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ABSTRACT 

We investigate arithmetic progressions in sparse sets. We 

further develop the theory of arithmetic progressions in M-lacunary 

sequences. In particular, there is a finite constant K , where 
N 

N 1 3  , such that if A is a finite M-lacunary sequence and the 

sum of the reciprocals of the elements of A is greater than or equal 

to K , then A contains N consecutive terms in arithmetic 
N 

progression. An investigation of arithmetic progressions in geometric 

progressions {f (n) 1 = {cn) , where c > 1 is a real number and n is 

a non-negative integer is macTe. The topological structure of the set 

of all such c , where {cn) contains a 3-term arithmetic progression 

is discussed. Arithmetic progressions in quadratics 

{f (n) = {an2 + Bn + y}, where a > 0 are also studied. 

2 
In particular, necessary and sufficient conditions for ((an + b) ) to 

contain a three term arithmetic progression are given for most cases of 

a and b , where a > b 1 0 and (arb) = 1. Some unsolved problems 

are mentioned. 

( iii) 
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The purpose of t h i s  t h e s i s  is t o  examine ari thmetic 

progressions i n  sparse s e t s ,  t h a t  i s ,  i n  s e t s  which contain re la t ive ly  

few elements i n  terms of density. 

In Chapter 1, we discuss ar i thmet ic  progressions i n  M-lacunary 

sequences. Brown and Freedman i l l  have shown t h a t ,  i f  A i s  an 

M-lacunary sequence and the  sum of the  reciprocals  of the  elements of 

A diverges, then A contains a rb i t r a ry  long consecutive ar i thmet ic  

progressions. We show t h a t  there  i s  a f i n i t e  constant K , where 
N 

N Z 3 , such t h a t  i f  A i s  a f i n i t e  M-lacunary sequence and the  sum 

of the reciprocals  of the elements of A i s  g rea t e r  than o r  equal t o  

, then 4 contains N consecutive terms i n  ar i thmet ic  progression. 

We a l s o  f ind  the optimal K f o r  a l l  N L 3 . We show t h a t ,  we can 
N 

never force a rb i t r a ry  long consecutive ar i thmet ic  progressions i n  an 

M-lacunary sequence A j u s t  by requir ing the sum of the  reciprocals  

of a C A t o  be la rge ,  but f i n i t e .  

In  Chapter 2, we invest igate  ar i thmet ic  progressions i n  

geometric progressions i f  (n) = (cn), where C is a r e a l  number 

grea te r  than 1 and n i s  a non-negative integer .  Theorem 2.2 shows 

t h a t ,  {cn) contains 3-term ar i thmet ic  progression i f  and only i f  c i s  

a root  of a polynomial equation 

where a and b are posi t ive  integers  such t h a t  b < a < 2b. W e  a re  

l ed  t o  an invest igat ion of the topological  s t ruc tu re  of the  s e t ,  S , 



of a11 such c , where c > 1 and {cn) contains a 3-term ar i thmet ic  

progression. In  Theorem 2.6 we show t h a t ,  the  s e t  of a l l  c lu s t e r  points  

of s is  T = {E: E = 1 ox 8 = 2'It f o r  some in teger  t e 11. 

In  Chapter 3, we analyze ar i thmet ic  progressions i n  

2 
quadratics {f (n) = {cln + Bn + y), where a > 0 . We 

show t h a t  {f (n) contains ar i thmet ic  progressions only i f  B/a i s  a 

ra t iona l .  The problem then reduces t o  the  e s sen t i a l l y  nunher t heo re t i c  

problem of f inding ar i thmet ic  progressions among s e t s  of sequences 

L 
{(an + bl 1 ,  where in tegers  a and B s a t i s f y  a > b 2 0 , (a,b) = 1. 

Let 

T = { (a ,b )  : a and b are  i n t ege r s ,  a > b 2 0,  (.a,b) = 1 

2 
and {(an + b)  ) contains a primitive 3-term ar i thmet ic  progression). 

(Here "primitive" mans t h a t  t h e  three te=.,s of the ar i thmet ic  p rogress im 

are  r e l a t i ve ly  prime. Theorem 3.16 shows, when a i s  odd, t h a t  

h (a ,b)  C T i f  and only i f  b ,  T o r  - b+a i s  a quadratic residue mod a. 
2 

n For the  case when a is even, we show t h a t ,  i f  a = 2 , 

then ( a r b )  € T i f  and only i f  b i s  a quadrat ic  residue mod a. 

Other cases when a is even a re  discussed. 



CHAPTER 1 

CONSECUTIVE: ARITHMETIC PROGRESSIONS 

M-LACUNARY SEQUENCES 

F i r s t  Let us s tar t  t h i s  Chapter with the  following def in i t ions :  

Definit ion 1.1. An increasing sequence a < a < a < . . . of 
1 2 3 

natura l  numbers i s  ca l l ed  lacunary i f  d = a - a -t 03 as  n -t CJ , 
n n+ l  n 

and ca l l ed  M-lacunary i f ,  furthermore, dn 5 dn+l f o r  a l l  n . 

Definit ion 1.2. We define a f i n i t e  increasing sequence, 

a < a2 < ... 
1 < % of na tu ra l  nunhers t o  be a f i n i t e  M-lacunary sequence 

i f  dn 5 dn+l f o r  n = 1,2 , .  . . ,k-2, where - a  . d n = a n + l  n 

Brown and  reedm man [ l ]  have shown t h a t ,  i f  A is  an M-lacunary 

sequence and 
1 1 ; = , then A contains a r b i t r a r i l y  long consecutive 

a €A 

ar i thmet ic  progressions. 

We ask whether o r  not there  i s  a f i n i t e  constant \ , where 

1 
N 2 3, such t h a t  i f  A i s  a f i n i t e  M-lacunary sequence and - 2 KN . 

a €A 
a 

Then A has N consecutive terms i n  ar i thmet ic  progression., 

We w i l l  show t h a t  K e x i s t s  and f i nd  i t s  smallest  value exactly f o r  
N 

CO 

each N . To do t h i s  we define a sequence BN - - (bi) i=l as  follows: 

N 
F i r s t  l e t  us  agree t o  use - i = ( i i i , .  . i where there  aye 

N-terms as a notation.  We define t he  difference sequence (dn) of t he  

sequence 
B~ 

, where N Z 3, t o  be 



Let bl = P and bn = 1 + d + d2 + ... + dn-l 
1 

, n 1 2 . Then 

It i s  c l ea r  t h a t  B i s  an M-lacunary sequence, and B does not 
N N 

contain N consecutive terms i n  ar i thmet ic  progression since (d,) does 

not have N - 1  consecutive equal terms. 

Theorem 1.3. B has convergent sum of reciprocals.  
N 

Proof. From the  def in i t ion  of t he  sequence BN , we can see  

t h a t  

b2+k (N-2) ' bl ? dl + dl+ (N-2) + dl+2 (N- 2 ) 
+ ... + d l+k (N-2 ) 



a d  SO on. It fol lows t h a t  

Thus t h e  theorem i s  proved. 

W e  ca lcu la ted  some KN by computer. For N = 3,4,5,  we found 

t h a t  K3 Y 2.3734, K4 5 2.8745, and Kg & 3.204. 

Be cause 
1 

K 1 + a s  N + W  w e  g e t  K + a  as ~ + m .  

i=l 
N 

Now w e  have t h e  following important theorem. 

Theorem 1.4. Let A be a f i n i t e  M-lacunary sequence. If 

1 1 - 2 KN , t hen  A conta ins  N consecutive terms i n  a r i t h m e t i c  progress ion.  
aEA a 

Before we give t h e  proof of t h i s  theorem we need t h e  fol lowing 

lemma. 



Lemma1.5. Let ( d l =  (1 N-2 2N-2 N-2 
- 1- 

,3 ,. .. N 2 3, and l e t  
n 

(an) be an M-lacunary sequence ( f i n i t e  o r  i n f i n i t e ) ,  with 

tn = a - a 
n+ l  n 

such t h a t  t .  2 di f o r  a l l  i , then a 2 bi f o r  
1 i 

a l l  i where 
bi 

is  the  i - th  term i n  
B~ 

defined above, 

Proof of Lemma 1.5. By induction,  f i r s t  a 2 1 = bl . 
1 

Assume it i s  t r u e  f o r  j i e  a S b . )  . Then 
j 3 

a = a  i t .  E b  + t  E b j  + d j  = b j + l .  
j j j + l  j 3 

Therefore it is t rue  f o r  j + 1, and hence a 2 bi f o r  a l l  i . 
i 

Now we  are going t o  prove the  Theorem 1.4. Let 

A =  (a  a 2 , - . e , q c ) ,  l e t  t. = a - a i = 1, ..., k-1. Assume A does 
1 i+l i' 

not have N consecutive terms i n  ar i thmet ic  progression,  it follows t h a t  

i . .  , t > ti I i = 1,2,-..,k-N+l.) i+N-2 

We want t o  show t h a t  t .  2 di f o r  a l l  i = 1 2  , . . 1 It i s  c l ea r  
1 

t h a t  t .  L 1 = d , j = 1 , 2 , . . , N - 2  Let i > N-2 and assume t .  Z d 
J j I j 

f o r  j = 2 . - 1  Then 

Therefore t .  E di f o r  i = 2 1 Then by Lemma 1.5 it 
1 

follcws t h a t  



a 2 bi f o r  i = l12 , . . . ,k  . 
i 

1 1 1 
Hence 9 1 < g = KN which is a contradiction.  

a €A i=l i b € ~ ~  

Thus a - a = a - a f o r  some i and ( a  
i+l i iIai+lI-  -. , a  

i + N - 1  i+N-2 i+N- 1 
1 

are  N consecutive terms i n  ar i thmet ic  progression, 

Corollary 1.6. I f  A = (a.  ) i s  an i n f i n i t e  M-lacunary 
1 

1 sequence, and 1 > % , then A has a consecutive N-term 
af A 

ar i thmet ic  progression. 

Here i s  an example of a subset  A of na tu ra l  numbers such t h a t  

A does not contain any 3-term ar i thmet ic  progression a t  a l l  (not 

1 
necessar i ly  consecutive) and where one gets  - > K3 . 

afA a 

I . -  Let A = (1,2,4,5,10,11,13,14128129 ,31,32,. . .) . Then 

1 1 - 2 2.54 > K3 s 2.3734 , but  A does not contain a 3-term ar i thmet ic  
a €A 

a 

progression. Hence the  bound K works only f o r  M-lacunary 
3 

sequences. 

Remark 1.7. The bound K i s  optimal i n  t he  following sense. 
N 

For a l l  E > 0 , there  e x i s t s  a f i n i t e  M-lacunary sequence A 

1 
such t h a t  1 2 > KN - E and A does not have N consecutive terms 

a €A 

i n  ar i thmet ic  progression. This follows from the  f ac t  t h a t  

So i f  we take a = bi , i = 1 , 2 , .  . . , n ,  then A i s  a f i n i t e  M-.lacunary 



1 
sequence, 1 - > K~ - E and A does not have N consecutive tenns 

a €A 
a 

i n  ar i thmet ic  progression. 

We can never force a r b i t r a r i l y  long consecutive ar i thmet ic  

1 
progressions i n  an M-lacunary sequence A j u s t  by requiring 2 t o  

a €A 

be la rge ,  but f i n i t e .  This is  shown i n  t he  next theorem. 

Theorem 1.8. For a l l  0 < T < , there  e x i s t s  an M-lacunary 

1 
sequence A such t h a t  1 - > T , but A does not have a rb i t r a ry  long 

acA 
a 

consecutive ar i thmet ic  progressions . 
w 

1 
Proof. Let 0 < T < be given. W e  know t h a t  1 r = , 

1 
i=l 

n 
1 it follows t h a t  the& e x i s t s  n such t h a t  7 T . Let 

i=l 
2 3 

A = (1,2,3,.  . . ,n ,n ,n , . . . ) . Then A i s  an M-lacunary sequence and 

does not have a rb i t r a ry  long consecutive ar i thmet ic  progressions. 

However, Brown and Freedman [1]  have shown t h a t  i f  A i s  

an M-lacunary sequence and 
1 2 = m , then A has a rb i t r a ry  long 

a €A 

consecutive ar i thmet ic  progressions. 

~ r d k  famous conjecture s t a t e s  t h a t  i f  A i s  a subset  of 

1 
na tura l  numbers and 1 - = , then A contains a rb i t ra ry  long 

a € A  a 

ar i thmet ic  progressions. The proof (.or disproof) of t h i s  i s ,  a t  p resen t ,  

out of s i gh t .  In f a c t ,  it has not even been proved t h a t  
1 

implies t h a t  A has a 3-te r m  ar i thmet ic  progression, 



CHAPTER 2 

ARITHMETIC PROGRESSIONS 

GEOMETRIC PROGRESSIONS 

In t h i s  Chapter, we want t o  study three  term ar i thmet ic  

n 
progressions i n  the  s e t  of values of an exponential function {f (n) 1 = {c 1, 

where c i s  a real number grea te r  than 1 and n is  a non-negative 

integer .  

Lemma 2.1. Let c Z 2 , Then If (n) = {cn) has no three  

terms i n  ar i thmet ic  progression. 

Proof. Let c Z 2 be fixed.  Suppose {cn) has a three  term 

ar i thmet ic  progression, It  follows t h a t  there  e x i s t  non-negative in tegers  

Let a = n -n and b = n 
3 1 3-nl ' 

Then 

where a and b are  posi t ive  in tegers  and b < a . Now, since 

a Z b + l  and c > 2 . Then 



a b 
c - 2 c  L O ,  

and s o  

This i s  a contradiction.  Hence {cn) has no three  terms i n  ar i thmet ic  

progression. 

Now, we s t a t e  and prove t h e  following important theorem which 

shows a necessary and su f f i c i en t  conditioq f o r  {f (n) ) t o  have th ree  

terms i n  ar i thmet ic  progression. 

Theorem 2.2. Let c > 1 . Then {f (n) ) = {cn) has three  terms 

i n  .ar i thmet ic  progression i f  and only i f  c i s  a root of a polynomial 

equation 

where a and b are  pos i t ive  in tegers  and b < a < 2b . 

n 
Proof. Suppose {c ) has a th ree  term ar i thmet ic  progression. 

n 
By v i r tue  of Lemma 2.1, {c ) has no th ree  terms i n  ar i thmet ic  

progression f o r  c L 2 . It follows t h a t  w e  can assume c s a t i s f i e s  

1 < c < 2 , A s  i n  the  proof of Lemma 2.1, we can a r r ive  a t  (1) . Hence 

c i s  a root of the  polynomial equation g(x)  = 0. To complete t h e  

proof of t he  "only i f "  p a r t ,  we only need t o  show t h a t  a < 2b . TO do 

t h i s  look a t  

a- 1 b-1 b-1 a-b 
g' (x) = ax - 2bx = x (ax - 2b) ,  



11. 

and g'  (1) = a - 2b . If a 1 2b, then (2) shows t h a t  g '  (x) > 0 f o r  

1 < x < 2 and s o  g (x )  i s  increasing on the  i n t e rva l  (1 ,2) .  But 

g ( l )  = 0. Hence g(x)  > 0 f o r  a l l  x C 2 , whence g(x)  has no 

root i n  (1 ,2) ,  a contradiction. Thus, f o r  c t o  e x i s t  such t h a t  g ( c )  = 0 

and c 6 (1 ,2) ,  w e  need t o  have a < 2b . 

N o w ,  conversely, l e t  c > 1 and suppose t h a t  

where a and b are  pos i t ive  integers  and b < a < 2b . Let 

n = 0,  n2 = b ,  n3 = a . Then n < n < n and 
1 1 2  3 

n n 
1 2  

n 
3 

Hence c , c , c are three  terms i n  ar i thmet ic  progression. (That 

b a 
is ,  1, c , c are  three  terms i n  a r i t h m t i c  progression. Note t h a t  

b+k a+k a re  a l s o  i n  ar i thmet ic  progression f o r  a l l  k 2 0) . C I C  I C  

This proves the  theorem completely. 

a b 
In t h e  polynomial g(x)  = x - 2x + 1 , it i s  impossible, 

when b = 1, t o  f i nd  an i n t ege r  a such t h a t  b < a < 2b . Hence 

we may assume t h a t  1 < b < a < 2b . 

Example 1. Let a = 3 ,  b = 2, we w i l l  f i nd  c , 1 < c < 2 

2 
such t h a t  1, c , c3 are  i n  ar i thmet ic  progression. To do t h i s ,  l e t  



2 
f ( x )  = x3 - 2x + 1 .  

Since 1 i s  a root of f (x) = 0 , we can f ac to r  f ( X I  and get  

2 
We need only t o  f i nd  the  roots of x - x - 1 = 0 . These roots a re  

X = 
l k f i  . But since 1 < c < 2 , it follows t h a t  c = 

1 + A  
2 2 

1 + J 5 ) 2  
Therefore 1, ( 

1 + J 5 ) 3  
, (  2 

are  i n  ari thmetic progression. 

To check t h a t  : 

and 

This seems t o  be t h e  simplest  example of a geometric progression {cn) 

which contains a three  term ar i thmet ic  progression. 

3 
Example 2. Let a = 4,  b = 3, f ( x )  = x4 - 2x + 1. since 

1 i s  a root  of t he  polynomial equation f (x) = 0 , we fac to r  and 

3 2 
f (x) = (x-1) (x  - x - x - 1) = 0 . We need only t o  solve 

3 2 
x - x - x - 1 = 0. We fo1low the  inethod f o r  solving cubics as  

l i ned  i n  [2, page 171. Then we have a = a = a2 = -1 
0 1 

, where 

ge t  

out- 



So there  i s  one r e a l  root and a p a i r  of complex conjugate roots.  Now 

a 
So the  r e a l  root c = S - - -  - .[19 + M ) " ~  + (19 - ~ 2 9 7 ) ~ ' ~  + 1 1  

1-2 3 3 

Sl.839286755. Thus, 1. (1.839286755) 31 (1.839286755) are  i n  ar i thmet ic  

progression with a difference approximately equal t o  5.2226252.. , .  

It i s  amazing t h a t  t h i s  c appears t o  be t h e  second simplest 

such solut ion ( a f t e r  the  simplest c = 
1 + X )  

2 which we have found. 

Define 

S = (6: E < c < 2 and b n }  has a +term ari thmetic progression}. 

Theorem 2.3. Let E = 2 lit t = 2.3.4 ,... . Then E ff S .  

Before we give t he  proof of Theorem 2.3. We introduce t he  

following f a c t  from algebra L3, see page 3201- 

2 t- 1 
numbers.  hat is ,  i f  r + r E + r E + .-. + r E 

0 1 2 t-1 
= O ,  r is  

i 



r a t i o n a l  number, then  r = r = r = 
0 - . = r  = 0 , o r  again,  E i s  t-1 

not  a  r o o t  of  any polynomial wi th  r a t i o n a l  c o e f f i c i e n t  of degree l e s s  than 

t s i n c e  xt-2 i s  c l e a r l y  t h e  i r r e d u c i b l e  polynomialfor E over t h e  r a t i o n a l s .  1 

Proof of  Theorem 2.3. Suppose, on t h e  cont rary ,  t h a t  E f S , 

where & = 2 lit f o r  some t . Then by Theorem 2.2 w e  have 

where a and b a r e  i n t e g e r s  and 1 < b < a < 2b . That is, we have 

Then w e  have 

(21/t) q t + r  - 2 (2 l/t q ' t i r '  + 1 

= 29(2 l / t)r  - 2 q ' + 1  l/t r' + 
(2 1 

q q ' + l  = 1 = 0 Since r < t , r' < t ,  then  by Lemma 2 .4 ,  w e  have 2 = 2 

a cont radic t ion .  Hence & f S . 



a b 
Let f (x) = x  - 2 x  +1 ,  1 < b  < a c 2 b .  Then fo r  

a r b  

each polynomial f there  corresponds a unique e 
a ,b  

i n  S such 
a ,b 

t h a t  

But s ince we have only countably many such polynomials (because I x I 

i s  countable),  it follows t h a t  we have only countably many c 's 
arb 

i n  S , Hence S i s  a countable s e t .  It w i l l  follow from Theorem 2.6 

below t h a t  S is  i n f i n i t e .  

a b 
Lmruna2.5. Let f ( x )  = x  - 2 x  +1 ,  l < b < a < 2 b  

and f ( c )  = 0 , where 1 < c < 2 . Then 

1 - 1 - 
2b a-b 

1 < (a' < c < 2a-b 

a- 1 b-1 b-1 a-b 
proof. f '  (x) = ax - 2bx = x [ax - 2bj. It follows 

1 - 
2b a-b . Now f ' ( 1 )  = a - 2b < 0 , f ( 1 )  = 0 ,  t h a t  f '  (x) = 0,  when x = (T) 

1 - 
2b a-b a 

f ( 2 )  = za  - 2b+1 + 1 > o , f 1  (XI  < o f o r  1 5 x < (-1 
a 8 and 

.L - 
2b a-b < x 5 2 . These f a c t s  allow us t o  graph f(x1 f l ( x )  > 0 f o r  (-1 
a 

a s  i n  Figure 1. 

Since f ( c )  = 0 ,  f ( l )  = 0,  it is c l ea r  t h a t  

1 - 
2b a-b 

1 < (-1 < c .  a 

Next, we want t o  show t h a t  c < 2a-b Since 



1 - a - b - 
f  (2a-b) = 2 a-b a-b - 2.2  + 1 

1 - 
Then c < 2 

a-b 

Theorem 2.6. 

a-b = 2 12-21 + 1 = 1 > 0 . 

in teger  t Z 1 ). Then 

Proof. Let 

Figure 1 

Let T =  (8: G =  1 o r  G = 2  f o r  some 

T = the  s e t  of - a l l  c l u s t e r  points  of S . 
E be a c l u s t e r  point  of S . Then 

c -t E ( c  
a & 

f E f o r  a l l  n 1, f  ( C  
a  ,b 

1 = 0 ,  where 
n n n n n an ,bn 

a 
n 

b 
n fJx9 = x - 2x + 1, 1 < b  < a  < 2 b  . It follows t h a t  a and b 

n n n n n 

are unbounded (since otherwise there  are  only f i n i t e l y  many c 
a ,b 

1 * 
n n 

Hence we may assume t h a t  a + ' 

n (and therefore  b +- a), 
n 



BY v i r tue  of Lemma 2.5 ,  we have 

So two cases follow. 

Case 1. I f  an - bn i s  a r b i t r a r i l y  l a rge ,  then the  c  
a  Ib 

l n n  

a  -b 
come a r b i t r a r i l y  close t o  1 (since 2 n  n  

i s  a r b i t r a r i l y  close t o  1) 

a n d s o  E = 1 ,  

Case 2. I f  an - bn i s  bounded, say a  - b = t ( i n f i n i t e l y  
n  n  

o f t en ) .  Then 

i s  a r b i t r a r i l y  close t o  21/t s ince a  -+ . But c i s  such 
n  a  tb 

n  n 

2bn l/t 
t h a t  (-1 ' 'a .b 

< 2 l t  So we have t h a t  some c  come 
a  
n  n  n  a  1h n n  

a r b i t r a r i l y  close t o  2 l I t  and s o  c -+ 2 I t  Hence E = 2 l/t 
a  ,b n n  

Thus the  s e t  of a l l  c l u s t e r  points  of S i s  contained i n  T . 

Now, we want t o  show. t h a t  T i s  contained i n  t he  s e t  of a l l  

c l u s t e r  points  of S . That i s ,  i f  E = 1 o r  E = 2 'It f o r  some 

in t ege r  t L 1, then we show t h a t  there  e x i s t s  c  i n  S  such t h a t  
a  ,b n n  

-- 
c  n  n + E . To do t h i s ,  l e t  fn  (x) = x - 2x + 1, where 
a  Ib n  n  



(i) Let  E = 1 and l e t  b = n and a = 2n - 1. It fo l lows  that 
n n 

f o r  each n 2 2 ,  t h e r e  e x i s t s  c i n  S , and by Lemma 2.5, w e  
a n ~ b n  

have 

1 1 
2b an-bn a -b 

1 < 2 
n n 1 < (2 

a < 'a ,b 
n n n 

That i s ,  

which i m p l i e s  t h a t  c + l  as n + W .  
an tbn 

(ii) Let  E = 2 'It , t 2 1 and l e t  b = n , a = n  + t  
n n . It fo l lows  

t h a t  f o r  each  n 1 t + l ,  t h e r e  e x i s t s  c 
a 

i n  S .  By Iemma2.5, 
n 

we  have 

That i s ,  

which i m p l i e s  t h a t  c +- 2 
a ,b  

'It as n + a, 

n n 

Coro l l a ry  2.7. The s e t  S i s  nowhere dense i n  (1 ,2)  . 



Proof. I f  S i s  dense i n  some i n t e r v a l ,  then every point  

of this in t e rva l  i s  a c lu s t e r  point  of S . In pa r t i cu l a r  S would 

have an uncountable number of c lu s t e r  points .  Theorem 2.6 shows t h a t  

S has only countably many c lu s t e r  points .  

Unfortunately, we have not been able t o  solve t he  problem of 

four-term ar i thmet ic  progressions i n  t h e  geometric progression (cn) . 
n 

It i s  unlikely t h a t  any e x i s t  f o r  any c . I f  I c  ) contains a four- 

term ar i thmet ic  progression, then there  axe integers  nl ,n2 ,n3 'n4 s uch 

t h a t  

n n n n  
1 2 3 4  

c rc I C  , c  

i n  an ar i thmet ic  progression. It follows t h a t  c i s  a root  of both 

the  polynomials 

where a = n - n b = n2 - n 
3 1 1' 3 2 -  

a '  = n4 - n 2 ' b ' = n  - n  One 

shows t h a t  a > a '  , b > b' and i n  f a c t  b 1  = a-b. But even with these  

f a c t s  we cannot prove t h a t  t h e  two equations do not have a simultaneous 

solut ion i n  the  i n t e rva l  (1,2) . 



CHAPTER 3  

ARITHMETIC PROGRESSIONS I N  QUADRATICS 

In t h i s  Chapter we want t o  consider 3-term ar i thmet ic  

progressions among quadratics. 

Definit ion 3.1. The in tegers  x,y ,z  are  s a i d  t o  be a 

pythagorean t r i p l e  i f  x,y , z ,  s a t i s f y  the  equation 

Remark 3.2. suppose x,y,z is such a  t r i p l e  and (x ,y ,z)  = d. 

I f  we put  x  = dx y = dyl, z  = dz 
1 ' we see t h a t  X1 ' Y l r z 1  

i s  a l so  a  

pythagorean t r i p l e  and ,y ,z  1. = 1. On the  other  hand i f  x,y,z is  
(X1 1 1 

any soiut ion of i l l  and k is any in teger ,  then kx,ky,kz is  a i s o  a  

solut ion.  Thus, any solut ion of (1) may be used t o  f i nd  a  solut ion 

x,y,z such t h a t  (x,y,z)  = 1, and conversely, a  solut ion x,y,z with 

(x,y , z )  = 1 may be used t o  generate a  family of solut ions .  

Definit ion 3.3. A pythagorean t r i p l e  x,y ,z  such t h a t  

Gr ,y , z )  = 1 i s  ca l led  a  pr imit ive  pythagorean t r i p l e .  

To f ind  a l l  solut ions  of (1) , t h e  above remark ind ica tes  t h a t ,  

it suf f ices  t o  f ind  a l l  primitive solut ions  of (-1). We confine our 

a t t en t ion  t o  the  cases x > 0 ,  y > 0,  z  > 0 .  

Lemma 3.4. I f  x,y , z  i s  a pr imit ive  pos i t i ve  solut ion of 

( 1 1 ,  then (x,y) = ( x , ~ )  = (y,z)  = 1. 



Proof. To show t h a t  (x, y )  = 1, suppose a prime p divides 

2 2  2 2  2 2 
both x and y . Then p I x ,  p l y  , it follows t h a t p 2 1 x  + y . 
SO p2 1z2 and hence 1 z, a contradiction.  Therefore (x,y) = 1. 

The arguments are  s imi la r  t o  show t h a t  (x ,z)  = (y , z )  = 1. 

Lemma 3.5. I f  x,y,z i s  a pr imit ive  pos i t i ve  solut ion of 

(1). Then x,y have opposite pa r i t y  (one of t he  x and y is even and 

the other  i s  odd) . 

Proof. By v i r tue  of Lemma 3.4, both x and y cannot be 

even. To show t h a t  both x and y cannot be odd, assume t h a t  both x 

and y are  odd. Then x2 - 1 (mod 4) and y2 1 (mod 41 . So t h a t  

2 
x + y2 E 2 (mod 4) which is  impossible s ince  every square i s  congruent 

t o  e i t h e r  0 o r  1 (mod 4) .  Thus x and y have opposite pa r i t y .  

Theorem 3.6. Assume x is even and y is  odd. Then t h e  

pos i t ive  pr imit ive  solut ions  of (1) a re  

where r,s a re  in tegers  such t h a t  0 < r < s , (r,s) = 1 and r and s 

are of opposite pa r i t y .  

Proof. See Gioia 14,  page 1211. 

Corollary 3 .7 .  There are  i n f i n i t e l y  many pos i t ive  pr imit ive  

solut ions  of (1) . 

Proof. I f  y and z are  given, then r2 .s2 and consequently 

r,s are  uniquely determined, So t h a t  d i f fe ren t  values of x,y and z 



corresponds t o  d i f f e r en t  values of r and s . Also, s ince there  are 

i n f i n i t e l y  many such values,  then (-1) has i n f i n i t e l y  many pos i t ive  

primitive solut ions .  

2 2 
Define I = i : i = 1,2,3 , . . .  . We w i l l  consider 3-term 

2 
ar i thmet ic  progressions i n  I 

We c a l l  a 3-term ar i thmet ic  progression a ,b ,c  pr imit ive  i f  (a ,b ,c)  = 1. 

2 2 2  
Lemma 3.8. I f  a ,b , c  i s  a pr imit ive  3-term ar i thmet ic  

2 
progression i n  I . Then (a ,b)  = (b ,c )  = ( a , c )  = 1. 

2 2 2 2 2  
Proof. We have a2  + c = 2b and ( a  ,b , c  ) = 1, where 

0 < a < b < c , a,b ,c  are  in tegers .  To show t h a t  ( a rb )  = 1, suppose 

2 2 
a prime p divides both a and b . Then p 1 a , plb . It follows 

2 2 
t h a t  p 1 2b2 and p l2b - a . Hence p 1 c2 ,  a contradiction.  BY a 

s imi l a r .  argument we can show t h a t  (b,c)  = 1. 

N e x t ,  t o  show t h a t  ( a , c )  = 1, suppose a prime p divides both a and 

2 2 
c . Then p l a  , plc2  . Hence p la2  + c . So 

2 
t h a t  e i t h e r  p lb , a contradict ion,  o r  p = 2 

2 2 
a and c a r e  even. Hence 41a + c . So 4 

2 1b2 again, a contradiction.  

t h a t  p12bL . It follows 

which implies t h a t  both 

12b2 which implies t h a t  

Theorem 3.9. x ,y ,z i s  a pr imit ive  pythagorean t r i p l e  i f  and 

2 2 2 
only i f  (x-y) , z , (x+y) i s  a pr imit ive  3-term ar i thmet ic  progression 

Proof. Suppose x,y  , z i s  a pr imit ive  pythegorean t r i p l e .  

2 2 2 
Then x + y = z , But 



2 2 2 
Hence (x-y) , z , (x+y) i s  a 3-term ar i thmet ic  progression. To show 

2 2 2 
it i s  pr imit ive  suppose a prime p divides (x-y) , z and (x+y) . 

or  pix, p l y  . Since, hy Lemma 3.4, (x ,y)  = 1, we have p = 2. So 

2 1x+y which implies t h a t  x and y have same p a r i t y  which contradicts  

Lemma 3.5. 

2 2 
Conversely, suppose t h a t  (x-y) , z , i s  a primitive 

3-term ar i thmet ic  progression. Then 

But, 

2 2 2 
Hence x + y = z , whence x,y,z i s  a pythagorean t r i p l e .  To show 

t h a t  x, y , z i s  a primitive pythagorean t r i p l e ,  suppose t h a t  a prime p 

,divides x,y and z . Then p 1 x -y, p lx+y which contradicts  Lemma 3.8. 

Example 3. Given x = 4 ,  y = 3. It follows, when z = 5 , 
2 2 

t h a t  ( x , y , z ) '  is  a p r i m i t i v e  pythagorean t r i p l e ,  (x-y) = 1, z = 25, 



2 
(x+y) = 49. But s ince 1 + 49 = 2.25, U,25,49) = 1. Then 

2 2 2  
1 , 5 , 7 i s  a pr imit ive  3-term ar i thmet ic  progression. 

2 2 2 
Example 4. Given 7 , 1 3  , 1 a pr imit ive  3-term 

ar i thmet ic  progression. To f ind  x,y ,z  put  z = 13, x-y = 7, 

2 
x+y = 17. It follows t h a t  x = 12. y = 5. So x2cy2 = (1212 + (5) = 

2 
= (13) = z2 . Also (12,5,13) = 1. Therefore 1 2 ,  5 ,  13 i s  a 

primitive pythegorean t r i p l e .  

Corollary 3.7 says t h a t  there  are  i n f i n i t e l y  many pos i t ive  

primitive pythagorean t r i p l e s .  It y ie lds  by Theorem 3.9 t h a t  there  are  

Z 
i n f i n i t e l y  many primitive 3-term ar i thmet ic  progressions i n  I . 

'Moreover, s ince a pr imit ive  pythagorean t r i p l e  x,y ,z can generate a 

family of pythagorean t r i p l e s , s a y  kx,ky ,kz , where k is a pos i t ive  

2 2 2 2 
in teger .  It follows t h a t  k ( x - ~ ) ~ ,  k (z 1, k i s  a family if 

2 7  3 
3-term ar i thmet ic  progression generated by ( x - ~ )  , zr , ( x + ~ ) '  . 

2 2 2 
Theorem 3.10. a ,b , c  i s  a pr imit ive  3-term ar i thmet ic  

progression with 0 < a < b < c i f  and only i f  t he  following are 

s a t i s f i e d  

r and s are  in tegers  such t h a t  0 < r  < s  , (r,s) = 1 and r and 

s are of opposite par i ty .  

Proof. Suppose a2 ,b2 , c2 i s  a primitive 3-tern ar i thmet ic  

progression. Then 



2 2 2  
where ( a  ,b , c  = 1, 0 < a < b  .< c and a,b,c  are  in tegers .  Since 

2 2 2 
a2 + c i s  even, it follows t h a t  a ,c and hence a , c  have same 

c+a c- a 
par i ty .  - = 2 X, - - 

2 - y are both integers .  This y ie lds  t h a t  

X-y = a ,  x+y = c ,  0 < y < x . But 

2 2 2 2 2 2 2 
a + c = (x-y) + (x+y) = 2 ( x  +y ) = 2b . 

L e t  z = L2ty2 , then 

2 2 2 
(x-y) , z , (x+y) i s  a primitive 

z = b . Therefore we have t h a t  

2 3-term ar i thmet ic  progression i n  I . 
Hence, by v i r tue  of Theorem 3.9, x,y,z is  a pr imit ive  pythagorean 

t r i p l e .  So Theorem 3.6 implies,  (since x > y 1 , t h a t  

where r,s are in tegers ,  0 < r < s , (r,s) = 1 and r,s are  of 

opposite pa r i t y ,  Thus conditions (2 1 are s a t i s f i e d .  

Conversely, suppose we have (2) and we wish t o  show t h a t  

2 2 2  
a ,b , c  i s  a primitive 3-term ar i thmet ic  progression. Since 

2 2 
0 < r < s . It follows 2rs > 0,  s -r > 0 ,  r2+s2 > 0 and hence 

x > 0, y > 0, z > 0 . We claim t h a t  x + y. To see t h i s  assume, 

2 2 on the  contrary, t h a t  x = y or  equivalently assume s - r = 2 s r  

2 s-r 
which implies t h a t  (s-r12 = 2 r  . It follows t h a t  - - 

r 
-fi an 

i r r a t i o n a l ,  a contradiction.  Hence x > y > 0 . From Theorem 3.6, 

it y ie lds  t h a t  x,y,z i s  a primitive 

2 2 2 
( i . e . ,  x + y  = z , (x,y,z)  = 1). 

pythagorean t r i p l e  

Therefore, by v i r t ue  of Theorem 



2 2 3.9, (x-y) , z , ( x + ~ )  i s  a p r imi t ive  3-term a r i t h m e t i c  progression.  

2 2 2  
Thus, a ,b , c  i s  a p r imi t ive  3-term a r i thmet ic  progression.  The 

proof of t h e  theorem i s  complete. 

L 
Define f (n) = (n+t)  , where n 1 -t i s  an in teger  

and t i s  a f i x e d  r e a l  number. 

Theorem 3.11. I f  t i s  an i r r a t i o n a l  number, then i f  (n) 

has  no 3-term a r i thmet ic  progress.ion. 

Proof. Suppose, on contrary ,  t h a t  if (n) ) has a 3-term 

a r i t h m e t i c  progression.  Then, f o r  n < n < n , w e  have 1 2 3 

W e  claim t h a t  4n2 - 2n - 2n3 + 0 . To prove t h i s ,  suppose t h a t  
1 

4n2 - 2n - 2n = 0 . It follows t h a t  n + n = 2n2 . So t h a t  
1 3 1 3 

nl ,n2 ,n3 i s  a 3-term a r i thmet ic  progression.  Hence n = n +dl 2 1 

n = n +2d, where d i s  a p o s i t i v e  i n t e g e r .  Again, it follows from 
3 1 

2 2 
(3)  t h a t  n: + n - 2n2 = 0 . Therefore w e  have 

3 



which implies t h a t  2 = 1 . This absurdity implies t h a t  

Hence we can wri te  

a r a t i ona l  number. This contradiction completes t he  proof. 

Corollary 3.12. If I f  (n) ) has a 3-term ar i thmet ic  

progression. Then t i s  a rational number. 

b 
Theorem 3.13. Let t = 2 , where a ,  b a re  in tegers  , a f 0 . 

2 2 
Let f ( n )  = (n+t)  , g(n )  = (an+b) . Then f ( n l ) ,  f ( n 2 ) ,  f ( n  ) is  a 

3 

3-term ar i thmet ic  progression with -t 5 n < n < n if and only i f  
1 2 3 

Proof. W e  consider the  increasing p a r t  of f and g only. Hence l e t  

g (nl) , g (n2)  , g (n3) be a 3-term ar i thmet ic  progression with 

-b - < n  < n  < n  - P 2 3 
Then we have 

a 



which implies t h a t  

Hence f hl),  f (n2) I f (n 1 is  a 3-term a r i t hme t i c  progression.  3 

By a s imi la r  argument we can prove t h e  converse. 

2 Theorem 3.14. Let h(n)  = an -!- Bn + Y where a,B,y a re  

L 
r e a l s ,  a >  0 . Let f ( n )  = (n+t) where t = B / 2 a  . Then 

h (nl) I h (n2) , h (n3) i s  a 3-term ar i thmetic  progress ion  with 

- f3 - C nl < n  < n  i f  andonly i f  f ( n l ) ,  f ( n 2 ) ,  f ( n 3 )  i s  t h e  same. 
2 cl 2 3 

Proof. Suppose h (n < h (n ) < h (n ) i s  a 3-term ar i thmetic  
1 2  3 

progression w i t h 2  C n < n < n 
3 "  

Then w e  have 
2a 1 2 

and f ina l ly  



which implies t h a t  f (nl) < f (n2) < f (n3) i s  a 3-term arithmetic 

progression. 

By reversing the above s teps  we can prove the  converse. 

Corollary 3.15. I f  (h (n) has a 3-tern ar i thmetic  

progression, then 6/a is a ra t iona l .  

Proof. The proof follows from 3.14 and 3.12. 

We w i l l  consider functions of the  form 

where a,B ,y are r e a l s ,  a > 0 and n is  non-negative integer .  

suppose (h (n) } has a 3-term ar i thmetic  progression h (n ) < h (n2) < h (n ) 
1 3 - #  

where 2 5 z1 < i~~ < ri3 . It f ~ 1 h ~ 3 ,  by vii-tiie of Theoreiii 3.14, t ha t  
213 

f (n < f (n2) < f (n3) is  a 3-term a r i t h m t i c  progression, where 
1 

2 
f ( n )  = (n+t) and t = 

a and b a r e  integers  

g(n l ) ,  g(n21, g(n3) i s  

2 
g(n)  = (.an + b)  . That 

b 
6/2a . But t i s  a r a t i ona l ,  say t = - where 

a 

and a > 0 . Then 

a 3-term ar i thmetic  

is ,  we have 

Theorem 3.13 implies t h a t  

progression, where 

By the division algorithm we can wri te  b = ak + b1 , where k and b"  

are in tegers  and 0 5 b' < a . Hence, by subs t i tu t ion  



where O 5 b '  < a and n '  = n + k , i = 1 ,2 ,3  . 
i i 

Moreover, i f  ( a , b V )  = d > 1 , then a = a d, b '  = bld and 
1 (al,bl) = 1 

and so (5)  becomes 

2 
which implies t h a t  f ( a  n + b 1 has a 3-term ar i thmet ic  progression. 

1 1 

Note t h a t ,  the  converse of these arguments are  a l s o  val id .  

Hence we can conclude t h a t ,  t o  study 3-term ar i thmet ic  progressions 

i n  the  quadratics i n  (41, it suf f ices  t o  study 3-.term ar i thmet ic  

2 
progressions i n  {(an + b)  1, where a and b a re  in tegers ,  0 5 5 < a 

and ( a rb )  = 1. We w i l l  consider pr imit ive  3-term ar i thmet ic  progressions 

2 
i n  {(an + b)  1 . 

We define f = I ( a , b ) :  a and b a re  in tegers ,  a > b 3 0 ,  

L 
( a r b )  = 1 and ( (an  + b) ) contains a pr imit ive  3-term ar i thmet ic  

progression). 

It i s  c l ea r  t h a t  ( 1 , O )  € f , s ince contains i n f i n i t e l y  

many primitive 3-term ar i thmet ic  progressions. Hence t o  study whether 

o r  not ( a r b )  € T , we need only t o  study the  cases where a > b > 0 , 

(a,b) = 1. F i r s t  we study the  case when a i s  an odd number, and we 

have the  following long theorem. 

Theorem 3.16. Let a be an odd number, b be an i n t ege r  

such t h a t  a > b > 0, (a ,b)  = 1. Then (a ,b )  € T i f  and only i f  

b 
b I  o r  b+a - i s  a quadrat ic  residue modulo a . 2 



Proof. Suppose (a ,b )  € "f . From the  def in i t ion  of T , 
2 

there e x i s t  in tegers  0 5 n < n < n such t h a t  (anl + b) , 
1 2  3 

2 2 
(an2 + b) , (an + b) i s  a pr imit ive  3-term ar i thmet ic  progression. 

3 

By v i r t ue  of Theorem 3.10, we have 

where x = max(2rs, s 
2 2 2 - r I ,  y = min{2rs, s2 - . r  1 . z = s2 + r 

r and s are in tegers  such t h a t  s > r > 0 , (r,s) = 1 and r and 

s a re  of opposite pa r i t y .  Equations (6) mean t h a t  

x + y - b(mod a ) .  

I t  follows t h a t  

2x E 2b(mod a)  

z E b(mod a )  

2y r O(mod a) 



since (a,2) = 1, then 

x b (mod a) 

z 5 b(mod aZ' 

y - 0 (mod a) . 

Now we have two cases : 

2 2 2 
Case 1. x = s - r  , y = 2 r s ,  z = s2 + r . 

In th is  case (-7) becomes 

s 2  + r2 i b. (mod a) 

which implies that  

2 - 
2 r  = 0 (mod a) 

2 r s  3 0 (mod a) . 

Again, since (a.2) = 1, s 2  3 b(mod a ) ,  and hence b i s  a quadratic 

residue mod a . 

2 2 2 Case 2.  x = 2rs, y = s - r , z = s2 + r . In th is  case 

(71 becomes 



2r s  3 h b o d  a )  

s2 + r2 I b(mod a )  

2 
s - r2 E 0 (mod a) 

which implies t h a t  

Again, s ince (a ,2)  = 1. It follows t h a t ,  i f  b is even, then,  e.g.,  

2 = b  b 
r - -(mod a), and hence - is a quadrat ic  residue mod a. I f  b is  2 2 

2 = a+b - a+b 
odd, then we net 3 r h c d  a! , and hence - -2 - ; a --~ac3rYatic r -  

- 2 

residue mod a. This completes the  proof i n  the  forward d i rec t ion ,  

Conversely, l e t  a be an odd number, b be an in teger  such 

t h a t  a > b > 0 , (.arb). = 1. 

(i) Suppose b i s  a quadrat ic  residue modulo a . Then 

there  e x i s t s  a pos i t ive  in teger  t such t h a t  t2 E b (mod a ) .  Let 

2 2 - 
r = a ,  s = t + ka, then s Z t I b(mod a ] .  So t h a t  r i s  odd and 

s i s  even when t and k have t h e  s a m  pa r i t y .  We show (r,s) = 1. 

Suppose not: l e t  p be a prime such t h a t  p 1 r, p 1 s. It follows t h a t  

2 2 
p l a  and pit. But, a l t  - b .  Hence - b, whence p lb  , a 

contradiction s ince ( a ,  b.) = 1. Next, 



2 
It is c l ea r  t h a t  f o r  k E 3,  we have s - r2 > 2rs .  Hence, f o r  k E 3 

and k and t having the  same p a r i t y ,  we have s > r > 0, (r ,s)  = 1, 

2 
r and s a re  of opposite p a r i t y ,  s - r2 > 2 r s  and 

r2 0 (mod a). 

which implies t h a t  

2 
s - r2 5 b (mod a)  

s2 + r2 E lj (mod a). 

2 2 2 2 
Let x = s  - r , y = 2 r s ,  z = s  + r  Then x,y,z i s a p r i m i t i v e  

pythagrean t r i p l e  and 

x Z b(mod a )  

z E b(mod a )  

y E O(mod a ) .  



It follows t h a t  

x - y 5 b(mod a )  

z 2 b (mod a )  

x + y Z b(mod a )  

That i s ,  

where c l ea r ly  0 5 n < n  < n 3 .  
2 

1 2 
By v i r t ue  of Theorem 3.10, (x-y) , 

2 2 2 2 
z , (x+yj and hence (anl+b) , (.an2+b) , (an3+bj2 i s  a primitive 

I .  

3-term ar i thmet ic  progression. Thus (a ,b )  C T . 

b 
(ii) Suppose - i s  a quadrat ic  residue modulo a (where, of 2 

course, b i s  even) . Then there  ex is t s .  a pos i t i ve  in teger  t such t h a t  

t2 ,$(mod a ) .  Let r = t + ka, s = t + (k+ l ) a  = r+a. Then s > r > 0 ,  

2 =  2 =  - b  
r and s a re  of opposite p a r i t y  and s - r - rs = - (mod a ) .  W e  

2 

show r , )  = 1 Suppose not: Let p be a prime such t h a t  1 r and 

2 b  , then - I. pis. It follows p la  and s o  . But, s ince a l t  - - 2 

which implies lb , a contradiction s ince (a ,b )  = 1. Hence (r ,s)  = 1- 

Next, 



2 2 
It i s  c l ea r ly ,  f o r  k Z 1, t h a t  2 rs  > s - r , Thus, f o r  k 2 1, we 

have s > r > 0 , (r ,s)  = 1, r and s are  of opposite pa r i t y ,  

2 2 2 -  2 =  - b  
2rs  > s - r , and s = r - rs = - (mod a ) .  It follows t h a t  2 

2 2 Let = 2r s ,  = s - r2 , z = r2 + s . Then x,y,z i s  a primitive 

pythagorean t r i p l e ,  and 

z : b (mod a )  

y 0 (mod a) 

which implies, a s  be fore ,  t h a t  



where, again,  0 5 n < n < n 
2 2 2 

1 2  3 - Hence (x-y) , z , (x+y) , a n d s o  

2 2 2 
(anl+b) , (an2+b) , (an3+b,) i s  a primitive 3-term ar i thmet ic  

progression. Whence (a,b.)- € 7 . 

a+b 
(iii) Fina l ly ,  suppose - 2 i s  a quadrat ic  residue modulo a (where, 

of course, b i s  odd). Then there  e x i s t s  a pos i t ive  in teger  t such 

2 - a+b t h a t  t - (mod a ) .  Let r =  t + k a ,  s = t + (k + l ) a  = r + a. It 

i s  c l ea r ly ,  as i n  (ii) above, t h a t  f o r  k 2 1 we have s > r > 0 , 
2 2 

( r , ~ )  = 1, r and s are of opposite p a r i t y ,  2rs > s - r and 

2 -  2 =  2 = a+lj s = r  - r s  E t  -(mod a ) .  Which implies t h a t  - 2 

It follows, as i n  (ii), t h a t  

where 0 5 n < n < n 
2 2 2 2 

1 2 3 -  Hence (x-y) , z , (.x+y) , and s o  (an +b) , 1 

2 2 
(an2+b) , (an3+b) i s  a primitive 3-term ar i thmet ic  progression. 

Thus ( b  € The proof of the  Theoxem is complete. 



Now, we study the  case when a i s  eyen. We have not been 

able t o  solve the  problem completely i n  t h i s  case as  we did  f o r  a odd. 

Theorem 3.17. Let a be even and b be an in teger  such 

t h a t  a > b > 0 ,  (a,b) = 1. I f  b i s  a quadrat ic  residue modulo a , 

then (a ,b )  T . 

Proof. Since b i s  a quadrat ic  residue mod a , then there  

e x i s t s  a pos i t ive  in teger  t such t h a t  tL E b (mod a ) .  But b is  odd. 

~t follows t h a t  t2 and hence t i s  odd. Let r = a ,  s = t + ka. 

Then r i s  even and s i s  odd. We show x s = 1. Suppose not: 

l e t  a prime p divide both r and s . Then p l a  and p i t  . 
B U ~  a1 t2 - b,  it follows t h a t  p 1 t2 - b and hence p lb, a contradiction 

s ince ( a r b )  = 1. Next, 

Thus, f o r  k S 3, we have s > r > 0 , (x , s )  = 1, r and s are  

2 
of opposite p a r i t y ,  s -. r2 > 2 r s  and 

2rs  3 0 (mod a). . 

which implies t h a t  



2 r s  - O(mod a ) .  

2 2 2 2 
Let x = s - r , y = 2 r s ,  z = s + r . Then x, y, z i s  a pr imit ive  

pythagorean t r i p l e .  I t  follows, a s  before,  t h a t  

f o r  some 0 5 n < n < n 
2 2 2 

1 2 3 - Hence (x-y 1. , z , (x+y) and whence 

2 2 2 
(an.+b) , (an2+b) , (an3+b) i s  a pr imit ive  3-term ari thmetic 

I 

progression. Thus (a ,b)  € 7 . 

a 
Theorem 3.18. L e t  a be even such t h a t  - i s  odd. Let b 

2 

be such t h a t  a > 

quadrat ic  residue 

Proof. 

e x i s t s  a pos i t ive  

a 
b + -  

2 2 b + a  i s a  - b > 0 and (a,b) = 1. If - - 
2 4 

modulo a , then (a ,b )  € . 

2b+a i s  a quadrat ic  residue mod a , then there  Since - 
4 

2 = 2b+a in teger  t such t h a t  t - - 
4 (mod a ) .  Let 

a a 
t + ( k + l l T = r + -  2 .  Then r and s are of 

a 
opposite p a r i t y  s ince - i s  odd. We want t o  show t h a t  (1,s) = 1. 2 

Suppose, on t he  contrary,  t h a t  a prime p divides both r and s . 
Then p i s  an odd prime s ince r and s are of opposite pa r i t y  and 



4 
2b+a which implies t h a t  pl2b+a. 2b+a a n d s o  follows t h a t  1 t - - 

Because p 1 a and p i s  an odd prime, then p lb a contradict ion s ince 

( a r b )  = 1. Next, 

2 
It i s  c l ea r ,  f o r  k 2 1, t h a t  we have s > r > 0 ,  (r,sl = 1, 2rs  > s - r 

2 

and r and s are  of opposite pa r i t y .  

2 2 
&t x = 2r s ,  y = s - r , z = s2 + r2 . Then x,y ,z  i s  a p r i m i t i v e  

2 2 2 
pythagorean t r5p le .  Hence by virtue of Theorem 3.10, (x-y) , z , (x+y) 

is  a primitive 3-term ari thmetic progression. To complete t he  proof,  

we need only t o  show t h a t  

x - y z Z x + y - b(mod a ) .  

a a a 2 a 2 
= 2 (t + k (t + (k+lIr) - (t + (k+lIT) + (t + kr) 

2 a 
2 

= 2 t  + 2tka + k 2  :a - - 
4 

2 
- 2 a  = 2 t  - -  

4 (mod a ) .  



2 - 2b+a 
But, since t = - 

4 
(mod a ) .  Then 

- 
a a a a x - y r b + - - -  
2 4 

f b + 41 - (mod a ) .  
2 

a a 
Since - i s  odd, then 1 - - 2 is even. Hence x - y E b(mod a ) .  

2 

2 2 a a a 
= 2 t  + 2 t k a + t a + k  - a + k - a + -  2 2 4 

2 a 
2 

5 2 t  + - (mod a ) .  
4 

2 - 2b+a 
But, again, since t = - 4 

(mod a ) .  It follows tha t  

a a 
2 

a a 
z E b + - + - Z b + - U + $  2 4 2 (modal. 

a a 
Since - i s  odd, then 1 + - i s  even. Hence z E b (mod a)  . 2 2 

2 a 
2 

Z 2 t  + - (mod a ) .  
4 

2b+a (mod a ) ,  I t  follows tha t  But t 3 - 
4 

a a 
2 

a a 
x + y  Z b + - + -  

2 4 - b + 41 2 + (mod a ) .  



a a is even. Hence x + y 2 h (mod a) , Since - i s  odd, then 1 + - 2 2 

which completes t h e  proof.  

Example 5. Iet a = 6. Then b = 1 o r  5 . The set of 

quadra t i c  r es idues  (mod 6 )  i s  

I f  b = 1, s ince  1 C Q , then t h e r e  e x i s t s  t , say t = 1, such t h a t  

t2 Z l ( m o d 6 ) .  Let r =  a = 6 ,  s = t  + k a  = 1 + 3.6 = 19 (here ,  k = 3 ) .  

Then 

Whence n = 16, n = 66, n = 92 and 
1 2 3 

It follows t h a t  (97) (39712, (553) i s  a p r imi t ive  3-term a r i t h m e t i c  

2 
progression i n  I (6n+l) ) . 

2b+a 2.5+6 
4 4 

- 4 € Q , then the re  e x i s t s  t , If b = 5 ,  s ince  - =  -- 

say t = 2, such t h a t  t2 1 4 (mod 6 ) .  Let 



( h e r e ,  k = 1). Then 

which i m p l i e s  t h a t  x-y = 41, x+y = 119. Hence 

2 2 2 
Whence n = 6 ,  n = 1 4 ,  n = 19 . Thus,  (41)  , (89)  , (119) is  a 

1 2 3 

p r i m i t i v e  3-term a r i t h m e t i c  p r o g r e s s i o n  i n  (6n+5 1 I .  

Example 6 .  L e t  a = 22. Then b. i s  one o f  l , 3 , 5 , 7 , 9  , l 3 , l 5 ,  

17,19,21.  The set  o f  q u a d r a t i c  r e s i d u e s  (mod 22)  is  

F o r  b = 1 , 3 , 5 , 9 , 1 5 ,  we have b € Q and s o  ( a , b )  € T .  

F o r  b = 7 ,13 ,17 ,19 ,21 ,  we have  - 2b+22 € Q a n d  a g a i n  (a,b). € T . 4 

F o r  example,  i f  b = 3 , t h e r e  e x i s t s  t , s a y  t = 5,  s u c h  

t h a t  t2 f 3(mod 2 2 ) .  L e t  r = a = 2 2 ,  s = t + k a  = 5 + 3.22 = 7 1  

( h e r e ,  k = 3 ) .  Then 



which impl ies  t h a t  x-y = 1433 and x+y = 7681. Hence 

22n + 3 = x-y = 1433 
1 

22n2 + 3 = z = 5525 

22n + 3 = x+y = 7681 . 
3 

Thus, n = 65, n = 251, n = 349 and 
1 2 3 

I•’ b = 13,  s ince  2.13 + 22 = 12 C Q , then  t h e r e  exists t , 4 
L - .  

say  t = 10, such t h a t  t c 12 (mod 22) .  Let 

(here ,  k = 1). Then 



which implies t h a t  x-y = 761 and x+y = 1927. Hence 

Thus, n = 34, n = 6 6 , n  = 8 7  and 
1 2 3 

a 
Lemma 3.19. Let a be even such t h a t  - 2 i s  odd. Then the  

a 
s e t  df quadratic residues mod - 2 i s  contained i n  the  s e t  of quadrat ic  

residues mod a . 

a 
Proof. Let q be a quadratic residue mod - 2 Then there  

a 
e x i s t s  a pos i t ive  in teger  t such t h a t  t2 E q (mod I-) , 

2 a 
i . e . ,  t = q + k - f o r  some in teger  k . 2 

2 
(i) I f  k is  even, say k = 2kl , then t = q + kl and s o  

t2 5 q (mod a ) .  Hence q is  quadrat ic  residue mod a . 
a 

(ii) I f  k i s  odd, then l e t  t = t + - .  Then 
1 2 

a s ince k + - 2 i s  even. Hence q i s  a quadrat ic  residue mod a . 



a 
Theorem 3.20. Let a be even such t h a t  - i s  odd. Let b 2 

be such t h a t  a > b > 0 ,  ( a rb )  = 1. I f  (a ,b )  € T , then b or  

a 
b + -  
-- 

2 
2b + a is  a quadratic residue mod a . - 4 

Proof. Let (.arb) C T . Then there  e x i s t  0 5 n < n2 < n - .  1 3 

L L L 
such t h a t  (an + b)  , (an2 + b)  , (an3 + b) i s  a primitive 3-term 

1 

2 
ar i thmet ic  progression i n  I . By v i r t ue  of Theorem 3.10, we have 

2 2 2 2 
where x = m a x { 2 r s I s - r } ,  y = m i n { 2 r s , s - r  }, z = s 2 + r 2  s > r > O ,  

(.r,s) = 1 and r and s are  of opposite par i ty .  Hence 

x-y - z f x+y 2 b(mod a). 

It follows t h a t  

We consider two cases: 

2 2 2 2 
Case I. x = x + r , y = 2rs ,  z = s + r It 

follows t h a t  



a Hence 4s2 . 4b (mod a )  which implies t h a t  s2 - b (mod 7) and s o  b i s  

a 
a quadrat ic  residue mod - 2 -  By Lemma 3.19 b i s  a quadratic residue 

mod a . 

2 2 2 
Case 11. x = 2r s ,  y = s - r , z = s2 + r Tt 

follows t h a t  

2 2(92 - r ) Z O(mod a ) ,  s2 + r2 b(mod a).. 

a 
Hence 4s2 5 2b(mod a )  which implies t h a t  2 s 2  3 b(mod and s o  

a 
b + -  

2 _ 2 b + a  s 2 z  - -  a a 2b + a 
2 - 4  

(mod s ince b ,  - are  odd. Hence 2 a 

a 2b. + a 
i s  a quadrat ic  residue mod - 2 -  

By v i r t ue  of Lemma 3.19, 
4 

i s  a quadrat ic  residue mod a . 

n 
Theorem3.21. Let a = 2  , n Z 4 .  Let b be such t h a t  

a > b > 0 , (a,b) = 1. Then (a,b) € T i f  and only i f  b is  a 

quadrat ic  residue mod a . 

Proof. If b i s  a quadrat ic  residue mod a , then, by the  

Theorem 3.17, (a ,b )  f T . 
2 2 2 

Suppose ( a rb )  C T . Then (anl+b) , (an2+b) , (an3+b) i s  

a primitive 3-term ar i thmet ic  progression f o r  some 0 5 n < n < n 1 2  3 .  

By v i r t ue  of Theorem 3.10, we have 



an + b. = x-y 
1 

2 2 2 2 
where x = max{2rs, s -r }, y = rnini2rs. s2-r2} , z = s + r , 

s > r > 0 , ( r , ~ )  = 1 and r and s a r e  of opposite pa r i t y .  Equations 

(8) mean t h a t  x-y - z - z+y 3 b(mod a ) .  It follows t h a t  

2x Z 2b (mod a )  

z E b (mod a )  

, .  
We consider two cases: 

2 2 2 2 
Case I. 2rs  > s -r . Then x = 2 r s ,  y = s - r , 

z = s2 + r2 . Hence we have 4rs Z 2b(mod a )  which means t h a t  

n-1 
a1 4rs - 2b. That i s ,  1 2 r s  - b which i s  impossible s ince  2 r s  - b 

i s  odd and n 1 4 . Hence we must have: 

2 2 2 
Case 11. S - r 2 > Z r s .  Then X = S  - r ,  y = 2 r s p  

2 2 
z = s + r . It follows t h a t  

2 2 -  2 (S - r = 2b (mod a )  

s2 + r2 E b(mod a )  

4rs  S 0 (mod a ) .  



44. 

Since one of t h e  r and s i s  even, say r even,  then it fol lows,  

n-2 2 (n-2) 2 
from 4 r s  E O ( m o d a ) ,  t h a t  2 Ir. Hence 2 I r , Whence, s i n c e  

2 
2(n-2) ~ n ,  2"lr Therefore r2 = - 0 (mod a ) .  Thus, s2 E b (mod a )  

and b i s  a q u a d r a t i c  res idue  modulo a . Simi la r ly  i f  s i s  even. 

a 
Theorem 3.22. Let a be even such t h a t  - 2 is  even, l e t  

b be such t h a t  a > b > 0 , ( a , b )  = 1. I f  b - 3 h o d  41, then  (a,b) { T.  

Proof, Suppose, on t h e  con t ra ry ,  t h a t  ( a , b )  € 7 . Then 

2 2 2 
(anl+b) , (an2+b) , (.an3+b) i s  a p r i m i t i v e  3-term a r i t h m e t i c  progress ion 

f o r  some nl, n2,  n3 . It fol lcws from Theorem 3.10 t h a t  

2 
where, i n  p a r t i c u l a r ,  z = s2 + r and r and s a r e  of opposi te  

p a r i t y .  Since 4 ( a ,  it follows t h a t  z E b (mod 4) and s o  

s2 + r2 b(mod 4 ) .  Since r and s a r e  of opposi te  p a r i t y ,  

s2 + r2 3 l(mod 4 ) .  Hence b E l(mod 4) a cont radic t ion  s i n c e  

b E 3 (mod 4) . 

Example 7. Let a = 4. Then b = 1 o r  3 . Since 1 i s  

a q u a d r a t i c  res idue  mod 4 ,  then ,  by Theorem 3.17, (4 , l )  f T . Since 

3 r 3(mod 4 ) ,  then ,  by Theorem3.22, (4 ,3)  f T . 

Example8. Let a = 8 .  Then b i s o n e o f  1 ,3 ,5 ,7 .  The 

set of q u a d r a t i c  res idue  (mod 8 )  i s  . 



If b = 1, then b E Q . Hence, by Theorem 3.17, ( 8 , l )  € 7 . If 

b = 3 or  7 , then b - 3(mod 4 ) .  Hence, by Theorem 3.22, 

(8,3) { T  and (8,7) $ 7 .  

Final ly ,  b = 5. None of our theorems handle t h i s  case. However, we 

can prove (8,5) f 7 as follows: 

Assume (8,511 7 . As i n  the  proof of Theorem 3.20 

we can get 

W e  have t o  consider two cases.: 

2 2 
case 1. X =  213, y = s - r , z = s2 + r2 . This 

case implies t h a t  8 141s - 2 , i - e . ,  4 (2 r s  - 1 which i s  impossible 

since 2rs - 1 i s  odd. 

follows t h a t  

2 
From s + r2 5 S(mod 8). , we have e i ther  

s2 l(mod 8) and r2 - 4(mod 8) 



2 2 -  But, s ince 2 (s - r = 2 (mod 81, then we must have 

s2 1 (mod 8) and r2 E 4(mod 8) . 

This means t h a t  s l , 3 , 5  or 7 (mod 8) and r Z 2 o r  6 (mod 8)  - 
It follows t h a t  2 rs  f 4 (mod 8 , Hence 

2 2 
x-y = s - r - 2rs t 1-4-4 5 1 (mod 8 ) .  

Therefore, there i s  no n such that x-y = 8n + 5. Thus (8,5) f T - 
Fina l ly ,  we remark t h a t  we are  t o l d  by Professor Tom Brown 

from D r ,  R. Graham of B e l l  Labs , *.ere are  no 4-term ar i thmet ic  

2 
progressions i n  I (.although. we have never been shown a proof. 

2 
This implies t h a t  f (n) = an + $n + y , f o r  a > 0 , does not contain 

any 4-term ari thmetic progression. 
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