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- i i i  - 

The v-acuum s t r u c t w e  o f  Quantum Chromodynamics (QCD) is  p r o b e d  by com- 

p u t l n g  t h e  o n e - l o o p  e f f p c t i v e  a c t i o n ,  u s i n g  t h e  b a c k g r o u n d  f i e l d  t e c h n i q u e .  

T h i s  i s  d o n e  i n  s e v e r a l  c i r c u m s t a n c e s  a t  f i n i t e ,  as  well as z e r o ,  t e m p e r a -  

t u r e .  3 ,  - - .$ : , - ' 3- 

A s u p e r s y m m e t ~ i c  g e n e r a l i z a t i o n  o f  QCD is c o n s i d e r e d  w i t h  t h e  

c o v a r i a n t  ly -constant- b a c k g r o u n d  "magne t i c "  f i e l d  A n s a t z  f o r  t h e  g a u g e  g r o u p s  
-- 

S U ( 2 ) ,  S U ( 3 ) ,  and  SU,($). Such a c o n f i g u r a t i o n  is s e e n  t o  b e  less a s y m p t o t i -  

c a l l y  f r e e  than '  t h e  non- supe r symmet rPc  c a s e .  f u r t h e r ,  w h i l e  t h e r e  i s  some 

p a r t i a l  c a n c e l l a t i o n  o f  quantum c o r r e c t i o n s  w i t h i n  t h e  v e c t o r  m u l t i p l e t ,  

t h e r e  i s  none  i n  a  c h i r a l  m u l t i p l e t .  Moreove r ,  t h e r e  is no  c a n c e l l a t i o n  B f  

t h e  n e q a t i v e  e i q e n v a l u e s  a r i s i n g  i n  t h e  g a u g e - f i e l d  f l u c t u a t i o n  s p e c t r u m .  
V 

The c o m p l e t e  c a n c e l l a t i o n  o f  quantum c o r r e c t i o n s  f o u n d  i n  some m o d e l s  is 
i 

s e e n  n o t  t o  b e  a  g e n e r a l  f e a t u r e  of s u p e r s p e t r y .  

The e x t e n s i o n  t o  f i n i t e  t e m p e r a t u r e  is n o t  s t r a i g h t f o r w a r d  b e c a u s e  o f  

t h e  u n s t a b l e  gauge - f  i e l d  modes ,  c o r r e s p o n d i n q  t o  n e g a t i v e  e i g e n v a l u e s .  

f P r e v i o u s  a u t h o r s  h a v e  e t h e r  i g n o r e d  t h e s e  modes,  o r  t r e a t e d  them i n  a way 

wh ich  is n o t  v e r y  m e a n i n g f u l .  Here, two r a t h e r  d i f f e r e n t  a p p r o x i m a t i o n s  a r e  

u s e d  t o  t a k e  them i n t o  a c c o u n t .  Only  t h e  SU(2)  case i s  c o n s i d e r e d .  

I n  t h e  f i r s t  case, a  f i n i t e - t e m p e r a t u r e  A n s a t z  is c o n s t r u c t e d  f o r  

e x c i t i n g  t h e  u n s t a b l e  modes.  T h e s e  modes  a r e  t r e a t e d  s e m i - c l a s s i c a l l y  

t h r o u g h  u s e  o f  t h e  r u n n i n g  c o u p l i n g  c o n s t a n t .  It is s e e n  t h a t  t h i s  s y s t e m  

u n d e r g o e s  a  f i r s t - o f d e r  p h a s e  t r a n s i t i o n  t o  a  s t a t e  o f  z e r o  " m a g n e t i c "  

f  l e l d .  



The  s e c o n d  a p p r o a c h  t a k e s  t h e  u n s t a b l e  modes i n t o  a c c o u n t  by g o i n g  

beyond o n e  l o o p .  An " a l l  o r d e r s "  c o n t r i b u t i o n  f rom t h e  u n s t a b l e  modes i s  

i n c l u d e d ,  n e g l e c t i n g  c r o s s  terms be tween  t h e  d i f f e r e n t  g a u g e - i n v a r i a n t  

s u b s e t s .  ( F l o r y  h a s  shown t h a t ,  a t  z e r o  t e m p e r a t u r e ,  t h i s  d o e s  n o t  c h a n g e  

t h e  r e n o r m a l i z e d  e x p r e s s i o n  f o r  t h e  real  p a r t  o f  t h e  e f f e c t i v e  a c t i o n ,  and  

g i v e s  n o  . imag ina ry  p a r t  .) F i r s t ,  a n  a l t e r n a t i v e  d e r i v a t i o n  o f  F l o r y  ' s  

r e s u l t  is p r e s e n t e d .  Second ,  a f i n i t e  t e m p e r a t u r e  c a l c u l a t i o n  is made. I n  

t h i s  case, t h e  p h a s e  t r a n s i t i o n  t o  z e r o  f i e l d  i s  s e e n  t o  b e  s e c o n d  o r d e r .  

- F i n a l l y ,  t h e  f i n i t e - t e m p e r a t u r e  e f f e c t s  o f  f e r m i o n s  a r e  c o n s i d e r e d .  As 

t h e  t e m p e r a t u r e  is !nc reased  f r o m  z e r o ,  fe r rn ion  f l u c t u a t i o n s  I n i t i a l l y  

i n c r e a s e  t h e  s t a b i l i t y  o f  t h e  s y s t e m .  E v e n t u a l l y  t h i s  t r e n d  i s  r e v e r s e d ,  

b u t  t h e  p h a s e  t r a n s i t i o n  o c c u r s  a t  a  h i g h e r  t e m p e r a t u r e  t h a n  i n  t h e  p u r e  

q a u g e  f i e l d  c a s e .  It is shown t h a t  t h i s  b e h a v i o r  i,s d u e  t o  t h e  e x i s t e n c e  o f  

z e r o - e n e r q y  modes i n  t h e  f e r rn ion  s p e c t r u m .  
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CHAPTER 1 

Introduction 

Quantum ch romodynamics  (QCD) is w i d e l y  c o n s  i d e r e d  t o  p r o v i d e  t t i e  coi-r ect - 
,.- - - -  

d e s c r i p t i o n  o f  t h e  s t r o n g  i n t e r a c t  i o n .    ow ever, t h e  s t r e n g t h  o f  tb,e !ntstr- 

a c t i o n  a n d  i ts  n o n - l i n e a r i t y  make t h e , t h e o r y  d i f f i c d ' l t  t o  ' u n r a v e l .  P e r t u r b a -  

t i o n  t h e o r y  is u s e f u l  o n l y  a t  h i g h  e n e r  i es  where  t h e  i n t e r x t i o n  becomes 7 
s u f f i c i e n t l y  weak ( t h k  r e g i m e  o f  a s y m p t o t i c  f r e e d o m ) .  Moreover ,  t h e  bound-  

', 

s t a t e  p rob lem is c o m p l e t e l y  u n s o l v e d .  

A s s o c i a t e d  w i t h  t h e  b o u n d - s t a t e  p rob lem is a  who le  c o n s t e l l a t l o n  o f  , 

p u z z l e s  c 271 p r i s i n g  t h e  s t r u c t u r e  of  t h e  vacuum, c o l o r  c o n f i n e m e n t ,  c h l r a l -  s 

symmetry b reakdown ,  a n d  h a d r o n i z a t i q n  - t h e  f o r m a t i o n  o f  c o l o r - s i n g l e t  bound 

s t a t e s .  T h i s  t h e s i s  r e p o r t s  o n  somk i n v e s t i g a t i o n s  i n t o  t h e  f l r s t  b f - t h e s e ,  
1 '> 

t h e  vacuum s t r u c t u r e  o f  QCD. 

The QCD vacuum is c e r t a i n l y  u n u s u a l ,  b e i n g  o p a q u e  t o  t h e  p r o p a g a t i o n  o f  

c o l o r e d  p a r t i c l e s .  Quarks a n d  g l u o n s  a r e  c o n f i n e d  t o  h a d r o n s ,  which  may b e  

- ,. 
t h o u g h t  o f  a s  b u b b l e s  o f  ,a m e t a s t a b l e  ( e x c e p t ,  p e r h a p s ,  f o r  t h e  p r o t o n )  s t a t e  

w f t h i n  which  q u a r k s  a n d  g l u o n s  c a n  p r o p a g a t e . .  T h i s  s t a t e  is o f t e n  r e f e r r e d  

t o  a s  t h e  " p e r t u r b a t i v e  vacuum." The t r u e  vacuum metimes c a l l e d  

" n o n p e r t u r b a t  i v e  ." 
The-vacuum s t r u c t u r e  o f  QCD . h a s  drawn t h e  a t t e n t i o n  o f  many r e s e d r c h e r s  

f o l l o w i n g  v a r i o u s  l i n e s  o f  a p p r o a c h .  We s h a l l  n o t  a t t e m p t  a r e v i e w ,  b u t  
P 

r e f e r  t h e  r e a d e r  t o  t h e  r e c e n t  a r t i c l e  by S h u r y a k  [ I ] .  The a p p r o a c h  we s h a l l  

f o l l o w  h e r e  employs  t h e  b a c k g r o u n d  f i e l d  t echn ' ique .  T h i s  i n v o l v e s  c o n s t r u c t -  

i n g  a  s i m p l e  model  f o r  t h e  vacuum ( t h e  b a c k g r o u n d  f i e l d  c o n P i g u r $ t i o n ) ,  pnd 
t 

,k'x 

$ 

c o m p u t i n g  t h e  e f f e c t s  o f  quan tum f l u c t u a t i o n s  a b o u t  t h i s  s t a te .  A n i c e  " 



P 

f e d t t l r f :  o f  t h i s  d p p r o d c h  is t h a t  i t  is n o n p e r t u r b a t i v e  i n  t h e  b a c k g r o u n d  

f t e l d ,  s o  t h d t  s t r o n g  f i k l d s  dre h a n d l e d  
! 

a s  e a s i l y  a s  weak o n e s .  

T h e  b a c k g r o u n d  f i e l d  t e c h n i q u e  o r i g  

[ ? I .  He u s e d  i t , t o  compute .  t h e  o n e - l o o p  

h a c k q r o u n d  e l e c t r o m d q n e t i c  f i e l d . '  ( T h i s  was  d r e d e r i v a t i o n  o f  t h e  r e s u l t  o f  - 

i n a t e s  w i t h  t h e  w o r k  of S c h w i n g e r  

e f f e c t i v e  ~ c t i o n  f o r  a c o n s t a n t  

H e i s e n b e r q  d n d  E u l e r  [ 3 ] ,  w h i c h  h a 8  b e e n  o b t d i n e d  by o t h e r  m e t h o d s  a n d  a  

somewhat  d i f f e r e n t  p o i n t  o f  v i e w . )  S c h w i n q e r ' s  f o r m a l i s m  was  e x t e n d e d  t o  

I n c l u d e  n o n - A b e l  i a n  g a u g e  t h e o r i e s  by  h f f  d n d  R-am6n-Medrano [ 4 ] .  

I n  n o n - A b e l i a n  g a v g e  t h e o r i e s  t h e r e  dre t w o  g a u g e - i n e q u i v a l e n t  wdys  t o  

c o n s t r u c t  a  c o v a r i a n t l y  c o n s t a n t  f i e l d  s t r e n g t h  [ 5 ] ,  w h i c h  we c a n  r e f e r  t o  a s  

t h e  a b e l i a n  a n d  n o n - A b e l i a n  cdses. The  f i e l d  s t r e n g t h  is 
,- Y 

d a  
w h e r e  we h a v e  e m p l o y e d  m a t r i x  n o t d t i o n :  A ( x )  = A ( x ) T ~ ,  d n d  T dre t h e  

U U 
a  

q r o u p  q e n e r d t o r s .  I n  t h e  A b e l i a n  c a s e ,  A ( x )  is l i n e a r  i n  x  a n d  n o n z e r o  v 
o n l y  f o r  a  s u b s e t  o f  t h e  a ' s  c o r r e s p o n d i n g  t o  m u t u a l l y  c o m m u t i n g  g e n e r a t o r s  

fh 
( r l e n e r a t o r s  o f  t h e  C a r t a n  s u b a l q e b r a ) .  , O n l y  t h e  d e r i v d t  i v e  terms c o n t r i b u t e  

9 

i n  ( 1 . 1 ) .  I n  t h e  n o n - A b e l i a n  c a s e ,  t h e  v e c t o r  p o t e n t i a l  is  no"-commuting b u t  

c o n s t d n t ,  s o  t h a t  o n l y  t h e  c o m m u t a t o r  i n  ( 1 . 1 )  c o n t r i b u t e s .  

O u r  w o r k  i s - c o n c e r n e d  w i t h  t h e  A b e l i a n  c a s e .  ( S e e  [ 5 1  f o r  a n  i n t r o d u c -  

t i o n  t o  t h e  n o n - A b e l i a n  c a s e . )  The v e c t o r  p o t e n t i a l  h a s  t h e  f o r m  

- 
a  

w h e r e  F i s  n o n z e r o  d n d  c o n s t d n t  i n  t h e  C d r t d n  d i r e c t i m s  o n l y .  The f i r s t  
LJV 

a p p l i c a t i o n  o f  t h e  b a c k g r o u n d  f i e l d  t e c h n i q u e  t o  t h i s  cdse was  by B a t a i i n ,  

Mat i n y a n ,  a n d  S a v v i d y  [ 6 ]  a n d  S a v v i d y  [71.  ( A l s o  see [81. ) They c o m p u t e d  

, t h e  o n e - l o o p  c o r r e c t i o n s  t o  t h e  vacuum e n e r g y  d e n s i t y  f o r  a p u r e  



( g a u g e  f i e l d s  o n l y )  SU(2 g a u g e  t h e o r y .  1h.e re1Tormd1 i i e d  e x p r e s s i o n  F o r  d 

3 
c o n s t a n t  " m a g n e t i c 1 '  . f i e l d  (FI2 = H) is  

w h e r e  p i s  t h e  r e n o r m a l i z a t i o n  p o i n t  a n d  1 1 2  i-I2 i s  t h e  c l a s s i c a l  r n e r q y  

d e n s i t y .  We s h a l l  r e f e r  t o  a  c o n s t a n t  b a c k g r o u n d  " m d q n e t i c "  f i e l d  a s  a  

S a v v i d y  s t a t e .  ( T h e  l o g a r i t h m i c  c o r r e c t i o n  term i n  ( 1 . 3 )  h d d  b c w l  c o m p u t v d  

by  V a n y a s h i n  a n d  T e r e n t e v  i n  1 9 6 5 ,  b u t  i n  a  ~ 0 m e w h d t  d i f f e r e n t  c o n t e x t  [ Y  1.  

They c o n s i d e r e d  t h e  c h a n q e  i n  t h e  L a g r a n g i d n  o f  a  c o n s t d n t  e l e c t r o m d q r l c t i c  

f i e l d  d u e  t o  t h e  vacuum p s l a r i z d t i o n  o f  a  c h a r g e d  m d s s i v e  v e c t o r  f i e l d . )  

The i m p o r t a n t  f e a t u r e  o f  ( 1 . 3 )  i s  t h e  minimum a t  

w h i c h  i n d i c z t e s  a n o n - t r i v i a l  vacuum s t r u c t u r e .  (Of c o u r s e ,  t h e  s t d t e  

3 
F12 = H is n e i t h e r  g a u g e  n o r  L o r e n t z  i n v a r i a n t .  However ,  we may- t h i n k  o f  i t  

a s  a b a s i s  f o r  a  m o r e  c o m p l i c a t e d  vdcuum s t r u c t u r e ;  i . e .  we c a n  c o n s i d e r  t h e  

vacuum t o  b e  a  q a u q e  a n d  L o r e n t z  i r w d r i a n t  l i n e d r  c o m b l n d t i o n  o f  s u c h  

s t a t e s . )  The  i n t e r e s t i n g  b e h a v i o r  s e e n  i n  ( 1 . 4 )  r e m a i n s  q u a l i t d t i v e l y  v d l l d  

b e y o n d  o n e  l o o p ,  p r o v i d e d  t h e  $ - f u n c t i o n  g o e s  t o  i n f i n i t y  s u f f i c i e n t l y  f d s t  

f o r  s t r o n g  c o u p l i n g  [ 7 , 1 0 ] .  I n  QCD i t  i s  . d i f f i c u l t  t o  c h e c k  w h e t h e r  t h i s  

c o n d i t i o n  i s  s a t i s f i e d .  I n  t h i s  t h e s i s  we s h a l l  make t h e  d s s u m p t l o n  t h a t  i t  

i s .  
. . 

A s  i t  t u r n s  o u t ,  ( 1 . 3 )  i s  n o t  t h e  w h o l e  s t o r y .  N i e l s e n  d n d  O l e s e n  [ I 1  1 

f o u n d ,  t h r o u g h  a  m o r e  c a r e f u l  t r e a t m e n t  o f  t h e  c o n t o u r  i n t e q r d l s  I n v o l v e d  111 

i t s  e v a l u a t i o n ,  t h a t  t h e  v a c u u n  e n e r g y  d e n s i t y  a l s o  c o n t a i n s  a n  imdqi r ld ry  

( g W 2  
p a r t ,  - 8,, . T h i s  i m p l i e s  t h a t  a.cot+s,tdnt " m d g n e t i c "  f i e l d  is  u n s t d h l e .  

"! 



I 

( T h i s  is  t r u e  i n  t h e  n o n - A b e l i a n  c a s e  a s  well [ 1 2 ] . )  T h e  e i g e n v a l u e s  o f  t h e  

SU(Z) q a u q e - f i e l d  f l u c t u a t i o n  o p e r a t o r  a r e  

A = (ZN+l+S)gH + k32 + kr2 , ( 1  - 5 )  
4 

w h e r e  S = '2, N = O i l ,  2 ,  . . . , a n d  k 3  a n d  k, a r e  p l a n e - w a v e  e ' i g e n v d l u e s .  F o r  

N = 0 ,  5 = -2 ,  a n d  k 3 2  + k b 2  < qH, A i s  n e q a t i v e .  T h i s  is  t h e  s o u r c e  o f  t h e  

i m a q i n a r y  p a r t .  

F o r  a - c o n s t a n t  " e l e c t r i c "  f i e l d ,  t h e  e n e r q y - d e n s i t y  a l s o  a c q u i r e s  a n  

i m q i n a r y  p a r t ,  ( g ~ ) ~ / 9 6 ~ ,  w h i c h  imp1 ies a  s t r o n g  i n s t a b i l i t y .  H o w e v e r ,  
0 

u n l i k e  t h e  c a s e  o f  t h e  c o n s t a n t  " m a g n e t i c "  f i e l d ,  t h i s  is  a n a l o g o u s  t o  t h e  

s i t u a t i o n  i n  QED, w h e r e  a  c o n s t a n t  e l ec t r i c  f i e l d  is u n s t a b l e  t o  t h e  c r e a t i o n  

o f  e l e c t r o n - p o s i t r o n  p a i r s .  

S o  we see t h a t ,  i n  g e n e r a l ,  c o n s t a n t  f i e l d s  a r e  u n s t a b l e .  I n  f a c t ,  

\\ 
c o n s t a n t  f i e l d s  a re  s t a b l e  o n l y  i f  t h e y  a r e  s e l f - d u a l  o r  a n t i - s e l ? - d u a l  ( a n d ,  

h e n c e ,  A b e l  i a n )  i n  E u c l  i d e m  s p a c e  [ 1 2 ] .  A1  t h o u g h  we h a v e  d o n e  s o m e  w o r k  o n  

t h e  s e l f - d u d l  c a s e ,  i t  l i e s  o u t s i d e  t h e  m a i n  d e v e l o p m e n t  o f  t h i s  t h e s i s .  A 
I 

4 
b r l e f  summary o f  t h e  r e l e v a n t  f e a t u r e s  o f  t h e  s e l f - d u a l  e f f e c t i v e  a c t i o n  i s  

q i v e n  i n  A p p e n d i x  F .  

The  d y n a m i c s  o f  t h e  u n s t a b l e  m o d e s ,  c o r r e s p o n d i n g  t o  t h e  n e g a t i v e  

~ i q e n v a l u e s  p r e s e n t  i n  ( l . 5 ) ,  w e r e  d e v e l o p e d  by N i e l s e n  a n d  O l e s e n  [ I 3 1  a n d  

h b . f + r r ~ ,  N i e l s e n ,  a n d  O l e s e n  [ 1 4 ] .  They  showed t h a t  t h e s e  m o d e s  b e h a v e  a s  a 

(1 + l  ) - d i m e n s i o n a l  H i q g s  m o d e l .  However, ,  t h e s e  a u t h o r s  d i d  n o t  e x p l i c i t l y  

c o n s i d e r  how t o  e x c i t e  t h e  u n s t a b l e  modes  i n  o r d e r  t o  g i v e  a l o w e r i n g  o f  t h e  

1 
c n e r q y  d e n s  i  t y  o f  t h e  vacuum A n s a t z .  

T h e  c r u c i a l  o b s e r v d t i o n  a b o u t  t h e  i n s t a b i l i t y  is t h a t  i t , o c c u r s  f o r  
Q 

m a 1  1 momenta ( k 3 2 ,  + k b 2  < q H ) .  I t  i s  a  l a r g e - d i s t a n c e  phenomenon .  T h i s  

s u g g e s t s  t h a t  i t  c a n  b e  r e m o v e d  by  c u t t i n g  s p a c e  i n t o  d o m a i n s  w i t h  l i n e a r  

sizes not e x c e e d i n g  some c r i t i c d l  d i s t a n c e  ( o f  o r d e r  I / V ' ~ ) .  



H i e l s e n  a n d  N i n o m i y a  [ I 5 1  h a v e  p u t  f o r w a r d  a  s p e c i f i c  -- A n s a t z  f o r  t x c i t -  

i n g  t h e  u n s t a b l e  mode3.  The s t a t e  a r r i v e d  a t  t h i s  way, when a d d e d  t o  thcx 

o r i g i n a l  A n s a t z  ( 1 . 2 ) ,  p r o v i d e s  a  new c l d s s i c d l  c o n f i q u r d t i o n .  W i t h i n - d  

s e m i - c l a s s i c a l  a p p r o x i m a t i o n ,  t h e y  show t h a t  t h i s  new s t a t e  h a s  d lowc3r 

e n e r g y  d e n s i t y  t h a n  t h e  S a v v i d y  s t a t e .  I t  c o n s i s t s  o f  ,domdir \s  o f -  f l u x  t u b e s  

1 
, i n  t h e  x  -x2  p l a n e  w i t h  a r e a  Zr/qH. The s t r u c t u r e  i s  simildr t o  t h e  l d t t i c c  

o f  v o r t i c e s  o c c c u r i n g  i n  t y p e  I1 s u p e r c o n d u c t o r s .  

Ni ' e l sen  a n d  O l e s e n  [ I61  s h o w e d  t h a t  . t h e s e  d o m a i n s  a r e  n o t  st  rorrg 1 y  

f i x e d .  Quantum f l u c t u a t i o n s  c d u s e  t h e  f l u x  t u b e s  t o  v i b r d t e ,  g i v i n g  them 

\. 
flus-2properties'. I n  a  l i q u i d ,  i t  is  p o s s i b l e  t o  h a v e  d l o c a l  c r y s t a l  s t r c r c -  

* 

t u r e  w h i c h  i s  n o t  p r e s e n t  g l o b a l l y .  R o t a t i o n a l  i n v a r i a n c e  i s  a c h i e v e d  by 

, t u n n e l i n g  b e t w e e n  l o c a l  s t r u c t u r e s ,  a n d  t h i s  f u r t h e r  l o w e r s  t h e  e n e r q y  

d e n s i t y .  Gauqe  i n v a r i a n c e  i s  a t t a i n e d  i n  a  s i m i l a r  f a s h i o n .  The r e s u l t i r r q  

s t a t e  i s  d d i s o r d e r e d  " s p a g h e t t i "  vacuum.  ( T h i s  s t a t e  i s  f u r t h e r  e x p l o r e d  by 
- 

AmbjOrn a n d  O l e s e n  [ 1 7 , 1 8 1 . )  

An a l t e r n a t i v e  t r e a t m e n t  o f  t h e  u n s t a b l e  m o d e s  h a s  b e e n  q i v e n  by F l o r y  

[ 1 9 ] .  He s h o w e d  t h a t  a  c o m p l e t e l y  r e a l  e n e r g y  d e n s i t y  c d n  b e  a c h i e v e d  by 

i n c l u d i n g  t h e  q u a r t i c  terms i n  t h e  a c t i o n  f o r  t h e s e '  m o d e s .  He L r r d t e d  t h e  

s t a b l e  modes  t o  o n e - l o o p  o r d e r  i n  t h e  u s u a l  way,  b u t  c o m p u t e d  t h e  c o n t r i b u -  

t i o n  f r o m  t h e  u n s t a b l e  m o d e s  t o  " a l l  o r d e r s "  ( n e q l e c t i n q  c r o s s  terms b e t w e e n  

t h e  d i f f e r e n t  g a u g e - i n v a r i a n t  s u b s e t s ) .  I t  Is  i n t e r e s t i n g  t h a t  t h e  e n a r q y  

d e n s i t y  c a l c u l a t e d  t h i s  way a g r e e s  w i t h  t h e  r e a l  p a r t  o f  p r e v i o u s  c o m p u t d -  

t i o n s ,  ( 1 . 3 ) .  

Much less  work h a s  b e e n  d o n e  o n  t h e  S a v v i d y  s t d t k  a t  f i n i t e  t e m p e r d t u r e .  

T h i s  is  a n  e s p e c i a l l y  i m p o r t a n t  t o p i c  i n  t h e  c o n t e x t  o f  t h e  c o n f i n e m e n t -  

d e c o n f i n e m e n t  t r a n s i t i o n .  One e x p e c t s  t o  see t h i s  m a n i f e s t e d  a s  d p h d s e  



t w o  

c o n s  

They 

z e r o  

t r d n s i t i o n  f r o m  a  n o n - t r i v i a l  t o  a  t r i v i a l  ( n o  f i e l d s )  e n e r g y  minimum. I n  

publications [ 2 0 , 2 1 ] ,  t h e  a u t h o r s  s i m p l y  o m i t t e d  t h e  u n s t a b l e  m o d e s  f r o m  

i d e r a t i o n  a n d  c a l c u l a t e d  t h e  f r e e - e n e r g y  d e n s i t y  o f  t h e  s t a b l e  m o d e s .  

c o n c l  uded  t h ' a t  t h e  s y s t e m  wi 11 u n d e r g o  a f i  r s t - o r d e i  p h a s e  t r a n s i t i o n  t o  

f i e l d .  ( T h i s  a p p r o a c h  was a l s o  f o l l o w e d  by C h a k r a b a r t i  [ 2 2 ]  a n d  R e u t e r  

a n d  D i t t r i c h  [23 ] ,  who c o n s i d e r e d  t h e  e f f e c t s  o f  f i n i t e  t e m p e r a t u r e  a n d  a n  

e x t e r n a l  m a g n e t i c  f j e l d  o n  a s p o n t a n e o u s l y  b r o k e n  g a u q e  t h e o r y . )  A u t h o r s  o f  

two o t h e r s  

c o m p l e x  c o  

p a r t  o f  t h  

d o i n g  t h i s  

w i t h  

p a p e r s  [ 2 4 , 2 5 ]  p o i n t e d  o u t  t h a t  t h e  n e q a t i v e  e i g e n v a l u e s  g i v e  a  
Y .  

~ h t r i b u t i o n  a t  f i n i t e  t e m p e r a t u r e ,  a n d  t h e y  a r g u e d  t h a t  t h e  real  

i s  s h o u l d  a l s o  b e  i n c l u d e d  i n  t h e  f r e e - e n e r g y  d e n s i t y .  However ,  

g i v e s  n o  p h a s e  t r a n s i t i o n  a t  a l l .  I n  a d d i t i o n ,  t h e  i m a g i n a r y  p a r t  

t e m p e r a t u r e .  It s e e m s  t h a t  n o t h i n g  c a n  b e  c o n c l u d e d  f r o m  t h i s .  

(We a l s o  p o i n t  o u t  t h a t  f e r m i o n s  were n o t  i n c l u d e d  i n  a n y  o f  t h e s e  c a l c u l a -  

t i o n s  . )  

T h e  p u r p o s e  o f  t h i s  t h e s i s  i s  t o ' m a k e  some f u r t h e r  i n r o a d s  i n t o  t h e  

p r o b l e m  o f  t h e  vacuum s t r u c t u r e  o f  WD, p a r t i c u l a r l y  a t  f i n i t e  t e m p e r a t u r e ,  

by c o m p u t i n g  t h e  f r e e - e n e r g y  d e n s i t y  i n  s e v e r a l  c i r c u m s t a n c e s .  We b e g i n ,  i n  

C h a p t e r  2 ,  w i t h  a  s e l f - c o n t a i n e d  e x p o s i t i o n  o f  t h e  e f f e c t i v e  a c t i o n  

f o r m a l i s m .  We t h e n  a p p l y  t h i s  f o r m a l i s m  t o  a  s u p e r s y m m e t r i c  g e n e r a l i z a t i o n  

o f  t h e  S a v v i d y  s t a t e  i n  C h a p t e r  3. We c o n s i d e r  s u p e r s y m m e t r y  a t  z e r o  t e m p e r -  

a t u r e  o n l y ,  a n d  t redt  t h e  g a u g e  g r o u p s  S U ( 2 ) ,  S U ( 3 ) ,  a n d  S U ( 4 ) .  

The c e n t r a l  p a r t  o f  t h i s  t h e s i - s ' i s  c o n t a i n d  i n  C h a p t e r s  4-6, w h e r e  t h e  

e f f e c t s  o f  f i n i t e  t e m p e r a t u r e  a r e  c o n s i d e r e d .  The e m p h a s i s  i n  C h a p t e r s  4  a n d  

5  is o n  a  more r i g o r o u s  t r e a t m e n t  o f  t h e  u n s t a b l e  m o d e s .  I n  C h a p t e r  4 we 

c o n s t r u c t  a  f i n i t e - t e m p e r a t u r e  A n s a t z  f o r  e x c i t i n g  t h e  u n s t a b l e  m o d e s ,  a l o n g  
i 

t h e  l i n e s  o f  N i e l s e n  arid N i n o m i y a .  T h i s  is t h e n  u s e d  t o  c a l c u l a t e  t h e  



f r e e - e n e r g y  d e n s i t y .  I n  C h a p t e r  5 we e x t e n d  F l o r y ' s  t r e a t m e n t  o f  t he  

u n s t a b l e  m o d e s  t o  t h e  f i n i t e - t e r n p e r h u r e  c a s e .  F i n a l l y ,  t h e  f i n i t e -  

t e m p e r a t u r e  e f fec t s  o f  f e r m i o n s  a r e  c o n s i d e r e d  i n  C h a p t e r  6 .  We c o n c l u d e  

w i t h  a  b r i e f  summary a n d  s o m e  c o n c l u s i o n s  i n  C h a p t e r  7 .  



CHAPTER 2 

The Ef fect ive  Action 

The p r i n c i p a l  t o o l  u s e d  f o r  t h e  i n v e s t i g a t i o n s  r e p o r t e d  i n  t h i s  t h e s i s  

i s  t h e  e f f e c t i v e  a c t i o n .  It is t h e  p u r p o s e  of t h i s  c h a p t e r  t o  d i s c u s s  t h e  

c o n c e p t  b o t h  f o r m a l l y  a n d  i n f o r m a l l y ,  a n d  t o  p r e s e n t  a s c h e m e  f o r  i t s  compu-  

t a t i o n .  

The e f f e c t i v e  a c t i o n ,  T ,  w a s  o r i g i n a l l y  i n t r o d u c e d  by  H e i s e n b e r g  a n d  

E u l e r  [ 3 ]  a n d  by  S c h w i n g e r  [261. r i s  a  f u n c t i o n a l  o f  a  c l a s s i c a l  f i e l d  ' 

$(X I ,  w h i c h  i n  t u r n  d e p e n d s  o n  t h e  s p a c e - t i m e  c o o r d i n a t e s .  It .is d e f i n e d  i n  

s u c h  a  way t h a t  i t s  e x t r e m a  d e t e r m i n e  t h e  p h y s i c a l  t h e o r y  i n  q u e s t i o n .  When 
d 

t h e  f i e l d  $ i s  t i m e - i n d e p e n d e n t ,  r ( @ )  h a s  a d i r e c t  p h y s i c a l  s i g n i f i c a n c e .  By 

t i m e - t r m s l a t i o n  i n v a r i a n c e ,  

(') ( s t a t i c  = -E(+)$dt , 
C 

w h e r e  E ( $ )  h a s  a  v a r i a t i o n a l  d e f i n i t i o n  [27].  It is  t h e  minimum e x p e c t a t i o n  

v a l u e  o f  t h e  H a m i l t o n i a n  i n  a n o r m a l i z e d  s t a t e  f o r  wh' ich t h e  e x p e c t a t i o n  

-b -b 

v a l u e  o f  t h e  f i e l d  o p e r a t o r  ~ ( x )  is @ ( x ) :  

E(+)  = <a H a) for  a> such that  b<a H a> = 0, I I I I I 
subject t o  <a a) = 1 and <a 8 a) = 0 .  I I I 

! 

( A  g e n e r a l i z a t i o n  o f  t h i s  v a r i a t i o n a l  d e f i n i t i o n  o f  r t o  i n c l u d e  time- 

d e p e n d e n t  s t a t e s  h a s  a l s o  b e e n  g i v e n  [281.)  We see t h a t  t h e  e f f e c t i v e  

a c t i o n  p r o v i d e s  a  u s e f u l  t o o l  f o r  s t u d y i n g  t h e  vacuum s t r u c t u r e  o f  a f i e l d  

t h e o r y  . 



F o r  n o t a t i o n a l  c o n v e n i e n c e ,  we s h a l l  c o n s i d e r  t h e  e x a m p l e  o f  d s i n g l e  

s e l f - c o u p l e d  s c a l a r  f i e l d , , d e s c r i b e d  by a  L a g r a n g i m  d e n s i t y  x ( $ , a  $1. i s  
11 

a s s u m e d  t o  b e  q u a d r a t i c  i n  a $. 
11 

T h e  a m p l i t u d e  t o  b e  i n  t h e  s t a t e  $1> a t  t l ,  h a v i n g  b e e n  i n  t h e  s t a t e  I 

w h e r e  H i s  t h e  t i m e - i n d e p e n d e n t  H a r n i l t o n i m  o p e r a t o r  o f  t h e  s y s t e m .  ~ e c d l i  

t h a t  t h e  H a m i l t o n i a n  d e n s i t y  is  

T h e  a m p l i t u d e  ( 2 . 1 )  c a n  b e  e x p r e s s e d  a s  t h e  Feynman p a t h  i n t e g r a l  

= N j 4 1 ( D + )  exp {i jqtl* **x~l  , 
4 0 t 0 

w h e r e  t h e  , ( G a u s s i a n )  n % t e g r a t i a n  h a s  bed; p e r f o r m e d ,  N is a  n o r m a l  i r a t i o n  

+ -b 

c o n s t a n t ,  a n d  $ ( x , t l )  = $ I ,  $ ( x , t O )  = 4, .  

A u s e f u l  m a t h e m a t i c a l  d e v i c e  i s  t o  c o u p l e  t h e  f i e l d  $ ( X I  t o  a n  a r b i t r d r y  

ir 

e x t e r n a l  c - n u m b e r  s o u r c e  3 ( x ) :  + + 3 ( x ) $ ( x ) .  A l l  d y n a m i c d l  i n f o r m d t i o n  C 

a b o u t  t h e  s y s t e m  c a n  b e  d e d u c e d  f r o m  t h e  r e s p o n s e  o f  t h e  vacuum s td te  t o  t h e  

e x t e r n a l  s o u r c e .  

C o n s i d e r  a  s o u r c e  s u c h  t h a t  3 ( x )  1 tqL 0.  Then  t h e  a m p l i t u d e  f o r ;  

s y s t e m  t o  b e  i n  t h e  vacuum s t a t e  a t  t = + m, when i t  was  known t o  b e  i n  t h e  



vacuum s t a t e  a t  t = - i s  a  p h a s e :  

w h e r e  t h e  f u n c t i o n a l s  Z a n d  W a r e  d e f i n e d  by t h i s  e x p r e s s i o n .  I n  t h e  i n t e r -  - 

n c t i o n  p i c t u r e  w i t h  r e s p e c t  t o  3 ( x ) @ ( x ) ,  t h e  s t a t e  of t h e  s y s t e m  a t  t o  is 

w h e r e  T  d e n o t e s  time o r d e r i n q .  T h e  s t a t e  w h i c h  w i l l  e v o l v e  i n t o  . lo> a t  

t = + m  i s  

T h e r e f o r e ,  

rg 
T h i s  i m m e d i a t e l y  y i e l d s  

w h e r e  G ( x l ,  ..., x ) - <O T + ( x l )  ...@ ( x  ) 0> are t h e  G r e e n ' s  f u n c t i o n s  o f  t h e  
n  n  I n  I 

t h e o r y .  So Z ( 3 )  i s  t h e  g e n e r a t i n g  f u n c t i o n a l  f o r  t h e  G r e e n ' s  f u n c t i o n s .  

1 .  

. F r o m  ( 2 . 4 )  a n d  ( 2 . 5 ) ,  Z h a s  t h e  e x p a n s i o n  

w h e r e  Go 5 1.  



T h e  Green '  s f u n c t  i o n s  ' d e f i n e d  h e r e  are  t h e  f u l l  ( d i s c o n n e c t e d )  o n e s .  

However, o n l y  t h e  c o n n e c t e d  p i e c e s  c o n t r i b u t e  t o  t h e  S m a t r i x . .  These  dre 

o b t a i n e d  by t a k i n g  t h e  l o g a r i t h m  o f  Z [33 ] :  
\ 

B 

C W(3) is t h e  g e n e r a t i n g  f u n c t i o n a l  f o r  c o n n e c t e d   ree en's f u n c t i o n s  G,, , a n d  
I 

c a n  b e  expanded  a s  

The g e n e r a t i n g  f u n c t i o n a l s  c a n  b e  r e p r e s e n t e d  by t h e  p a t h  l n t e g r d l  ( 2 . 2 )  

by i n c l u d i n g  t h e  e x t e r n a l  s o u r c e ,  and  -7 l e t t  ng t o  + --, t l  + +-: 

w h e r e  S ( ( )  = Jd4xX'Jx) and ( 3 , O  E b 4 x  3 ( x ) ( ( x ) .  I t  is e a s y  t o  see t h . i t  

t h i s  s a t i s f i e s  ( 2 . 5 ) .  

From (2 .7 )  t h e  a v e r a g e  f i e l d  i s  

( I n  t h e  l i t e r b t u r e  i s  o f t e n  c a l l e d  t h e  c l a s s i c a l  f i e l d .  T h i s  is b e c a u s e ,  

3 

3 t o  z e r o t h  o r d e r  i n  %, 6 s o l v e s  t h e  c l a s s i c a l  e q u a t i o n  o f  m o t i o n  f o r  4 ,  w i t h  

s o u r c e  3 . )  The. 1 h i t  o f  i (  x )  a s  3 + 0 i s  t h e  v a c u m  e x p e c t a t i o n  v a l u e  (4 ) .  

N o w ,  W i s  .a f u n c t i o n a l  o f  3 ( a n d ,  o f  c o u r s e ,  $ d e p e n d s  on  3 t h r o u g h  

( 2 . 8 ) ) .  A f u n c t i o n a l  o f  $, c a l l e d  t h e  e f f e c t i v e  a c t i o n ,  i s  c o n s t r u c t e d  by 

making  a  f u n c t i o n a l  L e g e n d r e  t r d n s f o r m a t i o n :  



I t  f o l l o w s  t h a t  
1 

- 
By t r a n s l a t i o n a l  i n v a r i a n c e ,  + s h o u l d  b e  a  c o n s t a n t  f o r  v a n i s h i n g  s o u r c e .  

Hence  <+> is t h e  r o o t  o f  

r ( 5 )  i s  t h e  q e n e r a t  i n g  f u n c t i o n a l  f o r  t h e  o n e - p a r t i c l e  i r r e d u c i b l e  

( 1  - P I )  G r e e n ' s  f u n c t i o n s  [ 3 3 1 .  I n  t h e  e x p a n s i o n  
3 

r n  is t h e  n - p o i n t  1 - P I  G r e e n ' s  f u n c t i o n .  ( A  d i a g r a m ,  r e p r e s e n t i n g  a 

G r e e n ' s  f u n c t i o n , ,  is 1 - P I  i f  i t ' c a n n o t  b e  s p l i t  i n t o  two d i s j o i n e d  p i e c e s  by 

c u t t i n g  a  s i n g l e  i n t e r n a l  1in.e .  It i s  easier  t o  compute  1 - P I  g r a p h s ,  a n d  

t h e n  s t r i n q  them t o g e t h e r  i n t o  trees o f  1-PI  p a r t s ,  t h a n  it i s  t o  compute  t h e  

c o n n e c t e d  G r e e n ' s  f u n c t i o n s  d i r e c t l y  . ) 
. An a l t e r n a t i v e  e x p a n s i o n  f o r  t h e  e f f e c t i v e  a c t i o n  is g i v e n  i n  terms o f  

4 a n d  i t s  d e r i v a t i v e s :  

~ ( $ 1  is c a l l e d  t h e  e f f e c t i v e  p o t e n t i a l  s i n c e ,  f o r  i ( x )  = p ( c o n s t a n t ) ,  

w h e r e  51 is t h e  t o t a l  s p a c e - t i m e  volwne.  Then,  f r o m  ( 2 .  I I ) ,  <+> is t h e  r o o t  

0 f  



( I n c i d e n t a l l y ,  t o  t h i s  o r d e r  i n  momenta and renormal iz ing  t h e  f i e l d  such t h d t  

~ ( $ 1  = 1, (2 .12)  g i v e s  - - 

I n  t h e  l i m i t  of  sma l l  f i e l d  v a r i a t i o n s ,  t h e  qudntum c o r r e c t i o n s  t o  t h e  

c l a s s i c a l  s c a l a r  f i e l d  e q u a t i o n  of  motion a r e  inc luded  by r e p l a c i n g  t h e  ' 

R - '--\ 
p o t e n t i a l  by t h e  e f f e c t i v e  p o t e n t i a l .  Th i s  h e l p s  j u s t i f y  t h e  no t ion  of 1 

1 

e f f e c t i v e  p o t e n t i a l .  It r e p r e s e n t s  a kind of  quantum f i e l d  p o t e n t i a l  enerqy 
--F 

( d e n s i t y ) . )  , 

2.2 Computation 

In  g e n e r a l ,  t h e  e f f e c t i v e  a c t i o n  i s  not  known and r e q u i r e s  some method 

o f  approximat ion .  The most widely used method is t h e  l o a p  expansion:  f i r s t  

summing a l l  t ree g r a p h s ,  t hen  t h o s e  wi th  one c l o s e d  loop ,  e tc .  A s  i s  we 

known, t h i s  is an expans ion  i n  powers of  )I . It is a c t u a l l y  more i n c l u s  

t h a n  p e r t u r b a t i o n  theo ry  s i n c e  t h e  s e t ' o f  g raphs  wi th  n  l oops  o r  less 

i n c l u d e s ,  a s  a  s u b s e t ,  a l l  g r a p h s  o f  n t h  o r d e r  o r  less i n  t h e  coup l ing  

11  

i v e  

c o n s t a n t .  

The loop  expans ion  may be  o b t a i n e d  from t h e  f u n c t i o n a l  i n t e g r a l  ( 2 . 7 )  by 

a  s t a t i o n a r y  phase  e v a l u a t i o n .  'Le t  $ = $ o  deno te  t h e  p o s i t i o n  of  t h e  

s t a t i o n a r y  p o i n t .  This  is a  s o l u t i o n  t o  t h e  c l a s s i c a l  equa t ion  bf motion 

wi th  s o u r c e  3: 



, 

F i r s t  we i n t r o d u c e  a p r o p a g a t o r  f u n c t i o n  A($;)  by  

Then we e x p a n d  t h e  a c t i o n  a b o u t  $O ( r e d e f i n i n g  @ a s  t h e  d e v i a t i o n  from 6 0 ) :  

1 
a g o  + 4 )  - - S($o) - (39$) + 2 + s2(409#)9 9 (2.17) 

w h e r e  S2 c o n t a i n s  a l l  h i g h e r  o r d e r  terms ( 0 ( h 2 ) ) .  Then  

I )  

. w h e r e  < > d e n o t e s  f u n c t i o n a l  a v e r a g i n g  w i t h  w e i g h t i n g  f u n c t i o n  

i 
e x p  - 2 ( + , i ~ - ' ( $ ~ ) $ ) .  

1 /------ 
The f a c t o r  w i t h i n  t h e  c u r l y  b r a c k e t s  i s ,  byxfhe  u s u a l  r u l e s  o f  f u n c t i o n -  

a l  i n t e g r a t i o n ,  [ d e t  i ~ - l ( ( o  ) ~ - l ' ~ .  T h e r e f o r e  

Now, s i n c e  

t h e n  

F i n a l l y ,  ( 2 . 1 8 )  - ( 2 . 2 0 )  i n  ( 2 . 9 )  g i v e  t h e  o n e - l o o p  e f f e c t i v e  a c t i o n  . ,  

r ( i )  = , ~ ( 4 )  + i n  d t? t [ i~" ( i ) ]  + o(-ti2). - (2.211 



With $ ( x )  = p ( c0ns t an . t ) .  and 

t h e  one-loop e f f e d t  i v e  p o t e n t i a l  i s  

( ~ h e ' c o e f f i c i e n t  - 112 i s  s p e c i f i c  t o  a . r e a l  s c a l a r  o r  v e c t o r  f i e l d .  I t  i s  

-1 f o r  a complex s c a l a r ,  and + 1  f o r  ,a s p i n o r  o r  g h o s t . )  

We conclude  t h i s  s e c t i o n  wi th  two p o i n t s  about  t h i s  fo rma l i sh  a's a p p l i e d  

t o  t h e  c o v a r i a n t l y - c o n s t a n t  background f i e l d .  F i r s t ,  i t  i s  t h e  f i e l d  

s t r e n g t h '  Fp, which is c o n s t a n t ,  no t  t h e  gauge f i e l d .  The re fo re  we compute 

t h e  e f f e c t i v e  Lagrangian ( a c t i o n  d e n s i t y )  and not  t h e  e f f e c t i v e  p o t e n t i a l  

(see ( 2 . 1 2 ) ) .  However, t h i s  w i l l  be  of  no p r a c t i c a l  consequence he re .  

Second, gauge t h e o r i e s  i n t r o d u c g  t h e  complex i t i e s  of  gauge f i x i n g  and i n s u r - ,  

i n g  t h a t  s p u r i o u s  deg rees  of freedom a r e * n o t  inc luded  i n  r .  A l l  we need t o  

s ay  h e r e  i s  t h a t  t h e  c o n t r i b u t i o n  from unwanted deg rees  of  freedom i s  cance l -  

l e d  by i n c l u d i n g  t h e  c o n t r i b u t i o n  from ghos t  f i e l d s .  

2 . 3  F i n i t e  Temperature Formalism 134,351 

There a r e  two formalisms f o r  d e s c r i b i n g  a  quantun f i e l d  t heo ry  a t  f l n i t e  

t empera tu re ,  known a s  r e a l - t i m e  and imaginary- t ime.  We s h a l l  j u s t  c o n s i d e r  

t h e  imaginary- t ime formalism h e r e  s i n c e  i t  i s  m ~ ~ e s t r a l g h t f o r w d r d ,  dnd 
pl 

s u f f i c i e n t  f o r  our  purpose .  



In the amplitude (2.2) we set to = 0 :  

- i t  H 
<4lle ( + o >  (o.1 exp (ijI1 n'x41. 

The partition function is 

Z E T r e  
4 

The crucial observation is that this can be obtained from (2.23) by the 

transformation t = - i ~  (tl = -iB), and by restrictinq the integration rpnge 

to those ~aths which are periodic in B (anti-periodic for fermions); 

Tr e -OH = ~'(0) \ ID.) exp {J: drJd3xx . 
periodic j 

(Remember that time derivatives in are now multiplied by i.) Notice that 

the difference between zero and finite temperature is merely a difference in 

hounddry conditions. 

The discussion in section 2.2 now.goes through with little change. The 

ob,ject to compute is still Tr 'ln [i~-'(p)l, but the requirement of periodi- 

city over the finie range in r changes energy integrations into sums (in the 

trace). The means making the replacements 

2s n , bosons , 

"" 1 (2n;l)s , fermions, 



CHAPTER 3 

.% 

Supersymnetric Savvidy State  for SU(2), SU(3),  and SU(4) 

I n  t h i s  c h a p t e r ,  we s h a l l  a p p l y  t h e  f o r m a l i s m  d r v e l o p e d  i n  t h e  p r e v i o u s  

c h a p t e r  t o  a  s u p e r s y m m e t r i c  (SUSY) v e r s i o n  o f  QCD, u s i n g  t h e  S a v v i d y  c A n s d t z  -- , 

f o r  d c o v a r i d n t l y  c o n s t a n t  b a c k g r o u n d  f i e k d  [ 3 h l .  ( I  s h a l l  u s e  "SUSYtt f o r  

e i t h e r  " s u p e r s y m m e t r y t '  o r  " s ~ p e r s ~ m m e t r i t " .  ) One r e a s o n  f o r  t redt i n q  t h e  

SUSY c a s e  is  t h a t  i t  r e q u i r e s ,  a t  t h e  o n e - l o o p  l e v e l ,  o n l y  d s i m p l e  e x t r n s i o n  

o f  t h e  c a l c u l a t i o n  f o r  o r d i n a r y  QCD. A s  we s h d l l  see, t h e  r e s u l t s  f o r  o r d i -  

n a r y  QCD a r e  e a s i l y  e x t r a c t e d  f r o m  t h i s  m o r e  q e n e r a l  s e t t i r l q .  I n  d d d i t i o n ,  

it h e l p s  u s  t o  u n d e r s t a n d  - s o m e t h i n g  m o r e  a b o u t  t h e  s t r u c t u r e  o f  SUSY 
.. 

t h e o r i e s .  
-. 

I n  SUSY t h e o r i e s ,  c d 1 ; u l a t i o n s  o f  q u a n t u m  c o r r e c t i o n s  dre o f t e n  

s i m p l i f i e d  b e c a u s e  o f  c d n c e l l d t i o n s  w h i c h  may o c c u r  b e t w c e n  terms d r i s i n q  

f r o m  d f i e l d  a n d  i t s  SUSY p a r t n e r .  Mass r e n o r m d l i z a t i o n s  a r e  u n n e c e s s d r y  i n  

some m o d e l s ,  s u c h  a s  t h o s e  o f  Wess-Zumino t y p e ,  f o r  t h i s  r e a s o n .  A n o t h e r  

i n t e r e s t i n g  e x a m p l e  i s  g i v e n  by  DtAdrla  a n d  D i  k c c h i d  [ 3 7 ] .  They  c o m p ~ ~ t e  t h t :  

o n e - l o o p  c o r r e c t i o n  t o  t h e  vacuum e n e r q y  d e n s i t y  d r o u n d  d c l d s s i c d l  s e l f - d 1 1 d 1  

s o l u t i o n  t o  a  SUSY Y a y - M i l l s  t h e o r y  ( o n e  v e c t o r  m u l t i p l e t ) .  They  show t h a t  

t h e r e  i s  a  c o m p l e t e  c a n c e l l a t i o n  o f  d e t e r m i n a n t s  a r i s i n q  f r o m  t h e  p o s l t i v e  

e i g e n v a l u e s  o f  t h e  f l u c t u a t i o n  o p e r d t d r s .  ( N e q a t i v e  e i q e n v d l u e s  d o  n o t  

C 
o c c u r ,  b u t  t h e r e  a r e  z e r o  m o d e s  w h i c h  m u s t  b e  c o n s i d e r e d  s e p n r d t e l y . )  

1 

T h e  c o n c l u s i o n s  o f  D 'Adda  a n d  Di V e c c h i a  a r e  s p e c i f i c  t o  t h e  cdse o f  d 

s e l f - d u a l  c l a s s i c a l  f i e l d .  I n  v i e w  o f  t h e  g r e d t  i n t e r e s t  in  SUSY t h e o r i e s ,  

i t  is w o r t h w h i l e  t o  c o n s i d e r  w h a t  h a p p e n s  w i t h  d d i f f e r e n t  c h o i c e  o f  b d c k -  

g r o u n d  f i e l d .  I n  p a r t i c u l a r ,  we s h a l l  see t h d t  t h e  c d n c e l l d t i o n s  f o l ~ n d  by 

D t A d d a  a n d  Di V e c c h i a  d o  n o t  o c c u r  i n  t h e  S a v v i d y  c a s e .  



We b e q i n  by  e s t a b l i s h i n q  some n o t a t i o n s  a n d  c o n v e n t i o n s .  QCD w i l l  b e  

t a k e n  t o  mean a n y  SU(N) q a u q e  t h e o r y  w i t h  f e r m i o n s  i n  t h e  f u n d a m e n t a l  r e p r e -  

s e n t a t i o n .  I n  p a r t i c u l a r ,  we s h a l l  b e  i n t e r e s t e d  i n  t h e  c a s e s  N = 2 , 3 , 4  

( c o l o r s ) .  R e q a r d l e s s  o f  t h e  g r o u p ,  t h e  f e r m i o n s  ( $ 1  a n d  g a u q e  f i e l d s  ( A p )  

w i l l  b e  r e f e r r e d  t o  a s  q u a r k s  a n d  g l u o n s ,  r e s p e c t i v e l y .  

We a d o p t  t h e  metric d o n v e n t  i o n :  qu,  = d i a g ( 1 ,  - 1 ,  - 1 ,  -1 16. 

F o r  s i m p l i c i t y ,  we t a k e  t h e  q u a r k s  t o  b e  m a s s l e s s .  The  QCD L a g r d n g i a n  

1.1 

d e n s i t y  is 

w h e r e  

a  
T h e  f a b c  a r e  t h e  g r o u p  s t r u c t u r e  c o n s t a n t s  a n d  T a r e  g e n e r a t o r s  f o r  t h e  R 

2 r e p r e s e n t a t  i o n  R ( a , b , c  = 1, . . . ,N - 1 ) .  The  P a u l i  m a t r i c e s  a p  i n d i c a t e  t h a t  

$I i s  a Weyl s p i n o r .  A D i r a c  q u a r k  i s  c o n s t r u c t e d  f r o m  t w o  Weyl s p i n o r s .  

T h e r e f o r e ,  f o r  Nf q u a r k  f l a v o r s ,  j = 1 ,  . . . , 2 N f .  

3.2 Supersynmetric QCD 

T h i s  s e c t i o n  c o n t a i n s  d b r i e f  s u n m d r y  o f  t h e  r e l e v a n t  f e a t u r e s  o f  s u p e r -  

s y m m e t r y .  More d e t a i l s  may b e  f o u n d  i n  t h e  b o o k  by Wess a n d  B a g g e r  [ 3 8 ] ,  a n d  

r e f e r e n c e s  t h e r e i n .  I h a v e  a d o p t e d  most o f  t h e i r  n o t a t i o n s  a n d  c o n v e n t i o n s .  



S u p e r s y m m e t r y  i s  a n  e x t e n s i o n  o f  t h e  s y m m e t r y  o f  t h e  ~ o i n c a t - 6  q r o u p .  

The SUSY a l g e b r a  i s  o b t a i n e d  b y - a d d i n g ,  t o  t h e  set o f  L o r e n t z  r o t a t i o n  

d q e n e r a t o r s  M a n d  t r a n s l a t i o n  q e n e r a t o r s  P . d set o f  q c n e r a t o r s  Q a  w h i c h  
IJ V U 

t r a n s f o r m  b o s o n S  i n t o  f e r m i o n s ,  a n d  v i c e  v e r s a .  Such  q m e r a t o r s  a r e  

o b v i o u s l y  f e r m i o n i c  a n d  may b e  c h o s e n  t o  t r a n s f o r m  d s  l e f t - h a n d e d  Wcyl 

s p i n o r s  u n d e r  L o r e n t z  t r a n s f o r m a t i o n s  ( a  = 1 ,2 ) .  We s h d l l  c o n s i d e r  o n l y  t h e  

s o - c d l l e d  N = 1 SUSY, w h i c h  h a s  o n e  g e n e r a t o r  0, ( a n d  i t s  h e r m i t i a n  

c o n j u g d t e ) .  I n  a d d i t i o n  t o  t h e  P o i n c d r &  c o m m u t a t i o n  r e l d t i o n s ,  t h e  d l q t l b r d  . 

is  q i v e n  by  

S u c h  a n  a l g e b r a ,  i n v o l v i n g  c o m m u t d t i o r l  dnd a n t i - c o m m u t d t i o n  r e l a t i o n s ,  is 

known a s  a  g r a d e d  L i e  a l g e b r a .  

T h e r e  a r e  t w o  SUSY m u l t i p l e t s  w h i c h  a r e  i m p o r t a n t  f o r  c o n s t r u c t i r ~ q  

p a r t i c l e  t h e o r i e s ,  known a s  s c a l d r  ( o r  c h i r d l )  arid v e c t o r .  A c h i r d l  m u l t l -  

p l e t  c o n t a i n s  d c o m p l e x  s c a l a r  S ,  a  Weyl s p i n o r  $, a n d  a n  a u x i l i a r y  c o m p l e x  

I 
s ~ a l a r  F .  ( A u x i  1 i d r y  f i e l d s  a r e  a l w a y s  n e c e s s d r y  t o  c l o s e  tht. q r o u p  o f  SUSY 

t r a n s f o r m a t i o n s .  They  a r e  c a l l e d  d u x i l i a r y  b e c d u s e  t h e y  d o  n o t  p r o p d q n t e .  

They y i e l d  e q u a t i o n s  o f  c o n s t r a i n t  t h r o u q h  w h i c h  t h e y  may be e l i m i n d t e d . )  

T h e  s t r u c t u r e  o f  a  v e c t o r  m u l t i p l e t  is m o r e  c o m p l i c d t e d .  F o r  o u r  

p u r p o s e s ,  i t  is s u f f i c e n t  t o  know t h a t  d s p e c i a l  SUSY q a u g e  e x i s t s  ( t h c  Wess- 

Zumino  q a u g e )  i n  w h i c h  m o s t  o f  t h e  c o m p o n e n t s  o f  t h e  v e c t o r  m u l t i p l e t  v d n i s h .  

What r e m d i n  dre a  r e a l  v e c t o r  f i e l d  A D ,  a  Weyl s p i n o r  A ,  d n d  d n  d u x i l i d r y  

real  s c a l a r  D. F u r t h e r ,  w o r k i n g  i n  t h i s  q a u g e  s t i l l  a l l o w s  t h e  u s u d l  q d u q e  

t r a n s f o r m d t i o n s .  



A SUSY QCD needs qua rks  and gllions.  We Cdns t ruc t  a  quark  from t h e  Weyl 

s p i n o r s  of  two c h i r a l  m u l t i p l e t s ,  s o  we r e q u i r e  2Nf c h i r a l  m u l t i p l e t s .  

The re fo re ,  a l l  component f i e l d s  ( S , Q , F )  a r e  i n  t h e  fundamental  r e p r e s e n t a -  

t i o n .  (The s c a l a r s  S  a r e  c a l l e d  s -quarks . )  The v e c t o r  f i e l d  of a  v e c t o r  

mu1 t i p l e t  p rov ides  t h e  g luon .  The component f i e l d s  (A,, , A,D) a r e  i n  t h e  

a d j o i n t  r e p r e s e n t a t i o n .  ( T h e  s ~ i n o r s  A a r e  known a s  q l u i n o s . )  

The most qene ra l  Lagrangian d e n s i t y  ( apa fk  from p o s s i b l e  mass t e r m s )  f o r  

a  qauqe theo ry  o f  i n t e r a c t i n g  c h i r a l  and v e c t o r  m u l t i p l e t s ,  which is supe r -  

symmetric and qauqe i n v a r i a n t ,  i s  ( i n  t h e  Wess-Zumino gauge)  

where F ~ B  i s  t h e  comple te ly  a n t  isymmetr ic  t e n s o r ,  and Xgf and Xgh 
\ 

r e p ~ e s e n t  gauge - f ix ing  and ghos t  t e r m s ,  r e s p e c t i v e l y .  The t h e o r y  g iven  by 

( 3 . 3 ) ,  with  t h e  Savvidy Ansatz f o r  t h e  background f i e l d ,  i s  our  s t a r t i n g  
i 

p o i n t .  

3 . 3  Fluctuation Operators 

A s  we saw i n  Chapter  2 ,  t o  compute t h e  one- loop  quantum c o r r e c t i o n s  t o -  

t b e  e f f e c t i v e  a c t i o n  r e q u i r e s  e v a l u a t i o n  of  d e t e r m i n a n t s  of t h o s e  o p e r a t o r s , .  

7 I n  , wh-ich involve  terms q u a d r a t i c  i n  t h e  f l u c t u a t i o n  f i e l d s .  (Equivd-  

l e ~ l t l y ,  we could  c o n s i d e r  t h e  l i n e a r i z e d  e q u a t i o n s  of  motion.)  F i r s t ,  we 

n o t e  t h e , c o n s t r d i n t  e q u a t i o n s  f o r  t h e  a u x i l i a r y  f i e l d s  F and D: 



w i t h  t h e  u s e  of ( 3 . 4 ) ,  we w r i t e  ( 3 . 3 )  a s  

+ higher order terms. 

a  
We i n t r o d u c e  t h e  quantum gauge f i e l d  v a r i a b l e  a  u by 

where A a i s  t h e  background gauge f i e l d ,  and d e f i n e  a  d e r i v a t i v e  c o v d r i m t  i n  
U 

t h e  background f i e l d  by 

In t h i s  n o t a t i o n ,  t h e  c o v a r i a n t l y  c o n s t a n t  f i e l d  c o n d i t i o n  i s  

C l e a r l y ,  t h e  terms i n  (3 .5 )  q u a d r a t i c  i n  A ,  S, and $J a r e  o b t a i n e d  by r e p l a c -  

i ng  DU by VU. The l i n e a r i z e d  e i g e n v a l u e  e q u a t i o n s  a r e  

'V V'S = ASj , 
Ir 3 

and,  where $J s t a n d s  f o r  e i t h e r  $ j  o r  A ,  \ 



To t r e a t  t h e  gauge f i e l d s ,  it is neces sa ry  t o  f i x  t h e  gauge. It is 

n a t u r a l  t o  employ t h e  background f i e l d  method [39],  which makes use  o f  t h e  

decomposi t ion ( 3 . 6 ) .  The i d e a  is t o  choose  a  gauge ( t h e  background f i e l d  

gauqe)  which b reaks  t h e  i n v a r i a n c e  o f  t h e  quantum f i e l d ,  bu t  r e t a i n s  gauge, 

Inva r i ance  i n  terms o f  t h e  background f i e l d .  

The background gauge c o n d i t i o n  is 

This  f i x e s  t h e  ghos t  Lagrangian t o  be  

We r e c a l l  t h a t  t h e  g h o s t s  q and TI* a r e  independent  s c a l a r s  i n  t h e  a d j o i n t  

r e p r e s e n t a t i o n ,  which obey Fermi s t a t i s t i c s .  Note t h a t  on ly  t h e  f i r s t  term \ 

i n  (3 .12)  is q u a d r a t i c ,  and y i e l d s  t h e  same e i g e n v a l u e  e q u a t i o n  a s  do t h e  
1 

s c a l a r s  Si, ( 3 . 9 ) .  

For  t h e  gauge f i e l d s ,  i t  i s  e a s i e r  t o  s t a r t  w i t h  t h e  f r e e  f i e l d  equa- 

, $ 

t i o n .  We use  (3 .6 )  - (3 .8 )  t o  write 

+ higher order terms. 

" 
Now, we use  t h e  commutator [V ,vy] = i g  F  and t h e  gauge c o n d i t i o n  (3 .11)  i n  

IJ !JV 
4 

(3 .13 )  t o  g e t  t h e  gauge f i e l d  e i g e n v a l u e  equa t ion :  , 



. F i n a l l y ,  we r e c a l l  t h a t  f u n t i o n a l  i n t e g r a l s  a r e  def ined by t h e i r  analy-  

t i c  con t inua t ion  t o  Euclidean space.  We s h a l l ,  t h e r e f o r e , ' w a n t  t o  so lve  t h e  

Euclidean ve r s ions  of  ( 3 . 9 ) ,  ( 3 . 1 0 ) ,  and ( 3 . 1 4 ) .  We ob ta in  t h e e b y  thp 

0 4 4 '  
s u b s t i t u t i o n s  xo + i x ,  A. + i A 4 ,  y + - u 0  + i . The met r i c  change is  

g,,, + -6,,, . Then we g e t  

where 4 s t ands  f o r  e i t h e r  t h e  S,T o r  g h o s t s ,  and J, f o r  e i t h e r  the  6-j o r  A .  

3.4 he-Loop E f fec t i ve  Action 

A s  we saw i n  Chapter 1,  t h e  Savvidy Ansatz i s  

- a  i )  

where F is  a cons tan t  which d i f f e r s  from zero  only f o r  those  a ' s  c o r r e s -  
PV 

ponding t o  mutually commuting g e n e r a t o r s .  Flyvb j e rg  [40] has shown t h a t  the 

minimum vacuum energy dens i ty  i n  SU(N), N < 4, is obtained w i t h  f i e l d s  of a 
equal  magnitude which a r e  orthogconal kin r e a l  'space. So we t a k e  f o r  our 

* 

Ans%tze, a f t e r  a  gauge t r a n s f ~ a t i o n  on (3.161, 

# 

SU(2): k I 3  = 4 x 2 ,  /--. i 
--J' 

su(3j: i 1 3  = -tix2, i2* = HX,, 

- .. 
l5 H x ~  . SU(4): h3 = H x 2 ,  i28 = H x 3 , A 3  .- - 
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With t h e  ~ n s a t z e  (3.17), t h e  eigenvalues o f  (3.15) a r e  worked o u t  i n  

Appendix A.  They are.,of t h e  form 

where k 3  and k, are  plane-wave e igenvalues,  and (2N+l)xRgH a re  harmonic 

o s c i l l a t o r  eigenvalues; i s  t h e  magnitude o f  t h e  nonzero weights o f  t h e  
X~ 

- r ep resen ta t i on  R.  For fermions, p = 112,; p = 1 o therwise .  For s c a l a r s  (and 

ghosts ) ,  S = 0; f o r  sp ino rs ,  S = '1; and f o r  vec tors ,  S = 0, 42, 

The one-loop e f f e c t i v e  a c t i o n  i s  g i ven  by 

where t h e  sum i s  over  t h e  f l u c t u a t i o n  opera tors ,  and 

-112, v e c t o r s  
-1, s c a l a r s  
+1, sp ino rs  and ghosts . 

Using (3.18) i n  (3.19), we g e t  t h e  energy dens i t y  

where M i s  t h e  m u l t i p l i c i t y  o f  t h e  e igenvalue,  ~ g H / 2 n  i s  t h e  d e n s i t y  o f  

o s c i l l a t o r  e igenvalues,  and IJ i s  a constant  o f  dimension mass which makes t h e  

a r g m e n t  o f  t h e  l o g a r i t h m  dimensionless. (Q i s  t h e  space-time v o l m e . )  

O f  course, (3.20) i s  i n f i n i t e .  I t s  r e g u l a r i z a t i o n  i s  c a r r i e d  ou t  i n  

Appendix B. We use (8.7) - (8.9)  t o  w r i t e  (3.20) as 



where  

a n d  CAF is a  real  f i n i t e  c o n s t a n t  whose v a l u e  is u n i m p o r t d n t .  

d b  
We n o r m a l i z e  t h e  matrices f o r  t h e  f u n d a m e n t a l  r e p r e s e n t a t i o n  by Tr(T T ) 

= 112 6ab.  Then y, = 1 f o r  t h e  a d j o i n t  r e p r e s e n t a t i o n  o f  any SU(N).  For  t h e  

f u n d a m e n t a l  r e p r e s e n t a t i o ' n ,  y, - 112,  1 / 0 ,  f o r  S U ( 2 ) ,  S U ( 3 ) ,  and  S U ( 4 ) ,  

r e s p e c t i v e l y  . 
Of t h e  N'-I s t a t e s ,  i n  t h e  a d j o i n t  r e p r e s e n t a t i o n ,  N-1 h d v e  z e r o  w e i g h t .  

These  d o  n o t  c o u p l e  t o  t h e  b a c k g r o u n d  f i e l d  and  d o n ' t  c o n t r i b u t e  t o  ( 3 . 2 1 ) .  

2 Thus  M = N -N f o r  t h e  a d . j o i n t .  F u r t h e r ,  t h e  c o n t r i b u t i o n  f r o m  t h e  v e c t o r s  

w i t h  S = 0 is  e x a c t l y  c a n c e l l e d  by t h e  g h o s t  c o n t r i b u t i o n .  Only  t h e  S = '2 

s t a t e s  c o u n t  f o r  t h e  v e c t o r s .  F o r  t h e  f u n d a m e n t a l ,  M = Nx2Nf. 

We d e f i n e  
II 

d n d  write ( 3 . 2 1 )  a s  

T h e  C i ,  a n d  t h e  v a r i o u s  o t h e r  p a r a m e t e r s ,  a r e  l i s t e d  i n  T a b l e  I .  T h e  L c ~  
f o r  t h e  d i f f e r e n t  g r o u p s  a r e  l i s t e d  i n  T a b l e  11. 



TABLE -1, - C o n t r i b u t i o n s  o f  t h e  v a r i o u s  f i e l d s  t o  E: 
( 1 )  

f o r  a c o n s t a n t  background magnet ic  f i e l d .  

F i e l d  SU(N) Q P S Re s X .-,- C 



1 1  
TABLE 11. Values o f  1. C .  f o r  t h e  d i f f e r 6 n t  

c$roup .. 

Ordinary state IiCi ~uperspmetric state , 



L 

Renormalization of (3.24) is straightforward. W e  add to (3.24) the ' 

classical energy density, 112 Z H ~  for each field, where a is the field 
renormalization constant. (We note that the product gH is a renormalization- 

group invariant in the background gauge [39]. ) 

I 
? x 

Following Savvidy, we choose the' condition 

This sets Z ? 1 at the classical level. Acting on (3.251, (3.26) gives 

Finally, by substituting (3.27) into ( 3 . 2 5 ) ,  we get the renormalized 
1 

effective energy density 

The minimum of (3.28) occurs for 

so that the renormalized coupling constant is 

Using this we may write (3.28) as 



3.5 Discussion 

T h e r e  a r e  s e v e r a l  p o i n t s  t o  b e  made a b o u t  t h e  o n e - l o o p  e f f e c t i v e  a c t i o n .  
_a- 

F i r s t ,  w i t h  o u r  r e g u l a r - i z b t i o n  p r o c e d u r e ,  i t  c o n t a i n s  t h e  i m a g i n a r y  p a r t  

T h i s  c o n t r i b u t i o n  comes e n t i r e l y  f r o m  t h e  v e c t o r  f i e l d s  w i t h  S = - 2 ,  a n d  i s  

- 
t h e  same a s  i n  t h e  non-SUSY case. T h e  q l u i n o  e i g e n v a l u e  s p e c t r u m  i s  non-  

n e g a t i v e  a n d ,  t h e r e f o r e ,  s u p e r s y m m e t r y  c a n n o t  r e m o v e  t h e  i n s t a b i l i t y .  

( H o w e v e r ,  t h e  i n s t a b i l i t y  c a n  b e  r e m o v e d  by e x c i t i n g  t h e  u n s t a b l e  m o d e s .  

T h i s  w i l l  b e  d i s c u s s e d  i n  C h a p t e r ,  4.) 

S e c o n d ,  t h e  e x p r e s s i o n s  f o r  C i  i n  T a b l e  I show t h a t  c o m p l e t e  c a n c e l l a -  

t i o n  d o e s  n o t  o c c u r  among terms a r i s i n g  f r o m  n o n - n e g a t i v e  e i q e n v a l u e s  ( e v e n  

w i t h o u t  m a t t e r  f i e l d s ) , .  I n  t h e  c a s e  o f  c h i r a l  m u l t i - p l e t s ,  t h e  q u a r k s  a n d  

s - q u a r k s  c o n t r i b u t e  t o  r w i t h  t h e  same s i g n .  

T h i r d ,  f o r  t h e  e n e r g y  d e n s i t y  t o  b e  b o u n d e d  b e l o w ,  we m u s t  h a v e  IC > 0 .  
i I - 

I n  t h e  c a s e  o f  S U ( 3 ) ,  f o r  e x a m p l e ,  t h e  s t a t e  w i l l  n o t  a d m i t  more t h a n  9 q u d r k  

f l a v o r s .  T h i s  is  less t h a n  t h e  16 f l a v o r s  a l l o w e d  i n  o r d i n a r y  QCD. I n  t h i s  

s e n s e ,  t h e  m a t t e r - f i e l d  c o r r e c t i o n s  h a v e  a  g r e a t e r  d e s t d b l l i z i n q  i n f l u e n c e  i n  

t h e  SUSY case. 

F i n a l l y ,  we c o m p u t e  t h e  b e t a  f u n c t i o n .  It s a t i s f i e s  



where y . i s  t h e  anomalous, dimension of t h e  f i e l d  and Z is  t h e  f i e l d  rqnormal i -  

z a t  ion .  S ince  t h e  f i e l d  and coup l ing -cons t an t  r e n o r m a l i z a t i o n  f a c t o - r s  a r e  

re l a t r d  ( H o  = 47 H, g  = 1/a g) , i t  i s  easy  t o  show t h a t  $ ( g )  = gy. Then 
0 

we have 

Applying (3.34)  t o  (3.28),  we g e t  

t o  one- ioop  o r d e r .  Thus a sympto t i c  freedom is dssured  f o r  Nf < 9 ( i n  

S U ( 3 ) ) .  In t h e  s e n s e  o f  a d m i t t i n g  fewer quark f l a v o r s ,  t h e  SUSY s t a t e  i s  

l e s s  a s y m p t o t i c a l l y  f r e e  t han  t h e  o r d i n a r y  s t a t e .  This is easy  t o  unde r s t and  

s i n c e  SUSY p rov ides  a d d i t i o n a l  f i e l d s  ( g l u i n o s  and s -qua rks )  whose f l u c t u a -  

t i o n s  f u r t h e r  s c r een  t h e  non-Ahelian chdrqe .  

To summarize, we have ana lyzed  a  supersymmetr ic  model f o r  t h e  gauge 
, . 

qroups  SU(2 ) ,  SU(3 ) ,  and SU(4) wi th  a  c o n s t a n t  Abelian background f i e l d .  Our 

r e s u l t s  i n d i c a t e  t h a t  t h e  k ind  of  c a n c e l l a t  i ons  found i n  Ref .  37 do not  occur  

a s  a q e n e r a l  f e a t u r e  of SUSY t h e o r i e s .  In p a r t i c u l a r ,  they do no t  occur  f o r  

t h e  Savvidy Ansatz .  While t h e  t h e o r y  d i scussed '  is a s y m p t o t i c a l l y  f r e e ,  t h e  

b e t a  f u n c t i o n  r e s t r i c t s  t h e  n m b e r  o f  quark f l a v o r s ' t o  be less t h a n  6, 9 ,  and 

1 2  f o r  SU(2 ) ,  SU(3) ,  and SU(4 ) ,  r e s p e c t i v e s l y .  



CHAPTER 4 

Effective Action at  F i n i t e  Tern~erature.1 - _ 
Exciting the Unstable Hodes 

I n  t h i s  c h a p t e r ,  a n d  t h e  t w o  f o l l o w i n g ,  we s h a l l  s t u d y  t h e  c o n s t a n t  

b a c k g r o u n d  c o l o r  m a g n e t i c  f i e l d  a t  f i n i t e  t e m p e r a t u r e .  ( O n l y  t h e  non-  

s u p e r s y m m e t r i c  case w i l l  b e  c o n s i p e r e d . )  Were . i t  n o t  f o r  t h e  n e g a t  i v e  e i g c n -  

v a l u e s  i n  t h e  g l u o n  f l u c t u a t i o n  s p e c t r u m ,  t h i s  

f o r w a r d .  Howev,er,  t h e  e x i s t e n c e  o f  t h e  u n s t a b  

w o u l d  b e  r e l a t i v e l y  s t r d i g h t -  

l e  m o d e s ,  c o r r e s p o n d i r t q  t o  a 

t h e s e  ~ e g a t i v e  e j g e n v a l u e s ,  r a i s e s  q u e s t i o n s  a s  t o  how t h e y  s h o u l d  p r o p e r l y  

be t a k e n  i n t o  a c c o u n t .  

S e v e r a l  p u b l i c a t i o n s  h a v e  p r e s e n t e d  f i n i t e - t e m p e r a t u r e  c d l c u l a t i o n s  o n  

t h e  S a v v i d y  s t a t e .  I n  t w o  o f  t h e s e  [ 2 0 , 2 1 ] ,  t h e  d u t h o r s  o m i t t e d  t h e  u n s t a b l e  

m o d e s  w h i c h  q i v e  t h e  i m a g i n a r y  p a r t  o f  t h e  e n e r g y  d e n s i t y  a t  z e r o  t e m p e r a -  

t u r e .  They c o n c l u d e d  t h a t  t h e  s y s t e m  w i l l  u n d e r g o  a f i r s t - o r d e r  p h a s e  t r d n -  

s i t i o n  t o  a  s t a t e  o f  z e r o  m a g n e t i c  f i e l d .  I n  t w o  o t h e r  p a p e r s  [ 2 4 , 2 5 ] ,  t h e s e  - 

c a l c u l a t i o n s  w e r e ' c r i t i c i z e d  b e c a u s e  t h e  i m a g i n d r y  p a r t  o f  t h e  S d v v i d y  e n e r q y  

d e n s i t y  b e c o m e s  c o m p l e x  a t  f i n i t e  t e m p e r a t u r e .  The  a u t h o r s  d r g u e d  t h a t  a  

more m e a n i n g f u l  c a l c u l a t i o n  s h o u l d  i n c l u d e  t h e  real  p a r t  o f  t h i s  c o m p l e x  

t e r m .  T h e  r e s u l t  o f  d o i n g  t h i s  i s  a  d e e p e n i n g  o f  t h e  f r e e - e n e r g y  minimum a t  

n o n z e r o  f i e l d ,  w i t h  n o  p h a s e  t r a n s i t i o n  a t  a l l .  However ,  t h e  d u t h o r s  o f  

R e f .  2 5  c a l l e d  a l l  of ~ h e s e  c a l c u l a t i o n s  i n t o  q u e s t i o n  by  p o i n t i n g  out t h d t  

t h e  i m a g i n a r y  p a r t  o f  t h e  f r e e - e n e r g y  d e n s i t y  a l s o  g r o w s  w i t h  t e m p e r d t u r a ,  

i n c r e a s i n g  t h e  i n s t a b i l i t y .  They  c o n c l u d e  t h d t  t h e r e  I s  n o t h i n g  t o  c o n c l u d e .  

I n  t h i s  c h a o t e r ,  we p r e s e n t  a n  i m p r o v e d  c a l c u l a t i o n  b d s e d  o n  q e n e r d l i z -  

i n g  t o  f i n i t e  t e m p e r a t u r e  t h e  A n s a t z  o f  N l e l s e n  a n d  N i n o m i y a  [ I 5 1  f o r  e x c i t -  

i n q  t h e  u n s t a b l e  m o d e s  [ 4 3 ] .  T h i s  A n s a t z  y i e l d s  dn e n e r q y  d e n s i t y  w h i c h  is  



completely redl, and which is lower than that of the Savvidy state. We 

believe that such a state provides d firmer basis for a finite-temperature 

Investiqdtion. . 

4.1 St abl'e Modes 

First we summarize the relevant results for the stable modes. We shall 

restrict ourselves to d pure gduge theory (no fermions), at;j take the gauge 

group to be SU(2) .  From (3.28) dnd Table I, the energy density is 

E 
(stable) - + 

- 2 1i8r " (3"" [In $ - t] , 
where us  is the renormalization point in the Savvidy scheme, (3.26). From 

(7.30) we can express the renormdlized coupling constant as 

where As is the scale parameter in the Savvidy scheme. (We recall that gH 

is a renormalization-group invariant.) 

The contribu,tion of the stdble _modes to the finite-temperature free- 

< 
energy density is worked out in Appendix C. Doing the sum over S in (C.4), 

drld r~drrdnqing some terms, we get 

The unstable modes are excluded by the lower limit of the first integral. 



4.2 Exciting the Ulstable Hodes 

The ex i s tence  o f  t h e  u n s t a b l e  modes was f i r s t  po in ted  out by N i e l s m  m d  

Olesen [Ill. They computed t h e  vacuum p o l a r i z a t i o n  f o r  dn SU(2 )  Ydnq-Mi l l s  

theory  and showed t h a t  t h e  u n s t a b l e  modes e x h i b i t  tdchyon lc  (nega t i ve  mass 

- squared) behav ior  i n  1+1 dimension. I n  a  f u r t h e r  paper [131, and one w i t h  
\. 

... Ambj$rn [14],  these au tho rs  deve'loped the  dynamics o f  t h e  uns tab le  modes drld 
'\ 

showed t h a t  the  i n s t a b i l i t y  can be removed by a  (1+1)  dimensio-nal HLqqs 

mechani sin. 

To e x c i t e  t h e  u n s t a b l e  modes means t o  c o n s t r u c t  a  genera l  l i n e d r  combin- 

a t i o n  o f  t h e  a p p r o p r i a t e  e igens ta tes ,  and t o  t r e a t  t h i s  as an a d d i t i o n a l  

background f i e l d .  From (3.18) we see t h a t  t h e  nega t i ve  e igenvalues occur f o r  

N = 0, S = -2. N  = 0  corresponds t o  t h e  ground s t a t e  h d r m ~ n i ~ - ~ ~ ~ i l l d t ~ r  

1  k  1 
wave f u n c t i o n ,  exp [ -  gH(x2 - - ) 2 ] .  (My n o t a t i o n  d i f f e r s  from t h d t  o f  

9H 

N ie l sen  and Ninomiya [15] .  They use the  qauqe-rotated Ansatz A Z 3  = Hxp 

F u r t h e r ,  they  d e f i n e  t h e  c o v a r i a n t  d e r i v a t i v e  w i t h  a  minus s ign ,  so t h a t  

t h e i r  H i s  my -H. However, these d r e  j u s t  convent ions.)  The e igens ta tes  i n  

x3 and xb a r e  p lane  waves. The genera l  form f o r  an e x c i t a t i o n  o f  t h e  

unstabEe modes i s  t hus  , 

where we have suppresses group and vec to r  i n d i c e s  (see below).  The dynamicdl 

f i e l d  v a r i a b l e  i s  



The procedure inomiya [ I 5 1  is t o  c o n s t r u c t  a  s p e c i f i c  

- 
Ansatz f o r  4, and use (4 .4)  a s  a  new background p o t e n t i a l ,  i n  a d d i t i o n  t o  t h e  

one qivInq r i s e  t o  t h e  cons tant  f i e l d  s t r e n g t h .  This Ansatz w i l l  con ta in  

some parameters  with which energy d e n s i t y  can be va r i ed  t o  f i n d  t h e  

optimal choice for  lowering t h e  energy d e n s i t y .  This e x c i t a t i o n  of t h e  

t~ns tdb le*  modes is  t r e a t e d  i n  a  semi -c lass i ca l  approximation. This means t h a t  

t h e  f i e l d  v a r i a b l e  co r respond inq . to  t h e s e  modes is n o t  an i n t e g r a t i o n  v a r i -  

a b l e  i n  t h e  func t iona l  i n t e q r a l  used t o  compute t h e  e f f e c t i v e  a c t i o n .  So t h e  

e f f e c t i v e  a c t i o n  f o r  t h e s e  modes i s  j u s t  t h e i r  c l a s s i c a l  a c t i o n ,  except  t h a t ,  
Q 

a s  we s h a l l  s e e ,  t h e  coupl ing  cons tan t  appears e x p l i c i t l y  in  t h i s  express ion 

( a p a r t  from t h e  renormalizat ion-group i n v a r i a n t  combination gH). The 

renormal iza t ion  group formula f o r  t h e  running coupl ing  cons tan t  is then used 

t o  r ep lace  the  c l a s s i c a l  va lue .  

In terms of t h e  SU(2) . comgoaent .~f ie lds t  t h e  Yang-Mills Lagrangian i n  t h e  

backqround gauge is  

1 * * * - 7 (v,, wv'-vv w,,')(v lJ W V +-vvwlrf) - v,, *,,-Vdv+ 

2 1 '  
where wU3 and W,, = - ( W , , ' ? ~ W ~ ~ )  a r e  t h e  group e r g e n s t a t e s  obta ined from 

n 
d iagona l i z ing  t h e  q u a d r a t i c  opera to r  i n  (3 .14) .  Diagonal lza t ion  i n  t h e  

f. 1 + + 
Lorentz i n d i c e s  t h e  e i g e n s t d t e s  ~ j i r  and W+ F - ( W I - ~ ~ W ~ - ) .  

- 4s 
Now t h e  uns tab le  modes a r e  W - +  and W+- .  So t h e ' k g ~ a n g i a n  f o r  t h e s e  

I 

modes is obta ined from ('4.6) by s e t t i n g  a l l  o t h e r  modes t o  zero: 



1 2 1 W l  = w * ,  w12 = -w2 , 

w h e r e  W i s  d e f i n e d  i n  (4.41, a n d  t h e  l a s t  t w o  r e l a t i o n s  a r e  o b t a i n e d  f r o m  

We s u b s t i t u t e  t h e  q e n e r a l  f o r m  f o r  t h e  u n s t a b l e  mode e x c t t a t i o n  (4 .4)  

i n t o  t h e  Y a n q - M i l l s  L a g r a n g i a n  ( 4 . 6 ) ,  w i t h  t h e  c o n s t r a i n t s  (4.7) ,  a n d  L n t e -  

g r a t e  o v e r  xl a n d  x 2  t o  g e t  

- Jz fdx3dX4(-(av)k1 12qHl 4kl 1 S" - 

dkldkl 'dkl "dkl " ' - U  ( ~ ~ 1 ~  
2u6(k1+kl1-kl 11-k 1 I . * )  ( )  '" 

x exp - e [k12+(kl')2*(k11')2+(k~1'1)2-(k~+k~1)21)jd~3d~4 
-x- * 
$kl 1 1 l + k l + k l l  - --% (4.8) 

. We e m p h a s i z e  t h a t  we a r e  o n l y  c o n s i d e r i n g  t h e  s e l f - i n t e r a c t i o n  o f  t h e  

u n s t a b l e  m o d e s ,  i n  a d d i t i o n  t o  t h e i r  i n t e r a c t i o n  w i t h  t h e  c o n s t d n t  b a c k g r o u n d  

f i e l d .  
" 

Now t h e  p r o b ~ l e m  i s  t o  c o n s t r u c t  a n  A n s a t z  f o r  $k ( o r ,  e q u i v a l e n t l y ,  $1 
L 1 

w h i c h  d e c r e a s e s  t h e  e n e r g y  d e n s i t y .  A s  N i e l s e n  a n d  N l n m i y a  show 1151, t h i s  

is n o t  c o m p l e t e l y  t r i v i a l ;  i t  is n e c e s s a r y  t h a t  t h e  c o n t r i b u t i o n  t o  t h e  

e n e r g y  b e  p r o p o r t i o n a l  t; t h e  v o l u n e .  T h e i r  A n s a t z  is 



where Q is  a normalizat ion cons tan t  and c is t h e  spacing of t h e  &func t ions  
+ 

i n  t h e  v a r i a b l e  k l .  ( I n  Ref. 15 6 ( k , + )  is i m p l i c i t  . j  With t h i s  Ansatz, (4 .5)  

becomes 
B 

This expression i s  then used i n  (4 .8)  t o  y i e l d  t h e  c l a s s i c a l  space-averaged 

energy dens i ty  

E - LH2 - 
cl. - 2 

C 
2 

where K E - , and 
2n gH 

O 3  i s  t h e  t h i r d  3acobi ' 8  

,. 

*(Some d e t a i l s  i n  a r r i v i n g  a t  (4.11) a r e  given 
C 

7 

func t ion  def ined by 

in  Appendix D.) 

To (4.11) m u s t  be a-dded t h e  quantum c o r r e c t i o n .  It is very d i f f i c u l t  t o  

compute t h i s  because of t h e  O 3  f u n c t i o n s  i n  t h e  vacuum Ansatz. (As f a r  a s  I 

know, t h i s  s t i l l  has not been done.) A s  i n  Ref. 15, we s h a l l  use  t h e  co r rec -  

t i o n  given by t h e  second term of (4 .1)  f o r  a  cons tant  f i e l d ,  w i t h  a  magnitude 

H equal  t o  t h e  t y p i c a l  o rde r  of magnitude of  t h e  c l a s s i c a l  vacuum conf igura-  
A 

t i o n  ( i . e .  H H-g . Adding t h i s  t o  ( 4 . 1 1 ) ,  we have 



The e x p r e s s i o n  (4 .12 )  i s  ambiguous s i n c e  t h e  coup l ing  c o n s t a n t  appedrs  

e x p l i c i t l y  ( a p a r t  from t h e  i n v a r i a n t  gH). The l o g i c a l  t h i n g  is t o  e v a l u a t e  g - 

A 

a t  a  s c a l e  g iven  by t h e  t y p i c a l  f i e l d  s t r e n g t h  H .  With t h e  u se  of (4 .2)  we 

set x 
. i 

A 

Another ambigui ty  e x i s t s  due  t o  t h e  cho ice  f o r  H i n  ( 6 . 1 2 ) .  We t a k e ,  a s  a 

r e a s o n a b l e  gues s ,  

With (4 .13 )  and ( 4 . 1 4 ) ,  ( 4 .12 )  must be minimized wi th  r e s p e c t  t o  4 and 

K ,  t h e  parameters  of  t h e  Ansatz  (4 .10 ) .  Minimization wi th  r e s p e c t  t o  K g i v e s  

K = 1. We g e t  

F t n a l l y ,  we n o t e  t h a t  (4 .15)  h a s  a  minimun f o r  

w i t h  magnitude 

-1 1 
This  is t o  be compared wi th  t h e  v a l u e  - A s , a s  ob t a ined  from ( 4 . 1 ) .  

96n2 



4.3 Ulstable Modes at  F i n i t e  Temperature 

To c a l c u l a t e  t h e  f i n i t e - t e m p e r a t u r e  f r e e  energy, we must de'cide how t o  
I 

t ake  t h e  unstab le  modes i n t o  account. A t  zero temperature, as we have j u s t  
'I 

seen, they can be t r e a t e d  s e m i - c l a s s i c a l l y  through use o f  t h e  r e l e v a n t  run -  

n i n g  coup l i ng  constant  (4.13) .  

The s imples t  t h i n g  would be t o  i gno re  any p o s s i b l e  temperature 

dependence f o r  these modes. Then one cou ld  es t ima te  t h e  f r e e  energy by 

adding t o  (4.12) t h e  f i n i t e - t e m p e r a t u r e  c o r r e c t i o n  f rom t h e  s t a b l e  modes, 

4 . 3 .  A b e t t e r  $pprox imat ion  may be obta ined by p o s t u l a t i n g  some s imple  

temperature dependence f o r  t h e  uns tab le  modes. This i s  t h e  approach we s h a l l  

take. 

As mentioned i n  connect ion  w i t h  t h e  Ansatz o f  N ie lsen and Ninomiya, we 

r e q u i r e  a  c o n f i g u r a t i o n  which g i v e s  a  decrease i n  energy p r o p o r t i o n a l  t o  t h e  

volune. This i s  no t  t r i v i a l  s i n c e  we a r e  l i m i t e d  i n  momentun space by 

2nn 2 
2 2 k3 + k ~ ,  ( gH, o r  k32 + (-) < .<H a t  f i n i t e  temperature. On p h y s f c a l  6 - 

grounds, d reasonable cho ice  would be t o  have a  gaussian dependence on t h e  

a l lowed momenta. With t h i s  cho ice  we must have a  gaussian which becomes a  

d e l t a  f u n c t i o n  i n  t h e  zero- temperature l i m i t .  Thus we a re  l e d  t o  p o s t u l a t e  +, 

t h e  Ansatz 
1 

2rr n  
where w = - 

n B , as usual .  I n  t h e  zero- temperature l i m i t  B + and (4.18) -+ 

(4 .9) .  (We r e c a l l  t h a t  a  d e l t a  f u n c t i o n  may be d e f i n e d  as 



i 

Usinq (4 .5 )  we g e t  

where 1 ' denotes a r e s t r i c t e d  sum: s ince  k 3  = 0 (by Ansatz) , 

B 
n 

. W i t h  (4.19) i n  (4 .8 )  we ge t  the  free-cnergy densl ty  

where ~ ( s t a ~ l e )  is qiven by (4 .3 ) .  Taking H = H ,  a s  in  Section 4.2, usinq 
B 

(4 .13) ,  and minimizing w i t h  r e spec t  t o  4 and K ,  (4.20) g ives  

2 2 2  sH [ (  2 - e n  2 In 2 

2 

(stable) 
A 

- S 

-8r (n+n' )*,-8x ( n - n " ~ * ~ - ~ r ~ ( n '  -nee) 
e , (0 ,1 )~  1' e A '  s 

n,n' ,n" 
(4.21) 

4 2 
Note t h a t  we have used F l h s  , gHIAs , and BAS a s  na tu r a l  dimensionless 

va r i ab l e s .  



\ 

Expression (4.21) can be eva luated numer i ca l l y .  (Some d e t a i l s  a re  g i ven  

i n  Appendix E.)  The r e s u l t s  a re  shown i n  Fig.  4.1. We have a c t u a l l y  p l o t t e d  

4 2 
AF = F ( ~ H , T )  - F(0,T) i n  u n i t s  o f  A s  , versus gH i n  u n i t s  o f  As  , where 

-2. 2 
F(0,T) = - 

4504 

1 i s  t h e  free-enerqy e n s i t y  o f  t h e  charged modes i n  zero f i e l d .  (AF i s  s h o h  

f o r  ease i n  comparing curves f o r  d i f f e r e n t  temperatures.) For  comparison, 

F iq .  4.2 shows a p l o t  o f  AF vs. qH f o r  t h e  s t a b l e  modes on ly .  

The two cases show t h e  same q u a l i t a t i v e  behavior .  As t h e  temperature i s  

increased from zero, t h e  f ree-energy minimum becomes sha l lower .  Even tua l l y  

t h e  minimum a t  nonzero f i e l d  becomes degenerate w i t h  t h e  one a t  H = 0. This  
I 

happens a t  B A S  = .432, compared w i t h  BAS = 1.07 when t h e  u n s t a b l e  modes 

d r e  excluded. ..In e i t h e r  case, t h i s  s i g n a l s  a f i r s t - o r d e r  phase t r a n s i t i o n .  

The b a r r i e r  h e i g h t  a t  t h e  c r i t i c a l  temperature i s  .264hS4 i n  F i g .  4.1, 

compared w i t h  .002nS4 i n  F i g .  4.2. Therefore, t h i s  t rea tment  o f  t h e  

uns tab le  modes r e s u l t s  i n  a more s t a b l e  s t a t e  (deeper f ree-energy minimum). a ' 

h ighe r  c r i t i c a l  temperature ( sma l le r  B ) ,  and a more s t r o n g l y  f i r s t - o r d e r  

t r a n s i t i o n  ( l a r g e r  

There a r e  two 

Ansatz (4.18) does 

b a r r i e r  h e i g h t  a t  1,). 
k 

f u r t h e r  p o i n t s  t o  be made about these r e s u l t s .  F i r s t ,  t h e  

~ o t  g i v e  any a d d i t i o n a l  c o n t r i b u t i o n  t o , t h e  f ree-energy - 
d e n s i t y  a t  f i n i t e  temperature. Th is  was n o t  obvious a p r i o r i ,  b u t  i s  c l e a r  

2 
f rom the  f i n a l  express ion (4.21). Since e 

- 8n 
o n l y  th?= 0 mode 

& 

e f f e c t i v e l y  c o n t r i b u t e s ,  and t h i s  g i v e s  s imply  t h e  T = 0 r e s u l t .  O f  course, 

if - t h e  uns tab le  modes were t r e a t e d  quantum mechanical ly  , t h e i r  thermal  

f l u c t u a t i o n s  would c o n t r i b u t e .  While t h i s  might  l e a d  t o  some q u a n t i t a t i v e  

d i f f e r e n c e s ,  such as a change i n  t h e  c r i t i c a l  temperature, we expect t h a t  the  



H A ,  = .350 

F i g .  4 . 1  F ree -energy  d e n s i t )  c u r v e s  f o r  t h e  Copenhagen 
s t a t e .  



Fig. 4.2 Free-energy density curves for the Savvidy 
state, excluding'the finite-temperature 
unstable mode contribution. 



4 
q u a l i t a t i v e .  b e h a v i o r  o f  t h e  s y s t e m  ( t h e  f i r s t - o r d e r  p h a s e  t r a n s i t i o n )  would 

r e m a i n  unchanged .  

S e c o n d ,  t h e  b e h a v i o r  shown i n  F i g .  4.1 i s  s l i g h  l y  p e c u l i a r  ins t h a t  t h e .  t: > 
o s d e r  p a r a m e t e r  (gH) i n c r e a s e s  w i t h  t e m p e r a t u r e ,  u n t n  t h e  p h a s e  t r a n s i t i o n  

o c c u r s .  A s  we s h a l l  see i n  C h a p t e r  6,  t h i s  d o e s  i n  f a c t  happen  when f e r m l o n s  

a r e  i n c l u d e d .  Here it  a p p e a r s  t o  b e  a n  a r t i f a c t  o f  t h e  a p p r o x i m a t i o n  i n  

which  quantum c o r r e c t i o n s  a re  computed  a b o u t  an a v e r a g e  c o n s t a n t  f i e l d ,  

r a t h e r  t h a n  t h e  f l u x - t u b e  c o n f i g u r a t i o n  d e t e r m i n e d  by ( 4 . 9 ) .  A s  we see i n  

F i g .  4 . 2 ,  t h i s  d o e s  n o t  happen  when t h e  s t a b l e  modes a r e  c o n s i d e r e d  by them- 

s e l v e s .  '\ 

I n  c o n c l u s i o n ,  we h a v e  g e n e r a l i z e d  t h e  -- A n s a t z  o f  N i e l s e n  a n d  Ninomiya 

f o r  e x c i t i n g  t h e  u n s t a b l e  modes o f  t h e  Savv idy  vacuum t o  t h e  case o f  f i n i t e  

c T ' f e m p e r a t u r e ,  and  u s e d  t h i s  t o  c a l c u l a t e  t h e  f r e e - e n e r g y  d e n s i t y .  W i t h i n  t h e  

a p p r o x i m a t i o n s  made, we h a v e  shown t h a t  t h e  s y s t e m  w i l l  u n d e r g o  a  f i r s t - o r d e r  
7 .  ib. 

p h a s e  t r a n s i t i o n  t o  a  s t a t e  o f  v a n i s h i n g ' m a g n e t i c  f i e l d .  



CHAPTER 5 

Ef fec t i ve  Action a t  F i n i t e  Temperature I1 - 
Unstable Modes Beyond One Loop 

A s  w e  saw i n  Chapter  4 ,  t h e  most important  c o n s i d e r a t i o n  i n  computing 

t h e  f ree-energy  d e n s i t y  f o r  ' the c o n s t a n t  background c o l o r  magnet ic  f i e l d  is 

an a p p r o p r i a t e  t r e a t m e n t  of  t h e  u n s t a b l e  modes. A s e a r c h  of  t h e  l i t e r a t u r e  

r e v e a l s  t h r e e  p o i n t s  o f  view r e g a r d i n g  t h e s e  modes. We have a l r e a d y  

d i s c u s s e d  t h e  view t h a t  t h e , c o n s t a n t  background f i e l d  is u n s t a b l e ,  and t h a t  a  

s t a b l e  vacuum can be ach i eved  by e x c i t i n g  t h e  u n s t a b l e  modes. This  provided  

t h e  b a s i s  f o r  t h e  work r e p o r t e d  i n  Chapter  4. 

However, i t  has  a l s o  been argued t h a t  t h e  c o n s t a n t  f i e l d  i s  s t a b l e .  

Th!s view i s  t aken  by r e s e a r c h e r s  fo l l owing  two d i f f e r e n t  l i n e s  of t hough t .  ' 

In one c a s e ,  t h e  argument is t h a t  t h e r e  is something wrong w i t h  t h e  r e g u l a r i -  
% 

r a t i o n  procedure  used by t h o s e  who o b t a i n  an imaginary p a r t  i n  t h e  one-loop 

e f f e c t i v e  a c t i o n  [44-461. We s h a l l  no t  d i s c u s s  t h i s  h e r e ,  bu t  w i l l  r e t u r n  t o  

i t  i n  Chapter  7 .  
I 

In t h e  o t h e r  c a s e ,  t h e  argument ,  due t o  F1-ory [IY],  . i s  t h a t  t h e  imagin- 

a r y  p a r t  of  t h e  e f f e c t i v e  a c t i o n  i s  an a r t i f a c t  of  t h e  one-loop aproximat ion .  

I n  a d d i t i o n  t o  t h e  one-loop c o n t r i b u t i o n  from t h e  s t a b l e  modes, F l o r y  

i n c i ~ d e d  an " a l l ' o r d e r s "  c o n t r i b u t i o n  from t h e  u n s t a b l e  modes i n  h i s  c a l c u l a -  

t i o n .  T h p  means u s i n g  t h e  comple te  Lagrangian f o r  t h e  unstable-mode f i e l d  

v a r i a b l e ,  no t  , j u s t  t h e  q u a d r a t i c  terms used i n  t h e  one-loop app rox ima t ion .  

Th i s  c a l c u l a t i o n  y i e l d s  t h e  same l o g a r i t h m i c  term a s  t h e  one-loop approxima- 

t i o n ,  d r e a l  f i n i t e  term p r o p o r t i o n a l  t o  ( g ~ ) ' ,  and no imaginary p a r t .  The 

vacuum is s t a b i l i z e d  by t h e  s e l f - i n t e r a c t i o n  of  t h e  u n s t a b l e  modes. 



I n  t h i s  c h a p t e r ,  we s h a l l  u s e  F l o r y ' s  approach d s  t h e  b a s i s  f o r  comput- 

ing  t h e  f r ee -ene rgy  d e n s i t y  f o r  t h e  c o n s t a n t  background c o l o r  maqnet ic  f i c l d .  

(We a g a i n  restrict  o u r s e l v e s  t o  t h e  gauge group S U ( 2 ) ,  and corls idcr  gluon 

f l u c t u a t i o n s  o n l y . )  We s h a l l  see t h a t  t h e  phdse t r d n s i t i o n  t o  zero f i e l d  

which o c c u r s  i s  second o r d e r .  F u r t h e r ,  t h e  t r a n s i t i o n  t empera tu re  i s  hicjher 

t han  t h a t  f o r  t h e  Copenhagen vacuum s t u d i e d  in Chapter 4. . 

l+ * " 

5.1 Zero Temperature 

. => 

A s  b e f o r e ,  we write t h e  gauge f i e l d s  a s  

- a  a  
" where A is  t h e  background f i e l d  and a  i s  t h e  quantun f i e l d  v a r i a b l e .  

U U 

f u l l  Eucl idean Lagrangian,  a p a r t  from g h o s t s ,  i s  

a b  
where 0 is  t h k  o p e r a t o r  i n  ( 3 . 1 4 ) ,  t h e  de te rminant  of which q i v e s  t h e  

IJV 

a b  
one-loop c o r r e c t i o n ,  and V i s  t h e  bdckground f i e l d  c o v a r i a n t  d e r l v d t i v e d  

11 

i n t roduced  in  ( 3 . 7 ) .  t 

, 
We want t o  compute t h e  f u l l  L7action f o r  t h e  u n s t d b l e  modes. (We s h a l l  

c o n t i n u e  t o  r e f e r  t o  t h e  modes wi th  n e q a t i v e  e i g e n v a l u e s  a s  " u n s t d b l e  

modes .") We r e c a l l  t h a t  t h e  u n s t a b l  e-mode e i g e n v e c t o r s  a r e  a -  + and a + - .  

Using t h e  c o n d i t i o n s  ( 4 . 7 ) ,  i t  i s - e a s y  t o  show t h a t  t h e  c u b i c  term i n  ( 5 . 1 )  

d 
v a n i s h e s .  ( I n  Chapter  4 ,  we denoted  t h e  u n s t d b l e  modes by W t o  d i s t i n q u l s h  

LJ 



\ - 
t h e m  f r o m  q u a n t u m  f i e l d  v a r i a b l e s .  H e r e  we r e v e r t  b a c k  t o  o u r  o r i g i n a l  n o t a -  '. 

t i o n . )  = The q u a r t i c  term is 

C o m b i n i n q  t h i s  w i t h  t h e  q u a d r a t i c  term i n  (5 .1)  we g e t  

' T o  c o m p u t e  t h e  a c t , i o n , - - 5 l o r y  c o n s i d e r e d  b o t h  e lec t r i c  a n d  m a g n e t i c  b a c k -  

q r o u n d  f i e l d s . .  He set t h e  e l ec t r i c  f i e l d  s t r e n g t h  t o  e H ,  a n d  r e g a i n e d  t h e  

S a v v i d y  s t a t e  i n  t h e  l i m i t  E + 0. T h i s  is c o m p u t a t i o n a l l y  c o n v e n i e n t  s i n c e  

t h e  e i q e n f u n c t i o n s  t h e n  c o n s i s t  s o l e l y  o f  a p r o d u c t  o f  h a r m o n i c - o s c i l l a t o r  

w a v e f u n c t i o n s ,  a n d  t h e s e  a r e  e a s y  t o  i n t e g r a t e .  

However ,  t h i s  p r o c e d u r e  i s  n o t  s o  c o n v e n i e n t  a t  f i n i t e  t e m p e r a t u r e  i n  

t h e  i m a q i n a r y - t  irne f o r m a l  ism. T h i s  i s  b e c a u s e  o f  t h e ,  p e r i o d i c i t y  r e q u i r e m e n t  

o n  t h e  e i g e n f u n c t i o n s  i n  t h e  x 4  d i r e c t i o n .  I n  o r d e r  t o  a p p l y  t h e  i m a g i n d r y -  

time f o r m a l i s m  we m u s t  f i r s t  p r o v i d e  a n  a l t e r n a t i v e  d e r i v a t i o n  o f  F l o r y ' s  

r e s u l t ,  w o r k i n g  w i t h  o n l y  a  c o n s t a n t  m a g n e t i c  f i e l d  f r o m  t h e  s t a r t .  

The n o  m a  1 i z e d  u n s t a b l  e-mode e i g e n f u n c t i o n s  are  

w h e r e  we e m p l o y  a box n o r m a l i z a t i o n  f o r  t h e  p l a n e  w a v e s .  (We n o t e  t h a t  ( 5 . 4 )  

d i f f e r s  f r o m  t h e  f o r m  u s e d  i n  ( 4 . 4 )  by  g a u g e  a n d  c o o r d i n a t e  t r a n s f o r m d t i o n s . )  



A l t h o u g h  a _ +  a n d  a + -  are c o m p l e x ,  t h e y  a r e  r e l a t e d  by  c o m p l e x  c o n j u q a -  

t i o n  t h r o u g h  t h e  c o n d i t i o n s  ( 4 . 7 ) .  F u r t h e r ,  we see f r o m  ( ' 5 . 3 )  t h a t  t h e  

a c t i o n  d e p e n d s  o n l y  o n  t h e i r  m a g n i t u d e s .  T h e r e f o r e  we c a n  t d k c  the  a m p l i t u d e  

o f  t h e  f l u c t u a t i o n s ' ,  c ( k 3 ,  k 4 ) ,  t o  b e  rea l .  The f u n c t i o n d l  i n t e g r d l  f o r  Lhc 

u n s t a b l e  modes is t h e n  
- 

, w h e r e  sU d e n o t e s  t h e  a c t i o n  f o c  o n e  o f  t h e  modes  ( a _ +  o r  a + - ) ,  a n d  
\ / 

,' 

/- 9H-1'-2 i--- Lg L, i g" i D E Z  - !d 
2r 2 f  2r 4r 

is  t h e  d e q e n e ~ a c y  o f  s t a t e s .  ( T h e  f a c t o r  o f  2 a c c o u n t s  f o r  t h e  2 m o d e s ,  a -  t 

a n d  a + - . )  

The q u a d r a t i c  p a r t  o f  t h e  a c t i o n  i s  s t r a i g h t f o r w a r d  t o  e v a l u a t e :  

I 

The q u a r t i c  term is  t r i c k i e r  s i n c e ,  f o r  p l a n e - w a v e  s t a t e s ,  n e g l e c t i n g  c r o s s  

terms b e t w e e n  d i f f e r e n t  g a u g e - i n v a r i a n t  s u b s e t ?  g i v e s  n o  c o n t r i b u t i o n : .  

So we c o n s i d e r  a  p l a n e  wave  w i t h  wave  number  k  t o  i n t e r a c t  w i t h  a  s m a l l  set  



o f  nearby s t a t e s  k '  = k+Ak. Then we can take  c ( k g 1 , k 4 ' )  = c (k3 ,k4 ) .  I n c l u d -  

i n q  a dens i t y  o f  s t a t e s  f a c t o r  f o r  t h e  pr imed s ta tes ,  we get  

where we have used) d k 3 ' d k s t  = ngH ( s i n c e  k32+ky4 - < gH). 
P' 

I t  i s  convenient t o  d e f i n e  d i m e n s i o n l e s s ~ v a r i a b l e s :  

A A k c = c and k = - .  
m * 

Then (5 .6 )  and (5.7) i n  (5.5) q i v e  

F i n a l l y ,  t h e  energy d e n s i t y  of t h k  uns tab le  modes i s  

1 1 U 
6 = - i n  zU - - P Dldk3dk4(r  i n  gH) + ( tern  proportional t o  ( g ~ ) ~ )  

- - ~~ l2 In gH 1 (term proportional t o  (CJH)~). 
8r 

Ub 

(5.10) 

Th is  i s  as adver t ised.  The l o g a r i t h m i c  term i s  t h e  same as t h a t  Found i n  t h e  

one- loop appproximat ion,  (6.8) .  The te rm p r o p o r t i o n a l  t o  ( g ~ ) 2  i s  absorbed 

through -- t h e  r e n o r m a l i z a t i o n  c o n d i t i o n  (3 .25 ) .  There i s  no imaginary p a r t .  . - 
Therefore t h e  complete energy d e n s i t y  i s  g i ven  by t h e  same express ion as t h e  

r e a l  p a r t  computed t o  one loop:  



5.2 F in i te  Temperature 

we apply t h e  t r a n s f o r m a t l o h s  (2 .25 ) .  The unstable-mode e igen func t io r l s  

a r e  now 

T h e  f i n i t e - t e m p e r a t u r e  f u n c t i o n a l  i n t e g r a l  is 

where t h e  degeneracy f a c t o r  i s  now 

where V i s  t h e  s p a c i a l  vo lune .  (The f a c t o r  B/2n is absen t  s i n c e  we t d k e  t h e  

p roduc t  i n  (5 .13)  over  n, and no t  2nn/ B . )  

The q u a d r a t i c  p a r t  of t h e  a c t i o n  is  aga in  s t r a i g h t f o r w a r d :  

The q u a r t i c  term i s  



5 
where we apply t h e  same argument used i n  ob ta in ing  ( 5 . 7 ) .  Now 

21r n  2 

which fol lows from t h e  c o n s t r a i n t  k s 2  + (-g--) ( gH. Then t h e  

q u a r t i c  term i s  

We aqaln use  t h e  dimensionless v a r i a b l e s  def ined i n  (5 .8) ,  along w i t h  (5.14) 

and ( 5 . 1 5 ) ,  i n  (5 .13)  t b  g e t  

The f ree-energy d e n s i t y  is 

where 

- CO 

1 ( k 3 , n )  =I  h 

dc exp , -- i 16r 4 jd 

O (5.18) .' --- -- - 
- 



t 

The f i r s t  term i n  (5 .17)  i s  t h e  z e r o  t empera tu re  l o g a r i t h m i c  term o f  

(5 .10) .  In-,>he z e r ~ ~ t e r n ~ e r a t u r e  l i m i t  t h e  second term i n  (5.17)  v a n i s h e s ,  

and t h e  t h i r d  term reduces  t o  t h e  term p r o p o r t i o n a l  t o  ( C J H ) ~  i n  ( 5 . 1 0 ) .  To 

be C o n s i s t e n t  wi th  t h e  renormal ized  ze ro  tempera ture  exp re s s ion  ( 3 . 3 1 ) ,  w e  

s u b t r a c t  from (5 .17)  
I 

" 2 where k 2  = k j 2  + k4 , and 

which w e  r ecogn ize  from ( 5 . 9 ) .  

The q u a r t i c  .,terms i n  ( 5 . 1 8 )  and (5 .20)  c o n t a i n  t h e  coup l ing  c o n s t a n t  

e x p l i c i t l y .  We e v a l u a t e  i t  through t h e  r e n o r m a l i z a t i o n  group equdt ion  

(3 .30) .  We must choose  t h e  s c a l e  a t  which t o  e v a l u a t e  g .  A t  f i n i t e  tempera- 

t u r e  t h e r e  a r e  a c t u a l l y  t h r e e  scaa les  i n  t h e  t h e o r y :  A s ,  gH, and B. We 

Take a s  a  r e a s o n a b l e  c h o i c e  IJ = A 2 + gH + I /B' .  (With t h i s  c h o i c e  f o r  
, s S 

Us 
' ,  g2 is never  n e g a t i v e . )  Then 

A g r e a t e r  ambigui ty  e x i s t s  f o r  t h e  second term of (5 .17) .  Obviously we . 

canno t  t a k e  t h e  l oga r i t hm of  a  d imens ionfu l  q u a n t i t y .  We must have somethinq 

l i k e  l n  g ~ / ~ 2 .  This  i s  no problem f o r  t h e  ze ro - t empera tu re  l oga r i t hm s i n c e ,  

2 
a s  -we saw i n  ~ h a ~ t e % - ~ a n  a r b i t r a r y  IJ g e t s  t r d d e d ,  e v e n t u d l l y ,  f o r  t h e  

2 s c a l e  parameter  A s  i n  t h e  r e n o r m a l i z a t i o n  p r o c e s s .  

6 



The  s o u r c e  o f  t h i s  a m b i g u i t y  is o b s c u r e ,  and  we h a v e  n o t h i n g  t o  s a y  

a b o u t  i t .  ( T q i s  p rob lem is a l s o  d i s c u s s e d  i n  Ref .  2 2 . )  The log i ' c a l  p r o c e -  

d u r e  is t o  t a k e  p 2  = 1 2 ,  a s  i n  t h e  z e r o  t e m p e r a t u r e  l o g a r i t h m .  However, we 
S 

2 c o u l d  a l s o  c o n s i d e r  c h o i c e s  s u c h  as  v2 = A + 1/f12 o r  p2 = A + gH + I / B ~  
S  S  

( a s  i n  ( 5 . 2 1 ) ) .  The q u a l i t a t i v e  b e h a v i o r  o f  t h e  f r e e - e n e r g y  d e n s i t y  t u r n s  

o u t  t o  b e  i n d e p e n d e n t  o f  o u r  c h o i c e .  

The  c o m p l e t e  f r e e - e n e r g y  d e n s i t y  i s  

11 F = -  ( s t a b l e )  + ( # l l 3 l 2  
2r2 6 v2 

w h e r e  

a n d  

T h e  f i r s t  term i n  ( 5 . 2 2 )  i s  t h e  o n e - l o o p  z e r o  t e m p e r a t u r e  p i e c e ,  ( 5 .  I I ) ,  and  

is t h e  f i n i t e - t e m p e r a t u r e  c o n t r i b u t i o n  I b m - t k r s t a b l e  g l u o n  modes  
0 

g i v e n  by (4 . ' 3 ) .  

The e x p r e s s i o n  ( 5 . 2 2 )  c a n  b e  e v a l u a t e d  n u m e r i c a l l y .  (Some d e t a i l s  a re  

g i v e n  i n  Appendix  E . )  I n  F i g u r e  5 .1  we h a v e  p l o t t e d  AF, = F(gH,T)  - F(O,T)  i n  

4 *. 2  u n i t s  o f  AS , v e r s u s  gH i n  u n i t s  o f  As  , where  we h a v e  set  v2  = s 2  i n  

t h e  t h i r d ' t e r m  o f  ( 5 . 2 2 ) .  The  b e h a v i o r  s e e n  i n  t h e  c u r v e s  c o n t r a s t s  



F i g .  5 . 1  Free -energy  d e n s i t y  c u r v e s  f o r  t h e  Savv idy  
s t a t e ,  i n c l u d i n g  a n  " a l l  o r d e r s "  c o n t r i b u t i o n  
f rom t h e  u n s t a b l e  modes. 



s t r i k i n q l y  w i t h  t ha t  i n  Figs.  4.1 and 4.2. F i r s t  o f  a l l ,  as the temperature 

is  incrgased from zero, the  order parameter, gH, increases, and t he  f r ee -  
, 

energy dens i t y .we l1  gets  deeper. The w e l l  reaches a maximum depth o f  about 

.OBA; when B A S  = ,590. As t he  temperature i s  increased f u r t he r ,  t h  1 
~ ---/- 

wel l  gets  shal lower again. ,  F i n a l l y ,  when BAS = .260, the  system undergoes 

a second order phase t r a n s i t i o n  t o  a s t a t e  o f  zero f i e l d .  

The dee;ening of  the  free-energy dens i ty  minimun i s  pecu l ia r .  We s h a l l  

. encounter t h i s  phenomenon again i n  Chapter 6, when we discuss fermions. I n  

t ha t  case i t  i s  eas ie r  t o  understand what i s  happening. Here we can on ly  

assume t h a t  the re  i s  a very l a r g e  entropy i n  these unstable modes which 

dominates t he  free-energy dens i t y  a t  low temperatures. '  (We r e c a l l  t h e  

d e f i n i t i o n  o f  the  f r e e  energy, F = U-TS, where U i s  the energy and S the  

entropy.)  ith he ma tic all^, t he  source o f  t h i s  behavior l i e s  w i t h  the f o u r t h  

term i n  (5.22). This term i s  negat ive,  and i t s  magnitude increases both  w i t h  

increas inq f i e l d  and inc reas ing  temperature. The behavior o f  t he  t h i r d  term 

- 
depends on theechoice f o r  u2. For u2 = nS2 or  u2 = 1 + I / B ~ ,  i t  i s  nega- 

t i v e  f o r  small  gH, bu t  goes p o s i t i v e  as H i s  increased. For choices such as ' \  

u2 = 1 + gH o r  u2 = 1 + gH + I/B', i t  stays negative, approaching zero f o r  

l a r g e  f i e l d s .  This has the 'ef fect  of  f u r t he r  de lay ing the  phase t r a n s i t i o n .  

These var ious choices have no e f f e c t  on t he  order o f  the  t r a n s i t i o n .  

I n  conclusion, we have computed the  free-energy dens i t y  f o r  the  constant 

backqround co lo r  maqnetic f i e l d  by t r e a t i n g  the  unstab le  modes beyond one 

loop. We have seen t h a t  t h i s  treatment of the  unstab le  modes leads t o  beha- 

v i o r  which i s  q u a l i t a t i v e l y  d i f f e r e n t  from t h a t  exh ib i t ed  by t he  s tab le  modes 

alone, and from t h a t  caused by e x c i t i n g  the  unstab le  modes as i n  Chapter 4. 

This treatment of the  unstab le  modes leads t o  a more s tab ie  lowest-energy 
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s t a t e  a t  low t e m p e r a t u r e s .  Moreove r ,  t h e  s y s t e n  i s  s e e n  t o  e x h i b i t  a s e c o n d  

o r d e r  p h a s e  t r a n s i t i o n  t o  a s t a t e  o f  z e r o  f i e l d .  A l though  t h e r e  is  a n  ambi-  

g u i t y  i n  t h e  e p x r e s s i o n  ( 5 . 2 2 )  d u e  t o  t h e  p r e s e n c e  o f  a n  d e b i t r a r y  scale uZ, 
- 

t h e  q u a l i t a t i v e  b e h a v i o r  o f  t h e  s y s t e m  is s e e n  n o t  t o  depend  o n  r e a s o n a b l e  

c h o i c e s  f o r  t h i s  p a r a m e t e r .  



CHAPTER 6- 

I 

Fermions a t  F i n i t e  T e q e r a t u r e  

So f a r  we h a v e  o n l y  c o n s i d e r e d  t h e  c o n t r i b u t i o n  s f  g l u o n s  t o  t h e  f r e e -  

e n e r q y  d e n s i t y .  However, QCD is a t h e o r y  wh ich  c o n t a i n s  as  weli as  
< 

g l u o n s .  I n  t h i s  c h a p t e r ,  we compute  t h e  e f f e c t s  o f  q u a r k s  on  t h e  f r e e - e n e r g y  

d e n s i t y  o f  t h e  S a v v i d y  S ta te .  T h i s  t u r n s  o u t  t o  b e  v e r y  i n t e r e s t i n g .  I n t u i -  

t i v e l y  o n e  e x p e c t s  t h e  a d d i t i o n a l  d e g r e e s  o f  f r e e d o m  p r o v i d e d  by t h e  q u a r k s  

t o  h a v e  a d e s t a b i l i z i n g  e f f e c t  o n  t h e  g r o u n d  s t a t e .  However, t h i s  is n o t  t h e  

c a s e  h e r e .  As t h e  t e m p e r a t u r e  i s  i n c r e a s e d  f rom z e r o ,  q u a r k  f l u c t u a t i o n s  

i n i t i a l l y  i n c r e a s e  t h e  s t a b i l i t y  ( t h e  f r e e - e n e r g y  d e n s i t y  well g e t s  d e e p e r ) .  

As t h e  t e m p e r a t u r e  i s  f u r t h e r  i n c r e a s e d  t h i s  t r e n d  i s  r e v e r s e d ,  a n d  t h e  

s y s t e m  e v e n t u a l l y  u n d e r g o e s  a  p h a s e  t r a n s i t i o n  t o  a s t a t e  o f  z e r o  f i e l d .  

Fo r  d e f i n i t e n e s s  we c o n s i d e r  t w o  f l a v o r s  o f  z e r o - m a s s  q u a r k s .  T h e i r  

o n e - l o o p  f i n i t e - t e m p e r a t u r e  c o n t r i b u t i o n  t o  t h e  f r e e - e n e r g y  d e n s i t y  is 

o b t a i n e d  d i r e c t l y  f r o m  ( C . 4 ) .  Doing  t h e  sum o v e r  S i  = '1, a n d  r e a r r a n g i n g  

terms i n  t h e  r e m a i n i n g  sum, we g e t  

(The  f i r s t  term i n  ( 6 . 1 )  a r ises  f r o m  t h e  N = 0, S  = -1 mode, t h e  e n e r g y  o f  

which  is  i n d e p e n d e n t  o f  H . )  

To i l l u s t r a t e  t h e  e f f e c t s  o f  q u a r k s  we s h a l l  i g n o r e a t h e  q u e s t i o n  o f  t h e  

pr.oper t r e a t m e n t  o f  t h e  u n s t a b l e  modes,  a n d  s i m p l y  a d d  ( 6 . 1 )  t o  t h e  c o n t r i b u -  

t i o n  f rom t h e  s t a b l e  g l u o n  modes ,  (4 .3 ) .  The t o t a l  f r e e - e n e r g y  d e n s i t y  is 

t h e n  - 



F = (stable) + F(quarks) 
8 8 . 16n2 

9 

1- 
where  t h e  f i r s t  term is t h e  z e r o  t e m p e r a t u r e  r e s u l t  f rom (3 .31) .  

-1 
T h i s  e x p r e s s i o n  c a n  b e  e v a l u a t e d  n u m e r i c a l l y .  (Some d e t a i l s  are  g i v e n  

i n  Appendix E.) I n  F i q u r e  6 , 1  we h a v e  p l o t t e d  AF = F(gH,T) - F ( 0 , T )  i n  u n i t s  

4 2 
o f  A s  , v e r s u s  gH i n  u n i t s  o f  As , where  

i s  t h e  f r e e - e n e r g y  d e n s i t y  o f  t h e  chdrge 'd g l u o n  modes and t h e  q u a r k  modes h 

z e r o  f i e l d  ( s e e  ( C . 5 ) ) .  T h i s  s h o u l d  b e  compdred w i t h  F i g .  4.2,  AF v s .  gH f o r  

t h e  s t a b l e  g l u o n  modes o n l y .  

The  c o n t r a s t  be tween  t h e  two  f i g u r e s  is S t r i k i n g .  When o n l y  t h e  g l u o n  
% 

- s t a b l e  modes a r e  c o n s i d e r e d ,  t h e  , f r e e - e n e r g y  d e n s i t y  shows t h e  b e h a v i o r  o n e  
, 

i n t u i t i v e l y  e x p e c t s .  As t h e  t e m p e r a t u r e  i s  i n c r e a s e d  f r o m  z&o ,  t h e  s t a b l e -  

mode f l u c t u a t i o n s  c a u s e  t h e  o r d e r  p a r a m e t e r ,  qH, t o  d e c r e a s e  ahd t h e  f r e e -  

e n e r g y  d e n s i t y  well t o  become s h a l l o w e r .  A t  BAS = 1 . 0 7  t h e  minimum becomes 

d e q e n e r a t e ,  and  t h e  b a r r i e r  h e i g h t  i s  a b o u t  .002hS4.  Above t h i s  t e m p e r a -  

t u r e  H = 0 is t h e  g l o b a l  minimum. 

I n c l u s i o n  o f  q u a r k s  r e s u l t s  i n  a  r a t h e r  d i f f e r e n t  p f c t u r e .  As t h e  

t e m p e r a t u r e  is i n c r e a s e d  f rom z e r o ,  two i n t e r e s t i n g  t h i n g s  hdppen:  t h e  o r d e r  

p a r a m e t e r  i n c r e a s e s ,  a n d  t h e  f r e e - e n e r g y  d e n s i t y  well g e t s  d e e p e r .  ( T h i s  is  

j u s t  t h e  b e h a v i o r  we e n c o u n t e r e d  i n  C h a p t e r  5. I ts  s o u r c e  t h e r e  is somewhat 

o b s c u r e ,  b u t  i s  c l e a r l y  a s s o c i a t e d  w i t h  b h e  u n s t a b l e  modes. A s  we s h d l l  see, 

t h e  s i t u a t i o n  h e r e  i s  much easier  t o  u n d e r s t a n d . )  T h e . w e i l  r e a c h e s  d mdximum 

d e p t h  o f  a b o u t  -.03h ( compared  w i t h  a b o u t  -0.lA a t  T = 0 )  a t  gH = 1.8. 
S s 

T h i s  h a p p e n s  a t  B A S  = 1 .35 .  A s  t h e  t e m p e r a t u r e  is i n c r e a s e d  f u r t h e r ,  t h e  

L 



F i g .  6 . 1  Free-energy d e n s i t y  c u r v e s  f o r  t h e  S a w i d y  
s t a t e ,  i n c l u d i n g  2 f l a v o r s  of m a s s l e s s  qua rks ,  
and exc lud ing  t h e  f i n i t e - t e m p e r a t u r e  u n s t a b l e  
mode c o n t r i b u t i o n .  



w e l l  g e t s  s h a l l o w e r  ( a l t h o u g h  t h e  o r d e r  p a r a m e t e r  c o n t i n u e s  t o  i n c r e a s e  

s l i g h t l y  f o r  a  w h i l e ,  r e a c h i n g  a  maximum v a l u e  o f  1 . 9 ) .  A t  B A S  = .728 t h e  

4 minimum b e c o m e s  d e g e n e r a t e ,  a n d  t h e  b a r r i e r  h e i g h t  is a b o u t  .009As . Above 

t h i s  t e m p e r a t u r e  H = 0 i s  t h e  g l o b a l  minimum. 

B e f o r e  d i s c u s s i n q  t h e s e  r e s u l t s ,  we p o i n t  o u t  t h d t  t h e  t w o  t r d r ~ s i t i o n  

t e m p e r a t u r e s  c a n n o t  b e  i m m e d i a t e l y  c o m p a r e d  s i n c e  A (N = 0 )  * A (N =2). 
s f s f  

However ,  i n  R e f .  15 it is shown t h a t  t h e  d e p e n d e n c e  o f  A s  o n  I\, ( t h e  

s c a l e  p a r a m e t e r  i n  t h e  m i n i m a l - s u b t r a c t i o n  s c h e m e )  i s  o n l y  w e a k l y  d e p e n d e n t  

o n  N f .  F u r t h e r m o r e ,  R e f .  47 s h o w s  t h d t  Am a l s o  d e p e n d s  o n l y  w e a k l y  o n  

N f .  So, f o r  t h e  p u r p o s e s  o f  o u r  d i s c u s s i o n ,  we c a n  i g n o r e  t h e  d e p e n d e n c e  

o f  A s  o n  N f .  We s t i l l  h a v e  t h e  q u a l i t a t i v e  r e s u l t  t - h a t  i n c l u s i o n  o f  

q u a r k s  i n c r e a s e s  t h e  s t a b i l i t y  o f  t h e  s y s t e m ,  a n d  t h l s  l e a d s  t o  a n  i n c r e a s e  

i n  t h e  t r a n s i t i o n  t e m p e r a t u r e  ( d e c r e a s e  i n  c r i t i c a l  B) .  

( W h i l e  w r i t i n g  t h i s  u p ,  I d i s c o v e r e d  a  r e c e n t  p a p e r  by P a q e  a n d  

S o c o l o v s k y  [48] i n  w h i c h  s i m i l a r  r e s u l t s  a r e  r e p o r t e d .  They c o n s i d e r  t h r e e  

m a s s l e s s  q u a r k s  w i t h i n  S U ( 3 ) ,  b u t  t h e  b e h a v i o r  i s  q u a l i t a t i v e l y  t h e  s a m e .  

However ,  t h e s e  a u t h o r s  seem t o  b e  u n a w d r e  o f  t h e  s o u r c e  o f  t h i s  u n u s u a l  

b e h a v i o r . )  

Now, w h a t ' s  g o i n g  o n ?  L e t t s  l o o k  a t  Eqn .  (6 .1 ) .  The f i r s t  term d r l s c s  

f r o m  t h e  N=O, S = - I  mode. The  e n e r g y  o f  t h i s  mode is  i n d e p e n d e n t  o f  t i  s i n c e  

t h e  g r o u n d - s t a t e  o s c i l l a t o r  c o n t r i b u t i o n  1 1 2  qH, is c d n c e l l e d  by & h e  s p i n  

term ( s p i n  p a r a l l e l  t o  t h e  f i e l d ) . _  ( T h e  o n l y  e n e r g y  i n  t h i s  mode i s  I n  t h e  

f r e e - p a r t i c l e  momentum i n  t h e  3 d i r e c t i o n . )  However ,  t h i s  mode ( i n  f a c t ,  a l l  

o s c i l l a t o r  modes)  h a s  a  d e n s i t y  o f  s t a t e s  w h i c h  g o e s  l i n e a r l y  w i t h  t h e  f i e l d ,  , 

qH12n;  s o  i t  q i v e s  a  c o n t r i b u t i o n  t o  t h e  f r e e - e n e r q y  d e n s i t y  w h l c h  i s  a l s o  

l i n e a r  i n  t h e  f i e l d .  T h e  c o n t r i b u t i o n s  f r o m  a l l  o t h e r  q u a r k  m o d e s ,  a s  w e l l  



a s  t h e  s t a b l e  gluon modes ( s e e  ( 4 . 3 )  ) , q u t  damped o u t  a s  gH i s  i n c r e a s e d .  So 

i t  is t h e  quark ze ro  modes which a r e  r e s p o n s i b l e  f o r  the i n t e r e s t i n g  behav io r  

d e p i c t e d  i n  F iq .  6 .1 .  

We can be more q u a n t i t a t i v e .  I f ' w e  make t h e  approximation t h a t  on ly  t h e  

quark  z e r o  modes a r e  e x c i t e d  a t  low t emperd tu re s ,  we can write 

F 
16n2 

Minimizinq t h i s  wi th  r e s p e c t  t o  t h e  f i e l d  g i v e s  

L A t  T = 0 t h e  minimum o c c u r s ,  o f  c o u r s e ,  f o r  gH = A, . A s  t h e  gempera ture  

i n c r e a s e s ,  t h e  r i g h t  hand s i d e  o f  (6-.4) i n c r e a s e s  and s o  t h e  v a l u e  of  gH 

J --*? 
minimizing (6 .3 )  a l s o  i n c r e a s e s .  A s  t h e  tempera ture  i n c r e a s e s  f u r t h e v ( t h e  

- /' 

o t h e r  quark  and gluon modes g e t  e x c i t e d  and come i n t o  p l a y .  A gla(ke a t  
1 

(4 .3 )  and (6 .1)  shows t h a t  t a k i n g  d e r i v a t i v e s  of t h e  terms corn ing~from a l l  
I 

o t h e r  modes r e s u l t s  i n  a s i g n  change wi th  r e s p e c t  t o  t h e  zero-mode term. 
. 

( T h i s  i s  due t o  the minus s i g n  i n  t h e  e x p o n e n t i a l . )  This  g i v e s  terms on t h e  
L > 

'$ 
r i g h t  hand s i d e  of  ( 6 - 4 )  which arc! n e g a t i v e .  These terms e v e n t u a l l y  domin- 

a t e ,  and d r i v e  t h e  magnitude of  gH minimizing F-back toward s m a l l e r  v a l u e s .  

Although ( 6 . 4 )  i s  t r a n s c e n d e n t a l ,  we can g e t  an approximate s o l u t i o n ,  

v a l i d  f o r  10.w t e m p e r a t u r e s ,  by s e t t i - n q  

where 6 i $  smal l .  Keeping on ly  t e rms  of o r d e r  6 ,  we g e t  



We t h e n  u s e  ( 6 . 5 )  a n d  ( 6 . 6 )  i n  ( 6 . 3 )  ' t o  g e t  

(A 2+6) 
F u - -3 n 4 -  S 

m i n  s 
+ 0(s21 . 

3211 6~~ 

4 ,," 4 t  zero t e m p e r a t u r e ,  F m i n  = - 3 A S  / 3 2 i 2 .  Now t h e  dep- th  o f  t h e  f r e e - e n e r g y  - ? 
1 

d e n s i t y  w e l l  is t h e  minimum b f  AF. H o w e v e r ,  F ( O , I )  is p r o p o r t i a m d l  t o  T~ dadr 
1'' 

, -' jt ' 

c a n  b e  n e g l e c t e d  a t  l o w  t e m p e r a t u r e s  c p m p a r e d  t o  t h e  T~ term i n  (6 .7 ) .  

T h e r e f o r e  AFmin " F m i n ,  a n d  ( 6 . 7 )  s h o w s  t h a t  t h e  z e r o  modes  d e e p e n  t h e  I 

f  r e e - e n e r g y  d e n s i t y  minimum. 
, 

\\ 
T h a t ' s  a l l  m a t h e m a t i c s .  What a b o u t  p h y s i c s ?  I t ' s  n o t ~ - i i m  -Q --. s e e ' t h d t  

I 

we a r e  o b s e r v i n g  an e n t r o p y  e f f e c t .  (We r e c a l l  t h e  d e f i n i t i o n  o f  t h e  f r e e -  

e n e r g y ,  F  = U-TS, w h e r e  U is  t h e  e n e r g y  a n d  S t h e  e n t r o p y . )  A t  low t e m p e r d -  

t u r e s  t h e  f r e e - e n e r g y  d e n s i t y  i s  d o m i n a t e d  by t h e  e n t r o p y  o f  t h e  z e r o - e n e r q y  

modes .  I t  is  e n e r q e t i c a l l y  f a v o r a b l e  t o  p r o d u c e  t h e s e  modes ( s i n c e  t h e y ,  cost  " 

n o t h i n g ) ,  a n d  e n t r o p i c a l l y  f a v o r a b l e  f o r  t h e  * f i e l d  t o  b e  l a r g e  ( t o  d e c r e a s e  

F ) .  A t  h i g h e r  t e m p e r a t u r e s  o t h e r  m o d e s  become e x c i t e d ,  a n d  t h e s e  e v e n t u d l l y  

d o m i n a t e  t h e  f r e e - e n e r g y  d e n s i t y ,  l e a d i n g  t o  t h e  m o r e  u s u d l  b e h a v i o r .  

F i n a l l y ,  we m e n t i o n  t h a t  i n c l u d i n g  t h e  q u a r k  c o n t r i b u t i o n  i n  t h e  c a s e s  

s t u d i e d  i n  C h a p t e r s  4 a n d  5 p r o d u c e s  n o t h i n g  new. I n  e i t h e r  c a s e ,  q u a r k s ,  -- 
b e c a u s e  o f  t h e i r  z e r o  m o d e s ;  d e l a y  t h e  p h d s e  t r a n s i t i o n .  I n  d d d i t i o n ,  t h e y  ' 

h a v e  n o  e f f e c t  o n  t h e  o r d e r  o f  t h e  t r a n s i t i o n .  

1, 
I n  c o n c l u s i o n ,  we h a v e  e x a m i n e d  t h e  e f f e c t s  o f  q u a r k  f l u c t u a . t i o n s  o n  t h e  

i, 

f r e e - e n e r g y  d e n s i t y  o f  t h e  c o n s t a n t  b d c k g r o u n d  c o l o r  m q n e t  lc  f  i e l d .  We h d v e  

s e e n  t h a t  t h e  e n t r o p y  o f  t h e  z e r o  modes  d o m i n a t e s  t h e  f r e e - e n e r g y  d e n s i t y  d t , '  

----?w' 
l o w  t e m p e r a t u r e s ,  a n d .  c a u s e s  t h e  p h a s e  t r a n s i t i o n  t o  zero f i e l d  t o  bk 

d e l a y e d .  I n  a d d i t i o n ,  we h a v e  s e e n  t h a t  q u a r k  f l u c t u a t i o n s  d o  n o t  c h a n g e  t h e  

q u a l i t a t i v e  n a t u r e  o f  t h i s  t r a n s i t i o n  ( f i r s t  o r  s e c o n d  o r d e r ) .  



CHAPTER 7 

Sumrary and Conclusions 

I h a v e  made s e b e r a l  s t u d i e s  o f  t h e  vacuum s t r u c t u r e  o f  QCD. Using  t h e  

' b a c k g r o u n d  f i e l d  t e c h n i q u e ,  a n d  t h e  c o v a r i a n t l y  c o n s t a n t  b a c k g r o u n d  c o l o r  

m a g n e t i c  f i e l d  A n s a t z ,  I computed  t h e  e f f e c t i v e  a c t i o n  i n  s e v e r a l  c i r c u m -  

s t a n c e s  a t  f i n i t e ,  as  well a s  z e r o ,  t e m p e r a t u r e .  The e m p h a s i s  h a s  b e e n  o n  ,a 

p r o p e r  t r e a t m e n t  o f  t h e  u n s t a b l e  modes a s s o c i a t e d  w i t h  n e g a t i v e  e i g e n v a l u e s  

i n  t h e  g a u g e  f i e l d  f l u c t u a t i o n  s p e c t r u m .  

I c o n s i d e r e d  a  s u p e r s y m m e t r i c  QCD i n  C h a p t e r  3, and  computed  i t s  vacuum 

e n e r g y  d e n s i t y .  I h a v e  n o t h i n g  t o  a d d  t o  t h e  d i s c u s s i o n  g i v e n  t h e r e ,  b u t  

s i m p l y  summar ize  t h e  ma in  c o n c l u s i o n s :  ( I )  SUSY QCD is less a s y m p t o t i c a l l y  

f r e e  t h a n  o r d i n a r y  QCD, d u e  t o  f l u c t u a t i o n s  o f  t h e  SUSY p a r t n e r s  o f  t h e  

q u a r k s  a n d  g l u o n s  ( s - q t ~ a r k s  a n d  g l u i n o s ,  r e s p e c t i v e l y ) ;  (2) t h e r e  a r e  n o  

n e g a t i v e  e i g e n v a l u e s  i n  t h e  s - q u a r k  o r  q l u i n o  s p e c t r a ,  s o  t h e  SUSY s t a t e  

e x h i b i t s  t h e  same i n s t a b i l i t y  a s  t h e  o r d i n a r y  S a v v i d y  s t a t e ;  ( 3 )  c a n c e l l a t i o n  

o f  quantum c o r r e c t i o n s  f o u n d  i n  some m o d e l s  ( s u c h  as t h e  s e l f - d u a l  b a c k g r o u n d  

f i e l d  d e s c r i b e d  i n  Appendix  F )  is n o t  a g e n e r a l  f e a t d r e  o f  s u p e r s y m m e t r y .  

The  work r e p o r t e d  i n  C h a p t e r s  4 a n d  5 was c o n c e r n e d  w i t h  d more  r i g o r o u s  
-0 

f  t h e  u n s t a b l e  g l u o n  modes ,  i n  o r d e r  t o  compute  t h e  f r e e - e n e r g y  4 - 
d e n s i t y ,  B e f o r e  d i s c u s s i n g  t h i s ,  I want  t o  r e t u r n  t o  s o m e t h i n g  m e n t i o n e d  a t  

t h e  b e q i n r j i n g  o f  C h a p t e r  5. It h a s  been  a r g u e d  t h a t  t h e  S a v v i d y  s t a t e  is  n o t  

u n s t a b l e  ( i . e .  t h a t  t h e  vacuum e n e r g y  d e n s i t y  is c o m p l e t e l y  r e a l )  [44-461. 

I n  t h e s e  p a p e r s ,  i t  i s  t h e  r e g u l a r i z a t i o n  p r o c e d u r e  u s e d  i n  Appendix  B which  

i s  a t t a c k e d .  S c h a n b a c h e r  [44] a r g u e d  t h a t  t h e  c o n t o u r  u s e d  t o  k v a l u a t e  t h e  

n r q d t  i v e  e i g e n v a l u e  c o n t r i b u t i o n  i s  wrong,  i m p l y i n g  a n  i n c o r r e c t  c h o i c e  of  



- 
b o u n d a r y  c o n d i t i o n s .  However,  h i s  a r g u m e n t ,  which  I am u n a b l e  t o  f o l l o w  

c o m p l e t e l y ,  rel ies o n  a n  a n a l o q y  w i t h  QED, and  t h i s  may n o t  b e  r e l e v a n t  f o r  a  

n o n - A b e l i a n  theory . :  I c a n  o n l y  s a y  t h a t  I don '  to b e l i e v e  t h e  r e s u l t .  - 

U n f o r t u n a t e l y ,  t h e  work o f  D i t t r i c h  and  - R e u t e r  [45 ]  is s h o r t  o n  d e t a i  1 s .  

They computed  t h e  o n e - l o o p  vacuum e n e r g y  d e n s i t y  u s i n g  t h e  z e t a - f u n c t i o n  

r e g u l a r i z a t i o n  p r o c e d u r e ,  a n d  f o u n d  no  i m a g i n a r y  p a r t .  However, i n  a more  

r e c e n t  p a p e r  [ 2 3 ]  t h e s e  a u t h o r s  h a v e  r e t r a c t e d  t h i s  c o n c l u s i o n  

E l i z a l d e  [51 ]  h a s  a l s o  u s e d  t h e  t - f u n c t i o n  p r o c e d u r e ,  and  c o n c  - 
o n e - l o o p  vacuum e n e r g y  d o e s  h a v e  a n  i m a g i n a r y  p a r t .  

I n  C h a p t e r s  4 a n d  5 ,  I c o n s i d e r e d  two d i f f e r e n t  ways of '  t 

In  a d d i t i o n ,  

uded t h a t  t h e  

e a t i n g  t h e  

u n s t a b l e  modes: (1  ) e x c i t i n g  them 2 l a  N i e l s e n  a n d  Ninomiya;  and  ( 2 )  g o i n g  

beyond o n e  l o o p  5 l a  F l o r y .  I computed  t h e  f r e e - e n q r g y  d e n s i t y  f o r  b o t h  

cases. The most  importa!;t c o n c l u s i o n ,  i n  e i t h e r  c a s e ,  is  t h a t  t h e r e  i s  a  
-.. . 

p h a s e  t r a n s i t i o n  f rom a n o n - t r i v i a l  l o w e s t  e n e r g y  s t a t e  t o ,  a  t r i v i a l  o n e .  

T h i s  i s  j u s t  whe t  o n e  e x p e c t s  o f  t h e  c o l o r  c o n f  i n e m e n t - d e c o n f  inemen t  t r a n s  i- 

t i o n .  The s e m i - c l a s s i c a l  t r e a t m e n t  o f  t h e  e x c i t e d  u n s t a b l e  modes y i e l d s  d 
- 

f i r s t - o r d e r  t r a n s i t i o n ;  t h e  " a l l  o r d e r s "  t r e a t m e n t  o f  t h e s e  modes y i e l d s  a 

s e c o n d - o r d e r  t r a n s i t i o n .  

I t  is n a t u r a l  t o  wonder wh ich  o f  t h e  two t r e a t m e n t s  o f  t h e  u n s t a b l e  

modes g i v e s  a  b e t t e r  a p p r o x i m a t i o n  t o  t h e  QCD g r o u n d  s t a t e .  They e a c h  y i e l d  
9. 

a  c o m p l e t e l y  r e a l  vacuum e n e r g y .  U n f o r t u n a t e l y ,  $ h e r e  seems t o  b e  no  compel -  

l i n g  r e a s o n  f o r  c h o o s i n g  o n e  o v e r  t h e  o t h e r . ,  O f  c o u r s e ,  t h a t  d o e s n ' t  p r e v e n t  
. 

me f r o m  h a v i n g  a n  o p i n i o n .  My hunch is t h a t  t h e  f l u x - t u b e  s t r u c t u r e  o f  t h e  
S 

Copenhagen v a c u m  is  c l o s e r  t o  t h e  t r u t h .  The c o n s t a n t  m a g n e t i c  f i e l d ,  e v e n  

g i v e n  g a u g e - i n v a r i a n t  and  L o r e n t z - i n v a r i a n t  l i n e a r  c o m p i n a t i o n s ,  seems t o o  

t r i v i a l .  It l a c k s  s t r u c t u r e .  The c o m p l i c a t e d  s p a g h e t t i  s t r u c t u r e  o f  t h e  



Copenhagen vacubm seems t o  me=much more  l i k e l y  tp p r o v i d b  t h e  n e c e s s a r y  -- 
, , 

c o n f  i n e m e n t m e c h a n i s m .  

F i n a l l y ,  I c o n s i d e r e d  t h e  e f f ' e c t s  o f  q u a r k s  o n  

i n  C h a p t e r  6. The i n t e r e s t i n g  r e s u l t  t h e r e  Is t h a t  

t h e .  f r e e - e n e r g y  

q u a r k s  i n c r e a s e  

d e n s i t y "  
, , 

t h e  

s t a b i l i t y  o f  t h e  lbwest e n e r g y  s t a t e  a t '  low t e m p e r a t u r e s . '  T h i s  is  d u e  t o  t h e  

p r e s e n c e  o f  z e r o - e n e r g y  modes i n  t h e  q u a r k  f l u c t u a t i o n  s p e c t r u m ,  t h e  e n t r o p y  
4 - -- - o f  w h i c h . d o m i n a t e s  t h e  f r e e - e n e r g y  d e n s i t y  a t  low t e m p e r a t u r e s .  T h i s  h a s  t h e  4 

z ,  

e f f e c t  o f  i n c r e a s i n g  t h e  t r a n s i t i o n  t e m p e r a t u r e  compared  Bo t h e  s i t u a t i o n  

w i t h o u t  q u a r k s .  

I ' d  l i k e  t o  c o n c l u d e  by s u g g e s t i n g  some l i n e s  a l o n g  which  t h i s  work c a n  - .  
b e  e x t e n d e d :  

( 1 )  . I t  would b e  n i c e  t o  r e f i n e  t h e  c a l c u l a t i o n  f o r  t h e  Copenhagen 

vacuum. A p o s s i b i l i t y  I b r i e f l y  l o o k e d  i n t g ,  and  wh ich  

seemed p r o m i s i n g ,  is t o  f i n d  a p e r t u r b a t i v e  method f o r  
/- 

o b t a i n i n g  a p p r o x i m a t e  e i g e n v a l u e s  f o r  t h e  f l u c t u a t i o n s  a b o u t  

t h e  ~ i e l s e n - ~ i d o m i ~ a  s t a t e .  I 

1 2 )  The p r ' e s e n c e - o f  a n  a r b i t r a r y  scale i n  t h e  r e s u l t  o f  t h e  " a l l  - 
r d e r s "  c a l c u l a t i o n  i n  C h a p t e r  5 is u n s a t i s f y i n g .  P e r h a p s  

6 

t h i s  c o u l d  b e  r e s o l v e d  ' w i t h  a c o m p l e t e  c a l c u l a t i o n ,  i n c l u d i n g  
* 

j a l l  modes. T h i s  h a s  r e c e n t l y  been  d o n e  a t  z e r o  t e m p e r a t u r e  

[ 4 6 ] ,  b u t  a d d s  n o t h i n g  t o  F l o r y ' s  r e s u l t .  A t  any  r a t e ,  t6is 

n e e d s  more s t u d y .  



( 3 )  A n o t h e r  i n t e r e s t i n g  p r o b l e m  would b e  t o  compute  t h e  f r e e -  

e n e r g y  d e n s i t y  f o r  t h e  s e l f - d u a l  background  f i e l d  d i s c u s s e d  

i n  Appendix  F .  T h i s  would  p r o b a b l y  r e q u i r e  u s e  o f  t h e  r e a l -  

Jime f o r m a l i s m .  It would b e  p a r t i c u l a r l y  i n t e r e s t i n g  b e c a u s e  

o f  t h e  z e r o  modes.  ( T h i s  m i g h t  t a k e  some t h o u g h t .  F o r  t h e  

S a v v i d y . s t a t e ,  t h e  f e r m i o n  z e r o  modes  are t r i v i a l .  However, 

e v e n  a t . z e r o  t e m p e r a t u r e ,  t h e  z e r o  modes f o r  t h e  s e l f - d u d l  

background  f i e l d  mus t  b e  t r e a t e d  s e p a r a t e l y . )  

/- 

I am r e m i n d e d  o f  a d i s c u s s i o n  a b o u t  p r o g r e s s  i n  p h y s i c s  which  I h e d r d  

r e l a t e d  by F r a n k  Shu:  

With Newtonian  phys i - c s  we c o u l d  s o l v e  t h e  two-body problem,,  , J 

b u t  n o t h i n g  more c o m p l i c a t e d .  I n  G e n e r a l  R e l a t i v i t y  we c a n ' t  
b 

s o v e  the two-body p r o b l e m .  I n  Q E D ' W ~  can" t  s o l v e  t h e  one -  

body p rob lem.  Now we h a v e  QCD, and we c a n ' t  even  s o l v e  t h e  

vacuum ! 



I .  

APPENDIX A 

Eigenvalues o f  Fluctuation Operators 

We want t o  so lve  t h e  eigenvalUue equa t ions  (3 .15) .  ~ i t u a l l ~ ,  we can g e t  

t h e  e igenvalues  without e x p l i c i t l y  so lv ing  them. F i r s t ,  we w r i t e  t h e  s c a l a r  

and vec to r  equat ions  i n  component form: 

"NOW ive combine t h e  two fermion equa t ions  i n  (3.15) t o  g e t  

where i ~ <  j .  In components, 

The only group mat r i ces  appearing i n  ( A . l ) ,  ( A . 2 ) ,  and (A.3) d r e  t h o s e  

which mutually commute. (We denote t h e s e  by T ~ ' ,  = 1. ..., r ,  where r i s  

t h e  ran,k of the  group. Note t h a t ,  f o r  t h e  a d j o i n t  r e p r e s e n t a t i o n ,  ( T  b  ) ac  = 
- 4 

i f a b c  . Therefore,  t h e  o p e r a t o r s  may be simultaneously d iagonal ized  i n  c o l o r  

space.  W e  write t h e  d iagonal ized  o p e r a t o r s  a s  



R 
where a.  i s  t h e  jth component o f  t h e  weight of t he  bas is  s t a t e  a  i n  t h e  

-1 
j re f i resen ta t i on  R ( i  .e. aRJ a r e  t h e  eigenvalues o f  t h e  TR . I .  Then we w r i t e  

t h e  opera to rs  o f  ( A . 1 ) - ( A . 3 )  as 

since i ( a )  i s  constant ,  t h e  opera to rs  may be s imul taneously d i a g o n a l i  
IJ v  

u,v ( v e c t o r s )  and sp ino r  space ( fe rmions) .  Reca l l  t h a t  t h e  background 

zed i n  

f i e l d s  

3 - F~~~~ = H. Then, t h e  eiqenvalues o f  F a r e F 1 2  = E 2 3  - 1 (a '  a r e  O,O,tiaR H. 
uv 

The e igenvalues o f  O k  are  '1, so t h e  second term o f  t h e  fe rmion opera tor  

has e igenvalues ' a R J ~ .  

The f i e l d  s t reng ths  a r e  pe rpend icu la r  i n  r e a l  space ( f o r  S U ( 3 )  and 

su (4 j ) ,  so  a s t a t e  a~ i s  e f f e c t i v e l y  coup lea  t o  a  s i n g l e  f i e l d  o f  mdgnitude 

H. We choose t h e  d i r e c t i o n  o f  the  f i e l d  t o  be a long t h e  
i 
J 

t h i r d  a x i s .  Then we may w r i t e  
' -. 

The opera to rs  al, a3  and a4 have plane-wave ,e igenstdtes:  

-kl + GH x2 g i v e s  The change o f  ' v a r i a b l e s  y  = 
iXRgH R 



2 2 where we have recognized t h e  h a r m o n i c ~ o s c i l l a t o r  opera to r  -8y t y  . . 
'\ 

Fina l ly ,  w i t h  (A.6) and t h e  results fol lowing (A.51, we may express  a l l  

o f  t h e  eiqenvalues a s  

'.-a 
. where p  = 112' f o r  fermions ( r e c a l l  ( A . 3 )  ) and p  = 1 o therwise .  For s c a l a r s  

(and g h o s t s ) ,  S = 0 ;  f o r  s p i n o r s ,  S = '1; and f o r  v e c t o r s ,  S = 0,  +2. 



Reaularization of-Determinants 

To r e g u l a r i z e  (3.20)  we s h a l l  a d o p t ,  t h e  method einployed by Saiam a n d  

S t r a t h d e e  [413 ,  which  is c l o s e l y  r e l a t e d J o  S c h w i n g e r ' s  p r o p e r  time f o r m a l i s m  

/ 

,' [ 2 ] .  ( I t  i s  u s e d  e x t e n s i v e l y  by t h e  Dan i sh  g r o u p . )  It u s e s  two t r i c k s .  
i - 

/ F i r s t ,  we write 

In X = l i m  1 -E 1 
( - Y A  + +  

F+O E 

The term I / E  may b e  d r o p p e d  a s  a n  u n i n t e r e s t i n g  ( i n f i n i t e )  c o n s t a n t .  Nex t ,  

we u s e  a n  i n t e g r a l  r e p r e s e n t a t i o n  o f  t h e  gamma f u n c t i o n :  

By a n a l y t i c  c o n t i n u a t i o n  we l e t  x  = i t A  t o  g e t  

Then ,  

H e r e a f p e r ,  w e  s u p p r e s s  t h e  1 i m i  t n o t a t i o n .  

I n  ( 3 . 2 0 ) ,  we make t h e  c h a n g e  o f  v a r i a b l e  k32 + k y 3  = ( X i g ~ ) n 2 ,  u s e  

( B . 2 ) ,  a n d  p e r f o r m  t h e  momentum i n t e g r a t i o n  t o  g e t  -, 



Apart from t h e  case  N = 0, S = -2 ( t h e  vec to r  f i e l d  "uns table"  mode), 

t h e  sum eve$ N and i n t e g r a t i o n  over t can be done a f t e r  r o t a t i n g  t h e  contour  

1 v 
90" clockwise. We s e t  t = - - i ~ ,  and note  t h e  fol lowing r e l a t i o n s :  2 

where < ( z , q )  is t h e  genera l i zed  z e t a  func t ion  [421. Then (8.3) becomes 

e 2 = - z l q p , , X  
i i i i  812 i 

hr S = -2, N # 0 we g e t  (6 .5 )  w i t h  t h e  ze td  func t ion  changed t o  

- 2  For S = 72, N = 0 we r o t a t e  t h e  contour i n  ' 8 . 3 )  90" counter -  

clockwise. T h i s  q ives  ( t  = i ~ )  

where we have a l s o  used ( 6 . 1 ) .  

N o w  w e  expand (B.5) and (6 .6 )  i n  powers of e :  

1 +s 
2 

(@ l2 
e ('1) = - 2 C q p H X  - C c(-I,+) + 5 + ,( Mi) i i i i i  &2 € 

si 



where alc means t h e  d e r i v a t i v e  of t h e  z e t a  f u n c t i o n  with r e s p e c t  t o  i t s  f i r s t  

argument.  Again, t h e  c o n t r i b u t i o n  from S = -2,  N # 0 i s  g iven  by (8 .7 )  with . 

< ( - 1 , 1 / 2 ) .  

F i n a l l y ,  we n o t e  t h a t  t h e  z e t a  f u n c t i o n s  i n  ( 8 . 7 )  may be exp re s sed  as  

Bernoul l  i polynomials  [42 I :  



F i n i t e  T e m r a t u r e  Free Enemies 

A s  ye s a w  i n  C h a p t e r - 2 ,  ( 2 . 2 5 ) ;  t h e  f i n i t e t e m p e r a t u r e  f r e e  e n e r g y  i s  
' .  

o b t a i n e d  by .  t h e  s u b s t i  t d d i o n s  

2iifi j I- , bosons 

We rnus t conipu t e 

00 

where w 2  = ( 2 N + 1 + s i  ) x g ~ + k ~ , ~ ,  a n d  Tr  m e a n s  sum o " e r  N,  i n t e g r a t i o n  o v e r  k 3 ,  

a n d  sum o v e r  S i .  

/ 

F o l l o w i n g  k r n a r d  [ 34 ]  we write 

The second term d e p e n d s  o n l y  o n  B a n d ,  a s - B e r n a r d  s h o w s ,  c a n c e l s  t h e  

0 - d e p e n d e n t  p a r t  of t h e  f u n c t i o n a l  i n t e g r a l  ' s  n o r m a l i z a t i o n  c o n s t a n t .  Now 

cons i d e r  



1 - B cot z Bw , tosons 

1 - B tan T Bw , fermions . 

f ( w )  h a s  s i m p l e  p o l e s  of r e s i d u e  1 a t  w = 2nn/B a n d  w = ( 2 n + l ) n / B ,  r e s p c c -  

t i v e l y . '  The  i n t e g r a n d  a l s o  h a s  s i m p l e  p o l e s  d t  w = + i d .  We c h o o s e  t h e  

c o n t o u r  t o  be t h e  c i rc le  a t  i n f i n i t y ,  a l o n g  w h i c h  t h e  i n t e g r a n d  v d n i s h e s .  

T h e r e f o r e ,  t h e  sum we w a n t  i n  ( C . 1 )  i s  g i v e n  by t h e  n k g a t i v e ' o f  r e s i d u c s  o f  

t h e  s i m p l e  p o l e s  a t  w  = r i a .  We qet 

1 
coth 7 Ba 

- -- 
1 2 , ii050ns 

C - a - 
n 0 2 + a 2  

n 1 
B 

tanh - Ba 2 - - 
2 , fermions . a 

P u t t i n g  t h i s  i n t o  t h e  f i r s t  term o n  t h e  r i g h t  i n  ( C . 1 )  y i e l d s  

The f i r s t  term i n  ( C . 2 )  is  t h e  z e r o - t e m p e r i t w e  r e s u l t ,  drld the l d s t  

term is a n  i r r e l e v a n t  c o n s t a n t .  So we write 

F i n a l l y .  r e s t r i c t i n q  o u r s e l v e s  t o  S U ( 2 ) ,  we q e t  t h e  f r e e  e n e r q i e s :  



where t h e  u p p e r  s i q n s  a r e  f o r  b o s o n s ,  t h e  l o w e r  o n e s  f o r  f e r m i ~ n s ,  a n d  we 

h a v e  se t  x = Bk3. 

We a i s o  n o t e  t h e  z e r o - f i e l d  f r e e  e n e r g i e s :  
1- , 

I -2m*/4~8~ , gluons 
F (H=O) = 

13 -7n*~~/9.013* , quarks , 

w h e r e  t h e  q l u o n  t e r m  i n c l u d e s  o n l y  t h e  c o n t r i b u t i o n s  f r o m  t h e  t w o  c h a r g e d  
9 

s t a t e s .  
. , ,~ 



APPENDIX D 

Eqn. 4.11 L 

\\ 

I n  t h i s  A p p e n d i x  we p r o v i d e  some d e t a i l s  i n  d r r i v i n q  a t  (4 .11) .  (We 

p r o c e e d  somewhat  d i f f e r e n t l y  t h a n  t h e  a u t h o r s  o f  R e f .  I S . )  We s u b s t l t u t r  

( 4 . 1 0 )  i r l t o  ( 4 . 8 )  n o t i n q  t h a t  a ,$k l  = 0 ,  and s i n c e  n o t h i n g  d e p e n d s  o n  x 3  

o r  x, , t h e  i n t e q r a l s  o v e r j t h e s e  v a r i a b l e s  g i v e  "volume" terms (L3L,+): 

I n  t h e  l a s t  term we u s e  t h e  6 - f u n c t i o n  t o  set m " '  = m " - m - m ' ,  drtd rcdrrdrqe 
8 

terms i n  t h e  e x p  Y o  g e t  
/.- 



Now t h e  ared  o f  a  u n i t  c e l l  i n  t h e  XI-x2  plane  i s  2~r/gH, s o  t h e  t o t a l  

2 n 
a r e a  is 1 6(0)  - . The t o t a l  volume is thus  

m !-l" 

Fina l ly .  redef in inq  t h e  summation v a r i a b l e s ,  we g e t  



APPENDIX E 

Numerical Integrations 
> 

In t h i s  Appendix, we s m a r i z e  a  few t e c h n i c a l  d e t a i l s .  about  t h e  rmer i -  

c a l  e v a l u a t i o n  of  i n t e g r a l s  i n T C h a p t e r s  4-6. 

To e v a l u a t e  a  s i n g l e  i n t e g r a l  of one v a r i a b l e ,  such a s  i n  t h e  f i r s t  and 

second terms o f  ( 4 . 3 ) ,  i t  i g  e a s i e s t  t o  u s e  a  s tdnda rd  i n t q m t l o n  p a c k q e  

(such a s  from t h e  NAG o r  IMSL l i b r a r i e s ) .  However, t h i s  i s  no t  p r a c t i c a l  f o r  
r- 

a  series of  i n t e g r a l s ,  such a s  i n  t h e  t h i r d  term of (4 .3 )  o r  t h e  second 
. 

term of (6 .1) .  'These s e r i e s  have t h e  gene ra l  form 
) ,  

Examinat ion o f  t h e  form of  f ~ ( x )  i n  e i t h e r  c a s e  ( t h e y  a r e  vecy s i m i l a r )  

shows t h a t  t h e  s e r i e s  converge  very  s lowly .  To avoid  a l a r g e  number o f  

numerical  i n t e q r a t i o n s ,  we may put  t h e  sum i n s i d e  t h e  l oga r i t hm t o  q e t  

Although t h e  product  converqes  s lowly ,  . j t s  numerical e v a l u a t i o n  i s  q u i c k .  

Because o f  t h e  l a r q e  number o f  p r o d u ~ t s ~ i n v o l v e d ,  i t  is  b e s t  t o  u s e  dn 

i n t e g r a t i o n  r o u t i n e  which r e q u i r e s  a f i x e d  number of  eval-uat ions of t h e  a 

i n t e g r a n d .  I used a  64-poin t  Gauss-Laguerre quad rd tu re ,  where t h e  product  

. was computed u n t i l  t h e  r e l a t i v e  change was less than  - 
The l a s t  two terms i n  (-5.22) c o n t a i n  double  i n t e g r a l s .  The outcome o f  d 

/: 



The  s a f e s t  p r o c e d u r e  i s  t o  u s e  a  r o u t i n e ,  f o r  t h e  f i r s t  i n t e g r a t i o n ,  whidh' 

a p p r o x i m a t e s  t h e  i n t e g r a n d  w i t h  a  smooth f u n c t i o n .  T h i s  s u g g e s t s  a G a u s s i a n  

q u a d r a t u r e ,  which  u s e s  a  p o l y n o m i a l  a p p r o x i m a t i o n ,  r a t h e r  t h a n  a s t a n d a r d  

a d a p t  i v e  q u d d r a t u r e ,  which  u s e s  a  p i t i c e w i s e - l i n e a r  a p p r o x i m a t i o n .  So 1 u s e d  
n 

a  G a u s s - L a g u e r r e  q u a d r a t u r e  f o r  t h e  i n t e g r a t i o n  o v e r  t h e  a m p l i t u d e  c,  and  a n  
,- .. 

a d a p t i v e - q u a d r a t u r e  r o u t i n e  f rom t h e  NAG l i b r a r y  . f o r  t h e  i n t e g r a t i o n  o v e r  k .  

A l l  c a l c u l a t i o n s  were d o n e  i n  d o u b l e  p r e c i s i o n .  



APPENDIX F 
- 

.- 

Self-Dual Background F ie ld  

, I n  t h i s  A p p e n d i x ,  we c o m p u t e  t h e  o n e - l o o p  e f f e c t i v e  a c t i o n  f o r  a s e l f -  
I 

d u a l  b a c k g r o u n d  f i e l d .  It is o n l y  s l i g h t l y  o u t s i d e  t h e  l i n e  o f  d e v e l o p m e n t  

o f  t h i s  t h e s i s ,  a n d  I h a v e  a l s o  d o n e  some work o n  t h i s  c a s e  [ 5 0 ] .  I t ' s  a n  

i m p o r t a n t  c a s e  s i n c e ,  a s  L e u t w y l e r  h a s  shown [12 ] ,  i t  is t h e  o n l y  c o n s t a n t  

f i e l d  c o n f i g u r s t i o n  w h i q h  is s t a b l e  a t  o n e  l o o p .  
- 

T h e  d u a l  f i e l d  s t r e n g t h  I s  d e f i n e d  by 

+ 
I n  e l e c t r o d y n ~ a m i c s ,  t h e  d u a l  o f  is R ,  a n d  t h e  

s t r e n g t h  i s  s a i d  t o  b e  s e l f - d u a l  ( + )  o r  a n t  

We s h a l l  j u s t  c o n s i d e r  t h e  SU(2 )  y u a q e  g r o u p ,  f ind c h o o s e  a s  o u r  A n s a t z  

'3 w h e r e  F12 = F34 3 ( T h e  e i g e n v d l u e s  fo r  t h e  s e l f - d u a l  a n d  a n t i  - . 

s e l f - d u a l  c a s e s  a r e  t h e  s a m e ,  s o  we lose n o  g e n e r a l i t y  h e r e . )  T h e  e i g e n -  

v a l u e s  a r e  o b t a i n e d  a s  i n  A p p e n d i x  A .  F i r s t - w e  h a v e  



The eiqenvalues of the o t h e r  o p e r a t o r s  i n  (A.5) fol low d i r e c t l y .  T h e  

-operato,r  2igF " (a) has e igenvalues  f2xRgH, each appearing twice.  (We r e c a l l  
U v 

t h a t  t h e  Savvidy case \has , two  ze ros ,  t h e  con t r ibu t ion  from which is cance l l ed  

by t h a t  of the  ghosts .  Here we must e x p l i c i t l y  compute t h e  ghost 

" ( a )  now a l s o  give's c o n t r i b u t i o n . )  I n  t h e  fermion o p e r a t o r ,  t h e  term with Fqi 

t~ qH. So the  fermion e igenvalues  a r e  given by (F.1)  'xRgH'xR9H* Therefore 
R 

we can express  a l l  t h e  e igenvalues  a s  

A = [ ( Z N + ~ ( + ~ S ) ~ ~ H ] ~  , (F.2) 

where p = 112 f o r  fermions and p  - 1 A otherwise.  For s c a l a r s  (and g h o s t s ) ,  

S = :, ror  s p i n o r s ,  S = 0 , 1 , 1 , 2 ;  and f o r  vec to r s ,  S = 0 ,2  ('twice e a c h ) .  We , 

note  t h a t  t h e  e igenvalues  a r e  a l l  non-negative. 

The dens i ty  of s t a t e s  f o r  two harmonic o s c i l l a t o r s  is ( g ~ / 2 n ) 2 .  - So 
t\ P i 

, t h e  express ion f o r  t h e  one-loop c o r r e c t i o n  t o  the energy d e n s i t y ,  analogous 

where M i ( S ~ )  i s  t h e  m u l t i p l i c i t y  of t h e  e lgenvalue .  We note t h a t  t h e  

argument O F  t h e  logari thm is non-negative,  un l ike  i n  ( 3 . 2 O ) ,  s o  t h a t  E( is  

r e a l .  We apply t h e  r e q u l d r i z a t  ion procedure, of Appendix 8. Using (B.2),  and ' 

1  
r o t a t i n q  t h e  i n t e g r d t i o n  path 90' clockwise ( t  = - i T), w e  g e t  



The  i n t e g r a l  i n  (F.4) d i v e r g e s  f o r  M = N = S = 0. T h e s e  zero modes must  

b e  t r e a t e d  s e p a r a t e l y .  We s h a l l  set  them a s i d e  f o r  t h e  time b e i n g .  We n o t e  

t h e  f o l l o w i n g  r e l a t i o n s :  

Rep > -2, Rev > 2 [42] , -. 
d 

r ( ~ )  = ( ~ - l ) r ( ~ - l )  . -. (F.5) 

N o w  we u s e  (F.5)  i n  (F.4),  expand  i n  powErs o f  E ,  r e n o r m a l i z e ,  drld t a k e  

t h e  l i m i t  E + 0. However, we know f r o m  o u r  p r e v i o u s  c a l c u l a t i o n s ,  t h a t  t h e  
m 

i n t e r e s t i n g  p a r t  is t h e  l o g a r i t h m  term. T h i s  i s  g l v e n  by 

w h e r e  

- 
i 

= -q p x 1 H ~ ( s ~ . ) T ~ ( S ~ )  7 

j 
i i i  

> , si 

.. 
We recal  1 t h a t  t h e  z e t d  f u n c t i o n s  may 'brt"qxpresscd d s  Rcrrioul l i pol y ~ ~ o m i  d l s 



The C i ,  and t h e  va r ious  o t h e r  a r e  l i s t e d  i n  Table 111. The 

no ta t ion  i s  t h e  same a s  we used i n  Chapter 3, and we have included t h e  d a t a  

For the  ghosts .  
.I 

To ob ta in  E 
( 1 )  

qluons ,  ghos t s ,  and 

t h l s  is  zero.  This 

t h e y ' d o n ' t  mention c h i r a l  m u l t i p l e t s ,  we s e e  from t h e  t a b l e  t h a t  t h e  quarks 

and s -quarks  of t h e s e  m u l t i p l e t s  g ive  cance l l ing  c o n t r i b u t i o n s .  So we have 

-- 
f o r  a  SUSY vec to r  m u l t i p l e t  we must sum C i  over t h e  

gluinos. .  From t h e  l a s t  column i n  Table I11 we s e e  t h a t  

I s  t h e  r e s u l t  of D'Adda and D i  Vecchia [37] .  Although 

t h e  r e s u l t  t h a t  t h e  one-loop c o r r e c t i o n  arohnd s e l f - d u a l  background f i e l d  

in SUSY QCD is given by t h e  c o n t r i b u t i o n  from t h e  zero  modes only .  I n  

o rd ina ry  QCD we e l i m i n a t e  t h e  s -quarks  and g lu inos  t o  g e t  

We s h a l l  not go through a  d e r i v a t i o n  of t h e  c o n t r i b u t i o n  from t h e  ze ro  

modes. We j u s t  s t a t e  t h a t  they g i v e  a  logar i thmic  c o r r e c t i o n  l i k e  (F .7 ) ,  t h e  

c o e f f i c i e n t  of which i s  j u s t  given by t h e  dens i ty  .of zero  modes [12,37]: 

where + i s  f o r  bosons, - f o r  fermions.  We can read off  t h e  c o n t r i b u t i o n s  

from Table 111. For SUSY we have c o n t r i b u t i o n s  from gluons ,  g l u i n o s ,  and 

quarks: 

SUSY : 0 ( I )  - - (1 - $) GcE ln 5c 
4, * v 2 

T h i s  i s  t he  t o t a l  c:srrPr:t ion .  



TABLE 111. C o n t r i b u t i o n s  o f  t h e  v a r i o u s  f i e l d s  t o  E+ ( ' )  f o r  a  s e l f - d u a l  

background  f i e l d  i n  SU(2)  : 

g h o s t s  - 1  1  1  1  - 1 1 1 2  2  116 



I n  t h e  non-SUSY c a s e  we e l i m i n a t e  t h e  g l u i n o s  t o  g e t  

We add  t h i s  t o  ( F . 7 )  t o  g e t  t h e  c o m p l e t e  o n e - l o o p  c o r r e c t i o n :  

The c o m p l e t e  r e n o r m a l i z e d  vdcuun  e n e r g y  d e n s i t y  t o  o n e  l o o p  is t h e n  

r 

i 
L; 

( T h i s  e x p r e s s i o n  corrects a n  e r r o r  i n  Ref .  50 where  t h e  f a c t o r  x = 112 was . 

i 

o v e r l o o k e d  , in  c o m p u t i n q  t h e  f e r m i o n  c o n t r i b u t i o n . )  We e m p h a s i z e  t h a t  t h e  

vacuum &erqy d e n s i t y  is c o m p l e t e l y  r e a l .  

(We c o n c l u d e  by m e n t i o n i n g  t h a t  R e f .  50 a l s o  i n c l u d e s  a  c a l c u l a t i o n  f o r  

m a s s i v e  q u a r k s .  More r e c e n t l y ,  E l i z a l d e  [51]  h a s  a l s o  t r e a t e d  m a s s i v e  q u a r k s  

i n  b o t h  c o n s t a n t  m a g n e t i c  a n d  c o n s t a n t  s e l f - d u a l  b a c k g r o u n d  f i e l d s  u s i n g  t h e  

z e t  a - f u n c t  i o n  r e g u l a r i z a t i o n  t e c h n i q u e .  ) 
> 
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