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The effect of small perturbations on thetequilibria_efren ,777

7intermedieteithreerdineneienei'fded“eheinimodel‘withvgggetdntfratei'”Q.
A prey harvesting 1is studled It'ie assumed that the Unperthrbedr_(i’ . 4 i_
system»has)at 1east ene 51mple or multlple equlllbrlum in the : o U/ ?
first populatlon octant, The 51mp1e¢equ111br1um of. the unperturbed' ‘

'system which may be hyperbol;c or nonhyperbollc under the»lnfluencen

y "of small perturbatlons generates a hyperbollc equlllbrlum ‘For

Y certain value of the constant harvesting rate, the unperturbed - L .

syétem has a structurally unstable'nultiple equilibriumhfor.whigh -"‘._‘: S
- the determinantfof the Jacobian matrix is zero, - The multipier

equilibrium mayAbifurcate inte equilibria‘offthe perturbed model’

or disappear under the influence of small perturhatlons The . . R

perturbed equ111br1a generated by the equ111br1a of the unperturbed

system,are 1nvest;gated in case studies. - ' . - o -
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- © mymopueTION R
The, stud'} of the exist‘ence and stabi,l_ity,prdp,e_rties of thc, el e
- equillbrla for a system of autonomous ordlnary dlfferentlal equatlonsj c :
modelilng the 1nteractlon between several,Populatlons is a subJect of - .
 considerable interest in the E&Sibglcal 11tera€ﬁ}éwgi,’;;Wmf T
Bojadziev and Gerogiannakis [2] have analyset the behaviour S
7‘7f@LthLunpemunbecLﬁoMammdelmth constant rate prey hawé?ﬁiﬁv,, o
,vJ' - H, ; ‘ h. ’ : “‘/ .
x! =¥xf(x)vf ye(x) e:H, R o '_ 7 o R
y' = -ay + bjg( ) - zh(y) : ‘ R j(15\
—————————————— —: ;;o,w,,,ﬂw;jw,, z'- = ez +- rzh(y) <—~:~fm~i~w w~jv—ﬂ;~f~——(.rr - C e r%;f
- |
h inrRB,iﬁhich models a~predat0r;predator-prey interaction. Hererk,y;
i iand z are: the popuiatlon 51zes, and the functlons f(x) g('),'ahd h(j)‘ ;:WV o

© 7 are subJected to certaln constralnt Using [2] as a base, we analjged

the behavimnﬂcd'the model {1) under ths influence of’small-perturbutionst
Hence the model to be considered is -
. x! = x£(x) -yg(x) - B+ & F 0oy.a)s
Tyt s ey v byelx) cany) 4 £ FGoy,a)s - R C2)
‘ 7' = -cg + rzh(y)'+, 3 Fj(x,y,z),
- ';‘iv" .‘.



_uneertainties.
~on mathematical modeis in populatidn ecOIng which provide'a'”
_background®for our study and introduce the basic assumptions about -

e -
EET
» equ111brla of the unperturbed model (1) and study their nature and

-equilibria of the model

-mulklple eoulllbrlum of the unperturbed model (1)

= 3 : E - . ‘- 2 Z
- o - N e
" where-£ is a small positive parameter.
‘ - ' ' B s
A L o . . O

-

The 1nclu51on of - the perturbatlon terms w1th factor e makes
, the model (1), whlch is actually an approxlmatlon of a real 51tuat10n, : 7*";"‘“

closer to reallty since these terms represent small unknown errors or o

-

The main. ObJeCtlve of this thes1s is to study thé“effect of e

~

perturbatlons on the nature of the equ111br1a for the model(1)

'~—ff‘f%friﬁfCEEptéﬁrrfcffﬁhfsit%esisfwefreview%somemresearchfpapers—mee~r—rfr—'

Lo~ T

the model'(Z).

: -
-
A

In Chapter 2 we g1ve condltlons for the ex1stence~of slﬁﬁ&e

b o .

Further wezflnd a condltlon for_the ex1stence ofpmultlple

stability.

T AChapter 3 we sLuﬁy the nature and stab111ty of the N

‘equlllbrla of the perturbed model (2) correspondlng to the 51mple

equ111br1a of the unperturbed model (1) i

-

In Chapterdédwe study. the effect of'perturbation,onvthe

- . . - >

The multiple

-equlllbrlum of (1) will e1ther bifurcate 1nto perturbed equllibrla of

A
’
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~ are investigated in case studies.

(2) or disappear under the influence of small perturbations..
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e T oo 7. CHAPTER 1 -
T PRELIMINARIES ‘
S . ” - In this chapter wuf sunmariée in brief some important results;il—t
B ‘ - Unperturbed models with harvestlng and perturbed nodels w:Lthout and .with-
o ) haPVeStlng, w}uch prov:Lde the basis for thls the51s. Also we 1ntroduce 7
the basic assumptions about the model— (2). I A .
- - = - - - L s Tt I
£ .
5 -
L4
S S - - -
T V ’
.W‘w
-



4.1 UNPERTURBED MODELS WITH HARVESTING - T )
| Brauer and Sanchez [6] studied the effect of constant rate of"
harvegting on the growth of two coexisting species. Brauer and Soudack

[7,8] analysed the, global behaviour of a predatop-prey.syshem under

constant rate prey harvesting H . . : : ' .

x! =fxf(x;y) - H,

y' = yelx,y). - . V : R ' S “”>*f'*

They also studied the predator-prey system (Ty]) with stocking..

— . Yod31s [15] 1nvest1gated the eifegﬁ of harves sting, H, and H,,

1
on competltlve populatlons modeled by . o 7 e
— . : bx' = X(x!y) = H1; ' -
. | (1.2)
) e y' = Y(x,y) - H,. ' ]
. Freédman and VWaltman [12] introduced the three specics food .

chain model (1),without—5arvesting, i:e. H % O. Bogaeziev and
Ceroglannakls [2] extenaed the work of Freedman and Waltman by uddlny
2 constant rate prey harvestlng term in- the first Oqutlon SGe (1)).
They analysed‘the behaviour of the three species in the vieclnity of

g o the 51mple equlllbrla and d;lcusced +hp g{fpc+ of farffutlrp un fhr

species' coexistence.

E®



1.7 PERTURBED MODELS WITHOUT— HARVESTYNG |
E Freedman and Waltman [31] stualed a perturbed predator-prey
Lotka-Volterra sxstem of the form - | | o L _
xt = x(a-by) - &f,(x,y), . ,
_ 7 ,,‘ - . - Tl IO L I A ,(1,.,3,},,, _ e
;} =z _ y'r' = y(—y+cx) - E fz(X,y) o l\ - b i . _

Y

and e3tablished a theorem for the existence of ‘a stable Vliinit.cycle‘off

' dimensional'space

(1 3). G BOJadzlev and M. BOJaleeV (1] 1nvest1gated the ex1stence'7

+of the- cqu111br1a of (1 3) from’ the‘pﬁlnt of view of control and

Ltruetural ut&blllty.

*
o

Freedman t10], generalizing (1.3), studied the two dimensional

.

~*perturbed'Kelmog0r0v~quel st §§ |

i

X'

Nalll }{f2(x,y.a)- ( :
f

He investigated the nature and stabiiify of perturbed,equilibria of

(1.4) and found some criteria. for the existence of a-limiﬁ cycle.

Bogadzlev and Sattar [4, 5] extended the work of Freedman [10]

_ They- eon81dereg the general perturbéd Kolmogorov model in three,

/

Xf1(X,y:E))/ o | 7 . (1.4) ’

oL - U L VA S



{ 1. ;
A' . Y ” \,i
X, = X f. \X IX 98)‘7 i= ‘Ilzl 3-" : ("-5)
, 17%27%3 ; .

They analysed ‘the nature and stability of . 51mple unperturbcd oquilibrlq

o~

. and thelr relatlonshlp wlth the: equlllbrla of the perturbed bvsb?m

V'Further they 1nvest1gated how the multiple equ111br1um of. the

'unperturbed model (1 5) ( £ O) blfurcates gnto perturbed eqnlllhriu of

”f*_ﬁs ST

1.3 PERTURBED MODELS WITH HARVESTING .

Bojadziev and Kim [B]Séxamined the two diménsional pertdrbed:

thka-Voltefra competition model with harvesting

a
x! = x(a1 - El X - c1y) - H + bf1(x y) o
™ o
R (1.6)
. ] a2 . )
-1 . y! = j(a2 - b2x - E—’y) + gfz(x y) R
2 . -

They inVestigated the nature and stability property of, both,
simple and double equilibria of the unperturbed model (1.6) ( £=0).

Also they discussed the qualita£ive behavjour of the‘pertﬁrbed;model

- (1.6) using concepts from structural stability and bifurcations.

1.4 THE MODEL AND ITS BASIC ASSUMPTIONS. = , o ‘ -

Consider’ the three dimensional perturbed food chain model with
constant rate prey harvesting (2), where x is the number of lowest

——



LY
o
*

-1

_trophic level species or pr?), y is the number of middle trophic.level

species or first predator, and z is the number of highest trophic level
species or second pi'edator., The‘parameﬂers a,b,c and r are positive

~constant, and H> 0O is the cronstant/ prey rate of harvesting, £€>0 is a

. small parameter and F, (x,752), le(x,y,z) and Fé(x,y,\z) are analytic
. functions.in their arguments.. The function f(x) is the specific
‘ growth" rate of the Vprrey",' 7g(xi) and h(yﬁ) are thgx-résrpqrn‘sre functions
_of the first and second predatdr respectively., . -« RN
e For these functions, as in [12] we assume  ° B
’ . S . - . < . . . v 7 .
£(0) = s& 0, .f (x) £0, forx 20,7 - (120
s o g0) =0 ", g (x) >0, for x 2 O, ' (1.8)
| h(0) =0 hy(y)) 0, fory 3z O, e (1.9)

- - b} '”’ A . ) o l,, i o - ;77‘47 N B o ’ o - i ] ) ) B
where the lower subscript denotes differentiation with respect to the
corresponding argument. For a model with naturaan capacity we-

- also assume thatﬂ - : ' 7 o~
/
| 3K > 0 3 £(K) = 0. | o (1.10)

. The model (2) without perturbations and harvesting, i.e. €= 0

and H = 0, has been studied by Freedmé.n ‘and Waltman [12] under the,

as 'sur'npiioris (1.7 ‘)' -1 1 L10) “For €= 0 and H 70, "ﬁ'ﬂ}f('1 L7 - (F.10)

\ .
- '.
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3 : .
Sattar [4,5].

R

‘the same model (2) has been 1nvest1gated by BOJadzlev and Gerogiqnnakis

[2] For, 87‘ 0 and H = 0, (2) is a partlcular case of the three

dimenrsironal perturbed Koﬂlmogorov model studied by Bo\mdmev and -
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EQUILIBRIA OF THE THREE DIMENSIONAL UNPERTURBED FOOD CHAIN MODEL WITH |

CONSTANT RATE PREY HARVESTING :

hy -~ In this chapter first we study the existence. of :a simple |

'equilibri;fof'(1)~and investigate its nature~and78tability[ Further = — -

PN Y S
‘we give'a condition for the existence of a multiple equilibrium which

rQyolveS'expliéitly a QritiCalAvalﬁe‘of the constant rate prey

harvesting H. Also two examples are presented to illustrate the

existence of critical harvesting value. -
' ' \ L
8
b b ‘;‘4{
&
4
A o
o
’ -
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i

2.1 EXISTENCE OF SIMPLE EQUILTBRIA

The equilibrium positions of the unperturbed system (1) are
solutions of (1) with x!.= ¥ =g = 0. Assume that (1) has at least .
one equilibriuin\point Eo(xo,yo._zo) (unperturbed équilibrium) in the

\_intVeI"iorZof the:first octant. This means that the system

xf(x) - yg(x) - H=0,
ey tbyglo s =0, @
) o ‘i_. - -cz + rzh(y) <?49 o L B i o
has at,leasf one solution. (Xo’yo’zo)« satisfying (2.1)
yo. > 0 Vand' Z > 0.
- According to [ 2], the system (2.1) has at least one solution - _

(Xo'yb’zo) if"% € Range h(y) which guarantees that the third cquation
of (2.1) has a unique solution y such that h(yg) = % and if

. .
\ b

| xf(x) - H x >0, .xf(x) -H >0  ﬁH b

- € Range == ,

YO g ‘ g(x)
whj{uafantees that from the first equétion of (2.1 )‘- we can find ( '
X, ferm of yo (there may be more than one such 'xo) saticfying =

Then from the _sécond'equaﬁtio'n of (2._17)

y

.xof(xq) - yog(sxa) - H = 0.

we get . . ) . ' ' - . )
. N ‘ ' B




@

) s IR
" r{x ) =g ;
ST e Jof Tor il ’
o ,,\-,h(y‘O)' ) N ,
which is positive provided that
bg(x,) - a > 0. AR
2.2 NATURE AND STABILITY OF A SIMPLE FQUILIBRIUM \
! In ordez‘\to study locally the na‘ture and stability'property
of the equlllbplum p031t10n, Wwe, n,eed to compute the Jacoblan matrlx 7
of (1) ( see [2(4 10)]) Let 7° - b& the Jacoblan matrlx of (1) -
"calcuyla’ted at the eQUilirbrlum/Eo(xo-,yo,z'o)‘ We obtain B
R R | | | | ir
) . x 8 (x )40 )=y g (x) - -elx) 0 -

,_V_r‘_Ioz(Xa.'Yo.Zro)‘»: kbyogg(xo)' . ‘a+bg(‘xo)'zéhy(y6)_ ~hly,)). (2'é)

- 0 O man(y) o
g i } o:'y o -

s

For the determinant of J° we- get

det J.i?(xo,yo,zo) gcjzohy(}{o)(Xof (X6)+f(xo)-)€0gx(xé))o' ‘- (2.3)




det Jo(xo,yo,zé) # 0 (noncritical case). o . ‘, (2»4)_ .

. Thisrassumption ensures that E (k o' Vo' %o ) is a simple equ111brium of 1 -
\\jé . g and there 1s no other equlllblum sjate in the neﬂghbourhood of e

Eo(xo7yo’zo)'

o " The characteristic equation for the Jacobian matrix (2.2y 18
—det 3% - W1 l= W ta N ta\tegy =0, (2:5)
where T is the unit matrix of size 3 x 3 and
- . . ’ . ) - & P
'aT = - X f (xﬂﬁ + f(x ) - Y, g‘( ) - a+ bg(ﬁo) -,Zohy<yo) ’ 7
3, =.(xofx<xo) + f(x‘o) - yogx(xo)) (-2 + bg(xo.) - zohy(yo))
(2.6)
’ v‘ - - _/: ’\7 .
i , . -
, byog(xq)gx(xo) ¥ czohy(yo), . .
H i
e S ‘o.; : N N )
{:? - 2, ff-det J = ;czohy(yo)(xofx(xo) + f($o),- yogx(xo)).
It is well known that the stablllty prOperty of the
equlll.brlum p01nt E (x ,y ,z ) is determlned by the s1gn" of the rcal ﬂﬂ
+ .
parts of the elgenvalues of the Jacoblan matrix- (2.2), i.e. the roots C




From (2 4) and the thlrd equatlon (2 6) 1t follows that 8y £ 0,
hence the characterlstlc equatlon (2 5) has no zero root.. The roots of
the characteristlc equatlon (2. 5) can be dlstlnct or repeated. Accordingvirh

to lesch and Smale [13] an_equlllbrlum of a system of autonomous

ordlnary dlfferentlal equatlons is calle%,hyperbollc if its characterlstlc

'W'equatlon has no ‘roots w1th zero_real parts, i.e. no. zero roots or no purely P

[

1maginary roots; otherwise, the equlllbrlum is nonhyperbollc. Chow and

7

 Hale [9.]stated that a hyperbollc equlllbrlum is structurdally stable.

N

: 442wr~f~~>—{et5E£§T§;E};tewammu}tipleuequilébriummefmthemunpertu;bed

The noncrltlcal case” 274y aiiows the" exlstence of“bothM*a‘hyperboilc**‘*t‘*“‘*ﬁ‘tﬁ

-equilibrium j if (2.5) has-only,non.zero reaﬁ roots or a non gero real

root and a pair of complex roots with non z%fo real part)‘OT a

- nonhyperbolic equilibrium ( if (2.5) has a gair of purely imaginary‘roots).

: , | _
o { :

_Reyn [14] gave a detailed classification of the nature and

stabilily of the equilibrium points of a three dimensional linear

differential system Bojadziev and Sattar 4] presented classification

of " the nature and’ stab111t¥ of the simple equilibria of the three

dimen31onal unperturbed Kolmogorov model ([1.5) w1th €= 0. The results -

,obta;ned by Reynw[ﬁA] and Bogadz;ev and Sattar, [4] are used in this

papefl 7 ‘ ‘ S - : o . .

2.3 EXISTENCE OF A MULTIPLE EQUILIBRIUM

-~

model (1). Then the Jacobian matrix J(x,y,z) calculated at the




g — £
z % - _ L i ,; . l,‘,_f,,‘g,,f,,
_ 15,
, bultiple equilibrium E(X,y,2) is gl
- are substituted by %, y.and z, but itéfdetermihghpfis equal to zero, -
. that is o B
det J(i,&.%) =0, l(critical case). - : : S ‘(EQHf
- Similarly to-(2.3) we have . . )
EEE det J(x,5,2) = b (7 (£, (X) + £(%) S Fe ) =0 (2.8)
~> ‘Sirice cBhy(&) # 0, (2.8) implies that
xf (%) + £(%) - yg (%) = 0. - R (2.9)

Equation (2.9) ensures that model (1) has a multiple equilibrium. -
i The characteristic equation of the Jacobian'matrix (2.2)
calculated at E}i,?,%) is given by

-

Xoap X to =0 B (2.10)

p,=a-bg®) *En(3), ‘. i
+ | y T - L) (2.11)




16, - ’;‘;
Corisider (4 1!} Since Py = 0 when n\y) is-Iinear and : , =
"vs&tlsfylng the assumption (1 9) ( see [12]), then using (1 8) and R
_(1.9) we see that . o o S -
- byg(¥)g, (). > 0 and czn (3) 20, -
.f"\}%nce e o . I 7,,,, o . . - i,', ,A - IR ‘,‘ o S . — ,?
. %%i‘f'i‘ . T S . L i T Lk ‘, o o
b, = byg(x)g (x) + czh (y) > O. ' (2.12)
: TE By Ty | . -
" The ch'aracnteristicrequation (2.10) has I"oovtsv_
o o o ‘ B 2 L - A
R oo N ~p4t lp' - 4P |
N, =0 and - N, = —=t] £ C(213)
1 . 72,3 5 -
v t . . .
The root 1 = 0 of (2 10) can not be double or trlple since p2> 0
: (2‘ 12) Hence the 3x 3 Jacoblan matrix of system (1) calculated at A
- the multlple equ1llbr1um can only have rank 2. S_lnce (2.10) has a T
_zero root, -the multlple equ1llbr1um E(x,y,z) is nonhypérbZl’D/—
Struéturélly unstable . )
'We' call t;he value(of H, for which the model' (1,) has a
multlple equlllbnum, critical harvestlng value, and denote 1t by .
: Hc' The crltlcal value H satlsfles the flrst equatlon (2. 1),
hence ’



W - - — ,
| - 17,
J ' o . 7 h s R
HO = X0(x) 2 el BREALY
" From (2,14)‘and'(2.9) we obtain = . 7 . . G
S R S I R
= , - - : T S (2515) 7
H, = y(eg, (x) e(x) - x fX‘(X)" . (2015) "
' P >‘ , . E ‘>sf-l ) ) ‘u
I : Eqﬁation (2.15) %sfthe—bohditiOn for existence of a multiple - - .
- equilibrium of- (1) which involves explicitly the criticai va1ué of -
constant rate .prey harvesting, -
. Y T .
2.4 EXAMPLES ILLUSTRATING THE EXISTENCE OF A CRITICAL HARVESTING VALUE -
. . . )’ . ’ : | ) - - ‘77‘\‘ .
We consider two .food chain models which illustrate-the .
: T e o IR
~existence of critical value of constant rate prey harvesting when-—
e (1) has'a multiple equilibrium.. — ~« = S ¢
Example 1 . . o ‘-{ o T ‘ L
- Assume that the prey, has'a.natural.carryipg'capaéity k and
'the'functions g(x), h(x) yield the Lotka-Volterra dynamics. More ,°
specifically, we consider the model ¢ 3
| | <
xf = x(1 - %) - yx - H,
y' = -ay + byﬁ - 2Y, (2.16)
e z! = -cz + rzy.
b}



The équilibyia of (é.16) are solupions of the syst¢m  o
x({ _ E) _ &k _A?>; 0, ;‘
ey tbyc-ozy =0, (@an
‘ —cz,; fzy== 0. I | : .”;7i\\\' 7 f
R R :”,ﬁiﬂw”,WWW ”MWW,,M”W,,ﬁ,m”f,; S _

— We seek a multiple equilibfium E(E,&,E).A‘It‘shéuld satisfy

conditions (2.9) and (2.15). The calculations give a myltiple

squilibrium e e
' k(1 = ) L bk(1 - <) -
E( L = \{ -a + )
2 A 2 o

Exampie;Z

3

o In this example we»modlfy the mpdel of Example 1 by

2

introducting a Holliné—ty@e~pfea;tion of the sécond_predatbr on the

G

A . -
: o . B
f¥rst predator. Specifically, we consider the model .
: : \{
» j
, xt = x(1 - B yx- o, S ,
o+ o - L |
r = o + -
J - byx 1+b1y ’ (2.1?)
”réTyif ’ . o
1 — i
. . Z cz+‘]+b‘]y



- 19. -
Here we obtain a nultiple equilibrium
o | } S .
k(1 - aTl - cb, ' o o Bk(1 - ra, --cb1).
Bl T, (e ]
2 , r‘a‘l - ’cb‘l, . o SR . ra, - 01)1
and the critical harvesting vaiue is N
- E ~ - - hd . . \ . .
B R
k(1 - —) S
ra‘l - Cb‘l &
IHC.*—’ , .
A .
Y = _
——— - i ii —= i - -—=- G
- 4
-~ ’ -
. o -
4
i
< ‘ ’
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. CHAIN MODEI: WITH HARVESTING

a.

b - Cﬁﬁ??ER 3 ) ‘ .

BERTURBATIONS OF A SIMPLE EQUILIBRIUM OF THE THREE DIMENSIONAL FOOD

[ —
: &

~

s

In'ﬁhismehapkef we study tﬁe'effeEt'of'ﬁé}fﬁfpéfionmoﬁ'fﬁg"””'”;

equilibria of the unperturbed food chein model. (1) with constant rate

prey-harvestiﬁg in the noncritical case, We show'the existence'df”a

~ perturbed equ1l10r1um of” system \2?’and 1nVest1gate 1ts nature and -

“tablllty property. Alzo- three examples are presen‘n}q | ”;_
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Con81der the noncrltlcal case (2 4) of the three dlmcn sional -
unperturbed food chain gpodel with eonstant'rate prey harVestingu(T)
ﬁnder perturbations. Tihe equilibrium positions. of the pertufbed medelri

(2) are soluticns of the system (2) with x' = y' = z' = 0, that is

Xf(x) - yg(x)‘- H + §F1(x,j,z) =

5 -

o oo . pumay *+ byg(x) - zh(y)_+ ,:.,E,FQ,(XJ yz) = 0, - ,b , gy
. .~ __; ’ v - '

-cz + rgh(y) ' t éFB(X’y’Z)_:;Q' ' "

Since (2.4) holde; according to the implicit functioh theorem
the system (3. 1) has-a unlque solution x- (t), v (5) and A (b) in thu

nelghbourhood of Xgs Vg and Z such that x (O) X s ¥ (O) =Y,

“and z (O)‘= 0. Hence the perturbed uystem (2) has a unique pfrturhrd

',equlllbrlum E (x (&), y (8), 2 (6)) This is equlvdlent to the

Qtatement that the determ;nant of the Jacoblan matrix. of (2) calculygted

at E (X (€), y (E), 2 (E)) is not zero, that‘ls

)’Jf I * % ) N . -
det (<€), ¥ (e), 27 (&) £ 0. — ©(3.2)
’ , o

. B . k=4 F-3 ¥
To find a solution of (}.1)Ewwereeek x (£), y (¢) and z 4€)

in terms of power Beries of € in the neishbourkood of‘xo, T and z,

in the form




73*(5)

_ o 1 2 2 :

._Xo +1 £X1 -+ '£-<X2+ ..'...'-’V
y*'(ﬁi) =y + gy, *t '&zy + B (3.3)
S o L 72 e :
(e : 4 Pk
,,Z (t) —\Zo £Z1 E 22 7- ‘ono--.-,‘

< & -
- ,,\ S GO

where X0 Y5 and z,, 1 =1, 2, 3,......, are to be determlned “In
general, itBiS'enough to flnd only x1, Yy and Zq since g is a small

7p§;§mg§¢girV§Ebsﬁituting (3 3) up to the order of £,1nto (3 1) glves

(Xo+ ng)f(xo+ £x1) - (yo+ ey1)g(xo+ £x1) -'H

+ E«F1(x +£x y+£y1, 2t ez)

—a(yd+ ;y1) f 21y0f,§yf)g(xo+ E’x‘])l:«'(zo;L £Z1)hFY§+ 6y1)
- | St (3u)

It

: + by _ -3
.+ 6-F2(‘x0+ £X1’ yo £y1’ ?0+ E—Z1) o, R »

Jc(zo+ £z1) + r(zo+ ez1)h(yo+ £y1)

~ —

"
o]

, : ,
" éF\B(xo Exqs Yt ey 2t £z,) =

Expandlng these equatlons in Taylor series, taklng 1nto con51derat10n

‘that xo,,xo and z_ satlsfy (2 1), d1v1d1ng by £, and equallzlng the




A 23-
e ‘

. e (SEES , .
coefficients of ‘£ to zero gives the following linear system of.
‘equations_for'xa,'y1 and'zT N
(x £, (x ) + £x, ) - yogx(x.o))x1 -'E(xd)yj = 5F1(§o.yo,zo){

- e b + (= - YW - b - i Y £y
: by g (x )x + a+bg(xo>Azohy<.v93>.»1 By )zy = -Folx vz )y 3.5 -

2

1

The system of equations (3.5) can be solved for x1; y1 and

by, using Cramer's rule

4

_F1 ng’ yoy ZO)

_g('xo) . 0

'FZ(XO’yQ’Zo) _a+bg(xo)'§0hy(yo) 'h(;yo) .
o —Fa(xo,yo,zo) rzoby(yo) | 0
X1 = ] X 5 LI
det J
* e 36y
xof(x69+f(xo)fyogx(xo)‘ 1F1(xo,yo,zo) 0
. _ . L
: byogx(xo) : -?Z(XO’yofzo) _-h(yo)
- - . C
0 FB(XO\yO.z ) 0
Vi T — > O
- (o} .
det J
\\\ (’
7



- . . -t. L ,: ' R
- * '0;“ : :
. ) ! ) “he
S e LS I
. o _a+ )z N , _‘ o S S
) , t?yogx(xq). R bg(Xo).:zol"ly(yo) FZ(XO”.}ZO':Z'?)' o e
V 7 r.j | W - ';, . 1. @ g
N F -0 E | rZO.hgf(yp) ) 7.'-F3(X01y0‘!?o) B L
- - Z, = - - y ’ ) ;
1 P, o el S
- t T et 700 E : 7
where det J° is given b&f (2.3).. | - o
8  Simplifying (3.6) we obtain T
- R . . '\— o, , » : B 7
< = F‘l (xo’yo’zo)(czohy(yo)+g(xo)h(yo)'F3(xd’yoizo)) .
[y - - . 3 - . » R
<1 | cz@ohy(yoj(xofx(xo)‘rfﬁxo) yogx(xo))
T I'zohy(yoj - E : .
= - t(-a+ - 4+ : .
» ) Z‘l_ m(byogx(xo)x‘l (-a bg(Xo) Zohy(ycw}):)'{l FZ(XC’yo’zo))— -
S . Sﬁbstétuting (3.7) into (3.3) 'and neglecting the terms of order Of 52)_
gives e ’”*"*fm—fr—f; N | |
* i » ‘ - ) - A ]
x (§) = x  + Ex,, .
N | \ o =
y (&) =y +evy ) . o 38y
 - ‘z"(E) =z + €2, -
L) &"



3]
AN
.

’

Hence (3.8) represents approximately the coordinates of the perturbed

R % - o ' . . . . . .
equilibrium E (x (£),y (£),2 (£)) generated by the unperturbed equilibrium -

<7 ' Eo(Xor.yo:.Zo)'- ] - JJ

Bl

- 3.2 NATURE AND STABILITY OF THE PERTURBED EQUILIBRIUM
et T T T vstUdfy';ldéally”fﬁé nature and Staﬁilify crif:”‘t{}iéwbéfft;uffﬁéd'v"W"”
i  equilibrium , we use the Jacobiay matrix J(x,y,z) of the system (2). - L
. . ’ : % N ,
The Jacobian matrix calculated at E (x (£),y (£),z (€£)) is given
T - Thy T [ T T e e
T(x"(8), y (&), 27 (8)) = (3,3, (3.9)
where Jik are the elements of the 3 x 3 Jacobian matrix (3.9). .
Here we have
V - ¥ * -3 4 . ¥ - - * 3
J7 = x (B)F, G (8))+f(x (E)-y (e)g, (x (€))+ eF, (x (£),y (),2 (£)),
* % * =
Jip = -gle (€))F eF, _(x (£),y (€),2 (&),
(x (£).y (8),2 (€
J1,3 = eF, (x (&).y (€),2 (€)), . ]
| e P (), @), E),
o Ty 2 Bl ) R, Gle)y E)m €0), .

Ty = arbal(e))-2 (0 () €7, ((e),y )2 ),



\ 7 : ', I ; B
= S * * . #*: 7*  e ,~. 

- : v (g A €) o (E , T

o3 h%y» (€))+ €F, (x (€),y (€),z (€)),
‘ . % o >

= g . & :

I3 ‘eEBX(x (&),y (e),2 (£)), )
- T3 o M # Tk

J., =71z (E)h (y (E))+€F, (x (€),y (¢),z (€)),

By 32 7 y oo 3y R S
= eemnG N ER, GRENy (O, e
_J33=-cfrhy E, 35\ ¥ )y ',Z e

B . B .
- - L“' . .
- By substituting (3.8) into (3.9) and expanding in Taylor
series, ﬁe obtain the following matrji'x up to the ofder ofs € e
OO ) = Pxyn) e s (10
| Jix (5),)’ (E)fz (5) = J (Xoryonzo EJ (XO,.yO’ZQ ’ (3.10)
. where J° is given by (2.2) and J,1,'(xo,,yo‘.,zo,) is the 3 x B:matr_'ii ,
;T1(x Y, 2 )'= (J1 ), o ’ o (311)
0’0" "o’ - ik”? : ' L .
where
\ v
J 11‘ ~ }.(ox1 fx'x(xo)%zx1 f:»?f('xo)—yo}‘ﬁ gx:‘c(xo)."y‘l gx(xo)
! o : .
+ =
3 F1x(%ofyo’zo)f_
L P A T T N
12 1°x 70" T1y To’Ye’ Tt R N -

77777 P =F (xayaz), . -

13T 1 %0 %7 L -



-
VJ \‘/—\A:@ 7
1 .
J o1 = by x1g (x ) by1g (x )+F (x ot¥y .z )'_.-
- . 1 o . (. B ) v. - . : ) ;"7 oo v ‘ -,
' J 22 : bx1gx (zxvo‘)v-zob,’]'hyy;(yo)- 2 h37(yo)-'-F,Qy(xo'7yo’,zo)'. - i
‘ .:‘J1’= h(y)+F (x y.z)él'wwr";»
. 23 1 d L] L) . . -_ .
R ’ - |
P (kv
. 31 o 73x O,’ O’ o .
e ﬁ = oy 4@; uww e, Hﬁ |
e e N T 327 1h . s == T =
_1 - . S S '. N -\ ‘ .
. J 3_3'= h (y )+F (X 93‘ ’Z )1" ‘ .
emd’x1 ’ y, and z, are given by G ) )
. > " The character'isti’é equation of (3.10) "up to the ;oz'der € is .
’ - JRN ‘
e . ‘ 3 , ) 7 2 X 7 ) o l a ‘%  ~ ' -
. 7\ +A(.a1+ Ebil)7\ t (a2+£_b2’)7g'+"33‘+a :£,b2 ={»O,’ (?.12)
" where 8 a2 and a3~ are given by' {2.6) and ) R
) 3 - 7 ) i . ‘ , ) - L ) .
- E J1 e 3 * -~ - ’ . ' ! ‘4'
. =1 M | ‘ ' - S
) . w—. 0 . - "
75 e
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(3.13)

and b (x ,y )2 ) respectlvely.

charactermstlc equatlon {2.5) of the Jacobiin matrlx (2.2) of the
—-unperturbed systemﬂ(i),,

characteristic equation (3.12) does not have any zerorroot, or the

case).

E (x (e), y (E), z (8)) can be determined by the 31gns of the real

x = i_*(E); y = y*(E) and z = z (€).

»
the'next sectlon.,

dimensional Kolﬁogarov model (1.5).

\

‘parts of the.elgenvalues of the»Jacoblan,matrlx evaluated at

s R +

,Theacondltlonr(3r2)~ensuresjthat~ther

'Jacoblan matrlx (3 10) does not have a zero elgenvalue (noncrltlcal

The nature and stablllty of the perturbed equlllbrlum :

Bojadziev ‘and Sattar [4] gave
a detailed classification of the équilibria of thé—pert@rbed three

We will use their resulte«in.»

-Hére J. ik éﬁd'J*'£ are elements of the Jacobian matrices J (x ,y ,z R

"For_ = 0 the charact?i)etlc equatlon (3.12) reduces to the
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.

To illustrate the theofy discussed in this ‘chapter, we consider
‘three particular cases of the perturbed food chain model with - |

harvesting (2).  Two of the cases concern the hypefbolicwequilibriuh\

of the uﬁperturbed system (1) and the third bése concerns the
- nonhyperbolic equilibrium—of (1) -~ " — e
A )
Example 1 o 7K o ’ o ' S R
The model[\ o ) ]
11 “‘
x' = X - '2-yx —‘ 5 + 78)(,
© oy = -yt 3yx - yzt E(y-z), (3414)
. . z! = -2z .+ 2yz + CEY, . h
is a particular case of (2) with
~ ‘ ' hal “ *
' 1
flx) = 1;. elx) =z, _h(y) =y, -
a = 1, b = 6, c.= 2, r = 2: ’
. R N T ,”I,,Wﬂf;ﬂ,b_,WW;;hW,JWW,T,ﬂ””W,,, -
ET(o,c.y,z)'_:'x,, F2(x,y.z) = y-2, FB‘(x,’yTE) = g
, S - BRI
\._.



y

It describes a'predatorfpredator-prey interaction uﬁder“the,inflwence‘

o

Nof sdalrijoerturhations;' x is the lowest trophic level spe é,iés* or -
-prey, y is ‘the middle trophic level species or fi'rst pr'edator, and
z is the hlghest trOph1c Tevel species or =econd predator. The

\perturbation terms in (3.14), that is the terms w1th factor E<<1 ‘

Vyriﬁnidicate addltional weaker types of 1nteract10n between the species. 7 7 )

" In the flrst equatlon ‘the perturbatlon ‘term means & slight’ 1ncrease

of the growth rate of x due to 1nterna1 cooperatlon (.sx ) ~In the

second‘ equ&tlon the perturbatlon term means both, a sllght 1ncrease'v ,

of the growth ‘rate of y due to internal cooperatlon ( 5y ) and a

sllght decrease of the grc?-h’ rate due to 1ncreaSed act1v1t1es ( - E,Z')
of - the second predator z. In the third equatlon there is a sllght '

\

iricret se of the growth rate of z due to the add1t10na1 prey on y.
,j The. unperturbed equ111br1um of (3 14) w1th 5--,0 is, "W‘I”
E (1,1 2) «and the correspondlng perturbed equ111br1um up‘ to the ordeI: -

of £ is E( 1 - 2‘&. a1 - —& y 2 - —ZE, )(.'. The Jacobian matrix (2.-2)

. 4’ ‘ 4" .
calculated at E_(1,1,2) is .
- EREE | : ]
2 20 O
30,2 = |60 a | L (3as)
& - » ) ] - ' . ‘ ) ‘ A - | -~
o- -4 o |¥ ’ '

with det J° (1 1 2) =2 # 0. The characteristic equation of (3.15) is

-




: o - : 31 .
A -+ -2=0, T T (ae) =
" . \ -
' which'is a p'articullaru cage of (3.6) with' E
’ a I'=:-'l‘ a., =7 ‘a. = -2, L
1 ’2’_ 2 T3 ' .
. ) L SR Y S S
We find that e‘qu‘ation (3.16) has a roet \ > 0. and . two roots"
with Re 7Li 3. # 0., Hence E (1,1,2) is a hyperbollc equllibrium ' Frc{m o T
—— —*{4’ EGHW$%hat%Ts—&nﬁmﬁt&bieﬂp1r&1**BTu snrgﬁinrseﬁ an# Bl
’ Smale f1 3] or BQJadzlev and Sattarﬁ{l,] we conclude that in the-
. ‘ nelghbourhood of the sunple hyperbollc equ111br1um E (1, 1 2) of the
. v
unperturbed system (3.14} (€= 0), which is an unstable spiral, there.
DR ‘ 23 '
ex1sts a unlque equillbrlum E( 1 -Z T-7.2- £) of the
T T "perturbed system (3:14) which is also hyperbollc and unstable
splral °
' Example 2 .
’ Consider the system
) XU dxo-oyx -1 g(ay),
. y' = -5y + 8yx - yz +. E(y 32), : o o (3.a7)
3 1 .
) z! -32 + -B-yf + £z, i




?'?’-"7 -

) ,whic'h‘m*odels, a,_pre,détbr-“-predator-'-prrey irite‘réct_ions‘ similar to that
= deseribed by (3.14). The unperturbed equilibrium o (3.17) with B
;O E= 0is EO(:\lb ‘] , ‘]). : - ‘ ) ’ ' N oL . o~
: " The Jacobian matrix (2.2) ‘calculated at EO.( % , 1, 1) is — v
. _ _ - N 1 o _ _ _ _ _
: - ¢
,’ ] o >3 o
_ PG =8 0, . (3.18)
: ; \ . | -
) , O‘ -3' ‘O
e S - N
Qith det JQ_( '13' , 1, 1) =1# 0, Xnence EO is a §imple )~equilibrium.,» . ’
. : ; ’ : Y : T e
. The characteristic equation of (73vl‘l8) Ts
. N . V . _' \ .A .
Equation (3.19) has a triple root A_= 1.. According to [4] the
unperturbed equilibriim E ( 13 1,1 ).is an unstable star. -
The pertu'rbed equilibrium of the system (8.17) u‘p to the
‘order £ is E( 13- g‘E'; 1 -3, 1+ %8). 'The.Jacobién matrix (3.21)
Acalcula-ted at this perturbed equilibrium up to thé orde-rra is
’ _ R
15 4 1
3te - 4 0
37 3¢ -
e B - - .
e /’ ‘.
1.2 2 8 '
a J(=-%¢,1- 1+ £g) =848 2 -(1+
(3  gt 38, 1+ 5€) =818 € -(1+ie) | (3.20)
SR
| : ° 3r3E g



-

The characteristic equation of (3.20) up to the order & is

o . . ‘ . ~ S .
. . - > L.
- ‘ - -

0D (35E) AR+ (3+278)\ - ('1‘+38£) =0, - (3.21)

which is a partieular case of (3.12) with

cmy . O

‘33 aV:"])

m
il

o,
H

1773 8y 3 ‘
. , .
o _ . 80
by =5 by =27, byE-Ye B

We find that equatibn (3.21) has three roots 1 + T1(£),

1 + TZ(E) and 1 +vT3(£) where Ti(O) =0, 1=1,23, Therefore
" the perturbed equilibrium E( 13 - %a , 1= 3¢, 1.4 %g) is an ot . -

unstable,spiral,V.Hénce;—anruhstable,starwof,the5unperturbed,systcm,

(3.17) with £= O under small’perturbations.becomes an unstable

s

spiral, - ,
Exam?lg 2 |
For the médel - o |
x' =2x - ;X f'%l+5x,
L Ao g T G

.zl:;z+y2z+ éy’
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>

. the unperturbed equilibrium is EO( é R é ). The Jacobian matrix =~
[ : ‘ : N . ) o
(2.2) calculated at EO('%‘, 1, 1) 18
R C ' N :
1
e — . 1L —2 O : . .
o, ] 1y R -
J ( 2 » 1 ’ 2 ) - 3 "'2 ) "'1 ", . (3‘22)
i 0

L . : . ° - « .
e o . . s

‘ ‘Lv»gith'dét.Jo( % ,‘1 , % ) =1 # 0, hence Eo‘is ' simpie equilibrium. .
' The characteristic equation of (3.22) is

RN e e J— -

7,)? - %-xf +2Xx -1 =0. . - (3.23) -
- ., Ead = -~ = 1 ( <
The roots of (3.23) are th =5 and’7\2,3 ‘j /21. Therefore thg

I

o(—2w!— ) is nonhyperbolic. It

N =

s TN
-~ simple unperturbed equilibrium E

is a divergent vortex focus. ( see [4] ).

The perturbed equilibrium .of the system (3.21) up to the

orﬁer‘& is E( % -£, 1 -¢, % + 28). The Jacobian matrix for
(3;21)‘célculated at this perturbéd equilibrium up to the order g
: . - : I .
\is} , y : ‘ i .
. 1 v;1+5 0 1
-2

J4 ( 5 - r 1 - £ 5 + 26 ) - 3-36’, "2“*‘6&/”* A' ~I+e- ;"*"'"’f' 'f’BTZﬁj”*”*“f':*”
0 1455 . =26 | o
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Its determinant is det TE1 4 2&; # 0, hence E- is a 51mp19 equilibrium.

+

The characterlstlc equatlon of (3 24) up “to the order's is

l’ 1 2 ) ] ' ’ , ) (v: >' - >-d‘
X - G+ BOA - 1+2t,) P @) .
, Aécording;jo Bojadziey ,,d,Sattar,[A], the.roots of the . o

e = f‘T1(€) gnd T, (€) + 1(j541

where T, (0) = 0y i=132,3 and L (€) > 0. Therefore - ..

3

CE( 27-5,,71 -5;,¢l + 28,) is an unstable spiral. Hence,ru_diverggnit;gfﬁ

vortex focus (nonnyperbollc) of the.unperturbed syutem (3.21) with

€= 0 under small perturbatlons becomes an unstable spiral
(hyperbolic). ; -
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A BIFUHCATIONS OE A MULTTPLE EQUILIBRIUM OF THE THREE DIMENSIONAL FOOD -

\‘stablllty property.,

Ty .

CHAIN MODEL WITH HARVESTING

n,
4 - i - . = . w0 o

“In thls chapter we study the effect of perturbatlons on the T

multlple equlllbrlum of the food chaln model (1) w1th harvéstlng and

g . A

derlve criteria for the ex1stence of perturbed equlllbrla of the

9 .
N

ﬁystemf€2%f %bushow‘h@whthe“mnitqﬂxrequ1llbr1um of ‘the unperturbed*”*“ﬂ‘“‘:j

» system bifurcates 1nto s1mp1e equlllbrla of (2) and study their

e

*
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-6 Conside}‘iee critieal case (2 7) of therthree dimensional
. unperturbea food chain model ﬁlth constant rate prey harvestlng (1).
'” Under the 1nfluence of" small perturbatlons, the multlple equ111br1um
of '(1) w111 elther blfurcate '1nt0 51mpI% equilibria of (2) or
= dlsappear w1thout blfurcatlng; The equilibrium pcsitioﬁs of ‘the '”7 ”i7f7i'"'
rperturbed model (2) are solutlonseof‘system (3.1). Let E(i,&,;)/\/
, be a_mult;ple_equilibriﬁm of the unperturEe& model (1) as in
i;miéf;r o re,seeﬁion¥£2;3)~andﬁ£%§££}, rﬁa), -24{&}) be a perturbed~equx}1br1nm ':” e
“ the model (ETT*‘ft*IE‘Eégﬁﬁed that E(x ¥,z) is not an equillbrlum

. . : £ (3.1), that is

Fi(;(, ;’i E) # O! i'= 1"2,3. , (4-1)

Since the-system (3.1) is subjected to the condition (2.7), we
can not use the classlcal 1mp1101t functlon theorem to flnd a
unique solutlon x(e). y(e) and z(t) of (3.1) in the neighbourhood

of the solutlon X, y and z of the system (Z.T)vsuch that

<’, ,
X(Q) = X, y(O) =y and 2(0) = z. U51ng the fact that for & =0
the system (3.1) reduces to (2.1), we seek the solution of (3,1)

in the form v o
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2(E) = % + v e+ :
'3 ‘7— X £m1 E_m2 ....... s

- ‘ i
VA - o ) 2 . -
v(E) = ¥ + Eny v ogm, e, o - {4.2)
o - "2
z(g€) = z + ew, t Euyt oL,

where me, and W i=1,2,....... are constants to be determined.

Here we find only By n1.and W which is enough for our study. ©

Substltu ing (4;2)7intoﬁ(3.1) up to the order of‘z gives

(x+ t—;m'1)f(§c+ g’m;)—(sﬁ 5n1)g(i+ gﬁf;l)—H*F EF, (%+ £m,,F+ Eng T+ £w1)=D,
-a(y+ &r1)+b(£>?£n1)g(i+ 6EH)'(2+ ’gw1)h(§+ gn1) -
B - (4.3)

+ EF, (%+ gmfy+ snvﬁ+ £w150 -
-ct(z+ zw1)+r(2+ &’«'1)rz(y+v£n1) + 8F3(x+ Em,,yt £ng,%H swd)=o.
:Lf Expaﬁdimg»(&.}) in Taylor series and neglecting terms of

Ry . s . ’
order 0(g") gives the bifurcation system

- 7 il { - 2( ) im _‘ 2 - -
' r12(x} (%,5,2)+ &/ (o=, 7f  (Gc)imy (x) Jm1 (x)-m,n.g (X)\,\\
m,F (2';'5)+; T (i,f.:)+wi?1z(i,§,2))= 0,



9.

— _ . - - - o - - - 1.« 2 -
-an_+b + -zh - =
any ym1gx(X);Pg($)#1,Zhy(y)n1 h (V)P (x5, 2)+ £y, g, ()
Cabmnog (R)eizn,ch (34, F, (F,5,3)mF. (3,5 l)¥' F,_(x "'))—o “
T T B TR B N TR oy DY BITIE oy N Y B AW By X0 ¥ 2000, o
(4ah)
- =y - ==, o1 =2 - - Q.
+ +
rzny(y).n1 Fa(x,y,z) E(ETZHJ hyy(y)+rn1w1hy(y)+m1F3x(x,yfz)
n %, 5,7 %, 7.3))= .
n1F3y(x.y.z)+w1FBZ.(X.yJu)) 0,
'Wheréjthé’iétt§?”§ﬁ%§@fi;i’inﬁ‘éafisfdifférenfiaﬁion Witﬁ’réspeciito
the corresponding argument.
The solution of (4.4) dependi on whether or not the term
) S ()P, (%, 7. 2)
D = 51(x,§,a) + — (4.5)
- rzh“(y) :
 is 2670 or different from zéfo,' |
Case (i). D = Q.
From the first end third eguation (4.4) we obtain fiy in
the form _ ' -
[ 4 T i - ~
n, = +0(g) = (4.6) -
{ *,‘-X
VRS




751 ' » o o . 7‘ o ’11 'v '*i
e . R : ’k . - R _ . - ‘::‘- . . » N I - -A_'
L \;.f: IR ET T SR
Ellmlnatlng o, and n1 from (4 A) w1th D= O and d1v1d1ng by ,
5 gives for RZ the: quadratlc equgtlon g j‘~,':. R “ SR
e N o 7 S
Sw 2‘+ tw, +'u =0, S < 4.
1 -« 1 - .
* where- ) o

o=(Zxr, (x)+f ()57 (x))(-——llﬁ—) T

byg, (X) ;
£ ()P, (37,2047, (5.0, R)  s®F,GLD T
t= A - = * qu(x,y;z)
rby?gx(X)hygy) rz hy(y) .
* - F (;(’it-z.)p i - - - - - - (;( 512)
- 28 (2 1F, (%, y, 24 (F, (%, y.E)T‘z: - h(3)
n(y) rzh_(y) - rzh (y) byg (x) e ;
PG, FL(%.7.3)
wl £33 h,,(3)- (3 (4.8)
hy(y) rzhy(y) ) rbyzgx(x)h (y) rzhy(y) : , _—
. ) (X)F ( » Yo )F (_1-’-)‘ _V o \A - R
G, G- D b D)

F.(x,y,2) ,
—2———5-3—3- bR (R,5,5)) % —]

u(rzhy(y)) L ()7

.(F1X(i.§.5>+F3<;,§,a>gx<§5)

rzh (y ) byg, (x zh (y)
; v ygx x? rz y(y) N
R (R5,2)p, IR SN ¢ Y
(-11-?-3——- +F3(x,y.z))-“:"?'3_'F1 GoiD) B
rzh (y - rzh y
_y} Z-_y}
and p. is given by -

(2.117.



\\,\\\ - .-.:
TR
 The equation (4.7) hz;is two: real roots e N ‘
e S 'w> _ =t + (7-1)k'J‘t2-43u' K= 1.2 o :u'g)i‘,
o , "1k . . 2g - ’ , r <y R N = . S
. . . ' ) ) 2 . : - - L
provided that s # 0 and t = 4su >0, : RN
Sﬁbsti’_c_utiné n1' and: w1kfrom (4.6) and,‘ (4.9) intpv'*thé . second 7
equation (444) and neglecting 0(£) terms gives = _
,,,,, . e - . _ —
o, =zt (-1ijt2-‘ésu ( hiy)v) ﬂ : E -
1k 2s - - - ' ' o
. byg, (x) | : ,
Y ‘ ' l » (4.10) )
S c R '
i ‘ ( - (-atbg(x)-zh (¥))-F (%,%,2)).
. byg (%) rzn (§) - y .
€x » Y
. ‘ - . l B ' -
Then substituting (4.6), (4.9) and (4.10) into (4.2) and .
neglecting the terms ‘of order -0(82) we obtain )
;Ek(s) = 4-( + Smﬂ{: B :
7, (8) =7+ en,, | - (4.11)
2, (€) =2 + €, k=1,2
Hence Z(X,7,2) bifurcates into two équilibria )
-~ A -~ T 'k ! 2 - i . 3 ‘
= {5 i = Tre. o s 5 =0 17 - fsu e 0 Ain R e
“‘k(‘k"’k’zk)’ k=1,2. The- case 3 O or hew s O g,z; will J —



ﬂ!ﬁw ® 1 : 17 S'n~1 éna &, N
il*:¥:‘ o in (4.4) ~If s # 0 but t2.- Asu‘< 0, then “Hk is not real hence
’ rf/\‘\%he multlple equilibrium E(X, y,z)dlsappears under the 1nfluence of
. g small perturbatlons.‘ o . -
3
B -
._‘Case (ii)'“ b #nOihghere'D is given_by (4.5)W.
o S ’ ‘»Eliminating m1‘énd n1_ffom (4.4) and negleqtihg O(Ez)
. termé we obtain
‘ B s é(sw1, totw, t u) +D =0, 7 - (4.12)
where s,t and u are given by (4.8) and D by (A 5). The equation
(4. 12) has two real roots L \' ¢ |
R T a/2 1/2 '
w1k - -25 + ("1) ( ) O( )9 - !2' (4013)

.. provided that sD.< 0.
: : From the first equation (4.4) we get R
S = F, (%, - R L . -
o .= L s o). - , (4.14)
: BEE-{CONN | S |

. Substituting W1k and n1 from (4 13) and (A 14) 1nto the

second equaulonf(ﬁ.i) and keeplns‘only the largest term (w1th factor

ﬁwjirr | t:ﬁfi) we fin% : ) ‘ ‘
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- kK h D\1/2— =1/2 :
. my = (1) ==L gV =2, (4.15) -
. byg_(x)
Substituting My n’1 ‘and,wmint;o (4.2) we obtain the -
. following épprokiﬁateiexpressions for the coordinates of the pertu}bod.
1/2 |

- &iﬁﬁilibria Ek(Qk'§k’2k)'uP to the ogifr, £'". -

% + (_1)k__h£Sr_L‘(_g)1/2’ 81/2

v T . , -
§ byg, (x)
o ¢ L Ll ,,‘L_, R | : } o [ e I
AR TE - | (.16)
- - .k, D\1/2 1/2 | '
o=+ (ORI e,
The case s = 0 in (4.12) will require consideration of B
7 ‘\higher order thanfugm1,r éhiﬂénai éﬁ&iih (4.4). If s #0 but sD> O
the multiple equilibrium E(x,y,z) disappears under the influence of
small perturbations.
. ‘ ’ : A A A _
For both cases,—D‘—FO and D £ 0, Ek(xk’yk’?k)f k=1,2,
, are simple perturbed equilibria if - ' - -
. det J(X (€), ¥, (e), % (€)) # 0, - (4.17)
~ where J(X,y,z) is the Jacobian matrix Qf;thé:system’(B.Tj{j



4.2 NATURE AND STABILITY OF~THE PERTURBED EQUILIBRIA .
' ' To_study‘lccally the nature and stability of the perturbed
equ111br1a for both cases when D= 0 and D #'o,'we nead to use the.

Jacaobian matrlx (3. 9) where X (E), y (8), 2 (6) are replaced by - ,\\'}'?

! <(€), y(e) and z(E) o

For case (i) when D = 0 the Tacoblan matrlx calculated at therm

equlllbrla E, (x(&), y(&), z(€)), k = 1 2, up to the order of € is -

. written in the form

- | J<;k<é),§k<£),zk<e)) 7°(%,3,2) +- ﬁJ’<i VB, k=12, (418)

where . : S .

. - o ) o o o i - . - <y .-
| o ) o7
T, . ‘ s . 4

G5 = (3= g, () -are(-inG) @[, (419)

0 ’ ?zhy(y) 0 cha. ‘ :

(i 5.3 = (3l ’ Lo - (4.20)

" \ a,nff ij are the elements of (4.20) given by . .-

1

3

- - - o o
Tig = Rmg £, (%) + 2n fxﬁx?ci,xaikgxxﬁﬁ) - g (%) + Fy (R5,3),

- -

P



~ o J., = ?m1kgx(x) -

J =¢-n1khy(y)l+

J = F1Z(X»sz)r‘

J = bynikgx(x) + bn1kgxﬂX) + ng(x.y.gg,

A

Ay ) -

wTkhy(y),+ Fzy(x,y,z)!, e

L

J31 = FBX(X,y.Z),

c
it

r?n1khyy(y)

é r?1khy(y),+

]

and n, w1k“

ik aqd m,

1k~

* For case .(ii

_the’eqﬁilibgiasgk(;(é)

is written in the form

TG, (E), §,(0), 2

L(€))

l

+ rW1khy(Y) + FBy(X)ng)v

AT
N A

‘FBZ(x.y,Z). .

are given'by (4.6), (4:9) and (4.10) réspectively;"5‘

) when D # O the Jacobian matrix calculated at

. ¥(8), 2(€)), k = 1,2 up to the order of €

1

G55 ¢ £/ 25,5
N S (he21)

+ €57%,5,7), k=1,2,




< -

1/ (z ; -

“where 7°(%, y,z) is glven by (4 19), X,¥7%) and’31(§,§,§)-are

3 x 3 matrices such that o
,1%m@\zﬁ s

réif ' )fEde(ij—d§g¥%(§)_ -ag%<;>—, ",»  o] . |
b herR)

v"'i"v*’;*' SRR reh;}(i’ } T '77'7?]7 -

5. - (gl o | S 2

where Ji are given by .

U . A 122 - 1.2 - - - - o i
. Ty, = 5xd fxx(x) +df (x) - —yd g, (x) (x y22)s . \\\

. ) : . /\1 _ 1 2 - _ - - . v ‘ 7, :
- J12 = ’5@- _gXX(X) (X Y’Z), . - . -

Y - .

}  | J13 = (X,}’,\ )l

4fWVW7W,:7,!Wf~:”~”W . quﬁ;,“byd £ (x) +_F. (x,y1 I e S S

B A CO s NN C 3 O —



. JBJ‘Z FBx(X’ny);'
/ Y _ ' - - - i ‘ A ::~  I - . . -
U32 T Fayleven)s |

J :AFBZ(X’Y’Z)’

where
. B —
; k h 1 '
a= (pF Bl (Byvz
bygx(x)
and o G
e = (-1)1‘(-%)/772 W ok=1,2
We consider only case-(i), that is when D = 0. The
characteristic equétion of the Jacobian matrix (4.18).up to the order €
is given by
Lo p
i 3 ' 2=, : : , ‘ o .
X + <p1+€q'1)k +» (‘p2+ £Q2)X + 6q3 = O’ . (/"2))

where pi and p, are given Ey (2.11), and
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3 B !
= - -“
A = ;g; Jll ’

| 3 3 3 oy s insr
1 L35 GO - Tpd), tAkAL (4.26)

o 0 =0 . o =0 =0 |- =1 =1 =1 ,
Tii T Tl 311» RPPIRRIES B G AP FE PR R
=0 =0 =0 =1 =21 21| 0. =20 <0 |
937 T Jogp tlYar Toa a3t {2 Yo a3l o
=1 =1 =1 =0 -o =0 | - {=0 -bb‘l-o :
e TINRRE PR 1 N EETH 32 NEETT IR RETRRREP) / 33
A J PP / ,,,
‘ . ] , f
whererjgk and 31? are elements of the Jacoblan matrlces JQ( ,y,z) and
71(;,§,5) respectively. v
For €= ( the’'characteristic equation (4.25) feduées to
fequatipn (2.10) of the critical qgsa,gﬁ_the,unperturbed,syéiem:(1).
The determinant (4.18) can be preséﬁted in the form
3 Ry 2 A - _ : » 2 ‘-> ~ .
Cdet Jlx (&), ¥ (€), 2, (€)) £d; + 0(€7), k=/1,2. (4.27)

We assume that qj # 0, hence (4.20) is satisfied.

- - The assumption( that a3 # O guarantees the existence’of a
simple perturted equilitriuz of ihe model (2). :
- : . ‘ ‘ w / s

'The local :taﬁlllt, an“lv51s of the perturbed equlllbrla

rejuires the invest;gatlon of the signs ‘of the roots of the equatlon
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) ) ”)E\’” n .n,‘:“ 3 -‘J ("7 e rr—’ PP 4 ‘ y ‘ . .
AR5 ) Bojadziev and Sattar [ 5] gave a detailed classification off the
nature and stability of ‘the ‘perturbed equilibria of the Kélmogorpov modél
(1.5) in the critical case(whén the unperturbed;Kleqgofov modei has
. a multiple'equilibrium. We will use'the{resultg presented in [5] in
_ the next section of this chapter. .
4.3 EXAMPLES OF PERTURBED SIMPLE FOOD GHAIN WITH HARVESTING -
" In order to illdstrate the general théory discussed in- Lhis
- .chapter, we present thrgefe)rﬁ@;bles,vfnn the case. (1) when P -= 0, S
- o )
Example 4
R \
.,;,_;_*\;»\ " The model )
x' = x(2-7x) - yx - 5+ E(x-2y),
. 1, 2 , X :
y j‘-zy + yx -ozy + E(yEAZ), . . (4.28)
S ~ 2 " . ) »
: z' = -2 + y z- + £(22),
ig a perturbed predatgf-ppedator-prey-model with constant rate prey v
) harveéting H =‘; and prey carrying éapaqity k = 4. It is a particular
) case of (2) with o o



Nt

f{x) = 2 - E'x, -~ g(x) hiy) = y~,
a = 1 ‘ b =1 e = 1 r =1

, - "'29 - ’ g ’ - ’ .
Foo=x- 2y, F2’= y - bz o Fg = 2z
o _

It is clear that for the unperturbed system of (4.28), € =0,
we have a.situation where =z eats'y, and y eats x. The perturbation

terms'in (4. 28) with factor E << change slightly the unperturbed

system in the following way. In the first equation the perturbation.‘

term means both,‘a slight increa’se ‘of the growth rate of x due to:
internal cooperation (€x) and a slight decrease of the growth.rate

due to increase actiVities'(;-ZZiy) of thevfirst'predator y. In the.

o

of the growth rate of y due to’ internal COOperation ( £y) and a

; slight decrease of the growth rate due to 1ncrease activ1ties

- ¢

( -4 §>} of the second Dredator Z. Finally in the third equation
there is a slight increase- of the growth rate of z due to 1nternal

cooperation term ( £2z).

 The unperturbed model (4.28), & =0, has an equilibrium

B E 1,1, % ). The corresponding Jacobian matrix, calculated at
. 1 :
w - s
UC( 1 » 1 1] 2 ) 1‘5 \
. - - .
‘ o -1 ' O
o ' o V » "— 3(1'175} = 1 .% : 'T, T ' o . 7 T '(1':29—)* 777“




s,

=

1

ey ¢ N ) . T ' - ) . -
From (4.29) we see that det J( 1, 1 s ) = 0, hence Ec is a multiple-
equilibrium. We check also that -condition (2.9) is satisfied.” \’\e

characteristic equation of (4.29),isr

XN+ Feaa=0 | (4.30)
It has foots
Moo Dppitiime e

2

For the perturbed model (4.28), condition (4.1) holds, that

).

"~is, the perturbation terms in (4.28) do not vanish at'EC( 1,1,

Nl=

Note that the expression D given by (4.5) is zero, hence case (i)

applies.
The perturbed equilibria of (4.28) up to the order g.nre
| 1.3, e, 142
found to be E1( 1-5 , 1-8, 3 - 3€ ) and\EZ( 1456, 1-¢, 5+ 5¢€ )e.

Consider firsfin( 1-¢, 1-¢ ,‘% - %E, ). The Jacobian ma@rix

, | o ,
(4.18) calculated at E, up to the orderg is
_ 1 "P -

r ) : -
36 -(1+4g) 0
(1 13 . ] o Y
JO1-e, 1-e, - 58 )= 11-€ -oHe  -(1428) ). - 7 (4.31)
S0 -dg O J B



52, -

- 75))\? + (25—

(4.32)

PN i (% %6)?; -\553 =0,
. which ié a parﬁicﬁlar case of (4.22) with
~ e | Py = 2 7
| 9 7 '7771 9 = ‘% 3= -3 i

- Bquation (4.32) has, one positive erigenvalue?\1 and two

complex eigenvalues 7L2 3
4

e

-

and Saﬁtar\[f]). Herice E

focus.

" Now consider,Ez( 1+5¢€ ,

(/.18) ecalculated at E2

up to the

Its charecteristic equation up to

with!negative real part ( see Bojadziev

_is a’saddle spirai with stable plane'

1-£ ;7% + %E, ). The Jacobian matrix

)X+ (2 + BN+ 3E = o,

order-£ 1is
- 3 I -
-3¢ -(1+7€¢) © - O
T-g -3 +26) -(142€) 1. (4.33)
L 0 148€ 0]
éhe'oraer £ is -



- i .
, .
- 53,
which is a particular case of (4.25) with ) .
. , . N - .
. ; :
= = L= D
Po =2 P . .
’ = 5 » -’ﬁ - :
q1 b . q2 29‘ q3 3. 7 '
Equation {4.3.) has one negative eigenvalue )\T'and two complex
eigenvalues 7L2 Q' with negative real part ( see [5]). Hence E, is an
, T - ~- . : “ P
asymptotically statle painted spifal.v
. & A : ' V ‘“
Txanple 5 ) : .
;‘: 3
Consider tne system with constant raif harvecting H :Z
1 1 1 1
x' = x{l-=x) - Syx ~ — + —€x
4 4 2 Lo 4T .
v' = -y ¢ 2yx - yz + EY, : (4.35)
z! = -2z + 2uz + & (z-4y).
% * : )
: A3
¥
- ' T
Hwy = Uy, glx) = s nly) = ¥, ;
2 =1, L& g, T e = 2, ro= 2, .
:? = :x, I = 7, rz = Z=Ly.



~
: Tht:‘byb'tiem>( .35) db‘bbl_LUb‘b a p:euduux-prsia‘poi?rey
‘interactions similar to that of (4.28).
Fo'r"'therunperturbed model (4.35), €=0, condi tion (2 9)
s satlsfled and there ex1sts a multlple equ111br1um,E ( 1,1, 2 ).
Tbe ‘Jacobian matrix of the unperturbed system calculated at
Eé('1,,,1‘, 2. ) is given by . . .. . el
ﬁ?_ ) — .
A ' - - 0 —% 8]
S A ””"f'ﬁ?‘ﬁ?)"fw’i”.’”*ff: """" e R CS) A
N ,
0 4 : O_1 _
. )‘andeits chafactefiStic‘equation is
DN o (4.37) .
Hence the eigenvalues of the Jacobian matrix are

il

iFor the perturbed mode1 {4, 35)'condition (4 1)*holds, that

~ is the perturbatlon terms in (4. 35) do not vanlsh at E ( 1,1,2).

I

'The expressicen D/giver oy (4.5) is zero at E (1,1,2), hence case

1Y

e e B

" {i) applies.

£,
found to. te.



3j£ s 74%&;, 2+(4-3)€), the Jacabian matrix

(4.18) calculated at this equilibrium uﬁ to the order E'is

- For E, (14(1-

— S -

- Loy 1.4
R -11-2e ,2(1+_(1-?)£), 0
sa+0-Le e 2B = | 3de L0 —ade)| ()
e ureme e i

5>\+ D 3% BETENAVN -~<1+?=3£>e =G, (4.39)

which is a particular case of (4.25) with

- o1 & |
Py =0 Fa T T . \\
I R B BEOU-Y i
T2l e Gyt 43 E
. Using [5], we find that the roots of the_charactéristic
squation (4.39) are I \E) > O and Tz(g) + I(j—g +7(€)) where
’ - <
7,{0) =08, 1i=1,23and Tz(ﬁ) < 0. Therefore ' :
1 A S S M AEEEEITEE

z (1+(1-3%)£<, 1+é£.,.2+(4-j§)5) is & saddle spiral withL ctable planeA



' 56u
) £ . ya ‘E\A 1 o~ ya [ el ¥ ) : ) . N
_ror b2{1+ﬂ‘!—"’§)t, 'H"é't, ¥4+ J)& ), the Jacoblan matirix-
(4.18) caiculated at this equilibrium up to the order _E-jis T
LD aseede) o
RUge s 0 Ce5E) 0
3, .1 e dey |
: J(1+(1+ —5) o143 w244 3) )= I35E 0 ~(145€) |. (4.40)
0 - . +2(2+3)e  z2¢
e St - . o
' Its characterlstlc eouatlon up to the order of 8 is .
e 7@5(2-%27&%15 5f>e>7\+< j_ )E =0, G
-  which is a particular case of "(4.25) with N
T C . ST Ty : o S : |
Py =0 Py
: ) ey -~
q:z_g u_ q':' 3—24_25 ~ :ﬂé—_‘]
1727 6 ¢ 2 4 27 G303
1 - ! - 4
N Using 5 , we find -that the roots of.the characteristic
) equation®(4.41) are T, () < 0, T2(£) j'i(ﬁ—z— +T3(8)'), whé':e
Ti(O) =0, i =1,2,3 and T,(€) € 0. Hence ]
3
E (H(H )E ‘H-E,, 2+ A+J-)£) is dn asymptotlcally stable spiral. 2
A
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Example 6 ]
T . i - f
R Conslder ‘the model/ wi th constant rate prey harvesting -
. . ) 1’,;: 1 - ' " . L) o
. 5= 4 prey s carrylng capamty k 4 and a Holllng-type predation of - -
‘ the Second predator on the fl;rst predator. L ’
,‘& 4' K £ L " 1 - - b ; E S ] -
o , «ox! x(‘l-“) -'Z.+ E (xX-37) ) e
7 ’ . -z S " ;, ' ) - 7( >y i »
e _ - y' = =y-+ 3yx.- 12‘;{; + E(By-QZ) ' . tL.42) . :
’ ’ i B v ' = - -}-'iﬂ ‘:” £ ) . < . e *
. PN % ”‘Z.‘Hy~ €z, ) . .
i - . - v t‘ P °
. . whlch descr:r.bes a predatolr-predator—pre),r 1nteract10n_, smﬁ:é} to. - .0 e .
‘ 4 . . - 2 ‘ . . . M a 2 ﬁ‘
ST that of (4.28).. w : PR
": e . o ‘For the unperturbed model (41.42), €= 0, condition (2.9) - :
S e ‘ :r_s .satisfied and there ex1sts a multlple equngllbrlum f: (1, 5 ‘-1)" ;
Y 8 N o - i 2NN Moo o .
B E ‘d':. o ”he Jacoblan matrlx o?the unperturbed C“ystem ealcura‘r(d‘ df M D
. 9 'y A -— - - - -
CeL T _.6(1, 5 1) rs g:nen/ by . k
‘ » -ro: 10 : R
: 1 3 2 ’ ;
- = = - . .
J(1’ 2’. 1) 2 ] 3 ) 1. . ~ (10 #j)
= , ) ! 0 ,4_ . 0 L ) = » ’ R
1 - L 3 T L
- T T Toe - 'V;[’,"V I
Its charaeteristic equation is T L ¥



v
= 3 .
: . —
o e
Y 2. Py
) oo » .
RN "'E, e - .- LG -0 - . B . ,“3 °
' ' B e T - - . . * - -
R T . \.3 2\2 ,‘17'\ A ; . ’ - TR
S S A3 /\ AT =0 JEE— {4 44)
R P o . o T N - R Cr .
- . g o P ‘
° M N ST e - IR ' N TR
N e N -« " ) -

*’Equation’ (4.44) h“}s‘ i,'oz’té Kl = Oand /\2 37

v . .5 For the perturbed syst’em (4.42) condltiOn (Z, ‘I) holds o ) *

R e smce the perturbatlon terms in (4. 42) do not vanlsh at
o T E (1, -2- ) iI“he expressuan D- glVﬁn by (4 5) 1is zero at BN e L
' ,uEv(‘T, 71 ‘I), hence cdse - (1) &pplles. R A ‘ .
e 2 AR K _ B ’
B S °  - v 5 E \w,' ! : AR o S 5 - ST T e
. _ " The perturbed egulllbrla of i‘(4 42) up to the order 8 are "

’ ., found t0 be N ‘*? A o : , N
: @1<1+<—'—-—52 & --)2‘—.;—%5',”(17 +2./85)8)@and E («H(Z-@)e %%&1 A2y, - o

» . . . - . . N . . T . .
; I3 , . e R

‘?" Wb - B In 'Lhe "alculatloz; Wthh follows, the numbez‘s o - T el

i S X - ) .
SRS E ZJ—S, 2 ,_'_/:—'and 21—5, ax-e gubstltuted -

+
4 Vo
L TN o
. o. . v

c 2772

‘ g e e correspondlngly by 8 43, 11.2, -1 11 and 2 68 7 ‘ At R R e
1 2 . . R .
ﬂ Fo;r E, (1+8 138 5" 48, 1+11 2£ ), the Jaboblan maﬁrlx ' T
T (4 18)calculated at thls equﬂ.lLbrlum up to. the order, £ is ' RN F.:."; - T
| /' . 4 R ‘ - i .‘ 4; _2.‘3‘]8 c . n-(1 +12.63‘£) 2 ‘ O e T L» . . 0
i f, o "‘ - B . . . R . - - . .: N - ; B - “ .

o J(1+8 136 % fa. 1411, 25)»- 23,388 Z 412,46 -(148){.(445) . o

A v‘ =z . F \ £)
s . . N . .
& 1 V“ : V - N I‘
‘ i : 0 29414938 R
- :- (‘\. R n“'“ N L y
- T ’ ' g
- Its characteristie equation up, to the order £ is ' Y ';
. - - T
- - oL Q L
: L . \
, N c




et

© . ¢ . e

) - 2 .4n Ar;ﬁ \2 i ,‘A ,.~ v~ . LT T
- \ . (341 c),/\ TG 029X ¥ 3088 =0, (4.46)

l' /\[‘f - ! o . “r t

tL 2 v - 17 | 3

= 30.29, .4y.= 3.08.

Q0
—
t
4
—
O
.
-
o
-
]
N
-H

PR

Accordlng to BOJ&leeV and Sattar [5] the rootu of | the

characterlstlc equatlon (4. 46) are T, (br)rand % +7 (£)+ 1(—L +T. (t)) ':

-where T (0) = 0, =1,2,3 and T1 (8) < 0. Therefore T o R

' E1(1+8.13£ s %— E 1‘+\1‘~I'.2£;) is a saddle épiral with unstable

FOY R

:plane focus. '

R -+ For E —(1-1 1'18;-'2 %g =24 68& ), the Jacoblan matrix o - T

@ (4 18) calculated at-this equilibrium up to the order € is

,9 ‘-‘l'v»' R | - } ;\ L : - 2.038 ' _(1 +2.39£) 0 ) 7 3 -
7 1 3 . - 2 \_ 2 . \ | : )
I(1-1.11g ,3 LB 1-R088 )= 15 =338 S 4191 (). (4a47)

oy T R 0 T %-2.24¢ 0

* Tts chiracteristic @swéﬁign,up,,,tgb,,thggr@,er,E,,is

S te a - - ¢

#K . : * i ;77 X " (% +3-94£)X2 'f (%-}'07-67557)7&;’ 2071& = Or ' ) . : (/4--48)

R N B < . N ) . -
o ._ T o -
: . - 4 . o
. ) . , »
RN . L ’ . . s ;
.
' [y
A



: 6.
‘ -
which"is'a;particularrcasé of (4.25) with °
_ 2 . _M¢ !
SRy R T
0‘ q1 -= -3094’- q2: O..65’ q3 = -20’7‘1-
Again from [5]it follows that the roots of the characteristic
equation (4.48) are T, (€) and -15 +T2(£) ji(ﬁg——a +Tj(£)) where
e T r—fT—i (O)y=-0, =152, ',%&Hdﬂf’;(e)?’ﬁt’.'f’Then"E’é(ﬁ';’j':."mﬁi;*%”:'7 A*E*;T:;?Téﬂ'gf)%—*fﬁ
v - ik an unstable pointeqd spiral. : ‘ : ' E \\,-‘—\ '
X N - v = . : . - ) . . .
. -

-p

5
o
]
L“

%



at the equilibrium is zero. The condition (2 15) for the CXistence.

position of (1) can be hyperbolic or nonhyperbolic However,‘in

4 ' ~ CONCLUSION

We have studied the‘three dimensidnal unperturbed food chain

medel (1) with harvesting H in the noncritical case (simple equilibria) e

and the critical case (multiple equilibrium) The condition for the

existence of a noncritical case is that the determinant*of'the

, # : , N
Jacobian matrix of (1) calculated at the equilibrium is not zero while

for the critical case the determinant of the Jacobian mdtrix Calculuted

’ of a multiple equilibrium inyolves explicity the harueating rate H ) '

which demonstrates the significance'of the preseﬁce of H in the

model s g ‘ T - o ' v , T ’?,

-

We have seen” that in the noncritical case the PqullLrlumi"'

F 2

~the critical case,'the equilibrium position (multiple) is

[

nonhyperbolic. We have investigated'the effect of perturbations on

the,eimple equilibrium of the model (1) and studied the hature and
stability of “the perturbed equilibriumf- A fimple equilibrium,
byperbolic or nonbyperbolie, can generate under>small_perturbations'a
hyperbolic equilibrium. Furtheere‘have sugdied thevbifurcation of
a multiple equiliorium of () into 81mple perturbed equ111br1a 51

)

(2)‘ . ’ - ’— ) e e e e — 77——»———4— - —rr—gw%—ﬁ.—t



[4]

i
W
| S—

—
-0
—

....-
-~
o

f

1)

WWfffgud;mens;onalfKolm@goro# medel,AMathmeioseiTwﬂ?8fJ293 305

BTBLIOGRAPHY

Bogad21ev, G.N. and- Bogad21ev, M., Lotka-Volterra model con4; 
trolled. by small perturbations, in Proceedings of the
International AMSE Conference "Modelling and Simulations",
Athens, June 27-29, 1984, Vol. 1-2, pp. 29-40. '

'Bojadziev, G.N. and Gerdgiannakis, A., A predator-predator :

prey-system with constant rate prey harvesting, ‘Math, .
Modelling, An Int J. Vol. 8, pp. 772~777 (1987).

BOJ&leeV, GfN -and- Klm,—H/S., Perturbed Lotka-Volterra compe S

tition model with harvesting. - Proceed. Int.- AMSE Conf. o
"Modelling and Simulationg", Wllllamsburg, Vlrglnla (U.s. A),

Sept. 3 1:\5, vol. 2, pp. 2- 13 (1986)

BOJ&le@V, G.N. and Sattar, M A., “Perturbations in the .three

(1986). ’

BOJad21ev, G.N. and Sattar, M.AL, ' Bifurcations in the three

dlmen51ona1 Kolmogorov model Math. Biosci. (to appear).

Brauer, F, and Sanchez;fD.A., "Constant rate popuiation harve s-
ting: Equilibrium and stability". Theor. Pop. Biol. 8:
12-30, 1975a. ’ ' ' :

system with constant rate prey h
8: 55-71, (1979).

Brauer; F. and Soudack, A.C. Stabll;Zy fegions in predator prey

vesting. J. Math. Bicl.

Brauef, F. and Soudack, A.C., Coexistence propeftles of some pre-
dator—prey system under constant rate harvesting and stock- -
ing. J. Math. Biol. 12: 101-114 (1981).

Chow, S.N. and Hale, J.K., "Methods of Bifurcation Theory",
Sprlnger—Verlag, New York, 1982.

Freedman, H.I., A perturbed Kolmogorov-type model for the growth

. problem, Math. Biosci. 23: 127- 149 (1975)..

Freedman, H.I. and Waltman, P., Perturbations of two dimengional
.vredator-prey eguations, SIAM J. Appl. Math. 28: 1—10¢jﬁ975){

Fresdman, H.I. and Waltwman, P., Mathemat1cai>analy81s of ééde"

~ three species food chain models, . Math.,Bloscll 33:257-276

(1977).

“Hirseh, M,W. and Smale, S.., "Differential~Equation, Dynamical

~

" Systems, and Linear Algebra", Academic Press, New York 1974.



kS

3,

(1]

(5]

. . R -
o \
. w

- - v

of a system of three linear differemtial equation,
v/ Agnew, Mat:/ Phys. 15 540-557 (1964)

3

Reyn, J M., Cla581§}ca§10n and descrlptlon of s1ngular point“

Yod21s, P., The effects of harvestlnp on competltlve S)utemw'
~ Bull. Math. Biol. 38: /97-109 (1976)




