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ABSTRACT 

The two main purposes of t h i s  t h e s i s  are :  

(i) To inves t iga te  t h e  sequent ia l  completeness of C1 with respect  

t o  weak topologies generated by subspaces of m whose B-dual 

C i i )  To introduce a c l a s s  of s.umma3jillty methods t h a t  contains t he  

method of almost convergence and t o  study i t s  proper t ies .  

Chapter 1 is of an introductory nature.  I n  Chapter 2 we 

obtain a character izat ion of those subspaces of m whose B-dual i s  

Cl, and then obtain several  ex te rna l  character izat ions  of those subspaces 

of m t h a t  generate sequent ia l ly  complete weak topologies on C1 . In 

Chapter 3 we introduce a new c l a s s  of summability methods t h a t  contains 

the  method of almost convergence, and then study the  proper t ies  of t h e  

suhspaces of m generated by these  methods. I n  Chapter 4 ,  by 

es tabl ishing the  sequent ia l  completeness of C1 under su i t ab l e  weak 

topologies, we obtain  consistency theorems f o r  the  summability methods 

introduced i n  Chapter 3 .  
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CHAPTER 1 

PRELIMINARIES 

Introduction. 

Using the  notion of Banach limits, Lorentz [ 131 introduced the  

concept of almost convergence and developed a s ign i f i can t  theory. 

Further s tud ies  r e l a t ed  t o  almost convergence have s ince been car r ied  

out i n  [ 111, [ 16 1 ,  [ 19 1 and [ 41. Replacing the Banach l i m i t s  by T-Banach 

l i m i t s  ( 3 . 2  Definit ion 31, we define a new c l a s s  of summability methods, 

which w e  c a l l  the T-almost convergence methods. A main purpose of t h i s  

t h e s i s  is t o  study proper t ies  leading t o  the establishment of a bounded 

consistency theorem f o r  these methods. 

The bounded consistency theorem is  one of the  most iqportant  

r e s u l t s  of summability theory. The f i r s t  proof of t h i s  famous theorem, 

requiring seven pages of calculat ions ,  was given by Brudno [ 71. The 

r e s u l t  was merely s t a t e d  by Mazur and Orlicz i n  [IS],  though a spec ia l  

case was given by Banach [2, p. 95 1. The challenge of constructing a 

shor te r  proof was m e t  by Petersen [17] by giving a streamlined version of 

Brudno's proof. Observing the  bas ic  re la t ionsh ip  between t h i s  theorem 

and the  sequent ia l  completeness of El under appropriate weak 

topologies, Bennett and Kalton [ 5 ] constructed a funct ional  ana ly t ic  

proof. The same observation led  them t o  extend the theorem t o  the 

space of almost convergence sequences [ 4 1. 

The re la t ionsh ip  between the  bounded consistency theorem and 

the sequent ia l  completeness of 5 leads us t o  study the  dual s t ruc ture  



of el with some subspaces of rn . In doing so we are able t o  

characterize the class of subspaces of m whose B-dual i s  C1 . AS 

a consequence of th i s  characterization, we also answer some open 

questions raised i n  124). 



52. Sequence spaces. 

The primary aim of t h i s  and the  remaining sect ions  is  t o  

c o l l e c t  together the bas ic  def in i t ions  and r e s u l t s  of sequence space 

theory and summability theory,of which we s h a l l  make frequent use i n  

the  r e s t  of the  t he s i s .  A de t a i l ed  study of these mater ia ls  can be 

found i n  1101 and 1241. 

We denote by w t h e  s e t  of a l l  r e a l  sequences. The s e t  , 

under the  usual operations of pointwise addi t ion and s c a l a r  mul t ipl icat ion,  

becomes a vector space over tR . Any subspace E of o is  ca l l ed  a 

sequence space. An a r b i t r a r y  member (x,) of o i s  sometimes denoted 

by x only. For x i n  b.l , we wr i te  1 xl t o  mean (-IxnI . The 

pointwise mul t ip l ica t ion  of two sequences x and y i s  denoted by x.y; 

i . e . ,  x.y = (X y ) .  The matrix mult ipl icat ion of two sequences i s ,  n n 

03 

denoted by xy; i . e . ,  xy = C xnyn . 
n= l  

We a l s o  adopt the  following notation: 

e ,  ek C o are given by 

e = C 1 , l  ,....... ) 
ek = (0. . . . ,0 ,1 ,0 ,  . . . with t he  one i n  the kth posi t ion ; 

p i s  t he  l i n e a r  span of {ek lk C IN} ; 

m = {x c ol //x//_ = supjxn1- < m l ;  
n 

c = {X C o I l i m  xn ex is t s} ;  

ac  = {x C o I l i m ( ~ ~ + ~ + x ~ + ~ + .  . . +X ) /p e x i s t s  uniformly i n  n 1 
P n+p 



ac  = {x E ac I l i m ( x  +x +. . .+x /p = 0 uniformly i n  n 1 .  
o p n+ l  n+2 n+P 

We consider only sequence spaces containing q . For x f w , 

we wri te  

For any subset  M of IN , we denote t h e  cha rac t e r i s t i c  function of M 

DEFINITION 1, A sequence space E is  ca l l ed  monotone i f  x .x € E f o r  M 

every x C E and every M c N. - 

For a subset  S of w , < S > denotes  t he  l i n e a r  span of S. 

I f  E and F a r e  two subspaces of w , then E @ F denotes t he  d i r e c t  

sumof E and F .  



53 .  Topologies on sequence spaces. 

DEFINITION 1. A sequence space E with a loca l ly  convex topology T i s  

ca l l ed  a K-space provided t h a t  the  l i n e a r  funct ionals  

a re  continuous on E . I f ,  i n  addi t ion,  (E ,TI is  complete and 

metrizable , then (E,  T) is  ca l l ed  an FK-space . 

DEFINITION 2. A K-space (E,T) i s  ca l led  an AD-space i f  q~ i s  dense 

i n  E . 

DGFIMI-TION 3 .  A K-space (E,T). is  ca l led  an AK-space i f  (Pnx) 

converges t o  x f o r  every x E E . 
An FK-space has a topology generated by anbincreasing sequence 

of seminorms. I f  E, F are two FK-spaces w i t h  E - c F, then the  

FK-topology of E i s  f i n e r  than the  FK-topology of F r e s t r i c t e d  t o  E . 
In par t i cu la r , the  topology of an FK-space i s  unique. 

The topological  dual of a K-space (E,T) i s  usually denoted 

by E' . For some important K-spaces, E '  cannot be represented a s  

a sequence space. To dea l  with. t h i s  s i t ua t i on  &the and Toeplitz [I21 

introduced the a-dual and 6-dual of sequence spaces. 

DEFINITION 4. Let E be a sequence space and define 

f o r  every y E E} , and 



(ii) E~ = IX 6 0  I L xnyn converges 
n= 1 

Then E' and EB a re  ca l led  the  cl- and 

f o r  every y C E}. 

6- dual  of E , respectively.  

There i s  a na tu ra l  way of defining K-space topologies by 

considering dual p a i r s  of sequence spaces. For a given sequence space 

E l  l e t  F denote a subspace of EB with lp - c F . Then E and F form 

a dual system under t h e  b i l i n e a r  functional < x,y > , where 

Any K-space topology on E is sa id  t o  be compatible with t he  dual 

system < E , F  > if E '  = F . The weak topology o(E ,F)  i s  t h e  smallest  

compatible topology on E . For each cT(F,E)-bounded subset  K of F , 

define t he  seminorm pK on E by 

I f  F i s  a family of O ( F , E ~  bounded subsets of F , then the  topology 

on E generated by the  co l lec t ion  of seminorms I P ~ ~ K  € F} i s  ca l l ed  

t he  topology of uniform convergence on members of f . The topology of 

uniform convergence on convex o(.F,E~-cornpact subsets of F i s  ca l l ed  

the  Mackey topology and denoted by T ( E , F ) .  The Mackey topology is 

the  l a rges t  compatible topology On E . The topology of u n i f o m  

convergence on ~ ( ~ , E l d o u n d e d  subsets  of P i s  ca l led  the  strong 

topology and denoted by B ( E , F ) .  

The following important r e s u l t s  concerning dual systems can 

be found i n  [23 ] .  



PROPOSITION 1. Let < E,F > be a dual p a i r  of sequence spaces. I f  A 

i s  a convex subset  of E , then t he  0 (E,F)-closure of A coincides with 

PROPOSITION 2.  Let < E,F > be a dual p a i r  of sequence spaces and l e t  

T be a compatible topology on E . Suppose (xn) i s  a T-Cauchy 

n 
sequence i n  E . I f  (x ) i s  ~ ( E , F )  -convergent t o  x i n  E, then 

(xn) is T-convergent t o  x i n  E . 

I f  < E,F > is  a dual p a i r  of sequence spaces, then 

Proposition 1 implies t h a t  (23, T(E,F) ) i s  an AD-space. The following 

r e s u l t  concerning dual p a i r s  i s  known a s  t he  Grothendieck c r i t e r i on .  

THEOREM 1. L e t  < E,F > be a dual p a i r ,  and l e t  F be a family of 

0(F,E) bounded subsets  of F . Suppose the  topology T (on E) of uniform 

convergence on members of F i s  compatible with t he  dual p a i r  < E , F  > . 
Then (E,T) i s  complete i f  every l i n e a r  funct ional  on F , which i s  

0 (FIE)-continuous on members of f , belongs t o  E . 

A cmprehensive study of dual systems including the  proof of 

Theorem 1 i s  contained i n  1231. 

A topological  space X i s  ca l led  separable i f  X has a 

countable dense subset .  

PROPOSITION 3. Every AD-space is  separable. 

Proof. L e t  E be an AD-space. We claim t h a t  D = {x = (x € q 1 %  f Q k 

f o r  every k < I N }  is a countable dense subset  of E . For each f i n i t e  

subset M of IN , l e t  DM = {x < D I  xk = 0 f o r  k F MI. Then DM i s  



countable and, moreover, D = U ~ D ~ I  M i s  a f i n i t e  subset  of . Since 

t he  col lect ion of f i n i t e  subsets of IN i s  countable, D i s  a l s o  

countable. Now l e t  x E E, and l e t  p be a continuous seminorm on E . 
Let & > 0. Since E i s  AD, the re  e x i s t s  y C 9 such t h a t  

t p(x-y) < y . Since y E cp , t he re  e x i s t s  m 6 IN such t h a t  

m k OD 
y = E yke . For each k (5 m ) , l e t  .(.yh)n=l be a sequence i n  Q 

k=l 

such t h a t  lim y kn = yk in IR . Since E i s  a topological  vector 
n 

k k 
space, l i m  ykn e = yke i n  E and hence 

n 

m 
k m k 

l i m  C y e = C yke = y i n  E . Thus there  e x i s t s  n C IN such 
n k=l  kn k=l  0 

m 
t h a t  p (  L: yh ek - y) < &/2 . Therefore, 

k=l  0 

n. Since 
Ykn 

e E D, it follows t h a t  D i s  a dense subset  of E . 
k= l  0 



Topological proper t ies  of K-spaces. 

The following fundamental r e s u l t  character izes  compact subsets 

of a K-space. The proof i s  given i n  [9, p. 1010]. 

THEOREM 1. Let (E,T). he a K-space. Then M is  a r e l a t i v e l y  

compact ( respect ively ,  compact) subset  of E i f  and only i f  M is a 

r e l a t i v e l y  sequent ia l ly  

subset  of E . 

THEOREM 2. Let T1, T 
2 

E . Then the  following 

(i) E has the  same 

(ii) E has t he  same 

(iii) E has the  same 

respect  t o  T1 

( i v )  E has the  same 

The proof of 

Applying Theorem 1, one 

We denote by 

compact ( respect ively ,  sequent ia l ly  compact) 

be two K-space topologies on a sequence space 

statements a re  equivalent: 

convergent sequences w i t h .  respect  t o  T and T2 ;  
1 

Cauchy sequences w i t h  respect  t o  T~ and T2;  

n u l l  sequences (sequences converging t o  01 with 

and T2 ; 

compact s e t s  with respect  t o  T and T2 . 1 

i i i  i i  1 is given i n  [22,p. 3431, 

can e a s i l y  show t h a t  C ( i )  ( i v )  4 ( i i i l )  . 
m the  l i n e a r  span of a l l  sequences taking only 

0 

the values zero and one. It i s  easy t o  check t h a t  m is dense i n  
0 

m ,  1 1 .  Now we s t a t e  the  well-.known Schur's 'lemma. The proof of 

t h i s  le- is given i n  123, p. 41. 

n 
THEOREM 3. A sequence (x ) i n  El  is  0(Cl,m0)-convergent i f  and only 

n 
i f  (X 1 is  8 -norm convergent. 

1 



The following theorem, character iz ing r e l a t i ve ly  compact 

subsets of el I i s  s t a t e d  i n  1 5 ,  p. 56 31 without proof. We give an 

elementary proof. 

THEOREM 4. An 8  -norm bounded subset  K of i s  r e l a t i v e l y  compact 
1 

m 

i f  and only i f  l i r n  sup 1 I x i \  = 0 . 
n x€K i=n 

Proof. (Necessity) Suppose a  bounded subset  K of el i s  r e l a t i ve ly  

compact. Assume t h a t  l i m  sup 6 I xi I $ 0 . Then there  e x i s t s  an 
n  X C K  i=n 

E > 0 , a s t r i c t l y  increasing sequence n  of pos i t ive  in tegers  and 

a  sequence (.xm) i n  K such t h a t  

Since K i s  r e l a t i ve ly  sequent ia l ly  compact, there  e x i s t s  a  subsequence 

(X of (xm) such t h a t  (x%) converges i n  
% 5 .  L e t  l i m x  = x .  

k  

Since x  C el , there  e x i s t s  p  C IN such t h a t  

"k 
Since (x 1 converges t o  x  i n  el there  e x i s t s  ko(>p) C IN such t h a t  

-3 
(3) 1 /x i  - X I  < ~ / 2  f o r  k -  

i ' ko . 
i=l 

Now, f o r  k  ' - ko , 



by (2)  and ( 3 ) .  

m 

This contradicts  (l). Hence l i r n  sup 1 I xi ( = 0. 
n xCK i=n 

(Sufficiency) Suppose K i s  a bounded subset  of C1 such 

m 

t h a t  l i m s u p  Z lxil = O .  Let (xn) be asequence i n  K .  Since 
n xEK i=n 

(xn) is pointwise bounded, t he re  e x i s t s  a subsequence (xt) of (xn) 

"k 
such t h a t  (x ) converges pointwise t o  a member x of w . Since 

(2) is  8 -norm bdunded, x C el  . To show t h a t  (x') converges 
1 

t o  x i n  8 ,  , l e t  & > 0 . Choose p € such t h a t ,  f o r k  C I N ,  

Also we can choose k C IN such t h a t  
0 

p-1 n 
k 

(5 1 E Ix: - x, 1 < &/3 f o r  k 2 ko. 

Now, f o r  k L ko , 



E E E < - + - + - =  
3 3 3  E by (4). and (5) . 

For a given FK-space E , t h e  s e t s  SE and W a re  
E 

defined by: 

CO 

k 
WE = {X f E I f ( x )  = Z f ( e  )x f o r  every f C E ' ) .  

k= l  k 

The following r e s u l t s  concerning FK-spaces containing c a re  
0 

given i n  [s, p. 5651. 

THEOREM 5. An FK-space E contains c i f  and only i f  
0 

k 
(f  (e  1)  f E l  f o r  every f € E '  . 

THEOREM 6 .  For any FK-space E containing co, co 5 SE 5 WE . 

Let X be a vector  space over IR with two homogeneous 

norms 11 / I  and 1 1 1  * . Also assume t h a t  1 1  11 i s  f i n e r  than I/ / I  * . 
* 

Then X I  11 1 ,  1 1 1 is ca l led  a two-norm space. A sequence (xn) i n  

X is  sa id  t o  be two-norm convergent t o  a member x i n  X i f  

* 
sxp/1xnll < and l im//x - X I /  = 0 .  A l i n e a r  funct ional  f on X i s  

n n 
cal led a two-norm l i n e a r  funct ional  i f  l i m  f ( x  ) = 0 f o r  every ( x  ) 

n n n 

i n  X such t h a t  (xn) is two-norm convergent t o  0 . The following 

r e s u l t  regarding two-norm l i n e a r  funct ionals  i s  given i n  11, p. 1301. 



* 
THEOREM 7. Let X I  1  1  I 1  1  ) be a two-norm space. Then f i s  a 

two-norm l i n e a r  funct ional  on X  i f  and only i f  f i s  i n  t h e  

* 
closure of the  dual of (X, 1 1  1 1  1 i n  ( X I  11 1 1 ) ' .  



5 5. I n f i n i t e  matrices. 

Given an i n f i n i t e  matrix A = ( a  1 ,  we (define the  s e t  w 
nk A 

03 

t o  be {x C o ( I: ank% converges f o r  every n € IN). For x € W 

k = l  
A ,  

we wri te  y = Ax t o  mean t h a t  y = (Ax) ,  = C ank% f o r  each n . 
n k= l  

Given a sequence space E and an i n f i n i t e  matrix A , we define the  

s e t  E t o  be {x € wA I Ax € E).  I t  is easy t o  ver i fy  t h a t  EA i s  a 
A 

sequence space. When E = c ,  t h i s  s e t  is  ca l led  t he  convergence domain 

of A . I f  x € cA, lirn(Axln e x i s t s  and we denote t h i s  l i m i t  by l i m  x. 
n A 

Zeller  [25] proved t h a t ,  f o r  any FK-space E , EA i s  a l s o  an 

FK-space. Bennett 131 proved t h a t  EA i s  a separable FK-space i f  E 

is a separable FK-space. For convenience, w e  wr i te  WA . f o r  W . 
C 

A 
03 

Let A = ( a  1 be an i n f i n i t e  matrix. I f  sup 1 [ankt < , w e  say 
nk n 

k=l  

t h a t  A has a f i n i t e  norm and wri te  / I A / I  = sgp lank] .  A matrix A 
k=l  

is  ca l led  regular  i f  c contains c and l i m  x = l i m  x f o r  every 
A A n n  

x € c . A main theorem of summability theory i s  the  Silverman-Toeplitz 

theorem which character izes  regular  matrices. The proof of t h i s  

theorem can be found i n  124, p. 61. 

THEOREM 1. A matrix A i s  regular  i f  and only i f  the  following 

conditions hold : 



(.ii) l i m  a = 0 f o r  k = 1,2,  ... ; n nk 

( . i i i l  l i m  C a = 1 .  
n 

k = l  
nk 

The proof of t he  following r e s u l t  is  given i n  [ 18, p. 568 1. 

THEOREM 2. Let A be a matrix such t h a t  

C i i )  l i m a  = O  f o r  k =  1,2 ,... . Then FJ f l m = c  fl m .  
n nk A o 

A 

* 
The following assoc ia t ive  laws f o r  matrices a re  given i n  

[24, p.81. We frequently use them i n  Chapter 3 .  

THEOREM 3. I;et A ,  B and C be matrices with f i n i t e  norms. Let 

t € 8, and x E m . Then the  following laws hold: 

C i )   AX) = ( . t ~ ) x .  (Here t(Ax) = C tn(Zlxln = C 
n= 1 

' tnank\ n = l  k=l  

and ( t A )  x = 1 ( t A )  k% = L 1 tnank\)  ; 
k=l  k = l  n= l  



CHAPTER 2 

SEQUENTIAL COMPLETENESS 

5 1. Introduction. 

In many s i t ua t i ons  the  sequence spaces under consideration 

a re  not complete. It i s  known t h a t  important r e s u l t s  i n  the  general  

theory can be es tahl ished under the  weaker hypothesis of sequent ia l  

completeness (e.g., the  uniform boundedness theorem). Furthermore, i n  

t h e i r  papers C[ 51, [ 4 11 Bennett and Kalton observed t h a t  the  bounded 

consistency theorem is  implied by the  sequent ia l  completeness of Cl 

under su i t ab l e  weak topologies. Two d i f f e r e n t  methods a re  generally 

used t o  e s t ab l i sh  the  sequent ia l  completeness of C1 under such 

topologies. The f i r s t  one uses elementary gl iding,  hump. arguments, 

while t he  second uses more sophis t icated funct ional  ana lys i s  methods 

involving Orlicz-Pett is  type r e su l t s .  Both r e l y  on some s t r u c t u r a l  

proper t ies  of t he  subspace of m which generates the  weak topology 

In  t h i s  chapter we obtain a character izat ion of those sub- 

spaces of m whose 6-dual i s  " and then ohtain an ex te rna l  

character izat ion of those subspaces of m t h a t  generate sequent ia l ly  

complete weak topologies on C1 . A s  a consequence of these  r e s u l t s ,  

we answer some open questions about FK-spaces ra i sed  i n  [24]. 



5 2 .  Def in i t ions  and b a s i c  r e s u l t s .  

DEFINITION 1. A sequence space (E,T) is  c a l l e d  s e q u e n t i a l l y  

complete i f  every Cauchy sequence i n  E T-converges t o  a member of  E .  

The fol lowing r e s u l t  i s  e s s e n t i a l l y  contained i n  C24, p. 2531. 

PROPOSITION 1. Let  < E,F > be a dual  p a i r  of sequence spaces.  Then 

a sequence a n  of members of E i s  0 (E,F)-Cauchy i f  and only i f  

F 5 CA , where A = (a  1 i s  t h e  i n f i n i t e  matr ix  whose n th  row 
nk 

n 
is  a . 

n 
Proof. Suppose (a 1 is  0(E,F) -Cauchy, and l e t  x € F . Then 

m -- 
w ' "\)n=l 

i s  a Cauchy sequence i n  k . Since IR i s  complete, 
k= 1 

w 
n 

r ( % s ) n = l  € c . This means t h a t  A x  € c and hence x € c A '  
k=l  

w 
CO 

Suppose F c c A .  - Then ( - Z < \ )  C c  f o r e v e r y  X C F .  
n= 1 

k= 1 

n 
This impl ies  t h a t  ( a  ) i s  0 (.E,F) -Cauchy. 

PROPOSITION 2. Let < E,F > be a dua l  p a i r  of sequence spaces ,  and 

B 
suppose (E,O(E,F)) i s  s e q u e n t i a l l y  complete. Then F = E . 

Proof. Since < E,F > is a dual  p a i r ,  E - c FD . L e t  x € FD . Then 

w 
00 

1 \yk converges f o r  every y € F . This  impl ies  t h a t  ( P ~ X ) ~ , ~  i s  
k = l  

is 0 C.E ,F). -€auchy s i n c e  cp 5 E. Since (E ,0 (E,F) 1- is sequent ia l ly .  com- 

w 
p l e t e ,  ( Pnx) n=l i s  o(E,F)-convergent t o  x i n  E. Hence x € E and thus  FD - C E. 



The following proposi t ion  s t a t e s  a we l l  known r e s u l t  f o r  

monotone sequence spaces (see 1.2 Def in i t ion  1). The proof can be 

found i n  [ l o ,  p. 1881. 

PROPOSITION 3. Let < E,F > be a dual  p a i r  of sequence spaces such t h a t  

B F = E . I f  F is  monotone, then ( F  is sequen t ia l ly  complete. 

The fol lowing r e s u l t  is genera l ly  known f o r  normed spaces. 

PROPOSITION 4. L e t  (XI[( 1 1 )  be a normed space,  and l e t  Y be a sub- 

space of XI-the dual  space of X . Then every norm bounded 0(X,Yl-Cauchy 

sequence (x ) i n  X i s  5 (x,?) -Cauchy. Here Y i s  t h e  c losure  of Y 
n 

wi th  respec t  t o  t h e  usual  norm topology on X '  . Moreover, i f  (xn) is 

(x, Y )  -convergent, then (x ) is  0 (x, 7) -convergent. 
n 

Proof. Suppose (x ) . i s  a norm bounded 0 (X,Y) -Cauchy sequence. i n  X . n 

Let g E ? and E > 0 . Then t h e r e  e x i s t s  h E Y such t h a t  

E 
Ilg-hIl < sup 11, (I . Choose n C IN such t h a t  1 h (xn-xml / < &/2 f o r  n ,m t no. 

0 
n n 

Thus, f o r  n,m I n 
0 ,  

Hence ( x  i s  0 ( ~ , ? ) - ~ a u c h ~ .  
n 

The l a s t  p a r t  can be proved by a s i m i l a r  argument. 



53. Weak topologies on 8, . 

Proposition 2 of the  previous sect ion implies t h a t  the  B-dual 

of every subspace E of m which generates a sequent ia l ly  complete weak 

topology on must be C1 . But EB = el is not a s u f f i c i e n t  condition 

f o r  sequent ia l  completeness of t he  corresponding weak topology on 5 ' 
B For ins tance,  ( 8  ,G (8 , c )  ) i s  not sequent ia l ly  complete, though c = el . 

1 1 

It seems d i f f i c u l t  t o  obtain an i n t e rna l  character izat ion of such sub- 

spaces of m . The following theorem, however, character izes  subspaces 

of m whose @-dual i s  e l  , and consequently we obtain  a useful  

external  character izat ion of subspaces af  m generating sequent ia l ly  

complete weak topologies on 
' 

THEOREM 1. Let E be a suhspace of m containing cp . Then the  

following a re  equivalent: 

(ii) every 0 ( 8  ,El-bounded sequence i n  
1 

Cl is  8 l-norm bounded ; 

(iii) every O(C1,E)-bounded subset  of el i s  8 -norm bounded ; 1 

( iv)  every G (4 , E l  -Cauchy sequence i n  
1 

E l  i s  C1-norm bounded ; 

(v) every 0 ( ~ 8  , E l  -Cauchy sequence i n  
1 

5 is  ~ ( " ~ 9 ) - c o n v e r g e n t .  

B Proof. ( ( 1  i .  Suppose E = C1 , and l e t  (xn) be a 

0 (8 , El -bounded sequence i n  
n 

1 Cl . Suppose s ~ p  l / /x 1) = , Since (xn) 

i s  0(.C1,E)-bounded and cp - c E , 



n 
Let kl = 1. 

1 
Choose n C M such t h a t  Ilx I l l  > (.2+1) sup I X? + 2+1 , 

1 n 

03 n 

and then k2 @-It1) C IN such t h a t  Z 1 < 1 . Note t h a t  
k=k,+l 

2 

SEp 1 1 < 1 < by (1) . we can choose n2 O n  1 C IN such t h a t  
k= l  

n 2 2 
2 

2 
Ilx [ I 1  > (2 +1) sup 1 141 + 2 +1, and then kj(>k2) € I N  such t h a t  

k=l  

can proceed t o  choose s t r i c t l y  increasing sequences (kr) and n of 

pos i t ive  in tegers  such tha t :  

i s  a sequence of r e a l  numbers such t h a t  



(4) impl ies  t h a t  (.yk). f e l  . Let z C E . Then. f o r  any r C IN .. 

by ( 3 ) .  Since (xn) i s  o ~ l , E ) - b o u n d e d ,  sup I E xkrzkI < and hence 
k = l  

k 
r+l n 00 

syp 1 I E r ~ k l  < . Thus 1 - converges s ince  
r M  k = l  r=l r k = l  

Cauchy. L e t  E > 0 . Choose r C IN such t h a t :  
0 

L e t  p ,q  C IN such t h a t  kr < p 5 q . Then the re  e x i s t  s . t C IN such 
0 

t h a t  ks < p 4 ks+l and kt < q 5 kt+ l .  Note t h a t  r o 5 s 9 t . 



Case 1. s = t. 

(by (6) 

1 11z1Im 
lYkzkl 5 11z1/,; (by (.4)1 5 < E/3 

0 

Case 2.  t = s + l  . 

Case 3. t > s + l  . 

k s + l  

and s i n c e  = -  
'k rM 

f o r  k < k 5 kr+l) r 
r 

1 E  
(by ( 5 )  s i n c e  r < s + l  5 t-ll < 1 1 ~ 1 1 , * ~  + 5 + l l ~ I l , * ~  0 

0 0 

E  € E  < - + - + - (by 6 ) )  = E .  3 3 3  



00 

Thus L ykzk is Cauchy and hence convergent. Since ( z  k is a rb i t r a ry  
k= l  

B B i n  E . (yk) C E . This cont rad ic t s  t h a t  E = el since Cyk) )? el . 

i v  v 1 . Suppose condition ( i v )  holds. Let (xn) be 

0(.8 ,E)-Cauchy, Then (xn) i s  0(w,cp)-Cauchy. Hence t he re  e x i s t s  x 6 w 
1 

n 
such t h a t  (xn) is 0 (w,q) -convergent t o  x . Since s;p llx 11 < , 

m m n b = L l i m l % l  5 sup llxnlll f o r  m € N  . andhence x € e l .  
n k= l  n k= 1 

B 
v i . Suppose condition (v) holds ,  and l e t  x € E . Then 

00. 
00 

b vk converges f o r  every y C E and hence ( ~ ~ x ) ~ = ~  is  
k=l  

00 

o(C1,E)-Cauchy. Thus (Pnx)n,l is  0 (8  1 ,q) -convergent. This implies 

B B t h a t  x C 8, and hence E 5 el . Since E - c m, 8 1 - E . 

COROLLARY 1. L e t  E be a subspace of m containing q . Then the  

following are  equivalent : 

(ii) f o r  every matrix A = (.a 1 such t h a t  E c cA. 1 1 ~ 1 1  < . nk - 

B Proof. i = i i  1. Assume E = C1 and suppose A = Ca nk 1 is  a 

n 
matrix such t h a t  E 5 cA . Then (a is  a sequence i n  8, , where 



a3 
an = 

(ank' k=l '  B y  Proposition 1 of 82. (an,") is  0(8~,E)-Cauchy. 

B i i . Assume condition (ii) and l e t  t € E . 
Define a matrix A = (ank). by 

B Since t f E . E 5 cA and hence 1 1 ~ 1 1  < . This implies t h a t  t f E l  

COROLLARY 2. Let E be a subspace of m containing such t h a t  

i s  0 (.8LIE).-sequentially complete, and l e t  A = (a be, an i n f i n i t e  
nk 

matrix. I f  E - C cA, then llAll < and (.an) i s  0 ( 8 1 , ~ )  -convergent, 

m 
where an = (-ank)k=l ' 

Proof. Since B El i s  0C8 ,E)-sequential ly complete. E = el by 
1 

~ropos - i t i on  2 of $2. Hence l l ~ l l  < by Corollary 1. Also, by 

n 
~ r o p o s i t i o n  1 of 02, (a 1 i s  0 ( 8 ~ , E ) - ~ a u c h y .  Since 5 i s  

n 
5 (.el ,E)  -sequentially complete , ( a  ) i s  0 (-4 .El -convergent. 

1 

Now we use Theorem 1 t o  obtain an external  character izat ion 

of those subspaces of m generating sequent ia l ly  complete weak 

topologies on 
' 



THEOREM 2 .  Let E be a subspace of m containing cp . Then el i s  

a ( 8  ,E).-sequentially complete i f  and only i f  
1 

( i i l  E c cA * E c c , whenever A is an i n f i n i t e  matrix such - - 0 
A 

that 1 1 ~ 1 1  < and such t h a t  each column of A belongs t o  co . 

Proof. (Necessity) . Suppose 5 i s  a (8 , E l  -sequentially com@ete. 
1 

B Then E = by Proposition 2 of 82. Let A = (a be an i n f i n i t e  nk 

matrix such t h a t  1 1 ~ 1 1  < 00 and such t h a t  each column of A belongs t o  c . 
0 

n o 0  
Suppose E c c Then ( a  n=l is a($ ,El -Cauchy by Proposition 1 of - A *  1 

w 
82, where an = (ank)k=l ' Since 8 i s  0 (C1 ,El -sequentially complete, 

(an) i s  OJ(C1,~)  convergent. But (an) pointwise converges t o  0 , and 

hence (an) i s  a ( 8  , E l  -convergent t o  0 . This implies t h a t  E c c . 
1 - 0 

A 

(Sufficiency).  Suppose conditions (i). and (ii) hold and 

n 
l e t  (x ) be a a ( &  ,E)-Cauchy sequence i n  C1 . Then 

1 

SUP Ilxnlll < . and (xn) i s  a(El,cp) -convergent t o  a member x of 
n ' 

n 
by Theorem l(Ii .1 a ( i v )  and (i) (v)). L e t  a = (xk - $1 f o r  nk 

n,  k € IN and A = (a  1 . Then ( ( ~ 1 1  < and each column of A belongs 
nk 

00 

t o  co . Since (xn - xInll 1s 0(.8 ,E)-Cauchy, E 5 cA by 
1 

m 
Proposition 1 of 82. Thus E - c c . This implies t h a t  Cxn - x) , ,~  

0 
A 

n 
CS (-8 ,El.-converges t o  0 ,  and hence (x 1 0 (.C1,E).-converges t o  x . 

1 



6 COROLLARY 1. Let E be a su5space of m containing cp . If E = C1 

and E - c c then Cl is CJ(Jl,E) -sequentially complete. 
0 ,  

Proof. Let A be an 12nfTnite matrix such that 1 1 ~ 1 1  C and such that 

each column of A  belongs to co . First we show that c c c . Let 
0 - 0- 

E 
x = (5) C co and & > 0 . Choose ko C IN such that 

ko & 
k t koI and then n C /N such that Z 1 ank 1 < for n l n  . 

0 0 k= 1 

Thus, for n l n 
0 ,  

This implies that lim x = 0 and hence c c co . Since E c c 
0 - - 

A  
o r  

A 

E - c c . Thus 8, is o(ClrE)-sequentially complete by Theorem 2. 
0 
A 

PROPOSITION 1. Let E be a subspace of m containing cp . Then el is 

c3(C1,.E)-sequentially complete if and only if C1 is 0 ( c 1 , E ~ )  -sequentially 

B complete and E = C1 . 

Proof. (Necessity) . Suppose C1 is Q (-8 1 ,E) -sequentially complete. 

B men E = el by Proposition 2 of 52, and hence any o (  81,~)-~auchy 



n 
sequence (x i n  el i s  El-norrn hounded by Theorem 1 (-(A) ( i v )  1. 

cp3 
Thus (.Cl ,G (8 E) ) and ul, 0 (.El . E 1) have the  same Cauchy sequences by 

a 
proposition 4 of 52. By 1.4 Theorem 2. (81,aC81,EI I and (El,o(811E 1)  

have the  same convergent sequences. This implies t h a t  C1 i s  

a 
G CC , E 1 -sequential ly complete. 

1 

a 
CSuf f  iciency 1 . Suppose i s  a ( C ,E ) -sequent ia l ly  complete 

1 

and E B = el . Using the  same argument a s  above we can conclude t h a t  

( E L  .a (E l  . E) and (4 ,a CE . z@) ) have the  same Cauchy sequences and the  
1 1 

same convergent sequences. This impl ies  t h a t  8 is  a ($ ,El  -sequential ly 
1 

complete. 

DEFINITION 1. Let E be a subspace of m containing such t h a t  

is 0 (8 .E) -sequential ly complete. Further assume t h a t  e . Let 
1 

+" 
G = E @ <(e l>  . For each x E G , there  e x i s t  y f E and a f R such 

t h a t  x = y + cle . Ci i s  ca l l ed  the  E - - l i m i t  of x and we wri te  

Remark. c - c G s ince cp 5 E . 

The following consistency. theorem holds f o r  E - l i m i t s .  

THEOReM 3 .  Let E be a subspace of m containing q such t h a t  5 i s  

a(8 ,E)-sequential ly complete. Further assume t h a t  e p E~ . Let 1 

G = E B <{el> . I f  A i s  a regular  matrix such t h a t  G c cA . then - 

E-lim x = l i m  x f o r  every x E G . 
A 



-00 

Proof. 8 8 E 1). i s  sequent ia l ly  complete by Proposition 1. 
1 1 

sa .-KO 
Since E - c G c c A I  E c c  byTheorem2. T h i s i m p l i e s t h a t  - 0 

A 
r03 

l i m x =  0 f o r  every x E E . Let x € G and E - l i m  x =  a .  Then 
A 

there  e x i s t s  y C such. t h a t  x = p + ae, and hence 

The following theorem gives another ex te rna l  character izat ion 

of subspaces- of m generating sequent ia l ly  complete weak topologies on 

G1 . A s imi l a r  r e s u l t  was proved by J.3. Sember i n  1201 and we follow 

e s s e n t i a l l y  the  same argument. 

THEOREM 4.  Let E be a subspace of m containing q . Then the  

following are  equivalent: - 
(i) C1 i s  0 (..el I El  -sequential ly complete ; 

( i i l  I f  F i s  any separable FK space containing E , then 

c @ E c W  
0 - F '  

Proof. ( (i) * (ii) 1. Since 4 1 1  4 E 1 is  sequentially complete, 

B E = 8 by Proposition 2 of 52. Let F be a separable FK-space con- 
1 

taining E . By Theorem 5 C(.f 1. * ( i v l  1. of 1 G I  p. 5171 it follows t h a t  

E c WF . Now we show t h a t  c c W - Let f E F' . Then 
0 -  F '  

f (XI = Z sf (ek) f o r  every x E E , since E - c WF . This implies 
k= 1 

t h a t  s ince ~t follows t h a t  



29. 

1.4 Theorem 5. Since F is. an FK space containing c 
0 '  

c C W  by 
0 -  F 

1.4 Theorem 6.  

i * i Wis f i r s t  show t h a t  condition (ii) implies t h a t  

B E = .e 
1 ' 

To t h i s  end suppose E c cA , where A is an i n f i n i t e  matrix. - 
Since c i s  a separable FK-space condition C i i )  implies t h a t  c c c 

A 0 -  A '  

B Since c = C1, Corollary 1 of Theorem 1 implies t h a t  l/All < UJ . 
0 

B Now the same corol lary  implies t h a t  E = el . 

To show t h a t  (-8 ,a (-8 ,E l  1 is sequent ia l ly  complete, l e t  A be 
1 1 

a matrix such t h a t  //All < and such t h a t  each column of A belongs t o  

c . Suppose E c cA . Then condit ion (ii) implies t h a t  E c WA s ince 
0 - ? 

c i s  a separable FK-space. But WA r) m = c r) m by 1.5 Theorem 2. 
A 0 

A 

Thus E c c - o and hence (:8 ,a (-8 E) I i s  sequent ia l ly  complete by 
A 

Theorem 2. 

COROLLARY 1. Let E be a separable FK-space such t h a t  E - c m . If  

C1 is  a (8 ,E)  -sequentially complete, then E = c . 
1 0 

proof. It follows from Theorem 4 t h a t  E 9 co 5 WE . Since 

c c E c m, the  FK-topology on E i s  f i n e r  than the  uniform topology on 
0 -  - 

E. Hence WE 5 co s o  t h a t  E = W = c . 
E 0 

COROLLAm 2 .  L e t  A be a matrix such t h a t  llAll < UJ and such t h a t  each 

column of A belongs t o  c . I f  c + co 
, then c contains an. 

0 0 
A 

0 
A 

unbounded sequence. 



Proof. By 1.5 Theorem 2 ,  % n m =  c fl m .  Since c c c , it 
0 

A 
0 - A 

follows from Theorem 3 of 15, p. 5681 t h a t  el i s  0 (8  c n m)-sequentially 
1' OA 

complete. Suppose c c m . Then L1 is 0(.8 c ) -sequent ia l ly  complete. 
0 - 

A 
1, OA 

Since c is a separable FK-space, Corollary 1 implies  t h a t  c = c . 
0 

A 
0 

A 
0 

This contradiction shows t h a t  c P m . 
0 - 

A 

A. Wilansky asked t h e  following questions i n  [24, p. 260, 3001. 

1. Is there  an FK-space smaller  than c whose 8-dual i s  El ? 
0 

2. Is c the  only FK-space which is AD and wh.ose 6-dual i s  C1 ? 
0 

The following co ro l l a r i e s  give a p a r t i a l  answer t o  1 and an 

aff i rmat ive answer t o  2 .  

COROLLAHY 3.  I f  E i s  a separable FK-pdce such t h a t  E - c c and 
0 

E@ = El , then E = c - 
0 

Proof. tl is  O(E1,E)-sequentially complete by Corollary 1 of Theorem 2 .  

Thus, by Corollary 1 of Theorem 4,  E = c . 
0 

B 
COROLZJm 4. Let E be an FK-space. If E is  aD and E = El, 

then E = c . 
0 

8 Proof. The condition E = -el implies t h a t  E - c m . Thus the 

FK-topology on E is  f i n e r  than the  uniform norm topology on E . 
,CO - 

Hence c = cp 2 cp = E ($ i s  the  closure of cp i n  E with respect  
0 

t o  t he  FK-topology) . S h c e  E i s  AD; it follows f r m  1.3, Proposition 3 

t h a t  E is  separable. Thus Corollary 3 h p l t e s  t h a t  E = c . 
0 



THEOREM 5. Let E be a monotone subspace of m containing cp . Then 

the following a re  equivalent;  

(il El i s  o(_C! ,El-sequentially. complete; 
1 

(ii) If F is  any separable FK~space containing E , then 

c o S E C S ~ .  - 

Proof .((j.) (ii) . Since B is oCE , E ) a e q u e n t i a l l y  complete, E = el 1 

by Proposition 2 of 52, S h c e  E Is monotone, Theorem 6 of 1 6 , p. 5 191 can 

be applied (see the  remark of p. 519) t o  give the  condition E cSF . We 

can apply t he  same argument as i n  t he  proof of Theorem 4 t o  show t h a t  

c C E .  
0 - 

( (ii) * (i) ). . It follows from the  same argument a s  i n  the  proof 

B of Theorem 4 t h a t  E = El . Since E is monotone, C1 i s  

o(81,E)-sequentially complete by Proposition 3 of 52. 



CHAPTER 3 

T-ALMOST CONVERGENCE 

9 1. Introduction. 

Lorentz , i n  [ 131, introduced the  concept of almost convergence. 

One of h i s  equivalent forms of a bounded sequence be'ing almost convergent 

was 

l im(x + x  + ... + x )/p e x i s t s  uniformly i n  n . 
p n+ l  n+2 n+P 

It is easy t o  observe t h a t  t h i s  formulation is  a l so  equivalent t o  

2 
lim(.T x + T x + . . . + T'X) /p e x i s t s  uniformly i n  n , 
P o  o o n 

where ' T = (t  1 is  the  i n f i n i t e  matrix defined by 
o nk 

1 i f  k = n+l 

nk 

0 otherwise. 

In  t h i s  chapter w e  replace the  matrix T by a more general  
0 

matrix T , and then study the  sequence spaces t h a t  a r e  generated by T 

i n  the  same way t h a t  the  space of almost convergence sequences i s  generated 

by To . Also, f o r  these sequence spaces, we e s t ab l i sh  several  r e s u l t s  

already known f o r  the  spec i a l  case of almost convergence. 

We apply some of the  basic  techniques i n  [ 4 1 t o  obtain these 

r e su l t s .  Some of the d e t a i l s  are  more d i f f i c u l t  than those of [ 4 1. We 

need considerable preparation,  f o r  example, t o  e s t ab l i sh  Theorem 2 of 95. 



52. Definit ions and bas ic  r e s u l t s .  

DEFINITION 1. A continuous l i n e a r  function L: m + \ R  i s  ca l l ed  an 

extended l i m i t  i f  L(x) = l i m  x f o r  every x = (x,) 6 c . n n 

PROPOSITION 1. Extended l i m i t s  e x i s t .  

proof. Let L: c  + R be defined by ~ ( x )  = l i m  n x n . Since 

I L (x) 1 = 1 l i m  xn 1 5 llxll, . L i s  continuous. By the  Hahn Banach theorem 
n 

L can be extended continuously over m . 

REMARK. In general  the  norm of an extended l i m i t  i s  taken t o  be one. W e  

drop t h i s  condit ion from our de f in i t i on  s ince it does not serve any use- 

f u l  .purpose i n  our work. 

DEFINITION 2. An i n f i n i t e  matrix T = C t  ) of non-negative e n t r i e s  i s  nk 

ca l l ed  l i f t i n g  i f  

(i) tnk = 0 f o r  n 2_ k, and 

( i i j  I t nk=  1 f o r  n C I I ? .  
k=l 

REMARK. Every l i f t i n g  matrix i s  regular ,  

DEFINITION 3.  Let T be a l i f t i n g m a t r i x .  An extended l i m i t  L i s  

ca l led  a T-Banach l i m i t  i f  L(x). = L(.TX) f o r  every x 6 m . 

In the  r e s t  we assume t h a t  T = (tnk) i s  a l i f t i n g  matrix, 

The existence of T-Banach l i m l t s  w i l l  be shown l a t e r ,  We  denote by 

AT the  set of a l l  T-.Banach l i m i t s  and a l so  use the  following notatfons: 



Tac = I x  C m I L(.x) = L'(x1 f o r  L , L v  C AT}; 

Tac = {x < Tac I L ( X )  = 0 f o r  L C AT} . 
0 

It is easy t o  ve r i fy  t h a t  UT , Tac and Tac a r e  l i n e a r  sub- 
0 

spaces of m . For each x € Tac, L k )  assumes a common value f o r  every 

T-Banach l i m i t  L . W e  aenote t h i s  common value by T-Lim x and say 

t h a t  x is  T-almost convergent t o  T-Lim x. Also note t h a t  T-Lim x 

i s  a l i n e a r  functional on Tac. 

PROPOSITION 2. Let T be a l i f t i n g  matrix. Recall t h a t  

u~ = {x - Tx I x C m}. Then 

(ii) UT i s  a l i n e a r  subspace of Taco with q - c UT . 

Proof. (i) For x C m  and n €IN , 

n 
since (I + T + ... + T"-')x C m, x - T  x € UT . 

(ii) For x C m and L C AT, L(x - Tx) = L(x) - L(TX) = 0, and 

hence x -. Tx C Tac . Thus UT - c Taco . Since ti 
= O  f o r  i l j ,  

0 

(-tln I -tZn,. . . , -t l f O f 0 . . . ) , . . .  . Hence cp cUT . 
n-l ,nf  



PROPOSITION 3.  Let T be a l i f t i n g  matrix. Th.en the following 

statements are t rue:  

(i) T-Lim x = l i m  x for  every x = (xn) € c ; 
n n 

(ii) c c Tac and c c Tac 
7 0 7  0 '  

(iii). Tac = Tac @ < {el > ; 
0 

( i v )  Tac and Tac are closed l inear  subspaces of m . 
0 

Proof. (i) follows direct ly from the definitions . 

(ii) c c Tac and c C Tac follow from the definitions.  Now 
7 0 - 0 

we show tha t  Tac p c. By Proposition 2 (ii) I 
0 - 

00 

= { ( I - T ) X  I x C m} - c Taco . Since Z I(I -.TInk I i s  not uniformly 
k=l 

convergent i n  n, uT P c (see [ 14, p. 10 1) . Hence Tac o - p c . T ~ U S  

c # Tac and c f Taco . 
0 

(iii) For each x € Tac, x = (x - (.T - L i m  x le)  + (T - Lin x) e . 
Since (x - (T - L i m  x)e 1 C Taco, x C Tac d < {el > and hence 

0 

Tac - c Taco @ < {e} > . Since c - c Tac (by (i) ) and Taco - C Tac, 

Tat @ < {el > c Tac. 
0 - 

Civ) Suppose (2) i s  a sequence i n  Tac such tha t  (xn) i s  

n m 
convergent t o  x i n  (m, 11 \ I r n ) .  Then, for  every L C AT, (L(x 

n n n 
i s  convergent t o  L(x) i n  R . Since x E Tac, L ( X  ) = T - Lim x 



n f o r  n f N. Hence L (XI. = l i m  (T - L i m  x ) f o r  every L f AT . Thus 
n 

n 
x € Tac and T - Lim x = lim(T - L i m  x 1. Therefore, Tac i s  closed i n  

n 

m ,  1 I . ,  The same argument can be used f o r  Taco . 

PROPOSITION 4. Let L be a continuous l i n e a r  funct ional  on 

(m,ll 11,) , and l e t  T be a l i f t i n g  matrix. Then L i s  a T-Banach 

l i m i t  i f  and only i f  (i) L(e) = 1, and (ii) L(UT) = {o}. 

Proof. (Necessity) . Suppose L is  a T-Banach l i m i t .  Then (i) follows 

from the def in i t ion  of ~-Banach  l i m i t .  Let x f m. Then 

L ( X  - TX) = LCx) - L(TX) = 0 and hence (ii) holds. 

(Sufficiency).. Suppose (i) and (ii) hold f o r  a continuous 

l i n e a r  funct ional  L on , 1 . Then L(B)  = {o) s ince ip 5 UT by 

4 
Proposition 2 (ii) . Hence L ( c  ) = L @  ) = (05. Since L(e) = 1, it 

0 

follows t h a t  L(X)  = l i m  x f o r  x f c . Thus L i s  an extended l i m i t .  
n n 

Also condition (.ii) implies t h a t  L(.x) = L(.Tx) f o r  every x f rn . 
Hence L is  a T-Banach lidt. 



53 .  A character izat ion of T-almost convergent sequences. 

Modifying the technique used i n  [ 4 ] t o  e s t ab l i sh  a 

character izat ion of almost convergent sequences, we obtain a s imi la r  

character izat ion f o r  T-almost convergent sequences (Theorem 1). F i r s t  

we s t a t e  the  following lemma, which can be found i n  1 4  , p. 261, 

LEMMA 1. For every x E m\co ,  there  e x i s t s  an extended l i m i t  L such 

t h a t  L (jr) # 0. 

THEOREM 1. Let A = (.ank)- be a regular  matrix such t h a t  

lim n z l a n k  - an,k-l I = 0 (.assume a no = 0 f o r  every n ) ,  and l e t  x E m .  
k=l 

Let T be a l i f t i n g  matrix. Then x E Tac and T-Lim x = a i f  and only 

k 
i f  l i m  C a (T  xIn = a uniformly i n  n . 

P k=l  pk 
.- 

k 
Proof. F i r s t  we show t h a t  x E Tac i f  and only i f  l i m  C a (.T xln = 0 

0 . P  k=l  pk 

uniformly i n  n . Suppose x = (x  ) C Tac . Let (n ) be any sequence n o P 

of pos i t ive  integers .  Define the  l i nea r  map $:m -+ m by 

Hence $ is  continuous and, moreover, 



k 
(1) l i m [ $ ( e ) I p  = l i r n  L a (r e l n  = l i m  L a  

P P k = l  pk P P k = l  pk 

(s ince  Te = e l  = 

Let y = (yn) € m 

1 (.since A is  regu la r )  . 
. Then 

( s ince  each s e r i e s  i s  abso lu te ly  convergent) = 

This implies t h a t  $ (y  - Ty) E co and hence 

If L i s  an extended l i m i t ,  we have (i) LO$ (.el = 1, (by (i) ) , 

and (ii) L Q ~  (uT) = I01 (by (2 , where o denotes t h e  composition of 

two functions.  Thus Proposit ion 4 of $2 implies t h a t  

(3). Lo$ is a T-Banach l i m i t .  

It follows t h a t  L($(x)) = 0, s ince  x E Tac . Since L i s  an 
0 

a r b i t r a r y  extended l i m i t ,  by Lemma 1, $(x) € co s o  t h a t  

l i m  C a [Tkx] = 0 .  Since (n i s  an a r b i t r a r y  sequence of 
p pk n 

P 
P 

-- 
k 

p o s i t i v e  i n t e g e r s ,  l i r n  E a (2 xln  = Q uniformly i n  n . 
P k = l  pk 



m 
k 

Conversely, suppose l i r n  E a (3 x) = 0 u n i f o m l y  i n  n . 
k = l  pk 

- 
k 

s ince  i: lapk 1 ] I T  x/lm 5 Ilxllm z 1 apkl ( s ince  I T I I  = 1) 5 llxlI,ll~ll < , 
k= 1 k = l  

k 
(4) C a T x i s  a convergent s e r i e s  i n  x n ,  1 )  f o r  each p . 

k= 1 pk 

Hence t h e  hypothesis i s  equivalent  t o  

m 
k 

(5) l i m  ( 1 aDkT x) = 0 i n  (m , 11 / I m )  
P k = l  ' 

Thus, f o r  each T-Banach l i m i t  L , 

m m 

I L ( x ) I  = I l i m  Z a  L ( x ) I  ( s ince  l i r n  L a = 11 
P k = l  pk k = l  pk 

m 
k k = 1 1j.m C a L (T  x) 1 ( s ince  L (-T x) = L(x) f o r  every k) 

P k=l  pk 

k ' 
= 1 l i r n  L( L a T x) I (by C4) and s ince  L i s  continuous) 

k = l  pk 

= 0 (by (5 1 and s ince  L is continuous) . 

This impl ies  t h a t  x c Tac . 
0 

Now suppose x c Tac and T-Lim x = a. By Proposi t ion  3 (iii) 

of 52 ,  t h e r e  e x i s t s  y C Tac such t h a t  x = y + W. Since 
0 

w m 
k k l i r n  E a (T y In  = 0 uniformly f n  n , lim L a CT xl 

FJ k = l  pk k = l  pk n 



k 
C o n ~ e r s e l y ~ s u p p o s e  l i r n  a (T xIn = a uniformly i n  n . Then 

k = l  pk 

m m m 
k 

l i m  C a T (X - " e l n  k 
= l i m l  1 a (T xIn - I: a a] = 0 uniformly i n  n 

P k = l  pk k=l  pk k= 1 pk 

and hence x - ae E Tac . This impl ies  t h a t  x 6 Tac and T-Lim x = a. 
0 

REMARK. ( 3 )  assures  t h e  ex i s t ence  of T-Banach limits. 

COROLLARY I. Let T be a l i f t i n g  matrix. Then x f Tac and T-Lim x = Ci 

1 
i f  and only i f  l i r n  -(Tx + . . . + $XI = a uniformly i n  n . 

P P n 

I 
Proof. Choose A = (ank) such t h a t  ank = - f o r  l s k ' n ,  and n 

m 

a = 0 f o r  k > n . Then A is  regu la r  and l i r n  1 1 ank - a nk n n,k-1 
. k = l  

I 
2 = ' l i m  - = 0 . Now apply Theorem 1. 

n n 

- .m 
COROLLARY 2 .  Let T be a l i f t i n g  matrix.  Then Taco = UT . 

Tx + ... + T'X- 
Proof. Let x f Tac . Then x -- - - 

0 P 

( X  - Tx) + ... + ( X  - T'X) 
f UT 

(by Proposit ion 2 (i) of 12) and 
P 

-00 -a3 

by Corollary 1. Hence x E UT s o  t h a t  Tac c UT . Since Tac 
0 - 0 

-00 

is  c losed i n  m and UT 5 Taco, UT - C Tac . 
0 

THEOREM 2 .  L e t  A = ( a  be a r egu la r  matr ix ,  and l e t  x f m. L e t  nk 
m 

k 
T be a l i f t i n g  matrix.  I f  l i r n  C a ([r xIn = a uniformly i n  n , 

k = l  pk 

then x f Tac and T--Lim x = a . 



Proof. The proof i s  the  same as t h e  proof of the  suff ic iency of 

Theorem 1. 



54. Some examples. 

EXAMPLE 1. F i r s t  we consider the  case when T = C t  ) = T i . e .  , 
nk 0' 

tnk = 1 otherwise. 

It is c l e a r  t h a t ,  f o r  t h i s  matrix,  Tac = ac (.the space of almost 

convergent sequences). Moreover, we can e a s i l y  ver i fy  t h a t  UT = bs 

m 
( the  space of bounded s e r i e s )  and hence bs = ac . 

0 

Now we a re  i n  a posi t lon t o  give an easy proof of a p r inc ipa l  

r e s u l t  i n  113, Theorem 7 ,  p. 1761. 

THEOREM 1. Let A = [a be a regular  matrix.   hen ac  c c i f  nk - A 
CQ 

and only i f  l i m  L / ank - a n,k- l l  = 0 (.assume a = 0 ) .  Noreover, 
n k=l  n to 

when A has t h i s  property,  
To 

- L i m  x = l i r n  x f o r  every x € ac. 
A 

Proof. (Necessity). Suppose ac  - c cA. Then, f o r  every 

x F m, (X - T x) € cA and hence A[(I  - ~ ~ 1 x 1  C c. By 1.5. Theorem 3 ( i i i ) ,  
0 

[A(I - To)]x E c. Hence, by Schur's Lemma (1.4, Theorem 3 ) .  

= L I 1 i m  (ank - a I = 0 since A i s  regular.  n , k-1 
k=l  

(Sufficiency) suppose l i m  L 1 ank - a n ,k-1 I = 0. ~ e t  x E ac . 
n 0 k= 1 



k 
Then l i m  1 ankx,+l = l i m  L a,k(-T X )  = Q by Theorem 1 of 53. But 

n o 1 k=l  k = l  

l i m  1 (d,k -- a n,k-l)xk = 0 ,  s ince  l i m  L 1 ank - a n,k-.l 1 = 0. Hence 
n n 

k = l  k = l  

00 

l i m  1 a n k \ = O  s o t h a t  x f co . This implie s t h a t  a c c C  (s ince  n 
A 

4 
k = l  

e f cA) and t h a t  T -Lim x = l i r n  x f o r  every x f ac.  
0 A 

COROLLARY 1. Let A = ( a  be a regu la r  matr ix .  Then nk 

00 

{x f ml l i m  1 apk\+n exists uniformly i n  n) = ac  i f  and only i f  
k= l  

l i m  C la - a  I = O .  
k = l  pk p,k-1 

Proof. To prove t h e  necess i ty ,  l e t  x E ac  . Then (0 ,  xl , x2, . . . I  E a c  

w 

and hence l i r n  C a 
PkXk 

e x i s t s  s o  t h a t  x f c A' Thus, by Theorem 1, 
P k=l  

l i m  1 l a  - a  - 0. The su f f i c iency  follows from Theorem 1 of 53. 
k=l  pk p , k + l l -  

EXAMPLE 2. We consider t h e  case when T1 = (t ) i s  given by nk 

1 i f  k = n + 2  

tnk 

0 i f  k # n+2, 

Then, by Corollary 1 of Theorem 1, of 53,  x f Tlacoif  and only i f  

1 
l i m  - ( .T~x  + . . . + +In  = 0 uniformly i n  n ,  i .e . ,  
P p 

1 
l i m  - + x + . . . + x ) = 0 uniformly i n  n . Thus ( (-1)") Tlaco. 
p p(xn+2 n+4 n+2p 

n 
Note t h a t  (-1) E aco . 



Note t h a t  the J s are ~ a h w h ~ e  d i s jo in t ,  n 

~ e t  T = (t 1 be defined by 
nk 

1 i f  n ,k a r e  two consecutive numbers of one of J .  1 s 

tnk = to otherwise. 
L 

Then it i s  easy t o  check t h a t  each'row of T contains only one non-zero 

en t ry  which i s  equal t o  1 and l i e s  above the  main diagonal. Let us 

i .i 
denote J ;  i = 1 2 . . .  by { j 1 2 . .  I f  n €IN, then there  e x i s t  

00 

i 
i , k  ( I N  such that n = j k .  For x Taco, (Tx), = 1 tnexC =x.& ; 

E= 1 Ifk+l 

00 

2 (.T'x) = x . i  . Hence (r xln = I: t n c ( ~ ) e  = ("1 .i = x . i  ; ..., n 
e=1 'k+l 'k+2 'k+p 

1 
x E Tac i f  and only if 1 x .  i + x .  i + . . . + X. i ) = 0 uniformly 

o 'k+1 'k+2 I k+p 

i n  i and k. Let x = (5)- be defined by x 1 = 1, x2 = x 3 = -1, 

x = x5 = x6 = 1, x7 = x = x = x = -1, .. . . Then x C Taco but 
4 8 9 10 



95.  Duality between -el and Tac . 
0 

For every l i f t i n g  matrix T , Tac and C1 form a dual p a i r  
0 

of sequence spaces wlth i n t e r e s t i ng  proper t les .  In  t h i s  sect ion we study 

some of these proper t ies .  W e  s t a r t  with the  following proposit ion.  

PROPOSITION 1. Let T = (:tnkl be a l i f t i n g  matrix and y E 8 
1 -  

Then 

w w w 

Proof. (i) I I ( Y ~ )  k l  = I I I yitik[ 
k=l  k=l  i=l 

= L l Y i l  L t ik=  L l Y i l  q W  s ince y € e l .  
i=l k= 1 i=l 

Hence yT E El . 

Also ($l"l'-k = Z yi tik = yltlk + y2tZk + . . . 
?,= 1 + ~ k - l t k 4  ,k 

s ince t = 0 f o r  i Z  k . 
i k  



n 
THEOReM 1. Let T = C t  1 Be a l i f t i n g  matrix and suppose (x 1. i s  a 

nk 

sequence i n  J1 . Then the  following a re  equivalent:  

n 
(i) (X ) i s  ~ ( 8 ~ , T a c  ) -convergent t o  x i n  8 

0 1 .  

(ii) (xn) is  G ( L ~ , U ~ P C ~ )  -convergent t o  x i n  
; 

n n 
(iii) s g l l x  I l l  < 00 and x is  a sequence such t h a t  lhll (x -XI ( I -T)  I l l  = 0. 

n 

Proof. i * i This is  obvious s ince uT@c0 - C Taco. 

B ( ( i i l  * t i ) )  Assume (iil. Since c = el ,  (UT@c ) B 
0 0 

= L1 . thus 

n 
sEp/lx I l l  < by 2.3. Theorem 1 C C i )  = ( i v )  1.  Now by 2 .2 ,  Proposition 4 ,  

0 0  

(xn) is  ~ ( 8  ,Tac )-convergent t o  x (s ince UT@c0 = Taco , 
1 0  by 

Corollary 2 of Theorem 1 of 93). 

B ( ( 1  i i i  A s s u m e  (ii).. Again, s ince  c = E l ,  
0 

B n (uT,co) = Ll, thus / I 1  < by 2.3. Theorem 1 ( (ii) = ( i v )  ) . 

Moreover, since (xn) i s  G (4 U )-convergent t o  x , 
1' T 

00 

n n IF E (5 - 5) ( I - T ) ~ ] ~  = 0 f o r  every y f m . Since x - x C C1 , 
k= l  

ll1-Tll < , and y f m ,  By 1.5,  Theorem 3 (i), 

00 00 

n I [ (xn-x) (I-TI lkYk = L (5-5) [ ( . I - T ) ~ ] ~  + o a s  n + f o r  every 
k= 1 k= l  

n 
y f m. Thus 1 x - 1  I -  / I l  + Q a s  n + by 1.4. Theorem 3. 

n liml (:x -.XI (1 -T) lk = 0 fo r  every k C IN. For k f M I  
n 



n n 
by Proposition l(i). Thus l im[(x  -x) (I-T) = l im(x -x = 0 and 

n 1 1  

n 
and hence l im(x -x = 0 .  By induction,  we can e a s i l y  show t h a t  n 2 2  

n 
l i m  (\-xk) = 0 f o r  every k . Now, f o r  each p € IN, 
n 

Hence x 6 and thus (xn) i s  0(.8 ,q)-convergent t o  x . By 2 . 2 ,  
1 

Proposition 4 ,  (xn) i s  0 ( 8  , c  )-convergent t o  x . Moreover, s ince 
1 0  

w 
n i~mlmlj ( X  -XI (I-T) I l l  = 0 ,  l i m  Z [ (xn-x) (1-19 IkYk = 0 f o r  every Y c m. 

n .. k=l  

By 1.5, Theorem 3 ( i ) ,  

00 

Hence l i m  E (<-xk) [ ( I - T ) ~ ]  = 0 f o r  every y c m. Thus (xn) i s  
n 

k= 1 
k 

REMARK. Condition (iii) of Theorem 2 i d e n t i f i e s  0(8 ,Taco) with a 1 

two norm topology. For d e t a i l s  concerning t h i s  type of topology we r e f e r  

the  reader t o  1 1  I. 

COROLLARY 1. Let T be a l i f t i ' g  matrix. Then (-8 , 0 ( 8 ~ , T a c ~ Z ) .  and 1 

MI, a Ct1 , UT3co a re  sequent ia l ly  complete. 



Proof. Suppose (xn) is o(8  ,Tac 1-Cauchy. Then (xn) is  1 0 

o(C , c )-Cauchy and hence there  e x i s t s  x € C1 such t h a t  (xn) i s  
1 0  

o ( 8  , c  )-convergent t o  x s ince ,  by 2.2, Proposition 3, (E1,o(C ,C 1 )  i s  
1 0  1 0  

sequent ia l ly  complete. Without l o s s  of general i ty  we can assume t h a t  

n m 
x = 0 .  Also, by Theorem 1 (iii) , (x  (I-Tl i s  Cauchy i n  * and 

n 
hence there  e x i s t s  y C E l  such t h a t  1 1 - 1 = 0. Thus , fo r  

n 1 

n n n - n 
k €IN, yk = lim[x ( I - T ) I k  = l im(5-xl t lk  n - ... 5- l tk -1 ,  k 1 (by 

n 

Proposition Ili) 1 = 0 s ince (xn) i s  0 (8  1' c o ) -convergent t o  0 . 
B n 

Moreover, since Tac = C1, sEPllx I l l  < by 2.3, Theorem 1 ( ( i )  = ( i v )  1 .  
0 

By Theorem 1, (xn) is  ~ ( 8  ,Tac )-convergent t o  0 . 1 0 

The same argument can be used f o r  ( C l  ,o ( 8 1 , ~ T ~ c o  ) 1. 

COROLLARY 2. L e t  T be a l i f t i n g  matrix. I f  A is  a regular  matrix 

such t h a t  Tac - c cA, then T-Lim x = l i m  x f o r  every x C Tac. 
A 

Proof. Apply 2.3, Theorem 3 l e t t i n g  E = Tac and G = Tac. 
0 

COROLLARY 3. Let T be a l i f t i n g  matrix. Then Taco ,  1 1 )  is not 

separable. 

Proof. By Proposition 3 of 52, c 
0 ; Taco 

. Now apply 2.3, Theorem 4 .  

COROLLARY 4. Let T be a l i f t i n g  matrix. Then, f o r  a subset  C of 

C1 , t he  following a re  equivalent : 



(i) C i s  0(8 ,Tac )- .relat ively compact; 
1 0  

(ii) C i s  cr(8 u €@ c ) - r e l a t i ve ly  compact. 
1 0 

(iii) C i s  Clnorm bounded and CO-T) i s  r e l a t i v e l y  compact i n  

Proof. C ( i )  a (ii) ) A subset  of a K-space is r e l a t i v e l y  compact i f  and 

only i f  it i s  r e l a t i ve ly  sequent ia l ly  compact, by 1.4,  Theorem 1. Hence 

it follows from Theorem 1 t h a t  (i) and (ii) are  equivalent.  

( i = i 1 Suppose C is  a (El ,  ~ a c ~ )  - re la t ively  compact. 

Then C is  0 (8 ,Tac )-bounded. Since TacB = C1, it follows from 2 . 3 .  
1 0  0 

n 
Theorem 1 (.(i) (ii) t h a t  C i s  el-norm bounded. Suppose (x ) i s  a 

- 
11 

sequence i n  C . Then there  e x i s t s  a subsequence (x i, of (xn) such 

n 
t h a t  (x  i, i s  o(8 ,Tac )-convergent t o  a member x i n  

1 0  5' BY 

n n 
i i m 

e r e  1 ( i i i i  1 , l+mll (x -x) (I-T) I l l  = 0. Thus (x (I-TI. )i=l i s  
1 

8 -norm convergent t o  x(1-T) , and hence C(I-TI i s  r e l a t i v e l y  compact 1 

i i Assume condition (iii) and suppose (xn) i s  a 

n 
sequence i n  C . Then there  e x i s t s  a subsequence (x i, of (xn) such 

n m 
n 

i i m 
t h a t  ( X  ( I-TI 1 i=l is  8 -norm convergent. Hence (x  (.I-TI i=l 1 

i s  

I I  

Cauch~ i n  ( 8 ,  1 . Since (x  i, i s  8 1 -norm bounded, it follows f rom 



n 
i 

Theorem l(.(iii) * (i) t h a t  (x I is ~ ( - 8 ~ , T a c  )*Cauchy. Since 5 i s  
0 

n 
0 ( . 8 ~ . ~ a c  )-sequentially complete by Corollary 1, (x i, is 

0 

G ( 8 , Tac ) -convergent. 
1 0  

COROLLARY 5. Let T be a l i f t i n g  matrix, and suppose C is  a 

cf (d  ,Tac )-relat ively compact subset of e l  . Then the convex hu l l  of 
1 0 

CI 

C of C i s  a l so  5(.811~aco) -relat ively compact. 

Proof. Suppose C i s  a cf(-8 ,Tac )-relatively compact subset of El . 1 0 

Then C i s  8 norm bounded and C(I-T)  is re la t ive ly  compact i n  1 

( C1 , I/ 11 l )  I by Corollary 4 (.(i) = (iii) ) . Hence the convex hu l l  Ĉ  of C 

CI 

is  C1-norm bounded and C (I-T) i s  r e l a t ive ly  compact i n  (J1, 11 11 l )  , 

since ?(I-T) is the convex h u l l  of C (-1-T) . Thus C  ̂ i s  0 ,Tac ) - 
0 

re la t ive ly  compact I by Corollary 4 (.(iii). a U) 1 . 

REMARK. Corollary 5 implies tha t  T(Tac ,8 ) is  the topology of 
0 1' 

u n i f  o m  convergence on 0 (-Cl,Tac I -compact se t s .  
0 

We use the following lemmas t o  establ ish some topological 

properties of I.Taco, T (Tac .C1) ) . 
0 

n 
LEMMA 1. Let T be a l i f t i n g  matrix. Suppose a sequence (x i n  

i s  cf (4 ,Tac )-convergent t o  x . Then ( 1  xn I ) i s  cf(8 ,Tac )I -convergent 
1 0 1 0 

1x1, where and 

Proof. Let (xn) be a sequence i n  8, such tha t  (xn) is  

G(8 ,Tac )-convergent t o  x. Then, by Theorem l((i)  (iii)) , 
1 0 



Case 1. x = 0 .  Then 

n n 
(1) ' 1 1 = 0 and s;pIpl)x / I l  < . 

n 

t M = {* 1 11 lxn 1 (I-TI 11 > I/xn (I-TI  1 1  l). I f  M i s  f i n i t e ,  then there  

e x i s t s  n € IN such t h a t  1 x n  1 1 11 5 x n  1 1 1  f o r  every n 2 n . 
0 0 

n 
Thus l i m / l  lxn 1 ( I -T)  I l l  = 0 by 1 ' . Also supll lx I / I 1  = supl/xnlll < by (1) ' . 

n n 

Hence ( 1 xn 1 ) is  a (8  , Tac )-convergent t o  0 by Theorem 1 ( (iii) a (i) ) . 
1 0  

Suppose M is i n f i n i t e .  Then the  members of M form a s t r i c t l y  increasing 

sequence of pos i t ive  integers .  

f o r  k € iN , 

a3 

Let us denote t h i s  by (nkIkzl . Let,  

(see Proposition l(i) 1. 

F i r s t  not ice  t h a t  

= 2 1 1 ~ ~ ~ 1 1  (by Proposition 1 (Xi). 
1 



Similarly, 

Let Qk 
= IN\% . Then 

n n n n n n 
k k k k k  

+ 1 [ I  lx i I-Ixl Itli-- I 1  
i €Pk 

n n n 
k k k 

< - E (lxl ltli+...+~xi~l~tiylIi-l~i 1 )  + 

i €Qk 

n n n n n k 
n 

k - k 
E [ I xik-xlktli-. . . -x i-1 t i-1,i I-(Ixi I-Ixl Itli--. I x ~ - ~ I ~ ~ - ~ ~ ~  1 I (by (4) 
i €P 

k 

w n n n n n n 
k k k 

= Z (Ixl It 11 .+...+I~~-~lt~-~,~-Ix~ 1 )  + E ~x~~-x:t~~-----x i-1 t i-lIi 
i EPk 

I 
i=l 

* n n  n 
k -x t 5 0 + E \xi -x;tli-. . . i-l iyl,i 1 (by (3) 

i=l 

n 
k 

= Ilx (I-T) I l l  (by Proposition l l i )  ) + 0 as k + by (1) ' . 



0 (8 , Tac ) -convergent t o  0 by Theorem 1 ( (iii) .= (i) ) . 
1 0 

Case 2 .  x i s  any member i n  C l  . Let E > 0 .  Since x C C1, t h e r e  

e x i s t s  m C (N such t h a t  

Since (xn) i s  pointwise convergent t o  x , t h e r e  e x i s t s  n o C IN such t h a t  

m- 1 
( 6 )  L I x E - % l  < & / 8  f o r  n 5 n  o . 

k= 1 

n  n 
Since ( x  -XI n=l is  o(C 1 ,Tac o )-convergent t o  0 ,  ( I x  - ~ l ) ~ = ~  i s  

n  
o (8  , Tac ) -convergent t o  0 , and hence limm/l 1 x - X I  (I-T) I l l  = 0 by 

1 0 

n 
Theorem l (  (i) =, (iii) ) . Also, by (1) , 1imII  ( X  -XI (I-T) I l l  = 0 . 

t h e r e  e x i s t s  nl(> n such t h a t :  
0 



For n L n 
1' 



(by proposition l(i)) 

+ Z IxkI + 11 (0.0,. . . ,o. /xml, l ~ ~ + ~  1 , .. . ) T / I  (by Proposition l(i) 
k=m 1 



(by Proposition 1 (.ii) 1 

-- 
E n  I + g  by (6) and ( 5  

< - 4 + I 1 < 1 - I ~ : l ~ ~ ~ - * . . - I ~ ~ - ~ l ~ ~ - ~ , ~  8 
k=m 

since n  2 n > n  . 1 0 

a, 

for n 2 n  1' 

Now 

(by ~roposi ton 1 Ci) ) 

a, 

(since E t f k C 1  fw  i €IN1 . 
k7n 



k-1 
Hence a(n,k) 2 max{(l<l-lxkl - b (lx?l+lx.l)tjk) I 

j =m 3 3 

k-1 k -1 
Hence a n  2 1 1 1  -. 2 lxnIt I - (151 + 1 I X  It 1. 

j =m j jk j =m j jk 

. . 

n n 
Thus 1 1  Ixn-x[ (.I-~)II~ 2 I 1 x k x t  - * e m  - 1  1 It k-lIk 

k=m 
I 

w 03 

(since Z (.I\1+lxmltmk+ ...+lXk-lltk-lIk) = C 
k=m k=m 



- - - l o t  lx,ll IX,,,~ , . . -1~ l l ,=  2 z 1 xk I by Proposition 1) 
k=m 

n E E I - -  - - (by (5)  and (61, 
k-.l,k 8 8  k=m 

s ince  n  1 nl > no). 

n  
Since n  2 nl, 1 1  lx -xi (I-TI I l l  < ~ / 8  by (3). and hence 

~ h u s  ( Ixn l )  i s  C T ( C  ,Tac )-convergent t o  1x1 by Theorem l((iii) ( i l l .  
1 0 

LEMMA 2. Let T be a  l i f t i n g  matrix. I f  a  subset  C of El i s  

CT(C ,Tac ) - re la t ive ly  compact, then C U ~ C ~  i s  a ( 8  ,Tac ) - r e l a t i ve ly  
1 0 1 0  

compact, where I c I  = i ( l xn l  11  (xn) t c}. 

Proof. Suppose a  subset  C of C1 i s  ~ ( ~ 8 1 , T a c o ) - r e l a t i ~ e l y  compact. 

L e t  (xn) be a  sequence i n  CU I C  I. Then there  e x i s t s  a  subsequence 

n  
k  

n  
k  of (xn) such t h a t  (x  1 is  i n  C ,  o r  (x  1 i s  i n  I c I .  k= l  



n 
n k2 o3 n 
k I f  (x 1. f s i n  C,  then there  exists. a subsequence (x  1 

k 
5-1 a4 (X 1 

n 
k i  cr, 

such t h a t  (x  is  O (E1,Tac )-convergent s ince  C i s  
i=l o 

n k 
O ( C  ,Tat ) - r e l a t i ve ly  compact. I f  (x  i s  i n  I c I ,  then t he re  e x i s t s  

1 0 

k 
n 

a sequence (y ) i n  C such t h a t  1 y k l  = x f o r  each k . Since C is 

ki 00 k 
o ( 8  ,Tac ) - re la t ive ly  compact, there  e x i s t s  a subsequence (y ) i=l 1 of (y 1 

0 

k 
such t h a t  (y i, i s  O (8 ,Tac )-convergent. By Lemma 1, 

1 0 

O ( 8  ,Tac ) - re la t ive ly  compact. 
1 0 

LEMMA3. Let T b e a l i f t i n g m a t r i x .  I f a s u b s e t o f  C of El is  

O ( E  ,Tat ) - r e l a t i ve ly  compact, t h e n  P ( C )  = { P ~ X ~ X C C  and n (IN} is  
1 0 

O (-8 , Tac ) - re la t ive ly  compact. 
1 0  

Proof. Suppose a subset  C of 
&1 

is  O(8 ,Tac ) - re la t ive ly  compact. 
1 0 

Then CU 1 Cl  i s  O(8 , ~ a c ~ )  - re la t ive ly  compact by Lemma 2. Thus 
1 

(cU 1 c 1 1 (I-T) i s  r e l a t i v e l y  compact i n  (-El , /I )I1) by Corollary 4 (. (i) * (iii) ) 

of Theorem 1. By 1.4, Theorem 4 ,  

Let E > 0. Then the re  e x i s t s  n f N such t h a t  
0 



60. 

Case 1. m 5 n. 

w 

/I(P,x) (I-T) - Pn 1 @,XI (I -T)  1 Ill  = Z I x1tlk+. . .+x m t nik I (by proposition l(i) ) 

k=n+l 

(by Proposition l(.i)) 

= E (-1 xll tlk+. . .+Ixnl t  I (by Proposition l(.ii) 1 .  nk 
k=n+l 



Case 2 .  m > n . 

(by proposition 1 (.ii) 1 

N o w ,  a s  i n  Case 1, we can show t h a t  

Thus 

= 1  ( I - T  - P X I - T  ) 1 1  + 1 1  x I -  P x I - .  1 (by Proposition 1 (i) ) 
1 

€ E < - +  - by (1) since m > n >- n 
2 2 0 



Hence l i m  sup 11 x (I-T) - Pn (~(1-TI.  1. I l l  = 0.  Thus P CC) (I-TI i s  r e l a t i ve ly  
n 

X C P  (GI. 

compact i n  (-5. 11 / I l )  , by 1.4, Theorem 4. Since C is  0 ( 8 , Tac ) - re la t ive ly  
1 0 

compact, C i s  C1-norm bounded by Corollary 4 C ( i  ' (.iii) 1 of Theorem 1. 

Thus P (.C) i s  a l s o  tl-norm bounded. It follows from the same Corollary 

t h a t  P (.C) i s  0 ( 4 , Tac - re la t ive ly  compact. 
1 0  

The following theorem was proved fo r  ac  i n  14, The~rerp 4! 
0 

THEOREM 2 .  Let T be a l i f t i n g  matrix. Then (Taco, T ( !Facot el) ) is  an 

Proof. Let C be a 0 (.Clr Taco) - re la t ively  compact subset  of 
81 . 

Then P(C) = 1 ~ ~ x 1  x C C and n IN} i s  0(.8 ,Tat ) - re la t ive ly  compact 
1 0 

by Lemma 3 .  Let y = (yk) Taco  Then 

Thus the  family Pn : ( . ~ a c  , T (Tac el 1. ) + (Tac ,T (Taco, 4 ) ) , n = 1,2 ,  . . . 
0 0 0 1 

i s  equicontinuous. Now w e  claim t h a t  t he  s e t  

00 

S = {x ~ a c ~ l  (PnxInEl i s  T(.Tac o el) -convergent t o  XI i s  T (Tac 4 1 -closed. 
0, 1 

A 
Suppose a ne t  (x  ) i n  S i s  T (Tac 8 ) -.convergent t o  x i n  Tac . o r  1 0 

Let 11 1 1  be a T (Tac 8 -continuous seminorm on Taco, and l e t  E > 0.  
0' 1 

Since the  family pn, n = 1.2, .  . . is. equicontinuous and l i r n l l  xh-XI] = 0 , 
h 

there  e x i s t s  h such t h a t  
0 



< €/3 + &/3 + &/3 = E f o r  n > -  n  by (1) and ( 2 ) .  
0 

m 
Hence (Pnx) n=l i s  r(Tac ,C )-convergent t o  x  s o  t h a t  x  ' S. Thus 

0 1 

S i s  T(Tac 8 )-closed. By 1.3, Proposition 1, 
0' 1 

- r ( ~ a c ~ , 8 ~ )  - 0 (Tac 
cP = 9 

0 4 )  
= Tac . Thus S = Tac since 9 5 S. 

0 0 

LEMMA 4. Let T be a  l i f t i n g  matrix. Then (-8 , 1 1  I -  is  a  normed 
1 

space and (.el. llx ( . I - T / / ~ )  * - c Tac . 
0 

Proof. TO claim t h a t  / ~ x ( I - T )  [I1 i s  a  norm on El it su f f i ce s  t o  show 

t h a t  x  (I-T) = 0 = x = 0. Suppose x  (.I-.TI = 0 .  Then 

(.x(.I-T) = x1 = 0; ( ~ ( 1 - T ) ) ~  = x - x t = 0 ,  hence x  = 0.  2  1 12 2 

Inductively we can e a s i l y  show that r( = 0 f o r  a l l  k . 

Since x  -t x(.I-T) i s  a  continuous l i n e a r  function from 



is  a l so  an AKrspace. Now. l e t  f L (Ll, I ~ x ( s - T L I I  ) ' Then, f o r  every 1 - 
m 

k k 
x C 8 f (XI = E xkf (s s ince (Cl, llx(1-~1 I l l )  i s  AK. Let y = f (e  ) 

1 ' 
k= 1 

k 

f o r  each k . We claim t h a t  y = (y ) F Tac . Since f C ( C l ,  ~ I X ( I - , T )  [I1) , 
k ' 0 

(1) I z %ykI = I f ( x )  1 5 / I X ( . I - T ) . I I ~ I I ~ I I  f o r  x t el . 
k= 1 

Let p C IN. Then the nth  row of T+-..+TP i s  i n  I f o r  each n t  and hence 
P 1 

2 + 1 
5 - /If11 (s ince E 1 ~ ~ 1 . ~ ~ 1  = 1 1 (P I n k [  = 1). 
P k=l k= 1 

~ h u s  l i m I  
(.T+. . . @ 

y), I = 0 uniformly i n  n . By Corollary 1 of 
P P 

Theorem 1 of 93, y 5 Taco. 

THEOREM 3. Let T be a l i f t i n g  matrix. Then (Taco,T (Tac e l ) )  i s  
0 

complete. 

Proof. To show t h a t  (TacotT(.Taco,61)~ i s  complete w e  use Grothendieck's 



c r i t e r i o n  (.see 1.3,  Theorem 1.1. Let f be a l i n e a r  funct ional  on 

which i s  0(-8~,Tac )-continuous on each 5(.81,Taco)-compact s e t ,  and 
0 

n 
suppose (x i s  a sequence i n  5 which i s  convergent t o  0 i n  the  

twoaorm topology 8 , x , I - T  1 )  . Then, by Theorem 1 ( (iii) (i) ) , 

n 
(X 1. i s  o ce ,Tac -convergent t o  o . Hence {xn 1 n c A} i s  

1 0  

0(8  ,Tac ) - re la t ively  compact s.o t h a t  f i s  a(..$ ,Tac )*continuous on 
1 0  1 0  

00 

{xnIn <IN}. Thus ( f ( ~ , ) ) ~ = ~  i s  convergent t o  0 i n  p . Therefore, 

f i s  continuous i n  the  two norm-topology (-8 . I [  I /  /Ix (I-TI I l l )  . Hence 
1 1 

f l i e s  i n  the  closure of 8 X I -  i n  1 1  ! I l )  ( i . e .  , (In, 11 

by 1.4. Theorem 2.  Since ( C I I  llx (I-T) /I1) ' - c Tac (by Lemma 4) and Tac 
0 0 

i s  closed i n  (rn.11 / I _ ) ,  f L Tac . Hence (Tac ,~( .Tac e l ) )  i s  complete by 
0 0 0, 

Grothendieck's c r i t e r i on .  



CHAPTER 4 

CONSISTENCY THEOREMS FOR T-ALMOST CONVERGENCE 

The main purpose of t h i s  chapter i s  t o  e s t ab l i sh  t he  bounded 

consistency theorem f o r  T-almost convergence. The bounded consistency 

theorem i s  a p r inc ipa l  r e s u l t  i n  the  theory of summability. Two d i f f e r en t  

approaches t o  e s t ab l i sh  t h i s  theorem f o r  almost convergence can be found 

i n  4 1 and [21]. It seems d i f f i c u l t  t o  construct  a proof f o r  T-almost 

convergence p a r a l l e l  t o  these proofs. In proving t h i s  theorem we f i r s t  

e s t ab l i sh  the  sequent ia l  completeness of C1 under ce r t a in  weak 

topologies. To do t h i s  we apply a gl iding hump argument together with a 

technique ca l led  "the pr inc ip le  of aping sequences". ~ r d &  and Piranian 

developed t h i i  technique i n  1 8 1  and derived t h e  c l a s s i c a l  bounded 

consistency theorem a s  a quick appl icat ion.  A s  we expected, it was 

necessary t o  penetra te  deep i n t o  the s t ruc ture  of T-almost convergent 

sequences t o  e s t ab l i sh  the  theorem. This made some arguments r a the r  long 

and d i f f i c u l t .  F ina l ly ,  employing some techniques already developed, we 

obtain a r e s u l t  for T-almost convergent sequences (Theorem 3 of 

sect ion 3 )  which i s  unknown even f o r  convergent sequences. 



52. Notations and b a s i c  r e s u l t s .  

Recal l  t h e  d e f i n i t i o n  (3.2, Def in i t ion  2) of a  l i f t i n g  matrix 

T = ( t jk )  i n  Chapter 3. When T i s  a l i f t i n g  matrix,  T" (n th  power of T) 

i s  defined f o r  n E IN , and f o r  convenience we w r i t e  T~ = ( t n  ) f o r  
j k  

1 n = 0,1,2. .  . with  TO = I and T = T.  It should be no t i ced  t h a t  tn 
j k 

i s  not  the  nth power of t . Under these  n o t a t i o n s  w e  obta in  t h e  
j k 

following proposit ion.  

PROPOSITION 1. Let T = (f . ) be  a l i f t i n g  matrix. Then the  following 
~k 

hold: 

( i )  tn = 0 f o r  k < j+n ; 
j k 

0 3  

( i i )  L tn = 1 f o r  n = 0,'1,2,. . . and j = 1 ,2 , .  . , ; 
k = l  j k 

4 9 00 00 

n 
( i i i )  E tm 5 Z tn (equivalent ly ,  Z tm 2 Z tjl;) 

k= 1 jk k = l  j k kiq+l jk k=q+l 

f o r  m > n and q y j  = 1,2 , .  .. . 

Proof. ( i )  Clearly i t  i s  t r u e  f o r  n = 0 , l .  Suppose tn = 0 f o r  every 
j k  

03 

j , k  such t h a t  k < j+n. Then tn+l = E t tn = 0 f o r  k < j+n+l, 
jk p=l jp pk 

s ince  t = 0 f o r  p 5 j and tn = 0 k < p+n . So ( i )  follows by 
j P pk 

induction.  

n 
( i i )  This follows from the  f a c t  t h a t  T e = e. 

4 4 
( i i i )  It is s u f f i c i e n t  t o  show t h a t  Z tT1 5 Z tn . 

k= 1 J~ k = l  j k 



4 
I f  q < j+n+l, then C tn+l = 0 by (.i). Suppose q l j+n+l. 

k = l  J k 

4 n+l - q tn+l 
Then C t - C 

j k 
by ( i ) .  Also, f o r  k l  j+n+l, 

k= 1 jk k=j+n+l 

a, k -1 
n+l n n n 

t 
j k 

= ( T T ) j k =  C t j i t ik= Z t;itik (s ince  t j i = O  f o r  i < j+n 
i= 1 i= j+n 

and tik = 0 f o r  i > k-1 by ( i ) )  . Hence 

4 4 
r C  C t7itik (s ince  k 5 q) 

k=j+n+l i=j+n 



5 3. Main r e su l t s .  

I n  t h i s  sec t ion  we obta in  severa l  consistency theorems f o r  

T-almost convergent sequences by es tab l i sh ing  t he  following theorem. The 

proof of t h i s  theorem is. d i f f i c u l t  and uses. a complicated g l id ing  hump 

argument based on the  p roper t i es  of l i f t i n g  matrices and T-almost con- 

vergent sequences. 

THEOREM 1. Let T be a l i f t i n g  matrix, and l e t  B = (b ) be an 
jk 

i n f i n i t e  matrix such t h a t  l l ~ l l  < and such t h a t  every column of B 

belongs t o  c . Then Cl i s  o(Cl,(Tac ) nm)-sequentially complete. 
0 0 B 

Proof. Let B = (b . ) be an i n f i n i t e  matrix such t h a t  1 1 ~ 1 1  < and 
~k 

such t ha t  every c o l m  of B belongs t o  c and suppose A = (ajk) is  an 
0' 

i n f i n i t e  matrix with t he  same proper t i es  as  B such t h a t  ( ~ a c ~ ) ~ l - l m  5 cA. 

Since co 5 co 5 (Taco) B ,  I ( ~ a c ~ )  Bnm]B' = 8, and hence, because of 2.3, . 
B 

Theorem 2 ,  it su f f i ce s  t o  prove t h a t  ( T a ~ ~ ) ~ f l m  - c co . 
' A 

Suppose there  e x i s t s  x = (q) E ( T a ~ ~ ) ~ n m  such t h a t  

l i m  x # 0. We may assume t h a t  l i m  x = 1. Let y = Bx and z = A x .  
A A 

Then y 6 Tac and z C c. We construct  a bounded sequence u = (uk) 
0 

such t ha t  u.x F This leads  t o  a contradic t ion s ince  

Let kl f IN. Choose n f [N such. t ha t :  1 

1 
(bl) f ( . l a  b .  1 )  - f o r  j t n l ;  

k= 1 jk  ~k 2 



I 
0 

For 1 5  j 5 n  no t ice  t h a t  E to = t = 1, and tha t  Z tP = 0 1 ' k= 1 jk j j  k = l  j k  

i f  p  l n  (by Proposit ion l ( i )  of 52). For 1 5 j 5 n  l e t  i 1 1' j 1 

(0 5 i < n  be t h e  l a rge s t  i n t ege r  such t h a t  
j  1 

n  
1 i,, 1 

Let 

(f l)  ijl = 0  f o r  j  > nl . 

Notice t ha t  

b 

(.gl) ill? 1 (by (.cl) and (.el))' and ijl < nl 
f o r  - j  = 1 y 2 y . * .  

Choose k2 (>kl) C M such t h a t  

Now choose n  (>nl) L IN such t h a t  : 
2  

L 1 
(b2) E ( l a j k l+ [b jk l )  < -  f o r  j 3 n  . 

22 
2 ' 

k = l  



n  i +n 
2  rill 1 n2 in ,l+Y 

By Proposit ion l ( i )  of  $ 2 ,  E tn 
- - C t ( z  Q b y  ( c 2 ) ) ,  

1 1 k=2n +i 1 rill "lk 

and hence 

(d ) 2n1 5 n2 . 
2  

n  n  
2  2  

0 
For 1 9  j 5 n  not ice  t ha t  E to = t = 1, and tha t  Z tf) = Q i f  2  ' k= 1 jk j j  k= 1 ~k 

p E n  (by Proposit ion l ( i )  of 82). For 1 9 j 5 n  l e t  i (0 9 i 9 n2) 2  2  ? j2  j 2  

be the  l a r g e s t  i n t ege r  such t ha t  

Let 

(f2) ij2 = 0 f o r  j > n2 . 

Notice t ha t  

f o r  j = 1 ,2 , . .  . . 

Choose kg(> k2) f IN such t ha t  

1 
(a3) ( l a j k l + / b  1 )  < 7 f o r  3 5 n  

k=k3 j k  2 -  

Now choose n3() n2) C IN such t ha t :  



- 
1 

(b3> L ( 1  ajkl+lbjkl)  < - f o r  j 2 n 3 ;  
k= 1 

n 
3 i + n  1 1  1 

(-c31 Z t j 2  2 e - + - + 7  f o r  1 5  j s n  
k= l  j k 22 2 

2  * 

n i + n  3 n22 2 n3 in22+n2 
By Proposit ion l ( i )  of 52, - - C t n k  tn2k (> 0 by (c3)) .  

k= l  2  k=2n +i 2 n22 

and hence 

n  3  
0 

n3 
For 1 5 j  5 n no t ice  t ha t  I: to = t = 1, and tha t  C tP = 0 i f  3' k= 1 jk  j j  k= 1 j k  

p  2 n3 (by Proposit ion l ( i )  of 52). For 1 5 j . 9 n 3' l e t  i (0 5 i < n3) 
j 3  j 3  

be the  l a rge s t  i n t ege r  such t h a t  

Let  

(f3) i = O  f o r  j > n  
j 3  3  - 

Notice t ha t  

f o r  j = 1 y 2 y . . .  . 
We proceed induct ively  t o  construct  s t r i c t l y  increas ing 

03 03 

sequences (kr) F1, (nr) F1 
of pos i t i ve  in tegers ,  and increas ing sequences 



w 
(ij r) Fl; j = 1 2  , . . . of non-negative in tegers  such. t h a t  : 

n 
r i 00 

1 1  
i 

1 1 
( i i )  X r j r ? - + - +  ... + -  (equivalently,  Z t jr 5-+ jk  2 22 2 k=nr+l j k  2r+1 k = l  

- + )  f o r  1 5  j 4 n  r =  1,2 ,... (see (el),  ( e2) ,  and (e3) ) ;  
r+2 r ' 

( i i i )  2n 5 nHl f o r  r = 1,2,  ... (see (d2) and (dg));  r 

( iv )  i j , r+15  jr + n r  f o r  1 5  j 4 n  r ' r = 1,2, . .  . (see  (g2) and (g3));  

* 

(v) ijr < nr f o r  j , r  = 1,2,  ... (.see (gl). (g2). and (g3)); 

(vi) i = 0 f o r  j > nr ,  r =  1,2  ,... (see  ( f l ) ,  ( f 2 ) ,  and . ( f3 ) ) .  
j r  

Define bounded sequences u = (u.) and v = (Y.) such t h a t  
J J 

u = s i n 6  f o r  kr 4 j  < krC1 and v = s i n K  f o r  n 4 j < n  
j j r r+l 

F i r s t  we show tha t  (Bx) .v (=y.v) C Tac o . 

By t h e  de f in i t i on  of u and v , 

(1) llullw = llvllw 4 1- 

L e t  1 > E > 0 .  Since y C: Tac 0 '  i t  follows from Corollary 1 of 3 .3 ,  

2 
T+T +. . ,+T' E 

Theorem 1 t h a t  the re  e x i s t s  po C N such t h a t  I \ (  
P  )YII, < 

f o r  p 2 p . This means t h a t  
0 



Choose r(> 2) C IN such t h a t :  

(4) 1 s i n -  s i n =  < 2 f o r  m 2 r ; 

Note t h a t  i n  t h e  rest of t h e  proof r i s  a  f ixed  i n t e g e r  s a t i s f y i n g  

(3) ,  (41, and (5).  Let p C IN such t h a t  

Now we claim t h a t ,  f o r  p (-5 IN) s a t i s f y i n g  ( 6 )  

00 

2 I 1 ( t .  + t .  +...+ tPk)ykvk/ /P < E f o r  every j c N . Let  j c IN 
k= 1 Jk  Jk 

Case 1. i E 1. Then 
jr 



00 i 
jr (3) ' 1 Z Ct. +. . .+t )Yk~k( C lly.vIl,.i (.by P r o p o s i t i o n  l ( i i )  of 82) 

k= 1 J k jk j r 

For r S m 5 s  and i < q 5 i  
jm j ,mtl '  

For r f m 5 s ,  n > n 2 j @y (.I) ' 1 and hence m t l  r 



a i w 03 

j ,mfl k k 
5 C 112 (by ( i i ) )  < C 112 ( s i n c e  r 5 m) < 

E 
C t 

k=nmfl+l j k  k=m+2 k= r 
20 I I Y  II, 

(by (5)) .  A l s o ,  by P r o p o s t t i o n  l c i i i ) )  of  52, 

Hence, f o r  r 5 m  5 s and i < q 5  i 
j m  j ,ntt-1' 

S ( q - i  
€ 1- (by (1 ) ) .  j m  20 

Also,  f o r  r S m  5 s and i < q i i 
j m j ,el' 

n n 
m f l  i. +1 m f l  i. +1 

9 J m  +. . .+t. ) (V -v )ykl lm +e. .+ t ;k)~kl  + 1 ( t jk  5 lvn I ( t j k  k= 1 J' k "m-1 
m-1 k = l  

For j 5 n i L n  hy ( i v ) .  Hence j I- i + 1 > nm-.l for eve ry  j ? IN, m-1"m m-1 j m  

P r o p o s i t i o n  l(.i) of  52, 



n  
crfl i +1 

= I 1  jm +...+ t 9 )(y -v ) y  I  f o r  r 5 m 5 s 
k=n ( t jk  jk nm-.l k  

m-1 

a n d i  < q 5 i  
jm j ,mcl" 

By t h e  d e f i n i t i o n  of (Y ) ,  f o r  r 5 m 5 s and n  5 k  5 n  
k m- 1 mt-1' 

Hence, f o r  r 5 m 5 s and i < q  9 i 
j m j , m + l Y  

n  m+l i +1 
2 E jm +...+ tq ) (by (9)') 

j k  

2  
5 5 (q - i )E  (by P r o p o s i t i o n  l ( i i )  of 82) . 

j m 

For r l m  5 s and i < q 5 i  
j m j ,el7 



For r I m 5 s  and i ~ q 4 i  
j m  j ,&I' 

For r 4  m 5 s, j 5 n (by ( I ) ' )  C nm and hence i l i  + n  r 1 j m  m 

(by ( i v )  ) > 2 i  (by (v) ) . Thus 
j m  

i. i 
< 2 and j m  

(14) '  < 1  f o r  r C m 5 s .  
j , m - i - ~ - ~ j m  i j , m + ~ - ~ ~ r n  

For r 4 m C s, j 9 nr (by (1) ') 9 nm and hence i I n (by (iv)) 1 m 

I n  > p o  r (by ( 3 ) ) .  Thus, by (21, 

E < (-2 y+l-i jml . i~ for r 4  m 4  s by (14 ) ' .  



i j m  
I f  ijm < po C.r 5 m 9 s ) ,  < -  (note t ha t  s ince  Po 

n 
j m m 

j 5 nry 
Po < 

(by (1)') 4 nm, ij ym+l-ijm 2 nm by ( i v ) )  5 -. n (by ( 3 ) )  and 
r 

a i. 

hence I I: ( t .  +.. .+t Irn)yk/ 9 Ily/l,.ijm (by Proposit ion l ( i i )  of 52) 
k= 1 Jk j k 

From 

(17) 

i. ?' E -i - f o r  r 5 m 5 s. t .  +. . .+t Jm)ykl < ( i j  jm 20 ( I 6 ) '  I ( Jk  
k= 1 j k 

(13) ' , (15) ' , and (16)'  with q = i j ,m+lY 

m i +1 i 
3E f o r  r ~ m ~ s - . l .  I z ( t j ?  +...+ t jymC1)yk[ < (.ijYmCl-ljm)-lij 

j k  k = l  

From ( l l ) ' ,  (17) ' ,  and (12)'  with q = i j , n t t l y  

n m+l  i. 4-1 i 4& I I z ( t j r  +. . .+t j y ~ l ) y k l  < (.i -i ) .- f o r  r 9 m I s-1. 
j k 1 jm 20 1 k = l  

From (8) '  and ( l o ) ' ,  



2 < - ( q - i  ) &  f o r  r T m T s  and i i q 5 i  
2 0 j m jm j ,mtl' 

From ( 7 )  ' , (18) ' , and (19) ' with q = i j ,dl' 

n m+l i, +1 i. 
J m  +...+ t ~ 9 ~ ~ 1 ~ ~ v ~ l  < ( i  ( 2 0 ) '  11 ( t j k  6E f o r  r 5 m 5 s-1. 

j k  
1- j ,nrtl-ijm 20 

k= 1 

From (4) ', (20) ' , and (6)  ' with q = i j ,mt l '  

Hence 

7 
< 20 PC ( s i n c e  i js < p ) .  
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I•’ i 2 po, I Z (t. +...+ f ijs)ykl < ijs.~/20 (by (-2)) < P&/2O (since 
3s k= 1 ~k jk 

Hence 

w i 
(24)' 1 C (t. +. ..+t jS)ykl < ~ ~ 1 2 0 .  

k= 1 ~k jk 

From (13) ' , (23) ' and (24) ' with m = s and q = p (note that i < p I i 
js j , s+l 1, 

From (11) ' , (-25) ' and (12) ' with m = s and q = p, 

From (7) ' , (26) ' , and (19) ' with m = s and q = p, 

From (4) ' , (27) ' and (6) ' with m = s and q = p, 



From ( 2 ) ' ,  ( 3 ) ' ,  (22) '  and ( 2 8 ) ' ,  

Case 2. i = 0. Let  t b e  t h e  s m a l l e s t  i n t e g e r  such t h a t  i 1 1. Then 
j r j t  

(1)"  t > r, i = 0 ,  and j I nt  (by (vi)). 
j ,t-1 

For 1 I q I i  
j t y  

m i m 03 

k  
Since  j I n  t ' ( b y ( l ) " ) ,  C t j t I  C 1 1 2 ~ ( b y ( i i ) ) <  1 1 1 2  

k=nt+l jk k = t + l  k=r 

( s i n c e  t > r by (1)") < 
€ rn by (5 ) .  Also ,  by P r o p o s i t i o n  l ( i i i )  of 52, 

Hence, f o r  1 5 q I i 
j t  



A s  same as ( 7 ) '  i n  Case 1, we can show t h a t  

Ivn 
t-2 

f o r  1 5 

Since  t > r (by (1)") and r > 2, t-2 1 1. I f  j 5 n t - 2 '  
then 

i L i 
j , - 1  j , t-2 + nt-2 

by ( i v ) .  This  is  a c o n t r a d i c t i o n  s i n c e  

i = 0 (by (1)") and n > 0 .  Thus j > nt-2 and hence 
j , t-1 t-2 

i. 
t = t2 = .  ... = t I t  = 0 f o r  k  < nte2 (by P r o p o s i t i o n  l ( i )  of 9 2 ) .  

j k  j k  j k  

Therefore ,  f o r  1 5  q 5 i 
j t  

Since  t-1 1 r (by ( l ) " ) ,  as same a s  (10) '  i n  Case 1, we can show t h a t  

As  same as (11) i n  Case 1, we can show t h a t  

a, 03 

5 11 ( f .  +...+f;k)Ykl + I  ( . t . + * . * + t q k ) ~ k l  for  l C q C i  
~k J k  j t '  k= 1 k=n +1 

t 



For 1 I q 5 i  by (3)11, j t y  

from (6)" and (7) " , 

from (5) ", (11)" and (12) ", 

m 
4 5 (14)" 1 E ( t .  +*..+tjk)YkvkI ' qE . 

k = l  ~k 

m 

To show tha t  I E (it. +. . .+t! ) y v ( 4 p€ we consider t h e  cases 
k = l  J k  

Jk. k k  

p > i  and p 5 i separate ly .  F i r s t  let  p > ijt. Then there  e x i s t s  
j t  j t  

s (? t )  F N such t ha t  i < p 5  i Thus 
j s  j , s+l' 



As same a s  (22) '  and (28) ' i n  Case I we can show t h a t :  

5 
i .E < - - p ~  ( s ince  p > i < -  ), and i f  i 5 pop  then  

20' j t  20 j t j t 

a i. 
I Z ( t  . +. . .+tj:f)Ykvkl 5 v i j  (by P ropos i t ion  l ( i i )  of 82) 5 
k=l  J k 

Hence 

m i. 
5 (18)" / Z (t .  +.. .+t J t ) ~ k ~ k l  < PE* 

k= 1 ~k  j k  



Now l e t  p 5 ijt. Then, from (14)" with q = p (> po by ( 6 ) )  , 

a PoSn, Pohr) I 
I 1 ( t .  +. . .+tP ) y  v I < p~ f o r  p > m a x { 2 0 ( ~ ) ,  2 0 1 1 ~ l l , ( ~  and j E IN. 

k=l J k jk k k 

This impl ies  t h a t  

Hence y .v(= (Bx) .v) C Taco by Corollary 1 of 3.3, Theorem 1. 

Now w e  show t h a t  x .u  E (~ac~)~\cc. Let E > 0. Choose m o C IN 

such t h a t  : 

> nm . Then t h e r e  e x i s t s  m(.Z mo) C IN such t h a t  nm 9 j < n Let j -  dl' Now 

0 



- ( njk\ + "jk%Uk k=l 
) s i n G I  (by t h e  d e f i n i t i o n  of ( x )  and (v ) )  k 

k=kmt2 

Since I]ui/ C / (by (1)) , 1 uk-sin&\ 9 2 f o r  k L I, and hence 

1 
< ~ I I X I I ~ ~  (by ( i )  s ince  n m 5 j < n mtl ) 

2 

1 
5 211xIImFl ( s ince  m o I m) 

2 
0 



Also 

From ( 9 ) ,  ( l o ) ,  and (11) w e  have 1 [B(x.u) 1 - [ (BX) . v ]  1 
j 

Hence liml'[B(x.u) lj - [(Bx) .v] . I  = 0 s o  t h a t  B(x.u) - 
j J 

< E f o r  j l nm . 
0 

Since (Bx) .v L Tac B(x.u) E Taco and hence x.u E ( ~ a c ~ ) ~ .  
0 ' 

Replacing B by A , we can s i m i l a r l y  show t h a t  

A(x.u) - (Ax) .v F co. Since limx = 1 and (vk) o s c i l l a t e s  between 1 and 
A 

-1, A(x.u) o s c i l l a t e s  between 1 and -1, and hence x.u f c A' 

W e  now e s t a b l i s h  our  f i r s t  consistency theorem f o r  T-almost 

convergent sequences. 

THEOREM 2.  Let T = ( t j k )  and S = (s ) b e  l i f t i n g  matr ices  and le t  
j k 

A = (ajk) and B = (b . ) be regu la r  matr ices .  Suppose n m C ( ~ a c ) ~ .  
J k 

- 

Then S-Limx = T-LA= f o r  x C (Sac) f l m. 
B A B. 

Proof. Let T = ( t j k )  and S = ( s  ) be l i f t i n g  matr ices  and let  
j k  

A = (ajk) and B = (b .  ) be regu la r  matr ices .  Suppose 
J k 

(Sac)B n m 5 ( T ~ c ) ~ .  F i r s t  w e  show t h a t  ( ~ a c ~ ) ~  fl m - c ( ~ a c ~ ) ~ .  Let 

x E (Sac ) fl m. Then x E (Tac) and hence Ax E Tac. Let 
0 B A 



T - L i d  = crcx). Then, by Corollary 1 of 3.3,Theorem 1, 

l i m ' ( w )  = o(x) uniionoly i n  j . This i s  equivalent  t o  
P Y 

1 
= ~ ( x )  uniformly i n  j by 1 .5 ,  Theorem 3 ( i i i )  . I n  

P j 

p a r t i c u l a r ,  l i m  [~A+.;.+T'.> .] = acx).  i . e . ,  
P 2. 

TA+. x = a(.x) . s ince  this i s  t r u e  f o r  every l i m  ( ) 
P i=l Ii i 

each p and, moreover, the sequence i n  5 is 

o(Cl, ( ~ a c ~ ) ~ n  m)-~auchy. Since C1 i s  o(Cl, ( S a ~ ~ ) ~ n  m)-sequentially 

complete by Theorem 1, [ ~ t . p * ' ~ p ~ l ~ = l ] ~ l  i s  ~ ( ~ ~ , ( ~ a c ~ ) ~ n  m)-con- 

vergent t o  a 

t o  show t h a t  

and E > O .  

exists ko 5 

member (yk) i n  el. TO show tha t  (yk) = 0 ,  i t  i s  su f f i c i en t  

-t 0 point-wise as  p -t a . Let i € I N  

Since A = (ajk) i s  regular ,  l i m  %i = 0 and hence there  

IN such t ha t  

2 l l ~ l l k ~  
For p l 

E 9 
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0 
= I elk%i +...+ C tlk ti+ ... + "!kaki I /p (by Proposit ion l ( i )  of 52) 

k=2 k=k k=p+l 
0 

€ p-ko+l + - .  (by Proposit ion 2 ( i i )  of 52, and by (1)) 
2 P 

€ 211AIlko . 
5 l l ~ i l  . - F a +  y (s ince  p 5 

2 All 
I= E . 

E 

Hence -+ 0 pointwise as  p -+ . Thus (yk) = 0. 
1' i=l 

This implies t h a t  a(x)  = 0 ,  and hence Ax L Tac so  t h a t  x E (Taco)A. 
0 

Therefore, ( S ~ C ~ ) ~  n m - c ( ~ a c ~ ) ~ .  

Now l e t  x c: ( S a d g  n m. Then x - (S-~imx) e E ( S ~ C ~ ) ~  n m 5 (Taco) A. 
B 

and hence T-Lim(x-(S-Limx) e) = 0. i . e . , T-Limx = S-Limx . 
A B A B 

The following corol lary  i s  a statement,  analogous t o  t he  

o r ig ina l  bounded consistency theorem , f o r  T-almost convergent sequences. 

COROLLARY 1. Let T be a l i f t i n g  matrix, and let A and B be regular  

matrices.  Suppose (Tac) n m L c Then limx = T-Limx f o r  x E (Tac) n m. 
B - A' A B 



and hence i t  follows from Theorem 2 t ha t  T-Limx = T-Limx f o r  x E (Tac) fl m. 
A B B 

But limx = T-LImx f o r  x E c and hence limx = T-Limx f o r  
A A A' A B 

x < ( T ~ c ) ~  fl m. =i' i f  k = j+l 
When To = t i s  given hy t 

jk  
, Corollary 1 

jk 0 otherwise 

reduces t o  the  following, which was f irst  obtained by Bennett and Kalton [ 4 ] .  

COROLLARY 2 .  Let A and B regular matrices and suppose ( a d B  n m 5 qA. 

Then l i n x  = TO - Limx f o r  x F ( . a ~ ) ~  fl m. 
A B 

Before s t a t i n g  our next  r e s u l t ,  l e t  us r e c a l l  t he  following 

notation.  I f  E i s  an FK-space containing 9, then we wr i t e  

WE = {X F E I P  x + x weakly i n  E} . n 

THEOREM 3. Let T be a l i f t i n g  matrix, and l e t  B = (b ) be an 
j k 

i n f i n i t e  matr ix  such t ha t  l l ~ l l  < QO and such t ha t  every column of B 

belongs t o  c . Suppose E i s  an =-space containing c . Then .el is  
0 0 

0 (el, (Taco) fl (W f l  m) ) -sequential ly complete. 
E 

Proof. Let B = (b.  ) be an i n f i n i t e  matrix such t ha t  l l ~ l l  < 00 and 
~k 

such t h a t  every column of B belongs t o  c 
0 '  

and l e t  E be an FK-space 

containing c . Suppose A = (ajk) i s  an i n f i n i t e  matrix with the  same 
0 

p roper t i es  as  B such t h a t  (TacoIE fl (WE fl m) 5 cA. Since 

c c (.Taco)B I7 (WE n m) , I ( ~ a c ~ ) ~  fl (WE fl m)]@ = C1, and hence, a s  i n  t he  proof 
0 - 

of Theorem 1, i t  su f f i ce s  t o  prove t h a t  ( ~ a c ~ ) ~  fl (.WE fl m) 5 co . 
A 



92. 

Suppose t h e r e  exists x = cs) E (-Taco)B n (WE fl m) such t h a t  

l 'mx # 0. W e  may assume t h a t  limx = 1. A s  i n  t h e  proof of Theorem 1, B A 

w e  const ruct  a bounded sequence u = (.\) such t h a t  

u.x < (Tac ) fl (WE n m) \ c A  This leads  t o  a con t rad ic t ion , s ince  
0 B 

(TacoIB fI (WE fI m) 5 cA . I n  const ruct ing (uk) w e  only change the  choice 

of (kr) i n  t h e  proof of Theorem 1 such t h a t :  

(a)  the  change does not  a f f e c t  t h e  proof of u.x E (Tac ) \cA; 
0 B 

(b) U.X C (WEflm). 

NOW we s t a t e  t h i s  modificat ion of t h e  choice of (k,). 

Let (p ) be an inc reas ing  sequence of seminorms which 
n 

generates t h e  FK-topology on E . Since c c E,  t h e  uniform norm topology 
0 - 

on c i s  f i n e r  than t h e  FK-topology on E r e s t r i c t e d  t o  c . Thus we may 
0 0 

assume t h a t  

(1) P 5 y f o r  n E M  and y E c o . 

Since x L: WE n m, x belong t o  t h e  weak c losure  ( i n  E) of t h e  convex h u l l  P(x) 

of t h e  set {Pnxln L: IN) . It follows from 1.3, Proposi t ion  1 t h a t  t h e  

c losure  of P(x) i n  E wi th  respect  t o  t h e  FK-topology coincides  wi th  t h e  

t 
weak c losure  of P(x) i n  E. Hence there  e x i s t s  a sequence (x ) i n  cp such 

t h a t  : 

(3) xt + x i n  E wi th  respect  t o  t h e  FK-topology (hence (xt] i s  

Cauchy i n  E wi th  respect  t o  t h e  FK-topology) . 



It follows from 0). t h a t  we can choose t1 <IN such t ha t  

t s  1 
(al) pl(x -X 1 < - f o r  t , s  - > tl . 

22 

Choose k  E IN such t ha t :  
1 

= 1 (yl) q, = 0 f o r  k  > - kl . 

00 

Now we choose n  and ( i j  l) j=l 
1 

a s  same a s  i n  the  proof of Theorem 1. 

(-3) implies t h a t  (xt) is pointwise Cauchy, and hence it follows 

from (3) t h a t  w e  can choose t2 (.> t l )  C B such tha t :  

1 
f o r  t , s  P t2  ; 

t s  1 (B2) Z Ixk-\l < -  f o r  t , s  > - t2 . 
k= 1 2 

Now we choose k2(> kl) C IN such t ha t :  

t2 (y2) xk = 0 f o r  k  L kg ; 

as  same a s  i n  the  proof of Theorem 1. We choose n2 

We proceed t o  construct  s t r i c t l y  increas ing sequences ( t r )  , (kr) , 
w 

and (nr) of pos i t ive  in tegers  and increas ing sequences ( i j r lF l ,  

j  = 1 , . . . of non-negative in tegers .  These sequences, i n  addi t ion t o  

conditions (.i) t o  (vi) i n  t h e  proof of the  Theorem 1, s a t i s f y  the  

following conditions. 



kr-l 
94. 

t s  1 I%-%[ < - f o r  s,t I tr, r = 2,3, .  . . ( s e e  (B2))  ; 
k = l  2*l 

L 

xkr = 0 f o r  k 2 k r ,  r = 1 , 2  ,... (see (yl) and (yZ)). 

Define bounded sequences u = (u . )  and Y = (Y.) as same a s  
J J 

i n  t h e  proof  of Theorem 1. i .e. , u = s i n &  i f  kr 5 j < kr+l and 
j 

t r  
v = s i n 6  i f  n 5 j < nHl . Now w e  show t h a t  (x . u ) ~ = ~  is  Cauchy 
j r 

i n  E w i t h  r e s p e c t  t o  t h e  FK-topology. Le t  & > 0 and n E IN . Choose 

m () n) such t h a t :  

Now, f o r  q > p > my 

t t q t l  tr 
(6) u .x  '-u.x 

r+l 
= C (u.x -u.x 1. 

tr 
For p S r < q ,  xk = O  f o r  k ? k r  

tr+l 
and xk = 0 f o r  k - ' kr+l by ( i x )  , 

and hence 

rtl - s i n G x  . (by t h e  d e f i n i t i o n  of (x)) kr ,k,) 



t r  tr+l - s i n  -x r+l - s i n K x  . 
*x[krykr+l) X[krykr+l) 

r+l + (sin-- s i n f i ) x  . ( s ince  
x~kr,kr+l) 

tr  
xk = 0 f o r  k E k r ) .  

For y C 9 , by (11, 

Hence, f o r  (m <) p I r < q ,  

kr-l t t r+l 
I 1 1 %  - I ( s ince  llull 5 1) 

k= 1 

by ( v i i i )  . < -  
, r+l 

For (m <) p 5 r < q, 

t 
r tr+l 

5 pnI (X -X ) .  (x~l ,kr+l) -x~l ,kr- , l  ,) 3 (s ince  1 s i n a  5 1) 



t t 
5 PrIx r-x *I)] ( s ince  r 2 p > m > n 

t r  tr+l 
and %,% = O f o r k -  ' kr+l 

1 1 < - + -  1 
(by ( v i i )  and ( v i i i ) )  = - . 

2r+l 2r+l 2 

Also, 

tr+l 
i sup I s i n =  - s in&] Ilx lIm 

p5r<q 

€ . x = by (5) and (2) ( s ince  p > m) . 



q- 1 1 + + 5 (by ( 9 1 ,  ( l o ) ,  and (-11)) < C ( x  
I=p 2 

03 

1 E < 2 C - + - ( s i n c e  p > m) 
r=m 2 r 3 

< - 2E + = E (by (.4) ) . 
3 3 

tr Hence (u.x ) i s  Cauchy i n  E w i t h  r e spec t  t o  t h e  FK-topology, and thus 
& 
L r converges t o  u.x s i n c e  (u.x ) pointwise converges t o  u.x (by ( 3 ) ) .  

To show t h a t  u.x L WE, l e t  f r: E' . Then i t  fo l lows from 1 .4 ,  

Theorem 5 t h a t  ( f  (ek))  € el s i n c e  c c E.  For convenience, l e t  us w r i t e  
0 - 

L 

r r '1: u.x = y f o r  each  r . Then l im y = u.x i n  E w i d  r e spec t  t o  the  
r 

FK-topology, and hence 

00 

k r r 
(12) f (u .x)  = l i m  f ( ~ ~ )  = l i m  Z f ( e  )yk ( s i n c e  y L p f o r  each r ) .  

r k = l  
00 

k k 
Now w e  show t h a t  f (u .x)  = Z f ( e  )%%. Let  E > 0. Since ( f ( e  ))  C C1, 

k= 1 

t h e r e  exists n C IN such t h a t  

Since (yr) i s  point-wise convergent t o  u.x, we can choose r c IN 
0 

such t h a t  

n- 1 
k r E 

(14) L lfCe )(yk-%%)l '1 f o r  r e  r . 
0 

k = l  



tr  t r r 
For r 4 IN, s ince  yr = u.x , 1 1  1 1  x / I w  5 IlxlI, (by (21, and 

s ince  llull 5 1 ) ,  and hence 

Now, f o r  r > r 
0' 

k r k .  
Hence l i m  L f ( e  )yk = Z f ( e  ) ukxk and thus,  by (121, 

k = l  k= 1 

w k  
f(u.x) = E f ( e  ) \ q .  Therefore, u.x 5 W 

k = l  
E *  

Now using the  same proof of Theorem 1, w e  can show t h a t  

u.x ( ~ a c ~ ) ~ \ c *  . 

=i 1 i f  k = j + l  
When To = (.tjk) i s  given by t Theorem 3 

jk  0 otherwise 

reduces t o  the  following. 

COROLLARY 1. Let B be an i n f i n i t e  matrix such t h a t  1 1 ~ 1 1  < a) and such 

t ha t  each column of B belong t o  c . Suppose E i s  an FK-space 
0 

containing c . Then C1 i s  ~ ( C ~ ( a c ~ ) ~ ,  fl (WE fl m))-sequentially complete. 
0 

When B = 1, the  Corollary 1 reduces t o  t he  following,which was 

f i r s t  obtained by Bennett and Kalton 141.  



COROLLARY 2 .  If E i s  an FK-space containing co, then tl i s  

0 ( 8 ~ ,  (ace) fl~ WE)-sequentially complete. 

Now we e s t ab l i sh  t he  o r ig ina l  bounded consistency theorem, 

COROLLARY 2. (The bounded consistency theorem 191). 

Let A and B regular  matr ices ,  and suppose % l l m  "' c Then 
- A' 

l i r n  x = l i m  x f o r  every x E cg fl m. 
A B 

Proof. Let A and B regular  matrices,  and suppose 5 f l m c c  - A' 

Let t ing E = %, i t  follows from Corollary 1 t h a t  el is  

o(el , (ac  ) fl (WB fl m))-sequentially complete. Since WB fl m = c f l  m 
0 B 0 B 

(by 1.5,  Theorem 2) , (ace) fl (WB fl m) = co fl m and hence 5 i s  
B 

o(C , c  fl m)-complete. Since c fl m 5 cA, it follows from 2 . 3 ,  
OR 

0 
B 

Theorem 2  t h a t  c fl m c c . Now l e t  x C 5 fl m. Then 
0 - 
I3 0 A 

x-Clim x)e f c fl m c c , and hence lim(x-(lim x) e)  = 0.  
B 0 

- 
B O A A B 

i . e . ,  l i m  x = l i m  x. 
A B 

F ina l ly  we show tha t  Theorem 3  i s  s t i l l  

Tac by co . 
0 

THEOREM 4. Let B = (b .  ) be an i n f i n i t e  matrix 
Jk 

and such. t ha t  every column of belongs t o  c . 
0 

FK-space containing c . Then C1 
0 

n 
complete. 

t r ue  i f  w e  replace 

such t ha t  ( I B  11 5 a) 

Suppose E i s  an 

WE ") sequent ia l ly  

Proof. Let B = (b . ) be an i n f i n i t e  matrix such t ha t  l l ~ l j  < 
J k 

and such. t h a t  every column of B belongs t o  c , and l e t  E be an 
0 



100. 

FK-space containing c . Suppose A = (.a ) is  an i n f i n i t e  matrix with o jk 

the  same proper t i es  a s  B such t ha t  c fl W fl m 5 cA . Since 
0 B. E 

B c c co f l W E  f l m, (co ME n m) = 8 , and hence, as  i n  t he  proof of 
0 - 

B 

Theorem 1, i t  s u f f i c e s  t o  prove t h a t  c n WE fl m c co , 
0 - 
B A 

Suppose there  e x i s t s  x = (.\) E co l l  WE n m such t h a t  l i m  x # 0. 
. B  A 

We may assume t h a t  l i m  x = 1. A s  i n  t he  proof of Theorem 3, we construct  
A 

a bounded sequence u = (u,) such t ha t  u.x E ( c  fl WE fl m) \cA . This 
0 B 

leads  t o  a contradic t ion,  s ince  c n WE fl rn 5 cA . 
0 B 

A s  same as  i n  t he  proof of Theorem 3,  l e t  (p ) be an increasing 
n 

sequence of seminorms which generates the  FK-topology on E and (xt) a 

sequence i n  q such t h a t  

(3)  xt + x i n  E with respect  t o  t he  FK-topology. 

Now,similar t o  t he  proof of Theorem 3, we can induct ively  

construct  s t r i c t l y  increas ing sequences (.t ) ,  (k,), and (nr) such t h a t :  r 

t s  1 
( i i )  pr(x -x ) < - f o r  s , t  2 t ry  r = 1,2 ,... ; r+l 



t 
(iv) xkr = 0 f o r  k 2 kr, r = 1,2 ,... . 

Define bounded sequences u = (u.) and v = (Y.) as same as 
J J 

i n  the  proof of Theorem 3, i . e . ,  u = s - i n 6  i f  k 9 j c kr+l r and 
j 

v = s i n f l  i f  n 9 j < n 
r+l 

Now as same as i n  the proof of 
j r 

Theorem 3 w e  can show tha t  u.x E W n m. E 

Since x E c ll W fl m, Bx < c andhence (Bx).v C c . 
0 

B 0 0 

Now a s  same a s  i n  the  l a s t  pa r t  (from (7) t o  the  end) of Theorem 1, 

we can show tha t  B(x,u) - (B.x) .v < c (hence B(x.u) E c ) and 
0 0 

x.u f cA. Therefore, x.u E co \cA . 
B 
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