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The e f f e c t  of small p e r t u r b a t i o n s  on "c'he e q u i l i b r i a  o f  a n  
--- 2 L- - - - -- - 

- -- -- 

i n t e r m e d i a t e  t h r e e  dimensional  food cha in  model w i t h  c o n s t a n t  r a t e  . . - - :+ 
+ prey h a r v e s t i n g  i s  s t u d i e d .  It i s  assumed t h a t  t h e  unper turbed  . 

Z 
- 

nJ i 
system ha a t  l e a s t  one s imple o r  m u l t i p l e  e q u i l i b r i u m  i n  t h e  J& 

1 
. 7  

f i r s t  popu la t ion  oc t an t .  The s i m p l e e q u i l i b r i u m  o f  t h e  & p e r & r d  
- 

7 ,  

9 

system which may be hype rbo l i c  o r  nonhyperbol ic  under  t h e  i n f l u e n c e  

o f  small  p e r t u r b a t i o n s  g e n e r a t e s  a h y p e h o l i c  e q u i l i b r i u m .  F o r  
' i  

, *a c 'e r ta in  value o f  t h e  c o n s t a n t  h a r v e s t i n g  r a t e ,  t h e  unper turbed  - 6  

I system h a s  a  s t r u c t u r a l l y  u n s t a b l e  m u l t i p l e  e q u i l i b r i u m  f o r  w g c h  .- 

t h e  de te rminant  o f  t h e  Jacobian  ma t r ix  i s  zero, - The m u l t i p l e  

equ i l i b r ium may b i f u r c a t e  i n t o  e q u i l i b r i a  o f ' t h e  pe r tu rbed  model 
* 

o r  d i s a p p e a r  under  t h e  i n f l u e n c e  of  small p e r t u r b a t i o n s .  The , - 
+ - - 

- 

pe r tu rbed  e q u i l i b r i a  genera ted  by t h e  e q u i l i b r i a  o f  t h e  unper turbed  - 

system are  i n v e s t i g a t e d  i n  case  s t u d i e s .  
at, 
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% 
The study 02 t h e  

* 

e q u i l i b r i a  f o r  a system of 

- 1  

e x i s t e n c e  and s t a b i l i t y  p r o w t i e s  of t h e  - -- 

ay,tonomous ordinary  d i f f e r e n t i a l  equat ions  ' 

model3ing the  i n t e r a c t i o n  between s e v e r a l  +populations i s  a sub jec t  of 
-- -- L - - - - - - - - - -- 

,considerablexterest  i n  t h e  e c o l o g i c a l  l i t e r a t u r e . ,  + 

I 

Bojadziev and Gerogiannakis [ 2 ]  have analys@ the  behaviour - - 

(1  j -  y1 = -ay + byg(x) - zh(y) ,  

z t  = -ez + ~ z k C g )  - - -  - - A -+ 

b '\ 

i n  R ~ ,  which models a  predator-predator-pre y i n t e r a c t i o n .  Here x, y. 
- - 

and .z a r e .  the  popula t ion  s i z e s ,  and the  func t ions  f  ( x )  , g ( x ) ,  arid h ( ~ )  
/ - 

a r e  subjec ted  t o  c e r t a i n  c o n s t r a i n t ,  Using 121 a s  a basc, we  analysed , 

t he  b e h a v i o d  o f  t h e  model (1 ) under th?  in f luence  oE small pe r tu rba t ions .  
- 

Hence t h e  model t o  be considered i s  , 

x1 = xf ( x )  -yg(x) - K t c F, (x ,y ,  2). 



'. 
A 

* - 
- - /--' 

/ A , - t  
- - - - -  - - --- - 

I , 

- * 2. 
d- " < I 

- J 

- - 

@ 
where- 6 is  a small pos i t i ve  parameter. 

r 
2 t - , - 

* 
,The inc lus ion  of the  per turbat ion terms -- with f a c t o r  g k k e s  ' 

/ 
, the  model ( I ) ,  which i s  a c t u a l l y  an approximation - of  a r e a l  s i t ua t i on ,  

- - 

c lo se r  t o  r e a l i t y  s ince  these ;terms . represent  small, unknown e r r o r s  o r  
8 

- 
d .  

uncer ta in t ies .  * 

* - 
- - - A - - - -  - . --\ -- r - - -- - - - - -A 

The main object ive  of  t h i s  t h e s i s  i s  t o  study tbe%ffect of 1 -  -- 

p r t i r b a t ' i o n s  on the  nature  of  t he  e q u i l i b r i a  f o r  the  rnodel(1). . 
Cr 

iid* 

on mathematical models i n  population ecolqgy w u c h  provide a' 
- 

a. 

.background'for our ~ t u d y  and introduce t he  basic  assumptior?s about4  
- - 

- t h e  model (2) .  4 

-+ 
P 

-, 7 

- A - - -  % -- I n C h a p t e r 2 w e g i v e c o n d i t i o n s f o r t h e e x i s t e n c ~ ~ ~ f  - - - - . - - - s i ~ ~  S Y  . -- 

e q u i l i b r i a  of the  unperturbed model ( I )  and study t h e i r  nature  apd 
;"i . 
* 

s t a b i l i t y .  Fur ther  we ind a condit ion f o r  the  exis tence of mul t ip le  !' . equ i l i b r i a  of the mode (1). 
- 

I -  - 
I Ikubs - 

--% - 
5-Chapte r  3 we s the  nature  and s t a b i l i t y  of t h e .  -='. , 

-T ,w 
I 

E e q u i l i b r i a  of the  perturbed model (2) corresponding t o  the  simple 

e 'qu i l ib r ia  of the unperturbed mbdel I-* (1). 
\ 

\ 

- 
In Chapter 2 we study the  e f f e c t  of per tu rba t ion  on the  

- - - 
multipIe equil ibrium of the u ~ p e r t u r b e d  model (1 ). The mul t ip le  

- 
-- - - - -- - - - - - - - - - - - - - - -- - - - - -- - - - - - - - -- 

q u i l i b r h  of (i) w i l l  e i t h e r  b i fu rca te  i n t o  perturbed e q u i l r b r i a  of 

-- - h - --- - - - - -- - - - - - - - - - - - - 
--A 

* -T* 
9, +% -. - % b 
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CHAPTER 1 

t -  PRELIMINARIES 

impor t an t  r e s b l t s  on 
1 

- 
- unper turbed  models w i t h  +arves t i t lg  qnd pe r tu rbed  models w i t h o u t  and A S  wi th  - - 

- 

- 

. . h a r v e s t i n g ,  which provide  t h e  b a s i s  f o r  t h i s  t h e s i s .  Also we i n t r o d u c e  

t h e  b a s i c  assumptions about  t h e  model (2) ' .  

In t h i s  chap te r  wk summarize i n  b r i e f  some 
1 > 

+ 



-, 5. 
i 

b 

--.-- - 
1  .I  UNPBTURBED MODELS WITH HARVESTING . - 

./ 
Brader and Sanchez [6]  s tud ied  the  e f f e c t  o f  cdnsnstnnt r a t s  o f  - 

. Q 
h a r v e s t i n g  on t h e  growth of two c o e x i s t i n g  spec ies .  Brauer  and Soudnck 

[7,8] analysed  the. g l o b a l  hehaviour  of a predator-prey sycrtcm u n d e r  

. c o n s t a n t  r a t e  p rey  h a r v e s t i n g  H 

- - - - - - 

They a l s o  s t u d i e d  the. p reda to r -p rey  system (1. 

- - 
J' 

Y ~ d z i s  f15) inve&iga'te'd t h e  ef'fe@ o f  
- I 

on compet i t ive  p o p u l a t i o n s  modeled by 

w i t h  s tocking.  

Freedman * a d  Ualtman [12] irvtroduccd the ttlrco i t.oo~i 

cha in  madel (1 ) wi thou t  h a r v e s t i n g ,  i:e. 8 = 0. 8oj%zi rv  anr l  

C-erogiannakis [ 2  f extencied the  w.ork of Freedman anu b;r i l t rn : i r l  t r ~  : ~ d d i r ~ c  

a c o n s t a n t  rate p rey  h a r v e s t i n g  term i n  t h e  f i r s t  equa t ion  ( sot. ( 1  ) ). 

They ana lysed  t h e  ' tehaviour of t h e  t h r e e  specie:: i n  the v i c i r ~ i t ~ y  of' -- 

s p e c i e  s' coex i s t ence .  



pp I 
'1 .Z PERTURBED MODELS WITHOUT H A R n S T b G  1 

1 
Freedman and Waltman ( G ]  s t u d i e d  a pe r tu rbed  p reda to r -p re  y 

Lotka-Volkem-a svstem o f  t he  form 
- 

, 

and e s t a b l i s h e d  a theorem f o r  t h e  e x i s t e n c e  of a s t a b l e  l i m i t  cyc l e  of  

- - 
of  t h e  equilibria of (1 .3)  from- t h e  p i n t  o f  view o f  c o n t r o l  and 

c t r u c t u r a l  c t a b i l i  ty. 
C- U -. 

- 

Freedman [I 01, g e n e r a l i z i n g  (1 3 ,  s t u d i e d  t h e  two dimensional  

He i n v e s t i g a t e d  t h e  n a t u r e  and s t a b i l i t y  of pe r tu rbed  e q u i l i b r i a  of  

( 1 . 4 )  and found some c r i t e r i a ,  f o r  t h e  e x i s t e n c e  of  a - l i m i t  cyc le .  

and S a t t a r  [ 4 , 5 ]  extended t h e  work Bo j adz i ev  

genora l  per turbbd Kolmogorov model i n  t h r e e  I 
?he$ cons idere4  the  

. onal  space 



They ana lysed  t h e  n a t u r e  and s t a b i l i t y  of simple unpe r tu r l ed  q u i 1 i b r : i n  
. , 0 

and t h e i r  r e l a t i o n s h i p  wi th  t h e  e q u i l i b r i a  of  t he  pe r tu rbed  system.  

F u r t h e r  t hey  i n v e s t i g a t e d  how t h e  mu1 e q u i l i  brium o f  t h e  
- . 

unperturbed model (1.5) ( E =0) n t c  per turbed  e q n i l i  h r i u  or f' . . 
- -- - -  - 

1 . 3  PERTURBED MODELS WITH HARVESTING 

Bojadziev  and K i m  [3] examined t h o  two dirn6nsional pcrt;rbcd 
- 

Lotka-Vol t e r r a  compet i t ion  model w i th  harve s t i n g  . 

They i n v e s t i g a t e d  the  n a t u r e  and s t a b i l i t y  p rope r ty  o f ,  both,  

- simple and double e q u i l i b r i a  o f  t he  unperturbed rnodel (1 .6)  ( 6 = 0 ) .  
1 

- ' , 

Also they  d i s c u s s e d  t h e  q u a l i t a t i v e  behnvjour of t he  per turbed  model 

(1.6)  u s i n g  concepts  from s t r u c t u r a l  s t a b i l i t y  and b i f u r c a t i o n s .  

THE MODEL kPm ITS SASIC ASSUMPTIONS- 

- - - - - - - -- 

Consider '  t h e  t h r e e  d i n e n s i o n a l  perturbgd f o o r  cha in  model with 
4 h 

c o n s t a n t  r a t e  prey t a r v e s t i n g  ( 2 ) ,  where x i s  tk.o number of 1oar:nt 
- 

- - -- 



- - 
f 

t roph ic  l e v e l  species  o r  p r  , y i s  the number of middle t rophic  l e v e l  

spec ies  o r  f i r s t  predator,  and z  i s  the number of h ighest  t roph ic  l e v e l  

species  o r  second predator. The parameters a ,b ,  c  and r a r e  pos i t i ve  

constant ,  and H 7 0 i s  the constant  prey r a t e  of harvest ing,  - €  7 0 i s  a  
0 

small parameter and F, ( x , ~ ,  z )  , F ~ ( X , Y ,  z )  and F ( x , ~ .  z )  a r e  ana ly t i c  3 --3 

funct ions  ih their-arguments. The f u n c t i o ~ f  (x) is the  s p e c i f i c  - - 

L 

growth r a t e  of the  prey, g (x)  and h(y)  a r e  the  response funct ions  

. of the f i r s t  and second predato'r respect ively .  \ 

-- - --- - -- - - - -  p---p---p - --p - - -+- --- - -- -- -- p-p-p 

For these  funct ions ,  a s  in7[12] we assume ' - 

. 
1 

- *- 
f ( 0 )  = s & O ,  f  (x) 5 0, f o r ~  30,' 

X 
( 1 . L  * 

g(O) = 0 gx(x) ? 0, f o r  x 0, 

h (0)  = 0  , h  ( y )  2 0,  f o r  y 3 0, 
Y - 

1 
9 .  # 

where the lower subscr ip t  denotes d i f f e r e n t i a t i o n  with respec t  t o  the 

, corresponding argument. For a mo6el. with n a t u r a M n g  capacity we 
- 

a l s o  assume t h a t  - 
/i 

The model (2 )  without per turbat ions  and harvestislg, i . e .  6 = 0 

and H = 0, has  Seen studied by Freedman and Waltman [12] under t h e .  
+ 

assumptions (7 .7 )  - 7 .  F o r  = O k d - 3  0. iith-11:71-- ~ K I O ~ p - - p - -  



t h e  same model (2)  has  been i n v e s t i g a t e d  by Bojadziev an? Gerog$nnnnkis 
e L  - 

121. For, g #  0 and H = 0, ( 2 )  i s  a p a r t i c u l a r  case  o f  t he  t h e e  

_ dimensional  p e r t u r b d  Kolmogorov model ,studied by Bo j ad z i e v  and 



?- 

I 

CHAPTER 2 
\ 

E Q U I L I B R I A  OF T H E  T H R E E  DIMENSIONAL UNPERTURBED FOOD C H A I N  MODEL W I T H  
- 

CONSTANT RATE PREY HARVEST IMG 

. In t h i s  chapter  f i r s t  we study the ex i s tence-of  L a  simple , 

- 
- e q u i l i b r i a  of (.I ) and i n v e s t i g a t e  i t s  nature  and s t a b i l i t y .  Fur ther  

. > 
w e  g ive ' a  condit ion f o r  the  exis tence  of a mul t ip le  equil ibrium which 

e x p l i c i t l y  a c r i t i c a l  value of the  constant  r a t e  prey 
-- - - - -- - - - -ppp-Ppp -- - - - - - - - - - - - 

harvest ing H. Also two examples a r e  presented t o  i l l u s t r a t e  the 

exis tence  of c r i t i c a l  ha rves t ing  value. 



2.1 EXISTENCE OF SIMPLE EQUILIBRIA 

The e q u i l i b r i u m  p o s i t i o n s  o f  t h e  unper turbed  system (1 )  a r e  

s o l u t i o n s  o f  (1) w i t h  x 1  = y'  = z1 = 0. Assume t h a t  (1) has a t  l e a s t ,  

one equ i l i b r ium.  p o i n t  E~ (xo. yo , zo ) (unperturbed equ i l i b r ium ) i n  the 

i n t e r i o r C o f  t h e  f i r s t  o c t a n t .  T h i s  means t h a t  t he  system 

-1 

According t o  f2], t h e  system -(2:l) has  a t  l e a s t  one s o l u i i o n  
\ C I 

(x0*Y,, Z, ) i f  - r E Range h ( y )  which guarantees  t h a t  t h e  t h i r d  c y u u t i o n  
C 

o f  (2 .1)  has  a unique s o l u t i o n  y such t h a t  h(y;) = ; and if 
0 

t 

- 

w a r a n t e e s  t h a t  from t h e  f i r s t  equat ion  o f  (2 .1)  we  can f i n d  
I 

x term of yo ( t h e r e  may be more than  one such x o )  s a t i s f y i n g  
0 

we g e t  
- 

- yog(x,) - H = 0. Then from t h e  second equa t ion  o f  (2.1 ) 
, -. 



wwch i s  p g s i t i v e  provided '  t h a t  
* 

2.2 NATURE AND STABILITY OF A SIMPLE: EQUIL~BRIUM 
v 

\ 

In o r h e f i t 0  s t u d y  l o c a l l y  t h e  n a t u r e  and s t a b i l i t y  p r o p e r t y  

of  t h e  e q u i l i b r i u m  p o s i t i b n ,  wp, need t o  compute t h e  Jacob ian  ma t r ix  
\v "Y 0 

of  (1) ( see  2 ( . 1 0 ] ) .  L e t  J bq t h e  Jacob ian  m a t r i x  o f  (1)  . 

c a l c u l a t e d  a t  t h e  equ i l i b r ium E~ (xo, Y,, zo . We o b t a i n  

A 

For t h e  de t e rminan t  of JO we g e t  

We assume t h a t  
's - 

- 
r /- * - - - --  > 

f 



d e t  J ~ ( x ~ . ~ ~ ,  2,) # 0 ( n o n c r i t i c a l  case) .  (2.-4) 

~ h i . s  assumption ensures  t h a t  ~ ~ ( x ~ ,  i s  a simple equil ibrium of (1 ) . 

e 

and the re  i s  no o t h e r  .equilibium s u t e  i n  the  ne;ghbourhood of 

- - 

The c h a r a c t e r i s t i c  eqGatron f o r  t h e  Jacobian r n a t r k  (2.2) i s  

where I i s  the  u n i t  matrix of s i z e  3 x 3 and * 

= - d e t  JO = -cz h ( y  ) ( x  f (xo)  t f ( x d )  - ~ ~ g ~ ( l ~ ) ) *  
o y  0 o x  

It i s  wel l  known t h a t  the  s t a b i l i t y  property O f  the . 

equi l ibr ium p o i n t  E ~ ( X ~ ~ + ,  z?)  i s  determined by the  s ignc  of  the  
L 



From ( 2 ; X )  and the  t h i r d  equation (2.6) i t  fol lows t h a t  a3 # 0. 
I 

- - 

- 
hence the  c h a r a c t e r i s t i c  equatibn (2.5) has no akro root .  The rbo t s  of 

the  c h a r a c t e r i s t i c  equation (2.5) can be d i s t i n c t  o r  repeated. According 7 

Isl 

t o  Hirsch and Smale [13] , an equilibrium of  6 sybtem of Butonom~us - . - 
ordinary d i f f e r e n t i a l  equations i s  ca l ledPrfperbol ic  i,f i t s  c h a r a c t e r i s t i c  

,&$& 
s - - 

e q u a t i o n x a s  no roo t s  with zero r e a l  p a r t s ,  ii.e. no zero roo.ts o r  no ,purely 
- I L 

- 

imaginary roots ;  otherwise, the  equ i l i b r i um, i s  nonhyperbolic. Chow and 
r 

Hale 1 9  1 s ta ted  t h a t  a  hyperbolic equi l ibr iu$ i s  s t r u c t u r a l l y  s tab le .  
- 

I - - 
----- - 

I '  
- ~ ~ r i  ti ca l  ca ~ c 2 ~ 4 > a L ~ 0 ~  tmexisteFce - o f  - b o t h , - a h y p r b d i - c  :-- 

I 

equil ibrium i f  (2.5)-has only non zero r e a l  r oo t s  o r  a  non zero r e a l  
& 

roo t  and a pa i r  of complex r o o t s  with non z  Iro r e a l  p a r t )  o r  a  7 
I 

*nonhyperbolic equilibrium ( if (2.5) has a  a i r  of purely  imaginary roo ts ) .  'I 1 - 

-- I 
Reyn [ l ~ ]  gave a ,de t a i l e d  of the  nature  and 

L - - - 

s t a b i l i z i  of the equilibrium po in t s  of a t h  ee dYmensiona1 l i n e a r  
, f - - 

d i f f e r e n t i a l  system. Bojadziev and S a t t a r  14-1 presented c l a s s i f i c a t i o n  

of the  nature  w d  s t a b i l i t y  of the  simple e  u i l i b r i a  of  the  threg b 
obtained by keyn p47 and Bojadziev and Sa ta r ,  [ 4 ]  a r e  used i n  t h i s  Y .  
dimensional unperturbed fPolmogorov model 

paper . I - 

(1 .5)  with € = 0.  The r e s u l t s  

2.3 EXISTENCE OF A MULTIPLF, EQ~ILIBRIUM 
5 I " 

I 



- a r e  s u b s t i t u t e d  by 2,  y and i, but  i t s  determinant  k s  equal to zero, 

- t h k t  i s  

- - -  
d e t  J ( X , ~ , ~ )  = O, ( c r i t i c a l  case) .  

- - - -- - - - -- - - - - 
S i m i l a r l y  t o  (2.3) we have 

* * 
- - i 

- - 
Since czh ( 7 )  # 0, (2.8j  i m p l i e s  t h a t  

Y 

Equation (2.9) ensures  t h a t  model ( I )  has  a  mul t ip l e  equi l ibr ium.  * '  

2 The c h a r a c t e r i s t i c  equat ion  of t h e  Jacobian matr ix  (2.2) 

calbulLted a t  E 1- X , ~ , Z )  - - i s  given by 

where 4 



r i* - 4  
- - - - -- -- - 1 

a . * 

16. . - -L - - 
,.:' - r i. 
r -* 3 

- - I p  . \ a. 
- 

Gonsider ( ~ . r l ) .  since p = u wnen n ty )  ~ s . + l n e a r  ana 
..A 

1 B 

sa t i s fy ing  t he  assumption ( I  .9) ( see  [12]) , then us ing  (1.8) and 
- P 

- (1.9) we see t h a t  

- , - 

2 0 and czh Y (y)  2 0, 
4' 

The c h a r a c t e r i s t i c  equation (2.1-0) has  roo t s  
. I ,  

The roo t  hi = 0 of (2.10) can no t  be double o r  t r i p l e  s ince  p2 7' 0 
* 

(2.12). Hence t he  3 x 3 Jacobian matrix of system ( I  ) calcula ted a t  
- - 

the mult iple equil ibrium can only have rank 2. 'S ince (2.10) has a ' 

zero root ,  the  mul t ip le  equil ibrium E ( x , y , i )  i s  n o n h y p e r w -  

s t r u c t u r a l l y  unstable . - 

We c a l l  the  va luerof  H,  f o r  which the  model (1) has a a 

- 

. , 
mu1 t i p l e  equil ibrium, c r i t i c a l  harvest ing value, and denote i t  by . 



* 
I* < .  

L 
- - - - - - - -- - - - - - - - - - 

- - Equation (2.15) i s . , t h e  c o n d i t i o n  far e x i s t e n o e  o f  a m u l t i p l e  r, 

equ i l i b r ium o f -  (1 ) which i n v o l v e s  e x p l i c i t l y  t h e  c r i t i c a l  value o f  
e 

c o n s t a n t  r a t e  p r e y  \harves t ing .  o" 

We c o n s i d e r  two food cha in  models which i l l u s t r a t e -  t h c  G 

't 

e x i s t e n c e  o f  c r i t i c a l  va lue  o f  c o n s t a n t  r a t e  prpy h a r v e s t i n g  when- 

- - (1 ) h a s  'a m u l t i p l e  equ i l i b r ium.  - 

6 ,  
- 

, - - 

i Example 1 
- - 

" 

Assume t h a t  t h e  p r e x  has  a  n a t u r a l  c a r r y i n g  c a p a c i t y  k and 

t h e  f u n c t i o n s  g(x), h ( x )  y i e l d  t h e  b t k a - V o l t e r r a  dynamics. More , - 
s p e c i f i c a l l y ,  we c o n s i d e r  t$e model . - - 

Y t  = -ay t byx - zy, 
- - - - - - - 

z t  = -CZ i r zy .  ' 



The e q u i l i b r i a  of  (2.16) a r e  s o l u t i o n s  of ' the system - 

-. L 

-ay + byx - zy = 0, 

C -cz  + rzy  = 0. ' 

- - -  - We seek a  mul t ip le  equi l ibr ium E(x, y r ~ ) .  It should s a t i s f y  

\ * 
and a  c r i t i c a l  ha rves t ing  value 

- 

8 

Exampie 2 . y  

. a  1 

/ '  
In this example we modify the  mbdel of  Example 1 by 

3 0 . 
i n  t roduc t ing  a Holling- t ~ e  predat ion  of  the second p reda to r  on t h e  

9 
. 

B 
I f e s t  predator .  S p e c i f i c a l l y ,  we cdnsider  t h e  model 

r 

t 



Here w e  o b t a i n  a  m u l t i p l e  equ i l i b r ium 

/- 

and the  c r i t i c a l  h a r v e s t i n g  va lue  i s  
- 

)2 k ( l  - ;a - cbl 1  H . =  - . - 
1 C 

a 



w - ---- J- - 

,' g , .' , f 

P$RTUEBATIONS OF A SIMPLE E Q U I L I B R I U M  OF THE T H R E E  D I M E N S I O N A L  FOOD 
1 

7 
C H A I N  MODEIs WTTH HARVESTING 

1 

1: t h i s  cha$er we s tudy  

e q u i l i b r i a  - of t h e  unperturbed food 

prey h a r v e s t i n g  i n  t h e  n o n c r i t i c a l  

- - 
t h e  e f f e c t  o f  p e r t e b i i t i o n  o n  t h e  

- - 

chdin model (1) w i t h  con'stant r a t e  
c- 

case.  We show t h e  e x i s t e n c e  o f  a 

FqmTiErium o-f sy-empf2f afid s t5-@ t e  I t s  ria tuEpmdp-- --- - --- 
proper ty .  A 1  :.o t h r e e  exarcple s a r e  p r e  s e n h  -c -- 



L 
, - - - v - P w  i U 

- b 

Consider  t h e  n o n c r i t i c a l  case  (2.4 ) of t h e  t h r e e  dimensionttl  

unper turbed  food cmiir. model w i t h  c o n s t a n t  r a t e  p r e y  h a r v e s t i n g  (1 
- - 

under  p e r t u r b a t i o n s .  Tile equ i l i b r ium p o s i t i o n s  of t h e  perturbed modal 

a r e  s o l u t i o n s  of t h e  system (2) w i t h  x' = 

I 
acco rd ing  t o  t h e  i m p l i c i t  func t ion  thcorem Since  (2 .4)  ho lds ,  

?f * #, 4 

system (3 .1  ) has a unique s o l u t i o n  x (t). y (5) and z' (t) i n  t h o  t h e  

s t a t emen t  t h a t  the  de t e rminan t  of t h e  Jacobian  mat r ix  of  (2) ca lcu l t~ t , ( :d  

X * * " - - 
E (x (e) ,  y (€), z m ( & ) )  i s  n o t  ze ro ,  t h a t  i s  

X ?t 

d e t  J(X% (&I, y ( 6 ) .  z (t)) # 0. 

t e rms  of power S e r i e s  o f  E. i n  the neiuhhourtobd o f t  xo, yo i n d  z o 

the form 



< 
1 22 : 

- - It- n ........ x  (&) = xo Exl ELX2 t 

* 2  
z  (f) =.zo  -t E z l  t E z2 -t ........ 

....... where x  yi and zip i = 1 ,  a r e  t o  be determined.  In 
i ' 

-. 
gene ra l ,  i t  i s  enough t o  f i n d  o n l y  x l ,  yl and z  1  ' s i n c e  & i s  a small 

parameter .  - S u b s t i t u t i n g  (3.3) up t o  t h e  o r d e r  o f  & i n t o  (3.1 ) g i v e s  
-- -- - - - - - - - -  -- - - - - - - 

- 
Expanding t h e s e  equa t i9ns  i n  Taylor  s e r i e  s, t a k i n g  i n t o  c o n s i d e r a t i o n  

u' 
2 

that xo, 4, and z s a t i s f y  (2.1) ,  d i v i d i n g  by & , and e q u a l i z i n g . t h e  
0 



re - ,*'., 

3 .  - -  - 

P 

.- 

-* -I---- ra 

c o e f f i c i e n t s  of & t o  ze ro  g i v e s  - t h e  fo l lowine  l i n e a r  system of 

e q u a t i o n s  f o r  xl s Y, and Z, 

The syst&n of e q u a t i o n s  (3.5) can be solved f o r  x 1 '. 

z by, u s i n g  Cramerl s r u l e  -- 
1 

Y l  
a n d  



I.. - - - -  



Hence (3.8) r e p r e s e n t s  approximately the  coordinates  of  t h e  p e r t u r b d  
* * * * 

equi l ibr ium E (x ( E )  ,y (•’), z (E)) generated by t h e  unperturbed equi l ibr ium 

3.2 NATURE AND STABILITY OF THE PElRTURBEX EQUILIBRIUM 

ui 

e -8 
- - 

. T o  s t u d y - l o c a l l y  the  na tu re  and s t a b i l i t y  of the  p&rturbGd 
L 

equi l ibr ium , we use the  Jacobian matrix J ( x P y ,  z )  of the  system ( 2 ) .  . 
* 4 
# # 46 % - The Jacobian mat r ix  ca lcu la ted  a t  E ( x  ( t)  ,y  (t),z (L ) )  i s  g iven  

where J a r e  the  e l ements  o f  the  3 x  
i k  

3 Jacobian matrix 

He re we have 
- - - <  - , - 



s e r i e s ,  we  obta in  the following matrix up t o  the  order  of,& 

1 
where J' i s  given by (2.2) and J (x ,yo, z,) i s  the  3 x 3'matrix 

0 

where 



- . - 3 1 , , 

33 = ~ Y ~ ~ ~ ( Y ~ ) + F , ~ ~ ( x ~ , . $  o . i o ) ,  ' . 
- .  

* - 
.v 

'1 

and'x y and zl a r e  given by (3:7)~.-. * 
* ,  ' . '  

. l  1 
a ' I  

) The c h a r a ~ t e r i i t i c  equation' k; (3.io).up t o  ti o i n r r  i 1 3 .  

- 

r . 9  * .  

- > I  

J '  
.I "a 

1 -  

3 2 '  h + (al+ € b , ) h  + ( a 2 + Z b 2 ) h  + . a j  (3.12) - 

- * .  . 
I 

* .  
* I '. 

* ,  where a 
1' a2 

and a a r e  given by 72.6) and 
F 3 a h  .7 

- * 



-- -e .- -vp - - - -- - - - - ---" -- - 

and J 
0--- 

Here J ik 
i k  

a r e  elements of  the  Jacobian matr ices  J (xo,y0, zo) , 

1 
and J ~ x ~ , ~ ~ , z ~ )  respect ively .  - 

'* , , +  For. & = 0 the (3.12) reduces t o  the 

c h a r a c t e r i s t i c  e q u a t i w  (2.2) of the  
4 

- -- unpert)lrbed s y & m  (1). The condit ion (3.2) ensures  t h a t  t h e  

c h a r a c t e r i s t i c  equation (3.12) does no t  have any zero o t ,  o r  t he  , 

Jacobian matrix (3.10) does n o t  have a zero e igesvalue  (noncri.tica1 

- 1 

c a se ) .  The nature  an3 s t a b i l i t y  of  the  perturbed equi l ibr ium - 
(i # # '  X 

E (x ( E ) ,  y ( G ) ,  z (C) )  can be determined by the  s i gns  of the  r e a l  

I' 
p a r t s  of  the .eigenvalues o f  the  Jacobian matrix evaluated a t  

i-t * * .  
x-= 2 (€1, y = y (6) and z = z (E). Bojadziev and 'Sa t t a r  [ 4 ]  gave - 

Y 

a de1+ailed c l a s s i f i c a t i o n  of the  e q u i l i b r i a  of t he  th ree  
# 

dimensional ~ o l r n o ~ ~ r o v  model (1 .5). We w i l l  use t h e i r  r e s u l t s  i n  - 
r) 

t h e ' hex t  sect ion.  , 
- - -  - + - - v -  - - - -- - - - - - - - - - - - - - - - - 



To i l l u s t r a t e  t h e  theo ry  d i scussed  i n  t h i s  c h a p t e r ,  we consi 'der 

- t h r e e  p a r t i c u l a r  c a s e s  o f  t h e  pe r tu rbed  food cha in  model w i t h  

h a r v e s t i n g  ! ( 2 ) .  Two of t h e  c a s e s  concern t h e  hype rbo l i c  equ i l i b r ium 
, - 

of t h e  unper turbed  system (1 ) and t h e  t h i r d  'case concerns t h e  

- nonhyperbol i  c e q u i l i  brfum o f  ( 7  ) . -- 

Example 1 3 

The model( 

i s  a p a r t i c u l a r  case  of 1.2) w i t h  



- 
, 

I t  d e s c r i b e s  a  predator-pkedator-prey i n t e r a c t i o n  under the in f luence  

\of small pe r tu rba t ions ;  x i s  the  lowest  5rophic l e v e l  spec ies  or 

.p rey ,  y i s  the  middle t r o p h i c  l g v e l  spgcies o r  first p reda to r ,  and 

z i s  the  h ighes t  t r o p h i c  l e v e i  spec ies  o r  second predator .  The 
* 

per tu rba t ion  terms i n  (3.14), t h a t  i s  the  terms wi th  f a c t o r  ~ < t l  

-. i n d i c a t e  a d d i t i o n a l  weaker tyPes o f  i n t e r a c t i o n  be tween t h e  species .  
- - - -- - -  - - -  - -- 

- - 

Iri the  f i r s t "  equat ion  t h e  pe r tu rba t ion  term means a s l i g h t  inc rease  

of  the  growth r a t e  of  x  due' t o  i n t e r n h l  cooperat ion ( & x ). In t h e  
-- -- 

skcond equation the  pe r tu rba t ion  term means both, a s l i g h t  i n c r e a s e  

of  the  growth o f  y due t o  in te rna l ' coop&ra t ion  ! E y ) '  and a  
,' 

s l i g h t  debre ise  of the  rate dud t o  inc reased  a c t i v i t i e s  ( - 68 ) 
of the  sncond p reda to r  z. In the  t h i r a  equat ion  t h e r e  i s  a s l i g h t  

8 l ,  

i f i c r e ~  se  of the  growth r a t e  o f  z due t o  the  a d d i t i o n a l -  p reg  ,o-n y.p \ 

- 

- The unperturbed equi l ibr ium of  (3.11) wi th  &'= 0 is,  . . . . - - 
- Q .  

< - 
Eo (1.1.2) .and t h e  qorresponding per turbed equi l ibr ium u p  t o  ' the o rde r  , 

. , I 

9 1  23 of  & i s  E (  1  - -& * -1 
4  

- -E ,? 2 - T&),. . The ~ a c o b i a n  matr ix  (2.2) 
4' I . . 

ca lcu la ted  a t  ~ ~ ( 1 . 1 . 2 )  i s  
_ 1 - 

with  .de t  ~ ' ( 1 , 1 , 2 )  



a * a  

' which i s  a p a r t i c u l a r  case o f  (3.6)  with  

1 a  = -- 
1 2' a  = 7, . ag  =- -2 .  

1 .  
2 

L. - 

we f i n d  t h a t  equa t ion  (3.16) has  a  r o o t  h > 0 arid two r o o t s  * 
1 e 

with  ~e h2 f 0. . Hence E (1 ,1 ,2 )  is a hyperbol ic  eqi l i l ibr ium. From , 
- 

0 

-9 - 
Smale -1131 o r  Bpjadziev and s a t t a r - 1 4 1  we conclude t h a t  i n  the  

neighbourhood of t h e  simple hyperbol ic  equi l ibr ium E 1 1  2 of the  
# 

0 
is 

unper turbe4 system ( 3 .14 )  ( E = O) ,  which i s  an uns tab le  s p i r a l ,  thtwa 

9 e x i s t s  a  unique equ i l ib r ium E (  1 --& . I t 2 3 
4 

- 2 - -6 ) of  the - L *  L 

p e r t u r b e d  s y s t e m  ( 3.14 ) whicFi i s  a l s o  h ~ e r b o l i  c and uns tab le  
\ 

0 

s p i r a l .  

' Example 2' . 
& - 

Consider t h e  system 
# - a 



& 

whick models, a  predator-predatmr-prey i n t e r a c t i o n s  similar t o  t h a t  - I \  

described by (3.14).  The unperturbed equ?l ibr ium o? (3.17) w i th  

I 
The Jacobian  ma t r ix  (2.2) c a l c u l a t e d  at E ~ (  - 1 , 1. ) 5s 3 '  

1  
wi th  d e t  J'( - 1 . 1 ) = 1 # i s  a a m p l e  kqui l ibr iurc . ,  = 

3 '  - - 
S -6 5 

The c h a r a c t e r i s t i c  equa t ion  o f  (3.18) Ts . 

Equation (3.19) h a s  a  t r i p l e  r o o t  h = I. .  According t o  [4] t h e  
- 

1 unperturbed e q u i l i b r i i m  E ~ (  - 1 , 1 ) A s  an u n s t a F e  s t a r .  
3 '  

The pe r tu rbed  e q u i l i b r i u m  o f  t h e  system (9.17) up t o  t h e  

1 2  2  
3E 1  + ? E l .  o r d e r  E i s  E( 7 - ye , 1 - The Jacob ian  m a t r i x  (3.21 ) 

- . -  - 

c s l  c u l a t e d  t h i s  per turbed  equ i l i b r ium up t o  t h e  o r d e r  6 i s  

I 



- The c h a r a c t e r i s t i  (3.20) up t o  the  o r d e r &  i s  

which i s  a  p a r t i c u l a r  case o f  (- 3.12) with 

We f i n d  t h a t  equat ion  (1.21) has  t l i ree r o o t s  1 t 7',(t), 

t T ~ ( E )  and 1 t T ~ ( & )  where T.(O) = 0 ,  i = 1,2,3.  Thereforc 
1 

t h e  per turbed equ i l ib r ium E ( 
2 I - 3 6 .  I + g ~ )  is art .* 

7 : j k *  
uns tab le  s p i r a l .  Hence, an u n s t a b l e  star of  t h e  u n p e r t u r k d  :;yatcm - * 
(3.17) wi th  & = 0 under small  p e r t u r b a t i o n s  becomes an unstriblc 

s p i r a l  . 

For t h e  model 

--- - - - - -- -- 

2 
y x + & ( y - d *  (3.51) 

I 

- -- 

E j's 



- .  

. * 
T- 

the  unperturbed e q u i l i b r i u m  i s  E i , 1 , i ) The Jacobian  ma t r ix  
1 - 

1 1  
(2.2) calculated a t  E ~ (  , 1  , ) i5 

1 1 
with d e t  J'( 2 , 1 , - ) = 1 f 0 ,  hence E equ i l i b r ium.  

2 

The c h a r a c t e r i s t i c  equa t ion  o f  (3.22) i s  

1 
The r o o t s  of (3.23) a r e  hl = - and 3, 

2  = - t /%. T)lerefore t h e  '- 

1 1 1  
simple unperturbed equ i l i b r ium E ( - , 1 - ) i s  nonhyperbol ic .  It 

0 2 2 
- - 
i s  a d i v e r g e n t  vo r t ex  focus.  ( s e e  1.41 ). 

The pe r tu rbed  e q u i l i b r i u m  of t h e  system (3.21) u p  t o  t h e  
e 

1 1 o r d e r  t i s  E( 5 -E , 1 - e  , - t 2 ~ ' ) .  The Jacobian  m a t r i x  f o r  2  

t h i  s t o  t h e  o r d e r  & - c a l c u l a t e d  a t  

ir 
perturbe'd equ i l i b r ium.  up 



- 

:-. 3 5 ,  

de te rminan t  i s  h e t  J = 1 + 2 E  # 0, hence E i s  a simple &qui l ib r iu rn .  I t s  
/ 

* The ~ h a r a c t e r ~ s t i c  equa t ion  o f  (3.24) up t o  t h e  o r d e r  & i s  

According t o  E30jadzier@ S a t t a r  [.I+], t he  r o o t s  of the, 

c h a r a c t e r i s t i c  e q u a t i o n  (3.25) (4  and T ~ ( E )  - t i(mT4(6)) 

where .T. (0)  = 0,. i = 1";2,3 and T ' 0 Therefore  . 
1 

i 

I ,  v o r t e x  focus  (nonnyperbol ic )  o f  t h e  unperturbed system (3.j21) w i t h  

1 = 0 under  sma l l  p e r t u r b a t i o n s  becomes a n  u n s t a b l e  s p i r a l  



-- 
G 

7" 
8 

L 
e 

6 

i , CHAPTER 4 s 

, * '  U 

> 

, . 
BIFURCATIONS OF, A MULTIPLE E@UILLBRIUM. OF THE THREE DIMENSIONAL FOOD 

CHAIN MODEL WITH HARVESTING 
b 

B 

t -  
1 - 

- In  t h i s  chapter we stud: the e f f e c t  of pkr tu rba t ions  on the  
I + 

i * * I 

mult iple equilSbrium bf tge  food chain model (1)  wi th 'ha rv&st ing  ,3nd . * .  
O- 

. , 
J -- s * 

der ive  c r i t e r i a  f o r  the  &is tence ofqper turbed e q u i l i b r i a  of thg 
d 

1 

- 3ys tmw f 2); - + le s h e w  hWt$emmu%tf p E 6  aqur t l ib~$m-  of the  n n p e r t u r k d  - - - - - y 

,, *system b i furca tes  i n t o  simple e q u i l i b r i a  o f  (2)  -and study t h e i r  
_j , 



A \ 

? .T- OF A bmm EQUILIBRIUM 

L 

b 

~ o n A i d e r  t h e  c r i t i c a l  case  (2.7) o f  t h e  t h r e e  d imens ional  - .  d 

u n p e r 3 u ~ b e d  food ,chain &model q t h  c o n s t a n t  r a t e  p rey  h a r v e s t i n g  (1 ) . 
Under t h e  infl'eience- of qmall p e r t u r b a t i o n s ,  t h e  mu1 t i p l e  e q u i l i  b r i m  

o? (1 ) wiil e i t h e r  b i f u r c a t e  h t o  simpl% e q u i l i b r i a  o f  ( 2 )  o r  

d i s a p p e a r  withbut Kfu rda t ing .  The equ i l i b r ium p o s i t i o n s  of  the - - 

, - pe r tu rbed  model (2)  a r e  s o l u t i o n s  o f  system (3 .1) .  Le t  ~ ( x , y , c )  
, be a  m u l t i p l e  kqu i l i b r ium b f  t h e  unperturbed model (1)  a s  i n  

- 4 
--_^I - - -  

t h e  model (2) .  * It i s  assumad t h a t  ~ ( x , y , z )  i s  n o t  a n  e q u i l i b r i u m  

o f  (3 .1) ,  t h a t  i s  

- 
Since  t h e  system (3.1 ) i s  s u b j e c t e d  t o  t h e  cond i t i on  ( 2 . 7 ) ,  we 

can n o t  uge t h e  c l a s s i c a l  i m p l i c i t  f u n c t i o n  theorem t o  f i n d  u . 

unique s o k t i o n  , $(E)  and b(e )  o f  (3.1) ir, t h e  nrightouriioud 

o f  t h e  s o l u t i o n  x , y  and o f  t h e  system + (2.1 ) sucl ,  t h a t  

h A c 
x(0) = G, y ( O )  = y and ;(o) = t. Using t h e  f a c t  t h a t  f o r  C = O 

t h e  system (3.1) reduces  t o  (2.1 ),  we seek t h e  s o l u t i o n  of  f 3. I )  , . - 

i n  t h e  form 



- 

i = 1.2, .  ...... are cons tan t s  t o  be determined. where rn n an2 xi, 
i' i 

Here we f i n d  o n l y  El * 
and  w . which i s  enough f o r  our  s tudy,  I 

1 

En, ,5+ 

b Expan5ixg ( 4 . 3 )  i n  Taylor  s e r i e s  and n e g l e c t i n g  terms of  

2 
o r d e r  0 ( &  ) Fives t h e  bbirisrcation system 



t- 

L.: 



- - -  - - - 
F3(x,y. z) .g (x) - F3(x,y. z)  

u=- h (y ) -  ( ,  
h ( y )  rgh * ( y )  YY rbyagx(;)hy(y) rzh' (5) P1 
Y Y Y 



The equat ion  (4.7) h?s two real  r o o t s  I t  

2 
t h a t  s f 0 and t - 4su >Q: . provided 

S u b s t i t u t i n g  - n and wlkfrom (4 .6 )  and ( 4 . 9 )  i n t o  t l ic  
1 . ,  

' L 

second 

(4.4) and n e g l e c t i n g  > O ( E )  terms gives  equat ion  

and 

2 n e g l e c t i n g  t h e  t e m s ' a f  o d e r  0 ( &  ) we o b t a i n  

- - - 
Sence E (x, ;, z )  t i f u r c z t e s  i n t o  two e q u i l i b r i a  



- 

1 

\ . - " -  - .  ~ - 
\\ - 42.A 
/' 

- 1 * 

1 '  

require -lm of Mgher o & e ~  terns"  trim &ID I .  - Eirl 1' EPll ma . 
- i n  (4.4). If s f O bu t  t2 - .4su< 0 ,  t h e n  w i s  not r e a l ,  hence 

1k - - -  
*\he i u l t i p l e  equi l ibr ium I3 (x, y. z)disappe?rs h d e r  t h e  i n f l u e i c e  o f  

- 
small pe r tu rba t ions .  

. Case ( i i ) .  D # 0 ,  where D i s  given bi (4.5).  . 
- 

2 ~ l i r n i k a t i n ~  m 'and n ffiom (4.4) and n e g l e c t i n g  O(E ) 
f 1 - 1 

terms we o b t a i n  

% .  

where s , t  and u are given by (4.8) and Jl by (4.5). The equat ion  

\L 

(4-12) has two r e a l  r o o t s  

- 

* provided t h a t  sD.< 0.  

-- - 
Froa t h e  first equat ion  (4.4) we g e t  

- Y - - - - - - - - - - -- - - 

S u b s t i u i t i l g  v and nl fro. (4.13) and (4.14) i n t o  t h e  lk 
$ 

second equa-liok ( ; . L )  and keeping only the  l a r g e s t  term (wi th  f a c t o r  
--- - *- - - - -- - -- - - - 



S u b s t i t u t i n g  rn 
Ik '  nl 

and w i n t o  (4.2)  we ob ta in  tho  
1k 

fo l lowing approximate express ions  f o r  t h e  coord ina tes  of t h e  perturbad 

A A 

- 3ui1ibria f 
1 /2 E ~ ( ; ~ ~ ~ ~ ~  zk) up t o  t h e  o  d e r  E . 

. d 

. . 
0 i n  (4.12) w i l l  r e q u i r e  cons idera t ion  of 

- 

The case  s = 

h igher  o rde r  than  eml, En and Ew i n  (4.4).  If s # 0 b u t  sD> 0 
'? 1 

1  
- - - . 8 

t h e  m u l t i p l e  equ i l ib r ium E(x ,y , z )  d i sappea r s  under t h e  in f luence  of 
- 

smal l  p e r t u r b a t i o n s .  

h A For  both  cases , ;D = 0 and D f 0,  ~ ~ ( ; ~ ~ y ~ ~ z ~ ) ,  = 

simple per turbed e q u i l i b r i a  i f  
- 

a r e  

the system - (3.1). - - where ~ ( x , y ,  z )  i s  t h e  Jacobian  matr ix  of 



4.2 NATURE AND STABILITY QF THE PERTURBED EQUILIBRIA 

To s t u d y  l o c a l l y  t h e  n a t u r e  and s t a b i l i t y  o f  t h e  pe r tu rbed  

e q u i l i b r i a  f o r  bo th  c a s e s  when D = 0 6nd D # o ,  we nead t o  use t h e  
7% * * 

Jacobian  ma t r ix  (3.9) where x (E), y (E) , z (€) a r e  r e p l a c e d  by 
'3, 

;(€I, and ?(€). 

For  c a s e  (i) when D = 0 t h e  *3acobian matri; ca l cuza t ed  a t  t h e  

e q u i l i b r i a  ~ ~ ( ; ( e ) .  $(I), :(&)), k = 1.2, up t o  t h e  o r d e r  o f  E i s  . 

- w r i t t e n  i n  t h e  form 



- 7&, = bm g (x) - zn h ('y) 1k x 1k YY 

- 
3i2 = r z n  h (y)  t rw h ('y 

, I k  YY " 1k Y 

and m a r e  given by ( 4 . 6 ) ,  (4.9) and (4.10) r e spec t ive ly .  
a n d n l k '  Wlk. * 1 k '  

- 

For  c i s e  ( i i )  when D # 0 t he  Jacobian matr ix  calculated ~t 

t h e  equili&a+'k&(k),, , ;(€)), k = 1 , 2  up to'  the  order of  L 
I 

i s  w r i t t e n  i n  t h e  form 



I -0 - - - 
where J (x,y.i) is piyen by'(4.19), J"~(G,?,%) --and j1 (irSy,~).are 

L 

3 x 3 matrices such  t h a t  - 

where j1 are given by ' . 
ik 



and 

We c o n s i d e r  o n l y  c a s e  (i), t h a t  i s  when D = 0.  T?&o 

c h a r a c t e r i s t i c  e q u a t i o n  o f  the Jacobian  ma t r ix  (1.18) up t o  t i le  o r ( l c r .E  

i s  given by 
I 

p2 
are given  by (2.11), and 

- 1 
and 



t - - -  
w h e r e  j0 and 5' . are e l emen t s  oP t h e  Jacobian  a a t r i c e s  jP (x,  y, z )  and 

i k  i k  
-1 - - 
.J (x, y,z), r e s p e c t i v e l y .  

. i' 
For  E = G the c h ~ r a c t e r i s t i c  equa t ion  (4 .25)  reduces  t o  

equa t ion  (2.10) o f  tte c r i t i c a l  c a s e g f - t h e  unper turbed  system (1 ). 

T h e  de te rminant  ( 4 .18 )  can be p re sen ted  i n  t h e  form 

- 7  
' . 

*kc assume t h a t  q, # 0,  hence (1.20) i s  S a t i s f i e d ,  
3 

The assmptionC t h a t  q # 0 gua ran tees  the e x i s t e n c e ' o f  a 3 

- / * 

"he l s z e l  s t a b i l i t ; ;  mzl:;sis o f  t h e  p e r t u r b 3  e q u i l i b r i a  - ,  - -  
- - f 

?.a 7 -.,,uires t?.e invssti ,*tion o f  tke s i g n s  o f  t h e  r o o t s  o f  t h e  equa t ion  -- 



n a t u r e  a d  s t a b i l i t y ,  of t h e  *pe r tu rbed  e q k l i b r i n  of  t h e  Kalrnogo~ov rnod6l 

(1.5) i n  t h e  c r i t i c a l  case when t h e  unperturbed ~ o l m o ~ o r o v  model h a  

' . a m u l t i p l e  equ i l i b r ium.  We w i l l  use  the '  r e s u l t s  p re sen ted  i n  ( 5 1  i n  

t h e  n e x t  s e c t i o n  of t h i s  chapter .  

In order t o  il t h e  g e n e r a l  t heo ry  d i s c u s s e d  in  t l t i : :  

--- c h a p t e r ,  we present for- the case (4-1 whelea L1 -0, - - ---- 

i s  a perturybed prec ia tor -~ ; reda  t c r - p r e y  model w i  t C  ~c~n:;t,ari t rate prc:-~ 

1 
Sarves t ing  5 = - prey  c a r r y i n g  c a p a c i t y  k = 4 .  It is ~a p r t i  c u l a r  

2 



/ 

-- - - - - - -- -- -+ ,-. ' 
f ( % >  = 2 - 9 g(x) = x, h(y )  = y*, 

It i s  c l e a r  t h a t  f o r  t h e  unperturbed system of (4.28) ,  & = 0 ,  

we have a s i t u a t i o n  where z e a t s  y, and y e a t s  x. The p e r t u r b a t i o n  

system i n  the  fo l lowing  way. In t h e  f i r s t  equa t ion  t h e  p r t u r b a t i o n  

t e n  means both,  a  s l i g h t  i n c r e a k e  'of t h e  growth r a t e  o f  x  due t o G  

anterna l .  coopera t ion  ( e x )  and a  s l i g h t  d e c r e a s e  o f  t h e  growth r a t e  

.. due t o  i n c r e a s e  a c t i v i t i e s  ( - 2 E y )  of t h e  f i r s t  p r e d a t o r  y. In t h e  

second equat ion  t h e  p e r t u r b a t i o n  term m e w s  both ,  a  s l i g h t  i n c r e a s e  
-9 

, 
o f  t h e  growth r a t e  of  y due t o  i n t e r n a l  coope ra t ton  ( E y) and a  

s l i g h t  decrease  o f  t h e  growth r a t e  due t o  i n c r e a s e  a c t i v i t i e s  

( -L < z )  of  t h e  second p r e d a t o r  z .  F i n a l l y .  i n  t h e  t h i r d  equa t ion  

A * 

t h e r e  i s  a g l i g h t  i n c r e a s e  o f  t h e  growth r a t e  o f  z due t o  i n t e r n a 1  

coopera t ion  term ( € 2 2 ) .  

L 

The unper turbed  model (4.28) ,  & = 0,  'has an e q u i l i b r i u m  

1 
- - - ,= 1 , 1 , . ~.*e c o r r e s p o c j i n g  Jacobian  ma t r ix ,  c a l c u l a t e d  a t  



,- - -- - - F r o n = . e w e s e e  t h a t  'de t J ( + 1 $ 0  - , hence E i s  a mu1 t i p l e  
t C 

equ i l i b r ium.  We check a l s o  t h a t  c o n d i t i o n  (2.9) i s  s a t i s f i e d .  
> 

c h a r a c t e r i ~ t i c  equa t ion  of  (4.29) i s  

It h a s  r o o t s  

Fo r  the pe r tu rbed  model (4.28). cond i t i on  (4.1 ) lmldb, t t l c i t  

1  
' .  i s ,  t h e  p e r t u r b a t i o n  terms i n  (4.28) do n o t  vanish a t  E ( 1 , 1 , - ). 

C 2 

Note t h a t  the  expres s ion  D g iven  by (\$.5) i s  zero ,  hence cusc ( i)  

a p p l i e  s. 

The pe r tu rbed  e q u i l i b r i a  of (4.28) up to t he  o r d e r  6.nre 

- 1 
Cons ider  f i r s t  i ( 1 - t  , 1-& , 2 - 'ZE . T h e  J a c o h j a n  m a t r i x  

1  

c a l c u l a t e d  a t  El up t o  t h e  o r d e r e  i s  



, which i s  a p a r t i c u J a r  ca se  o f  (4.25) wi th  

W u a t i o n  (4..32.) has,  o m  p ~ s i t i v e  e igenva lue  and two 
. 1 

co ip lex  e igenva lues  X kith nega t ive  r e a l  p a r t  ( s e e  Bojada iev  
2,3 

and ~ R t a r  [ 5 ] ) .  iience 3 i s  a  saddle  s p i r a l  w i th  
1 s t a b l e  p lane  

focus.  - 

1 
Now c o n s i d e r  z,( l i 5 &  , 1-& , 5 

L 

( 4 . 7  8 )  c a l c u l a t e d  at E QF t o  the  order& 
2 

The Jacobian  ma t r ix  

equation up t o  the o r 4 e r  & i s  



Equation f.4.3Lf c a s  one negat iw e igenvalue  X find two 
1 

I - - 

compl ox 

i s  un x i t h  negative real par t  ( see [ 5 ] ) .  l iencu i, - .- 
s s - p p t o t i c a l l y  s t s t l e  painked sp i r a l .  

1 
t h e  ~ys t en !  x i t k  c o n s t a n t  raie  i , a r v e s t i n p  !i =;- Consider 



i n t e r a c t i o n s  s imif  ar t o  t h a t  of  (4.28). \ 

- 
F O ~  t h e  unperturbed modal (4.35). E = 0. c o n d i t i o n  (2.9)  

, 

i s  s a t i s f i e d  and t h e r e  e x i s t s  a m u l t i p l e  e q u i l i b r i u m  E f 1 , 1 
C 

The ' ~ a c o b i a n  m a t r i x  o f  t he  .unperturbed system c a l c u l a t e d  a t  

E c f 1 , 1 , 2 )  i s  given by 

- ' * and i t s  c h a r a c t e r i s t i c  e q u a t i o n  i s  

Hence the eigenvalues of the, Jacobian  ma t r ix  are  

For  t h e  p e r t u r h d  model (4.35) cond i t i on  (4.1 

i s  t h e  p e r t u r b a t i o n  tern's i n  (4.35) do n o t  vanish  a t  E ( 
C 

The a x ? ~ , s s i c r .  >'giver, 'cy ( 4 . 5 )  i s  ze ro  a t  E ( 1 , 1 , 2 
C 

holds , that 

), hence case  ,- 

The ~ e r t u r k d  e q u i l i k r i s  o f  (4.35) up t o  t h e  o r d e r  5 
- 

ti; k e .  



1 For  El (1 t (1-2jE , i t7E , 2 -  t h e  Jacobian matrix 

(4.18) c a l c u l a t e d  a t  this equ i l i b r ium up t o  t h e  o rder  i s  

I ts  c h a r a c t e r i s t i c  equa t ion  up t o  t h e   order.^ i s  

u?-Lch i s  a  p a r t i c u l a r  case o f  ( 4 .25 )  with  

. g s i n g  [:I, ue find t t a t  tte r o o t s  of the  ch i rkc t , e r i s t i c  



l o r  Ls 
I .  I - 211i(l+:~, l t : ~  2 t (4 t  3 $ ) ,  t E e  Jacobian matr ix  

(4.78) ca lcu la ted  a t  this equi l ibr ium up t o  the o r d e r  E. i s  - 

I t s  c h a r a c t e r i s t i c  equa t ion  up t o  the  o rde r  o f  E i s  

which i s  a  p a r t i c u l a r  case o f  '(4.25) w i t h  o 

i 4 

- 1 - t 

.Using 5 , we  f i n d  that t h e  r06ts o f - t h e  c h a r a c t e r i s t i c  

T ( 0 )  = 0 ,  i = ? , 2 , 3  w-d T ~ ( E )  4 0. Hence i 
3 ' ( 3  + ( I  ij)E. 7 ,  2 i ( ~ + f i ~ )  i s  asymptbt ica l ly  s t a b l e  s p i r a l .  * -2 



' , 
L - which & d e s c r i b k ~  a 

$ .  .r : that of (4 .28) .  
~ ~- 

a ' <  , /( . . -  ' .' 
, ' *  . . *, . ,- 
, - 2. 

, For  t h e  
n 

5 4 
2 9, 

unper turbed  model ( 4 , ~ 2 ) ,  C= .O, cond i t i on  '(2.9) 
' . . . I '  

- = I  
a , - i s . i a t i s f i e d  and t h e r e  ex i s t ' s  ' a  m u l t i p l e  e q u ~ l i b r i u r n  E (1, - 1). 

P - 7 .  ' 0 * C 2' . 4 * 't 
. I  * 

3 - 
d . '?he a Jaco6 ian  - 'ma t r ix  q$ t h e  unperturbed G s t e  eaiculat ,od a t -  - , a *  

. * 

i t s  

. . 

c h a r a c t e r i s t i c  q u a t i o n  i s  
r 





t 

+: .- * 

which i s  a  p a r t i c u l a r  cask of  (4.25) with 

3 

' - - z a  - - 1 7  
PI 7 3 9  2  6' , . \ 

\ 
-- .. \ 

-..A ..A- / 

J 
According t o  Bojadziev and S a t t a r  151 the  r o o t s  o f .  the  

where T. (0 )  = 0,  i = 1.2 '3 and f, (t) 4 0 .  Therefore 
1 

E l ( l t 8 . 1 3 8  , - t E ,  l t l l . 2 L )  i s  a saddle s p i r a l  w i t h u ~ s t a b l e  
i- 

: plane  focus  . 
L a  

3 ,  

t For  ~ ~ ( 1 - 1 . 1 1 ~ .  - - tE , 1 - 2 . 6 8 8 ~ ) '  t h e  Jacobian matr ix 
6 

- + ~(4.18) c a l c u l a t e d  a t  -this equ i l ib r ium up t o  the  o rde r  t i s  
x 



* 
which i s  a p a r t i c u l a r  case  of (4.25) With 

' .  

, I Again from [5]it fo l lows  t h a t  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  

1 
- 5 8  equa t ion  (4.48)' are T1 (€1 and 7 +T2(E) + i (7 W3(6) 1 where 

-+.+ehk* 
1 

i b  an uns t ab le  

B 

- 

po in t ed  s p i r a l .  



w 

We have s t u d i e d  t h e  t h r e e  dimensional  unperturbed food cha in  

mcdel (1 ) wi th  h a r v e s t i n g  8 i n  tl;& n o n c r i t i c a l  case  (simple e q u i l i b r i a )  . - 
and t h e  c r i t i c a l  ca se  ( m u l t i p l e  equ i l i b r ium) .  . The cond i t i on  f o r  thi. 

* 
- - - -- - - -  - - 

- e x i s t e n c e  of a n o n c r i t i c a l  c a s e  i s  t h a t  t h e  de t e rminan t  of  t h e  
8 

Jacobian  ma t r ix  o f  ( f )  c a l c u l a t e d  a t  t h e  equ i l i b r ium i s  n o t  zero  while  

f o r  t h e  c r i t i c a l  ca se  the  de t e rminan t  o f  t h e  Jacobian  m a t r i ~  c a l c u l t ~ t e t i  
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -- - - 

a t  t h e  e q u i l i b r i u m  i s  zero. The cond i t i on  (2.1 5 )  f o r  t h e  ex i c t enco  
c. 

' of  a  m u l t i p l e  e q u i l i b r i u m  i n v o l v e s  e x p l i c i t y  t h e  h a r v e s t i n g  r a t e  H o 

which demonst ra tes  t h e  s i g n i f i c a n c e  o f  t h e  presence  o f  il i n  t h e  

We have seen  t h a t  i n  t h e  noncr i t - ica l  case the equ i l  i1,rium 

p o s i t i o n  of  (1 ) can be h y p e r b o l i c  o r  nonhyperbol ic .  However, i n  a 
t h e  c r i t i c a l  ca se ,  t h e  e q u i l i b r i u m  p o s i t i o n  ( m u l t i p l e  ) i s  

nonhyperbol ic .  We have i n v e s t i g a t e d  t h e  e f f e c t  of  p e r t u r t n  Lions Gr l  

1 - 
t h e  .s imple e q u i l i b r i u m  of  t h e  model ( 1 )  and s t6d ied  the  n a t u r e  anti 

s t a b i l i t y  o f  t h e  p e r t u r b e d  equ i l i b r ium.  A simpl-e e q u i l i  t r i u m ,  
P 

h y p e r b o l i c  o r  nonhyperbol i  L ,  can gene ra t e  under small p e r t u r b  ti o n s  ti 

hypeybol ic  equ i l i b r ium.  F u r t h e r  w e  k~ave s%died t h e  b i f u r c a t i o n  of' 

3. m u l t i p l e  e q u i l i k r i u m  of ( 1 )  i n t o  simple per turbed  e q u i 1 i t r . i ~ ~  of  ' 
b 

( 2 ) -  1 - - - - - 
-- - - -- -- - - - 
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