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ABSTRACT 

This thesis is composed of two papers on economic behavior under 

uncertainty. A major objective of both papers is to show that the existing 

theory of behavior under uncertainty can be extended by employing Duality 

Theory. 

The first paper extends the recent work on risk bearing in the face of 

multiple sources of uncertainty by showing that the risk aversion criteria 

established in those studies focussing on uncertain consumption vectors do 

not imply that individuals are risk averse. The paper also shows that risk 

aversion in the Arrow-Pratt sense is not equivalent to risk aversion with 

respect to multivariate risks in commodity prices and nominal income. 

The major conclusion of this paper is that risk a-ffinity in the face 

of uncertainty about income and commodity prices cannot be ruled out by 

imposing restrictions on preferences if the compensated demand functions 

for commodities are downward sloping. This result also holds when random 

variations in the rate of pure monetary inflation and nominal income induce 

random fluctuations in real income. 

Human capital formation creates an irreversible change in the stock of 

a durable capital asset. The second paper of this thesis, in contrast to 

previous studies of human capital formation under uncertainty, emphasizes 

this irreversibility by developing a multiperisd model of this investment 

process. A distinguishing characteristic of the model is that it shows 

that differences in the opportunities for learning-by-doing may explain why 

some employees are paid a salary, while others are paid by the hour. The 

model implies, in particular, that employees who are in occupations which 

offer relatively rich (poor) opportunities for learning-by-doing will be 



paid a salary (by the hour). 

The major reason why the preceding model yields some insight into the 

structure of labour contracts is that it assumes that learning-by-doing 

involves an immediate, but implicit, sacrifice of labour income. Given 

this assumption, the analysis shows that (individual specific) marginal 

valuations of human capital are proportional to the opportunities for 

learning-by-doing. This result suggests that salary-rated employees have a 

greater incentive,to invest in human capital than hourly-rated employees - 

even if these investments involve 'off-the-job' training. 

The analysis contained in this study also implies: (i) that economic 

welfare can never be increased by deferring investments in human capital, 

and (ii) that the returns on human capital are uncertain even when labour 

income is not. 
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EX-POST EXCHANGE ACTIVITY AND TBE EXISTENCE OF RISK AFFINITY 

I N  THE FACE OF UNCERTAINTY ABOUT INCOME AND COMMODITY PRICES 



INTRODUCTION 

Previous  i n v e s t i g a t i o n s  i n t o  t h e  theory  of behavior  under u n c e r t a i n t y  

have shown t h a t  the  Arrow-Pratt theorems on r i s k  b e a r i n g  f a i l  t o  hold  when 

e i t h e r :  ( i )  p o r t f o l i o  s e p a r a t i o n  does not  o b t a i n ;  ( i i )  insurance  c o n t r a c t s  

do not provide  f u l l  coverage a g a i n s t  a l l  r i s k s ;  o r  when ( i i i )  t h e r e  i s  no 

r i s k l e s s  a s s e t  ( s e e :  Cass and S t i g l i t z  (1972) ,  Hart (1975) ,  Ross ( 1 9 8 1 ) ) .  

Th i s  paper ex tends  the  theory of r i s k  b e a r i n g  by developing s e v e r a l  

theorems about t h e  behavior  of i n d i v i d u a l s  i n  t h e  f a c e  of u n c e r t a i n t y  about  

commodity p r i c e s  ( r e l a t i v e  or  a b s o l u t e )  and income o r  wea l th .  The major 

conc lus ion  of t h e  paper i s  t h a t  t h e r e  must e x i s t  a t  l e a s t  one r i s k y  s i t u -  

a t i o n  where an i n d i v i d u a l  w i l l  v o l u n t a r i l y  s a c r i f i c e  r e s o u r c e s  i n  o r d e r  t o  

be exposed t o  contemporaneous ( t empora l )  random v a r i a t i o n s  i n  income ( o r  

wea l th )  and commodity p r i c e s ,  i f  h i s  compensated demand curves  f o r  commodi- 

t i e s  a r e  downward s l o p i n g .  I f  the  major r e s u l t  of o r d i n a l  demand t h e o r y  i s  

c o r r e c t ,  i n  o t h e r  words, then r i s k  a v e r s i o n  i n  t h e  Arrow-Pratt sense  does 

not  imply r i s k  a v e r s i o n  wi th  r e s p e c t  t o  m u l t i v a r i a t e  price-income r i s k s .  

The preceding conc lus ion  i s  de r ived  by app ly ing  what might be c a l l e d  

Hanoch's P r i n c i p l e ;  namely t h a t  o r d i n a l  demand theory  can be used t o  r e f u t e  

p r o p o s i t i o n s  about behavior  under r i s k  b u t ,  a l a s ,  i t  can never be used t o  

1 conf i rm them . This p r i n c i p l e  i s  a p p l i e d  throughout  t h i s  s tudy  i n  o r d e r  

t o  r e f u t e  t h e  p r o p o s i t i o n  t h a t  i n d i v i d u a l s  w i l l  never be r i s k  l o v e r s  i f  

t h e i r  Arrow-Pratt c o e f f i c i e n t s  of  r e l a t i v e  and a b s o l u t e  r i s k  a v e r s i o n  a r e  

nonnegat ive .  

S e c t i o n  1  c o n t a i n s  a  summary of t h e  major c o n c l u s i o n s  which a r e  

Hanoch (1977, p. 414) appears  t o  be t h e  f i r s t  one t o  s t a t e  t h i s  proposi -  
t i o n .  



contained in those studies which focus upon .the violation of the Arrow- 

Pratt theorems. The major objective of this section is to show that the 

theorems contained in those papers which discuss risk aversion with respect 

to uncertainty in consumption vectors (see: Duncan (19771, Hanoch (1977), 

Keeney (19731, Kihlstrom and Mirman (19741, Paroush (1975)) are invalid if 

individuals can engage'in exchange activity in the (ex-post) spot markets 

2 for commodities. Hanoch's claim , in particular, that risk aversion in 

the Arrow-Pratt sense implies, and is implied by, risk aversion with 

respect to multivariate price-income risks is shown to be false. 

In his classic article on risk aversion Pratt (1964) proved that com- 

plete interpersonal rankings of attitudes towards risks involving random 

variations in nominal income (or wealth) can be constructed by comparing 

risk premia which are formally related to a local measure of absolute risk 

aversion. Karni (1979) has generalized this theorem to cover situations 

where individuals face uncertainty about relative commodity prices and 

nominal income. In Section 3 of his paper he proves a theorem which states 

that concavity of the indirect utility function with respect to both 

nominal income and commodity prices is a necessary and sufficient condition 

for ruling out the possibility that an individual will sacrifice resources 

in order to be exposed to uncertainty about nominal income and commodity 

prices. 

After proving this theorem he states: 

Op. Cit. p. 418-419. 



"The i n t e r p r e t a t i o n  of  t h i s  r e s u l t  must be approached wi th  some 
c a r e .  It i s  we l l  known t h a t  t h e  i n d i r e c t  u t i l i t y  f u n c t i o n  i s  
quasi-convex i n  p r i c e s  fo r  a  g iven nominal income. Hence dec i -  
s i o n  makers a r e  i n  genera l  not  a v e r s e  t o  random v a r i a t i o n s  i n  
r e l a t i v e  p r i c e s  and w i l l  be w i l l i n g  t o  s a c r i f i c e  some income i n  
o r d e r  t o  be exposed t o  such r i s k s  . " 3 .  

The major o b j e c t i v e  of Sec t ion  2 of t h i s  s tudy  i s  t o  prove t h a t  t h e s e  

comments should have been: 

"This r e s u l t  impl ies  t h a t  i n d i v i d u a l s  must be w i l l i n g  t o  s a c r i -  

f i c e  income i n  a t  l e a s t  one s i t u a t i o n  where p r i c e s  and income a r e  

u n c e r t a i n ,  because it i s  imposs ib le  t o  have an i n d i r e c t  u t i l i t y  

f u n c t i o n  which i s  concave wi th  r e s p e c t  t o  bo th  income and com- 

modity p r i c e s  ." . 
Sec t ion  3  of t h i s  s t u d y  extends  t h e  t h e o r e t i c a l  founda t ions  of t h e  

w e l f a r e  economics of commodity p r i c e  s t a b i l i z a t i o n  by d e l i n e a t i n g  t h e  su f -  

f i c i e n t  c o n d i t i o n s  f o r  r i s k  a f f i n i t y  wi th  r e s p e c t  t o  commodity p r i c e  uncer-  

t a i n t y .  Th i s  t o p i c  has  a  long h i s t o r y .  By us ing consumers s u r p l u s  a s  a  

measure of  t h e  we l fa re  e f f e c t s  induced by changes i n  r e l a t i v e  commodity 

p r i c e s ,  Waugh (1944) was a b l e  t o  c la im t h a t  consumers w i l l  p r e f e r  t o  f ace  

random commodity p r i c e s  over  p r i c e s  which a r e  s t a b i l i z e d  a t  t h e i r  a r i t h -  

me t ic  means. Th i s  p r o p o s i t i o n  i s  now c a l l e d  t h e  'Waugh Paradox ' .  Massel l  

(1969) then demonstrated - by us ing  t h e  concept  of economic s u r p l u s  - t h a t  

when both  producers  and consumers a r e  cons ide red  i n  a  c losed  model t h a t  a  

regime of commodity p r i c e  i n s t a b i l i t y  i s  p a r e t o  i n f e r i o r  t o  a  regime of 

p r i c e  s t a b i l i t y .  Samuelson (1972) reached the  same conc lus ion  a s  Masse l l .  

He emphasized however t h a t  those  who g a i n  from p r i c e  s t a b i l i t y  must 

a c t u a l l y  compensate those  who l o s e ;  i . e . ,  i n  t h e  absence of  compensation 

p r i c e  s t a b i l i z a t i o n  i s  on ly  p o t e n t i a l l y  p a r e t o  s u p e r i o r .  
- - - 

Karni (1979) p. 1395. 



I n  S e c t i o n  3 ,  t h e  key assumption of t h e  preceding s t u d i e s ,  namely t h a t  

consumers s u r p l u s  i s  an a c c u r a t e  measure of  p r i c e  induced changes i n  

u t i l i t y ,  i s  

t i o n :  w i l l  

i n s t a b i l i t y ,  

q u e s t i o n  i s  

a v e r s i o n ;  ( i  

r e l axed  i n  o r d e r  t o  focus  upon t h e  p a r t i a l  e q u i l i b r i u m  ques- 

consumers s a c r i f i c e  income i n  o r d e r  t o  avoid commodity p r i c e  

i f  t h e i r  nominal income i s  n o n s t o c h a s t i c ?  The answer t o  t h i s  

shown t o  depend upon: ( i )  t h e  c o e f f i c i e n t  of  r e l a t i v e  r i s k  

i )  t h e  income e l a s t i c i t i e s  of demand; and ( i i i )  t h e  number of 
4 

p r i c e s  being s t a b i l i z e d .  Waugh's Paradox,  i n  p a r t i c u l a r ,  i s  shown t o  be 

e q u i v a l e n t  t o  t h e  fo l lowing theorem: 

11 I f  u n c e r t a i n t y  p r e v a i l s  about a l l  commodity p r i c e s ,  then a  con- 

sumer w i l l  d e f i n i t e l y  s a c r i f i c e  income i n  o r d e r  t o  be exposed t o  

any m u l t i v a r i a t e  p r i c e  r i s k s  i f :  ( a )  h i s  p r e f e r e n c e s  a r e  homo- - 
t h e t i c ;  and ( b )  h i s  c o e f f i c i e n t  of r e l a t i v e  r i s k  a v e r s i o n  i s  

always l e s s  than two . I 1 .  

Cond i t ion  ( a )  of t h e  preceding theorem i m p l i e s ,  a s  demonstrated i n  

S e c t i o n  3 ,  t h a t  consumers s u r p l u s  i s  a  unique monetary measure of  p r i c e -  

induced changes i n  u t i l i t y .  T h i s  measure of changes i n  economic w e l f a r e  i s  

an o r d i n a l  measure;  i . e . ,  i t  i s  i n v a r i a n t  wi th  r e s p e c t  t o  a l l  monotonic 

t r a n s f o r m a t i o n s  of a  g iven u t i l i t y  f u n c t i o n .  Condi t ion ( b ) ,  i n  c o n t r a s t ,  

imposes a  r e s t r i c t i o n  upon a  c a r d i n a l  p r o p e r t y  of a  u t i l i t y  f u n c t i o n .  

These p r o p e r t i e s ,  which by d e f i n i t i o n  a r e  i n v a r i a n t  only  wi th  r e s p e c t  t o  

l i n e a r  ( o r  a f f i n e )  t r a n s f o r m a t i o n s ,  must be r e s t r i c t e d  i n  some way i n  any 

theorem which assumes t h a t  behavior  under r i s k  i s  c o n s i s t e n t  wi th  Expected 

U t i l i t y  Theory. S u r p r i s i n g l y ,  however, t h e s e  r e s t r i c t i o n s  do not  appear  i n  

t h e  p r e v i o u s l y  c i t e d  s t u d i e s  by Waugh, Massel l  and Samuelson. Th i s  s tudy  

c o r r e c t s  p a r t  of t h e i r  a n a l y s e s  by adding c o n d i t i o n  ( b )  t o  t h e i r  s t a t ement  



o f  t h e  Waugh Paradox,  b u t  i t  does  no t  a d d r e s s  t h e  i s s u e s  which arise i n  a 

f u l l  g e n e r a l  e q u i l i b r i u m  a n a l y s i s  o f  t h e  w e l f a r e  e f f e c t s  of  p r i c e  i n s t a -  

b i l i t y .  

Many o f  t h e  i s s u e s  d i s c u s s e d  i n  S e c t i o n  3 a r e  cove red  i n  t h e  s t u d y  o f  

Turnovsky,  S h a l i t  and Schmitz (1982) .  T h i s  s t u d y  e x t e n d s  t h e i r  a n a l y s i s  by 

l i n k i n g  t h e i r  w e l f a r e  c r i t e r i a  t o  r i s k  premium o r  income s a c r i f i c e  func-  

t i o n s ;  and a l s o  by showing t h a t  t h e i r  c l a i m s  about  t h e  r e l a t i o n s h i p  between 

consumer ' s  s u r p l u s  and b e h a v i o r  under  r i s k  a r e  i n v a l i d .  

S e c t i o n  4 e x t e n d s  t h e  a n a l y s i s  o f  t h e  p r e v i o u s  s e c t i o n s  by d e v e l o p i n g  

a  r i s k  premium f u n c t i o n  f o r  t h o s e  r i s k s  which i n v o l v e  random f l u c t u a t i o n s  

i n  nominal  income and t h e  r a t e  o f  pu re  monetary  i n f l a t i o n ;  i . e . ,  f o r  t h o s e  

u n f o r e s e e n  changes  i n  t h e  c o s t  o f  l i v i n g  which a r e  n o t  accompanied by 

changes  i n  r e l a t i v e  commodity p r i c e s .  The ma jo r  c o n c l u s i o n  o f  t h i s  s e c t i o n  

i s  t h a t  t h e  a p p r o p r i a t e  r i s k  premium f u n c t i o n  must b e  n e g a t i v e  f o r  at  l e a s t  

one  of  t h e s e  b i v a r i a t e  r i s k s .  T h i s  r e s u l t  h o l d s  f o r  a l l  u t i l i t y  f u n c t i o n s  

which have  t h e  p r o p e r t i e s  r e q u i r e d  by o r d i n a l  demand t h e o r y .  It s u g g e s t s  

moreover  t h a t  i t  would be  d i f f i c u l t  t o  prove t h a t  comple t e ,  o r  p a r t i a l  

i n d e x a t i o n  o f  c o n t r a c t s  a g a i n s t  pure  monetary  i n f l a t i o n  i s  a  p a r e t o  - 
s u p e r i o r  r e fo rm of  a  c o n t r a c t  s t r u c t u r e  which i s  n o t  indexed .  

1. LIMITATIONS OF THE ARROW-PRATT THEOREMS 

I n  t h e i r  s emina l  works on r i s k  a v e r s i o n ,  Arrow (1965;  1971) and P r a t t  

(1964)  p rove  t h a t  r e s t r i c t i o n s  on von Neumann-Morgenstern u t i l i t y  f u n c t i o n s  

a r e  s u f f i c i e n t  f o r  o b t a i n i n g  unambiguous p r e d i c t i o n s  about  b e h a v i o r  when 

end o f  p e r i o d  w e a l t h  is  a  f u n c t i o n  o f  a  s i n g l e  random v a r i a b l e .  Arrow 

(1971,  Chap te r  3)  c o u p l e s  t h e  q u a l i t a t i v e  p r o p e r t i e s  o f  t h e  p r e f e r e n c e  



based r i s k  a v e r s i o n  f u n c t i o n s  t o  t h e  q u a l i t a t i v e  p r o p e r t i e s  of por t  f o l i o  

c h o i c e s  w i t h i n  a  s e t t i n g  where inves tment  o p p o r t u n i t i e s  a r e  conf ined t o  a  

s i n g l e  r i s k y  a s s e t  and - a  r i s k l e s s  a s s e t .  He p roves ,  i n  p a r t i c u l a r ,  t h a t  

t h e  h y p o t h e s i s  of non inc reas ing  a b s o l u t e  ( r e l a t i v e )  r i s k  a v e r s i o n  i s  

e q u i v a l e n t  t o  t h e  p r o p o s i t i o n  t h a t  t h e  amount ( p r o p o r t i o n )  of i n i t i a l  

wea l th  i n v e s t e d  i n  t h e  r i s k y  a s s e t  i s  a nondecreas ing f u n c t i o n  of i n i t i a l  

wea l th .  P r a t t ,  on t h e  o t h e r  hand,  shows t h a t  one i n v e s t o r  w i l l  always 

spend l e s s  money on t h e  r i s k y  a s s e t  than  a n o t h e r  i n v e s t o r ,  who has  t h e  same 

e x p e c t a t i o n s  i f ,  and on ly  i f ,  he is  always more r i s k  a v e r s e ;  i . e . ,  i f  h i s  

c o e f f i c i e n t  of a b s o l u t e  r i s k  a v e r s i o n  i s  always l a r g e r .  He proves a s  

w e l l :  ( i )  t h a t  the  maximum premium which an i n d i v i d u a l  w i l l  pay f o r  an 

insurance  p o l i c y  which provides  f u l l  coverage a g a i n s t  a  s i n g l e  source  of  

r i s k  w i l l  never  i n c r e a s e ,  a s  i n i t i a l  weal th  i n c r e a s e s ,  i f  the  a b s o l u t e  r i s k  

a v e r s i o n  f u n c t i o n  i s  a  non inc reas ing  f u n c t i o n  of  wea l th ,  and ( i i )  t h a t  one 

i n d i v i d u a l ' s  insurance  premium f o r  f u l l  coverage insurance  w i l l  always be 

a t  l e a s t  a s  l a r g e  a s  t h e  r i s k  premium of a n o t h e r  i n d i v i d u a l ,  who h a s  t h e  

same e x p e c t a t i o n s  i f ,  and o n l y  i f ,  he is  always a t  l e a s t  a s  r i s k  a v e r s e .  

Although t h e  preceding theorems a r e  used e x t e n s i v e l y  f o r  ana lyz ing  

problems i n  t h e  microeconomics of u n c e r t a i n t y ,  r e c e n t  r e s e a r c h  has  shown 

t h a t  they do not  hold  when income ( o r  wea l th )  i s  a f u n c t i o n  of more than 

one random v a r i a b l e .  Cass and S t i g l i t z  ( 1972 )  show, i n  p a r t i c u l a r ,  t h a t  

Arrow's comparat ive  s t a t i c s  theorem w i l l  ho ld  f o r  p o r t f o l i o s  c o n s i s t i n g  o f  

two o r  more r i s k y  a s s e t s ,  and a  s i n g l e  r i s k l e s s  a s s e t ,  i f  p r e f e r e n c e s  have - 
t h e  p o r t f o l i o  s e p a r a t i o n  p r o p e r t y ,  b u t  t h a t  i t  w i l l  not  hold  - f o r  t h e s e  

p o r t f o l i o s  - when p r e f e r e n c e s  a r e  not  r e s t r i c t e d  t o  belong t o  the  c l a s s  

which impl ies  p o r t f o l i o  s e p a r a t i o n .  Hart  (1975) p roves ,  moreover, t h a t  



p o r t f o l i o  s e p a r a t i o n  i s  a  necessa ry  c o n d i t i o n ;  i . e . ,  t h a t  p r e f e r e n c e s  must 

have t h e  s e p a r a t i o n  p r o p e r t y  i f  Arrow's theorem h o l d s  when t h e r e  i s  more 

than one r i s k y  a s s e t  and a  r i s k l e s s  a s s e t .  

Ross (1981) ex tends  t h e  a n a l y s i s  of  t h e  two preceding s t u d i e s  by show- 

ing  t h a t  none of t h e  p o r t f o l i o  s e l e c t i o n  theorems developed by Arrow and 

P r a t t  hold  when a  r i s k l e s s  a s s e t  does  not  e x i s t .  He a l s o  proves t h a t  a l l  

of P r a t t ' s  theorems about the  demand f o r  insurance  a r e  v i o l a t e d  when 

i n d i v i d u a l s  cannot purchase i n s u r a n c e  which p rov ides  f u l l  coverage a g a i n s t  

a l l  r i s k s .  - 
The c e n t r a l  reason why t h e  Arrow-Pratt theorems a r e  not  v a l i d  i n  t h e  

c a s e s  d i s c u s s e d  above, is  t h a t  t h e  cho ices  of expected u t i l i t y  maximizers 

a r e  ex t remely  s e n s i t i v e  t o  t h e  s t r u c t u r e  of  e x p e c t a t i o n s  i n  t h e s e  s i t u -  

a t i o n s .  Indeed,  it i s  f a i r l y  obvious  t h a t  r e s t r i c t i o n s  must be imposed 

upon bo th  p r e f e r e n c e s  and e x p e c t a t i o n s  i n  o r d e r  t o  o b t a i n  unambiguous pre- - 
d i c t i o n s  about behavior  when t h e r e  a r e  m u l t i p l e  sources  of r i s k .  

Kihls t rom,  Romer and Will iams (1981) show, f o r  example, t h a t  P r a t t ' s  

theorem about t h e  insurance  premiums f o r  d i f f e r e n t  i n d i v i d u a l s  w i l l  ho ld ,  

when some r i s k s  a r e  not  i n s u r a b l e , .  i f :  ( i )  end of  pe r iod  weal th  i s  an 

a d d i t i v e  f u n c t i o n  of the  m u l t i p l e  sources  of u n c e r t a i n t y ;  ( i i )  i f  a l l  

e x i s t i n g  insurance  c o n t r a c t s  p rov ide  f u l l  coverage ;  ( i i i )  i f  a t  l e a s t  one 

o f  t h e  two i n d i v i d u a l s  has  a  c o e f f i c i e n t  of a b s o l u t e  r i s k  a v e r s i o n  which i s  

a non inc reas ing  f u n c t i o n  of  i n i t i a l  wea l th ;  and ( i v )  i f  a l l  random v a r i -  

a b l e s  a r e  independent ly  d i s t r i b u t e d .  Ross (1981) ,  on t h e  o t h e r  hand, 

develops  a  more r e s t r i c t i v e  measure of  r i s k  a v e r s i o n  and then shows t h a t  

h i s  measure w i l l  y i e l d  unambiguous p r e d i c t i o n s  about behavior  i n  many of 

t h e  c a s e s  where t h e  Arrow-Pratt theorems f a i l ,  i f  a l l  s o u r c e s  o f  r i s k  a r e  



u n c o r r e l a t e d .  Machina (1982) shows, however, t h a t  Ross ' s  theorems about 

t h e  e f f e c t s  of changes i n  t h e  d i s t r i b u t i o n  of end of  per iod weal th  upon 
b 

insurance  premiums and upon t h e  r e l a t i v e  demands f o r  two r i s k y  a s s e t s  a r e  

too s p e c i a l i z e d ;  i . e . ,  they hold  o n l y  when changes i n  the  d i s t r i b u t i o n  of  

wea l th  a r e  r e s t r i c t e d  t o  changes i n  t h e  expected v a l u e  of wea l th .  Machina 

a l s o  a rgues  t h a t  t h e  expected u t i l i t y  h y p o t h e s i s  must be modif ied  t o  a l l o w  

f o r  t h e  p o s s i b i l i t y  t h a t  expected u t i l i t y  i s  not  " l i n e a r  i n  t h e  p r o b a b i l i -  - 
t i e s "  i n  o r d e r  t o  o b t a i n  d e t e r m i n a t e  comparat ive  s t a t i c  r e s u l t s  when 

changes i n  weal th  d i s t r i b u t i o n s  a r e  not conf ined  t o  exac t  h o r i z o n t a l  t r a n s -  

l a t i o n s .  

Although t h e  s t u d i e s  d i s c u s s e d  above provide  ample evidence f o r  t h e  

v e r d i c t  t h a t  the  e x i s t i n g  theory  of  behav io r  under u n c e r t a i n t y  i s  not  v e r y  

r o b u s t ,  they do not cover t h e  compl ica t ions  which a r i s e  when u n c e r t a i n t y  

p r e v a i l s  about t h e  composi t ion of f u t u r e  consumption v e c t o r s .  Keeney 

(19731, Kihls t rom and Mirman (1974) ,  Paroush (1975) and Duncan (1977) have 

a s s e r t e d ,  f o r  example, t h a t  t h e  Arrow-Pratt a n a l y s i s  does not app ly  when 

d i r e c t  u t i l i t y  f u n c t i o n s  c o n t a i n  more than one argument. U n f o r t u n a t e l y ,  

however, t h e s e  au thors  do not  provide  any j u s t i f i c a t i o n  f o r  t h i s  a s s e r -  

t i o n .  I n  each of these  papers ,  t o  be more s p e c i f i c ,  t h e  a n a l y s i s  focuses  

upon t h e  development of  r i s k  a v e r s i o n  measures f o r  r i s k s  which invo lve  ran-  

dom v a r i a t i o n s  i n  t h e  composi t ion of a  baske t  of p e r i s h a b l e  commodities. 

One of  t h e  s t r i k i n g  c h a r a c t e r i s t i c s  of  t h i s  a n a l y s i s  i s  t h a t ,  f o r  some 

u n s p e c i f i e d  reason ,  i t  is  always based upon t h e  assumption t h a t  i n d i v i d u a l s  

cannot engage i n  exchange a c t i v i t y  i n  t h e  spo t  markets  f o r  commodities. 

Consider t h e  fo l lowing diagram from H. Levy and A. Levy (1984, p. 461, f o r  

example. This diagram i s  used t o  e x p l a i n  one of  t h e  major c o n c l u s i o n s  of 



t h i s  l i t e r a t u r e ,  namely t h a t  i t  i s  i m p o s s i b l e  t o  compare t h e  a t t i t u d e s  

towards  r i s k  o f  two i n d i v i d u a l s ,  ,when t h e r e  a r e  many commodi t ies ,  u n l e s s  

t h e i r  i n d i f f e r e n c e  maps a r e  i d e n t i c a l .  

F i g u r e  1  

Accord ing  t o  Levy and Levy t h i s  d i ag ram i m p l i e s  t h a t  consumer 1  w i l l  

a lways  p r e f e r  t h e  c e r t a i n  consumpt ion  v e c t o r  XC ove r  a  5 0 : 5 0  gamble which 

y i e l d s  e i t h e r  XA o r  XB; r e g a r d l e s s  o f  h i s  a t t i t u d e s  towards  r i s k ,  and 

a l s o  t h a t  consumer 2 w i l l  a lways  p r e f e r  t h e  gamble ove r  XC; r e g a r d l e s s  o f  

h i s  a t t i t u d e s  towards  r i s k .  N o t i c e  however t h a t  t h e s e  a s s e r t i o n s  a r e  based  

on t h e  a s sumpt ion  t h a t  i n d i v i d u a l s  c a n n o t  t r a d e .  Suppose,  f o r  example,  

I 

t h a t  t h e  " p r i z e s "  o f  t h e  gamble c o u l d  be  s o l d  f o r  YA = XAP and YB = 
1 

XBP. Obv ious ly ,  b o t h  i n d i v i d u a l s  would p r e f e r  t h e  gamble ove r  XC i f  - 
I I 

YA > XCP and YB > XcP. Consumer 1,  i n  p a r t i c u l a r ,  w i l l  d e f i n i t e l y  

p r e f e r  t h e  gamble,  g i v e n  t h e  p r i c e  v e c t o r  P, b e c a u s e  i t  p r o v i d e s  him w i t h  

t h e  o p p o r t u n i t y  t o  r e a c h  e i t h e r  t h e  i n d i f f e r e n c e  s u r f a c e  J(YA,P) o r  

J (YB,p) ,  where J(YA,P) > U(XC) and J(YB,P) > U(Xc). 



Levy and Levy ( 1 9 8 4 ) ,  and t h e  o t h e r  a u t h o r s  who a s s e r t  t h a t  t h e  

Arrow-Pra t t  framework n e c e s s a r i l y  b r e a k s  down when t h e r e  i s  more t h a n  one  

consumpt ion  good, a r e  conce rned  w i t h  t h e  f a c t  t h a t  t h e  b e h a v i o r  of  t h e  two 

consumers i n  t h e  s i t u a t i o n  d e s c r i b e d  i n  F i g u r e  1  d o e s  n o t  depend on t h e i r  

a t t i t u d e s  towards  r i s k ;  i . e . ,  upon t h e  c a r d i n a l  p r o p e r t i e s  of  t h e i r  d i r e c t  

u t i l i t y  f u n c t i o n s .  U n f o r t u n a t e l y ,  however,  t h e y  do n o t  e x p l a i n  why t h e y  

a r e  i n t e r e s t e d  i n  c h o i c e  problems which assume t h a t  i n d i v i d u a l s  canno t  

t r a d e .  The a r t i f i c i a l  n a t u r e  o f  t h e i r  a n a l y s i s  may b e  i l l u s t r a t e d  by 

4 F i g u r e  2 .  T h i s  g raph  i s  t a k e n  d i r e c t l y  from K i h l s t r o m  and Mirman . 

F i g u r e  2 

I n  t h e i r  d i s c u s s i o n  o f  t h i s  g r a p h ,  K i h l s t r o m  and Mirman i n i t i a l l y  

assume t h a t  b o t h  i n d i v i d u a l s  a r e  f o r c e d  t o  consume t h e  commodity b a s k e t  

xA, when t h e  budget  c o n s t r a i n t  is  e q u a l  t o  B ( P , I ) ;  and XB when t h i s  

c o n s t r a i n t  i s  e q u a l  t o  B(P,^I). T h i s  a s sumpt ion  i m p l i e s  t h a t  t h e s e  
- 

4 Op. C i t . ,  pp. 373-375. 



- 
i n d i v i d u a l s  w i l l  d i s a g r e e  about a  gamble which y i e l d s  an outcome between I 

and i. A s  Kihls t rom and Mirrnan . p o i n t  o u t ,  i n d i v i d u a l  1 w i l l  p r e f e r  t h e  

c e r t a i n  income T t o  t h e  gamble, whi le  i n d i v i d u a l  2 w i l l  p r e f e r  t h e  gamble 

- 
over  t h e  c e r t a i n  p rospec t  I .  

I n  t h e  second s t a g e  of t h e i r  d i s c u s s i o n ,  Kihls t rom and Mirrnan assume 

t h a t  both  i n d i v i d u a l s  can choose any consumption bundle  which they can 

- 
a f f o r d .  Since  a l l  r e a l i z a t i o n s  of  t h e  random v a r i a b l e  I a r e  always g r e a t e r  

than o r  equal  t o  i and s i n c e  t h i s  immediately impl ies  t h a t  both  i n d i v i d u a l s  

- 
w i l l  now p r e f e r  t h e  gamble over  t h e  c e r t a i n  income I, they  acknowledge t h a t  

r i s k  a v e r s i o n  comparisons a r e  now p o s s i b l e  when they a r e  based on t h e  

i n d i r e c t  u t i l i t y  f u n c t i o n s .  S u r p r i s i n g l y ,  however, they  d i smiss  t h i s  con- 

c l u s i o n  wi th  t h e  a s s e r t i o n :  

"The troublesome gambles ... ( a s s o c i a t e d  wi th  fo rced  consumption) 

. . . a r e  r u l e d  ou t  by t h i s  approach."5.  

C l e a r l y ,  a s  t h e i r  own a n a l y s i s  i n d i c a t e s ,  t h e  Arrow-Pratt a n a l y s i s  was 

never in tended t o  d e a l  wi th  t h e s e  ext remely a r t i f i c i a l  gambles. 

In h i s  s t u d y  of t h e  r e l a t i o n s h i p  between expected u t i l i t y  t h e o r y  and 

o r d i n a l  demand theory ,  Hanoch (1977) c la ims  t h a t  r i s k  a v e r s i o n  i n  t h e  face  

of  u n c e r t a i n t y  about both  income and r e l a t i v e  commodity p r i c e s  i m p l i e s ,  and 

i s  implied by, r i s k  a v e r s i o n  i n  t h e  face  of u n c e r t a i n t y  about nominal 

income. This  c l a im i s  based on t h e  fo l lowing  theorems. 

Theorem (H:l): Hanoch (1977, p. 416) 

I f  t h e  commodity v e c t o r  X and t h e  Lagrange m u l t i p l i e r  h s a t i s f y  t h e  

optimium c o n d i t i o n s  f o r  t h e  u t i l i t y  maximizing problem: 



then the Arrbw-Pratt measure of relative risk aversion, say a(P,Y) : 

-YJyy(Y,P)/Jy(~,P), is equivalent to: 

UXX = the Hessian of U(X) 

U$ = ( U, (XI, . . . , UN-1 (x) ) ; Ui(X) = marginal utility of Xi 

After proving Theorem (H:l) Hanoch states that a consumer is risk 
..d ... ... 

averse to all (small) consumption risks of the form X = (l+u)X, E(aX) = 

ON-1; if, and only if, the direct utility function is concave at X, or 

equivalently if, and only if, E(u(x;x)) < U(X). He then states that the 

following theorem holds when both income and relative prices are subject to 

uncertainty, if the deviations OX are not restricted to the expansion path. 

Theorem (H:2): Hanoch (1977, p. 419) 

u(X) is concave at X if, and only if, ~(P,Y) - > 0; if ~(P,Y) > 0 then 

U(X) is strictly concave. That is, risk aversion with regard to 

income implies and is implied by risk aversion with regard to quantity 

bundles. 

Hanoch's proof of Theorem(H:2) follows the following reasoning: 



( i i )  Hence, from Theorem(H:l): 

One of  t h e  miss ing e lements  i n  Hanoch's a n a l y s i s  i s  t h a t  he does n o t  

e x p l a i n  how Theorem (H:2) a p p l i e s  t o  s i t u a t i o n s  where income and commodity 

p r i c e s  a r e  u n c e r t a i n .  In f a c t  h i s  i n t e r p r e t a t i o n  of  Theorem (H:2) appears  

t o  be i n c o r r e c t .  

Suppose, f o r  example, t h a t  i n d i v i d u a l s  could  s e l l  any r e a l i z a t i o n ,  s a y  

,., .. 
X1, of  t h e  random v e c t o r  X = ( l+a)X.  Obviously,  they  w i l l  t a k e  advantage 

of t h i s  exchange o p p o r t u n i t y  i f  it a l lows  them t o  a t t a i n  t h e  i n d i f f e r e n c e  

s u r f a c e  J(Yl = X1'Pl; P I ) ;  where P1 i s  a r e a l i z a t i o n  of  t h e  random v e c t o r  

,., 
P, and J(Y1,p1) > u ( x ~ ) .  Indeed,  g iven t h e  f a c t  t h a t  they  can always con- 

sume t h e  p r i z e ,  X1, it i s  obvious t h a t  J (  . . .) must s a t i s f y  J ( Y ~  , P i )  > u(xl  ) - 
f o r  any v e c t o r  (X1 ,P1 ) . - 

The c r i t i c a l  q u e s t i o n  then  i s  whether o r  not ~ ( P , Y )  > 0 i s  e q u i v a l e n t  

,., - 
t o  E ( J ( Y , P ) )  < U(X) = J (Y,P) .  Th i s  q u e s t i o n ,  i n  t u r n ,  i s  e q u i v a l e n t  t o  t h e  

q u e s t i o n :  can J(Y,P) be concave i n  Y and P? The major r e s u l t  of  S e c t i o n  2  

of  t h i s  paper i s :  'S ince  t h e  compensated demand c u r v e s  f o r  commodities a r e  

downward s l o p i n g ,  J (  . . . I  cannot be  concave i n  Y and P . ' .  This r e s u l t  

i m p l i e s  t h a t  Hanoch i s  i n c o r r e c t ;  i . e . ,  r i s k  a v e r s i o n  wi th  regard  t o  uncer- 

t a i n t y  i n  nominal income does  not  imply r i s k  a v e r s i o n  when income and com- - 
modity p r i c e s  a r e  u n c e r t a i n ,  o r  converse ly .  

2. KARNI'S GENERALIZATION OF RISK AVERSION THEORY, HANOCH'S PRINCIPLE, 

AND THE EXISTENCE OF RISK AFFINITY 

Consider a  two-period s e t t i n g  where d e c i s i o n s  about c u r r e n t  consump- 

t i o n  e x p e n d i t u r e s  must be made p r i o r  t o  t h e  r e s o l u t i o n  of u n c e r t a i n t y  about 



nominal income and commodity spo t  p r i c e s  i n  t h e  second pe r iod .  Suppose 

moreover t h a t  i n d i v i d u a l s  respond t o  t h i s  temporal  u n c e r t a i n t y  by choosing 

t h a t  a f f o r d a b l e  (N-1) d imensional  consumption v e c t o r ,  s a y  to,  which maxi- 

mizes t h e  expected value  of t h e  c o n d i t i o n a l  exchange p lans  J(Y1 ,P1;CO); 

- - 
where (Y1,Pl) i s  some r e a l i z a t i o n  of t h e  N d imensional  random v e c t o r  (Y,P) 

and : 

The maximum v a l u e  f u n c t i o n  de f ined  i n  ( 2 : l )  i s  a  c o n d i t i o n a l  o r  v a r i -  

a b l e  i n d i r e c t  u t i l i t y  f u n c t i o n .  As ( 2 : l )  i n d i c a t e s ,  i t  r e p r e s e n t s  an 

i n d i v i d u a l  ' s  pe rcep t  ion of h i s  maximum a t t a i n a b l e  l e v e l  of u t i l i t y  over t h e  

second pe r iod  g iven :  ( i )  some p a r t i c u l a r  r e a l i z a t i o n  of t h e  random v e c t o r  
-9 -, 

( Y , P ) ,  and ( i i )  any p r i o r  consumption d e c i s i o n  Co > ON-1. - - - 
Let f (Z)  r e p r e s e n t  t h e  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  of t h e  N dimen- 

- - - -, -9 

s i o n a l  random v e c t o r  Z = (Zy,zp) = (Y-YO ,P-PO ) , where (YO ,PO ) i s  an 

a r b i t r a r y  v e c t o r  and Yo > 0, Po > ON-1. Suppose a l s o  t h a t  an i n d i v i d u a l  

i s  o f f e r e d  a  c o n t r a c t  which guaran tees  t h a t  he w i l l  be a b l e  t o  choose a  

consumption v e c t o r  a t  t h e  beginning of  ~ e r i o d  two which s a t i s f i e s  Yo + 

". 
E ( i y )  - C l  + ~ ( 2 ~ ) )  = 0. Obviously i f  he a c c e p t s  t h i s  c o n t r a c t  h i s  

maximum a t t a i n a b l e  l e v e l  of u t i l i t y  over t h e  second per iod w i l l  be equa l  to  
-, -, 

J(Yo + E(Zy),  Po + E(Zp);CO); where t h i s  f u n c t i o n  i s  t h e  a t t a i n e d  maxi- 

mum f o r :  

The key i d e a  of  K a r n i ' s  (1979) s t u d y  is  t h a t  i n t e r p e r s o n a l  comparisons 



o f  r i s k  a v e r s i o n ,  i n  t h e  face  of contemporaneous random v a r i a t i o n s  i n  Y and 

P, can be based upon a  p r e f e r e n c e  based measure of r i s k  a v e r s i o n :  - i f  t h i s  

measure ranks  i n d i v i d u a l s  accord ing  t o  t h e i r  (maximum) demand p r i c e s  f o r  

the  c o n t r a c t  desc r ibed  above. In t h e  f i r s t  s t a g e  of  h i s  a n a l y s i s ,  t h e s e  

i n d i v i d u a l  s p e c i f i c  demand p r i c e s  a r e  measured by a r i s k  premium f u n c t i o n ,  
- 

n(YO ,PO , f (Z) ;CO ) ;  where n (  . . .) i s  fo rmal ly  d e f i n e d  by: 

K a r n i ' s  d e f i n i t i o n  o f  n (  . . . I  i n  (2 :3 )  impl ies  t h a t  the  maximum demand 

p r i c e  f o r  t h e  c o n t r a c t  d e s c r i b e d  e a r l i e r  w i l l  be p o s i t i v e  i f ,  and on ly  i f ,  

accep tance  of t h e  c o n t r a c t  corresponds  t o  an i n c r e a s e  i n  economic we1 f a r e .  

... 
To s e e  t h i s ,  c o n s i d e r  t h e  expend i tu re  f u n c t i o n s  Yo + E(Zy) 5 e(Po + 

... ... ... 
E(Zp) ; J )  and Yo + E(Zy) - n - e ( P o  + E(Zp);F) ;  where J i s  the  

a t t a i n e d  l e v e l  of  u t i l i t y  i n  (2 :2 )  and F  i s  t h e  c o n d i t i o n a l  expected 
... ... 

u t i l i t y  E( J (Y,P;C,  ) )  . Notice  moreover t h a t  (2 :  3 )  i m p l i e s :  

o r  from (2:  2) t h a t  

Although t h e  d e f i n i t i o n  of .rr; i n  (2 :4 )  i s  e q u i v a l e n t  t o  t h e  d e f i n i t i o n  

i n  (2 :3 )  i t  i s  more i n f o r m a t i v e  i n  t h e  sense  t h a t  i t  emphasizes t h a t  t h e  

s i g n  of n  depends on t h e  d i f f e r e n c e  between t h e  c o n d i t i o n a l  l e v e l  of wel- 

f a r e  o f f e r e d  by t h e  r i s k  avo id ing  c o n t r a c t ,  namely J,  and t h e  r i s k  t a k i n g  

l e v e l  of w e l f a r e ,  namely F. Given t h e  usua l  assumption t h a t  p r e f e r e n c e s  do 



not exhibit satiation; i.e., that e(..) is a monotonically increasing func- 

tion of the level of utility, ( 2 : 4 )  ,implies, in particular, that n - > 0 for 
- ,., 

all f(Z) is equivalent to J > F for all f(Z). - 
In the second stage of his analysis, Karni assumes: (i) that the 

risks in Y and P are actuarially neutral; i.e., that E(.z)  = ON; and 

(ii) that the price-income risks are small in the sense that PROB{ (Z1,. . . , 
Z~)EB} = 1; where B is an N dimensional ball with center ON and radius 

6 + 0. Given these two assumptions he then derives the following approxi- 

mate solution for his risk premium function: 

- -, .. -. 
where: a i j  = Cov(Zi,Zj); Z1 = Zy 

- V = the positive semidefinite covariance matrix {oij); i,j - 

1,. . .,N; 
R is a matrix measure of absolute risk aversion for small risks in 

Y and P, and; 

R = -[ J ~ ( Y ~  ,pO ;cO )]-l~J(~O ,p0 ;c0 

Hj = the Hessian of J( . . .) evaluated at (YO ,PO ,CO) 
Equation (2: 5) is a key result in Karni's paper because he uses it to 

prove the following theorem on comparative risk aversion. 

Theorem (K:3): Karni, pp. 1396-1397 
- 

Let RA(Yo ,PO ;CO), RB(Yo ,PO ;CO), nA(y0 ,PO ;CO ;•’(z)) and 

rB(y0 ,Po ;Co ;•’(?I) denote the matrix measures of local risk aversion 

and the risk premium functions corresponding to the (variable) 



indirect utility functions JA(YO ,PO;CO) and JB(YO,PO;CO), respec- 
,., 

tively. Let Z be an n dimensional random vector with a joint proba- 

bility distribution, f(2), Yo + Zy > 0, Pg + Zp > ON-1 with - 
E(% = ON. Then the following conditions are equivalent representa- 

tions of the proposition: 'individual B is at least as risk averse as 

individual A regardless of anv differences in their ordinal   refer- 

ences. ' : 

(a) RB - RA is positive semidefinite for all Yo > 0, Po >> ON-1, - 
c0 2 ON-1 

(b) XB > XA for all yo > 0, PO >  ON-^, c0 2  ON-^ and all N - - 
,., ,., 

dimensional joint probability distributions f(Z) with mean E(Z) = 

ON 

(c) I$(~,P~,C~) is a concave function of t and Po for all t > 0, Po >> - 
ON-L for any given Co > ON-1 where t Z JA(Y~ ,Po ;CO ) and - 
I$(t,PO,CO) Z JB(~A,P~;C~); eA equal to the expenditure 

function eA(pO ,JA(Y~,P~;C~)). 

Theorem (K:3) represents Karni's justification for considering R as a 

measure of risk aversion with respect to contemporaneous random variations 

in P and Y. The only essential difference between Theorem (K:3) and 

Theorem (1) in Pratt's study is that commodity prices are random. To see 

this, suppose that commodity prices are nonstochastic. In this case, 

Theorem (K:3) states that the following conditions are equivalent. 

- Byy(Y0 ,PO ;Co Ayy (yo ,Po ;co > - 
By(YOrPo;Co) - Ay(Yo,Pg;Co) 

for all Yo > 0, Po B  ON-^, Co 2 ON-1 - 



(b) I'CB - > 'JKA for all Yo > 0, Po > O p l ,  Co >  ON-^ and all one - - 
-9 -9 

dimensional probability distributions f(Zy) with E(Zy) = 0 

(c) There exists G: Jg = G(JA); G' > 0, G" < 0 - - 

These three conditions are exactly the same as the conditions in Pratt's 

Theorem 1. 

As indicated in the Introduction, the major problem with Karni's study 

is that he fails to recognize that his analysis implies that individuals 

cannot be risk averse for all multivariate risks in P and Y; i.e, for all 

V. Before he proves Theorem (K:3) he proves the following theorem: 

Theorem (K:l): Karni, pp. 1394-1395 

The following propositions are equivalent: 

(a) R is positive semidefinite for all Yo - > 0, Po W ON-1, Cg LON-] 

(b) ~ ( Y ~ , P ~ , C ~ ; ~ ( " Z )  - > 0 for all Yo - > 0, Po > ON-1, CO - > ON-1 and 

for all f("Z with E("Z = % 

(c) J(YO,PO;CO) is concave (and hence quasi-concave) with respect to 

all Yo > 0 and with respect to all Po > ON-1 ; for any given - 
c0 1 ON-1 

Karni's proof of Theorem (K:l) is based on the relationships depicted 

in (2:4) and (2:5)6. When satiation does not obtain or, equivalently, 

when J(Y,P;CO) is always a nondecreasing function of Y; ( 2 : 4 )  implies: 

since the right-hand side of (2:6) is Jenson's inequality, (2:6) proves 

Ibid., p. 1395. - 



(b) ++ (c). 

(2:5), on the other hand, implies: 

The trace on the right-hand side of ( 2 : 7 ) ,  however, is non-negative for all 

V if, and only if, R is positive semidefinite; or, equivalently, if and 

7 only if J(Y,P;CO) is concave in Y and P . This proves (a) ++ (b) and 

also, since (b) ++ (c), (a) t+ (c). 

Although Theorem (~:l) is valid, it does not provide a theoretical 

definition of risk aversion with respect to multivariate price-income 

risks, as might be expected, because indirect utility functions cannot 

satisfy condition (c) of this theorem. 

Consider the following theorem. 

Theorem (A:3) 

If J(Y,P;C~ ) is the maximum with respect to C1 of u(CO ,C1 ) + 

A(Y-P'C1), where U(CO,Cl) is monotonically increasing and quasi-con- 

cave in $ >  ON-^, C1 2 ON-1, and, if there is more than one com- - 
modity, then J( ... ) cannot be jointly concave in both P > ON-1 and - 
Y - > 0, given any Cg >  ON-^. - 

There are at least two ways of proving Theorem (A:3). Appendix A con- 

tains a fairly abstract proof; i.e., it uses the properties of convex bud- 

get sets to generate the contradication: 'if .I( ... ) is concave with 
respect to Y and P, and if J(...) is an indirect utility function, then it 

cannot be a maximum value function for a utility maximizing problem.'. The 

The proof of this statement was developed by Terry Heaps; it can be sup- 
plied upon request. 



following proof, which illustrates Hanoch's Principle, is more informa- 

8 tive . 

Proof of Theorem A:3 

i) Suppose that the direct utility function, U(CO ,C1 ) ,  is real 

valued, twice continuously differentiable, monotonically increas- 

ing, and quasi-concave with respect to all (20 ,C1 > ON-1. These - 
conditions imply the existence of a maximum with respect to C1 of 

U(q ,Cl + )r(y-plcl); P B ON-1, Y > 0. See Diewart (1973). 

Let J(Y ,P;CO ) denote this maximum. 

ii) J( ...I would be a concave function of Y and P if it was a linear 

function of Y and P. But can it be linear? Suppose that it 

was. Then, by Roy's Identity (see Appendix A), the demand func- 

tions ̂ Cli would be equal to ai/ay for all i = 2, ..., N, 
where ay and the a; are constants; i.e., in this case there 

is no utility maximizing problem! 

iii) Assume then, as required, that J(.. .) is nonlinear in Y and P but 

concave with respect to P > ON-1, Y > 0. Since any concave - 
function is also quasi-concave (although not conversely), this 

assumption implies that S = {(Y,P)/J(Y,P;CO) - > 3) is a convex set 

for Y > 0, P > ON-1 . If S is a convex set, however, the level - 
surfaces of J, or the expenditure functions Y r e(~;>) must be 

convex with respect to P B ON-1, given any parametric level of 

utility 3, when the conditions delineated in (i) above hold. 

These restrictions on U(CO,C1) imply Jy > 0 (or nonsatiation) 

and aJ/aPi < 0 for all i = 2 ,..., N; P B   ON-^; Y > 0. Hence, - - 
This proof springs from an argument supplied to me by John Heaney. 



in two dimensions: 

iv) Let xiH(p,>) denote the compensated or 'Hicksian' demand 

function for commodity i. According to Shephard's lemma (see 

Appendix A), xiH(p,>) de(p,?)/api. Hence, if e(~,>) is 

convex in P, as indicated in (iii), all compensated demand func- 

tions must have a non-negative slope; i .e . , a xiH/api > 0 - 
for all i = 2,. . . ,N. - 

v) Perhaps the most important result of ordinal demand theory is 

that axiH/api - < 0 for all i = 2,. . . ,N when the conditions 
delineated in (i) above hold. Since this result contradicts the 

implication of the assumption that J is concave in Y and P, this 

assumption must be rejected. This proves Theorem (A:3). 

Theorem (K:l) and Theorem ( A : 3 )  jointly imply: 

Theorem (2:l) 

If behavior under uncertainty (in a two-period setting) is consistent 



w i t h  o r d i n a l  demand theory ,  then t h e r e  must e x i s t  a t  l e a s t  one ' s m a l l '  

p r i c e  income r i s k  f o r  which * ( y o  ,Po ;Co , f ( i ) )  < 0; i . e . ,  r i s k  a f f i n i t y  

must o b t a i n  i n  a t  l e a s t  one s i t u a t i o n  where commodity p r i c e s  and 

nominal income a r e  u n c e r t a i n .  

Not ice ,  a l s o ,  t h a t  (2 :6 )  and Theorem (A:3) j o i n t l y  imply:  

Theorem (2  : 2)  

Theorem ( 2 : l )  ho lds  even i f  t h e  m u l t i v a r i a t e  price-income r i s k s  r e p r e -  
- 

sen ted  by f ( Z )  a r e  l a r g e  i n  t h e  sense  t h a t  PROB{(Z~ ,. . . z ~ ) E B }  i s  not  - 
e q u a l  t o  one where B i s  an N d imensional  b a l l  wi th  c e n t e r  ON and 

r a d i u s  6 + 0 .  

The two preceding theorems, namely ( 2 : l )  and ( 2 : 2 ) ,  a r e  t h e  most 

important  theorems developed i n  t h i s  s tudy .  Although t h e s e  theorems do not 

imply t h a t  economic behavior  under u n c e r t a i n t y  e x h i b i t s  r i s k  a f f i n i t y  more 

o f t e n  than  i t  e x h i b i t s  r i s k  a v e r s i o n ,  they do suggest  t h a t  r i s k  a f f i n i t y  

may be a  f a i r l y  common phenomenon. They a l s o  s u g g e s t ,  f o r  example, t h a t  

t h e  s t a n d a r d  arguments about t h e  g a i n s  from p o r t f o l i o  d i v e r s i f i c a t i o n  a r e  

not  v e r y  r o b u s t .  

Before proceeding f u r t h e r ,  i t  is  e s s e n t i a l  t o  e x p l a i n  - why Ordinal  

Demand Theory can be used t o  r e f u t e  c o n j e c t u r e s  about behavior  under uncer-  

t a i n t y  and why t h e  Arrow-Pratt a n a l y s i s  of r i s k  a v e r s i o n  does not  apply  t o  - 
price-income r i s k s .  

I n  o r d e r  t o  h i g h l i g h t  t h e  e s s e n t i a l  d i f f e r e n c e  between Ord ina l  Demand 

Theory (ODT) and Expected U t i l i t y  Theory (EUT), c o n s i d e r  a  s i t u a t i o n  where 

two i n d i v i d u a l s ,  say A and B,  have t h e  same e x p e c t a t i o n s  about the  r i s k y  
* .w ,., ," 

prospec t  B(Y,P) = Y-P'C1, where Y = YL o r  YU and E(Y) = Y o .  Suppose, 



moreover, t h a t  these  i n d i v i d u a l s  have the  same i n d i f f e r e n c e  maps and t h e  

same i n i t i a l  income ( o r  w e a l t h ) .  See F igure  4 below. 

F i g u r e  4 

One of t h e  b a s i c  c h a r a c t e r i s t i c s  of ODT i s  t h a t  u t i l i t y  func t ions  

( d i r e c t  o r  i n d i r e c t )  a r e  i n t e r p r e t e d  a s  mathemat ica l  d e v i c e s  f o r  mapping 

p r e f e r e n c e s  over  commodity v e c t o r s  on to  t h e  r e a l  l i n e .  C l e a r l y ,  then,  i f  - 
t h i s  i n t e r p r e t a t i o n  of  u t i l i t y  f u n c t i o n s  was s t r i c t l y  adhered t o  i n  the 

development of  EUT, t h i s  theory  would imply t h a t  A and B would behave the  

same i n  t h e  s i t u a t i o n  d e p i c t e d  i n  F igure  4. 

The key i d e a  of  EUT, i n  c o n t r a s t ,  is  t h a t  t h e  r u l e  o r  u t i l i t y  func t ion  

which i s  used t o  map commodity v e c t o r s  on to  t h e  r e a l  l i n e  c o n t a i n s  more 

in fo rmat ion  about behavior  than  t h e  under ly ing  i n d i f f e r e n c e  map. According 

t o  t h i s  t h e o r y ,  A and B w i l l  no t  behave t h e  same because  B ' s  r u l e  f o r  



a s s i g n i n g  r e a l  numbers t o  commodity v e c t o r s  y i e l d s  d i f f e r e n t  va lues  f o r  t h e  

d i f f e r e n c e s  between t h e  numbers a ss igned  t o  a d j a c e n t  i n d i f f e r e n c e  su r -  

f a c e s  ( s e e  Figure  4 ) .  In surnaary, t h e n ,  t h e  e s s e n t i a l  d i f f e r e n c e  between 

EUT and ODT i s  t h a t  EUT uses  u t i l i t y  f u n c t i o n s  f o r  mapping p r e f e r e n c e s  o n t o  

t h e  r e a l  l i n e  and f o r  developing a d d i t i o n a l  c o n j e c t u r e s  about behav io r .  - 
These a d d i t i o n a l  c o n j e c t u r e s  a r e  r e f l e c t e d  i n  assumptions about t h e  so- 

c a l l e d  c a r d i n a l  p r o p e r t i e s  of u t i l i t y  f u n c t i o n s ;  i . e . ,  they a r e  l o g i c a l  

i m p l i c a t i o n s  of those  p r o p e r t i e s  of  u t i l i t y  f u n c t i o n s  which a r e  not  i n v a r i -  - 
ant  wi th  r e s p e c t  t o  a l l  monotonic t r a n s f o r m a t i o n s .  

The key t o  unders tanding Hanoch's P r i n c i p l e  i s  t o  recogn ize  t h a t  t h e  

c a r d i n a l  p r o p e r t i e s  of u t i l i t y  f u n c t i o n s  y i e l d  in fo rmat ion  about t h e i r  

o r d i n a l  p r o p e r t i e s ,  bu t  not  c o n v e r s e l y .  Consider ,  f o r  example, t h e  hypo- 

t h e s i s  of c o n s t a n t  r e l a t i v e  r i s k  a v e r s i o n  o r ,  more s p e c i f i c a l l y ,  

9 ~ ( P , Y ; c ~ )  f f ( p , y ; C O )  and a # 1. As  Hanoch h a s  shown , t h i s  c o n j e c t u r e  

about economic behavior  under u n c e r t a i n t y  about Y a lone  is  e q u i v a l e n t  t o  

assuming t h a t  p r e f e r e n c e s  a r e  d e s c r i b e d  by: 

where G(P)  i s  homogeneous of degree  1 ,  H(P) i s  homogeneous of degree  ze ro ,  

and G(P) > 0 f o r  P  >>  ON-^. 

S i n c e  t h e  i n d i r e c t  u t i l i t y  f u n c t i o n  has  p r o p e r t i e s  which a r e  not 

i n v a r i a n t  under t r a n s f o r m a t i o n s  of t h e  form @(J), 4 '  > 0,  and p r o p e r t i e s  

which a r e ,  the  common p r a c t i c e  of c a l l i n g  i t  a  ' c a r d i n a l  u t i l i t y  f u n c t i o n '  

is  mis lead ing .  Not ice ,  i n  p a r t i c u l a r ,  t h a t  t h e  demand f u n c t i o n s ,  

x iM(p ,y ) ,  implied by ( 2 : s )  and, hence,  by 'a i s  equa l  t o  a  c o n s t a n t ,  

9 Op. C i t .  pp. 424-425. 



and a # l ' ,  are ordinal properties of this function since, by Roy's 

Identity: 

The demand functions in (2:lO) are the necessary conditions of the 

preceding hypothesis about a. Clearly, then, this hypothesis can be 

rejected, at least in principle, by empirical investigation of the demands 

for commodities. Notice, however, that these empirical investigations can 

never be used to confirm this hypothesis because the demand functions in 

(2:lO) are also the necessary conditions for the hypothesis: 

a = - { @  " + 4 ' J ~ }  14 'Jy = a(Y,P) (2:ll) 

The central reason why the Arrow-Pratt analysis of risk aversion does 

not apply to multivariate price-income risks is that economic behavior 

under uncertainty depends, in general, upon both the cardinal and the 

ordinal properties of utility functions. The risk premium functions 
.., 

n(. . .f(Z). . .), for example, can be written as nC + KO, where nc(n0) 

is invariant under all affine (monotonic) transformations of J(YO ,PO ;CO). 

To see this, consider the identity: 

Differentiating both sides of (2:12) with respect to Pj and then 

with respect to Y yields: 



S u b s t i t u t i n g  (2:14) i n t o  (2:13) y i e l d s  t h e  S lu t sky  e q u a t i o n :  

where : 

a J / a P j  
~ j "  ' - by Roy's I d e n t i t y  a J / ~ Y  

R e c a l l ,  moreover, t h a t  x iM(.  . .) z - ( a J / a P j ) / ( a J / a Y )  and,  hence,  

t h a t :  

where : 

- R i j  = - J i j / J y ;  i , j  = 2 , . .  . , N  

~ y j  s - J ~ ~ / J ~ ;  j = 2 , .  . . , N  

(2:15) and (2:16)  j o i n t l y  imply: 



Notice ,  moreover, t h a t  Roy's I d e n t i t y  a l s o  impl ies :  

a x j M / a y  Ryj - X ~ ' ( J ~ ~ / J ~ ) ;  o r :  

A s  i n d i c a t e d  e a r l i e r ,  Karni  h a s  shown t h a t :  

When (2:  17) and (2:  18) a r e  e v a l u a t e d  a t  (YO ,PO , C u  1, t h e r e f o r e ,  t h e s e  r e l a -  

t i o n s h i p s  imply (by s u b s t i t u t i o n  i n t o  (2 :5 '  1) t h a t :  

where ITC i s  a  ' c a r d i n a l '  r i s k  premium f u n c t i o n ,  K O  i s  an ' o r d i n a l '  r i s k  

premium func t i o n ,  and : 

with :  



a X-M 
X; = the N-1 row vector {L (YO ,PO ;Co ) }  

a Y 

K = the Slutsky matrix { K ~ ~ }  ; i,j = 2,. . . ,N 

axjM axiM 
A =  the matrix {xiM-+ Xj -1; i,j = 2 ,..., N 

ay a Y 

Vyp = the N-1 row vector of covariances ayj; j = 2,. . . ,N 

Vp = the commodity price covariance matrix {aij}; i,j = 2,.. .,N 

Equation (2:20) implies that Pratt's classic theorem on interpersonal 

comparisons of risk aversion, namely his Theorem (11, does not hold for 

(small) multivariate price-income risks. Suppose, for example, that 

individuals A  and B have the same indifference map and the same expections 

but that aA - ag > 0 ,  with aA, ag > 0. In this case, nAO - 

nBO = 0 but, if XIVyp > 112 a$ + 112 tr(XXtVp) > 0, then: 

One of the basic characteristics of the Arrow-Pratt analysis is that 

restrictions on the cardinal properties of J(Y,P;CO) are sufficient for 

developing predictions about behavior. Equation (2:21) highlights the fact 

that these restrictions are not sufficient when uncertainty prevails about 

commodity prices. This ordinal risk premium function implies in particular 

that differences in the behavior of A  and B will depend on whether or not 



they  have t h e  same i n d i f f e r e n c e  maps and,  a l s o ,  t h a t  r i s k  a f f i n i t y  may 

o b t a i n  even i f  TCC > 0. 

I n  c l o s i n g  t h i s  s e c t i o n ,  i t  should be pointed o u t  t h a t  Markowitz's 

(1959) d e f i n i t i o n  of a  r i s k  l o v e r  i m p l i c i t l y  assumes t h a t  behav io r  under 

u n c e r t a i n t y  about nominal income ( o r  wea l th )  a lone  i s  not  c o n s i s t e n t  wi th  

o r d i n a l  demand theory .  Markowitz's d e f i n i t i o n  o f  a  r i s k  l o v e r  is  equiva- 

l e n t  t o  t h e  c o n d i t i o n :  n r e ( P 0 ; J )  - e(PO,F)  < 0 f o r  a l l  u n i v a r i a t e  r i s k s  

w .,, .., -# 

Zy, where J = J ( Y ~ + E ( z ~ ) ; P ~ ) ;  F = E ( J ( Y ; P " ) )  = F ( P ~  ; f ( z y ) ; Y 0 ) .  

Not ice ,  however, t h a t  t h i s  c o n d i t i o n  v i o l a t e s  t h e  fo l lowing p r o p o s i t i o n .  

P r o p o s i t i o n  ( 2 : l )  

A minimum c o n d i t i o n  of o r d i n a l  demand t h e o r y  i s  t h a t  U(CO,C1) be 

quasi-concave i n  $ , C 1  - > %-I. According t o  d u a l i t y  theory  ( s e e  

Appendix A), t h i s  c o n d i t i o n  i s  e q u i v a l e n t  t o  t h e  s t a t ement  ' J ( Y , P ; C ~ )  

i s  quasi-concave o r  not  convex, wi th  r e s p e c t  t o  a l l  Y > 0, f o r  any - 
given  P  > %-I; Q > ON-1'. Hence, i f  behavior  under u n c e r t a i n t y  - 
i s  c o n s i s t e n t  wi th  o r d i n a l  demand theory ,  then  r i s k  a f f i n i t y ,  i n  t h e  

Markowitz s e n s e ,  cannot o b t a i n  i n  a l l  s i t u a t i o n s  where Y i s  u n c e r t a i n  

b u t  P i s  c e r t a i n .  

3 .  THE WELFARE ECONOMICS OF COMMODITY PRICE STABILIZATION: A PARTIAL 

EOUILIBRIUM ANALYSIS 

The two major o b j e c t i v e s  of  t h e  p r e v i o u s l y  c i t e d  s t u d y  of commodity 

p r i c e  s t a b i l i z a t i o n  by Turnovsky e t  a l .  a r e :  ( i )  t o  d e l i n e a t e  the  e f f e c t s  -- 
of  commodity p r i c e  s t a b i l i z a t i o n  upon t h e  economic we l fa re  of  i n d i v i d u a l s  

when consumer's s u r p l u s  does not  provide  a  unique (monetary) measure of 

changes i n  u t i l i t y ;  and ( i i )  t o  a s c e r t a i n  whether o r  no t  t h o s e  arguments 



which use consumer 's  s u r p l u s  a s  a  w e l f a r e  c r i t e r i o n  ( c f .  Waugh, Massel l  and - 
Samuelson, Op. C i t . )  a r e  c o r r e c t .  One of  the  l i m i t a t i o n s  of  t h e i r  a n a l y s i s  

i s  t h a t  they use t h e  c u r v a t u r e  p r o p e r t i e s  of J (  ... ) with  r e s p e c t  t o  P  = 

( P 2 ,  ..., PT) ,  2 < T < N, a s  w e l f a r e  c r i t e r i a  wi thout  e x p l a i n i n g  how t h e s e  - - 
p r o p e r t i e s  a r e  r e l a t e d  t o  any monetary e q u i v a l e n t  of price-induced changes 

i n  u t i l i t y .  This s t u d y  c l o s e s  t h i s  gap i n  t h e i r  a n a l y s i s  by r e l a t i n g  t h e s e  

p r o p e r t i e s  t o  t h e  s i g n  of t h e  fo l lowing  r i s k  premium f u n c t i o n .  

The major l i m i t a t i o n  of t h e  s t u d y  of Turnovsky e t  - 
t h a t  some of t h e i r  conc lus ions  a r e  not c o n s i s t e n t  wi th  

EUT; namely, t h a t  behavior  under r i s k  depends upon t h e  

a l . ,  however, i s  - 
the  major axiom of 

c a r d i n a l  p r o p e r t i e s  

of  u t i l i t y  f u n c t i o n s .  Many of t h e i r  theorems, t o  be more s p e c i f i c ,  c o n t a i n  

s t a t e m e n t s  of  t h e  form: ' i f  consumer 's  s u r p l u s  i s  a  unique measure o f  

price-induced changes i n  u t i l i t y ,  then  t h e i r  measure w i l l  a l s o  ( c o r r e c t l y )  

i n d i c a t e  a  we l fa re  l o s s  from p r i c e  s t a b i l i z a t i o n  i n  t h i s  case ' ' ' .  These 

s t a t e m e n t s  a r e  i n c o r r e c t  f o r  one b a s i c  r eason :  consumer 's  s u r p l u s  i s  an 

o r d i n a l  p r o p e r t y  of any g iven  u t i l i t y  f u n c t i o n ,  and t h e s e  p r o p e r t i e s  a l o n e  

cannot be s u f f i c i e n t  c o n d i t i o n s  i n  any theorem about behavior  under uncer- 

t a i n t y ,  i f  t h i s  behavior  i s  c o n s i s t e n t  wi th  EUT! 

l o  - Cf. Turnovsky e t  a l . ,  Op. C i t . ;  P r o p o s i t i o n s  1, 5 and 6 .  -- 



S u r p r i s i n g l y ,  perhaps ,  those  conc lus ions  i n  Turnovsky e t  a l . ,  which -- 
a r e  i n c o n s i s t e n t  wi th  EUT, a r e  developed from an a n a l y s i s  of consumer 's  

s u r p l u s  which is  not c o r r e c t .  I n  t h e  i n i t i a l  s t a g e s  of t h e i r  formal analy-  

s i s ,  they  c l a i m  t h a t  t h e  c o e f f i c i e n t  of  r e l a t i v e  r i s k  avers ion  must be 

equal  t o  a l l  of t h e  income e l a s t i c i t i e s  of demand of those  goods whose 

p r i c e s  a r e  changing,  i f  consumer 's  s u r p l u s  i s  a  unique measure of  changes - 
i n  u t i l i t y 1  l .  Th i s  p r o p o s i t i o n ,  which v i o l a t e s  Hanoch's P r i n c i p l e ,  i s  

d e r i v e d  from a  p r i o r  s t a t e m e n t  which a s s e r t s  t h a t  consumer 's  s u r p l u s  w i l l  

be unique i f ,  and on ly  i f ,  t h e  marginal  u t i l i t y  of income does not  vary  

wi th  any of those  p r i c e s  which a r e  undergoing d i s c r e t e  changes12.  This  

c l a i m ,  and t h e  impl ied    re dictions about behavior  which a r e  based on i t ,  is  

i n c o r r e c t .  Indeed,  a s  shown below, consumer 's  s u r p l u s  can be unique even 

i f  A o r  Jy (  .. .) is  a  f u n c t i o n  of  a l l  commodity p r i c e s .  - 
The r e f e r e n c e s  c i t e d  by Turnovsky e t  a l .  i n d i c a t e  t h a t  t h e i r  d i scus -  -- 

s i o n  of consumer 's  s u r p l u s  was based upon S i l b e r b e r g ' s  (1972) paper.  Since  , 

t h e  a n a l y s i s  i n  t h e  l a t t e r  paper i s  not complete ly  c o r r e c t  however ( s e e  

a l s o  Varian (1978) and Burns (1973)) , Sec t ion  ( 3 :  1) below d e r i v e s  t h e  

necessa ry  and s u f f i c i e n t  c o n d i t i o n s  under which consumer's s u r p l u s  i s  

unique.  This  a n a l y s i s  i m p l i e s ,  c o n t r a r y  t o  Turnovsky e t  a l . ,  t h a t  t h e  -- 
o r i g i n a l  s t a t ement  of Waugh Paradox i s  i n c o r r e c t .  

( 3 : l )  Consumer's, Surplus  13 

Given any i n d i r e c t  u t i l i t y  f u n c t i o n ,  J (Y,P) ,  t h e  monetary e q u i v a l e n t  

l 1  I b i d . ,  p. 141. 
l 2  I b i d . ,  p. 140. 
13  - Given t h e  p r e v i o u s l y  c i t e d  e r r o r s  i n  t h e  l i t e r a t u r e  on consumer 's  su r -  

p l u s ,  t h e  a n a l y s i s  i n  t h i s  s e c t i o n  was developed independent ly .  Since  
a l l  of  t h e  a n a l y s i s  is  a  s t r a i g h t f o r w a r d  a p p l i c a t i o n  of  Microeconomic 
Theory, however, it should  be  cons ide red  t o  be  i n  t h e  pub l i c  domain. 



of  t h e  t o t a l  change i n  t h e  maximum o b t a i n a b l e  l e v e l  of u t i l i t y  a r i s i n g  from 

t h e  v e c t o r  of p r i c e  changes dP = (dP2,  ..., dPN) i s  g iven by: 

In o r d e r  t o  d e r i v e  the  monetary e q u i v a l e n t  of  a d i s c r e t e  p r i c e  change,  

AP = (AP2,. . . ,APN), it i s  necessa ry  t o  i n t e g r a t e  (3 :  2) over the c l o s e d  

i n t e r v a l  [PupL], where P H ~  > PLi f o r  a t  l e a s t  one P i .  When more 

than  one p r i c e  changes,  t h i s  i n t e g r a l  i s  a  l i n e  i n t e g r a l ;  i . e . ,  i t s  va lue  

depends upon t h e  sequence o f  p r i c e  changes o r  upon t h e  path  of i n t e g r a -  

t i o n .  The c r i t i c a l  q u e s t i o n ,  a s  f a r  a s  t h e  uniqueness of consumer's su r -  

p l u s  is  concerned,  i s :  What a r e  t h e  c o n d i t i o n s  under which the i n t e g r a l  

i s  path  independent? 

In t h e  c a s e  where T commodity p r i c e s  a r e  changing,  1 < T < N-1, t h e  - - 
n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  path  independence are14:  

The c o n d i t i o n s  i n  (3 :3 )  must hold  f o r  a l l  PU,PL,Y. They a re  equi-  

v a l e n t ,  moreover,  t o  t h e  c o n d i t i o n  t h a t  a l l  goods whose p r i c e s  a r e  s u b j e c t  

t o  v a r i a t i o n  have t h e  same income e l a s t i c i t i e s  of  demand. 

l 4  These c o n d i t i o n s  a r e  w e l l  known; f o r  example, s e e  S i l b e r b e r g  (1972) o r  
any advanced c a l c u l u s  t e x t .  



Proof 

According to the Slutsky equation, the conditions in (3:3) are equiva- 

lent to: 

Since the Slutsky matrix is symmetric (and. negative semidefinite), 

however ; 

Hence, (3:3) is equivalent to: 

In the limiting case, where all commodity prices are undergoing dis- 

crete changes, (3:4) will hold if, and only if, the underlying direct 

utility function is homothetic or, equivalently, when J(Y,P) has the form 

$ (Y•’(P)) . 

Proof 

Differentiating the budget constraint Y - P'X = 0, with respect to Y, 

and then using a xiM/ay = qixiMy-' yields the relationship 

C ~ i q i  = 1, where Bi is the fraction of money income expended on 
i 
commodity i. When (3:3) or, equivalently, (3:4) holds, then: 



Hence, i f  T = N-1 and ( 3 : 3 )  o r  ( 3 : 4 )  h o l d s ,  t h e n :  

( 3 : 6 )  h o l d s ,  however, i f  and o n l y  i f  J = ~ ( Y • ’ ( P ) )  ; t h a t  i s ,  i f  and 

o n l y  i f  U(X) i s  h o m o t h e t i c L 5 .  

Q .E .D .  

S i l b e r b e r g  and,  hence ,  Turnovsky e t  a l .  c l a i m  t h a t  t h e  i n t e g r a b i l i t y  -- 
c o n d i t i o n s  i n  (3 :3 )  w i l l  ho ld  i f  and o n l y  i f  t h e  marg ina l  u t i l i t y  o f  money 

income i s  independent  o f  a l l  P i  and P j  , where i ,  j  = 1, .  . . ,T and 1 < T < - - 
N-1. T h i s  independence c o n d i t i o n  i s  a s u f f i c i e n t  c o n d i t o n  b u t  it i s  not  a  - 
n e c e s s a r y  c o n d i t i o n .  

Proo  f 

Consider  t h e  e q u a l i t y  : 

( 3 :  7 )  i s  d e r i v e d  from Roy's I d e n t i t y ,  J i  = -xi%, and t h e  

e q u a l i t y  J i j  = J j i ;  i , j  = 2, ..., N.  C l e a r l y ,  i f  t h e  r igh t -hand  

s i d e  o f  (3 :  7 )  e q u a l s  z e r o  even when a h / a P i  and a h / a P j  a r e  no t  - 
e q u a l  t o  0 ,  t h e n  t h e  i n t e g r a b i l i t y  c o n d i t i o n s  i n  ( 3 : 3 )  w i l l  ho ld  f o r  

h > 0. Converse ly ,  i f  h > 0 and ( 3 : 3 )  h o l d s ,  t hen :  

See  Var i an  (1978) .  



(3 :8 )  h o l d s  of course  when aA/aPi  = aA/aPj = 0 ;  c l e a r l y ,  however, 

t h i s  is  not  r e q u i r e d .  

Q.E.D.  

Consider any homothetic i n d i r e c t  u t i l i t y  f u n c t i o n  which has the  form: 

Any member of (3 :9)  i s  a  counterexample t o  t h e  c l a i m  t h a t  A must be 

independent of those  p r i c e s  which a r e  changing i f  consumer 's  s u r p l u s  i s  

unique.  To s e e  t h i s ,  n o t i c e  f i r s t  t h a t :  

( 3 :  10) s a t i s f i e s  t h e  path  independence c o n d i t i o n s ;  i . e . ,  

One of t h e  c h a r a c t e r i s t i c s  of  t h e  path  independence c o n d i t i o n s  i n  

(3 :12)  i s  t h a t  they hold  f o r  any u t i l i t y  f u n c t i o n  d e s c r i b e d  by (3:9)  and,  

hence,  f o r  an ext remely l a r g e  number of v a l u e s  f o r  t h e  c o e f f i c i e n t  of  r e l a -  

t i v e  r i s k  a v e r s i o n .  C l e a r l y ,  then ,  Turnovsky e t  a l .  must be i n c o r r e c t  i n  

s t a t i n g  t h a t  r e s t r i c t i o n s  on t h e  c o e f f i c i e n t  of  r e l a t i v e  r i s k  a v e r s i o n  a r e  

necessa ry  c o n d i t i o n s  f o r  t h e  uniqueness of consumer 's  s u r p l u s .  

The fo l lowing  p r o p o s i t i o n s  summarize t h e  main r e s u l t s  of the  preceding 

d i s c u s s i o n .  



P r o p o s i t i o n  ( 3 :  1 )  

I f  a l l  commodity p r i c e s  a r e  undergoing d i s c r e t e  changes ,  then con- 

sumer ' s  s u r p l u s  i s  a  unique measure of  changes i n  we l fa re  i f ,  and only 

i f ,  p re fe rences  a r e  homothet ic .  

I f  more than one but  not  a l l  p r i c e s  a r e  changing,  then consumer 's  su r -  

- p l u s  i s  a  unique w e l f a r e  measure i f ,  and on ly  i f ,  q ;  - q j  f o r  a l l  of 

t h o s e  commodities whose p r i c e s  a r e  changing.  

P r o p o s i t i o n  (3 :3 )  

The c o n d i t i o n s  i n  P r o p o s i t i o n s  ( 3 : l )  and (3 :2 )  can hold f o r  any va lue  

of t h e  c o e f f i c i e n t  of r e l a t i v e  r i s k  a v e r s i o n .  Hence, consumer 's  su r -  

p l u s  can be a  unique w e l f a r e  measure f o r  any v a l u e  of a ( Y , P ) .  

(3 :2 )  S u f f i c i e n t  Condi t ions  f o r  Risk  A f f i n i t y  When Commodity P r i c e s  a r e  

Uncer ta in  

The r i s k  premium f u n c t i o n  i n  ( 3 : l )  and Theorem (A:3) o f  Sec t ion  2  

j o i n t l y  r u l e  ou t  t h e  p o s s i b i l i t y  t h a t  r i s k  a v e r s i o n  w i l l  o b t a i n  f o r  a l l  - 
m u l t i v a r i a t e  commodity p r i c e  r i s k s  when f u t u r e  nominal income i s  non- 

s t o c h a s t i c .  Hence, t h e  fo l lowing  a n a l y s i s  c o n c e n t r a t e s  upon i d e n t i f y i n g  

t h e  c o n d i t i o n s  which imply t h a t  i n d i v i d u a l s  w i l l  s a c r i f i c e  r e s o u r c e s  i n  

o r d e r  t o  be exposed t o  u n c e r t a i n t y  about commodity p r i c e s .  

Consider t h e  fo l lowing  theorem: 



Theorem ( 3 : l )  

I f  a  consumer i s  u n c e r t a i n  aboqt a l l  of  t h e  second per iod spo t  p r i c e s  

f o r  commodities and i f  h i s  nominal income over  t h e  second per iod is  

n o n s t o c h a s t i c ,  then  he  w i l l  always s a c r i f i c e  c u r r e n t  income i n  o r d e r  

t o  be exposed t o  t h e s e  ( l a r g e  o r  s m a l l )  m u l t i v a r i a t e  p r i c e  r i s k s  i f :  

( a )  h i s  p r e f e r e n c e s ,  U(CO ,C1 1, a r e  homothet ic  wi th  r e s p e c t  t o  C1, and 

(b) h i s  c o e f f i c i e n t  of r e l a t i v e  r i s k  a v e r s i o n ,  a (YO,PO;CO)  i s  always 

l e s s  than 2. 

Proof 

By us ing  t h e  i d e n t i t y  i n  ( 3 : 1 ) ,  Jenson ' s  i n e q u a l i t y  and t h e  d e f i n i t i o n  

of convex i ty ,  it i s  easy t o  show t h a t  t h e  fo l lowing  s t a t e m e n t s  a r e  

e q u i v a l e n t .  
.., .., * 

( i )  ~ ( Y ~ , P ~ , ~ ( z ~ ) ; c ~ )  < 0  f o r  a l l  f (Zp)  wi th  mean E(Zp),  Yu L 

0s PO > ON-1, CO 2 ON-1 

( i i )  J(YO ,PO ;CO) i s  s t r i c t l y  convex wi th  r e s p e c t  t o  a l l  Po > ON-1; 

f o r  any given Yo > 0 ,  Co - > ON-1. 

( i i i )  The m a t r i x  Jpp = ( ~ i j ) ;  i , j  = 2,,..,N is  p o s i t i v e  semi- 

d e f i n i t e  s o  t h a t  t '  Jppt > 0  f o r  a l l  v e c t o r s  t # ON-1. - 

From (2:17)  and (2 :18) ,  however: 

I f  p r e f e r e n c e s  a r e  homothetic wi th  r e s p e c t  t o  C1 o r ,  e q u i v a l e n t l y ,  i f  

q i  E 1 f o r  a l l  i = 2, ..., N, then  



K i s  t h e  symmetric, nega t ive  s e m i d e f i n i t e  S lu t sky  s u b s t i t u t i o n  m a t r i x ;  

hence,  -Jyt ' K t  - > 0,  g iven n o n s a t i a t i o n ,  o r  Jy > 0. Since  xiM > 0  

f o r  a l l  i = 2 , .  . . ,N however ( b y  n o n s a t i a t i o n  and quasi -concavi ty  of 

U(Co ,C1 )) , t ' x x ' ~  > 0. C l e a r l y ,  then ,  i f  a i s  always l e s s  than 2, then 
..a I ~~~l i s  always g r e a t e r  than 0  o r ,  e q u i v a l e n t l y ,  n (  . . . f  ( ~ p ) )  i s  always 

l e s s  than  0 .  

Theorem ( 3 : l )  is  an exac t  s t a t ement  of t h e  Waugh Paradox. It com- 

p l e t e s  Waugh's o r i g i n a l  argument, which was based on consumer 's  s u r p l u s  

a l o n e ,  by adding t h e  c o n d i t i o n  t h a t  a < 2 .  The e s s e n t i a l  d i f f e r e n c e  

between Theorem ( 3 : l )  and P r o p o s i t i o n  6 i n  Turnovsky e t  a l .  i s  t h a t  the  -- 
l a t t e r  p r o p o s i t i o n  c o n t a i n s  t h e  s t a t e m e n t :  "For consumer 's  s u r p l u s  t o  b e  

an  e x a c t  measure of  u t i l i t y  change i n  t h i s  case  r e q u i r e s  a E 1 ,  i n  which 

c a s e  t h i s  measure ( a l o n e )  w i l l  a l s o  i n d i c a t e  a  ( w e l f a r e )  l o s s  from ( p r i c e )  

s t a b i l i z a t i o n . " .  This  s t a t e m e n t ,  a s  i n d i c a t e d  p r e v i o u s l y ,  i s  not con- 

s i s t e n t  wi th  t h e i r  mainta ined assumption t h a t  behavior  under u n c e r t a i n t y  i s  

i n  accordance wi th  E.U.T. 

When u n c e r t a i n t y  p r e v a i l s  about a  s u b s e t  of  commodity p r i c e s ,  s a y  S = 

{Pi  > 01i = 1 , T ;  1  < T  - < N } ,  t hen  r i s k  a f f i n i t y  o r  
.., 

n (  ... f (Zp)  . . . I  < 0  w i l l  o b t a i n  f o r  any m u l t i v a r i a t e  r i s k  desc r ibed  by - 
f (Zp)  i f :  ( a )  q; = q ~  f o r  a l l  xiM a s s o c i a t e d  wi th  S; and (b )  a 

is  always l e s s  than 2qs. In  t h i s  c a s e ,  (2 :  17) and (2:  18) imply: 



(3:13) i m p l i e s  t h a t  J( ...) i s  s t r i c t l y  convex wi th  r e s p e c t  t o  t h e  p r i c e s  i n  

.v 

S  o r ,  e q u i v a l e n t l y ,  t h a t  x( . . . f ( z p ) )  i s  always l e s s  than ze ro  i f  27s - - 
a  > 0 always h o l d s .  Th i s  proves:  

Theorem ( 3: 2) 

When u n c e r t a i n t y  p r e v a i l s  about more than one bu t  not  a l l  commodity 

p r i c e s ,  an i n d i v i d u a l  w i l l  always s a c r i f i c e  income i n  o r d e r  t o  be  

exposed t o  p r i c e  u n c e r t a i n t y  i f :  ( a )  h i s  p r e f e r e n c e  s t r u c t u r e  impl ies  

t h a t  consumer 's  s u r p l u s  i s  a  unique w e l f a r e  measure; and (b) h i s  coef-  

f i c i e n t  of  r e l a t i v e  r i s k  a v e r s i o n  i s  always l e s s  than a s ,  where 

q s  i s  t h e  common income e l a s t i c i t y  of demand f o r  those  commodities 

whose p r i c e s  a r e  u n c e r t a i n .  

F i n a l l y ,  f o r  completeness ,  c o n s i d e r :  

Theorem ( 3 : 3 )  

A consumer w i l l  always s a c r i f i c e  c u r r e n t  income i n  o r d e r  t o  gamble on 

u n c e r t a i n t y  about a  s i n g l e  commodity p r i c e ,  say  P i ,  i f  h i s  a always 

s a t i s f i e s  a < 2 q i .  

.v 

Theorem (3 :3 )  fo l lows  immediately from t h e  d e f i n i t i o n  of n( ... f ( ~ ; ) )  

impl ied  by Equat ion (3 :  1 )  and t h e  f a c t  t h a t  J i i  = - ~ y ( K i i -  

( ~ T ~ ~ - ~ ) ( x ~ ~ ) ~ ) Y - ~  i s  g r e a t e r  than  0 when ( 2 ~ i - a )  > 0. 

I n  c l o s i n g  t h i s  s e c t i o n ,  it should be noted t h a t  t h e  s u f f i c i e n t  condi-  

t i o n s  i n  a l l  of  t h e  t h r e e  preceding theorems always i n c l u d e  r e s t r i c t i o n s  



upon t h e  c a r d i n a l  p r o p e r t i e s  of J (Y,P;CO).  Th i s  p roper ty  of t h e s e  theorems 

i s  e s s e n t i a l ,  g iven t h a t  behav io r  under u n c e r t a i n t y  is  c o n s i s t e n t  wi th  

Expected U t i l i t y  Theory. 

4. RISK AFFINITY I N  THE FACE OF UNCERTAINTY ABOUT NOMINAL INCOME AND THE 

RATE OF PURE (MONETARY) INFLATION 

This s e c t i o n  ex tends  t h e  a n a l y s i s  of  t h e  previous  s e c t i o n s  by proving 

two theorems about the  e f f e c t  of  u n p r e d i c t a b l e  f l u c t u a t i o n s  i n  r e a l  income 

upon t h e  economic we l fa re  of i n d i v i d u a l s .  The a n a l y s i s  assumes: ( a )  t h a t  

a l l  v a r i a t i o n s  i n  t h e  c o s t  of l i v i n g  a r e  not  accompanied by changes i n  t h e  - 
r e l a t i v e  spo t  p r i c e s  of commodities; and ( b )  t h a t  t h e r e  i s  no unique r e l a -  

t i o n s h i p  between nominal income and t h e  r a t e  of pure (monetary) i n f l a t i o n .  

Within t h i s  s e t t i n g ,  t h e  c r i t i c a l  q u e s t i o n  i s :  W i l l  i n d i v i d u a l s  s a c r i f i c e  

c u r r e n t  income i n  o r d e r  t o  avoid  u n c e r t a i n t y  i n  t h e i r  r e a l  income? 

Consider :  

Theorem ( 4 : l )  

An i n d i v i d u a l  must be w i l l i n g  t o  s a c r i f i c e  c u r r e n t  income i n  o r d e r  t o  

be exposed t o  random v a r i a t i o n s  i n  h i s  r e a l  income f o r  a t  l e a s t  one 

r i s k  which invo lves  contemporaneous random v a r i a t i o n s  i n  t h e  c o s t  o f  

l i v i n g  and i n  h i s  nominal income i f :  

i )  r e l a t i v e  commodity p r i c e s  a r e  no t  changing;  and 

i i )  t h e r e  i s  no unique r e l a t i o n s h i p  between h i s  f u t u r e  nominal income 

and t h e  r a t e  of  pure (monetary) i n f l a t i o n .  

Theorem ( 4 : l )  i s  implied by one of t h e  c l a s s i c  p r o p o s i t i o n s  of econo- 

mic theory ;  i . e . ,  i t  must ho ld  i f  economic behav io r  does not  e x h i b i t  



'money i l l u s i o n ' .  It h o l d s ,  i n  o t h e r  words, because  J ( Y , P ; C ~ )  i s  homogene- 

ous of degree  ze ro  i n  Y and P  f o r  any g iven  Co 2 ON-1. 

To s e e  t h i s ,  suppose t h a t  an i n d i v i d u a l ' s  e x p e c t a t i o n s  about t h e  r a t e  

of pure i n f l a t i o n  over  t h e  second p e r i o d ,  say Z I  = ( P / P ~  ) - I ,  and about 

h i s  f u t u r e  nominal income a r e  d e s c r i b e d  by a  b i v a r i a t e  p r o b a b i l i t y  d i s t r i -  

-. .-. .., .., 
b u t i o n ,  f (ZyI ) ,  where Zy1 i s  t h e  random v e c t o r  (Zy,Z1) = 

(+-yo, (;/PO 1-1) . Assume, moreover, t h a t  t h i s  i n d i v i d u a l  i s  o f f e r e d  a  con- 
- .., 

t r a c t  which guaran tees  a t t a inment  of J* = J ( Y ~ + E ( z ~ ) , E ( P ) ; c ~ )  over  the  

second p e r i o d .  His maximum demand p r i c e  f o r  t h i s  c o n t r a c t ,  say 

..a 

" ( y o  ,Po , F ( z ~ ~ ) ; c ~ ) ,  i s  d e f i n e d  by: 

One o f  t h e  b a s i c  p r o p o s i t i o n s  of  o r d i n a l  demand theory ,  a s  i n d i c a t e d  

p r e v i o u s l y ,  i s  t h a t  J ( Y , P ; C ~ )  i s  homogeneous of  degree  ze ro  wi th  r e s p e c t  t o  

Y and P. Th i s  c o n d i t i o n  impl ies :  

N 

1 J i P i  + JyY = P 1 J P  + JyY = 0 
i = 2  

and a l s o :  



According t o  Equation (4:  3 )  : 

~ o t i c e ,  moreover, t h a t  ( 4 : 2 ) ,  (4 :4 )  and ( 4 : 5 )  y i e l d :  

Consider t h e  Hess ian of J ( Y , P ~ ( ~ + z ~ ) ; c ~ )  wi th  r e s p e c t  t o  Y and Z I ;  

namely: 

When P  = Po(l+ZI) i s  s u b s t i t u t e d  i n t o  (4 :5)  and ( 4 ~ 6 )  and when t h e  

r e s u l t i n g  e x p r e s s i o n s  a r e  s u b s t i t u t e d  i n t o  ( 4 : 7 ) ,  we o b t a i n :  

The major i m p l i c a t i o n  of  ( 4 : 8 )  i s  t h a t  i t  r u l e s  o u t  t h e  p o s s i b i l i t y  o f  
.. 

hav ing  n( ... f (ZyI)  ... ) - > 0  f o r  - a l l  b i v a r i a t e  r i s k s  i n  Y and Z I .  Th i s  

c o n d i t i o n  r e q u i r e s  bo th  Jyy - < 0  ( o r  - J ~ Y - ' C ~  - < 0 )  and H. > 0. These I l -  
two i n e q u a l i t i e s  cannot hold  s imul taneous ly  however s i n c e ,  accord ing  t o  

.. 
( 4 : 8 ) ,  / H I  = - J $ ( I + Z ~ ) - ~  < 0. I n  sumnary, then ,  i f  n(.. . f ( z y I ) )  

cannot  always be non-negative,  t h e r e  must e x i s t  a t  l e a s t  one r i s k ,  
- 

f ( i y I ) ,  where n(. . .f(Zy1)) < 0 ,  a s  Theorem ( 4 : l )  s t a t e s .  

As i n d i c a t e d  e a r l i e r  i n  P r o p o s i t i o n  ( 2 : 1 ) ,  o r d i n a l  demand theory  



i m p l i e s  t h a t  J(Y,P;CO ) & s t  be a t  l e a s t  quasi-concave,  o r  not  convex, i n  

Y .  This  c h a r a c t e r i s t i c  of t h e s e  i n d i r e c t  u t i l i t y  f u n c t i o n s  impl ies  t h a t  
..a 

n ( .  . . f ( 2 y I ) )  < 0 cannot hold  f o r  a l l  r i s k s  i n  Y and 21. I n  summary: 

Theorem (4:2)  
.., 

Risk a f f i n i t y ,  o r  A ( .  . . f ( Z y I . .  .) < 0, cannot  hold  f o r  a l l  b i v a r i a t e  

r i s k s  i n  Y and 21 when c o n d i t i o n s  ( i )  and ( i i )  of  Theorem ( 4 : l )  

h o l d .  

I n t u i t i o n  sugges t s  t h a t  i n v e s t o r s  w i l l  p r e f e r  p o r t f o l i o s  whose nominal 

r e t u r n s  have a  r e l a t i v e l y  l a r g e  covar iance  wi th  t h e  r a t e  of i n f l a t i o n  and 

t h a t  they  would a l s o  demand h i g h e r  expected nominal r a t e s  of r e t u r n  on 

r i s k y  a s s e t s  wi th  i n c r e a s e s  i n  t h e  v a r i a n c e  i n  t h e  c o s t  of l i v i n g .  Sercu 

(1981) h a s  shown t h a t  t h e s e  s u p p o s i t i o n s  a r e  n o t  v a l i d  i n  g e n e r a l .  H i s  

a n a l y s i s  i s  based on t h e  assumption t h a t  expected u t i l i t y  i s  a  f u n c t i o n  of 

t h e  mean and v a r i a n c e  of r e a l  p o r t f o l i o  r e t u r n s .  He demons t ra tes :  

( a )  t h a t  r e q u i r e d  nominal r a t e s  of r e t u r n  w i l l  i n c r e a s e  wi th  i n c r e a s e s  i n  
..a 

t h e  v a r i a n c e  of 21 on ly  i f  a > 2;  and ( b )  t h a t  i n v e s t o r s  w i l l  p r e f e r  
m 

p o r t f o l i o s  wi th  r e l a t i v e l y  h igh  covar iances  wi th  Z I  on ly  i f  a > 1. The 

a n a l y s i s  p resen ted  i n  t h i s  s tudy  s u g g e s t s  t h a t  t h e s e  c o n d i t i o n s  a r e  a l s o  

s u f f i c i e n t .  It a l s o  s u g g e s t s ,  moreover,  t h a t  they a r e  v a l i d  even when 

i n d i v i d u a l s  choose por t  f o l i o s  which a r e  not mean-variance e f f i c i e n t .  

.., ..a 

Suppose, i n  p a r t i c u l a r ,  t h a t  E(Zy) = E(ZI) = 0 and t h a t  the  r i s k s  

i n  Y and Z I  a r e  smal l  i n  t h e  sense  de f ined  e a r l i e r  i n  t h i s  paper .  I n  

t h i s  c a s e ,  t h e  usua l  second o r d e r  Taylor  s e r i e s  expansion f o r  
.., 

n (  ... f(ZyI) ...) y i e l d s :  



where a l l  d e r i v a t i v e s  a r e  e v a l u a t e d  a t  (YO ,PO ,CO ) and Q i s  t h e  covar iance  
w 

m a t r i x  cor respond ing  t o  f (ZyI) .  

( 4 : 9 )  and (4 :8 )  j o i n t l y  imply: 

According t o  (4 :  l o ) ,  n  ( . . .) i n c r e a s e s  wi th  var( 'z I )  i f ,  and on ly  i f ,  

a > 2 .  I f  i n d i v i d u a l s  p r e f e r  t o  be exposed t o  i n c r e a s e s  i n  t h e  covar iance  
.d ", 

between Y and Z I  however, then from (4 :11) ,  an /d  Cov(Y,ZI) < 0  o r  a > 
..a ... 

1. Conversely ,  i f  a > 1, then  a n l a  Cov(Y,ZI) < 0. 

The under ly ing  economic reason  why i n d i v i d u a l s  may p r e f e r  t o  gamble on - 
u n c e r t a i n t y  i n  t h e i r  r e a l  income i s  t h a t  t h e i r  e x p e c t a t i o n s  may be domin- 

a t e d  by t h e  f a c t  t h a t  changes i n  t h e  c o s t  of l i v i n g  have an asymmetric 

e f f e c t  upon r e a l  income. When t h e  c o s t  of l i v i n g ,  say I = l + Z I ,  

d e c r e a s e s  by 50%, f o r  example, r e a l  income, o r  YI-' , doubles .  When I 

i n c r e a s e s  by 50%, on t h e  o t h e r  hand,  r e a l  income d e c r e a s e s  by on ly  one- 

t h i r d .  C l e a r l y ,  then ,  an i n d i v i d u a l  may p r e f e r  t o  gamble because h i s  mar- 

g i n a l  u t i l i t y  of income does not  d e c l i n e  s o  r a p i d l y  t h a t  a  dec rease  i n  r e a l  

income of 33% reduces  h i s  w e l f a r e  more than a  doub l ing  of h i s  r e a l  income 

enhances i t .  

One of t h e  puzz l ing  a s p e c t s  of t h e  c o n t r a c t  format ion process  i s  t h a t  

c o n t r a c t s  a r e  no t  indexed a g a i n s t  i n f l a t i o n  a s  f r e q u e n t l y  a s  might be  

expec ted .  Although Theorem ( 4 : l )  does not  imply t h a t  i n d i v i d u a l s  p r e f e r  t o  



hold  s e c u r i t i e s  which a r e  not  indexed a g a i n s t  i n f l a t i o n ,  i t  does suggest  

t h a t  i t  would be d i f f i c u l t  t o  s h o w . t h a t  indexed c o n t r a c t s  a r e  always p a r e t o  

s u p e r i o r .  

5 .  CONCLUDING REMARKS 

Perhaps t h e  major c o n t r i b u t i o n  of  t h i s  s tudy  i s  t h a t  i t  uses  micro- 

economic theory  t o  show t h a t  any argument which main ta ins  t h a t  r i s k  

a f f i n i t y  i s  a  prominent c h a r a c t e r i s t i c  of behavior  under u n c e r t a i n t y  should  

not  be a u t o m a t i c a l l y  r e j e c t e d .  The major l i m i t a t i o n  of  t h e  a n a l y s i s  pre-  

sen ted  i n  t h i s  paper ,  however, is  t h a t  i t  f a i l s  t o  c a s t  any i n s i g h t  i n t o  

a t t i t u d e s  towards r i s k  when t ime h o r i z o n s  extend beyond two exchange 

p e r i o d s .  Th i s  c h a r a c t e r i s t i c  of  t h e  paper r a i s e s  t h e  ques t ion :  can r i s k  

a f f i n i t y  o b t a i n  when consumption d e c i s i o n s  i n  t h e  second pe r iod  and i n  sub- 

sequent  p e r i o d s  a r e  made i n  t h e  f a c e  of u n c e r t a i n t y  about f u t u r e  budget 

c o n s t r a i n t s ?  Given t h e  f a c t  t h a t  t h e  c u r v a t u r e  p r o p e r t i e s  of  t h e  maximum 

v a l u e  f u n c t i o n s  which a r e  used i n  dynamic programming have not been thor -  

oughly exp lo red ,  t h i s  q u e s t i o n  should  be t h e  t o p i c  of f u t u r e  r e s e a r c h .  



APPENDIX A 

This appendix summarizes t h e  major r e s u l t s  of d u a l i t y  theory  and 

develops  a  proof f o r  Theorem (A:3). For a  more r igorous  and complete pre- 

s e n t a t i o n  of d u a l i t y  theory  see:  Diewart (1973, 19741, Eps te in  (19751, 

Hanoch (19771, Lau ( l 9 6 9 ) ,  Roy ( l 9 4 7 ) ,  Samuelson (1965, l 9 7 2 ) ,  Shephard 

(1953) and Varian (1978).  

D u a l i t y  R e l a t i o n s h i p s  Between D i r e c t  and V a r i a b l e  I n d i r e c t  U t i l i t y  

Func t ions  

Let  U(CO,C1) r e p r e s e n t  a  d i r e c t  u t i l i t y  func t ion  which i s  de f ined  over  

t h e  f i r s t  and second per iod consumption v e c t o r s  Cg and C1 . Suppose t h a t  

U(CO,C1) i s  ( i )  r e a l  valued and twice con t inuous ly  d i f f e r e n t i a b l e  wi th  

r e s p e c t  t o  Co - >  ON-^, C1 2 ON-1; and ( i i )  monotonical ly  i n c r e a s i n g  and 

quasi-concave f o r  a l l  CO ,C1 > ON-1. - 
Consider a  s i t u a t i o n  where d e c i s i o n s  wi th  r e s p e c t  t o  Cg must be made 

p r i o r  t o  d e c i s i o n s  about C1. In t h i s  s e t t i n g ,  t h e  maximum of  U(Co,C1) w i t h  

r e s p e c t  t o  C1 can be r e p r e s e n t e d  by a  v a r i a b l e  i n d i r e c t  u t i l i t y  f u n c t i o n  

J(Y,P;CO 1, where: 

Y i s  nominal income over  t h e  second pe r iod  and P i s  a  v e c t o r  of spot  p r i c e s  

f o r  commodities over  t h e  second p e r i o d .  The r e s t r i c t i o n  P >  ON-^ impl ies  

t h a t  t h e  budget s e t ,  say  B = {C1/PfC1 < Y; Y > 0) i s  compact. When u ( .  . .) - - 
h a s  t h e  p r o p e r t i e s  l i s t e d  above t h i s  e n s u r e s  t h e  e x i s t e n c e  of  J (Y,P;CO).  

Diewart ( 1973; Theorems (2  : 4)  and (2  : 5)) h a s  proven t h e  fo l lowing  



theorem. 

Theorem (D:l) 

When U(CO,C1) has the properties enumerated above, then J(Y,P;CO) will 

be: (i) real valued and twice continuously differentiable for Y - > 0, 

P ON-1 , C - > ON-1 ; (ii) nonincreasing and quasi-convex in p >> 

ON-1 for any Co - > ON-1, Y - > 0; (iii) homogeneous of degree zero in 
Y - > 0, P - >  ON-^ for any Co - > 0; and (iv) nondecreasing and quasi- 

concave in Y > 0, Co >  ON-^ for any P >> ON-1. - - 

Epstein (1975, Appendix A) has proven the converse of Theorem (D: 1). 

Theorem (E:l) 

Suppose that J(Y,P;c~) has all of the properties listed in 

Theorem (D:l). Consider the reconstructed direct utility function 

f( Cg ,C1 ) , where: 

f(Co ,C1 - Mi n J(Y,P;Co )/PIC1 - < Y; C1 > ON-1 
Y > 0, P > - - 

When f (GJ ,cl) is attained then f(CO ,C1) U(CO ,Cl) for Co - >  ON-^ , 

cl >> ON-1 . 

Theorem (~:l) and Theorem (~:l) jointly imply that u(%,Cl) and 

J(Y,P;CO) are equivalent representations of preferences with respect to Co 

and C1 . 

Roy's Identity 

In his 1947 paper, Roy showed that the uncompensated demand function 

for any commodity Cli always satisfies: 



T h i s  i d e n t i t y  f o l l o w s  immedia te ly  from t h e  e n v e l o p e  

(A: 2 )  

theorem. When t h e  

maximum i n  ( A : l )  i s  a t t a i n e d ;  i . e . ,  when J ( Y , P ; c ~ )  e x i s t s ,  t h e n :  

From (A:3) and (A:5): 

Adding (A:6) t o  (A:7) and t h e n  u s i n g  (A:4) y i e l d s :  

From (A:3),  (A:5) and (A:4) however: 

(A:8) and (A:9) j o i n t l y  imply,  as r e q u i r e d ,  t h a t  

(A: 3) 

(A: 6 )  

(A:7) 

(A: 9 )  



The Expendi ture  Funct ion and Shephard 's  Lemma 

The i n v e r s e  of J ( Y , P ; C ~ ) ,  where J( . . . I  h a s  t h e  p r o p e r t i e s  enumerated 

i n  Theorem ( D : l ) ,  i s  c a l l e d  t h e  expend i tu re  f u n c t i o n .  This  f u n c t i o n  can 

a l s o  be de f ined  a s  f o l l o w s ,  f o r  any given parameter J*: 

When u(CO , c l )  h a s  t h e  p r o p e r t i e s  enumerated a t  t h e  beginning of  t h i s  

appendix,  e(P,J*) i s :  ( i )  r e a l  valued and twice  c o n t i n u o u s l y  d i f f e r e n t i -  

a b l e  wi th  r e s p e c t  t o  P  > ON-1 ; ( i i )  nondecreas ing and concave with 

r e s p e c t  t o  P > ON-1 ; and ( i i i )  homogeneous of degree  1 i n  P. ( s e e  Varian 

(1978) .) 

Shephard 's  Lemma ( Shephard (1953)) s t a t e s  t h a t  t h e  'H icks ian '  o r  com- 

pensated demand f u n c t i o n  f o r  any commodity C l i ,  s ay  C l i ( p , ~ * ) ,  is iden- 

t i c a l l y  equa l  t o  a e ( P ,  J * ) / a P i .  Th i s  i d e n t i t y  fo l lows immediately from 

t h e  envelope theorem. S ince  e(P,J*)  is  concave w i t h  r e s p e c t  t o  P  >  ON-^, 

H 
f o r  any given J* > 0, t h i s  i d e n t i t y  impl ies  a C l i ( P , J * ) / a P i  - < 0 o r  t h a t  

own s u b s t i t u t i o n  e f f e c t s  a r e  never  p o s i t i v e .  

Theorem ( A :  3)  

It is  impossible  f o r  t h e  v a r i a b l e  i n d i r e c t  u t i l i t y  f u n c t i o n  de f ined  by 

(A: l )  t o  be concave wi th  r e s p e c t  t o  both  Y > 0  and P > O p 1 ,  f o r  any 
7 - 

given  Cg - >  ON-^, when t h e  consumption v e c t o r  C1 h a s  more than one 

e lement .  

Proof 

( i )  J ( Y , P , C ~  ) would be concave i n  both  Y and P  i f  i t  was a  l i n e a r  

( o r  an a f f i n e )  f u n c t i o n  of bo th  Y and P. This i s  a  degenera te  



case, however, since 

(ii) If J(Y,P;CO) was nonlinear and concave with respect to both Y 

and P, then: 

where 0 < t < 1, Ya = tYb + (1-t)Yc; and Pa = tPb + - - 
1 - t .  Since the preceding inequality must hold for all 

(Yb,yC) and (Pb,Pc) choose these vectors so that 

J(Yb , P ~ ; c ~  = J(Y, ,pc;CO). In this case: 

J(~,,P,;co J(Y~,P~;co) = J(Y,,P~;c~). 

(iii) Consider the following budget sets: Ba = { c ~ ~ / P ~ ~ c ~ ~  (ya}; 

Bb= { clb/pb lclb ( yb} ; B, = {clc/~, 'clc ( Y,} . The last 

inequality in (ii) above entails both: Cia 1 Clb and 
Cl a 2 Clc; or, equivalently: PblCla - > Yb and 

PC1Cl a 2 Yc. These last two inequalities imply: 

(tpbl + (1-~)P~')c~~ - > tYb + (1-t)Yc or PalCla - > 

Ya. But this contradicts 

J(Ya,pa;CO) = Max : U(CO,C1) s.t. PalC1 - < Ya. 
C1 2 ON-1 

In summary, then, if J(Y,P;CO) was concave with respect to both 

Y and P, it could not be a (variable) indirect utility func- 

t ion. 
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HUNAN CAPITAL FORMATION AND THE STRDCTElIlE OF EMPLOYMENT CONTRACTS 

UNDER UNCERTAINTY 



1. INTRODUCTION 

In his seminal work on the portfolio selection problem, Markowitz 

(1959, pp. 298-299) emphasized that his analysis was incomplete because 

human capital was not included as an investment opportunity. Although this 

caveat has not been completely ignored, the major elements of human capital 

formation have yet to be incorporated into the modern extensions and gen- 

eralizations of Markowitz's original work. The major limitation of the 

two-period models developed by Mayers (1972, 19731, Levhari and Weiss 

(1974) and Williams (l978), to be more specific, is that they fail to 

reflect the fact that investments in human capital create irreversible 

changes in the stock of a durable capital good. In fact, the major problem 

with any two-period investment model is that human capital is implicitly 

assumed to be completely perishable. 

Clearly, the common practice of excluding human capital formation from 

both theoretical and empirical work in Finance may be justified if theore- 

tically-predicted effects are not empirically significant. Fama and 

Schwert (1977) and Liberman (1980) present some evidence which suggests 

that this may be the case. In these studies, changes in per capita labour 

income are used as measures of the return to human capital in order to test 

whether the covariance effects predicted in Mayers' extended versions of 

the Sharpe-Lintner-Black (SLB) capital asset pricing model are signifi- 

1 cant . Fama and Schwert use a measure of the return to aggregate human 

capital for the entire U.S. labour force to estimate the differences 

between the Mayers and SLB measures of systematic risk for various classes 

of financial securities. Since these differences are found to be extremely 

1 Op. Cit. 



s m a l l ,  t hey  conclude t h a t  it i s  unnecessary  t o  t ake  account of human capi-  

2 t a l  i n  a s s e t  p r i c i n g  theory  . Liberman, on t h e  o t h e r  hand,  uses  d a t a  on 

l abour  income f o r  v a r i o u s  i n d u s t r i e s  and o c c u p a t i o n a l  groups i n  o r d e r  t o  

t e s t  t h e  Mayers model. He not  o n l y  c o r r o b o r a t e s  the  r e s u l t s  of  Fama and 

Schwert ,  he a l s o  f i n d s  t h a t  t h e  composi t ion of i n d i v i d u a l  s e c u r i t y  por t -  

3 f o l i o s  i s  no t  s e n s i t i v e  t o  l abour  income . 
As Liberman acknowledges, t h e  b a s i c  reason why bo th  s t u d i e s  f a i l  t o  

f i n d  any s i g n i f i c a n t  evidence f o r  t h e  e f f e c t s  p r e d i c t e d  by Mayers i s  t h a t  

t h e r e  is  v e r y  l i t t l e  f l u c t u a t i o n  i n  t h e  r a t e  of change of l abour  income 

over  t ime - a t  l e a s t  i n  t h e  U.S.A. S t r i c t l y  speak ing ,  however, t h i s  char-  

a c t e r i s t i c  of  t h e  d a t a  does not imply t h a t  a s s e t  p r i c i n g  t h e o r y  can s a f e l y  

i g n o r e  human c a p i t a l  o r  t h a t  human c a p i t a l  i s  v i r t u a l l y  r i s k l e s s .  Before 

drawing t h e s e  conc lus ions ,  i t  i s  necessa ry  t o  show t h a t  changes i n  l abour  

income correspond t o  t h e  changes i n  w e l f a r e  a s s o c i a t e d  wi th  changes i n  

human c a p i t a l .  The a n a l y s i s  p resen ted  i n  t h i s  paper i m p l i e s :  (a) t h a t  

per iod s p e c i f i c  changes i n  l abour  income a r e  not  measures of  t h e  r e t u r n s  t o  

human c a p i t a l ;  and (b )  t h a t  t h e  c o r r e c t  measure of  r e t u r n s  on human c a p i t a l  

i s  always u n c e r t a i n  even when l abour  income i s  n o t .  

The major o b j e c t i v e  of t h i s  s tudy  i s  t o  extend both  p o r t f o l i o  se lec -  

t i o n  theory  and human c a p i t a l  theory  t o  cover  t h e  most important  a s p e c t s  o f  

inves tment  i n  human c a p i t a l  under u n c e r t a i n t y .  I n  S e c t i o n  2 ,  t he  main 

' i d e a s  of  human c a p i t a l  theory  a r e  summarized and then  i n t e g r a t e d  i n t o  a  

model of human c a p i t a l  format ion.  Although t h i s  model assumes t h a t  i n v e s t -  

ments i n  human c a p i t a l  a r e  complete ly  i r r e v e r s i b l e ,  i t  does a l low f o r  t h e  

2 Op. C i t . ,  p. 120. 
Th i s  r e s u l t  is  c o n t r a r y  t o  t h e  p r e d i c t i o n s  about p o r t f o l i o  composi t ion 
which a r e  con ta ined  i n  Mayers' (1972, 1973) papers .  



possibility that an individual's stock of human capital may become obso- 

lete. The model is also more general than the highly specialized models 

contained in the literature; i.e., the investment process is generalized to 

encompass both "learning-by-doing" and education. Perhaps the major con- 

tribution of the model, however, is that it shows that differences in the 

opportunities for learning-by-doing across occupations may explain why some 

employees are paid a salary; while others are paid by the hour. The model 

implies that those employees who are in occupations which offer relatively 

rich (poor) opportunities for learning-by-doing will be paid a salary (by 

the hour). It also suggests that the opportunity to earn 'participation 

payments', such as overtime pay, is a form of compensation for restricted 

opportunities to accumulate human capital through learning-by-doing. 

In Section 3, the model of human capital formation developed in 

Section 2 is integrated into a discrete time, multiperiod model of consump- 

tion and portfolio selection decisions. Restrictions on preferences and 

expectations are kept to a minimum; i.e., the distributions describing 

expectations are assumed to possess finite moments and direct utility func- 

tions are assumed to be quasi-concave, monotonically increasing and non- 

separable with respect to time. Individuals are assumed to have the 

opportunity to invest in marketable securities, default-free debt instru- 

ments of various maturities and, of course, human capital. With the excep- 

tion of those debt instruments which mature at.the end of one period, the 

returns on all assets are assumed to be uncertain at the time of invest- 

ment. Decisions to supply default-free debt instruments, on the other 

hand, are assumed to be constrained by a borrowing capacity function. This 

credit rationing constraint is built into the model in order to reflect the 



f a c t  t h a t  t h e  a b i l i t y  t o  borrow a g a i n s t  f u t u r e  l abour  income i s  p a r t i a l l y  

r e s t r i c t e d  by c o n t r a c t  format ion c o n s t r a i n t s .  

In  S e c t i o n  4, t h e  mainta ined assumption t h a t  inves tments  i n  human 

c a p i t a l  a r e  i r r e v e r s i b l e  is  shown t o  imply t h a t  economic we l fa re  can never  

be inc reased  by d e f e r r i n g  inves tments  i n  human c a p i t a l .  This  r e s u l t  

impl ies  t h a t  i n d i v i d u a l s  have a  powerful i n c e n t i v e  t o  accumulate human 

c a p i t a l  a s  r a p i d l y  a s  p o s s i b l e  i n  t h e i r  youth .  Although i t  would be d i f f i -  

c u l t  t o  c o r r o b o r a t e  i t  e m p i r i c a l l y ,  t h e  behavior  of  many i n d i v i d u a l s  i s  

probably  c o n s i s t e n t  wi th  t h i s  theorem. 

One of  t h e  i n t e r e s t i n g  a s p e c t s  of t h e  a n a l y s i s  p resen ted  i n  Sec t ion  4 

i s  t h a t  i t  s u g g e s t s  (bu t  on ly  s u g g e s t s )  t h a t  the  marginal  v a l u e  of human 

c a p i t a l  a t  any po in t  i n  t ime depends on t h e  n a t u r e  of  t h e  employment con- 

t r a c t .  The v a l u a t i o n  e q u a t i o n s  of  t h i s  s e c t i o n  imply t h a t  the  marginal  

v a l u e  of human c a p i t a l  i s  p r o p o r t i o n a l  t o  t h e  sum of  t h e  marginal  v a l u e  o f  

l e i s u r e  and t h e  v a l u e  of t h e  marginal  changes i n  f u t u r e  labour  income. 

These marginal  changes i n  f u t u r e  l abour  income can be i n t e r p r e t e d  a s  e f f e c -  

t i v e  wage r a t e s .  I f  t h e s e  e f f e c t i v e  wage r a t e s  a r e  a  d e c r e a s i n g  ( i n c r e a s -  

i n g )  f u n c t i o n  of t h e  number of hours  o f  l abour  s u p p l i e d ,  t h e  marginal  v a l u e  

of human c a p i t a l  w i l l  i n c r e a s e  ( d e c r e a s e )  i n  t h e  absence of o f f s e t t i n g  

4 movements i n  t h e  (endogenous) marginal  v a l u e  of l e i s u r e  . One h y p o t h e s i s  

which dese rves  f u r t h e r  e x p l o r a t i o n ,  t h e n ,  i s  t h a t  i n d i v i d u a l s  i n  s a l a r i e d  

occupa t ions  have a  g r e a t e r  i n c e n t i v e  t o  i n v e s t  i n  human c a p i t a l  than 

i n d i v i d u a l s  who a r e  paid  by t h e  hour .  

One of  t h e  b a s i c  r e s u l t s  of  p o r t f o l i o  s e l e c t i o n  t h e o r y  i s  t h a t  i n d i v i -  

d u a l  s p e c i f i c  r i s k  premiums on any r i s k y  a s s e t  a r e  p r o p o r t i o n a l  t o  t h e  

The behavior  of  t h e s e  wage r a t e s  is  a  f u n c t i o n  of  t h e  c o s t s  of l ea rn -  
ing-by-doing and t h e  p a r t i c i p a t i o n  e f f e c t s  d i s c u s s e d  i n  Sec t ion  2. 



covar iance  between i t s  r a t e  of  r e t u r n  and t h e  marginal  u t i l i t y  of 

5 weal th  . In Sec t ion  5, t h i s  r e s u l t  i s  shown t o  hold  f o r  human c a p i t a l .  

The covar iance  e x p r e s s i o n  f o r  t h i s  a s s e t  i s  unique,  however, because  i t  

decomposes i n t o  a  l i n e a r  combination of  t h e  v a r i a n c e  i n  t h e  marginal  

u t i l i t y  of weal th  and i t s  covar iance  wi th  t h e  marginal  u t i l i t y  of human 

c a p i t a l .  This decomposit ion impl ies  t h a t  t h e  v a r i a n c e  of non-human wea l th ,  

the  v a r i a n c e  of  labour  income and t h e  covar iance  between s e c u r i t y  r e t u r n s  

and labour  income belong t o  t h e  s e t  of f a c t o r s  which u n d e r l i e  t h e  i n d i v i -  

d u a l  s p e c i f i c  r i s k  premiums on human c a p i t a l .  It a l s o  i m p l i e s ,  a s  ind i -  

c a t e d  p r e v i o u s l y ,  t h a t  inves tments  i n  human c a p i t a l  a r e  r i s k y  even when t h e  

v a r i a n c e  i n  labour  income i s  equa l  t o  ze ro .  

Although t h e  r e q u i r e d  a n a l y s i s  i s  no t  p resen ted  i n  t h i s  s t u d y ,  i t  i s  

p o s s i b l e  t o  show t h a t  the  r i s k  premium on any c a p i t a l  a s s e t  w i l l  have t h e  

same s t r u c t u r e  a s  t h e  r i s k  premium on human c a p i t a l  i f  o p t i m i z i n g  d e c i s i o n s  

a r e  based on a  p r o v i s i o n a l  p lan  t o  hold  a  p a r t i c u l a r  a s s e t  f o r  s e v e r a l  

exchange p e r i o d s .  Suppose, f o r  example, t h a t  an i n d i v i d u a l  h a s  a  pro- 

v i s i o n a l  ho ld ing  per iod f o r  housing which ex tends  s e v e r a l  exchange pe r iods  

i n t o  t h e  f u t u r e .  In t h i s  c a s e ,  i t  i s  p o s s i b l e  t o  show t h a t  h i s  r i s k  

premium on housing w i l l  depend on h i s  e x p e c t a t i o n s  about t h e  v a r i a n c e  i n  

h i s  marketable  wea l th .  C l e a r l y ,  s i n c e  t h e s e  ho ld ing  pe r iod  hor izons  e x i s t  

i n  r e a l i t y ,  it might be i n t e r e s t i n g  t o  deve lop  t h e i r  i m p l i c a t i o n s  f o r  a s s e t  

p r i c i n g  i n  ano the r  s t u d y .  

For r e f e r e n c e ,  s e e  Rubins te in  (1974).  



2 .  A MODEL OF HUMAN CAPITAL FORMATION 

Human C a p i t a l  Theory i s  based on t h r e e  main i d e a s :  ( i )  t h a t  wage 

r a t e s  a r e  d iv idends  on i n d i v i d u a l  s p e c i f i c  ho ld ings  of a  s c a r c e  and i n t a n -  

g i b l e  s t o c k  of  knowledge o r  "human c a p i t a l " ;  ( i i )  t h a t  t h e  magnitude of 

t h e s e  "dividends" i s  a  f u n c t i o n  of both  t h e  c u r r e n t  s t o c k  of human c a p i t a l  

and i t s  r a t e  o f  change; and ( i i i )  t h a t  inves tments  i n  human c a p i t a l  a r e  

i r r e v e r s i b l e .  

The human c a p i t a l  models con ta ined  i n  t h e  l i t e r a t u r e  can be  segrega ted  

i n t o  two groups .  One group c o n s i s t s  of t h e  so -ca l l ed  ' pu re  t r a i n i n g '  

models, t h e  o t h e r  c o n s i s t s  of  ' pu re  e x p e r i e n c e '  o r  ' learning-by-doing '  

6 models . In  t h e  pure t r a i n i n g  models7,  t h e  maximum d iv idend  a s s o c i a t e d  

wi th  t h e  accumulated s t o c k  of human c a p i t a l  i s  c a l l e d  t h e  p o t e n t i a l  wage 

r a t e .  Th i s  wage r a t e  exceeds t h e  r e a l i z e d  wage r a t e  when an i n d i v i d u a l  i s  

accumulat ing human c a p i t a l  by spending t ime on those  o f f - the - job  t r a i n i n g  

a c t i v i t i e s  which induce s y s t e m a t i c  i n c r e a s e s  i n  h i s  f u t u r e  p o t e n t i a l  wage 

r a t e .  When t h e  s t o c k  of human c a p i t a l  i s  no t  changing,  however, t h e  poten- 

t i a l  wage r a t e  i s  assumed t o  be equa l  t o  t h e  r e a l i z e d  wage r a t e .  A common 

f e a t u r e  of t h e  pure t r a i n i n g  models then i s  t h a t  c u r r e n t  e a r n i n g s  must be 

s a c r i f i c e d  i n  o r d e r  t o  enhance f u t u r e  e a r n i n g  o p p o r t u n i t i e s .  

One of  the  l i m i t a t i o n s  of t h e  pure  t r a i n i n g  models i s  t h a t  they  do no t  

p rov ide  an e x p l a n a t i o n  f o r  t h o s e  e m p i r i c a l  o b s e r v a t i o n s  which i n d i c a t e  t h a t  

8 wage r a t e s  a r e  a  f u n c t i o n  of accumulated exper ience  i n  t h e  labour  f o r c e  . 

For a  c o n c i s e  review of human c a p i t a l  t h e o r y  under c e r t a i n t y ,  s e e  
Ki l l ingswor th  (1982).  
See ,  f o r  example, Ghez and Becker ( l 9 7 5 ) ,  Heckman (1976) and Bl inder  and 
Weiss (1976).  
See Mincer and Polachek (19781, Sande l l  and Shapiro  (1978) and Corcoran 
and Duncan (1979) .  



The ' learning-by-doing'  models9 provide  an e x p l a n a t i o n  f o r  t h e s e  observa- 

t i o n s  by making the  accumulation of ,human c a p i t a l  a  by-product of work. 

According t o  these  models, i n c r e a s e s  i n  the  r a t e  of accumulation of 

' e x p e r i e n c e '  a r e  accompanied by i n c r e a s e s  i n  bo th  c u r r e n t  wage r a t e s  and 

f u t u r e  wage r a t e s .  The c o s t s  of i n v e s t i n g  i n  human c a p i t a l ,  i n  o t h e r  

words, a r e  r e s t r i c t e d  t o  t h e  foregone b e n e f i t s  of l e i s u r e .  

S ince  human c a p i t a l  can be accumulated by a  combination of l ea rn ing-  

by-doing and off - the- job t r a i n i n g ,  bo th  of t h e s e  phenomena a r e  b u i l t  i n t o  

t h e  model presented below. Although t h i s  model does not  a l low f o r  those  

' t e c h n o l o g i c a l '  r i s k s  a r i s i n g  from u n c e r t a i n t y  about l e a r n i n g  a b i l i t i e s  o r  

t h e  q u a l i t y  of t r a i n i n g ,  it does i n c o r p o r a t e  the  u n c e r t a i n t y  a s s o c i a t e d  

wi th  random v a r i a t i o n s  i n  o u t p u t  p r i c e s ,  f a c t o r  mix r a t i o s  and p roduc t ion  

t e c h n o l o g i e s ,  e t c .  One of t h e  d i s t i n g u i s h i n g  c h a r a c t e r i s t i c s  of the  model 

is  t h a t  t h e  c o s t s  of  ' learning-by-doing'  a r e  not  r e s t r i c t e d  t o  t h e  foregone 

v a l u e  of l e i s u r e .  

Consider a  s e t t i n g ,  t h e n ,  where i n d i v i d u a l s  cannot change t h e i r  a l l o -  

c a t i o n  of time between work and t r a i n i n g  a c t i v i t i e s  a s  r a p i d l y  a s  they can 

change t h e i r  inves tments  i n  nonhuman c a p i t a l  and t h e i r  consumption 

d e c i s i o n s .  Suppose, moreover, t h a t  t h e  change i n  t h e  s t o c k  of human capi-  

t a l  dur ing  per iod t + l ,  say  K ( t + l )  - K ( t ) ,  i s  a  monotonical ly  i n c r e a s i n g  

f u n c t i o n  of N ( t ) ,  S ( t )  and ~ ( t ) ;  where N(t) and S ( t )  a r e  per iod t d e c i s i o n  

v a r i a b l e s .  N( t )  denotes  t h e  number of hours t h a t  an  i n d i v i d u a l  p lans  t o  

spend i n  t h e  l abour  f o r c e  d u r i n g  per iod t+l ,  whi le  S ( t )  deno tes  t h e  number 

of hours  t h a t  he  p lans  t o  spend i n  'of f - the- job '  t r a i n i n g  d u r i n g  per iod 

t+l .  K ( t ) ,  on t h e  o t h e r  hand, r e p r e s e n t s  t h e  accumulated s t o c k  of human 

See Arrow (1962, p. 155) ,  Eckhaus (1963) and Rosen (1972).  



c a p i t a l  a t  t h e  end of  per iod t .  - 
Let G r e p r e s e n t  t h e  p roduc t ion  . f u n c t i o n  f o r  human c a p i t a l  s o  t h a t ,  f o r  

any t :  

Assume, moreover: 

( i )  t h a t  inves tments  i n  human c a p i t a l  a r e  i r r e v e r s i b l e ,  o r  G ( t + l )  - > 0  

f o r  a l l  N ( t ) ,  S ( t )  > 0; - 
( i i )  t h a t  N( t )  and S ( t )  a r e  t h e  o n l y  f a c t o r s  of  p roduc t ion ,  o r  

G ( o , o ; K ( ~ ) )  E 0;  

( i i i )  t h a t  t h e  marginal  ~ r o d u c t i v i t i e s  o f  ~ ( t )  and S ( t )  a r e  always non- 

n e g a t i v e  : 

( i v )  t h a t  t h e  n e t  o u t p u t  of  human c a p i t a l  d u r i n g  any per iod t+l  i s  a  non- 

d e c r e a s i n g  f u n c t i o n  of  t h e  accumulated c a p i t a l  s t o c k  ~ ( t ) ,  o r :  

An i n t e r e s t i n g  f e a t u r e  o f  t h e  preceding technology i s  t h a t  t h e  r a t e  of 

growth i n  human c a p i t a l ,  say  g ( t + l )  = G ( t + l ) / K ( t ) ,  may i n c r e a s e  o r  d e c r e a s e  

a s  K ( t )  i n c r e a s e s .  Not ice ,  i n  p a r t i c u l a r ,  t h a t  ( i )  and ( i v )  a r e  c o n s i s t e n t  

wi th  t h e  no t ion  t h a t  ' t o o  much' knowledge d e c r e a s e s  the  r a t e  a t  which 

i n d i v i d u a l s  a r e  w i l l i n g  ( a b l e ? )  t o  l e a r n  new i d e a s  and new s k i l l s ,  o r  w i t h :  



The major reason f o r  assuming t h a t  ( i v )  h o l d s ,  i n s t e a d  of  G K ( t + l )  - < 

0 ,  is  t h a t  GK( t+ l )  < 0  and assumption ( i )  j o i n t l y  r u l e  out  g K ( t + l )  > - 
0 .  Loosely speaking,  t h i s  i s  e s s e n t i a l l y  t h e  same a s  r u l i n g  o u t  t h e  poss i -  

b i l i t y  t h a t  i n c r e a s e s  i n  knowledge cause  i n d i v i d u a l s  t o  become more recep- 

t i v e  t o  l e a r n i n g  new i d e a s  and new s k i l l s .  

One of t h e  c h a r a c t e r i s t i c s  of human c a p i t a l  format ion i s  t h a t  t h e  

r e l a t i o n s h i p  between investments  i n  t h i s  a s s e t  and t h e  average r e a l i z e d  

wage r a t e  dur ing  any per iod t+ l ,  s a y  R ( t + l )  - > 0 ,  a r e  seldom w r i t t e n  down i n  

any e x p l i c i t  c o n t r a c t  between an employee and h i s  employer. Although t h e  

absence of t h e s e  c o n t r a c t s  impl ies  t h e  e x i s t e n c e  of a  ' f i r s t  o r d e r '  l e v e l  

of  u n c e r t a i n t y  about t h e  r e t u r n s  on human c a p i t a l  and t h e  c o s t s  of accumu- 

l a t i n g  i t ,  t h i s  s t u d y  a b s t r a c t s  from t h i s  phenomenon. It assumes, i n  par-  

t i c u l a r :  ( i )  t h a t  t h e  f u n c t i o n s  which r e l a t e  r e a l i z e d  wage r a t e s  t o  t h e  

format ion of human c a p i t a l  a r e  non-s tochas t i c ;  and ( i i )  t h a t  a l l  i n d i v i -  

d u a l s  have complete knowledge of t h e  f u n c t i o n  which p e r t a i n s  t o  them. 

Suppose, t h e n ,  t h a t  t h e  e f f e c t s  of human c a p i t a l  format ion upon 

R ( t + l )  depend upon the  r e n t a l  r a t e  on ~ ( t ) ;  where t h i s  r e n t a l  r a t e ,  namely 

p ( t + l )  - > 0, i s  a  f u n c t i o n  of those  v a r i a b l e s  which a f f e c t  t h e  de r ived  

demand f o r  l abour .  Assume, moreover, t h a t  R ( t + l )  i s  desc r ibed  by the  f o l -  

lowing ( i n d i v i d u a l  s p e c i f i c )  f u n c t i o n :  

R ( t + l )  = p  ( t + l ) K ( t )  - p ( t + l ) $ ( t + l )  

where: 

p ( t + l ) K ( t )  = t h e  p o t e n t i a l  wage r a t e  d u r i n g  per iod t + l ;  



When r e s t r i c t i o n s  a r e  imposed upon $ ( t + l ) ,  (2 :2)  y i e l d s  most of  t h e  

major p r e d i c t i o n s  of Human C a p i t a l  Theory. Suppose, t o  be more s p e c i f i c ,  

t h a t  $ ( t + l )  h a s  t h e  fo l lowing  p r o p e r t i e s  f o r  a l l  t :  

a2  and t h e  second i n e q u a l i t y  i n  t h e  t h i r d  assumption about t h e  proper-  

t i e s  of t h e  p roduc t ion  f u n c t i o n  G ( t + l ) ,  namely G S ( t + l )  > 0 ,  j o i n t l y  - 
imply: 

Assume a s  w e l l  t h a t :  

The f i r s t  p roper ty  of  + ( t + l ) ,  namely $ 1 ,  impl ies  t h a t  t h e  average 

r e a l i z e d  wage r a t e ,  R ( t + l ) ,  is  bounded from above by t h e  p o t e n t i a l  wage 

r a t e  p ( t + l ) K ( t )  o r ,  from (2 :2 ) ,  t h a t :  



@ 2  impl ies  t h a t  t h e  marginal  (wage) c o s t s  of accumulat ing human capi-  

t a l  a r e  non-negative o r ,  from ( 2 : 3 ) ,  t h a t :  

@ 4 ,  on t h e  o t h e r  hand,  impl ies  t h a t  the  gap between t h e  p o t e n t i a l  and 

t h e  average r e a l i z e d  wage r a t e  i s  a  nondecreas ing f u n c t i o n  of t h e  number o f  

hours  spen t  i n  off - the- job t r a i n i n g  o r ,  from ( 2 : 3 ) ,  t h a t :  

Given t h e  mainta ined assumption t h a t  t h e  a b i l i t y  t o  produce human 

c a p i t a l  i s  never d iminished by p rev ious  knowledge, o r  G( t + l ) / a ~ (  t )  2 0 ,  1$3 

and (2 :2 )  j o i n t l y  imply: 

o r  more g e n e r a l l y  t h a t :  

(2 :6)  s t a t e s  t h a t  human c a p i t a l  i s  a  c a p i t a l  a s s e t  which y i e l d s  a  s t r eam o f  

non-negative ' d i v i d e n d s '  over  t ime.  When j = l ,  t h i s  i n e q u a l i t y  impl ies :  

( 2 : 7 )  i s  a  s p e c i a l i z e d  v e r s i o n  of t h e  major p r e d i c t i o n  of  Human 



C a p i t a l  Theory; namely, t h a t  r e a l i z e d  wage r a t e s  a r e  never d iminished by 

h i s t o r i c a l  accumulations of knowledge. 

One of t h e  d i s t i n g u i s h i n g  c h a r a c t e r i s t i c s  of t h e  model developed above 

i s  t h a t  i t  s u g g e s t s  t h a t  d i f f e r e n c e s  i n  t h e  o p p o r t u n i t i e s  f o r  learning-by- 

doing may e x p l a i n  why employees i n  some occupa t ions  a r e  paid by t h e  hour ,  - 
while  employees i n  o t h e r  occupa t ions  a r e  paid  a  s a l a r y .  

To s e e  t h i s ,  l e t  ~ ( t + l )  = ~ ( t ) ~ ( t + l )  r e p r e s e n t  t h e  r e a l i z e d  l e v e l  of  

l abour  income dur ing  pe r iod  t + l .  Assume, moreover, t h a t  t h e  e f f e c t i v e  mar- 

g i n a l  wage r a t e ,  say  Y N ( t + l )  2 a ~ ( t + l ) / a N ( t ) ,  is  equal  t o  ze ro  f o r  a l l  

N( t )  - > N* > 0, where N* i s  a  parameter .  According t o  ( 2 : 2 ) ,  t h i s  impl ies :  

By assumption,  however: R ( t + l )  - > 0, p ( t + l )  - > 0 and N( t )  > 0. Hence, i f  

Y N ( t + l )  = 0, then:  

o r :  

The second term on t h e  r ight-hand s i d e  of (2 :9 )  i s  r e s t r i c t e d ,  by $ 5 ,  

t o  s a t i s f y  a $ ( t + l ) / a N ( t )  < 0. Th i s  r e s t r i c t i o n  i s  imposed upon t h e  model - 
t o  c a p t u r e  t h e  e f f e c t s  of  over t ime  pay and movements from par t - t ime  t o  

f u l l - t i m e  employment upon labour  income. When t h e s e  p a r t i c i p a t i o n  e f f e c t s  

have a  p o s i t i v e  e f f e c t  upon labour  income, i . e .  when a$ ( t + l ) / a N ( t )  < 0, 

they tend t o  d r i v e  t h e  e f f e c t i v e  marginal  wage r a t e  above the  average 



r e a l i z e d  wage r a t e .  Suppose, f o r  example, t h a t  t h e r e  was no learning-by- 

doing a t  t h e  margin.  In t h i s  c a s e ,  . t h e  f i r s t  term on t h e  r ight-hand s i d e  

of (2 :9 )  would be equa l  t o  ze ro  and Y N ( t + l )  would s a t i s f y :  

The f i r s t  term on t h e  r ight-hand s i d e  of ( 2 : 9 ) ,  however, tends  t o  

d r i v e  t h e  e f f e c t i v e  marginal  wage r a t e  below t h e  average r e a l i z e d  wage 

r a t e .  Th i s  term c a p t u r e s  the  e f f e c t s  of learning-by-doing upon Y ( t + l ) .  

Given t h e  mainta ined assumption t h a t  t h e  marginal  c o s t s  of accumulat ing 

human c a p i t a l  a r e  non-negative ( s e e  ( 2 : 4 ) )  and t h e  assumption t h a t  l abour  

i s  a  p roduc t ive  f a c t o r  of p roduc t ion ,  o r  a ~ ( t + l ) / a N ( t )  > 0, t h i s  term - 
s a t i s f i e s :  

The immediately preceding i n e q u a l i t y  impl ies  t h a t  the  marginal  (wage) 

c o s t s  of learning-by-doing a r e  non-negat ive;  i . e . ,  from (2 :3 )  t h a t :  

One of t h e  c h a r a c t e r i s t i c s  of  many s a l a r y - r a t e d  jobs i s  t h a t  e f f e c t i v e  

marginal  wage r a t e s  a r e  equa l  t o  ze ro  f o r  a  f a i r l y  wide range of va lues  f o r  

N ( t ) .  S ince  (2:9) i s  impl ied  by Y N ( t + l )  = 0 and s i n c e  i t  s t a t e s  t h a t  t h e  

e f f e c t s  of  learning-by-doing on Y N ( t + l )  a r e  not dominated,  i n  an a b s o l u t e  

v a l u e  s e n s e ,  by those  p a r t i c i p a t i o n  e f f e c t s  which might be induced by 

i n c r e a s e s  i n  t h e  supply  of  l abour ,  i t  s u g g e s t s  t h a t  s a l a r y - r a t e d  employees 



w i l l  be i n  those  occupat ions  which o f f e r  e x t e n s i v e  o p p o r t u n i t i e s  f o r  l ea rn -  

ing-by-doing. This c o n j e c t u r e  i s  suppor ted ,  moreover,  by an argument which 

proceeds d i r e c t l y  from ( 2 : 9 ) .  

Suppose, i n  p a r t i c u l a r ,  t h a t  the  learning-by-doing e f f e c t  dominates 

t h e  p a r t i c i p a t i o n  e f f e c t  f o r  a l l  N(t)  > 0. In  t h i s  c a s e ,  (2 :9 )  w i l l  hold  

and Y N ( t + l )  w i l l  s a t i s f y :  

o r :  

Since ( 2 : l l )  ho lds  f o r  many s a l a r y - r a t e d  occupa t ions ,  i t  a l s o  s u g g e s t s  

t h a t  learning-by-doing is  a  prominent phenomenon i n  t h e s e  occupa t ions .  

One of t h e  c h a r a c t e r i s t i c s  of hour ly-ra ted  jobs ,  i n  c o n t r a s t ,  i s  t h a t  

(2 :11)  seldom h o l d s .  Indeed,  it i s  r easonab le  t o  assume t h a t  Y N ( t + l )  > - 
R ( t + l )  always ho lds  f o r  t h e s e  occupa t ions .  When t h i s  i n e q u a l i t y  h o l d s ,  

however, i t  i m p l i e s ,  a long wi th  ( 2 : 2 ) ,  t h a t :  

(2 :13)  s t a t e s  t h a t  the  a b s o l u t e  va lue  of t h e  p a r t i c i p a t i o n  e f f e c t  i s  

never dominated by t h e  i n f l u e n c e  of learning-by-doing on Y ( t + l ) .  Since 

t h i s  c o n d i t i o n  i m p l i e s ,  and i s  implied by,  Y N ( t + l )  - > R ( t + l ) ,  it s u g g e s t s  



t h a t  employees w i l l  be paid by t h e  hour i f  they  a r e  i n  a  job which does not 

provide  many o p p o r t u n i t i e s  f o r  accumulat ing human c a p i t a l  through l ea rn -  

1 0  ing-by-doing . 
In  t h e i r  p rev ious ly -c i t ed  models of human c a p i t a l  fo rmat ion ,  Rosen and 

K i l l i n g s w o r t h  assume: ( a )  t h a t  t h e r e  i s  no l a g  between investments  i n  

human c a p i t a l  and i n c r e a s e s  i n  r e a l i z e d  wage r a t e s ;  ( b )  t h a t  t h e r e  a r e  no 

p a r t i c i p a t i o n  e f f e c t s ;  and ( c )  t h a t  learning-by-doing i s  not accompanied by - 
any r e d u c t i o n  i n  l abour  income. The major r eason  why t h e s e  assumptions a r e  

r e l a x e d  i n  t h i s  s tudy  i s  t h a t  they  j o i n t l y  imply: ( i )  t h a t  the  t o t a l  and 

marginal  (wage) c o s t s  of accumulat ing human c a p i t a l  a r e  l e s s  than o r  equal  

t o  z e r o ;  and ( i i )  t h a t  t h e  (wage) c o s t s  of learning-by-doing a r e  equa l  t o  

z e r o .  I f  assumption ( c )  was imposed upon t h e  model p resen ted  above,  more- 

o v e r ,  i t  would imply ( s e e  (2 :8)  and ( 2 : 9 ) ) :  

Given t h e  s e n s i b l e  assumption t h a t  a n  i n c r e a s e  i n  t h e  supply  of l abour  

i s  not a s s o c i a t e d  wi th  a  d e c r e a s e  i n  l abour  income, o r  - 8 @ ( t + l ) / a N ( t )  - > 0 ,  

(2 :14)  r u l e s  o u t  t h e  s i t u a t i o n  which f r e q u e n t l y  o b t a i n s  i n  many s a l a r y -  

r e l a t e d  j o b s ;  namely, 

Perhaps t h e  major d i s t i n g u i s h i n g  c h a r a c t e r i s t i c  of  d e c i s i o n s  t o  i n v e s t  

i n  human c a p i t a l  is  t h a t  they a r e  f r e q u e n t l y  made i n  t h e  face  of uncer-  

t a i n t y  about t h e  form of t h e  l abour  income f u n c t i o n .  This ' f i r s t  o r d e r '  - 
1 0  (2 :  13) i s  e q u i v a l e n t  t o  $ N ( t + l )  - < 0, by d e f i n i t i o n ;  hence,  it impl ies  

(2 :  1 2 ) .  



l e v e l  of u n c e r t a i n t y  may be induced by u n c e r t a i n t y  about :  ( i )  t h e  tech- 

nology of human c a p i t a l  format ion;  ( i i )  t h e  compensation r e l a t i o n s h i p  which 

connec t s  K(t )  and K ( t + l )  - K(t )  t o  Y ( t + l ) ;  and ( i i i )  t h e  demand r e l a t i o n -  

s h i p s  which l i n k  p ( t + l )  t o  ~ ( t + l ) .  Although t h e  model developed i n  t h i s  

s e c t i o n  a b s t r a c t s  from t h e  f i r s t  two sources  of u n c e r t a i n t y  about labour  

income, t h e  s t o c h a s t i c  i m p l i c a t i o n s  of t h e  model a r e  b r o a d l y  c o n s i s t e n t  

wi th  some of t h e  s t y l i z e d  f a c t s  about human c a p i t a l  format ion.  The mar- 

g i n a l  c o s t  func t ions  i n  (2 :4)  and ( 2 : 5 ) ,  f o r  example, imply: 

Equation (2:15) s t a t e s  t h a t  t h e  expected 

41s(t+l) (2 :16)  

marginal  (wage) c o s t s  of 

accumulating human c a p i t a l  a r e  p r o p o r t i o n a l  t o  t h e  expected r e n t a l  r a t e  on 

t h i s  a s s e t .  (2:16) a s s e r t s  t h a t  the  expected marginal  (wage) c o s t s  of 

going t o  school  a r e  p ropor t iona l  t o  t h e  expected r e n t a l  r a t e .  These two 

e q u a t i o n s  suggest  t h a t  the  i n c e n t i v e s  t o  accumulate human c a p i t a l  and t o  

engage i n  off - the- job t r a i n i n g  a c t i v i t i e s  w i l l  be weak ( s t r o n g )  when 

e x p e c t a t i o n s  about the  de r ived  demand f o r  labour  a r e  o p t i m i s t i c  (pess imis -  

t i c ) .  

Equation (2:2) ,  on t h e  o t h e r  hand, i m p l i e s :  

where: 



- 
~ ( t + j , t )  = ~ , { < ( t + j ) }  

u N ( t + j  , t )  = ( v a r t { R ( t + j ) } )  1 12 
., 

P(. . .), ap ( . . .) = t h e  cor respond ing  moments f o r  p ( t + j ) .  

D i f f e r e n t i a t i n g  (2:17) and (2:18)  wi th  r e s p e c t  t o  ~ ( t )  and then us ing 

(2 :6 )  y i e l d s :  

(2 :19)  s t a t e s  t h a t  i n c r e a s e s  i n  K( t )  a r e  accompanied by i n c r e a s e s  i n  

t h e  ( c o n d i t i o n a l )  mean and s t andard  d e v i a t i o n  of  t h e  average r e a l i z e d  wage 

r a t e s  i n  a l l  f u t u r e  pe r iods .  Obviously,  t h i s  i s  somewhat a r b i t r a r y ;  

indeed,  it must be  admit ted  t h a t  t h e r e  i s  no compel l ing reason  t o  assume 

t h a t  it h o l d s  i n  r e a l i t y .  Levhar i  and w e i s s l l  c i t e  s e v e r a l  e m p i r i c a l  

s t u d i e s ,  however, which sugges t  t h a t  t h e  mean and v a r i a n c e  of  l abour  income 

tends  t o  i n c r e a s e  wi th  a t t a i n e d  l e v e l s  of e d u c a t i o n .  Perhaps ,  then ,  (2 :19)  

i s  a  decent  approximat ion.  

CONSUMPTION, INVESTMENT AND FACTOR SUPPLY DECISIONS UNDER TEMPORAL 

UNCERTAINTY 

The cho ice  t h e o r e t i c  model developed i n  t h i s  s e c t i o n  assumes: 

t h a t  a i l  c u r r e n t  consumption, inves tment  and f a c t o r  supply  d e c i s i o n s  

must be made p r i o r  t o  t h e  r e s o l u t i o n  of  u n c e r t a i n t y  about :  ( i )  t h e  

wage r a t e s  R ( t + j ) ,  j  > 0; ( i i )  t h e  (marke tab le )  c a p i t a l  a s s e t  r e t u r n  

v e c t o r s  Z t + j ,  j > 0; and ( i i i )  t h e  commodity and a s s e t  p r i c e  v e c t o r s  

P t + j ,  j > 0; 



(b), that individuals respond to temporal uncertainty by engaging in the 

planning process which is built into dynamic programming; 

(c) that time horizons are finite; i.e., that t+j = t,. ..,t+T, where T is 

the end of an individual's lifetime; 

(d) that nominal wealth at the beginning of the terminal period, namely 

W(t+T) = Y(t+T) + (at+T-l)'Zt+T, always satisfies W(t+t) > 0 for 
," .., 

all realizations of the random vector (Y( t+T), zt+~) , and for all 

portfolio selection decisions at+~-l; 

(e) that all elements of the choice vectors Xt+j = (Ct+j,at+j ,~(t), 

~(t)) , including all elements of the consumption vector Ct+j, are 

nonnegative except for the elements of the portfolio selection vector 

(f) that all short, intermediate and long term debt instruments are 

defaul t-free; 

(g) that borrowing is restricted by a credit rationing constraint of the 

B B B 
form B(t+j) + P(t+j)'at+j - > 0, where -(Pt+j)'at+j - > 0 is the 

total amount of money borrowed at the beginning of period t+j and 

B(t+j) - > 0 ;  

(h) that the underlying direct utility function is a nonstochastic, mono- 

tonically increasing, quasi-concave and nonseparable function of the 

where R(t+j) = A(~(t+j-1) ,~(t+j-1)) is the amount of time available 

12 for leisure in period t+j . 
l 2  U(t) is also a function of Ct-1, . . . , Ct-j, At-j, etc., but these 

have been suppressed. 



The c r e d i t  r a t i o n i n g  c o n s t a i n t  o u t l i n e d  i n  assumption ( g )  i s  

in t roduced  i n  o r d e r  t o  a l low f o r  t h e  p o s s i b i l i t y  t h a t  borrowing oppor tuni-  

t i e s  may be a f f e c t e d  by incomplete c a p i t a l i z a t i o n s  of f u t u r e  labour  

income. Although t h e s e  ' c a p i t a l i z a t i o n  f a i l u r e s '  may a f f e c t  borrowing 

c a p a c i t y  i n  a  f a i r l y  complex way, suppose: ( i )  t h a t  borrowing c a p a c i t y  i n  

any pe r iod  t + j  i s  an i n c r e a s i n g  f u n c t i o n  of  W( t+ j ) ;  ( i i )  t h a t  i n c r e a s e s  i n  

t h e  supply  of any debt  ins t rument  reduces  borrowing c a p a c i t y ;  and ( i i i )  

t h a t  i n c r e a s e s  i n  t h e  'bond p r i c e s '  p i B ( t + j )  enhance borrowing capa- 

c i t y .  Given t h e s e  assumpt ions ,  t h e  pe r iod  s p e c i f i c  borrowing c a p a c i t y  

f u n c t i o n s  can be w r i t t e n  a s :  

B B 
B ( t + j )  = ~ ( ~ ( t + j ) )  + ( P t + j ) ' a t + j ) )  ; 

where : 

B(0) 2 0 ;  B '  - > 0  

Le t  J ( t + T )  r e p r e s e n t  t h e  c o n d i t i o n a l  o r  v a r i a b l e  i n d i r e c t  u t i l i t y  

f u n c t i o n  f o r  t h e  t e rmina l  pe r iod  t+T. Although t h e  d e f i n i t i o n  of t h i s  

maximum v a l u e  f u n c t i o n  should r e f l e c t  t h e  e x i s t e n c e  of bequest  f u n c t i o n s ,  

suppose,  wi th  some l o s s  of g e n e r a l i t y ,  t h a t  i t  i s  d e f i n e d  a s  fo l lows:  



C 
where (Pt+T) '  i s  a  v e c t o r  of commodity p r i c e s ,  and: 

The preceding d e f i n i t i o n  of J ( t + T )  i s  c o n s i s t e n t  with t h e  model of 

human c a p i t a l  format ion developed i n  Sec t ion  2;  i . e . ,  i t  assumes t h a t  

d e c i s i o n s  about t h e  human c a p i t a l  inpu t s  N(t+T-1) and S(t+T-1) were made i n  

t h e  previous  p e r i o d .  It a l s o  i m p l i c i t l y  assumes, i n  accordance wi th  

assumption ( d l ,  t h a t  an i n d i v i d u a l  h a s  enough wea l th  t o  r e t i r e  a l l  of  h i s  

o u t s t a n d i n g  deb t  l i a b i l i t i e s .  

A d e f i n i n g  c h a r a c t e r i s t i c  of  d e c i s i o n  making under temporal  uncer- 

t a i n t y  i s  t h a t  i n d i v i d u a l s  cannot a t t a i n  a  'once and f o r  a l l '  s o l u t i o n  t o  

t h e  problem of  maximizing t h e  expected u t i l i t y  of l i f e t i m e  consumption. 

This c h a r a c t e r i s t i c  of temporal u n c e r t a i n t y  i s  incorpora ted  i n t o  t h e  analy-  

s i s  p resen ted  below by assuming t h a t  d e c i s i o n s  a r e  based upon a  s e t  of pro- 

v i s i o n a l  exchange p l a n s .  J ( t + T ) ,  t o  be  more s p e c i f i c ,  w i l l  be  i n t e r p r e t e d  

a s  a  p r o v i s i o n a l  exchange plan because ,  g iven any previous  s e t  of d e c i s i o n s  

X t + j ,  t + j  = t ,  ..., t+T-1, and any r e a l i z a t i o n  of t h e  random v e c t o r  
..a " C ( w t + ~ ,  P t + ~ ) ,  it r e p r e s e n t s  an i n d i v i d u a l ' s  p e r c e p t i o n  of h i s  maximum 

a t t a i n a b l e  l e v e l  of  u t i l i t y  a t  the  beginning of per iod t+T. The pro- 

v i s i o n a l  exchange p lans  f o r  pe r iod  t+T-1, on t h e  o t h e r  hand, a r e  de f ined  a s  

fo l lows :  



~ ( t + ~ - l ) z  Max &+T-I { J (  t + ~ ) }  

x t  +T- 1 

where X t + ~ - l  i s  t h e  M d imensional  cho ice  v e c t o r  { x i ( t + T - l ) }  and: 

-1 f o r  X;( t+j )  = u i B ( t + j )  
y i  = I 

0 otherwise  

B ( ~ + T - I )  = B ( w ( ~ + T - 1 )  - ( P ~ + ~ - ~ ) ' ~ X ~ + T - ~ )  

P i ( t + j ) X i ( t + j )  E 0 when X;(t+j)  r e f e r s  t o  N ( t + j )  o r  S ( t + j )  

The p r o v i s i o n a l  exchange p lans  f o r  a l l  preceding p e r i o d s  a r e  d e f i n e d ,  

i n  a  r e c u r s i v e  manner, from (3 :4 ) .  ~ ( t + l ) ,  i n  p a r t i c u l a r ,  is  de f ined  a s  

fo l lows : 

N - 
Suppose t h a t  e x p e c t a t  ions  about t h e  random v e c t o r  ( z ~ + ~ ,  Pt+2, 

N 

~ ( t + 2 ) )  a r e  desc r ibed  by t h e  v e c t o r  M t + l ,  where each element of Qt+l  i s  

a  parameter .  Assume, as w e l l ,  t h a t  t h e  maximum i n  (3 :5)  i s  a t t a i n e d .  In 

t h i s  c a s e ,  J ( t + l )  can be  w r i t t e n  a s :  



where K ( t + l )  i s  t h e  accumulated s t o c k  of human c a p i t a l  a t  the  end of per iod - 
t+ l ,  and: 

K ( t + l )  appears  a s  a  parameter i n  (3 :6 )  because  human c a p i t a l  formation 

c r e a t e s  an  i r r e v e r s i b l e  change i n  t h e  s t o c k  of a  d u r a b l e ,  and v a l u a b l e ,  

c a p i t a l  a s s e t .  Th i s  c h a r a c t e r i s t i c  of human c a p i t a l  format ion i s  r e f l e c t e d  

i n  t h e  fo l lowing  r e l a t i o n s h i p s :  

These t h r e e  i d e n t i f i e s  a r e  d e r i v e d  by us ing  t h e  envelope theorem ( s e e  

Appendix A). (3 :8 )  s t a t e s ,  a s  might be expec ted ,  t h a t  economic we l fa re  

d u r i n g  t h e  t e rmina l  pe r iod  i s  n e i t h e r  enhanced nor  d iminished by an  

i n c r e a s e  i n  t h e -  ' t e r m i n a l '  c a p i t a l  s t o c k  K(t+T).  Each member of t h e  s e t  of 



i d e n t i t i e s  i n  ( 3 : 9 ) ,  inc lud ing  (3 :10) ,  s t a t e s  t h a t  economic w e l f a r e  is  

never d iminished by an i n c r e a s e  i n  end of  pe r iod  s t o c k  of human c a p i -  

t a l .  These i d e n t i t i e s  can be r e w r i t t e n  i n  t h e  form: 

where: 

and : 

(3:12) and ( 2 : 7 ) '  j o i n t l y  imply J K ( t + j )  - > 0, g iven n o n s a t i a t i o n ,  o r  

a J (  ... )/aY( ... ) - > 0. (3:12) fo l lows  from p r o p e r t y  ( i v )  of Equation ( 2 : l ) ;  

i . e . ,  i t  s t a t e s  t h a t  t h e  a b i l i t y  t o  produce human c a p i t a l  i s  a  nondecreas- 

ing f u n c t i o n  of t h e  accumulated s t o c k .  It a l s o  r e f l e c t s  the  mainta ined 

assumption t h a t  human c a p i t a l  i s  a  ( p e r f e c t l y )  d u r a b l e  c a p i t a l  a s s e t .  

( 2 : 7 ) '  s t a t e s ,  a s  i n d i c a t e d  i n  S e c t i o n  2 ,  t h a t  r e a l i z e d  wage r a t e s  a r e  

never d iminished by h i s t o r i c a l  accumulat ions  of  knowledge. 

The f i r s t  term on the  r ight-hand s i d e  of ( 3 : l l )  obv ious ly  c a p t u r e s  t h e  

e f f e c t s  of i n c r e a s e s  i n  K ( t + j )  upon l abour  income i n  pe r iod  t + j + l .  This 

term, o r  a v a r i a n t  t h e r e o f ,  w i l l  appear  i n  any two-period model of  human 

c a p i t a l  format ion.  The second term on t h e  r ight-hand s i d e  of  (3 :11) ,  how- 

e v e r ,  does not  appear i n  a  two-period model of human c a p i t a l  format ion 

because t h e s e  models ( i m p l i c i t l y )  assume t h a t  human c a p i t a l  complete ly  

decays ,  o r  p e r i s h e s ,  a t  t h e  end o f  t h e  second pe r iod .  



The Marginal Cost of  a  Reduction i n  Debt Capac i ty  

Before proceeding t o  a  d i s c u s s i o n  of  t h e  v a l u a t i o n  r e l a t i o n s h i p s  f o r  

human c a p i t a l ,  i t  i s  necessa ry  t o  c l a r i f y  t h e  economic i n t e r p r e t a t i o n  of 

t h e  shadow p r i c e s  A ( t + j )  and h B ( t + j )  . The a n a l y s i s  presented below shows 

t h a t  t h e  marginal  ( d o l l a r )  v a l u e  of  a d d i t i o n a l  borrowing c a p a c i t y  may be 

p o s i t i v e  o r  n e g a t i v e .  It a l s o  shows: ( i )  t h a t  AB( t+ j )  must be n e g a t i v e  

i f  t h e  marginal  c o s t  of a  r e d u c t i o n  i n  borrowing c a p a c i t y  i s  p o s i t i v e ;  and 

( i i )  t h a t  [ a ~ ( t + j ) / a w ( t + j ) ] - '  i s  n o t  t h e  r e l e v a n t  f a c t o r  f o r  c o n v e r t i n g  

marginal  u t i l i t i e s  i n t o  marginal  ( d o l l a r )  v a l u a t i o n s  when t h e  c r e d i t  

r a t i o n i n g  c o n s t r a i n t  i s  b ind ing .  

Consider :  

When t h e  maximum i n  (3 :  13) is  a t t a i n e d ,  t h e  v e c t o r  ( k t ,  i ( t ) ,  

KB( t ) )  must s a t i s f y  t h e  c o n s t r a i n t s  and t h e  M f i r s t  o r d e r  c o n d i t i o n s :  

where, according t o  t h e  envelope theorem: 

~ u ~ ~ o s e  t h a t  k i ( t )  r e p r e s e n t s  a  p e r i s h a b l e  consumption good, 

C;( t ) ,  s o  t h a t  y i  = 0. I n  t h i s  c a s e ,  (3 :14)  i m p l i e s :  



(3:16) h i g h l i g h t s  t h e  importance of  p rov id ing  a  c o r r e c t  economic 

i n t e r p r e t a t i o n  of  t h e  Lagrange m u l t i p l i e r s .  Although t h i s  i n e q u a l i t y  does  

sugges t  t h a t  [ A ( t ) ] - l ,  r a t h e r  than [ J W ( t ) ] - l ,  is t h e  f a c t o r  which con- 

v e r t s  any expected marginal  u t i l i t y  F i ( t )  i n t o  a  marginal  ( d o l l a r )  valu-  

a t i o n  of t h e  corresponding c h o i c e  v a r i a b l e ,  i t  c e r t a i n l y  does not imply 

t h a t  t h i s  i s  t h e  c a s e .  Before jumping t o  t h i s  c o n c l u s i o n ,  i t  i s  necessa ry  

t o  show t h a t  [A ( t ) ] - l  i s  equa l  t o  t h e  marginal  c o s t  of expected u t i l i t y  a t  

t h e  optimum p o s i t i o n  J ( t ) .  

Perhaps  t h e  e a s i e s t  way t o  c l a r i f y  t h e  economic i n t e r p r e t a t i o n  of  h ( t )  

and AB(t)  i s  t o  use  t h e  expend i tu re  f u n c t i o n  e ( t )  = e ( P t , ~ ( t )  , ~ ( t ) ,  

Q ~ ; J * ) .  Th i s  f u n c t i o n  i s  d e f i n e d  by t h e  d u a l  t o  (3 :13) ;  namely: 

where J* i s  any pa ramet r i c  l e v e l  of  expected u t i l i t y .  

When (3:  17) i s  a t t a i n e d  and when J* = J ( t ) ,  t h e  v e c t o r  of compen- 

* s a t e d  o r  'H icks ian '  demands, say  Xt , must s a t i s f y  t h e  fo l lowing iden- 

t i t y :  

( 3 :  18) i m p l i e s :  



where: B*(t) z %(t) = B(w(~),P~,K(~),Q~). 

(3: 18) and (3: 19) state that the compensated demands xi*(t) must 

be equal to the uncompensated demands ̂ Xi(t) when the objective of maxi- 

mizing expected utility has been attained. When (3:18) is differentiated 

with respect to Pi(t) # 0, we obtain: 

where: 

Xi(t) is the endowment of ~i(t) 

Notice, however, that when the envelope theorem is applied to (3:17), 

that : 

and also that, when it is applied to (3:13), that: 

(3:21) is a generalized version of Shephard's lemma, while (3:22) is a 

generalized version of Roy's identity. When these identities are substi- 

tuted into (3:20) and when (3:20) is the relevant equation for a perishable 
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consumption good, so  t h a t  X i ( t )  = y i = 0, we have: 

* o r  s i n c e  X i  ( t )  5 ^Xi(t): 

According t o  t h e  envelope theorem, however, a e (  t /a J (  t )  5 p*( t . 
Hence, from (3 :2311 :  

p*( t )  i s  t h e  marginal  ( d o l l a r )  c o s t  of o b t a i n i n g  an a d d i t i o n a l  

' u n i t '  of  expected u t i l i t y  a t  t h e  optimum p o s i t i o n  ~ ( t ) .  (3:24) i m p l i e s ,  

t h e r e f o r e ,  t h a t  [ X ( t ) ] - l  i s  t h e  v a r i a b l e  which c o n v e r t s  expected marginal  

u t i l i t i e s  i n t o  marginal  ( d o l l a r )  v a l u a t i o n s  of t h e  cho ice  v a r i a b l e s  

x i ( t >  

I n  o r d e r  t o  develop t h e  economic i n t e r p r e t a t i o n  of  h B ( t )  and some of 

i t s  p r o p e r t i e s ,  n o t i c e  f i r s t  t h a t  (3 :  18) i m p l i e s :  

By us ing  t h e  envelope theorem and (3 :24) ,  i t  i s  easy  t o  show t h a t  

(3 :25)  impl ies13 :  

See Appendix A. 



( 3 : 2 6 ) '  s t a t e s  t h a t  t h e  marg ina l  v a l u e  of an i n c r e a s e  i n  borrowing 

c a p a c i t y  is  equa l  t o  -;(t)-lKB(t) a t  t h e  optimum p o s i t i o n  J ( t ) .  Although 

i n t u i t i o n  may.suggest  t h a t  t h i s  shadow p r i c e  i s  nonnegat ive ,  e s p e c i a l l y  

g iven  t h e  assumption t h a t  p r e f e r e n c e s  do not e x h i b i t  n o n s a t i a t i o n ,  i t s  s i g n  

i s  i n d e t e r m i n a t e .  The e s s e n t i a l  r eason  appears  t o  be t h a t  i n c r e a s e s  i n  

borrowing c a p a c i t y  have two p o t e n t i a l l y  o f f s e t t i n g  e f f e c t s :  the  aggrega te  

amount of money borrowed i n c r e a s e s  when expected u t i l i t y  i s  h e l d  c o n s t a n t ,  

bu t  t h e  e x p e n d i t u r e s  on t h e  remaining c h o i c e  v a r i a b l e s  may i n c r e a s e  o r  

d e c r e a s e  when i n d i v i d u a l s  a r e  compensated f o r  changes i n  J ( t ) .  

Consider  t h e  fo l lowing  comparat ive  s t a t i c  system: 

0 can be any parameter under ly ing  t h e  dua l  op t imiz ing  problem i n  (3 :17) .  

( A )  is  t h e  bordered Hessian:  

where : 

a i j  = - ( p F i j  + B " ~ ~ P ~ P ~ ~ ~ ~ ~ )  .. . i , j  = 1,.  . . ,M  

FX is  t h e  M v e c t o r  (F1 , . . . F i , .  . . ,FM) 



hXt  i s  t h e  M v e c t o r  (hl , . . . , h i , .  . . , h ~ )  

a P i  
h i  = - ( 1  + p B y i ( l + ~ ' ) )  + ' p  Fie  

ae 

Solving (3:27) f o r  i3Xj*/a0 y i e l d s :  

where / A i j  1 ,  J A ~ ~  ( and ( A B j  1 a r e  t h e  c o f a c t o r s  of t h e  e lements  

a i j ,  -Fj and ( l + ~ ) ~ P j ~ j .  I f  t h e  second o r d e r  c o n d i t i o n s  f o r  

( 3 :  17) h o l d ,  then A <O and ( A i i [  <O f o r  a l l  i = 1, .  . . ,M .  I I 
Suppose, t h e n ,  t h a t  8 = W( t )  . I n  t h i s  c a s e :  

According t o  ( 3 : 2 8 )  t h e r e f o r e :  



Notice, however, that a Laplace expansion around the last column of (A) 

yields: 

Notice, moreover, that: 

(3:31) holds because it is an alien cofactor expansion. 

Substituting (3:31) into (3:29) yi,elds: 

Unfortunately, the sign of (3:32) is indeterminate. As indicated pre- 

viously, however, the effect of an increase in W upon the aggregate amount 

of money borrowed is determinate when expected utility is held constant. 

(3:32) implies: 

where Q is the set of those X;(t) which represent either short or long 

term borrowing. 

Since y ; = -1 when x;( t) refers to a decision to supply a debt 

instrument, substituting (3:30) into (3:33) yields: 



The lef t -hand s i d e  of  (3:34) is  equa l  t o  t h e  r a t e  of i n c r e a s e  i n  t h e  

aggrega te  amount of money borrowed wi th  r e s p e c t  t o  a  wealth-induced 

i n c r e a s e  i n  borrowing c a p a c i t y  when J ( t )  i s  'held c o n s t a n t  ( P j  < 0 f o r  

l o a n s )  . 
Let q =  - 2 pjxj*. Since  dB = B ' ~ w ,  (3:34) impl ies :  

js Q 

a dq = - dW = ( l + ~ l ) - ~  dB; B I  > 0 
aw 

(3:35)  s t a t e s  t h a t  an i n d i v i d u a l  w i l l  i n c r e a s e  h i s  deb t  l i a b i l i t i e s  

when h i s  borrowing c a p a c i t y  i s  inc reased  by $1; and,  a l s o ,  t h a t  h i s  

i n c r e a s e  w i l l  be l e s s  than $1 when B 1  > 0 i f  he i s  compensated f o r  t h e  

changes i n  J( t )  . 
Unfor tuna te ly ,  t h e  de te rminan t  r e sponse  of  t h e  aggrega te  (compensated) 

supp ly  of deb t  ins t ruments  t o  wea l th  induced changes i n  borrowing c a p a c i t y  

does not  y i e l d  any in fo rmat ion  about t h e  s i g n  of  t h e  marginal  v a l u e  of 

* a d d i t i o n a l  borrowing c a p a c i t y  s i n c e  a X j  / a W  h a s  an i n d e t e r m i n a t e  s i g n  f o r  

t h e  o t h e r  cho ice  v a r i a b l e s .  Suppose, however, t h a t  J W ( t ) / h ( t )  > 0 and 

t h a t  O < B 1 < l .  These two assumptions and (3:14) j o i n t l y  imply: 

J W ( t )  h B ( t >  1 

ho 
= 1  + B  (t) > 0, o r :  

h ( t )  



(3 :36)  does not  r u l e  ou t  t h e  p o s s i b i l i t y  t h a t  the  marginal  v a l u e  of 

a d d i t i o n a l  borrowing c a p a c i t y ,  namely -hB(t ) /h  ( t )  , i s  n e g a t i v e .  This  

p o s s i b i l i t y  i s  d i s t u r b i n g  because  a  n e g a t i v e  v a l u e  f o r  + B ( t ) / h  ( t )  

i m p l i e s  t h a t  an i n d i v i d u a l  cannot be s imul taneous ly  changing h i s  debt  l i a -  

b i l i t i e s  and h i s  ho ld ings  of t h e  d e b t  i n s t r u m e n t s  s u p p l i e d  by o t h e r s  when 

borrowing r a t e s  exceed l end ing  r a t e s .  To s e e  t h i s ,  suppose t h a t  t h e  i n t e r -  

e s t  r a t e  f o r  a  s i n g l e  per iod l o a n ,  say  r B ( t ) ,  exceeds the  s i n g l e  per iod 

l end ing  r a t e ,  r t ( t ) .  Assume, a s  w e l l ,  t h a t  an i n d i v i d u a l  i s  changing h i s  

s i n g l e  per iod deb t  o b l i g a t i o n s  and h i s  inves tments  i n  t h e  s i n g l e  pe r iod  

debat ins t ruments  supp l i ed  by o t h e r  i n d i v i d u a l s .  In t h i s  c a s e ,  (3:14) 

r e q u i r e s  : 

C l e a r l y ,  t h i s  necessa ry  c o n d i t i o n  cannot hold  when +B( t ) / h ( t )  i s  

n e g a t i v e  . 
In r e a l i t y ,  of c o u r s e ,  i n d i v i d u a l s  f re 'quent ly  change t h e i r  deb t  l i a -  

b i l i t i e s  and t h e i r  inves tments  i n  d e f a u l t  f r e e  a s s e t s  a t  the  same t ime. 

The a n a l y s i s  i n  t h e  fo l lowing  s e c t i o n s  a l l o w s  f o r  t h i s  by assuming, a s  

(3 :37)  r e q u i r e s ,  t h a t  - h B ( t ) / h ( t )  - > 0 f o r  a l l  t .  Th i s  i s  e q u i v a l e n t  t o  

assuming t h a t  t h e  marginal  c o s t  of a  r e d u c t i o n  i n  debt  c a p a c i t y  i s  nonnega- 

t i v e  . 

4. MARGINAL VALUATIONS OF HUMAN CAPITAL 

The a n a l y s i s  con ta ined  i n  t h i s  s e c t i o n  shows: ( i )  t h a t  e q u i l i b r i u m  

marg ina l  v a l u a t i o n s  of human c a p i t a l  a r e  p o s i t i v e l y  ( n e g a t i v e l y )  r e l a t e d  t o  

t h e  learning-by-doing ( p a r t i c i p a t i o n )  e f f e c t s  d i s c u s s e d  i n  Sec t ion  2 ;  and 



(ii) that current marginal valuations of the capital stock K(t) are never 

less than the current marginal valuations of K(t+l), K(t+2), ..., K(t+T). 
These two results suggest: 

(a) that salary-rated employees have a greater incentive to invest in 

human capital than hourly-rated employees; and 

(b) that individuals have a strong incentive to build up their stock of 

human capital as rapidly as possible. 

For expositional purposes recall that: 

When this maximum is attained, the vector (AXt , i(t), iB(t)) must 

satisfy the constraints and the M first order conditions: 

Let k ( t )  and >(t) denote the optimal choices for N(t) and S(t). The 

first order conditions for these two (unconstrained) choice variables can 

be written as: 



( 4 : l )  and (4 :2 )  a r e  de r ived  from ( 2 : 1 ) ,  ( 3 : 1 ) ,  ( 3 : 6 ) ,  ( 3 : 7 ) ,  (3 : lO)  

and (3 :1411 .  These two c o s t  minimizing c o n d i t i o n s  simply s t a t e  t h a t  t h e  

expected marginal  revenue products  of  t h e  two f a c t o r  i n p u t s  must not exceed 

t h e i r  expected marginal  c o s t s  when ( 3 : 1 3 ) '  i s  a t t a i n e d .  They a l s o  imply 

t h a t  t h e  expected marginal  c o s t s  of o b t a i n i n g  t h e  c a p i t a l  s t o c k  K ( t + l )  must 

be a t  l e a s t  a s  l a r g e  a s  t h e  expected marginal  v a l u e  of  K ( t + l ) ,  o r  t h a t :  

where : 

v ~ ( ~ ; K ( ~ + I ) )  a X ( t ) - ' ~ ~ { ~ ~ ( t + i ) }  

One of  t h e  c h a r a c t e r i s t i c s  of (4 :3 )  is  t h a t  i t  always s a t i s f i e s :  

The reason (4 :4 )  always h o l d s ,  f o r  any t ,  i s  t h a t  ( 3  

j o i n t l y  imply ( a s  shown i n  S e c t i o n  3) t h a t  J K ( t + j )  - > 0; i 

a b i l i t y  t o  produce human c a p i t a l  i n  a  nondecreas ing func t  

l a t e d  c a p i t a l  s t o c k s  and i f  r e a l i z e d  wage r a t e s  a r e  never  

i n c r e a s e s  i n  human c a p i t a l ,  then:  

Suppose t h a t  an i n t e r i o r  s o l u t i o n  o b t a i n s  f o r  N ( t ) .  

:12) and ( 2 : 7 ) '  

. e . ,  i f  t h e  

i o n  of the  accumu- 

diminished by 

I n  t h i s  c a s e ,  

(4 :3 )  becomes: 
I 



Assume, as well, that the effects of learning-by-doing upon Y(t+l) are 

dominated by the participation effects. In this case, (2:12) and (2:13) 

imply: 

These latter two inequalities hold for hourly-rated employees. Sub- 

stituting them into (4:6) yields: 

Suppose, in contrast, that the participation effects are dominated by 

the learning-by-doing effects. In this case, (4:7) holds, but: 

(4:lO) is one of the characteristics of salary-rated jobs: see (2:lO) 

and (2:ll). It implies, along with (4:7) and (4:6) that: 

Strictly speaking, (4:9) and (4: 11) imply only that v K ~  t;K(t+l)) is 

positively (negatively) related to the learning-by-doing (participation) 

effects upon Y(t+l). Although these two results do not imply that the - 



marg ina l  v a l u e  of  human c a p i t a l  f o r  a  s a l a r y - r a t e d  employee i s  always 

l a r g e r  than t h e  corresponding v a l u e  f o r  an  hour ly - ra ted  employee, they  do 

show t h a t  t h e  marginal  v a l u e  of human c a p i t a l  i s  connected,  i n  a  p l a u s i b l e  

way, t o  t h e ' s t r u c t u r e  of employment c o n t r a c t s .  

C l e a r l y ,  any model of human c a p i t a l  format ion should provide  some 

i n s i g h t  i n t o  t h e  l i f e  c y c l e  c h a r a c t e r i s t i c s  of inves tments  i n  t h i s  a s s e t .  

The model developed i n  t h i s  paper passes  t h i s  t e s t  i n  t h e  sense  t h a t  i t  

impl ies  t h a t  i t  i s  never  advantageous t o  d e f e r  t h e s e  inves tment  d e c i s i o n s .  

It i n d i c a t e s ,  i n  o t h e r  words, t h a t  i n d i v i d u a l s  have a  ve ry  s t r o n g  i n c e n t i v e  

t o  b u i l d  up t h e i r  s t o c k  of human c a p i t a l  a s  r a p i d l y  a s  they can .  

To s e e  t h i s ,  n o t i c e  t h a t  r epea ted  a p p l i c a t i o n  of t h e  envelope theorem 

t o  any problem which h a s  t h e  same form a s  (3:  5) y i e l d s :  - 

R e c a l l ,  moreover, t h a t :  

S u b s t i t u t i n g  (3 :12) '  and (4:13) i n t o  (4 :12)  y i e l d s :  

( 3 : 1 2 ) '  and (4:14)  j o i n t l y  imply t h a t  changes i n  K(t+j-1) w i l l  always 

produce l a r g e r  changes i n  t h e  a t t a i n e d  l e v e l  of  expected u t i l i t y  i n  per iod 



t + j  than  changes i n  K ( t + j ) .  Th i s  dominance of e a r l i e r  inves tments  i n  human 

c a p i t a l  i s  r e f l e c t e d  i n  t h e  v a l u a t i o n  e x p r e s s i o n s .  When j = 0, (4 :14)  

impl ies  : 

(4:15) ho lds  even though K( t )  > K(t-1).  Not ice ,  moreover, t h a t :  - 

The f i r s t  term on t h e  r ight-hand s i d e  of  ( 4 : 1 6 )  i s  always nonnegat ive ,  

g iven  n o n s a t i a t i o n  because ,  from ( 2 : 7 ) :  

The second term, on t h e  o t h e r  hand,  i s  equal  t o  t h e  nonnegative e x p r e s s i o n  , 

( 1 + G K ( t + l ) ) v K ( t ; ~ ( t + l ) ) :  s e e  ( 4 : 5 ) .  

(4:15) and (4:16) j o i n t l y  imply: 

even though K ( t + l )  > K ( t )  > K(t-1).  - - 
(4 :17)  w i l l  hold  a s  an e q u a l i t y  on ly  when previous  exper ience  i n  

a c q u i r i n g  knowledge has  a ze ro  marginal  p roduc t ,  so t h a t  GK( t + j )  - 0 

when a Y ( t + j ) / a K ( t + j - 1 )  5 0. 

According t o  (2 :711 ,  however, t h i s  s i t u a t i o n  can hold  o n l y  when 

i ( t + j )  = 0 f o r  a l l  t+ j .  In summary, t h e n ,  if $ ( t + j )  - > 0 f o r  a l l  exchange 

p e r i o d s ,  we must have s t r o n g  dominance, o r :  



even though K ( t + l )  > K(t )  > K(t-1).  

5. RISK-RETURN CONDITIONS FOR HUMAN CAPITAL 

Human c a p i t a l  theory  i s  plagued by an uns o l v e d  problem: i t  app 

be impossible  t o  develop measures f o r  c o s t s  and r e t u r n s  which a r e  bo th  

obse rvab le  and t h e o r e t i c a l l y  sound. Although t h e  measures of per c a p i t a  

l abour  income which a r e  used i n  e m p i r i c a l  work ( s e e ,  f o r  example, Fama and 

Schwert (1977) and Liberman (1980)) may be t h e  b e s t  r e t u r n  p rox ies  a v a i l -  

a b l e ,  they have t h r e e  major l i m i t a t i o n s :  ( i )  they i m p l i c i t l y  assume t h a t  

t h e  c o s t s  of accumulating human c a p i t a l  a r e  equa l  t o  ze ro ;  ( i i )  they  f a i l  

t o  i n c o r p o r a t e  any v a l u a t i o n  of  t h e  s t r eam of b e n e f i t s  a c c r u i n g  t o  human 

c a p i t a l ;  and ( i i i )  they  do not  correspond t o  t h e  changes i n  economic wel- 

f a r e  a s s o c i a t e d -  wi th  inves tments  i n  human c a p i t a l .  

The r e t u r n  measures developed below s a t i s f y  a l l  of t h e  preceding t h r e e  

c o n d i t i o n s  b u t ,  a l a s ,  they a r e  not  obse rvab le .  The main reason  f o r  

deve lop ing  them i s  t o  g a i n  some i n s i g h t  i n t o  t h e  economic s t r u c t u r e  of t h e  

r i s k  premiums on human c a p i t a l .  

Suppose t h a t  ?Ci(t) Z 0, where X i ( t )  i s  e i t h e r  a  marketable  c a p i t a l  

a s s e t  o r  a  s i n g l e  per iod debt  i n s t r u m e n t .  In  t h i s  c a s e ,  (3:14) impl ies :  

Let  ; i ( t + l , t )  o r  ( Z i ( t + l , t ) / p i ( t ) ) - 1  deno te  t h e  expected r a t e  of 

r e t u r n  on a s s e t  i over  per iod t .  Using t h i s  d e f i n i t i o n ,  ( 5 : l )  can be w r i t -  

t e n  a s :  



i(t) + h:B(t)y i(~'+l) covt(JW(t+l) ,ri(t+l)) 
+ ri(t+l,t) = - (5: 2) 

Sw<t+l;t> jw(t+l;t) 
#w 

where &(t+l;t) - ~ ~ { ~ ~ ( t + l ) } .  

Suppose that an individual has chosen both to issue short term debt 

and to hold the short term debt instrunents supplied by others. If these 

instruments are default free, then, from (5:2): 

Substituting (5:3) into (5:2) and subtracting l+rL(t) from both 

sides yields: 

with: 

When &t+l,t) in (5:4) equals rg(t), then: 



The first term in (5:6) is equal to zero for all those securities 

which are not debt liabilities. If, for example, an individual issues a 

callable debt instrument which matures at M = t+j, then y; = -1 and: 

.d 

where l+rg(t+l,M) is equal to the (perhaps uncertain) redemption value at 

t+l divided by the issue price at time t. 

Clearly, if the redemption value, say P(t+l,M) is nonstochastic, then 

from (5:7): 

(5:8) holds under credit rationing when the rationing coefficients, 

namely yi, are not sensitive to the terms of maturity on debt liabili- 

ties. Short and long term debt will not be perfect substituents, given 

nonstochastic redemption values, however, if the credit rationing para- 

meters depend on the term to maturity. Assume, for example, that yi < -1 

when the term to maturity is more than one period. In this case, (5:6) 

implies: 

(5:9) states that long term debt is more expensive than short term debt 

when borrowing capacity is a decreasing function of the terms to maturity. 

One of the essential differences between human capital and other capi- 

tal assets is that the returns on this asset are implicit returns. The 

implicit marginal return on K(t+l) in particular is equal to JK(t+l). If 

an interior solution obtains for either N(t) or S(t), moreover, then from 

(4: 3): 



An e q u i v a l e n t  form of  ( 5 : 1 0 ) ,  however, i s :  

where vK( t + l  ; K ( t + l ) )  i s  t h e  marginal  d o l l a r  va lue  of K ( t + l )  a t  t h e  begin- 

n ing  of  per iod t + l ;  i . e . ,  

( 5 : l O ) '  s u g g e s t s  t h a t  we d e f i n e  t h e  random r a t e  of  r e t u r n  on human 

- 
c a p i t a l ,  say r K ( t + l ) ,  by: 

S u b s t i t u t i n g  ( 5 : l l )  i n t o  ( 5 : l O ) '  y i e l d s :  

where : 

- 
From (5 :3 ) ,  however, i ( t )  = J W ( t + l , t ) ( l + r ~ ) ;  hence,  by s u b s t i t u -  

t ion  : 



w i t h :  

(5 :13)  is  one form of  t h e  r i s k - r e t u r n  c o n d i t i o n  on human c a p i t a l ;  

B K ( t )  i s  a  c r e d i t  r a t i o n i n g  premium. Th i s  term appears  i n  t h i s  e q u i l i -  

brium c o n d i t i o n  because  borrowing c a p a c i t y  i n  pe r iod  t+l i s  in f luenced  by 

an investment i n  a  d e f a u l t  f r e e  c r e d i t  ins t rument  but  not  by a  marginal  

i n c r e a s e  i n  t h e  c a p i t a l  s t o c k  K ( t + l ) .  (5 :13)  i n d i c a t e s ,  then ,  t h a t  t h e  

expected r a t e  of r e t u r n  on human c a p i t a l  w i l l  be in f luenced  by those  con- 

t r a c t  format ion c o n s t r a i n t s  which a f f e c t  t h e  a b i l i t y  of i n d i v i d u a l s  t o  bor-  

row a g a i n s t  the  r e t u r n s  on t h i s  a s s e t .  

In  o r d e r  t o  h i g h l i g h t  what a r e  perhaps t h e  major d i f f e r e n c e s  between 

the  r i s k  premiums on human c a p i t a l  and those  on marke tab le  a s s e t s ,  suppose 

t h a t  c r e d i t  r a t i o n i n g  c o n s t r a i n t s  do not  e x i s t .  I n  t h i s  c a s e ,  ( 3 : 2 9 )  

r e q u i r e s  t h a t  rB( t )  = r L (  t )  = rF(  t )  , where rF( t )  i s  t h e  i n t e r e s t  

r a t e  on a l l  s h o r t  term deb t  i n s t r u m e n t s .  The r i s k - r e t u r n  c o n d i t i o n s  f o r  

a11 a s s e t s ,  moreover, w i l l  have t h e  same form; namely, 

Although t h e s e  e q u i l i b r i u m  c o n d i t i o n s  have t h e  same form, t h e r e  a r e  

some s i g n i f i c a n t  d i f f e r e n c e s  between n i ( t )  and 7cK(t). Not ice ,  i n  par- 

t i c u l a r ,  t h a t ,  by us ing t h e  d e f i n i t i o n  f o r  r K ( t + l )  and a  second o r d e r  



approximat i o n  f o r  E ~ {  JK/A} , t h a t  q ( t )  can be decomposed i n t o  t h e  

l i n e a r  combinat ion :  

S u b s t i t u t i n g  (5:14) i n t o  (5 :13) '  and us ing  t h e  f i r s t  o r d e r  c o n d i t i o n  

(5 :  10) y i e l d s :  

(5 :15)  h i g h l i g h t s  t h e  f a c t  t h a t  human c a p i t a l  is a  r i s k y  c a p i t a l  a s s e t  

even when t h e r e  i s  no u n c e r t a i n t y  about l abour  income. The v a r i a n c e  i n  t h e  

. 
marginal  u t i l i t y  of wea l th ,  i n  p a r t i c u l a r ,  i s  a  f u n c t i o n  of t h e  v a r i a n c e  i n  , 

labour  income and t h e  v a r i a n c e  i n  nonhuman wea l th .  Hence, g iven  uncer- 

t a i n t y  about t h e  r e t u r n s  on marketable  a s s e t s ,  it i s  always p o s i t i v e ,  even 

when l abour  income i s  n o n s t o c h a s t i c .  The covar iance  term i n  (5 :15) ,  on t h e  
* 

o t h e r  hand,  is  a  compl icated s e r i a l  covar iance :  s e e  t h e  e x p r e s s i o n  for  

J K ( t + l )  i n  (3 : lO) .  It appears  t o  be a  compl icated f u n c t i o n  of t h e  s e r i a l  

c o v a r i a n c e s  c o v t { h ( t + l )  , ~ ~ ( t + j ) }  , where j > 1. ~ ~ a i n ,  g iven uncer- 

t a i n t y  about t h e  r e t u r n s  on nonhuman c a p i t a l ,  i t  i s  non-zero. 



APPENDIX A 

Consider 

where 

J ( t + j )  : Max E t + j { ~ ( t + j + l ) ]  
Xt+ j  

+ k ( t + j ) [ w ( t + j )  - ( ~ ~ + j ) ' x ~ + ~ ]  . 

+ h B ( t + j ) [ B ( t + j )  - ( P , + ~ )  ' y ~ t + j ]  ( 3 : 5 ) '  

The f i r s t  o rder  c o n d i t i o n s  a s s o c i a t e d  wi th  ( 3 : 5 ) '  can be w r i t t e n  a s :  

(A:2) 

(A: 3) 

( A : l ) ,  (A:2) and (A:3) have e x a c t l y  t h e  same form a s  t h e  f i r s t  o rder  

c o n d i t i o n s  i n  ( 3: 1 4 ) .  

The envelope theorem s t a t e s  th? t  t h e  r a t e  of change i n  the  optimal 

va lue  of t h e  o b j e c t i v e  f u n c t i o n  wi th  r e s p e c t  t o  t h e  change i n  any parameter 

i s  equal  t o  t h e  r a t e  of change i n  t h e  Lagrangian wi th  r e s p e c t  t o  t h a t  para- 

meter when t h e  l a t t e r  d e r i v a t i v e  i s  eva lua ted  a t  t h e  opt imal  v a l u e s  of t h e  

d e c i s i o n  v a r i a b l e s  ( s e e  Varian (1978))  . Applying t h i s  theorem t o  ( 3 :  5 )  ' 

y i e l d s  t h e  r e s u l t s  presented i n  ( 3 : 9 ) .  To s e e  t h i s ,  n o t i c e  t h a t :  



When (A:4) is evaluated at the optimum choice vector i.e. when 

(A:l), (A:2) and (A:3) hold, then 

where: 

The envelope theorem result presented in (3: 26) follows immediately 

from the first order conditions for the minimization problem in (3:7); 

i.e., differentiating both sides of (3:17) with respect to W(t) and then 

evaluating the resulting expression at the optimal choice xt* yields: 
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