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ABSTRACT 

Probl-&I s o l v i n g  i n  knowledge-r'i 'ch 

h y p o t h e s i z e d  t o  c o n s i s t  o f  two phases: 

domains s u c h  as  a l g e b r a  i s  
4 

lbepresentat ion and s o l u t i o n .  ' 

Exper ts  are b e t t e r  #an novices  a t  r e p r e s e n t a t i o n ,  whi le  t h e r e  ar& few 

f 
d i f f e r e n c e s  i n  s01u t Ion .  bst i n s t r u c t i o n  ha; f o k s e d  on s o l u t i o n ;  

r e c e n t l y  h a v e  b e e n  c a l l s  f o r  i n s t r u c . t i o n a 1  r e s e a r c h  o n  

represen ta t ion .  

Adolescents,  and p a r t i c u l a r l y  l e a r n i n g  d i s a b l e d  ado lescen t s ,  have 
a 

d i f f i c u l t y  u n d e r s t a n d i n g  and s o l v i n g  a l g e b r a  word problems.  The 
'r - 

purpose of t h i s  s tudy was t o  des ign,  and i n v e s t i g a t e  the e f f e c t i v e n e s s  

of ,  c o g n i t i v e  s t r a t e g y  i n s t r u c t i o n  i n  r e p r e s e n t a t i o n  and s o l u t i o n  t o  

i m p r o v e  t h e  a l g e b r a i c  p r o b l e m  s o l v i n g  o f  l e a r n i n g  d i s a b l e d  - 
adolescents .  a 

v 
, . - 

Two i n t e r w o v e n  d e s i g n s  were employed : a n  exper imenta l -cont ro l  

group des ign  and a s ing l - sub jec t  d e s i g n .  Twenty l e a r n i n g  d i s a b l e d  
.. 

a d o l e s c e n t s  i n  grades  8 through 10 i n  two Vancouver a r e a  schoo l s  were 

ass igned randomly t o  two groups. On a l t e r n a t e  d a  s f o r  t h r e e  months ,  f 
4' 

t h e  i n s t r u c t e d  s t u d e n t s  rece ived i n d i v i d u a l  i n s t r u c t i o n ,  t o  c r i t e r i o n  

i n  r e p r e s e n t a t i o n  and s o l u t i o n  f o r  three problem t y h s .  F i v e  s u $ f a c e  

s t r u c t u r e s  were used  w i t h  t h r e e  problem types  based on mathematical 

s t r u c t u r e :  r e l a t i o n a l  ,problems, and problems i n  



two v a r i a b l e s  and two equations.  I n s t r u c t i o n  f o r  r e p r e s e n t a t i o n  and 

s o l u t i o n  i n  the  i n s t r u c t e d  grdup was based on c o g n i t i v e  t a s k  a n a l y s i s ,  
i 

- -  
and i n c l u d e d  d e c l a r a t i v e  knowledge, modelling of .procedural  knowledge 

, '  
by t h e  i n s t r u c t o r  th ink ing  a l o u d ,  g u i d e d .  p r a c t i c e ,  and i n d e p e n d e n t  t ,P 

-6 

p r a c t i c e .  Stpde-were taught  a se l f -ques t ioning s t r a t e g y .  
i_ - 

- .  Data were d e r i v e d  from p r o b l e m - s o l v i n g  m e a s u r e s ,  t h i  nk-aloud 
4 

p r o t o c o l s ,  i n t e r v i e w s  about metacognit ion,  and -dass i f ica t ion  tasks .  

7 '  
T h e s e  were e x a m i n e d  f o r  i m p l i c a t i o n s  r e s p e c t i n g  t h e o r y  i n  + .  . . 
4 

i n s t r u c t i o n a l  psycho logy .  The d a t a  from between-group comparisons 

demonstrated the  s u p e r i o r i t y  ' o f  t h e  i n s  t r u e  t e d  g r o u p  a n  i n s t r u c t e d  

p r o b l e m s ,  p r o b l e m  s o l v i n g  i n  g e n e r a l ,  and i n  m e t a c o g n i t i o n  and 

schemata f o r  a l g e b r a i c  problem types. Single-subject  d a t a  showed t h e  

i n s t r u c t i o n a l  s t u d e n t s t  pp-blem-solving a b i l i t y  inc reased  d ramat ica l ly  

b l a  type. These i n c r e a s e s  were m a i n t a i n e d  
d .  

and t r a n s f e r r e d -  tc$ s i m i l a r  problems.  Think-aloud p ro toco l s  showed 

s t u d e n t s  app l i ed  newly-acquired domain-specific knowledge. 

T h i s  s t u d y  a f f i r m s  t h e  need f o r  i n s t r u c t i o n  i n  both phases of  

problem so lv ing ,  demonst ra tes  t h a t  r e p r e s e n t a  c ion  c a n  be t a u g h t  , and 

t h a t  l e a r n i n g  d i s a b l e d  a d o l e s c e n t s  c a n  a c q u i r e  schemata use fu l  f o r  

s o l v i n g  problems. Recommendations were made f o r  f u t u r e  r e s e a r c h  i n  

i a s t r w t i o n  l e a d i n .  t o  t h e  development of e x p e r t i s e  i n  knowledge-rich 

domains. 

2, 
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CHAPTER 1  
'4 

INTRODUCTION 

-, 

I n s t r u c t i o n a l  p s y c h o l o g i s t s  s t u d y s t h e o r e t i c a l  and p r a c t i c a l  > 
X - 

t 
aspects o f  i n s t r u c t i o n  and t h e i r  e f fec ts  o n  m e n t a i  r e p r e s e n t a t i o n s ,  

4 

mental  p r o c e s s e s ,  and l e a r n i n g  outcomes. I n s t h c t i o n a l  psychology has  

been c h a r a c t e r i z e d  by a  s h i f t  toward s t u d y i n g '  more complex  f o r m s  o f  i 
c o g n i t i v e  b e h a v i o r ,  t h e  i n t e r a c t i o n i s t  a s s u m p t i o n s  t h a t  l e a r n i n g  

o c c u r s  a s  a r e s u l t  of m e n t a l  c o n s t r u c t i g n s ,  o f  t h e  l e a r n e r , i  and  a 
, 

J 

g r o w i n g  i n t e r e s t  i n  t h e  r o l e , o f  knowledge i n  human behavior  (Resnick,  
< 

1981 1. Theory cons  tfiuc t i o n  i n  -problem s o l v i n g  ' and  i n v e s t i g a t i o n s  o f  
, 

e f f e c t i v e  i n s t r u c t i o n  f o r  t h e  l e a r n i n g  d i s a b l e d  are two areas i n  which 

t h i s  p e r s p e c t i v e  of  i n s t r u c t i o n a l  p sycho l&y  ,is appa ren t .  The purpose 

of t h e  p r e s e n t  i n v e s t i g a t i o n  i s  t o  merge  r e c e n t  work i n  t h e s e  two 

f i e l d s  t o  s t u d y  i n s t r u c t i o n  des igned  t o  improve t h e  a l g e b r a i c  p r o b l e m  

s o l v i n g  ox l e a r n i n g  d i s a b l e d  a d o l e s c e n t s .  

Problerc S o l v i n g  -- 
P r o b l e m  s o l v i n g  i s  a w i d e l y  u s e d  b u t  p o o r l y  d e f i n e d  term. 

9 

.- , According t o  Polya (1981) ,  w i t h i n  m a t h e m a t i c a l  p r o b l e m  s o l v i n g  f i t ~  

h a v e - a p r o b l e m  m e a n s  : t o  s e a r c h  c o n s c i o u s l y  f o r  some a c t i o n  , 

a p p r o p r i a t e  t o  a t t a i n  a c l e a r l y  c o n c e i v e d ,  b u t  n o t  i m m e d i a t e l y  

a t t a i n a b l e  A! a ( p .  1 1 7 )  .. U s u a l l y ,  a m a t h e m a t i c a l  word p r o b l e m  

i d e n t i f i e s  q u a n t i t i e s ,  d e s c r i b e s  r e l a t i o n s h i p a  between them, s i t u a t e a  



i 
t h i s  i n f o r m a t i o n  i n  a  f a m i l i a r  con tex t ,  and r e q u i r e s  t h a t  t h e  s t u d e n t  

a t t a i n  a goal .  

I n  t h e  i a s t  few y e a r s ,  e d u c a t o r s  have  expressed t h r e e  r e l a t e d  
L 

concerns about problem solving.  The first is  t h a t  problem s o l v i n g  i s  

a n  e s s e n t i a l  I n s t r u c t i o n a l  g o a l  i n  mathematics (The_National Council 

uf Teachers o f  Mathematics, 1980). The second i s  t h a t ' s t u d e n t s  l a c k ,  

e x p e r t i s e  i n  mathematical problem so lv ing  (Carpenter ,  C o r b i t t ,  Kepner, 

L i n d q u i s t  & Reyes ,  1980) .  The t h i r d  is a n  u r g e n t  p l e a  t h a t  more 

i n v e s t i g a t i v e  r e s o u r c e s  be d e v o t e d  t o  c o g n i t i v e  r e sea rch  t h a t  w i l l  
0 

l ead  t o  more e f f e c t i v e  i n s t r u c t i o n  i n  problem s o l v i n g  (e. g. ,  D a v i s ,  

1 984 ; Freder iksen,  1 984 ; Mayer, 1 983 1. e 

Recent  t h e o r e t i c a l  f o r m u l a t i o n s  a b o u t  t h e  . n a t u r e  o f  p r o b l e m  

s o l v i n g  y i e l d  p r e s c r i p t i o n s  t h a t  may be ins t rumenta l  i n  meeting t h e s e  
C, , " 

concerns. Mayer ( 1985) Peviewed i n f o r m a t i o n - p r o c e s s i n g  r e s e a r c h  on  - 

a l g e b r a  wosd problems and r e a s s e r t e d  &ere are two phases involved i n  

s o l v i n g  v e r b a l  mathema t i c a l ,  p rob lems  : problem r e p r e s e n t a t i o n  and _ .  

problem S o l u t i o n .  Problem r e p r e s e n t a t i o n  can be de f ined  as a c t i v e l y  

t ransforming a n  e x t e r n a l  ve rba l  r e p r e s e n  of a  problem from words 

on a page t o  a n  i n t e r n a l  m e n t a l  r e p r e s e n t a t i o n  cons1s ten t "wi th  t h e  

l e a r n e r ' s  a v a i l a b l e  knowledge. Problem s o l u t i o n  refers t o  a p p l y i n g  

t h e  l e g a l  o p e r a t o r s  of mathematics t o  t h e  i n t e r n a l  r e p r e s e n t a t i o n  t o  

a r r i v e  a t  an answer t h a t  satisfies t h e  Gal. Mayer h a s  c h a r a c t e r i z e d  

' problem 

s o l u t i o n  

representation as p r i m a r i l y  d e c l a r a t i v e  knowledge and problem 
- 

as&ainfy procedura l  howledge. The i i p l i c a t i o n s  that fo l low 



a n e  t h a t  t o  improve  pe r fo rmance  i n  t h e  r e p r e s e n t a t i o n  phase, t h e r e  7 
'- 

' *  :L 

must  be i n s t r u c t i o n  i n  comprehension b k  d . i f f i c u l t  l i n g u i s t i c  

p r o p o s i t i o n s  and ? e c o g n i t i o n  o f  probleql, types  o r  'problem schemata. 

Within th6  s o l u t i o n  phase, t h e r e  must be  i n s t r u c t i o n  i n .  how t o  u s e  

a p p r o p r i a t e  s t r a t e g i e s  and e f f i c i e n t  algori thms.  These i m p l i c a t i o n s  ' 

f o r  i n s t r u c t i o n  remain t o  be t e s t e d  empir ica l ly .  

Reviews of t h e  l i t e r a t u r e  on e x p e r t  and novice problem s o l v e r s  

show t h a t  e x p e r t s  a r e  more a d e p t  a t  problem r e p r e s e n t a t i o n  ' t h a n  

n o v i c e s  (Glaser, 1984;  H u t c h i n s o n ,  1985)  a 1  though t h e r e  a r e  few 

d i f f e r e n c e s  i n  t h e i r  problem s o l u t i o n s  ( L e w i s ,  1 9 8 1 ) .  However ,  -- 
problem s o l u t i o n  is  t h e  focus  o f  most i n s t r u c t i o n  (Simon, 1980). It 

i 

appears  t h a t  t o  make problem s o l v i n g  i n s t r u c t i o n  more e f f e c t i v e  i t  

w i l l  be necessary  t o  enab le  l e a r n e r s  t o  c o n s t r u c t  t h e  r ep resen ta t ions . '  

e s s e n t i a l  twgood  performance (Reif & Hpller, 1982). 

To o b s e r v e  t h e  deve lopment  o f  e x p e r t i s e ,  i t  i s  n e c e s s a r y  t o  

i n s t r u c t  l e a r n e r s  who a r e  judged t o  be c a p a b l e  of  a c q u i r i n g  t h e  

i s t r u c t e d  knowledge, '  b u t  h a v e  n o t  y e t  done i o .  I n  t h e  c a s e  o f  Lf 
a l g e b r a i c  word problems, t h e r e  are many l e a r n i n g  d i sab led  a d o l e s c e n t s  

A- 

who f i t  t h i s  d e s c r i p t i o n ,  

Learning D i s a b i l i t i e s  
ri 

I i k e  most r e s e a r c h  on human l e a r n i n g ,  t h e  i n  l e a r n i n g  
9 

d i s a b i l i t i e s  i s  c o g n i t i v e  (Reid & Hresko, 1981 ) . Research has shown 

- t h a t  t h e  l e a r n i n g  d sab led  are a h e t e r o g e n e o u s  g roup ,  d i f f i c u l t  t o  / a .  



d e f i n e ,  b u t  t y p i c a l l y  c h a r a c t e r i z e d  by aveliage i n t e l l e c t u a l  a b i l i t y  ' and belov average achievement  i n  p a r t i c u l a r  c u r r i c u l v  areas s u c h  as  

r e a d i n g  'and m a t h e m a t i c s .  They h a v e  b e e n  d e s c r i b e d  a s  i n a c t i v e  

l e a r n e r s  ( T o r g e s o n ,  1977) a n d  i n e f f i c i e n t  i n f o r m a t i o n  p r o c e s s o r s  

(Swanson, i n  p r e s s ) .  The d e f i n i t i o n  tliat h a s  r e c e i v e d  wide accep tance  
LI 

/ 
is t h e  one t h a t  a p p e a r s  i n  the  Educat ion f o r  A l l  Handicapped C h i l d r e n  

J 

1 , Act (U. S. O f f i c e  o f  &&cation, August 23, 1977) and h a s  been adopted 
&f & 

by s e v e r a l  ~ a n a d i a n  pre4rinces. This d e f i n i t i o n  r e a d s :  

" S p e c i f i c  l e a r n i n g  d i s a t f i l i t y h e a n s  a d i s o r d e r  i n  one - 
/ o r  more o f  t h e  b a s i c  p s y c h o l o g i c a l  p r o c e s s e s  i n v o l v e d  

' ' r  

* 
i n  u n d e r s t a n d i n g  o r  i n  u s i n g  l a n g u a g e  s p o k e n  o r  
w r i t t e n ,  whdch may m a n i f e s t  i t s e l f  i n  a n  i m d e r f e c t  ' 
a b i l i t y  t o  l i s t e n ,  t h i n k ,  speak, r ead ,  w r i t e ,  spell o r  

C do mathematical  c a l c u l a t i o n s .  The term i n c l u d e s  s u c h  
c o n d i t i o n s  a s  p e r c e p t u a l  h a n d i c a p s ,  b r a i n  i n j u r y ,  1 _  

\h minimal b r a i n  d y s f u n c t i o n ,  d y s l e x i a ,  and d e v e l o p m e n t a l  
aphas ia .  

h - I 
Al though  r e a d i n g  i s  t h e  c u r r ' i c u l a r  area which h a s  r e c e i v e d  t h e  

most a t t e n t i o n  i n  l e a r n i n g  d i s a b i l i t i e s ,  r e s e a r c h e r s  and p r a c t i t i o n e r s  

h a v e  f o u n d  t h a t  l e a r n i n g  d i s a b l e d  c h i l d r e n  and  a d o l e s c e n t s  a l s o  * 

0 
expe r i ence  d i f f i c u l t i e s  i n  ' m a t h e m a t i c s  ( Cawley, 1 9 8 5 ;  ~ l e l s c h n e r  8 

G a r n e t  t ,  1983 ) , a n d  t h a t  t h e y  s c o r e  l o w e r  t h a n  normal>y-achieving 

peers on measures  o f  formal  r e a s o n i n g  and 1- s o l v i n g  (Lee & 

Hudson, 1981 ; S k r t i c ,  1 9 8 0 ) .  Whi l e  r e s e a r c h  h a s  been 
X,.?. 

,?done t o  Improve  t h e  e f f e c t i v e n e s s  of r e a d i n g '  i n s t r u c t i o n  f o r  t h e  

l e a r n i n g  d i s a b l e d ,  l i t t l e  comparable r e s e a r c h  h a s  been c a r r i e d  o u t  i n  0 

apath-ti cs. - 



A few i n t e r v e n t i o n  ' s t u d i e s  have i n v e s t i g a t e d  t h e  e f f e c t i v e n e s s  of 

p a r t i c u l a r  i n s t r u c t i o n a l  a p p r o a c h e s  f o r  m a t h e m a t i c s  word problem 

solving.  Most of  these have pr-vided i n s t r u c t i o n  t o  l e a r h l n g  d i sab led  

s t u d e n t s  i n  t h e  m i d d l e  y e a r s  o n  one- and two-s tep  p rob lems  (e. g. ,  

Marzo la ,  1985;  Nuzum, 1 9 8 3 ) .  I n  a  s t u d y  c a r r i e d  o u t  by Montague. 

(19841, j u n i o r  high s t u d e n t s  were taught  to  s o l v e  two-s tep  problems.  - t. 
* - 

T h e s e  p r o b l e m s  r e q u i r e  t h a t  s t u d e n t s  r e a d  and  t h e n  s e l e c t  two 

o p e r a t i o n s  from a d d i t i o n ,  s u b t r a c t i o n ,  mu1 t i p l i c a t i o n  and d i v i s i  on t o  
/ 

b e  c a r r i e d  o u t  i n  the c o r r e c t  o r d e r .  However, j u n i o r  s e c o n d a r y  

mathematics c u r r i c u l a  demand t h a t  ado lescen t s  master a b s t r a c t  a l g e b r a  

p r o b l e m s  u s i n g  symbols  t o  s t a n d  f o r  unknowns and , g e n e r a t i n g  and -- 

s o l v i n g  l i n e a r  e q u a t i o n s .  C a r e f u l  s e a r c h  h a s  y i e l d e d  n o  

i n v e s t i g a t i o n s  r e p o r t e d  i r .  t h e  l q e r a t u r e  which have  c a r r i e d  out  ' 

s y s t e m a t i c  i n s t r u c t i o n  on a l g e b r a i c  wgrd p rob lems  w i t h  l e a r n i n g  . 
d ibab led  jun io r  ' secondaryr s tuden t s .  

- R e s e a r c h e r s  i n  l e a r n i n g  d i s a b i l i t i e s  have begun t o  examine . t h e  

r o l e  t h a t  metacognit ion p lays  i n  the  pe r fo rmance  o f  c o g n i t i v e  t a s k s  

( B r o w n ,  1 9 8 6 ;  H o n g ,  1 9 8 5 a ) .  A c c o r d i n g  t o  F l a v e l l  ( 1 9 7 6 1 ,  
9 

m e t a c o g n i t i o n  r e fe r s  t o  "one t s  k n o w l e d g e  c o n c e r n i n g  o n e  s own 

c o g n i t i v e  p r o c e s s e s  =oductsn ( p .  ~232) and t h e  a c t i v e  monitoring 

d d  r e g u l a t i o n  of these  processes .  R e c e n t l y ,  m a t h e m a t i c s  e d u c a t o r s  

h a v e  3 s s e r t e d  t h a t  i n s t r u c t i o n  i n  problem s o l v i n g  would be more 
-4 

e f f e c t h e  if i t  were t o  i n c o r p o r a t e  m t a c o g n i t i v e  elemerita (Garofa lo  h 
. 

Lea t e r  , 1  985) . They argue t h a t  such an 8 q h a d . s  would make s t u d e n t s  



more aware  of  how and when t o  apply  t h e i r  mathematical knowledge, and 

more l i k e l y  t o  monitor t h e i r  problem s o l v i n g  t o  e n s u r e  t h a t  problem 

g o a l s  p re  met. h e  use of.  s e l f -ques t ion ing  i n s t r u c t i o n a l  procedures 

h a s  be& shown t o  i n c r e a s e  c o m p r e h e n s i o n  m o n i t o r i n g ,  a n d  p r o s e  

comprehens ion  Jones ,  1982; Wong, Wong, Perry, & Sawatsky, i n  

p r e s s ) .  a series o f  q u e s t i o n s  t h a t  f o c u s -  

t h e i r  a t t e n t i o n  on €he e s s e n t i a l  a s p e c t s  o f  t h e  t a s k  and t h a t  h e l p  
a 

them t o  be aware of t h e i r  own l a c k  of unders t and ing  when i t  happens. '  

I n c o r p o r a t i n g  g e l f - q u e s t i p n i n g  i n t o  problem-solving i n s t r u c t i o n  i n  

ma thema t i c s  may a l s o  l e a d  t o  inc reased  me t acogn i  t ion .  \ 

k e 

The e f f e c t i v e n e s s  o f  g u i  d  i n s t r u c t i o n  i n  e n a b l i n g  l e a r n i n g  l 

i 
d i sab led  a d o l e s c e n t s  t o  s o l v e 0  s i m p l e  word p rob lems  h a s  been  shown 

(e .  g. , Hontague, 1984) . Guided i n s t r u c t i o n  c o n s i s t s  of  demonstrat ion,  

g u i d e d  p r a c t i c e ,  i n d e p e n d e n t  p r a c t i c e ,  and f e e d b a c k  f o l l o w e d  b y  
- -- * 

- a s sessmentx ,  The c h a l l e n g e  t h a t  r e m a i n s  i s  t o  o p e r a t i o n a k i z e  t h e  

recommendations 

" r e p r e s e n t a t i o n  

problems. 

(Hayer, 1985; Reif & Heller, 1982) f o r  t e a c h i n g  b o t h  
s 

and s o l u t i o n  for  complex,  a b s t r a c t  a l g e b r a i c  word 

I n t e g r a t i n g  Problem-Sol v i m  Theory and I n s t r u c t i o n a l  
-- > 

3 

\ 
Research w i t h  t h e   ear-ning Disabled 

k 
Algetbraic problm-scr lv ing abil i t ies  are impor tant  for high school  

, 
s t u d e n t s  t o  a c q u i r e .  U n f o r t u n a t e l y ,  t h e y  f r e q u e n t l y  e l u d e  t h e  

2 

* l e a r n i n g  d i s a b l e d ,  Such a b i l i t i e s  are necessary f o r  s u c c e s s  i n  most 



i 

s e c o n d a r y  mathematics and sc ience  c u r r i c u l a .  A s  w e l l ,  post-secondary 

e n t r a n c e  r e q u i r e m e n t s  and program r e q u i r e m e n t s  u s u a l l y  i n c l u d e  

p r o f i c i e n c y  i n  m a t h e m a t i c s ,  i n c l u d i n g  word problem solving.  Yet, 

r e s e a r c h e r s  a n d  t e a c h e r s  d o  n o t  know t h e  r o l e  o f  p r o b l e m  
7 

r e p r e s e n t a t i o n ' ,  problem, s o l u t i o n ,  o r  metacognit ion i n  developing word - 

4 

p r o b l e m - s o l v i n g  s k i l l s .  Nor do  t h e y  know how e f f e c t i v e  g u i d e d  
\ 

i n s t r u c t i o n  may h e l p  adolescent4  t o  a c q u i r e  prof i c i d y  with a b s t r a c t  ' 

word problems that r e q u i r e  r e p r e s e n t a t i o n  i n  unknowns and t h e  u s e  o f  
C 

unknowns t o  s o l v e  equat ions .  ~ e i n g  t h e  r e l a t i v e  c o n t r i b u t i o n s  o f  
I 

problem r e p r e s e n t a t i o n ,  problem s o l u t i o n  and metacognit ion t o  s o l v i n g  

word p rob lems  s u c c e s s f u l l y  should provide educa to r s  wi th  informat ion  

t h a t  w i l l  e n a b l e  l e a r n i n g  d i s a b l e d  a d o l e s c e n t s  t o  become more  

p r o f i c i e n t  m a t h e m a t i c s  problem b o l v e r s .  It s h o u l d  a l s o  h e l p  t o  

respond t o  t h e  r e c e n t  and w i d e s p r e  d con t h a t  e d u c a t o r s  have  3 
e x p r e s s e d  about teaching problem so lv ing  

e x t e n s i o n ,  w i l l  t e s t  t h e  v a l i d i t y  o f  h es i n  i n s t r y c t i o n a l  

b p s y c h o l o g y  a b o u t  t h e  two p h a s e s  o f  p r o b l e m  s o l v i n g - - p r o b l e m  

r e p r e s e n t a t i o g  and problem solution-and t h e i r  re levance  t o  c l a s s r o o m  

i n s t r u c t i o n .  L 

Ws study  w a s  designed t o  answer t h e  fo l lowing q u e s t i o n s :  
L 

*'. . 
J ,: 'L 

1 

1. ~ilil t h e  problem-soqving a b i l i t y  o f  l e a r n i n g  d i s a b l e d  



a d o l e s c e n t s  i n c r e a s e  

i n s t r u c t i o n  i n  problem 

s o l u t i o n ?  

2. If p r e s e n t ,  w i l l  t h e s e  

o v e r  . . t h e  c o u r s e  o f  g u i d e d .  

r e p r e s e n t a t i o n  anQ p r o b l e m  . 

i n c r e a s e s  be m a i n t a i ? e d  and 

t r a n s f e r r e d  t o  t a s k s  wi th  new s u r f a e e  s t r u c t u r e s  and t o  - -- 

- - - 

t a s k s  wi th  new mthematical s t r u c t u r e ?  

3. W i l l  l e a r n i n g  d i s a b l e d  s t u d e n t s 1  ' u n d e r s t a n d i n g  a n d  

m e t a c o g n i t i v e  a w a r e n e s s  o f  word p rob lems  i n c r e a s e  

fo l lowing guided i n s t r u c t i o n ?  - 

Because many terms a s s o c i a t e d  w i t h  problem- s o l y i n g  have  been  * 

d e f i n e d  i n  v a r i o u s  ways,  i t  is  necessary  t o  s p e c i f y  t h e  d e f i n i t i o n s  

used i n  t h i s  s t u d y .  The terms which a r e  d e f i n e d  e x p l i c i t l y  are:  

problem s o l v i n g ,  problem represen ta t ' i on ,  problem s o l u t i o n ,  l e a r n i n g  , .  - 
d i s a b i l i t i e s  and guided i n s t r u c t i o n .  

P r o b l e m  s o l v i n g  i n  t h i s  s t u d y  refers t o  t h e  e n t i r e ,  t a s k  o f  

working o u t  a l g e b r a i c  word problems which require t h e  u s e  o r  symbols  
- 

b 

t o  s t a n d  f o r  unknowns, and t h e  s o l u t i o n  o f  l i n e a r  *equs;tio-ns o n  a  

s t r u c t u r e d  worksheet. Problem s o l v i n g  i n c l u d e s  problem r e p r e s e n t a t i o n  

and problam s o l u t i o n .  

Problem r e p r e s e n t a t i o n  c o n s i s t s  o f  a c t i v e l y  t r a n s f o r m i n g  a n  
n 

e x t e r n a l  r e p r e s e n t a t i o n  o f  i n f o r m r t i o n  i n t o  a n  i n t e r n a l  

r e p r e s e n t a t i o n .  The s t e p s  t o  nget  t h e  whole  p i c t u r e n  o f  , a  v e r b a l  



/' 
p r o b l e m  a r e  t o  s t a t e :  ( a )  t h e  g o a l  d f  t h e  p r b b l e m ,  ( b l t h e  

- - 
i n f o r m a t i o n  g i v e n ,  ( c )  t h e  uqknowns;  and  p r o d u c e :  ( d  1 a d r a w i n g  

s h o w i n g  t h e  m a t h e m a t i c a l  r e l a t i o n s h i p s ,  ) a  s y m b o l i c  

r e p r e s e n t a t h  (equation):.  All ' t h i s  is done o n  a s t r u c t u r e d  worksheet 

w i t h  t h e  s t u d e h t s  s u p p l y i n g  t h e  answers , ,  and must  be & c u r a t e  hnd ' 

/ 

thorough- t o  be c o r r ~ c t .  /' 

Problem s o l h t i o n  a p p l y i n g  t h e  l e g a l  o p e r a t o r s  of  

mathematics  t o  t h e  t o  a r r i v e  a t  a f i n a l  answer 

t h a t  m'eets t h e  t h i s  r e q u i r e s  

s t u d e n t s  t o  s t a t e  and write i n  t h e  c o r r e c t  s equence  t h e  s t e p s  i n  t h e  

m a n i p u l a t i o n s  t o  t h e  e q u a t i o n  t h a t  are a p p r o p r i a t e  f o r  each problem. 
J 

T h e s e d a r e  ( a )  c l e a r i n g  b r a c k e t s ,  ( b )  c o l l e c t i n g  l i k e  te rms ,  ( c )  adding  - 
o r  s u b t r a c t i n g  w h o l e  numbers t o  i s o l a t e  t h e  unknown, (d )  f i n d i n g  t h e  

v a l u e  o f  t h e  unknown, (el m e e t i n g  t h e  g o a l  o f  t h e  p r o b l e m ,  a n d  

( f) checking.  

L e a r n i n g  d i s a b l e d  p a r t i c i p a n t s  i h  t h i s  s t u d y  a r e  i d e n t i f i e d  by 

t h e i r  s choo l  d i s t r i c t  ( i n  a c c o r d  w i t h  B r i t i s h  Columbia  HinCE€FFof 

E d u c a t i o n  g u i d e l i n e s )  as h a v i n g  a  s i g n i f i c a n t  d i s c r e p a n c y  between 
D 

p o t e n t i a l ,  a s  measu red  by a n  i n d i v i d u a l  i n t e l l i g e n c e  t e s t ,  a n d  

a c h i e v e m e n t ,  as  m e a s u r e d  by s t a n d a r d i z e d  a c h i e v e m e n t  tests. The 

r e l e v a n t  area o f - d i  s g b i l i t y  f o r  p a r t i c i p a t i o n  i n  t h i s  s t u d y  i s  

'& mathematics? 
J" 

8" 

/ 
Guided i a s t r u c t i o n  refers t o  t e a c h i n g  i n  mall s t e p s  by model l ing  

L 

and t h i n k i n g  a l o u d  w i t h  s t u d e n t  p r a c t i c e  a f te r  e a c h  s t e p ,  g u i d i n g  



- - -  - - 

10. 
, 

. . 
stu-dentb d u r i n g  i n i t f  a1 p r a c t i c e ,  and p r o v i d i s s y s t e m a t i c  feedback 

- '  a 

and c o r r e c t i o n s .  ' S t u d e n t s  are g i v e n  a h i g h  l e v e l  o f  s u c c e s s f u l  

p r a c t i c e  and reach  mastery c r ~ t e r i a . b e f 6 r e  moving on t o  new tasks: - 

Overview 
. 

% 
Chapger 2 c o n t a i n s  a s e l e c t i v e  i n t e g r a t i v e  r e v i e w  of prgblem . - - 

s o l v i n g  l i t e r a t u r e  f r o m  t h e  f i e l d s  o f  c o g n i t i v e  p s y c h o l o g y ,  . 

j m a t h e m a t i c s  e d u c a t i o n ,  and s p e c i a l  education.  It conc ludes  wi th  t h e  

s p e c i f i c  r e s e a r c h  hypotheses t h a t  are t e s t e d .  A d e t a i l e d  d e s c r i p t i o n  
-- 

o f  t h e  method and p r o c e d u r e s  c o n s t i t u t e s  Chapter 3, and t h e  r e s u l t s  

and d i s c u s s i o n  a p p e a r  i n  C h a p t e r s  4 a n d  5 ,  r e s p e c t i v e l y .  The 

i n s t r u c t i o n a l  and assessment  m s u m s  can be found i n  t h e  Appendices 7 
with  o the r ,  in fo rmat ion  e s z e n t i a l  f o r  r e p l i c a t i o n .  



REVIEW OF LITERATURE 
Z 

- f . . 
1 

One of t h e  g o a l s c o f  e d u c a t i o n  is t o  teach probleb solv ing.  In 

mat he ma tic^ and sb ience ,  problems are u s u a l l y  well-s t r u c t u r e d  which 
+ 

means t h e y  c o n t a i n  a l l  t h e  necessary  informat ion  and have a lgor i thms  

which l ead  t o  t h e  c o r r e c t  answer (F'rederiksen; ,1984). However, o t h s r  

a r e a s  o f  t h e  c u r r i c u l u m  c o n t a i n  i l l - s t r u c t u r e d  problems. 1k~socia.1 ' 3 

s t u d i e s ,  f o r  example, a problem m i g h t  a s k  s t u d e n t s  how t o  i n c r e a s e  . - .  a 

- - 
a g r i c u l t u r a l  p r o d u c t i v i t y  i n  t h e  USSR (Voss, Greene, Post ,  & Penner, 

I 

1983). While i t  is impol tant  t o  educate  t h e  next  g e n e r a t i o n s  s o  t h e y  1 

w i l  f have  t h e  f l e x i b / l i t y  t o  s o l v e  i l l - s t r u c t u r e d  problems unimaginsd 
J 

today (Simon, 19801, t h e r e  a r e  f ew  g u i d e l i n e s  about  ways @to accomplish - 9 

t h b .  I n  f a c t ,  d e s p i t e  r e c e n t  advances i n  c o g n i t i v e  sc ience ,  t h e r e  is 

l i t t l e  i n s t r u c t i o n a l  r e s e a r c h  p rov id ing  e m p i r i c a l  v a l i d a t i o n  of t h e  

t a s k s  a n d  p r o c e d u r e s  used  t o  t e a c h  p r o c e d u r e s  f o r  s o l v i n g  well- - 
-- 

s t r u c t u r e d  problems. 

The  p u r p o s e  o f  t h e  f i rs t  h a l f  o f  t h i s  c h a p t e r  i s  t o  r e v i e w  

t h i o r e t i c a l  and e m p i r i c a l  l i t e r a t u r e  i n  c o g n i t i v e  p s y c h o l o g y  and 
3 

m a t h e m a t i c s  e d u c a t i o n ,  and on  a l g e b r a i c  problem s o l v i n g  wi th  some 

r e f e r e n c e  t o  s t u d i e s  i n  p h y s i c s .  The second  h a l f  o f  t h i s  ChaDter  
C 

r e v i e w s  s i  ngle-sub ject s t u d i e s  i n  which l e a r n  d$aabl& ado$eacenta -- 
-- 

are taugh t  t o  s o l v e  s imple  mathematical  word problems; The e m p i r l c a l  ' 

f i n d i n g s  and c o n c e p t u a l  a s p e c t s  of earlier wurk inforim t h e  d e ~ i g ~ I  of 
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Zn tM paat d e e a d e s ,  l a f o r p a a t i o n - p r o c e s s i n g  t h e o r i e a  have 

1 replaced earlier analyses o f  pr~blen solving.' Gaptaf t  t h s o r i a t s  

fhtlcker, 1945; HerUteher, 1858)1 who fmuamd on u n d e r s t a n d i n g  t h e  

problem at a whole, were unable to prodties v s r f f i r b P s  hypatheses. , 

.wt appilcoble to oaaplax p m b l a .  Both i n t e r n a l  loental processes d 

rrnalyws. 
< L 

- 
Cagai t l o e  p s y c h o 1  ogists b u i l d  t b a o r e t i c a l  aodals sf t h e  

b 

e ~ m ~ p t u 0 1  knauf.-, pmmedures, a& s r m u t i v e  prwessas required ?or 
c - 
solrf ng prrrtf cutsr  problems. To t e s t  whether they are s u f f i c i e n t  

P t a b l u s .  Gr .dWly thaw a4.1~ hawe - to inolude declarative and 
e.* 

- 



procedura l  knowledge specific to  t h e  problem d o k i n .  

D e c l a r a t i v e  knowledge  refers  t o  knowing  t h a . t ,  c o n s i s t i n g  o f  
I 

f a c t s ,  - c o n c e p t s ,  a n d  s e m a n t i c  i n f o r m a t i o n  ( A n d e r s o n ,  1 9 7 6 ) .  

P rocedura l  k n w l e d g e  refers t o  s k i l l s ,  knowing how ( A n d e r s o n ,  1 9 8 0 ) .  - 

The d % ' s t i n c t i o n  b e t w e e n  t h e  two i s  s o m e t i m e s  b l u r r e d .  However ,. 

d e c l a r a t i v e  knowledge  c a n  u s u a l l y  be  e x p r e s s e d  v e r b a l l y ,  w h e r e a s  
C 

p r o c e d u r a l  kpauledge  is f r e q u e n t l y  d i f f i c u l t  t o  d e s c r i b e  v e r b a l i y  aqd 
- 

e- 
must be acqu i r ed  by doing. Each type  of knowledge is though t  t o  h a v e  

i t s  own p r o c e s s i n g  c h a r a c t e r i s t i c s .  Declar .a t ive knswJedge is more ' 

f l e x i b l e  i n  i ts  a p p l i c a t i o n  d  more e a s i l y  m o d i f i e d ,  a 1  t h o u g h  s l h w  4 
* 

a n d  c l u m s y  t o  a p p l y .  d U r a l  knowledge  c a n  be a p p l i e d  more  

q u i c k l y ,  but c a n n o t  e a a i l y  be r e f l e c t e d  upon o r  m o d i f i e d ,  t h o u g h  i t  

c a n  b e  r e p l a c e d .  ( F o r  a d e t a i l e d  d i s c u s s i o n  of d e c l a r a t i v e  and  
%% 

procedura l  knowledge and t h e i r  impl i -S t ions ,  see. Neves a n d  Ande r son ,  
f 

1981 . I  . , 

h s t  t h e o r i e s  o f  t h e  a r c h i t e c t u r e  of  human i n f o r m a t i o n  p r o c e s s i n g  

(e.g., Anderson, 1983) c o n t a i n  s e v e r a l  elem n t a  i n c l u d i * n g  l o n g - t e r m  \ 
memory ( LTn) and working memory o r  shor t - te rm memory Ism). LTn is a 

r e p o s i t o r y  of n e a r l y  p e r m a n e n t  knowledge  t h o u g h t  t o  c o n t a i n  b o t h  

d e c l a r a t i v e  and p m c e d u r a l  knowledge. STM c o n t a i n s  ' t h e  i n f o r m a t i o n  

t h a t  i s  b e i n g  a c t e d  on  i n  a g i v e n  s l i c e  o f  .time and  m a i n t a i n s  a n  

i n t e r n a l  r e p r e s e n t a t i o n  o f  what is g o i n g  on. It h a s  liqlted c a p a c i t y  

( H i l l e r ,  1 9 5 6 )  w h i c h  t h e r e b y  l i m i t s  the s i z e  a a d  c o m p l e x f  t y  o f  

pmblarns  w i t h  which one can deal. 



iTESFF-aam l e a s t  two ways t o  overcome t h e  l i m i t e d  czapacity of  
r' 

STM. F i r s t ,  cauplex knowledge s t r u c t u r e s  can be developed which a l low 

a  s i n g l e  m o d i f i a b l e  schema t o  r e p r e s e n t  a  c o l l e c t i o n  o f  r e l a t e d ,  

o r g a n i z e d  knowledge.  Schemata  have  been v a r i o u s l y  d e f i n e d  a n d  " 
-- - - 

discussed i n  t h e  l i t e r a t u r e  on memory ( B a r t l e t b ,  1932; Norman & Bobrow 
/ 

1975;  Rumelhar t  & Ortony ,  1 9 7 7 ) ,  b u t  c e r t a i n  p r o p e r t i e s  r e m a i n  

constant .  For example, a  schema r e p r e s e n t s  a  p ro to typ iha l  a b s t r a c t i o n  

of a  complex concept,  der,ived from many e x p e r i e n c e s  w i t h  t h e  complex 

c o n c e p t .  A schema can guide  t h e  o rgan iza t ion  of incoming in fo rmat ion  

i n t o  c l u s t e r s  o f  knowledge t h a t  a r e  i n s t a n t i a t i o n s  o f  t h e  schema 

( Thor ndyke & Hayes- Roth, 19'7 9) . I n  add i  t i o n ,  a  schema can s e r v e  a s  a  

r e t r i e v a l  mechanism d u r i n g  r e c a l l  (Mand1.w & J o h n s o n ,  1 9 7 7 ) .  The 

i m g l i c a t i o n  i s  t h a t  an i n d i v i d u a l  with a  d l $ - d e v e l o p e d  schema f o r  a 

p a r t i c u l a r  t y p e  of problem w i l l  be a b l e  t o  u s e  t h a t  s c h e m a  w i t h .  

i n s t a n t i a t i o n s  f o r  p a r t i c u l a r  examples t o  r e p r e s e n t  complex c o g n i t i v e  

p rob lems  i n  l i m i t e d  STH. Then t o  be e f f e c t i v e ,  p r o b l e m - s o l v i n g  

i n s t r u c t i o n  should i n c l u d e  development of problem schemata. 

Second,  p r o c e d u r a l  k n o w l e d g e ,  c o n s i s t i n g  o f  a  series of  
w 

c o n d i t i o n - a c t i a n  s t a t e m e n t s  a b o u t  how t o  p e r f o r m  under p a r t i c u l a r ,  

cond i t ions ,  can be canpi led .?  This means t h a t  a series o f  p r e v i o u s l y  
-- 

un in tegra ted  p roduc t i  ons whi ch fo l low one ano the r  i n  s o l v i n g  a problem 

are i n t e g r a t e d  i n t o  a s i n g l e  p ~ o d u c t i o n  t h a t  h a s  t h e  effect o f  t h e  

s e r i e s .  P r o c e s s i n g  is f a s t  and automatic,  thereby, reducing t h e  load 

on worMng -ry. P rocedura l  l e a r n i n g  o c c u r s  o n l y  i n  e x e c u t ' i n g  a  



- 
s k i l l  (Anderson, 1983, p. 215 ) .  The i m p l i c a t i o n  is t h a t  an  i n d i v i d u a l  

who' h a s  e x e c u t e d  a s e r i e s  o f  p r o b l e m - a p p r o p r i \ a  t e  p r o d u c t i o n s  

r e p e a t e d l y  w i l l  be better a t  s o l v i n g  t h a t  par  c u l a r  type  of  problem. A 

P Hence, t o  be e f f e c t i v e ,  p roblem s o l v i n g e i n s t  u c t i o n  s h o u l d  p romote  

development of a u t o m a t i c  compiled procedures .  
I 

, . 

a i c  Problem S w  Re- 

An i n f o r m a t i o n - p r o c e s s i n g  a n a l y s i s  a s k s  "What  c o g n i t i v e  

o p e r a t i o n s  and knowledge a r e  n e c e s s a r y  t o  s o l v e  t h i s  a l g e b r a i c  word 

p r ~ b l e m ? ~  A t t e m p t s  t o  answer t h i s  q u e s t i o n  i n  t h e  p a s t  20 y e a r s  have 

produced a  model of mathematical  and s c i e n t i f i c  p r o b l e m  s o l . v i n g  w i t h  

two m a j o r  p a r t s  : p r o b l e m  r e p r e s e n t a t i o n ,  c o n v e r t i n g  a  problem from 

w o r d s  i n t o  a n  i n t e r n a l  r e p r e s e n t a t i o n ;  and proble i i i i so lu t ion ,  a p p l y i n g  

t h e  l ega l  o p e r a t o r s  df  mathematics  t o  t h e  i n t e r n a l  r e p r e s e n t a t i o n  t o  

a r r i v e  a t -a  f i n a l  answer ( L a r k i n ,  McDermott ,  S i m o n ,  & Simon,  1 9 8 0 ;  
'3 

Mayer, 1 985 ; Reif & Heller, 1 982) . 
/ 

, 
' 3  - 

Problem r e p r e s e n t a t i o n  can be broken down i n t o  t h e  t r a n s l a t i o n  of  
- 

each p r o p o s i t i o n  i n  t h e  problem fo l lowed by t h e  i n t e g r a t i o n  of  t h e s e  

P r o p o s i t i o n s  i n t o  a r e c o g n i z a b l e  whole (Mayer, 1985) .  T h i s  s e c t i o n  

r ev i ews  tpe r e i e a r f h  shov ing  t h e  impor tance  o f  problem r e p r e s e n t a t i o n :  
d 

It f o c u s s e s  o n  t h e  r o l e  wh ich  s c h e m a t a  p l a y  i n  t h e  c o n a t ~ u c t i o n  of,  

r e p r e s e n t a t i o n s ,  and raises q u e s t i o n s  a b o u t  c u r r e n t  c o n c e p t i o n 8  of 
* 

a .  
< 

r'* 



schemata i n  t h e  l i t e r a t u r e  on a l g e b r a i c  problem solving.  - - I 

~ v f d e h c e ,  t o  s u p p o r t  t h e  S u f f i c i e n c y  . o f  t r a n s l a t i o n  a n d  

i n t e g r a t i o n  as; d e s c r i p t i o n  of r e p r e s e n t a t i o n  was sought  by Hayes and 

C o  
7 

Simon ( 1 9 4 )  s i n g  a puzzle c a l l e d  The Tea Ceremony. They d e s i g n e d  a 
v 

computer  program that c a r r i e d  ou t  t r a n s l a t i o n ,  t h a t  is, s y n t a c t i c  and 

semantic a n a l y s i s  of  problem text. T h i s  was i n t e g r a t e d  by a second  

program i n t o '  a form on which General Problem Solver  could carry out  
J - 

problem s o l u t i o n .  The a u t h o r s  c o n c l u d e d  t h a t  t h e  program c a l l e d  

UNDERSTAND simula ted  some of the processes  of huma&derstanding f o r  

t h i s  problem. Because The Tea Ceremony is a knowledge- lean  problem,  
7 ' r  

i t  c o u l d  n o t  be assumed t h a t  these fgndings a p p l i e d  t o  problems i n  a 

highly-s t ruc tured  knowledge domain l i k e  a lgebra  ( G l a s e r ,  1984). 

H a y e s ,  Waterman a ~ d  R o b i n s o n  ( 1 9 7 7 )  h y p o t h e s i z e d  a t h i r d  

subprocess necessary  f o r  d e s c r i b i n g  t h e  way people r e p r e s e n t  

word problems.  S e l e c t i v e  a l p t e n t i o n  would'occur between t 
b) 

and i n t e g r a t i o n ,  enab l ing  a p e r s o n  t o  make d e c i s i o n s  a b o u t  wha t  i s .  

r e l e v a n t .  A compuker program ATTEND was compared to  human protocols .  
- . . 

ATTEND de tec ted  problem. elements and tagged a s  r e l e v a n t  t h e  e l e m e n t s  

r e f e r r e d  t o  most o f t e n  i n  t h e  problem. - 4- 

This model a c c o u n t e d  f o r  d a t a  when a l g e b r a  p rob lems  were n o t '  

r e c o g n i z e d  a s  familiar. However, when s u b j e c t s  were ,asked t o  read  a 

canplex problem twice,  they ohanged t h e i r  Judgments of  r e l e v a n c e  from 

t h e  f i rs t  t o  t h e  second  r e a d i n g .  The problem con ta ihsd  in fo rmat ion  

about space,  weight, and f l i g h t  w i t h  and a g a i n s t  a wind. On f irst  
/ .  



- \  
- 

. . 17. . l a w  
I 

1 

r ead ing ,  s u b j e c t s  judged n e a r l y  every  p r o p o s i t i b n  o f  t h e  problem which 

con ta ined  'a number t o  be r e l e v a n t .  On second r ead ing ,  they  judged  a s  
e - ~ m p b r t a n t '  o n l y  t h o s e  p r o p o s i t i o n s  c o n c e r n e d  wSth f l y i n g  w i t h  and 

a g a i n s t  a wind. This f i n d i n g  was n o t  c o n s i s t e n t  w i t h  ATTEND, a t h e r e  
- - 

a w e  fewer eLemen t s  conceFned  w i t h  f l y i n g  wi th  and . a g a i n s t  the wind - 
w 

t h a n  e lements  concerned w i t h  weight  and space.  Psycho log i s t s  bagan t o  

4- e v o k e  knowledge ' s t r u c t u r e s  I n  t h e  form of schemata $0 e x p l a i n  how t:ie 

t r a n s l a s e d  p r o p o s i t i o n s  were combined i n t o  a cohe ren t  r ep re sen ta t ion . . "  
: 

R o F i n s o n  and  Hayes ( 1 9 7 8 )  c o n f i r m e d  t h a t  f i n d i n g s  a b o u t  how 

people worked on  ,tJe wind problem d i d  no t  conform t o    re dictions made 
. - 

by  ATTEND. They a r g u e d  , t h a t  s u b j e c t s  i d e n t k f ' l q l  i t  as  a ' r i v e r  
\ * % 

c u r r e n t v  t y p e  of p r  b lem f o r  wh ich  t h e y  had a  s c h e m a ,  a n d  t h e n  t r 

na r rowed  t h e i r  a t t e n t i o n  t o  a  few a s p e c t s  of  t h e  problem s p e c i f i e d  by I 

t h e  schema. The a u t h o r s  abknowledged, however, t h a t  i t  was imposs ib l e  3 
t o  d i s c e r n  w h e t h e r  t h e  s u b j - e c t s  a s t u a l l y  recognized  i t  as a  problem 

about  speed o r  as a r i v e r  c u r r e n t  problem " w e  t h e  a ~ e e d  senments 

are c o n f u ~ e d  U t h  t&e r e l e u  r c u r r e n t l  sepmentsn (Robinson & Hayes, 

1978, p: 200, em 

& The c m f o u n d i n g  t h a t  Robinson and Hayes poin ted  o u t  h a s  p e r s i s t e d  

i n t o  t h e  1980's.  h e r e  a r e  two major systems f o r  c l a s s i f l i n g  a l g e b r a  

word p r o b l e m s :  by t h e  fo rm o f  t h e  u n d e r l y i n g  e q u a t i o n s  and by t h e  

g e n e r a l  fonn o  s t o r y  l i n e  ( K r u t e t s k i i ,  1976;  Mayer ,  . I 9 8 1  1. The 
% 

form o f  the unde r ly ing  e q u a t i o n  i s  based on t h e  mathm.a t ica1  r e l a t i o n s  

p r e s e n t  i n  t h e  problem and refers  t o  t h e  s t r u c t u r e  o f  t h e  s o l u t i o n  



- 
e q u a t i o n .  For example,  t h e  s t a n d a r d  s o l u t i o n - f o r  a problem may 

b 

-- 
r e q u i r e  the  s o l u t l o n  of two equa t ions  i n  two- unl-nownb (simul'ta*'eous 

l i n e a r  .equations). Ibe form of )thb s t o r y  l i n e  r2ers  60 corkex tua l  o r  

s u r f a c e j e  tai ls  such a s  mention o f  r i v e r  c u r r e n t  , money o r  age .  F o r  

many p r o b l e m s  i n  t h e  a i g e b r a  c u r r i c u l a ,  t h e r e  is no n e c e s s a r y  

connection between t h e  problem s t r u c t u r e  and t h e  s u r f a c e  s t r u c t u r e .  
b 

A g p  can be a s s o c i a t e d  wi th  s i m u l t a n e o u ~  Q n e a r  equa t ions  o r  p ropor t ion  

problems. 

I n  some c a s e s ,  where the equat ion  t o  s o l v e  a problem is der ived '% 

from a formula s u c h  a; d i s t d n c e  = r a t e  time, &s d i f f i c u l t  t o  

s e p a r a t e  t h e  problem s t r u c t u r e  from the ,surf ace  s t r u c t u r e .  However, 

e v e n  i n  t h e s e  c a s e s  t h e r e  a r e  g e v e r a l  s t o r y  l i n e s  w h i c h  c a n  b e  
I 

a s s o c i a t e d  w i t h  t h e  same problem s t r u c t u r e .  For example, i n t e r e s t  = 
s 

p r i n c G a 1  r a t s  time and d i s c o u n t  = r e g u l a r  p r i c e  p e r h e n t  
2 

r e d u c t i o n  a r e  b o t h  r a t e  problems.  d pe.rson who would n o t  s o r t  

s tandard  algebca p r o b l e m  i n t o  groups of d i s t a n c e - r a t c t i m e ,  i n t e r e s t ,  

and d i s c o u n t  p rob lems  b u t  p u t  them i n t o  one ca tegory  of genera l i zed  

r a t e  problems 'Fuould have organized h i s  o r  h e r  algebra-problem so lv ing  
( 

exper ience  i n  a very powerful mannern ( S i l v e r ,  1985, p. 18) .  

Many of the  i n v e s t i g a t i o n s  which provide t h e  s t r o n g e s t  a r g u m e n t s  

- f o r  i ~ s t r u c t i o n  t o  develop problem schemata confound the mathematical 

s t h c t u r e  and the  s t o r y -  l i n e  i n  t h e  same way as  Robinson and Hayes 
- 

( 1 97 8 )  , I n  a 8 8 r i e s  of much-quoted s t u d i e s ,  Hinsley,  Hayes and Simon 

1?9?7) shared that s t u d e n t s  passessed.schemata f o r  familiar t y p e s  o f  



a l g e b r a  word p r o b l e m s ,  ? n d < h %  some l i g h t  on  t h e  n a t u r e  of t h e s e  
, 

schemata and t h e i r  source .  They r e p o r t e d  t h a t  ' t h e i r  s a m p l e  o f  h i g h  

s c h o o l  and c o l l e g e  s t u d e n t s  s o r t e d  76 problems from 16 c h a p t e r s  o f  an 

' a l g e b r a  t e x t  i n t o  16 t o  1 8  h i g h l y  s t a n d a r d i z e d  c a t e g o r i e s  s u c h  a s  

m i x t u r e  p r o b l e m s  and d i s t a n c e - r a t e - t i m e  problems'. Furthermore, -- 

when they  were read problems broken i n t o  segments ,  h a l f  t h e  s u b j e c t s  

/ c a t e g o r i z e d  t h e  p r o b l e m s  a f t e r  h e a r i n g  l ess  t.han .one-fif$h of  hie 

t ex t .  Fgr example, . after h e a r i n g  t h e  t h r e e  words "A r i v e r  steamer ", 
C i 

o n e  s u b j e c t  s a i d ,  "You a re  g o i n g  t o  compare  times u p s t r e a m  and 

downstream - on i f  t h e  time is c o n s t a n t ,  i t  w i l l  be t h e  d i s t a n c e .  " I n  

J h e  f i r s t  t w o  e x p e r i m e n t s ,  t h e  r o l e  o f  s u r f a c e  s t r u c t u r e  and 

mathematical  s t r u c t u r e  could  no t  be d i s t i n g u i s h e d  b e c a u s e  t h e y  were  

always combined i n  t h e  same ways. . - 
I n  t h e  t h i r d  e x p e r i m e n t  p r o t o c o l ' s  w e r e  r e c o r d e d  w h i l e  two 

g r a d u a t e  s t u d e n t s  so lved  n i n e  problems a l o u d .  The s t a n d a r d  p rob lem 

t y p e s  i n c l u d e d  r i v e r  c u r r e n t  ' ,  a g e f ,  and  ' w o r k f  p r o b l e m s  w i t h  

c h a r a c t e r k s t i c  m a t c h i n g  o f  c o v e r  s t o r y  t o  t h e  u n d e r l y i n g  p rob lem 

s t r u c t u r e .  S i x  p r o b l e m s  w e r e  n o n s t a n d a r d  w i t h  a mismatch of cover  

s t o r y  and a l g e b r a i c  s t r u c t u r e .  The s t a n d a r d  p r o b l e m s  were s o l v e d  a s  

b e f o r e .  S i g n i f i c a n t l y ,  t h e  n b n s t a n d a r d  p r o b l e m s  were so lved  i n  a 

l ine -by - l ine  f a s h i o n ,  w i t h o u t  t h e  u s e  o f  s c h e m a t a  as  d e s c r i b e d  i n  

. e a r l i e r  m o d e l s  f Bobrou,  1968 ;  Hayes & Simon, 1 F 4 ) .  Hinsley e t  al.  

( 1  977) sugges ted  t h a t  t r a n s l a t i o n - o n l y  m i g h t  be t h e  d e f a u l t  o p t i o n  

when t h e  p rob lem is n o t  s u c c e s s f u l l y  matched t o  one of the scheunata 



- . 
- p o s s e s s e d  by t h e  s u b j e c t .  The i p p i i c a t i b n  i s  t h a t  t h e  s u b j e c t s 1  

& .- I 

s c h e m a t a  were b a s e d  on s u r f a c e  C e a t u r e s  i n s t e a d  o f  t h e  p r o b l e m  
6 Y \a 0 

K .  

s t r u c t u r e .  O t h e r w h e ,  s u b j e c t s  would have been able t o  overlook t h e  . 

u n u s u a l  s u r f a c e  f e a t u r e s  and b e  g u i d e d  by t h e  f a m i l i a r  p r o b l e m  

5 3  s t r u c t u r e .  The au thors  concluded t h a t  f o r  f a m i l i a r  problems s t u d e n t s  
/ 

do have schemata which, guise t h e i r  processing. c l o s e  match  

", 
between t h e  16 c h a q t e r s  of t h e  most w i d e l y A e d  high school  algebra 

1 
d 

M 

t e x t  (Dofcfani, Beman & Wooton, 7 973)  and t h e  16 t o  f 8 c a t e g o r i e s  * 

b 

g e n e r a t e d  by tfie s u b j e c t s ,  it appears  t h a t  i n s t r u c t i o n  is a source  of . 
+ .  C 5 

t hese  s t o r y - l i n e  b a s F  schemata. 

Mayer ( 1981 ) se t o d t  t o  c l a s s i f y  a l g e b r a  s t o r y  problems i n t o  ? 
%B 

' t y p e s  and d e t e r m i n e  t h e  f r e q u e n c y  f o r - e a c h  p r o b l e m  t y p e .  The - 
.' i 

s t r u c t u r e  of  h i s  c l a s s i f f c a t i o n  sys tem is  i l l u s t i a t e d  i n  F igure  1. 
* .  

Algebra problems a r e  d i v i d e d  i n t o  two f o r m a t s :  s t o r y  p rob lems  and 

n o n - s t o r y  problems.  Only s_tory problems are considered.  These we 

divided i n t o  e i g h t  f a m i l i e s ,  o rb  fami ly  o f  non-formula  pr-oblems and . 
4 

s e v e n  f a m i l i e s  o f  f o r m u l a  problems.  From t h i s  p o i n t  on ,  Mayer 

eemsictm~ pr imar i ly  qrd problems whose matmatical s t r u c t u r e  and 
&+ 1 

* 

e q u a t i o n  a r e  based known formula. Thjs makes ' the system a k i n  t o  / *  

- ~ r * b l &  s o l k i n g ,  i n  . <  p h y s i c s  i s  br inc ip le -d r iven  .$nd thr s u b j e c t  

a n i z e d  and t a u g h t  a c c o r d i n g  r r  t o  p r i n c i p r e s  a n d  t h e  
i 

f o r m u l a e  ' t h a t ,  f l 6 w  Qwm than (Reif & Hell&-, 1982). Mathematics, o n -  & .  b 

8 o t h e r  hgpd i a  o r g a n i z e d  a c c o r d i n g  t o  m b t h o d s  o f  s o l u t i o n  
.& 

C 

0 9 ' 
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d 

( S c h o e n f e l d  & Hermann, 19827. An e x t r a p o l a t i o n  cf t h i s  o r g a n i z a t i o n  

Aould*imply t h a t  a lgebra  courses  should be o rgan ized  s o  t h a t  problcim 

s o l v i n g  is  t a u g h t  a c c o r d i n g  t o  t h e  problem s t r u c t u r e  i n s t e a d  of t h e  

s t o r y  l i n e .  However, af tar d i s r e g a r d i n g  non-formula p rob lems ,  Mayer 

d i v i d e s  

A templa 

each family  i n t o  c a t e g o r i e s  and each ca tegory  i n t o  templates.  - I 

t e  refers t o  a specific proposi t ional  s t r u c t u r e  i n  combination 

w i t h  a p a r t i c u l a r  s t o r y  l i n e .  k y e r  ( 1 9 8 1 )  a r g u e s  t h a t  t h e  
* 

// propas i  t i o n a l  s t r u c t u r e  ( o r  matheruqtical s t r u c t u r e  ) and t h e  s u r f a c e  

s t r u c t u r e  are not  mutually e x c l u s i v e  systems, f o r  " in  gperal c e r t a i n  

m a j o r  c a t e g o r i e g - -  o f  p r o b l e m s  ( b a s e d  o n  s t o r y  l i n e )  i n v o l v e  

c h a r a c t e r i s t i c  u n d e r l y i n g  e q u a t i o n s n  (p.  1 3 6 ) .  T h i s ,  = a s  I h a v e  

argued, is more t r u e  f o r  a t h e  formula problems which Mayer~ e m p h a s i z e s .  
d 

I n  t h e  n o n - f o r m u l a  p r o b l e m s ,  m a t h e m a t i c a l  s t r u c t u r e  ( s u c h  as 
1 .  

propor t ion  o r  l i n e a r  eqt iat ions)  can be a s s o c i a t e d  wi th  a wide  v a r i e t y  . 
of s t o r y  l i n e s  (such as age, money o r  d i s t a n c e ) .  

Jc ia 

* <  

He a l s o  c l a i m s  t h a t  i t  w i l l  b e  necessary t o  t e a c h  s t u d e n t s  t o  - 
s e n e r a l i z e  i r a  templa tes  t o  problem isomorphs i n  t h e  taxonomy, i. e., - . 

, c -  

p r o o l m s  i n  which the d u t i o n  pa.$hs- map directly-w a n o t h e r  i n  

, ern-t+dna f a a h i o n  t ~ i m o n  & Raged, 1976). H q e v e r ,  i t  m i g h t  be  more 

e f f e c t i v e  and parsimonious t o  teach a t  the l e v e l  of i somorphsj ina tead 

of t m p l a t e s .  A s  Silver ( I 9 8 9  asserts, schemata f o r  i s u n o r p h s  o u g h t  
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L 

t o  be  a power fu l  o r g a n i z a t i o n  o f  problem knowledg (p. 18).  Mayer '5, 
a l s o  recommends i n v e s t i g a t i o n s  t o  d e  t e m i n e  how l e a r n e r s  make 

judgments  a b o u t  problem t y p e s ,  and how such schematic knowledge is 

acquired .  I 

It a p p e a r s  t h a t  judgments  a b o u t  problem types are made on t h e  

b a s i s  of schemata. I n  an i n v e s t i g a t i o n  o f  memory f o r  a l g e b r a  s t o r y  

p r o b l e - m s  ~ a y e r  ( 1 9 8 2 )  f o u n d  t h a t  r e c a l l  was b e t t e r  f o r  
'=% 

schema-relevant than schema- i r re levant  i n f o r m a t i o n  i n  problems.  He 
4 

L 

a l s o  f o u n d  t h a t  memory was b e t t e r  f o r  common prob lems  t h a n  f o r  

uncommon prob lems  ( b a s e d  on f r e q u e n c y  c o u n t s  i n  M a y e r ,  1 9 8 1 ) .  
/ 

L e a r n e r s  a l s o  t e n d e d  t o  change uncommon problem t y p e s  i n t o  common 
4 

q r o b l e m  types. 

a Mayer a l s o  foundP t h a t  t h e  mathematical s t r u c t u r e  a s  determined by 

t h e  p r o p o s i t i o n s  i n  t h e  problem e x e r t e d  a n  i n f l u e n c *  on  memory? 

, ~ p e c i f i c & l y ,  problems t h a t  contained r e l a t i o n a l  s t a t ements  express ing  

t h e  r e l a t i o n s h i p s  between v a r i a b l e s  ( R J o h n  h a s  $18 more t h a n  Mikem)  

' were h a r d  t o  remembyr. This  l a t t e r  f i n d i n g  s u b s t a n t i a t e s  t h e  r e s u l t s  

of a n  i n v e s t i g a t i o n  by Lof t u s  and Suppes ( 1 972) i n  which t h e y  1 o c a  t e d  

s t r u c t u r a l  v a r i a b l e s  t h a t  a f f e c t e d  d i f f i c u l t y  of s t o r y  problems ' f o r  

s i x t h  g r a d e r s .  The h a r d e s t  p r o b l e m  i n  t h e i r  s e t  w a s  o n e  that* 

c o n t a i n e d  a r e l a t i o n a l  p r o p o s i t i o n  Wary is twice as o ld  as Bet ty  waS 

2 y e a r s  ago. Mar$ is 40 y e a r s  old.  How o ld  is Betty?" These d i n d i n g a  

are b o l s t e r e d  by t h e  outcome o f  i n v e s t i g a t i o n s  wi th  primary school  - 
c h i l d r e n  (Riley,  Greeno, & Heller, 1983)  and w i t h  college s t u d e n t s  . ._ 2 
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* 7 
\ 

( Clement ,  Lochhead,  d Honk, 1981 1. It appears  t h a t  t h e  mathematical 
e 

C 

s t r u c t u r e  of a l g e b r a  p rob lems  e x e r t s  a  p e r v a s i v e  i n f l u e n c e  o n  

s t u d e n t s '  s c h e m a t a  and problem r e p r e s e n t a t i o n ,  a l t h o u g h  t e x t s  are - 

organized (Dolciaki e t  al. , 1973) %and problems f r e q u e n t l y  c a t e g o r i z e d  

by r e s e a r c h e r s  ( H i n s l e y  e t  a l . ,  1977;  Mayer, 1981)  according t o  a  
3 

canbinat ion  of mathematical s t r u c t u r e  and s u r f a c e  s t r u c t u r e .  
I 

A s  migh t  be e x p e c t e d ,  r e s e a r c h  shows t h a t  i n s t r u c t i o n  p lays  a 

r o l e  $n  s c h e m a t a  f o r m a t i o n .  I n  a s e r i e s  s t u d i e s  emp1,oyfng 

n o n - f o r m u l a  p r o b l e m s ,  S i l v e r  ( 1 9 7 7 ,  1981)  found  a s i g n i f i c a n t  

c o r r e l a t i o n  between a s t u d e n t f  s tendency t o  s o r t  a set of p rob lems  by 

s t r u c t u r a l  s i m i l a r i t y  and t h e  s t u d e n t  s a b i l i t y  t o  s o l v e  t h o s e  

problems. K r u t e t s k i i  ( 1 9'761, a Russian p s y c h o l o g i s t  and m a t h e m a t i c s  

e d u c a t o r ,  has found t h a t  h ighly  capable  s t u d e n t s  are able t o  ~ w c e i p e  

accur) te ly  t h e  mathematical s t r u c t u r e  'of a problem and t o  g e n e r a l i z e  
@ 

r a p i d l y  t o  a  c l a s s  of  s t r u c t u r a l l y  r e l a t e d  problems. 
4 

While t h e s e  s t u d i e s  p r o v i d e  i n d i r e c t  s u p p o r t  f o r  t h e  r o l e  of  

i n s t r u c t i o n ,  S c h o e n f e l d  and Herrmantl ( 1982)  e x p l o r e d  d i r e c t i f  t h e  

r e l a t i o n s h i p  between problem percep t ion  ( j u d p e n t s  of s i m i l a r i t y )  a n d )  
* 

p r o f i c i e n c y .  C o l l e g e  s t u d e n t s f  p e r c e p t i o n s  o f  s t r u c t u r e  o f  

mathematical problems were examined b e f o r e  and a f t e r  a month-long 
- 

i n t e n s i v e  course  on mathematical problem s o l v i n g  which emphasized t h e  

methods  used  t o  a o l v e  a v a r i e t p  o f  p r o b l e m s .  T h e s e  s t u d e n t s t  

p e r c e p t i o n s  were compared 

az ra l l s f s  of the s o r t i n g  d a t a  

\ 

w i t h  e x p e r t s  '. H i e r a r c h i c a l  c l u s t e r i n g  

shawed t h a t  b e f o r e  t h e  c o u r s e  s t u d e n t s  



& 
I 

made judgments about  problems on t h e  b a s i s  of  s u r f a c e  s t r u c t u r e ,  words 

o r  o b j e c t s  d e s c r i b e d  i n  t h e  problem. After t h e  c o u r s e  s t u d e n t s  ' 

p e r c e i v e d  problem s i m i l a r i t y  more l i k e  t h e  exper t s ,  on t h e  basis ,  of 

t h e  m a t h e m a t i q a l  s t r u c t u r e .  A c o n t r o l  g r o u p  s i m i l a r  , i n  a g e  a n d  
\ 

\ background t o  t h e  s t u d e n t s  d i d  n o t  change from c a t e g o r i z i n g  by s u r f a d e  -- 

s t r u c t u r e  t o  m a t h e m a t i c a l  s t r u c t u r e .  T h e s e  d a t a  s u g g e s t -  t h a t  - 

, i n s t r u c t i o n  i n f l u e n c e s  t h e  problem schemata i n d i v i d u a l s  subsequently ' 

br ing  t o  problem represen ta t ion .  If e x p e r t s  i n  ma thema t i c s  s o r t  by 

p r o b l e m  s t r u c t u r e  ( S c h o e n f e l d  & Herrmann, 1982)  l i k e  e x p e r t s  i n  

physics  ' ( c h i ,  Fe l tov ich ,  & Glase r ,  1981), then maybe a l g e b r a  problem-'  
0 . .  

s o l v i n g  i n s t r u c t i o n  should i n c l u d e  i n s t r u c t i o n  i n  developing powerful 

schemata ( S i l v e r ,  1985) based on t h e  m a t h e m a t i c a l  
a 

pr,oblem i n s t e a d  o f  a combination of mathematical and 

(Mayer, 1981). To unravel  t h e  e f f e c t s  of ma themat ica l  s t  u c t u r e  and 
-z t 

s u r f a c e  s t r u c t u r e  ii t h e  f o r m a t i o n  o f  problem schemata, i t  w i l l  be  

necessary t o  s e p a r a t e  the  two and s tudy t h e i r  i n f l u e n c e  when' t h e y  are  
F. 

no t  confounded . 
4 

I n  summary, i t  a p p e a r s  t h a t  t o  r e p r e s e n t  a l g e b r a  word problems, 

i n d i v i d u a l s  must t r a n s l a t e  each p ropos i t ion  and t h e n .  i n t e g r a t e  these 
d 

i n t o  a u n i f i e d  whole  which s p e c i f i e s  the mathematical r e l a t i o n s h i p s  
+ 

0 

among t h e  p ropos i t ions .  Such t r a n s l a t i o n  and i n t e g r a t i o n  appear t o  be 

guided by problem schemata whose major r e l e v a n t  f e a t u r e s  f o r  

s h w  t h e  , p r o t o t y p i c a l  mathematical  f e a t u r e s  of  the  problem. 

i n s t r u c t i o n  i n  a l g e b r a  problem s o l v i n g  would be expected 

t h i s  tank 
b, 

e f f e c t i v e -  - 
t 



the ~ c o n d  at$ or p b s s s  of p ~ o b l m  pawblast s o l u t i o n .  

%la refurs to a p p l y i n g  the legal smthtmatics t o  t h e  

rl&aia . p w t l o n a ,  s t u d e n t s  ;tist 6a ar- of t h e  purpose for  which - 

t h e  procadurea w e  w a d ,  to Ci@ the value of the wknovn(s) atxi then 

solver nuat tramform r given string of symbol3 (suoh as X + 'X c 3 = 

sol*ing on oaer a ide  by itself', and .no occurrence bf the udmown on the 

otbar SfQa o f  the  equation. To aofva an equat ion ,  two kinds of 
j .  

To t b  a b e t  thrt thsae p ~ s s u s  can be oarrisd out  autoptatieallg, 

wlthoul nerd fo r  d f r e c t  rtt_sntfua, more space tawems &va;?iabfs i n  



working memory f o r  processes  t h a t  do r e q u i r e  a t t e n t i o n ,  Computational 

a lgor i thms f o r  s i n g l e -  and m u l t i - d i g i t  numbers c a n  be  done  w i t h  a  

p o c k e t  c a l c u l a t o r  i f  they have not  become automatic. However, it is 

Y e s s e n t i a l  for p r o b l k  s o l v e r s  t o  a c q u i r e  automaticity--of t<e a l g e b r a i c  

o p e r a t o r s  n e c e s s a r y  t o  s o l v e  e q u a t i o n s  f o r  which t h e r e  i s  no 

c a l c u l a t o r .  The d a t a  on a l g o r i t h m  a u t o m a t i c i t y  w i t h  c a l c u l a t o r s  

(~u j -dam, '  1 982 ; Yhea t l e y ,  1 980 a r e  a n a l o g o u s  t o  " t h o s e  i n  r e a d i n g  

r e s e a r c h  w ere a u t o m a t i c i t y  o f  word r e c o g n i t i o n  s k i l l s  h a s  b e e n  9 
- a s s o c i a t e d  w i t h  h i g h e r  l e v e l s  o f  r e a d i n g  comprehension ( ~ a B e r g e  & 

Samuels, 1974; P e r f e t t P -  & Hogaboam, 1975). 

S e c o n d ,  t h e  s o l v e r  m u s t  khow-how t o  choose  an  a p p r o p r i a t e  

a l g o r i t h m  o r  o p e r a t o r  a t  a  g i v e n  J u n c t u r e  ( L e w i s f  1 9 8 1 ) .  The 

k n o w l e d g e  needed t o  make t h i s  s e l e c t i o n  c a n  be c a l l e d  s t r a t e g i c  

knowledge. mlem s o l u t i o n  s t r a t e g i e s  fo r  a lgebra  word problem8 a r e  

r a r e l y  t a u g h t  e x p l i c i t l y  t o  l e a r n e r s .  For example, Simon ( 1980) has  

obse rved  t h a t ,  s t u d e n t s  a r e  d r i l l e d  on how t o  c a r r y  o u t  a l g e b r a i c  
-'. 

* o p e r a t i o n s ,  s u c h  a s  how t o  add t h e  same q u a n t i t y  t o  both s i d e s  of  an 
i 

equat ion ,  but a r e  r a r e l y  t a u g h t  when t o  c a r r y  o u t  t h e  o p e r a t i o n s .  

Algorithms are taught while  s t r a t e g i e s  are overlooked. 

B l o a  and Broder (1950) found  t h a t  t o  e n a b l e  r e m e d i a l  c o l l e g e  

' J  

s t u d e n t s  t o  u s e  a p p r o p r i a t e  s o l u t i o n  s t r a t e g i e s  on comprehensive  

examinations,  i t  was necessary t o  provide models of  s t r a t e g i c  pro-blem 

s o l u t i o n .  S tuden t s  who use s t r a t e g i e s  modelled by t h i n k i n g  
4 

( aloud. Ihe remedial  s t u d e n t s  were asked t o  list a l l  t h e  d i f f e r e n c e s  



between a t r a n s c r i p t  o f  t h e i r  own s t r a t e g y  and t h a t  of t h ~  model. 

Remedial p a r t i c i p a n t s  improved t h e i r  s c o r e s  and expressed - h i g h  l e v e l s  

o f  c o n f i d e n c e  and op t imism a b o u t  t h e i r  - s t r a t e g i e s .  These f i n d i n g s  . - -- 

s u g g e s t  t h a t  s t r q t e g i c  b e h a v i o u r  w i t h i n  problem s o l u t i o n  may b e  
v 

amenab le  t o  d i r e c t  i n s t r u c t i o n  when c l e a r  demonstrat ion ,and feedback 

a r e  incorpora ted  wi th  e n o u a  p r a c t i c e .  1 
C 

Problem s o l u t i o n  is made up of  s t r a t e g y  a p p l i c a t i o n  and a lgor i thm 

a u t o m a t i c i t y .  It i s  h y p o t h e s i z e d  t h a t  e f f i c i e n t  i n s t r u c t i o n  i n  

a l g e b r a  problem s o l v i n g  would e n t a i  1 s u f  f i c i e n t  model l ing ,  'guided 

p r a c t i c e ,  and feedback t o  make t h e  a p p l i c a t i o n  of procedura l  knowledge 

both s t r a t e g i c  and automatic. 
- 

- C 

- I-S_n_ summary,  i n f  o r m a t i o n - p r o c e s s i n g  ana1yse .s  s u g g e s t  t h a t  

algebraic problem s o l v i n g  is composed of  r e p r b s e n t a t i o n  and s o l u t i o n .  

Host conf i rmat ion  f o r  these two phases has  come from the comparison of  

ccmputer programs wi th  p r o t o c o l s  o f  c o m p e t e n t  s o l v e r s .  The seaond  

a p p r o a c h  f o r  s u p p o r t i n g  m o d e l s  o f  c o g n i t i o n  i n v o l v e s  i n d u c i n g  . 

hypothesized k n o w l e d g s s t r u c t u r e s  and c o g n i t i v e  p rocess ing  i n  s u b j b c t s  

and a s s e s s i n g  t h e  s u f f i c i e n c y  of t h e  s t r u c t u r e s  and processing.  Th'is 

approach h a s  been  used s y s t e m a t i c a l l y  by Reif and h i s  c o l l e a g u e s  

(Heller b Reif, 19811; Reif & Heller, 1982) i n  t h e  s tudy  of  p r o b l h  
7 - 

serving i n  physics.  

f o r  Pro- 

E f f e c t i v e  problem s o l v i n g  i n  complex domains  d e p e n d s  o n  t h e  

* 



c o n t e n t  a n d  s t r u c t u r e  of t h e  knowledge abou t  t h e  p a r t i c u l a r  domain ' - 
- 

(Glaser, 1984; Hutchlnson,  1 9 8 5 ) .  S t u d i e s  i n  m a t h e m a t i c s  ( G r e e n o ,  
- 

19781 ,  e n g i n e e r i n g  the rmodynamics  ( B h a s k a r  h Simon, 1977) ,  phys i c s -  . 

(Chi e t  al . ,  1981; La rk in  e t  a l . ,  19801, and s o c i a l  s t u d i e s  ( V o s s  e t  

a l .  , 1983)  h a v e  shown t h a t  t h e  knowledge  s t r u c t u r e s  a n d  *problem- 

s o l v i n g  procedures  of k x p e r t s  and novices  d i f f e r  i n  s i g n i f i c a n t  ways. 
-- 

Al.$hough s t u d i e s  c o n t r a s t i n g  e x p e r t s  and  novices  hav'e y i e l d e d  

i n s i g h t s  about  problem s o l v i n g ,  they  are o f  l i m i t e d  v a l u e  i n  d e s i g n i n g  
d 

i n s t r u c t i o n .  The performance* o f  e x p e r t s  is n o t  a n  opt imal  example f o r  

n o v i c e s .  R a t h e r  than '  e m u l a t e  t h e  au tomat&,  a l m o s t  u n c o n s c i o u s  B 

p r o c e s s i n g  of  e x p e r t s ,  s t u d e n t s  mus t  be t a u g h t  t o  %cquire  e x p l i c i t  

schemata and use  e x p l i c i t  procedures .  The t a s k  o f  t h e  i n s t r u c t i o n a l  

d e s i g n e r  i s  t o  p r e s c r i b e  a t h e o r e t i c a l  model of good performance by 

t a s k  a n a l y s i s ,  r a t h e r  than &swm what  e x p e r t s  d o  ( R e i f  & Reller,  

1982). The c r i t e r i o n  o f  v a l i d i t y  of such a  p r e s c r i p t i v e  model is t h a t  

i t  l e a d  t o  p r e d i c t a b l y .  e f f e c t i v e  p e r f o r m a n c e  when imp1 emen t e d  by a  

/ 
human ,&earner, r a t h e r  than mimicking performance of  an e x p e r t .  

/ 

Reif and Heller (1982) d e m o n s t r a t e  a  p r e s c r i p t i v e  model .  They 
b 

i d e n t i f y  t h e  e s s e n t i a l  knowledge f o r  good performance i n  t h r e e  phases  

o f  s o l v i n g  m e c h a n i c s  p r o b l e m s :  r e p r e s e n t a t i o n ,  s o l u t i o n ,  a n d  

LJ 
a s s e s s m e n t  - o f  s o l u t i o n .  ' F o r  r e p r e s e n t a t i o n ,  t h e y  l a y  o u t  t h e -  ~ 

h i e r a r c h i c a l ,  d e c l a r a t i v e  knowledge  b a s e  f o r  t h e  ~ ' c i e n c e  of m o t i o n  
b + 

( m e c h a n i c s  ) w h i c h  c o n t a i n s  i n d i v i d u a l  d e s c r i p t o r s ,  i n t e r a c t i o n  

d e s c r i p t o r s ,  i n t e r a c t i o n  laws7 and m o t i o n  p ~ i n c l p l e s .   labori it ions 



\ 

f o r  e a c h  l e v e l  o f  t h e  h ie ra rchy  are supplied.  These are accompanied 

by p r o c e d u r a l  knowledge,  s u c h  a s  a p p l i c a b i l i t y  c o n d i t i o n s ,  which  

e n a b l e s  o n e  t o  a p p l y  t h e  k n o w l e d g e  base .  A l l  t h i s  knowledge,  

d e c l a r a t i v e  and p r o c e d u r a l ,  i s  used  f o r  t h e  f i rs t  t a s k  f a c e d  by a 

p r o b l e m  s o l v e r ,  " t o  r e d e s c r i b e  a n  o r i g i n a l  p r o b l e m  i n  a way 

f a c i l i t a t i n g  t h e  subsequent s e a r c h  f o r  its so lu t ion .  This can be done 

by i d e n t i f y i n g  t h e  knbwledge r e l e v a n t  t o  t h e  problem, o rgan iz ing  i t  

e f f e c t i v e l y ,  and d e s c r i b i n g  i t  in c o n v e n i e n t  s y m b o l i c  f o r m n  ( R e i f  & 

Heller, 1 982, p. 11 3 ) .  The s t e p s  they p r e s c r i b e  i n c l u d e  g e n e r a t i n g  a 

bas ic  d e s c r i p t i o n  con ta in ing  t h e  s p e c i f i e d  s i t u a t i o n  and t h e  goa l ,  and 

g e n e r a t i n g  a t h e o r e t i c a l  d e s c r i p t i o n  i n c l u d i n g  i d e n t i f i c a t i o n  of 
s' 

s y s t e m s ,  , d r a w i n g  d i a g r a m s ,  and c h e c k i n g  t h a t  t h e  d e s c r i p t i o n  i s  

c o n s i s t e n t  with known motion p r i n c i p l e s  ( equa t ions ) .  The c o n s t r u c t i o n  

of a s o l u t i o n  f o r  p h y s i c s  p r o b l e m s  i s  c a r r i e d  o u t  by  a p p l y i n g  

p r o c e d u r e s  s u c h  a s  s g t i s f y i n g  c o n s t r a i n t s ,  and decomposing t h e  

problem. I n  t h e  s imples t  c a s e  each of these procedures is r e d u c e d  t o  
. . 

t h e  r o u t i n e  a p p l i c a t i o n  of techniques  f o r  s o l v i n g  a l g e b r a i c  e q u a t i o n s  

(Reif h Heller, 1982, p. 117, 119). 

Reif and  Hel le r  a r g u e  t h a t  once  t h e  t a s k  a n a l y s i s  h a s  been 
id 

c a r r i e d  out ,  i t  i s  e s s e n t i a l  t o  show t h e '  v a l i d i t y  o f  t h e  model  by 

i n d u c i n g  human s u b j e c t s  t o  a c t  i n  a c c o r d a n c e  w i t h  t h e  model and. 

o b s e m i n g  whether the rest11 t i n g  p e r f o r m a n c e  c o n t a i n s  t h e  p r e d i c t e d  

c h a r a c t e r i s t i c s  and i s  e f f e c t i v e .  ~ h e d  t h e  next  s t e p  is t o  test a 

-1 of e f f e c t i v e  problem s o l v i n g  i n s t r u c t i o n  which e n s u r e s  t h a t  



s t u d e n t s  i n t e r n a l i z e  c o n t r o l  d i r e c t i o n s  and o t h e r  knowledge. Heller- 
- - 

and Reif ( 1984) provide e m p i r i c a l  v a l i d a t i o n  f o r  t h e i r  a n a l y s i s  o f  

mechan ics  problems.,-+!Bmy d e v i s e d  a c a r e f u l l y  c o n t r o l l e d  experiment 

where human s u b j e c t s  were induced t o  a c t  i n  accordance with s p e c i f i e d  

a 1  t e r n a t i v e  mode l s  f o r  r e p r e s e n t i n g  problems. External. promptq were _ - 
a v a i l a b l e  and followed a t  a l l  times. The r e s u l t i n g  pe r fo rmanos  was 

o b s e r v e d  i n  d e t a i l .  The r e s u l t s  show t h a t  t h e  p roposed  model is 

sufficient t o  genera te  e x c e l l e n t  problem r e p r e s e n t a t i o n s ,  a n d .  t h a t  

t h e s e  r e p r e s e n t a t i o n s  r e s u l t  i n  nuch B e t t e r  s u b s e q u e n t  problem 

s o l u t i o n s .  IR c o n t r a s t  t o  t h e  i n s t r u c t i o n a l  emphasis  on r e p r e s e n t a -  

t i o n ,  H e l l e r  a n d  Reif made no d i r e c t  e f f o r t  t o  ind ,uce  p r e s c r i b e d  

problem s o l u t i o n s .  The r e s u l t s  a l s o  show t h a t  major components of the  

model are necessary  f o r  good pe r fo rmahe .  The a u t h o r s  a s s e r t  t h e r e  is 

now a v a l i d a t e d  b a s i s  f o r  t each ing  problem r e p r e s e n t a t i o n  i n  physics. - 
The work  o f  R e i f  a n d  h i s  c o l l e a g u e s  h a s  i m p l i c a t i o n s  f o r  

mathematics i n s t r u c t i o n .  S p e c i f i c a l l y ,  t o  des ign  i n s t r u c t i o n ,  a  t a s k  
L 

t h e  d e c l a r a t i v e  and p r o c e d u r a l  knowledge needed f o r  

'i s o l v i n g  a lgebra  problems i s  requ i red .  

To teac'h s t u d e n t s  how t c  s o l v e  a c l a s s  o f  problems, . 
first analyze  the  knowledge t h a t  they need i n  o r d e r  t o  - 
s o l v e  t h a t  c l a s s  o f  p r o b l e m s ,  and t h e n  c a r r y  o u t  
i n s t r u c t i o n  t h a t  w i l l  r e s u l t  i n  t h e i r  a c q u i s i t i o n  o f  
t h e  r equ i red  knarledge. (Greeno, 1980, p. 13) 

To maka t a c i t  processes  e x p l i c i t ,  i ~ s t r u c t o r s  model by th ink ing  aloud 
- - 

I H e l l e r  & Hungate, 19851, a d  t o  e n s u r e  t h e i r  a c t i v e  p a r t i c i p a t i o n ,  



s t u d e n t s  g e n e r a t e  t h o s e  p r o c e s s e s  themselves and t h e n  d i s c u s s  t h e i r  

performance (Bloom h Broder,  19.50). S t u d e n t s  need g u i d e d  p r a c t i c e  

w i t h  t h e  c l o s e  s c r u t i n y  and f e e d b a c k a f  a knowledgeable t u t o r  (Heller 

& Reif ,  1984). It makes sense  pedagog ika l ly  t o  d e v e l o p  q u a l i t a t i v e  

understanding oT problems and concep t s  p r i o r  t o  a t t empt ing  ' i n s t r u c t i o n  

i n  s p e c i f i c  proble l l t so lv ing procedures.  L a s t l y ,  i f  s t u d e n t s  are t o  

c o n c e n t r a t e  on q u a l i t a t i v e  reasoning,  they should be g iven c r e d i t  f o r  

t h e i r  r e p r e s e n t a t i o n s  and s o l u t i o n s ,  and no t  j u s t  t h e i r  answers. 

Reif I s  p r ~ s c r i p t i v e  a n a l y s e s  provide a p lan  f o r  b w g i n g  t h e  gap 

between the  t h e o r y  of i n f o r m a t i o n  p r o c e s s i n g  and t h e  r e a l i t i e s  o f  
I 

p r o b l e m - s o l v i n g  i n s t r u c t i o n .  O p e r a t i o n a l i z i n g  t h e s e  p r e s c r i p t i o n s  

c o n s i s t e n t  wi th  the  na tu re  of a l g e b r a i c  problem s o l v i n g  should p r m t d e  

a  s o u ~ d  b a s i s  f o p  des ign ing  i n s t r u c t i o n .  - 
'* - -- 

It w i l l  a l s o  be n e c e s s a r y  t o  e x e c u t e  i n s t r u c t i o n a l  p r o c e d u r e s  

t h a t  e n a b l e  l e a r n i n g  d i s a b l e d  s t u d e n t s  t o  i n t e r n a l i z e  problem-solving 

knowledge. The d e s i g n  o f  s u c h  p r o c e d u r e s  c a n  b e  i n f o r m e d  by b o t h  

c h a r a c t e r i s t i c s  of the l e a r n i n g  d i sab led  and by i n s t r u c t i o n a l  r e sea rch  

t h a t  has been e f f e c t i v e  i n  t each ing  problem s o l v i n g  t o  t h e  l e a r n i n g  

d i s a b l e d .  These two t o p i c s  are the s u b j e c t  of the remainder of this 

chapter .  
- - 

Problem Solving and Learning D i s a b i l i t i e s  

Problem s o l v i n g  c a l l s  f o r  complex c o g n i t i v e  p r o c e s s i n g .  By 

d e f i n i t i o n ,  l e a r n i n g  d i s a b l e d  s t u d e n t s  have a wdisorde r  i n  one of  t h e  



b a s i c  p s y c h o l o g i c a l  p rocessesn  (U. S. Office of Education, ' August 23, 

1 9 7 7 k  I n e f f i c i e n c i e s  i n  reasoning,  conceptuahizing,  e v a l u a t i n g ,  and 

memory p r o c e s s e s  c h a r a c t e r i z e  t h e i r  l e a r n i n g  and performance (Re id  - & 

b e s k o ,  1981; Torgeson, 1977) .  ;r When a p p r o a c h i n g  complex c o g n i t i v e  
- - 

t a s k s ,  t h e  learning d i s a b l e d  tend to l a c k  metacogni t ive  awareness and 

r e g u l a t i o n  (Wong, 1985a). 
-t 

R e c e n t l y ,  metacognit ion has  been used t o  account  f o r  the f a i l u r e  

of t h e  l e a r n i n g  d i s a b l e d  t o  a p p l y  known s k i l l s  i n  n o v e l  s i t u a t i o n s  

( B o r k o w s k i  & C_avanaugh, 1979;  S c h n e i d e r ,  1 9 8 5 ) .  M e t a c o g n i t i v e  

d e f i c i e n c i e s  may a l s o  a c c o u n t  f o r , t K e  f a i l u r e  t o  a c q u i r e  complex 

knowledge; M e t a c o g n i t i v e  comparisons of good and poor r eaders  show, 

t h a t  poor r e a d e r s  l a c k  a w a r e n e s s  of. t h e  f e a t u r e s  and h u n c t i o n s  o f  v 
- -  - 

r e a d i n g ,  t h e  a b i l i t y  t o  m o n i t o r  comprehens ion  and knowledge,  and 

a p p l i c a t i o n  of s t r a t e g i e s  ( Canney- & Winograd,  1.97 9 ;  P a r i s  & Myers, 

1981 ; Wong & J o n e s ,  1 9 8 2 ) .  The l e a r n i n g  d i s a b l e d  have been found 

d e f i c i e n t  i n  i n t e r n a l  s t o r a g e  s t r a t e g i e s  s u c h  a s  v e r b a l  r e h e a r s a l  

( D o u g l a s ,  1981')  a n d  i n  f o c u . s s i n g  on  r e l e v a n t  t a s k  i n f o r m a t i o n  

( Hallahan & Kneedler , 1 97 9). 

Given t h e  n a t u r e  o f  problem-solving and t h e  c h a r a c t e r i s t i c s  of  

t h e  l e a r n i n g  d i s a b l e d ,  i t  i s  n o t  s u r p r i s i n g  t h a t  t h e y  e x p e r i e n c e  

cons ide rab le  d i f f i c u l t y  i n  s o l v i n g  mathematics word problems: What is 

s u r p r i s i n g  is t h a t  the  f i e l d  of s p e c i a l  educa t ion  h a s  not d e v e l o p e d  a 
- -- 

/- 
- -- 

r e l e v a n t  - d a t a  b a s e  nor  a  s u b s t a n t i a l  t h e W o a 1  i n t e r p r e t a t i o n  of  
- - -- 

mathematical probf em s o l v i n g  f o r  i n s t r u c t i o n a l  p u r p o s e s  r e g a r d i n g  



4% 
l e a r n i n g  d i s a b i l i t i e s  (Cawley, 1985). ' - 

I n v e s t i g a t o r s  a t  t h e  Learning D i s a b i l i t i e s  Research I n s t i t u t e s  a t  
P / 

t h e  ~ n i v e r s i ' t ~  of' K a n ~ a s  and ~ e a c h e r s  College *Colum.bia have begun t o  , 

\ 
document the  c h a r a c t e r i s t i c s  o f  la-ng d i s a b h d  prbbl&-?olvers%nd 

t o  'develop c o g n i t i v e  in te rven t ions .  They have p s e d -  guided i n s t r u c t i o n  ' 

- 
. - 

procedures and t a s k s  t h a t  ca l l  f o r a - c h o i c e  o f  b a s i c  o p e r a t i o n s  and  , '.) 

computa t ion .  

and s e n i o r  h i g h  

These  are t h e  s i m p l e s t  word problems taught  t o  j u n i o r  

s t u d e n t s .  A l t h o u g h  o n e  m u s t  b e  c a u t i o u s  

g e n e r a l i z i n g  t o  mqre complex a l g e b r a i c  probJ.&s, t h e r e  is. a knowledge 
'b , 

base from which t o  hypothesize about i n s t r u c t i o n a l  procedtiYes. 

The ndxt  two s e c t i o n s  c o n t a i n  a r e v i e w  o f  c h a r a c t e r i f t i c s  of 

l e a r n i n g  d i sab led  adolescent '  problem s o l v e r s  fo l lowed  by a r e v i e w  

c o g n i t i v e  i n t e r v e n t i o n s  i n  problem s o l v i n g  f o r  l e a r n i n g  d i s a b l e d  

Although learning d i s a b i l i t i e s  have tended t o  be a s s o c i a t e d  w i t h  

reading problems, i n v e s t i g a t i o n s  and review papers have confirmed t h a t  

d i s a b i l i t i e s  i n  mathquatics are a l s o  widespread (P le i schner  &, Garnet t ,  

1983 ; McKinney & Peagans ,  1 9 8 0 ) .  I n  a n  a n a l y s i s  o f  the cognf t ive  _-  
4 L 

a b i l i t i e s  of g r a d e  seven, e i g h t  and n i n e  s t u d e n t s  whose s p e c i f i c  

liiarning d i s a b i l i t i e s  p e r t a i n  t o  mat he&^&, P l e p e r  and Desh le r  

( 1980) shared t h a t  r e a s o n i n g  i n v o l v i n g  e q u i v a l e n c y  s t a t e m e n t s  and 

r e i n t e g r a t i o n  was high1 y c o r r e l a t e d  w i t h  mathematics d i s a b i l i t i e s .  



7 

Comparing l e a r n i n g  d i s a b l e d  and n o n - l e a r n i n g  d i s a b l e d  seventh and 

e i g h t h  g raders ,  S k r t i c  (.I 980) found a  s i g n i f i c a n t  d i f f e r e n c e  be tween 9 

t h e  l e v e l  o f  f o r m a l  r e a s o n i n g  a t t a i n e d  by t h e  two groups, with t h e  

l e a r n i n g  d i s a b l e d  l a g g i n g  b e h i n d  t h e i r  n o n - d i s a b l e d  p e e r s .  
2. 

A d d i t i o n a l l y ,  t h e  l e a r n i n g  d i sab led  s t u d e n t s  perfcrmed s i g n i f i c a n t l y  
A 
I 

xes3 well on  f i v e  o f  s e v e n  m a t h e m a t i c q  s u b t e s t s  o f  t h e  Woodcock- 

i Johnson P s y c h o e d u c a t i o n a l  Battery. (WOACOC~ & Johnson, '1977),. These 
f 

> 

- - s t u d i e s  (P ieper  & Deshler ,  1980; S k r t i c ,  1980) c o n f i r m  t h e  e x i s t e n c e  

b o f  j u n i o r  h i g h  q t u d e n t s  w i t h  l e a r n i n g  d i s a b i l i t i e s  i n  mathematics. 
. - 

Such s t u d e n t s  perform inadequa te ly  on measures of  mathematics a p t i t u d e  
* 

\ 
and' a c h i e v e m e n t ,  and are c l e a r l y  d e f i c i e n t  i n  formal reasoning which 

1 p lays  a  m a j o r - r o l e  i n  droblem so lv ing  (Revl in  & Mayer, 1978). 

A d o l e s c e n t s  w i t h  l e a r n i n g  d i s a b i l i t i e s  i n  mathematics a l s o  do 
d 

,. " poorly on mathematics ve rba l  problems compared t o  normal p e e r s .  Lee 
l 

and Hudson (1981) showed s t g n i f i c a n t  d i f f e r e x e s  i n  t h e  pmformance of  

t h e  two 'groups on  two-s tep  and t h r e e - s t e p  problems.  The l e a r n i n g  
P 

d i s a b l e d  s t u d e n t s  had  f e w e r  c o r r e c t  a n s w e r s  and l o v e r  s c o r e s  whpn 

% s c o r i n g  c r i t e r i a  inc luded choosing t h e  c o r r e c t  o p e r a t i o n ,  making t h e  \ B 

ti c o r r e c t  c a l c u l a t i o n ,  and a n s w e r i n g  q u e s t i o n s  about t h e  informat ion  

g i v e n  and t h e  g o a l  of t h e  problem. A n a l y s e s  o f  e r r o r  p a t t e r n s  

i n d i c a t e d  t h a t  l e a r n i n g  d i s a b l e d  s t u d e n t s  made s i g n i f i c a n t l y  more 

e r r o r s  i n  r eason ing  and unders tanding,  but  t h e r e  were no d i f f e r e n c e 8  

i n  c o m p u t a t i o n a l  accuracy  i f  they had chosen t h e  c o r r e c t  opera t ions ,  

i n  this s tudy by Lee and, Hudson ( 1 9 8 1 ) .  Tht non learning d i s a b l e d  1/ 



were b e t t e r  a t  moni tor ing t h e i r  p e r f ~ m n a n c ~ .  These f indings  suggest 
\ 

t h a t  l e a r n i n g  d i s a b l e d ' a d o l e s c e n t s  a r e  p o o r  p r o b l e m  s o l v e r s ,  

p a r t i c u l a r l y  i n  regard t o  problem represen ta t ion  and t h e  metacognitive 

aspec ts  of solving mu1 t'i-step. word problems. 

I n  a s e r i q s  o f  in te rven t ibns ,  l ea rn ing  disabled a d o l e s c e n t s  have 

been t a u g h t  t o  s o l v e  mathematics word problems. These i n t e rven t ions  

involved multiple-baaeline designs  which f a c i l i t a t e  the  

examina t ion  of i n d i v i d u a l  p rog re s s .  Moreover, t h e  . i n t e r v e n t i o n s  

showed a s h i f t  from a behavioral  p e r s p e c t i v e  (B lankensh ip  h L o v i t t ,  

used becanidg .more complex, and the  age  of  t h e  s t u d e n t s  r i s i n g  from 
1 

p r e a d o l e s c e n c e  t o  h i g h  s c h o o l .  A summary of t&se s t u d i e s  i s  

presented ' i n  Table 1. t 

I n  t h e  e a r l i e s t  of these  s tud ies ,  Blankenship and Lovi t t  (1976) 
(I 

taught seven boys from 9 t o  12 years  of age one-operation (additf"6n o r  

s u b t r a c t i o n )  word problems. Because most e r r o m  arise i n  s e l e c t i n g  

the operat ion,  they t r i e d  t o  reduce *rote  computationn hab i t s .  Twelve 

s e t s  - o f  a d d i t i o n  and  s u b t r a c t i o n  word problems were g r a d u a l l y  @ 

increased i n  d i f f i c u l t y  with the  in t roduc t ion  of v a r i a t i o n s  i n  syntax, 
7 _I 

and e x t r  ansous  ' inf'ormatlon. Three successive techniques-rereading, 

w r i t i n g  o u t ,  and e x p l a i n i n g  t h e  s o l u t i o n  f o r  unsolved pro.blems-- - 

enabled  each s tudent  tocreach the c r i t e r i o n  (1OOI i n  t h r e e  successive 

% s s i o n s )  o a  a l l  1 2 , s e t s .  Fo l lowing  mas t e ry ,  a ccu racy  oq  a t e s t  

e 
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d 
c o n t a i n i n g  a 1 1  problem t y p e s  a v e r a g e d  95.6%. The s t u d e n t s  cou ld  

d i s c r i m i n a t e  among the  classes and p roduce  a c c u r a t e  a n s w e r s  t o  t h e  - ,  

a d d i t i o n  a n d  s u b t r a c t i o n  word p r o b l e m s .  However, i t  t o o k  80 

i n s t r u c t k o n a l  s e s s i o n s  t o  r e a c h  t h e s e  g o a l s .  I t  may h a v e  b e e n  

u n n e c e s s a r y  t o  b r e a k  t h e  p rob lems  i n t o  s o  many c l a s s e s .  The one - 
s t u d e n t  f o r  whom b a s e l i n e  d a t a  were provided made no e r r o r s  a t  a l l  i n  

b a s e l i n e  f o r  6 o f  t h e  1 2  problem t y p e s .  The d a t a  s u g g e s t  t h a t  
J 

s t u d e n t s  were a c q u i r i n g  a c o g n i t i v e  strategy f o r  s o l v i n g  types  o f  word 

problems i n s t e a d  of a c q u i r i n g  c o r r e c t  responses. - 
To teach a c o g n i t i v e  s & a t e g y  f o r  s o l v i n g  p rob lems ,  Smith  and 
- 

Alley ( 1981 ) a p p l i e d  p r i n c i p l e s  of  c o g n i t i v e  behavior modif ica t ion  and 
t 

s e l f - i n s  t r u c  t i o n  (~eichenbaum,'  1 977). Three s i x t h  g r a d e r s  'were taught  

one- s t e p  problems invo lv ing  a l l  four  bas ic  opera t ions .  I n s t r u c t i o n a l  

s t e p s  drawn from Al16y and Deshlerls (1979) l e a r n i n g  strategies model 
er- 

c o n s i s t e d  o f  making t h e  e u d e n t  aware .of c u r r e n t  h a b i t s ,  explaining 
1 

and demonstrat ing t h e  a1 t e r n a t i v e  s t r a t e g y ,  t h e  s t u d e n t  l e a r n i n g  t h e  

s t r a t e g y  by v e r b a l i z i n g ,  t h e  s t u d e n t  a p p l y i n g  t h e  s t r a t e g y  t o  

c o n t r o l l e d  materials, and p o s t  t e s t i n g  on c l a s s r o o m  m a t e r i a l s .  . The 
I 

s e v e n  s teps  w i t h i n  t h e  p r o b l e m - s o l v i n g  s t r a t e g y  based on Kramerls 
. \  

(1  9'70) a n a l y s i s  were: (a)  read  the  problem,  ( b )  r e r e a d  t h e  problem,  

i d e n t i f y i n g  wha t  i s  g i v e n  and what is asked f o r ,  ( c )  use  o b j e c t s  t o  

shaw t he  problem and choose the  opera t ion ,  ( d l  write t h e  numbers t o  be 

o p e r a t e d  on,  ( e l  c o m p l e t e  t h e  c o m p u t a t i o n ,  (f) c h e c k  t h e  answer ,  
% 

(g) show the  answer. Problems r e q u i r i n g  each of  t h e  f o u r  o p e r a t i o n 8  



i n s t r u e t i a n  to a n  average of Wf accurate answers o n - g r a d e  s i x  level - 

p r o b f a o ~  Polfuwing i n s t r u c t i o n .  The number of sessions reported for  

basq i lns  and i n s t r u o t i o n  was' approxina tsly 32, a1 t h o u g h  s t u d e n t s  

reached 1005 c o r r e c t  i n  1 ,  3 anp 4 i n s t r u c t f o n a l > a s s i o a s ,  
/ 

Saltb and Allsf f t 8 8 l )  d e ~ o n a t r a t e d  t h e  e f f ' i c i e a s y  a n d  

i rppl ic l ib i l i ty  af cogDi t fve  , s ided l n s t t v c t i o m l  p rocedures  f o r  problea 
- * \ 

sal~ine. Students u s i n g  t h e  s t r a t e g y  produced  corr&t answers  and 

csu ld  d i s a r f a i l r a t e  -ng p r o b l e s s  r e q u i r i n g  each of  t h e  ? o u r *  basic 
. - 

opurrtioas. Ttee s t u d y  i a  m i t a d  i n  t h a t  no'lpeasures o f  c o g n i t i v e  
\ 

p r & s s i w  or knwladga s t r u c t u r e s  were c o l l e c t e d  , a l l  i n s t r u c t i o n  

----------_ --. t o c u s s e d  on proslsdur& bowledge, and Uls re  were only three s t u d e n t s .  
1 

- Har-er; i t  nerved as a model ?or m o r e  process -o r i en t ed  i n t e r v e n t i o n s .  
i 

I n  a s tudy  i m o r g o r a t i n g  an fn fa rmt foa -p roosa i s lng  t a s k  a n a l y s i s ,  
i + - .  

~ u r t m  (1983)  t u w t  learning d l  i f th  and s i x t h  g r a d e r s  t o  

solve f o u r  typus of word probl-s:  add1 d y ,  s u b t r a c t i o n  ouly, - 

. dd l t$obor  subtraction w i t h  ertracybua i n f o n a t i o n ,  and t w o - s t e p  

problems.  A s ingla-aupj  ec t design was wad ibc?lucliag p r e l e a t m e n t  

_ m g n l t i v e  b e h a v i o r  modiflcatian as t h e  teaahsr provided a v e r b a l ,  



s t u d e n t s  were r e q u i r e d  

procedure  bu t  t h e  answer 

c r i t e r i o n ,  t h e  s t u d e n t  

t o  r e a c h  c r - i t e r i o n  on  execu t ing  t h e  c o r r e c t  

d i d  n o t  have t o  be c o r r e c t .  After r e a c h i n g  

complet%d t h e  pos t  t reatmeri t  measures f 01 lowed 

by i n s t r u c t i o n  i n  t h e  next  phase. 

i A r e v i e w  o f  t h e  i n f o r m a t i o n  p r o c e s s i n g  l g t e r a t u r e  l e d  Nuzum 
? 

( 1 9 8 3 )  t o  d i v i d e  t h e  knowledge  f o r  p r o b l e m  s o l v i n g  i n t o  t h r e e  

c a t e g o r i e s :  knowledge of the problem ( a n a l y s i s  of  component p a r t s  and 

t h e i r  r e l a t i o n s h i p s ) ,  t a s k - s p e c i f i c  knowledge  ( i d e n t i f i c a t i o n  o f  

p r o b l e m  t y p e ) ,  and p rocedura l  knowledge. Elements o f  t h e  t h r e e  k inds  

o f  knowledge f o r  problem s o l v i n g  c a n  be  f o u n d  i n  t h e  s i x  p h a s e s  o f  
f 

i n s t r u c t i o n .  I n  the first p h ~ ? .  t h e  s t u d e n t s  were t a u g h t  t o  i d e n t i f y  

components and s e l e c t  r e l e v a n t  i n f o r m a t i o n  f o r  t h k  s o l u t i o n  ( w i t h  
F 

a d d l  t i  o n  problem8 o n l y ) .  Phase two c o n s i s t e d  of  a s c e r t a i n i n g  whether  

t h e  p rob lem was c o n c e r n e d  w i t h  c o m b i n i n g  o b j e c t s  ( a d d i t i o n )  o r  

s e p a r a t i n g  o b j e c t s  ( s u b t r a c t i o n ) .  Both  k i n d s  o f  p r o b l e m s  were 

inc luded .  , I n  t h e  t h i r d  phase s t u d e n t s  were i n s t r u c t e d  t o  c h e c k  f o r  9 

e x t r a n e o u s  i n f o r m a t i o n  ( w h i c h  a l l  p rob lems  c o n t a i n e d ) .  Phase fou r  

added t h e  s t e p  of i d e n t i e i n g  t w o - s t e p  p r o b l e m s  (when a l l  p r o b l e m s  * 

f 

c o n t a l m d  two s t e p s ) .  The f i f t h  phase r e q u i r e d  t h a t  t h e  s t u d e n t  check 

for accuracy  and t h e  s i x t h  p h a s e  r e q u i r e d  t h a t  a d i a g r a m  be d rawn  

b e f o r e  t h e  c o n p u t a t i o n  w a p  done .  A l l  s t u d e n t s  completed a l l  phases 

16- i t s .  .;etasure c o n t i t i n i n g  t h e  f o u r  k i n d s  o f  p rob lems  used i n  the 

s t u d y ,  average p e r c e n t a g e  c o r r e c t  a n s w e r s  improved  f r o m  34.85  on 



p r e t e s t  t o  82.3% on p o s t t e s t .  

Nuzum's ( 1 9 8 3 )  s t u d y  was c l e a r l y  a n  advancement  o v e r  i ts  & 

predecessors  as i t  employed more complex p rob lems ,  and a t t e m p t e d  t o  

i n t e g r a t e  r e c e n t  t h e a r e t i c a l  work i n  informat ion  processing.  However, 

i t  is never s p e c f f i e d  how t h e  three-component model of  knowledge i s  

o p e r a t i o n a l i z e d  i n  t h e  p h a s e s  of' i n s t r u c t i o n .  ' h e r b s  l i t t l e  

s p e c i f i c  d i s c u s s i o n  o f  how The- f i n d i n g s  r e f l e c t  o n  t h e  merit o f  t h e  

theory.  , . 

Most s c h o o l - i n s t r u c t i o n  i n  problem s o l v i n g  t a k e s  p lace  wi th  smal l  

groups o r  e n t i r e  classrooms. Marzola ( 1985)  a d a p t e d  ~ u z u m l s  ( 1  983)  

p r o c e d u r e s  t o  s m a l l  group i n s t r u c t i o n  and in t roduced c a l c u l a t o r s .  A 

two-group des ign  was used p e r m i t t i n g  c m p a r i s o n s  be tween e x p e r i m e n t  a 1  . 

and c o n t r o l  s u b j e c t s  and c a u s a l  i n t e r p r e t a t i o n s  o f  t h e  outcomes. 

S i x t y  l e a r n i n g  d i sab led  f i f t h  and  s i x t h  g r a d e r s  were i n s t r u c t e d  t o  

c r i t e r i o n  i n  NuzumPs ( 1 9 8 3 )  s i x  p h a s e s ,  e x c e p e  t h a t  i n  phase f i v e  
-4 C 

s t u d e n t s  s o r t e d  problems w i t h  e i t h e r  e x t r a n e o u s  i n f o r m a t i o n  o r  two 

steps i n t o  two c a t e g o r i e s .  The s t e p s  i n  i n s t r u c t i o n  c o n s i s t e d  of  
P 

verba l  explanat ion ,  -- - deraonstrai ion us ing  t h e  o u t l i n e  c a r d  as a g u i d e ,  

t h e  s t u d e n t  s o l v i n g  one problem aloud, ' and t h e  s t u d e n t  s o l v i n g  t h r e e  

p rob lems  i 'ndependent ly .  The m a s t e r y  c r i t e r i o n  was c h a n g e d  f r o m  

Nuzum's i n  t h a t  s t u d e n t s  were r equ i red  both t o  fo l low t h e  i n s t r u c t i o n s  

on t h e  card  and s o l v e  a i l  t h r e e  p rob lems  a c c u r a t e l y .  The c o n t r o l  

g r o u p  r e c e i v e d  no d i r e c t  i n s t r u c t i o n  bu t  completed t h e  average number - 
of  - v & k & w t r  c m p l e t e d  by the  exper imenta l  group us ing  c a l c u l a t o r s .  



An a n a l y s i s  o f  c o v a r i a n c e  w i t h  p r e t e s t  s c o r e s  as  c p v a r i a t e  

y i e l d e d  a s i g n i f i c a n t  m a i n  e f f e c t  d u e  t o  i n s t r u c t i c r  f /  a1 t r e a t m e n t  

a c r ' o s s  t h e  f o u r  p rob lem t y p e s .  There was a180 a s i g n i f i c a n t  e f f e c t  

d u e  t o  'problem t y p e ,  a n d  a - s i g n i f i c - a ' n t  g r o u p  by  p r o b l e m  t y p e  - 
i n t e r a c t i o n .  The expe r imen ta l  g roup d i d  b e t t e r  t han  the c o n t r o l  group 

i n  g e n e r a l  and on  each  o f  t h e  f o u r  p rob lem t y p e s .  Also, t he r e  were 

d i f f e r e n t  p a t t e r n s  o f  problem type  d i f f e r e n c e s .  For example, a d j u s t e d  

p o s t t e s t  perfonnance of the c o n t r o l s  was poores t  on  two-step p rob lems  

and problems w i t h  e x t r a n e o u s  informat ion .  For t h e  exper imenta l  group,  

a d j u s t e d  p o s t t e s t  performance was h i g h e s t  on t h e  two-step problems. 
.'. --- 

Marzo la l s  ( 1985 i n v e s t i g a t i o n  i s  both an advancement a n d  a  s tudy  
- 

w i t h  l i m i t a t i o n s .  The c o n s i s t e n c y  be tween  h e r  f i n d i n g s  w i t h  a 
UP 

t w o - g r o u p  d e s i g n  a n d  t h e  f i n d i n g s  o f  t h e  s i n g l e - s u b j e c t  s t u d i e s  

s u g g e s t  t h a t d s  i n  t h e  quas i -exper imenta l  i n t e r v e n t i o n s  c a n  

be a t t r i b u t e d  t o  t h e  i n s t r u c t i o n .  Unfor tuna te ly ,  k r z o l a  adminis te red  
- -- 

no ma in tename  o r  g e n e r a l i z a t i o n  t a s k s .  She  d i d  n o t  make a  d i r e c t  . 

connec t ion  between t h e  model s h e  adopted and ..its o p e r a t i o n a l i z a t i o n  i n  
4 

i n s t r u c t i o n ,  s o  no  c o n c l u s i o n s  c o u l d  be drawn a b o u t  t h e  r e l a t i v a  - 
c o n t r i b u t i o n  of  the t h r e e  k i n d s  of  knowledge. Although metacogni t ion  

1 

was no t  s t u d i e d  d i r e c t l y ,  i t  was r e p o r t e d  t h a t  i n s t r u c t i o n a l -  s t u d e n t s  

v e r b a l i z e d  t h e i r  use of wschemataR d u r i n g  t h e  p o s t t e s t .  A c l a s a i f i c a -  

t i o n  t a s k  was i n c o r p o r a t e d  as t h e  f i f t h  phase; however ,  the  e m p h a s l a  

t h r o u g h o u t  h r z o l a t s  s tudy  uas on de t e rmin ing  the number and ldnds of 

o p e r a t i o n s ,  r a t h e r  t han  t h e  mathema t i c a l  s t r u c t u r e  of t h e  problea~s .  

m 



L( 

Using o l d e r  s t u d e n t s  (15 t o  1 9  y e a r s )  and two-step word problems, 

Hontague ( 1984) taught  s i x  a d o l e s c e n t s  i n  a s i n g l e - s u b  ject  d e s i g n .  

The s t u d e n t s  h a d  t o  c h o o s e  two o p e r a t i o n s  and c a r r y  them o u t  

a c c u r a t e l y  i n  the  c o r r e c t  o r d e r .  An e i g h t - s t e p  s t r a t e g y  was u s e d :  

( a )  r e a d  t h e  T o b l e m -  a l o u d ,  ( b )  p a r a p h r a s e  the problem, (c )  draw a 

p i c t u r e ,  ( d )  state the  problem, ( e l  hypothesize about  t h e  o p e r a t i o n s ,  

( f )  estimate, (g) c a l c u l a t e ,  ( h )  self-check. S t r a t e g y  a c q u i s i t i o n  w a j  . 

conducted according t o  the l e a r n i n g  strategies model (Deshler, A l l e y ,  

Warner h Schumaker,  1981 ) . S t e p s  i n c l u d e d  d e s c r i p t i o n  of  t h e  new 
% 

s t r a t e g y ,  m o d e l l i n g ,  v e r b a l  r e h e a r s a l ,  s t u d e n t y p r a c  t i c e ,  a n d  

c a r r e e t l u e  f eedbgck .  Five  of  t h e  s i x  s t u d e n t s  reached t h e  c r i t e r i o n  
'3 1 

of seven c o r r e c t  answers- on  f o u r  c o n s e c u t i v e  t e n - i t e m  tests .  D a t a  

were c o l l e e t e d  on g e n e r a l i z a t i o n  and maintenance t a sks .  Four s t u d e n t s  . 

reached the  c r i t e r i o n  f o r  g e n e r a l i z a t i o n - - f i v e  c o r r e c t  a n s w e r s  on  a 

t e n - i t e m  t e s t  o f  t h r e e - s t e p  word problems.  The same f o u r  s t u d e n t s  

maintained criteria1 performance (seven c o r r e c t  answers on a ten- i - tem,  
4 

test of two-step problems) after an i n t e r v a l  of two .weeks. 
, 

b a t a g u e  extended p rev ious  i n v e s t i g a t i o n s  by  i n s t r u c t i n g  o l d e r  ' 

s t u d e n t s  i n  two-step problems r e q u l r i  t h e  f o u r  b a s i c  opera t ions , .  and t 
by collecting g e n e r a l i z a t i o d  aad maintenance da ta .  The l a c k  of  .think- 

* 

a l o u d .  me<sures, m e t a c o g n i t i v m  d a t a ,  and a n  i n t e g r a t e d  t h e o r e t i c a l  

f m m e w o r k  p r e v e n t e d  U o n t a g u e  from e x p l a i n i n g  w h a t  cognitive. 

a c q u i s i t i o l l ~  ado lescen t s  made when they impro&d ' the i r '  problem s o l v i n g  

of two-s tep  word problems.  The q u e s t i o n  r e m a i n s  w b e ' t h e r  t h e h e  

* 



45. 

- 

a d o l e s c e n t s  c o u l d  t h e n  b e  t a u g h t  t h e  next type of word problem t h a t  45 

appears  i n  t h e  jun io r -and  s e n i o r  s e c o n d a r y  c u r r i c u l a - - t h e  s i m p l e s t  

- a l g e b r a i c  word problems requ i r ing  t h e  use of unknowns anc? equations.  

A s e r i e s  o f  i n t e r v e n t i o n s  h a s  been c o n d u c t e d  w i t h  l e a r n i n g  
.. 

d i s a b l e d  ado lescen t s  d e m o n s t r a t i n g  t h e  p o t e n t i a l  of s i n g l e - s u b  j ec t .  
' 7 

\ / 

d e s i g n s  f o r  probing i n d i v i d u a l  p rogress  i n  problem solving.  However, 
i\ 

w i t h o u t  u s i n g  t h i n k - a l o u d  p r o t o c o l s  ( E r i c s s o n  & S i m o n ,  l 9 8 4 ) ,  

me t a c o g n i  t i v e  i n t e r v i e w s  (Meichenbaum, Burland, Gruson, & Cameron, i n  

press), and c o l l e c t i n g  wcogn i t ive  t r a c e s b  ( Winne, 1984)  while s t 4 e n t s  

work,  i t  i s  i m p o s s i b l e  t o  r e a l i z e  t h e  p o t e n t i a l  of  s i n g l e  s u b j e c t  - 
d e s i g n s  for documenting i n d i v i d u a l  p r o g r e s s  and t o  answer  q u e s t i o n s  

// 
I \ about , knowledge s t r u c t u r e s  and c o g n i t i v e  processing.  - ' 

I n s t r u c t i o n a l  t a s k s  h a v e  been  l i m i t e d  t o  m a t h e m a t i c a l  word 

p rob lems  r e q u f  r i n g  c h o i c e  - o f  o p e r a t i o n ( s )  and ensuing c a l c u l a t i o n s .  

Secondary ma themat ics  c u r r i c u l a  demand t h a t  ado lescen t s  understand and . 
7 

complete more complex a l g e b r a i c  word problems which r e q u i r e  t h e  use of / 
/ 

unkncuns o r  v a r i a b l q s  and equat ions .  An e x t e n s i v e  t h e o r e  t i c a l  model 

has been developed o? a l g e b r a i c  problem solving.  This gas been t e s t e d  

by o p e r a t i o n a l i z i n g  it i n  computer programs which a c c o u n t - q u i t e  well - --  

f o r  p r o t o c o l s  o f  compete& so lve r s .  However, the rnohel has not  been 

t e s t e d  t o  t h e s l i m i t  f o r  a l g e b r a  p r o b l e m  s o l v i n g  by i n d u c i n g -  
I 

h y p o t h e s i z e d  s t r u c t u r e s  and p roceas ing  i n  human problem s o l v e r s ,  as 
- 



Heller and Reif ( 1984) d i d  f o r  physics. 
L 

I 
- , 

The preceding review on i n t e m n t i o n s  shows t h e  a p p l i c a b i l i t y  and 

e f f e c t i v e n e s s  0-f s i n g l e - s u b j e c t  d e s i g n s  and c o g n i t i v e  b e h a v i o r  
& 

modi f i ca t ion  i n s t r u c t i o n a l  procedures f o r  t e a c h i n g  l e a r n i n g  d i s a b l e d  

. ado lescen t s  t o  s o l v e  s impler  mathematics 'word problems. Components o f '  
Pa 

s u c h  e f f e c t i v e  c o g n i t i v e  i n s t r u c t i o n  i n c l u d e  d e m o n s t r a t i o n  by 
A. 

t h i n k i n g  a l o u d ,  u s e  o f  s e l f - q u e s t i o n i n g  t o  a c q u i r e  strategy, guided 

p r a c t i c e ,  independent p r a c t i c e ,  and f requen t  feedback and cueing which 

a r e  g r a d u a l l y  p h a s e d  o u t .  I n s t r u c t i o n  i n  b o t h  d e c l a r a t i v e  a n  e 
procedural  knowledge should be based  on c o g n i t i v e  t z s k  a n a l y s e s  o f  

e a c h  p r o b l e m  type .  To p r o v i d e  s t r i n g e n t  t e s t s ,  m a i n t e n a n c e  and 

t r a n s f e r  d a t a  are necessary. Each kind of problem l e a r n e d  is va luab le  

i n  i tself  only - i f  - - it is maintained,  :and i s - - i n _ s t r u c t i o ~ l l y  in fo rmat ive  
, 

when t h e  limits of near  and farf t r a n s f e r  have been t e s t e d .  
* 19 

A sWLZbt A d d r e s s e s  Above Resear_crh Needg 
, . 

What i s  n e e d e d  i s  a s t u d y  i n s t r u c t i n g  l e a r n i n g  d i s a b l e d  
9 # 

ado lescen t s  t o  - c a r r y  ou t  r e p r e s e n t a t i o n  and s o l u t i o n  of  algebraic word 
, 

problems. I n s t r u c t i o n  i n  r e p r e s e n t a t i o n  s h o r n  stress thee d e c l a r a t i G e  

knowledge e s s e n t i a l  t o  schemata for types  of  word p r o b l c m s ~ d  

a c c o r d i n g  t o  ma themat ic@ s t r u c t u r e .  T h i s  i s  gccompanied by t h e  
7 -  

' - p rocek?ura l  %knowl-edge n e c e s s a r y  t o  u s e  s c h e m a t a  t o  t r a n s l a t e  

p r o p o s i t i o n s  and c o n s t r u c t  

Jf  t h e  s e l f - q u e s t i o n i n g  

J 
- . 

a b s t r a c t  r e p c e s e n t a t i o n s .  The cornponelit s 

s t r a t e g y  f o r  i n s t r u c t i n g  r e p r e s s n t a t i o n  
- 

a 



i nc lude  reading and i d e n t i f y i n g  t h e  goa l ,  knowns, and unknowns; 

express ing  t h e  e s s e n t i a l  m a t h e m a t i c a l  r e l a t i - o n s h i p s  i n  a  d rawing ;  
C 

i d e n t i f y i n g  t h e  t y p e  of problem2 .and genera t ing  t h e  equation.  After , 

r e p r e s e n t a t i o n  'has been mastered f o r  a  problem t y p e ,  i n s t r u c t i o n  i n  

s o l u t i o n  s h o u l d  c o n c e n t r a t e  cn s t r a t e g i c  and a lgor i thmic  processing.  
1 

The components of t h e  s e l f - q u e s t i o n i n g  s t r a t s g y  f o r  i n s t r u c t i o n  i n  

s o l u t i o n  i n c l u d e  checking t h a t  an  equat ion  has been w r i t t e n ,  expanding 

terms, i s o l a t i n g  the  unknuwn, f i n d i n g  t h e  v a l u e  o f  t h e  unknown, and 

e n s u r i n g  t h a t  the answer meets t h e  goal .  The f i n a l  se l f -ques t ion  f o r  
{-- -, 

each of r e p r e s e n t a t i o n  and so3,ution i n s t r u i d o ~ i r e ~ t s  the  s tuden t  ' t o  

f o c u s  on  t h e  m a t h e m a t i c a l  f e a t u r e s  t h a t  c h a r a c t e r i z e  the  schema f o r  

t h e  problem t y g e  u n d e r  i n s t r u c t i o n .  M e a s u r e s  o f  me t a c o g n i  t i v e  ' 
- - 

a w a r e n e s s ,  . c l a s s i f i c a t i o n  o f  p rob lems  i n t o  math&at ica l  types,  and 

t h i n k - a l o u d  p r o t o c o l s  d a t a  r e l e v a n t  t o  q u e s t i o n s  

c o g n i t i v e  p r o c e s s e s  and knowledge s t r u c t u r e s  t h a t  accompkny t h e  

development of canpetence i n  problem s o l v i n g .  I n  s h o r t ,  t h i s  s t u d y  ' 

a t  tempt  % t o  answer  p r e s s i n g  i n s t r u c t i o n a l  q u e s t i o n s  and r e f l e c t s  on 
3 

c u r r e n t  t h e o r e t i c a l  fo rmula t ions  of a l g e b r a i c  problem solving.  

J' 

Rksearch Q u e s t i o n s  

\ ' I  ch C o e -  
- 

- 

1. * W i l l  t h e  i n s t r u c t e d  s t u d e n t s f  a b i l i t y  t o  r e p r e s e n t  word 



/ 
p r ~ i b l ~ . ~ ,  o b t a i n  t c o m p l e  te  problem s o l u t i o n s , ,  and . 

\ 

a c c u r a t e  n u m e r i c a l  a n s w e r s  f o r  t h r e e  problem t y p e s  
6 

Cli a 

1 
i n c r e a s e  f o l l o w i n g  t h e  o n s e t  of  i n s t r u c t i o n ?  W i l l  

t h e s e  i n c r e a s e s  be maintained over t h e ?  

2. W i l l  t h e  i n s t r u c t e d  s t u d e n t s  show t r a n s f e r  t o  problem- % 

so lv ing  t a s k s  t h a t  are s i m i l a r  b u t  d i s t i n c t  f rom t h e  

t r a i n i n g  t a s k s  i n  t h a t '  t h e y  c o n t a i n  new s u r f a c e  
i 

f e a t u r e s  ( n e a r  t r a n s f e r ) ,  i n  t h a t  t h e y  c o n t a i n  more 

complex mathematical' s t r c c t u r e s  (far t r a n s f e r  )?' - 
3. W i l l  c h a n g e s  be  o b s e r v e d  i n  t h e  s t u d e n t s t  $ v e r b a l  

b e h a v i o r  and unders tanding whi le  t h i n k i n g  a loud dur ing  

i n t e r v e n t i o n ? .  

4. W i l l  t h e  i n t e r v e n t i o n  d i f f e r e n t i a l l y  a f f e c t  t h e  : .  
t3 

s t u d e n t s t  a b i l i t y  t o  work o u $  t h e  t h r e 8  t y p e s  o f  - ,f+ 
+ n s t r u c  t e d  p rob lems- - re la t iona l ,  proporti 'on, and two-  

b / 
v a r i a b l e  tw+equation problems? 

\ 

+ 

5.; W i l l  i n s t r u c t e d  s t u d e n t s  and non-instructed c o m p a r i s o n  
P 

s t u d e n t s  show similar outcome.sc6res i n  a l g e b r a  problem 

s o l v i n g  on the i n s t r u c t e d  problem t y p e s ,  a m u l t i p l e -  
... - f- 

cho ice  test a& an ope-ended problem test? .- 
6. W i l l  i n s t r u c t e d  student; and non-instructed compar ldon  

, 
s t u d e a t s  ahow s f ~ ~ l l a ~ a b f l i t i e s  on q u a l i t a t i v e  lnezsures 



r e l a t e d  t o  a lgebra  problem solving,  s p e c i f i c a l l y  

metacogni tive interviews, thlnk-aloud protocols and a 

problem classification task? 

0 



CHAPTER 3 

T h i s  r e s e a r c h  i n v e s t i g a t *  t h e  e f f e c t s  o f  i n s t r u c t i o n  i n  problem 

r e p r e s e n t a t i o n  and problem s o l u t i o n  on  t h e  m a t h e m a t i c a l  p r o b l e m  
I 

s o l v i n g  a b i l i t y  o f  l e a r n i n g  di&bled j u n i o r  high, schoo{ s t u d e n t s .  O f  . n 
i n t & e s t  were s t u d e n t s t  a b i l i t i e s  t o  r e p r e s e n t  p r o b l e m s  st  te  o r  

m i t e  t h e  problem s o l u t i o n ,  and o b t a i n  t h e  c o r r e c t  numerical answer. 
* 

I n s t r u c t i o n  was provided f o r  problems c o n t a i  mathema t i c a l  
I 

s t r u c t u r e s  : r e l a t 1 0 , n a l  p rob lems ,  , p r o p o r  and problems 

wi th  two v a r i a b l e s  and two equat ions .  P r o g r e s s i o n  f rom one  problem 
L 

Ip 

type t o  a n o t h d  depended on s t u d e n t s f  reaching i n s t r u c t i o n a l .  criteria. 

Five s u r f a c e  s t r u c t u r e s  of age, d i s t a n c e ,  money, work, and number were 

combined w i t h  each mathematical s t r u c t u r e .  This s y s t e m a t i c  v a r i a t i o n  
- 

has  made t h e  method complex t o  d e s c r i b e  but  provided in fo rmat ion  abou t  - 
aib t h e  e f f e c t s  of  applying t h e  i n s t r u c t i o n a l  procedures  t o  more than  onp 

type of problem. 

- A 

Design of  the Study - T. 

T h i s  s t u d y  e m p l ~ y e d  two i n t e r w o v e n  d e s i g n s .  A t r a d i  t i  0 n a l  . - 

two-group ( i n s t r u c t e d  v s .  non- i n s t r u c t e d  comparison group)  r epea ted  

measures des ign  w i t h  p r e t e s t s  and dosttests was u s e d  t o  i n v n s t i g a t e  

t h e  e f f e c t s  of i n s t r u c t i o n .  I n  o r d e r  t o  s tudy  the p r e c i s e  changes -i 
. . 

t h a t  took glace during t h e  i n s t r u c t i o n a l  component  o f  the  s t u d y ,  a  



% 

s ing le - sub jec t  r e s e a r c h  des ign was used. Both were necessary i n  o r d e r '  

t o  answer t h e  r e s e a r c h  q u e s t  0 ons sed i n  Chapter 2. 

S tuden t s  who met t h e  c r i t e r i a  f o r  i n c l u s i o n  i n  t h e  s t u d y  -re 

a s s i g n e d  randomly t o  t h e  i n g t r u c t e d  o r  c6mpar i son  c o n d i t i o n  (see - 
C r 

Figure  2 ) .  Analyses of covariance between t h e  p s t t e s t  score ;  o f  t h e  ' 

two g r o u p s ,  w i t h  p r e t e s t  s c o r e s  a s  c o v a r i a t e s ,  were conduc ted  t o  
f' 

canpare  t h e  ou tcomes  o f  t h e  i n t e r v e n t i o n  w i t h  t h c s e  a r i s i n g  f r o m  
, . - 

r e s o u r c e  room i n s t r u c t i o n .  P r i o r  t o  p o s t t e s t i n g ,  members o f  t h e  

comparison group rece ived  f a m i l i a r i z a t i o n  wi th  t h e  w o r k s h e e t  used  I n  

the- ins t ruc t ion-based  assessment measures. 

A ' s i n g l e - s u b j e c t  s t y l e  of  r e sea rch  des ign  was employed t o  pe rmi t  ------- 0 

c l o s e  o b s e r v a t i o n  of knowledge a c q u i s i t i o n  a n d  s t r a t e g y  u s e  by 
r, 

i n d i v i d u a l  s t u d e n t s  throughout t h e  course  of i&erv%ntion. . The des ign 
D 

adopted f e a t u r e s  of both a n  AB des ign  and a mul t i "p1e-base l inq  a c r o s s  

' C: i n d i v i d u a a s  d e b  g n  ( H e r s e n  & Barlow, 1976). These a d a p t a t i o n s  were 
0 

4 

necessary t o  use  s t r a t e g i e s  designed t o t  s t u d y  b e h a v i o r a l  c h a n g e  f o r  
3 

t h e  s t u d y  o f  knowledge a c q u i s i t i o n  w i t h  c ~ m p l e b c o ~ n i t i v e  t a s k s .  
7 G - 4  

C h a r a c t e r i s t i c  of  a n  AB des ign,  baae l ine  d a t a  were c o l l e c t e d  p r i o r  t o  
--. 

i n$e rvenb imon;  however ,  b a s e l i n e s  were of the same b r i e f  d u r a t i o n  of 

e a c h  s t u d e n t  d;e t o  t h e  o b t r ' b s i v e  n a t u r i  of t h e  b a s e l i n e  t a s k .  
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S i m i l a r  t o  a mu1 t i p l e - b a s e l i n e  design, /  t h e  i n t e r v e n t i o n  was a p p l i e d  
I 

a c r o s s  s eve r& i n d i v i d u a l s  who e i h i b i t e l d  s imi la r  t a rge t  b e h a v i o r s .  
d 

C o n t i n u o u s  measu remen t  t o o k  p l a c e  d u r i n g  i n t e r v e n t i o n ,  and b a s e l i n e  - 
- - 

and maintenande d a t a  were col l&ed.  U 

0 

The ' s t u d e n t s  a s s i g n e d  t o  t h e  i n d t r u c t e d  c o n d i t i o n  pa r - t i c ipa t ad  i n  

t h e  i n t e r v e n t i o n  i n d i v i d u a l l y  on  alternate days. ~ h e s e  s e s s i o n s  were 

c o n d u c t e d  by t h e  i v e s t i g a t o r ,  a s p e c i a l  ~ u Q ~ ~ o P  wi th  seven  y e a r s '  *I 
experieplce, i n  t h e ' l e a r n i n g  a s s i s t a n c e  c e n t r e s  of two j u n i o r  secondary 

Y ' 

s c _ h o o l s  i n  a s u b u r b a n  s c h o o l  d i s t r i c t  i n  t h e  metropol i tan"Vancouver ,  
L I 

B r i t i s h  Columbia area. To m i n i m i z e  s t u d e n t  f r u s t r a t i o n ,  b a b e l i n e s  1 
1 

were e s t a b l i s h e d  i n  t h e  smal les t  number o f  s e s s i o n s  p o s s i b l e .  

Fol lowing e b t a p i s h m e n t  o f  a b a s e l i n e  f o r  a s t u d a n t  on  a problem type ,  
/' 

t h e  i n s t r u s t i o f i l  t r ea tmen t  was initiated. After t h e  s t u d e n t  reached 
I, 
i 

\ 
C___ 

c r i t d r l i o n  o n  t h e  r e p r e s e n t a t i o n  p h a s e  f o r  t h a t  p rob lem t y p e ,  t h e  

b a s e l i n e  was e s t a b l i s h e d  f o r  t h e  s o l u t i o n  phase. Once c r i t e r i b n  was ' 
- 1  

,-&- --: 
reached  o n  t h e  s o l u t i o n  phase,  t h e n  t h e s e  p rocedures  were r e p e a t e d  f o r  

- 

t h e  n e x t  t y p e ,  and- on.  F o r  e a c h  o f  t h e  t h r e e  t y p e s  o f  word 

p r o b l e m s ,  t h e  e x p e r i m e n t a l  p r o c e d u r e s  were o r d e r e d  a s  f o l l o w s  : ' . 
( a  1  b a s e l i n e  i n  r e p r e s e n t a t i o n ,  ( b  i n s t r u c t i o n  i n  r e p r e s e n t a t i o n ,  @ 

(c.) b a s e l i n e  ir s o l u t i o n ,  ( d l  i n s t r u c t i o n  i n  s o l u t i o n  (see F igu re  3 ) .  
r Y 

Immediately after the i n s t r u c b i o n  phase had bean completed, t a sk -  
. ~- 

s p e c , i f i c  m e a s u r e s  o f  n e a r  a n d  f a r  t r a n s f e r  were a d m i n i a t e r e d .  

Maintenance. measures o f  r e p r e s e n t a t i o n  and s o l u t i o n  were c o l l e c t e d  s i x  
C 

weeks later  (see F i g u r e  4 ) .  e 



RELATlONlLL PROBLEMS 

REFRESEWAT~N / - ' 4 ,  - 
THINKALWU BASELINE - .INSTRUCTION INSTRUCTION / ASSESSMENT 

4 OECURATIVE PRACTICE TO - 
KHOWMUGE 1 ~ R I T E R I O N  - - SOLUTlON I 

BASELINE INVRUCTiOK INSTRUCTION / ASSESSMENT TH INKALOUD I 

( PROCf DURAL PRACTICE TO , 

e R I T E R f Q N  
KNOWLEDGE) 

. * f ROPORf lOIJ PRDBLEMS 

n J 

REPRESENTAT fON - 

THtNKALOUO 8ASEL1NE I#STRUCT)ON JNSTRUCTiOH / ASSESSMENT ' 
( Of C U R A T I V E  PRACTICE TO 

KNOWLE OGE ~ I T E R I O N  
4, n SOLUTIO~ 

BASELINE INSTRUCTION INSTRUCT ION ASS€ SSMENT TH tNKALOU0 
( PROC^EDURAL PRACTICE TO 

KNOWLEDGE 1 URfTERfUN - 
TWO VARlABLE TWO EQUATION PROBLEMS - 

0 

REPRESENTATlON 

( DECURATIVE 

l"-% 
TIilNKALWO BASELINE INSTRUCTION INSTRLCCTION / 

p*&cT lcLAssE::ME*T ++ 

P 
KNOWLEDGE) CRITERION" , R 

1 

SOLUTION - 
BASELINE iNSTRUCTlON INSTRUCTtON / ASSESSMENT THINKALOUD 

(PROCEDURAL PRACTICE 
KNOWLE W E  1 

TO 



Ere ((prior to i n t e r v e n t i o n )  -+% 

A s s e s s m n t  measure ( C r i t e r i o n - r e f e r e n c e d ,  c o n s i s t i n g  o f  . 
l n s t r u c  ted prablem types ) 

Hul t i p l e - c h o i c e  problem test (B. C. Mapemat l c s  Achievement 
Tes t ,  Grade 7/8 A p p l i c a t i o n s )  " 

Open-ended problem test (42 B.C. Achievement tes t )  
8btacogai t i v e  i n t e r v i e w  
Thinkaloud f o r  a r e l a t i o n a l  problem ' 

- C l a s s i f i c a t i o n  t a s k  

Tasksh4ets (corapleted d u r i n g  i n t e r v e n t i o n  by i n s t r u c t * d  s t u d e n t s  1 
'4 

( h m e t d i a t e l y  r o l l  L ing i n t e r v e n t i o n )  

A s s e s m e n t  measure ( C r i t e r i o n - r e f e r e n c e d ,  c o n s i s t i n g  of 
i n s t r u c t e d  p r o b 1 ~ ~ 1  t y p e s )  ' 

Hul tBpls -choice  probles-  test (B. C. Mathematics ~ c h i e u e m e n t  
Tes t ,  Grade 7/8 A p p l i u a t l o n s )  

Own-ended problem test (42 $. C. Achievement test 1 
H s t a c o g n i t i v e  i n t e r v i e w  
Thinkaloud f o r  a r e l a t i o n a l  problem 
Class1 f ica t i o n  t a s k  

~ransrsr-s*; ( i nmed ia t e ly  f o l l a r i n g  posttests f o r  problem types  
mastered ) 

. < 

Near- t r a n s f  er t a s k s  ( c r i t s r l o n - r e f e r e n c e d  
Rela t l o n a l  p r o b l e a s  
R o p o r t i o n  problersa 
l ko -va r i ab l e  twwequa t i o n  problears 

Far-transfer t a s k s  ( c r i t e r i o n - r * f e r e n c e d )  
- R e l a t f  adal 'problems ., .' P r o p o r t i o n  probitma 

T b d v a r i a b l e  hrc+equation problems 

. f s i x '  weeks l a t e r ,  by i n s t r u c t e d  s t u d e n t s  1 , 
'# 

A s j s s s a e n t  masure ( c r i t e r i o n - r e f e r e n c e d ,  c o n s i s t i n g  of 
- Zns t ruc t ed  -probl tm t y p e s  l 

. . 



Students  A - 
S e l e c t i o n  c r i t e r i a  focussed on i d e n t i f y i n g  ado lescen t s  s tudying 

grade e i g h t  .. - mathematics who had a h i s t o r y  o f  l e a r n i n g  d i s a b i l i t i e s ,  

were e x p e r i e n c i n g  p a r t i c u l a r  d i f f i c u l t y  i n  problem so lv ing ,  but  had 
/' 

mastered the  bas ic  opera t ions  i n  mathematics. 

The first set' of c r i t e r i a  r e q u i r e d  t h e  s@lXetion o f  s t u d e n t s  
1 

i d e n t i f i e d  as l e a r n i n g  d i s a b l e d  i n  a c c o r d  w i t h  s c h o o l  d i s t r i c t  and 

p r o v i n c i a l  g u i d e l i n e s  (@ee Appendix A ) .  These s t u d e n t s  had been 

i d e n t i f i e d  as l e a r n i n g  d i sab led  dur ing  t h e i r  elementary s c h o o l  y e a r s ,  

and a l l  had scored w i t h i n  t h e  normal range on indiv , idual  i n t e l l i g e n c e  
;Ba 

tests, and shown a s i g n i f i c a n t  d i s c r e p a n c y  b e t w e e n  a b i l i t y  a n d  

a c h i e v e m e n t .  A l l  had  a  h i s t o r y  o f  l e a r n i n g  d i s a b i l i t i e s  i n '  

mathematics on b o t h  c o n c e p t u a l  and c o m p u t a t i o n a l  t a s k s .  Some had 

7 e x p e r i e n c e d  l e a r n i n g  d i f f i c u l t i e s  i n  o t h e r  areas such as read ing  and 

w r i t t e n  expression.  

T h r e e  c r i t e r i a  f o r  p r e r e q u i s i t e  knowxadge were e s t a b l i s h e d .  

These helped t o  specify t h e  t a s k  domain t o  which c r i t e r i o n - r e f e r e n c e d  

measures  of l e a r n i n g  outcomes would be app l i ed  (Gagne & ~ e a r d ,  1978). 
w 

The first c r i t e r i o n  w a s  mastery o r  805 c o r r e c t  answers on a 10-minute, 

35-i tem test of b a s i c  o p e r a t i o n s  with whole numbers (see Appendix B). 

The second c r i t e r i o n  requ i red  f a m i l i a r i t y  o r  605 c o r r e c t  a n s w e r s  i n  a  

set of f i v e  o n e - s t e p  word p rob lems  r e q u i r i n g  m u l t i p l i c a t i o n  (see 

bppendsx B). To q u a l i f y  a s  e x p e r i e n c i n g  d i f f i c u l t y  i n  s o l v i n g  



a l g e b r a i c  word problems, s t u d e n t s  had t o  p rov ide  the c o r r e c t  numerical 

answer t o  no more than  40% o f  a set of 15 problems des igned  t o  r e q u i r e  
S 

t h e  u s e  of  unknowns and  e q u a t i o n s  ( s e e  Appendix B). For t h e  second 

and t h i r d  c r i t e r i o n  measures ,  c a l c u l a t o r s  a n d  f a m i l i a r i z a t i o n  w i t h  
. , a d 

t h e i r  u se  were provided.  

f A s c h o o l  d i s t r i c t  o f f i c i a l  i d e n t i f i e d  two l e a r n i n g  a s s i s t a n c e  
L 

t e a c h e r s  i n t e r e s t e d  . i n  t h e  r e s e a r c h .  They nominated s t u d e n t s  who met 

t h e  f i rs t  set  o f  c r i t e r i a .  Consent  was sought  from 25 s t u d e n t s  and 

t h e i r  pa ren t s .  The s t u d e n t s  were t o l d  what would .be expec ted  o f  them - 
3 - 

if t h e y  p a r t i ' c i p a t e d .  A l e t t e r  - was' s e n t  t o  t h e  p a r e n t s  p rov id ing  

i n f o r m a t i o n  a b o u t  the s tudy  Gnd r e q u e s t i n g  t h e i r  s i g n e d  d o n s e n t  (see 
\ 

Appendix  C) . Of t h e  2 5  f a m i l i e s ,  21 responded p o s i t i v e l y .  These 21 

s t u d e n t s  completed t h e  c r i t e r i o n  tests i n  t h e  two weeks  p r i o r  t o  t h e  

s t a r t  of  i n s t r u c t i o n ;  a l l  met t h e  s e c o n d  set of  c r i t e r i a .  One was 

l a t e r  disqualified when i d e n t i f i e d  as  a n  o u t l i e r  o n  o n e  of t h e  

dependent  v a r i a b l e s  (see Appendix Dl. 

The two j u n i o r  s e c o n d a r y  s c h o o l s  were l o c a t e d  i n  s u b u r b a n  

communities n e a r  Vancouver. These s c h o o l s  s e r v e d  s t u d e n t s  from a wide 

range of socioeconomic and e t h n i c  backgrounds  i n  g r a d e s  e i g h t ,  n i n e  

a n d  t e n . *  'Each  s c h o o l  h a d  a l e a r n i n g  a s s i s t a q c e  p r o g r a m  i n  
-- 

m a t h e m a t i c s .  I n  s c h o o l  1  (see T a b l e  2 )  t h e  l e a r n i n g  a s s i s t a n c e  
C 

s t u d e n k i  r e c e i v e d  mathematics  i n s t r u c t i o n  i n  groups  of 15. I n  School  

2 t h e  s t u d e n t s  worked  i n d e p e n d e n t l y  o n  i n d i v i d u a l i z e d  mathematics 

. Programs* There were approximate ly  15 s t u d e n t s  i n  the l e a r n i n g  o e n t r e  
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a t  one time. I n s t r u c t i o n a l  blocks were approximately one hour i n  both 
i 

I 
A 

s c h o o l s .  When they-were n o t  w i t h  t h e  r e s e - a r c h e r ,  i n s t r u c t e d  and 
k 

compar i son  s t u d e n t s  continued with t h e i r  l e a r n i n g  a s s i s t a n c e  program 
0 

i n  mathematics. - 

5 1 - 

The 20 s t u d e n t  p a r t i c i p a n t s  are descr ibed i n  Table 2 according t o  

@,oup, age, sex ,  school ,  grade ,  and performance on c r i t e r i o n  measures. 

The s t u d e n t s  i n  each school  were assigned randomly t o  t h e  i n s t r u c t e d  

and c o ~ p a r i s o n  cond i t iona  t o  produce groups o f  12 and 8 rqspec t ive ly .  
* ,  I 

Randomization was c a r r i e d  o u t ' w i t h l n  t h e  r e s t r i c t i o n ;  imposed by t h e  
- - - - 

- .  
s t u d e n t s 1  schedules ,  a s  i t  waa necessary  t h a t  they p a r t i c i p a t e  -in t h e  

' i n t e m e n t i o o  dur- the  per iod  they were scheduled t o  r e c e i v e  l e a r n i n g  

a s s i s t a n c e .  , 

The 12 s t u d e n t s  ass igned t o  t h e  i n s t r u c t e d  c o n d i t i o n  _consisted of 

7 females and 5 males. Three  were r e g i s t e r e d  i n  g r a d e  1 0 ,  f i v e  i n  

grade  9, and f o u r  i n  grade  8. The r e s u l t s  of  t h e  c r i t e r i o n  tests ( s e e  

Table 2) i n d i c a t e d  t h a t  t h e  b a s i c  o p e r a t i o n s =  s c o r e s  of t h e  12 s t u d e n t s  

- r a n g e d  from 94% t o  100% with a mean of -97%. Their s c o r e s  on accuracy 

of numerical answers t o  s ing le -opera t ion  word p r o b l m s  ranged from 601 
- 

L 
t o  1 0 0 %  w i t h  a mean o f  78.3%. On t h e  c r i t e r i o n  measure  f o r  word 

p r o b l e m s  r e q u i r i n g  v a r i a b l e s  and e q u a t i o n s ,  t h e i r  p e r c e n t a g e  o f  
. \ 

c o r r e c t  numerical answers ranged from 0 t o  40 and their mean was 181. 

The e i g h t  s t u d e n t s  ass igned t o  t h e  c o n t r o l  g r o u p  c o n s i s t e d  o f  4 
.- 



. . I 

females and 4 males: Two were e n r o l l e d  i n  grade  

qnd three i n  grade  6. Resu l t s  of t h e  c r i t e r i o n  

i n d i c a t e d  t h a t  t h e  b a s i c  o p e r a t i o n s  s c o r e s  o f  

- - -- 
10, t h r e e  i n  grade 9 ,  

tes ts  (see T a b l e  2)  

t h e  8 s t u d e n t s  ranged 

from 86% t o  1001, w'ith a  mean o f  97%. T h e i r  s c o r e s  on  a c c u r a c y  o f  

n u m e r i c a l  a n s w e r s  t o  o n e - a p e r a t i o n  word problems r a e d  from 60% t o  

100% with  a  mean o f  82..5%. 0; the  c r i t e r i o n  measure f o r  word problems 
i 

" 

r e q u i r i n g  v a r i a b l e s  a n d  e q u a t i o n $  t h e i r  p e r c e n t a g e  o f  c o r r e c t  

numerical answers ranged from ,O t o  40 wi th  a  mean of 20%. 

H o t e l l i n g ' s  T~ test-w& used t o  compare means o f  the i n s t r u c t e d  

a n d ' . c o m p a r i s g ~ b g r o u p s  o n  t h e  t h r e e  c r i t e ? i o n  v a r i a b l e s  -- b a s i c  

o k r a t i o n a ,  one-operat ion word p ro  lems, and i n s t r u c t e d  word problems. a 

? .  

( S e e  T a b l e  3 f o r  means and s t a n d a r d  d e v i a t i o n s . )  R e s u l t s  o f s - t h e  

HO t e l l  i n g  ' s T~ a n a l y s i 3  shoved no s i g n i f i c a n t  d i f f e r e n c e s  be tween t h e  

, means of  the  two g r o u p s  on  t h e  c r i t e r i o n  m e a s u r e s  E( 3 , 1 6 1  = .OW, 

p> .05 .  

I n  summary ,  a l l  p a r t i c i p a n t s  i n  t h e  s t u d y  were j u n i o r  h i g h  
- - 

a t u d e n t s ,  s t u d y i n g  e i g h t h  g r a d e  maghemati  a s ,  i d e n t i f i e d  by t h e i r  
I 

schoo l s  a s  r e q u i r i n g  2earnin.g a s s i s t a n c e  i n  mathematics. The s t u d e n t s  - 
ware adequate a t  b a s i c  o p e r a t i o n s  and s i m p l e  o n e - s t e p  word p rob lems  

r e q u i r i n g  mu1 t i p 1  i c a t i o n ,  b u t  were poor  a t  word problems r e q u i r i n g  

v a r i a b l e s  and equat ions .  , 
fa 



4 Table 3 

i . . Comparison Group Instructed  Group 

Variable  Mean . SD N Mean SD N - 

, 1-Operation - 
Word Problems 



a. 

' From t h e  w o r d  p r o b l e m s  w h i c h  a p p e a r  i n  j u n i o r  s e c o n d a r y  

t h r e e  ma thepa t i ca l  s t r u c t u r e s  were s e l e c t e d :  
_ = L 

prob lems ,  and t w o - v a r i a b l e  tiwo- 

e q u a t i o n  problems. The first two types  a r e ' t y p i c a l ~ y  t augh t  i n  grade  

eight and the t h i r d  type i n  grade  nine. Task 'analyses  of  t h e s e  t h r e e  

problem types appeak i n  Appendix E. 

The f irst  type of problem i n s t r u c t e d  was t h e  r e l a t i o n a l  problem. 

0 A r e p r e s e n t a t i v e  ex&iple is: "Sam h a s  $18 more t h a n  Tom. T o g e t h e r  

t h e y  have  $82. F i n d  t h e ,  amount o f  money qach  boy has." Th i s  type 

of problem was i n s t r u c t e d  first because t a s k  a n a l y s i s  s u g g e s t e d  t h e y  
, 

are the s imples t  problems t h a t  r e q u i r e  r e p r e s e n t a t i o n  and t h e  use  of a 

' v a r i a b l e  for  c o n s i s t e n t  c o r r e c t  s o l u t i o n s .  P a i g e  and Sfmon ( 196 6 ) 

found t h a t  r e l a t i o n a l  p rob lems  requ i red  r e p r e s e n t a t i o n  -of r e l a t i o n -  
d 

s h i p s  i n  t h e  p r o b l e m s  r a t h e r  t h a n  j u s t  t r a n s l a t i o n ,  t h a t  is', 

s t e p - b y - s t e p  s u b s  t i  t u t i o n  of  a l g e b r a i c  symbols f o r  t h e  English words 
-4 

and phrases. I n  e d d i t i o n ,  the e q u a t i o n  is  t y p i c a l  o f  t h o s e  f i rst  
& 

t a u g h t  i n  a lgebra :  "X + (X+18) = $82". Thus t h e  problem s o l u t i o n  f o r  

r e l a  t i o n a i  problems provides  a r e p r e s e n t a t i v e  i n t r o d u c t i o n  t o  s o l v i n g  

equat ions .  y 

The second type  of problem i n s t r u c t a d  was proport ion.  An example h. .. 
i8: " B r i e  saved $50 i n  18 weeks. How long  w i l l  i t t a k e  him t o  s a v e  

$950?m These  a re  g e n e r a l l y  thought t o  be c o g a i t i v e l y  more comple 

L they  require t h a t  the  s t u d e n t  t two r a t i o s  e q u a l  t o  e a c h  o t h e r  i n  



or& t o  o b t a i n  a  p6oblem r e p r e s e n t a t i o n  with t h e  equa t ion  i n  t h e  form 

"50/18 = 350/X. This equat ion  invo lves  two e q u i v a l e n t  f r a c t i b n s  and 
t 

i s  n q t  a s  t y  p i c a 1  a s  t h e  . e q u a t i o n  t h a t  ;harac ter i&s t h e  r e l a t i o n a l  
, 

I . . 
problem. t 

> * .  
The t h i r d  t y p e  o f  problem,  r e q u i r i n g  r e p r e s e n t a t i o n  i n  two 

L B 

v a r i a b l e s  anh s o l u t i o n  of two equadons , '  is sometimes r e f e r r e d  t o  a s  
. . 

s i m u l  t a n e o u s  l i n e a r  e q u a t i o n s .  An example c o n s i s t s  o f :  "Andrew has 
-. 

18 co ins ,  some q u a r t e r s  and t h e  re.& dimes.  The t o t a l  v a l u e  o f  t h e  (. 
c o i n s  i s  $3.45. ~ i n d  t h e  number of  eachm k i n d - o f  coifi. " The p a i r  of 

C 
r e l e v a n t  e q u a t i o n s  a r e ;  "X + Y = 18" and "\.25X + .10Y = $3 .45" .  

Because  o f  i t s  g r e a t e r  c o g n i t i v e  demands, t h i s  type of problem was i 
V /' 

t augh t  Last.  d 
\ 

After obse rva t ion  of  two e x p e r t  s o l v e r s  and t h e o r e t i c a l  analyses ,  
L 

I 
A 

.4 

t he  t a s k  a n a l y s e s  f o r  t h e  t h r e e  t y p e s  cgpf i n s t r u c t e d  word problem3 

e v o l v e d ,  d u r i n g  two one-men-th p i l o t  s t u d i e s ,  e a c h  i n v o l v i n g  two 

s t u d e n t s  who met the  c r f 4 t e r i a  f o r  i n c l u s i o n  i n  t h e  s t u d y .  I n  e a a h  

e '. 
c a s e ,  I i n s t r  c t e d  s t u d e n t s  i n d i v i d u a l l y  i n  t h e  genera l  subtasks  of  

r- 

word problem r b & e s e n t a t i o n  -- f i n d i n g  t h g  g o a l ,  f i n d i n g  whatwas  
- 4 4 known, and i n t r o d u c i n g  unknowns. Cons i s t en t  with Reif and Heller 's 

( 1 9 8 2 )  work, I found t h a t  t h e  s t u d e n t s  r a q u i r e d  a n  i n t e g r a t i v e  

framework s p e c i f i c  t o  t h e  p a r t i c u l a r  type of problem. The s tuden t8  

p roduced  t h e .  d i a g r a m m a t i c  r e p r e s e n t a t i o n  f i+ s t ,  l a y i n g  o u t  t h e  

m a t h e m a t i c a l  r e l a t i o n s h i p s  i n h e r e n t  i n  t h e  problem, i d e n t i f y i n g  the 
d -. 

f e a t u r e s  of the  problem and/or t h e  problerd t y p e ,  and t h e n  moving t o  
I 

! 



* 

t h e  d e t a i l e d  subtasks .  L ine -by- l ib  t r a n s l a t i o  and de t a i l - b y - d e t a i l  

r ecord ing  became the R d e f a u l t  o p t i o n R  when a 4 t u d e n t  c b u l d n l t  i d e n t i e  ' 

t h e  m a t h e m a t w a l  r e l a t i o n s h i p s  i n  t h e  problem as an instanore of a 
9 

4 
p a r t i c u l a r  type of problem. S i m i l a r  work i n  t h e  pilo$ s t u d i e s  l e d  t o  

I 

t h e  d e c i s i o n s  t o  u s e  a l g o r i t h m i c  s o l u t i o n  p r o c e d u r e s  f o r .  t h e  
d 

r e l a t i o n a l  agd propor t ion  problems, and systemat+c t r i a l Jand-e r ro r  fo r  

t h e  s o l u t i o n  of  two-variable two-equation p6oblems. The t a s k  a n a l y s e s  
d 

. f o r  the  t h r e e  types  of problems appear- i n  Appendix E. 1 

4 J 

The s tudy employed training m a t e r i a l s  co l l s i s t ing  of sets, of f i v e  

word problems (see Appendix Elt Each set of f i v e  problsms is  refarr.ed 

t o  a s  a  t a s k s h e e t  and the  f o r m  o n  which t h e  , s t u d x n t s  
x 

a n s w e r s  i s  worksheet. Each t a s k s h e e t  co  

one  r e l a t i o n a l  p r o b l e m s ,  
I 

prob lems ,  o r  problems r e q u i r i n g  two equa t ions  i n  two with 

one pro *a  em r e f l e c t i n g  e a c h  o f  f i v e  c o n t e x t u a l  d e t a i l s  o r  s u r f a c e  
. ,  

s t r u c t u r e s  of  time, money, d i s t a n c e ,  number, age. Ibe t a s k s h e e t s  were 

designed t o  teach s t u d e n t s  t h a t  unders tanding ma thema t i c a l  s t r u c t u r e  
/ 

i s  n e c e s s a r y  f o r  p r o b l e k  r e p r e s e n t a t i o n  and problem s o l u t i o n ,  while.  
- 

s u r f a c e  s t r u c t u r e  is v a r i a b l e  ;nd an u n r e l i a b l e  guide. 
F 

Problems o f  each type were drawn from mathematics series uaed by 
f 

g r a d e  e i g h t  m a t h e m a t i c s  t e a c h e r s  (Ebos ,  Rob inson ,  & T u c k ,  1 9 8 4 ;  

E i c h o l z ,  O I D a f f e r ,  B r u m f i e l ,  Shanks ,  & F l e e n o P ,  1971; S o b e l  & 



b 

< 

6 

M a l e t s k y ,  1 974; S t e i n ,  1982 1. About one-quarter of 

t h e  i n s t r u c t i o n a l  daterials were from t h e s e  s o u r c e s .  

t h r @ e - q u a r t e r s  were prepared f o r  t h i s  study,  mod 
\ Pled 

6 

& 

the problems i n  

  he r e m a i n i n g  
- 

on t h o s e  i n  t h e  

t e x t s ,  but  comb'ining each of  t h e  . f ive  s u r f a c e  s t r u c t u r e s  w i t h  e a c h  s f  

t h e  t h r e e  m a t h e m a t i c a l  s t r u c t u r e s .  A t o t a l  of 200 problems of  each 
B 8 

mathematical s t r u c t u r e  were prepared (40 wi th  each s u r f a c e  s t p c t u r e ) .  

These  were a s s i g n e d  randomly t o  t a s k s h e e t s  f o r  t r a i n i n g  m a t e r i a l s ,  

, '. b a s e l i n e  tests, and dependent measures for;+ the  p r e t e s t s  andi p o s t t e s t s .  

One hundred p r ~ b l e m s ~ o f  each mathematical s t r u c t u r e  were a v M l a b l e  f o r  
i 

- 

use  d u r i n g  t r a i n i n g  having been a s s i g n e d  randomly t o  20 t a s k s h e e t s .  

The t a s k s h e e  ts were examined by experienced mathematics educa to r s  t o  

11 < 
- .  

ensure  t h a t  they conta ined no mathematical misconceptions. 

  he bdd-numbered t a s k s h e e t s  were used f o r  t ra ln lng.and p r a c t i c e  " .  
while  t h e  hen-numbered were used f o r  r e g u l a r  t a s k  a s s e s s m e n t .  A l l  . , 

b 

s tuden ;  s. r e c e i v e d  t h e  same t r a i n i n g  m a t e r i a l s  i n  t h e  &me sequence, 

but  Progressed a t  t h e i r  own rate. I n  t h e  e a r l y  WAS of i n t e r v e n t i o n ,  - - 
d 

took p l a c e  a t  one sess on and assessment a t  t h e  fo l lowing , 4 
s e h o n :  A s  s t u d e n t s  became m o r e k f i c i e n t ,  i n s t r u c t i o n  a n d  

\ assessment could u s u a l l y  be completed i n  one sess ion .  

- .  
R o c e d u r e s  

To f a c i l ' i t a t e  d e s c r i b i n g  t h e  complex 

* g iven  first, fol lowed by de ta i J  about  e a c h  
.* 

procedures,  an overview is 

p h a s e  o f  t h e  s t u d y .  A l l  

s t u d e n t s  r ece ived  p r e t e s t s ,  pkttests, and ' were made familiar wi th  t h e  
4- 



s t r u c t u r e d  s t u d e n t s  a s s i g n e d  t o  t h e  i n s t r u c t s d  

aondit ion,  12 weeks within  a span of 15 weeks due a ,  
- 

. t o  a t h r e e  ieek Chr i s tmas  r 'acation. A br ief .  rev* of a l l  previous 
I 

i n s t r u c t i o n  was conducted i n  . the f i r s t  p o s t - v a c a  t i o n  s e s s i o n .  
t 

Adjustments i n  scheduling were qecessary when t h e  schools  changed from 
*:+ " <  1 + 7 - 

B .  t-& 
first t o  second semester, Pour weeks, b e f o r e  t h e  end of  i n s t r u c t i b n . ,  

A l l  s t u d e n t s  received p o s t t e s t  measures a t  the  closg, of in tervent ion.  

& Transfer t asks  were administered t o  the  i n s t ruc t ed  s tudents  f o l l o w i n g  , 
- 

post tes t ing.  Ins t ruc ted  s tudents  received rnalntenance tasks  s i x  w y k s  

l a t e r .  

Procedures  appl ed t o  a l l  s tudents  a r e  described first, followed t 
by procedures unique t o  instructe 'd students.  

2 
t > 

P r e t e s t i n g  began immedia te ly  f o l l o w i ~  sub jec t  l e c t i cn .  Six  

p r e t e s t s  were administered i n  s i x  sessions.  The a s se s smen t  measure,  
b 

c o n s i s t i n g  of  15  problems, f i v e  of each in s t ruc t ed  type, had a l ready 

been administered because i t  was used a s  bo th  c r i t e r i o n  measure f o r  
* 

i d e n t i f y i n g  p a r t i c i p a n t s -  i n  t he  study and p re t e s t .  The order of the 

a remaining measures  waa: mu1 t i p l e  cho ioe  problem t e s t ,  open-ended 

problem t e a t ,  ~ t a c o g n i t i v e  interview, th inking aloud f o r  a relatio'bal Yr 
problem, .and t h e  c l a s s i f y i n g  . t a sk .  Although t h e  time t aken :  was 

r e c o r d e d ,  each w r i t t e n , t e s t ' w a s  a d m i n i s t e r e d  w i t h o u t  time l i m i t .  
{ 



C a l c u l a t o r s  were  p r o v i d e d  f o r  t h e  w r i t t e n  measures and t h e  th ink ing  
,' _ 1 

i loud.  S tuden t s  were t e s t e d  i n d i v i d u a l l y  f o r  t h e  i n t e r v i e w  and t h e  
I 

U 

thknking-aloud p ro toco l ,  and two a t  a  time f o r  t h e  o t h e r  measures. * 

P o s t t e s t i n g  was i n i t i a t e d  i m m e d i a t e l y  a f t e r  t h e  l a s t  day o f  

i n s t r u c t i o n .  The same s c h e d u l e  and a r r a n g e m e n t s  d e s c r i b e d  f o r  
* 

p r e t e s t i n g  were used. 

A l l  s t u d e n t s  were i n t r o d u c e d  t o  t h e  s t r u c t u r e d  w o r k s h e e t  (see 

F i g u r e  5) on  which t h e  a s s e s s m e n t  measures  f o r  i n s t r u c t e d  problems 

were comple ted  i n  t h e  p r e t e s t ,  p o s t t e s t ,  and i n t g r v e n t i o n .  The 

w o r k s h e e t  was d i v i d e d  i n t o  two p a r t s ,  r e p r e s e n t a t i o n  and s o l u t i o n ,  

which contained t h e  s t e p s  i n  problem s o l v i n g  d e r i v e d  from c o g n i t i v e  

t a s k  a n a l y s i s .  R e p r e s e n t a t i o n  o f  t h e  problem was e x p r e s s e d  a s  

n g e t t i n g  the  whole p i c t u r e n  on  t h e  t o p  h a l f  o f  t h e  w o r k s h e e t .  The 

l o w e r  h a l f  o f  t h e  worksh-eet  was r e s e r v e d  f o r  showing t h e  problem 

s o l u t i o n .  The s c r i p t  f o r  f a m i l i a r i z a t i o n  appears  i n  Appendix F. The 

p i l o t  s t u d i e s  had shown t h a t  t h e  w o r k s h e e t  p r o v i d e d  s t u d e n t s  with 

e f f e c t i v e  cues  which guided them i n  completing prtibl&is and a  language 

f o r  t a l k i n g  about  problems. 

T h e  s t u d e n t s  were p r o v i d e d  w i t h  e x p l a n a t i o n s  f o r  t h e  s i x  

components of problem r e p r e s e n t a t i o n  t h a t  a p p e a r  on  t h e  worksheet: - 

making a drawing o r  us ing  your 

t h e  problem; t h e  g o a l  (what you 

awn words t o  show t h e  r e l a t i o n s h i p s  i n  

have, t o  f i n d )  ; t h e  unknowns ( w h a t  you 



1 C1 
exst-ciae Exp. Rraw SPbtrslos Ob. 

r 

X &an w r i t d s a y  #Is problem ip &y k n words or draw a picture. 



" I _ - I  
, 7 .  

, d o n y  t know i n  t h e  p r o b l e m ;  t h i s  is u h e r e  you i n t r o d u c e  a v a r i a b l e ) ;  

th. known. ( the  r e l e v a n t  i n fo rma t ion  you know from r e a d i n g  t h e  problem 
. I 

. L and f rom -your p r i o r  iraouledge ) ; kind o f  problem (the &lass o f  problem 
c 

C '  
f 

, . -  + t h a t  it fits i n t o  o r  a  d e s c r i p t i o n  of t h e  p rob lemts  f e a t u r e s ;  equa8toon , - 
r. ' .  - 

<a t r u e  s t a t e m e n t  based on t h e  r e l a t i o n s h i p s  i n  t h e  probl-em and shdwn 
*.a - 

I - 
i n  y o w  drawing,  i n c l u d i n g  t h e  v a r i a b l e  you have  i n t r o d u c e d ) .  

7 

P r o b l e ~ ~ . s d l u t i o d  u a ~  d e s c r i b e d p  * the  h e p s  you c a r r y  .out on t h e  

a equagion t o  cet t o  t he  g o a l n .  B r i e f  e x p l a n - a t i o n s  were p r o v i d e &  f o r  
' . * .  . . 

4 

c 

t h e  o t h e r  components. o f  s o i u t i o n ;  aompare your  answer t o  t h e  g o a l  ( t g  . - 

insure c o n s i s t e n c y  be tween  t h e  g ~ a l  and  t h e  answdr  you write i n  a - 

sentence) , ;  checking (your  compcltations and ob ta ined  v a l u e s ) .  
- 7 .  

i 
\ S t u d e n t s  i n  t h e  caupa r i aoa  group were n i n d i v i d u a l l y  f o r  t h r e e  596 

c 

30-minuts '  . s e ~ a i o n s .  I n  ijach s e a s i d n  theya  r sqe ivqd  t h e  iamiliarizh- 

t i p n ,  were asked t o  d e f i n e  t h e , t e r n s ,  a n d '  t o  f i n d  t h e  r e b v a n ' t  r 
d 

- c o n r p o n e n t s  i n  p a r t i c u l a r  p r o b l e m s .  T h e n  t h e y  were g i v e a ' a n  
- * -  

o p p o r t u n i t y ,  t o  t ry  o u t .  t h e  w o r k s h e e t  w i t h  t h o a e  p rob lems .  I n  t.he 

Cirat s e s s i o n  they used r u l a t i o a a l  problems fram the first t a s k s h e e t .  
G 

Ln' the second Jsa 'dion they u s e d  t h e  f i r s t  t a a k a h e e t  f o r  p r o p o r t i o n  

pr@blea ts ,  and i b  t h e  t b i r d  sssaion, t h s  f i r s t  t a b k s h e e i  f o r  &a 

variable  t u&tqua t fon  problems. They d i d  n o t  r e a e i v e  i n s t r u c t i o n  on 

f e r d b a a k  s p e c i f i c  t o  the p r o b l e m s ,  o n l y  P a m i l i a r i z a t l o n  w i t h  We 
i 

'atmct-4 worksbeet the waning of t h e  sxprr .a%ons  used oneit. 

These thr,e% 30-minute sesaiona far the comparison group took p l a c e  i n  



t h e  

t h e  

*- 

Students  i n  the i n s t r u c t i o a s l  group received f m i l i a r i z a t i o n  wi th  , 
meanings of t h e  express ions  used o n  t h e  s t r u c t h r e - d  w o r k s h e e t  Ln 

course of the first day of  i n t e r v e n t i o n  f o r  each type of problem. ; - 
\ .' 

The s t u d e n t i  i n  t h e  aompar i son  g r o u p  c o n t i n u e d ' r i t h  t h e i r  
' \  

l e a r n i n g  a s s i s t a n c e  program i n  m a t h e m a t i c s  w h i l e  t h e  i n s t r u c t e d  h . 

s t u d e n t s  p a r t i c i p 8 t e d  i n  t h e  intemen%ion.  Verbal problem s o l v i n g  was 
T 

i n c l u d e d  i n  t h e  c u r r i c u l u m  o f  each s t u d e n t  i n  t h e  comparison group, 

and_ the  i n s t r u c t e d  problem t y p e s  were p a r t  o f  t h e  pqoblem s o l v i n g  
- - - & *  " 

curriculum.;  In 'one  school,  s t u d e n t s  i n  l e a r p n g  a s s i s t a n c e  worked on 

. i n d i v i d u a l l p d  programs t h a t  had been prepared by a special e d u c a t o r .  

There  were a b o u t  15 s t u d e a t s  i n  the l e a r d i n g  a s s i s t a n c e  c e n t r e  a t  a 

tine. In t h e  o t h e r  school  s t u d e n t s  were i n s t r u c t e d  i n  m a t h e m a t i p  by , 

a s p e c i a l  e d u c a t o r  i n  a g r o u p  c d n t a i n i n g  about 15 s tuden t s .  Tota l  

ins t ruct ional .  time was the  ,same f o r  s t u d e n t s  i n  t h e  two p o u p s .  

. * 

1 * 

1 

L 
B a s e l i n e  measurea  ware a d m i n i s t e r e d  p r i o r  t o  i n s t r u c t i o n  i n  

r e p r e s e n t a t i o n  and then w a i n  p r i o r  t o  i n s t r u c t i o n  i n  s o l u t i o n  f o r  

e a c h  1 t y p e  o f  p r o b l e n .  I n  a11 cams s t u d e n t s  were asked t o  c m p l & e  

b o t h  the r e p r e s e n t a t i o n  and  s o l u t i o n  s e c t i o n s v  o f  t h e  s t r  a c  t u r e d  

w o r k a h s e t .  s t u d e n t s  were t o l d  thab t h e  baselins served t o  determine 
, 

h w  acib they a l ready  Im%w and m a s tandard  o f  a m p a r i s o n  w i t h  t h e i r  



4 

la-ter a s s e s s m e n t  m e a s u r e s .  They were g i v e n  a se t '  o f  t e n  yandomly 
.C 

orde red  problems o f  one mathemat ica l  s t r u c t u r e  c o n t a i n i n g  two wob lems  
i r  

w i t h  e a c h  s u r f a c e  s t r u c t u r e  ( s e e  Appendix  GI. The s t u d e n t s  were . . 
/ 

provided w i t h  c a l c u l a t o r s ,  bu t  s e l f - q u e s t i 8 n i n g  prompts were n o t  made 

a v a i l a b l e .  ?he i n v e s t i g a t o r  demonstrated t h e  use1 of  t h e  c a l c u l a t o r  9 
a l l  s t udep t s . .  

, I n  c l i n i c a l  and G h a v i o r a l  i n t e r v e n t i o n s ,  t h e  convent ion  bas been 
.- 

* , . 
t o  r e q u i r e  a minfmum o f  t h r e e  s e p a r a t e  .o 'bserva t ion  p o i n t s  t o  e s t a b l i s h  

a t r e n d  i n  t h e  b a s e l i n e  d a t a  (Hersen  Barlow, 1976, p. 7 6 ) .  However, 

Kazdin (1982) a r g u e s  t h a t  " r e q u i r i n g  t h e  s u b j e c t  t o  c o m p l r t e  a t a s k  

f o r  a s s e s s m e n t  purpBoses may be  d i f f i c u l t  f o r  an  ex tended  b a s e l i n e .  " 
- (p .  1461, and 'may j e o p a r d i z e  t h e  i n t e r v e n t i o n .  He adds.  t h a t  " t h e  

? 

c l e a r e s t  Y n s t a n c e  o f  s t a b i l i t y  w+'< be i f  behavior  never  o c c u r s  o r  

- r e f l e c t s - a  c o m p l e x  s k i l l  t h a t  i s  n o t  l i k e l y  t o  c h a n g e  o v e r  t i m e  
r, 

u i z h o u t  s p e c i a l  t r a i n i n g n  (Kaidin.  1982, p. 148) .  Because s t u d e n t s  i n  

the p i l o t  a t u d l e i  had found t h e  b a s e l i n e  i e a s u r e ;  d i s h e a r t e n F n d  
/I 

b e c a u s e  t h e  c o m p l r r  knowledge  G a s  n o t  l i k e l y  t o  c h a n g e  w i t h o u t  . , ,  * - 

i n s t r u c t i o n ,  o n l y  two b a s e l i n e  a s s e s s m e n t s  were a d m i n i s t e r e d  a t  t h e  J 

b e g i n n i n g  o f  e a c h  phase. To i n c r p s s e  reliability, each  set c o n t e i n s d  
< 

t e n  problems r a t h e r  t h a n  f i v e ,  a s  i n  d a l l y  a s s e s s m e n t s .  B a s e l i n e  

n e a a ~ e s  were  s c o r e h  f o r  r e p r e s e n t i t i <  s o i u t i o n  and numcripal  answer 

i n  acco rd  w i t h  g u i d e l i n e s  p r e s e n t e d  i n  t b e - y t i o n  e n t i t l e d  

h i s  o r  h e r  o b t a i n e d  s c o r e s  o n  a g r a p h .  A s t u d e n t  who r e a c h e d  t h e  



c r i t e r i o n  o f  805 o n  b a s e l i n e  9n a n y  p h a s e  would  p r o c e e d  t o  t h e  ' 

b a s e l i d e  f o r  t h e  next  phase. 

. * .  - .  -- 
f h o t -  Dur- 

Think-aloud p r o t o c o l s  were a d m i n i s t e r e d  p r l ' oq  t o  b a s e l i n e  f o r  
-% 

r e p r e s e n t a t i o n  and f o l l o w i n g  a t t a i n m e n t  o f  c r i t e r i o n  f o r  s o l u t l a n  f o r  

e a h h  t y p e  o f  p r o ~ b l e y .  T h e s e  were a u d i o  r e b o r d e d '  o n  a n  A i w a  
I 

a u t o -  r e v e r s e  r e c o r d e r  equipped w i t h  c l ip-on  micr;ophones. The s t u d e n t  

wao g i v e n  a problem typed \a a b a r d ,  and asked t o  t h i b k  o u t  l oud  wh i l e  

d o i n g  t h e  problem.  C o n s i s t e n t  wi th  th6 re&endat ioas  of Ekicsson 

and Simon ( 19841, d t a l i e d  i n s t r u c t i o n s  were employed, t o  e n s u r e  t h a t  
I 

t h e  s t u d e n t s  u n d e r s t o o d  w h a t  was e x p e c t e d  o f  them. . A t  t h e  first 

a d m i n i s t r a t i o n ,  s t u d e n t s  p r a c t i s e d  th inki r ig  ' a loud  w h i l e  c o m p l e t i n g  a 
--._ 

m u l t i p l i c a t i o n  q u e s t i o n  (see ~ p p k n d i x  H f o r  t h e  i n d t r u c t i o n s ) . .  

Sco r ing  proct@ures - were developed t o  rate s t u d e n t s 1  unde ra t and ing  aa 

t hey  thought  a loud.  

Eaah 

40-minute 
C .  

1. 

2. 

s t u d e n t  met i n d i v i d u a l l y  w i t h  t h e  i n s t r u c t o r  f o r  o h  
- / I  

a e s a i o n  on  a l t e r n a t k  days.  These prooedurqa were fol lowed:  

The s t u d e n t  was r m i n d e d  o f  the purpose o f  the c u r r e n t  
e 

s e s s i o n ,  and shown t h e  graph of t h e  

The t a s k a h e e t  was p l a c e d  i n  f r o n t  

results t o  date. 

o f  the s t u d e n t  w i t h  



- -- 

prompt  c a r d  f o r  s e l f -ques t ion ing .  (The prompt was 

g r a d u a l l y  faded  o u t  . ) 
T h e  s t u d e n t  r e a d  a n d  s a i d  f r o m  memory t h e  se l f -  

q u e s t i o n s .  

The s t u d e n t  and t h e  t e a c h e r  each read t h e  first broblem ' 

s i l e n t l y .  

The . i n s t r u c t o r  r e a d  a l o u d  and  t h o u g h t  a l o u d  f o r  t h e  

first word problem, making f r e q u e n t  r e f e r e n c e s  t o  t h e  - 
prompt  c a r d  f o r  s e l f - q u e s t i o n i n g .  Th i s  procedure  was 

r e p e a t e d  f o r  t h e  second problem. (See Appendix  f f o r  

sample t r a n s c r i p t  o f  i n s t r u c t i o n .  ) , 
I 

The s t u d e n t  r ead  aloud and thougnt  a loud  f o r  t h e  t h i r d  
1 - 

word problan .  The i n s t r u c t o r  prompted, encouraged,  and 
- - - - -- 

provided feedback  s p e c i f i c  t o  the-  s t u d e n t f  s v e r b a l i z a -  

t i o n s .  Examples  are:. mAre you c e r t a i n  t h a t  you are 

l e t t i n g  X t a k e  t h e  ' p l a c e  o f  t h e  s i m p l e s t   unknown?^ 

"Tha t  i s  c o r r e c t ,  it--ii a r e l a t i o n a l  problem; now, can  

you t e l l  me wha t  s t r u c t u r a l  f e a t u r e s  of  t h e ,  p r o b l e m  

b helped you t o  i d e n t i f y  it?" Th i s  procedure  was r e p e a t e d  

f o r  t h e  f o u r t h  problem. 

T k e ' s t u d e n t  c o m p l e t e d '  t h e  f i f t h  word p&blem wi thou t  

i n t e r j e c t i o a  f r a  the i n s t r u c t o r ,  a l & d  i n  t h e  e a r l y  

s t a g e s  o f *  t h e  atudy '  and  t h e n  s i l e n t l y .  Feedback was- 

provided.  Z 



8. The f r e q b e n t  p rompts ,  encouragement ana feedback were 

c a d u a l l y  f a d e d  o u t .  ( T h e  r e a d e r  i s  r e f e r r e d  t o  

Appendix I f o r  r e p r e s e n t a t i v e  t r a n s c r i p t s  i l l u s t r a t i n g  

t h e  i n s t r u c t i o n  i n  r e p r e s e n t a t i o n  and s o l u t i o n .  ) 

9 .  After c o m p l e t i n g  a p r a c t i c e  t a skshee t  i n  t h i s  manner, 

t h e  s t u d e n t  c o m p l e t e d  a n  a s s e s s m e n t  t a s k s h s e  t 

1 
I independently,  seek ing  h e l p  only  i f  unable t o  proceed.. 

10. The s t u d e n t  was shown a graph of progPess and i n f o r m e d  

about t h e  purpose of t h e  next sess ion .  1 

A number of s c r i p t s  were used throughout the s t u d y :  o r i e n t a t i o n  

s a r i p t ,  g e n e r a l  s c r i p t  about word problems, and s p e c i f i c  s c r i p t s  f o r  

r e p r e s e n t a t i o n  and s o l u t i o n  f o r  each problem type. These can be found 

=% . On t h e  

f j r s t  d47 o f  i n t e r v e n t i o n  an  o r i e n t a t i o n  s c r i p t  was used t o  i n t r o d u c e  

t h e  s t u d e n t  t o  the t r a i n i n g  e x p e r i e n c e .  The m i e n t a t i o n  s c r i p t  

included a d i s c u s a i o n  o f  why we somet iaes  exper ience  d i f f i c u l t y  d o i n g  

word problems,  a d e s c r i p t i o n  o f  self-questioning and its re levance  t o  
1 

f 

t h e  i n s t r u c t i o n ,  and a d e s c r i p t i o n  o f  t h e  two p h a s e s  i n t o  w h i c h  

problem s o l v i n g  would be d iv ided  : problem r e p r e s e n t a t i o n  and problem 



s o l u t i o n .  The s t u d e n t s  were informed t h a t  ese a c t i v i t i e s  would h e l p  - -? 
I 

th'em t o  do word problems d u r i n g  i n t e r v e n t i o n  and i n  t h e i r  m a t h e m a t i o s  
i 

c l a s s e s .  The i n v e s t i g a t o r  answered  t h e  s t u d e n t s 1  q u e s t i o n s  and  

l i s t e n e d  t o  t h e i r  pencerns.  

Fol lowing t h e  o r i e n t a t i o n ,  t h e  

(see Appendix J) was used t o  engage 

t h e  s t u d e n t .  Tlde p u r p o s e  was t o  

g e n e r a l  s c r i p t  about  word problems 

i n  i n t e r a c t i v e  c o n v e r s a  t i o n  w i t h  

assist t h e  s t u d e n t  i n  a c q u i r i n g  

genepa l  i n f o r m a t i o n  and vocabulary  a b o u t  word p r o b l e m s  and  r e l a t i n g  

t h e s e  t o  e x i s t i n g  knowledge. The e x i s t e n c e  of  k i n d s  o f  s t o r y  problems 

was r e l a t e d  t o  t h e  e x i s t e n c e  o f  k i n d s  o f  famil lap s t o r i e s  (e .g . ,  

m y s t e r i e s  a n d  w e s t e r n s ) .  D e c l a r a t i v e  i n f o r m a t i o n  i n c l u d e d  t h e  
J 

%portance of t h e  m a t h e m a t i c a l  s t r u c t u r e  o f  a word p rob lem ( r a t h e r  

t h a n  t h e  c o n t e x t u a l  d e t a i l s )  f o r  de te rmining  t h e  type  of problem and 

I " , \  
haw t o  proceed. Other  t o p i c s  i n c l u d e d  t h e  u s e  o f  a l e t t e r  t o  s t a n d  

f o r  a n  unknown q u a n t i t y  and t h e  s e a r c h  t o  f i n d  t h e  number s o  t h a t  t h e  

le t ter  i s  no l o n g e r  necessary .  

Then t h e  s t u d e n t  was made f a m i l i a r  wi th  the s t g u c t u r e d  worksheet  

on which t h e  problems were t o  be completed. 
l 

The i n s t r u c t o r  r ead  through,  t h e  self-ques&ioning f o r  r ep re sen ta -  

t i c n  w i t h  t h e  s t u d e n t  and po in t ed  o u t  t h e  c l o s e  connec t ion  between t h e  

s e l f - q u e s t i o n s  a n d  t h e  t o p  h a l f  of  t h e  s t r u c t u r e d  workaheet.  The 

s t u d e n t  r e h e a r s e d  u n t i l  a b l e  t o  s a y  t h e  q u e s t i o n s  a'izad p o i n t  t o  the( 

r e l e v a n t  p a r t s  o f  t h e  w o r k s h e e t .  T h e  s e l f - q u e s t i o n s  f o r  

r e p r e s e n t a t i o n  were : i 



1. Have I r e a d  and u n d e r s t o o d  e a c h  sentence?  h e  t h e r e  

any words whose meaning I have t o  ask?  

2. Have I g o t  t h e  whole  p i c t u r e ,  a re~res-, f o r  

t h i s  p r o b l h ?  , 

3. Have I w r i t t e n  down my r e p r e s e n t a t i o n  on t h e  worksheet? 

.4. What p r o b l e m  f e a t u r e s  s h o u l d  I f o c u s  on  i n  a new 

problem s o  I can know whether I can use  t h e  r e p r e s e n t a - .  

t i o n  I have been t augh t?  + 

A s c r i p t  was followed t o  p resen t  d e c l a r a t i v e  in fo rmat ion  s p e c i f i c  

I t o  r e l a t i o n a l  problems (see Appendix J).  S tuden t s  were t o l d  t o  wa tch  

f o r  a. r e l a t i o n a l  s t a t e m e n t ,  a sentence  g i v i n g  in fo rmat ion  about  one 

unknown q u a n t i t y  i n  terms o f  i ts r e l a t i o n s h i p  t o  a n o t h e r  unknown 
4 

q u a n t i t y  (e .  g. , John  has $4 more. than Sam). They were a l s o  informed 
3 

about g u i d e l i n e s  specific t o  us ing  unknowns t o  r e p r e s e n t  q u a n t i t i e s  i n  
3 

1 r e l a t i o n a l  problems. 

F o l l o w i n g  t h i s  i n s t r u c t i o n  i n  d e c l a r a t i v e  knowledge,  t h e  

i n s t r u c t o r  proceeded as desc r ibed  i n  t h e  s e c t i o n  -%l Procedures 
1- 

- 
ut Intervention. Tasksheets  # l  t o  20 were used i n  sequence, 

P"' odd numbers f o r  p r a c t i c e  and even numbers f o r  a s s e s s m e n t .  S e s s i o n s  
0 

I 

c o n s i s t i n g  of  i n s t r u c t i o n L p r a e t i c e  and assessment (a t e a c h / t e s t  c y c l e )  

c o n t i n u e d  u n t i l  t h e  s t u d e n t  r e a q h e d  t h e  c r i t e r i o n  o f  c o r r e c t  - 
r e p r e s e n t a t i o y  f o r  4 ou t  of 5 r e l a t i o n a l  problems on t h r e e  consecutive 

assessments. m e n ,  b a s e l i n e  w a s  conducted (as h a s  been Q e s c r i b e d )  f o r  - " 



t h e  s o l u t i o n  o*lational problems. 

f o r  relational m o m .  FaJ&b&ng base- 
i 

2 l i n e  f o r  s o l u t i o n ,  qn t h e  first day of  i n s & u c t i o n  i n  t h i s  phase  t h e  
t 

s c r i p t  t o  f a m i l i a r i z e  t h e  s t u d e n t  w i t h  t h e  workgh'eet'was used (see 

AppendixF).  T h e i n s t r u c t o r  r e a d  t h r o u g h  t h e  s e l f - q u e s t i o n i n g  f.or . 
s o l u t i o n  with the  s t u d e n t  and pointed out  t h e  d o s e  connection between 

the  

The 

and 

f o r  

se l f -ques t ions  and the  bottom h a l f  of t h e  s t r u c t u r e d  w o r k s h e e t .  / 

s t u d e n t  r e h e a r - s e d  u n t i l  he  o r  she  was a b l e  t o  say t h e  ques t ions  

po in t  t o  t h e  r e l e v a n t  p a r t s  o f  the  work-sheet. The se l f -ques t ions  
% 

s o l u t i o n  were: 

1. Have I w r i t  t e n  an equat ion2 

2. Have I expanded the  terms? 

3. Have I w r i t t e n  o u t  t h e  s t e p s  o f  my -on t h e  
.F 

worksheet? ( c o l l e c t e d  l i k e  terms; i s o l a t e d  unknown( s) ; 

solved f o r  unknown(s1 ; checked my answer with the goal ;  

h igh l igh ted  my answer 

4. What p r o b l e m  ' f e a t u r e s  s h o u l d  I f o c u s  on i n  a new 

problem s o  I can know whether I oan use  the  s o l u t i o n  I 

have been taught?  

The s t u d e n t  was p r e s e n t e d  wi th  procedural  informat ion  about  t h e  

i m p o r t a n c e  of a d d i n g / s u b t r a c t i n g  o n l y  terms t h a t  are a l i k e ,  a n d  

c a r r y i n g  o u t  a d d i t i o n  and s u b t r a c t i o n  , b e f o r e  mu1 t i p l i c a t f  on  and . . 

d q s i o n  i n  t h e  p r o c e d a r e  f o r  s o l v i n g  a n  e q u a t i o n ,  The need f o r  , 

I 
\ 



c o n s i s t e n c y  between r e p r e s e n t a t i o n  and solution'was emph zed ( f o r  

s c r i p t ,  see  Appendix 3).  

Teaching by thilllring. aloud proce6ded a s  degcribed i n  t h e  s ec t i on  

a l  Roc&res  -ut Ipterv-. s t udeb i s  we& required t o  

g e n e r a t e  both the  problem represen ta t ion  and the  problem so lu t i on  f o r  

each phblem, 6eciuse the  problem s o l u t i o n  c o n s i s t e d  of $ s o l v i n g  t h e  

equa-tion and answering the  goal ,  which had been generated dur ing t h e  
\ 

r e p r e j e n t a t i o n .  S e s s i o n s  cons i s t&,  o f  i n s t r u c t i o n / p r a c t i c e  and 
b 

assessment  ( t each / t e s t  cyc le )  continued u n t i l  the  s tudent  reached the  

c r i t e r i o n  f o r  t h e  s o l u t i o n  -phase of  80% c o r r e c t  r e p r e s e n t a t i o n s ,  ' 

s o l u t i o n s ,  and answers  i n  t h r e e  consecutive sessions.  Tasksheets i n  

the  s e r i e s  #l  t o  20 were used f o l l o w i n g  on from t h e  l a s t  t a s k s h e e t  

employed f o r  assessment i n  problem representat ion.  

, + 

f o r   re Draw. . Following 

a d m i n i s t r a t i o n  of  base l ine  f o r  proportion problems, on t h e  first day 

of i n s t r u c t i o n  i n  t h i s  phase,  t h e r e  was a r e v i e w  o f  t h e  s e l f -  

q u e s t i o n s  fof;  r ep re sen t a t i on .  The s tudent  demonstrated knowledge of 

the  questiortls and p o i n t e d  t o  t h e  r e l e v a n t  p a r t s  of t h e  workshee t .  

D e c l a r a t i v e  information s p e c i f i c  t o  propor t i o n  problems was presented 

i n c l u d i n g  vocabu la ry  f o p  terms s u c h  a s  r a t i o ,  c o m p l e t e  r a t i o ,  

inoomple te  r a t i o ,  G u i v a l e r r t  r a t i o s ,  and *new casen.  Student3 were 

t o l h  t o  watch f o r  a ?anplete  r a t i o  and,an incomplete  r a t i o  t h a t  were 

e q u i v a l e n t .  They were reminded' t o  enploy a litter t o  s tand for the 



unknown term i n  t h e  "new c a s e n  ( s e e  s c r i p t  i n  Appendix J). 
CI - 

Teaching by th ink ing  aloud proceeded a s  descr ibed i n  t h e  s e o t i o n  

a1 Pro~e ,dwes  T ~ ~ t e r v ~  T a s k s h e e t s  821 t o  40 
' ! 

con ta in ing  p ropor t ion  problems were used s e q u e n t i a l l y .  The t e a c h / t e s t  , 
3 < t 

c y c l e  c o n t i n u e d  u n t i l  t he  s t u d e n t  r e a c h e d  c r i t e r i o n  f o r  

r e p r e s e n t a t i o n .  

tr-n i n  s o u  f .or  . ~ r o ~ o r -  ~ r m  F o l l o w i n g  
2 

b a s e l i n e  f o r  s o l u t i o n ,  t h e r e  was a  r e v i e w  o f  s e l f - q u e s t i o n s  f o r  . 

s o l u t i o n  and t h e  s t u d e n t  was r e q u  t o  show t h a t  h e ' o r  s h e  had 
P 

l ea rned  t h e  ques t ions .  P r o c e & r a l  was p r e s e n t e d  a b o u t  

s o l v i n g  an equa t ion  i n  t h e  s&cial case  when each term was i n  t h e  form 

of a  f r a c t i o n .  S tuden t s  were shown two procedures:  how t o  u s e  c ~ o s s -  
.A? 

mu1 t i p 1  i c a t i o n  and how t o  make one, s i d e  of  €he equa t ion  equa l  t o  1 by 
r 

mu1 t i p l y i n g  by t h e  inver se .  (Most s t u d e n t s  chose t o  cross-mu1 t i  p l y ,  

a n  o p e r a t i o n  w i t h  which many c l a i m e d  t o  be f a m i l i a r . )  

showing all the  s t e p s  i n  one ' s  work was emphasized (see Appendix J). 

F o l l o w i n g  t h i s  i n s t r u c t i o n  i n  p r o c e d u r a l  knQwledge,  

t e a c h i n g  by t h i n k i n g  a l o u d  p roceeded  as d e s c r i b e d  i n  t h e  s e c t i o n  
.7 

T a s k s h e e t s  t21  t o  40 

continued t o  be used i n  sequence with the  t e a c h / t e s t  c y c l e '  c o n t i n u i n g  

t o  c r i t e r i o n .  

8 



A 
/ 

/ C 
1 
I 

n f o r  two - v w l e  two - ea- 
*. ~ o l l o w i h ~  a d n i n l s & a t i o n  o f  b a s e l i n e  f o r .  t w o - v a r i a b l e  

i 
twcbequation problems, se l f -ques t ions  f o r  r e p r e s e n t a t i o n  were reviewed 

I 

I 
ag i n  previous phases. ,  D e c l a r a t i v e  i n f o r m a t i o n  s p e c i f i c  t o  t h e s e  

/ , .  

problems was p r e s e n t e d  i n c l u d i n g  i d e n t i f i c a b d o n  o f  two p o t e n t i a l  

equations.  It was p o i n t e d  o u t  t h a t  i n  each c a s e  t h e  more complex 

' &uat ion  would be der ived +from t h e  s impler  equation.  For e raqp le ,  t h f  
$ 

va lue  of each k ind-of  co in  present  mild be d i r i v e d  fr3iiC-inTiiiiii t ion 

about, t h e  number of each kind of  c o i d  me need f o r  two v a r i a b l e s  w a s  

d i s c u s s e d .  It was emphasized t h a - t  t h i s  t y p e  o f  problem c o u l d  be 

p i d e n t i f i e d  by thb neqd f o r  two eq"aticns and tho unknowns (see s c r i p t  . 
q .  

i n  Appendix J). \ 

a $ 

~ e a c h i n i  by t h i n k i n g  a l o u d  2;oceeded as desc l ' ibpd  i n  

ea  m u t  Ipterventfon. T a s k a h e e t s  6 4 1  t o  60 were u s e d  
f 

f o r - t h e  teatWtest cycle.  

The adminis t ra t4on of  b a s e l i n e  f o r  s o l u t i o n  waer f o l l o w e d  by a ' r ev iew 
1 

4 " 

o f  s e l f - q u e s t i  na f o r  s o l u t i o n .  It was e x p l a i n p d  t h a t  these s t e p s  

would be moes& f a r ~ s o 1 u t i o n  o f  i o s t  p rob lems  b u t  t h a t  f o r  some 
l a 

types  o f  complex $roblems and far u n f r i l l a r  p r o b l e m  ano ther  approach 
) I -  

would alao prove vahaable. R o c & u r a l  howled& r e l e v a n t  t o  .problem 
4 

o l u t i o n  by s p s t n m a t i c  t r i a l - a n d - s r r o r  and c h a r t i n g  o f  a t t e a p t s  w a s  t 

&sented. ,  Thp importance of  r e c o r d i n g  a11 v a l u e s  cf v a r i a b l 9  and 



outcomes,  and o f  s e l e c t i n g  t h e  next  va lues  t r ied  i n  l i g h t  o f  previous 
d 

outcomes was emphasized ( s e e  ' s c r i p t  i n  ~ p p e n d i x  J). Whereas t h e  

i n s t r u c t i o n  i n  s o l u t i o n  f o r  t h e  first two problem types  taught  an 

a lgor i thm for s o l v i n g  e q u a t i o n s ,  i n s t r u c t i o n  i n  s o l u t i o n  f o r  t h e s e  
Y 

problems concentra ted  051 sys temat ic  t r ia l -and-error .  

Teaching by t h i n k i n g  a l o u d  proceeded as d e s c r i b e d  i n  General 
(L 

es -emention. Tasksheets  t 4 l  t o  60 continued t o  

be used i n  sequence. 
> 
e 

Transfer 

For t h e  i n s t r , y t e d  s t u d e n t s  t h d  t r a n s f e r  a n  immediately 
1 e +  

a f t e r  p o s t t e ~ t i n g  was c d b p l e t e d c /  I S t u d e d t s  w i t h  

w?re em,ployed: n e a r  t r a n s f e r  

I 

I 

t 

I r 

I 
Y I 

. 
' I 
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the l i t t l e  box. Tbe sum o f  t h e i r  volumes was 72 cm3. Find ' t h e  volume t 

of each  box." (Fo r  t h e  problems, see Appendix K.) - 

4 -- 7 

T h e  f a r - t r a n s f e r  m e a s u r e a  were d e s i g n e d  t o  assesa w h e t h e r  

s t u d e n t s  cau ld  t r a n s f e r  t h e i r  l e a r n i n g  t o  p r o b l e m s j h a t  had  t h e  same 
. - C "  

s u r f  ace s t r u a t u r e  b u t  new and cogni  t i v e l y  more complex mathematioal  
% 

I I 

s t r u c t u r e s  which had been d e r i v e d 9  c o g n i t i v e  t a s k  a n a l y s i s  ( f o r  t h e  . - 
/' 

problems see Appendix K). 
. *  - 

Each i n s t r u c t e d  r e l a t i o n a l  problem con ta ined  one of two-RXnds of  

' r e l a t i o n a l  s t a t e e n t s ,  e i t h e r :  Vohn had $9 more than  Maryn, or, "John 
C 

had 3 tiqres as much money a s  Mary." Each f a r  t r a n s f e r  r e l a t i o n a l  
I 

problem con ta ined  6 t h  k i n d s  of r e l a t i o n a l  s t a t e m e n t s  i n  c o m b i n a t i o n :  

nJohn had $9 more than  3 times as much money as Jane.  " 
- 

Each i n s t r u c t e d  p r o p o r t i o n a l  problem c o n F a i n e d  two e q u i v a l e n t  

r a t i o s ,  o n e  c o m p l e t e  and o t k  incomplete:  'The r a t i o  of  Mary's age t o  

J o h n ' s  is 3 : Z .  If John i s  8, how o ld - i s  Mary?". Each f a r - t r a n s f e r  
\ 

P r o p o r t i o n  problem con ta ined  t h r e e  t i o s ,  one complete  and 

two i n c o m p l e t e :  *The r a t i o  o f  J a n e ' s  a g e  t o  t o  F r a n k ' s  is 
f 

-3:2:1. If John is 18, f i n d  J a n e ' s  age -and  

Each i n s t r u c t e d  two-variable hro-dguatioa pr&em r e s u l t e d  a n  a 

pair o f  G u a t i o n s  i n  two unknowns. Such a p  , b l  w a ~  WlJce h a s  $1.30 

i n  n i c k e l s  and q u a r t e r s .  He ha8 

e a c h  type d o e s  h e  have?" Each 

and two s q u a t i o n s  r e s u l t e d  i n  a p a i r  o f  e q u a t i o n s  wh eh a p p e a r e d  t o  - 

c o n t a i n  t h r e e  unknowns; however, the t h i r d  ~nlrnown c 

1 

- 



by a simple c a l c u l a t i o n  from t h e  i n f o  ven i n  t h e  problem. An 

e x m p l  0 such a problem is:="Sam h a s  $1.55 - i n  n i a k e l s ,  d imes ,  and Y. - 
q u a r t e r s .  He has  10 c o i n s  i n  a l l .  Nine of  t h e  c o i n s  are n i c k e l s  and 

C 

q u a r t e r s .  How many co ins  ofL_each kind does h e  have.?" It c a n  b e  s e e n  . . 
t h a t  i f  9 of the 10 c o i n s  are n i c k e l s  and q u a r t e r s ,  t hen  t h e r e  must be 

- 
only  1 'dime. A s  wiM t h e  f a r - t r a n s f e r  t a s k s  f o r  t h e  o t h e r  two t y m s  

of problems, it was reasoned t h a t  a s t u d e n t  would need t o  t r a n s f e r  a l l  

t h a t  was l e a r n e d -  i n  t h e  i n s t r u c t e d  p rob lems  and  c o n s t r u c t  a more 

complex r e p r e s e n t a t i o n  and s o l u t i o n  i n  o r d e r  t o  work t h e s e  +y-ans~-er 
'\ 
i '  

problems. .. 
r s  

- % 

Haintenanca I I 

-- w The m a i n t e n a n c e  data were c o l l e c t e d  s i x  weeks after the end of , 

i n s t r u c t i o n  by a d m i n i s t e r i n g  t h e  same 15- i tem p r e - p o s t  a s s e s s m e n t .  

m e a s u r e  ( c o n t a i n i n g  f i v e  p rob lems  o f ' e a c h  t y p e  o f  i n s t r u c t i o n a l  

p r o b l e m )  uJnder  t h e  same c o n d i t i o n s  u s e d  o n  t h e  two p r e v i o u s  
P 

\ 

admin i s t r a t ions .  

Y 

On a random s c h e d u l e ,  a u d i o  t a p e s  w e r e  made o f  i n s t r u c t i o n .  

These were compared t o  t h e  s c r i p t s  t o  e n s u r e  t h a t  n o  i m p o r t a a t  

components  o f  i n s t r u c t i o n  were absen t  o r  a l t e r e d  i n  any s u b s t a n t i a l  
R 

way. --\ 



* -  

A s s e s s m e n t  m e a s u r e s  f o r  t h e  t y p e  o f  i n s t r u c t e d  p rob lem were 

c o l l e c t e d  i n  s u c c e s s i v e  s e s s i o n s .  These  c o n s i s t e d  o f  s t u d e n t s '  

C w r i t t e n  r e s p o n s e s  o n  s t r u c t u r e d  w o r k s h e e t s  t o  t h e  e v e n - n u m b e r e d  

t a s k s h e e  ts c o n k a i n i n g  f i v e  p r o b l e m s  of o n e  mathematical  s t r u c t u r e .  1 %  
L 

The c o m p l e t e d  s t r u c t u r , ? d  w o r k s h e s t s  were t h e  p r i n c i p a l  d e p e n d e n t  - 
* < 

t a i l e d  c r i t e c i a  used t o  e v a l u a t e  t h e  s t u d e n t s v  worksheets  . 
I 

i n  the s e c t i o n  e n t i t l e d  & Rocedur.s. 
i 

ud f i o t o u  i 
S t u d e n t s  w e r e  i n s t r u c t e d  .to t h i n k  o u t ' l o u d ,  wh i l e  r e p r e s e n t i n g  

- .  
a n d  s o l v i n g  o n  t h e  s t r  p r i o r  t o  b a s e l i n e  f o r  

- 

r e p r e s e n t a t i o n  and  o f  c r i t e r i o n  f o r  s o l u t i o n  i n  

ea& problem type .  (See Appendix L f o r  t h e  problems which were used . )  
c 

The p u r p o s e  was t o  all'ow d e t a i l e d  examinat iontof"  the/ v e r b a l i z a t i o n s  

produced by s t u d e n t s  wh l l e  d d x r p p r o b l e m  r e p r e s e n t a t i o n  a n d  p rob lem 

s o l u t i o n .  These  . v e r b a l i z a t i o n s  were r e c o r d e d  f o r  later s c o r i n g  i n  , 

c o n j u n c t i o n  w i t h  the w r i t t e n  workshee t  and  o b s e r v a t i o n s  made by t h e  

i n v e s t i g a t o r .  The g u 3 d e l i n e s  u s e d  t o  d e t e r m i n e  r a t i n g s  for under- 
- 

s t a n d i n g  of problem r e p r e s e n t a t i o n  and prob1,em s o l u t i o n  are p r e s e n t e d  

- i n  t h e  s e c t i o n  e n d i t l e d  Pr-. 

b 
1 ,& 



- -  

85. 

I 
9 J' 

These measures were n s t r u c  t e d  and compar iqon 
-. 

. s t u d e n t s .  I n  a l l  c a s e s  s t u d e n t s  were provided wi th  a ca lcula tor ;  and 

given a s  much time a s  thee  requ i red .  

R 
- ,  

This  measure was inc luded t o  a s s e s s  d i r e c t l y  t h e  thoroughnesk and 

a c c u r a c y  w i t h  w h i c h  s t u d e n t s  c o m p l e t e d  p r o b l e m s  o f  t h e  same 
5 

m a t h e m a t i c a l  s t r u c t u r b q  and sur;ace s t r u c t u r e s  a s  t h e  i n s t r u c t e d  
- * 

problems. It cons i s t ed  of  f i v e  p rob lems  of e a c h  t y p e :  r e l a t i o n a l ,  

p r o p o r  t i o n ,  and t w o - v a r i a b l e  two-equat ion .  These 15 problems were 

. presented i n  random ader. They had been s e l e c t e d  at%ndoF w i t h  t h e  

c o n d i t i o n  t h a t  t h e r e  b e  o n e  p rob lem c o n t a i n i n g . & c h  o f  t h e  15 

canb ina t ions  of s u r f a c e  s t r u c t u r e  and m a t h e m a t i c a l  s t r u c t u r e  (see : < 
Appendix B) . Each problem &a -:leteel on a s t ruc tu reh .  worksheet. t 

- Responhs  were scored acc&ding t o  three sets of c r i t e r i a  desbr ibed i n  , 
s 

X 
4 

t h e  r c t i o n  e n t i t l e d  '-oc-. 

- 4 
Th's M e i s t r y  of E d u c a t i o n  i n  ~ r i t l s h  Columbia h a s  p rep i red  a 

# 

g e n e r a l  nrathematics achievement test ( R o b i t a i l l e ,  ~ h z r r i l i - p  KelAehe.~,  -- 
f-- 

K l a s s e n ,  &' 0 * S h e a ,  1 980) t h a t  r e q u i r e s  s t u d e n t s  , t o  app ly  f i v & t l ~ - ~  
- 

taught i n  t h e  matheqat ies  curr iculum a t  g rades  seven and eight. Three 
L 

? 



s u b t e s t s ,  A n a l y z i n g  Word 

~ r o b l e m s ,  were s e l e c t e d  f o r  

i n s t r u c t i o n  i n  t h i s  study. 

P rob lems ,  Use o f  Diagrams,  and S o l v i n g  

i n c l u s i o n  because they were r e l a t e d  t o  the  

The s u b t e s t ,  Ana lyz ing  Word Problems, was s e l e c t e d  because its 

purpose  was t o  d e t e r m i n e  w h e t h e r  a s t u d e n t  was a b l e  t o  a n a l y z e  a  

v e r b a l  problem and ( a )  d L t i n g u i s h  b e p e e n  what is given and what is 

found, (b) r ecogn ize  tihe t h e r  s u f f i c i e n t  informat ion  is- g iven  t o  s o l v e  

t h e  problem,  and ( c  determine what opera t ions  are requ i red  t o  m l v e  

t h e  problem. It was a l s o  in tended t o  a s s e s s  w h e t h e r  s t u d e n t s  c o u z -  
I - 

t r a n s l a t e  v e r b a l  p rob lems  i n t o  opehsen tences .  The s u b t e s t ,  'use of . 
Diagrams, was i n c l u d e d  b e c a u s e  i t  a s s e s s e d  w h e t h e r  s t u d e n t s  c o u l d  

c o n s t r u c t  a  nmodelw such as a diagram as an a i d  t o  s o l v i n g  a  problem, 

and draw and i n t e r p r e t  scale diagrams. The s u b t e s t ,  So lv ing  ~ r o b l & s ,  
, 

was r e l a t e d  t o  t h e  i n s t r u c t i d  p rob lems  i n  th&it a a s e s g w h e t h e r  

s t u d e n t s  could t e s t  t h e  appropr ia t eness  of  a n  answer t o  a problem, and 

s o l v e  p r o b l e m s  i n v o l v i n g  p e r c e n t s .  S e e  A p p e n d i x  M f o r  t h e  
4 - 

i n s t r u c t z o n a  m d  problems used i n  t h i s  measure .  The t h r e e  s u b t e a t s  

c o n t a i n e d  8 ,  7 ,  and 10 p rob lems  r e s p x t i v e l y .  FOG each problsm t h e  ' 

s t u d e n t s  read  a  b r i e f  stem apd then maFked i n  t h e  b o o k l e t  t h e  o n e  o f  
> 

t h e  f o u r  o p t i o n s  t h a t  p r o v i d e d  t h e  b e s t  answer . -  Al though o n l y  . 
P 

m u l t i p l e  choice  r e sponses  were 'scored,, s t u d e n t s  were a l s o  a s k e d  t o  

show their work. 



J' r- .An assessment test developed by t h e  L e a r n i n g  Assessment  r a n c h  

( 1985 1 B r i t i s h  Columbia mnistry of Education f o r  use i n  grade  10 ma - 
used as a s o u r c e  GP r e l e v a n t  word problems.  Al though $any o f  t h e ,  

- * 

problema would be so lved  better by represen t ing-  t h e  in fo rmat ian  i n  a 

diagram none was a n  isomorph o f  t h e  t h r e e  i n s t r u c t e d  t y p e s .  The 

s t u d e n t s s o w e r e  aaked  t o  show t h e i r  work;. however ,  on ly  t h e  c o r r e c t  

n u m r i u a l  hnsver was scored: , This measure of  g e n e r a l  problem-solving 

/" 
a b i l i t y  i n c l u d e d  a wide range o f  & o b l e s  t augh t  i n  j u n i o r  secondary , 

< mathqy&ics. T h i r t e e n  p rob lems  were s e l e c t e d :  Two ware o n e - s t e p  

problems,  t h r e e  were complex v a r i a t i o n s  on r e l a t i o n a l  problems, and 

f o u r  i n v o l v e d   measurement.^ o f  l e n g t h  a n d  a r e a  o r  v o l u m e .  The 

r e m a i n i n g  olved -adding f r a c t i o n s ,  permutat ions,  e x t r a p o l a t i o n  - 
- 

Srm a drawing, and one involved percent  and proport ion.  See Appendix 

H f o r  t h e  i n s t r u c t i o n s  and problems i n  t h i s .  measure. 
C 

M e t a q o g n i t i ~ n  refers  t o  t h e  awareness of  knowledge and c o n t r o l  . 
and r e g u l a t i o n  of knarledge (Baker & Brown, 1984). I n s u f f i c i e n t  self- . - 
m o n i t o r i n g  by t h e  l e a r n i n g  d i s a b l e d  h a s  been  a l l e v i a t e d  by self- 

- 
t 

q u e s t i o n i n g  i n s t r u c t i o n  i n  s l u d P e s  of r e a d i n g  c o m p r e h e n s i o n  
0 

( P a l i n o s a r ,  198-2; Vong & J o n e s ,  1982).  I n  l i g h t  o f  t h e  c l o s e  

r e l a t i o n s h i p  b e t w e e n  s e l f - q u e s t i o n i n g  a n d  m e t a c o g n i t i o n ,  a 

n e t a c o g n i t i v e  in te rv iew was used t o  a s s e s s  change i n  metacognit4clgrof 



t h e  i n s t r u c t e d  

i n s t r u c t i o n .  

c o d s i s t e n t  

group '  a n d .  t h e  compar i son  g r o u p  o v e r  the ,  p e r i o d  of 
C 

with  ~ l a v e l l ' s  ( 1976) + recbmmendations, q i e s t i o n s  about 

the  s t u d e n t s 1  p e r c e p t i o p s  of t h e  t a s k  o f  work ing  m a t h e m a t i a s  word 
' 1 

prob lems ,  s t r a t e g i e s  f o r  problem s o l v i n g ,  and a b o u t  themselves a s  

problem s o l v e r s  were pose'd i n  an i n d i v i d u a l  i n t e r v i e w  (see i n s t r u m e n t  

and f l a w c h a r t  f o r  a d q i n i s t r a t i o n  i n  ~ ~ p ? e n d i x  M I .  Each q u e s t i o n  was 

posed, and f o l l o w e d  by a prompt ( " a n y t h i n g  e l s e ? " )  t o  e n c o u r a g e  a  
- - 

s t u d e n t  t o  e l a b o r a t e  on a  s ingle- i tem respdnse. If a  s tuden t  f a i l e d  . \ 

4' i 
t o  respand w i t h i 6  t e n  seconds o r  demonstrated l a c k  of understanding of 

t h e  ques t ion ,  a  s p e c i f i c  probe was used which restated t h e  q u e s t i o n  i n  

a more concre te  and personal ized  manner. 
I - 

tl 
, 
The a b i l i t y  t o  r e c o g n i z e  problem t y p e s  and be gu ided  . . by well 

developed problem schemata i s  c o n s i d e r e d  a n  impor t ,ant  i n d i c a t o r  o f  

e x p e r t i s e  i n  p r o b l e m  s o l v i n g  ( M a y e r ,  1gg2; S i l v e r ,  1 9 8 2 ) .  A 

, c l a s s i f i c a t i o n  t a s k  was d e s i g n e d  (see Appendix H) c o n s i s t h n t  w i t h  

S i l v e r  l s '( 1980 1 recommendat ion  t h a t  s t u d e n t s  be askedo t o  s e l e c t  t h e  

most s i m i l a r  p r o b l a s  o u t  of a  set. This i n s t r u m e n t  c o n s i s t e d  o f  10 

s e t s  o f  t h r e e  problems.  I n  each set of t h r e e  problems, two problsms 

had 'the sama. under ly ing mhth-tical s t r u c t u r g  (e. g. , r e l a t i o d a l )  , ih ro  

prob lems  Bad t h e  sane s u r f a c e  s t r u c t u r e  (e.g., age). and t h e  t h i r d  

c m b i n a t i o n  bore  no planned s i m i l a r i t y .  I n  e a c h  c a s e ,  t h e  s t u d e n t  



/ 

c h o s e  t h e  two most  sirniloar prob lems  and w r o t e  i n  a few words  the 

reaaon for t he  choice. It was p o s s i b l e  t o  d i s c e r n  whether t h e  s t u d e n t  

could v e r b a l i z e  t h e  s i m i l a r i t y  between t h e  s e l e c t e d  prob-lenis. 

P 
Scor ing  Procedures 

Some dependent  measures we= scored simply fop c o r r e c t  numerical 
, 

answer. These measures ' i n c l u d e d  t h e  mu1 t i p l e - c h o i c e  measure  ( B. C. 

4- Y 

Mathemat ics  Achievement T e s t s ,  . rade  718 Applicat ions ' )  and t h e  open- 

'ended measure (42 B.C. Achievement Tes t ) .  The c l a s s i f i c a ' t i o n  t a s k  was 

s c o r e d  f o r  c o r r e c t  cho ice  o f  two problems whose s i m i l a r i t y  was based 

on mathematical s t r u c t u r e .  In t h e  fo l lowing s e c t i o n  the  

p r o c e d u r e s  f o r  s c o r i n g  t h e  complex dependent h 

t h e  i n s t r u c t e d  p r o b l e m s ,  t h e  

me tacogni  t i v e  in terv iew.  

'r P r o c ~ e s  f o r  W e s  C o l l e @ t e d  DurigO - 
e Course of 1- 

Responses ta  a l l  a s s e s s m e n t  p rob lems  d u r i n g  i n t e r v e n t i o n  were 

s c o r e d  by t h e  i n v e s t i g a t o r  and t h e n  v e r i f i e d  by a s e c o n d  rater. 

Disagre-nts were reso lved  by referring t o  q a b l i s h e d  criteria. 
B 

For  e a c h  t a s k s h e e t ,  p e r c e n t a g e s  c o r r e c t  were c a l c u l a t e d .  When 

s t u d e n t s  ware r e q u i r e d  only  t o  r e p r e s e n t  t h e  problsm, on ly  o n e  se t  of 



e ,  
c r i t e r i a  was u s e d  -- t o  decide  whether o r  not  t h e  r e p r e s e n t a t i o n  f o r  

d 
each problem was complete and "accurate.  When s t u d e n t s  were r e q u i r e d  y .  

< 

* - t o  r e p r e s e n t ,  s o l v e ,  and g i v e  a  numerical answer, then  t h r e e  s e p a r a t e  . 

s e t s - o f  c r i t e r i a  were used. These c r i t e r i a  were f o r  t h e  c o m p l e t e n e s s  

and c o r r e c t n e s s  of' the  r e p r e s e n t a t i o n ;  thoroughness and accuracy of 2 

t h e  s o l u t i o n ,  and t h e  accuracy of the  numerical answer .  I n  a d d i t i o n  - . 
t o  a  r aw d a t a  s h e b t ,  a  g r a p h  d i s p l a y i n g  d a i l y  pe r fo rmance  was 

I 
maintained f o r  each s tuden t .  Altogether  s t u d e n t s t  completed p rob lems  - 

were s c o r e d  i -!h t ree a r e a s :  re e n t a t i o n ,  s o l u t i o n ,  and accuracy of 
/ ', 

L 

n'uinerica.1 answer, y i e l d i n g  t h r e e  s e p a r a t e  scores .  .. r s  

fsr re~r-. o rde r  f o r  r e p r e s e n t a t i o n  

scored  c o r r e c t ,  t h e  fo l lowing  c r i t e r i a  had t o  be met: an  a c c - u r a t e  and 

complete s t a t ement  of the goa l  of  t h e  problem, a  s u c c i n c t  s ta tement  of  

wha t  was known_ after  r e a d i n g  and u n d e r s t a n d i n g  t h e  p r o b l e m ,  t h e  

i n t r o d u c t i o n  o f  symbols (letters) t o  r e p r e s e n t  what was unknown i n  t h e  

problem,, and a t h o r o u g h  a b s t r a c t  r e p r e s e n t a t i o n  i n  t h e  form of a n  

e q u a t i o n  (which could be accorapanied"by a  drawing) of  the mathematical 

r e l a t i o n s h i p s  implied i n  the problem. S tuden t s  were a l s o  r e q u i r e a  t o  
L , 

give a  s u c c i n c t  d e s c r i p t i o n  of  t h e  f e a t u r e s  o f  t h e  problem o r  name t h e  

type  of problem. 

$riteria f o r  s- Problem s o l u t i o n  consgated o f  c a r r y i n g  
- 

o u t  a l g e b r a i c  procedures i n  the c o r r e c t  sequence t o  o b t a i n  t h e  r o o t s  
4 



'of t h e  e , q u a t i o n s  .and meet t h e  g o a l  s t a t e d  bn t h e  problem. The 

follawing had t o  be met f o r  a  cor rec t  problem s o l u t i o n  t o  a  

problem: t h e  series o f  s t e p s  known a s  . 
c o l l e c t i ~ i k e  terms, i s o l a t i n g  t h e  unknownb and s o l v i n g  f o r  t h e  

4 

unknown; h i g h l i g h t i n g  t h e  answer t h a t  mat t h e  s t a t e d  g o a l ,  and 
Y 

evidence of checking the c&putations and c o n s i s t e n c y  of  t h e  a-nswer 
9 -a 

w i t h  what w a s  gfven i n  t h e  problem statement. Ibe f c r i t e r i a '  

had t o  be met t o  score  a  cor rec t  probleId s o l u t i o n  t o  a two-va r i ab l e  

t w o - q u a t i o b  problem: kystematic trial and e r r o r  with record keeping' 

i n  a  cha r t  f o r  each value tried, the numerical outcome, and a  judgment 
b 

o f - t h e  r e s u l t i n g  e r r o r  i n  t h a t  outcome. I n  add i t i on  t h e  answer had t o  

be expressed i n  a  b r i e f  statement t h a t  met the  g o a l ,  and ev idence  of 

checklng -(could be shown i n  t h e  c h a r t )  was required.  

CBSTterionfor. The th i rd  c r i t e r i o n  was t h a t  t h e  s t u d e n t  . , 

have recorded the  cor rec t  n&erical  answer. 

B.tion.l.. Xricsson and _-- s & ~ - (  1984) emphasize t h a t  i n  ca r rymg  

. out p r o t o c o l  a n a l y 5 i s  c o n s i s t e n t  w i t h  i n f o r m a t i o n  t h e o r y ,  one  i s  

a t t e m p t i n g  t o  i n f e r  what i n f o r m a t i o n  was heeded by the  sub j ec t  a s  
1 

i npu t  for the observed v e r b a l i z a t i o n .  Such p r o t o c o l  a n a l y s i s  i s  a 

q u a l i t a t i v e  process. Yackel and Yheatley (1985) c rea ted  an instrument 

t o  a s s e s s  the deg ree  of u n d e r s t a n d 1  ng e x h i b i t e d  d u r i n g  p r o b l e m -  - - 
/ 
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- 
s o l v i n g .  However, t h e y  were . u n a b l e  t o  , o b t a i n  o v e r a l l  q u a n t i t a t i v e  

s c m e s  because S m e  segments  o f  a s u b j e a t ' s  p r o t o c o l  w e r e m u s e d  t o  

genera te  more than one r a t i n g .  - 
5. The p u r p o s e  of  the p resen t  protocol  assegsmen% ins t rument  wfrs t6  

\ 
LL - - 

o b t a i n  o v e r a l l  scores on t h e  degree  o f  u n d e r s t i n d i n g  e x h i b i t e d  d y  a 

s t u d e n t  d u r i n g  e a c h  o f  problem r e p r e s e n t a t i o n  and so1,ution. The. 

i n f e r e n c e  o f  what t h e  s t u d e n t  was heeding and unders tanding was based  

o n  w r i t t e n  and s p o k e n  ve rba l i za t ions  made by t h e  3 t u d e n t  and a n  - - 9b 

obse rva t ibn  check l i s t .  (see Appendix HI .completed by the i n v e J t i g a t o r .  

C o n s i s t e n t  w i t h  t h e  recommendations made bx Ericsson and,Simon - .  
* 

(1984.1, t he  p ro toco l  a n a l y s e s  were based on c o g n i t i v e  t a s k  a n a l y s i s  o f -  

e a c h  o f  t h e  t h r e e  t y p e s  of' problems. Segments from audiotapes  were t + 

t r a n s c r i b e d  and then  r a t e d  f b r  the  d e g r e e  o f  u n d e r s t a n d i n g  shown, i n  
% 

p r o b l g  r e p r e s e n t a t i o n  and i n  problem so lu t ion .  The s i x  components of  
9 

r e p r e s e n t a t ' f o n  r a t e d '  were: u n d e r s t a h d i n g  :of g o a l  ; k n o w l e d g e  o f  - 

n e c e s s a r y  e x p l i c i t  r e l a t i o n s h i p s ;  u s e  of arl e x t e r n a l  code; schema f o r  

ma themat icd  s t r u c t u r e  of t h e  p rob lem;  a b s t r a c t  c o d i n g  of i m p l i c i t  

r e l a t i o n s h i p s ;  and degree  of gener-al izabil i ty.  The f o u r  components o f  

problem s o l u t i o n  r a t e d  were:- l e v e l  of  a b s t r a c t i o n ;  u s e  o f  p r o c e d u r a l  * 

C > 
knowledge ; , computp t i o n ;  and numerical  answer, The s c o r i n g  for each 

+* 

aspect w a s  c a r r i e d  o u t  independent ly  of -the o t h e r s :  Each- segment  o f  ' sl . ~ 

. - 
: L . ' ,  

t h e  p r o t o c o l  c o n t r f b u t e d  t o  o n l y - o d e  ca te@Pj ip ,  8l aspets o r  the$' - 
v e r b l k a t i o n  considered  r e l e v a n t  w i t h i n  t h e  

t o  the score. . 

t aak  a n a l y a i a  c o n t r i b u t e d  . - 
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I 

Hany of t h e  c a t e g o r i e s  yielded by *the task  a&sis are similar 
- - - 

t o  those t ha t '  Packel and Wheatley' ( 1985) cound t o  be r e l a t e d  to' h igh  

scorea 'on a test of a lgebra ic  problems. The instrument was cons i s ten t  
7 

w i t h  t h e  major  t e n e t s  exp re s sed  by E r i c s s o n  and Simon ( 1984) i n  
, . 

b u t  devf a t e s  from t h e i r  . 
- 

reoommendationeS i n  one major way i n  t h a t  i t  is used i n  a q u a n t i t a t i v e  " 

> 

r a t h e r  than  q u a l i t a t i v e  f a sh ion .  Sums were taken ac ros s  ca tegor ies  
> - 

and G r o s s  individuals .  9 s  devia t ion  is. consist?ent with t h i  purpose 
i 

k .  

of  t h i s  stucky -- t o  i n v e s t i g a t e  t h e  i n f l u e n c e  of - t h e o r y - b a ~ e d  
C h 

i n s t ruc t i on  i n  problem r e p r e s e n t a t i o n  .and problem s o l u t i o n  on t h e  - 
dsgrs.9 -of understahding exhibi ted,  during thi&-aloud 'problem solving 

4 - 
bx l'earni'xg disabled dolescents.  4 

Bach c a t e g o r y  was r a t e d  2 ,  1 o r  0, depend- an t h e  degree bf 
. 

ugderatanding d-d. Rro r a t i n g s  of u n d e r s t a n d i n g  r e s u l t e d  : a 

. d <  

one for problem repr  s en t a t i on ,  and one f o r  problem solut ion.  3 -  
., 

I .  

e' 
Goal. The g o a l ,  r e f e r s  t o  t h e  purpose for which the problem is 

. - 

undertaken. The r a t i n g  is  based on t h e  s o l v e r ' s  v e r b a l i z a t i o n  of  . 4 

I 

Purpa= -and what is w r i t t e n  bes ide  the term n g ~ a l w  on t h e  worksheet. 

Scoring : . 
2 = m e  The s o l v e r  shows ev idence  of hav ing  

d .  

i d e n t i f i e d  t h e  i n t e n d e d  goal bf td* problem b e f o r e  
&J 



< ' 

The solve;.  h a s  i q e n t r  " l e d  'a goal-. ' 1 = b a t e  no& 

d i f f e r e n t  frat t h e  'intgnded goal  of the  p r o b l p  r .  . - 
0 = .No n u  The s o l v e r  has  no t  i d e n t i f i e d  a  g o a l s f o r  t h d  % . L  

i 
problem. 

P c 

7 .  

Genera- t h e  e x t e n t  t o  which t h e  
B 

r e p r e s e n t a t i o n  is u s e f u l  f o r  'solving similar problems. %e i n d i c a t i o n  
f 

used  is  t h e  e x t e n t  t o ' w h i c b  a p p r o p r i a t e  v a r i a b l e s  ~e in t roduced.  

. a The& are i n  t h e  s o l v e r s  v e r b a l i z a t i o n  and h i t t e n  b e s i d e  t h e  term 

%hat  I don ' t  known on 

Scoring:  
T 

II 

2 = W a t e d ;  The s o l v e q  h a s  i d e n t i f i e d  a l l  unknowns 
0 

" ' *reqb i red  f o r . r e a c h i n g  a  g e n e r a x i z a b l e  r e p r e s e n t a t i o n  , 
I 

+ 

and in t roduced a p p r o p r t k t e  vqtdabiss .  
I 

. .  1 = Some e v i d w e  o f  intenrafion: Bath f o l l o w i n g  

b c o n d i t i o n s  must b e  met; A t  least me unknown ( b u t  not  
. 

i 

4 a l l  unknowns) h a s  b e e n  i d e n t i f i e d ;  a t  l e a s t  o n e  , 

. > * .. 
a p p r o p r i a t e  ' v a r i a b l e .  (bu t  not  a l l  v a r i a b l e s )  h a s  bee'n 

' *  

\ 
. ~ 1  a in t roduced.  1 A - 

, b 

J.,O b BePidence of intenratfon: ane or of ma 
% 

f0UowirI.g c o n d i t i o n s  h a s  been  met: on; .-n ( b i t  ' 
(; .+ * .  \ - 

n o t  a l l  unknowns) has-been i d e n t i f i e d ;  o m  a p p r o p r i a t e  



,ei 

2 r u i  able  (but ,-not a11 ruiablua 1 b l s  b.sn 1 ntrdydund. 

8. ndadad This fbisfwhrs to Q e  
I 'L 

3 

extent t o  wbi& the  aeosssarp e x p l i c i t  r s lr  t ionshi  pa glpsrr i n  t h e  

fwablctoa fn fo~aat ioa  have h e n  s t p h d .  The rating i s  ~ s e d > n  the - 
, ' 

- solver3s vsrb.1IUtfo~ of' rhat h. h a r a  after read$-ti$ the  problea, and 
L 

- 
solver, baa l d s n t i f  isd all relevant ref a t i o n s h i  p s  glven 

\ 

, , 
\ 

ref swmt refati~)uaMpa given fn tbe problem. 

O = Ln'oL= of f :  .. . 

The sokvUe~-k=ss L d e n t l f i e d  none of the r e l e v a n t ,  

C . L 

8olr.r h8a .mployedoan &ternad code t o  mcpresi  t h e  problem in 

abstract, sysbolio acttition. The rat la8  i s  basrd on the bolver*a' 



2 = D r a w i n g s  o r  v e r b a l i z a t i o n s  s h o w i n g  i n  symbols 

t h e  rela t i o n s h i p s  be m e n  t h e  el-nts  .. 
, . ' .  

1 = 3rawings  o r  v e r b a l i z a t i o n  showing i n  symbols 

the i s o l a t e d  e l emen t s  w i t h o u t  t h e  r e l a t i , o n s h i p s  between 

' 0 = &u.% Ho d r a w i n g s  o r  v e r b a l i z a t i ' o n s  f i n c l u d i n g  

equations) are presen ted .  = @ 

structure af w. Thi s  r e f e r s  t o  t h e  - 1. 
. e x t e n t  t o  $hich t h e  $ l v e r  i d e n t i f i e s  ( w i t h  r e a s o n i n g )  t h e  ,p roblem a 3  - .  d 

I 

one  w i t h  a m a t h e m a t i c a l  p r u c t u r e  f o r  .wh ich  h e  h a s  a schema. The 
,* 

r a t i n g  is based on w r i t t e r ?  r e sponse  t o  t h e  term nkind of  p r o b l e m w  a n d  

t h e  u n p r o m p t e d -  v e r b a l i z a t i o n  o f  t h e  r e a s o n i n g  wh ich  l e d  t o  t h i s  
t 

i d e n t i f i c a t i o n .  . 
rrg -2 

& w i n g :  $ -  , I- - 
\ 

2 = Asaaonad of w: Name o r  d e s c r i p t i o n  o f  t ype  of  
- - 

p r o b l e m ,  based o n  m a t h e m a t i c a l  ~ t r u c t u r e ,  i s  . 
.- 4 

' ' a c c o m p a n i e d  by r e a s o n  b a d z o n  mathemat ica l  s t r u c t u r e  

or features of the problem stateprent .  

: Name or d e s c r i p t i o n  o f  type  of  problem, - 1 = m - o r -  

I based on mathematical s t r u c t u r e ,  f a  given .  
- 

0 = .- of acheaa: Nd naming or d e s c r i p t i o n  of type  of 

p r o b l e a  based on math-tical s t r u c t u r e .  



i of  -it r-. This  refers t o  t h e  
L 

e x t e n t  t o  which the s o l v e r  h a s  employed a b s t r a c t  c o d i n g  of  i m p l i c i t  - 
* r e l a t i o n s h i p s  t g  fork an equntio&t is  a c c u r a t e .  and u s e f u l  l o r  

, . 
* 

so lv ing  s i m l l a r  problems. Verba l i za t ions  and what is. w r i t t e n  h e s i d e  

%quation" on t h e  workshdet w i l l  be considered. C 

Scoring : 

2 = Ainh: A l l  i m p l i c i t  r e l a t i m s h i p s  shown a c c u r a t e l y  i n  
I 

equat ions .  . - 

1 = - a te ;  Some, b u t  n o t  a l l ,  i m p l i c i t .  r e l a t i o h s h i p s  

shown a c c u r a t e l y  i n  equat ions .  
- 

0 = NB i m p l i c i t  r e l a t i o n s h i p s  shown , a c c u r a t e l y  i n  

equat ions .  

-b 

v e l  o f  abstraction i n  e. This refers t o  t h e  f o r m a t  of 

t h e  f i rs t  l i n e  i n  which a n  o p e r a t i o n  i s  performed on t h e  equation.  

Ihe r a t i n g  is bamd on the form of t h e  f i r s t  v e r b a l i z a t i o n  and t h e  
L - 

first l i m  w r i t t e n  under nso lv ing  the equationw. 

Scor ing : 

2 = Binh: Method i n d i c a t e s  a w a r e n e s s  o f  class o f  s i m i l a r  
r 

p r o b l e w  by r e t a i n i n g  form o f  e q u a t i o n  and i n c l u d i n g  

unknowns. 

1 = Some a s p e c t s  of method could  be useful f o r  



- 
s o l v i n g  s- PFobl~\\\s,tBmatic trial and e r r o r  

o f  v a r i a b l e  w i l l  b e  t a k e n  a s  s u c h  a n  - - 

= Lou: I s o l a t e d  n G b e r s  and  a r i t h m e t - i c  o p e r a t i o n s ,  as 
0 .  

w e l l  a s  n o n s y s t e m a t t c  t r i a l  and  e r r o r  show l a c k  o f  

a b s t r a c t i o n .  
C 

Procedural. T h i s  r e f e r s  t o  t h e  accuracy  wi th  which tbe 
n 

a l g e b r a i c  mathemat ica l  man ipu la t ions  o r  p rocedura l  s t e p s  are e x e c u t e d  

i n  t h e  s o l u t i o n .  

S c o r i n g  : 

2 =. Binh: T h e r e + a r e  no e r r o r s  i n  t h e  o r d e r  o r  execution o f  

procedural '  s t e p s .  

1 = Maderate: There i g  one e r r o r  i n  t h e  e x e c u t i o n  o r  o r d e r  

of p rocedura l  s t e p s .  

0 = Law: T h e r e  a r e  two o r  more e r r o r s  ih t h e  e x e c u t i o n  o r  

o r d e r  o f  p rocedura l  s t e p s .  f 

t a t l a  T h i s  r e f e r s  t o  t h e  a c c u r a c y  w i t h  wh ich  t h e  

computa t ions  are ca6rie;d o u t  and r e p o r t e d  i n  t h e  s o l u t i o n .  
b 

Scor ing:  

2 = Binh: T h e r e  are no c o m p u t a t i o n a l  e r r o r s  ' i n ' t h e  b a s i c  
,- 

o p e r a t i o n s  of a d d i t i o n ,  s u b t r a c t i o n ,  mu1 t i p l i c a t i o n ,  
r 

d i v i s i o n .  
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1 = m d e r a t e ;  T h e r e  i s  one c o m p u t a t i o n a l  e r r o r  i n  b a s i c  

opera  t ibns .  
- 

0 = Low: T h e r e  are two o r d o r e  c o h p u t a t i o n a l  e r r o r s  i n  

b a s i c  o p m a t i o n s .  

Accuracv o f  answer. This refers t o  t h e  accuracy of  t h e  numerical 

answer and its cons i s t ency  w i t h  t h e  s t a t e d  g o a l  i n  t h e  i n f o r m a t i o n  

provided i n  the problem. 

Scor ing : - - 
4 

2 = Hinh: Answer i s  n u m e r i c a l l y  c o r r e c t  and c o n s i s t e n t  , 

with the  goal .  

1 = b d e r a t e ;  A s u b g o a l  h a s  been  r e a c h e d  o r  a n  answer  

s t a t e d  which i s  not  c o n s i s t e n t  wi th  t h e  g o a l  a s  s t a t e d  

b u t  i s  c m e c t l y  computed g i v e n  t h e  s o l v e r ' s  e n t r i e s  

f o r  v a r i a b l e s  i n  the  problem. 

0 = LQbl: I n c o r r e c t  numerical answer o r  no answer. 
A 

Scores  were found f o r  understanding of $ r o b l m T e p r e s e n t a t i o n  and 

problem s o l u t i o n .  The p o s s i b l e  t o t a l s  were 12 and 8 r e s p e c t i v e l y .  

Pre-Post Measures 

ted PF- F. 
Thi  s s e t  o f  1 5  p r o b l e m s  ( f i v e  of each of the t h r e  types )  were Y'. 



s c o r e d  - a c c o r d i n g  t o  t h e  procedures descr ibed ' i n  t h e  s e c t i o n  e n t i t l e d  

of P r o b l e m s d  Durinn w i t h i n  Saor- 

Procedures. Three sets of  c r i t e r i a  were used f o r  the completeness and 

c o r r e c t n e s s  of  repre.qentation, of  s o l u t i o n ,  and t h e  a c c u r a c y  o f  t h e  

numerical answer. 

t i v e  -vie= 

b t i o u  H e t a c o g n i t i o n  refers t o  t h e  knowledge w e  have about 

our c o g n i t i v e  p rocesses  and our  uge of t h i s  knowledge ti choope ways 

o f  d e a l i n g  w i t h  a p ' r o b l e m .  T h e  s t u d e n t s  were a s k e d  t e n  

s t ruc tu red- in te rv iew q u e s t i o n s  about  t h e  t a sk ,  s t r a t e g i e s ,  and a b o u t  

t h e m s e l v e s  ,as problem s o l v e r s  i'n a c c o r d a n c e  w i t h  F l a v e l l f s  (1976) 

recommendation Csee i n s t r u m e n t  and i n s t r u c t i o n s  i n  Appendix MI, 

and similar t o  i n t e r v i e w  q u e s t i o n s  about comprehension (My& .& P a r i s ,  

1978; Paris, 1979). Responses t o  t h e  in te rv iew items were scored on a  

s i m p l e  0-1-2 b a s i s ;  0  i n d i c a t e d  e i t h e r  no response  o r  no id& about 

what t o  do, 1  s igna led  t h a t  some a p p r o p r i a t e  i n f o r m a t i o n  was g i v e n ,  
.. . - 0 

a n d  2 r e f l e c t e d  t h a t  i n f o r m a t i o n  was  g i v e n  i n  a  d o m p l e t e  and 
\ 

s o p h i s t i c a t e d  manner.  Because  i t  i s  i m p o r t a n t  t o  b e  f l e x i b l e  2nd 

employ a  number o f  a p p r o a c h e s  -when one encounters  d i f f i c u l t y  with a 

. word p rob lem,  t h e  prompt " a n y t h i n g  e l s e w  f o l l o w e d  s i n g l e l i t e m  

r e s p o n s e s .  Mu1 t i p l e - i t e m  responses  were scored a s  more complete and 

more s o p h i s t i c a t e d .  



- .  f L ' 

stem f o r  ragpepges t o  
*' , + 

L 

Ques t ion  'I (Task): What are mathematics word problems? 

Scor ing : 

2 = 

Q u e s t i o n  

problems : 

Scoring:  

Responses  c o n t a i n i n g  r e f e r e n c e  t o  t h e  two p h a s e s  of  

problem ~ o l v i n g ,  i. e. , -unders t and ing  ( r e p r e s e n t a t i o n )  

and work ing  i t  o u t  ( s o l u t i o n )  o r  r e f e r e n c e  t o  problem i" 

s c h e m a t a  ( types  o f  p r o b l e m s )  based  o n  m a t h e m a t i c a l  +: 

s t r u c t u r e .  

Responses con ta in ing  some a p p r o p r i a t e  informat ion ,  such 

as : proQlm.3 c o n t a i n i n g  words  and numbers ,  e q u a t i o n s  

put  i n t o  words. 

~ e s p o n s e s  t h a t  i n d i c a t e  no knowledge o f  a b s t r a c t  

d i m e n s i o n  s u c h  as: d o n t  t know, p rob lems  c o n t a i n i n g  

numbers, have t o  get t h e  answer. 

2 ( P e r s o n )  : What makes someone r e a l l y  good a t  doing word 

Responses  i n c l u d i n g .  two o r  more of the major s t e p s  i n  

r e p r e s e n t a t i o n  o r  s o l v i n g :  read. p rob lems  c & e f u l l y ,  ---- @ 

c a n  s o l v e  e q u a t i o n s ,  u n d e r s t a n d  t h a  meaning o f  the  

whole problem, r8cognize types  of problems. 
# 

- 
Responses  - g i v i n g  o n l y  one  o f  t h e  components  i n  t h e  



previous list. 

0 = Responses  con ta in ing  no informat ion  o r  only Feferences 

t o  computation: good a t  them, t h e y  a s k  someone,  good 

a t  a d d i t i o n ,  e t c . ,  they  know what o p e r a t i o n .  t o  do. - 

~ u e s t i - o n "  3 ( P e r s o n )  : What is t h e  ha rdes t  p a r t  o f b  doing wdrd problems 

f o r  you? 

&ring:  

2 = Response showing t h e y '  know t h a t  t h e r e  a re  d i f f e r e n t  

types  of  problems and some p rob lems  r e q u i r i n g  r e p r e -  

s e n t a t i o n  and s o l v i n g  of  equat ions  a r e  mar; d i f f i c u l t .  

than o t h e r s .  \ 

1 = So n d i c a t i o n  t h a t  i t  w i l l  be harder  f o r  a person t o  ; 

employ b o w n s  and s o l v e  equat ions  thahG t o  work simple 

p rob lems  t h a t  r e q u i r e  o n l y .  b a s i c  opera t ions :  s o l v i n g  
-- - 

t h e  ;?quation. 

- 0 = Response c o n t a i n i n g  no informat ion  o r  no awareness of 

the  d i f f i c u l t i e s  posed by t h e  -need t o  u s e  r e p r e s e n t a -  

t i o n :  f i g u r i n g  i t  o u t ,  dec id ing  what opera t ion  t o  use, 

unders tanding ( no s ~ i f i c a t i o n )  . 
3 .  

.. 1 

I 

. .-l 

Q u e s t i o n  4 \ P e r s o n ) :  What would h e l p  you becoge a b e t t e r  problem 

s o l v e r ?  t 

Scoring: 



2 = Response c o n t g n i n g  specific in fo rmat ion  t h a t  a person 
ki7 

c o u l d  p r a c t i c e  o r  a c q u i r e  k n o w l e d g e  a b o u t  t h e  

" c o m p o n e n t s  t h a t  p o s e d  m o s t  d i f f i c u l t y  f o r  them: 
@ - 

Q u e s t i o n  

. - 

remember t h e  i r n  n t  p a r t s  o f  d i f f e r e n t  k i n d s  o f  

problems, self-t a s p e c i f i c  r eason  (e.g.., t o  get  

an  equa t ion) ,  o t h e r - t e s t  f o r  a s p e c i f i c  r e a s o n ;  make a 

r e p r  s e n t a t i o n  (whole p i c t u r e )  f o r  -problems t h a t  person 9 
had found hard; , 

Response c o n t a i n i n g  vague and g e n e r a l  i n f  omnation a b u t  
\ 

t h i n g s  t h a t  a person c o u l d  do:  p r a c t i c e  o r  s t u d y  ( n o  - - 
e x p l a n a t i o n ) ,  f i g u r e  o u t  a l l  t h e  words ,  go over  and 

L /" 
o n s e  c o n t a i n i n g  no i n f o r m a t i o n :  

4 

d o n g t  knm, cheat .  

5 ( s t r a t e g y ) :  If you were g e t t i n g  r e a d y  t o s a  ;or! - 

pf.oblem ,tesa what would you d o  t h a t  would h e l p  you t h e  most  t o  do  a 
u 

wel l  on t h a t  t e s t ?  

Scoring:  . 

2 = R e s p o n s e s  t h a t  i n d i c a t e  t w o  o r  m o r e  p r o d u c t i v e  

s t r a t e g i e s  i n i t i a t e d  by t h e  s t u d e n t :  a s k  f o r  h e l p  

be fo re  t h e  test ,  f i n d  o u t  what kind o f  probl  w i l l  be Y 
on t h e  test, p r a c t i c e  t h e  k inds  'I h a v e  l e a r n e d ,  se l f  

test, other-  test. 
t 



1 = Responses  t h a t  i n d i c a t e  one a c t i o n  i n i t i a t e d - b y  the 

s t u d e n t  f& t h e  above list. 

0 = No r e s p o n s e  o r  no i n f o r m a t i o n  i n  r e s p o n s e :  u s e  a 
T 
f 

I 

c a l c u l a t o r ,  noth ing,  t ry  hard (no f s p e c i f i c s ) ,  s k i p ,  a sk  
+ 

, . * for h e l p  dur ing  t h e  test. 

Q u e s t i o n  6 ( t a s k )  : Are some p a r t s  o f  a  word -problem, a s  i t  is w r i t t e n  u 
\ 

down, more importank than  o t h e r s ?  How c a n  you t e l l  which paGts a r e  . 

t h b  most impor tant?  ' 

Scor ing : 

Complete ,  s o p h i s t i c a t e d  responses  mentioning . - th.at one 

seek% t h e  parts of t h e  word problem t h a t  h e l p  you t o  

a r e c o g n i z e  t h e  - ma h e m a t i c a l  -sttCuct&e O f -  t h e  problem, 
- .  ., . 

and t h e  type of problem i t  is. 

Responses l i m i t e d  t o  r ead ing  (no s p e c i f i c s ) ,  mention of 

t h e  numbers g i v e n  i n  t h e  p r o b l e m ,  t h e  w o r d s  t h a t  
I . . 

i n d i c a t e  t h e  oper ' a t ion ,  t h e  questtoon; o r  r d e r e n c e  t o  
+ 

s u r f a c e  s t r u c t u r e s  such a s  age. . . 

R e s p o n s e s  c o n t a i n i n g  no i n f o r m a t i o n  s u b 6  a s :  d o n e  t 

know, y e s  (no s p e c i f i c s ) ,  just gues ' s  which p a r t s ;  o r  

r e s p o n s e s  h o l d i n g  to  the not ion  t h a t  a l l  p a r t s  are of 

3 equal importance. 
r 



Q u e s t i o n  7 ( S t r a t e g y ) :  What do you d 

- *. I 
L _ *  , - 

meam i n  a 'word przoblea?" 

Scoring: 

R)sponses c o n t a i n i n g  a combination of two &re o f ,  
. 

t h e  f o l l o w i n g  s t r a t e g i e s  tha*  a r e  used-  when t h i s  

p rob l em a r i s e s  i n  a n y  r e a d i n g  a c t i v i t y :  s k i p  i t ,  - 
recogni t ion,  a s k ,  sound i t  o u t r  g u e s s  from c o n t e x t ,  - ,  

look i t  up i n  a dic t ionary.  

Reference t o  one s t r a t e g y  l i s t e d  abqve. 
3 .  

No re sponse  or  response containing no information such, 

as: don't  know, th ink,  nothing. - . - 
< - 

- Q u e s t i o n  - 
b 

8 (St ra tegy) . .  What do you d o  i f  you d6nt t get  . the "whole 
-s - ,. 

pJctrtrbw-;or the  "whole meaningn of a word problem? 

Scoring: 

.' 2 = m p o n s e  t h a t  i n d i c a t e s  s y s t e m a t i c  u s e  of  p r i o r  

knowledge abou t  t y p e s  of problems s u c h  a s :  t r y  t o  _ 
remember  a p r o b l e m  t h a t  had similar mathemat ica l  

relation&ips; r e p r e d n t  t he  equation as-a d rawing  and - 
t r y  - to  g e h e r a t e  t h e  equation fram t h a t ;  t r y  values i n  

the equation as I can express i t  and keep  a r e c o r d  o f  
*1. 

t h e  r e su l t s .  - .  

1 = Reaponsea t h a t  i n d i c a t e  t h a t  t h e  s t u d e n t  views t h i s  

misunderstanding as the sane a s  t h a t  a r i s i n g  when i t  is 



a  word 

,A - .. 
b - - : -, 

t h a t  i s  p o t  k k w n ,  - ~ ~ ~ . c - o m b i n a t i o n  6f two 
a = a -  

, - 
. -  

. s t r a t e g i e s  l i k e  t h o s e  i p  t h e  f o l l & i n g  l ist  7 g u e s s ,  
, * .  . , . > - - 

a s k ,  l o o k  i t  u p ,  s k i p  i t ,  r e r e a d  i t  t r y i n g  t o  

. '  understand each word. - 
P 
I 

o*= Responses  c o n t a i n i n g  no i n f o r m a t i o n  o r  no response: . 
d 

l e a v e  t h e  problem o u t ,  guess,  anything t h a t  would h e l p  

(no  s'pecif i c a t i o n )  . 
> , 

Q u e s t i o n  9' $ S t r a t e g y )  : After you have  r e a d  and u n d e r s t o o d  a word ' 

problem, what e l s e  must you still do i n  order  t o  complete t h e  problem 

Scor ing : 
\ 

2 1 A c o m p l e t e ' a n d  s o p h i s t i c a t e d  r e s p o n s e  i n c l u d i n g  

r e f e r e n c e  t o  both r e p r e s e n t a t i o n  a n d  s o l u t i o n .  
P 

R e f e r e n c e  t o  r e p r e s e n t a t i o n  would inc lude  any-of  t h e  
T 

f o l l o w i n g :  f i n d i n g  t h e  g o a l ,  f i g u r i n g  o u t  w h a t  i s '  

known,  i n t r o d u c i n g  G w n ( s ) ,  d r a w i n g  a p i c t u r e ,  

r e p r e s e n t i n  &obl.& w r i t t n g  e q u a t i o n ( . ) .  * 

R e f e r e n c e  -- t o  s o l u t i o n  w o u l d  i n c l u d e + a n y  o f  t h e  
, * 

- f o l l o w i n g :  s o l v i n g  t h e  e q u a t i o n ( . ; ) ,  f i n d i n g  t h e  

v a f u e ( s )  of  the uknown(s), making s u r e  you h p e  reached 
- - 

the stated goa l ,  doing t h e  steps i n  t h e  r i g h t  o r d e r  t o  + 

S '  

s o l v e  the equation.  

1 = Response  which shows sase a p p r o p r i a t e  knowledge of 
+' - 



. * 

- 
- - - - - - - -- - -- -L - - - - - 

4 . ' d - / X .* . 
C '  - L L -  

fl 107. - 
s t r a t e g y  by r e f e r r i n g  t o  -of r e p r e s e n t j t t i o n  o r  - *  

s o l u t i o n ,  bu t  no t  both.  See d e t a i l s  i n  p a r a g r a p h  , 

above. .# , 

0 = No r e s p o n s e  or  response containing no information t h a t  
* 

r e f e r s  t o  o b t a i ' n i n g '  a n  e q u a t i o n  and  s o l v i n g  t h e  

e q u a t i o n  t o  o b t a i n  a c -o r r ec t  answer; check i t ,  &wry 

out  the  operat ion (e.g., add). 

"8 ' O  

- Q u e s t i o n  10 (Task )  : What is the re  about a word problem t h a t  makes i t  - - 

easy t o  do? 

o Scoring: . ., , -  + i 

- - 
3 2 = Complete and sophis t ica ted  response t h a t  mfers t o  some . -*. 

combina t ion  of two or more -of the_ e l e m e n t s  i n  t h e  . 

f o l l o w i n g  l is t  : e a s y  numbers, sho r t  problem, c l e a r l y  

s t a t ed ,  no d i f f i c u l t  words, f a m i l i a r  t ype  of  problem, 
-- 

e a s y  t 6  g e t  t h e  who le  p i c t u r e ,  e a sy  t o  s o l v e  t h e  

B equation. - 
1 = Response t h a t  i n d f c a t e s  some a p p r o p r i a t e  knowledge 

about the task.,of solving problems, and contains  one of . 

t h e  elements l i s t e d  above. k 
0 = No response o r  response t h a t  con ta in ' s  no i n f o r m a t i o n  ' - 

/ ?='- 
such  a s :  g e t  i t  r i g h t ,  know how t o  d f - i t ,  know t h e  

r' 

s i g n , ,  o r  a r e s p o n s e  t h a t  r e f e r s  t o  t h e  

s t ruc tu re ,  such as age. 
. . 

s u r f a c e  



f o u r  
- 

--ul ar  p r e s e n t a t i o n s  are complemented. by summaries of the course  of -- - - '  

- i n t e r v e n t i o n  f o r  i n d i y i d u a l  s t h e n t s .  The second s e c t i o n  presentsr  the  
.Ct - -- 

r e s u l t s  of t h e  a n a l y s e s  o f  covar iance  which test t h e  f o u r  ,hypotheses 

concerning d i f f e r e n c e s  between t h e  i n s t r u c t e d  and Comparison groups.. 
0 

Y 

* .  
F i r a l l y ,  t h e r e  i a  a  sumnary of t h e  f i n d i n g s  o f  tho study.  

. .  
D 

Research Q u e s t i o n s  R e l a t i n g  t o  Single-Subject  Data 

Did t h e  i n s t r u c t e d  s t u d e n t s '  a b i l i t y  t o  r e p r e s e n t  word 
p rob lems ,  o b t a i n  c o m p l e t e  p r o b l e m  s o l u t i o n s  a n d  
a c c u r a t e  n u m e r i c a l  a n s w e r s  f o r  t h r e e  problem t y p e s  

- i n c r e a s e  f o l l o w i n g  t h e  o n s e t  o f  i n s t r u c t i o n ?  Were 
t h e w  i n c r e a s e s  maintainedr over t i m e ?  

. . 
- 

4 $ 

~ w g l v e  i n s t r u c t e d  s t u d e n t s  p rogressed  from one probolsrp type t o  
li 

the next  after reach ing  c r i t e r i o n .  Because s t u d e n t s  reached c r i t e r i o n  
I 

& B 

a t  d i f f e r e n t  rates, there was v a r i a t i o n  i n  thei number of  problem typss. 
7 

a they learned.  However, i n  every case t h e r e  was d r a m a t i c  improvs&nt  
" 

f r o m  b a s e l i n e  t o  t h e  f irst  a s s e s s m e n t  a f t e r  i n s t b u c t i o n .  Every 
P 

s t u d e n t  rea%ed c r i t e r i o n  on r e p r e s e n t a t i o n ,  s o l u t i o n ,  and ansu'srs f o r  
* 

e a c h  problem t y p e  t h e y  were t a u g h t .  S i x  s t u d e n t s  (S1, a, 57, $9, 
. > 

\ 

S11, -S12)' reached c r i t e r i o n  f o r  r e p r e s e n t a t i o n ,  s o l u t i o n ,  and  answers 
- 



on af 1 tbrss  pr~bLem types. Pour zkudsnts ($2, 33, S, 310) reaohm4 
s: 

- 
f ivs of six  student$ reachad c r i t s r i a n  oa r e p r s s a n t a  tion; s a l u  t i o n ,  

and answers tor a l l  t h r e e  t y p e s  they  bad' been t a u g h t ,  t h e  other 

stubnt  aurfnt;rii#rb for two of the three' t y p e s .  hrtm of tba fourdwbo 

lerrriud two t y p e s  &s%inttrlned 'Par the two, Eusd' the fourth  nraintallsed I 

- .  

for only o n  prrrbla  type. Oae of the t v ~ ' a t u d e o t a  who learned one 

p r a b l m  type raaintairkd for t h a t  e p e .  The other studeat d i d  not 

'4 . reach the aaintsntrnca c q i t s r l o n  f o r  any prurblems. 
e --, , 

?%a results for h d i v f d u a l  students on representa t ion ,  s o l u t i c n ,  . - -__ 

i n  Ptwrrrs 5 Ulmu* 17. h c b  s tudent  rhcseitted kra etdahnfstratiorw of 
a 

ba3uliss car& cons l s t iag ,  af  19 questioas ) prior to i n b t r u c  t i o n  i n  
- n 

I 

rsprawnta t ioa -  and p r i o r  t o  i n s t r u c t l o a  i n  s a l u t i o n .  The auorsrfcrrl 

answer which is o f t e n  thought  01_ as the l a s t  s t e p  i n  s o l u t i o n  was 

scored asperatetly . A studsnt who reached c r i t e r i o n  (80% correct on 

boa k~l lrm m r s w s  for a phrras reactived no i n a t r u a t i o n  i n  t h a t  

?base and prograasad to t h e  next baselfne. Phure is no i n s t r q c t i o n  - 

W m  sham aa ths graphs (in Figures 6 through 17) wban a student 

rmatrab critsrim on bswWie m d  d2d not madiva i aa truct ion  for that 

r u l s d  b e r u ~ a  students a U n t i ~ ~ d  l a  a phase unt i l  they reached the 



- 
were a d m i n i s t e r e d .  a t  t h e  e n d  o f  t h r e e  m o n t h s  o f  i n s t r u a t i o n .  

W n t e n a n c e  w a s  tested s i x  week3 later. The c r - i t e r i a  f o r  m a i n t e n a n c e  

, a n d  tratlsfer t a s k s  were a l s o  set a t  80%. T h i s  s e c t i o n  c o n t a i n s  

d s s c r i p t i o n ? l  of- t h e  course of  i n t e r v e n t i o n  f o r  i n d i v i d - w ~ l  s t u d e n t s .  I 

# 

Each d e s c r i p t i o n  b s g i n s  w i t h  t h e  i n s t r u c t e d  s t u d e n t ' s  performance 

a t h r o u g b o u t  i n s t r u c t i o n  and t b e  p rob lem t y p e s  m a s t e r e d  (as  shown i n  

F i g u r e 3  6  t h r o u g h  1 6 ) .  If t h e  s t u d e n t  m o d i f i e d  t h e  i n s t r u c t e d  

. s t r a t e g y  by c m b i n i n g  o r  o m i t t i n g  s t e p s ,  t h e s e  m o d i f i c a t i o n s  were 

n o t e d .  h i n t e n a n c e  data and t r a n s f e r  d a t a  (as shown i n  Tab le s  4 ,  5 ,  

and 6).ara d i soussed  a l o n g  wi$h r e l e m a n t  comments abou t  t h e  s t u d e n t ' s  

a t t i t u d e  and a t t endance .  

T h e  d e s c r i p t i o n s  o f  i n d s v i d u a l  s t u d e n t s  w i l l  b e  s e q u e n c e d  

a c c o r d i n g  t o  the number o*f problem t y p e s  on  which t h e  s t u d e n t s  reached  

c r i t e r i o n .  D e s c r i p t i o q s  o f  t h e  s$x s t u d e n t s  who reached c r i t e r i o n  on ' 

three problem t y p e s  w i l l  be predented  first, followe&-by d e s c r i p t i o n s  

of s t u d e n t s  who r e a c h e d  c r i t e r i o n  -on two problem types ,  and l a s t l y ,  

d e s c r i p t i o n s  of  . t he  two s t u d e n t s  who r e a c h e d  c r i t e r i o n  o n  o n l y  o n e  

problem type. 

Sl r e a c h e d  c r i t e r i o n  on  r e p r e s e n t a t i o n ,  s o l u t i o n  and answers  f o r  

a l l  t h r e e  t y p e s  o f  w o r d  p r o b l e m s  ( s e e  F i g u r e  6). S h e  u s e d  

t r i a l - a n d - e & o r  h a p h a z a r d l y  i n  t h e  p r e t e s t .  t h i n k  a l o u d .  On t h e  

baseline administratlans f o r  r e p r e s e n t a t i o n  o f  r e l a t i o n a l  p r o b l e m ,  . 
a 

t h r o u g h  t r i a l - a n d - e r r o r  s h e  a t t a i n e d  5 out of  10 a o r r e c t  and 7 o u t  of 

10 correct nrrmerical a n s w e r s  w i t h o u t  r e p r e s e n t a t i o n s  o r  solutions. 
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S h e  commented ,  "6f ter  t h i n k i n g  o u t  l o u d  I h a v e  a way t h a t  works  

sometimes, b u t  n o t  a l l  t h e  timeon She a l s o  used t h i s  a p p r o a c h  o n  t h e  
. - 

b a s e l i n e  l e a s u r e s  f o r  r e p r e s e n t a t i o n  o f  p r o p o r t i o n  p rob lems .  On 

b a s e l i n e  f o r  s o l u t i o n  o f  p r o p o r t i o n  p r o b l e m s ,  s h e  r e a c h e d  c r i t e r i o n  

a n d  r e p o r t e d  t h a t  s h e  had b e e n  taught- t o  c ross -mul t ip ly  be fo re ,  ' 

e 

bu t  n o t  when u n t i l  s h e  l e a r n e d  t o  "get t h e  whole p i  c t u r e n .  By t h e  end . 

o f  i n t e r v e n t i o n ,  s h e  had  s t r e a m l i n e d  t h e  s t r a t e g y  l e a v i n g  ou t  s t e p s  

such  as the  drawing and worked - v e r y  qu ick ly .  She m a i n t a i n e d - c r i t e r i a 1  
I 

p e r f o r m a n c e  on ' r e p r e s e n t a t i o n ,  s o l u t i o n ,  and answers  f o r  all problem 

t y p e s  (see Table  4 ) .  She a t t a i n e d  c r i t e r i o n  on a l l  m e a s u r e s  of  nea ro  

t r a n s f e r  e x c e p t  a n s w e r s  f o r  r e l a t i o n a l  p r o b l e m s  where  s h e  d i d  n o t  

e n s u r e  t h a t '  t h e  answer met' t h e  goa l .  On fa r  t r a n s f e r  s h e  f a i l e d  t o  
.. 

r e a c h  c r i t e r i o n  on any measures f o r  r e l a t i o n a l  problems bu t  succeeded 
- .  

i n  r e a c h i n g c r i t e r i o n  f o r  p r o p o r t i  o n  and  t w o - v a r i a b l e  t w o - e q u a t i o n  

problems. 

S2 a l s o '  r e a c h e d  c r i t e r i o n  f o r  a l l  p h a s e s  of  m.e t h r e e  problem 

types  ( F i g u r e  7) .  She made no e r r o r s  i n  maintenance o r  nea r  t r a n s f e r ,  
- B  

" 

c o r r e c t : ~  comple t ing  a l l  r e p r e s e n t a t i o n s ,  s o l u t i o n s  and a n s u e r s  (Table  

4). On far t r a n s f e r  s h e  r e a c h e d  c r i t e r i o n  o n  p r o p o r t i o n  and  two- 
* 

v a r i a b l e  t w o - e q u a t i o n  problems, but  no t  on r e l a t i o n a l  problems. She 
* 

d i d  n o t  modify t h e  i n s t r u c t e d  s t r a t e g y  by combining or a n i t t i n g  s t e p s ,  
r 

b u t  u s e d  i t  as i t  had  b e e n  t a u g h t  a t  a l l  tfmes. I n  t h e . f i n a 1  .nmta- 

c o g n i t i v e  i n t e r v i e w ,  S2 commented o n  how word p r o b l e m s  h a d  "become 

funn and how s h e  could  n o t  b e l i e v e  s h e  was sayin& such  a th ing .  



Table 4 

Near Far Main- 
Posttedt Transfer Transfer tenanceb. 

Problem 
~ g p e  R S R S A  R S A  R S A  R S A  

- 

1 Relational 

1 Proportion 

1 %-.Variable 
Two- Equation 

3 Two-Variable 
T&EQuation 

4 Relational 

4 Proportion 

4 Two-Variable 
lki-Quation 

m. All taaks reported on this table have a. total possible score 
of 5 
a~ = Representation, S = Solution, A = Answer. 
bMalntenance took place 6 weeks later. 



BASELINE INSTRUCTION BASELINE INSTRUCTION 

REPRESENTAT ION SOLUTION 

1 2 3 4 5 6 7  

REPRESENTATION SOLUTION 

Figure 7. 

0 REPRESENTATION 

0 SOLUTION 

A ANSWERS 

BASELINE fNSTRUCTlON B - 
- 
- 
- 
- .  

I I - 
I 1 1  I I J 

1 2 3 4 5 6 7 8 9 1 0 1 1  

SUCCESSIVE ASSESSMENTS - 

Percent Instructed Problems Correct on . , 

Successive Assessments for Student 2 



' S3 r e a c h e d  c r i t e r i o n  on r e p r e s e n t a t i o n ,  s o l u t i o n  and answers f o r  

three problem types ,  and reached c r i t e r i o a  f o r  s o l u t i o n  of ' p r o p o r  t i o n  

---a problems during- basel ine '  (F igure  8).  SheK-never agtaiaed a s c o r e  below 
- 

* 

c r i t e r i o n  on anything s h e  had been taught ,  and was proud of  this fact. 
t 

She m a i n t a i n e d  and t r a n s f e r r e d  al l  she  had l ea rned  (Table 4 ) .  During 

maintenance she  modified t h e  strategies l e a v i n g  o u t  s t e p s  b e c a u s e  s h e  
+F 

s a i d  she  was shor-t' of time and wanted to f i n i s h  a l l  the tasks .  S3 had 

' a  c o n s i s t e n t l y  p o s i t i v e a t t i t u d e  toward l e a r n i n g  t o  s o l v e  p r ~ b l e m s ,  
i 

. and e x p r e s s e d  a  d e s i r e  t o  be a n u r s e ,  "eveti though I have problems 
- - - 

C 

l e a r n i n g  i n  school .w 

S4 reached c r i t e r i o n  on r e p r e s e n t a t i o n ,  s o l u t i o n ,  and answers f o r  

three,problem types  (F igure  9). He m a i n t a i n e d  t h e  t h r e e  a s p e c t s  o f  
- 

r e l a t i o n a l  and p ropor t ion  problems, but  onLy s o l u t i o n  f o r  problems i n  

two v a r i a b l e s  and two equa t ions  (Tab le  4 ) .  S4 r e a c h e d  c r i t e r i d n  o n  . . 
n e a r  t r a n s f e r  f o r  t h e  x e e  t y p e s  o f  p r o b l e m s , .  b u t  d i d  n o t  r e a c h  

c r i t e r i o n  on apy f a r - t r a n s f e r  tasks .  This  s t u d e n t  was so e n t h u s i a s t i c  

a b o u t  f i n a l l y  l e a r n i n g  t o  s o l v e  word problems t h a t  he  engaged a t u t o r  

and a s k e d  t h e  t u t o r  how t o  do  t h e  r e l a t i o n a l  p r o b l e m s  f r o m  t h e  

p r e t e s t .  A s  a r e s u l t  he r ece ived  i n f l a t e d  s c o r e s  f o r  r e p r e s e n t a t i o n  

and answers on the b a s e l i n e  f o r  r e p r e s e n t a t i o n  i n  r e l a t i o n a l  problems. 

A t  my r e q u e s t  h e  r e f r a i n e d  f rom work ing  on word problems wi th  t h e  

t u t o r  d u r i n g  i n t e r v e n t i o n .  S4 l e a r n e d  q u i c k l y .  He was t h e  o n l y  

s t u d e n t  who r e a c h e d  c r i t e r i o n  f o r  s o l u t i o n  d u r i n g  b a s e l i n e  on  

r e l a t i o n a l  pmbleds .  He was t h e  first t o  modify  t h e  s t r a t e g i e s  f o r  
- - 
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7 
r e p r e s e n t a t i o n  and s o l u t i o n ,  omi t t ing  t h e  drawing, and t h e  statement 

i 
of g ivens  i n  r k p r e s m t a t i o n ,  and doing up t o  t h r e e  s t e p s  a t  o n c e  i n  

s o l u t i o n .  When semester 2 began,  after s e s s i o n  # I  f o r  two-variable 
- d 

two-equation problems, S4 was placed i n  a r e g u l a r  m a t h e m a t i c s  c l a s s ,  
d ' 

He o f f e r e d  t o  c o a e  t c v i n t e r v e n t i o n ' a t  noon t o  a v o i d  m i s s i n 8  h i s  

/-- c l a s s e s .  However, he s&e times confused our two-day schedule.  Other- 

w i se ,  h i s  pe r fo rmance  s u g g e s t s  t h a t  h e  wo ~ d have  c o m p l e t e d  t h e  

i n t e r v e n t i o n  i n  less than three months. 

S5 was s u c c e s s f u l  with a l l  t h r e e  pboblem types (F igure  10). She 

took g r e a t  p r i d e  i n  r each ing  c r i t e r i o n  and commented f r e q u e n t l y  on how- Lz 

much s h e  h a d  l e a r n e d  a n d  how much s h e  e n j o y e d  g e t t i n g  100-j on  " 

a s s e s s m e n t s .  The o n l y  t i r a e . s h e  s c o r e d  l e s s  t h a n  c r i t e r i o n  o n  
- 

- b 

i n s t r u c t e d  t a s k s ,  m a i u t e n a n c e ,  o r  t r a n s f e F  p r o b l e m s  was o n  
- _ 

, r e p r e s e n t a t i o n  o f  f a r - t r a n s f e r  p r o p o  t i o n - g r ~ b l e m s  ( -,,,, ,, . e - - 
T a h l n  5 ) -  

Although s h e  d e v e l o p e d  s p e e d  and a c c u r a c y ,  S5 n e v e r  m o d i p e d  t h e  

s t r a t e g i e s  she  had been taught .  

S6 worked q u i c k l y  a n d  r e a c h e d  c r i t e r i o n  on  a l l  t h r e e  problem. 

t y p e s  i n  s p i t e  o f  a s u s p e n s i o n  from s c h o o l  i n  t h e  c o u r s e  o f  t h e  

i n t e r v e n t i o n  ( F i g u r e  11 ) . She reached c r i t e r i o n  dur ing  b a s e l i n e  f o r  

s o l u t i o n '  of p ropor t ion  problems. I n  f a r - t r a n s f e r  t a s k s ,  s h e  r e a c h e d  

c r i t e r i o n  f o r  r e p r e s e n t a t i o n ,  s o l u t i o n ,  and  a n s w e r s  f o r - o n l y  

p ropor t ion  problems (Table 5 ) .  She worked v e r y  q u i c k l y  w i t h  l i t t l e  

a t t e n t i o n  t o  d e t a i l  and o u l d  no t  do t h e  f a r - t r a n s f e r  r e l a t i o n a l  o r  

two-variable two-equation problems. However, s h e  d i d  r each  c r i t e r i o n  
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Table 5  

Near Far M a i n -  
Pretest Posttest Transfer Transfer tenanceb 

Problem # 

St $me R s ka R S A  R S A  R S A  R S  A '  
e 

5  Relational 0 0 0  5 5 5  . 5  5 4  5  5  5  5 5 5  
-- - 

-rr - - -  * 5  Proportion 0 0 2  3 4 5 b  5 4 4  

5 4 4  55 . 5 5 4  
" 

5  Two-Variable . 0  0  2 5  5 ' 4  5  5  5  5  5  
Two- Q u a  t i on  

6 Relational 0 0 0  5 5 5  5 5 5  0  0  0  5  4  4 '  

6 Proportion 0 0 1  5 5 5  4 5 4  4 4 4  4-11 4  

6 Two-Variable 0  0  0  4  4  4  5 . 5  4  0 0 0  5 5 4  
Two-Eq t ion-  Y 

7 Reladona1 5 5 3  0 0 0  5 4  4  

7 Proportion 0 0 1  5 5 5  5 5 5  

7 Twc-Variable 0  0  0  0  0  0  - , -C - - - 0 0 1  
Two-Equation 

8 'Relational 0 0 1  5  5  5  4 3 3  0 0 0  3 2 3  

8 Proportion 0  0  4  5  5  5  54 5  5 5 5  5 5 5  
-, 

8 Two-Variable 0  O 0  0 0 0  - - -  - - -  0  0  0  
Two-Equation 

m. All t a sks  reported on this table have a t o t a l  possihle  s co re  
of 5. I . 
*R = Repreamtation,  S = Solution,  A = Answer. - b13ainteaance took place 6 weeks l a t e r .  
C ~ 8 s r -  t rans f  er and far- t ransf  er tasks were administered o y y  f o r  taslcs - on whioh the s tudent  received ins t ruc t ion .  
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C 

on all m a r - t r a n s f e r  t a s k s  and on a l l  maintenance measures. 
- - 

S7 reached c r i t e r i o n ,  f o r  r e p r e s e n t a t i o n ,  s o l u t i o n  and a n s w e r s  o n  
P-? 

two  problem t y p e s  ( F i g u r e  12) .  %On t h e  maintenance t a s k s ,  he reached 

c r i t e r i o n  on a l l  three a s p e c t s  f o r  r e l a t i o n a l  and p ropor t ion  problem's 

( T a b l e  5 ) .  For  p r o p o r t i o n  p rob lems ,  h e  ha,d 100% f o r  ,near' and f a r  

t r a n s f e r  on  a l l  of r e p r e s e n t a t i o n ,  s o l ; t i o n ,  a n d  a n s w e r s :   or', 

r e l a t i o n a l  p rob lems ,  h e  r e a c h e d  c r i t e r i o n  o n l y  

r e p r e s e n t a t i o n  and s o l u t i o n .  He commente$ whi le  he 
\, -- 

r e l a t i o n a l  f a r - t r a n s f e r  problems'  t h a t  he was no t  

because when he *checkedw t h e  problems they d id  n o t  

on n e a r - t r a n s f e r  

was a t t empt ing  t h e  

work. 57 worked 

v e r y  s l o w l y  and w i t h o u t  confidence i n  t h e  e a r l y  s e s s i o n s ,  asking f o r  
.--.: 

feedback f r e q u e n t l y ;  however, by t h e  end  o f  i n t e r v e n t i o n ,  he  worked 
r 

qu ick ly  and c o n f i d e n t l y ,  commenting p o s i t i v e l y  on h i s  own performance. 

S8 reached c r i t e r i o n  on r e p r e s e n t a t i o n ,  s o l u t i o n ,  and answers f o r  

two problem t y p e s ,  w i t h  c r i t e r i o n  f o r  p r o p o r  t l o n  s o l u t i o n s  being 

a t t a i n e d  d u r i n g  b a s e l i n e  ( F i g u r e  13 ) .  H e - m a i n t a i n e d  wha t  h e  had 

l ea rned  f o r  p ropor t ion  problems but  not  f o r  r e l a t i o n a l  problems (Table 

5) .  He experienced great d i f f i c u l t y  wi th  t h e  t r a n s f e r  tasks .  On new . 
t r a n s f e r  he reached c r i t e r i o n  on all a s p e c t s  of p ropor t ion  but  only  on 

r e p r e s e n t a t i o n  f o r  r e l a t i o n a l  problems.  Re o b t a i n e d  z e r o  on  f a r  

t r a n s f e r  f o r  r e l a t i o n a l  p r o b l e m s  and 100% o n  f a r  t r a n a f e r  f o r  

p ropor t ion  problems. S8 cammented f6&uent ly  d u r i n g  t h e  p r a t e s  ts on  

h i s  i n a b i l i $ y  t o  complete word problems. He w a s  e a s i l y  f r u s t r a t e d  and 
CG 

stormed out  of  t h e  room a t  one po in t  dur ing  t h e  f a r - t r a n s f e r  task f o r  , 
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-- 
re la t ional 'problems.  Some days he  chose t o  spend less than  40 minutes 

i n  i n t e r v e n t i o n  because he d i d  no t  want t o  "get behind i n  [ h i s ]  o t h e r  - 

work. T h i s  l i m i t e d  t h e  t i m e  h e  s p e n t  i n  i n t e r v e n t i o n  bu t  probably - - 

minimized h i s  f r u s t r a t i o n .  - A- 

- , 
S9 reached c r i t e r i o h  f o r  r e p r e s e n t a t i o n ,  s o l u t i o n  and answers f o r  

two p r o b l e m - t y p e s ,  and a t t a i n e d  s o l u t i o n  f o r  p r o p o r t i o n  p rob lems  

d u r i n g  b a s e l G e  ( F i g u r e  1 4 ) .  H e  had shown some f a m i l i a r i t y  w i t h  

pr,oportion problems dur ing  p r e t e s t i n g  b u t  s a i d  a t  t h a t  time t h a t  h e  
- - - 

h a d  t o  g u e s s  w h i c h  q u a n t i t i e s  t o  p u t  i n t o  e a c h  r a t i o .  On t h e  

; m a i n t e n a n c e  p rob lems  h e  r e a c h e d  c r i t e r i o n  f o r  r e p r e s e n t a t i o n ,  

s o l u t i o n ,  and answers f o r  r e l a t i o n a l  and p ropor t ion  problems and alsb - 
s c o r e d  6 0 %  on  a l l  a s p e c t s  o f  p rob lems  i n  t w o - v a r i a b l e s  a n d  two- a 

- e q u a t i o n s  ( T a b l e  G .  He scored-166% on  a l l  o f  r e p r e s e n t a t i o n ,  

s o l u t i o n ,  and answers f o r  relati0,na.l  and p r o p o r t i o n  @obli?rns on  n e a r  

t r a n s f e r  and f a r  t r a n s f e r .  If he had not  been ill f o r  t h r e e  weeks, 

h i s  p r i o r  performance p r e d i c t s  t h a t  he would have c m p l e t e d  t h e  t h i r d  

problem t y p e .  When h e  r e t u r n e d  after h i s  l o n g  i l l n e s s ,  S9 l e f t  out  

what he consLdsred t o  be t h e  repetib;,tre p a r t s  o f  . r e p r e s e n t a t i o n  and 

r e v e r t e d  t o  a  less d e t a i l e d  l i s t i n g  of s t e p s  i n  so lu t ion .  Nei ther  of 

t h e s e  modi f i ca t ions  l e s sened  h i s  understanding o r  accuracy. 
LC- 

310 reached c r i t e r i o n  on r e p r e s e n t a t i o n ,  s o l u t i o p  and answers f o r  

two t y p e s  of p r o b l e m s ,  wl$h c r i t e r i o n  f o r  s o l u t i o n  i n  p r o p o r t i o n  

r e a c h e d  on t h e  b a s e l i n e  measure (F igure  15).  She m a n t a i n e d  p e r f e c t  

s c a r e s  on .all a s p e c t s  of r e l a t i o n a l  ,and propor t i o n  problems (Table 6). 
s 

1 
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Table 6 

e r  of Correct Regponses for Students Q. 10. 11 and 12 - 

Postt-e. and - TranSper & Far  o T r a n s f e r  
Measures f 

Near Far Main- 
Pretest , test ., Transfer Transfer tenanceb 

koblem 
S' Type A S  R S A  R S A  R S A  R S  A 

9 Relational 0  0  2 

9 Prcportion 0 0 4  

9 Two-Variable 0  0  0  
Two-~~uati'on 

/ 

10 Relational 0 0 0  

10 Proportion 0 0 1  

10 Two-Variable 0  0  0  
- Two-Equation 

11 Relational 0  0  0  

7 I I Proportion ' 1 1 2  

11 Two-Variable 0  0  0  

. . 
M+&uation 

1 2  Relational -0 0.00 

12 Proportion 0 0 0  " 0  0  0  - - o - - -  0 0 0  

12 Two-Variable 0  0  0 0  0  0 ,  - - -  - - - 0 0 0  
TWO-Equa t ion C 

m. A l l  tasks reported on t h i s  table ham a to t a l  poaaible score 
of 5 .  - 

= Representation, S = Solution, A = Answer. 
bMaintenance took place 6 weeks l a te r .  -\7 - 
C~e&transf e r  and far-transf e r  tasks were administered only for taska 
on whlch the student received instruction. 



I n  a d d i t i o n ,  s h e  completed some o f  t h e  problems i n  twp v a r i a b l e s  and 

I, two equat ions  c o r r e c t l y  dur ing  maintenance, which was t h e  f i rs t  time 

s h e  had accomplished t h i s  i n  t h e  e n t i r e  study. She reached c r i t e r i o n  

on near- t ransfer  r e l a t i o n a l  and propor t i o n  problems and f a r - t r a n s f e r  
- 

p r o p o r  t i o n  p r o b l e m s ,  b u t  would n o t  t r y  f a r -  t r a n s f e r  r e l a t i o n a l  

problems.  S10 worked s l o w l y  a n d  was p r e v e n t e d  f r o m  r e c e i v i n g  
CI 

i n s t r u c t i o n  i n  t h e  t h i r d ' p r s b l s m  tgpe by a suspension from school .  

She was e n t h u s i a s t i c  about  t h e  i n t e r v e n t i o n  as l o n g  as s h e  found t h e  
, 

problems -- easy. . . 9 .  

S11 r e a c h e d  c r i t e r i o n  on  r e p r e s e h t a t i o n ,  i o l u t i o n ,  and answers 

f o r  o n l y  t h e  F i r e t  type of p r o b l e m - r e l a t i o n a l  ( F i g u r e  1 6 ) .  He 
4 

m a i n t a i n e d  r e p r e s e n t a t i o n ,  s o l u t i o n ,  and a n s w e r s  f o r  r e l a t i o n a l  

problems and a l s o  obta ined 100% on a l l  nea r - t r ans fe r  and f a r - t r a n s f e r  
/ 

r e l a t i o n a l  problems (Table  6 ) .  He1 worked slowly and h e s i t a n t l y  never ' 

completing i n s t r u c t i o n  and assessment i n  t h e  same s e s s i o n  u n t i l  t h e  

l a s t  two weeks o f  i n t e r v e n t i o n .  S11 was absen t  from school  f o r  two 
- 

weeks fo l lowing  t h e  f i f th  and t h e  n i n t h  assessment  s e s s i o n s .  D u r i n g  

t h e  second absence he  withdrew from school ,  but  agreed t o  complete t h e  

in te rven t ion .  On t h e  p o s t t e s t  assessment measure he  reached c r i t e r i o n  

f o r  s o l u t i o n  and answers on - propor t ion  problems which he had .not been 
/ 

-3 

taught .  On t h e  maintenance test he  reached c r i t e r i o n  f o r  a n s w e r s  o n  

p r o p o r  t i o n  problems. He s a i d  that he was t r y i n g  t o  apply  what he  had 

l ea rned  about  % l a t i o n a l  problems. 

5 1 2  a l s o  r e a c h e d  c r i t e r i o n  on  - r e p r e s e n t a t i o n ,  s o l u t i o n ,  and 
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a n s w e r s  f o r  o n l y  one  t y p e  o f  problem ( F i g u r e  1 7 ) .  She  found  t h e  

r e p r e s e n t a t i o n  assessments v e r y  difficult and  d i s h i h i t e n i n g , .  and - 
.d' - 

comple ted  e i g h t  a s s e s s m e n t s  b e f o r e  r e a c h i s g  c r i t e r i o n  on r e l a t i o n a l  

problems. Her approach was t o  try t o  "remember i t  a l ln  because it-was 

s o  d i f f i c u l t  t o  u n d e r s t a n d .  She  r e a c h e d  c r i t e r i o n  on s o l u t i o n  and 

a n s w e r s  i n  f o u r  a s s e s s m e n t s .  She d i d  n o t  m a i n t a i n -  w h a t  s h e  h a d  

l e a r n e d ;  h o w e v e r ,  she<id o b t a i n  80% o n  a l l  o f  r e p r e s e n t a t i o n ,  

s o l u t i o n  and answers,  o n  nea r - t r ans fe r  problems c o m p l e t e d  i m m e d i a t e l y  

a f t e r  p o e t t e s t s  ( T a b l e  6): S12 d i d  n o t  r e a c h  c r i t e r i o n  on  f a r .  

t r a n s f e r .  Although s h e  met the- c r i t e r i a  f o r  i n c l u s i o n  i n  t h e  s t u d y ,  

t h e  a l g e b r a i c  word problems may have been i n a p p r o p r i a t e  f o r  her.  She 

seemed t o  l a c k  t h e  .necessary p r i o r  knowledge, and she  was o b s e r v e d  t o  

spend l i t t l e  t i m e .  o n - t a s k  d u r i n g  i n t e r v e n t i o n  and i n  t h e  l e a r n i n g  

cen t re .  S12 is  t h e  on ly  s t u d e n t  who d i d  n ~ t  r e a c h ,  c ~ i t e r i o n  on  a n y  - 
maintenance- task.  - 

I n  summary, t h e  i n s t r u c t e d  s t u d e n t s '  a b i l i t y  t o  r e p r e s e n t  word 

problems, o b t a i n  problem s o l u t i o n s  and c o r r e c t  n u m e r i c a l  a n s w e r s  f o r  

t h r e e  problem types  inc reased  d r a m a t i c a l l y  fo l lowing  i n s t r u c t i o n .  l b o  - ' 

s t u d e n t s  l ea rned  t o  r e p r e s e n t  and s o l v e  one  t y p e  o f  p rob lem,  f o u r  
- - 

r e a c h e d  c r i t e r i o n  f o r  r e p r e s e n t a t i o n  and s o l u t i o n  f o r  two types  o f .  

problem,  and s i x  r e a c h e d  c r i t e r i o n  on  t h r e e  types  o f  p r o b l e m s .  

Main tenance  d a t a  f o r  each problem t y p e  are shown i n  Table  7. S i x  

weeks  a f t e r  t h e  end o f  i n s t r u c t i o n ,  c r i t e r i a 1  p e r f o r m a n c e  was 

m a i n t a i n e d  by 10 o f  t h e  12 s t u d e n t s  who had r e a c h e d  c r i t e r i o n  on 
-- - 
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Table 7 

Representation solution Answers 
, Type *of 

Problems 

Relational 

lkb-variable 
Two- Equation 



r e l a t i o n a l  p r o b l e m s .  F p r  p r o p o r t i o n  p r o b l e m s ,  c r i t e r i o n  was 

b m a i n t a i n e d  by a l l  10 s t u d e n t s  who had r e a c h e d  c r i t e r i o n  d u r i n g  

i n t e r v e n t i o n .  F iv f  of the s i x  s t u d e n t s  who had .reached c r i t e r i o n  f o r  

two-variable two-equation problems m a i n t a i n e d  c r i  t e r i a l  pe r fo rmance  

s i x  weeks l a t e r .  I n  only t h r e e  cases out  of 28 d i d  a  s t u d e n t  master  a  

problem t y p e  d u r i n g  i n t e r v e n t i o n  a n d  n o t  m a i n t a i n  c r i t e r i a 1  

p e r f o r m a n c e  on t h a t  problem t y p e  s i x  weeks l a t e r .  The s t u d e n t s t  
\! 

a b i l i t i e s  t o  d o  t h e  i n s t r u c t e d  worq&problems i m p r o v e d  a n d  were 

maintained ov'er time. 

Did t h e  i n s t r u c t e d  s t u d e n t s  show t r a n s f e r  t o  problem- 
s o l v i n g  t a s k s  that were similar b u t  d i s t i n c t  f rom t h e  
t r a i n i n g  t a s k s ?  Did t h e y  show n e a r  t r a n s f e r ,  f a r  
t r a n s f e r  ? * 

s t u d e n t s  r e c e i v e d  t r a n s f e r  t a s k s  only f o r  the problem types on 

which they had reached c r i t e r i o n  dur ing  i n t e r v e n t i o n .  
f 

Hear Transfer  7 
Near - t r ans fe r  t a s k s  c o n s i s t e d  of problems c o n t a i n i n g  t h e  same 

m a t h e m a t i c a l  s t r u c t u r e  a s  t h e  i n s t r u c t e d  p rob lems  and new s , w f a c e  

s t r u c t u r e s  ( o r  con tex tua l  d e t a i l s ) .  Table 8 shows t h e  p r o p o r t i o n  of  

s t u d e n t s  r e a c h i n g  c r i t e r i o n  on  n e a r  t r a n s f e r  f o r  r e p r e s e n t a t i o n ,  

s o l u t i o n  and answers f o r  each of t h e  ins t r i i c t ed  problem t y p e s .  Every  

s t u d e n t  showed  n e a r  t r a n s f e r  f o r  p r o p o r t i o n  and t w o - v a r i a b l e  



Table 8 

- 

Relational 

- 

Solu ticm Answers ~ e ~ r e s e n t a  t i o n  - 
Type of 0 

Problams - 

Two-Varf able 
Two-Equation 



4 ' 
t w o - e q u a t i o n  prob1em.s.. d v e r y  s t u d e n t  showed n e a r  t r a n s f e r  f o r  

r e p r e s e n t a t i o n  o f  r e l a t i o n a l -  p r o b l e m s .  One s i u d e n t  d i d  n o t  r e a c h  

c r i t e r i o n  o n  s o l u t i o n  f o r  * r e l a t i o n a l  problems. and t h r e e  s t u d e n t s  d i d  

n o t  r e c o r d  t h e  c o r r e c t  numerical  answer ( c o n s i s t e n t  w i t h  t h e  g o a l )  f o r  

r e l a t i o n a l  p r o b l e m s .  I n ,  summary, t h e  i n s t r u c t e d  s t u d e n t s  d i d  show 

n e a r  t r a n s f e r  t o  problems w i t h  t h e  same* m a ~ h e m a 4 i c a l  s t r u c t u r e  b u t  

d i f f e r e n t  s u r f a c e  s t r u c t u r e s  t h a n - t h e  i n s t r u c t e d  problems. 

h 
I 

Far T r a n s f e r  

-- F a r - t r a n s f e r  t a s k s  c o n s i s t e d  o f  p r o b l e m s  c o n t a i n i n g  t h e  same 

s u r f a c e  s t r u c t u r e  as tihe i n s t r u c t e d  problems and s l i g h t l y  more complex 
%af- 

mathema t i c a l  s t r u c t u r e .  The r e l a t i o n a l  problems con ta ined  two k i n d s  
3 

of r e l a t i o n a l  s t a t e m e n t s  r a t h e r  t han  o n e ;  d t h e  p r o p o r  t i o n  s t a t e m e n t s  

c o n t a i n e d  t h r e e  e q u i v a l e n t  r a t i o s ,  one complete  and two incomple te ;  

t h e  two-variable  two-equation problems r e s u l t e d  i n  a p a i r  o f  e q u a t i o n s  

c o n t a i n i n g  t h r e e  unknowns, one-of which could be ob ta ined  by a aimple 

c a l c u l a t i o n  from t h e  &.formation given.  Table 9 shows  t h e  p r o p o r  t i o n  -- 
-& 

x o f  s t u d e n t s  r e a c h i n g :  c r i t e r i o n  o n  r e p r e s e n t a t i o n ,  s o l u t i o n ,  and  

answers  f o r  each  o f  theb  n s t r u c t e d  probl& types.  Of' t h e  12 s t u d e n t s  2 . F-  

who r e a c h e d  o r i t e r i o n  o n  r e p r e s e n t a t i o n ,  s o l u t i o n ,  and answers  f o r  
\ 

r e l a t i o n a l  problems i n  i n s t r u c t i o n ,  o n l y  4 reached  c r i t e r i o n  o n  t h e s e  
.@+ 

-- a s p e c t s  ' in  t h e  far-  t r a n s f e r  problems. For p r o p o r t i o n  problems, most 

s t u d e n t s  who had reached  c r i t e r i o n  i n  i n s t r u c t i o n  reached  c r i t e r i o n  i n  

f a r  t r a n s f e r :  8 o f  10 o n  r e p r e s e n t a t i o n ,  9 o f  10 on s o l u t i o n ,  'and 9 % 



i 

Tabla 9 



I 
o f  10 on answers.  For problems i n  two v a r i a b l e s  and two e q u a t i o n s ,  as 

w e l l ,  most s t u d e n t s  who had reached  c r i t e r i o n  i n  i n s t r u c t i o n  r e a c h e d  

c r i - t e r i o n  i n  f a r  t r a n s f e r :  4 o f  6 o n  r e p r e s e n t a t i o n ,  4 o f  6 o n  
2 

s o l u t i o n ,  and 4 o f  6 on  answers.  I n  summary, t h e  i n s t r u c t e d  s t u d e n t s  

s h o w e d  f a r  t r a n s f e r  on  p r o p o r t i o n  and  t w o - v a r i a b l e  t w o - e q u a t i o n  

groblems, b u t  showed 11 t t l e  far t r a n s f e r  on  r e l a t i o n a l  problems. 
- 

e 1 

Were ch'anges observed  h t h e  s t u d e n t s f  v e r b a l  behavior  
and  u n d e r s t a n d i n g  w h i l e  t h i n k i n g  a l o u d  d u r i n g  t h e  
cou r se  o f  i n t e r v e n t i o n ?  

l 

Each s t u d e n t  was reco rded  t h i n k i n g  o u t  loud immedi'ately p r i o r  t o  

i n s t r u c t i o n  i n  r e p r e s e n t a t i s n  and immediately f o l l o u i n g  a t t a i n m e n t  o f  

- c r i t e r i o n  i n  s o l u t i o n  f o r  each  .type of  problem on  which they  r ece ived  

i n s t r u c t i o n .  The think-aloud p r o t o c o l q Q e r e  t r a n s c r i b e d  and  e n c o d e d  

t o  be r a t e d  o n  t e n  ~ I o r i  c o n c e p t u a l  c a t e g o r i e s .  S i x  c a t e g o r i e s  

A \ c o n t r i b u ' b d  t o  a r a t i n g  of  unde r s t and ing  problem represents t i o n .  The ,  

, maxiaum s c o r e  f o r  r e p r e s e n t a t i o n  - &as 12: two p o i n t s  f o r  a c c u r a t e  and 

c a n p l e t e  ve rba$ iza t ion  f o r  each  a s p e c t .  Four c a t e g o r i e s  c o n t r i  bu'ted 

t o  a r a t i n g  o f  unde r s t and ing  problem s o l u t i o n ,  wi th  a m a x i m u m  s c o r e  of  

e i g h t .  
\ 

T h i n k i n g - a l o u d  s c o r e s  f o r  t h e  v e r b a l i z a t i o n s  o f  i n d i v i d u a l s  are . 
shown i n  Table  10. For each- type  ~f problem, s c o r e s  f o r  r e p r e s e n t a -  

t i o n  a n d  s o l u t i o n  i n c r e a s e d  from b e f o r e  i n a t r u c t i a n  t o  a f t e r  

i n s t r u c t i o n .  However, the s c o r e s  on p r o t o c o l s  b e f o r e  i n s t r u c t i o n  were 

s i ~ i l a r ,  for mst i n d i v i d u a l s ,  a c r o s s  t h e  Tree t y w s  o f  problems. I n  



Table 10 

as of -ucted St- 
7- 

Relational  Propor t i o n  lbo-Variable 
v 

Pre Post Pre Post Pre . Post 
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missing 

1 1  8 

9 4 

10 8 

ow--- 

----- 
' 1  8 

8 8 

9 8 

10 4 

- 9 8  

1 6 

m. p3, = p o s s i b l e  score 
= Representation; S = Solution.  ' ;tudant did  not rece ive  ins truct ion  on problem type. 



* 

mos t  c a s e s ,  t h e r e  wad n o t  a g r a d u a l  improvement  on.  v e r b a l i z a t i o n s  

b e f o r e  i n s t r u c t i o n  f o r  later problem types.  The i n d i v i d u a l  e x c e p t i o n s  

were 52 and S5. r 

On r e p r e s e n t a t i o n  p r o t o c o l a ,  t h e r e  w e r e  c o n s i s t e n t  c h a n g e s  

a r i s i n g  f o l l o w i n g  i n s t r u c t i o n .  B e f o r e  i n s t r u c t i o n  t h e  a s p e c t s  o f  

r e p r e s C n ' t a t i o n  t h a t  were v e r b a l i z e d  c o r r a c  t l y  and  comple te ly  most 

f r e q u e n t l y  were t h e  g d a l  . a n d  t h e  k n o w l e d g e  o f  n e e d e d  e x p l i c i t  

r e l a t i o n s h i p s  ( t h e  i n f o r m a t i o n  g i v e n ) .  Both t h e s e  a s p e c t s  r e q u i r e d  

r e a d i n g  and unde r s t and ing  o f  p r o p o s i t i o n s  i n  t h e  p r o b l e m  s t a t e m e n t  . 
T h e r e  was l i t t l e  e v i d e n c e  of  domain-spec i f ic  problem knowledge. Few 

s t u d e n t s  - - a t t e m p t e d  t o  v e r b a l i z e  e v e n  a ~ e s d r i ~ t i o n  o f  t h e  t y p e  o f  
= 

p r o b l e m ,  e x c e p t  t o  i d e n t i f y  i t  by a n  o - p e r a t i o n  s u c h  as n d i v i s i o n  

problemn. Before i n s t r u c t i o n  t h e  a s p e c t  o f  s o l u t i o n  t h a t  was moyt 

o f t e n  v e r b a l i z e d  was t h e  c h o i c e  of an o p e r a t i o n  and t h e  c a r r y i n g  ou t  

of t h a t  o p e r a t i o n .  The e q u a t i o n  f o r m  was n o t  u s e d  and  a l g e b r a i c  

m a n i p u l a t i o n s  were n o t  c a r r i e d  o u t  e x p l i c i t l y .  S tuden t s  lacked  t h i s  

knowledge s p e c i f i c  t o  t h e  domain  o f  a l g e b r a i c  p r o b l e m s .  Some used  
4 

t r i a l - a n d - e r r o r  b e f o r e  i n s t r u c t i o n  bu t  none v e r b a l i z e d  t h e i r  r ea son ing  

f o r  s e l e c t i n g  t h e  n e x t  v a l u e  and none r e c o r d e d .  t h e  r e s u l t s  o f  e v e r y  

trial. 

Th'e v e r b a l i z a t i o n s  i m m e d i a t e l y  fo l lowing  c r i t e r i o n  i n  s o l u t i o n  

resembled t h e  i n s t r u c t i o n a l  s c r i p t s .  Host s t u d e n t s  were c o m p l e t e  and 

a c c u r a t e  i n  v e r b a l i z i n g  r e p r e s e n t a t i o n  e x c e p t  f o r  t h e  f r e q u e n t  

W S S ~ O ~  of t h e  reasoniw t h a t  suppor t ed  t h e  c h o i c e  o f  p rob lem t y p e .  - 



The nex t  most f r e q u e n t  inadequacy i n  verba l iza t ion  of represen ta t ion  

was l ack  of s p e c i f i c i t y  i n -  naming what t h e  unknown would r e p r e s e n t .  

S o l u t i  ons  were ve rba l i zed  much more f u l l y  following i n s t r u c t i o n  with 

the inc lus ion  of the  equation form and e x p l i c i t  s t e p 9  i n  s o l v i n g  t h e  

e w t i o n .  A 1 1  e r r o r s  i n  v e r b a l i z a t i o n  of s o l u t i o n  f o r  r e l a t i o n a l  
I 

problems following i n s t r u c t i o n  were i n  procedure and computa t ion  and - 
t hey  c o n s i s t e d "  e i  t h e r  of omis s ions  o r  e r r o r s  which the ind iv idua ls  

corrected l a t e r  when the problem r e s i s t e d  . s o l u t i o n .  For p ropor  t i o n  
4 

problema, all e r r o r s  were e i t h e r  a f a i l u r e  t o  use the equation form o r  

f a i l u r e  t o  verba l ize  procedural s teps .  For two-variable two-aqua t i o n  

- p ~ ~ b l m ' .  
- 

Two s t u d e n t s  ( S 2  and S 5 )  o b t a i n e d  much h i g h e r  s c o r e s  f o r  - 
- 

p r o b l e m s ,  a l l  s t u d e n t s  r e c e i v e d  f u l l  s z o r e s  of e i g h t  ,on t h e i r  

verba l iza t ions  of so lu t ion .  

To summarize, each  s tuden t  demongtrated i n  t h e  post- ins t ruct ion 

Gerbaliza t ions  improvement i n  understanding of problem r e p r e s e n t a t i o n  
x 

and problem s o l u t i o n .  The major  changes  i n  ve rba l i za t i on  were the  

inc lus ion  and u t i l i z a t i o n  of vocabulary and conceptual and p r o c e d u r a l  

knowledge s p e c i f i c  t o  a l g e b r a i c  problem solving., Students spoke of 

unknowns, var iab les ,  and equations. When they gave reasons f o r  t h e i r  

i d e n t i f i c a t i o n  of the prob lms  as r e l a t i o d ,  - proportion,  two-variable 
P 

two-equation, t he  reasons were based on mathematical s t r u c t u r e ,  such  

a s  * I t  has a r e l a t i o n a l  s t a t emen t ,  Sem has $18 more than Tam, and I 

know the t o t a l  aamunt they have together ,  s o  i t  must be  a r e l a t i o n a l  
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u n d e r s t a n d i n g ,  b e f o r e  i n s t r u c t i o n ,  on later problem types. S2 t r i e d  

t o  u s e  all  t h e  in fo rmat ion  she  had l ea rned ,  with r e l a t i o n a l  problems,  

i n  h e r  r e p r e s e n t a t i o n  and s o l u t i o n  o f  t h e  p ropor t ion  problem. She 

a l s o  i d e n t i f i e d  i t  a s  a p ropor t ion  problem but c o u l d  n o t  v e r b a l i z e  a  

r e a s o n .  W h e p h e  obta ined an answer of 630C weeks, she  dec r i ed  i t  a s  

" t o o  b i g R .  Her v e r b a l i z a t i o n  b e f o r e  i n s t r u c t i o n  f o r  p r o p o r t i o n  

p rob lems  showed much g r e a t e r  u n d e r s t a n d i n g  t h a n  h e r  v e r b a l i z a t i o n  

be fo re  r e l a  t i o n d l  problems. On t h e  two-variable two-equa t i o n  t h i n k -  

a l o u d  p r o t o c o l  b e f o r e  i n s t r u c t i o n ,  she  aga in  used t h e  s t e p s  s h e  had 

l ea rned ,  t h i s  'tine t o  t h e  po in t  of express ing one of t h e  two equat ions  

c o r r e c t l y .  She  u s e d  t r i a l - a n d - e r r o r  s lowly and unsys temat ica l ly  t o  

f i n a l l y  o b t a i n  the  c o r r e c t  answePs. 

S5 was a l s o  a b l e  t o  r e p r e s e n t  t h e  p r o p o r t i o n  problem i n  h e r  

v e r b a l i z a t i o n  p r i o r  t o  i n s t r u c t i o n  by reminding h e r s e l f  o f  e a c h  s t e p  

t h a t  had bebn used f o r  r e l a t i o n a l  probiems and altering i t  t o  s u i t  t h e  

new problem. The o t h e r  s t u d e n t s  recognized that t h e  new problem was 

d i f f e r e n t  when t h e  p r o p o s i t i o n s  d i d  no t  match with those  which were 

f a m i l i a r .  One s t u d e n t  s a i d  o f  t h e  p r o p o r t i o n  problem,  i s n ' t  

r e l a t i o n a l  because now you ' re  only  doing i t  wi th  one person and before  
- 

i t  vas a r e l a t i o n s h i p  b e t w e e n  two.  F o r  m o s t  s t u d e n t s ,  t h i s  

r e c o g n i t i o n  o f  an unf a d l i a r  mathematical s t h c t u r e  d e r a i l e d  a t t e m p t s  

t o  make a drawing and write an  equation.  , 

Changes were o b s e r v e d  i n  t h e , s t u d e n t s f  v e r b a l  behav io r  whi le  

thinking aloud dur ing  t h e   course o f ,  i n s t r u c t i o n . ,  Host  change8  were 
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I c . . 

- c l  o s e l y  r e l a t e d  t o  i n s t r u c t i o n ,  r e f l e c t i n g  t h e  a c q u i s i t h n  o f  domain- 

s p e c i f i c  a l g e b r a i c  problem-solving l a n g u a g e ,  d e c l a r a t i v e  knowledge,  
0 1 

and p r o c e d u r a l  knowledge. ~ e r b a l i z a t i o n s  became more a b s t r a c t ,  more 

c o m p l e t e ,  and more a c c u r a t e  showing i n c r e a s e d  u n d e r s t a n d i n g  o f  

r e p r e s e n t a t i o n  and s o l u t i o n .  

Did t h e  i n s t r u c t i o n  d i f f e r e n t i a l l y  a f f e c t  t h e  s t u d e n t s '  
a b l l i t y  t o  work o u t  r e l a t i o n a l ,  p r o p o r t i o n ,  and two- 
v a r i a b l e  two-equation problems? - 

T h e  s t u d y  p r o v i d e d  d a t a  o n  t h e  q u e s t i o n  of w h e t h e r  t h e  

i n s t r u c t i o n a l  procedures had t h e  same outcome e f fec t s  on s t u d e n t s  ' - 
/ 

a b i l i t y  t o  c o m p l e t e  t h r e e  t y p e s  o f  a l g e b r a i c  word p rob lems .  The 

answers must be t e n t a t i v e  because t h e  outcame ef fects  a r e  confounded  
a 

by o r d e r  e f f e c t s .  However, p a t t e r n s  t h a t  emerged from the single 
- - 

s u b j e c t  d a t a  bear on t h i s  ques t ion .  No s t u d e n t  r e a c h e d  c r i t e r i o n  o n  

r e p r e s e n t a t i o n  f o r  any o f  t h e  t h r e e  problems type8 d u r i n g  b a s e l i n e  
% 

assessment;' Even after s u c c e s s f u l l y  r e p r e s e n t i n g  p r e v i o u s  problem i 

t y p e s ,  s t u d e n t s  were u n a b l e  t o  o b t a i n  c o m p l e t e  a n d  a c c u r a t e  
I r, 

r e p r e s e n t a t i o n s  on u n i n s t r u c t e d  problem t y p e s .  These  d a t a  s u g g e s t  

t h a t  t h e  r e p r e s e n t a t i o n s  o f  a l l  t h r e e  problem t y p e s  posed similar 
I 

d i f f i c u l t i e s  f o r  the s t u d e n t s  i n  t h i s  s t u d y .  However, t h e  d a t a  o n  
- 

s o l u t i o n  s u g g e s t  t h a t  s t u d e n t s  found  t h e  s o l u t i o n  f o r  p r o p o r  t i o n  

, prob lems  t o  b e  more s t r a i g h t f o r w a r d  af ter  m a s t e r i n g  r e l a t i o n a l  

p r o b l e m s  and r e a c h i n g  c r i  t e r i o n  on r e p r e s e n t a t i o n  o f  p r o g o r t i o n  

p rob lems .  Four o f ' t e n  s t u d e n t s  r e a c h e d  c r i t e r i o n  o n  b a s e l i n e  



assessnfent f o r  s o l u t i o n  o f  p ropor t ion  problems.. On t h e  o t h e r  hand, no 

s t u d e n t  reached c r i t e r i o n  foe  s o l u t i o n  o f  problems i n  two v a r i a b l e s  

and two equa t ions  on t h e  b a s e l i n e  assessments. o 

- - 
It would appear t h a t  i n s t r u c t i o n  i n  r e p r e s e n t a t i o n  s p e c i f i c  t o  

e 

t h e  problem type ,  &n combination wi th  t h e  s t u d e n t s f  p r i o r  kn'bwledge of 

s o l u t i o n  ( .based o n  i n s t r ~ e t i o n  i n  i n t e r v e n t i o n  a n d  i n  t h e i r  

c l a s s r o o m s )  had more e f fec t  on s o l u t i o n  of p ropor t ion  prob'lems than 

t h e  o t h e r  two types. Maintenance  d a t a  (shown i n  T a b l e  7 )  i n d f c a t e  

t h a t  a  s l i g h t l y  h i g h e r  p ropor t ion  o f  s t u d e n t s  maintained representa-  

t i o n  and s o l i i t i o n  f o r  p r o p o r t i o n  problems f o l l o w i n g  i n s t r u o t i o n .  

T h e r e  was less n e a r  t r a n s f e r  and l e s s  f a r  t r a n s f e r  f o r  r e l a t i o n a l  

problems than f o r  p ropor t ton  and tw-var i ab le  t w o - e q u a t i o n  problems 

(Tables  8 and 9 ) .  

A l l  t h r e e  problem t y p e s  were lea rned  and maintained due t o  t h e  

i n t e r v e n t i o n ,  and s im i l a r i t i e s  a c r o a s  p r o b l e m  t y p e s  h a v e  b e e n  

r e p o r t e d .  However ,  i t  may b e  s t a t e d  t e n t a t i v e l y ,  g i v e n  t h e  

l i m i t a t i o n s  o f  t h e  s tudy,  t h a t  t h e r e  were  d i f f e r e n t i a l  e f f e c t s ,  as 

p ropor t ion  problemswere  l ea rned  more r e a d i l y ,  and r e l a t i o n a l  problems 

were less l i k e l y  t o  be t r a n s f e r r e d .  

Research Q u e s t i o n s  Re la t ing  t o  Two-Group Data 

Did i n s t r u c t e d  _ s t u d e n t  a a n d  comparison stuc!cnts ahow 
similar outcome s c o r e s  i n  a lgebra  word-problem s o l v i n g  
o n  t h e  i n s t r u c t e d  problem t y p e s ,  a m u l t i p l e - c h o i c e  
problem-solving test, and an open-ended problem-solving 
t e a t ?  



' Pretests and p o s t t e s t s  c o n s i s t i n g  of the same set of  15 problems 

( f i v e  o f  e a c h  o f  t h r e e  .problem t y p e s )  were a d m i n i s t e r e d  t o  t h e  

compar i son  and i n s t r u c t e d  s t u d e n t s .  Because t h i s  was a c r i t e r i o n -  

referenced measure on which s c o r e s  were n o t  e x p e c t e d  t o  b e  n o r m a l l y  

d i s t r i b u t e d ,  n o n - p a r a m e t r i c  s t a t i s t i c s  were employed t o  answer t h e  

ques t ions  of  whether the  two groups had similar outcome scwes. Table 

11 shows t h e  p r o p o r t i o n  o f  s t u d e n t s  i n  t h e  comparison and i n s t r u c t e d  

grouss  who reached c r i t e r i o n  3n r e p r e s e n t a t i o n ,  s o l u t i o n ,  and  a n s w e r s  

f o r  e a c h  t y p e  o f  problem. A t  p r e t e s t  no s t u d e n t s  i n  e i t h e r  t h e  

c a p a r i s o n  group o r  t h e  i n s t r u c - t e d  g r o u p  r e a c h e d  c r i t e r i o n  on  a n y  

a s p e c t  o f  r e l a t i o n a i  o r  t w o - v a r i a b l e  o t w o - e q u a t i o n  problems.  On 
. . 

Propor t ion  problems,  t d e e  c o m p a r i s o n  s t u d e n t s  and two i n s t r u c t e d  

i 
s t u d e n t s  r e a c h e d  c r i t e r i o n  f o r  n u m e r i c a l  answers .  No t e s t s  o f  

s i g n i f i c a n c e  were carr ied o u t  on  t h e  p r e t e s t  p r o p o r t i o n s .  On t h e  

p o s t t e s t  p r o p o r t i o n s  shown i n  T a b l e  11 ,  F i s h e r f s  E x a c t  Test was 

c a r r i a  c u t  y i e l d i n g  s i g n i f i c a n c e  l e v e l s .  These  a r e  shown i n  T a b l e  

1 2 .  D i f f e r e n c e s  b e  t w e e n  i n s t r u c t e d  and c o m p a r i s o n  g r o u p s  were 

s i g n i f i c a n t  o n  a l l  o f  r e p r e s e n w i o n ,  s o l u t i o n ,  and a n s w e r s  f o r  

r e l a t i o n a l ,  . p r o p o r t i o n ,  and two-var iable  two-equation problems. In  

e v e r y  c a s e  t h e  i n s t r u c t e d  g r o u p  had s i g n i f i c a n t l y  more s t u d e n t s  

r e a o h i n g  c r i t e r i o n  t h a n  t h e  compar i son  group.  The s i m i l a r i t y  of  

pretest scores aad the posttest 

r e a c h i n g  c r i t e r i o n  permi t  the 

show s i m i l a r  improvement on t h e  

d l f  f e r e n c e s  i n  t h e  p m b e r  o f  s t u d e n t s  

conclus ion t h a t  the two groups d i d  no t  

i n s t r u c t e d  problems. The i n s t r u c t e d  



Pretest Posttest 

- .  - Comparison Q Q Q Q P Q 
Group 8 8 8 8 8 8 

Relational 
Problems - ' 

Instructed 0 2 12. 11 12 
Group 12 12 12 -1 2 12 12 

Comparison 
Grwp 

Propor tion 
Problems 

Instructed 
Group ' 

Comparison 
Group 

Wo-Variable 
Two-Equation 
Problems 

Instructed 
Group - 

aR = Representation; S = Solution, ,A = Answer. 
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Table , I 2  
i 

t Test PFo~ortiQg of m&uctedand 
C r i t w  at Post- on IRstructed 

Problems 

Type of Dependent 
- Problem Variable significancea - 

Relational Representation <.05 

Relational Solution <.05 

Relatio- Answer <.05 . 

Proportion Representation <.05 

Propor tion Solution <.05 

Propor tioa Answer 
W'J 

<.05 

Two-Variable Representation 
Wo- Qua tion 

? 
Two-Variabqe Solution 
Wo-Equati~n 

Two-Variable Answer 
No-Equation 

afi= 1 ' i n  a l l  casea 



s t u d e n t s  showed more improvement than "the comparison s tudents .  
0 

The three i n s t r u c t e d  problem t y p e s  we're ~ drawn from t h e  j u n i o r  

3 s e c o n d a r y  c u r r i c u l u m .  HowevBr, t h e r e  are many f o r m a t s  on which , 

s t u d e n t s  are, expected t o  demonstrate t h e i r  problem-solving a b i l i  t i e s .  

Two a s s e s s m e n t  measures developed by the B r i t i s h  Columbia Minis t ry  of 
- 

Education r e p r e s e n t  two of  t h e s e  f o r m a t s - - m u l t i p l e  c h o i c e  and' open  

ended. 

Because t h i s  w a s  a p r e t e s t - p o s t t e s t  c o n t r o l  group des ign,  t h e  

d a t a d f o r  each of t h e s e  problem-solving measures were analyzed by means 
t 

o f  a n a l y s e s -  o f  c o v a r i a n c e  '(Cook & Campbel l ,  197 9). The c o v a r i a t e  
-- 

employed i n  each was t h e  p r e t e s t  sco re ,  i n  one c a s e  on  t h e  m u l t i p l e -  

c h o i c e  t e s t  (B. C. . ~ p p m o n s )  and i n  t h e  o t h e r  case on t h e  open- 
U 

ended test (42). The dependent v a r i a b l e  was p o s t t e s t  score, measureh 
, &  

on one  p r o b l e m - s o l v i n g  test  i n  each case.  Pre l iminary  ana lyses  were 
5 

c a r r i e d  o u t  i n  o r d e r  t o  e n s u r e  t h a t  t h e  d a t a  met two a s s u m p t i o n s  

r e q u i r e d  f o r  t h e  a n a l y s i s  o f  c o v a r i a n c e  : t h e  a s s u m p t i o n s  o f ,  
il 

homogeneity of va r i ance  and of p a r a l l e l  r e g r e s s i o n  l i n e s .  
> 

T a b l e  13 p r e s e n t s  t h e  p r e t e s t  and p o s t t e s t  megns and s tandard ,  
- - 

d e v i a t i o n s  and t h e  a d j u s t e d  &test s c o r e s  f o r  t h e  two groups on B.C, c 

P 

A p p l i c a t i o n s .  P r e t e s t  scores of  t h e  i n s t r u c t e d  and compariso~n groups 

appear  f a i r l y  similar &d q u i t e .  high. This test  was normed on seventh  / 

and e i g h t h  g r a d e r s  -and t h e  p lacements  o f  t h e  p resen t  l d a r n i n g  d i s i b l e d  

s t u d e n t s  r a n g a d  from g r a d e  e i g h t ,  t h r o u g h  t e n .  A t  t h e  time o f  

p o s t t e s t ,  s c o r e s  among t h e  i n s t r u c t e d  group had moved c l o s e r  to  t h e  



Table 13 

. I Mean Standard 
Time Test Mean Group a 

3 
(adj )  Deviation - 

3 - 

Comparisona Re B. C. Applicationsb 14.38 5.04 , 

Canparison Post  B. C. Applications 15.63 15.64 6 -28 
> .  

InstructedC Pre B. C. Applications 1 4.. 4 2 4.2 1 

Instructed Post B. C. Applica t i o n s  18.92 18.90 2.64 
3 

Comparison Pre 

Canparison Post 42 5-38 5.17 2.50 
-. 

Instructed Pre 42 3.50 1.45 

Instructed Post 42 8.50 8.64 1.45 \ 



I 

c e i l i n g  o f  25. 
" ff 

t h e  o t h e r  hand, s c o r e s  o f  t h e  comparison group had - 
improved  o n l y  s l i g h t l y .  The a d j u s t e d  m e a n s > w e r e  1 5  "64 f o r  t h e  

c o m p a r i s o n  g r o u p  a n d  18.90 f g r  t h e  i n s t r u c t e d  group on t h e  B r i t i s h  

Columbia A p p l i c a t i o n s  p o s t t e s t .  

The a n a l y s i s  o f  c o v a r i a n c e  f o r  a d j u s t e d  pust$est s c o r e s  on t h e  
7 

B r i t i s h  Golumbia  A p p l i c a t i o n s  t e s t  d i d  n o t  meet t h e  r e q u i r e d  

a s s u m p t i o k  o f  h d m o g e n e i t y  o f  v a r i a n c e  a@ bf  p a r a l i e l  r e g r e s s i o n  
"a 

l i n e s .  A Kruskal-Wall is  non-parametr ic  test  was a p p l f  ed- y i e l d i n g  no 
-< 

s i g n i f i c a n t  d i f f e r e n c e s .  I n s p e c t i o n -  o f  t h e  d a t a  s u g g e s t ;  t h a t  a  

c e i l i n g  e f fec t  may h a v e  c o n t r i b u t e d  t o  t h e s e  f i n d i n g s  ( C o o k . a n d  
% 

Campbell, 1 97 9) .-' 0 

T a b l e  13 d l s o  p r e s e n t s  t h e  p r e t e s t  and  p o i t t e s t  means and 
% * -  

%-. *, 

s t a n d a r d  dev ia tbn ; ;  f a r  the Q2 a s s d s s m e n t  m e a s u r e  and  the  a d j u s t e d  

posttest means. p r e t e s t  are 
\ 

5, 

and q u i t e J o w  a s  o n e  m i g h t  e x p e c t  o n  a t e s t  d e v e l o p e d  f o r  'a t e n t h  

g r a d e  p o p u l a t i o n ,  PoBt tea t  s c o r e s  i n d i c a t e  t h a t  t h e  i n s t r u c t e d  group 

had improved wh i l e  t h e  canpa r i aon  group s c o r e s  w e r e ' f a i r l y  similar t o  

t h e i r  p r e t e s t  s c o r e s .  The ad jub ted  means were 5.17 f o r  t h e  compariSon 
'- 

group and 8.64 %or t h e  i n s t r u c t e d  group on the 42 p o a t t e s t ,  

T a b l e  1 4  is  t h e  summary t a b l e  f o r  the  a n a l y a s  gf, cova r i ance  f& 

a d j u s t e d  p o s t t e s t  s c o r e s  o n  t h e  Q2 a s s e s s m e n t  measu re .  T h i s  t a b l e  
-J 

. i n d i c a t e s  t h a t  t h e  d i f f e r e n c e  . n o t e d  i n  t h e  m e a n s  a b o v e  waa  

a s i g n i f i c a n t ,  E(1,17) t 37.79, < .O5. Pre l imina ry  ana ly8ea  i n d i c a t e d  
I 

t h a t  t h e  a s s u m p t i o n s  o f  h o m o g e n e i t y  o f  v a r i a n c e  a n d  o f  n o '  - 



Table 14 
, t 



f a c t  o r - c o v a r i a t e  i n t e r a c t i o n  were sa t i s f  led.  *The i n s t r u c t e d  s t u d e n t s  

had higher p o a t t e s t  s c o r e s  i n  a l g e b r a  word p rob lem s o l v i n g  o n  t h e  

open-ended problen-so lv ing  test  42 than t h e  comparison s t u d e n t s .  

Tn ansue r  t h e  r e s e a r c h  q u e ~ t i o r i - ~ D o  t h e  two g r o u p s  h a v e  s imi la r  

ou tcome  s c o r e s  i n  p r o b l e d  ~ o l v i n g ? ~ ,  the r e s u l t s  o f  t h e  comparisons 

' between'  t h e  g r o u p s  o n  the t h r e e  r e l e v a n t  m e a s u r e s  ( i n s t r u c t e d  

 problem^, mtfl t i p l e - c h o i c e  problems,  and open-ended problems) may ba 

eraminsd u s i n g  a n a l y s e s  of covar iance .  I n  two of t h e  t h r e e  cases, t h e  

t es t s  of i n s t r u c t e d  problems and 42, t h e  i n s t r u c t e d  group had h i g h e r  

outcoan, s o o r e s  t h a n  t h e  c o m p a r i s o n  g r o u p ;  however ,  o n  t h e  B r i t i s h  / 

C o l u l a b l a *  ~ ~ ~ l ~ c a t i o n s  _- m u 1  t i  p l e - c h o i c e  t e s t ,  t h e r e  was no  

s i g n i f i c a n t  d i f f e r e n c e  between t h e  i n s t r u c t e d  group and t h e  canpa r i son  

group " 
P 

Did i n a t r u c  t e d  s t u d e n t s  and non- ins t ruc ted  comparison 
s t u d e n t s  shar similar a b i l i t i e s  on q u a l i t a t i v e  measures 
r e l a t e d  t o  a l g e b r a  word problsm s o l v i n g ,  s p e c i ? i c a l l y  
m t a c o g n i t i v s  i n t e ~ ~ i e w s ,  think-aloud p r o t o c o l s ,  and  a 
p r o b l m  c l a s s i f i c a t i o n  t a s k ?  

F o r  e a c h  o f  t h e s e  t h r e e  measures of  t h i n k i n g  r e l a t e d  t o  problem 

s o l v i n g ,  p r e t e s t s  and p o s t t e s t s  were a d m i n i s t e r e d  t o  t h e  member8 o f  

t h e  c o m p a r i s o n  g r o u p  a n d  t h e  i n s t r u c t e d  group. Sco r ing  prooedurea 

were devel'opsd for the o s t a c o g n l t i v e  i n t e r v i e w s  which y i e l d e d  i n t e r v a l  

d a t a  with a p o t e n t i a l  r a n g e  i n  a c o r e s  from 0 t o  20. S i m i l a r l y ,  

aaoriag prouedures  were d w e l o p e d  t o  rate t h e  deg ree  of  u n d e r s t a n d i n g  

4 s h o w n  i n  the t h i n k - a l o u d  p r o t o c o l s  f o r  r e l a t i a n a l  p r o b l e m s .  - 



Understanding of  r e p r e s e n t a t i o n  was r a t e d  out  of 12, and understanding 

of s o l u t i o n  was r a t e d  out  of  8. The f i n d i n g s  f o r  t h e  m e t a c o g n i t i v e  
A 

in te rv iew are presented X i r a t ,  followed by t h e  f i n d i n g s  f o r  t h e  think- 

aloud p r o t o c o l .  L a s t l y  t h e  d a t a  f o r  t h e  , c l a s s i f i c a t i o n  t a s k  are 

presented.  

b t a c o g n i t i v e  In terviews 

- The in te rv iews  were scored bl ind by t h e  i n v e s t i g a t o r  according t o  

t b r p F o c e d u r e s  p r s g e n t e d  i n  t h e  - s e c t i o n  e n t i t l e d  -. 
I n t e r r a t e r  r e l i a b i l i t y  was e s t a b l i s h e d  A by randomly s e l e c t i n g  h a l f  o f  

t h e  i n t e r v i e w s  f o r  each c o n d i t i o n  (Pretest  ,Compar ison,  P r e t e s t  

I n s t r u c t e d ,  Post  test  Canparison, Post test ~ a s t r u c t e d  ) and having these  

scored 'b l ind  by an educa t iona l  psychologis t  who had been i n s t r u c t e d  i n  

t h e  scor ing  procedure's. Resu l t s  of  the  two s c o r i n g s  were compared and 

t h e  second s c o r e r  was p r o v i d e d  w i t h  c o r r e c t i v e  feedback. He then 

'scared. the second h a l f  of t h e  i n t e r v i e w s .  I n t e r r a t e r  r e l i a b i l i t y ,  

c a l c u l a t e d '  us ing  Pearson Product Homent c o r r e l a t i o n s  on t h e  in te rv iew 

scores ,  was .95.  Analyses were c a r r i e d  ou t  on t h e  s c o r e s  o b t a i n e d  by 

t h e  inves t iga to r . ,  - 

Because t h i s  was a p r e t e s t - p o s t t e s t  c o n t r o l  group dessgn, t h e  

metacognl t i v e  in te rv iew d a t a  were analyzed by means of ,>, a n  a n a l y s i s  o f  

I c o v a r i a n c e  (Cook & Campbel l ,  1 9 7  9 ) .  The c o v a r i a t e  was t h e  p r e t e s t  

m o r e  o n  t h e  m e t a c o g n l t i v e  i n t e r v t e w .  The meanb a n d  s t a n d a r d  

d e v i a t i o n s  f o r  t h e  p r e t e s t  and p o s t t e s t  and t h e  a d j u s t e d  posttest ' 



s c o r e s  f o r  s u b j e c t s  i ~ e a c h  g r o u p  are p r e s e n t e d  i n  Table 15. The 
. - 

"' s c o r e s  of t h e  i n s t r u c t e d  g r o u p  a t  p r e t e s t ,  t h e  compar i son  g r o u p  a t  

P r e t e s t ,  and t h e  compar i son  group a t  posttest were a l l  similar, 1n- 

c o n t r a s t  the  s c o r e s  of t h e  i n s t r u c t e d  group a t  p o s t t e s t  were h i g h e r .  

The a d j u s t e d  p o s t t e s t  means were 7.67  f o r  t h e  comparison group and 

14.39 f o r  t h e  i n s t r u c t e d  group on the  me tacogni  t i v e  ' interview. 

The summary t a b l e  f o r  a n a l y s i s  of  covariance - -. on addusted p o s t t e s t  

% s c o r e s  on t h e  metacogni t ive  i n t e r v i e w s  is presented  i n  Table  16. The 

a d j u s t e d  p o s t t e s t  mean o f  t h e  i n s t r u c t e d  g r o u p  was s i g n i f i c a n t l y  , 

greater t h a n  t h e  a d j u s t e d  p o s t t e s t  mean o f  t h e  compar i son  g r o u p ,  

H I ,  17)  - = 32.3 8, E< . 0 5 .  P r e l i m i n a r y  a n a l y s e s  i n d i c a t e d  t h a t  t h e  

assumptions of homogeneity o f  va r i ance  and parall e l  r e g r e s s i o n  l ine ' s  

were met. The i n s t r u c t e d  s t u d e n t s  showed more improvement on t h e  

metacogni t ive  in te rv iew than the comparison s tuden t s .  
L - - 

Think-4oud Pro toco l s  
- 

The pretest and posttest p r o t o c o l s  f o r  a  r e l a t i o n a l  problem were 

s c o r e d  b l i n d  by t h e  i n v e s t i g a t o r .  This s c o r i n g  w a s  done according t o  
.'- 

t h e  procedures presente'd i n  the  s e c t i o n  e n t i t l e d  SaorinPProcedurea. 

A s .  .w,as done f o r  t h e  me t a c o g n i t i v e  i n t e h i e w ,  i n t e r r a t e r  r e l i a b i l i t y  
d 

was es tabkished by c o p r e l a t i n g  t h e  s c o r e s  o f  a  second  e d u c a t i o n a l  

p s y c h o l o g i s t  w i t h  t h o s e  o b t a i n e d  by t h e  L n v e s t i g a t o r .  Aterratsr 

' r e l i a b i l i t y  on t h e  s c o r e s  f o r  u n d e r s t a n d i n g  r e p r e s e n t a t i o n  was .96 ; 

i n t e r r a t e r  r e l i a b i l i t y  on t h e  r a t i n g s  f o r  unders tanding s o l u t i o n  was 
' 



-- 

Table 15 

Pretest " Posttest 

Standard . Add. o Standard 
Group neana Deviation Mean Mean Deviation 

6.38 2.13 8 Comparison 7 -63  7 -67 1.69 
(N=8) 

Instructed 
(N=12) 



Table 16 

# 

Source of Sum of 
Variation Squares 

Treatments 
(adj) 

Ss  within 
Treatments 
(add) 



- -- - pp - 

197. - 
- -, 

. 9 5 .  The s c o r i n g  r e s u l t s  o b t a i n e d  by t h e  i n v e s t i g a t o r  were used i n  

subsequent analyses .  A summary of  means, a d j u s t e d  means and s t a n d a r d  

d e v i a t i o n s  o f  these  s c o r e s  is presented  i n  Table 17. 

The s c o r e s  f o r  understanding were analyzed by means o f  a n a l y s i s  
L 

of c o v a r i a n c e ,  a s  t h i s  was a p r e t e s t - p o s t t e s t  c o n t r o l  group design.  

Pretest s c o r e s  s e r v e d  as  t h e  c o v a r i a t e  and p o s t t e s t  s c o r e s  as t h e  
s .  

d e p e n d e n t  v a r i a b l e .  For understanding r e p r e s e n t a t i o n ,  the s c o r e s  o f  
.' 

t he  i n s t r u c t e d  group a t  p r e t e s t ,  and t h e  comparison group a t  p r e t e s t ,  

a n d  p o s t  t es t  wers similar. The mean o f  t h e  .instructed g r o u p  a t  

p o s t t e s t  was 10.67 (S.D. = 0.89). ou t  of  a  p o s s i b l e  s c o r e  o f  12. The 

a d j u s t e d  p o s t t e s t  means of  t h e  comparison and i n s t r u c t e d  groups were 

4.36 and 10.59 f o r  u n d e r s t a n d i n g  r e p r e s e n t a t i - o n .  - The d i f f e r e p c e  

between t h e  a d j u s t e d  posttest means was & n i f i c a n t  i n b a n  a n a l y s i s  o f  
* 

covariance,  g( 1 ) = 272.66, p < .Q5 (see Table 1 8 ) .  The r e q u i s i t e  

a s s u m p t i o n s  o f  homogeneity of va r i ance  and p a r a l l e l  r e g r e s s i o n  l i n e s  _-- - 

were met. The i n s t r u c t e d  group demonstrated b e t t e r  u n d e r s t a n d i n g  o f  

r e p r e s e n t a t i o n  than  t h e  comparison group fo l lowing  i n s t r u c t i o n .  

F indings  were s i m i l a r  for t h e  s c o r e s  on u n d e r s t a n d i n g  s o l u t i o n .  

Prel iminary a n a l y s i s  showed both assumptions w0re met. The i n s t r u c t e d  

group at  p r e t e s t ,  and the comparison group a t  p r e t e s t  and pasttest had 
3 similar s c o r e s .  The mean of t h e  i n s t r u c t e d  group. on unders tanding 

s o l u t i o n  a t  posttest w a s  7.50 (SD = 0.67). The p o s s i b l e  s c o r e  was 8. 

Addusted means o f  t h e  i n s t r u c t e d  and .comparison groups were 7.52 and 

0.84 a t  p o s t t e s t .  The a n u y s i s  o f  covar iance  ( T a b l e  1 9 )  f n d i - c a t e d  a 



Table 17 
B 

. 
Protocols) 

I- 

Aspect o f  Mean Standard 
Group Time Problem Solving Mean (adj)  Deviation 

- 

k Comparisona Pretest ~ e p r e s e n t a t i o n ~  2.50 1.60 

comparison 

Comparison 

Comparison 

Pretest solut ionC 

Post tes t  Representation 

P o s t t e s t  Solut ion 

instructiond Pretest Representation . 3.  50 2.61 1 

In i truct ion  Pretest Solut ion 1.67 1.40 

d 

Instruct ion E h t e s t  Representation 10.67 10.59 0 .89 

f l  Instruct ion Post t e a t  Solut ion 7.50 7.52 0.67 

a ~ = 8 ;  bposs ible  t o t a l  score=12; Cposs ible  score= 8; d ~ = 1 2 .  



Table 18 

of C o v w e  for U t e d  PostWt m e s  'pn 
\ 

P r W  for Re~resentation 
B 

Source OP Sum of 
Variation Squares Pf MS F Q 

Ss with in  
Treatments 
( a d j )  



Table 19 

for Aduted  Bat t e s t  W m  
Protocols for U- 

Source of Sum o f  
Variation Squares Hf MS F P 

, Treatments 208.68 1 - 208.68 485.61 <.05 
(adj )  

3 17 Ss with in  7.31 0.43 
Treatments 
(add) 



s i g n i f i c a n t  d i f f e r e n c e  between t h e  adjus ted  p o s t t e s t  means, E(1,17) = 

. - 485-61, Q < .05. The i n s t r u c t e d  group was c l e a r l x : s u p e r i o r  f o l l o w i n g  . 
- - i n s t r u c t i o n .  

D 

C l a s s i f i c a t i o n  Task - A 

A b i l i t y  t o  c l a s s i f y  p rob lems  and i d e n t i f y  t h e  b a s i s  f o r . t h e  

c l a s a i f  i c a t i o n  is  t a k e n  a s  a n  i n d i c a t i o n  t h a t  problem schemata have 

been acquired. A t  p r e t e s t  and p o s t t e s t  

s t u d e n t s  c h o s e  t h e  two prob lems  o u t  

thought were most a l i k e .  There were 10 

w a s  t h e  number of  times t h a t  t h e  
L 

mathematical s t r u c t u r p  were selected a s  

canpar i son  and i n s t r u c t i o n a l  t 

o f  a se t  o f  t h r e e  t h a t  t h e y  

' C  sets of p oblems. Their  s c o r e  a 

two p r o b l e m s  w i t h  t h e  same 

most a l i k e .  For each' group a t  

e a c h  t e a t i n g  t h e  m e a n  was e x p r e s s e d  as a propor t ion  (see Table 20). 8 
Tbe d i f fe rence  was found between each mean.and t h e  mean o f  0.33 (which 

could be expected i f  t h e  s t u d e n t s  had made t h e i r  s e l e c t i o n s  randomly). t+ 

A &score was c a l c u l a t e d  i n  each case according t o  t h e  formula: 

where p = propor t ion c o r r e c t  
a = propor t ion  c o r r e c t  i f  ' response  made randomly 
n = number of sub jec t s .  / 

These r e s u l t s  appear i n  Table 20. 

For  t h e  compar i son  g r o u p  a t  p r e t e s t  and [ p o s t t e s t  and f o r  t h e  

i n s t r u c t e d  group a t  p r e t e s t ,  t h e  mean e x p r e s s e d  -as a p r o p o r t i o n  was 

n o t  s i g n i f i c a n t l y  d i f f e r e n t  from t h e  mean t h a t  would have r e s u l t e d  



- 

Table 20 

v of Means 2 - awes f o r  Pr- Poattggt  
s on a P r o h  

- 
1 - 

Meana &scoreb SignifXcanae Group Time 

~ o m p a h s o n  Pretest 

%' Comparison p o s t t e s t  

Instructed  Pre tea t 175 -1.16 NS 
(n=12) 

-. --- 
Instructed  P o s t t e s t  .667 +2.46 . <.65  . 

a ~ x p r e s s e d  as a proportion o f  1; p o s s i b l e  s core  = 10. 
b ~ e a n  that would result from the  randan s e l e c t i o n  = 3 . 3 ;  as a 
propor t i o n  0 :33. 



+- f rom random s e l e c t i o n s .  On'these t h r e e  occasions,  t h e  s t u d e n t s  were 

, not maki'ng t h e i r '  i e l e c t i o n .  o f  problems t h a t  were most  a l i k e  o n  a 

s y s t e m a t i c  b a s i s .  1n' c o n t r a s t ,  the mean f o r  t h e  i n s t r u c t e d '  group on 

t h e  p o s t t e s t  was s i g n i f i c a n t l y  d i f f e r e n t  from what would have  a r i s e n  
0 

by chance (z = 2.46, p < .05). 

The r e a s o n s  t h e  s t u d e n t s  g a v e  f o r  t h e i r  s e l e c t i o n s  appear i n  
4 

~ a b l e ' ? t , _  The most  f r e q u e n t ,  j u s t i f i c a t i o n  g i v e n  by c o m p a r i s o n  

s t u d e n t s  a t  p r e  and p o s t t e s t  and i n s t r u c t e d  s t u d e n t s  a t  p r e t e s t  

r e f e r r e d  t o  t h e  s u r f a c e  s t r u c t u r e  o r  c o n t e x t u a l  d e t a i l s .  The most  

f r e q u e n t  j u s t i f i c a t i o n  g i v e n  by t h e  i n s t r u c t e d  s t u d e n t s .  f o r  their 

p o s t t e s t  c h o i c e s  was t h e  name o f  t h e  problem t y p e  t d  w h i c h  t h e y  

t h o u g h t  t h e  two prob lems  belonged. '  It is  i n t e r e s t i n g  t o  note  t h a t  

they sometimes mis labe l l ed  t h e  problems; knowing t h e  c o r r e c t  name of 

t h e  p rob lem t y p e  was n o t  n e c e s s a r y  t o  s e l e c t i n g  by m a t h e m a t i c a l  

s t r u c t u r e .  The s t u d e i t s  a p p e a r  t o  have l e a r n e d  d o r e  t h a n  v e r b a l  

l a b e l s  f o r  types  of problems. 
d 

I n  summary, t h e s e  r e s u l  t a  indicate that comparison s t u d e n t s  d i d  
4 i 

not change o r  improve the i r , c l ass i f  i c a t i o n  of a l g e b r a  word p rob lems ,  

w h i l e  t h e  i n s t r u c t e d  s t u d e n t s  d i d .  The cordparison s t u d e n t s  $id not  

c a t e g o r i z e  s y s t e m a t i c a l l y  and r e f e r r e d  t o  s u r f a c e  s t r u c t u r e  a t  b o t h  

t e s t i n g s .  The i n s t r u c t e d  s t x d e n t s  r e f e r r e d  t o  surface s t r u c t u r e  a t  ' 

the p r e t e s t  when -they d id  n o t  make their decf s i o n s  systeuaatical ly.  On 

the p o s t t e s t  they ca tegor ized  problems s y s t e m a t i c a l l y  r e f e r r i n g  t o  t h e  

more s o p h i s t i c a t e d  categorization by ma themat ica l  structure. 



Table 

Groups 
- 

b e  t ea t  Posttest  9 
.. 

Types o f  Reasons - I f  C I C 

Surf ace structure: 
number, money, age, 
work, d i s t a n ~ e  

P 

Mathematical structure: 
re lat ionships  between 
elements, name or descrip- 
t ion  of one problom type 

Operation:. 
addl t ion ,  subtrac t i on ,  
d iv i s ion ,  mu1 t i p l i c a t i  on 

Miscellaneous aspects  .. 
of problem: e.g., 
metric, 4owmany,,workout 
the same (no d e t a i l s ) ,  e t c .  



to  algebra wwld problemrr, tt wou-ld irppeatc that,  the  cosgarlsou , andfi  

iastructed otuderitt d i d  not ohow s i . i lv  o u t ~ o w s  +a' a resklt o f ,  #sir - 
3 6, *. - -- 

instruotiam On fhe atacogni tlrc int&ior5 #a i n s  t&c ted ~ t u d o n t  s 
I r 

- were signiffaant& batter in $bar ,ability to wmwer queatlew about, 
4 

i n v o l v o d  in so lv iag  word problems. On the think-aloud protosol 

'. 
cupor t r d  I n  the  psrformanus of t h e  iaatructed students.. Fall owing -- I 



DISCUSSION. ' 

s t u d y  m e r g e d  r e c e n t  work  i n  c o g n i t i v e  t h e o r y  i n  problem 
I 

s o l v i n g  w i t h  i n t e r v e n t i o n  r e s e a r c b  i n v o l v i n g  t h e  l e a r n i n g  d i s a b l e d .  

T h e  r e s u l t  w a s  a n  i n v e s t i g a t i o n  o f  the e f f e c t i v e n e s s  o f  theory-based 

i n s t r u c t i o n  t o  i m p r o v e  t h e  a l g e b r a i c  p r o b l e m  s o l v i n g  of l e a r n i n g  

d i s a b f  ed a d o l e s c e n t s .  kq ', * . 
\ 

. I n s t r u c t i o n  was b a s e d  o n  c o g n i t h e ,  p r e s c r i p t i v e  t a s k  a n a l y s i s .  

Twelve j u n i o r  high s t u d e n t s  were t a u g h t  d e c l a r a t i v e  k n o w l e d g e  and  

c o g n i t i v e  s t r a t eg ies  i n  two  d l a t i n c t  p 6 a s e s  ( r e p r i s e r i t a t i o n  and  

s o l u t i o n )  f o r  t h r e e  t y p e s  &of word p r o b l e m s .  None o f  t h e s e  t h r e e  
1 - G , 

p r o b l e m  t y p e s  i n v o l v e d  #e u s e  o f  a familiar-'inathanatic,al formula .  

They were d i s t i n g u i s h e d  by ma t h e m a t i c a l  s t r u c t u r ' e  2 n c o n f o u n d e d  b y  

c o v e r  s t o r y  ( s u r ' f  ace  s t r u c t u r e ) .  T h i s  w a s  a c c o n r p l  i s h e d  b y  

s y s t e m a t i c a l l y  v a r y i n g  the s a m e  f i v e  c o v e r  s t o r i e s  wf t h  a l l  t h r e e  

i n s t r u c t e d  probZam t g p ~ .  

A corspar'lson g r o u p  was f a r s l l i a r i z e d  wlfth the a t ~ u c t u r a d  w o r k s h e e t  

u s e d  f a r  i n a t r u c t i o n  and asaussreent .  A two-group d e s i g n  w'as u s e d  t o  

c o ~ t p a r e  t h e  lerproveraent  of tba i n s t r u c t e d  s t u d e n t s  with a comparitjon 
~ < 

group on a v a r i e t y  of q u a n t i t a t i v e  and q u a l f t a t . i v e  measures of  

e i g e b r o i c  p r o b l e m  salving. I n  a d d i  t t o n ,  a er ingle-subJect  d e s i g n  was 

I ' lrs*d which f a c i l l  t a t e d  close e x a a i n a t i o n  o f  c h a n g e s  i n  t h e  in? t k c  t s d  

s t u d e n t s s  problem s o l v i n g  d u r i n g  i n s t r u c t i o n .  



Answers t o  Research Q u e s t i o n s  - , 

Rather  t h a n  r e p e a t  t h e  a n s w e r s  t o  t h e  s i x  r e s e a r c h  q u e s t i o n s  . . 

which  were a d d r e s s e d  i n  d e t a i l  in c h a p t e r  f o u r ,  t h e  subs t ance  of t h e  

anmrer t o  each  q u e s t i o n  is b r i e f l y  r e s t a t e d .  mese f i n d i n g s  are t h e n  

u s e d  t o  g e n e r a t e  i m p l i c a t i o n s  f o r  r e s e a r c h  i n  p rob lem s o l v i n g ,  

c o g n i t i v e  t S e o q , ' i n  i n s t r u c t i o n ,  and  i n s t r u c t i o n  w i t h  t h e  l e w n i n g  

disabled. 

T h e  f o u r  r e s e a r c h  q u e s t i o n s  a d d r e s s e d  by t h e  s i n g l e - g u b j e c t  * 

d e s i g n  were answered i n  t h e  a f f i r m a t i v e .  The i n s t r u c t e d  s t u d e n t s f  

a b i l i t i e s  i n  r e p r e s e n t a t i o n ,  s o l u t i o n ,  and o b t a i n i n g  c o r r e c t  numerical  

answers  i n c r e a s e d  d r a m a t i c a l l y  f o l l o w i n g  i n s t r u c t i o n  f o r  e a c h  p r o b l e m  

t y p e .  These  increases were m a i n t a i n e d  o v e r  time. Moreove r ,  t h e  

i n s t r u c t e d  s t u d e n t s  showed nea r  transfer to new s u r f a c e  s t r u c t u r e s  for 

t h e  t h r e e  p rob lem t y p e s .  P a r  t r a n s f e r  o c c u r r e d  less c o n s i s t e n t l y ,  

w i t d  r e l a t + o n a l  p r o b l e m s  p o s i n g  t h e  g rea tes t  d i f f i c u l t y .  T h e  
3 a ? 

s t u d e n t s  t h i n k - a l o u d  p r o t o c o l s  f o r  r e p r e s e n t a t i o n  changed f o l l o w i n g  

i n s t r u c t i o n .  There were s h i f t s  f rom r e a d i n g  c o m p r e h e n s i o n  of t h e  
\ - \ 

p r o b l e m s ,  t t i a t  is,  c o n s t r u c t i n g  m e a n i n g  as i n  any r e a d i n g  t a s k ,  t o  

e x p r e s s i o n  and a p p l i c a t i o n  o f  knowledge  s p e c i f i c  t o  t h e  domain  of 

a l g e b r a i c  p rob lem s o l v i n g ,  t h a t  is, c o n s t r u c t i n g  a n  a l g e b r a i c a l l y  
a 

use fu l  r e p r e s e n t a t i o n .  For  s o l u t i o n ,  the p r o t o c o l s  showed a s h i f t  

f r o m  s t u d e n t 8  r e l i a n c e  o n  a r i t h m e t i c  o p e r a t i o n 8  a n d  h a p h a z a r d  

t r i a l - a d - e r r o r -  t o  t h e i r ,  use o f  a l g e b r a 1 0  o p e r a t i o n s  a n d  s y s t e m a t i c  

t r i a l - a n d - e r r o r  . T h e r e  was l l n . i t e d  e v i d e n c e  t h a t  i n t e r v e n t i o n  . 



d i f f e r e n t i a l l y  a f f e c t e d  t h e  s t u d e n t s f  mas t e ry  o f  t h e  problem types  

with- r e l a t i o n a l  p r o b l e m s  p o s i n g  t h e  g r e a t e s t  d i f f i c u l t y  o v e r a l l .  

B e c a u s e  t h e  p r o b l e m  t y p e s  were always t a u g h t  i n  t h e  same o r d e r ,  t h e  

d i f f i c u l t y  w i t h  r e l a t i o n a l  p r o b l e m s  c o u l d  be a t t r i b u t e d  t o  t h e i r  

alwaya be ing  t a u g h t  first. 
> - 

The t w o o r e s e a r c h  q u e s t i o n s  d e a l i n g  w i t h  between-group comparisons 

demonstrated t h e  s u p e r i o r i t y  of- the'  i n s t r u c t e d  group. The l a t t e r  had 

h i g h e r  s c o r e s  on i n s t r u c t e d  pr-blem t y p e s  and on  a n  open-ended test 
/ .r_ 

I '- t h a n  t h e  comparison group,  bu t ,  because of  c e i l i n g  e f f e c t s ,  n o t  o n  a 

m u l t i p l e - c h o i c e  tes t  o f  p rob lem so lv ing .  The i n s t r u c t e d  g roup ' a l so  

d e m o n s t r a t e d  b e t t e r  p e r f o r m a n c e  and  c r Z e r s t a n d i n g  on  q u a l i t a t i v e  

u i e a s u r e s  i n c l u d i n g  m e t a c o g n i  t i v k  i n t e r v i e w s ,  th ink-a loud  gyototocols, 

and a problem c l a 3 s i f i c a t i o n  t a s k .  ~' 

I m p l i c a t i o n s  f o r  Theory and Research 

Th i s  s t u d y  d r e w  o n  t h e o r e t i c a l  s o u r c e s  f o r  i t s  f r amework  and  

d e s i g n ,  and  i t s  f i n d i n g s  r e f l e c t  on t h e  n a t u r e  and adequacy of  these 

sou rces .  . Hypo theses  were d r a w n  f rom t h r e e  s o u r c e s :  r e c e n t  t h e o r y  , 
P a 

a b o u t  a l g e b r a i c  problem s o l v i n g  and problem isomorphs; t h e  c o n s t r u c t  

of  schemata from c o g n i t i v e  i n s t r u c t i o n a l  psyohology ; and  r e s e a r c h  o n  

l e a r n i n g  d i s a b i l i t i e s  which s u p p l i e d  t h e  c o r n t r u c t s  o f  metaeogni  t i o n  

and guided  i n s t r u c t i o n .  The d i s c u s s i o n  t h a t  f o l l o w s  e x p l o l r e s  t h e  - 

i m p l i c a t i o n s  o f  the f i n d i n g s  f o r  t heo ry  and r e s e a r c h  in t h e s e  areas. 



f o r  C u r r e n t  o f  f 0- 
I 

\ 

Phages o f  Problem, .Sol- 
\ 

3 
1 

The f i n d i n g s  o f  t h i s  s tudy pr-ovide empi r i ca l  s u b s t a n t i a t i o n  f o r  

two phases of  problem so lv ing :  r e p r e s e n t a t i o n  and s o l u t i o n .  U n l i k e  

. col lege-s tudent  novices, learning d i sab led  a d o l e s c e n t s  d l d  no t  produce 

adequate s o l u t i o n 8  t o  a l g e b r a i c  probl&s i n i t i a l l y  (o f .  Lewis, 1981 1. 
I 

< A f t e r  b e  l e a r n i n g  d i sab ied  a d o l e s c e n t s  had mastered r e p r e s e n t a t i o n  o f  

a  p a r t i c u l a r  problem type, they were still  unable t o  produce a d e q u a t e  

s o l u t i o n s  f o r  t h e  same problem t y p e .  T h i s  was not  c o n s i s t e n t  with 

Heller and Ref f's f f98ri) Pinding t h a t  i t was necessary"  only  t o  i n d u c e  

e x c e l l e n t  r e p r e s e n t a t i o n s  upon which c o l l e g e '  phys ics  s t u d e n t s  would 
1 

a u t o m a t i c a l l y s  p roduce  s i m i l a r l y  h i g h - q u a l i  t y  s o l u t i o n s .  S u c h  

c o n t r a s t  s servegas a  reminder t h a t  most novice-exper t problem-solving 

s t u d i e s  do no t  invo lve  t r u e  novices,  but  i n d i v i d u a l s  who have  a l r e a d y  - 

had g e a r s  o f  s u c c e & f u l  academic  e x p e r i e n c e  w i t h  complex problem 
3 L 

s t r u c t u r e s  and may h a v e  a u t o m a t i z e d  many o f  t h e  a l g e b r a i c  a n d  

c o m p u t a t i o n a l .  p r o c e d u r e s  n e c e s s a r y  f o r  solution. Tbe l e a r n i n g  

d i s a b l e d  a d o l e s c e n t s  i n  t h i s  s t u d y  h a d  l i m i t e d  a n d  g e n e r a l l y  

unauacessful  exper iences  w i t h  a l g e b r a i c  word problems and t h e  s o l u t i o n  
= 

' ; 

of a l g e b r a i c  e q u a t i o n s  p r i o r  t o  A n t e r v e n t i o n .  Hence, t h e  p r e s e n t  - 
~ t u d y  p r o v i d e s  c o n v i n c i n g  e v i d e n c e  of t h e  i n a t r u c t a b i 1 , t t y  o f  2 

r e p r e s s n t a t i o n  and s o l u t i o n .  

It is l i k e l y  &at t h s , l e a r n i n g  d iaab led  'adolescents  i n  t h i s  s tudy  



had e v e n  more t o  c o n t e n d  w i t h  t h a n  most  o t h e r  t r u e  n o v i c e s .  The 

e x t e n t  t o  w h i c h  t h e i r  l e a r n i n g  d i s a b i l i t i e s  c o n t r i b u t e d  t o  t h e i r  

i n e b i l i t y  t o  g e n e r a t e  s o l u t i o n 8  f o l l o w i n g  i n s t r u c t z o n  i n  

r e p r e s e n t a t i o n  i n  a n  e m p i r i c a l  q u e s t i o n .  It cou ld  b e  a n s w e r e d  i n  a n  

i n v e s t i g a t i o n  w h i c h  compared ,  n o r m a l l y  a c h i e v i n g  a d o l e s c e n t s  t o  

a d o l e s c e n t s  w i t h  l e a r n i n g  d i s a b i l i t i e s  i n  mathematics.  

I n  o r d e r  t o  o p e r a t i o n a l i z e r  ~ a y e r ' s '  ( 1985) recommendations f o r  

i n s t r u c t i o n  i n  p r o b l e m  s o l v i n g ,  i t  was n e c e s s a r y  t o  employ R e i f f s  

( k e l l e r  & R e i f ,  1 9 8 4 ;  Reif & H e l l e r ,  1 9 8 2 )  work,  i n  t e a c h i n g  

r e p r e s e n t a t i o n  f o r  p h y s i c s  p r o b l e m s  a s  a model .  Mayer s ( 1 9 8 5  ) 

n o n s p e c i f i c  c o n t e n t i o n s  a b o u t  t h e  n e c e s s i t y  o f  i n s t r u c t i o n  i n  

l i n g u i s t i c  p r o p o s i t i o n s  and d e c l a r a t i v e  knowledge f o r  r e p r e s e n t a t i o n  

were s u p p o r t e d  ' in  a  g e n e r a l  way. The i n s t r u c t i o n  a l s o  confirmed t h e  

importance of  t h e  a c q u i s i t i o n  o f  p r o c e d u r a l  knowledge  wh ich  would 
Y 

/ I '  

e n a b l e  s t t w h n t s  t o  act on t h e i r  knavledge of  t h e  problem type and t h e  

meaning of  e x p r e s s i o n s  ) such  as nconsecu t ive  numbers ' ( Heller & Reif, 
9 , 

1 984)  . Mayerf s recommendations f o r  i n s t r u c t i o n  i n  e f f  i>c i en t  s t r a t e g y  
,' 

u s e  and a l g o r i t h m  a u t o m a t i c i t y  r e c e i v e d  s u p p o r t  is t h e  p r e s e n t  s t u d y .  

To o p e r a t i o n a l i z e  i n s t r u c t i o n  i n  both r e p r e s e n t a t i o n  and so lu t ion" ,  i t  +/ 

was necessary t o  conduct  cogn i  t i v e  t a s k  a n a l y s e s  of t h e  knowledge boase 
6 + 

r e l e v a n t  f o r  e a c h  p h a s e ,  i n  a d d i t i o n  t o  o b s e r v i n g  a n d  r e c o r d i n g  

experts t h i h k i n g  a l o u d . '  The t a s k  a n a l y s e s  y i e l d e d  t h e  knowledge  

s t r u c t u r e s  t h a t  would be  communicated e x p l i c z t l y  i n  the s c r i p t s  and 

the prooedura l  knowledge  t h a t  woutd be m o d e l l e d  e ~ i c i t l y  i n  t h e  
i 



t h i n k i n g  a l o u d  d u r i n g  t h e  i n t e r v e n t i o n .  The r e p r e s e n t a t i o n s  and 

s o l u t i o n s  n e c e s s a r y  f o r  compete-nt a l g e b r a i c  s o l v i n g  were i n d u c e d  

d u r i n g  p r a c t i c e ,  p r o v i d i n g  c o n f i r m a t i o n  o f  t h e  d e t a i l e d  domain- 

s p e c i f i c  approaoh t & e n  by Reif and h i s  c o l l e a g u e s .  i b i s  s t u d y  wen t  

bqyond Reif1s b u r r e n t  p u b l i s h e d  work t o  demonstrate t h a t  f u n c t i o n a l  

r e p r e s e n t a t i o n s  and s o l u t i o n s  not  only  can be induced, bu t  i n s t r u c t e d  

a s  w e l l .  L e a r n i n g  d i s a b l e d  a d o l e s c e n t s  produced them wi th  only t h e  

cues of a s t r u c t u r e d  worksheet,  maintained them s i x  weeks l a t e r ,  and 

showed c o n s i d e r a b l e  t r a n s f e r  t o  new s u r f a c e  s t r u c t u r e s  and some 

t r a n s f e r  t o  s l i g h t l y  more complex bu t  r e l a t e d  mathematicCl s t r u c t u r e s .  
r . I n  summary, b o t h  r e p r e s e n t a t i o n  and s o l u t i o n  are e s s e n t i a l  t o  

a l g e b r a i c  problem s o l v i n g ,  and b o t h  a r e  a m e n a b l e  t o  i n t e n n i v e  

i n s t r u c t i o n  t h a t  r e s p e c t s  t h e  c o m p l e x i t y  o f  t h e  doma"in-ap-ecific 

, $knowledge and emphasizes the  e s s e n t i a l  aspects of that knowledge. 
+ 

Another c u r r e n t  conception of problem s o l v i n g  is  t h a t  i n s t r u c t i o n  

s h o u l d  f o c u s  on  t e m p l a t e s  (Mayer,  1981 1 .  A semplate c o n s i s t c  CF a 

p a r t i c u l a r  canb ina t ion  of mathematic& s t r u c t u r e  and cover s t o r y .  For- 

e = = z g l e ,  a c c o r d i n g  t o  Mayer, mot ion  problems (wi th in  t h e  t ime-ra te  

fami ly)  c o n t a i n  a t  least t h r e e  t e m p l a t e s :  o v e r t a k e ,  round  t r i p ,  and 

c l o s u r e .  The e f f e c t i v e n e s s  of the presen t  i n s t r u c t i o n  i n  focuss ing  

s t u d e n t s i  a t t e n t i o n  on t h e  m a t h e m a t i c a l  s t r u c t u r e  of the problem 
.. . . 

s u g g e s t s  t h a t  j n s t r u c t i o n  s h o u l d  be be focussed on isomorphs r a t h e r  



t h a n  t e m p l a t e s ,  Simon and Hayes ( 1976) de f ined  isomorphs as problems 

i n  which so lu t&on p a t h s  map d i r e c t l y  o n t o  o n e  a n o t h e r  i n  one- to-one  
* 

f a s h i o n .  P rob lem . t y p e s ,  as c o n s t r u e d  i n  t h i s  s t u d y ,  c o n s i s t e d  of 

problems i n  which m a t h e m a t i c a l  r e l a t i o n s h i p s  were e s s e n t i a l l y  t h e  

sane ,  e q u a t i o n s  took t h e  same form, and s o l u t i o n  pa ths  mapped d i r e c t l y  

o n t o  one a n o t h e r ,  w h i l e  cover  s t o r i e s  va r i ed .  The n o t i o n  of  isormorph 

h a s  b e e n  r e f i n e d  t o  r e f l e c t  t h e  c u r r e n t  emphasis on r ep re sen ta t ion . -  

  here are more complex v a r i a t i o n s  of  e a c h  o f  t h e ' - i n s t r u c t e d  p rob lem 

t y p e s ,  as  o p e r a t i o n a l i z e d  i n  t h e  f a r - t r a n s f e r  t a sks .   h he s t u d e n t s t  
1 

s u c c e s s e s  i n  t h e s e . t a s k s  w i t h  no d i r e c t  i n s t r u c t i o n  on how t o  t r a n s f e r  
6 

w h a t  t h e y  had been t a u g h t  s u g g e s t s  t h a t  t h e  v a r i a t i o n s  of  s u r f a c e  and 

mathematical  s t r u c t u r e s  may be t r a n s f e r r e d  once t h e  s c h e m a t a  f o r  ?he  

mathematical  s t r u c t u r e  has  been acqu i r ed  a t  t h e  l e v e l  of  isomorph. 

. ' S t u d e n t s  i n  t h i s  s t u d y  l e a r n e d  t o  e x p e c t  p rob lem t y p e s  t o - b e  

d i s t i  g u i s h a b l e  by  m a t h e m a t i c a l  r e l a t i o n s h i p s .  However, t h e  f 
non- fo rmula  p r o b l e m s  u s e d  i n  t h i s  s t u d y  are  among t h e  s i m p l e s t  

-1 

a l g e b r a i c  p r o b l e m s  i n  t h e  j u n i o r  h i g h  c u r r i c ~ & u m ,  and  may n o t  be 

r e p r e ~ e n t a t i ~ v e  o f  t h e  f o r m u l a  p r o b l e m s  o n  w h i c h  , M a y e r  ( 1981 ) 

c o n c e n t r a t e s .  T h e s e  f i n d i n g s  s u g g e s t  t h e  h y p o t h e s i s  f o r  f u t u r e  - 

r e s e a r c h  t h a t  i t  would be e f f e c t i v e  . t o  t e a c h  , s c h e m a t a  f o r  f o r m u l a  

p r o b l e m s  t h a t  encompass  s e v e r a l  t e m p l a t e s .  F o r  example, problems 

abou t  d i s t a n c e r a t e - t h e ,  r a te  o f  i n t e r e s t ,  a n d  ra te  of d o i n g  work 

c o u l d  be t a u g h t  as a n  i s o m o r p h  f o r  r a te  i n  which s u r f a c e  s t r u c t u r e  . , 

v a r i e d  ove r  a c o n s i s t e n t  problem 8 t rmcture .  



On t h e  b a s i s  o f  d a t a  from t h o  p r e s e n t  s t u d y ,  naming isomorphs 

according t o  t h e i r  mathematical s t r u c t u r e  was u s e f u l .  Some s t u d e n t s  

had d i f f i c u l t y  remembering t h e  name " r e l a t i o n a l n  b u t  t h e  "propor t ionn 

(sometimes c a l l e d  r a t i o )  and " two-  v a r i a b l e  two-equa t i o n  names were 

remembered  w i t h o u t  f a i l ,  e v e n  a t  t h e  s ix-week m a i n t e n a n c e  tes t .  

S t u d e n t s  commented t h a t  t h e  names h e l p e d  them t o  " g e t  t h e  w h o l e  
/- - 

p i c t u r e n  b e c a u s e  t h e y  b r o u g h t  t o  mind t h e  form t h e  equa t ion  would 

take. One s t u d e n t  who had p r e v i o u s  n e g a t i v e  e x p e r i e n c e s  commented 

t h a t  the  problems were e a s i e r  ,*now t h a t  they arb r e i r i t i o n a l n  than  they 

had been when they were c a l l e d  age problems. He wonde~ed why they had ' 

been " c a l l e d  age prob lems  a t  a l l  b e c a k e  a g e  d o e i n t t  r e a l l y  have 

anything t o  do w i t h  it." He and s e v e r a l  o t h e r  s t u d e n t s  c o n t i n u e d  t o  

have  t r o u b l e  w i t h  r e l a t i o n i l  p rob lems  a b o u t  c o n s e c u t i v e  numbers, 

confirming Vergnaudfs ( 1982) o b s e r v a t i o n  t h a t  t h e r e  a r e  c o n c e p t u a l  

d i f f e r e n c e s  among p rob lems  w i t h  t h e  same mathematical s t l sucture  and 
< .  , 

problem- r e p r q ~ e n t a t i o n .  'l'@m conceptual  d i f f e r e n c e &  are prpbably due 

t o  t h e  m a t h e m a t i c a l  m e a n l a g s  o f  p a r t i c u l a r  d o m a i n i s - p e c i f  i c  

e x p r e s s i o n s  s u c h  as ? c o n s e c u t i v e  kumbersm. A n a l y s e s  which  would 

0 1 a r i f ~  t h e  a x t e n t  and n a t u r e  of these  concpptual  d i f f e r e n c e s  should 

r e c e i v e  more a t t e n t i o n  i n  f u t u r e  i n v e s t i g a t i o n s .  
*, . . -  . 

0 

It a p p e a r s  t h a t  t h e  i somorph as u t i l i z e d  i n  t h i s  s tudy  is an 

e f f e c t i v e  and parsimonious v e h i c l e  f o r  i n s t r u c t i o n  i n  a l g e b r a i c  word 

problems.  

may a l s o  beo 

Naming problems according t o  t h e i r  mathematical s t r u c t u r e  

i n s t r u c t i v e .  However, many q u e s t i o n s  remain f o r  & p i r i c a l  
- 2 b  

! 



i n v e s t i g a t i o n  a b o u t  t h e  f e a s i b i l i t y  and e f f e c t i v e n e s s  of  s t r u c t u r i n g  
3 - -) , 

a l g e b r a i c  c u r r i c u l a  i n  t h i s  manner. 

Are There m t  D e v a ~ e d  S-? 

S c h e m a t a  a r e  h y p o t h e t i c a l  c o n s t r u c t s  r e p r e s e n t i n g  t y p i c a l  

a b s t r a c t i o n s  o f  complex  c o n c e p t s .  I n f o r m a t i o n - p r o c e s s i n g  t h e o r y  

p o s i t s  t h a t  i n s t r u c t i o h  w h i c h  would e n a b l e  i n d i v i d u a l s  t o  a c q u i r e  

schemata would f a ~ i l i t a t e  access t o  knowledge (Thorndyke & Hayes-Roth, 

1979) and reduce  t h e  l o a d  on s h o r t  term memory ( M a n d l e r  & J o h n s o n ,  

1977). What i n d i c a t i o n s  are t h e r e  t h a t  s t u d e n t s ' m i g h t  have developed 

s c h e m a t a  f o r  t h e  i n s t r u c t e d  p rob lem t y p e s  b a s e d  o n  mathema t i c a l  

s t r u c t u r e  i n s t e a d  o f  . e i t h e r  c o n t e x t u a l  de ta i l s  o r  .a combinat ion of 

s t r u c t u r e  and c o n t e x t ?  
1 

The s t r o n g e s t  s u p p o r t  f o r  t h y i s  h y p o t h e s i s  is s u p p l i e d  by d a t a  
- 

3 from t h e  c l a s s i f i c a t i o n  t a sk .  S tuden t=  were a s k e d  t o  i d e n t i f y  which  

two o f  t h r e e  problems were most a l i k e ,  and t h e  c0r rec . t  answer was the .  . 

p a i r  w i t h  t h e  same m a t h e m a t i c a l  s t r u c t u r e .  F o l l o w i n g  i n s t r u c t i o n ,  

s t u d e n t s  s y s t e m a t i c a l l y  c h o s e  p r o b l e m s  w i t h  t h e  same mathematical  
i 

s t r u c t u r e ,  a n d  c o r r e c t l y  i d e n t i f i e d  t h i s  as  t h e  r e a s o n  f o r  t h e i r  

c h o i c e s .  On t h e  p r e t e s t ,  i n s t r u c t e d  s t u d e n t s  and comparison s t u d e n t s  

-+'+ ;*. 
'. 

were unsys t ema t i c  i n  t h e i r  c l a s s i f i c a t i o n  of p r o b l e m s  a n d  t e n d  

give c o n t e x t u a l  d e t a i l s  as- t h e i r  r ea son  f o r  t h e i r  choices .  Comparison - 

Studen t s  p e r s i s t e d  w i t h  - t h e s e  behav io r s  on  t h e  posttest. A t r e n d  was * . - 
o b s e r v e d  i d  t h e  p o s t t e a t  d a t a  f o r  i n s t r u c t e d  s t u d e n t s :  t h e  two 



s t u d e n t s  who l e a r n e d  one  problem type averaged 2.5 c o r r e c t  choices ,  

d * ' \ 

t h e  four  st d e n t s  who learned.  two problem types  a v e r a g e d  6 :5 c o r r e c t  

" choices,  and t h e  s i x - s t u d e n t s  who l ea rned  t h r e e  problem types  averaged 
I 

8 . 1 - c o r r e c t  choices ,  out  of a  p o s s i b l e  10 c o r r e c t  choices.  These d a t a  
- 1  

s u g g e s t  t h a t  t h e  more proalem types  s t b d e n t s  l ea rned ,  t h e  more-ey 
I 

based t h e i r  c l a s s i f i c a t i o n  on problem s t r u c t u r e .  
I 

C o r r e c t  c l a s s i f i c a t i o n  i n  the -  t a s k  ranged o v e r  a l l  three problem 4 

typ$s a l t h o u g h  o n l y  h a l f  t h e  i n s t r u c t e d  s t u d e n t s  had l e a r n e d  a l l  
\ a  , 

t y p e s .  I n  8 5 %  o f  t ,he t o t a l  ? 2 0  c a s e s  ( 1 0  c h o i c e s  made by 1 2  

s t u d e n t s ) ,  they meneioned t h e  problem s t r u c t u r e  o r  .type., of problem a s  

t h e  reason. However, i n  one-third of  t h e  c a s e s  where they s e f e r r e d  t o  

s t r u c t u r e ,  they named the  problem s t r u c t u r e  i n c o r r e c t l y .  ~ r e ~ d e n t l y  , . 
i 

. s t u d e n t s  who had n o t  been  t a u g h t  ' two-variable tw+equation problems 

c a l l e d  them r e l a t i o n a l ,  and volunteered  t h a t  t h e y  Anew t h e y  w g e  n o t  
C 

r' 

r e l a t i o n a l  p rob lems ,  merely similar. These c l a s s i f i c a t i o n  t a s k  d a t a  . . . - .  
6 

, enab le  one t o  i n f e r  t h a t  s t u d e n t s  who r e c e i v e d  e x t e n s i v e  e x p l i c i t  

i n s t r u c t i o n  i n  p r o b l e m  r e p r e s e n t a t i o n  and s o l u t i o n  appear  t o  have . 

acquired  schemata f o r  mathematical problem types  based on s t r u c t u r e .  
' 

/ 

\ Addit ional  suppor t  is garnered from the i n s t r u c t e d  s t u d e n t s 1  high 

scores on the  p o s t t e s t  and t h e  maintenance test  where problems of t h e  

t h r e e  t y p e s  were i n  random o r d e r .  S t u d e n t s  t e n d e d  t o  i d e n t i f y  * 

prob lems  of t h e  t y p e s  w h i c h  t h e y  h a d  l e a r n e d  a n d  s o l v e  t h e s e  

i m m e d i a t e l y ,  and t o  i d e n t i f y  t h e  unfami l i a r  which t&k 3ef t t o  last. 

They were a l s o  a b l e  t c  i d e ~ t i f y  n e a r - t r a n s f e r  a n d  f a r - t r a n s f e r  I 

1 
" ' 

b 

, 



p r o b l e m s  as  a l t e r e d  i n s t a n c e s  of t h e  i n s t r u c t e d  problem types.  "Like 

I r e l a t i o n a l  o n l y  h a r d e r n  was a f r e q u e n t  d e s c r i p t i o n  o f  y e P a t d o n a 1  
1 .  

f a r - t r a n s f e r  p r o p l e m k .  Many s t u d e n t s  d id  n o t  appear(  t p  n o t i c e  t h a t  
I * ,- 

t h e  c o v e r  s t o r i e s  w e r e  changed  f o r  t h e  n e a r - t r a n s f e r  p r o b l e m s ,  . ri , - * 

- c o n f  i r m i n g  t , h a t  t h e i r  s c h e m a t a  were based  o n  t h e  m a t h e m a t i c a l  
. k 

s t r u c t u r e  indepenqent  of  cover  story-. 

E v i d e n c e  f r o m  t h i s  s t u d y ,  w h i c h  c o u l d  b e  i n t e r p r e t e d  as  

i n c o n s i s t e n t  w i t h  t h e  view t h a t  t h e  s t u d e n t s  developed scgemata based  

on  m a t h e m a t i c a l  s t r u c t u r e ,  came from the-  p6st think-aloud prol;ocols. 
, . 

s t u d e n t s  f r e q u e n t l y  d i d  n o t  s t a t e  s p o n t a n e o u s l y  r e a s o n s  f o r  t h e i p  
8 * 

I *  . , i d e n t i f i c a t i o h  o f  t h e  p rob lem t y p e ,  a1;hough they  u d u a l l y  could i f  
I - .  - 

F e  ' W  - . . 
'i - . , I < -  

' asked a t  t h e  end  .of - t h e  7 p r o t o c o l .  T h e r e  a p p e a r  t o  b e  ..t l e a s t  two 
' .  

6 

p l a u s i b l e  exp lana t ions ,  one me thodologf-cal and one psychologica l .  The 

methodologica l  e x p l a n a t i o n  i s  t h a t  t h e r e  was no c u e  on t h e  w o r k s h e e t  
Z - 

' for  g i v i n g  . r e a s o n i n g  ' a b o u t  problem type; w h i l e  t h e  o t h e r  a s p e c t s  o f  
-4 h 

r e p r e s e n t a t i o n  a l l  were .cued, a l though r eason ing  had been m o d e l l e d  i n  

t h e  t h i n k i p g  a l o u d  .' ' The p s y c h o l o g i c a l  e x p l a n a t i o n  arises from t h e  
- O h .  ' 

t h e o r e t i c a l  w r i t i n g s  o f  E r i c s s o n  a n d  Simon (1984)  who a r g u e  t h a t  

r e a s o n s  are no t  heeded o r  a c c e s s i b l e  i n  s h o r t  term memory and must be 
6 

r e c o n s t r u c t e d .  I l t  i s  imposs ib l e  t o  de te rmine  p r e c i s e l y  why t h e r e  was 
t 

a l a c k  of  e x p l i c i t  v e r b a l  r e a s o n i n g  g i v e n  f o r  c l a d s i f i c a t i o n s  o f  
.r . 

' p r o b l e m  typs ,  b u t  i t  a p p e 7 . l ~  t h a t .  + a t e v e r -  the c a u s e ,  i t  i s  n o t  . 
- suQf  i c i s n t  ' t o  r i  ject the  i n f  e r enc ' e  t h a t  learn in$  d i s a b l e d  s t u d e n t s  

. were a b l e  t o  c o w c t  schemata far a l g e b r a i c  problem t y p e s  based o n  



mathematical s t r u c t u r e . '  
. >  TO p r o v i d e  a  c o n t r a s t ,  a  composite ske tch  of s t u d e n t s t  schemata 

P 

p r i o r  t o  i n s t r u c t i o n  can be  i n f e r r e d  from t h e i r  a n s w e r s  t o  p r e t e s t  
9 

problems,  think-aloud p ro toco l s ,  c l a s s i f i c a t i o n  t a s k s ,  and -met.acogni- 

t i v e  in terv iews.  From these d a t a ,  it can be i n f e r r e d  t h a t  they viewed 

a l g e b r a i c  problems a3 simple ond-operat1,on a r i t a m s t i c  problems made up . . ,  
. 
of "words and numbersn ,  a b o u t  age, d i s t a n c e ,  o r  some o t h e r  t o p i c .  3.. 

0 - 
C 

They viewed them a s  problems r e q u i r i n g  t h e  d i f f i c u l t  s e l e c t i o n  uf an 

opera t ion  such a s  a d d i t i o n  o r  m u l t i p l i c a t i o n .  They a p p e a r e d  t o  v iew 

t h e s e  p r o b l e m s  a s  a  r e a d i n g  c o m p r e h e n s i o n  t a s k  f o r  which i t  was 
t 

e s s e n t i a l  t o  c o n s t r u c t  meaning. They were u s u a l l y  55'0 t o  write down " 

o r  say t h e  goa l  and t i e  given in io rmat ion  f o r  the r e p r e a m t a t i o n  and a  

proposed a r i t h m e t i c  o p e r a t i o n  f o r  t h e  s o l u t i o n .  a + 

On t h e  whole,  p r e i n s t r u c t i o n a l  s t u d a n t s  showed l i t t l e  domain-specific 

a l g e b r a c  knowledge and u s u a l l y  named t h e  p r o b l m  type by o p e r a t i o n  on 

t h e  s t r u c t u r e d  w o r k s h e e t ,  a n d  by s u r f a c e  s t r u c t u r e  o n  t h e  

c l a s s i f i c a t i o n  t a s k .  The oompar i son  ~ t u d e n t s  d i d  hot  qppe 'ar -4 to  
c 

c o n s t r u c t  new s c h e m a t a  based  o n  mathemat&& s t r u c t u ~ e .  On t h e  
& 

posttest, they d i d  colaplete more of  t h e  s t r u c t u r e d  w o r k s h e e t  b u t  had  
0 

. n o t  c h a n g e d  f r o l  v i e w i n g  t h e  p rob lems  as  a r i t h m e t i c  p r o b l e m s  t o  
t 

viewing than a8 algsbraio problems r e q u i r i n g  t h e  u s e  o f  unknowns and - 
s o l u t i o n  o f  q u a t i o m ,  as the i n s t r u c t e d  s t u d e n t s  had. 

.. 
The f i n d i n g s  of th i s  s tudy  are c o n s i s t e n t  w i t h  q t h e r  i n v e s t i g a t  

- I 

t i o n s  showing t h a t  e x p e r t s  i n  mathematics (Schoedfeld & Hemaan, 1982) 
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and p h y s i c s  ( C h i ,  e t  a l . ,  1 9 8 1 )  may be i n f e r r e d  t o  h a v e  a c q u i r e d  

schemata based on unde r ly ing  problem s t r u c t u r e  and p r i n c i p l e s .  T h e r e  

have  been r e p o r t s  ( K r u t e t s k i i ,  1 9 6 ;  s i l v e r , '  1981 1 that less competent 

mathematics  s t u d e n t s  c l a s s i f y  p r o b l e m s  a r r o n e o u s l y  i f  the) c o n t a i n  

n c o v e r  s t o ~ i e s "  t h a t  t r i g g e r  a s p e c i f i c  schema.  I n  t h i s  s t u d y ,  

s t u d e n t s  w i th  a h i s t o r y  of poor performance i n  mathema t i c s  c l a s s i f  l e d  

items i n  'a s o p h i s t i c a t e d  way a f t e r  e x t e n s i v e  i n s t r u c t i o n .  There is 

c o n s i d e r a b l e  e v i d e n c e  t h a t  t h e  l e a r n i n g  d i s a b l e d  s t u d e n t s  i n  t h l s  

s t u d y  formed and  u s e d  s c h e m a t a  f o r  algebraic problem types-based  on 

mathemat ica l  s t r u c t u r e .  

f o r  Me- i 

He-ove as s? $ 

4 

. 5 

, ' .  
A m a j o r  component  of r e c e n t  i n t . e r v e n t i o n s  M a t .  s u c c e s . s f u l l y  

i n c r e a s e d  t h e  r e a d i n g  canprehens ion  (Yon8 & J o n e s ,  1 9 8 2  ) and  p rob lem 
'3 

s o l v i n g  a b i l i t i e s  ( ,Uontague, 1984) o f  l e a r n i n g  d i s a b l e d  a d o l e s c e n t s  

h a s  been  s e l f - q u e s t i o n i n g .  It  h a s  been  h y p o t h e s i z e d  t h a t  self-  

q u e s t i o n s * a r e  e f f e c t i v e  because they  focus  a t t e n t i o n  on t h e  e s s e n t i a l  

a s p e c t s  of t h e  tasks and strategies, and make i t  easier  f o r  l e a r n i n g  
I 1  

d i s a b l e d  a d o l e s c e n t s  t o  monitor  t h e i r  arn performance (wong, 198Sb). 

T h i s  m e a n s  t h a t  s u c h  s t r a t e g i e s  s h o u l d  l e a d  t o  i n c r e a s e d .  

m e t a c o g n i  t i o n :  k n o w l e d g e  a b o u t  and  a w a r e n e s s  of c o g n i t i o n ,  and  

r e g u l a t i o n  of  c o g n i t i o n .  b k  t a cogn i  t i v e  knouledge is u s u a l l y  t h o u g h t  

- 
\ 
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6 
9 

t o  be a b o u t  t h e  t a s k ,  strategy, apd person ,  ( ~ i a v e l l ,  1976). I n  t h i s  

s t u d y  t h e r e  is direc-t ev idence  t h a t  s t u d e n t s  i n c r e a s e d  t h e i r  aw&eness 
- 

of  p rob lem ' b o l  v i n e  :as a consequence  of  i n t e r v e n t i o n .  Ihere. is a l s o  

i n d i r e c t  ev idence  t h a t  t hey  i n c r e a s e d  t h e i r  r e g t i a t i o n  a n d ' m o n i t o r i n g  ' 

of p%blern s a l v i n g .  -L 

T h e  e v i d e n c e  t h a t  s t u d e n t s  i n c r e a s e d  t h e i r  a w a r e n e s s  and  . 
knowledge about  p r o b f ~  s o l v i n g  oomes.fran t h e - m e t a c o g n i t i v e  i n t e r v i e w  

q u s 3 t i o n a  a i 3 m i n i s t e r e d  t o  t h e  i n s t r u c t e d  and  c o m p a r i s o n  s t u d e n t s  

\&fore and af ter  i n t s r v e ~ , . c l o n ;  The h i g h e r  s c o r e s  o b t a i n e d  by t h e  

9- - 
i n s t r u c t e d  s t u d e n t s  a t  posttest are a c l e a r  i n d i c a t i o n .  . C l o s e r  

c 

examination"6f t h e  p r e t e s t  i n t e r v i e v  t r a n s c r i p t s  f o r  bo th  groups  s h h s  - 
C 

t h a t  t h e  h i g h e s t  scores were o b t a i m d e  on the two q u e s t i o n s  tWat were 
. . 

general I n  nature and required no d o m a i n - s p e c i f i c -  knowledge .  These  

q u e s t i o n s  wePe: W h a t  d o  you  d o  if you d o a r t  F a t  a word: means 

i n  a word ~ r o b l - ? ~  and V h a t  is t h e r e  abou tA .word  p&bl& t h a t  ma& 

i t  e a s y  t o  do?" Answers , t o  the' q u e s t i o n  

don ' t  knau what a word means, were sco red  

i n t e r v i e w s  a b o u t  r a a d i n g - - t w o  p o i a t a  

strategWk frra a list o f  such 3 W a t e g i e s  

abou't strategy t o  upe i f  you , 

the same a a  i n  metacogniti*e 

f o r  any  two c o n p r e h e n s i o n  

as: a k i p  i t ,  sound  i t C ,  u s e  -4  

t h e  c o n t e x t ,  e tc .  Answers to ,  t h e  q u e s t i o n  about  n a t u r e  of  t a s k  t h a t  
. . 

Balres word pmbleas easy, '  -re sc ed t h e  same a s  o n e  wou ld  f o r  a n y  -----LY 
sri t h h e  t i c  word -prabLen-,- two p o i n t s  f o r  a comb1 n a t i o n  o f  two itms 

1 

fraa a list i n c l u d i n g :  e a s y  numbers r  s b o r t  p rob lem,  no  h a r d  w o r d s ,  
.> 

etc .  The g e n e r a l  n a t u r e  o f  b o t h  q u e s t i o n 8  is appa ren t .  The least 
d 



corsple te, accura te ,  and eophist ie&d answers on' t h e  p r e t e s t  in t e rv iew . . . . 

were t o  t h e  t h r e e  q u e s t t o n s  t h a t  c a l l e d ,  f o r  c o n s i d e r ' a b 1 . e  
f' 

2 e 

d o m a l ~ a p e c i f i c  knowledge about a l g e b r a i c  word 

4 two phases: r ep resemta t lon  and s o l u t i o n :  , W h a t  i s  t h e  G a r d e s t  p a r t  

of d o i n g  any word probiems f o r  you?w (person)., "What do you do if you -- 
d o n ' t  get t h e  'whole p i c t u r e f  o r  t h e  'whole  m e a n i n g 1  o f  a w o r d  

0 I 

p r ~ b l e m ? ~  ( s t r a t e g y )  and V h a t  a r e  mathematics word  problem^?^ ( t a s k ) .  

T'&e domain-spec i f i c i ty  .oi t h e s e  @zestions can be c o n t ~ a s t e d  w i t h  ' t h e  
-. 

-- 
genera l  na tu re  of ths q u e s t i o n s  d iscussed above. 

The o m p a r i s o n  g r o u p f s  p o s t t e s t  r e s u l t s  were t h e  same as t h e i r  

pFetests. The i n s t r u c t e d  s t u d e n t s ,  however,  a c h i e v e d  even h igher  
F. -\. 

, s c b r e s  f o r  t h e  more'- q u e s & - i s  about  what t o  d o  i f  you dci n o t  

u n d e r s t a n d  s ~ m e t h i n g  and what makes a word problem easy. These were ' 

\ - 
st i l l  t h e i r  best two answers. -Their most improved answers were' t o  t h e  

q u e s t i o n s  t h a t  demanded that  t h e  s t u d e n t  engage i n  some t a s k  a n a l y s i s  
., 

, 
and'  show, knowiar~gs--o?t~e r e l a t i v e  i m p o r t a n c e  o f  m a t h e m a t i c a l -  - 
s t r u c t u r e  and o f  o t h e r  a s p e c t s  s u c h  as s u r f a c e  s t r u c t u r e .  These 

I v 
q u e s t i o n s  were: What would h e l p  yoQ become a  b e t t e r  problem so1verPn 

z45 

( p ~ r s n ) , -  "Are some p a r t s  o f  a word p r o b 1 e m s 8 J . i t  1s w r i t t e n  dblf& 
P 

Q' -- 

more Faportant  than o t h e r ~ ? ~  ( t a s k ) ,  and "What d o  you do i f  you d o n i b  

- g e t  t h e  l w h o l e  p i c t u r e 1  of a word p ~ b b l e m ? n  ( s t ~ a t e g y ) .  After - 
% - - - ' a  

% f n s t r u c t l o n  the l e a r n i n g  &=bled a d o l e s w n t  s showed t h e y  weti'e' more ' 
\ 

knowledgeab le  a b o u t  p d s o n ,  t a s k  '& ' s t r a t e g y  a s p e c t s  o f  a l g e b r a i c  
fi . &. ' 

vord pmibleas. 
I ' . ' -  1 , - - \  1 

0 



M e t a c o g n i t i v e  awareness  improved wi th  c o g n i t i v e  problem s o l v i e .  
t 

B e f o r e  i n s t r u c t i o n ,  i n s t r u c t e d  s t u d e n t s  a n d  e o m p a r i s o n  s u b j e c t s  . 
C 

4 r e c e i v e d  l o w  s c o r e s  add  showed, l a c k  o f  knowledge aqd  unders tanding  . . 
- i a 

- . about  bo th  me tacogn l t i ve  and Gog&tiv6 aspects of  problem so lv ing .  On 
7 k. - . /  

t h e  p o s t  t e s t s  t h e  i n s t r u c t e d  s t u d e n t s  were s i g n i f i c a n t l y  better t h a n  
1 

, - pl 0 

t h e i r  p e e r s  i n  t h e  canpar i&n group who r e c e i v e d  o n l y  f a m i l i a r i z a t i o n  
u C . , 

b w i t h  t h e  v o r % s h e * t .  T h e  i n s ' t r u c t e d  s t u d e n t s  were b e t t e r  , i n  - -  - 
% 9 

, . *  m e t a c o g n i t i v e  and c o g n i t i v e  a s p e c t s  o f  p rob lem g o l v i n g  f o f l & i n g  t -  . r .  
1) --- 3 - r  

i n t e r v e n t i o n .  It i s  i m p o s s i b l e  t o  p i n p o i n t  t h e  'e-trme i n  t h e  'lV * I  

' i n t e r v e n t i o n  a t  which tGs knowledge  was a c q u i ' r e d ;  however ,  i t  d i d  * 
t , . 

, t a k e  p l a c e  i n  t h e  c p u r s e '  o f  i n s t r u c t i o n  which emphasized d e b l a r a t i v e  

- $dowledge, think-aloud model l ing ,  add sel f -que  h t i o n i n g .  . h e  l i t  t;r 
6 * - 4  

- 
' t w o  e l e m e n t s  h a v e  b e e n  recommended f o r  i n c r e a s i . n g  m e t a c o g n i t i o n  

I , 
(Neichenbaum, e t  al: , i n  p r e s s ) .  

/ T h e r e  was no  d i r e d t  a s s b s s n e n t  o f  m e t a c p g n i t i v e  r e g u l a t i o n  i n  , , 

' t h i s  s&dp. F 'or res t -Freas l& and Ualler ( 1'984) h a v e  i d e n t i f i e d  t h e  - 

d a n g e r s  o f *  a s s u m i n g  r e g u l a t i o n  f rom pos t -hoc  i n t e r v i e w  d a t a .  They 

- found t h a t  gome s t u d e n t s  who expres sed  awareness  of m t a s t r a t e g i e a  i n  

r e a d i n g  d id '  n o t  u s e  t h o s e  s t r a t c g i e s . t o 7  r e g u l a t e  'perlormanca. They 

' L 
c a l l e d  these s t u d e n t s  ~ % i m i c s W ,  assuming.  t h e y  were s a y i n g  w h a t  t h e y  

4 

9 -  B 

had- h e a r d  t h e  t e a c h e r  s a y  w i t h o u t  u n d e r s t a n d i n g  i t .  T h e r e  may, 
B 

however, be a ne,ed far direct; e x p l i c i t  i n s t r u c t i o n  ( f o r  i n a t a a c e ,  

m o d e l l i n g  by t h i n k i n g  a loud) '  t o  e n a b l e  p r o d u c t i o w d e f  i c i e n t  s t u d e n t s  
- 
- - 

t o * p r o c d d u r a l i z e  th-eir d e c l a r a t i v e  knowledge  a b o u t  s t r a t e g i e s .  
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:: ~ o ~ r e s t - P r e s s l e y . ' a n d  :lfalle,r '-s ( 1.984) i n v e s t i g a t i o n  w a s i n o t  a n  
. s ?.  . _ I  I . , . < .  c 
3 

i n s t r u c t i o n a l  study, $0 they provide nosdata  t o  a n h e r  this q u e s t i o n .  

There a r e - d a t a  i n  the s tudy t o  metacognit iv= 

- r e m l a t i o n  and monitoring. S tuden t s  who made er$rs i n  t h e  p o s t t e s  t 
* * 

t h i n k - d o u d  p r o t o c o l s  f r e q u e n t l y  d i d  t h e  6 t e p s  o f .  a l g e b r a i c  - - 
# 

- mknipulatlon $n the Wong order  o r  missed one of  t h e  s t eps .  They came 

back and c o r r e c t e d  t h e i r  e r r o r  after t h e i r  nunterical answer would not  4 

4 
* 

- 3 ,  
% %hepkU. T h i s  m a i t a r # n g ,  t a u g h t  i n  t h e  s o l u t i o n  p h a s e  and u s e d  

0 ,  

- 

e x t e n ' s i v e ~ d  a f t e r  i h s t r u c t i o n ,  was a b s e n t  from p r e t e s t  think-aloud 

p r o t o c o l s .  S i m i l a r l y ,  t h e  a t t e n t  g i v e n  t o  w r i t i n g  a s e n t e n c e  
&=* - - 

con ta in ing  t h e  f i n a l  answer and look ack ' to  i n s u r e  t h a t  t h e  answer 

n e t  t h e  g o a l  of th% problem c o u l d  b a , t a k c n  a s  a n  i n d i c a t i o n  o f  

s o p h i s t i c a t e d  metacogni t i v e  regu la t ion .  ' 
0 

I 
In f u t u r e .  s t u d i e s ,  i t  w o u l d  b e  i n f o r m a t i v e  t o  a s s e s s  - 

metacognit ive awareness w i t h  an in te rv iew and corresponding metacogni- 
I 

Liw8-regulation wi th  t a s k s  l i k e  t h e  -hypoth; t ica l  o n e s  posed  i n  t h e  
" 

in te ry iew quest ions .  The between awareness and r e g u l a t i o n  
e 

a t  va r ious  p o i n t s  t i o n  would i l l u m i n a t e  t h e  n a t u r e  

of the developaent of Pretacognition. 
5- 

for 
.- - 

- - 

I - 
D r a M  PS-7 

I 

Om-oould aak about the gener@lty of the p r e k n t  flndinga, given  
3 



t h e  f a c t  t h a t  t h e  s t u d e n t s  

s e v e r a l  v r i  ters :. . Cawley , 
f o r  the apopt ion  of  theory  t o  

were l e a r n i n g  disabied:  I n  r e c e n t  y e a r s  

1985; Wong, 1979a ,  197 9b)  h a v e * o a l l e d g .  

guide  resea rch  i n  l e a r n i n g  d i s a b i l i k i s s ,  
- - 

It can be  argued t h a t  e x i s t i n g  t h e o r i e s  i n  e s t a b l i s h e d  f i e l d s  genera te  

t h e  framework, methads and hypotheses necessary  f o r  such researtrh. 

It has  not  been shown that the l e a r n i n g  d i s a b l e d  l e a r n  i n  a way 
-- 

t h a t  i s  f u n d a m e n t a l l y  d i f f e r e n t  from o t h e r  i n d i v i d u a l s ;  r a t h e r ,  
iT 

learning d i s a b l e d  s t u d e n t s  appear  t o  be less e f f i c i e n t  l e a r n e r s  (Re id  

h ~ r e s k o , '  1 9 8 1  ) . R e s e a r c h  a n d  i n s t r u c t i o n a l  a p p r o a c h e s  have  
i 

concentra ted  on execu t ive  o r  rne tacogni  t i v e  c o n t r o l  (e .g . ,  Wong, e t  
# 

a l .  , i n  p r e s s )  s i n c e  t h e  i n e f f i c i e n c i e s  of t h e  l e a r n i n g  d i s a b l e d  are 

o f t e n  a t t r i b u t e d  t o  production d e f i c i e n c i e s ,  e s p e c i a l l y  i n  t h e  use of  

s t r a t e g i e s .  One c r i t i c a l  a s p e c t  of a production d e f i c i e n c y  is t h a t  

t h e  p e r d y - c a n  u s e  t h e  b e h a v i o r  i f  i n s t r u c t e d  t o  do  so (Brown h 

Campione, '1 9 8 4 ) .  I n s t r u c t i o n a l  s t u d i e s  have been charac te r i zed  by 
- 

d i r e c t  i n s t r u c t i o n  and cons ide rab le  p r a c t i c e  o f  e f f i c i e n t  ecogni t i v e  
(' 

s t r a t e g i e s .  ' - 

I n s t r u c t i o u a l  s t u d i e s  have focussed r e c e n t l y  on teaching complex 
k 

knk ledge '  in p a r t i c u l a r  d b a i r u  such  as  m a t h e m a t i c s  problem s o l v i n g  
0 

(Montague,  1 9 8 4 ) b n d  j u n i o r  h i g h  s o c i a l  s t u d i e s  (Hong, e t  al., i n  

p r e s s )  t o  t h e  1ehrnb.g di bled,  Such s t u d i e s  abknowlbdge lr6e role o f  6 
p r i o r  knowledge and the a c t i v e  c o n s t r u c t i o n  of  knowledge by l e a r n e r s .  , 

+ 

This r e s e a r c h  i c o n s i s t e n t  w i t h  c u r r e n t  c o n c e p t i o n s  o f  c o g n i t i v e  7 
-- a p p r o a c h e s  psycho logy  (e.g;, k x ,  1983; Resnick, 



1981 1. Resnick  h a s  a rgued  t h a t  i n s t r u c t i o n a l  psychology has been 

charac ter ized  by a s h i f t  t o  t h e  s t u d y  of  complex c o g n i t i v e  t a s k s ,  

i n t e r a c t i o n i s t  assumptions emphasizing t h e  mental cons t ruc t ions  of the  

l e a r n e r ,  and a  growing i n t e r e s t  i n  t h e  r o l e  of  knowledge i n  human 

b e h a v i o r .  T h i s  s t u d y  d e m o n s t r a t e s  i n  a  c o n v i n c i n g  manner t h e  

e f f e c t i v e n e s s  of enabl ing  s tuden t s  t o  cons t ruc t  knowledge, i n  a d d i t i o n  

t o  t e a c h i n g  them cogn i t ive  s t r a t e g i e s ,  when they are t ack l ing  complex 

cogn i t ive  tasks .  

T h i s  s t u d y  showed t h e  a p p l i c a b i l i t y  o f  e x i s t i n g  t h e o r y  i n  

i n s t r u c t i o n a l  psychology and cur ren t  conceptions of problem solving t o  

t h e  l e a r n i n g  d i s a b l e d  p o p u l a t i o n .  While i t  i s  l i k e l y  t h a t  t h e  

l e a r n i n g  d isabled  adolescents  needed more demonstrations and p r a c t i c e  

t h a n  would have  been n e c e s s a r y  with normally-achieving adolescents ,  

the  cognit ive-based i n s t r u c t i o n  was e f f e c t i v e .  S t u d e n t s  n o t  o n l y  

l e a r n e d  what  t h e y  were t a u g h t ,  b u t  t h e i r  genera l  a lgebra ic  problem 

s o l v i n g  a b i l i t y  improved,  and t h e y  d e m o n s t r a t e d  m a i n t e n a n c e  a n d  

t r a n s f e r .  A s  was expected, t h e  concept of metacognition was valuable  

i n  u n d e r s t a n d i n g  t h e  knowledge a c q u i s i t i o n  t h a t  o c c u r r e d .  Also,  

changes  i n  problem s o l v i n g  c o u l d  be  u n d e r s t o o d  a s  a c q u i s i t i o n  and 

access ing of schemata f o r  various problem types. 

Merging h y p o t h e s e s ,  methods,  and t h e o r e t i c a l  frameworks from 

cogn i t ive  i n s t r u c t i o n a l  psychology with guided i n s t r u c t i o n  (which h a s  

b e e n  shown t o  be  e f f e c t i v e  w i t h  t h e  l e a r n i n g  d i s a b l e d )  y i e l d e d  

v a l u a b l e  i n f o r m a t i o n  a b o u t  t h e o r y  and p r a c t i c e .  There  may be a n  



a d v a n t a g e  t o  u s i n g  l e a r n i n g  d i s a b l e d  i n d i v i d u a l s  i n  c o g n i t i v e  

i n s t r u c t i o n a l  research.  Because t h e y  l e a r n  l i k e  o t h e r s ,  o n l y  more 

s l o w l y ,  i t  i s  p o s s i b l e  t o  o b s e r v e  t h e  a c q u i s i t i o n  o f  knowledge 

s t r u c t u r e s  and cogn i t ive  processes,  a s  i f  i n  s low motion.  Whereas, 

normal l e a r n e r s  might  show a u t o m a t i c i t y  a lmos t  immediately, these  

s tuden t s  do not. 

The b e n e f i t s  o f  i n t e r v e n t i o n  s t u d i e s  wi th  such populat ions a r e  

many--adolescents acquire  cogni t ive  competencies which he lp  them reach 

t h e i r  a c a d e m i c  p o t e n t i a l ,  i n s t r u c t i o n a l  t e c h n o l o g y  f o r  complex 

cogn i t ive  t a s k s  i s  enhanced, and resea rchers  acqu i re  a "windown on t h e  

development of exper t i se .  

Limi ta t ions  of  the  Present  Study 

T h i s  s t u d y ,  l i k e  a n y  i n t e r v e n t i o n  by o n e  i n s t r u c t o r ,  o n  

p a r t i c u l a r  l e a r n i n g  t a s k s ,  w i t h  a s m a l l  number of s t u d e n t s ,  h a s  

l i m i t a t i o n s .  Theref ore ,  genera l i za t ions  should be  made w i t h  c a u t i o n  

u n t i l  r e p l i c a t i p n s  have been conducted. 

A l l  t h e  i n s t r u c t i o n  was done by one experienced s p e c i a l  e d u c a t o r ,  t h e  

i n v e s t i g a t o r ,  who had c a r r i e d  o u t  e x t e n s i v e  t a s k  a n a l y s e s  on t h e  

problems used i n  t h e  study. The robustness  of t h e  i n s t r u c t i o n  w i l l  be 

c o n f i r m e d  when i t  h a s  b e e n  u s e d  s u c c e s s f u l l y  by o t h e r  s p e c i a l  

educators .  Three a lgebra  problem types  and f i v e  c o v e r  s t o r i e s  were 

used. Analyses ind ica ted  t h e r e  were some d i f f e r e n c e s  i n  t h e  e f f e c t  of 

the  i n s t r u c t i o n  as a f u n c t i o n  of  t h e  problem t y p e s .  O b s e r v a t i o n  



s u g g e s t e d  t h a t  some cover  s t o r i e s ,  s u c h  a s  t h o s e  u s i n g  t h e  term 

consecutive numbers, involved more d i f f i c u l t  concepts  than the  o thers .  

The i n s t r u c t i o n a l  p r o c e d u r e s  may n o t  be e q u a l l y  e f f e c t i v e  f o r  a l l  

a l g e b r a i c  problems.  For example,  f o r m u l a  problems which t end  t o  

confound m a t h e m a t i c a l  s t r u c t u r e  and cover s t o r y  may not  be a s  e a s i l y  

taught  wi th  i n s t r u c t i o n  t h a t  emphasizes schemata based on mathematical 

s t r u c t u r e .  I n  t h i s  case,  when it is almost impossible t o  separa te  the  

two aspec t s ,  s t u d e n t s  may a t t r i b u t e  problem type t o  the  more a p p a r e n t  

cover  s t o r y  r a t h e r  than the  complex mathematical s t r u c t u r e .  Another 

l i m i t i n g  f a c t o r  was the  small number of s u b j e c t s  and the  heterogenei ty  

t h a t  e x i s t s  i n  any l ea rn ing  d isabled  sample, d e s p i t e  the  c r i t e r i a  used 

f o r  i n c l u s i o n .  To g e n e r a l i z e  t o  l e a r n i n g  d i s a b l e d  a d o l e s c e n t s  

g e n e r a l l y ,  i t  w i l l  be n e c e s s a r y  t o  r e p l i c a t e  t h i s  study with o the r  

l ea rn ing  d isabled  groups. 

The i m p l i c a t i o n s  o f  t h i s  s t u d y  f o r  normal populat ions must be 

drawn t e n t a t i v e l y ,  a l t h o u g h  i t  is  l i k e l y  t h a t  t h e  i n s t r u c t i o n a l  

p r o c e d u r e s  wou1,d be e f f e c t i v e  w i t h  normally-achieving adolescents .  

However, e x p l i c i t  and extens ive  i n s t r u c t i o n ,  such a s  used h e r e ,  migh t  

be unnecessary  with normally-achieving adolescents .  Repl ica t ion  with 

normally-achieving adolescents  i n s t r u c t e d  i n  groups would r e q u i r e  some 

a d a p t a t i o n  o f  t h e  p rocedure  and m a t e r i a l s .  Such adapta t ions  would 

inc lude  Provis ion  f o r  i n d i v i d u a l  p r a c t i c e  w i t h i n  t h e  c o n t e x t  of a  

group.  For  example, s tuden t s  would have t o  take  t u r n s  th inking aloud 

dur ing prac t ice .  Modifications of s c r i p t s  would be  r e q u i r e d  t o  a s k  



q u e s t i o n s  of  a  number o f  s t u d e n t s  d u r i n g  t h e  p r e s e n t a t i o n  o f  

d e c l a r a t i v e  knowledge i n  o r d e r  t o  ho ld  e v e r y o n e ' s  a t t e n t i o n .  If 

i n d i v i d u a l s  were r e q u i r e d  t o  meet m a s t e r y  c r i t e r i a ,  i t  would be 

necessary t o  provide f o r  v a r i a b l e  amounts of p rac t i ce .  Marzola (1985) 

p r o v i d e d  a  model i n  h e r  s u c c e s s f u l  a d a p t a t i o n  o f  Nuzumls ( 1 9 8 3 )  

i n s t r u c t i o n  f o r  teaching one- and two-step word problems t o  groups. 

I n  a s t u d y  w i t h  such  complex m u l t i - f a c e t e d  i n s t r u c t i o n ,  it is 

d i f f i c u l t  t o  a s c e r t a i n  which elements were e s s e n t i a l  t o  s u c c e s s  and 

which were  mere ly  cont ingent .  To answer such ques t ions ,  i t  would be 

necessary t o  design comparative s t u d i e s  l i k e  Heller and Reif's ( 1 9 8 4 )  

i n  which t h e  c o n t r i b u t i o n  of  a  p a r t i c u l a r  e l e m e n t  is evaluated by 

inducing r e p r e s e n t a t i o n  with and without  t h e  element. 

L a s t l y ,  no  ef P o r t  was made i n  t h e  p r e s e n t  s t u d y  t o  e x p l o r e  

mot ivat ional  a s p e c t s  of long-term in te rven t ion ,  such a s  the  s t u d e n t s '  

a t  t i  t u d e  t o  t h e  i n s t r u c t o r ,  o the r  in te rpe r sona l  f a c t o r s ,  and the  r o l e  

of cogn i t ive  mot ivat ional  cons t ruc t s  such as se l f -e f f i cacy .  Although 

no da ta  were co l l ec ted ,  i t  was apparent  t h a t  t h e  s tuden t s  were w i l l i n g  

t o  s u s t a i n  e f f o r t  o v e r  a  l o n g  time. Two s t u d e n t s  who had b e e n  

suspended from s c h o o l  and one who wi thdrew from school  during the  

c o u r s e  o f  t h e  s t u d y  n e v e r  l o s t  i n t e r e s t  i n  c o m p l e t i n g  t h e  

in tervent ion .  Given t h e  cu r ren t  design with its emphasis on cogni t ive  

f a c t o r s ,  it is impossible t o  determine t h e  r o l e  m o t i v a t i o n  p layed  i n  

t h e  outcome of t h e  study. 

D e s p i t e  t h e s e  l i m i t a t i o n s  t h e  l o n g - t e r m  i n t e r v e n t i o n  was 



conducted  i n  a s  r i g o r o u s  a  f a s h i o n  a s  p o s s i b l e .  The f indings  a r e  

e n c o u r a g i n g  r e g a r d i n g  t h e  p o s s i b i l i t i e s  of  i n s t r u c t i o n  f o r  t h e  

l e a r n i n g  d i s a b l e d  and e n l i g h t e n i n g  r e g a r d i n g  t h e  a p p l i c a t i o n  o f  

t h e o r i e s  i n  i n s t r u c t i o n a l  psychology and problem solving.  

Recommendations f o r  Future Research 

The improvement i n  problem s o l v i n g  a b i l i t y ,  u n d e r s t a n d i n g ,  

m e t a c o g n i t i o n ,  and t h e  a c q u i s i t i o n  o f  schemata  f o r  problem types  

suggest  t h a t  f u r t h e r  r e s e a r c h  i s  w a r r a n t e d .  The w i l l i n g e s s  of  t h e  

t e a c h e r s  and s t u d e n t s  t o  cooperate i n  an i n t e n s i v e  five-month venture 

imply t h a t  they viewed the  i n t e r v e n t i o n  a s  valuable. It a p p e a r s  t h a t  

t h e  a p p l i c a t i o n  of  c u r r e n t  p r i n c i p l e s  of i n s t r u c t i o n a l  psychology and 

conceptions of problem solving i s  appropr ia t e  and f r u i t f u l  i n  s c h o o l  

s e t t i n g s .  

There  are two l e v e l s  a t  which f u r t h e r  research  might be done and 

s e v e r a l  important  ques t ions  t o  be asked a t  each l e v e l .  A t  t h e  macro 

l e v e l ,  i t  is i m p o r t a n t  t o  demonstrate t h e  adap ta t ion  of the  ma te r i a l  

and procedures t o  small  group i n s t r u c t i o n ,  and u l t i m a t e l y  t o  whole- 

C l a s s  i n s t r u c t i o n  i f  t h e  f i n d i n g s  a r e  t o  have genera l  relevance f o r  

i n s t r u c t i o n  i n  a l g e b r a i c  problem solving.  A t  t h e  mic ro  l e v e l ,  i t  i s  

e s s e n t i a l  t o  examine t h e  development of  i n d i v i d u a l  exper t i se  more 

c lose ly .  The present  s tudy tapped t h e  p o t e n t i a l  of s i n g l e - s u b  j e c  t 

d e s i g n ,  g a t h e r i n g  think-aloud protocol  d a t a  and in terview data ,  t o  a  

g r e a t e r  e x t e n t  than most cogni t ive  in te rven t ions .  The a c q u i s i t i o n  o f  



schemata and cogn i t ive  processes, however, should be subjected t o  more 

f ine-grained a n a l y s i s  with more f r e q u e n t  c o l l e c t i o n  o f  q u a l i t a t i v e  

d a t a  , and c l o s e r  t ies among measures of knowledge, metaknowledge , and 

regula t ion .  

Many q u e s t i o n s  t h a t  remain  t o  be answered have  a l r e a d y  been 

a l luded to. It a p p e a r s  t h e r e  a r e  two major  t y p e s  o f  q u e s t i o n s  t o  

a d d r e s s .  There  a r e  ques t ions  about v a r i a b l e s  embedded i n  t h e  design 

of t h i s  s t u d y  and q u e s t i o n s  a b o u t  l i n k s  w i t h  o t h e r  t h e o r e t i c a l  

c o n s t r u c t s  r e l e v a n t  f o r  in te rven t ion .  

Many f e a t u r e s  of t h i s  study did not  vary sys temat ica l ly  o v e r  t h e  

widest poss ib le  range. One of these  is t h e  domain knowledge. What is 

the  r o l e  of r e p r e s e n t a t i o n  i n  areas of  m a t h e m a t i c a l  problem s o l v i n g  

o t h e r  t h a n  these  t h r e e  types of word problems? S tud ies  on t h e  e f f e c t  

of r e p r e s e n t a t i o n  on geometry problem so lv ing  (Greeno,  1978)  and t h e  

s o l u t i o n  of simultaneous l i n e a r  equat ions  us ing a microcomputer (Lesh, 

1985) s u g g e s t  t h a t  t h e  r o l e  of  r e p r e s e n t a t i o n  e x t e n d s  beyond t h e  

b o u n d a r i e s  'of t h e  p r e s e n t  s t u d y .  E x t e n s i o n  t o  b o t h  s i m p l e r  word 

problem types (such a s  one-step and two-step problems) and t o  f o r m u l a  

a l g e b r a i c  p r o b l e m s  would  s u b s t a n t i a t e  t h e  p e r v a s i v e  r o l e  o f  

r e p r e s e n t a t i o n  i n  i n s t r u c t i o n  of mathematics. 

S t u d i e s  e x t e n d i n g  t h e  range of problems and t h e  age of s u b j e c t s  

could be c a r r i e d  o u t  a t  t h e  mic ro  o r  macro l e v e l .  S i m i l a r l y ,  t h e  

g e n e r a l i z a b i l i t y  o f  t h e s e  f i n d i n g s  c o u l d  be t e s t e d  by varying t h e  

popu la t ion- - i s  t h e  i n s t r u c t i o n  s u f f i c i e n t  f o r  normal ly -ach iev ing  



adolescents  and low-achievers, and how do g i f t e d  mathematical s tuden t s  

genera te  boundaries f o r  i d e n t i f y i n g  t h e  a p p l i c a b i l i t y  of schemata? 

D e t a i l s  o f  t h e  i n s t r u c t i o n  t h a t  present  themselves f o r  f u r t h e r  

i n v e s t i g a t i o n  inc lude  the  t a sk  ana lys i s .  What o t h e r  o p e r a  t i o n a l i z a -  

t i o n s  o f  i n s t r u c t i o n  i n  r e p r e s e n t a t i o n  and s o l u t i o n  would a l s o  be 

s u f f i c i e n t  t o  e n a b l e  s t u d e n t s  t o  g e n e r a t e  f u l l  a n d  a c c u r a t e  

r e p r e s e n t a t i o n s  and s o l u t i o n s ?  It h a s  a l r e a d y  been suggested t h a t  

i n v e s t i g a t i o n s  of the  scope and sequence of the  present  s t e p s  i n  each 

phase be sys temat ica l ly  undertaken i n  t h e  manner recommended by Hel ler  

and R e i f  ( 1 9 8 4 ) .  I n  k e e p i n g  w i t h  t h e  c h a r a c t e r  o f  c o g n i t i v e  

i n s t r u c t i o n a l  psychology, t h e  r o l e  of p r i o r  knowledge a t  a l l  s t e p s  of 

a c q u i s i t i o n  of e x p e r t i s e  warrants  f u r t h e r  i n v e s t i g a t i o n ,  It may be 

n e c e s s a r y  t o  c o n t r a s t  a n d  r e f i n e  p r e s e n t  methods o f  a s s e s s i n g  

knowledge s t r u c t u r e s ;  a s  Leinhardt ( i n  press; Leinhardt  & Smith, 1985) 

h a s  been d o i n g  i n  h e r  s t u d i e s  of s tuden t s1  and teachers '  mathematics 

knowledge s t r u c t u r e s .  

Othe r  ' l i n e s  o f  r e s e a r c h  t h a t  might he lp  t o  exp la in  the  f ind ings  

of t h i s  s t u d y  a r e  t h e  r o l e s  of s e l f - e f f i c a c y  a n d  o f  t e a c h e r s 1  

knowledge s t r u c t u r e s .  Self-ef f icacy may have played a  mediating r o l e  

i n  the  s t u d e n t s t  continuing w i l l i n g n e s s  t o  p a r t i c i p a t e  and t h e  h igh  

l e v e l  of mot ivat ion  they displayed (Walsh, 1986). Students  l comments 

suggested t h a t  the  h ighly  s t r u c t u r e d  w o r k s h e e t  and e x t e n s i v e  gu ided  

p r a c t i c e  made them c o n f i d e n t  t h a t  t h e y  would l e a r n  t o  s o l v e  word 

problems. The degree of organiza t ion  and a c c e s s i b i l i t y  i n  a  t eacher ' s  
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"-7 

+ - a 

i n t e r v e n t i o n  succeeded, and t h e  extent  of the g e n e r a l i z a b i l i t y  of me 
F+ 

f ind ings ,  I 

I 

Summary 
r 6 

Although educators and researcher  hav.8 expressed  conce rn  abou t  
+ 

t h e  need f o r  i n s t r u c t i o n a l  research il( problem solving,  few in tens ive  

* in te rven t ion  s t u d i e s  have been conducted t o  t e a c h  a l g e b r a i c  problem 

s o l v i n g .  The p r e s e ? l t  s t u d y  merged r e c e n t  t h e o r y  i n  l e a r n i n g  

d i s a b i l i T i e s  to' examine the  e f fec t iveness  of theory-based in8tm:ction. 

~ l l '  r e s e a r c h  q u e s t i o n s .  were s u b s t a n t i a t * d  s u g g e s t i n g  t h a t  t h e  

i n s t r u c t i o n  was suff ic ' ient  t o  enable  l ea rn ing  d i s a b l e d  ado le scen t  a  t o  
' A 

I \  1 
c o n s t r u c t  a d e q u a t e  , . r e p r e s e n t a t i o n s '  and s o l d t b o h s  f o r  competent 

L (  * - 

a lgebra ic  p r d l e a  solving. Similar  i m p r o v w p t s  were n c t  f,ound i n  a 
. * . - 

c o m ~ a r i s o n  #group whot. r e q e l v e d  f a m i l ' i k r i z a t i o n  w i t h  ths s t ruo tured  

- 
worksheet Tfor problem, s$lvillg and cont inued  In t h e - l e a r n i n g  oeatre -- 

M 

4 @ .  

Program i n  mathematics. , - 
i 4 

.c 

~ m p l i c a t i o n s  oi, th,e f i n d i n g s  ' f o r  t h e  adopted  t h e o r e t i c a l  
1 

4 d 



cogrtl tiwe a ~ u i s l t ~ a n s  during tbe study, 0 ;  

- -.. 
, Lffeaamendr tioas weas mdro tor 'fmebur ,f nvua t leat  ion* tba t would 

f 

sutamea ar t h e  instrr iot ion .  ah$ on the p p e r a l i z a t i o n  t h a t  AS . 



C 

Criteria for Identiffcation as 
\ 

i 

temning Df sabled 
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- ' #  

Defini t ion &d Criteria fdr s&ere7 t ea rn i& D i s a  i l i t i e s  - 
" 6 .  \, . 

a 

Used i n  School D i s t r i c t  of ~ a r t i c i p a p t s ~  
, 

%rarely d a r n i n g  diallblM s tudents  ( f o r  f inding purposes) 
represent  approximately 2% of a *normalw school population. * 

/ 

> * .  
A l ea rn ing  d i s a b i l i t y  is .a processing order r e s u l t i n g * i n '  a , 
~ i ~ n i f i c a n ~ s c r e p a n c y  between e s t i a a t e d  learnlag potential,  a'nd 
ac tua l  performance. This discrepancy ahould not be primarily due 
t o  ,o ther  f a c t o r s  such as,: sensory -impairment, mental handicaps, 
behavior d i sorder  ,-envi r o m e n t a l  *or cul  t u r d  disadvantage, E. S. L. 

4 

A psychoeducational assessmemL should i deg t i fy :  . 
,' 

- average ar b e t t e r  i n t e l l e c t u a l  a b i l i t y  (wi thin  l, s.D.) - a s p e c i f i c  learning d e f i c i t .  ' 

- a discrepancy o f ,  more. than 1. S. D. 'on ,a 'standard achievement 
t e a t  (1.e. primpry,,- more than 1 'yepr, Grade 5/6 - more than 2- 
years, secondary - more m a n  3 years): . 

' P  
. I  Z 

Spgcial  plac&.ents shal.1.b. determined by the  D i s t r i c t  screening ' 

Committee, w i l l  r s q i i l r e  &rent  approval. I d e n t i f  i c a t i m i  f o r  . . 
school-based ph@ams should be d e t e 0 d n e d  by' a school- screening - 
commi t t d  which f ncludea Ehe -areav coun&llor B . 
An Individualized Education Plan d h b ~ l d  be developed f o r  .eachw . 
studen& which includes  i n s t r u c t i o n a l  st ' rategies t o  address  t h e  
learnlag d e f i c i t .  . i 

Service de l ivery  could i n c l i d e  placement i n  a resour ie  rocm o r ,  . 
Skil l  Developknt  center;; o r  support .-service on a >egulpaq basis, . 
by an i t i n e r a n t  teaeher or arcfa counsellor.  

Note: Rloae 0ritei.h are USA' i n  eolljunction with t he  MInhw ofa . ' 
Education Special  Program Hanyal, which conta ins  a d e f i n i t i o n  of 
learning' d i s a b i l i t i e s  cons i s t en t  e i t h ,  t h a t  i n the%lucation fob 

- A l l ,  Handicapped Children Act (U. S. Off lee of Education, A U ~ U S ~  

23,. 1977) 
-. ' C 

1 * 



APPENDIX B 

Criterion Measures 

& I .  Basic Operations 
B-2. One-Step Problains 

B-3. Assessment Measure for Pre-Post 
and Maintenance Tests 
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Nun@ r .Date: 

- -- 

School g Group r 

X * 

I n s t r u c t  i onstAn?iwer each quest i o n .  Please show. your work. 
. # 

MULT I PLY t 



MULT I PLY : 

PAGE 

THE END 



-- - T % 1 

School r ^ O r  oup :' . . 
. . " i , I 

I n s t r u c t  ionstAnswer each 'wo rd  p r o b l  em.~huw"your work. 
i 

= . . > .  
1. The number o f  g l o v e s  i n  a bpx i s  7 How many 

' 8 

g l o v e r  w i  11 t h e r e  be i n  32 bchces? d - 

2. I n  
How f 
t o  d r  

L .  

k .  * 

one hour a t r u c i  d r i v e r  t r a v e l s  90 i i l o m e t r k r .  a 

a r  wi  13 he t r a v e l  i n  12 hours, i f  he c o n t i n u e s  t 

i u d  a t  the same speed? 
-* 

i ' "  
% 

P 

* 
4 

3. I t  c o s t s  %23 f o r  on. t i c k e t  t o  a  W M  c o n u r t .  
H w  much w i l l  CicKets c o s t  f o r t  12 'people? d, Z- 

0 

4. A machine packs 47 t -sh i r t s  i n  a , , t inutem Pbnd' the + . 
' . 

number o f  rh i r ts i t w i 1 1 pack i n an 8-hour w o r k  day? 
I 

, 

. t i 

~. ~ E . I  

L 

-% 
5 0  Each boy bn wr team i s  15 r e a r s  o l d .  There are 8 
b o y s  an our team. What i s  the t o t a l  age i n  yeat=+ bf 
t h  b e y s  wt W P  team3 - . 

I -- 

< 

e B 
/ 

1 

+ 

J s 
* - 

7, - 



ASSE$SMENT MEASURE 

1. Mary  r e c e i v e d  i n t e r e s t  on  h e r  money i n  1984 and  i n  

1985. I n  1985 she r e c e i v e d  t h r e e  t i m e s  a s  much 

i n t e r e s t  a s  i n  1984. The t o t a l  of  h e r  i n t e r e s t  f o r  t h e  

two y e a r s  was 610&0. How much i n t e r e s t  d id  she r e c e i v e  

i n  1985? 

2. F o r  e v e r y  3 d imes i n  my sau ings ,  t h e r e  a r e  5 q u a r t e r s .  

3. The sum o f  two c o n s e c u t i v e  odd  numbers i s  

each number. 

4. A woman can bu i l d  5 c h a i r s  i n  4  days.  I f  

72 days, how many c h a i r s  can she bu i ld?  

5. Dan has t h e  j o b  o f  s e l l i n g  t i c K e t s  f o r  a 

I f  I have 81 dimes, f i n d  t h e  number o f  q u a r t e r s .  

72. F i n d  

she w o r k s  for 

schoo l  game. 

The t i c k e t s  c o s t  75 c e n t s  f o r  each a d u l t  and  50 c e n t s  

fo r  each s t u d e n t :  He sold 120 t i c k e t s  fo r  a  t o t a l  of  

882.50. How many t i c k e t s  o f  each k i n d  d id  Dan s e l l ?  

6. A p i c t u r e  6 cm w i d e  a n d  9 cm h i g h  i s  t o  be e n l a r g e d  s o  

t h a t  t h e  h e i g h t  w i l l  be 18 cm. How w i d e  w i l l  i t  be? 

7. Dad and  I d r o v e  t o  Calgary. I t  i s  1546 km. He d r o v e  

320 Km f u r t h e r  t h a n  I did. How f a r  d id  I d r i v e ?  



200. 

8, A man i n v e s t e d  $10,000, p a r t  a t  6% and the  r e s t  a t  7 A  

p e r  year .  The t o t a l  annual income f r o m  these 

inves tments  i s  $ 6 8 0 .  H w  much d id  he i n v e s t  a t  each 

r a t e ?  

9. The sum o f  the  ages o f  JacN, Robin,  and Tom i s  188 

years.  Jack i s  the  youngest.  Robin  i s  4 yea rs  o l d e r  

than Jack. Tun i s  3 y e a r s  o l d e r  than Robin. W r i t e  an 

e q u a t i o n  s t a t i n g  t h a t  the sum o f  t h e i r  ages i s  188 

years.  F i n d  the  age o f  each man. 

10. The r a t i o  o f  t he  number o f  boys  t o  g i r l s  i n  a class i s  

5:4. I f  t h e r e  a r e  16 g i r l s ,  then how many boys must 

t h e r e  be? 

11. John works  54 h o u r s  i n  two weeks. I n  t he  second week 

he works 3 h o u r s  l e s s  than he d id  i n  the  f i r s t  week. 

F ind the  number o f  h o u r s  he worked each week. 

12. There were a number of g o a t s  and ducks i n  one pen, 15 

i n  a l l .  There were 44 f e e t  i n  t he  pen. How many g o a t s  

were i n  t he  pen? 

13. The r a t i o  o f  Mr. Jones' age t o  Mrs. Jones' age i s  8r7. 

Mr. Jones i s 96 r e a r s  01 d. F ind M r s .  Jones' age. 



201. 

14. The sum of  3 man's age and h i s  son's age i s  40. The 

man has saved s500 a year and h i s  son has saued $50 a 

year. The t o t a l  they have saved i s  $15500. F i n d  the 

age o f  the man. 

15. 1 rode a  bus and a t r a i n  f o r  a t o t a l  o f  6 hours. I 

went a t  a  r a t e  o f  50 km/hr on the bus and 60 km/hr on 

the t r a i n .  The t o t a l  d is tance was 340 km. F i n d  the 

d is tance I rode on the bus, and the d is tance I rode on 

the t r a i n .  



APPENDIX C 

Letter of Permission 



Dear Parent ,  

SIMON FRASER UNIVERSITY 
203 .  

BURNABY, BRITISH COLUMBIA V5A IS6 
Telephone: (604) 291-3395 

22 October 1985 

I am w r i t i n g  t o  reques t  your pe rm iss ion  t o  have your 
son o r  daughter  p a r t i c i p a t e  i n  my p r o j e c t  desc r i bed  below. 

My p r o j e c t  i s  designed t o  improve a l g e b r a  word problem 
s o l v i n g  i n  j u n i o r  h i g h  school s tuden ts .  Spec i f  i c a l  l y ,  I 
p l a n  t o  teach s tuden ts ,  cspeci  a1 l y  those w i  t h  mathemat ics 
problems, a  s t r a t e g y  t o  use w i t h  a l g e b r a  word problems. 

A1 1 the i nformat i on w i  1 1  be anal yzed anonymous1 y. The 
r e s u l  t s  o f  the p r o j e c t  w i  1 1  h e l p  us  h e l p  s t u d e n t s  who have 
d i f f i c u l t y  s o l v i n g  word problems. Your son o r  daughter 's  
p a r t i c i p a t i o n  i s  comp le te l y  v o l u n t a r y .  Helshe may wi thdraw 
f rom the p r o j e c t  a t  any t ime d u r i n g  the p r o j e c t .  The 
d u r a t i o n  o f  your son o r  daughter 's  p a r t i c i p a t i o n  w i l l  depend 
on h i d h e r  i n d i v i d u a l  l e a r n i n g  r a t e .  G e n e r a l l y  f o r  a h i g h  
school s tuden t  t o  master  such a  s t r a t e g y ,  i n s t r u c t  i on  
averages about t h r e e  months, w i t h  t h ree  sess ions  weekly,  
each sess ion  l a s t i n g  h a l f  an hour .  Please d i s c u s s  t h i s  
m a t t e r  w i t h  your son o r  daughter  as h i d h e r  consent t o  
p a r t  i c  i pa te  i s requ  i red .  

I f  you have any ques t i ons  you can c a l l  me a t  291-3591 
d u r i n g  the day (and I wi 1 1  r e t u r n  your c a l l ) ,  o r  a t  421-4539 
a t  home i n  the euening. Thank you f o r  a t t e n d i n g  t o  t h i s  
l e t t e r .  

Yours s i nce re1  y ,  

~ a n c y  L. Hutch inson,  M.A. 
Graduate Student 
F a c u l t y  o f  Educa t ion  
Simon Fraser  U n i v e r s i t y  

Date 

1 ,  , do g i v e  permiss ion  f o r  my 

son/daugh t e r  , , t o  p a r t i c i p a t e  

i n  t h i s  p r o j e c t .  

(S igna tu re  o f  pa ren t  o r  guard ian)  



APPENDIX D 

Test for Outliers 



- -A. % Ra'tionale': one s t u d e n t  was q u a l i t a t i v e l y  d i f f e r e n t  than a l l  o t h e r  a 

p a r t i c i p a n t s  t n  tha# he took two or t h r e e  thes a s ' l o n g  r r t ~ ~ c o ~ a p l e t q * ~ '  
, each c r i t e r i o n  measure and each p r e t e s t .  dependent measwe. Discsl&aion 

1 .  
d 

with h i s  math&uatics t eacher  confinned $h$e h$tvork& v e i  slowly, 
y * ;. "demande21 p e r f e c t i o n .  of himaelg, and obtained s c o r e s  l i k e  the o t h e r  

s t u d e n t s  o d y  when tesip werb timed. If a l l w 6 d  uuliari ted time be 

v 
.. - would s c o r e  much higher. A s  example, o,n the .  0.L 42 A8sctsah8nt 

a * Test which was. bpg&ended t h e d ,  he  spen t  t h r e e  s e s s i o n s  cn t h e  
- -  1 13 p r o b i k 8  and obta ined *a  tacore of  12. lout of  15, muoh higher  than t h e  

01% j~ stuldents. 
- 1 I' 

I * 
- i ,  . . v f -+- " ..y- * b 

. ' , L . . I  

- . I .  
* - 

6 .' k 

Pro*-: -.TO ' dite&hne i f  he *was an o u t l i e r ,  h i s  s c o r e  w a r  removed 
2 *fl~om the d i s t r i b u ~ o n  and ' the  -standard d e v i a t i o n  of thk d i s t r i b u t i o n  

4 - 
, . , c a l c u l a t e d  (S.D; = 1.62). His' s c o r e  of 12 was 5.12 s tandard  r d e v i a t i o n s  from t h e  mean of +7. This was accepted a9 evidence t h a t  

he was Ian o u t l i e r  f o r  t h i s  d i s t r i b u t i o n .  The Z s c o r e s  o f  all o t h e r  
s t u d e n t s  on Q 2 , 3 c a l c u l a t e d  according t o  t h e  same procedures,  rangsd 
.from -1.57 f b r  t h e  lowest  s c o r e  ( 1 )  t o  1.31 f o r  t h e  h ighes t  s c o r e  (7).  
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el. Tssk Analysis of Relatioaal Problems 
3-2. Taak lnslyais  o f  Proportion &0b141115 
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Task Analys is  of  Re la t iona l  Problems ' 

1. Read problem aloud. C 

2. Evoke schema (kind of  problem ide ,n t i f i ed  by, r e l a t i o n a l  
s t a t ement ) .  - 

Draw and l a b e l  diagram showing i m p l i c i t  r e1a t lo&hips  (sum o r  
d i f f e r e n c e  o f  G o  unknown b u t  r e l a t e d  q u a n t i t i e s  represented .  -- c o n c r e t e l y ) .  

I ( -  - 

Write goal .  - 
Write unknowns ( l e t  X = s i m p l e s t  unknown; e l a b o r a t i o n  of X = 
r e l a t e d  b u t  more complex unknown). ---. 
Write knovns (sum o r  d i f f e r e n c e ,  and r e l a t i o n a l  s t a t ement ) .  ' 

Represent problem i n  equat ion  ( a b s t r a c t  unknowns i n s e r t e d  i n t o  
equa t ion  whose form is isomorphic t o  diagram). 

v 
8. Check t o  be c e r t a i n  t h a t  an equa t ion  has been w r i t t e n .  

2 

9. Simpl i fy  equat ion  by doing work t o  remove brackets .  
- 

- 

10. Combine l i k e  terms (combine unknowns 1. Q 

11. By applying i n v e r s e  o p e r a t i o n  t o  both s i d e s  of '  equat ion ,  remove 
term added t o  o r  s u b t r a c t e d  frm unknown. 

12. By applying i n v e r s e  o p e r a t i o n  t o  both s i d e s  of  equat ion ,  remove 
term t h a t  m u l t i p l i e s  o r  d i v i d e s  t h e  unknown. 

13. State 

14. Refer 

?5. Wrlte 

16. Check 

equa t ion  i n  terms o f  X = ..... 
t o  goal for maningfu lness .  

s t a t e m e n t ( s )  qe t i xg  g o a l ( s ) .  *- - - 

accuracy of  answer(s)  by checking consla tency wi th  knwns ,  
and s u b s t i t u t i n g  i n t o  equation.  



- -- 
Notes: The novice may write the goal ,  unknowns, and known~ prior  t o  

evoking schema and making diagram. 
- The novice w i l l  reread the problem frequently,  whereas the  

more experienced s o l v e r  w i l l  carry out quick lookbacks. 
2 



Task Analysis  of  Propor t i o n  .Problems 

Read problem aloud. 
4 

G o k e  schema (kind of  prbblem i d e n t i f i e d  by complete and 
incomplete r a t i o s  canpar ing two f a c t o r s ) .  

D r a w  and l a b e l  diagrap showing i m p l i c i t  r e l a t i o n s h i p s  (g iven 
r a t i o  set equal  t o  rat$o f o r  new case wi th  l a b e l s  f o r  a l l  terms, 
and concre te  r e p r e s e n t a t i o n  1. 

Write goal .  

Write unknown ( l e t  X = unknown term i n  incomplete r a t i o ) .  

Wri.te knowns (g iven r a t i o ,  and one term of new c a s e ) .  
9 

Represent problem i n  equa t ion  ( a b s t r a c t  unknown i n s e r t a d  i n t o  
- equa t ion  whose form is i s a n o r p h i c  to  diagram). 

v /- 

=4 fib 
-.. 8. b e c k  t o  be c e r t a i n  that an equa t ion  has  been w r i t t e n .  * - 

% 

\ 9% Simpl i fy  equat ion  by doing work t o  remove brackets .  - 
s 

.? 

10. Cross-multiply, o r  apply i n v e r s e  opera t ion  t o  bbth sides of _ 
e q u a t i a a  t o  reduce o m  s i d e  t o  1. 

11. By applying i n v e r s e  o p e r a t i o n  t o  both i d e s  of  equation, ' remove 
tern t h a t  m u l t i p l i e s  o r  d i v i d e s  t h e  u d k m n .  - 

12. S t a t e  equa t ion  i n  terms of  X = ..... - 
13. Refer to g o a l  f o r  meaningfulne'ss. 

14. Urite s t a t e m e n t ( s  1' meeting go&l(s). 

15. Check accuracy of &suer (s) by checking cons i s t ency  with knowns, 
s u t t s t i t u t i n g  i n t o  equation.  

l o t e s :  The novice may w r i t e  the goal, unknowns, and known8 p r i o r  t o  
evoking schema and maklag diagram. 

The novice w i l l  w e a d  the problem frequently, whereas tits' 
'most experienced s o l v e r  w i l l  carry o u t  q u i c k  lookbacks. 

* 



4- - 

\ Task Analysis of -variable Two-Quation Problems 

I 

1 . Read problem aloud. 

2. &oke stsheraa (kind of problem i d e n t i f i e d  by need f o r  two 
var iab les  and need f o r  two equations).  

3 .  D r m  cha r t  ahowing i m p l i c i t  r e l a t i onsh ips  (sum of two simple 
unknowns equal t o  t o t a l  of s implest  f a c t o r ;  sum of two q u a n t i t i e s  

- dependent on sfmple unknowns equal  t o  t o t a l  of complex f aq to r ,  
w*th l a b e l s  for &ems). - 

, 
4 .  h i t e  goal. _ 

* '  

5. Write unknowns. Let X = one unknown, Y = o the r  unknown. 

6. , Write known8 ( the two sums). 
\ .  

7. Represent problem i n  two-equations. F i r s t  is a statement 
involving simple unknowns. .Second is derived from first equation 
combined with p r io r  knowledge. 

3- 

Probl... 
8. Check t o  bq c e r t a i n  two ,equations have been wr i t t en .  

9. Sst t p  t ab l e  with two simple unknowns, t h e i r  t o t a l ,  two' complex 
- te rns  involving unknowns, and t h e i r  t o t a l  ac ross  t h e  top, with - 
l a b e l s  on each l i n e .  

30. P i l l  in t h e  t a b l e  with terms t h a t  sum t o  t h e  simple t o t a l .  
W p l e t e  the  tabae. Check ou t cme  f o r  complex t o t a l  aga ins t  t h a t  
listed a t  top of column. h s c r i b e  outcome as lw o r  high o r  cor rec t .  

B 

11. Sa lec t  new values  f o r  unLnams b a 8 e d . o ~  whether r e s u l t  was too 
low too high. Cmple te  the L b l e  and oheck outcome aga ins t  
that LfsM a t  top of columi. h s c r i &  outcaue as l o w ,  higb or 
correct .  

12. ~ e p e &  ste6 1.1 u n t i l  ou t come i s  cor rec t .  



13. Refer t o  goa l  for meaningfulness. 

14. Write s t a t ements  meeting goals .  

15. Check accuracy of answers by ch6cking consis tency with knowns and 
s u b s t i t u t i n g - i a t o  equation.  4 

- 
* .  

Notes: The -nevice may write t h e  goa l ,  unknowns, and knowns p r i o r  t o  ' 
evoking schema and making diagram. 

The novice w i l l  r e read  the problem f requen t ly ,  whereas t h e  
most experienced s o l v e r  w i l l  c a r r y  o u t  quick  lookbacks. 



~ k o b l e m  E x e r c i s e  1 - 

1 .  Mike  h a s  c y c l e d  13 more Km t han  Sam. Together  t h e y  - 

haue c y c l e d  121- Km. F i n d  t h e  number o f  Km Mikc h a s  

c y c l e d .  
\ 

2. The sum o f  two numbers i s  e i g h t  and ,one o f  them i s  'two 

--a 
g r e a t e r  t h a n  the a t h e r .  F i n d  th'e numbers. 

3. Joan gau? t w i c e  a s m u c h  money t o  t h e  Red C ross  as d id  ' 

Anw. If the rum of their gifts w a s  two do1 l a r s  and  
e P 

t h i r t e e n  t e n t s ,  how much d id  . 
\ & 

4. E l l e n  i s  rewen years o l d e r  than  h e r  s i s t e r ,  and t h e  sum 

o f  t h e i r  ages i s  21 years .  How o l d  i s  E l  l e n ' s  s i s t e r ?  

0 

5. A g r o c e r  packs  70 -k i 1 o g r h s  of cook ies .  Thece a r e  28 

. -  m6Fi "# . j logruns o f  c h o c o l a t e  c o o k i e s  than peanut  b u t t e r  

J - c ook ies .  F i n d  t h e  number o f  k i  lograms of c h o c o l a t e  

cook i es. h e  packed. - - 
\ 



Prob lem E x e r c i s e  2 

1. Mr .  S m i t h  a n d  Mr. Jones  b o t h  e a r n e d  i n t e r e s t  on t h e i r  

money. Mr.  Smi th's i n t e r e s t  was t w i c e  as much as Mr. 

Jones'. I f  t h e  d i f f e r e n c e  between t h e  t w o  men's 

i n t e r e s t  was 4510, how much i n t e r e s t  d id  each man 

r e c e i v e ?  

2. Jenny j o g g e d  17 Km f a r t h e r  l a s t  mon th  t h a n  Mark.  T h e i ~  

t o t a l  was 41 Km. HOW f a r  d id  Jenny jog? 

3. Henry  i s  3 y e a r s  o l d e r  t h a n  h i s  b r o t h e r ,  and t h e  sum of 

t h e i r  ages  i s  25 years .  How o l d  i s  Henry? 

4. One o f  two numbers i s  s i x  t i m e s  t h e  o t h e r  and  t h e i r  sum 

i s  one h u n d r e d  and t h i r t y - t h r e e .  F i n d  t h e  l a r g e r  

number. 

5. Jane a n d  Sam do1 i v e r e d  115 p a r c e l s  t h e  week b e f o r e  

Chr i s tmas .  Sam d e l i v e r e d  31 f e w e r  than Jane. F i n d  t h e  

number 04 p a r c e l s  each s t u d e n t  d e l  i v e r e d .  



Problem Exercise 21 

1. The r a t i o  o f  the age of a boy t o  a g i r l  was 7 : 6. I f  

the age o f  the g i r l  was 126 months, f i n d  the age of  the 

boy. 

2. A machine produces 9 items i n  5 hours. How many items 

w i l l  i t  produce i n  20 hours? 

3. O f  every 15 Km I run, I wear weights f o r  11 km. I f  I 

run 330 km, how many km w i l l  I run wearing weights? 

4. F ind the regular p r ice  of a  s u i t  that so ld  fo r  641.25 

a t  a  25% reduction. 

5. Last baseball season the number of  t imes John went up 

t o  bat was 30. I n  those 30 times a t  bat, John got 18 

h i t s .  What per cent of John's times at  bat resu l ted 

i n  h i t s ?  



Problem E x e r c i s e  22 

1. A boy i s  2 yea rs  o l d  and has  r e c e i v e d  36 needles.  I f  

he c o n t i n u e s  t o  need t h i s  med i ca t i on ,  how o l d  w i l l  he 

be by the  t ime he has r e c e i v e d  108 needles? 

2. Gwen's c a r  t r a v e l s  11 k i  l ome t res  on 2 1 i t r e s  o f  gas. 

A t  t h i s  r a t e ,  how f a r  can i t  t r a v e l  on 46 1 i t r e s  o+ 

gas? 

3. Mr. Brown p i c k e d  6 baske ts  o f  a p p l e s  i n  40 minutes.  A t  

t h a t  r a t e  how many wou ld  he p i c k  i n  6 hours? 

4. M r s .  W i  l s o n  pays  $144 t axes  on a .house assessed a t  

64,800. U s i n g  t he  same t a x  r a t e ,  f i n d  t he  t axes  

assessed on a house assessed a t  $5,900. 

5. The r a t i o  o f  the  number o f  o b j e c t s  i n  s e t  A t o  the 

number o f  o b j e c t s  i n  s e t  6 i s  4 t o  5. I f  the o b j e c t s  

i n  s e t  A were grouped by e i g h t s  i n s t e a d  o f  by f o u r s ,  

how wou ld  you d e s c r i b e  t h i s  r a t i o ?  



E x e r c i s e  41 

1. I drove my b i k e  and wa lked  f o r  a  t o t a l  o f  3 hours.  I 

went a t  a  r a t e  o f  30 km/hr on my b i k e  and 5 k W h r  

wa l k i ng .  The t o t a l  d i s t a n c e  was 65 km. F i n d  how f a r  I 

walked. 

2. John packed 10 c r a t e s  i n  a l l .  Each b i g  c r a t e  c o s t s  

81000. Each sma l l  c r a t e  c o s t s  $600. The t o t a l  va lue  

o f  t he  c r a t e s  he packed was 64,200. How many c r a t e s  o f  

each s i z e  d id  he pack? 

3. The sum o f  a wman's  age and h e r  daugh te r ' s  age i s  35. 

I f  the  woman has made 3 fr i ends e v e r y  year  and he r  

daughter  has  made 2 f r i e n d s  eve ry  year ,  f i n d  the number 

o f  S r  i ends t h e  wman has made. I n  a i  i , the  two of them 

have made 99 f r i ends. 

4. A number o f  c a r s  took t h e  24 passengers t o  the  p i c n i c .  

There were some c a r s  t h a t  h e l d  4 peop le  and some t h a t  

h e l d  2 people .  I f  t he re  were 8 ca rs ,  howmany o f  them 

h e l d  6  people? ( A l l  t he  c a r s  were f u l l . )  

5. Ann has  675 i n  65 b i l l s  and $10 b i l l s .  She has 12 

- b i l l s  i n  a l l .  Howmany310  b i l l s  does she have? 



E x e r c i s e  42 

1. Pete  bought  pucks and hockey s t i c k s  f o r  h i s  team. He 

bought 15 i tems i n  a l l .  The s t i c k s  c o s t  67.00 and the  

pucks c o s t  $3.00. I f  he spent  677.00, how many d i d  he 

buy o f  each? 

2. On S a f a r i  John t r a v e l l e d  by jeep  and on f o o t .  The r a t e  

o f  t he  j eep  was 20 km/hr. On f o o t  the  r a t e  was 4 

km/hr. He t r a v e l l e d  128 km i n  8 hours.  How f a r  d id  he 

t r a v e l  i n  each manner? 

3. A g roce r  m ixes  t e a  wo r th  $1.60 p e r  k g  w i t h  t e a  wo r th  

$2.20 p e r  kg, making a b l e n d  t o  sell f o r  $1.80 pe r  kg. 

How many k g  of each s h o u l d  he use i f  he p l a n s  t o  b l e n d  

35 kg? 

4. S m e  c h i l d r e n  i n  the  c l a s s  a re  7 and some a re  8. The 

d i f f e r e n c e  between the  number o f  7 year o l d  and the  

number o f  8 year o l d s  i s  12. The sum o+ the ages i s  

234. F i n d  the  number o f  c h i  l d r e n  o f  each age. (There 

a re  more 7 year  o l ds . )  

5. The number o f  an ima ls  i n  the  show r i n g  was 30. Some 

were  c a t s  and some were t he  owners o f  the  cats. The 

t o t a l  number o f  l e g s  i n  t h e  r i n g  was 94. How many 

owners, how many c a t s  were i n  the  show r i n g ?  



APPENDIX F 

F-1. S c r i p t  f o r  Fami l iar izat ion  
with Structured Worksheet 

F-2. Completed Structured Worksheet 
f o r  Relat ional  Problem 

F-3. Completed Structured Worksheet 
f o r  Proportion Problem 

F-4. Completed Structured Worksheet 
f o r  Two-Variable Two-Equation Problems 
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t 219. 

s e  

Scr ip t  for FamUiar izat ion with Structured Worksheet, 

: I n  solving a problesl there are two main p a r t s  t o  be done. The 
first l a  called representat ion.  This means g e t t i n g  a S h o l e  pioturea  
f o r  the problem. The top half of t h i s  orksheet w i l l  he lp  you t o  get 
a whole p i c tu re  o r  an understanding o a obl&. It has q place E". where you can make a drawl* showing he rePat ionships  -on& the p t s  
of th'e problea (po in t  t h i s  out*). If you would Brefer, you can write 
the problem i n  your own words. #oat people f i nd  i t  p l p f . u l  t o  rhake a 
drawing that shows than what is happening i n  t he  problem. t l  

-.. 

After you have read the  problem and made your drawing (or ;wr l t t en  ' 

Pn your own words?, theg you should write down t h e  ngoaln. The m a n s  . 
what you have t o  f i n d  i n  the  problem. What I don't knowm -- thls is 
where ?ou can Fnlxoduae an unknown.' You could "let Xu' s tand f o r  saee  
number t h a t  you don ' t  kaow., 

a 

- What I known -- t h i s  is your, opportunity t o  write darn what 
information you learned from reading the  problem. " Do you k= the  sum 
of two things? Do y3u know how much money someone hasQ Do you know a ' 
r a t i o  between two numbers? - 

* 

"~ind '  of problemR. If you have w e n  .problems i i k d  this bufore. 
. w r i t e  down the.name of this kind of problem. If you have n o t  seen 
problem3 l i k e  t h i s  'befme, then give t h i s  problem-type a- name o r  
describe &at it is l i k e .  Wme epu t ionw I t h e  l a a t  p a r t  o f  your 3 representat ion.  I n  an equation,  You write own t h e  th ings  t h a t  are 
equal t o  eaoh o ther ,  i n  th i s  problem-. Ramember t h a t  an  equation 
always contains  an equa ls  sign, '  and l a  a sentence that is true.  

Now, you have w r i t t e n  a aentence with an equal s ign,  t e l l i n g  uha t  
th ings  are equal to each o w e r  i n  t h i s  problm. This is an equation, 
a true sentsftoe involvlag numbers, an unknown, and an equal sign. It 
is based on t h e  i n i k a a t i o n  given i n  the problem and shown i n  your 
drawing. 

The b o t t o a  half of t h l s  worksheet ia for t he  second main part of - 
so lv i ag  p r o b l a s  -- solut ion.  This maria t he  s t e p s  you oarrp out  
opera t ing  on the squat ion i n  o rder  t o  get t o  the goal. Show each o m  
of the- steps on the w o r l r s h e e t .  Remember you want t o  firid t he  value 
of the unkawn (1, perhaps) that you introduced i n  t h e  mpre8entat ion.  
wCapafe to the goala mearm look baok t o  the  goal you have w r i t t e n  - for ttn proMm ltart be sttrs towto fir & 4 a U e ~ e r t d )  
th.t m a  goal. n C h s c ~ a  Ikrab that should chbok your 

s - -- 
ea lau la t iona  to  be c w t a i n  there are no a r r o r s  aad check your anayer 

aaparing it to ttm i n f w n t l o n  you wrotezdown i n  the ,  
~~~~~* Iatt are -ng uertafu that the tam a m  - 



eeab8dietorp, ?&at is, do not disagme w i t h  o m  another. Onae you 
brro doas all tbsm steps on Ule bettam bdtf  of the worksbeet, you 
ho* 0.*1*f.d tb. rolutio.. 

Solution -- an the bpttcm hilf of the worksheet. 



Problem 

G o r  

Wha 

3 221. 
Date Elm+ 

/ 

Exp.Phase , Ses8i on Ob. 

I can write/say this probl+em in m y  own woedr or draw a 
.picture. 

Sorr &,*kt+ 

W + k  
. 3 A O  - - 154-1, 

Kind of problmt 

Equation: 

S o l v i n ~  the equation: P . 

Solution; 

c h i l d  drove ~ 1 3 - k m  - - 

Dad a h d  It dravc  
c Ce13ery- It i s  
15% k m -  k drove  



\ 
What I Knwr R u b  J Nr. Jones' )O Ha. J o ~ ~ s '  aje ' 

. f  can write/sty. th is  problem in my own words or draw a 
p i c t u r ~ .  R&hb - 

- 

E q u a t  ion: 
d 



I c an .b i t+ / sar  t h i s  problem i n  m y  own words or draw a 
jou+s picture. ducks 

x + Y -  6 - 

 umber 04 ah and 9 
drrcks in on4 pen, 



APPENDIX G 

Relational 
Relational 
Ropor t i on  
Propor t i o n  

Baseline Set  A 
Baseline Set B 
Baseline ~ e ' t  A 
Baseline Set  B 

'Itro-Variable Two-Quatlon 
Baseline Set  A 

Wo-Variable Two-Qua t ion 
Baseline Set  B 



. - Base l i ne Se.t A 

1. A r t  a n d  F r a n k  w o r k e d  o n  Monday. They  p a c k e d  336 c r a t e s  
\ 

i n  a l l .  A r t  p a c k e d  h a l f  a s  many a s  F r a n k .  tiow many 

d i d  A r t  pack?  

2. The sum of t w o  f l i g h t s m a d e  by a p i l o t  i s  a d i s t a n c e  o f  
3 

260 k i l o m e t r e s .  One f l i g h t  i s  t h r e e  t i m e s  as l o n g  a s  

t h e  o t h e r .  F i n d  t h e  d i s t a n c e  o f  each  f 1 i g h t .  

3. F i n d  two  c o n s e c u t  is@ i n t e g e r s  whose sum i s  t h i r t y - n i n e .  
------ --- -: 

4. F i n d  four c o n s e c u t i v e  i n t e g e r s  s u c h  t h a t  t h e  sum o f  t h e  

second  a n d  t h e  f o u r t h  i s  one h u n d r e d  s i x t y .  . 

5. M i s t e r  C. i s  13 y e a r s  o l d e r  t h a n  M i s t e r  0 .  The t o t a l  

o f  t h e i r  ages  i s  51. F i n d  t h e ,  i g e  - o f  M i s t e r .  C. 

6. A m a n  i s  21 y e a r s  o l d e r  t h a n  h i s  son. The t o t a l  o f  

t h e i r  ages  i s  101. How o l d  i s  eac3? 
' 

C 

7. M a r y  a n d  Tom w o r k ~ d  i n  a. g r o c e r y  ) t o r e .  

w o r k e d  32 hours l a s t  w ~ e k .  .Mary w o r k e d  

t h a n  Tan. F i n d  t h e  number o f  h o ~ r s ~ T a m  . - -- - - 

/ 

T o g e t h e r  t h e y  

4 h o u r s  l o n g e r  



i- d 

8. Daisy, Lynn and Steve were w a l k i n g  i n  a marathon t o  

r a i s e  money, A l t o g e t h e r  they  wa lked 30 k i l m e t r e s ,  b u t  
- 

~ t " e v c  k1K.d 3 more than Lynn, and Lynn wal Ked 3 more 

than Da i r y .  How many k i  l a n e t r e *  d i d  each person walk? 

9. A coat  and h a t  c o s t  $40.50 and the  coa t  c o s t s  s i x t e e n  

d o l l a r s  more than the  ha t .  How much does the  coat  . '  
c o s t ?  +, 

1 

10. A b o t t l e  .andoa s topper  ,cost  one do1 l a r  and ten  cents ,  
- 

and the b o t t l e  c o s t s  one d o l  t a r  more than the  s topper .  

How much d i d  each c o s t ?  



RELAT I Oa\lAL 

Baael i ne Set  8 

1 .  F i n d  two consecu t i ve  even i n t e g e r s  whose sum i s  

f i f t y - e i g h t .  

2. A house i n  town i s  wo r th  $1000 more than a  house i n  the 

coun t r y .  The va lue  of the  two houses i s  643,600. F i n d  

the  va lue  o f  each house. 

3. A  wcnnan r e c e i v e s  tw i ce  a s  much i n t e r e s t  a s  h e r  husband 

o n ' h e r  investments .  The t o t a l  i n t e r e s t  r e c e i v e d  by the  

two of them i s  81782. How much i n t e r e s t  does the woman 

r e c e i v e ?  , 

4 ,  E ! l m  worked 7 b ~ y s  longer a t  the f a r m  than he r  s i s t e r ,  

and t he  sum o f  the  days t hey  worked i s  21. How many 

days d id  each g i r l  work a t  the  farm? 

5. The 1 a rge r  o f  two numbers i s  f o u r  t imes  the ma1 l e r .  

' F i n d  the  numbers i f  they  add t o  twen ty - f  i ue .  

6. A m a n  wa l ks  t h r e e  t imes  as  f a r  as  h i s  son. I f  the 

t o t a l  d i s t a n c e  wa lked  by b o t h  i s  16 k i  l m e t r e s ,  h w  f a r  

d id  each wa lk?  



228. 

7. Mark has  c y c l e d  13 more k i l o m e t r e s  than  Sam. Together  

t h e y  have c y c l e d  89 km. F i n d  t he  number o f  krn each boy 

h a s  c y c l e d .  

8. Sandy r a k e d  1 eaves f o u r  t imes as 1 ong a s  Jenny packed 

them i n t o  garbage bags. I n  t o t a l  t h e  g i r l s  worked 15 

hours .  How l o n g  d id  each g i r l  spend wo rk i ng?  

9. Mrs. Jones i s  f i v e  t imes  as o l d  a s  h e r  granddaughter .  

How o l d  i s  each i f  t he  d i f f e r e n c e  between t h e i r  ages i s  

36? 

10. A boy i s  seven t i m e s  as o l d  a s  h i s  puppy. The sum o f  

t h e i r  ages i s  16. F i n d  t he  age o f  each. 



PROPORT I ON 

Base 1 i ne Set A 

1. Joan saved 625 i n  9 weeks. At that  r a t e  how long w i l l  

i t  taKe her t o  save 9175? 

2. A new computer p r i n t s  12 words i n  the time i t  took the 

o l d  p r i n t e r  t o  p r i n t  5 words. The o l d  p r i n t e r  p r i n t e d  

795 words i n  an hour. Haw many words w i l l  new p r i n t e r  

p r i n t  i n  an hour? 

3. On a  map, 3/4 cm represents 12 km. What distance i s  

represented by 7/4 cm? 

4. Sales tax on a  6500 purchase i s  $20 .  H o w  much would an 

i t e m  sost  i S  the  sales t a x  was B i 7 ?  

5. Jim b u i l d s  models t o - s e l l  a t  a c r a f t  f a i r .  He b u i l d s  3 

i n  14 hours. H o w  long w i l l  i t  take J i m  t o  b u i l d  42 

mode 1 s? 

6. On a  t r i p ,  t h e  r a t i o  of Km dr iven t o  gal lons of gas , 

used i s  43 t o  2; How many ga l lons of  gas were used i n  

d~- i v i ng 903 km? 

7. Th is  o l d  book has been i n  my fami ly  7 years f a r  every 2 

Years I have been a l i ve .  I f  I am 36, f i n d  the age of  

the book. 



8. The r a t i o  o f  a man's age t o  h i s  daughter's age i s  10 t o  

4. Tho man i s  40. Haw o l d  i s  h i s  daughter? 

9. The number o f  h i t s  n b a t t e r  got i n  200 times a t  bat  was 

55. What percent of h i s  times a t  ba t  d i d  he get  h i t s ?  

10. 96 compared t o  180 i s  the same as 16 compared t o  what 

number? 



PROPORT I ON 

Basel  i ne Se t  8 

1. What number compared t o  56 i s  t h e  same a s  9 compared t o  

14? 

2. A1 bought  a  gu i t a r  on s a l e  fo r  320. He saved 20% o f  

t h e  r e g u l a r  p r i c e .  What did t h e  g u i t a r  c o s t  b e f o r e  t h e  

sat1 e? 

3. Oranges s e l l  a t  5 f o r  39  c e n t s .  How much do  15 oranges 

c o s t ?  

4. A t  work, John f i x e s  3  t r u c k s  f o r  e v e r y  2 c a r s  he f i x e s .  

L a s t  week he r e p a i r e d  12 c a r s .  How many t r u c k s  d id  he 

5 .  12 compared t o  75 i s  t h e  same as what  number compared 

t o  loo? 

6. A d i s t a n c e  o f  2 cm on a  map r e p r e s e n t s  120 km. What 

d i s t a n c e  i s  r e p r e s e n t e d  on t h i s  map by 5 cm? 

7. A m o t o r i s t  t r a v e l l e d  172 km on t he  T r a n s  Canada Highway 

i n  2 hours .  How l o n g  w i l l  i t  t ake  h i m  a t  t h a t  r a t e  t o  

t r a v e l  301 k i  l omet res?  



232. 

8. S u s i e  s t o c k e d  9 s h e l v e s  a t  t h e  g r o c e r y  s t o r e  i n  50 

m i n u t e s ,  A t  t h a t  r a t e ,  how l o n g  w i l l  i t  t a k e  h e r  t o  

s t o c k  81 s h e l v e s ?  

9, I n  o u r  f a m i l y ,  w e  c a l c u l a t e d  t h a t  my Dad h a s  1 i v e d  11 

y e a r s  f o r  e v e r y  3 y e a r s  I have l i v e d .  I am 12 y e a r s  

o l d .  How o l d  i s  my Dad? 

10. A man h a s  l i v e d  3.5 y e a r s  f o r  e v e r y  1.5 y e a r s  h i s  son 

h a s  l i v e d .  If t h e  son i s  30, how o l d  i s  t h e  man? 



t 

The sum o f  Steve and Tun's ages i s  30. Steve has 
s 7 

v i s i t e d  5 c o u n t r i e s  eve ry  year, and Tom has v i s i t e d  3 . 

c o u n t r  i o s  e6ery year .  The t o t a l  number o f  c o u n t r  i eS  
t 

t hey  have v i s i  t e d  i s  106. F i n d  Steve's age and T m ' s  

age. 

I t r a v e l  l e d  760 km, some a t  100 k W h 6  and sane a t  80 

km/hr. The t o t a l  t ime i t took was 8 hours .  ~ i n d  the 

d i s t a n c e  I t r a v e l  lad a t  100 k d h r .  - 

r 
A man canmow a  lawn i n  24 m inu tes  and t r i m  a shrub  i n  

B 

18 minutes.  ~ e s t o ' r d a y  he worked 414 minutes,  and 

completed a t o t a l  o f  19 jobs.  How many -1awhs d id he, 

c u t ?  

Aunt A1 i ce has saved +SO, a1 1 i n  q u a r t e r s  and dimes: 

She'counted her  c o i n s  and found t h a t  she has 380 c o i n s  . ' 

a l t o g e t h e r .  How many d i m ~ s ,  and q u a r t e r s  does she # 

have? 

* 5 

e I 

The number *f books i n  a- l i b r a r y  i s  i000.  Some were . 

60rkowed t w ' i c ~  this. year .  The r e s t  were borrowed 3 

t imes.  he t o t a l  number 

the  number o f  books t h a t  

o f  l o m s  made was 2700. F i n d  
C 

were loaned once. -,. 



i *o+k rt a WecwY a t m e .  I mix cool<ieo w o r t h  96 
b 

cents a kg w i t h  cook ies  w o r t h  72 c e n t s  a K g  t o ' - S ~ l I  a t  

76 c e n t s d  ~ p .  I +  I r e q u i r e  ~ C I  W Q  o f  mixed cookies,  . 

Robert: rid+s,to Frank 's  house w i t h  a message and Frank . 

t&*s the  m+rrag. the  r e s t  o f  t h e  way. The t o t a l  
. - 

b t9 tance  i s  25 km, and the whole opera t  i o n  takes  4 , 
I 

hours.  How f a r  did Rober t  c y c l e ?  
5' 

8'. 1~ 4 d r ~ r  t he re  a r e  36 stamps. Sane a r e  34 cen t  

strwrgn, and- soctw ace 4 cen t  rtGps. T h e i r  to ta l , '  u a l w  _ ,,- 

8 I 

i s  58.64. F ind the  number o f  34 c e n t  stamps. 

'R, Two men t oge the r  have a t o t a l  age o f  60 years.  Joe has . --. - 

been sick  once each ypar.  Frank has been s i c k  tw i ce '  . 
+rch rear. At tog. t h e r  they  h a w  bean si  ck 85 t imss. 

10. A big  box  c o n t a i n s  .8 toys .  A smal l $ox c o n t a i n s  5 
- 

t o r s .  The t o t a l  number of t o y s  I had was 58. 1 p u t  
e -- - -  

thmn i n t o  7 boxjr.. F i n d  the number o f  I a r g s  boxes and 

t h e  n&r of s m a l l  boxes. 



Type 3 

1. S tewar t  has  25 stamps; s m c  a r c  c e n t  stamps and t h e  
I 

r e s t  a r e  18  c e n t  stamps. The v a l u e  of a1 1  t h e  stamps 

i s  S4.09 How many stamps af each k i n d  d o ~ s  he h a w ?  

2. B e t t y  s o l d  soft d r i n k s  a t  t he  schoo l  f a i r .  Each b ig  

g l a s s  c o s t  S1.00 and ~ a c h  sma l l  g l a s s  Cost  S0.75. She 

s o l d  90 d r i n k s  f o r  a  t o t a i  of  $71.75. ~ a u h a n r  sof t  

d r i n k s  o f  each s i z e  d i d  B e t t y ' s e l  l? 
a 

,' 

3. Sun and L a u r a  h a d  a  t o t a l  of 19 c a v i t i e s .  T h e i r  ages 
- 

sum to  12. \Sam has had  1  c a v i t y  each year .  Lau ra  has 

h a d  2 c a v i t i e s  each year .  F i n d  t h e i r  ages. rC, 

4. The n u m b e r A o f  p e o p l e  a t  our  school  f a i r  was 500. Some 

were c h i l d r e n  and sane were a d u l t s .  T6e c h i l d r e n  p a i d  . r 

40.50 and t h e  adu l  t o  p a i d  %1 .2S. F i n d  t h e  number o f  

a d u l t s  who a t t ended ,  i f  we took i n  9362.50 i n  

adn i  ssi ons. 

5. Two boys  l eave  towns 33 km a p a r t .  One w a l k s  a t  a r a t @  
\ 

, of 3 km p e r  hour .  The o t h e r  w a l k s  a t  a r a t e  of 6' km 

p e r  hou r .  HW long d id  each boy wa l k ,  i f  t h e y  met 

a#ter  a total of 8 Aoueo of w a l k i n g  had taken  ptrcu? 



6. Two people t w t h e r  have a t o t a l  aQe o f  80 Years. Nan 

has l i v e d  i n  1 h w s e  pe r  year.  Jen has l i v e d  i n  2 

houses pe r  yeac. The t o t a l  number o f  houses they  have 

l i v e d  i n  i s  110. F i n d  the  age of Jon. 

7. There a r e  mere q u a r t e r s  than d i m e s  i n  a  ~ C Q Q Y  bank. 

The d i f f e r e n c e  between the number of q u a r t e r s  and dimes 

. I S  10. ,The t o t a l  va lue  of the c o i n s  i n  the bank i s  

$7.75. Fi.nd t h e u m b e r  of  each c o i n .  

8,  Them were 4 boxes of candy; ,a 
+ 

number o f  them were 

l a r g e  and the r e s t  were smal I .  

con ta ined  30 p ieces .  Each m a  

p ieces .  A1 toge ther  thg re  were 

Each 1 arge box 

1 1  box c o n t a i n e d  20 

170 p i eces  o f  candy. 

F i n d  the number of m a 1  1 boxer .  

9. A b i rd  f l e w  w i t h  a 'w ind  assi~t' a t  20 k d h r .  Vn 
' when. the w i n d  s t o p p ~ d  he' c o n t i n u e d  t o  + l y  a t  15 km/hr. 

He t r a v e l  l e d  110 km i n  6 hours.  Find the  d i s t a n c e - h e  

t ~ a u c l  l e d  a t  each.speed. . f 

10. John works 27 hours  i n  t o t a l  a t  two jobs .  I n  the  

f i;st j o b  he npKer I t o y s  each h w r .  I n  the  second j o b  

h'e maker 8 t o r s  ~ a c h  hour.  A1 toge ther  he made 204 
- - 

. toys .  How many hours  d.id he w o r l  a t  each job .  



b 

, APPENDIX H 

Thi nk-Aloud Pr.otocol8 
cs 

H-I.  Instructfons for Think-Aloud Protocol 



DATE : NAHE: 
. . 
EXP. PHASE: ' GROUP: 

INTERVIEWER: . RECORDED : 

PROELEN: L TIME : 

INSTRUCTIONS FOR THINK-ALOUD PROTOCOL, 

T 

I am going t o  g ive  you a mathematics word probled t o  read and work 

/an out  load. on. I w i l J -  ask you t o  begin by reading t h e  probl Then I " 

w i l l  g ive  you i n s t r u c t i o n s  t o  &M& it out  loud 
-- - - -- -- 

Let 's  t r y  t h i s  idea  of th inking out a mu l t i p l i ca t i on  

question.  L is ten  t o  the  i n a t r u c t i o n s . ~  w i l l  have an 

opportunity t o  ask me any ques t ions  you may have. 
d 

- - - - 

-- 

~ e r e  are the  i n s t ruc t i ons :  Read the  problean ou t  loud. Then t r y  t o  

think out  loud. I bet  you sometimes do t h i s  when you are alone and 

working on a problem. I am not primarily i n t e r e s t e d  i n  your answer. . - 
I am i n t e r e s t ed  i n  all you are thinking a s  you do the question.  Don't 

p lan what t o  say; but l e t  your thoughts be out  loud. Da not t r y  t o  
Y 

explain  anything t o  me. Pretend no one is here  but yourself .  Do not 

tel l  me about the  so lu t ion ,  BOT SOLVE IT. 



Here is the mul t ip l i ca t ion  question. Read the question and think out 

loud while you s o l v e  i t .  
-- - 

t 



, 
- 

, PROMPTS :, TCEEP TALKINGu OR "LET ME HEAR YOUR THINKINGn 

After 6 seconds of s i l ence .  - 
I 

I I 

When necessary t o  encourage s tudents  t o  revea l  t h e i r  thought 

processes. 

\ / / 

ASK f o r  questions and ANSWER any quest ions  the  s tudent  may have, 

before repeating- i n s t r c c t i o n s .  / 

C 

Here are the i n s t ruc t i ons :  Read t h e  p~oblem out  loud.. Then t r y  t o  

th ink out,loud. I bet you sometimes do t h i s  when you a r e  alone and 

working on a problem. I am not primarily i n t e r e s t ed  i n  your answer. 

\ 
I am in t e r e s t ed  i n  all you are thinking as you do the  problem. Don't 

plan what t o  say, but l e t  your thoughts be out loud. Do not t r y  t o  

explain  anything t o  me. Pretend no one is. here but yourself .  Do noth  

t e l l  me about t h e  so lu t ion ,  BVT SO&VE,ITI , 



APPENDIX 

Representa~ive  Transcripts o f  

Instructional  Sess ions  ' 

Sess ion o f  Instruct ion i n  Representation Third 

Who Completed 
1 

for  Proportion Problems with a Student 

Three problem lTypes 

Solut ion for  1-2. F i r s t  Sess ion  o f  Instruct ion i n  

with a Student who Relational  Problems 

Problem Types 



.P 

, 

- 
Excerpt $ram Third' Session of In s t ruc t i on  
f o r  h p o r t i o n  ~ r o t d e m ~  with a Student . , 

Who Cmpleted Three Problem Types 

I: Sandi, I want you to take a look before we start a t  t he  ques t ions  
t h a t  gou ask yourse l f  f o r  represent ing t he  pyoportdon problems? 

4 * - 
S: OK. Have I read and understood each sentence? Are t he re  any 
. words whbse meaning I have t o  ask? Have I g o t  ' the whole p i c tu re  , 

of represen ta t ion  for, t h i s  problem? Have I w r i t t e n  down my 
. representat ion on the  worksheet? Goals. Unknowns. Knowns. Type 

of problem and reasons. And the  equation. What problem f e a t u r e s  
should I focus on so  t h a t  I know whether I cqn use t he  
rgp reaen ta t ims  I have been taught? 

I: OK. In  proportion problems, remember that t h e r e  w i l l  be two 
r a t i o s  t h a t  w e l l l t b e  pu t t ing  equal t o  each other.  I n  the problem 
as you read, you &ill find one r a t i o .  And then one element out  of 
the second r a t i o .  And the  element t h a t  you dont t know out  of the  
seaond r a t i o ,  remember t h a t  you w i l l  be pu t t ing  t h a t  equal t o  X. 
OK? That w i l l  be the  unknown. 1'11 model t he  first couple 
probloems and then I'll get you t o  do t he  next three .  And i f  
you ' l l  & them ou t  loud, 60 out  loud, then I can l i s t e n  t o  how 
y o u l m  thinking and respond. And you can do the let one s i l e n t l y  
and I w i l l  g ive  you a set of f i v e  t o  do a s  an assessment. OK? 
This w i l l  be Assessment #3 i n  representat ion.  So i f  you g e t  80% 
or  100% i n  the  f i v e  p h l e m a  t h a t  you ' l l  be doing today, then 

' we' l l  be going on t o  so lu t i on  f o r  proportion. OK. F i r s t  I have 
t o  read and understand each sentenc?. The e a r l i e r  steamship run  
w a s  a t  the r a t e  of 240 kilanetres i n  32 hours. The first sentence 
g ives  me a r a t i o  between the  d i s tance  and time, f o r  t h e  earliest 
steamship run. Then I have some .new information, a new case -- 
how far would I expect t he . sh ip  t o  t r a v e l  i n  13 hours? So the 
d is tance  is going t o  be what I don ' t  know. And t h e  second r a t i o .  
And I know t h a t  the time i n  the  new case, o r  the  second r a t i o ,  19 
13 hours. Then I want t o  g e t  t he  whole p i c tu re  -- a 
repre8entation,  s o  I put d m  w r a t i o  and t h e  information f o r  t he  
new case. For the r a t i o ,  it w i l l  be d i s tance  over ti-. The 
dibtaace was 240 k i l o m t r e s  and the  time was 32 hours. I n  t he  new I 

case,  I don't know the dis tance,  s o  i t  w i l l  be X k i l a n e t r e s ,  but  I 
do b a r  the s h i p  is going t o  t r a v e l  f o r  13 hours. Both i n  We 
aame u a i t a  on the top. Both i n  t h e  same units on t h e  bottom. 

- -  

l'li48 is a proportion prbblem. My goal thed is t o  f i n d  t he  
d i s t a m e  the sh ip  would t r a v e l  i n  13 hours. What I d o n t t  know. 
1'11 let  -the dis tance  t r ave l l ed  i n  13 hours equal X. .And t h a t ' s  
the only th ing  I dont t know in th is  case, isn't i t ?  What I know 
is that t h e  r =% of d i s tance  t o  time was 2M t o  32. O r  I could f I -  

i2 



write it 240 over 32. And I know tha t  time i n  t he  new case is P3 
hours. My equation w i h  have d i s tance  on the  top f o r  both r a t i o s  
and time on t h e  bottom', , 240 over -32 = X ove r  13. Any questions,  
Sandi? (no quest ions)  
OK. Problem 12. The number of 'cookies that '  can be made'with t he  
rec ipe  is 2 dozen; This r ec ipe  requi res  2/39 of a cup of but ter .  
How much b u t t e r  would be needed t o  make 72 cookies? I'll have t o  
watch my u n i t s  -+cause. here  I have i n  dozen and here I have i n  ' 

cookies. So I'll change dozen t o  cookies. So I ' m  going t o  have a 
r a t i o  with nmber  of cookies and cups of bu t te r .  What's-given is - 
two dozen, which i s ' 2 4  cookies. And 2/33 of a cup of bu t te r ,  In 
the  new case t he  ,number of cookies 'is,'/2 and t h e  amount of bu t t e r  
w i l l  be X. We don't know. The goal is t o  f i nd  amount of bu t t e r  
needed f o r  72 cookies. We'll l e t  X equal the  amount of buttier 
needed f o r  72 cookies. Now, what we know is t h e  r a t i o  of number 
of cookies t o ,  cups of b u t t e r  is 24 t o  2/39. And you w i l l  no t ice  
t h a t  we have a f r a c t i o n  on t h e  bottom of a f rac t ion .  But t h a t ' s  
OK. When we're working on so lu t i on  1'11 show you haw t o  work with 
tha t .  . The o the r  information t h a t  we have is t h a t  you want t o  make 
72 cookies. 

S: Could you change the  fl 'action,  t he  2/3, i n t o  d e c i n d q  Points? Is 
t h a t  what I do? 1 

I: Yes. You could do it t h a t  way .or work w i t h ' i t  & a f rac t ion .  
1' 11 show you haw t o  do both and then you can decide which 'way 
you'd l i k e .  The equatiqn, i n  the"  equation f o r  a ropor t ion  
problem, we're s e t t i n g  two 6a t iog  equal t o  each &her. So 24 o v h  # 

2/33 is equal t o  72 over X. OK? Any questions.  (no quest ions)  

Do you want t o  do problem 3 thinking out  loud Sandi? 

I; OK? And i f  you have any problems you should ask. 

# S :  OK. 
( pause 1 

Wanda picked 15 apples  i n  two minutes. A t  t h e  rate, how.many. - 
would she pick i n  14 minutes? OK. Ratio is picked appres over 
minutes. And i t  would be 15 applea over 2 minutes. I2 t h e  naw 
o&=, apple8 is X, beoa~m w e  &aft kna# h~ th-0 And 
minutea is 14. My goal  is t o  f i nd  out how many apples  Wanda oan.  
pick i n  14 minutes. Uhat I dop't know, wet11 l e t  X equal t he  
amount of apples picked i n  14 minutes..  And what I know, that t he  
r a t i ~  of apples  to-etinutes is 15 wer 2. In the new awe there in 
14 minutes. The kiM of problem is proportion.  id the equat ion 



J L 

is* apples over minutes. That's 15 over 2 is eqqal t o  X over 14. 
f 

Good. Number 41 
( pa- . - 

Mrs. ~ i l s o n  pays $900 taxes oh h6r house assessed a t  15,000. 
Using the  same t a x  rate, f i n d  the  taxes on a house assessed a t  
18,400. OK. The r a t i o  is t axes '  over assessed. So it would be 
900 over 15,000, And t h e ,  new caqe, we don1 t know t he  t axes  s o  - 

t hey ' l l  be equal X dnd t h e  assessed value of  t h e  house i n  the n e w  
caae is $18,400. Find the  taxes  on assessed house a t  $1 8,4dC. 
And &hat I don't know, well-1 let  X equal t ax  r a t e .  What I know 
1 

* * *  

It tells yoa -tr um, using the same rate. So it says  assuming 
the tax r a t e  doesn' t  change, f i nd  the  tax on a house assessed a t  
18,400. So what you've l e t  X be here is not r e a l l y  t he  t ax  r a t e ,  
but thet. . . . 'I 

Taxes. I 

Taxes. Right'. . - 
i ' 

S: OK. What J know, is  t h e  r a t i o  of taxes  t o  assess_ed is 900 over 
15,090: And the new case,  the asseased is a t  1'6,406. The kind of 
problem it is -- proportion. . . 

a - 
I: , HOW do you kn* t h a t  it 's a proportion problem, ~ ~ d d i ?  

S: ,Because i t  has r a t i o  and proportion i n  it. 
t 

J: OK. Ibe proport ion i s  whek set two i a t i o s  . e + ~ d  t o  each 
. other ,  i s n f  t it?- 

1 

3 : Tares over aasessed f o r  the equation is 9 0 ~  -over 1 5,000 and X over 
18,MO. & 

I: And If i t r s  an equation,  what w&ld you have t o  have, Sandi? 

S: An,squals sign.  

1: OK. very g o o d , h n d i .  



-- ' 

% Excerpt from Second Session of  In s t ruc t i on  
i n  Sa lu t ion  f o r  Relat ional  Pro6lems with a Student . . 

Who Completed Two Problem Types - 
1 

Dave, remember we've f in i shed  with lea rn ing  and practgcing 
represen ta t ion  or  t he  first p a r t  of problem solving,  understahding 
what's i n  the  problem, and using t h a t  information t o  g e t  a proper . 

- equation t h a t  expresses t h e  dnformatiorr i n  the problem. Nofi  wet re 
going t o  start lea.r&& how t o  solve those equations. Uhen y o u t 3  
solving an equation,  you =e t r y ing  t o  f i nd  t h e  answer or t he  
goals  t h a t  y o u , w o t e  d m  when you understood the problem and d id  . 
your representation., I n  o rde r  t o  ge t  t h a t  goal,  which might be 
how much money l-does Sam have, how old is John, o r  f i n d  the coat  of 
t he  tie. What you have t o  do is t o  solve the  'equation, or, f ind 
t he  values of X t h a t  s a t h f y  the  equation -- f i n d  the  values of X 
t h a t  make the two s i d e s  of' t h e  equation equal t o  each other.  OK? 
So what w e ' l l  be doing is  working through a s e r i e a  of s t e p s  t o  
f i n d  what n h b e r s  X, o r  what number i n  some cases,  X .ac?tually took 
the  place o f . ,  Remember i n  represen ta t ion  we  said t h a t  w e  would 

-F---- 

l e t  X take the place of something we dont t how. Now wql rego ing  
t o  f igure  ou t  what number it is -- t h a t  t h a t  X a c t u a l l y  took t h e  
place of. O r  i n  some cases what numbers. I n  each c l s e  when 
you're so lv ing  a problem, t h e  f i r s t  th ing you ' l l  do i s  the  
representat ion.  Understand the prbblem and work through u n t i l  you 
have a representat ion.  Because you need the  equat ion i n  order  t o  
do the  solving.  Then w e ' l l  be using a set of. self q u e s t f o , ? ~  t h a t  

. 

you ask 'yourse l f  to .gu ide  you through the  s t e p s  i n  solving an 
equation, . . . . 

- 

. Dad and I droveYto 'Kelowna. It was 1,448 miles. ffe drove t h ~ e e  
times as far a s  I did. How far did I d r ive?  - 

I 

r s .  

Find how far t h e  k n  drove. 'I guess it 's the  son i s n ' t  i t ?  
I 

\ . % 

L t X equal t he  son.rt Let X mul t ipl ied by three.  equal t h e  Dad. 
I know ... t h a t  a l t oge the r  they drove ~1,448 M l e s .  ... And t h a t  
Da .d drove three tlms as far aa the  a m .  " . . . Equation X plys X 

B .  mult ipl ied by 3 equals 1,,448 k i l m e t r e s .  
> 

OK. ' You have t h e ,  q u a t i a n .  Do you understand the  problem? 

Yeah. 

I n  solving t h a t  -equation t he  fl&t s tkp is t o  aak y ~ u r ~ l f , t h e  
quest ion Vfave I w i t t e n  the  e q u a t i ~ a ? ~ .  Y o u  know khat  y m  have 
wr i t t en  an equat ion i f  what you have w r i t t e n  has an equa ls  sign. 
And values on each s i d e  of it. h d  i n  each ca s s  i t  



does. Soaretimes when we're writidg an equation, w e  fo rge t  t o  1 

'write an  equals  'sign and what comes behind it. h d  i f  you have 
just wr i t t en  X 8, X + 3 anti s t o p  there ,  it wouldn't be an equation, , 
would it? What i t  means t o  have wr i t t en  an eqdation is that 
everything on t h i s  s i de ,  i f  you do all of the  operat ions  t h a t  are 
indicated here, t h i s  w i l l  be 'equal t o  this s i d e  of t h e  equation. 
OK? If you th ink  of a balanoe beam. Do you know what a balance 
beam is l i k e  i n  science? Where t he  two s i d e s  are balanced -- even -- a t  t he  same height. They are the same. If you add t o  one s i d e  
of the balance -beam, it goes down. And i f  you want t o  make them 
even again, gouldrhave t o  *take some weight o f f  where you add it, 
or  what could you do? 

Put mox$ on t h a t  side.  * Ja 
, D .  

Put  more on th i a - sbh ,  ' m u l d  go d m .  And whatbwas heavier  
would c a w  back up. So when you db something t o  one side o f , t h e  
,two arm balance, you have t o  do it t o  'the other.  And t h a t ' s  what 
happens with an equation. If two things  are equalc, and then you J 
add'more to one s ide ,  i t  won"t be equal again 71 _ you'add t h e  
same amount t o  t he  o ther  side.  You have w r i t t  an equation, and 
a l l  the  way through when you're solving t h i s  ou have t o  remember 
t h e  two s i d e s  are equal, ' What I do t o  t he  one s l d e  -- I must do 
' t o  the other-What's t h e  second quest ion tbt you ask yourse l f ,  
Dave? 

0 Have I expanchd the  t e rn s?  
0 

Expanding terms usual ly  -- what w e  mean by &a t  is t h a t  you w i l l  
do the work t h a t  is indicated by the  brackets. h d  sometimes ' 

y p u v l l  f ind that you have a bracket -- sap, like t h i s  one t h a t  has  
Rlht? bad 'you'll  have a number. But i n  f r o n t  of 
times what's i n  t h e  bracket. I n  t h i s  case i n  t h e  ~ 

wrote, 3 times 3X. When gou expand t h e  terms, 
you ' l l  wyrk t h a t  out. So t h a t  would bet, i n  t h i s  case,  9X. OK? 
You're faalliar with expanding the  terns that are i n a i d e  t he  
k a c k e t ?  Suppose you had 4 tims X plus  2. Do you remmber what 
i t  would+an t o  expand t he  term? mat would w e  do i f  w e  
mul t ipl ied that out? F i r s t  we multiply 4 times X and we get 4X, 
and tha$ we mult iply  4-t-a Z .  RZ@t? And all your rules abaut  
W@ afgna that you!re j u s t  working on now i n  your hath class would 
apply If them are negative signa,  and s o  on. Right? If you had 
5 t m s  2 - 3 5 X w a l d  "be 5% 5 t-s -3 would -1 5. 
So expar@ng your terns is a naae f o r  samthins Q M T  ymrve  
already learned about. OK? In our  mse, in the q u a t i o n  we have, 
i na ide  the. bracket  we ' have X tiaes 3. And the s4mplebt way t o  
write that, for &lviag an equation, -d be 3X. So when you 
expand the t e n ,  we would say X + 3X = 1,448. And usua l ly  when 

I 



- - 
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welm doing t h e  equat ions ,  it's important t o  remember t h a t  this is 
kilometres.  But we won't write t h i s  i n ;  we don ' t  want t o  get them 
mixed i n  wi th  t h e  o t h e r  numbers and letters i n  , the equation. X + 
3X = 1448. We've expanded t h e  terms a s  muoh as w e  can. 'How, 
what 's t h e  next s t e p  we have t o  do? What's the t h i r d  q u e s t i o n ' t o  
ask?  

St Have I w r i t t e n  o u t  my s o l u t i o n  on t h e  work s h e e t ?  
P 

I:' And t h e  first &ep i t  a s k s  yo i?  P 

S: Col lec t  l i k e  terms on each s ide .  9 

I: Do you know what the  express ion " l ike  termsw means? 
I 

S: It means t h a t  - a l ike  on each si'de. 

I: Right. So what are t h e  two t h i n g s  are a l i k e  .on each s i d e  of. t h e  
0 

equat ion?  .-, 

S: The l e f t  s i d e ,  ' t h e r e t  s only the X. 
, %., I 

I: There's X and . .. t h e  l e f t  s i d e  of t h e  = s i g n ?  Everythim$ t o  t h e  
l e f t  of $he = s ign.  You have X and". . 

S: ,OW, two X's! 

I:, Yes. X and X ~ 

( i n t e r r u p t s  
S: X and Ib 

I: X and 3X 

What do we understand t h e r e  is i n  f r o n t  of t h i s  X?- If it j u s t  
s a y s  X it s t a n d s  f o r  "1XU. Right1 So, i n  cambinin& t h e  l i k e  
te*, we don1 t add anything new t o  t h e  equation.  We j u s t  do t h e  
o p e r a t i o n s  t h a t  are i n d i c a t e d  i n  t h e  equaeion. We do them f o r  t h e  
terms t h a t  are t h e  same. So, here  w e  have 1X 4 3X. We add t h m ~  
toge the r  and ,get 4X. We d i d n ' t  put  anything new in .  All w e  d i d  
was combine the same kinds  of  terns. And it 's still equal  t o  
1448. The next  thing t h a t  w e  have to do ,... what 's  t h e  next s t e p ,  
Dave? 

- - 

S: Solve  f o r  unknawna? 
3 

I: Whoops: We missed one1 , 

3: I s o l a t e  t h e  unknowns. 



0JK. ffave I isolated the unknowns? What t h a t  means is t h a t  you 
w a n t  to  have the unknown that youlre  working with ,  i n  t h i s  case  
tbat'a X1un. t  it? On o m  a ide  of the equation. We don't want a 
wbola bweb 6f numbers and o the r  things here  wi th  it. We want t o  
gat i t  iaolabd so w e  oaa find out  what 1X is. Right now we have 
tars f ten alom' on OM s i d e  of the  equation. Don't we? Because 
we haps 4x ](u&la sare th iag .  - 

Tuah. - d  
90 w* re petty. well a & a p l i s h e d  that .  How, we have t o  solve'  f o r  
a r t  wkaam. Ye have t o  f i n d  ou t  what X, 1X is. We now know 
wbrt 4'X fa. ttbually we do this by us i& t h e  inverse '  operat ion of 
wbcttTs hers. OK, ue have 4 times X. matts the inve r se  of 
Wtipty iag  -I tbe oppocrite? 

% 

D f  ~ 1 b S ~ ~  P 

W-t I Dividing. So what. we have t o  do t o  f i nd  ou t  what 1X i s  
divide M a  s i d e  of the  equation by 4. But i f .  we db this f o r  one - 

a i d e  UP the wuation, we have t o  do' i t  t o  t h e  o ther  s ide .  So we 
dfvide both aid- by 4. OK. . 4X divided by 41  ' 

W i l l  give us 1X. &nd 1548 divided by 41 , 

362. OeE. Ikw wphr0yp~a€ If is. Naw w e  know what it vas t h a t  X 
vaa btupdfng far up hem when we a d d  "Let X equal haw far the  son 
drovew. & soon am we f ind  the value of X, w e  have f oun& . . 
ibf fu- the son drove. 

Bow far the aon m v a .  How, what was the goal that we started 
vfth? 4 

Piad far the am drma. 
L 

Right. Ikw w * v a  aolred ?or our unknoun, we have to check our 
ummr against tlm m. Beeawe our goal d l d n l t  sag t o  find X, 
did it? It s l i d  to  fiad bar far the 8on drove. So o w  so?utiqn 



r I 

w i l l  be that t h e  son drdvd 362 kilometres. Itf s o f t e n  helpful  t p  
f i gu re  out  what the .  o ther  'term is because -then you can cheok t o  

I 

make sure  t h a t  you're r igh t .  Let 's  f ihd  how far Dad drove. What 
d id  we say up here  nhat  Dad drove, i n  terms of the .ynknown? 

X mult ipl ied -by 3. 

N o w  you know X. Right? So multiply i t  by 3 ,  and then you ' l l  know 
how fam Dad drove. 

Canyoumake, t h a t  c l e a r ?  ( c a n f t q u i t e  understand) 

Yes'. * 0 

,1086 

1086 k i l & e t r e s  Dad drove'. OK. How eould you check t h i s ,  Dave? * 

Add them together.  

Why don' t  t h a t  and we ' l l  see i f  you're r i gh t .  

and paper: 

Whatever you l i k e .  

( pause 

And usual ly  what w e  do where it says check is t o  write down the  
.two terms -- 362 + 1086 = the  t o t a l .  And put a l i t t l e  check mark 
t o  show that you've checked i t  and you know you're r ight :  
There. That ' s how we solve the  equation. Those are s t e p s  you do 
t o  ge t  the a c t u a l  answer t o ,  urn, t he  goal. What i t  was you set 
out  t o  find. Do yop have any quest ions? 

No, but I w i l l  as soon as I start doing it! 
- ---A -- 

5 

I'll do problem t l  -- th inking €EMi@ out  loud. The 
representation, and then the so lu t ion ."  Stop m e  i f  you have any 
queq tiona. 

A a r b  and t ie  coat $12.60, If the s h i r t  w a s  $2100 more than the 
tie, f ind the cost of t he  tie. 

Remeaber fiaa the representat ion,  f i r s t  quest ion I ask myae l f  
is T h e  Thead and u n d e r 8 ~  eaah bentence?m and the first 
santeaoe tells me the total coa t  of the  two items. So I know 



tha t ,  t o  do my representat ion,  I am adding two thillgs together and 
g e t t i n g  a t o t a l  of  $12.60. The second sentence tells me t h a t  the  
s h i r t  cos t s  $2.00 more than the  tie. That's my r e l a t i o n a l  
statement so  t h a t  I k n a c  t h a t  t h s  t ie is the  s implier  th ing  -- t he  
coat  of the tie, and t h e  cos t  of the  s h i r t  is t h e  same as t he  t i e  
and then $2.00 more. OK. Now represen ta t ion  . . . the cos t  of 
the  - t i e a h e  cost of the  s h i r t ,  which is $2.00 more, together  
are $12.60. And the  l a s t  pa r t  of the problem tells m e  t h a t  my 
goal is t o  f i nd  t h e  cos t  of t h e  tie. What I don1 t know, I ' m  going 

. t o  le t  X equkl the cost  of the t i e  and X +2 w i l l  equal the  cos t  of 
t he  sh i r t .  I know the t o t a l  of the  two"costs is $12.60, and I 
know tha t  the  a h i r t  cos t s  $2.00 more. I know t h i s  is a r e l a t i o n a l  
probled, because of the  r e l a t i o n a l  stateauent t h a t  t he  s h i r t  c o s t s  

' 

$2.00 more than the  tie. I don't y e t  know how much each costs.  
But I know the  r%la t ionsh ip  between them. My equation is going t o  
be the cost  of the  tie, which is X, p l u s  the shirt, which is X+2. 
1'11 put t h a t  i n  brackets because i t  a l l  s tands f o r  one cos t  here. hs 
And i t  equals $12.60. OK. I n  the  solution; the  first ques t i sn  I * 

ask myself is q a v e  I wr i t t en  an e q u a t i ~ n ? ~ ,  and I have. I%ave 
an = s ign  with values on each s ide .  Have I expanded the  terms? 
I n  this case, i t  w i l l .  j u s t  be a case of removing the  brackets, t 
because there ' s  nothing t o  multiply the bracket by, X + X + 2 = 
1260. The next queation I ask myself "Have I w r i t t e n  out  the  
s t eps  of my so lu t ion  on the worksheet?". The first s t e p  I ' m  
supposed t o  write out is t o  c o l l e c t  l i k e  terms on each s i d e .  On 

- the  left  s i d e  of the  = s i g n  . . . 

I: R i g h t .  I add X + X and I get 2X. I still have 2 there.  2 X  + 2 = 
$260. You not ice  t h a t  each t b e  a s  you do a s t e p  you still write 
out the f u l l  equation, so  t h a t  you have the whole equation wr i t t en  
out with the change it i n  t h a t  you've done. ~ e x k ,  I have t o  
i s o l a t e  my unknown. That means g e t t i n g  the It term a l l  by itself 
and prnferably,  it seeras easier, and the custcm is $0 have i t  on 
the l e f t  s i d e  of the  equation. Well, t h a t  means t h a t  I don ' t  want 
this +2 here ,  do I ?  But you remember, that i f  I do anything t o  
one s i d e  of the equation, add anything i n  o r  take anything away, I 
have t o  take away, o r  add Jn, the  same amount on the  o the r  s i d e  of 
the  equation. Usually w e  remove- terms by using t h e  inverse  f o r  
the operat ion tha t1a  here. I have +2 here, 2 is added on. The 
imerae of adding is  subtraoting.  So I take away 2 from t h a t  s i d e  
ofthe -tion d 2 frog that a f h .  OK? On t h e  left a ide  of  
t h e  = sign I'll have left the term 2 X  and on t h e  right s i d e  1260 
t&b away 2. I'll have 1060. 2X is  equal to $10.60. What am I 

I try* t o  f ind  rigPlt oar? The value of . . . 1X. Rlght? And then 
1'11 tm t h a t  to find my goal. Haw I know what 2 times X l a .  To 
f ind 11, 1'11 have .to divide both s ides  of t h e  equation by 2. 
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Does t h a t  make sense t o  you? 

Yeah. 

If  you know what 2 times something th i s ,  you know t h a t  you can 
f ind the  value of one of them by dividing by 2. So I g e t  X = 
$5.30. Step 1, w e  reached the  first s tage  of g e t t i n g  where we 
want t o  be. We know the value of the  unknown. N o w  w e  go back and 
check our answer with t he  goal. And the  goal was? - 
To f ind the cos t  of t he  tie. 

And, i n  f a c t ,  we l e t  t he  cos t  of the  t ie  equal X. So we've got  
the  ansker t o  that now, don1 t we? So we write down t h a t  the  oost " 
of t he  t ie is $5.30. In order  t o  do our checking, i t 's usua l ly  
helpful  t o  f ind  the  o the r  value,  o r  values involved. So we wr i te  
down what the cos t  of t h e  s h i r t  is. The cos t  of t he  shirt was X + 
2. If X is 530 then we have t o  add 2 onto that .  What must the  
c o s t  of t h e  s h i r t  be? 

$7 ;30 

Right. How w i l l  we check? 

Add the $7.30 and the  $5.30. . 
And w e  f ind we g e t  $12.60. So w e  know we must be r i gh t .  OK? If 
the  quest ion was one where i t  talked about the  d i f fe rence  between 
two things  and we set up our represen ta t ion  i n  our equation with a 
d i f fe rence  here. Then you ' l l  remember t h a t  when you check, you 
wouldn't add theae two th ings  together,  but you'd f i nd  t he  
d i f fe rence  between them. Right? 

Uh huh. 

Because when you're checking, you're r e a l l y  doing, checking what 
you knew t o  start with, t he  t o t a l  corresponds with what you go t  
after you did  your ca lcu la t ions .  There. OK. Do you have any . 
ques t ions  about t h a t  one? 

No but I probably will when I stet doing it! 

How would you like t o  t r y  one? OK. Why don' t  you t r y  t h i a  t 

problem? I th ink  you did  t h e  represen ta t ion  f o r  it yesterday. 
12. The problem about t he  ages of Mrs. Johnson and her  son. If 
you get s tuck,  ask, and use t h e  question8 t o  guide you through.. . . - 
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ORIENTATION SCRIPT 
. . ( F i r s t  Day o f  I n t e r v e n t i o n )  

For the coming weeks w e  w i l l  be working toge the r  to-improve your 
a b i l i t y  t o  do mathematical word problems. * 

There are a number o f  reasons  why we may have d i f f i c u l t y  with word 
problems. I w i l l  t e l l  yau about  f o u r  of these  reasons.  

1. Sometimes w e  are so busy th ink ing  'about what opera t ion  w e  w i l l  
have t o  do ( a d d i t i o n ,  s u b t r a c t i o n ,  m.u.ltiplication, d i v i s i o n )  t h a t  we 
fail  t o  read c a r e f u l l y .  One t h i n g  we:  w i l l  be-doing i n  t h e  coming 
weeks is read ing  each sentence  c a r e f u l l y  t o  get t h e  informat ion  
ou t  of it. This  means unders tanding s p e c i f i c  words a lso .  I w i l l  
sugges t  you a s k  me the meaning-of words you don ' t  know. And I w i l l  
h e l p  you t o  write down i n  a few words what each sentence  t e l l s  you. f 

2. Another r eason  w e  sometimes have d i f f i c u l t y  is t h a t  we don ' t  
g e t  t h e  whole p i c t u r e  i n  our  minds o f  what the problem is about. We 
need t o  make a r e p r e s e n t a t i o n  o r  p i c t u r e  of t h e  whole thing.  This may 
be i n  words o r  p i c t u r e s .  Usually this tells u s  what kind of  problem 

F@ we are d e a l i n g  with. You w i l l  be p r a c t i s i n g  g e t t i n g  a p i c t u r  of t h e  t whole problem, and c a t e g o r i z i n g  t h e  problem t o  decide  what kind i t  is. 

3. A t h i r d  cause  of d i f f i c u l t y  wi th  word problems is no t  being 
a b l e  t o  break a problem down i n t o  smal l e r  pa r t s .  We w i l l  be - 
p r a c t i s i n g  working on problems i n  two s t a g e s  - Understanding t h e  
p r o b l m  well enough t o  write an  equa t ion  ( r e p r e s e n t i n g )  and, l a t e r ,  
s o l v i n g  the  equation.  

-? 

4 .  The l a s t  d i f f i c u l t y  wi th  word problems is o f t e n  s o l v i n g  a n  
equa t ion  and making c e r t a i n  t h a t  your s o l u t i o h  a l lows you t o  complete 
your g o a l  f o r  t h a t  problem. This  is t h e  l a s t  t h i n g  w e  w i l l  be 
p r a c t i s i n g .  

I n  summary, i n  t h e  coming weeks you w i l l  be l e a r n i n g  what is c a l l e d  a 
s t r w .  You w i l l  l eabn  t o  a s k  yourse l f  a a e r i e s  of 

q u e s t i o n s  s o  t h a t  you can s o l v e  p r o b l e m  i n  two phases. F i r a t ,  you 
w i l l  l e a r n  t o  understand o r  w r e p r e s e n t m  a type of  problem a o  that you 
can w r i t e  an  equat ion .  Af te r  you have p rao t i sed  and maatered t h i s  
first phase, then  you w i l l  ooacen t ra te  on ao lv ing  t h e  equation.  Them 
two phases w i l l  be p r a c t i s e d  far a amber of t y p e s  of  p~oblema.  - 

For each type of problem, I w i l l  f i n d  o u t  how well you do on a phase. 
Then, i f  you. need p r a c t i c e ,  I wi l l  demonstrate (show you),  you w i l l  
p r a c t i c e  wi th  guidance, and t h e n  you w i l l  demonstrate (.ahow me) what - 
you have learned.  

3 



C- Them a c t i v i t i e s  should he lp  you t o  be successful  with word problems 
o f  various types,  here. a@ i n  your classroom. You shouLd use  these  
s t r a t e g i e s  whenever you are  doing word problems. I 

(.In thi6 idtroductI-on,  'I  w i l l  take time t o  answer any that  
s tudents  may have about my role, t h e i r  part ic ipat ion,  and t h e  project  
i n  general .  1 k 



General, Scr ip t  about Word Problems 

kogd problems are sometimes ca l led  problems. Usually there  
a r e  a number of sentences t h a t  t e l l  a s tory.  I t m  su re  t h a t  you have 
read var ious  kinds of s t o r i e s  -- qys te r ies ,  westerns, animal s t o r i e s .  

A 4 

What is your f avour i t e  kind of s to ry?  

Ustal ly  each kind of s t o ry  has  a predictable  form. I mean, f o r  
i - example, t h a t  price you know a s to ry  is a mystery, o r  a western, you - 

know what f o m d t  w i l l  take. You may even pred ic t  t h a t  a number of 
things 'will-happen. Have you read or  seen a mystery? Can you teLl me 
wha$ usual ly  hapwns a t  the  beginning of a qystery? (Some crime takes  , 
place, o f t en  a body is found or a murder is committed.) Then what * 

. form does t he  a c t i o n  take i n  the  middle of the  s to ry?  (You and $he 
,de tec t ive  search f o r  and f i nd  c lues  -about t he  crime or  mwder.) Can 
you 'tell me about ' the  ending or  conclusion of a mystery? ( The 
de t ec t i ve  f i gu re s  ou t  who-dunqlt and so lves  t he  case.) Every s to ry  - 
a l s o  has contextual  d e t a i l s  t h a t  make i t  In t e r e s t i ng ,  but do not t e l l  
you what kind of s t o r y  1.t is. For example,-the main charac te r  i n  a . 
mystery can be a man or  a woman who'is a profess ional  dqtect ive ,  o r  a 
young person l i k e  you who l i k e s  t o  solve puzzles. Young o r  old,  ' f a t  
o r  t h i n  -- ths contextual  d e t a i l  wont t t e l l  you what t of s t o ry  i t  
is. The robbery o r  murder can take place dn a t r a i n ,  i n  a engush  

. - 
"$ 

country garden, o r  i n  a school i n  Vancouver. The s t o r y  w i l l  be a 
mystery i f  i t  has  t h e  form of a mystery. Can'you think of another 
contextual  d e t a i l  t h a t  wonlt,i,affect what kind of s t o ry  i t  i s ?  

. There are -a number of types of s t o ry  problems j u s t  a s  there  a r e  
types of s t o r i e s .  Each type has  i ts  awn form and is predictable.  You 
w i l l  l e a r n  to '  know what t o  look f o r  i n  t he  form of' t he  s t o r y  problem 
s o  you can decide what type of problem i t  is. Each s to ry  problem a l s o  t 
has  contextual  d e t d l s .  But l i k 6  the  s t o r i e s ,  these are not a 
r e l i a b l e  w i d e  t o  t he  type of. s t o r y  problem. A problem could be about _ 
money, age or  doing work. What e l s e  could a s t m y  problem be about? 
(Buying some thing,  d i s tance  o r  t r a v e l l i n g  somewhere, about t e a t .  marks, 
e t c .  ). 

h 

Word problems have q u a n t i t i e a  o r  amounts i n  them. These may bb 
made c l e a r  t o  you. Or they may be unknown, and you w i l l  have t o  
figure them out. I n  t h e  simplest  s t o ry  problems, t he re  are three  
quant i t i ea .  Two are expressed i n  numbera -- they are o r  M. 
The third is m. You must figure t h i s  o m  out by using what you 

A known. The f a o t o r s  we know arct given i n  numbera i n  the  problem. - Or - 

they are things  we know from experience. There are 7 day8 i n  a week, 
100 cm i n  a metre, and s o  on. . . 

The q u a n t i t i e s  w e  don't know are the o m s  we are t ry ing  t o  f i g u r e  
out. I n  order t o  f i n d  the  unknowns w e  begin by l e t t i n g  a letter 



w 
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256. 
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"stand f o r u  o r  "take the  place o f u  a number w e  don't know. If  we 
-. don't know Sam's age, and this is Important t o  the  problem, we say,  ... 5 e t  X = Sam's agew. The letter X could be any number. We don't  

know i t a  value yet. By l e t t i n g  X take the  place of t h e  unknown,- w e  
make it eas i e r  t o  f i nd  t h e  quan t i t y  we don't know yet. Now we can 
t a l k  about i t  and o a l l  -16 by name - l i k e  Wr. Xu, the  ' s t ranger  whose 

we donf t known, We f i g u r e  out t h e  d n q n  from the  things  w e  
know i n  the problem. 

.3 

We w i l l  study th ree  types of word probI.ems, one type a t  a h e .  
Each type of problem is l i k e  a type of story.  It has  c h a r a c t e r i s t i c s  
o r  fea tures  which he lp  you t o  decide which type of s t o r y  problem it 
is. I ' w i l l  explain  these %athematicalu f ea tu re s  t o  you s o  you can 
recognize them. They are concerned with t he  mathematical r e l a t ~ o h -  
sh ip s  i n  the problem. For example, a problem may be about t h e  
relationship between two quan t i t i e s .  One number is th ree  times a s  b ig  
as another. A boy is 24 years  younger than his  dad, and so wd-- Each 
problem a l so  h a s  contextual  d e t a i l s ,  o r  a "cover s toryw.-  It is about 4 

age, number, money, dis tance,  o r  work. But t he  cover s t o r i e s  w i l l  not  
help you decide what type of problem it is. Each typecwi l l  have a l l  
f i v e  cover s t o r i e s .  (Shaw example of problem shes t  wi th  f i v e  cover 
s t o r i e s .  ) c 
Summary: 

We w i l l  be p rac t i s i ng  word prot&ems, one type a t  a time. 
It w i l l  he lp  you t o  l e a r n  t o  identifp- each type of problem by 

looking a t  the mathematical r e l a t i onsh ips  among t h e  var iables .  Cover 
s t o r i e a  w i l l  vary, s o  they won't he lp  you. Now I w i l l  t eacb  you about 
t he  worksheet you w i l l  be doing your problems on, and the  two phases 
of problem solving -- represen ta t ion  and solut ion.  



- - -  

Teaching RepresentatIan f o r  Relationdl Problems . 
o i 

The first type of problem welare going t o  study I have oal led ' 

RELATIONAL. I n  each of these problems you w i l l  f ind  a r e l a t i o q l  
statement. Finding a r e l a t i o n a l  s,tatement w i l l  he lp  you t o  i d e n t i f y  a 
problem as a r e l a t i o n a l  problem. d r e l a t i o n a l  statement i s  a sentence 
that t e l l s  you about one th ing  you donl t  know ( o r  one unknown 
quant i ty )  i n  term of its re l a t i onsh ip  t o  something else tha6 you 
don't know (another unknown quant i ty ) .  Let me g ive  you an example: a 

"problem may say t h a t  I am twice a s  old  a s  you. Does t h i s  prob1.m say  
how old you a re?  (s tudent  expected t o  say no) Does i t  say how old I 

P am? (s tudent  expected t o  say no) But it does t e l l  us  t h a t  one thing 
we don't know is twice as much a s  something w e  don't know. This is 
what  I mean when I say t h a t  one unknokn (my age) is expressed i n  terms . 
of its r e l a t i o n s h i p  t o  another unknown (your age which has  not been 
given e l  t h e r  ) . 

I 

Let ' s comide r  another examplz. 4 r e l a t i k l  problem contains  
t h e  statement t h a t  Jane has  $4 more than Mary. Do we know how much 
money Jane has? Do we know how much money Mary has? What do we know? 
Th%t's right, w e  know t h a t  Janeshas $4 more. What do we call this 
kind of statement? What do we c a l l  t h i s  kind of problem? 

I n  r e l a t i o n a l  problems w e  a r e  given same add i t i ona l  i n f o m a t i o n  
about the  quan t i t i e s .  For example, w e  may be to ld  t h a t  t h e  sum of -our 
ages i f  45. That means t h a t  when we add the two ~nknown ages together  
w e  w i l l  get 45. This information-will  help us  t o  write an  equation o r  
a t r u e  mathematical sentence ,about the  q u a n t i t i e s  i n  the  problem. Or 
w e  may be to ld  t h a t  the d i f fe rence  between two unknowns is 20. In  
th i s  6 a s e  we would know t h a t  i f  we write down the  larger quanbiby 
minus t he  smaller  quant i ty  equals 20, we w i l l  g e t  a t r ue  mathematical 
sentence, or equation. - 

How can w e  f i gu re  out what two things  a r e  t h a t  we d o n l t  know,'if 
w e  have the  r e l a t i o n a l  statement and the  t o t a l ?  Remember I t o l d  you 
about using a letter t o  take t he  pl'ace of something you don ' t  know. 
In r e l a t i o n a l  pro6leras )re usaa l ly  let  the  s implest  unknown equal x o r  
X o r  any o the r  l e t t e r  you l i ke .  Let's say-hat X s tands  f o r  your age 
which we donrt  know. If I am twice as old, I must be 2 times X years  
old. That is because twice means 2 times and 2 times X is 2X. . I n  
r e l a t i o n a l  problems w e  l e t  t h e  o t t e r  s tand f o r  the  s implest  Unknown. A/ - 
Then we state #e second unkn i n  term8 of its r e l a t i onsh ip  ' 

- 

( re la t fona l .  s ta tement)  t o  t he  first unknown. 

Suppose the s implest  unknown w a s  X and t h e  o the r  w a s  30 -re. 
Uhat is 30 m o ~  than X? X + 30 is 30 more than X. If a man is 7 
years  younger than X how o ld  is he? X-7. - 



The r e l a t i o n a l  statement i n  a r e l a t i o n a l  problem te l ls  you t h e  
t ionship between two var iables .  Sometimes th i s  is a complicated 
once. Try t o  f i nd  the simplest  var iab le  and set i t  equal t o  X. 

Then figure % out  the  value of the o the r  var iab le  i n  r e l a t i o n  t o  X. 

t Now I w i l l  show you how-to use t he  sel f -quest ions  t o  represen t  
r e l a t i o n a l  problems on the  worksheet. 



Teaching Solut ion fo r  ' ~ e l a t i o n a l  Problems 
, a  1 

You have w r i t t e n  an'equation.  You w i A l  be working t o  f ind  the  
values of the  u&nowns o r  ,letters i n  t h i s  equation. That is your 

' 

subgoal. Your real goal is t o  .answer the  quest ion t h a t  y~,u wrote dawn 
beside GOAL on t h e  woyksheet. You want t o  f i nd  t h e  goal. And write a 
sentence t h a t  answers t h a t  question.  

The equation t h a t  you w r o t e  he lps  you ti do that .  &t an 
equation is a s p e c i a l  sentence. It says  t h a t  the  l e f t  s i d e  is equal 
:to t he  r i g h t  s ide .  ThZs is l i k e  a del icatedy balanced scale .  Think 

' about the  balances t h a t  you have used i n  science:  (hold ou t  hands' to 
show an equal-arm balance 1. If you- place more weight on one s ide  <of a 
sca l e ,  then what must you do t o  make both s i d e s  equal h a i n ?  Right, 
add t h e  same amount t o  t h e  o ther  side.  Equations are l i k e  t h i s  too. 
Whatever you do t o  one s i d e  you must do t o  the  o ther  side.  baeoause 
t h e  two s ides  aPe equal. If you add anything i n  t o  t he  .equation from 
outs ide ,  take anythiag away, o r  multiply o r  d iv ide  one s i d e  of the  . 
equation by a number t h a t  you introduce,  then you mus$.be c e r t a i n  t o  
do the same thing t o  both s i d e s  of 'the equation. Remember t h a t  the- 

" 

equation is l i k e  t h e  equal arm bdlance. -1 
f 

Q 

When yo" a r e  adding terms t h a t  a r e  a l ready i n  an equation, there  . 
are a couple pf things  you mus remember. You can only add terms t h a t ,  
are l i k e  each other.  You have heard the  expre-ssion t h a t  you can1 t add 
apples  and oranges.= Well you o a n l t  add X + 2 and get 3. 1X + 2X = 3X 
and 1 + 2 = 3, but Xi + 2 is X + 2. That as why we 4111 ba t r y ing  t o  
i s o l a t e  the  unk;lawns, t h a t  is g e t  a l l  the  X ' s  together  on one s ide  bf 
the  equatton. Then wea c w  say. 3X = 30, ' o r  samething l i k e  that .  'After 
t h a t  it is easy t o  f ind  t h e  value of lX./- Usually we add and s u b t r a c t '  
before we mul t ip le  and d iv ide  i n  solving thpse equations. YijuioUld 
see  i n  what I w a s  showing you t h a t  we need t o  c o l l e c t  a l l  the X ' s  
together  i n  order t o  f i nd  the  value of each one. 

1 want t o  remind you about operat ions  t h a t  are the opposi te  o r  
obverse of each other .  If you add 3 t o  your,rnoney, haw aan you g e t  
back t o  what you had t o  start with? Rlght, you sub t r ac t  3. If you 
mult iply  what you have by 5, and then want t o ,  undo t h a t  operation,  
what m u s t  you do? Rimt, d iv ide  by 5. I n  solving our dquationa we 
w i l l -  f requent ly  be using the  oppoaite operat ion after we have , 

col lec ted  (added, subtracted) l i k e  terms. . - 

,It w i l l  be necessary t o  check your ansue; with the  goa l  you 
a ta t6d  i n  t h e  representation, when you have f inished.  W e  a mntenue - 
t o  s a t i s f y  t t a t  goal. Soms people h igh l igh t  t h e i r  anawer by c i r o l i n g  
o r  underlining. . . 

I 



Then you m u s t  check your answer against  what. you wrote down t h a t  
you knew i n  the repre:wntation. Y o i i  anmisr must be cons is ten t  with 
these findings. Is the rela&ionall. statement s t i l l  true when you 
auba t i tu te  these values i n t o  it? If s o  you are f in i shed ,  i f  not check 

" .your aolution,  i f  probleuz not found, check your representat ion;  
problem not found, aak f o r  zasiatanoe. 

Now I w i l l  show you h& t o  use the self-questions t o  f i n d  the  
so lu t ion  t o  r e l a t i o n a l  problems on the worksheet. 



- - 

Teaqhing Proportion Problems 

, 4  " ' 

The next type of ' problegs we ' w i l l  work on are proportion 
problems. & 

I " .  # 

They- have rati%; i d  *them: $: 3 

' ,  
You o f t en  need t o  compare ,one quant i ty  with another. You get 9 

/ 

, - + I -  - quest ions  co r r ec t  on a recent  test. There were 10 ques t ions  i n  all cm 
t h e  test. You compare the  number cor rec t  t o  the  number of quest ions  
9/10 o r  9 : 10. , . 

1 

Both a r e ' r e a d k s  "9 coapared t o  1 y  o r ,  fo r  sho r t  " 9  t o  10". 9 and 10 
are ca l led  t h e  Rtermsw of the  r a t i o .  

. . 
Sometimes i n  a problem we have two r a t i o s  which are q u l v a l e n t  ' , 

r a t i o s .  That means t h a t  they are equal t o  each other .  Equivalent 
r a t i o s  make up a proportion. ' - 

For example : 
- 

To ob ta in  18/20 from 9/10, ycu mult iple  both t he  numerator ( t op )  
and the  d e n o w t o r  (bottom) by 2. How do you ob t a in  27/30 from 9/10? 

L-. 

I n  proportion problems, you w i l l  f ind  one complete r a t i o  suuh aa 
4/5, which w e  w i l l  call the  given r a t i o  o r  t he  r a t i o .  You w i l l  a l s o  
fAnd one incomplete r a t i o  such as something you don1 t know compared t o  
25. T h i s - w i l l  be the new case. Let X take t he  place of the  something 
You don' t  known 6 

*Let me give you an example: You have obtained 4/5 prob lem . 
C 

cor rec t .  If there had been 25 problems, and you were j u s t  a8 
success fu l ,  'how many problems would you have had co r r ec t ?  4/5 is B 
equal t o  W25. When you have a complete r a t i o  and. an inoomplete 
r a t i o ,  then you know t h a t  it is a proportion problem. 5 is equal t o  X 
compared t o  25. k 

Now I 'will show you how t o  use the sel f -quest ions  t o  represent 
proportion problems on the  worksheets. e 



6/15* This proportion m y  also be axpressad as 2 : S *- -- 
proportion fa bath fonas i s  read '2 is t o  5 as 6 is t o  

,b 

fcru. trrrs i n  r -propartion as awn: I - 
2 * A <- third 
5 n 15- <- .fawtB 



5 4- a 

263. 

+e inverqb of the conp le te  - r a t i o .  In t h i s  case, mult ip l e  9 .ndwx 

1 i, - 5 25 

eacrh by 5. This will give you 1 = a- This means 5X = 100' - 
4 1 00 

H o b  you oan solve t h i s  equatipn t o  f i n d  the value of H. 4 

- 
N w  1 - w t l l  show you how to use the se l f - .quest ions  to ,Pind the 

aolut , ion  to proportion problems, -. 



Teaching Representation of Two-Variable Two-Equation Problems 

. -  
TBeae new problems, our t h i r d  type, are ca l l ed  W e v a r i a b l e ,  .= 

two-equation problans. That is because i n  order  t o  represen t  and 
solve them you w i l l  need t o  use two var iab les  o r  two unknowns. Let 
om or' t he  things  that you don't knw q u a 3  I[. L e t  t h e  o the!  equal Y, 
Yea w i l l  read over the  problem and f i n d  t h a t  t h e r e  are two r e l a t i v e l y  
simple ,unkn-, suoh as t h e  number of dimes aad t he  number of 
quar ters ,  And you w i l l  a l s o  f i nd  t h a t  you know the  t o t a l  of these  two 
unhowns, suak as 15 co i e s  i n  all. That means X + Y = 15. Hawever, 
'&ere w i l l  be more in foroa t ion  given i n  the  problem. This add i t i ona l  
i n foma t ion  w i l l  enable you t o  write a moond equation. The uhla?awn 
quan t i t i eq  i n  th i s  m w n d  equation w i l l  be more omplex. For example, 
ins tead of j u s t  having n u m h r s ' o i  coins,  you may f i nd  t h a t  you have 
tho t o t a l  value of tho aoinn. I n  order to write an  equation i t  w i l l  
be 116Ce88ary t o  we the information given i n  the problem and. 
information that you already have i n  your head. Y o u  know t he re  are It 
dimes. Sou much I 3  each dhe worth? Right -- 10 cents.  Har can you 
find the splue of x dims? ~t -h t ipu  x by 10 cents.  YOU WAU 
get 1OX oents. Now how mrany qua r t e r s  did we say we had? And how much 
is each qua r t e r  w o r t h ?  Haw mu& are Y q u a r t e r s  worth? You can see 
t h a t  1OX + 2 9  c e n t s  w i l l  equal the total  amount of money given i n  t h e  
problem. That , w i l l  *be youp mcond equation. 

P 
< 

Them rabw problems w i l l  r equ i r e  two va r i ab l e s  (X and Y) and two 
q u a t i o m  -- the simples",uation w i l l  involve X and Y. The mope - 
coldplex equation w i l l  involve derived values  that include X I n  one 
cnss and Y i n  the o the r  cam. There w i l l  be two t o t a l s  given i n  these  
prpbleas. And you w i l l  have t~ uue two unknowns. 

--- 

The- prob lma arag be" about age, work,, d i s tanoe  o r  numbers, a8 . 
w a l l  aa momy. Suppow you got o m  book each year  and your f r iend  g o t  
2 boa@ each j%w. w hat the t o t a l  number o i  books the t w o * t  you 
have and the total of pour a&es. Then we could use two w i a b ' l e s ,  one 

.. fo r  eaah we. We oould write two equations -- ow tellin&' a t r u e  
8OnteI3oe about' the total nuaber of years. The o the r  telliag a trw 
santence about the t o t a l  number of b o o b .  mat would be a 
two-variabf e two-equa tPon problem. .. I 

Letts &y sae &. Remember to watch for two q u a n t i t i e s  thab ' 

w i l l  have to M r ep rema ted  by tmknavnrr. Remember t o  watoh f o r  two 
totals t h a t  you can Use tO wlte 8quatl~)lld. 



Teaching S o l u t i o n  f o r  Two Var iable  Two-Equation Problems 
1 

Now, we have two equations,  each conta in ing the  same un@ou 4 s  " 

say X and Y. These are much more'complex problems than we havq solved 
before. To do t h e  s o l u t i o n  f o r  o u r  first two k inds  of problems., 
(relational and p ropor t ion)  we lea rned  an  a lgor i thm t h a t  worked f o r  
each kind of problem. Sometimes you w i l l  come across a oomplicateO 
problem o r  a new kind of problem. I n  these  cases  you may no t  know 
algor i thm o r  a set of s t e p s  f o r  s o l v i n g  t h e  equation. We are going t o  
l e a r n  a.new procedure that you can always t r y  once you have w r i t t e n  
t h e  equa t ion(s ) .  This  is e s p e c i a l l y  h e l p f u l  f o r  unfamil iar  problems. 
This  procedure is called ~ p s t e a a a t i c  t r ia l -and-error .  You t r y  numbers -- n o t  j u s t  any numbers. You choose them forks reason. And you keep 
a record  o f  the numbers you t r y ,  t h e  r e s u l t s  you ob ta in ,  and t h e  . 
outcune. Did t h e  numbers sat isf 'y  t h e  two equat ions?  Was t h e  r e s u l t  
t o o  ' large, o r  t o o  smal l?  

I n  o rder  t o  keep t h e  record  i t  w i l l  be necessary t o  draw a char t .  
. * 

The chart' w i l l  have headings f o r  X, Y, and t h e  va lues  i n  the  
second equat ion,  a long wi th  t o t a l s .  a' 

* 

We w i l l  t r y  th i s  procedure i n  a two-variable two-equation . a 

problem, so you can see how it works. 



< - 

. , APPENDIX K 

. Problems for T h n s f e r  k s k s  

1. 

K-1 . Mew T r a n a f e ~  - Relational 
1-2. New Transfer - Rogortion . Near Tr,aafer - Tw+Variable Tt&&uation 

K-4. Far Transfer - Relational 
, K 4 .  Far Transfor - Proportion 

%. K-6. Far Transfer - Two-Variable 'Pcro-Equation 



T r a n s f e r  E x e r c i s e  1  
- - 

P w - 
1. Barb 's  s c o r e  i n  s p e l  1  ing was  t w i c e  a s  much. as he r  scorb  

b 

i n  math.  The t o t a l  o f  h e r  s c o r e r  was  48. F i n d  h e r  
- --- -- 

s co re  i n  %pel  l ing. 

2; ~ h k  volume o f  t h e  b i g  box was 32 cm3 than the  

voJume o f  t h e  l i t t l  e box.  The sum o f  t h e i r  volumes 
I 

, = was 72 cm3. F i n d  t h e  uolume o f  each box. 
\ 

3. I n  t h ~  ' c l a s s  e l e c t  i o n  Chris ' r e c e i v e d  14 v o t e s  more than 
\ - 

C. 

Mark. T o g ~ t h e r  t hey  r e c e i v e d  22, u o t e s .  'How -many v o t e s  

.. d id  Mark g e t ?  

4. The mass of chemica l  A w a s  3 t imes  as much a s  t h e  mars 

o f  chemica l  -8. The t o t a l  mass was  52 gm. F i n d  t he  

mass o f  each chemica l .  
d 

The d i f f e r e n c e  be twm the  a r e a  

m2.  F i n d  t h e  a r e a  o f ' t h e  m a l l  

o f  .a $ ig  r o a n  and a 

o f  t h e  two a reas  i s  48 

roan. /" 
4'' ' 



T r a n s f e r  E x e r c i s e  2 

I .  The r a t i o  o f  t he  mars  o f  t h e  b i g  box t o  t h e  mass o f .  t he  

m a l l  box i s  3 : 2 .  I f  t h e  mass o f  t h e  b i g  box i s  42 

' v o t e s  d id  Jenny receiu.? 

4. The r a t i o  of t he  a r e a  o f  t he  new rug t o  t h e  o l d  rug i s  

S t o  3. The new r u g  c o v e r s  15 m2. How many m 2  does 

t h e  new r u g  couer?  

5. C h a r l e s  got 10 q u e s t i o n s  r i gh t  i n  s c i e n c e  for e v e r y  3 -_ 

gn, f i nd  t h e  mass o f  t h ~  sma l l  box. 

2. The r o d  c o n t a i n e r  h o l d s  12 m3 for e v e r y  7 m 3  h e l d  by 

the  g rebn  c o n t a i n e r .  The volume of t h e  g reen  c d n t a i n e r  
4' 

i s  56 6. Fizd t he  uolvme o i  t h e  r e d  c o n t a i n e r .  - 
--- - 7 

- --- 
_/- -- _/-- 

3. I n  the  e l e c t i o n  Jenny got 7 v o t e s  f o r  e v e r y  6 v o t e s  

r e c e i v ~ d  by Mary. Mary  r e c e i v e d  18 vo tes .  How many 

- \ '  he  g o t  r i g h t  in math. 

math, how man)! C i d  he 

I f  he h a d  18 q u e s t i o n s  r i g h t  i n  
. I 

haue r i g h t  i n  sc i ence?  



T r a n s f e r  Exerc  i se 3 

l John packed 7 c r a t e r  i n  a1 1'. Each b i g  c r a t e  i s  100 ma,  

&ach ma1 1 c r a t e  i s  60 m3. The t o t a l  volume o f  t h e  

- r a t e s  he packed i s  540 m3. How many c r a t e s  o f  each 

s i z e  d id  he pack? 

-2. In t he  e l e c t i o n s  t h e r e  was a t o t a l  04 24 vo tes .  Mr.  - 
- 

B i g  Spender spen t  $5 f o r  each v o t e  he r e c e i v e d .  Mr.  

'Cheap spen t  *2 f o r  each v o t e  he r e c e i u a d .  The t o t a l  

money spen t  was $81. F i n d  t ho  number o f  v o t e s  r e c e i v e d  

by each man. 

3. Farmer Jones has  6 f i e l d s  i n  a l l .  Each h i g h  f i e l d  is" 

. 60 m2. Each lcw f i e l d  i s  50 m 2  The t o t a l  area  i s  ,340 

m2. How many h i gh f i el ds were t he re?  

4. The mass o f  each box o f  s a l t  i s  30 kg.  The mass o-f 

each box o f  s u l p h u r  i s  20 kg. There a r e  14 boxes i n  

a l l ,  w i t h  a t o t a l  mass  o f  380 kg .  Howmany boxes of . 
< 

s a l  t were t h e r e ?  How many boxes o f  s u l p h u r ?  

. 5 .  On te.st A Sandy r e c e i v e d  3 marks  on each page, and on 
. , 

t e s t  0 she r e c e i v e d q 7  marks on each page. The t o t a l  

number o f  pages w a s  15. I' The t o t a l  number o f  marks was 

Q 
99. F. ind t h e  number o f  pages i n  t e b t  0 .  

d 



1. Jane has--sun* 

/ 

.A 

- much - as  Jane. 

A 

/ . _-H 

Trans fe r  Exe rc i se  4 _ 
- 

money. Sam has $9 more than 3 t imes as 

. Together they have $41. F i n d  how much 

2. q-man i s  2 years  o l d e r  than t w i t e  as o l d  a s  h i s  son. 
r- 

Find, how o l d  the  man i s  i f  " t h ~  t o t a l  b9- t h e i r  a9es i s  
* - 

2 P, 
\ '- __ 

B 

38 .' 4 

3. Jenny Jogged 10 Km-less than 4 t i m e r  as f a r  a s  Mark. 
'i 

 h he t o t a l  d i s t a n c e '  they  jogged was 40. km. F i n d  the 

d i s tance  each jogged. -. 

4 

4. T h i s  week n a r k  worked 3 h o u ' r s , l e s s  than t w i c e  as much 

as  she worked l a s t  week. 0ve.r b o t h  w.eeks she worked 21 

hours. How many hours  d id  she work l a s t  week? 

5. One number i s  3 more t h j n  41 t imes a p o t h i r  +number. I f  
. . 

the sum of the  l a r g e r  number a n d  the  smal l 'er number i s  

33, f i n d  the ma1 l e r  number. F i n d  the 1 arger  number. . , 



Transfer Exerc i SQ S 

1 .  The r a t i o  o f  Mary's age t o  John-'% age t o  Frank's age i s  

3 :2 : 1. I f - M a r y  i s  18, f i n d  John's age. Then f i n d 4  
, .- 

Frank's age. e 

2. For cuery 10 hours Br ian works, h i s  fa ther  wobks 25 ' . , 

- - 

hours, and h i s  mother works 30 hours. Last &nth Br ian ...-,,.-) 

worked 50 hours. F ind  how long each h i s  par.cnts 
I- 

worked. 

3. The r a t i d  o f  three numbers 'is 7 a 5 : 2. The middle 

number i s  35. F ind  the larger number and the smaller 

number. 
. . 

* 
4. Bob h;s $14 f o r  every J i g  Nancy has, and f o r  every %2 

Don has. Don has $18. Find how much rn?ncy Bob ha;, 

and h+ much money Nancy has. 

5. A motor is t  trave1.s 250 km i n  5 hours and uses 4 l i t r e s  

of  gas. At that  ra te ,  how- f a r  w i l l  s h ~  tpauel i n  15 
* 

hours, and how many 1 i t r e s  o f  gas, w i  1 1  she use? 



Trans fe r  Exerc i se 6 - 

c 
- 

Sam has 95.cen'ts i n  n i c k e l s ,  dimes and quar teps.  Ha 
4 b 

has 10 c o i n s  i n  a1 1 .  9 o f  these c o i n s  a r e l ' n i c k e l s  and 
J 

L .  - 
dimes. HQW many c o i n s  *f each k i n d  does he have?. '  . , 

There were r number o f  b i c y c l e s ,  o t r l c y c l e s ,  and carp  

go ing  down the  s t r e e t .  There were 15 v e h i c l e s ' i n , a l l  
. C 

and 45 wheels. 10 o f  these v e h i c l e s  we;. b i c 9 c l e r  ri;b 

t r i c y c l e s .  F i n d  the number of each k ~ n d  of u e h i c l e .  

A c l o t h i n g  f a c t o r y  makes blouses, s k i r t s ,  and dresses. 

A b louse takes  5 met res  o f  mater i 'a l  , a  s k i r t  t akes  7 

metres,  and a  takas  10 metres.  The f a c t o r y  use%' 

a  t o t a l  o f  66 met res  and produces 10 p'ieces o f  
. ' 

c l o t h i n g .  7 of the p i e c e s  a r e  pblouses and d r e k s r .  .. 
- 

How many of each k i n d  a r e  praduced d a i l y ?  

The sum of the  ages of  A and B and C i s 18. The sum of 
-b 

the apes o f  A and 0.  i s  10. A has r e a d  S books c i c h  , 
a 

c. 

r e a r .  0 has r e a d  2 books t a c h  y ~ a r  and C has r e a d  7 + .- * 
' _  ' / -  

- -book% each r e a r .  Altog,th,er they have-read-80 books..' 
-,. . . - .. 

' -  F i n d  aha age o f  A,  B arrd'C. 

t -- 
3 

5 .  A w m 8 n  t r a v e l e d  by bus, t a x i ,  and m a l l  b o a t  f o r  a 
'- . . 

- - ' t o t a l  c o s t  o f  % l l 4 .  The 'bur t o r t  *I p e ~  km, t h e  t a v i  
b 

, -  - 

- ' c o s t  83 pep km, and the  boat:cost %S p e r  Km. she -- 
- 6 

t r a v e l  l e d  - a -  t o t a l  o f  20 kin i n  a1 I, 'She t r a v e l  1.68 of 
\ .  f - 

- - 
those km by bus and t a x i .  F l n d  the  d i s t m c i  she ' . - " I 



APPENDIX 

Problems for ~ n k - h o u d  Protocols 



Problem f o r  Relat ional  Think-Aloud ~ r o t o e o l  . 

Sam has $15 -more than Tam. ' Together they have $82. Find t h e  
armount of money 3 b each boy has. 

Brian saved $50 I n  17 weeks. A t  t h a t  r a t e  hoy dong w i l l  i t  take  = 

him. t o  save. $3501 . . 

Problem for -  Two-Variable Two-Equation Think-Aloud Pro$oool 

Andrew has 18 coins,  some q u a r t e r s  and t h e  regt dimes. The t o t a l  
value of the co ins  if 13-45. Find . the numlbr of each klnd of coin. 



Dependent 
- 

APPENDIX M 
D 

b 

Measures Administered at  d e t e s t  and Posttest 

1 . British Columbia ~pplioatiqns 
' I 

M-2. 42 (British Columbia Grade 10 
Open-Ended Problem-Solving Measure 1 

H-3. Metacognitive Interview 

+ M.4. Flowchart for Administration of 
Me tacogni t ive Interview 

5 .  Classification Task 

M-6. Answer Sheet for Classification Task 
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would: 

You know how much money you had a t  the s t a r t  and a t  the f i n i sh  of an - automobile t r i p .  To f ind put how much m e y  you spent on the t r i p ,  you . 
C 
C 

0 
_ 

add e .......................... 
0 mu1 t t p l y  ..................... 

d iv ide  ..................... 0 . -  
subtract .....,............. 0 

- 
2 

Dorothy earned b cents dh; 
l e f t ?  

D. 

d spent d cents. C I How many cents d i d  she have 

...................... C )  b - d  U . 

I n  1976, a factory produced 320 radios per day. The factory ran 12 hours 
a day f o r  6 days every week. I f  you were required t o  f ind  out  how many 

fi radios were proaced i n  1 week then which o f  the fo l lowing pa i rs  o f  numbers 
- would you use? x 

- 

a. 12, 1976 0 ................... 
b'. q 320, 12 .................... 

-- 
0 

.I C; 12, 6 ..................... 0 ,  
d. 320, 6 0 ..................... 

The age. i n  years, of a t ree i s  represented by T. The age o f  a smaller tree, 
64 yews younger, i s  represented by t. Whlch o f  the  fol lowing shows the 
difference i n  t h e i r  agqs? 



II -- 12 - 278. 

Read the  fol  lowing prob l  em careful l y  and- then sel  e c t a n  open-sentence- 
tha t  w i l l  help t o  solve the5 problem. , 

6 
3 B 

- - - 91 has two priine factors. If 7 i s  one, what i s  the other? 
C * 

a. 9 1 x n = 7  :'a ................ 
;**D b: 91 + 7 = n ................ L .  

.*................ ,- 0 C. n ; 7 * 9 1  
4 d. 91 ; 7 = n ................. 

m b 

" A .  a 
/ 

e boys, each w i t h  the same amount of money. combined t h e i r  mney a'nd 
hased a f o o t b a l l  for  $1 5.60 .and a b a l l  pump for  $4.40. They had 

$40.00 l e f t  a f t e r  t h e i r  purchases. Which open sentence could be used-to 
\. 

determine how much mney each boy .had t o  begin wi th? 
# 

0 a. n ($15.60 + $3.00 + $4.40) = $40.00 ....... :... ............. 
n 

( I !  I t  i s  your job  t o  g ive  ou t  p r o g r a m s  t o  'each, member of the audience f o r  

- your c lass play. The afternoon of the performance you begin 'wi th  95 pro- 
g r a m s .  To f ind  ou t  how many programnes w l  11 be l e f t  over a f te r  the play. 
you w i l l  need t o  know: 1. . 

+ 

....................... '0 a. The nurnbeFof peogl'e i n  the  cast.. .. 
...................... b. The number o f  people i n  the  audience 0 

, n 

c. The s ize  o f  the p r o g r a m  .............. ..:. ................. U .. ' ..................................... 4 u - d. The name of the p lay 

I - * c 

( 3  Mr. .Roberts t r a v e l  l e d  a distance of 200 ki lometres. H i  s car used 1 1 i t r e  of 
gas t o  go 12 k i l m t r c s .  Gas costs 22,cents per l i  t r e .  How much w i l l  he 
spend f o r  gas? Choose the 'correct number sentence. 

/ 

a. 200 x 0.22 = n............ a 
t2 / -  . 

Analyzing Word Problems : out  of 8 



PART B - USE OF DIAGRAMS 

m e t r p .  Each of . . 
the ength of the 
*'3@ ' - 

a t r i a n g l e  has a perimeter of 24 
length. I f  we want t o  ca lcu la te  
fo l low ing  diagrams would helR? ' 

A garden i n  the shape of 
two sides is ,  9 metres i n  
t h i r d  side, which of the 

1 

The l i ne  s c a 1 3 p  on the map e many centimetres long must a ' \  
60 km? 

80 km. How 
distance of 

1 cm.= 
show a 



(11) 'hlhfch of the  diagettms below best i l l u s t r a t e  the problem? 
- - 

C& A apd car  B leave Vancouver a t  the. sane t i m e .  and t rave l  along the same 
riiad, i n  the same d i rec t ion .  Car A goes twice as, f a s t  4s  Car B. Their  . 

Qos i t i on  a t  'the* end of 2 hours i s :  'i 

? .  

. . .  - 
i 

4 I - 
- 

Car A 
b 

2 

X 
Car B b. 

C .................... 17 

Car R 
d .  X 

- - .................... - 0 
I 

q .  

(12)  On a c e r t a h  map, 3 centimetres yepresents -60 kl lometres. flow'many k i l o -  
metres does 6 centfmetres represent? . ' 

a r - ........................ 2~1. 90 0 
......................... b. 100 0 
........................ C. 120 0 
........................ d. 140 0 



. , I -  
- / -- - -- 

(13)- ~Zacl: Hlck cia&, the golfer, h i t s  a golf dr fve i n  the World Golf< 
~hanpionsh+p. Using a metric ruler, find out how far he h i t  the g o l f  
bal l  ff the diagram i s  &awn t o  a scale oF l cm = 50 h. 

, . 



,$, 

L - , - 
-6- t .  

282. - # - - - -  - -- 

d 

(15)  The following dlagmrn represents the map of road j o i n i n g  Town A to . 
. . - 

Town 0. What i s  t h e  actual road distance f r w  A to 87 - - 

0 c - 
I 

2 
. . 

\ 

SCALE : I crn = 20 km 
- - 

*> - 
?> r :; . . a. 8.1 km T................ 0" 

..................... b. 81 km Tl 

Use o f   diagram.^: out o f  7 



9 -  I 

.? 

- \  PART E - SOLV FNG PROBLEMS - - - - --- - - -t- 

7 + 

I - '  
L + 

1 
(21)  1 f .a  bank charges IF.% i n t e r e  er month, -what '1s the 'year ly  r a t e  of 

A C i n te res t?  * ! f \ 
v - + 

, . . 
i -  ................ * 0 .  a. 18% A~+...:- 

I > 

I 

, > .. ............. '0 b. l . 5 % . . . ' . . . . . .  
- ................ . c. 9% .:. ...... 0 9 >  

0 C ,  
d. 12% .......................... 

. /-'- P 

C1 .. 
( 3 2 )  Which o f  the fo l l ow ing  numbers i s  about f i J e  t i p s  as l a rge  a s  ,2501 

- 

- 

0 
. > ..................... a. 1 000 - 

I b.' 1 3 5 0  ................ 1 ..... 4 
i c. 255 .......:............... 0 . 

b . d. 250 ..... ;. .............. * 0 k 

( 3 3 )  How does . 105% o f  a number compare i n  s i z e  w i t h  the  number? 
- 

- 
r -. -0 . * 

* "i) ............ a. s l i g h t l y  l a m e r .  
- r l  , '.. ............. + b., more than twicef 

CF ........... . c. s l i g h t l y  smal ler 0 : w  

0 d. less than ha l f  ...... -.: ..... 
+/ b 

, . . 

( 3 4 )  Last baseball season. John w e p t  up t o  baf 30 times. I n  those 30 times a t  
, bat, John got 18 h i t s .  What percent o f  John's times a t  ba t  resu l ted  fn  
h i t s ?  

- 

a. 167 ................ : ....... 0 
b. 60: ........*.. : ............ 

- -% 

0 .  
C .  30 ....................... 0 .  

a d. 18 .........: .............. - 
(35) A dump t ruck  can hold 18 m3 o f  d l i t  a t  one time. Approximately how many, a 

- 

. t r i p s  would be required t o  haul away 3570 m3 o f  d i r t ?  P , 



- f - --- - - - -- 7 -- - _ ,- - 
(36) Estimate the most appropriate answer for  the followfng problom. b 

A h e f k r k t  stare purchases 298 boxes of baseball gloves. Each bm i r ' 
w r t h  $96.00: If each glove Is worth $48.00, about how p n y  baseball 
gloves were ordered? - 

a. 500 ......................... 0 

' - (37)  The to ta l  possible score on a test i s  50. Jeannie scores 40. Her mark 
as  a percentage is: 

4 

(3.2) Bob achieved a mark o f  42 out o f  50 on his l a s t  mathematics t e s t .  What 
percent did he get correct? 

tr 

(39) Ruth  budgets her yearly allowance this way: clothes, $80.00; lunc 
.. $50.00; carfare, $20.00; shows, $20.00; miscellaneous, $30.00. 

cent of her a1 lowance does she spend for clothes? 



- -- - - --- - - - - - 
Suppose thgt a rocket ship can travel from the Earth to Mars and-bqck to 
Earth i n  520 days. I t  takes 45 years and 273 days to reach the plpnet 
Pluto. Approximately how many round trips could one rocket ship make 
between the Earth and Mars while a second ship was travel fhg tg Pluto? 

-- - 
* so] v i n g  Proh l  ems : -- - % x i d  . - 

- J  - 



- - - - - - -- 

'Name : D a t e :  

School : Group : 

T i m e :  .? 

3- - 
d 

3- 
SHOW ALL OFJYOUR WORK FOR EACH OF THE FOLLOWING QUESTIONS I N  
?IS . BOOKLET. 

1. A dump truck can hold 15 .5  m3 of 
How many t r i p s  would be required 
of gravel? 

gravel a t  one time. 
t o  haul away 2480 m3 

/ 

2 ,  M r .  Jones put a fence around his rectangular garden. - 

The garden is' 10 m long and 6 m wide. Bow many metres 
of fencing did  qe use? 



three candi'dates, Mike 
received 120 votes ,  Lawrence received 30 vates, 'and 
Txsley received 50 votes .  What percen t -of  the  t o t a l .  
vote d i d  Mike receive?  

with e l e c t i o n  

i n t o  metres iong lengths oi . 
3 

A carpenter 
2f metres. 

cut s  board 
w i l l  How many lengths  



5 .  Find 

mother bokght * 2 2  dozen chocolate ~ h i p  cookies, 
3 -- 

4 

11 dozerl ginger snaps, arid 11 dozenw peanut butter 
4 .  2 

' cookies. How many dozen cookies d i d  @he ' buy"',a . . 

'altogether? 



. Carol awns 3 less than twice as m'ny recar& as. Bob. - 

X f  she owns 17 records, how many does Bob own? - 

i 
r 

e of asphait paint will cover about 6 s2 of -. *he paint  is sold incat i s  of s l itres only.  
Xov  m8ny cans. are needed'to paint  tk driveway 15 m long 
an& 3 n wide? ' 

.? 
E i .  

- 

9 ,  S o n  csndittr cost  10 cents  each and others cost 25 
cents ,acb, Susan bbught 3 c-andirs. Hew a m y  
b i ~ r x e n t  amounts -could Susan h a w  spjnt? , 



?iarbles are  a r r a n g e d  i n  t h e  s h a p e  o f  a t r r a n g l e  on t h e  
floorL. How many marb les  a re  t h e r e  i n  a t - r i a n g l e  w i t h  
7 marbles i n  t h e  base? 

.. 
11. I am a number between 25 and 4 0 . ,  I have a remainder of 

two when divided by 6 and 9. Who am I? 



- 
12. Susan- and B i l l  went f i s h i n g .  They both caught t w o '  kinds  o f  

f i s h ,  herr ing  and cod .  B i l l  caught 10 h e r r i n g .  Together 
- 

CI they caught 1 8  herr ing  and 10 c o d :  Susan caught 15 f i s h .  
How many cod d i d  Bill ca tch?  

-/ 

\ 
13. There are 6 fence posts on one aid? of a garden. The 

posts are.2 m apart. What is the distance from the 
f i r s t  post t o  the last post? 



N M :  DATE : 
"\ - 

EXP. PHASE: GROUP : 

XNTERVIEWER : RECORDED : 

/' 4, 
I am go ing  t o  askayou some q u e s t i o n s  about  mathematics  word 

-problems. There  w i l l  be q u e s t i o n s  abou t  what word problems are, and 
t 

abou t  people  do ing  word problems. There w i l l  a l s o  be some q u e s t i o n s  

abou t  what you do when you are working on word problems. I want you 

t o  t e l l  me what you actuallv do, no t  what you t h i n k  you are supposed 
- - 

C .  
t o  do, i n  answer ing  t h e  q u e s t i o n s  abou t  a. 

If you are n o t  c e r t a i n  about  t h e  meaning o f  a q u e s t i o n ,  j u s t  l e t  

me know. I w i l l  s a y  t h e  q u e s t i o n  a g a i n ,  i n  a d i f f e r e n t  way, s o  you 

are s u r e  about  what the q u e s t i o n  is asking .  I w i l l  be t a k i n g  n o t e s  

w h i l e  you are t a l k i n g ,  and a l s o  tape- record ing  o u r  i n t e rv i ew.  I am 

do ing  t h e s e  t h i n g s  t o  h e l p  me, s o  I do n o t  have t o  remember eve ry th ing  

kha t  you say: Do you have  any q u e s t i o n s ?  

L e t  u s  begin!  

- - m. See accompanying f l o w c h a r t  f o r  Ne tacogn i t i ve  In te rv iew.  
, ++ 



HTACOGNITIVE INTERVIEW 
I 

' F  L .  

1. What are mathematics word problems? 

PROBE: Please % them t o  me, and t e l l  me a l l  you hi about . 

% .  

them. 
0 .  

( t a s k )  

2. What makes someone r e a l l y  good a t  doing word problems? 
C 

PROBE: Think of someone you know who is r e a l l y  good a t  doing word 

problems". What is it about them, o r  what do t h e y  do, , t h a t  makes them 

s o  good a t  i t ?  

3. m a t  .is t h e  h a r d e s t  p a r t  about - doing word 

PROBE: Think of a time whep you found a word 

problems, f o r  you? 

problem r e a l l y  hard. 

what i-s-that made problem so hard f o r  you, and word problems An 



What would h e l p  you become a better probiem s o l v e r ?  

PROBE: Think of that d i f f i c u l t  problem again. What would he lp  
1 .. 

: 
P- - be b e t t e r  a t  s o l v i n g  i t  and o t h e r . h a r d  problems? 

( per  son 

/1 5. 1 If you were g e t t i n g  ready t o  t a k e  a word problem test, what would 
. . 

' ' %do t h a t  would h e l b  you the  most do. do wel l  on tha; t e s t ?  

PROBE:, What Whds of t h i n g s  can h e l p  people g e t  ready f o r  problem 
- I 

tests, and what would you do t h a t  would h e l p  you? 

-- 

( s t r a t e g y )  

some p a r t s  of a word problem, as i t  is w r i t t e n  down, more 

( important  t h a n m o t h e r s ?  dm can you t e l l  which parts a r e  the  most 

important  ? 

PROBE: Think of the p a r t s  of a word problem t b a t  you have done 

r e c e n t l y ,  and ask  y o u r s e l f  how you found t h e  important  part9 i n  t h i a  

> problem, i n  o t h e r  probLems. 

( t a s k )  



7 .  What do you do if you d o n ' t  know what a xsgd means i n  a word 

problem? 

PROBE: Think of  a p rob lem, tha t  has  a tough word i n  i t ,  and xou are 
/ 

not sure of t h e  meaning of t h a t  word. What do you do when t h i s  

happens? 

( s t r a t e g y )  

8. What do you do i f  you don1 t get t h e  "whole p i c t u r e n  o r  t h e  "whole 

e 

meaningn of a word problem? 

, PROBE: Think o f  a problem where you can ~ e a d  t h e  words, but  you are 

not  sure what they a l l  mean toge the r .  What do you do i n  t h e s e  .' 
s i t u a t i o n s ?  

- - 
A. 

( 3 t r a  tegy)  

9. After you have read and understood a word problem, what else must 

you stfll do i n  o rde r  t o  c m p l e t e  t h e  problem s u c c e s s f u l l y ?  

PRWE: What p lans  do you make, after read ing  a problem, i n  o r d e r  t o  

do i t  s u c ~ e s s f u l l ~ ~  What does i t  mean t o  do a problem s ~ c e s s h r l l y ?  

( s t r a t e g y )  - 



1Bh What about  a word problem makes i t  easy  t o  do? 

PROBE: Think of a n  easy  w o r d ~ o b l e m ,  one you can do wi thou t  any 

d i f f i c u l t y .  T e l l  me what makes t h a t  problem easy  t o  do. Genera l ly ,  

what makes some word problems e a s y ,  w h i l e  o t h e r s  are d i f f i c u l t ?  

( t a s k )  

Nancy L. Hutchinson - ( 1985 

Adapted from Myers and P a r i s  ( 1  978) and 
X 

P a r i s  (1979) 



FLOWCHART FOR METACOGNITIVE INTERVIEW. 
/ 

rl 
i 

\ 

ASK QUESTION . 

1 7 

CHILO GIVES SINGLE - 
ELEMENT RESPONSE 

CHILD GIVES NO 
RESPONSE IN 
TEN SECONDS 

CHILD GIVES NO 
RESPONSE IN 
TEN SECONDS 

I GIVE PROBE I 
CHILD GIVES SINGLE - 
ELEMENT RESWNSE 

ASK 8 ANYTHING ELSE? 7 



Choose t he  two ~ r o h l e m s  i n  each group t h a t  a r e  most 

a l i k ~ .  In a couple words t e l l  why t h e y  e r e  a l i k e .  Answer 

on the accompany i n g  workshee t  . 

A. Sharon and John worked a t o t a l  o f  47 h o u r s  l a s t  week5 

John worked  5 h o u r s  l ess '  than Sharon. F i n d  the  number 

" 3 hours each person  worked l a s t  week. 

B. A man can b u i l d  7 b i r d h o u s e s  i n  5 days.' I f  he works 

fo r  45 days, how'many b i r d h o u s e s  c a ~  ha b u i l d ?  

C. The sum o f  t w o  consecu t  i v e  odd number 

)ach number. 

b 
ANSWER ON THE WORKSHEET. 

C j r o u ~  2 
\ 

A ,  For  e v e r y  6 dime; i n  my bank, t h e r e  a r e  5 n i c k e l * .  , I f  . 
. ,  

I have 78 d i m e 9  f i n d  t he  number o f  n i c k e l s .  

B.  A p i c t " r e  14 c s  w i d e  and 17 cm h i g h  is t o  be k n l a r g e d  
4 

s o  t h a t  t h e  w i d t h  w i l l  be 70 cm. How h i g h  will i t  be?  
f 3. I d  

C .  Frank  r e c e i u e d  h i s  wages f o r  each of fhe  last two 

as  t h e  

$183. 

He r e c e i v e d  t w i c e  as much money t h e  f i r s t  week 
G 

second week. The t o t a l  m o u n t  he r e c  i u e d  war 

9 much money d id  he rece . i vq  each week? 

7 

THE WORKSHEET. 



A r  The r a t i o  o f  May's age t o  Bruce 's  age i s  7:6. May i s  - 
56 r e a r s  old. F i n d  Bruce 's  age. - - 

8. Jack i n v e s t e d  %S000,  p a r t  a t  t% and t h e  r e s t  a t  8% p e r  

a .  1 incane f r o m  these i n u e s t n e n t s  i s  W 6 O .  

How much d id  he inves, t '  a t  each r a t e ?  

C. The sum o f  a man's age and h i s  w i f e ' s  age i s  70. The 

man has watched  12 mov ies  a year  and h i s  w i f e  has  
--C- - 

4 
watched 35 mov ies  r yea r .  A l t o g e t h e r  $hey have watched  

. 954 movies .  F i n d  t h e  man's age. 

I 

ANSWER ON THE WORKSHEET.. 
+ 

A. I rode  a b i c y c l e  and a m o t o r c y c l e  f o r  a t o t a l  o f  S ai 

hours .  I went a t  a  r a t e  o f  d km p e r  hour  on t he  . 

b i c y c l i  and 30 km p e r  hour  on t h e  m o t o r c y c l e .  The 

t o t a l  . d i s t a n c e  was 84 Itm. F i n d  'the d i s t a n c e  I rode 

, the  m o t o r c y c l e .  
-" 

0 .  .Pete and I drove  t o  K ingstown t o g e t h e r .  I t  war  752 Rm. 

,JHe d rove  100 km f a r t h e r  than  I did. Haw f a r  d id  I 

d r i v e ?  

C. T ~ Q  w m  of t h e  ages o f  Tun and J e f f  i s  99 years .  Tom 

i s  7 y e a r s  01 d e r  t han  J e f f .  F i n d  t h e  age o f  each. 

ANWER ON THE WORKSHE&T. - L 



Grouo 5 
91 

$. J a n i c e  s e l  IS two k i n d s  o( h a t s .  The &a1 h a w  c o s t  

$5.00 a n d  t h e  c o t t o n  h a t s  cos t  $ 7 . 0 0 .  She s o l d  25 h a t s  

-- 
f o r  a t o t a l  o f  s143.00. How many h a t s  of each k i n d  d i d  

v J a n i c e  s e l l ?  

8. The r a t i o  o f  t h e  number o f  men t o  women i n  a m e e t i n g  i r 

7:4. . I f  t h e r e  a r e  36 women, t h e n .  how many men mus t  

t h e r e  be? 

C. T h e r e  were  30 boys a n d  dogs i n  i p a r k .  I c o u n t e d  84 

l e g s .  How many b o y s  w e r e  i n  t h e  p a r k ?  

ANSUER W THE WORKSHEET. 

A. A man f l e w  a n d  d r o v e  f o r  a t o t a l  c o s t  o f  $ 5 0 0 .  The r 
f l y i n g  c o s t  950 p e r  Km a n d  t h e  , d r i v i n g  c o s t  %1 p e r  km. I 
The t o t a l  d i s t a n c e  he  t r a u e l  l e d  w a s  353 km. F i n d  t h e  

d i s t a n c e  t h a t  he f l e w  a n d  t h e  d i s t a n c e  t h a t  he  droue.  

8. The sum o f  a man's age a n d  woman's age i s  56.  The 't, 
man has r e a d  10 b o o k s  e v e r y  y e a r  and t h e  woman h a s  r e a d  

2 2  booKs e v e r y  r e a r .  T o g e t h e r  t h e y  haue r e a d  a t o t a l  

oi 630 books .  F i n d  t h e i r  ag4s. 

C. The sum o f  Ron a n d  B r i a n ' s  ages  i s  81. Ron i s  15 y e a r s  

o l d e r  t h a n  B r i a n .  F i n d  t h e i r  ages. 

ANSWER 13N THE WORKSHEET. 
/ 



1 
A, A t  work Fran prunes 7 shrubs i n  the time Dave prunes 4 

k 
shrubs. I f  Dave prunes 28 shrubs today., how many w i  1 1  

Fran prune today? 

B. The' r a t i o  o f  a man's age t o  h i s  son's age i s  1013. I f  
-L/--" 

t h ~  son i s  27, f i n d  the m a c s  age. 

6 

C. M r .  Smith makes 8 more cha i rs  than M r .  Jones i n  one / 

wee& a t  work. T ~ Q  4ota l  made by both i s  32 i n  a  week. 

How many d o ~ s  M r .  Jones make i n  that  week? 

WSWER ON' THE WORKSHEET .' I 

T 

A. The sum o f  the distances o f  two f l i g h t s  m d e  -By a p i l o t  
d 

. . i s  336 km. One f l i g h t  i s  three t imesoas long as #e 

other. F ind the distance of each f l  i gh t .  

8. The r a t i o - o f  two numbe'rs i s  7:3. I f  the smaller number 

i s  57, f i n d  t h ~  1ar.ger number. 

C ' 
C. The sum o f  two cons icut ive odd numbers i s  72. F ind 

each o f  the numbers. 

MWER w THE WORKSHEET. 



Group 9 

A .  M a r t h a  wa l ked  16 km fa;thcr than Ted. The t o t a l  

d i s t a n c e  t h e y  wa l ked  w a s  50 Icm. How f a r  d id  Mar tha  

wa l k?  4 .  

0 

B. 00 a m a p  3 cm r e p r e s e n t s  250 Krn; What d ~ s t a n c e  I S  

- 
r e p r e s e n t e d  by 15 cm? - t 

5 i 

C. Ms. Lawton saved $35 i n  2 we4ks; + A t  t h a t  r a t e ,  how 

1 ong w i 1 1 i t t a k e  h e r  t o  save* 6700? 

ANSWER ON THE WORKSHEET.. 

b 
A. The l a r g e r  o f  two numbers i s  f i .ve t i m e s  t he  s m a l l e r .  

F i n d  t h e  numbers i f  t h e i r  sum i s  78. 

8. A b i g  box o f  c e r e a l  c o s t s  $1.20 and a  sma l l  box c q r t s  

80.80: A man bought  34 boxes f o r  a  t o t a l  c o s t  of 

834.00. H w  many b o x e r  o f  each s i z ~  d i d  he buy? 

C. A t r u c k  c o s t s  92000 more than a  c a r .  THa t o t a l  .coot of 

a t r u c k  and a c a r  i s  $28,500. F i n d  t he  c o s t  of t he  

t r u c k .  
-1 

/ -\ / 

ANSWER ON THE WORKSHEET. % 





Problumr that  r r ~  most at ik's: and 

Problem+ that  are host P I  iker and 
/ 

Prbblrmr that are most alikrt and 



APPENDIX N 

P- 

Observer Checklist 



Name of  s t u d ~ n t :  P r o b l  em 
Group : Phase t 
Sess ion  No. Dater  - 

Obs+rucr  c h e c k l i s t  

1. S tuden t  seeks h e l p  decoding:  

2. S tuden t  seeks h e l p  w i t h  v o c a b u l a r y r  
? - 

3. S t u d ~ n t  s e e k s  h e l p  w i t h  a sentence:  a 

4. S tuden t  seeks  h e l p  w i  t h  the/paragraph:  
I 

- 

5. He lp  .sought  - i n  a d d i t i o n  t o  t he  aboue: 

* 6. S tuden t  r e a d s  a loud ;  

7 .  Studen t  s e r e a d s  t e x t  ( s p e c i f y )  8 a 

8. W r i t e s  goa l :  - 

10. W r i t e s  a1 l t h a t  i s  known ( s t a t e d ) :  

( u n s t a t e d )  : 

1 1 .  S u r m a r i z a t i o n  e t e m p t o d :  

promp ted :  

12. Draw ing  a t tempted :  
-% 

promp t e d t  
- 

13. C a t e g o r i z e s  problem: 

14. W r i t e s  e q u a t i o n :  
/ 

= ' k  

15. Expands equa t i on :  

14.  collects I i k e  t e r m s :  
-- 

17. I s o l a t e s  u a r i a b l e ( s ) :  

18. Uses i n v e r s e  ope ra t i on ( . s ) :  

21. Compares answer t o  goa l  ~ m e a n i n g f u 1 n e s s ) t  

22. Checks & c c u r r c y  o f  c a l c u l  a t  i ons t  



. Raw Data 



Raw Data ( 1  o f  2) . - 
ABCDEFGHIJKLMNOPQRSTUVCJXYZabcdefghijklmnopqrstuuwxyzl234S6 

Key: 

- AB = 
C = 
D = 
E = 
FG = 
HI J= 
K = 
Ult = 
NO = 
P = 
Q = 
R = 
ST * 
w = 
WX = 
YZ = 
a = 
b = 
C = 

d =  
e = 
f =  

s u b j e c t  number 
sex; 1 = M; 2 = F 
school 
group; 1 = C; 2 = I 
grade 
age <months) 
c a r d  number 
p r e  B.C. Appl i c a t  ., 
prcr Q2 
p r e  r e 1  . ans. 
p r e  prop.  ans. 
p r c  two-u. two-e. ans. 
p r e  t o t a l  ans. 
p r e  c l a s s i f .  task 
p o s t  B.C. Appl ic-. 
p o s t  'Q2 
p o s t  r e l .  rep .  
p a s t  r e l .  s o l .  
p o s t  r e l .  ans. 
p o s t  prop. rBcp. 
p o s t  prop. s o l  . 
p o s t  prop. ano. 

g = pos t  two-V. two-.. rep .  
h = p o s t  two-u. two-e. s o l .  
i = p o s t  two-V. two-+. ms.  
j k  = p o s t  t o t a l  rep.  
Im = pos t  t o t a l  - 1 .  
no = p o s t  t o t a l  ans. 
pq = p o s t  c l a s s i f . ,  task 
r = near t ran .  ~ e l  . rep .  
s = near  t ran .  , pe l .  s o l .  
t = near t r a n .  p o l .  ans. 
u = near t ran .  prop. rep .  
u = near t ran .  prop. s o l .  
w = near t ran .  prop. ans. 
x = near t r a n .  two-v... rep.  
y = near$  t ran .  two-u... s o l .  
z = near t ran .  two-u... ano. 
1 - +ar  trm. r e \ .  rep .  
2 = f a  t a n  I sol. 
3 - f a r  t ran .  r e 1  ans. 
4 = f a r  t ran .  prop.  rep.  
5 = 4ar t ran .  prop.  s o l  . 
6 = f a r  t ran .  prop. ons. 

NOTE; Subjec t  numbers t i s t e d  i n  raw d a t a  a re  t r a n s l ' a t e d  
i n t o  s tudent .  numbers <as found i n  t e x t )  a t  t he  end o f  the 
raw data.  



-- 

Raw Data ( 2  of 2)x 

A B C D E F O H I J K ~ M N O P ~ ; ~ R S T U V W X Y Z ~ ~ ~ ~ Q ~ ~ ~ ~ ~ ~ S ~ ?  

01 21 1081 7 4 Z O S O 7 O 7 O O O O O O O O O O O 7 3 S W O 3 O 4 O 4 O l  
0221 1081 6O2O7O3[18OOOlOOOOO lO83SOSO4O4O6O 1 
03t11101882060808000000000004300403010402 
041 1 1 101 8B2OSlOllOOOOOOOQOOO43SO3O3OlO5OO 
051 21O9l692OSOSO7OOOOOOOOOOOl34OSOOOlO4Ol 
061 21 O91692O4O6OSOOOOOOOOOOOl35O4OOCtiO3Ol 
07221081802040508000000000004340303010400 
08221 091 6 2 2 O S O 7 O 7 O O O O O O O O O O O 4 3 4 O 4 O 4 O W O  1 
o ~ ~ @ o ~ ~ ~ ~ ~ ~ ~ o ~ ~ ~ O O O O O O O O O O O ~ ~ S O S O ~ O ~ ~  1 O8S5454RSSS44lSl3l3 
101 l2O8l6l2l7O717OOOOOOOOOOO33304O2OllOO S44555OOl 100910 
1 1  1 12081 78219061 40000000000003350403001 1 8  323555000080708 
1221 21 Ol8422OO5l6OOllOOOlOlOS33O4Q4OllZO8SSS5SS~SSSS5lSlSlS 
1311209190216081500110001010S340405001006 5550040000!30509 
14222091 7922OO6O8OOOOOOOOOOO433O3O4OOlZO8 1 1 1 OOOOOOOJ 01 01 
152220917621807200000OO0 0043304O40011075555555S55S515151!3 
161 22091 7 121607 1 50000000 8 O  0003340502010907 4445553331 21 21 2 
1-71 220916221 9071 51 100000101 l43SO4lOO4l lO8OOO444S4434312l2ll 
182221 01 8321 8051 SOOOOOOOOOOO I3SO3OOO 1 lOO8 SSSSS5322l312l2 
1~9222101802181016000000000001340300011008~54555544SS5151414 -. 
20222081 51 21 8061 O O O O O O O O O O O O 5 3 4 O 4 0 4 O 4 O l l l  07OOOSU444SS4l4l3l2 

Key: 
- AB = 'subject number 

C = sex; 1 = M; 2 = F 
' D = school 

E = group; 1 = C 2 =  E 
FG = ~r ad& 

- H l J a a g ~  (months) 
K = card  number 
LH = post th inka loud t o t .  
NO = pre metacog. i n t .  
PQ = post  metacog. i n t .  
R .  = pro r e l .  rep. 
S = p re  r e l .  so l .  
T = p r ~  prop. rep. 
U = pre prop. s o l .  
U = pre two-v. two-e. rep. 
W = pre two-au. .twoAe. s o l .  
XY = pre  t o t a l  rep.  
Za = pre  t o t a l  so l .  
bc = pre  th inka loud t o t .  
d* = c r i f .  basic op. 

fg = k r i t .  one-step prob. 
h i  = pre thdnkaloud rep.  
j k  = pre th ik#a loud  so l .  
l m  = post  th inka loud rep. 
no - post t h  i nkaloud sol. 
p = f a r  tran. two-v..:rep. 
q = +ar t ran .  twa-u...sol. 
r = f a r  t ran.  twq-v...ans. 
5 = mainten. r e ) ,  rep. 
t = maintun. r e l .  so l .  - .  
u = mainten. pe l .  ans. 
v = mainten. prop. rep.  
w = mainten. prop. so l .  
x = maint.en. prop. ans. 
Y = mainten. two-u.. . r e p .  
z = mainten. two-u... sol. . , 
1 = mrinten.  two-v.... an%. 
23 maintqn. t o t a l  rep. 
45 =='mainten. t o t a l  so l .  
67 = mainten. t o t a l  an%. 

NOTE; Subject n w n b r s  I i % t ~ d  i n  raw data are t rans la ted  i n t o  
student numbers (as found in t e x t )  r 
# 9 i n  rw data i s  St-nt 1 #15 i n  raw data i s  Student 3 
#I0 i n  rw data i s  student 7 #16 i n  raw data i s  Student ' 9  
#1 1 in.,raw data i s  S t d n t  8 #17 i n  raw data i s  Student 4 . 
#12 . in  raw data i s  Student 2 #18 i n  raw da ta  i s  Student 10 
#13 i n  raw data i s  Student 1 1  #I9 i n  raw data i s  Student S 
#14 i n  raw data i s  Student 12 4420 i n  raw data i s  Student 6 



- - 
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