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ABSTRACT 

T h e  g e n e r a l  t h e o r y  of t h e  line t r a n s e c t  m e t h o d  f o r  

e s t i m a t i n g  wildlife p o p u l a t i o n  d e n s i t i e s  a n d  some of t h e  p o p u l a r  

estimators b e i n g  u s e d  are r e v i e w e d .  Amongs t  t h e  e s t i m a t o r s  

c o n s i d e r e d  3re t h e  f o l l o w i n g ;  t h e  h a l f - n o r z a l  e s t i m a t o r ,  t h e  

F o u r i e r  s e r i es  e s t i m a t o r  a n d  the g e n e r a  l i s e d  e x p o n e n t i a l  s e r i e s  

e s t i m a t o r ,  

A new es t imator  fo r  wildlife d e n s i t i e s  u s i n g  line t r a n s e c t  

d a t a  a n d  b a s e d  o n  s h a p e - r e s t r i c t i o n s  f o r  t h e  d e t e c t i o n  curve i s  

p r e s e n t e d .  T h i s  e s t i m a t o r  u s e s  o n l y  g r o u p e d ,  p e r p e n d i c t l l a r  

d i s t a n c e s  f r o m  t h e  o b s e r v e r ' s  l i n e  o f  t r a v e l  t o  the s i g h t e d  

o b j e c t ,  

The s a m p l i n g  b e h a v i o u r  of t h e  new e s t i m a t o r  is s t n d i e d  

t h r o u g h  s i m u l a t i o n  s t u d i e s ,  T h e s e  s t u d i e s  show a m a r k e d  

i m p r o v e m e n t  o v e r  e x i s t i n g  es t imators  i n  s t a b i l i t y  and e f f i c i e n c y  

for a v a r i e t y  of d e t e c t i o n  c u r v e s ,  
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CHAPTER 1 

Introduction 

The l i n e  t r a n s e c t  s a m p l i n g  method is a r e l a t i v e l y  e f f i c i e n t  

t e c h n i q u e  f o r  e s t i m a t i n g  w i l d l i f e  d e n s i t i e s ,  which h a s  g a i n e d  

p o p u l a r i t y  i n  w i l d l i f e  s t u d i e s .  The method h a s  been u s e d  on 

b i r d s ,  l a n d  a n i m a l s ,  a n d  e v e n  on p l a n t s ,  

The t e c h n i q u e  i n v o l v e s  t r a v e l l i n g  a l o n g  randomly p l a c e d  

lines ( t r a n s e c t s ) ,  a n d  r e c o r d i n g  t h e  number of s i g h t i n g s  n ,  a n d  

d i s t a n c e s  ( r a d i a l  (r) and/or p e r p e n d i c u l a r  (y) ) f rom t h e  

t r a n s e c t s  (Pig.  1) .  T h e s e  o b s e r v e d  d i s t a n c e s  a r e  t h e n  u s e d  t o  

e s t i m a t e  the p o p u l a t i o n *  d e n s i t y .  Both t h e  p r a c t i c a l  a n d  

t h e o r e t i c a l  z i s p e c t s  h a v e  been e x t e n s i v e l y  d i s c u s s e d  by E b e r h a r d t  

(7978).  G a t e s  (1978, 79) a n d  Bnrnhaa,  e t  a l , ,  (1980). 

I n  o r d e r  t o  model l i n e  t r a n s e c t  s a n p l i n g  methods,  

a s s u m p t i o n s  a r e  made a b o u t  t h e  d i s t r i b u t i o n ,  r e s p o n s e  a n d  method 

of s i g h t i n g  a n d  c o u n t i n g  of t h e  a n i m a l s  in t h e  t r a n s e c t  s t u d y  

area, T h e s e  a s s u m p t i o n s  are o u t l i n e d  i n  S e c t i o n  2.2.1. 



, 

------------------------------------------------- 

F i g  1 
P is t h e  p o i n t  a t  which a n  o b j e c t  is  first s e e n  . 
by a n  o b s e r v e r  a t  0, PI is t h e  p o i n t  on t h e  l i n e  

p e r p e n d i c a l a r  t o  t h e  o b j e c t ,  

B o s t  deve lopmen t  i n  l i n e  t r a n s e c t  s a m p l i n g  methods h a s  been 

c o n c e a t r a  t e d  on  p a r a m e t r i c  and  n o n p a r a w e t r i c  a d e l l i n g  of t h e  

f u n c t i o n  g (x)  . T h i s  is t h e  p r o b a b i l i t y  of a p o i n t  b e i n g  s e e n ,  

g i v e n  t h a t  i t  is a t  a  p e r p e n d i c u l a r  d i s t a n c e  x f r o a  t h e  t r a n s e c t  

l i n e ,  g l x )  is c a l l e d  t h e  d e t e c t i o n  f u n c t i o n ,  Some o f  t h e s e  

p a r a m e t r i c  mode l s  a r e  v e r y  r e s t r i c t i v e  a n d  they g i v e  r e a s o n a b l e  

estimates o n 1  y when t h e  d e t e c t i o n  f u n c t i o n  f o l l o v s  c l o s e l y  t h e  

form of t h a t  u s e d  i n  t h e  model. F o r  example ,  G a t e s ,  e t  al., 

(1968) d e v e l o p e d  t h e  n e g a t i v e  e x p o n e n t i a l ,  which was l a t e r  shown 

t o  be v e r y  r e s t r i c t i v e .  Any d e v i a t i o n  of t h e  d e t e c t i o n  f u n c t i o n  

from n e g a t i v e  e x p o n e n t i a l  produces a b s u r d  e s t i m a t e s  of f (x) . The 

g e n e r a l i s e d  p a r a m e t r i c  models  (Cain  1974, P o l l o c k  1978) t hough  

f l e x i b l e ,  a r e  p r o n e  t o  e s t i m a t i o n  errors. P o l l o c k ' s  ( 1  978) 

exponen t i a l  power series model, f o r  e xa mple , w i t h  



encompasses  a  w i d e  v a r i e t y  of  d e t e c t i o n  c a r v e s ,  i n c l u d i n g  t h e  

h a l f - n o r m a l  ( b  = 2) a n d  t h e  n e g a t i v e  e x p o n e n t i a l  (b = 1 )  (see 

S e c t i o n  3 - 3 - 3 1 ,  However, t h e r e  is a  c o n s i d e r a b l e  loss  i n  

e f f i c i e n c y  when b o t h  p a r a m e t e r s  o f  t h e  model a r e  e s t i m a t e d -  The 

e f f i c i e n c y  c a n  b e  improved  upon b y  j u d i c i o u s l y  f i x i n g  o n e  o f  t h e  

p a r a m e t e r s  (Burnham, e t  a l e  , 1980). 

Hare s u c c e s s  h a s  b e e n  a c h i e v e d  t h r o u g h  n o n p a r a m e t r i c  

models. T h e s e  models ,  b e i n g  n o a p a r a r a e t r i c ,  are  d e s i g n e d  t o  

pe r fo rm w e l l  o v e r  a v i d e  v a r i e t y  of d e t e c t i o n  c u r v e s ,  

. The F o u r i e r  series e s t i a a t o r  is t h e  mos t  commonly u s e d  

n o n p a r a n e t r i c  t e c h n i q u e  f o r  e s t i m a t i n g  w i l d l i f e  d e n s i t i e s -  One 

p o s s i b l e  d e f i c i e n c y  of t h i s  est imator [and o t h e r s  b a s e d  on 

o r t h o g o n a l  series) is that t h e  estimate o f  f (x) c a n  d i p  down 

be low z e r o ;  i, e, , t h e  e s t i m a t e  of f (x) is n o t  a t r u e  p r o b a b i l i t y  

d e n s i t y  (We3gman 1971) .  

I n  t h i s  t h e s i s ,  a n o n p a r a m e t r i c  a p p r o a c h  b a s e d  o n  a 

c o n s t r a i n e d  l e a s t  s q u a r e s  t e c h n i q u e  i s  d e v e l o p e d  a n d  i ts 

s a m p l i n g  b e h a v i o n r  is i n v e s t i g a t e d ,  

The main r e s u l t s  of a s i m u l a t i o n  s t u d y  are g i v e n  i n  S e c t i o n  1-1, 

I n  C h a p t e r  2, t h e  g e n e r a l  t h e o r y  of t h e  l i n e  t r a n s e c t  s a m p l i n g  

method b a s e d  on p e r p e n d i c u l a r  d i s t a n c e s  is r e v i e w e d ,  a n d  t h e  

s h a p e - r e s t r i c t e d  estimator is d e r i v e d ,  



T h r e e  m o d e l s  s u g g e s t e d  by  Burnham a n d  Anderson ( 1 9 7 8 ) ,  Quinn  ( i n  

a 1977 H,Sc, t h e s i s )  a n d  P o l l o c k  (1978) a r e  p r e s e n t e d  i n  C h a p t e r  

3. Two of t h e s e  a r e  examined  i n  C h a p t e r  4 ,  t h r o u g h  a n  e x t e n s i v e ,  

c o m p a r a t i v e ,  s i m u l a t i o n  s t u d y .  A FORTRAN list of t h e  s i n u l a t i o n  

program is g i v e n  i n  Appendix A,  

S i n c e  t h e  exact b e h a v i o u r  o f  e s t i m a t o r s  s u b j e c t e d  t o  

i n e q u a l i t y  c o n s t r a i n t s  i s  complex  (Barlow,  e t  al . ,  1972) ,  

s i a u l a t i o n  s t u d i e s  were d o n e  t o  d e t e r n i n e  t h e  s a m p l i n g  b e h a v i o u r  

o f  t h e  s h a p e - r e s t r i c t e d  e s t i m a t o r ,  The s i m u l a t i o n  r e s u l t s  of t h e  

s h a p e - r e s t r i c t e d  est imator will show a g e n e r a l  improvement  i n  

e f f i c i e n c y  a n d  s t a b i l i t y  o v e r  e x i s t i n g  e s t i m a t o r s -  

F o r  c o m p a r i s o n  p u r p o s e s ,  t h e  F o u r i e r  series e s t i m a t o r ,  t h e  

s h a p e - r e s t r i c t  e d  estimator and  t h e  ha l f -n  arntal e s t i m a t o r  were 

used. Each was t e s t e d  on  e i g h t  d e t e c t i o n  f u n c t i o n s  shown i n  

P i g s ,  3 (a), 3 (b) a n d  3 (c) . S t a t i s t i c a l  q u a n t i t i e s  s u c h  a s  t h e  

a v e r a g e  s t a n a a r d  error and  bias  are  c a l c u l a t e d  a s  p e r c e n t a g e s  of 

t h e  t r u e  d e n s i t y ,  D, 

The s h a p e - r e s t r i c t e d  e s t i m a t o r  b e h a v e s  w e l l  i n  terms of its 

e f f i c i e n c y ,  s t a n d a r d  errors, a n d  b i a s ,  U n l e s s  t h e  d e t e c t i o n  

c u r v e  c l o s e l y  r e s e m b l e s  t h e  form b e s t  s u i t e d  t o  o n e  o f  t h e  o t h e r  

e s t i m a t o r s ,  t h e  s h a p e - r e s t r i c t e d  e s t i m a t o r  has smaller root mean 



s q u a r e d  e r r D r .  F o r  e x a m p l e ,  o n e  o f  t h e  d e t e c t i o n  f u n c t i o n s  u s e d  

was based  o n  t h e  two-term c o s i n e  c u r v e ,  t h e  s o o t  mean s q u a r e d  

e r r o r  o f  t h e  s h a p e d - r e s t r i c t e d  e s t i m a t o r  based o n  100 

o b s e r v a t i o n  u s i n g  t h i s  c u r v e  is 97% a n d  82% of t h a t  f o r  the 

h a l f - n o r m a l  a n d  F o u r i e r  series e s t i m a t o r s  r e s p e c t i v e l y .  T h e  

c o r r e s p o n d i n g  e f f i c i e n c y  r a t i o s  are  1 0 6 3  a n d  747%. F o r  a wide  

v a r i e t y  o f  d e t e c t i o n  c u r v e s ,  t h e  s i m u l a t e d  r e s u l t s  s l o w  t h a t  t h e  

shape-restricted est imator h a s  a n  o v e r a l l  p e r c e n t  r e l a t i v e  b i a s  

t h a t  is c o m p a r a b l e  t o  t h a t  of t h e  commonly  u s e d  F o u r i e r  s e r i e s  

es t imator  ( T a b l e  2 ) -  

T h e  r e s u l t s  i n  T a b l e  3 d e m o n s t r a t e  the s t a b i l i t y  of t h e  

s h a p e - r e s t r i c t e d  estimator.  T h i s  s t a b i l i t y  a n d  d e g r e e  o f  

f l e x i b i l i t y  i n  f i t t i n g  d e t e c t i o n  c u r v e s  from the set of p o s s i b l e  

d e t e c t i o n  c u r v e s  m a k e s  i t  a f a i r l y  r o b u s t  n o n p a r a m e t r i c  

estimator. The h a l f - n o r m a l  e s t i m a t o r  e x h i b i t s  u n s t a b l e  

b e h a v i o u r ,  It b e h a v e s  s p e c t a c u l a r l y  well f o r  d e t e c t i o n  c u r v e s  

close t o  t h e  h a l f - n o r m a l  form, b u t  is  p r o n e  t o  l arge  b i a s  for 

o t h e r  forms of d e t e c t i o n  c u r v e  ( T a b l e  2). 

L i k e w i s e ,  t h e  F o u r i e r  s e r i es  estimator e x h i b i t s  t h e  s a m e  

u n s t a b l e  b e h a v i o u r  a s  t h e  h a l f - n o r m a l  estimator, but  with a much 

m o r e  e r r a t i c  p a t t e r n ,  However ,  when t h e  d e t e c t i o n  c u r v e  f o l l o v s  

c l o s e l y  t h a t  of t h e  o n e - t e r m  c o s i n e  series ( P i g ,  3 (b) ) , it h a s  a 

h i g h  d e g r e e  ~f a c c u r a c y .  F o r  o t h e r  d e t e c t i o n  c u r v e s ,  i t  h a s  a 

much l 3 r g e r  r e l a t i v e  r o o t  mean s q u a r e d  error, This is t r u e  e v e n  



f o r  t h e  t v o - t e r m  c o s i n e  (Fig.  3 ( b ) )  . T h e  F o u r i e r  series is 

u n l i k e  t h e  h a l f - n o r m a l  i n  t h a t  it h a s  anch  smaller bias, w i t h  

s l i g h t  increase i n  its c h a n c e  components.  

T h e  e f f i c i e n c y  a n d  s t a b i l i t y  of t h e  s h a p e - r e s t r i c t e d  

e s t i m a t o r  o v e r  a wide v a r i e t y  o f  d e t e c t i o n  c u r v e s  makes it a 

p l a u s i b l e  a l t e r n a t i v e  t o  existing e s t i m a t o r s  fo r  g r o u p e d  d a t a  

whenever  t h e  p a r a m e t r i c  forttl of t h e  d e t e c t i o n  c u r v e  is unknoran- 

It h a s  g r e a t  a d v a n t a g e s  i n  a l l o w i n g  t h e  u s e r  w i t h  p r i o r  . 

i n f o r m a t i o n  a b o u t  t h e  d e t e c t i o n  curve, t o  t r a n s f e r  t h i s  

i n f o r ~ a t i o n  i n t o  r e s t r i c t i o n s  on t h e  estiiaator, One n e e d  only t o  

a l t e r  t h e  c o n s t r a i n t  m a t r i x  o n  i n p u t .  S e c t i o n  2.4 shows how 

. t h e s e  r e s t r i c t i o n s  on t h e  d e t e c t i o n  c u r v e  c a n  be t r a n s f e r r e d  t o  

t h e  estiiaator. 



CBAPTEB 2 

General Theory of Line T ~ a n s e c  t nethado logy  

2.1 U n d e r l v i n q  &surnpt ions  fog Model -- 

I n  o r d e r  t o  d e v e l o ~  a n y  mathematical m o d e l  f o r  l i n e  

t r a n s e c t  s a m p l i n g ,  s e v e r a l  a s s u m p t i o n s  a b o u t  b o t h  t h e  s p a t i a l  

d i s t r i b u t i o n  of t h e  b i r d s ,  l a n d  animals or  p l a n t s  i n  the s t u d y  

a r e a  a n d  a b o u t  t h e  m e t h o d o l o g y  of s a m p l i n g  m u s t  b e  made. F o r  t h e  

p u r p o s e  o f  aode 1 l i n g  f i n e  t r a n s e c t  s a m p l i n g  methods, S i r d s ,  land 

a n i m a l s  a n d  p l a n t s  a re  r e f e r r e d  t c, i n  abstract terms, a s  p o i n t s  

o r  objects, The  f o l l o w i n g  a r e  the b a s i c  a s s u m ~ t i c n s  u n d e r l y i n g  

v a r i o u s  p a r a m e t r i c  a n d  n o n p a r a m e t r i c  reodels, 

I ,  P o i n t s  are randomly a n d  i n d e p e n d e n t l y  distributed o v e r  

t h e  s t u d y  area, A, wi th  d e n s i t y ,  D per u n i t  a r e a ;  

i . e . ,  P ( p o i n t  is  i n  (x. x+dx) I i t  is i n  A )  = 2Ldx/B; 

where L is the length of s t r i p  t r a v e r s e d ,  

2 ,  S i g h t i n g s  a re i n d e p e n d e n t  e v e n t s .  

3, No p o i n t s  are c o u n t e d  moze t h a n  once ,  

4, P o i n t s  a r e  s t a t i o n a r y ,  a t  l e a s t  u n t i l  d e t e c t i o n ,  

5 .  'Ihe d e t e c t i o n  f u n c t i o n  is c o n s t a n t  t h r o u g h o u t  the s t u d y .  

( I n  p a r t i c u l a r  t h e  r e s p c n s e  b e h a v i o n r  of t h e  p o p u l a t i o n  

o u g h t  t o  remain f a i r l y  s t a b l e  i n  the c o u r s e  o f  r u n n i n g  



t h e  t r a n s e c t . )  

6, P o i n t s  e x a c t l y  o n  t h e  t r a n s e c t s  a r e  s e e n  w i t h  p r o b a b i l i t y  

one. 

L e t  t h e  p r o b a b i l i t y  of a  p o i n t  b e i n g  seen ,  g i v e n  t h a t  i t  is 

a t  a  p e r p e n d i c n l a r  d i s t a n c e  x frorn t h e  t r a n s e c t  l i n e  be c a l l e d  

t h e  d e t e c t i o n  f u n c t i o n ,  g (x)  ; 

i.e., g [x) = P ( p o i n t  i s  s e e n  1 p e r p e n d i c u l a r  d i s t a n c e ,  x). 

Then a s s u m p t i o n  s i x  becomes  g  (0) = 1, 

E b e r h a r d t  (1978a) , d i s c u s s e d  t h e s e  u n d e r l y i n g  a s s n m p t i o n s ,  

. a n d  made s u g g e s t i o n s  for  e s t i m a t i n g  t h e  d e n s i t y  (D) when some of 

t h e s e  a s s u m p t i o n s  are v i o l a t e d ,  

F o r  example,  a s s u m p t i o n  2 is v i o l a t e d  when o b j e c t s  a re  b e i n g  

o b s e r v e d  i n  g r o u p s  ( b i r d s  f l u s h i n g  i n  g r o u p s ) ,  T h i s  problem c a n  

b e  a v o i d e d  by e s t i t n a t i n g  t h e  number o f  g r o u p s ,  a n d  then 

a d j u s t i n g  t h i s  e s t i ~ a t e  by n u l t i p l y i n g  it by t h e  a v e r a g e  g r o u p  

size, The f i n a l  estimate may be b i a s e d ,  s i n c e  t h e  a v e r a g e  g r o u p  

s i z e  is a b i a s e d  estimate of t h e  p o p u l a t i o n  mean i f  t h e  g r o u p  

s izes  and r a d i a l  d i s t a n c e s  are c o r r e l a t e d ,  

It h a s  b e e n  o b s e r v e d  t h a t  i n  p r a c t i c e ,  o b j e c t s  may move 

away f rom t h e  o b s e r v e r ,  t h u s  v i o l a t i n g  t h e  'no movement* 

a s sumpt ion ,  T h i s  p r o b l e m  c a n  b e  a l l e v i a t e d  by u s i n g  mono ton ic  

n o n i n c r e a s i n g  e s t i n a t o r s  for e s t i e a a t i n g  t h e  d e n s i t y  o f  t h e  



o b j e c t s  (Burnham, e t  al., 1980). T h e  isotonic r e g r e s s i o n  

estimator (Barlow,  e t  a l , ,  1972) a n d  s h a p e - r e s t r i c t e d  e s t i m a t o r  

( S e c t i o n  4.2) s a t i s f y  t h i s  p r o p e r t y -  

Given t h a t  t h e  d e t e c t i o n  f u n c t i o n ,  g  (x) , is c o n t i n u o u s  a t  

x = 0 a n d  g *  (0 )  = 0, t h e n  i t  is s e n s i b l e  t o  a s sume  t h a t  i n  t h e  

n e i g h b o u r h o o d  of t h e  t r a n s e c t ,  t h e  o b s e r v e r  would see o b j e c t s  

w i t h  p r o b a b i l i t y  close t o  1: meaning t h a t ,  t h e  d e t e c t i o n  

f u n c t i o n  would h a v e  a s h o u l d e r  n e a r  x = 0 ,  I n d e e d  o b s e r v e r ' s  h a v e  

g e n e r a l l y  f o u n d  t h a t  vheneve r  g ( 0 )  = 1, i t  r e m a i n s  very c l o s e  t o  

1 for s m a l l  x, T h a t  is; the g r a p h  o f  g ( x )  h a s  a s h o u l d e r  n e a r  

x = 0. 

Given  t h e  a b o v e  a s s u m p t i o n s ,  w e  d e r i v e  t h e  d i s t r i b u t i o n  of 

t h e  o b s e r v e d  d i s t a n c e s  x, ,x,, .. ,, ,, ,, x, c o n d i t i o n a l  on n,  t h e  

number of s i g h t i n g s -  Be d e f i n e  t h e  i n t e n s i t y  f u n c t i o n ,  h ( x )  

( t h r o u g h  which u e  s h a l l  o b t a i n  t h e  d e n s i t y  of o b j e c t s ) ,  a n d  

e s t a b l i s h  i ts r e l a t i o n s h i p  t o  t h e  detection f u n c t i o n  a n d  t h e  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of o b s e r v e d  d i s t a n c e s ,  The d e n s i t y ,  

I), of objects, is d e r i v e d  i n  terms of t h e  a b o v e  p r o b a b i l i t y  

d e n s i t y  function a n d  h e n c e  t h e  i n t e n s i t y  f u n c t i o n ,  

C o n s i d e r  a s t r i p  c e n t r e d  on t h e  t r a n s e c t  w i t h  h a l f - w i d t h ,  

T, L e t  its t o t a l  a r e a  b e  g i v e n  by A, Then from a s s u m p t i o n  1, 



P [ p o i n t  is i n  (x , r+dx)  I i t  is i n  A )  = 2Ldx/A. 

(Formal  l i m i t  d e f i n i t i o n s  are o m i t t e d  for c l a r i t y  of 

e x p o s i t i o n .  ) From t h e  d e f i n i t i o n  of g  (x) , 
P ( p o i n t  is s e e n  I p o i n t  is i n  (x. x+dx) ) = g (x)  , 

P ( p o i n t  is s e e n  i n  ( x , r + d x ) )  I p o i n t  is i n  A )  

a n d  t h e  p r o b a b i l i t y ,  PT o f  s e e i n g  a p o i n t  a t  d i s t a n c e s  I T 
\ 

from t h e  t r a n s e c t  is 
7 

= [ ~ L / A ]  f (x) d x  
0 

= C V T I  f g ( x )  ax  - 
0 

T 
Thus Pt = [ I /T] / t .  Where FT = g  (x) dx. 

. { f o r  t h e  unbounded s t r i p  /rc = 

a s s u m i n g  g (x) is s u c h  t h a t  l i a  /+ =r dx. < m) - 
7+ m 

N o w  P ( p o i n t  is i n  (x ,x+dx)  I p o i n t  is seen) 

P ( p o i n t  i s  seen i n  (x, x+dx) ) - - - 
P ( p o i n t  is  seen) 

s o  f o r  a n y  T > 0 a n d  c o n d i t i o n a l  on n, x, .x~~--.. , x n  

a r e  i . i . d  w i t h  d e n s i t y  



N 

a s  t h e  

by t h e  

ow d e f i n e  a f u n c t i o n ,  h(x), c a l l e d  t h e  i n t e n s i t y  f u n c t i o n  

f r a c t i o n  of s i g h t i n g s  s e e n  i n  x t o  x + d x  m a l t i p l i e d  

e x p e c t e d  number of s i g h t i n g s  s e e n  i n  t h e  study area. 

T h i s  is j u s t  t h e  p r o b a b i l i t y  d e n s i t y  for  t h e  d i s t a n c e  of a 

s i n g l e  o b s e r v a t i o n  m u l t i p l i e d  b y  t h e  e x p e c t e d  nnmber of 

s i g h t i n g s ;  t h a t  is, h (x) = f (x)  E (n) , 

The r e i a t i o n s h i p  be tween  h (I) and g  (x) c a n  be shown ' 

by c o n s i d e r i n g  t h e  number o f  o b s e r v a t i o n s  a t  d i s t a n c e s  between 

x  and  x + a x  from the t r a n s e c t .  S i n c e  o n l y  a  f r a c t i o n ,  g (x ) ,  of  

t h e s e  p o i n t s  i n  t h i s  r a n g e  is e x p e c t e d  t o  be d e t e c t e d ,  the 

e x p e c t e d  number of s i g h t i n g s  i s  2DLg  (x) dx, The intensity 

f u n c t i o n  is t h e  l i m i t  o f  t h e  e x p e c t e d  number of s i g h t i n g s  i n  x 

t o  x + dx d i v i d e d  by  d x  a s  dx --> 0 .  Therefore h ( x )  = 2DLg (x). 

T h i s  i m p l i e s  t h a t  the e x p e c t e d  number of  s i g h t i n g s ,  E(n) , f o r  

t h e  s t u d y  a r e a  is g i v e n  by; 

Thus 

(x) d x  = 2LD 

(2.2. 2) 

I n  o r d e r  t o  e s t i ~ a t e  t h e  d e n s i t y  D ,  of p o i n t s  

p e r  u n i t  a r e a ,  w e  o n l y  need t o  e s t i m a t e  h ( 0 ) .  ( S i n c e  h  ( O ) =  2 L D J  

which i m p l i e s  D = h ( 0 ) / 2 L , )  



Prom (2.2.2). l e t  D = n/21,49. 

From a s s u m p t i o n  6, g(0) = 1, 

Hence from (2.2-1) 

So  t o  e s t i m a t e  l/fT , w e  c o u l d  a l s o  u s e  a n  e s t i m a t e  of 

t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f (x)  a t  zero; i.e., f (0) . 
S i n c e  h {x)  = E ( n ) f  (x) , it is s e n s i b l e  t o  r e q u i r e  t h a t  
A A 
b (x)  = n f  (x) . Y e  h a v e  t h e n  a n  e s t i m a t e  of h  (0) g i v e n  by nf (0). 

T h u s  

A A h 
D = n f  ( 0 ) / 2 L  = h(0 ) /2L  . (2. 2 . 3 )  

2.3 X o t i v a t i o n  f o r  S h a p e - R e s t r i c t e d  Es tAmato r  -- -- 

H i s t o g r a m - l i k e - e s t i m a t e s  are maximum l i k e l i h o o d  e s t i m a t e s  

a n d  h a v e  been  i n  u s e  s i n c e  1895 (Tap ia  a n d  Thompson, 1978). A s  

was o b s e r v e d  by Wedgman (1972b) ,  t h e y  have l a r g e  errors compared 

t o  o r t h o g o n a l  series, b a t  t h e  ra te  of c o n v e r g e n c e  of t h e i r  mean 

i n t e g r a t e d  s q u a r e d  error, (HISE) seems t o  b e  better t h a n  t h o s e  

of t h e  o r t h o g o n a l  series or k e r n e l  e s t i m a t e s ,  An e s t i m a t e  of t h e  

r a t e  of c o n v e r g e n c e  of t h e  HISE f o r  t h e  c l a s s i c a l  h i s t o g r a i n  is 

~(n-') a n d  t h e  rate for  b o t h  t h e  o r t h o g o n a l  series a n d  k e r n e l  

e s t i m a t e s  is 0 (d4I5) ( H e d g ~ a n  1978b) .  Thas,  i f  some a p p r o p r i a t e  

s m o o t h i n g  c o u l d  be i n t r o d u c e d ,  i t  is  c o n c e i v a b l e  t h a t  t h e  l a r g e  

s t a n d a r d  errors for h i s t o g r a m  estimators, b a s e d  on small 



s a m p l e s ,  c o u l d  be improved  upon w i t h o u t  a  c o n c o m i t a n t  

d e g r a d a t i o n  of c o n v e r g e n c e ,  Hence,  small s t a n d a r d  errors migh t  

be a v a i l a b l e  f o r  a l l  s a m p l e  s izes.  

One f o r m  of s m o o t h i n g  which h a s  been  c o n s i d e r e d  by Bar low,  

et al., (1972) ,  a n d  a l s o  b y  Hayes  ( u n p u b l i s h e d  t h e s i s )  i s  t h a t  

o b t a i n e d  by i n s i s t i n g  t h a t  t h e  d e n s i t y  f u n c t i o n  be  m o n o t o n i c a l l y  

n o n i n c r e a s i n g ,  T h i s  ( l e a s t  s q u a r e s )  e s t i m a t o r  known a s  t h e  

i s o t o n i c  r e g r e s s i o n  estimator is a l s o  t h e  maximan l i k e l i h o o d  

e s t i m a t o r  of f (x) ,  u n d e r  t h e  s o l e  r e s t r i c t i o n  t h a t  f (x) be 

monotonic  n o n i n c r e a s i n g .  Its major weakness is i t s  t e n d e n c y  t o  

p r o d n c e  s p i k e d  e s t i m a t e  of f (x) at x = 0. 

What is  b e i n g  p r e s e n t e d  h e r e  is a similar form of 

smoo th ing ,  but o n e  which a l s o  i n c o r p o r a t e s  some knowledge of 

p l a u s i b l e  d e t e c t i o n  c u r v e s  e n c o u n t e r e d  i n  l i n e  t r a n s e c t  

s a  mplin  g. 

From (2.2.3) , t h e  e s t i m a t e  of d e n s i t y  (D) of p o i n t s  is 

given by 

A A Dh = n. f ( 0 )  /2L = h [O) /2L+ 

Uhere f (0) and h ( 0 )  are t h e  u n d e r l y i n g  p,d,f .  a n d  i n t e n s i t y  

f u n c t i o n  e v a l u a t e d  a t  x = 0 .  

A 
0 n a i v e  e s t i m a t i o n  t e c h n i q u e  fo r  h(0) would b e  to u s e  o n l y  

o b s e r v a t i o n s  close t o  t h e  t r a n s e c t  l i n e ,  But  t h i s  c o m p l e t e l y  



i g n o r e s  i n f o r m a t i o n  a v a i l a b l e  f r o m  o b s e r v a t i o n s  a u a y  f r o m  t h e  

t r a n s e c t  l i n e  and  p r o d u c e s  i n e f f i c i e n t  e s t i m a t e s ,  One Yay a r o u n d  

t h i s  is t o  est imate t h e  e n t i r e  h (x) , i n c o r p o r a t i n g  all 

o b s e r v a t i o n s .  

T h i s  e s t i m a t i o n  is d o n e  t h r o u g h  t h e  o b s e r v e d  i n t e n s i t y  w i t h i n  

r e a s o n a b l y  smal l  i n t e r v a l s  of d i s t a n c e ;  i, e., t h r o u g h  t h e  

f r e q u e n c y  h i s t o g r a ~  o f  o b s e r v e d  d i s t a n c e s ,  i m p o s i n g  t h e  

f o l l o w i n g  s h a p e - r e s t r i c t i o n s  on g  (x)  , ( R e s t r i c t i o n s  o n  g ( x )  

t r a n s f e r  d i r e c t l y  t o  h ( x ) )  . 

( !! o n o t o n i c i t y  {g (x) is a s s u m e d  m o n o t o n i c  n o n i n c r e a s i n g )  

( i i )  C o n c a v i t y  (g (x) is a s s u m e d  t o  c u r v e  downwards  over 

t h e  r a n g e  c o n t a i n i n g  a b o u t  90% o f  t h e  o b s e r v a t i o n s ) ,  a n d  

[iii) P o s i t i v i t y  (g  (x) is n o n - n e g a t i v e  i n  domain  of g ) ,  

2.4 D e r i v a t i o n  of t h e  S h a p e - ~ e s t r i c t e d  E s t i m a t o r  -- ------ 

T h e  es t imator  is b a s e d  o n  g r o u p e d  d a t a ,  Hence c o ~ s i d e r  

a p a r t i t i o n  of t h e  i n t e r v a l  [ O , T ) ,  s a y  

0 = t ,<t2< ,..., em+,= 1, 

L e t  Ti d e n o t e  t h e  h a l f - o p e n  i n t e r v a l  [ti  . t,) f o r  i = 1, .. ,m .  

F o r  r andom s a m p l e s  x, ,xX,.. , , xn in  (0.T) , l e t  n d e n o t e  t h e  

n u a b e r  o f  these s a m p l e s  f a l l i n g  i n  t h e  i n t e r v a l  Ti 

Then ni = n . 
I = \  

L e t  f = n n . . . . . . . , ) . be the v e c t o r  of f r e q u e n c i e s .  13 

Pe now h a v e  t o  t r a n s f e r  t h e  a b o v e  r e s t r i c t i o n s  (i) t h r o u g h  



(iii) on  g(x) t o  restrictions on t h e  e s t i m a t o r .  B e f o r e  

d e v e l o p i n g  t h e s e  r e s t r i c t i o n s ,  u e  define t h e  f o l l o w i n g  

q u a n t i t i e s ,  

[a) L o f i x  _S&: A set X is c o n v e x  if f o r  a n y  two p o i n t s  

x,, and x2 i n  X, all p o i n t s  on t h e  l i n e  s egmen t  j o i n t  

x , ,  and x z  a r e  a l so  i n  X. That is; x  x in X i m p l i e s  
I '  2 

Bx, + (1-8) x2, is a lso  i n  X, 

Monotone f u n c t i o n :  A f u n c t i o n  g is monotone on Ib) - -  - -  
some i n t e r v a l  I i f  e i t h e r  g is n o n d e c r e a s i n g  

(x ,  < x P  ==> g(x, )1 g(x2)  ) on I, o r  g is n o n i n c r e a s i n g  

(x,< xL ==> g(x,)? g(xr)) o n  I ,  

[c) Convex Lc_oncave) f u n c t i o n :  A f u n c t i o n  g is c o n v e x  

(concave)  over a set X i f  for a n y  t w o  p o i n t s  x ,  and  x2 i n  X 

a n d  for  a l l  8, O I B i l ;  

A f u n c t i o n  is s tg ic t lp  c o n v e x  i f  ' 5 '  is r e p l a c e d  by @ < '  

whenever  x ,+  x2, a n d  0<8<1 or a l t e r n a t i v e l y ,  i f  t h e  Hessian 

of g(x)  is d e f i n e d  a n d  i s  p o s i t i v e  d e f i n i t e  f o r  a l l  x, 



T o  formulate t h e  problem a s  o n e  of c o n s t r a i n e d  

m i n i m i s a t i o n ,  we f i rs t  observe t h a t  t h e  raw estimate of h z x )  

(i, e . ,  t h e  est itsate of t h e  i n t e n s i t y  f u n c t i o n  t h r o u g h  t h e  

f r e q u e n c y  h i s t o g r a m  of the o b s e r v e d  d i s t a n c e s )  is given by, 
h 

M 

 XI = + - I(T~) 
i- I 

where I (Ti ) (x) d e n o t e s  t h e  i n d i c a t o r  f u n c t i o n  of t h e  i n t e r v a l  

Ti . If the saoot hed estimate in the i lth class = yi , then 
6 f i  f i  

t h e  p -values m i n i m i s e  ( y i  - yi ) . w i t h  yi = h (Y) , the 
I =  ) 

raw estimate of the i n t e n s i t y  in t h e  i'th class, s u b j e c t  . 

t o  the c o n s t r a i n t s  t h a t  t h e  y - v a l u e s  b e  n o n - n e g a t i v e  a n d  

n o n i n c r e a s i n g  and  t h e i r  g r aph  be  concave o u t  to  a 

p r e s p e c i f i e d  p o i n t ,  T h a t  is; w e  are to 

s u b j e c t  t o  

w h e r e  k is t h a t  interval 

c o n t a i n i n g  the 9 0 t h  (2-4, 7 )  

p e r c e n t i l e ,  



i.e.; t h e  p r o b l e m  i s  to  r n i n i m i s e  

s u b j e c t  t o  

We c a n  write (2-4.2) in a mare c o m p a c t  fo rm a s  f o l l o w s ;  

m in i r a i s e  

s u b j e c t  t o  

U h e r e  11 y 11 is  t h e  E u c l i d e a n  norm o f  y defined as 

1: 1 

T h e  i n t h  row of t h e  m a t r i x  A is g i v e n  b y  a , i= l , . . .n .  

F o r  t h e  a b o v e  q u a d r a t i c  m i n i m i s a t i o n  p r o b l e m ,  i f  we 

c a n  show t h a t  t h e  o b j e c t i v e  f u n c t i o n  is strictly c o n v e x  

a n d  t h e  a d m i s s i b l e  y - v a l u e s  c o n s t i t u t e  a c o n v e x  set, t h e n  

t h e n  we are guaranteed t h a t  any l o c a l  minimum o f  (2.4.3) 

is a l s o  the u n i q u e  g l o b a l  minimum. I n  w h a t  f o l l o w s ,  we show 

that t h e  r e s t r i c t i o n s  together d o  indeed c o n s t i t u t e  a 

c o n v e x  set  and t h a t  fo is s t r i c t l y  c o n v e x ,  



B e c a u s e  t h e  f u n c t i o n s  a; (y)  are c o n c a v e  f u n c t i o n s  

f o r  a l l  i, t h e n  t h e  set of p o i n t s  Y s a t i s f y i n g  a i  (y) 1 0 

i = l , , .  , , n  is a c o n v e x  set,  T h e  p r o o f  is a s  fo l lous:  

Take any two p o i n t s ,  y, a n d  yL i n  Y. Then a i  (q) Z 0,  

ana a i  (y2) ? 0 f o r  i = l,..., n. 

T h e n  f o r  a n y  i, i = l , . , . , n  

w e  h a v e  

a i (By, + (1-0)y2 ) 1 %ai (y, ) + (1-8) ai (yL) by c o n c a v ' i t y  

3 0 s i n c e  8 , l -8 ,LO.  

Hence 8y  + (1-O)yI is i n  t h e  s e t  Y w h e n e v e r  y and  y, are, 
I \ 

which  f rom t h e  d e f i n i t i o n  of a c o n v e x  set i n p l i e s  t h a t  

t h e  inequality c o n s t r a i n t s  t o g e t h e r  c o n s t i t u t e  a c o n v e x  

domain.  

S i m i l a r l y ,  t h e  p r o o f  t h a t  f is s t r i c t l y  convex is a s  follows; 
M 

A 2 
He have, f, =I ( y i -  y i )  

i= I 
a n d  t h e  g r a d i e n t  v e c t o r , v f  , is g i v e n  by 

a n d  t h e  H e s s i a n  H = 21 where I i s  t h e  i d e n t i t y  m a t r i x ,  

which  is p o s i t i v e  d e f i n i t e ,  H e n c e  fo is s t r i c t l y  c o n v e x ,  

a n d  t h e r e  is a unique minimnm to (2-4.3) .  a 



2.5 Kuhn-Tucker T h e o r p  and  The S o l u t i o n  A lgo r i t hm.  - I__----- -- - - 

Ve a r e  f a c e d  w i t h  t h e  c o n s t r a i n e d  m i n i m i s a t i o n  problem: 

s u b j e c t  t o  

-Ay i 0, 

S o l u t i o n s  t o  s u c h  c o n s t r a i n e d  m i n i m i s a t i o n  p r o b l e m s  can 

s o m e t i m e s  be d e d u c e d  t h r o u g h  t h e  Knhn-Tucker c o n d i t i o n s .  T h e s e  

c o n d i t i o n s  a r e  e s s e n t i a l  i a  c h a r a c t e r i s i n g  t h e  s o l u t i o n s  a n d  

a l s o  i n  d e f i n i n g  t h e  v e c t o r  o f  Lagrange m u l t i p l i e r s  (A,,\,,b~-,hn). 

They fo rm t h e  f o u n d a t i o n  for d e v e l o p m e n t  of some a l g o r i t h m s  

. u s e d  i n  s o l v i n g  c o n s t r a i n e d  m i n i m i s a t i o n  p rob lems ,  

T h e  Kuhn-Tucker n e c e s s a r y  c o n d i t i o n s  f o r  y  a n d  A t o  be 

s t a t i o n a r y  p o i n t s  f o r  t h e  a b o v e  m i n i m i s a t i o n  prob lem can 

be summar i sed  a s  follous: 

1 )  \ ,A  ,.*.. .X,s 0 -  

(2) v f o ( y )  - X V A ~  = 0. 

i e ,  2 - + h~ = 0, 

A A w h e r e ( y  - 9 )  =co, -3 1. ~ Y ~ - Y ~ ) ~ - - - - -  ( Y ~ - E ) ) -  

(3 )  hit-"; tr) I = 0 i = ~ , . . . . , n -  

(4)  - A y l  0,  



T h e s e  n e c e s s a r y  c o n d i t i o n s  a r e  a l s o  s u f f i c i e n t  c o n d i t i o n s  

s i n c e  f (y) is s t r i c t l y  convex  a n d  t h e  a a i n i m i s a t i o n  is  o v e r  a 

convex  doma i n  ( R o c k a f e l l a r ,  1970, Thm, 27.2. a n d  p r e c e d i n g  

m a t e r i a l s ) .  Thus ,  t h e  l o c a l  minimum is a g l o b a l  minimum. It is 

however d i f f i c u l t  t o  s o l v e  t h e s e  r e s u l t i n g  c o n d i t i o n s  e x p l i c i t l y  

f o r  y and  , C o n s e q n e n t l y ,  t h e  m i n i m i s a t i o n  problem was 

t r a n s f o r m e d  t o  one  of LEAST DISTANCE PROBLEH (LDP). (Hanson a n d  

Lawson, 1974, Ch, 2 2 ) -  The Kuhn-Tucker c o n d i t i o n s  form t h e  

f o u n d a t i o n  upon which t h e  a l g o r i t h m  f o r  s o l v i n g  t h e  LDP 2s 

based ,  T h e  LDP, was t h e n  s o l v e d  v i a  a  NON-NEGATIVE LEAST SQUARES 

PBOBLEFI (BNLS) (see Hanson and  Lawson, 1974, Ch, 22 for 

d e t a i l s ) .  

. To t r a n s f o r m  t o  LDP f o r m a t ,  t h e  problem o f  

s u b j e c t  t o  

Ay 2 0, 

A l e t  r = y - y, 

Then (2-5-1) becomes, 

min i  mise 

subject t o  

Rhere  v = - A?. 

B e  now s e e k  t h e  p o i n t  r* of t h e  p o l y h e d r a l  set 
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[r I Ar 2 v)  a t  l e a s t  distance from t h e  o r i g i n  r = 0. 

Lawson and Hanson (1974) NHLS a l g o r i t h m  f i n d s  r* by i t e r a t i v e l y  

s e a r c h i n g  for t h e  s o l u t i o n  to t h e  Knhn-Tucker c o n d i t i o n s .  



CHAPTER 3 

Examples of Three f lodels  and Associated Methods of E s t i m a t i o n  

Clost e s t i m a t i o n  m e t h o d s  i n  l i n e  t r a n s e c t  s a m p l i n g  i n v o l v e  

p a r a m e t r i c  or n o n p a r a m e t r i c  e s t i m a t i o n  of f (x) . P a r a m e t r i c  

e s t i m a t o r s  are t y p i c a l l y  maximum l i k e l i h o o d  e s t i m a t o r s .  Tw3 

examples o f  p a r a m e t r i c  tnqdels  a r e  t h e  h a l f - n o r m a l  w i t h  

f [ x )  [ 2 / o n n f  exp (-x1/2gf a n d  p a r a m e t e r  cr , a n d  t h e  negative 

e x ~ o n e n t i a l  with f [x) = a exp [-ax) and  p a r a m e t e r  a [ s e e  

S e c t i o n s  3.2 azld 3.4)- 

N o n p a r a m e t r i c  estimates a r e  u s u a l l y  o b t a i n e d  by t h e  me thod  

of e x p e c t a t i o n s  or l eas t  s q u a r e s  t e c h n i q u e s ,  

T h e  f o r m e r  t e c f i n i q n e  lends i tself  r e a d i l y  t o  the F o u r i e r  ser ies  

with u n g r o u p e d  d a t a ,  w i t h  g r e a t  ease of c o m p u t a t i o n .  One o f  t h e  

problems e n c o u n t e r e d  i n  u s i n g  t h i s  t e c h n i q u e  is that, estimates 

of f (x) may n o t  be t r u e  p r o b a b i l i t y  d e n s i t i e s ,  I n  f a c t ,  when 
h 

a p p l i e d  t o  t h e  F o u r i e r  series estimator,  t h e  e s t i m a t e  f (x) 
0 

= (I/T] + EPj cos [jnx/T) m y  d i p  b e l o w  z e r o .  
J =I 

T h e  g e n e r a l  e s t i m a t i o n  t e c h n i q u e s  f o r  t h r e e  p o p u l a r  m e t h o d s  

namely ,  t h e  F o u r i e r  series, the half-normal a n d  t h e  e x p o n e n t i a l  

p o w e r  series models are r e v i e w e d .  



3. 1 Raximum L i k e l i h o o d  E s t i m a t i o n  - ---- ----- ---------- 

L e t  f (x,B) O<x<T b e  a  p d f  w i t h  p a r a m e t e r  8, which may be 

v e c t o r  v a l u e d ,  8 = (0, .tl2,... .er) . As was n o t e d  e a r l i e r ,  T c a n  

b e  f i n i t e  o r  i n f i n i t e -  Let x, ,x  ., .,x,,be random p e r p e n d i c u l a r  2' 

d i s t a n c e s  from f ( x , B )  . 
D e f i n e  t h e  c o n d i t i o n a l  l i k e l i h o o d  f u n c t i o n  given n a s  

a n d  l ( 3 )  = l n  (I. (8) ) a s  t h e  l o g  l i k e l i h o o d  f u n c t i o n .  T h e  

aaxiwum l i k e l i h o o d  (BL) e s t i m a t e ( s )  of 0 ,  8 for a w e l l  behaved 

model c a n  be f o u n d  by s o l v i n g  t h e  f o l l o w i n g  e q u a t i o n s  fo r  0 -  

The a s y m p t o t i c  v a r i a n c e  - c o v a r i a n c e  m a t r i x  of 8 is  

1 ) n  where  I ( 8 )  is the F i s h e r  i n f o r m a t i o n  m a t r i x  a n d  h a s  

e l e m e n t s  

The former e q u a t i o n s  o f t e n  r e q u i r e  n u m e r i c a l  s o l u t i o n s  

s i n c e  t h e  a n a l y t i c  e q u a t i o n s  i n v o l v e d  a r e  some t imes  v e r y  

coiaplex,  A h y b r i a i s a t i o n  of t h e  Newton-Raphson a n d  H a r q u a r d t  



p r o c e d u r e  is g e n e r a l l y  employed .  An e m p i r i c a l  e s t i m a t e  of t h e  

i n f o r m a t i o n  m a t r i x  I ( 8 )  i s  d e r i v e d  t h r o u g h  H ,  w i t h  e l e m e n t s ,  

h 

The HL e s t i m a t e  is f ( 0 )  = f f 0 , g )  and its asymptotic s a m p l i n g  

v a r i a n c e  is 

/ 
v a r ( f ( ~ , k ) )  = l q i ( 0 , ' 8 )  1 1 - 2  1- (0 ,6 j  1. 

n 

Where vf (x) is the g r a d i e n t  v e c t o r  of f (x) with r e s p e c t  t o  9- 

Suppose  the d a t a  were grouped i n t o  m c l a s s e s  w i t h  

i n t e r v a l s  d e f i n e d  by 

Since d e t e c t i o n s  are  i n d e p e n d e n t  e v e n t s ,  t h e  n are 

m n l t i n o l s i a l  random v a r i a b l e s ,  d e f i n e  by 



The log l i k e l i h o o d  f u n c t i o n  l ( 8 )  is given by 

w h e r e  K(n) = n! , 
n, !nZ!x.nn! 

Under s u i t a b l e  r e g u l a r i t y  c o n d i t i o n s  (Rao, 1 9 7 3 ) ,  the HL 

e s t i m a t e s  a re  the s o l u t i o n s  t o  the log l i k e l i h o o d  e q u a t i o n s  

The  Fisher i n f o r m a t i o n  m a t r i x  I ( 0 )  h a s  e l e m e n t s  g i v e n  b y  

F i s h e r ' s  method of s c o r i n g  c a n  b e  used w i t h  H a r g n a r d t  

m o d i f i c a t i o n  f o r  a n  i t e r a t i v e  n u m e r i c a l  method i n  s o l v i n g  t h e  

a b o v e  e q u a t i o n s .  

It is n o t  always possible t o  u s e  ML t e c h n i q u e s  i n  

e s t i m a t i o n ,  I n  c a s e s  vhere t h e  p r o p o s e d  density estimator (f (x) f 

is n o t  a bona-f  ide density f u n c t i o n  [ d e n s i t y  d i p p i n g  below 

zero), a method  o f  e x p e c t a t i o n s  is nsed  i n  a v o i d i n g  t a k i n g  

l o g a r i t h m s  of negative numbers. E s t i m a t i o n  f o r  t h e  F o u r i e r  

series is b a s e d  on t h i s  method fo r  nngrouped  d a t a ,  



3 .2  11 P asametric Case: The Elf -nor& Es t imatog  - 

C o n s i d e r  t h e  u n t r u n c a t e d  h a l f  -normal model d e f i n e d  by 

The t r u n c a t e d  model is 

r ( X )  = I exp  (-x2/2mZ O < X < T  ocw , f3.2.2) 
c r m  [F(T/oj -1 /2]  

Rhere  I?(,) is t h e  s tandard  normal c u m u l a t i v e  d i s t r i b u t i o n  

f u n c t i o n  tc3f) , 

The fo l l owing  example c o n s i d e r s  HL e s t i m a t i o n  with 

nngrouped , t runca ted  d a t a ,  

Using ( 3.2-2) , t h e  l o g  likelihood 1 fO) is given by 

The PIL estimate of a is the s o l u t i o n  t o  the e q u a t i o n  

b l /ha  = 0 .  i - e , ,  

Furthermore,  



and the i n f o r m a t i o n  aatrix g i v e n  by 

2 2 2 P8(T/r) = d P ( T / 6 )  =J exp (-T /2 e )  ( - T / c r ) ,  
do- Rn 

Where J (b , E )  is d e f i n e d  a s  i n  (3.2.5) , 

A 
v i t h f ( O ) = t 1 ,  1 , 

dan e (F ( T / e )  - 1/21 

a n d  

&o) = - f (0) [- 1 + T f  (0)  exp ( - ~ ' / 2  d)]. 
da u 

T h e  BL estimate w i l l  have to be  found b y  i t e r a t i v e  

t e c h n i q u e s  such a s  the Heuton-Raphson method (Seber 1973), 



or t h e  method of s c o r i n g  (Rao 1973) -  The HL e s t i m a t o r  of 

f (0)  c a n  t h e n  b e  o b t a i n e d  from ( 3 . 2 . 5 ) .  and approximate  

v a r i a n c e  from ( 3 . 2 . 4 ) .  

For grouped data  e s t i m a t i o n ,  i n t e g r a t i n g  f (x) w i t h  r e s p e c t  

t o  x g i v e s  

Where J(C ,T) = . 1 . 
cpn T - 7/2 

. The c e l l  p r o b a b i l i t i e s  are g i v e n  by 

where J *  la-- ,I!) and Pa ( t / m  ) a r e  c a l c u l a t e d  n s i n g  e q u a t i o n s  

(3.2-3) , P B O G R A N  TBAHSECT h a s  t h e s e  e q u a t i o n s  coded i n  FORTRAR 

routines. T h i s  program was used i n  t h e  comparat ive  s t u d y -  



3.3 A Nonparametric  Case: gourier S e r i e s  E s t i a a t o g  - 

T h e  F o u r i e r  series e s t i m a t o r  i s  based on t h e  Fourier s e r i e s  

e x p a n s i o n  of a f u n c t i o n  o v e r  a f i n i t e  i n t e r v a l ,  [Tar ter  and 

Kronrnal l968 ,1976)  , 

D e f i n e  t h e  e v e n  e x t e n s i o n  (x) of f (x) from [O,T) to  [-T,T 3 a s  t 

I The Fourier e x p a n s i o n  of (x) o v e r  [-T,TJ is Q 

where - 
"j - T 

bj = ~ J ' ) ( X )  s i n  
T 

-T 

T t  follows t h e n  t h a t ,  

We want t o  e s t i m a t e  f ( 0 ) .  Not ing  t h a t  c o s ( 0 )  = 1. we have  



Although f ( x )  i n t e g r a t e s  t o  1 ,  f (x) may not b e  a  bona-f i d e  

d e n s i t y  f u n c t i o n .  The method of e x p e c t a t i o n  is  u s e d  t o  

e s t i m a t e  t h e  a* 's. 
J 

Be f i r s t  observe t h a t  

and s o  a n  e s t i m a t o r  f o r  a i s  
j 

A .  T h i s  e s t i m a t e ,  aJ  , is u n b i a s e d  for a . The F o u r i e r  c o e f f i c i e n t s  

~ i n i m i s e  t h e  Rean I n t e g r a t e d  Squared Error (HISE) , d e f i n e d  by 

P 
where f (x) = 1 + 

T 

Rronmal and Tarter (1968) suggested t h e  f o l l o w i n g  s t o p p i n g  

rule based on t h e  HISE; which c o u l d  b e  expressed i n  terms of 

t h e  v a r i a n c e  o f  t h e  estimate of a j :  



A 2 
Add terms t o  t h e  ser ies  u n t i l  Var (a p+, ) 2 ( a  ) : P i ]  

It was o b s e r v e d  by Bnrnham, e t  a l , ,  (1980)  , t h a t  t y p i c a l l y  

a << 3 b, , and  t h e y  s u g g e s t e d  comput ing  t h e i r  s t o p p i n g  r u l e  
Apt2 

A A 
by s e t t i n g  aApt2= 0 , T h i s  l e a d s  t o  compu t ing  a  s e q u e n t i a l l y  

h 

u n t i l  t h e  f i r s t  estimate apt,  , s u c h  t h a t ,  

T h e  s t o p p i n g  r u l e  u s e d  by Burnhaa,  e t  al., (1980) rel ies on 

t h e  f a c t  t h a t  alpte<< apt, . Although,  t h i s  f a c t  was n o t e d  b y  

Kronmal and T a r t e r  (1968) .  t h e y  d i d  n o t  make any a s s n m p t i o n s  
A 

a b o u t  aim r e l a t i v e  t o  hp+, . 
?+. 

The Burnham e t  al. (1980) s t o p p i n g  r o l e  v a l u e  [ 2/(&n+ 1) ) 3 'f2 

d o e s  n o t  depend  on t h e  data set, Even if some p a r t  of t h e  d a t a  

is changed,  t h e  v a l u e  of t h e  s t o p p i n g  r u l e  is n o t  a f f e c t e d -  One 

c a n  f i n d  no t h e o r e t i c a l  j u s t i f i c a t i o n  f o r  a s s u m i n g  22P+2 t o  be 

zero, 

S i m u l a t i o n  s t u d i e s  show t h a t  $a+2 is n o t  a l w a y s  much less 

A 
t h a n  a?+, a n d  t h a t  i n  p r a c t i c e ,  v e r y  r a r e l y  are  more t h a n  o n e  o r  

a t  most two c o s i n e  t e r n s  i n c l u d e d  i n  t h e  series, C o n s e q u e n t l y ,  

t h e  F o u r i e r  series estimate h a s  a  t e n d e n c y  t o  r e t a i n  t h e  



h a l f - b e l l - s h a p e d  curve e v e n  when it is i n a p p r o p r i a t e  (e,g. t h e  

p i e c e w i s e  l i n e a r  d e t e c t i o n  c u r v e  w i t h  a  = 20  a s  i n  p i g ,  3). 

We now c o n s i d e r  e s t i m a t i o n  w i t h  g rouped  d a t a .  ~ h o n g h  t h e  

cef 1 p r o b a b i l i t i e s ,  p , may i n  t h e o r y  be n e g a t i v e ,  however  it 

h a s  been  f o u n d  i n  p r a c t i c e  t h a t  t h e y  are  a l w a y s  p o s i t i v e  

[Burnham, e t  a l , ,  1980, p ,134) ,  

I n t e g r a t i n g  t h e  F o n r i e r  series n o d e 1  y i e l d s  

0 

a n d  since 

= t i + ,  - ti + f a j  - T s i n  
T J= I 

Then 

a4; = T [ i n  ( j  - s i n  (p)] 
aaj j?i 

Burnham, e t  a l . ,  (1980 p  70) a r g u e d  t h a t  t h e  s t o p p i n g  r u l e  f o r  

ungrouped  d a t a  is n o t  a p p l i c a b l e  h e r e ,  s i n c e  t h e  e s t i m a t e s  of aj 

may v a r y  s l i g b t y  with t h e  number of terms t o  b e  i n c l u d e d  i n  f (x) 

They u s e d  a l i k e l i h o o d  r a t i o  t e s t  i n  d e c i d i n g  t h e  a p p r o p r i a t e  

model i n  c o n j u n c t i o n  w i t h  t h e  u s u a l  g o o d n e s s  of f i t  test, 

The l i k e l i h o o a  r a t i o  test of t h e  f o l l o w i n g  h y p o t h e s e s ;  



is b a s e d  o n  t h e  d i f f e r e n c e  b e t v e e n  
I ?  

[a) a n d  1 (3) , 
P+l 

P 
U h e r e  lp [a) = c o n s t a n t  + n i  l n  pi ( a ) .  

i = t  

2 
Given  that -2 ( l p ( g )  - l p t , [ 8 )  )- X I  , 

w e  reject 3,  i f  t h i s  d i f f e r e n c e  e x c e e d s  3.84 a n d  c o n c l u d e  t h a t  
h 

a ptl is a s i g n i f i c a n t  term in the series e x p a n s i o n  of f (x)  - 

3.4 & G e n e r a l i s e d  P a r a m e t r i c  Case:  - 
The  E q p o n e n t i a l  P o v e r  Series E s t i m a t o r ,  -- 

T h e  e x p o n e n t i a l  power series estimator was p r o p o s e d  b y  

P o l l o c k  ( 1 9 7 8 ) .  T h e  detection f n n c t i o n  g (x) is given by 

b 
g (x) = exp t- (x/a) 1 

w i t h  t h e  p, d. f f (x) given b y  

f (x) = e x p  (- (x/a) 1 b 
x>O . a>D , b>O , (3. 4- 1) 

a ( 1  + b-') 

A 

T h e r e f o r e  i ( 0 )  = (k r ( 1  + c') j' . (3 .  4. 2) 

Maximum l i k e l i h o o d  e s t i m a t e s .  of a a n d  b a n d  h e n c e  f (0) 

a re  f o u n d  b y  tttaxinising t h e  l o g  l i k e l i h o o d  1 (a,b) . 



a n d  
h 

The maximum l i k e l i h o o d  e s t i m a t o r  of a and  b are t h e  

s o l u t i o n s  $0 e q u a t i o n s  ( 3 - 4 - 4 )  a n d  (3,4.5), 

The  f u n c t i o n  y is  t h e  digamma f u n c t i o n ,  

Assuming now t h a t  sufficient p r i o r  i n f o r m a t i o n  is  a v a i l a b l e  

on  t h e  fo rm of t h e  d e t e c t i o n  f u n c t i o n ,  g (x) , t o  make 

b known, t h e n  from ( 3 - 4 - 4 ) .  

we noa c o n s i a e r  two s p e c i a l  cases: 

Case 1: b= 1 

f (XI= e x p  (- ( x / a ) ) / a r ( l  + 1 ) 

which is t h e  n e g a t i v e  e x p o n e n t i a l  d i s t r i b u t i o n ,  Baximnm 

l i k e l i h o o d  estimate of a, u s i n g  (3-4.6) , is 
A n - 
a = .Xx; /n = x 

i= I 
and 

T h i s  e s t i za tor  was first p r o p o s e d  by Leopold  et a l ,  

( 1 9 5 1 ) ,  b a s e d  on t h e  n e g a t i v e  e x p o n e n t i a l  d i s t r i b u t i o n ,  

It d i f f e r s  from G a t e s *  (1968) e s t i m a t o r  by  a factor of 



( n - l ) / n  which  is Gates, c o r r e c t i o n  fo r  b i a s .  

The  d e n s i t y  e s t i m a t e  f o r  ungronped,  u n t r n n c a t e d  d a t a  
yc A 

is D = n f  (0) /2L = (n- 1) / 2 ~ ? .  

C a s e  2: b=2 

2 f (x) = e x p  (-(x/a)  ) / a  p ( 1  +1/2)  

which is t h e  h a l f - n o r a a l  d i s t r i b u t i o n ,  The maximum 

l i k e l i h o o d  e s t i i a a t e  o f  a  is g i v e n  by 

a n d  

T h i s  e s t i m a t o r  was prb'posed b y  •’Iemingway (1971) a n d  

d i f f e r s  f r o m  Qoinn s ( n n p o b l i s h e d  thesis) b y  a factor 

o f  (n-3.8)/n, which  is Q u i n n w s  c o r r e c t i o n  for  bias. 

The  d e n s i t y  f o r  ungronped, u n t r n n c a t e d  d a t a  

/c A 
is; D = nf ( 0 )  /2L = (n-0.8) 

21 T T ~ x ! / ~  I , I 
The e x p o n e n t i a l  power series e s t i m a t o r  is p l a g u e d  w i t h  

n u m e r i c a l  p rob lems ,  I t  is o f t e n  n e c e s s a r y  t o  restrict t h e  value 

of t h e  s h a p e  p a r a m e t e r  t o  be g r e a t e r  t h a n  o r  e q u a l  t o  one; i - e - ,  

b 2 1, s i n c e  o t h e r w i s e  t h e  estimate of t h e  d e n s i t y  f u n c t i o n  will 

h a v e  a  s p i k e  a t  x = 0 ,  Bs was n o t e d  i n  S e c t i o n  1.1 , e s t i l a a t i o n  

o f  b o t h  p a r a m e t e r s  is met w i t h  a c o n s i d e r a b l e  l o s s  i n  



e f f i c i e n c y .  

T h e o r e t i c a l l y ,  t h i s  e s t i m a t o r  can t a k e  a wide  v a r i e t y  of 

p l a u s i b l e  s h a p e s  for  t h e  d e t e c t i o n  f n n c t i o n s ,  but  e s t i m a t i o n  

p r o b l e m s  h a v e  l i m i t e d  its usage .  It was one  of the e s t i a a t o r s  

t h a t  was o r i g i n a l l y  p l a n n e d  t o  be u s e d  i n  t h e  s i m u l a t i o n  s t u d y  

( C h a p t e r  4) b u t  was abandoned b e c a u s e  o f  s e v e r e  n u m e r i c a l  

c o n v e r g e n c e  p rob lems ,  F o r  a  more d e t a  i l e d  t r e a t m e n t ,  see ~ o l l o c k  

(1978) and  Burnham, e t  al,, (1980). 



CHAPTER 4 

The E s t i m a t  ion  Problem 

S e b e r  (1973) a n d  Burnham a n d  Anderson (1976) s u p p l i e d  t h e  

g e n e r a l  f ramework  f o r  e s t i m a t i o n  based  on p e r p e n d i c u l a r  

d i s t a n c e s .  T h i s  f ramework i s  r e v i e w e d  i n  C h a p t e r  2, 

Suppose t h a t  w e  r e q u i r e  a n  e s t i m a t o r  o f  d e n s i t y ,  D, of o b j e c t s  

b a s e d  o n  t h e  s e t  x, , x p t  ....., x, o f  o b s e r v e d  p e r p e n d i c u l a r  

d i s t a n c e s .  Under  t h e  a s s u m p t i o n s  i n  S e c t i o n  (2.2.1) t h e s e  

d i s t a n c e s  a r e  i d e n t i c a l l y  a n d  i n d e p e n d e n t l y  d i s t r i b u t e d  w i t h  

d e n s i t y ,  f (r) = g ( x ) / , p T  , over 05  x <  T where  g [x )  is t h e  

c o n d i t i o n a l  p r o b a b i l i t y  *of an  o b j e c t  been  s e e n ,  g i v e n  t h a t  it is 

a t  a  p e r p e n d i c u l a r  d i s t a n c e  x f rom t h e  t r a n s e c t  a n d  
A 

,hs = fi (x) d r .  The i n t e n s i t y  h (0) c a n  b e  e s t i m a t e d  by nf [O) , a n d  
I\ h h Ec 

t h e  estimate of Dens i ty ,D  ,is g i v e n  b y  D = nf (0)/2L = h (0) /2L.  

The f u n d a m e n t a l  p roblem is t h u s  reduced  t o  e s t i m a t i n g  h[O). 

g i v e n  a s a m p l e  of i n d e p e n d e n t  o b s e r v a t i o n s ,  In o r d e r  t o  compare  

e s t i m a t o r s  3f h (x) i n  l i n e  t r a n s e c t  s a inp l ing  methods,  a n d  a l s o  

t o  c l a s s i f y  t h e s e  e s t i a a t o r s  a s  a c c e p t a b l e  i n  e s t i m a t i n g  

w i l d l i f e  d e n s i t i e s ,  t h e  f o l l o w i n g  criteria must b e  t a k e n  i n t o  

c o n s i d e r a t i o n :  



Measure of R o b u s t n e s s ,  R e s i s t a n c e  a n d  S t ab i l&Q:  R o b u s t n e s s  

i n  n o n p a r a m e t r i c  e s t i m a t i o n  is  h a r d  t o  d e f i n e -  In l i n e  

t r a n s e c t  t h e o r g ,  Burnham, e t  al., (1980) i n t r o d u c e d  t h e  

c o n c e p t  o f  n o d e 1  R o b u s t  e s t i a a t o r s ,  which refers t o  

est imators t h a t  a r e  s u f f i c i e n t l y  f l e x i b l e  i n  f i t t i n g  

d i f f e r e n t  t y p e s  of d e t e c t i o n  f u n c t i o n s ,  They a s s o c i a t e d  

r o b u s t n e s s  of a n  e s t i m a t o r  t o  s m a l l  s t a n d a r d  -or and s m a l l  

b i a s  of t h e  estimator, If t h e  r a t i o  of t h e  b i a s  t o  t h e  ---- 
s t a n d a r d  error  of t h a t  estimator is small, s a y  0 . 5 ,  t h e y  

c o n c l u d e d  t h a t  t h e  e s t i m a t o r  is r o b u s t .  It is t r u e  t h a t  

s m a l l  s i z e  of e s t i m a t i o n  errors is a n  i ~ p o r t a n t  c r i t e r i o n -  

Eovever, o n e  s h o u l d  l o o k  a t  t h e  r e s i s t a n c e  and s t a b i l i t y  of 

t h e s e  e s t i m a t i o n  e r r o r s ,  

a. I??sistance: A s ta t is t ic  is s a i d  t o  be r e s i s t a n t  i f  a n y  

changes i n  a small p a r t  of t h e  d a t a ,  n o  a a t t e r  how 

s u b s t a n t i a l ,  f a i l s  t o  p r o d u c e  a n y  s u b s t a n t i a l  c h a n g e s  i n  

t h e  s t a t i s t i c  [Mosteller a n d  Tukey, 1977) . 
b. S t a b i l i t y :  An estiaaator s a i d  t o  be s t a b l e  i f  c h a n g i n g  

t h e  u n d e r l y i n g  d e t e c t i o n  f u n c t i o n  d o e s  n o t  s u b s t a n t i a l l y  

c h a n g e  t h e  b e h a v i o n r  of t h e  e s t i m a t i o n  errors, 

Se s h a l l  a l s o  c o n s i d e r  r e s i s t a n c e  a n d  s t a b i l i u  of t h e  

e s t i l n a t i o n  errors of d i f f e r e n t  estimators, as b e i n g  a 

n e c e s s a r y  measure  for  r o b u s t n e s s  a s  used i n  t h e  above  

context. 

E s t i a a t o r  E f f i c i e n g :  We would like o u r  e s t i m a t o r s  t o  b e  ---- -- 
s t a t i s t i c a l l y  e f f i c i e n t ;  i, e,, i n  t h e  c l a s s  of a l l  



a c c e p t a b l e  e s t i m a t o r s  w e  want  t h o s e  w i t h  v e r y  small sampling 

mean s q u a r e d  error, 

3, Shape C r i t e r i o n :  H e  s h a l l  f u r t h e r  c o n s t r a i n  o u r  p o s s i b l e  

c h o i c e  of e s t i m a t o r s  by i n s i s t i n g  t h a t  t h e y  have  a s h o u l d e r  

n e a r  x = 0, T h i s  r e s t r i c t i o n  is  c o n s i s t e n t  w i t h  t h e  n o t i o n  

t h a t  i n  soiae s m a l l  ne ighbourhood  n e a r  the t r a n s e c t ,  g (x)  

w i l l  i n d e e d  b e  e q u a l  t o  1, 

R e s i s t a n c e  and  S t a b i l i t y  of e s t i m a t i o n  errors p o i n t  t o  r e l i a b l e  

e s t i n a t i o n  t e c h n i q n e s .  One would n o r m a l l y  b e  s k e p t i c a l  of a 

t e c h n i q u e ,  i f  t h e  e s t i m a t i o n  errors were t o  depend c r i t i c a l l y  on  

a s m a l l  p o r t i o n  of t h e  d a t a  set, or were t h e  e r r o r s  t e n d e d  t o  be 

l a r g e  f o r  c e r t a i n ,  p l a u s i b l e  d e t e c t i o n  c u r v e s ,  F u r t h e r m o r e ,  

e s t i m a t i o n  errors a r e  s e r i o u s  o n l y  i f  t h e y  f o r a  a s u b s t a n t i a l  

p e r c e n t a g e  o f  t h e  actual q u a n t i t y  b e i n g  e s t i n t a t e d .  F o r  t h i s  

r e a s o n ,  t h e  a v e r a g e  e r r o r s  a r e  g i v e n  a s  p e r c e n t a g e s  of h ( 0 )  - 

4.1 ------- S i m u l a t i o n  -- S t u d y  Desigg 

I n  t h e  s i m u l a t i o n  s t u d y  t h a t  v a s  done, p e r p e n d i c u l a r  

d i s t a n c e s  were g e n e r a t e d  from t h e  f o l l o w i n g  d e t e c t i o n  

f u n c t i o n s :  



(i) PIECEWISE-LINEBR with shape  parameter a 

Where b = 2 / (a  + T) and T > 0, 

fii) ONE-TERB C O S I N E  

f (x) = 1/T [ 1 + cos (nx/T) 1 

(iii) TUO-TERB COSIWE 

f ( x )  = 1/T [ I  + cos(nx/T) + 0,25cos@mc/T)j 0 5  x 1 T . - '  

[iv) HALF-MOBMAL w i t h  parameter cr 

I n  t h e  s i m u l a t i o n s ,  T was set equal t o  100. The d i f f e r e n t  

d e t e c t i o n  f u n c t i o n s  v e r e  s i m u l a t e d  from the p i e c e v i s e  l i n e a r  

w i t h  a =20 . 5 0  , and 80, and, T for t h e  half-normal d e t e c t i o n  



f u n c t i o n  was s e t  a t  v . 2&,  a n d  36., The d a t a  were g rouped  i n t o  

10 classes of e q u a l  i n t e r v a l s ,  250 r e p l i c a t e s  v e r e  g e n e r a t e d  

f r o m  s a m p l e  s i z e s  60 and  100  f o r  e a c h  of the 8 d e t e c t i o n  

f u n c t i o n s ,  A list o f  t h e  program f o r  e s t i m a t i n g  f (0) u s i n g  t h e  

s h a p e - r e s t r i c t e d  e s t i n t a t o r  is g i v e n  i n  Appendix A .  

An a v e r a g e  f (0)  was c a l c u l a t e d  from t h e  estimate o f  e a c h  sample .  

The  f o l l o w i n g  s t a t i s t i c a l  q u a n t i t i e s  v e r e  u sed  i n  a s s e s s i n g  

e f f i c i e n c y ,  s t a b i l i t y  o f  e s t i m a t i o n  errors, r o b u s t n e s s  a n d .  
h 

r o b u s t n e s s  o f  e f f i c i e n c y .  hi  (0)  = estimate from r e p l i c a t e  # i, 

a n d  R is the number of r e p l i c a t e s ,  

1. T h e  Percent B e l a t i v e  B i a s  (PRB), g i v e n  b y  

a n d  R is t h e  number of r e p l i c a t e  l i n e s ,  

2, The e s t i m a t e  of t h e  sarrlpling v a r i a n c e s  of h (9). Var ( h ( 0 ) )  

h 
3, T h e  Mean S q u a r e d  E r r o r  (HSE) , of h (0) , is g i v e n  b y  

A 
4, The e s t i m a t e  of p e r c e n t  r e l a t i v e  S t a n d a r d  E r r o r  o f  h ( 0 )  



g i v e n  b y  

5. The e s t i m a t e  of t h e  p e r c e n t  r e l a t i v e  Root  Bean S q u a r e  E r r o r  
A 

of  h (0) , given by 

a h e r e  RRSE (.) = (MSE(.) )% 

6, The B e l a t i v e  E f f i c i e n c y  ( R E ) ,  of t h e  S h a p e - R e s t r i c t e d  

estimator, g i v e n  by 

A 
Where h (0) is soiae o t h e r  

shape -  r e s t r i c t e d  e s t i m a t e  

estimator and G , ( 0 )  is t h e  

of  h (0)  , 

P r o g r a a  TBBNSECT was u s e d  i n  c a l c u l a t i n g  e s t i a a t e s  of h ( 0 )  

f o r  t h e  F o u r i e r  ( c o s i n e )  series ana h a l f - n o r m 1  estimators. 

These  e s t i m a t e s  of h ( 0 )  were t h e n  u s e d  i n  c a l c u l a t i n g  t h e  a b o v e  

g u a n t i t  ies.  



On e x a m i n i n g  t h e  b i a s  (Table 2 )  of d i f f e r e n t  e s t i m a t o r s ,  

o n e  i m x e d i a t e l g  n o t i c e s  t h e  m a g n i t u d e  o f  t h e  h i a s  of the 

h a l f - n o r m a l  e s t i m a  tcr ,  T h i s  m a n i f e s t s  i t s e l f  when we simulate 

f r o m  d e t e c t i o n  f u n c t i o n s  t h a t  h a v e  f a i r l y  b r o a d  s h o u l d e r s .  An 

example o f  t h i s  i s  t h e  p i e c e w i s e  l i n e a r  w i t h  a = 50 f o r  w h i c h  

t h e  t i a s  is 2 0 % -  B o t h  t h e  F o u r i e r  series a n d  s h a p e - r e s t r i c t e d  

e s t i m a t o r s  h a v e  m o d e r a t e  s i ze s  f o r  t h e i r  c o r r e s p o n d i n g  b i a s e s ;  

h a v i n g  a r a n g e  o f  -0.2% t o  7 - 3 1  f o r  s a m p l e  size 700. As was 

p r e v i o u s l y  o b s e r v e d  i n  C h a p t e r  2,  t h e  half - n o r  ma1 a nd f ourier 

[ c o s i n e )  series e s t i m a t o r s  h a d  c n l y  n e g l i g i b l e  b i a s  when t h e  

u n d e r l y i n g  d e t e c t i o n  f u n c t i o n s  are  t h e  same form as  the 

e s t i m a t o r  u s e d ,  

It i s  i n t e r e s t i n g  t o  n o t e  t h a t ,  t h e  F o u r i e r  ( c o s i n e )  series 

estimator d o e s  p o r l y  when e s t i m a t i n g  h (0) fo r  t h e  two-term 

c o s i n e  d e t e c t i o n  f u n c t i o n ,  as s e e n  f r o a  t h e  estilaate of i t s  

ref a t i v e  s t a n d a r d  e r r o r  and r e l a t i v e  r o o t  mean s q u a r e d  error. 

T h i s  ano iua ly  c o u l d  ke e x p l a i n e d  a s  f o l l o w s :  Hose terms o f  t h e  

c o s i n e  se r i es  are n e e d e d  t o  f i t  t h e  two-term c o s i n e  curve w i t h  a 

c o r r e s p o n d i n g  loss i n   recision of t h e  e s t i m a t e s  of t h e  

c o e f f i c i e n t s ,  This l o s s  i n   recision p r o d u c e s  t h e  l o s s  i n  

efficiency. 



The  p rob lem is e v e n  more pronounced  w i t h  t h e  h a l f - n o r m a l  

e s t i m a t o r ,  s i n c e  t he  t w o - t e r n  c o s i n e  c u r v e  is n o t  very s imilar  

i n  s h a p e  t o  t h e  h a l f - n o r m a l  ( F i g s .  3 ( a )  a n d  3 (b) ) , The t uo - t e rm 

c o s i n e  c u r v e  h a s  a s i g n i f i c a n t  p r o b a b i l i t y  o f  l a r g e  

o b s e r v a t i o n s ,  Both t h e  F o u r i e r  series a n d  h a l f - n o r m a l  e s t i m a t o r s  

a t t e m p t  t o  f i t  t h e s e  o u t l i e r s ,  t h e r e b y  d i s t o r t i n g  t h e  e s t i m a t e  

of t h e  r e m a i n i n g  p o r t i o n  of t h e  d e n s i t y  c u r v e ,  

The s h a p e - r e s t r i c t e d  e s t i m a t o r  d o e s  n o t  s u f f e r  f r o m  t h i s  

d e f i c i e n c y  . 

Improved  p e r f o r ~ a n c e  of t h e  s h a p e - r e s t r i c t e d  estimator o v e r  

t h e  F o u r i e r  series and  h a l f - n o r m a l  e s t i m a t o r s  is s e e n  by 

o b s e r v i n g  T a b l e s  1 a n d  3.  The  r e l a t i v e  s t a n d a r d  error a n d  

r e l a t i v e  r o o t  mean s g u a r e d  error are s t a b l e  w i t h  r e s p e c t  t o  

c h a n g e s  i n  t h e  d e t e c t i o n  f u n c t i o n ,  T h i s  s t a b i l i t y  is  n o t  

d i s p l a y e d  b y  a n y  o f  t h e  o t h e r  est imators c o n s i d e r e d  i n  t h e  

s i m u l a t i o n .  

One c a n  a l s o  c o n c l u d e  form T a b l e s  1  a n d  3 t h a t  t h e  

s h a p e - r e s t r i c t e d  estimator is r e s i s t a n t  t o  c h a n g e s  i n  t h e  t a i l  

o b s e r v a t i o n s :  S i n c e  changes i n  t h i s  p a r t  of t h e  d a t a  do n o t  

s u b s t a n t i a l l y  c h a n g e  t h e  s ta t i s t ic .  F o r  e x a a p l e ,  t h e  h a l f - n o r m a l  

c u r v e  w i t h  T = 2 u  a n d  3 6  ; t h e r e  is h a r d l y  a n y  c h a n g e  i n  t h e  

r e l a t i v e  s t a n d a r d  error (14.7% a n d  14.0%) a n d  r e l a t i v e  root  a e a n  

s q u a r e d  e r r o r  (14.7% a n d  14.2%) e v e n  t h o u g h  t h e  t a i l  h a s  c h a n g e d  

s u b s t a n t i a l l y  (it h a d  been  e l i m i n a t e d  when T = 2 ~ ) .  T h i s  



r e s i s t a n c e  is n o t  d i s p l a y e d  by t h e  o t h e r  e s t i m a t o r s  c o n s i d e r e d  

i n  t h e  s i m u l a t i o n ,  

O n  e x a m i n i n g  s t a t i s t i c a l  e f f i c i e n c y  ( T a b l e  41, o n e  f i n d s  

n o t  one  e s t i m a t o r  t h a t  h a s  h i g h e r  e f f i c i e n c y ,  un i fo rmly .  The  

s h a p e - r e s t r i c t e d  estimator, t h o u g h  n o t  s u r p a s s i n g  t h e  F o u r i e r  

series a n d  h a l f - n o r m a l  e s t i m a t o r s  i n  e f f i c i e n c y ,  d o e s  s h o v  

r e a s o n a b l y  good e f f i c i e n c y ,  A p a r t  f r o =  cases where t h e  e s t i m a t o r  

n a t u r a l l y  a s s u m e s  t h e  same form a s  t h e  d e t e c t i o n  f u n c t i o n  used ,  

t h e  s h a p e - r e s t r i c t e d  e s t i m a t o r  h a s  h i g h  e f f i c i e n c i e s ,  

D i c u s s i o n  and  Recommendations, ------ --- ------ 

T h e  s h a p e - r e s t r i c t e d  e s t i m a t o r  p r o v i d e s  a m o n o t o n i c a l l y  

n o n i n c r e a s i n g  c o n c a v e  s t e p  f u n c t i o n  a s  a  r e p r e s e n t a t i o n  o f  t h e  

n n d e r l y  ing d e t e c t i o n  f u n c t i o n ,  It meets t h e  s h a p e  c r i t e r i o n  t h a t  

i n  some s m a l l  ne ighbourhood  near t h e  t r a n s e c t ,  g (x) , will i n d e e d  

b e  equal t o  1, 

W i t h  r e g a r d s  t o  r e s i s t a n c e  and  s t a b i l i t y  of t h e  e s t i a a t i o n  

errors, it  is e n c o u r a g i n g  t o  see a marked improvement o v e r  

e x i s t i n g  e s t imaa to r s .  However, i t  would b e  s t a t i s t i c a l l y  more 

e f f i c i e n t  t o  i m p r o v e  upon t h e  s i z e  of t h e s e  e r r o r s ,  It is 

e n v i s a g e d  t h a t  a method f o r  d e t e r m i n i n g  e x a c t l y  where the 

d e t e c t i o n  c u r v e  c h a n g e s  c o n c a v i t y  v o u l d  h e l p  t o  i m p r o v e  t h e  

e s t i m a t i o n  errors. 



The a s s n m p t i o n s  t h a t  t h e  f u n c t i o n  b e  m o n o t o n i c a l l y  

n o n i n c r e a s i n g  a n d  c o n c a v e  u p  t o  a t  l e a s t  t h e  8 0 t h  p e r c e n t i l e  

h a v e  a d d i t i o n a l  advan tages :  Monotonic  n o n i n c r e a s i n g  e s t i m a t o r s  

a r e  ' r o b u s t '  t o  a o v e n e n t  o f  t h e  p o p u l a t i o n  away from t h e  l i n e  i n  

r e s p o n s e  t o  t h e  o b s e r v e r  (Burnham, e t  a l , ,  6980).  s i n c e  movement 

o f  t h e  p o p u l a t i o n  is o f t e n  away f rom t h e  o b s e r v e r ' s  l i n e  of 

t r a v e l ,  t h e  number of s i g h t i n g s  i n  t h e  ne ighbourhood  of x = 0 

w i l l  d e c r e a s e  t h e  a p p a r e n t  u n d e r l y i n g  d e t e c t i o n  c u r v e  n e a r  

x = 0, Assuming t h e  d e t e c t i o n  c n r v e  is c o n t i n n o u s  a t  x = 0 ,  t h e n  

g ( x )  < 1 and g *  (x) > 0 f o r  x close t o  z e r o ,  Any e s t i m a t o r  t h a t  

is n o t  c o n s t r a i n e d  t o  be monotone n o n i n c r e a s i n g  w i l l  e s t i ~ a t e  

t h i s  b o g u s  d e t e c t i o n  c n r v e  more c l o s e l y .  The m o n o t o n i c i t y  a n d  

c o n c a v i t y  r e s t r i c t i o n s  o u g h t  t o  r e d u c e  t h e  m a g n i t u d e  of s u c h  

e s t i m a t i o n  e r r o r s ,  

Though the s h a p e  r e s t r i c t e d  est imator i s  n o t  u n i v e r s a l l y  

s u p e r i o r  t o  e x i s t i n g  estimators, it d o e s  h a v e  q u a l i t i e s  

d e s i r a b l e  of est imators i n  l i n e  t r a n s e c t  uork ,  I t  is t r u l y  

n o n p a r a ~ e t r i c  i n  t h a t  it d o e s  n o t  p e r f o r a  m a r k e d l y  better o n  a 

l i m i t e d  c l a s s  o f  d e t e c t i o n  f u n c t i o n s ,  

one p o t e n t i a l  criticism is t h a t  its i m p l e m e n t a t i o n  r e q u i r e s  

t h e  p o s s i b l y  s u b j e c t i v e  c h o i c e  of t h e  p o i n t  of p o s s i b l e  

i n f l e c t i o n .  ( I n  t h e  s i m u l a t i o n ,  it was se t  a t  9 0 ' t h  p e r c e n t i l e . )  

However, a d d i t i o n a l  s i m u l a t i o n s  h a v e  shown t h a t  t h e  l o c a t i o n  of 

t h e  p o i n t  w h e r e  t h e  u n d e r l y i n g  d e t e c t i o n  f u n c t i o n  c h a n g e s  from 



c o n c a v e  t o  p o s s i b l y  convex,  is n o t  e x t r e m e l y  c r u c i a l  a s  l o n g  a s  

i t  is between t h e  8 0 t h  and  95 th  p e r c e n t i l e s ,  

F o r  t h e  est imator t o  b e  f u l l y  o p e r a t i o n a l ,  p r o c e d u r e s  f o r  

c o m p u t i n g  t h e  v a r i a n c e  of t h e  e s t i m a t o r  a n d  f o r  p r o d u c i n g  

c o n f i d e n c e  i n t e r v a l s  are r e q u i r e d ,  F u r t h e r n o r e ,  a s  was n o t e d  

e a r l i e r ,  t e c h n i q u e s  for i m p r o v i n g  upon t h e  e s t i m a t i o n  e r r o r s  and  

h a n d l i n g  o f  ungrouped  d a t a  are d e s i r a b l e ,  Vork is st i l l  b e i n g  

d o n e  i n  t h e s e  t u o  areas, R e s e a r c h  f o r  r e d u c i n g  b i a s  and  ' 

p r o d u c i n g  c o n f i d e n c e  i n t e r v a l s  c o u l d  b e  d i r e c t e d  t o w a r d s  t h e  

B o o t s t r a p  t e c h n i q u e  (Ef ron ,  1978, 1983) . F u r t h e r  research a l o n g  

t h e s e  l i n e s  l o o k s  p r o a i s i n g ,  \ 



T a b l e  1 

Est imates  per-ent  r e l a t i v e  root mea n s q u a r e d  error of 
f;'l0), aflSE[h[O) j/h(O)x100%, for t h r e e  d i f f e r e n t  
estimators u s i n g  the e i g h t  d e t e c t i o n  curves i n  Pig- 2. 
For t h e  h a l f - n o r m a l  c u r v e ,  T = t h e  t r u n c a t i o n  p o i n t ,  and 
o = t h e  standard d e v i a t i o n ;  For t b e  p i e c e w i s e  linear form, 
a = t h e  p o s i t i o n  of t h e  k ink .  ------------------------------------- ________________________________________________________________________________________________________________________- -------------------- 

Es t ima to r s  

n=60 n= 100 
D e t e c t i o n  F o u r i e r  Half Shape F o u r i e r  Hal f  S h a p e  
function S e r i e s  Koimal restricted Series  Hormal r e s t r i c t e d  -------------------------------------------------------------- 
Half-Mormal 18.1 72.2 1 2 - 0  75- 7 10-0 9-6 

T = a -  

Half-Normal 13.8 17.7 14-9 
T = 2 0  

One-term 9-5 14, 2 14.2 
C o s i n e  

Two--term 16.8 1 3 - 8  15.5 13.7 17.5 11.2 
Cosine 

P i e c e w i s e  1 4 - 8  15.7 14.3 12, 2 13.0 10.7 
Linear a=20 

P i e c e w i  se 26 .8  23.9 13.6 22-0 22.1 77, 1 
L i n e a r  a= 50 

P i e c e w i  se 25.0 19.7 13.5 21-0 16.4 10.3 
L i n e a r  a = 8 0  



T a b l e  2 

f i  
E s t i m a t e d  p e r c e n t  relative b i a s  of h (0) for three d i f f e r e n t  
estimators using the eight d e t e c t i o n  curves i n  F i g .  2- 
For t h e  h a l f - n o r m a l  curve, T = t h e  t r u n c a t i o n  ~ o i n t ,  a n d  
Q = the s t a n d a r d  d e v i a t i o n ;  F o r  the p i e c e w i s e  l i n e a r  form, 
a = the p o s i t i o n  of t h e  kink. 

---------------------________________________________________-------------------------------------- 

Estimators 

n=60 n=100 
Detecti cn Fourier Half S h a p e  F o u r i e r  Half Shape 
function Series Normal restricted Series Normal restricted 
-------------------------------________________________________________------------------------------ 

BalE Normal - 0 ,5  -0. 4 -0.2 -0.2 -0-0 -0. 5 
T = r  

Half A o r ~ a l  0.3 0-7 -2 -5 1.4 0, 2  -2 -1  
I = 2 u -  

Ralf Wormal - 6 - 8  2.2 -2.2 5, 5 1-3 -4.0 
T = 3 6  

One-ter m 1.0 8.9 - 1 - 9  1.0 8.1 -1.5 
Cosine 

Two-term -7-2 -7.7 - 3 - 8  -5.1 -8.9 -3. 1 
C o s i n e  

P i e c e w i s e  6. 9 9-9 2 - 0  7 - 3  9. 8 2.5  
Linear, a = 2 0  

Piecewise 5.3 3 9.9 6 - 6  2, 3 20.0 6.0 
L i n e a r ,  a=50 

P i e c e v i  se 3.1 13.6 8.1 1.7 12.7 6 ,  3 
L i n e a r ,  a=80 



T a b l e  3 

Es t imat$ xercent r e l a t i v e  s t a n d a r d  error of 
Qo), SE[ h ( 0 )  yh (0) nl O O X ,  for t h r e e  d i f f e r e n t  
e s t i m a t o r s  u s i n g  t h e  e i g h t  d e t e c t i o n  c u r v e s  in Fig. 2. 
F o r  t h e  half-normal cum€, T = t h e  t r u n c a t i c n  ~ o i n t ,  and 
C = t h e  s t a n d a r d  d e v i a t i o n ;  F o r  t h e  p i e c e w i s e  l i n e a r  form, 
a = t h e  p o s i t i o n  of t h e  kink. -------- _------------ --------------------------------- 

Est imat ors 

n=6O n=lOO 
C e t e c t i  cn F o u r i e r  H a l f  S h a p e  Fourier Half  S h a p e  
f u n c t i o n  S e r i e s  B crnal r e s t r i c t e d  S e r i e s  Normal r e s t r i c t e d  -------------------------------------------------------------- 
Half-Normal 18-0 12.2 12.0 15.7 10.0 9.6 

T = u  

Half-Normal  73.8 17  -7 74-7 10, 1 8. Q 11.6 
'I = 2u 

Half -Normal 12,2 10.8 14.0 10-3 7.5 10.7 
T = 3s 

One-term 9 - 5  11. 1 74-1 7.0 8.4 11.8 
Cosine 

Two-term 15-2 11-5 15-0 12.7 7, Y 10.8 
C o s i n e  

Piecewise 13.1 12.1 14-2 9.8 8.5 10.5 
Linear a=20 

P i e c e w i s e  26.3 13.2 11.9 21.8 9.4 9- 3 
L i n  o a r  a= 50 

Piece wi se 2Y. 8 14, 2 10-8 20.9 10.4 8.1 
Zin ear a=80 



T a b l e  4 

ES t i m a t e d  percent r e l a t i v e  efficiencies f o r  t h e  
S h a p e - r e s t r i c t e d  e s t i m a t o r ,  r e l a t i v e  t o  t h e  h a l f - n o r m a l  

cr = t h e  s t a n d a r d  d e v i a t i o i ;  F o r  t h e  piecevise i i n e a r  form, 
a = t h e  p o s i t i o n  of t h e  kink. 

E s t i m a t o r s  

One- term 0. 4 1 - 0  
C o s i n e  

Piecew ise 1.1 1.2 
k i n  ear a=20  

P i e c e w i  se 3.9 3 - 1  
L i n  ~ a r  a = 5 0  

P i e c e v i s e  3- 5 2.1 
Linear a=80 



Proper riqures to Follow , 
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\ Generalized Exponent 
\ 
\ 
\ 

'\ 

Half Normal 

\.Reversed Logi 

ial 

Fig. 2 

Three parametric models of detection curves: 

2 2 
(a) Half Normal, g (x) = exp(-x /20 ) (- 1 ,  

8 
(b) Generalized Exponential, g (x) = exp ( -  (x/75) ) 

( - - - - -  1 ,  and 

(c) Reversed Logistic, g (x) = (llexp (-x/20) ) /  (1+10exp (-x/~o)) 

(+I#*+). 

The dashed vertical lines give the 90th perventiles 

for each of the corresponding probability density 

curves. 
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Proper Figures t o  Follow 

The  six detection-cyrves used in t h e  simulation study. 
... . I 

2 2 Half Normal curves, g(x) = exp(-x / 2 @  ) ,  truncated 
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Proper Figures to Follow 

Fig. 3 ( c )  

Piecewise linear forms with kinks at 20(-. I 

5 0  ( - - - - -  I ,  and 8 0 (.---a ..-. -1 . 



APPENDIX A 

I n  o r d e r  t o  run t h i s  p r o g r a m ,  a n d  d o  t h e  s i m u l a t i o n  study 

a s  was p r e s e n t e d  i n  t h e  paper ,  t h e  f o l l o w i n g  program p a c k a g e s  

a r e  needed: 

1, P r o g r a m  TBANSECT a n d  

2. P r o g r a m  L L S Q  

P r o g r a m  TRANSZCT c o u l d  b e  o b t a i n e d  f r o m  t h e  f o l l o w i n g  a d d r e s s :  

SHARE P r o g r a m  L i b r a r y  Agency 

P . 0 ,  Box 1 2 0 7 6  

B e s e a r c h  T r i a n g l e  Park 

NC 27709 U S A  

i n  A N S I  FOTRAN 1 V  a t  a n  t i p p r o x i m a t e  c o s t  o f  $40.00 

T h i s  p r o g r a m  was used i n  g e n e r a t i n g  e s t i m a t e s  of f (0) u s i n g  

the F o u r i e r  series a n d  H a l f - n o r ~ a l  e s t i m a t o r s ,  One  h a s  t o  

s n r p r e s s  most of t h e  o u t p u t  from t h i s  p r o g r a m ,  s i n c e ,  o n l y  t h e  

raw e s t i m a t e s  o f  f (0) are needed ,  T h e s e  e s t i m a t e s  a r e  s t o r e d  i n  

a t e m p o r a r y  f i l e  f o r  la ter  use, 

S u b r o u t i n e  CLSh would g e n e r a t e  b o t h  c o n t r o l  a n d  d a t a  f i f e  

for running TBABSECT, if the CALL P R I N T  is i n c l u d e d  i n  the main  

p r o g r a m -  (see main p rogram list), 

The LLSQ P r ~ g r a m  c a n  b e  o b t a i n e d  from t h e  f o l l o w i n g  a d d r e s s  : 

I n s L  

C u s t o m e r  R e  l a t i o n  

S i x t h  P l ~ s r  ,MBC, B u i l d i n g  

7500 Bellaire B o u l e v a r d  

H o u s t o n  Texas 77035-5085  U S A ,  



S u b r o u t i n e  CLSA c a l l s  S u b r o u t i n e  LDP which  i s  i n  Program LLSQ. 

It writes o u t p u t  o n  two f i les namely,  1 8 )  a n d  [ 9  1. [8 7 c o n t a i n s  

t h e  c o n t r o l  and d a t a  f i l e  f o r  TEANSECT a n d  [ 91 c o n t a i n s  t h e  r a w  

estimates of f (0) from t h e  S h a p e - R e s t r i c t e d  e s t i m a t o r .  To g e t  

e s t i m a t e s  of f [O) f o r  t h e  Fourier series a n 3  Half-Wormal 

e s t i m a t o r s ,  P rogram TRANSECP is l o a d e d  s p e c i f y i n g  [ 8 ]  a s  t h e  

f i l e  d a t a  is t o  be read from. O u t p u t  f r o m  TRBNSECT are w r i t t e n  

on C6)- 

I n  t h e  s i m u l a t i o n  study, g r o u p e d ,  p e r p e n d i c u l a r  distances 

were g e n e r a t e d  f r o m  t h e  p i e c e w i s e  l i n e a r ,  h a l f - n o r m a l ,  o n e - t e r m  

c o s i n e  and two- te rm c o s i n e  d e t e c t i o n  f u n c t i o n s ,  



REAL * 8  DSEED 
BEAL *4 CC(3OO) , f 0  
1 NTEGER R S  (3 0 0 )  
DSEED= 123457 .ODO 
DO 76 I L O O P = l , l  
TP=O.90 
NRR=1 
!lSTAT= 1  
A1=20  
WR=103 
TSTBR=100 ,  
CALL PRINT (TSTAR, N R R ,  HNR) 
DO 1 &TBY=1,HER 
N=10 
C A L L  C L S A  ~ H , B I , N B , D S E E D , : J T S T B T ,  IITBY,TSTAR,CC,WS, T ~ , F O )  

1 COMTINUE 
H R I T E ( 9 , 1 9 )  (CC (I) , I=l  , N R I ? )  

1 9  FORHAT ( 1  X, l O E l 5 , 7 )  
F F I T E  ( 8 , 5 7 )  

57 fORMAT('ZND,')  
76 CONTINUE 

STOP 
EWD 

SUBROUTIBE CLSA (N,A 1, NR, DSEED,HSTAT8i3TRY ,TSTAP.,CC, MS, 
-TP, FO) 

SUBROUfINES CALLED- FRQCY ,PPSWIS,  NCOS, CAUS 
G G E P H ,  LDP 

CALCULATES ESTIMATES OF F (9) FOB THE SHAPE-RESTRICTED 
ESTIMATOR AND SETUP DATA F I L E  FOR USE IN PROGRBH 
TRAW SECT-  
N :PUtlBER O F  CLASSES USED I N  GROUPING DATA (INPUT) 
A 1  : D E N S I T Y  FUNCTION PAEAHZTER DEPENDING OH PISTAT ( INPUT) 

HSTAT = 1 : P I C E C H I S E  LINEAB A 1  I S  THE KINK POSITION 
HSTBT = 2 :ONE-TERM COSINE A 1  I S  PARAPIETER T=TSTAB 
@STAT = 3 : THO-TERH COSINE A 1  IS  PARAMETZB %STAB 
PISTAT = 4 : HALF-NOB8AL A 1  I S  PARAHETEE ( S I Z M A )  

N R  :SAf•÷PLE S I Z E  OF EACH REPLICBTE (INPUT) 
NSTAT :AS DEFINED ABOVE ( INPUT)  
NRR :NUBBES O F  RZPLICATES LINES [INPUT) 
TSTAR :TRUNCATION POINT O F  DATA [INPUT) 
CC :VECTOR CONTAINING THE SSAPE-RESTRICTED ESTIHATES 

FOB EACH O F  THE NRR PRPLICATES (OUTPUT) 
EIS :VECTOR CONTAINING THE SAHPLE S I Z E S  [OUTPUT) 
f O  :OUTPUT VALUE OP TRUE F (0) OF DENSITY FUNCTION USED 
T P  :PEBCEWTILE AT FlHICH CONCAVITY I S  ASSUBED UP TO - 
DIHENSIOEJ G 2 ( 2 0 , 2 0 ) ,  H2 ( 2 0 ) ,  X ( 2 0 ) .  Z [ 2 0 ) ,  W ( 2 0 )  
DIHENSION BLDP ( S O O ) ,  C I  ( 2 0 )  
IETEGER INDEX (20) 
REAL *4 Y 1 3 0 0 )  , R ( 3 0 0 )  ,CC ( 1) , H  1 ( 2 0 ) ,  D ( 2 0 )  



REAL *8 DSEED 
INTEGER *4 F Q ( 2 0 ) , H S ( 1 )  
DATA I P O T , P I / 0 , 3 , 1 4 1 5 9 2 /  

T H I S  POBTION I S  GENERATES P I E C E W I S E  DEVIATES AND GROUPS 
THEN IMTO H CLASSES 

H=TSTAB - A1 
C I  ( 1 )  =D, 0 
UHP= ( A  1 + H )  /?'LOAT (N) 
DO 15  1 = 1 , N  
C I ( I + I )  = C I  [I) + UHP 
CALL P I S H I S  ( N R , B 1 , H 8 R , Y ,  TISEED) 
CALL FRQCY ( B 2 ; I P O T 8 C 1 8 N , f l , f r Q )  
N P t = N  + 1  
WRITE (8.87) BTBY, (CI (I) , I=2,?JP 1 )  
WRITE[8,89) (FQ[I )  .I=l,M) 
FOBHAT('S1MULATED P I E C E B I S Z ' ,  1 X , I 3 , / 2 O P 6 * 1 )  

3=2/(K + ( 2 * A 1 ) )  
FO= (TSTAB - A l )  * (A 1 - TSTAR + (2*H) ) 
PO=B*FO/ [2*H) 
F O = B l * B  + FO 
FO=B/PO 

T H I S  IS THE END OF PIECEWISE GENEBATIOM 

THIS PCSRTION GENERATES GROUPED ONE-!PER?! C O S I N E  DEVIATES 

8 2 = P I / A  1 
CALL NCOS(NRIH,A2,R,FQ,D,DSEED) 
CI ( 1 )  =o, 
DO 19 I = l , M  
CI (1 + I )  = D  ( I )  
UEP=D[l) 
N P I = H  + 1 
WRITE [ 8 , 1 0 7 )  MTRY, /CI (I) , I = 2 , N P 1 )  
MRITE[8,59) (FQ[I) ,I=l , M )  
FORMAT ( 'SIEIULATED OBE-TERR C O S I N E * ,  1X,f 3 , / 2 0 P 7 -  2 )  
FORMAT ( 2 0 1 4 )  

END OP THE OBE-TERM C O S I N E  GENERATION 



THIS PORTION GENERATES G R O U P E D  THO-TERH COSINE 

A P=PI/A I 
CALL CADS (NR, N, AP, 3, FQ, D, DSEED) 
cr  ( 1 )  =o, 
D O  59 I = l , N  
CI ( I + l ) = D  ( I )  
UBP=D ( 1 )  
N P l = N  + 1  
WRITE ( 8 ,  1 1 7 )  MTRY, (CI  (I) , I = 2 , N P l )  
W R I T E ( 8 , 8 8 )  (PO (I)  , I = l  , N )  
FORMAT[' SIHULATED TWO-TERH COSINE ' , l X f 1 3 , / 2 0 F 7 - 2 )  
FORHAT ( 2 0 1 4 )  

FO= [ A P  + BP*COS ( R P * O . )  + O , ~ ~ * A P + C O S  ( ~ * A P * O .  f ) /3 -  1 4 1 5 9 2  
FD=FO/CCF (TSTAR, AP) 

END OF THE T W O - T Z R E  C O S I N E  G Z N E R B T I O B  

THIS P O R T I O N  GENEBATX H A L ? - K O R M A L  D E V I A T E S  AND 
GBOUPS THEN I N T O  N C L A S S E S  

H T C = f F I X  ( (TSTAB/SIGMB) +O,5) 
NRB=2*NB 
CALL G G N P B  (DSEED,NRA,E)  
J=O 
DO 16 X = l , N R A  
3 ( I )  = B B S  [SIGHA*R {I) ) 
I F I R ( 1 )  ,GT, TSTAR) G O T 0  16 
J=J + 1  
Y (J) =R [I) 
IF ( J , EQ, NR ) GOT0 26 
CONTINUE 
CALL FBQ&P(NR,IPOT,CI,N,Y,FQ) 
NP1=N + 1 
WRITE ( 8 , 1 1 1 )  BTRY, (CI [I) , I = 2 , N P 1 )  
WRITE ( 8 , 1 1 2 )  (FQ (I) ,I=1, N) 
F O R B A T  ( s S 1 3 U L A T E D  HALF-NOPiL*, I X 8 1 2 , / 2 0 F 6 .  1) 
FORMAT (2014) 
U i l P = U H P * S I G M A  



F=O, ~ * E R F C  (-O.?O71 O68sXE)  
F O = 1 / (  ( F - 0 . 5 )  *PO) 

C 
C END OF HALF-NORMAL GENERATION 
C 
C PROCEED TO FIND CLASS AT WHICH 90TH PERCENTILE I S ,  
C 

1 7 0  ISfTM=O 
DO 5 3  I = l , H  
NS!JE=F2 (I) +WSUH 
NTBUN= I: 
TZBP=f LOAT (WSTfZ) /FLOAT ( N R )  
I F  (TMP . GE. T P  ) GOT0 135 

5 3  COMTINUE 
I F  f  N T Z U N  , EQ. N) GOT0 99 
NTPI=WTRUN + 1 
DO 55 I = 1 , N  
I C I = I F I X  ( ( C I  ( N T R U N +  1) *I 0) + 0 . 5 )  
I S T A R = I F I X  (TSTAR*I 0) 
NT=I 
Z F f I C I  .EQ, ISTAR)  GOT0 56 
COh'TIPIUE 
N=NT 
DO 24 I= IWP1 ,N 
wsuu=asna + F Q ~ I )  
BS ( H T B Y )  =NSUH 

SET PARB3ETERS FOR SU4ROUTfNE LDP 

G 2  D E F I N Z S  THE COHSTBAINT MATRIX I N  Z-COORDINATES SYSTEPl 

82  D E P I B E S  CONSTRAINT BT S I D E  FOR 2-COORDINATES SYSTEB 



H2 (1 )  =FLOAT ( F P  (2 )  - PQ ( 1 )  ) 
IF(NTI"I1 ,EQ. 0) GOT0 23 
DO 20 I - 2 , N T H l  

20 8 2 ( 1 C ) = F L O B T ( F Q ( I - 1 )  + F Q [ I + l )  - 2 * F Q ( I ) )  
2 3  DO 22  I = K , N N  
22 H 2  ( Z ) = f L O A T  ( F Q ( I + 1 )  - F Q t I )  ) 

H2 [N) =FLOAT (-PQ [N) ) 
C 

CALL LDP [G2,HDGH,N,B,H2,Z,ZN0RE4,WLDP~1NDEXfII0DE) 
C 
C TRANSFORM BACK FSDR Z-COORDI NATES TO X-C309DINATES- 
C 

D3 6 0  J = 1 , N  
60 X (J) = Z  (J) +FLOAT ( P Q ( J )  ] 

C 
C  COHPUTE THE RESIDUALS. 
C 

R E S = Z N O R H  
67 F O X f l B T ( l X , I 8 , F 1 0 . 5 )  

C 
C COIIPUTE RELATIVE ESTIfiATZS OP X 
C 

x ( I )  =x ( I )  / (KSUE*UP1P) 
cc (arau)  = x  { I )  
PETUBB 
EN 3 

SUBRODTINE P I S S I I S  (NRgA1.H,R, Pi?,DSZEft)  
C 
C GENERATES P I E C E H f S Z  L I N E B E  R A N D O M  DEVIATES 
C S U B R O U T I N E  CALLED- S G U g  (PRO3 IMSL) 
C WR :SAMPL3 S I Z E  [INPUT) 
C A 1  : P O S I T I O N  OF THE K I N K  (INPUT) 
C H :LENGTH WHICH P I E C E O I S E  I S  TRIAWGLAR ( I N P U T )  
C DSEEZ) :SEED FOB G E N E R A T I N G  O N I F O R l I S  (INPUT) 
C PW :OUTPUT VECTOR CONTAINING PIECEWISE DEVIATES 
C R :OUTPUT VECTOR C O N T A I  N I  NG UNIFORM DEV IATES 

REAL + 4  B (1) ,PR (1 )  
REAL *8 DSEED 
I O P T =  1 
B = l , D / ( A l  + H/2.0) 
ABEA=Al *I3 
CALL GGDW (DSEED, NR, IOPT, 3) 
DO 1 I = l , B B  
IF (3[I) .LE, ABEA) GOT0 2 

CALCULATE PB (Z)=A1+H (1-SQRT ( ( I - R ( I )  / ( I - A R E A ) )  ) 

P H H = S Q R T (  (1 - a [I) ) / (1 - AREA) ) 
PWA=1 - PBEI 
P R t I )  = A 1  + H*PBH 
GOTO 1 

2 P# ( I )  = A  1 * (B (I) / A 8  EA) 



CONTINUE 
R E T U R N  
END 
SUBBOUTINE NCOS (NB, N , A 2 ,  R ,  FQ, D, DSEED) 

GENERATES GROUPED COSINE BANDOfl DZVIATES 
SUBROUTINE CALLED- CCUW (FROE IASL) 
PUNCFION USED- CCF 
N R  :SAPIPLE S I Z E  ( INPUT) 
N :NUHSER O F  CLASSES USED I N  G R O U P I N G  3ATA (XNPUT) 
A2 : COSINE DENSITY PARASETER ( I i iPUT)  
B :OUTPUT VECTOR CONTAINIG U N I P O R H  DEVIATES 
FQ :OUTPUT VXTOR CONTAINING PREQUZNCY COUNTS 
D : O U T P U T  VECTOR COMTAINING CLASS BOUNDARIES 
DSEED :SEED FOR GENERATING UNIFORW DZVIATES (INPUT) 

RZAL *4 R ( I )  , D ( I )  
REAL *8  DSEED 
I N T E G E R  *4 F Q ( 1 )  
I O P T =  1 
AW=A2*PLOAT (3) 
P = 3 , 1 4 1 5 9 2  
E=P/A N 
DO 2 J=l,N 
XX=H*PLOAT[J) 
D ( J )  = CDF(XX,A2)  
F Q t J )  =O 
CALL G G U W  {DSEED,NE , IOPT,R)  
N N = N - 1  
DO 3 1=1,m 
R E = R  (I) 
DO 4 J=I ,NW 
I F  [RN , GE. D (J f  ) GOT0 4 
F Q i J ) = F Q [ J )  + I 
G O T 0  3 
COWTINUE 
F Q ( U ) = P Q ( N )  + 1 
COMTINUE 
DO 5 J = 1 , N  
D [J) =B* FLOAT (3) 
BETUB N 
EN l) 
PDWCTION CDP(XX,A2) 
CI)F=[82*XX +SIN ( A 2 * X X )  ) /3.14 1592 
RZTU8 N 
EN D 

SUBROUTINE FRQCY (NB,IPOT,CI,N,Y ,PQ) 

GROUPS D A T A  INTO Il CLASSES 
B :PJUBBER I F  CLASSES [IWPUT) 
WB :SAMPLE S I Z E  (INPUT) 
CI :VECTOR CONTAINING CLASS B O U N D A R I E S  {IMPUT) 
P : R A N D O N  DEVIATES TO BE GROUPED ( INPUT)  



F Q  :OUTPUT VECTOR CONTAINING FREQUENCY COUNTS 

REAL *4 C I  ( 1 )  ,Y ( 1 )  
INTEGER *4 F Q  ( 1 )  
DO 1 I= l,M 

1 F Q ( I ) = O  
N N 2 = N  - I 
DO 3 1 = 1 , N R  
RN=Y [I) 
DO 4 J = l , N N 2  
I F  (RN . G E ,  C I  [J+1)  ) SOT0 4 
F Q ( J ) = F Q j J )  + 1 
S O T 0  3 

4 C O N T I N U E  
F Q ( H )  =FQ [3) + 1 

3 CONTIZJUE 
BETUBM 
END 
S U B R O U T I N E  CBUS (MR, M,AP, R,FQ,  D, DSEED) 

GENERATES GROUPED C O S I N E  RANDOR D E V I A T E S  
S U B E O U P I N E  C BLLED- CCUV (PROS I H S L )  
FffNCTIOM USED- CCP 
HE rSAPlPLE SIZE (INPUT) 
N :NU3NIBER OF C L A S S E S  USED I N  G R O U P I N G  DATA [ I N P U T )  
AP : C O S I N E  DENS ITP PARBHETEB ( IKPUT)  
R : 3UTPUT VECTOR C O E T A I N I G  ONIFOBM DEVIATES 
FQ : DUTPUT VECTOR CONTAINING PREQU ESCP COUNTS 
D :OUTPUT VECTOR *CONTAINING CLASS BOUNDARIES 
DSEZD : SEED FOR GENERBTI  NG UBIFORCI DEVIATES (INPUT) 

EZAL *Q B ( I )  , D ( 1 )  
REAL * 8  DSEED 
INTEGER *4 FQ ( 1 )  
I O P T = 1  
BN=AP+FLOAT (N) 
P=3,P4 1592 
H=P/AI  
D O  2 J = I , N  
XX=H*FLOAT (J) 
D I J )  = CCF{XX,AP)  

2 F Q ( J ) = O  
CALL GGUW (DSEED, NE,IOPT,R) 
BN=N-I 
DO 3 I=1,NR 
RM=B (I) 
D O  4 3 = 1 , N N  
I F ( R N  ,GE, D ( J ) )  GOTO 4 
F Q ( J ) = F Q { J )  + 1 
G O T 0  3 

4 CONTINUE 
F Q ( B ) = F Q [ N )  + 1 

3 C O N T I N U E  



DO 5 J=l,N 
D (3) =FI*FLOAT [J) 
RETURN 
EM D 
FUNCTION CCP(XX,AP) 
CCP=(AP*XX +SIN ( A P * X X )  to, I 2 w S I N  ( 2 * A P * X X )  ) f 3 . 1 4 1 5 9 2  
RETUBN 
Eli D 
S UBROUTINf PRINT (WSTAR, NBR,  NR) 

SETUP CONTROL FILE FOR DATA USED IN E U N N I N G  
P R O G g A B  TBANSECT, 
OUTPUT APPEARS ON OUTPUT PILE 8 
B S T B R  :TRONChTf 08 POINT Of DATA (INPUT) 
NRR : NUMBEB OF REPLICATES (INPUT) 
WR :SAHPLE SIZE (INPUT) 

REBL *4 PL(300) 
IHTEGER *4 P9S {300) 
DO 1 I=1 , N R R  
MS (I) = NR 
PL (I) =40,0 
WRITE(8,IO) 
F O R H A T  ( 1  *AMALYSIS OF EXABPLE PEOW SIBULATIOW**/**DISTANCE 

$MEASURED IN INCHES*', ' *LENGTH MEASURED IN INZRES*'~ 
$/, * A R E A  IS IN SQUARED IlJCHES*') 

R R I T E  (8,20) ( P L ( 1 )  ,I=1 ,!IRE) 
FORXAT (13 (F5,181H,) ,1X, 1fT$) 
HRITE[8,30) [ES (I) , 1 = 7 , t ? R R )  
POR3AT(13(16) ,lX,lt.I$) 
WEITE (8,40) WSTBR 
PORHBT ('*PEST8GRPD,NPOL*881Xf 5'5.1 ,/*2, *,/,**FSER*', 

$/, ~ ~ N O B * ~ )  
RETURN 
END 



B a r l o w ,  8. E. ,D. J. Bar tho lo tneu ,  J. B. Bremner ,  a n d  R. D. Brunk.  
1972 ,  S t a t i s t i c a l  I n f e r e n c e  u n d e r  O r d e r  Restgicti  ons. J o h n  
Wiley & S o n s ,  N e w  P o r k ,  N , Y ,  3 8 8  pp, 

Burnham, K. P. a n d  1). R, Anderson ,  1976, B a t h e m a t i c a l  Mode l s  f o r  
N o n p a r a m e t r i c  I n f e r e n c e s  from T r a n s e c t  Data. Biometries 
3212L: 325-336,  - 
------- ------ 

8 , a a d  J - L ,  L a a k e .  1980. E s t i m a t i o n  o f  Density 
f r o m  t h e  L i n e  T r a n s e c t  s a m p l i n g  o f  B i o l o g i c a l  P o p u l a t i o n s .  
R i l d l i f e  Yonograph go, 12% ---- ---- 

C r a i n ,  D . R .  1964,  E s t i m a t i o n  of ~ i s t r i b u t i o n  u s i n g  o r t h o g o n a l  
E x p a n s i o n .  Ann, S t a t i s t ,  2132:454-463. 

E b e r h a r d t ,  L.L. 1 9 7 8 a ,  T r a n s e c t  B e t h o d s  f o r  P o p u l a t i o n  S t u d i e s .  
W i l d l .  [ ? a n w e ,  42-111: 1-31. A% ------ - -- 

E f r o n ,  B, 1979 ,  B o o t s t r a p  H e t h o d s ,  A n o t h e r  Look a t  t h e  
J a c k k n i f e .  B n n a f s  of SQzistics 2, 1-26, 

----- 198 1, N o n p a r a r n e t r i c  S t a n d a r d  Errors a n d  C o n f i d e n c e  
I n t e r v a  1s. gfje C a n a d j a n  JournaJ 25 Sta t i s t i c s  9_12L: p  139- 172, 

G a t e s ,  C,E, 1979,  S i m u l a t i o n  S t u d y  o f  E s t i m a t o r s  f o r  t h e  Line 
T r a n s e c t  S a m p l i n g  B e t  hod, B i o m e t r i z s  25122: 3 17-3 28. 

------- ,W. EI, . H a r s h a l l ,  a n d  D.P, O l s o n ,  1968, L i n e  T r a n s e c t  
E e t h o d  of E s t i m a t i n g  G r o u s e  P o p u l a t i o n  D e n s i t i e s .  B o i a e t r i c ~  
2 4 1 3 :  135- 1 4  5. - 
Golub ,  G,H a n d  H.A, S a u n d e r s ,  1970,  L i n e a r  L e a s t  S q u a r e s  a n d  
Q u a d r a t i c  Programming,  Inteqeg 2nd g_onl ine_ar  ~goqramminJ& 
W o r t h - H o l l a n d  P u b l ,  Co , ,  Amsterdam, J , A b a d i e  ( e d ) .  p 2 2 9  - 256. 

Kronmal ,  J.L. a n d  PI. T a r t e r ,  1968 ,  The E s t i m a t i o n  o f  
P r o b a b i l i t y  D e n s i t i e s  a n d  C u m u l a t i v e s  b y  t h e  F o u r i e r  S e r i e s  
flet hod, J, A m e r ,  S & a t i s t ,  A s s .  63 13) : 925-952- 

L a a k e ,  J ,L, ,  K.P. Burnham, K.P. a n d  D , R ,  Anderson.  1997,  User's 
B a n u a l  for  P r o g r a m  TRARSECT-Utah, S t  Univ ,  P r e s s ,  Logan,  U t a h -  ----- - -- - ------- 
2 6  PP- 

Lauson ,  C.L, a n d  R.J. Hanson, 197Y, Solving L e a s t  S q u a r e s  
P r o b l e m s .  P r e n t i c e - B a l l , I n c , ,  E n g l e v o o d  C l i f f s ,  N, J, ----- 
4OOpp- 

Elosteller, P, a n d  J.B. Tukey,  - 1977, D a t a  A n a l y s i s  
E e q r e s s i o n .  Addison-Wes ley  P u b l ,  Co,, i n c . ,  
London, 5 8 8 p p  



P o l l a c k ,  K , H .  1978, B F a m i l y  of D e n s i t y  E s t i m a t o r s  f o r  L i n e  
T r a n s e c t .  Biometries 3 W 3 )  : 475-478. 

Bao, C,R, 1973, Linear S t a t i s t i c a l  I n f e r e n c e  i& 
A p p l i c a t i o g , s ,  J o h n  Riley & S o n s , i n c , ,  N e w  York,N,Y. 625 p p -  

Rockaf e l l a r ,  R ,  T, 1970. Conqex A n a l y s i s  , P r i n c e t o n ,  
N.J. P r i n c e t o n  ~ n i v ,  Press, 452pp. 

Seber ,  G , A , F .  1973, E s t i m a t i g q  of Bqimal  Abundaqce  
H a f n e r  P u b l ,  C o , , i n c , ,  N e w  York, N.W, 596 pp, 

Sen ,  A,R., J ,  T o u r i g n y ,  a n d  G. E. Smi th ,  1974. On the L i n e  
T ~ a n s e c t  S a m p l i n g  Bet hod. B i o m e t r i c ~  X l i 3 L :  329-34!'), 

T a p i a ,  E?. A , ,  a n d  J . R ,  Thoapson.  1978, l??~arametric P r o b a b i l i t y  
D e n s i t 1  pg&ga_t&%, The J o h n  H o p k i n s  Press, B a l t i m o r e ,  
Md. 176 pp, 

T a r t e r ,  K. E,, and 3 - B ,  Kronmal. 1976. An I n t r o d u c t i o n  to the 
I m p l e m e n t  a t i o n  a n d  Theory of N o n p a r a m e t r i c  Density 
E s t i m a t i o n ,  Amer, S t a t i s t _  , 3 0  (81: 105-1 12, 

Wegman, E , J ,  1972a- Nonparametric P r o b a b i l i t y  Density 
E s t i m a t i o n :  Summary o f  A v a i l a b l e  ~e t h o d s ,  - T e c h n o m e t r i c s  
1Yl3J: 533-546, - 
------ , 1972b.  onp parametric P r o b a b i l i t y  D e n s i t y  e s t i m a t i o n :  A 
C o ~ p a r i s o n  o f  D e n s i t y  E s t i m a t i o n  ~ e t h o d s ,  J, Comp. Sirnul, 1 
: 225-245, 




