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ABSTRACT 

Calcu la t i on  of t h e  one-loop QED self-energy f o r  fermions i n  t h e  

presence of a  background cha rac t e r i zed  by a  temperature T and a  chemical 

p o t e n t i a l  P i s  performed us ing  t h e  r e a l  t ime propagator formalism of 

N i e m i  and Semenoff. Two genera l  cases  a r e  s tud i ed :  (1)  c h i r a l l y  

i n v a r i a n t  (massless)  QED; (2)  QED with broken c h i r a l  symmetry (massive 

QED). For t h e  c h i r a l l y  i n v a r i a n t  case  a  d i s p e r s i o n  r e l a t i o n  i s  obtained 

i n  t he  form of two coupled non-l inear  i n t e g r a l  equa t ions  which a r e  

solved numerical ly .  The d i spe r s ion  r e l a t i o n  is shown t o  be s i m i l a r  t o  

t h a t  f o r  a f r e e  p a r t i c l e  of mass [ ( a / 2 a ) ( ~ ~ + a ~ ~ ~ ) ] ~ ' ~ .  For t h e  ca se  of 

broken c h i r a l  symmetry, t h e  f i n i t e  T,p mass s h i f t  is  ca l cu l a t ed .  Two 

simple l i m i t s ,  T=O, l a r g e  p (neutron s t a r s )  and T+O, p=O a r e  s t u d i e d  i n  

d e t a i l .  For t h e  neutron s t a r  case  i t  i s  shown t h a t  although the  

e f f e c t i v e  mass of an e l e c t r o n  i s  approximately 14 me, t h i s  e f f e c t  is  

probably not  important i n  t h e  evo lu t ion  of neut ron  s t a r s .  For t h e  

T#O,p=O case ,  d i s c r epanc i e s  between r e s u l t s  obtained here ,  and those  

publ ished i n  t he  l i t e r a t u r e  a r e  discussed and an explana t ion  f o r  t h e s e  

d i f f e r e n c e s  is given. The renormal iza t ion  procedure is a l s o  d i scussed  

and i t  i s  shown t h a t  i n  o r d e r  t o  g ive  a  d i r e c t  phys i ca l  i n t e r p r e t a t i o n  

t o  t h e  self-energy c o r r e c t i o n s ,  t h e  renormal iza t ion  condi t ion  must be 

s p e c i f i e d  a t  a  p,T dependent po in t .  
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Chapter 1 

In t roduct ion  

When one considers  an i n t e r a c t i n g  r e l a t i v i s t i c  f i e l d  theory,  conven- 

t i o n a l l y  the re  i s  a term i n  t h e  lagrangian which descr ibes  the  i n t e r a c t i o n .  

For example, t h e  add i t ion  of the  term -eT& t o  the  f r e e  f i e l d  QED 

lagrangian appears t o  descr ibe  very well how photons i n t e r a c t  with 

e l ec t rons ,  and leads t o  a  v a r i e t y  of experimentally v e r i f i e d  phenomena such 

as  the  Lamb s h i f t ,  t he  Casimir e f f e c t  and p red ic t ion  of the  magnetic moment 

of the  mu0n.l There a r e  however, o the r  types of in te rac t ions  of i n t e r e s t ,  

such as  many-body e f f e c t s .  Even though no new term appears i n  t h e  

lagrangian,  the  e f f e c t  is  j u s t  a s  r e a l .  

Such a many-body system w i l l  be discussed here  i n  an e f f o r t  t o  answer 

the  following quest ion:  Given a p a r t i c l e  and a background parameterized by 

some temperature T and chemical p o t e n t i a l  I.I ( h e r e a f t e r  r e fe r red  t o  a s  the  

thermal background), how can t h e  i n t e r a c t i o n  between t h e  p a r t i c l e  and t h e  

background be charac ter ized?  Only one aspect  of t h i s  r a t h e r  genera l  problem 

w i l l  be inves t iga ted  here ,  namely t h e  e f f e c t i v e  mass of a  fermion i n  t h e  

presence of a  thermal background. The technique f o r  studying t h i s  i s  f i n i t e  

temperature and dens i ty  (FTD) f i e l d  theory.  

The study of FTD f i e l d  theor ie s  began with Matsubara's discovery t h i r t y  

years ago of the  r e l a t i o n s h i p  between t h e  quantum mechanical evolut ion 

opera tor  and t h e  dens i ty  operator2 ( s e e  Chapter 2 f o r  d e t a i l s ) .  This non- 

r e l a t i v i s t i c  theory has s ince  been appl ied  t o  a  wide range of  physical  

systems including superconductivi ty,  s u p e r f l u i d i t y ,  condensed nuclear  

matter ,  and electron-phonon  interaction^.^+ I n  c o n t r a s t ,  only i n  t h e  l a s t  



decade has the re  been any i n t e r e s t  i n  r e l a t i v i s t i c  vers ions  of FTD f i e l d  

theor ie s .  This has been due l a r g e l y  t o  t h e  discovery t h a t  broken gauge 

symmetries can be re s to red  a t  s u f f i c i e n t l y  high t e ~ n ~ e r a t u r e s . ~ ' ~  This  

discovery spurred severa l  l i n e s  of research  including:  s t u d i e s  of phase 

t r a n s i t i o n s  ,7 '* t h e  plasmon e f f e c t  f o r  Yang-Mills theor ie s ,  cons t ruc t ion  

of the  thermodynamic po ten t i a l  ,' lo  s t e l l a r  evolut ion  and the  e a r l y  

universe,  renormalizat ion techniques f o r  FTD theor ies ,  l2 and a FTD 

path i n t e g r a l  formulation. ' 
More recen t ly ,  self-energy cor rec t ions  t o  FTD propagators have been 

inves t iga ted .  Bechler has s tud ied  a l l  one-loop FTD diagrams f o r  QED and 

obtained a s p e c t r a l  r ep resen ta t  ion. uedal has suggested a renormal iza t ion  

scheme fo r  the  FTD self-energy which removes a gauge invar iance  problem 

f i r s t  r a i s e d  by Dolan and ~ a c k i w ~  and by Weinberg. l 6  Using a TfO,v=O 

background, Weldon has ca lcu la ted  t h e  one loop vacuum polar iza t ion17 f o r  

QED and the  d i spe r s ion  r e l a t i o n  f o r  a  c h i r a l l y  invar i an t  (zero  r e s t  mass) 

fermion i n t e r a c t i n g  with a gauge f i e ld18  which r e s u l t s  i n  an e f f e c t i v e  

fermion mass of o(T). Extension t o  the  ~ $ 0  case  has a l s o  been done by Boa1 

and ~ e v i n s o n l ~  with r e s u l t s  t h a t  a r e  s i m i l a r  t o  those found i n  r e f .  18. 

P e r e s s u t t i  and skagerstam20 have ca lcu la ted  the  e f f e c t i v e  mass of an 

e l e c t r o n  i n  the  presence of a  TfO, v 4  background and found i t  t o  be o f  . 

o ( T ~ ) .  Discussion of the  disagreement between t h i s  r e s u l t  and the  r e s u l t s  

of r e f .  18 and 19 can be  found i n  ~ e v i n s o n ~ l  and Chapter 5 of t h i s  t h e s i s .  

Cambier,. Primack &  her^^ and Dicus e t  using ca lcu la t ions  s i m i l a r  t o  

those i n  r e f .  20, have inves t iga ted  t h e  e f f e c t  of t h e  FTD e l e c t r o n  mass 

s h i f t  on primordial  nucleosynthesis  and found the. e f f e c t s  t o  be 

unimportant. 



The ca lcu la t ions  i n  r e f s .  17-20,22,23 use  a r ep resen ta t ion  f o r  the  FTD 

propagators introduced i n  r e f .  6 ,  known a s  the  r e a l  time formalism ( i n  

c o n t r a s t  t o  Matsubara's imaginary time formalism). Niemi and  eme en off^^ 

have pointed out t h a t  t h e  a p p l i c a b i l i t y  of t h i s  formalism i s  extremely 

l imi ted  but can be extended by g iv ing the  FTD propagators a matrix s t r u c t u r e  

and in t roducing a new s e t  of Feynman ru les .  The matrix s t r u c t u r e  f o r  t h e  

propagators and the  Feynman r u l e s  a r e  i d e n t i c a l  t o  those obtained by 

~ j i m a , ~ '  and by Umezama, Matsumoto and ~ a c h i k i ~  i n  formulating Thermo. F ie ld  

Dynamics . 
I n  t h i s  t h e s i s  t h e  r e a l  t i m e  (matr ix)  propagator formalism i s  used t o  

ob ta in  the  one loop QED c o r r e c t i o n  t o  the  d i spe r s ion  r e l a t i o n  f o r  a  c h i r a l l y  

invar i an t  sp in  112 fermion i n  the  presence of a  thermal background. It 

should be emphasized t h a t  t h e  primary thermodynamic va r i ab les  a r e  tempera- 

t u r e  and chemical p o t e n t i a l .  The broken c h i r a l  symmetry phase of the  theory 

is a l s o  s tudied  and t h e  e f f e c t i v e  mass ca lcu la ted .  A summary of t h i s  work 

can be found i n  r e f s .  19 and 21. Cer ta in  aspects  of t h i s  problem have 

already been inves t iga ted ,14 ,18,20 ,26-28 but  the  l i t e r a t u r e  cannot be con- 

dered e i t h e r  complete o r  even cons i s t en t .  I n  an e f f o r t  t o  remedy t h i s  

s i t u a t i o n ,  the  ca lcu la t ions  done here  w i l l  emphasize two aspects  of the  

problem: 

1. Previous c a l c u l a t i o n s  r a r e l y  i f  ever  include f i n i t e  p e f f e c t s .  While 

they t u r n  out t o  be of a  s i m i l a r  na tu re  t o  t h e  f i n i t e  T e f f e c t s  when p>O 

( p a r t i c l e  and background of opposi te  s ign  f o r  net  charge),  they can be 

d i f f e r e n t  when u<O ( p a r t i c l e  and background with t h e  same s i g n  f o r  ne t  

charge ) . 



2 .  The ca lcu la t ions  done here  d i sagree  i n  some respects  with those of o t h e r  

workers - t he  main d i f fe rences  being i n  the  high temperature fermion 

mass s h i f t  and the  renormalizat ion procedure f o r  obtaining the  physica l  

mass. An attempt i s  made he re  not only t o  produce, what i s  hoped t o  be,  

a  c o r r e c t  one loop ca lcu la t ion ,  but  a l s o  d iscuss  the  d i f fe rences  between 

the  r e s u l t s  presented he re  and those  found elsewhere. 

The remainder of t h i s  work i s  organized a s  follows: Chapter 2 conta ins  

a  d e r i v a t i o n  of t h e  FTD propagators f o r  a  s c a l a r  f i e l d  i n  both t h e  imaginary 

time and r e a l  time formalisms, and a d iscuss ion of the  r e l a t i v e  mer i t s  of 

the  two. I n  order  t o  give t h e  treatment some uni ty ,  both formalisms a r e  

derived from a path i n t e g r a l  r ep resen ta t ion  of t h e  generat ing funct ional .  

Spinor and gauge f i e l d  propagators w i l l  then  be w r i t t e n  down i n  analogy with 

the  s c a l a r  f i e l d  case. In  Chapter 3 t h e  genera l  s t r u c t u r e  of the  s e l f -  

energy and t h e  renormalized FTD propagator a r e  considered from t h e  

s tandpoint  of Lorentz invariance.  Some s u b t l e t i e s  regarding the  renormal- 

i z a t i o n  procedure requi red  t o  ob ta in  t h e  physical  mass a r e  a l s o  discussed.  

Chapter 4 conta ins  t h e  d e t a i l s  of the  c a l c u l a t i o n  of the  one loop FTD d i s -  

persion r e l a t i o n  f o r  a  c h i r a l l y  invar i an t  fermion, and a d iscuss ion of t h e  

e f f e c t i v e  mass f o r  these  p a r t i c l e s .  Chapter 5 conta ins  the  d e t a i l s  of the  

c a l c u l a t i o n  of t h e  FTD mass s h i f t  f o r  a  fermion with broken c h i r a l  symmetry. 

As an app l i ca t ion ,  the  mass s h i f t  f o r  an e l e c t r o n  i n  a  neutron s t a r  i s  ca l -  

culated.  The results obta ined i n  Chapter 5 a r e  a l s o  compared with those  

given i n  r e f s .  18 and 20, and the  d i f fe rences  discussed.  Chapter 6 conta ins  

a  summary of the  conclusions.  . An appendix on the  FTD chain  approximation i s  

a l s o  included. 



In  t h e  i n t e r e s t  of c l a r i t y ,  t h e  fo l lowing  no ta t ion  w i l l  be used 

c o n s i s t e n t l y  throughout t h e  t h e s i s :  

1 )  q u a n t i t i e s  wi th  a  ze ro  s u b s c r i p t  (e .g .  Co) denote T=vPO terms;  

2)  q u a n t i t i e s  wi th  a  B s u b s c r i p t  (e .g .  CB) denote FTD terms; 

3) q u a n t i t i e s  wi th  no s u b s c r i p t  denote t h e  sum of t h e  T-v-0 and FTD 

terms (e.g. C = CO+CB);  

4 )  mat r i ce s  i n  FTD space  a r e  denoted by c a p i t a l  l e t t e r s  (w i th  o r  

wi thout  l a r i n  s u p e r s c r i p t  i n d i c e s )  and a  b a r  over t he  l e t t e r ;  



Chapter 2 

FTD Propagators 

A. Path I n t e g r a l  Formulation 

We w i l l  use the  path i n t e g r a l  formulat ion t o  der ive  the  FTD propagators ,  

but  before doing t h i s  we b r i e f l y  review i t s  app l i ca t ion  t o  the  T=v=O case.  A 

much more d e t a i l e d  d e r i v a t i o n  can be found i n  r e f .  29 and t h e  second l i s t i n g  

i n  r e f .  1. 

The Feynman path i n t e g r a l  f o r  t h e  vacuum-to-vacuum t r a n s i t i o n  amplitude 

for  a  s c a l a r  f i e l d  i s  

F = <010> = N I D[r]  Dl$] e i l d 4 x [ ~ & $ ( n , $ l  I (2.1) 

where 10) i s  t h e  vacuum or  ground s t a t e ,  %b i s  t h e  hamiltonian dens i ty  

appropr ia te  fo r  a  f i e l d  theory cha rac te r i zed  by the  lagrangian dens i ty  

and n i s  the  momentum dens i ty  conjugate t o  the  f i e l d ;  

In  order  t o  make (2.1) ca lcu lab le  pe r tu rba t ive ly  we make F a funct ional  of a  

c-number v a r i a b l e  J ;  F + F [ J ]  where 

Performing the  gaussian i n t e g r a t i o n  over ~ [ r ]  has  the  simple e f f e c t  of 

changing the  normalizat ion constant  from N t o  N ' ;  



In order  t o  do the  D[@l in tegra t ion ,  we f i r s t  r ewr i t e  the  argument of the  

exponential i n  terms of i t s  Fourier  transform, and then, making the  change o f  

leads t o  

The funct ion  

dkP e-ip*(x-y) 
A. (x-y) = 1 - 

(2s l 4  p 2 - d + i s  

is  the  s c a l a r  p a r t i c l e  propagator. 

From (2.3) i t  i s  easy t o  

-1 6 2 ~ [ ~ ]  - 
F[O] 6J(x)6J(y)  

Furthermore, the  r h s  only has 

-1 

s e e  t h a t  

meaning when tl > t Z s 3 O  s o  

where T i s  the  t i m e  ordering symbol and the  second l i n e  i n  (2.6) follows from 

(2.4).  We conclude from (2.6) t h a t  F[J] is the  generat ing funct ional  f o r  t h e  

s c a l a r  p a r t i c l e  propagator.  In  the  preceeding d iscuss ion,  only f r e e  f i e l d s  

have been t r e a t e d .  The extens ion t o  i n t e r a c t i n g  f i e l d s  i s  well known,29 and 

of course, does not e f f e c t  r e s u l t s  (2.5) and (2.6).  This is  a l s o  t r u e  f o r  

FTD theor ies .  



Turning now t o  FTD t h e o r i e s ,  we d e f i n e  t h e  FTD Feynman propagator  f o r  a  

s c a l a r  f i e l d  i n  analogy with t h e  T=u=O theory ;  

A A 

where eG = e-BH i s  t h e  quantum mechanical d e n s i t y  ope ra to r ,  H i s  t h e  system 

hami l tonian  ope ra to r ,  and B i s  a  Lorentz  i n v a r i a n t  def ined  a s  t h e  i n v e r s e  

temperature a s  measured i n  t h e  r e f e r e n c e  frame of t he  h e a t  bath.  Taking a  

f u n c t i o n a l  approach 
A 

A - .-BH T e i , d 4 ~ ~ $  
P , + $ [ J ]  - 

g ives  t h e  r e l a t i o n  

where 

The I$>'s  form a 

$ with s i m i l a r l y  

complete set of s t a t e s  and a r e  e igenvec tors  of t he  o p e r a t o r  

l a b e l l e d  e igenvalues ,  i . e .  

A 
$14) = $I$> (2.10) 

+ 
I f  suppor t  of t h e  f i e l d  v a r i a b l e s  f o r  $ = $ ( t , x )  i s  extended t o  t h e  c o m p l ~ x  

t ime domain then  



Hence, 

A consequence of (2.10) and (2.12) i s  t h a t  only those s t a t e s  f o r  which 

Q ( t - i ~ , % )  = $ ( t , % )  w i l l  con t r ibu te  t o  the  i n t e g r a l .  I n  o ther  words, we a r e  

concerned only with s t a t e s  t h a t  a r e  per iodic  (ant i -per iodic  f o r  fermions) i n  

t h e  complex time va r i ab le .  The space of t h e  f i e l d  i s  thus spanned by 

i n t e g r a t i n g  over a l l  3-space and from t t o  t-if3 i n  t h e  t i m e  d i r e c t i o n .  

Writing t h i s  a s  a  contour i n t e g r a l  i n  t h e  complex t-plane 

The no ta t ion  f t  D[Q(t)] i s  i n t e r p r e t e d  as  

n d$( t1 ,g l )  d0(t2,Z2). . .  

with the  t i ' s  cons t ra ined t o  l i e  on t h e  contour and the  Z<s uncon- 

s t r a i n e d .  

As emphasized i n  r e f .  31, the  choice of contour f o r  evaluat ing (2.13) i s  

not unique - t he  only requirements on i t  being 

where c i  and cf a r e  r e spec t ive ly  the  i n i t i a l  and f i n a l  points  on the  

contour, and tl occurs before  t2 when moving along the  contour. Figs. 1 and 

2  show two contours which a r e  cons i s t en t  with requirements (2.14) and (2.15). 

I f  t h e  contour cI i s  chosen, the  imaginary time formalism i s  obtained,  

whereas contour c~ leads  t o  r e a l  time formalism. 



Fig. 1. Contour used t o  ob ta in  the  imaginary t i m e  formalism. 

Imt 

\I/ 

Fig. 2.  Contour used t o  ob ta in  the  r e a l  time formalism. 
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B. Imaginary time formalism 

Using cI ,  (2.13) becomes 

Eq. (2.16) i s  very s i m i l a r  t o  (2.2) t h e  only d i f fe rence  being t h a t  now the  

i n t e g r a t i o n  i n  the  exponent is f i n i t e  i n  t and the  D[+] i n t e g r a t i o n  

i s  per iodic .  Following s t eps  s i m i l a r  t o  the  Tv'O case  we f ind  

where 

d? = - id t  

and A(x-y) is  given by a s p a t i a l  Fourier  transform and a temporal Four ier  

s e r i e s ,  v i z .  

A s  before  

Thus, the  only d i f fe rence  between the  T=p=O and FTD cases  is t h a t  the  0 

component of the  momentum i n  t h e  FTD propagator i s  a d i s c r e t e  function of 

energy r a t h e r  than a continuous one. While a l l  of our der iva t ions  have been 

fo r  a  f r e e  s c a l a r  f i e l d ,  t h e  r e s u l t s  s t i l l  hold f o r  i n t e r a c t i n g  f i e l d s ,  

including the  correspondence between T y = O  and FTD propagators. This leads 

us t o  the  following important conclusion: 



FTD imaginary time Feynman r u l e s  a r e  ob ta ined  from t h e i r  T=u=O 

c o u n t e r p a r t s  by t h e  fol lowing s u b s t i t u t i o n s ; 1 3  

and 

S i m i l a r  r e s u l t s  hold f o r  fermion and gauge f i e l d s  



C. Real time formalism 

The r e a l  t i m e  formalism i s  obtained from (2.13) by using contour cR a s  

shown i n  f i g .  2. Following procedures t h a t  are analogous t o  t h e  T v = O  c a s e  

above we f i n d  

where cR is the  contour composed of segments c l ,  c 3 ,  c2 ,  and c,+ i n  t h a t  

order .  

The limit T-t- (-T + 4) i s  now taken and, by v i r t u e  of Riemann's 

lemma, r e s u l t s  i n  a decoupling of the  two-point functions f o r  adjacent  

segments ( i n  time) of t h e  contour. That is ,  two-point funct ions  t h a t  

connect points  along cl o r  c2 t o  points  along c3 o r  c4 vanish. Hence 

The second i n t e g r a l  i s  un in te res t ing  here  and is simply absorbed i n t o  the  

normalizat ion leaving 

There a r e  a c t u a l l y  four sepa ra te  terms i n  the  exponent of (2.21); one 

each t o  connect po in t s  on the  same contour segment and two terms which 

connect points  on d i f f e r e n t  segments. E x p l i c i t l y  

These four terms can be arranged i n  the  form of a matr ix product 



It i s  now easy t o  s e e  t h a t  the  o r i g i n a l  f i e l d  a c t u a l l y  has two components; 

a type 1 f i e l d  (corresponding t o  t h e  c l  segment) and a type 2 "ghost f i e l d "  

(corresponding t o  the  c2 segment). The four components of the  matrix 

propagator connect the  two components of the  f i e l d . 3 2  

The Feynman r u l e s  f o r  t h i s  theory a r e  the  same as  f o r  t h e  T q = O  

theory with the  modif ica t ion  t h a t  every T=u=O diagram generates a  set of  

FTD diagrams t h a t  a r e  d is t inguished from each o the r  by c r e a t i n g  a l l  

poss ib le  combinations of type 1 and type 2 v e r t i c e s  (which determine t h e  

appropr ia te  component of the  propagator matr ix f o r  each l i n e ) .  There i s  

f u r t h e r  the  proviso t h a t  ex te rna l  l i n e s  must be of type 1 .  We give  a 

very simple example of the  app l i ca t ion  of these  r u l e s  below. A much more 

soph i s t i ca ted  example can be found i n  r e f .  34. 

The self-energy graph f o r  a  T-7.110 43 theory ( inc luding ex te rna l  l egs )  

is  shown i n  f i g .  3a, while i t s  FTD extension i s  shown i n  f i g .  3h. The 

numbers a t  each ver tex  determine which component of the  propagator matr ix i s  

appropr ia te  f o r  each diagram. Thus, f o r  example, the  s e l f  energy i n s e r t i o n  

f o r  the  second diagram i n  f i g .  3b i s  ca lcu la ted  by i n t e g r a t i n g  t h e  product 

of two 1 2  components of t h e  propagators. 

E x p l i c i t  r e s u l t s  f o r  s c a l a r ,  fermion, and photon propagators a r e  

shown below. 

For s c a l a r s  



Fig. 3a. One-loop T=FO self-energy for a 4 3  theory. 

Fig. 3b. One-loop FTD self-energy for a 4 1 ~  theory. 



For photons (Feynman gauge): 

1 
Do(p) =- . 

p2+ i E 

For f e r m i o n ~ : ~ ~  

The quant i ty  ua i n  the  preceeding equations is  the  4-veloci ty of the  

hea t  ba th  normalized by uaua = 1. Thus the  quan t i ty  pou i s  a  Lorentz 

invar i an t  equal t o  po as measured i n  the  r e s t  frame of the  heat  bath. 

By mul t ip ly ing out  t h e  matrices i n  (2.21)-(2.24) and noting t h a t  

l i m  E - 
'+O X2+E2 a6 (x)  

t h e  propagators can be w r i t t e n  a s  

iTab(p) = i ~ : ~ ( p )  + i i iab(p) 

where 

and 



where 

and 

where 

and 

1 - -61112 
2 

e 
-ab( = -2n(fi+tn,) 6(p2-mi) isfi+ P ( 2 . 2 7 ~ )  

Notice that the propagators have now separated in to  temperature indepen- 

dent and temperature dependent pieces.  



D. Comparison of the  Formalisms 

H i s t o r i c a l l y ,  t h e  imaginary time formalism has been used much more 

widely than the  r e a l  time formalism - p a r t l y  because it was discovered f i r s t  

and p a r t l y  because the  o lde r  version6 of the  r e a l  time formalism did  not g ive  

co r rec t  r e s u l t s  beyond the  one loop l e v e l .  There a r e  however, some dis -  

agreeable aspects  t o  t h e  imaginary t i m e  formalism, which a r i s e  from t h e  

s p e c i a l  connection between time and temperature. In  t h i s  formalism Lorentz 

covariance and manifest Lorentz invar iance  a r e  l o s t  a s  can be seen by 

inspect ing  (2.17)-(2.19). More importantly,  t h e  formalism as i t  stands i s  

only defined a t  c e r t a i n  points  i n  the  complex w-plane. Thus, i n  order  t o  

s tudy dynamical aspects  of a system, an a n a l y t i c  cont inuat ion  t o  the  whole 

r e a l  axis  must be performed. This i s  not always easy  o r  unambigious. There 

i s  a f u r t h e r  t echn ica l  d i f f i c u l t y  t h a t  mul t ip le  sums over w i n  higher order  

diagrams can be d i f f i c u l t  t o  perform. 

I n  c o n t r a s t ,  t he  r e a l  time formalism maintains Lorentz covariance and 

manifest Lorentz , invar iance  and i s  defined fo r  a l l  r e a l  w. There i s  t h e  

a d d i t i o n a l  f e a t u r e  t h a t  the  r e a l  time propagators separa te  i n t o  T-!-I-0 and 

FTI) pa r t s .  The g r e a t  disadvantage of t h i s  formalism i s  t h a t  a s i n g l e  T'l.1'0 

diagram can generate many FTD diagrams whereas the re  i s  a one t o  one 

correspondence between T=!-I=O and FTD diagrams when the  imaginary time 

formalism i s  used. 



Chapter 3 

Structure of the Self-Energy and Renormalization 

Before actually calculating the self-energy corrections, we find it 

necessary to investigate its general structure and the attendant renormal- 

ization procedure. 

A. Self-energy for chirally invariant f e r m i ~ n s ~ ~  

For T q = O  QED, the bare fermion propagator is 

Using the chain approximation,l we find that the full propagator is 

where 

The structure of (3.3) follows from two observations: 

1) c,(K) is a Lorentz invariant 

2) Chiral symmetry holds to all orders of perturbation theory. 

, From the first observation we can deduce that C, can be written as a linear 

combination of all Lorentz invariants found in the theory, of which there are 

only two; g and K ~ .  This also implies that the coefficients (such as ao) 

must also be Lorentz invariants. From the second observation K2=0 always and 

Co reduces to (3.3). 

For FTD QED the 11 component of the full propagator is 



where 

with 

and we have s e t  p=O f o r  s impl ic i ty .  We s e e  t h a t  C has an e x t r a  term which i s  

r e l a t e d  t o  the  heat  bath 4-veloci ty,  ua.37 For t h e  remainder of t h i s  d is -  

cussion i t  i s  s u f f i c i e n t  t o  consider  only t h e  f i r s t  term i n  (3.4). Dropping 

t h e  o the r  term leaves 

where 

and we have introduced the  Lorentz invar i an t  funct ions  

W = K * U  

k = [w2*2] 112 

which have the  simple i n t e r p r e t a t i o n  of the  p a r t i c l e ' s  energy and 3momentum 

i n  the  r e s t  frame of t h e  hea t  bath. Eq.  (3.7) a l s o  assumes t h a t  he TYPO 

wave funct ion  regu la r i za t ion  has been performed, hence, a. i s  not present  

i n  (3.7).  

For both the  T v = O  and the  FTD theor ies ,  the  e x c i t a t i o n s  of the  system 

(o r ,  i n  the  language of f i e l d  theory,  the  physical  masses) a r e  governed by a  

d i spe r s ion  r e l a t i o n  which y ie lds  the  poles of the  propagator. The s t r u c t u r e  

of (3.3) insures  t h a t  t h e  poles a r e  always located  a t  K ~ = O  f o r  the  T=p=O 



case. On the other hand, the poles of the FTD propagtor are determined by 

s e t t i n g  D=O which gives the dispersion re la t ion  

The solut ion of (3.8)  i s  not K ~ = O ,  and t h i s  s h i f t  i n  the location of the pole 

i s  ent ire ly  due t o  the presence of the second term i n  (3.5). 



B. Self -energy f o r  fermions without c h i r a l  symmetry 

Turning now t o  the  massive case, the  T=p=O renormalized fermion 

propagator i s  

J,(K) = (t - mg - I ~ ( K ) ) - ~  

where 

Co(K> " - a0(K2) - d o ( ~ 2 )  

and mg i s  the  bare mass. Note t h a t  To now has a K2 dependence. 

Eq. (3.9) can a l s o  be w r i t t e n  a s  

where 
D(K) = K2 - (mB'do (K' ) ) 

and we have absorbed the  wave *funct ion  renormalizat ion constant  , ( l+ao) ,  

as  it i s  unimportant i n  what follows. If we now choose 

do (mo2 = dmo , (3.11) 

with mo, t h e  physical  mass, r e l a t e d  t o  mB by 

mg = mo + 6mo 

then ~ ( m ~ ~ >  = 0 , 

and we can i n t e r p r e t  mo a s  the  physical  mass. What we wish t o  emphasize 

here  is not so  much t h a t  renormalizat ion condi t ion  (3.11) i s  defined a t  t h e  

T=u=O mass, but r a t h e r  t h a t  i t  i s  defined a t  t h e  physical  mass. While t h e r e  

is no d i s t i n c t i o n  between t h e  two here ,  the  d i f fe rence  w i l l  be important f o r  

FTD theor ies .  

For the  FTD fermion f u l l  propagator (u=O), t h e  11 component i s  



I + (o the r  terms) 
K - mB - C ( K )  + i o  

where 

Eg(K) = -ag t - bd - dg . 
As before,  E g  i s  a Lorentz invar i an t ,  hence a g ,  b and dg must a l s o  be Lorentz 

invar i an t s .  Keeping only t h e  f i r s t  term i n  (3.12) f o r  the  d iscuss ion h e r e  

leaves 

where 

2 2 D(K) = ( l + a g )  K + b2 + 2( l+ag)  bK*u - (mB-do-dg)2 . (3.15) 

I n  analogy with t h e  T=O theory we def ine  t h e  physical  mass m, i n  t h e  

following way; 

Two popular methods f o r  obtaining the  physical  mass are :  

1)  de f ine  i t  by38 

2) f i r s t  invoke condi t ion  (3.11) and then require3 '  

Re ~ ~ ( ~ ) l ~ 2 ~ 2  ' (3.18) 

where 

Dl (K) = K' + b2 + 2( l+ag)  bK*u - (mo-dgI2 . (3.19) 

Neither  of these  methods g ives  a mass which s a t i s f i e s  (3.16) a s  can be 

seen by simply s u b s t i t u t i n g  (3.17) and (3.18) i n t o  (3.16). For the  f i r s t  

method we f ind D(m) is  a complicated expression i n  ag, b, and dg, but 

should approach zero i f  these  cons tants  a r e  small. In  o t h e r  words, (3.9) 



provides a f i r s t  approximation t o  m f o r  s u f f i c i e n t l y  small temperatures. For 

the  second method we f ind  

~ e ~ ( m )  = do(m2> - do(mo2) f 0 . (3.20) 

Equation (3.20) c l e a r l y  i l l u s t r a t e s  the  source of the  problem. Doing the  

T 4 ,  and TfO renormalizat ions separa te ly  has t h e  e f f e c t  of speci fy ing t h e  

renormalizat ion condi t ion  f o r  the  T=O term a t  a  point  which i s  off -shel l .  It 

i s  not s u r p r i s i n g  then,  t h a t  when t h e  self-energy is evaluated on-shell,  t h e  

T=O mass counterterm no longer cancels  t h e  bare  mass i n f i n i t y .  In  order  t o  

insure  the  i n f i n i t i e s  properly cancel  we must use 

do(m2 = dmo (3.21) 

our renormalizat ion condit ion.  

A few comments regarding (3.21) a r e  i n  order :  

The above d iscuss ion does-not  imply t h a t  (3.21) i s  the  only v a l i d  FTD 

renormalizat ion condit ion.  A s  with T=ps0 t h e o r i e s ,  one can renormalize 

a t  any convenient point .  However, j u s t  a s  i n  the  T-p-0 case,  i t  i s  t r u e  

fo r  FTD t h e o r i e s  t h a t  only c e r t a i n  renormalizat ion schemes- give quanti-  

t ies  which can be r e a d i l y  in te rp re ted  i n  a  physical  manner. Eq. (3.21) 

i s  such a condi t ion .  

Although t h e  renormalizat ion point spec i f i ed  i n  (3.21) i s  T dependent 

( s ince  m is  T dependent),  6% has no T dependence. This r e s u l t  has 

been shown1 ,40 t o  hold t o  a l l  orders  of pe r tu rba t ion  theory. 

Since the  renormalizat ion p resc r ip t ion  va r i e s  with temperature, i t  makes 

i t  d i f f i c u l t  t o  compare q u a n t i t i e s  ca lcu la ted  a t  d i f f e r e n t  temperatures. 

This i s  not  a  problem here  s i n c e  the  mass s h i f t  depends only on one 

temperature. It would, however, be a problem when doing thermodynamics 



o r  any c a l c u l a t i o n  which involved two o r  more va lues  of T such a s  

d i f f e r e n t i a t i n g  with r e s p e c t  t o  T. It i s  q u i t e  l i k e l y  t h a t  t h i s  problem 

can  be  avoided using FTD renormal iza t  ion  group techniques.  

The technique f o r  a c t u a l l y  c a r r y i n g  out  t h i s  c a l c u l a t i o n  i s  s t r a i g h t -  

forward. One proceeds i n  t h e  same way a s  method 2 desc r ibed  above employing 

(3.18) and (3.19). The only  d i f f e r e n c e  i s  t h a t  i n  doing t h e  loop i n t e g r a l s  

one must s e t  K~ = m2 in s t ead  of K' = mo2. Unfortunately,  t h i s  usual ly 

l eads  t o  an i m p l i c i t  equat ion  f o r  m. 



Chapter 4  

Dispersion Rela t ion  f o r  Ch i ra l ly  Invar iant  Fermions 

In  order  t o  give an e x p l i c i t  expression fo r  d ispers ion  r e l a t i o n  (3.81, 

t h e  c o e f f i c i e n t s  ag and b  from (3.5) must be ca lcu la ted .  Using the  well- 

known i d e n t i t y  

Combining (4.11, (4.2) and (3.8) gives 

f o r  the  d i spe r s ion  r e l a t i o n .  The physical  mass is  obtained from (4.3) by 

imposing t h e  a d d i t i o n a l  condi t ion  t h a t  the  p a r t i c l e  be a t  r e s t  r e l a t i v e  t o  

the  heat  bath. Hence 

l i m  m =  k+O 

Figure 4  shows the  one loop FTD self-energy diagrams t h a t  can be used t o  

c a l c u l a t e  C. Al te rna t ive ly ,  we can use (A.171, (A.18) and (A.12) d i r e c t l y  

(provided we set q, = 0) and ob ta in  



Fig.  4 .  The one-loop FTD fermion self-energy ( including the T = p O  term) 
and i t s  expansion i n  terms of l a b e l l e d  v e r t e x  diagrams. The T=u=O 
counterterm is no t  shown. 



The T=v=O p a r t  of t h e  propagators  a r e  now s p l i t  i n t o  two p a r t s ,  v i z .  

where P s t ands  f o r  t h e  p r i n c i p a l  value.  There w i l l  be  terms i n  (4.5)  

which inc lude  t h e  8-funct ions of (4.6)  but  t h e s e  a r e  t h e  T=v=O p a r t  of  

t h e  se l f -energy ,  C,(K). Dropping t h e s e  terms we a r e  l e f t  w i th  

where 

A change of v a r i a b l e s :  p + p+K f o r  t he  f i r s t  term and p + -p f o r  t h e  

1 1 
second term has been made. - T r ( d ~ e C @ )  and - Tr($ReCg) can now be 

4 4 

eva lua ted .  We f i n d  

1 a K~ 1 
4 

jm dq{[2q + - ( l n  (5) + - [ J l ( q )  - J p ( q ) l ) ] n f ( q + v )  -Tr(l(ReC6) = 
2k W- 2 

~2 1 
+ [2q - - ( l n  (3) - f-)- [ J1(q)  + J2(q)1)]ni(q-u) 

2k 0, 



1 
where q = ]$I , w_+ = - (wkk) and 

2 

The d i s t r i b u t i o n  functions nf b  a r e  the  usual  

Subs t i tu t ing  (4.8) and (4.9) i n t o  (4.3) g ives  the  promised impl ic i t  equation 

for  w. However, we can gain some i n s i g h t  i n t o  the  so lu t ion  of (4.3) by 

inves t iga t ing  the  regime where T and/or p a r e  s u f f i c i e n t l y  la rge .  There the  

d i s t r i b u t i o n  funct ions  i n  (4.9) and (4.10) w i l l  e f f e c t i v e l y  cut  o f f  t h e  

i n t e g r a t i o n  a t  q - T  ' u. Thus, f o r  the  high T/P l i m i t  we need only keep 

terms i n  (4.9) and (4.10) which a r e  h ighes t  order  i n  q.  Noting t h a t  

J1 ,2 (q)  * l l q  f o r  l a rge  q gives 

where 

The d i spe r s ion  r e l a t i o n  can now be w r i t t e n  i n  the  form 



Taking the  k  + 0  l i m i t  we f ind  

u = M 

i nd ica t ing  t h a t  M is  the  physical  mass. 

I n  order  t o  g ive  the  reader a  b e t t e r  idea  of the  meaning of (4.151, 

eq. (4.14) has been graphed i n  f i g .  5 along with the  d i spe r s ion  r e l a t i o n s  f o r  

a  f r e e  massless fermion ( w k )  and a f r e e  massive fermion with r e s t  mass M 

(w = ( ~ ~ + k ~ ) l ' ~ ) .  As can be seen c l e a r l y  f r m  t h e  graph, the  d ispers ion  

r e l a t i o n  fo r  a massless fermion i n t e r a c t i n g  with a  thermal background c l o s e l y  

resembles the  d i spe r s ion  r e l a t i o n  f o r  a  f r e e  massive p a r t i c l e .  Although the  

two d i spe r s ion  r e l a t i o n s  a r e  i d e n t i c a l  only i n  t h e  l i m i t s  k  + @ and k  + 0 ,  

they never vary from each o ther  by more than 10%. In  t h i s  sense M i s  a  

mass. 

Figure 6 shows t h e  r e s u l t s  of a  numerical c a l c u l a t i o n  using (4.8) and 

(4.9) f o r  a  t y p i c a l  value of v and T and i t s  counterpar t  obtained from (4.11) 

and (4.12). A s  can be seen, the  inc lus ion  of terms of smaller  power i n  q do 

not  e f f e c t  the  d i spe r s ion  r e l a t i o n  very much - even fo r  small values of T and 

. In a l l  cases s tud ied  (-1000 < v < 1000, 0  < T < 1000; a r b i t r a r y  u n i t s  

fo r  T  and v ) ,  the  d i f fe rence  between t h e  two d i spe r s ion  r e l a t i o n s  i s  never 

more than 4% and the  d i f fe rence  i n  the  e f f e c t i v e  mass i s  neg l ig ib le  (<0.2%). 



Fig.  5 .  Dispersion r e l a t i o n  f o r :  (1) fermion i n t e r a c t i n g  
wi th  a thermal background; (2)  f r e e  fermion of m a s s  M; 
(3) f r e e  massless  fermion. The u h i t s  on the w and k axes 
a r e  a r b i t r a r y .  



Fig. 6.  Comparison of d i spe rs ion  r e l a t i o n s  ca lcu la ted  using (4.8) 
and (4.9) ( s o l i d  l i n e )  and (4.11) and (4.12) (broken l i n e )  . The 
bump i n  the  s o l i d  l i n e  has been exagerated f o r  the  purpose of 
i l l u s t r a t i o n .  Units f o r  w and k a r e  a r b i t r a r y .  



Chapter 5 

Calcula t ion  of the  Mass S h i f t  f o r  Fermions without Chira l  Symnetry 

A. General c a l c u l a t i o n  

where 

We begin by rewr i t ing  (3.19) i n  t h e  following way; 

( ~ + a g ) ~ ( u ~ - k ~ )  + 2(l+ag)bw + b2 - c2 = 0 

Writing (4.1)  i n ' t h e  form of a d i spe r s ion  r e l a t i o n  g ives  

This expression i s  r a t h e r  complicated - e s p e c i a l l y  when one remembers 

t h a t  ag, b and c a re ,  of necess i ty ,  funct ions  of o and k. Rather than 

attempt t o  solve (5.3) f o r  t h e  complete d i spe r s ion  r e l a t i o n ,  we w i l l  

content  ourselves with ca lcu la t ing  the  FTD mass s h i f t  which we def ine  by 

6% lim a-mo . 
k+O 

(5.4) 

Applying t h i s  d e f i n i t i o n  t o  (5.3) we f i n d  

1 1 
6% = lim [ - Tr(dReZg) + T; T ~ ( R ~ Z ~ ) ]  . 

k+o 4 
(5.5) 

I n  order  t o  c a l c u l a t e  dmg we proceed i n  a manner s i m i l a r  t o  the  c h i r a l  sym- 

met r i c  case. Once again we use e i t h e r  the  diagrams i n  f i g .  4 o r  (A.171, 

(A.18) and (A.12) t o  o b t a i n  an expression f o r  ReZ(K) which i s  formally 

i d e n t i c a l  t o  (4.5). Dropping the  T=u=O piece  leaves 



Using (5.6) we f i n d  

where 

r = [*2 + In$] 112 

We now take  t h e  k + 0 l i m i t  and f i n d  

where 
4aw 

IB '- $: d~ x 1 + 2x2 + 2(w-l/w) - w2 1 
t-1 

(5.10) 
T 4x2& - ("2-1 12 

and 

Once aga in  we  have a n  i m p l i c i t  equat ion  f o r  m which cannot be solved 

e a s i l y .  However, i n  t h e  l i m i t  where P and/or  T a r e  s u f f i c i e n t l y  l a r g e  



compared t o  mo, mo can be neglected and we recover (4.13). For small 

values of u and T (5.9) can be solved i t e r a t i v e l y .  

Figure 7 shows t h e  r e s u l t s  of a  numerical s o l u t i o n  t o  (5.9) f o r  var ious  

values of u .  The small T region i s  shown i n  more d e t a i l  i n  f i g .  8,  and i t  

can be seen t h a t  f o r  u < O  i t  i s  poss ib le  t o  have a negative mass s h i f t ,  

although i t s  magnitude is small. We now i n v e s t i g a t e  two s p e c i a l  cases  of  

p a r t i c u l a r  i n t e r e s t ;  (1) TfO, PO and (2)  T<O, p > h o ,  (neutron s t a r s ) .  

B. F i n i t e  temperature, zero chemical p o t e n t i a l  case  

As mentioned i n  the  in t roduct ion ,  t h i s  c a l c u l a t i o n  has already been 

performed severa l  times. For the  sake of comparison, f i g .  9 shows numerical 

so lu t ions  f o r  the  r e s u l t s  obtained he re  and i n  r e f s .  18 and 20. 

We s e e  t h a t  our r e s u l t s  agree -with r e f .  20 f o r  T << mo but d i sagree  a t  

h igher  temperatures; the  most se r ious  disagreement being f o r  T >> mo, 

where 6mg - T~ i n  r e f .  20 and we f i n d  6 9  - T which agrees with r e f .  18. 

The source of the  discrepancy i s  not  hard  t o  f ind .  I n  evaluat ing  t h e  

self-energy,  P e r e s s u t t i  and Skagerstam ignore the  e f f e c t  of the  heat  ba th  

1 4-veloci ty,  e f f e c t i v e l y  s e t t i n g  -Tr(dReCg) = 0 (o r ,  a l t e r n a t i v e l y ,  beO). 
4 

While the  C g  term propor t ional  t o  ua is  r e l a t i v e l y  unimportant a t  low 

temperatures, it becomes increas ingly  important a s  the  temperature 

increases ,  and i s  t h e  most important term f o r  T >> mo. A t  these  tempera- 

t u r e s  m >> mo and we g e t  agreement with ca lcu la t ions  f o r  massless fermions 

as we would expect.  

As a  f i n a l  point  we note  tha t  the  small e f f e c t s  of the  f i n i t e  temperature 

e l e c t r o n  mass on e a r l y  universe helium production ca lcu la ted  i n  r e f .  22 and 

23 which assumed 6mg - T~ w i l l  be reduced even f u r t h e r .  



TEMPERATURE (Timo) 

Fig. 7. FTD m a s s  s h i f t  as a function of temperature for various 
values of u. 



TEMPERATURE (Timo) 

Fig.  8. Region of negat ive  va lues  f o r  the  FTD mass s h i f t .  



TEMPERATURE (Tim,) 

Fig. 9.  Comparison of FTD mass s h i f t  c a l c u l a t i o n s  performed i n :  
(1) t h i s  t h e s i s ,  (2)  r e f .  20, and (3) r e f .  (18).  Since r e f .  18 
d e a l s  with massless fermions, i t  can only be compared t o  the  
o t h e r  two c a l c u l a t i o n s  i n  the  l a r g e  T regime. 



C. Neutron s t a r s 4 3  

W e  now i n v e s t i g a t e  what e f f e c t  the  mass s h i f t s  discussed above might 

have on the  evolut ion  of neutron s t a r s .  For our purposes a  neutron s t a r  can 

be parametrized thermodynamically by T=O and an e l e c t r o n  chemical p o t e n t i a l  

h e ) ,  much l a r g e r  than the  T-0 e l e c t r o n  mass (me). From (4.13) we then 

f ind  fo r  t h e  e f f e c t i v e  e l e c t r o n  mass 

We now adopt a  s impl i f i ed  model f o r  neutron s t a r  evolut ion  i n  order  t o  s e e  

what e f f e c t  (5.13) has on i t .  Construct ion of a  d e t a i l e d  model i s  beyond t h e  

scope of t h i s  t h e s i s ,  and i n  any event,  w i l l  prove t o  be unnecessary, 

For the  model, a  uniform gas of e l ec t rons ,  protons and' neutrons w i l l  be 

chosen f o r  the  neutron s t a r  mafter  ( c l e a r l y  such a model w i l l  no t  be  v a l i d  a t  

high d e n s i t i e s  where coulomb and s t rong i n t e r a c t i o n  e f f e c t s  w i l l  become 

important) .  Chemical p o t e n t i a l s  pel  pp, and pn, which include t h e  TWSO 

mass, a r e  assigned respec t ive ly  t o  t h e  e l e c t r o n s ,  protons and neutrons 

present  with number d e n s i t i e s  ne, np and %. For a Fermi gas, these  

q u a n t i t i e s  can be r e l a t e d  by v2 = 4 + ( 3 1 r ~ n ) ~ ' ~ .  I f  v e  + v p  exceeds vn, 

then e lec t rons  w i l l  be captured by protons u n t i l  t h e  number d e n s i t i e s  change 

such t h a t  v e  + pp = pn. Hence, f o r  each value of %, t h e r e  w i l l  be a  

value of v e  which s a t i s f i e s  the  f3-stabil i ty condit ion.  

Assuming l o c a l  e l e c t r i c a l  n e u t r a l i t y  s o  t h a t  ne = np, then the  

chemical p o t e n t i a l  e q u a l i t y  y i e l d s  

The s o l u t i o n  of t h i s  equation f o r  v e  as  a  funct ion  of nn is shown i n  



f i g .  10. A t  small  nn, ue - m, - mp, while f o r  l a rge  nn (but  not s o  

l a rge  t h a t  t h e  neutrons a r e  r e l a t i v i s t i c )  

p, = . (5 .15) 

Both of these  l i m i t s  a r e  obvious from f i g .  10. This f i g u r e  includes a region 

i n  which pe exceeds mn, although obviously e' + IT' + Ve would be 

allowed i n  t h i s  region (see  r e f .  44).  

From f i g .  10 i t  can be seen t h a t  over much of the  neutron dens i ty  range 

of i n t e r e s t  i n  the  formation of a neutron s t a r ,  pe  is large  compared t o  

m, and the  la rge  u express ion f o r  M should be reasonably accurate.  The 

mass s h i f t  is then found t o  be s u b s t a n t i a l  compared t o  me, a s  i s  a l s o  shown 

on f i g .  10, but small  compared t o  u e  ( M / P ~  - 1/30).  The l a r g e r  e l e c t r o n  

mass w i l l  l ead  t o  an e a r l i e r  onset  of e l e c t r o n  cap tu re  i n  the  formation o f  

the  neutron s t a r ,  and hence an inc rease  i n  the  r a t e  of neut r ino  emission. 

Since the  neut r ino  mass i s  changed only by the  weak i n t e r a c t i o n ,  i t s  mass 

s h i f t  would be very small  and would not  compensate f o r  the  increased e l e c t r o n  

mass. S imi la r ly ,  t h e  abundance of e l e c t r o n s  i n  the  neutron s t a r  core  would 

be lowered. 

We can get  some i n s i g h t  i n t o  the  importance of the  mass s h i f t  on 

observat ional  q u a n t i t i e s  by looking a t  t h e  p a r t i c l e  energy, 

EZ = u? + p$ 

where $ = P: - mg i s  the  Fermi momentum. Making use of (5.13) we f i n d  

from which we conclude t h a t  FTD e f f e c t s  induce a s h i f t  i n  the  energy of about 

0.1%. The smallness of the  co r rec t ion  can be understood physica l ly  i n  the  

following way. Since FTD e f f e c t s  induce mass s h i f t s  of O(av) the  chemical 



Fig. 10. Expected value  of the  e l e c t r o n  chemical p o t e n t i a l  and e l e c t r o n  
mass s h i f t  shown as a f u c t i o n  of neutron number dens i ty .  Normal nuclear  
mat ter  dens i ty  (no)  i s  ind ica ted  f o r  comparison. 



potent ia l  must be of O(m,/a) before the e f f e c t  i s  important. However, for  

such a large  chemical potent ia l  the e l e c t r o n  3-momentum i s  so  large  that  the  

r e s t  mass (even with FTD e f f e c t s  included) i s  small by comparison. 



Chapter 6 

Conclusions 

I n  t h i s  t h e s i s ,  t h e  one loop FTD c o r r e c t i o n s  t o  t h e  se l f -energy  o f  

s p i n  112 fermions, i n  t h e  context  of QED, have been s tud ied .  We have found 

t h a t  t h e  i n t e r a c t i o n  between a  fermion and a  thermal  background can  be 

c h a r a c t e r i z e d  reasonably w e l l  by a  s i n g l e  parameter,  m, i n  t h e  sense  t h a t  t h e  

d i s p e r s i o n  r e l a t i o n  f o r  such a  p a r t i c l e  c l o s e l y  resembles t h e  d i s p e r s i o n  

r e l a t i o n  f o r  a  f r e e  p a r t i c l e  of mass m. I n  t h i s  way m can  be considered t h e  

e f f e c t i v e  mass. Seve ra l  s p e c i f i c  c a s e s  have been s t u d i e d  and we have found 

m - a [ 4 T 2  + p2] l I 2  (6.1) 

f o r  c h i r a l l y  i n v a r i a n t  fermions and f o r  fermions with broken c h i r a l  symmetry 

provided 

p2 + T~ >> "20 . 
When p2 + T2 << we have found 

a 
m N -  ( n 2 ~ 2  + p2) . 

m, 

Some workers have claimed t h a t  (6.3) a p p l i e  s even when (6.2) i s  t r u e ,  

bu t  we have shown t h i s  t o  be a  consequence of ignor ing  t h e  h e a t  ba th  

4-veloci ty .  E a r l y  universe  c a l c u l a t i o n s  which have employed ( 6 . 3 )  i n  t h e  

h igh  T regime t o  o b t a i n  f i n i t e  temperature c o r r e c t i o n s  t o  t h e  helium 

abundance a r e  a p p a r e n t l y  i n c o r r e c t  but no t  i n  a  s i g n i f i c a n t  way s i n c e  t h e  

smal l  e f f e c t  c a l c u l a t e d  w i l l  only be reduced even f u r t h e r .  

The FTD renorma l i za t ion  procedure has a l s o  been analyzed and we have 

shown t h a t  i n  o r d e r  t o  c a l c u l a t e  t he  phys i ca l  mass, t h e  T=vrO p a r t  of t h e  

theory  must be renormalized a t  a  T,p-dependent po in t .  F i n a l l y ,  i n  t h e  
$ 



appendix, we have shown that despite its more complicated analytic structure 

(vis a vis the T=p=O theory), the chain approximation still works and allows 

a simple physical interpretation of the self-energy. 



Appendix A: The FTD Chain Approximation 

The chain  approximation i s  a well-known technique i n  T=u=O f i e l d  

t h e o r i e s  f o r  demonstrating t h a t  one of the  e f f e c t s  of the  i n t e r a c t i o n  

lagrangian i s  t o  cause t h e  pole of  t h e  complete propagator t o  s h i f t  away 

from the  bare propagator value. The QED chain approximation i s  expressed 

diagrammatically i n  f i g .  l l a  and a l g e b r a i c a l l y  by 

where do i s  the  f u l l  propagator,  So i s  the  bare propagator and I, i s  

the  s e l f  energy i n s e r t i o n  given by 

The s o l u t i o n  i s  t h e  well-known Dyson equation 

[cf  (3.2)-(3.311. The r e a l  miracle of (A.3) i s  t h a t  by summing the  

s e r i e s  i n  (A.1) we go from a complicated a n a l y t i c  s t r u c t u r e  (poles  of a l l  

orders  located a t  mB) t o  a much simpler  one ( s i n g l e  simple pole a t  mo) 

with a simple physica l  i n t e r p r e t a t i o n  f o r  6mo (mass s h i f t ) .  

The more complicated s t r u c t u r e  of the  FTD propagators r a i s e s  the 

ques t ion  of whether t h i s  approximation scheme i s  s t i l l  use fu l  when 

T,u f 0. S p e c i f i c a l l y ,  does t h e  chain approximation t o  the  complete 

matrix propagator have an a n a l y t i c  s t r u c t u r e  analogous t o  i t s  T=uaO coun- 

t e r p a r t  with a correspondingly simple i n t e r p r e t a t i o n  f o r  the  self-energy 

matrix Tab? It i s  shown here  t h a t  the  simple a n a l y t i c  s t r u c t u r e  of 

A?o is  preserved a t  f i n i t e  temperature, and chat Tab can be i n t e r p r e t e d  

physica l ly .  I n  t h e  process of  demonstrating t h i s ,  we w i l l  o b t a i n  



Fig. lla. Diagrammatic equation for the T=u=O chain approximation. 

Fig. llb. Diagrammatic equation for the FTD chain approximation. 



express ions  f o r  t h e  r e a l  and imaginary p a r t s  of t h e  self-energy.  

The FTD cha in  approximation i s  given diagrammatical ly  i n  f i g .  l l b  

( s e e  s e c t .  2  f o r  d e t a i l s )  and a l g e b r a i c a l l y  by 

d a b  = l a b  + p c  i c d  zdb  + . . . (A.4) 

where 

.--a b and izab and 1DZv are de f ined  i n  (2.20) and (2.21) r e s p e c t i v e l y .  

Proceeding i n  a  manner s i m i l a r  t o  t h e  Tv=O c a s e ,  we r i g h t  mu l t ip ly  (A.4) 

by Tbc zcd and then  s u b t r a c t  t h e  r e s u l t i n g  equa t ion  from (A.4). The 

r e s u l t i n g  mat r ix  equa t ion  is4= 

(A. 7) 

w i l l  g ive  the  d e s i r e d  a n a l y t i c  p r o p e r t i e s  f o r  d i f  

Furthermore, t h e  i n t e r p r e t a t i o n  of Tk i s  then  c l e a r  s i n c e  (A.6) w i l l  only 

con ta in  terms l i k e  

I n  o r d e r  t o  prove (A.8) w e  f i r s t  no t e  t h e  i d e n t i t y  

B(Ko) = 8 ( ~ , ) [ 0 ( K ~ - p ~ )  + O(po-KO)] . (A. 10) 

Combining (A. 5) , (A. 7) and (A. 10) g ives  



For convenience we introduce the  following nota t  ion 

Concentrating on T+', i t  i s  given e x p l i c i t l y  by 

(A. 14) 
The matrix elements of M+ a r e  

* M i '  = yp(l(-$+mo ) Y , , ( D , C ~ ~ ~ ~  - ~ ~ s h ~ 0 ~ )  ( ~ ~ c o s ~ $ ~ - ~  + ~ t s i n ~ $ i - ~ )  (A. 15a) 

M!~ = Y ~ ( I ( - $ + ~ ~ ) Y ~ ( D ~ - D ~ ) ( A ~ - A ~ ) ~ - ~ ~  chop shep c o s g -  P (A.15b) 

M:' = yp($-$+rno)~,,(DO-~:) ( ~ ~ - b t ) e ~ ~ ' ~  ch0 P she P C O S $ ~ - ~  sin$-p (A.15~)  

M:~ = y"(l(-d+mo )yp(D:ch2ep - Dosh29 P ) ( A ~ C O S ~ $ - ~  +  sin^@-^) . (A. 15d) 

The abbrevia t ions  Do = Do(p) and A. = Ao(K-p) have been used. 



Since = (M:')* one of the conditions of (A. 8) is satisfied. The 

other condition 

can be restated as 

(A. 16) 

By making use of the following identities, 

where q = and r [(z-Gl2 + 41~'~ 

(A.16) is shown to be true. Similar arguments can be made for T+2, Tw1 

and T-2. 

Using (A.14)-(A. 16) we also find 

ReC+ = Rex, = ~ e ~ l l  + ~eCll (A.17) 
+ 1 +2 
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