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ABSTRACT

In this thesis we survey the typical properties of
continuous functions defined on [0,1]. A property is typical if
the set of functions which have this property is the complement
of a set of first category in C[0,1]. We begin by focusing on
typical differentiation properties of continuous functions. We
see that nondifferentiability is typical, not only in the
ordinary sense but with regard to several generalized
derivatives. We then discuss typical intersection sets of
continuous functions with functions in several families. We look
at these sets in terms of perfect sets and isolated points and
in terms of porosity. We review the Banach-Mazur game and see
how it has been applied in proofs of typical properties. Finally
we indicate some related areas of research and some open

questions regarding typical properties in C[0,1].
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CHAPTER 1

INTRODUCTION

The first example of a continuous nowherg differentiable
function seems to be due to Weierstrass, in about 1872. Other
examples of "pathological" functions followed by Dini, Darboux
and others. In the 1870's Thomae and Schwarz defined examples of
functions of two real variables, continuous relative to each
variable separately but not continuous. Examples of
"pathological"” functions led to the study of the properties of
arbitrary functions. René Baire was one of those who
investigated this area. Baire was strongly influenced by
Cantor's set theory and made use of some new set theoretic
notions. In 1899 Baire's Doctoral Thesis, "Sur les fonctions de
variables réelles", appeared in Annali di Matematica Pura et
Applicata. In order to characterize limits of convergent
sequences of continuous functions (and their limits and so on)
Baire introduced the concept of category. A subset of R is said
to be of first category in R when it is the union of countably
many nowhere dense sets in R. A set which is not of first
category is said to be of second category. Baire proved the
following results.

(i) R is not of first category in itself.

(ii) The set of points of discontinuity of a function in the
first class of Baire (noncontinuous functions which are limits
of continuous functions) is of first category.

(iii) For every function f which belongs to a Baire class there



is a set E of first category such that f restricted to the

complement of E is continuous.

The introduction of hyperspaces by Fréchet, Hausdorff and
others, especially the introduction of R!, had great influence
on the proofs of existence theorems. Result (i) above was
extended to complete metric spaces in what is now called the
Baire Category Theorem. In 1931 Mazurkiewicz and Banach
separately used this theorem to prove the existence of

continuous nowhere differentiable functions.

The Baire Category Theorem has often been used to prove that
some certain subset of a complete metric space is not empty.
This is usually accomplished by defining a countable number of
subsets of the space so that the desired subset is the
complement of the union of these subsets, and then showing that
each of these subsets is nowhere dense. Then, since a complete
metric space is of second category the desired subset is not
empty. Such a set, the complement of a first category set, is

said to be residual.

The advantage of this method of proof is that it produces a
whole class of examples, not just one. It also often simplifies
the problem by a;lowing concentration on the essential
properties of the desired example. In principle a specific -
example can always be constructed by successive approximations,

although this may be difficult.



In about 1928 Mazur invented a mathematical game which can
also be used to provide proofs of the existence of a residual
set, all of whose elements have certain properties. The game is
between two players, A and B. A is given an arbitrary subset 4
of a closed interval I, ¢ R. The complementary set, Io,\4 is
given to B. Now A chooses any closed interval I, c I,; then B
chooses a closed interval I, c I;. They contiﬁue this way,
alternately choosing closed intervals. If the set N I,
intersects the set 4 then A wins; otherwise B wins. Banach
showed that there is a strategy by which B can always win if and
only if 4 is of first category. Récently the Banach-Mazur game
has been used by several analysts, including L. Zajicek, to
develop proofs that certain differentiation properties are
typical in C[0,1]. A property is said to be typical in the
complete metric space, C[0,1], if the set of functions in C[0,1]

which possess this property is residual.

The main purpose of this thesis is to survey the properties
which are typical of continuous functions in [0,1]. Chapter 2 is
concerned with differentiation properties which are typical in
C[0,1]. In Chapter 3 we will look at the intersection of typical
continuous functions with various families of continuous
functions. We will also see that these results clarify some of
the results developed in Chapter 2. Chapter 4 surveys the
porosity characteristics of some of these intersection sets and
finally Chapter 5 provides some recent results and alternate

proofs for known results by use of the Banach-Mazur game.
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Definitions and notation

We now begin with a few necessary definitions and two
elementary results relating to category. By C[0,1] we mean the
complete metric space of all continuous real valued functions
defined on the interval [0,1] and supplied with the sup norm,
|£]] = sup{|f(x)|:x€[0,1]}. For convenience we will also use: the
notation C for C[0,1] when no confusion can occur. We have
already defined category, residual sets and typical properties.
The phrase "a typical continuous function has property P" can be
interpreted to mean that there is a residual set of functions in
C[0,1] which have property P. This language is perhaps a bit
dangerous, (a function may be typical in one sense while not in

others), but is in wide use in the literature.

The closure of a set A will be denoted by A. The interior
will be denoted A°. A set A in a topological space X is dense in
X if A is all of X. A set A is nowhere dense in X if A contains
no nonempty open set. We will use A(A) to denote the Lebesgue
measure of A. A set A has the property of Baire if it can be
represented in the form A = GAP = (GUP)\(GNP), where G is open

and P is of first categgory.

THEOREM 1.1. The Baire Category Theorem. Let X be a

complete metric space and A a first category subset of
X. Then the complement of A in X is dense in X. Thus X

is of second category in itself.



THEOREM 1.2. Any subset of a set of first category is of
first category. The union of any countable family of

first category sets is of first category.



CHAPTER 11

DIFFERENTIATION PROPERTIES

The existence of continuous nowhere differentiable functions
was first proved by the category method in 1931 by Mazurkiewicz
[33] and Banach [1]. Banach's proof clearly demonstrates the use

of the category method.

THEOREM 2.1.1. The set of functions in C which have no

finite right hand derivative at any point is residual in C.

PROOF: (cf. [29] pp. 420-421) For each natural number n let
N, denote the set of functions, f, in C for which there
exists x € [0,1] such that:

f(x + h) - £(x)

<n v h € (0,1-x)
h

Let N = Up_, N,. We will show that for each n, N is nowhere
dense. To show that N, is closed, consider any sequence {fk}
in N, that converges to f € C. Then there is a sequence {xk}
in [0, 1] such that |fy(xy + h) - f3(xy) | < nh,

vh € (0, 1—xk). Passing to a subsequence if necessary we may
assume that x) - x for some x € [0,1]. Then it is easy to
see that |f(x + h) - £(x)| £ nh, Vh € (0,1-x). Thus f € Nj

and so we see that Nj is closed.

Now, to show that N is nowhere dense in C it suffices

to show that N, contains no open sphere in C. Let e>0 be



given and f € C. Then we can choose a piecewise linear
function h such that ||[f - h| < ¢ and each segment of h has a
slope with absolute value greater than n. Then h £ N, so N_

contains no sphere in C. Thus N, is nowhere dense.

The set C \ U:=1 N, is residual and any function in this

set has no finite right hand derivative at any point.[

In 1925 Besicovich had constructed a continuous function
with no finite or infinite one sided derivative at any point.
The gquestion then arose whether a category proof is available to
prove the existence of such functions. In our terminology the
guestion is whether Besicovich functions were also typical. This
was answered in the negative by Saks in 1932 [40]. What Saks
showed was that a typical continuous function has an infinite
derivative on an uncountable set. Saks' proof was not
elementary. He showed that the set of functions with a one-sided
derivative (finite or infinite) at some point is of second
category in every sphere of C. He went on to show (using results
of Banach, Tarski and Kuratowski) that this set is analytic and
so residual in C. We will see in Chapter 5 that the second part
of Saks' proof is not needed and that the first part is an
example of the use of the Banach-Mazur game to prove a category
result. A simpler but still not elementary proof is attributed
to Preiss by Bruckner [4]. In 1986 Carter [11] supplied an even

simpler proof.



Dini Derivatives

There are many results regarding the relationships among the
Din? derivatives of various classes of real valued functions.
The most famous of these is now known as the Denjoy-Young-Saks
theorem which gives relationships among the Dini derivatives of

an arbitrary function,

THEOREM 2.2.1. Let f be defined on an interval, I. Then all
x€I, excepting at most a set of measure zero, are in one of
the following four sets:
{x:f'(x) exists and is finite}
{x:D*f(x)=D_f(x) are finite, D,f(x)=-», D f(x)=+x}
{x:D,f(x)=D-f(x) are finite, D*f(x)=+=, D f(x)=-=}

{x:D*f(x)=D"f(x)=+=, D,f(x)=D_f(x)=-=}.

This result was proved for continuous functions by Denjoy in
1915, for measurable functions by Young in 1916 and for
arbitrary functions by Saks in 1924. In 1933 Jarnik [25] proved
results regarding the relationships among the Dini derivatives
of a residual set of continuous functions. We shall need another

definition before stating Jarnik's results.

DEFINITION 2.2.2. Let f € C and x € (0,1). We say that x is

a knot point of f if Df(x)=-= and Df(x)=+=,




THEOREM 2.2,.3. The set of functions f in C with the
following properties is residual in C.

(i) For all x€(0,1) [D.f(x),D"F(x)] U [D,f(x),D*f(x)] =
[-=,e].

(ii) The set of points which are not knot points of f has

measure zero.

In 1970 Garg [17] strengthened Jarnik's results while

incorporating those of Banach and Mazurkiewicz and Saks. We need

some notation. Let f € C and let r be a real number. Then

define:

and

E(f) = {x:D*f(x)=Df(x)=+=, D,f(x)=D_f(x)=-=}
E (f) [E;(£)] = {x:f!(x)=+=[-»], D f(x)=+®, D_f(x)=-c}

E3(f) [E4(£f)] = {x:f'(x)=+=[~=], D*f(x)=+», D, f(x)=-c}

E,.(f) {x:D*f(x)=r2D_£f(x), D,f(X)=~, D f(x)=+=}
Eop(f) = {x:D f(x)=rs<D*f(x), D,f(x)=-=, D f(x)=+=}

E;.(f) {x:D,f(x)=r<D-f(x), D*f(x)=+>, D_f(x)=-o}

Eyp(f) {x:D f(x)=r2D,f(x), D*f(x)=+>, D_f(x)=-}.

THEOREM 2.2.4. There exists a residual set of functions f in
C such that each x € (0,1) is in one of the sets E(f), E; (f)
(i=1,2,3,4) and Ej.(f) (i=1,2,3,4, r€R), and

(1)E(f) is residual in (0,1) and has measure one,

(ii) Each of the sets E;(f) (i=1,2,3,4) and E;.(f)



(i=1,2,3,4, r€R) is a first category set of measure zero and
has the power of the continuum in each subinterval of {0,1),
and

(iii) for each r€R the sets E, . (£)NE,.(f) and E; . (f)NE, (£)

are both dense in (0,1).

Path derivatives

The question of the differentiability of typical continuous
functions can be extended to several generalized derivatives.
Generalized derivatives have often been defined because complete
differentiability is not required and some weaker property is
sufficient for the development of the theory under
consideration. Most of the generalized derivatives are obtained
by a restriction of the limit of a difference quotient to
specific classes of sets. The concept of path derivative,
introduced by Bruckner, O'Malley and Thomson [10] can be used to

define several generalized derivatives.

DEFINITION 2.3.1. Let x € R. A path leading to x is a set

Ey, C R such that x € Ey and x is an accumulation point of

E Then a collection E = {E,: x € R,

xo

Ey a.path leading to x} is called a system of paths.

DEFINITION 2.3.2. Let f:R » R and let E = { Ey: x € R} be a

system of paths. If

10



f(y) - £(x)

VX, YEEx y - x = g(X)

lim

is finite then f is E-differentiable at x and we write

f'g = g(x). If f is E-differentiable at every point x then f

is E~differentiable.

DEFINITION 2.3.3. Let A be a measurable subset of R and x €

R. Let

Aan[x-h,x+k])

d(A,x) = 1lim h, k-0+, h+k#0 " .

Then d(A,x) is called the upper density of A at x. The lower

density of A at x, d(A,x) is similarly defined. If d(A,x) =
d(a,x) we call this number the density of A at x and denote

it by d(A,x). When d(A,x) = 1 we say that x is a point of

density of A.

DEFINITION 2.3.4. If each E, € E has density 1 at x the

E-derivative is called the approximate derivative.

DEFINITION 2.3.5. If each E, € E has upper density 1 at x

then the E-derivative is called the essential derivative.

DEFINITION 2.3.6. If each E, € E has lower right and lower
left density both greater that 1/2 at x the E-derivative is

called the preponderant derivative.

"



Of course if each Ey,€ E is a neighbourhood of x then we have
the ordinary derivative. The one sided derivatives are given by
restricting E; to one side of x and if we replace limit in
definition 2.3 by lim sup or lim inf we obtain the corresponding

extreme derivatives.

A complete analogue to the Denjoy-Young-Saks theorem holds
for the approximate derivative (see [5] p.149). In 1934 Jarnik
proved several properties of typical continuous functions with

regard to these generalized derivatives.

THEOREM 2.3.7. The set of functions £ in C with the
following properties is residual in C.

(i)[27] The set of points which are not essential knot
points of £ has measure zero.

(ii)[24] For each x€(0,1) at least one of =, -= is a right
essential derived number, and at least one of », -= is a
left essential derived number.

(iii)[24] For each x€(0,1) both -= and » are derived numbers
of f at x with symmetric upper density greater than or equal
to 1/2.

(iv)[26] For each x€(0,1) there is one side where at least
two of -», 0, = are derived numbers of f at x with density

on that side greater than or equal to 1/4.

We can see that these results imply that the typical

continuous function has no preponderant derivative, no finite

12



approximate derivative, no finite unilateral preponderant
derivative, and does not have both unilateral approximate

derivatives for any x in (0,1).

Other generalized derivatives

In 1972 Kostyrko [28] showed that a typical continuous

function is nowhere symmetrically differentiable.

THEOREM 2.4.1. The set of functions f in C with the
following property is residual in C:

For each x € (0,1)

. f(x + h) - £(x - h)
lim supp,g o = +o, and

. £(x + h) - £(x - h)
lim infh*O °h = —=,

In 1974 Evans [14] proved the analogous result for the
approximate symmetric derivative. The selective derivative was

introduced by O'Malley in 1877.

DEFINITION 2.4.2. A function of two variables s(x,y) for
which s(x,y) = s(y,x) and s(x,y) is between x and y is

called a selection. We define the selective derivative

sf'(x) of the function £(x) by

f(s(x,y)) - £(x)

s(x,y) - x

gf'(x) = limy_,x

13



In 1983 Lazarow [31] showed that all measurable functions
have a selective derivative on a set of the cardinality of the

continuum. She then went on to show:
THEOREM 2.4.3. The set of functions f in C such that, for
every selection s, (f' exists (possibly infinite) only for a

first category set of measure zero, is residual in C.

Universal properties

We have seen that the typical continuous function is very
nondifferentiable with regard to several generalized
derivatives. But Marcinkiewicz in 1935 [32] proved that the
typical continuous function is differentiable almost everywhere
in a certain sense. Moreover we can choose the derivative in

advance.

THEOREM 2.5.1. Let {h,} be a sequence of real numbers such
that lim,,, hy = 0. The set of functions f in C(0,1) with
the following property is residual in C(0,1):

For each measurable function ¢(x) on (0,1) there corresponds

a subsequence {hnk} such that

f(x + hnk) - f(x)

limp e = ¢(x)
hnk
almost everywhere,
We note that if ¢(x) = r € R the Marcinkiewicz' theorem shows

14



that r is a derived number of every typical continuous function
almost everywhere and, in fact, is a derived number relative to
a fixed sequence. Bruckner [3] has reported that Scholz has

obtained a stronger result than theorems 2.8 and 2.9.

THEOREM 2.5.2. Let ¢ be an arbitrary measurable function.
Then the set of functions £ in C with the following property
is residual in C:

There exists a set Ef having upper density 1 at the origin

such that

f(x + h) - f(x)

limh"o,hGEf n = ¢(X)

almost everywhere,

We note that this is a strong essential derivative in the
sense that the same set, Ef, is used for each x € [0,1]. From
these last results we get some idea how strongly

nondifferentiable a typical continuous function is.

15 .



CHAPTER 111

INTERSECTIONS

The results mentioned in Chapter 2 show that typical

continuous functions exhibit a great deal of pathological

behaviour. But they also show much regularity. In this chapter

we will see some of this regularity in the way that typical

continuous functions intersect lines and other classes of

functions.

In section 2 we shall see some of the properties of the

intersection sets of straight lines with non-monotonic functions

and then with typical continuous functions. In section 3 this

will be extended to polynomials. Section 4 deals with the

intersection of a typical continuous function with what will be

called 2-parameter families. A few definitions and notations are

needed. They are from [7, 8].

DEFINITION 3.1.1, For f,qg € RIC: 1] the set {x:f(x) = g(x)}

is called the intersection set of f and g. For each c,A € R

the set {x:f(x) = Ax + c} is called a level of f in the

direction A. If A = 0 this set is called a horizontal level

£ £.

DEFINITION 3.1.2. A function f € C is nondecreasing at

x € [0,1] if there exists >0 such that f(t) < f(x) for

t € [0,1In(x-6,x) and f(t) 2 f(x) when t € [0,1]Nn(x,x+8). A

16



function f is nonincreasing at x if -f is nondecreasing at

X.

A function f is monotone at x if it is either
nonincreasing or nondecreasing at x. A function f is of

monotonic type at x if there exists A € R such that

f_y = f(x) - Ax is monotone at x. If f is not of monotonic

type at any point in [0,1] then it is of nonmonotonic type.

If f is not of monotonic type in any interval then it is

nowhere of monotonic type.

DEFINITION 3.1.3. Let f € C, I a subinterval of [0,1] and L
a line given by y = Ax + c. The line L is said to support

the graph of f in I (or support f in I) from above [below]

if f(x) < Ax + ¢ [f(x) 2 Ax + ¢c] for all x € I and there
exists a point X, in I such that f(x,) = Ax, + c. Also if

the point x, is not unique then L supports f at more than

one point in I.

Intersections with lines

K. Garg proved in 1963 [16] two results regarding the

horizontal levels of nonmonotonic functions. First he showed

that if f € C is nowhere monotone then the horizontal levels of

f are non-dense for every y € R and are nonempty perfect sets

for a set of values of y residual in the range of f. Secondly he

showed that if f is nowhere of monotonic type then for any A € R

17



there exists a residual set, Hy € R such that for all c ¢ Hy the
line y = Ax + ¢ intersects the graph of f in a nowhere dense
perfect set (possibly empty). Also in 1963 he showed [16] that
every nondifferentiable function is nowhere of monotonic type.
Since the nondifferentiable functions form a residual set in C

he was able to show the following results.

THEOREM 3.2.1. There is a residual set of functions in C
such that for every A € R the level sets in the direction A
are perfect sets of linear measure zero except for at most a

countable set of values of ¢ (depending on A and f).

THEOREM 3.2.2. There is a residual set of functions in C
such that for every A € R the level sets in the direction A
have the power of the continuum for all values of ¢ between

the two extreme values,

THEOREM 3.2.3. There is a dense set A of functions in C such

that every horizontal level is perfect.

These results raised the question of whether the set of
functions in Theorem 3.2.3 form a residual set. Bruckner and
Garg [7] answered this question in the negative by giving a
description of the structure of the level sets in all directions

for typical continuous functions. We need one more definition.

18



DEFINITION 3.2.4. We denote by af A and 3f,k‘
af 3 = inf{f(x) - Ax: 0 < x < 1}
Bg a = sup{f(x) - Ax: 0 € x < 1},
Let £f € C and A € R, If there exists a countable dense set,
Ef ar in (“f,krﬁf,k) such that the level {x:f(x) = Ax + c}
is
(i) a perfect set when c £ Ef 5 U {“f,krﬁf,k}'
(ii) a single point when c = af 3 or c = fz ), and
(iii) the union of a nonempty perfect set, P, with an
isolated point, x £ P, when c €Ef o (P depends on
f, A\, and c)
then the levels of f in the direction A are said to be

normal.

THEOREM 3.2.5. The functions of nonmonotonic type form a

dense G5 set in C.

PROOF: ([7], pp. 309-311) For each natural number n let A,
denote the set of functions f € C such that there exists

N € [-n,n] and x € [0,1] so that f.y is nondecreasing on
(x-1/n,x+1/n)n[0,1]. Then A =UJ_ A, is the set of functions
f € C for which there exists XA € R such that £, is
nondecreasing for some x € [0,1]. We will show that each A,

is closed and nowhere dense in C,.

Let n be given and let {f;} be a sequence of functions

in A, that converge uniformly to a function f € C. For each

19



k there exists A\, € [-n,n] and x; € [0,1] such that £, “Ag
is nondecreasing on (xp-1/n,x;+1/n)N[0,1]. Then there is a
sequence {k;} of natural numbers such that {kki} converges
to some A € [-n,n] and {xki} converges to x € [0,1]. Then it
is easy to see that f_, is nondecreasing on

(x~1/n,x+1/n)n[0,1]). Thus £ € A, and so A, is closed.

Now it is necessary to show that A, is nowhere dense.

Let U be a nonempty open subset in C. Then there is a
polynomial g and e>0 such that the open sphere centered at g
with radius e, B(g,e¢), is contained in U, Then a "saw-tooth"
function £ € C can be constructed with f € B(g,e) and

f £ A,. This is accomplished by defining a piecewise linear
function h with intervals of monotonicity small enough and
slope great enough that if f = g + h then if A € [-n,n] f_,
is not monotonic on any interval of length 2/n. Thus A, is

nowhere dense,

We see that A is an F, set of first category. Let B be
the set of functions f in C such that there exists A € R and
x € [0,1] with f_, nonincreasing at x. Then B = {-f:f€A} so
B is also a first category F,. Hence C \ (AUB) is a dense G

set in C.[J

Theorem 3.2.5 together with a result by Garg [18] that a
function of nonmonotonic type has a knot point everywhere yields

a variant of the Mazurkiewicz-Banach theorem: the set of
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functions in C which have no finite or infinite derivative at

any point is residual in C.

LEMMA 3,2.6. There is a residual set of functions f in C
such that no horizontal level of f contains more than one

point of extrema of f.

PROOF: ([7], p.312) Let I and J be any two disjoint closed
subintervals of [0,1] with rational endpoints. Let A1 g be
the set of all functions f in C such that neither the
supremum nor the infimum of f on I equals either the
supremum or the infimum of £ on J. Let A = NAT 3, where the
intersection is taken over all pairs of disjoint closed

rational subintervals of [0,1].

Fix I and J. Let E; = {f¢C:sup{f(x):x€I}#sup{f(x):x€J}}
and let E,, E; and E, be the analogous sets obtained by

interchanging sup with inf on I or J or both. Let f ¢ E,,

n

P sup{f(x):x€I} and g = sup{f(x):x€J}. Then a ¥ B. Let

|a=B|] > 0. Clearly B(f,e¢/2) c E, so that E, is open in

€
C. Also it is clear that E, is dense in C and so it is
residual. It can be shown similarly that E,, E; and E, are
residual so that A; 5 = U§=1Ei is residual and hence A is
residual.[

THEOREM 3.2.7. There exists a residual set of functions in C

whose horizontal levels are normal.
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PROOF: ([7], pp. 312-313) Let A be the intersection of the
two residual sets given by Theorem 3.2.5 and Lemma 3.2.6.
Then A is residual and we will show that all functions in A

have the required properties.

Let £ € A and a = inf{f(x):0<x<1} and
B = sup{f(x):0<x<1}., By (3.2.5) f is of nonmonotonic type,
so for every c € R, x is an isolated point of the level
£~ 1(c) if and only if x is a point of proper extremum of f.
By (3.2.6) each horizontal level of f contains at most one
point of extremum of f so that every extremum of f is a

proper extremum,

Let D be the set of extrema of f. Then since f is
continuous and nowhere monotone and every point of D is
proper, D must be countable and f(D) a countable dense
subset of [a,f]. Also we have a,f € £f(D). Let E =
f(D)\{«a,B}.

Let ¢ € R. When ¢ £ EU{e,B}, £ '(c) has no isolated
points so £ 1(c) is perfect. Clearly £ '(a) and £~ '(8) are
singletons. When ¢ € E, £~ '(c) contains exactly one point of
extremum of £, say x,, and x, is isolated. Since f is
continuous it satisfies the Darboux property so that
£71(c) \ {xo} is not empty and must be perfect. Thus the

horizontal levels of f are normal.[]
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A corollary to this theorem is that given a function g € C
there is a residual set A in C such that for every f € A, the
horizontal levels of f - g are normal. By letting g(x) = Ax we
see that for every sequence {A,} in R there is a residual set of
functions in C whose levels are normal in each of the directions
An. But note that the set of exceptional levels does not vary
with the function. This is not the same as Theorem 3.2.13 to

follow for there the set of directions depends on the function.

LEMMA 3.2.8. For every function £ € C there are at most
countably many lines that support the graph of £ in 2 or

more disjoint open subintervals of [0,1].

PROOF: ([7], pp. 314-315) Let L denote the set of lines that
support the graph of f in at least 2 disjoint open
subintervals of [0,1]. Let I and J be two disjoint open
subintervals of [0,1]. Then it is easy to see that there is
at most one line which supports £ from above in both I and
J. Similarly there is at most one line which supports the
graph of f from below in both I and J, one line that
supports f from below in I and above in J and one line that
supports f from above in I and from below in J. Let L1 g
denote the set of lines that support the graph of f in both
I and J. Then Ly 7 has at most 4 elements. Clearly

L =VUp gl1 g where the union is taken over all pairs of
disjoint open rational subintervals in [0,1], and it follows

that L is countable.[d
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Note that this lemma concerns all continuous functions, not
just a residual set of them. From it we obtain the following

theorem regarding the level sets of all functions in C.

THEOREM 3.2.9. For every function f € C there exists a
countable set, A, in R such that for every XA € R\A:

(i) the levels {x:f(x)=kx+af'k} and {X=f(X)=kX+ﬁf,x} consist
of single points, and

(ii) there is a dense set of points, ¢, in (af,k,ﬁf,k) such

that {x:f(x)=Ax+c} contains at least one isolated point.

PROOF: ([71, p. 315) Let £ € C and let A be the set of
slopes of lines that support the graph of £ in at least two
disjoint open subintervals of [0,1]. Then A is countable by

Lemma 3.2.8. Let A € R\A.

Let ¢ € R and xo = {x:f(x)=Ax+c} = {x:f_y(x)=c}. Then
y = Ax+c supports the graph of f in some neighbourhood of x,
if and only if f_j has an extremum at x,. Since A € R\A
there is no horizontal level of f_, with more than one point
of extremum of f_5 so f_, has only proper extrema. The
function f_, attains ag 3 and fg 3 in [0,1] so

{x:f(x)=Ax+ag 2} and {x:f(x)=Ax+B¢ ,]} are single points.

Let (a,b) be any open subinterval of (“f,k'ﬁf,k)' Let I
be a connected component of {x:a<f_s(x)<b}. Then I is an

open subinterval of [0,1] and f_5 is not constant on any
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subinterval of I. Now, if f_, is monotone on I then for each

c € f_5(I) we have c € (a,b) and {x:f_5(x)=c} is isolated.

If f_ is not monotone in I it has a proper extremum at some
~point x, in I. Let ¢ = f_3(x,). Then a<c<b and x, is

isolated in {x:f(x)=xx+c}.0

This lemma disproves a claim of Gillis [19] to have
constructed a continuous real-valued periodic function f on R,
all of the levels of which are perfect and, for f restricted to
[0,1], are all infinite. Garg [16] had used the Gillis function
to show that there is a dense set of functions in C which have
in each direction all but a finite number of levels perfect.

This too is now seen to be false.

We now need three more technical lemmas regarding lines of
support, in order to prove the main result on level sets in all

directions of typical continuous functions.

LEMMA 3.2.10. There exists a residual set of functions f in
C such that, for every rational open interval I c [0,1] the
slopes of the lines that support the graph of f in I from

above at more than one point form a dense set in R. The same

holds true for lines of support from below.

PROOF: ([7], pp. 316-318) We shall prove the result for one
fixed open rational interval in [0,1]. Since the set of

rational intervals in [0,1] is countable this will prove the
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theorem,

For each natural number n let A, denote the set of
functions f in C for which there is a line with slope in
(-1/n,1/n) which supports £ in I from above at more than one

point. We shall show that A, is residual in C.

Let n be fixed and let U be a nonempty open, set in C
with £ € U, Then there is a nonempty open sphere,
B(f,e) ¢ U, centered at f and with radius e. Let a =
sup{f(x):x€I}. Then there is a nondegenerate subinterval
J = (a,b) of I such that f(x) > « - €¢/4 for x € J. Let § >0
be such that the length of J is greater than 4§. We can find
5 points, x; (i=0,1,2,3,4), such that a<xe<...<x,<b and
Xy - X3-1 = &, (i=1,2,3,4). Define g:[0,1]-R by

g(x) = £(x) for x € [0,x,]Ulx,,1]

g(x,) g(x;) = a + €/2

g(xz) a
and g is linear in each interval [x;_,,x;] and continuous on

[0,11.

Then it can be shown that there is a real number 7n<e/8
such that the open sphere B(g,n) is contained in A,. (The
details are tedious.) Thus A, contains a dense open subset

of C and so is residual in C.

Let {rn} be an enumeration of the set of rational
numbers. For each natural number n let B, denote the set of

all functions f in C such that f_rn € A,. Then B, is
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residual in C and so the set B = NB, is also.

Now, given (p,g), an open interval in R, we will show
that if £ € B then there is a line with slope in (p,q) which
supports £ in more than one point of 1. Let § = @ - p. Then'
choose 5 points, X4,...,%X3, SO that p=x,<...<x,=q and
Xj-1 —x; = 6/4 (i=0,1,2,3). Now we can find a natural number

n such that n>4/6 and r, € (x,,x,). If f € B,, f € A, and

-r

n
so there is a line given by y = sx + b, s € (-1/n,1/n) which
supports f'rn in I from above at more than one point. Let M
be the line given by y = (s+r )x + b. Then M supports the

graph of f in I from above at more than one point. Also

s+rn € (p,q).

The proof for support from below is similar.[

LEMMA 3.2.11. There exists a residual set of functions f in
C for which there is no line that supports the graph of f in

more than two mutually disjoint open intervals.

PROOF: ([7], p. 318) Let A denote the set of functions f in
C for which there exists a line which supports f in three or
more disjoint open intervals. For each triple (I,J,K) of
disjoint open intervals in [0,1] let AI,J,K denote the set
of functions £ in C for which there is a line which supports
f in I, J and K. Then A = Ur, g,k A1 3K where the union 1is
taken over all triples of disjoint rational open intervals

in [0,1]). We will show that each AI,J,K is nowhere dense and
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so A is of first category.

Now fix I, J and K and let E denote the set of functions
f in AI,J,K for which a line supports f from above in all
three subintervals. Let U be an open subset of C and suppose
there exists f € UNE. Then there is a line y = Ax + ¢ which
supports £ in I, J and K from above and there is an open
sphere, B(f,e), centered at f and with radius e contained in
U. We can assume that J is between I and K. Let g €
B(f,3e/4) such that g(x) = £(x) for x € IUK and g = f - €/2
in J. Now let h € B(g,e/4) and assume there is a line, L,
which supports h from above in I and K. Then in the interval
J, L is strictly above the line y = Ax + ¢ —-¢/4 and h is
below this line. Thus L does not support the graph of h in J
so h £ E. Then b(g,e/4) c U\E and so E is nowhere dense in

C.

The other seven subsets of A1 J,K obtained by replacing
above by below in one or more of I, J or K can be shown
similarly to be nowhere dense. Then A1 7.K is nowhere dense

and so A is of first category.[d

LEMMA 3.2.12., There exists a residual set of functions f in
C for which there are no two distinct parallel lines such
that each of these lines supports the graph of f in 2

disjoint open subintervals of [0,1].
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The proof of this lemma follows the pattern of the previous
one and so is omitted. We now come to the main result of this

section.

THEOREM 3.2.13. There exists a residual set N in C such that
if £ € N then there is a countable dense set Af in R such
that:

(i) the levels of f are normal in each direction X\ € R\Ag,
and

(ii) if X € Ay the levels are normal except for a unique
element, cg 3 of Ef ) U {ag ),Bf,63} for which .

{x:f(x)=kx+cf’x} contains two isolated points.

PROOF: ([7], pp. 319-320) Let N be the intersection of the
residual sets determined by 3.2.5, 3.2.10, 3.2.11, and

3.2.12. Then N is residual in C.

Let £ € N and let Af denote the set of slopes of lines
that support f in at least two disjoint open subintervals of
[0,1]. Then by 3.2.8 and 3.2.10 A¢f is a countable dense
subset of R. Let A € R. Then for each ¢ € R
{x:f(x)=Ax+c} = {x:f_3(x)=c}. By 3.2.5 f_5 is not monotone
at any point of [0,1]. As a result a point x, in
{x:f_3(x)=c} is isolated if and only if f_, has a proper
extremum at X,. Also such an x, is a proper extremum of f_,
if and only if the line y = Ax + c supports the graph of f

in some neighbourhood of x,.
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Let A € R\A¢. Then there is no line with slope in Ag¢
that supports the graph of f in two disjoint open
subintervals of [0,1]. Hence all horizontal levels of f_j
contain at most one point of extremum of f_,. Thus f_, is a
continuous nowhere monotone function with only proper
extrema and we can follow the same arguments as in the proof
of 3.2.7 to see that all the horizontal levels of f_, are
normal so that the levels of f are normal in the direction

A. Part (i) of the theorem is proved.

Now let A € Ag. By 3.2.11 no line supports the graph of
f in more than two mutually disjoint open subintervals of
[0,1]. Then no horizontal level of f_, contains more than
two points of extremum of f_, so that f_, has only proper
extrema. Since X € As there is a c, € R such that
y = Ax + c, supports the graph of f in at least two disjoint
open subintervals of [0,1]. Hence {x:f_5(x)=co} contains
exactly two points of extremum of f_j. By 3.2.12, for c # c,
{x:f_5(x)=c} contains at most one point of extremum of f_,.
Now, f_5 is a continuous nowhere monotone function with only
proper extrema so that we can again use the argument of

3.2.7 to complete the proof.[d

1f we remove the requirement that Ay be dense we can see
that the first part of the proof of the above theorem uses only
the property that f is of nonmonotonic type. Thus we have the

following theorem.
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THEOREM 3.2.14, If a function £ € C is of nonmonotonic type
then its levels are normal in all but a countable set of

directions.

A number of questions arise from these results. One type of
problem arises by replacing the family of lines with polynomials
of a given degree, or with 2-parameter families of functions. We
will see in sections 3 and 4 the results of consideration of
these problems. Another type of problem arises by replacing
C[0,1] with some other complete metric space such as the space
of Darboux functions of the first class of Baire, or
approximately continuous functions. Many results have been
obtained for these spaces (see [13], [15], [34], [35], [37]) but

they are beyond the scope of this survey.

Polynomials

In 1981 Ceder and Pearson [12] investigated the intersection
sets of typical continuous functions with polynomials. The
following corollary is an immediate consequence of Theorem

3.2'5.
COROLLARY 3.3.1. There is a residual set of functions f in C

such that if p is a polynomial and x, is isolated in

{x:f(x)=p(x)} then p supports f in a subinterval of [0,1].
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The next lemma is a generalization of lemma 3.2.11 and the

proof is similar.,

LEMMA 3.3.2. For any n there exists a residual set of
functions £ in C such that no polynomial of degree less than
or equal to n supports f in more than n+1 mutually disjoint

open subintervals of [0,1].

The next theorem states that a typical continuous function
intersects "most" polynomials in a perfect set. This is a
generalization of the result of Bruckner and Garg given in

Theorem 3.2.13.

THEOREM 3.3.3. There exists a residual set of functions f in
C such that the following properties hold:

{i) for n21 and j<n and a fixed n-tuple,
(8gsecr85-1/8441s+++,a8n) in R" and a polynomial p given by
p(x) = igoaixi' the intersection set {x:f(x)=p(x)} is a
perfect set except for countably many values of ay. For each
of these exceptional values of a5 the intersection set is a
perfect set union a set containing at most n+1 points.

(ii) for each n the set (ag,...,ap) in R"*! such that the
intersection set {x:f(x)=p(x)} where p(x) = igoaixi fails to

be a perfect set is a first category null set in RN,

PROOF: We follow [12], pp.258-259 with some modifications.
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Let M = NN NJ_gN, where N is the residual set given by
Corollary 3.3.1 and the N, are the residual sets given by

Lemma 3.3.2. Then M is residual.

By the lemma if f € M and p is a polynomial of degree n
then {x:f(x)=p(x)} is a perfect set union a set of no more

than n+1 elements.

Now fix j<n and an n-tuple (ao,...,aj_1,aj+1,...,an).

where aj = « € R, Let A = {xa:xa is

n
Let p,(x) = ,Z a;x?

i=0 !
isolated in {x:f(x)=p,(x)}} Then for each x, € A there is a

positive integer n, such that either

f(xy) = pa(xy) and £(x)<p,(x) for O0<|x-x,|<1/n,

or £(x,) = py(x,) and £(x)>p, (x) for O<|x-x,|<1/n,.

Now suppose that A is uncountable. Then, without loss of
generality there is a positive integer m such that the set
Ap = {xg €Ain,=m, f(x)<p,(x) for O<|x-x,|<1/m} is
uncountable. Since A, is uncountable there exists Xg € Ap
wvhich is a condensation point for A, with xﬁ%o. Choose

Xy € Ap so that [x,-xg|<1/m.

Now the polynomials p, and pg can intersect only at x=0
so for x>0 either p,<pg or p,>pg. But f(x)Spﬁ(x) for
|x-xg|<1/m so if {x:p,(x)=f(x)} ¥ ¢ then p,(x)<pg(x) for
x>0. We have 0<[x,-xg|<1/m and £(xg) = pglxg) > p,(xg) so

xo€ Ap, a contradiction. Hence A is countable.

33



To prove part (ii) choose n. Then, for a given
a=(a;,...,ap) € R" there exist countably many values of a,
for which the polynomial pa(x)=i§0aixi fails to intersect £
in a perfect set. Let A denote the set of all (a,,

...,ap) € R™1 gsuch that p,(x) fails to intersect f in a
perfect set. Then, considering (ao,...,an) as the point
(ap(ay,...,ap)) in RxRM, each horizontal section of A in
RxR" is countable. Accordingly A will be of first category
and measure zero if A has the property of Baire and is
measurable [36, th.15.4]. This will be so if A is an
analytic set [29 pp.94-95, 482]. We will show now that A is

analytic.

Now (a¢,...,a,) € A if and only if there is some x€[0,1]
and h>0 such that p;(x)=f(x) and if O0<|x-z]|<h then

Py (z)#£(z). It is clear that:

(ag,.ee,ap) €A & 3x€[0,1]xR Fh€R [(h>0 A x,=p,(x,)=f(x,))
Avz€[0,1]1xR((z=x) V (|zy-x,|>h) V (z,>p,(x,)) V

(z2<py(x4)) V (2,#£(2,)))]

Thus A is the projection onto R"*! of the set of

(h,x,(ao,...,apy)) given by:
Vg Vh 1(h>0) A (x3=py (x1)=£(x1)) A A,((z=x) V (|z,-x,|>h) V

(z2>pa(x4)) V (z,<pa(x,)) V (z,7¢£(2,)))}

= Vy, Vy (a(h,x,a) A A, (BVyVEVEVY))
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It is easy to see that a« is a Gg, B is F, and v, 8, &, and 7
are G,. Then A, BVyV8VEVn is a Gg [see 29 20.V.7b]. Thus we
have Vv, Vp 9(x,h,a) where 6(x,h,a) is a G5 set. Then [see 29
38.viii.4] this is an analytic set since a projection
corresponds to a continuous function. Thus A is analytic and

part (ii) is proved. [

We see, then, that typical continuous functions intersect
"most" polynomials in perfect sets. Ceder and Pearson state that
an analogous result to theorem 3.3.3 for piecewise linear
functions also holds. A perfect analogue does not exist. To see
this, consider a piecewise linear function of 2 pieces. By
Theorem 3.2.9 for any continuous function f there are countably
many piecewise linear functions such that the intersection of
the first piece with f has an isolated point. Now for any of
these, no matter how we may vary the slope of the second piece
we will not have an intersection set which is perfect. We

provide, instead, a partial analogue.

THEOREM 3.3.4. There is a residual set of functions f in C
such that, for each n, if h is a piecewise linear function
with n intervals of linearity, the set {x:f(x)=h(x)} is a
perfect set (possibly empty) union a set of at most 3n-1

isolated points.
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PROOF: Let N be the residual set of functions given by
Theorem 3,2.13, Let £ € N and Ef,k' af and 3f,k be as in
Theorem 3.2.13. Fix n and let H, be the set of all piecewise

linear functions in [0,1] with n intervals of linearity.

For each h € H, and for i=1,...,n let hj be the ith
linear segment of h, extended linearly to all of [0,1]. Then
h; = Ax + ¢ for some A,c € R. If {x:h;(x)=£f(x)} is perfect
.then {x:h;(x)=f(x)InI;, where I; is the ith interval of
linearity of h, is perfect, except possibly for isolated
points at the endpoints of the interval. Hence if x, is
isolated in {x:h(x)=£f(x)} it is isolated in one of the sets
{x:h;(x)=£f(x)} or it is the endpoint of one of the intervals

of linearity of h.

By theorem 3.2.13 if ¢ £ Ef \Ufag 3,85 3} {x:hj(x)=f(x)}
is perfect; otherwise {x:hj(x)=f(x)} is a perfect set
(possibly empty) union a set of at most 2 isolated points.
Thus {x:h(x)=f(x)} is a perfect set (possibly emptyl} union a

set of at most 3n-1 isolated points. [

This is consistent with the following conjecture put forth
by Ceder and Pearson: for any closed nowhere dense subset N of C
there is a residual set A of functions in C such that for each £
in A there exists a residual subset N¢ of N such that for all g
in N, the intersection set of f with g is perfect if and only if

g is in Ng¢.
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Two parameter families

Zygmunt Wojtowicz investigated the intersection sets of
typical continuous functions with functions in 2-parameter

families in 1985 [43].

DEFINITION 3.4.1. A family of functions Hc C is called a

2-parameter family if for all x,, x, € [0,1] with x, # x,

and for all y,, y. € R there exists a unique function h in H

such that h(x,) = y, and h(x,) = y,.

We denote by hk,c the unique function h € H such that
h(0) = ¢ and h(1) - h(0) = XA, We call X the increase of the
function hk,c' Let H) denote the set of functions h € H such
that the increase in h is A. Clearly Hk, n sz = ¢ for

k] # kz and URGR Hk = H,

Wojtowicz proved several properties of 2-parameter families.

These will be given without proof.

LEMMA 3.4.2. If (X,,Y0) € [0,1]xR and h,, h, € H, h, # h,
and hy(xe) = h,(x,) = yo then either h,(x) < h,(x) for
0<x<X, and h;(x) > h,(x) for x,<x<1, or h,(x) > h,(x) for

0<x<xXx, and h,(X) < h,(x) for xy<x<1,

LEMMA 3.4.3. For every triple (x,,y¥0,2) € [0,1]xRxR there

exists a unique function h € Hy such that h(x,) = yo.
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COROLLARY 3.4.4. If h,, h, € Hy and h, # h, then
h;(x) # h,(x) for every x € [0,1]. In particular
h,(0) > hz(O).if and only if h,(x) > h,(x) for all
x € [0,1]. |

LEMMA 3.4.5. Limp,. |hy - hy ¢l = 0 if and only if

n'Sn
limp,e ¢p = ¢ and limp,e Ay = A

LEMMA 3.4.6. For each natural number n let (xn',yn'),
(xn",yn"), (x',y') and (x",y") be in [0,1]xR with x ' # x "

and x' # x". Let hknrcn' hk,c € H be such that

hkn,cn(xn') = yn ’ h)\n,cn(xn") = ynﬂ, hk,c(x') = y' and
hk,c(x") = Y". Then if liﬂ'lr]_’m (xn',yn') = (X',y') and

limp,e (x,",y0") = (x",y") we have limp,, [hy ~hy I = 0.

n’%n

The methods used by Wojtowicz to develop the properties of
the‘intersection sets of typical continuous functions with
2-parameter families parallel those of Bruckner and Garg for
lines. The next lemma is proved by an argument parallel to that

of Lemma 3.2.8.

LEMMA 3.4.7. For every function £ in C there is at most a
countable set of functions in H whose graphs support the
graph of f in two or more disjoint open subintervals of

[0,11.
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Now

and

if f € C and A € R let

ag 3 = inf{c€R: {x:f(x)=hy .(x)}#¢}

Bf a = sup{c€R :{x:f(x)=hy (x)}#¢}.

LEMMA 3.4.8. For every function f in C and every number A in
R, the graphs of the functions hk,af,k and hk,ﬁf,x support
the graph of £ in [0,1] from below and above respectively,

at least at one point.

PROOF: ([43], p. 75) Let £ € C and A € R. Since hk,af k(x) <
f(x) for every x € [0,1] it is sufficient to show that

{x:f(x)=h>\,mf R(X)} Z é.

Assume {x:f(x)=h>\,mf A(X)}=¢' Then for all x € [0,1],
hk,af,k(x) - f(x) < 0. Let 4 = min{f(x)-hk,af,k(x):05x$1}.
By Lemma 3.4.5 there is a function hk,c, in the open sphere
B(hk,af,k’d) such that hk,c, # hklaf,k and ¢4, > af -
Clearly then hk,c1(X) < f(x) for every x € [0,1] and
{x:f(x)=hk,c(x)} = ¢ for all c € (af,k,c1). This contradicts

the definition of af and so we have

fx:f(x)=hy 4. (X)} # ¢.

Similarly {X:f(x)=hk,5f,k(x)} # ¢ and since
hk,Bf k(X) 2 f(x) for all x € [0,1] the lemma is proved.[]
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From the above lemma we obtain the following result
regarding the existence of isolated points in the intersection
sets of any continuous function with functions in a 2-parameter

family. This is a close parallel to Theorem 3.2.9.

THEOREM 3.4.9. For every function f in C there is at most a
countable set Af € R such that if A € R\A¢ then:

(i) the sets {x:f(x)=hk'af’k(x)} and {x:f(x)=hk'3f'k(x)}
consist of single points, and

(ii) the set Ef ) of numbers c € R such that

{x:f(x)=hxlc(x)} is not perfect, is dense in (af,krﬁf,x).

PROOF: ([43], pp. 75-76) Let f € C and let Af be the set of
increases of functions in H whose graphs support the graph
of £ in at least two disjoint open intervals of [0,1]. Then
Af is countable by Lemma 3.4.7. Let A € R\Af. Then the
graphs of hk,af,x and hkrﬁf,x each support f at a unigue

point and (i) is proved.

Let (a,b) be any open subinterval of (af,x,ﬁf,x). Let I
be a connected component of {x:hx,a(x)<f(x)<hx,b(x)}. Then I
is an open subinterval of [0,1] and for every c € (a,b)
f - hk,c # 0 in every subinterval of I. Now if for all
c € (a,b) the set {x:f(x)=hx,c(x)}n1 consists of a single

point, x,, then x, is an isolated point of {x:f(x)=hx,c(x)}.

If this is not the case then there is a number ¢ € (a,b)

such that {x:f(x)=hx,c(x)}nl contains at least two different
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points, say x, and x, with x; < x,. Let

c, inf{c€R: {xE[x,,xz]:f(x)=hx,c(x)}#¢}

and c, = sup{c€R: {x€[x,,x;}:E(x)=hy (x)}#¢}.
Then, as in the proof of Lemma 3.4.8, there are numbers
X3,%X, € [x,,x,] such that f(x;) = hx,c,(xa) and
£(x4) = hy c,(x4) s0 cy, ¢z € (a,b). Now N £ Af so there
exists x' ¢€ (x,,x,) such that £(x') = hx,c1(x') and
£(x) > hy ¢ (x) or £(x') = hy o (x') and £(x) < hy ., (x),
for all x € (x,,x,)\{x'}. Then the graph of hy,e, ©F By ¢,
supports £ in (x,,x,) and x' is an isolated point of the
intersection set. Thus ¢, € Ef ) or c; € Ef ). This proves
that Ef 5 is dense in (“f,x'ﬁf,x) and so part (ii) is

proved.[]

The next lemma is analogous to Lemma 3.2,.,10. Although the
proof is not difficult the details are tedious and we will only

outline it here.

LEMMA 3.4.10. There exists a residual set of functions f in
C such that for every rational open interval I c [0,1] the
increases of functions in H which support the graph of £
from above at more than one point, form a dense set in R,
The same holds true for functions in H which»support f from

below.

PROOF: ([43], pp. 476-478) 1t suffices to prove the result
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for one fixed open rational subinterval I in [0,1]. Let {\4}
be an enumeration of the rational numbers. For each pair of
‘natural numbers, (n,m) let Ay, denote the set of functions f
in C for which there is a function in H with increase

A € (A\;=1/m,Ay+1/m) which supports the graph of £ in I from
above at more that one point. We shall show that An . m is

residual in C.

Let n, m be fixed and let U be a nonempty open set. in C
with £ € U. Then there exists e > 0 such that the open
sphere B(f,e) c U. Let a, = sup{cGR:{xGI:f(x)=hkn,c(x)} #o}.
Then by Lemma 3.4.5 there exists a function hkn,c, € H such
that hkn,c, € B(hkn,an'€/4) and hkn,c1(X) < hknran(X) for
all x € [0,1]. Let J be a subinterval of I such that

f > hkn,c, on J. We can find five points, x: (i=0,...,4), in

i
J such that x4<...<x;. Then by Lemma 3.4.5 there is a
function hkn,c in H such that hkn,c € B(hkn,an'e/Z) and
hkn,c(X) > hknr“n(X) for all x € [0,1]. Define g:[0,1] = R
by:

g(x) = £(x) for x € [0,x,]U[x,,1]

g(x1) h)\n,c(x1), g(xa) = h)\n’c(xa),

g(xZ) = h)\n,an(xz)

and g h for some h € H in each of the intervals [x;,x;44],
(i=0,1,2,3). Then g € B(f,e). It can be shown that there is
a real number n < ¢/8 such that B(g,n) ¢ A,. Thus An,m
contains a dense open subset of C and so it is residual in

C. Hence A = Np_y Np-q Ap, g is residual in C.
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Now given (p,g) ¢ R and f € A there exists a rational
number A, € (p,q) and a natural number m such that
(A\p=1/m,\p+1/m) c (p,q). £ € Ay p, so there exists a function
hk,c € H which supports the graph of f from above at more
than one point and A € (Ay-1/m,A,+1/m). Hence the set of
increases of functions in H which support f from above at

more than one point is dense in R,

The proof of support from below is similiar.[]

We need three more technical lemmas as well as another
definition before arriving at our main result for this section.
The first two lemmas are proved by arguments parallel to those

for lemmas 3.2.11 and 3.2.12.

LEMMA 3.4.11, There exists a residual set of functions £ in
C for which there is no function in H which supports f in

more than two points.

LEMMA 3.4.12, There exists a residual set of functions f in
C for which there does not exist A € R with two distinct
functions in H, each of which support f in 2 distinct

points.

DEFINITION 3.4.13. A two parameter family H of continuous

functions is almost uniformly Lipschitz if for all ¢, A € R
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there exists Ly . > 0 such that for all x,, x, € [0,1]
|hy,c{x1)=hy (x2)| < Ly c|x1-x2| and for every rational

number n, M, = sup{Lk’c:k, c € [-n,n]} < +=,

The next theorem is analogous to Theorem 3.2.5 which says
that functions of nonmonotonic type form a dense Gg set in C.

The proof is also similar.

THEOREM 3.4.14. Let H be a two parameter family of

continuous functions which is almost uniformly Lipschitz.
Then there exists a residual set of functions f in C such
that for every h in H the function f-h is not monotone at

any point x € [0,1].

PROOF: ([43], pp. 478-480) For each natural number n let A,
denote the set of functions £ in C for which there exist
numbers A, ¢ € [-n,n] and x € [0,1] such that f--h>\,c is
nondecreasing on (x-t/n,x+1/n)n[0,t]. Then A = Uj_4A, is the
set of functions f in C for which there exists a function h
in H such that f-h is nondecreasing at some point of [0,1].

We will show that each Ap is closed and nowhere dense.

Let n be given and let {f,} be a sequence of functions
in A, that converges uniformly to a function f € C. Then for

each k there exist Ay, cy € [-n,n] and X € [0,1) such that
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for hy = hkerk’ the function fy~h; is nondecreasing on
(xg=1/n,x,+1/n)N[0,1]. Moreover there is a sequence {k;} of
natural numbers such that {in} converges to some

A€ [-n,n], {cki} converges to some ¢ € [-n,n] and {xki}
converges to some x € [0,1]. By Lemma 3.4.5 the sequence
{hki} converges uniformly to the function hy .. It is easy
to see that f-h) . is nondecreasing on (x-1/n,x+1/n)N[0,1].

Thus f € An and Ap is closed.

Now we will show that A, is nowhere dense. Let U be a
nénempty open subset of C. Then there is a polynomial g and
e>0 such that B(g,e¢) ¢ U. Then a "saw toothed" function
f € C can be constructed with f € B(g,e¢) and £ £ A,. To do
this let O<a<e and B = sup{]|g'(x)]:0<x<1} and let
m > max{2Mp,2n,3(B+M,)/e} where M, is as in Definition

3.4.12. Define a function s by:

s(x) = a for x=2i/m (i=0,1,...,(m-1)/2)
s(x) = 0 for x=(2i+1)/m (i=0,1,...,(m=-1)/2)
s is linear for x € [i/m,(i+1)/m] (i=0,1,...,m-1).

Then s is continuous and f = g+s € B(g,e). For x € [0,1]
there exists an integer i such that 0 £ i £ (m-1)/2 and
2i/m £ x £ (2i+2)/m. Let A\, ¢ € [-n,n]). Then it is easy to
show that f-—h)\,c is not nondecreasing for any x € [0,1] and
so f £ A,. Thus A, is nowhere dense and so A is of first

category in C.
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The set of functions £ in C for which there is a
function h € H such that f-h is nonincreasing at some point
of [0,1] can be shown in the same way to be of first

category. Thus the theorem is proved.[

We now define the notion of normal in the context of

2-parameter families.

DEFINITION 3.4.15. Let £ € C, A € R and H a 2-parameter
family of functions hk,c in C. If there exists a countable
dense set Ef ) in (ag »,Bf,6)) such that the set

{x:f(x)=hy (x)] is:

(i) a perfect set when c £ Eg \Ulag ),Bf )}

(ii) a single point when C=ag 5 or c=f¢ 5, and

(iii) the union of a nonempty perfect set and an isolated
point when c € Ef -

Then the intersection sets of f with functions in H, are

said to be normal.

THEOREM 3.4.16. Let H be a 2-parameter family of continuous
functions which is almost uniformly Lipschitz. Then there
exists a residual set of functions f in C for which there is
a countable dense set A¢f C R such that:

(i) the intersection sets of f with functions in H, is
normal for each A € R\Af and

(ii) for any X € Af the intersection sets of f with
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functions in H, are normal but for a unique number
cf n € Ef,kU{“f,krﬁf,k} for which the intersection set

contains two isolated points in place of one.

PROOF: ([43], pp. 480-481) Let A be the intersection of the
residual sets determined by Lemmas 3.4.10, 3.4.11, 3.4.12
and Theorem 3.4.14. Then A is residual in C, Let f € A and
let Af denote the set of increases of functions h in H which
support the graph of f in at least two disjoint open
subintervals of [0,1]. By Lemmas 3.4.7 and 3.4.10 Af is a
countable dense subset of R. For A € R and c € [“f,k'ﬁf,k]
we have {x:f(x)=hy o(x)} = {x:f(x)-hy (x)=0}. By theorem
3.4.14 f-hy . is not monotone at any point of [0,1]. Thus x
is isolated in {x:f(x)=hy o(x)} if and only if f-hy . has a
proper extremum equal to zero at x. This is so if and only
if hk,c supports f at x. Since f—h)\,c is continuous
{x:f(x)=hk’c(x)} is a nonempty closed set for all

c € [“f,krﬁf,k]' Let Ef be the set of numbers

c € (“f,krﬁf,k) such that {x:f(x)=hk’c(x)} is not perfect.

By Lemma 3.4.9 Ef , is dense in (“f,krﬁf,k)'

Let co € Ef and let x, be a point at which a proper
maximum of f—hk,co is equal to zero. Then there is a
rational open subinterval I c [0,1] such that x, € I and
£(x0)=hy o (x0) and f(x)<hy o (x) for x € I\{xo}. Then
(X0,c0) is unique in I. Similarly if a proper minimum of

f—h)\,co is equal to zero at x, then there is an open
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rational subinterval J c [0,1] such that for J the pair
(xo,c0) is unique. Hence the set of pairs, (x,c) for which x
is an isolated point of {x:f(x)=hk'c(x)} is countable so

that Ef ) is countable.

Let A\ € R\Af. Let c € [“f,k'Bf,k]' Then hk,c supports
the graph of f at most at one point. Hence {x:f(x)=hk,c(x)}
contains at most one isolated point. If c € {“f,krﬁf,k}
then, by Lemma 3.4.8, {x:f(x)=hk,c(x)} consists of a single
point. If c € (“f,klﬁf,k)\Ef,k then {x:f(x)=hk,c(x)} is a
perfect set. Let c ¢ Ef 2 and let x, be an isolated point of
{x:f(x)=hk,c(x)}. Since N € Af, %X, is the unigue isolated
point of this set. Clearly {x:f(x)=hk,c(x)}\{xo}%¢. This

proves part (i).

Let A\ € Af. By Lemma 3.4.11 if c € [“f,k'ﬁf,k] the set
{x:f(x)=hk,c(x)} contains at most two isoated points. By
Lemma 3.4.12 there is a unique number cf € [“f,k'Bf,k]
such that {x‘f(X)=hk,cf'k(X)} contains two isolated points.
For c%cf'x, {x:f(x)=hk'cf'k(x)} contains at most one
isolated point. The rest follows as in the proof of part

(i).0

Wojtowicz extends this result to families of continuous

functions which are homeomorphic images of 2-parameter families.

THEOREM 3.4.17, If H is a 2-parameter family for which
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Theorem 3.4.16 holds and ¥ is a homeomorphism, then Theorem

3.4.16 holds for the family ¥(H).
Conclusion

We have seen that although typical continuous functions
exhibit "pathological" propefties such as nondifferentiability
and nonmonotonicity there is also a great deal of regularity in
their behaviour. For each typical continuous function this
regularity is exhibited in the pattern of the intersection sets
of the function Qith lines, polynomials, and functions in some
2-parameter families. There is also a regularity within the
family of typical continuous functions in that the pattern of

intersection sets is the same,

Many of these results derive from the fact that a typical
continuous function is of nonmonotonic type. This means that the
function is not monotonic in a very strong way, much stronger
than simple nowhere monotone. A function of nonmonotonic type is
nowhere monotone but the converse does not necessarily hold. If
we notice that a function of nonmonotonic type cannot cross a
straight line in a "simple' way then we see how nonmonotonicity
is related to the structure of the intersection sets of typical
continuous functions with straight lines. Also since it is clear
that functions of nonmonotonic type have f' = += and f' = += we

see that they are nowhere differentiable.
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CHAPTER 1V

POROSITY

In Chapter 3 we looked at some of the geometric properties
of typical continuous functions. One of the results of that
chapter was that any typical continuous function intersects
every line in a nowhere dense set. Nowhere denseness can be seen
as a measure of the "smallness" of a set. Other ways to measure
smallness include Lebesgue measure and porosity. In this chapter
we will look mostly at the porosity of intersection sets of
typical continuous functions with certain families of functions.
In section 2 we shall see results regarding the size of
intersection sets of typical continuous functions with families
of functions controlled by a modulus of continuity and with
horizontal lines. Section 3 deals with the intersection sets of
typical continuous functions with functions in o-~compact subsets
of C. In section 4 we look at results obtained by Haussermann
relating the porosity of intersection sets to the modulus of
continuity controlling the class of functions with which the
intersections are taken. Section 5 concerns [g]-porosity and

[gl-knot points.

The concept of porosity was first intoduced by Denjoy in
1941, in the form of an index. Dolzenko introduced the term
porosity in 1967 and it is his notation that we will use.
Porosity measures the relative size of the "gaps" in a set so

that if the porosity is high then the set is relatively "thin",
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DEFINITION 4.1.1. Let E be a subset of R and a, b € R with
a<b. Then by A(E,a,b) we mean the length of the largest open
interval of (a,b) that contains no point of E. For
convenience we will also write A(E,a,b) for b<a as well as

a<b.

DEFINITION 4.1.2. Let E be a subset of R and x, € R. Then

the right hand porosity of E at X, is defined as:

xmage— X(E,Xo,xo"'h)

P+(E,x0) = limp,o+ n .

Similarly the left hand porosity of E at x, is defined as:

AE,Xo,Xo+h)

pP-(E,xo) = limp,o- n]

14

and the bilateral porosity of E at x, is defined as:

ME,Xo,X0+h)
|h|

——

P(E,x0) = limp,g

DEFINITION 4.1.3. Let E be a subset of R and x, € R. Then we

will say E is porous at xo if p(E,x,)>0; porous on the right

(left) if p4+(E,x0)>0 (p_(E,x,)>0); strongly porous at xo if

p(E,Xo)=1; right (left, bilaterally) strongly porous at xo

if py(E,x0)=1 (p_(E,x0)=1, p4+(E,Xx,)=p_(E,x,)=1
respectively); nonporous at x, if p(E,x,)=0. We say that E

is porous (porous on the right, strongly porous, etc.) if
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for every x € E, E is porous (porous on the right, strongly

porous, etc.) at x.

We see then that a porous set is both nowhere dense and of
measure zero. This is because porosity measures the size of the
gaps in a set and if a set has gaps near each of its points then
it is nowhere dense and if the gaps are large enough then no
point can be a point of density so the set has measure zero. We

need two more definitions.

DEFINITION 4.1.4. Let o be a real valued function defined
for all nonnegative real numbers such that o is increasing
and limy g, o(x) = 0(0) = 0. Then o is a modulus of

continuity.

DEFINITION 4.1.5. Let o be a modulus of continuity. Then by
C(o) we mean the set of functions f in C such that for every
x, y € [0,1], |[£(x)-f(y)] < o(|x-y|). We call C(o) the

equicontinuous family determined by o.

Intersections with C(o) and with horizontal lines

In 1963 C. Goffman [20] showed that for any modulus of
continuity o, the typical continuous function intersects every

function in the equicontinuous class C(o) in a set of measure
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zero. To see this we first need two technical lemmas,.

LEMMA 4.2.1, Let o be a modulus of continuity. For each e,
1>e>0, and positive integer n there exists & and n where
1/n>8>0 and >0, and a function £ € C, with |f||<e, such that
for each x € [0,1-1/n] and every function g with |f-g|<n we

have either:

lg(x)-g(y)| > o(|x-y|), Vy € [x-8/2,x-8/4] or
lg(x)-g(y)| > o(|x-y|), vy € [x+8/4,x+8/2].

PROOF: ([20] pp. 741-742) Choose § < 1/n so that ¢(§) < /8.
Then there is a positive integer k such that ké§ < 1 £ (k+1)8$
and [0,ké] o [0,1-1/n]. Define a continuous function f as
follows: £(0) = 0, for msk, f(m8) = ¢ if m is odd, f(m§) = 0O
if m is even and f is linear in between such that each

segment has slope te/$.

For every x € [0,k8], (y,f(y)) is on the same line
segment of the graph of f as (x,f(x)), either for all
y € [x-6/2,x-8/4) or for all y € [x+8/4,x+8/2]. Then for all

such vy,

|[£E(x)-£(y)| = e/8]x-y| > Bol|x-y|)|x-y|/3
2 20(|x-y|)

Let n = 1/2 0(8/4) and suppose |[f-g| < n for all x and y as
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above, then:

lg(x)-g(y)| > |[£(x)-£(y)| =21 > 20(|x-y]|)-0(6/4)

220(|x-y|) - o(|x-y|) = o(|x~y]|). O

LEMMA 4.2.2. Let o be a modulus of continuity. For every
positive integer n, the set E, of functions f in C such that
there exists & (depending on f) with 0<é6<1/n, such that for
all x € [0,1-1/n], |[f(x)-f(y)| > o(|x~-y|) either for every

y € [x-8/2,x-6/4] or for every y € [x+6/4,x+6/2], contains a

dense open set in C.

PROOF: ([20], pp. 742-743) Let g € C and « be such that
O<a<1. Then there exists a polynomial, p, such that

p € B(g,a/2). Let M = max{|p'(x)|:x€[0,1]}. Let «/2 take the
place of e in 4.2.1 and w(x) = o(x) + Mx take the place of o
in 4.2.1. Then there exists § and n with 0<é6<1/n and 5>0 and
a continuous function h with |h||<e/2, such that if |k-h|<n
then, for all x € [0,1-1/n], |k(x)-k(y)| > w(|x-y|) either
for every y € [x-6/2,x-8/4] or for every y € [x+8/4,x+6/2].
For all such x and y we have:

| (p+k) (x)=(p+k) (y) | 2 |k(x)-k(y)]| - |p(x)-p(y)]

> w(|x-y|) - M|x-y]

o(|x-y]|).
Now |g-(p*h)| < |lg-p| + |h| < «. Thus B(g,a) contains an
open subset of E, and so E, contains a dense open subset of

c.0d
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The main result of this section follows easily.

THEOREM 4.2.3. For each modulus of continuity o the set of
functions f in C such that for every g € C(o), the Lebesgue

measure of {x:f(x)=g(x)} equals zero, is residual in C.

PROOF: ([20], p.743) For each natural number n let E, be the

set defined in Lemma 4.2.2. Let E = N E,. Then E is

]
n=1

residual in C.

Let f € E. Then for each n there is a §, such that
0<6,<1/n and for all x € [0,1/n], |£(x)-f(y)| > o(]|x-y]|)
either for every y € [x-8,/2,x-6,/4] or for every
y € [x+8,/4,x+8,/2]. Let g € C(o) and let A = {x:f(x)=g(x)}.
A is measurable and so we assume m(A)>0. Let x € (0,1)NA
such that the density of A at x, d(aA,x), is 1. Then if
B = {y:|f(x)-f(y)|>0(]|x-y]|)}, 4(B,x) = 0. Now choose n, so
that x < 1-1/n,. Then for n2n,, B contains either the set
[x-8,/2,x-8,/4] or the set [x+6,/4,x+8,/2] and so B has -
relative measure of at least 1/4 on [x-§,/2,x+6,/2]. But
lim,.8, = 0 so this contradicts the assertion that

d(B,x)=0. Hence A(A)=0.[

In 1981 B. Thomson [41] showed that the level sets of a

typical continuous function are strongly porous on both sides.
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THEOREM 4.2.4. There is a residual set of functions in C all
of whose horizontal levels are strongly porous on both

sides,

PROOF: ([41], p.189) For x €[0,1] let L (f) = £ 1(f(x)). For
each pair of rational numbers p and § such that §>0 and

p € (0,1) let Ay, s denote the set of all functions f in C
Such that there is a point x (depending on p, &, and f) so
that A(L,(f),x,x+h) < ph for O<h<é. We will show that each

Ay 5 is nowhere dense in C.
P,

It is easy to see that no Ap, s contains a neighbourhood
in C since every neighbourhood contains many functions whose
graphs are nonhorizontal line segments and so are not in
Ap,&' Then if Ap’5 is closed we see that it is nowhere

dense.

Let {f,}] be a sequence of functions in Ap, s which
converges uniformly to a function g € C. Let {x,} be the
sequence of points associated with the corresponding f, so
that A(L,(f,),x,,%x,*h) < ph for O<h<é. Then, passing to a
subsequence if necessary, {x,} converges to a point z in
[0,1]. Suppose that A(L,(g),z,z+h) > ph for some h such that
O<h<§. Then there is an interval J in (z,z+h) for which
|3|>ph and JNL,(g) = ¢. Then there is a closed subinterval
[a,b] ¢ J with b-a > ph and |g(x)-g(z)|2e>0 for all

x € [a,b]. Choose n sufficiently large so that
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[a,b] c (x,,x,+h) and | £,(t)-g(t)|<e/3 for all t € [(0,1] and
lg(z)-f,(x,)|<e/3. Then for x € [a,b] we would have

| £,(x)-£,(x,)|2e/3. But this would imply that an(fn)n[a,b]
= ¢ which gives X(an(fn),xn,xn+h) 2 b-a > ph. This
contradicts the choice of f, and x, and so we have shown
that A(L,(g),z,z+h) < ph. Hence Ap, s is closed and so

nowhere dense.

Let A = &A Then A is of first category. The case

Up’ p’au
for strong porosity on the left is similarly shown and so

the theorem follows.[]

Intersections with o-Compact Sets of Functions

In 1985 Bruckner and Haussermann [9] generalized the results
of Goffman and Thomson to show that for any o-compact class of
functions F, a typical continuous function will intersect every
function from F in a bilaterally strongly porous set. This leads
to some new results and new proofs of known results regarding

the differentiability of typical continuous functions.

First we require two technical lemmas which are variants of

Lemmas 4.2.1 and 4.2.2 given by Goffman. The proofs are similar.

LEMMA 4.3.1. Let o be a modulus of continuity. For each e,
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The

1/2>e>0 and each positive integer n22, there exists

6, € (0,1/n) and n>0 such that:

(i) there exists f € C with |f||<e,such that for each

x € [0,1-1/n] and every function g € C with ||f-g|<n,
|g(x)-g(y)| > o(|x-y|) either for all y € [x+8,/2n?,x+6,/2n]
or for all y ¢ [x+6n/2n2+6n/n,x+5n]; and

(ii) there exists h € C, with ||h|<e, such that for each

x € [1/n,1] and every function g € C with |h-gl<n,
|g(x)-g(y)| > o(|x-y|)either for all y € [x-8,/2n, x-6,/2n?]
or for all y € [x—&n,x—an/an—Bn/n].

LEMMA 4.3.2, Let o and n be as in 4.3.2 and let

El = {£€C:36,€(0,1/n) so that vx€(0,1-1/n],
|£(x)-£f(y)|>0|x-y| either for all y€[x+8§,/2n?,x+8,/2n]
or for all y€[x+8,/2n?+6,/n,x+8,1}

E% = {fEC:35n€(0,1/n) so that vx€[1/n,1],
|£(x)-£(y)|>0(]|x-y|) either for all

y€lx-8,/2n,x-6,/2n?]
or for all yE[x-Sn,x—Sn/an—Sn/n]}.

Then EA and E% contain dense open subsets of C.
next lemma extends Theorem 4.2.3.
LEMMA 4.3.3. For each modulus of continuity o the set of

functions f in C, such that for every g € C(o),

{x:f(x)=g(x)} is bilaterally strongly porous, is
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residual in C.

PROOF: ([9], pp. 9-10) Let E} and E2 be as in 4.3.2 and let
E' = n:=2EA and E? = ﬂ:?ZEg. Then E' and E? are residual in

C and so is E = E'NEZ.

Let £ € E', g € C(o) and H = {t:f(t)=q(t)In[0,1). We
will show that H has right porosity equal to one at each
point of H. Let x € H, N be a positive integer such that

x € [0,1-1/N],and B = {y:

f(x)-£(y)|>0(|x~-y|)}. Then

B c [0,1]\H. For n2N we have either:

(i) [x+8,/2n?,x+8,/2n] c B for infinitely many n. Now

8,/2n-0 so
A(H,x,x+h) __ A([0,1]\B,x,x+6,/2n)
p+(H,x) = Timp,g+ — 5 2 limp,e 5. /2n
- 8n/2n(1-1/n) ,
21im = 1; or
noe 8,/2n

(ii)[x+6n/2n2+6n/n,x+6n] Cc B for infinitely many n. Then
ps(H,x) 2 lim ,.(1-1/n-1/2n%) = 1.

Thus H has right porosity 1 at each of its points. Similarly
for £ € E2 and g € C(o) the set {t:f(t)=g(t)}n(0,1] has left
porosity 1 at each of its points. Hence if £ € E and

g € C(o) then {t:f(t)=g(t)} is bilaterally strongly porous.[]

Lemma 4.3.3 together with Ascoli's theorem implies the following

theorem.

THEOREM 4.3.4, Let K be a o-compact subset of C., The set of
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functions f € C such that if g € K then {x:f(x)=g(x)} is

bilaterally strongly porous is residual in C.
There are several interesting consequences of Theorem 4.3.4.

THEOREM 4.3.5. Let L, be the class of Lipschitz functions of
order « on [0,1). The set of functions f in C such that if

g € L, then {x:f(x)=g(x)} is bilaterally strongly porous, is

residual in C.

An immediate consequence of this theorem is that the graph
of a typical continuous function will intersect the graph of a
function which has a bounded derivative in a bilaterally
strongly porous set. Bruckner and Haussermann went on to show
that this is also true for functions with finite, rather than

bounded, derivatives.

THEOREM 4.3.6. The set of functions f in C such that if g is
differentable on [0,1] then {x:f(x)=g(x)} is bilaterally

strongly porous, is residual in C.

This result can now be applied to obtain other results

regarding generalized derivatives. Consider a sequence {xp}

_ , f(xp)-£(x) _
converging to x € [0,1]) such that lim,,, ————— exists and
X =X
n
is finite. Then we can construct a differentiable function g

such that f(x,)=g(x,) for each n. Then by 4.3.6 {x,} must be
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bilaterally strongly porous at x.

DEFINITION 4.3.7. Let E = {E,:x€R} be a system of paths. If
each E;, is residual in some neighbourhood of x then the

E-derivative is called the qualitative derivative.

THEOREM 4.3.8. Let E = {E,:x€[0,1]} be a system of paths
such that each Ey, is not bilaterally strongly porous at x.
Then there is a residual set of functions in C which are
nowhere E-differentiable. Hence a typical continuous
function is nowhere unilaterally preponderantly
differentiable, nowhere gualitatively differentiable and

nowhere unilaterally approximately differentiable.

By looking at the porosity of the paths concerned we see how
these results clarify results in chapter 2. In chapter 3 we saw
that a typical continuous function intersects "most" straight
lines in nowhere dense perfect sets. Now we have also seen that

these sets must also be bilaterally strongly porous.

Generalized Porosity

We have seen several results regarding the "smallness" of
the intersection sets of typical continuous functions with
continuous functions in a fixed class. The "smallness" has been

gauged by density, Lebesgue measure or porosity. The fixed
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classes have been lines, equicontinuous families or o-compact
subsets of C. In his doctoral thesis in 1984 Haussermann [21]
asked if the idea of smallness could be strengthened and what
the relationship is between the fixed class and how we measure
smallness. To strengthen the idea of smallness he formulated a
generalized porosity. To define the relationship between the
class and the measure of smallness he used fhe modulus of

continuity. We will begin with several definitions.

DEFINITION 4.4.1. Let ¢ be a strictly increasing function in
C[0,1] such that ¢(0)=0. Then ¢ is called a porosity

function.

A family ® = {¢,:a€J} of porosity functions indexed by

an open subinterval J of (O;w) is called a porosity family.

DEFINITION 4.4.2. Let E be a subset of R, x, € R and ¢ a
porosity function. Then E is ¢-porous at x, if there is a
sequence of intervals {I,} with each I, in the complement of
EU{x,}, |I,] < t and the distance from I, to xo, d(1,,x0)
decreases to zero and for all n, d(I,,xo) < ¢(|I,|). Right,

left and bilateral ¢-porosity are similarly defined. E is

¢-porous if E is ¢-porous at all of its points. If
¢ = {¢,:0€J} is a porosity family we say that E is &-porous
at xo if there is a ¢€$ so that E is ¢-porous at x,. Right,

left and bilateral ®-porosity are similarly defined. E is

strongly ®-porous at x, if for every ¢€® E is ¢-porous at
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Xo. Right, left and bilateral strong #-porosity are

similarly defined. We say E is $-porous if it is &-porous at

each of its points.

If we take ¢,(x) = ax for a€(o,=) then bilateral strong
porosity is equivalent to ordinary porosity. We see that the
faster ¢(x) tends to zero with x the stronger is the resulting

porosity.

DEFINITION 4.4.4. Let & = {¢,:a€J} be a porosity family.

Then if for all «,f € J with a<f there is a positive number
6 such that ¢,(x) < ¢ﬁ(x) for all x€(0,8), we say that & is
ordered. The family ¢ is refined if, given {ty}, a strictly
decreasing sequence converging to zero in such a manner that
{ty} is not right ¢,~porous at zero for some a€J, then there

exists B€J such that {ty,} is not right ¢pg-porous at zero.

By using ordered porosity families we are assured that we
need deal only with a countable number of porosity functions.
This is so because for an ordered family & there is always a
sequence of porosity functions {¢an} such that if a set is
¢an—porous for each n then it is strongly ¢é-porous. Using
refined porosity families ensures that the family contains
functions of the same order of growth near zero and functions

which are arbitrarily small near zero.
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In the remainder of this section we will require that for
any modulus of continuity o, D,0(0)>0.

DEFINITION 4.4.5. Let o be a modulus of continuity, and

g € C. If there is a positive number, M, such that for all x

and y in [0,1], |g(x)-g(y)| < Mo(|x-y|) then we say g is

Lipschitz-o and write g € L(o). When o is the identity we

obtain the Lipschitz functions.

In section 3 we saw that if the porosity function is linear
then no restriction is necessary on the modulus of continuity to
ensure that a typical continuous function will intersect every
function in the class C(o) in a bilaterally strongly porous set.

Haussermann proves the reciprocal of this.

THEOREM 4.4.6. Let ® be an ordered porosity family. Then
there exists a residual set of functions in C which
intersect every Lipschitz function in a bilaterally strongly

$-porous set.

We will now look at several conditions on o and ¢ which will

guarantee the "smallness" of the intersection sets.

THEOREM 4.4.7. Let o be a modulus of continuity and ¢ a
porosity function. For values of x near zero define

h(x) = ¢ '(2¢-"(x)+3x) + 2¢ - '(x) + 3x. If D,(hooh)(0) =0
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then the set of functions in C which intersect every
Lipschitz-¢ function in a bilaterally ¢-porous set is

residual in C.

The condition specified in this theorem is quite
complicated. A much simpler condition can be given if we give up

bilateral porosity. This is done in the next theorem.

THEOREM 4.4.8. Let o be a concave modulus of continuity and
¢ be a porosity function. If D,(o¢ ')(0) = 0 then the set of
functions in C which intersect every Lipschitz-o function in

a ¢-porous set is residual in C.

The condition that the modulus of continuity be concave is
not much of a restriction. For, if w is any modulus of
continuity, let o be the concave upper boundary of the convex
hull of w. Then ¢ is concave and L(o)>L(w). Then if the
conclusion of 4.4.8 is true of L(o) it will also be true of
L(w). Haussermann goes on to show that if D,(w¢ ')(0)=0 then
D,(0¢"')(0)=0 and so the conclusion of 4.4.8 holds for ¢ and

hence for w as well,

The next theorem is the main result of Haussermanns thesis.
In it we are given conditions so that for a fixed class of
functions and a measure of "smallness" the typical continuous

function will intersect every function in the fixed class in a

65



"small" set and we are given conditions so that no function in C
will intersect every function in the fixed class in a "small"

set.

THEOREM 4.4.9. Let o be a concave modulus of continuity and
let ® be an ordered porosity family. If D,(0o¢-')(0) = 0 for
each ¢ € & then the set of functions in C which intersect
every function in L(o) in a strongly &-porous set is

residual in C.

Let & also be refined and D*¢(0) < = for each ¢ € &,
Then if there is a ¢ € & such that D,(0¢-')(0) > 0, then
there is no function in C which will intersect every

function in L(e¢) in a strongly $-porous set.

This theorem leads to several results about the
differentiability of typical continuous functions. The first is

stated in terms of path derivatives.

THEOREM 4.4.10. Let ® be a refined and ordered porosity
family such that D*¢(0) < « for all ¢ € &. Then for every
system of paths, E, such that for each x € [0,1] there is a
¢ € & so that E; is (unilaterally) ¢-nonporous at x, there
exists a residual set of functions f in C such that f is

nowhere E-differentiable.
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We can now apply Theorem 4.4.10 to two generalized
derivatives. The preponderant derivative we have already
defined. It was introduced by Denjoy and is a generalization of
the approximate derivative. In 1968 Sindalovski introduced the
congruent derivative.

DEFINITION 4.4.11. Let Q be a fixed set of real numbers with

0 as a limit point. Let E be a system of paths such that for

each x € [0,1], E; = (x+Q)N[0,1]. Then the E-derivative is

called the congruent derivative.

THEOREM 4.,4.12, The set of functions in C which are nowhere

preponderantly differentiable is a residual subset of C.

THEOREM 4.4.13, Let Q be a fixed set of real numbers with 0
as a limit point. The set of functions in C which are
nowhere congruently differentiable (with respect to Q) is a

residual subset of C.

Jarnik had shown [27] that the typical continuous function
has every extended real number as an essential derived number

almost everywhere. Haussermann extended this result.
THEOREM 4.4.14. The set of functions in C such that -= or =

is a right essential derived number and -« or «» is a left

essential derived number at every point of [0,1]
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is residual in C.

Another way in which the "smallness" of a set can be

measured is by Hausdorff dimension. We need two more

definitions.

DEFIN&TION 4.4.15. Let E be a subset of R and let ¢ be a

porosity function. The Hausdorff ¢-measure of E is

u?(E) = suppeseq infyy 3 Zn ¢(|Ip])

where I, is an open interval such that |I,|<é and E c UI,

If ¢ is the identity function the Hausdorff ¢-measure is the

same as the Lebesgue (outer) measure. If E is ¢-porous then the

Hausdorff ¢- '-measure of E is zero.

DEFINITION 4.4.16. Let E be a subset of R and let r € (0,=).
Define ¢,(x) = xF. If d = inf{r€(0,=): the Hausdorff

¢.-measure of E is 0}. Then the Hausdorff dimension of E is

d.

THEOREM 4.4.17. Let 0 < 8 £ 1. The set of functions in C
which intersect every Lipschitz-f function in a set of
Hausdorff dimension less than or equal to 1 - f is residual

in C.
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Thus we have been able, for a fixed 8 € (0,1], to give an
upper bound on the Hausdorff dimension of the intersection set

of a typical continuous function with any Lipschitz-g function.

In 1985 P. Humke and M. Laczkovich [23] continued the study
of the porosity of intersection sets. Haussermann has shown that
for a porosity function ¢, the typical continuous function
intersects every Lipschitz function in a bilaterally strongly
¢-porous set. Humke and Laczkovich show that the class of
Lipschitz functions can be replaced by the class of monotone
functions. Using an argument of Bruckner they also show that
this is not true for the class of absolutely continuous
functions. Their proofs make use of the idea of a proper pair of

sequences.

DEFINITION 4.4.18. Let a = {a,} and g = {f,} be a pair of
sequences of real numbers. If {3n} - 0 and O<ep<f, for all

n=1,2,... then (a,B) is called a proper pair of sequences.

Let (a,f) be a proper pair of sequences and x = {x,} be a
sequence of real numbers that converge to x,. If ap < Xp-X,

< B, for n = 1,2,... the x is an («,f) seguence.

Now if (a,f) is a proper pair define:

I, {f€C:3 (a,B) sequence x with f increasing on {x;}5., }

and D, = {f€C:3 (a,B) sequence x with f decreasing on {x;}5-, }-.
We need two lemmas regarding proper pairs of sequences and Ip

and D,.
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LEMMA 4.4.19, If (a,f) is a proper pair then both I, and D,

are closed for all n.

PROOF: ([23], p.245) Let N be fixed and suppose {f;} is a
sequence in Iy which converges uniformly to f. Then for each
k =1,2,..., f, € Iy so that there is a sequence {xX}3_,
converging to x§ such that a < x%-x% < Bp for each n and £}

is increasing on {xg}:=N. Thus there is a subsequence

{k;}T-1 such that for each n=0,1,... the sequence {x '}

ki_ ki
n ~Xo S B, we have

converges (say to x;). Since a < x
an < xp-xp £ f,. Thus the sequence x' = {x;} is an (a,p)
sequence. Since {f,}-f uniformly and each f, is increasing
on {xg}:=N, f is increasing on {xﬁ}:=N. Hence f€I, and so I

is closed. Since D, = {f:—fEIn}, D, is also closed.[]

LEMMA 4.4.20. I1f (a,f) is a proper pair, the both I, and Dy

are nowhere dense for each n=1,2,....

PROOF: ([23], p. 245) It suffices to prove the result for

I and by Lemma 4.4.19 we need only show that I, contains

n’
no nonempty open sphere. Let N be fixed, f € C and e>0. We

will show that there is a g € C\Iy within e of f.

Partition [0,1] into congruent closed intervals
{Jp:k=1,2,...,K} so that each has length d<e/2 and the

oscillation of f on each interval is less than e¢/2. Choose

70



ny, n, 2 N such that 0<“n2<3n2<“n,<ﬁn,<d' Let 6=min{an2,
(d-ﬁn1)/2}. We define g on each interval as follows:

for a fixed k let Jy=[a,bl, then:

(i)if f(a)>f(b) let g(a)=f(a), g(b)=f(b) and g is linear on
I |

(ii)if f(a)<f(b) let g(a)=f(a), g(b)=f(b) and g is linear on
fa,a+6] and [a+8,b] and has slope of 1 on [a+§,b].

Then |f(x)-g(x)| < e for all x € [0,1].

Let {x,} be an (a,f) sequence which converges to
xo € (0,1). Then there is a unique k such that x, € Jy but
Xo is not the right endpoint of Jy. Now let J; = [a,b]. If
f(a)>f(b) then g is decreasing on J; and so is eventually
decreasing on {x,}. Suppose, on the other hand, that
f(a)<f(b). If x, € [a+6,b) the g is decreasing on [a+§,b]
and eventually on {xp}. If x, € [a,a+8) then a+d < a+ap, <
Xotap, < Xn, < x°+ﬁn2 < Xotap, < Xn, < x°+ﬁn1 < a+6+ﬁn1 < b.
However g is decreasing on [a+§,b] and Xp <Xp, SO

g(xn2)>g(xn1). Thus g is not increasing on {x}j-p and so

g £ I,.0

Using these two lemmas we are now able to prove easily the

following theorem.

THEOREM 4.4.21. Let ¢ be a porosity function. Then the set
of functions in C which intersect every monotone function in

a bilaterally strongly ¢-porous set is residual in C.
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PROOF: ([23], p. 246) Define a proper pair of sequenceg
(a,8) as follows. Let Bo=1 and if B, € (0,1] has been
defined, define fp+q by 0<fp+q<min{B,,1/(n+1)} such that

Then for each n let I, and D, be as given above and let
A = (UnIn)U(UnDn). Then C\A is residual in C. By the lemmas
if £ € C\A and f is monotone on a set M c [0,1] then for
each x € M, Mn[x+ani,x+ﬁni] = ¢ for some subsequence {n;} of
natural numbers. For each natural number i let

J; = [x+ani,x+ﬁni]. Then J; < (x,x+1/i)\M and

6(bn,=Bn.+1) _ 8(1331)
ni ni
. . d(x,Ji) .
for i=1,2,.... Then lim; EYTS_TT = 0. Strong ¢-porosity on
i
the left is shown similarly. This proves that M is

d(x,Ji) = ani = Bni+1 <

bilaterally strongly ¢-porous.[]

We will show now that the class of monotone functions cannot

be replaced by the class of absolutely continuous functions. We

need one more lemma before proving this result. The lemma is

essentially due to Haussermann ([22] Theorem 2.16) although

Humke and Laczkovich have rewritten it in terms of (a,f)

sequences.

LEMMA 4.4.22. Let (a,f) be a proper pair of sequences and
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let ¢ be a positive increasing function on (0,1] such that

o(ey) By
N

lim = o, If £ € C, then for almost all x € [0,1]

%n
there is an (a,p) sequence {y,} = x such that

|£(yn)-£(x)|] < o(y,~x) for n sufficiently large.

THEOREM 4.4.23. Given 6>0band f € C, there is an absolutely
continuous function g such that {x:f(x)=g(x)} is not

bilaterally strongiy x1+8

-porous.

PROOF: ([23], pp. 247-248) For each natural number n define
By = (n1)"178 and ay = B,,;, and let o(x) = n7178/2 ¢

x € (ap,Bn]. Then

fiﬁglfg = (n+1)7178/2(ne) 148 | o,

%n
Thus by Lemma 4.4.22 for each f € C there is an x, € [0,1)
and an (a,f) sequence {x,}-x, such that x <1 and
[£(xp)=£(x0)| S a(xp=%0) < 0(By) = n~178/2 for n

sufficiently large, say n2ng.

Define g € C to be linear on the intervals [0,x,],
[xno,1] and [xp4q,%x5] (n2n,) and to agree with f for x,,
(n2n,). Then Z:=1n'1'5/2 < = and we see that g is absolutely
continuous on [0,1]. Let H = {x:f(x)=g(x)}. Then for each
interval Jc(x,,1)\H there is an n such that
Jc(xXp4q,Xp)C(Xo*an g, X0+B,) - Then

d(xe,3 [(n+2)1]71786 (n!)d

2 — = (—— )10 5 o,
|3]7*% = (n1)~(1+0) (n+1) (n+2) =
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[gl-porosity and [gl-knot points

In 1934 Jarnik proved that for a typical continuous function
f the set of points which are not knot points of £ is of first
category and measure zero. He improved this result to show that
for a typical continuous function f almost all points of [0,1]
are essental knot points of f (see Chapter 2). Recently, L.
Zajicek stated that Petruska h;g proved that for a typical
continuous function the set of points which are not knot points
is o-bilaterally strongly porous. Zajicek [44]has improved this
result with the ideas of [g]-porosity and [g]-knot points. Let G
denote the family of positive increasing functions g on (0,=)

for which g(x)>x for all x.

DEFINITION 4.5.1. Let g € G and E c R. Then E is [g]-porous

from the right (from the left) at a point x € R if there is
a sequence of positive numbers {h,} which decreases to 0 and
such that g(A(E,x,x+h,)) > hy ( g(XN(E,x-h,x)) > h, ) for

all n. E is [gl-porous if it is [g]-porous at each of its

points.

DEFINITION 4.5.2. For a € R and h>0 a system of the form

D = {[a+nh,a+(n+1)h];n an integer} is called an equidistant

division of R with norm h,.

Let g € G and E ¢ R. If for any e>0 there exists an

equidistant division D of R with norm less than e such that
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g(A(E,I)) > |1| (where A(E,I) is the length of the largest

open interval in E disjoint from I) for any I € D, then we

say that E is [g]-totally porous.

Thus we see that the concept of [g]-totally porous is
stronger than the concept of ordinary porosity. Zajicek
strengthens the concept of knot points as well and then goes
to show that for a residual set in C the set of non-[gJ]-knot

points is [g]-totally porous.

DEFINITION 4.5.3. Let g € G and £ a real valued function
R. Let y be an extended real number. Then y is a right

(left) [gl-derived number of f at a point x € R if there

a set E ¢ R such that

£(z)-£f(x)

limy,y 2¢E Y Y

and R\E is [g]-totally porous from the right (left) at x.

We shall say that x € R is a [g]l-knot point of f if

on

on

is

every extended real number is a bilateral [g]-derived number

of £ at «x.

In order to prove the main result of this section we shall

need to define two constructions of functions and prove two

lemmas. In the constructions let g € G be fixed and continuous.
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CONSTRUCTION 1: Let h be a Lipschitz-K function on [0,1],
c€R, n a natural number and v a real number such that
O<v<1/n. Then we let f = f(h,c,n,v) denote the function on
[0,1] uniquely determined as follows:

(i)f(k/n) = h(k/n) (k=0,1,...,n)

(ii1)f(x) = h(x)+c(x~-k/n) for x€[k/n, (k+1)/n-v]
(k=0,1,...,n=1)

(iii)f is linear on the intervals [(k+1)/n-v,(k+1)/n]

(k=0,1,...,n-1)

LEMMA 4.5.4. Let h,K,c,n,v,f be as in construction 1. Then
2K+ |c|
l£-h|| £ ———.

PROOF: ([44], p. 8) If x € [k/n,(k+1)/n-v] for some k€{0,1,
«..,N=-1} then

K+|c|)
|[£(x)=-h(x)] < |f(x)-£f(k/n)| + |h(x)-h(k/n)| £ ——m0r!,
1f x € [(k+1)/n-v,(k+1)/n] for some k€{0,1,...,n-1} then
| £(x)-h{(x)| < max{|h(x)-£((k+1)/n)], |h(x)-£((k+1)/n-v)|}.
Now |h(x)-f((k+1)/n)| < K/n and |h(x)-f((k+1)/n-v)| <
|h(x)-h((k+1)/n-v)| + |h((k+1)/n-v)-£((k+1)/n-v)| <

K/n + (K+|c|)/n. O

CONSTRUCTION 2: Let p be a polynomial and a<b be real
numbers and 6>0 be a real number. Let ¢ = (a+b)/2 and

d = (b-a)/2. Then define real numbers K,n,v and ¢ and an
open sphere BCC as follows: Let K=sup{|p'(x)]:x€[0,1]}.

Choose n such that (2K+|c|)/n < 6/2 and 1/n < §. Then find
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v>0, 0<qg<v, 0 < e such that:

(i)v < 1/(2n), g(1/n-2v) > 1/n,

(ii)g(v-q) > v, and

(iii)e < §/2, 2¢/q < d. ‘

Now let B = B(a,b,p,8) be the open ball with centre

f = £f(p,c,n,v) (given in construction 1) and radius e.

LEMMA 4.5.5. Let the notation be as in construction 2. Then:
(i)for any h € B(a,b,p,8) we have |h-p| < §, and
(ii)for any h € B(a,b,p,8) and x ¢ Uﬂ;6[k/n,(k+1)/n-2v] we
h(y)-h(x)
have g(A({y:——— £ [a,bl},[x,x+v])) > v.
y-x
PROOF: ([44] p. 9) (i) follows from Lemma 4.5.4 and
construction 2. To prove (ii) suppose that
x€[k/n, (k+1)/n-2v] for some
k€[o,1,...,n-1}., By (ii) of construction 2 it is sufficient
h(y)-h(x)
to show that {y:———— £ [a,b]} N [x+qg,x+v] = ¢. Choose
y-x
y € [x+q,x+v] and consider f=f(p,c,n,v). Then by the
construction of f, the definition of B(a,b,p,8) and by (iii)

of construction 2 we have

h(y)-h(x) £(y)-£(x) h(y)-£(y) £(x)-h(x)
——<| £ | —/——¢| + |————| + |——|
y-x y-x y-x y-x
< 0+e/g+e/q < d.
h(y)-h(x)
Hence g(k({y:——z———ii— £ [a,bl},[x,x+v])) > v.
y-x
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With these constructions and lemmas we are now in a position

to prove the main result of this section.

THEOREM 4.5.6. Let g € G. Then the set of functions f in C
such that the set of points in [0,1] which are not [gl-knot

points of f is o-[g]-totally porous, is residual in C.

PROOF: ([44], p. 9-10) We can assume that g is continuous
for if it is not then there is a continuous function g' € G
such that g'<g. Let P = {p,}j-1 be a dense set of
polynomials in C. For a<b let V(a,b) denote the set

Np=1Yk=n B(a,b,py,1/k) where B(a,b,py,1/k) is given by
construction 2. Now let V = n{v(a,b):a<b, a,b are rational}l.
Then by Lemma 4.5.5 (i) each V(a,b) is residual in C and so

V is also.

Let £ € V. For each natural number m and each pair of
rational numbers a and b with a<b let A(a,b,m) denote the

set of all x€[0,1) for which

f(y)-£(x)
g()\({Y:—'Z___x g [a,b],(x,x+h)})) < h
Y°X

whenever O<h<min{1/m,1-x}. Let A denote the set of all
x€[0,1) for which there is an extended real number y which
is not a right [g]-derived number of f at x. Then

A c U{A(a,b,m):m is rational, a<b are natural numbers} and
it is sufficient to show that each A(a,b,m) is [gl-totally

porous (the proof for left [g]-totally porous is handled
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similarly).

Fix a,b,m and choose e>0. Now f € V(a,b) so we can
choose a positive integer j such that 1/j < min{e,1/m} and
£ € B(a,b,pj,1/j), By construction 2, v < 1/n < 1/j < 1/m.
Thus from Lemma 4.5.5 (ii) we see that
A(a,b,m)n U ﬂ;é[k/n,(k+1)/n-2v] = ¢. Consequently
g(A(a(a,b,m),[k/n,(k+1)/n])) > 1/n for k€{0,1,...,n=1}.
Since the norm of the division {[k/n,(k+1)/n]}ﬂ;6 is

1/n < 1/j < €, Ala,b,m) is [gl-totally porous.[

Haussermann and Humke and Laczkovich have shown that the
typical continuous function f has the property that the
intersection set {x:f(x)=h(x)} of f with a Lipschitz function or
a monotone function, h, is bilaterally [gl-porous. Zajicek
proved a similar result for the class of functions, h, such that

the set of knot points of h is o-[g]-porous.

THEOREM 4.5.7. Let g € G. Then the set of functions f in C
such that {x:f(x)=h(x)} is o-[g]-porous whenever the set of

knot points of h:[0,1]-R is o-[g]-porous.

PROOF: ([44] pp. 11-12) Let A be the residual set given by
Theorem 4.5.6 and let f € A, Let N(f) denote the set of
points in [0,1] which are not [g]l-knot points of f. Then
N(f) is o-[gl-totally porous and so it is easily shown that

N(f) is o-[g]-porous. Let h be a function on [0,1] such that
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K(h), the set of knot points of h is ¢-[gl-porous. Let
M = {x:f(x)=h(x)}\(N(f)UK(h)). Then it suffices to show that
M is [gl-porous. Let x € M, Then x £ K(h) so there exists

real numbers c and d with c¢<d such that the set

' h(y)-h(x) ) . .
A = {x}U{yst————— £ (c,d)} is a one sided neighbourhood
y-x f(y)-f(x)
of x. Also x £ N(f) so that the set B = {yt——— ¢

y-x
(c,d)} is bilaterally [g]-porous at x. Then M c (M\A)UB so

that M is (unilaterally) [g]-porous at x.[

Conclusion

In this chapter we have seen that the typical
intersection sets of continuous functions with functions in
various classes can be said to be "small" in several ways.
Sections 2 and 3 dealt with equicontinuous classes,
horizontal levels and o-compact sets. Section 4 generalized
these results by the use of a generalized definition of
porosity. The characteristics of the intersection sets led
to several results regarding the differentiability of
typical continuous functions. We saw that there is a
residual set of functions which are nowhere qualitatively,
preponderantly or congruently differentiable. In section 5
we saw that the set of non [g]-knot points of a typical

continuous function is o-[g]-totally porous.
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CHAPTER V

THE BANACH-MAZUR GAME

The Banach-Mazur game was described in Chapter 1. There,
the game was described as played on a closed interval of R.
The game, of course, can also be played in the space C[0,1].
In this case the first player, 4, is given an arbitrary
subset, A, of C. 4 then chooses a closed sphere, S,, in C.
The second player, B, then chooses a closed sphere, S; C S,;
Then A chooses a closed sphere S; € S,; and so on, 4 and B
alternately choosing closed spheres. If (N$-1S;)NA # ¢ then

A wins; otherwise B wins.

Clearly if A is of first category there is always a way
for B to win. Banach proved that if the second player has a
certain strategy to win then A must be of first category in
C. A strategy for B is a sequence {f,} of functions whose
values are closed spheres in C, such that
fn(S1,Sz,...,SZn_,) = Son C Sopn-1- The function £, must be
defined for all (2n-1)-tuples of closed spheres with the
property that $,3S,>...2S4-1. Then {f,} is a winning
strategy for B if and only if (NS;)NA = ¢ for all sequences

{S;} of closed spheres with S$;35S;4,4 and £(S,,S;,

...,Szn;1) = Szn.

For the next theorem we follow Banach's proof (as given
in [36]) but generalize to an arbitrary metric space. This

result seems to be well known but we have been unable to
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find a proof in the literature.

THEOREM 5.1.1. Let X be a arbitrary metric space. There
exists a strategy by which the second player in the
Banach-Mazur game is sure to win if and only if A is of

first category in X.

PROOF: If A=Uj_,A, where A, is nowhere dense, B need only
choose Sy, € Spn-1\&, for each n. Thus if A is of first

category, B has a winning strategy.

Conversely suppose that {f,} is a winning strategy for
B. Given f,, a transfinite sequence of closed spheres {J,}
can be defined such that the closed spheres K, = £,(J,) are
disjoint and the union of their interiors is dense in C.
This can be done letting S be a transfinite sequence
consisting of all the open spheres in X. Let J, be the first
term of S. Then for each 8 let Jﬁ be the first term
contained in C\Ua<3Ka- Now for each transfinite ordinal, «,
let {Ja,ﬁ}ﬁ be a transfinite sequence of closed spheres
contained in the interior of K, such that the spheres
Ky, g = fz(Ja,Ka,Ja,ﬁ) are disjoint and the union of their
interiors is dense in K,. Then the union, Ua,BKZ,ﬁ is dense

in X.

Continuing in this way, define two families of closed

K :
spheres, Ja1,az,---,an and €1, 02,00, 0 wvhere n is a
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positive integer and a; is a transfinite ordinal such that

K = f K K e o 9
a1,a2,...,an n(Ja1’ a1’Ja1,a2' aqg,057 'Ja1,a2,...,an)

and J c K°®

L] h
Q1 @2 000,004 @1, 02,000, 0 For each n, the

spheres K, are disjoint and the union of their

1ra2!°'-ran

interiors is dense in X.

Now consider an arbitrary sequence of ordinals, an, and
define
(*) szn_1 = Ja1,a2,.oo,an’ szn=Ka1,a2,.oo,an' n=1'2'....
Then the sequence {S,} is a possible playing of the game

consistent with the given strategy for B. Hence (NS,H)NA = ¢.

) - (<]

For each n define E, = Ua1,a2'...'anK Q1,005,000 0p° Let
E = NyE,. Then for each x € E there is a unique sequence
fan} such that x € Km“mh””mn for every n. We now use
this sequence to define (*). Then x € NS,. This shows that
ENA = ¢ so that A ¢ X\E = U (X\E,). Each of the sets X\E, is

nowhere dense and so A is of first category.[]

It is easy to see that there is a strategy by which the first
player is certain to win if and only if S\A is of first category

for some sphere ScC.

In this chapter we shall see several applications of the
Banach-Mazur game to prove the existence of residual sets of

continuous functions with certain differentiation properties.
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Non-Besicovich Functions

It was stated in Chapter 2 that Sak's proof that the set of

non-Besicovich functions is residual in C is actually an example

of the use of the Banach-Mazur game (élthough Saks did not use

it). We now give the first part of Saks' proof [40] and indicate

how the Banach-Mazur game is applied.

The

LEMMA 5.2.1. Let f(x) be continuous in an interval (a,b) and
let |f(x)-mx+n| < (b-a)/Be (m>0, e>0) for all a<x<b. Then
there exists in the interval (a,(a¥b)/2) a nondenumerable
set of points ¢ with the property that

f(x)-f(c) 2 (m-e)(x-c) for every c<x<b.
proof of this lemma is not difficult and so it is omitted.

THEOREM 5.2.2. The set of functions f in C such that the
right hand derivative of f exists and equal += in a set of
the power of the continuum, is of second category in every

open sphere in C.

PROOF: ([40], pp. 215-217) Let K be an arbitrary open sphere

in C and let {A,} be a sequence of nowhere dense sets in C.

We shall define a system of subintervals,

{1n1,n2,...,nj = (an1,nz,...,njrbn1,n2,...,nj)}r in (0,1), a

sequence of functions, {fj} in C and a sequence of open
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spheres Kj in C satisfying the following conditions:
(i) Ko=K, KjcKj-q, K3NA5=4, (321)

(ii)fj is the centre of Ky, (3j=0,1,...)

(lll)In,,nz,...,njCIn1rnz,-o-,nj—1; In1ln2L""nj-10 n

= < i i .=
In1!n21-'°'nj_11 ¢' |In1,n2,...,n-| - 1/3' (321' nj 0'1)

]

(iv) fj is linear with slope j in each interval

:th
In,,nz,...,nj of the j order, and

(v) if x €1 and y €

n,,nz,...,nj

(b ), (1<i<j), then

n1,nz,-..,ni'bn1,nz,...,ni+1
Ei}y)-fj(x)
Y—Xx

> i-2,

Suppose that the functions fj, the spheres Kj and the

subintervals I have been determined for j=1,2,

n‘|,n2"u|,nj
...,r and satisfy conditions (i) to (v). The set A, is

nowhere dense so there exists in each neighbourhood of f,. a
continuous function g in K \A,. By condition (iv) (for j=r)

f. is linear and has slope r in each interval I,

r ‘|,n2,coo,nr

of the rth order. We can choose g sufficiently close to f,
so that by Lemma 5.2.1 there exists in each interval
In1,n2,...,nr two points, say bn,,nz,...,nr1 and bn1,n2,

eee,n 07 such that

Q(X)'g(bn1,nz,...,n
Xx-b

r+l_ > r-1

n1rn21---rnr+1

for b < x < bn1'n2’_..inr, (np41=0,1).

n1,n2,.o.,nr+1

We can now modify g to obtain a function h, linear and

with slope j+1 in a pair of distinct intervals,
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in I whose right

d , a' '
n1'n2l"'lnr n1ln2l"'lnr n1,n2,...,nr

endpoints are b .0 and b

Ny,Nz2,ee¢0,0N n1ln2l"'lnr1

respectively. We can choose these subintervals sufficiently
small, less than 1/(j+1), and h sufficiently close to g so
that h € K.\A, and

h(x)’h(bn,,nz,...,n
X-b

n1ln2l""nr+1

‘ < < = .
for bn1'n2,.'.,nr+1 X bn1,n2,...,nrl (nr+1 0]1)

Then the function f,.,; is defined as h and the intervals
In,,nz,...,nro and In,,nz,...,nr1 as the intervals dp .,

] .
ively. Now choo n n
ees Ny and d Ny,Nzyee.,Np respectively ow choose an ope

sphere K.,, with centre f.,; and radius less than 1/(r+1)
such that K., cK,. and K., {NA.,, = ¢. Conditions (i) to (wv)

are satisfied for j=r+i1.

Now by conditions (i) and (ii) the sequence {fj}
converges uniformly to a continuous function, f € K\UpA,.

For each sequence {nj}, (nj=0,1) set

NeooNI .N.... Then

= In,nI Ny,Napeee Ny

X
n1,n2,oo¢,nk,ooo n1rn21

we have

DAL LD L0 YT PO VTR

LS I PR T
for every sequence {ny}, (ny=0,1), j>i>1, and

b >y>x . It follows that

n1,n2,...,ni n1,n2,...,nk,.-.

E(y)-£(xq

nz,-oo,nk,.ou)zi_z
MANRS (PI  PRRPORS (TR
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for i=1,2,... and b Thus

>y>X .
n1,n2,...,niy n1,n2,ooo,nk,ooo

= +» for each x This

1]
f"'(xn1,n2,...,nk,...) n1,n2,...,nk,ooo.
set of points is clearly perfect and so has the power of the

continuum.[]

Saks goes on to show that the set of functions f in C with
right derivative equal to += in a set of the power of the
continuum, is analytic in C and hence has the property of Baire.
It is thus a residual set. It is easy to see that this second
part of the proof is not needed, for the first part can be seen
as a winning strategy for the second player in the Banach-Mazur

game.

The Weak Preponderant Derivative

In Chapter 2 several differentiation properties of typical
continuous functions were presented. Recently the Banach-Mazur
game has been used to prove several new differentiation
properties. L. Zajicek has proved [46] a new result regarding

the preponderant derivative by use of the game.

DEFINITION 5.3.1. Let E = {E,:x€[0,1]} be a system of paths.

: MELNT)
If for each Ey€E there is a >0 such that ——__T__ > 1/2 for

|1

all open intervals, I, with x€I and |[I| < & then the E

derivative is called a weak preponderant derivative.
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Zajicek shows that a typical continuous function f has a point
x€(0,1) where the weak preponderant derivative of f is +», The
proof is lengthy and we will only outline it here. First we need

a lemma which has a straightforward proof which is omitted.

LEMMA 5.3.2. Let f€C, x€(0,1), {an} be an increasing
sequence converging to x and {b,} be a decreasing sequence

converging to x, such that:

f(z)-£(x)
yf[ak,ak+1] = )\{ZE(Y,X):T>R}>1/2(X'Y)I and

f£(z)-£f(x)
yE[bk+1 'bk] > A{z€(x,y) :T>k}>1/2(Y’X)

for all natural numbers, n. Then the weak preponderant

derivative of f is +o,

THEOREM 5.3.3. There exists a residual set A of functions in
C such that if f€A then there exists x€(0,1) so that the

weak preponderant derivative of f at x is +e,

PROOF: Consider the Banach-Mazur game in C. The first player
chooses an open sphere B(g,,8,), centered at g, with radius
8§,, then the second player chooses B(f,,e,) c B(g,,8,), and
so on. We can suppose that all of the functions, f, and g,
(n=1,2,...), are piecewise linear. If the second player has
a strategy so that Nj_,B(f,,e,) consists of a single
function f for which there is a point x in (0,1) where the

weak preponderant derivative of f is += then the theorem is’
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proved.

The strategy is as follows. In his nt? move the second
player will conétruct £,€C, en>0, O<ap<bp<1 so that, letting
xn=(an+bn)/2 and zn=(bn—an)/100, the following conditions
hold:

(i) [apy,bplc(xp-y-42n-1, Xp-q+424-¢) for n>1,
(ii)f,, is linear on [x,-5z,, x,+5z,] and constant on
lay,xn-52z,] and [xn+52z,,by], and
f,(by)-f,(ay,)
" b

> 10(n+1),
n"2n

(iii) for x€[xp-4zp,xp+42,], k€{1,2,...,n-1}, and £€B(f,,€,)

we have
f(x)-f(w)
y€lag,ag+1] = k{wE(y,x):———;—————>k} > 1/2(x~y) and
-w
f(x)-£(w)
y€lbpsq, byl = Awe(x,y) s——>k} > 1/2(y-x),
X-W

(iv)and B(f,,en) € Blgp,8y) and ey < 1/2z,.
If the second player uses this strategy then (i) and (iv)
imply that NB(f,, e,) consists of one function £, and

Nla,,b,] consists of one point x. Lemma 5.2.2 and (iii)

imply that the weak preponderant derivative is +e= at x.[0

In Chapter 2 we saw that the following properties are

typical of continuous functions:

(i) for each x€[0,1], max{|D*f(x)|, |D.,f(x)|)== and
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max{|D-£(x)|,|D.£(x)]|}==,

(ii) for each x€(0,1), [D.f(x),D"f(x)] U [D,£(x),D*f(x)]
=[-»,=], and

(iii)for any r€Rr, D*f(x)==, D.f(x)=-=, and D,f(x)=D"f(x)=r

for a dense set of x€[0,1].

L. Zajidek [45) has reported that, about 6 years ago Preiss

used the Banach-Mazur game to extend these results.

THEOREM 5.3.4, Let D*, D,, D-, and D. be extended real
numbers such that max(|D*|, |D.|} = max{|D"|, |D.|} = = and
[D.,D-] U [D,D*] =[-=,»]., Then there is a residual set N of
functions in C such that if f€N then there is a c-dense set
A in (0,1) such that D*f(x)=D*, D,f(x)=D,, D.f(x)=D. and

D-f(x)=D. for all x€A.

The proof of this theorem consists of devising a strategy for
the second player in a Banach-Mazur game played in C, where the
set given to the first player consists of all those functions

which do not satisfy the conditions of the theorem.

The N-Game

In Saks' proof (Theorem 5.1.3) a system of subintervals of
[0,1] was defined in such a way that the union of the

intersections of decreasing sequences in the system formed a
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perfect set. Saks also defined a sequence of functions which
converge to a function having the required property on this set
of points. Zajicek [45] has defined a game which generalizes
this method and he has used it to prove several results
regarding differentiation properties of typical continuous

functions.

DEFINITION 5.4.1. Let F be a nonempty set of the form
[a,,by]U...Ula,,b,] where 0<a,;<b;<a,<b;<...<b<1. Then we
call F a figure and we define the norm of F, n(F) as

max{a,,by-a,,az2-b¢,...,bpmapy,1-bp}.

DEFINITION 5.4.2. Let N be a o-ideal of subsets of [0,1]. We
define an N-game, between two players, the F-player and the
E-player, as follows. In the first move let the E-player
choose €,;>0. In the second move let the F-player choose a
figure F, such that n(F;))<e,. In the (2n-1)tP move let the
E-player choose e,>0 and in the (2n)th move let the F-player
choose a figure F, such that n(F,)<e,. If Up_Np=xFy € N

then the F-player wins. Otherwise the E-player wins.

Zajicek notes the following results of the N-game.
(i)If N is the system of all o-bilaterally strongly porous sets
then the F-player has a winning strategy.
(ii)If N is the system of all o-[g]-totally porous sets then the

F-player has a winning strategy.
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(iii)If u is a o-finite Borel measure on [0,1] and N is the
system of all u-null sets then the F-player has a winning
strategy.

(iv)A set ScR is superporous if SUP is porous for all porous
sets, P. Now if N is the system of all o-superporous sets then
the E-player has a winning strategy.

" Using the N game with the Banach-Mazur game Zajicek has

developed several new results.

THEOREM 5.4.3. Let the F-player have a winning strategy for
the N game. Then there is a residual set of functions f in C
such that the set of points x€(0,1) which are not essential

knot points of £ belongs to N.

Essential knot points can be replaced in this theorem by
[gl-knot points. This, together with result (ii) above is
Theorem 4.5.6. An improvement of Preiss' theorem (Theorem 5.3.4)

is also obtained by use of the N game.

THEOREM 5.4.4. Let the E-player have a winning strategy for
the N game and let D*, D,, D, and D. be extended real
numbers such that max(|D*|, |D,|} = max{|D-|, |D.|} = =« and
[D.,D-] U [D,D*] =[-=,=]. Then there is a residual set M of
functions in C such that if f€M then there exists a set A in
(0,1), AN such that D'f(x)=D*, D,f(x)=D,, D.f(x)=D. and

D-f(x)=D. for all x€A.
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It is also possible to show, using the N game that the
following properties are typical of functions f in C.
(i)for all x in (0,1) there exists a bilateral essential derived
number of f‘at X,
(ii)there exists a c-dense set P such that += is a weak
preponderant derivative of f at x, for each x in P,
(iii)there exists x€[0,1] such that £ has no finite derived

number with positive upper density.

Conclusion

In this chapter we have seen how the Banach-Mazur game has
been used to prove that certain differentiation properties are
typical of continuous functions. The introduction of the N-game
by Zajicek leads to a general method for determining some
properties of sets where a typical continuous function does not

have an essential knot point.
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CHAPTER VI

CONCLUSION

Nondifferentiability is a typical property of continuous
functions. This property has often been said to be pathological
and many of the other typical properties of continuous functions
might also be described in this way. Despite this we have seen
that typical continuous functions display a great deal of
regularity. Not only are they nondifferentiable almost
everywhere in several generalized senses but their intersection

sets with various families of functions are similar.

In Chapter 2 we saw several results regarding the
differentiability of typical continuous functions. They have
knot points and essential knot points almost everywhere. They
are nowhere differentiable, nowhere approximately, symmetrically
or preponderantly differentiable. On the other hand in certain
senses they are differentiable almost everywhere and in such a

way that we can choose the derivatives ahead of time.

In Chapter 3 we saw how the typical continuous function
intersects lines, polynomials and 2 parameter families of
functions. The characteristics of these intersection sets are
similar in all these cases. Seeing how these functions intersect

with lines helps to clarify some of the results in Chapter 2.

Chapter 4 continued the study of intersection sets but in

this case in the context of porosity and generalized porosity.
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We saw that the intersection sets with various families of
functions are "small" in the context of the various types of
porosity and in Hausdorff dimension. This leads to several more
differentiation results, and different proofs of some results

from Chapter 2.

In Chapter 5 we looked at the Banach-Mazur game and saw how
it could be used to develop differentiation results. We saw that
the introduction of the N-game produces some general results

regarding knot points.

Related results and open gquestions

Several areas of investigation arise from the known typical
properties of continuous functions. These can be divided into
two types: those regarding typical properties in C[0,1] and

those regarding typical properties in other spaces.

We begin with the second type. A great deal of work has
recently been done regarding typical properties in the spaces of
bounded Darboux Baire-1 (bDB,) functions, bounded approximately
continuous (bA) functions, bounded derivatives (bA), bounded
Baire-1 (bB,) functions and bounded functions in the Zahorski
classes (bMi i=i,2,3,4,5). Some results are also known for the
spaces of bounded upper and lower semi-continuous Darboux
functions (bDusc, bDlsc). Summaries of many of these results
have been given by I. Mustafa [34] and G. Petruska [37]. In 1986

Mustafa [35] used a general approach to prove typical properties
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in the spaces bDusc, bDlsc, dA, and bM;. For these spaces he has
been able to prove results analogous to many of those we have
seen in Chapters 2 and 3 for continuous functions. We have found
no results regarding the porosity of intersection sets or sets
of non-knot points (similar to results in Chapters 4 and 5) in

these spaces.

Bruckner [5] has suggested the investigation of typical
properties of intersection sets of functions of several
variables with lines. This might lead to a greater understanding

of the differéntiablity properties of such functions.

In Chapter 3 we cited a suggestion of Ceder and Pearson for
the investigation of typical properties of the intersection sets
of continuous function with functions in closed nowhere dense

subsets of C[0,1].

Haussermann has proposed a question regarding Theorem 4.4.9.
He asks whether, for a concave modulus of continuity ¢ and an
ordered porosity family &, there is a residual set of functions
in Cc[0,1] which will intersect every function in L(o0) in a
bilaterally strongly ®-porous set. This actually is two
guestions; firstly, can we add bilateral under the hypotheses in
part (i) of the theorem and secondly can we remove the
requirements that & be refined and that D,(0¢ ')(0) < « from

part (ii).

Bruckner stated in 1978 [5] that he had never encountered a

function meeting the conditions in Theorem 3.2.13. We have been

96



unable to find such a function, let alone one which meets the
conditions of the other theorems cited as well. This, despite

the "typicalness" of such functions.
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