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Abstract

The problem of several indentors moving on a viscoelastic half-plane is considered in
the non-inertial approximation. The solution of this mixed boundary value problem is
formulated in terms of a coupled system of integral equations in space and time. These are
solved numerically in the steady-state limit for the case of two indentors. The phenomena
of hysteretic friction ahd the interaction between the two indentors are explored.

First, after the introduction in Chapter 1, the fundamental equations due to Golden and
Graham based on the Kolosov-Muskhelishvili equations are given in Chapter 2 and Chapter
3. A coupled system of integral equations in space and time is finally deduced. By using
the decomposition of hereditary integrals, the solutions for two and more moving loads are
derived as an extension of the method for one loading treated by Golden and Graham [19].

In Chapter 4, viscoelastic material behavior is taken to be that of the standard linear
solid. The steady-state limit case of the integral equations is considered. The solution for a
single load due to Golden is extended to the case of two indentors. For the standard linear
solid, the coupled integral equations are reduced to impficit algebraic equations with the
constraint conditions. Considerable analytical progress is made before resorting to numerical
techniques of solution. An expression for the hysterestic friction is also given.

The last chapter presents the numerical results. Two values of the viscous parameter
Cy = G1/Gy are chosen. The kernels of the integral equations contain integrable singulari-
ties, and integrals involving them are evaluated by suitable numerical quadrature formulae
and iteration schemes. The numerical results for the pressure distributions and contact
regions are studied. The behaviour of the hysterestic friction and other numerical results

are discussed in this chapter.
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Chapter 1

Introduction

We consider here the moving contact problem in viscoelasticity, which is the problem
of one or more indentors, or punches, pressed into a viscoelastic half-space and moving over
the surface. The indentors are assumed to be infinite in one direction, with a uniform cross-
section and to be parallel. Thus, plane strain conditions prevail. The material is assumed
to occupy the half-space y > 0, and the indentors are taken to be moving in a negative
z direction. To solve this problem means finding the relationship between the loads W;
which act on the ¢th indentor, the pressure distribution under the indentors and the contact

regions C;. Deformation or displacement derivatives may also be determined.

As Johnson [30] points out, 'the subject of contact mechanics may be said to have started
in 1882 with the publication by Heinrich Hertz [25] of his classic paper On the contact
of elastic solids’. Using certain approximations, he gave a normal pressure distribution,
known as the ellipsoidal-Hertzian-distribution, as the contact area is an ellipse under his
assumption. He also gave an expression for the indentation. In spite of the approximations,
the theory does yield predictions which are a useful first step in the analysis of real contacting
bodies. In the numerical analysis here, the Hertzian results, in their two-dimensional limit,

are taken as initial data.

The Hertz contact theory is restricted to frictionless surfaces and perfectly elastic solids

[30). Progress in contact mechanics in the second half of this century has been associated
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largely with the removal of these restrictions. To quote Gladwell [6], ’this theory is widely
regarded as one of most beautiful and challenging fields of classical linear mechanics.’ Glad-
well points out that during the last hundred years it has been the cradle in which a number
of powerful mathematical methods have grown. Among these are the complex variable
method conceived by Kolosov and brought to maturity by Muskhelishvili [40] in the 1950’s.
"Muskhelishvili’s great contribution was the introduction of a systematic, direct method to
replace the guess work by which the complex potentials had previously been chosen.” Such
complex variable techniques, one of the most powerful methods of applied mathematics, are

used here for solution of viscoelastic contact problems.

The second powerful mathematical tool which has been shaped by its use in elastic-
ity theory is the integral transform [6]. Integral transforms were developed in piecemeal
fashion during the nineteenth century but it was the seminal work of I.N. Sneddon {46] in
his Fourier Transforms (1951) that showed they could be used for the actual solution of
the difficult boundary value problems of elasticity theory. By employing the classical cor-
respondence principle [19], some time-dependent viscoelastic equations may be reduced to
standard elastic form by taking the integral transform over time t. Therefore the difficulties
of such problems are no more than that for the corresponding elastic ones apart from inte-
gral transform inversion. Unfortunately this method can not be applied to all viscoelastic
problems directly as there would be some points of the boundary at which the entire history
of boundary conditions is unavailable. For the last three decades, work in this area has

largely been devoted to such problems [19].

For a long time the mechanics of deformable bodies has been based upon Hooke’s law,
that is to say, upon the assumption of linear elasticity which leads to elegant mathemati-
cal structures. Almost all routine stress analysis in industry is still based on this theory.
Timoshenko and Goodier [50] gave a presentation of the theory more suited to the engineer.
It is well known that no mathematical theory can completely describe the complex world
around us. Every theory is aimed at a certain class of phenomena, formulates their essential
features, and disregards what is of minor importance. Engineers have become increasingly
- conscious of the importance of the inelastic behavior of many materials and mathematical
formulations of this behaviour have been attempted and applied to practical problems. Out-

standing among them are the theories of ideally plastic and of viscoelastic materials. While
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plastic behavior is essentially nonlinear, viscoelasticity, which exhibits time-dependent be-
havior in the relationships between stress and strain, like elasticity, permits a linear theory.

This theory of linear viscoelasticity is applied in the work here.

The earliest attempts at mathematically modeling viscoelastic behavior were those of
Maxwell and Meyer [35]. Meyer’s model is generally associated with the names of Kelvin
and Voigt, who however made their contributions much later. This model is equivalent
to simple differential constitutive relations which represent material response in the terms
of springs and dashpots in series or parallel. Boltzmann [2] (1874) proposed the general
hereditary integral form of the constitutive relations which is the basis of most theoretical
work on viscoelastic materials of the past three decades [19]. Until the nineteen fifties,
development of the subject was slow. The emergence into common use of a large variety
of polymeric materials in the post-war years focussed increasing attention on the topic.
The standard linear solid is a convenient non-trivial but simple model, frequently used in
theoretical analysis for purposes of illustrating techniques. In the following chapters, detail
about this model will be given. This was one of the special forms of the viscoelastic functions

that have been found useful in practice.

There are a few books devoted exclusively to contact mechanics as Kalker [31] points out.
In 1953 the book by L.A. Galin [7] appeared in Russian summarizing the pioneering work
of Muskhelishvili in elastic contact mechanics. This theory is two-dimensional, considering
a wide range of problems, by casting them in the form of a Riemann-Hilbert problem.
Also in 1980 Galin [8] published Contact problem in the classical theory of elasticity and
viscoelasticity which is only in Russian so far. An up-to-date and thorough treatment of same
field was published in 1980 by Gladwell {7]. In 1985 Johnson’s [30] book on contact mechanics
appeared, in which a complete survey is given of engineering practice and concentrated on
contact theory which considers contact of bodies that touch first at a point or along a line and
then have a small contact patch. There is a chapter on rolling contact of elastic bodies and
one on inelastic rolling contact. In Golden and Graham’s {19] book, three decades of research
on viscoelastic boundary value problems, mainly with moving boundary regions, are drawn
together into a systematic and unified text including some new results and techniques. The
plane isotherm and viscoelastic Hertz problem and its application to the impact problem
are discussed, while crack and The book by Kalker [31] is the a culmination of 30 years
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research by him. It represents a comprehensive account of the theories developed by himself
and others to explain and predict rolling contact phenomena. Some of these theories are
classical, bearing names such as Hertz, Boussinesq, Galin and Mindlin; others are at the
forefront of the modeling and theory making process. A large part of the book is devoted

to practical problems solved by various computer methods.

The moving boundary load problem is one typical kind of viscoelastic Hertz contact
problem. The normal indentation problem is the other kind. Both involve time-dependent
regions. The normal contact problem considers a rigid smooth indentor pressed into a
viscoelastic half-space under varying load. Such a problem was first treated by Lee and
Radok [33] in 1960, and extended by Hunter [26] and Graham [22] later. Recently, Golden
and Graham [13] gave the steady-state solution to the problem subject to normal periodic
loading for a standard linear solid. Lan [32] in 1991 considered this in three-dimensions for
a general viscoelastic material. In this thesis the tangentially moving boundary load case is

considered.

Even in a linear theory the viscoelastic moving load problem is not simple, while the
theory of dry rolling contact problem for an elastic solid is now at an advanced state of
development [29]. The reason for the difficulty is easy to appreciate [30]. During motion,
the material lying in the front part of the contact is being compressed, while that at the rear
is being relaxed. For a perfectly elastic material the deformation is reversible so that both
the contact area and the stresses are symmetrical about the center line of the indentor.
A viscoelastic material, on the other hand, relaxes more slowly than it is compressed so
that the two bodies separate at a point closer to the center line than the point where
they first make contact. The geometry of the moving contact problem in viscoelasticity
is different, therefore, from that in the perfectly elastic case, and the viscoelastic solution
cannot be obtained directly from the elastic solution. Furthermore the points of separation,
which represent the contact region, cannot be prescribed; they have to be located from the
solution process as the points where the contact pressure falls to zero, if the indentor is
smooth. For two and more indentors, we need to study not only the viscoelastic effects on a
particular indentor, but also the interference of viscoelastic effects from all those indentors.

In other words, the history of the mixed boundary conditions, must be taken into account.

The problem of a moving indentor on a viscoelastic half-plane has received attention
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for over three decades [19]. The problem of a single indentor is of considerable interest,
largely because it offers a theoretical framework in which to investigate the phenomenon of
hysteretic friction. If surface friction is neglected, the problem can be regarded as an indentor
sliding across a lubricated half-plane, or a cylinder rolling over the plane. In 1961, Hunter
[26] first presented a rigorous solution. In order to simplify the solution to the problem,
the viscoelastic solid was idealized as being a standard linear material with a constant
Poisson’s ratio. He did this by transforming the equations into elastic form, and replacing
the displacement and pressure by these quantities acted upon by differential operators.
In the early work of Morland [38, 39], integral representations for the displacements and
stresses were derived, leading to two pairs of linked dual integral equations for the two
functions involved in the pressure representation. The method of solution, in terms of series
of Bessel functions, imposed no restriction on the viscoelastic behavior. The final solution
was necessarily numerical. Golden [18] presented a formalism, both simple and transparent,
for this problem, with arbitrary viscoelastic behavior. The formalism, though different from
that of Hunter and Morland, is related to both and clarifies the connection between the two.
This method shows that the problem ultimately reduces to the solution of a linear integral
equation for a quantity v(z,t), closely related to the displacement outside the region of
contact. This method also works well for the problem involving limiting friction [14, 17).
This moving load problem has also been considered for the transient case [12], in three-
dimensions {41] and in the nonlinear case {1, 43]. Expressions were derived for the hysteretic
friction in several works [14, 19, 26, 41]. General theorems concerning the existence and
uniqueness of solutions to the contact problem have been given by Signorini and Fichera [4]

for the elastic case and Boucher for the viscoelastic case [19)].

The case of two and more moving indentors was briefly mentioned by Golden and Gra-
ham [19], but has not previously been solved. The solution of this problem will be discussed
here. When there is more than one moving indentor involved there is considerable extra
complexity. This is analogous to the complexity arising in vibration theory in the step from
a system with a single degree of freedom to one with many. However the method used to
obtain the solutions from one to two then become very relevant. We will obtain a set of

coupled integral equations rather than single one.

Possible areas of practical application of the results presented here would be to wheels
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on rails, the cylinder pressed against the image carrier in a printing press and so on.
The contents of this thesis are now summarized.

In Chapter 2 and Chapter 3, the fundamental equation due to Golden and Graham based
on the Kolosov-Muskhelishvili equations is derived. This equation reduces to a system of
coupled integral equations in space and time. The method of solution for two and more

moving loads is described as an extension of the approach for dealing with one loading.

Second, in Chapter 4, viscoelastic material behaviour is taken to be that of the standard
linear solid, and an expression for the hysteretic friction is given. The steady-state limit is
taken in Chapter 5. The solution for a single load due to Golden is extended to the case
of two indentors. For a standard linear solid, the coupled integral equations are reduced to
implicit algebraic equations with the constraint conditions. Considerable analytical progress

can be made before resorting to numerical techniques of solution.

Chapter 6 presents the numerical results. Two values of the viscous parameter, C, =
G1/Go, are chosen. The kernels of the integral equations contain integrable singularities, and
integrals involving them are evaluated by suitable numerical quadrature formulae. Using
an iteration scheme, we obtain the numerical results for the pressure distributions and
contact regions. The behaviour of the hysteretic friction and other numerical results are

also discussed in this chapter.

The last part contains conclusions and discussion on further work such as the case of an

infinite number of indentors and the effects of inertial.



Chapter 2
The Fundamental Equations

2.1 The Moving Contact Problem

The constitutive equations of an elastic isotropic medium have the form:
oij = 2#6,']' + 6,']'/\6],],, (2.1.1)

where o;; and ¢; are the stress and strain tensors which are in general functions of the
position ¥ = (z,y,z) in the material and time ¢. The quantities # and A are Lamé’s

constants.

In a linear viscoelastic isotropic medium, the constitutive equations are replaced by
t t
0i3(F, 1) = 2 / dt'u(t - )ei; (7, 1) + 6i; / At — P )ew(7, 2). (2.1.2)
—o0 -0

The quantities () and A(t), both are zero for negative ¢, are related to the shear and bulk
relaxation moduli, G(¢) and M(t), respectively as follows:

dG(t)

#(t) = 8()G(0) + H(t)— = [H (1)G()), (2.1.3)

dM(t)

A(t)=6(t)M(0)+ H (t) [H (t)M(t)], ©(2.14)
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where H(t) is the Heaviside step function defined by

0, t<0,
H(t) = 2.1.5
0 {1’ >0 (2.1.5)

and 4(?) is the singular delta function defined by

0, t#0, .
8(t) = { 70 and / 5(t)dt = 1.
o, t=0, —o0

The bulk relaxation modulus M(t) is simply related to the shear and volumetric relaxation
moduli, G(t) and K(t), by )
M) = K@) - §G’(t). (2.1.6)

Taking the Fourier transforms of (2.1.2) with respect to time yields

Fij(F, w) = 20(w)&;(Fw) + 8:;Mw)érk(F,w), (2.1.7)

where
fw= [  dtemt f(1).
—o0

Note the formal identity between (2.1.7) and (2.1.1), where the complex moduli, i(w) and
:\(w), play the role of Lamé’s constants. This is the basis of the Classical Correspondence
Principle [19], which is a general method of solving viscoelastic boundary value problems.
Whenever those regions over which different types of boundary conditions are specified do
not vary with time, viscoelastic solutions may be generated in terms of elastic solutions
that satisfy the same boundary conditions. This result may be extended in a restricted
manner to problems involving time-dependent regions and is then referred to as the Extended

Correspondence Principle {19].

We are considering the problem of n rigid indentors pressed into a viscoelastic half-plane
(y > 0) and moving across it in the negative z direction. On the boundary of the z—axis,

we denote the contact region by ¢(t),

n

c(t) = |J i), ¢i(t) = [a;(1),4;(1)), 7=1,n, (2.1.8)

j=1
and its complement on the boundary by ¢/(t). The speed of the indentors is assumed to be
sufficiently small for inertial effects to be neglected. The quantities, a;(t), b;(t) j = 1, N,

are not known until the problem is solved.
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The boundary conditions on the z—axis are formulated as follows. The displacement in

the y direction is given by

dj(t) — Fj(z — 3o;(t ;
UQ(iD,t) = J( ) J(x 2301( ))7 S cj(t)v (219)
unknown, T € (),
and the complex stress, if Coulomb’s law applies, is given by
. —(1+4: , unknown, =z € c¢;(1),
S(2,1) = 03 — iorp = { T RE) (1) (2.1.10)
0, z € d(t),

where Fj is the shape function of the jth indentor, d; is the displacement under the deepest
point Zg;(t) of the indentor and f is the coefficient of friction. The displacement in the z
direction is unprescribed. This is a mixed boundary value problem with moving boundary

regions.

This viscoelastic moving contact problem is not amenable to solution by the Correspon-
dence Principle[19, 20], even though some elastic solutions of the indentation problem are
available in [6, 40]. The reason is simply that the boundary conditions change while the
indentors are moving. The contact region, representing the part of the boundary in contact
with the indentor, is unknown until the problems are solved. We have to investigate this

problem directly.

2.2 Kolosov-Muskhelishvili Equations

Complex variable techniques, based on the Kolosov-Muskhelishvili (KM) equations [40],
are very powerful for solving two-dimensional boundary value problems in elasticity. The vis-
coelastic KM equations also provide a useful starting point for considering two-dimensional
viscoelastic boundary value problems and in particular plane strain problems of the kind

under discussion.

_ Applying the theory of the biharmonic equation to the plane theory of viscoelasticity,
we find that all the functions involved depend on time ¢ as well as the complex variable
z = z + iy and its complex conjugate. Then the viscoelastic KM equations involve two

complex potentials, ¢(2,t) and %(z,t). For our moving contact problem, the boundary is
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the z axis. Both ¢(z,t) and ¥(2,t) are analytic in the upper plane y > 0, the domain of the
material. As described in [40, 19], the latter may be eliminated and the region of analyticity
of the former may be extended to the whole complex plane, by putting

(,O(Z,t) = —(,E(Z,t) - ng’(z,t) - QZ(Z,t). (2'2'1)
The bar indicates complex conjugation; over the function alone, it indicates complex con-
jugation, leaving z untouched; over z it affects only that quantity. In other words, if

F(z,t) = u(z,y,t) + iv(z, y,t)
then
F(z,t) = u(z, ~y,t) — iv(z, ~y,1).

The KM equations, adapted in this manner, have the form
o1 + 022 = 2((z,t) + ¢(2,t)) = 4ARe{p(2,1)}, (2.2.2)
E(ﬁt) = 02 — 1012 = ()0(21 t) = ()0(2, t) + (2 - 2)()5,(2, t)a (223)

2 /_ too dt'u(t -t )D'(F,t') = /_ too dt's(t —t") (2, 1) + p(2,t) + (2 - 2)@'(2,1), (2.24)

where the function ¢(z,t) is analytic in the whole complex plane, except on portions of the

real axis. Also
D'(7,t) = uj (7, 1) + sup(7, 1), (2.2.5)
with the dash indicating differentiation with respect to z only and where u; and u; are the

displacements in z and y directions, respectively. Also, the function x(t) is defined by the

fact that its Fourier transformation is given, in the case of plane strain, by

_ Aw) +34w) _
Aw) + a(w)

where #(w) is a generalized Poisson’s ratio for the material.

A(w) 3 - 4(w), (2.2.6)

We will sometimes refer to X(7,t) and D'(7,t) as the complex stress and the complex

displacement derivative.

As z approaches the real axis from within the material, which is taken to be in the upper
half plane, ¢(z,t) and ¢(Zz,t) approach ¢*(z,t) and ¢~ (z,t), respectively, which are the

limit of this complex function from above and below the z-axis.
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We see from (2.2.3) that on the free boundary (regions with no stresses acting) ¢(z,t)
is continuous. It is discontinuous only on regions of contact. In the case of a half plane
under load, we assume that stresses and rotations vanish at infinity. Also, we assume that
the boundary stresses along the z-axis fall off as 1/z? or faster at large distance from the

origin. Under such assumptions, ¢(z,t) behaves as 1/z for large |2|.

Methods of solution for the boundary value problems have relied heavily on analogies
with elasticity. The most striking formal difference between viscoelastic equations (2.2.2) -
(2.2.4) and the corresponding elastic equations is the convolution of x(t) and ¢(z,t) on the
right of (2.2.4). Unless this can be eliminated, there is no hope of applying the standard

Hilbert theory in the manner developed for elastic problems.

The obvious restriction that will remove this integral is to assume that the material

possesses the proportionality property [19], from which it follows that
K(t) = Kob(2),

where ko = 3 — 419. Equation (2.2.4) then becomes

2 /_ t dt'u(t — tD'(7, 1) = kow(z,t) + p(2,t) + (2 — 2)@'(Z, ).

Thus, a significant mathematical simplification of the fundamental equations results from
assuming that the isotropic material possesses the proportionality property. This amounts
to assuming that the shear and bulk relaxation modulus, G(t) and M (), or, u(t) and A(t),
are proportional. The latter pair is related to G(t) and M(t) by equations (2.1.3) and
(2.1.4). Following this, it is immediate that

V(1) = vobd(t). (2.2.7)

In other words, the material has a unique Possion’s ratio v.

The proportionality assumption means that the time behavior in shear and bulk vis-
coelastic functions have same shapes. However, this would not be expected to be true in
general since the molecular mechanisms have little in common in these two cases. In mate-

rial experiments, viscoelastic effects tend to be less pronounced for volume than for shear

deformation.
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This would seem to indicate that the proportionality assumption has no physical basis.
But, in many cases, the bulk modulus is much larger than the shear modulus so that , for
practical purposes, we can take vp = 1/2, as a limiting case. Also for many plastics, v is a
constant but less than 1/2, typically having values in the range 0.35 ~ 0.41. In such cases,
the proportionality assumption would seem to have approximate validity. In summary,
therefore, this assumption, which is motivated primarily by the need for mathematical

simplicity, is a reasonable approximation for many materials.

2.3 Hilbert Problem

Equations (2.2.3) and (2.2.4) are suitable for treating problems in which X(7,t) =
011 — 1092 and D'(7,t) = v’ 4+ iv' are known on portions of the boundary. But it is often the
case that D'(7,t), for example, is not known completely at any point. What is known in the
contact regions is the imaginary part of D’(7,t), which is the normal displacement derivative
uh(z,0,t). This means that we must take real and imaginary parts of the equations to extract
the quantities that are given. This means introducing another function, namely @(z,t). If
the problem is then to reduce to simple Hilbert problem as we wish, it is necessary to have
some relationship between ¢(z,t) and @(z,t). Consider the case of limiting friction on the
boundary. Since the motion is towards the negative z direction, Coulomb’s Law takes the

form
012(z,t) = — fo(z,1),
where f is the coefficient of Coulomb’s friction. We deduce from (2.2.3) that

(1+if)oze = ¢*(z,1) — ¢ (2,1),

(1—if)or = ¢~ (z,t) - ¢*(z,1).
It follows that
_1-if
1+if
at all points on the x-axis. Since ¢(z2,t) is analytic in both the upper and lower half plane,

pt—apt =@~ —ap™, a= (2.3.1)

except on parts of the real axis, it follows that ¢(z,t) is also. From (2.3.1) and the fact that

p(z,t) ~ 1/z as |z] = o0, it follows from Liouville’s theorem that [19]

@(2,t) = ap(z,1) (2.3.2)
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for all z. Using (2.3.2), we can replace equation (2.2.4) by

t 1
2 / at(t = V)7, t) = o [(1 = amo)p™(2,1) + (k0 = @)t (2,1)] (2.3.3)
on the bounda.ry_for a material that has the proportionality property.

If there is no friction on the boundary, f = 0, then a = —1, giving

@(z,t) = -—Lp(Z,t), (2'3'4)

so that (2.3.3) becomes

t 1
2 / d'u(t - (1) = =[(1+ Ko)e™(=,1) + (ko + 1™ (z,1)] (2.3.5)
which gives v
t
et (z,t)+ ¢ (z,t) = i/ dt'l(t - t')uy(z,0,t), (2.3.6)
where

_ o 4u(®) _ p@)
i(t) = 14k 1-wp

However, in the frictionless case, it is not necessary to assume k() = ko6(t) [19]. One can

(2.3.7)

get the same equation as above on the boundary, but where the function I(?) is defined by

the Fourier transform relation

i(w)_ 4[2((4)) _ ﬂ((d)

= T ite) = T= o) (2.3.8)

The applied stresses are zero on ¢/(¢). We only know the normal displacement derivative

u} in ¢(t). Under the assumption of limiting friction and x(t) = xo6(t), we have that
X(z,t) = —p(z,1) + is(z,t) = (1 + if)p(z,1) (2.3.9)

where p(z,t) is the normal pressure on the z-axis, s(z,t) is the shear stress along the z-axis,

and
¢t(z,t) — ¢ (2,1) = 0, z € (1),
ot(z,1) — np~(z,1) = iv(z,t), = € c(t), (2.3.10)

where .
v(z,t) = / dt'l(t — t)uy(z, 1), (2.3.11)
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4p(t)
I(t) =
(=221,
and )
__l—ano_f—i-zh h_Ko+1_2(1—Vo)
n= ko—a  f—ih’ T ko—1" 1-2uy

It will be convenient to put

n= e21rz0 or

_lnny _

= oni -7—rta.n (7), 0 € [0, 5] (2.3.12)

Equations (2.3.10) define a Hilbert problem [40], the general solution of which can be
written down as

X(z,1) da' v(z',t)
2 Jor) ’ (2" — 2)X+(z',1)

e(z,t) = + P(2,t)X(z,1) (2.3.13)

where P(z,t) is a polynomial of degree m not higher than 2n, ¢(t) consists of n intervals
[a;(t),b;(t)],7 = 1,n. There are 2n endpoints. We can allow the possibility of singularities at
some or all of these endpoints by choosing an appropriate form of X (z,t). The discussion will
be confined to the case where all the indentors are smooth, so that no endpoint singularities

occur. Then m = 0 and P(z,t) = 0. In this case, the quantity X(z,t) has the form [19]

X(z,t)= ﬁ(z —a;())1 70z — by(2))°. (2.3.14)

=1
This function is discontinuous on ¢(t) and continuous on ¢(¢) and the following subsidiary

conditions must be obeyed:

z"v(z,t) '_ _ :
L(t) dl‘m = 0, r= 0, n-1. (2.3.15)

An expression for v(z,t) outside of the contact region is required. Extending the second

relation of (2.3.10) outside of ¢(t) and using the first relation gives
v(z,t) = (1 - n)e(z,t), or (2.3.16)

v(z,t) = —2sin(70)e™ o(z,1), z € (t),, (2.3.17)

since rg -
. . PLCINP L
n= e’z"o, sin(78) = —

i
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4 4
1-7 _ ei‘lro( —imd _ pim

; ) = —2sin(78)e'™,
where ¢(z,t) is the unique value of ¢(z,t) on ¢/(t). We will also denote the unique value of
X (z,t) on ¢/(t) by X(z,t). More explicitly,

sm(7r0)e”“9X(z t) v(z’,t)
/ () (Z’ - z)X*(z',t)’

v(z,t) = z € c(t). (2.3.18)

Also, the stresses in the contact region ¢(t) can be written down. Note that there is

discontinuity in ¢(z,t) for z € ¢(t). We apply the Plemelj formulas,

F()——2 i tfit?z

Fr@) = 1)+ o [l
F"(z) = —%f(z) + —2% /Idtz‘%, rel, (2.3.19)

where [ is any smooth arc in the complex plane and the integrals in the last two relations
are principal values. Substituting ¢/X for F, iv/X* for f, and using equations (2.3.9) and
(2.3.10), one can deduce that

Y=op—iony  =—(1+if)p(s,1)
= ot (z,1) = ¢~ (2,t) =1 -1/n)¢* +iv/n, (2.3.20)

_iv(a,t) | X*(z,t) L CAY))
ot (z,t) = ) + o c(t)d (z' —z)X(a',t)

Then, the pressure p(z,t) on the contact region is given as

1. X*(z,t) dz'v(z',t)

(2.3.21)

i 1
)= — - - —(1 + =)v(z, ).
pz,t) = —7— f[( Al IS ey < P R GRG0
Using
1.1 e™41 —ird
—2-(1 + ;) =— = cos(m8)e™""",
1 1 1 — e—i2m6 .
“(1-=)= = 4 —iné
2( Tl) 5 isin(7@)e™*",

we find that the above formula for the pressure p(z,t) becomes

p(z,t): -

je—im8 l:sm(7r0)X+(a: y1) dz'v(z’,t) + cos(m@)v(z,t)|. (2.3.22)

1+:f o) (2" —2)XH(z',1)
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It vanishes for z € ¢/(t).

The integrals in (2.3.21) - (2.3.22) are understood to be the Cauchy principal values [40].
When the integrands are singular in the range of integration, this will always be understood
in what follows. The contact intervals {c(t) : [a;(t),b;(t)],7 = 1,n} are usually unknown
before the problem is solved, while the overall motion of the indentors and the load on each

indentor are generally specified. The loads W; per unit length on each indentor are given
by

b;(t) b;(t)
W; = / ) dzp(z,t) = /( )dzJj(z,t)v(z,t) + qcos(7r0)/ © dzv(z,t), (2.3.23)
a;(t e(t a;(t

here Ji(z,t) = gsin(r6) B dz'X+(z”t) (2.3.24)
BT 2 X2, t) Jay) z-z2 "’ o
je—v0
=— . 2.3.2
9=-T137 (2.3.25)

This gives a total of another n conditions.



Chapter 3

Decomposition of Hereditary

Integrals

For the moving indentation problem, the solutions depend on the complex potential
function ¢(z,t), which is given by equation (2.3.13) under the conditions (2.3.15,2.3.23).
Whenever ¢(z,t) is known, all the interesting quantities can evaluated from the KM equa-
tions, (2.2.2, 2.2.3, 2.2.4). But the complex potential function ¢(z,t) contains an unknown
quantity v(z,t), (2.3.11), which is known in the elastic indentation problem. In that case,
v(z,t) is proportional to the derivatives of the indentor profiles, since the displacement curve
on the contact regions is same as the shape of indentors. In viscoelasticity, the quantity
v(z,t) is related to the displacement in the contact region from past to present and therefore
depends on the displacement outside of contact region also. The problem is now transformed

to determining the quantity v(z,t).

17
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3.1 Decomposition Method

In this section, we derive an integral equation for the quantity v(z,t), z € ¢(t), given

by equation (2.3.11) where

u(z,t) = ux(z,t); u'(z,t) = d;iu(m,t). (3.1.1)

The function »’ may be expressed as function of v(z,t)

u'(z,t) = /_t dt'k(t — t)v(z,t'), (3.1.2)
where k(t), I(t) are two causal functions, related by
/ t dt'k(t - t)I(t") = / t at'l(t - k(') = 6(b), (3.1.3)
[0} 0
[k x1(t) = é(2), (3.1.4)
- 1
k(w) = Y (3.1.5)

Under the proportionality assumption, I(t) is given in equations (2.3.11).

Let 6,(z,t) be the set of the present and all past times, (—00,t], which we decompose
into two disjoint sets W, (z,t) and W,(z,1), i.e.

0u(z,t) = Wu(z,t) | W, (z, 1), (3.1.6)

where W, (z,1) is all those times (see figure (3.1)) t’ < t such that z € ¢(¢') which consists
of the contact regions in which the displacement in the y direction is known, and W,(z,t)
is all those times t’ < t such that z € ¢/(t') i.e. outside the contact interval in which stress
distributions are known to be zero. When the jth indentor is passing point z at time ¢, we
take the quantity #5;_1(z) to be the time when the front end point of first contact interval
coincided with point z and t3;_2(z) to be the time when the rear end point of the first
contact interval passed z. The point z is in ¢;(t), the jth contact interval at time t. Also
t1(z) is the time when the front end of the jth indentor coincided with the point z. Thus,

if z lies in jth contact interval,

Wa(2,t) = [taj_1(2), taj—2(2)] | - - - Ulta (), ta(2)] Ulta (), 8], (3.1.7)



CHAPTER 3. DECOMPOSITION OF HEREDITARY INTEGRALS 19

A\
——m el
LYY Y] LYY Y]
X c c c
n rl" \j, ll" Vz ‘cl -
x
X
+—t 7k —t A —t ——t r=t
by ap t:pJ 8 by ay by a;
X
t y Vo~ + > $ + + t=ty
bn ln bj lj b2 l2 bl ll
°
[ d
[ d
[ ]
X
A————— 4 +—t v=tg;3
b3 I3 bz I2 bl ll
X
— —t ' 'Sty
b3 l3 b2 l2 b ll
X
<o — + v=t
b a b a
O 2 2 1 1 .
[ J
°
.
X €1 t'<<12j_1
X

Figure 3.1: The number of the transition times and their values depend on which contact
interval z belongs to. Transition times are a set of past times when the end points of the
indentors passed z. Here z is in the jth contact interval ¢;(t) = [a;(t), b;(2)).

Wo(z,t) = (=00, t2j-1()) - - - U(ta(2), ta(2)) U(ta(2), ta (). (3.1.8)
We will sometimes refer to the time t;(z), t2(z), - - - as transition times.

Now we decompose equation (2.3.11) for v(z,t) when z in the contact regions by using

equation (3.1.2). First we have

t t1(z)
v(z,t) = /t( )dt’l(t—t’)u’(z,t’)+/ ' dt'l(t — t)d'(z,1), =z €c(t), (3.1.9)
1(T —00

where in the second term from equation (3.1.2)

tl

o(z,t) = /_ k(Y ~ t)o(s, ) (3.1.10)
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Then carrying out an interchange of integrations, we have

t t1(x)
v(z,1) =/ dt’l(t—t')u'(z,t')+/ 1 dt'Ty(t,t; 2)v(z, ), (3.1.11)
t1(x) —o0
where

t

t1(x)
Ti(t,t;2) = / ' dt"k(t — (" - t').

The procedure can be repeated. We obtain

t t1(x)
o(z,t) = /t o =00+ /t ( T8 )0z, )
1z 2(z

tz(z)
+ / dt'Ty(t,t'; z)u/(z, ), (3.1.12)
—00
where

t2(z)
Ty(t,t';2) = / dt"Ty(t,t"; 2)k(t" - 1').

¢

Continuing this process gives the decomposition for z € ¢(t) or t € Wy (z,t) [19],

v(z,t) = /W dt']'[u(t,t';z)u'(z,t')+/w dt'Tl, (¢, t'; 2)v(z,t), z € c(t), (3.1.13)

where

[I.Gt5z)  =To(t,t)R(¥;ta(2),1)
+T2(t, ¢ 2) R(¥'; t3(), to(2))
+Ta(t, ¥ 2) R(t'; t5(2), t4(2))
+eny (3.1.14)

[I(t,t52) =Tu(t,t'; 2)R(t; ta(2), ta(2))
+T5(t, t'; ) R(t'; ta(2), 3(2))
+Ts5(t, 15 2) R(¥'; te(2), ts(2))

b, (3.1.15)

To(t,tl) = l(t - t,), (3116)
O ATy (8 ("~ ¢), i j even

tj(‘t) Hnp, n. " _ 4 . . (3-1.17)
L7 dt" T (4t 2)k(t" — ), if j odd,

152, thz)= {
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and
13 te [tk+l’tk]7

k=1,2,---. (3.1.18)
0, otherwise,

R(t; tky1,tk) = {

The quantity »(z,t’), occurring in the second integral on the right of equation (3.1.13),

is always evaluated outside of ¢(t'), by definition of W,(z,t). We substitute the expression
(2.3.18) for it to obtain the integral equation:

v(z,t) = / dt’ de'K(z,2';t,t)o(2',t') + I(2,1), z € c(t), (3.1.19)
We(z,t) c(t’)
here (x0)e™ [, (1, ¥ 2)X (2, 1)
P _~sin T8)e!™ [1,(¢, s z,t
K(z,z';t,t) = T Xz, ) (o ) , (3.1.20)
I(z,8) = / d'TL, (8, s 2)u!(, ¥). (3.1.21)
Waul(z,t

3.2 Equations for N Moving Indentors

We now discuss this integral equation (3.1.19) in more detail for the problem of n
indentors under the action of certain loads and moving across the half plane. We assume
that the n indentors are all moving in the same direction, taken to be along the negative z

direction for convenience.

In each interval ¢;(t) of the contact region

e(t)= L) ei(t), es(t) = as(2),bs00)],

=1

we have that the displacement derivative is given by
u'(z,1) = fi(z - Zoj(t)), =z €¢i(t), j=1,n, (3.2.1)

where the Zo; are the deepest points of each indentor at time . The number of quantities
tj(z), their values, and therefore W, and W, depend on which contact interval z belongs |

to.

The intervals making up ¢(t) are unknown before the problem is solved. They will be
determined by equation (3.1.19) together with the 2n equations, (2.3.15) and (2.3.23). We
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give the forms of W,, W, and various quantities of interest for z belonging to different

contact regions:

1. If z lies in the first interval ¢;(t) = [a1(t),b1(t)], there is only one transition time %,

when the front end point a,(t) passed point z, satisfying
ai(ti(z)) = =, z € c1(t), (3.2.2)

Thus, we have

Wy(z,t) = [t1,1], W,(z,t) = (—00,t);
(¢ 2) =1t - 1) R('; 11, 1),
[, (¢, t;2) = Tu(t, t'; 2)R(t'; —00,t1).
The functions K(z,z';t,t') and I(z,t) have the form
K(z,z';t,t") = Kq(z,2;t,t") = —Ta(t,t; 2)Y (2,2 t')R(t'; —00, 1) (3.2.3)
sin(78)e™ X (z, ')

1oy / -
Y(z,z,t) = TXH (@ 0@ - 2)’ t' € (—o00,t1) (3.2.4)
t

I(z,1) = / o 1= )iz - (), (3.2.5)

tl x

and .

v(z,t) =/1 dt'/( )dz'Kl(z,z';t,t')v(z',t')+I(z,t). (3.2.6)

—00 e(t’

2. If z lies in the second interval cy(t) = [ag(t), b2(t)], we have
Wu(z’ t) = [t3v t2] U[tlv t]v

Wo(z,t) = (—00,t3) | J(t2,t1),

where
t, satisfies ay(ti1(z)) = =,
ty satisfies b1(f2(z)) =z, (3.27)
t; satisfies a1(t3(z)) = =,
and t4(z) = —o0.

The function K(z,z';t,t') takes the form

K(z,z';t,t") = K1(z,2';t,t) = —Tu(t,t';2)Y (2, 2'; ) R('; t2, 1),
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£ € (tatr), (3:2.8)
K(z,2';t,t'") = K3(z,2';t,t') = -T3(¢,t'; 7)Y (2, 2"; )R(Y : —o0,t3),
t € (=00, t3), (3.2.9)

while I(z,t) is given by
t2(c)
Iy(z,t) = /( ) dt'Ta(t,t';2) fi(z — 01 (¢'))
tar

t
+ " )dtlTo(t,tl)fg(I - zog(tl)). (3.2.10)
1z

The integral equation for v(z,?) is given by
t3
v(z,t) = / dt'/ dz'K3(z,z';t,t')o(a’, 1)
—00 c(t’)

t1
+ dt’ dz'Ky(z,z';t,to(',t') + I(z,1). (3.2.11)
t2 C(t‘)
3. For the general case, if z lies in the jth interval ¢;(¢), we have that W,(z,t) and
W, (z,t) are the same as in (3.1.7) and (3.1.8), where

t, satisfies  a;(t1(z)) = =,
ty satisfies  bj_1(t2(z)) = z,

t3 satisfies a;_1(t3(z)) =z,

tor satisfies bi—k(tak(z)) = 2,

tok+1 satisfies a;_k(tarsa(2)) =2, 1<k<j

tyj—1satisfies  ay(t2;-1(2)) = =,

and tgj = —00.

The function K(z,2’;t,t’) is defined by
K(z,2';t,t') = Ki(z,2";t,t") = =Ti(t,t';2)Y(2,2"; ) R(t'; tig1, th)s

t' € (tkg1,te), k=1,3,---,25 ~ 1. (3.2.12)
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The function I has the form

t2j—2k(7)

Ii(z,t) = Z/ dt'sz-zk(t,t';z)fk(z — Zok(1),

2;—2k+1 z)
z € ¢;(t), (3.2.13)

where to = t. The integral equation v(z,t) reads

t2k—1(x)
o(z,t) = Z / “Ta [ deKoeoi(z, o8, (e, 1) + Iz, 1),

tax() c(t')

z € ¢j(t). | (3.2.14)

Equation (3.1.19) involves both space and time variables occurring in an interdependent
manner, which renders it unlikely that exact solutions will be available, even for simple
problems. The only methods of solution, with any wide degree of applicability, would be
numerical or iterative. This is for the general transient case. However, if the assumption
is made that steady-state conditions prevail, the integral equation simplifies considerably.
This case will be discussed later.



Chapter 4

Viscoelastic Material Response

and Hysteretic Friction

4.1 Viscoelastic Material Response

4.1.1 Proportionality Assumption

In the fundamental equations, there is a convolution of x(t) and ¢(z,t) on the right side
of (2.2.4). When we solve this set of equations, we assume that the isotropic material pos-
sesses the proportionality property [19] (see also [28]). This is a mathematical simplification,
generally necessary to make any progress in solving the contact problem in viscoelasticity
when friction between the half-space and the indentors is present. In the case of frictionless
contact it is not necessary to make this assumption. The rationale for this assumption is

briefly discussed as follows.

In linear elastic theory, the property of isotropic materials is characterized by two fun-
damental constants, the bulk (volume) modulus, K, and the shear modulus, G [47]. The
first governs changes in size, the second, changes in shape. Their reciprocals (compliances),

combinations of these, such as Poisson’s ratio, v, and other moduli can be expressed in

25
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‘terms of any two of the others. In particular, every one of the constants defined as needed
may be expressed in terms of the fundamental moduli, K and G, or Young’s modulus, E

and Poisson’s ratio v. The latter pair can be measured easily in a simple tensile test [44].

The theory of linear viscoelasticity is a generalization of linear elasticity to accommodate
certain time-dependent material behavior. The various elastic constants become functions
of time or, equivalently, of frequency. Just as the theory of isotropic linear elasticity involves
two elastic constants, the corresponding viscoelastic theory involves two distinct transform
moduli or creep functions or relaxation functions or complex moduli [28]. Several standard
test procedures are described in [5, 45]. But the experiment to determine these functions is

not as simple as that for elastic constants.

The proportionality assumption means that time-dependent behaviors in viscoelastic
shear and bulk functions have similar shapes. In other words, the quantity ;\(w) is pro-
portional to f(w). It follows from equation (2.2.6) that assuming Possion’s ratio to be a
time-invariant constant is an equivalent of the proportionality assumption. Under this as-
sumption, the property of isotropic materials in viscoelasticity is described by only one creep
function or one relaxation function or one complex modulus. The rest of the moduli can
be obtained from relations analogous to those in elasticity connecting the elastic constants
[47].

The proportionality assumption holds for all incompressible materials. For such mate-
rials ¥ = 0.5 and their stress-strain relation can be expressed in terms of a single function
describing their behavior in shear. This is often implicit in experimental work. Many rub-
bers and elastomers are approximately incompressible. In small deformations of rubbers
and elastomers, the values of v range from 0.48 to 0.49 [28]. There is also the experimental
result that for all but the highest frequencies, measured values of the bulk modulus K(w) in
polymeric systems are often greater than the absolute value of the complex modulus G(w)
by two orders of magnitude or more [5, 27]. By examing equation (2.1.6) and (2.2.6), it is

seen that thses materials behavior are approximately incompressible.

Because of experimental and computational difficulties, the exact interrelations between
the material functions are often difficult to obtain and use in practice. Therefore we consider
approximate relations where possible. As Hunter [28] points out, solely for mathematical

convenience it is often helpful to assume that A(w) is proportional to fi(w). Hunter [28] (see
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also Tschoegl [52]) states that experimental evidence on the behavior of viscoelastic solids
suggests that the variation of Poisson’s ratio with frequency in periodic oscillations is not
large. It follows that the generalized Poisson’s ratio in equation (2.2.6) is approximately
independent of w;And then equation (2.2.7) holds where Poisson’s ratio can be taken as a
time-invariant constant, vy. From this, it follows that &(w) = 3 — gy = kg, which is a another
equivalent of the proportionality assumption, where x¢ is a time-invariant constant. The
proportionality assumption, when vy # 0.5, is of some advantage for calculations in which
it is desired to take dilatational behavior into account at least to a first approximation [27].

This assumption was discussed by Kolsky and Shi (see [27]).

In summary, therefore, the proportionality assumption, which is motivated primarily by
the need for mathematical simplicity, in the frictional case, is a reasonable approximation
for many materials. But we need to keep it in mind that the shear and bulk deformation are
essentially different in character and accompanied by quite different molecular processes.
For polymeric materials in the small-strain case, Ferry [5] points out that the complex bulk
compliance is formally analogous to the complex shear compliance, but the two functions
present several marked contrasts. For general materials, the appropriateness of the pro-
portionality assumption will depend on the results of experiment. In the computation of
the moving indentor problem in this thesis, the frictionless condition applied. The propor-
tionality assumption is helpful to simplify the problem but not necessary. Without such
assumption, the quantity fi(w)/(1 — (w)) appears in the frictionless case. This quantity

can in the future be measured by the method outlined in [11].

4.1.2 Standard Linear Solid

In integral equation (3.1.19), the material properties in viscoelasticity are represented
by the functions I(t) and k(t) which are two causal functions, related to each other by
(3.1.5). The quantity I(t) for constant Poisson’s ratio, is related to the relaxation function
G(t). There are two categories of choices for the functions: exponential decay models and
degenerate limits of these; and power law models discussed in detail in [19]. The exponential
decay models emerge from the traditional mechanical models of viscoelasticity, consisting of
springs and dashpots connected in series or parallel. | The standard linear solid is a convenient

non-trivial but simple material which contains no special degenerate features and has the
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Maxwell and Voigt materials as the limiting cases.
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We now specialize to the case where the material is a standard linear solid [19] with a

unique Posson’s ratio, which is a convenient starting point in theoretical analysis for the

purposes of illustrating techniques. Its relaxation function has the form

G(t) = Go + G1e7'™, 1> 0,

(4.1.1)

where Gg and G, are positive constants and 7 is the positive decay constant. The function

p(t), from (2.1.3), has the form
u(t) = gob(t) + gre™" H(2),
go = Go + G1 = G(0),
@ =-G1/T<0.
Under (2.3.11), the function I(t) can be shown to have a similar form to G(t)
I(8) = lob(t) + he ™A (1),

where lg,l; and a are given by

lo = h(Go + G1),

L = —BaGl <0,

R
i

1
T,
f_7,= 4

Ko—a )
The quantity h is complex if friction is present. In the frictionless case,

1

h= .
1—1/0

Also, from equation (3.1.5), the function k(t) can be shown to have the form
k(t) = kob(t) + ke PLH(t),

where
ko = 1/10,

(4.1.2)

(4.1.3)

(4.1.4)

(4.1.5)

(4.1.6)
(4.1.7)

(4.1.8)

(4.1.9)

(4.1.10)
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ky = —L1k2,

B =a—ki/ko.
1
B==
n
= T————GOC_;_OGI >T

’

(4.1.11)

The quantity 7’ is the creep function decay constant. It is always greater than the
relaxation decay constant 7. We refer to the quantities @ and 3 as inverse decay times for

relaxation and creep respectively.

It is interesting to observe that if we take vy = 1/2, which means that the material is

incompressible, then ko — 1 and

Ko+ 1

Ko—].

h=

—)w,

more over
6 —1/2,

The solution has the same form as in the frictionless case. The effect of friction enters the
equations only through the coefficient h in equation (4.1.9). This is a significant simplifica-

tion.

4.2 Hysteretic Friction

The friction between sliding surfaces has two main components. The first arises from
adhesion at the points where the surfaces are in molecular contact. For clean metals this
adhesion may be great, as if the surfaces were welded together and the forces required to
shear the junctions formed at the interface may be very large indeed no matter what load
is acting on the surface. In general though, the friction is load dependent because the load
determines the extent of actual contact. The second factor arises if the surface irregularities

on one surface produce appreciable grooving or deformation in the other.

For most unlubricated surfaces the adhesion component dominates. In the lubricated

case, the friction is very greatly reduced and its dependence on load is very different. For a
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well lubricated surfaces, the friction is in fact dominated by deformation losses. Such losses,
for a ball or cylinder sliding on a surface, can be estimated by comparing its rolling and
sliding on same surface. When rolling, the body experiences resistance due to hysteresis
losses, or in other words, those arising primarily from the viscoelastic nature of the material
(48, 49]. Thus in rolling, there is no ‘friction’ in the conventional sense of the word — there is
little shear force against the motion. Some adhesion may occur at the interface between the
rolling ball and the surface, so that some work may be expended in separating the ball from
the surface as rolling proceeds. This will be reduced by lubricants and its contribution to the
overall rolling resistance appears, in general, to be negligible. Even in the absence of surface
shear tractions, the net force on the ball or cylinder possesses a nonvanishing component
opposing the forward motion. It happens as follows. The material in contact with the front
portion of the contact region is compressed by the rolling ball so that work is done on it; the
material in contact with the rear portion of the contact region recovers elastically and urges
the ball forward. If the material were ideally elastic, the energy restored as the material
recovered would be exactly equal to the energy supplied to the front portion of the region
of contact and no net force would be required to roll the ball over the material. However, in
practice all materials, especially polymers, lose energy when they are deformed, as a result
of internal friction or hysteresis and it is this loss which is reflected in the work required to
roll the ball along. Similar losses will be involved in ‘frictionless’ sliding, that is in sliding
where interfacial adhesion is so small that no tangential force can be transmitted across the
interface [24, 39].

To study the hysteretic force in moving contact problems, we first need to give an
expression for the rate of energy input required to cause this movement. We consider that
the indentors are in motion along the z-axis for simplicity. On the boundary, the contact
region is denoted by ¢(t), the surface tractions are the contact pressure p(7,t) and the shear

stress s(7,t). If Coulomb’s Law applies, then

ls(7, t)l = fp(7,t)

or
s(7,t) = sgn(U)fp(7,1), (4.2.1)

where U is the velocity of the indentors, not necessarily constant. So, the rate of energy
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input, by the moving load, is given by
E= | RCRRCROE / o Q165 (7,0 + (7, a7, 1) (42.2)
o o

where u; = u;(7,t) are the surface displacements. In the one-load case, the normal displace-

ment into the material will typically be of the form
ug(7,t) = D(t) — F(F = 7o(t)), 7€ c(t) (4.2.3)

where D(t) is the displacement under the lowest point of the indentor and F describes its
profile. It is clear that F' will be zero at the lowest point. The position of the lowest point

is denoted as
FO(t) = (EO(t)’O)v j’O(t) =U.
So, in the contact intefva.l, 5
ig = L t)—F.
=D+ U(?) azF
Then, the rate of energy input (4.2.2) is expressed by

E= [ dlis(F,t)u, + DW(t) + / dlp(F,t)U(t)g—F, (4.2.4)
o(t) e(t) Oz

where W () is the total load,
W)= [ dip(se).
e(t)
In the case of frictionless contact, s(7,t) = 0, so that

E = DW(t) + FyU(t)sgn(U), (4.2.5)

where Fy is the magnitude of the force resisting the horizontal motion,
i}
Fir = sgn(U) [ dip(F,t)5-F.
H g()c(t) p(’)az

The deformation caused by the moving load results in mechanical energy loss, which is
manifested by the presence of a resisting force. This is just the well-known force of hysteretic

friction, which is zero for a elastic material. It was demonstrated experimentally by Tabor
[48, 49].

The coefficient of hysteretic friction is defined as

fu = % (4.2.6)
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So in the frictionless case,

fr =2 [ aip(r, 2

- F.
o(t) Oz

If U has been constant for a long period, then steady-state conditions eventually prevail
and all quantities depend on space and time coordinates only through the combination
7 — 7o(t), where 7o(t) = (Ut,0). Transferring to coordinates moving with the indentor, with

the origin at the lowest point 75(¢) of the indentor, we obtain

p(7t) = p(7), F = F(F—17o(t)) — F(7), ¢(t)— S, T€S,
and 8 5
= 9mY) =
fu =25 [ dp( 5z F . (42.7)
The contact region is the region S, which is no longer time-dependent.

If the contact is frictional, we must assume to begin with that steady-state conditions
apply. The reason for this is that in formula (4.2.4), we cannot otherwise be sure that
u1(7,t) depends only on 7 — 7g(t), which is a necessary property for the argument to go
through. Under steady-state conditions, D is zero. The same argument which gave (4.2.7)
now gives

= =258 [ als() () - p( g F(F) (428)
If Coulomb’s Law applies, formula (4.2.8) can be simplified by using (4.2.1).

Note that there is also the ordinary frictional force

Fy = /Sdls(i") = sgn(U)fW

if (4.2.1) is valid, which is not shown in the rate of energy (4.2.4) at all. The formula for
the hysteretic friction coefficient was given by Golden [14] and earlier authors and discussed
in [19] in more detail.



Chapter 5

The Steady-state Limit

In Chapter 3 we obtained a set of coupled integral equations, (3.1.19), and conditions
(2.3.15) and (2.3.23), for the moving indentor problem. The detailed form for the N moving
indentor case is given in section 3.2. This is not particularly amenable to analytic treatment.
The steady-state form of these equations is considerably simpler. We discuss this steady-
state limit in this chapter. The term ’steady state’ implies conditions of uniform motion

after transient effects have died away.

5.1 Solution for a Single Load

We consider the one-indentor case first. The problem of a rigid indentor moving across
a viscoelastic half-space is of considerable interest, largely because it offers a theoretical
framework in which to investigate the phenomenon of hysteretic friction. Also, the solution
for a single load is useful in the analysis of the multi-load case. If surface friction is neglected,
the problem can be regarded as an indentor sliding across a lubricated half-plane, or a

cylinder rolling over the half-plane.

This problem was first solved rigorously for a standard linear solid by Hunter [26]. He
obtained the viscoelastic load-displacement equations by applying the Classical Correspon-

dence Principle. He expressed them in a form resembling closely the differential form of the

33



CHAPTER 5. THE STEADY-STATE LIMIT 34

constitutive equations for the standard linear solid, so he could apply results for the elastic
indentation problem (Green & Zerna [23], for example). This procedure, Hunter found,
is invalid for a more complicated solid with a number of relaxation mechanisms since the

intermediate steps entail consideration of divergent integrals of type
/ ! dn /
/da:p(a: )ﬁloglx -2'l, mn>1

However, it works for n = 1, the case of standard linear solid, since all the integrals involved

converge as Cauchy principal values.

Morland [39] considered the same problem by a different method. He formulated it
as a set of dual integral equations which he then solved approximately. This approach
requires no restriction on the form of the viscoelastic function though there was no question
of the final results being given in analytic form. Later, Morland {37, 38], using a different
technique, closer to Hunter’s differential equation approach, gave a complete solution for two
viscoelastic cylinders rolling on each other and also for a rigid cylinder on a viscoelastic half-
plane. The viscoelastic behaviour of the material is described in term of a finite spectrum

of decay times.

Golden [18] developed a general technique for solving problems of this kind and applied
it to both quasi-static and inertial problems. This method, essentially that described here,
is not restricted to particular types of material and works equally well for problems involving
limiting friction [14, 17]. Also, the transient problem was considered by Golden and Graham
[12].

As with the work of Hunter and Morland, the inertial terms are neglected here. The
discussion will be confined to the steady-state problem. Figure(5.1) shows the cross-section

of the moving indentor with a loading W. The contact region is [a(t), b(t)].

The indentor is taken to be moving in the negative z direction with a velocity V for a

long time. The deepest point of indentation is at Zo(t). We have
a(t) =4ag — Vt, b(t) = bo - Vi. (511)

where [ag, bg] is the initial contact interval at ¢ = 0. All quantities such as v/, v, p, X and so
on will be the functions of # + V't rather than z, t separately. The moving indentor can be

studied in a fixed coordinates, or a moving system, with 2 — y = z + Vt. Also we choose
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1 0 1 dimensionless system

]

Figure 5.1: Cross section of one moving indentor.

length units and origin so that [ag, bg] becomes [—1,1] and time units such that V' becomes

one. This means that a length L in the initial units, will have dimentionless length

2L — (ao + bo)
l=— 1.
bo — o (5.1.2)
in the new system. Any time of duration T in the initial units becomes
| __ VT
t= 1.
r— (5.1.3)

in the new units. In the moving system the indentor is stationary and we refer to this system
as the stationary (i.e. not time-dependent) coordinate system. The indentor is assumed to

be smooth, with slope u/(z) given by a polynomial,
v(z) = d(z) =) dz, (5.1.4)
r=0

where the contact region is z € [—1,1] in the dimensionless moving coordinates mentioned

above.
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Equation (3.1.19) becomes [19]

v(z) = /_11 dz'K(z,z')v(z') + I(2),

where

K(z,z') = §}n—;_ﬂi)/_:dy(

-1
T(z,y) =/ dy'l(z — y)k(y' — ), lz| <1, y< -1
Yy

and

m(z') = (' + 1)'~%(1 - 2')°, |¢') < 1,

n(y)=(-1-y)' %1 -9y y< -1,

6 is given in equation (2.3.12). Also,

I(z) = /: dzl(z — 2)u'(2).

/_11 dzg(ﬂ;)) -0,

1
q/ d:v:w(z)=W1= 2

The subsidiary conditions are

-1 m(z)

ie—-mﬂ

T1+if

where

q:

2w

T(z,y)n(y)
g’ — y)m(z')’

k)
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(5.1.5)

(5.1.6)

(5.1.7)

. H h
These relations determine v(z) and the contact interval [a,b]. The quantity 6 — 0.5 in the

. . . . rth
frictionless case when f — 0, or for an incompressible material when v — 0.5. Henceforth,

we shall confine the discussion to the frictionless case.

. ich i al
We can decompose v(z) into a polynomial g(z) and a function De(z), which in gener

has no polynomial part; in an exponential decay model, it decays exponentially with

polynomial ¢(z) is given by

q(z) = /:o dz'l(z ~ z')d(z") = /ow dyl(y)d(z - y)

In terms of Chebyshev polynomials 7j(z) we have

m m
D gz =Y aTi(s),
r=0 =0

z. The
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where the a; can be determined without difficulty in any given case. The quantity g¢(z)

is known apart from the fact that it depends on the contact interval which is not given a

priori, but must be determined as a result of solving the problem.

We now specialize to a particular model of viscoelastic behavior, a discrete spectrum

model. The proportionality assumption will be adopted. We have for this model [19]

N
I(z) = lob(z) + D _ lie™ ™",
=1

N
k(z) = kob(z) + Y_ kie™Pi=.

=1

In the dimensionless coordinates,

o

_b-a ﬂ._b—a
Tovy T ovel?

1

o

in terms of the decay constants 7; and 7/ for relaxation and creep respectively.

The solution of (5.1.5) has the form

N
v(z) = q(z) + De(z), De(z) = Z:Cie—aiz»

where the C; are solutions of the linear algebraic equations

N

5> GeexBinad) [ gyebin(ypngy),

o ok B

(@) = 3 alia(v),

=0

x(Bj, ax) = ~[lo(ax)K1(8;) + L1(ox) Ko(5;)],

(5.1.8)

where Uj_;(y) are Chebyshev polynomials and Iy, Ko, I3 and K; are the modified Bessel

functions with imaginary argument. The values of these functions can be found by referring
to [36] and [53]. The system of equations (5.1.8) is essentially the form taken by (5.1.5) for

a discrete spectrum material.

The subsidiary conditions, (5.1.6) and (5.1.7), become

f: Calo(an) = —— /1 230

n=1 -1 m(x)
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Z Crli(an) = ——/ dz “’q(“’) W1 (5.1.9)
n=1
Equations (5.1.8) together with (5.1.9) can be used to determine the constants Ci and

the parameters a and b.

For a cylindrical indentor

b+a b-a

d(z) = do + dqz, do=-‘—2-R—, 1=~

and for a material behaving as a standard linear model (N = 1), equations (5.1.8) and

(5.1.9) become
o Fi®a(i - b/a)

5.1.10
Bx(5,2) (5.1.10)
where
o b—a 5= b—- B/a = G1
VT’ 2V YLk = G+ Gy
e K@) G
1(8)Io(a)qr 1
= - , 5.1.11
©= "5 B.a) GotGn (5-1.11)
2W1 Kl(,B)Il(a) G1
1+ =2 . 5.1.12
Tq Bx(B,a) Go+ Gi ( )
Also, G
d
qo = (doGo + -2 1)
_ d1Go
Q= 1— V,

Equations (5.1.10) - (5.1.12) are equivalent to those of Hunter [26].

5.2 The Case of Two Indentors

We consider the case of two indentors, which has not been solved to date. Suppose the
indentors have been moving in a negative z direction (see figure (5.2)) at the same speed

V, for a long time. When transient effects have died away, then

aj{t) = ag; — V1, bj(t) =bo; —Vt, j=1,2. (5.2.1)
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P P,

G -

2C

Figure 5.2: Two indentors moving along the negative direction of z—axis. Contact regions
are [a1,b;] and [az, b2]. The distance between the deepest points, Zo1 and Zoz, of indentation
of the two indentors is 2C.

Introducing the variable y = z+ V¢, we find that all physical quantities and in particular
w'(z,1), v(z,t) and p(z, t) will be functions of y rather than z,? separately. Also, the function
X (z,t) has the form

X(z,t) = (2 — a1(£))" (2 = b1(1))°(= — a2(1))'~*(2 = b2(1))’, (5.2.2)
and we can reduce X ¥(z,t) to X*(y), where

[ m(y), —00 < ¥ < agy,

-m(y)e'™, ag <y < boy,

Xt(z,t)=XT(y) = ﬁ -m(y), bo1 < ¥ < aoz, (5.2.3)
m(y)e™,  ap2 < y < bog,

[ m(v), boz < y < o0,
and

m(y) = |y — ao1|*°|y — boa|’|y — aoa|" |y — boal’. (5.2.4)
Note that outside of the contact intervals, X ~(y) = X*(y), so that they can be taken as
one function X(y) = X~ (y) = X*(y).
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The form of the integral equation, (3.1.19), depends on which part of the contact region
z belongs to, that is [a;(t), b1(t)] or [a2(t), ba(t)]. Now, we consider in more detail how
integral equation (3.1.19) in the stationary coordinates depends on the stationary contact

interval which y belongs to. The stationary contact intervals are given as
5 =515, (5.2.5)
51 = [ao1,b01] and S2 = [age, boa]- (5.2.6)

First, we consider the case where y belongs to S, = [ao1,b01], corresponding to z belong-
ing to [a;(t),51(t)]. From the preceding chapter, 3, we have that the sets Wy(z,t), Ws(z,1)
are given by equations (3.1.7) and (3.1.8) From equations (3.2.2) and (5.2.1) we have

==L (5.2.7)

In equation (3.1.19), the functions K and I are read as

_sin(r6)e™ [, (¢, ¢'; 2) X (2, t')

t,t) = , 5.2.8)
K(z,251,¢) X +(2',t') (2! - z) (
I(z,t =/ dt' 1@, ¢; 2)u'(z,t). (5.2.9)
CORY M1 (LEMERD
where
[It¢;2) = Tu(t, ¢'; 2) R(t'; — o0, 11(2)),
[I¢t.¢52) = To(t,¢) = I(t - t'),
ta
Ty(t,t;2) = / del(t — O Yh(E” — 1),
t’
Using stationary variables
u=z+Vt" z=z+Vt, y=z+Vt, (5.2.10)

we obtain from (3.1.19), the equation for v(y) instead of v(z,t), in stationary coordinates

v(y) = [gdy’K(y, V() + I(y), vy € Su, (5.2.11)
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K(y,y) = { I;lzzzg z: 2 ?l’ (5.2.12)
12\ Y, ) 2
Ku(y,y) = Slns:"e) /am (\illelf;;l f/), z)m(z)) (5.2.13)
Ki2(y,y') = —sm: ) / " ff::l f’)’(z)m(j)) (5.2.14)
Tui(y, 2) =/z (5.2.15)
I(y) = Il(y),
Li(y) =/ %TIO(% 2)f1(2), y € [ao1,boi] (5.2.16)

y—=z2
Tio(y,2) = I(52),
where f1(z) is the quantity defined by equation (3.2.1) in stationary coordinates.

Second, we consider the case when y lies in S5, or z lies in ¢ = [ay(t), b2(2)]. The sets,
W,(z,t) and W,(z,t), are given by equations (3.1.7) and (3.1.8).

Using the conditions, (3.2.7) and (5.2.1), we get

apg2 — T
t1=_°_V__,
bey —
tz:ﬂ.‘;_z_,
t3=a°1v_z.

Using the stationary variables u, z and y defined by (5.2.10), we obtain the steady state
form of (3.1.19) to be in the same form as (5.2.11) but with y € S,

o(y) = /S dy'K(y,y)o(y) + I(y), v € Sa, (5.2.17)

(5.2.18)
K22(y, ,)’ y, € 52’

_ sin 7r0)[ /“°1 dz Toa(y, 2)m(2)  [22 dz Ty(y, 2)m(z)
Vo) Y -2) Jiy Vmy)y-2)

_sin 7r0) 201 dz Tas(y, 2)m(z)  [*2 dz T (y, 2)m(2)
Kalyv) = [/ Vo) - o V) -2)"

K(y ’)={ Kn(y,y), ¥y €5,

KZl(y’ ]a

‘(5.2.19)
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T20(y7z)_l( V )
Tar(y, ) = / 7 R,
Tu(y,2) = [ "V"Tn(y,u)l( %),
To(y,2) = [ P Tl uk(2), (5.2.20)

where T3i(y,2), y € [ao2,boz), i=0, 3, are derived from To(t,t'), T1(t,t'; z), To(t,t'; ) and
Ts(t,t';z), = € [az(t), ba(t)], respectively.

For the standard linear solid described in section 4.1, using the property of §(¢) and H ()
and noting in Sy, ¥y > ao1,y > z always, we find that

Tio(y, 2) = lod(X=2) + 1y exp{—ay—;f}, (5.2.21)
T11(y, 2) = koly exp{—ay —Vam - ﬂamv— z}, (5.2.22)
for y € 5;. In the same way, when y € S3, we have,
Too(y,2) = o8(157) + hy exp{-al 2, (5.2.23)
Ta1(y, 2) = koly exp{—-ay "Vaoz - ﬂaozv— z}, (5.2.24)
Ta(y,2) = hexp{-al S22 _ glazbu_ b2y (5:2:29)
Tas(y,2) = kolLexp{—ay —Vaoz — glez ; bor _ abm —‘;am - ﬂamv— z}. (5.2.26)

From these expressions for T};, the functions K;; can be determined. But we note that Kj;

have infinite range integral terms like

b
/ dseP*g(s), B> 0.

which may be evaluated by the method mentioned in section 5.3.
In equation (5.2.17), I(y) = L(y),

dz

@ = [ Eaan@+ [ ST ), velmbnl, (5227

@02 V
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where f1(2) and f3(z) are the functions (3.2.1) evaluated in the stationary coordinate system.

Conditions (2.3.15) become

Z/; v(y) 0,

j=1 m](y)
Z /S ,i’:((*;)) 0, (5.2.28)

where
m;i(y) = (-1Ym(y), y€S;, i=1,2

The pressure in the stationary contact region is

sin(r0) X *(y) / o)
= g ———= | dy ———L—— + cos(78)v(y)], 5.2.29
p(y) = 4l - V=X ) (r8)v(y)] ( )
where ]
_ je—im0
=15
The load subsidiary conditions, (2.3.23), are given as,
bo;
Wi = [ dupw)= [ ayTn) +qcos(xd) [ ayoiy), 1=12, (5230
5 ao;

where
_ gsin(7f) rboi  X*(y)

Ji(y) = ] .
W)= 2x+w) a; (¥ =)
Thus once the quantity v(y),y € S and the extent of S itself are known, other quantities of

interest can be determined. The central problem is therefore the determination of v(z) and

S.

5.3 Computational Method

In the case of two indentors moving on the viscoelastic half plane, in the steady-state

limit, the problem reduces to an integral equation for v(y),

v(y) = /S dy'K(y,y")v(y") + I(y), y € 5 = [ao1, bo1]|laoz, bo2] (5.3.1)
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where the kernel function K(y,y’) can be written as,

Ku(y,9), v € [ao1,bu], ¥ € [a01,b01]
K13(9,9"), v € lao1,boi], ¥ € [ao2, bo2]
Ka(y,v'), v € laoz,b02], ¥ € [aon,bo1]
K32(y,v'), v € [aoz2,b02], ¥ € [ao2,bo2],

_ ) hL(y), vy €lao, bl 5.3.3)
) = { L(y), y € [ao2,b02], (

as discussed in preceding section. All the K;; have the same factor sin(78)/r and are

K(y,y) = (5.3.2)

in integral forms. The stationary contact intervals are usually smaller than the distance

2C = Zg3 — T between the two indentors.

It may be pointed out that the kernels of (5.3.1) possesses no non-integrable singularities.
One perceives that the only situations where singularities might arise are when y’ is equal to
one of the stationary end points ao; or by, ¢ = 1,2. The regions of integration for X (y,y') are
such that y, §’ cannot in general become equal. There is another source of difficulty, though.
The factor m(y’) in the denominator of K(y,y’), may cause an integrable singularity in the
kernel. This does not necessarily render the equation singular, however, the singularity can
be transformed away by a change of variable as we can see in a worked-out example by
Golden and Graham (1988).

Integral equation (5.3.1) can be regarded as a Fredholm Equation of the second kind:

o(2) = f(z) 4 2 [ dek (2, 00(2), (5.3.4)

even though the region of integration, or say the domain of the unknown function v(y) is
over two intervals not only one. Also the intervals are unknown before the problem is solved.
Some subsidiary conditions are required to determine the ends of interval. They are given

in the previous section.

The task of numerically solving integral equation (5.3.1) subject to the subsidiary con-
ditions, (5.2.28) and (5.2.30), is clearly a substantial undertaking. It will be regarded as the

limiting form as n — oo of a set of n linear algebraic equations:

o) = 1) + 3 K (o, ve)o(zawibsr 7= 1,1, (5.3.5)

=1
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where 6, are the subinterval lengths, §; — 0 as n — oo; z, are quadrature points; w, are

quadrature weights.

Now, faced with a choice of a suitable numerical quadrature formula, balance between
convenience and efficiency, and then may use the simplest quadrature rules which are ad-
equate. Our choice could be the repeated Trapezoid or Simpson’s rule because they are
familiar and trivial to program. Noting however that the ends of the contact regions may
have integrable singularities (transformable), we need consider the mid-point rule to avoid

evaluating the integrands at the end-points of the intervals.

There are also infinite range integrals which require special consideration. Given the
behaviour of K(y,y’), which mostly depends on the material functions I(y), k(y), with their
exponential decay, we may use brute force truncation of the range:

a

I= /_ x dsf(s) = In = /_ dsf(s), (5.3.6)

where R is finite and ‘large’.

If convergence on the infinite range result is very slow, better techniques should be
chosen. The most commonly used of these are the Gauss-Laguerre and Gauss-Hermite rule,
or more generally, the mapped finite range rules [3, 9, 10, 42]. Such techniques can be

expected to be cheaper than the crude ‘truncation interval’ approach also.



Chapter 6

Computational Results

6.1 Detailed Equations

6.1.1 Dimensionless coordinates for The Two-indentor Case

It is convenient to consider the moving indentor problem in a dimensionless system.
Take the deepest points of indentation of the two indentors (see figure(5.2)) Zo:(t) and
Zo2(t), respectively. They satisfy

foj(t) = Zg; — Vt.
Let \
Zo2 —ZTop = 2C, (611)
To1 + ZTo2 = Zp, (6.1.2)

so that the two indentors are a distance 2C apart. The quantity z, can be chosen arbitrarily.
We take it to be zero. '

We choose length units and origin so that,

To1 = -fl.O, zg2 = 1.0,

46
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and time unit such that the speed V of the indentors in this new system will be 1. We
obtain that any quantity of dimension length, which has value of coordinate z = L in the

initial system, becomes !/, where

L
==, 1.3
: (6.1.3)
and any time in the theory of value T in the initial system becomes ¢; where
- T C
f==, A==, 1.4
3 v (6.1.4)

in this dimensionless system.

In the new system, the stationary contact regions will be
8§ = 8 U82, 8 = [Al,Bl], 89 = [Ag,Bg]. (615)

and one can set

a a

Dl = éﬂ—éﬁ = B1 b Al, D2 = _b()2£v—02 = B2 - A2, (616)

which are the contact interval lengths in the dimensionless system.

It should be noted that the lengths of the contact intervals, (b1 — ao1) or (bg2 — ao2), are
small compared with radii, R;, j = 1,2, of the indentors. So, D and D; should be small
quantities compared with R;/C. For the two-indentor case (D; + D3)/2 should be less than
2, the dimensionless distance between the centers of the indentors. This means that the
contact regions cannot overlap. Further we assume that the length of the free boundary

between the indentors, A2 — By, must be larger than the length of each contact region.

The inverse decay times in dimensionless coordinates are

A C
o = ;, A= V, (6.1.7)
A
8= et (6.1.8)

The integral equation for v(y) in dimensionless coordinates is

o(y) = / WKy )W)+ 1) vyes=sl]s, (6.1.9)

where K(y,y’) is equal to
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Yy €51,y €381, (6.1.10)

Ki2(y,y") = —K11(9,¥), y € 81,9 € s, (6.1.11)

Ky, = S0 [* 3, Tl ohm() _ 1% 5, Tnly, i)

] €s ] ,e 81,
—~o  my )Ny -2) Jp m(y’)(y'—Z)] yemy s

(6.1.12)
Kn(y,¥) = —Ka(y, ), y € 52,9 € 52, (6.1.13)

where the quantity m(y) now‘ has the form
m(y) = ly — A1'°|y — B1|’ly — A2['~’ly - By|° (6.1.14)

For a standard linear solid (section 4.1), the T;; in dimensionless system are obtained from
(5.2.21) to (5.2.26) as follows:

when y € s,

Tio(y, 2) = lob(y — 2) + he™ W7, zZ € sy, (6.1.15)
T11(y, 2) = kolie @ W=A)ePlz=A1) | 7 < Ay; (6.1.16)
when y € s,
Ta0(y, 2) = lob(y — 2) + he™*®=7), 2 € 89, (6.1.17)
Toi(y,2) = ‘kol1e_°’(y_A’)eﬁ(z'A2), By <2< Ay, (6.1.18)
Taa(y, 2) = hel@ PAz=Brlg=au=2) = ¢4, | (6.1.19)
Tas(y, 2) = kolye~@W=42)f(2=A1) g=aD1g=B(A2=B1) = 5 o 4, (6.1.20)

where lg, I, ko and h are given by (4.1.6) - (4.1.9).

Using these relations, we can simplify the equations for K;;(y,y’') given by (6.1.10) -
(6.1.13) to

Ku(y,y) = Cne“’(y'Al)Jn—(y,,), y € 81,y € s, (6.1.21)
m(y')
. atvny J12(¥
K12(y,y') = Crze (v Al)%, y € 81,y € sg, (6.1.22)
5 i) Codun(¥') = Ja (v
K1 (y,y') = Cpeoy=42) 28 ll(zzzy') u(y ), Y € 82,y € 84, (6.1.23)

Koo(y,y") = Cope~(¥—42) CoJ12(¥’) = J22(¥')

32,y € 6.1.24
m(y,) ) ye 2,y 82, ( )
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where
sin(m8)
T

Ci12 = C2 = -C1y,

Cll = C21 =

koly,

Co = e7@D1-A(42=B1), (6.1.25)
A ﬁ(Z—Al)
In(y) =/ 1 dzf——y—,—_l:(—z), y €31, (6.1.26)
Ju(y') = July), if ¥ €3, (6.1.27)
A ﬁ(Z—Ag) ’
In(y’) = / 2 dzf-—ﬂ, y € 31, (6.1.28)
B, y-—z
Jn(y) = Ju(y), if y € s (6.1.29)

In the integrand of J;;,¢,j = 1,2, a singularity may arise if ¥’ equal to one of the end

points, but it is integrable as will be shown later.

For a standard linear solid, from equations (5.2.16) and (5.2.27), I(y) is given by

Yy
L(y)=h /A dze* =9 fi1(2) + o fi(y), v € 51, (6.1.30)
1
Yy
I(y) = 11/A dze* V) fy(z2) + Iz (y) + o fo(y), ¥ € 82, (6.1.31)
2
B
Lip(y) = hel@P) A=) / " dzeCY) fy(2), (6.1.32)
Ay

There is a simple example in which the slopes of the indentor profiles are given as

fily) = —Rﬁl(yu), ye s,

Ay =~ -1 e, (6.1.33)

which is an approximate model of cylinders, where the lengths of the dimensionless con-
tact intervals, D; and Dy, are small compared with the dimensionless radius R;/C of the

cylinders, respectively. Alternatively, the indentors can be regarded as two parabolas.

For this case, the elastic solutions are given as follows [6]. For the single parabolic

indentor,
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the contact pressure distribution has the form

p(y) _ ¢ /a2 2
p(y) "GR - R2(1 _u) ag — Y%,

where the semi-contact length ag satisfies the equation, which is related to the total load
W,

E_ wag
GR  2(1-p)

The elastic solutions are important as baseline data for the viscoelastic solutions.

(%)2. (6.1.34)

Let us now discuss the singularities in the integral J;; in detail. We take
y’=6+Ala ifylesl, y’=6+A2a ify’€82,

where § will be a small quantity of the same order as D;,i = 1,2. In J;;, we change the

integration variable 2 to t, according to

Z=A1 -1,
which gives
y’—Z=t+6, ifylesla y’—2=t+5, ifylesl’
m(z) = m*(t) = 1%t + D1)°(t + A3 — A0t + By — A))°
_ D 4 D2
=t(1+ . Y (t+ Az Al)(1+t+A2——A1)’
AN = _ *° —-ﬁtm*(t)
Ju(y') = J11(8) —/0 dte T16’
[+ * t)
J ’=J"‘6=/ dre=t T :
12(y) 12() o € t+A2~—A1+6
Taking

D= ma.x{Dl, Dg},

where D; and D; are given by (6.1.6), and A is chosen as a constant such that D/4 << 1.
Then

m*(1) >4
1\ =g -
T+ 3 + A2 Ala
m*(t) t>A
=1t
t+ Ay — A1 46 ’
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So we may evaluate Jy; and J2 as follows

eﬁA

Ji (o) = /(;A dte™ Pt ;n;(t&) —(A+A- A+ )(1 + o(D/A)), (6.1.35)

Ji2(8) = /(;A dte="t m ()

t+A;— A1 +6 (4+ é)(l +o(D/4)), (6.1.36)

where the region of the integration is reduced from the infinite interval to [0, A].

There is a singularity in the integrand of T}, at ¢t = 0 if § = 0. However, it is obviously

€
-gem (1) (t) 6=0 c<<mm{l D1}/
/(; dte o dt TR

where C* is some constant. This exists since § € [0,1/2]. Singularities arise in the

integrable because

integrand of Jo; when 3’ = 2 = B; and Jy2 when 3 = 2 = A;. In both cases, J2; and Jo,

are integrable too.

For these integrable quantities, we can use a suitable numerical quadrature formula. For
example, we can use the right-end point rule or mid-point rule to evaluate Jy;, J12 or Jo;

and the left-end point rule or mid-point rule for J,,.

In the dimensionless system, the solvability conditions (5.2.28) take the same form as

(5.2.28) but evaluated in dimensionless region s

Lot

Z / voly) _, (6.1.37)

=1 mJ(y)

The pressure in the contact region is given by (5.2.29) but now evaluated over the dimen-

sionless region s.
The expression for the pressure is

p(y)= pl(y) , YESs,1=1,2,
p2(y)

ooy s1n(7r0)m,(y) w(y') cos(10)w
PiU) = by ) / V= Tl
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Y E s,1=1,2, (6.1.38)
where
_ _4sin(r) _  sin(n8)
T k+1 T 1-v

and w(y) is a real function such that

v(y) = hw(y).
The two loading conditions (5.2.30) are given by
W; .
—= / dy'p(y’) = /dyL;(y)w(y) + hq cos(8) / dyw(y), i=1,2. (6.1.39)

where

oy | La(y) s i=
Lz(y)_ ( L,’2(y) ) ) ye 1 X 1,2,

hq sin(78) e mi(y’)
mmi(y) Js © (=)

Lij(y) = Y € 8j, .7 = 172'

6.1.2 Algebraic Equations for The Two-load case

Equation (6.1.9) may be reduced without difficulty to a set of algebraic equations. We

rewrite it in a vector form:

—a(y—ai) a7 a7
v(y) = 2 P (foy dy'Buavs + Jyy dy'Krze) ) | [ 5i(0) ) (6.1.40)
v2(y) e~lv-a2)(f, dy'Kynvi + f,, dy' Ksvs) I(y)

If the indentor profiles are given by the polynomials
mi
f;(y)= zdiryr’ i=1,2,
r=0

the inhomogeneous terms I1(y), I2(y) in equation (6.1.40) have the forms from equations
(6.1.30) and (6.1.31),

m;
L(y) = eioe™W™) 1+ S qiy”,  i=1,2, (6.1.41)

r=0
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which are obtained by integrating (6.1.30) and (6.1.31) by parts. The quantities e;o and gio
are known explicitly apart from the fact that they depend on the contact intervals. For the

indentor profiles given by (6.1.33), which are mainly of interest, we obtain

_ IIC 1 _ = GIC 1
elo—aR1(1+a1 a)- (hGo)G0R1(1+a1 a),
LT 1 LC
€0 = EI_R—;(—I +a; - 3) + EIR_IIIZO
3 G.C 1 G,C
= _(hGo)[GoRZ(_l +a; — a) + GORIIuo],

_c N
qu1 = E(*lo - ;) = _(hGO)Rl’

G
Goo

h

o= o(-lo~ 2+ 1) = (RG0S (1 + 2L,

e b, ... C
g1 = Rz(—lo—z)— (hGO)RZ’
—C b+ s e S-S
g20 = R_z( ot —+ @) = (hGo)[R2(1 Goa)]’

where 1
1
Tigo = e~Pla2=b1)[(—1 4 == b))+ e Pr(1 - St a1)].

From (6.1.40) and (6.1.41), we have that v(y) can be expressed as

( n(y) ) = ( g10e~2(0791) + T g1,y ) (6.1.42)

v2(y) ga0e™ W) + T2 ory”
Substituting equations (6.1.42) into (6.1.40) and comparing coefficients, we obtain
910 = A11910 + A12920 + Bio (6.1.43)

g20 = A21910 + A22920 + Bao, (6.1.44)

where
Ajj =/ dy’f(ij(y’)e—a(yl_Aj), ,j=12,
85

2 my
Bio=) / dy' Ki;(v') D _ air¥” + eio-
y =1 95

r=0
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The constants A;; and B are related to the parameters A; and B; implicitly. Combining
(6.1.43) and (6.1.44) with the constraint conditions, (6.1.37) and (6.1.39), we can determine
the constants gi1o and g0, which give the function v(y) and the parameters of the contact

regions A; and B;. Then the pressure p(y) and other quantities of interest can be determined.
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6.2 Numerical Results

In this section, we present numerical solutions of the equations for the one indentor and

the two indentor case. Detailed results are presented for two values of the parameter
C, = G1/Go. (6.2.1)

The computation was performed on the SUN Computer Network in the Department of
Mathematics & Statistics, at Simon Fraser University, supported by various powerful soft-

ware packages including Fortran 77, S-plus, Gnuplot, Latex, Fig2 and Matlab.

6.2.1 Results for The One-indentor Case

Figure (5.1) gives a schematic diagram of the contact geometry for a moving rigid
indentor on a lubricated viscoelastic half plane. A uniform load W per unit length is acting
on the indentor. The indentor is assumed to move at sufficiently low speed V' in the negative
direction of z-axis, so that inertial effects can be neglected. The indentor axis is displaced
backward from the contact center, which is the origin of the dimensionless system. The
semicontact width ag for zero velocity has the relation (6.1.34) with load W and radius R of
the indentor. For the linear theory of elasticity to apply, ap must be small compared with
R. In the computation the value of ag/R is fixed as 0.05. The material mechanical response

are assumed to be that of a standard linear solid, with a fixed value of Possion’s ratio vg.

The one load case involves solving three implicit equations (5.1.10), (5.1.11) and (5.1.12)
for dy, do and C;. When these three quantities are obtained, the problem is solved com-
pletely. The quantity d; is related to the contact interval length (b — @) while dg gives the
shift (b+a)/2 away from the origin of the indentor tip and C; determines the quantity v(z).
The three implicit equations are solved here by an iteration method. All the corresponding
results are similar to Hunter’s [26]. Also they are same as that obtained directly by solving
the integrals (5.1.5 - 5.1.7).

Figure (6.1) shows the position of the end points of the contact region a/ao and b/ao
as functions of velocity, (V'/aq), for C, = 1, C, = 9. Figure (6.2) gives do/ag and d;/ao
as functions of (V7//ag) for C, = 1 and C, = 9. The results show that in the viscoelastic

case, the length of contact region, b — a, always is smaller than 2ag, the length of the elastic
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Figure 6.1: One indentor: variation of the values of a/ag and b/ag with velocity. The
quantity ag is the semi-contact width for a cylinder in the elastic case, a and b are the end
points of the contact region, while 7’ is the decay parameter in the creep function.

contact region. The larger the value of C,, the smaller the length. Also the contact region
shifts toward the front. The variation of shift with velocity has a hump shape with velocity.

The corresponding plots for fy R/ag are displayed in figure (6.3), where fy is the coef-
ficient of hysteretic friction discussed in section (4.1). The figures are similar to the shape
of the shift of the tip. The pressure distribution is shown in figure (6.4) and figure (6.5) for
the cases of C, = 1 and C, = 9 respectively, when V'7//ag = 1.0, which is roughly the value
at which fy is maximum. On each plot, we also display the Hertzian pressure distributions
obtained for speeds V' = 0 and V' = oo. All of these give relations identical to those of

Hunter [26], allowing for the different convention for velocity direction.
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Figure 6.2: One indentor: variation of the shift of tip dp and contact interval quantity d,
with velocity.
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Figure 6.3: One indentor: variation of coefficient of hysteretic friction with velocity.
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Figure 6.4: One indentor: pressure distribution over the contact region, C, = 1.
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Figure 6.5: One indentor: pressure distribution over the contact region, C, = 9.
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6.2.2 The Two-indentor Case: Iteration

For the two-load case, whose cross section is shown in figure (5.2), integral equation
(6.1.9) for v(y), could not be simplified in terms of the modified Bessel functions with
imaginary argument as in the single load case [19, 26]. The kernels K;;(y,y’) given by
equations (6.1.21 - 6.1.24) must be evaluated numerically. There are integrable singularities
in the kernels K;;(y,%’) and in the integrals of both solvability conditions (6.1.37) and load
conditions (6.1.39) as well. The appropriate quadrature formula, either the mid-point rule
or the left-end-point rule or the right-end-point rule, was chosen depending on where the
singularities were. The goal of such a choice was to ensure that integrands were not evaluated
at y = y' points or the end of the contact regions, so that integrable singularities occurring

at such points were avoided.

A complication, arising in the moving indentation problem, is that the extent of the
contact regions is unknown a priori. Integral equation (6.1.9) and the subsidiary conditions,
(6.1.37) and (6.1.39), determine implicitly the function »(y) and the end points A; and B;

of the contact regions. This system must be solved iteratively by numerical methods.

The iteration scheme proposed here may be described as follows. Make some initial
guess at the values of A; and By, j = 1,2. The quantities K;; and J; are then determined
by equations (6.1.21 - 6.1.24) and (6.1.30,6.1.31). The results are substituted in (6.1.9),
to obtain v(y).We refer to these as {Ag_O)’B}o)’ vO(y)}. Applying the two-load conditions,
(6.1.39), we adjust the lengths of each interval D; respectively. The shifts of the front end
points, §A;, are determined by using solvability conditions (5.2.28), and the new lengths,
D;. From the values of §4; and D;, we get a new set values of A; and B;, which we take
as the next approximation. The iteration procedure may be repeated to the desired level
of accuracy. We need to make a good guess at the initial values of A; and Bj, so that the
iteration converges sufficiently rapidly. In particular, a natural starting point is to take each
contact region for the single-indentor problem, and use the results given in the last section.
The assumptions for the one-indentor case are assumed to hold for the two-indentor case

here, such as low speed, small deformation and material properties.
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Figure 6.6: The two-indentor case: Pressure distributions over the contact regions. For
comparison, the two contact regions are plotted together with the deepest points, Zo; and
Zg2, coinciding at £ = 0. In this figure C/R =1, C, = 1.

6.2.3 The Two-indentor Case: Pressures

In the two-indentor case, the contact geometry is described by two sets of data {a, b,
R, W}, one for each indentor, and the distance 2C between the two indentor axes (figure
(5.2)). In the numerical results represented here, the ratios of static semicontact width to
radius (ao/ R) of both indentors are fixed as 0.05. Each supporting load W; depends on each
radius in the manner indicated by (6.1.34).

Taking both radii to be equal, R; = Rz, we show the pressure distributions under both
indentors in figures (6.6, 6.7) for the case of C,, = G1/Go = 1. For comparison, the two
contact regions are plotted together with the deepest points Zg; and Zg coinciding at z = 0

in the figures.

In each figure, three pairs of the pressure distributions are represented for V7'/ag =
0.1,1, and 10. When compared with figure (6.4), the pressure of the one-load case, the

numerical results in figures (6.6, 6.7) show that the solution obtained degenerates into the
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Figure 6.7: The two-indentor case: Pressure distributions, C/R = 0.2, C, = 1.

appropriate elastic solution, the Hertzian pressure distribution in two ways as follows. First,
for sufficiently large velocities, the pressure distributions are symmetric about z = Zo;, the
deepest points of the indentors. This is a reflection of the fact that the viscoelastic medium

behaves in this limit as an elastic solid with shear modulus
Gq=Go+ G, (6.2.2)

which is the dynamic shear modulus. In this case, the contact interval length reduced to
about 100//G4/Go% of 2ap. The maximum pressure increases to about 1001/G4/Go% of

the maximum static pressure Py, Py is related to the mean elastic pressure P, [30] by

2 4
-PO='K =_Pm,Pm= 'K/—,
Tag T 2a0
WGy
Po= TR(1-p)’

Second, for sufficiently small velocities, the results again reduce to the elastic case but with
G4 replaced by the ’static’ modulus Gp, which is the shear modulus at the large time limit.
We refer to Go as the elastic shear modulus. A similar argument applies in the one-load
case [26)]. '
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Also, the results in figures (6.6, 6.7) illustrate a phenomenon that the pressure distri-
butions under the front indentor are always to the left of those under the rear indentor. In
other words, the contact area of the front one is shifted a little more than that of the rear
one, along the direction of motion. As C/R reduces, which means that the two indentors are
close each other, there is a more pronounced difference between the shapes of the pressure

distribution under each indentor.
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0.25 F Vr'fag =1. G1/Gy =9,C/R=1 -
Pressure 2 rear N

1 .

*( /GO) 0.15 - fron -
0.1} / Vr'fap = 0.1 -
0.05 |- / i

oL - .

-1 -0.5 0 0.5 1
z/ag

Figure 6.8: The two-indentor case: Pressure distributions, C/R=1, C, = 9.

For the case, C, = G1/Go = 9, the pressure distributions under both indentors are
shown in figures (6.8, 6.9). The results for the single-indentor case are shown on figure
(6.5).

Figures (6.10, 6.11) show the variation of the positions of the end points of the contact
regions with velocity. Also they give the results of the elastic case and the one-load case
for comparison. The two indentors have the same sizes and C/R = 0.2. The curves will
presumably be asymptotic to the straight lines with the modulus Go+G or Gg, which are the
elastic limits. Figure (6.12) shows the variation of the shifts and the half-lengths of contact
regions with velocity, where the shifts are doy = (b1 + a1 + 2)/2 and dog = (b2 + a2 + 2)/2,
and the half-lengths are —dy; = (b; — @;)/2, i = 1,2. The lengths of each contact region
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Figure 6.9: The two-indentor case: Pressure distributions, C/R =0.2, C, = 9.

are little different from each other, and are almost same as the one-load case. Comparing
with the shifts in the elastic case, that of the front one is forward 0.065ag and that of the
rear one is backward 0.066a¢. Both shifts have the same shape with respect to velocity, and
when the velocity is large, the difference between them reduces and they are close to that in
the one-indentor case. It is also noted that for symmetric loading and symmetric indentor

profiles, the contact regions are not symmetric.
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Figure 6.10: The two-indentor case: Variation of the positions of the front end points of
contact regions with velocity, comparing with the elastic case which are straight lines. The
quantities, a; and ag, are the front end points of the front and rear indentors respectively

in the dimensionless system. C/R = 0.2, C, = 1.
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Figure 6.11: The two-indentor case: Variation of the positions of the rear end points of
contact regions with velocity, comparing with the elastic case given by straight lines. C/R =
0.2,C, =1.
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Figure 6.12: Variation of the shifts, do; and do2, and the half-lengths, —d;y and —dy,, of
the contact regions with velocity, compared with the elastic case which are straight lines.
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6.2.4 The Two-indentor Case: Hysteretic Friction

We now give the results for the coefficient of hysteretic friction [14, 18, 19, 24, 39).
Equation (4.2.7), adapted to a dimensionless system for two cylindrical indentors, yields
a coefficient of hysteretic friction which in the stationary coordinate system has a general

form:
| = %/sdzp(z)f(z) (6.2.3)
where p(z) is the pressure distribution in the contact regions while the function f(z) is the

derivative of the indentor profiles given by (3.2.1), and s represents the stationary contact

regions given by equation (6.1.5). Also
W =W, + W, (6.2.4)

is the total load. Functions (6.1.33) for f(z) are used in this two-indentor case.

For each indentor, the tangential force coefficient has the form
C
= W/ dzp(z)fi(z). (6.2.5)
iJs;

General form (6.2.3) shows that fi is a weight average obtained by summing the individual
fH,, weighted with respect to loads:

2
_ z_: % (6.2.6)

Each of the moving indentors considered here has an axis of symmetry, and the dis-
tance, 2C, between these two indentors does not change. Equation (6.2.3) shows that the
fundamental reason for hysteretic friction on a well lubricated surface is caused by defor-
mation and recovery under the indentor or indentors. The deformation and recovery are
not symmetrical with respect to each axis of symmetry in the viscoelastic case. In fact the
asymmetry happens in the elastic case too, since the deformation on the surface between
two indentors is much larger than that on the outer parts of the surface. In general, a
non-zero tangential force acts on each indentor. However, on the whole system, the total

tangential force must be zero as the total loss of energy is zero.

This is easily demonstrated in the case of two indentors which have same size and sharpe.

As the loading, material and pressure distribution are symmetrical about z = 0, and the
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function f(z) is an odd one, fy evaluated by (6.2.3) vanishes. Hysteretic friction is a

viscoelastic effect.

In general, in the elastic case, when the indentors are in motion, the force under the
front one resists the motion, and the rear one exerts the same magnitude of the force, but in
the opposite direction. The forces must cancel each other. We may refer to the force under

the front indentor as F,;, the force under the rear indentor as F,.

Foy = faWh, Fea = faaWs, (6.2.7)

where fe;, j = 1,2 are the coefficients of the elastic tangential forces under each indentor.
In the two-indentor case, Fg; + Fea = 0. Such forces will effect the tangential force under the
individual indentor. Using formula (6.2.5) for the tangential force coefficient of an individual
indentor, we see that it affected by both the viscous and F.; forces. The magnitude of the
effect of elastic deformation, f.;, can be computed by a formula similar to equation (6.2.5).
The solution for the elastic case can be obtained by setting C, = 0 or by solving multi-

indentor equations [6] in elasticity.

Table (6.1) gives the values of fe; compared with fy for four different cases. In each
case, the two indentors have the same size and same loading, but the distance between
them is different from the other cases. The results show that the closer the indentors, the
larger fo; becomes. Also the table gives the maximum values of the coefficient of hysteretic
friction for the system, which we can take as the weighted average value mentioned above.
Compared with the quantity, fi, when C, = G1/Go = 1, the effect of f.; can be ignored
when C/R > 1. f C/R > 1 then ao/C is less than 5% in our computation as the ratio
C/R is inversely proportional to ag/C, the ratio of the static semicontact width to the half
distance between the two indentors, and ag/R is equal to 0.05. The effect of fe; has same
order of the magnitude as that of hysteretic when ao/C is close to 0.5 (C/R ~ 0.1). For
C, = 9, the viscous effect is about two and half times of that for C, = 1. Note that the
quantity fy is not proportional to the coefficient C,.
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C/R=50] C/R=10| C/R=02] C/R=01
7o, Co=0] 0.00252 | 0.0129 0.0660 0.148
fu, Co=1] 0.198 0.206 0.201 0.196
fi, Co=9] 0481 0.498 0.482 0.470

Table 6.1: Comparison of the elastic tangential force under each indentor with the hysteretic
friction force for different distances between the two indentors. f.; is the coefficient of the
elastic tangential force under the front indentor. fpy is the coefficient of hysteretic friction
for the two-indentor system. C, = G1/Go, ao/R = 0.05

The region of velocity in which
fu2 takes negative sign
C/R || V7'/ap Less than | V7’'/ao Greater than
0.10 0.32 10.0
0.15 0.24 20.0
0.20 0.13 32.0
1.00 0.1 100.

Table 6.2: The region of dimensionless velocity V7'/ag in which the sign of the tangential
force under the rear indentor is negative.
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Figure 6.13: The two-indentor case: Variation of the coefficient of hysteretic friction with
velocity, C/R=5,C, =1 and 9.
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Figure 6.14: The two-indentor case: Variation of the coeflicient of hysteretic friction with
velocity, C/R=1,C, =1 and 9.
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Figure 6.15: The two-indentors case: Variation of the coefficient of hysteretic friction with
velocity, C/R=10.2,C, =1 and 9.
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Figure 6.16: The two-indentor case: Variation of the coefficient of hysteretic friction with
velocity, C/R=0.1,C, =1 and 9.

Intuitively, we can see that on a lightly viscoelastic material with moving indentors, the
resistance to the motion of the front indentor will increase and the forward force on the rear
indentor will diminish. The latter passes through zero for a certain level of viscoelastic loss
which will depend on the separation of the indentors. As viscous effects increase further,
both indentors experience resisting forces, although that on the rear indentor is less than
that on the front indentor. For any level of viscoelasticity, the sum of the forces is non-zero
and in a direction opposing the motion. This sum will contain no effect of asymmetrical

deformation and depends upon hysteretic phenomena only.

This intuitive prediction is supported by the numerical results shown in figure (6.13 ~
6.15) and table (6.1). In figure (6.17), fe2 is compared with fz1, fr2 and fg.
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Figure 6.17: The two-indentor case: Hysteretic friction force compared with the tangential
force under front indentor in the elastic case, C/R = 0.2, C, = 1.

Figures (6.13), (6.14), (6.15), and (6.16) give the coefficient of hysteretic friction as a
function of (V7//ag). Each one presents fg,, the average value fy, and the result for a
single indentor. These are for two materials C, = 1 and C, = 9. Four values, C/R =
0.1,0.2,1.0, and 5.0, are used in each case respectively. The tangential force under the rear
indentor is not always negative as in the elastic case. It takes a negative value only when

the two contact regions are close and velocity is small or large (see table (6.2)).

Table (6.3) gives the relative percentage difference of fz; and fyo which relates to the

tangential forces under each indentor:

5, = =l o0 (6.2.8)
fm

where fz, and fy, take their maximum values. For a material characterized by C,, the
closer the indentors, the greater the difference between the two values of the tangential force
coefficients. As the distance between the two indentors increases, the effect reduces. When
C/R > 5, the two indentors can be considered as two single indentors moving independently.

Each indentor experiences the same tangential force. The interference effect between the
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C/R=50 | C/R=10|C/E=02
G1/Go =1 417 13.95 78.57
G1/Go=9| 4.08 7.45 23.91

Table 6.3: The relative percentage difference of fy; for two indentors when they take their
maximum values.
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Figure 6.18: The two-indentor case: Variation of the coefficient of hysteretic friction with
velocity. The size of the front indentor is smaller than the rear one. C/R; = 1.0,C/R; = 0.2,
and C, = 1. .

indentors is negligible.
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Figure 6.19: The two-indentor case: Variation of the coefficient of hysteretic friction with
velocity. The size of the rear indentor is smaller than the front one. C/Ry = 0.2,C/R, = 1.0,
C» = 1. Only if the velocity is large, will the friction under the rear indentor be negative.

Figures (6.18, 6.19) show the results for the two-indentor case in which the sizes of the
two indentors are not the same. When the smaller indentor is at the rear, the hysteretic
friction shape moves forward to the direction the velocity increases in the figure. When
velocity is low, it is smaller than that in one-indentor case. If V'7’//aq is greater than 2, it
is great than that in the one-indentor case. Conversely, when the smaller indentor is in the
front, the hysteretic friction does not change too much. But we find that if the velocity is
large enough, the friction under the rear indentor will be negative. If V'7'/qq is greater than

20 or so, the computation is not stable.

These results for the coefficient of hysteretic friction also indicate that the hysteretic
friction for the two-indentor case as a function of Speéd has, roughly speaking, the hump
shape observed experimentally. It reaches the maximum value when the velocity is of order
ao/7'. For the four cases we chose, in each of which the sizes of two indentors are same, the
function is very close to the fy curve of the one-indentor case. Also, it approaches zero for

sufficiently small and large values of velocity. The later observation corresponds to the fact
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that the pressure distribution tends to be symmetric form for V. — 0 or V' — oo, which are

the two elastic limits mentioned above.

Figure (6.20) shows the results of the stress gy distribution in the material, y > 0.
This is an example which shows that quantities of interest can easily be obtained after the
quantity v(z) and the contact intervals are known. When y = 0, figure (6.20) illustrates the

pressure distribution along the boundary.

Figure 6.20: The stress g, distribution in the material, y > 0. When y = 0, this distribution
illustrates the pressure on the contact regions. C, =9, C/R = 0.2.
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6.3 Summary and Further Work

The problem of two or more indentors moving over the surface of a viscoelastic plane
is considered. The solution of this mixed boundary value problem with moving boundaries
is formulated in terms of a coupled system of integral equations in space and time. The
decomposition of hereditary integrals plays an important role in the derivation. These

formulae are applicable to the general linear viscoelastic material.

Equations for the two-indentor case are given in detail. For the standard linear solid
and steady-state conditions, such equations form to a set of non-linear algebraic equations,
which contain singular integrals on the unknown moving regions. Numerical results are
obtained and analyzed qualitatively for two values of the viscous parameter, different dis-
tances between the two indentors, and different sizes of each indentor. The phenomena of
hysteretic friction and the interaction between the two indentors are explored. The latter
one is compared with the elastic results which may be taken as a special case of the more

general formulation.

Further work would include the case of an infinite number of indentors. In this case,
the pressure at infinity is not zero. The effect of inertia could be also studied. As the
superposition principle is not applicable in this kind of moving contact problem, moving

indentation problems under varying loads also would be interesting.
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