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ABSTRACT 

This thesis presents a numerical study of complex structural 

deformations via the example of Lee's frame. The structure of Lee's frame 

is discretized into 1-dimensional straight beam elements, with each element 

having two nodes and eight degrees of freedom. The deformation is assumed 

to take place in a plane, and the vertical and horizontal displacements of 

the nodes are approximated by cubic polynomials. The finite element method 

reduces this problem into solving a system of nonlinear algebraic equations; 

in the matrix form, it can be expressed as 

where [K] is the global stiffness matrix of the system, {u) the global 

vector of nodal variables, and CF) the global load vector. To arrive at 

these equations, the integrals brought by the finite element method are 

evaluated by using the Gaussian quadrature method; and to solve these 

equations, the Newton-Raphson's method together with the polynomial 

interpolation method are employed. The polynomial interpolation method has 

not been extensively used in structural analysis, and its utilization here 

speeds up the accuracy of the Newton-Raphson's method. All these methods 

are implemented in an APL program, and the load-displacement diagram for 

the Lee's frame is obtained. 

(iii) 
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CHAPTER 1 

INTRODUCTION 

51.1 GENERALITIES 

The fast and unceasing evolution of digital computers in recent years 

has permitted a rapid increase in the use of numerical methods for solving 

partial differential equations governing the behaviour of solids and fluids. 

One of such numerical methods which has gained tremendous popularity for 

solving structural problems is the Finite Element Method (F.E.M.). In fact, 

its popularity has spilled over to other scientific fields such as heat 

transfer, fluid dynamics, etc. 

For many structural problems, the deformation of the structure when it is 

submitted to external loads can be very complex, and even the numerical 

solution can be difficult to obtain by using the F.E.M. alone. And for 

such problems, one needs to deploy several numerical methods simultaneously. 

In this thesis we have carried out a numerical study of such complex 

problems. Although our numerical scheme is quite general and can be adopted 

to solve various complex structural problems, we elect to illustrate our 

method via the example of Lee's frame. 

The physical and geometrical characteristics of the Lee's frame is described 

in the next section. In 91.3, we shall give a brief description of the main 

numerical methods used in this thesis, which will be followed, in 81.4, a 

summary of the mechanical formulation plus a plan of presentation. 



51.2 THE LEE'S FRAME 

The Lee's frame i s  shown i n  t h e  f i g u r e  (1.1),  and i s  submitted t o  a 

v e r t i c a l  load F a t  t h e  po in t  P . The two ex t r emi t i e s  of t h e  frame a r e  

f ixed  and only allow r o t a t i o n s .  The c ros s  s ec t ion  of t h e  Lee's frame is  

const a n t .  

1 . 3  NUMERICAL METHODS 

The f i n i t e  element method w i l l  be used t o  d i s c r e t i z e  t h e  See ' s  frame 

i n t o  beam elements. These elements w i l l  be modeled by a 1-dimensional 

re ference  element qhich has two nodes and e i g h t  degrees of freedom. The 

v e r t i c a l  and h o r i z - n t a l  displacements a t  any poin t  w i l l  be approximated 

by cubic polynomia~s .  A s  a r e s u l t ,  t h e  mechanical behaviour of t h e  Lee's 

frame can be charac te r ized  by a system of nonl inear  a lgeb ra i c  equat ions:  

where [K] i s  t h e  global  s t i f f n e s s  matr ix of t h e  Lee's frame, {u) t h e  

global  vec to r  of nodal v a r i a b l e s ,  and IF)  t h e  global  load vec tor .  Before 

one a r r i v e s  a t  t h e  equat ion (1.1) ,  t h e  f i n i t e  element method introduces a l o t  

of i n t e g r a l s ,  and these  i n t e g r a l s  w i l l  be solved by using t h e  Gaussian 

quadrature method. The nonl inear  equat ion (1.1) w i l l  be solved by 

i t e r a t i o n s ,  with t h e  he lp  of Newton-Raphsonls method. Since it i s  poss ib l e  

t o  obta in  seve ra l  displacements f o r  t h e  same load,  one needs t o  f i x  a 

displacement i n s t ead  of t h e  load. In  t h e  p a r t i c u l a r  case  of Lee's frame, 

t h e  choice of t h i s  displacement must be made with care ;  t h e  polynomial 

i n t e r p o l a t i o n  method w i l l  determine t h e  r i g h t  choice. The polynomial 
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interpolation method will also be used to speed up the convergence of the 

Newton-Raphsonfs method. 

1 4 PURPOSE, METHOD AND PLAN 

The purpose of this thesis is to create an A.P.L. program which will 

completely determine the deformations of the Lee's frame. In order to 

apply the numerical methods, we must first obtain a mechanical formulation 

of the Lee's frame. In our analysis, we will follow all the particles of 

the frame in their motion, from the original to the final configuration 

of the frame. Thus we have adopted a total Lagrangian formulation. We 

shall calculate the 2nd Piola-Kirchhoff stress tensor and the Green-Lagrange 

strain tensor, and shall utilize the principle of virtual displacement. 

Several other mechanical hypotheses will be used in this thesis including 

the Euler-Bernoulli hypothesis, plane stress hypothesis, and the existence 

of an elastic behaviour law. 

The general plan of the thesis will be the following one: 

- Mechanical Analysis 

- Application of F.E.M. and Gaussian Quadrature to 

Beam Structures 

- Numerical Methods for Solving Nonlinear Systems 

- Flowcharts and Results 

- Conclusion 



CHAPTER 2 

MECHANICAL ANALYSIS 

2 . 1  GENERALITIES 

The purpose of t h i s  chapter  is  t o  present  a theory  concerning t h e  

bending of a beam. Many au tho r s ,  e .g .  Timoshenko [ I ]  and Wang [ 2 1 ,  

s tud ied  t h e  deformations of beams. One i n t e r e s t i n g  mathematical 

pub l i ca t ion ,  w r i t t e n  by Sayi r  and Mitropoulos [ 3 ] ,  provides s eve ra l  

formulations depending on t h e  approximations used. 

In our case  we w i l l  cons ider  i s o t r o p i c  beams subjected t o  t h e  a c t i o n  

of p lanar  fo rces .  Therefore t h e  c a l c u l a t i o n s  w i l l  be done i n  a two 

dimensional plane. 

This chapter  w i l l  be d iv ided  i n t o  two main p a r t s .  The f i r s t  p a r t  

e s t a b l i s h e s  t h e  governing d i f f e r e n t i a l  equat ions of a two dimensional 

body i n  equi l ibr ium and t h e  second p a r t  involves t h e  a p p l i c a t i o n  of  t h e s e  

equat ions t o  a beam element. We w i l l  f i rst  d e f i n e  some necessary no ta t ion .  

52.2 NOTATION 

* 
We w i l l  c a l l  con f igu ra t ion  l' t h e  p o s i t i o n  of t h e  s e t  of p o i n t s  of 

* 
a given body a t  t h e  t ime t . Under a deformation, t h e  t r a j e c t o r i e s  of 

t h e s e  po in t s  can be descr ibed  i n  t h e  vec to r  form: 



* * * * 
where x and z a r e  t h e  components of t h e  po in t  P a t  t . A t  

* 
t = 0 t h e  p o s i t i o n  of P i s  given by 

coordinates  (Fig. 2.1).  The coordinate  

f o r  a l l  conf igura t ions .  

* 
Throughout t h i s  t h e s i s ,  t h e  t ime t w 

P which has x and z f o r  

+ + 
system (0; e l ;  e2) w i l l  be used 

11 be assoc ia ted  with t h e  

conf igura t ion  a f t e r  deformation. Therefore a l l  t h e  v a r i a b l e s  with t h e  

supe r sc r ip t  "*" w i l l  be considered a s  belonging t o  t h e  deformed 

conf igura t ion .  The v a r i a b l e s  without t he  supe r sc r ip t  "*It w i l l  be r e f e r r e d  

t o  t h e  body before  deformation. The equation (2.1) shows t h e  r e l a t i o n  
* 

between t h e  i n i t i a l  conf igura t ion  l? and t h e  deformed conf igura t ion  I' . 

52.3 KINEMATIC RELATIONS 

We w i l l  e s t a b l i s h  i n  t h i s  paragraph t h e  expression f o r  t h e  deformation 
* 

gradien t  t enso r  [F], t h e  Cauchy s t r a i n  tensor  [E 1 ,  and t h e  Green-Lagrange 

s t r a i n  tensor  [E] . The following developments can be found i n  Batoz [ 4 1 .  

2.3.1 Kinematic equat ions f o r  a body 

Expression of t he  deformation gradien t  tensor  

* * * 
Let x and z b e t h e  coord ina tes  o f t h e  po in t  P 

which corresponds t o  t h e  po in t  P(x,z) i n  t h e  i n i t i a l  conf igura t ion .  The 



b i g .  2.1 - Deformation of a two dimensional body 



--+* 
components of t h e  displacement vec tor  PP a r e  u and w . Thus, 

Therefore, 

with [F] = 

and - au u , ~  - e t c .  

The matr ix [F] i s  c a l l e d  t h e  deformation gradien t  t enso r ;  i t s  determinant 

i s  d i f f e r e n t  of zero; and 

* 
dV = de t  [F]dV 

* 
where dV i s  t h e  volume element assoc ia ted  with t h e  f i n a l  conf igura t ion  
* 

r and dV with t h e  o r i g i n a l  conf igura t ion  I' . 



with 

and 

2.3.1.2 Expression of t h e  Cauchy s t r a i n  t enso r  

The Cauchy s t r a i n  t enso r  i s  def ined by: 

* * 
where u  and w a r e  t h e  components of t h e  displacement vec tor  a s  

* * 
funct ions of po in t  P i n  t he  conf igura t ion  r . 

* 
We can de f ine  a  v e c t o r i a l  r ep re sen ta t ion  <E > 

* 
of t h e  components of [E ] as  

2.3.1.3 Expression of t h e  Green-Lagrange s t r a i n  t enso r  

* 2 
The d i f f e rence  ds  - ds2  of t h e  square of t h e  

* * I 
i n f in i t e s ima l  length  between two po in t s  P and P i n  t h e  deformed 



* t 

configuration I' and P and P in the configuration I' can be used 

as a measure for the deformation which occurred in the neighbourhood of P 

* 
between the times t and t . Since, 

2 
ds* = <dx*>{dx*} 

the Green-Lagrange strain tensor [&I is defined by: 

Using the relation (2.2), we obtain: 

where [I]  represents the identity matrix. 

2.3.2 Kinematic relations for a uoint of a beam element 

A beam is a body with one of the dimensions, the length, which 

is predominant in comparison with the other two, the width and the 

thickness. Our study is being done in the X-Z plane. We will suppose 

the length along the axis OX and the thickness along the axis OZ . 
Therefore the width will be along a line perpendicular to the X-Z plane 

and will be neglected in the following calculations (it will just appear 

as a multiplicative factor for the area and for the momentum of inertia 

of a section of the beam). 



For purpose of c a l c u l a t i o n ,  we choose a  t r u s s  element with an orthogonal 

and t angen t i a l  coord ina te  system. Therefore we w i l l  express  t h e  d isp lace-  

ment of some poin t  P o f  t h e  beam a s  func t ion  of t h e  displacement of i t s  

pro j e c t  ion Po on t h e  middle a x i s .  The f i r s t  p a r t  of t h i s  paragraph 

i s  concerned with those  ca l cu la t ions .  In  t h e  second p a r t  we w i l l  d i scuss  

t h e  deformation gradien t  t e n s o r  [F] and t h e  Green-Lagrange s t r a i n  t enso r  

[E]  f o r  t h e  beam. 

2.3.2.1 Calcula t ion  of a  displacement vec tor  of a  po in t  of 

a  beam 

Let us consider  a  beam of th ickness  h , width b 

and length  L . The i n i t i a l  middle a x i s  is  t h e  a x i s  OX (Fig (2.2) and 

Fig ( 2 . 3 ) ) .  Suppose t h e  beam i s  deformed under t h e  app l i ca t ion  of a  

+ 
fo rce  F . The p o s i t i o n  of a  po in t  P i s  def ined by i t s  pos i t i on  vec tor  

(Fig (2 .4 ) )  . Thus: 

where 

In t h e  same way, 

x  c [O,L] and z € - q ,  + I h  

a r e  t h e  r e spec t ive  displacement vec to r s  of P and Po , we ge t :  



Fig. 2.2 - Thin rectangular beam before and after 
planar deformation (h < b C L) 

Fig. 2.3 Deformation of the middle axis in the 
plane X-Z 



and 

Then t h e  r e l a t i o n  

-+ * 
descr ibes  t h e  deformation of t h e  middle a x i s .  The u n i t  tangent  vec to r  t 

* 
a t  Po is  

1 + u, 

with 
2 

m = J ( 1  + u , ~ )  + w ,  
2 
X 

(Fig (2.4) and Fig (2.5)) . 

+* 
The u n i t  normal vec to r  t o  t can be w r i t t e n  a s  

+* +* * 
Thus t h e  vec tors  t and n  form a  l o c a l  orthogonal system a t  Po . 



Fig. 2.4 - Beam undergoing deformation 

Po X 

Fig. 2.5 - Rotation of the middle a x i s  

Fig. 2.6 - Rotation of the normal section 



4 * * + * 
Let f*  be t h e  u n i t  vec tor  along POP and l e t  e be a u n i t  vec tor  

+* 
orthogonal t o  f (Fig (2 .4 )  and Fig ( 2 . 6 ) ) .  Let us  suppose t h a t  t h e  

* 
normal s ec t ion  t o  t h e  middle a x i s  a t  

Po 
remains t o  be a plane a f t e r  

___f * * 
deformation. We w i l l  c a l l  az t h e  d i s t ance  IIp0P 1) . The constant  a 

w i l l  be determined f u r t h e r  a f t e r  some supplementary hypotheses.  Thus, 

Then 

o r  

where 

_If * * + * +* +* 
POP = az f = az ( - t  s i n  y + n cos y) 

- 1 X1 - - - (1 + u , ~ )  s i n  y - G W , ~  cos Y '. 

- 1 z l - - *  i i  W y x  s i n  y + - (1 + uYx)  cos y . 
m 

The v e c t o r i a l  equation: 

allows a r e l a t i o n  between t h e  displacement of P and t h e  displacement of 

P : 
0 

U(x,z) = u(x) + az Xl(x) 



Since 

2.3.2.2 Deformation gradien t  t enso r  

The r e l a t i o n  (2.3) gives:  

w , X1 and Z a r e  independent of z , we have 
1 

2.3.2.3 Green-Lagrange s t r a i n  t enso r  

In t h e  following d iscuss ion ,  we w i l l  in t roduce 

four  d i f f e r e n t  expressions f o r  t h e  components of t he  Green-Lagrange s t r a i n  

t enso r ,  depending on var ious  add i t i ona l  hypotheses. 

2.3.2.3.1 First expression of t h e  components of 

t h e  tensor  [E] 

The equat ion (2.6) allows us  t o  obta in  

t h e  components of t h e  t enso r  [E]  a s :  



2.3.2.3.2 Second exmession of the comDonents 

of the tensor [E] 

Here we advance the hypothesis of the 

conservation of orthogonality (Love-Kirchhoff hypothesis), i.e. y = 0 

(Fig (2.6)). After some calculations, we obtain the following expressions: 

with 

and 



2 . 3 . 2 . 3 . 3  Third ex~ression of the comDonents of 

the tensor [E] 

The hypothesis pertaining to the 

discussion in this section is the Bernoulli-Euler hypothesis which 

assumes : 

- The sections of the beam remain orthogonal to the middle 

axis after the deformation (Love-Kirchhoff hypothesis) 

- The sections of the beam remain the same after the 

deformat ion. 

This hypothesis leads to the equality a = 1 ; .therefore 

2 . 3 . 2 . 3 . 4  Fourth exmession of the comDonents of 

the tensor [E] 

We will add two more hypothesis: 

- hypothesis of thin beams (z/L << 1) 

- hypothesis of small strains 

This last hypothesis provides two facts: 



- angle changes between f i b e r s  a r e  small 

- f i b e r  extensions a r e  small .  

Since t h e  va lue  m r ep re sen t s  t h e  m u l t i p l i c a t i v e  f a c t o r  of t h e  elongation 

of t h e  middle a x i s  during t h e  deformation, m cx 1 f o r  a small s t r a i n .  

We ge t  t h e  equat ions:  

where x is  obtained by s u b s t i t u t i n g  t h e  value 1 f o r  m i n  t he  - 
expression of x . The expression of cxx is  t h e  same a s  t h e  one 

obtained by Epstein and Murray and w i l l  be t h e  one we w i l l  use .  

From t h i s  expression,  we could obta in  t h e  c l a s s i c a l  non-l inear  approxi- 

mate expression of E (Von Karman o r  Koiter Sanders type) by using t h e  

hypothesis of moderate r o t a t i o n s  . Then we would 

have : 

52.4 DIFFERENTIAL EOUILIBRIUM EOUATIONS 

2.4.1 S t r e s s  t enso r s  

In order  t o  e s t a b l i s h  t h e  equi l ibr ium equat ions,  we w i l l  



* 
have f i r s t  t o  de f ine  t h e  Cauchy s t r e s s  t e n s o r  [o ] . But t h e  subsequent 

ca l cu la t ions  need t h e  knowledge of t h e  2nd Piola-Kirchhoff s t r e s s  

t enso r  [o] . I t  w i l l  be def ined i n  t h i s  paragraph a f t e r  t h e  determinat ion 

of t h e  Cauchy s t r e s s  t enso r .  We w i l l  fol low t h e  development a s  given 

i n  Batoz [4 ] .  

2.4.1.1 Cauchy s t r e s s  t enso r  

Let us  consider  an elementary r ec t angu la r  element 
* * * 

subjected t o  normal s t r e s s e s  
Ox and oZ  and shear ing  s t r e s s e s  T~~ 

and -rzx (Fig (2 .7 ) ) .  The plane Cauchy s t r e s s  t e n s o r ,  which al lows us  

t o  de f ine  t h e  s t r e s s  s t a t e ,  can be wr i t t en :  

I t  w i l l  be shown t h a t :  

Thus we can r ep resen t  t h e  plane Cauch s s  t enso r  i n  t h e  vec to r  form as :  

The plane Cauchy s t r e s s  t enso r  allows t h e  determinat ion of t h e  s t r e s s  

+* * 
vector  a 

(n) 
a t  a po in t  P ac t ing  on a l i n e  segment def ined by t h e  u n i t  

-+ * 
normal vec tor  n . 



Fig. 2.7 - Plane stress element 

Fig. 2.8 - A two dimensional body in equilibrium 



In t h e  matr ix form, 

A s imi l a r  formula holds f o r  t h e  3-dimensional case.  

2.4.1.2 1st and 2nd Piola-Kirchhoff s t r e s s  t enso r  

Let dS be t h e  i n f i n i t e s i m a l  element of sur face  

which becomes ds* a f t e r  deformation and ;)n be t h e  u n i t  normal vec tor  

+* * 
t o  dS and n t h e  u n i t  normal vec tor  t o  dS . Me w i l l  de f ine  t h e  

* 
s t r e t c h  A of t h e  element of sur face  dS by: 

Let G* * * 
(n 

be t h e  s t r e s s  vec tor  a t  P assoc ia ted  t o  dS . The s t r e s s  

+* -f * 
vector  o corresponds t o  o 

Cnl 
on t h e  non-deformed sur face  and i s  - (n> 

defined by: 

-f +* 
The s t r e s s  vec tor  o 

(n) 
i s  l inked t o  t h e  vec to r  o a s  t h e  vec to r  - (n) 

+ * 
dx i s  with t h e  vec tor  dx , i . e .  

* 
The components of  t h e  1 s t  Piola-Kirchhoff s t r e s s  t e n s o r  [z ] and of  

t h e  2nd Piola-Kirchhoff s t r e s s  t enso r  [o] connect t h e  components of 

+* +* 
t h e  s t r e s s  vec to r s  o t o  t h e  vec tor  o and $ 

(n> 
t o  t h e  vec tor  - (n> (n) 



* * 
Using t h e  Hansen formula {n  Ids  = det [F]  

* 
t h e  Cauchy s t r e s s  t e n s o r  [a  ]  t o  t h e  2nd 

[a1 a s  

* 
I = 

1 

d e t  [F] 
P I  [a1 

([F] -l)Tin}dS , we can connect 

P io la  Kirchhoff s t r e s s  t e n s o r  

2.4.1.3 Equilibrium equations 

* 
Let S be an a r b i t r a r y  closed sur face  subjected - 
+* 

t o  t h e  s t r e s s  vec tor  a 
(n) 

(Fig ( 2 . 8 ) ) .  The p r i n c i p l e  of equi l ibr ium 

y i e l d s :  

where 

* * 
V is  t h e  corresponding volume of S , and ... - 

$* i s  t h e  body fo rce  per  u n i t  volume with v 
* ' * 

components FV and F,, . 



In t h e  d i f f e r e n t i a l  form and f o r  2-dimensional case ,  t h e  above equat ions 

can be wr i t t en  a s ;  

The vanishing of moments can be s t a t e d  a s :  

from which one can deduce, i n  p a r t i c u l a r ,  t h a t  

The equi l ibr ium equat ions f o r  beams w i l l  be t h e  same equat ions  ((2.15) 

and ( 2 . 1 6 ) ) .  

52.5 EXPRESSION OF THE VIRTUAL WORK 

2.5.1 Expression of t h e  v i r t u a l  work f o r  a  body 

2.5.1.1 Boundary condi t ions  

The boundary condi t ions  can be separa ted  i n t o  2 s e t s :  



* 
- the mechanical conditions acting on a part So of the 

surface: These conditions are related to the forces and 

they describe the principle action-reaction on the portion 
* 

of surface So . 
* 

- the geometrical conditions acting on S (the complementary 
U 

* 
part of So): These conditions are related to the 

* 
displacements and the rotations of points of S and they 

U 

impose some restrictions for these variables. 

Mechanical conditions 

* * 
Let Fs be the external force per unit area applied to So 

* * 
Suppose its components are FSX and FsZ . Then the mechanical conditions 

* * 
on every point P E So can be written: 

* * +* * 
where p and n are the components of unit normal vector n at P 

for the considered surface element. 

Geometrical conditions 

The geometrical conditions impose some displacements or rotations 
* * +* * 

for each point P € SU . Let u be the displacement vector of P and 

let 8* be a vector whose components are the values of the rotations 
* 

at P . Then at this point the geometrical conditions can be written: 



- * 
where u is a vector containing the values of the imposed displacements 

+ * 

and 8 ^  is a vector containing the values of the imposed rotations. 

2.5.1.2 Field of kinematically admissible virtual 

displacements 

4* 
A field of arbitrary virtual displacements 6u 

is said to be kinematically admissible if 

2.5.1.3 Expression of the virtual work in the deformed 

configuration 

The principle of virtual work states that the 

equilibrium of a body requires that, for any kinematically admissible 

+* 
small virtual displacements 6u , the total internal virtual work 6U 

is equal to the total external virtual work 6W . 

* * 4* 

Let 6u and 6w be the components of 6u . Then the total external 

virtual work is 



Then, a f t e r  app l i ca t ion  of t h e  equations (2.15),  t h e  above equat ion 

becomes 

-+* -+ * 
Since 6u = 0 on SU , using t h e  equat ion (2 . 1 7 )  , we w i l l  ob t a in  

* 
Using t h e  equations ( 2 . 4 ) ,  we can def ine  t h e  transposed vec tor  <6& > 

which r ep resen t s  t h e  vec tor  of v i r t u a l  s t r a i n s  by: 

with 



Thus, applying i n t e g r a t i o n  by p a r t s  t o  t h e  su r f ace  i n t e g r a l  of t h e  

equation (2.18) , we ge t  

The i n t e g r a l  on t h e  r i g h t  w i l l  be c a l l e d  t h e  t o t a l  i n t e r n a l  v i r t u a l  

work and w i l l  be denoted by 6 U  , i . e .  

Thus t h e  v i r t u a l  work p r i n c i p l e  can be s t a t e d  e i t h e r  a s  BU = 6~ o r  

2.5.1.4 Expression of t h e  v i r t u a l  work with r e s p e c t  t o  t h e  

o r i g i n a l  conf igura t ion  

The v i r t u a l  work p r i n c i p l e  presented  p rev ious ly  
.. 

i s  expressed with r e s p e c t  t o  t h e  deformed conf igu ra t ion  I' . Because 
* * * 

t h e  q u a n t i t i e s  V and S about t h e  conf igura t ion  r a r e  unknown, 

it i s  important t o  r e s t a t e  t h e  p r i n c i p l e  of t h e  v i r t u a l  work wi th  r e spec t  



to the original configuration r . We will express the virtual work 

principle in terms of Green-Lagrange strains and 2nd Piola-Kirchhoff 

stresses. 

2.5.1.4.1 Lagrangian formulation of the virtual 

work principle 

The expression of the total internal 

virtual work is: 

* * * * 
Using the relation <a >{6~ 1 = tr([o 1 [ 6 ~  I) , we get 

T * If we set [6~] = [F] [ 6 ~  ] [F] and if we apply the equation (2.14), we get 
* 

6U = j tr ([o] [SE] ) dV 
v * 

The virtual work principle is valid for all fields of kinematically 

admissible virtual displacements. In particular it is valid for 

+* -t 
6u = 6u . In this case, 

T * [6~] = [ti€] = [F] [ 6 &  ] [F] - 

Using the equations (2.3) and (2.4), we have 



where 

* 1 T  
[ 6 ~  ]  = ([B] + [B]) and 

Af ter  s u b s t i t u t i n g  t h e  l a s t  2 equations i n t o  t h e  one before ,  we obta in :  

o r  a f t e r  i n t e g r a t i o n ,  

where [Co] i s  a  constant  matr ix .  

Thus, V dx : 

rn 

We can choose [Co] i n  order  t o  obta in  t h e  most i n t e r e s t i n g  formulat ion 

f o r  [E]  . In f a c t ,  i f  we choose [Co] = - [ I ]  , then  t enso r  [&I i s  t h e  

Green-Lagrange s t r a i n  t enso r .  Thus: 



1 T 
with [ E l  = (IF] [F] - [I]) -- t h e  Green-Lagrange s t r a i n  t enso r .  

The equation (2.20) can a l s o  be wr i t t en :  

where <a> is  t h e  v e c t o r i a l  representa t ion  of t h e  components of t h e  2nd 

Piola-Kirchhoff s t r e s s  t enso r ,  

( 6 0  i s  t h e  v e c t o r i a l  r ep re sen ta t ion  of t h e  components of t h e  

Green-Lagrange s t r a i n  v a r i a t i o n  t enso r .  

The expression of t h e  v i r t u a l  work p r i n c i p l e ,  with r e spec t  t o  Lagrangian 

-+ 4 + * 
va r i ab le s ,  can be wr i t t en ,  f o r  a l l  6u such t h a t  6u = 0 on SU , 

* 
where Sa is  t h e  por t ion  of S which becomes' So a f t e r  deformation, 

* 
<Fv> = <F >det [F]  and i s  t h e  body fo rces  i n  r , and v 

* * 
<Ps> = h CFs> and i s  t h e  su r f ace  forces  on So . 

2.5.2 Applicat ion of t h e  v i r t u a l  work p r i n c i p l e  t o  a beam 

The expression of t h e  v i r t u a l  work due t o  ex t e rna l  fo rces  

v a r i e s  a s  a func t ion  of t h e  fo rces  appl ied and needs t o  be ca lcu la ted  f o r  

each case.  For a beam, never the less ,  we can c a l c u l a t e  t h e  i n t e r n a l  

v i r t u a l  work. 



t h e r e f o r e  

2.5.2.1 Expression of t h e  t o t a l  i n t e r n a l  v i r t u a l  work f o r  

a  beam 

The t o t a l  i n t e r n a l  v i r t u a l  work i s  (eq. ( 2 . 2 0 ) )  : 

f 
tr ( [ a ]  [ k ] )  dV , 

where 

and 

We w i l l  have then: 

The equation (2.12) gives t h e  Green-Lagrange s t r a i n  tensor  



where 

and 

Our study r e s t r i c t s  i t s e l f  t o  e l a s t i c  deformations. That means t h e  

s t r a i n e d  body w i l l  recover  i t s  o r i g i n a l  shape and s i z e  when t h e  s t r e s s e s  

a r e  removed. 

In t h i s  hypothesis ,  s t r e s s  i s  a func t ion  of s t r a i n  only and Hookers law 

gives t h i s  r e l a t i o n .  This law can be wr i t t en :  

where E r ep re sen t s  t h e  Young's modulus of e l a s t i c i t y .  

Therefore 6 U  can be expressed: 

I f  we complete t h e  orthogonal system OXZ by t h e  a x i s  OY , we w i l l  

ob ta in :  

d V = d x d y d z  . 

After  i n t e g r a t i o n  along t h e  length L of t h e  beam, 6 U  can be wr i t t en :  



The beam i s  supposed t o  be symmetric i n  t h e  plane OXY with respec t  t o  

i t s  middle a x i s .  Therefore a l l  i n t e g r a t i o n  of an odd f a c t o r  of z w i l l  

be zero. 

Thus : 

where 

and 

A = / /  dy dz represents  t h e  a r e a  of t h e  c ros s  

s ec t ion  of t h e  beam, 

I = jj z2 dy dz r ep re sen t s  t h e  moment of i n e r t i a  

of t he  c ros s  s ec t ion .  

The normal s t r e s s  N and t h e  bending moment M a r e  

N = E A e  
m '  

M = E I x  . 

For t h e  p a r t i c u l a r  case of a rec tangular  beam with a width b along t h e  

a x i s  OY and a th ickness  h along t h e  a x i s  OZ : 



CHAPTER 3 

APPLICATION OF FINITE ELEMENT METHOD AND GAUSSIAN QUADRATURE 

TO BEAM STRUCTURES 

•˜ 3.1 GENERALITIES 

The F i n i t e  Element Method i s  a  very popular technique f o r  so lv ing  

p a r t i a l - d i f f e r e n t i a l  equat ions t h a t  occur i n  engineering app l i ca t ions .  

In  t h e  recent  years  a  l o t  of publ ica t ions  have been wr i t t en .  Some of 

t h e  leading books a r e :  Zienkiewicz [ 5 1 ,  Gallagher [ 6 1 ,  Bathe [ 7 1 ,  

Dhatt and Touzot [ 8 ] ,  Strang and Fix [ 9 1  and Oden and Reddy [ l o ] .  

The l a s t  two books consider  p r i n c i p a l l y  t h e  mathematical aspect  of  t h e  

F i n i t e  Element Method. The books by Zienkiewicz, Bathe, and Dhatt and 

Touzot a r e  very d e t a i l e d  and with some numerical programs included. The 

book of Gallagher i s  more r e l a t e d  t o  t h e  s t r u c t u r a l  ana lys i s  and i s  

su i t ed  a s  an in t roductory  book t o  F.E.M. 

The Gaussian quadrature i s  a  technique used i n  numerical i n t e g r a t i o n  and 

is  employed t o  so lve  t h e  numerous i n t e g r a l s  brought by t h e  F.E.M. a n a l y s i s .  

This technique is  discussed i n  almost a l l  t h e  books concerning numerical 

ana lys i s ,  e .g .  Burden, Fa i r e s  and Reynolds [ l l ] ,  Davis and Rabinowitz [12],  

and Engels 1131. However, we s h a l l  g ive  a  b r i e f  p re sen ta t ion  of t h i s  

technique a t  t h e  end of t h i s  chapter .  

5 3 . 2  FINITE ELEMENT METHOD 

This s ec t ion  begins with a  p re sen ta t ion  of t h e  F i n i t e  Element Method 



and ends with some matr ix r ep re sen ta t ions  of t he  va r i ab l e s  used. 

3.2.1 In t roduct ion  t o  t h e  F.E.M. 

We w i l l  base our s tudy on t h e  "displacements method". The 

bas ic  p r i n c i p l e  of t h e  F i n i t e  Element Method cons i s t s  of subdividing t h e  

domain of s tudy V i n t o  a  s e t  of sub-domains ve , ca l l ed  f i n i t e  

elements. Two d i s t i n c t  elements can have i n  common only po in t s  located 

on t h e i r  common boundary. These elements a r e  represented by a  f i n i t e  

number of nodes. The F.E.M. de f ines  some in t e rpo la t ion  funct ions N 

which allow us t o  approximate an unknown funct ion  u over ve a s  a  

func t ion  of a  c e r t a i n  s e t  of va lues ,  c a l l e d  t h e  nodal v a r i a b l e s ,  a t  t h e  

nodes of t h i s  element. These in t e rpo la t ion  funct ions must assure  t h e  

e  
con t inu i ty  of t h e  v a r i a b l e  on t h e  domain V . Thus, f o r  each element V 

of a beam, 

u = <N>(U;I ( 3  1) 

where u i s  t h e  displacement of po in t s  i n  ve , N t h e  i n t e r p o l a t i o n  

func t ion  defined over ve , and {u:} r ep re sen t s  t h e  vec tor  of t h e  nodal 

v a r i a b l e s  assigned t o  t h e  nodes of t h e  element ve . 

Assuming V = C ve where K E N , we can express t h e  v i r t u a l  work 
eE K 

p r i n c i p l e  as :  

a f t e r  t ransformation,  t h i s  r e l a t i o n  becomes: 



where [ke] i s  t h e  elementary s t i f f n e s s  matr ix of t h e  element ve and 

f t h e  elementary load vec tor .  

We can de f ine  a ga ther ing  technique which allows us t o  w r i t e  t h e  r e l a t i o n  

(3.3) i n  t h e  form: 

<Sun> [K]  {un} = <6un>{Fn} 

where [K]  i s  t h e  global  s t i f f n e s s  matr ix,  u i s  t h e  global  vec tor  

of nodal va r i ab l e s ,  and {Fn} i s  t h e  global  load vec to r .  . 

The preceding equation i s  v a l i d  f o r  a l l  <6Un> , t he re fo re ,  

[K]  {Un} = {Fn} 

The above d iscuss ion  about equation 3.5 w i l l  become more t r anspa ren t  

as t h e  reader  cont inues h i s  reading of t h e  next  few sec t ions .  The 

procedure used t o  so lve  t h i s  equation w i l l  be descr ibed  i n  chapter  4 .  

3 . 2 . 2  Type of element 

The t h e o r e t i c a l  formulation r equ i r e s  u s  t o  dea l  with 

funct ions of c l a s s  c1 so t h a t  t h e  con t inu i ty  of t h e  displacements and 

of t h e i r  d e r i v a t i v e s  a t  t h e  nodes a r e  guaranteed. Thus we opted f o r  a 

Hermite 's element def ined i n  t h e  book of Dhatt and Touzot [ 8  ] 

(Fig (3.1)) and f o r  which t h e  vec to r  of nodal v a r i a b l e s  can be w r i t t e n  a s  



Fig. 3.1 - Real element ve 

Fig. 3.2 - Reference element vr 



where t h e  index 1 corresponds t o  t h e  f i r s t  node of t h e  element and t h e  

index 2  corresponds t o  t h e  second node of t h e  element (here we deal 

with a  f i n i t e  element of a  beam. See Fig. 3 .1 ) ,  and u  , w r ep re sen t s  

t h e  ho r i zon ta l  and v e r t i c a l  displacements r e spec t ive ly .  

But t h e  elements ve can have d i f f e r e n t  lengths.  In  order  t o  s impl i fy  

t h e  ca l cu la t ions  we w i l l  r e l a t e  a l l  t h e  elements ve with a  unique 

element V' , c a l l e d  re ference  element (Fig (3.2)) . This can be done 

by a b i j e c t i v e  geometrical t ransformation which de f ines  t h e  coord ina te  x 

of each poin t  of t h e  r e a l  element ve a s  func t ion  of t h e  coordinate  5 

of t h e  corresponding poin t  i n  t h e  re ference  element. 

The displacements u  and w of a  po in t  of ve w i l l  be w r i t t e n  a s  

where <N > = <N 
u  1 N2 0 0 N3 N4 0 0> and 

<N > = <O 
w 0 N1 N 2  0 0 N3 N4> . The func t ions  N1, N 2 ,  Ng and N4 

w i l l  be def ined l a t e r .  

Let u ,  be t h e  f i r s t  d e r i v a t i v e  of U with r e spec t  t o  x  . Then 
X 

where p = x -x 
2 1 '  

In  t h e  same way, 



The d e r i v a t i v e s  of t h e  i n t e r p o l a t i o n  func t ions  w i l l  be defined i n  t he  

next s ec t ion .  

3.2.3 In t e rpo la t ion  func t ions  

Suppose we want t o  approximate t h e  hor izonta l  displacement u  

a t  a  po in t  with coord ina te  5 . 

u(5) can be expressed i n  t h e  re ference  element a s  a  l i n e a r  combination 

of independent func t ions  p i  : 1 . The c h o i c e  of t hese  funct ions 

is  an important p a r t  o f  t h e  F.E.M. These func t ions  pi(<) w i l l  be 

chosen from a  polynomial b a s i s  with t h e i r  number equal t o  

t h e  number of nodal v a r i a b l e s  of t h e  element. The nodal va r i ab l e s  

corresponding t o  t h e  ho r i zon ta l  displacement a r e  u  u  u  and 
1' 1,x '  2 

u  . Therefore,  t h e  polynomial b a s i s  p . ( S )  i s  defined by: 
2,x 1 

We w i l l  then obta in  



where al, a2, ag and a4 are the generalized coordinates. The 

approximations (3.6) and (3.7) must give the actual values at 

the nodes; therefore, u(-1) = uly 
Uys(-l) = 

, u(1) = u2 and 
lye 

. The equalities u - - - u  P and u - - - u  P 1 ead 
2 1,x 

l y 5  29, 2 2,x 

to the relation 

with 

Finally we obtain 



with 

Let us set < N ( c ) >  = <N N2 N3 N4> . Then 

We would obtain the same result for the function of interpolation of the 

vertical displacement w . For convenience, we supply three tables which 

give the interpolation functions for u, u , ~  u , ~ ~ ,  W, w , ~  and w , ~ ~  . 
These tables are the tables (3.1) , (3.2) and (3.3) . 

Discretized expressions 

After a short presentation of the Newton-Raphson method, 

developed more fully in the next chapter, we will define the residual 

vector and the tangent matrix. These explanations can be found in the 

book of Dhatt and Touzot [ 8 1  and the discretized expressions can be 

deducted from the materials of Batoz [14] . 



TAB. 3.1 - Interpolation function 

TAB. 3.2 - First derivative of the interpolation function 

u, = <N 
X 

N 
l , x  2,x 

O O N  N 
3,x 4,x 



TAB. 3.3 - Second derivative of the interpolation function 

U'xx 
= < N  N O O N  N 

1,xx 2,xx 3,xx 4,xx 
0 O> he} 

n 



The Newton-Raphson method allows us t o  so lve  t h e  nonl inear  equation (3.5) 

( [ K ] { u ~ }  = 1 ~ ~ ) )  by i t e r a t i o n .  Let Sil = SW - 6U . One looks f o r  an 

approximation 
'n+l of t h e  so lu t ion  by expanding 6If i n  Taylor ' s  s e r i e  

i n  t h e  neighbourhood of U : 
n 

SII (Un+l) = 6il (U,) + SLn (u,) + . . . . = 0 

We w i l l  then de f ine  u by { u , + ~ }  = tun} + { A U ~ }  . 

In order  t o  apply t h i s  method we must c a l c u l a t e  t h e  r e s idua l  vec tor  {R) 

and the  tangent matr ix [KT] . The r e s idua l  vec tor  i s  def ined by: 

sn(u ) = < 6 u n > ( i ~ , I  - [ K I I u ~ } )  = < s u ~ > { R }  n (3.8) 

The tangent mat r ix  [%I s a t i s f i e s  t h e  equation 

To c a l c u l a t e  R and [KT] , one needs f i r s t  t o  c a l c u l a t e  t h e  r e s idua l  

vec tor  and tangent  matr ix f o r  each element ve . 

Calcula t ion  of t h e  r e s idua l  vec tor  of an element ve 

The app l i ca t ion  of t h e  equation (3.1) f o r  Su gives 

where <6ue> = <6u 6u 
1 1 ,x  6wl 6w 6u 6w > . n l , x  6u2 2,x 6 w ~  2,x 

The d i s c r e t i z a t i o n  of t h e  equat ions (2.22) allows us  t o  w r i t e  



where <VM> = (1 + u,  )<Nu,x> + w ,  < N W , ~ >  
X X 

and <VK> = u , ~ ~ < N w , ~  > + W ,  - (1 + U, )<NwYXX> - W ,  <NuyX> 
X X XX 

We can express t h e  expression of t h e  i n t e r n a l  v i r t u a l  work of an element by: 

where 

e  
({r i s  c a l l e d  t h e  elementary r e s idua l  vec to r ) .  

3 . 2 . 4 . 2  Calcu la t ion  of t he  tangent  matrix of an element ve 

The v a r i a t i o n  of t h e  i n t e r n a l  v i r t u a l  work i s  needed 

f o r  t h e  ca l cu la t ion  of t h e  tangent  matrix and can be wr i t ten  a s  

Because u and w a r e  e s s e n t i a l  va r i ab l e s ,  we w i l l  s e t  t h e  following 

condit ions:  

Abu = A6w = A ~ U , ~  = A6wYx = A6uixx = A6wixx = 0 



Then the expression of A6em and A6x - can be written as 

ABem = 6uYx AuYx + 6wYx AwYx , 

ABx = Bw, AuyXx + Aw, 6 U y ~ ~  - AwyXx 6uyx - 6 ~ , ~ ~  AuYx . - X X 

Therefore, on the element ve , 

Then 

with 

1+1 
[k:] = I ({VM~EA<VM> + IVK}EI<VK> + EAe [VMZ] m 

) -1 

+ El* - [VKZ] ) $ d< , 

The matrix [k:] is called the elementary tangent matrix. 



3.2.4.3 Calcula t ion  of t h e  ex t e rna l  work 

The load F is  v e r t i c a l  and is appl ied  on t h e  

poin t  P of t h e  frame. Then t h e  ex t e rna l  work i s  given by 

with P loca ted  a t  t h e  second node of t h e  element ve and 

c f e > = < O  0 0 0 0 0 F O >  . 

3.2.4.4 Gathering of t h e  d i s c r e t i z e d  v a r i a b l e s  

A l l  t h e  va r i ab l e s  a r e  ca l cu la t ed  with respec t  

of  an element ve and need t o  be gathered i n  order  t o  obta in  t h e  global  

and f i n a l  equation. This w i l l  be done by adding t h e s e  v a r i a b l e s  toge ther .  

Our d i s c r e t i z a t i o n  of t h e  Lee's frame uses  10 elements and 11 nodes. 

On each element we can wri te-  t h e  displacement vec to r  u a s  

where 



By adding on the  t en  elements, we w i l l  obtain the  f i n a l  vector  CU) , 

In the  same way we can wri te  the  tangent matrix 

Then the  f i n a l  matrix w i l l  be 



But a l l  the  terms of the  matr ices [k:] involve i n t e g r a l s ,  

t he re fo re ,  we must f i r s t  ca l cu la t e  these  i n t e g r a l s .  This w i l l  be 

done by the  gaussian quadrature method. 

4 3 . 3  GAUSSIAN OUADRATURE 

This procedure solves t h e  i n t e g r a l  I = f (x)  dx by choosing 6 
n values x x2 ... x and n constants  c c2  ... c with the  

1' n 1 ' n 

objec t ive  of minimizing t h e  e r ro r  term 

The purpose of t h i s  sec t ion  is  t o  f ind  the  r i g h t  xi's and c i I s .  We w i l l  

need some knowledge about Legendre polynomials. 



3.3.1 Legendre polynomials 

The following explanation can be found in Godsil [15] . 

A set of functions (pO, P1, . . . P 1 is said to be orthogonal on [a,b] n 

with. respect of the positive weight function w(x) if 

J: Pk (x) P. (x) w (x) dx is equal to zero when j+k and positive when j =k . 
J 

An important property of orthogonal polynomials is the following one: 

if the functions Po, P1 ... P are polynomials and if Pk is a polynomial 
n 

of order k for k = 0 ,  1, ..., n then Pk has k distinct roots in the 

interval [a,b] . 

The set of Legendre polynomials is a set of orthogonal polynomials on 

- 1  1 with respect to the weight function w(x) = 1 which satisfies the 

recursive relation: 

where k 2 1 , P0(x) = 1 , Pl(x) = x . 

3.3.2 Evaluation of the variables 

The values of the points xl, ..., x minimizing the error n 

term (eq 3.10) are found to be the n distinct roots of the Legendre 

polynomial Pn (x) (Davis and Rabinowitz [12] ) . 



The c o e f f i c i e n t s  c a r e  given by i 

The gaussian quadrature allows t h e  exact  i n t e g r a t i o n  of a polynomial of  order  

(2n-1). The choice of n = 3 w i l l  g ive  us  a good enough approximation. 

Therefore t h e  va lues  of  xi w i l l  be  t h e  r o o t s  of  t h e  polynomial 

These values a r e  x = - 1 
, x * = O ,  x 3 = +  6 . The corresponding 

5 
c o e f f i c i e n t s  c w i l l  be c = c = - 8 c = -  

i 1 3 9 '  2 9 '  

The f i n i t e  element method and t h e  gaussian quadrature allow us t o  

cha rac t e r i ze  t h e  behaviour of Lee's frame by t h e  equation: 

The following chapter  w i l l  in t roduce the  methods used t o  so lve  t h i s  

equation. 
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CHAPTER 4 

NUMERICAL METHODS 

FOR SOLVING NONLINEAR SYSTEMS 

4 .  GENERALITIES 

This chapter  p re sen t s  t h e  numerical methods we w i l l  use  i n  order  

t o  so lve  t h e  nonl inear  equation: 

We w i l l  proceed by i t e r a t i o n ;  and a t  each i t e r a r i v e  s t e p ,  we w i l l  so lve  

t h e  l i n e a r  equation 

This chapter  w i l l  be divided i n t o  t h r e e  p a r t s :  

- t h e  f i r s t  p a r t  concerns t h e  method f o r  so lv ing  t h e  

r e l a t i o n  (4.2) 

- t h e  second p a r t  p resents  t h e  usual  i t e r a t i v e  process  

- t h e  t h i r d  p a r t ,  which is  the  most important one, w i l l  

in t roduce a s p e c i a l  technique needed f o r  f ind ing  t h e  

deformations of t h e  Lee's frame. 



94.2 SOLUTION OF THE LINEAR SYSTEM 

4.2.1 Boundary condi t ions  

The equat ion (4 .2 )  doesn ' t  t ake  i n t o  account t h e  boundary 

condi t ions ,  we w i l l  in t roduce  them by using t h e  method of t h e  diagonal 

dominant t e m .  

Let IUn) be t h e  approximation of t h e  so lu t ion  vec tor  u . Then IUn]  

i s  obtained by i t e r a t i o n ,  using t h e  following process: .  

Let m be t h e  dimension of t h e  vec tor  space containing {u) . Then t h e  m 

components of u a r e  u sua l ly  chosen equal t o  zero and 

- 
~ e t  us , us , . . . . and be t h e  boundary condit ions f o r  t h e  

1 2 P 

vec tor  {uJ . We w i l l  d e f i n e  {uo1 by 



with 

[ u i  = ui i n  t h e  o the r  ca ses .  

In order  t o  keep t h e  same boundary condit ions f o r  t h e  f i n a l  approximation, 

we have t o  modify t h e  mat r ix  [KT] and t h e  vec tor  CR) i n  t h e  

equation ( 4 . 2 )  . 

We w i l l  b r ing  t h e  fol lowing modif icat ions:  

8 
where j = 1 ,2  ... p and a = 10 . 

These two modif icat ions w i l l  i n su re  t h a t  

i n  t h e  vec tors  



4 . 2 . 2  Storage of t h e  matr ix [%I 

The mat r ix  [KT] i s  a  symmetric, p o s i t i v e  d e f i n i t e  block 

t r i d i agona l  matr ix ,  and can be wr i t t en :  

The order  of [KT] i s  44 and a l l  t h e  i n t e r n a l  mat r ices  a r e  matr ices  of 

order  4 .  The s to rage  scheme w i l l  cons i s t  of 2  vectors  {KD} and {KS) 

such t h a t  

and 

4 . 2 . 3  Block L-U f a c t o r i z a t i o n  

A l l  t h e  d e t a i l s  concerning t h i s  method can be found i n  t h e  

book by Golub and Van Loan [16] . 



We use  t h i s  method i n  order  t o  t a k e  advantage of t h e  block s t r u c t u r e  of 

t h e  symmetric p o s i t i v e  d e f i n i t e  matr ix [I$,] . By considering a block 

f a c t o r i z a t i o n  f o r  t h e  matr ix [I$.] , we ob ta in  

where t h e  matr ices  ML(i) and MU(i) a r e  mat r ices  of order  4 and 

obtained by t h e  fol lowing algori thm: 

(2 )  I For i = 2 ,  ... 11 

(3) 1 Solve ML(i)*MU(i-I) = i i ( i l T  f o r  ML(i) 

This procedure i s  well  def ined a s  MU(l), ... MU(10) a r e  non-singular 

due t o  t h e  cons t ruc t ion  of [I$.] . The vec to r  CAUI can be obtained 

by block forward e l imina t ion  and backward s u b s t i t u t i o n  us ing  t h e  following 

algorithm: 



For i = 1 ,  ... 11 
y(i) = R(i) - ML (i)y(i-1) (ML(l)y(O) = 0) 

For i = 1 1 ,  ... 1 
Solve MU(i)AU(i) = y(i) - KS(i)AU(i+l) 

for AU(i) (KS (ll)AU(12) = 0) 

~t the instructions (3) and (8) we use the matrix inverse 

function included in the A.P.L. instructions. 

5 4.3 ITERATIVE PROCESS 

This section begins by a presentation of the Newton-Raphson's method 

and ends with the description-of a modification of this method --this 

modification is the imposition of an increment. 

4.3.1 Newton-Raphson algorithm (Fig. (4.1)) 

The following expansion is given in the book of Dhatt and 

TOUZO~ [ 8  ] . 

The equation brought by the F.E.M. is 

This equation can be written: 



u~ u1 2 'actual u 

Fig. 4.1 - Newton-Raphson's algorithm 



The so lu t ion  of t h e  equat ion ( 4 . 3 )  r equ i r e s  us t o  f i n d  a  vec tor  {u} 

such t h a t  {R(u) )  is  a s  c l o s e  t o  zero a s  poss ib l e .  The a c t u a l  so lu t ion  

gives IR(u)  l = o . 

The search f o r  t h e  so lu t ion  w i l l  be done i n  an i t e r a t i v e  manner: i f  

{Ui-ll is  t h e  s o l u t i o n  a f t e r  ( i -1)  loops, we have: 

But t h e  r e s i d u a l  vec tor  

is  d i f f e r e n t  of zero.  Therefore t h e  new so lu t ion  must s a t i s f y  

Expanding t h i s  l a s t  equat ion i n t o  a  Taylor ' s  s e r i e s  of f i r s t  o rder ,  we 

ge t  

I 

Therefore,  we must have 



The expression of t h e  tangent  matr ix [I$(Ui-l)]  i s  then  

The Newton-Raphson's method solves a t  each s t e p  

The terminat ion of t h i s  i t e r a t i v e  processes  w i l l  depend on t h e  va lue  of 

4 .3 .2  Imposition of a displacement 

The following explanat ions a r e  given i n  t h e  pub l i ca t ion  of 

Batoz and Dhatt 1171 . 

So f a r  we have supposed t h a t  t h e  load was given and t h a t  t h e  displacements 

{u,} were t h e  unknowns. For some problems (Fig. 4 . 2 )  i t ' s  poss ib l e  t o  

obta in  severa l  displacements f o r  a given load F . In  t h i s  example t h e  

Newton-Raphson's method c a n ' t  g ive  t h e  so lu t ion  i n  t h e  i n t e r v a l  [B,C] . 
In order  t o  obta in  a so lu t ion  i n  t h i s  i n t e r v a l ,  we must f i x  one component 

U of t h e  displacement vec to r  u and consider  t h e  load F (F = hFo , 

Fo f ixed)  a s  unknown. A s  a mat te r  of f a c t ,  i n  [B,C] t h e r e  is  only one 

load F corresponding t o  a given value of U . 

For each i t e r a t i v e  s t e p  t h e  Newton-Raphson's method imposes t h e  s o l u t i o n  

of t h e  equat ion 



Fig .  4 . 2  - Several displacements f o r  one load 



The r e s idua l  vec tor  {R} can be wr i t t en  i n  t h e  form 

IR} = {Fo) - [K]  {u} (4 4) 

where IF  1 i s  t h e  i n i t i a l  load vec tor ,  and A t h e  load parameter 
0 

with t h e  i n i t i a l  va lue  1 . 

Let U L  be t h e  va lue  of t h e  imposed component of t h e  s o l u t i o n  vec tor  {u) . 
The technique used i s  t o  s u b s t i t u t e  t h e  considered component of t h e  i n i t i a l  

vec tor  {IJo) by U and then t o  f i x  AU = 0 f o r  each loop. Then we 
L L 

must so lve  t h e  two equat ions:  

where {R} s a t i s f i e s  t h e  equat ion (4.4) .  

Let (AUL) and (nuL), be t h e  v a r i a t i o n s  of t h e  component r e l a t i v e  

t o  t h e  imposed displacement, obtained r e spec t ive ly  by t h e  equations 

(4.6) and (4 .5) .  Then t h e  t o t a l  v a r i a t i o n  {AU) of t he  vec tor  so lu t ion  

i s  defined by 

Therefore f o r  t h e  loop considered he re ,  AUL = 0 and t h e  new load vec tor  

is  (A + AA){F~}  . 



54.4 AUTOMATIC INCREMENTATION 

'I'he f i g u r e  (4.3) shows t h e  load-displacements curve of t h e  Lee's 

frame. In order  t o  f i n d  t h e  curve i n  t h e  i n t e r v a l s  [ B , C ]  and [A,D] 

we need t o  impose a displacement (u o r  w) . We w i l l  c a l l  t h i s  imposed 

displacement "increment". In  t h e  i n t e r v a l  [E,G] , we c a n ' t  use w a s  

increment; and i n  [F,H] , u c a n ' t  be t h e  increment e i t h e r .  These 

2 i m p o s s i b i l i t i e s  a r e  due t o  t he  f a c t  t h a t  i n  t hese  i n t e r v a l s  we reach 

an extrema f o r  one displacement,  and the re fo re ,  we c a n ' t  always increase  

t h e  value of t h i s  displacement.  But u i s  increas ing  i n  [E,G] and w 

i n  [F,H] . So, we can obta in  t h e  complete curve by us ing  t h e  2 increments 

u and w , i f  we choose t h e  increment c a r e f u l l y  a t  each s t age  of t h e  

deformation (u must be t h e  increment i n  [E,G] and w t h e  increment i n  

CFYHI) 

This t h e s i s  presents  an automatic method f o r  t h i s  choice and proposes 

values f o r  s t e p s i z e s  (values of t h e  inc rease  of t he  increment).  The 

general  technique is  based on polynomial i n t e r p o l a t i o n .  We a l s o  t r i e d  

t o  t ake  advantage of t h i s  method t o  improve t h e  p rec i s ion  of our program. 

Our p lan ,  f o r  t h i s  s ec t ion ,  w i l l  be t h e  following one: 

- choice of t h e  increment 

- choice of t h e  s t e p s i z e  

- general  improvements. 



Fig. 4.3 - Displacements vs load 



4.4.1 Choice of t h e  increment 

The purpose of t h i s  s tudy i s  t o  f i n d  an increas ing  increment. 

We s h a l l  choose t h e  displacement which increases  t h e  most a s  an increment. 

Consequently, t h e  s lope  of t h e  tangent  w i l l  al low us t o  p r e d i c t  t h e  r i g h t  

choice. 

We w i l l  use  polynomial i n t e r p o l a t i o n  of order  3 o r  4  t o  determine the  

s lope  of t h e  tangent  f o r  u  and w (Fig. (4.4) polynomial i n t e r p o l a t i o n  

of order  3 ,  po in ts  chosen have load Fo,  F and F2 j .  The va lue  t h a t  we 
1 

obta in  f o r  t h e  s lope  won't be t h e  exact  va lue ,  but  t h e  p rec i s ion  i s  not 

very  important and we j u s t  need t h e  order  of magnitude. The smal les t  

absolu te  va lue  of t h e  s lope  w i l l  g ive  t h e  displacement which increases  

t h e  most. 

4 .4.1.1 Polynomial i n t e r p o l a t i o n  

A summary on t h i s  method can be found i n  t he  book 

of Burden, Fa i r e s ,  and Reynolds 1111 . 

In t e rpo la t ion  can be used t o  approximate an o r i g i n a l  func t ion  i n  t h e  

ca l cu la t ion  of i n t e g r a l s  o r  de r iva t ives  o r  i n  o the r  opera t ions .  The most 

usefu l  i n t e r p o l a t i n g  c l a s s  is  then  t h e  c l a s s  of polynomials. 

The curves of load-displacements (Fig. (4.3)) can be considered a s  func t ions  

over i n t e r v a l s .  These i n t e r v a l s  mustn ' t  conta in  any extrema f o r  t h e  

displacement considered. On these  i n t e r v a l s ,  l e t  us  d e f i n e  t h e  funct ion 

f  and g such t h a t  
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Fig. 3.4 - Choice of the increment 



F = f  (u) 

F = g ( w )  . 

In order  t o  approximate f  by a  polynomial Ps of order  ( s+ l )  

choose ( s + l )  po in t s  i n  t h e  i n t e r v a l  of d e f i n i t i o n  of f and we w i l l  

use  a  d iv ided-d i f fe rence  t a b l e .  Let u s  suppose t h a t  we know t h e  va lues  

of t h e  funct ion f  a t  t h e  d i f f e r e n t  displacements u0, u l ,  ..., u . 
S 

Then t h e  polynomial Ps of degree a t  most s t h a t  agrees  with t h e  

func t ion  f  a t  those po in t s  is  

f ( u j )  - W i )  
where f [u i , u j ]  = 

u - u  , i # j  , 
j i 

and 

Once t h e  polynomial Ps i s  found i t ' s  easy t o  f i n d  t h e  value of t he  

de r iva t ive ,  which i s  the  s lope  of t h e  tangent ,  a t  t h e  l a s t  po in t .  

The algorithm used i s  t h e  fol lowing one: 

u  u l ,  ..., u a r e  known 
0 ' S 

W0' w l ,  ..., w S 



(1) f i n d  Ps (u) which i n t e r p o l a t e s  f  (u) 

and Qs (w) which i n t e r p o l a t e s  g(w) 

(2) c a l c u l a t e  P;(us) and Q4(ws) 

(3) i f  I P; (us) / 5 1 Q; (wS) I then u i s  t h e  increment and 

U 
s + l  = us + s t e p s i z e  . 

Otherwise, w i s  t h e  increment and w = w + s t e p s i z e .  s + l  . s  

The s t e p s i z e  is  genera l ly  small ,  t he re fo re  we d o n ' t  need a  high va lue  of 

s f o r  a  good i n t e r p o l a t i o n  of t he  func t ions  f. and g  . Our program 

w i l l  compute 2 polynomial i n t e r p o l a t i o n s ,  one with s  = 3 and t h e  o t h e r  

with s  = 4 . 

4.4.2 Choice of t h e  s t e p s i z e  

Once we found t h e  increment, we h'ave t o  d e f i n e  i t s  v a r i a t i o n ,  

c a l l e d  s t e p s i z e .  The va lue  of t he  s t e p s i z e  i s  important ,  and it determines 

t h e  convergence and a l s o  t h e  speed of convergence of t h e  Newton-Raphson's 

method. Because t h e  imposition of a  r e l a x a t i o n  f a c t o r  has t h e  same e f f e c t ,  

our program w i l l  u se  t h e  following two techniques.  

The technique of imposi t ion of a  r e l a x a t i o n  f a c t o r  f i x e s  a  d e f i n i t e  

va lue  AS f o r  t h e  s t e p s i z e  and then modifies s l i g h t l y  t h e  i t e r a t i o n s  of 

t h e  equat ion (4.2) i n  order  t o  a t t a i n  t h e  f a s t e s t  convergence. The 

modif icat ion i s  t h e  in t roduc t ion  of a  c o e f f i c i e n t  w such t h a t  each 
i 

loop so lves :  



and {ui} = {ui-,) + wi{aui} . 

I f  w < 1 we have an under r e l a x a t i o n  method which improves t h e  
i 

p o s s i b i l i t y  of convergence 

and i f  w. > 1 we have an over r e l a x a t i o n  method which improves t h e  
1 

speed of convergence. 

The optimum value  f o r  w depends on t h e  problem s tudied ;  it i s  determined i 

by numerical experimentation. The experimental r e s u l t s  we obtained a r e  not  

very  good and we decided t o  use  a v a r i a t i o n  of s t e p s i z e .  

The technique we used i s  based p r i n c i p a l l y  on t h e  number of i t e r a t i o n  we, 

needed t o  obta in  t h e  preceding deformation. 

Let u s  de f ine :  

NITi a s  t h e  previous number of i t e r a t i o n ,  

NITW a s  t h e  number of i t e r a t i o n  wished, 

ASi a s  t h e  previous s t e p s i z e .  

Then t h e  general  formulat ion f o r  t h e  s t e p s i z e  ASi+l i s  



where a is  a  c o e f f i c i e n t  which t h e  experimental t r i e s  and t h e  pub l i ca t ion  

of Deuflhard [18] shows t h a t  i t s  optimum value  i s  1. We l inked t h e  va lue  

of ASicl with t h e  va lue  of t h e  s lope  but  t h i s  modif icat ion doesn ' t  b r ing  

a  b ig  change i n  t h e  t o t a l  number of i t e r a t i o n s .  

The s t e p s i z e  chosen previously with t h e  increment determined by polynomial 

i n t e r p o l a t i o n  gives the  complete load-displacements curves of t h e  Lee's 

frame. The next  s ec t ion  w i l l  be only concerned with t h e  ameliorat ion of 

t h e  method. 

4 . 4 . 3  General improvements 

The 2 amel iora t ions ,  discussed i n  t h i s  s ec t ion ,  w i l l  concern 

t h e  p rec i s ion  of t h e  curves and t h e  speed of convergence of the  Newton- 

Raphsonls method. 

In engineering p r a c t i c e ,  t h e  determinat ion of t he  

buckling poin t  i s  q u i t e  important.  I t  occurs a t  t h e  f i r s t  extremum of 

t h e  load. The polynomial i n t e rpo la t ion ,  which allowed us t o  f i n d  Ps and 

Qs , w i l l  approximate t h i s  extrema f o r  a  load corresponding t o  t h e  po in t s  

where the  values of  t h e  d e r i v a t i v e s  of P  and Q a r e  zero. In t he  

same way we w i l l  e s t imate  a l l  t h e  extrema f o r  u ,  w and F . The extrema 

f o r  u o r  w occur a t  po in t s  where the  d e r i v a t i v e  of P  o r  Q a r e  

i n f i n i t e .  In order  t o  p a l l i a t e  t h i s  inconvenience we w i l l  then  consider  

t h e  polynomials R and S  which i n t e r p o l a t e  u  = h(F) and w = k(F) , 



and t h e  extrema w i l l  be  f o r  t h e  po in t s  where t h e  d e r i v a t i v e s  of R o r  S 

is  zero. 

4.4.3.2 Predic t ion  of t h e  s o l u t i o n  

The deformations of t h e  Lee's frame a r e  represented 

by 44 va r i ab l e s  which a r e  a l l  t h e  displacements and r o t a t i o n s  a t  each node. 

Therefore we have t o  f i n d  a p red ic t ion  f o r  a l l  these  va r i ab l e s .  

Let us suppose t h a t  u i s  t h e  hor izonta l  d i sp lacement .a t  t h e  poin t  P 
P 

(Fig. (1 .1))  and i s  the  next increment. The value of t he  s t e p s i z e  found 

is  Au . For t h e  node j  (j=O, ..., l l ) ,  we w i l l  cons t ruc t  4 polynomials 
P 

PU1, PU2, PU3 and PU4 approximating t h e  func t ions  U1, U 2 ,  U3 and U4 

def ined by: 

u j = u ( u )  
1 p 

U .  = U ( u )  
J , X  2 p 

w j  = u  ( u )  
3 p 

W. = U ( u )  . 
J , X  4 p  

The p red ic t ion  of t h e  new pos i t i on  f o r  t he  node j  w i l l  be: 

The l a s t  opera t ion  w i l l  c o n s i s t  of t h e  p red ic t ion  of t h e  new va lue  f o r  t h e  

load F . 



A l l  of t hese  preceding s t r a t e g i e s  a r e  implemented i n  our program, and t h e  

algorithms and r e s u l t s  w i l l  be shown i n  t h e  next  chapter .  
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CHAPTER S 

RESULTS 

5 .  GENERALITIES 

In t h i s  chapter  we s h a l l  p resent  t h e  numerical program which is  

broken i n t o  many succ inc t  a lgori thms.  In t h i s  way, our p re sen ta t ion  w i l l  

al low one t o  understand t h e  d i f f e r e n t  s t ages  of t h i s  program. The 

app l i ca t ion  of t h i s  program t o  t h e  Lee's frame w i l l  be done i n  t h e  l a s t  

p a r t  of t h i s  chapter .  

5 5 . 2  FLOWCHARTS 

5 . 2 . 1  Introduct ion 

To comprehend t h e  following f lowchar t s ,  one needs f i r s t  t o  

d e f i n e  some v a r i a b l e s .  

IPAS : r ep re sen t s  t h e  number of t h e  s o l u t i o n  considered 

NITER: determines t h e  maximum number of i t e r a t i o n s  

SMIN : r ep re sen t s  t h e  va lue  of t h e  minimum s t e p s i z e  

SMAX : r ep re sen t s  t h e  va lue  of t h e  maximum s t e p s i z e  

STEP : r ep re sen t s  t h e  va lue  of  t h e  s t e p s i z e  a t  t h e  i t e r a t i o n  

considered 



DIV : i nd i ca t e s  i f  we obtained a convergence o r  not  f o r  t h e  

previous so lu t ion ;  DIV = 0 means we obtained convergence; 

D I V  = 1 means we had divergence f o r  t h e  s o l u t i o n  considered 

but we obtained convergence f o r  t h e  preceding so lu t ion ;  

DIV = 2 means we had divergence f o r  t h e  second time i n  

a row; D I V  = 3 means we had divergence f o r  t h e  t h i r d  

t ime i n  a row with t h e  minimum s t e p s i z e  and t h i s  va lue  of 

DIV s tops  t h e  program. 

{VFF):  is  t h e  vec tor  of t h e  n l a s t  values obtained f o r  t h e  

fo rce  F when using polynomial i n t e r p o l a t i o n  of order  n . 

{VUU): i s  t h e  vec tor  of t h e  n l a s t  values obtained f o r  t h e  

ho r i zon ta l  displacement a t  t h e  poin t  P . 

{VWW): i s  t h e  vec to r  of t h e  n l a s t  values obtained f o r  t h e  

v e r t i c a l  displacement a t  t h e  poin t  P . 

{u] : i s  t h e  vec to r  s o l u t i o n  and has 44 components. 

u I : i nd i ca t e s  t h e  va lue  of t h e  ho r i zon ta l  displacement a t  t h e  

node I . 

NIW : r ep re sen t s  t h e  number of i t e r a t i o n s  we would l i k e  t o  have 

a t  each s t ep .  

B : i f  t h e  absolu te  va lue  of t h e  tangent  of one of t h e  load- 

displacement curve i s  g r e a t e r  than  6 , we d iv ide  t h e  

s t e p s i z e  by 2 .  



a : i f  t h e  abso lu t e  va lue  of t h e  tangent  of one of t h e  load- 

displacement curve is  smaller  than  a , we d iv ide  t h e  

s t e p s i z e  by 2 .  

We w i l l  p resent  7 f lowcharts :  

- Algorithm of t h e  main program. 

- Algorithm of t he  block "resolut ion":  t h i s  a lgori thm i s  

concerned with the  so lu t ion  of t h e  equat ion [ K ] ( u )  = ( F )  . 

- Algorithm of t h e  block "diverge": t h i s  a lgori thm s t u d i e s  

t h e  change of s t e p s i z e  i n  a  case of  divergence. 

- Algorithm of t h e  block "predict":  t h i s  a lgori thm i s  used f o r  

t h e  p red ic t ion  of t he  so lu t ion .  

- Algorithm of t h e  block "extrematl: t h i s  a lgori thm c a l c u l a t e s  

t h e  values of  t h e  extrema. 

- Algorithm of t h e  block t t i n t e rpo la t ion l t :  t h i s  a lgori thm def ines  

a  polynomial i n t e r p o l a t i o n  us ing  t h e  3 l a s t  po in ts  obtained.  

- Algorithm of t h e  block "stepsizeI t :  t h i s  a lgori thm def ines  t h e  

value of t h e  s t e p s i z e .  



5 . 2 . 2  Flowchart of the main program 

I 
I Internal inputs 
1 

1 - physical and geometrical characteristics 
- discretization in finite elements / - boundary conditions 

I 
J. 

External inputs [ 
I 

- maximum number of iterations 
- number of iterations wished 
- extrema of the stepsize 
- n initial increments and stepsizes. 
(interpolation by polynomials of order n) + 

/ IPAS:=O 1 

IPAS:=IPAS + 1 4 
J 

, 

/ BLOCK RESOLUTION ' 

I I 

I 
I I 

I BLOCK EXTREMA 1 
A 
I 

TEST on 
the stopping 

of the end 

\1 
I I BLOCK INTERPOLATION j 

I 



Loop on t h e  elements 
IE:=1,10 

5.2.3 Flowchart of t h e  "BLOCK RESOLUTIONH 

1 Calcula t ion  of t h e  r e s i d u a l  vec tor  { r e )  and I 

) 

I t h e  tangent  matr ix [K:] of t h e  element IE ( 

Loop on t h e  number of i t e r a t i o n  
I : = l ,  NITER 

Gathering of {re} and [K:] with t h e  r e s idua l  

vec tor  and t h e  tangent  matr ice of t h e  precedent element 

I 
End of t h e  loop on t h e  elements 

Solu t ion  of [KT] {AU) = {R) 

us ing  - Block L-U decomposition 

1 using - imposition of an increment 

TEST of convergence, 

< prec i s ion  
I Yes p 

IN-null2 I I I 
I End of t h e  loop on number 
j of i t e r a t i o n s  1 

I 
( DIV: = O  I 

BLOCK DIVERGE A A I 



5.2.4 Flowchart of the "BLOCK DIVERGE" 

' stepsize:=stepsize/2 DIV: =3 PROGRAM 

I 
_ 

j 

I W 

BLOCK PREDICT 

lecture of the r i  

I 
storage of new 

I 

vectors 
{VFF), (VUU) , 
~VWWI, {u) 

( Return in RESOLUTION ) 



5.2.5 Flowchart of t h e  "BLOCK PREDICT" 

Le t ' s  suppose u i s  t h e  increment. 
P 

Loop on t h e  nodes 
I = 1,11 I # 7 I 1 

t h e  7 th  node corresponds t o  t h e  poin t  P 

I c a l c u l a t i o n  of polynomials P I '  P2, P3, P4 

such t h a t :  u = P ( u )  
1 1 P  

u = P ( u )  
I , x  2 P 

w = P ( u )  
1 3 P  

W = P ( u )  
I , x  4 P 

J/ 
u = P (u + STEP) 

1 1 P  
u = P (u + STEP) 
1 2 p 

w = P (u + STEP) 
I 3 P  

w = P (u + STEP) 
I , x  4 p 

end of t he  loop on t h e  nodes 1 J 

J. 
c a l c u l a t i o n  of polynomials Ql, Q2,  Q3, Q4 

such t h a t :  W = Q1 (up) 
P 

u p,x = Q2(up) 

1 w = Q (U + STEP) / 
! P 1 P  
! I u p ,x  = Q2(Up + STEP) 1 

w = Q3 (up + STEP) I 
P ,x 

F = Q (u + STEP) 
4 P 

i n  DIVERG o r  INTERPOLATION 



5.2 .6  Flowchart of the "BLOCK EXTREMA" 

& 
TEST 

1 (VUU (1) T W U  (2) ) x (VUU (2) -vuu (3) ) > 0 j 
I 

TEST 1 (VFF (1) -VFF (2) ) x (VFF (2) -VFF (3) 1 > 0 

IL 
calculation of Pf, PU s. t. F = Pf (w) u = P (w) I u I 

Yes 

.+ 

I 
lb  

calculation of w s.t. P' (w ) = 0 / m u m I 

using the last increment (let's suppose u) 

( calculation of Pf s.t. F = Pf (u) 

I and Pw s.t. w = Pw[u) 
d 

\1 
' calculation of u verifying 1 max I 

ppmaX) = 0 i 
1 

with umax E [VUU (1) , VUU (3) 1 1 
1 

lecture of maxima 
maximum of F = P (u ) obtained f max 

I 
1 

for u = u  max with w = Pw (urnax) ; 

with wm E [VWW (1) ,VWW (3) ] I 
u 

lecture of maximum of u = Pw(wm) / 
! 

/ at the point wm, Pf (w ) = F m 
i 

\1/ 

TEST I (VWW (1) -vw (2) ) x (VWW (2 )  -VWW (3) ) > 0 I 
J. 

calculation of Pf, Pw s. t. F = Pf(u) w = Pw(u) 1 i I 
G 

Icalculationof u s.t. P;(u) = 0 i m m 

I with um C [VUU(l) ,VUU(3) ] I 
& / lecture of maximum of w = Pw(um) 

/ at the point um, Pf (u ) = F I m 
I 

\L 

Geturn to the MAIN program>-' 



5.2.7 Flowchart of t h e  "BLOCK INTERPOLATION" 

I increment I 

Test  
(WU (1) -vuu (2)  ) x (VUU (2) -vuu (3) ) < 0 

I 

c a l c u l a t i o n  of polynomials 
PU and Pw such t h a t  

Yes - 

Test  
I P ; ( V U U ( ~ ) ) I  < 1 p ; w w 3 ) ) 1  

1 No 

is t h e  next increment t-- 
\L w.1 BLOCK STEPSIZE 

I 
BLOCK PREDICT r' 



5.2.8 Flowchart of t h e  "BLOCK STEPSIZE" 

Let 's  suppose t h e  value of the  new increment a t  t h e  l a s t  

poin t  i s  A (A = u3 o r  A = w3) (u3 = VUU(3) and w3 = VWW(3)) , 

t h e  value of the  preceding increment a t  t h e  l a s t  point  is  B (B = u3 

o r  B = w ) , and NIT is  t h e  value of t h e  number of i t e r a t i o n  a t  t h e  3 

previous s t ep .  

I ) NIT 

- 
t e s t  

I tan  u31 > B o r  I tan u31 

TEST 
STEP > SMAX 



5 5.3 PRESENTATION OF THE RESULTS 

The main purpose of this thesis is to create a program which allows 

us to determine the load-displacement curves of the Lee's frame. This 

objective has been realized by using a polynomial interpolation of order 

3 or 4. The program, with the algorithms given in the previous section, 

allows us to find the load-displacement curves without any failure. 

Thus, the next step concerns the optimization of this program. In order 

to try to reduce the cost of a run we use polynomial interpolation to 

predict the solution. The precision of the curves can be increased by 

using polynomial interpolation to find the extrema of the curves. 

In order to appreciate the precision of the extrema found by polynomial 

interpolation we must first find the load-displacement curves with 

exact values for these extrema. This discussion will be done in the 

next section. All the curves and the tables presented below correspond 

to the displacements at the point P of the frame (fig. (1.1)). 

Load-displacement curves 

In order to determine the extrema precisely we supplied 

a program which allows the user to choose the next increment and 

stepsize. The values we obtained for the extrema are shown in the 

table (5.1). The precision on these extrema, nevertheless, depends on 

the value of the precision chosen for the Newton-Raphson convergence 

criterion. The values obtained for the curves are shown in the 

table (5.2), and the schematization of the curves is done on the 

figure (5.2). The figure (5.1) shows some deflected shapes of the Lee's 



EXTREMUM 

LOAD F Horizontal I vertical 

Local maximum of 
the load (Buckling 
point) 

(expressed displacement u 1 displacement w 
P i  P 

in Newton) / (in meters) ; (in meters) 
1 I 

I ! 

1.87160 1 0.2719 I 0.4875 I 

I I 1 , 
I 
I 

Local maximum of 
the vertical 

I I I Local minimum I I 

1.194 

Local minimum 
of the vertical 
displacement w 

P 

Local minimum 
of the load F 

displacement w 1 
P I 

I -0.462 0.8128 I 

? 
0. 50827 

! 
I 

I 

, I 

-0.97420 I 0.9028 I 0.5820 

I I 

TAB. 5.1 - Extrema of the curves load-displacement 

of the horizontal 
displacement u 

P 

-0.706 



Load F 

( i n  Newton) 
1 
1 

Horizontal 

displacement u 
P 

( in  meters) 

V e r t i c a l  

displacement w 
P 

( i n  meters) 

TAB. 5 .2  - Varia t ions  of F ,  u and w 
P P 



Fig. 5.1 - Different shapes of the Lee's frame 





frame a t  some po in t s  pointed i n  t h e  f i g u r e  (5.1).  

5.3.2 Comparison of procedures 

In order  t o  be ab l e  t o  understand t h e  fol lowing r e s u l t s  we 

w i l l  b r i e f l y  de f ine  some va lues .  

The "preceding number of i t e r a t i o n s "  (NIT) r ep re sen t s  how many times we 

solved t h e  equation [ K ] ( U )  = {F)  before obta in ing  t h e  l a s t  po in t  from 

t h e  poin t  preceding it .  Then t h e  value of t h e  s t e p s i z e . f o r  t h e  following 

poin t  w i l l  be an inverse  f a c t o r  of NIT. 

The " t o t a l  number of  i t e r a t i o n s "  r ep re sen t s  how. many t imes we solved t h e  

equat ion [K]{u)  = {F} before  obta in ing  a l l  t h e  p o i n t s  needed t o  

schematize the  curves load-displacement. 

Sometimes it appears t h a t  t h e  va lue  of t h e  s t e p s i z e  (between two po in t s )  

i s  t o o  b ig  then we ob ta in  a  divergence (no convergence of  t h e  Newton- 

Raphsonfs method before  t h e  maximum number of i t e r a t i o n s  f ixed  by t h e  

use r ) .  The program w i l l  then  come back t o  t h e  previous p o i n t  

and t r y  again with a smaller  s t e p s i z e .  The . Y o t a l  number of  divergences" 

represents  how many times we g e t  a divergence before  t h e  obtainment 

of t h e  curves.  

The first comparison w i l l  be done roughly but  w i l l  i n d i c a t e  t h e  u t i l i t y  

of t h e  p red ic t ion .  



5.3.2.1 Predic t ion  i n  Newton-Raphson method 

A f i r s t  t e s t  has been done f o r  a  dozen of s t e p s ,  

using a  very small  s t e p s i z e  (STEP = 0.01). For each s t e p  t h e  p red ic t ion  

method allowed us  t o  ob ta in  t h e  convergence i n  2 o r  3  i t e r a t i o n s  and 

t h e  simple Newton Raphson's needed 7 o r  8 i t e r a t i o n s  before t h e  

convergence. 

This t e s t  seems a l r eady  t o  have proved t h e  mer i t  of t h e  predic t ion  method. 

But it would be wrong t o  conclude now of t h e  supe r io r i t y  of t h i s  method 

because t h e  values of t h e  s t e p s i z e  have a  b ig  inf luence on the  convergence 

and we a r e  not su re  t h a t  t h e  values we used don ' t  advantage a  l o t  t h e  

p red ic t ion  method over t h e  o the r  one. To be absolu te ly  su re  of our 

conclusion we must u se  some o the r  values f o r  t h e  s t eps i ze .  Therefore 

we t r i e d  2 more t e s t s .  

The f i r s t  one used a  s t e p s i z e  depending only on t h e  preceding number of 

i t e r a t i o n s ;  t h e  second one used a  s t e p s i z e  a l s o  depending on the  s lope  

of t h e  curves.  With t h e  method without p red ic t ion  we obtained the  

curves i n  r e spec t ive ly  450 and 550 i t e r a t i o n s  ( t o t a l  number of i t e r a t i o n s ) .  

Using t h e  method with p red ic t ion  we needed only 150 i t e r a t i o n s  i n  both 

cases .  

The previous examples c l e a r l y  prove t h e  s u p e r i o r i t y  of t h e  method with 

p red ic t ion  which is a l s o  more r e l i a b l e  than  t h e  simple Newton-Raphson 

method. To ob ta in  t h e  curves we go t ,  with t h i s  method, only 1 o r  2 

divergences ( t o t a l  number of divergences) .  When we d i d n ' t  use  t h e  



pred ic t ion  we got g loba l ly  15 divergences before  t h e  obtainment of t h e  

curves.  

The next  s ec t ion  w i l l  be concerned by a  comparison between 2  d i f f e r e n t  

p red ic t ions ,  a  p red ic t ion  done i n  approximating t h e  deformations by a  

polynomial of order  3 and a  p red ic t ion  done i n  approximating t h e  

deformations by a  polynomial of order  4 .  

5.3.2.2 Comparison of t h e  order  of t h e  polynomial 

i n t e r p o l a t  ion  

A general  observat ion given by t h e  r e s u l t s  concerns 

t h e  s t e p s i z e  s t r a t e g y  (or  t h e  method we w i l l  use  t o  determine t h e  va lue  of 

t h e  s t e p s i z e  between 2  p o i n t s ) .  The simple Newton-Raphson's method 

needs a  well  def ined s t e p s i z e  i n  order  t o  obta in  good r e s u l t s .  This 

need implies  an important s tudy f o r  t h e  length  of t he  s t e p s i z e  which 

inf luences a  l o t  on t h e  t o t a l  number of i t e r a t i o n s .  The i n t e r v a l  of 

admissible  s t e p s i z e s  i s  very  small  and a  va lue  of t h e  s t e p s i z e  ou t s ide  

t h i s  i n t e r v a l  would immediately lead t o  a  divergence. In  t h e  opposi te  

d i r e c t i o n  t h e  convergence is  almost always obtained f o r  any s t e p s i z e  when 

using t h e  Newton-Raphsonls method with p red ic t ion .  In  t h i s  case,  due 

t o  t h e  r a p i d i t y  of convergence, t h e  va lue  of t he  s t e p s i z e  determined by 

our algorithm i s  very of ten  equal t o  t h e  maximum s t e p s i z e  SMAX . 
Therefore t h e  va lues  chosen f o r  N I W ,  a ,  and l3 don ' t  b r ing  b i g  

modif icat ions.  We w i l l  f i x  NIW=S, a=10 and f3=0.5. The only f a c t o r  

concerning t h e  p rec i s ion  and t h e  cos t  of a  run w i l l  then  be t h e  va lue  

of t h e  maximum s t e p s i z e .  The t a b l e s  (5 .3) ,  (5.4), (5.5) and (5.6) show 



MAXIMUM STEPSIZE = 0.025 

Order of Polynomial 
interpolation 

Total number 
of iterations 

Buckling point 

Local maximum of w 
P 

Local minimum of w 
P 

F AF/F 

u 
P Aup/up 

W 
P Awp/wp 

- - -  

Local minimum of F 

F AF/F 

Local maximum of u 
P 

F AF/F 

TAB. 5.3 - Extrema for SMAX = 0.025 



MAXIMUM STEPSIZE = 0.05 i 

Total number 
of iterations ! 1 

Order of polynomial 
interpolation I I 4 

Buckling point 1 I 

-- -- 

3 

F AF/F ! 1.87160 1.87154 0 

u 
P AU,/U~ i 0.2708 

I 
0 

W 
P 

nw /W 1 0.4865 
P P '  

0.002 1 0.4842 0.007 

Local maximum of w 
P 

F AF/F 1.195 0.001 1.189 0.004 

u 
P AUP/'-lP , 0.6228 , 0 1 0.6220 0.002 

W 
P 

Aw /W 1 0.61020 , 0 
P P ;  

1 0.61034 
I 

0 
, 
I 
I i 

Local minimum of w I 
P 1 

F AF/F -0.468 1 0.013 / -0.476 0.030 
I 

u Au /u I 0.8156 , 0.003 1 0.8136 I 

P P P 0.001 , 
W 

P 
AW /W 0.50894 I 0.001 , 0.49666 0.023 
P P 

TAB. 5.4 - Extrema for SMAX = 0.05 

I 
Local minimum of F I 

F AF/F -0.97496 0.001 ' -0.97426 0 
, I u 

P 
AU /U 0.9017 0.001 0.9010 , 
P P i  

0.002 
I 

W 
P 

AW /w 
P P /  

0.5795 0.004 1 0.5862 1 0.007 

I 1 I 

Local maximum of u [ I , 
P I i 

I 

F AF/F 

u Au /U P P P 
W 
P 

hw /w 
P P 

-0.711 : 0.007 1-0.701 I 0.007 

0.94504 0 
I 

0.94462 0.004 
I 

0.7131 0.001 0.7134 0.001 



MAXIMUM STEPSIZE = 0.1 

Buckling point I I I 

F DFIF 1.87135 0 I 1.87097 I 
0 

Total number 
of iterations 

I 
1 Local maximum of w 

P I 
I 

I 

3 

i 
1 Order of polynomial 
I 
I interpolation 

I 

, 
144 143 

I I 
I 1 Local minimum of w 

i 

P ! 
I 

I I 
i F /  
I AF/F 1-0.465 0.006 -0.291 1 0.370 

I 

4 

1 4 1 

I 
I I I 

Local minimum of F 1 I 

TAB. 5.5 - Extrema for SMAX = 0.1 

I 
I I I : Local maximum of u 

P 1 I I 1 

F AF/F -0.716 * 0.014 1-0.688 I 0.025 , 

1 u Au /u 
! P P P 
j w  Aw /w 
I P  P P 

0 0.94502 

0.7130 0.001 

I 
0.94483 , 0.002 1 

0.7136 1 0.001 I 



I M A X I M U M  STEPSIZE = 1 

I / Order of polynomial , 

/ interpolation 
4 

I 

I 
I 

i 1 ~ ~ t ~ ~ e ~ ~ ~ ~ s  + 160 

I Buckling point 
I 

I F AF/F 1.87079 0 

u Au /U 0.2653 
P P 

0.024 
1 P 

W Aw / W  
P P 

0.4706 0.035 
; P 

/ Local maximum of w 
P 

Local minimum of w 
P 

F AF/F 

Local mlnimum of F 

- 

I 
Local maximum of u 

P 
F AF/F , -0.756 0.071 

i "P I 

AU /U 1 0.94498 1 0.001 
p p  I 

A w / w  10.7125 ' 0.002 
P P !  I 

TAB. 5.6 - Extrema for S M A X  = 1 



r e s u l t s  obtained from 4 d i f f e r e n t  values f o r  t h e  maximum s t e p s i z e .  The 

tabula ted  values a r e  t h e  extrema of t he  curves,  t h e i r  r e l a t i v e  e r r o r s  

and t h e  t o t a l  number of i t e r a t i o n s .  The 2 f i r s t  va lues  w i l l  al low us t o  

eva lua te  t h e  p rec i s ion  on t h e  extrema of t h e  curves.  The l a s t  va lue  of 

t h e  t a b l e  allows us  t o  approximate t h e  cos t  of a  run. 

The comparison of  t h e  t o t a l  number of i t e r a t i o n s  must be done roughly 

because t h e  end po in t s  a r e  not  always t h e  same. This f a c t  can bring 

a s  f a r  a s  a  d i f fe rence  of 8 i t e r a t i o n s  (on t h e  t o t a l  number of i t e r a t i o n s ) .  

I t  appears then  t h a t  t h e  t o t a l  number of i t e r a t i o n s  of. a  run doesn' t 

depend very much on t h e  order  of t he  polynomial i n t e r p o l a t i o n  used. 

The main d i f f e r ence  appears when t h e  va lue  of t h e  maximum s t e p s i z e  i s  1 

and, i n  t h i s  case ,  t h e  polynomial i n t e r p o l a t i o n  of order  3 needs only 

10 per  cent  more i t e r a t i o n s .  ~urthermo're  t h i s  va lue  of t h e  maximum 

s t e p s i z e  doesn ' t  allow a  good drawing of t h e  load-displacement curves 

because we d i d n ' t  ob t a in  enough po in t s .  Therefore we w i l l  r e s t r i c t  our 

comparison t o  smal le r  values of t h e  maximum s t e p s i z e .  These values 

don ' t  b r ing  a  b ig  d i f f e r ence  t o  t he  values obtained f o r  t h e  extrema of 

t h e  curves.  In  f a c t  t h e  accuracy of our r e s u l t s  f o r  t h e  extrema seems 

t o  depend i n  major p a r t  on t h e  d i s t r i b u t i o n  of t h e  po in t s  found and 

t h e i r  proximity t o  t h e  extrema. 

Therefore t h e  more e l abo ra t e  polynomial i n t e r p o l a t i o n  of order  4 doesn ' t  

seem t o  p r e v a i l  on t h e  polynomial i n t e r p o l a t i o n  of order  3 and we can 

suspect  t h a t  we would have t h e  same conclusion f o r  a  higher  order  

polynomial i n t e r p o l a t i o n .  



The va lue  of t h e  maximum s t e p s i z e  appears t o  be more i n f l u e n t i a l  although 

a l l  t h e  s t e p s i z e s  gave a  very good approximation of t he  curves. We 

obtained t h e  bes t  r a t i o  (number of po in t s  obtained/number of i t e r a t i o n s  

needed) f o r  a  va lue  of 0.05 f o r  t h e  maximum s t eps i ze .  



CHAPTER 6 

CONCLUSION 

The f i r s t  and pr imordial  ob jec t ive  of t h i s  thesis--which was t o  f i n d  

a way t o  obta in  the  load-displacement curves of t h e  Lee's frame--has been 

solved by using a program with an automatic incrementation based on 

polynomial i n t e rpo la t ion .  The polynomial i n t e r p o l a t i o n  technique has 

a l s o  been used i n  t h e  following connections: 

i. t o  approximate t h e  extrema of t h e  curves,  and 

ii. t o  p red ic t  an i n i t i a l  value f o r  t h e  so lu t ion  i n  order  t o  improve 

t h e  r a p i d i t y  of convergence of t h e  Newton-Raphson's method. 

In t h e  f i r s t  ins tance ,  t h e  es t imat ion  of t h e  extrema i s  i n t e r e s t i n g  only 

when a small  number of po in t s  on t h e  load-displacement curve a r e  known. 

Since t h e  t a s k  of f i nd ing  t h e  extrema can be accomplished a f t e r  t h e  curve 

has been found, we do not  recommend t h e  use  of polynomial i n t e r p o l a t i o n  

method f o r  t h i s  purpose alone.  

A s  f o r  t h e  second p o i n t ,  t h e  p red ic t ion  brought a tremendous improvement i n  

t he  speed of convergence of Newton-Raphson's method, and furthermore, it 

el iminated most of t h e  r i s k s  of divergence. I t  i s  our opinion t h a t  t h e  

polynomial i n t e r p o l a t i o n  technique should be used a s  o f t e n  a s  poss ib l e  i n  

making an i n i t i a l  p red ic t ion  o f  t he  so lu t ion .  This is  not q u i t e  t h e  ca se  

f o r  t h e  automatic incrementation scheme a s  it i s  not  u se fu l  f o r  t h e  

s i t u a t i o n s  where t h e  load-displacement curves have no l o c a l  extrema. 



The f i n a l  conclusion i s  t h a t :  t h i s  t h e s i s  has reached i t s  ob jec t ive .  I t s  

main cont r ibu t ion  r e s i d e s  i n  t h e  "predict ion" method, which is very e f f e c t i v e  

and henceforth should be used f o r  so lv ing  nonl inear  s t a t i c  problems. 



REFERENCES 

[l] Timoshenko, S., and Goodier, Theory of Elasticity, 3rd edition, 
McGraw-Hill, 1970. 

[2] Wang, C., Applied Elasticity, McGraw-Hill, 1953. 

[3] Sayir, M. and Mitropoulos, C., On Elementary Theories of Linear 
Elastic Beams, Plates and Shells, Journal of ~pplied Mathematics 
and Physics (Z.A.M.P.), Vol. 31, 1979. 

[4] Batoz, J.L., Cours de DEA sur les grandes deformations en formulation 
lagrangienne totale, Compiegne University, France. 

[5] Zienkiewicz, O.C., The Finite Element'Method in Jngineering Science, 
McGraw-Hill, 3rd edition, 1977. 

[6] Gallagher, R.H., Finite Element Analysis Fundamentals, Prentice-Hall, 
1975. 

[7] Bathe, K.J., Finite Element Procedures in Engineering Analysis, 
Prentice-Hall, 1982. 

[8] Dhatt, G. and Touzot, G., Une presentation de la methode des elements 
finis, Maloine, 1981. 

[9] Strang, G. and Fix, G.J., An Analysis of the Finite Element Method, 
Prentice-Hall, 1973. 

[lo] Oden, J.T. and Reddy, J.N., An Introduction to the Mathematical Theory 
of Finite Elements, John Wiley E Sons, 1976. 

[ll] Burden, R.L., Faires, J.D. and Reynolds, A.C., Numerical Analysis, 
2nd edition, Prindle, Weber E Schmidt, 1981. 

[12] Davis, P.J. and Rabinowitz, P., Methods of Numerical Integration, 
Academic Press, 1975. 

[13] Engels, H., Numerical Quadrature and Cubature, Academic Press, 1980. 

[14] Batoz, J.L., Grands deplacements et grandes rotations de poutres 
minces elastiques, Report, Compiegne University, France, 1981. 

[15] Godsil, C., Linear Analysis, Lecture Notes, Simon Fraser University, 
1983. 

[16] Golub, G.H. and Van Loan, C.F., Matrix Computations, The Johns Hopkins 
University Press, 2nd printing, 1984. 



[17] Batoz, J.L. and Dhatt, G., Une evaluation des methodes du type 
Newton-Raphson imposant lfaccroissement dfun deplacement, 
Report, Lava1 and Compiegne Universities, 1978. 

[18] Deuflhard, P., A Stepsize Control for Continuation Methods and its 
Special Application to Multiple Shooting Techniques, Numerische 
Mathematik, 1979. 


