So I know
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that, to do my representation, I am adding two things together and

getting a total of $12.60. The second sentence tells me that the
shirt costs $2.00 more than the tie. That's my relational
statement 30 that I know that the tie is the simplier thing -- the
cost of the tie, and the cost of the shirt is the same as the tie
and then $2.00 more. OK. Now my representation ... the cost of

.the .tie_and the cost of the shirt, which is $2.00 more, together
_are $12.60. And the last part of the problem tells me that my

goal is to find the cost of the tie. What I don't know, I'm going

-to let X equal the cost of the tie and X +2 will equal the cost of

the shirt. I know the total of the two 'costs is $12.60, and I

know that the shirt costs $2.00 more. I know this is a relational

probleni, because of the relational statement that the shirt costs
$2.00 more than the tie. I don't yet know how much each costs.
But I know the relationship between them. My equation is going to
be the cost of the tie, which is X, plus the shirt, which is X+2.
I'll put that in brackets because it all stands for one cost here.
And it equals $12.60. OK. In the solutionm, the first question I
ask myself is "Have I written an equation?", and I have. I'have
an = sign with values on each side. Have I expanded the terms?
In this case, it will just be a case of removing the brackets,
because there's nothing to multiply the bracket by, X + X + 2 =
1260. The next question I ask myself "Have I written out the
steps of my solution on the worksheet?®. The first step I'm
supposed to write out is to collect like terms on each side. On

the left side of the = sign ...
2X

Right. I add X + X and I get 2X. I still have 2 there. 2X + 2 =
1260. You notice that each time as you do a step you still write
out the full equation, so that you have the whole equation written
out with the change it in that you've done. Next, I have to
isolate my unknown. That means getting the X term all by itself

~and preferably, it seems easier, and the custcm is to have it on
the left side of the equation. Well, that means that I don't want

this +2 here, do I? But you remember, that if I do anything to
one side of the equation, add anything in or take anything away, I
have to take away, or add in, the same amount on the other side of
the equation. Usually we remove terms by using the inverse for
the operation that's here. I have +2 here, 2 is added on. The
inverse of adding is subtracting. .So I take away 2 from that side
of the equation and 2 from that side. OK? On the left side of
the = sign I'll have left the term 2X and on the right side 1260

‘taks away 2. I'll have 1060. 2X is equal to $10.60. What am I

trying to find right now? The value of ... 1X. Right? And then-
I'1ll use that to find my goal. Now I know what 2 times X is. To
find 1X, I'll have to divide both sides of the equationm by 2.




‘the answer to that now, don't we? So we write down that the cost

S S es),
Does that méke sense to you?
Yeah.

If you know what 2 times something this, you know that you can
find the value of one of them by dividing by 2. So I get X =

-$5.30.  Step 1, we reached the first stage of getting where we

want to be. We know the value of the unknown. - Now we go back and
check our answer with the goal. And the goal was? v —

To find the cost of the tie.. .

And, in fact, we let the cost of the tie equal X. ' So we've got

of the tie is $5.30. 1In order to do our checking, it's usually
helpful to find the other value, or values involved. So we write
down what the cost of the shirt is. The cost of the shirt was X +
2. If X is 530 then we have to add 2 onto that. What must the
cost of the shirt be? ' i

$7J309'
Right. How will we check?
Add the $7.30 and the $5.30.

And we find we get $12.60. So we know we must be right. 0K? If
the question was one where it talked about the difference between
two things and we set up our representation in our equation with a
difference here. Then you'll remember that when you check, you
wouldn't add these two things together, but you'd find the
difference between them. Right?

Uh huh.

Because when you're checking, you're really doing, checking what
you knew to start with, the total corresponds with what you got
after you did your calculations. There. OK. Do you have any. -
questions about that one? S T

No but I probably will when I start doing it!

How would you like to try one? OK. Why don't you try this N
problem? . I think you did the representation for it yesterday.

#2. The problem about the ages of Mrs. Johnson and her son. If
you get stuck, ask, and use the questions to guide you through....
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APPENDIX J

-Seripts for Instruction'

- d=1. Oriéntation Sceript

- —

J&Z. Gernsral Script About Word Problems
J-3. Teaching Representation for Relational Problems
J-4. Teaching Solution for Relational Problems
J=5. Teaching Represeptation for ProportiogrProblems
: J-6;A Teaching Sélution forVProportion Problems -

J-T. Teaching Representation for Two-Variable
Two-Equation Problems

J-8. Teaching Solution for Two-Variable
Two-Equation Problems




ORIENTATION SCRIPT
. (First Day of Intervention)

For the coming weeks we will be working together to. improve your
ability to do mathematical word problems. .

There are a number of reasons why we may have diffiédlty with word
problems. I will tell you about four of these reasons.

1. Sometimes we are so busy thinking about what operation we will
have to do (addition, subtraction, multiplication, division) that we .
fail to read carefully. One thing we:will be doing in the coming
weeks is reading each sentence carefully to get all the information
out of it. This means underatanding specific words also. I will
‘suggest you ask me the meaning .of words you don't know. And I will
help you to write down in a few words what each sentence tells you.

2. Another reason we sometimes have difficulty is that we don't
get the whole picture in our minds of what the problem is about. We
need to make a representation or picture of the whole thing. This may
be in words or pictures. Usually this tells us what kind of problem
we are dealing with. You will be practising getting a picture of the
whole problem, and categorizing the problem to decide what kind it is.

3. A third cause of difficulty with word problems is not being
able to break a problem down into smaller parts. We will be .
practising working on problems in two stages - Understanding the
problem well enough to write an equation (representing) and, later,
solving the equation.

" n
4, The last difficulty with word problems is often solving an
equation -and making certain that your solution allows you to complete
your goal for that problem. This is the last thing we will be
practising.

In summary, in the coming weeks you will be learning what is called a
Self-queationing strategy. You will learn to ask yourself a series of
questions so that you can solve problems in two phases. First, you
will learn to-understand or "represent"™ a type of problem so that you.
can write an equation. After you have practised and mastered this
first phase, then you will concentrate on solving the equation. 'These
two phases will be practised for a number of types of probleams.

For each type of problem, I will find out how well you do on a phase.
Then, if you- need practice, I will demonstrate (show you), you will
practice with guidance, and then you will demonstrate (show me) what
you have learned.
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These activities should help you to be successful with word problems
of various types, here and in your classroom. You should use these
strategies whenever you are doing word problems. ) -

(In this™ introduction, I will take time to answer any questions. that
students may have about my role, their participation, and the project |

in general.) '
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General Script about Word Problems

Word -problems are sometimes caIled 3;gnx problems. ’Usuaily there
are a number of sentences that tell a story. I'm sure that you have
read various kinds of stories -- mysteries, westerns, animal stories.
. What is your favourite kind of story? :

Ushally each kind of story has a predictable form. I mean, for
example, that once you know a story is a mystery, or a western, you -
know what form,it will take. You may even predict that a number of
things 'will - happen. Have you read or seen a mystery? Can you tell me
what usually happens at the beginning of a mystery? (Some crime takes
place, often a body is found or a murder is committed.) Then what ‘
. form does the action take in the middle of the story? . (You and the
Vdetective search for and find clues.about the crime or murder.) Can
you ‘tell me about the ending or conclusion of a mystery? (The ‘
~ detective figures out who-dunnit and solves the case.) Every story
also has contextual details that make it interesting, but do not tell
you what kKind of story it is. For example, the main character in a .
mystery can be a man or a woman who is a professional detective, or a
young person like you who likes to solve puzzles. Young or old,*fat -
or thin -- this contextual detail won't tell you what t of story it
is. The robbery or murder can take place on a train, in an English
.. country. garden, or in a school in Vancouver. The story will be a
mystery if it has the form of a mystery. Can you think of another
contextual detail‘that-won'tLaffect what kind of story it is?

.. There are -a number of types of story problems just as there are .
types of stories. Each type has its own form and is predictable. You
will learn to'know what to look for in the form of the story problem o
S0 you can decide what type of problem it is. Each story problem also S
has contextual detdils. But like the stories, these are not a , -
reliable guide to the type of- story problem. A problem could be about
money, age or doing work. What else could a story problem be about?
(Buying something, distance or travelling somewhere, about test. marks,
etec.).

qud problems have quantities or amounts in them. These may be
made clear to you. Or they may be unknown, and you will have to
figure them out. . In the simplest story problems, there are three
quantities. Two are expressed in numbers -~ they are giveap or koowrd.
The third is unknown. You must figure this one out by using what you
known. The factors we know are given in numbers in the. problen.g Or o
they are things we know from experience. There are 7 days in a week,
100 em in a metre, and so on.

The quantities we don'£ know are the ones we are trying to«figure
out. 1In order to find the unknowns we begin by letting a letter
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"stand for" or "take the place of" a number we don't know. . If we
don't know Sam's age, and this is important to the problem, we say,
‘ees Mot X = Sam's age". The letter X could be any number. We don't
know its value yet. By letting X take the place of the unknown,_ we
make it easier to find the quantity we don't know yet. Now we can
talk about it and call it by name - like "Mr. X", the stranger whose
name we don't known. We figure out the unknown from the things we

know in thq,problem.

We will study three types of word problems, one type at a time.
_Each type of problem is like a type of story. It has characteristics
or features which help you to decide which type of story problem it
is. I'will explain these "mathematical” features to you so you can -
recognize them. They are concerned with the mathematical relation-

ships in the problem. For example, a problem may be about the

relationship between two quantities. One number is. three times as big
as another. A boy is 2U years younger than his dad, and so an.- Each =~

problem also has contextual details, or a Mcover story".. It is about
age, number, money, distance, or work. But the cover stories will not
help you decide what type of problem it is. Each type will have all
five cover stories. (Show example of problem sheat with five cover

stories.) . ,
<
Summary : :

We will be practising word prohlems, .one type at a time.

It will help you to learn to identify each type of problem by
looking at the mathematical relationships among the variables. Cover
stories will vary, so they won't help you. Now I will teach you about
the worksheet you will be doing your problems on, and the two phases
of problem solving - representation and solution.

\



’Teaching' Represe-ntatid‘p for Relatiopa‘ierrobiems

The first type of problem we are going to study I have called
RELATIONAL. In each of these problems you will find a relational

statement. Finding a relational statement will help you to identify. a

problem as a relational problem. A relational statement is a sentence
that tells you about one thing you don't know (or one unknown -
quantity) in terms of its relationship to something else that you
don't know (another unknown quantity) Let me give you an example: a
"problem may say that I am twice as old as you. Does this problem say
how old you are? . (student expected to say no) Does it say how old I
am? (student expected to say no) But it does .tell us that one thing
we don't know is twice as much as something we don't know. - This is

what I mean when I say that one unknown (my age) is expressed in terms

‘of its relationship to another unknown (your age which has not been
given either) v

- Let's consider another exampla. Afrelatiehal problem centains‘
the statement that Jane has $4 more than Mary. Do we know how much‘

money Jane has? - Do we know how much money Mary has? What do we know?

That's right, we know that Jane has $4 more. What do we call this
_kind of statement? What do we call this kind of problem? N

In relational problems we are given some additional information
about the quantities. For example, we may be told that the sum of -our
ages if 45. . That means that when we add the two unknown ages together
we will get HS. This information will help us to write an equation or
a true mathematical sentence about the quantities in the problem. Or
we may be told that the difference between two unknowns is 20. In
this case we would know that if we write down the larger quantity
minus the smaller' quantity equals 20, we will get a true mathematical

sentence, or equation. . .

How can we figure out what two things are that we don't know;jif
we have the relational statement and the total? Remember I told you
about using a letter to take the place of something you don't know.

" In relational problems we usually let the simplest unknown equal X or

X or any other letter you like. Let's say' that X stands for your- age :
which we don't know. If I am twice as old, I must be 2 times X. years

old. That is because twice means 2 times and 2 times X is 2X. -In
relational problems we let the letter stand for the simplest unknown.
Then we state the second unknown. in terms of its relationship '
(relatfonal statement) to the first unknown. , :

A Suppose the simplest unknown was X and the other was 30 more. |
What is 30 more than X? X + 30 is 30 more than X. If a man is 7
years younger than X how old is he? X-T7. -

-



The relational statement in a relational problem tells you the -

relationship between two variables. Sometimes this is a complicated
e. Try to find the simplest variable and set it equal to X.

Then figure out. the value of the other variable in relation to X.

Now I will show you how to use the self-questions to represent
relational_problema on the worksheet.
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Teaceing‘Solution forfﬁelationai Problems e B

h ]

-You have written an’ equation. You will be working to find the
"values of the urnknowns or letters in this équation. That is your -
subgoal. Your real goal is to.answer the question that yqy wrote down
" beside GOAL on the worksheet. You want to find the’ goal. And write a.
sSentence that answers that question. ” S

-

equation is a special sentence. It says that the left side is equal . o
"to the right side. This is like a delicately balanced scale.. Think
"about the balances that you have used in science: (hold out hands to

show an equal-arm balance). If you: place more weight on one sidecof a

scale, then what must you do to make both sides equal again? Right,

add the same amount - to the other. side., Equations are like this too.

Whatever you do to one side you must do to the other side. ‘Begause

the two sides are equal. If you add anything in to the:equation from

outside, take anything away, or multiply or divide one side of the L.

equation by a number that you introduce, then you must‘be certain to o -

do the same thing to both sides of ‘the equation. Remember that the. .

equation is like the equal arm'balance. - T e

: & ..

When you are adding terms| that are ‘already in an equation, there -
are a couple bf things you mus remember. ‘You can only add terms that
are like each other. You havekheard the expression that you can't add .
apples and oranges. Well you oan't add X + 2 and get 3. 1X 4+ 2X = 3X °
and 1 +2 =3, but X'+ 2 18 X + 2. That.is why we will bél trying to -
isolate the unknowns, that is get all the X's together on one side of
the equation. - Then we'can say. 33X = 30, “or something like that. ‘After o
that it is easy to find the value of 1X.” Usually we add and subtract R
before we multiple and divide in solving these equations. You could
see in what I was showing you that we need to collect all the X's
. together in order to find the value of each one.

The -equation that you wrote helps you to do that. Bot an’ . , - ;;,' e

I want to remind you about operations that are the opposite or
obverse of each other. If you add 3 to your- money, how can you get
back to what you had to start with? Right, you subtract 3. If you
multiply what you have by 5, and then want to.undo that operation,_
what must you do? Right, divide by 5. In solving our equationa we
will frequently be using the opposite. operation after we have
collected (added, subtracted) like terms. : ’

It will be mecessary to check your answer with the goal»you'
stated in the representation, when you have finished. Make a sentence °
" to satisfy tkat goal. Some people highlight their answer by circling
or underlining. . . o o :



- 260.

~ Then you must check your answer against what you wrote down that
you knew in the representation. Your answer must be .consistent with
these findings. 1Is the relationaJ statement still true when you :
substitute these values into it? If so you are finished, if not eheek
_your solution, if problem not found, check your representation,
problem not found, ask for ssiatanee. ‘

Now I will show you how to use the self;questions to find the
solution to relational problems on the worksheet.

et
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- Teaqhing Representag;gqxfor Proportion Problems

The next type of problems we will work on are proportion
problems.? ,

They have ratios 1n them: ?3
You of'ten need to compare ‘one Quantity with another. You get 9
questions correct on a recent test. There were 10 questions in all on
the test. You compare the number correct to the number of questions
9/10 or 9 : 10. :

Both are read%as "9 compared ‘to 19" or, for short "9 to 10". 9 and 10
are called the "terma" of the ratio. . : - ~

Sometimes in a problem we‘haee ﬁwo ratios which are equivalent
ratios. That means that they are equal to each other. Equivalent

. ratios make up a proportion.

For example:

J :-]-8- =l21
10 . 20 30

To obtain 18/20 from 9/10, ycu multiple both the numerator (top)
and the denominator (bottom) by 2. How do you obtain 27/30 from 9/10?

In proportion problems, you will find one complete ratio such as
4/5, which we will call the given ratio or the ratio. You will also
find one incomplete ratio such as something you don't know compared to
25. This will be the new case. Let X take the place of the something
you don't known’ S

sLet me give you an example: You have obtained 4/5 problems
correct. If there had been 25 problems, and you were just as
successful, "how many problems would you have had correct? Uu4/5 is
equal to .X/25. When you have a complete ratio and an incomplete
ratio, then you know that it is a proportion problem. 5 1s equal to X
compared to 25.- : -

Now I will show you how to use the self-questions to repreaont
proportion problems on the worksheets. ' .-

O . -

N

S
i
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ruching Splution for Proportion Problems -

: A proporuon is a nthmtical ntence which states that two |
ratios are oquiulcnt. : o . : : .

Using the aqnivaltnt ratios § and ‘r§ we may write the

mporr.ion Z/S s 6/15. This proportion may also be expressed as 2 : 5 -
~x & 1 15: The proportion in both forms 1a read "2 is to 5 as 6 s to

15'. : .

\

fhcm are four m-a izi a~pz~opozjtion as shown:

first > 2 = 8 <~ third
umnd -> 5 a 15 <~ fourth

The tirat tere {2) and the ronrth tera (15) are called the axtremes.
The second ters (5) and the third term (6) are called the msans.
Observe that the product of the sxtremes (2 x 15) is equal to the
product ut ﬂn seans (5 x 6). . ‘

-

In the ron

%, gé _ observe that the cross products are equal.

—

2 6 » . ’ » Al ) N .
s>< . 2x15:5x6 *
15 ' . - o
. [ ’ N . *
If any three of the four taras of the proporuon are known quantitiea.a"

wermwmummm o - N .

mu.ply the mr:m of the first traction by the denanimtor ,

of the second fraction. m:iplr the denominator of the firast :
"fesction by the oumerator of t.hc ataond rrmt.ion.‘ This is called

om&-‘i’ult:plﬁu. 7
{  write one prouct squal 't;: the other. :
' '_nm solve the muluu thnuon. .v o R g i
Tou may use mthcr preudun q{‘bud of msa wultiplying. - }/7

It% . 553 you m\nz:;u béth atdes of the equation by

5

¥4
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the 1nvei~§e ofthg »ééﬁplgte ‘ratio. In tbis case, multiple 4§ and X -
. R ‘ L . 5 25

" each by %. This will give you 1 -Fo% ms means SX = 100° - - .

S

Now. you can solve thisf‘aquation to find the value of X.

Now I will show you how to use the self-questions to %ind the
. aolution to proportion probleus.
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Teaching Rebveséntation of Two-Variable Two-Equation Problems

“These new problems, our third type, are called two-variable, -
two-equation problems. That is because in order to represent and
solve them you will need to use two variables or two unknowns. Let
one of the things that you don't know equal X. Let the other equal Y.
Yeu will read-over the problem and find that there are two relatively
simple unknowns, such as the number of dimes and the number of .
quarters. And you will also find that you know the total of these two
unkzowns, such as 15 coirs in all. That means X+ Y= 15, However,
‘here will be more informaticn given in the problem. This additional
information will enable you to write a second equation. The unknown
quantities in this second equation will be more complex. For example,
instead of just having numbers 'of coins, you may find that you have
the total value of the coins. In order to write an equation it will
be necessary to use the information given in the problem and =
information that you already have in your head. You know there are X
dimes. fiHow much is each dime worth? Right -- 10 cents. How can you
find the value of X dimes? Right -—,‘ﬁltiply X by 10 cents. You will
get 10X cents. 'Now how many quarters did we say we had? And how much
is each quarter worth?. How much are Y quarters worth? You can see ,
that 10X + 25Y cents will equal the total amount of money given in the

problem. That.will be your sscond equation.

. These new probleua will require two variables (x and Y) and two
equations -- the simples’ equation will involve X and Y. The more . -

. complex equation will involve derived values that include X in one

‘case and Y in the other case. There will be two totals given in these
pgoblens. And you wil’ have to use two unknowns. .

These probleas nAy be about age, work, distance or numbers, as
well as money. Suppose you got one book each year and your friend got
2 books each year. We know the total number of books the two'of you
have and the total of your ages. Then we could use two variab‘.les, one
for each age. We could write two equations -~ ons telling a true
sentence about the total number of years. The other telling a truﬂ ,
sentence about the total number of books. That would be a S
two-variable tuo-equation problen. S .-

[*Y a

Let's try some now. Remember to watch for two quantities that
will have to be represented by unknowns. Remember to watch for two
tota;s that you can use to write equations. .

¢ .
N



Teaching Solution for Two Variable Two-Equation Problems

Now, we have two equations, each containing the same unlgnoh's‘ ‘
say X and Y. These . are much more complex problems than we have solved
before. To do the solution for our first two kinds of problems
(relational and proportion) we learned an algorithm that worked for
each kind of problem. Sometimes you will come across a complicated
problem or a new kind of problem. In these cases you may not know an

‘algorithm or a set of steps for solving the equation. We are going to\,\ ‘

learn a.new procedure that you can always try once you have written
the equation(s).  This is especially helpful for unfamiliar probleas.
This procedure is called systematic trial-and-error.  You try numbers
-- not just any numbers. You choose them for.a reason. And you keep
- a record of the numbers you try, the results you obtain, and the
outcome. Did the numbers satisfy the two equations? Was the result
too large, or too small?

‘ Ih order to keep the record it will be necessa’ry to draw a chart.

The char't will have headings for X, Y, and the values in the
second equation, along with totals.

We will try this procedure in a two~variable two~equation
problem, so you can see how it works.

N o , 265.7‘
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APPENDIX K
Problems for Tﬁans:er\iisks
K-1. Near Transfer - Relational _— L

. K-2. Near Transfer - Proportion =
K-3. Near Transfer - Two-Variable Two-Equation
K-4. Far Transfer - Relational :
, . K<5. Far Transfer - Proportion
K-6. Par Transfer - Two-Variable Two-Equation



Transfer Exercise 1

| e o } w —
Barb’s score in spelling was twice as much’ as her score

in math. The tdtg of her scores was 48. ﬁjndxﬁer' :
score in speliing.

'Tb} volume of fhe'big‘box wasv32'cm3,mo}, than the )
volume of the little box. 'The sum o¥lthefr volumes

v was‘?f cm3. Find the volume of each box .
In’the‘clasé election Chris received 14 votes more than )
Mark. Togéther‘thdx received 22(Qotes. xHow;mahy votes
did Mark get? I R L

The mass of chémjcil A was 3 times as much as the mass

~of chemical B. The total mass was 52 gn. Find the

~ mass of each chemical. -

«

. The diffcrence betwzen the area o{~a big room and a

small ‘room is 12 m2, The total of the two areas is 48

m2, Find the area of the small room. : 7



T T ‘ . 268,

Tfansfer Exercise 2

-

The ratio of the mass of the big box to the mass of the

"small box is 3 1 2. 1f the mass of the big box is 42

_gm, find the mass of the small box.

The red container holds 12 m® for every 7 m3 held by

the green cdntainer. The volume of the green container
. . ’ .
is 56 m3, Find the volume of the red container.

In the election Jenny got 7 votes for every & votes

Jﬁpggoived"byfﬂiﬁyjr Mary received 18 votqs;‘ How many

votes did J&nn? receive?

The ratio of the area of the new rug to tho‘old'rug is

S to 3. The new rug covers-ls m2, How many m2 does

~the new rug cover?

Charlos got 10 questions right in science for every 3

. 7'4. >
id he have right in science?

he got rightri1£mathx'lf ht_hidiia questions right in

math, how many

A\
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_99,_ Findqihé number of pages in test B.
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Transfer Exercise 3

John packed 7 crates in all, Each big crate is jOO m3,

Each small crate is 40 m3. The total volume of the

“rates he packed is 540 m3, How many crates of each ~ -

‘size did he pack?

1n the elections there was a total of 24 votes. Mr.
‘Big Spender spent $5 for each vote he received. Mr.

‘Cheap spent #2 for each vote he received. The total

money spent was $81. Find tho numbér'df qotos'roceivod

_b? eéch man;

Farmer Jones has &6 fields in all.b Each high field is"

.60 m2, Each low field is 50 m2 The total area is -340

m2. How many high,fields‘wéroithore?

The mass of each box of salt is 30 Kg. The mass of
each box of sulphur is 20 Kg. There are li;boxes ip

all, with a total mass of 380 kg. How many boxes of

salt Qere there? How many boxes of culphur?

-

On test A S;ddy‘received 4rmabk§»on eachApage, and on

'tést é shé"heCoivedwz‘marks on each page. The total

- number of pageé,was 15.:”The t6tai'numbé5>d¥ marks,was>

3



Transfer Exercise 4 -

'\1, Jggg;hasfiéﬁ3/ﬁanoy. Sam has ¢% more than 3 times as
muchras'Jane{5 Toggther,thoy“hﬂve_$4{; Find how much

monéy Jane has. ~ . . -

2. A'man is 2 years older than twite as old as his son.
Find how old the man is if the total of their ages is
N W 7:; » . N . . . . “a
38: '_‘» . : * . ‘
3. Jenny Joggédljé_km_Jéss than 4 times as far as Mark.

The total distance}they Jjogged was 40 km. Find the

#

FQisfanco’each JOggéd;'

. $ N o _ : ‘
4. This week Mary worked 3 hours less than twice as much

as she worked last week .  Ouer both weeks she worked 21

hours. Hoﬁ many houré did shé wor K listy'qeek?

5. One nuhber is 3 more than 4-fimes apothér'numbgr. If
" the sum of the larger ﬁumbqrhind‘the sméllﬁr number‘iﬁ

33, find the smaller number. Find thO"laFgeh numBen,‘ \, _



ey

Transfer Exercise 5

1. The ratio of Mary’s age to Jphn’sfag§ §6 Fhank’s age is
3 :2 : 1. I4 Mary is 18, find John’s age. Then find

Frank‘s age. “ L -

2. For every 10 hours Brian works, his father works 25
hours, and his mother works 30 hours. Last month Brian
worked 50 hours. Find how long'eacqfei his parents

worked. : : -

3. The ratic of three numbers is 7 1+ 5 : 2. The middie
number is 35. Find the larger number and the smaller
number .

4. Bob has $14 for every $10 Nﬁﬁﬁx’has, and for every $2
Dorr has. Don has $18. Find how much money Bob has,

and how much money Nancy has.

~

S. A motorist travels 250 Km in 5 hours and uses. 4 litres i

of gaé.‘ At that rate, how far will she teavel - in 15

hours, and how many,litrgs'of;gaqfwjl] she use?




. . ° »

Transfer Exercise & R

5

1. Sam has 95 conts ln nlckels, dlmes and quartersn_ He
. A
has i0 conns rn‘all. 9 of those coins are’ nnckels and

qlmos. . How many coins of each klnd does hgihqu?‘

vd .-

- 2..There woré.a number of'bicxclos,éfricytles,‘énd,caﬁ;v

going>down the street. There were 15 véhicles=iﬁ\gll
and 45 wheels. 10 of these vehicles were bicycles ahd

tricycles. Find the number of each kind of vehicle.

- 3. A clotting factoﬁy hakes blousos,'skirts, and drecsses.

o ~§;;'thoso Km by bus and taxi. and tho dtstanco sho :
( = . I . { ’ . - .

A blouse takes S metres of material, a sKirt takes 7

metres, and a dress takes 10 metres. The factory uses’
a total of 66 me tres and producos 10 pieces of

clothong. 7 of tho_pleces are.blou;es and dresses.'

How many of each kind 5rerproduced daily?

1

4. The sum of the ages of A and B and ijs 18. The iumjof

~ the agoi of A ahd_ﬁaig 10."A has read 3 booké e;Ehvw

year. B has read 2 books éaéh year and C has hoid.75f”

'deki éach yéar;_ Altogethor they have read 80 books.,ﬁ”

Find *he age of A B and C.

-
& . DR - - - -
-

5. A wommn trauolod by bus, taxl, and small boat for a .

e

- total cost of $114. Tho bus tost tl per km, the ta;ut‘

cost $3 por Km, and tho boat cost ‘5 per km. Sho'

trauollod a total of 28 km in all, Sho trauollod 8 of
;- |

travelled by each vehicle.

Lo
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\ APPENDIX L

Problems for Think-Aloud Protocols

o
. -
» J
. -
" - - ~
T -
.
B
v
v
ra
]
.
9 .
k]
"
A - -
= .
v
1 -




) “ ' ) o o L : I ST 274,

Problem for Relational Think-Aloud Protocol .
Sam has $15 more than Tom. 'Togevthner". they have $82. Find the
amount of money each boy has. » : v . A

T

Problem for Proporuion Think-Aloud Protocol

BE

: .Brian saved 350 in 17 weeka. At that rate how 1ong will it ‘take .
him to save. 3350? - .

A&W_ p - . o . B

Problen for- Two-Variable Two-Equation Think-Aloud Protocol

Andrew has 18 coins, some quarters and the rest dimes. The total
value of the coins if $3.45. Find the number of each kind of coin.

3

| b,

e

4
,w\ -
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APPENDIX M

, B

x

®

Dependent Measures Administared:ét Pretest ahd Posttest

Ry

M-1. British Columbia Applications

M-2. Q2 (British Columbia Gradé 10
Open-Ended Problem-Solving Measure)

M-3. Metacognitive Interview

., M-4. Flowchart for Administration of
‘ Metacognitive Interview

M-5, Classification Task

M-6. Answer Sheet for Classification Task

-
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~ ‘BRITISHCOLUMBIA ‘
'MATHEMATICS ACHIEVEMENT TESTS

. GRADE7S
APPLICATIONS

SV REVISED 1960

%

Name _

Instructions

Do NOT open the test booklet until yott are toid to do so.

Be sure that you have a mler a pencil, and an eraser.

Do NOT use a compass, a protractor, or a calculator.
‘There are four answer choices for each question. Make a i in. the box .
which corresponds o your answer for sach quest»on

Mark only one box per question.

if you have no idea of the correct answer, leave the question blank. .

3

-

il A

o v

o

vDaﬁddF, Robitaille James M. Sherrill " Heather J. Kelleher John Kiassen

Province of British Columbh
Learning Assessment Branch _ ‘ Copyright 1980

.t
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PART A — ANALYZING WORD PROBLEMS

®

You know how much money you had at the start and at the finish of an.
automobile trip. To find out how much money you spent on the trip, you

would:

b, multiply ....... '..u.,.Jt,;..[:] :
- c. divide v.viiiiiiiiiiiiean. (] -
¥ | di subtract ..... feeerneiaaena O

i
R

Dorothy earned b cents and spent d cents - How many cents did she have
left? ' o ’

a) bd ... .iieiiiinnn, veenns ]
B) B .
c) b-d ...................,..[:]
Q) @ e, i
A :

- .

In 1976, a factory produced 320 radios per day. The factory ran 12 hours
a day for 6 days every week. If you were required to find out how many
«+ radios were produced in | week then which of the following pairs of numbers

would you use? ~ P
8. 12, 1976 oeeeiarnnnnnn, ]
DY 3205 12 ooreeieaenseenaens O
o € 12y 6 e J
de 3205 6 v, g

The age, in years, of a tree is represented by T. The age of a smaller tree,
64 years younger, is represented by t. Which of the following shows the

difference in their ages?

a 6 o o
—
!
(ad
L
h
C
L
:
.
.
.|
L]
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Read the fo]]ow1ng problem carefully and- then select*an‘open\SEntence“*»
that wi]l he]p to- solve the prob]em '

91 has two prime factors 1f 7 1s one. what 1s the other?

3. 9l xn =7 .iiiiiinnnnn e

b 91 47 =N i i ]

C. METEOl L. =00
3 o d 9317-n.' ............. g

e

Thpee boys, each with the same amount of money. combined their money and
purchased a football for $15.60 .and a ball pump for $4.40. They had

$40.00 left after their purchases. Which open sentence cou1d be used to- “
determine how much money each boy .had to beg1n with? ; ;

-

a. nA($15.60 + $3.00 + $4.40) = 54‘0.00 ...... g
b 3n = ($15.60 + $4.40) = $40.00 .\eeriiiiiiiiiiiiiinn. L g
C. $80.00 = ($15.60 + $4.40) = N .evurnevenrneniMerinennenen, ]
d. - ($15.60+ $4.60 + $3.00) = $80.00- e . tenureninenenenn oy

It is your job to give out programmes to each member of the audience for
your class play. The afternoon of the performance you begin with 95 pro-
grammes. To find out how many progranwms will be 1eft over after the p1ay.
"you will need to know: :

a. The number of peopTe in the CaSt..eenuiennn. J
The number of peop]e in the audience errarenieeas f.;.fg.;.[:]
c. The size of the programme ........... et i raveareeno e f;.[:]

“ d. The name of the p]ay ...,..;.ei ................. :....u.ﬁ..;[:]‘

Mr. Roberts trave]]ed a distance of 200 kilometres. His car‘hsed“1 litre of
~gas to go 12 kilometres. Gas costs 22 cents per litre. How much will he .
spend for gas? Choose the ‘correct number sentence. '

- a. 200 x 0.22 = n........ ....g
. . ﬁ i .

b. 200 x 12 = n
- 0.22

,.\'

‘ ) o . - : — .
| Analyzing Word Problems: out of 8|
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PART B — USE OF DIAGRAMS oA
,'1 7 o ‘, - . . V » 7 o i
. J X - T \

(9) . A garden in the shape of a triangle has a perimeter of 24 metrf; Each of |
two sides is 9 metres in length. If we want to calculate the tengt!
third s1de. which of the following diagrams would help? : ‘%&

h of the ..

]

© (10).. The scale of amap is 1 cm.= 80 km. How many centimetres long must a '\
: line on the map e to show a distance of 60 km? : , 7 ,

N



7 ”'7‘ v " » . i -4-,

(11) iNhich of the diagrams below best 111ustrate the prob1em? |

Car A and car B leave Vancouver at' the. same t1me and travel a]ong the same
_road, in the same direction. Car A goes twice as fast As Car B Their . .

e pos1t1on at ‘the end of 2 hours 1s o . = ST
Car A
a X /h/': ! eV eesescsasascensenss D
leB
x- Car A - -
A -
b. Car B - [:]
, . . ; 4
o e CorA gcoB O
R -
o Car A g T
. , - o
d. X2 IRETSTIPRRNG NN ¢
.Cm'BK‘ I : ) = | [

(lé) On a certain map,' 3 centimetres represents 60 k11ometres. How many kilo-
metres does 6 centimetres represent? ' ‘ T

a, .

Be 100 1eernnnrerannnnenannns 0
€. 120 tivvvreenerenencsanconns []
Qe 180 oenreereeneaneanennes [
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(13)  Zack Nick C]aws, the golfer, h1ts 2 go1f dr1Ve 1n the Hor1d Gb1f -
T Championshfp Using a metric ruler, find out how far he hit the go1f
¢ ball if the diagram is drawn to a sca1e of 1-cm = 50 m.

7(i4)~~ The following map is- drawn to a sca1e of 1 cm - 50 km Using your rU]ef -
f1nd the distance from A to B. S

‘o,




NN LR
ywtu.. LI .

(15)

s A
<G

The fo11ow1ng diagram represents the map of.a road joining Town A to '
distance from A to B?

Town B.

N

What s the actual road

SCALE :

lem = 20 km

-6-

Use of Diagrams:

out of 7
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_PART E — SOLVING PROBLEMS: ~ =~~~
& ] . a:}\:‘* = A . . | » s
If a bank‘charge5‘1§n% interest per month, what ‘is-the yearly rate of
interest? S . SN o
a ]8%";.'5‘;003...-' ----- 0.4.-.0;- D
[N - IO USRS H
T 9
e 12% i NS

b d.

s

——

Pew

‘How does ]05% 6f\a number compare in size with the number?

slightly 1arqer-};---.:..{uﬁ[]

a. T
* b., more than ]‘.w’ice/..‘..‘..._.f. S0 .
— c. slightly smaller ........... D A
d. Tess than half .............[J -
P

Last baseball season, John wqpt'up to bat 30

times.. In those 30 times at

bat, John got 18 hits. What percent of John's times at bat resulted in-. -

“hits?

-

A dump- truck can hold 18 m3 of dirt at one time. Approximate]y how_hény;; ’ C

trips would be required to haul away 3570 m3 of dirt? -~ -, -
- 2, 2000 . tcuiinennns [___]
Be 10 tiiveeinieeennnenens L
c. 100 ..... Teesenea ceteeseas ‘,[:]
KA. 200 ceniiiiiniiiinne .a



B . M . ) . ...i i

- | . A , B S
(36) Estimate the most appropriate answer for the fol]owing problem.

4 A department -store purchases 298 boxes of baseba11 gloves. Each box is
worth $96.00. If each g]ove is worth $48 00, about how many baseba]]
gloves were ordered?

. 500 a.n..... e, O
600 ..... e I
700 ..... e, I R
750 tureeee v, O

a0 o

(37)f“- The total possible score on a test 1s 50. Jeannie scores 40. Her mark
as a percentage is: .

a0 o o
[4)
o
R
.

‘(58). Bob achieved a mark of 42 out of 50 on his last mathematics test. Qhat '
percent did he get correct? , '

’ 8 B2% i
B 025 ettt O
T [ ST O
Ao B8% e, d
'y
(39) Ruth budgets her yearly allowance-this way: clothes, $80.00; 1uncﬂ€i;en-—//_ .
, $50.00; carfare, $20.00; shows, $20.00; miscellaneous, $30.00. What-

cent of her a]]owance does she spend for clothes?

b 33%% ....................... O
e B0% et O
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Suppose that a rocket ship can travel from the Earth to Mars and-back to .
Farth in 520 days. It takes 45 years and 273 days to reach the planet’
Pluto. Approximately how many round trips could one rocket ship make
between the Farth and Mars while a second ship was traveling to Pluto?

.‘ .‘ i -.,-3A . | D

------------------------

a
c. 33@ .................... ;.,[:]
d

Sojving Problems: - out Ofilo!,
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‘ .
g - 3
Rl TN

'Narné: . ‘ - Date:
School: : ‘ Group:.
Tim;: ' ‘” - ) ‘

(’*{*}'

SHOW ALL OF+YOUR WORK FOR EACH OF THE FOLLOW ' |
THIS BOOKLET. ING QUESTIONS IN

-,

+

1. A dump truck can hold 15.5 m3 of gravel at one time.
~ How many trips would be required to haul away 2480 m
of gravel?

[} N (-

3

2, Mr. Jones put a fence around his rectangular garden.
. The garden is 10 m long and 6 n wide. How many metres
of fencing did HF use?

oy

T
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'3, In a school election with threenéandidates, Mike 2
received 120 votes, Lawrence received 30 votes, ‘and
T.esley received 50 votes. What percent.of the total.
-vote did Mike receive? o . B -

f“
K

4. lcarpenter cuts a board 10 metres long into lengths of
2 metres. How many lengths will he get’



L)

6. Bflifé mother bdﬁghﬁlz%'dozen chocclate‘?hip COdkieSL
’ : ‘ . ) o - . . R .

\ 1% dozenl ginger snaps, and l%‘dozen'peanut butter

' cookies. How many dozen‘cookiés did she bu

altogether?

-«

[

Y

L/”

/i

W



= oo o — _r .
7. Carol owns 3 less than twice as many records as Bob. S
1f she owns 17 records, how many does Bob own? . -

\/E;/Jﬁfiiazg of asphalt paint will cover aboutlsrmz of ‘

surface. The paint is sold in 'cans of S litres only.
How many cans. are needed to paint a: driveway 15 m long
and 3 m wide?’ o '

9. Some candies cost 10 cents each and others cost 25 R
cents sach. Susan bought 3 candies. How many R
different amounts could Susan have spent? |



[ 5

0. Marbles are arranged in the shape of a triangle on the
floor. How many marbles are there in a triangle with
7 marbles in the base? ’ :

11. I am a number between 25 and 40. I have a remainder of .
two when divided by both 6 and:9. Who am I? '



~12. Susan and Bill went flshlng They both caught two" kinds of
fish, herring and cod. Bill caught 10 herring. Together
they caught 18 herring and 10 cod®. Susan caught 15 fish.
How many cod did Bill catch? v .

Y s

|

There are 6 fence posts on one side of a garden. The

posts are. 2 m apart. What is the distance trom the
first post to the last post?

13-

— e
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NAME: , . " DATE:
.. ’\ -
EXP. PHASE: . GROUP:

INTERVIEWER: __ ' ~ RECORDED:

IHSTBUCTIONS;EQR\?ETACOG&ITIVE INTERVIEW
/Ilam going to ask.you some questions about méthemagics ﬁord
\probleds. ‘There will be questions about Qhat word problems are, and
abﬁut bedple doing word problems. 'There will also be some questions.
about what you do when you are workipg on word probleﬂsz I want you.
to tell me what you ag;nallx do, not what you think youAare supposed

r 2
to do, in answering the questions about 153

If you are not certain about the meaning of a question, Juég‘let
me kPow. I will say the question again, in a different way, so you
are sure abdut what  the queéfion is asking I will be'téking notes
. while you are talking, and also tape-recording our interview. - I am
doing these things to help nme, so I do not have to remember everything

that you say. Do_you have any questions?

Let us begin!

Note. See accompanying flowchart for Metacognitive Interview.'
. F
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METACOGNITIVE INTERVIEW

. - . o~
1. What are mathematics wprd probléms? TN
PROBE: Please ribe them tq me, and tell me all you know about
‘them. ' ‘
(task)
F4 13

2. What makes someone really good at doing word problems?

PROBE: . Think of someone you know who is really good at doing word
problems. What is it about them, or what do they do, ,that makQS'them_

so good at 1it?

(pgrson)

3. What .1s the hardest part about-doing word problems, for you?
PROBE: Think of a time when you found a word problem really hard.

What is that made that problem so0 hard for you, and word problems in

¥

general?

(person)‘



|

et
N
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4. What would help you become a_better probiem solvgr?
PROBE: ‘Think;of that;difficﬁit problem again. What would help you to

5 . 'be better at SOiving it and other -hard probléms?

(person)

wth

If you were getting ready to take a word problem test, what would

o do that would help you the most do do well on that téét?,.

PROBE' What kinds of things ecan help people get ready for problem

tests, and what would you do that would help you?

(strategy)
. . Are some parts of a word problem, as it is written down, more
important than others? How can you tell which parts are the most

important? o ‘ ] ) " @

PROBE Think of the ‘parts of a word problem that you have done
recently, and ask yourself how you found the important parts in this

- problem, in other problems.

e

(task)



7. . What do you do if you don't know what a word means in a word

problem?

PROBE: ‘Think of a problem  that has a tough word in it, and you are

—

not sure of the meaning of that word. What do you do when this

happens?
(strategy) . » .

8. What do you do if you don't get the “whole picture” or the "whole

PR

meaning™ of a word problem?

_ PROBE: Think of a problem where you can read the words, but you are
not sure what they all mean together. What do you do in these
. -~

situations?
(strategy)

g. After you have read and uhderstood a word problem,'what else must

you still do in order to complete the problem successfully?

PROBE: What plans do you make, after reading a problgm, in order.to

do it'successfully; What does it mean to do a problem Qaccessfully?

(strategy)’
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#

108 What about a word problem makes it easy to do?

PROBE: Think of an easy wbrdﬁgfbblem, one you can do without any"

difficulty. Tell me what makes that problem easy td do.,_Generally,_

what makeS»some word problems easy, while others are difficult?

= {

(task) ‘.

Nancy L. Hutchinson (1985)
Adapted from Myers and_Pafis (1978) and

Paris (1979)
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FLOWCHART FOR METACOGNITIVE INTERVIEW.

“

ASK QUESTION

+

CHILD GIVES SINGLE -
| ELEMENT RESPONSE

¥

L

CHILD GIVES NO CH&%;%H&)NS j S
RESPONSE IN
TEN SECONDS | - ngEgSEgI\T{%r;G

l

GIVE PROBE

~|ask- ANYTHING\?LSE?

|

CHILD ADDS
NO ELEMENTS
_|TO RESPONSE

}

CHILD GIVES NO
RESPONSE IN
TEN SECONDS

l

GIVE PROBE

'

¥

v

CHILD GIVES SINGLE -
ELEMENT RESPONSE

i

|ASK: ANYTHING ELSE?|

X

— 1 _

CHILD GIVES RESPONSE SO THAT CHILD ADDS

IN TOTAL HE HAS MENTIONED N EMENTS}
2 OR MORE ELEMENTS TO RESPONSE

}

i

STOP

1
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CLASSIFYING PROBLEMS :

Choose the two groplemgbin each group that are most
alike. In a couple words tell why they are alike. Answer

on the accompanying worksheet.
GROUP 1

"A. Sharon and John worked a total of 47 hours last week.
John worked Sahoubé lessjthan Sharon, Find the number

;Z> hours each person worked last week.

B. A man can build 7 birdhouses in S dars. 1¥ he works.

for 45 daye, how many birdhouses can he build?

. C. The sum of two consecufivg'odd numbers

%{}agh number.

ANSWER ON THE WORKSHEET.

rou - _ .
N

~A. For every & dimes in my bank, there are 5 nicKels. If

;\V/ji:' . -1 haue{?S”dimtgq find the number of nickels. ’

B. A p(ctﬁro 14 cm wide and 17 cm high is to be enlarged

so that the width will be 70 cm. How h;gh will it be?
% : vV,
X

C. Frank received his'wages for each of the last two

. . weekKs. He received twice as much money the first week
. < : .
as the second week. The total amount he recived was -

$183. d’au much money did he receive each week?

_—

ANSWER ON THE WORKSHEET.



Group 3

Av- The ratio of May’s age to Bruce’s ago is 7:6. May .is

56 years old. Find Bruci(s age.

B. Jack invested $5000, part at 74 and the rest at 8% per

year. The total income from these investments is $340.

How much did he invest at each rate?

- C. The sum of a man’s age and his wife’s age is 70. The

man has watched 12 movies a yéér and his Qife has

o
watched 1S movies a year, Altogether they have watched

954 movies. Find the man’s age.

&

: S
ANSWER ON THE WORKSHEET. — :
Group 4

A. I rode a bicycle and a motorcycle for a total of S

N’

hours. I went at a rate of 8 km per hour on the
bicycl‘-and 30 Km per hour on the motorcycle. The
total -distance was 84 Km. Find the distance I rode 99/////f

., the motorcycle.

B. Pete and I drove to Kingstown together. ltﬂwas ?52ukh.
.y He drove 100 km farther than I did. How far did I -

‘drive?

C. The sum of the ages of Tom and Jeff is 9?9 years. Tom

is 7 vears older than Jeff. Find the age of each.

ANSWER ON THE WORKSHEET. AN



Group S

>

A.'Janice sells two Kinds of hats, - The wool haggﬁcbst
$5.00 and the cotton hats cost $7.00. She sold 25 hats
for a total of $143.00. How many hats of each Kind did

Janice sell?

B. The ratio of the number of men to women in i‘meoting is
734, 1If there are 36 women, then how many men must

there be?

C. There were 30 boys and'dogs in a park. 1 counted 84

legs. How many boys were in the park?
ANSWER ON THE WORKSHEET.

roup &

R]

"A. A man flew and drove for a total cost of ($5060. The
flying cost $50 per km and the:driving cost sl per Km.

The total distance he travelled was 353 km. Find the

distance that he flew and the distance that he drove.

B. The sum of a man’s age and\k\woman’sage is 56. The
man has read 10 books every yoarAand the woman has read
12 books every vyear. Together they have read a total

of 630 books. Find their ages.

C. The sum of Ron and Brian‘s ages is 81. Ron is 15 years

older than Brian. Find their ages.

ANSWER ON T%F WORKSHEET .

(




Group 7

,-A;‘At work Fran prunes 7 shrubs'in the time Dave prunes 4

"shrubs. If Dave prunes 28 shrubs todéy, how many will

Fran pqund today?

B. The ratio of a man‘s age to his son‘s age is 1053. 1
the son is 27, find the man’s age. : .

)

C. Mr. Smith makes 8 more chairs than Mr. Jones in one /

week at work. The ‘total made by both is 32 in a week.

How many dpes HMr. Jones make in that.we::j:>

ANSWER ON THE WORKSHEET. ! //#’ﬁ\\S\L_

Group 8 ‘ . -

A. The sum of the distances of two flights made &y a pilot

-

»Jsaééékkm. POhe flight is three times as long as the

other. Find the distance of each flight.

B. The ratidfdf{two numbers is 7:3. If the smaller number

is 57, find the larger number.

— *

C. The sum of two consecutive odd numbers is 72. Find

each of the numbers. ’ \

-

ANSWER ON THE WORKSHEET.




3

A. Martha walked 16 km farther than Ted. The total .
distance they walked was 50 km. How far did Mar tha

- walk? : o e D e

<
B. On a ma§;3 cm repregenls 250 km: What distance ;s

represenfed by 15 cm?

L

- ' 4

C. Ms. Lawton saved $35 in 2 weéKs. - At that rate, how

long will it take her to save $7007

3

ANSWER ON THE WORKSHEET.
Group 10

A. The larger of two numbers is five t}mes tho.shallér.

Find the numbers if their sum is 78.

B. A big box of cereal costs $1.20 and a small box costs

$0.80. A man bought 34 boxes for a total cost of

$34,00. How many boxes of each size did he buy?

C. A truck costs $2000 more than a car. THe total‘cost of
a truckK and a car is $28,500. Find the cost of the
truck. |

™~
ANSWER ON THE WORKSHEET. ' . R

= I U T, 1 M
Group ¢



- 303,

NAME , . DATE_
EXP . PHASE - GROUP______ .
SCHOOL , TIME

ANSWER SHEET FOR CLASSIFYING PROBLEMS

Choose the two probliems in each group that are most alike.

In a couple words tell why they ire alike,

S | : ;
Group 1 '

Problems that are most alike: ' and

RQ;:;ﬂz \NN\

Group 2

Probliems that are most alikKe: and

Reason:

m}

Problems that are most alike: and

Reason _

Groyp 4

Problems that are most alike: and

d —

Reason:

Scoup D

Problems that are most aliKes: and

Reason:




Group ¢

Problems that

Reason:

are most

alikKe:

and

2

Group 7
-Problems that

RQISO‘N H

are most

alikKe:

T e e e PE Y

and

Scoyp 8

Probleﬁs that

Reason:

are most.

{

alikKe:

and

Group ¢ -
Problems that

Reasont

~

are Mmost

s

alike:

and

Group 19

Problems that

are most

aliket

vand

Reason:
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Name of student: ’ Problem
Group: . Phase: ‘ .
Session No. Date: ) : _ -

Observer checKklist

| Student seeks help decoding:

2. Student seeks help with vocabulary:

s

3. Student seeks help with a sentence: %

4., Student sopks help with the/pabagraph:

S. Help . sought .in addition to the above:

" &4.. Student reads aloud:

?.- Student rereads text‘(specify)i C s

8.‘ Writes goal: —

?. Lists unknown(s):

10. Writes all that’fs Known (stated):

(unsfated):

11, Summarization attempted:

promp ted:

12. Drawing attempted: =

Y

prompted:

13. Categorizes4probiem=

14. Writes equation:

1S. Expands equation:

16, Collects likKe termst

17. lsolates variable(s):

18, Uses inverse operation(s):

19. writes‘vaiue of unknown(s):

20. Highlights answer: _ ‘.

21. Compares answer to goal (meaningfulness):

22. Checks accuracy of calcultations:
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. AB

Raw Data (1 of 2)

——

ABCDEFGHIJKLMNOPQRSTUUUXYZabcdefghLJklmnopqrstquxyil23456

0121108174114041400501130500000400000000401
0221108160121061400500230700314503301071101
0311110188114040200200140700100200000000301
0411110188118040200200220700022200002020201
0512109169120070500501230901102400000030500
0612109169112020000001090300000100000000101
6722108180107010100101100200000100000000100
08221091462109030100101090300200100000000301

09212081&68113051220505230943455544413121 310555555555333555 .

101120814611120101001021920744455500009090208555555 000535
1111208178122041400402210855555500010101007433555 000535

1221210184116030100102171055555555515151509555555555232444
- 13112091901140302002021460655504500005091001555 355

14222091791100100000021460844400000004040044444 122

1522209176114050200201231-045535555514151308444555555535535
1612209171120042400600200955555500010101008555555 333335
1712209162118051300402201155555555415151410535555454333000
1822210183110030100100150755455500010100903555555 000335

1922210180114050220402190955554455415141309554555555555345

2022208151108030100101l80855555544414141403555454554000444

Key:

= subject number g = post two-v. two-e. rep.
C =sgex; 1| =M; 2 =F h = post two-v. two-e. sol.
D = school i = post two-v. two-e. ans.
E = group; 1| = C; 2 = 1] JK = post total rep.
FG = grade Im = post total sol.
HIJ= age (months) no = post: total ans.
K = card number : pq = post classif. task
LM = pre B.C. Applicat., r = pear tran. rel. rep.
NO = pre Q@2 ' ' s = near tran. rel. sol.
P = pre rel. ans. t = near tran. rel. ans.
@ = pre prop. ans. u = near tran. prop. rep.
R = pre two-v,., two-e. ans. v = npear tran. prop. sol.
ST = pre total ans. , w = near tran. prop. ans.
W = pre classif. task X = near tran. two-v... rep.
WX = post B.C. Applic. y = near tran. two-v... sol.
¥YZ = post Q2 z = near tran. two-v... ans.
a = post rel. rep. 1 = far tran. rel!, rep.
b = post rel. sol. 2 = far tran. rel sol.
€ = post rel. ans. 3 = far tran. rel ans.
d = post prop. rep. 4 = far tran. prop. rep.
e = post prop. sol. S = far tran. prop. sol,.
f = post prop. ans. 6 = far tran. prop. ans.

NOTE:s Subject nunbers listed in raw daii are translated

into student numbers (as found in text) at the end of the
raw data. : ,

. )
1 - \b
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- Raw Data (2 of 2>

ABCDEFGHIJKLMNOPGRSTUUWXYZabcdofghlJklmno“ﬂﬂ=tuuwxyzl23456?

0121108174205070700000000000735040304040l
02211081602070308000100000108350504040401
03i11101882040808000000000004300403010402
041111018820310110000000000043503030105290
05121091692050507000000000001340500010401
06121091692040605000000000001350400010301
'07221081802040508000000000004340303010400
08221091622050707000000000004340404000401
: 09292081662190412000000000008350504041108554544555544151313
10112081612170717000000000003330402011007 544555001100910
11112081782190614000000000003350403001108 323555000080708
122121018422005146001100010103330404011208555555555555151515
*13112091902160815001100010105340405001006 S55004000050309
14222091792200608000000000004330304001208 ~ 111000000010101
152220917621807200000000G0004330404001 107555555555555151515
16122091712160715000000000003340502010907 444555333121212
17122091622190715110000010114350410041108000444544343121211
18222101832180515000000000001350300011008 595555322131212
19222101802181014000000000001340300011008554555544555151414
2022208151218061000000000000534040401l107000544444554141312

Koy.

¥

-AB = subject number fg = ¢ri t, one-step prob
cC = sox; 1 = M3 2 = F hi = pre thinkaloud rep.
D = school : JK = pre thinkaloud sol.
E = group;y 1| = C 2 = E Im = post thinkaloud rep.
- FG = grade » no = post thinkaloud sol.
HIJ= age (months) p = far tran. two~v...rep.
K '= card number q = far tran. two-v...sol.
LM = post thinkaloud tot. r = far tran. two-v...ans.
NO = pre metacog. int., € = mainten. rel. rep. o
PQ = post me tacog. int. t = mainten. rel, sol.
R- = pre rel. rep. ‘u = mainten. rel. ans.
S = pre rel. sol. v = mainten. prop. rep.
T = pre prop. rep. w = mainten. prop. sol.
‘U = pre prop. sol. Xx = mainten. prop. ans.
V = pre two-v. two-e. rep. »y = mainten. two-v... rep.
W = pre two-v. two-e. sol. z = mainten. two-v... sol.
XY = pre total rep. 1 = mainten, two-v... ans.
2a = pre total sol. 23 = mainten. total rep.
bc = pre thinkaloud tot. 45 ='mainten. total sol.
de = crit. basic op. &7 = mainten.'total'ans.
NOTE: Subject numbers listed in raw data are translated into’
student numbers (as found in text):
#.9 in raw data is Student 1 #15 in raw data is Student 3
#10 in raw data is Student 7?7 #16 in raw data is Student '9
%11 in.raw data is Student 8 #17 in raw data is Student 4
#12.in raw data is Student 2 #18 in raw data is Student 10
¥13 in raw data is Student 11 #19 in raw data is Student 5 .
#14 in raw data is Student 12 #20 in raiw data is Student &
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