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ABSTRACT 

C h i r a l  symmetry b r e a k i n g  i n  Quantum Chromodynamics (QCD) is s t u d i e d  

u s i n g  a c o m p o s i t e  o p e r a t o r  scheme d e v e l o p e d  by C o r n w a l l ,  3ack iw  and  

Tomboul is  (C3T). A m o d i f i e d  e f f e c t i v e  p o t e n t i a l  o r i g i n a l l y  d u e  t o  

- C a s a l b u o n i ,  De C u r t i s ,  D o m i n i c i  a n d  G a t t o  (CDDG) is u s e d  which is 

e q u i v a l e n t  t o  t h e  c o n v e n t i o n a l  scheme i n  t h a t  i t  c o n t a i n s  t h e  same 

p h y s i c s  a s  t h e  o r i g i n a l  C3T f o r m u l a t i o n ,  b u t  i t  is shown t o  b e  f r e e  o f  

d e f e c t s  i n  t h e  C3T e f f e c t i v e  p o t e n t i a l .  

It is shown h e r e  t h a t  t h e  m o d i f i e d  e f f e c t i v e  p o t e n t i a l  is bounded 

be low a n d  i s  s t a b l e  a g a i n s t  f l u c t u a t i o n s  t o  t h e  s t a t i o n a r i t y  c o n d i t i o n ,  

namely ,  t h e  Schwinge r  Dyson e q u a t i o n .  F u r t h e r m o r e ,  i t  is  f o u n d  t h a t  

o n l y  i n  a s y m p t o t i c a l l y  f r e e  f i e l d  t h e o r i e s  s u c h  a s  QCD, c h i r a l  symmetry 

o c c u r s  f o r  s u f f i c i e n t l y  l a r g e  c o u p l i n g  c o n s t a n t .  

Two a p p r o a c h e s  t o  s t u d y i n g  c h i r a l  symmetry b r e a k i n g  are used .  I n  

t h e  f i r s t  o n e ,  e x p l i c i t  c h i r a l  symmetry b r e a k i n g  is s t u d i e d  by a n a l y z i n g  

t h e  Schwinger  Dyson e q u a t i o n  where  t h e  c o n c e p t  o f  c o n s t i t u e n t  and  

c u r r e n t  q u a r k  mass is e x p l o i t e d  t o  estimate t h e  c o n s t i t u e n t  masses o f  

t h e  l i g h t  q u a r k s .  The s e c o n d  a p p r o a c h  is t h e  R a y l e i g h - R i t z  v a r i a t i o n a l  

scheme where  t h e  e f f e c t i v e  p o t e n t i a l  is min imized  w i t h  r e s p e c t  t o  m ( t h e  

vacuum e x p e c t a t i o n  v a l u e  o f  t h e  f e r m i o n  b i l i n e a r )  and  t h e  f i n i t e  v a l u e  

o f  m t h a t  m i n i m i z e s  t h e  e f f e c t i v e  p o t e n t i a l  i s  e s t i m a t e d  f o r  v a r i o u s  

v a l u e s  o f  t h e  i n f r a r e d  c u t - o f f  p a r a m e t e r  p  . F o r  example ,  when 
C 

pc/A = 1.3, t h e  minimum o c c u r s  a t  m = 0.67A 
QCD* 
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C H A P T E R  - . I  

1.1 INTRODUCTION AND MOTIVATION 

Quantum Chromodynamics (QCD) p r o p o s e d  a s  a t h e o r y  o f  s t r o n g  i n t e r -  

a c t i o n s  is b a s e d  on  t h r e e  f u n d a m e n t a l  i d e a s  [ I ] .  

1 .  T h a t  a l l  h a d r o n s  ( s t r o n g l y  i n t e r a c t i n g  p a r t i c l e s )  a r e  made up  o f  

f u n d a m e n t a l  c o n s t i t u e n t s  c a l l e d  q u a r k s  which p o s s e s s  f r a c t i o n a l  

electric c h a r g e  a n d  a r e  s p i n  112 F e r m i  f i e l d s .  

2. The e x i s t e n c e  o f  a  p a r t i c u l a r  k i n d  o f  quantum number c a l l e d  

t t c o l o r t ' .  T h e r e  a r e  t h r e e  k i n d s  of  c o l o r  (Red Green  B l u e )  a n d  t h e  

c o r r e s p o n d i n g  symmetry o f  n a t u r e  is  e x a c t .  With t h r e e  c o l o r s  a l s o ,  

t h e  s ta t is t ics  o f  t h e  b a r y o n s  come o u t  r i g h t .  

3. The symmetry t r a n s f o r m a t i o n  may b e  c o o r d i n a t e  d e p e n d e n t ,  a n d  t h e  

d e r i v a t i v e s  a r e  a b s o r b e d  i n  g a u g e  t r a n s f o r m a t i o n s  o f  a set o f  

massless v e c t o r  f i e l d s ,  t h e  g l u o n s .  Yang and  Mills [26] p r o p o s e d  

s u c h  a t h e o r y  i n  a n o t h e r  c o n t e x t  i n  1954. 

2 a n d  3 d i f f e r  f rom Quantum E l e c t r o d y n a m i c s  (QED) o n l y  i n  o n e  

p o i n t :  t h r e e  c o l o r s  i n s t e a d  o f  o n e  electric c h a r g e .  However, t h i s  v e r y  

i m p o r t a n t  d i f f e r e n c e  is o f  c r u c i a l  i m p o r t a n c e .  U n l i k e  U(1) t r a n s f o r m a -  

t i o n s  i n  QED, t h e  SU(3)  t r a n s f o r m a t i o n s  d o  n o t  commute w i t h  e a c h  o t h e r .  

So g l u o n s ,  u n l i k e  p h o t o n s ,  a r e  t h e m s e l v e s  c h a r g e d .  Because  o f  t h e  

non-Abel ian  n a t u r e  o f  t h e  QCD symmetry t r a n s f o r m a t i o n s  a n d  t h e  demand 

t h a t  t h i s  symmetry b e  e x a c t ,  QCD e x h i b i t s  c o n f i n e m e n t  a n d  a s y m p t o t i c  

f r eedom which a r e  n o t  t h e r e  i n  QED. 



T h e  F e r m i  s p i n  1 /2  f i e l d s  ( q u a r k s )  are  r e p r e s e n t e d  by t h e  Dirac 

s p i n o r  f i e l d s  q:(x) ( t h e  f o u r  s p i n o r  components  a r e  i m p l i c i t )  where  m 

a n d  a l a b e l  i n t e r n a l  d e g r e e s  p f  f reedom.  The i n d e x  m refers t o  f l a v o r  

a n d  c o r r e s p o n d s  t o  o b s e r v e d  d e g r e e s  o f  f r eedom o f  e x i s t i n g  h a d r o n s .  A t  

- p r e s e n t  f i v e  f l a v o r s  are known a n d  t h e  s i x t h  h a s  been  p r e d i c t e d .  The 

i n d e x  a r e f e r s  t o  t h e  c o l o r  d e g r e e s  o f  freedom. It i s  assumed t h a t  

t h e r e  are  e x a c t l y  t h r e e  c o l o r s  s o  t h a t  t h e  s ta t is t ics  o f  t h e  b a r y o n s  

come o u t  j u s t  r i g h t ,  o t h e r  p h e n o m e n o l o g i c a l  s u p p o r t  f o r  f i x i n g  t h e  

number o f  c o l o r s  a t  t h r e e  a r e  f o u n d  i n  [I  I. QCD is d i a g o n a l  i n  f l a v o r  

i n d e x ,  ie .  t h e  f l a v o r  i n d e x  h a s  n o  d y n a m i c a l  r o l e .  The weak i n t e r a c t i o n  

c u r r e n t  w i l l  c o u p l e  t o  f l a v o r .  

With t h e  n m b e r  o f  c o l o r  f i x e d  a t  t h r e e ,  t h e  o n l y  c a n d i d a t e s  f o r  a 

s i m p l e  L i e  g r o u p  o f  c o l o r  a r e  SU(3) a n d  SO(3) .  With SO(3) t h e  d e s i r e d  

p r o p e r t y  o f  a s y m p t o t i c  f r eedom is  l o s t  when t h e  number o f  f l a v o r s  

e x c e e d s  two, w h i l e  f o r  SU(3) we c a n  h a v e  up  t o  16 f l a v o r s .  S i n c e  s i x  

f l a v o r s  a r e  a l r e a d y  known, SU(3)  is t h e  o n l y  v i a b l e  p o s s i b i l i t y  f o r  t h e  

c o l o r  g r o u p  o f  QCD. Ano the r  n e g a t i v e  p o i n t  is  t h a t  w i t h  S 0 ( 3 ) ,  a d i -  

q u a r k  s y s t e m  c o u l d  b e  a c o l o r  s i n g l e t  a n d  s u c h  o b j e c t s  a r e  n o t  o b s e r v e d .  

The  main i d e a  i n  QCD i s  t o  make t h e  SUc(3) symmetry a l o c a l ,  

r a t h e r  t h a n  j u s t  a  g l o b a l  symmetry.  G l o b a l  g a u g e  i n v a r i a n c e  i m p l i e s  t h e  

e x i s t e n c e  o f  c o n s e r v e d  c u r r e n t s .  L o c a l  g a u g e  i n v a r i a n c e  p r o d u c e s  mass- 

less v e c t o r  g a u g e  b o s o n s ,  p r e s c r i b e s  ( o r  a t  l e a s t  r e s t r i c t s )  t h e  form o f  

t h e  i n t e r a c t i o n  o f  g a u g e  b o s o n s  w i t h  s o u r c e s ,  a n d  g e n e r a t e s  i n t e r a c t i o n s  

among t h e  g a u g e  b o s o n s  i f  t h e  symmetry is non-Abel ian .  



- 3 - 

The  l o c a l  SUc(3) gauge f i e l d s  a r e  the  colored gluons, A ( x ) ,  

a = 1,2,  ..., 8, wh ich  transform a s  an a d j o i n t  r ep resen ta t ion  of SUc(3). 

They do not c a r r y  f l avor .  The minimally l o c a l l y  gauge i n v a r i a n t  

Lagrangian dens i ty  implied by t h i s  SUc(3) symmetry i s  

where t h e  covar ian t  d e r i v a t i v e  i s  def ined by 

and t h e  gauge f i e l d  s t r e n g t h  t e n s o r  i s  

F~ a ~ ~ - d ~ ' + g f  abc Ab A~ o 
VV IJ v v lJ IJ v 

a 
The  AaQ a r e  SU(3) matr ices  s a t i s f y i n g  

and fabc  a r e  t h e  s t r u c t u r e  cons tan t s  of SUc(3). The second term i n  

(1.1 ) i s  t h e  Yang-Mills Lagrangian f o r  s e l f - i n t e r a c t i n g  SUc ( 3 )  non- 

Abelian vector  gauge f i e l d s .  Equation (1.1) is  i n v a r i a n t  under t h e  

l o c a l  gauge t ransformat ions  



a .  
where  8 ( x )  is t h e  s p a c e - t i m e  d e p e n d e n t  p a r a m e t e r  o f  t h e  l o c a l  SUc(3) 

g a u g e  t r a n s f o r m a t i o n  U(x) .  ( M a t r i x  n o t a t i o n  i s  u s e d  i n  1.5.) 

1 2  N F o r  N - f l a v o r s ,  t h e  f l a v o r  g r o u p  is  SU(N). T h a t  is, (qa ,qa ,  ..., qa)  

f o r  a = 1 , 2 , 3  form t h e  f u n d a m e n t a l  r e p r e s e n t a t i o n s  o f  SU(N). N = 3 

g i v e s  t h e  well known SU(3)  h a d r o n i c  s p e c t r u m ,  w h i l e  N = 4 a l l o w s  f o r  t h e  

charm f l a v o r ,  though t h e s e  f l a v o r  s y m m e t r i e s  are b roken  i n  n a t u r e .  

S i n c e  t h e  L a g r a n g i a n  d e n s i t y  4 ( x )  d e s c r i b e s  massless q u a r k s ,  i t  is  

a c t u a l l y  i n v a r i a n t  u n d e r  t h e  l a r g e r  c h i r a l  g r o u p  

SU(N )xSU(N )xuB( 1 )xUA( 1 ) w i t h  

where  y5 i s  d e f i n e d  i n  ( 2 . 6 ) .  

Us( I ) c o r r e s p o n d s  t o  b a r y o n  number c o n s e r v a t i o n  and  UA( 1 ) t o  

a x i a l - b a r y o n  n u n b e r  c o n s e r v a t i o n .  The UA(I )  symmetry is  n o t  o b s e r v e d  

o r  p r o b a b l y  d o e s  n o t  e x i s t  i n  t h e  f i r s t  p l a c e .  The c h i r a l  SU(N)xSU(N) 

f l a v o r  symmetry i s  n o t  e x a c t  i n  t h e  r ea l  wor ld .  It is  e a s i l y  b r o k e n  i n  

OCD by a d d i n g  t o  < ( x )  a q u a r k  mass term which is a n  SUc(3) 

s i n g l e t  b u t  t r a n s f o r m s  l i k e  a member o f  t h e  (N ,N*)x (N*,N) r e p r e s e n t a t i o n  

o f  t h e  c h i r a l  g roup .  

M"" i s  t h e  q u a r k  mass m a t r i x .  T h i s  i s  t h e  o n l y  p o s s i b l e  f l a v o r  b r e a k i n g  
0 

term o n e  c a n  h a v e  w i t h o u t  i n t r o d u c i n g  new f i e l d s  o r  l o s i n g  r e n o r m a l i z -  



a b i l i k y .  The o r i g i n  o f  t h i s  f l a v o r  b r e a k i n g  term is i n  t h e  weak a n d  

e l e c t r o m a g n e t i c  i n t e r a c t i o n s  where  t h e  f l a v o r  i n d e x  p l a y s  a d y n a m i c a l  

r o l e .  

FOP a c o n s i s t a n t  quantum f i e l d  t h e o r y  i n v o l v i n g  non-Abel ian  v e c t o r  

- g a u g e  f i e l d s ,  we must  a d d  t o  t h e  L a g r a n g i a n  (zl ( x )  + z M ( x ) )  a g a u g e  

f i x i n g  term x g . p  which  e n s u r e s  a p r o p e r  q u a n t i z a t i o n  p r o c e d u r e ,  and  a 

Faddeev-Popov g h o s t  term xgh which d e p e n d s  o n  how t h e  g a u g e  is f i x e d  

a n d  p r e s e r v e s  u n i t a r i t y .  T h e r e f o r e  

i s  t h e  c o m p l e t e  L a g r a n g i a n  d e n s i t y  f o r  QCD. 

The -  L a g r a n g i a n  d e n s i t y  (1.8) when u s e d  i n  n a i v e  p e r t u r b a t i o n  t h e o r y  

i n  t h e  c o u p l i n g  c o n s t a n t  g ,  seems t o  d e s c r i b e  a w o r l d  o f  i n t e r a c t i n g  

q u a r k s  a n d  c o l o r e d  g l u o n s  i n  which  a s y m p t o t i c a l l y  f r e e  q u a r k s  and  g i u o n s  

c o u l d  e x i s t .  S i n c e  f r e e  q u a r k s  a n d  c o l o r e d  g l u o n s  are n o t  o b s e r v e d  i n  

n a t u r e ,  t h e  p i c t u r e  may n o t  b e  a p r o p e r  d e s c r i p t i o n  o f  t h e  wor ld .  I n  

a d d i t i o n ,  much o f  t h e  low e n e r g y  phenomenology o f  t h e  h a d r o n i c  s p e c t r u m  

h a s  been  u n d e r s t o o d  t o  a d e g r e e  v i a  PCAC ( P a r t i a l l y  Conse rved  A x i a l  

C h r r e n t s )  a n d  a n y  v i a b l e  s t r o n g  i n t e r a c t i o n  t h o e r y  s h o u l d  t h e r e f o r e  

e x h i b i t  t h i s  f e a t u r e .  To u n d e r s t a n d  t h e  real  h a d r o n i c  w o r l d ,  QCD h a s  t o  

unde rgo  a t  l eas t  two p h a s e  t r a n s i t i o n s ,  s o  t h a t  t h e  p h y s i c a l  w o r l d  

r e s u l t i n g  f rom xQcD is  n o n p e r t u r b a t i v e .  The c o n f i n e m e n t  p h a s e  
8 

t r a n s i t i o n  r e s u l t s  i n  p h y s i c a l  s ta tes  t h a t  are  c o l o r  SUc(3) s i n g l e t s  

a n d  are i n t e g r a l l y  c h a r g e d .  F o r  a more q u a l i t a t i v e  t r e a t m e n t  o f  

c o n f i n e m e n t  see [I I .  



The s e c o n d  p h a s e  t r a n s i t i o n ,  a n d  which w i l l  b e  o f  i n t e r e s t  t o  u s ,  

i s  t h e  PCAC p h a s e  t r a n s i t i o n .  Whi l e  t h e  c o n f i n e m e n t  p h a s e  t r a n s i t i o n  

i n v o l v e s  t h e  l o c a l  c o l o r  symmetry,  PCAC p h a s e  t r a n s i t i o n  i n v o l v e s  t h e  

- g l o b a l  f l a v o r  c h i r a l  symmetry SU(N)xSU(N) f o r  N f l a v o r s .  Wi thou t  t h e  

q u a r k  mass term YE(, t h e  c h i r a l  symmetry o f  XQCD would  imply  t h a t  

e a c h  h a d r o n i c  s t a t e  h a s  t o  b e  p a r i t y  doub led .  The n u c l e o n ,  f o r  example ,  

would h a v e  a  p a r t n e r  o f  o p p o s i t e  p a r i t y .  I f  t h i s  is n o t  t h e  case, t h e n  

t h e  c h i r a l  SU(N )xSU(N) symmetry mus t  b e  s p o n t a n e o u s l y  b roken  t o  SU(N) i n  

t h e  g r o u n d  s t a t e  s o  t h a t  t h e  vacuum h a s  n o  more l e f t - r i g h t  symmetry,  

i.e., t h e  vacuum is n o t  y5 i n v a r i a n t .  Then t h e  G o l d s t o n e  theo rem g i v e s  

u s  N'-1 p s e u d o s c a l a r  bosons .  A l l  h a d r o n i c  s t a tes  are r e p r e s e n  t a t i o n s  o f  

j u s t  t h e  vacuum SU(N) symmetry c o r r e s p o n d i n g  t o  t h e  u s u a l  

s u p e r m u l t i p l e t s .  T h i s  PCAC p h a s e  accommodates e x i s t i n g  phenomenology.  

The p s e u d o s c a l a r s  a r e  t h e  l i g h t e s t  h a d r o n s  a n d  a l l  h a d r o n s  form a p p r o x i -  

m a t e l y  SU(N) m u l t i p l e t s .  The mass o f  t h e  p s e u d o s c a l a r s  and  t h e  l i f t i n g  

o f  t h e  SU(N) d e g e n e r a c y  i s  t o  b e  a c c o u n t e d  f o r  by i n c l u d i n g  t h e  q u a r k  

mass m a t r i x .  I n  t h e  PCAC p h a s e ,  t h e  p i o n  a p p e a r s  a s  a c o l l e c t i v e  

e x c i t a t i o n  o f  a q u a r k  a n t i - q u a r k  p a i r .  

The m a j o r  t h e o r e t i c a l  p rob lem h a s  been  t o  show t h a t  QCD is  i n  t h e  

c o n f i n e m e n t  a n d  PCAC p h a s e s .  S i n c e  t h e s e  a r e  p u r e l y  n o n - p e r t u r b a t i v e  

phenomena, f i e l d  t h e o r e t i c  me thods  h a v e  been  d e v e l o p e d  t o  s t u d y  t h e  

p rob lems  n o n - p e r t u r b a t i v e l y ,  o n e  o f  which  is  t h e  e f f e c t i v e  p o t e n t i a l  

f o r m a l i s m  f o r  c o m p o s i t e  o p e r a t o r s  d u e  t o  Cornwa l l ,  3ackiw and  Tomboul is  

191. 



I n  t h i s  t h e s i s ,  I w i l l  b e  p r i m a r i l y  c o n c e r n e d  w i t h  t h e  PCAC p h a s e  

t r a n s i t i o n ,  i.e., t h e  b r e a k i n g  o f  c h i r a l  symmetry,  and  n o t h i n g  else w i l l  

b e  s a i d  a b o u t  c o n f i n e m e n t  p h a s e  t r a n s i t i o n .  

C h i r a l  symmetry b r e a k i n g  h a s  been  s t u d i e d  by many a u t h o r s  

[ 1 0 , 1 1 , 1 6 ]  by a n a l y z i n g  a n  e f f e c t i v e  p o t e n t i a l  f o r  c h i r a l  symmetry 

b r e a k i n g .  However, i n  e a c h  c a s e ,  t h e  t r e a t m e n t  h a s  n o t  been  v e r y  

e x h a u s t i v e .  T h i s  h a s  l e d  t o  some r e s u l t s  t h a t  a r e  n o t  v e r y  c o n c l u s i v e .  

I n  Ref. [ I l l  a l s o ,  t h e  a u t h o r s  d i d  n o t  u s e  t h e  e f f e c t i v e  p o t e n t i a l  i n  a 

c o n s i s t e n t  way. 

The m o t i v a t i o n  t o  s t u d y  c h i r a l  symmetry b r e a k i n g  i s  t o  d o  a more  

$ e l f - c o n s i s t e n t  a n d  e x h a u s t i v e  a n a l y s i s  o f  d y n a m i c a l  c h i r a l  symmetry 

b r e a k i n g .  We w i l l  u s e  a  m o d i f i e d  e f f e c i v e  p o t e n t i a l  (which  is  a v a r i a n t  

o f  t h e  C o r n w a l l ,  3ack iw ,  Tombou l i s  (C3T) e f f e c t i v e  p o t e n t i a l )  d u e  t o  

C a s a l b u o n i ,  D e C u r t i s ,  Domin ic i  a n d  G a t t o  [I1 1. I now b r i e f l y  r e v i e w  t h e  

work t h a t  h a s  been  d o n e  s o  f a r ,  some o f  t h e  r e s u l t s  and  s t a t e  what  more 

is  r e q u i r e d  t o  b e  done.  

S i n c e  t h e  f o r m u l a t i o n  o f  t h e  e f f e c t i v e  p o t e n t i a l  f o r  c o m p o s i t e  

o p e r a t o r s  by C3T i n  1974 ,  i t  h a s  been  u s e d  by many t o  s t u d y  d y n a m i c a l  

symmetry b r e a k i n g .  H i g a s h i j i m a  (1984)  u s e d  t h e  s t a t i o n a r i t y  c o n d i t i o n  

of t h e  C3T e f f e c t i v e  p o t e n t i a l ,  name ly ,  t h e  Schwinge r  Dyson (SD) equa -  

t i o n ,  c o n v e r e d  i t  t o  a d i f f e r e n t i a l  e q u a t i o n  and  s o l v e d  i t  n u m e r i c a l l y  

i n  t h e  s p e c i a l  case when a l l  f i rs t  a n d  h i g h e r  o r d e r  d e r i v a t i v e s  o f  t h e  

2 2 r u n n i n g  c o u p l i n g  ~ ( t )  ( ~ ( t )  = c 0 / t ,  t = Ln(p / A  ), p,, is t h e  f o u r  

momentum a n d  A is t h e  QCD s c a l e )  w i t h  r e s p e c t  t o  t are set t o  z e r o .  The 

q u a l i t a t i v e  r e s u l t s  showing  e x p l i c i t  b r e a k i n g  of c h i r a l  symmetry were 



q u i t e  good. F o r  example ,  h e  f o u n d  t h a t  f o r  t h e  i n f r a r e d  c u t o f f  p a r a -  

meter tc < 0.88, c h i r a l  symmetry is b r o k e n  s p o n t a n e o u s l y .  

P. C a s t o r i n a  a n d  So-Young P i  (1985)  u s e d  a v a r i a t i o n a l  method i n  

t h e  C3T e f f e c t i v e  p o t e n t i a l .  They u s e d  a s  a v a r i a t i o n a l  a n s a t z  t h e  

- a s y m p t o t i c  s o l u t i o n  o f  t h e  SD e q u a t i o n  f o r  t h e  g e n e r a t e d  mass, a l s o  

d e r i v e d  by D. P o l i t z e r  (1976)  u s i n g  a n  o p e r a t o r  p r o d u c t  e x p a n s i o n ,  i n  

t h e  C3T e f f e c t i v e  p o t e n t i a l .  T h i s  p a r a m e t e r  ( t c ) - d e p e n d e n t  a n s a t z  

r e d u c e d  t h e  e f f e c t i v e  p o t e n t i a l  t o  j u s t  a  f u n c t i o n  o f  a n  o r d e r  p a r a m e t e r  

m f o r  v a r i o u s  v a l u e s  o f  t,. I n  t h e i r  n u m e r i c a l  s t u d y ,  t h e y  f o u n d  t h a t  

a  minimum e x i s t s  a n d  c h i r a l  symmetry i s  s p o n t a n e o u s l y  b roken  f o r  

pc < 1.5. The e f f e c t i v e  p o t e n t i a l  i s  bounded below. However, f o r  

f i e l d  t h e o r i e s  w i t h o u t  l o g a r i t h m i c  b e h a v i o r  i n  t h e  c o u p l i n g  a n d  i n  t h e  

g e n e r a t e d  mass, t h e y  f o u n d  t h a t  f o r  t h e  c o u p l i n g  c o n s t a n t  E O  < 213,  

m = 0 was t h e  g l o b a l  minimum i n d i c a t i n g  t h a t  c h i r a l  symmetry i s  n o t  

b roken  a n d ,  f o r  c o  > 213,  c h i r a l  symmetry i s  b roken  s p o n t a n e o u s l y ,  b u t  a 

s t a b l e  minimum d o e s  n o t  e x i s t .  T h i s  is i n c o n c l u s i v e  s i n c e  i t  h a s  been  

a r g u e d  t h a t  c h i r a l  symmetry is b r o k e n  o n l y  i n  a s y m p t o t i c a l l y  f r e e  f i e l d  

t h e o r i e s  [2,17].  

R. C a s a l b u o n i ,  S.  D e C u r t i s ,  D. Domin ic i  a n d  R. G a t t o  (1984,  1 9 8 5 )  

d e r i v e d  t h e  m o d i f i e d  C3T e f f e c t i v e  p o t e n t i a l  (which  we ca l l  VCDDG) 

which  was f o u n d  t o  b e  s a t i s f a c t o r y  b e c a u s e  i t  g a v e  t h e  SD e q u a t i o n  on  

m i n i m i z a t i o n .  However, . t h e y  u s e d  t h i s  m o d i f i e d  form i n c o n s i s t e n t l y  i n  

d o i n g  n u m e r i c a l  c o m p u t a t i o n .  The fo rm t h e y  u s e d  i n  t h e i r  n u m e r i c a l  

s t u d y  d o e s  n o t  g i v e  t h e  SD e q u a t i o n  on  m i n i m i z a t i o n .  They u s e d  a d i f  - 
f e r e n t  v a r i a t i o n a l  scheme a n d  c l a i m e d  t h a t  d i r e c t  c o m p a r i s o n s ,  e v e n  f o r  



a s imilar  v a r i a t i o n a l  a n s a t z  f o r  t h e  g e n e r a t e d  mass i n  b o t h  V C ~ T  a n d  

VCD~c are n o t  e a s y  t o  make. We w i l l  u s e  VCDDG i n  a c o n s i s t e n t  w a y -  

i n  t h e  o r i g i n a l  C3T v a r i a t i o n a l  scheme a n d  show t h a t  t h e  c o m p a r i s o n  

u s i n g  a s i m i l a r  a n s a t z  i s  e x c e l l e n t .  We w i l l  a l s o  show t h a t  w i t h  o u r  

v a r i a t i o n a l  a n s a t z ,  t h e  form t h e y  u s e d  i n  t h e i r  n u m e r i c a l  s t u d y  g i v e s  

wrong r e s u l t s .  

R .  Haymaker and  T. M a t s u k i  (1986)  s o l v e d  t h e  SD e q u a t i o n  f o r  t h e  

g e n e r a l  case where  t h e  f i r s t  a n d  h i g h e r  o r d e r  d e r i v a t i v e s  o f  ~ ( t )  are 

n o t  set t o  z e r o .  They f o u n d  t h e  same q u a l i t a t i v e  r e s u l t s  a s  H i g a s h i j i -  

ma. However, i n  t h e i r  own case, c h i r a l  symmetry is b r o k e n  f o r  v a l u e s  o f  

t, < 1 .78  ( T h i s  g e n e r a l  case was a l s o  d o n e  by u s  i n d e p e n d e n t l y  i n  

e a r l y  1986. ) .  S i n c e  t h e y  u s e d  t h e  C3T e f f e c t i v e  p o t e n t i a l  t o  g e t  t h e  SD 

e q u a t i o n ,  t h e y  s t u d i e d ,  a s  a more  c o m p l e t e  t r e a t m e n t ,  t h e  n a t u r e  o f  t h e  

c h i r a l  symmetry b r e a k i n g  s o l u t i o n s  u s i n g  V C ~ T .  They f o u n d  t h a t  u s i n g  

t h e  C3T e f f e c t i v e  p o t e n t i a l ,  t h e  c h i r a l  symmetry b r e a k i n g  s o l u t i o n s  

c o r r e s p o n d  t o  s a d d l e - p o i n t  i n s t a b i l i t i e s .  We w i l l  t a k e  up  t h i s  

s t a b i l i t y  q u e s t i o n  i n  t h e  case o f  VCDDc a n d  show t h a t  its s o l u t i o n s  

a r e  s t a b l e .  

We w i l l  a l s o  d o  a n u n e r i c a l  s t u d y  o f  VCDDG f o r  f i e l d  t h e o r i e s  w i t h  

c o n s t a n t  c o u p l i n g  a n d  show t h a t  w i t h  VCDDG c h i r a l  symmetry i s  n o t  

broken.  In o t h e r  words ,  c h i r a l  symmetry b r e a k i n g  o c c u r s  o n l y  f o r  

t h e o r i e s  t h a t  e x h i b i t  a s y m p o t i c  f r e e d o m  b e h a v i o r  s u c h  a s  QCD a n d  t h i s  

seems t o  c o r r e s p o n d  t o  wha t  is o b s e r v e d  i n  t h e  realm of  s t r o n g  i n t e r -  

a c t i o n s .  I n  summary, t h e s e  a re  t h e  t h i n g s  I w i l l  b e  s t u d y i n g  i n  t h e  

rest o f  t h i s  t h e s i s .  



I n  C h a p t e r  2 ,  I w i l l  d i s c u s s  t h e  n o t i o n  o f  c h i r a l  symmetry i n  QCD- . 

l i k e  t h e o r i e s .  Then I r e v i e w  t h e  e f f e c t i v e  p o t e n t i a l  f o r m a l i s m  f o r  

d o i n g  a q u a n t i t a t i v e  s t u d y  o f  d y n a m i c a l  symmetry b r e a k i n g .  

I n  C h a p t e r  3 t h e  s t a t i o n a r i t y  c o n d i t i o n  o f  t h e  e f f e c t i v e  p o t e n t i a l ,  

namely t h e  Schwinge r  Dyson (SD) i n t e g r a l  e q u a t i o n ,  is d e r i v e d .  T h i s  is 

c o n v e r t e d  i n t o  a  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n  w i t h  boundary  c o n d i -  

t i o n s  a n d  its a s y m p t o t i c  s o l u t i o n s  found.  Two a p p r o a c h e s  t o  s t u d y i n g  

c h i r a l  symmetry b r e a k i n g  are u s e d .  I n  t h e  f i r s t  o n e ,  t h e  SD n o n l i n e a r  

d i f f e r e n t i a l  e q u a t i o n  is  a n a l y z e d .  The c o n c e p t  of  c o n s t i t u e n t  and  

c u r r e n t  q u a r k  masses i s  u s e d  t o  s t u d y  e x p l i c i t  c h i r a l  symmetry b r e a k i n g  

and  t o  estimate t h e  c o n s t i t u e n t  q u a r k  masses o f  t h e  l i g h t  q u a r k s .  

I n  C h a p t e r  4, a s e c o n d  a p p r o a c h ,  namely s p o n t a n e o u s  c h i r a l  symmetry 

b r e a k i n g ,  i s  used .  Here t h e  e f f e c t i v e  p o t e n t i a l  is a n a l y z e d  d i r e c t l y  

u s i n g  a R a y l e i g h - R i t z  v a r i a t i o n a l  method.  The e f f e c t i v e  p o t e n t i a l  is 

min imized  w i t h  r e s p e c t  t o  m ( t h e  vacuum e x p e c t a t i o n  v a l u e  o f  t h e  f e r m i o n  

b i l l i n e a r )  a n d  t h e  f i n i t e  v a l u e  o f  m t h a t  m i n i m i z e s  t h e  e f f e c t i v e  

p o t e n t i a l  is e s t i m a t e d ,  S p o n t a n e o u s  c h i r a l  symmetry b r e a k i n g  is  a l s o  

s t u d i e d  f o r  t h e o r i e s  w i t h  f i x e d  c o u p l i n g  c o n s t a n t .  

I n  C h a p t e r  5, s t a b i l i t y  o f  t h e  symmetry b r e a k i n g  s o l u t i o n s  d u e  t o  

t h e  e f f e c t i v e  p o t e n t i a l  VCDOG is  s t u d i e d ,  i.e., w h e t h e r  t h e  symmetry 

b r e a k i n g  s o l u t i o n s  c o r r e s p o n d  t o  s t a b l e  o r  u n s t a b l e  p o i n t s  o f  t h e  e f f e c -  

t i v e  p o t e n t i a l .  

1 e n d  t h i s  t h e s i s  w i t h  a C o n c l u s i o n  f o l l o w e d  by a n  Appendix.  



C H A P T E R  2 

2.1 CHIRAL SYMEETRIES I N  QCD-LIKE THfORIES 

Chi ra l  symmetries a r e  introduced a s  formal symmetries of  t h e  

massless Dirac Lagrangian. 

There is  one obvious symmetry, i . e .  a  t ransformation of the  f i e l d s  $, $ 

which l eaves  the  Lagrangian i n v a r i a n t .  

The a i s  a r e a l  parameter. We s u b s t i t u t e  (2.2) i n t o  x ( 2 . 1 )  t o  have 

The a commutes w i t h  a l l  t he  y-matrices g iv ing  

We s e e  t h a t  the  t ransformat ions  (2.2) have r e t a i n e d  t h e  o r i g i n a l  form of  

. This corresponds t o  fermion number conservation.  There is a l s o  

another  symmetry  

To obta in  $ we use t h e  d e f i n i t i o n  (2.1 ) 



Now we must  u s e  t h e  a n t i - c o m m u t a t i o n  o f  y - m a t r i c e s  

tr59r" = 0 

s o  t h a t  

11 'Y5 2 5 y V  = y e 

a n d  ( 2 . 4 )  becomes 

- 
$ -. 3re 

iay . 
S u b s t i t u t i n g  (2.4) a n d  (2.3) i n t o  (2 .1  ) f o r  g i v e s  

- iay 5 5 
+ = i($e )yv( aV-ig+, ) ( e  1 4  ,,,) . 

Using {ys ,1" = 0 f i n a l l y  g i v e s  

Notice t h a t  w i t h  a mass term 

We see t h a t  t h e  L a g r a n g i a n  w i t h  a mass term is  n o t  yg i n v a r i a n t .  

Po u n d e r s t a n d  t h e s e  s y m m e t r i e s  p h y s i c a l l y ,  we u s e  t h e  Weyl r e p r e -  

s e n t a t i o n  o f  y - m a t r i c e s  

where  o i ' s  a r e  t h e  P a u l i  s p i n  matrices. 



In t h i s  r ep resen ta t ion  t h e  Dirac a c t i o n  becomes 

where we have used t h e  con t rac t ion  o r  s c a l a r  product of four vec to r s  

Using ( 2 . 6 )  i n  ( 2 . 7 )  g i v e s  

where 

+ 
p = -is . (2.10) 

Our u n i t s  a r e  t\ = c = 1. H can be s p l i t  a p a r t ,  i f  JI is w r i t t e n  i n  terms 

of a  two-component sp inor  a s  

I n s e r t i n g  t h i s  i n  H g i v e s  

-+ + 
H = I $l[-aea + lao]$ L d4x + $ )i[+z=f + ~ a , ] # ~  d4x 

where 

-+ a = 6 - 4 , a. = i a ,  + gAo 



The p o s i t i v e  e n e r g y  s t a tes  o f  $ h a v e  p o s i t i v e  h e l i c i t y  a n d  t h e  R 

p o s i t i v e - e n e r g y  s t a tes  o f  qL h a v e  n e g a t i v e  h e l i c i t y .  qR a n d  $,- 

d e s c r i b e ,  r e s p e c t i v e l y ,  r i g h t -  and  l e f t - h a n d e d  massless f e r m i o n s .  The 

f e r m i o n  numbers  o f  $ and  $ a r e  ( f o r m a l l y )  s e p a r a t e l y  c o n s e r v e d ;  t h i s  R L 

is t h e  o r i g i n  o f  t h e  e x t r a  symmetry.  

The two p i e c e s  o f  (2 .13)  a r e  n o t  a c t u a l l y  o f  a d i f f e r e n t  form. We 

c a n  write $ a s  a s e c o n d  fo rm o f  qL by a p p l y i n g  c h a r g e  c o n j u g a t i o n  R 

We f i r s t  p e r f o r m  a n  i n t e g r a t i o n  by p a r t s  o f  t h e  s e c o n d  term o f  (2.121,  

t h e n  u s e  (2.14) a n d  t h e  i d e n t i t y  

s o  t h a t  t h e  s e c o n d  term c a n  b e  r e w r i t t e . n  a s  

which  i s  j u s t  a $,-. a c t i o n  w i t h  t h e  o p p o s i t e  s i g n  o f  t h e  c h a r g e  g. 

T h i s  c o n s t r u c t i o n  c a n  b e  r e a d i l y  g e n e r a l i z e d  t o  non-Abel ian  g a u g e  

t h e o r i e s .  I n  t h e  non-Abel ian  case t h e  L a g r a n g i a n  is b u i l t  f rom t h e  

c o v a r i a n t  d e r i v a t i v e  



w h e r e  ' a '  r u n s  o v e r  t h e  g e n e r a t o r s  o f  t h e  g a u g e  g r o u p  and  t h e  matrices 

tr  a r e p r e s e n t  t h e s e  g e n e r a t o r s  i n  t h e  r e p r e s e n t a t i o n  ' r '  t o  which t h e  

f e r m i o n s  are a s s i g n e d .  The matrices f o r  complex  c o n j u g a t e  r e p r e s e n t a -  

t i o n  a re  r e p l a c e d  by 

T h i s  e n a b l e s  u s  t o  recast t h e  a c t i o n  f o r  $ a s  t h a t  o f  $ i n  t h e  R L 

r e p r e s e n t a t i o n  r 

I n  t h i s  n o t a t i o n ,  t h e  mos t  g e n e r a l  a c t i o n  c o u p l i n g  massless f e r m i o n s  t o  

g a u g e  f i e l d s  may b e  w r i t t e n  c o m p a c t l y  i n  t h e  f o l l o w i n g  fo rm 

(2.20) 

w h e r e  r = 1,2. 

Once H h a s  been  cast i n t o  t h i s  form,  i t  is  e a s y  t o  r e a d  o f f  t h e  

g l o b a l  s y m m e t r i e s  o f  t h i s  sys t em.  F o r  e a c h  r e p r e s e n t a t i o n  r ,  t h i s  

a c t i o n  i s  ( f o r m a l l y )  i n v a r i a n t  u n d e r  t h e  g e n e r a l  u n i t a r y  t r a n s f o r m a t i o n  



A c t u a l l y ,  o n e  o f  t h e s e  f o r m a l  s y m m e t r i e s  is  i l l u s o r y .  A c e r t a i n  quantum 

c o r r e c t i o n  t o  t h i s  t h e o r y ,  t h e  Ad le r -Be l l -3ack iw  anomaly [3 ,4] ,  s p o i l s  

t h e  c o n s e r v a t i o n  o f  t h e  o v e r a l l  c h a r g e  c u r r e n t  

( I n  terms o f  ),- a n d  ) t h i s  is  t h e  a x i a l - v e c t o r  c u r r e n t . )  T h i s  
R '  

symmetry is t h e r e f o r e  broken.  The f u l l  g l o b a l  symmetry o f  t h e  t h e o r y  

is, t h e r e f o r e ,  

G i s  t h e  g r o u p  o f  c h i r a l  s y m m e t r i e s  o f  s u c h  a t h e o r y .  

A s  a n  example ,  c o n s i d e r  t h e  case o f  t h e  s t r o n g  i n t e r a c t i o n s ,  which  

are d e s c r i b e d  by a set o f  two a l m o s t  massless D i r a c  f e r m i o n s  ( q u a r k s )  

c o u p l e d  i n  t h e  t r i p l e t  r e p r e s e n t a t i o n  t o  a n  SU(3)  g a u g e  group.  These  

f e r m i o n s  may b e  w r i t t e n  a s  l e f t - h a n d e d  f e r m i o n s ,  two i n  t h e  3 a n d  two i n  

t h e  3 r e p r e s e n t a t i o n s  o f  t h e  c o l o u r  SU(3) .  In  t h e  l i m i t  o f  z e r o  q u a r k  

masses, t h e  c h i r a l  symmetry o f  t h i s  t h e o r y  is 

T h e r e  is  c o n s i d e r a b l e  e v i d e n c e  t h a t  t h e  f u l l  g r o u p  G i s  a symmetry o f  

t h e  s t r o n g  i n t e r a c t i o n s ;  however ,  h a d r o n s  d o  n o t  form m u l t i p l e t s  c l a s s i -  

f i e d  by G, b u t  o n l y  by S U ( 2 ) x U ( I )  ( i s o s p i n  x b a r y o n  number) .  A p a r t  o f  

G must  t h e n  b e  s p o n t a n e o u s l y  b roken .  



T h e r e  is  a r e l a t i v e l y  s i m p l e  i n t u i t i v e  a rgumen t  which a c c o u n t s  f o r  

t h i s  s p o n t a n e o u s  b r e a k i n g  o f  c h i r a l  symmetry. It is d u e  i n  its o r i g i n a l  

fo rm t o  Nambu a n d  3ona -Las ino  [5]. The g a u g e  c o u p l i n g  o f  SU(3)  c o l o u r  

i s  a s y m p t o t i c a l l y  f r e e  a n d  becomes l a r g e  a t  l a r g e  d i s t a n c e s .  L e t  u s  

a s sume  t h a t  i t  is a r b i t r a r i l y  s t r o n g ;  a n d  t h i n k  a b o u t  t h e  s t r u c t u r e  o f  

t h e  vacuum s ta te  a s  t h e  c o u p l i n g  g  is r a i s e d  f r o m  z e r o .  Imag ine  t h a t  we 

c a n  i n t e g r a t e  o v e r  t h e  quantum f l u c t u a t i o n s  o f  t h e  g a u g e  f i e l d ;  t h e n  H 

t a k e s  t h e  fo rm 

w h e r e  Hd is d i a g o n a l .  i n  t h e  number o f  q u a r k - a n t i q u a r k  p a i r s  and  Ho-d 

c h a n g e s  t h e  number o f  s u c h  p a i r s .  Ho-d is  o f  o r d e r  g2 and  is a small 

p e r t u r b a t i m  when r; is  small. Ir! t h i s  r e g i m e  i t  makes sense t o  a p p r o x i -  

mate H by Hd. D i a g o n a l i z i n g  Hd y i e l d s  a g r o u n d  s t a t e  c l o s e  t o  t h e  

f r e e - f i e l d  vacuum. Now,  s l o w l y  i n c r e a s e  g. I f  t h e  f e r m i o n s  h a v e  z e r o  

mass a n d  e x p e r i e n c e  a t t r a c t i v e  i n t e r a c t i o n s ,  Hd d e c r e a s e s  a s  g 

i n c r e a s e s .  Hoed, o f  c o u r s e ,  i n c r e a s e s .  A t  some v a l u e  of  g  i t  becomes 

a p p r o p r i a t e  t o  t rea t  Ho-d a s  t h e  z e r o t h - o r d e r  problem and  Hd a s  a 

p e r t u r b a t i o n .  But  Ho-d c h a n g e s  t h e  number of  p a i r s ,  s o  i t s  g round  

s t a t e  h a s  a n  i n d e f i n i t e  number o f  f e r m i o n  p a i r s .  We s t i l l  e x p e c t  t h e  

g r o u n d  s t a t e  t o  b e  i n v a r i a n t  u n d e r  L o r e n t z  t r a n s f o r m a t i o n s ;  h e n c e  t h e s e  

p a i r s  mus t  h a v e  vacuum quantum numbers  - z e r o  t o t a l  momentum and  a n g u l a r  

momentum. The o n l y  p a i r s  o n e  c a n  fo rm f rom 3 and  3 l e f t - h a n d e d  (L-h) 

a n d  t h e i r  ( r i g h t - h a n d e d )  a n t i p a r t i c l e s  which s a t i s f y  t h i s  c o n d i t i o n  a re  

o f  t h e  fo rm 



Figure 2.1 Fermion b i l i n e a r  w i t h  vacuum quantum numbers.  

a n d  t h e  c o r r e s p o n d i n g  p a i r  o f  a n t i f e r m i o n s .  The p a i r  shown i n  F i g u r e  

( 2 . 1 )  carries a n e t  c h a r g e  u n d e r  t h e  t r a n s f o r m a t i o n s :  

(The i n d i c e s  i ,j = 1 , 2  a re  i s o s p i n  l a b e l s .  

The p r e s e n c e  o f  a n  i n d e f i n i t e  number of s u c h  p a i r s  i n  t h e  vacuum 

b r e a k s  t h e s e  s y m m e t r i e s .  More f o r m a l l y ,  we h a v e  f o u n d  t h a t  t h e  g r o u n d  

s t a t e  .Q> o f  H h a s  t h e  p r o p e r t y  t h a t  a n  o p e r a t o r  which  d e s t r o y s  a I 
f e r m i o n  p a i r  h a s  a n o n z e r o  vacuum e x p e c t a t i o n  v a l u e .  



L e t  u s  assume t h a t  9 )  g i v e s  p a i r  a n n i h i l a t i o n  o p e r a t o r s  t h e  r a t h e r  I 
s i m p l e  e x p e c t a t i o n  v a l u e  

(where  A + 01, c o r r e s p o n d i n g  t o  e q u a l  c o n d e n s a t i o n  o f  p a i r s  o f  e a c h  

i s o s p i n .  T h i s  e x p r e s s i o n  i s  p r e s e r v e d  by t h e  t r a n s f o r m a t i o n s  

T h i s ,  however ,  is a n  SU(2)xU(1) g r o u p  o f  unbroken  s y m m e t r i e s  which  

c o r r e s p o n d s  p r e c i s e l y  t o  i s o s p i n  x b a r y o n  number. The r e m a i n i n g  t h r e e  

symmetry d i r e c t i o n s  o f  (2.18) mus t  b e  s p o n t a n e o u s l y  b r o k e n  s y m m e t r i e s .  

G o l d s t o n e  theorem r e q u i r e s  t h a t  e a c h  must  g e n e r a t e  a massless G o l d s t o n e  

boson.  The t h r e e  n mesons  h a v e  t h e  r i g h t  quantum numbers t o  b e  i d e n t i -  

f i e d  w i t h  t h e s e  t h r e e  bosons .  ( T h i s  may b e  c h e c k e d  by r e w r i t i n g  I/J , a s  
L 3 i  

; t h e n  t h e  s y m m e t r i e s  (2.22) c o r r e s p o n d  t o  v e c t o r  c u r r e n t s  and  t h e  

b r o k e n  s y m m e t r i e s  t o  a x i a l  c u r r e n t s . )  



2.2 THE EFfECTIVE POTENTIAL FORHALISM 

To d o  a more q u a n t i t a t i v e  c o m p u t a t i o n  o f  c h i r a l  symmetry b r e a k i n g ,  

o n e  n e e d s  t o  know how t o  test  w h e t h e r  t h e  e n e r g y  o f  t h e  vacuum is 

l o w e r e d  i f  some f e r m i o n  b i l i n e a r  a c q u i r e s  a n o n z e r o  vacuum e x p e c t a t i o n  

v a l u e  ( v e v ) .  If t h e  q u a n t i t y  a c q u i r i n g  a n o n z e r o  vacuum e x p e c t a t i o n  

v a l u e  is  a s c a l a r  f i e l d  $, o n e  h a s  a t  o n e ' s  d i s p o s a l  a n  o b j e c t  c a l l e d  

t h e  e f f e c t i v e  p o t e n t i a l  [6,7].  T h i s  o b j e c t  i s  e q u a l  t o  t h e  e n e r g y  o f  

t h e  vacuum u n d e r  t h e  c o n s t r a i n t  t h a t  t h e  v e v  o f  $ h a s  some d e f i n i t e  

v a l u e  $ o ;  i t  c a n  b e  computed  s t r a i g h t - f o r w a r d l y  i n  p e r t u r b a t i o n  t h e o r y  

[8]. One n e e d  o n l y  compute  t h i s  e f f e c t i v e  p o t e n t i a l  and  m i n i m i z e  i t  

w i t h  r e s p e c t  t o  $O t o  d e t e r m i n e  t h e  vacuum v a l u e  o f  $. 

F o r  c h i r a l  symmetry b r e a k i n g  ( h e r e a f t e r  $33) t h e r e  is a  s i m i l a r  

c o n s t r u c t i o n  d u e  t o  C o r n w a l l ,  3ack iw  and  TombouPis i9]. To p r o d u c e  a 

v e v  o f  a  f e r m i o n  b i l i n e a r  o p e r a t o r ,  we m u s t ,  i n  p r i n c i p l e ,  t u r n  on  some 

e x t e r n a l  f i e l d  ( a n a l o g o u s  t o  a m a g n e t i c  f i e l d  o r i e n t i n g  a p o t e n t i a l l y  

f e r r o m a g n e t i c  s y s t e m ) ,  c o n s t r u c t  t h e  o r d e r e d  vacuum i n  t h e  p r e s e n c e  o f  

t h i s  f i e l d ,  and  t h e n  see i f  t h e  o r d e r  i n  t h i s  vacuum s u r v i v e s  when we 

t u r n  o f f  t h e  f i e l d .  

C o r n w a l l ,  3ack iw  a n d  Tombou l i s  (C3T) c o n s t r u c t e d  t h e  e f f e c t i v e  

a c t i o n  f o r  Bose f i e l d s .  We w i l l  s k e t c h  a d e r i v a t i o n  o f  t h i s  f o r  F e r m i  

. f i e l d s .  

C o n s i d e r  a n  SU(N) g a u g e  t h e o r y  w i t h  massless f e r m i o n s  -in t h e  f u n d a -  

m e n t a l  r e p r e s e n t a t i o n .  We i n t r o d u c e  a b i l o c a l  s o u r c e  K(x ,y)  c o u p l e d  t o  

t h e  f e r m i o n  b i l i n e a r  $ ( x ) $ ( ~ )  i n  t h e  g e n e r a t i n g  f u n c t i o n a l  o f  t h e  

t h e o r y .  I n  E u c l i d e a n  s p a c e  t h e  g e n e r a t i n g  f u n c t i o n a l  is  



w h e r e  3 ( x ) ,  3 ( x )  are  t h e  u s u a l  l o c a l  s o u r c e s  c o u p l e d  t o  t h e  f i e l d s  $ ( x )  

a n d  J, ( x )  r e s p e c t i v e l y .  W(3,3,K) i s  t h e  g e n e r a t i n g  f u n c t i o n a l  f o r  

c o n n e c t e d  G r e e n ' s  f u n c t i o n s .  

where  t h e  f u n c t i o n a l  m e a s u r e  DJ, s t a n d s  f o r  t h e  p r o d u c t  o f  a l l  t h e  d $ ' s ,  

f o r  example ,  DJ, = d$dJ,. S p i n o r  a n d  f l a v o r  i n d i c e s  h a v e  been  s u p p r e s s e d  

i n  ( 2 . 3 0 ) .  I(+ ,A,,C) i s  t h e  g a u g e  t h e o r y  a c t i o n  f o r  g a u g e  boson 

f i e l d s  A,,, g h o s t  f i e l d s  C a n d  t h e  massless Fe rmi  f i e l d s  $. The l o c a l  

s o u r c e  terms f o r  g a u g e  f i e l d s  a n d  g h o s t  f i e i d s  h a v e  been  o m i t t e d .  

The e f f e c t i v e  a c t i o n  r ( q , S )  i s  a  d o u b l e  Legendre  t r a n s f o r m  o f  

W(3,3,K). 

- w h e r e  S ( x ,  y)  is  t h e  f u l l  f e r m i o n  p r o p a g a t o r .  Then 

(2.32) 

w h e r e  i n t e g r a t i o n  w i t h  r e s p e c t  t o  x  a n d  y  is u n d e r s t o o d .  



It i s  e a s y  t o  see t h a t  

S i n c e  p h y s i c a l  p r o c e s s e s  c o r r e s p o n d  t o  v a n i s h i n g  s o u r c e s  3, and K ,  

e q u a t i o n s  (2.34) p r o v i d e  a d e r i v a t i o n  o f  t h e  s t a t i o n a r i t y  r e q u i r e m e n t .  

~ ( 9 , s )  i s  t h e  g e n e r a t i n g  f u n c t i o n a l  i n  cp f o r  t w o - p a r t i c l e  i r r e d u c i b l e  

( 2 P I )  G r e e n ' s  f u n c t i o n s  e x p r e s s e d  i n  terms o f  t h e  p r o p a g a t o r  S ( x , y ) .  

r C 3 T ( ~ , S )  ( w h e r e  C3T s t a n d s  f o r  C o r n w a l l ,  3ack iw ,  Tomboul is )  , c a n  b e  

expanded  i n t o  t h e  f o l l o w i n g  f o r m a l  series f o r  v a n i s h i n g  v a l u e s  o f  AU 

a n d  C [ 9 ] .  

+ r2(q,S) + Const. (2.36) 

where  i n t e g r a t i o n  o v e r  x  and  y  is  u n d e r s t o o d .  So (x -y )  is t h e  f r e e  

f e r m i o n  p r o p a g a t o r  g i v e n  by t h e  c lass ica l  a c t i o n  I(cp). r2(cp,S) is g i v e n  

by a l l  t w o - p a r t i c l e  i r r e d u c i b l e  vacuum d i a g r a m s  e v a l u a t e d  w i t h  S ( x , y )  a s  

t h e  f e r m i o n  p r o p a g a t o r  1271. A g r a p h  is  s a i d  t o  b e  two p a r t i c l e  



irreducible i f  i t  does not become disconnected upon opening two l i n e s .  

From ( 2 . 3 4 ~ )  and (2.36) we have 

Using equation (2.37) we can rearrange (2.36) a s  fol lows 

where we have used 

from (2 .37) .  Finally we have 

rCn(hS) = rCmG (cp,S) + Tr Ln(1 + II-KSI-~SK) - Tr KS (2.38) 

where 



The e f f e c t i v e  ac t ion  ~ C D D G  was f i r s t  introduced by Casalbuoni, 

DeCurtis,  Dominici and Gatto [ l o ]  hence t h e  name I'CDDG. The  reason 

f o r  in t roducing ~ C D D G  w i l l  be made c l e a r  l a t e r  on a f t e r  introducing 

t h e  corresponding e f f e c t i v e  p o t e n t i a l s  derived from the  e f f e c t i v e  

a c t i o n s  r c 3 ~  and ~ C D D G .  Equation (2.36) with the  cons tant  properly 

evaluated  g ives  

r ~ 3 r  (9,s) = I ( q )  + Tr hsi ls  + T&S + r,(cp,S) - Trl - (2.40) 

Equations ( 2 . 3 9 )  and (2.40) a r e  t h e  CDDG and C3T e f f e c t i v e  p o t e n t i a l  I 

s h a l l  be using throughout the  r e s t  of t h i s  t h e s i s .  

It i s  an easy mat ter  t o  d e r i v e  t h e  e f f e c t i v e  p o t e n t i a l  from t h e  

e f f e c t i v e  ac t ion .  The e f f e c t i v e  p o t e n t i a l  which is t h e  genera t ing  

func t ion  f o r  2PI n-poin t func t ions  a t  zero  momentum is of ten  computed 'by 

l e t t i n g  V(x) be a cons tant  v i n  t h e  eff"ect ion ac t ion .  Since we a r e  

i n t e r e s t e d  i n  t r a n s l a t i o n  i n v a r i a n t  s o l u t i o n s ,  we a l s o  l e t  S(x ,y)  be a 

funct ion  only of the  d i f f e r e n c e  x-y. A genera l i za t ion  of t h e  e f f e c t i v e  

p o t e n t i a l  may be defined by 

' (" S) / translation invariant = - V ( ' P , S ) ~ ~ ~ X  . (2.41 

The series f o r  V(9,S) can be obtained from (2.40) by Four ier  transform- 

ing  t h e  propagators. 



Equation ( 2 . 4 0 )  i s  w r i t t e n  i n  f u l l  a s  

S u b s t i t u t e  ( 2 . 4 2 )  i n t o  ( 2 . 4 3 )  t o  have 

{ -v(q ,s) + V2(q7S) + u(cp)}$d4x 

and f i n a l l y  we have 

9 

and 



where U(q) is  the  c l a s s i c a l  p o t e n t i a l  and -V2(q,S) i s  t h e  sum of a l l  2PI  

vacuum graphs. Notice t h a t  t h e  t r a c e  i s  no longer func t iona l  but 

a p p l i e s  t o  component degrees of freedom and V(q,S) is  a funct ion of 

and a  func t iona l  of S (p) .  

T h e  s t a t i o n a r y  requirement (2.35) becomes 

Hence only (2.47) is a  func t iona l  de r iva t ive .  Also note t h a t  

Dropping the  c l a s s i c a l  p o t e n t i a l  U(q) from (2.44) and (2.451, we have 

With equations (2.49) and (2.50) we end our sketch of t h e  C3T formalism 

f o r  Fermi f i e l d s .  



We h a v e  s a i d  t h a t  V2 is t h e  sum o f  a l l  2 P I  vacuum d iag rams .  I n  t h e  

two- loop  a p p r o x i m a t i o n ,  t h e  f o l l o w i n g  d i a g r a m s  c o n t r i b u t e ,  where  a l l  

i n t e r n a l  l i n e s  a r e  e x a c t  p r o p a g a t o r s .  

Figure 2.2 H a r t r e e - F o c k  a p p r o x i m a t i o n  t o  two- loop e f f e c t i v e  

p o t e n t i a l .  The s o l i d  l i n e  is t h e  f u l l  f e r m i o n  

p r o p a g a t o r  S ( p ) ;  t h e  wavy l i n e  is  t h e  f u l l  g l u o n  

p r o p a g a t o r  A .  

We u s e  t h e  H a r t r e e - F o c k  a p p r o x i m a t i o n  t o  t h e  e f f e c t i v e  p o t e n t i a l  

where  o n l y  o n e  g l u o n  e x c h a n g e  i s  t a k e n  i n t o  a c c o u n t .  We t h e r e f o r e  

c o n s i d e r  d i a g r a m  ( a )  F i g .  ( 2 . 2 )  w i t h  t h e  f u l l  g l u o n  p r o p a g a t o r  ~ ( p - k )  

r e p l a c e d  by t h e  f r e e  o n e  D(p-k)  a n d  t h e  f u l l  v e r t e x  r e p l a c e d  by t h e  b a r e  

v e r t e x .  T h i s  H a r t r e e - F o c k  a p p r o x i m a t i o n  which  r e p l a c e s  t h e  c o m p l e t e  

v e r t e x  by t h e  f r e e  v e r t e x  f o r c e s  u s  t o  u s e  t h e  Landau g a u g e  [9]. T h i s  



i s  b e c a u s e  i n  s p o n t a n e o u s  l y  b r o k e n  t h e o r i e s ,  t h i s  v e r t e x  h a s  a  G o l d s t o n e  

p o l e ,  which c e r t a i n l y  is  n o t  i n  t h e  b a r e  v e r t e x .  The a p p r o x i m a t i o n  

t h e r e f o r e  makes s e n s e  o n l y  i n  t h e  Landau gauge ,  s i n c e  t h e n  t h e  G o l d s t o n e  

p o l e  is  a n n i h i l a t e d  i n  a l l  vacuum g r a p h s .  T h i s  makes t h e  SD e q u a t i o n  

f i n i t e  a n d  no  r e n o r m a l i z a t i o n  is  needed.  C h i r a l  symmetry b r e a k i n g  h a s  

a l s o  been  s t u d i e d  i n  Coulomb's  g a u g e  128,291, h e r e  t h e  SD e q u a t i o n  h a s  

t o  b e  r e n o r m a l i z e d .  

S ( p )  is t h e  f u l l  f e r m i o n  p r o p a g a t o r  g i v e n  by 

S-' (p) = s;' (p) - M(p) 

% (p) = -i$ 

I n  Landau g a u g e  t h e  g l u o n  p r o p a g a t o r  i s  

w h e r e  

is  t h e  b a r e  v e r t e x .  The u n r e n o r m a l i z e d  c o u p l i n g  c o n s t a n t  is g.  

However, i n  a non-Abel ian  g a u g e  t h e o r y  l i k e  QCD, t h e  c o u p l i n g  c o n s t a n t  

r e n o r m a l i z a t i o n  is e s s e n t i a l ,  s i n c e  i t  i n s u r e s  t h a t  phenomena which 

happen o n l y  i n  t h e  r e g i m e  o f  s t r o n g  c o u p l i n g  d o  indeed o c c u r  a t  some 

scale [171. We r e p l a c e  g by g ( p 2 , k 2  1. Using t h e  p r o p e r t y  t h a t  



we c a n  write (2 .50)  a s  

+ Const., (2 .58)  

where  we have  c a r r i e d  o u t  t h e  t r a c e  i n  t h e  g roup  s p a c e  t o  g i v e . C f ( N ) ,  

t h e  q u a d r a t i c  C a s i m i r  i n v a r i a n t ,  which f o r  a l l  SU(N) r e p r e s e n t a t i o n s  is  

g i v e n  by 

S u b s t i t u t i n g  S  f rom (2.51) a n d  p e r f o r m i n g  t h e  r e m a i n i n g  trace o v e r  

s p i n o r  and f l a v o r  i n d i c e s  g i v e s  

where  nf is t h e  number o f  f l a v o r s .  



Assuming s p h e r i c a l  symmetry and ,  l e t t i n g  1 a n d  M b e  f u n c t i o n s  o f  

t h e  i n v a r i a n t  E u c l i d e a n  f o u r  momentum s q u a r e d ,  g i v e s  

2 2 2 g ( p  ,k ) is  t h e  c o u p l i n g  c o n s t a n t  o f  t h e  t h e o r y  which we s h a l l  t a l k  

a b o u t  i n  d e t a i l  i n  s u b s e q u e n t  c h a p t e r s .  F o l l o w i n g  H i g a s h i j i m a  [12 ,13 ]  

we a d o p t  t h e  f o l l o w i n g  f o r m  f o r  t h e  r u n n i n g  c o u p l i n g  c o n s t a n t :  

w h e r e  8 ( p 2 )  i s  a  u n i t  s t e p  f u n c t i o n  d e f i n e d  as  

E q u a t i o n  (2 .61)  c a n  b e  w r i t t e n  i n  a compact  form a s  

w h e r e  



a n d  

E q u a t i o n s  (2 .64 )  a n d  (2 .66 )  are  t h e  E u c l i d e a n  s p a c e  CDDG and  C3T e f f e c -  

t i v e  p o t e n t i a l s ,  r e s p e c t i v e l y ,  which  I w i l l  b e  u s i n g  t h r o u g h o u t  t h i s  

t h e s i s .  

From (2 .57)  and  (2.53) we h a v e  

T h e  r e a s o n  f o r  i n t r o d u c i n g  t h e  e f f e c t i v e  p o t e n t i a l  VCDDG w i l l  now b e  

e x p l a i n e d .  

We h a v e  s e e n  f rom (2 .48)  t h a t  

a n d  we s h a l l  show a l s o  t h a t  

i m p l y i n g  t h a t  t h e s e  p o t e n t i a l s  c o n t a i n  t h e  same i n f o r m a t i o n  r e g a r d i n g  

c h i r a l  symmetry b r e a k i n g  s o l u t i o n s .  However, some o f  t h e  u n p l e a s a n t  

f e a t u r e s  o f  t h e  e f f e c t i v e  p o t e n t i a l  i n  t h e  fo rm g i v e n  by C3T w i l l  b e  

shown t o  b e  a b s e n t  i n  t h e  f o r m  g i v e n  by CDDG. 



C H A P T E R  3 

3.1 THE SCHWINGER-DYSON EQUATION 

The SD e q u a t i o n  r e s u l t s  f r o m  r e q u i r i n g  t h e  e f f e c t i v e  p o t e n t i a l  t o  

b e  s t a t i o n a r y  a g a i n s t  v a r i a t i o n s  o f  M. We saw i n  C h a p t e r  2 t h a t  t h e  

s t a t i o n a r i t y  r e q u i r e m e n t  h a s  d i r e c t  p h y s i c a l  c o n s e q u e n c e s  which we now 

i d e n t i f y  w i t h  t h e  SD i n t e g r a l  e q u a t i o n .  The s o l u t i o n  o f  t h i s  e q u a t i o n  

f u r n i s h e s  u s  w i t h  o n e  way o f  s t u d y i n g  c h i r a l  symmetry b r e a k i n g .  

Whi l e  t h e  b u l k  o f  t h e  o r i g i n a l  r e s u l t s  o f  t h i s  t h e s i s  is  c o n t a i n e d  

i n  C h a p t e r s  4 a n d  5, mos t  o f  t h e  work i n  t h i s  c h a p t e r  was d o n e  

i n d e p e n d e n t l y  by t h e  a u t h o r ,  a l t h o u g h  r e c e n t l y  s i m i l a r  c o n c l u s i o n s  h a v e  

been  a r r i v e d  a t  by Haymaker a n d  Mat suk i .  

T a k i n g  t h e  f i r s t  f u n c t i o n a l  d e r i v a t i v e  o f  (2.64) w i t h  r e s p e c t  t o  M 

g i v e s  

(3.1) 

Recall f rom (2.67)  t h a t  

wh ich  g i v e s  on t a k i n g  t h e  f i r s t  f u n c t i o n a l  d e r i v a t i v e  



B e f o r e  c o n t i n u i n g  I w i l l  write down a f ew o f  t h e  f o r m u l a e  we w i l l  b e  

u s i n g  f o r  q u i c k  r e f e r e n c e .  

A A 
2 2 J d4p I d4k 2, f(k2,p2)6(s -p ) = / d4kr2s2 * f(k2,s2) 

(p-Id2 (s-k) (3.5) 

F o r m u l a  (3 .3 )  h a s  been  de r . i ved  by c a r r y i n g  o u t  t h e  a n g u l a r  i n t e g r a t i o n s .  

Note  t h a t  t h r e e  a n g l e s  a re  i n v o l v e d .  

S u b s t i t u t i n g  (3.2) i n t o  (3 .1)  a n d  u s i n g  (3.4) and  (3 .5)  g i v e s  

We i m m e d i a t e l y  see t h a t  

i m p l i e s  



Eq. ( 3 . 8 )  i s  t h e  d e s i r e d  SD e q u a t i o n .  T h i s  is  a n o n l i n e a r  i n t e g r a l  

e q u a t i o n .  

Notice t h a t  t h e  same SD e q u a t i o n  is o b t a i n e d  [ I41  by m i n i m i z i n g  

V C ~ T  E q u a t i o n  (2 .66 ) .  Thus b o t h  V C ~ T  and  VCDDG g i v e  t h e  SD 

e q u a t i o n  when minimized.  To t h i s  p o i n t  i n  o u r  u n d e r s t a n d i n g  o f  t h e  

e f f e c t i v e  p o t e n t i a l s ,  u s i n g  a n y  o f  them i s  a  matter o f  c h o i c e .  

I f  we had u s e d  i n  (2 .64)  M(pZ) i n s t e a d  o f  i ( p Z )  i n  t h e  Log, t h e  

f i r s t  f u n c t i o n a l  d e r i v a t i v e  w i t h  r e s p e c t  t o  M would g i v e  

and  o n e  c a n  n o t  g e t  t h e  SD e q u a t i o n  by r e q u i r i n g  6V/6M t o  b e  z e r o .  



3.2 SOLUTIONS OF THE SD EQUATION 

We h a v e  s e e n  t h a t  t h e  SD i n t e g r a l  e q u a t i o n  is h i g h l y  n o n l i n e a r  a n d  

would  b e  d i f f i c u l t  t o  s o l v e  a n a l y t i c a l l y .  However, we c a n  c h a n g e  t h i s  

i n t o  a n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n  w i t h  a p p r o p r i a t e  bounda ry  

c o n d i t i o n s  and  t h e n  f i n d  i t s  s o l u t i o n  n u m e r i c a l l y .  

U s i n g  (3.3) g i v e s  

G e t t i n g  r i d  o f  t h e  s t e p  f u n c t i o n s  e x p l i c i t l y  g i v e s  

w h e r e  



A t  t h i s  p o i n t  we are i n t e r e s t e d  i n  t h e  form of  t h e  r u n n i n g  c o u p l i n g  con- 

s t a n t .  We g e t  t h i s  f rom t h e  r e n o r m a l i z a t i o n  g roup .  The a im o f  r e n o r -  

m a l i z a t i o n  g r o u p  is t o  d e s c r i b e  how t h e  dynamics  o f  a s y s t e m  e v o l v e s  as 

o n e  c h a n g e s  t h e  scale o f  t h e  phenomena b e i n g  o b s e r v e d .  One d e v e l o p s  

m e t h o d s  o f  c o n s t r u c t i n g  a n  e f f e c t i v e  H a m i l t o n i a n  which d e s c r i b e s  t h e  

s y s t e m  a t  d i s t a n c e s  which a r e  e i t h e r  much l a r g e r  o r  much smaller t h a n  

t h e  c h a r a c t e r i s t i c  p h y s i c a l  l e n g t h  scale. Thus t h e  r e n o r m a l i z a t i o n  

g r o u p  is  a g r o u p  o f  t r a n s f o r m a t i o n s  o f  t h e  e f f e c t i v e  H a m i l t o n i a n  a s  t h e  

scale l e n g t h  i s  changed.  

F o r  a n  a s y m p t o t i c a l l y  f r e e  g a u g e  t h e o r y ,  t h e  r u n n i n g  c o u p l i n g  

c o n s t a n t  o b t a i n e d  f rom r e n o r m a i i z a t i s n  group a n a l y s i s  f o r  large p 2 

( s h o r t  d i s t a n c e )  i s  [I71 

Eq. (3.12) c a n  b e  s u b s t i t u t e d  i n t o  (3.11) t o  o b t a i n  

"0 Xf (N 
C ( X )  = r go = . 

~ n (  X / A ~  ) 1 IN-2nf 

D e f i n e  

We see t h a t  t h e  b e h a v i o r  o f  t h e  c o u p l i n g  c o n s t a n t  l e a d s  t o  c o n f i n e m e n t  

2 f o r  small p , i.e., t h e  c o u p l i n g  c a n  become a r b i t r a r i l y  l a r g e  f o r  small 



2 
p  . S i n c e  i t  h a s  been  a r g u e d  [I51 t h a t  t h e  c o n f i n e m e n t  mechanism d o e s  

n o t  i n f l u e n c e  c h i r a l  symmetry b r e a k i n g ,  we a d o p t  a n o n c o n f i n i n g  QCD 

c o u p l i n g  ( s e e  F ig .  3.1). 

The  A is a QCD s c a l e  p a r a m e t e r  and  tc is t h e  i n f r a r e d  c u t  o f f .  

Figure 3-1 N o n c o n f i n i n g  QCD c o u p l i n g .  
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R e t u r n i n g  t o  e q u a t i o n  (3 .10)  and l e t t i n g  

we have  

Then u s i n g  (3.14) 

s u b s t i t u t e  (3.18) i n t o  (3.14) t o  h a v e  

We now c o n v e r t  (3.19) t o  a d i f f e r e n t i a l  e q u a t i o n  w i t h  boundary c o n d i -  

t i o n s .  We f i r s t  m u l t i p l y  a c r o s s  by e t / 2  and t h e n  t a k e  t h e  d e r i v a t i v e  

w i t h  r e s p e c t  t o  t. 



"[e d t  t12 ~ ( t )  ] = [ t e ) ]  -OB d s e  3s12 4 s )  C(S) 

1 + c2(s) 

(3.20) 

which  g i v e s  

T a k i n g  t h e  d e r i v a t i v e  o f  (3.20) a n d  u s i n g  (3.21) g i v e s  s t r a i g h t f o r w a r d l y  

The  d o t  a b o v e  any letter s t a n d s  f o r  d e r i v a t i v e  w i t h  r e s p e c t  t o  t. Next  we 

f i n d  t h e  boundary  c o n d i t i o n s .  

From E q u a t i o n  (3.21) we h a v e  

l i m  e 3 t l2  [ = + 4 C ( t )  d = 0 . 
t+-m 

3 t / 2  
To g e t  t h e  s e c o n d  bounda ry  c o n d i t i o n  we m u l t i p l y  (3.19) a c r o s s  by 3r 
a n d  t a k e  t h e  f i r s t  d e r i v a t i v e  t o  h a v e  



L 2 

.ch g i v e s  

&cause o f  t h e  way we have defined ~ ( t )  (Equation ( 3 . 1 5 ) ) ,  Equation 

< 
(3.22) separates in to  three regions ( t  = 0 ) .  > 

Then (3.22) becomes 

where 



E q u a t i o n  (3.22) becomes 

Here  t h e  d e r i v a t i v e  o f  E (  t )  i s  d i s c o n t i n u o u s  which makes t (  t )  

d i s c o n t i n u o u s  too .  

The d i s c o n t i n u i t y  i s  c a l c u l a t e d  [Appendix A ]  t o  g i v e  a t  t = 0 

To b e  a b l e  t o  d o  n u m e r i c a l  c a l c u l a t i o n s  we n e e d  t o  know t h e  b e h a v i o r  o f  

t h e  s o l u t i o n  o f  (3 .22)  a s  t + - m. I n  t h i s  r e g i o n  c o r r e s p o n d i n g  t o  

l a r g e  d i s t a n c e s  o r  small momentum t r a n s f e r  ( p 2  + O),  t h e  q u a r k s  are 

bound v e r y  s t r o n g l y  t o g e t h e r  t o  f o r m  h a d r o n s  b e c a u s e  t h e  c o u p l i n g  i s  

l a r g e .  The q u a r k  mass h e r e  M(0) i s  c a l l e d  t h e  c o n s t i t u e n t  mass. On t h e  

o t h e r  hand ,  a t  small d i s t a n c e s  o r  l a r g e  momentum t r a n s f e r ,  t h e  q u a r k s  

are f r e e  states. In  t h i s  r e g i o n  t h e  q u a r k  mass m is  c a l l e d  c u r r e n t  
R 

q u a r k  mass and  i t  i s  i n d e p e n d e n t  o f  t h e  r e n o r m a l i z a t i o n  p o i n t .  The 
a 

a s y m p t o t i c  s o l u t i o n s  a r e :  



1. t + - -  , we s o l v e  (3.26) t o  have 

Note t h a t  (3.31) i n  t h i s  region i s  excluded because t h e  boundary (3.23) 

f o r c e s  us  t o  choose t h e  s o l u t i o n  (3.30). The s o l u t i o n  must a l s o  s a t i s f y  

C( t )  (het12) = M( t )  + constant  ( t  + - a )  which g ives  t h e  c o n s t i t u e n t  

quark mass. 

2. t + + - , t h e r e  a r e  two acceptable  s o l u t i o n s  because both s a t i s f y  

boundary condi t ion  (3.25) a s  t -+ + In t h i s  region we s o l v e  (3.28). 

We do t h i s  by assuning a  s o l u t i o n  of t h e  form 

Since  we a r e  i n t e r e s t e d  i n  t h e  s o l u t i o n s  a s  t + + -, we neglec t  a l l  

terms having quadra t i c  o r  higher powers of t i n  t h e  denominator and 

Reca l l  from (3.28) t h a t  



whe re we h a v e  d r  sopped c2( t )  i n  t h e  denominat  

( 3 . 2 8 ) .  Note t h a t  

of  t h e  l a s t  term o f  

- S u b s t i t u t i n g  ( 3 . 3 2 ) ,  ( 3 . 3 3 ) ,  ( 3 . 3 5 )  and ( 3 . 3 7 )  i n t o  ( 3 . 3 6 )  and  n e g l e c t -  

i n g  q u a d r a t i c  o r  h i g h e r  powers  o f  t i n  t h e  d e n o m i n a t o r  g i v e s  

We t h u s  h a v e  two e q u a t i o n s  

0 

2a-0 (2a+3-B) + 

From Equat ion ( 3 . 3 9  ! we have 

a n d  u s i n g  ( 3 . 4 0 )  g i v e s  f o r  

S i n c e  

C ( t )  = k - 6 t  t a 

It is e a s y  t o  v e r i f y  t h a t  ( 3 . 4 2 )  a n d  ( 3 . 4 3 )  s a t i s f y  t h e  boundary  c o n d i -  

t i o n  ( 3 . 2 5 ) .  



We w i l l  now t r y  t o  u n d e r s t a n d  t h e  meaning  o f  m and A ,  t h e  c o e f -  
R 

f i c i e n t s  o f  (3 .43)  a n d  (3 .42)  r e s p e c t i v e l y  i n  a more p h y s i c a l  way. 

I n  t h e  l i g h t  o f  t h e  t r a n s f o r m a t i o n  (3 .16 ) ,  i.e. 

we see t h a t  ( 3 . 4 3 ) ,  which  d o m i n a t e s  a s  t + -, becomes 

M( t )  g e t s  a c o r r e c t i o n  which  is p u r e l y  l o g a r i t h m i c  and  i s  a c o n s e q u e n c e  

o f  a s y m p t o t i c  freedom. So a s  t + m ( i n  t h e  u l t r a v i o l e t  r e g i o n )  mR i s  

t h e  c u r r e n t  q u a r k  mass when q u a r k s  a r e  f r e e  states. G ~ u s  t h e  soht fon  

(3.43) w i l l  b e  u s e d  i n  t h e  n u n e r i c a l  s t u d y  o f  t h e  SD n o n l i n e a r  d i f f e r e n -  

t i a l  e q u a t i o n  i tself  t o  s t u d y  e x p l i c i t  c h i r a l  symmetry b r e a k i n g .  

However, t h e  a c t u a l  mechanism o f  mass g e n e r a t i o n  h a p p e n s  a t  l o w e r  

momentum t r a n s f e r  a n d  s o  i t  i s  n e c e s s a r y  f o r  M t o  h a v e  more t h a n  j u s t  

l o g a r i t h m i c  dependence .  A t  t h i s  l o w e r  momentum t r a n s f e r  r e g i o n  (known 

as  t h e  i n f r a r e d  r e g i o n )  we u s e  (3 .42)  

The c o r r e c t i o n  t o  M now h a s  ( 1 l p 2 )  dependence .  T h i s  is i n  a g r e e m e n t  

w i t h  t h e  r e s u l t  o f  t h e  o p e r a t o r  p r o d u c t  e x p a n s i o n  o b t a i n e d  by 

D. P o l i t z e r .  



The  c o e f f i c i e n t  A p l a y s  t h e  r o l e  o f  a n  o r d e r  p a r a m e t e r  which d e t e r -  

m i n e s  t h e  p h a s e  t r a n s i t i o n  from a c h i r a l  symmet r f c  p h a s e  t o  a s p o n t a n e -  

o u s l y  b r o k e n  phase .  "A" w i l l  b e  i d e n t i f i e d  w i t h  t h e  vacuum e x p e c t a t i o n  

v a l u e  o f  t h e  f e r m i o n  b i l l i n e a r .  The s o l u t i o n  (3.42) w i l l  b e  u s e d  a s  a 

" v a r i a t i o n a l  a n s a t z  i n  t h e  e f f e c t i v e  p o t e n t i a l  t o  s t u d y  d y n a m i c a l  c h i r a l  

symmetry b r e a k i n g .  The e f f e c t i v e  p o t e n t i a l  w i l l  b e  e x p r e s s e d  a s  a 

f u n c t i o n  o f  A t o  g i v e  e x p l i c i t  p h a s e  t r a n s i t i o n  c u r v e s .  

E q u a t i o n  (3 .42)  is known i n  t h e  l i t e r a t u r e  a s  R e g u l a r  S o l u t i o n  

w h i l e  (3 .43)  is known a s  I r r e g u l a r  S o l u t i o n .  

From t h e  p r e c e e d i n g  d i s c u s s i o n ,  we see t h a t  t h e r e  emerge  i n  a 

n a t u r a l  way, two a p p r o a c h e s  f o r  s t u d y i n g  c h i r a l  symmetry b r e a k i n g .  

E x p l i c i t  xSB i n v o l v e s  u s i n g  t h e  SD d i f f e r e n t i a l  a n d  t h e  i r r e g u l a r  s o l u -  

t i o n  t o  s t u d y  d y n a m i c a i  c h i r a l  symmetry b r e a k i n g .  T h i s  h a s  been  u s e d ,  

f o r  example ,  by H i g a s h i j i m a .  S p o n t a n e o u s  xSB i n v o l v e s  u s i n g  a v a r i a -  

t i o n a l  scheme t o  s t u d y  s p o n t a n e o u s  xSB. Here o n e  u s e s  t h e  e f f e c t i v e  

p o t e n t i a l  a n d  t h e  r e g u l a r  s o l u t i o n  a s  a  v a r i a t i o n a l  a n s a t z .  T h i s  h a s  

b e e n  u s e d ,  f o r  example ,  by C a s t o r i n a  a n d  P i .  

I n  t h e  n e x t  s e c t i o n  I w i l l  d e a l  w i t h  e x p l i c i t  c h i r a l  b r e a k i n g  a n d  

l e a v e  s p o n t a n e o u s  xSB t o  C h a p t e r  4 w h e r e  most  o f  t h e  o r i g i n a l  work h a s  

been  done .  



3.3 EXPLIGIT  CHIRAL SYMEIETRY BREAKING 

We h a v e  s e e n  i n  S e c t i o n  (3 .2)  t h a t  t h e  SD d i f f e r e n t i a l  e q u a t i o n  h a s  

two s o l u t i o n s  - t h e  r e g u l a r  s o l u t i o n  and  t h e  i r r e g u l a r  s o l u t i o n .  The 

i r r e g u l a r  s o l u t i o n  d o m i n a t e s  a s  t + -. One c a n  t h e r e f o r e  u s e  t h e  

i r r e g u l a r  s o l u t i o n  t o  s t u d y  xSB. One s i m p l y  g e t s  t h e  n u m e r i c a l  d a t a  o f  

t h e  SD d i f f e r e n t i a l  e q u a t i o n  a n d  m a t c h e s  t h i s  w i t h  t h e  i r r e g u l a r  

s o l u t i o n .  I n  t h i s  way a r e l a t i o n s h i p  be tween t h e  c o n s t i t u e n t  q u a r k  mass 

M(O) and  t h e  c u r r e n t  q u a r k  mass mR(M(O)), is  o b t a i n e d  g r a p h i c a l l y .  

T h e s e  c u r v e s  p r o v i d e  a way o f  s e e i n g  how c h i r a l  symmetry i s  b roken  

e x p l i c i t l y .  E x p l i c i t  xSB was f i r s t  u s e d  by H i g a s h i j i m a  [131. 

We write down t h e  SD d i f f e r e n t i a l  e q u a t i o n  a g a i n  d e r i v e d  i n  S e c t i o n  

F o r  t < 0 

a n d  

f o r  t > O  



The a s y m p t o t i c  s o l u t i o n s  we w i l l  need  are  

C(t)  = ' e '  t ( irregular  so lut ion)  . (3.43) 
t + 9 "  

To s o l v e  t h e  SD e q u a t i o n  n u m e r i c a l l y ,  t h e  boundary  c o n d i t i o n  (3 .30)  i s  

u s e d  a s  t + - -, s a y  t = -20,  w i t h  M(O)/A g i v e n  a s  i n p u t ,  i n t e g r a t e  t o  . 

t = 0, impose  t h e  d i s c o n t i n u i t y  c o n d i t i o n  (3 .29)  a n d  t h e n  i n t e g r a t e  t o  t 

+ + -. The n u n e r i c a l  d a t a  a r e  t h e  v a l u e s  o f  C ( t )  f o r  e a c h  v a l u e  o f  t .  

m~ Then f o r  t > 0, we d i v i d e  C ( t )  by [ e x p ( - t / 2 ) ]  tEO t o  g e t  - (M(0) ) .  
A 

mR 
T h e  e x p r e s s i o n  (M(0) )  is a s i n g l e - v a l u e d  odd  f u n c t i o n  o f  M(0). 

mR The  c u r v e s  f o r  M(O)/A v s  (M(0) )  a re  o b t a i n e d  f o r  v a r i o u s  v a l u e s  o f  

t h e  p a r a m e t e r  tc, see F i g .  ( 3 . 2 ) .  

T h e  c u r v e s  i n  F i g u r e  3.2 show a n o n t r i v i a l  r e l a t i o n s h i p  be tween t h e  

c o n s t i t u e n t  q u a r k  mass a n d  t h e  c u r r e n t  q u a r k  mass f o r  e a c h  v a l u e  o f  

ce 

RESULTS 

From F i g u r e  3.2 we see t h a t  f o r  t h e  p a r a m e t e r  tc < l e g ,  t h e  

c o n s t i t u e n t  q u a r k  mass M(0) c l e a r l y  r e m a i n s  n o n v a n i s h i n g  i n  t h e  c h i r a l  a 

l i m i t  mR = 0; t h a t  is, c h i r a l  symmetry is  b r o k e n  s p o n t a n e o u s l y .  F o r  

tc > 1.6, t h e  c o n s t i t u e n t  q u a r k  mass v a n i s h e s  i n  t h e  c h i r a l  l i m i t  

m = 0, i n d i c a t i n g  c h i r a l  symmetry i s  n o t  broken.  
R 



Figure 3.2, Dependence o f  c o n s t i t u e n t  q u a r k  mass M ( 0 )  on t h e  c u r r e n t  

q u a r k  mass mR f o r  t h r e e  c o l o r s  a n d  t h r e e  f l a v o r s .  

So  f o r  tc < 1.6, t h e  a t t r a c t i v e  o n e  g l u o n  e x c h a n g e  be tween q u a r k s  

a n d  a n t i q u a r k s  ( q q )  c a u s e s  t h e  p e r t u r b a t i v e  vacuum t o  decay  by s p o n t a n e -  

o u s  c r e a t i o n  of  qq p a i r s .  T h i s  i n d i c a t e s  t h a t  t h e  t r u e  vacuum must  b e  a 



c o n d e n s a t e  o f  s u c h  p a i r s .  The symmetry b r e a k i n g  c a n  b e  e x p l a i n e d  11 31 

by o b s e r v i n g  t h a t  f o r  t, < 1.6, t h e  c r i t i ca l  v a l u e  d e t e r m i n e d  by t h e  

c o u p l i n g  c o n s t a n t  c ( t C )  = c o l t C  = 0.3, t h e  c o u p l i n g  may become s t r o n g  

enough t o  b i n d  q u a r k  a n t i q u a r k  i n t o  a  bound s tate .  S i n c e  a bound s ta te  

o f  massless p a r t i c l e s  i s  n e c e s s a r i l y  a  t a c h y o n  i n  n o n c o n f i n i n g  t h e o r i e s  

l i k e  t h e  o n e  we are u s i n g ,  t h e  c h i r a l - s y m m e t r i c  vacuum becomes u n s t a b l e .  

To c u r e  t h i s  i n s t a b i l i t y ,  t h e  q u a r k  a c q u i r e s  a d y n a m i c a l  mass M(O) a n d  

t h e  bound s t a t e  becomes a  massless Nambu-Goldstone boson.  On t h e  o t h e r  

hand,  f o r  tc > 1.6, ie. c ( t C )  < 0.3, t h e  a t t r a c t i v e  f o r c e  be tween qq  

i s  n o t  s t r o n g  enough t o  make a bound state. T h e r e f o r e ,  t h e  c h i r a l -  

s y m m e t r i c  vacuum i s  s t a b l e  a n d  t h e  q u a r k  r e m a i n s  massless i n  t h i s  case. 

O t h e r  i n t e r e s t i n g  f e a t u r e s  we c a n  r e a d  f rom F i g u r e  3.2 a r e  est i-  

mates o f  t h e  c o n s t i t u e n t  masses o f  t h e  l i g h t  q u a r k s  f o r  v a r i o u s  v a l u e s  

of  tc < 1.6 g i v e n  a t y p i c a l  QCD scale A o f  a few h u n d r e d  MeV. We t a k e  

t h e  case when tc = 0.4. H e r e  mR is  a b o u t  5 MeV. We f i n d  M(0) = 

386  MeV f o r  A = 4 0 0  MeV. However, t h e  c o n s t i t u e n t  q u a r k  mass M(0) 

c r u c i a l l y  d e p e n d s  on  t h e  c h o i c e  o f  i n f r a r e d  c u t  o f f  tc. 

T h e  dependence  o f  M(0) on  t h e  i n f r a r e d  c u t  o f f  p a r a m e t e r  tc i n  

t h e  e x a c t  c h i r a l  l i m i t  m = 0 i s  p l o t t e d .  S e e  F i g u r e  3.3. 
R 

O b s e r v e  t h a t  i f  we t a k e  t h e  c o n f i n i n g  f o r c e  t o  c o r r e s p o n d  t o  a 

c o u p l i n g  c o n s t a n t  c  ( t C )  > 1 ,  i t  may s u g g e s t  t h a t  s i n c e  t h e  xSB c o r r e s -  

ponds  t o  c  ( t c )  > 0.3,  t h e  c o n f i n i n g  f o r c e  is  n o t  n e c e s s a r y  f o r  xSB. 

FOP E ( t c )  > 1 ,  g l u o n  c o n d e n s a t i o n  e f f e c t s  may n o t  set i n .  T h e s e  g l u o n  

c o n d e n s a t i o n  e f f e c t s  may a f f e c t  t h e  d e t a i l e d  s t r u c t u r e  o f  t h e  q u a r k  

c o n d e n s a t e ,  b u t  a s  we h a v e  s e e n ,  a re  n o t  d i r e c t l y  r e s p o n s i b l e  f o r  c h i r a l  

s y m n e t r y  b r e a k i n g .  





C H A P T E R  4 

4-4 SPONTANEOUS CHIRAL SYMMETRY ERGWING: A VARIATIONAL SCHEE 

I n  t h e  l a s t  c h a p t e r  we were p r i m a r i l y  c o n c e r n e d  w i t h  a n a l y z i n g  t h e  

s t a t i o n a r i t y  c o n d i t i o n  o f  t h e  e f f e c t i v e  p o t e n t i a l s  - t h e  SD e q u a t i o n ,  t o  

u n d e r s t a n d  c h i r a l  symmetry b r e a k i n g .  We saw t h a t  m i n i m i z i n g  VCJT o r  

VCDDG g a v e  t h e  SD e q u a t i o n  a n d  we d i d  n o t  h a v e  t o  wor ry  a b o u t  t h e  

d i f f e r e n c e  be tween t h e  two. 

I n  t h i s  c h a p t e r  we a n a l y z e  t h e  e f f e c t i v e  p o t e n t i a l  i t s e l f  a n d  s i n c e  

t h e  two a r e  s l i g h t l y  s t r u c t u r a l l y  d i f f e r e n t  we must  pay p a r t i c u l a r  

a t t e n t i o n  t o  p o s s i b l e  d i f f e r e n c e s  be tween them. 

Our aim h e r e ,  a s  was s t a t e d  a t  t h e  end  o f  C h a p t e r  1, is t o  d o  a 

s e l f c o n s i s t e n t  c o m p u t a t i o n  w i t h  VCDDG u s i n g  a R a y l e i g h - R i t z  v a r i a t i o n -  

a l  method,  Though a d i f f e r e n t  v a r i a t i o n a l  scheme was used [ ? ? !  t o  dn 

c o m p u t a t i o n s  w i t h  VCDDG, t h e i r  scheme was shown i n  t h e  p r e v i o u s  c h a p t e r  

t o  b e  n o t  s e l f c ~ n s ~ s t e n t ,  ie.,  t h e  f o r m  o f  VCDDG t h e y  u s e d  w i l l  n o t  g i v e  

t h e  SD e q u a t i o n  on m i n i m i z a t i o n .  T h i s  w i l l  a l s o  d e m o n s t r a t e  how a 

R a y l e i g h - R i t z  scheme is s u c c e s s f u l  i n  s t u d y i n g  s p o n t a n e o u s  xSB w i t h  

VCDDG which  t h e y  (CDDG) h a d  c l a i m e d  was n o t  t h e  case. C a s t o r i n a  and  

P i  h a v e  a l so  u s e d  t h e  R a l e i g h - R i t z  scheme t o  s t u d y  s p o n t a n e o u s  xSB w i t h  

V C ~ T  which we w i l l  a l s o  r e v i e w  h e r e  f o r  compar i son .  And l a s t l y ,  we w i l l  

a l s o  s t u d y  t h e  b e h a v i o r  o f  t h e  e f f e c t i v e  p o t e n t i a l s  f o r  t h e o r i e s  i n  which  

t h e  c o u p l i n g  c o n s t a n t  d o e s  n o t  r u n ,  We f i n d  a s i g n i f i c a n t  r e s u l t .  C h i r a l  

symmetry r e m a i n s  e x a c t  i n  s u c h  t h e o r i e s .  T h i s  is u n d e r s t a n d a b l e  s i n c e  

w i t h o u t  a r u n n i n g  c o u p l i n g  c o n s t a n t  t h e r e  is n o  d i m e n s i o n f u l  p a r a m e t e r  t o  

set t h e  s c a l e  o f  symmetry b r e a k i n g .  The s t u d y  o f  SD e q u a t i o n  y i e l d s  

i n f o r m a t i o n  a b o u t  t h e  e f f e c t i v e  p o t e n t i a l  a t  t h e  s t a t i o n a r y  p o i n t .  



We s ta r t  w i t h  e q u a t i o n  (2 .64) .  

2 
We now e v a l u a t e  V w i t h  a s p e c i f i c  p a r a m e t e r  d e p e n d e n t  a n s a t z  f o r  M(p ) 

a n d  v a r y  t h e s e  p a r a m e t e r s .  The r e g u l a r  s o l u t i o n  o f  t h e  SD e q u a t i o n  

2 
r e a d i l y  l e n d s  i tself  t o  a n  a n s a t z .  Remembering t h a t  M ( ~ ~ )  = p  C ( p  ),  

s u b s t i t u t e  ( 3 . 4 2 ) ,  t h e  r e g u l a r  s o l u t i o n  f o r  c ( ~ ~ )  t o  o b t a i n  

(4. la) 

T h i s  is c o n s i s t e n t  w i t h  t h e  s o l u t i o n  o b t a i n e d  by D. P o l i t z e r  [21] u s i n g  

o p e r a t o r  p r o d u c t  e x p a n s i o n .  

F o r  c o n t i n u i t y  p u r p o s e s ,  we u s e  t h e  f o l l o w i n g  a n s a t z  which is  a l s o  

u s e d  by C a s t o r i n a  a n d  P i  i n  t h e i r  s t u d y  o f  s p o n t a n e o u s  xSB w i t h  t h e  C3T 

e f f e c t i v e  p o t e n t i a l .  

tor p2 < pc 2 \ 

m - 
N p 2 )  = 



For g2 ( p 2 )  ( t h e  coupling),  we use our nonconfining form 

where 

a = 48s2 
1 IN-2nf 

We f i r s t  simplify (2 .64)  in to  a  manageable form. Using t h e  de f in i t ion  

of l (p2)  (2 .67) ,  we rewrite (2 .64)  a s  

Then using ( 3 . 3 )  and ( 3 . 6 )  g i v e s  

Define 

M(x) = nB(x), 

Substituting ( 4 . 6 )  and ( 4 . 2 )  in to  ( 4 . 5 )  w e  f ind,  



S u b s t i t u t i n g  ( 4 . 7 )  i n t o  ( 4 . 4 ) ,  o n e  f i n d s  

( 2 ~  1' - v  = -X 2 1 :  dx x t n  (1 + +)- 2  dx x tnx 
2nf 0 

OD 

+ T2j d x x  I(X) + const. 
0 x+m2e2 ( X) 

and f i n a l l y  we have  

An i r r e l e v a n t  c o n s t a n t  h a s  been s u b t r a c t e d  i n  ( 4 . 8 ) .  Us ing  t h e  d e f i n i -  

t i o n  of C ( x )  g i v e n  by ( 4 . 7 )  we f i n d  

Then we make t h e  f o l l o w i n g  change  o f  v a r i a b l e s  



and de f i n i ng  

We r e w r i t e  (4.9) as fo l lows 

where 

and we have replaced x'  by x s ince i t  i s  a dummy index. 

To s t a r t  the nuner i ca l  computation on (4.12) we make one more 

change o f  va r iab le  

then (4.12) becomes 



Going t h r o u g h  t h e  same s t e p s ,  t h e  c o r r e s p o n d i n g  e x p r e s s i o n  f o r  V C ~ T  i s  

(4.18) 
w h e r e  

and G(x) i s  (4 .14 ) .  Eqs. (4 .17)  and  (4 .18 )  a r e  t h e  e q u a t i o n s  we s o l v e  

n u n e r i c a l l y .  

T h e r e  a r e  i n t e g r a t i o n ' p a c k a g e s  i n  t h e  NAG l i b r a r y  f o r  s o l v i n g  one- 

a n d  m u l t i - d i m e n s i o n a l  i n t e g r a l s .  Our i n t e g r a l s  a re  t o o  c o m p l i c a t e d  t o  

s i m p l y  u s e  t h e  p a c k a g e  f o r  d o u b l e  i n t e g r a t i o n .  We h a v e  i n s t e a d  u s e d  a  

d o u b l e  p r e c i s i o n  o n e - d i m e n s i o n a l  r e c u r s i v e  a p p l i c a t i o n ,  which is a l w a y s  

recommended t o  c h e c k  t h e  a c c u r a c y  o f  t h e  o t h e r  methods.  

With (4 .1)  a n d  (4 .3)  a s  a n s a t z  f o r  B(x )  a n d  g 2 ( x )  r e s p e c t i v e l y ,  we 

f i n d  t h a t  o u r  e f f e c t i v e  p o t e n t i a l  V / A ~  is a  f u n c t i o n  o f  m / A  (=b)  f o r  

2 2 v a r i o u s  v a l u e s  o f  t h e  p a r a m e t e r  pc/A ( x  = p / A  ). m i s  t h e  r e n o r m a l i -  

zation-point-independent vacuum e x p e c t a t i o n  v a l u e  <O $$ 0) and  p l a y s  t h e  I -  I 
r o l e  o f  a n  o r d e r  p a r a m e t e r  ( a s  m a g n e t i z a t i o n  f o r  a f e r r o m a g n e t i c  

s y s t e m ) .  

From b o t h  e q u a t i o n s  (4 .17)  a n d  (4 .18 )  we see t h a t  M ( ~ ~ )  z 0 is 

a l w a y s  a s o l u t i o n  c o r r e s p o n d i n g  t o  e x a c t  c h i r a l  symmetry (mR = 0 ) .  If 

2 c h i r a l  symmetry i s  b r o k e n  s p o n t a n e o u s l y ,  M(p ) no  l o n g e r  v a n i s h e s  i d e n -  

t i c a l l y  b u t  i s  d y n a m i c a l l y  g e n e r a t e d ,  t h e  b e h a v i o u r  o f  which  is  g i v e n  by 

t h e  r e g u l a r  s o l u t i o n .  



RESULTS 

With  vCDDG; we f i n d  t h a t  f o r  SU (3) w i t h  t h r e e  f l a v o r s  ( n f  = 31, 
C 

d y n a m i c a l  symmetry b r e a k i n g  o c c u r s  when p / A  < 1.7. F o r  p / A  = 1.3,  
C 6 

a s t a b l e  minimum o c c u r s  a t  m / A  = 0.67. S e e  F i g .  (4.1). 

Figure 4.1 E f f e c t i v e  p o t e n t i a l  V 
CDDG 

f o r  p l h  = 1 .3 ,  N = 3, n = 3. 
C f 



For pc/A = 1.687,. a s tab le  minimum occurs a t  m / A  = 0.05. 

See Fig. (4.2). 

Figure 4.2 Ef fec t ive  potent ia l  V 
CDDG 

for  pc/A = 1.687, N = 3, np = 3. 



For  pc/A = 2, , a  s t a b l e  minimum occu r s  at m / A  = 0. I n  f a c t ,  f o r  

all pc/A > 1.7, m = 0 is always t h e  g l o b a l  minimum. See Fig.  ( 4 . 3 ) .  

m/A 

Figure 4.3 E f f e c t i v e  p o t e n t i a l  VCDDG f o r  pc/n = 2, N = 3, nf = 3. 



Using VcgT we refer  t h e  reader t o  the work done by Castorina and 

P i  [16]. However, we show here t h e  case for  pc/A = 1.3 in Fig. (4.41, 

A s t a b l e  minimum occurs a t  m / A  = 0.55. 

Figure 4.4 Effec t ive  potent ia l  VCJT for  pc/A = 1.3,  N = 3, nf = 3. 



With V C ~ T ,  d y n a m i c a l  symmetry b r e a k i n g  o c c u r s  when pc/A < 1.5, 

w h i l e  w i t h  V 
CDDG ' d y n a m i c a l  symmetry b r e a k i n g  o c c u r s  when p / A  < 1.7. 

C 

B e f o r e  g o i n g  f u r t h e r ,  we would l i k e  t o  comment on t h e  s u c c e s s f u l  

c o m p a r i s o n s  u s i n g  t h e  same a n s a t z  f o r  b o t h  V C ~ T  and  VCDDG. The 

' q u a l i t a t i v e  r e s u l t s  are t h e  same and  b o t h  a r e  s e e n  t o  b e  bounded below. 

C a s a l b u o n i ,  D e C u r t i s ,  Domin ic i  and  G a t t o  [ I l l  h a d  c l a i m e d  t h a t  d i r e c t  

Figure 4.5 The e f f e c t i v e  p o t e n t i a l  when t h e  s o l u t i o n  o f  t h e  SD e q u a t i o n  

1 f l ( p 2 )  i s  u s e d  f o r  l ( p 2 )  i n  t h e  2g (So  + e ( p )  ) term of  VCDDGe 

T h i s  case is f o r  pc/A = 1.3, N = 3 a n d  nf = 3. 



c o m p a r i s o n s ,  even  f o r  s imilar  a n s a t z ,  are n o t  e a s y  t o  make. They 

s u b s t i t u t e d  t h e  s o l u t i o n  o f  t h e  SD e q u a t i o n  M(p2) f o r  l ( p 2 )  i n t o  t h e  

J 2 (  JLn (l + p: )) term i n  t h e  e f f e c t i v e  p o t e n t i a l  a n d  d i r e c t l y  u s e d  t h e i r  

a n s a t z  f o r  M(p2). Note  t h a t  t h e i r  I ( p 2 )  is e q u i v a l e n t  t o  M(p2) we are 

' u s i n g  h e r e .  We h a v e  shown t h a t  t h i s  fo rm d o e s  n o t  y i e l d  t h e  SD e q u a t i o n  

on  m i n i m i z a t i o n .  F i g .  ( 4 . 7 )  shows t h i s  fo rm i n  t h e  o r i g i n a l  C3T v a r i a -  

t i o n  p r i n c i p l e  we a r e  u s i n g .  

The e f f e c t i v e  p o t e n t i a l  shows a maximum and  is  unbounded below. A 

r e l a t e d  e f f e c t i v e  p o t e n t i a l  is t h a t  which r e p l a c e s  a l l  1 ( p 2 )  by M ( ~ ~ ) ,  

ie . ,  t h e  e f f e c t i v e  p o t e n t i a l  f o r  e v e r y  v a l u e  o f  m which i s  a s o l u t i o n  o f  

t h e  SD e q u a t i o n .  

Note t h a t  a t  t h e  s t a t i o n a r y  p o i n t  

S u b s t i t u t e  t h i s  i n t o  (2 .64 )  a n d  ( 2 . 6 6 )  t o  h a v e  

E q u a t i o n s  (4 .21)  and  (4 .22)  are e x a c t l y  t h e  same. F i g .  (4 .8 )  shows f o r  

pc.A = 1.3, N = 3, nf  = 3. N o t i c e  t h a t  7 is unbounded below. How- 
- 

e v e r ,  t h i s  d o e s  n o t  mean ' t h e r e  is  a n  i n s t a b i l i t y ,  V d o e s  n o t  d e t e r m i n e  

t h e  minimum. M i n i m i z a t i o n  is c a r r i e d  o u t  on  V which is bounded below 

a n d  V i s  t h e  v a l u e  o f  V a t  t h e  s t a t i o n a r y  p o i n t .  



Figure 4.6 E f f e c t i v e  p o t e n t i a l  f o r  pc/A = 1.3, N = 3, n f  = 3. 



SPONTANEOUS CHIRAL SYMETRY BREAKING I N  FIELD THEORIES WITH FIXED 
COUPLING CONSTANT 

So f a r ,  we h a v e  s e e n  t h a t  a s y m p t o t i c a l l y  free f i e l d  t h e o r i e s  a l l o w  

c h i r a l  symmetry b r e a k i n g .  The d e e p e r  q u e s t i o n  is: is i t  o n l y  i n  asymp- 

t o t i c a l l y  free f i e l d  t h e o r i e s  t h a t  xSB o c c u r s ?  I n  C h a p t e r  3, end  o f  

S e c t i o n  3.1,  we saw t h a t  t h e  l o g a r i t h m i c  dependence  o f  g 2 ( p 2 )  and  ~ ( ~ ' 1  

a r e  f e a t u r e s  o f  a s y m p t o t i c  f r eedom a s  d e t e r m i n e d  by t h e  r e n o r m a l i z a t i o n  

g roup .  We t h e r e f o r e  s u p p r e s s  t h i s  l o g a r i t h m i c  dependency i n  g 2 ( p 2 )  a n d  

i n  M ( ~ '  ) and  c a r r y  o u t  t h e  n u m e r i c a l  c a l c u l a t i o n  a g a i n  t o  see w h e t h e r  

c h i r a l  symmetry is s t i l l  b r o k e n  o r  n o t .  

Recall t h a t  

So w i t h o u t  t h e  l o g a r i t h m i c  dependence ,  t h e  c o u p l i n g  E ( ~ ~ )  i s  a c o n s t a n t  

c 0 9  ie. 

(d thout logarithmic dependence) . r ( p 2 )  = e0 = - 
9 

We now v a r y  t h e  v a l u e  o f  c O  a n d  see what  h a p p e n s  t o  t h e  e f f e c t i v e  po ten -  

t i a l s  . 
We s t a r t  w i t h  VCDDG. F i g u r e s  (4 .7 )  a n d  (4 .8 )  show t h e  cases when 

EO = 0.0119 and co  = 819. We f i n d  t h a t  m = 0 i s  a l w a y s  t h e  g l o b a l  

minimum. We f i n d ,  i n  g e n e r a l ,  t h a t  f o r  a n y  v a l u e  o f  €0 u s e d ,  m = 0 

r e m a i n s  t h e  g l o b a l  minimum. T h i s  shows t h a t  w i t h  t h e  m o d i f i e d  e f f e c t i v e  



p o t e n t i a l  VCDDG c h i r a l  symmetry i s  n e v e r  b r o k e n  f o r  n o n - a s y m p t o t i c a l l y  

f r e e  f i e l d  t h e o r i e s .  T h i s  p o i n t  is w o r t h  n o t i n g  b e c a u s e  i t  e m p h a s i z e s  

t h e  i m p o r t a n c e  o f  l o g a r i t h m i c  c o r r e c t i o n s  i n  a s y m p t o t i c a l l y  free f i e l d  

t h e o r i e s  and  seems t o  f u r t h e r  j u s t i f y  t h e  claim t h a t  o n l y  i n  a s y m p t o t i -  -- 
- c a l l y  f r e e  g a u g e  t h e o r i e s  c h i r a l  symmetry b r e a k i n g  o c c u r s  a t  r e a s o n a b l e  

momentum scales. 

Figure 4-9 E f f e c t i v e  p o t e n t i a l  VCDDG f o r  f i e l d  t h e o r i e s  w i t h  a  

f i x e d  c o u p l i n g  c o n s t a n t :  pc/A = 1.3, N = n = 3,  f  



I f  we r e p l a c e  by M ( ~ ~ )  i n  t h e  en(sO1 + l ( p ) )  term i n  VC-~DG, 

we o b t a i n  t h e  same r e s u l t .  However, t h i s  h a s  no  p h y s i c a l  s i g n i f i c a n c e  

s i n c e  t h e  c o r r e s p o n d i n g  e x p r e s s i o n  w i t h  l o g a r i t h m i c  b e h a v i o r  is n o t  a n  

e f f e c t i v e  p o t e n t i a l  f o r  xSB. 

f i x e d  c o u p l i n g  c o n s t a n t :  pc/h = 1.3, N = np = 3, 



With  VC-T f o r  f i e l d  t h e o r i e s  w i t h  a c o u p l i n g  c o n s t a n t  t h a t  d o e s  

n o t  r u n ,  see F i g u r e s  (4 .9)  a n d  (4 .101,  we f i n d  t h a t  f o r  so < 213,  m = 0 

is a s t a b l e  minimum, i n d i c a t i n g  n o  c h i r a l  symmetry b r e a k i n g .  F o r  so > 

213, d y n a m i c a l  symmetry b r e a k i n g  o c c u r s  b u t  a s t a b l e  minimum d o e s  n o t  

e x i s t ;  t h e  e f f e c t i v e  p o t e n t i a l  d e c r e a s e s  m o n o t o n i c a l l y  a s  m i n c r e a s e s  

F i g u r e  4.9 E f f e c t i v e  p o t e n t i a l  V C ~ T  f o r  f i e l d  t h e o r i e s  w i t h  a  

f i x e d  c o u p l i n g  c o n s t a n t :  pc ln  = 1.3, N = nf = 3, 

€ 0  = 819. 



f r o m  z e r o  and  is  unbounded f rom below. T h i s  f e a t u r e  is n o t  v e r y  p l e a s -  

i n g ,  s i n c e  we know t h a t  o n l y  i n  a s y m p t o t i c a l l y  f r e e  f i e l d  t h e o r i e s  

c h i r a l  symmetry is broken.  T h i s  is t h e  f i r s t  c a u t i o n  i n  u s i n g  VC-T 

b e c a u s e  i n  b o t h  a s y m p t o t i c a l l y  f r e e  f i e l d  t h e o r i e s  and  n o n - a s y m p t o t i c a l -  

' l y  free f i e l d  t h e o r i e s ,  c h i r a l  symmetry is  b r o k e n  e x c e p t  t h a t  i n  t h e  o n e  

case, namely n o n - a s y m p t o t i c a l l y  f r e e  f i e l d  t h e o r i e s ,  a s t a b l e  minimum 

d o e s  n o t  e x i s t  . 

Figure 4.10 E f f e c t i v e  p o t e n t i a l  V C ~ T  f o r  f i e l d  t h e o r i e s  w i t h  a 

f i x e d  c o u p l i n g  c o n s t a n t :  pc/A = 1.3, N = n = 3, f 

e, = 0.01/9.  



REHARKS: The c r i t i ca l  c o u p l i n g  & ( t c )  f o r  c h i r a l  symmetry b r e a k i n g  

o b t a i n e d  by u s i n g  t h e  two a p p r o a c h e s  - e x p l i c i t  and  s p o n t a n e o u s  xSB - is  

i n  good  ag reemen t .  ,Recall 

for 

for 

explicit xSB ~ ( 1 . 6 )  = 0.3 

spontaneousxS8 ~ ( 1 . 0 6 )  = 0.4 

I n  summary, we h a v e  i n  t h i s  c h a p t e r  shown t h e  e f f e c t i v e n e s s  o f  

u s i n g  a  R a l e i g h - R i t z  v a r i a t i o n a l  method i n  d o i n g  s t r a i g h t f o r w a r d  compu- 

t a t i o n s  w i t h  a n y  s e l f c o n s i s t e n t  e f f e c t i v e  p o t e n t i a l  f o r  c h i r a l  symmetry 

b r e a k i n g .  We h a v e  a l s o  shown t h a t  w i t h  t h e  m o d i f i e d  e f f e c t i v e  p o t e n t i a l  

VCDDG a p p l i e d  t o  t h e o r i e s  where  t h e  c o u p l i n g  c o n s t a n t  d o e s  n o t  r u n ,  

t h e r e  is no e v i d e n c e  f o r  c h i r a l  symmetry b r e a k i n g .  Whi l e  t h i s  r e s u l t  

h a s  been  s p e c u l a t e d  upon i n  t h e  l i t e r a t u r e  i n  t h e  p a s t ,  o u r  c a l c u l a t i o n s  

d e m o n s t r a t e  i t  u s i n g  t h e  e f f e c t i v e  p o t e n t i a l  scheme i n  a s a t i s f a c t o r y  

manner.  A s  r emarked  earl ier,  t h i s  r e s u l t  i s  c o n s i s t e n t ,  s i n c e  i n  s u c h  

t h e o r i e s  t h e r e  is no  d i m e n s i o n f u l  p a r a m e t e r  t o  set t h e  scale o f  c h i r a l  

symmetry b r e a k i n g .  



C H A P T E R  5 

5.1 STABILITY OF CHIRAL SYMEZTRY BREAKING SOLUTIONS 

It was o b s e r v e d  by R.W. Haymaker a n d  3. Perez-Mercader  [ I 8 1  t h a t  

t h e  c h i r a l  symmetry b r e a k i n g  s o l u t i o n s  c o r r e s p o n d  t o  s a d d l e - p o i n t  

i n s t a b i l i t i e s  when t h e  C3T e f f e c t i v e  p o t e n t i a l  is used .  T h i s  was 

f o r m e r l y  p roved  by Haymaker and  M a t s u k i  i n  1986 [14]. I n s t a b i l i t y  h e r e  

means t h a t  u n d e r  small a r b i t r a r y  v a r i a t i o n s ,  t h e  symmetry b r e a k i n g  

s o l u t i o n s  d i v e r g e  f rom t h e  s t a t i o n a r y  p o i n t .  T h i s  f e a t u r e  c a n  b e  s e e n  

when o n e  e x p a n d s  t h e  e f f e c t i v e  p o t e n t i a l  a b o u t  t h e  s t a t i o n a r y  p o i n t .  

The symmetry b r e a k i n g  s o l u t i o n  is  M(x) a n d  a n  e x p a n s i o n  o f  V a b o u t  t h i s  

is a s  f o l l o w s  

The  s t a t i o n a r i t y  c o n d i t i o n s  6V/6M(x) = 0 sets t o  z e r o  t h e  

t h e  r i g h t  hand  s i d e  g i v i n g  

Now t h e  problem r e d u c e s  t o  f i n d i n g  t h e  e i g e n v a l u e s  o f  t h e  

(5.1) 

s e c o n d  term on  

. (5.2) 

s e c o n d  func -  

t i o n a l  d e r i v a t i v e  of  V,  b e c a u s e  t h e  s e c o n d  term c a n  b e  p o s i t i v e ,  

n e g a t i v e  o r  z e r o  d e p e n d i n g  on  t h e  e i g e n v a l u e s  o f  t h e  s e c o n d  f u n c t i o n a l  

d e r i v a t i v e .  We c a l l  t h i s  term o n  t h e  r i g h t  hand  s i d e  t h e  e x p e c t a t i o n  

v a l u e  o f  t h e  s e c o n d  f u n c t i o n a l  d e r i v a t i v e .  I f  t h e  e x p e c t a t i o n  v a l u e  is 



pos i t i ve ,  then the symmetry breaking so lu t ions  are  stable. I f  the 

expectat ion value i s  negative, the symmetry breaking so lu t ions  a re  

unstable. The expectat ion value can a lso  be zero but  we do not  consider 

t h i s  case here. 

Any v i ab le  e f f e c t i v e  p o t e n t i a l  f o r  xSB must e x h i b i t  t h i s  s t a b i l i t y  

requirement. I n  t h i s  chapter we study the s t a b i l i t y  o f  xSB so lu t ions  

using CDDG e f f e c t i v e  p o t e n t i a l  [25]. 

We s t a r t  by tak ing the second f unc t i ona l  de r i va t i ve  o f  V C D ~ G  

w . r . t  ~ ( ~ ' 1 .  Recal l  equation (3.7). 

Now we take the second func t iona l  de r i va t i ve  



Since  we 

have 

4r2 - 
" f 

need the so lu t ion  a t  = M ,  the f i r s t  two terms cancel  and we 

Making use o f  equations 

(5.4) 

( 2 . 2 )  t o  ( 2 . 6 )  g i v e s  

2 2 1-M2(s2)/s2 
W(p ,s 

(I + M ~ ( s ~ ) / s ~ ) ~  

and s e t t i n g  1 = M g i v e s  ( i n  operator language) 

where 

Lett ing  q2 = x, s2 = y, p2 = z, g i v e s  



Then u s i n g  t h e  i d e n t i t y  

An expans ion  o f  t h e  e f f e c t i v e  p o t e n t i a l  a b o u t  a s t a t i o n a r y  p o i n t  g i v e s  

(5 .2)  

Using m a t r i x  n o t a t i o n  and (5 .11)  i n  (5 .2)  g i v e s  

where  t h e  s u p e r s c r i p t  T on 6M s t a n d s  f o r  t r a n s p o s e  o f  ma t r ix .  The 

r e d u c e d  e i g e n v a l u e  problem 

(I-rn)$i = Xi$i (5,131 

h a s  been shown by Haymaker and Matsuk i  [I41 t o  g i v e  c o r r e c t  s t a b i l i t y  

i n f o r m a t i o n .  



Equation (5.13) expressed i n  terms of t v a r i a b l e s  using (2.15) and 

*(XI = 4% +(x) 

g i v e s  

OD 

- e  -tf2 1 d E e l  D )  = i)(t) 
It 

where X here  s t ands  f o r  eigenvalue,  and 

C(x) has i t s  usual  meaning 

ve r t ed  i n t o  a d i f f e r e n t i a l  

eigenvalues.  

1 
(C(x) = - M(x) ). Equation (5.15) is con- 

JX 
equation and then solved f o r  t h e  poss ib le  

T h e  or thogonal i ty  condi t ion  f o r  e igenfunct ions  i s  ca lcu la ted  a s  

follows: using (5.13) 

Multiply (5.17) by $,(x)D(x)W(x,y)D(y) and i n t e g r a t e  over x; mult iply 

(591.8) by $m(y)D(y)W(y,x)D(x) and i n t e g r a t e  over y t o  have 



S u b t r a c t  (5.19) f rom (5.18) t o  g e t  

(5.20) is  t h e  o r t h o g o n a l i t y  i n t e g r a l  f o r  e i g e n f u n c t i o n s .  

Using (5.15) a n d  (5.20) Haymaker and  Matsuki  found  e i g e n v a l u e s  

wh ich  are c l a s s i f i e d  i n t o  two p a r t s  d e p e n d i n g  on t h e  r e g i o n s  o n l y  i n  

which t h e  e i g e n v a l u e s  o s c i l l a t e  - i n f r a r e d  o r  u l t r a v i o l e t  r e g i o n .  The 

p o i n t  which s e p a r a t e s  them is g i v e n  by a v a n i s h i n g  p o i n t  o f  t h e  f u n c t i o n  

D ( x ) .  The e i g e n v a l u e s  a r e  t a b u l a t e d  a s  f o l l o w s .  

TABLE (5.1) 

Number of Nodes 

A, (Infrared Region] 

In (Ultraviolet Region) 

(CP. Haymaker and  Mat suk i  E141.) 



N o t i c e  t h a t  e i g e n v a l u e s  w i t h  p e a k s  i n  t h e  i n f r a r e d  r e g i o n  a r e  ~ r e a t e r  

t h a n  u n i t y ,  a n d  t h o s e  w i t h  p e a k s  i n  t h e  u l t r a v i o l e t  r e g i o n  a r e  less t h a n  - -- 
u n i t y .  The s p e c t r u m  o f  e i g e n v a l u e s  a b o v e  is f o r  t h e  p a r a m e t e r  t = 0.3. 

C 

With t h e  t a b l e  above ,  we now g o  a h e a d  a n d  c a l c u l a t e  t h e  e x p e c t a t i o n  

v a l u e  o f  t h e  2nd f u n c t i o n a l  d e r i v a t i v e  o f  VCDDG w.r.t M. 

Expand ing  6M( x )  a s  

We recall  t h a t  t h e  s e c o n d  term on t h e  r . h . s .  o f  e q u a t i o n  ( 5 . 2 )  i s  

1 
7 J d x d ~  

Eq. (5 .22)  is 

h a v e  s a i d  may 

t h e  e x p e c t a t i o n  v a l u e  o f  t h e  c u r v a t u r e  m a t r i x  which  we 

b e  n e g a t i v e ,  p o s i t i v e  o r  z e r o  d e p e n d i n g  on  t h e  e i g e n v a l u e s  

o f  t h e  2nd f u n c t i o n a l  d e r i v a t i v e  o f  VCDDG a l r e a d y  g i v e n  i n  T a b l e  

( 5 . 1 ) .  The e x p e c t a t i o n  v a l u e  A is  

w h e r e  we h a v e  u s e d  ( 5 . 1 1 ) .  Again u s i n g  (5 .8)  and  (5 .21)  i n  (5 .24)  g i v e s  

Use (5 .17 )  t o  h a v e  



and f i n a l l y ,  using (5.20) t h e  or thogonal i ty  condi t ion ,  we f i n d  

The analogous expression f o r  using V C ~ T  is  [ I41 

(5.26) 
using (5.17) t o  have 

Before using t h e  or thogonal i ty  condi t ion  (5.20),  n o t i c e  from (5.26) and 

(5.27) t h a t  

= An dx am*m(x)D(x)an$n(x) 

g iv ing  



Then,  s u b s t i t u t i n g  (5 .28 )  i n t o  ( 5 . 2 7 ) ,  we f i n d  

- 
E x p r e s s e d  i n  t h i s  way, A and  KcgT are o b v i o u s l y  d i f f e r e n t  from e a c h  

o t h e r  i n  t h e  f o l l o w i n g  ways. 

1. I n  t h e  i n f r a r e d  r e g i o n  ( T a b l e  5 .1)  a l l  e i g e n v a l u e s  a r e  l a r g e r  t h a n  
- 

u n i t y .  A is p o s i t i v e  w h i l e  TCgT i s  n e g a t i v e ,  i m p l y i n g  t h a t  w i t h  

V C ~ T  t h e  symmetry b r e a k i n g  s o l u t i o n s  are u n s t a b l e  s a d d l e  p o i n t s .  
- 
A is p o s i t i v e  a n d  h e n c e  t h e  symmetry b r e a k i n g  s o l u t i o n s  are s t a b l e .  

2. I n  t h e  u l t r a v i o l e t  r e g i o n  a l l  e i g e n v a l u e s  are less t h a n  u n i t y  ( T a b l e  

5.1 ) . Here b o t h  a n d  T C ~ T  are  p o s i t i v e  and  h e n c e  t h e  s o l u t i o n s  

a re  s t a b l e .  

We emphas i ze  h e r e  t h a t  i t  i s  i n  t h e  i n f r a r e d  r e g i o n  t h a t  o n e  l o o k s  

f o r  c h i r a l  symmetry b r e a k i n g  a n d  t h e r e f o r e  t h e  s a d d l e  p o i n t  i n s t a -  

b i l i t y  a s s o c i a t e d  w i t h  V C ~ T  makes i t  n o t  q u i t e  s a t i s f a c t o r y  a s  a n  

e f f e c t i v e  p o t e n t i a l  f o r  d y n a m i c a l  c h i r a l  symmetry b r e a k i n g .  

A new e f f e c t i v e  p o t e n t i a l  which  i n c l u d e s  a u x i l i a r y  f i e l d s  h a s  been  
a 

f o r m u l a t e d  by F. Cooper ,  T. M a t s u k i  a n d  R .  Haymaker [19],  which is  

bounded below and  g i v e s  s t a b l e  c h i r a l  symmetry b r e a k i n g  s o l u t i o n s .  



C H A P T E R .  6 

CONCLUSIONS 

I n  t h i s  work, we h a v e  e x h a u s t i v e l y  s t u d i e d  c h i r a l  symmetry b r e a k i n g  

i n  QCD l i k e  t h e o r i e s .  

The s t u d y  was m o t i v a t e d  i n  t h e  i n t r o d u c t i o n  by o b s e r v i n g  t h a t  a n y  

v i a b l e  t h e o r y  o f  t h e  s t r o n g  i n t e r a c t i o n s  must  u n d e r g o  a t  l eas t  two p h a s e  

t r a n s i t i o n s  s o  t h a t  t h e  p h y s i c a l  w o r l d  r e s u l t i n g  f rom t h e  QCD L a g r a n g i a n  

is  n o n - p e r t u r b a t i v e .  The p h a s e s  a re  t h e  c o n f i n e m e n t  and  PCAC phases .  

The PCAC p h a s e  t r a n s i t i o n  i s  a s s o c i a t e d  w i t h  xSB and  most  o f  t h e  low 

e n e r g y  phenomenology o f  t h e  h a d r o n i c  s p e c t r u m  h a s  been  u n d e r s t o o d  t o  a 

d e g r e e  t h r o u g h  PCAC. 

The e f f e c t i v e  p o t e n t i a l  f o r  c o m p o s i t e  o p e r a t o r s  d u e  t o  C o r n w a l l ,  

3ackiw and  Tomboul is  was used .  However, s i n c e  t h e  o r i g i n a l  form o f  t h e  

e f f e c t i v e  p o t e n t i a l  d u e  t o  C3T h a s  been  shown t o  g i v e  u n s t a b l e  xSB s o l u -  

t i o n s ,  we h a v e  u s e d  t h e  m o d i f i e d  form o f  V C ~ T  d u e  t o  CDDG. We h a v e  

shown [25 ]  t h a t  VCDDG g i v e s  c h i r a l  symmetry b r e a k i n g  s o l u t i o n s  which 

a re  s t a b l e ,  t h e  p r o o f  o f  which  f o r m s  t h e  c o n t e n t s  of  C h a p t e r  5. 

I n  C h a p t e r  4, we u s e d  VCDDG s e l f - c o n s i s t e n t l y  i n  t h e  R a l e i g h - R i t z  

scheme t o  s t u d y  s p o n t a n e o u s  xSB. Here a s o l u t i o n  which t e n d s  t o  t h e  

r e g u l a r  s o l u t i o n  o f  t h e  SD e q u a t i o n  i n  t h e  a s y m p t o t i c  l i m i t  was u s e d  a s  

a v a r i a t i o n a l  a n s a t z  i n  VCDDG. The vacuum e x p e c t a t i o n  v a l u e  o f  t h e  

f e r m i o n  b i l l i n e a r  was e s t i m a t e d .  T h i s  t r e a t m e n t  a l s o  h i g h l i g h t e d  t h e  

s u c c e s s  o f  u s i n g  a R a l e i g h - R i t z  scheme i n  s t u d y i n g  s p o n t a n e o u s  xSB w i t h  

VCDDG, c o n t r a r y  t o  t h e  claim by CDDG t h a t  t h i s  was n o t  p o s s i b l e .  



We a l s o  s t u d i e d ,  i n  C h a p t e r  4, s p o n t a n e o u s  xSB f o r  f i e l d  t h e o r i e s  

w i t h  a  f i x e d  c o u p l i n g  c o n s t a n t  u s i n g  VCDDG. Whi le  i t  h a s  been  shown 

by C a s t o r i n a  and  P i  t h a t  w i t h  V C ~ T  c h i r a l  symmetry is  b roken  s p o n t a n e -  

o u s l y  f o r  v a l u e s  o f  t h e  c o n s t a n t  c o u p l i n g  c o n s t a n t  ~ ( t c )  > 2 / 3 ,  we f o u n d  

t h a t  f o r  a l l  v a l u e s  o f  c ( t C )  t h e  minimum o f  VcDDc o c c u r s  a t  m = 0, 

i n d i c a t i n g  c h i r a l  symmetry is n o t  b roken .  T h i s  f e a t u r e  is c o n s i s t e n t  

w i t h  t h e  claim t h a t  o n l y  a s y m p t o t i c a l l y  free f i e l d  t h e o r i e s  a l l o w  xSB 

a n d ,  e m p h a s i z e s  t h e  i m p o r t a n c e  o f  l o g a r i t h m i c  b e h a v i o r  (wh ich  is  t h e  

h a l l m a r k  o f  a s y m p t o t i c  f r e e d o m )  i n  d y n a m i c a l  xSB. 

In  C h a p t e r  3, we s t u d i e d  e x p l i c i t  xSB i n  a  v e r y  g e n e r a l  way u s i n g  

t h e  i r r e g u l a r  s o l u t i o n  o f  t h e  SD e q u a t i o n ;  t h i s  a g r e e s  w i t h  r e c e n t  work 

by Haymaker and  Mat suk i .  The c o n c e p t  o f  c o n s t i t u e n t  q u a r k  mass and  

c u r r e n t  q u a r k  mass  was e x p l o i t e d  t o  estimate t h e  c o n s t i t u e n t  q u a r k  

masses o f  t h e  l i g h t  q u a r k s .  The v a l u e  o f  t h e  c r i t i c a l  c o u p l i n g  s ( t c )  

f o r  p h a s e  t r a n s i t i o n  t o  t a k e  p l a c e ,  ie . ,  f rom t h e  c h i r a l - s y m m e t r i c  p h a s e  

t o  t h e  s p o n t a n e o u s l y - b r o k e n  p h a s e ,  a g r e e s  v e r y  well i n  b o t h  schemes  - 
e x p l i c i t  xSB and  t h e  v a r i a t i o n a l  a p p r o a c h .  

And f i n a l l y ,  a n  Appendix is i n c l u d e d  f o r  c a l c u l a t i n g  t h e  d i s c o n -  

t i n u i t y  c o n d i t i o n  e n c o u n t e r e d  i n  s o l v i n g  t h e  SD n o n l i n e a r  d i f f e r e n t i a l  

e q u a t i o n .  



A P P E N D I X  A 

Given t h e  c o u p l i n g  c o n s t a n t  i n  t h e  fo rm we h a v e  u s e d  i t  

(A. 1) 

o n e  f i n d s  t h a t  ~ ( t )  i s  c o n t i n u o u s  a t  t = 0 b u t  t h e  d e r i v a t i v e  s ( t )  is 

n o t ,  which  makes t h e  s e c o n d  d e r i v a t i v e  e ( t )  a d e l t a  f u n c t i o n .  A s  a 

c o n s e q u e n c e  C ( t )  h a s  t h e  same p r o p e r t y .  

We rewrite (A.1) a s  

w h e r e  we h a v e  u s e d  t h e  f a c t  t h a t  t h e  d e r i v a t i v e  o f  a s t e p  f u n c t i o n  is  a 

d e l t a  f u n c t i o n .  8 ( t )  i s  t h e  s t e p  f u n c t i o n  whose i n t e g r a l  r e p r e s e n t a t i o n  

To c a l c u l a t e  t h e  d i s c o n t i n u i t y  o f  C( t )  , we i n t e g r a t e  t h e  d i f f e r e n t i a l  

e q u a t i o n  f rom (0-6)  t o  (0+6) where  6  is a small p o s i t i v e  number and  



then let 6 go to zero. 

We do term by term integration of ( A . 5 ) .  

0 4  
l i m  - I d t  f ( t )  = l im [ ~ ( 0 + 6 ) - ~ ( 0 - 6 ) )  = 0 

6+O 0-6 &O 

because C(O+) = C(0-I? ie. C(t) is continuous. 

because C( t) is analytic. The third term of (h.5) becomes 

Split the integration region into two to have 



w h e r e  we h a v e  u s e d  ( A . 2 )  and  ( A . 3 ) .  Then u s e  t h e  d e f i n i t i o n  o f  t h e  u n i t  

s t e p  f u n c t i o n  B ( t )  t o  g i v e  

Eo C ( t )  = lim + 

The  s e c o n d  term o f  ( A . 5 )  becomes 

+ lim cO* d t  2 < t >  

Using ( A . ? ) ,  ( A . 3 )  and ( A . 4 )  we have 
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The l a s t  two terms v a n i s h  b e c a u s e  o f  t h e  a n a l y t i c i t y  of  C ( t )  and  C ( t )  i n  

t h a t  i n t e g r a t i o n  r a n g e .  The f i r s t  term i n t e g r a t e s  o u t  e a s i l y  b e c a u s e  o f  

t h e  d e l t a  f u n c t i o n  g i v i n g  

We a r e  l e f t  w i t h  o n l y  (A.6) a n d  (A.7) f r o m  i n t e g r a t i o n  o f  ( A . 5 )  v i z .  

B u t  C(O) is n o t  c o n t i n u o u s  b e c a u s e  s ( t )  is  d i s c o n t i n u o u s  a n d  we must  

d e f i n e  t h e s e  a s  

S u b s t i t u t e  (A.10) i n t o  (A.8) t o  h a v e  

F i n a l l y  s u b s t i t u t e  (A.9) i n t o  (A.11) ( i e .  ~ ( 0 ) )  t o  h a v e  



This is the discontinuity condition. 

(A. 12) 
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