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ABSTRACT 

A weakly minimal s t ruc tu r e  i s  one i n  which any non-algebraic strong 

type has a unique non-algebraic extension over any s e t .  I f  p i s  a 

non-algebraic strong type i n  a sa turated weakly minimal s t ruc tu r e  M ,  

and aEb if and only i f  a and b a r e  a lgebraic  i n  each other ,  we 

can give p(M)/E t h e  s t ruc tu r e  inher i t ed  from M .  We suppose: 

(*) In t h e  s t ruc tu r e  p(M)/E t h e  a lgebraic  c losure  operation i s  

non- t r iv ia l ,  but t h e  a lgebraic  c losure  of a f i n i t e  s e t  is  f i n i t e .  

Many known examples of weakly minimal theor ies  have strong types 

s a t i s fy ing  (*). We f ind  i n  t h i s  case t h a t  t he r e  is  an almost 0-definable 

equivalence r e l a t i o n  8 and formula (x) E p such t h a t  cp (M) / 6  has 

formulas giving it t h e  s t ruc tu r e  of e i t h e r  an a f f i ne  o r  p ro jec t ive  space 

over a f i n i t e  f i e l d .  We determine exact ly  what f u r the r  s t r uc tu r e  i s  

poss ible  on cp(M)/8. 

I f  we fu r the r  assume t h a t  M has no two orthogonal types,  we f i nd  

6 as  above and get  a global s t r uc tu r e  theorem f o r  M/8. 

( i i i )  
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INTRQDUCT ION 

In  [Mo], Morley proved )log's con jec tu re  t h a t  a  countable theory  

T c a t e g o r i c a l  i n  one uncountable c a r d i n a l  is  c a t e g o r i c a l  i n  every 

uncountable c a r d i n a l .  Shelah, i n  [Sh, 11, genera l ized  t h i s  t o  

uncountable T, proving t h a t  i f  T  i s  c a t e g o r i c a l  i n  some K > I T I ,  
it is  c a t e g o r i c a l  i n  every K > I T I .  To do t h i s  he invented t h e  no t ion  

of weakly minimal s e t s .  I n  r e t r o s p e c t ,  t h e  s tudy of weakly minimal s e t s  

i s  q u i t e  n a t u r a l ,  a s  they  a r e  p r e c i s e l y  t h e  supe r s t ab le  s t r u c t u r e s  of 

U-rank 1. U-rank is  due t o  Lascar [Las].  Here we i n v e s t i g a t e  a  subc las s  

of t h e  c l a s s  of weakly minimal s e t s .  

S t rongly  minimal s e t s ,  a  s p e c i a l  case  of weakly minimal s e t s ,  were 

inves t iga ted  e a r l i e r  than  general  weakly minimal s e t s  f i r s t  by Marsh [Mar], 

and l a t e r  by Baldwin and Lachlan [BL]. In  t h e  l a t t e r ,  s t r o n g l y  minimal 

s e t s  a r e  used t o  show t h a t  a  countable N - c a t e g o r i c a l  t heory  has e i t h e r  
1 

one o r  N~ countable models up t o  isomorphism. Even more spec ia l  a r e  t h e  

s t r i c t l y  minimal s e t s  which i n  t h e  N - ca tegor i ca l  c a s e  have been 
0 

c l a s s i f i e d  by Z i l f b e r  [Zl ,  221 and Cher l in  [CHL] a s  a f f i n e  o r  p r o j e c t i v e  

spaces over f i n i t e  f i e l d s ,  o r  d i s i n t e g r a t e d  s e t s .  S t r i c t l y  minimal s e t s  

a r e  widely used i n  [CHL] t o  s tudy No-categorical ,  N - s t a b l e  s t r u c t u r e s .  
0  

The weakly minimal s e t s  s tud ied  he re  have a  s t rong  resemblance t o  

N - ca t egor i ca l  s t r i c t l y  minimal s e t s .  
0  

General weakly minimal s e t s  have been inves t iga ted  by Andler [ A ] ,  

and r a t h e r  more r e c e n t l y  and deeply by Buechler [Bu 1-81. Buechler has 

considered and exp lo i t ed  t h e  geometrical  n a t u r e  of t h e s e  s e t s  - i f  we 

t a k e  a s  p o i n t s  t h e  a l g e b r a i c  c losu res  of s i n g l e t o n s ,  t h e  a l g e b r a i c  c l o s u r e  

opera t ion  n a t u r a l l y  y i e l d s  a  geometry on any weakly minimal s e t .  Usually 



t h i s  geometry is  r e s t r i c t e d  t o  t h e  c o l l e c t i o n  of r e a l i z a t i o n s  of some 

s t rong type. Here we concern ourselves with weakly minimal s e t s  M 

such t h a t  t h e r e  is  a non-algebraic s t rong type p such t h a t :  

(*) For any N h M and f i n i t e  F - c p(N) t h e r e  i s  a f i n i t e  G c p ( N )  

such t h a t  acR (F) fl p (N) = U acL(g) fl p (N) . 
. g€G 

That is, t h e  geometry described above i s  l o c a l l y  f i n i t e .  Equivalently,  

t h e  geometry i s  e i t h e r  d i s i n t e g r a t e d  o r  an a f f i n e  o r  p r o j e c t i v e  space 

over a f i n i t e  f i e l d .  See 3 . 4  (1) .  

Perhaps Buechlerfs  c r u c i a l  r e s u l t  is t h a t  i f  p(N) i s  a s  above, 

e i t h e r  p has Morley rank 1 o r  i s  l o c a l l y  modular. Local modularity 

means t h a t  f o r  any closed X and Y with X fl Y # @, 

dim(X U Y) + dim(X fl Y) = dim(X) + dim(Y). Thi,s g ives ,  between any two 

non-orthogonal s t rong types,. an a lgebra ic  r e l a t i o n  a f t e r  naming a t  most 

one element r e a l i z i n g  each. 

The following comes e s s e n t i a l l y  from [Bu 7 1 :  Suppose M is  weakly 

minimal and l o c a l l y  modular, Th(M) conta ins  only countably many k-types 

over @ f o r  each k € a, and p i s  a s t rong type such t h a t  p(M) i s  

not contained i n  a s t rong ly  minimal s e t .  Then p s a t i s f i e s  (*). So i f  

we have t h e  above hypotheses, t h e  work t h a t  follows here  app l i es .  

Work of Hrushovski [Hr] a l s o  has a d i r e c t  bearing on weakly minimal 

s e t s .  While h i s  work i s  not i n  f i n a l  form, a t  t h e  t i m e  of wr i t ing  it 

seems s a f e  t o  say  t h a t  h i s  r e s u l t s  imply t h e  following: 

Suppose M i s  s a t u r a t e d ,  weakly minimal, uni-dimensional,  Th(M) is  

countable but M is  not  tt0-stable. Then t h e r e  i s  a s t rong  type p and 

E ,  an almost 0-definable equivalence r e l a t i o n  with f i n i t e  c lasses ,  such 



that p(M)/E' has an almost 0-definable abelian group structure. As in 

section 6 of this paper, the group structure exists on q(M)/E for 

some q(x) € p. The result of the present paper can be seen as a special 

case of this, although in our case we get more specific information. 

The importance of weakly minimal sets in the study of 

uni-dimensional superstable theories is indicated by the following theorem 

of Buechler : 

If M is an LMFR structure, {a) U A - c M and a j! ad(A), then for 

some N >. M and c E N ~ ~ ,  U(c/A) = 1 and c € acL(Aa). 

An LMFR structure has every weakly minimal type locally modular (LM), 

and every type of finite U-rank (FR). PIeq is a structure canonically 

associated with N having names for definable subsets. Every non- 

N -stable, superstable, uni-dimensional structure is LMFR. This result 0 

is similar to the Coordinatization Theorem of [CHL], which gives 

considerable information about K -categorical, N -stable structures. 
0 0 

The naturalness and amenability to study of superstable 

uni-dimensional structures, at least those without the omitting types 

order property, is indicated by the following consequence of Shelahvs 

general classification machinery: 

For a complete theory T, there is a cardinal K such that in any 

cardinal X T has 5 K non-isomorphic models of size X iff T is 

superstable, uni-dimensional and has NOTOP. For countable such T, the 

minimum such K is either P or 1 2 ' 

The standard example of a uni-dimensional, weakly minimal, non- 

N -stable structure is the following, due essentially to Morley: 0 



M = ( ~ ( n ) ~ ;  +, *a, Pk9a: k E a, a E F(n)) .  

Here F(n) is  t h e  f i n i t e  f i e l d  of n elements, ( ~ ( n ) ~ ;  +, .a: a E F(n))  

i s  a vector  space over F(n) with operat ions  defined pointwise, and 

P (q) i f f  q (k) = a f o r  q E F (nlw. I f  N > M i s  sa tu ra ted  and p 
k ,  a 

is  a non-algebraic s t rong type over , p(N) i s  an a f f i n e  o r  p ro j ec t i ve  

space over F(n). Also, t h e  a lgebra ic  c losure  of a ' f i n i t e  s e t  is  f i n i t e .  

This i s  na tu r a l l y  l o s t  i f  i n f i n i t e l y  many po in t s  of N a r e  named, but 

our condit ion (*) remains. We w i l l  f i n d . t h a t  i n  some sense t h i s  i s  t h e  

only example of a weakly minimal, uni-dimensional theory with a s t rong 

type s a t i s fy ing  (*). 

Another example of a weakly minimal, uni-dimensional, non-N - s t ab l e  
0 

s t r u c t u r e  is  (Z,+), the  in tegers  a s  an abe l i an  group. Andler c r e d i t s  

recogni t ion of t h i s  example t o  Harnik. I f  N i s  a sa tu ra ted  elementary 

extension of (Z,+) and p i s  a s t rong type,  p(N) is  an a f f i n e  o r  

p ro jec t ive  space over t he  r a t i o n a l s .  A t h i r d  example, due t o  Hrushovsky, 

is  somewhat s imi la r  t o  Morleyls except t h a t  i n  a s t rong type t he r e  i s  an 

a f f i n e  o r  p ro j ec t i ve  space over U F ( ~ ~ )  , where p i s  some prime. This 
kEw 

example seems somehow intermediate t o  t h e  previous two. 



SECTION 1 ' 

PRELIMINARIES AND NOTATION 

In this section we will define the basic notions and fix notation 

for the rest of the paper. Much of the section is devoted to a 

description of affine and projective spaces over finite fields. While 

these are well-understood, the usual description of them is as two-sorted 

structures, and we want a one-sorted description. 

We will assume the reader has some familiarity with stability 

theory, although little of the deep theory will in fact be used here. 

Indeed, except for quoting the Classification Theorem for ti -categorical 0 

strictly minimal sets in section 3, most of the proofs will use nothing 

deeper than the Compactness Theorem. 

We will require from stability theory the notions of strong type, 

algebraic closure, Meq, and of course weak minimality. We will denote 

models as well as their underlying sets by M or N with various 

decorations, and in one case by K. Aut(M) denotes the group of 

automorphisms of Me Our structures will always be infinite. 

M~~ is the structure obtained from M by adjoining, for each 

k 
k € o and each 0-definable equivalence relation. E on M , a point 

k for each class of M /E. In M~~ we have, for each k E o and E as 

above, a 0-definable function taking (al, ..., ak) to (al, ... ak)/E for 

al,ae.,ak € M. For further details see [Sh,2] or [Ma]. Much of our 

notation comes from the latter. 

We write q(M,a) for the set of realizations in M of a formula 

q(x,i). Similarly p(M) if p is a collection of formulas. 1 ~ 1  is the 



ca rd ina l i t y  o'f M. 

Suppose A - c M; a  type over A i s  a lgebraic  if it is  rea l ized  by 

only f i n i t e l y  many elements i n  any N > M. acL(A), t h e  a lgebraic  

c losure  of A,  i s  t he  s e t  of r ea l i z a t i ons  of a l l  a lgebraic  types over 

A - acl?(A) w i l l  usual ly  be taken i n  M ~ ~ .  A s trong type over A i s  a  

complete type over ad!(A) taken i n  M ~ ~ .  The term f ls t rong typef1 w i l l  

r e f e r  t o  a non-algebraic strong 1-type over $ unless  otherwise 

indicated.  I f  Z,6 r e a l i z e  t h e  same type (strong type) over C ,  we 

w i l l  wr i t e  a 5 G(c) (a 5 'G(c)). Often we w i l l  ignore t h e  d i s t i nc t i on  

between s e t s ,  sequences and s ingle tons ,  wri t ing such things  a s  a Z 'b(c) 

and a E acL(E). A n  equivalent d e f i n i t i o n  of a 5 %(c) i s  t h a t  f o r  

every C-definable equivalence r e l a t i o n  E with f i n i t e l y  many c lasses ,  

~ ( a , 6 ) .  

Def ini t ion 1.1: (1) A s t r uc tu r e  M i s  weakly minimal i f  f o r  any 

N k M , a , b E N  and C c N  - with a z S b  and a , b f a c L ( C ) ,  wehave 

a rsb(c) .  

(2) M is  s t rongly minimal i f  it i s  weakly minimal and f o r  any N > M and 

a ,b  E N \  a c t ($ ) ,  a  :'b. 

(3) M i s  s t r i c t l y  minimal i f  it is s t rongly minimal, Aut(M) is  

t r a n s i t i v e  on M ,  and f o r  each a E M ,  acR{a} ll M = {a) .  

Remark: Weak minimality is  equivalent  t o  being supers table  and 

of U-rank 1. Strong minimality i s  equivalent  t o  being supers table  and 

of U-rank and mu l t i p l i c i t y  1. 

Proposit ion 1 . 2 :  M i s  weakly minimal i f  and only i f  the  following 

holds : 



For any formula ip(x,y) without parameters t he r e  a r e  unary 

1 k ecP (x) , . . . , 8  (x) with parameters from ac t (+ )  taken i n  M ~ ' ,  such t h a t  
ip 
k  ( M ) .  (M) p a r t i t i o n  M and such t h a t :  

cP ip 

For a l l  N > M ,  a E Neq and 1 s i  s k ,  e i t h e r  ei(N) fl q(N,a) -or 
cQ 

ei(N)\ ip(N,a) is  f i n i t e .  
cP 

Proof: ( )  Suppose t h e  condit ion holds,  N > M y  a ,b  E N ,  C - c N 

and a zSb but a ,b  acl (C) .  Suppose N I= ip(a,c) where 6 - c a c l ( ~ ) .  

I i Choose 8 , . . . , ek a s  given by t h e  condit ion and suppose N I= $ (a) . 
ip cP 

Since a f a d ( c ) ,  e i ( ~ )  n ip (~ ,S)  is  i n f i n i t e ,  so e i ( ~ )  \ ~ ( N , E )  i s  
cP ip 

f i n i t e .  Since b f ace(;) and N I= ei (b) , N I= ip (b,6) . Since rp was 
9 

a rb i t r a ry ,  a zSb(c),  and s ince  a,b,C and N were a rb i t r a ry ,  M i s  

weakly minimal. 

(=>) Suppose M i s  weakly minimal and l e t  ip(x,y) be a formula without 

parameters, and N b M be sa turated.  For any strong type p and 

a - c  either p ( ~ )  n i p ( ~ , a )  o r  ~ ( N ) \ ~ ( N , z )  is  a subset of act(;) 

by t he  weak minimality, and hence f i n i t e  by t h e  sa tu ra t ion .  So we can 

f ind  by compactness 8 - E p such t h a t  8 - (N)  n i p ( ~ , a )  o r  
cP,p,a ip,p,a 

8 - (N) \ Q ( N , ~ )  i s  f i n i t e .  Again using t h e  sa tu ra t ion ,  f o r  each p 
( P Y P , ~  

t h e  following co l l ec t i on  of formulas i s  inconsis tent :  

=-m Here 3- x abbreviates "there a r e  a t  l e a s t  m x's". 

Using compactness we f i nd  a f i n i t e  subset  of t h e  above s e t  

inconsis tent .  Let 8 (x) E p be t h e  conjunction of t h e  8 - I s  
09P (Psp9a 

occurring i n  t h i s  subset .  For any a c Neq we have e i t h e r  - 



8 (N) ncp(N,a) o r  8 (N)\v(N,&) f i n i t e .  Bycompactness, w e c a n  
VYP V YP 

choose a f i n i t e  s e t  of 8 I s  covering N and then appropr ia te  Boolean 
cp Y P  

i combinations of these  y i e l d  t h e  required  8 I s .  A s  N i s  sa tu ra ted ,  
cP 

t h e  proof i s  complete. 

Remarks: ( I )  Ful l  s a t u r a t i o n  of N i s  not  r e a l l y  needed i n  t h e  

above proof, but it is  d i r e c t  from weak minimality t h a t  i n  any ca rd ina l  

~ e 2 I ~ ~ ( ~ )  I , / M I  t h e r e  is N > # sa tu ra ted  of s i z e  K .  

(2) From t h i s  charac te r i za t ion  it i s  c l e a r  t h a t  i f  M i s  weakly minimal 

and cp(x,y) i s  an M-formula, we cannot f i n d  {ai:  i C o) with each 

( M i )  i n f i n i t e  and cp(M,ai) l l  cp(M,a.) = $ f o r  i # j C o. 
J 

(3) The o r i g i n a l  d e f i n i t i o n  of weak minimality i s  s i m i l a r  t o  t h e  above 

i condit ion,  except t h a t  t h e  8 I s  were allowed parameters from M. That 
9 

t h i s  i s  equivalent  t o  t h e  above condi t ion  fol lows from a normalization 

argument. 

(4) We w i l l  use  t h e  condit ion of t h i s  proposi t ion  without mention a t  

var ious  po in t s  of t h e  paper. 

On a weakly minimal s t r u c t u r e ,  t h e  a lgebra ic  c losure  operat ion 

has t h e  following n i c e  geometric p roper t i e s ,  of which only exchange 

requ i res  weak minimality: 

(1) A - c acR (A) ; 

( 2 )  ( t r a n s i t i v i t y )  I f  a  E acl(B) and B - c a d ( C )  , then a E acR(C) ; 

(3)  (monotonicity) I f  A - c B, a d ( A )  - c acR(B) ; 

(4) ( f i n i t e  b a s i s )  I f  a  C acR(A), t h e r e  is  f i n i t e  B c - A such t h a t  

a E a c t  (B) ; 

(5) (exchange, a .  k. a .  forking symmetry) I f  a  E acR(A U {b) )  \ a d ( A )  , 

then b E ac&(A U { a ) ) .  



We w i l l  sometimes wri te  a L b  f o r  a € acR(A U {b) ) \  a d ( A )  
A 

and a b f o r  t he  negation. The above proper t i es  allow us t o  
A 

meaningfully introduce t h e  notion of independent s e t s  - A c M i s  - 

independent i f  f o r  no a € A i s  a € a c l ( ~ \ { a ) )  - and of ba s i s ,  

spanning s e t  and well-defined dimension. 

We now consider a general method of obtaining other  s t r uc tu r e s  

from a given one. 

Def ini t ion 1.3: I f  M i s  a  s t r uc tu r e ,  A M and E i s  an - 
equivalence r e l a t i o n  on A, t h e  s t ruc tu r e  induced - by formulas (of M) on 

A/E is t he  s t ruc tu r e  with universe A/E and, f o r  each formula 

I ) ( x ~ , . . ~ x ~ )  of M without parameters, a  predicate  P 
I)* 

A/E (= P (a / E ,  . . . ,ak/E) , where a * 1 
l , w . , a k  E A,  i f  and only i f  t he r e  

a r e  a? € A with a?Eai f o r  1 5 i 5 k and M I= I ) ( a ~ , . . a , a ; ) .  
1 1 

Remarks : (1) I f  t he  terminology "s t ruc ture  induced by formulasI1 

i s  used and no E is mentioned, it i s  assumed t o  be t h e  iden t i ty .  

(2) I f  both A and E a r e  def inable ,  t h i s  const ruct ion is  harmless. 

More i n t e r e s t i ng  uses come when a t  l e a s t  one i s  not def inable .  - 

In f a c t ,  t h e  f i r s t  thing done i n  Section 3 i s  t o  apply t h e  above 

where A = p(M), f o r  some strong type p, and aEb i f  and only i f  

a  € a&(b).  In addi t ion t o  assuming M is  weakly minimal, we w i l l  be 

assuming t h a t  p s a t i s f i e s  the  following: 

(*) For any N ). M and G c' - p (N) f i n i t e ,  the re  i s  H c p(N) f i n i t e  - 
such t h a t  a d  (G) n p (N) = U act{ h) n p (N) . 

h€H 



Any type we subject  t o  sc ru t iny  w i l l  i n  f a c t  be assumed t o  

s a t i s f y  (*). When we take  the  s t r uc tu r e  induced by formulas on p(M)/E 

we f i nd  we have an N -ca tegor ical  s t r i c t l y  minimal s t r uc tu r e ,  which 0 

brings us  t o :  

Theorem 1.4 (The C la s s i f i c a t i on  Theorem f o r  N -ca tegor ical  
0 

S t r i c t l y  Minimal Se t s ) :  I f  M is  an N -ca tegor ical  s t r i c t l y  minimal 
0 

s t r uc tu r e ,  then (M,acl), where a c l  i s  t he  a lgebraic  c losure  operation,  

is  isomorphic t o  one of the  following: 

(1) The degenerate geometry on M; 

(2 )  An a f f i ne  geometry of i n f i n i t e  dimension over a  f i n i t e  f i e l d ;  

(3) A p ro j ec t i ve  geometry over a  f i n i t e  f i e l d .  

This is Theorem 2 . 1  of [CHC]. 

Here t he  degenerate geometry has acl(A) = A f o r  any A c M; - 
i n  t h i s  case  M e f f ec t i ve ly  cannot have any s t r u c t u r e  a t  a l l .  We w i l l  

r a r e l y  consider t h i s  case.  

The isomorphism here i s  a  geometric one; i f  ( ~ , a c R )  i s  isomorphic 

t o  an a f f i n e  geometry we mean t he r e  i s  an a f f i n e  s t r u c t u r e  on t he  s e t  M 

and f o r  any A c M ,  acl(A) = <A> where t he  l a t t e r  no ta t ion  means t h e  - 

a f f i n e  c losure  of A. S imilar ly  i n  t he  p ro j ec t i ve  case.  

Def ini t ion 1.5: (1) An a f f i n e  s t r u c t u r e  over F(n) , where F(n) 

is  t he  f i n i t e  f i e l d  of n  elements, is  a  s t r u c t u r e  M with a  t e rnary  

p red ica te  R and a  4-ary predicate  Q s a t i s f y i n g  t h e  following axioms: 

#O R(x,x,y) y  = x - 

#1  3 ~ , y 3 ' ~ z R ( x ,  y,z)  - 

(Here 3'"z abbreviates "there a r e  exact ly  n  zq r . )  



pred ica te  S s a t i s f y i n g  t h e  following axioms: 

Remark: In  t h e  above d e f i n i t i o n s ,  we make no r e s t r i c t i o n s  on what 

o the r  s t r u c t u r e  M may have. 

We s h a l l  j u s t i f y  t h a t  t h e s e  axioms give  t h e  usual  not ions  of a f f i n e ,  

r e spec t ive ly  p r o j e c t i v e ,  space i n  an appendix. For now we content  

ourselves with descr ib ing what they mean. R(a,b,c) and S(a,b,c)  should 

both be read "a,b and c a r e  on t h e  same line". Q(a,b,c,d) i s  bes t  

read a s  I1b p lus  c equals  d ,  with a a s  zerof' ;  i n  f a c t  when we have 



an a f f i n e  s t r u c t u r e  we w i l l  o f t en  wr i t e  b  + ac = d f o r  Q(a,b,c,d). 

Any s t r u c t u r e  M with a  4-ary Q s a t i s fy ing  # I s  5,6,7 and 10 has an 

abel ian  group s t r u c t u r e  on it; pick any a  € M and l e t  b  + c  = d i f f  

Q(a,b,c,d) a s  above. # ' s  5,6,7 and 10 imply t h a t  t h i s  gives an abe l ian  

group operation with a  a s  zero. Similar ly ,  we w i l l  sometimes wr i t e  

"C = ab + ( l - a ) a  f o r  some a € F(n)I1 ins tead of R(a,b,c) o r  j u s t  

"C = abl1 i f  a  is  taken a s  zero, s ince  t he r e  i s  l i t t l e  d i f fe rence  

between an a f f i n e  and a  vector  space over F(n). Abusing terminology, 

we w i l l  c a l l  t h e  s t r uc tu r e  with universe M and p red ica te  Q an 

abel ian  group. 

Geometrically, f o r  a ,b ,c  not  co l l i nea r ,  Q(a,b,c,d) means d  

"completes t h e  parallelogramsv: 

- - - - 
Here ab 1 1 cd and ac 1 1 bd . 

Axiom #1 says t h a t  some l i n e  has exac t ly  n, r espec t ive ly  n+ l ,  po in t s  

i n  t he  a f f i ne ,  r espec t ive ly  p ro jec t ive ,  case.  What # ' s  2 and 3 say is  

obvious. #4 says t h a t  a  l i n e  is  determined by any two d i s t i n c t  points  

on it.  

In t he  p ro j ec t i ve  case,  #5 says t h a t  no two l i n e s  a r e  p a r a l l e l  - 

i f  a , b , c  and d  a r e  i n  t h e  same plane i n  t he  sense t h a t  t he r e  i s  e  

with S(a,b,e)  and S(e,c,d)  then t he  Pine through a  and c  meets 

t he  Pine through b  and d o  



Diagrani: 

In  t h e  a f f i n e  case ,  what # ' s  5 and 6 say  i s  c l e a r .  #7 ' s  meaning i s  c l e a r  

from t h e  diagram 

C 

#8 i s  a l s o  b e s t  understood by a 

Diagram: 

#8 can a l s o  be understood a s  saying z + a y  = a(z+y)  + (1-a)z.  

#9  says  t h a t  y,-y and zero  a r e  c o l l i n e a r .  

#10 can be understood a s  saying (with x a s  zero)  t h a t  

- -  - -  - -  
y+z=w A y+u=v + z+v=w+u, o r  t h a t  i f  xy I I zw, xy I 1 uv, xz I 1 yw and 

Diagram : 



#11 is  again bes t  understood by a  

#11 can a l s o  be understood a lgeb ra i ca l l y  a s  saying 

- 1 a (ay) + (1-a-'1 z  = a-ly + (1-a-'1 (y+z). 

Where we have an a f f i n e  o r  p ro jec t ive  s t r uc tu r e ,  we w i l l  f e e l  f r e e  

t o  use any theorems t r u e  about them. For more d e t a i l s ,  t h e  reader i s  

re fe r red  t o  such combinatorial works a s  [Hir] and [Ha]. 

For A c M, <A> i s  t he  c losure  under Q and R of A i f  M is  - 

an a f f i n e  space, <A> i s  t h e  c losure  under S i f  M i s  proj .ect ive.  

We w i l l  use t h e  following f requent ly :  

Proposit ion 1.6: (1) I f  M is  an a f f i n e  s t r uc tu r e ,  and C # $ >  

then a  E <{b) U C> i f  and only i f  e i t h e r  t h e r e  i s  c  E <C> with 

R(c,b,a) o r  t he r e  a r e  d , c  € <C> with Q(d,c,b,a) ,  f o r  any a,b,C i n  M. 

(2)  I f  M is  a  p ro j ec t i ve  s t r uc tu r e ,  and C # 4 ,  a  € <(b)  U C> if and 

only if t h e r e  is  c  E <C> such t h a t  S (c,b,  a)  . 

Proof: (1) Pick any point  i n  C and l abe l  it 0. Then 

<{b) U C> = {ab + c:  a E F(n) and c  E <c>). Let a E <(b) U C > ;  f i nd  

a E F(n) and c  E <C> with a  = ab + c .  I f  a=l ,  Q(O,c,b,a). I f  

a f l ,  a  = ab  + (1-cr)(l-a)-lc and ( I -a ) - l c  E C .  In t he  second case,  

b y  1 - ) c a )  The converse is  c l ea r .  



(2) I f  c  E <C> and S(c,b,a)  , c e r t a i n l y  a € <{b) U C > .  For t h e  

converse, we show t h a t  {a :  3c € <C>S(b,c,a)} is c losed under S, which 

s u f f i c e s .  So suppose c ,d  € <C>, S(b,c ,a)  A S(b,d,e)  A S ( a , e , f ) .  

We assume a ,b ,c ,d  and e a r e  d i s t i n c t ;  t h e  o t h e r  cases  a r e  s i m i l a r .  

Find, by #5 of 1 .5(2) ,  g such t h a t  S(c,d,g)  A S(a ,e ,g ) .  Then 

g c < C > ,  and #3 gives  S ( a , g , f ) .  Now S(a , f ,g )  A S(a ,b ,c)  g ive ,  

by #5, h with S(f ,b ,h)  A S(c,g,h) .  So h € <C> and S(h ,b , f ) .  

Diagram: 

Remarks: (1) We can prove (1) above d i r e c t l y  from # I s  0 t o  11 of 

1.5(1) a s  we d id  (2) above, but t h e r e  would be s e v e r a l  cases t o  check. 

(2) In  t h e  above proof,  and throughout t h e  paper,  i f  $ ( 2 )  is  an 

M-formula, a - c M and M is  understood, we w r i t e  j u s t  $(a)  f o r  

M I= $ ( a ) ,  

A s  i s  well  known, t h e  f i e l d  underlying an a f f i n e  o r  p r o j e c t i v e  space 

can be canonica l ly  i d e n t i f i e d  from t h e  space. Suppose M is  an a f f i n e  

space, a ,b,ax,b* E M with <a,b,a*,b*> of  dimension 4 and R(a,b,c) .  

Pick d f <a,b,a*,b*> and then e and f  with Q(a,b,d,e) A Q(a ,c ,d , f ) .  

Then pick  e* with Q(ax,b*,d,e*) and then f *  with R(d,e*,f*) and 

t h e  l i n e  through e and e* p a r a l l e l  t o  t h e  l i n e  through f  and f* ;  

then choose c* with Q(d,a*,f*,cx).  



Diagram: 

We w i l l  have R(a*,b*,cx) and c* uniquely determined by a ,b ,c ,a*  and 

b* - t h e  choice of d is i r r e l evan t .  The above const ruct ion gives an 

equivalence r e l a t i o n  6 on t r i p l e s  (a,b,c)  with R(a,b,c) A a Z b. 

I t  has n c l a s s e s ,  and is  0-definable. 

Notation 1.7: (1) The equivalence c l a s se s  of t h e  6 j u s t  described 

w i l l  be c a l l ed  t he  f i e l d  elements. They w i l l  be i n  a c t ( @ )  taken i n  M ~ ~ .  

(2)  There i s  a s im i l a r  equivalence r e l a t i o n  on 4-tuples (a,b,c,d)  with 

a ,b ,c  d i s t i n c t  and S(a,b,c)  A S(a,b,d) i n  a p ro jec t ive  space. The 

c l a s se s  w i l l  again be ca l l ed  t he  f i e l d  elements. 

Given a p ro jec t ive  space M and any A c M y  t he r e  is  a na tu ra l  - 

equivalence r e l a t i o n  on M \ < A >  c a l l ed  t h e  l oca l i z a t i on  of M a t  A 

and denoted % A. We have, f o r  a ,b  E M \ < A > ,  a  M b i f f  S(a,c,b)  
A 

f o r  some c t <A>. S na tu r a l l y  induces a p ro jec t ive  s t r uc tu r e  on 

(M\<A>)/ M 
A ' 

Each c l a s s  of % A  is  an a f f i n e  space i f  we s e t  R t o  

be t he  r e s t r i c t i o n  of S t o  t h e  c l a s s  and l e t  Q(a,b,c,d) i f f  f o r  some 

e , f  t <A>, S(a,e,b)  A S(c,e,d)  and S(a , f , c )  A S(b, f ,d)  on t he  c l a s s .  



For any subspace A of M y  t h e  % -c lasses  ' w i l l  be re fe r red  t o  
A 

as  "aff  ine  subspaces" of M y  abusing terminology. 

Given an a f f i n e  s t r uc tu r e  M y  t h e r e  i s  a  canonical way of 

der iv ing a  p ro jec t ive  s t r uc tu r e  from it. 

Def ini t ion 1.8: I f  M i s  an a f f i n e  s t r uc tu r e  over F(n),  l e t  

2 M f  = [M \ {  (a,a)  : a  € MI]/" where (a,b) " (c,d) i f f  the re  i s  e  with 

R(c,d,e) and Q(a,b,c,e). " i s  a  0-definable equivalence r e l a t i o n ,  so 

2 
M1 - c M ~ ~ .  Let F :  M \ {  (a ,a)  : a  E M) + M 1  be t h e  project ion.  M1 is  

ca l l ed  t he  p ro jec t ive  companion of M y  a s  it i s  a  p ro jec t ive  s t r uc tu r e  

over F(n) . We have S((a,b)/", (a,c)/", (a,d)/") i f  and only i f  

d  E <a,b,c> i n  M.  

In f a c t ,  i f  M i s  a f f i ne ,  M U M 1  i s  na tu r a l l y  a  p ro jec t ive  space; 

we extend S t o  M U M 1  a s  follows: 

For a , b , c € M 1 ,  S(a,b,c)  i n  M U M f  i f f  S(a,b,c)  i n  M I .  

For a ,b ,c  € M ,  S(a,b,c) i f f  R(a,b,c) .  For a ,b  € M ,  c  € M P ,  S(a,b,c)  

i f f  F(a,b) = c. This e s s en t i a l l y  takes  c a r e  of a l l  poss ib le  cases.  M '  

i s  a  maximal subspace of M v  U M. 



There is  no canonical way of c rea t ing  an a f f i n e  space from a  

p ro jec t ive  one, but the  preceding several  paragraphs ind ica te  a  non- 

canonical way. Suppose M is  a  maximal subspace of t he  p ro jec t ive  space 

N.  Then N \ M  cons i s t s  of a  s i ng l e  Z M - c l a s s ,  so i s  an a f f i n e  space. 

In t he  s t r uc t u r e  ( N ; M ) ~ ~  - here (N;M) has a  p red ica te  f o r  M - 
t h e r e  is a  0-definable b i j e c t i on  between M and (N\M)!. A s  t h i s  

const ruct ion is  not  canonical ,  ca re  must be exercised when it is  applied 

i n  Section 5. 

The no ta t ion  above w i l l  be used l a t e r .  So (M;A) r e f e r s  t o  the  

s t r uc tu r e  M with a  predicate  f o r  t h e  s e t  A. (M,A) w i l l  have constants  

f o r  t he  elements of A - a s  these  a r e  q u i t e  s imi la r  no ta t iona l ly ,  we 

w i l l  remind t h e  reader  whenever t he  former i s  used. 

I f  p  and q  a r e  non~a lgeb ra i c  types (or  s t rong types) over 

some s e t  A ,  we say p  and q  a r e  non-orthogonal i f  t he r e  a r e  

B 5 p(N), C - c q(N) each independent over A, such t h a t  B U C  i s  not  

independent over A. We say our s t r uc tu r e  M is  uni-dimensional i f  f o r  

any two types  p  and q, p  and q  a r e  non-orthogonal. 

We record t h e  following [CHL, Corollary 2.51: 

Proposit ion 1.9: I f  HO,H1 a r e  0-definable non-orthogonal 

s t r i c t l y  minimal s e t s  i n  an N -ca tegor ical  s t r u c t u r e  M such t h a t  each is  
0 

e i t h e r  d i s in tegra ted  o r  p ro jec t ive  over a  f i n i t e  f i e l d ,  t he r e  i s  i n  M 

a  0-definable b i j e c t i o n  between them. 



SECTION 2 

Our purpose here  is  simply t o  s t a t e  t h e  r e s u l t s  proved i n  t he  

present  paper and t o  give an ou t l i ne  of t he  proofs.  

We s t a r t  with M, a  weakly minimal s t r uc tu r e ,  and p, a  s t rong 

type s a t i s fy ing  our condit ion (*) but having non- t r iv ia l  dependence 

a 
r e l a t i o n .  The main r e s u l t  here  i s  t h a t  t h e r e  i s  8, an almost 

0-definable equivalence r e l a t i o n  on M with f i n i t e  c l a s s e s ,  and 

cp(x) € p such t h a t  cp(M)/8 i s  an a f f i ne  o r  p ro jec t ive  s t r uc tu r e  over a  

f i n i t e  f i e l d .  That is ,  e i t h e r  t he r e  a r e  almost 0-definable predicates  

Q and R on cp(M)/8 s a t i s fy ing  # I s  0  through 11 of 1.5(1),  o r  t he r e  i s  

almost 0-definable S on cp(M)/8 s a t i s fy ing  # ' s  0  through 6 of 1 .5 (2) .  

Furthermore, we can speci fy  what f u r t he r  s t r u c t u r e  is  poss ible  on 

~~q 
cp(M)/8. For simpli-city, assume ad! ($1 is  named. Suppose cp(M)/8 

i s  a f f i ne .  Let M1 be t h e  s t r u c t u r e  with universe cp(M)/8, predicates  

Q and R and a  unary predicate  f o r  each 0-definable subspace of 

q(M)/8. Then f o r  some C - L M:~, (M1,C) i s  in te rdef inab le  with q  (M)/8 

under t he  f u l l  s t r u c t u r e  inher i t ed  from M.  I f  q(M)/8 is  p ro jec t ive ,  

l e t  M1 have p red ica tes  S  and a  predicate  f o r  each 0-definable 

subspace X and each Z X-class .  Recall t h a t  a  Z Xb i f f  S(a,c,b) f o r  

some c  t X .  Again, t he r e  i s  C - C M ; ~  such t h a t  e(M)/8 and (Ml,C) 

a r e  in tesdef  inable .  

I f  we make t h e  fu r t he r  assumption t h a t  M i s  uni-dimensional, then 

we can f i nd  an almost 0-definable equivalence r e l a t i o n  8  such t h a t  we 

can give  a  global  s t r u c t u r e  theorem f o r  M/B.  Again assume f o r  s imp l i c i t y  

~~q t h a t  ace (4) i s  named. Then we can f i nd  Xi ( i  < k € a), Y and 



G c bleq such t h a t :  - 
(i) M / B  i s  e i t h e r  G U U Xi o r  G U Y U U Xi;  

i <k  i<k  

( i i )  Each Xi i s  an a f f i n e  space with s t r u c t u r e  a s  spec i f i ed  f o r  

(p(M)/B above; 

( i i i )  Y i s  a  p ro jec t ive  space a s  spec i f i ed  above; 

( iv )  For each i < k, t he r e  i s  a  b i j e c t i o n  between X i  and Y; 
41 

(v) G i s  f i n i t e ;  

(v i )  A l l  of t he  above is  0-definable. 

The proof of t h e  above r e s u l t s  goes i n  several  s t eps ,  which we 

now ou t l ine .  

F i r s t ,  we assume our s t r uc tu r e  M i s  sa tu ra ted ,  and consider t h e  

s t r uc tu r e  induced by formulas on p(M)/E, where aEb i f f  a  E a d { b ) .  

(*) on p  implies t h a t  t h i s  is  an N -ca tegor ical  s t r i c t l y  minimal s e t ,  
0  

and t he  n o n - t r i v i a l i t y  of t h e  dependence r e l a t i o n  t e l l s  us it is  not 

d i s in tegra ted .  By t h e  C la s s i f i c a t i on  Theorem f o r  No-categorical 

s t r i c t l y  minimal s e t s ,  p(M)/E i s  then e i t h e r  an a f f i n e  o r  p ro jec t ive  

space over a  f i n i t e  f i e l d .  Next we f ind  M-formulas inducing the  a f f i n e  

o r  p ro jec t ive  s t r u c t u r e  on p(M)/E. Next we show t h a t  p(M) i n  t h e  

a f f i n e  case,  o r  p(M) p lus  some a lgebra ic  po in t s  i n  t he  p ro jec t ive  

case,  i s  a  s t rongly  minimal s e t  i n  t h e  s t r u c t u r e  induced by formulas of 

M. This is  a l l  done i n  Section 3 .  

The next s t e p  i s  t o  t ake  a  t r a n s i t i v e  s t rong ly  minimal s e t  M 

such t h a t  ' M / E  (= p(M)/E i n  t he  previous paragraph) is  an a f f i n e  

N -ca tegor ical  s t r i c t l y  minimal s e t ,  and show t h a t  the  a f f i n e  s t r uc tu r e  
0 

l i f t s  t o  MI8 where 8  has f i n i t e  c l a s s e s  and i s  almost 0-definable; 



t h i s  i s  perhaps t h e  most d i f f i c u l t  pa r t  of t h e  paper. We f ind  predicates  

Q and R on M t h a t  induce t he  a f f i n e  s t ruc tu r e  on M/E, and a f t e r  a  

l i t t l e  adjustment f ind  t h a t  t he  add i t ive  s t ruc tu r e  l i f t s .  Using t h i s ,  

we show tha t  any def inable  binary predicate  B with B(a,M) and 

B(M,a) f i n i t e  f o r  a  € M has a  def inable  t r a n s i t i v e  closure.  We know 

t h a t  while Q and R may not qu i t e  give M an a f f i n e  s t ruc ture ,  they 

must be l lclosefl  a s  they induce t h e  s t ruc tu r e  on M/E.  So on an 

appropriate fac tor  M/8 they induce a f f i n e  s t ruc ture .  This is  i n  

Section 4. , 

Also i n  Section 4 we show t h a t  M/8 has l i t t l e  o ther  s t ruc ture .  

Specif ical ly ,  i f  M/8 i s  s t rongly minimal and has an a f f i n e  s t ruc tu r e  

over a  f i n i t e  f i e l d  on it which induces t h e  dependence r e l a t i on ,  we w i l l  

see  t h a t  e f fec t ive ly  only some points  

There's no room f o r  other  s t ruc ture .  

The f i f t h  sect ion is  devoted t o  

of M / O  o r  (M/8) can be named. 

doing much the  same thing f o r  t he  

project ive  case. We assume M is  s t rongly minimal and i f  p  i s  t h e  

non-algebraic strong type,  p(M)/E i s  a  s t r i c t l y  minimal project ive  

space over a  f i n i t e  f i e l d .  We f ind an M-formula S inducing the  p ro jec t ive  

s t ruc ture .  The basic  r e s u l t  here i s  t h a t  t he r e  i s  8, a  0-definable 

equivalence r e l a t i on  on M with f i n i t e  c lasses ,  and a  f i n i t e  0-definable 

s e t  G such t h a t  S induces p ro jec t ive  s t ruc tu r e  on (M\G)/8. To do 

t h i s  we f ind N > M such t h a t  N = a d ( ( a 1  U M) f o r  a  E N \ M y  and 

consider t h e  s t ruc ture  (N;M) with a  predicate  f o r  M.  We f ind  t h i s  has 

rank 1 and f i n i t e  mu l t i p l i c i t y ,  and any s t rongly minimal piece of it 

besides M i s  p rec i se ly  what we s t a r t e d  with i n  t he  previous sect ion.  

So a  su i t ab l e  f ac to r  K of it i s  an a f f i n e  space, and t he  re la t ionsh ip  S 



gives between K and M implies t he r e  i s  a  f ac to r  of M ( l e s s  a  

f i n i t e  s e t )  which i s  an almost 0-definable b i j e c t i on  with K T .  Section 5 

concludes with t h e  r e s u l t  t h a t  any s t rongly minimal p ro jec t ive  s t ruc tu r e  

a r i s i ng  a s  above can have e s sen t i a l l y  no o ther  s t r uc tu r e  except possibly 

some s e t  of constants named. Again we go through N = ac l ({a)  U M) as  

above. 

Returning t o  t he  s i t ua t i on  where our s t ruc tu r e  M is  assumed 

weakly r a t h e r  than s t rongly minimal, we assume t h a t  t he r e  i s  a  strong 
w 

type p  such t h a t  e i t h e r  p(M) c a r r i e s  an a f f i n e  s t ruc tu r e  induced by 

M-formulas, o r  t h a t  a  s e t  P consis t ing of p(M) and some algebraic  

points  c a r r i e s  a  p ro jec t ive  s t ruc tu r e  induced by M-formulas. In t h e  

second case P i s  t h e  p ro jec t ive  closure of p(M). We f ind t h a t  f o r  

any X(x) E p there  i s  cp (x) € p such t h a t  t h e  a f f i n e  o r  p ro jec t ive  

s t ruc tu r e  extends t o  cp(M), and cp(M)\ X(M) cons i s t s  of a  f i n i t e  s e t  

of a lgebraic  points .  In each case t he  proof i s  through a  s e r i e s  of 

successive approximations. In the  a f f i n e  case,  we f ind  t h a t  t he  strong 

types i n  cp(M) a r e  e s sen t i a l l y  a f f i n e  subspaces which a r e  t r a n s l a t e s  

of p(M). In t he  p ro jec t ive  case,  i f  P i s  a s  above, t h e  strong types 

a r e  e s sen t i a l l y  t h e  c lasses  of t h e  r e l a t i o n  " 
" P '  

In t he  seventh sect ion,  we study what f u r the r  s t r uc tu r e  i s  poss ible  

on q(M) a s  i n  t h e  previous paragraph. Actually we consider t he  

p ro jec t ive  case a s  t h e  a f f i n e  case can then be read off  by considering 

cp (M) U (cp (M)) . We assume then t h a t  M i s  a  weakly minimal p ro jec t ive  

s t ruc tu r e  with a  s t rong type p  such t h a t  <p(M)> = P i s  a  p ro jec t ive  

subsgace on which we know t h e  complete s t ruc tu r e  a s  i n  Section 5. Section 6 

t e l l s  us t h a t  any point  i n  every def inable  subspace i s  i n  P,  and so 



that if a and b are non-algebraic and a Z X b  for each 0-definable 

subspace X - 3 P, then a zSb. From this and our knowledge of P, we 

then find that M can only have structure as specified for q(M)/8 at 

the beginning of this section. 

In Section 8, we first notice that if p and q are non-orthogonal 

strong types in a weakly minimal set and p satisfies (*), so does q. 

Using this, we consider the case where M y  in addition to being weakly 

minimal and having a strong type satisfying (*), is uni-dimensional, 

From the above and compactness we can find Z1,...,Zk and O1,..., 
'k 

such that M\U Zi is finite and each Zi/8 is like cp(M)/B described 
i 

at the beginning of this section. From this, it is largely a matter of 

"straightening out" to get the final result. 



SECTION 3 

In t h i s  sec t ion  we get  off  t h e  ground. We take M ,  a  sa turated 

weakly minimal s t ruc tu r e ,  and p a strong type on M sa t i s fy ing  our 

condition (*). Recall t ha t  we mean p is  a non-algebraic strong 1-type 

over . Then i f  we f ac to r  out t h e  a lgebraic  c losure  of points  i n  p(M) 

and t r ans f e r  t he  s t ruc tu r e  from M y  we f ind  we have an i-i -categor ical  0 

s t r i c t l y  minimal s e t .  We choose formulas on M inducing t he  s t ruc tu r e  

on t h i s  f ac to r  of p(M) and devote t he  bulk of t he  sect ion t o  showing 
a( 

t h a t  p(M) along with a co l lec t ion  of a lgebraic  points  i s  a s t rongly 

minimal s e t .  

To begin, l e t  M be a sa turated weakly minimal s t ruc tu r e  of s i z e  

> ITh(M)I and p be a strong type. For a ,b  E p(M) l e t  aEb i f  and 

only i f  a  E acL{b); t h i s  gives an Aut(M)-invariant equivalence r e l a t i o n  

on p(M). We place  t he  following s t ruc tu r e  on p(M)/E: For each 

M-formula ( x l . . , x  ) without parameters, we have a predicate  
k 

PQ (xl , . . . ,xk) on p(M) /E;  i f  ai E p(M) ( i = l ,  . . . , k) l e t  a j  = ai/E 

and by de f in i t i on  p(M)/E I= P ( a i ,  . . . ,a;) i f  and only if 

M I= $(a;,. . . , a t )  f o r  some a?Ea. ( i = l , .  . . , k ) .  We w i l l  use t he  nota t ion 
1 1  

a t  f o r  a/E where a € p(M) from now on; a l so  i f  a = <al , . .  . , a  >, 
k 

a '  = <al/E,...,ak/E>, e t c .  This i s  t he  s t ruc tu r e  induced by formulas on 

P (MI /E.  

Proposition 3.1: Any a E Aut(M) f i x ing  p(M) setwise induces an 

automorphism of p(M)/E. 

Proof: Suppose p (M) /E  I= P (2 ')  and a E Aut (M) . Then f o r  some Q 
i * ~ a ,  M I= $(a*). SO M I= Q(a(a*)) and SO ~ ( M ) / E  I= P (a(;*) 1 ) .  

Q 



Since a(;*) ' = a ( a r  

Corollary 3.2 

f o r  a,6 - c p(M). 

( 2 )  I f  a f ac t (6)  

) , we a r e  done. 

(1) I f  a r 6 i n  M,  then a '  E 6' i n  p(M)/E 

Proof: (1) i s  immediate from 3.1. For (2) we can f ind 

{ai: i < I M I  - c p (M) with a .  @ a if i # j  such t h a t  each ai  5 a(6) 
1 j  

i f  a f a d ( 6 ) .  But then i n  p(M)/E, a 5 a )  and a; # a! i f  i # j .  
J 

So a s  f a a t ( 6 1 ) .  

Unt i l  f u r t he r  no t ice ,  we assume t h e  following condit ion on p: 

(*) I f  N E M and F - c p(N) is  f i n i t e ,  then there  i s  G c p(N) f i n i t e  - 

such t h a t  ac t (F)  n p (N) = ~ { a c t { g )  : ~ E G )  n p (N) . 

Remark: Since M i s  Saturated,  we can replace  N by M i n  t h e  

above. I t  i s  s t a t e d  as  it i s  so t h a t  (*) holding on p depends only on 

p and Th (M) , and not on M.  

Given (*) on p, we get  t h e  converse of 3.2 (2) . 

Lemma 3.3: For a ,6  i n  p(M), if a E ac t (6 )  i n  M then 

a t  € a d ( b t )  i n  p(M)/E. 

Proof: We may assume 6 is  independent, a s  a counter-example with 

of sho r t e s t  poss ible  length has 6 independent. Choose $(x,y) with 

M [= $(a,6) witnessing a € a d ( 6 )  and G - c p(M) f i n i t e  with 

a c t  (6) n p (M) = U act{  gl  n p (M) . Now p (M) /E I= P~ (a '  $6 1 )  and i f  
g€G 

p(M)/E I= P,,,(c' , b l )  t he r e  i s  c*Ec, 6 * ~ 6  with M I= $(c*,6*). Since 6 

i s  independent, so  i s  6*, so c* E a d ( 6 * )  = ac t (6)  . Thus 



26. 

c q  = (c*)'  E {g ' :  ~ E G }  a n d s o  a' E acR(51). 

Lemma 3.4(1): p(M)/E i s  an N -ca tegor ical  s t r i c t l y  minimal 
0 

s t ruc ture .  

(2) Suppose pI9 - ,pk a r e  d i s t i n c t  strong types of M y  a l l  of which 

s a t i s f y  (*) , and we def ine  E on p1 (M) U . . . U pk(M) by aEb i f f  

a Z 'b and a E acl{b}. Then (pl (M) U . . . U pk(M)) / E  under t he  
t 

s t r uc tu r e  induced by formulas i s  No-categorical and t he  union of k 

s t r i c t l y  minimal s e t s .    or a ,6  i n  (pl (M) U . . . U p k ( ~ ) ) ,  a E acR(6) 

i f f  a/E ? a c t  ( 6 1 ~ )  . 

Proof: (1) I f  b1 3 c 1  ( a ' )  then i n  M y  b f c(a)  by 3.2(1).  

So b E acR(a) o r  c E ad ( ; ) .  So by 3.3, b1 E acR(a') o r  c 1  E acR(al) .  

Further b1 E acR(2') implies b E ad( ; )  !l p(M) = UCadCg}: ~ E G )  n p(M) 

f o r  a f i n i t e  G - c p(M); so ' b' E { g l :  ~ E G )  and a d ( ; ' )  is  f i n i t e .  

This implies t h a t  t he r e  a r e  only f i n i t e l y  many k-types i n  p(M)/E f o r  

any k E w, so p(M)/E is  No-categorical.  Then t h e  above a l so  t e l l s  us 

p(M)/E i s  s t rong ly  minimal. Also, i f  b1 E a d { a l ) ,  b E acl{a) so  

b'  = a ' .  

(2) This i s  s imi la r  t o  3.2, 3 .3  and (1) above, once we have the  following 

Claim: I f  F - c pl (M) U . ., U pk (M) i s  f i n i t e ,  the re  i s  

G cpl (M) U ... U pk(M) f i n i t e  such t h a t  

Proof of Claim: Pick Fi - c a d ( F )  fl pi(M) a maximal independent 

s e t .  From t h e  supe r s t ab i l i t y  of M, each Fi is  f i n i t e ,  and 

a d ( F )  n pi (M) = acl(Fi)  n pi (M) . Since (*) holds on pi, choose 



Gi - C pi (M) f i n i t e  with n pi (M) = ~ t a & { ~ >  : gGi} fl pi (M) . 
Then take G = U Gi.  

l s i z k  

Note: This lemma implies t h a t  p(M)/E has an e s sen t i a l l y  countable 

language, even though no r e s t r i c t i o n  was made on t h e  s i z e  of t h e  language 

of M. 

Now we apply t h e  Class i f i ca t ion  Theorem f o r  N -categor ical  s t r i c t l y  
0 

minimal s t ruc tures .  See 1.14. We say t h a t  p i s  of a f f i n e ,  p ro jec t ive  

or  d i s in tegra ted  character  respect ively  i f  p(M)/E i s  an a f f ine  o r  

project ive  space over a f i n i t e  f i e l d  F(n), or  d i s in tegra ted  respect ively .  

Suppose p i s  of a f f i n e  character  over F(n) , and l e t  a , b  E p(M) 

be independent. Then ad{a ,b}  fl p(M) cons i s t s  of p rec i se ly  n E-classes , 

6 

by 3.2(2) and 3.3 s ince  i n  -p(M)/E a&{a' ,b '} has s i z e  n. Pick 

R(x,y,z) an M-formula such t h a t  R(a,b,M) cons i s t s  of a f i n i t e  s e t  of 

elements from each of these  E-classes, except a '  and b ' .  We assume 

t h a t  f o r  any c ,d ,e  E M ,  R(c,d,e) implies t h a t  each of c,d,e i s  

a lgebraic  i n  t h e  o ther  two. So PR def ines  . t he  l i n e s  on p(M)/E. Let 

a ,b ,c  E p(M) be independent and pick d E p(M) such t h a t  i n  p(M)/E 

b' + = d ' ;  i f  d* F p(M) and d E d*({a,b,c}) then (d*)' = d 1  

s ince  abcd 5 abcd* implies a l b ' c l d l  = - a l b l c '  (d*) . Choose Q(x,y,z ,w) 

an M-formula with Q(a,b,c,M) a non-empty subset  of d l .  We assume 

Q(d,e,f,g) implies each of d ,e , f ,g  a lgebraic  i n  t he  other t h r ee  f o r  

any d ,e , f ,g  i n  M. Later we w i l l  redef ine  R and Q. 

Now assume p i s  of p ro jec t ive  character  over F(n); we w i l l  keep 

t h i s  assumption u n t i l  a f t e r  Corollary 3.16, where we f ind  a s e t  consis t ing 



of p(M) p lus  some a lgebra ic  po in t s  which is  s t rong ly  minimal under t h e  

s t r u c t u r e  induced by formulas. 

We c a l l  a  b inary  M-formula x(x,y)  an a lgebra ic  formula i f  f o r  any 

d, e  E M, ~ ( d ,  e) implies d E acl{e) and e E ad{d} .  For t h e  remainder 

of t h i s  sec t ion ,  we w i l l  assume any a lgebra ic  formula a l s o  s a t i s f i e s  

x(d,M) U x(M,d) ~ P ( M )  f o r  d E p w .  

Let a ,b  E p(M) be independent; then a d { a , b )  ll p(M) contains 

n-1 E-classes besides a s  and b v .  Pick an M-formula S(x,y,z) such t h a t  

S(a,b,M) c o n s i s t s  of a  f i n i t e  number of po in t s  from each of these  

E-classes,  and such t h a t  f o r  any c , d , e  € p(M), S(c,d,e)  implies each 

of c , d , e  i s  a lgebra ic  i n  t h e  o the r  two. We may f u r t h e r  assume 

S(a,M,b) and S(M,a,b) a r e  subsets  of p(M) and t h a t  

M I= s ( x , ~ , z )  -+ S(y,x,z)  S(z ,y ,x) ;  f o r  t h i s ,  replace  S(x,y,z) 

We can f i n d  an a lgebra ic  x(x,y) such t h a t  i f  a ,b , c  E p(M) a r e  

independent, then: 

For p ick  such a ,b ,c ;  f o r  any d 9 e  with S(a,b,d)  A S(a ,c , e ) ,  

d y e  C p(M) a r e  independent. Also P S ( a v , b \ d s )  A P S ( a s 9 c 1 , e v )  i n  

p(M)/E. So, s i n c e  p(M)/E i s  a p r o j e c t i v e  space,  t h e r e  i s  f s  E p(M)/E 

with PS(bv . c 1 , f v )  A PS(d l , e s  , f v ) .  Since b c and d J  e ,  t h e r e  a r e  

f* ,  f** E f v  with S ( b 9 c , f x )  A S(d,e , f**) ;  fXEf** can be witnessed by 



hence fo r  f*  and f**, so a s i ng l e  x(x,y) can be chosen as  claimed. 

By compactness, we can f ind  ~ ( x , y )  a lgebra ic  such t h a t  i f  

a ,b ,c  E p(M), 7~ (a,b) and c fi acL{a,b), then (t) f o r  a ,b ,c .  

Lemma 3.5: For a ,b  E p(M), So(a,b,c) implies c E p(M) o r  c 

is  a lgebraic .  

Proof: I f  a b y  c E p(M) . Suppose a b. Choose 

d E p(M) \ a d { a ) .  Since TE (a,b) we can f ind ,  f o r  any e with 

S(a ,d ,e) ,  f and f *  with S(b ,d , f )  A S(c ,e , f*)  A x ( f , f x ) .  e E p(M) 

and f E p(M) s ince  d L b ,  so f *  E p(M). I f  f *  fi acR{e), 

S(f*,e,c)  gives c E p(M). - If f *  &, e ,  c E a d { e l .  But e 1 acl{c) 

s ince  otherwise d E ac l{a ,e)  implies d E acR{a,c) - c acR(a,b) = acR{a) 

contrary  t o  our choice. So c i s  a lgebraic .  

Now i f  a ,b  E p(M) a r e  independent, then f o r  some a lgebraic  

So by compactness, t he r e  i s  6 (x) E p such t h a t  i f  6 (a*) and 

b E p(M) \ acR{a*), then ( t t )  holds f o r  a*,b. Let 

S l ( x ' ~ , z )  - S O ( x ' ~ . z )  6(x) A 6(y) A 6(z ) .  

Lemma 3.6: Suppose Sl(a,b,c)  A Sl(a ,b ,d) ,  b € p(M) \ ac l Ia}  

and c Ep(M). Then d Ep(M). 



Proof: This i s  c l ea r  if a € p(M), so by 3 . 5  we can assume 

a E ac t ($ ) .  Also 6 ( a ) ,  so by ( t t )  e i t h e r  x0(c,d) o r  t he r e  i s  e 

So(bydye)  A x0(c.e). e  € p(M) and by 3 . 5  e i t h e r  d € p(M) o r  

d E ac t ($ ) .  Since b € a&{a,d} = ad{d} ,  d fi a c t ( @ ) .  

holds f o r  a ,b ,c  € p(M) independent. Find ~ ~ ( x , y )  a lgebraic  such t h a t  

i f  a*, b* € p (M) , 7cl (a*, b*) and c € p(M) \ act{a* ,b*} then (?TI-) 

holds f o r  a*,b*,c. Pick 61(x) € p such t h a t  til(a*) and 

b E p(M) \ ac t fa*}  imply 7cl(a*,b) A l ~ ~ ( b , a * ) .  Also 

F1 (a*) A 61 (b*) A 1cl(a*,b*) and c E p(M) \ ad{a*,b*} imply ( i t ? )  

f o r  a* ,bx9c.  P 

Definit ion 3 . 7 :  Let p* (M) denote 

{a  E M: 3b € p(M) \ ad{a}3c € p(M) s2(a ,b ,c)} .  

Lerma 3 . 8 :  (1) p(M) 5 p*(M) 5 p(M) U a c t ( @ ) .  

(2) There is  a f i n i t e  s e t  A of a lgebraic  elements of M such t h a t  

a ,b  € p*(M) and S2(a,b,c)  implies c € p*(M) U A.  

Proof: (1) Since S2(a,b,c)  +- S (a,b,c)  t h i s  follows from 3 . 5 .  
0 

(2) Pick any a E p(M) and l e t  

A = [U{s l ( a , b ,~ )  : El(a,b)} n a d ( $ ) ]  \ p*(M). This f i n i t e  s e t  does not  

depend on t he  choice of a € p(M). Now suppose a ,b  € p*(M) and 



S2(a ,b ,c) ;  choose d E p(M) \ ad{a ,b} .  By d e f i n i t i o n  t h e r e  a r e  

e , f  E p(M) with S2(a,d,e)  A S2(b ,d , f ) .  Also lEl (a ,b)  A ~ 3 ~ ( a )  A 61(b). 

By ( t t t )  appl ied  t o  a ,b,d t h e r e  a r e  g and g* with 

g* E p(M). By 3.5 and So(c,e,g*),  c  C p(M) U a d ( $ ) .  We can assume 

c j! p(M). If  1S2(c ,e ,g*) ,  by 61(c) and e,g* E p(M) we have 

i ~ ~ ( c . e )  A l & l ( ~ , g * )  A Wl(e ,c)  A l&l(g*.c) .  so  ~ ~ ( e , g * )  v ~ ~ ( g * , e ) .  

But then Sl ( c , e ,  g*) g ives  c  E A U p* (M) . If S2 (c, e,g*) , c E p* (M) 

by d e f i n i t i o n .  

Let S3(x,y,z) - S2(x,y,z) A x j! A A y j! A A z j! A. 

Corol lary  3.9: p*(M) is  closed under S3. 

*1 

Proof: Immediate. 

S3 is symmetric and P = PS so  we f o r g e t  about t h e  o r i g i n a l  S 
3 

and c a l l  S3 S from now on. 

Lemma 3.10: There i s  q(x,y)  a lgebra ic  such t h a t  i f  a ,b E p(M), 

a & b  and l q ( a , b )  then t h e r e  is c E p*(M) \p(M) with S(a ,b ,c) .  

Proof: There i s  q 0  a lgebra ic  such t h a t  i f  a ,b , c  E p(M) a r e  . 

independent, 

c  ac l{a ,b ) ,  then  (**) holds.  Now suppose a , b  E p(M) , ~q (a,b) but  

a  $ b. Pick c E p(M) \ a d { a , b }  and then d with S (c , a9d) .  In 



By (**) f i n d  f  and f*  with S(a ,b , f )  A S(d,e , f*)  A q o ( f , f * ) .  Then 

f E a d { a ) ;  a l s o  f  E a d i f * )  - c acl{d) .  Since d j! a d { a ) ,  f  E acL(+). 

Lemma 3.11: Suppose o(x ,a)  i s  such t h a t  f o r  b E p(M) \ act(:), 

M 1- o(b ,a ) .  Then f o r  a l l  but  f i n i t e l y  many b E p*(M), M I= a ( b , a ) .  

In  p a r t i c u l a r ,  t h e r e  i s  a s e t  of formulas p* over a d ( @ )  with 

a E p* (M) iff a r e a l i z e s  each formula of p*. 

Proof: Pick ~ ( x )  E p such t h a t  f o r  any c - c M e i t h e r  

T(M) A o ( ~ , c )  o r  T(M) A lo(M,c) i s  f i n i t e .  By assumption 

z(M) A a ( ~ , a )  i s  &t f i n i t e ,  so  z(M) A l o ( ~ , a )  i s .  Thus it s u f f i c e s  

t o  prove t h a t  p*(M) \z(M) is  f i n i t e .  I f  a , b  E p(M), a  b and 

S(a ,b ,c ) ,  then c E p(M) s o  ~ ( c ) .  By compactness, f i n d  y(x,y) 

a lgebra ic  such t h a t  f o r  a , b  E p(M), ly (a ,b )  A S(a,b,c)  + ~ ( c ] .  The 

f i n i t e  s e t  C = { c  E M: S(a ,b ,c)  f o r  some b with y(a ,b))  n a d ( @ )  

does not  depend on t h e  choice of a  E p(M). But i f  c  E p*(M) \ z(M) 

then c E a d ( @ )  ; pick any a ,b  E p(M) with S(a,b,c)  . Then s ince  

l T ( c ) ,  y (a ,b ) ,  s o  c E C .  

Now f o r  any z(x)  E p, l e t  z* (x) ++- ~ ( x )  v x E p* (M) \ z(M). 

By t h e  above, p*(M) \z(M) i s  a f i n i t e  a lgebra ic  s e t ,  so  T* i s  almost 

0-definable. C lea r ly  a E pX(M) i f f  a r e a l i z e s  each T* f o r  E p.  

We d e f i n e  formulas nk(x,y) with l h ( 7 )  = k by induction on 

k e 1. nl(x,y) is  x=y. I f  nk(x,y) i s  def ined,  l e t  



Proof: Immediate from t h e  d e f i n i t i o n  and 3.9. 

Lemma 3.13: 1f  a ,6  5 p(M) and a  E a d { 6 } ,  then the re  is  

c  E p(M) with TI lh(6) (c.6) and a  t acl{c}.  

Proof: We go by induction on Lh(6), t h e  r e s u l t  being obvious i f  

t h i s  i s  1. If a  E ac l (6 )  then i n  p(M)/E, a 1  E a d ( E 1 )  by 3 . 3 .  

Suppose fi = d A < e > ;  we can assume a  1 a c l ( d ) ,  so f o r  some 

f C a d @ ) ,  PS(f l  , e l  , a 1 )  s ince  p(M)/E is  a  p ro jec t ive  space. See 

l .6 (2 ) .  By induction we can assume (f ,a) ; a l s o  s ince  f  e. 

S(f,e,M) i n t e r s e c t s  a t ,  so  f o r  some cEa, S ( f , e , c ) .  Then 

P 
nth (6) (c , 6) . 

Lemma 3.14: There i s  a  f i n i t e  s e t  B 5 ac t ($ )  \ p* (M) such t h a t  

i f  a  E p*(M) and q(a ,b)  t hen  b  E p*(M) U B. 

Proof: Suppose c,d E p(M) a r e  independent and S(c,d,e)  A q ( e , f ) ;  

then P S ( c l , d l , e l )  s o  P S ( c l , d l , f l )  and c L f ,  so t he r e  i s  gEd with 

S(c ,g , f ) .  Given c  and d, the re  a r e  f i n i t e l y  many choices f o r  e ,  

f and g, so we can f i nd  q1(xYy) a lgebra ic  such t h a t  x(c,d) where 

Let A = { e  C pX(M) fl a d ( @ ) :  3y(S(c,y9e) A l x ( c , y ) ) }  f o r  some c  E p(M). 

There a r e  f J n i t e l y  many d  E p(M) with l x ( c , d ) ,  so  t h i s  s e t  is  f i n i t e ,  

and does not depend on t h e  choice of c  E p(M). Let 

B = U{q(a,M) \p*(M): a  E A}. If  a  E pX(M)\ A and b  E p(M) \ a d { a }  

choose c  E p(M) with S(a ,b ,c) .  We have x(b ,c)  s o  i f  q(a ,d)  t he r e  

is  e  with q l ( c9e )  A S(d,b,e);  so e E p(M) and d  E p*(M). This 

su f f i ces .  



Lemma 3.15: For any q(y) 0-definable on p* (M) i n  t he  s t ruc tu r e  

induced by formulas, t he r e  i s  q*(y) almost 0-definable on M such 

t h a t  f o r  a - c p*(M), M I= cp*(a) i f  and only i f  p*(M) (= cp(a). 

Proof: By induction on ~ ( y ) ,  t h e  only d i f f i c u l t  case being 

3x8(xY7) where by hypothesis we can assume 8(x,y) i s  an M-formula 

almost without parameters. Choose o(x) 6 p such t h a t  f o r  any 6 - c M ,  

e i t h e r  a(M) A 8 ( ~ , 5 )  o r  a(M) A 1 8 ( ~ , 6 )  i s  f i n i t e ;  by 3.11 we can 

assume a ( a )  f o r  a l l  a 6 p*(M). Now f o r  each k, 0 5 k 5 l h (y )  we 

f ind J, (x) and p (x,y) M-formulas almost without parameters such k k 

t h a t  $k(M) n Q*(M) = $, p k ( ~ , a )  cp*(M) f o r  a l l  ii - c p*(M), and i f  

- 
a 5 p*(M) has an independent subset of s i z e  I k ,  then e i t h e r  

o(M) A T B ( M , ~ )  i s  f i n i t e  o r  T ~ ( B )  where 

We s t a r t  a t  k = l h (7 )  . Pick <al , . a > = independent i n  p (M) ; k 

i f  o(M) A 19(M,a) i s  f i n i t e  we l e t  $ k ( ~ )  H x # x and 

pk(xYf) H x # x and t he r e  i s  nothing t o  check. Suppose 

o(M) A 1 8 ( ~ , a )  i s  not f i n i t e ,  so o(M) A B(M,;) is. Let {bi: i<O 

list  p*(M) f l  o(M) n 9 ( ~ , a )  and {ci: i<m} l i s t  o(M) n B(M,:) \ p*(M). 

i Using 3.11, f ind  J,i(x) with $(PI) fl p*(M) = $ and M I= Qk(ci) f o r  

i V I$ (x) . For each i we f i nd  pk (x.7) each i m ;  Qk(x) i s  i<m 

i so l a t i ng  t p ( b i / i  U a d ( $ ) ) ;  i f  bi 6 p*(M) \ p(M) we l e t  

i pk(xY7) +-+ x = bi. Suppose bi 6 p(M). Then by 3.13 there  is  ci 

with ITk(ciya) and ci $ bi. By 3.10, e i t h e r  q(ci9bi) or  the re  i s  

d 6 ace($) with S(d,ci,bi) . So we can assume e i t h e r  

ok(XY7) 3z(nk(z,?) A ~ ( x > z ) )  Or pk(xyy)4 3z(nk(zyy)  A S(d>z9x))  



c where B comes from 3.14. By 3.12 and 3.14, f o r  any 6 - c pX(M), 

pk(MY6) 5 p* (M) . Clear ly  a l so  $k(M) n p* (M) = 4 .  Since any independent 

sequence of length k r e a l i z e s  t h e  same strong type as  a ,  we j u s t  need 

t o  check ~ ~ ( a ) .  But t h i s  i s  c l e a r  s ince  any so lu t ion  t o  

i 
o(x) Ae(x,?i) i s e i t h e r a  c and Qk(ci), o r a  big and i ' 
i 

pk(bi,a) A bi 6 B e  

Now suppose we have defined $k and p k ( ~ , y )  a s  above f o r  a l l  k, 

j  < k s l h ( y ) .  Pick a l ,  
a * . y a j  

E p(M) independent and consider t h e  s e t  

and o(M) A T B ( M , ~ )  i s  i n f i n i t e  and l ~ ~ + ~ ( a ) } .  

This s e t  is  def inable  by a co l lec t ion  of formulas, so i f  it was i n f i n i t e ,  

by t he  sa tu ra t ion  of M it would have a sequence with j + l  independent 

elements, contrary t o  our supposition. We l e t  {ci: i<m} l ist  

u I o ( ~ )  n e ( ~ , i i ) :  a E r . )  \ p * ( ~ )  and ibi:  i c l }  l is t  
J 

~ { o  (MI n e(M,a) : a E r . i n p* (MI We pick 4 t (x) and p! (x,y) p rec i se ly  
J J J 

i a s  i n  t he  case  where j  = k; p .  (x,;) i s o l a t e s  tp(bi /a)  f o r  any a € I' 
J j  

with o(bi) A 8(bi9;), f o r  id. We l e t  $ . (x )  +-+\/$f(x) V $ ~ + ~ ( X )  
J J 

and pj(x,y) c--\ ( k f ( x , y )  v P ~ + ~  ( x , ) )  A X  B; again, checking t h a t  

$ j  
and p a r e  a s  claimed i s  rout ine .  

j  

5 5 p* (MI and p* (M) )= 3xe(x,ii) choose c c p* (MI with e(c,ii) ; 

M I= o(c) A e(c,a)  A T $ ~ ( c )  NOW suppose a - c p*(M) and 

M I= 3x(o(x) A ~ (x , ; )  A 1 $ 0 ( ~ ) )  I f  o(M) A le(M,a) i s  f i n i t e ,  then 



f o r  a l l  but  Z in i t e ly  many c € p* (M) , M I= 8(c,a)  so  p* (M) I= 3xe(x,a). 

I f  a(M) A T B ( M , ~ )  i s  i n f i n i t e ,  then 

so fo r  some c ,  8(c, a )  A p0 (c, a)  . So c € p* (M) and 

P*(M) I= I x ~ ( x , ~ ) .  

Corollary 3.16: p*(M) i s  sa turated and s t rongly minimal. 

Proof: Suppose A c p X ( M )  - with I A ~  < I p * ( ~ ) [  = [ M I ,  and 

1 r E S (A) taken i n  p* (M) is  non-algebraic. For each $(x,a) € r f i nd  

$*(x,y) f;om3.15 with M I= $*(by;) i f  and only i f  p*(M) /= $(by%) 

f o r  a,b € p*(M). Then p(x) U {$*(x,a): $(x,a)  € r )  i s  consis tent  

a s  an M-type and so i s  rea l ized  i n  M y  s ince  M i s  sa turated.  So 

r i s  rea l i zed  i n  p*(M), which i s  the re fore  sa turated.  

Now i f  8(x,y) is  0-definable on pX(M), choose 8* (x,?) from 

3.15. For any 6 cp*(M),  l e t  a E p(M) \acR(6) .  I f  M )= QX(a,6) 

then using 3.11 ~ 8 * ( ~ , 6 )  Il p * ( M) i s  f i n i t e ,  so  lB(p* (M) ,6) i s  f i n i t e ,  

otherwise 8(p* (M) ,6) is  f i n i t e .  Since p* (M) i s  saturated,  it i s  

the re fore  s t rongly  minimal. 

Lemma 3.17: Suppose p i s  of a f f i n e  character .  Then p(M), 

under t h e  s t r u c t u r e  induced from M y  i s  sa tu ra ted  and s t rongly minimal. 

Also f o r  any cp(;?) a p(M)-formula without parameters, t he r e  i s  cp* (2) 

an M-formula almost without parameters such t h a t  i f  a 5 p(M), 

M I= cp*(a) i f  and only i f  p(M) I= cp(& 



Proof: Recall t h a t  we have R and Q such t h a t  f o r  a ,b ,c  E p(M) 

independent, R(a,b,M) i n t e r s ec t s  a l l  t he  E-classes except a '  and b1 

of acR{a,bl 0 p(M) and Q(a,b,c,Ml i n t e r s e c t s  b v  + , ,cl  E p(M)/E. 

So PR and P generate t he  a lgebraic  c losure  operation on p(M)/E. 
Q 

Now we can replace Q and R by QO and Ro s t i l l  having t h i s  property 

such t h a t  p(M) i s  closed under QO and Ro. Once we do t h i s ,  we can 

mimic 3.13, 3.15 and 3.16 v i r t u a l l y  unchanged, except the re  is  no mention 

of a lgebraic  elements. We give t he  descr ip t ion  of Q and Ro and 0 

omit t he  r e s t  of t he  proof. 

Diagram: 

. L  

Let Qo(xyy,z,w) abbreviate 

a,d and e a r e  independent so  there  is  f with Q(a,d,e,f)  and 

any such f i s  i n  p(M) and s a t i s f i e s  f '  = d 1  + e l ;  d,b and % a ' 
a r e  independent s ince  e € acR{a,d,fl, so f o r  any g with Q(d,b,f,g), 

g E p(M) and g v  = b v  + d , f l  = b v  + f v  - d l  = b + e l .  c ,d  and e a a ' 



: a r e  independent, so  i f  Q(c,d,e,h) ,  h C p(M) and 

hv = d v  + , e s  = d'  + e 1  - c l .  Also h,d and g a r e  independent 
c a I a 1  

f o r  otherwise e i t h e r  h v  = ad1 + a l ( l - a ) g l  i n  p(M)/E o r  g v  = ad1  J 

f o r  some a E F(n). I f  g v  = a d 1 ,  ad1  = b1 + SO 

(We omit t h e  a M s . )  Then i f  a # 0, ( a - l ) d l  + (1-a)bl  + c 1  = a e v  

gives e E a d { a , b , c , d ) ;  i f  a = 0, it gives d E a d { a , b , c ) .  In  any 

case ,  we get  a  contradic t ion.  So f o r  any i with Q(h,d ,g , i ) ,  i E p(M) 

and i t  = d1 + g1 = d1 
h ' + a I g I  - h1 = d l  + b f  + e1 

a a 1  a I 

- (dl + , , e l  - c l )  = b1 + c l .  This shows Ql(a,b,c, i ;d,e)  f o r  
a  I a  I a  I 

some i, and f o r  any such i, i1 = b1 + c l .  In p a r t i c u l a r ,  a  I 

i E a d { a , b , c ) ,  s o  f o r  any d*,e* E p(M) with d* $! a d { a , b , c )  and 

e* f ' ac l{a ,b ,c ,d* i  we have Ql(a ,b ,c , i ;d ,e)  Ql(a,b,c, i ;d*,e*).  

Thus QO(~,y ,z ,w)  i s  almost 0-definable. 

Now l e t  Rl(x,y,z;w) i f  and only i f  

Diagram: ir 

Let RO(xyy.z) U R1(xYy,z;w) A Rl(xyy9z;v) f o r  some (any) 

w E p(M) \ acl{x,y)  , v E p(M) \ acl{x,y,w) . The choice of w and v 

is  i r r e l e v a n t ,  and R i s  a s  des i red .  
0 



Note: Whether p  i s  of p ro jec t ive  or  a f f i ne  character ,  it i s  

c l ea r  t h a t  f o r  a - c p* (M) (p (M)), act(;) ll p* (M) (act(;) ll p(M)) i s  t he  

same whether computed i n  M o r  i n  p* (M) (p(M)) . 

The following example shows t ha t  we may not be able  t o  replace  

p*(M) by p(M) i n  3.15 and 3.16. 

Example 3.19: Let M be a  p ro jec t ive  space over a  f i n i t e  f i e l d  

F(n), with constants  f o r  every element of a  subspace A. Let 

( A I  = No,  I M /  = H1. Then t h e  type p  of an element of hl \ A i s  of 

p ro jec t ive  character ,  but p(M) under t h e  s t ruc tu r e  induced by formulas 

does not s a t i s f y  3.17. For consider t he  following formula of 

1 n p(M) - 3 '  zS(x,y,z). p(M) I= 3 ! n z ~ ( a , b , z )  exact ly  i f  

a  E a d { b )  = <{b) U A> i n  M y  r e ca l l i ng  t h a t  <C> is  t h e  p ro jec t ive  

span of C .  This formula is not induced by any M-formula, and 

3 ! n z ~ ( a , y , z )  def ines  an i n f i n i t e ,  co - in f in i t e  s e t .  



SECTION 4 

In t h i s  sec t ion  we assume M i s  a s t rongly minkma1 t r a n s i t i v e  

s t ruc tu r e  such t ha t  (*) holds on M y  so f o r  any N  ). M and f i n i t e  

F - c N ,  the re  is a f i n i t e  G - c N with acR(F) = U{acL{g) : gEG}. We a l s o  

assume M i s  of a f f i n e  character .  This includes t h e  s t ruc tu r e s  a r i s i n g  

from 3.17. Our aim i s  t o  prove t h e  following: 

Theorem 4.1: There i s  a 0-definable equivalence r e l a t i o n  8 on M 

with f i n i t e  c lasses  such t h a t  M / B ,  under t he  obvious s t ruc tu r e ,  is  an 

af  f  ine  space over F (n) . 

We a l so  determine what o ther  s t r uc tu r e  i s  poss ible  on M/8. The 

c ruc i a l  lemma f o r  4.1 is  

Lemma 4.2: Suppose p(x,y) i s  an a lgebraic  M-formula; i . e .  f o r  

a E M y  p(a,M) and p(M,a) a r e  both f i n i t e .  Then 6, t he  t r a n s i t i v e  

closure of p ,  i s  defined by .an a lgebraic  formula p (x,y). 

An equivalent statement is  t h a t  any such p can be included i n  a 

0-definable equivalence r e l a t i o n  with f i n i t e  c lasses .  

We may assume M i s  sa turated and ] M I  > ITh(M)I. 

To prove t h e  lemma, we use Q; t he  c ruc i a l  property of Q, we 

r e c a l l ,  i s  t h a t  f o r  a ,b ,c  € M independent P Q ( a v , b l , c l , d t )  i s  t h e  same 

a s  b f  + c s  = d s  i n  M/E. We may assume t h a t  Q(x,y,z,w) 4 a 

Q(Y,x,w,z) A Q(x,z,y,w) s ince  if we replace  Q(x,y,z,w) by 



we do not change t h e  above property.  Let Q1(x9y9z9w) abbrevia te  

"Q(x,y,zyw) and dim{x,y,z,w} = 3" and el(x,y) +> 

Vu'u,v>z(Qf (u,v,z,x) +> Q f  (u ,v ,z ,y)) .  el g ives  an equivalence r e l a t i o n  

on M and if e1(a9b) we have b € acl{a}. So el (a,b) i f  and only 

if, f o r  some (any) c f a c l { a l ,  d f a d { a , c ) ,  
C 

M/B1 is  s t rong ly  minimal, t r a n s i t i v e ,  Q induces a r e l a t i o n  on 

M/B1 with t h e  same symmetry, and P ( x 1 , y 1 , z f 9 w 9 )  i s  s t i l l  t h e  same a s  
Q 

y 9  + x f z f  = w 1  i n  (M/O1)/E. From t h e  d e f i n i t i o n  and t h e  symmetry of Q 

it i s  c l e a r  t h a t  el i s  a congruence with respec t  t o  Q 1 .  So i n  M/el 

we have: Vx,y,z(Q'(x,y,z,w) ++ Q1(x,y,z,w*)) 4 w = w*. 

A counter-example t o  4 . 2  i n  M remains a counter-example i n  M / B l Y  

SO we assume el i s  t r i v i a l :  Thus i n  M i f  a , b , c  a r e  independent and 

< d 0 > " a  l i s ts  Q(a,b,c,M), then Q(d,b,c,e) ++ e = a and 
d€<d0> -a 

/ A-Q(b,a,d,e) +-+ e = c .  A s  Q(a,b,c,d*) implies b f  + a , ~ f  = (d*) ' ,  
dC<do> d 

a - c acl{do}; l e t  ~ ( x , ? )  i s o l a t e  t h e  type of 8 over d 
0' 

f o r  some f f a d { x , y , z , u ~ .  This is  s i m i l a r  t o  t h e  Q0 defined i n  3.17. 



As in 3.17, if a,b,c E M and eo f ad{a,b,c} and we get 

Qo(a,b,cyd,eo,~) implies d1 = b1 + cl. Thus the choice of f is a 

irrelevant; the choice of <e0>*e is also irrelevant as we will see 

later. First we note some properties of Q 
0 ' 

Lemma 4.3: Suppose eo f acl{a,b,c,a*l, and p(eo,e). Then 

(1) There is a unique d with ~~(a,b,c,d;e~,~). 

(2) If QO(a,byc,d;eo,~), then Qo(c,d.a.b;eo,~) and Q0(dyc,b,a;e0,~). 

(3) If Qo(a,byc,d;e 0 ,e) A Q 0 (cyd,a*,b*,eo,~), then Q 0 (a,b,a*,b*;eo,6). 

(4) If Qo(a,bycyd;eo,6) A Q 0 (b,a*,d,c*;eo,~), then Qo(a,a*,c,c*;eo,~). 

(5) If Qo (a,b, c,d; eo, 6) , then Q (a,c, b,d; eo, e) . 
0 

Proof: (1) Pick an f f acl{a,b,c,eo~; then there is a unique g 

with Q(a,f,e,g). Since e,g and b are independent, there is a 
eE<e 

0 A 
unique h with / \  Q(e,g,b,h). . We finish as in 3.17 except keeping 

eE<e >^6 . 
0 

uniqueness throughout. 

(2) Pick f f ac~a,b,c,eo}. We have g,h and i with 

Q(a,f,e,g) A Q(e,g,b,h) A Q(c,f,e,i) A Q(i,h,e,d) for all e E <e0>";. 

BY the symmetry of Q, Q(c9f9e9i) A Q(e,i,d,h) A Q(a,f,e,g) A Q(g,h,e,b) 

for e € <e0>^e , witnessing Q (c,d,a,b;eo,e). Also, h f acl{a,b,c,eo} 
0 



and Q(d,h ,e , i )  A Q ( e , i , c , f )  A 

Q o ( d y c , b , a ; e o , ~ .  

(3) Diagram: .i l 

Q(b,h,e,g) A Q(g, f ,e ,a )  wi tness ing  

Pick f f a d { a , b , c , a * , e o } .  Find g , h , i  with 

Q(a , f , e ,g )  A Q(e,g,b,h) A Q(c, f ,e , i )  A Q(i ,h ,e ,d)  and then  j  with 

Q ( a * , f , e , j )  ( fo r  a l l  e  F <eo>^6) .  Since QO(c ,d , a* ,b* ;eo ,~ ) ,  

Q ( c Y f  , e , i )  A Q(e , i , d ,h )  A Q(a*,f ,e ,  j )  we must have Q(j , h , e , b x ) .  Now 

(4)  Diagram: 

Pick f f ad{a ,b9c ,a* ,eo} .  Find g , h , i  with 

Q(a,f ,e ,g)  A Q(e,g,b,h) A Q ( c , f , e , i )  A Q(i ,h ,e ,d)  and then  j  with 

Q(e,a*,g, j ) ,  f o r  a l l  e  € <eo>"e . h f acl{b,d,a*.e}. and so  



(5) For any f f aclIeo}, let f* be such that for some a,b independent 

over {f,eo} there is c with Q (a,b,c,f;eo,6) A ~(a,c,b,f*;e~,~). 0 

By (1) and (2), c is uniquely determined by a,b,f and <e0>^e 

so f* is uniquely determined by a,b, <e >A; and f. Also in M/E, 0 

f1 = b1 + ct = c1 + b1 = (f*)', so f* € ad{f), which implies that a a 

the choice of a and b is irrelevant; f* is determined by f and 

<e . 
0 

Now suppose a,b and eo are independent and ~~(a,b,c,d;e~,~). 

Pick a j? acl{a,b,c,eo} and bol with Qo(a,b,ao,bo;eo,6). 
0 

By definition 

Qo(a,ao,b,bo*;eo,~). By (2) and (3) above, Qo(c,d,a 0' b 0' -e 0 , e l .  Since 

c,d,ao and eo are independent, Q~ (c, ao, d, bo* ; eo, 6) . From (2) , 

~ ~ ( a ~ , ~ , b ~ * , d ; e ~ , ~ )  and from (4) and ~ ~ ( a , a ~ , b , b ~ * ; e ~ ~ ~ ) ,  

~~(a,c,b&e~,') 

We now remove the assumption a b, still assuming that 

QO(a,b,c,d;eoyk) and eo j! ad{a,b,c}. Pick f j! acl{a,b,c,eo} and g 

with Q (a9f,c,g;eo,e). By the above Qo(a,c,f ,g;eo,;) and by (4) and 
0 

(2) QO(b,f,d,g;eo,6). b,f and eo are independent, so Qo(b,d,f,g;eo,~). 

From this and Qo(a9c.f,g;eo,~), (2) and (3) we get QO(a,c,b,d;eo,~). 

Lemma 4.4: Suppose p(ei,Gi) for i = 0,l and that ei j? acl{a,b,c~. 

Then Q o (a9b9c9d;e09e0) t--, ~ ~ ( ~ ~ ~ ~ ~ , ~ ; ~ ~ 9 ~ ~ ) ~  

Proof: Picking e2 k acl{a,b,c,e e 1 and then e2 with p(e2,e2), 0' 1 

we may assume that e and el are independent over {a,b,c). By 4.3(1) 0 

we find dig i = 0,1, with Q (a,b,c,di;ei,Gi) and these are uniquely 0 

determined. Choose f f ad{a,b,c,d ,d ,e .e 1 and gi, i = 0,1, with 0 1 0 1  



- 
Qo(a,b,f ,gi;ei,ei). BY 4.3(3) and (2)' QO(cydiyfygi;ei'ei)* NOW 

ad{f,go,gl,eo, Go, el, el} = ad{f .go,eo,el}. Our assumptions give 

c,a 1 acl{f,eo,el~, so if a or c is in ad{f,go,eo,el} then go 

is in acl{a,f ,eo9el} or acl{c,f,eo,el} respectively. ~~(a,b,f ,go;eo,~O) 

gives b C ad{a,f,gO}y so a C acl{f,go9eO9el} then gives 

b C acl{a,f,eoyel}o If b C acl{a}, go C ad{f} and then 

a C acl{f,eo9el} which is impossible; but if b 1 ad{a}, {a,b,eo,el, f} 

is independent by choice so a f ad{f,gO,eO,el~ If c C ad{f ,gO,eO,el} 

d f adic} so again {c,do,eo,el, 0 f is independent. But 

do C ad{c,f,gOl 5 ad{c,f,eo,el}, again a contradiction. So 
- e 1). Since e 1 so a : ~ ~ ~ f y ~ O , ~ l , ~ O , ~ O , ~ l y  a,c ~ ~ ~ ~ f y ~ O y g l y e O , e O y e l .  

by 4.3(1) and (2), Qo(a,x,f,go;eo~~o) defines b and Qo(c,x,f,go;eo,~O) 

6 1 ) .  Similarly, defines do, ab - cdO(~f,gOyglyeO,~Oyel, 
. ab 5 cdl(~f,go,gl,eo,~o,el,~l~). But then cdo cdl({f,g 0 ,e 0' 0 ) so 

Qo(~,d19f,g0;eoy~O~. BY 4.3(1) and (21, do = dl. 

Let 

4.4 allows us to replace u f ac~{x,y,z} by a suitable first-order formula, 

so Q1 is 0-definable. As Ql satisfies 4.3, it gives M an abelian 

group structure. In fact the group is of bounded exponent, for otherwise 

by saturation we can find a and bi(iCa) all distinct with 

Ql(a,bo,biybi+l) for all a .  Let cJdo; if Ql(c,d 0' d i' d i+l ) for 

i < n-1 then c $ dn - for in M/E we have = dl + d' so c' 0 

dA- 1 = cl. Let z (x,y) witness c $ dn-l 0 
and zl (x, y) be algebraic 

such that 



A Ql (aybkybik,b(i+llk) - This i s  a con t rad ic t ion ,  and it e s t a b l i s h e s  
icn-  1 

t h a t  t h e  group i s  of bounded exponent. 

Proof of Lemma 4.2: I f  not ,  we can f i n d  bi ( i€o)  d i s t i n c t  with 

~ ( b ~ , b ~ + ~ )  f o r  a l l  i E w ,  where il i s  a lgebra ic .  Pick a f! acl!{bo} 

and l e t  { c  : j<r} l i s t  3x(p(bo,x) A Ql(ayM9bo,x)). Now b. - b o ( a ) 9  
j 1 

so  f o r  each i F o  t h e r e  i s  j < r  with Ql(ayc .biybi+l). But then t h e  
j 

s e t  generated by t h e  f i n i t e  s e t  {a,bo} U { c  ' j<r} under Q1 is  i n f i n i t e .  
j  ' 

This i s  impossible i n  an abe l i an  group of bounded exponent. 

We now head Eoward t h e  proof of 4.1. F i r s t  we deal  with t h e  

case  n=2, which does not r e q u i r e  4.2. But we do need t h e  following: 

Lemma 4.6: (1) Let Qi(a,byc,d) A ~ ~ ( a . e , f , d )  i n  M. Then 

Ql(b,e,f ,c)  - 
(2)  I f  n=2 (n = s i z e  of  f i e l d ) ,  M I= Ql(xyy,y,x). 

Proof: (1) Let Ql(a,b,c,d) A Ql(a ,eyf ,d) .  Pick h with 

Q1(aybyeyh) .  Using 4.3 repeatedly ,  Ql(c,d,e,h) A Ql(b,h,f ,d) ,  

so  Ql(hyd,e,c) A Ql(byf ,h ,d) ,  so  Ql (byf , e , c ) .  

(2) Let a ,b  C M; p ick  c f! acl!{a,b} and d with Ql(c,a,a ,d) .  

Since n=2, d € acl!{c) so  a 5 b{c,d} and Q1(c,b,b,d). By (11, 

Q1 Ca,b,b,a) 

We can now f i n i s h :  

Proof of Theorem 4.1 [Case n=2] : Let Q be Q1 and 

R(x,y,z) x=z V y=z. Running through #O t o  #11 of 1.5(1) i s  t r i v i a l ;  

occas ional ly  use  4.3 and f o r  #9 (Q(x,y,z,x)-+ R(x,y,z)) use  4.6(2).  So 



t h e  long-forgotten i s  t he  B f o r  our o r ig ina l  M.  

Actually, we won't ever r e tu rn  t o  our o r ig ina l  Q, so we drop t h e  

"lVv from Ql. We assume nf2; we w i l l  l a t e r  redef ine  R ,  but we need 

t o  keep t h e  o r ig ina l  f o r  a while. We assume tha t  

R(xYyy z) + R(y,x,z) A R(z,y,x) by replacing it by V R(ox,oy,oz) . 
~ € S y d x , y , z ~  

This doesnf t a f f e c t  t h e  c ruc ia l  property of R ,  which is  t h a t  i f  a b y  

R(a,b,M) i n t e r s e c t s  every E-class i n  acR{a,bl \ [ a d { a )  U a d { b l ]  i n  a 

f i n i t e  non-empty s e t ;  i . e .  PR def ines  t h e  l i ne s  on M/E. 

f o r  any a ,b  independent over {x,y)  . The choice of a and b i s  

i r r e l evan t  s ince  f o r  any c ,d ,e  with R (c ,d ,e) ,  e E ac l{c ,d ) .  This i s  1 

t h e  same a s  i n  3.17. 

Lemma 4.7: I f  a & b y  Rl(a,b,M) meets t h e  same E-classes a s  

R(a,b,M). 

Proof: Suppose Rl(a,b,c); so  c € acR{a,bl. Pick d j! ace{a,b). 

There a r e  then e 9 f  with R(a,d,e) A Q(a,d,b,f) A R(e , f ,c) .  Since 

d j! ac&{a,b), i n  M/E, b f  i s  not on t he  l i n e  through a f  and d f .  

The l i n e  through a v  and d f  is  p a r a l l e l  t o  t he  one through b f  and f f  , 

and meets t h e  l i n e  through f s  and c '  a t  e l ;  so b 9  f c v .  d '  i s  on 

t h e  l i n e  through a v  and e s  but not t h e  one through 6' and e l ,  so 

c 1  f a r .  Thus c f acR{a) U a d { b ) .  



Now suppose R(a,b,c) and a L b .  Pick any d f! acR{a,bl and 

f with Q(a ,d ,b , f ) .  Since c 1  f { a ' , b l )  is  on t h e  l i n e  through a '  and 

b l ,  t h e  l i n e  through a 1  and d 1  meets t h e  one through c v  and f l ,  

a t  say e t .  

Diagram: 

* (2 lp 
e 1  f { d l , a l ) ,  so  t h e r e  i s  e E e 1  with R(a ,d ,e) .  e 1  f! { f l , c l )  so  t h e r e  

i s  e* E e 1  with R(e*, f ,c) .  Thus t h e r e  i s  c* E c 1  with R(e,f ,c*).  

So R(a,d,e) A Q(a,d,b,f)  A R(e,f,c*) and s ince  d was a r b i t r a r y ,  

RICa,b,c*) - 

Now l e t  R2(x,y,z) +> Rl(x,y,z) V Rl(yyxyz) V x = Z v Y = z .  

Lemma 4.8: There is  an a lgebra ic  7;(x,y) without parameters such 

t h a t  : 

(1) I f  a L b ,  R(a,b,c) A R2(a,b,d) and c k d ,  then z (c ,d ) .  

(2) I f  a b, R2(a,b,c) A R2(a,b,d) and c $ d ,  then ~ ( c , d ) .  

(3) If  R2(a,b,c) A R2(a,b,d) A a # c, then t h e r e  is  d* with 

a(d,d*) A R2(a,c,d*). 

(4) I f  Q(a,b,c,d) A Q(a,b,e,f)  A R2(a ,c ,e) ,  then t h e r e  i s  f *  with 

~ ( f , f * )  A R2(b,d,f*) .  

(5) I f  Q(a,b,c,a) ,  t h e r e  is  c* with ~ ( c , c * )  A R2(a,b,cx).  

(6) I f  Q(a,b,c,d) A R2(a,c,e) A a # e ,  then t h e r e  a r e  f and f *  with 



Proof: Doing each of (1) - (6) separate ly  i s  s u f f i c i e n t .  For ( I ) ,  

given a b t he r e  a r e  f i n i t e l y  many c and d with R(a,b,c) A R2  (a,b,d) ; 

f o r  each p a i r  with c $ d pick a formula witnessing t h i s .  Take t he  

d i s junc t ion  of these .  (2)  is  s imi la r .  (3) t o  (6) a r e  a l l  s imi la r  t o  each 

other;  we j u s t  do (6) t o  i l l u s t r a t e .  F i r s t  suppose a c ,  

Q(a,b,c,d) A R2(a,c,e) A a # e.  In M/E, d '  = b t  + c t  and e t , c l  and a t  

a '  a r e  co l l i nea r  with a t  # e '  so t h e  l i n e  through e 1  and b t  meets 

t h e  l i n e  through c '  and d t ,  say i n  f t  . So we can f ind f , f *  E f '  

with R2(e,b,f) AR2(c,d , f*) .  If a $ c ,  Q(a,b,c,d) A R2(a,c,e) A e # a ,  

then a t u =  c t  = e t  and b t  = d t  so t h e  l i n e  through e 1  and b v  i s  t h e  

l i n e  through c v  and d t  , so again we have f and f *  with 

R2(e,b,f) A R2(c,d,f*) and f $ f* .  

Now f ind .ri ( i=1,2,3) a lgebraic  such t h a t  i f  {a ,b ,c}  has 2i 

independent elements, then y. (a, b y  c) where 
1 

Let a ,b ,c  be independent; the re  a r e  f i n i t e l y  many choices f o r  d , e , f  

and f *  with 

Q(a,b,c,d) A R2(a,c,e) A e # a A R2(b,e,f) A R2(c,d,f*) and f & f*. 

For each such p a i r  f ind  a formula witnessing f ,,/, f* .  T3 i s  t h e  

dis junct ion of these .  Now i f  a b, the re  a r e  f i n i t e l y  many c with 

v ly3(oa,ob,oc). For each such c we can f ind  f i n i t e l y  many 
oGym{a,b, c) 



d , e , f , f *  a s  above, and pick a formula witnessing f *  $ f f o r  each. T* is 

t h e  dis junct ion of these  and T T is  picked s imi la r ly .  This does (6 ) .  3"  1 

By 4.2, we can assume T from t h e  above lemma def ines  an equivalence 

r e l a t i on .  Now we can f i nd  ~(x ,y ,z ;u ,v ,w)  inducing t h e  r e l a t i o n  6 of 

1.7(1) on M/E. We may assume ~(x ,y ,z ;u ,v ,w)  4 R2(x,y,z) A R2(u,v,w) 

and i f  a by  d e and R2(a,b,c) then ~(a ,b ,c ;d ,e ,M)  is  

R2(d,e,M) f l  f 1  f o r  some f with R2(d,e , f ) .  Similar ly  f o r  

~(d ,e ,M;a ,b ,c ) .  Let 8*(z,w) * ~ x , y ( ~ ( a , x , z ; a , y , w )  A ~ ( x , y ) )  f o r  

some (any) a f acL{z). 8* (b,c) implies b $ c so t he  choice of a i s  

i r r e l evan t .  So BX(b,c) i f  and only i f  f o r  some d y e  with ~ ( d , e )  and 

a j! a c g b } ,  R2(a,d,b) A R2(a,e,c) and b & c .  I f  we take  t h e  t r a n s i t i v e  

closure of 8*, we get  by 4.2 an 0-definable equivalence r e l a t i o n  0 with 

f i n i t e  c lasses ,  a s  8* i s  re f lex ive  and symmetric. 8 i s  t h e  formula 

required f o r  4.1.  

We have M I= ~ ( x , y )  + B(x,y) as  ~ ( a , b , b ; a , c , c )  always. The 

c ruc ia l  property of 0 is: 

Lemma 4.9: (1) R2(a,b,c) and bobO implies t he r e  i s  c 8 c  with 0 

R2 ( a , b O , ~ O )  

(2) Q(a,b,c,d) A c8co implies the re  i s  d08d with Q(a,b,co,do) 

(3) Q(a,b,c,d) A a8a0 implies the re  is  d08d with Q(ao ,b , cydo )~  

Proof: We f i r s t  do (1) i n  case a by  then (2) , and f i n a l l y  r e tu rn  

t o  (1).  We f i n i s h  with (3). So suppose a b, R2(a,b,c) and 8* (b,bo).  

I f  c=a, l e t  co = a ;  so suppose c#a and so a c .  By t h e  d e f i n i t i o n  

of 8% f ind d and do with 7(d,d0) and ~ ( a , d , b ; a , d ~ , b ~ ) ,  So 

R2(a,d,b); s ince  R2(a,d,d) and a#b, by4 .8 (3 )  t he r e  is  d* with 



I 

51. 

i 
~ ( d , d * )  and R2(a,b,d*). From R2(a,b,d*) A R2(a,b,c) and a#d* f ind 

c* with T(c,c*) A R2(a,d*,c*). Since a J d * , d o  f ind  cf) with 

~ ( a , d * , c * ; a , d ~ , c ~ ) .  ~ ( d * , d ~ ) .  so  e*(c*,c;). From 

R2(a,do,bo) A R2(a,do,cf)) A a#bo and 4.8(3) f i nd  co with 

R2(a,boycO) A r(c;,co). 7(c,c*) A e*(c*,cf)) A 7(cOYc;) gives e(c ,cO);  

t h i s  su f f i c e s  f o r  (1) i f  a b. 

(2) Again, f i r s t  suppose a ,b  and c a r e  independent, and 

Q(a,b,c,d) A ceca. Find do with Q(a,b ,co,do)  Pick e f! {a,b} with 

R2(a,b,e). Q(a,c,b,d) A R2(a,b,e) A e # a give, by 4.8(6) f and f *  

with R2(c,e,f)  A R2(b,d,fx) A ~ ( f , f * ) .  Similar ly  t he r e  a r e  fo , f f )  with 

R2(cOyeyfo)  A R(b,do,f;) A r ( fo , f ; ) .  By e c ,  ceca and t he  above, 

f e f O  'as R2(e,c,f)  A R2(e,co,fo) and f f o .  Use a l so  4.8(2). So 

f*ef;. -R2(b,d,f*) A R2(b,d,d) A b # f *  gives R2(b,f*,d*) with. 

z(d,d*) ; s imi l a r l y  ~ ~ ( b , f ; ; d ; )  with z(do,d;). I f  b $ f* ,  then 

b ,/-, d*; then Q(a, c,b,d) A ?;(d,dX) give a $ c contrary  t o  assumption. 

So b f *  and so f*8f; gives d*ed> Thus d8do. Now suppose a J b y  

and f with Q(a,b,e,f) .  Then Q(e,f,c,d) ~ Q ( e , f , c o , d o ) ;  i n  M/E c '  i s  

on t h e  l i n e  through a '  and b l ,  so  not on t h e  l i n e  through e l  and f 1  

so c f ace{e,f}.  So e , f , c  a r e  independent and ceca, so by t h e  above 

dodo. Now ju s t  suppose Q(a,b,c,d) A Q(a9b,co,do) A cecg Pick 
r 

e f a d { a , b , c }  and f , f o  with Q(a,e,c,f)  A Q(a,e,co,fo). We have 

f8 fo .  Also from 4.3, Q(e,b,f ,d)  A Q(eyb,fo,do),  so aged. 

To f i n i s h  ( I ) ,  suppose R2(a,b,c) ,  bobo and a b. I f  c=a, 

l e t  c -a; i f  c=b, l e t  co=b. So we can assume R1 (a,b,c)  v Rl  (b,a,c) . 0- 

F i r s t  suppose Rl(a,b,c); pick d ji! a d f a ) ,  e and f with 



with Q(a,bo,d,fo) ; by (2 ) ,  fBfo. e f s i n c e  otherwise 

e~ acl{c} = a d { a } ,  s o t h e r e  is  c with R(e,fo,c0) and c X C .  0 0 u 

Since c C ad{aO,bO},  R2 (a ,bo,co) . We can by 4.7 f ind  c* ,c;J c with 0 

R2(e9f,c*) A R2(e,fo,c;); by 4.8(1),  .r(c,c*) A z(co,c;) and by fBfO 

and (1) i n  t h e  independent case ,  c*Bc;. So cBcoo I f  Rl(b,a9c),  

pick d (C acR{a,b), e and f with Q(b,d,a,e) A R(b,d,f) A R(f ,e ,c) .  

Then f i n d  do with Q(bo,do,a,e) , s o  by (2) dodo. Choose f o  f with 

R(b ,d , f  ) and then co  L C  with R(fo ,e ,c  ) ;  we then have 0 0 0 0 

Rl(boya,co). Pick f l  V f with R(b,do,f l) ;  a s  i n  t h e  l a s t  paragraph, 

f l B f .  NOW R(do,byfl) A R(do,boyfo) A bBboy so  foBfl.  So fOBf and 

s i m i h r l y  cBco. 

('3) F i r s t  suppose a , b  and c a r e  independent, 

Q(a,b,c,d) A Q(ao,b,c,do) A aBao. Pick e f {a ,b )  with R2(a,b,e) and 

e Be with R2(a0,bye0).  By 4.8(6) f ind  f , f* , fo , f ;  with 
0 

. r(f , f*)  A .r(fO,f;) and R2(e,c,f)  A R2(b,d,f*) A R2(eoycyfo)  A R2(b,do,f;) 

Now fBfo, so  f*Bf> b f *  f o r  otherwise 

e E acl{b,c} n a d { a , b }  = a d { b )  implying e=b, so  R2(b,d,fx) gives 

d* with z(d,d*) and R2(b,f*,dx); s i m i l a r l y  f i n d  d; with 
. . 

.r(do,d;) A R2(b,f;,d;) . f*Bf; implies d*Bd; y ie ld ing  dBdo. 

We can f i n i s h  (3) l i k e  (2) . 

Now we f o r g e t  about t h e  o r i g i n a l  R ,  and l e t  R denote R2.  In  t h e  

following, Q and R a l s o  denote t h e  r e l a t i o n s  they induce on MI@. 

Proof of Theorem 4.1 (n#2): We run through # I s  0 t o  11 of 1 .5(1) .  

Actually,  we a l t e r  R on MI8 a l i t t l e  f u r t h e r  by replac ing R(x,y,z) by 



Since 8 i s  a congruence f o r  Q, t h e  following a r e  immediate from the  

same i n  M: 

The next two a r e  a l so  c l ea r  from t h e  same i n  M: 

#3  R(x,y,z) + R(y,x,z). - 
- 5 ~ X , ~ ~ ! ~ Z R ( X , ~ ,  z) . 
Pick a L b  i n  M.  Then i n  M y  R(a,b,M) meets n E-classes, so i n  

M/8, R(a/9, b/B, M/B) has s i z e  a t  l e a s t  n. Now suppose 

R(a,b,.c) A R(ae,b*,d) i n  M,  with aea*, bob* and c J  d. Pick e 

with R(a,b*,e) A c8e9 by 4.9(1).  Now R(b*,a,e), so by 4.9(1) again 

f i nd  f with R(b*,ax,f) A eef .  Also R(b*,a*,d), b * L a *  and f $ d ,  

so by 4.8(2),  def .  So cod, which suf f ices .  

Suppose R(a/B,b/B,c/B) A R(a/8,b/eYd/8) A a / 8  # c/8.  Pick a ,b ,c ,  

ax,b*,d with sea*, bob* and R(a,b,c) A R(ax,b*,d). Apply 4.9(1) twice 

t o  f ind d* with R(a,b,d*) and ded*. By 4.8(3),  f ind  d** with 

a0aX8a**, bob*, cec*, eBe* with Q(a,b,c,d) A R(a*,bx9e) A Q(a**,c*,ex9f) 

i n  M. By 4.9(1),  f i nd  eX*8e with R(a,b,e**) and then using 4.9(2) 



i 
and (3) find f* with Q(a,c,e**,f*). So by 

Q(a,b,c,d) A R(a,b,e**) A Q(a,c,e**,fx) and 4.8(4) find f**8fX with 

This follows like #8, using 4.8(6) instead of 4.8(4). 

Our next task is to determine the possible other structure on M/8. 

For the rest of this section we assume 8 is the identity. We will prove: 

Theorem 4.10: Suppose M is strongly minimal, transitive, of 

affine character, Q and R give an affine structure on M, and P 
@ Q 

and PR give the affine structure on M/E. Let M1 be the structure with 

universe M and the predicates Q and R. Then there is C - c ~7~ with 
M and (M1,C) interdefinable. 

We prove a few lemmas first. Recall M1, the projective companion 

of M as mentioned in 1.8, and F: M~ \ (a,a) :  EM} M1 . Both are 

0-definable in M ~ ~ .  We keep the notation and assumptions of 4.10 for 

the remainder of this section. Again, we also assume M is saturated. 

Lemma 4.11: If a,b are distinct in M, then a E acl{b) iff 

F(a,b) E a c m )  

Proof: (e ) Direct from a E aclib, F (a, b) 1 .  

(*)  Suppose a E acL{b); pick c E M \ acl{a) and d with Q(a,b,c,d). 

In M/E, P (al,bq,cv,dv) and av = bv9 so cV = dv. Q 



Lemma 4.12: I f  a E acL(B) where {a )  U B - c M ,  then 

a € < B  U acR{b)> f o r  any b E B. Recall <C> i s  t h e  a f f i n e  span of 

C ,  i . e .  t h e  c losure  of C under Q and R. 

Proof: We may assume B i s  f i n i t e ,  and proceed by induction on 

I B 1 , t h e  case I B I  = 1 being c l e a r .  Suppose b , c  5 B a r e  d i s t i n c t ,  

a € acL(B) and without l o s s  of g e n e r a l i t y  t h a t  c f! a d ( B \  { c ) ) .  In  

M/E, a 1  E acR({c'} U I d ' :  d € B \ { c ) j )  so  e i t h e r  a 1  = c 1  + d l e l  o r  

a '  i s  on t h e  l i n e  through c1 and d 1  f o r  some d y e  E a d ( B \ { c ) ) .  

SO Q(d,c,e,a*) o r  R(d,c,aX) where a* $ -a. By t h e  induction hypothesis ,  

e and d a r e  i n  < B \  { c )  U a d { b } > ,  so  a* E < B  U a d { b } > .  Now 

choose b* with Q(b,b*,a,a*); b* E a d { b )  s o  a € < B  U a d { b ) > .  

C\ 
We l e t  r ace (+)  ( the  l l relevant  a lgebra ic  closure") be t h e  

def inable  c losure  taken i n  M ; ~  of t h e  fol lowing s e t s  i n  M ; ~ :  

(1) a 4 4 4  n M V ;  

(2) t h e  f i e l d  elements - see  1.7(1);  

(3)  f o r  each 1 E a d ( $ )  ll M I ,  Q(x,y,z,w) A F(x,y) = 1 y i e l d s  an 

almost 0-definable equivalence r e l a t i o n ' w i t h  f i n i t e l y  many c l a s s e s  

on t h e  s e t  defined by F(x,y) = 1, so we include t h e  corresponding po in t s  

of acL (4) . 

We w i l l  use  d i f f e r e n t  not ions  of race(+)  i n  d i f f e r e n t  contexts  

l a t e r .  

Lemma 4.13: If  a E a d ( B )  i n  M, then a i s  def inable  over B i n  

Proof: We may assume B i s  f i n i t e ,  and proceed by induction on 1 B \  



I f  a  E a&(b), e i t h e r  a=b o r  F(a,b) E ac t (@)  by 4.11. I f  

F(a,b) = F(al,b) = e E ace(@) ,  then i f  ab E a b i n  (Ml, r a ce (@) ) ,  1 

Q(a,b,al,b) so a = a l  This t akes  ca re  of I B I  = 1. Suppose I B /  > 1; 

pick b,c E B d i s t i n c t .  By 4.12, i f  a  E acl (B) ,  

a  E <{c) U B \{c )  U acR{b)> so  e i t h e r  Q(d,e,c,a) o r  R(d,c,a) where 

d y e  E a&(B \ {c ) ) .  By induction,  d and e a r e  def inable  over B\{c) .  

I f  Q(d,e ,c ,a) ,  c l e a r l y  a i s  def inable  over B. I f  R(d,c,a) and 

a E aO({c,d)) i n   race(@)), then b(d,c,a;d,c,ao) implies 

a = a so again a i s  def inable  over B. 
0  ' 

Proof of Theorem 4.10: Let C - c r a c l ( @ )  be t h e  co l l e c t i on  of points  

of ~y~ def inable  from M. Then c l e a r l y  (M1,C) is  def inable  i n  M.  

For t h e  converse it su f f i c e s  t o  show M i s  def inable  i n  (Ml,race(@)). 
6 

I f  T i s  a r e l a t i o n  0-definable on M but not  on (MI, r ace (@))  

then s ince  M i s  sa tu ra ted  t he r e  a r e  a,6 E M r ea l i z i ng  t h e  same type i n  

M1 ' with T(;) A i ~ ( 6 ) .  Towards a contradic t ion pick a and 6 of 

sho r t e s t  poss ible  length  such t h a t  a 1 5 i n  (Ml , rad($) )  but not  i n  

( ~ , a c R ( @ ) )  where t h e  l a s t  ace(@) i s  i n  M ~ ~ .  I f  a = <a >^a and 
1 0  

6 = <b1>n50 then go E GO i n  (Myact(@)) so f i n d  a s t rong automorphism 

of M taking E0 t o  go; say it takes  bl t o  a2 .  So i n    m ad(@)), 

a l  I! a 2  (ao) and so e i t h e r  a E a d  (ao) o r  a 2  E a d  (ao) . From 4.11 
1 

and 4.12, ace(a0) i s  t h e  same i n  M and i n  (Ml , race(@) ) . But then 

a a2(ao) i n  (Ml,race(@)) implies a = a2  by 4.13. This 1 1 

con t rad ic t ion  f i n i s h e s  t h e  proof. 



SECTIQN 5 

In t h i s  sec t ion  we do t h e  

of p ro jec t ive  character .  So we 

p  E ~ ' ( 4 )  i s  t he  non-algebraic 

same a s  i n  t h e  l a s t ,  except f o r  a  s t r uc tu r e  

assume M i s  s t rongly minimal and i f  

type, p  s a t i s f i e s  (*) and i s  of 

project ive  character  over F (n) . We prove 

Theorem 5.1: (1) There i s  A, a  0-definable f i n i t e  s e t ,  and a  

0-definable equivalence r e l a t i o n  x on M \ A  with f i n i t e  c lasses  such 

t h a t  (M\A)/x has a  0-definable t e rnary  r e l a t i o n  S giving it a  

p ro jec t ive  s t ruc tu r e ,  such t h a t  S  induces t h e  p ro jec t ive  s t ruc tu r e  on 

p  (MI /E 

(2) I f  M,A,x and S a r e  a s  i n  (1) and we l e t  M, be t he  s t ruc tu r e  

with @universe (M \ A) / X  and predicate  

(M \ A) /X and (MI, C) in te rdef  inable.  

Again we assume M i s  sa turated 

I 

S, t he r e  i s  some C - C ~y~ with . 

and ( M I  > I T ~ ( M )  I . One possible  

approach t o  (1) i s  t o  prove t he  analogue of 4.2, but we take a  d i f f e r en t  

tack.  Essen t ia l ly  we construct  an a f f i n e  s t ruc tu r e  with M attached t o  i t ,  

apply 4.1 t o  it, and use  t h i s  t o  induce t h e  p ro jec t ive  s t ruc tu r e  on M .  

We s t a r t  with a  few more general f a c t s .  

Lemma 5.2: Let N be a  sa turated s t rongly minimal s t ruc tu r e  and 

N1 k N. For any a96 i n  N ,  i f  ii 6 i n  N,  then ii 1 6 i n  t he  

s t ruc tu r e  (N1;N) with a  predicate  f o r  N. 

Proof: I t  su f f i ce s  t o  f ind an automorphism of N1 f ix ing N setwise 

and taking a t o  6. I f  ace(;) # ace(aA'6),  pick 

c  E a c t  (a%) \ a c t  (a) and then d  E acR(iAG) with aA<c> = bA<d>; 



6 has the same dimension as a, so any d E ac1(aA6) \ act(6) will do. 

By iterating this, we can assume ad(;) = ad(6). Then find B a basis 

for N over a and complete it to a basis C for N1 over a. Then 

ZC r LC, so we can find an automorphism of N1 fixing C pointwise and 

taking a to 6 It will take ad(; U B) to ad(6 U B); that is, 

it fixes N setwise. 

Note: By essentially the same proof, we can get this result in more 

generality. 

Corollary 5.3: If N,N1 as in 5.2, then any formula definable on 

(N1;N) 1 N is definable on N. 

Proof: Take (N; ;N*) > (N1 ;N) I ~h (N) I + - saturated. If q (2) is 
C 

a counter-example, we have $,6 E N* realizing the same type in N* but 

q (a) A dq (6), contradicting 5.2. 

Lemma 5.4: Suppose N is a structure, N = N1 fi N2 where N1 is 

0-definable in N and strongly minimal. Suppose there is an N-formula 

n (x,y) such that: (1) if a E Nl\ ace(@), n(a,~) is a subset of N2 of 

size k<oJ and (2) U{n (a,N) : a € N1, In (a,~) 1 5 k} covers all but 

finitely many points of N2. 

Then N has rank 1 and multiplicity zl+k. 

Proof: Suppose not. So for some N* > N with I N* 1 > I Th(N) [ and 

ei(x,ii) (i 5 l+k) formulas with parameters from N* = Nf 8 N; we have 

qi(~*,a.) infinite and if i qi(~*,ai) fl e.(~*,i.) = @. (2) implies 
1 J J 

tp(ai I N;) is algebraic and so isolated, say by $ ( )  where c .  c N* . 
1 -  1 

Then 3y(ei (x.7) A I/J~(Y,~~)) has the same solutions in 
- 

N; as qi(x'ai) 



one qi(N*.ai) i n t e r s e c t s  N; i n  an i n f i n i t e  s e t .  So we can assume t h a t  

f o r  i s k  each qi (N* .ai) i s  an i n f i n i t e  subset of N> Let 

Q x , ~ )  e---, 3 y [ q i ( y y i )  A n(x,y)];  f o r  each i s k  Qi def ines  an 
- 

i n f i n i t e  subset of N;. A s  above, choose ci - - c N; with yi ci-definable, 

and l e t  a  E N i  \ acL{coY . For i k  N* Q~ (a, ai) so we can 

f ind  bi with qi(bi,ai) A n (aybi) ; the  b i l s  a r e  d i s i n c t  so 

1 n (a,N*) I 1 k+ l ,  contradic t ing N* Z N and (1).  

Now we assume M i s  sa turated of s i z e  > I  Th(M) I and s t rongly 

minimal of p ro jec t ive  character .  A s  i n  sec t ion  3, we pick a t e rnary  S 

inducing t h e  l i n e s  on p(M)/E; so we assume t h a t  f o r  any a ,b  E p(M) 

independent, S(a,b,M), S(a,M,b) and S(M,a,b) each contain a f i n i t e  

e 
non-empty subset  of each E-class of a d { a , b )  \ [acR{a) U acR{b)] . Now 

l e t  N ). M and N = acR(M U {a) )  f o r  some a E N \ M .  

5.3 implies t h a t  M and (N;M) M a r e  e s sen t i a l l y  t h e  same, i . e .  

any predicate  def inable  on t h e  s e t  M i n  (N;M) i s  def inable  i n  t h e  

s t ruc tu r e  M. (N;M) has a predicate  f o r  M. 

Lemma 5.5: (1) (N;M) has rank 1 and f i n i t e  mu l t i p l i c i t y ,  and i s  

sa turated.  

(2) F o r a n y  A C N ,  - acR(A) i s t h e s a m e i n  (N;M) a s i t i s i n  N.  

Proof: (1) For any a ,b  E N \ M ,  t he re  i s  an automorphism of N 

f ix ing  M pointwise and taking a t o  b. Hence f i x ing  a point  

a E N \ M  does not  a f f e c t  M ,  and c l ea r ly  i f  ((N;M),a) has rank P and 

f i n i t e  m u l t i p l i c i t y  so does (N;M). So we f i x  some (any) a E N \ M .  If 

b E M \acC{a), S(b,a,N) i s  a f i n i t e  subset  of N \ M .  I f  



so the re  i s  m E M with m' ,al  and c 1  co l l i nea r .  Hence 

S(N,a,c) fl M # @. Also f o r  a l l  but f i n i t e l y  many po in t s  c  E a d { a }  we 

have by 3.10 t h a t  S(N,a,c) i n t e r s e c t s  ad!(@) 5 M. We can assume f o r  

b  E a d ( @ ) ,  I s ( b , a , ~ )  I 5 k = ( ~ ( d , a , ~ )  ( where a& d .  So we apply 5.4 

t o  ((N;M) ,a) with S(x,a,y) A x E M taking t he  p a r t  of n, M t h e  p a r t  

of N1 and N \ M  t h e  p a r t  of N2.  This does ( I ) ,  a s  t he  sa tu ra t ion  

follows from I (N;M) 1 > I T ~ ( N ; M )  I .  
(2) Clear ly  i f  b  E a d ( A )  i n  N,  then b  E a d ( A )  i n  (N;M). I f  not 

t he  converse, pick a  counter-example A,b with I A I  a s  small a s  poss ible .  

Then I A (  i s  independent i n  (N;M) and so  i n  N.  For A - C M y  a d ( A )  

i s  t h e  same i n  N a s  i n  (N;M) by 5.3 and t he  f a c t  t h a t  f o r  any 

a ,b  E N \ M  t he r e  is  an N-automorphism f i x ing  M pointwise taking a  t o  
*( 

b. So l e t  a  E A \ M .  For each c  E A \ M ,  c#a,  choose c* E M with 

S(ce,a,c)  and l e t  A* = (A l l  M) U {a} U {c*: c  E A'\  M I .  Then b  E ad(A*)  

i n  (N;M) but not  i n  N s ince  i n  both c* and c  a r e  a lgebraic  i n  each 

other  over a. I f  b  j! M f ind  b* E M with S(b*,a,b); b* E acl(A*) i n  

(N;M) but not  i n  N. So i n  (N;M), b* E a&(A*) \ ad!(A* \ {a}) ,  so  

a  E ac&(AX\{a) U {b*) ) .  But A*\{a} U {b*) c - M, a  contradic t ion.  

Now suppose Mo s a t i s f i e s  4.10. So it i s  a  t r a n s i t i v e ,  s t rongly  

minimal a f f i n e  s t r u c t u r e  under Q and R ,  and P and PR give t he  Q 
canonical a f f i n e  s t r u c t u r e  on M O / E  We w i l l  show t h a t  a  quotient  of M 

can be i den t i f i ed  with M h  f o r  some such Mo l a t e r .  First we no t ice  

a  few th ings  about M b .  I t  i s  c l e a r  t h a t  MI) i s  of p ro jec t ive  character  

and t h a t  So, t he  t e rnary  r e l a t i o n  on it induced by Q and R,  gives it 

a  p ro jec t ive  s t r u c t u r e  and induces the  p ro j ec t i ve  s t r u c t u r e  on q(Mf)/E 0 



I 

where q i s  t h e  type  of any non-algebraic element. 

Lemma 5.6: and t h e r e  i s  

f € a d ( $ )  fl M;) with So(b , f ,a) .  

(2)  Suppose A i s  a maximal subspace of M;) conta in ing t h e  a lgebra ic  

elements; a ,b , c  € M b \ A ,  a # b ,c  and S o ( a 9 b 9 c ) .  Then t h e r e  i s  an 

automorphism of M;) f i x i n g  A U {a} pointwise t ak ing  b t o  c .  

(3)  Suppose U i s  a 0-definable b inary  a lgebra ic  r e l a t i o n  on q(M;)); 

then t h e r e  i s  a f i n i t e  C - c ac t ($ )  fl M;) such t h a t  C i s  0-definable 

and f o r  a ,b  € q(M6) d i s t i n c t  M b  I= U(a,b) u 3x € C So(a,x,b) .  I f  U 

def ines  an equivalence r e l a t i o n ,  C i s  closed under So. 

Proof: (I) We can assume a Z b and a f a c t ( $ )  . Pick any 

c € Mb\acl{a} and d f { a 9 c }  with So(a ,c9d) .  Then d f acl{a}.  In 

q(Mb)/~,  a l , c v  and d '  a r e  c o l l i n e a r  and a v  = b v ,  so  t h e r e  i s  e € M;) 

with eEd and So(b,c ,e) .  So(c,a,d) A S  (c,b,e)  and a ,b ,c ,d  and e 
0 

a r e  d i s t i n c t  so t h e r e  is  f € M b  with So(a ,b , f )  A So(d ,e , f ) .  So 

f € a d l a }  n acL{d} = a d  ($) and So (by f , a )  . 
( 2 )  Pick any e € Mo; corresponding t o  e and A t h e r e  i s  a maximal 

2 
subspace A* of Mo; r e c a l l  F: Mo \ {  (d,d) : d € M ~ }  + M b .  There i s  

d F A with So(d,a,b) .  We can f i n d  a* € Mo with F(e,a*) = a and 

b*,d* E Mo with 

Diagram: 

A 

F(e,bx) = b y  F(e,d*) = d and Q(e,d*,a*,b*). 



Then t he  l i n e  through d* and b* meets t h e  l i n e  through e 

corresponding t o  c a t ,  say, c*. Let a** be such t h a t  Q(e,d*,a**,c*), 

Now a*,a** f A* = acl(A*), so t he r e  is  an automorphism of Mo f ix ing  

A* pointwise taking a* t o  a**. I t  then takes  b* t o  c*. This 

induces an automorphism of M;) f i x i ng  A U {a} pointwise and taking 

b t o  c .  

(3) I f  a,b E q(M;)) and U(a,b). then from (1) t h e r e  is  c E a d ( @ )  

with So(a,c,b) . Fix a E q(M;1) and f o r  each b with U(a,b) choose 

such a c ,  and l e t  C be t h e  co l l e c t i on  of these  c l s .  Clear ly  C i s  

0-definable. From (2) it follows t h a t  any d € q(M;)) with So(a,c,d) 

has ab Z ad. So f o r  any a,d d i s t i n c t  i n  q(M;), 

M1 I= U(a,d) u 3x € C So(a,x,d) .  Now suppose cO,cl E C and 0 

S (c , c  , c  ) .  We may assume co # c l .  Pick a,bo,bl E q(M;)) with 0 0 1 2  

So(a,co.$O) A So(a,c,bl) ,  u b y b 0 )  A U(a,bl). From 

S (C , C  , C  ) A So(co9a9bo)  f i nd  d with So(a,cl,d) A So(bo9cZyd) .  0 0 1 2  

U(a,d) as  d E q(Mb). I f  U is  an equivalence r e l a t i o n ,  U(boyd). 

So C* E C .  

Proof of 5.1(1):  Consider (N;M). I t  has rank 1 and f i n i t e  

mu l t i p l i c i t y ;  one of t he  s t rongly  minimal s e t s  i s  M and t he  o thers  a r e  

subsets  of N \ M .  Let K be one of them. I f  r i s  t h e  s t rong type 

of an element of K, c e r t a i n l y  r s a t i s f i e s  (*) by 5.5(2).  Clear ly  

a l s o  r i s  non-orthogonal t o  p. In [(N;M)\a&($)]/E where we r e c a l l  

S 
a E b  i f f  a  E a d { b }  and a 5 b we have p(M)/E non-orthogonal t o  

K/E; PS witnesses t h i s .  Since both a r e ,  by 3.4, s t r i c t l y  minimal 

Ho-categorical s e t s ,  K/E i s  e i t h e r  a f f i n e  o r  p ro j ec t i ve  over t h e  same 

f i e l d  F (n) over which p (M) /E i s  p ro jec t ive .  Now by 5.5 ( 2 ) ,  if 



a ,b  E K a r e  independent, acR{a,bl i s  t h e  same i n  (N;M) a s  i n  N.  

In N ,  ac l (a ,b )  i n t e r s e c t s  n+ l  d i f f e r e n t  E-classes, one of which i s  i n  

p(M). So i n  K ,  a d { a , b )  i n t e r s e c t s  a t  most n E-classes. So K i s  

of a f f i n e  character  over F(n). By 4.1, t he r e  i s  8 0-definable on K 

such t h a t  K / B  is  an a f f i n e  s t r uc tu r e  over F(n). 

Consider t he  s t r u c t u r e  M1 = M 5 K / B  8 (K/B)'. This cons i s t s  of 

t h r e e  s t rongly  minimal s e t s ,  and [ M ~ \  ace(@)] /E has t h r ee  s t r i c t l y  

minimal N -ca tegor ical  s e t s .  p(M)/E and q(M1)/E a r e  both p ro jec t ive  0 

and they a r e  non-orthogonal, where q i s  t h e  type of an element of 

(K/B)'. So by 1.9, i n  [M1\ad($)]/E t h e r e  i s  a 0-definable b i j e c t i on  

between them. So i n  M1 t h e r e  is  a formula ~ ( x , y )  with T(a,M1) 

a f i n i t e  subset  of q(M ) f o r  a E p(M)(= p(M1)) and 7(M1,b) a 
1 

f i n i t e  subset  of p(M) f o r  b E q(M1). 

Let ~ * ~ ( x , y )  - 32 (T(z,x) A T(z,Y))  ; t h i s  gives an a lgebraic  

r e l a t i o n  on q(M ) . Find C c (K/B) ' a s  i n  S.6(3). Then consider t he  1 - 
l o ca l i z a t i on  of (K/B)' a t  C;  r e c a l l  t h a t  t h i s  means t h e  equivalence 

r e l a t i o n  xC on (K/B)'\<C> with xC(a,b) i f f  3cE <C>So(ayc,b). 

Here SO i s  t he  t e rnary  r e l a t i o n  giving t h e  l i n e s  on (K/B)' and <C> 

is  t h e  c losure  of C under S Then T induces a funct ion from M 0"  

minus a f i n i t e  s e t  A onto [(K/B)'\<C>]/x minus a f i n i t e  s e t -  by 
C 

expanding C we assume t h e  l a t t e r  i s  empty. So i f  we take  t h e  appropr ia te  

equivalence r e l a t i o n  x on M \ A ,  T induces a 0-definable b i j e c t i on  

between (M \ A) /X and t h e  p ro jec t ive  space [ (K/ B) \ <C>] /xC. 

So t r a n s f e r s  i n  a na tu ra l  manner t o  a t e rna ry  r e l a t i o n  on 

( (K/ 8) ' \ <C>) /X C ' The pre-image S of t h i s  c e r t a i n l y  induces t he  l i ne s  

on p(M)/E. Since x i s  on M, it i s  0-definable on M ,  a s  a r e  A 



and S. This completes t he  proof of 5.1(1).  

Towards t he  proof of 5.1 ( 2 )  l e t  us  s t a r t  with (M,S) a  p ro jec t ive  

space over F(n) such t h a t  S induces t he  l i n e s  on p(M)/E; a l l  a s  

above except we assume A = @ and x i s  t he  i den t i t y .  Then take  

N ). M, N = acl(M U (a) )  f o r  some (any) a  E N \  M y  a s  above. Again, 

consider (N;M). 5.5 holds,  and i n  t h i s  case:  

Lemma 5.7: (N;M)\M = Mo i s  a  s t rongly  minimal s t r u c t u r e  

s a t i s fy ing  4.10. M;) i s  M ; s t r i c t l y  speaking, t he r e  is  i n  ( M ; N ) ~ ~  

a  0-definable b i j e c t i o n  between M;) and M.  

Proof: We know from 5.5 t h a t  (N;M) has rank 1 and f i n i t e  

mu l t i p l i c i t y .  Suppose Mo i s  not  s t rongly  minimal. For any a , b  E Mo 

independent, from 5.5 acl (a ,b)  i n t e r s e c t s  M y  and s ince  S  induces 

t h e  l i n e s  on N / E ,  t h e r e  i s  c  E M with S(a ,b ,c ) ;  c  $! a d ( $ ) .  We 

could h a w  chosen a ,b  i n  d i f f e r e n t  s t rongly  minimal p ieces  of Mo,  

so fo r  any a  E Mo,  c  E p(M), t h e r e  i s  b  i n  a  d i f f e r e n t  s t rongly  

minimal piece of Mo than a  with S(a ,b ,c) .  Let C be t he  s t rongly  

t h a t  S(a,b,c)  and k  = I{f: S ( a , c , f ) )  fl C I  = 

For each e  E <c,d> - c p(M), ea r ca and eb E 

[ i f :  ~ ( a , e , f ) )  fl C I  = k  = Iif: ~ ( b , e , f ) )  fl c I .  

minimal p iece  containing a  € Mo, and c,d E p(M) be independent. 

We count <c,d,a> fl C i n  two d i f f e r e n t  ways. Let b  E Mo\ C be such 

I{f: S (b ,c , f ) )  fl c l .  
cb - in  (N;M), so 

Now 

For d i s t i n c t  e  , e  E <c,d>, t he  l i n e s  S(a ,e  ,N) and S(a,el,N) meet 0  1 0  

a t  a  E C ,  but t he  l i n e s  S(b,eo,N) and S(b,el,N) meet a t  b  j? C .  



So I U S(a,e,N) n C I  = (n+l)  (k-1) + 1. But 
ef <c,  d> 

minimal. 

Diagrams : 

f'4 

fl C l  = k(n+l ) ,  a  contradic t ion.  So Mo is  s t rongly  

-- _- - - - -1 

f - 

C i c _- -  e- 

i 
I 

f '43 b 
- t 

i 

Now the r e  is  a na tu r a l  way t o  de f ine  R and Q on Mo giving it 

an a f f i n e  s t r uc tu r e .  We l e t  R(a,b,c) * S(a,b,c)  f o r  a ,b ,c  E Mo 

and f o r  a,b,c,d E Mo,  l e t  - 

Q(a,b,c,d) ++ 3x,y E M(S(a,b,x) A S(c,d,x) A S(a,c,y)  A S(b,d ,y)) .  
*1 

See jus t  a f t e r  1.8. I t  is  e a s i l y  checked t h a t  Q and R give Mo an 

a f f i n e  s t r uc tu r e ;  we know Mo i s  s t rongly  minimal and t r a n s i t i v e ,  and 

5.5 t e l l s  us Mo i s  of a f f i n e  character .  The f a c t  t h a t  S induces t he  

l i n e s  on p(N)/E and 5.5 imply t h a t  R induces t h e  l i n e s  on M O / E  Since 

t he  addi t ion on MO/E i s  derived from t h e  l i n e s  on N/E i n  t he  same 

manner a s  Q was derived from S, Q induces t he  addi t ion.  So Mo 

s a t i s f i e s  4,10. That M b  i s  M is  a l s o  c l ea r .  

Proof of 5.1(2): Let M1 be t he  s t r u c t u r e  with universe M and 

predicate  S. In t h i s  s i t ua t i on ,  l e t  race(@) - c M : ~  cons i s t  of t h e  

def inable  c losure  taken i n  M : ~  of t he  a lgebraic  po in t s  of M and t he  

f i e l d  elements. A s  i n  t he  proof of 4.10, it s u f f i c e s  t o  show t h a t  if 



a 5 b(c) i n  ( ~ ~ , r a c & ( $ ) )  then a Z b(E) i n  (M,ad($)) ;  t h e  l a s t  

a c t ( $ )  i s  taken i n  M ~ ~ .  

Let N be formed from M a s  usual ;  l e t  N1 be obtained from 

(Ml, rad($))  i n  t h e  same manner; we can assume N and N1 have t h e  

same universe .  If a b ( c )  i n  (Ml , race($) ) , t h e r e  i s  an automorphism 
- 

y of (Nl;Ml) f i x i n g  c pointwise and taking a t o  b. For any 

e € N1\ M we can assume t h i s  automorphism f i x e s  e .  Now pick 1 

1 € M n  a&($) if t h i s  i s  not empty and f # e i n  N ~ \ M  with 
1 

S ( e , t , f ) .  By 5.6(2) t h e r e  is  an automorphism P of N1 f i x i n g  M U { e l  

pointwise and taking y(f )  t o  f .  I f  M n a c t ( $ )  = $, l e t  p be t h e  

i d e n t i t y .  

By is  an automorphism of (N .M ) ; it f i x e s  a c t ( + )  fl M and 
1' 1 

t h e  f i e l d  elements a s  well a s  e .  Further,  it f i x e s  t h e  c l a s s e s  of t h e  

r e l a t i o n  Q(x,y,z,w) A F(x,y) = L on N1\ M I .  Let t1 # L be any 

point  ~f M n a d ( $ ) ,  and g € N1\ M1 be such t h a t  e # g and 

S(eyLl,g). Pick L2 with ~ ( l , L ~ , l ~ )  A S(f ,gy12) ;  t h i s  comes from 

S(e , f ,L)  A S(e,g,L1). Now l2 E M n  a d ( $ ) ,  so i s  f ixed  by By, a s  a r e  

e , f  and el. So g i s  f ixed by By. 

1 

Diagram : 



Q(x,y,z,w) A F(x,y) = el on N \  M a r e  f ixed by By. 

Applying 4.10 we ge t  t h a t  i f  M = (N;M)\M, then (Mo,ad($)) 
0 

is  in terdef inable  with (M2,racR($)) where M2 has universe N \ M ,  

predicates  Q and R ,  and here rac&($) i s  t he  de.finable c losure  of 

M i  fl a d ( $ )  = M fl ace($),  t h e  f i e l d  elements, and t he  c lasses  of r e l a t i ons  

Q(x,y,z,w) A F(x,y) = L f o r  l E M fl ac t ($ ) .  So t h e  r e s t r i c t i o n  of 

By t b  N ' A M  is  an automorphism of (Mo,ac~($)) .  I t  extends uniquely 

t o  an automorphism f of (Mo,acL($))' which i s  (Myad($ ) ) .  For any 

a ,b  d i s t i n c t  i n  M we must have f (F(a ,b ) )  = F(py(a),$y(b)) = py(F(a,b)) ,  
0' 

so py 1 M is  an automorphism of (My a c t ( $ ) ) .  I t  f i x e s  c pointwise and 

takes  a t o  b. This completes t h e  proof of 5.1(2). 



SECTION 6 

Our aim i n  t h i s  s e c t i o n  i s  t o  extend t h e  a f f i n e  o r  p ro jec t ive  

s t r u c t u r e  found t o  hold on a s t rong type ( i n  t h e  p r o j e c t i v e  case  on a 

s t rong type p lus  some a lgebra ic  po in t s )  t o  a formula i n  a weakly minimal 

s t r u c t u r e .  We assume M is  a sa tu ra ted  weakly minimal s t r u c t u r e  of 

s i z e  > I T ~ ( M )  1 ,  p is  a s t rong 1-type over @ which is  non-algebraic. 

I f  we assume t h e r e  a r e  almost 0-definable formulas of M giving 

an a f f i n e  o r  p r o j e c t i v e  s t r u c t u r e  on p(M), we show here  t h a t  t h e r e  is  

an almost 0-definable subset  of M on which t h e  same formulas give us  

an a f f i n e  o r  p r o j e c t i v e  s t r u c t u r e .  We begin with t h e  a f f i n e  case.  

We f i r s t  prove: 

Lemma 6.1: Suppose t h e r e  i s  an almost 0-definable p red ica te  Q 

which a c t s  a s  an abe l i an  group operat ion on p(M) ( i . e .  i t s  r e s t r i c t i o n  

t o  p(M) s a t i s f i e s  #5,6,7 and 10 of t h e  axioms f o r  an a f f i n e  space),  

and f ( x )  E p. Then t h e r e  i s  o(x) € p with M I= o(x) ;. X(x) such 

t h a t  Q a c t s  a s  an abe l i an  group opera t ion on o(M). 

Towards t h e  proof of 6.1, we f i r s t  p ick  by compactness oo(x) E p 

with M I= o ( x ) +  h(x) and i f  a ,b , c ,d ,e , f  E o0(M), then 0 

(1) 3 ! W ~ ( a y b ; c , w )  (2)  Q(a,b,a,b)  

(3) Q(a ,b ,c ,d )+  Q(a,c,b,d)  A Q(b,a,d,c)  and 

(4) Q(a,b,c,d) A Q(a,b,e,f)  4 Q(c,d ,e , f ) .  oo may not be t h e  formulas 

we seek s ince  it may not  be closed under Q. But any o(x) E p with 



w i l l  do. Pick ol (x) € p with M I= ol (XI + ao(x) and 

Define " on al(M) by c - d  i f f  f o r  a l l  a € p(M), t he r e  i s  

b E p(M) with Q(a,b,c,d). 

Lemma 6.2: ( i )  c w d  i f f  f o r  some a E p(M), b € p(M), 

Q(a ,b ,c>d) .  

( i i )  " i s  an equivalence r e l a t i o n  on al (M) 

Proof: ( i )  ( =  obvious. (<=) Pick any e € p(M) , and f 

with Q(e,f ,c ,d)  . By (1) and (3) we can, and M )= a 0 ( f )  . 
Q(a,b,c,d) A Q(e,f ,c ,d)  give,  from (3) and (4), Q(a,b ,e , f ) ;  s ince  

a ,b ,e  € p(M), f € p(M) and we a r e  done. 

( i i )  From (2) and (3 ) ,  Q(a,a,b,b), so r e f l e x i v i t y  i s  c l ea r .  Suppose 

c " d  and a E p(M). Pick b E p[M) with Q(a,b,c,d); then (3) 

give2 Q(b,a,d,c) so ( i )  gives d " c .  Now suppose c " d and 

d " e ,  and a E p(M). Pick b € p(M) with Q(a,b,c,d) and then 

f € p(M) with Q(b,f,d,e).  Then by (3),  Q(b,d,a,c) A Q(b,d,f,e) 

so by (4), Q(a,c,f ,e)  and by (3) again, Q(a , f ,c ,e) .  So c " e 

by ( i ) .  So " is  t r a n s i t i v e .  

Lemma 6.3: Suppose ol(c)  A o (d) and ne i t he r  c nor d i s  
1 

algebraic .  Then c zSd i f f  c d.  

Proof: (=>) Let a € p(M) \ a d j c , d l .  We can f i nd  f " c with 

f f acL{a,c,d) f o r  a s  b va r i e s  through p(M), Q(a,b,c,M) va r i e s  

through c/" and by (1) and (3) d i s t i n c t  b l s  g ive  d i s t i n c t  f l s  with 

Q(a ,b ,c , f ) ;  so t h e r e  a r e  ~ M J I ~  f s s  with c " f. Pick b E p(M) 



with Q(a ,b ,c , f ) .  Since c zSd and c,d f a d { a , f }  t h e r e  i s  a s t rong 

automorphism of M f i x i n g  a and f t ak ing  c t o  d .  I t  t akes  b t o  

some g E p(M) with Q(a ,g ,d , f ) .  So d " f and s o  c " d. 

(<=) Suppose c cV d .  We can assume c J d a s  we can compare both t o  

- S 
an element of ~ / ~ \ a c R { c , d ) .  Choose a E p ( ~ ) \ a & { c , d ) ,  e = c, 

e i acR{a,c,d). Pick b E p(M) with Q(a,b,c,d) and, using the  above, 

f E p(M) with Q(a , f , c , e ) .  f , b  f a d { a , c }  and f -'by so  abc zSafc.  

S 
SO d - e z S c .  

Choose 02(x) E p with M I= 02(x) ol(x)  and 

M I =  02(x) A 02(y) A 02(z)  A Q(x, y, z,w) + ol (w) . 6.3  implies t h a t  i f  

02(c)  A i o 2 ( d ) ,  a , b  E p(M) and Q(a,b,c,d) o r  Q(a,b,d,c) then e i t h e r  

c o r  d i s  a lgebra ic .  By compactness, f i n d  I and J f i n i t e  with 

I U J minimal such t h a t  I U J - c ace(@) and 02(a)  A io2(b)  and 

a "  b implies a E I o r  b E J.  Let 03(x) ++ (02(x) v x f I) V x E J .  

o3 (XI E p. 

E 

Lema 6.4: I f  ol  (a) A ol (b) and a " b y  then 03(a) * og(b) .  

Proof: Since we can compare both a and b t o  a non-algebraic 

element of a/", we can assume a j? a d ( @ )  . I f  o3 (a) then o2 (a) 

and a f I ,  s o  any c a with l o 2 ( c )  i s  i n  J. I f  d "  a and 

a2(d) ,  any c " d has c " a ,  s o  e i t h e r  02(c )  o r  c E J; by t h e  

minimality of I U J, d 1 I .  So b E (02(M) U J ) \ I  = 03(M). S imi la r ly  

if lo3 (a) . 

Note t h a t  i f  a ,b  E p(M), M I= 04(a,b) .  



Proof: Since o4 (by a )  A o3 (c) , o3 (d) . SO t o  show o4 (d , a ) ,  

we p ick  e , f  with o g l e )  A (Q(a,d,e,f) v Q ( a , d , f , e ) )  and we show 

03( f ) .  Notice o o ( f ) .  We have four  cases :  

( i )  Q(a,b,c,d) A Q(a,d,e,f)  . Pick g with Q(a,b,e,g)  ; s ince  

04(b,a)  A 03(e)9 03(g)-  Also Q(b,d ,g , f ) ,  so  Q(a ,c ,g , f ) ;  

s ince  o4 (c ,a )  A o3 (g) , o3 ( f )  . 
( i i )  Q(a,b,c,d) A Q(a ,d , f , e ) .  Pick g with Q(a,b,g,e);  03(g).  

Pick h with Q(a,d,g,h); oo(h) ,  so  Q(b,d,e,h) A Q(f ,g ,e ,h) .  

So Q ( b y d y f , g ) ,  so  Q(a ,c , f ,g ) .  Since 5 4 ( c y a )  A o g ( g I y  0 3 ( f l .  

( i i i )  Q(a,b,d,c)  A Q(a,d,e,f) .  Pick g wi th  Q(a,b,g,e);  03(g).  

Lemma 6.6: I f  a , b  € p(M), then M I= 04(x ,a)  tt 04(x ,b) .  

Hence t h e r e  i s  a (x )  E p such t h a t  f o r  any a E p(M) 

M I= o(x) H 04(x ,a ) .  

Proof: If 04(c ,a)  A l o4 (c ,b )  t h e r e  must be d and e with 

03(d) A W3(e) A (Q(b,c,d,e) v Q(b,c ,e ,d) ) .  I f  Q(b ,c ,d ,e) ,  pick f 

with Q(a ,b , f ,d ) ,  s o  0 3 ( f ) .  But a l s o  Q(a,c, f ,  e) ;  s i n c e  04(c , a ) ,  

03(e).  I f  Q(b,c,e,d) , pick  f with Q(a ,c , f ,d ) ,  so  0 3 ( f ) .  But then 

Q(a,b,f,e) g ives  03(e ) .  This con t rad ic t ion  e s t a b l i s h e s  t h e  lemma. 



Proof of 6.1: Suppose o(a)  A a(b)  A a ( c )  A Q(a,b,c,d).  

Pick e E p(M) and f with Q(a ,b ,e , f ) .  By t h e  two previous lemmas, 

o ( f ) .  Also Q(e,f,c,d) so  again a ( d ) .  

We now t a k e  c a r e  of t h e  a f f i n e  case:  

Lemma 6.7: Suppose t h e r e  a r e  t e r n a r y  R and 4-ary Q almost 

0-definable on M whose r e s t r i c t i o n s  g ive  an a f f i n e  space s t r u c t u r e  

over F(n),  say, on p(M). Then f o r  any X(x) E p t h e r e  i s  ~ ( x )  € p 

such t h a t  Q and R g ive  an a f f i n e  space s t r u c t u r e  over F(n) on z(M) 

and z(M) - c X(M) . 

Proof: F i r s t  f i n d  T ~ ( x )  € p such t h a t  # I s  0 through 11 hold on 

zo(M) 5 X(M), a s  do t h e  following a f f i n e  space theorems: 
I 



completes t h e  proof. 

Then  f i n d  'cl (x) E p such t h a t  

M I= ( ~ ~ ( x )  -+ T ~ ( x ) )  A (T1(x) A T ~ ( Y )  A R(xyy,z) -+ ~ ~ ( z ) ) .  Applying 

6.1, w e  f i n d  o(x)  € p with M I= o(x) + T (x) and o(M) closed 1 

u n d e r  Q. Let z (x ,y )  o(x)  A o(y)  A Vz(R(xYyyz), o ( z ) ) .  Note 

t ha t  if a , b  E p(M), M I= z ( a , b ) .  

Now suppose a E p(M), ~ ( b , a )  A ~ ( c , a )  A Q(a,b,c,d) .  Then 

~ ( d , a ) ;  f o r  cons ider  any e with R(a,d,e) .  z 0 ( e ) ,  so  by #12, f i n d  

f and g with R(a,b,f)  AR(a ,c ,g)  A Q ( a , f , g , e ) .  By ~ ( b , a ) ,  o ( f ) ;  

by ( 1  o(g)  and by Q ( a , f , g , e ) ,  ~ ( e ) .  

Suppose a € p(M), ~ ( b , a )  A ~ ( c , a )  A Q(a,b,d,c) . Using # l a ,  

Now suppose a E p(M),- ~ ( b , a )  A ~ ( c , a )  A ~ ( d , a )  A Q(b,c,d,e) .  

Then ~ ( e , a ) ,  f o r  p ick  f with Q(a ,b , f ,c ) ;  then  ~ ( f , a )  and a l s o  

Q ( a , f , d , e ) ,  so  .t(e,a) by t h e  two previous arguments. 

It 

Suppose a E p(M), ~ ( b , a )  A ~ ( c , a )  A R(b,c,d) . From #14, f i n d  

e and f with R(a,b,e) A R(a ,c , f )  A Q(a,e , f ,d) .  So o ( d ) .  Suppose 

R(a ,d ,g ) .  From #12, f i n d  h 9 i  with R(a,e,h) A R ( a , f , i )  A Q(a,h , i ,g) .  

If a=e ,  a=h; i f  a#e,  R(a,b,h) from R(a,b,e) A R(a,e ,h) .  

S i m i l a r l y  R ( a , c , i ) .  So o(h)  A o ( i )  and so  o ( g ) .  This  shows ~ ( d , a ) .  

Thus f o r  any a E p(M), T(M,a) is  closed under Q and R; i f  we 

show t h a t  M I= z (x ,a )  ++ 'T; (x9b)  f o r  any a , b  E p(M) we can then 

f i n d  ~ ( x )  E p such t h a t  M )= ~ ( x )  +-+ .c(x,a) and t h i s  T is  our 

formula.  Suppose z ( c , a )  A R(b,c,d) where a 9 b  E p(M); then z ( b , a ) ,  

s o  ~ ( d , a )  by t h e  above argument. So ~ ( d )  and s o  ~ ( c , b ) .  This  



Now we t u r n  t o  t h e  p r o j e c t i v e  case.  So we assume M has an 

almost 0-definable t e r n a r y  r e l a t i o n  S such t h a t  p*(M) i s  a  p r o j e c t i v e  

space over F(n) under t h e  r e s t r i c t i o n  of S. Here p* (M) i s  t h e  

c l o s u r e  of p  (M) under S, and p* (M) \ p (M) - c a c t ( $ )  . Also, a s  i n  

3.11, p* i s  a  poss ib ly  incomplete type over acL($). 

Lemma 6.8:  For any X(x) E p*, t h e r e  i s  o(x)  E p* such t h a t  

o(M) - c X(M) is a  p r o j e c t i v e  space over F (n) under S. 

A s  a  f i r s t  approximation, p ick  oo(x) E p* with oo(M) C - X(M) 

such t h a t  i f  a ,b ,c ,d ,e  E oO(M). then: 

! n+l  (1) a#b += 3 zS(a,b,z)  

(2) S (a ,b ,a ) ;  S(a ,a ,b)  4 b = a  

(3)  S(a ,b ,c)  += S(b,a ,c)  

(4) S(a ,b ,c)  A a#c + S(a ,c ,b)  

(5) S(a,b,c)  A S(a,b,d)  A a f c  + S(a,c,d) 

(6) S(a ,b ,c)  A S(a,d,e)  A a ,b ,c ,d ,e  d i s t i n c t  + 3 u ( ~ ( b , d , u )  A S ( c , e , u ) ) .  

I& we can f i n d  o  (x) E, p* with 

we w i l l  be done. Pick ol (x)  E p* with 



Lemma 6.9: I f  pX(a ) ,  a3(b) A 7a3(c) A S(a ,b ,c ) ,  then e i t h e r  

c i s  a lgebraic .  

Proof: F i r s t  suppose b I a c t ( + ) ,  a  E p ( ~ ) \ a d { b ) ,  

A S(a ,b ,c) .  Cer ta in ly  a l ( c ) ,  and i f  c  # a ,  a  f ace{cl .  

This i s  because a E acL{c) implies c E acR{a), giving b E acL{a) 
I 
I 

and so a E acR{b). So i f  not a3(c ) ,  t he r e  i s  d with 

S(a,c,d)  A l o l  (d) . Note t h a t  oo(d) a s  ol (a) A Ol (c) . But 

S(a,b,c) A S(a,b,d) A a # c gives S(a,b,d) and t h i s  con t rad ic t s  

a2(a ,b ) .  So 03(c).  

Now suppose a t p*(M), a3(b) A S(a,b,c)  and b ,c  P ace(@) .  

I f  l o3  (c) , we have a € acl{b 1 by t h e  above. Hence b c c. Pick 

d E p(M)\acL(b) and e f {b ,dl  with S(b ,d ,e) ;  03(e) by t h e  

above. a ,b ,c ,d  and e must be d i s t i n c t ,  so from (6) and 

S(b,a,c) A S(b,d,e) f i nd  f  with S(a ,d , f )  A S ( c , e , f ) .  S(a ,d , f )  

implies f  E p* (M) . Now f j! acR{e), f o r  i f  f  = e ,  then 

S(b,d,e) A S(a,d,e)  give S(a,b,d) and d € acR{b); i f  f  # e and 

f  $ k, then c € a d l e ) ,  so  b E a d { e )  and d E ace{b) contrary  

t o  assumption. But t h e  previous paragraph shows t h a t  a 2 ( e , f )  A S(f , e , c )  

implies o3 (c) . 

So we can f ind  1,J f i n i t e  s e t s  of al 'gebraic elements such t h a t  

p*(a) and a3(b9 A 103(c) A S(a,b,c)  imply b € I  o r  c E J;  pick 

them with I U J minimal. Let 04(x) u (a3(x) A x f I )  v x € J .  

Then a4(x) E p* f o r  i f  a ,b  E p*(M) and S(a ,b ,c) ,  c € pX(M), so 

03(c) ; thus b E a3(M) and b l I .  



Lemma 6.10: I f  p*(a) ,  a4(b) A S(a ,b ,c ) ,  then 04(c ) .  

Proof: Towards a  con t rad ic t ion  l e t  a ,b , c  y i e l d  a  counter- 

example. I f  03(b) A 1o3(c) ,  e i t h e r  b  E I o r  c  € J ,  a  con t rad ic t ion .  

Three cases remain: 

Case 1: 03(b) A 03(c) .  So c  E I .  By t h e  minimality of I  U J t h e r e  

i s  e  € p*(M) and d  j! J with lo3(d) A S(e ,c ,d ) .  E i the r  e  = a  o r  

a ,b ,c ,d ,  e  a r e  d i s t i n c t ;  i f  e  = a ,  S(a,b,c)  A S(a,c,d)  gives 

S(a,b,d)  A 03(b) A lo3(d) A b j! I  A d j! J, a  con t rad ic t ion .  If e  f a ,  

t h e r e  i s  f  with S ( a , e , f )  A S(b ,d , f )  from S(c ,a ,b)  A S(c ,e ,d ) .  So 

f E p*(M) but 03(b) A 103(d) A b I A d j! J ,  again  a  contradic t ion.  

Case 2:  lo3(b) A 703(c). So b  E J. There a r e  d  and e  with 

e  E p*(M), d  j! I ,  S(e,d,b)  A 03(d).  Again e i t h e r  e  = a  o r  

a ,b ,c ,d  and e  a r e  d i s t i n c t .  e  = a  implies 

S(a,d,c)  A 03(d) A 1o3(c);  s ince  d  j! I ,  c  € J, a  con t rad ic t ion .  

e  f a  implies t h e r e  i s  f  with S(a ,e , f )  A S ( c , d , f ) ;  f E p*(M), so 

again we have a  con t rad ic t ion .  

4' 

Case 3: l o 3  (b) A o3 (c) . So b  € J and c  E I .  By t h e  minimality of 

I U J and c  E I  t h e r e  i s  e  E p*,(M), d  j! a3(M) U J with S(e ,d ,c ) ;  

note  oo(d) .  I f  e  = a ,  S(a ,b ,d) .  I f  e  # a ,  a ,b ,c ,d  and e  a r e  

d i s t i n c t ,  so  t h e r e  is  f with S ( a , e , f )  A S(b ,d , f ) ,  In e i t h e r  case 

t h e r e  is  f  E p* (M) with S  (f ,b,d) . Since b  E J ,  t h e r e  i s  h  E p* (M) 

and i C oj(M) I with S ( h , i , b ) .  S (b , f ,d )  A S (b ,h , i )  and e i t h e r  

f  = h o r  b , f , h , d , i  a r e  d i s t i n c t .  I f  f  = h,  S ( f , d , i ) ;  otherwise 

t h e r e  i s  k with S(f ,h ,k)  A S(d , i ,k ) .  k,f E pX(M), d  J'03(M) U J 

and i ( O ~ ( M ) \ I ,  so  S ( f , d , i )  v S(k ,d , i )  g ives  a  con t rad ic t ion .  



Proof of Lemma 6.8: Let 

The previous lemma gives a (x) E p* . Suppose 0 (a) A 0 (b) A S (a, b,c) . 
Certa inly  a4(c ) .  I f  not a ( c ) ,  t h e r e  a r e  d and e with 

S ( c , d , e ) A o 4 ( d ) A l o 4 ( e ) .  Ei ther  d=a o r  d=b o r  a ,b ,c ,d  and e 

a r e  d i s t i n c t ;  i f  d=a, S(a,c,b)  A S(a,c,e)  give S(a,b,e)  

contradic t ing o(a)  A a4 (b) .  Similar ly  i f  d=b. Otherwise t he r e  i s  f  

with S(a ,e , f )  A S (b ,d , f ) .  Since o(b) A a4 (d) ,  a 4 ( f ) .  Since 

a (a) A a4 ( f )  , o4 (e) . This completes the  proof. 



SECTION 7 

In t h i s  sec t ion  we concentrate on determining t h e  s t ruc tu r e  of an 

a f f i n e  or  p ro jec t ive  s t ruc tu r e  l i k e  t h e  ones a r i s i n g  from 6.7 o r  6.8. 

We w i l l  show t h a t  t h i s  s t r uc tu r e  has some co l l ec t i on  of almost 

0-definable subspaces.of f i n i t e  co-dimension, some co l l ec t i on  of a lgebraic  

points ,  and e s sen t i a l l y  no other  s t ruc ture .  In t h e  p ro jec t ive  case,  

most of t he  llsubspacesll w i l l  of course be a f f i ne .  

We begin t he  p ro jec t ive  case, s ince  once t h i s  is  decided, the re  

i s  l i t t l e  t roub le  reading o f f  t he  a f f i n e  case. So u n t i l  7.7 we w i l l  

assume M i s  weakly minimal, sa turated and of s i z e  > I Th(M) I , and t h a t  

the re  i s  a  t e rnary  S 0-definable on M giving it a  p ro jec t ive  s t ruc tu r e  

over F(n). Further,  we w i l l  assume there  is  some s t rong type p with 

p*(M) a s  i n  5.1 and 6.8. Spec i f ica l ly ,  we have P c M such t h a t :  - 

1) There i s  a  strong type p  with p(M) c P c p(M) U a d ( $ )  and p  - - 

is  of p ro jec t ive  character ;  

2)  P i s  closed under S; 

3) S induces t h e  l i n e s  on p(M)/E; 
6 

4)  P = p*(M), where p* i s  a  possibly incomplete type over a d ( $ ) .  

Lemmas 3.11, 3.15 and 3.16 apply t o  P a s  do 6.8 and 5.1(2),  so 

we know t h e  f u l l  s t r uc tu r e  induced on P by formulas. There i s  some 

C c rac l ($ )  such t h a t  P a s  a  s t r uc tu r e  is  in te rdef inab le  with t h e  - 
s t ruc tu r e  (P1.C) where P1 has universe P and predicate  S. Recall 

t h a t  i n  t h i s  context racR($) is  t he  def inable  c losure  of t he  a lgebraic  

points  i n  P along with t he  f i e l d  elements. 



I f  A c M  is any subspace, we r e c a l l  t h a t  a  Z b i f f  t h e r e  i s  - A 

c E A with S ( a , c , b ) ;  t h i s  gives an equivalence r e l a t i o n  on M \ A .  Each 

c l a s s  of has an a f f i n e  s t r u c t u r e  on i t ,  and we w i l l  abuse " A 

terminology by c a l l i n g  it an "aff ine  subspacell of M.  

Lemma 7.1: Suppose a , b  E M \ ( P  U a c t ( + ) ) .  Then a 5 %  i f f  

a X pb. 

Proof: ( )  We can assume a # b. C lea r ly  a / q p  has s i z e  / M I ,  
so choose c Z pa, c  j! acL{a,bl.  Then pick  d E P with S(a ,d ,c) .  

There i s  a s t rong automorphism of M  f i x i n g  c and taking a t o  b.  

I t  t akes  d t o  e where S(b,e,c)  and e F P. So b % pc and 

a % b. P 

( =  We can assume a b by picking an element of a/% independent 

from both a and b and comparing both t o  t h a t  element. Choose c E P 

with S(a ,c ,b)  and some d E P \ a c l { a , b l .  Now a , c , d  and b ,c ,d  a r e  

independent t r i p l e s ,  s o  f o r  any e with S(c ,d ,e) ,  e  E P and 

e j! acL{a) U acl{b} 

6. <a,c,d> = <b,c,d>. 

counting <a,c,d> fl 

Using a ,  we get  

So a e  zSac and be ~ ~ b c  f o r  any such e .  Also 

I f  a  zSb, we can repea t  t h e  argument of 5.7, 

q(M) i n  two ways where q is  t h e  s t rong type of a .  

<a,c,d> fl q ( ~ )  I = (k-1) (n+l)  + 1 and using b we get  

I<b,c,d> fl q(M) I = k(n+l)  , a con t rad ic t ion .  See 5 .9  f o r  more d e t a i l s .  

Lemma 7.2: (1) Suppose P - c X ,  an almost 0-definable subspace of 

M .  Then X i s  of f i n i t e  co-dimension i n  M and t h e  3 - c l a s s e s  a r e  

almost 0-definable.  

(2 )  a %  b i f f  a z X b  f o r a l l  X a s i n ( 1 ) .  
P 

(3) I f  A is  a de f inab le  i n f i n i t e  subspace of M ,  then P - c A  and 

A i s  almost 0-definable.  



5 
S Proof: (1) I f  a  € M \ X ,  then a i s  defined by X 

3y(y E X A S(a ,y ,x ) ) .  This does not depend on t h e  choice of a  i n  i t s  

" -c lass ,  so  not upon t h e  choice of a  i n  i t s  s t rong type .  So t h e  " X 

c l a s s  i s  almost 0-definable.  I f  X had i n f i n i t e  co-dimension, t h e r e  

would be i n f i n i t e l y  many :: X-classes  and then 3y(y € X A S(a,y,x))  

would, f o r  var ious  choices of a ,  g ive  i n f i n i t e l y  many pai rwise  d i s j o i n t  

i n f i n i t e  s e t s .  This  would c o n t r a d i c t  weak minimality. See remark (3) 

following 1.2. 

(2)  A s  P - c X ,  a  % b implies a Z xb. Suppose a $ pb.  Then 
P 

p* (x) U {S(a,x,b)  ) i s  incons i s t en t  a s  M i s  sa tu ra ted .  Choose 

X(x) E p* with X(x) U {S(a,x,b) I i ncons i s t en t .  By 6.8 we can f i n d  

o(x) E p* with 0 (M) - c X (M) and o(M) an almost 0-definable subspace 

of M. So a $  o ( ~ ) ~ .  

(3) Suppose A i s  a-def inable ;  choose a E A \  acR(d). Then choose 

b y  b zSa(a) and b J, a .  By 7.1 t h e r e  is  c E P with S(a ,c ,b) .  
d 

So c f acR(d) and c E A. Since some c E P\acX(d) i s  i n  A,  

~ \ a c L ( d )  - c A and s i n c e  A i s  closed,  P - c A. By 3.11 pick X(x) E p* 

6 with X(M)\A f i n i t e .  By 6.8 f i n d  a(M) an almost 0-definable subspace 

with P - c a(M) - c X(M) . Since a(M) and A a r e  subspaces, A i s  

i n f i n i t e  and a(M) \ A i s  f i n i t e ,  a(?4) - c A. So A i s  t h e  union of 0 (M) 

and some " 
" (MI 

-c lasses ,  and so  A i s  almost 0-definable.  

Now we determine t h e  a lgebra ic  c losure  opera t ion.  

Lemma 7.3: Let A be a % -c lass  of  M\P. Then f o r  any 
P 

B - c P U A, acR(B) n (P U A) = < B  U ( a d ( @ )  n (P U A))>. 



Proof: C lea r ly  P U A i s  closed under S, so  

< B  U (ac t ($)  n (P U A))> cacR(B)  n (P U A ) .  Now assume a ,b  E P U A 

and a E a d j b ) .  We can assume a # b and a j! a d ( $ ) ,  and i n  f a c t  

t h a t  a  i P, a s  we know from 5.1(2) t h a t  i f  B c P, - 

acl(B) fl P = < B  U (ac t ($)  n P)>.  F i r s t  suppose b E P; pick c with 

S S 
c -  a and c J a  and then d with cd 5 ab. c Z p a  so  f ind 

e E  P with S ( a , c , e ) .  e E a c L { b , d )  and e , b , d E  P s o  

e E <{bydl U ( ac t ($ )  P)>, s o  we can f i n d  

d* E <{dl U (ac t ($)  n P ) > c  - acRId) with S(b,d*,e);  d* f (e ,b ) .  Now 

S(a ,c ,e)  A S(b,d*,e) g ive  f  with S(a ,b , f )  A S ( c , d * , f ) ,  so  

f  E a c t ( a , b )  ll ac l (c ,d*)  = a c l ( a )  n acR(c) = a c t ( $ ) .  

Now suppose b E A; s ince  a 2 b f i n d  c E P with S(a ,b ,c) .  P 

E i the r  c  E a d ( $ )  o r  a  E acRlcJ and we can apply the .  previous 

paragraph. So i f  B = {b} we a r e  done. 

For t h e  general  case ,  we can assume f i r s t  t h a t  B i s  f i n i t e  and then 

by induction t h a t  acR(B\{b)) ll (P U A) = <B\Cb] U ( a d ( $ )  ll (P U A))>, 

where b E B. Then we apply t h e  case of a  s ing le ton  t o  (My B \  {b)) t o  
P 

conclude . 

Lemma 7.4: For any B c M y  a c L ( ~ )  = < B  U ace($)>.  - 

Proof: A s  i n  7 . 3 ,  it s u f f i c e s  t o  do t h e  case where B = {b).  

- Suppose a F a d { b J \  ace($) ,  a  # b. Pick c .'a, c  a  and d with 

S 
cd - ab and then e E P with S(a ,c , e ) .  b x p d  and e E ac l€b ,d )  

s o  by 7 . 3 ,  e E <(b,d)  U a d ( $ ) >  so  t h e r e  i s  d* E a d { d )  with 

S(b,dx,e).  So t h e r e  is f with S(a ,b , f )  A S(c ,d* , f ) ;  

f E a c t 1  a1  n a c t ( c J  = a d ( $ )  . 



Now l e t  M1 be t h e  s t r u c t u r e  with universe M, t e rna ry  predicate 

S, and a unary p red ica te  f o r  each 0-definable p ro j ec t i ve  subspace of M ,  

Our aim is  t o  show 

Theorem 7 .5  : There is  C c ace(@) n. with (MI ,C) and M - 

in te rdef inab le .  Here ace(@) i s  taken i n  M.  

We f i r s t  no t i c e  t h a t  any almost 0-definable (proj  ec t ive )  subspace 

of M i s  almost 0-definable i n  M I .  For suppose X i s  an almost 

0-definable subspace of M; Pet Y be t he  i n t e r s ec t i on  of a l l  t h e  

conjugates of X .  Y i s  a 0-definable subspace, and t h e  lu -c lasses  a r e  "Y 

almost 0-definable i n  M a s  Z y  on M \ Y  is  defined by 1 

3z(z E Y A S(x ,z ,y ) ) .  Since, X i s  t h e  union of Y and f i n i t e l y  many 

of these  c l a s s e s ,  it i s  almost 0-definable i n  M1. 

A s  i n  t he  proofs of 4.10 and 4.1(2),  we have a notion of racL(@). 

Here race(@) i s  t h e  def inable  c losure  of t h e  following s e t s  i n  M ; ~ :  

1) a c l ( @ ) n M ;  

2) t h e  c l a s s e s  of f o r  each 0-definable subspace X of M; X 

a\ 3)  t h e  f i e l d  elements; 

4) f o r  each L € P fl ac t (@)  and X a 0-definable subspace, we have 

t h e  following equivalence r e l a t i o n  on p a i r s  of d i s t i n c t  points  i n  

each % X-class  - 

EL(x,y,z,w) S(x ,y , t )  A S ( Z , W , ~ )  A 3v(v € X A S(x,z,v) A S(y,w,V))* 

This has f i n i t e l y  many c l a s se s ,  and these  go i n t o  r a ce (@) .  



\- I 

In 4 ) ,  t h e  dependence on X i s  

E (a ,b,c,d)  with respec t  t o  X ,  L 

i l l u s o r y .  I f  a ,b,c,d j! P and 

and Y i s  another 0-definable 

subspace with a ,b ,c ,d  i n  t h e  same " - c l a s s  we have EL(a,b,c,d) with " Y 
respect  t o  Y.  The e f f e c t  of naming t h e  equivalence c l a s s e s  of EL i s  

t o  d i s t i n g u i s h  between (a,b)  and (a ,c)  i f  a , b , c  a r e  d i s t i n c t  i n  

M\P and a l l  on t h e  same l i n e  through 1 . 

Lemma 7.6: I f  a t M\P and c C M : ~  is  i n  r a c L ( { a l ) ,  then c 

i s  def inable  over {a)  U racL(+) .  Here ra&(Ca)) means race(+)  

taken i n  (My a)  . 

6' 

Proof: The f i e l d  elements remain t h e  same whether a i s  named 

o r  not .  By 7.2 (3) , t h e  {a)  -def inab le  subspaces a r e  almost 0-def inabl  e ,  

s o  2) and 3) of t h e  d e f i n i t i o n  of racL(+) f o r  (M,a) t ake  ca re  of 

themselves. I f  b E acR{al f l  M t h e r e  i s  by 7.4 some c E a d ( $ )  with 

S(a,c,b)  . I f  c E P, 4) implies b i s  de f inab le  over {a} U racR(+) . 
I f  c j! P we can f i n d  an almost 0-definable subspace X with a , c  j! X 

and a % x6 For choose any almost 0-definable subspace Y with 

a , c  j! Y; i f  not  a % yc pick and d j! { a , c l  with S(a ,c ,d)  (we can 

assume a # c ) ,  and l e t  X = Y U d/m Now t h e r e  i s  a unique point  of X 
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on t he  same l i n e  a s  a and c ,  so it i s  def inable  over a and c .  

Since t he  f i e l d  elements a r e  i n  r a c l ( + ) ,  every point  on t h e  l i n e  through 

a and c i s  def inab le  over {a) U r a d  (+) ; r e ca l  l c E r a c l (+ )  . This 

takes  ca re  of 1 ) .  I t  a l so  takes  c a r e  of 4 ) .  For if 1 E acX{a) ll P, 

then t he  po in t s  on t h e  l i n e  through a and l a r e  a l l  def inable  over 

{ a )  U { b ) ,  where b E a d ( + )  ll M with S ( a , l , b ) ,  and t h i s  implies 

t he  E -c lasses  a r e  def inable  over {a)  U race(+)  . 
L 

7.6 i s  f a l s e  f o r  a E P. 

Proof of 7.5: I f  7.5 i s  f a l s e ,  we can a s  i n  4.10 and 5.1(2) 

f i nd  a,6 i n  M with a n 6 i n   race(+)) but not  i n  (M,acL($)). 

We pick a counter-example M with a,6 as  above of sho r t e s t  poss ib le  

length i n  any counter-example. I f  a contains.  an element of P ,  

without l o s s  = <a  >"c, 6 = <bo>"a with a. and hence bo i n  P. 0 

I f  5 has no element of P, wr i t e  a = <a >"c and 6 = <b0>"d f o r  any 
0 

a i n  a. There i s  by choice of a,6 an automorphism of (Myad (+ ) )  
0 

taking a t o  c ;  say it takes  bo t o  a So a 5 a ( C )  i n  
1 ' 0 1 

(MlyracL($)) but not  i n  (M,acL(+)) and e i t h e r  ao,al C P o r  c 
E 

contains no elements of P. 

But by choice of a,6  and M y  c contains no elements of M\P. 

For 7.6 implies t h a t  i f  c  E c \ P, we can rep lace  M by (M,c) and 

then a. n al(S \{c}) i n  ((MI ,c)  , r acL({c l ) ) .  But a. ? al (c \{c}) i n  

( ( ~ 9 c ) 9 a ~ ( { c ) > )  

- S Now i f  a. n a l  i n  (M19rad(+) ) ,  then a. = al i n  M s ince  

e i t h e r  a = a l  E ace(+) o r  a , a  a r e  i n  P \ a c t ( + )  o r  i n  the  same 0 0 1 

" -c lass .  We use  7.2(2) f o r  t h i s  and then 7.1 app l ies .  So we must 
'V P 



have ao,al and c a l l  i n  P. But 5.1(2) holds on P, giving us a  

contradic t ion.  

A s  promised, we can now read o f f  t he  a f f i n e  case.  

Lemma 7.7:  Let M be a  weakly minimal s t r u c t u r e  with predicates  

Q and R giving it an a f f i n e  s t r uc tu r e .  Suppose t he r e  i s  a  s t rong 

type p  of a f f i n e  character  such t ha t :  

(1) p(M) is  closed under Q and R;  and 

(2) P  and PR give t h e  a f f i n e  s t r u c t u r e  on p(M)/E - t h e  nota t ion Q 
i s  from sec t ion  3 .  

Let M1 be t h e  s t r u c t u r e  with universe M, p redicates  Q and R 

and a  predicate  f o r  each 0-definable equivalence r e l a t i o n  of M 

pa r t i t i on ing  M i n t o  conjugate subspaces. Then t he r e  is C c M : ~  with - 
M and (MI, C) in te rdef inab le  . 

Proof: Apply 7 .5  t o  t h e  p ro jec t ive  space M U M 1 .  The s e t  P 

2  i s  the  image of p ( ~ ) 2  under F: M \ { ( a , a ) :  a  CM} i- M 1 .  Our 

assumptions on p(M) assure  us  t h a t  P  s a t i s f i e s  1) - 4) i n  the  

beginning of t h i s  sec t ion .  M i s  a  0-definable subset of  M U M 1 ,  and 

7.5 gives us  t he  s t r u c t u r e  of M U M 1 .  

We now summarize what we have done t o  t h i s  point .  

Theorem 7.8:  Suppose M i s  a  weakly minimal s t r u c t u r e  and p  

is a  strong type s a t i s fy ing  (*) of e i t h e r  p ro j ec t i ve  o r  a f f i n e  character .  

Then t he r e  is  8  an almost 0-definable equivalence r e l a t i o n  with f i n i t e  

c lasses ,  and ~ ( x )  € p such t h a t  o(M)/8 i s  e i t h e r  a  p ro jec t ive  o r  

a f f i ne  space over a  f i n i t e  f i e l d .  There is  some co l l e c t i on  of a lgebra ic  
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points of c~(M)/8, or (a(M)/8)' in the affine case, and some collection 

of almost 0-definable subspaces of o(M)/8, and a(M)/8 has 

essentially no other structure. 

Proof: Combine 4.1, 4.10, 5.1, 6.7, 6.8, 7.5 and 7.7. 
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SECTION 8 

In t h i s  sec t ion  we consider t h e  case  where our s t r uc tu r e  M ,  i n  

addi t ion t o  being weakly minimal and having a s t rong type s a t i s fy ing  (*) 

but not of d i s in tegra ted  charac te r ,  is  uni-dimensional. That is,  no 

two types a r e  orthogonal. We w i l l  show t h a t  t h i s  implies (*) holds on 

every s t rong type. 

Using t h i s ,  we show t h a t  we can f i nd  pairwise d i s j o i n t  almost 

0-definable s e t s  G , X  O, . . . ,  Xk-l  ,Y 5 Meq, 8  an almost 0-definable 

equivalence r e l a t i o n  with f i n i t e  c l a s s e s  on M U Y ,  and F(n) a f i n i t e  

f i e l d ,  such t ha t :  

( i )  

( i i )  

( i i i )  

( v i i )  

M = G U XOU . . . U Xk-l  o r  M = G U X o  U ... u Xk-l  u Y ;  

G is  f i n i t e ;  

f o r  each i < k  t he r e  a r e  Qi,Ri almost 0-definable giving Xi/8 

an a f f i n e  s t r u c t u r e  over F(n); 

t he r e  is  an almost 0-definable r e l a t i o n  S giving Y/8 a 

pro j  e c t i ve  s t r u c t u r e  over F (n) ; 

f o r  each i<k ,  t he r e  is an almost 0-definable b i j e c t i o n  between 

(Xi/8) ' and Y/B;  and t h i s  b i j e c t i on  takes  t h e  r e l a t i o n  on (Xi/8) ' 

induced by Qi and Ri t o  S; 

Y / B  s a t i s f i e s  t h e  conclusion of 7.8.  To be p rec i se ,  l e t  Y* be 

t h e  s t r u c t u r e  with universe Y/B,  t e rna ry  p red ica te  S and a unary 

predicate  f o r  each {Y/B,S}-definable subspace of Y/8. Here we 

r e c a l l  {Y/B,S} - c a d ( $ )  i n  Meq. Then Y/B,  with t h e  point  

S € M~~ named and f u l l  s t r uc tu r e  inher i t ed  from M ,  is  i n t e r -  

def inable  with (Y*,C) f o r  some C c ( Y * ) ~ ~ .  - 

Similar ly  f o r  each Xi/B.  



We w i l l  f i n i s h  t h e  s e c t i o n  with t h e  easy observation t h a t  i f  M 

i s  weakly minimal, uni-dimensional and has a s t rong type  of d i s i n t e g r a t e d  

charac te r ,  then M i s  ca tegor ica l  i n  power > I Th(M) I . Bradd Hart has 

pointed out  t o  t h e  author t h a t  t h e  assumption of weak minimality can be 

weakened considerably.  

We begin with: 

Lemma 8.1: I f  q and r a r e  s t rong types  i n  weakly minimal M y  

q  s a t i s f i e s  (*) and q and r a r e  non-orthogonal, then r s a t i s f i e s  

Proof: We may assume M i s  sa tu ra ted .  Pick A U {ao} 5 q(M) , 

B U {bo} - ' r(M), with first A U {ao} and then B U {bo} minimal, 

such t h a t  each of A U {ao}, - B U {bo} i s  independent but  t h e i r  union 

i s  dependent. By choice of A U {ao}, f o r  any C - c r(M), 

acR(A U C)  n r (M) = acR(C) n r (M) . 

In (M,A U B), s t p ( a o l ~  U B) = q l ( ~  U B) s a t i s f i e s  (*) s ince  f o r  

any f i n i t e  D 5 q(M), acL(D U A U B) n q(M) has  dimension 
3 

5 I D ]  + I A I  + I B ~  and q s a t i s f i e s  (*). So stp(bolA U B) s a t i s f i e s  

(*) a s  t h e r e  is  an a lgebra ic  r e l a t i o n  between it and s t p ( a o I ~  U B) i n  

(M,A U B). A s  naming A does not  a f f e c t  t h e  dependence r e l a t i o n  on r(M), 

s t p  (bo 1 B) = r 1 B s a t i s f i e s  (*) . Choose BO 5 r (M) minimal such t h a t  

r 1 Bo s a t i s f i e s  (*) . I f  BO = @ we a r e  done. I f  not ,  by s h i f t i n g  t o  

(My BO\ {b}) and considering r ( Bo \ {b} f o r  some b € B O Y  we can 

assume BO = {b}. So f o r  any c € r(M) , rl c s a t i s f i e s  (*) , but r 

does not .  



So f o r  any f i n i t e  C - c r ( M )  and e  E C ,  

acl(C) fl r(M) = U{acX{e,d): d  E D l  n r(M) fo r  some f i n i t e  D 5 r(M) 

and so  f o r  c ,d  E r(M) independent ac l{c ,d)  n r(M) contains an 

i n f i n i t e  s e t  I f i :  i<o)  of pairwise independent elements of r(M). 

Let c  ,d,  e  E r (M) be independent and f i nd  gl , . . . ,gk E r (M) with 

I f i :  i<o)  - c r(M) n acl{c ,d)  be pairwise independent. Then i f  i # j ,  

f i  ,( a c l { e , f .  1. So f i nd  i with acl{e , f i )  # ac-t{e,g.l f o r  a l l  
J J 

lSj5k. Then f i  E r(M) fl a d { c , d , e l \  U ac l{e ,g . l ,  a  contradic t ion 
14j 5k J 

e s tab l i sh ing  t h e  lemma. 

For t h e  r e s t  of t h i s  sec t ion  we w i l l  assume M is  uni-dimensional, 

so every s t rong type s a t i s f i e s  (*). Unt i l  8 . 3  we w i l l  a l s o  suppose t h a t  

some s t rong type is  not  of d ' is integrated character ;  hence no s t rong type 

i s  of d i s in tegra ted  character .  A s  usual ,  M w i l l  a l s o  be assumed 

sa tura ted of s i z e  > I Th(M) I and weakly minimal. 

We can a l s o  suppose t he r e  is  a  s t rong type p,  which we w i l l  f i x  

? u n t i l  f u r t h e r  no t ice ,  of p ro jec t ive  character ;  t h i s  i s  harmless a s  i f  q  

is of a f f i n e  character  f i nd  o(x) E q and e0 with o(M)/O an a f f i n e  
0  

space a s  i n  7.8. Then (o(M)/O0) ' - C M~~ is  almost 0-definable,  and 

t h e  s t rong type of a non-algebraic element of 

2 F((q(M)/OO) \ { ( a , a ) :  a  € q(M)/OO)) i s  of p ro jec t ive  character .  We 

choose o(x) € p and O1 f o r  p  a s  i n  7.8; i n  p a r t i c u l a r  o(M)/el i s  

a  p ro jec t ive  space over F  (n) f o r  some n  t o. Sh i f t i ng  t o  M/O1 we 

may assume €3 is t h e  i den t i t y .  Y w i l l  be a  subspace of o(M). 

Suppose o(x) f q, q  some s t rong type. Give (p(M) U q(M))/E 
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t h e  s t ruc tu r e  induced by formulas, where we r e c a l l  aEb if and only i f  

a ~ ' b  and a E acL{b}. By 3 . 4  (2) t h i s  i s  an N -categor ical  s t r uc tu r e  0 

consis t ing of two s t r i c t l y  minimal s e t s .  These a r e  non-orthogonal, s ince  

- - 
t he r e  is  an M-formula q(x,y) witnessing t h a t  p and q a r e  non- 

orthogonal; i t s  project ion P witnesses t h e  non-orthogonality i n  
cP 

(p(M) U q(M))/E. So if q is  of p ro jec t ive  character  the re  is  i n  t h i s  

quotient  an almost 0-definable b i j e c t i on  between p(M)/E and q(M)/E 

by 1.9; i f  q i s  of a f f ine  character  t he  b i j e c t i on  is  between p(M)/E 

and ( ~ ( M ) / E ) ' .  

Suppose q i s  of p ro jec t ive  character ;  3.4(2) and t he  previous 

paragraph imply t he r e  i s  T an almost 0-definable binary a lgebraic  
9 

r e l a t i o n  with T (a,M) c p(M) f o r  a € q(M) and T (M,b) c q(M) f o r  
9 - 9 - 

b € p(M) . The r e l a t i o n  3z(T (z ,x) A T (z,y))  def ines  an a lgebraic  
- 9 9 

r e l a t i o n  on p(M), so  i f  we f ac to r  p(M) by an appropriate almost 

0-definable equivalence r e l a t i o n  X with f i n i t e  c lasses ,  T gives 
4 9 

a function from q(M) onto p(M)/Xq. By 5.6(3) X i s  t h e  loca l iza t ion  
9 

of o (M) a t  some Cq 5 p* (M) \ p (M) . I f  we f ac to r  q(M) by t h e  appropriate 

9 equivalence r e l a t i o n  8 T gives a b i j e c t i on  on t h e  f ac to r s .  So we 
9' 9 

can f ind T (x) € p and o (x) E q such t h a t  T gives a b i j e c t i on  
9 9 9 

between T ~ ( M ) / X ~  and o (M)/8 Without l o s s ,  oq(M) f l  o(M) = +. 
9 9 ' 

Using 6.8 and 3.11 we may assume T~(M) i s  a subspace of o(M) l e s s  

a f i n i t e  s e t  of a lgebraic  points ,  and we may assume t h i s  f i n i t e  s e t  is  

a subset of C 
9 ' 

I t  i s  perhaps not so c l ea r  t h a t  we can do something s imi la r  i f  q 

i s  of a f f i ne  character .  



Lemma 8 . 2 :  Let p,o(x) € p be a s  above and q be a strong type of 

a f f i n e  character  with o(x) k! q. Then t he r e  is  a (x) € q and 8 an 
9 9 

almost 0-definable equivalence r e l a t i o n  with f i n i t e  c lasses  such t h a t  

oq(M) n o(M) = 0, and o (M)/8 is an a f f i n e  s t ruc tu r e  a s  i n  7 . 8 .  
4 9 

Further,  t he r e  is  a subspace T~(M) of o(M), C a f i n i t e  a lgebraic  
9 

subset of T ( M ) ,  and T an almost 0-definable b i j e c t i on  between 
9 9 

(oq(M)/eq) and t h e  l oca l i z a t i on  of T (M) a t  C 
9 9 ' 

Proof: F i r s t  choose y(x) € q and X such t h a t  y(M) ll o(M) = + 
and y(M)/X is  an a f f i n e  space over F(n), a s  i n  7 . 8 .  Without loss  we 

may assume X i s  t h e  i den t i t y .  Let r be t h e  strong type of a 

2 
non-algebraic element of F[q(M) \ {  (a,a) : a E q(M) I ]  5 y(M) ' . r is  of 

p ro jec t ive  character ,  so a s  i n  t h e  preceding paragraphs f i nd  or(x) € r ,  

$, Tr, T~ (x) € p, X r  and C r  such t h a t  Tr : or ( M ~ ~ )  /er -+ (Tr (M) \ Cr) /xr 

i s  an almost 0-def inable  b i jec t ion .  We can assume or ( M ~ ~ )  5 y(M) . 

'r' ac t ing  on r ( M ~ ~ ) ,  i s  by 5.6 (3) a loca l iza t ion  with respect  

t o  t h e  p ro jec t ive  s t ruc tu r e  of y (M) ' . So r ( M ~ ~ )  /er has two competing 

te rnary  predicates  giving it plus  some algebraic  po in t s  a p ro jec t ive  
9 

s t ruc tu r e  over F(n). Let So be inher i t ed  from the  p ro jec t ive  s t ruc tu r e  

on y(M)' and l e t  S1 be t rans fe r red  by Ti1 from ( T ~ ( M ) \ C ~ ) / X ~ .  

So and S1 both induce t h e  l i n e s  on ~ ( M ~ ~ ) / E ,  so i f  a , b  € r ( ~ ~ ~ ) / 8 ~  

e q a r e  independent, we can l is t  ~ ~ ( a , b , ~ ~ ~ )  and Sl(a,b,M ) a s  

{c0, .  . . , C  1 ,  {do;. . . ,d 1 respect ively  so t h a t  c o  & di f o r  each i<n+ l .  n n I 

Find an a lgebraic  formula $(x,y) with ( c .  d . )  f o r  each i<n+ l .  
1 1  

The following formula holds of a ,  b independent i n  r ( M ~ ~ ) / O ,  : 



3 z 0 , .  . . 

We can choose 'q (x,y) a lgebra ic  such t h a t  i f  a , b  € r (Meq)/er e i t h e r  

'q(a,b) o r  t h e  above formula holds of a ,b .  Using 5.6, we can f ind an 

almost 0-definable equivalence r e l a t i o n  5 with f i n i t e  c l a s s e s  such 

t h a t  Meq I= $(x,y) v q(x,y)  + I ( x , y ) ,  and 5 r(Meq)/er i s  an 

S - l o c a l i z a t i o n  a t ,  say, 
1 D l .  By 5 .6(3) ,  regarding 5 a s  ac t ing  on 

r (Meq) , 5 1 r (Meq) i s  an S l o c a l i z a t i o n  a t ,  say, 
0 - 0 ' 

Let C0 be t h e  S  - l o c a l i z a t i o n  of t h e  p r o j e c t i v e  space 
0  

Y(M) U Y(M) ' a t  Do and El be t h e  S1-localizat  ion of or (Meq) / er 

a t  D l '  I t  is c l e a r  t h a t  So and S1 induce t h e  same r e l a t i o n  on 

r(bleq)/I, i . e .  f o r  a ,b  6 r(Meq)/5, ~ ~ ( a , b , M ~ ~ )  = sl(a,b,Meq). So 

t h e  SO- and S1-closures of ~ ( M ~ ~ ) / S  a r e  t h e  same, and it i s  easy t o  

see  t h a t  So and Sl on t h i s  c losure  <r(Meq)/I> a r e  t h e  same. We 

know i f  a ,b  6 r(Meq)/I t h a t  ~ ~ ( a , b , M ~ ~ )  = sl(a,b,Meq); i f  
"7 

a  6 r(Meq)/5 and b  € <r(Meq)/0\ r  (Meq)/5, then f o r  any c  # a , b  

with So(a,b,c)  we have So(c,a,b)  s o  S1(c,a,b) a s  a , c  6 ~ ( M ~ ~ ) / I  

and s o  Sl (a ,b ,c) .  Suppose So(a,b,c)  where a , b , c  6 < r ( M e q ) / ~ > \ r ( M e q ) / ~  

Pick any d  C r(Meq)/5 and e  # a,d with So(a,d,e)  . Then f ind  f  with 

So(b,d,f)  A S o ( c y e , f ) .  A s  d , e , f  6 r(Meq)/5 we have Sl(d,a,e)  A Sl(d ,b , f )  

s o  t h e r e  i s  c* with Sl(a,b,c*) A Sl (e , f , c* ) .  c* i s  a lgebra ic  and c  

i s  t h e  only a lgebra ic  element i n  s0(e,f,Meq) = sl(e,f,Meq), so 

c = C* and Sl(a ,b ,c) .  



Tr induces a b i j e c t i o n  between or ( M ~ ~ ) / E ~  and t h e  l o c a l i z a t i o n  

X of T~(M) a t  C = <Cr  U Tr(D1)>. SO Tr g ives  a b i j e c t i o n  between 
4 9 

<r(Meq) /go> and <p(M) /Xq>. Find 6(x) E r,  X(x) E p such t h a t  

6 (Meq) 5 or (hIeq), X(M) - c +cr (M) and Tr g ives  a b i j e c t i o n  between 

~ ( M ~ ~ ) / E ,  and ~ ( M ) / x  and So = S1 on 6 ( ~ ~ ~ ) / 5 ~ .  Using 3.11, we 
9 

e 9 can assume <r (M )/E z c 6 ( ~ ~ ~ ) / 5  
0 - 0 and then by 6.8 t h a t  S ( M ~ ~ )  /EO is  

a subspace of [(y(M) ' U y(M))\ DO] /SO So X(M) i s  T~(M) \ C q  f o r  

some subspace T~(M)  of o(M). I f  we l e t  o (x) t q be such t h a t  
9 

oq(M) /So is a a 6(Me9) /<, -c lass ,  (3 be EO i\ oq(M) and Tq be t h e  
9 

b i j e c t i o n  between 6 ( M ~ ~ )  /EO = (oq (M) /Bq) and ( T ~  (M) \ Cq) /xq induced 

by Try we have what is  required .  

Now by compactness we can cover a l l  but a f i n i t e  subset  of M\a(M) 

by a f i n i t e  s e t  of these  a 1M)'s. So we have a f i n i t e  A of types ,  
9 

and f o r  each q E A we have aq(x) E q, Bq, T T (x) E p ,  C and X 
9' 9 9 9 

such t h a t :  

( i )  a (M) na (M)  = $ ;  
9 

( i i )  M \ [ ~ ( M )  u u aq(M)] i s  f i n i t e ;  
9EA 

( i i i )  T (M) is  a subspace of o(M), and X is  t h e  l o c a l i z a t i o n  of 
9 9 

T~(M) a t  C ' 
9' 

( iv)  e is  an equivalence r e l a t i o n  with f i n i t e  c l a s s e s  on oq(M); 
9 

(v) T i s  a b i j e c t i o n  between e i t h e r  aq(M)/Bq ( i f  p ro jec t ive )  o r  
9 

(aq (MI / eq) ' and (7q (MI \ Cq) /X . 
9' 

(v i )  aq(M)/Bq i s  a s  i n  7.8; 

( v i i )  a l l  of t h e  above a r e  almost 0-definable. 

In f a c t ,  we can choose t h e  above s o  t h a t  t h e  a (M)'s a r e  pairwise 
9 

d i s j o i n t .  For l e t  < well-order A,  and consider  



H = [oq(M) \ U or(M)]/Bq. This i s  an almost 0-definable subset  of 
r<q  

oq(M)/Bq, so it follows from 7.8 t h a t  t he r e  i s  J ,  a  f i n i t e  union of 

pairwise d i s j o i n t  almost 0-definable subspaces of oq(M)/Bq such t h a t  

HAJ i s  f i n i t e ;  i f  a (M)/8 i s  pro jec t ive  these  subspaces may be 
9  9  

a f f ine .  T  induces a  b i j e c t i on  between e i t h e r  K  or  K f  a n d ' a  
9  

subspace of (T~(M) \ C )X if K  i s  one of these  subspaces. Basically,  
9  9  

we ignore t he  points  of H\ J and replace  o (M) by t h e  subsets of 
9  

o  (M) which give these  subspaces K a f t e r  fac to r ing  by 8  . However, 
9  9 

i f  K contains po in t s  of J \  H, we should take a  fu r the r  loca l iza t ion  

of K o r  K  U K t ,  and then a  fu r the r  loca l iza t ion  of T (M) .  I f  we 
9  

do t h i s ,  we can add t o  t h e  l i s t  ( i )  - ( v i i )  above 

( v i i i )  i f  q, # q2 € A,  5 (M) f l  o  (M) = 0. 
91 92 

Now we a r e  very c l o s e - t o  t h e  s i t u a t i o n  promised a t  t h e  beginning 

of t h e  sect ion.  Using t h e  nota t ion of ( i )  - ( v i i i ) ,  l e t  

Y = l l  7; (M) \ C where C = < U C > . T induces a  b i  j ec t ion between a  
qEA qEA 9 

loca l iza t ion  of e i t h e r  o (M)/B or  (oq(M)/Oq)' and (T~(M)\C)/X 
9  9  

where X i s  t h e  l oca l i z a t i on  of o(M) a t  C.  Replacing 8  and perhaps 
9  

3 
de le t ing  a  f i n i t e  s e t  from oq(M)/Bq ( i f  p ro jec t ive) ,  we may assume t h e  

f i r s t  of these  loca l iza t ions  i s  included i n  8 . 
9  

Consider Z = T;' (Y/X) , 
9  

a  subspace of e i t h e r  oq(M)/Bq o r  

(oq(M) /Bq) ' . Tq of course gives a  b i j e c t i on  between Z and Y/X . T 
9  4  

a l so  induces a  b i j e c t i on  between W' and Y/X f o r  any :: -c lass  W 
9  

i n  oq(M) /eq o r  aq(M) / Bq U (aq(M) / Bq) . There is  a l s o  a na tura l  

b i j e c t i on  between V '  and Y/X f o r  each 4 y/X -c lass  V of o(M). 

So replacing a (M) by t h e  subsets of M which map t o  Z and each W 
9  9  



1 a s  above a f t e r  f ac to r ing  by 8 and s i m i l a r l y  replac ing o(M) br ings  
4  ' 

us  t o  t h e  following p ic tu re :  
--- 

Diagram: I lv-...''l 4 

YIJ 
-- 

/'-' L- 

where each Z W and V,  o r  i t s  prime, i s  i n  b i j e c t i o n  with Y I X .  
9' 

Res t r i c t ing  t o  those  s e t s  above (expect poss ib ly  Y) which a r e  a c t u a l l y  i n  

M y  we can t ake  a  f u r t h e r  quot ient  and i d e n t i f y  a l l  t h e  p r o j e c t i v e  

spaces above. Let 8 = U 8 U X and {xi: i<k} l ist  t h e  a f f i n e  
q€A 

spaces a s  above. This y i e l d s  t h e  promised s i t u a t i o n .  

The fol lowing is  a l l  we w i l l  say a b o u t , t h e  case  where we have a  

'5 
type  of d i s i n t e g r a t e d  character .  

Proposit ion 8 . 3 :  Suppose M is  weakly minimal, uni-dimensional 

and has a  s t rong type  of d i s i n t e g r a t e d  charac te r .  Then any model N 

of Th(M) i s  determined up t o  isomorphism by dim(q(N)), t h e  number 

of independent r e a l i z a t i o n s  of t h e  s t rong type q  i n  N.  dim(q(M)) i s  

t h e  same f o r  every non-algebraic s t rong type  q. In  p a r t i c u l a r ,  Th(M) 

i s  ca tegor ica l  i n  any K > I ~h (M) I . 



Proof: - F i r s t  suppose M i s  sa tura ted;  then f o r  any two s t rong 

types q  and r, t he r e  i s  i n  (q(M) U r(M))/E an almost 0-definable 

b i j e c t i on  between q(M)/E and r (M)/E, so i n  M t he r e  is  an 

a lgebra ic  binary r e l a t i o n  T with T  (a,M) c r(M) f o r  a  E q(M) , 
q9r q, r - 

and T (M,b) cq(M)  f o r  b  E r(M). Then t h e  T  ' s  ensure t he r e  
q , r  q9r 

a r e  5 I Th (M) I s t rong types and t h a t  f o r  any N I= Th (M) and q, r 

strong types,  dim(q(N)) = dim(r(N)). From t h i s  t h e  ca t ego r i c i t y  i s  

immediate. 



APPENDIX 1 

Our purpose here i s  t o  j u s t i f y  t h e  claim i n  Section 1 t h a t  t he  

axioms # O  through #11 given i n  1.5(1) y ie ld  t he  usual notion of an a f f i n e  

space over F(n). From the  discussion a f t e r  1.5(1) it is  c l ea r  t h a t  #O 

through #11 hold i n  an a f f i n e  space over F(n). We r e f e r  t h e  reader t o  

[Ha, p.1671 f o r  t h e  project ive  case. 

The following comes from [Hir, p.39-401. "We now give a s e t  of 

axioms fo r  AG(n,q), n>2, i n  which n is  not specif ied but q is." 

Here AG(n,q) denotes t h e  a f f i ne  space of dimension n over F(q); 

s ince  we w i l l  no longer be using q f o r  a type we w i l l  r eve r t  t o  t h i s  

notation;  as  n i s  unbounded, t he  f a c t  t h a t  t h e  l is t  below i s  intended 

f o r  a f f i ne  spaces of f i n i t e  dimension n whereas ours a r e  of i n f i n i t e  

dimension i s  not problematic. We continue quoting. "Let L be an 

incidence s t ruc tu r e  with an equivalence r e l a t i o n  paraZZeZism on i ts  

l i ne s  (blocks). 

( i )  Any two points  P1,P2 a r e  incident with exact ly  one l i n e  PIP2.  

%. ( i i )  For every point P and l i ne  1, the re  i s  a unique 1' p a r a l l e l  

t o  1 containing P. 

( i i i )  I f  PlP2 and P3P4 a r e  p a r a l l e l  l i n e s  and P i s  a point on PIP3 

d i s t i n c t  from P1 and P3, then there  is  a point  P '  on PP2 and 

P3P4 (see Fig. 2) . 3 

FIG. 2 



( iv)  I f  no l i n e  contains more than two po in t s  and P1,P2.P3 a r e  d i s t i n c t  

points ,  then t h e  l i n e  l3 through Pg p a r a l l e l  t o  PlP2 and t h e  

l i n e  l2 through P2 p a r a l l e l  t o  PIP3 have a  point  P i n  

common (see Fig. 3) . 

FIG.  3 

(v) Some l i n e  contains exact ly  q22 points .  

(v i )  There e x i s t  two l i n e s  ne i ther  p a r a l l e l  nor with a  common point .  

Then L = AG(n,q) f o r  some 1123." 

Our plan is  t o  take a  s t ruc tu r e  M with predicates  R and Q 

s a t i s fy ing  # I s  0 through 11. We def ine  a  l i n e  t o  be any s e t  R(a,b,M) 

f o r  a , b  d i s t i n c t  i n  M. For l i n e s  11,12 we say l1 is  p a r a l l e l  t o  

lz i f f  the re  a r e  a ,b ,c ,d  C M such t h a t  el = R(a,b,M), l2 = R(c,d,M) 
5 

and Q(a,b,c,d). 

We intend t o  show t h a t  with t h e  above de f in i t i ons ,  we get an 

incidence s t ruc tu r e  s a t i s fy ing  ( i )  through (vi )  above; t h e  incidence 

r e l a t i o n  i s  s e t  membership. 

F i r s t  we show paral le l ism i s  an equivalence r e l a t i o n .  From 

Q(x,y,x,y) it i s  re f lex ive ,  and Q(x,y,z,w) -+ Q(z,w,x,y) which follows 

from #7 gives t h e  symmetry. 



Before proving t r a n s i t i v i t y ,  we n o t i c e  t h a t  R(x,y,x) and 

R(x,y,z) -+ R(y,x,z) t e l l  us  t h a t  a , b  € R(a,b,M) = R(b,a,M) and #4 

t e l l s  u s  t h a t  any two d i s t i n c t  p o i n t s  of a  l i n e  L determine it. This  

g ives  ( i ) .  Now suppose Ll and L2 a r e  p a r a l l e l ,  and L2 and L3 a r e  

p a r a l l e l .  Choose a # b E L l ,  c  # d  € L 2 ,  e #  f E L 2  and g  # h  €13 

with Q(a,b,c,d) A Q(e, f ,g ,h) .  Find, by #5, i with Q(e ,g ,c , i )  and 

j  with Q(e ,g ,d , j ) .  By #7 and #5, i # j .  From #8 and 

Q(e , f ,g ,h)  A R(e, f ,c )  A Q(e,g ,c , i )  we g e t  R(g,h, i)  . Simi la r ly  

R(g ,h , j ) .  So l3 = R(i, j ,M).  

t h a t  Q ( ~ ~ i ~ d ~ j ) ~  s o  by #7, 

Q ( a b i j ) .  So el and l3 

Now #10 g ives ,  from Q(e ,g ,c , i )  A Q(e,g ,d , j ) ,  

Q ( c , d , i , j ) .  #7 and #10 then give 

a r e  p a r a l l e l ,  and p a r a l l e l i s m  i s  t r a n s i t i v e .  

For ( i i ) ,  l e t  1 = R(a,b,M) be a  l i n e  and c  be a  po in t .  #5 y i e l d s  

d  with Q(a ,b , c ,d ) ,  so  RCc,d,M) i s  p a r a l l e l  t o  L. Suppose R(c,e,M) 

i s  p a r a l l e l  t o  ; then  by t r a n s i t i v i t y ,  R(c,d,M) and R(c,e,M) a r e  

para1 l e l  . 

By #4, it s u f f i c e s  t o  f i n d  any po in t  # c  of  R(c,e,M) which is  

3 i n  R(c,d,M) t o  show R(c,e,M) = R(c,d,M). Pick f , g  € R(c,d,M) 

d i s t i n c t  and h , i  i n  R(c,e,M) d i s t i n c t  with Q( f ,g ,h , i ) .  We may 

assume f  # h. Pick c*,c** with Q(f ,h,c ,c*) ,  Q(h,f,c,c**); then  

by #5, #6 and # 7 ,  c  # ck,c**.  By #8, Q(f,h,c,c*) A R(f,g,c)  A Q(f ,g ,h , i )  

g ives  R(h , i ,c*) .  #7 g ives  Q(h , i , f , g ) ,  s o  by #8 and 

Q(h,f,c,c**) A R(h , i , c ) ,  R(f,g,c**). So c** € R(c,d,M) and 

C* € R(c,e,M). From # 7 ,  Q(f,h,c**,c),  s o  from # l o ,  Q(c,c*,c**,c). 

#9 g ives  R(c,c*,c**), so c* E R(c,c**,M) = R(c,d,M). So t h e  p a r a l l e l  

is  unique. 



For ( i i i )  , suppose R(a,b,M) and R(c,d,M) are pa ra l l e l  and 

e # a A R(a,c,e). Using #8 and adjusting a ,  we may assume Q(a,b,c,d).  

So Q(a,c,b,d) A Q(a,c,e) A e # a .  By #I1 there  i s  f  such tha t  

R(e,b,f) A R(c,d,f) . This is  exactly what we need. 

( iv) comes immediately from Q(xyyYzyw) + Q(x,z,y,w). 

(v) is  immediate from #1 and #0. 

(vi)  is  c l ea r  as  M i s  i n f i n i t e .  
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APPENDIX 2 

OPEN PROBLEMS 

The following is a list of open problems in the area and things 

I would just like to know: 

1. The ultimate problem is to classify the superstable, uni-dimensional 

structures, at least those with NOTOP. The results proved here, as 

well as those mentioned in the introduction, may be regarded as the 

beginnings of an answer. Obviously there is much more to do. 

2. More specifically, what can be said of superstable uni-dimensional 

structures of rank greater than 1 if the associated sank 1 types 

satisfy (*)? An interesting example of Saffe ([Sag, pp.18-20) may 

well be as archetypalfor such structures of rank 2 as Morleyls is 

for those of rank 1. This example provides a particularly clear 

example of Buechlerls Coordinatization Theorem (see the Introduction 

here). [A caveat, however; Saffe incorrectly counts the number of 

models, which should be s 12 for every cardinality.] 
% 

3. Returning to weakly minimal structures, the known non-N -stable 0 

uni-dimensional examples in the Introduction here all have, as the 

dependence geometry on a strong type, an affine or projective space 

over some field. Must this always occur? If not, what can occur? 

4. In a similar vein, Hrushovskils work indicates that under fairly 

general conditions we have an abelian group structure on some strong 

type. What groups can occur? Given a particular group, what other 

structure can there be on the strong type? On the model? We know 



t h e  abel ian group s t ruc tu r e  extends t o  a  formula. Likely t h e  work 

of P i l l a y  and Pres t  [PP] has app l ica t ion  here.  

5. Here we assume t h e  dependence geometry on a  strong type i s  l oca l l y  

f i n i t e ,  and so  i f  not t r i v i a l  e i t h e r  an a f f i n e  o r  p ro jec t ive  space 

over a  f i n i t e  f i e l d .  What can be sa id  about weakly minimal 

s t ruc tu r e s  i f  we assume the  dependence geometry is  a f f i n e  o r  

k  p ro jec t ive  over U F(p ) (p a  prime) a s  i n  Hrushovskils example? 
kEo 

Over Q, a s  i n  (Z,+)? Other p o s s i b i l i t i e s ?  

6 .  Getting even more spec i f i c ,  and re turning t o  s t ruc tu r e s  a s  i n  

Section 8, t he r e  a r e  s t i l l  a  few things  t o  be cleared up. For 

instance,  what f u r the r  s t r uc tu r e  i s  poss ible  on M/B? We know 

what Y / B  and each X i / B  can look l i k e ,  so t h i s  i s  a  question 

about t h e  i n t e r ac t i on  of these  "boxesf1. Given t h e  s imi l a r i t y  of 

t h e  s t ruc tu r e s  here t o  No-categorical s t r uc tu r e s  of Morley rank 1, 

t h e  work of Martin [Mr] could well be re levant  here.  

Also, what a r e  t h e  p o s s i b i l i t i e s  f o r  M, given t h a t  M/9 is  a s  

i n  Section 8? O r  cp(M), given t h a t  q(M)/B i s  a s  i n  Section 7 ?  

Perhaps t h e  work of Ahlbrandt and Zeigler  ([Ah], [AZ]) i s  re levan t  

here. 



[Hir ] 
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