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ABSTRACT 

L e t  T b e  a m a ? ? l n g  of a mstric s p 2 c s  X i n t o  i t s e l f .  %e c a l l  

x a f i x 2 d  p o i n t  of T  i f  Tx=x. T h e  c e n t r a l  q u 3 s t i o n  o f  t h i s  

t h e s i s  is w h a t  c o n l i t i o n s  o n  T o r  I will j u a r s n t e e  t h 3 t  T h a s  a 

f i x e d  p o i n t .  

T h e  most famous r e s u l t  o f  f i x e d - p o i n t  t h e o r y  is  t h a t  of 

S a n a c h .  D i f f e r e n t  w a y s  t o  p r o v e  i 3 a n a c h 1 s  t h e o r z m  a n d  i ts  various 

g e n e r a l i s a t i o n s  a r e  p r e s l n t e d .  I n  most cases ,  two k i n d s  o f  p r o o f  

a r e  s h o w n :  t h e  o r i q i n a l  a n 2  a n e w e r ,  s i m p l e r  m e t h o d .  

3 r o u w s r t s  a n d  3 c h a u d e r t s  t h e o r e m s  a r e  a l s o  d i s c u s s e d ,  a l o n g  

w i t h  s o m e  ~ i s c e l l a n s o u c  r e s u l t s ,  i n c l u d i n g  c o n n o n  f i x o d  p o i n t s  

f o r  a s e q u e n c e  o f  m a p p i n g s  a n d  a c o n v e r s e  t o  3 a n a c h 1 s  t h e o r e m .  
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I. I n t r o d u c t i o n  

fixed p o i n t  t h e o r e m s  h a v e  b e e n  a r o u n d  f o r  some y e a r s .  T h e  

e a r l i l s t  o n e  we d i s c u s s  i n  t h i s  t h e s i s  i s  B r O U U e r ' s  t h e o r e m ,  

w h i c h  P o i n c a r e  p r o v e d  i n  a n  e q u i v a l e n t  f o r m  i n  1 8 8 6  [ 2 4 ] .  The  

m o s t  f a n o u s  r e s u l t  is  B a n a c h ' s  fixed p o i n t  t h e o r e m ,  p u b l i s h e d  i n  

1922  [ Y ] .  

B a n a c h B s  t h e o r e n  d e a l s  w i t h  m a p p i n g s  o f  a metric s p a c e  i n t o  

i t s e l f  t h a t  s h r i n k  d i s t a n c e s  u n d e r  a " L i p s c h i t z  c o n d i t i o n n .  I n  

o t h e r  w o r d s ,  T:X-->X is s u c h  t h a t ,  f o r  s o m e  k ,  O<k<l, 

( 1  1 d ( T x , T y )  5 k d ( x , y )  

f o r  a l l  x  a n d  y i n  X .  I f  X is c o m p l e t e ,  s a y s  S a n a c h ,  T w i l l  h a v e  

a  f i x e d  p o i n t  i n  X.  I n  c h z i p t e r  2 ,  u e  g i v e  t h s  c l a s s i c a l  p r o o f  o f  

t h i s ,  t o g e t h e r  w i t h  a c o u p 1 2  of  more r e c e n t  p r o o f s  t h 3 t  i n v o l v e  

t h e  u s e  o f  C a n t o r ' s  i n t e r s e c t i o n  t h e o r e a .  

C h q p t e r s  3 a n d  4 d e a l  w i t h  v a r i o u s  g e n e r a l i z a t i o n s  o f  

s a n a c h ' s  t h e o r l m .  I n  t h e  f i r s t  o f  t h e s e ,  w e  remove t h e  L s p s c h i t z  

c o n d i t i o n ,  t h a t  is, we c o n s i d e r  T : X - - > X  where T satisfies 

( 2 )  d(Tx,ry) < ~ ( x , Y )  

f o r  a l l  x,?cX, x f y .  U n d e r  cara?actriess o f  X ( o r  a ueaic2r 

c o n d i t i o n  o n  T ) ,  T  w i l l  h a v e  a f i x e d  p o i n t  i n  X .  We a l s o  

c o n s i d e r  m a p p i n g s  f o r  w h i c h ,  f o r  s o m e  &>O, O < d  ( x ,  y )  <& i m p l i e s  

( 2 ) .  a s  wel l  a s  t h o  case w h e r s  ( 2 )  is  t r u e  f o r  some i t e r a t i o n  

T" o f  T ,  n  p o s s i b l y  d e p e n d i n g  o n  x a n d  y. 



1 good j e a l  o f  w o r k  is b ~ i n q  d o n e  w i t h  n o n - e x p a n s i v e  

i n 3 3 p i n q s ,  i.e. t h o s e  w h e r e  

W X , T Y I  5 ~ ( x , Y ) .  

N o n - 4 x p 3 n s i v e  m a p p i n ~ s  3re g e n e r a l l y  c o n s i d e r e 3  i n  s u b s e t s  K o f  

3 a n ~ c i - 1  s p a c e s  w i t h  T(K)GK, I n  C h a p t e r  4 ,  we s h o w  t h a t  i f  K i s  a 

weskly c o m p a c t ,  c o n v e x  s e t  t h a t  h a s  a p r o p e r t y  c a l l e d  "normal 

~ t r u c t u r 9 ~ ,  t h e n  T h z s  a f i x e d  p o i n t  i n  K .  

? h a  m a i n  t h r u s t  o f  C h a p t e r  5 is an a l t e r n a t e  m e t h o d  of  

d e a l i n g  w i t h  the t y p e s  o f  m a p p i n g s  i n  C h a p t e r s  3 and 4 .  T h i s  

m e t h o d ,  ?us t o  J.S,W. F o n q ,  i n v o l v e s  c o n s i d e r i n q  a  new f u n c t i o n  

$ ( x )  = d ( x , T x ) .  

I n  c o m ? a c t  X a n d  u n d e r  s u i t a b l e  c o n d i t i o n s  on T ,  we c a n  s h o w  

t h a t  $ reaches  i t s  9 i n i m u m  on X a n d  t h i s  usually g i v e s  u s  t h e  

f i x e d  p o i n t  of T. T h e  p r o o f s  o f  t h i s  k i n d  a r e  g e n e r a l l y  much 

s i m p l e r  t h a n  t h o s e  c o n s i d e r e d  i n  c h a p t e r s  3 a n d  4,  

C h * ? t e r  6 is m a i n l y  a b o u t  S c h a u d e r ' s  t h e o r e m ,  w h i c h  says 

t h a t  i f  I is a c o p p a c t ,  c o n v e x  s u b s e t  o f  a S a n a c h  space, a n d  

T:C-->C is c o n t i n u o u s ,  t h e n  T has a  fixed p o i n t  i n  C. Ue f i r s t  

c o n s i d e r  S r o u w ? r 8 s  t h e o r e m ,  w h i c h  i s  r e a l l y  S c h a u d e r ' s  t h e o r s r n  

r e s t r i c t e d  t o  f i n i t e - d l r n s n s i o n a l  v e c t o r  s p a c e s .  T h e n  we u s e  3 

s a q u z n c s  o f  m a p p i n g s  t h a t  c o n v s r g ;  u n i f o r n l y  t o  T ,  e a c h  m a p p i n g  

b e i n g  3 r a p p i n g  o f  a f i n i t e - d i m e n s i o n a l  s u b s p a c e  i n t o  i t s e l f ,  

T h i s  w i l l  a c c o m p l i s h  t h s  p r 3 o f  o f  S c h a u d e r ' s  t h s o r e a ,  

C h a p t o r  7 d e a l s  b r i e f l y  u i t h  two i n t e r e s t i n g  s s p e c t s  o f  

f i x e i  p o i n t  t h e o r y  n o t  y e t  c o v s r e d .  D n s  r ~ s u l t  is 3 

g e n e r a i i s 3 t i o n  o f  S a n a c h ' s  t h e o r e m  f o r  a ssquence of  a a p p i n g s ,  



o n l y  -;.oms o r  w h i c h  s a t i s f y  ( 1 . ) .  Th2  o t h e r  is a p a r t i a l  c o n v e r s e  

of S a n a c h ' s  t h e o r e m .  

A m a p p i n g  T i s  csl lei l  a sgdf ITITIQ~~I~ of X i f  T:X-->X. T i  

CGX, a n a  T ( C ) c C ,  t h e n  we c a l l  C P l q y p r i a n t .  A f i x e d  p o i n t ,  of  

c o u r s s ,  i s  a p o i n t  x s u c h  t h a t  T x = x .  We call T" a n  l t g l a t j g g  o f  

T ,  where T" is d e f i n l d  i n d u c t i v 5 l y  a s  T' = T ,  a n d  T ~ = T ( T " - I ) .  We 

-0 a s s u m e  I is t h e  i d e n t i t y .  T h i s  d e f i n i t i o n  w i l l  a p p l y  e v e r y w h e r e  

exce?t i n  o n e  p a r t  of C h a p t s r  7 ,  w h e r e  a n o t h s r  j e f i n i t i o n  is 

g i v e n .  ? h e  i ~ g k  t o p o l o g y  o n  a n o r n e d  s p a c e  X i s  t h e  weakest 

t o p o l o ( ; y  t h a t  m a k e s  a l l  t h e  b o u n d e d  l i n e a r  f u n c t i o n a l s  o n  X 

c o n t i n u o u s .  

We w i l l  u s e  c l ( A )  t o  d e n o t e  t h s  c l o s u r e  o f  3 s e t  A ,  a n d  

d i a n  ( A )  t o  3 e n o t e  i ts  d i a m s t e r .  (d ian!  ( A )  = s u p  {d  ( x , y )  : x , y e A ) ) .  If 

x and y a r ~  two p o i n t s  i n  a v z c t o r  space ,  t h e n  ws w i l l  c a l l  t h e  

s e G m s n t  b s t v e e n  t h e m  s e g ( x , y ) .  R w i l l  mean t h e  s e t  of r e a l  

n u r r b e r s ,  a n d  R" t h e  v e c t o r  s p a c e  t h a t  i s  t h e  p r o d u c t  of n  

c o p i s s  o f  R .  



11. Banachns F i x e d  P o i n t  T h e o r e m  

T h e  c l a s s i c a l  f i x e d - p o i n t  t h e o r e m  is d u e  t o  S. Elanach ( 4 1 .  

I t  d e a l s  w i t h  a c l a s s  o f  m a p p i n g s  c a l l e d  c o n t r a c t i o n s .  

D E F I N I T I O N  1: L e t  ( X , d )  b e  a metric s p a c e .  A R a p p i n g  ---------- 
T:X-->X is  c a l l e d  a c o n t r a g t i q n  i f  t h e r s  e x i s t s  a c o n s t a n t  k 

s u c h  t h a t  ' 

O ( _ k < l ,  a n d  

f o r  e v e r y  x , y  i n  X ,  d ( T x , T y )  5 k d ( x , y ) ,  

T h e  s e c o n d  c o n d i t i o n  i s  sometimes c a l l e d  a I,,~scz~L~~ c o n d i t i o n ,  

a n d  we w i l l  c a l l  k a L i g g c t ~ A & g  cgqgtp~t. 

A s  i t  t u r n s  o u t ,  i n  the c o n t e x t  of a c o m p l e t e  metric s p a c e ,  

n a c h  c o n t r 3 c t i o n  m a p p i n g  h a s  a f i x e d  p o i n t ,  

THXORfH 2.1 ( 5 a n a c h ) :  I f  ( X , )  is  a c o m p l s t e  q e t r i c  space, ------- 
a n d  T:X-->X a c o n t r a c t i o n  m a p p i n g ,  t h e n  T h a s  3 cnique fixed 

p o i n t  i n  X .  

n PROOF: D e f i n e  t h e  s e q u e n c e  {xn) i n d u c t i v e l y  a s  xn=T xo ----- 
w i t h  xb an a r b i t r a r y  e l e n e n t  o f  X .  C l e a r l y ,  f o r  a a c h  ? o s i t i v a  

i n t e g e r  n ,  

L o o k i n q  a t  d ( x m , x n ) ,  f o r  m>n, we see b y  t h e  t r i e n q l s  i n e q u a l i t y  

acd  b y  t h e  f o r m u l a  f o r  t h e  sum o f  a qeometric se r ies :  



m-L 5 k a ( ) + krn' U x ,  ,x , )  

+ ... + k" d ( x ,  , xO)  

L k n -  d ( x ,  8 ~ ~ ) .  

T h u s  (xn)  i s  a C a u c h y  s e q u e n c e ,  a n d  b y  t h e  c o m p l ~ t e n o s s  o f  

X ,  it c o n v e r g e s  t o  a p o i n t  z i n  X.  

Now c o n s i d e r  Tz .  F o r  n > l ,  

d ( x n + l , T z )  I k d ( x q , z )  < d ( x n , z ) ,  

w h i c h  m e a n s  d ( x n , T z ) - - > O  a s  n-->DO, s o  z=Tz a n d  z i s  a f i x e d  

p o i n t  o f  T. 

It is e a s y  t o  s h o w  t h a t  a n y  f i x e d  p o i n t  o f  a c o n t r a c t i o n  is 

u n i q u e .  S u p p c s e  t h e r e  u e r e  t w o  f i x e d  p o i n t s ,  z, a n d  z2 ,  T h e n  

d ( z \ , z 2 )  = d ( T z \ r T z Z )  5 k  d ( z \  , z Z ) .  

S i n c e  k < 1 ,  d  ( 2 , .  z2) k  d ( 2 ,  ,zZ) o n l y  i f  z ,  =z2.fJ 

This p r o o f  l e a d s  t o  a n  i m m e d i a t e  c o r o l l a r y  o f  T h z o r e m  2 . 1 ,  

which h a s  p r a c t i c a l  a p p l i c a t i 3 n s  a s  regards a c t u a l l y  c a l c u l a t i n g  

t h e  f i x e d  ~ o i n t  of a c o n t r a c t i o n .  

C O P O L L A R Y  2.1 .1:  L e t  (X ,d )  b e  a c o m ? l e t e  metric space, --------- 
T:X-->X a c o n t r a c t i o n  m a p p i n g ,  a n d  z i ts  f i x e d  p o i n t .  Then f o r  

n a n y  xo i n  X ,  t h e  s e q u e n c e  ( x  ) ,  w h e r e  x n = T  xo, c o n v e r g e s  t o  t h e  
'3 

f i x e d  p o i n t  z. F u r t h e r m o r e ,  f o r  a n y  n ,  

(xb#z )  _< (kn/  ( l - k ) )  d (x08TxO) 

PROOF: C o n v e r g e n c e  of  {x ) h a s  a l r e a d y  5e2n a s t a b l i s h e i .  ----- n 



F u r t h e r m o r e ,  

~ ( X , , Z )  ? ( x 0 , T % )  + ~ ( T x ~ , z )  j i ( x g , T x 0 )  + (x0,z) 

so a l i t t l e  a l q e b r z  q i v e s  u s  

!i(x0,z) 5 d ( x o , T x o ) / ( l - k ) .  

T h u s ,  c o m b i n i n g  t h e s e  two r e s u l t s ,  we g e t  t h 2  r 3 q u i r e d  

i n e q u a l i t y . 0  

Ther? i s  a n o t h e r  method 0 2  a r o v i n g  Th+or?m 2.1,  w h i c h  

3.H. Boyd 2 n d  J.S.U. Wonq p u b l i s h e d  i n  1 9 6 9  [ 7 ] .  It i n v o l v e s  the 

u s e  o r  C l n t o r ' s  i n t e r s s c t i o n  thaorea, w h i c h  wo z t 3 t e  h5re. Zee 

G o l d b e r g ,  [ 161, p. 159  f o r  3 proof .  

T H ? O R I M  2 .2  ( C a n t o r )  : L s t  ( X , d )  5e a cowplete  metric ------- 
s p a c e ,  a n d  f o r  e a c h  p o s i t i v ~  i n t e g e r  n ,  l a t  Fn b e  a n o n - e m p t y ,  

c l o s 3 d  3nd b o u n d a d  s u b s e t  o f  I, s u c h  t h 2 t  

( 2 )  d i a ! n ( F n )  - - >  O 3s n--m. 
PO 

T h e n  ?in c o n t a i n s  e x a c t l y  one o o i n t .  

T h e  b a s i c  i d e a  of t h e  p r o o f  u s i n q  C i i n t o r ' s  t h e o r z m  i s  t o  

3ef i n e  a n e w  f u n c t i o n  $(x) =5 (x.T:<), w h i c h  has t h e  p r o p e r t y  t h a t  

#(r)=i3 i f  a n d  o n l y  i f  x is  3 f i n e d  p o i n t  o f  T. 

Alternate P r o o f  gf Theor22 2 . 1  ( 3oyd  & Uonq, 7 ) :  D e f i n e  a --------- ----- 
new f u n c t i o n  $ ( x ) = d ( x , ~ x ) ,  f o r  ~ e l .  T h i ;  i s  c o n t i n u o u s ,  s incs  

$ (x) - #(a) = d ( x , T x )  - d ( ? , T a )  



5 d ( x , z )  + d ( a , T a )  + a(Ta,Tx) - d ( a , T 3 )  

< d (x,a) + k d ( x , a )  - 
= ( 1 + k )  . i ( x , a ) ,  

a n d  s i m i l a r l y  f o r  $(a ) -# (u ) ,  so ( ) - ( a )  1 ( I + k ) d ( x , a ) ,  a n d  

9 i s  c o n t i n u o u s .  

F u r t h e r m o r e ,  f o r  a n y  reX, $ ( T ~ x )  5 k n q ( r ) ,  s o  #(T%) -->o as 

n-->do. Mow, f o r  e a c h  p o s i t i v e  i n t e g e r  m ,  d e f i n e  a set, 

C,=(xeX: ( ) 1  b y  c o n t i n u i t y  of 6, these jets are 311 
c l o s a d ,  a n d  s i n c e  ${T*x) - - i 0 ,  e a c h  s a t  i s  also n o n - a n p t y .  Ue 

o b t a i n  b o u n d e d n e s z  from t h a  f o l l o w i n g  e s t i m a t e  ~f t h o  d i a m e t e r  

of  crach Cm: 

Let x,yECm, T h e n  

~ ( X , Y )  5 d(x,Tx) + d (TxeTp) + ~ ( T Y , Y )  

< $(XI + k d ( x , y )  + +(Y) - 
< ( 2 / N  + kd ( x , y )  - 

So d ( r , y )  _( 2/  { m { l - k ) )  f o r  each x,y~&,, arid C,,, rs S o u n 3 e d ,  with 

iiarn(Sn)-->O a s  in-->% T h u s  thr .;rts {C s a t i s f y  t h e  c o n d i t i o n s  m 
OD 

oi Theorem 2 .2 ,  and f)cm c o n t a i n s  o r e c i s ? l y  u n s  p o i n t ,  w h i c h  we 

c a l l  z .  C l a a r l y ,  z i s  t h e  u n i q u e  f i x e , 3  p o i n t  cf T, s i n c e  

zcnc,,, <==> # (z )  = O  <==> Tz=z. 

n 

Of  c o u r s e ,  t h e  p r o o f  of C a n t o r ' s  Theorem r l q u i r e s  t h 3  us? 

of C 3 u c h y  sequences a s  a u c h  a s  Sanach's proof of Theorem 2 . 1 ,  so 

this alternste mathod of proof doesn't rnslly y q i n  u s  much i n  

t h a t  d i r e c t i o n .  On the o t h e r  h a n d ,  t h e  i d e a  o f  u s i n q  t h e  



f u n c t i o n  $ i n s t e a d  o f  T g e n e r a l i s e s  t o  a m e t h o d  o f  p r o o f  t h a t  

c a n  b e  u s e d  o n  a  v i d e  c l a s s  o f  m a p p i n g s  t h a t  a r e  l e s s  

r e s t r i c t i v e  t h a n  t h e  c o n t r a c t i o n s .  T h i s  m e t h o d  of p r o o f  t e n d 3  t o  

be sim?ler t h a n  t h e  u s u a l  m e t h o d s ,  a n d  s o m e t i m e s  e l i m i n a t e s  t h e  

n e c e s s i t y  o f  u s i n q  t h e  Axiom o f  C h o i c e .  We w i l l  r e t u r n  t o  t h i s  

t o p i c  i n  C h a p t e r  5. 

I, I. K o l o d n e r  1 2 3 1  p r e s e n t s  a n o t h e r  i n t e r e s t i n g  m e t h o d  o f  

p r o v i n g  T h e o r e m  2 .1  u s i n g  C a n t o r ' s  i n t e r s e c t i o n  t h e o r e m .  I n  t h i s  

p r o o f ,  we s t a r t  o u t  b y  l o o k i n q  a t  a c o m p l e t e  metric s p a c e  t h a t  

is  a l s o  b o u n d e d ,  a n d  t h e n  s h o w  how t h i s  r e s u l t  q e n e r a l i s e s  t o  

t h e  u n b o u n d e d  case. K o l o 3 n e r 9 s  t h e o r e m ,  y o u  w i l l  n o t e ,  s a y s  a 

l i t t l e  b i t  more t h a n  T h e o r e n  2 .1 .  

THSOREM 2.3: L e t  iJ b e  a s e l f - m a p p i n g  o f  a b o u n d e d ,  ------- 
c o m p l e t e  metric s p a c e  X w i t h  d i a m e t e r  D ,  a n d  s u p p o s e  t h e r e  

e x i s t s  a p o s i t i v e  i n t e g e r  p s u c h  t h a t  T = U ~  i s  a c o n t r a c t i o n  w i t h  

L i p s c h i t z  c o n s t a n t  k .  T h e n  

(i) U h a s  a u n i q u e  f i x e d  point z in X ,  

( i i )  f o r  a n y  s w i t h  O < s < ( p - 1 ) ,  

i f  X E U  ( X )  , t h e n  d  ( z , x ) < k n ~ ,  a n d  

( i i i )  i f  {xn) is a s e q u e n c e  I n  X s u c h  t h a t  

x,t u " ( x ) ,  t h e n  xn- ->z .  

n PROOF: C l e a r l y ,  t h e  se ts  T ( X )  form a  d e s c e n d i n g  s e q u e n c e ,  ----- 
a n d  d i a m  ( T ~ ( x ) ) < ~ " D - - > o  a s  n-->p. T h e s e  t w o  c o n d i t i o n s  w i l l  

s t i l l  b e  s a t i s f i e d  if we t a k e  t h e  c l o s u r e  o f  2 a c h  e l e m e n t  o f  t h e  

n s e q u e n c e ,  s o  t h e  s e q u e n c e  { c l ( T  ( X ) ) )  s a t i s f i e s  a l l  t h e  
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T h i s  m e a n s  t h a t  T  (Y ( x )  )E Y ( x )  . 
A l s o ,  i t  h a p p e n s  t h a t ,  i f  z s h o u l d  b e  a  f i x e d  p o i n t  o f  T ,  

t h e n  

d ( x , z )  5 d ( x , T x )  + d ( T x , T z )  

< d ( x , T x )  + k d ( x , z )  - 
SO d ( x , z ) < d ( x , T x ) / ( l - k ) ,  w h i c h  m e a n s  t h a t  a n y  f i x e 3  p o i n t  o f  T 

w i l l  b e  i n  Y ( x ) .  

T h e n  i f  we c o n s i d e r  o n l y  t h e  r e s t r i c t i o n  o f  U t o  Y ( x ) ,  u e  

c z n  b e  a s s u r e d  of  t h e  e x i s t e n c e  o f  a f i x e d  p o i n t  t h a t  is u n i q u e  . 
i n  Y ( x ) ,  a n d  h e n c e  i n  a l l  o f  X,  We t h e r e f o r e  h a v e  t h e  f o l l o w i n g  

c o r o l l a r y  t o  T h e o r e m  2.3: 

COROLLARY 2.3.1: L e t  U b e  a s e l f - m a p p i n g  of a c o m p l e t e  --------- 
metric s p a c e  X s u c h  t h a t  t h e r e  e x i s t s  a p o s i t i v e  i n t e g e r  p s u c h  

t h a t  T = U P  is a c o n t r s c t i o n  w i t h  L i p s c h i t z  c o n s t a n t  k. T h e n  

( i )  U h a s  a u n i q u e  f i x e d  p o i n t  z  i n  X ,  

( i i )  i f  W E U P ~ ( Y  ( x )  ) , f o r  some Y ( x )  a s  

d e f i n e d  above,  t h e n  

d ( z , w ) j 2 k  d ( r , u P x ) / ( l - k ) ,  a n d  

( i i i )  i f  x , ,  is such t h a t  x , , c u ~ ~ ( Y  ( Y ) ) ,  

t h e n  xn-->z. 

PROOF: ( i )  w a s  s h o w n  a b o v e .  T h e  d i f f e r e n c e  b 2 t w e e n  ( i i )  ----- 
a n d  ( i i i )  h e r e  a n d  i n  T h e o r c m  2 . 3  is  t h a t  here, we d o n ' t  know 

t h a t  U ( Y ( x ) ) c Y ( x ) .  (ii) f o l l o w s  f r o m  

~ ( z , w )  ~ @ Z , T ~ X )  + ~ ( T ~ X , W )  



< 2knd ( x , T x ) /  (1-k) . - 
s i n c e  z is i n  Y ( x )  a n d  w i s  i n  T ~ ( Y  ( x ) ) .  Again,  (iii) is a n  

immed ia t e  c o n s a q u e n c e  of ( i i )  .O 



111. F i x e d  P o i n t  Theorems on C o n t r a c t i v e  H a p p i n g s  

Now t h a t  we h a v e  seen B a n a c h V s  T h e o r e m ,  i t  m i g h t  be  

i n t s r ~ s t i n g  t o  s l e  h c w  f a r  we c a n  y e n e n i i s e  i t .  P r o b a b l y  t h e  

most o b v i o u s  i i e a  w o u l d  De t o  r e m o v e  t h e  L i p s c h i t z  c o n d i t i o n ,  o r  

i n  o t h z r  v o r d s ,  t o  nake a d e f i n i t i o n  like: 

3 E 7 T N I T I O N  1: A m a p p i n g  T:X- ->X  is s a i d  t o  b e  mq&gp&&qg ---------- 
i f  f o r  s a c h  x , y E X  w i t h  xfy, we h a v e  

d ( T x , T y )  < c ! ( x , y )  

(The  l l t ? r a t u r e ,  u n f o r t u n 3 t . l y ,  i o e s n ' t  sake a c l e a r  l i s t i n c t i o n  

b e t w 2 e n  t h i s  k i n 3  o f  c o n t r a c t i v e  m a p p i n g  a n d  t h o s e  w i t h  3 

L i p s c h i t z  c o n d i t i o n .  Z i t h e r  k i n d  is  s a i d  t o  b e  c o n t r a c t i v e  o r  a 

c o n t r a c t i o n ,  a s  t h e  s e n t e n c e  r e q u i r s s .  P e r h a p s  i t  is b e s t  t o  

c a l l  t h e  c o n t r a c t i o n s  o f  C h s ? t e r  2 E s n a c h  c o n t r a c t i o n s  i f  t h e ?  

R e a n i n ]  i s  n o t  c l e a r  f r o n  ths c o n t e x t . )  

2 .  Z C s l z t e i n  ( 1 3 1  was z i p ? z r , n t l y  t h e  f i r s t  t o  l o o k  a t  

c o n t r a c t i o n s  o r  t h i s  t y p e ,  a n d  m a n a g e d  t o  p r o v e  t h a t ,  i n  t h e  

c o n t e x t  o f  3 c o m p a c t  ~ e t r i c  s p a c e ,  t h e s e  c o n t r a c t i o n s  w i l l  

i n j e ~ d  h a v e  f i x o d  ~ o i n t s .  

T h e  m c t h o 3  of ? r o o f  i s  b a s i c a l l y  t o  c o n s l d e r  o n l y  t h o s e  

m i r s  of  p o i n t s  ( x , y )  w i t h  t h e  p r o p e r t y  t h a t  

d (Tx, Ty) < Rd ( x v y )  ("1 

f o r  suitsbls 0<8<1. T h s n  from c o m p a c t n e s s  we k n o w  t h a t  every 

s 2 y u s n c ; .  (rnr) n3s a s a b s s q u r n c e ,  { ~ " ' x ) ,  th+t c o r i v e r j p s ,  s a y  t o  
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w h i c h  i s  i r n p c s s i b 1 e . Q  

An o S s 2 r v a t i o n  w 2  z i g h t  m3ke h e r e  i s  t h a t  f r o m  u n i q u e n e s s  

o f  t h e  f i x s l  p o i n t ,  we c a n  sse t h a t ,  f c r  a n y  x e X ,  e v e r y  

c o n v e r q e n t  s u b s e q u e n c e  of ( T ~ x )  a u s t  c o n v e r g e  t o  t h e  f i x e d  

p o i n t ,  3113, more i % p o r t s n t l y ,  i f  x € X  i s  s u c h  t h a t  { ~ " x )  has a 

c o n v s r q e n t  a u ~ s e q u e n c e ,  t h e n  T'X-->Z a l s o .  We p r o v e  t h i s  a s  a 

c o r o l l a r y .  

CCROLLABY 3 .1 .1 :  L e t  X a n d  T b e  a s  i n  Theorem 3.1. T h e n  i f  --------- 
~ E X  i s  s u c h  t h a t  ( T ~ x )  h a s  a c o n v e r g e n t  s u b s e q u e n c e ,  t h e n  

~ " x - - > z ,  t h e  f i x s d  p o i n t  o f  T. 

P530F:  L e t  / T ~ R X )  b e  t h e  c o n v e r g e f i t  s u b s e q u s n c e .  T h e n  for ----- 
each & > c r  t h e r e  e x i s t s  N = N  (e) s u c h  t h a t  j2N ==> d ( z , ~ " j r ) < E .  B u t  

i n  t h a t  case,  f o r  n 2 n N ,  we h a v e  

Also, 2s we m e n t i o n e d  e a r l i e r ,  i n  a c o m p a c t  metric s p a c e ,  a l l  

s e q u a n c s s  h a v e  c 9 n v e r g e n t  s u b s e q u e n c e s ,  s o  u e  c a n  s a y :  

CC3OLLARY 3.1.2:  If  X i s  a c o m p a c t  metric s p a c e  a n d  -------- 
T:X-->X is  a c o n t r a c t i v e  m a p p i n g ,  t h e n  t h e r e  e x i s t s  a u n i q u e  

f i x e ?  ~ o i n t  t o  w h i c h  t h e  sequsncs ( T ~ x )  c o n v s r j o s  f o r  e a c h  xeX.  



r e a l l y  a a i n  all t h a t  z u c h .  

A s l i q h t  g o a e r a l i s a t i o n  o f  t h n  n c o n t r a c t i v 2 n  z o n c e ~ t  i s  

**E - c o n t r x t i v i t y W ,  3ef i n e d  a s  

D E F I N I T I O N  2: A m a p p i n g  T:X-->X is c a l l 2 1  &-cpqtmpctlvs ---------- 
if,  f o r  a l l  x,y i n  X, 0<3 (x,?) <E==>d ( T x , T y )  (3 .  ( x , y ) .  

It s h o u l d  b e  n o t l d  t h a t  E - c o n t r ; i c t i v e  n r a p ? i n l ; s  s r a  

c o n t i n u o u s ,  so  the f u n c t i o n  r:Y-->I! a s  d e f i n a d  i n  t h e  p r o o f  of 

T h e o r e m  3.1 is s t i l l  c o n t i n u o u s .  

I n t e r 2 s t i n g l y  e n o u g h ,  6 - c o n t r a c t i v ?  r n a p p i n ~ s  30 n o t  3lways 

h a v e  fixed p o i n t s .  F o r  exzmule, t h e  f u n c t i o n  f ( x )  =-  ( x 2 + l  x l ) / 2 x  

on t h e  c o m p a c t  s p a c e  [ - 2 , - 1  ]U[ 1.2 ] i s  & - c o n t r a c t i v e ,  3 u t  h a s  n o  ' 

2 f i x e \ j  p o i n t s .  3 n  t h e  o t h e r  h a n d ,  f ( 1 ) = 1 ,  a n d  i n  fzct w 2  c a n  

snow t h a t  € - c o n t r a c t i v e  n a p ~ i n g s  h a v e  w p e r i o i i z  3 o i n t s U  , i . ~ .  , 

k t h e r ~  e x i s t s  a p o i n t  z a n d  a p o s i t i v e  intoqer k s u c h  t h a t  T z-z. 

T h e  p r o o f  of t h i s  follows t h e  l i n s s  of I ' h e o r s z  3 . 1 ,  e x c s p t  t h a t  

i n  t h e  b a g i n n i n g  ve h a v e  t o  h a v e  t h +  ~ u b s a q u s n c s  o f  { ~ " x ~ )  

c o n v e r g e  to t h e  p o i n t  where ~ ( T ~ X ~ , Z ) < ~ .  T h i s  i s  how 

" p e r i o d i c i t y u ,  s o  t o  s p e 3 k ,  a r i s e s .  

T H Z O R E H  3 . 2  ( E l e l s t e i n ,  14)  : L e t  T: X - - > X .  53 E - c o n t r a c t i v e  ------- 



a n d  s u p p o s e  t h e r e  e x i s t s  xOeX such t h a t  { T ~ X ~ )  h a s  a s u b s e q u e n c e  

t h a t  c o n v e r g e s  t o ,  say ,  z .  T h e n  z i s  a p e r i o d i c  p o i n t  of T.  

I PROOF: L e t t i n q  ( T * X ~ )  b e  t h e  c o n v e r g e n t  s u b s e q u e n c e ,  f i n d  ----- 

From noid o n ,  we w i l l  l e t  K=nI+, - n x ,  a n d  U = T ~ Z .  I t  w i l l  t u r n  out 

t h a t  w m u s t  e q u a l  z, w h i c h  proves o u r  a s s e r t i o n .  

S u p o o s e  wfz. T h e n  we can a g a i n  d e f i n e  r a s  we !lid b e f o r e ,  

a n d  f i n d  a Y - n e i g h b o u r h o o d  o f  (z,u) s u c h  t h a t  

( x , y ) € U  ==> r ( x , y ) < R ,  w h e r e  r ( w , z ) < 3 < l ,  

A g a i n  u e  c h o o s e  S, a n d  S2, o p e n  d i s k s  c e n t r e d  a t  z and w 

r e s p e c t i v e l y .  e a c h  w i t h  r a d i u s  p < d  ( z , u )  / 3  a n d  S , %  SzS3. Is b e f o r e  

nq t~ we see t h a t  ( T ~ ( X , ]  i s  e v e n t u a l l y  i n  s and (I! 1 x 0 )  is  I ' 
e v e n t u a l l y  i n  S 2 .  T h i s  me;lns t h a t  ( T " X ~ , T ~ ( ~ ~ X , ) C  5, % s ~ S U  f o r  

a l l  i g r e a t e r  t h a n  some s. 

T h u s ,  

a n d  a s  b e f o r e  ue h a v 2 ,  f o r  i2N, 

T h i s  c o n v e r g e s  t o  0 a s  i-->OR B u t  a g a i n  t h i s  is i n c o ~ p i l t i b l e  

w i t h  t h e  r a d i i  o f  S ,  a n d  S 2 s  T h u s  we know z = ~ = ? ~ z ,  a n 3  z is a 

periodic p o i n t .  a 



9 2  8 i q h t  r e n n r k  t h a t  i f  T i s  & - c o n t r a c t i v e ,  a n d  zeX i s  s u c h  

k t h a t  T z = z  b u t  T z # z ,  t h e n  

~ ( - Z , T Z ) = ~ ( T ' Z , T ~ + '  z ) < ~ ( z , T z )  

if d(z ,?z)< [ .  U n d e r  t h i s  l a s t  c o n d i t i o n ,  t h e n ,  t h e  p e r i o d i c  

p o i n t  is a c t u a l l y  a f i x e d  p o i n t ,  E d e l s t e i n  g i v e s  o t h e r  

c o n d i t i o n s  f o r  t h i s  o c c u r e n c e .  f o r  exam?le,  E - c o n t r a c t i v e  

, s e l f - m a p p i n g s  of a c o a p a c t ,  c o n v e x  s u b s e t  o f  R" w i l l  a l w a y s  h a v e  

f i x e d  p o i n t s .  T h i s ,  o f  c o u r s e ,  t a k e s  ca re  of o u r  e a r l i e r  

e x a r i p l e .  

J u s t  a s  a mlttsr of i n t e r e s t ,  we n o t e  t h a t  i n  a c o m p a c t  

s p a c e ,  t h s r 2  a r e  o n l y  f i n i t t l y  many  p e r i o d i c  p o i n t s  of a g i v e n  

€ - c o n t r a c t i v e  m a p p i n g .  T h i s  i s  b e c a u s e ,  i f  T ~ X = X  a n d  r n y = y ,  

m,n>O, *nil i f  O < d  ( x , y )  <€, t h e n  d ( x , y ) = d  ( ~ ~ " x , ~ ~ ' l y )  < d  ( x , y )  . T h u s ,  

e v s r y  p a i r  o f  p e r i o d i c  p o i n t s  is a d i s t a n c e  of a t  l e a s t  6 a p a r t .  

T h e n  5y c o m p a c t n e s s ,  t h e r e  c a n  o n l y  b e  f i n i t e l y  m a n y ,  

After  S i e l s t ~ i n  p u b i i s h e d  h i s  c o n t r a c t i v e  a n d  € - c o n t r a c t i v e  

r e s u l t s ,  3. F. 5 a i l a y  [ 2 ]  i n v e n t e d  y e t  % n o t h e r  class o f  m a p p i n g s '  

c a l l s S  " v e a k ' y  c o n t r 3 c t i v e n .  T h e  p r o o f  o f  h i s  f i x e d  p o i n t  

t h s o r e a  r e c u l r c . 2 s  a n o t h e r  r e l a t e d  i d e a ,  t h a t  of t l p r o x i a a l n  

p o i n t s .  

3 2 F I Y I T I O N  3 :  L e t  X b e  a metric s p a c e  a n d  T a s e l f - m z p p i n q  ---------- 
of X. I f  x , y € X  a r ?  s u c h  t h a t  f o r  a v e r y  €>o, t h e r l  e x i s t s  n = n ( € )  

s u c h  t h z t  d ( ~ " x , ~ " y ) < E ,  t h e n  x and y  a r e  s a i d  t o  b e  gg~mjmqJ 

u n d e r  T. ----- 
If T i s  s u c h  t h a t  f o r  e v e r y  x , y f X ,  d ( x , y ) > O ,  t h e r e  e x i s t s  



n = n ( x , y )  s u c h  t h a t  d ( ~ ~ x , ~ ~ ~ ) < d ( x , y ) ,  t h 2 n  T i s  sai6 t o  b e  

w e a k l y  c o n t r a c t i v e  __--- -----------. 
~f g > O  a n d  T is s u c h  t h a t  f o r  e v e r y  x , y e X  w i t h  E > d ( x , y ) > O ,  t h e r e  

n e x i s t s  n  ( x , y )  s u c h  t h a t  ~(T"x,T y )  < d  ( x , y ) ,  t h e n  T is  sai:! t o  b e  

- w e a ~ l y  c o n t r a c t i v e .  E ,,--------------- 

A s i x p l e  e x a m p l e  o f  a w e a k l y  c o n t r a c t i v e  f u n c t i o n  i s  t h e  

r\ f u n c t i o n  f ( x ) = G ,  o n  t h e  s p a c e  [O. 1 . 1  1. S i n c e  f ( x f - - > 1  f o r  a l l  

X ,  f is w e a k l y  c o n t r a c t i v e ,  b u t  is c l e a r l y  n o t  c o n t r a c t i v e ,  

LE!fHA 1: Let X b e  a c o m p a c t  metric s p a c e ,  a n d  T:X-->X b e  ----- 
c o n t i n u o u s ,  I f  f o r  some ~ E X  a n d  some p o s i t i v e  i n t e q e r  k ,  x is 

k I( p r o x i a a l  t o  T x,  t h e n  t h e r e  e x i s t s  z i X  s u c h  t h a t  T  z=z ,  

PRO0f:Let ( n i )  b e  a s e q u e n c e  of p o s i t i v e  i n t e g e r s  s u c h  ----- 

a s  i--W. S i n c e  ~~~x h a s  a c o n v e r g e n t  s u b s e q u + n c e ,  w i t h o u t  l o s s  

o f  g e n e r a l i t y ,  we c a n  a s s u m e  ~ ' i  x-->z. 3 y  c o n t i n u i t y ,  

T "iC4 X - - > T ~ Z .  B u t  s i n c e  d (T"( r ,T " i t k x ) - - > g ,  i t  aust b e  t h a t  

rRz=z*O 

L E Y f l A  2: L e t  X b e  c o m p a c t ,  T:X-->X b e  c o n t i n u o u s  a n 3  ----- 
w e a k l y  c o n t r a c t i v e .  T h e n  e v e r y  p a i r  of p o i n t s  i n  X is ~ r o x i m 3 1  

u n d e r  T. 

P R J O F :  S u p p o s s  t h i s  is n o t  t h e  c a s e ,  t h a t  is, t h e r e  e x i s t s  ----- 
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a p a i r  { x , y )  o f  p o i n t s  t h a t  s r e  n o t  p r o x i m a l  u n d a r  T. I n  t h a t  

n n c a s e  T  x f T  y f o r  e v e r y  p o s i t i v e  n, s o  by w e a k  c o n t r a c t i v e n e s s ,  

we c a n  f i n . d  a s e q u e n c e  f n i )  of p o s i t i v e  i n t e g e r s  w i t h  t h e  

p r o p e r t y  t h a t  

d ( x , y )  > d  ( T ~ I X , T * ~  y )  > ... > d ( ~ " i x , ~ " i ~ )  > ... 
Assume a l s o  t h a t  each n i  is t h e  s m a l l e s t  p o s s i b l e  t h a t  f u l f i l l s  

t h i s  r e q u i r e m e n t .  I f  t h a t  is t r u e ,  t h e n  k < n ;  i m p l i e s  t h a t  

k d ( T  x , T * ~ )  >d ( T " ~ X , T " ~ ~ ) .  T h i s  i s  a l s o  t r u e  f o r  a n y  subsequence 

o f  { n i l ,  a n d  i n  p a r t i c u l 3 r .  i t  is t r u e  o f  t h e  s u b s e q u 3 n c e  {nl 1 )  

w h e r e  Tni'x-->a an3 ~ ~ ~ ' ~ - - > b .  He w i l l  c a l l  t h i s  s u b s e q u e n c e  (n;) 

from now o n .  

S i n c e  x  a n d  y a r e  n o t  p r o x i m a l ,  a f b .  Z o w e v s r ,  i f  we c h o o s e  

a n y  p o s i t i v e  i n t e g e r  k ,  u e  see t h a t  n i + k < n i + h  . T h i s  m e a n s  t h a t  

d ( ~ ~ a , ~ ' b )  = l i m d ( T  ni+kx 8 T n i f k y )  

> l i n  ~ ( T ~ ~ + ~ x , T " ~ ~ ~  - Y 1 

= d ( a , b ) .  

T h i s  is  n o t  c o m p a t i b l e  w i t h  w e a k  c o n t r a c t i v i t y ,  s o  x  a n d  y m u s t -  

THEOREM 3 . 3 :  L e t  X b e  c o m p s c t ,  T : X - - > X  c o n t i n u o u s  a n d  ------- 
w e a k l y  c o n t r a c t i v e .  T h e n  T has a  u n i q u e  f i x e d  p o i n t  i n  X .  

PROOF: 3 y  Lemma 2,  T x  is  p r o x i m a l  t o  x  f o r  a n y   EX, s o  b y  ----- 
L e m m  1 ,  a f i x e d  p o i n t  e x i s t s .  I t  i s  u n i q u e  b e c a u s e  if x a n d  y 

were d i s t i n c t  f i x e d  p o i n t s ,  t h e n  u e  c o u l d  f i n d  s o m e  n such t h a t  

a ( x , y ) = d  ( T " X , T ~ ~ ) < ~ ~  ( x , y )  .O 



I t ' s  p r o b a b l y  n o t  s t a r t l i n g  t h a t  i f  T i s  [ - w e a k l y  

c o n t r a c t i v e ,  we can a q a i n  s h o w  t h e  e x i s t e n c e  o f  f i n i t e l y  many  

p e r i o d i c  p o i n t s .  T h e  p r o o f  f o l l o w s  t h e  l i n e s  of  Lemma 2 

( s t a r t i n g  w i t h  c? ( x , y )  <f) a n d  T h e o r e m  3 . 3  exactly. 



IV. Non-Expans ive  H a p p i n g s  

T h e  n e x t  g e n e r a l i s a t i o n  o f  B a n a c h ' s  T h e o r e m  we migh t  m s k e  

i s  t h e  f o l l o w i n g :  

DEFINITION 1: L e t  X b e  3 a e t r i c  space. A n a p p i n g  T:X-->X ---------- 
is s a i d  t o  b e  q p q = % x ~ p q ~ L v e  i f ,  f o r  e a c h  x , y € X ,  

d ( T x , T p )  I d ( x t y )  

Kuch  o f  t h e  work c u r r e n t l y  b e i n g  3 o n e  o n  f i x e d  p o i n t  

t h e o r e m s  i s  b e i n g  d o n e  on n o n - e x p a n s i v e  m a p p i n g s  i n  E a n a c h  

s p a c e s .  T h e  q u e s t i o n  we a r e  c o n c e r n e d  w i t h  i s  w h a t  k i n d  o f  

s u b s e t s  of S a n a c h  s p a c e s  h a v e  t h e  1 9 f i x o d  p o i n t  p r o p e r t y w  f o r  

n o n - e x p a n s i v e  m a p p i n g s ,  i .e., f o r  w h i c h  s u b s e t s  K o f  3 S a n a c h  

s p a c e  w i l l  s v e r y  n o n - s x p a n s i v ?  m a p p i n g  T:K-->K be q u a r a n t e e d  t o  

S a v e  a  f i x e d  p o i n t .  C l e a r l y ,  we have l o s t  a n y  h o p e  o f  

u n i q u e n e s s ,  s i n c e  t h e  i d e n t i t y  i s  a l w a y s  n o n - e x ~ a n s i v e .  

C o m p a c t n e s s  o f  K i s  c e r t a i n l y  n o t  n n o u g h ,  s i n c e  a r o t a t i o n  

o f  t h e  u n i t  c i r c l o  i n  R~ is  n o n - e x p a n s i v e ,  b u t  of c o u r s e  has n o  

f i x e d  p o i n t s .  I t  t u r n s  o u t  t h a t  i n  a  c o n v e x ,  c o r i p a c t  s e t ,  e a c h  

n o n - e x p a n s i v e  m a p p i n g  h a s  a  f i x e d  p o i n t .  T h i s  i s  a c o n s e q u e n c e  

o f  S c h a u d e r ' s  f i x e d - p o i n t  t h e o r e m ,  w h i c h  we w i l l  d i s c u s s  13t2r 

o n .  A c e r t a i n  a m o u n t  of l a b o u r  h a s  b e e n  e x p e n d e d  r e c e n t l y  t o  

generalise t h e  c o n 2 z c t n e s s  t o  w e a k  c o m p a c t n e s s .  T h e  f i r s t  



r e s u l t s  o n  t h i s  q u e s t i o n  c a m e  i n  1 9 6 5  when S r o u - l e r  [ 8 ,  9 1 ,  K i r k  

[ 2 0 ] ,  an.? G o h d e  [ I S ]  a l l  a n n o u n c e d  m o r e  o r  l e s s  s i m i l a r  r e s u l t s ,  

K i r k ' s  b e i n g  t h e  most q e n e r a l .  T h e  t h e o r e m  we p r o v e  below is due 

t o  K i r k  ( 1 3 8 0 ,  [ 2 2 1 ) .  F i r s t ,  h o w e v e r ,  ue n e e d  the c o n c e p t  o f  

n o r m a l  s t r u c t u r e .  

DEFINITION 2: L e t  X b e  a B a n a c h  s p a c e  a n d  KCX. L e t  d i a m ( K )  ---------- 
b e  t h e  d i a m e t e r  o f  K. A p o i n t  x o f  K is  s a i d  t o  b e  a  tjigmgtgp& 

ggint o f  K i f  

s u p  {d  ( x ,  k )  : kCK) = d i a m  (K) . 
A c o n v e x  se t  K i s  s a i d  t o  h a v e  p g m l  Strgcngge i f  e v e r y  b o u n d e d  

c o n v e x  s u b s e t  H of K c o n t a i n i n g  m o r e  t h a n  o n e  p o i n t  has a 

I n o n - d i a m e t r a l  p o i n t ,  i .e., i f ,  f o r  e a c h  s u i t a b l e  HSK, t h e r e  

e x i s t s  xeH s u c h  t h a t  sup ( d  (x ,  h )  : h s  H) i d i a m  (H) . 

We w i l l  a l s o  n o t e  t h e  f o l l o w i n g  w e l l - k n o w n  p r o p e r t i e s  of 

w e a k l y  c o m p a c t  sets:  

LEflHA 1: A c l o s e d ,  c o n v e x  s e t  i s  weakly c l o s e d .  ----- 

L E M M A  2: A f a m i l y  o f  s e t s  is s z i d  t o  h a v e  t h e  549Ltg ----- 
i n t e r s e c t i o n  grm&,eg&y i f  e a c h  o f  i ts  f i n i t e  s u b - f a m i l i e s  h a s  a ------------ 
n o n - e m p t y  i n t e r s e c t i o n .  A s e t  K i s  ( w e a k l y - ) c o m p a c t  i f  an3 o n l y  

i f  e v e r y  f a m i l y  o f  ( w e a k l y - ) c l o s e d  s u b s e t s  o f  K t h a t  h3s t h e  

f i n i t e  i n t e r s e c t i o n  p r o p e r t y  a l s o  h a s  a  n o n - s m p t y  i n t e r s e c t i o n .  



F o r  a  p r o o f  o f  Lemma 1 ,  see T a y l o r  & L a y ,  [ 2 8 ] ,  T h e o r e m  

I I I . 6 , 3 ,  Lemma 2 is a n  e l 2 m e n t a r y  p r o p e r t y  o f  c o m p a c t n e s s ,  See 

W i l l s r d ,  [ 29 1, 1 7 . 4 ,  f o r  e x a m p l e .  

F i n a l l y ,  we a r e  ready t o  p r o v e  t h e  f o l l o w i n g  t h e o r e m :  

THEOREM 4.1 ( K i r k ,  2 2 ) :  L e t  X b e  a S a n a c h  s p a c e ,  a n d  K a ------- 
n o n e m p t y ,  u e a k l y  c o m p a c t  c o n v e x  s u b s e t  o f  X ,  a n d  s u p p o s e  K h a s  

n o r m a l  s t r u c t u r e ,  T h e n  e v e r y  n o n - e x p a n s i v e  m a p p i n g  T:K-->K h a s  a 

f i x e d  p o i n t ,  

T h e  m e t h o d  o f  p r o o f  h e r e  i s  t o  s h o w  f i r s t  t h a t  K h a s  a 

n i n i r t a l  T - i n v a r i a n t ,  n o n - e m p t y ,  c l o s e d ,  c o n v e x  s u b s e t  H a  T h a t  

is,  i! i s  T - i n v a r i a n t ,  n o n - e m p t y ,  c l o s e d ,  a n d  c o n v e x ,  a n d  h a s  n o  

p r o p e r  s u b s e t  w i t h  t h e s e  p r o p e r t i e s .  We p r o v e  t h i s  f i r s t  a s  a 

lemma, 2 n d  t h e n  s h o w  H c o n t a i n s  o n l y  o n e  p o i n t ,  

LEMHA 3:  L e t  K ,  X ,  a n d  T b e  a s  i n  T h e o r e m  4.1 .  T h % n  K ----- 
c o n t a i n s  a a i n i m a l  T - i n v a r i a n t ,  n o n - e m p t y ,  c l o s e d ,  c o n v e x  

s u b s e t .  

PROOF: L e t  H b e  t h e  set  o f  a l l  n o n - e m p t y ,  T - F n v a t i a n t ,  ----- 
c l o s e d  c o n v e x  s u b s e t s  o f  K ,  p a r t i a l l y  o r 2 e r e d  b y  i n c l u s i o n ,  IfX. 

is a n y  n o n e m p t y  l i n e a r l y  o r d e r e d  c h a i n  i n # ,  t h e n  t k 3  " n i n i m a l  

e l e m e n t N  o f  w i l l  be t h e  i n t e r s e c t i o n  of a l l  t h e  e l e m a n t s  o f t .  

T o  see t h i s ,  we n o t e  t h a t  t h e  i n t e r s e c t i o n  is c l o s e d ,  c o n v e x ,  

a n 3  i n v a r i a n t ,  s o  t h e  q u e s t i o n  is, u i l l  i t  b e  n o n - e m p t y ?  B u t  311 

c l o s e d  c o n v e x  sets a r e  u e a k l y  c l o s e d ,  a n d  a l i n e a r l v  o r d e r s ?  

c h a i n  c e r t a i n l y  h a s  t h e  f i n i t e  i n t e r s e c t i o n  p r o ~ e r t v ,  and thus 



~y L s m m a  2 a n d  w e a k  c o m p a c t n e s s  of  ti, t h e  a n s w e r  i s  yes. T h s n  by 

Z?rn8s 12mma, f i  bas a m i n i m a l  e l e n e n t . 0  

PROOF o f  T h e o r e m  4.1:  L e t  H b e  t h e  m i n i m a l  s u b s e t  ----- 
g u a r a n t e s d  b y  Lemma 3 .  K i s  w e a k l y  c o m p a c t ,  h e n c e  b o u n d e d ,  s o  ii 

i s  b o u n d e d  a l s o .  Now s u p p o s e  H h a s  more t h a n  o n e  p o i n t .  T h e n  b y  

n o r m a l  s t r u c t u r e  o n  K ,  t h e r e  i s  3 p o i n t  zeH s u c h  t h a t  

r = s u p  [d (2, h )  : h€H) < diam ( H )  . 
I n  t h a t  ca se ,  t h e  s e t  

C={xGH:HS3(x;r)), 

w h e r e  9 ( x ; r )  is t h e  c l o s s d  b a l l  a b o u t  x w i t h  radius r ,  i s  

n o n - e m p t y .  I t  c a n  e a s i l y  b e  s z e n  t h a t  C i s  closed a n d  c o n v e x ,  

a n d  i f  we c a n  s h o u  t h a t  C is  a l s o  T - i n v a r i a n t ,  t h e n  b y  

m i n i m a l i t y  o f  H ,  we h a v e  C-H. So we n e e d  t o  s h o w  t h a t  C is 

F o r  a s e t  A ,  l e t  c o n v ( 1 )  b e  t h e  s m a l l e s t  c l o s e d  c o n v e x  s e t  

t h a t  c o n t a i n s  A ,  i.e., i f  AGB an3 0 i s  c l o s e 3  a n d  c o n v e x ,  then ' 

I 

c o n v  (A)g R, Now s i n c e  T (H)C Y ,  c o n v  ( T  ( H )  )c H a l s o ,  2nd t hus  

T ( c o n v ( T  ( i i ) )  ) s T ( H ) e c o n v ( T ( H ) ) .  S o  c o n v  (T  ( H ) )  is T - i n v a r i a n t .  

'Then b y  the m i n i r n a l i t y  o f  H, H = c o n v ( T ( Y ) ) .  3 u t  b y  

n o n - e x p a n s i v e n e s s  of T, if z c C ,  we h a v e  

HZB (2; r )  ==> T (9)s B (Tz; r )  

==> c o n v  (T  (FI))E B ( T z ;  r )  

==> H S B ( T z ; r ) ,  

a n d  s o  T z € C  a l s o .  T h u s  C is  T - i n v a r i a n t ,  a n d  s o  C=H.  



z , € E l ? ( z 2 ; r ) ,  so 3(z,,z2)<r, c l i s m ( C ) s r ,  a n d  w t  h a v e  

d i q m  ( C ) ( r < i i 3 m  (H)=diam ( C )  , 

w h i c h  i s  i m ~ o s s i b l s .  S o  i t  must b e  t h a t  H h a s  o n l y  o n e  p o i n t , Q  

Ths r e a son  we lift t h e  p a r t  r e l a t i n g  t o  Zorngs Ltmaa as  a 

s e p a r a t e  lamma i s  t o  e a p h a s i s e  t h a t  this i s  the o n l y  place w h e r e  

we use.? wsak c o ~ p a c t n e s s ,  T h u s  i t  is p o s s i b l e  t o  c h a n g e  the 

t h e o r e m  z l i q h t l y .  

T U 2 Z Z 3 M  4.2 (Kirk, 2G) : L e t  X b e  a r e f l e x i v e  3 a n a c h  spsce  ------- 
a n 3  K 2 .  a n o n e n p t y ,  sounded, c l o s e d ,  a n d  c o n v e x  s u b s e t  of  X ,  K 

- h a v i n g  no rma l  s t r u c t u r e ,  I f  T:K-->K is a n o n - e x p a n s i v e  m a p p i n g ,  

t h e n  T h 3 ~  a f i x e d  p o i n t  i n  K ,  
7 

T h i s  is t h e  the ore^ t h a t  K i r k  o r i g i n a l l y  p r o v e d ,  To s h o w  

t h e  exis t ;nce of H ,  U P  n e e d  t o  use a c h a r a c t e r i s a t i o n  o f  

r e f l a x i v i t y  d u e  t o  S m u l i a n  1 2 7  3 .  

L"%A 4: A 3 a n a c h  s p a c e  X i s  r s f l e x i v e  i f  and o n l y  if ----- 
every bounAea  d e s c e n d i n g  s e q u e n c e  o f  n o n - e m p t y ,  c l o s e d ,  c o n v e x  

s u b s t t s  of X h a s  a n o n - e m p t y  i n t e r s e c t i o n ,  



o n e  i n t e r e s t i n g  a s p e c t  o f  a l l  t h i s  is t h e  p r o p e r t y  o f  

" n o r n a l  S t r u c t u r P .  Normal s t r u c t u r e  is a f a i r l y  n a t u r a l  

p r o p e r t y ,  a n 3  i t  is a p p a r e n t  t h a t  i t  h o l d s  f o r  a l l  s u i t a b l e  

s u S s e t s  of zq. An e x a m p l e  o f  3 sDace t h a t  d o e s  n o t  h a v e  n o r m a l  

s t r u c t u r e  i s  t h e  f o l l o w i n g ,  from P a r l o v i t z ,  [ 1 9 ] ,  

F o r  a given r e a l  n u m b e r  8, l e t  be t h e  r e a l  s p a c e  1' w i t h  

t h e  f o l l o w i n g  n o r m :  

l x i g  = m a x i l x l # ,  I X I ~ / B I *  
2 

I n  t h e  s p a c e  h, c o n s i d s r  t h e  s e t  

c = ( x € P 2  : x ( i ) > O  f o r  e a c h  i, l x l r ~ l )  

w h i c h  is b o u n d e d  a n d  c o n v e x .  

(Note: fit i s  a s p a c e  o f  s e q u e n c e s ,  s o  x ( i )  r e p r e s e n t s  t h e  

i - t h  e l e m e n t  of t h e  s e q u e n c e  x. "xnW w o u l d  r e p r e s e n t  the 

'L 
n - t h  s e q u e n c e  i n  a s e q u o n c e  of e l e m e n t s  o f  1 .) 
I t ' s  n o t  d i f f i c u l t  t o  s h o w  t h a t  d i a m ( C ) = l .  F u r t h e r m o r e ,  i f  

f o r  e a c h  n a t u r a l  n ,  we l e t  xn b e  a s e q u e n c e  s u c h  t h a t  

x n ( n ) = l  a n 3  x n ( i )  = O  f o r  i f n ,  t h e n  l i m  Ix,-yl, = I  f o r  a n y  ybC.  

T h u s ,  i t  i s  easy t o  see t h a t  s i n c e  x n e C  f o r  e v e r y  n ,  t h e r e  

i s  n o  n o n - d i a m e t r a l  p o i n t  i n  C ,  s o  C d o e s  n o t  h a v e  n o r m a l  

s t r u c t u r e .  
2 

K a r l o v i t z  s h o w s ,  h o w e v e r ,  t h a t  lR s t i l l  h a s  t h e  f i x e d  p o i n t  

p r o p e r t y  f o r  n o n - e x p a n s i v e  m a p p i n g s .  I n  f a c t ,  B a i l l o n  a n d  

S c h o n e b e r g  [ 3 )  m a n a g e  t o  p r o v e  t h e  f i x e d - p o i n t  p r o p e r t y  f o r  

1; w i t h  352. To d o  t h i s ,  t h e y  make  u s e  of a q s n e r n i i s a t i o n  o f  



n o r m a l  s t r u c t u r e  c a l l e d  a s y m p t o t i c  n o r m a l  s t r u c t u r e .  

DEFINITION 3: A B a n a c h  s p a c e  x h a s  pgymmtotic sarmal ------ --- 
s t r u c t u r s  i f  f o r  e v e r y  b o u n d e d ,  c l o s e d  a n d  c o n v e x  s u b s e t  C o f  X --------- 
t h a t  h a s  more t h a n  o n e  p o i n t ,  a n d  f o r  e a c h  s e q u e n c e  {%I i n  2 

s a t i s f y i n g  X n - X n t l - - > O t  t h e r e  i s  a p o i n t  x 6 X  s u c h  t h a t  

l i m  i n f  1 x,,-x 1 < d i a m  (C) . 

It s h o u l d  b e  f a i r l y  o b v i o u s  t h a t  a n y  s p a c e  w i t h  n o r m a l  

s t r u c t u r e  a l s o  h a s  a s y m p t o t i c  n o r m a l  s t r u c t u r e ,  s i n c e  

l i m  i n f i  xn-x 1 5 s u p  { I  ?-xi :y€C)  < d i a m  (C) , 

f o r  x a  n o n - d i a m e t r a l  p o i n t  o f  C. I t  t u r n s  o u t  t h a t  a s y m p t o t i c  

n o r m a l  s t r u c t u r e  i s  e n o u g h  t o  g i v e  u s  t h e  f i x e d - p o i n t  p r o p e r t y .  

T H E O R E R  4 . 3  ( E a i l l o n  b S c h o n e b e r g ,  3 ) :  L e t  X be a ------- 
r e f l e x i v e  F a n a c h  s p a c e  a n d  KgX be  c l o s e d ,  b o u n d e d ,  c o n v e x ,  a n d  

n o n - e m p t y ,  a n d  h a v e  a s y m p t o t i c  n o r m a l  s t r u c t u r e .  T h e n  every 

n o n - e x p a n s i v e  m a p p i n g  T:K-->K h a s  a  f i x e d  p o i n t  i n  K. 

T h e  m e t h o d  of p r o o f  is t h i s :  By t h e  same a r g u m e n t s  we u s e d  

i n  Lemma 4 ( o r  Lemma 3 ,  w i t h  s u i t a b l e  c h a n g e s  t o  t h e  p r e s e n t  

h y p o t h e s i s ) ,  we c a n  d e d u c e  t h e  e x i s t e n c e  o f  a m i n i m a l ,  c l o s e d ,  

b o u n d e d ,  n o n - e m p t y ,  c o n v e x ,  T - i n v a r i a n t  s u b s e t  H of K. We c a n  

a l s o  c o n s t r u c t  a s e q u e n c e  {xn) i n  H w i t h  t h e  two p r o p e r t i e s  t h a t  

xn-Txn-->0 a n d  x n - x n + l  -->O a s  n-->w. From t h i s  s e c o n i i  p r o p e r t y ,  

a n d  a s y m p t o t i c  n o r m a l  s t r u c t u r e ,  we see  t h a t  t h e r e  e x i s t s  a  

p o i n t  xeK s u c h  t h a t  lira i n • ’  l x n - x j < d i a m ( H ) .  ( T h i s  i s  a s s u m i n g  



t h a t  H h e s  more t h a n  o n e  p o i n t . )  U n f o r t u n a t e l y ,  u s i n g  t h e  f i r s t  

p r o p e r t y  a n d  m i n i m a l i t y  o f  H, we c a n  s h o w  t h a t  f x n - x f - - > d i a m { H )  

f o r  311 x  i n  H. T h i s  l a s t  p o i n t  we p r o v e  a s  Lemma 6. F i r s t ,  

h o w e v e r ,  we n e e d  t o  s t a t e  a n o t h e r  w e l l - k n o w n  l e m m a ,  w h i c h  is 

r e a l l y  j u s t  a s p e c i a l  c a s e  o f  t h e  H a h n - B a n a c h  E x t e n s i o n  T h j o r e m .  

LEYMA 5 ( H a h n - B a n a c h ) :  I f  X i s  a n o r m e d  s p a c e ,  a n d  xOEX, ----- 
then t he re  e x i s t s  a b o u n d e d  l i n e a r  f u n c t i o n a l  f o n  X s u c h  t h a t  

f ( x o )  = Ix,,l. and  

f ( x )  3 1 x 1 ,  f o r  a l l  x  i n  X. 

&EDMA 6 ( K a r l o v i t z ,  1 9 ) :  Let X ,  K ,  a n d  T  b e  a s  i n  T h e o r e m  

4.3, a n d  s u p p o s e  H i s  a  m i n i m a l  T - i n v a r i a n t ,  n o n - e m p t y ,  c l o s e d ,  

P- b o u n d e d ,  c o n v e x  s u b s e t  of K. I f  ( x n )  i s  a s e q u e n c e  i n  H w i t h  t h e  

p r o p e r t y  t h a t  xn-Txq-->O, t h e n  I x n - X I - - > d i a m ( H )  f o r  a l l  x i n  H .  

PR0OF:Fix  yeH a n d  l e t  s = l i m  s u p l y - x n l .  Define a s e t  ----- 
D = { x € H :  l i m  s u p l x - x n l l s )  

w h i c h  i s  e a s i l y  s h o w n  t o  be n o n - e m p t y ,  c l o s e d ,  a n d  c o n v e x .  I f  i t  

i s  a l s o  T - i n v a r i a n t ,  t h e n  we know D = H .  And i t  is, for i f  x  i s  i n  

ITx , , -x , l  -->O, s o  l i m  s u p 1  Tx-xn lslirn s u p 1  x - x n l < s .  

Now t a k e  a s u b s e q u e n c e  ( x n r )  s u c h  t h a t  Jy-xnr 1 c o n v e r g e s ,  

t o  s ' ,  s a y ,  We w a n t  t o  s h o w  t h a t  f o r  qgy x i n  H ,  I x - x n , l - - > s P .  

S u p p o s e  n o t .  T h e n  t h e r e  m u s t  e x i s t  soEe zeH such t h a t  

I z - x n , l  -/'>sv . H e n c e ,  t h e r e  m u s t  b e  a  s u b s e q u e n c e  {x,,,,} of  {x,,,} 
P 



s u c h  t h . ? t  I Z - X , , , ~ ~  -->t, f o r  some t # s l .  

T h P n  t h e  s e t  E = ( x € H :  l i p  S U P I X - x  , l < m i n ( t , s l ) )  i s  n 
n o c - s % > t y ,  s i n c o  i t  c o n t a i n s  e i t h e r  y o r  z ,  b u t  n o t  b o t h .  

H o w ~ v e r ,  b y  a r q u a 5 n t s  s i m i l a r  t o  t h o s e  a b o v e ,  we c a n  p r o v e  t h a t  

E=H, w h i c h  i s  a c o n t r a d i c t i o n .  So l i m J x - x n I l = s g  f o r  a l l  x  i n  H e  

Now u? s h o w  t h a t  s t = d i a r n  ( H ) .  T h e  set 

F = ( u € H : l u - x J S s 8  f o r  z a c h  x  i n  H) 

is  c l e a r l y  c l o s e d  a n d  c o n v 3 x .  I t  i s  a l s o  n o n - e m p t y ,  a s  f o l l o w s ,  

S i n c ?  3 is ~ o u n j e d  a n d  X is r e f l ? x i v e ,  { x n ,  1 has a w e a k l y  

c o n v s r ; e n t  s u b s + q u e n c e  (x,,,,] w h o s e  l i m i t  we w i l l  csll z. (See 

T z y l o r  8 L a y ,  3 3 ,  Th I I I . 1 0 . 6 .  N o t e  t h a t  t h i s  i s  t h e  o n l y  p l a c e  

i n  ti2 Lemma w h e r e  w? u s e  r e f l e x i v i t y . )  F r o m  t h e  H a h n - B a n a c h  

a x t e n s i o n  t h ? o r e m ,  f o r  a n y  x f z ,  t h e r e  is a b o u n d e d  linear 

f u n c t i o n a l  f s u c h  t h z t t  f ( x - z ) = l x - z l  a n d  f ( y ) l l y J  f o r  a l l  y6X. 

S i n c e  xn,1-->z, w e a k l y ,  I f ( x , , , , ) - f  ( 2 )  ] - - > O m  I n  t h a t  case,  
1 

I x - z  1 = f (x-2)  = f (x-xr),, ) + f (xn"  -2) 

< l x-x,. l + I f (x,,,) -f ( 2 )  l - 
- ->s'  + 0,  

s i n c e  I x - x  1 - - > s 9 .  T h u s ,  I z - x l < z , '  f o r  a l l  x i n  X ,  a n d  z € F .  Now n 
a l l  we n e e d  t o  d o  is s h o w  t h a t  F i s  T - i n v a r i a n t .  S i n c e  T(H)CH, 

c o n v ( T ( H ) ) = H ,  by m i n i m a l i t y ,  H e n c e ,  f o r  a r b i t r a r y  u i n  H a n d  
n 

E > O ,  we c a n  find v  i n  H s o  t h a t  l u - v l < C  a n d  V = z X i ~ x i ,  w h e r e  
n 
1 O<J i< l ,  a n d  xiGH f o r  e a c h  p o s i t i v e  i n t e g e r  i. I n  t h a t  

case  we z e e  t h a t  i f  w is  i n  f ,  t h e n  s o  is Tw, f o r  

ITw-ul 5 ITw-vl  + I v - u f  



< •’ X i l l ' w - ~ x i  1 + & - 
I f . A i i w - x i I  + E 

< S' + e .  - 
T h u s  i t  m u s t  b e  t h a t  J T w - u ( < s '  f o r  a l l  weF a n d  ucH, s o  f i s  

T - i n v a r i s n t ,  a n 3  F = H o  C l e a r l y  t h e n  s'=diam(R). 

T h e  e f f e c t  o f  a l l  t h i s  i s  t o  s h o w  t h a t ,  f o r  a n y  x€H, i f  

( x ~ , )  i s  a s u b s e q u e n c e  o f  (x,,), a n d  l x - x n , l  c o n v e r g e s ,  t h e n  i t  

c o n v e r g e s  t o  d i a m ( H ) .  S i n c e  {xn}  i s  b o u n d e d ,  t h i s  m e a n s  

l i m  1 x - x n ]  = d i a m  ( H )  , 

Mov we a r s  r e a d y  t o  p r o v e  t h e  t h e o r e m ,  

?Roof of _Thgbrgt 4 . 3  [ 3 3 :  The o n l y  t h i n g  t h a t  r e m a i n s  t o  ----- 
b 2  d o n e  i s  t o  c o n s t r u c t  t h e  s e q u e n c e  (xn) i n  H s u c h  t h a t  

x,-Txn-->0 a n d  x,- x,,, 1 -->O. I n  o r d e r  t o  a c c o m p l i s h  t h i s ,  we m a k e  

u s e  of B a n a c h g s  f i x e d  p o i n t  t h e o r e m ,  

F i x  z€H, a n d  f o r  e a c h  n a t u r a l  n u m b e r  n ,  d e f i n e  a f u n c t i o n  Un 

s o  t h a t  

Unx = ( z / n )  + { I -  ( l / n ) } T x m  

S i n c e  T i s  n o n - e x p a n s i v e ,  it i s  e a s y  t o  see t h a t  Un i s  a F a n a c h  

c o n t r a c t i o n  w i t h  L i p s c h i t z  c o n s t a n t  ( 1 - ( l / n ) ) .  A l s o ,  x€H==>TxeH,  

a n d  b y  c o n v e x i t y  o f  K, U n X E H  a l s o ,  T h u s ,  t h e  r e q u i r e m e n t s  o f  

T h e o r e m  1 a r e  met, a n d  t h e r ?  m u s t  b e  a f i x e d  p o i n t  x n  of U n 8  s o  

'n = (z/n) + {l-(l/n))Txn. 

T h e  s e q u e n c e  ( x  ) of f i x e d  p o i n t s  is  o u r  d e s i r e d  s e q u e n c e .  I n  n 
t h e  f i r s t  p l a c e ,  

xn-Tx,, = ( 2 - T x n ) / n - - > 0  a s  n - - > b e  



Also, 

by n o n - e x p e n s i v e n e s s ,  a n d  r e a r r a n g i n g  a n d  d i v i d i n g  g i v e s  u s  

l X r C x n + ~  I < I z - T x n ( / n  --> 0 a s  n--> , 

a s  d e s i r e d . 0  

O n c e  a g a i n ,  o f  c o u r s e ,  we c a n  e l i m i n a t e  t h e  r e q u i r e m e n t  

t h a t  X b e  r e f l e x i v e  i f  i n s t e a d  we r e q u i r e  K t o  b e  w e a k l y  

c o m p a c t ,  y i e l d i n g :  

THEOREM 4 ,4 :  Let X b e  a B a n a c h  s p a c e ,  K C X  b e  w e a k l y  ------- 
c o m p a c t ,  n o n e m p t y ,  a n d  c o n v e x ,  a n d  a l s o  h a v e  a s y m p t o t i c  n o r m a l  

s t r u c t u r e ,  T h e n  e v e r y  n o n - e x p a n s i v e  m a p p i n g  T : K - - > K  h a s  a f i x e d  * 

p o i n t  i n  K. 

T h e  p r o o f  is i d e n t i c a l ,  e x c e p t  f o r  a s l i g h t  d i f f e r e n c e  i n  t h e  

lemma,  

LEMMA 7: L e t  X ,  K ,  a n d  T b e  a s  i n  T h e o r e m  4.4,  a n d  H a s  i n  ----- 
Lemma 5. I f  {xn) is a  s e q u e n c e  i n  H w i t h  t h e  p r o p e r t y  t h a t  

x , , - T x n - - > O ,  t h e n  I xn-xf - ->diam(i - I )  f o r  a l l  x  i n  Y. 

PFtOOF: A s  b e f o r e ,  e x c e p t  t h e  e x i s t e n c e  o f  t h e  w e a k l y  ----- 
c o n v e r g e n t  s u b s e q u e n c e  { x n  ,, ) comes from weak c o m p a c t n e s s  ( s e e  



P i n a l l y ,  ue b r i e f l y  n o t e  some f u r t h e r  r e s u l t s  o f  B a i l l o n  

2nd S c h o n e b e r q .  I t  t u r n s  o u t  t h a t .  f o r  921, t h e  s p a c e  1\ 
d e s c r i b e d  i n  t h e  s x a m p l e  a b o v e  h a s  n o r m a l  s t r u c t u r e  if a n d  o n l y  

if B<D, a n 3  h a s  a s y m p t o t i c  n o r m a l  s t r u c t u r e  i f  a n 3  o n l y  i f  5<2. 

2 A l s o  the s p a c e  l2 h a s  t h e  fixee p o i n t  p r o p e r t y  f o r  n o n - e x p a n s i v e  

m a p p i n g s  e v e n  t h o a g h  i t  does n o t  h a v e  a s y m p t o t i c  n o r m a l  

s t r u c t u r e .  3n t h 3  o t h e r  h a n d ,  a n  e x a m p l s  h a s  b e s n  f o u n 2  o f  a 

w s a k l y  c o m p a c t ,  c o n v s x  s u b s e t  of a Banach spsce t h a t  has 

non-expansive s e l f - m 2 p p i n g s  w i t h o u t  f i x s d  p o i n t s .  Se? A l s p a c h  

[ I ]  a n d  S c n a c h t m a n  [ 251. 

- 



V. Fixed P o i n t s  Using Wong's nethods 

I n  s s c t i o n  1 ,  y o u  w i l l  r e c a l l ,  we p r o v e d  B a n a c h v s  

f i x e d - ~ o i n t  t h e o r e m  u s i n g  a f u n c t i o n  @ ( x )  = d  ( x , T x )  , a n d  said t h a t  

l a t e r  on we w o u l d  ba e b l e  t o  p r o v e  more f i x e d - p g i n t  t h e o r e m s  

u s i n 3  t i1 .3  ssme i d e s .  T o  d o  t h i s ,  we w i l l  r e d u c e  t h e  v a r i o u s  

p r o p e r t i z s  o f  T t o  p r o p e r t i e s  of  t h e  r e l a t e d  f u n c t i o n  6. F o r  

e x a r n o l ~ ,  i f  $(x) = A  ( x , T x )  , t h e n  o n e  p r o p e r t y  $ h a s  is t h a t  d ( x )  = O  

i f  and o n l y  if x = T x .  We w i l l  c a l l  t h i s  p r o p e r t y  1 - i n v g g i p p c g ,  We 

also d e f i n *  t h c  f o l l o w i n g  p r o p e r t y  o f  $, 

D J F I X I T I O H  1: L e t  X b e  a metric s p a c e ,  T a s e l f - m a p p i n g  of ---------- 
X, a n d  $ a  r e a l - v a l u e s  f u n c t i o n  o f  X.  $ i s  s a i d  to b e  wgphiy 

c o n t r s c t i v s  w i t h  r e spec t  &_o _T i f  f o r  e a c h  x€X w i t h  #J(x)>o, there ----------- ---- ------- 
e x i s t s  n = n  ( r ) ,  s p o s i t i v e  i n t e g e r ,  s u c h  t h a t  #( 'Tnr)<f (r ) .  

I t ' s  s3sy t o  seo t h a t  i f  T is a B s n a c h  c o n t r a c t i o n  t h e n  

$(x) = S ( x , T x )  is w a a k l y  c o n t r a c t i v e  w i t h  r e s p e c t  t o  T. I n  f a c t ,  

t h i s  is still t r u e  i f  T is  just a c o n t r a c t i v e  m a p p i n g  or  e v e n  i f  

T i s  o n l y  u e a k l y  c o n t r a c t i v e .  

T h e  c o a m o n  p r o p z r t y  of w e a k  c o n t r a c t i v e n e s s  l e a d s  t o  a  

u s e f u l  t h z o r ~ m ,  o f  w h i c h  s e v e r a l  of  o u r  e a r l i e r  r e s u l t s  become 

s i m p l e  c o r o l l a r i e s .  

T E 2 3 3 R E T  3 - 1  (Wonq, 3 0 )  : L e t  X b e  a compact metric s p a c e  ------- 

34 



 an^ T a s e l f - q a ~ p i n z  of X. I f  t h s r e  e x i s t s  a c o n t i n u o u s ,  

n o n n s ; z t i v +  r ? z l - v a l u e d  f u n c t i o n  9 o n  X w h i c h  is  T - i n v a r i a n t  a n d  

w e e k l y  c o n t r a c t i v e  w i t h  r e s p e c t  t o  T, t h e n  T h a s  a f i x e d  p o i n t  

i n  X .  

? h O O F :  S i n c e  P i s  c o n t i n u o u s  a n d  X is compact, 9 r e a c h e s  ----- 
i t s  m i n i s u n  on X .  L e t  $ ( z )  b e  t h e  min imum,  a n d  assume #(z )>O.  

T h s r .  thi.re exists n(z) s u c h  t h a t  $ ( T ~ Z ) C # [ Z ) ,  w h i c h  i s  

i r n p o s s l 3 l e  i f  $ ( z )  i s  a a i n i m u ~ .  So  $(z)=0, a n d  b y  i n v a r i a n c e ,  z 
-. is a +;xsd p c i n t  o f  T.0 

A f t ~ r  we make t h e  o b v i o u s  r e m a r k  t h a t  i f  T i s  c o n t i n u o u s ,  

$ ( x )  = d  ( x ,  TX) i s  a l s o  c o n t i n u o u s ,  a n d  t h a t  c o n t r a c t i v e  i n a p p i n g s  

a r e  2 l w a y s  c o n t i n u o u s ,  we c a n  g o  o n  t o  s t a t e  t h e  f o l l o w i n g  

c o r o l l a r i e s .  

CCR3tiARY 5.1 .1  (Corollary 3.1.2) : L e t  X b e  ' a  c o m p a c t  --------- 
metric  s p a c e ,  T:X-->X a c o n t r a c t i v e  m a p p i n g *  T h e n  T  h a s  a f i x e d  

p o i n t  i n  X .  

Z C S 9 L L A R Y  5.1.2 ( T h o o r e m  3.3)  : L e t  X be  a c o m p a c t  metric --------- 
s p a c e ,  T:X-->X a w e a k l y  c o n t r a c t i v e ,  c o n t i n u o u s  m a p p i n g .  Then T 

h a s  e f i x 3 d  2 o i n t  i n  X. 

PEOOF (Wonq, 3 0 )  : L 2 t  $(x) =d  ( X , T X ) .  By weak c o n t r a c t i v e -  ----- 
ness of T, fi i s  w e s k l y  c o n t r a c t i v e  w i t h  r e s p e c t  t o  f, a n d  

c l e a r l y  a l s o  c o n t i n u o u s  a n d  T - i n v s r i a n t .  T h u s ,  by  t h e  t h e o r e m ,  T 

h a s  3 f i x e d  ? o i n t  i n  X .  0 



We c a n  a l s o  d e r i v e  a t h e o r e m  t o  t a k e  care of o u r  

w ~ - c o n t r z c ~ i v e ~  c o n d i t i o n s ,  F i r s t  we make t h e  o b v i o u s  d e f i n i t i o n  

o f  w f - w o s k l y  c o n t r a c t i v e  w i t h  r e s o e c t  t o  Tw, n a m a l y  t h a t  a r e a l  

v a l u e d  f u n c t i o n  $ i s  s a i d  t o  b e  t = w s a k L y  ratg&cfipg ligh 

r e s E e c t  t p  a f u n c t i o n  T  i f  a n d  o n l y  i f  ~ < t ( x ) < L = = >  t h e r e  e x i s t s  --- --- 
n = a  ( x )  s u c h  t h z t  $ (T"x)  < $ ( x ) .  T h e n  o u r  t h e o r e m  b e c o m e s :  

TE2OBFM 5.2: Let T b e  a  s e l f - m a p p i n g  of  X ,  a  c o m p a c t  ------- 
a e t r i c  s?ac?, 3 u p ? o s e  t h e r e  e x i s t s  a  c o n t i n u o u s ,  n o n n e g a t i v e  

r e a l - v ? l u a ?  f u n c t i o n  # t h a t  i a  € - w e a k l y  c o n t r a c t i v e  w i t h  respsct 

t o  " x i  t t j z t  i s  T' - i n v a r i a n t  f o r  s o m e  n a t u r a l  n u ~ b e r  k, T h e n  i f  

t h a r ~  i s  a n  x€X  z u c n  t h a t  $ ( x ) < E ,  '$ h a s  a f i x s d  p o i n t  i n  X. 

P R 3 0 T  ( H o n g ,  3 0 ) :  A g a i n ,  $ r e a c h e s  i ts  min iumum on X.  I f  ----- 
$ ( z )  i s  t h e  minimum, c l e a r l y  $(z) < E .  I f  #(z) > 0 ,  t h e n  t h e r e  

e x i s t s  s u c h  t h a t  @('f%)<$(z),  w h i c h  is i m p o s s i b l e  i f  $(z) is  a 
, 

minimum. 8 

COROLLARY 5 .2 -1  ( s e e  T h e o r e m  3.2):  L e t  X b e  a  c o a p a c t  --------- 
mstric  s p a c e ,  a n 6  l e t  T : X - - > X  b e  E - c o n t r a c t i v s .  T h e n  T h a s  a 

3 e r i o d i c  p o i n t  i n  X .  

COROLLARY 5.2 .2:  L e t  X b e  a c o m p a c t  metric s p a c e ,  a n d  l e t  --------- 
T:X-->X b e  c o n t i n u o u s  a n d  &-weakly c o n t r a c t i v e ,  T h e n  T h a ~  a 

p a r i o d i c  p o i n t  i n  X. 

? Z O O F :  S i n c e  X i s  c o m p a c t ,  f o r  a n y  xeX t h e r e  e x i s t  ----- 
p o s i t i v e  i n t e g e r s  k,m s u c h  t h a t  J ( T ~ ~ , T " * ~ X ) C ~ .  I n  t h a t  case, 



p o s i t i v e  i n t e g e r s  k,m s u c h  t h a t  d ( ~ r . ~ + ~ x ) < E .  ~ n  t h a t  case, 

I< l e t  # ( x ) = d ( r . T  x ) .  a n d  z=Tmx is  s a c h  t h a t  #(z )<C.  O b v i o u s l y .  

i s  + - i n v a r i a n t  3 n d  € - w e a k l y  c o n t r a c t i v e . 0  

A n o t h 9 r  w e 3 k e n i n q  o f  t h e  c o n t r a c t i v e  f i x e d  p o i n t s  i d e a  we 

c o n s i d l r e d  p r e v i o u s l y  was  t o  e l i n i n a t e  c o n p a c t n e s s  o f  X ,  b u t  

r e q u i r ?  i n z t o a d  t h a t  ( T ~ x )  hait  a c o n v e r g e n t  s u b s e q u e n c e ,  f o r  

some x ( X .  Xs c s c  o b t a i n  r e s u l t s  u s i n q  W o n g * s  n e t h o d s ,  b u t  we 

n e e d  a n o t h e r  c o n d i t i o n  o n  t h e  f u n c t i o n  6. 

D E F I i d I ' T I 3 1 i  2: A r ? a l - v a l u e d  f u n c t i o n  6 o n  X i s  ; a i d  t o  be ---------- 
ggqglpz 21th E ~ S E P S ~  rg some s e l f - a a p p i r . ?  T o f  X if  { ~ ( T ~ X ) )  

c o n v e r g e s  f o r  r v r r y  xCX. F o r  a n y  € > 0 ,  9 i s  €=ypqgua~ 

ISSEPEf f P  T if ( # ( T n x ) )  c o n v e r g e s  f o r  e v e r y  xcX w i t h  $(r )  < E .  

THEOREM 5.3: L e t  X b e  a metric space?, a n d  l e t  T:X-->X be * ------- 
c o n t i n u o u s .  S u p p o s e  t h e r e  e x i s t s  a n o n n e g a t i v e  c o n t i n u o u s  

f u n c t i o n a l  4 w h i c h  i s  T - i n v a r i a n t .  weakly c o n t r a c t i v e ,  a n d  
b 

n r e g u l a r  w i t h  r e s p e c t  t o  T. T h e n  i f  t h e  s e q u e n c e  {T X) h a s  a 

c o n v e r q e n t  s u b s e q u e n c e  f o r  s o m e  x i X ,  T has  a f i x e d  p o i n t  i n  X.  

P R O O F :  L e t  ( T ~ ~ X )  b e  t h e  c o n v e r g e n t  s u b s e q u e n c e  a n d  s a y  i t  ----- 
c o n v e r g e s  t o  z. A s s u m i n g  $ ( z ) > 0 ,  t h e r e  e x i s t s  N s u c h  t h 3 t  

( ~ ( T ~ Z ) < ) ( Z ) .  T h e n  u s i n g  r e g u l s r i t y  a n d  c o n t i n u i t y  of d .  we see 

$ ( z )  = lim @ ( T " R X )  ( c o n t i n u i t y )  

= l i i n  (~"k+"' x )  ( r e g u l a r i t y )  

= $ ( l i n  T nK +N x 1 ( c o n t i n u i t y )  



= ~ ( T N  (lim T ~ Y X )  ) ( c o n t .  o f  T) 

= $ ( T ~ z )  (dein. of z)  

< +(;) ( w e a k - c o n t r . )  

T h i s  is i m p o s s i b l e ,  s o  $(z )=0 ,  a n d  z i s  a f i x e d  p o i n t .  (J 

C O Z - 3 L L A Z Y  5.3.1 ( T h e o r e m  3 - 1 )  : L o t  X be  a  metric s p a c e  a n d  --------- 
T : X - - > X  Ss  2 c o n t r a c t i v e  m a p p i n g ,  I f  t h e r e  e x i s t s  xeX such t h a t  

t h e  s s q u , ? n c n  {.rnx) h a s  3 c a n v e r g e n t  s u b s e q u e n c e ,  t h e n  T h a s  a 

CDR3LSAdY 5 . 3 . 2  (Wong, 3 0 ) :  Let X b e  a metric s p a c e  a n 3  --------- 
T:X-->X bs a w e a k l y  c o n t r s c t i v e  m a p p i n g  t h a t  i s  a l s o  n o n - e x -  

p a n s i v e .  I f  t h e r e  2 x i s t s  xeX s u c h  t h a t  t h e  s e q u e n c e  ( T ~ x )  h a s  a 

c o n v e r g e n t  z u b s e q u e n c e ,  t h e n  T h a s  a fixed p o i n t  i n  X. 

P B O D f :  T i s  continuous s i n c e  i t  i s  n o n - e x p 3 n s i v e .  L e t  ----- 
# ( x ) = d  ( x , T x )  , w h i c h  i s  w a a k l y  c o n t r a c t i v e  w i t h  r e s p e c t  t o  T,  

T - i n v a r i a n t ,  a n d  c o n t i n u o u s ,  Since R is c o m p l e t e  a n d  fo r  a n y  x,  

t h e  s e q u o n c e  ( $ ( ~ ~ x ) )  = (d  ( T ~ x , T ~ + '  x ) )  is n o n - i n c r r a s i n g  ( b y  

n o n - e x p a n s i v e n s s s ) ,  # i s  r e g u l a r .  T n e n  by T h e o r e m  5.3. T has a 

f i x s ?  p o i n t  i n  X.0 



W? h a v e  now t a k e n  c a r e  of a l l  t h e  t h e o r e m s  p r o v e d  i n  

C h z p t z r s  2 a n d  3 .  T h e  s i t u a t i o n  f o r  n o n - e x p a n s i v e  p a p p i n g s  i s  

n o t  q u i t e  a s  s i m p l e ,  u n f o r r u n a t e l y .  T h e o r e m  4.1 d o e s  n o t  r e s p o n d  

w e l l  t o  t h e s e  m e t h o d s ,  a l t h o u g h  we c a n  o b t a i n  same r e s u l t s  o n  

w e a k l y  c 2 n 3 2 c t  s u b z e t s ,  a s  we s h a l l  see i n  t h e  n q x t  s s c t i o n  of 

t h i s  c i3? t ? r .  

P n  t h ?  o t h e r  h s n d ,  L.P. 3 e l l u c e  a n d  W . A .  K i r k  o b t a i n e d  3 

few i n t 3 r e z t i n q  r e s u l t s  on n o n - e x p a n s i v e  m a p p i n g s  by p l a c i n g  

a 3 d i t i 3 n a l  r e s t r i c t i o n s  on t h e  m a p p i n g  i t s e l f ,  r a t h e r  t h a n  o n  

i t s  d o n a i n ,  T h 2 s e  r s s t r i c t i o n s  i n v o l v e  v a r i o u s  c o n d i t i o n s  of 

" s h r i n k i n j  o r b i t s H .  

DEFINITION 3:  L e t  X b e  a metric s p a c e ,  a n d  T a s e l f - m a o -  ---------- 
p i n g  o f  X .  C a l l  t h e  s e t  d e n o t e d  by 

0 ( T ~ x )  = ( T ~ x ,  T ~ "  I, T"*'x, ... 1 

t h e  gg&i t  of T ~ X  ( f o r  112'3). D e f i n e  r ( x ) = l i m ( d i a r n  (0 ( T ~ x ) ) ,  t h i !  

l i m i t i n -  o r b i t s 1  d i a m e t e r  o f  x .  I f  r ( x ) < d i a r n ( @ ( x ) )  f o r  e v e r y  ,,-,,,-r ,--,,,- ,,,,,,,, 

xEX w i t h  d i s m ( O ( x ) ) > O ,  t h e n  we say t h a t  T h a s  dimigish&gq 

o r b i t a l  d i a m 2 t e r s .  ------- --------- 
6 e l l u c e  a n d  K i r ~  p r o v e d  i n  1967  ( 5 ,  u s i n g  a r e s u l t  of 

E d e l s t e i n ,  1 4 )  t h a t  i n  a compact s p a c e ,  a n o n - e x p a n s i v e  m a p p i n g  

w i t h  d i m i n i s h i n g  o r b i t a l  j i ame te r s  h a s  a f i x e d  p o i n t .  K i r k  [ 2 1  ] 

s h o v e 3  t h a t  i t  was s u f f i c i e n t  t h a t  t h e  m a p p i n g  b e  c o n t i n u o u s  

w i t h  d i m i n i s h i n g  o r b i t a l  d i a m e t e r s .  We w i l l  f i r s t  p r e s e n t  K i r k ' s  



p r o o r ,  s n j  t h e n  u s e  W ~ n g ' s  n e t h o d  o n  i t .  

in - -  L e 7 3 ~ E ? l  5.9: L e t  X b e  a c o m p a c t  m-3tric s p a c e ,  a n d  1st ------- 
T:X-->U no c o n t i n u o u s  w i t h  f i i m i n i s h i n g  o r b i t a l  3 i a m e t 2 r s .  T h e n  T 

n h z s  a fixe.3. p o i n t  z i n  X ,  a n d  e v e r y  s e q u e n c e  {T x )  i n  X h a s  a 

subsoqu?nce  that c o n v e r g e s  t o  a f i x 3 5  p o i n t  of T. 

P P 3 0 P  ( K i r k ,  2 1 )  : F o r  a n y  x€X,  l e t  L(x) be t h o  set of a l l  ----- 
n liitits of c o n v s r q e n t  s u S s o q u e n c e s  o f  {T x ) .  X i s  c ~ m p a c t ,  so  

L(x) i s  non-eapty. S i n c e  T is c o n t i n u o u s ,  T ( L ( x ) ) , C L ( x ) ,  a n d  from 

t h e  , ! e f i n L t i o n ,  L ( x )  i s  s a s i l y  s e e n  t o  be c l o s e i .  B y  Z o r n ' s  

l o n r r s ,  we csn f i n ?  K S L ( X )  t h a t  i s  a m i n i m a l  c l o ~ ? d ,  n o n e n ~ t y ,  

T - i n v a r i s n t  suSr ; - . t  of L ( x ) .  Lst xoEK a n 5  a s s u m e  x ,+Txo .  T h e n  

O (xo)ci:, a n ? ,  a y a i n  b y  c o n t i n u i t y ,  c l  ( O ( x o ) )  i s  T - i n v a r i a n t .  

T h a t  a o a n s  c l ( O ( x 6 ) ) = K .  H o w e v s r ,  b y  d i m i n i s h i n g  o r b i t a l  

d i a m e t o r z ,  t h e r e  is a n  14 s u c h  t h a t  c l ( ~ ( @ x ~ ) )  i s  a p r o p e r  

n o n - e m p t y ,  c l o s e d ,  T - i n v a r i a n t  s u b s e t  of c l ( O ( x o ) ) ,  a n d  h ~ n c e  of 

K. T h i s  iz a c o n t r a 5 i c t i o n ,  s o  xo=Txo.u  

!ds 9 i q h t  n o t 9  t h a t  t h i s  ? roof  r e q u i r e s  t h e  use of Z o r n i s  

l emaa ,  w h i c h  i s  n a t  n e c e s s a r y  i f  we s a y  t h a t  T i s  a l s o  

n o n - e x p a n s i v e .  As w . ? l l ,  9 e l l u c e  2 n d  K i r k  1 5 1  also o b t a i n  r e s u l t s  

i n  w e a k l y  compact  s e t t i n g s ,  t h e  m e t h o d  b e i n g  s i m i l a r  t o  t h a t  

used i n  T h e o r e m  4.1. 

A s i z ? l e  3 x 3 r n p l e  o f  a n a p p i n g  w i t h  d i m i n i s h i n g  o r b i t a l  

d i a e e t e r s  is t h e  f u c t i o n  f ( x )  =m o n  t h e  s p a c e  [ Ci,1 1. S i n c e  

f n ( x ) - - > 1  f o r  311  x>O, f h a s  d i ~ i n i s h i n ~  o r b i t a l  d i a r n e t 2 r s .  ~ u t  

S e c 3 u s ~  3 is  i n c l u d e 3 ,  i t  is n o t  n o n - e x p a n s i v e  o r  i n d 5 e d  2 v e n  



w e a k l y  c o n t r a c t i v s .  

I n  o r 3 e r  t o  u s e  W o n g 8 s  m e t h o d s  o n  t h i s  k i n d  of m a p p i n g ,  we 

nzed zo e x a m i n e  a s l i q h t l y  w e a k e r  v e r s i o n  of c o n t i n u i t y .  

3 E F I N I T I 3 N  4: L e t  X b e  a metric space a n d  @ a r e a l - v a l u a d  ---------- 
f u n c t i o n  on X .  We c j l l $  &owe~ ssm&=cmgtiggeg_s if, f o r  e a c h  real 

r ,  t h e  s;.t 

Poi(r,m) = { X C X :  $ ( x ) > r )  

i s  o ? e n  i n  X .  

The u t i l i t y  o f  t h i s  i s  t h a t  a  l o w e r  s e m i - c o n t i n u o u s  

f u n c t i o n  3Iways r a a c h e s  i t s  m i n i a u m  on a c o m p a c t  s e t .  (see  

D u ~ u n J ; i ,  1 2 ,  XI .2 .4 ) .  What  we are g o i n g  t o  d o  is t o  s h o w  t h a t  

t h e  f u n c t i o n  $ ( x )  = 3 i a m  ( O ( x ) )  i s  lower s e m i - c o n t i n u o u s .  F o r  t h i s ,  

we nesd t h e  f o l l o w i n g  lemma, 

L B K T 9  1: F o r  e a c h  p o s i t i v e  i n t e g e r  n ,  l e t  #,, b e  a ----- 
c o n t i n u o ~ ~  r e d l - v a l u e d  m a p p i n g  o f  X.  T h e n  

$(x) = sup{$,,(x) : n a p o s i t i v e  i n t e g e r ]  

is l o w e r  s s m i - c o n t i n u o u s .  

1E03F [ 1 2 ] :  $ ( x ) > a  i f  a n d  o n l y  i f  a t  l e a s t  o n e  ----- 
#,(~)>a, so +- ' (a ,~ ,  = Q@: (a.W). IJ 

T H E O R E Y  5.5: L e t  X b e  a c o m p a c t  metric s p a c e ,  a n d  T a ------- 
s e l f - m a p ? i n g  of X. I f  t h e r e  e x i s t s  a lower s e m i - c o n t i n u o u s  

f u n c t i o n  @:x- ->F+ w h i c h  is T - i n v a r i a n t  a n d  w e a k l y  c o n t r e c t i v e  

w i t h  resc8ect t o  T ,  t h e n  T h a s  a f i x e d  p o i n t  i n  X, 



PROOF:  T h i s  i s  j u s t  a s l i q h t  g e n e r a l i s 3 t i o n  o f  T h e o r e m  ----- 
5.1, a n d  t h e  p r o o f  i s  i z e n t i c a l ,  excep t  we u s e  o u r  s t 3 t e a e n t  

a b o u t  t h e  in ininurn of a lower s e m i - c o n t i n u o u s  f u n c t i ~ n  o n  a 

c o m p a c t  se t .  0 

P R 3 O F  sf T>ngzgg 5.4 2s 3 m g a l l g g ~  gf r h g g r l n  5.5: If we. ----- 
l e t  ~ ( x ) = ~ ~ ~ R I ( ~ ( x ) ) = s u ~ ~ ~ ( T ~ x , T ~ x ) :  i , j > O f ,  t h ~ n  4 is o b v i o u s l y  

T - i n v a r i a n t ,  a n d  by t h e  lemma, i t  i s  a l s o  l o w s r  s s m i - c o n t i n u o u s .  

From diminishing o r b i t a l  d i a m e t e r s ,  d i a s  (0 ( T ~ x ) )  <dian!  ( O ( x )  ) , f o r  

z o n e  n, so  9 i s  w o a k l y  c o n t r a c t i v e  w i t h  r o s p e c t  t o  T.0 

T h e r ?  a r e  a c o u p l e  o f  i n t e r s s t i n g  p o i n t s  t o  n o t i c e  a b o u t  

t h i s  r e s u l t .  F i r s t  of a i l ,  o f  c o u r s e ,  we h a v ?  e l i m i n a t e d  t h e  u se  

af Z o r n t s  lemma. Also, t h e  example  we j u s t  used (f ( x ) =  @) i s  a n  

e x a m p l e  ~f a n o n - w e a k l y  c o n t r a c t i v e  f u n c t i o n  f w i t h  a r e l a t e d  

f u n c t i o n a l  t h a t  is  w e a k l y  c o n t r a c t i v e  w i t h  r e s 2 e c t  t o  f. 

K i r k  [ 2 1 ]  d e f i n e s  a n o t h e r  t y p e  o f  s a p p i n g  w i t h  d i m i n i s h i n g  

o r b i t a l  d i a m e t s r s ,  r a q u i r i n g  t h a t  t h e  m a p p i n g  T s a t i s f y  s 

" u n i f o r m  L i p s c h i t z  c o n d i t i o n w ,  i.~., t h e r e  e x i s t s  a  c o n s t a n t  C 

( w h i c h  m 3 y  b e  g r e a t e r  t h a n  1 )  s u c h  t 5 a t  f o r  e v e r y  p o s i t i v e  

i n t e g e r  n  a n d  e v e r y  x,yEX,  

~ ( T " X , T ' ? ~ ) S C  c? ( x , Y ) .  

I f  T  s a t i s f i e s  t?is c o n d i t i o n ,  t h e n  d i a % ( D ( x ) )  t u r n s  o u t  t o  b e  a 

c o n t i n u o u s  f u n c t i o n  o n  X .  

L E M M A  2: Let T  b e  a s e l f - m a p p i n g  o f  a metric space X ,  3 n d  ----- 



s u p p o s e  t h a t  T s a t i s f i e s  a u n i f o r m  L i p s c h i t z  c o n d i t i o n  w i t h  

c o n s t a n t  C.  T h e n  3 i a w ( O ( x ) )  i s  a c ~ n t i n u o u s  f u n c t i o n  o n  X. , 

P 2 O O F  ( K i r k ,  2 1 ) :  L e t  xn-->%, w i t h  2 3 c h  x , E X .  We w i l l  ----- 
s h o w  t h a t  diam (0 (xn)) -->diam (0 (xg)) . 

Cf c o o r s e ,  d i a n  ( 0  (xn) ) = 3 u p  ( d  (T' X n , ~ ' X n )  : i, 0 . T h e n  f o r  

any  & > 0 ,  t h a r e  i s  a p o s i t i v e  i n t e g e r  N s u c h  t h a t  n2N i m p l i e z  

T h i s  m e a n s  t h a t  

f o r  a n y  k. T h i s  fact, p l u s  th? t r i a n g l e  i n e q u s l i t y ,  shows t h 2 t  

Then we c a n  p r o v e  this c o r o l l a r y  of  T h e o r e m  5.3: 

COROLLARY 5.3.3 ( K i r k ,  2 1 ) :  L e t  X b e  a metric sDace, a n d  --------- 
l e t  T : X - - > X  s a t i s f y  e u n i f o r m  L i p s c h i t z  c o n d i t i o n  w i t h  c o n s t a n t  

C ,  a n d  a l s o  h a v e  d i r n i n i s h i n q  o r b i t a l  d i a m e t e r s .  I f  t h e r e  e x i s t s  

x G X  s u c h  t h a t  1 ~ ~ x 1  h a s  a c o n v e r g e n t  s u b s s q u 2 n c e ,  t h e n  T h a s  a 

f i x e d  p o i n t  i n  X .  

P2OOl (Uoncj. 30)  :L?t V ( x ) = d i ? ~ ( ~ ( x ) ) .  3 y  t h e  lemma, d is ----- 
c o n t i n u o u s .  E y  d i m i n i s h i n g  o r b i t a l  d i a m e t e r s ,  9 i s  w e a k l y  

c o n t r a c t i v e  a n 3  r e g u l a r  w i t h  r e s p 2 c t  t o  T. C l e a r l y ,  9 i s  



T - i n v c r i a n t ,  s o  ~y Theorea  5 . 3 ,  T h a s  a f i x e d  p o i n t  i n  X . n  

W o n - Z x g s n s i v e  ~QJIIP~~ ------ ------ 
As we a e n t i o n e d  a b o v e ,  a r e s u l t  similar t o  (but w e a k e r  

t h a n )  T h s o r e m  4.1 is ~ o s s i h l e  u s i n q  U o n q ' s  m e t h o d  of p r o o f .  We 

f i r s t  n o t e  t h a t ,  a s  I n  t h e  nDrm t o p o l o g y ,  a u e a k l y  lower 

s e m i - c o n t i n u o u s  f u n c t i o n  reaches  i t s  m i n i m u m  on a w e a k l y  c o ~ o a c t  

s e t ,  I$ we l e t  T be a n o n - e x p a n s i v e  f u n c t i o n  a n 3  r e q u i r e  a l s o  

t h a t  T b e  w e a k l y  c o n t i n u o u z ,  t h e n  # ( x ) = d  ( x , T x )  iz w ~ a L l y  low5r 

s e m i - c o n t i n u o u s ,  w h i c h  we p r o v ?  b e l o w  a s  a lemma. 

LEPlMA 3: L e t  X b e  a n o r m e d  s p a c e ,  a n d  l e t  T:X-->X b e  ----- 
w e a k l y  c o n t i n u o u s .  T h e n  t h e  f u n c t i o n  $ ( ~ ) = a  ( x , T x )  i a  w e a k l y  

lower s e m i - c o n t i n u o u s .  

P R O O F :  We w i l l  s h o w  t h a t  #-'(a+) is w e a k l y  o p e n ,  b y  ----- 
s h o w i n q  t h a t  $-'(-&?,a] is weakly c l o s e d .  L e t  13 bc? a d i r e c t e d  s e t  

a n d  (xm] a n e t  o r d e r ~ d  by P3, ( F o r  a n  e x p l a n a t i o n  of n e t s ,  35-2 

Willard, 29, s e c t i o n  1 1 )  S u p p o s e  x,-->x,, w e a k l y ,  e n d  f o r  each  

m e  $ h , ) S a *  Y e  s h o w  t h a t  b(xo)_<a ,  a s  well. 

a y  t h e  H a h n - B a n a c h  e x t e n s i o n  t h e o r e m ,  t h e r e  e x i s t s  a 

b o u n d e d  l i n e a r  f u n c t i o n a l  f on  X s u c h  t h a t  

f (xo-Txo) = 1 x6-TxOI, a n d  

f(x) 3 1 x 1 ,  f o r  a l l  x i n  X .  

since T i s  w e a k l y  c o n t i n u o u s  an3 x m c o n v e r g e s  w e a k l y  t o  xo,  

xm-Txm-->xo-Txo, u s a k l y ,  a l s o ,  This Peans t h a t  f (xm-Txm) - ->  



f (xo-Txb)  ( s t r o n q l y )  . For  e a c h  m, f ( x m - T h ) <  1 b - T h l < a ,  SO 

a i l i r n  K (xm-Tx,,,) = f ( x o - T x o )  = J  xo-Tx, I .Q 

This means, i n  p a r t i c u l a r ,  t h a t  i f  K i s  a w e a k l y  c o m p a c t  

s u b s e t  o f  X ,  a n 3  T:K-->K i s  w e a k l y  c o n t i n u o u s ,  t h e n  t h e  f u n c t i o n  

I x - T x l  r 9 s z h e s  i t s  m i n i m a m  o n  K. F o r  o u r  t h e o r e m ,  we w i l l  a l s o  

n e e d  t h e  follow in^; d 3 f i n i t i o n .  

3 C ? I N I T f O N  5: A n o r m s 3  space X is  called ~syji$Lp convex ---------- 
i f  f o r  e3ch x , y  i n  X ,  j x + y j = l x l + l y l  implies x  and y are l i n e a r l y  

deper .d@r , t .  

A s i m p l e  c a l c u l a t i o n  shows t h a t  i n  a s t r i c t l y  c o n v e x  s p a c e ,  

a v e c t o r  z i s  o n  t h e  s e g m e n t  b e t w e e n  x a n d  y ( z c s e g ( x , y ) )  i f  a n d  

o n l y  i f  b ( x , y ) = d ( x . z ) + d ( z , y ) .  

'U . h A 9 R Z " . 6 :  L n t  X b e  a s t r i c t l y  c o n v e x  n o r m e d  s p a c e ,  a n d  ------- 
l e t  Y b e  a weakly c o ~ u p a c t ,  c o n v e x  s u b s e t  o f  X.  I f  T  is a w e a k l y  

c o n t i n u o u s ,  n o n - e x p a n s i v e  s e l f - m a p p i n g  of K ,  t h e n  T h a s  a f i x e d  

p o i n t  i n  K .  

FR03F: L e t  # ( x ) = d ( x , T x ) ,  T h e n  b y  t h e  lemma. $ r e a c h e s  i t s  ----- 
m i n i s u m  on K. Let #(z) b 3  t h i s  m i n i m u m ,  a n d  c o n s i d e r  s e g ( z , T z ) .  

If we choose  a n y  x a s e g ( z , T z ) ,  t h e n  we see  t h a t  

Q ( x )  = d (x .?x)  5 d ( x . T z )  + d (Tz.Tx) 

< 3 ( x , F z )  + d ( 2 . x )  - 

= 3 ( z , T z )  = $(z ) ,  



S i n c e  # ( z )  i s  a n i n i m u r n ,  t h i s  m e a n s  t h a t  

d ( x , T x )  = d  ( x ,  T z )  + 3  ( T z , T x )  , a n d  b y  s t r i c t  c o n v e x i t y ,  Tzb s?g  ( x , T x )  . 
However, we c a n  a l s o  s a y  

2 ( T ~ , T ~ , )  d ( T Z , T X )  4 A ( ? x , T  Z )  

< d ( z , x )  + d ( x , T z )  - 
= d ( z , T z )  

Aga in ,  t h i s  m e a n s  t h a t  TXE seq ( T Z , T ~ Z ) .  C o m b i n i n *  t h i s  a n d  

TzEseg(x,Tx) s h o w s  u s  t h a t  T z t s e q  ( z , ~ ~ z ) ,  a n d  h e n c e  t h a t  

d (z,T'z) = d ( z , T z )  + d ( ~ z , ~ ' z )  

= 2 d ( z , T z ) .  

%s c a n  c o n t i n u e  this process i n d u c t i v e l y  an3  evpntually 

n s h o w  t h a t ,  f o r  any  ~ o s i t i v e  i n t e g e r  n ,  3 ( z , ?  z ) = n  4 ( z , T z ) .  

Weakly c o m ~ a c t  s e t s  a r e  b o u n d e d ,  s o  t h i s  i s  i m p o s s i b l e  u n l e z s  

d ( z , T z ) = O .  g 



VI. Brouwer's and S c h a u d e r ' s  Theorems 

T h e  v a r i o u s  t y p e s  o f  m a p p i n g s  we h a v e  d i s c u s s e d  t h u s  f a r  

h a v e  a t  l e s t  o n e  t h i n q  i n  common, n a m e l y  t h a t  t h e y  a r e  a l l  

c o n t i n u o u s .  I t ' s  i n t e r e s t i n g  t o  n o t e  t h a t  a n y  c o n t i n u o u s  

m a p p i n g ,  u n d e r  s u i t a b l e  r e s t r i c t i o n s  o n  i t s  d o m a i n ,  w i l l  h a v e  a 

f i x e d  p o i n t ,  O u r  g o a l  i n  t h i s  s e c t i o n  w i l l  b e  t o  p r o v e  

S c h a u d e r l s  t h e o r e m ,  w h i c h  s a y s  t h a t  a c o n t i n u o u s  m a p p i n g  o n  s n y  

c o m p a c t ,  c o n v e x  s u b s o t  o f  a B a n a c h  s p a c e  w i l l  h a v e  a f i x e d  

p o i n t .  O u r  m e t h o d  i n  t h i s  i s  f i r s t  t o  s h o w  t h a t  i n  Rn,  a n y  

c o n t i n u o u s  s e l f - m a p p i n g  o f  t h e  u n i t  b a l l  w i l l  h a v e  a f i x e d  

p o i n t ,  a n d  l a t e r  t o  g e n e r a l i s e  t h i s  s t a t e m e n t  t o  S c h a u d e r g s  

t h e o r e m ,  

B r o u w e r ' s  f i x e d - p o i n t  t h e o r e m  i n v o l v e s  m a p p i n g s  of t h e  u n i t  

b a l l  o f  R" i n t o  i t s e l f .  F o r  c o n v e n i e n c e ,  we w i l l  c a l l  

ef i= (xcRn:  I x l S l ) ,  t h e  c l o s e d  u n i t  b a l l  of R" an3 t h e  s u r f a c e  o f  

3" w i l l  be sn= (x~R": I x / = l ) ,  B y  I we w i l l  mean t h e  c l o s e d  u n i t  

i n t e r v a l ,  i . e .  I = [ 0 , 1  1. Also, we e s t a b l i s h  t h e  f o l l o w i n g  s e t s  of 

d e f i n i t i o n s :  

DEFINITION 1: L e t  X a n d  Y be  t o p o l o g i c a l  s p a c e s ,  uith XcY ---------- 
a n d  X # Y .  T h e n  a f u n c t i o n  r:Y-->X i s  c a l l e d  a p t r q g g i p q  if r is 



c o n t i n u o u s  a n d  r ( x ) = x  f o r  a11 x  i n  X .  If a r e t r a c t i o n  e x i s t s ,  X 

, i s  c a l l e d  3 mtgrg$ of Y. 

DEFIXITION 2: L e t  X and Y b e  t o p o l o g i c a l  s p a c e s ,  a n d  ---------- 
f ,g:X-->Y t w o  c o n t i n u o u s  f u n c t i o n s .  T h e n  f 2 n d  g a r e  b m t p g i s  

i f  t h e r e  e x i s t s  a c o n t i n u o u s  f u n c t i o n  ~ : X % I - - > Y  w i t h  t h e  

p r o p e r t y  t h a t  cp (x ,O)  =f ( x )  a n d  t$ ( x ,  1) =g  ( x ) .  S u c h  a 9 i s  c a l l e d  a 

h o m o t o ~ y .  A f u n c t i o n  f is c a l l e d  g q J h g ~ o & g ~ j c  i f  i t  i s  ------ 
h o m o t o p i c  t o  a  c o n s t a n t  f u n c t i o n ,  A s p a c e  is c a l l e d  gpntggctib&g 

i f  t h e  i d e n t i t y  map i s  n u l l h o m o t o p i c .  

O n e  m i g h t  w o n d e r  i f  t h e  t w o  c o n c e p t s  o f  n c o n t r a c t i b l e "  ~ n d  

" r e t r ac tu  a r e  r e l a t e d .  I n  t h e  case we're i n t e r e s t e d  i n ,  i t  t u r n s  

o u t  t h a t  t h e y  a re .  

LEMHA 1: S" is a re t rac t  o f  R" i f  a n d  o n l y  i f  t h ?  i d e n t i t y  - ----- 
o n  S~ is  n u l l h o m o t o p i c .  

PROOF [ 1 2 3 :  S u p p o s e  a r e t r a c t i o n  r : ~ " - - > s "  e x i s t s .  T h e n  ----- 
~ I S ~  ( t h e  r e s t r i c t i o n  o f  r t o  s ~ )  is t h e  i d e n t i t y  o n  SO, a n d  i f  

we l e t  

@ ( x , t )  = r ( t x )  f o r  xcsn, ttI, 

9 w i l l  b e  a h o m o t o p y  of t h e  i d e n t i t y  t o  t h e  c o n s t a n t  f u n c t i o n  

r (0) 

O n  t h e  o t h e r  h a n d ,  i f  a h o m o t o p y  (p e x i s t s ,  we c a n  a g a i n  set  

r ( t x )  = c p ( x , t )  

T h e n  r: - -  i s  u e l l - d e f  i n e d  ( s i n c e  r (O)=@ (x. 0 ) .  3 c o n s t a n t )  , 



As i t  h a p s o n s ,  t h i s  l e a m a  i s  r a t h e r  a moot p o i n t ,  s i n c e ,  a s  

we w i l l  a h o u  l a t e r ,  sn is n o t  a retract of B". I n  E s c t ,  t h i s  

s t a t e m e n t  is e q u i v a l e n t  t o  i 3 r o u w e r 1 s  F i x e d  P o i n t  T h e o r e m ,  w h i c h  

we g i v e  b e l o w ,  

T?E3??EM 6 . 1  ( B r o w e r l s  F i x e d  P o i n t  T h e o r e m ) :  Every  ------- 
c o n t i n u o ~ ~  m a 2 p i n g  •’:so-->an has  a f i x e d  p o i n t  in B". 

L?Y?!A 2: . 3 r o u w e r 8 s  f i x e d  p o i n t  t h e o r e m  i s  e q u i v a l e n t  t o  ----- 
t h e  p r o g o s i t i o n  t h a t  S" is n o t  a r e t r a c t  of B". 

PROOF([17] ,  Thm, 4,1.5. cf [ 1 2 ] ,  XVI.2,2): S u p p o s e  a ----- 
r e t r a c t i o n  r d i d  e x i s t ,  T h e n  -r  is c o n t i n u o u s ,  a n d  has  n o  f i x e d  

p o i n t s .  

On t h e  o t h e r  h a n d ,  s u p p o s e  t h a t  t h e r e  e x i s t s  some 

c o n t i n u ~ u s  f u n c t i o n  f : ~ " - - > 3 ~  w i t h  n o  f i x e d  p o i n t s ,  T h e n  d e f i n e  

r :0" - ->sn  s o  t h a t  r(x) i s  t h e  p o i n t  w h e r e  t h e  d i r e c t e d  r a y   fro^ 

x t o  f ( x )  i n t e r s x t s  sn. This p o i n t  c a n  be c a l c u l a t e d  by u s i n g  

t h e  i n n e r  p r o d u c t ,  a n d ,  a s  l o n g  a s  x f f  ( x ) ,  r w i l l  b e  well- 

d e f i n e d  a n d  c o n t i n u o u s .  T h u s ,  r i s  a r e t r a c t i o n . 0  

Now we h a v e  t o  s h o w  t h a t  no r e t r a c t i o n  e x i s t s ,  o r  

e q u i v a l e n t l y ,  t h a t  t h e  i d e n t i t y  o n  S* is n o t  n u l l h o m o t o p i c ,  T o  

d o  thi.;, Z o l l o w i n g  D u g u n d j i  { 1 2 3 ,  we n e e d  the c o n c e p t  of t h e  

" d e g r e e 1 '  o f  a s a l t - m a ? p i n g  of 5". I n  the p l a n e ,  t h e  degree of  a 



f u n c t i o n  i i s  s i m ~ l y  t h s  n u r a b z r  of t i ~ s z  t h c t  f ( x )  " r 3 t a t e s W  3:; 

x makes o n e  r o t a t i o n  h r o u n d  t h e  c i r c l e .  This i s  obviously a n  

i n t ? ; e r ,  z i n c ?  f(x) h a s  t o  e n d  u p  b a c k  w h a r e v e r  it s t a r t s d .  9 n e  

way t o  z o u c t  t h e  r o t a t i o n s  is  t o  d i v i d e  t h n  c i r c l 2  i n t ~  a finite 

n u m o e r  s f  srcs, s t a r t i n g  a t  some a r b i t r a r y  p o i n t  ~ n d  w o r k i n g  our 

w3y c l o z k w i s +  3 r o u n 3  t h z  circle.  This is c a l l a d  a g r & p q z g i s t & q ~  

of s2. E a c h  a rc  should h? small e n o u g h  t h a t  it; i m a g s  does n o t  

c D n t 2 i n  a s  nuch a s  n a l i  t h e  c i r c l s ,  s o  ve m i q h t  r e q u i r e  t h a t  tns 

d i a ~ 2 t e r  of e a c h  imaae b e  l o s s  t h a n  1,  s a y .  C a l l  t h e  e n l p o i ~ t s  

of t h e  a r c s  F,, pz ,  ... p,, pf iW = P I ,  i n  C ~ O C K Y ~ _ ; P  o r d e r .  F o r  

sacn p i ,  p i + , ,  we c h o o s e  t h e  s h o r t e r  of t h e  t w o  3rcs ~ s s t u ? - s n  

f (? ( )  en:! f ( p i + l  ) ,  u h i c n  w ?  w i l l  d e n o t e  a r c ( f f p i  ) , f ( p i + (  ) )  . I f  

t h i s  a r c  r u n s  c l o c k w i s e ,  c a l l  i t  ? o s i t i v e ,  O t h ? r w i s e ,  i t  i s  

n e q a t i v e .  

Nou c h o o s s  any point xo on S*  s u c h  t h a t  x o # f ( o ; ) ,  for a n y  

pi. F o r  e z c h  i, i f  ~ ~ t g a r c ( f ( ? ~ )  , f  (pl+,  ) ) ,  t h e n  f ( x )  ~ u s t  h a v e  

p a z s e i  through x, w h i l e  x movad f rom pi t o  pi+ ,  . T h e  s i g n  of 

s r c ( ~ t , p i + ( )  tells w h i c h  f i i r e c t i o n  f(x) was tt~vsllinq 4t t h ~  

t i n e .  I n  t h i s  way, t h e  number of p o s i t i v e  s r z s  ( f  ( p o t  t (pi,, ) )  

c o n t a i n i n ?  xo, m i n u s  t h e  n u m b e r  o f  nngativ? a r c s  i t ' s  i n ,  ~ q i v e s  

a 3  t h e  " n e t w  n u m b s r  of r o t a t i o n s  t h a t  f ( x )  makes, i n  t h s  course  

of o n e  c l o c k w i s e  r o t a t i o n  of x. T h i s  n u m b e r  u i l l  D e  t h e  t fdsqres"  

of f .  K t  t u r n s  o u t  t h a t  t h e  deqree i s  i n d e p e n d s n t  r f  either t h s  

s p e c i f i c  t r i a n q u l a t i o n  u s  u s e  o r  t h e  p o i n t  x u +  c h o o s s  t o  c o u n t  

w i t h ,  



A c c o r d i n q  t o  t h o  3 i s c u s s i o n  a b o v e ,  i t  i s  c l e a r  t h a t  t h s  

d e g r e e  o f  t h e  i d e n t i t y  is 1 e n d  t h a t  of a c o n s t a n t  f u n c t i o n  i s  

0, We w i l l  s h o w  l a t e r  t h a t  t h e  3egraes  of t w o  h 3 m o t o p i c  

f u n c t i o n s  sust b e  e q u a l .  T h i s  of c o u r s e  w i l l  s h o w  t h j t  t h e  

i d e n t i t y  i s  not n u l l h o m o t o p i c ,  proving Srouwerss fixed p o i n t  

t h n o r e m .  

F i r s t ,  h o w e v e r ,  we need t o  g s n e r a l i s e  t h s  i d e a  of jegre?  to 

n - s p a c e ,  

DEFINITTO." :  3: If ( p b , ~ , ,  . . . ,p , )  is a s3t of ' + I  ~ ~ i n t s  ---------- 
i n  R ~ ,  t h e n  t h e  c 3 n v s x  h u l l  of t h i s  s e t  is c a l l 9 2  a n  n z g i ~ & s x .  

I f  we ~ s t a b l i s h  3 definite o r d e r  for t h e  s i m p l e x ,  t h e n  we c a l l  

i t  sn _ o ~ J g r g d  v_sja.zlg_x, S=(P~,P, , . ..,pn). T h e  p o i n t s  p o t  p ,  , 

etc.,  we w i l l  c a l l  t h e  lgrtjccs of S. T h e  c o n v e x  h u l l  of any 

s u b s e t  of S c o n t a i n i n g  n members is  c a l l e d  a g q c ~  of S. i?e c a n  

also s p e a k  of  t h e  dgtggginpqr of t h e  o r d e r e d  s i m p l e x .  If 
. . 

(x: ,$. .. xi) a r e  t h e  c o o r d i n a t e s  of pi, then 

The o f  an 0 r 3 5 r e d  s i m p l e x  S is merely t h e  s i g n  o f  d e t ( S ) .  

If d e t ( S ) = ? ,  t h e n  3 i s  s s i d  t o  he ggqeqgypag. 

5 e o m e t r i c s l l y r  i t  c a n  b e  seen t h a t  5 i s  d o q ? n e = a t o  i f  s n d  

only if all t h e  v e r t i c e s  of S li;. on t h e  33ms ( 2 - 1 ) - h y ? e r p l a n e ,  



This g i v e s  u s  t h z  f o l l o w i n g  lemma, w h i c h  w i l l  p r o v e  u s e f u l :  

LEN!?& 3: L e t  S a n d  S '  b e  t w o  n o n - d e g e n s r a t n  n - s i m p l e x e s  ----- 
t h a t  h a v e  a common f a c e  ( i . ~ . ,  S = ( p O , p ,  , ... ,pn) a n d  

S m =  ( p o l  , p ,  ,. .. , -3n) .  Let L b e  t h e  ( n - 1 )  - h y p e r p l a n e  t h a t  c o n t a i n s  

t h e  common f ace .  T h e n  S a n d  S '  h a v e  t h e  same s i g n  i f  and o n l y  i f  

po 2 n d  po8 a r e  o n  t h e  same s i d e  of L (i.e., t h e  l i n e  s e g m e n t  

b e t w e e n  po  a n d  p O m  d o e s  n o t  i n t e r s e c t  L ) .  

PROOF: T h e  p o i n t s  o n  t h e  s e q m e n t  b e t u e s n  p o  a n d  pol a r e  o f  ----- 
t h e  form A D ~ +  ( 1 - A ) % * ,  0 d s l .  i f  o n e  of  t h e i s  p o i n t s ,  call i t  

pol*,  is  i n  L ,  t h e n  SN= . . . . ) i s  i n  L, s o  S w  i s  

d e g e n e r a t e .  9 u t  d e t  (s") = ) i d e t  ( s )  + ( I -A)  d e t  ( 5 ' ) .  a n 4  this c o u l d  

o n l y  be  0 i f  d e t ( S )  a n d  d e t ( S e )  were of o p p o s i t e  s i g n s ,  s i n c e  

n e i t h e r  is  d e g e n e r a t e . 0  

DEFINITION 4: L e t  (+ p , ,  ..., p n , , ]  b e  a n  o r d l r e d  set of ---------- 
n v e c t o r s  t h a t  a l l  l i e  on  sn. I f  i t  h a p p a n s  t h a t  the convsx hull 

o f  ( p o p  p , ,  ..., P n - , )  does  n o t  c o n t a i n  t h e  o r i g i n ,  t h e n  we c a n  

p r o j e c t  t h o  hull f r o m  t h e r e  t o  t h e  s p h e r e .  We w i l l  c a l l  t h i s  

p r o j e c t i o n  a n  ggdrlxg2 sk?zhcgi ln=ll=-it~lgz. The d e t e r m i n a n t  

a n d  s i 7 n  of a n  o r d e r e d  s p h e r i c a l  s i m p l e x  w i l l  be  t h a t  o f  t h ~  

o r d e r e d  n - s i m p l e x  ( p o p  p , ,  ..., ?,,-I , 0 ) .  we w i l l  c a l l  a 

s p h e r i c a l  s i m p l e x  dgggqgeatg if i t s  d e t e r m i n a n t  i s  0. 

frigagplgfigg of sn is a c o v e r i n g  o f  sn b y  f i n i t e l y  many 

s p h e r i c a l  n - s i m p l e x e s  s u c h  t h a t  n o  t w o  o v e r l s ?  e x c F p t  a t  a f3ce 



a n 3  e a c h  f a c e  o f  a n y  s i m p l e x  is s h a r e d  b y  e x a c t l y  o n e  o t h e r  

simplex. 

I f  we a r e  c o n s i 3 e r i n q  a c o n t i n u o u s  f u n c t i o n  f :sn-->sn, a n d  

we h a v e  a s p e c i f i c  t r i a n g u l a t i o n  T i n  m i n d ,  we can d i s c u s s  t h e  

* t i m a g e n  o f  e a c h  S i n  T, i n  t h e  sense t h s t  

f ( S ) = ( f ( o , ) ,  ... , ( ) )  z i n c 5  S* i s  c o a l 3 c t .  we c a n  s l w a y s  

f i n . +  a  t r i a n g u l a t i o n  T s u c h  t h a t ,  f o r  e l c h  S = ( D ~ ,  , , .... 3 , , - , )  

i n  T, d i a m ( f ( ~ , , ) ,  f ( p ,  1 ,  ..., f(~,,, ))<1. T h i s  c o n f i t i o n  w i l l  

a s s u r e  u s  t h a t ,  f o r  e a c h  s p h e r i c a l  s i x ~ l e x  i n  T,  t h e  c o n v e x  h u l l  

o f  (f ( ~ o ) ,  . . . , f (?,,, ) }  w i l l  n o t  c c n t a i n  t h e  o r i q i n ,  s o  i t  ccn 

b e  p r o j e c t e d  i n t o  a s p h e r i c a l  s i n p l e x .  C a l l  3 t r i a n q u l a t i o n  of 

t h i s  t y p e  a n  w f - t r i a n g u l a t i o n t l .  I n  e a c h  case,  1-t f ( S )  i n h e r i t  

t h e  o r d e r  of St a l t h o u g h  t h e  s i g n  may b e  d i f f ~ r e n t .  A l s o  n o t e  

t h s t  t h e  i m a g e  s e t  o f  s p h e r i c a l  s i m p l e x e s  w o n ' t  n e c e s s a r i l y  5e a 

t r i a n g u l s t i o n  o r  e v e n  a c o v e r  o f  sn. It i s  a l s o  l i k e l y  t o  

c o n t a i n  d e g e n e r a t e  o r  o v e r l a p p i n q  s p h e r i c a l  s i m p l e x e s .  

How we a r e  r e a d y  t o  d e f i n e  t h e  degree  of a f u n c t i o n .  

DEFINITION 5: L e t  f:sn-->s" be c o n t i n u o u s  a n d  . :uppose T i s  ---------- 
a n  f - t r i 3 n q u l a t i o n  o f  SO. O r d e r  e 3 c h  s i m p l e x  i n  T s o  t h a t  it i s  

p o s i t i v e .  Choose  sny p o i n t  x  o n  sn t h a t  is n o t  an a f a c e  o f  f ( S )  

f o r  a n y  S i n  T. L e t  p ( x )  b e  t h e  n u m b e r  of  p o s i t i v e  s 9 h e r i c a l  

s i m p l e x e s  f ( 3 )  t h a t  c o n t n i n  x ,  a n d  n ( x )  t h e  n u m b e r  o f  n e g a t i v e  

i m a q e  s p h e r i c a l  s i m p l e x e z  c o n t a i n i c g  x .  T h e n  l e t  



T n i s  n u m b e r  D ( f , T , x )  w i l l  b e  w h a t  we u s e  t o  d e f i n ?  t h e  

degree  o f  a f u n c t i o n .  Ye rlow s h o w  t h a t  D ( f , T , x )  is i n d e p e n d e n t  . 

o f  b o t h  T a n d  x. 

LEPlMA 4: L e t  f:P-->sn b e  c o n t i n u o u s  a n d  l e t  T be a n  ----- 
f - t r i a n q u l a t i o n  o f  5". O r d e r  e a c h  sim~llx i n  T s o  t h 3 t  i t  is 

p o s i t i v e .  T h e n  D ( f , T , x )  is t h e  same f o r  a n y  x o n  sn t h a t  i s  no t  

c o n t a i n e d  i n  a n y  f a c e  o f  a n y  f ( S ) ,  SET, 

PROOF:  T h e r e  a r e  two cases t o  c o n s i d e r ,  d e p e n d i n a  o n  ----- 
w h e t h e r  f ( T )  ={f  (S )  : S 6 T )  c o n t s i n s  a n y  degenerate s i m p l e x e s .  

C A S E  1, n o  d e g e n e r a t e  s i m p l e x e s :  Let y a n d  z b e  a n y  t w o  s u i t a b l g  ---- 
p o i n t s  o n  s". We c a n  c o n n s c t  them u i t h  a c u r v e  t h a t  e n t e r s  o r  

l e a v e s  a n y  s i m p l e x  o n l y  by w a y  o f  o n e  o f  i t s  faces. C o n s i d e r  

w h a t  h a p p e n s  t o  D ( f , T , x )  a s  x  m o v e s  a l o n g  t h e  c u r v e  f r o m  y t o  z. 

Clearly, D ( f , T , x )  c a n n o t  c h a n g e  e x c e p t  when x p z s s e s  

t h r o u g h  a  f a c e  of a n  f (5). S u p p o s e  t h e  c u r v e  d o e s  pass t h r o u g h  

t h e  i ~ a g e  o f  a q i v s n  f ace  f = ( p l ,  ..., p , , , ) ,  T h e n  F is  s h a r e 3  b y  

e x a c t l y  t w o  s p h e r i c a l  s i m p l e x e s ,  s a y  S=(po, p ,  8 . D )  and 

S g =  ( P ~ '  8 3, 8 8 P , , - ~ ) .  L e t  L be  t h e  h y p e r p l a n a  t h a t  c o n t a i n s  

C t h o  common f a c e  (f ( p ,  ) , . . , , ( p n - ,  ) ) A s s u m i n g  t h a t  f (po)  a n d  

• ’ ( p o l )  a r e  o n  t h e  s a m e  s i d e  o f  L, t h e  i m a g e  s i m p l e x e s  w o u l d  s een  

t o  h a v e  t h e  s a m e  s i g n .  H o w e v e r ,  s i n c e  S a n d  S '  3re i n  t h e  

t r i a n g u l a t i o n ,  p,, a n d  poq m u s t  b e  o n  o p ~ o s i t e  sides of t h e  

common f sce ,  a n d  s o  5 a n d  S '  m u s t  h a v e  o p p o s i t e  s i g n s .  Thus, we 

n e e d  t o  r e - o r d e r  o n e  o f  t h e m ,  s a y  S', t o  make t h e m  b o t h  

p o s i t i v e ,  i n  a c c o r d a n c e  w i t h  o u r  h y p o t h e s i s .  Let S w  be  t h e  



re-ordered s i m a l e x .  T h e n  f (S") i s  o f  o p p o s i t o  s i g n  t o  f ( S f )  and 

t h e r e f o r 2  of  o p p ~ s i t e  s i ;c  to f (3) a l s o .  F i n a l l y ,  v h e n  we a r e  

passing t n r o u g h  the eornncn f s ce  of f (S )  ant! f ( 3 ' )  w? a r e  

e n t e r i n g  ( o r  l e a v i n g )  both f ( S )  a n d  f ( S * ) ,  s o  we a r e  g a i n i n g  o r  

l o s i n g  o n e  p o s i t i v e  a n d  o n e  n e g a t i v e  s i m p l e x  s i m u l t a n e o u s l y .  

Thus, C ( f ,  T ,  x )  r e m a i n s  u n c h a z g e d .  

k s i n i l a r  a r g u m e n t  a p p l i e s  i f  f (po)  a n d  f ( p o q )  a r e  on 

o ? ~ o s i t e  s i i e s  o f  L, e x c e p t  i n  t h a t  c a s e ,  we w o u l d  5e g a i n i n g  a 

p o s i t i v e  o r  n e g a t i v e  s i m p l e x  a t  t h e  seme time a s  l o s i n g  3 n o t h e r  

of t h e  ssme s i g n ,  

C A S E  2 ,  d 9 g e n e r s t e  s i m c l e x 2 s :  I n  t h i s  c a s e ,  we c o u l d  move ---- 
c e r t a i n  v e r t i c e s  by  a s m a l l  e c o u g h  a m o u n t  t h a t  we d o n ' t  a f f e c t  

t h e  n u n b e r  of  s i m p l e x e s  t h a t  c o n t a i n  y o r  z o r  c h a n g e  t h e  s i g n  

o f  a n y  n o n - d e g e n e r a t e  s i i a p l e x ,  b u t  b y  e n o u g h  t h a t  a l l  t h e  new 

s i m p l e x e s  u i l l  b e  n o n - d e g e n e r a t e .  U s i n g  the c a s e  a b o v e ,  we see 

t h a t  D ( f  , T , x )  w i l l  s t i l l  remain u n c h a n g e d .  0 

LEPidA 5: L e t  f:sn-->SO b e  c o n t i n u o u s ,  a n d  l e t  T and T1 be ----- 
f - t r i a n g u l a t i o n s  of sn. T h e n  D (f , T , x )  = D(f ,T*,x). 

P R O O F :  I f  we a3d a n  3 d d i t i o n a l  v e r t e x  t o  T, we c a n  b u i l d  a ----- 
new t r i a n g u l a t i o n  t h 3 t  w i l l  u s e  t h e  new v e r t e x ,  a n d  i t  w i l l  

c l e a r l y  s t i l l  b e  a n  f - t r i a n g u l a t i o n .  A l s o ,  we c a n  b u i l d  t h e  new 

t r i s n g u l s t i a n  so t h a t  i t  c o n t a i n s  s t  l e s s t  one of the s i m p l e x e s  

o f  t h e  o l d  t r i a n g u l a t i o n .  Then i f  we c h o o s e  a n  x  c o n t a i n e d  i n  

t h e  i m a g e  of t h i s  s i m p l e x ,  D ( f , T , x )  w i l l  b e  u n c h s n g e d .  1 n t h i s  



way, no could i n c r e m 3 n t a : l y  c h 3 n q e  T z n j  T 9  i n t o  a c o n a o n  

t r i a a g u l 3 t i o n  T I g ,  a n i  i n  t h a t  c a s e ,  we see 

l i ( f , T , ~ ) = 3 ( f , T ~ ~ , x ) = D ( f , T * , x ) . Q  

Tne l a s t  two lern~3s s h o w  t h a t  t h e  d e g r e e  o f  a f u n c t i o n  

depends o n  n e i t h o r  t h e  t r i a n q u l s t i o n  we u s e  n o r  t h s  p ~ i n t  w e  

c h o o s s  t o  c o u n t  s i m p l e x e s  o n ,  F r o %  now o n ,  we c s n  r e f e r  t o  

D(f,T,x) s s  C(f). I t  i s  easy t o  s?e t h a t  t h e  degree of t h e  

i d e n t i t y  is 1 ,  2nd t h s t  the d e g r e e  cf 3 c o n s t a n t  f u n c t i o n  must 

b e  0 .  O u r  n e x t  lemms shows t h a t  h o m o t o p i c  f u n c t i o n s  a l w s y s  h3ve 

t h l  same d e g r e e .  I n d e e d ,  i f  @ i s  s homotopy of t w o  c o n t i n u o u s  

f u n c t i o 3 s  f end g ,  t h e n  we c a n  3 ~ f i n e  f u n c t i o n s  f * ,  t e I ,  s u c h  

t h a t  f + ( x ) = Q ( x , t ) .  I f  we d o  t h a t ,  we c a n  s p e a k  of a f u n c t i o n  

D ( t )  =D ( f t  ) . T h i s  f u n c t i o n  t u r n s  o u t  t o  b e  c o n t i n u o u s ,  a n d  s i n c e  

i t  h a s  o n l y  i n t e l e r  v a l u e s ,  i t  m u s t  be c o n s t a n t ,  w h i c h  will 
6 

p r o v e  9 r o u w e r 9 a  t h e o r e m  f o r  u s .  p i r s t ,  h o w e v e r ,  we nee3 t h e  

f o l l o w i n q  lemma, 

LE!qMA 6: L e t  f:S"-->s" b e  c o n t i n u o u s ,  a n d  l e t  T be  a n  ----- 
f - t r i a n q u l s t i o n ,  T h e n  there i s  a n  E > O  s u c h  t h a t  i f  f*  is a n o t h e r  

c o n t i n u o u s  f u n c t i o n  o n  S w i t h  t h ~  p r o p e r t y  t h a t  ~ f ( ~ ) - f = ( ~ ) l < &  

for e v e r y  v e r t e x  p of T,  t h e n  D ( f ) = D ( f * ) .  

PFiCOF: F i x  xssn, n o t  on a n y  face o f  a n  f ( 3 ) .  SCT.  Let ----- 
E < n i n { d ( x , f ( p ) ) :  p  a v e r t e x  i n  T ) .  Clearly, D ( f , T , x )  i s  

u n c h s n q e d  b y  m o v i n g  t h e  v e r t i c e s  o f  f ( T )  b y  a n  s m o u n t  sma l l e r  

t h a n  E ,  a n j  s m = i l l  e n o u g h  t h a t  n o  s i m p l e x  c o n t a i n i n g  x  c h a n q + s  



a i a n .  T h u s ,  D ( f )  = D ( f * ) ,  b y  Lemma 4.D. 

L e B f l A  7: I f  f,q:5"-->3n a r e  h o m o t o p i c ,  t h e n  D ( P ) = D ( g ) .  - --- 
P B O O F :  L e t  @:s~%I-->s' b e  t h e  h o m o t o p y  of f a n ?  g ,  Por ----- 

elch I define a f u n c t i o n  ft ( x ) = ( ( x , t ) .  Since ~ " X I  i s  c o m p a c t  

s n d  @ is  c o n t i n u o u s ,  9 is a l s o  u n i f o r n l v  c o n t i n u o u s .  T h u s  ue c a n  

f i n d  (>G s u c h  t h a t  d ( x , y ) < [  i m p l i e s  d ( f t ( x )  , f t ( y ) ) < l  f o r  a l l  t 

i n  I. T h i s  means t he r e  e x i s t s  a t r i a n q u l a t i o n  T t t s t  i s  a n  

i - t r i s c q u l 3 t i o n  f o r  I v s r y  t i n  I. W E  u i l i  use t$is t r i a n g u l a t i o n  

F r o m  now o n .  

Sow choose 3 n y  t i n  I. B y  Lemma 6, there is a n  E such t h a t  

if I f t ( ? ) - f = ( p )  I < €  f o r  every v e r t e x  p of T ,  t h e n  D ( f t ) = D ( f + ) .  

H o w e v e r ,  3 g a i n  D Y  u n i f o r m  c o n t i n u i t y ,  t he re  is a 8 s u c h  t h a t  

{t-tq l < b  i m p l i e s  Ift [ x ) - f t ,  ( x )  for every x in sn. T h u s ,  f o r  

every t i n  I ,  t h e r e  i s  a  6 s u c h  t h a t  l t - t * 1 < 6  i m p l i e s  t h a t  

C ( f t ) = D ( f t , ) .  I f  we d e f i n e  a f u n c t i o n  D*:I-->Z (the i n t e g s r s )  by  

D+ ( t ) = D ( E t ) ,  t h e n  D* is  a c o n t i n u o u s  i n t e g r a l  f u n c t i o n ,  a n d  t h u s  
.* 

a c o n s t a n t  f u n c t i o n ,  s o  D ( f ) = D ( g ) . n  

F i n a l l y ,  of c o u r s e ,  t h e  p r o o f  of E r o u w e r l s  f u n c t i o n  is 

t r i v i a l .  # e  h a v e  shown i n  Lemma 2 t h a t  i t  i s  e q u i v a l e n t  t o  the 

n o n - c o n t r a c t i b i l i t y  of t h 9  unit b a l l .  By Lemma 1 ,  this is  

~ q u i v s l e n t  t o  t h e  identity on S n o t  being c u l ; h o ~ o t o p i c .  T h i s  

13st i s  p r o v e 9  b y  Lemma 7 a n d  t h e  f a c t  t h a t  t h 2  d e a r e 2 s  of t h e  

i d e n t i t y  a n 3  t h e  c o n s t a n t  ma? are n o t  e q u a l .  



4 1 ~ 0 ,  S r o u w e r g s  t h s o r e n  is e a s i l y  q e n e r a l i s e d  t o  a p p l y  t o  

a n y  c o a p z c t ,  c o n v e x  s u b s e t  of a f i n i t e - d i m e n s i o n a l  s p a c e ,  I n  t h e  

i i r s t  ~ 1 3 ~ 2 ,  i t  is c l e a r  t h a t  i f  X i s  a t o p o l o g i c a l  s p a c e  w i t h  

t h e  F r o p a r t y  t h z t  e v e r y  c o n t i n u o u s  f u n c t i o n  h a s  a f i x e d  p o i n t ,  

t h e n  e v e r y  space  Y h o m e o m o r p h i c  t o  X has t h e  same p r o p e r t y ,  

Also, a E y  n - d i m e n s i o n a l  n o r m e d  s o a c e  i s  h o m e o ~ o r p h i c  t o  R ~ .  ( S e e  

Dujui l !  j l ,  1 2 ,  p. 4 1 3 )  And i t  c a n  b e  s h o w n  t h a t  a n y  c o m p a c t  

c o n v e x  5 u S s e t  o f  R~ is  h o m e o r r . 3 r p h i c  t o  B~ ( o r  a t  l e a s t  t o  am, 

w i t h  m<n). T h u s ,  we havs t h e  f o l l o w i n g  easy c o r o l l a r y  t o  T h e o r e m  

6 .1 :  

C 3 F O L L A R Y  5 . 1 . 1 :  I f  C i s  a c o a p n c t ,  convex s u b s e t  of a - -------- 
f i n i t e - d i m 2 n s i o n a l  B a n a c h  space,  a n d  f:C-->C is c o n t i n u o u s ,  t h e n  

f has a fixed p o i n t  i n  C. 

Sch3u3er1s F i x e d  P o i n t  T h e o r e m  e s s e n t i a l l y  r e m o v e s  t h e  

" f i n i t > - d i m o n s i 3 n a l w  r e s t r i c t i o n  from Brouuergs T h e o r s m ,  The 

m e t h o d  wa use, f o l l o w i n g  I s t r a t e s c u  [ 17 1, reduces t h e  

i n f i n i t e - i i ~ e n s i o n a l  c a se  t o  a s e q u e n c s  of f i n i t e - d i m s n s i o n a l  

cases. 

T H 2 O F E M  6.2 ( S c h a u d e r ' s  F i x e d  P o i n t  T h e o r e m ) :  L e t  C b e  a ------- 
c o m p a c t ,  c o n v e x  S U S S + ~  o f  a B a n a c h  s p a c e  X ,  a n d  s u p p o s e  T:C-->C 

i s  c o n t i n u o u s .  T h ? n  T h a s  a  f i x e d  p o i n t  i n  C, 



3?00F [ 1 7 ] :  S i n c e  C is c o n ? s z t ,  f o r  e v e r y  i n t a u z r  n we c a n  ----- 
n n f i n . ?  a i i n i t e  set of o o i n t e  of C ,  , xL, ..., Y$, w i t h  t h 2  

p r o p e r t y  t h a t ,  f o r  e a c h  x e X ,  trier? exists a n  i n t o g f r  j s u c h  t h a t  

~ x - x ~ l < l / c .  

T h e n  we c z n  d e f i n e  t h e  f o l l ~ w i n q  f u n c t i o n s :  

These a r +  c l e a r l y  c o n t i n u o u s ,  a n 2  b y  c o a ? a c t n e s s ,  

f o r  eny x .  T h u s ,  we can d e f i n e  t h e  f o l l o w i n g  c o n t i n u o u s  

f u n c t i o n s :  

n 0 
L e t  En h e  t h e  c l o s e d  c o n v e x  hull of {xi, .. . , xm]. En is 

c o l n p a c t  since i t  is c l o s * d ,  a n d  we o b s e r v e  t n a t  T,,(C)LE,,. Also,  

En is  a s u b s e t  of  t h e  vec to r  space s p a n n e d  b y  K ,  . .., n 
xml 

tl 
Notice ,  too ,  t h a t  i f  1 x ? - x l 2 ( l / n ) ,  t h e n  d , ( x ) = O ,  s o  ue h a v e  t h e  

f o l l o w i n z  i n e q u a l i t y :  



So {T,) convergss u n i f o r m l y  t o  t h e  i d e n t i t y .  If we d e f i n e  

Tl; ( x )  = T n ( T x )  , t h s n  Ti-->'? u n i f o r m l y .  

? y  t h ~  r e r a rk s  a b o v e ,  we see  t h a t  Th(E,,)gE,, SO we can use 

S r o u w ~ r ' ~  t i x e d  ~ o i n t  thsorem t o  f i n a  a  f i x e d  p o i n t  x,, f o r  e a c h  

T;1. S i n r ?  c is  c o m p a c t ,  t h e  sequence {x,,) hss a s u b s e q u e n c e  t h a t  

c o n v e r J ? s ,  ssy t o  xo. Assunin7 t h 3 t  xn-->xo, we e a s i l y  o b t a i n  

t h e  rgsult t h a t  

( ' I ' X ~  - xO I < lTXO - T x n l  + l T x n  - T4xnl + 

I ' T A X n  - x n l  + f xn - X P  I 

T h e  r i g h t - h a n d  s i d e  c o n v 3 r g e s  t o  0, s o  xo m u s t  b e  a f i x e d  p o i n t  

of  T. Cf 



VII. Some M i s c e l l a n e o u s  R e s u l t s  

I n  t h i s  c h a p t e r ,  we t o u c h  b r i e f l y  o n  two a r e a s  o f  

f i x e d - ? o i n t  t h e o r y  t h a t  we h a v e  n o t  y s t  c o n s i d e r o d .  

Oae a r e a  of i n t o r e s t  i n  f i x e d  p o i n t  t h e o r y  is t h a  i d e a  of  

w c o ~ m o n  f i x e d  p o i n t s u .  When d e a l i n g  w i t h  common f i x e 2  p o i n t  

q u e s t i o n s ,  we g e n e r a l l y  h a v e  a % ? t r i c  s n a c e  X ' s n d  a f s n i l j l  of 

m a ? ~ i n g s  (Td: T d ( Y ) S X ) ,  w h i c h  a r e  u s u a l l y  c o n s i d e r t . d  t o  b e  

c o m a u t a t i v e ,  a n d  we w a n t  t o  know u n d e r  w h a t  c i r c u m s t z n c o s  t h e s e  

m a p p i n g s  w i l l  h a v e  a c o m n o n  fixed p o i n t .  T h e  f i n d i n q s  i n  t h i s  

area t cn .1  t o  f o l l o w  r e s u l t s  f o r  s i n g l e  m a p p i n q s .  S e e  1 1 0 1  o r  

[ 1 1 ]  f o r  some e x a m p l e s  3f c o t c a o n  f i x e d  ? o i n t  t h e o r e m s .  

I n  t h i s  s e c t i o n ,  we p r e s e n t  a t h e o r e m  d e a l i n g  w i t h  a 

sequence o f  m a p p i n q s  w h i c h ,  t a k e n  t o g e t h e r ,  3re s i m i l a r  t o  t h e  

B s n a c h   contraction^, a l t h o u g h  n o t  a l l  t h e  m a p p i n g s  w i l l  

n e c e s s a r i l y  b e  c o n t r a c t i o n s .  This i d e a  was i n s p i r e d  b v  s p a p 3 r  

of Y ~ n ' s  [ 3 1 ] .  T h e  f o l l o w i n p  h a s  b e e n  p r e s e n t e d  i n  Shon  5. Souns  

C 26 'I. 

DEFINITI9Y 1 :  Let X b 2  3 m o t r i c  space. A ~fzggpuiq& ---------- 
r n a g ~ i n a  T o n  X i s  a s e q u e n c e  (T ) of s e l f - r a p p i n a s  of X .  By -- --- n 

n t l  i n d u c t i o n ,  ua 4 e f i n e  T ' = T ,  , a n d  T =T,+, T% A ? p i n t  z i s  s s i d  



for e a c h  x , y ~ X  a n 3  each n. 

m i n e n  we 39 y  t h a t  a s = q u = n t i k l  ~ s p ? i n q  T i s  5 q g g g ~ ~ r ~ ~  g13i 

c o n t r a c t i o n  if t a c h  Tn h a s  a c o n t r a c t i o n  r a t i o  s n d  t h s r e  e x i s t s  ----------- 
a c o n s t a n t  G < 1  s u c h  t h a t  f o r  each n, ths qeometric mosn 

We s a y  a s e q u e n t i a l  m a p p i n g  T is sgguggtaglly r~ngg$ative if, 

f o r  any p o s i t i v e  int3gers ~ , n ,  a n d  each x in X ,  us h a v e  

T H E O F E E  7 .1 :  L + t  Y b e  E c o m p l s t e  m + t r i c  z p a c e  3113 T 3 ------- 
sequ?ntisily c o s m u t a t i v o  g e o m s t r i c  mean c o n t r a c t i o n  on X .  I f  

t h e r e  n x i s t s  xoeX suzh t h a t  t h e  s e t  

jd  (Tnxo , x o )  : n  a n y  c o s i t i v e  i n t e q e r )  

is bounded, t h e n  T h s s  a unique common f i x e d  p o i n t  z, and  

~ ~ x - - > z ,  a s  n-->m, f o r  each  x i n  X. 

T h e n  ws have, s i m i l a r  t 3  t h e  arqument i n  Theore% 2 .1 ,  

6 2 



d ( T ~ ~ X . , T ~ X ~ )  5 PD/ (I-t) 

m W Then f o r  k20,  a s  m--w, ~I(T"~ 'x , ,T x , ) - - > O ,  s o  {T xo)  i s  a 

C a u c h y  saquence,  a n d  t h u s  c o n v e r q e s  t o  a p o i n t  z i n  X ,  Y o r e o v e r ,  

i f  y e x ,  t h + n  d ( T " r , , . ~ " y ) ( ~ " d  ( X ~ Y ) .  so a s  n--V', ~ ( T " X , . ? ~ ~ ) - - > O ,  

an? t h u s  T ~ ~ - - > Z  3s well. F i n a l l y ,  z i s  a l s o  a fixed ~ ~ i n t  o f  

e a c h  T,,, f o r  consider 

z = l i m  T ~ ~ , Y )  

= l i m  T , ( T " ~ )  

= Tnz. 

fl I n d u c t i v s l y ,  T z=z c i s o .  

F u r t h e r m o r e ,  z i s  u n l q u e  f o r  e a c h  'Tn, s i n c e  all t h e  ~ ~ ' s  

a r e  Banach c o n t r s c t i o n s .  I n  a 2 d i t i o n ,  z i s  t h e  o n l y  E i x s ?  p o i n t  

s h a r e d  b y  overy T,, a l t h o u g h  it may b e  p o s s i b l e  f o r  some Tn t o  

h a v e  m u l t i p l e  fixed p o i n t s . 0  

A n o t h e r  i n t e r e s t i n q  q u e s t i o n  i n  f i x e d  p o i n t  t h e o r y  is 

w h e t h e r  eve ry  f u n c t i o n  t h a t  h a s  a u n i q u e  fixsd p o i n t  is s 

c o n t r a c t i o n ,  O b v i o u s l y ,  t h e  a n s v e r  is n o ,  b u t  t h e  f o l l o v i n g  

t h e o r e n ,  f r o m  Bessaga [ 6 ' ] ,  is i n t e r e s t i n g  i n  t h i s  r e g a r d .  It 

says ,  e s s e 2 t i a l l y  t h a t  i f  T and each i t e r a t i o n  of T h a v e  a 

u n i q u e  fixed p o i n t ,  t h e n  we c a n  a l w a y s  f i n d  3 metric d t h a t  

makes T 4 a a n a c h  c o n t r a c t i o n .  



T 4 3 0 R Y Y  7.2: L ? t  X b e  a n  a b s t r a c t  se t ,  s n d  T a ------- 
s e l f - m a p 3 i n g  o f  Y of w h i c h  e v e r y  i t e r a t i o n  ~ " h a s  e x a c t l y  o n e  

f i x e i  ? o i n t ,  Th32n f o r  e v e r y  r s a l  n u m b e r  K ,  3 < K < 1 ,  t h e r e  i s  a 

c o m p l e t e  metric d o n  X w i t h  d ( T x , T y ) < K d ( x , y ) .  

P 4 3 0 P :  S i n c e  e q c h  i t e r a t i o n  h a s  o n l y  o n e  f i x e d  p o i n t ,  t h e  ----- 
f i x e d  p o i n t  m u s t  b e  tho same f o r  e v e r y  i t e r a t i o n ,  We w i l l  c a l l  

t h e  f l x s " 9 i n t  a ,  

how d e f i n o  t w o  s q u i v a l e n c e  r e l a t i o n s  on X. 

( 1 . )  m y  i f  a a ?  o n l y  i f  e i t h e r  x-y o r  there is a p o s i t i v e  

i n t e g e r  n s u c h  t5st 

y n - ~  x f T n x ;  T n - ~  y f ~ n y ; e n i  T " X = T * ~ .  

( 2 . )  x s y  if a n d  o n l y  i f  t h e r e  a r e  p o s i t i v e  i n t e g e r s  m a n d  n w i t h  

Tmx= T" 

We s l s o  def  i n s  t h e  e q u i v a l e n c e  c l a s s  [ X I =  {ycX:  xHy ) ,  f o r  

x i X ,  T h e n ,  l e t t i n g  [ X ] = { [ x ] :  ~ 6 x 1 ,  d e f i n e  [ [ x ] ] = [ [  y ] € [ X ] :  x a y ) ,  

A 3  i n t e r e s t i n i ;  p o i n t  h e r e  is  t h a t  x i [ z ]  (z b e i n g  t h e  f i x e d  

p o i n t )  i f  an: ~ n l y  i f  x = z .  O t h e r w i s e ,  x-z im?l ies  t h a t  

T"-' z f ~ " z ,  f o r  some p o s i t i v e  i n t e g e r  n. 

Now w ?  c s n  d e f i n e  a n  i n t e g e r - v a l u e d  f u n c t i o n  f o n  X t h a t  

meets t n ~  f o l l o w i n g  c r i t e r i a :  

i )  I f  x@y, t h e n  f ( x )  =f (y )  

i i )  if x @ T y ,  t h e n  f ( x ) = f  ( y ) + l .  

ae 3 c c o r n p l i s h  t h i s  by r e c o u r s e  t o  t h e  Axiom of C h o i c e .  From 

e a c h  s ~ t  [ x J ]  w h e r e  [ z [ x ] I r  we c a n  c h o o s e  o n e  e l e m e n t  [ X I .  

F o r  - ? v ? r y  x' i n  [ x ] ,  set f ( x V ) = O ,  On t h e  o t h e r  h a n d ,  i f  y is 

s u c h  t h z t  [ y ] f [ x ] ,  out [ y ]  i s  i n  [ [ X I ] ,  t h e n  i t  m u s t  b e  t h a t  



?mx= 'Fny ,  f o r  s o ~ e  p o ~ i t i v e  i n t e q e r s  m,n. 

3 f  c ~ u r s ~ ,  t o  s 3 t i s f y  ii, w o u l d  w a n t  f ( ~ ~ x ) = f ( x ) + m = m ,  s o  

s e t  f ( F ; r ) = m .  Also PX-T"~ ,  s o  s o t  f ( ~ " ~ ) = r n  a l s o .  T h e n  we m e r e l y  

set f ( y ) = m - n ,  a n d  f ( y l ) = f ( y )  f o r  a l l  y *  i n  [ y  1, I n  t h i s  way we 

c a n  d e f i n e  f (x )  f o r  e a c h  x i n  X.  

O n e  n i g h t  o b j e c t ,  w h a t  h 3 p ~ e n s  i f ,  f o r  exam3le ,  x m y  a n d  

xwTy a t  t h s  same tin?? I n  t h a t  c a s e ,  y-Ty, 3 n d  i t  c a n  b e  seen 

t h a t  Ty=z, s o  x , y , T y e [ z ] ,  w h i c h  m e a n s  x = y = T y = z .  I n  [ I z ] j ,  t h e n ,  

we o u q h t  t o  c h o o s e  f ( z ) = 3 ,  a n d ,  f o r  y l ~ [ y ~ [ [ z ] ' j ,  s e t  f ( y g ) = - n  

i f  n is t h e  s m a l l e s t  n u m b 2 r  w i t h  ~ ~ y ~ = z .  

F i n a l l y ,  we a r e  r e a d y  t o  d e f i n e  o u r  metr ic .  For 3 q i v e n  

p a i r  X,  y(X, w e  f i n d  n,ne {O, 1 , 2 , .  . .W) a s  m a l l  a s  p o s s i b f o  s o  

t h a t  T " X = T ~ ~ ,  ( H e r ?  we a d o p t  t h e  c o n v e n t i o n  t h a t  T'X-z, s o  t h i s  

c a n  b e  d o n e  u n a m b i g u o u s l y  f o r  e v e r y  p a i r , )  T h e n  t h e  wetric d i s  

g i v e n  b y  

w h s r e  K ,  remember, i s  t h e  L i p s c h i t z  c o n s t a n t  c h o s e n  i n  t h e  

s t s t e m e n t  of t h e  t h e o r e m .  T h i s  c a n  b e  53 s h o w n  t o  be  a v l l i d  

metric, a l t h o u g h  t h e  t r i a n g l e  i n s q u a l i t y  i s  a l i t t l e  

c o m p l i c a t e d .  It is also a c o r a l e t e  metric, b e c a u s e ,  a s  we w i l l  

s h o w ,  a n y  C a u c h y  s e q u e n c e  u n d e r  t h i s  metric is  e i t h e r  p v o n t u l l l y  

c o n s t a n t  o r  e l s e  c o n v e r e q e s  t o  z. 



F i r s t  n o t e  t h 3 t ,  f o r  any x t X ,  

Now l o t  (x,,) b e  a C a u c h y  s e q u e n c e  i n  X t h a t  i s  n o t  e v e n t u a l l y  

c o n s t a n t .  C h o o s e  t > O .  If we t a k e  P! s u c h  t h a t  rn,n>Pl implies 

(! (xm,xn) < E ( l - K ) / 2 ,  t h e n  f o r  n>n, d (x,,z) <t.  T o  s h o w  t h i s ,  t a k s  

e n y  x,,,#x,,, w i t h  m2E.  T h e n  i t  m u s t  be  t h a t  

( M o t 2 :  I t  is possible t n s t  t h i s  m a y  n o t  s c t u a l l y  b e  t r u e  f o r  

f (x,,,). Y u t  i n  t h a t  c a s e ,  i t  m u s t  b e  true f o r  f (x,,), w h i c h  i s  

e v e n  b e t t e r  f o r  u s . )  T h e n  we a l s o  hsvs 

A n d  i n  t h i s  c a se ,  of c o u r s e ,  b y  t h e  t r i l n g l e  i n e q u a l i t y ,  we h a v e  

w i t h  m,n s s  s m a l l  s s  p o s s i b l e ,  t h e n  (nt-1) a n d  (n -1 )  a r e  t h e  

m -\ s m a l l e s t  n u m b e r s  t h a t  make T (TX)=T"-'(T~) t r u e  a l s o .  

F u r t h e r m o r e  

( T h e  "5" comes i n  b s c s u s e  i t  m i g h t  b e  t h a t  n=@.) T h e  sam? is 

t r u e  f o r  y ,  s o  d ( T x , T y ) S K d  ( x ,  y )  .O 



A l s o ,  we m i g h t  a e n t i o n  t h a t  L .  J a n o s  [ 1 8 ]  h a s  g i v e n  t h e  

f o l l o w i n g  mors t o p o l o g i c ~ l l y  o r i e n t e d  c D n v e r s e :  

T H S O R E M  ------- 7 . 3 :  L e t  X b e  a compact ,  m e t r i z a b l e  t 3 p o l o g i c a l  

space, a n d  let T b e  a c o n t i n u o u s  s e l f - ~ ? ~ ~ p i n g  o f  X t h a t  

s a t i s f i e s  

f o r  z some e l e m e n t  of X. Then i f  R i s  a n y  n u i n b e r  w i t h  O < K < 1 ,  

there e x i s t s  a metric d t h a t  g e n e r a t e s  the o r i g i n a l  t o p o l o g y  on 

X ,  a n 2  t h a t  s a t i s f i e s  d(Tx,Ty)lK3(x,y), f o r  a l l  x,y i n  X .  
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