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Dynamical  c h i r a l  s 

ABSTRACT 

.y b r e a k i n g  i n  2 + 1  d i m e n s i o n a l  quantum 

e l e c t r o d y n a m i c s  w i t h  N fe rmion  f l a v o r s  i s  s t u d i e d  by  u s i n g  a 
C 

m o d i f i e d  e f f e c t i v e  p o t e n t i a l  p r o p o s e d  r e c e n t l y  b y  Haymaker, . 
;-P 

Matsub i  a d d  Cooper .  T h i s  e f f e c t i v e  p o t e n t i a l  c o n t a i n s  t h e  same 
z 

p h y s i c s  a s  t h e  o r i g i n a l  e f f e c t i v e  p o t e n t i a l  f o r m u l a t i o n  d u e  t o  
I - 

2 .  

C o r n w a l l ,  J a c k i w  a n d  Tornboulis as f a r  a s  t h e  Schwinger-Dyson 

e * A  " e q u a t i o n  i s  c o n c e r n e d  a n d  r e m e d i e s  t h e  d e f e c t s  o f  t h e  C J T  

e f f e c t i v e  p o t e n t i a l .  
d 

The c h i r a l  symmetry b r e a k i n g  s o l u t i o n s  a r e  f o u n d  by s o l v i n g  

t h e  Schwinger-Dyson e q u a t i o n  n u m e r i c a l l y  f o r  ~N = 0.5, 1.0, 1.2, ..., 2.8. 

I t  i s  s u g g e s t e d  t h a t  t h e  c h i r a l  symmetry b r e q k i n g  s o l u t i o n s  e x i s t  

f o r  any  f i n i t e  v a l u e  o f  N .  k- 

The l o c a l  s t a b i l i t y  of t h e  vacuum c o n f i g u r a t i o n s  
, 

c o r r e s p o n d i n g  t o  t h e  c h i r a l  symmetry b r e a k i n g  s o l u t i o n s  i s  

a n a l y z e d  b o t h  a n a l y t i c a l l y  a n d  n u m e r i c a l l y .  I t  i s  shown t h a t  t h e  

c h i r a l l y  symm'etric vacuum may b e  u n s t a b l e  a n d  t h a t  t h e  symmetry- 

b r e a k i n g  s o l u t i o n s  c o r r e s p o n d  t o  t h e  l o c a l l y  s t a b l e  vacuum 

c o n f i g u r a t i o n s  a n d  a r e  t h e n  p r e f e r r e d  e n e r g e t i c a l l y  by  t h e  vacuum 
' I 

o f  t h i s  model .  F o r  compar i son  i t  o shown t h a t  t h e  same 

symmetry-breaking s o l u t i o n s  a r e  
w 

namely, * s a d d l e  p o i n t s  i n  t h e  0 f o r m a l i s m .  

dw%. 
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CHAPTER 1 

INTRODUCTION 

Systems o f  fe rmions  coupled  by gauge f o r c e s  h3ve a v e r y  r i c h  

s t r u c t u r e  o f  g l o b a l  symmetries c a l l e d  " c h i r a l  symmetriesn. The 

- r e a l i z a t i o n  o f  c h i r a l  symmetries and t h e  c a u s e s  and  t h e  

consequences  o f  t h e i r  spontaneous  b r e a k i n g  have a lways been a  

v e r y  impor t an t  and i n t e r e s t i n g  r e s e a r c h  a r e a  i n  high-energy 
t 

p a r t i c l e  p h y s i c s .  

I n  t h e  t h e o r i e s  o f  fundamental  i n t e r a c t i o n s ,  t h e  qua rk  model 
.. 

i s  wide ly  a c c e p t e d .  The b a s i c  i d e a s  of  t h e  qua rk  model a r e  t h a t  

q u a r k s  a r e  t h e  fundamental  c o n s t i t u e n t s  of a l l  had rons  and t h a t  

,711 t h e  ba ryons  c o n s i s t  o f  t h r e e  quarks  wh i l e  a l l  t h e  mes s a r e  & 
formed by  qua rk  and a n t i q u a r k .  Quarks  c a r r y  c o l o u r  "charges1 '  as - 

w e l l  a s  e lec t r ic  c h a r g e s  and e x p e r i e n c e  b o t h  s t r o n g  and  4- 

e l e c t r o m a g n e t i c  f o r c e s ,  as w e l l  a s  t h e  more f e e b l e ,  weak and  

g r a v i t a t i o n a l  i n t e r a c t i o n s .  A s  f a r  as t h e  s t r o n g  i n t e r a c t i o n  i s  

concerned ,  t h e  Eol.our " t h a r g e s "  o f  t h e  qua rks  a c t  as  t h e  s o u r c e  

o f  t h e  s t r o n g  f o r c e  between qua rks  j u s t  a s  e lec t r ic  cha rge  a c t s  

as s o u r c e  o f  t h e  e l e c t r o m a g n e t i c  f o r c e  between e l e c t r i c a l l y  

cha rged  p a r t i c l e s .  

J 
There  i s  c o n s i d e r a b l e  ev idence  t h a t  t h e  u n d e r l y i n g  t h e o r y  of  

t h e  s t r o n g  i n t e r a c t i o n  p o s s e s s e s  a  n e a r  c h i r a l  symmetry, 

SU(~)>(.SU(~)XU(~) because  of  t h e  approximate  m a s s l e s s n e s s  of  t h e  up 

and down q a r k s .  T h i s  symmetry m u s t  t h e n  b reak  spon taneous ly  i n  



o r d e r  t o  e x p l a i n  t h e  e f f e c t i v e  300 MeV masses  t h e s e  q u a r k s  l 

p o s s e s s  a s  t h e  c o n s t i t u e n t s  of h a d r o n s .  The ~ o l d ~ t o n e  t h e o r e m  
r 

r e q u i r e s  t h a t  t h e  s p o n t a n e 8 u s  b ~ a k i n g  o f  a n y  c o n t i n h o u s  s y m m e t r y '  

n e c e s s a r i l y  l e a d s  t o  t h e  e x i s t e n c  f massless G o l d s t o n e  b o s o n s .  
4 

I n  t h e  case o f  c h i r a l  symmetry it b e l i e v e d  t h a t  t h e  p i o n s  p l a y  

t h e  r o l e  o f  G o l d s t o n e  b o s o n s .  I t  i s  a major  g o a l  o f  p a r t i c l e  

p h y s i c i s t s  ' t6 u n d e r s t a n d  why t h i s  c h i r a l  symmetry s ,hou ld  b e  9 '  

s p o n t a n e o u s l y  b r o k e n  and  i n  what p a t t e r n .  - - 

The d y n a m i c a l  t r e a t m e n t  af t h e  c h i r a l  symmetry o f  t h e  s t r o n g  

i n t e r a c t i o n  was f i r s t  b r o u g h t  up  by Nambu a n d  J o n a - L a s i n i o  ( [ I ] ) .  

They  s u g g e s t e d  t h a t  t h e  n u c l e o n  m a s s  a r i s e s  l a r g e l y  , a s  

s e l f - e n e r g y  o f  some _ p r i m a r y  f e r m i o n  f i e l d  t h r o u g h  t h e  same 

mechanism as t h e  a p p e a r a n c e  o f  t h e  e n e r g y  g a p  i n :  t h e  t h e o r y  o f '  

s u p e r c o n d u c t i v i t y .  Much o f  t h e  p r o g r e s s  o f  t h e o r e t , i c a l  p a r t i c l e  
Y //- 1 

p h y s i c s  i n  t h e  1 9 6 0 ' s  o c c u r e d  t h r o u g h  e x p l o r a t i o n  o f  t h e  

phenomenolog ica l  consequqnces  o f  t h i s  s p o n t a n e o u s  c h i r a l  symmet .4iz"" 
b r e a k i n g  ( [ 2 ]  ( 3 1 )  . Our u n d e r s t a n d i n g  o f  t h e  u n d & l y i n g  mechanism . 

I 

o f  c h i r a l  symmetry b r e a k i n g ,  however,  h a s  Bot  a d v a n c e d  v e r y  much. 

I n  t h e  1 9 7 0 1 s ,  t h e  g r e a t  s u c c e s s  o f  e l e c t r o m a g n e t i c  a n d  weak 

i n t e r a c t i o n  g a u g e ' t h e o r i e s  p r o v e d  t h a t  ga.uge t h e o r i e s  (Yang a n d  

M i l l s  [ 4 ] )  are  p o w e r f u l  t h e o r i e s  i n  d e s c r i b i n g  t h e  f u n d a m e n t a l  

i n t e r a c t i o n s .  The gauge t h e o r y  o f  s t r o n g  i n t e r a c t i o n s ' i s  Quantum 

C h r o m o d y ~ a m i c s  (QCD) 'which  i s  b a s e d  on t h r e e  b a s i c  i d e a s :  

( 1 ) .  A l l  h a d r o n s  c o n s i s t  o f  f u n d a m e n t a l  c o n s t i t u e n t s  c a l l e d  



t r e a t m e n t  o f  t h e  s t r o n g  i n t e r a c t i o n  gauge t h e o r i e %  e s p e c i a l l y  i n  

( 2 )  . T h e r e  e x i s t s  a  quantum number % f o r .  t h e  q u a r k s  c a l l e d  

~ c o l o u r w .  Each q u a r k  c a n  have  t h r e e  d i f f e r e n t  c o l o u r s ,  c a l l e d  

r e d ,  g r e e n ,  a n d  b l u e  a n d  t h e ,  c o r r e s p o n d i n g  symmetry i s  t h e  e x a c t  

symmetry o f  n a t u r e  ( i n  o t h e r  words,  it i s  a n  unbroken 
- < 

s y m m e t r y . ) .  The s t a t i s t i c s  o f  t h e  h a d r o n s  come o u t  r i g h t  w i t h  

4. - these t h r e e  c o l o u r s ;  

( 3 ) .  The t r a n s f o r m a t i o n s  o f  t h e  " c o l o u r "  symmetry m a y b e  p o s i t i o n  

d e p e n d e n t .  T h i s  f u n d a m e n t a l  c o n c e p t  o f  Yang-Mills  gauge t h e o r i e s  

i n t r o d u c e s  a se t  o f  m a s s l e s s  v e c t o r  f i e l d s  which c o u p l e  t o  

f e r m i o n s  ( q u a r k s ) .  I n  fac t ,  t h e  o n l y  c h o i c e  o f  t h e  c o l o u r  

symmetry g r o u p  i s  SU(3)---special u n i t a r y  g r o u p  formed by 3 - x 3  

u n l t a  1. y  matrices w i t h  d e t e r m i n a n t  1. 

Ti db 
R e f l e c t i n g  t h e  s u c c e s s  o f  gauge t h e o r i e s ,  a renewed i n t e r e s t  

i n . t h e  s t u d y  o f  t h e  f e r m i o n i c  symmet r i e s  h a s  been  s e e n  d u r i n g  

\ t h e s e  p a s t  f e w  y e a r s  f o r  t h r e e  r e a s o n s .  F i r s t ,  n u m e r i c a l  

t h e i r  l a t t i c e  f o r m u l a t i o n ,  h a s  been , approach ing  a q u a n t i t a t i v e  

.&Zlcu la t ion  of' t h e  h a d r o n  s p e c t r u m .  ~ h e ? e  i s ,  t h e n ,  a n e e d  f o r  

p h y s i c a l  i d e a s  a b o u t  q u a r k  dynamics t o  match t h e s e  n u m e r i c a l  , 

c a l c b l a t i o n s .  S e c o n d l y ,  t h e  gauge t h e o r e t i c  d e s c r i p t i o n s  o f  t h e .  

weak i n t e r a c t i o n s  have  f o c u s e d  a t t e n t i o n  on t h e  p rob lem of  

e x p l a i n i n g  t h e  q u a r k  a n d  l e p t o n  s p e c t r a .  From t h e  p e r s p e c t i v e  of 

t h e *  gauge  t h e o r i e s ,  t h e  q u a r k  and  l e p t o n  masses  ' a r e  s-imply t h e  
a - 

p a r a m e t e r s  o f  c h i r a l  symmetry b r e a k i n g  i n  t h e  i n t e r a c t i o n s  which 

d e t e r m i n e  t h e  s t r u c t u r e s  o f  t h e s e  p a r t i c l e s .  Dynamical  t h e o r i e s  

o f  t h e  f e r m i o n  mass m a t r i x  t h u s  r e q u i r e  a n  u n d e r s t a n d i n g  o f  

d'Y 



c h i r a l  symmetries i n  systems d i f f e r e n t  from t h e  u s u a l  s t r o n g  
I 

i n t e r a c t i o n s ;  such t h e o r i e s  o f t e n  r e q u i r e  t h a t  c h j r a l  symmetry i s  
4 

r e a l i z e d  i n  a a u n f a m i l i a r  way. F i n a l l y ,  t h e  v iewpoin t  p r o v i d e d  by 

'Id 
gauge t h e o r i e s  has  l e d  t o  some s t r i k i n g  q u a l i t a t i v e  c o n c l u s i o n s  

about  c h i r a l  symmetry which might form t h e  b a s i s  of  a more 

d e t a i l e d  t h e o r y .  

I 

To g e t - a  good unde r s t and ing  of  t h e  problem o f  t h i s ' f e r m i o n i c  
- 

symmetry, it i s  necess>qry t o  d e s c r i b e  some b a s i c  e l emen t s  o f  t h e  
-3 

pfi"sics concern ing  (his  problem.  

G 

L- 
C h i r a l  symmetries a r e  normal ly  i n t r o d u c e d  a s  fo rmal  

symmetries of t h e  mass l e s s  t h e o r y  of  D i r ac  p a r t i c l e s  ( f e r m i o n s ) .  . 

., 
The Lagrangian of t h i s  t h e o r y  i n  f o u r  d imens iona l  space- t ime  

i n c l u d i n g  t h e  i n t e r a c t i o n  between fe rmions  and an Abe l i an  gauge 

f i e l d - ( i . e  t h e , g r o u p  t r a n s f o r m a t i o n s  r e l a t e d  t o  t h e  gauge  f i e l d  

commute wi th  ach  o t h e r )  t a k e s  t h e  form R - - 
L = Y  i p ( a  - i g A  )Y ; Y  ='k+fJ 

P P 
(1.1) 

where t h e  D i rac  f i e l d  y ( x )  r e p r e s e n t s  t h e  s p i n  1 / 2  f e rmions  and 

has  f o u r  components and ( p a ,  1 , 2 , 3 )  i s  a  s e t  o f , 4  x 4 m a t r i c e s  

s a t ' i s f y i n g  t h e  f o l l o w i n g  a l g e b r a  

{yP , y V }  = y p y v  + y V y P  = 2 g K V  (1.2) 

The m e t r i c  t e n s o r  of  t h e  f o u r  d imens iona l  space- t ime  g P v i s ,  i n  

our convent  i o n ,  - (gPv) = diag (+I ,  -1, -1, -1). 

There  i s  an obvious  symmetry of  t h e  Lagrangian 



which  c o r r e s p o n d s  t o  fe rmion-number  c o n s e r v a t i o n .  

But  t h e  massless p a r t i c l e  t h e o r y  h a s  a n o t h e r  syinmetry,  u s i n g  +. 

The e x p o n e n t i a l s  c a n c e l  b e c a u s e  t h e  m a t r i x  4 a n t i c o m r n u t e s  w i t h  

t h e  o t h e r  f o u r  gamma m a t r i c e s ,  i . e .  

To u n d e r s t a n d  t h e s e  s y m m e t r i e s  p h y s i c a l l y ,  l e t  u s  c h o o s e  t h e  3 

f o l l o w i n g  r e p r e s e n t a t i o n  o f  t h e  D i r a c  m a t r i c e s :  

whe re  (5' ( i = 1 , 2 , 3 )  a re  2 x 2 P a u i i  m a t r i c e s .  

I n  ' h i s  r e p r e s e n t a t i o n ,  t h e  D i r a c  H a m i l t o n i a n  i s  
\ 

f 3  
4 

c H =  d x ~ ~ ( x ) [ a - ( ~ + ~ ~ ) - ~ ~ * ] Y ( x )  

I f  w e  w r i t e  

x h e r e  YR a n d  yL d e s c r i b e ,  r e s p e c t i v e l y ,  r i g h t  and l e f t - h a n d e d '  

3253123s ferrni-ons becaxse o f  t h e  f a c t  t h a t  



I t  i s  e a s i l y  s e e n  t h e n  t h a t  t h e  f e r m i o n  number s  of YR a n d  YL are 

( f o r m a l l y )  s e p a r a t e l y  c o n s e r v e d .  I n  f a c t ,  t h i s  i s  t h e  o r i g i n  o f  

t h e  e x t r a  f symmet ry .  n 

D 

The t w o  p i e c e v o f  ( 1 . 9 )  a r e  n o t  a c t u a l l y  o f  d i f f e r e n t  .- f o r m .  

we c a n  wri te  YR a s  A s e c o n d  f o r m  o f  yL by a p p l y i n g  c h a r g e  

con  j u g a t i o n  

t h e  f i r s t  t e r m  o f  (1.. 9 )  becomes  

T h i s  i s  n o t h i n g  e L s e  b u t  a yL H a m i l t o n i a n  w i t h  t h e  o p p o s i t e  s i g n  
PI 

of c h a r g e  g .  

> -  

- T h i s  c o n s t r u c t i o n  i s  r e a d i l y  g e n e r a l i z e d  t o  n o n - A b e l i a n  g a u g e  

t h e c r i e s .  I n  t h e  n o n - A b e l i a n  c a s e ,  t h e  L a g r a n g i a n  i s  b u i l t  as 

x k e r e  a a n d  b a r e  " c o l o u r l  i n d i c e s .  

T ~ P  c ~ v a r i a n t  d e r i v a t i v e  D I l , i s  d e f i n e d  a s  

;.;here c h e  i n d e x  a r u n s  o v e r  t h e  g e n e r a t o r s  o f  t h e  g a u g e  g r o u p  a n d  

~~e ? a t r i c e s  $a r e p r e s e n t  t h e s e  g e n e r a t o r s  i n  t h e  r e p r e s e n t a t i o n  r 

- .  -. - 
-^o g a u g e  g r o u p  tc which  t h e  f e r m i o n s  a r e  a s s i g n e d .  - - - . *L.  



R e p r e s e n t a t i o n  matrices f o r  t h e  complex  c o n j u g a t e  

r e p r e s e n t a t i o n  r are  r e l a t e d  b y  i. 

where  T s t a n d s  f o r  t h e  t r a n s p o s e  o p e r a t i o n .  

T h i s  n o t a t i o n  a l l o w s  u s  t o  r e c a s t  t h e  H a m i l t o n i a n  f o r  a YR 
* 

a s  t h a t  o f  YL i n  t h e  complex  c o n j u q a t e  r e p r e s e n t a t i o n  r:  

I n  t h i s  n o t a t i o n ,  t h e  most g e n e r a l  H a m i l t o n i a n  c o u p l i n g  t o  g a u g e  

f i e l d s  may be w r i t t e n  c o m p a c t l y  i n  t h e  f o l l o w i n g  f o r m  

where  t h e  i n d e x  i r e f e r s  t o  " f r a v o u r "  a n d  c o r r e s p o n d s  t o  o b s e r v e d  

d e g r e e s  o f  f r e e d o m  of e x i s t i n g  h a d r o n s .  A t  p r e s e n t  s i x  f l a v o u r s  

a r e  known. The g a u g e  t h e o r y  o f  s t r o n g  i n t e r a c t i o n  i s  d i a g o n a l  i n  

f l a v o u r  i n d e x ,  i . e .  t h e  f l a v o u r  i n d e x  p l a y s  no  d y n a m i c a l  r o l e  
w 

h e r e .  

Once H h a s  b e e n  c a s c '  i n t o  t h i s  fo rm,  it i s  e a s y  t o  r e a d  o f f  

t h e  g l o b a l  s y m m e t r i e s  o f  t h i s  s y s t e m  c o n c e r n i n g  " f l a v o u r s " :  f o r  

e a c h  r e p r e s e n t a t i o n  r, t h i s  H a m i l t o n i a n  i s  ( f o r m a l l y )  i n v a r i a n t  

u n d e r  g e n e r a l  u n i t a r y  t r d n s f o r m a t i o n s  

y ~ r i  + 11 y ~ r l  (1.18) 

The f u l l  g l o b a l  symmetry g r o u p  i s ,  t h e r e f o r e ,  

7 



G is  c a l l e d  t h e  g r o u p  o f  c h i r a l  s y m m t r i e s  o f  s u c h  a t h e o r y .  

AS a n  example  o f  t h i s  n o t a t i o n ,  c o n s i d e r  t h e  case o f  t h e  

s t r o n g  i n t e r a c t i o n s  wh ich  are d e s c r i b e d  b y  a set o f  t w o  almost 

m a s s l e s s  D i r a c  f e r m i o n s  ( q u a r k s )  c o u p l e d  i n  t h e  t r i p l e t  

( c o r r e s p o n d i n g  t o  t h r e e  c o l o u r s )  r e p r e s e n t a t i o n  t o  a n  n o n - A b e l i a n  

g a u g e  g r o u p  SU(3). T h e s e  a l m o s t  massless f e r m i o n s  may be w r i t t e n  

a s  l e f t - h a n d e d  f e r m i o n s ,  two i n  t h e  3 a n d  t w o  i n  t h e  3 

r e p r e s e n t a t i o n s  o f  t h e  c o l o u r  g r o u p  SU(3). I n  t h e  l i m i t  o f  z e r o  

q u a r k  masses, t he  c h i r a l  symmetry o f  t h i s  t h e o r y  i s  SU(2)L x SU(2)R - 

I t  i s  b e l i e v e d  t h a t  t h e  f u l l  g r o u p  G z S U ( ~ ) ~  x SU(2)R X U(1) i s  a 

symmetry  o f  t h e  s t r o n g  i n t e r a c t i o n s ;  however ,  h a d r o n s  d o  n o t  f o r m  1 

t h e  m u l t i p l e t s  c l a s s i f i e d  b y  G i n  t h e  r ea l  world b u t  o n l y  b y  SU(2) 

x, U(1) ( i s o s p i n  a n d  b a r y o n  number)  . A p a r t  o f  G m u s t ,  t h e n ,  b e  

s p o n t a n e o u s l y  b r o k e n .  A l t h o u g h  t h e  e l u c i t i a t i o n  of t h i s  mechanism 

i s ,  t o  a  g r e a t  e x t e n t ,  s t i l l  a n  open  p r o b l e m  i n  t h e  t h e o r y  o f  

s - t r o n g  i n t e r a c t i o n s ,  w e  p r e s e n t  a  r a t h e r  s i m p l e  i n t u i t i v e  

- a r g u m e n t  d u e  t o  Nambu a n d  J o n a - L a s i n i o  ( [I] ) . I t s  b a s i c  idea i s  

t h a t  t h e  c o n d e n s a t i o n  o f  f e r m i o n - a n t i f e r m i o n  p a i r s  i n  t h e  v a c u u m .  

s t a t e  o f  t h e  t h e o r y  c a u s e s  t h i s  c h i r a l  symmetry t o  b r e a k  down. 

T h e  g a u g e  c o u p l i n g  o f  t h e  c o l o i l r  g r o u p  SU(3) becomes  a r b i t r a r i l y  

l a r g e  i n  t h e  i n f r a r e d  r e g i m e .  L e t  u s  o b s e r v e  t h e  c h a n g e  i n  t h e  

s t r u c t u r e  o f  t h e  vacuum s t a t e  o f  t h i s  t h e o r y  a s  t h e  c o u p l i n g  g i s  



i n c r e a s e d  from z e r o .  Imagine  t h a t  

quantum f l u c t u a t i o n s  o f  t h e  gauge  

H = H , +  H 
0 -d 

w e  c a n  i n t e g r a t e  o v e r  t h e  

f i e l d ;  t h e n  H takes  t h e  form 

(1.20) 

where Hd i s  d i a g o n a l  i n  t h e  number o f  q u a r k - a n t i q u a r k  p a i r s  and  

H,-d c h a n g e s  t h e  number o f  s u c h  p a i r s .  Hod i s  o f  o r d e r  of g2 a n d  i s  

a  s m a l l  p e r t u r b a t i o n  when g i s  s m a l l .  I n  t h i s  r e g i m e  it makes 

s e n s e  t o  a p p r o x i m a t e  H b y  Hd.  D i a g o n a l i z i n g  Hd y i e l d s  a g round  

s t a t e  c l o s e  t o  t h e  f r e e  f i e l d  vacuum. Now, s l o w l y  i n c r e a s e  g. If 

t h e  f e r m i o n s  have  z e r o  mass a n d  e x p e r i e n c e  a t t r a c t i v e  

i n t e r a c t i o n s ,  Hd decreases a s  g i n c r e a s e s .  Hod o f  c o u r s e ,  

i n c r e a s e s .  A t  some v a l u e  o f  g it becomes a p p r o p r i a t e  t o  t r e a t  Hod 

a s  o u r  z e r o t h  o r d e r  p rob lem a n d  Hd as a  p e r t u r b a t i o n .  B U ~ . H ~ - ~  

c h a n g e s  t h e  number o f  q u a r k - a n t i q u a r k  p a i r s ,  s o  i t s  g round  s t a t e  

h a s  a n  i n d e f i n i t e  number of f e r m i o n  p a i r s .  W e  would s t i l l  e x p e c t  

t h e  g round  s t a t e  t o  be i n v a r i a n t  u n d e r  L o r e n t z  t r a n s f o r m a t i o n s ;  

h e n c e  t h e s e  p a i r s ' m u s t  h a v e  vacuum quantum numbers---zero t o t a l  

momentum and  a n g u l a r  momentum. The o n l y  p a i r s  one  c a n  form from 3 

a n d  3 l e f t - h a n d e d  f e r m i o n s  a n d  t h e i r  ( r i g h t - h a n d e d )  

a n t i - p a r t i c l e s  which s a t i s f y  t h i s  c o n d i t i o n  a r e  t h o s e  o f  t h e  form 

of F i g . ( l )  a n d  t h e  c o r r e s p o n d i n g  p a i r s  o f  a n t i - f e r m i o n s .  

F i g u r e  1. Fermion b i l i n e a r  witxh vacuum quantum numbers.  

The p a i r  shown i n  F i g .  (1) c a r r i e s  a  n e t  c h a r g e  u n d e r  t h e  

9 



transformations : 

(The indicies i, j=1,2,3, are isospin labels. ) 

The presence of an indefinite number of such pairs in the 

vacuum breaks these symmetries. More formally, we have found that 

the ground state IR> of H has the property that an operator which 
,./ 

destroys a fermion pair has a non-zero vacuum expectation value. 

~ e t  us assume that IQ> gives the .pair annihilation operator 

the rather simple expectation value: 

(where A& corresponds to equal condensation of pairs of each 

isospin) . This expression is preserved by the transformations: 

Y L 3 , + e x p [ i a ] Y u i  Y i j i + e x p [ - i a ] Y  f i i  

These transformations are those of an SU(2)xU( l )  group of unbroken 

syrnmetrTes which corresponds precisely to isospin and baryon 

number. The remaining three symmetry directions of SU(2) X SU(2) X 

U(1) must be spontaneously broken symmetries. 

This chiral symmetry breaking is easily realized 'by adding a 

quark mass term to th6 Lagrangian. This mass term takes the form 



- 
L, = m Y (x) Y (x) 

O b v i o u s l y  t h i s  t e r m  i s  n o t  i n v a r i a n t .  I t  can  b e  p u t  i n  by  hand 

o r  g e n e r a t e d  d y n a m i c a l l y ,  a n d  t h e  l a t t e r  i s  what w e  a r e  

i n t e r e s t e d  i n  .- 

e 
The mass g e n e r a t i o n  c a n  b e  t h o u g h t  o f  a s  r e s u l t  o f  t h e  c h i r a l  

symmetry b r e a k i n g .  An i n t u i t i v e  argument  c o u l d  g i v e  *us a  s i m p l e  

p i c t u r e  o f  t h a t  ( [ 1 5 ] ) .  W e  have  n o t e d  t h a t  t h e r e  i s  a  

c o n d e n s a t i o n  o f  f e r m i o n  a n d  a n t i f e r m i o n  p a i r s  i n  t h e  vacuum. Now 

l e t  u s  c o n s i d e r  a  bound s t a t e  a  m a s s l e s s  q u a r k  a n d  a n t i q u a r k  

p a i r .  Because  o f  t h e  u n c e r t a i n t y  p r i n c i p l e ,  t h e  e n e r g y  o f  t h e  

d e n o t e  t h e  r e l a t i v e  momentum a n d  c o o r d i n a t e ,  r e s p e c t i v e l y .  I n  a  

f u l l y  r e l a t i v i s t i c  f o r m u l a t i o n ,  t h i s  r e l a t i o n  may b e  r e p l a c e d  by 

E~~ = P2 - g2/2 z p 2 ( 1 -  g 2 ) .  When t h e  gauge c o u p l i n g  g e x c e e d s  o r d e r  

one ,  t h e r e  w i l l  b e  a  t a c h y o n  bound s t a t e  i n  t h e  vacuum, 

i n d i c a t i n g  i n s t a b i l i t y  o f  t h e  vacuum c o n f i g u r a t i o n .  I n  o r d e r  t o  

c u r e  t h i s  i n s t a b i l i t y ,  t h e  vacuum r e a r r a n g e s  i t s e l f  a n d  g i v e s  

mass t.o - q u a r k s . s o  a s  t o  e l i m i n a t e  t h e  t a c h y o n s  a n d  keep  t h e  bound 

s t a t e  massless. 

h 

\ 

The s p o n t a n e o u s  c h i r a l  symmetry b r e a k i n g  and  mass g e n e r a t i o n  

a r e  p u r e l y  n o n - p e r t u r b a t i v e  phenomena which c a n n o t  b e  e a s i l y  s e e n  i 

i n  t h e  u s u a l  p e r t u r b a t i o n  s e r i e s .  What i s  needed  i s  a n  

a p p r o x i m a t i o n  scheme t h a t  p r e s e r v e s  some o f  t h e  n o n - l i n e a r  

f e a t u r e s  o f  t h e  f i e l d  t h e o r y ,  which p resumably  l e a d s  t o  t h e s e  

c o o p e r a t i v e  a n d  c o h e r e n t  e f f e c t s .  The e f f e c t i v e  p o t e n t i a l  



formalism due to Cornwall, Jackiw and Tomboulis ( [ 5 ] )  has been 

developed to serve this role. We will do a self-con~istent~study 
-4 

of dynamical chiral symmetry breaking using an improved effective 

potential which is a variant of the Cornwall, Jackiw and 

Tomboulis (CJT) effective potential. 

In this thesis, we are concerned with a gauge field theory 

.in which the problem of dynamical chiral symmetry breaking can be 

systematically analyzed. This model .is Quantum Electrodynamics in 

three dimensional. space-time. In this model, N (fermion flavour 

number) ferrnions couple to a simple ~belian gauge field. 

We have good reasons for choosing this model even.though it 

is not QCD and not even four dimensional. This theory is actually ' 

a genuine gauge field theory and the first quantum field theory ' 

we know of, above two space-time dimensions that permits a 

systematic treatment of chiral symmetry breaking. This model, 

furthermore, has properties reminisent of four-dimensional 
a!! 

theories, which we will see in the following chapters. Another 

reason is that four-dimensional realistic physical theories and , 

three-dimensional theories are not unrelated. In fact, when one 

examines a four-dimensional field theory at finite temperature, 

one will find that at a temperature near the critical temperature 

a three-dimensional field theory becomes effective in the' 

description of the dynamics near the phase transition. Moreover, 

at high temperatures---even away from the critical point, the 

infrared behaviour of any theory is described by the same theory 



.-'I 
, .  

i n  one  less d i m e n s i o n  ( 161') . W e  c e r t a i n l y  hope  t h a t  t h e  s t u d y  of 

t h e  c h i r a l  symmetry b r e a k i n g  i n  t h i s  model w i l l  s h e d  some l i g h t  
. 

on t h e  more' c o m p l i c a t e d  p rob lem s f  t h e  c h i r a l  .9yrnmetky b r e a k i n g  

i n  t h e  f o u r - d i m e n s i o n a l  t h e o r i e s  l i k e  QCIY. 

The major  t a s k s  i n  s t u d y i n g  t h e  c h i r a l  symmetry b r e a k i n g  a r e  

t o  e s t a b l i s h  t h e  Schwinger-Dyson e q u a t i o n  f o r  the f e r m i o n  
. - 

s e l f - e n e r g y ,  which t a k e s  i n t o  a c c o u n t  t h e  n o n - p e r t u r b a t i v e  

f e a t u r e s  o f  t h e  t h e o r y  a n d  t h e n  t o   investigate w h e t h e r  t h i s  

e q u a t i o n  a d m i t s  a  non-ze ro  f e r m i o n  mass a s  a  s ' o l u t i o n .  Along t h i s  
-- 

l i n e  some work h a s  b e e n  done i n  t h e  p a s t  

k 

P i s a r s k i  ( [ 7 ] )  s t u d i e d  t h i s  model ' i n  

f e w  y e a r s , .  

( f e r m i o n  f l a v o u r  n u m b e r ) .  H e  d e r i v e d  t h e  Schwinger-Dyson i n t e g r a l  

e q u a t i o n  (S-D e q u a t i o n )  o f  thel 'fermi^on s e l f  - e n e r g y  ~ ( p )  a n d  

computed t h e  r a t i o  C ( O ) / a  (01 i s  a  i n t r i n s i c  e n e r g y  s c a l e  o f  t h i s  

p a r t i c u l a r  model)  by  assuming  t h a t  Z ( p )  was a  c o n s t a n t  (w. r .  t . p )  

a n d  c u t t i n g  t h e  i n t e g r a l  o f f  a t  a  momentum o f  o r d e r  a .  And f o r  

l a r g e  N, h e  o b t a i n e d  a  s o l u t i o n  f o r  t h e  f e r m i o n  mass,  C ( 0 )  / a  = c 

e x p [ - n 2 ~ / 8 ] ,  where c i s  o f  o r d e r  1. H e  t h e n  c o n c l u d e d  t h a t  c h i r a l  

symmetry b r e a k i n g  s o l u t i o n s  e x i s t .  

T .  ~ - p - p e l ~ u i s ' t ,  M .  Bowick, E .  C o h l e r  a n d  L.C . R .  W i  jewardhana 

a l s o  d i d  d e t a i l e d  a n a l y s i s  o f  c h i r a l  symmetry b r e a k i n g  w i t h i n  t h e  

framework o f  t h e  1 / N  e x p a n s i o n .  They se t  up t h e  S-'D e q u a t i o n  o f  

t h e  f e r m i o n  s e l f - e n e r g y  by e f f e c t ' i v e l y  summing o v e r  a  s e l e c t i v e  

t h e  l i m i t  o f  ' l a r g e  N 

s e t  o f  t e r m s  i n  t h e  1 / N  e x p a n s i o n .  They a n a l y z e d  t h i s  model a n d  



t h e i r  r e s u l t s  show t h a t  c h i r a l  symmetry i n  t h i s  model  c a n  b e  

b r o k e n  f o r  any v a l u e  o f  N. They a l s o  s u g g e s t e d  t h a t  it s h o u l d  b e  

p r e f e r a b l e  f o r  t h e  t h e o r y  t o  d y n a m i c a l l y  g e n e r a t e  masses f o r  

f e r m i o n s .  The magni tude  o f  t h e  g e n e r a t e d  mass i s  r o u g h l y  

e x p o n e n t i a l l y  s u p p r e s s e d  i n  N f rom t h e  f u n d a m e n t a l  d i m e n s i o n f u l  

F s c a l e  a = ~ e ~  (e i s  t h e  gauge c o u p l i n g  o f  t h i s  t h e o r y  whose s q u a r e  

h a s  f he  d imens ion  o f  mass)  . / I 

W e  w i l l  s t a r t  f rom t h e  e f f e c t i v e  p o t e n t i a l s  a n d  a d o p t  t h e  

same 1/N e x p a n s i o n  a s  i n  R e f .  [ 7 ]  t o  d e r i v e  t h e  S-D e q u a t i o n  f o r  

t h e  f e r m i o n  s e l f - e n e r g y .  W e  w i l l  s o l v e  t h i s  e q u a t i b n  . 
, 

n u m e r i c a l l y  

" a n d  show t h a t  t h e  dynamica l  c h i r a l  symmetry b r e a k i n g  may b e  

p o s s i b l e  f o r  any  v a l u e  of t h e  f e r m i o n  f l a v o u r  number.  
r 

F o l l o w i n g  t h e  s t u d y  o f T h e  p o s s i b i l i t y  o f  t h e  c h i r a l  symmetry CZ 

b r e a k i n g ,  a n  i m p o r t a n t  q u e s t i o n  o f  w h e t h e r  t h e  vacuum 

c o n f i g u r a t i o n s  c o r r e s p o n d i n g  t o  t h e  non-ze ro  s o l u t i o n s  a r e  s t a b l e  . 

o r  n o t  would n a t u r a l l y  a r i s e .  W e  w i l l  d o  t h e  s t a b i l i t y  a n a l y s i s  

which h a s  n o t  y e t  been  done s o  f a r .  

The C J T  e f f e c t i v e  p o t e n t i a l  i s ,  however,  unbounded from 

below, a n d  hence  t h e  s t u d y  o f  t h e  g l o b a l  s t a b i l i t y  o f  a , c h i r a l  

synunetry b r e a k i n g  s o l u t i o n  o f  t h e  S-D e q u a t i o n  i n  t h i s  
- 

f o r m u l a t i o n  becomes m e a n i n g l e s s .  R e c e n t l y  a n  improved e f f e c t i v e  

p o t e n t i a l  ([9]) was p r o p o s e d  t o  remedy t h e  d e f e c t  o f  t h e  C J T  

e f f e c t i v e  p o t e n t i a l .  T h i s  m o d i f i e d  e f f e c t i v e  p o t e n t i a l  g i v e s  u s  

t h e  same S-D e q u a t i o n  a s  t h e  C J T  e f f e c t i v e  p o t e n t i a l  d o e s .  ?. 



However, i t s  second d e r i v a t i v e  can be  shown t o  be  a mass squared  
, 

of  t h e  composi te  fe rmion-an t i fe rmion  bound s t a t e .  T h i s  

I e x p l a n a t i o n  h e l p s  u s  unde r s t and  the4 s t a b i l i t y  problem. ,That  i s ,  

i f  t h e  mass squa red  i s  p o s i t i v e ,  sykmetry i s  a l r e a d y  brhken and 

t h e  corr 'espoqding vacuum c o n f i g u r a t i o n  i s  s t a b l e ;  i f  n e g a t i v e ,  
\ 

t h i s  symmetry broken vacuum t h e n  i s  u n s t a b l e .  Hence checking  t h e  

second  d e r i v a t i v e  o f  t h i s  improved e f f e c t i v e  p o t e n t i a l  answers 
- - 

t h e  q u e s t i o n  of s t a b i l i t y .  

We w i l l  e v a l u a t e  t h e  improved e f f e c t i v e  p o t e n t i a l  f o r  t h i s  

p a r t i c u l a r  model t o  examine t h e  s t a b i l i t y  o f  t h e  c h i r a l  symmetry 

b r e a k i n g  vacuum, namely, t h e  e i g e n v a l u e  e q u a t i o n s  f o r  t h e  second 

d e r i v a t i v e  o p e r a t o r  of  t h i s  e f f e c t i v e  p o t e n t i a l  w i l l  b e  s o l v e d  a t  

I t h e  s t a t i o n a r y  p o i n t s ;  e . g .  c h i r a l  symmetry- b r e a k i n g  s o l u t i o n s .  

Qth t h e  a n a l y t i c a l  a n a l y s i s  and  numer ica l  e v i d e n c e  w i l l  show 

' t h a t  t h e  c h i r a l  symmetry b r e a k i n g  s o l u t i o n s  a r e  a t  l o c a l l y  s t a b l e  

p o i n t s .  For  comparison,  s i m i l a r  c a l c u l a t i o n s  w i l l  be  done f o r  t h e  

CJT p o t e n t i a l  and w i l l  show t h a t  t h e  c h i r a l  sy.mmetry b r e a k i n g  

s o l u t i o n s  co r r e spond  t o  th .e  s a d d l e  p o i n t s  o f  t h i s  p o t e n t i a l .  



CHIRAL SYMMETRY IN. QED, AND. THE EFFECTIVE POTENTIALS 

8 2 . 1 . T h e  Model a n d  i t s  C h i r a l  Symmetr ies :  
\ , 

<.,. . . 

I n  t h - i s  s e c t i o n  w e  w i l l  d e f i n e  t h e  model t o  b e  s t u d i e d  a n d  
L 

d i s c u s s  i t s  c h i r a l  symmet r i e s  a n d  o t h e r  p r o p e r t i e s  a n d  t h e  u s e  o f  

t h e  1/N e x p a n s i o n  i n  a n a l y z i n g  c h i r a l  symmetry b r e a k i n g .  
h 

3 

The L a g r a n g i a n  f o r  m a s s l e s s  quantum e l e c t r o d y n a m i c s  i n  t h r e e  

s p a c e - t i m e  d i m e n s i o n s  (QED,) i s  
, h. 

where yi r e p r e s e n t s  massless f e r m i o n s  w i t h  f i a v o u r  i n d e x  i, A p  i s  

t h e  e l e c t r o m a g n e t i c  f i e l d  ( A b e l i a n  gauge f i e l d ) ,  e i s  t h e  gauge 

c o u p l i n g  d e s c r i b i n g  t h e  i n t e r a c t i o n  s t r e n g t h  be tween  f e r m i o n s  a n d  

t h e  gauge f i e l d  a n d  

i s  t h e  Lagrang ian  o f  t h e  A b e l i a n  gauge f i e l d .  
, \ 

' -u 

C h i r a l  symmet r i e s  o f  t h i s  model a r e  a  b i t  u n u s u a l .  A 

s p i n o r i a l  r e p r e s e n t a t i o n  o f  t h e  L o r e n t z  g r o u p  S0(2,1) i n  t h r e e  

d i m e n s i o n s  i s  p r o v i d e d  by two-component D i r a c  s p i n o r s  Yi, w i t h  t h e  

c o r r e s p o n d i n g  2x2 r e p r e s e n t a t i o n  o f  t h e  Dirac a l g e b r a  b e i n g  g i v e n  
I 

b y  t h e  P a u l i  m a t r i c e s  

yo  = 03, y = i a', f = i o 2  ( 2 . 3 )  

O b v i o u s l y ,  t h i s  t h e o r y  which w e  r e f e r  t o  a s  a  m a s s l e s s  t h e o r y  ha5 
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t h e  f l a v o u r  symmetry U(N) b e c a u s e  t h e  L a g r a ~ g i a n  i s  i n v a r i a n t  
.. 4 , 

u n d e r  t h e  u n i t a r y  t r a n s f o r m a t i o n s :  ., 

C o n s i d e r i n g  t h e  change  o f  Y(x )  un he u n i t a r y  t r a n s f o r m a t i o n  - - -, - 
Y.+Y .  1 1  = ( Y + ) ' ~ ~ = ( u . . ~ . ) + ~ ~ = Y c ~ ~ u + = ~ . u + .  1  11 J 

J ji J 1 1  
4 2 . 5 )  

w e  see t h a t  

= L 
a 

F o r  two-component s p i n o r s ,  however,  t h e  f l a v o u r  symmetry i s  t h e  

same w h e t h e r  t h e  f e r m i o n s w  m a s s l e s s  o r  n o t ,  a n d  so i t  i s  n o t  

t h e  c h r i a l  symmetry.  I n  f a c t ,  t h e r e  i s  no o t h e r  2  x 2  m a t r i x  

a n t i c o m m u t i n g  w i t h  a l l  o f  t h e  p .  T h e r e  i s ,  t h e r e f o r e ,  n o t h i n g  t o  

g e n e r a t e  a  c h i r a l  symmetry t h a t  would b e  b r o k e n  by a  mass t e r m c c  

m ,  w h e t h e r  i t  i s  e x p L i c i t l y  o r  d y n a m i c a l l y  g e n e r a t e d .  

* 
C o n s i d e r  t h e r e f d r e  t h e  b a s i c  f e r m i o n  f i e l d  t o  b e  a  

four-component  s p i n o r .  The t h r e e  4 x 4  y - m a t r i c e s  can  be t a k e n  t o  
\ 



3 .  
% & .  

'r; I n  c o n t r a s t  t o  two-component s p i n o r s ,  fodr-component  s p i n o r s  have  
72 

:B 
*symmet r i e s  which a r e  c h i r a l .  M a s s l e s s  f e r m i o n s  t h e n  h a v e  a  

g r e a t e r  symmetry t h a n  m a s s i v e  o n e s .  S imply  p u t ,  t h e r e  a r e  two 4 x 4  

matrices y 3  a n d  y 5  t h a t  ant icornmute w i t h  yo, y 1  a n d  y 2 .  The 

. massless t h e o r y  w i l l  be i n v a r i a n t  u n d e r  t h e  " c h i r a l "  

t r a n s f o r m a t i o n s :  
1; 

where 

For  e a c h  four-component  s p i n o r ,  t h e s e  w i l l  be a  g l o b a l  symmetry 
7''- 

3 U(2) w i t h  g e n e r a t o r s  

and  t h e  f u l l  symmetry i s  t h e n  U(2N). The a l g e b r a  , o f  U(2N) i s  t h e  

d i r e c t  p r o d u c t  o f  t h e  a l g e b r a  o f  U(N) a n d  t h a t  o f  U(2). A mass 
- 

t e r m  rnw would b r e a k  t h i s  symmetry t o  t h e  subgro-up 

SU(N) x SU(N) x U(1) x U(1). 

T h i s  would be u n d e r s t o o d  more e a s i l y  i f  w e  d i s c u s s  t h i s  

symmetry u s i n g  two-component s p i n o r s .  

Choosing four-component  s p i n o r s  a c t u a l l y  d o u b l e s  t h e  f e r m i o n  
r 

s p e c i e s .  E s s e n t i a l l y ,  we have  2N v a r i e t i e s  o f  two-component 

s p i n o r s .  Without  f e r m i o n  mass,  w e  would have  a  f l a v o u r  symmetry 
- 

U(2N).  , A  four-component  s p i n o r  mass t e r m  m W  c a n  b e  w r i t t e n  i n  

1 8  P 



terms o f  two-component s p i n o r s .  W r i t i n g  

- 
(Yl a n d  Y2 a r e  two-component s p i n o r s  . ) , m w  becomes,  

I t  i s  t h e n  e a s i l y  s e e n  t h a t  t h i s  i s  j u s t  t h e  s i t u a t i o n  i n  which 

among 2N f e r m i o n s  N f e r m i o n s  have  e q u a l  p o s i t i v e  mass a n d  t h e  

o t h e r  N f e r m i o n s  h a v e  e q u a l  n e g a t i v e  mass .  The f l a v o u r  symmetry 
2. 

w i t h  t h i s  ,mass t ' e r m  p r e s e n t  i s ,  t h e r e f o r e ,  U(N) x U(N), o r .  more 

,f s p e c i f i c a l l y  SU(N) x SU(N) x lJ(1) x U(1). 

- Although  t h e  four-component  mass t e r m  v i o l a t e s  t h e  c h i r a l  

s y m m e t r i e s ,  it i s  p a r i t y  c o n s e r v i n g .  The two-component mass t e r m ,  

? 
i s ,  however,  odd u n d e r  t h e  p a r i t y  t r a n s f o r m a t i o n .  I n  2 + 1  

d i m e n s i o n s ,  t h e  p a r i t y ' t r a n s f o r m a t i o n  c o r r e s p o n d s  t o  i n v e r t i n g  

one  a x i s ,  s i n c e  i n v e r s i o n  o f  b o t h  a x e s  c o u l d  b e  undone by a  

The c o r r e s p o n d i n g  o p e r a t i o n  on t h e  two-component s p i n - o r  i s  

The p a r i ~ y  o p e r a t i o n  on t h e  two-component mass t e r m  i s  t h e n ,  



a 

This shows that the two-component 

In the four-component formalism, 

 he\ parity tranqformation becomes 

The four-component mass term 

mass term is parity violating. 

transforms in the following way under the parity transformation: 

Therefore, this mass term is even under the parity 

transformat ion. 

This point is being stressed because there is an alternative 



. 
possibility in three-dimensions. Another acceptable candidate for 

a mass term is 

.This term is invariant under the chiral transformations (2.7) but 

not invariant under the parity transformation (2.16). Such a 

parity-violating mass is in fact the only possibility in the 

two-component formalism. It is Known that it will induce a 

Chern-Simons mass term for the gauge field via one-loop vacuum 

polarization, ([9]). That such a fermion mass and the 

corresponding Chern-Simons mass could arise spontaneously, 
- 

leading to the spontaneous violation of in QED,, is an 

interesting and important possibility ([lo]). In this thesis, 

however, attention will be restricted to the possible spontaneous 

appearance of a parity-conserving chiral-symmetry violating mass. 
\ 

We now turn to the perturbative properties of this theory and 

introduce the 1/N expansion. From the Lagrangian (2.1), it is 

easily seen that the gauge coupling constant e is dimensionful and 

its square has the dimension of mass. This theory then is 

completely ultraviolet (large-momentum regime) finite. 

L 

Since tne coupling constant ( a = ~ e ~ )  has dimension of mass 

this massless theory is plagued with infrared divergences. The 

effective loop expansion parameter is a / k ,  leading to infrared 

divergent Green's functions already at the two-loop level 

( [ j j ,  ill]). One scheme which leads to infrared,finite results is 



an  expans ion  i n  t h e  d imens ion le s s  pa rame te r  1 / N  w i t h  t h e  c o u p l i n g  

c o n s t a n t  a fixed---1/N expans ion .  I n  t h i s  n o n - p e r t u r b a t i v e  scheme 

it can be shown t h a t  t h i s  t h e o r y  s t a y s  i n f r a r e d  f i n i t e  t o  any 

o r d e r  i n  1 / N  ( [ I l l )  . Whether t h i s  f i n i t e  t h e o r y .  a d m i t s  t h e  

spontaneous  c h i r a l  symmetry b r e a k i n g  i s  t h e  c e n t r a l  problem of 

t h i s  t h e s i s .  

Now w e  pay some a t t e n t i o n  t o  t h e  1 / N  e x p a n s i o n .  Each o r d e r  - i n  

t h e  1 / N  expans ion  sums a n  i n f i n i t e  c l a s s  o f  Feynman g raphs  which 

i n  t u r n  l e a d s  t o  i n f r a r e d  f i n i t e  ampl i tudes  a t  t h e  nex t  l e v e l  of  

app rox ima t ion .  For  example, t o  l e a d i n g  ( z e r o t h )  o r d e r  i n  1 / N ,  

o n l y  t h o s e  g raphs  a r e  i n c l u d e d  which c o n t a i n  one c l o s e d  fermion 

l o o p  f o r  e v e r y  a d d i t i o n a l  Eoupl ing  f a c t o r  o f  W N .  The o n l y  

p o s s i b i l i t y  i s  t h e  c o r r e c t i o n  t o  t h e  gauge boson p r o p a g a t o r  shown 

i n  F i g .  2 .  

F i g u r e . 2 :  The l e a d i n g  c o r r e c t i o n  t o  t h e  photon  p r o p a g a t o r  
i n  t h e  1 / N  expans ion .  

The Feynman r u l e s  can  be r e a d  o f f  from t h e  Lagrangian  ( 2 . 1 )  

and a l l  computa t ions  a r e  performed i n  t h e  Landau g a u g e .  

Bare  gauge boson p r o p a g a t o r :  



Bare fermion propagator :  

P 
i 

--t--- = i S,(p) = - 
$ 

Bare v e r t e x :  

Let 

The 

u s  denote t h e  c o r r e c t e d  gauge boson propagator  by 

s e r i e s  expansion sho,wn i n  F i g . 2  can t h e n  be w r i t t e n  down i n  a  

compact form: 

where i qV ( p )  i s  g iven  by t h e  c l o s e d ,  fermion loop 

1 

s t r a i g h t f o r w a r d  computation g i v e s  t h e  c o r r e c t e d  gauge boson 
B 

propagator  ( s e e  appendix:  A )  

where ~ ( p )  i s  given by 

The Eucl idean momentum i s  rep resen ted  b y  p .  To t h e  l e a d i n g  o rde r ,  



it i s  n o t  n e c e s s a r y  t o  c o n s i d e r  t h e  f e r m i o n  s e l f - e n e r g y  a n d  

v e r t e x  c o r r e c t i o n s  s i n c e  t h e s e  e n t e r  o n l y  a t  n e x t  l e v e l  i n  1/N 

e x p a n s i o n .  

The p r o p e t i e s  of  QED, make it c l e a r  t h a t  s p o n t a n e o u s  c h i r a l  

symrnetry.breakdown w i l l  n o t  t a k e  p l a c e  t o  a n y  f i n i t e  o r d e r  i n  t h e  

1/N e x p a n s i o n .  To i n v e s t i g a t e  t h i s  n o n - p e r t u r b a t i v e  phenomenon, 

t h e r e f o r e ,  w e  have  t o  go beyond t h e  f i n i t e  o r d e r s .  I n  d o i n g  t h i s ,  

we w , i l l  d e r i v e  t h e  e f f e c t i v e  p o t e n t i a l s  w i t h i n  t h e  framework o f  

1/N e x p a n s i o n ,  t o  g i v e  t h e  Schwinger-Dyson e q u a t i o n  which  sums a  

s e l e c t i v e  s e t  o f  t e r m s  i n  t h e  1/N e x p a n s i o n .  T h i s  i s - t h e  m a j o r  

t a s k  o f  t h e  f o l l o w i n g  s e c t i o n .  

32.2 The E f f e c t i v e  P o t e n t i a l  Formal ism 

The dynamica l  g e n e r a t i o n  o f  f e r m i o n  masses i n  gauge  t h e o r i e s  

can  b e  s t u d i e d  i n  con t inuum s p a c e - t i m e  u s i n g  t h e  e f f e c t i v e  

p o t e n t i a l  f o r m a l i s m s .  These  t e c h n i q u e s  l e a d  t o  s y s t e m a t i c  

resummat ion o f  g r a p h s  which i s  c a p a b l e  o f  d e s c r i b i n g  

n o n - p e r t u r b a t i v e  phenomena s u c h  a s  c h i r a l  symmetry b r e a k i n g  i n  a  

s y s t e m a t i c  se,quence o f  a p p r o x i m a t i o n s .  

The e f f e c t i v e  p o t e n t i a l  V ( p )  f o r  a n  e l e m e n t a r y  • ’ i e l d  @ ( x ) - - - a  

p o s s i b l e  vacuum e x p e c t a t i o n  v a l u e  o f  t h e  quantum f i e l d  <D(x)---has 

a s i m p l e  i n t e r p r e t a t i o n  as t h e  e n e r g y  d e n s i t y  s u b j e c t  t o  t h e  

c o n s t r a i n t  t h a t  @ ( x )  h a s  some d e f i n i t e  vacuum e x p e c t a t i o n  val'ue 

c p ( x ) .  One can  compute t h i s  e f f e c t i v e  p o t e n t i a l  a n d  m i n i m i z e  i t  



w i t h  r e s p e c t  t o  q ( x )  t o  d e t e r m i n e  t h e  vacuum v a l u e  of t h e  f i e l d  

O ( x )  ( [ 1 2 ] ) .  I n  o u r  s t u d y  of  c h i r a l  symmetry b r e a k i n g ,  w e  need  t o  

know how t o  t e s t  whe the r  t h e  e n e r g y  o f  t h e  vacuum i s  l o w e r e d  i f  
- 

t h e  f e r m i o n  b i l i n e a r  Y(x)y(y) a c q u i r e s  a  n o n z e r o  vacuum 

e x p e c t a t i o n  v a l u e .  An e f f e c t i v e  p o t e n t i a l  f o r m a l i s m  s i m i l a r  t o  

t h e  e f f e c t i v e  p o t e n t i a l  f o r  s i n g l e  e l e m e n t a r y  f i e l d  w a s  p r o p o s e d  

by Cornwal l ,  Jackow a n d  Tombul is  ( [ 4 ] ) .  T h i s  e f f e c t i v e  p o t e n t i a l  

depends  on S(x,y)---a p o s s i b l e  vacuum e x p e c t a t i o n  v a l u e  o f  t h e  

c o m p o s i t e  f i e l d  o p e r a t o r s  s u c h  a s  f e rmion  b i l i n e a r .  P h y s i c a l  

s o l u t i o n s  r e q u i r e  

Hence t h i s  f o r m a l i s m  i s  e s p e c i a l l y  a p p r o p r i a t e  f o r  t h e  s t u d y  o f  

d y n a m i c a l  c h i r a l - s y m m e t r y  b r e a k i n g ,  which i s  c h a r a c t e r i z e d  by t h e  

'Q f a c t  t h a t  non-ze ro  s o l u t i o n s  c o u l d  e x i s t  f o r  ( 2 . 2 5 ) .  T h i s  o b j e c t  
b 

h a s  a  s i m p l e  i n t e r p r g a t i o n  o n l y  a t  t h e  s t a t i o n a r y  p o i n t s  

( r e f e r r e d  t o  ( 2 . 2 5 ) )  where it e q u a l s  t o  t h e  vacuum e n e r g y  

d e n s i t y .  

Now w e  go  t h r o u g h  t h e  s k e t c h  o f  t h e  CJT ( r e f e r r i n g  t o  

C o r n w a l l ,  J a c k i w ,  Tomboul i s )  e f f e c t i v e  p o t e n t i a l  f o r  f e r m i  

f i e l d s .  To p r o d u c e  a vacuum e x p e c t a t i o n  v a l u e  o f  a  f e r m i o n  

b i l i n e a r  o p e r a t o r ,  w e  must ,  i n  p r i n c i p l e ,  t u r n  on some e x t e r n a l  

f i e l d  ( a n a l o g o u s  t o  a  m a g n e t i c  f i e l d  o r i e n t i n g  a  p o t e n t i a l l y  

f e r r o m a g n e t i c  s y s t e m ) ,  c o n s t r u c t  t h e  o r d e r e d  vacuum i n  t h e  

p r e s e n c e  o f  t h i s  e x t e r n a l  f i e l d ,  and  t h e n  see i f  t h e  o r d e r  i n  

t h i s  vacuum s u r v i v e s  when w e  t u r n  o f f  t h e  e x t e r n a l  f i e l d .  



Irb d o i n g  t h i s ,  o n e  i n t r o d u c e s  s o u r c e s  c o u p l e d  t o  t h e  f e r m i o n  - 
b i l i n e a r  Y(x)Y(y), Legendre  t r a n s f o r m  t h e  vacuum e n e r g y  f u n c t i o n a l  

t o  a n  e f f e c t i v e  a c t i o n  which c a n  b e  g i v e n  as  a  t , w o - p a r t i c l e  

i r r e d u c i b l e  l o o p  e x p a n s i o n  i n  terms o f  t h e  f u l l  f e r m i o n  

p r o p a g a t o r  S(x,y)---a vacuum, e x p e c t a t i o n  v a l u e  o f  t h e  f e r m i o n  
* , L  

b i l i n e a r .  A g r a p h  i s  s a i d  t o  b e  t w o - p a r t i c l e  i r r e d u c i b l e  i f  it 

d o e s n ' t  become d i s c o n n e c t e d  upon o p e n i n g  two l i n e s .  

C o n s i d e r  t h e  g e n e r a t i n g  f u n c t i o h a l  o f  t h e  t h e o r y  g o v e r n e d  by 4 

a  L a g r a n g i a n  L  ( x )  s u c h  a s  ( 2 . 1 )  
- 

i W [ J ]  - i ( L - Y J Y )  
e = I [ ~ Y ~ Y ~ A  CL le  

where t h e  e x p o n e n t i a l  i s  a  s u p r e s s e d  form 

a n d  i n  t h r e e - d i m e n s i o n a l  space - t ime  

a n d  JaP ( x , ~ )  i s  a n  a r b i t r a r y  b i l o c a l  m a t r i x  f u n c t i o n .  W e  w i l l  omi t  

t h e  s p i n o r  i n d i c e s  a a n d  p l a t e r  o n .  

F o r  t h e  c a s e  o f  QED, i n  which t h e  L a g r a n g i a n  i s  g i v e n  by 

(2.1), t h e  p a t h  i n t e g r a l  o v e r  t h e  gauge f i e l d  c a n  a c t u a l l y  b e  

done  as  i n d i c a t e d  g i v i n g  a  n o n - l o c a l  f o u r - p o i n t  i n t e r a c t i o n  t e r m  

I,, ( F i g . 3 )  

- i ~  ( i s ; - J ) Y +  i1. int 

where S,-l  i s  t h e  i n v e r s e  o f  t h e  f r e e  f e r m i o n  p r o p a g a t o r  a n d  



h e r e  DpV (x-y) r e p r e s e n t s  t h e  gauge boson p r o p a g a t o r .  

F i g u r e  3 .  Non-local  f o u r - p o i n t  i n t e r a c t i o n  t e rm.  

Def in ing  t h e  Legendre- t ransform i n  t h e  u s u a l  way g i v e s :  

T [ S ]  = W [ J ]  - TrJS 

h e r e  t h e  t r a c e  o p e r a t i o n  deno ted  b y  Tr i s  t a k e n  b o t h  i n  t h e  m a t r i x  

s e n s e  and  f u n c t i o n a l  s e n s e  and t h e  Legendre v a r i a b l e  S  c o n j u g a t e  

t o  J  i s  t h e  f u l l  ferrnion p r o p a g a t o r  < F ( x )  Y(y) > 

from E q .  ( 2 . 2 8 )  . 

a s  can  be  seen 

S i n c e  p h y s i c a l  sses co r r e spond  t o  v a n i s h i n g  s o u r c e s  

J(x,y), e q u a t i o n  a d e r i v a t i o n  o f  t h e  s t a t i o n a r y  

requi rement  



To compute t h e  e f f e c t i v e  a c t i o n s ,  C J T  p roposed  a  l oop  expans ion  

f o r  r. To e x h i b i t  t h i s ,  it i s  u s e f u l  t o  work backwards from t h e .  

answers ,  d e f i n i n g  a q u a n t i t y  r2 which has  a more t r a n s p a r e n t  

f u n c t i o n a l  i n t e g r a l  r e p r e s e n t a t i o n  and a c t u a l l y  as w e  w i l l  see, 

i s  t h e  sum of t w o - p a r t i c l e  i r r e d u c i b l e  vacuum g r a p h s  o f  t h e  

t h e o r y  wi th  fermion p r o p a g a t o r  S .  

Decompose I- i n  t h e  f o l l o w i n g  way 

T a k i n g  a  v a r i a t i o n  o f  r w i t h  r e s p e c t  t o  s g i v e s :  

Express  t h e  p a t h  i n t e g r a l  ( t h e  g e n e r a t i n g  f u n c t i o n a l )  ( 2 . 2 8 )  i n  
' r- 

t e rms  o f  r2 , e l i m i  W w i t h  t h e  h e l p  o f  Eqs . (2.30b) and 

(2 :32) 

F i n a l l y ,  

where E q .  ( 2 . 3 3 )  i s  used t o  e l i m i n a t e  J .  



~ q .  (2.35)  is  an express ion  f o r  r2. The r i g h t  hand. s i d e  c l e a r l y  

g e n e r a t e s  t h e  sum of a l l  connected vacuum graphs wi th  l i n e s  

r e p r e s e n t i n g  t h e  f u l l  fermion propagator  S and i n t e r a c t i o n s  given 

I t  i s  n o t  obviops, however, t h a t  t h e  second term on t h e  r i g h t  

i hand s i d e  of (2 .36)  w i l l ,  on expansion i t s e l f ,  c a n c e l  a l l  

t w o - p a r t i c l e  r e d u c i b l e  graphs,  l eav ing  a l l  t w o - p a r t i c l e  
4 

. i r r e d u c i b l e  (2PI)  g raphs .  I n d i r e c t  arguments a r e  g iven  f o r  t h i s  

i n  Ref .  [ 4 ] ,  [13] . To f u r t h e r  c l a r i f y  t h i s ,  - I w i l l  g i v e  i n  Appendix 

B an i l l u s t r a t i o n  of  how t h e  two-par t i c l e - reduc ib le  graphs a r e  

c a n c e l l e d .  Hence, 

r2 ~ S I  = sum of  a l l  2 P I  vacuum graphs with propagator  denot ing S 

and i n t e r a c t i o n s  g iven  by Iint . 
I n  t h e  lowest n o n - t r i v i a l  o r d e r  (two-loop) approximation, t h e  

fo l lowing  diagram c o n t r i b u t e s  t o  r2, where a l l  i n t e r n a l  l i n e s  

r e p r e s e n t  f u l l  p r o p a g a t o r s .  

S @ )  

F i g u r e . 4 :  Two-loop approximation i n  d e r i v i n g  e f f e c t i v e  
a c t i o n .  The s o l i d  l i n e  r e p r e s e n t s  t h e  exac t  
fermion propagator  SS(p), t h e  wavy l i n e  r e p r e s e n t s  
t h e  f u l l  gauge boson propagator  DpV(p-k). 



We t h e n  e v a l u a t e  t h e  e f f e c t i v e  a c t i o n  i n  t h e  l owes t  o r d e r  and 

t h e  f i r s t  t w ~  d e r i v a t i v e s  f o r  l a t e r  r e f e r e n c e .  

where D(p - k) has  t h e  d e f i n i t i o n  

~ ( p - k )  = i e 2  P r D ( p - k )  
PY 

A s  I mentioned i n  t h e  f i r s t  c h a p t e r  ( I n t r o d u c t i o n ) ,  t h e  CJT 

e f f e c t i v e  p o t e n t i a l  h a s  a d e f e c t  t h a t  it i s  unbounded from beiow. 

T h i s  makes t h e  s t u d y  of  t h e  s t a b i l i t y  o f r c h i r a l  symmetry b r e a k i n g  

vacuum mean ing le s s .  An a l t e r n a t i v e  w a s  t h e n  proposed  t o  remedy 

t h i s  d e f e c t  ( [ g ] ) .  T h i s  new formal i sm i s  t h e  a u x i l i a r y  f i e l d  (AF) 

formal ism i n  which one i n t r o d u c e s  t h e  a u x i l i a r y  f i e l d  T(x,y)*as a  

composi te  f i e l d  d i r e c t l y  i n t o  t h e  p a t h - i n t e g r a l  o f  t h e  t h e o r y  and 

c o u p l e s  s o u r c e s  t o  i t .  I n  t h i s  c a s e ,  a l oop  . e x p ~ n s i o n  i n  T(x,p) can 
. \  

be deve loped .  I w i l l  go t h rough  t h e  d e r i v a t i o n  of  t h i s ' e f f e c t i v e  

p o t e n t i a l  fo rmal i sm.  

P 

We can a l t e r  t h e  f u n c t i o n a l  i n t e g r a l  w i thou t  changding t h e  

p h y s i c s  by i n s e r t i n g :  



T h i s  i n t r o d u c e s  a n  a u x i l i a r y  c o m p o s i t e  f i e l d  T(x,y). G(x,y) i s  a n  

a r b i t r a r y  f u n c t i o n  t o  b e  chosen  l a t e r .  

C o n s i d e r  t h e n  t h e  g e n e r a t i n g  f u n c t i o n a l  w i t h  t h e  a u x i l i a r y  

f i e l d  i n t r o d u c e d :  

where K(x,y) i s  t h e  s o u r c e  c o u p l e d  t o  a u x i l i a r y  f i e l d  T(x,y). I n  t h e  

c a s e  o f  QED where t h e  i n t e r a c t i o n  t e r m  ils g i v e n  by ( 2 . 2 9 ) ,  one 

c a n  c h o o s e  t h e  a r b i t r a r y  f u n c t i o n  G(x,y) t o  b e  D(x-y) t o  c a n c e l  t h e  

i n t e r a c t i o n  t e r m  i n  t h e  p a t h  i n t e g r a l .  Then t h e  e x p o n e n t i a l  i n  

( 2 . 4 0 )  becomes b i l i n e a r  i n  the f e r m i o n s .  A f t e r  i n t e g r a t i n g  o u t  

t h e  f e r m i o n s ,  E q .  ( 2 . 4 0 )  becomes : 

1 i 
iWm[K1 i [ - iTrLn(Sb  - DT)-- 

2 
Tr (TDT) + Tr (KT) ] 

e 

i 

W e  c a n  Legendre  t r a n s f o r m  t h i s  j u s t  as b e f o r e :  

where Tc i s  t h e  vacuum e x p e c t a t i o n  v a l u e  o f  t h e  a u x i l i a r y  f i e l d  

T(x,y). If w e  do a  t ree  a p p r o x i m a t i o n  i n  t h e  f i e l d  T(;u,y), we can  g e t  

t h e  e f f e c t i v e  a c t i o n  r a n a l o g o u s  t o  ( 2 . 3 7 ) .  Expanding ( 2 . 4 1 )  



a r o m d  Tc(ri,y) g ives  :, 

where t h e  s t a t i o n a r y  phase condi t ion  i s  app l ied  

Therefore under t h e  t r e e  approximation, w e  have 

I-, [T,] = W M  [K] - Tr (KT, ) 



where  Tc=Tc(K) i s  g i v e n  b y  t h a  s t a t i o n a r y  p h a s e  c o n d i t i o n  ( 2 . 4 4 )  . 

The r e l a t i o n  o f  TC t o  t h e  f e r m i o n  p r o p a g a t o r  a t  t h i s  l e v e l  

w i l l  b e  c l a r i f i e d .  E q u a t i o n  ( 2 . 4 1 )  t e l l s  u s  t h a t  t h e  s e c o n d  

d e r i v a t i v e  g i v e  b y  E q . ( 2 . 4 5 c )  i s  t h e  i n v e r s e  o f  t h e  T f r e e  

p r o p a g a t o r .  Hence when w e  s e t  t h e  momentum e q u a l  t o  z e r o  i n  t h a t  

e x p r e s s i o n ,  wh ich  c o r r e s p o n d s  t o  t a k i n g  a  t r a n s l a t i o n  i n v a r i a n t  

p a r t  o f  T(x,y), t h i s  s e c o n d  d e r i v a t i v e  g i v e s  u s  minus  [ m p s s I 2  o f  

t h e  f i e l d  T(x,y). 

The e s s e n t i a l  d i f f e r e n c e  b e t w e e n  t h e  CJT a n d  A!? f o r m a l i s m s  i s  
- 

i n  t h e  c o u p l i n g  o f  t h e  s o u r c e  t o  y(x)'f'(y) o r  t o  T(x,y) r e s p e c t i v e l y .  

W e  c a n  get  a n  e x p r e s s i o n  f o r  Wcn[J] a n a l o g o u s  t o  WAF[K] b y  d o i n g  

t h e  s a m e  t h i n g  as w e  d i d  i n  t h e  AF f o r m a l i s m ,  n a m e l y ,  i n s e r t i n g  

E q .  ( 2 . 3 9 )  i n t o  t h e  p a t h  i n t e g r a l  E q ( 2 . 2 8 )  a n d  i n t e g r a t i n g  o u t  t h e  

f e r m i o n  f i e l d  w i t h o u t  c h a n g i n g  t h e  p h y s i c s :  

I f  w e  u s e  t h e  i n v a r k a n c e  o f  t h e  volume e l e m e n t  u n d e r  t r a n s l a t i o n s  

w e  c a n  c h a n g e  t h e  i n t e g r a t i o n  v a r i a b l e  T  t o  T + I D - ~ J  a n d  h e n c e  

f i n d  



The whole e f f e c t  o f  i n t r o d u c i n g  t h e  a u x i l i a r y  f i e l d  a n d  c o u p l i n g  

a  s o u r c e  t o  it i s  t o  add a  t e r m  w i t h  q u a d r a t i c  J  dependence  t o  

WCm. T h i s  t e r m  i s  r e s p o n s i b l e  f o r  c h a n g i n g  t h e  boundedness  

p r o p e r t i e s  of  V .  \ 
C 

P 

Eq. ( 2 . 3 7 )  and  E q .  ( 2 . 4 5 )  d e s c r i b e  t h e  same L a g r a n g i a n  b u t  w i t h  

d i f f e r e n t  s o u r c e s .  Tha t  i s ,  t h e y  d e s c r i b e  t h e  d i f f e r e n t  c o m p o s i t e  

f i e l d s  t o  which t h e  s o u r c e s  a r e  l i n e a r l y  a t t a c h e d .  The 

r e l a t i o n s h i p  be tween t h e  two d i f f e r e n t  c o m p o s i t e  f i e l d s ,  namely ,  
- 

Y(x)Y(y) and  T(x,y), c a n  be c l a r i f i e d  as f o l l o w s .  L e t  u s  d e f i n e  Sc: 

- 1 
S c = T c + i D  K (2.48) 

Then, t h e  g t a t i o n a r y  c o n d i t i o n  i n  AF f o r m a l i s m ,  Eq.  ( 2 . 4 5 b )  

T h i s  i s  i d e n t i f i e d  w i t h  t h e  C J T  s t a t i , o n a r y  c o n d i t i o n  ( 2 . 3 7 b )  i f  

we e q u a t e  S  ( t h e  f u l l  f e r m i o n  p r o p a g a t o r )  t o  Sc a n d  J  ( t h e  C J T  

s o u r c e )  t o  K i n  t h i s  e q u a t i o n .  T h i s  means t h a t  - t h e  t r ee  . 

a p p r o x i m a t i o n  i n  T  f i e l d s  i n  t h e  AF f o r m a l i s m  i s  e q u i v a l e n t  t o  

t h e  l o w e s t  n o n - t r i v i a l  ( t w o - l o o p )  o r -de r  a p p r o x i m a t i o n  i n  t h e  C J T  

f o r m a l i s m ,  up t o  t h e  f i r s t  d e r i v a t i v e  o f  t h e  e f f e c t i v e  a c t i o n s  r .  

Tak ing  s o u r c e s  J and K = - ~ D - ' J  f o r  C J T  a n d  .W 

r e s p e c t i v e l y ,  w e  c a n  summarize t h e  r e s u l t s  h e r e :  

c a s e s  



.The fermion se l f - ene rgy  C i s  de f ined  a s  

Then t h e  Legendre t r ans fo rm v a r i a b l e s  a r e  t h e  fermion propagator  

S and t h e  fermion se l f - ene rgy  C f o r  C J T  and AF formalisms 

r e s p e c t i v e l y :  

F i n a l l y  t h e  corresponding e f f e c t i v e  a c t i o n s  can be ob ta ined  by 

doing Legendre t r a n s f o r m s :  

Having ob ta ined  t h e  e f f e c t i v e  a c t i o n s ,  it i s  an easy  m a t t e r  t o  

d e r i v e  t h e  e f f e c t i v e  p o t e n t i a l s  from t h e  e f f e c t i v e  a c t i o n s .  Since 

w e  a r e  i n t e r e s t e d  i n  t r a n s l a t i o n  i n v a r i a n t  s o l u t i o n s ,  we l e t  S(x,y) 

a n d  t h e  source  J(x,y) be f u n c t i o n s  only  of t h e  r e l a t i v e  coord ina te  

( x - y ) .  For t h i s  case ,  t h e  e f f e c t i v e  p o t e n t i a l  may be de f ined  i n  
* .  

the s t a n d a r d  way: 

r [ S  ( X ~ Y  1 I t r a n s l a t i o n  i n v a r i a n t  = - Q V  [ S ( X-y) I 

j lhere ~ = j ( d x )  i s  t h e  volume of space-time. 
- 

For example, t h e  s e r i e s  f o r  e f f e c t i v e  p o t e n t i a l  Vcm(S) can be 

ohra ined  from t h e  e f f e c t i v e  a c t i o n  given by E q . ( 2 . 5 3 a )  b y  Four ier  

3 5 



transforming the propagators: 

Substituting (2.55) into (2.53a) gives: 

3 3 1 
- v c ~  PX = - i x d y Tr {L~s- (x- y) 6(')(x - y) + ~:(i - y) S(y - x)) 

2nd  finally we have 
1 

d - ' ~  
'CK [ = (zn)3 Tr [Ln S-'(p) + so1 (p) S(P) 1 



S i m i l a r l y ,  

w' With t h e s e  two e q u a t i o n s ,  w e  end o u r  s k e t c h , o f  t h e  e f f e c t i v e  

p o t e n z i a l  fo rmal i sm.  

Now we come t o  e v a l u a t i n g  t h e  e f f e c t i v e  p o t e n t i a l s  f o r  o u r  

p a r t i c u l a r  Godei---QED, w i t h  N fermion f l a v o u r s .  W e  r e c a l l  he re  

t h e  Feynman r u l e s  o f  t h i s  t h e o r y :  

( 1 ) .  Gauge boson p r o p a g a t o r  c o r r e c t e d  t o  t h e  l e a d i n g  o r d e r  of 1 / N  

expans ion :  

where n(p) = a / 8p. 

( 2 ) .  F r e e  fermion p r o p a g a t o r :  

( 3 )  . F u l l  fermion p r o p a g a t o r :  

where A(p) i s  t h e  wave-funct ion r e n o r m a l i z a t i o n  f a c t o r .  

(4). Ver tex  c o r r e c t e d  t o  t h e  l e a d i n g  o r d e r  of 1 / N  expans ion :  

- i e r p  = - i e y F  
w (2.5 8d) 

"3 ~ . a k e  t h e  Schwinger-Dyson e q u a t i o n ,  which i s  de t e rmined  by t h e  

s t a t i o n a r y  c o n d i t i o n  of t h e  e f f e c t i v e  p o t e n t i a l s ,  t r a c t a b l e ,  we 



u s e  some c e r t a i n  approximat ion  i n  d e r i v i n g  t h e  s p e c i f i c  forms of  

t h e  e f f e c t i v e  p o t e n t i a l s  f o r  o u r  model. That  i s ,  i n  ( 2 . 5 7 ) ,  t h e  

f u l l  gauge boson p r o p a g a t o r  DP i s  r e p l a c e d  by (2 .58a ) - - - t he  

p r o p a g a t o r  c o r r e c t e d  t o  t h e  l e a d i n g  o r d e r  o f  1/N expans ion ,  t h e  

f u l l  v e r t e x  a p p e a r i n g  i n  t h e  d e f i n i t i o n  of  D(p) ( 2 . 3 8 )  i s  

approximated  by (2 .58d)  ---the l e a d i n g  behaviour  i n  1/N expans ion  

and t h e  wave-funct ion r e n o r m a l i z a t i o n  f a c t o r  A(p) i n  t h e  f u l l  

fe rmion  p r o p a g a t o r  ( 2 . 5 8 ~ )  i s  n e g l e c t e d .  

Making t h e  above approximat ions  i n  ( 2 . 5 7 )  and do ing  a  

s t r a i g h t f o r w a r d  computat ion,  w e  o b t a i n :  ( s e e  Appendix C )  

where 

32d ~ - ' ( p , q )  i s  d e f i n e d  b y  t h e  f o l l o w i n g  



h e r e  p ,q , r  are E u c l i d e a n  momenta. 

I n  t h e  above  d e r i v a t i o n  a n  assumpt ion  h a s  b e e n  made t o  t h e  

f e r m i o n  s e l f - e n e r g y :  

z = 26, , a a n d  p a r e  i n d i c e s  of i n t e r n a l  symmetry 
a$ 

s i n c e  w e  a r e  o n l y  l o o k i n g  f o r  a  s i n g l e t  s o l u t i o n  o f  t h e  S-D gap  

e q u a t i o n  i n  t h e  i n t e r n a l  a n d  L o r e n t z  s p a c e s ,  a n d  a  s p h e r i c a l  

symmetry i n  t h e  momentum s p a c e  f o r  t h e  mass f u n c t i o n  C i s  a l s o  

assumed .  



CHAPTER 3 

SCAWINGER-DYSON EQUATION AND DYNAMICAL CHIRAL SYMMETRY 

BREAKING SOLUTIONS 

Having o b t a i n e d  t h e  e x p l i c i t  forms o f  t h e  CJT and  AF 

e f f e c t i v e  p o t e n t i a l s ,  w e  c an  p u r s u e  o u r  s t u d y  o f  dynamical  c h i r a l  

symmetry b r e a k i n g  by a n a l y z i n g  t h e  S-D e q u a t i o n  which r e s u l t s  

from r e q u i r i n g  t h e  e f f e c t i v e  p o t e n t i a l s  t o  b e  s t a t i o n a r y  a g a i n s t  

v a r i a t i o n s  of  fe rmion  s e l f - e n e r g y  z(p) .  Whether t h i s  e q u a t i o n  

admi ts  non-zero fermion s e l f - e n e r g y  s o l u t i o n s  c o r r e s p o n d i n g  t o  

dynamical  c h i r a l  symmetry b r e a k i n g  i s  t h e  c e n t r a l  problem t o  be 

e x p l o r e d  i n  t h i s  c h a p t e r .  

R e c a l l  from l a s t  c h a p t e r  t h a t :  

, and 



Taking t h e  f i r s t  d e r i v a t i v e s  of t h e  e f f e c t i v e  p o t e n t i a l s  g iven  b y  

( 2 . 5 9 )  w i t h  r e s p e c t  t o  C(p) g i v e s :  , 

6V,, [ s I 

v 

(3. la) 

W e  can s e e  from ( 3 . 1 )  t h a t  t h e  s t a t i o n a r y  condition 



i m p l i e s  t h a t  A 

E q .  ( 3 . 2 b )  i s  e q u i v a l e n t  t o  Eq. ( 3 . 2 a )  . I n  f a c t ,  a p p l y i n g  ( 2 . 6 1 )  t o  

E q .  ( 3 . 2 b )  a n d  p e r f o r m i n g  the i n t e g r a t i o n  ./ 3 dp M (r, p) on  b o t h  

sides o f  Eq.  ( 3 . 2 b )  g i v e :  

Thus ,  

E q .  ( 3 . 4 )  i s  a c t u a l l y  ( 3 . 2 a )  . 
- 

Eq. ( 3 . 2 a )  o r  Eq.  ( 3 . 4 )  is. t h e  ~ c h w i n ~ e r - ~ y s o n  e q u a t i o n  which  
i 

we w i l l  u t i l i z e  t o  s t u d y  c h i r a l  symmetry b r e a k i n g .  B o t h  VCn a n d  

VAF y i e l d  t h e  same S-D e q u a t i o n .  T h i s  f u r t h e r  c l a r i f i e s  t h e  p o i n t  

t h a t  t h e s e  t w o  e f f e c t i v e  p o t e n t i a l s  are  e q u i v a l e n t  u p  t o  t h e  

s t a t i o n a r y  c o n d i t ' i o n .  

E q .  ( 3 . 2 a )  (S-D e q u a t i o n )  i s  a n  i n t e g r a l  e q u a t i o n  t h a t  i s  
1 

p r e s u m a b l y  i m p o s s i b l e  t o  b e  s o l v e d  a n a l y t i c a l l y .  The p r a c t i ~ a l x ,  
, f 1 

way t o  s t u d y  t h i s  e q u a t i o n  q u a n t i t a t i v e l y  i s  t o  s o l v e  i t  " 

n u m e r i c a l l y .  However, it would b e  h e l p f u l  t o  d o  some s i m p l e  

a n a l y t i c a l  a n a l y s i s  a n d  g e t  q u a l i t a t i v e  i d e a s  a b o u t  how t h e  



solutions of the equation may behave in the.asymptotic regime 

(large and small momentum p regime). To do this, it is convenient 

to break the momentum integration in Eq.(3.2a) into two regions 

and expand the logarithm appropriately for each region: 

a n d  

hence, 

E q . , ( 3 . 5 )  then becomes: 



F o r  b o t h  l a r g e  p a n d  s m a l l  p ( r e l a t i v e  t o  a / 8  s i n c e  a p r o v i d e s  a n  

i n t r i n s i c  s c a l e ) ,  a s y m p t o t i c  forms o f  U p )  may b e  f o u n d  by' 

r e t a i n i n g  o n l y  t h e  f i r s t  t e r m  i n  t h e  e x p a n s i o n  o f  t h e  l o g a r i t h m . , .  , 

I n  t h i s  a p p r o x i m a t i o n ,  t h e  i n t e g r a l  e q u a t i o n  may b e  c o n v e r t e d  t o '  

a more manageable  s e c o n d  o r d e r  n o n - l i n e a r  d i f f e r e n t i a l  e q u a t i o n :  

t h e r e f o r e ,  

I n  t h e  l i m i t  p+a/8, t h i s  e q u a t i o n  c a n  b e  s i m p l i f i e d  a s  

I f  w e  f u r t h e r  assume t h a t  p>>C(p) ( t h i s  comes f rom t h e  assumpt i ,on  

t h a t  t h e r e  e x i s t s  a  h i e r a r c h y  between g e n e r a t e d  mass C(p) a n d  t h e  
C 

i n t r i n s i c  s c a l e  a ) ,  Eq.(3.11) may b e  l i n e a r i z e d  t o  t h e  f o l l w i n g  

form : 

One t h i n g  t h a t  h a s  t o  b e  made c l e a r  h e r e  i s  t h a t  t h e  u s e  o f  t h i s  



d 

l i n e a r  d i f f e r e n t i a l  e q u a t i o n  i s  s e l f - c o n s i s t e n t  o n l y  i f  t h e  

h i e r a r c h y  Z(p)<<u/8 emerges from t h e  f u l l  n o n - l i n e a r  i n t e g r a l  

equa t ion- - - the  S-D e q u a t i o n .  T h i s  w i l l  be checked s h o r t l y  u s i n g  a 

numer i ca l  a n a l y s i s  o f  t h e  S-D e q u a t i o n .  

I t  i s  t h e n  n o t  d i f f i c u l t  t o  see t h a t  t h e  l i n e a r  d i f f e r e n t i a l  

e q u a t i o n  ( 3 . 1 2 )  h a s  s o l u t i o n s  o f  t h e  form 

where a = - ( - I &  4 I-" ) 
2 X ~ N  

i 1 

For  l a r g e  N, t h e  two s o l u t i o n s  i n  t h e  a sympto t i c  regime a r e  

\ 

&(p) b a r e l y  f a l l s  a s y m p t o t i c a l l y  wh i l e  &(p) i s  roughly  of  o r d e r  

l / p .  For  ~ < 3 2 / n ~  (=3.2), t h e  s o l u t i o n s  f a l l '  l i k e  1/dp t i m e s  a  

f u n c t i o n  t h a t  o s c i l l a t e s  i n  Ln(p). Whether t h e  o s c i l l a t d r y  

behav iou r  i s  seen  i n  t h e  s o l u t i o n s  o f  t h e  f u l l  i n t e g r a l  e q u a t i o n  

depends on t h e  range  ( h i e r a r c h y )  a v a i l a b l e  between Z(p) and a. 

W e  now t u r n  t o  t h e  o t h e r  regime p>>a/8 . I n  t h i s  l i m i t ,  

Eq. ( 3 . 1 0 )  becomes: 

E q . ( 3 . 1 5 )  admi t s  t w o * p o s s i b l e  a s y m p t o t i c  s o l u t i o n s :  
- 

A a z, (P) = - { l + a - +  ...... }, where a = -  
2 

p2 P 3X2 N 
, \  

2 L, 

where b= (3. i 6 )  
7c2 N 



It can be seen, however, that the solution &(p), corrsponding to 

a bare mass., is not compatible with the homogeneous \ 
equation(3.2). A bare mass has simply been banished from the 

theory by not including an inhomogeneous term in this equa'tion. 

Therefore, in the large momentum (p>>a/8) regime, one would 

expect that C(p) exhibits approximately l/p2 behaviour. 

In the above analytical discussion, we have made the 

assumption that the dynamically generated mass is much smaller- 

than the intrinsic scale w ~ e ~ .  The consistency .of this 

assumption must be checked by solving the S-D equation 

completely, Yet, the explicit solutions we have discussed so far 

are only asymptotic and qualitative, other words, their 

behaviour over all momenta.regime and their magnitudes are not 

determined until the non-linearities are taken .into account. A 

numerical analysis is, therefore, necessary to be persormed for a 

complete study of the non-linear ~chwin~er- son integral 
equation (3.2) . Written down explicitly, Eq (3.2) is 

Recalling that both z(p) and a here have dimensions of mass, we 
h 

define 



t o  be d i m e n s i o n l e s s  v a r i a b l e s  a n d  f u n c t i o n s  f o r  t h e  c o n v e n i e n c e  

of  d o i n g  n u m e r i c a l  a n a l y s i s .  - 

Thus,  Eq .  ( 3 . 2 )  becomes : ' 

0 1 x t y  + - Y B(Y) 
B(x) = 1 dy LI-4 ( ) (3.18) 

2n2 N x 
0 - 1 Ix -  j I +  - y2+ B ~ ( Y )  , 

8 

The f e r m i o n  f l a v o u r  number N i s  now t h e  o n l y  p a r a m e t e r  i n  t h i s  

i n t e g r a l  e q u a t i o n .  The r i g h t  hand side o f  t h i s  e q u a t i o n  c o n t a i n s  
' 

\ 1 

a n  e x p l i c i t  f a c t o r  o f  1 / N .  A s o l u t i o n  z(p)  w i l l  t h e n  c l e a r l y  have 

t o  e x h i b i t  some N d e p e n d e n c e .  

W e  f u r t h e r  r e s c a l e  t h e  f u n c t i o n  &x) 

where C  i s  a n  a d j u s t a b l e  c o n s t a n t .  

S u b s t i t u t i n g  ( 3 . 1 9 )  i n t o  ( 3 . 1 8 )  , w e  have  a n  ' i n t e g r a l  e q u a t i o n  
\\ n(,) : 

With t h e  e x i s t e n c e  o f  t h i s  s c a l i n g  p a r a m e t e r  C, we may a c h i e v e  

r e a s o n a b l e  s e n s i t i v i t y  t o  t h e  'shape o f  t h e  s o l u t i o n s .  

To make E q . ( 3 . 2 0 )  more manageable ,  w e  u s e  a n  u l t r a v i o l e t  , 

c g t o f f  b>'a/8 t o  t h e  integral. A r e a s o n a b l e  c u t o f f  w i l l  b e  t h e  

, one  t o  which t h e  s c l u t i o n s  a r e  q u i t e  insensitive. 



The n u m e r i c a l  method w e  have  u s e d  f o r  s o l v i n g  t h i s  i n t e g r a l  

' e q u a t i o n  i s  t h e  I ' quadra tu re  method1' i n  which a n  a p p r o p r i a , t e  

q u a d r a t u r e  r u l e  msy b e  u s e d  t o  a p p r o x i m a t e  t h e  i n t e g r a t i o n  i n  t h e  
B 

- 

i n t e g r a l  e q u a t i o n .  Here r e p e a t e d  S i m p s o n ' s  q u a d r a t u r e  r u l e  h a s  

been  u s e d  and  t h e  n u m e r i c a l  p r o c e d u r e s  a r e  a s  f o l l o w s :  

where t h e  i n t e g r a t i o n  i s  a p p r o x i m a t e d  by S i m p s o n ' s  summation.  M 

i s  t h e  nurnbe; o f  i n t e r v a l s  t o  which t h e  i n t e g r a t i o n  r a n g e  i s  

d i v i d e d  and  h i s  t h e  s t e p  s i z e .  f yi, i= 0, ......, M ) a r e  t h e  mesh 

p o i n t s .  

Eq. ( 3 . 2 1 )  s h o u l d  h o l d  f o r  x = y m , m = 0 , 1 , 2  ,......, M .  

L e t  Z i =  B(y i ) ,  i =O, 1,2, ......, M, w e  have  a  set  o f  n o n - l i n e a r  

a l g e b r a i c  e q u a t i o n s  a p p r o x i m a t i n g  t h e  o r i g i n a l  i n t e g r a l  e q u a t i o n :  

where m r u n s  o v e r  0, 1, 2 ,......, M. 

I n . p r i n c i p l e ,  w e  may g e t  s o l u t i o n s  (2,) o r  (B(y,))---the 

n u m e r i c a l  s o l u t i o n s  o f  t h e  S-D equa t ion- - -by  s o l v i n g  t h i s  se t  o f  

a l g e b r a i c  e q u a t i o n s .  E q . ( 3 . 2 3 )  i s ,  however,  n o n - l i n e a r  a n d  

t h e r e f o r e  n o t  e a s i l y  s o l v e d .  P r a c t i c a l l y ,  w e  have  e m p l o y e d ,  

> .  
Newton 's  method t o  l i n e a r i z e  Eq.  ( 3 . 2 3 ) ,  t h a t  i s ,  Newton ' s  



i t e r a t i v e  p r o c e d u r e  h a s  been  u s e d .  

I n  Newton 's  method a se t  o f  n o n - l i n e a r  a l g e b r a i c  e q u a t i o n s  

F$ (2,) )=o i , j = l ,  ......, n (3.24) 

c a n  b e  r e d u c e d  t o  a l i n e a r  one  by u s i n g  t h e  f o l l o w i n g  i t e r a t i v e  

p r o c e d u r e  : 

m = 0 , 1 , 2 ,  ......, K i n d i c a t e s  t h e  o r d e r  o f  i t e r a t i n g  s t e p s .  E q .  ( 3 . 2 5 )  

c a n  b e  w r i t t e n  i n  a more t r a n s p a r e n t  fo rm:  

where 

a n d  

I f ' w e  s t a r t  f rom o n e  a p p r o p r i a t e  i n i t i a l  se t  o f  n u m e r i c a l  v a l u e s  

( z ~ } ,  t h e  l i n e a r  e q u a t i o n s  f o r  t h e  i t e r a t e s  (z,(')) c a n  b e  e a s i l y  

s o l v e d - .  Once ( z,(')} i s  o b t a i n e d ,  w e  can  s o l v e  ( 3 . 2 7 )  a g a i n  f o r  

{z,(~)} a n d  s o . o n  u n t i l  t h e  i t e r a t e s  c o n v e r g e  t o  some (z,(*)]. (z.(*)) 
J 

w i l l  t h e n  b e  t h e  s o l u t i o n  o f  t h e  n o n - l i n e a r '  e q u a t i o n s  ( 3 . 2 4 ) .  

Newton 's  method s i m p l i f i e s  t h e  problem s i n c e  s o l v i n g  l i n e a r  

..- a l g e b r a i c  e q u a t i o n s  i s  n o t  d i f f i c u l t .  

- --- 

F rom ( 3 . 2 3 ) ,  w e  have t h e  n o n - l i n e a r  e q u a t i o n s  



To l i n e a r i z e  ( 3 . 2 9 )  f o l l o w i n g  ( 3 . 2 7 ) ,  w e  n e e d  t o  c o m p u t e  t h e  
rY 

m a t r i x  e l e m e n t s  ( F ) m k  d e f i n e d  b y  ( 3 . 2 7 )  . 
1 

hence 

1 
I 1 q + y m + 8  - 6  - @)-Id 1 

yk (Y; - c y  ) 
(F)rnk-  rnk 2 x 2 ~  ym I Y ~ - Y , I +  1 8 (y:+c5$'* 

7 ;  - -  - , we come ro a set of l i n e a r  e q u a t i o n s  which t a k e s  t h e  



F o r  s o l v i n g  E q . ( 3 . 3 2 ) ,  SFU MTS compute r  s y s t e m  w a s  u s e d  a n d  a 

F o r t r a n  s u b r o u t i n e  was  c a l l e d .  P r a c t i c a l l y ,  t h e  number o f  mesh 

p o i n t s  w a s  t a k e n  t o  b e  700 .  The 700 p o i n t s  were n o t  e q u a l l y  

s p a c e d  b e c a u s e  o f  t h e  c o n s i d e r a t i o n  o f  t h e  p o s s i b l e  r a p i d l y  

c h a n g i n g  b e h a v i o u r  o f  t he  s o l u t i o n s  i n  t h e  i n f r a r e d  r e g i o n  a s  

s u g g e s t e d  b y  t h e  p r e v i o u s  a n a l y s i s  o f  t h e  S-D e q u a t i o n .  

C o m p u t a t i o n s  were pe r fomed  f o r  d i f f e r e n t  v a l u e  o f  t h e  f e r m i o n  

f l a v o u r  number N .  I n  f a c t ,  f o r  N = 0.5, 1.0, 1.2, 1.4 ,........., 2.6,2.8, t h e  

S-D i n t e g r a l  e q u a t i o n  w a s  n u m e r i c a l l y  s o l v e d  f o l l o w i n g  t h e  

p r o c e d u r e s  s t a t e d  a b o v e  a n d  t h e  non-ze ro  s o l u t i o n s  C(p) are f o u n d .  

The n u m e r i c a l  r e s u l t s  x(p)/Ct vs p / a  f o r  N = 0.5, 1.0, 1.2,2.4 a re -  

p l o t t e d  i n  F i g . 5 ,  F i g . 6 ,  F i g . 7  a n d  F i g . 8 .  

The same c o m p u t a t i o n s  w e r e  a l s o  done  f o r  l a r g e r  N v a l u e s .  

2 o x e v e r ,  t h e  n u m e r i c a l  r o u n d - o f f  e r r o r  became p r o b l e m a t i c  b e c a u s e  

t h e  m a g n i t u d e s  o f  t h e  s o l u t i o n s  a r e  v e r y  s m a l l  when N i n c r e a s e s .  

T h e r e f o r e  no  n u m e r i c a l l y  s t a b l e  s o l u t i o n s  were f o u n d  f o r  l a r g e r  N 

v a l u e s .  

F o r  c h e c k i n g  t h e  r e l i a b i l i t y  o f  t h e  s o l u t i o n s  f o u n d ,  s e v e r a l  

r e n t  s e t s  o f  i n i t i a l  v a l u e s  { Z,(') } were u s e d .  D i f f e r e n t  

i z i z i a l  v a l u e s ,  however ,  o n l y  r e s u l t e d  i n  t h e  d i f f e r e n c e  .of t h e  

pqm-, , , . . . _ y ~ t i n g  t i m e  t a k e r .  a n d  t h e  f i n a l  r e s u l t s  f rom d i f f e r e n t  i n i t i a l  

~ ~ z l - ~ e s  a l l  c o n v e r g e  t o  same s o l u t i o i ; .  



111 o r d e r  t o  check t h e  numer ica l  method wer a o  adop ted  t h e  3 s imple ,  s e l f - c o n s i s t e n t  i t e r a t i v e  p rocedure ,  nam y ,  t h e  

" r e p e a t e d  s . u b s t i t u t i o n " ,  t o  so$ve t h e  n o n - l i n e a r  a l g e b r a i c  

e q u a t i o n s  ( 3 . 2 3 ) .  Although t h i s  i t e r a t i v e  method w a s  more 

time-consuming t h a n  t h e  Newton's i t e r a t i v e  method, it a l s o  

p r o v i d e d  t h e  convergent  r e s u l t s - - - t h e  numer i ca l  s o l u t i o n s  which 

a r e  t h e  same as t h o s e  o b t a i n e d  by u s i n g  Newton's method. 

The numer i ca l  s o l u t i o n s ,  a s  shown i n  F i g . 5 ,  6 ,  7 ,  and  F i g . 8 ,  

have t h e  q u a l i t a t i v e  behav io r  w e  d i s c u s s e d  b e f o r e .  The h i e r a r c h y  

between t h e  fermion g e n e r a t e d  mass C(0) and  t h e  i n t r i n s i c  s c a l e  a 

does  emerge from t h e  n o n - l i n e a r  S-D e q u a t i o n  s i n c e  z(O)/a f o r  each  

v a l u e  N i s  much s m a l l e r  t h a n  1. And a s  t h e  v a l u e  o f  N i n c r e a S e s ,  

t h e  h i e r a r c h y  becomes l a r g e r .  The appearance  - o f  such  h i e r a r c h y  i s  

v e r y  i n t e r e s t i n g  b u t  no t  s u r p r i s i n g  s i n c e  a  h i e r a r c h y  between t h e  

fe rmion  g e n e r a t e d  mass and t h e  i n t r i n s i c  s c a l e  a p p e a r s  i n  some 

models of f o u r  dim_e,"~ional t h e o r i e s  where a  s m a l l  d i m e n s i o n l e s s  

pa rame te r ,  l i k e  1 / N  i n  o u r  model, e x i s t s .  R e c a l l i n g  t h e  

a s y m p t o t i c  s o l u t i o n s  of t h e  S-D e q u a t i o n  w i t h i n  t h e  r e g i o n  

C(p)<cpc<a f o r  Nc3.2, one may n o t i c e  t h a t  t h e  numer i ca l  s o l u t i o n s  

do  no t  e x h i b i t  t h e  o s c i l l a t o r y  behav iou r  which i s  s u g g e s t e d  by 

t h e  a n a l y t i c a l  a sympto t i c  s o l u t i o n s .  Th i s  i s ,  however, 

u n a e r s t a n d a b l e .  Although t h e r e  i s  a  h i e r a r c h y  between C(0) and  a, 

this gap may no t  be so  l a r g e  t h a t  t h e  o s c i l l a t o r y  s o l u t i o n s  found 

will o b v i o u s l y  p l a y  a r o l e  i n  t h e  r e g i o n  C(p)<<p <<cr/8. When it 

comes t o  t h e  u l t r a v i o l e t  ( l a r g e  momentum) a s y m p t o t i c  r e g i o n ,  one 

can s e e  > h a t  t h e  riurnerical s o l u t i o n s  go t o  z e r o  f o l l o w i n g  



F i g u r e  5 :  S o l u t i o n  of  t h e  S - D  e q u a t i o n  f o r  f e r m i o n  f l a v o r  number 

N=0.5. 



F i g u r e  6 :  S o l u t i o n  o f  t h e  S-D e q u a t i o n  f o r  f e r m i o n  f l a v o r  number  







approximately the 1 /p2 behaviour which is ~ i v e n  by the analytical 

analysis. 

What we can conclude from the above analysis is as followS. 

Up to the stage of approximations we have made, we found non-zeao 

numerical solutions of the Schwing -Dyson equation for the T 
values of N from 0.5 to 2.8. This ikicates that the chiral 

, symmetry of this model may possibly be broken at least for these 

values of fermion flavour number. Although we have the practical 

ifficulty in finding solutions for larger values of N as we 

xplaihed above, it seems to us that there is no reason why one 

khould not expect non-trivial solutions for large N values. 

~ynamical chiral symmetry breaking may take place for all values 

of the fermion flavour number 'N. 

Whether or not these non-trivial solutions which indicate the 

possibility of dynamical symmetry breaking actually correspond to 

the stable vacuum configuration of the theory is the question to 

be answered in the next chapter. 



CHAPTER 4 

STABILITY ANALYSXS 

4 .  S t a b i l i t y  o f  The C h i r a l  Symmetry Break ing  S o l u t i o n s :  

Given t h e  s o l u t i o n s  o b t a i n e d  i n  t h e  l a s t  c h a p t e r ,  w e  are l e f t  

w i t h  t h e  q u e s t i o n  o f  whether  o r  n o t  t h e s e  c h i r a l  symmetry 

b r e a k i n g  s o l u t i o n s  a r e  s t a b l e .  That  is ,  under  s m a l l  a r b i t r a r y  

v a r i a t i o n s  about  t h e  s t a t i o n a r y  p o i n t s ,  do t h e  s o l u t i o n s  d i v e r g e  

from o r  r e t u r n  t o  t h e  s t a t i o n a r y  p o i n t s ,  o r  i n  o t h e r  words, 

t h e  s t a t i o n a r y  p o i n t s  co r r e spond  t o  t h e  l o c a l  minima o f  t h e  

e f f e c t i v e  p o t e n t i a l s ?  To see t h i s  f ea tGre ,  w e  expand t h e  

e f f e c t i v e  p o t e n t i a l  V[x] about  t h e  s t a t i o n a r y  p o i n t  Z(p): 

A t  t h e M t a t i o n a r y  t h e  f i r s t  d e r i v a t i v e  sa t i s f ies  : 

Eq. (4 .1 )  t h e n  becomes: 

The answer t o  t h e  s t a b i l i t y  q u e s t i o n  l i e s  t h e n  i n  t h e  second  

q u a d r a t i c  t e rm of  Eq.(4.2). T h i s  t e rm a c t u a l l y  i s  t h e  e x p e c t a t i o n  

v a l u e  of t h e  f u n c t i o n a l  second d e r i v a t i v e  o p e r a t o r  62~[C]/6Z(p)6C(q) 

---the s o - c a l l e d  s t a b i l i t y  o p e r a t o r  o r  c u r v a t u r e  o p e r a t o r  a t  

non-vanish ing  s o l u t i o n  Z(p). I f  t h e  e x p e c t a t i o n  v a l u e  i s  a lways 

p o s i t i v e  for e v e r y  p h y s i c a l l y  a l l o w a b l e  v a r i a t i o n  6C(p), t h e  

'? 



c o r r e s p o n d i n g  s t a t i o n a m  p o i n t  ( c h i r a l  symmetry b r e a k i n g  
CI 

' s o l u t i o n )  i s  s t a b l e ;  i f  t h e  e x p e c t a t i o n  v a l u e  c a n  b e  e i t h e r  

p o s i t i v e  o r  n e g a t i v e ,  t h e  c o - r r e s p o n d i n g  c h i r a l  symmetry b r e a k i n g  

s o l u t i o n  i s  t h e n  a n  u n s t a b l e  s a d d l e  p o i n t .  The t e r m  " p h y s i c a l l y  

a l l o w a b l e  8C(p)" means t h e  set o f  f u n c t i o n s  E ( p )  which  k e e p s  t h e  

e f f e c t i v e  p o t e n t i a l s  c o n t i n u o u s  a n d  s a t i s f i e s  c e r t a i n  boundgry 

c o n d i t i o n s ,  namely,  t h e  c o n d i t i o n s  t h a t  8S(p) s h o u l d  p r e s e r v e  t h e  

f i n i t e n e s s  o f  x(p) a s  p  - 0  a n d  t h e  l l p 2  b e h a v i o r  o f  z(p) a s  p  4-. 

F o r  t h e  C J T  a n d  AF e f f e c t i v e  p o t e n t i a l s  g i v e n  by (2.59): 

t a k i n g  t h e  f u n E t i o n a 1  s e c o n d  d e r i v a t i v e s  o f  t h e  e f f e c t i v e  

p o t e n t i a l s  w i t h  r e s p e c t  t o  x(p), w e  have ,  t h e  two s t a b i l i t y  

o p e r a t o r s  r e s p e c t i v e l y :  

where D(p) i s  ' d e f i n e d  a s  



5 4 . 2  S t a b i l i t y  A n a l y s i s  O f  The Non-Symmetry-Breaking S o l u t i o n  

s i n c e  z ( p ) = O  i s  a l w a y s  a  " t r i v i a l "  s o l u t i o n  o f  t h e  S-D 

e q u a t i o n  which c o r r e s p o n d s  t o  t h e  vacuum c o n f i g u r a t i o n  w i t h  n o  

a c h i r a l  symmetry b r e a k i n g ,  it i s  q u i t e  i n t e r e s t i n g  a n d  n o n - t r i v i a l  

t o  s t u d y  t h e  l o c a l  s t a b i l i t y  of  t h i s  vacuum c o n f i g u r a t i o n .  I n  t h e  

model o f  f o u r - d i m e n s i o n a l  QED, t h e  l o c a l  s t a b i l i t y  o f  t h e  vacuum 

o f  unbroken syqmet ry  w a s  s t u d i e d  ( [ 1 7 ] )  a n d  a  c r i t i c a l  v a l u e  f o r  

t h e  d i m e n s i o n l e s s  p a r a m e t e r - - - c o u p l i n g  c o n s t a n t  g---was 

d e t e r m i n e d  s u c h  t h a t  when t h e  c o u p l i n g  c o n s t a n t  i s  l a r g e r  t h a n  

t h i s  c r i t i c a l  v a l u e ,  t h e  vacuum w i t h  unbroken symmetry i s  

u n s t a b l e  a n d  when t h e  c o u p l i n g  c o n s t a n t  i s  s m a l l e r  t h a n  t h e  

c r i t i c a l  v a l u e ,  t h i s  vacuum i s  s t a b l e .  I n  o u r  model  t h e r e  a l s o  i s  

a d i m e n s i o n l e s s  parameter - - -1 /N.  Our aim h e r e ,  t h e r k f o r e ,  i s  t o  

s e e  w h e t h e r  o r  n o t  a  c r i t i c a l  v a l u e  f o r  t h i s  p a r a m e t e r  c a n  b e  

f o u n d ' i n  t h e  same s e n s e  a s  in .  t h e  f o u r - d i m e n s i o n a l  mode l .  

For  - t h e  s o l u t i o n  z(p)=O--- the o r i g i n  o f  t h e  f u n c t i o n a l  s p a c e  

- - - t h e -  two s t a b i l i t y  o p e r a t o r s  g i v e n  by (4.3) a n d  (4.4) t a k e  t h e  

s i n p l e r  forms a s  f o l l o w s  



where t h e  d e f i n i t i o n  of t h e  i n v e r s e  ~ - l ( p , q )  i s  g iven  by 

The major  purpose  o f  do ing  s t a b i l i t y  a n a l y s i s  h e r e  i s  t h e n  t o  

j u s t i f y  whether  o r  n o t  t h e  e x p e c t a t i o n  v a l u e s  of  t h e  above - 
s t a b i l i t y  o p e r a t o r s  a r e  a lways p o s i t i v e  f o r  any p h y s i c a l l y ;  

S i n c e  a t 5 t h e  o r i g i n ,  t h e  two e f f e c t i v e  p o t e n t i a l s  s h o u l d  

'provide '  t h e  same i n f o r m a t i o n  about  t h e  l o c a l  s t a b i l i t y  and t h e  

CJT s t a b i l i t y  o p e r a t o r  (4.6) l o o k s  e a s i e r  t o  d e a l  w i th ,  we now 

c o n c e n t r a t e  on t h i s  o p e r a t o r  denoted.  by H: 

9 4 . 2 . 1  F u n c t i o n a l  A n a l y s i s  

I t  i s  wpll-known t h a t  t.he v e c t o r  space  L ~ ( o , = )  which c o n t a i n s  
'. 

a l l  t h e  s q u a r e - i n t - e g r a b l e  f u n c t i o n s  i s  a  H i l b e r t  s p a c e .  However, ' 

J 
- physic'al c o n d i t i o n s  on v a r i a t i o n s  6C(p) a s  s t a t e d  above r e q u i r e  us 

.<  g,/ . t o  s t a r t  from a subspace  of L~(O,-)  on which t h e  o p e r a t o r  H can be 

p h y s i c a l l y  w e l l - d e f i n e d .  Th i s  subsphce i s  c a l l e d  t h e  domain of  

d e f i n i t i o n  of  H .  



b 

L e t  u s  c o n s i d e r  a d e n s e  s u b s p a c e  D i n c l u d e d  i n  domain D ( ~ - ' ~ )  

( t h e  domain o f  f u n c t i o n s  which, m u l t i p l i e d  by p-lR, are s q u a r e -  

i n t e g r a b l e )  i n  which t h e  o p e r a t o r s  H a n d  ,p-lR are w e l l - d e f i n e d  a n d  
J 

symmet r i c ,  t h a t  

. Hf l L2 (09-1 

is, f o r  a n y  f ~ ~ c ~ ( p - " ) ,  

a n d  

o r  more s p e c i f i c a l l y  Mfe L2(0,-) 

I n  r e f e r e n c e  [l6] , A .  A r n e r ,  A .  L e  ~ a o u a n c ,  L .  O l i v e r ,  0 .  - ~ & e  ' 

a n d  J - C  Rayna l  ' p roved  t h a t  t h e  k e r n e l  

d e f i n e s  a bounded ~ y r n m e t r i c  o p e r a t o r  i n  ~ ~ ( 0 , - )  w i t h  a f i n i t e  - 
norm: 

Borrowing t h i s  r e s u l t  and  obser;ing t h a t  t h e  k e r n e l  

r e l e v a n t  t o  o u r  p rob lem i s  a l w a y s  less t h a n  t h e  k e r n e l  Kl(p,q), one  
- 

s e e s  t h a t  K2(p.q) a l s o  d e f i n e s  a  bounded o p e r a t o r  i n  ~ ~ ( 0 , - )  w i t h  , 

f i n i t e  norm 

F o r  a n y   ED,^ t h e  e x p e c t a t i o n  v a l u e  o f  H i s  



D e f i n i n g  

i 

o n e  h a s  

The e x p e c t a t i o n  v a l u e  (4.11) t h e n  becomes 

1 

S i n c e  i t  i s  shown t h a t  K2(p7q) i s  a  bounded  o p e r a t o r  on  L~(O, - )  w i t h  

f i n i t e  norm c,' it i s  t h e n  t r u e  t h a t  iff,K.#)/Cf',f) i s  a l w a y s  

f i n i t e .  However if o n e  a n a l y z e s  t h e  f a c t o r  Cf, l / p f ) / d f ,  f ) ,  o n e  f i n d s  

that e v e n  t h o u g h  Cf,l /pf)  i s  f i n i t e ,  t h i s  f a c t o r  i s  n o t  bounded  

f r o m  a b o v e .  T h a t  i s ,  g i v e n  a n y  p o s i t i v e  v a l u e  A ,  o n e  c a n  f i n d  

some f € D  s u c h  t h a t  

1 

An e x a m p l e  o f  t h i s  k i n d  o f  f i s  



which y i e l d s  

T h e r e f o r e ,  one  can  a lways  c h o o s e  a t o  make (4.15) a r b i t r a r i l y  

l a r g e .  

F o l l o w i n g  t h i s  f a c t ,  one  o b s e r v e s  t h a t ,  g i v e n  a n y  f i n i t e  

v a l u e  N, it i s  p o s s i b l e  t h a t  t h e r e  e x i s t s  fo€D so t h a t  

Hence 

(4.16) t h e n  i n d i c a t e s  t h a t  t h e  e x p e c t a t i o n  v a l u e  o f  t h e  o p e r a t o r  H 

may n o t  b e  p o s i t i v e ' d e f i n i t e  f o r  a n y  g i v e n  f i n i t e  v a l u e  o f  t h e  

f e r m i o n  f l a v o u r  number N. 

We t h e n  s u g g e s t  t h a t  t h e  c h i r a l  s y m m e t r y - p r e s e r v i n g  s o l u t i o n  

C(p) - 0 may c o r r e s p o n d  t o  t h e  l o c a l l y  u n s t a b l e -  p o i n t  .of t h e  

. e f f e c t i v e  p o t e n t i a l s  f o r  any  g i v e n  f e r m i o n  number N,  which  means 

t h e r e  may n o t  e x i s t  a c r i t i c a l  v a l u e  o f  t h e  f e r m i o n  f l a v o u r  

number i n  t h e  s e n s e  w e  s t a t e d  a t  t h e  b e g i n n i n g  o f  t h i s  s e c t i o n .  

5 4 . 2 . 2  Numerica l  Analys i ' s  

The  n u m e r i c a l  a n a l y s i s  o f  t h e ,  s t a b i l i t y  o p e r a t o r  d e f i n e d  i n  

(1.8) p r o v i d e s  s u p p o r t  t o  t h e  s u g g e s t i o n  drawn f rom t h e  f u n c t i o n a l  



a n a l y s i s  i n  t h e  p r e v i o u s  s e c t i o n .  

I n  d o i n g  t h e  n u m e r i c a l  a n a l y s i s ,  w e  s t u d y  t h e  f o l l o w i n g  

i n t e g r a l  e i g e n v a l u e  e q u a t i o n  o f  t h e  s t a b i l i t y  o p e r a t o r  . 

t h a t  i s ,  w e  s o l v e  t h i s  e q u a t i o n  n u m e r i c a l l y  a n d  d e t e , r m i n e  t h e  

p o s s i b l e  e i g e n v a l u e s  h,. The e q u i v a l e n t  form o f  Eq.(4.17) i s  

where p n = l  - h  n (4.18b) 

F o r  s o l - v i n g  a n  i n t e g r a l  e q u a t i o n  l i k e  (4.18a), t h e  s i m p l e s t  a n d  t h e  

most recommended n u m e r i c a l  method i s  b a s e d  on q u a d r a t u r e  r u l e s .  

The q u a d r a t u r e  r u l e  w e  u s e  h e r e  i s  t h a t  of  Gauss -Laguer re .  

N o t i c i n g  t h e  d i s c o n t i n u i t y  o f  t h e  f i r s t  d e r i v a t ' i v e  o f  t h e  k e r n e l ,  

w e  a d o p t  a m o d i f i e d  q u a d r a t u r e  n'tethod t o  remedy t h e  p o s s i b l e  

. d e f e c t  due  t o  t h i s  d i s c o n t i n u i t y .  Apply ing  t h e  ,Gauss-Laguerre * 

q u a d r a t u r e  r u l e  a n d  t h e  m o d i f i e d  method t o  ~q . (4 .18)  a n d  g o i n g  

t h r o u g h  t h e  p r o c e d u r e s  s imi la r  t o  t h o s e  pe r fo rmed  i n  s o l v i n g  t h e  
L 

S-D e q u a t i o n ,  w e  h a v e  a n  a l g e b r a i c  e i g e n v a l u e  p rob lem which 

a p p r o x i m a t e s  t h e  i n t e g r a l  e i g e n v a l u e  e q u a t i o n  (4.18) 

t h e  a p p r o x i m a t e  e i g e n v a l u e s  a n d  

a n d  



I n  (4.20) ( wi , i = 1,2, ..., n ) a r e  Gauss-Laguerre  w e i g h t  f a c t o r s  a n d  

{ yi, i = 1; 2,,.., n ) are Gauss-Laguerre  abscissae which a r e  c h o s e n  n o t  

t o  b e  z e r o .  T h i s  i s  u n d e r s t a n d a b l e  i f  one  n o t i c e s  t h e  s i n g u l a r i t y  

o f  t h e d k e r n e l  M(p,q) a s  5 -+of q -f 0 a n d  remembers t h e  f a c t  t h a t  w e  
\-s' 

a r e  o n l y  working w i t h  t h e  domain D o f  f u n c t i o n s  d e f i n e d  

p r e v i o u s l y .  

The a l g e b r a i c  e i g e n v a l u e  e q u a t i o n  (4.20) i s  s o l v e d  a n d  t h e  

a p p r o x i m a t e  e i g e n v a l u e s  a r e  d e t e r m i n e d  f o r  t h e  i n t e g r a l  

e i q e n v a l u e  e q u a t i o n  (4.17) by  u s i n g  a  64-po in t  Gauss -Laguer re  

q u a d r a t u r e  r u l e  a n d  c a l l i n g  a  s u b r o u t i n e  i n  t h e  NAG  ort ti an' 

L i b r a r y .  T h i s  n u m e r i c a l  p r o c e d u r e  i s  p e r f o r m e d  f o r  d i f f e r e n t  

Gauss-  L a g u e r r e  a b s c i s s a e  ( y i )  a n d  d i f f e r e n t  v a l u e s  of f e r m i o n  

f l a v o r  number N = 1.0, 1.2, 1.4, ..., 2.8, 3.0, ... . Some o f  t h e  n u m e r i c a l  

r e s u l t s  a r e  l i s t e d  i n  T a b l e  1 (see p a g e  7 9 ) .  The n u m e r i c a l  

c a l c u l a t i o n s  show t h a t ,  f o r  e&ch v a l u e  N g i v e n  above ,  by  

c a r e f u l l y  c h o o s i n g  t h e  a b s c i s s a e  ( y i )  which may c o r r e s p o n d  t o  t h e  

p o s s i b l e  e i g e n f u n c t i o n s  w i t h  i m p o r t a n t  i n f r a r e d  b e h a v i o r ,  one  c a n  

g e t  some n e g a t i v e  a p p r o x i m a t e  e i g e n v a l u e s  f o r  t h e  i n t e g r a l  
r. 

e i g e n v a l u e  e q u a t i o n .  T h i s  f a c t  s e e m s - t o  i n d i c a t e  t h a t  t h e  

e i g e n v a l u e  s p e c t r u m  o f  t h e  s t a b i l i t y  o p e r a t o r  H h a s  a  n e g a t i v e  

p a r t  f o r  any  f i n i t e  v a l u e  N .  The n u m e r i c a l  a n a l y s i s  t h e r e f o r e  

matches  w i t h  t h e  r e s u l t  -(4.16) o b t a i n e d  i n  t h e  p r e v i o u s  f u n c t i o n a l  

a n a l y s i s .  

r 

What w e  ma'y b e  a b l e  t o  c o n c l u d e  f rom above  a n a l y s i s  o f - , t h e  



l o c a l  s t a b i l i t y  of t h e  s o l u t i o n  x(p) = O  i s  t h a t  t h e  vacuum 
+ 

c o n f i g u r a t i o n  w i t h  bnbroken  c h i r a l  symmetry i s  u n s t a b l e  a n d  t h e  

c h i r a l  syrnmetry . 'breaking s o l u t i o n s  may b e  e n e r g e t i c a l l y  p r e f e r r e d  

by t h e  vacuum of  t h i s  t h e o r y .  T h i s  i s  t o  b e  v e r i f i e d  by t h e  work 

t o  b e  e x p l a i n e d  i n  t h e  n e x t  s e c t i o n .  

5 4 . 3  S t a b i l i t y  Z m a l y s i s  Of The C h i r a l  Symmetry B r e a k i n g  S o l u t i o n s  

With t h e  n o n - t r i v i a l  c h i r a l  symmetry b r e a k i n g  s o l u t i o n s  C(P)#O 

o b t a i n e d  by s o l v i n g  t h e  S-D e q u a t i o n  n u m e r i c a l l y ,  t h e  l o c a l  

s t a b i l i t y  ' ~ f  t h e s e  n o n - t r i v i a l  s o l u t i o n s  c a n  b e  a n a l y z e d  by 

s t u d y i n g  t h e  e x p e c t a t i o n  v a l u e s  o f  t h e  s t a b i l i t y  o p e r a t o r s  (4.3) 

a n d  (4.4) a t  t h e  s t a t i o n a r y  p o i n t s .  S i n c e  t h i s  e x p , e c t a t i o n  v a l u e  

c a n  b e  e x p r e s s e d  i n  t e r m s  o f  t h e  e i g e n v a l u e s  o f  t h e  s t a b i l i t y  

o p e r a t o r s ,  t h e  p rob lem i s  r e d u c e d  t o  f i n d i n g  t h e  e i g e n v a l u e s  o f  

t h e  s t a b i l i t y  o p e r a t o r s .  

I n  f a c t ,  t h e .  e i g e n v a l u e  p rob lem i s :  

Expanding t h e  a r b i t r a r y  v a h a t i o n  6Z o f  t h e  ferrnion g e n e r a t e d  
3 

m a s s  i n  terms o f  t h e  e i g e n f u n c t i o n s  ) , one h a s  

T h e r e f o r e ,  t h e  e x p e c t a t i o n  v a l u e  o f  t h e  s t a b i l i t y  o p e r a t o r  i s  

g i v e n  as 



where t h e  o r t h o g o n a l i t y  r e l a t i o n  of  t h e  e i g e n f u n c t i o n s  {a,] h a s  

been used 

Consequent ly ,  a s  w e  can s e e  from (4.23), i f  a l l  t h e  e i g e n v a l u e s  a r e  

p o s i t i v e ,  t h e n  t h e  s t a t i o n a r y  p o i n t  x(p)fO c o r r e s p o n d s  t o  a l o c a l ,  

s t a b l e  minimum of  t h e  e f f e c t i v e  p o t e n t i a l ;  i f  a t  l e a s t  one 

e i g e n v a l u e  i s  n e g a t i v e ,  t h e  p o i n t  i s  t h e n  u n s t a b l e .  

For t h e  two s t a b i l i t y  o p e r a t o r s  g iven  by (4.3) and (4.4), t h e  

co r r e spond ing  e i g e n v a l u e  problems a r e  

and 

I n  ~ p r i r i c i p l e ,  t h e s e  two e i g e n v a l u e  problems-can be  s o l v e d  f o r  

each  n o n - t r i v i a l  symmetry b r e a k i n g  s o l u t i o n .  However, we f i n d  

s i g n i f i c a n t  d i f f i c u l t y  i n  a t t e m p t i n g  t o  s o l v e  t h e s e  two e q u a t i o n s  

d i r e c t l y  whereas t h e  f o l l o w i n g  e igenva lue  problem i s  much e a s i e r  * 

t o  d e a l  w i t h .  

I t  i s  p o s s i b l e  t o  e x t r a c t  t h e  s t a b i l i t y  i n f o r m a t i o n  from t h i s  



l a t t e r  e q u a t i o n  as  we w i l l  show i n  t h e  f o l l o w i n g  s t e p s .  

The o r t h o g o n a l i t y  r e l a t i o n  of t h e  e i g e n f u n c t  i o n s  ',(an ) 

L 

M u l t i p l y i n g  

t o  (4.29a) and i n t e g r a t i n g  o v e r  p g i v e s :  

M u l t i p l y i n g  

@m(q')D(q')M(q'.q)D(q) 

t o  (4.29b) and i n t e g r a t i n g  o v e r  q g i v e s :  

S u b s t r a c t i n g  (4.30b) f rom,  (4.30a), we ' have 
4 

\ 

which i m p l i e s  (4.28). 

Now w e  e v a l u a t e  t h e  e x p r e s s i o n s  of  t h e  e x p e c t q t i o n  

is g iven  b y  

v a l u e s  f o r  

t h e  A S  and CJT s t a b i l i t y  o p e r a t o r s  i n  t e rms  of  t h e  e i g e n v a l u e s  



A }  satisfying ~ q .  (4.27). 

I 

A straightforward calculation using (4,27),(4.28) and (2.61) gives: 

and 

therefore, 

and  

Finally, we have 



I t  was e s t a b l i s h e d  ([IS, 91)  t h a t  i n  t h e  model of four-dimensional 

QCD wi th  a  running coupl ing  cons tan t ,  t h e  s o l u t i o n s  of  the '  

Schwinger-Dyson equa t ion  c o r r e s p p d  t o  t h e  
4 

l o c a l l y  s t a b l e  minima 

i n  t h e  'AF formalism while t h e  same s o l u t i o n s  a r e  t h e  sadd le  

p o i n t s  i n  t h e  C J T  formalism. With  (4.34) and (4.35) having been 

ob ta ined ,  we w i l l  show, by s o l v i n g  t h e  e igenvalue  equa t ion  (4.27), t 

t h a t  t h e  s i m i l a r  r e s u l t s  hold  i n  our  model---QED,. 

I 

Before doing any numerical  computations,  we e s t a b l i s h  an 

i n t e r e s t i n g  argument t o  s e e  why t h e  c h i r a l  symmetry breaking  

s o l u t i o n s  correspond t o  t h e  sadd le  p o i n t s  of t h e  C J T  e f f e c t i v e  

p o t e n t i a l .  

R e c a l l  from (4.2) and (4.3) t h a t  t h e  expec ta t ion  va lue  of t h e  C J T  

s t a b i l i t y  o p e r a t o r  has  t h e  form 

We s h a l l  show t h a t  t h i s  expec ta t ion  va lue  of t h e  CJT  s t a b i l i t y  

o p e r a t o r  can be e i t h e r  nega t ive  ar p o s i t i v e R  by choosing . ' -  

a p p r o p r i a t e  v a r i a t i o n s  6C(p). 
- -- 

The s o l u t i o n s  x(p) o f  t h e  Schwinger-Dyson equa t ion  ob ta ined  i n  



t h e  t h i ~ d  c h a p t e r  have t h e  f o l l o w i n g  a s y m p t o t i c  b e h a v i o r s :  

X(p) + finite constant asp+O 

t h e r e f o r e ,  t h e  a s y m p t o t i c  behav io r  of  t h e  f u n c t i o n  D(p) d e f i n e d  as 

(4.5) i s  o b t a i n e d  a s  

S i n c e  t h e  s i g n  of  D(p) is  d i f f e s n t  i n  t h e  two a s y m p t o t i c  r e g i o n s ,  

t h e r e  i s  a t  l e a s t  one v a n i s h i n g  p o i n t  f o r  t h e  f u n c t i o n  D(p) i n  

momentum s p a c e .  Suppose t h e r e  i s  o n l y  one v a n i s h i n g  p o i n t  p = p o .  

I t  i s  p o s s i b l e  f o r  u s  t o  t a k e  a  p o s i t i v e  v a r i a t i o n  6x(p) which 

c o n t r i b u t e s  mainly  i n  t h e  i n f r a r e d  momentum r e g i o n  p < p o .  

T h e r e f o r e ,  

f o r  t h i s  p a r t i c u l a r  va r i a t i on?  That  i s ,  a l o n g  t h i s  p a x t i c u l a r  

d i r e c t i o n  i n  th'e f u n c t i o n a l  space ,  t h e  symmetry b r e a k i n g  s o l u t i o n  

co r r e sponds  t o  t h e  l o c a l l y  u n s t a b l e  p o i n t  o f  t h e  CJT e f f e c t i v e  
4 

p o t e n t i a l .  

t h a t  t h e r e  a r e  v a r i a t i o n s  t h a t  g i v e  p o s i t i v e  

t h e  CJT s t a b i l i t y  o p e r a t o r .  S i n c e  t h e  

i s  bounded from above,  b y  t a k i n g  



where 6, i s  a  smeared d e l t a  f u n c t i o n  of width  E .  W e  can make t h e  

f i r s t  t e r m  i q  (4.36) dominate  ove r  t h e  second t e r m  by c h o o s i n g .  , 

width  E a p p r o p r i a t e l y .   hen, i f  ;>p0 

Having proven t h a t  t h e  e x p e c t a t i o n  v a l u e  o f  t h e  C J T  s t a b i l i t y  
- 

o p e r a t o r  can  be  e i t h e r  p o s i t i v e  o r  n e g a t i v e  a l o n g  d i f f e r e n t  

d i r e c t i o n s  i n  t h e  f u n c t i o n a l  space ,  w e  conc lude  t h a t : c h i r a l  
\ , - X  \ 

\ ,'- d symmetry b ~ e a k i n g  S o l u t i o n s  cor respond  t o  t h e  s a d d l 3  p o i n t s  o f  / 
d' 

L -,/ 

t h e  CJT e f f e c t i v e  p o t e n t i a l :  T h i s  argument w i l l  b e  suppor t ed  b y  
, l 

t h e  numer i ca l  r e s u l t s  t o  be  p r e s e n t e d  l a t e r .  

Numerical  a n a l y s i s  i s  performed t o  s o l v e  t h e  e i g e n v a l u e  

a e q u a t i o n  (4.27) and d e t e r m i n e  t h o s e  e i g e n v a l u e s  from which we can 

g e t  t h e  s t a b i l i t y  i n f o r m a t i o n .  

S u b s t i t u t i n g  i n t o  (4.5) t h e  numer ica l  s o l u t i o n s  of t h e  S - D  

e q u a t i o n ,  one g e t s  t h e  numer i ca l  d a t a  f o r  t h e  

, 
f u n c t i o n  D(p). D(p) f o r  N * 0.5,1.0,1.2 a r e  p l o t t e d  

and  F i g . 1 1 .  A s  w e  can  see from t h e  p l o t s ,  D(p) does  have a 

n e g a t i v e  v a l u e  r e g i o n  a l t h o u g h  t h i s  n e g a t i v e  v a l u e  r e g i o n  i s  very  

s m a l l  because  o f  t h e  s m a l l  magnitude of  t h e  s o l u t i o n  z ( p ) .  Knowing 

t h e  b e h a v i o r .  t h e  f u n c t i o n  now s o l v e  t h e  

e i g e n v a l u e  problem (4.27). 

c h a r a c t e r i s t i c  

N a t u r a l l y  t h e  q u a d r a t u r e  method i s  used h e r e  s i n c e  a n l y  t h e  



- 1 : 1 9 ~ r e  9: Characteristic function D ( p )  for N=O .5. 



F i g u r e  1 0 :  C h a r a c t e r i s t i c  
/ 

f u n c t i o n  D ( p )  f o r  



Figure 11: Characteristic function'D(p) for N=1.2. 



n u m e r i c a l  d a t a  f o r  D(p) w a s  o b t a i n e d .  N o t i c i n g  t h a t  t h e  n e g a t i v e  

v a l u e  r e g i o n  o f  D(p) i s  v e r y  small, w e  u s e  a  much s m a l l e r  - 
i n t e g r a t i o n  g r i d  f o r  t h i s  r e g i o n  t h a n  t h e  g r i d  s i z e  u s e d  f o r  

p o s i t i v e  v a l u e  r e g i o n 1  i n  o r d e r  t o  a c h i e v e  a  s e n s i t i v i t y  f o r  t h e  

i n f r a r e d  b a h a v i o u r s  o i  D(p) and  e i g e n f u n c t i o n s .  C o n s i d e r i n g  t h e  

boundary  c o n d i t i o n  t h a t  h?ts t o  be  s a t i s f i e d  i n  t h e  u l t r a v i o l e t  

r e g i o n  by t h e  v a r i a t i o n s ,  w e  u s e  a n  u l t r a v i o l e t  c u t o f f  f o r  t h e  

i n t e g r a l  a p p e a r i n g  i n  ~ q . ( 4 . 2 7 ) .  The e i g e n v a l u e  e q u a t i o n  (4.27) i s  

so1,ved u s i n g  t h e  n u m e r i c a l ~ t e c h n i q u e s  s t a t e d  above  f o r  a l l  t h o s e  
* 

1 

n o n - t r i v i a l  s o l u t i o n s  of  t h e  S-D e q u a t i o n .  The a p p r o x i m a t e  

e i g e n v a l u e s  f o r  N=0.5,1.0,1.2;2.0 a r e  l i s t e d  i n  T a b l e  2 .  

We n o t e  f rom T a b l e  2 t h a t  a l l  t h e  e i g e n v a l u e s  An a r e  p o s i t i v e  

a n d  some o f  them a r e  even  g r e a t e r  t h a n  1. R e f e r r i n g  t o  t h e  

e x p r e s s i o n s  g i v e n  by  (4.34) a n d  (4.33, w e  see t h a t  a l l  t h e  

e i g e n v a l u e s  o f  t h e  AF s t a b i l i t y  o p e r a t o r  a r e  p o s i t i v e .  T h e r e f o r e  
1 

t h e  e x p e c t a t i o n  v a l u e  o f  t h i s  o p e r a t o r  i s  p o s i t i v e  d e f i n i t e  

whereas  t h e  e x p e c t a t i o n  v a l u e  o f  t h e  C J T  s t a b i l i t y  o p e r a t o r  i s  

i n d e f i n i t e  s i n c e  some o f  i t s  e i g e n v a l u e s  a r e  p o s i t i v e  and  some of 

thein a r e  n e g a t i v e .  

W e  now c o n c l u d e  t h a t  t h e  c h i r a l  symmetry b r o k e n  vacuum 

c o n f i g u r a t i o n s  a f e  s t a b l e  a c c o r d i n g  t o  t h e  impfoved AF e f f e c t i v e  

, p o t e n t i a l  a n d  p r e f e r r e d  e n e r g e t i c a l l y  by t h e  vacuum o f  t h i s  

, t h e o r y .  However, i n  t h e . C J T  e f f e c t i v e  p o t e n t i a l  f o r m a l i s m ,  a s  w e  

have  d i s c u s s e d  b e f o r e ,  t h e  same vacuum c o n f i g u r a t i o n s  c o r r e s p o n d  

. . t o  t h e  s a d d l e  p o i n t s  o f  t h i s  e f f e c t i v e  p o t e n t i a l .  T h i s  i s  o n l y  



given for cbmparison since the CJT effective potential does-not 

provide the correct stability information. 



Table 1. /'Some of t h e  e igenva lues  of t h 3  s t a b i l i t y  o p e r a t o r  

( 4 . 8 )  a t  x ( p ) = O .  Negative e igenvalues  a r e  responsible 

f o r  t h e  local i n s t a b i l i t y .  

Table 2 .  Some o f  t h e  e i g e n v a l u e s  o f  (4.27). A l l  e igenvalues  2r.e 

p o s i t i v e  and some a r e  even g r e a t e r  than  1. 



CHAPTER 5 

SUMMARY 

I n  t h i s  t h e s i s  w e  s t u d y  t h e  dynamical  c h i r a l  symmetry 

break ing '  i n  quantum e l e c t r o d y n a m i c s  w i t h  N fermion f l a v o r s  i n  2 + 1  

d imens ions .  

Th i s  work was mo t iva t ed  by o b s e r v i n g  t h a t  t h e  u n d e r l y i n g  

t h e o r i e s  of  t h e  s t r o n g  i n t e r a c t i o n  must undergo dynamical  c h i r a l  

symmetry b r e a k i n g  and  t h e  p h y s i c a l  world r e s u l t i n g  from t h e  QCD 

Lagrangian i s  t h e n  n o n - p e r t u r b a t i v e .  S ince  t h e  QED, model i s  
\ 

s imple  and genuine s o  t h a t  w e  may pu r sue  a  s y s t e m a t i c  t r e a t m e n t  
-- - 

t o  t h e  non-per turb.a t ive  f e a t u r e  of  dynamical  c h i r a l  s y m e t r y  

b reak ing ,  we hope t h a t  t h i s  w i l l  shed  some l i g h t  on t h e  more 

compl ica ted  c a s e s  such  a s  t h e  gauge t h e o r i e s  o f  t h e  s t r o n g  

i n t e r a c t i o n .  

For s y s t e m a t i c - s t u d y  of  t h e  c h i r a l  symrietry b r e a k i n g ,  t h e  

e f f e c t i v e  p o t e n t i a l  formal ism proposed  by Cornwal l ,  Jack iw and 

Tornboulis, which i s  capab le  of  d e s c r i b , i n g  t h e  n o n - p e r t u r b a t i v e  
i 

f e a t u r e s  of  f i e l d  t h e o r i e s ,  was u s e d .  However, s i n c e  t h i s  

e f f e c t i v e  p o t e n t i a l  has  c e r t a i n  d e f e c t s  s o  t h a t  it can n o t  be  

used t o  t e s t  t h e  s t a b i l i t y  o f  t h e  vacuum c o n f i g u r a t i o n s  w i t h  

broken symmetry, w e  o p t e d  an improved e f f e c t i v e  p o t e n t i a l .  Up 'ap 
t o  t h e  s t a t i o n a r y  c o n d i t i o n ,  namely, t h e  c o n d i t i o n  t h a t  t h e  f i r s t  

. . 
f u n c t i o n a l  d e r i v a t i v e s  of t h e  e f f e c t i v e  p o t e n t i a l s  w i t h  r e s p e c t  

t o  t h e  fermion s e l f - e n e r g y  a r e  z e r o  a s  r e q u i r e d  by t h e  p h y s i c a l  



9 
p r o c e s s e s ,  t h e s e  t w o  e f f e c t i v e  p o t e n t i a l s  are e q u i v a l e n t  a n d  g i v e  

, 

same p h y s i c s :  Schwinger-Dyson (S-D). e q u a t i o n .  

I n  f a c t ,  there is  a n o t h e r  c h o i c e  o f  t h e - e f f e c t i v e  p o t e n t i a l .  

T h i s  e f f e c t i v e  p o t e n t i a l  i s  o r i g i n a l l y  due  t o  C a s a l b u o n i ,  D e  

C u r i t s ,  Domonic i  a n d  ,Gatto ( C D D G )  ( [ I 8 1  ) a n d  c o n t a i n s  t h e  *same 
\ 

p h y s i c s  a s  t h e  o r i g i n a l  CJT f o r m u l ' a t i o n .  I t  i s  shown i n  t h e  w o r k  

d o n e  b y  J . * O t u  and  K.S.  ~ i s w a n a t h a n  ([19]) t h a t  t h i s  m o d i f i e d  
I < 

e f f e c t i v e  p o t e n t i a l  i s  a l s o  bounded  irom be low a n d  . i s  s t ab le  

a g a i n s t  f l u c t u a t i o n s  t o  t h e  s t a t i o n a r y  c o n d i t o n ,  n a m e l y ,  - 

Schwinger -Dyson  e q u a t i o n  f o r  t h e  QCD-like g a u g e  t h e o r i e s .  

I n  c h a p t e r  3,  t h e  p o s s i b i l i t y f o f  d y n a m i c a l  c h i r a l  symmetry  

b r e a k i n g  in ,  t h i s  model t r e a t e & w i t h i n  t h e  f ramework  o f  1/N 

e x p a n s i o n  w a s  e x p l o r e d  b y  a n a l y z i n g  t h e  S - D - e q u a t i o n  a n a l y t i c a l l y  

a n d  n u m e r i c a l l y .  The n o n - t r i v i a l  c h i r a l  symmetry b r e a k i n g  

s o l u t i o n s  w i t h  e x p e c t e d  h i e r a r c h y  be tween  t h e  g e n e r a t e d  f e r m i o n  

mass C(p) a n d  ' t h e  i n t r i n s i c  e n e r g y  scale  a were f o u n d  n u m e r i c a l l y  

V o r  f e r m i o n  f l a v o r  number N = 0. 1.0, 1.2 ,..., 2.6, 2.8. A l t h o u g h  w e  h a d  t -  
p r a c t i c a l  d i f f i c u l t y  i n  f i n d - o n - t r i v i a l  s o l u t i o n s  f o r  l a r g e r  

f e r m i o n  f l a v o u r ' n u m b e r  N b e c a u s e , o f  t h e  v e r y  s m a l l  m a g n i t u d e  o f  . 
r 

x(O)la, w e  s u g g e s t e d  t h a t  n o n - t r i v i a l  s o l u t i o n s  e x i s t  f o r  a n y  

f i n i t e  v a l u e  o f  N .  The d y n a m i c a l  c h i r z h  symmetry b r e a k i n g  may 

t h e n  o c c u r  i n  t h i s  m o d e l .  F u r t h e r  work c a n  be d o n e  t o  f i n d  ' - 
s o l u t i o n s  f o r  1 r g e  N b y  u s i n g  a mope s o p h i s t i c a t e d  n u m e r i c a l  P 
t e c h n i q u e  t o  d e a l  w i t h  t h e  d f f i c u l t y .  4 



I n  c h a p t e r  4; w e  s t u d i e d  t h e  local  s t a b i l i t y  o f  t h e  c h i r a l l y  

s y m m e t r i c  vacuum c o r r e s p o n d i n g  t o  t h e  s o l u t i o n  - s ( p ) = O  a n d  t h a t  o f  
(. 91 

0 

t h e  vacuum c o n f i g u r a t i o n s  w i t h  b r o k e n  symmetry c o r r e s p o n d i n g  t o  

t h e  n o n - v a n i s h i n g  z(p) + O .  I t  i s  s u g g e s t e d  b y  t h e  f u n c t i o n a l  

a n a l y s i s  a n d  t h e  n u m e r i c a l  a n a l y s i s  t h a t  t h e  vacuum c o n f i g u r a t i o n  

w i t h  p e r f e c t - c h i r a l  symmetry i s  u n s t a b l e  f o r  any  f i n i t e  number o f  

f e r m i o n  f l a v o u r s  N a n d  t h e  vacuum o f  t h i s  t h e o r y  may t h e n  p r e f e r  

o t h e r  l o c a l l y  s t a b l e  c o n f i g u r a t i o n s  which may c o r r e s p o n d  t o  t h e  

symmetry b r e a k i n g  s o l u t i o n s .  I t  i s  a l s o  shown, by  s t u d y i n g  t h e  

s t a b i l i t y  o p e r a t o r  r e s u l t i n g  f rom t h e  m o d i f i e d  e f f e c t i v e  

p o t e n t i a l  which i s  b e l i e v e d  t o  p r o v i d e  c o r r e c t  s t a b i l i t y  

i n f o r m a t i o n ,  t h a t  t h e  n o n - t r i v i a l  s o l u t i o n s  o b t a i n e d  i n  c h a p t e g  3 
4 

a r e  the.  l o c a l l y  s t a b l e  p o i n t s  f o r  t h e  e f f e c t i v e  p o t e n t i a l .  

,In c o n c l u s i o n ,  w e  have  found  t h a t  t h e  c h i r a l  symmetry o f  o u r  

model t r e a t e d  w i t h i n  t h e  framework o f  1/N e x p a n s i o n  may b e  b r o k e n  

f o r  any  number o f  f e r m i o n  f l a v o u r s  N a n d  t h e  c o n f i g u r a t i o n s  w i t h  

b r o k e n  c h i r a l  symmetry a r e  l o c a l l y .  s t a b l e  a n d  p r e f e r r e d  

e n e r g e t i c a l l y  by t h e  vacuum of t h i s  model .  
, " 8 



APPENDIX A 

The leading order correction to photon propagator in 1/N expansion. 

Photon vacuum polarization is given by the following 

graph : 

k 

Using the well-known formula 

snd noticing 

Feynman 



Note that the volume element is invariant under the translation 

k+k+xp, (A.4) therefore becomes : 

(A.5) 
+- 

where ~=-x(l-x)~~ (A.6) 

and D is the dimension of the space-time, D=3 here. 

Further computation of (A.6) gives 



l o o  

Recalling the formula: 

- 
m 

I d t  t m - l  a b a W- m , m + n - -  m 
- - 

- 1  - 
m + n  a a ) ( aM, b* (A.8) 

0 . ( l + b t a )  

a n d  

we get 

(A. 10) 



S u b s t i t u t i n g  ( A . l O )  and ( A . 1 1 )  i n t o  ( A - . 7 )  and  s e t t i n g  D=3: 
I 

The l e a d i n g  o r d e r  c o r r e c t i o n  t o  t h e  photon p r o p a g a t o r  i n  1 / N  

expans ion  i s  g iven  by t h e  sum of t h e  followin'g Feynman g r a p h s .  

Symbo l i ca l ly ,  t h i s  can be  w r i t t e n  i n  a compact form: 

(A. 1 3) 

h e r e  i DPv1 (p2)  r e p r e s e n t s  t h e  c o r r e c t e d  photon  p r o p a g a t o r  and i t  

t a k e s  t h e  form 

Rep lac ing  i n b ( p 2 )  wi th  (A.12) and u s i n g  (A.14), w e  o b t a i n  ' 

(A. 14) 



APPENDIX B 

The Cancellation of Two-Particle-Reducible Diagrams 

I n  t h i s  appendix  we w i l l  show how t h e  t w o - p a r t i c l e  r e d u c i b l e  

diagrams a r e  c a n c e l l e d  i n  t h e  CJT approach a t  the n o n - t r i v i a l  

o r d e r  f o r  t h e  r e a l  s c a l a r  model f o r  t h e  s a k e  of  s i m p l i c i t y :  
43 

1 1 
L=T@iGb @ + I  i n t  

w i t h  t h e  i n t e r a c t i o n  g iven  by 
# 

The connec ted  Green f u n c t i o n a l  f o r  t h e  composi te  o p e r a t o r  @(x)@(y) 

i s  g iven  by  

\ 
D e f i n i n g  t h e  Legendre t r a n s f o r m  i n  t h e  u s u a l  way g i v e s :  

The Legendre v a r i a b l e  G c o n j u g a t e  t o  J i s  t h e  f u l l  s c a l a r  

p r o p a g a t o r  <m> a s  can  be s een  from E q . ( B . 3 ) .  The co r r e spond ing  

e x p r e s s i o n s  t o  Eq.(2:32) and (2.35) f o r  t h e  s c a l a r  c a s e  a r e  g iven  



The right hand side of Eq.(B.6) is f~rther~simpli2ied as 
'l 

i I. i n t  [-26/tE1 (x, y 11 
e 1 

r 
-) 

exp (- Tr L ~ G -  l)  

;:ie check consistency of Eq . (B.6) given the lowest order of' r, 
expand expi i I i n  ,) u p  to second (see Tig. 12) . To do this, we need to 

o r d e r  h $!S and keep terms of second order in A i ~ ( 7 ) .  That 

IS, we will see that 2 2 1  diagrams in Fig.13.a remain and the 

& _ -  -hc-particle reducible diagrams in Fig.13.b are cancelled. We 

c,. v* - - -- , ~ e r  assume that tadpole diagrams like Fig. l3.c vanish ar,d 

-:enee suck a term is included in r2 from the o~tset even 
z'scg.? it is a 221 diagram. The Lowest order r2 is given by 



- -  

where n o t a t i o n s  a r e  s e l f - c o n s i s t e n t .  W e  g i v e  ' t h e  r e s u l t s  i n  t h e  

o r d e r  o f  A f o r  t h e  e x p a n s i o n  e x p ( i I i , , )  a f t e r  p e r f o r m i n g  t h e  
% 

f u n c t i o n a l  d i f f e r e n t i a t i o n  a n d  expand ing  t h e  i n s i d e  o f  t h e  

l o g a r i t h m i c  f u n c t i o n  i n  E q .  (B.7) a s  

Each t e r m  i s  g i v e n  b y  

i 6P1) 
o ~ ~ = - - T ~ L ~ ( G G - ' )  =-T~G-- + 4 i  AxyAzwGxyG Y Z  G z w  Gwx (B. 1 l a )  

2 SG 

l s t = P 1 ) - 8 i ~  A G G G G 
2 x y  z w  x y  y z  Z W  w x  I 

(B. 11 b) 

(B.1 lc)  

Hence t h e  t o t a l  sum o f  a l l  t h e s e  terms i s  

(B. 1 ld) 

(B. 12) 

where 

= A A ( Z G  G G G + G  G G G w y )  
2 x y  z w  x z  z y  y w  w x  x z  zx  y w  (B.13) 

This c o m p l e t e s  t h e  c o n s i s t e n c y  c h e c k i n g  o f  (B.6) a t  t h e  l o w e s t  

c , r d e r .  G e n e r a l i z a t i o n  t o  f e r m i o n s  i s  s t r a i g h t f o r w a r d .  



Tr SDS 

Figure 1 2 :  Lowest o r d e r  

F i g u r e  1.3 .a :  Examples of  t w o - p a r t i c l e  i r r e d u c i b l e  d iagrams .  
--CI 

- r l g u r e  1 3 . S :  Example of  t w o - p a r t i c l e  r e d u c i b l e  d iagrams .  

-- 

F'igure 13.c: Example o f  t a d - p o l e  d i a g r a m s .  



APPENDIX C 

1 

1. Evaluation of the CJT effective potential: 

? 

\ (2.57a) gives the general form of the CJT effective 

i 
V m [ Z ] = i  Tr [ L ~ s - ' +  s, 's] - - T~(SDS)  . 

2 

Then, after a constant renormalization, 

i 
V - i  T ~ [ L ~ s ; ' s -  s ~ ' s +  1 1  -- 2 Tr(SDS)  

h e r e  and later on, P represents the momentum vector and p 

represents the magnitude of P .  



S i l b s t i t u t i n g  ( C 1 . 3 )  i n t o  ( C 1 . 2 )  a n d  

T ~ $ = o  

n o t i c i n g  t h a t  

one h a s  

Soing a Wick r o t a t i o n ,  t h e  a b o v e  e q u a t i o n  c a n  b e  w r i t t e n  i n  terms 

rhe i n t e g r a t i o n  o v e r  t h e  E u c l i d e a n  momentum s p a c e :  

iCi.4) p now i s  E u c l i d e a n  momentum. 
s 

i 
v 1 [ E l = - -  Tr (SDS ) 

- 1 - -- 3 d - e 2  Tr [ p ( i S ( P ) y ( i S ( K ) ) ]  [ i D ( P - K ) ]  
/ - P" 



( P - K )  ( P - K )  .{-iIq - H 

Pv ( P - K ) ~  
I 

= ~ P P K '  + 4 P V K @  + v ( p )  ( k )  4 q P " P . K  

A s in .p le  c a l c u l a t i o n  a l s o  shows t h a t  

- - .  
A :  h e  s e c o n d  r e r n  i n  (Cl. 7 ) ,  V1[x] i s  a c o n s c a n t  a t  2 = 0 .  F o r  

9 s i - ? i : c i t y ,  we r e q u i r e  

V,lXI = 0 



~ h s r e f o r e ,  w e  s u b s t r a c t  t h a t  c o n s t a n t  from V, and g e t  
1 



'(') M (p, k) I;(k) ) 
p2+z2( p) k2+z2(k) , 

i 

E x c e p t  f o r  t h e  c o n s t a n t  2 / x 2 ,  ( C l .  1 0 )  i s  e x a c t l y  ( 2 . 5 9 a )  . 

2. Evaluation of the AF effective potential: 

F o l l o w i n g  from ( 2 . 5 7 b ) ,  o n e  has t h e  AF e f f e c t i v e  p o t e n t i a l :  

Simply, 

P 



We now compute 

where D-l(P-K) i s  t h e  i n v e r s e  of D(P-K), t h a t  i s ,  

a n d  t h e  d e f i n i t i o n  o f  D(P - K) i s  g i v e n  by ( 2 , 3 8 ) ,  e x p l i c i t l y ,  
P 

S i n c e  we 

s o l u t i o n  

a r e  on l y  l o a k i n g  f o r  a s i n g l e t  f e r m i o n  s e  

t h e  p h o t o n  p r o p a g a t o r  g i v e n  i n  (C2 .4 )  can  b e  r e p l a c e d  w i t h  

t h e r e f o r e ,  

one  t h e n  h a s ,  f o l l o w i n g  ( C 2 . 4 )  , 

W r i t i n g  o u t  t h e  above  e q u a t i o n  i n  t e r m s  o f  t 5 e  E c c l i d e z n  momenta 

a n d  p e r f o r m i n g  t h e  i n t e g r a t i o n  o v e r  t h e  a n g u l a r  p a r t  y i e l d s :  



a 
,-I a 1 P+9+- 
D (P-K) -- Ln ( 

a 
1 

2 1 r 2 ~  pq Ip-•÷I+- 
8 

i n t e g r a t i n g  over  t h e  angu la r  p a r t  of both s i d e s  of ( C 2 . 9 )  : 

Define 

D (P-K) . 
I .A 
L ' 

The r i g h t  hand s i d e  of ( C 2  

he re  p and q on t h e  r i g h t  hand 

momenta. 

(C2.12) comes from t h e  f a c t  

. . ~ e z c e ,  we have from (C2.10) 

f 

i s  given a s  

(C2.12) 

s i d e  of ((22.12) a r e  a l l  Eucl idean 

t h a t  

t h a t  
I 

t ' 



where d e f i n i t i o n  (C2.11) i s  u s e d .  

I 

F i n a l l y ,  we o b t a i n  

T h i s  q i v e s  t h e  p o t e n t i a l  (2.59b) . 
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