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The I m p l i c a t i o n s  of Computers f o r  Mathematics 

Educat ion i n  Trinidad and Tobago 

ABSTRACT 

I n  t h i s  t hes rs  w-e i n v e s t i g a t e  the e f f e c t  of 

computers an the secondary school mathematics c u r r i c u l u m  

w i t h  p a r t i c u l a r  emphasiseon the c u r r i c u l u m  o f  T r i n j d a d  and 

Tobago, 

In the f ir;t chapter  w e  , desc r i be ,  i n  d e t a i  1 ,  ' the 

s t r u c t u r e  o f  
? 

schools.  The 

i n  the h i g h  

requ i remen t s  

examinat ions,  

the educa t ion  system i n  T r  i n i  @ad and Tobago 

the mathematics c u r r i c u l u m  o f  the secondary 

c u r r i c u l u m  i s  no td  g iuen f o r  each grade l e v e l  

school s. R e h e r  i t ,  i s  desc r i bed  as the 

f o r  the Basi c  and General - P r o f  i c  i ency 

admin is te red  by the Caribbean Examinat ion 

Counc i 1 and the Advanced Level Exami n a t  i on, admi n  i s t e r e d  

by Carnbr i dge Un i v e r s  i t y  , London.. 

I n  the nex t  chap te r ,  'a d e s c r i p t i o n  o f  muMath, a 

symbol i c  computer-a1 gebra system whose a1 gebra i  c  and 

anal y t  i c a l  opera t  i ons are beyond the capabi 1 i t i e s  o f  

program.mtng lansttager such as @SIC and E m t r a n ,  is g i v e h *  

The capab i l  t t i e s  o f  muMath and the HP 25C handheld 

computer are observed" i n  order  t o  determine the e f f e c t  o f  

the computers on t h e  teach ing  o f  mathemat ical  t o p i c s .  



A1 though many compu t a r  a1 gebra srst+mr , and 

courseware conta in ing modules f o r  teaching mathematics are 
-. 

auai lable,  on ly  a f e w  are mentioned in2 the  paper, but the 

mars a u a i ~ a d i ~ i t y  - - r e - - p m o ~ f h - - - ~ m p ~ e m e n t a t i o n  of the 

computers i n t o  the. classroom are assumed. Having looked 

a t  the capabi 1 i t i e r  o f  the computer a1 gebra systems and 

the algebra taught i n  the h igh schoo ls~  i n  T r i n idad  and 

. Tobago, a proposal i s  made f o r  changer i n  the a lgebraic  
- 

top i cs  so t ha t  the cu r r  i c u l  um ' taker advantage o f  the 

av-ai 1 abl Q t rchno l  opy, and a1 so r e f  1 ec ts  the techno1 ogi ca l  - 
changes i n  t h e  env i ronme,nt. 
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- IMPLICATI CWS OF COMPUTERS FOR W T H M T I  CS 

EDUCATION IN T R I N I D O  ClND TOWGO 

$ 

The c o m p u t e r - r e v o l u t i o n  i n  N o r t h  Amer i ca  p i l l  a f f e c t  

e d u t a t i o n  i n  t h e  t h i r d  w o r l d  c o u n t r i e s  i f  o n l y  because qf 
% 

t h ~  mi  grat  i on of  1  a r g e  numbers- .of i n t e r n a t  i o n a l  % s t u d e n t s  

t o  N o r t h  P r n e r i c m  U n i v e r s i t i e s .  Any m a j o r  char&% i n t h e  . 
- -  - - 

h i g h  s c h o o l  c u r r i c u l u m  w i l l  a f f e c t  t h e  e n t r a n c e  

r e q u i r e m e n t s  o f  t h e  u n i w e r s i t i e s ,  and  t h i s  w i l l  p u t  

p r e s s u r e  on o t h e r  c o u n t r i e s  t o  adopt  some o f  t h e  c h r n ~ e s  
i 

made i n  t h e  N o r t h - A m e r i c a n  h i g h  s c h o o l s .  T h e  

lesse r -dewe loped  c o u n t r  i e r  m i g h t  n o t  be a b l e  t o  keep up 
-- 

w i  i h  t h i  r r e u b l  u t i o n .  I n  many cases  becaurg  o f  t h e  I ack 
ed 

o f  f u n d s  t o  implement  - - comput.rs i n  t h e  s c h o o l s p  t h e  l a c k  
e 

o f  t e a c h e r s  c m i  t t e d  t o  i n t r o d u c i n g  a more opprop r  i a t e  C 
f 

- - 
c u r r i c u l u m  i n  t h e  s c h o o l s ,  and d e t e r r e n t s  t o  c,hang. i n  t h e  

0 

a x u n i n  ing p r o c e d u r e s  o f  a1 1 s t u d e n t s  a t  a1 1  1  eve1 s a 1 a r ~ e  

gap w i l l  d s w e l ~ p ' b e t w + o n  e d u c a t i o n  i n  t h e . d e w e l o p e d  

countries and  that o f  t h e  l e s s e r  d e v e l o p e d  c o u n t r i e s .  
I 

The computer  i s  h e r e  2 s t a y ,  and w i l l ~ c o n t i f u e  t o  
- - - 

a f + e c t  t h e  s o l v i n g  p r o c e s s  a n d  a n a l ~ s i s  o f  M a m e m a t ~ c a ~  



\ *  , 

e 
L * 

2 

---= 

p r o b l e m s .  T h e r e f o r e  we  m u s t  s e a ~ c h  for w a y s  t o  t e s s e n  t h e  

I n e q u  i t i s s  wh i c h  m i  gh t d e u e  l o p  b e c a u s e  o f  t h e  cumpu t e r  
\ 

r e v o l a  t i o n .  T h e  e e a d i  1 y  d e c r e a s i n g  c o s t  o f  
- - 

m i c r o c o m p u t e r s  s u g g e s t s  t h a t  i n  t h e  n e x t  f i v e '  y e a r s  t h e  

cos t  of t h e  m i c r o c o m p u t e r  di 11 b e  o n l y  a s m a l  1 f r a c t i o n  o+ 

t h e  c o s t  o f  e d u c a t i n g  a c h i l d ,  a n d  t h e  c o u r s e w a r e  f o r  

t h e s e  c o m p u t e r s  i n  m a t h e m a t i c s  c a n  b e  p u r c h a s e d  a t  a c o s t  
4 -- 

much l e s s  t h a n  t h e  c o s t  of t h e  t e x t b o o k s .  C o n s e q u e n t l y  

t h e  l a c k  o f .  funds w o u l d  b e  l e s s  p r o b l e m a t i c  i n  
- - 

t m p l e m e n t  i ng  c o m p u t e r s  i n t o  t h e  h i gh  s c h o o l s  of l e s s e r  - 

deue1 .oped  c o u n t r i e s .  T h u s  tui t h  t h e  a v a i  1  abi  1  i t y  o f  t h e  

m i c r o c c m p u t e r ,  w e  s u g g e s t  t h a t  a n e w  and a p p p o p r i a t e  
- - 

m a t h e m a t  i cs c u r r  i c u l  um b e  i n t r o d u c e d  w h i c h  t a k e s  i n  t o  
/ - 

, 
, - 

- - 
c o n s i d e r a t i o n  t h e  s p e c j a l  a d v a n t a g e s  t h e y  o f f e r .  

H e i d  ( 1 9 8 3 1 ,  R a l s t o n  -(19k5), W i  l f  ( 1 9 8 2 1 ,  T u c k e r  

a n d  o t h e r s  w e r e  ex'c i t e d  
q& 

t h e  e n  t r a n c e  

c ~ p u t e r  a l g e b r a  s y s t e m s ,  bu t  t h e i r  p r o j e c t e d  d a t e  of t h e  

a r r  ~ u a l  of t h e  h a n d h e l d  c o m p u t e r  came f a r  s o o n e r  
af'l 

h a d  e s t i m a t e d .  R a l s t o n  said,  i n  1985, t h a t  

s y m b o l  i c  mathemit i ca l  s y s t e m s  w o u l d  b e  a v a i  1 a b l e  

d e c a d e .  H o w e v e r ,  t h e .  hahdhel  d HP 29C  c o m p u t e r  
I 

than t h e y  

h a n d h e  1  d 

w i t h i n  a  

w a s  m,ade 

a v a i l a b l e  t o  t h e  p u b l i c  i n  J a n u a r y ,  1 3 9 7 .  Just a s  m a s s  

- 



product ion has mad. the c a l c d a t o r  w a i  l r b l e  a t  a  very low 

cost,  i t  i s  expected t ha t  soon the handhet'd canputer 

a lgebra system w i  11 be avai l a b l e  a t  a- cos t  l e s s  than t ha t  

of . a  textbook. ' The Nat ional  - Counc i 1 0). Teachers o f  
4 -- 

Mattismatics CNCR.1, 1285 ) - . has  advocated the use of 
3 

~ a l ~ ~ l i r t 0 P ~  i n  schools , a t  a  grade ' l e v e l s  i n  c ~ ~ a s w o r K ,  

a Y 

homework- and evrLuat ion. S i m i  I a r l r  computers and re leuen t  ."- 
- 

courseware should be used i n  schools as an i n t e g r a l  p i 6 t  

o f  tho mathematics curr icqlurn. They can be used n o t  on l y  
-- 

i n  the c r i c u l a t o r  mode, bu t  a l so  as a  p rog r~ lm?ng  and 

p rob l  em-sol v i ng tool surpass i ng a1 1 the reasons o f f  ered br 

the NCfM f o r  the i n t r oduc t j on  o f  the c a l c u l a t o r  i n t o  the 

- Other educators are p r e d i c t  i np the area of .opal i ed 

0 

mathematics w i l l  - change r a p i d l y .  Engelman (1970) says 

t ha t  i t  may  be poss ib le  t ha t  the wrong sk i  11s are be ing  

taught i n  the schools, '  

.f the engineer w i l  1 have a11 f u tu re  i n t e g r a t i o n s  
performed by r machine, why bother t o  teach a  bag , 

o+ t r i c k s  t h a t  he w i l l  immediniely f o rge t .  Why 
not teach him h w  t o  us+ tho machine as a par tner  
i n  s o l v i n g  h i  r problem c p .  103). 

t h e r e f o r e  t h e  turrirutum s h w t d  r e f l e c t  the  chrngtng n w d s  

mathernat1 c i  ans. 



Ralston < l98S),  on the same sub jec t ,  rays  tha t ,  

C ~ l c u l u s  i s  no longer the obvious s t a r t i n g  p o i n t  v 

f o r  thw study o f  app l i ed  mathematics i t s e l f  o r  
for  t h e  study o f  tho%* d i  s c i p l  i n e r  where 
mathematics i s  heaui l y  appl ied. , . . -Thus i n  the 
f u t u r e  d i s c r e t e  mathematics w i  1 1  p l a y  a Pole 
equal t o  th-at o f  ca l cu lus  i n  t h e ' f i r s t  two 
undergraduate r e a r s  o f  mrthemat i c s  (p.  494)- 

While Coxford (1905) g i ves  an opposing uiew, 

I n  order t o  s tudy computer science a t  the 
un i  ve rs i  t y  1 ewe1 , the study o f  c a l c u l u s  i s . 
r-equ i red.  Theref o re  changer i n thq a1 ~ e b r a  
cur r icu lum must teawe i n  p f X e  t h j - ~ o a l  of 
a1 ~ e b r a  a s - p r e p r r r t  i on  f o r  c a l c u l u s  (p. 53). 

Harevw a  I agree t ha t  changes must be mode t o  the 

e x i s t i n g  curr icu lum, and i n  t h i s  t h e r i r ~ s u g g e s t i o n s  i r e  

made f o r  changes i n  the a lgebra cu r r i cu l um a t  the h igh  

school l eue l .  . 

.-- Chump t ions 

Many s tud ies ,  too numerous t o .  quote, support the 

1 

i n t r o d u c t i o n  of c a p u t e r s  and computer courseware i n t o  the 
d 

schools  as A teaching aid.. T e e  s t u d i e s  hawe shown how 
-- 

%I ow 1 s ,  1 aw abi 1 i tr studqnts, and ~&OW+-average 
' . ,.. . 
- 1 ,  

s tudents  hawk 1 1  1 benef i t e d  from the use o f  canputers. 

T k e r e f o r i -  a fu-P- s tudy  t o  sh& th. adwantapes o f  
- - 

imp1  emen t i ng computers war no t  undertaken, and the 

advantages r e  acknowledged here in .  Computers are 



srersat i 1 e , on t h e  role oS t u t o r ,  rhatkbuard,  

p rob t  em-sol v e r  a n d  c a l  cu1 a t o r ;  and te-ach r ng modules and 

courseware packages a r e  becomt o g  avs i  1 a b l e  f a s t e r  than-  the  + 

pub1 i c a t  i o n  o f  t ex tbooks .  There are  many t e a c h i n g  modules 

and courseware packages. wh i ch + r e  appropr  I a t e  f o r  use by 

s t u d e n t s ,  and many w h i c h  a re  n o t  a p p r o p r r a t e ,  b u t s o n l y  the 
- 4 

rnutlath courseware and the handhe ld  HP 28C computer have 
- 

Seen considere,d i n  some d e t a i l  i n  t h i s  paper;-- 

Educa to r s  C e = g = ,  Carpenter  e t  al ., 1900; Fey  ~t 
I 

- 

. a1 . , 1384) have n o t e d  t h a t  t h e r e  must* b e  some changes i n  - 

t h e  h  i gh schoo l  c u r r  i cul &n. Other  mat.hemat i c s  educa to r s  

have s t a t e d  that ,  the i n t r o d u c t i o n  o f  computers  i n t o  the 
- - 

c lass room makes a v a i l a b l e  f r e e  t ime ( c f . ,  Kul  i ky  Kul ik, & /' 
Cohen, 1980; ~ ' ~ h e a  & S e l f ,  1983). Under the assurnpt~on 

t h a t  the  1 r m i  t a t  i o n s  o f  implement i n 9  computers i n t o  the 
li 

'school s can be o v e r c m e ,  r e c m e n d a t  i ons have  b e e n  made 

cancern  i  ng  what s h o u l d  be taugh t  a t  the h i  gh school  l e u e l ,  - 
and what s h o u l d  be omi t t e d  f rom the  a l g e b r a  c u r r i c u l u m  i n  

secondary schoo l  s. - 

Purpose  

The e v a l u a t i o n  o f  muMath on the  A p p l e  Ile c o m p u t e r ,  

and a b r i e f  summary a f  the c a p a b i l i t i e s  of t h e  HF Z8C 



handhel d computer were g i  ucn show the power 
- - 

computer 

a l g e b r i  systems. These systems weaken t he  arguments f o r  
- - 

s t u d y i n g '  many t o p i c s  i n  mathemati.cs such as  formal 
I 

r n t e g r a t i o n  o f  complex expressionc,.  Be fo re  1968, no one 

had found an a l g o r i t h m  f o r  i n t e g r a t i o n ,  b u t  i n  t h a t  year  

. Robert  H. Fi isch deve loped such an a l g o r i t h m  a t  t he  System 

Oeve1oprnen.t C o r p o r a t i o n  i n  C a l i f o r n i a .  S o l u t i o n s  f o r  
- 

I 

I ~ n t e g r a t i o n  probIems wh ich  were p reu  i o u s l  y o b t a i n e d  by 

p a j p e t  and p e n c i l  m a n i p u l a t i o n  call now be o b t a i n e d  on - 

handhe? d computers.  The a v a i l a b i f  i t y  

mathernat i c s  syqerns w i 1 1 change what 

secondary schoo l s ,  and how i t  i s  t a u g h t .  
* 

t h e  f o 1  1 owi n g  quest  i ons w i  1 1  be addressed: 

( 1 1  Which t o p i c s  w i l l  remain  i r r , a n d  wh ich  

o m i t t e d  from t he  mathemat ics  c u r r i c u l u m ,  

less d e t a i l ?  

( 2 )  What w i  1 1  be done w i  t h  e x t r a  t ime? 

o f  symbol i c 
* - 

i s  t augh t  i n  

In t h i s  t h s s i , s  

t o p i c s  w i l l  be 

o r  cove red  i n  
i 

The fol- lowing six c r  i  t e r i a  w i  1 1  be used  t o  s e l e c t  t o p i c s  

t o  be i n c l u d e d  i n  the  new c u r r i c u l u m :  
D 

* 

1 .  The s t u d e n t  s h o u l d  do a1 1 those t h i n g s  t h a t  can be 

done m o ~ e , a f f i c i e n t l y  by hand w i t h  paper  and p e n c i l ,  and 

those t h a t  cannot  be done more e f . f i c i e n t l r -  b y  hand w i t h  



- 
-l 

f 

- 

2. I t  i s  .more impo r t an t  f o r  the s t u d e n t  t b  l e a r n  the 

u n d e r l y i n g  concep ts  l e a v i n g  the  t ime-consuming a c t i v i t i e s  

t o  t he  computer .  &he a u a i  1abi  1i  t y  o f  c a l c u l a t o r s ,  

handhel d  computers  and p r  i n t g r s ,  and m i  cracompu t e r s  makes 

i t  l e s s  i m p o r t a n t  t o  p a i n s t a l c i n g l r  c a r r y  o u t  l o n g  
I 

d i u i s i o n ,  addi  t i o n  o f  f r a c t i o n ' s ;  f a c t o r L z a t 1 o n  of 
I 

p o l r n m i a l s ,  b u t  mare impo r t an t  t o  be a b l e  t o ' c h e c k  the 

r 'easonabl eness of the  r e s u l  t . 
3. The s t u d e n t  s h o u l d  be a b l e  t o  p e r f o r m  s i m p l e  

a r - i t h m e t i c  and a l g e b r a i c  o p e r a t i o n s .  T h i s  1s t o . e n s u r e -  

t h a t  the  s t u d e 6 t  n o t  o n l y  d,oes n o t  l o s e  any m a n i p u l a t i v e  

s k i l l s  i n  mathemat ics ,  b u t  also does n o t  spend t o o  much 

t ime  on mechan ica l  . o p e r a t i o n s .  The t ime can' b e t t e r  be 

used  i n  g a i n i n g  a b e t t e r  u n d e r s t a n d i n g  o f  mathemat ica l  

concep ts ,  and i n  s o l  v i ng  phobl ems wh i  ch ocgur i n , r e a l  i  s-t i c 
- 

si t u a t  i ons. 

4. The computer f r e e s  u s  f rom the' d rudgery  of  l o n g  and 
- - - 

complex c a l c u l a t i o n s ,  t h e r e f o r e  the  s t u d e n t  s h o u l d  use the 

f r e e  t ime  to e x p l o r e  v a r i a t i o n s  o f  the  and the  

way these v a r i a t i o n s  a f f e c t  the  

S . ,  The t o p i c s ,  where p o s s i b l e ,  

t o  e x i s t  i n  s o c i e t y  and p rob lem 

to 'peal li+e' s i t u a t i o n s .  T h e  

answers.  

s h o u l d  be those necessary  

s o l v i n g  s h o u l d  'be r e l e u a n t  

computer can s i m u l a t e  the 

- - 



a 

p r o b l e m - s o l ~ ~ i n g  env i ronment ,  t h e r e f o r e ,  p rob lems  ass i gned  

s h o u l d  p r o v i d e  r e a l  i s t  i c  expe r i ences  i n  the  a r e a  o f  - - - mathemat i cs  b e i n g  t augh t .  
-- 

-i- 

6. The p a r t i c u l a r  t o p i c  s h o u l d  be r e q u i r e d ' o r  h e l p f u l  t o  

the s t u d e n t  a t  the  U n i v e r s i t y  l e v e l ;  t h a t  i s ,  i t  s h o u l d  

a i d  i n  the  s t u d y  of c a l c u l u s -  and o t h e r  app l  i e d  and pu re  
e 

mathemat ics  courses .  

These q u e s t i o n s  w i l l  be a p p l i e d  m a i n l y  t o  t o p i c s  i n  

a1 geb6a n o t  o n l y  because i t i s  s t r o n g l y  emphasized i n  the  

h I gh school  s, b u t  a1 so because a1 gebra  p r o v  i des t he  t o o l s  

w l  t h  wh ich  most p rob lems a r g  s o l v e d  i n  t h e  r e a l  w o r l d ,  and 

w i t h o u t  a l g e b r a  i t  wou ld  be d i f f i c u l t  t o  p roceed  t o  h i g h e r  

mathemat ics .  A l g e b r a  i s  n o t  s i m p l y  a g e n e r a l i z a t i o n  o f  

I\ 
t o p i c s  i n  a r i  t h m e t i c ,  b u t  a l s o  cowers  t o p i c s  such as  s e t s ,  

- 

/ r e 1  a t  ~ o n s  a n d  f u n c t i o n s ,  - p r o b 1  em-sol0v i n g ,  .and 
- 

t r  ~ g o n o m e t r r ;  hence these t o p i c s  w i  1 1  be c o n s i d e r e d  f o r  

i n c l u s i o n  i n t o  the  c u r r i c u l u m .  

Procedure 
b 

I n  the  second c h a p t e r ,  a d e s c r i p t i o n  i s  g i v e n  o f  the  
\ 

s t r u c t u r e  of t he  secondary s c h o o l s  i n  T r  i n  i dad a1 ong w i  t h  

the  exam ina t i ons  w r i t t e n  a t  the  f i f t h  ( t h e  B a s i c  -- 

Pro+ i c i  e n c y  and General p r o f  i c  i ency)  , and seven th  year  



(Advanced 
I 

1 eve1 > a f  t e r  e n t e r i n g  h i g h  school  . The spec 
P 

o f  the  mathemat i cs  c u r r i c u l u m  a re  g i v e n  i n  

9 

i f i c  

the  

appendi c e s  

, Car i bbeaE- 

a l o n g  w i t h  c o p i e s  o f  the  exami h a t i o n s .  

Examinat ion-  Counc i l  ( C . X . C . 1  admmin i s t e r s  

U a s i c  P r o f i e n c y  and General  P r o f i e n c y  exam ina t i ons ,  

The 

the  

and 

pub1 i shes  a  r e p o r t  on the  worK o+ s t u d e n t s  i n  mathematf c s .  

The r e p o r t  i n c l u d e s  stat - is ' t ics  on the per formance -by the, 
- 

s t u d e n t s  on the  examina t ions ,  and the a reas  o f  weakness 
d 

i n d i c a t e d  b y  t he  s t u d e n t s '  s o l u t i o n s  t o  the  prob lems.  The 

1984, 1885 and 1986 r e p o r t s  a re  a l s o  i n c l u d e d  i n  the 

appendi ces.  

' A  d e s c r i p t i o n  o f  muMath and i t s  capabi 1 i t i e s  are  

g i v e n  i n  c h a p t e r  thr-ee, a l o n g  w i t h  examples t o  emphasize 

i  t s  abi- !  i t y  t o  hand le  symbols an4 ' t o  perforkm e x a c t  

~ a t i o A a l  a r i t h m e t i c .  An e v a l u a t i o n  o f  th_e muMath 

cFursteware was a1 s o  done t o  de te rm ine  the appropr  i a teness  

of imp lement ing  muMath i n  the  h i g h  school  mathemat ics  

pArogramme, muMath was chosen because i t  i s  the b e s t  known 

ccmputer  a l g e b r a  S Y S ~ ~ W  a v a i l a b l e ,  i t  i s  3 r e d u c t r o n  of 

the v e r y  pawerfut ~ C S ~ ,  and because the courseware i s  

aua i  1 ab le ,  f o r  approx imate !  r S50.QO on the  computer ,  t he  

App le  I l e ,  most o f . ten  - found i n  h i g h  schoo l s .  MuMath i s  

easy t o  'use, sequent  i a1 , and v e r y  p w e r f u  1 . The handtis 1 d 

- 



HP 2 8 C  c o m p u t e r  i s  b r i e f l y  d e s c r i b e d ,  b u t  i n  c o m p a r j s m  

m u M a t h  h a s  a l a r g e r  m e m ? r r r  - a n d  c a n  p e r f o r m  
. - 

s i m p 1  i f  i c a t  i ons o f  a1 g e b r a i  c e x p r e s s i o n s .  

./ 
I n  t h ?  f o u r t h  c h a p t e r ,  we w i  1 1  c o n s i d e r  w h e t h e r  t h e -  

t o p i c s  i n  a l ~ ? b r a  - t a u g h t  a t  t h e  s e c o n d a r y  s c h o o l  - i n  
& 

T ~ i n i d ' a d  a r e  n e e d e d  f o r  w o r k  i n  m a t h e m a t i c s  a t  a  h i g h e r  

l e u e l  , f o r  t h e  u n d e r s t a n d i n g  o f  b a s i c  c o n c e p t s  i n  a l g e b r a ,  
-s 

or w h e t h e r  t h e  t o p i c  i s  r e q u i r e d  by t h e  s t u d e n t  t o  e x i s t  

i n  s o c i e t y .  T h e  c r i t e r i a  l i s t e d  a b o u e  w i l l  b e  u s e d  t o  

j u d g e  w h i c h  o f  t h e  t o p i c s  i n  a l g e b r a  should r e m a i n  i n  t h e  
- 

h  i gh s c h b o l  c u r r  i c u l  um. F i r s t ,  t h e  b a s T c  c o n c e p t s ,  

consl d e r e d  t o  - b e  n e c e s s a r y  t o  u n d e r s t a n d  h i  g h e r  c o n c e p t s  

i n  a l g e b r a  a n d  + o r  t h e  g e n e r a l  i z a t  i on  o f  a r i  t h m e t  i c a ?  

p r o c e d u r e s ,  a r e - g i v e n .  N e x t ,  some of t h e  t o p i c s  w h i c h  a i d  

i n  d e v e l o p i n g  s k i  11s n e c e r s a r y  t o  e x i s t  i n  s o c i e t y  a n d  f o r  

w o r K  a t  a h i g h e r  l e v e l  o f  m a t h e m a t i c s  a r e  d e s c r i b e d .  k 

i 
..- 



MATHEMATICS AT THE SECQNDARY SCHOOL LEVEL 

1k TRINIDAD AND TOBAGO , 
d 

The  R e p u b l i c  o f  T r i n i d a d  a n d  Tobago ,  as  w e l l  as  many 
&' 

o t h e r  Commonweal t h  coun ' t r  i e s ,  a d o p t e d  t h e  B r  i t i'sh 
- * 

e d u c a t i o n  s y s t e m .  I n  m o s t  c a s e s *  t h i s  s y s t e m  r e m a i n e d  i n  
- 

o p e r a t  i o n  b e c a u s e  i t a1 1 owed t h o s e  c o u n  tr i e s  w h e r e  t h e r e  
- 

I .  - * 
w e r e  t o o  f e w  s c h o o l s  t o  accommodate e v e r y  s t u d e n t  t o  weed - 

out t he  w e a k e r  students a t  ever? '  l e v e l  o f  t h e  e d u c a t  i o n a t  

h i e r a r c h y .  A l s o ,  a1 1 e x a m i n a t i o n s  i n  t h i s  s y s t e m  a r e  

a d m i n i s t e r e d  f r o m  E n g l a n d  so t h e s e  Commonweal t h  c o u n t r i e s  

w e r e  n o t  b u r d e n e d  w i t h  t h i s  t a s k ,  a n d  f h e y  s t i  H h a d  a 

w o r  1 dw i de  a c c e p  t a b &  s t a n d a r d  of  e d u c a t  i o n .  

1 I n  t h e  R e p u b l  i c  of T r i n i d a d  and T o b a g o  t h e r e  a r e  

- 
s u f f i c i e n t  s c h o d l s  Po a c c m ~ d a t e  e v e r y  c h i l d  f r o m  t h e  age 

\ 

o  f i v e  t o  e l e v e n  r e a r s .  However ,  f r o m  t h e  b e g i n n i n g  o f  

S e c o n d a r y  S c h o o l  t h e r e  are n o t  e n o u ~ h  spaces f-or e v e r y  

s t u d e n t  so f h e  p l a c e s  a v a i  l a b l e  a r e  f i 1 l e d  by t h e  s t u d e n t s  

who a c h i e v e  t h e  b e s t  g r a d e s .  . I n  1973, i n  an e f f o r t  t o  

m 
g r a n t  each s t u d e n t  a t  l e a s t  e l e v e n  r e a r s  o f  f r e e  e d u c a t r o n  

,- 

and ,to e l  i r n i n a t e  t h e  C m o n  E n t r a n c e  E x a m i n a t i o n  ! w h i c h  
-- 5 - > 

the students w r i t e  a t  t h e  age o+ e l e v e n  y e a r s  t o  o b t q i n  ir. 

p l a c e  i n  t h e  S e c o n d a r y  s c h o o l s ) ,  m o r e  s c h o o l s  w e r e  b u i l t .  

T h e s e  s c h o o l  s w e r e  bu i l t i n  t h e  Gmer i c a n  + a s h  i  an o f  J u n i  o r  
- 



- - - 
and Seni 'or  Secondary schoo l s ,  and the e d u c a t i o n  system - 

showed some s i  gns of h e r  i can i z a t  i on .  However, because 

t he re  s t  i 1 1  w e r e  n o t  enough s c h o o l s  a \  t he  Secondary 1 eve1 

the ~ G o n  En t rance  Examinat i o n  was r e t a s i n e d .  

1970'5, w i t h  t h e  B r i t i s h  e d u c a t i o n  system s t i -11  i n  p l a c e  

and h e r  i can- l  i ke school  s i n ex i s t ence ,  t he  dec i s i  on was 

made t o  g r a d u a l l y  d i s c a r d  the B r i t i s h  a n d  Amer ican 
7 

e d u c a t i o n  and t o  s e t  up the  Car ibbean Examinat ion"  

Counci 1 (C.X.C.1 t o  a d m i n i s t e r  a Caribbean'  e d u c a t i o n  

r a t e m .  The f i r s t  exam ina t i on  s e t  and adm i ' n i s t e red  by  the- 
- - 

Car ibbean Examina t ion  Counc i~ l  w a s  i n  1979.' The gaa-1 t o  

r e p l a c e  the  B r i  t i s h  e d u c a t i o n  sys tem has  n o t  been ful l y  

r e a l i z e d ;  hence the  e d u c a t i o n  system w h i c h  w i l l  be 
b - r  

descT7bed i n  the  f o l l a u i n g  pages j s  a  m i x t u r e  o f  a1 l t h r e e  . 
e d u c a t i o n  srs terns e x i s t  i n 9  a t  once. 

A f t e r  f i v e  y e a r s  o f  E lemen ta ry  schoo l  e d u c a t i o n  the  

s t u d e n t  a t  age 11 w r  i t e s  the  C-on €ntranc.e Exarni n a t  i on 

also knbwn as  the  11 p l u s  exam ina t i on .  Apppax ima te l y  28 

000 s t u d e n t s  w r i t e  t h e  e x a m i n a t i o n ,  b u t  n o t  a31 o f  them - 
\ o b t a i n  a place i n  t h e  s t c m d a r r  s c h o o l s  because t h e r e  a r e  

about 20 000 p l a c e s  a u a i l a b l e  a t  the  secondary  schoo l  
B 

1 + v e P ,  and t h e  t o p  20 000 s t u d e n t s  o b t a i  n these p1 a c e s  . 

- 

r e g a r d l e s s  of g rades.  I n  1 9 8 6 ,  27 992 s t u d e n t s  w r o t e  the  



Common En t rance  Examina t ion  and 20 230 s t u d e n t s  , ,ga ined 
, 

p l a c e s  i n  the  Secondary Schools .  A t  p resent ,  s t u d e n t s  who 

do n o t  succeed e i  t h e r  s t a r  f o r  ano the r  two ye-ars a t  t he  

same E lementa ry  school -or  those who- can a f f o r d  t o  p a r ,  go 

t o  p r i v a t e  schoo l s ,  and e v e r i t u a l l y  w r i  t e  the  U n i v e r s i  t y  OC 
0 

London Gegeral  C e r t i f i c a t e  o f  Examinat i t jn  a t  the  O r d i n a r y  
-A- \ 

Leve l  and p r o b a b l y  t he  Advanced Leve l  E x a m b a t  i o n s .  An 
& 
/ 

i n d i v i d u a l  can r e g i s t e r  and w r  i t e  the  Un i v e r s i  t y  o f  ~on 'don  
+. .<, - 

7 

Exam ina t i ons  o r  t he  ' Car ibbean Examina t ion  Counc i l  
- 

exam ina t i ons  p r  i v a t e l y ,  b u t -  cannot  w r i  t e  examinat  i o n s  s e t  
-- 

b y  Cambridge U n i v e r s i t y  . 
I t  is v i r t u a l  lr imposs ib l e  t o  de te rm ine  how many 

p r  i u a t e  s c h o o l s  t h e r e  a r e  because they  a re  r u n  b y  p r i v a t e  
-- - 

i n d i v i d u a l s  SS a b u s i n e s s  e n t e r p r i s e .  They r'emain open 

depend ing  on the  =abi 1 i t y  o f  the  i n d i v i d u a l  t o  r u n  a 

success fu l  b u s i n e s s .  I t  i s  = n t i c i p a t e d  t h a t  t h e r e  w i l l  be 

p l a c e s  f o r  a1 1 s t u d e n t s  i n  the  Secondary Sch'ools, and the 

C m o n  En t rance  Exam ina t i ons  w i l l  be e l  im~nated 'scrme t i m e  - 

in t h e x  f u t u r e .  

S t u d e n t s  who succeed'  a t  t he  Common En t rance  

Examinat  i o n  a r e  p l a c e d  i n  t h r e e  t y p e s  o f  s choo l s .  The 

s t u d e n t s  w j  t h  the  b e s t * m a r k s  a r P p l a c e d  i n  t h e  b e s t  school  



- o r  the f i r s t  cho ice o f  the three schools  requested 
d 

a p p l  i cat7on form. The three 'types o f  schools  are:  

< I +  a 7-year school 
/ 

- - ( 2 )  a 5-year school - 

(3) a j u ~ i o r  secondary -school ( 3  years ) .  

There are 24 7-year  school.^, and these schools  are 

on the 

b e t t e r  

known as the Ass i s t~ed  secondary Schools becaGe they are 

p a r t i a l l y  c o n t r o t t e d  by d i f f e r e n t  r e l i g i o u s  o rgan iza t i ons .  

The 5-year schools,  a l s o  k n w n  as the .Govern~ent  Secondary - 

and Composite schools,  ar'e n o t  as qrrest igous as the 7-year 
. I 

- - 
schools  bu t  the s tudents  here,  as i n  the 7-year schools,  

7 

do n o t  have t o  w r  i t e  arty- e;\iams * un t i 1 t h e i r  f i f t h  year. 
- - 

Should they o b t a i n  the necessary q u a l i f i c a t i o n s  a t  the end 

of the f i f t h *  year and wish t o  cont inue t h e i r  educat ion y 

- 
they must be accepted by one o f  the 7-year schools.  

Students  i n  the 7-year schools  who are successfu l  on the 
- 

Car i bbean Ex-mi  n a t  i on Counci 1 General examinat ions are 

automat i ca l  1 Y a1 lowed t o  s i  t the -G.c.E. Advanced Level 
- 

~ x a m i n a t i - o n s  i n  the seventh r e a r .  There are 29 Government 
- 

Secondary and Composite Schools which were b u i  1 t and are 
- 

- 
main ta ined  s o l e l y  by t-be government. There are 25 Jun io r  

i - 
- 

Secondary School s a1 so ca l  1 ed the 3-year school s. A f  t e r  

three years  i n  a Jun io r  Secondary School the s tuden ts  



wwi ted*anothar examination9 which determines whether they 

should be p laced i n  a 7-rear schoo'l, ,a S-year 8ch001, o r  a 
i. 

Sen i o r  C/anprehensi ve school . There are 24 Senior 
A 

Comprchenoivo schools, a l so  known as the a schools, 

and there focus  on trade s k i  11s and o ther  rKi 1 J s which 
'% 

prepare the s tudents  f o r  non-academic careers. These - Y 
students would mo i t  l i k e l y  w r i t *  t h ~  Basic P ro f i c i ency  

\ Examination . i n  sub jec t s  su th  ~oodworlc,' Fashion and 

Fabr ics ,  Food and N u t r i t i o n  which w i l l  be descr ibed later..  
9 

The b ~ t t e r  ostudents go on t o  the a and 5-year 
- 

schools.. The s tudents  i n the ,7-year and 5-year school s., 

and those s tudents  t rans+ e r red  from &he Jun i o r  Secondary 
* 

schools  are p u t  i n t o  th ree groups a t  the qnd o f  the t h i r d  .. 
r e a r  dependi ng on the sk i 1 1 s they have d i  sp l  ayed i n p r  i o r  

-- 

a .  The t h ree  groups are  ~ c ' i  ence, G~neraJ , and Ar ts .  
3 

 he s t u i e n t i - i  n the sc i ence group i r e -  a1 lowed t o  

take courses i n  sub jec ts  such a Chemistry, Physics and 
$ 

a 
'Addi t i o G l  Mathemat i c s m ,  Thi r opportuni  tr i s  ,not granted 

t o  s tudents  i n  the General and A r t s  groups. ' T h i s  imp1 i.8 
iJ 

- 

t h a t  o n l y  s tudents  i n  the Science group w i l l  be able td gEi 

beyond the - f i f t h  rear l e u * l  i n  7nathematics. 
/ 7- 

I n  the f i f t h  a the s tudents i n  the 5-year 

school s, the 7-rear school s and th9- Sen i o r  Comprehensi ve 



' r c h o o l s  a w r i  t~ t h e  Car ibbean  g x m i n a t  i o n  Counci 1  (C.X.C.) 

e x m i  n a t  i on., i i  t h e r  t h e  Bas i  c  P r o f  i c i ency  o r  Genera l  

P r o f  i c  i ency  s e t  b$ t h e  Car i b b e m  Exami n a t  i on Counci 1  , o r  

t h e  "Add i  t i o n a 1 8  m a t h e m a t i c s  e x a m i n a t i o n  s e t  by Cambridge 
L 

Uni  u e r s i  tr. O n l y  s t u d e n t s  i n  t h e  Sc i once g roup  may w r  i t e  

t h e  Genera l  C q r t i f  k c a t e  o f  Examinat  i o n  (G.C.E.)i i n  
-- 

' A d d i t i o n a l '  m a t h e m a t i c s  w h i c h  i s  s e t  a and  marked by 

C m b r  i dge Un i v o r s  i tr . ' A d d i t i o n a l n  m a t h e m a t i c s  i s  an 

enr i ched  f o r m  o f  t h e  Genera1 P r o f  i c i ency  mathemat i cs 
< 

course .  Up t o  June 1986, s t u d e n t s  who w r o t e  o n l y  t h e  
- 

Oeneral  P r o f i c i e n e r  E x w i n a t i o n  d id  not q u a l i f y  t o   writ^ P 

t h e  , ,Admnc idz~L+ve l  Hathemat  i c s  . Examinat  : o n  s e t  br 
, 

Cambridge Uniuers i ty .  Howeupr, t h e  new Car ibbean  

Exun i  n a t  i o n  Counci 1 ass r e v  i s e d  t h e  c u r r  i cu1 um, and 

add i  t ' i ona l  t o p i c s  . h,aue been i n c l u d e d  i n  t h e  Genera l  
- - 

P r o f  i c  i e ~ c y  S y l  1 abus t o  meet t h e  needs o f  t h o s e  who w i  1 1  

- 
be  r 

a f u n c t i o n i n g  i n  th; t.chnolopica1 w o r l d ;  such  as, 

a g r i c u l t u r a l i s t r ,  e n g i n e e r s ,  s c i e n t i s t ,  r c o n r n i s t s ,  
, 

Cb) p r o c e e d i n g  t o  study m a t h m a t i c s  a t  an advanced l e v e l ,  

( c >  r n ~ a t p d  i n  t h e  b u s i n e s s  anh 'c#nmo~c. ia l  w o r l d .  

1% I n  June, 1987, t h e  new G Q ~ Q P ~ ~  ~ r o f i c i e n c y  

examinat  i o n  replaced t h e  'Addi t i m a 1  ' ma thema t i co 



e x a m i n a t i o n  s e t  by Cambr idge U n i v e r s i t y  and Londaa 

- Un i v w s i X y .  Table  2.1 g i v e s  t h e  r e s u l t s  of t h e  

' A d d i t i o n a l 8  m a t h e m a t i c s  e x a m i n a t i o n s  w h i c h  w e r e  s e t  by 

cambr idge  U n i u e r s i  t y  b e f o r e  t h e y  were  r e p l r c i e d  by t h e  

p r e v i o u s l r ,  i.n m o s t  c a s e s  ~ m l y  t h e  s t u d e n t s  s u c c e s r f ~ l  i n  

, t h e  ' A d d i t i o n a l B  m a t h e m a t i c s  e x m i n a t i o n  (and s t u d e n t s  w h o  

p e r f o r m  v e r y  wrf 1 on t h e  Brner.1 P r o f  i c i lrncy .*mi n a t  ion) 

h a v e  t h e  o p p o r t u n i  tr t o  study f o r  a f u r t h e r  two  y e a r s  i n  

m a t h e m a t i c s '  i n  o r d e r  t o  w r i  t e  t h e  Advanced  l e v e l  
a 

# = 

e x a m i n a t i o n .  There+or * ,  f r a n  tl= r e s u l t s  i n  T a b l e  2.1, wr, 

can  say t h a i  a p p r o x i m a t e l y  750 s t u d e n t s  w r i t e  t h e  Advanced  
- I e v e ?  e x m i  n a t i  on.  



R e w l  t r  of thw 'Addi tionalm M a t h e m a t i c s  Examination 

F 

No. bf S t u d e n t s  1983 1984 1985 1986 

. - 

Passed 

Those s t u d e n t s  who wr  i t e  t h e  8asic P r o f  i c i e n c r  
< 

E x a m i n a t i o n  do not r e q u i r e  h i g h e r  l e w i  of m a t h e m a t i c s  

i n  t h e i r  c a r e e r r ,  and a p i s s  a t  t h i s  l e v e l  c o m p l e t e s  the, 

r .qo i rwnentr  f o r  m a t h e m a t i c s  a t  t h e  h i g h  s c h o o l  l e v e l .  

The s t u d e n t s  w r i t i n g  t h e  B a s i c  P r o f  i c i e n c r  E x a m i n a t i o n  

come f rom t h e  A r t s  group.  The f o l l o w i n g  s u b j e c t s  a r e  1 
- < 

o f f e r e d  on t h e  Bas ic  P r o f  i c i e n c y  Examinat  i Y , ACtL 
m d  Craft ,; Bookke.;p'i ng,  Car ibbean  H i s t o r y ,  C l o t h  i ng a n d  

- Tlr'xti les, C r a f t ,  Engt i r h  A, Food and  N u t r i t i o n ,  French,  

Generat Electricitr, G e o g r a p h y ,  Home M a n a g e m e n t ,  

I n t e g r a t e d  Sc ience  1: Hathemat i c s ,  M t ,  O f f  i c e  ' 

5 

Procedures ,  P r i n c i p l e s  o f  Bus iness ,  S o c i a l  S t u d i e s ,  



Spanish, Techn ica l  Drawing, L T y p e w r i t i n g  and Woods. 

t h i s  group e v e  s tuden t  w r i  t e r  an examinat i o n  

M a t h e m a t i c s  a t  Bas ic  P r o f i c i e n c y  l e u e l .  I n  1 9 8 5 , ' 5  

w 
s tuden ts  wbote the m a t h e k t  i c s  examinat i o n  a t  t h i s  l e v e l  - 

- 

and 4 371 obtained at, l e a s t  a  passing grade. 

The 27 s u b j e c t s  o f f e r e d  on the C . X . C .  Oenpral 
L 

r o f  i c t e n c y  examin.ation i nc lude  those s u b j e c t s  o f f e r e d  a t  'Fh 
the 8 a % i c p r o i i c i + n c r  icw.1. The a d d i t i o n a l  t o p i c s  a re  

A g r i c u l  t u r o l  Science, B i o l o g r ,  Chemistry, E n d  i s h  8, 

I n t e g r a t e d  Science 2, Mathematics, Physics,  P r  i n c i p l e u  of 

~ c c o u n t . ' ~  and s h o r t h k d .  The s tuden ts  w r  i t i np the Oeneral 

P r o f i c i e n c y  Examinat ion come m a i n l y  . f rom the General group 

and a r e  l i k e l y  t o  90 i n t o  voca t i ons  ( s e c r e t a r i a l  work) o r  
- - - 

r 
pro f  e r o i  on% n o t  r r q u  i r i ng mithemat i c r  beyond the secgndary' 

school l e u e l  . - .~ , 

&sic  Prof Ici encr  Exuni nat ion 

*The c o n t e n t s  of the mathematics c u r r i c u l u m  are 

geared tcrwa~ds teach ing  the s tudent  how t o  pe r fo rm we1 1 i n  

examinat ions.  I n  t h e  f o u r t h  and f i f t h  years  the s tuden ts  

spend t h e i r  t i m e .  only on t o p i c s  they w i t  l be t e s t e d  on i n  
- - 

the examinat ion;  the f i f t h  r e a r  i s  m a i n l y  spent comple t ing  

t h e  s tudy  of t o p i c s  on the examination, and p r a c t i c i n g  on 



-, 
> 

* - 

. 20 - 
* 

a 

p r e y  i o u s  , e x m i  n a t  i o n s .  B e f o r e  t h e .  J u n e  e x a m i  n a t  i on pef%,i ad 

t h e  ) s t u d e n t s  w r i  t e  a "mockn  e x a m i n a t i o n  u n d e r  s i m i  1 a r  

r 
c o n d i  tons as t h o s e  of t h e  " r e A 1  " exami n a t  i 00 

The m a t h e m a t i c s  e x a m i n a t i o n  i n  B a s i c  P r o f i c i e n c y  
- .  . + 

c o n s t s t s  o f  t w o  p a p e r s .  On . p a p e r  '1 y o u  a r e  a1 l o w e d  l h  

3 0 m 1 n  i n  w h i c h  t o  c o m p l e t e  60 m u l t i p l e - c h o i c e  q u e s t i o n s  o n  

t h e  fa1 l&ng: 

TOD i c 

S e t s  

R e l a t i o n s  a n d  G r a p h s  

C o m p u t a t i o n  

_ Number  ' T h e o r y  

M e a s u r e m e n t  

Consumer  A r  i t h m e t  i c  

S t a t  i s t 7 c s  

A1 g e b r a  

G e o m e t r y  

Number  o f  I t ems 
- - 

On p a p e r  11  you a r e  a l l w e d  2 h  30rnin i n  y h i c h  t o  c o m p l e t e  

t h e  q u e s t  rms. T h e  q u e s t i o n s  r e q u i r e  e s s a y s  o r  sho r t  

a n s w e r s ,  and t h e  s t u d e n t s  h a v e  t o  a n s w e r  a1  1 q u e s k i o n s  i n  



t h i s  s e c t i o n .  The p e r c e n t a g e  of  t h e  t o t a l  marks  a1 l o c a t e d  

a r e  *a5 f o l l ~ r :  - 
P Too i c LhCk 

R e l a t i o n s  and f u n c t i o n s  15 

c o m p u t a t i o n  10 

Mearur  smen t 10 

Consumer A r  i thme t i c 
, - 

20 3 

S t a t i s t i c s  15 

The, s p e c i f i c  o b j e c t  i u e s  f o r  each t o p i c  on p a p e r s  .1 

and  11 a r e '  d e s c r i b e d  i n  Appendix  PI a l o n p  w i t h  examples, 

and a  copy  o f  t h o  1985 8rric P r o f i c i e n c y  e x a m i n a t i o n  i s  

i n c l u d e d  i n  Appendix  D. - T a b l e  2.2 shows t h e  number o f  

s t u d e n t s  w h o  ~ e g i  s t ~ r e d  f o r  t h e  B a s i c  P r o f  i c  i e n c r  
5 

exami na t  i on, and ' t h e  number o f  s t u d e n t s  who a c t u a l  1 y w r o t e  

t h e  examinat  + i o n s  t o g e t h e r  w i  t h  t h e  g r a d e r  t h e y  o b t a i n e d .  



Results of the Basic ~roficiency Examination 

Grades 
Year  No. E n t .  No. W r i t .  

/- 

1 11 111 1v v 



, - I n  l987, ,  the Oeneral Prof i c  i m c y  mathematics 

examination rep1 aced the .G.C.E A d d i  t i 0 n & l  l mathematics 

examination a t  the end o f  the f i T t h  y e  o f  secondary 

school . Students ' a re  responsib le f o r  a 1 mater i a1 on the 

Basic P r o f i c i e n c y  Syl l rbus ,  t h ~  canpulsorr  sec t ion  o f  the 

Oeneral P r o f  i c i  ency Syl 1 abus and three quest ions f r o m  the 

Opt i onal sect  i on  o f  the General Prof  i c i ency ry1  1 abus. The 

q u o s t  i o n s  a r e  based  on r e h t i o n s  and f u n c t i o n s ,  

t r igonometry,  and vec to rs  and mat r ices ,  and one quest ion 

must be chosen from-each category.  

C1)Relat ions and f unc t i ons  

The s p e c i f i c  obJ+ct iues f o r  t h i s  t op i c  are: 

( a )  Sketch the graphs o f  the f u n c t i o n s  o f  the form 

y = axon w h e r ~  n = 1, 2, o r  3 for ' .  g iven domains, 

{b) Draw the graphs o f  the i n ,  cosine and tangent 

f unc t i on between -360 and 360 degrees, 

i c )  F i n d  maximum and minimum ual'des o f  quadrat ic  f unc t i ons  

by the m ~ t h o d  o f  complet ing the square, 
- 

<d) Apply the idea o f  g rad ien t  b f  an area under a  curue t o  

problems i n  the p h y i i c a t  , bief,ogicaf and soc ia l  sciences, 
- 

f.) Salv+ simple quadratic i n e q u a t i t f e s ,  



( f )  Use 1 i near p rog runn i  n g  techn i quos,to 

two 1 i nea r  equa t ions .  

( 2 )T r  i v n m e t r y  , 

The s p e c i f i c  o b j e c t i v e s  f o r  th is '  t o p i c  are :  
- 

. a Recognise and use the t r i g o n o m e t r i c a l  r a t i o s  of 

s p e c i a l  ang les  e.9. 30,#45, and 60 degrees, I,  

(b) Prove s imp le  t r ~ i g o n u n e t r i c  i d e n t i  t i e s  c o n t a i n j n g  s i ne ,  

cosine,  and tangent ,  

C C )  Solve p r a c t i c a l  problems i n u o t v i n g  heights and 

dl r.tanceo i n  easy t h r e e  d imens iona l  

(d) Use v e c t o r  a r  i thmet i c  t o  s o l v e  

the  p h y s i c a l  wor ld ,  

( 6 )  C a l c u l a t e  tAhe d i s t a n c e  between 

s i  t u a t  i ono, 

prob lems wh ich  bccur  i n  

p o i n t s  on t he  e a r t h  as 

r sphere, measured' along p a r a l l e l s  o f  l a t i  tude o r  

m e r i d i a n s  o f  l o n g i t u d e ,  - 

4 f )  Determine the  lrt i tude and l o n g i t u d e  o f  a  p o i n t  on 
. r 

\ e a r t h ' s  s u r f a c e  g i v e n  i ts. d i s t a n c e  f rom ano ther  p o i n t  

whose p o s i t i o n  i s  known, 

ms 

(3 )  V e c t o r s  and M a t r i c e s  

a Per fo rm  t rans fo rma t  i o n s  such as  ~ n l  argements, 

r o t a t i o n s ,  r ~ f I * c t i o n s ,  shears  and s t r e t c h e s  on a 2 by 2 
IP 

M ~ P / X *  



* (b) G i v e  t h e  t r a n s f o r m a t i o n  b q u i u a l e n t  t o  two l i n e a r -  

t r a e s f o r m a t i a n s  o f  a 2 by 2 m a t i x  i n  t h e  p l a n e  where  t h e  
- t 

o r i g i n  r e m a i n s  f i x e d ,  

( c )  F i n d  t h e  d e t e r m i n a n t  of  a 2 by 2 m a t r i x ,  

(d) I d e n t i f y  a  s i n g u l a r  m a t r i x ,  

< e )  F i n d  t h e  i n v e r s e  o f  a n o n - s i n g u l a r  m a t r i x .  

The s p e c i f i c  o b j e c t i v e s  of  

P r o f  i c i e n c y  syl l a b u s  w h i c h  have 

B a s i c  ( C O ~ Q )  s y l l a b u s  

2.4 shows t h e  number 

Genera l  P r o f  i c i oncy  

s t u d e n t s  who a c t u a l  1  Y 

a r e  d e s c r i  

t h y  top&. i n  t h e  & e r r 1  / 

/ 

n o t  been i n c l  u d e y  i n  thw 

bed  i n  Appendix  8. T a b l e  

o f  s t u d e n t s  who r e g i s t e r e d  f o r  
. 

e x a m i n a t i o n ,  and &he number 

w r o t e  t h e  exun i  n a t  i ons  t o g e t h e r  

t h e  

of 

w i t h  

t h e  g r a d e s  t h e y  o b t a i n e d .  1 Tab14 2 .4  t h e  g rades  
/ 

a rs i7gned  a r e  I, 11, 111, IU, and  U. , Orade -I- r e p r e s e n t s  u 

d i s t i . n c t i o n ,  g r a d e  11  i s  a c r e d i t ,  g rade 111 i s  a  p a s s i n g  

marY , and  g r a d e s  I V  and U - a r e  f a i l u r e s  i n  ma themat i cs  a t  

t h e  f i f t h  yea r  l e v e l .  T a b l e  2.3 s h a r s  t h e  t o t a l  number of 

s t u d & t s  w h o  passed  e i  t h e r  t h e  B a s i c  o r  General  - 

P r o f i c i e n c y  e x a m i n a t i o n s  a t  t h e  f i f t h  y e a r  l e u e l .  



table 2.3 

4ccumuloted Results of t h e  C.X.C.' Examinations . 

B a s i c  and Gener'al P r o f i c i e n c y  Examina t ians  

1981 1984 1985  1984 

N u m b e r - E n t e r ~ d  1 8 4 5 3  t 22 695  22 480 1 9  399 
t 5 

Number W r i t i n g  16  524 19  808 -17 255 1 7  932 7 
Number Passed 8 0 6 3  . 8 351 8 478 8 246 

, 



Table  2.4 . 
Rerul ts  of the General P ro f i c iency  Exuni  n a t  i on , 

O r  ades 

Year  No.Reg. No.Writ 
1 11 a 1 1 1  1V u 

Percentages 
7 



Advanced Leve 1 Exam i na t i on 

The B a s i c  P r o f  i c  i e n c y  and  t h e  Genera l  P r o f  i c i e n c y  
a 

e x a m i m a t i o n s  a r e  w r i t t e n  a t  t h e  f i f t h  y e a r ,  The n e x t  s t e p  

i s  s t 'udy a t  t h e  Advanced l e v e l ,  b u t  i t  i s  i m p o r t a n t  t o  
- - 

n o t e  t h a t  t h e  d e c i s i o n s  made a t  t h e  t h i r d  y e a r  when t h e  

s t u d e n t s  a r e  p l p c ~ d  . i n  t h e  s c i e n c e ,  g e n e r a l  o r  a r t s  

c a t e g o r i e s  a r e  now i m p o r t a n t  becaclse s t u d e n t s  f r o m  t h e  

a r t s  

P r  i o r  

s t u d y  

c o r e  c a n n o t  

t o  t h e  J u n e .  

m a t h e m a t i c s  

t a k e  ma thema t i - cs  a t  Advanced  L e v e l .  

1987 e x a m i n a t i o n ,  a s t u d e n t  c o n t i n u e s  t o  

o n l y  i f e h e  h a s  o b t a i n e d  a pass o n  t h e  

Genera l  P r o f  i c ' i  e n c y  exami n a t  i on a n d  t h e  " A d d i  t o n a l  ' 

m a t h ~ m a t i c s  e x a m i n a t i o n .  S i n c e  t h e  G e n e r a l  P r o f i c i e n c y  - 

e x a m i n a t i o n  h a s  been r e v i s e d ,  a pass on t h e  ' G e n e r a l  

P r o f  i c i e n c y  e x a m i n a t i - o n  i s  r e q u i r e d  f o r  f u r t h e r  s t u d y  i n  
i' 

mathemat i c s .  A t  t h i  s s t a g e ,  s t u d e n t s  who a r e  s u c c e s s f u l  

C*- 

i n  t h e  Gene ra l  P r o f  i c i e n c y  e x a m i n a t i o n ,  t h a t  i s ,  t h o s e  who 

o b t a i n e d  a  p a s s  i n  t h r e e  o u t  o f  e i g h t  s u b j e c t s  i n c l u d i n g  

mathernat i c s ,  have  t h e  o p t  i o n  t o  s t u d y  t h r e e  S u b j e c t s  p l u s .  - 

t h e  c o m p u l s o r y  s u b j e c t  Gene ra l  Paper  f o r  t w o  y e a r s .  The 3 
/ 

s u b j e c t s  mus t  a l l  be i n  one c a t e g o r y ;  f o r  example,  / / 

( a )  H i  s t o r y ,  Geography,  a n d  Eng l  i sh  L i  t e r a t u r e ,  

(b)  H i s t o r y ,  Geography,  a n d  E c o n m i  c s ,  



i c )  H i s t o r y ,  Eng l  ish L i  t e r a t u r e  and Economics,  

(d) P h y s i c s ,  C h e m i s t r y  and  M a t h e m a t i c s ,  

( a )  C h e m i s t r y ,  Zoolo<y and  M a t h e m a t i c s ,  , 

- ( f >  Z o o l o g y ,  B o t a n y  and  M a t h e m a t i c s  e t c . .  

Of c o u r s e  t h e s e  c h o i c e r  a r e  c o n t r o l  l e d  by o t h e r  + A c t o r s  

s v c h  a %  t h e  a v a i  l a b i  1 i t y  o f  r u i  t a b l e  t e a c h e r s  i n  t h e  
- f l .  

s c h o o l  s, a n d  t h e  f a c  i 1 i t i ~ s  w a i  1 a b l  l i n  t h e  s c h o o l  r s u c h  
a 

as 1 a b o r a t o r y  equ  i pment . The Advanced I eve1 mathemat i c s  - - I 

e x u n i n a t i  on c a n  be w r  i t t e n  i n  s e v e r a l  f o r m s  where  t h e  - 

emphasi s changes  f o r  e a c h  e x u n i  n a t  i o n .  

The  Mathemot  i c s ,  Advanced  L e v e l  exam1 n a t  i on i s  set by 

Cambr idge  U n i v e r s i t y .  The  m a t h e m a t i c s  Advanced  l e v e l  
- 

s y l l  o b i  B and F u r t h e r  B w e r ~  w i  t hd rawn  i n  1986. S y l  1 abi 

A, B a n d  P u r e  m a t h e m a t i c s  w i l l  o v e r l a p  w i t h  ~ y i l r b i  C and  
Y 

F u r t h e r  C i n  1987,  and syl l a b i  A, 8 a n d  ~ r ; r e  = a t h e m a t i c s  

~ i i 1  b e  ~ Q ~ O V Q ~  i n  1988. From 1988  t h e  s t u d e . n t s  w i l l  

w r  i t e  on1 y t h e  S y l  1 a b u s  C a n d  F u r t h e r  S y l  1 abus  C Advanced 

l e v e l  ' examina t  i o n s .  T a b l e s  2.3 a n d  2.6 show t h e  number o f  

s t u d e n t s  w r  i t i ng t h e  Advanced  1 e v e l  e x m i  n o t  i ons,  a n d  t h e  

g r a d e r  o b t a i n e d  by t h e  s t u d e n t s  w h o  w r o t e  t h e  . 

e x a m i n a t i o n s .  The g r a d e s  r a n g e  f r o m  t h e  h i g h e s t  g r a d e  A 

to  a f a i l u r i  F. 



Table 2.5 

Number a+ students tak ing  the Advanced Leve l  

Y e a r  

Exam ina t i on '  

S Y ~  1 abus' A 

S y l l a b u s  B 

Pure Mathemat i c s  1.0 

Fur  t h s r  Syl 1 abus A 27 

F u r t h e r  Syl 1 abus 8 1'9 

, F u r t h e r  Syl 1-abus C - - - 20 

Total  



Tabla 2.6 

D i s t r i b u t i o n  o f  Grades obtained on the 

Advanced Lev'el Examinat ion 

Grades 

- 
- r 

Year  A B C D E 0 F T o t a l  

T o t a l  405 490 288 322 622 619 497 3201 
- 

T o t a l  = Total number o f  s t u d e n t s .  

0 = Pass a t  a l e v e l  o+ t h e  G e n e r a l  P r o f i c i e n c y  

E x a m i n a t i o n .  



B 

The A d v a n c e d  l e v e l  e x a m i n a t  i o n  c o n s i s t s  o f  t w o  
d 

t h r e e - h o u r  p a p e r s  e a c h  w o r t h  90% o f  t h e  t o t a l  m a r k s .  T h e  

.Gdwanced 1 eve1  m a t h e m a t i c s  e x a m i n a t i o n  SYI 1 abus C c o n s i ' s t s  

of b u r  p a p e r s .  Every s t u d e n t  m u s t  w r i  t e  P a p e r  1 w h i c h  

c o n s i s t s  o f  s e v e r a l  b r i e f  q u e s t  i o n s ,  a n d  s e v e n  l o n g e r  

q u e s t  i o n s .  On p a p e r  1 s t u d e n t s  m u s t  a n s w e r  a1 1 t h e  br i e f  

q u e s t  I o n s  a n d  % f o u r  o f  t h e  s e v e n  1 o n g e r  q u e s t  i o n s .  

t h e  t w o  y e a r s  t h e  s t u d e n t  h a s  s p e n t  s t u d y i n g  f o r  t h e  

A d v a n c e d  l e v e l  e x a m i n a t i o n  o n l y  t w o  t o p i c s  w o u l d  be 
7 - 

t a u g h t ,  a n d  s t u d e n t s '  w i l l  w r i t e  7 o u t  o f  10 e x e m i n a t i o n  

q u e s t  i o n s  o n  t h e s e  t w o  f _ o ~ i  c s .  S t u d e n t s .  m u s t  w r  i t e  s e v e n  

q u e s t  i o n s  o n  t w o  o f  t h e  t h r e e  papers ;  P a p e r s  2,  3 a n d  4 

c o n t a i n  f i v e  q u e s t i o n s  e a c h  on P a r t i c l e  M e c h a n i c s ,  

P r o b a b i l i t y  and S t a t i s t i c s ,  a n d  P u r e  M a t h e m a t i c s .  

The A d v a n c e d  l e v e l  m a t h e m a t  its e x a m i n a t  ion F u r t h e r  

S y l  l a b u s  C c o n s i s t s  o f  f o u r  t h r e e - h o u r  p a p e r s  f r o m  w h i c h  

t5Q s t u d e n t  d o p s  P a p e r  I ,  a n d - a n o t h e r  one of P a p e r s  2 $  3, 

a n d  4 ,  P a p e r  1 c o n t a i n s  12 q u e s t i o n s  o n  algebra ,  
- - 

a1 g e b r a i c  s t r u c t u r e ,  a n a l y s i s ,  c o m p l e x  n u m b e r s ,  m a t r i c e s  

and 1 i n e a r  s p a c e s ,  a n d  u e c t o r s ;  t h e  s t u d e n t  i s  e x p e c t e d  t o  

c o m p l e t e  s e v e n  of t h e  12 q u e s t i o ~ s .  P a p e r s -  2 and 3 

c o n s i s t  gf t e n  q u e s t  i o n s  each  o n  r n e c w i c s  a n d  s t a t i s t i c s  

r e r p e c t i v e l r .  P a p e r  4 c o n s i s t s  15 q u e s t i o n s  w i t h  f i u e  



questions each on mechanics,  s t a t i s t i c s  and numer i ca l  - - 
a n a l y s i s .  On Papers 2, 3, and 4, the  s t u d e n t  i s  expec ted  

t o  compl e t e  seven ques t  i ons. The spec i f i c  o b j e c  t i u o s  o f  

S y l l a b i  C and F u r t h e r  C ar,e g i v e n  i n  Appendix  C, and the  

t o p i c s  wh ich  a re  c m o n  t o  b o t h  s y l l a b i  C and F u r t h e r  C 

7 are- the f o P l  mi ng:  

1. A d d i t i o n ,  s u b t r a c t i o n ,  mu1 t i p 1  i c a t i o n ,  d i v i s i o n  and 

fac tor .  i -ng o f  p o l  ynun i  a1 s; 

2. Given a  q u a d r a t i c  e q u a t i o n  i n  one v a r i a b l e :  

( a )  s o l u e  t he  e q u a t i o n ,  

( b )  f i n d  maxima and min ima by c o m p l e t i n g  t he  square,  

- 
( c )  sketch t he  graph;  

- 

3. Graph ing  of po l r nom ia1s  and s imp le  r a t i o n a l  

f unc  t i ons; 

Graph a f u n c t i o n  and i t s  i n v e r s e ;  - 

F i n d i n g  the  sum of f i n i  t e  s e r i e s ;  

D i f f e r e n t i a t i o n  and i n t e g r a t i o n  o f  sums, differences, 
P 

p r o d u c t  and quo t  i e n t  f u n c t  i ons ;  

; 
Use d i f f e r e n t i a t i o n  i n  f i n d i n g  g r a d i e n t s ,  max~ma,  

min ima,  r a t e s  of ch?.nge and cu r ve  s k e t c h i n g ;  

Use s i m p l e  l o g a r i t h m i c  and e x p o n e n t i a l  f u n c t i o n s ;  

Use simp1 e t schn  i  ques  o f  i n t e g r a t i o n ,  i n c l u d t  ng  
-- 

- i n t e g r a t i o n  b y  s u b s t i t u t i o n  and by p a r t s ;  



- 

1 0 .  S k e t c h  t h e  g r a p h  o f  s i m p l e  t r i g o n o m e t r i c  f u n c t i o n s ;  

1 1 .  P r o v e  s i m p l e  t r i g o n o m e t r i c  i d e n t i t i e s ;  

12. G i v e n  a m a t r i x ,  f i n d  t h e  t r a n s p o s e  m a t r i x ,  t h e  
- 

i n v ~ r s e  m a t r i x ,  a n d  t h e  d e t e r m i n a n t ;  

13. Use t h e  p r o p e r t i e s  o f  complex numbers;  such a s  sum, 

p r o d u c t ,  a n d  q u o t i e n t  . o f  two- complex numbers ,  a n d  

De M o i v r e ' s  theorem.  
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Figure 2.1 St ruc ture  of Trini-dad and Tobago Education SjhSitm. 



M P T E R  THREE 

COMPUTER C O U R S W R E  

Computer  a l g e b r a  s y s t e m s  e x i s t  w i t h  t h e  c a p a c i t y  t o  

m a n i p u l a t e  a l g e b r a i c  w m b o l s  a n d  t o  p ~ r f o r m  a l g e b r a i c  - - 

o p e r a t  i on% a t  speeds  n e u e r  b e f o r e  t h o u g h t  p o o s i  b l  e. The 

b e s t  known c m p u t e r  a l g e b r a  s y s t e m s  a r e  MACSYMA, d e u e l o p e d  

a t  t h e  M a s s a c h u r e t  t s  fnst i t u t e  f T ~ c h n o l  ogy;  

d e u e l o p e d  a t  S t a n f o r d  U n i v ~ r s i  t y ,  t h e  U n i u e r s i  t y  

and  Rand C o r p o r a t i o n ;  SCRATCHPAD, d e v e l o p e d  

REDUCE, 

o f  U t a h  

by t h e  

I n t e r n a t i o n a l  B u s i n e s s  M a c h i n e s  C o r p o r a t i o n ;  SIP, 

d 8 v e i o p e d  a t  t h e  Ca1 i f o r n  i a I n s t i  t u t e  o f  T e c h n o l o g y ;  and 

ALTRAN, d e u e l o p e d  a t  Be11 l a b o r a t o r i e s .  However,  t h e  b e s t  

k n o w n  c o m p u t e r  a l g e b r a  s y s t e m  aurl  l a b l e  f o r  t h e  

m i c r o c o m p u t e r  i s  a r e d u c t i - o n  o f  MACSYMA known as muMath 

d e u e l o p e d  a t  t h e  S o f t  Wirrchoura i n  H o n o l u l u .  MuMath i s  

w r i t t e n  i n  a p r o g r a m i n g  l anguage  c a l  l e d  musimp d e s i g n e d  

by D a v i d  S t o u t e m r ~ r  a n d  A l b e r t  R i c h ,  a n d  i s  a v a i l a b l e  f o r  
-- - 

t h e  A p p l e  11,  R a d i o  Shack, IBM and TRS-80 m i c r o c o m p u t e r s .  

MuMath i s  d e s c r i b e d  .by P a u e l l e ,  R o t h o t e i n  a n d  F i ' t c h  

(1981) ,  S t e e n  (19811,  a n d  W i l f  (1982) as t h e  moo t  

s o p h i s t i c a t e d  a n d  w i d e l y  w a i l a b l e  c o m p u t e r - a l g e b r a  s y s t e m  

av.1 t a b l e .  I t s  a l g e b r a i c  a n d  a n a l r t i c a 1  o p e r a t  i o n s  a r e  

b e y o n d  . the c a p a b i  1 i t i e s  o f  programmi  n g  1 anguages  s u c h  as 



BASIC and F o r t r a n .  Because o f  t h e  a b l i l i t y  o f  muMath t o  

m a n i p u l a t e  a b s t r a c t  symbol i c a1 ~ e b r a i  c  e x p r e r s i  on%, muMath 

war  chosen a s  t h e  courseware most  l i k e l y  t o  be implemented& 

i n  t h e  c l a o s r o m .  MuMath p ~ r f o r m s  a s  a  m a t h e m a t i c i a n ,  

w o r k i n g  wi t h  symbols  and 1 aav i ng c a l  c u l  a t  i on8 t o  t h e  f i n a l  

s t e p .  Stean s a y s  ' They do a l g e b r a ,  and c a l c u l u r ,  and 

1 i n e a r  a l g e b r a ;  indeed, t h e y  do v i r t u a l  lr * w r y t h i n 9  
I 

t a u g h t  i n  t h e  f i r s t  two y e a r s  o f  u n i u e r s i  t y  mathemat ics. '  

( p .  250). These computer a l g e b r a  sys tems w i l l  change t h e  

s k i l l s  r e q u i r e d - b o t h  i n  t h o  ' r e a l  w o r l d 4  and i n  i n s t i t u t e s  

o f  h i  gha r  1 e a r n  i ng, and ~ v e n  t u a l  1  y t h e  schoo l  c u r r  i c u l  urn. 

Because computer  a l g e b r a  s r s t e m s  have p r o v e d  t o  be v e r y  

u s ~ f u l  t o  mathemot  i c i  ans, sc i e n t  i r t s  and even s t u d e n t s ,  

t h e  capab i  I # . . t i e s  o f  muMath w i l l  be d i s c u s s e d  i n  t h e  

f o l  l o w i n g  s e c t i o n s  t o  d e t e r m i n e  i t s  s u i  t o b i  1 i t y  f o r  the  

c 1 aosr o m .  

U s i n g  'muMath on t h s  App le  1 1  computer Is a s  

conven i en  t and i n t e r a c  t i V +  a u s i  n g  a  p o c k e t  c a l  c u l  a t o r .  

E x p r ~ s s i o n o  are t r a n s f o r m e d  and s i m p l i f i e d  when t h e y  a r e  

e n t e r e d ,  and e x a c t  r a t i s n a l -  a r i t h m e t i c  and e x a c t  i n f i n i t e  
1 

a r i t h m e t i c  up t o  611 d i g i t s  a r e  pe r fo rmod .  For example, 

r 



Hence t h e  use  o f  muMath i n  t h i r  c a l c u l a t o r  mode e l i m i n a t e s  

t h e  n e e d  t o  w r i  t e  a n d  e n t e r  l o n g  p rograms.  F o r  example,  

e x p r e s s i o n s  can  be  expanded  o u e r  a  c m o n  d e n o m i n a t o r ;  
\ 

'9 
c o m p l i c a t e d  t r i g o n o m e t r i c  e x p r e s s i o n s  c a n  b e  w r i t t e n  i n  

t e r m s  o f  t h e  s i x  b a s i c  t r i g o n o m e t r i c  i d e n t i t i e s ;  1 i n e a r  

s y r t e m r  and  q u a d r a t i c  e q u a t i o n s  c a n  b e  sol wed; t h e  n r o o t s  

of an n t h  d e g r e e  p o l r n a n i a 1  c a n  b e  found; m a t r i x  i n u e r s e s ,  

m a t r i x  p r o d u c t  and m a t r i x  dot p r o d u c t  c a n  b e  p e r f o r m e d  

when t h e  e n t r i e s  a  non-numer i c; 

'""7' c a l  c u l  us 

f e a t u r e s  1 1  one t o  p e r f o r m  smbol i c  i n t e g r a t i o n  

/ 
< d e f i n i t e  a n d  i n d e f i n i t e ) ,  f i n d  d e r i u a t i u e s ,  1  i m i t s  a n d  

I 

summat ion of  sequencer .  The u s e r  i s  f r e e  t o  e x p e r i m e n t  by 

e n t e r i n g  and  m o n l p u l ~ t i n g . f o r m u l a ~  a n d  c a n  i r n m c d i a t e l r  sqe  
I 

r e s u l t s .  muMath ~ m p l o y s  t h e  m a t h e m a t i c a l  s m b o l s  t h a t  t h e  

c u n p u t e r  does f o r  t h e  m a t h e m a t i c a l  o p e r a t  ions, for a x u n p l e  

f o r  e x p o n e n t s  

/ for d i v i s i o n .  
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F i g u r e  3.1 H i e r a r c h i c a l  S t r u c t u r e  o f  muMath. 



I n  the pwagr?&hs be,low, . t he  conten ts  o f  t h e .  

d i f f e r e n t  f i l e s  w i l l  be descr ibed and t f i e  ope ra t i ons  

r l l ' owed i n  each f i l i  w i l l  be ~ i u e n ,  

In W,CP the symbolst *, / , - + , 0 are  

used f o r  m u l t i p l  i c a t I o n , ' d i u i s i o n ,  sub t r ac t i on ,  a d d i t i o n ,  - 
and bracket  i ng / T h i s  t i l e  does n o t  so lve n ! ,  y'x, and 

o the r  more t unp i  i c a t e d  comput r t i  o n s  Cb-l ,/ 

- I n  musimp as many f i l e r  ,as YO need can be e n t e r ~ d  

? i n t o  the running.  system (accord ing  t o  ' the mathematical 

h i e ra r chy ) .  If one i s  u s i n g  the f i 1 Eqn.Algebra and 

needs t o  f i n d  the r o o t  o f  r n  aquat ion,  then the f i l e  

So1ve.Eqn can be added which g i v e r  a s o l u t i o n  t o  the 

problem. 
a b 

fir i th  .Mu* per fprms r a t i o n a l  a r  i thmet i c a i  ogerat  i on* 

such a  add i t i on ,  s r ib t rac t ion ,  d i u i s i o n ,  mu1 t i p 1  i c a t i o n ,  
/ b 

f a c t o r i a l s  an* powers. r e  you can work i n  d i f f e r e n t  

1 

barer ,  +ran two t o  t h i r t y - s i x ,  by s imp ly  u s i n g  FZADIX I 
/ 

<<base>) 'where the l e t t e r s  A, 8, C, D, ... denote the 
G 

d ig i  $4 10, 11, 12, 13, .... You can per fo rm modulo 

a r i t h m e t i c .  We can f i n d  p rea tes t  camon denominator, 

l a w s t  cocrrrton multipte, absolute values, l eng ths  o f  n!, 

y ' x ,  and minimum int+gw-. i f  s o i u t i o n s  are p r ~ q e r r e d  i n  
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i 

t h e  d i c i m a l  f o rma t  r a t h e r  t h a n  t h e  r a t i o n a l  , f r a c t i o n a l  

f o r m  you  use  ' P O I M I  10%' f o r  ten dec ima l  p l a c e s .  

Some curunon n o t a t i o n s  a r e  i n t r o d u c e d ;  ' 

UE - t h e  base o f  t h e  n a t u r a l  l o g a r i t h m  2.71828 

#I - t h e  q u a r e  r o o t  of -1 

UP1 - t h e  r a t i o  o f  t h e  c i r c u m f ~ r e n c e  o f  t h e  c i r c l e  t o  t h e  

d i a m e t e r .  f 

- Some examples  of  t h e  c a l c ~ l a t i ~ n +  w h i c h  can  be.  p e r f o r m e d  

us ing t h i s  f i l s  a r a r  

# € < # I  x ##PI) , -1 

LENGTH (loo!) = 158 

GCD (23 678, 549 999) = 1  

GCD ( 54 386 742, 2 159 830 521) = 3 ( C a l c u l a t i o n  

takes I e r o  than 1  second.) 

us ing ar i t h m e t i c  o p e r a t  i,ons. The f o l  l a r i n g  comnands can 

be  used: 



N W W -  c o n t r o l s  the d i s t r i b u t i o n  o f  fa;torr i n  the 

numerator o f  an expression ouer 9 sum i n  the numerator 

I * ( b  + C )  <----> /b + a*= 

DP(DEN- c a n t r o l s  .the d is$k ibut ion o f  f a c t o r s  i n  the 
/ 

/ 

denominator ouer a rum in/The denominator- 
/ 

> ~ / a  * ~ / < b  + c)' <--- > 1/ (a*b + a*c> 
?. 

DENNUM c o n t r o l s  the d i s t r i b u t i o n  o f -  f a c t o r s  i n  the 
k 

denominator o f  an expression over a  sum i n  the numerator 

BASMP c o n t r o l s  the d i s t r i b u t i o n  o f  tho BASE o f  an 

expresr i  on over the exponent 

a'(b + c )  <---- > a'b * a ' c  

MPBAS con t ro l 4  the d i s t r i b u t i o n  o f  the exponent of  an 

expressi on ouer the WSE 

PWREXPO con t ro l 8  whether or  not  in teger  powers o f  sums are 
- 

expanded i n numerators and/or denmi  na to rs  

Z E R O M P T  c o n t r o l s  the use o f  the f o l l o w i n g  i d e n t i s t y  t ha t  

/ 

i s vr12id f o r  a1 1 r not  equal t o  0 .  

a-0  ----- > 1 
L P  

Z E R O B A S  controls t h e  us+ o f  the f o l l o w i n g  i d e n t i t y  which 

i s  unly u a l  i d  fur pasi t i u e  r 



F o r  example,:.MPQ expand= t h e  nurneFator and d e n a n i n a t o r ,  

and then- w a l  u a t e s  and a x p r e s s i  on, 
B 

and FCTR s e m i - f a c t o r i  t h e  numera tor  and denominator ,  

FCTR C(x2 + 2 . x  + 1 ) / (1  + x ) l  = C1 + x ( 2  + x ) l / ( l  + x ) .  

Ean .A lq  ,at lows equa t  i o n s  t o  be s o l v e d  s t e p w i  re ( y o u  
/ 

have t o  g i v e  t h e  n e x t  s t e p  m a n u a l l y ) .  . - N o t a r  you must  

d i s t i n ~ u i s h  between = and -, where i n  t h e  f i r s t  c a r e  t h e  

eq "d a t i o n  i i  p u t  i n  a s i m p l e r  f o r m  and i n  t h e  second i t  

s o l v e s  an e q u a t i o n  f o r  a  g i v e n  1 r i a b l e .  An example o f  

t h i s  p r o c e d u r e  is: 

~olve,Ean f inda t h e  r o o t s  o f  a w i d e  i t  o f  

e q u a t i o n s  by s o l v i n g  f o r  x  d o i n g  a11 s t e p s  a u t o m a t i c a l l y ,  

#or  example, SOL* ( ~ 6  + 2 . ~ 4  , 
X )  & n e r a t e r  t h e  - x 2 ,  , 

v a l u e s  x  = - # I ,  x  = 01, and x  - O , . m d  SOLVE ( x 2 1  
+ 1, x )  

@ 

g e n e r a b r  21 v a l u e r  f o r  x t 



Y performs simple a r i t h m e t i c  o p e r r t i c n s  on 

a .  The follow in^ n o t a t  ions a re  used: 



C 2 c o l u m n  v e c t o r  . a t s o  f - <CTRL-L> 

i: 1 r o w  v e c t o r  also C - .<CTRL-K> 
. - 

3 - C S H I F T  M >  

C C a , b , c l ,  t d , e , f l , C g , I ~ , i l  ? a n  a r r a y  w i 2 h  3 rob5 and 3 
> 4 

c o l u n ~ r r s .  G i u e n  t h e  r n o t r  i x  A = C Cl, 33 ,  16, 51 , t h e n  - 
y o u  c a n  e a s i l y  f i n d  A ^ - 1  C C-5/13, 3/13] ,  

C6/13, -t/131 , D e t  ( A )  = -13,  and A - 2  = ClP, 181, 

C36, 431 3 .  

M a t r . i x . A r r  p e r f o r m s  s u c h  m a t r i r  o p e r a t  i o n s  as  n r a t r  ix 

t r a n s p o s e ,  rnui  tip1 i c a t i o n ,  p o w e r  a r i d  i n v e r s e .  One c a n  

a l s c r  f i n d  t h e  d e t e r m i n a n t  o f  a n l a t r ~ x  a s  w e l l  a s  t h e  dot  

p r o d u c t  . 
D o t  P r o d u c t :  a r r - a y l  . a r r a y 2  

D e t e r m i n a n t :  D e t  (a i - r -ay>  is 

I d e n t i t y  m a t r i x :  IDMAT ( < p o s i t i v e  i r ~ t e g e - r > >  

T r  a n s p o a e  : a r r a y  <CTRL-L> 

P o w e r s :  arr -ay (CTRL-R> 

I n v e r s e :  a r r a y  - 1  

I f  a m a t r i x  is a  s q u a r e ,  n o n s ~ n g u l a r  m a t r  I x ,  t hen  

B/A i s  e q u i v a l e n t  t o  k * < B A - 1 ) .  

Sane e x a m p T e s  o f  m a t r i x  o p e r a t i o n s  a r e :  

d e t  C t 1  1  11, Ca b c l ,  [ a 2  t2 c213 



L o ~ a r i  t i v n . A l q  p e r f o r m s  log s i rnp l  i c a t i m  S U C ~  as 

- .  

T r c r a o s . A l q  p e r f o r m s  the s imp1 , i ca t i on  o f  positive 

tr ~ g o n c u n e t r  i c  exp ress i  ons by r e d u c  i ng  compl i c a t e d  

t r r g o n w n ~ t r ~ c  f u n c t  ~ o n s  t o  e x p r e s s i o n s  c o n t a i n ~ n g  o n l y  
-- 

5rnes and cosines and replacing t r i g o n w r i c  f u n c t i o n s  
h 

r a i s e d  tc, an i n t e g e r  p o w e r  g r e a t e r  than one t o  1 i r iear  

e x p r e s s ~ o n s .  The c o n t r o l  v a r i a b l e s  a r e :  



TRGBPD: 2% ( o r  a n y  m u l t i p l e  o f  2 )  c o n u e r t s  an e x p r e s s i o n  

t o  on+ c o n t a i n i n g  o n l y  s i n e s  and  c o s i n e s ,  

TRGSQ: 1 c o n v e r t s  an d x p r e s s i o n  c o n t a i n i n g  p o w e r s  o f  

s u n d r y  t r i g o n m e t r i c  f u n c t i o n s  t o  one c o n t a i n i n g  c o s i n e s  

TRGSR: 3 r e p l a c e s  an e x p r e s s i o n  c o n t a i n i n g  p r o d u c t s  o f  

s i n e s  a n d  c o s i n e s  by one c o n t a i n i n g  1 i n e a r  c o m b i n a t i o n s  o f  

s i n e s  a n d  c o s i  n + s  o f  a n g l  e  &ms, C 

TRGEXPD : 5% t o r  any  m u l t i p l e  o f  S) r e p l a c e s -  i n t e g e r  

powers o f  t r i q o n o m e t r i c  f u n c t i o n s  b y  s i n e s  and  c o s i n e s ,  

and r r p l a c e s  p o w e r r  and p r o d u c t s  o f  s i n e s  by , I  i n e r r  

c m b i  n a t  i o n s  o f  c o s i n e s ,  o r  u i ce -ve rsa ,  

c o s  2 ( A ) . s i n ( & >  = r i n ( A )  /4 + s i n ( % )  /4  

T r ~ n o ~ , A l p  s imp1 i f ~ e s  t r i g o n o m e t r i c  a rgumen ts .  The 

c o n t r o l  war i a b l ~ s ,  d e s c r i b e d  - f o r  - T r g p o s . A l g ,  p e r f o r m  t h e  

o p e r a t  i o n s  i n  t h e  .rep1 acernent o f  t r i g o n m e t r  i c  f u n c t i o n s  

by mu1 t i p l  e  an91 o r  a n d  a n g l  a r u m s .  A n g l e s  a r e  asrurn+d t o  

be measu red  i n  r a d i a n s  a n d  e  s ine,  + o r  example, i r 

d e n o t e d  by A S I N ,  



P i  f . A ~ Q  p e r f o r m s  t h e  f ir%t p a g t i a l  d e r  i y a t  i v e  o f  an 

e x p r e s s i o n  w i t h  r e s p e c t  t o  a  v a r i a b l e  g i v e n  t h e  command 

D I F  ( e x p r e s s i o n ,  v a r i a b l e ) .  H i  g h s r - o r d e r  p* r  t i a1 

d e r i v a t i v e s  can  be o b t a i n d d .  I f  t h e  d i f f e r e n t i a t i o n  r u l e  

i s  n o t  known t o  t h e  sys tem,  you  o b t a i n  a 

b u t  you can a d d  new d i f f e r e n t i a t i o n  

f u n c t i o n s  o r  o p e r a t o r s .  Some examp les  o f  

D i f  .AFg are: 

D I F  ( 3 x 2  + a x  = x + a ) / i 3 x 2  + a x ) )  

DIF <#EX. tan(x ) /x ,  x )  - 

V P ~ U Q  o f  Z e r o ,  

r u l e s  f o r  new 

c a p a c i t y  o f  

- - u E x . ~ ~ / x ~  + € . s e c x / x  + #EX. tan(x) /x .  

I n t . D i f \ p ? r f ~ r m s  d e f i n i t e  symbol i c  i n t e g r a t i o n  g i v e n  
C 

t h e  cunmand INT ( e x p r e s s i  on,  war i a b l  a ) .  

INT - < 2 . ~ / ( ~ 3  + I > ,  x )  = 
i 

1 1 0 g , ( x 2  - x  + 1)  - l o g  ( I x  + 1'1) I / 3  

Intrnore.Int ir an  e x t e n s i o n  o f  I n t . D i f  w h i c h  - p e r f o r m s  

I n d e f  i n i  t e  i n t e g r a t i o n  and e n P b l + s  one t o  p e r f o r m  more  



h 49 

compl i c a t e d  d i f f e r c n - t  i a t i o n .  Add i  t i o n a l  i n t e g r a t i o n  r u l e s  , 

c a n  be added. Some examp les  a r e ;  

OEFINT ( ~ 2 ,  - - x ,  0 ,  1 )  = 8/3 

T 
DEFINT ( 3 a . ~ 2 , . ~ ,  0 ,  - 1 )  = a 

- 

T a y l o r . D i f  f o r m s  T a y l o r  s e r i e s  e x p a n s i o n  g i u e n  t h e  

command TAYLOR ( e x p r e s s i  on,  war i a b l  e ,  exp r ' oss i  on p o i n t ,  

L i m . D i f  o r  1 i m i  t s  o f  f u n c t i o n s  p e r f o r m s  t h e  o n e - s l d e d  

l i m i t  o f  a m a t h e m a t i c a l  e x p r e s s i o n  as one o f  i t s  u a r l a b l e r  

a p p r o a c h e s  a v a l u e  f o l  l o w i n g  t h ~  corrmand 

L I M  ( a x p r e s s i o n ,  u a r i a b l e ,  p o i n t ,  TRUE). 

( 1 )  L i m i t  is '  a  f u n c t i o n  w h i c h  g i v e s  t h e  l i m i t  o f  t h e  

a x p r e s r i  on a i t s  war i abl a p p r o a c h i s  t h e  p o i  n t  . The - 

o p t i o n a l  TRUE a s k s  f o r  t h e  l i m i t  f r o m  t h e  l e f t .  I f  FALSE, 

o r  n o t  r e q u e s t e d ,  t h e  1  i m i  t i s  o b t a i n e d  f r o m  t h e  r i g h t .  

(2) L i m i t  c a n  be  PINF or MINF d e n o t i n g  p l u s  i n f i n i t y  o r  

m i n u s  i n f i n i t y  r e r p e c t i u e l y .  

? LIM ( s i n < x ) ,  x ,  MINF. ) 4 

3 The appea rance  o f  t h e  q u e s t i o n  mark  t e l l s  us t h a t  
- 

t h e  on%-ridad l i m i t  d o e s  n o t  e x i s t .  

LIM ( l / x ,  x ,  0) = PINF 

LIM ( s i n  (XI, x ,  PINF) = ? ( l i m i t  does  n o t  e x i s t )  



LIM < l n  x ,  x ,  0 )  - MINF 

I f  the f i l e  1ntmore.Int has a l r ~ a d y  been loaded, you can 

perform the f o l  lowing in teg ra t ions :  . 

OEFINT ( 1 / x 2 ,  x ,  0 ,  1 )  a PINF 

OEFINT ( 1 / x 2 ,  x ,  1 ,  PINF)' = 1 .  

$iama,Alg performs closed-form summations and 

products,  such as SI- (Uj, j ,  m,  n) = Urn + Un+l +...+ Un 

PRODUCT ( U j ,  j ,  m, n  = Urn *. . .* Un. 

Th is  f i l e  requ i res  Algebro.Ari and L i m . D i f ,  

j PROD (1 -  xnl17, n, 1 ,  23 ( 1  x - x ~ ) ~ ~ *  

The Capabilities of  muMath 

An ove ra l l  p i c t u r e  o f  -the muMath program h a s  bQQn 

given and we w i  1 1  naa address some quest ions  concerning 

ha, and whether t h i s  program cou ld  be used i n  the 

recondar schools. h 

The c a l c u l a t o r  mods i s  easy t o   us^ and the basic  

operat ional  procedure i n  m y  opini'on can be taught i n  l e s s  

than 10 m i n u t e r  a t  the beginning o f  each t op i c  be ing 

introduced. The student i 1 have t o  l ea rn  symbols 

d i f f e r e n t  from those used w i  t h  paper and p+nci 1 , bu t  these 



can be i n t r o d u c e d  as  YOU p r o c e e d  t h r o u g h  t h e  ma themat i ca l  

h i e r a r c h y .  Numer i c a l  ca1 c u l  a t  i o n s  r e  r p e e d i  1 Y done on 

t h e  computer;  f o r  example, T a b l e  3.1 shows t h e  t i m e  taken  

f o r  t h e  v a r i o u s  c a l c u l a t i o n s .  

0 

TABLE 3.1 

P r o b l  ems Time Taken i n  Seconds 

- SO! 

m.x .- x  = . 5  

The m a j o r  drawback i n  u s i n g  t h i s  program f o r  a r i t h m e t i c  

p r o c e s s e s  i s  t h e  t i m e  i t t a k e s  t o  load each murimp f i l o  ( 

. u n t o  t h e  desk top ;  T a b l r  3.2 g i v e s  t h e  t ime  i t  t k k e s  t o  

load each f i l e  i n t o  t h e  desk top :  



Table 3.2 

Time Taken t o  Load F i l e  

FILE TIME 

A R I T H  .MUS 
2 

%I 56s 

ARRAY . A R I  i?m 12s 

MATRIX.ARR 2m 46s 

AL@EBRA.ARI 4m 30s 

-- EQN .ALO 40s 

SOLVE. EQN 2m 4s 

~~~~~~~~~G lm 53s 

DIFmALG 
/ 

LO@. ALG 



A s  an i n s t r u c t i o n a l  t o o l  muMath i s  e f f i c i e n t  because 

i t  a11ows b o t h  s t u d e n t  and teacher  t o  s t a r t  f r o m  t h e  

b a s i c s ,  and move upwards i n  t h e  f i l e s  s o  t h a t  t h e  s t u d e n t  

a t  a spec i f  i c  t ;me ui 11 haue a t  - h i s  o r  he r i  di sposa1 on1 y  

t h e  knowledge he o r  she h a s  l e a r n t  up t o  t h a t  p o i n t .  

L a t e r  on i n  t h e  cou rse ,  he or  she c o u l d  s o l v e  a1 1 complex 

p rob lems  an t h e  computer  and u n d e r s t a n d  w h i t  h a s  been done 

a t  ~ a c h  s t e p  i n  t h e  s o l u t i o n .  A l s o  t h e  s tep-by-s tep  

f o r m a t  o f  t h e  Eqn.Alg f i l e  a l  lows t h e  s t u d e n t  t o  p r a c t i c e  

a s  much as one 1 i k e r  wh i l e  1 e a r n i n g  how t o  s o l v e  a1 g e b r r i  c 

e q u a t i o n s  u r i  n g  equa l  add i  t i  on p r o p e r t  i as,  f a c t o r i n g  o r  

s u b s t i t u t i o n  r re thods.  H a v i n g  m a s t e r e d  these  techn iques ,  

one c o u l d ,  a t  a  l a t e r  t ime ,  f i n d  r o o t s  o f  p o l y n o m i a l s  by  

u s i n g  s i m p l e  conmands. 

L i m i  t a t  i ons 

One c a n n o t  o b t a i n  t h e  f a c t o r s  o f  r p o l y n o m i a l  

e q u a t i o n ,  b u t  t h e  r o o t s  of an e q u a t i o n  can be o b t a i n e d .  

The lack o f  f a c t o r s  may have b e e n , d e ? i b e r a t e  since t h e r e  

1 r 

a r e  s u p p o r t e r s ,  such as Usi r k  i n  (l98O), who recommend t h a t  

f a c t o r i n g  be d e l e t e d  because f a c t o r i n g  i s  o n l y  i m p o r t a n t  

when s t u d y  i np t h e  rema inder  theorem and t h e  f a c t o r  

theorem. U s i s k i n  s a y s  t h a t  ' f a c t o r i n g  does n o t  work f o r  

t h e  v a s t  m a j o r i  tr of t r i n o m i a l s  ... So we must concludw 



t h a t  f a c t o r i n g  i s ,  n o t  a s t r o n g  technique f o r  s o i u i n g  a  . 
q u a d r a t i c  t h a t  m igh t  come up i n  l a t e r  experiences. '  (p .  

413). 

MuMath cannot per fo rm i n t e g r a t i o n  by p a r t s  except  by 

manual l y  i n s t r u c t i n g  the cunputar i n  each s tep  o f  the 

The p r o g r m i n g  mode i s  n o t  as easy t o  use as is the 

c r l c u l e t o r ~ m o d ~ ,  and as such i t is-  n o t  v a r y  convenient  f o r  

teaching Oem+t ry .  <Th is  programming might  be beyond the 
. . 

s k i  1 1  8 of a normal h i g h  school s tudent ;  so i f  another 

5 progrun  w i t h  a ?  the s k i l l s  o f '  muMath d e s c r i b e d  in the 

oueru i +w o f  muMath and addi t i  onal p1 o t  t i nip capabi 1 i t i e s  

becan*% ausi  t a b l e  i t would  b+ p r r f e r a b l e .  W i th  t j o  hv 
I 

improuement o f  programs t o  i n c l u d e  graphics ,  the l u r e  of a I 

b 

b impttmentat iern o+ t h i s  o g r h  i n  the h i g h  schools.  



" 
The urefuln~sr o+ rnuMath 

I b e v e  t h a t  a1 1 advocates f o r  us i ng  c a l c u l a t o r s  II 
i n  the c l a o s r o a  w i l l  hawe no ob jec t i ons  t o  - 
f o r  i t  i s  a more soph i s t i ca ted  too l  which 

o p ~ r a t o  as the c a l c u l a t o r  and i s  many t imes more 
B 
e f f i c i e n t .  Although i t  does no t  a l l ow  s imu la t ion ,  i t  i s  

4 n terac t i V Q  and p rog~unnab le  and t h  i r toge ther  w i  t h  ' the 

c a l c u l a t o r  mode woutd make i t  an asset i n  teaching 

mathematics. T h i s  program, i l  &, seems c e r t a i n  t o  mtke 

auai l a b l e  f r e e  t ime through the e l  im ina t ion  o f  many manual 

d r i l l  problems. Concepts may>br,  taught w i t h  the a i d  o f  

simp1 l problems, and more d i  4 f  i cu l  t problems can be sol wed 

b y  i nduc t ion  and the use o f  the computer. 

I bared my descr i p t  i on  o f  muMath on hands-on work on 

an Apple I 1  microcomputer. I read through the 

documentation w i t h  no o ther  o u t s i d e '  ~ s s i s t a n c e .  MY 
<. 

impression i s  t ha t  rnuMath h a  a g rea t  deal t a  o f f e r  

s tudents  from $bade. 7 through 12 as the ma te r i a l  i s  
/ 

I f a i r l y  easy to'rnaoter i n  the c a l c u l a t o r  mode and has some 

useful  opera tors  1 i k e  d i f f e r e n t i a t i o n  dnd i n t eg ra t i on .  

I t s  c a l c u l a t i o n t  are q u i c k l y  and e f f i c i e n t l y  completed as 

descr ibed above; t h a t  i s ,  a pause of 1/2 t o  2 seconds f o r  

' e a s y  problems w h i c h  increases t o  30 t o  60 seconds f o r  more 



d i f f  feu1 t probterm. accuracy -- ob muMath 

a l l ow one t o  perform ca l cu1 r t i ons  and ' t o  

conr i  der the proper t i +s number o f  more 
-1 - 

d i f f  icu1 t probl+rns. - 1 i m i  t a t i ons ,  the 

lack o f  computer which i s  essen t ia l  i n  Geometry, 

a * d  no p l o t t e r  f o r  ob ta i n i ng  ~ r a p h s  o# a f unc t i on .  

The u  i r tue o f  muMath i r t ha t  i t a1 l ows the student 

t o  go through euery step i n  so lw ing equat ions before  YSi  ng 

simple commands to ob ta in  a so lu t i on .  1 t  i s  rlbd r 

qmpute r  a lgebra system. The adwantages of t h i s  type o f  
Q 

- program over a numerical one ore t h a t  i t  leavus a1 1  

ca1culat~ jons t o  the f i n a l  r r t a ~ e  t o  prevent rounding o f f  

e r ro rs ,  and when asked t o  5olue the quadra t i c  equation, 

4x-2 - 0x + 1-0, i ns tead o f  ~ e s p o n d i n g  w i t h  (3.133975 and 

1.866025 i t g i v e r  -2'1/2 and 2' 1/2 (ualues b e t t e r  than 

the prev ious  approximate ca1cu1ations). A lso  f o r  those 

who do not  wish t o  l ea rn  how t o  program, i t. i s  no t  

-a I 

d i + f i  u l t  t o  use. 

) Hiph school s tudents would be most l i k e l y  t o  use 

muMath because i t a1 laws the user t o  add on f i 1es i n  a 

h ie rarchy .  For example, on+ can l ea rn  a r i t h m e t i c  f r om the 

f i e A r i  th.Mur and then add on the f i 1e A1gebra.Ari t o  

l ea rn  t o  p r a c t i c e  t h e  manipu la t ion  o f  va r iab les .  While 



you a r e  u s i n g  A l g e b r a . A r i , *  t h e  Ar i th .P tus  f i l e  i s  s t i l l  . 

a v a i l a b l e  s i m u l a t i n g  y o u r  memory o f  t h e  o p e r a t i o n s  mu 

have 1  e a r n t  p r e v  i our1 Y. A l s o  t h e  presence o f  r 

programming mode a1 lows b o t h  t e a c h e r s  and s t u d e n t s  t o  use 

t h i s  t y p e  o f  i n s t r u c t i o n  i f  i t i s  deemed t o  be most 

e f f e c t i v e .  T h i s ,  however, can  be l e f t  up t o  t h e  teacher  

because i t i s  n o t  g e n e r a l  lr a c c e p t e d  t h a t  t e a c h i n e  

programming y i e l d s  h i g h e r  achievement  than s i m p l y  

t e a c h i n g  w i t h  t h e  use  of  Bo rk  (19871 w r i t e s  * t h a t  L e a r n i n g  t o  p rog ram i s  a d  a Y in;r.&sing 

a c t  i v  i t y  i n  o u r  schoo l  8 .  U n f o r t u n a t e 1  y, where i t hr; ;p~ns 
6 

a t  t h i s  l e v e l  i t  i s  o f t e n  r d i s a s t e r ,  h a r m i n g  more * t h a n  

h e l p i n g  t h e  p u p i l  .' Cp. 13). However l a t e r  on i n  t h e  book - 
- - 

he  s u g g e s t s  t h a t  grade 9 o r  between t h e  ages - of  14 t o  16 

i s  abou t  t h e  r i g h t  age t o  b e g i n  t h o  s t u d y  of p r o g r a m i n g .  

Hence such dec i s i o n r  can be 1 e f t  up t o  t h e  i n s t  i tu t  i ons 

o r  t h e  c l a s s r o o m  teachers .  - 



An Evaluation of MuMath * 

Chwnbors and Sprecher  (1983) have .g i ven  a check1 i s t  

f o r  t h e  e v a l  u a t  i on o f  -courseware. 1 have u s e d  t h ~ s e  

c r i t e r i a  t o  e v a l u a t e  rnuflath's c a p a b i l i t i e s .  

( 1  F n s t r u c t o r - c o n t r o l  l e d  parameter;. Can t h e  courseware  

, be a d j u s t e d  th rough t h e  use df  o p t  i o n r l  p a r a m e t e r s  t o  

m o d i f y  p rob lem d i f f  i c u l  t y ,  t i m e  a1 lowance, p r o b l e m  type ,  

use o f  sound, and o t h e r  v d r  i a b l e r ?  

Yes, t he  courseware can b~ a d j u s t e d  u s i n g  t h e  
# - '  

programming mode , t o  i n t r o d u c e  d i f f e r e n t  p r o b l e m s  such a s  

t ime-d i s tance - ra te .  A l s o  t h e  s t u d e n t  can spend as much 

t i m e  as needed on a l e v e l  w h i c h  i s  d i f f i c u l t  f o r  h i m s e l f '  

and use the  , C o m p u t e r - A s s i r t e d  I n s t r u c t i o n  (CAI)  ,ps a  d r i  1 1  
5f- 

and p r a c t  i c e  t o o l  . 
( 2 )  Accuracy .  I s  t h e  i n s t r u c t i o n a l  c o n t e n t  a c c u r a t e ,  

i 

c o n s i s t e n t  aqd comp le te?  
& 

Y e s ,  because t h e  f i 1  e s  a r e  s e t  up i n  a h i e r a r c h y ,  t h e  

s t u d e n t  p roceeds  f r o m  one l e v e l  o f  d i f f i c u l t y  t o  a n o t h e r .  

H o r w v w ,  sach s t a g e  h a s  a l l  t h e  i n f o r m a t i o n  a b o u t  l o w e r  

t w e l s  of  mathemat i cs .  T h i s  comp le teness  and c o n s i s t e n c y  

a1 1 ows t h e  s t u d e n t  t h e  o p p o r t u n  i tr t o  1  e a r n  t h e  under1  Y i n g  



c o n c e p t s .  Those i d e a s  w h i c h  m u s t  be  memor ized ,  Grid a r c  

r e t a i n e d ' f o r  o n l y  s h o r t  p e r i o d s  QS t i m e ,  r e  r a t r i e v a b l e  

(3) E n v i r o n m e n t .  Can t h e  cou rseware  -- be u s e d  by teams PI 

we1 1 a s  by i n d i  v i d u a l s ?  i s  i t a p p r o p r i a t e  i n  u n s u p e r v  i s e d  

s e t t i n g s ?  
< 

 he c o u r s e w a r e  can  be  u o ~ d  by teams a s  we11 as 

i n d i v j d u a l s  s o  ' t he  t e a c h e r  can  t e a c h  on  a f e w  s c r e e n s .  I t  

i s  s i m p l e  enough t o  u s e  i n  d n r  U ~ S U ~ Q ~ W ~ S Q ~  s e t t i n g  a s  t h e  
I 

p r o g r a m  can  be  t a u g h t  as d e s c r i b e d  i n  t h e  muMath f i l e .  

( 4 )  P e d m o a r .  I s  t h e  c o n t e n t  p r e s e n t e d  i n  a  manner 

c o n ~ ~ s t e n t  w i t h  t h e  s t y l e  and  approach?  Is t h e  c o n t e n t  

made uniqu, f o r  each  s t u d e n t ?  

The c o n t e n t  i s  n o t  made u n i q u e  f o r  each  s t u d e n t ,  b u t  

i t  is p r e s e n t  d i n  a  c o n s i s t e n t  manner. S i n c e  each c h i l d  S 
spends  as l o  g a s  ha o r  she w i s h e s  on  one s e c t i o n ,  t h e  i P ~ O W Q F  l e a r  e r s  a r e  n o t  a t  a  d i s a d v a n t a g e .  

(3) f4nur.j J u d s i n ~ .  Can m i s s p e l l i n p s  be a c c e p t e d ?  Can 

a n s w e r s  be a n t i  c i p a t a d ?  A r e  m e a n i n g f u l  p r m p t s  and  
. 

r e s p o n s e s  p r o v i d e d ?  

M i  s s p e l  1 i n g s  c a n n o t  be a c c e p t e d  a n d  answers  r e  n o t  

a n t i c i p a t e d ,  b u t  m e a n i n g f u l  p r o m p t s  and  r e s p o n s e s  a r e  

p r o v i  d e d  espcc  i a1 1 y i n  t h e  compute r  a1 9 ~ b I - a  % y r t ? m .  



. ( 6 )  B r a n c h ~ ~ n r r .  ' Is t h e  s e q u e n c e  o f  t h e  p r e s e n t a t  i o n  o f  

r n a t e r ~ a l s  d e t e r m i n e d  b y  t h e  a n s w e r s ,  p r o v i d e d  by t h e  

s t u d e n t  or i s  i t  f i x e d ?  

No I t i s  n o t  f I x e d .  

!7> L e a r n ~ n Q  T h e o r y .  . A r e  t h e  u s e s  o f  l e a r n i n g  t h e o r y  

c o n c e p t s  a p p r o p r  I a t e  (Y , e .  p o s i  t i u e  r e i n f o r c e m e n t ,  f i x e d  

a n d  u a r  i a b l y  r e  i n f o r c e m e n  t ,  f e e d b a c k ,  e ' t c )  . 
L e a r  r n g  t h e o r y  c o n c e p t s  a r e  not  u s e d  t o  r e i n f o r c e  

-----L., 

r' 
l e a r n ~ n g .  H o w e u e r ,  m u M a t h  a l l o w s  o n e  t o  p r o c e e d  a t  h i s  o r  

h e r  own  p a c e  a n d  t o  m a s t e r  a s e c t i o n  t o  h i s  or  h e r  own 

!&?T ime A l l o w a n c e .  Is t h e  a n t i c t i p a t e d  a m o u n t  o f  t i m e  

r e q u ~  r e d  t o  c o m p l e t e  t h e  1 e s s o n  a p p r o p r i a t e ?  

T h i s  c o u r s e w a r e  h a s  n o t  b e e n  i n c o r p o r a t e d  i n t o  t h e  

s c h o o l  m a t h e m a t i c s  c u r r i c u l u m  a n d  h a s  n o t  b e e n  u s e d  a s  a n  

i n t e g r a l  p a r t  of  t h e  c o u r s e  e i  t h e r  as m a t e r i a l  o r  a s  a  

l e a r n i n g  a i d .  T h e r e f o r e  t h e r e  has b e e n  no a t t e m p t  t o  s e t  

t i m e  l i m i t s  f o r  a p p r o p r i a t e  l e s s o n s .  

( 9 )  P r o s r e s s  report in^. D o e s  t h e  c o u r s e w a r e  p r o v i d e  a 

summary  t h a t  i s  u s e - f u l  i n  a s s i s t i n g  t h e  s t u d e n t ?  D o e s  t h e  

s u d r y  i t s e f f  r e p r e s e n t  p o s i t i v e  r e i n f o r c e m e n t ?  



T h e  c o u r s e w a r e  d o e s  a l l o w  o n e  t o  r e a d  t h e  c o n t e n t s  o+ 

t h e  4 s  bu t  t h e  s u m m a r r  d o e s  n o t  p r n u i d e  p o s ~ t i v e  

r e i n f o r c e m e n t  f o r  any 1 e a r n i n g  a c t  i v i  t r .  

t 1 0 )  P r o f e s s i  0 n a 1  i s m .  Is t h e  c o u r s e w a r e  f r ~ e  o f  

t y p o g r a p h i c a l  e r r o r ,  o t h e r  c a r e 1  e s s  m i  s t a k e s ?  

T h e r e  a r e  n o  n o t i c e a b l e  e r r o r s  o r  c a r e l e s s  m i s t a k e s  t n  

t h e  c o u r s e w a r e .  
t 

T e c h n i c a l  I s s u e s  

1 U s e r  F r i e n d l ' i n e s s .  Do t h e  i t i s t r u c t  i o n s  a n d  t h e  

o p e r a t  I o n a l  a s p e c t s  o f  t h e  c o u r s e w a r e  r 2 p r e s e n . t  a p r o b l  em 

f o r  t h e  s t u d e n t ?  A r e  r e s p o n s e s  a n d  ~ n f o r m a t  t o n a l  n e e d s  o f  

t h e  s t u d e n t  a d e q u a t e l y  a n t i c ~ p a t e d ?  
.. 

T h e  ~ n s t r u c t ~ o n s  and t h e  o p e r a t  ~ o n a l  a s p e c t s  o f  t h e  

c o u r s e w a r e  a r e  e a s y  t o  t e a c h  a n d  w ~ l l  n o t  be d ~ f f ~ c u l  t f o r  

t h e  s t u d e n t  t o  l e a r n ,  b u t  t h i s  d e p e n d s  t o  a  l a r g e  e x t e n t  

on t T ' - t e a c h e r ' s  abi  1 I t v  t o  ~r j t r u c  t t h e  ~ t u d e n t  

e s p e c ~ a l l y  rn t h e  p r o g r a m m i n g  m o d e .  

' 2 )  E r r o r  T r a p p i  n ~ .  Do u n a n t  I c i  p a t e d  r e s p o n s e s  c a u s e  t h e  

c o u r s e w a r e  t o  h a 1  t o r  r e s u l  t ~ n  a s t r a n g 6  s y s t e m  message?  

A r e  t h e r e  d e a d  ends' 

Yes, t h e r e  a r e  s y s t e m  m e s s a g e s  I f you t y p e  t n c o r r e c  t - 
m a t h e m a t i c a l  s e n t e n c e s ,  b u t  we h a v e  made '  a l l w ~ a n c e s  f o r  



e x p l a i n i n g  a b o u t  . f lev~. s y m b o l  5 s o  t h e s e  s h o u l d ,  r a r e 1  Y o c c u r  

r f one  I S  c a r e f u l  . 
t 

(31  S p e e d  o f  E x e c u t i o n ,  Is t h e  amount  o f  t i m e  r e q u i r e d  t o  

1 oad t h e  p r o g r a m  a n d  e v a l u a t e  r e s p o n s e s  a p p r o p r i a t e ?  A r e  

d i  s t r a c  t o r s  u s e d  when p a u s e s  a r e  e n c o u n t e r e d ?  

T h e r e  a r e  no d i s t r a c t o r s  u s e d ,  b u t  t h e  amoun t  o f  t i m e  

r e q u k r e d  t o  l o a d  t h e  f I le5 i s  i n a p p r q p r i  a t e .  T a b l e  2,s 

g l u e s  t h e  t l m e  t a k e n  t o  l o a d  t h e  f i l e s .  

( 4 )  A p p e a r a n c e .  A r e  t h e  f o n t  a n d  s p a c ' i n g  e a s i  lr r e a d ?  Is 

t h e r e  e f f e c t i v e  u s e  made o f  b l a n k  s p a c e s ?  Is t h e r e  

o v e r r e 1  i a n c e  o n  t e x t ?  I s  e f f e c t i v e  u s e  made  o f  c o l o u r ,  

graphics a n d  s a u n d ?  

T h e r e  a l m o s t  n o  r e 1  i a n c e  o n  t h e  t e x t  a n d  t h e  m u ~ a t h  

p a c k a g e  d o e s  n o t  h a v e  g r a p h i c s .  

S t u d e n t - O r i e n t e d  Review 

( 1 )  S t u d e n t  C o n t r o l .  Can t h e  s t u d e n t  c o ~ t r o l  t h e  p a c e  o f  

t h e  l e s s o n ?  A r e  t h e  l e s s o n  p a r a m e t e r s  t o  b e  c o n t r o l  l e d  by 

t h e  s t u d e n t  appropriate? Can t h e  s t u d e n t  e a s i  1y o b t a i n  

h e l p  o r  terminate th f i  lesson? 

S ~ n c e  muMath  I S  t o  be  p a r t  o f  t h e  c o u r s e  m a t e r i a l ,  t h e  

p a c e  o f  t h e  l e s s o n s  I S  c o n t r o l l e d  b r - t h e  t e a c h e r ,  



( 2 )  F r e e d o m  f r o m  T e c h n o l o q r .  T o  w h a t  e x t e n t  i s  t h e  

c o u r s e w a r e  i n d e p e n d e n  t of  k n o w 1  e d g e  a b o u t  m i  c r o c o m p u  t e r - s ?  

T h e  c o u r s e w a r e  i s a l m o s t  c o m p l  e  t e l  y i n d e p e n d e n  t - o f  

k n o w l e d g e  a b o u t  m i c r o c o m p u t e r s .  

( 3 )  M o t o r  S k i  1.1s. T o  w h a t  e x t e n t  i s  t h e  c o u r s e w a r e  

d e p e n d e n t  on e y e - h a n d  c o o r d i n a t i o n ,  r e a c t i o n  t i m e ,  and 

o t h e r  p h y s i c a l  a b i l i t y ?  

T h e  c o u r s e w a r e  I s i n d e p e n d e n t  o f  t h e s e  m o t o r  s k  I l 1 s. 
- 

( 4 1  M o t  i v a t  i c n a l  V a l  u e  . D o e s  t h e  c o u r s e w a r e  a c t  i v e  1 r 

i n v o l v e  t h e  s t u d e n t s  or m u s t  t h e y  b e  e n c o u r a g e d  t o  

c o m p l e t e  o b j e c t  I ues.7 

T h e  m u M a t h  p r o g r a m  rc, j u s t  a p a r t  o f  t h e  c u r r t c u l u m  

a n d  d o e s  n o t  a c t i v e l y  p e r f o r m  a n y  o f  t h e  m o t i v a t ~ o n a l  

a c t ~ v r  t i e s .  

O t h e r  Symbol i c  M a n i p u l a t o r s  

A t  t h e  I n t e r n a t i o n a l  C o m m i s s i o n  o n  M a t h e m a t ~ c a l  

I n s t r u c t i o n  i n  S t r a s b o u r g  i n  1985, Howson  a n d  K a h a n e  

( C h u r c h h o u s e ,  e t  a1 , , 1986) made t h e  f o 1  1 O W I  ng c o m m e n t s  

c o n c e r n i n g  s y m b o l  j c  m a t h e m a t i c a l  5 y s t e m s :  

The b e s t  k n w n  s u c h  s y s t e m  f o r  l a r g e  c o m p u t e r s  
i s  Macsyrna a n d  t h e  t h e  b e s t  k n w n  f o r  

m i c r o c o m p u t e r s  I S  m u M a t h .  T h e s e  s y s t e m s  d o  
s y m t t o l  i ca l  l r  t h e  s t a n d a r d  p r o c e s s e s  o f  
s e c o n d a r y  s c h o o l  a n d  c o l  l e g e  a1 g e b r a  a n d  o f  
c a l c u l u s .  T h u s ,  t h e y  d i f f e r e n t i a t e ,  t h e y  



i n t e g r a t e  ( d e f  i n i  t e  a n d  i n d e + i n  i t e )  : t h e y  do 
p o l r n o m i a l  a l g e b r a ,  t h e y  do i n f i n i t e  p r e c i s i o n  
r a t  i o n a l  a r  i thme t i c ,  t h e y  sol u e  1 i n e a r  s y s t e m s  
a n d  q u a d r a t i c  e q u a t i o n s  - a 1  1 s y m b o l  i c a l  l y  
a 1  though t h e y  w i  11  p r o v i d e  n o r m a l  n u m e r i c a l  
a n s w e r s ,  too, wI-,,-n t h e  u s e r  wi.c,hes. . . .The  
m o s t  i m p o r t a n t  p o i n t  t o  n o t e  f o r  t h i s  d o c u m e n t  
1s t h a t  t h e s e  s y s t e m s  a r e  r a p i d l y  b e c o m i n g  m o r e  
p o w e r f u l  a n d  w i  i l  s o o n  b e  a v a i l a b l e  on h a n d h e l d  
c o m p u t e r s .  ( p .  35). 

No s o o n e r  s a i d  t h a n  d o n e ,  i n  J a n u a r y  o f  1987, / 

H e w l e t t  P a c k a r d  a n n o u n c e d  t h e  HP 28C, a  h a n d h e l d  c d 
The HP 2 8 C  i s  w e l l  d e s c r i b e d  by T u c k e r  (1987) .  HP 2 8 C  i s  

a  n o r m a l  s i z e  h a n d  c a l c u l a t o r  w h i c h  p l o t s  f u n c t i o n s  on a 

3 1 1  d o t  m a t r i x  s c r e e n  w i t h  i t s  own s m a l l  p r i n t e r  w h i c h  

c a n  be o p e r a t e d  by r e m o t e  c o n t r o l  3 r o m  a d i s t a n c e  of about 

50 cm. I t  n o t  o n l y  p l o t s  g r a p h s  bu t  a l s o  d o e s  m a t r i x  

o p e r a t  ~ m s ,  e q u a t  r on s o l v i n g ,  n u m e r i c a l  i n t e g r a t i o n ,  a n d  

s y m b o l i c  m a n i p u l a t i o n .  I t  i s  d i f f e r e n t  f r o m  t h e  s t a n d a r d  

c a l c u l a t o r s  i n  i t s  u s e  o f  t h e  R e v e r s e  P o l  i s h  N o t a t i o n  

(RPN> 'or s t a c k  l o g i c  s t y l ' e  o f  c a l c u l a t i o n .  Y o u  k e r  your 

i n p u t  b e f o r e '  a command, a l s o  k n o w n  a s  a n  a r g u m e n t ,  a n d  YOU 

c a n  k e y  i n  a n  e x p r e s s i o n  i n  t h e  a l g e b r a i c  f o r m  i t  a p p e a r s  
4 

i n  a n y  t e x t b o o k .  T h e  d a t a  c a n  b e . e n t e r e d . i n  10 d i f f e r e n t  

s t y l e s :  f i x e d  v a l u e s ,  r e a l  n u m b e r s ,  b i n a r y ,  s t r i ngs ;  

a r b i t r a r y  s e q u e n c e s  o f  c h a r a c t e r s ,  v e c t o r s ,  m a t r i c e s ,  

l i s t ,  n a m e s ,  a n d  m a t h e m a t i c a l  e x p r e s s i o n s  o r  e q u a t i o n s .  



The  s t a c k ,  t h e  amoun t  o f  i n p u t ,  c a n  b e  a s  l a r g e  o r  o m a l l  

a 5  r e q u i r e d .  T h e  c o m p u t e r  i s  menu d r i u e n ,  t h a t  I ,  i t s  

k e y s  , a r e  a1 1 - p u r p o s e  f u n c  t i o n  k e y s  s u c h  a s  1 o g a r  i t hms ,  

e x p o n e n t i a l s ,  s t a t i s t i c s ,  c o m p l e x  a r i  t h m e t  i c ,  p l o t t i n g < ,  

-7 m o d u l o  a r i t h m e t i c ,  r a n d o m  number  g e n e r a t o r .  e t c . .  F o r  

e x a m p l e ,  t h e  T R I G  k e y  p r o d u c e s  a  menu o f  t h e  t r i g o n o m e t r i c  

f u n c t i o n s .  T h e r e  a r e  20 menus  w i  t h  a u a r y t n g  number  

s e l e c t i o n s ;  f o r  e x a m p l e ,  "UN ITS"  k e y  gives 120 b u i l t  I n  

I c o n v e r s i o n  u n i  t s ,  a n d  y o u  c a n  a l s o  p r o g r a m  HP 2 8 C  f o r  

o t h e r  c o n v e r s i o n s .  T u c k e r  s a y s  t h a t  a s t u d e n t  s h o u l d  f e e l  

c o m f o r t a b l e  u s i n g  t h i s  c a l c u l a t o r  a f t e r  an  h o u r  o r  two ,  

a n d  a f t e r  u s i n g  .HP 2 8 C  i t  i s  i n d e e d  p o s s i b l e .  You d o  n o t  

n e e d  t o  u n d e r s t a n d  a1 1 t h e  matherna t  i c a l  c o n c e p t s  t o  u s e  a 

c e r t a i n  t o p i c ,  b e c a u s e  t h e  HP 2 8 C  a c t s  an electronic t u t o r  

t e l l i n g  y o u  w h a t  o p e r a t i o n s  y o u  c a n  p e r f o r m  a n d  how t o  

p e r f o r m  t h e s e  o p e r a t i o n s .  F o r  e x a m p l e ,  i f  x?u w a n t  t o  

p l o t  t h e  g r a p h  o f  

"PLOT".  T h e  c h o i c e s  d i s p l a y e d  a t  t h e  b o t , t o m  o f  t h e  s c r e e n  

a r e  STEQ; s t o r e s  t h e  e q u a t i o n - ,  RCEQ; r e c a l l s  t h e  c u r r e n t  

e q u a t i o n ,  PMIN;  s e t s  t h e  l o w e r - l e f  t p l o t  c o o r d ~  n a t e s ,  

PMAX; s e t s  t h e  t h e  u p p e r - r i g h t  p l o t  coordinates, IPJDEP; 

s e l e c t %  t h e  p l o t  i n d e p e n d e n t  v a r  I a b l e ,  DRAW; s k e t c h s  t h e  
/' . < 



g r a p h ,  PPAR; r e c a l  1s t h e  

t h e  p l q t ,  AXES; s e t s  - t h e  

s e t s  c e n t r e  o f  p l o t  d i s p  

p l o t  p a r a m e t e r s  1 i s t ,  RES; s e t s  

i n t e r s e c t  i on  o f  t h e  a x e s ,  CENTR; 

l a y ,  *W;  a d j u s t s  t h e  w i d t h  o f  a 

p l o t ,  and  pH; a d j u s t s  t h e  h e i g h t  of a p l o t  t o  a l l o w  you  

p e r f o r m  a1 l t h e s e  o p e r a t  i o n s  by p r e s s i n g  t h e  key. You c a n  

perform more than 374 o p e r a t  i o n s ,  and b e c a u s e  HP 2% i s  

f u l l y  p rog rammab le  you can  s t o r e  y o u r  own o p e r a t i o n s .  



CHAPTER FOUR ., 

A NEW CURHICULUI 

The Imp1 i c a t  ions o f  u* ing  MuMath or any 

o t h e r  Symbolic Mathem t i c a l  Sys tem as an 

I n s t r u c t  i m a  I 1001 

I n  t h e  f u t u r e  a n  i n d i v i d u a l  w h o  w a n t s  t o  p e r f o r m  a 

m a t h e m a t i c a l  t a s k  w i  1 1  n o t -  s e a r c h  +or t h e  r t  l e v a n t  

t e x t b o o k ,  bu t  w ~ l l  t u r n  r n s t e a d  t o  a c o m p u t e r - b a s e d  

~ n f o r m a t ~ o n  n e t w o r k  f o r  a m e t h o d ,  o r  s o l u t ~ o n  t o  h ~ s  

p r o b l e m .  L a r g e  c o m p u t e r  n e t w o r k s ,  a n d  t h e  a v a ~  l a b 1  1 I tr o f  

h  I g h - p o w e r e d ,  1 o w - c o s t  c o m p u t e r s  a r e  c h a n g ~  n g  t h e  

m a t h e m a t  i c a l  n e e d s  o f  t h e  i n d i  v i d u a l  . T h e s e  n e e d s  a r e  

r e f l e c t e d  i n  t h e  c u r r i c u l u m ,  a n d  we r e q u  I r e  a1 t e r a t  I o n s  t o  

t h e  h i g h  schoo l  c u r r i c u l u m  t o  s a t i s f y  t h o s e  n e e d s .  I n  t h e  

same w a y  a s  t h e  1 a u n c h  o f  t h e  S p u t n i k  s t a r t e d  t h e  new 

m a t h e m a t i c s  m o v e m e n t  o f  t h e  1760's ( t h e '  n e w  m a t h e m a t  ~ c s  

w a s  n o t  i n t r o d u c e d  i n t o  T r i n i d a d i a n  h i g h  schools u n t i  1. 

1 7 7 0 > ,  t h e  a v a i l a b i l i t y  o f  t h e  m i c r o c o m p u t e r  w 1 1 1  b r i n g  

i n t o  e x i s t e n c e  a n e w  a n d  m o r e  a p p r o p r i a t e  c u r r ~ c u l u m  t o  

s a t i s f y  t h e  n e e d s  a f  a c o m p u t e r r - o r ~ e n t e d  s o c l e t ~ .  Some of  

t h o s e  n e e d s  c o n s i s t  o f  m e e t i n g  t h e  e n t r a n c e  r e q u ~ r e r n e n t s  

o f  t h e  u n i u e r s i  t i e s ,  d e o e l o p i  n g '  i n  s t u d e n t s L &  1 o g ~ c a l  

r e a s o n  I ng a p p r o a c h  t o  sol v I ng p r o b l e m s ,  and t e a c h  I r ~ g  

p r o b l  em-so l  v I ng sk I 1 1  s w h  I c h  a r e  a p p r o p r  I a t e  t o  r e a l  w o r  Id 



I il 

SI  t u a t  I o n s .  We w i l / e x p e c t  a c u r r i c u l u m  w h i c h  a l s o  , 
/' 

satisfies t h e  n e e d s  of s t u d p n t s  i n  l e s s e r  d e u e l o p e d  , 

/' / 
i 

/ / 

c o u n t r  r e s  s u c h  as f r  in~dad.' T h e  c o m p u t e r  can p e r + o r m  a s  a  
, 

/ -  . / c h a 1  k b o a r d ,  d r r  1 1  a n d / p r a c t  i c e  t o o l ,  t u t o r ,  a n d  i n  o t h e r  

w a r s  s u c h  as i n  CAI ( C o m p u t e r - A s s i  s t e d  I n s t r u c t  i on) a n d  . 
CAL < C o m p u t e r - A s s ~ s t e d  L e a r n i n g ) .  We c a n  f i n d  or  w r i t e  

/' 

p r o g r a m m e s  s u c h  as L o g o ,  . c o m p u t e r s  s u c h  a s  HP 28C, a n d  

c o u r s e w a r e  s u c h  as  Tv S o l v e r  C c f . ,  W i  1 1  i m s ;  1982) w h i c h  
* 

c a n  p e r f o r m  i n  some o f  t h e  wars 1  i s t e d  p r e v i o u s l y ,  a n d  c a n  

p e r f o r m  ~n a 1 e s s  t i m e  c o n s u m i n g  m a n n e r  t h a n  t h e  . 

t r a d i  t i o n a l  p a p e r  a n d  p e n c  i 1 m e t h o d s .  Plan$ m a t h e r n a t  i c s  

e d u c a t o r s  h a v e  s t a r e d  t h a t  t h e  i n t r o d y d i o n  o f  c o m p u t e r s  

~ n t o  t h e  c l a s s r o o m  m a k e s  a v l i l a b l e  r e e  t r m e  ( c f . ,  K u l  i k ,  ,/ 
K u i  i k ,  & Cohen  1980; O'Bhea & p ' f  15'83). T h e  a b i  1 i t y  o f  

t h e  c o m p u t e r ,  t o  i n  t h e  m a n n e r  d e s c r  i b e d  

II' p r e v ~ o u s l  y ,  is a c k n q w  e d g e d ;  h o w e v e r ,  t h e  a i m '  o f  t h i s  
, 

thesis I S  n o t  ,$a d i s c u s s  a1 1 a u a i  l a b l e  c o u r s e w a r e  and 
/' 

t h e  1 r c a p a b ~  1 1 t I e s ,  or  t o  q u o t e  t h e  n u m e r o u s  s t u d i  e s  

s h o w r n g  t h e  s u c c e s s e s  a n d  i n  some c a s e s  f a 1  l u r e s  i n  t h e  

~ r n p i e m e n t a t r o n  o f  t h e  m r c r o c o m p u t e r s  i n  t h e  t e a c h i n g  of 

m a t h e m a t  t c s .  T h e  a ~ m  h e r e  r s t o  m a k e  r e c o m m e n d a t i o n s  on 

w h A t  s h o u l d  b e  t a u g h t  a t  t h e  h i g h  s c h o o l  l e v e l ,  w h a t  

s h o u l d  no t  be  t a u g h t ,  a n d  w h a t  s h o u l d  b e  o m i t t e d  f r o m  t h e  



- $9 

e x i s t i n g  c u r r i c u l u m  a s s u m i n g  t h a t  t h e  p r o b l e m s  c+ 

i m p l e m e n t a t i o n  c a n  b e  o v e r c o m e .  

I n  t h e  follow in^ s e c t i o n  we w i l l  l o o k  a t  a new 

a1 g e b r a  c u r r  i cu1 urn. T h i s  c u r r i c u l u m ;  h o w e v e r ,  i s  not  

i n d e p e n d e n t  o f  t h e  e n  t i r e  m a t h e m a t  i c s  c u r r  i \ c u l  um i n  t h e  

h igh  s c h o o l  s. . T h e r e f o r e  we w i  1 1  c c k m e n t ,  w h e r e  n e c e s s a r y ,  

w 
on o t h e r  t o p i c s  w h i c h  should not  b e  o v e r l o o k e d  s u c h  a s  

s t a t i s t i c s  w h i c h  i s  b e c o m i n g  m o r e '  a n d  m o r e  i m p o r t a n t  i n  

p r o b l e m  s o l v i n g  a n d  i n  i n t e r p r e t i n g  g r a p h s  a n d  d a t a .  A t  . 
e a c h  s t e p  we w i l l  k e e p  i n  m i n d  t h e  w o r d s  o f  A t i y a h  ( 1 9 8 6 ) ,  

P3 

" M a t h e m a t i c s  i s  r e a l l y  a n  a r t  - i t  i s  t h e  a r t  ob a v o i d i n g  

b r u t e - f o r c e  c a l  cul a t  i an by d e u e l  o p  i n g  c o n c e p t s  a n d  

t e c h n i q u e s  w h i c h  e n a b l e  o n e  t o  t r a v e l  m o r e  1 i ght  1 Y . "  ( p .  

I n  b a r t i c u l a r  t h e  f o l l o w i n g  q u e s t i o n s  w i l l  be  

a d d r e s s e d :  

(1 '1  W h i c h  t o p i c ' s  w i l l  r e m a i n  i n ,  a n d  w h i c h  t o p i c s  w i l l  b e  

omi  t t e d  f r o m  t h e  m a t h e m a t i c s  c u r r i c u l u m ,  o r  c o ~ ~ e r e d  i n  

l e s s  d e t a i l ?  

(21 ' w h a t  w i  1 1  b e  d o n e  

T h e  f o l l o w i n g  s i x  c r i  

t o  b e  i n c l u d e d  i n  t h e  

1 .  The s t u d e n t  shou 

W I  t h  e x t r a  t i m e 7  

t e r ~ a  w i l l  b e  u s e d  t o  s e l e c t  t o p ~ c s  

n e w  c u r r ~ c u l u m :  FI 

I d  do a1 1 t h o s e  t h t r . g s  t h a t  c a n  b e  

d o n e  m o r e  e f  f i  c i e n  t l  y by h a n d  w i  t h  p a p e r  a n d  p e n c  I 1 , a n d  



th.ose t h a t  cannot  .be done more e f f i c i e n t l y  by  hand w i t h  
& - 

the' computer. 

2 .  I t  i s  mohe impor tan t  f o r  the s 'udent  t o  l e a r n  . t h e  

u n d e r l y i n g  concepts  l eaw ing  the t ime-consuming a c t i v i t i e s  

t o  the computer.  The a v a i l a b i  1 i t y  o f  c a l c u l a t o r s ,  

handhel d,compu t e r s  and p r  i n  t e r s ,  and m i  crocomputers makes 

i t  less impor tan t  t o  p a i n s t a k i n g l y  c a r r y  ou t  l o n g  

d i u ~ s i o n ,  a d d i t i o n  -of f r a c t i o n s ,  f a c t o r i z a t i o n  o f  

p o l r n o m i a l s ,  b u t  Impor tan t  t o  be ab le  t o  check the 
- k 

, reasonabl  en'ess _ _ - -  o f  the r e s u l  t . 
3. The s t uden t  a h o u l d . b e  ab le  t o  pe r f o rm  s imp le  

a r i t h m e t i c  and a l g e b r a i c  ope ra t i ons !  T h i s  i s  t o  ensure 

t h a t  the s tuden t  does n o t i  l o s e  any m a n i p u l a t i v e  s k i 1  I s  i n  

mathemat ics,  b u t  a l s o  does n o t  spend t o o  much t ime on 

t. 
mechanical  o p e r a t i o n s .  The ti-me can b e t t e r  b e  used i n  

g a i n i n g  a b e t t e r  unde rs tand ing  o f  mathemat ica l  concepts ,  

and i n  so l  u  i ng problems wh i  ch occur  i n  . r e a l  i  s t  i c  

5 1  t u a t  I ons. 

4 .  The computer f r e e s  us  from the d rudgery  of l o n g  and 

complex c a l c u l a t i o n s ,  t h e  s t uden t  shou ld  use the f r e e  t ime 

t o  e x p l o r e  v a r i a t i o n s  o f  the problems,  and the way t h e s e  

- v a r i a t i o n s  a f f e c t  the answers. 
. . .--- 

S.  The t o p i c s  where p o s s i b l e  shou ld  be those necessary  t a  

e x  1'5t  I n soc i e t y ,  and probt  em so1 v i  ng  shou ld  be r e1  e u a d -  



t o  ' r e a l  1 i f e '  s i t u a t i o n s .  T h e  c o m p u t e r  c a n  s i m u l a t e  

p r o b l e m  s o l v i n g  e n v i r o n m e n t s ;  t h e r e f ~ r e , ~ p r o b l e m s  a s s i g n e d  

s h o u l d  p r o v  i d e  r e a l  i s t  i c  e x p e r ' i  e n c e s  i n  t h e  a r e a  of 

m a t h e m a t i c s  b e i n g  t a u g h t .  

6.   he p a r t i c u l a r  t o p i c  should b e  r e q u i r e d  f o r  or h e l p f u l  
-a 

i n '  f u t u r e  w o r k  i n  m a t h e m a t i c s  ; t h a t  i s ,  i t  s h o u l d  b e  
\ a?, 

u s e f u l  t o  t h e  s t u d e n t  a t  t h e  U n i v e r s i t y  l e v e l  i n  t h e  \ s t u d y  

' o f  c a l c u l u s ,  or a p p l  i e d  m a t h e m a t i c s  c o u r s e s .  t 

'ac- 
r C 
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T h e  b a s i c  c o n c e p t s  i n  a l g e b r a  t h a t  a r e  d e f i n e d  h e r e  

a r e  t h o s e  w h i c h  g e n e r a l  i z e  t h e  a r  i t h m e t  i c a l  p r o c e d u r e s  

s u c h  as p l a c e  v a l u e  . s y s t e m ;  a d d i t i o n ;  s u b t r a c t i o n ;  
t i  

mu1 t i p 1  i c a t i o n ;  d i v i s i o n ;  p r i m e  f a c t o r i z a t i o n ;  p o s i  t , ~ v e  

a n d  n e g a t i v e  i n t e g e r  o r  f r a c t i o n a l  e x p o n e n t s ;  a n d  s i m p l e  

f a c t o r i n g  u s i n g  t h e  d i s t r i b u t i v e  l a w ;  f o r , e x a m p l e ,  a x  + b x  

= (a + b > x .  T h e s e  a r e  . r e q u i r e d  i n m o s t  a1 g e b r a i  c  

p c o c e d u r e s ,  a n d  t h e  a b i  1 i tr. t o  m a n i p u l a t e  e q u a t  i o n s  u s i n g  

t h e s e  o p e r a t  ions I S  n e c e s s a r y  f o r  h i g h e r  a l g e b r a ,  a n d  f o r  

s o l u i n , g  m o s t  p r o b l e m s  w h i c h  o c c u r  ~ n  rea l  . w o r l d  

- SI t u a t  ions.  T h e  a b i  1 i t y  t o  e x p r e s s  a  w o r d  p r o b l e m  as a 

r e l a t i o n s h i p  b e t w e e n  v a r i a b l e s  a n d  t h e n  t o  s o l v e  t h e  

' f u n c t ' i o n  o b t a i n e d  i s  t h e  u n d e r l y ~ n g  c o n c e p t  t n  

p r o b l e m - s o l v i n g .  I t  i s  b e c o m i n g  i n c r e a s ~ n g l r  less 

~ m p o r t a n t  t o  s o l v e  e q u a t i o n s  b e c a u s e  o f  t h e  n u m e r o u s  



c o m p u t e r  a1  g e b r a  s y s t e m s  a u a i  1 a b l  e hi i t h  c n  ' s ~ l r l v e  

e q u a t i o n s ,  hiit- i t  i s  b e c o m i n g  m o r e  i m p o r t a n t  t o  b e  a b l e  t o  

d e f  I n e  t h e  r e 1  a t  i o n s h  i p  b e  t w e e n  t h e  v a r  i a b l  esr. H o w e v e r  i t 

i s  s t1 1 1  i m p o r t a n t  t o  s o l v e  1 i n s a r  e q u a t i o n s  a n d  o b t a i n  a + 
s o l u t ~ m  ' s e t  e i t h e r  by g r a p h i n g  o r  a l g e b r a i c  m a n i p u l a t i o n .  

T h e  $ 0 1  l o w i n g  t o p i c s  a r e  c o n s i d e r e d  e s s e n t i a l  u s i n g  our 

n o t i o n  o f  b a s i c  c o n c e p t s :  

1 .  a / b  + c / d  = ( a d  + b c )  / bd a n d  o t h e r  a d d i t i o n ,  

s u b t r a c t i o n ,  d i v i s i o n ,  a n d  mu1 t i p l  i c a t i o n  a l g o r i t h m s  

s h o u l d  b e  t a u g h t  s l n c e  t h e s e  o p e r a t i o n s  a r e  b a s i c  t o  a1 1  

a r  i t h m e  t i c a l  p r o c e d u r e s .  A l s o  t h e  c o m m u t a t i v e ,  

a s s o c i a t i v e  a n d  d i s t r i b u t i v e  l a w s ,  a d d i  t i o n ,  o f  z e r o ,  

mu1 t i p l  i c a t i o n  by o n e ,  . a n d  o t h e r  p r o p e r t i e s  u s e d  i n  t h e s e  . 
a l g o r i t h m s  s h o u l d  b e  . r e - e m p h a s i z e d .  I t  i s  i m p o r t a n t  f o r  

t h e  s t u d e n t  t o  r e a l  i z e  t h a t  i n  p r o b l e m s  ' i n  w h i c h  t h e s e  

o p e r a t i o n s  w e r e  u s e d , . a ,  b, c ,  a n d  d f i r s t  r e p r e s e n t e d  t h e  

who1 e n u m b e r s ,  t h e n  f . r a c t  ions,  d e c i m a t s ,  r a t i o n a l  a n d  

i r r a t  i o n a l  n u m b e r s ;  h e n c e  t h e y  r e p r e s e n t  a n y  r e a l  n u m b e r .  
I 

T h e  c o m p u t e r  a l g e b r a  s y s t e m s  c a n  w o r k  w i t h  i n t e g e r s ,  

r a t  1 o n a 1  a n t i  ~ r r a t  i o n a l  , a l g e b r a i c  s y m b o l s ,  a n d  c o m p l e x  - 

n u r n b e r ~ .  I t  i s  b e c o m i n g  i n c r e a s i n g l y  l e s s  i m p o r t a n t  t o  b e  

a b l e  t o  c o m p u t e  l o n g  d ~ v i s i o n ,  mu1 t i p l y ,  c o m p l  i c a t e d  

e x p r e s s i o n s ,  and t o  a d d  f r a c t i o n s  e i  t h e r  m e n t a l  l y  or  on 

p a p e r .  A l l  t h e s e  c a n  b e  m o r e  e f f i c i e n t l y  d o n e  on 



t h e  computk r ,  hence i t  i s  more i m p o r t a n t  t o  u n d e r s t a n d  

s t e p s  b e i n g ,  t aken  i n  t h e  c o m p u t a t i o n  s o  a s  t o  check 

c o r r e c t n e s s  o f  t h e  r e s u l t s .  

The -Car ibbean E x a m i n a t i o n  Counc i l  (C.X.C.> (198.1) 

r e p o r t e d  t h a t  s t u d e n t s ,  on t he  Bas1 c  P r o f  i  c  i  ency 

examina t  i o n ,  showed weakness i n  simp1 i f y i n g  a l g e b r a i c  

e x p r e s s i o n s  such as 6a/'5c + 4bYc'3d. T h i s  ~ n d i c a t e s  t h a t  
q 

t h e  s t u d e n t  d i d  n o t  g rasp  t h e  concep t  o f  a d d i n g  f r a c t  i o h s ,  

b y  f i r s t  o b t a i n i n g  e q u i v a l e n t  f r a c t i o n s  w i t h  the  same 

denomina to rs  and  then  a d d i n g  t he  numerate-rs. 
\ 

6a/5c + 4b/3d = 6a. 3d./5c. 3 d  + 4b. 5c1'3d. 5c 

L e a r n i n g  t h e  concep t  i n s t e a d  of s o l v i n g ,  W I  t h  paper  and 

p e n c i  1 ,  i n c r e a s i n g l y  more d i f f i c u l t  b u t  s i m i  1ar  p rob lems 

w h i c h  can b e  done on t h e  computer seems more a p p r a p r r a t e .  
1 

2 .  Some t o p i c s  t a u g h t  a t  t he  lower  l e v e l s  ~ n  d ~ s ~ o i n t e d  

p a r t s  s h o u l d  be b r o u g h t  t o g e t h e r  and P%-emphas~zed,  such 

a s  r a t i o s ,  f r a c t  ~ o n s  and d e c i m a l s  w h i c h  a r e  al 1 e q u ~ u i l e n t  

f o rms .  The s t u d e n t  s h o u l d  be a b l e  t o  c o n v e r t  t o  and f rom 

d e c i m a l s ,  f r a c t i o n s ,  p e r c e n t a g e s  and r a t i o s .  

The C . X . C .  (19863 r e p o r t s  t h a t  on q u e s t i o n  6 (Append ix  D )  

most s t u d e n t s  a t t e m p t e d  t o  f i n d  2% and 3% of  t h e  g r o s s  

Income, b u t  o n l y  about  26% g a ~ n e d  more than h a l f  the  

p o s s i  bl  e marks .  The graph1 c capab l  1 I t ~ e s  o f  t h e  computer 



4 

a l l o w  o n e  t o  e a s i l y  s h o w  t h e  r e l a t i o n s h i p  b e t w e e n  r a t i o s ,  

f r a c t l o n c ,  a n d  d e c i m a l s  by s i m u l a t i n g  a c t i v i t i e s  s u c h  a s  

d i v i d i n g c a  c a k e  and s h a r i n g  i t  among  f r i e n d s .  

3. M e a s u r e m e n t  p r o b l e m s  s u c h  a s  f i n d i  n g  p e r i m e t e r ,  a r e a ,  

and u o l u r n e  a r e  v e r y  common i n  a r i t h m e t i c ,  w h i l e  f i n d i n g  

t h e  max l m ~ m u m  a r e a  a n d  v o l u m e ,  g i v e n  c e r t a i n  c o n s t r a i n t s ,  -- 

I S  common l n  a l g e b r a  w o r d  p . r o b l e m s .  I n  m o s t  c a s e s  t h e  

t y p e  o f  f r g u r e s  u s e d  a r e  1 i m i  t e d  b e c a u s e  i t i s  
. 

t ~ m e - c o n s u m i n g  t o  f i n d  t H e  a r e a  o f  f i g u r e s  w h i c h  a r e  no t  

s q u a r e ,  r e c t a n q l  e ,  tr I a n g l e ,  p a r a 1  l e l o g r a m ,  c i r c l e  o r  a n y  
2 2 

c o m b l n a t i  n o f  t h e s e .  T h e s e  c o n s t r a i n t s  do n o t  e x i s t  o n  ? 
c o m p u t e r  c o u r s e w a r e  such as t h e  m o d u l e s  d e v e l o p e d  by Bork 

> 

(1987) .  H e r e  s f u d e n t s  c a n  f , i nd  t h e  a r e a  o f  a  b l o b  on t h e  

c o m p u t e r  s c r e e n  b y  f i 1 1  ihg i n  s q u a r e s  w h e r e  t h e  s i z e  o f  
d 

t h e  s q u a r e  c a n  b e  a d j u s t e d  s o  t h a t  t h e  t o t a l  a r e a  of t h e  

s q u a r e s  a p p r o x i m a t e  v e r y  c l o s e l y  t h e  a r e a  o f  t h e  b l o b .  I f  

t h e  s t u d e n t  h a s  l e a r n t  how t o  c a l c u l a t e  t h e  a r e a  of s i m p l e  

f I g u r e s ,  I t i s no 1 a n g e r  n e c e s s a r y  t o  do m a n y  p r o b l e m s  

d e a l  I n g  w l  t h  f tnd i  n g  t h e  a r e a  o f  a s i m i  l a r  f i g u r e .  T h e  

k n o w l e d g e  o f  s i m p l e  m e a s u r e m e n t  b o r m u l  a e ;  f o r  e x a m p l e  t h e  

area o f  r e c t a n g l e ,  should b e  a p p l  i e d  w h e n  f i n d i n g  t h e  a r e a  

of  m o r e  r e a l  i s t  i c  s h a p e s  s u c h  a s  t h a t  o f  a  p o n d  o r  1 a k e .  

I n  t h i s  w a y ,  t h e  s t u d e n t  l e a r n 3  n o t  o n l y  h o w  t o  f i n d  

a r e a s ,  b u t  a1 so t h e  d l  f f e r e n c e  b e t w e e n  p e r i m e t e r ,  a r e a ,  



7 s  

1 

a n d  u o l u m e ,  a n d  t h e  s k i l l s  o f  a p p r o x ~ m a t ~ o n .  T h u s  t h e  

p r o b l e m  o f  a p p r o x i m a t i n g  t h e  a r e a  o f  a c r r c l e  w i  t h  t h a t  o f  

a n  p o l r g o n  i s  a s i m p l c  e x t r a p o l a t  i o n  o f  t h e  t d e a s  

d e s c r i b e d  b e f o r e .  .. - 

T h e  C.X.C.  (1?84> r e p o r t e d  t h a t  85% a t t e m p t e d  t h e  

q u e s t i o n  o n  f i n d i n g  t h e  a r e a  o f  t h e  g i v e n  f i g u r e  w h i c h  

r e q u l r e d  d i v i s r o n  l n t o  a  r e c t a n g l e  a n d  t r i a n g l e ,  b u t  o n l y  

S/: g a v e  g o o d  r e s p o n s e s .  T h e  C.X .C.  

\ 
f i n d i  n g  t h e  a r e a  o f  r e c  tang l ' e . s  a n d  

P 

&+length o f  a s i d e  o f  a  s q u a r e  

c a l  d u l  a t  i ng t h e  a r e a  o f  n o n - s q u a r e s  

( 1986) r e p o r  t s d  t h a t  

s q u a r e s ,  c a l c u l a t i n g  

g i v e n  I t s  a r e a ,  and 

w e r e  t o p i c s  , in w h i c h  

t h e  s t u d e n t s  w e r e  i 1 1  - p r e p a r e d .  T h e  m o d u l e s  d e w e l  o p e d  by 
i' 

B a r k  s h o u l d  g i i e  th\ s t u d e n t  ' a  b e t t e r  u n d e r s t a n d i n g  o f  

m e a s u r e m e n t  i n  i t  J 5 i r n u l a t i o n  r e a l  i s t ~ c  ac t1 .1  t e r  
- 

r e q u i r g n g  m e a s u r e  n/ e n t .  
1 
\ 

4 .  A l g e b r a i c  m a n i p u l a t i o n s -  p r o p e r t i e s  1 i k e  e x p o n e n t s  

f i i i >  a ( l / n j  = t h e  n t h  r o o t  o f  a 

E x p o n e n t s ,  r o o t s  and f a c t o r i z a t i o n  a r e  a1 1 c o v e r e d  - i n  
- -__- 

a r i t h m e t i c ,  b u t  t h e  s t u d e n t  s h o u l d  b e  aware--+++at t h e  r u l e s  
-7- 

h o l d  f o r  any r e a l  n u m b e r  a c d  any v a r i a b l e  x .  T h e s e  t h r e e  

t o p i c s  a r e  u s e d  ~n f l n d ~ n g  t h e  s q u a r e  r o o t  o f  a n u m b e r  

0 



f r o m  i t s  f a c - t o r i z a t i o n .  k n r  i t u m b e r  c a f i  b e  w r i t t e , n  as a 

p r o d u c t  o f  p r i m e s ;  i f  a p r i m e  a p p e a r s  m o r e  t h a n  o n c e  we 

c a n  r e w r i t e  t h e  f a c t o r i z a t i o n  as a p r o d u c t  o f  d i f f e r e n t  

p r  imec, t o  some p o w e r .  If t h e  e x p o n e n t s  o f  i t s  f a c ' t o r s  a r e  

* 
e v e n ,  t h e n  y o u  s i m p l y  u s e  t h e  p r o p e r t i e s  o f  e x p o n e n t s  t o  

d e t e r m i n e  t h e  s q u a r e  r o o t .  S u p p o s e  t h e  p r i m e  
t 

f a c t o r i z a t i o n  o f  M = A  4 k x  A x ' A  x 0 x B x  C x  C x  D x D 
- - 

x  0 x D x O x  D c a n  b e . r e w r i  t t e n  a s  

T h e r e f o r e  t h e  s q u a r e  r o a t  o f  M i s  A2 x 0 x ' C  x D3.  

A l g e b r a i c  m a n i p u l a t i o n  d e v e l o p s  l o g i c a l  a n d  p r e c i s e  

r e a s o n i n g  s k i l l s ,  a n d  w h e r e v e r  n e c e s s a r y ,  e x e r c i s e s  t o  

o b t a i n  t h i s  s k i 1 1  should be p e r f o r m e d .  S u c h  a n  e x e r c i s e  

1s recognizing p a t t e r n s  ~ n  w h e n  

e x a m p l e ,  g~ v e n  1 + 3 = 4  

1  + 3 + 5 * =  9 , 
i 

f l n d  1 . +  3 + 5 + 7 + Y + 1 1  + 13. T h e s e  

o n l y  d e v e l o p  some deductive a n d  r e a s o r r i n g  s k i 1  ls', b u t  a l s o  
\ 

t i e  t o g e t h e r  g e o m e t r y  a n d  a l g e b r a .  0 
c. 

A n o t h e r  f o r m ' o f  a l g e b r a i c  m a n i p u l a t i o n  i s  s u m m a t i o n .  

A1 t h o u g h  i t i s a n  a r  i t h m e t  i c a l  p r o c e d u r e ,  w h e n  i t i s  u s e d  

~n d e s c r i b i n g ,  . w i t h  a  s e t  o f  v a r i a b l e s ,  t h e  p a t t e r n  o f  a  

9 1  v c n  s e q u e n c e  i t b e c o m e s  a n  a 1  g e b r a  p r o b l e m .  B o r k  t 1.987) 



s a y s  t h a t  1 o g ~  c a l  r e a s o n  I ng s k  I 1 1 s m u s t  b e  t a u g h t  b e c a u s e  

s t u d i e s  s h o w  t h a t  t h e y  d o  n o t  d e v e l o p  n a t u r a l  lr. 

Summat i o n  i s  a l s o  v e r y  i m p o r t a n t  i n  s t a t  1st ~ c s . ~  

T h e  C.X.C.  r e p o r t e d  t h a t  on . t h e  1984 G e n e r a l  

P r o f i c i e n c y  e x a m i n a t i o n  a l m o s t  a l l  t h e  s t u d e n t s  a t t e m p t e d  

t o  s o l v e  a p r o b l e m  d e s i g n e d  t o  t e s t  these s k i  1 l s ,  b u t  o n l y  

10% s c o r e d  h a l f  o f  t h e  m a r k s  a s s i g n e d .  T h e  s t u d e n t s  w e r e  

a1 s o  u n a b l e  t o  w o r k  w i  t h  n e g a t i v e  f r a c t  l o n a l  e x - p o n e n t s .  

5. F a c t o r i n g  a n d  s o l v i n g  e a s y  e q u a t i o n s  w h e r e  t h e  + 

d i s t r i b u t i v e  l a w  i s  u s e d  s h o u l d  b e  t a u g h t ,  but  f a c t o r i n g  

o f  q u a d r a t  i c s  a n d  h  i g h e r  d e g r e e  p o l  r n o m i  a1 s s l i o u l  d n o t .  

T h e  q u a d r a t  i c e q u a t  i o n  shou'l d be u s e d  t o  s o l v e  p o l  r n o m i  a1 s 
I 

o f  d e g r e e  t w o .  
I 

x = - b / 2 a  + (b2 - j,,) 1/2 
> 

T h . i s  F o r m u l a  i s  i m p o r t a n t  a s  i t  i s  u s e d  a l l  t h r o u g h  t h e  

m a t h e m a t i c s  p r o g r a m m e  a t  t h e  u n i u e r s i  tr l e v e l .  

L 
T h e  C.X.C.  (1985)  r e p o r t e d  a n  t h e -  G e n e r a l  

P r o f i c i e n c y  e x a m i n a t  i on  t h a t  a b o u t  20% a f  t h e  s t u d e n t s  
. * 

f t r i e d  t o  s o l v e  t h e  w o r d  p r o b l e m  i n v o l v i n g  a  q u a d r a t i c  and' 

a  l i n e a r  e q u i t i o n .  30% g a v e  s a t i s f a c t o w - r e s p o n s e s ;  t h e  
* 

o t h e r s  w e r e  u n a b l e  to' e x p r e s s  t h e  r e 1  a t  i o n s h i  p 5  

a l g e b r a i c a l  Ir  e v e n  w h e n  . g i v e n  t h e  symbols, and t h e  , 

e n t s  who o b t a i n e d  t h e  c o r r e c t  e q u a t ~ m  c o u l d  n o t  



f a c t o r  t h e  e x p r e s s i o n .  T h e  e x a m p l  e s  b e 1  ow i 11  u s t r a t e  t h e  

' t y p e  o f  p r o b l e m s  d o n e  b a d l y :  , 

!a> I f  8 a  - 1 = 5, s o l v e  f o r  a. 

( b >  S i m p 1  i f y  6 x  - 2Cx ->) = ? 

t c >  I f  a  = -3 a n d $ b  - -5, f i n d  a  - b. 

6.  I n  o r d e r  t o  s o l v e  e q u a t i o n s ,  t h e  c o m p u t e r  w i  1 1  ask f o r  

t h e  f u n c t i o n  so t h e  s t u d e n t  s h o u l d  k n o w  t h e  d i f f e r e n c e  

b e t w e e n  a n  e q u a t i o n  a n d  a  f u n c t i o n .  T h e  c o r n p d t e r ,  w h e n  

g i v e n  a f u n c t i o n ,  g i v e s  a  t a b l e  o f  p a i r s ,  i x , y > ,  of 

v a l u e s .  T h e r e f o r e  i t  i s  n o t  i m p o r t a n t  f o r  t h e  s t u d g n t  'to 

m a n u a l l y  c o m p l e t e  a t a b l e  o f  C x , y )  v a l u e s .  I t  i s 9  + 

h o w e v e r ,  i m p o r t a n t  f o r  t h e  t h e  s t u d e n t  * t o  b e  a b l e  t o  g i v e  

i K e  r o o t s ,  i n t e r c e p t s  o f  t h e  e q u a t i o n , '  a n d  t h e  p e r f o r m a n c e  

of t h e  g r a p h  for,= i n c r e a s i n g  a n d  d e c r e a s i n g  v a l u e s  o f  x .  

W i t h  t h i s  i n f o r m a t i o n  t h e  s t u d e n t  c a n  s k e t c h  t h e  g r a p h ,  o r  

d e t e r m i n e  t H e  c o r r e c t n e s s  of t h e  g r a p h  d o n e  on a  c o m p u t e r .  

T h e  s t u d e n t  should no t  s p e n d  m u s h  t i m e  s k e t c h i n g  n u m e r o u s  

g r a p h s  w i t h  p a p e r  a n d  p e n c i l ,  b u t  u s e  t h e  t i m e  d e v e l o p i n g  
m 

t h e  sK i 1 1  oS d e s c r i b i n g  w;l.a%s t h e y  should  1 o o k  1 i k e ;  a n d  

w h a t  a r e  i t s  m i n i m u m *  and m a x i m u m  p o i n t s ,  r r s q t s ,  d o m a i n s  

and r a n g e s  a n d  m a n y  o t h e r  p r o p e r t i e s .  T h e  f ime  u s e d  i n  

sKetching graphs ccw1c i  t h e n  b e  
.i 

u s e d  i n  s o l v i n g  w o r d  



- , The C .  1 r e p o r t e d  t h a t  on t he  General  

P r o f  i c i  ency exami n a t  i  on one o f  t he  q u e s t  i ons  t e s t e d  the  

s t u d e n t ' s  a b i  1 i t y  t o  s k e t c h  q \ ~ a d r a t i c  g r a p h s  and make 

a 9 n f e r e n c e s  f r o m  i t ;  t w o - t h i  rds o f  t he  s t u d e n t s  a t  tempted 

u t h i s  q u e s t i o n ,  b u t  o n l y  one -qua r te r  o f  t hose  who a t t e m p t e d  

the  q u e V s t i o n  gave s a t i z f a c t o r ~ '  r esponses .  The main 

d i f f i c u l t i e s  were i n  s o l v i n g  t he  e q u a t i o n  and i n  r e a d i n g  . 

s t u d e n t s  were unaware o f  t h e  c h a r a c t e r i s t i c s ,  such as 

maximums and minimums, o f  t h e  g raph  o f  a  q u a d r a t ~ c  

f u n c t i o n ,  and t h e  r e l a t i o n s h i p s  between the  a x i s  o f  the 

p a r a b o l a  and t h e  r o o t s  o f  f i x )  = O .  

t h e  graph. '  The C .X .C .  !1986>, a l s o  r e p g r t e d  t h a t  many 

system.  

The use o f  t he  computer  f o r  the  c a l z u l a t i o n s  imposes 

on thp  s t u d e n t  t h e  need t d  u n d e r s t a n d  the  r e l a t ~ o n s h ~ p c .  

and  c h a r a c t e r  i  s t  i c s  i n h e r e n t  i n  t he  p r o b l  ems r a t h e -  than 

o b t a i n i n g  v a l u e s  w ~ t h  qo  meaning.  

7 .  G r a p h i n g  o f  1 i  near  e q u a t i o n s  and i n e q u a l  i  t i e s .  

S ince  t h e  computer gr 'ap i c  src.tem w i l l  b e  u s e d  i n  1 
most cases  t o  p roduce  g r a p h s  l a t e r  on,  , the s t u d e n t  o n l y  

needs t o  spe'nd a  smal 1 amount o f  t ime  on paper  , a n d  penc i  1 - 
g r a p h i n g  i n  o r d e r  t o  u n d e r s t a n d  the  C a r t e s i a n  co -opd ina te  



General Atgebnaic  Topics 

e x a m p l e ,  t o  c o n v e r t  497 f r o m  b a s e  t e n  t o  b a s e  s i x :  

497 = ( 8 2  x 6 )  + 5 

8 2 =  (13 x 61 + 4 

13 = (2 x 61 + 1 

2 = ( O x  6 )  + 2 
* 

u-, 

T o  d e t e r m ~ n e  w h e t h e r  t h e  t o p i c s '  s h o u l d  r e m a i n  i n  t h e  

c u r r i c u l u m  o r  how m u c h  . e m p h a s i s  s h o u l d  b e  p l a c e d  on t h e  

t o p i c ,  t h e  f o l l o w i n g  q u e s t i o n s  w i  1 1  b e  a s k e d :  Why i s  t h i s  

t a u g h t ?  Is + h e  t o p i c  u s e f u l  i n  t h e  f u t u r e ?  Can we s o l v e  

r e a l  w o r l d  p r o b l e m s  w i  t h  t h e  i n f o r m a t  i o n ?  W i l l  t h e  
. . 

i n + o r m a t i o n  b e  r e q u i r e d  o n l y  by a  s e l e c t e d  mumber o f  

s t u d e n t s ?  T h e  t o p i c s  w h i c h  a p p e a r  t o  De n - e c e s s a r y  for  

h ~ g h e r  a i g d b r a  o r  c a l c u l u s ,  f o r  s o l v i ' n g  p r o b l e m s  w h i c h  

o c c u r  i n  t h e  ' r e a l  w o r l d ' ,  a n d  f o r  d e v e l o p i n g  i n  s t u d e n t s  

s k i  11s s u c h  as  d e d u c t i v e  a n d  l o g i c a l  r e a s o n i n g  a b i l  i t y  

w i l l  b e  1 i s t e d  i n  t h e  f o l l o w i n g  p a g e s .  

1 .  B a s e s  

C o m p u t e r s ,  o t h e r  t h a n  compu t ' e r  a1  g e b r a  s y s t e m s ,  u s e  

b~ n a r y  o p e r a t  i ons. T h e r e f o r e  t o  u n d e r s t a n d  t h e  o p e r a t  ions 

o f  t h e  c o m p u t e r ,  t h e  s t u d e n t  s h o u l d  b e  a b l e  t o  w o r k  i n  

w d ' i f f e r e n t  b a s e s ,  t o  c c n v e r t  t o  a n d  f r o m  b a s e .  t e n  and o t h e r  

b a s e s  w i  t h  some c o m p e t e n c y .  T h e  c o m p u t e r  r e a d i  l y  c h a n g e s  

f o n e  b a s e  t o  a n o t h e r  a s  d e s c r i b e d  e a r l i e r .  For 



S i m i l a r l y  we c a n  d e s c r i b e  a n  a l g o r r t h m  f o r  c o n u e r t ; n g  f r o m  

a n y  b a s e  back t o  b a s e  1 0 .  F t r s t  o b t a r n  t h e  d l 9 1  t s  o f  t h e  
c 

n u m b e r ,  a1 , a2, a3,. . . aiN+l ,> a n d  t h e  bass a .  I f  t h e  

n u m b e r  has M+1 d ~ g r  t s ,  t h e n  e v a l u a t e  t h e  p o l  y n o r c ~  a1 

T h i s  t o p i c  i s  i n a d e q u a t e l y  c o v e r e d  i n  a r i t h m e t i c ,  b u t  t t  

1 5  c o n s i d e r e d  i m p o r t a n t  f o r  t h e  b l n a r y  n o t a t  t o n  s y s t e m .  

A n  i m p o r t a n t  c o n s e q u e n t  o f  t e a c h i n g  b a s e s  i s  t h a t  i t  g i v e s  

t h e  s t u d e n t  a goed g r a s p  o f  t h e  p l a c e  v a l u e  n u m e r a t t o n  

s y s t e m  w h i c h  I S  no t  u n  c o u n t  ~ n g  1s l e a r n t  b y  

r o t e .  % 

T h e  C.X.C.  (1Y86> r e p o r t e d  t h a t  r n  t h e  B a s ~ c  . 

P r o f  I c i e n c y  e x a m i  n a t  i on  s t u d e n t s  s h o w e d  a 1 ack  o f  

~ n d e r s t ~ n d i n g  o f  b i n a r y  o p e r a t  i o n s ,  a n d  r n  c o n v e r t  ~ n g  f r o m  
\ - 

b a s e  f i u e  t o  b a s e  t e n ;  i n  t h e  G e n e r a l  P r o f  t c ~ e n c ~  

e x a m i n a t  i o n  s t u d e n t s .  f o u n d  i t d i  f f  i c u l  t t o  w r  i t e ,  a nclmber 

i n  e x p a n d e d  f o r r n ~ i n  t h e  b a s e  e i g h t  n u m e r a t i o n  s y s t e m .  

9 2. G r e a t e c , t • ‹ C o m m o n  D i v i s o r  , 

/ E u c l  i d ' s  A l g o r i  t h m  f o r  f i n d i n g  t h e  g r e a t e s t  common 

d i v i s o r .  ~f t w o  i n t e g e r s  i s  a n  i m p o r t a n t  t o p i c  b e c a u s e  I t 

f o r m s  t h e  b a ~ i s  o f  factoring a n d  d i v r s i o n  o f  p o l y n o m ~ a l s .  



T h i s  p r o c e d u r e  -cant i n u e s  u n t  I 1 t h e  ' r e m a i n d e r .  r i s  z e r o ,  
7 

a n d  t h i s  p r , o c e d y r e  w i  1 1  s t o p  *$because t h e r e  e x i s t s  a  

.+ d e c r e a s i n g  s e q u e n c e  o f  r e m a i n d e r s  1 ,  r 2 ,  e t c . .  T h e n  we 
. . 

u s 3  t h e  p r o p e r t ~ t  t h a t *  i f  a n  I n t e g e r "  k divides M a n d  k a l s o  
. f 

d l v i d e s  N, t h e n  k d i v i d e s  (M+N> .  
- 

3 

3.  P o l y n o m ~ a l s  P - \ . a 
T h l s  t o p i c  I c o n s ~ d e r e d  t o  be  i m p o r t a n t " - s ~ n c e  i t 

p l a y s  a v e r r . ~ m p o r t a n t  r o l e b i n  h i g h e r  m a t h e m a t i c s .  c 

( a >  A l g e b r a t c  sum of p o l y n o m i a l s  

L e t  A ( < >  a n d  R ( x )  b e  p o l r n o m i a l s  o f  d e g r e e  n  a n d  m 

r e s p e c t  l u e l ~ ,  w h e r e  m and n a r e  who1 e n u m b e r s .  T h e  nex. t  

1 

s t ' e p ,  s t a r t l n g  w i t h  t h e  h l g h e s t  p o w e r ,  hdd c o e f f i c i e n t s  o f  . . 
x W I  t h  t h e  same ~ o w e r s .  A1 1 t h e  c o m p u t e r  a l g e b r a  s y s t s m s J  

p e r f o r m  t h i s  o p e r a t i o n ,  t h e r e f o r e  i t bs 

u n d e r s t a n d  t h e  s t e p s  i n  t h e  p r o c e d u r e ,  

w i  t h  polynomials o f  d e g r e e  a t  m o s t  f o u r .  

T h e  c o m p u t e r  a l g e b r a  s y s t e m s  a v a i  

a d d i  t ~ o n  o +  p o l r n m ~ a l s  w h e n  s i m p 1  i f r i n g  

i m p o r t a n t  o n l y  t o  

and t o  p r . a c t i c e  

l a b l e  p e r f o r m  t h e ,  

a n  e x p r e s s i o n ,  o r  

w h e n  f i n d i n g  t h e  r o o t s  of an e q u a t i o n .  I t  i s  n o t  

t m p o r t a n t  &o p e r f o r m  many  such e x e r c i s e s ,  but  t h e  s t u d e n t  
IC' 



should u n d e r s t a n d ,  a n d  h e  a b l e  t o  d e s c r i b e  t h e  s t e p s  i n  

t h e  a d d i t t o n  a l g T i t h m  u s e d  in t h e  c o u r s e w a r e .  , I n  m a n y  

';3 c a s p s  t h e  s t u d e n t  d p s  not u n d e r s t a n d  w h a t  s t e p s  s h o u l d  be  

p e r f o r m e d ,  e s p e c  I a1 1 y w h e n  t h e  c o e f f  I c  I e n  t s  a r e  r a t  ~ o n a l  . 
. Since f a c t o r l n ~  of p o l r n o m ~ a l s  o f  d e g r e e  h ~ g h e r  t h a n  t w o  

I s n o t  r e c o m m e n d e d ;  e x e r c  I s e s  I n  man I p u l  a t  I ng p o l  y n m r  a1 s 

s h o u l d  p o t  c o n t a i n  a d e g r e e  h ~ p h e r  than t h r e e  or f o u r .  
9 

, d  

The  u s e  o f  t h e  c o m p u t e r  f o r  t h , e s e  , e x e r c i s e s ,  a n d '  s h i f t  i f ig  

t h e  - e m p h a s i s  t o  u n d e r s t a n d i n g  t h e  s t e p s '  e n c o u r a g e s  t h e  

d e v e l o p m e n t  o f - t p r e c i s i o n  and l o g i c  i n  t h i n k i n g .  c- 

b Mu1 t i p l . i c a t i o n  9 p o l  ynom i a1 s - b ", 

Mu1 t i p l m i c a t  i on  o f  p o l y n ~ m i a l s  i 3 a n  e x t e n s t o n  o f  

m u l t i p l  i c a t i o n  u s i n g  t h e  d i s t r i b u t i v e  law. ' I t  1s o n l y  

. n e c & s s a r y  t o  p e r f o r m  mu1 t i p l  i c a t  i o n s  s u c h  a s ,  

<+ 
( a x  + b ) C c x  + d>  = a c x 2  + bcx + a d x  + bd 

e 

= a c x 2  + (bc + a d j x  + bd. 

T h e  p r o d u c t  o f  p o l y n o m i a l s  A ! x >  a n d  B ! x j  i s  a n o t h e r  

p o l r n o m i a l  , say C x>.,; o f  d e g r e e  n t m .  & s p e c l a 1  c a s e  o f  

mu1 t i p 1  i c a t  o f  p o l y n m i a l s  i s . e x p a n d i n g  ( x  + r l n .  T h e  -. 
c o e f f i c ~ e n t s  o f  be obta ined f r r m  P a s c a l ' s  

\ 

T r i a n g l e .  i 3 



t h e n  

For e x a m p l e ,  Cx + y ' 2  = ~2 + 2 x y  + y 2 ,  T h l s  m e t h o d  o f  

mu1 t ~ p l y r n g  p o l y n o m ~ a l c ,  I 5 u s e d  i n  m a n y  c o m p u t e r  

p r o g r a m m e s ,  a n d  s h o u l d  t h e r e f d r e  b e  I n t r o d u c e d  t o  t h e  

s t u d e n t s .  In m o s t  cases  t n  p r o b l e m  s o l v i n g ,  t h e  s t u d e n t  

does n o t  r e q u i r e  a  k n o w l e d g e  o f  s o l v i n g  e q u a t i o n s  a f  

d e g r e e  h i g h e r  t h a n  t w o ,  so i t i s  i n a p p r o p r  i a t e  t o  s p e n d  

v a l u a b l e  c l a s s  t i m e  m a n i p u l a t i n g  p o l y n c m i a l s  o f  h i g h e r  

d e g r e e .  -~ 
id!' D i v i s i o n  , o f  p o l r n o m i a l s  

The C.X .C.  r e p o r t e d  t h a t  on t h e  G e n e r a l  P r o f i c i e n c y  

. e x a m i n a t i o n  s t u d e n t s  w e r e  u n a b l e  t o  i d e n t i f y  w h i c h  o f  

a* + b2 , a2 - b2 , i a  - b ) 2  , o r  2 a  + b2 c o n t a i n e d  t h e  

+ a c t o r  i s  + b ) .  The a b i  1 i t y  t o  d i v i d e  s i m p l e  p o l y n o m i a l s ,  

;c q u a d r a t i c  e q u a t i o n  diuided. by a  l i n e a r ,  i s  n e c e s s a r y  

srnce t h e  A d u a n c e d  l e v e l  e x a m i n a t i o n s  



r e q u i r e  t h e  s t u d e n t  t o  s k e t c h  t h e  g r a p h s  o f  r a t i o n a l  

f u n c t i o n s .  I f  t h e  s t u d e n t s  c a n n o t  o b t a i n  t h e  g r a p h s  o n  a 

h a n d h e l d  c o m p u t e r ,  a k n o w l e d g e  o f  d i v i s i o n  i s  n e e d e d  t o  

f i n d  a s y m p t o t e s  i n  t h e  g r a p h s .  H o w e v e r  si n c e  s u c h  

c o m p u t e r s  d o  e x i s t ,  i t  b e c o m e s  l e s s  i m p o r t a n t  as t h e  

c o m p u t e r  b e c o m e s  m o r e  a v a i l a b l e  f o r .  t h e  s t u d e n t  t o  p e r f o r m  

t h i s  o p e r a t i o n .  T h e r e f o r e  d i v i s i o n  o f  p o l y n o m ~ a l s  s h o u l d  

o n l y  b e  t a u g h t  a s  a s  a n  e x t e n s i o n  o f  t h e  E u c l ~ d e a n  
J 

algorr t h m  m e t h o d ,  f o r  f i n d i n g  t h e  g r e a t e s t  common d ~ v ~ s o r ;  

a p r o c e d u r e  s o m e t i m e s  u s e d  by t h e  c o m p u t e r  t o  c a r r y  o u t  

t h  i s o p e r a t  ion.  

A ( x >  / B ( x >  = C ( x >  w i t h  r e m a i n d e r  R ( x 1  

i f  t h e  d e g r e e  o f  A ( x >  = m, and d e g r e e  of B ( x i  = n,  t h e n  

d e g r e e  o f  C < x >  = m-n, a n d  d e g r e e  o f  f ?  < o r  = n-1 .  Far 

e x a m p l e ,  i f  k < x >  = x 6  + x 4  + x  

B ( x )  = x 2  + x  

t h e n  C ( x )  = a x 4  + b x ?  , c x 2  , dx + 

a n d  R t x )  = f x  + g 

< e >  ' G r e a t e s t  common f a c t o r  09  t o ~ o  p o l  y n c t m i a l c ,  -. - 
P 

BY e x t e n d i n g  t h e  i d e a  o f  d i v i s i o n  o n e  s t e p  f u r t h e r ,  we  can  

f i n d  t h e  g r e a t e s t  cormon f a c t o r  nf t w o  p 0 1 ~ r 1 0 m 1 . a l ~  A ( x )  

and 0 w .  



-* 

d e g r e e  o f  R2(xi < d e g r e e  o f  R l  i x ?  < d e g r e e  o f  h e n c e  

t h e  a l g o r  i t h m  s t o p s  w h e n  . R ( : x l  = 0 .  

I:+? F i n d i n 9  t h e  v a l u e  o f  a  p o l y n c l m i a l  a t  a p o r n t  .I( = z .  

One m e t h o d  o f  f ~ n d i n g  t h e  v a l u e  o f  a p o l r n o m t a l  A < x i  

a t  a p o i n t  x = z i s  br u s r n g  H o r n e r ' s  a l g o r r  t h m .  T h ~ c  

q u e s t  i on  c a n  a l s o  be r e p h r a s e d  as a d r v t s i o r ~  p r o b l e m :  

I d i v i d e  A i x )  hy ( X  - i:). T h e -  f Lrs t  s t e p  i n  H o r n e r ' s  

e"-- 
a1 gor 1 t h m  i s  t o  w r  i t e  t h e  p o l  y n o m i  a1 i n  d e s c e n d !  n g  d e g r e e s  

Z 

o f  x ,  p l a c i n g  a z e r o  w h e r e v e r  some p o w e r  o f  x i s  r n ~ s s r n g .  

blow w r  t t e  t h e  c o e f f  i C I  e n  ts o f  t h e  p o l  ynomr a1 a n  t h e  f I r s t  
% 

r o w  a ,  b c ,  e t c . .  I n  t h e  f t r s t  p l a c e  o f  t h e  t h ~ r d  r o w  t 
0 

w r  I t e  t h e  same u a l  u e  w h i c h  a p p e a r s  ~ n  t h e  f I r s t  p l  a c e  c ~ t  

t h e  f i r s t  r ,  t h a t  i s  a = A .  In t h e  s e c o n d  p l a c e  o f  t h e  

s e c o n d  r o w  w r  i t e  t h e  p r p d u c  t o f  A and z ,  & n d  ~n t h e  s e c o n d  

p . l a c e  of  t h e  t h i r d  r o w  w r i t e  t h e  sum 09 4 . 2  + b " =  t i .  t .bw 

p l a c e  0 . 2  i n  t h e  t h i r d  p l a c e  o f  t h e  s e c o n d  ro,~, a r i d  F3.z + 
Y 

c  =C i n  t h e  t h r r d  p l a c e  o f  t h e  t h r r d  row. /OIJ w I 1 1 
-9- 

f i n a l  1 y o b t a r n  a p o l y n o m i a l  wr t h  c o e f f  r c i e n t s  A ,  8 ,  C ,  ?-. . 



and . d e g r e e  one less t h a n  t h e  d e g r e e  o f  t h e  p o i  ynomr a1 
9 - 

k / x ) .  f o r  e x a m p l e ,  C i i x ,  = x " 3  + 4xA2 - 4 3 ~  t 7 a t  

x = 2  

0 ,  t h t  v a l u e  x = a I S  a r o o t  o f  t h e  e q u a t i o n .  

F o r m u l a t i n g  s u c h  a p r o b l e m  h e l p s  t h e  s t u d e n t  t o  

d e u e l o p  t h e  a b ~  1 i-tr t o  s e t - u p  f l o w c h a r t s ,  a s e t  o f  l o g i c a l  

a n d  s e q u e n t i a l  s t e p s ,  t o  & g p r o x i m a t e  a n s w e r s ,  a n d  t o  

u n d e r s t a n d  t h e  s t e p s  t a k e n  by t h e  c o m p u t e r  t o  p r o d u c e  a 

s o l u t i o n .  I n  m o s t  cases  t h e  abi 1 i t y  t o  f i n d  t h e  r o o t s  o f  - 
a n  e q u a t ~ o n  a n d  t o  s k e t c h  t h e  e q u a t i o n  i s .  n e c e s s a r y  o n l y  

+or d o i n g  w e 1  l o n  an e x a m i n a t i o n ;  a n  u n d e r s t a n d i n g  o f  t h e  

s t e p s  i s  m o r e  a p p r o p r  i a t e  t o  c u r r e n t  t e c h n o l o g y .  

Word P r o b l @ m s  and P r o b i e m  S o l v i n q  

4 .  A l g e b r a  1s e s s e n t i a l  t n  s o l u ~ n g  w o r d  p r o b l e m s ,  but  a - -  

c m m  a r g u m e n t  u s e d  b y  s t u d e n t s  t o  e x p l a i n  t h e ~ r  b o r e d o m  

~ n  m a t h e m a t i c s  i s  t h a t  w o r d  p r o b l e m s  s u c h  as a g e  a n d  

m i x t u r e  a r e  n o t  r e a l  i s t i c ,  and a r e  o f  1 I t t l e  use i n  

a s s t s t ~ n g  t h e m  t o  c o p e  i n  s o c i e M . ,  t h e  c o m p u t e r  o a l l o w s  

r ea l  ! % t i c - k i m u . \ a t - ~ o n  o f  word p r o b l e m s ;  f o r  e x a m p l e ,  TRIP,  
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d e s c r l b e d  b y  ~ o u ' l d  a n 3  F l n z e r  !1981) .  1s a  c o m p u t e r  s y s t e m  
? - 

f o r  a n i m a t ~ n g  t t m e - r a t e - d i s t a n c e  p r o b l e m s .  T R I P  w a s  

d e s ~  g n e d  S a r  s t u d e n t s  w h o  c a n  s o l v e  a.1 g e b r a ~ c  e q u a t  I ons, 

3 u t  h a u e  d i f i ~ c u l  tr  s e t  t l n g - u p  t h e  e q u a t i o n ,  L i I S I C A L C ,  an 

e l  e c  t r o n  I c s p r e a d s h e e t  f o r  s o l v  i nq p r o b l  ems I n v o l  v I n g  

p r  i c e ,  sa1 e s ,  c o s t ,  r e l ~ e n u e  and p r o f  i t , a n d  T k  S o l v e r  , an 

e q u a t  I o n  s o l  f ~ e r ,  b o t h  d e s ~  g n e d  by S o f  t w a r e  A r t s  a r e  a1 so 

A n o t h e r  e x a m p l e *  1s o n e  d e s c r i b e d  bi* K e l r n a n  1 , 1 9 2 3 )  

w h i c h  I S  a v a i l a b l e  o n  . t h e  m i c r o D y N k M 0  c o u r s e w a r e :  - 

Rate = K ( t e m p e r a t u r e  o f  c o f f e e  - t e m p e r a t u r e  a+ r o o m ?  

1s t h e  f o r m u l a  f o r  ' d e t e r m i n ~ n g  h o w  l o n g  i t  w o u l d  t a k e  for. 

a c u p  o f  c o f f e e  t o  coo? t o  some d r t n k a b l e  t e m p e r a t u r e .  

B o r k  a n d  T r o w b r ~ d g e  (1987)  also d e s c r l b e  l e a r n ~ n g  m o d u l e s ,  

u s  I n g  s o c r a t  I C  dl  a 1  o k u e  w r  I t t e n  as  p r o g r a m s  l n  P a s c a l  o n  . 

t h e  ' f e r a k  8510 m 

s o l v l n g .  N o t  o n l y  

~ c r o c o m p u t e r s ,  w h ~ c h  a i d  ~ n  p r o b l e m  

1 5  r t  i m p o r t a n t  t c ~  b e  a b l e  t o  f o r m l J l a t e  
* 

w o r d  p r o b l e m s ,  ~t i s  a l s o  ~ m p o r t a n t  t o  
- 

t n  a p r o b l e m  solving c o n t e x t .  K e l m a n  

a n d  s o l  ue r e a l  i s t  i c 

u n d e r s t a n d  f o r m u l a e  

s a y s ,  " I t  f o r c e s  t h e  s t u d e n t  t c o n s ~ d e r  w h a t  e f f e c t s  

$ 1  f f e r e n t  p a r t s  o f  t h e  p r o b l e m  hal/e on e a c h  o t h e r ,  and I t 

al l o w s  t h e m  t o  c o n s 1  d e r  t h o s e  p r o b l e m s ;  wh i c h  I t m a k e s  n o  

5 e q s e  t o  t a l k  a b o u t " .  ! p a  8 3 3 .  For e x a m p l e ,  ~ n  f i n d ~ n g  

t h e  s q u a r e  r o o t  o f  a n u m b e r ,  i t w o u l d  m k k e  n o  s e n r e  t o  

i 



t a l k  a b o u t  s q u a r e  r o o t s  o f  n e g a t i v e  n u m b e r s ,  b u t  o n e  c o u l d  

e 

t a l k  a b o l l t  cube r o o t s  o f  n e g a t i v e  n u m b e r s .  sfhe 
r 

r r l ~ c r o c o m p u t e r  m a k e s  a v a i  Iable a new k i n d  o f  p r o b l e m  i r i  an 

c o m p u t e r  a l g e b r a  systems t o  a1 l o w  s t u d e n t s  to e x p r e s s  a 

q u e s t t o n  I ~ I  s y m b o l  i c  f o r m ,  a n d  f o r  t h e  c o m p u t e r  t o  

c a l c u l a t e  t h e  answer.  i n  s u c h  a f o r m , '  enables. t h e  s t u d e n t  

t o  as.k " w h a t  i f "  q u e s t  i o n s  b e t t e r  t h a n  i f  a s p e c i f i c  

solut  on w a s  o b t a t n e d .  I t  i s  m o r e  i m p o r - t a n b t - o  s e a r c h  f o r  

- v a r  I a t  I o n s ,  e x c e p i  I ons. and s t a n d a r d  b e h a v  i o u r s  t h a n  t o  

g b t a t n  a n  a n s w e r .  
- 

The  f o l  L o w i n g  q u e s t  i o n  a p p e a r e d  o n  t h e  G e n e r a l  

fl Proiicl e n c y  1986 e x a m i n a t ~ o n :  

T h e  g r a p h  p r ~ u  I d e d  s h o w s  t h e  f a 1  1 I n  
t e m p e r a t u r e  o f  a  body a f t e r  i t  w a s  p u t  
i n t o  a s p e c 1  a1 c o n t a i  p e r  t o  c o a l .  

.- c a j  U s i n g  t h e  g r a p h ,  e s t   mate 
( I > t h e  t e m p e r a t u r e  o f  t h e  body f o u r  m r n u t e c  
a f t e r  ~t w a s  p u t  i n t o  t h e  c o n t a t n e r  
i~ i )  t h e  a v e r a g e  r a t e  o f  c o o l ~ n g  o f  t h e  body, 
rn  d e g r e e s  p e r  m ~ n u t e ,  f o r  t h e  f r r s t  t w e l v e  
m l n u t e s ,  a f t e r  b e r n g  p u t  ~ n t o  t h e  c o n t a i n e r  
c r i i )  t h e  r a t e  o f  c o o l ~ n g  o f  t h e  body w h e n  
i t s  t e m p e r a t u r e  w a s  64  d e g r e e s .  
> A s s u m t n g  t h a t  a f t e r  20 m r n u t e s ,  t h e  
t e m p e r a t u r e  o f  t h e  b o d y  c m t ~ n u e s  t o  f a 1  1 a t  
a c o n s t a n t  r a t e ,  e s t t m a t e  t h e  t e m p e r a t u r e  o f  t h e  
b o d y  1 h o u r -  a i t e r  b e i n g  p u t  i n t o  t h e  c o n t a i n e r .  

- 
: h e  C . X . C .  r e p o r t e d  t h a t  96.27; o f  t h e  s t u d e n t s  a t t e m p t e d  

t h  t s quest i an i n  t e n d e d  t o  t e s t  t h e i r  a b i  I i t y  t o  r e a d  a n d  
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~ n t e r p r e t  I n f o r m a t  I o n  p r e s e n t e d  graphical 1 s .  O n l y  1 o i  

t h e  a n s w e r s  w e r e  r a t e d  s a t t s f a c t o r r  o r  b e t t e r .  

T h e  C . Y . C .  ( 1386 )  r e p o r t e d  t h a t  o n  b o t h  t h e  B a s 1 1  
- 

a n d  P r o f  I c I e n c r  exam1  n a t  I ons s t u d e n t s  w e r e  u n a h l  e  t o  f I n d  
3 

t h e  c o s t  p r l c e  =>en t h e  s e l  1 i n g  p r  r c e  a n d  p e r c e n t a g e  

p r o f  i t ,  a n d  t h e y  had  1 I t t 1 e . k n o w l e d g e  o f  t h e  t e r m s  ' g r o s s  

a income' . a n d  . ' t a x a b l e  i n c o m e '  ' t n  s t m p l e  p r o b l e m s .  

5 .  F u n c t  ~ o n s ,  R e l a t  ~ o n s  a n d  P l o t t  I n s  o f  F u n c  t t a n s  

A 1  1 t h e  a t i o v e  c o n c e p t s  w ~  1 1  b e  u  t tl I z e d  ~ n  s o l  v I ng 

e q u a t  tons a n d  t h e  p l o t t  ~ n g  of f u n c t  i o n s .  A n  a l g e b r a ~ c  

e q u a t l o n  f ( x j  = O o f  d e g r e e  n  h a s  n r o o t s .  N o w  s u p p o s e  

:x = a 1  i ~ :  a r o o t  o i  - c ( x i = O ,  t h e n  

w h e r e  3 1 ,  a2,  a3 ,  e t c ,  a r e  r e a l  o r  cornp l  e r  a n d  C 
, 

: s c c ~ n s t a n t .  , , \ 

\, 

The s t u d e n t  s h o u l d  b e  a ~ l e  t o  r e c o g n t z e  a f c t n c t l o n a l  

relationship i n  a w o r d  p r o b l e m ,  and t o  e ~ p r e s s  t h e  

r e l a t i o n s h i p  a s  a m a t h e m a t r c a l  f o r m u l a .  A l s o ,  b e c a u s e  o f  

t t i e  i m p o r t a n c e  o f  s t a t i s t i c s ,  t h e  s t u d e n t  s h o u l d  be a b l e  

t w e  a . = , u i t a ~ l e  f u n c t ~ o n  w h e n  g r v e r r  a p l o t  o f  some 



exper tmental  data.. There are  many f u n c t i o n  p l o t t i n g  

programs auai  l a b t e .  Where i t  wou ld  t a k e -  a t  1.eas.t~ a  few 
F 

c l a s s  sess ions  t o  d i s c u s s  the d i f f e r e n c e s  i n  t h e .  graptty:  

y  = fix> y  = f l - x  y =. 2 f l x >  

y = f l x )  + 3 y = 2 f l x  - 2) + 3, . * 
. , 

i t  takes  o n l y  a coup le  o f  m inu tes  t o  d i s p l a y  these graphs 

on the screen.  Hence the n o t  - i o n  o f  f u n c t i o n s ,  equa t i ons  
*: - - 

and p l o t t i n g  graphs shou ld  be taugh t  i n  the  h i g h  schoo ls ,  

bu t  the s tuden t  5hou ld  n o t  spend 5 t o  6 weeks o f  c l a s s  

t ~ m e  Yea rn i ng  how t o  s e t  up the f u n c t i o n ,  graph i t  and 

-*  
then desc r i be  i t s  maximum, minimum, r o o t s ,  e t c . .  The 

- ,  

s t uden t  no t  o n l y  l e a r n s  a l geb ra ,  b u t  a l s o  some geometry; 

such as  sh i f t i ng, e>xpandi ng, sh r  i  nk i ng  and o t h e r  

t r ans fo rma t  i ons .  Wi t h  the computer,  i n  the case o f  

q u a d r a t i c s ,  knowi'ng the q u a d r a t i c  f o rmu la  and a p p l y i n g  i t 

t o  o b t a i n  the r o o t s ,  and bP ing  ab le  t o  desc r i be  the  

f u n c t i o n ,  and f i n a l  1 Y check i ng  your image o f  t h e - 6 r a p h  

w i t h  O W - o n  a computer screen wou ld  f r e e  up l o t s  of t ime 

t o  work more appl  i c a t i o n s  and t o  ask more q u e s t i o n s  about 

t h e  dynamics o f  the f u n c t i o n .  A l s o  the  word problems 

shou ld  b e  more v a r  I e d  t h a n  the usua l  p r o j e c t  I 1 e and p r o f  i t 

and 1 oss p r o b l  ems .  Fey e t  a! . ( 1985) say o f  the campu t e r  
"- 

i n  the c lassroom, % % 



... I t  b e g i n s  w i  t'h r e a l - w o r l d  s i  t w t ~ o n s  a n d  
- 

p r o m i s e s  t h e  b e s t  m o t i v a t ~ o n :  l e a r n i n g  
s o m e t h i n g  o b v i o u s l ~  u s e f u l .  I t  s i d e s t e p s  t h e  
a l m o s t  u n s o f v a b l e  q u e s t i o n  o f  'How m u c h  

+ 

t e c h n i q u e  i s  e n o u g h ? '  by a l l o w i n g  s t u d e n t s  t o  
I p r o g r e s s  as  f a r  a s  t h e i r  n e e d s  a n d  i n t e r e s t s  

p e r m i  t . I t s t r e s s e s  i n f o r m a l  e a s y - t o - r e m e m b e r  , 
a n d  p o w e r f u l  - s u c c e s s i  v e  a p p r o x  i m a t  i on  a n d  
g r a p h i c  m e t h o d s  t h a t  should d o  m u c h  - t o  but l d  
t h e  i n t u i t i o n  o u r  s t u d e n t s  s o  o f t e n  m l s s  i n  
o u r c  h a s t e  t o  t e a c h  m a n i p u l a J j v e  r u l e s  f o r  t h e  
m a n y  a l g o r i t h m s  r e q u i r e d  by f o r m a l  m e t h o d s .  ( p . 1 0 )  

T h e  C.X.C. (1984, 1985, a n d  1986) r e p o r t e d  t h a t  

s t u d e n t s  s h o w e d  w e a k n e s s  w h e n  u s i n g  f u n c  t i o n a l  n o t a t  i o n  o n  

bo th  t h e  B a s i c  and G e n e r a l  P r o f  i t i e n c y  e x g m i n a t  i o n s .  T h e  

a d v a n c e d  l e v e l  e x a m i n a t i o n  r e q u i r e s  t h a t  t h e  s t u d e n t  
-- - 

s h o u l d  ' be  a b 1  e ,  w h e n  g i v e n  a  q u a d r a t i c  e q u a t i o n  I n  o n e  

u a r i a b l e ,  t o  s o l v e  t h e  e q u a t i o n ,  t o  f i n d  m a x ~ m a  a n d  m i n ~ m a  
- - 

br c o m p l e t i n g  t h e  s q u a r e ,  a n d  t o  S & e L c h  t h e  g r a p h .  k l  1 

t h e s e  o p e r a t i o n s  c a n  b e  p e r f o r m e d  by t h e  c o m p u t e r ,  a n d  t h e  
<b 

s t u d e n t s  s h o u l d  b e  a b l e  t o  p e r f o r m  t h e s e  operations, b u t  

r a t h e r  t h a n  f o c u s i  ng o n  p e r f o r m i  ng t h e s e  o p e r a t  ~ o n s  t h e  
i 

-- t i m e  s h o u l d  b e  s p e ' n t  a p p l y i n g  t h e  , k n o w l e d g e  t o  5 0 1 v 1 n g  
- 

m o r e  ' r e a l  w o r  i d' p r o b l  ems .  , 

6. M a t r i c e s  a n d  S o l u ~ n ~  L i n e a r  E q u a t i o n s  
-- - 

T h e  A d v a n c e d  l e v e l  m a t h e m a t i c s  exam1 n a t  ton Pequ I r e s  - - 

\ t h a t  t h e  s t u d e n t  u s e  G u a s s i a n  e l  r m ~ n a t t o n  w h e n  s o l ~ ~ ~ n g  a 

s y s t e m  of 1 i n e a r  e q u a t i o n .  I t  i s  a n  e l e g a n t  m e t h o d ,  a n d  

P 
o n e  w h i c - h  t h e  c m p u t e r  u s e s  i n  s o l v i n g  a s y s t e m  o f  1 I n e a r  
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- 

-- 
e q u a t r o n s .  . B a s i c  m a t r i x  a r i t h m e t i c ,  s u c h  as a d d i t i o n ,  

s u b t r a c t i o n ,  s c a l a r  mu1 t i p l  i c a t i o n ,  and' mu1 t i p l  i c a t i o n  o f  
.- 

m a t r i c e s  i s  u s e d  i n  s o l v i n g  s q u a t ; o n s .  - 
7 

< a >  A d d i t i o n  o f  M a t r i c e s  - - 
S u p p o s e  A a n d  M a r e  t w o  m x n m a t r i c e s ,  t h e n  A + 0 i s  a l s o  

a n  m x n m t r  i x w i  t h  e a c h  o +  i t s  e n t r i e s  b e i n g  t h e  sum o f  

t h e  c o r r e s p o n d i n g  e n t r i e s  i n  A a n d  B .  - - 

<b) S u b t r a c t i o n  
- 

S i m i l a r l y ,  A - B is a n  m x n m a t r i x  w i t h  each e n t r y  b e i n g  

t h e  d i + f e r e n c e  o f  t h e  c o r r e s p o n d i n g  e n t r i e s  i n  A a n d  B .  
%: 

t c >  S c a l a r  

I f  c  i s  a 

.I(, n m a t r i x  

( d >  Mu1 t i p  

G i v e n  t w o  

Mu1 t i p l  i c a t i o n  

- 

c o n s t a n t  a n d  A a n  m  x  n  m a t r i x ,  t h e n  c A  i s  a n  m 

w h e r e  e a c h  e n t r y  i n  A i s  m u l t ~ p l i e d  by c .  
-- 

I 
1 i c a t i o n  

.:rr 

m a t r i c e s  A ,  a n  m  x n m a t r i x ,  a n d  8, a n  n x  s 

m a t r i x ,  t h e n  A x 8 i s  a n  m x s m a t r i x .  F o r  e x a m p l e ,  

The s t u d e n t  s h o u l d  b e  a b l e  t o  s o l u e  a .  s y s t e m  o f  

1 1 n e a r  e - q u a t i o n s  in a t  m o s t  f o u r  u a r i a b l e s .  S o l v i n g - &  a 
A. - - -  

s y s t e m  of  linear e q u a t i o n s  i s  i m p o r t a n t  i n _  m a n y  



appl i c a t  i o n  problems,  b u t  tzhere many c a l c u l a t o r s  a v a ~  l a b l e  

which  make hours  of paper and penc i T m a n ~ p u l  a t  i on  

- '  unnecessary.  One needs o n l y  t o  know hod t o  s o l v e  a system - - 
o f  l i n e a r  equa t i ons  i n  two unknowns t o  unders tand  the many - - - 

s t e p s  taken by  the c a l c u l a t o r  t o  o b t a i n  an answer. L e t  us  

take t h ree  e q u a w n s  i n  t h ree  unknowns 

For example ( 1 )  3 x  + y  + 2 i = 1 3  

S u b s t i t u t e  z = 1 into equa t i on  ( 4 j :  2x + 10 = 1 4  



Substitute x = 2 and z = I into equation 1 :  6'+ Y + 2 = 

13 to obtarn y = 5. (The HP 28C handheld computer gives a 

- s o l u t ~ o n  for this system of linear equations in 10 

sec,onds. 1 

C- 
Matrix operations are important for the study of 

h ~ g h e r  mathematics, but the ability to s o 1 v e . a  system of 

1 r near equat ion.5 i s  necessary to solving 'real world' 

---problems; therefore both topics should remain in the 

curriculum. However, finding inverses and determinants o+ 

m a t r ~ c c s  seems ~ n a p p r o p ~ i a t e  with the available technolgy0. 

- - 

7. Tr laonometry 4 
C -- 

S ~ n c e  thrs t o p ~ ~  i s  usua? 1y introduced in the high 

schools ( in Algebra 1 1  and 12 -or the last two years of 

h I gh school > , and i ncorpcrratec, geometry, measurement , and 

f u n c t ~ o n s  and relations; i t  I an essentiql area of 

mathematics which should not be omitted. Trigonometry is 

required not only at University level, but for any applied 

rnathematlcs course since i t  is useful' even to the 

carpenter . Tri.gonometric c o n c e ~ t s  evolve f both 

ar I t h m e t  i c  and geometry, For example, given a circle 

which. has 360 degrees and any sec_tor - or f r a c t i o n  ~f the 

c ~ r r c l e  you can find the angle which the arc subten+ or 

3 1 G e n  a right angle triangle you can introduce the s i x  

basic t r ~ g o n o m e t r  ic functions: sine, cosine, tangent, 



s e c a n t ,  c o s e c a n t ,  $pd c o t a n g e n t .  N o w  t h a t  we 

t r i g o n o m e t r y  i s  a n  i m p o r t a n t  1 i n k  i n  t h e  c h a ~ n  

r n a t h e m a t  i c a l  , c o n c e p t s ,  we haue t o  d e c i d e  w h a t  

- 

s e e  t h a t  

o f  bas i c 

a r e  t h e  

b a s i c  c o n c e p t s  i n r t r i g o n o m e t r r  a n d  w h a k  qan b e  now d o n e  o n  
D 

t h e  c o m p u t e r .  T h e  HP 2 8 C  d i s p l a y s  the  g r a p h s  o f  

t r i g o n o m e t r i c  f u n c t i o n s  i n  l e s s  t h a n  30"econds. .  Many 
- - + 

c a l c u l s . t ~ l r ~ j  o p e r a t e  i n  bo th  ' d e g r e e s  a n d  r a d i a n s ,  an,d t o  

d i  st i n g u  i sh b e t w e e n  , t h e  t w o  o n e  m u s t  - - . u n d e r s t a n d  * t h e  

r e l a t i o n s h i p  i i n  m u M a t h  t h e  a n g l e s  a r e  a s s u m e d  t o  b e  
\ 

m e a s u r e d  i n r a d i  a n s }  . 
( a } .  R e l a t i o n s h i p  b e t w e e n  d e g r e e s  a n d  r a d r a n s .  - 

A r a d i a n  i s  t h a t  a n g l e  A s u b t e n d e d  a t  t h e  c e n t r e  O o f  a' 

c i r c l e  by an a r c  of  l e n g t h  e q u a l  t b  t h e  r xd i us .  

2.#PI r a d i a n s  = 360 

1 r a d i a n  = 180 d e g r e e s  
- - 

T h e  s t u d e n t  i s  r e q u  

tr i g o n o m e t r  i c i d e n t  i t>i e s -  a n d  

e q u a t  i ons b e c a u s e  t h e s e  sk i 1 1 s 

/ # P I  = 57.295779513.. - -  
i r e d  t o  t le a t11  e t o  p r o v e  

t o  s i m p 1  i f y  t r i g o n c l m e t r i c ,  

a r e  r e q u ~ r e d  i n  c a l c u l u s  t o  

s k e t c h  ' t h e  grrrp'h o f  t r i g o n o m e t r i c  f u m t  i o n s ;  he  or s h e  i s  

also r e q u i r e d  to s e t - u p  a n  e x p r e s s ~ o n  rn  a f o r m  w h t c h  

m a k e s  i t  e a s y  t o  d i f f e r e n t i a t e  a n d  i n t e g r a t e .  The abil i tr  , - 

o f  t h e  c o m p u t e r  a l g e b r a  s y s t e m s  t o  p r o v e  t r . r g o n o r n e t r r c  

i d e n t  i t i e s ,  t o  simp1 i f y  tr i g o n m e t r r c  c x p r e s s ~ o r ~ s ,  a n d  t o  

d i f f e r e n t i a t e  a n d  i n t e g r a t e  c o m p l  i c a t e d  tr i g u n m e t r ~ c  



97 
- -- - 

f u h c t i o n s  maKe I t l e s s  i m p o r t a n t  t o  p e r f o r m  t h e s e  

N o p e r a t ~ o n s  W I  t h  p a p e r  a n d  p e n c i  1 .  Nut o n l y  i s  i t  t i m e  

c o n s u m i n g ,  b u t  i t  d o e s  n o t  t a k e  a d v a n t a g e  o f  t h e  

a v a i l a b l e  t e c h n o l o g y .  T h e  t i m e  c a n  be  b e t t e r  s p e n t  i n  
d 

u n d e r s t a n d i n g  t h a t  t h e  d e r i v a t i v e  i s  t h e  s l o p e  o f  t h e  
t 

t .,' 
t a n g e n t  .I r n e  t o  t h e  g r a p h ,  a n d  c a n  b e  u s e d  t o  f i n d  

max imum a n d  m i n i m u m  p a i n t s .  

f - 

8. L o q a r i t h m s ,  L o q a r i t h m i c  a n d  E x p o n e n t i a l  F u n c t i o n s  
- 

I t  i s  i m p o r t a G t  t d  t i+ t o g e t h e r  t h e  r e l a t i o n s h i p  

b e  t w e e n   exponent^^ a n d F g a r  i t h m s  so t h a t  i t b e c o m e s  ;jln 

t n t u ~  t i v e  a n d  n a t u r a l  s t e p  i n  a l g e b r a .  T h i s  t o p i c  i s  
- 

r e q u i r e d  i n  h i " - g h e r  a l g e b r a  i n  o r d e r  t o  s o l v e  p r o b l e m s  i n  

~, p o p u l a t i o n  g r o w t h  and r a d i o i c t i ' u e  d e c a y .  ~ h e p - f o r e  i t  i s  

n e c e s s a r y  f o r  h i g h  s c h o o l  s t u d e n t s  t o  u n d e r s i a n d  t h e  . 

b a s i c  o p e r a t i o n s .  G r a p h s  o f  " b o t h  l o g a r i t h m i c  a n d  

e x p o n e n t  i a1 f u n c t i o n s  a r e  e a s i  1 y o b t a i n d e d  C I ~ I   computer.^., 

a n d  p r o b l e m  s o l v i n g  c o u r s e w a r e  f o r  t h e s e  t y p e  of 
1- -9 , -*  - 

- p r o b l e m s  w i  1 1  b e  a v ? i  1 , a b l e  i n  t h e  f u t u r e  ." T h e r e f o r e  

o n l >  t h e  b a s r c  o p e r a t ~ o n s  s h o u l d  b e  t a u g h t  i f  n e c e s s a r y .  

x a I f  y = , , t h e n  log, = a,- 

S o  a n e  w o u l d  e x p e c t  t h e  p r o p e r t i e s  o f  l o g a r i t h m s  t o  h e  

s i m r  l a r  t o  t h e  p r o p e r t i e s  o f  e x p o n e n t s :  



D i f f e r e n t i a t i o n  a n d  I n t e ~ r a t i o n  

4 
A l t h o u g h  d i f f e r e n t i a t i o n  a n d  i n t e g r a t i o n  a r e  no t  

d o n e  a t  t h e  h i g h  shhool  l e o e l  i n  N o r t h  A m e r i c a ,  ~ t '  I S  a 

r e q u i r e m e n t  o f  t h e  A d v a n c e d  l e v e l  s y l l a b u s .  E n q e l m a n  
% - 

i 1970>  d e s c r t b e s  a n o t h e r  s y m b o l  i c  c o m p u t a t  ton s y s t e m ,  

MATHWB,  a s  f o l  1 ows.  he p r o g r a m  [ h a s 1  g e n u  i ne k n c w l  e d g e ;  

i f  a s k e d  'How w i l l  y o u . d i f f . e r e n t i a t e  t h l s ? "  i p .  1031. T h e  
-- 

p r o g r a m  w i  1 1  r e s p o n d  by p e r f o r m i  n g  t h e  r e q u e s t e d  

d i f f e r e n t i a t i o n ,  p a u s i n g  a t  e a c h  s t e p  t o .  e x p l a i n  w h a t  ~t 

i 

i s  doing.  M u M a t h  c a n  v e r i f y  t r i g o n o m e t r t c  i d e n t i e s ,  

c Z l c u 1 a t e  1 i m i  ts ,  a n d  p e r f o r m  i n d e f  t n ~  t e  t n t e g r a t  i o n  f o r  

? 
w h i c h  p a r t i a l  f r a c t i o n s  a r e  ; o m o n l y  u5.ed.  T h e r e f o r - e  i t  

i s  b e c o m i n g  m o r e  i m p o r t a n t  t o  b e  a b l e  t o  p e r f o r m  a n y  o t h d r  

' I  

t h a n  s i m p S e  d i f f e r e n t  ! a t  i o n  a n d  i n t e g r a t i o n .  - P -- 

S u m a r  y 

We h a v e  d e s c r i b e d  t h o s e  t o p i c s  we b e l t e v e  t o  b e  . 0 

i m p o r t a n t  a n d  w h i c h  s h o u l d  b e  t a u g h t  t o  t a k e  a d v a n t r g e  o f  
\ < .  

t h e  a v a i  1 A b l e  t e c h n o l o g y .  Howesrei; i t i s  n u t  e x p e c t e d  

t ha t  t h e  c o m p u t e r  w i l  1 t ' a k e  t h e  p l a c e  o f  al 1 p a p e r  and 

p e a c i  1 t a s k s ,  bu t  t h a t  t h e  s t u d e n t  s h o u l d  o b t a ' i ' n  t h e  
-. 

man i p u l  a t  ~ v e  s k i  1 Is n e c e s s a r y  t o  l ~ n d e r s t a n d  m a t h 4 m a t  i c a l  

c o n c e p t s ,  a n d  b e  a b l e  t o  d e t e r m i n e  t h e  r e a s o n a b l e n e s s  o f  



t h e  a n s w e r  o b t a i n e d  o n  t h e  c o m p u t e r s .  D e v e l o p i n g  i n  
. - 
s t u d e n t s  a b e t t e r  u n d e r s t a n d i n g  o f  t h e  m a t h e m a t  ipcal 

c o n c e p t s  i s  m a r e  i m p o r t a n t  t h a n  d o i n g  many  e x e r c i s e s  or 

1 e a r n  i n g  by r o t e .  A l s o  t h e  t o - p i c s  s h o u l d  n o t  b e  

i n t r o d u c e d  i n  p i e c e s  a t  d i f f e r e n t  c l a s s  l e ~ e t - ~ , ~  but i n  

w h o l e  - a n d  i n t e g r a t e d  p a r t s . ;  e a c h  t o p i c  t i e d  t o  t h e  o t h e r  

so t h a t  t h e r e  i s  a  n a t u r a l  a n d  i n t u  i t i  v e  a p p r o a c h  t o  t h e  

n e x t  t o p i c .  

W i t h  t h e  c o m p u t e r s  a v a i l a b l e ,  o n l y  t h a t  amoun t  o f  

c a l c u l a t i o n  w h t c h  i s  n e c e s s a r y  t o  o b t a i n  some m a n i p u l a t i v e  
- - 

ski 1 1  w i  1 1  b e  d o n e  w i  t h  p a p e r  a n d  p e n c i  1 .  A t  t h e  same 

t ~ m e  t h e  b a s i c  c o n c e p t s  w i  1 1  be i n t r o d u c e d  t o  t h e  s t u d e n t  

so t h a t  t h e  s t u d e n t  w i l l  - * r e l a t e  t h e  p r o b l e m s  t o  a l l  

p r o b l e m s  o f  t h a t  t y p e ,  a n d  c o m p u t e r  d i s p l a y s  a n d  g r a p h s  

w r l l  b e  u s e d  t o  a ~ d  i n  u n d e r s t a n d i n g  t h e  t o p i c .  



REFERENCES 

F-. ! 19961.  ath hem at I i s  a n d  t h e  c c m p u t e r  
r e v o l u t i o n .  I n  - C h u r c h h o u s e  e t a1 . T h e  t n f l u e n c e  o f  
C m p u t e r s  a n d  Informatics on M a t h e m a t  t c c  a n d  I t s  
T e a c h i n q ,  L o n d o n :  C a m b r i d g e  U n l v e r s l  t y  P r e s s .  

a r k ,  A .  & T r w b r l d g e ,  D .  (1987;. A c g n p u t e r - b a s e d  
d i a l o g u e  f o r  d e v e l o p i n g  mathematical r e a s o n r n g  of, r o u r ~ y  
ado1 e s c e n P s .  L e a r n t n ~  w i t h  P e r s t m a 1  Cornputer5 ,  New 
o r :  H a r p e r  & Row, 70-5.' t 

- 
Bark, A .  (lPS7). ' t e a r n l n q  W I  t h  f e r s o n a l  C w n p u t e r c .  t4ew 
Y o r k :  H a r p e r  & R w .  

C a r i b b e a n  E x a m ~ n a t t c ~ r k  C u u n c t l  ( 1954 ,  1985, 1986) .  
S e c o n d a r y  e d u c a t  1 on c e r  t I f I c a t e  b a s t  c and 3ener  a?- 
p r o f i c i e n c y  e x a m r n a t t o n .  H e o o r  t un t h e  w o r k  c ~ f  
c a n d i d a t e s  ~n M a t h e m a t  I c s .  J a m a i c a :  W e s t e r n  Zone 
O f f  ~ c e .  

C a r p e n t e r ,  T .  , C o r b t t t ,  M. K . ,  b 'epner, H.  5 . ,  
L indqu is t ,  PI. M , ,  & * H e y s ,  R. E. ,(1980>. NAEP N o t e :  
P ~ o b l  em S o l  u i ng. M a t h e m a t  i c s  Teacher ' .  V o l u m e  73 
S e p t e m b e r ,  427-33. 

C h a m b e r s ,  J., & S p r - e c h e r ,  J. - <  1983). d d m p u t e r - A s s t  s t e d  
I n s t r u c t  i o n :  I t s u s e  i n  t h e  c l a s s r o o m .  Mew Jeseey:  
P r e n t  i c e - H a l  l 

C h u r c h h o u s e ,  H'. F. ,  C a r n u , - t i . ,  Howson ,  A.  G .  Kal l a n e ,  J. 
P. v a n  L i n t ,  J. ' H . ,  P l u u i n a g e ,  F., R a l s t o n ,  A., t%- 
Y a m a g u t i  , M.  (lP86j. T h e  I n f l u e n c e  of C o m p u t e r s  and 
I n f o r m a t i c s  O n M a t h e m a t i c s  a n d  i t s  T e a c h ~ n q .  London: 
C a m b r i d g e  U n i v e r s i t y  P r e s s .  

C o x f o r d ,  A.  (1985). S c h o o l  a l g e b r a :  w h a t  1s 5 t t t l  
f u n d a m e n t a l  a n d  w h a t  i s  no t3  , T h e  Secundar- i .  School 
M a t h e m a t i c s  C u r r i c u l u m .  ' R e s t o n  Va. :  N a t i o n a l  C o u n c ~ l  
05 T e a c h e r s  of M a t h e m a t i c s .  53-69. 

E n g e l m a n ,  C .  I1770>. T h e  m e c h a h i z a t  i o n  o f  m a t h e m a t i c s .  
C o m p u t e r s  i n  U n d e r q r a d u a t e  ,-. ;IC i e n c e  E d u c a t  I on. 
C o n f e r e n c e  P r o c e e d i n g s :  C h i c a g o ,  103-16. 



F e y ,  J .  T., A t c h ~ s o n ,  W. F., Good,  R. A . ;  H e i d ,  K .  M , ,  
Johnson, J.,. # a n t o w s k i ,  M: G., & Rosen, I .  ( 1 9 8 4 ) .  
I m p a c t  o f  c o m p u t i n g  on a l g e b r a .  C o r n p u t i n s  - a n d  
M a t h e m a t i c s :  T h e  I m p a c t  o n  S e c o n d a r y  S c h o o l  c u r r i c u l a .  
U n t v e r s ~  t y  o f  M a r y l a n d .  

G o u l d ,  L .  G F t n z e r ,  W ,  A ~ t u d x - g f  TRIP: a  
compu' ter  s y s t e m  f o r  an- m a t  t n g  t t m e - r a t e - d i s t a n c e  
p r o b l e m s .  C o m p u t ~ r s  I n  E d u c a t i o n .  A m s t e r d a m :  N o r t h  
Hol l a n d ,  2 0 x  

H e l d ,  K .  (19832. C a l c u l u s  UJI t h  mutdath:  r m p l  r c a t  t o n s  
f o r  c u r r  I c u l u r n  r e p o r  t .  C m p u t  i n q  T e a c h e r  1 1 .  November - ,  
46-9.  

Ke l rnan,  P .  (15 '83) .  C a m p u t e r c  r n  T e a c h r n Q  M a t h e m a t i c s .  - 

Read1 nq, Ma. :  A d d l  s o n - W e s l e y .  + 

- 

K u l r k ,  J .  A . ,  K u l t k ,  C - L .  C., & L o h e n ,  P .  A .  < 1 3 1 0 ) .  
E f f e c t  I v e n e s s  o f  compu t e r - b a s e d  c o l  1 e g ~  t e a c h  i n g s :  a  
me t a - a n a l  y s l  5 o f  f I n d t  n g c .  H e u t e w  o f  E d u c a t t o n a l  
Re s e a r c h  . 50, 524-44. 

muMa t t-I ' m u  S I mp . ?1Sj81, Symbo 1 I c tvla t hema t I c c, E.r,s t em 
R e f e r e n c e  M a n u a l  f o r  t h e  A p p l e  I I  C o m p u t e r .  H o n o l u l u :  
The S o f t  W a r e h c ~ u t ~ .  

N a t t c l n a l  C o u n c r l  o f  T e a c h e r s  uf M a t h e m a t ~ c s .  C1987.j. 
C a l c u l a t o r s  i n  t h e  m a t h e r n a t r c s  c l a s s r o o m .  A r  i t h m e t t c  
T e a c h e r .  3 4  < a ) .  

O , S h e a .  T . ,  & S e l f ,  J .  (19831. L e a r n i n c l  a n d  t h e  T e a c h i n  
wt t h  C o m p u t e r s :  A r t  i f  i c i a l  In-tel 1 i ~ e n c e  i n  ' E d u c a t i o n ?  
The  N a r v e s t e r  P r e s s  L i m i t e d .  

-- 

P a v e 1  le, R. R ~ t h s t e l n ,  M . ,  & F r  t c h ,  J. (1981, .  C o m p u t e r  
a1 g e b r a .  Sc I e n  t I f i c h e r  t c a n .  D e c e m b e r ,  136-52. 

7 %  
Rat s t o n ,  A. ( 1 9 8 5 ) .  T h e  r e a l J r  new ml l e g e  r n a t h e m a t  l c s  
and t t s  t m p a c t  o n  t h e  h tgh  s c h o o l  c u r r i c u l u m .  
S e c o n d a r y  S c h o o l  M a t h e m a t i c s  C u r r i c u l u m .  R e s t o n ,  V a . :  

' Mattonal C o u n c ! l  o f  T e a c h e r s  o f  M a t h e m a t i c s ,  29-42. 

R a l s t o n ,  A .  i 1385? . ,  T h e  i m p a c t  o f  c o i n p u t e r  s c i e n c e  on 
school  m a t h e m a t i c s .  M a t h e m a t  i c s  Teacher ' ;  78, Oc t o b e r  , 
4PS-4. 

S t e e n ,  L .  A .  1 1  . C c m p u t e r  c a l c u l u s .  T i e n c e  News, 
1Y, 250-51. 



T u c k e r ,  T.  (1987 ' .  Calculators W I  th s college - e d u c a t ~ o n .  F o c u s  L L o I .  , Januarv-Februarb, I .  

Usiskin, Z .  i19a0>,. M h a t  s h r j u l c f - n o t  be I n  the a1gehr.a 
and geometry c u ~ r  i c u 1  ic of - average i01 1 ege-bound 
students? Mathematics Teacher., Septernber,.413-23. 

W i l f ,  H. 11382). T h e  disc w i  t h  a c o l  lege e d u c a t ~ o n .  
A m e r i c a n  Mathernat i c s  P l o r ~ t h l y  8 9 ,  J a n u a r y ,  4-8 .  . - ,  



APPENDIX A 

O b ~ e c t i v e s  a+ t h e  B a s i c  Profrciencp 

E x m i  n a t  i o n  



O b j e c t  i v e s  a+ t h e  Basic Prof  i c i e n c y  Exami nat  i on 

 he B a s ~ c  P r o f  r c ~ e n c r  c x a m ~ n a t  i on  c o n s 1  s t s  o f  

q u e s t  i o n s  o n  n i n e  t o p ~ c s :  s e t s ,  r e l a t i o n s  a n d  g r a p h s ,  

c o m p u t a t i o n ,  number  t h e o r y ,  measurernen t , c e n  ~ u m e  r 

a r l  t h m e t i c ,  s t a t i s t i c s ,  a l g e b r a  a n d  g e o m e t r y .  A c o p y  o f  

t h e  - c u r r i c u l u m  could n o t  b e  o b t a i n e d ,  a n d  t h e  s p e c i f i c  

d 

o b j e c t i v e s ,  a+ e a c h  of t h e  n i n e  t o p t c s  gtuen b e l o w ,  were - 

d e t e r m i n e d  f r o m  c o p ~ e s  o f  the a c t u a l  e x a m t n a t ~ o n s  f r o m  

d i f f e r e n t  y e a r s .  

T h e  s p e c i f i c  o b j e c t i v e s -  i S . 0 . i  f o r  S e t s  a r e :  

1 .  
\ 

D e s c r i b e  a s e t ,  a n d  g i ~ c e  e x a m p l e s  o f  w e l l - d e f i n e d  

s e t s ,  

E x a m p l e :  T h e  s e t  o f  n u m b e r s  g r e a t e r  t h a n  -3 a n d  
l e s s  t h a n  + 5  c a n  b e  s y m b o l  i c a l  1 Y r e p r e s e n t e d  b y  

( A >  ( n :  n < - 3 &  n  > 5 'J 

i B >  ( n :  -3 < n  < +5 
(C> ( n :  n  > -3 & + 5  < n  > 
( D >  Cn: -3 > n  > + 5  > .  

2 .  L ~ s t  t h e  members  o f  a s e t  f r o m  a  g ~ v e n  d e s c r t p t ~ o n ;  

3. Use s e t  n o t a t i o n  t o  d e s c r i b e  a  se t  and i t s  s u b s e t s ;  

.4 . I d e n t i f y  e q u i v a l e n t  a n d  e q u a l ,  and d e f t n e  t h e  

P 

di  f f e r e n c e  b e t w e e n  t h e  two ;  
a 

5. D e s c r i b e  t h e  d t f f e r e n c e s  b e t w e e n  f t n t t e  and  t n + t n t t ~  

s e t s  u s i n g  o n e - t o - c o r r e s p o n d e n c e  ; 



6. C a l c u l a t e  t h e  number  o f  t s  o f  a s e t  o f  n 

7. F i n d  t h e  c o m p l e m e n t ,  u n i o n  a n d  i . n t e r s e c t  i o n  o f  , g i u e n  

b 
s e t s ,  - 

E x a m p l e :  On s q u a r e  p a p e r  w h e r e  O i-s t h e  o r i g i n  
a n d  A is t h e  point ' { 5 , 0 ) ,  show by c a r e f u l  d r a w i n g  
a n d  s h a d r n g  t h e  f o l  l o w i n g  s e t s :  

Q = ( E:  OE< or  = 3 u n  i t s >  and 
R = < f :  AF< or  = 4 u n i t s ?  

( I )  C l e a r l y  i n d i c a t e ,  by s h a d i n g ,  t h e  r e g i o n  w h i c h  
r e p r e s e n t s  Q i n t e r s e c t i o n  R .  
! i t >  L i s t  f i v e  p o i n t s  ( w i t h  i n t e g r a l  c o o r d i n a t e s )  
w h i c h  a r e  members  o f  Q i n t e r s e c t i o n  I?. 

8., C o n s t r u c t  a n d  u s e  V e n n  d i a g r a m s  t o  show  s u b s e t s ,  

c o m p l e m e n t s ,  i n t e r s e c t i o n  a n d  u n i o n  o f  s e t s ,  a n d  

s o l v e  p r o b l e m s  i n v o l u i n g  n o t  m o r e  t h a n  t h r e e  sets- .  

E x a m p l e :  I n  a c l a s s  o f  35 s t u d e n t s  25 do 

i I n t e g r a t e d  S c i e n c e ,  0 d o  A g r i c u l t u r e  a n d  6 d o  
n e  r t h e r  I n t e g r a t e d  S i e n c e  n o r  A g r  i c u l  t u r e .  
( 1 1  L e t  x r e p r e s e n t  t h e  number  o f  s t u d e n t s  w h o  
do b o t h  I n t e g r a t e d  S c i e n c e  a n d  A g r i c u l t u r e .  - D r a w  a  Venn  d i a g r a m  t o  i 1 1  u s t r a t e  t h e  d a t a  
g i v e n  by p u t t i n g  i n  t h e  a p p r o p r i a t e  r e g t o n s  
t h e  number  o f  s t u d e n t s  t a k i n g  o n l y  o n e ,  b o t h ,  

o r  n e i  t h e r  o f  t h e  t w o  s u b j e c t s .  

t I I ) F o r m  a su i t a b 1  e  e q u a t i o n  i n x a n d  * s o l v e  
t t t o  + I  n d  t h e  number  o f  s t u d e n t s  who  do b ~ t h  
I n t e g r a t e d  S c t e n c e  a n d  A g r i c u l t u r e .  

The  s p e c i f i c  o b j e c t i v e s  f o r  R e l a t i o n s  a n d  Graph-5 
8 - are : 

1 : R e c o g n i z e  a r e l a t i o n ;  

Example: A man had $100, He w e n t  t o  a m e a t s h o p ,  

a  b o o k s t o r e  a n d  a . _ d r u g s t o r e .  He s p e n t  t h r e e  
t i m e s  a 5  much  money a t  mea- tshop  a s  h e  d i d  a t  t h e  

.* 
g F  

pdL 



d r u g s t o r e .  He s p e n t  $12 l e s s  a t  t h e  b o o k s t o r e  
t h a n  a t  t h e  d r u g s t o r e  . He t h e n  h a d  637 -1ef t .  . 
( a >  U s i n g  $x t o  r e p r e s e n t  t h e  amount  h e  s p e n t  
a t  t h e  d r u g s t o r e ,  e x p r e s s  i n  a l g e b r a i c  t e r m s  

( i !  t h e  amount  he  s p e n t  a t  t h e  m e a t s h o p  
( i  i )  t h e  amount  h e  s p e n t  a t  t h e  b o o k s t o r e  

(bZ O b t a i n  an e q u a t i o n  f o r  t h e  t o t a l  amount  
o f  money  s p e n t  a n d  h e n c e  c a l c u l a t e  t h e  amount  
h e  s p e n t  a t t h e  d r u g s t o r e .  

G i v e  t h e  s e t  o f  o r d e r e d  p a i r s  w h i c h  s a t i s f y  a  

r e l a t i o n ;  

E x a m p l e :  C o m p l e t e  t h e  t a b l e  f o r  t h e  f u n c t r o n  
Z - 

y = x  + 2 x - 2  
...................................... 

I x  = -4 -3 -2 -1 0 1 2 1 
I y  = 6 1 -3 I 

Use a r r o w  d i a g r a m s  t o  show r e l a t . i o n s ;  

D e s c r i b e  a  f u n c t i o n  a s  a  1 t o  1 mapp - i ng ;  

Use s e t  n o t a t  i o n b  t o  d e s c r i b e  1 i n e a r  +uric t I oms; 

Use t h e  f u n c t i o n a l  n o t a t i o n s  ' a n d  d r a w  g r a p h s  t o  show 

u a r i a t i o n s ;  e . 9 .  f : x  - i  x 2 ,  o r  f ( x >  = x 2  a n d  

E x a m p l e :  J e a n  h a s  t w i c e  a s . m a n y  I O c  c o l n s  a s  
2 5 c  c o t  n s  i n  h e r  p u r s e .  She h a s  l e s s  t t a n  $2.00 
i n  c o i n s .  L e t  t b e  t h e  number  o f  1 0 c  c o ~ n s  a n d  
q  t h e  number  o f  25c c o l n s .  
( I  1 W r i t e  d w n  t w o  a l g e b r a ~ c  s t a t e m e n t s  t o  
r e . p r e s e n t  t h e  f e l a t i o n s  < a >  b e t w e e n  t h e  number 
o f  e a c h  t y p e  o f  c o i n ;  a n d  (b>  t h e  t o t a l  u a l u e  
o f  e a c h  t y p e  of c o i n  a n d  t h e  t o t a l  amount  04 
money  J e a n  has. 
( i  i )  On a s h e e t  of s q u a r e d  p a p e r  d r a w  d r a w  
g r a p h s  t o  r e p r e s e n t  t h e s e  t w o  r e l a t i o n s .  
( i i i )  L i s t  a l l  t h e  p o s s r b l e  p a ~ r s  o f  n u m b e r s  o f  
10c a n d  2 5 c  c o i n s  w h - c h  J e a n  c o u l d  h a v e  ~ n  h e r  
p u r s e .  



7. D r a w  a  b a r  - = h a r t ,  p i e  c h a r t ,  h i s t o g r a m ,  f r e q u e n c y  
P - -  

-- 
p o l y g o n ,  a n d  t h e  r e c t a n g u l a r  C a r t e s i a n  g r a p h  o f  a s e t '  
- 

-ef ' d a t a ;  

E x a m p l e :  One m o n t h  M r . R a g b e e r  s p e n t  some o f  h i s  
i n c o m e  o n  f o o d  ( F j ,  housing ( H ) ,  a n d  

- entertainment CE>. He s a v e d  t h e  r e s t  ( S ) .  T h e  
' c b - t  i l l u s t r a t e s  how h e  u s e d  h i s  m o n t h ' s  i n c o m e  

o f  $720 .00 .  A b o u t  how much d i d  h e  s a v e ?  
( A >  8 3 0 0 . 0 0  
( B )  8 2 4 0 . 0 0  
( C )  8 9 0 . 0 0  
(D) 8 4 5 . 0 0 .  - - 

8.  I n t e r p r e t  d a t a  r e p r e s e n t e d  i n  p i c t o r i a l  f o r m ;  
\ 

\ 
9 .  ,Draw a n d  u s e  g r a p h s  o f  1  i n e a r  a n d  q u a d r a t i c  

f u n c t i o n s : ,  

1 0 .  F i n d  t h e  g r a d i e n t  o f  a  l i n e  a s  t h e  r a t i o  o f  t h e  

v e r t i c a l  r i s e  t o  t h e  h o r i z o n t a l  s h i f t ;  

E x a m p l e :  - - 
( a )  U s i n g  a  s c a l  e  o f  lcm t o  r e p r e s n  t .  1 u n  i t 
o n  e a c h  a x ~ s ,  p l o t  o n  g r a p h  p a p e r  t h e  p o i n t s  
P(2, - 1 )  a n d  Q(-2, 5 ) .  . 
( b >  ' C a l c u l a t e  t h e  g r a d i e n t  o+  PQ. 
( c >  D e t e r m i n e  t h e  p o i n t  w h e r e  PQ m e e t s  t h e  y - a x i s .  
( d )  W r i t e  down t h e  e q u a t i o n  o f  PQ i n  t h e  f o r m  

Y = m x  + c .  
( e )  Hence  o r  o t h e r w i s e  d e t e r m i n e  t%e s o l u t i o n  o f  

3 x  - 2y- = 4  - , 

x - y  = 1  / 

if 1 Shade t h e  r e g i o n  o f  Y g r e a t e r  t h a n  o r  e q u a l  - 
t o  ( x  - 1 )  f a r  x g r e a t e r  t h a n  o r  e q u a l  t o  ze ro . -  

1 1 .  S o l v e  p r o b l e m s  d e a l  ing  w t  th  e x p m e n t  i a l  g r o w t h  such" 
-4 

as p o p u l a t i o n  g r o w t h ,  m u l t i p l i c a t i o n  o+ b a c t e r i a ,  and 

compound  i n t e r e s t ;  . .  
- - 

12. Read a n d  i n t e r p r e t  g r a p h s  of e x p o n e n t i a l  f u n c t i o n s ;  



12. Read and i n t e r p r e t  g raphs  o f  e x p o n e n t i a l  functions; 
OI 

13. Use g raphs  t o  f i n d  t he  s o F u t i o n  s e t  o f  a sys tem of 

1 i nea r  e q u a t i o n s ;  

14. F i n d  t he  zeroes of  q u a d r a t i c  e q u a t i o n s ;  

15. Draw g raphs  t o  r e p r e s c n  t i nequal  i t i e s  i n  one o r  . two 

v a r i a b l e s ,  and  use them t o  f i n d  the  s o l u t r o n  s e t s  o f  

p r o b l  ems; -- 

3 The spec i f i c o b j e c t  i u e s  o f  Cornpu t a t  I on. 

1 .  P e r f o r m  any o f  t h e -  - f o u r  b a s 1 5  o p e r a t ~ o n s  W I  t h  

r a t i o n a l  

numbers; 

Example: Which o f  t h e  f o l i o w i n g  I S  the  b e s t  
a p p r o x ~ m a t i o n  o f  (575 x *  231 / (4.95 x 2.75)7 

( A )  1600 
/ 

t B )  1200 
9 ( C 1  1000 

i D >  800 
2 .  Conve r t  f r o m  one s e t  o f - u n r t s  t o  a n o t h e r ,  g ~ l ~ e n  a 

c o n v e r s i o n  scale t e  . g .  c o n v e r t  l o c a l  c u r r e n c  I e s  t o  
w 

thbse  c u r r e n c i e s  most  commonly e n c o u n t e r e d  i n  the  

C a r  I bbean) ; 
- -  - 

3 .  S O ~ V P  p r o b l e m s  i  n v o T v  I n g  f r a c t i o n s ,  d e c i m a l s ,  
e 

p e r c e n t a g e s ,  r a t l o s  and  ra tes , '  and &e able tc*coovdrt 
1 

f r a c t i o n s  t.o d e c i m a l s ,  o r  p e r c e n t a g e s ,  r a t i o s  and, -9 

r a t e s  



- 

a n d  v i c e  v e r s a ;  

E x a m p l e s  C a l c u l a t e  t h e  f o l  l o w i n g :  
( i  2 ~ 1 9 . 9 7 ~ 1 7  

e ( i i )  10% o f  $524.00 ' 

i i  1 S x  0 . 0 6 3 ~  8 x  199 
E s t i m a t e  t h e  r e s u l t  o f  a  c o m p u t a t i o n  a n d  c o n t r u c t  a 

r a n g e  i n  wh i c h  t h e  e x a c t  v a l u e  m u s t  1 i e;  i 

A p p . r o x i m a t e  a v a l u e  t o  a g i v e n  number  o f  s i g n i f  i ' c a n t  

f r g u r e s  and e x p r e s s  a n y  d e c i m a l  t o  a  g i v e n  number  o f  

d e c i m a l  p l a c e s ;  

~ r ' i  t e  a n y  r a t i o n a l  number  i n  t h e  s t a n d a r d  f o r m  

( s c i e n t i f i c  n u m b e r } ;  
- - 

The  5p,ec i t i o b ~ e c  t i u e 5  f o r  M e a s u r e m e n t  . 
C a l c u l a t e  t h e  p e r i m e t e r  o f  a p o l y g o n  a n d  t h e  

c t r c u r n f e r e n c e  o f  a c i r c l e ,  a n d  t h e i r  c o m b i n a t ' i o n s  

g i v e n  t h e  n e c e s s a r y  m e a s u r e m e n t s ;  

C a l c u l a t e  t h e  l e n g t h  o f  an  a r c  o f  a  c i r c l e  s u b t e n d e d  

a n g l  e s  wh i cli a r e  f a c t o r s  o f  360 d e g r e e s ; $  

- 
C a l c u l a t e  t h e  a r e a s  o f  r e c t a n g l e s ,  t r i a n g l e s ,  

p a r a 1  l e t  o g r a m s ,  t r a p e z i u m s ,  c i r c l e s  a n d  t h e i r  
\ 

c o m b i n a t  i o n s ;  

E x a m p l e :  C o n s t r u c t  p a r a l l e l o g r a m  ABCD s u c h  t h a t  
AB = 6.5cm, BC = 4cm, a n d  t h e  a n g l e  DAB = 36 
d e g r e e s .  BY mak ing t m e a s u r e m e n t  

Q a ! c u l a t e  t h e  a r e a  o f  g i v i n g  
y o u r  a n s w e r  t o  t h e  a c c u r a c y .  

C 



-r . \ 
4.  C a l c u l a t e  o r  e s t i m a t e  t h e  a r e a s  o f  i r r e g u l a r l y  s h a p e d  \ 

\ 

f i g u r e s ;  - \ 
\ 
! 1, 

5.. C a l c u l a t e  t h e  a r e a s  o f  s e c t o r s  o f  c i r c l e s ;  
! 

\ 
t 

\ 
6. C a l c u l a t e  t h e  s u r f a c e  a r e a s  a n d  v o l u m e s  o f  s ~ m p l e  

" ' 
r i g h t  p r i s m s  a n d  p y r a m i d s ;  \ 

7. C a l c u l a t e  t h e  s u r f a c e  a r e a  a n d  v o l u m e  o f  a  s p h e r e :  \ 

8. Use c o r r e c t l y  t h e  \s.I. u n i  t s  o f  m e a s u r e  f o r  a r , e a ,  - 
u o l u m e ,  m a s s ,  t e m p e r a t u r e ,  a n d ' t i m e ;  

9. E s t i m a t e  t h e  m a r g i n  o f  e r r o r  f o r  a  g i v e n  m e a s u r e m e n t ;  ', 

E x a m p l e :  A s p o r t s m a s t e r  t ~ m e d  o n e  o f  h ~ s  
a t h l e t e s  o v e r  t h e  100 m e t r e s  d a s h .  T h e  a t h l e t e  
t o o k  11-.-5 s e c o n d s  by h i s  w a t c h  t o  c o v e r  t h e  
d i s t a n c e .  I t  i s  b e 1  i e u e d  t h a t  t h e  a c t u a l  t ~ m e  
t a k e n  i s  I n  t h e  range ( 1 1 . 5  + or - 0 . 1  > s e c o n d s  
and t h a t  t h e  l e n g t h  o f  t h e  t r a c k  i n  t h e  r a n g e  
( 1 0 0  + or  - 1 )  m e t r e .  U s e  t a b l e  o r  s l  i d e  r u l e ,  
t o  c a l c u l a t e  t h e  a v e r a g e  s p e e d ,  c o r r e c t  t o  3 ' 

s i g n i f i c a n t  f i g u r e s ,  o f  t h e  r u n n e r ,  i f  
< i > t h e  t r a c k  w a s  a c t u a l  l y  99m l ong  a n d  h e  t o o k  
11.6s, 
i i i >- t h e  t r a c k  w a s  l O l m  long  a n d  t h e  a t h l e t e  t o o k  
1 1 . 4 s ,  
( i i i )  e x p r e s s  t h e  r a n g e  w ~ t h i n  w h i c h  t h e  a v e r a g e  
s p e e d  o f  t h e  r u n n e r  1 i e s  i n  ( a +  or - b)rnis. 

1 0 .  Make s u i t a b l e  r n e a s u r e m e m t s  on m a p s ,  o r  s c a l e  d r a w i n g ,  
L 

a n d  u s e  t h e m  t o  d e t e r m i n e  d i s t a n c e s  a n d  a r e a ;  

1 1 .  S o l v e  w o r d  p r o b l e m s  i n v o l v i n g  m e a s u r e m e n t s ;  

T h e  s p e c i f i c  o b j e c t i v e s  f o r  Cons t imer  k r i t h m e t B .  

1 .  C a l c u l a t e  p r o f i t  a n d  1055 a% a p e r c e n t a g e ;  



t 

2. C a l c u l H t e  d i s c o u n t  a n d  s a l e s  t a x  when these; a r e  g i v e n  - 
, as a  p e r c e n t a g e ;  

# - =a 
- - 

3. C a l c u l a t e  m a r k e d  p r l c e  when c o s t  p r i c e  a n d  p e r c e n t a g e  - 

o f  p r o f  i  t ,  l o s s ,  o r  d i s c o u n t  a r e  g i v e n ;  

4.  C a l c u l a t e  p a y m e n t s  by i n s t a l l m e n t s  a s  i n  s i m p l e  c a s e s  

o f  m o r t g a g e s  e t c . ,  
fl .. Example :, 

( i )  A r e f r i g e r a t o r  c a n  b e  b o u g h t  o n  
h ~ r e - p u r c h a s e  by m a k i n g  a  d e p o s i t  o f  9 4 8 0  
a n d  1 5  mon th1  y i n s t a l m e n t s  o f  $80 e a c h .  
C a l c u l a t e  t h e  h i r e - p u r c h a s e  c o s t  o f  t h e  - 
r e f r  I g e r a t o r  . 
< I I ) The a c t u a l  m a r k e d  p r i c e  o f  t h e  
r e f r i g e r a t o r  i s  $1 400. T h i s  i n c l u d e s  a  
s a l e s  t a x  o f  12%. 
C a l c u l a t e  t h e  s a l e  p r i c e  o f  t h e  r e f r i g e r a t o r  
~f n o  s a l e s  i s  ~ n c l u d e d .  

5. C a l c u l a t e  f a x ,  r a t e s  a n d  b i l l s  f r o m  i n s t r u c t i o n s ;  

6. C a l c u l a t e  s i m p l e r  i n t e r e s t ,  d e p r e c i a t i o n ,  a n d  compound 
-- 

f o r  n o t  more  t h a n  t h r e e  p e r i o d s ;  ' 

7. S o l v e  p r o b l e m s  i n v o l v i n g  m e a s u r e s  a n d  m o n e y  

( i n c l  u d i  ngexchange  r a t e s )  ; 

Examp le :  The R a t e s  o f  Exchange a t  a  B a n k  
a r e  as  a s  f o l l o w s :  ECBl .00  = B060.75 

a n d U S & l  .00 = BDBI -98 
( i )  A t r a v e l l e r  c h a n g e d  EC81 600  t o  
B a r b a d o s  c u r r e n c y .  C a l c u l a t e  t h e  amount  
r e c e  i v e d .  
( i i > O f  t h e  amount she r e c e  i v e d  sh'e sp 'en t  
BDSS210 a n d  e x c h a n g e d  t h e  r e m a i n d e r  for US 
c u r r e n c y .  C a l c u l a t e  t h e  amount  i n  US 
c u r r e $ c y  she r e c e i v e d  f o r  t h i s  exchange .  . 

8. C a l c u l a t e  r e t u r n s  on  d i f f e r e n t  t y p e s - o f  i n v e s t m e n t s ;  



E x a m p l e :  65  0 0 6  w a s  p u t  i n  a f ~ x e d  d e p o s ~ t  
a c c o u n t  o n  1 J a n u a r y ,  1 9 8 4  f o r  one  y e a r .  
C a l c u l a t e  t h e  t o t a l  amoun t  r e c e i v e d  a t  t h e  
e n d  o f  t h e  p e r i o d ,  i f  t h e  r a t e  o f - i n t e r e s t  
w a s  12.5% p e r  annum. 

S o l v e  w o r d  p r o b l e m s  i n v o l v i n g  - s i m p ' l e  i n t e r e s t ,  I 

compound  i n t e r e s t  , a n d  depreLc  i a t  i ong. ' 

. E x a m p l e :  A man b o r r o w s  6 5 0 0 0  f r o m  a bdnok 
a t  4.5 % compound  i n t e r e s t  f o r  5 r e a r s .  He 
r e p a y s  t h e  . l o a n  a n d  i n t  ,t i n  6 0  + e q u a l  
m o n t h l y  i n s t a l l m e n t s .  x h e  b a n k  c a l c u l a t e s  . q  

t h e  t o t a l  i n t e r e s t  d u e  i n  t h e  f o l l o w i n g  m a n n e r :  

I n t e r e s t  o n  $5000 .  f o r  1 y e a r  
+ ,  

I n t e r e s t  o n  $4000 .  f o r  2 y e a r  
t 

e t c .  
4 . 

I n t e r e s t  o n  $1000 .  f o r  5 y e a r s ;  
t h e n  u s e  t h e  t a b l e  t o  d e t e r m i n e :  

C i >  T h e  t o t a l  i n t e r e s t  d u e  o n  t h e  l o a n  a t  t h e  
e n d  o f  5 y e a r s ;  
( i  i )  T t ie  amoun t  t h e  man r e p a y s ' e a c h  m o n t h ,  c o r r e c t  
t o  t h e  n e a r e s t  c e n t .  

T h e  s p e c i f i c  o b j e c t i v e s  f o r  s t - a t i s t i c s .  

C o n s t r u c t  a  + s i m p l e  f r e q u e n c y  t a b l e  f r o m  a g i v e n  s e t  

G i v e n  c l a s s .  s i z e ,  d e t e r m i n e  - c l a s s  i n t e r v a l ,  . % 

b o u n d a r i e s  a n d  c l a s s  l i m i t s  f r o m  a g i v e n  s e t  o f  d a t a ;  

C o n s t r u c t  a  g r o u p  f r e q u e n c y  t a b l e  f r o m  a ' g i ven  s e t  of 
-- - - 

d a t a ;  - -- 

D r a w ,  a n d  u s e  p i e  c h a r t ~ ,  b a r  c h a r t s ,  * l  i n e  g raphs , '  

h  i s t o g r a m s  a n d  f r e q u e n c y  p o l  r g o n s ;  



St" D e t e r m t n e  m e a n ,  m e d i a n ,  a n d  mode f o r  a  g i v e n  s e t  o f  
B 

f 

d a t a ;  I 

- 

6.. D e t e r m r  n e  w h e n  i t i s  m o s t  a p p r b p r  i a t e  t o  ' u s e  o n e  o f  
2- 

.3@ 

t h e  m e a s u r e s  o f  c e n t r a l  t e n d e n c y  a s  t h e  a v e r a g e  + o r  

a s e t  o f  d a t a ;  - 
7. ~ e t h m i n e  t h e  r a n g e , ' l n t e r q u a r t i l e ,  and s e m i - q u a r t i l e  

t 

r a n g e  f o r  a  s e t  o f  da ta ;  

8.. Use  d ~ a g r a m s  a n d  t a b l e s  t o  r e p r e s e n t  t h e  o u t c o m e s  o f  

I d e a l  e x p e r   men t s :  

9. D e t e r m i n e  r e T a t  I v e  f r e q u e n c y  a n d  p r o b a b i  1 i o f  
e 

s i m p l e  e v e n t s ;  

E x a m p l e :  A t a b l e  o f  Pandom n u m b e r s  i s  o p e n e d  
a n d  a  4 - d l g i t  n u m e r a l  i s  c h o s e n .  W h a t  iOs t h e  
probability t h a t  t h e  n u m b e r  i s  e x a c t l y  d i v i s i b l e  
by 57' (A)  0.1 

( B >  0.2 > _ -- 
- P 

(C> 0.4 p- 

i D >  0.5 
1 0 .  P r e d ~ c t  t h e  e x p e c t e d  v a l u e  o f  a g i v e n  s e t  o f  

o u t c o m e s :  

  he s p e c  i f  i c  o b j e c t i v e s  f o r  A l q e b r a . '  

1 .  Use  s y m b o l  s t o  r e p r e s e n t  n u m b e r s ,  o p e r a t  ions,  
$ ' 

v a r  I a b l  e s  a n d  r e l a t i o n s  ( c o m u t a t i u i t y ,  

-- a s s o c l a t l u ~  t y ) ;  

B 

2 %  P e r f o r m  t h e  f o u r  b a s 1 5  o p e r a t i o n s  w i t h  a l g e b r a i c  

e x p r e s s i  ons; 



3 .  S u b s t i t u t e  n u m e - r a l s  f o r  a l g e b r a i c  s y m b o l s  i n  s ~ m p l e  

a l g e b r a i c  e x p r e s s i o n s ;  

4. T r a n s l a t e  v e r b a l  p h r a s e s  i n t o  a l g e b r a i c  s y m t r a l s  a n d  
7 

v i c e  v e r s a ,  and s o l v e  w o r d  p r o b l e m s ;  

E x a m p l e :  One s i d e  o f  a  r e c t a n g l e  i s  5cm long  
a n d  a n o t h e r  s i d e  i-s x cm lonq.  I f  t h e  a r e a  o f  
t h e  r ' c c t a n g i e  i s  g r e a t e r  t h a n  54 cma s q u a r e d  Y 

+ i n d  t h e  s e t  of v a l u e s  o f  x a n d  t h e  l e a s t  
i n t e g r a l  v a l u e  f o r  x .  

6. F i n d  t h e  s o l u t i o n  s e t  o f  l i n e a r -  e q u a t i o n s  a n d  

-L 

i n e q u a l  i t i e s  , i n  o n e  u n k n o w n ;  
-- - 

7. A p p l y  t h e  d i s t r i b u t i v e  l a w  t o  i n s e r t  or remov,e . 

b r a c k e t s  i n  a l g e b r a i c  e x p r e s s i o n s ;  

8. S i m p l i f y  f r a c t i o n s  o f  t h e  f o r m  a w / c y  + b x / d z  w h e r e  

a, b, c ,  a n d  d a r e  i n t e g e r s  a n d  w, x ,  r ,  a?d z c a n  b e  

i n t e g e r s  o r  v a r i a b l e s ;  

9.. U s e  t h e  l a w c .  o f  i n d i c e s  t o  m a n i p u l a t e  e x p r P s s ~ o n s  

w i  t h  i n t e g r a l  i n d i c e s ;  

1 0 .  S o l v e  s i m u l t a n e o u s  l i n e a r  e q u a t i o n s  a l g e b r a i c a l l y ;  

E x a m p l e :  S o l v e  t h e  s i m u l t a n e o u s  equations 
x + 3 y = S  

2 x + y  = 5  
1 1 .  Use 1 i n e a r  e c ~ ~ a t  Ions a n d  i n e q u a l  I t I e s  t o  s o l ~ ~ e  w c w d  

p r o b l  ems;  

12. U s e  symbc1 is  t o  r e p r e s e n t  b i n a r y  o p e r a t i o n s ,  and ' 

p e r f o r m  s i m p l e  c o m p u t a t i o n s  w i t h  t h e m ;  



The s p e c 1  f i c  a b j e c t  i u e s  f o r  G e o m e t r y  I -- 

' . , Use p r o t r a c t o r  a n d  r u l e r  t o  d r a w  a n d  m e a s u r e  a n g l e s  
I 

'aqd 1 i n e  s e g m e n t s ;  

2 . .  Use i n s t r u m e n t s  ( n o t  n e c e s s a r  i 1 y r e s t r  t c t e d  t o  r u l e r  

a n d  compass )  t o  c o n s t r u c t  p o l r g o n s  a n d  circles;' 

\. 
p r o p e r t ~ e s  of '  r a y s ,  p e r p e n d i c u l a r s ,  a n d  

I 
a n g l  e s  to, d r a w  a c c u r a t e  9eomet . r  i c a l  + i ~ u r e s ;  

4 .  S p e c i Q f y  t r a n s l a t i o n s  i n  a  p l a n e  as v e c t o r s ,  w r i t t e n  

, . 
as c o l u m n  m a t r i c e s ,  a n d  r e c o g h i s e  t h e m  when 

s p e c  i f i e d ;  

5.  S p e c i f y  w h a t  a r e  t h e  r e l a Y i o n s  b e t w e e n  a n  o b j e c t  a n d  

~ t s  image - i n  a  p l a n e  when i t  i s  r o t a t e d  a b o u t  a p o i n t  
I 

t n  t h a t  p l a n e ;  

E x a m p l e :  ~ r ~ a n ~ l e  LMN w i t h  c o o r d i n a t e s  < 1 , 2 ) ,  
( 2 , - 1 3 ,  (3,3> r e s p e c t t v e l y  i s  r o t a t e d  t h r o u g h  90 
d e g r e e s  I n  a n  a n t i c l o c k w i s e  d i r e c t i o n  a b o u t  t h e  
o r T g i n .  T h e  image o f  t r i a n g l e  LMN i s  t r i a n g l e  
L ' M ' N ' .  What  a r e  t h e  c o o r d i n a t e s  o f  L ' ,  M ' ,  a n d  N'? 

6 .  S t a t e  N h a t  a r e  t h g  r e l a t i o n s  b e t w e e n  a n  o b j e c t  a n d  

~ t s  image i n  a  p l a n e  when r e f l e c t e d  i 6  a  l i n e  i n  t h a t  

p l a n e ;  

E x a m p l e :  T r i a n g l e  PQR i s  r o t a t e d  t h r o u g h  80 
d e g r e e s  a b o u t  P i n  a n  a n t i c l o c k w i s e  d i r e c t i o n .  
T h e  t r a n s f o r m a t i o n  m a p s  P  o n t o  P ' ,  B o n t o  Q ' ,  R 
o n t o  R ' .  W h i c h  o f  t h e  f o l l o w i n g  s t a t e m e n t s  a r e  
t r u e ?  
( A ?  Q = Q ' i P )  RQ p e r P e n d ' i c u l a r  t o  R'Q' ' 

i C ?  Q 'P '  I S  p a r a 1  l e l  t o  QP ( D l  RP p e r p . t o  R 'Q" .  



S t a t e  w h a t  a r e  t h e  relations b e t w e e n  a n  o b j e c t  j4nd 

i t s  i m a g e  i n  a  p l a n e  u n d e r  a  g l v e n  e n l a r g e m e n t  in. 
. I-.> 

-- --- -w 

t h a t  p l a n e ;  

I d e n t i f y  a  t r a n s f o r m a t i o n  ~n t h o s e  1 ~ s t e d  ~n 4 t o  7 

a b o v e  g i v e n  a n  o b j e c t  a n d  i t s  i m a g e ;  

E x a m p l e :  T i s  a  transformation w h ~ c h  m a p s  
t r i a n g l e  LMN o n t o  t r i a n g l e  L ' M ' N ' ,  s u c h  t h a t  
L ( - 4 , 2 i  - >  L ' ( - 2 , 4 1 ;  M ( - 2 , 5 i  - >  M ' ( - 5 < 2 > ;  
' a n d  N i - 2 , 2 >  - >  N ' < - 2 , 2 > .  

( A >  r o t a t i o n  t h r o u g h  +PO d e g r e e s  a b o u t  N 
CBi  r e f l e c t t o n  i n  t h e  l i n e  y=x 
CC) r o t a t i o n  t h r o u g h  -PO d e g r e e s  a b o u t  N  
< D )  r e f l e c t i o n  t n  t h e  l i n e  y = - x .  

I d e n t i f y  s i m p l e  p l a n e  figures possessing t r a n s l a t i o n ,  

b i  1 a t e r a l  a n d  r o t a t i o n a l  s y m m e t r y , ;  

E x a m p l e :  I f  PQRS i s  a n y  r e c t a n g l e  s u c h  t h a t  PQ 
i s  n o t  e q u a l  t o  QR t h e n  PQRS h a s  t w o  o f  t h e  
f o l l o w i n g  p r o p e r t i e s :  
I. R o t a t i o n a l  s y m m e t r y  of o r d e r  2 

1 1 .  R o t a t i o n a l  s y m m e t r y  o f  o r d e r  g r e a t e r  t h a n  2 
I I I. N o  a x e s  o f  b i  1  a t e r a l  s y m m e t r y  

I V .  T w o  a x e s  o f  b i  l a t e r a l  s y m m e t r y  
V .  F o u r  a x e s  o f  b i  l a t e r a l  s y m i % e t r y  

W h t c h  a r e  t h e  p r o p e r t ~ e s :  ( A >  I 1  a n d  V 
( B >  I a n d  I 1 1  ( C >  I a n d  I V  !D> 1 a n d  I IJ .  

R e c o g n t s e  a n d  a p p l y :  

< a >  t h e  p r o p e r t i e s  o f  p o l y g o n s  a n d  c l r c l e s  
0 

( b i  t h e  p r o p e r  t i e s  o f  c o n g r u e n t  t r  i ang l  e s  

( c >  t h e  c o n c e p t  o f  s i m i l a r i t y  t o  g e o m e t r i c  figures; 

- , 
Use t h e  p r o p e r t  I e s  o f  t h e  f a c e s ,  e d g e s  a n d  s r e r t  rces 

o S  s i m p l e  s o l i d s  t o  d r a w  t w o  d t m e n s t o n a l  

r e p r e s e n t a t  I o n s  o f  t h e s e  sol  ids ;  



IJse Prthagoras theorem to solve simple problems (no 

formal proofs requ i red) ; 

Detemine the sine, cosine and tangent of acute angles 

in a right-angled triangle; 

Use simple trigonometrjcal rat ins to solve problems 

based on me,asurementc, in the physical world, e.g. 

heights o f  bui dings, angl-es. of elavation ' -and L 
d e p r e s s ~ o n ,  and bearings (Tables of formulae will b t  

prov i dedi ; 



APPENDIX 8 

O b j e c t  i u e s  o f  t h e  Genera l  P r o f  i c I ency 
5 

Examinat  i o n  



O b j e c t  i ucs of t h e '  ~ e k r a l  P r o f i c i e n c y  ~ x a m i  nat  i on 

The s p e c i f i c  o b j e c t i v e s  f o r  S e t s .  ' 

1 .  A p p l y  t h e  r e s u l t s  n i k  U B j  = n { A )  + n ( B >  - A / B >  

i n  t h e  s o l u t i o n  o f  s i m p l e  p r o b l e m s ;  

2. S o l v e  p r o b l e m s  a r i s i n g  f r o m  t h e  i n t e r s e c t i o n  o f  no t  

m o r e  t h a n  t h r e e  s e t s ;  
! - 

3. Use V e n n \ , d i a g r  
-7 

t o  r e p r e s e n t  w o r d  p r o b l e m s  f r o m  

'! w h i c h  c o n c l u s i o n s  c a n  b e  made;  

E x a m p l e :  I n  P r e s i d e n t ' s  S e c o n d a r y  S c h o o l  . t he  
s t u d e n t s  s t u d y  many  s u b j e c t s  i n c l u d i n g  p h y s i c s ,  

m a t h e m a t i c s ,  h i s t o r y ,  l i t e r a t u r e * .  I f  a s t u d e n t  
s t u d i e s  p h y s i c s  t h e n  h e  s t u d i e s  m a t h e m a t i c s .  

A s t u d e n t  s t u d i e s  h i s t o r y  i f  a n d  o n l y  i f  t h a t  
s t u d e n t  d o e s  n o t  s t u d y  p h y 5 i c s .  E v e r y  o n e  w h o  
s t u d i e s  h i  s t o r y  a1 s o  . s t u d i e s  1 i t e r a t u r e .  
L e t  U = ( s t u d e n t s  a n d  P r e s i d e n t ' s  S e c o n d a r y  S c h o o l  j 
H = ( s t u d e n t s  who  s t u d y  h i s t o r y )  3 

L = ( s t u d e n t s  who  study l i t e r a t u r e )  
M = ( s t u d e n t s + w h o  s t u d y  m a t h e m a t i c s )  
P = ( s t u d e n t s  who  study p h y s i c s )  
(Two  p o s s i b l e  V e n n  d i a g r a m s  a r e  g i v e n )  
U s i n g  t h e  i n f o r m a t i o n  g i v e n  a b o v e  a n d  t h e  
d i a g r a m s  g i v e n ,  b r i e f l y  e x p l a i n  y o u r  d e c r s i o n  

. f o r  e a c h  o f  t h e  f i v e  s t a t e m e n t s :  w 

I. A1 1 p h y s i c s  s t u d e n t s  s t u d y  m a t h e m a t i c s ;  
11 .  Some h i s t o r y  s t u d e n t s  study m a t h e m a t i c s ;  

1 1 1 .  Some l i t e r a t u r e  s t u d e n t s  s tudy h i s t o r y ;  
I V .  Some s t u d e n t s  s t u d y  n e i t h e r  p h y s i c s  nor 

h~ s t o r y ;  
V .  A l l  l ~ t e r a t u r e  s t u d e n t s  s t u d y  h i s t o r y .  

The  s p e c i f i c  o b j e c t i v e s  f o r  R e l a t i o n s  a n d  F u n c t i o n s  

1 .  R e c o g n i s e  s i m p l e  f u n c t i o n s  w h i c h  h a v e  i n v e r s e s ;  



2 .  R e c o g n  i s e  t h e  d i  f f e r e ' n c e s  b e t w e e n  f u n c t  t o n s  d e f  i n e d  
/ 

by t h e  same f o r m u l a  f p r  d i f f e r e n t  d o m a i n s ;  

3. interpret a n d  u s e  o f  t h e  f u n c t i o n a l  n o t a t i o n ,  

E x a m p l e :  G i v e n  t h a t  f ,  g a r e  4 c t i o n s  s u c h  t h a t  
f :  x - >  x A 2  + l , g :  x -> 3 x  - 2, f i n d  i 

(a) g f ( 1 )  Cb) f g ( l >  ( c >  f f ( - 2  
4. U s e  g r a p h s  o f  a g i v e n  f u n c t i o n  t o  d e t e r m ~ n e :  

- 
( a )  t h e  e l e m e n t s  o f  t h e  d o m a i n  w g i c h  h a v e  a g i v e n  

- - , image o r  v i c e  v e r s a ,  

( b >  t h e  i n t e r v a l  o f  a d o m a i n  f o r  w h i c h  t h e  e l e m e n t s  
- 

t h e  r a n g e  m a r  b e  p o s i t i v e  or n e g a t i w ,  

( c )  t h e  i n t e r v a l '  o f  a  d o m a i n  f o r  w h i c h  t h e  e l e m e n t s  

of t h e  r a n g e  may  be g r e a t e r  ' t h a n  o r  l e s s  t h a n  a g i v e n  

v a l  u e ,  

( d )  t h e  r o o t s  o f  a g i v e n  f u n c t i o n ,  - 
( e >  t h e  m a x i m u m  a n d  m i n i m u m ,  v a l u e s  o f  t h e  f u n c t ~ o n  

o v e r  a g i v e n  i n t e r v a l  o f  t h e  d h a r n ;  

E x a m p l e :  T h e  g r a p h  p r o v i d e d  s h o w s  t h e  f a 1  1 i n  
t e m p e r a t u r e .  o f  a  b o d y - a f t e r  i t  w a s  p u t  i n t o  a 
s p e c i  a1 c o n t a i n e r  t o  c o o l . .  
( a >  U s i n g  t h e  g r - a p h ,  e s t i m a t e  
( i >  t h e  t e m p e r a t u r e  o f  t h e  body f o u r  m ~ n u t e s  
a f t e r  i t was p u t  * t o  t h e  c o n t a i n e r  
i t h e  a v e r a g e  r a t e  o f  c o o l i n g  o f  t h e  body, 
i n  d e g r e e s  p e r  m i n u t e ,  f o r  t h e  f i r s t  t w e l v e  

m i n u t e s ,  a f t e r  b e i n g  p u t  i n t o  t h e  c o n t a i n e r  
( i i i )  t h e  r a t e  o f . c o o l i n g  o f  t h e  body w h e n  
i tr; t e m p e r a t u r e  was 64 d e g r e e , 5 .  - 

(bl A s s u m i n g  t ha t  a f t e r  20 m i n u t e s ,  t h e  



- 
t e m p e r a t u r e  o f  t h e  body c o n t i n u e s  t o  f a 1  l' a t  a  
c o n s t a n t  r a t e ,  e s t i m a t e  t h e  t e m p e r a t u r e  o f  t h e  
b o d y  1 h o u r  a f t e r  b e i n g  p u t  i n t o  t h e  c o n t a i n e r .  

5. Use g r a p h s  o f  f u n c t i o n s  t o  s o l v e  s i m p l e  p r o b l e m s ;  

E x a m p l e :  A f a r m e r  w i s h e s  t o  buy some goats a n d  
c o w s .  He h a s  p a s t u r e  f o r  on1  y 5 0  a n i m a l s .  G o a t s  
c o s t  $300  e a c h  a n d  c o w s  8 6 0 0  e a c h .  He c a n  e x p e c t  

- t o  make a  p r o f i t  o f  8250 o n  e a c h  g o a t  a n d  6 3 5 0  on 
e a c h  cow.  - - 
! a )  I f  h e  h a s  624 000 t o  s p e n d  a n d  h e  b u y s  g 
g o a t s  a n d  c  cows ,  o b t a i n  TWO i n e q u a l i t i e s  
c o n n e c t i n g  g a n d  c .  

I Cb) I l l u s t r a t e  t h e s e  i n e q u a l i t i e s  o n  t h e  same 
g r a p h .  

. ( c >  D e t e r m i n e  how many  o f  e a c h  t y p e  o f  a n i m a l  
h e  s h o u l d  buy t o  o b t a i n  a maximum p r o f i t .  

6. F i n d  r a t e  o f  c h a n g e  by d e t e r m i n i n g  t h e  g r a d i e n t  o f  a 

l i n e a r  f u n c t i o n ;  

7. R e t o g n i s e  t h e  r e l a t i o n  b e t w e e n  a  c e r t a i n  a n g l e  a n d  

t h e  g r a d i e n t  o f  a  c u r v e ;  

Exam\ T h e  s p e e d  v Lm p e r  h o u r  a t  w h i c h  a  
t r a i n  i s  t r a v e l  1 i n g  a f t e r  t h o u r s  i s  g i v e n  by 

( I )  C a l c u l a t e  t h e  s p e e d w h e n  t = O .  
A f t e r  2 h o u r s  t h e  t r a i n  r e a c h e s  a  s p e e d  o f  w km 
p e r  h o u r  a n d  m a ~ n t a i n s  t h a t  s p e e d  f o r  1 h o u r .  
! I i C a l c u l a t e  t h e  v a l u e  o f  w .  
The  t r a t n  a c c e l e r a t e s  a g a i n  a n d  i t s  s p e e d  i s  
now g~ v e n  by t h e *  e q u a t i o n  

v = 5 t  + 1 ,  when  t > o r  = 3. 
( I  1 i >  D r a w  t h e  speed / t im -e  g r a p h  o f  t h e  j o u r n e y  
f o r  t b e t w e e n  O a n d  8 u s i n g  2 cm t o  r e p r e s e n t  - 
1 h o u r  a l o n g  t h e  h m i z o n t a l  a x i s  a n d  2 cm t o  
r e p r e s e n t  5 krn p r  h o u r  a l o n q  t h e  v e r t i c a l  a x i s .  
< i v >  Use y o u r  g r a p h  t o  c a l c u l a t e  t h e  d i s t a n c e  

t r a v e l  l e d  a f t e r  8 h o u r s .  
8.  E s t i m a t e  t h e  v a l u e  o f  t h e  g r a d i e n t  o f  a c u r v e  by 

c o n s t r u c t i n g  a  t a n g e n t  t o  t h e  c u r v e  a t  a  g i v e n  p o i n t ;  



9. E s t i m a t e  t h e  a r e a  u n d e r  g r a p h s  by " c o u n t r n g  s q u a r e s "  

o r  by t h e -  t r g p e z ~ u m  r u l e ;  

T h e  s p e c i f i c  o b j e c t i v e s  f o r  G e o m e t r y .  

. 
1 S t a t e  t h e  r e l a t i o n s  b e t w e e n  a n  objec- t  a n d  I t s  I m a g e :  

P 

( a >  a s  a  r e s u l t  o f  a c o m p o s i t i o n  o f  t r a n s + o r m a t i o n s  

i n v o l v i n g  r e f l e c t i o n  i n  t w o  p a r a l l e l  I rn \ s, 

Cb) u n d e r  r e f l e c t i o n  i n  t w o  i n - % - e r s e c t  rng 1 ~ n e s  no t  

n e c e s s a r i l y  a t  r i g h t  a n g l e s ,  

( c >  u n d e r  t h e  t r a n s f o r m a t i o n  o f  a  g l  i d e  r e f l e c t  I o n ,  

<d)  w h e n  i t  i s  s h e a r e d ,  

( e >  u n d e r  t h e  t r a n s f o r m a t  i o n  o f  s t r e t c h i n g ,  ~ n c l u d ~ n g  

o n e  war a n d  t w o - w a y  s t r e t c h i n g ;  - 
E x a m p l e :  What i s  t h e  i m a g e  o f  t h e  s q u a r e  

O ( O , O j , A C O , l > ,  8 ( 1 , 1 > ,  C(1.0) u n d e r  t h e  
t r a n s f o r m a t  I o n  

1  -1 
T = 

1 1 1  ? - 0  

A s e c o n d  t r a n s f o r m a t i o n  U m a p s  ( 1 , O )  o n t o  , 4 , 3 > ,  
( 0 , O j  o n t o  ( 0 , 0 > ,  a n d  m u T t i p l i e s  a l l  l e n g t h s  b y  
a  f a c t o r  o f  5.  W r r t e  down t h e  m a t r ~ x  o f  U. 
W h a t  i s  t h e  I m a g e  o f  OkBC u n d e r  t h e  c o m p o s l  t e  

t r a n s f o r m a t r o n  UT, ( t h a t  i s ,  T f o i l w e d  by U,. 
2 L o c a t e  t h e  image o f  a s e t  o f  p o t n t s  w h e n  the 

t r - a n s f  o r m a t  i on men t i m e d  i n  ( 1 1  a r e  p e r f o r m e d ;  



3.  P e r f o r m  5uccec,c , ive  t r a n s f o r m a t i o n s  c o m b i n i n g  any t w o  + 

\ 
o f  e n 1  a r g e m e n t s ,  t r a n s 1  a t  i o n s ,  r o t . a t  i o n s ,  

, - 
r e f l e c t  i o n s ,  s h e a r s  a n d  s t r e t c h e s ;  

- 

4. ftnd t h e  e q u a t i o n  of a 1 i n e  g i v e n  t h e  c o o r c P i n a t e s  of 
h *  

t w o  p o i n t s ,  t h e  g o r a d i e n t  a n d  t h e  c o o r d i n a t e s  o f  o n e  
- - 

p o i n t ,  o r  $he  l e73g ths  o f  t h e  i n t e r c e p t s ;  

E x a m p i e :  Mf31 a n d  Mf'8) r e p r e s e n t  r e f l e c t i o n s  i n  
t h e  1 i n e s  y = 3 a n d  Y = 8 r e s p e c t i u e l  y .  I f  P h a s  

c o o r d i n a t e s  ( r , s )  a n d  p o i n t  Q = Fi78) .<MC3>(P> ! ,  
.f h e n  w h a t  
C!d i s  t h e  l e n g t h  o f  PQ 
fi 1 a r e  t h e  c o o r d i n a t e s  o f  13. 

5. Make c o n j e c t u r e s  a b o u t  t h e  p r o p e r t i e s  o f  a n d  t h e  
d - 

r e l a t i o n s  b e t w e e n  g e o m e t r i c a l  o b j e c t s  a n d  p r o v e  t h a t  

t h e y  a r e  t r u 6  o r  f a l s e ;  
a 

Example : '  Wh-tch o f  t h e  $01 l o w i n g  i s  n e v e r  t r u e ?  
($4) a r e f l e c t i o n  S o l l o w e d  by a r e f l e c t i o n  is 

e q u i v a l e n t  t6 a  r o t a t i o n ,  
(8) a r e f l e c t i o n  f o l l o w e d  by a r e f l e c t i o n  i s  , 

e q u r v a l e n t  t o  a t r a n s l a t i o n ,  
f C >  a s  t r a n s l a t i o n  ' f o l l o w e d  by a  r o t a t i o n  i s  

e q u i v a l e n t  t o  a r o t a t i o n ,  
(0) a  r e f l e c t i o n  f o l l o w e d  by a  t r a n s l a t i o n  i s  

e q u  t u a l  e n  t t o  a  t r a n s l  a t  i o n .  
4 .  C o n v e r t  a n g l e s  i n  d e g r e e s  t o  r a d i a n s  a n d  v i c e  v e r s a ;  

7. C a l c u l a t e  t h e  l e n g t h  o f  a n  a r c  o f  a  c i r c l e ;  

8 .  C a l c u l a t <  t h e  a r e a  p&a s e c t o r  o f  a c i r c l e ;  
- -  

E x a m p l e :  A c h o r d  PQ o f  a c i r c l e  o f  r a d i u s  10 cm 
i s  3-16 c m  f r o m  O t h e  c e n t r e  o f  t h e  c i r c l e .  
C a l c u l a t e  ( a )  t h e  a n g l e  i n  r a d i a n s  s u b t e n d e d  by 
t h e  a r c  PQ a t  0. 
i b )  t h e  l e n g t h ,  i n  cm, o f  t h e  a r c  PQ. 
( ~ 1  t h e  a r e a ,  cm2, o f  t h e  m i n o r  s e c t o r  OPQ. 



T h e  s p e c  i i i  c o b j e c t i v e s  f o r  A l q e b r a .  

d 
f a c t o r i z e  e x p r e s s i o n s  o f  d e g r e e  no h i g h e r  t h a n  two ;  

R e c o g n i s e  t h e  d i f f e r e n c e  b e t w e e n  t h o s e  a1 g e b r a i c  

s t a t e m e n t s  w h i c h  r e p r e s e n t  e q u a t i o n s  a n d  t h o s e  t h a t  

r e p r e s e n t  i d e n t  i t i  e s ;  

S o l  v e  q u a d r a t  i1,c e q u a t  i o n s  b y  f a c t o r  i z a t  i o n ,  

comp 1 e t  i ng t h e  s q u a r e  o r -  -by . u s i n g  t h e  q u a d r a t i c  

f o r m u l a ;  

E x a m p l e :  (a> E x p r e s s  9 x 2  - 3(jx + 21 i n  t h e  

f o r m  ( a x  - b>2 -, C ,  w h e r e  a ,  b, a n d  c  a r e  
i n t e g e r s .  

S o l v e  w o r d  p r o b J  ems i n v o l  v i n,g q u a d r a t  i c  e q u a t  I o n s ;  

E x a m p l e :  A BWIA T r i - s t a r  j e t  t r a v e l s  80 km/h 
f a s t e r  t h a n  a 7 4 7  j e t  l i n e r .  The  T r i - s t a r  
t a k e s  o n e  h o u r  l e s s  t h a n '  t h e  7 4 7  j e t  t r a v e l  
a  j o u r n e y  o f  6 280 km. D e n o t i n g  t h e  s p e e d  o f  
t h e  747 j e t  by x k w h :  
( a >  W r i  t e  down i n  t e r m s  o f  x  e x p r e s s i o n s  f o r  
t h e  t i m e  t a k e n  by ( i >  t h e  7 4 7  j e t  l i n e r  
< i i >  t h e  T r i - s t a r  j e t .  

S o l v e  a s y s t e m  o f  e q u a t i o n s ;  

E x a m p l e :  F i n d  t h e  c o o r d ~ n a t e s .  o f  t h e  p o t n t ~  of  
~ n t e r s e c t i  a n  o f  t h e  c u r v e  y = 10 - x - 2 x 2  
a n d  t h e  1 i n e  y = 7 - 2 x .  
For w h a t  v a l u e  o f  x 1 5  t h e  e x p r e s s r o n  
1 0  - x - 2 x 2  a maximum' What  i s  t h e  maxlmum 
v a l  u c  

P r o v e  simple t h e o r e m s  t n  a l g e b r a ,  g e g m e t r f ,  a n d  

number  t p h e o r r  u s i n g  a1 g e b r a i  c t e c h n i q u e s ;  



T h e  s p e c i f i c  o b j e c t  i u e s - f o r  S t a t i s t i c s .  

U s e  t he  m i d p o i n t  o f  t h e  c l a s s  i n t e r v a l  t o  e s t i m a t e  

t h e  mean 6f d a t a  p r e s e n t e d  i n  g r o u p  f r e q u e n c y  t a b l e s ;  

C a l c u l a t e  t h e  m e a n  o f  d a t a  p r e s e n t e d  i n  g r o u p  

f r e q u e n c y  t a b l e s ;  

E x a m p l e :  T h e  s c o r e s  o f  8 s t u d e n t s  o f  6 A ' o n  - - 
q u i z  w e r e :  32, 57, 58, 74, 74, 98, 99, 100.  
C a l c u l a t e :  ( a >  t h e  m e a n  s c o r e .  
( b j  t h e  s t a n d a r d  d e v i a t i o n ,  g i v i n g  
your a n s w e r  c o r r e c t  t o  o n e  d e c i m a l  
p l a c e .  
( c >  8 o t h e r  s t u d e n t s  i n  a p a r a l l e l '  
f o r m  60 c o m p l e t e d  t h e  same q u i z .  
T h e  m e a n  o f  t h e i r  s c o r e s  w a s  74 a n d  
t h e  s t a n d a r d  d e u i a t i o n  w a s  2.88. 
Comment on t h e  p e r f o r m a n c e  o f  t h e  
t w o  f o r m s .  

C o n s t r u c t  a  c u m u l a t i v e  f r e q u e n c y  t a b l e  f o r  

set o f  d a t a ;  

a  g i v e n  

D e t e r m i n e  f r o m  t h e  c u m u l a t i v e  f r e q u e n c y  t a b l e  t h e  5 

p r o p o r t i o n  a n c l i o r  p e r c e n t a g e  o f  t h e  s a m p l e  a b o v e  o r  

b e l o w  a g i v e n  v a l u e ;  

D r a w  a n d  u'se a  c u m u l a t  i , v e  f r e q u e n c y  c u r u e ;  

C a l c u l a t e  t h e  s t a n d a r d  d e u i a t , i o n  o f  a  s e t  d a t a ;  

S e l e c t  a r a n d o m  s a m p l e  a n d  m a k e  r e a s o n a b l e  e s t i m a t e s  

a b o u t  some o f  t.he c h a r a c t e r i g t i c s  o f  t h e  p o p u l a t i o n ;  

A n a l  ~ s e  s t a t  1st i c a l  d a t a ,  c o m m e n t i n g  o n  t h e  : a v e r a g e ,  

t h e  s p r e a d  a n d  t h e  s h a p e  o f  t h e  f r e q u e n c y  - 
<&.3 

d i s t r i b u t i o n : '  



< - 
9. C a l c u l a t e  s i m p l e  p r o b a t 6 1  i t i e s .  

Exampl 'e:  S i x  men  a n d  f o u r  women, i n c l u d i n g  a 
man  a n d  h i s  w i f e  a p p l y  f o r  a  j o b  a t  a f i r m .  
(a )  C a l c u l a t e  t h e  p r o b a n i  1 i t r  t h a t ,  i f t w o  
a p p l i c a n t s  a r e  s e 1 e c t e . d  a t  r a n d o m ,  a t  - l e a s t  
o n e  of t h e m  i s .  a  man.  
CW I f  t h e  man a n d ,  h i s  w i f e  a r e  s e l e c t e d ;  
i n  how m a n y  w a r s  r a n  t w o  o t h r  p e r s o n s  a1 so 
b e  s e l e c t e d  f r o m  t h e  r e m a i n i n g  a p p l  i c a n t s .  
Cc>  C a l c u l a t e  t h e  p r o b a b i l i t y  t h a t ,  i f  f o u r  
a p p l i c a n t s  a r e  s e l e c t e d  a t  r a n d o m ,  t h e  man 
a n d  h i s  w i f e  a r e  s e l e c t e d .  

L , 
T h e  s p e c  i f i c  o b j e c t  i v e s  SOP T r  I caonome t r y .  - 

1 ,  D e t e r m i n e  t h e  c i r c u l a r  f u n c t i o n s  b e t w e e n  0 a n d  360 

d e g r e e s  a; t h e  c o m p o n e n t s  o f  t h e  p o s i  t i b n  v e c t o r  on 

t h e  ' u n i t  c i r c l e ;  I 

2. D e t e r m i n e  t h e  t r i g o n o m e t r i c  r a t i o s  f o r  a n g l e  A ;  

--3. U s e  t h e  s i n e  a n d  c o s i n e  f o r m u l a e  i n  t h e  s o l u t t o n  o f  

tr i a n g l  e s ;  

E x a m p l e :  A v e r t i c a l  p o l e  TF i s  s t a n d i n g  bn 
l e v e l  ground. P a n d  Q a r e  t w o  p o i n t s  18 m 
a p a r t  on t h e  same e d g e  o f  a  s t r a i g h t  r o a d  
r u n n i n g  f r o m  e a s t  t o  w e s t  p a s t  t h e  p o l e .  
T h e  b e a r i n g  o f  F, t h e  f o o t  o f  t h e  p o l e ,  
f r o m  P a n d  Q i s  20 a n d  50 d e g r e e s  
r e s p e c t i v e l y .  T h e  a n g l e  o f  e l e v a t i o n  o f  T 
f r o m  P i s  15 d e g r e e s .  
C i >  D r a w  a s k e t c h  o f  t r i a n g l e  FPQ 
i n d i c a t i n g  on y o u r  d i a g r a m  t h e  b e a r i n g s  o f  
F f r o m  P a n d  Q. 
( i i > C a l c u l a t e  t h e  d i s t a n c e  PF 
f i i i ,  C a l c u l a t e  t h e  h e i g h t  o f  t h e  p o l e  TF. 

4. C a l c u l a t e  t h e  a r e a  o f  a t r i a n g l e  g i v e n  t w o  d d e s  a n d  

t h e  i n c l u d e d  a n g l e  b r  m e a n s  o f  t h e  f o r m u l a  



A r e a  o f  " A B C ~ =  1/2 a b  s i n  C;  

5. P r o v e  s i m p l e  t r i g o n o m e t r i c  i d e n t i t i e s .  

Exam'pl  e : P r o v e  t h a t  
c o s  x + s i n  x ,  ' t a n  x =: l / c o s  x f o r  'ic b e t w e e n  
-0 a n d  9 0  d e g r e e s .  

The s p e c i f i c  o b j e c t i v e s  f o r  V e c t o c s  a n d  M a t r i c e s  

1 .  A d d  v e c t o r s  by t h e  t r i a n g l e  or  p a r a 1  l e l o g r a m  l a w s ;  

2. Show t h a t  a s c a l a r  may  b.e d i s t r i b u t e d  o v e r  a d d i  t i o n  

, 
3. A s s o c i a t e  a p o s i t i o n  v e c t o r -  w i t h  a g i s r e n : p o i n t .  

4 .  P e r f o r m  p r e -  a n d  p o s t -  m u l t i p l i c a t i o n  o f  m a t r i c e s ;  

- 5 .  Show t h a t  m a t r i x  mu1 t i p 1  i c a t i o n  i s  n o t  c o m m u t a t i v e ;  



/// 
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O b j e c t  i u e s  o f  t h e  A d ~ a n ~ c e d  Level 
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E x a m i n a t  i on  
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L 

T h e  A d v a n c e d  1 e l ~ e 1  m a t h e m a t ~ c s  e x a m i n a t i o n  S y l l a b u s  C 
r: 

c o n c , i s t c ,  o f  f o u r  p a p e r s .  E v e r y  s t u d e n t  m u s t  w r i t e  

P a p e r  1 w h ~ c h  c o n s i s t s  o f  s e v e r a l  b r i e f .  q u e s t i o n s ,  

a n d  s e v e n  l o n g e r  q u e s t  ions.  O n , p a p e r  1 s t u d e n t s  m u s t  
- 7 

a n s w e r  a 1  1 t h  br  i e f  q u e s t  i o n s  a n d  f o u r  o f  t h e  s e v e n  

1 o n g e r  q u e s t  I ons. 
* / S t u d e n t s  m u s t  w r i t e  s e v e n  

-two o f  - t h e  t h r e e  p a p e r s .  P a p e r s  2 ,  3 a n d  q u e s t i o n s  

4 c o n t a r  n  f i we q u e s t  i o n 5  eac-h  o n  P a r t i c l e  M e c h a n i c s , ,  , 

P r o b a b i  1 i . ty  a n d  S t a t i s t  i cc,,  a n d  P u r e  M a t h e m a t i c s .  

T h e  S p e c i f i c  O b j e c t i u e s  f o r  P a p e r  -1. 

A d d l  t i o n ,  s u b t r a c t i o n ,  m u l t i p l i c a t i o n  a n d  d i v i s l o n  o+ 

p o l  y n o m r a l s ;  

F r n d  t h e  r o o t s  of p o l y n o m i a l s  u s i n g  t h e  F a c t o r  

t h e o r e m ;  

S k e t c h  t h e  g r a p h s .  o f  s i m p l e  r a t i o n a l  a l g e b r a i c  

f u n c  t i 01-15; 

G i v e n .  a q u a d r a t  i c  e q u a t i o n  i n  o n e  v a r i a b l e :  

. . 
( a >  s o l v e  d A t  i o n ,  

i b j  f i n d  max' ima a n d  m i n i m a  b r  c o m p l e t i n g  t h e  s q u a r e ,  

i i i  s k e t ' c h  g r a p h s ;  

S k e t c h  s i m p l e  c u r v e s  s u c h  a5 y = k < x A n > ;  



- r 6. T r a n s f o r m  a g r a p h  o f  t h e  f o r m  r = + i x )  t o  g r a p h  ot: 

t h e  f o r m  r = a . f ( x ? ,  r = f ( x !  + a,  r = f ( x - a ! ,  y = " 

7. U s e  t h e  s i x  t r i g o n o m e t r i c  f u n c t r o n s  a n d  t h e i r  

p e r i o d i c -  p r o p e r t i e s  a n d  s y m m e t r i e s ;  , 

8. S i m p 1  i f r  a n d  s o l v e  t r i g o n o m e t r i c  e q u a t i o n s  u s i n g  

f o r m u l a e  s q c h  a s  s i n < A  + B ) ,  s i n A 2  A + c o s " 2  a = 1 ,  

- 

1 + t a n A 2  = s e c A 2  A  a n d  r . c o s ( A + b ? ;  

P .  S k e t c h  t h e  g r a p h  o f  s i m p l e  t r i g o n o m e t r i c  e q u a t i o n s ;  

1 0 .  C a l c u l a t e  t h e  a p p r ~ x ~ i m a t i o n s  511-1 x  ,J X ,  t a n  x " X ,  

a n d  c o s  x " 1- 0 . 5  x A 2 ;  

1 1 .  F i  n d  t h e  a n g l e  b e t w e e n ,  a  1 i n e  a n d  a p 1  a n e ,  b e t w e e n  

t w o  p l a n e s ,  a n d  b e t w e e n  t w o  s k e w e d  l i n e s ;  

12.  F i n d  t h e  . s u m  o f  a r i t h m e t i c  a n d  g e o m e t r i c  

p r o g r e s s i  o n s ;  

13, U s e  b i n o m l a l  e x p a n s t o n  t o  f i n d  ( l + x , ' n ;  

a, 
14.  V e c t o r s  ~n t w o  o r  t h r e e  d ~ m e n s l o n s ,  mu4 t i p 1  i c a t l u n  by 

s c a l a r s ;  \> 

\ 

15. G i v e n  a f u n c t i o n  d e t e r m i n e  w h e t h e r  I t 1s o n e - t o - o n e  

and i f  i t  is f i n d  i t s  i n v e r s e ;  

16. G r a p h  a f u n c t i o n  a n d  i t s  i n v e r s e ;  

17.  Use  s i m p l e  l o g a r i t h m i c  a n d  e x p o n e n t i a l  f u n c t i o n s ;  
" 

18 .  D e f i n e  t h e  d e r i v a t i v e  u s i n g  1 i m i  t ;  



19. S t a t e  t h e  d e r i v a t i v e s  o f  s t a n d a r d  f u n c t i o n s ;  

2 0 .  Use d i f f e r e n t i a t i o n  i n  f i n d i n g  g r a d i e n t s ,  m a x i m a  a n d - -  

m i n i m a ,  r a t e s  o f  c h a n g e ,  a n d  i n  c u r v e  s k e t c h d n g ;  
j * 

21 .  U s e  s i m p l e  t e c h n i q u e s  o f  . i n t e g r a t  ioh,. i n c l u d i n g  

i n  t e g r a t  i o n  by s u b s t  i t u  t i o n  a n d  by p a r t s ;  

2 2 .  E v a 1  u a t e  d e f  i 'n i  t e  i n t e g r a l s  w i  t h  f i x e d  1 i m i  ts ;  

23. F i n d  t h e  a r e a  u n d e r  a  c u r v e  a s  a  1 i m i t  o f  a  sum o +  

a r e a s  o f  r e c t a n g l e s .  

24.  * S o l l ~ e  s i m p l e  e r o b l e m s  o n  p e r m u t a t i o n  a n d  c o m b i n a t i o n ;  

25. U s e  t h e  m e t h o d  o f  i n - d u c t i o n  i n  s u m m i n g  f i n i t e  s e r i e s ;  

26. G i v e n  t h e  m a t r i x  A f i n d  t h e  t r a n s p o s e  m a t r i x ,  t h e  

i n v e r s e  m a t r i x  a n d  t h e  d e t e r m i n a n t ;  

2 7 .  E x p a n s i o n  o f  f u n c t i o n s  i n  t h e  p o w e r  s e r i e s ;  

28. I n t e g r a t e  u s i n g  t h e  t r a p e z i u m  r u l e .  

 he s p e c i f ' i c  o b j e c t i v e s  f o r  P a r t i c l e  M e c h a n i c s .  

1 .  N e w t o n ' s  l a w s  o f  m o t i o n  a n d  m o t i o n  i n  a s t r a i g h t  1 i n e  

s t a t e d  a s  f u n c t i o n s  o f  t i m e ,  v e l o c i t y  o r  d i s t a n c e ;  

2 .  ~ k o b l  ems d e a l  i n g  w i  t h  a s m o o t h  p u l  1 e y ;  

3. H o o k e ' s  l a w  of e l a s t i c i t y ;  

4.  P a t h s  o f  p r o j e c t i  L e ;  

5.  U n i f o r m  c r r c u l a r  m o t i o n .  

T h e  s p e c i f i c  o b j e c t i v e s  + o r  P r o b a b i l i t y  a n d  S t a t i s t i c s  

0 



B a s i c  p r o b a b i l  t y  l a w s  s u c h  as 

C P ( A  U B) = P ' (A) + P ( 0 )  - P < A  ./'\ I31 

U s e  o f  E, ( a x  + b)  = a E ( X )  + b 

V a r  ( a X  + b >  = a " 2  V a r i X )  

9 
a n d  u n i f o r m ,  , b i n o m i a l  a n d  P o i s s o n  d ~ s t r i b u t c o n s ;  

K n o w l e d g e  o f  s a m p l i n g  m e t h o d s  a n d  d i s t r t b u t ~ o n s ,  

e s t i m a t i o n  o f  p o p u l a t i o n  p a r a m e t e r s ,  a n d  c a l c u l  a t  I o n  

o f  m e a n s ;  

Know1 e d g e  o f  h r p o t h e s i  s t e s t  i n g  and s i  gn I f i c a n c e  o f  

s a m p l e  m e a n s .  - 

' T h e  s p e c i f i c  o b j e c t i v e s  f o r  P u r e  M a t h e ' m a t i c s .  . 

1.  F.i nd t h e  a r e a  o f  a s e c t o r ;  

2.' C o n v e r s i o n  f r o m  c a r t e s i  a n  t o  p o l  a r  c o o r d i n a t e s ;  

3. K n o w l e d g e  o f  c o m p l e x  n u m b e r s :  

( i )  a l g e b r a i c  a n d  t r i g o n o m e t r i c  f o r m s ,  

( i  i )  sum, ' p r o d u c t  a n d  q u o t i e h t  t w o  c o m p l e x  

n u m b e r s ,  

( i i i T De M o i v r e ' s  t h e o r e m  w i  t h o u t  p r o o f ,  

( . i v i  u s e  o f  e A i O  = c o s  0 + i s i n  0 ;  

4.  C u r v e  s k e t c h i n g  f o r  r a t i o n a l  f u n c t i o n s ;  



5. F i n d i n g  t h e  r o o t s  of a n  e q u a t i o n  by s i m p l e  g r a p h i c a l  

o r  n u m e r i c a l  m e t h o d s )  
- - 

6.  S o l v l n g  f i r s t  a n d  s e c o n d  o r d e r  d i f f e r e n t i a l  

e q u a t  i ons; 

7 .  V e c t o r s  a n d - v e c t o r  a r i t h m e t i c ;  

T h e  A d v a n c e d  1  e v e 1  m a t h e m a t  i c s  e x a m i  n a t  i on  F u r t h e r  

S y l  l a b u s  1C c o n s i s t s  o f  f o u r  t h r e e - h o u r  p a p e r s  frm 

w h i c h  t h e  s t u d e n t  does P a p e r  1 a n d  c h o o s e s  o n e  o f  

P a p e r s  2, 3, and 4. 

P a p e r  -1 c o n t a i n s  12 q u e s t i o n s  on a l g e b r a ,  a l g e b r a i c  
1. 

s t r u c t u r e ,  a n a l y s i s ,  c o m p l e x .  n u m b e r s ,  m a t r i c e s  a n d  

1 i n e a r  s p a c e s ,  a n d  v e c . t o r s .  P a p e r s  2 a n d  3 c c l n s i  s t  

of t e n  q u e s t  i o n s  e a c h  o n  m e c h ' a n i c s  a n d  s t a t i s t i c s  

" r e s p e c t i v e l y .  P a p e r  4 c o n s i s t s  15 q u e s t  i ons  w i  t h  

f i v e  q u e s t  i ons e a c h  o n  m e c h a n i c s ,  s t a t  i s t  i c s  a n d  

n u m e r  i c a l  a n a l  r s i  s. On P a p e r s  2 ,  3, a n d  4, t h e  

s t u d e n t  d o e s  s e v e n  q u e s t  i o n s .  

The  s p e c  i f i c o b j e c t  i v e s  o f  A1 ~ e b r a .  

1 .  S k e t c h  t h e  g r a p h  o f  p o l y n o m i a l s  and s i m p l e  r a t i o n a l  

f u n c  t i o n s ;  

2. F i n d  t h e  sum of s i m p i e  f i n i t e  s e r i e s .  

The s p e c  i f  t c  o b j e c t i v e s  o f  A l ~ e b r a i c  S t r u c t u r e .  



1 .  D e f i n e  c l o s u r e  u n d e r  a s w c ~ a t i u i t y ,  c o m m u t a t ~ v i t y  and 

:" 
d i s t r i b u t i v i  t y ,  

2 .  U s e  o f  e q u i  uaS e n c e  c l a s s e s  a n d  e q u i v a l e n c e  r e 1  a t  i o n s ;  

3. D e + i n e  a n d  u s e  t h e  p r o p e r t i e s  o f  g r o u p s ;  

4 .  D e s c r i b e  a n  i s o m o r p h i s m  b e t w e e n  g r o u p s .  t 

- 
T h e  s p e c i f i c  o b j e c t i v e s  o f  A n a l y s i s .  

1 .  s k e t c h  t h i  g r a p h  o f  t h e  s i x  h r p e r b o l  i c  f u n c t i o n s  a n d  

t h e  i r i n v e r s e s ;  

2. F i  n d  t h e  d e r  i v a t  i v e  o f  h r p e r b o l  i c f u n c  t i o n s  a n d  

i n u e r s e  h y p e r b o l i c  f u n c t i o n s ;  

3. P e r f o r m  e x p l i c i t  a n d  i m p l i c i t  d i f f e r e n t i a t i o n ,  a n d  

i n t e g r a t i o n ;  - 
4 .  U s e  i n t e g r a t i o n  t o  f i n d  mean  v a l u e s ,  c e n t r o i d s ,  

l e n g t h s  o f  c u r v e s ,  a n d  a r e a s  u n d e r  t h e  c u r v e ;  

T h e  s p e c i f i c  . o b j e c t i v e s .  o f  C o m p l e x  N u m b e r s .  

1 .  P r o v e  de M o i u r e ' s  t h e o r e m  f o r  a p o s i t i v e  i n t e g r a l  

e x p o n e n t  ; 

2.  Use t h e  p r o p e r t i e s  o f  c o m p l e x  n u m b e r s .  

-. 

The s p e c  i f i c  o b j e c t i v e s  o f  M a t r  i c o s  a n d  L i n e a r  S o a c e s .  
- 

1 .  Know t h e  p r o p e r  t i e s  o f  a 1 i n e a r  s p a c e  s u c h  a s  1 i n e a r  

d e p e n d e n c e  a n d  i n d e p e n d e n c e ,  



2. F i n d  t h e  d e t e r m E a n t  o f  a  3 x 3 m a t r i x ;  

3. f i n d  t h e  i n v e r s e  o f  a  3 x  3 m a t r i x ;  

4.  F ~ n d  t h e  e i g e n v a l u e s  a n d  e i g e n v e c t o r s  o f  2 x 2 or  3 x 

3 m a t r i c e s .  __-- 

- /- 
T h e  s p e c i f i c  o b j e c t i v e o f  V e c t o r s .  

1 .  F i n d  s c a l a r  a n d  v e c t o r  p r o d u c t s ;  

2. D e f i n e  t h e  p r a p e r t i y s  o f  u e c t o r s .  

PAPER 2 

The s p e c ~ f i c  o b j e c t i v e s  o f  M e c h a n i c s .  

F i n d  t h e  p o i n t  o f  e q u i l i b r i u m  o f  a r i g i d  b o d y  u n d e r  a  

c o p 1  a n a r  s e t  of f o r c e s ;  

< 

R e d u c e  a s y s t e m  of f o r c e s  t o  a  s i n g l e  f o r c e  t h r o u g h  a 

g ~ v e n  p o ~ n t ;  

F i n d  t h e  c e n t r e  o f  

C a l  c u l - a t e  r e 1  a t 7 v e  

C a l c u l a t e  a c c e l e r a t i o n  i n  u l a r  m o t  i o n ;  
I -- 

C a l c u l a t e  h a r m o n i c  m o t  i on  o f  a s i m p l e  p e n d u l u m :  

C a l c u l a t e  k i n e t i c  e n e r g y .  

T h e  s p e c i f i c  o b j e c t i v e s  o f  S t a t i s t i c s .  



K n o w  t h e  s h a p e s  a n d  p r o p e r t ~ e s  o f  s ~ m p l e  

d i s t r i b u t i o n s ;  
i 

U s e  t - d i s t r i b u t i o n  a n d  C h i - s q u a r e d  d i s t r i b u t i o n ;  

D r a w  s c a t t e r  d i  q r a m s ;  

C a l c u l a t e  c a r r e l  a t  ion  c o e f f  i c - i e n t ,   regress^ o n  

c o e f f i c i e n t ,  and c o n + i d e n c e  l i m i t s ;  

PAPER 4 
-- 

/ 

P a p e r  4 c o n s i s t s  o f  t h r e e  w t i o n s :  , mecha t i  i c s ,  

s t a ' t  i s t  i c s  a n d  n v m e r  i c a l  a n a l y s i s .  T h e  s p e c i f i c  

o b j e c t  i v e s  :>of m e c h a n  i c s  a n d  s t a t  i s t i  CC, a r e  t h e  same 

a s  i n p a p e r s  2 a n d  3 r e s p e c t  i v e l  y .  

The s p e c i f i c  o b j e c t  i t r e s -  o f  N u m e r i c a l  A n a l  y5 i  s .  

Use o f  T a y l o r ' s  and M a c l a u r r n ' s  s e r i e s ;  

A p p r o x i m a t e  f u n c t i o n s  b y  p o l  y n o m i a l s ,  a n d  c a l c u l a t e  , 

t h e  m a r g i n  o f  e r r o r  i n  s u c h  a p p r o x i m a t i o n s ;  

S o l v e  e q u a t i o n s  o f  t h e  f o r m  f C x )  = 0 ;  

S o l v e  a s y s t e m  o f  l i n e a r  e q u a t i o n s  by G u a s s ~ a n  

e l  i m i n a t  i on ;  

P e r f o r m  n u m e r i c a l  i n t e g r a t i o n  us ing  t h e  t r a p e z r u m  

r u l e  o r  S i m p s o n ' s  r u l e ;  

P e r f o r m  s t e p - b y - s t e p  d i f f e r n e t i a t i o n ;  

F i  t s i m p l e  c u r v e s  u s i n g  t h e  m e t h . o d  o f  l e a s t  squares. 



APPENOIX D 

C o p y  of basic Proficiency Mathematics 

Exami  nat i on 

-J 



1. LUi thour ustttg cables, calculate the exact value o f  - 

2 .  (a )  Express in its simplest form 

(b 1 Given thar U I  + ; I  denotes / ~ r  + 31, 
Evaluate 3 + ( 1  . 2 )  

( 5 marks) 

( 5 marks) 

( 3 marks) 

3. (a)  A car left Mandeville a t  16:OO hrs and arrived in Kingston at 

17 : 30 hrs. It travelled at an average speed of 60 kilornetres per 

hour. Calculate the distance from Kingston to Mandeville. 

(b) The car then left Kingston at 18 : 20 hrs and arrived in Montego 
Bay a t  22:05 hrs. I f  Montego Bay i s  210 kilornetres from 

. Kingston, calcula;e the average speed o f  the car on the journey 

from Kingston to Montego Bay. ( 6 marks) 

4. A man had St00. He went to a [aeatshop, a bookshop and a drugstore. 

He spent three times as much money a t  the meatshop as he did a t  the 
,- 

drugstore. He spent $12 less a t  the bookstore than a t  the drugstore. 
He then had $37 left. 

(a )  Using S.Y to represent tne amount he spent at the drugstore, 
express in algebraic terms 

( i ) .  the amount He spent a t  the meatshop 

( i i ) '  the amount he spent at the bookstore 

_.fb)  Obtain an equation for the total amount of money spent and 
hence calculate the amount he spent a t  the drugstore. 

1 7 marks) 



- .3 . ?: 

- ,  

S 139 

, 1 - 

3 
( a )  The bar-chart above shows the amount of money invested by a 

company over a five-year period. 
.i 

(i) Write down the amounts invested in 1980 and 1983. -- 

(i i l  Calculate the mean amount invested per year over t h y  
5 year period. 

-. 

( i i i )  Estimate the amount invested in 1985, assuming the ' 
trend shown in the graph continues. Give a- reason for 
your answer. 

(iv) Calculate the angle which would represent the amount 
invested in 1983 if the information illustrated in {the 
bar-chart above i s  to be represented on a pie chart. 

(1 1 marks) 

* 

( b )  A box contains 10 similar balls, 4 of which are yellow. The 
first ball taken out at random i s  yellow. It i s  not replaced. 
Calculate the probability that a second ball taken out at 
random is yeffow. f 3 mark's) 

GO ON TO THE NEXT PAGE 



- 4 - #  

S5  000 was put in a fixed deposir 
for one year. Calculate the total 

140 

account on 1 January, 1984 
amount received a t  the end 

of the period, if the rate of interest was 12.5% per annum. 
C 

55 000 wa;calso put in a fixed dedosit account a t  a different 
bank on 1 January, 19&r 6 months. The rate of interest 

was 12.5% per annum. On 1 July, 1984"he total amount 
received was reinvested for a further 6 months a t  12.0% per - 
annum. ' Calculate the final amount received 'at the end of 
the year. 

State whether (a) or (b) was the better ipvestment, giving a 

reason for your choice. (1  1 marks) 

J 4 

Calculate each of the following to 2 significant figures: 

(i) The volume of a cylindrical tin of height 20 cm and 
diameter 28 cm. 

\ 

F 

(ii) The number of litres the tin can hold given that 
1 litre = 1 000 cm3. 

I 

(iii) The valume of a spherical ball of radius 4.2 cm. 

Calculate the least  number of these balls that can be put in 
-the tin so as to  cause the water to overflow, if the tin contains 
9+ litres of water. (12 marks) 

GO 0b.J TO THE NEXT PAGE - 



8. ( a )  (i) A refrigerator can be bought on <hire-purchase by 
&aking a deposit of 5480 and 15 monthly instalments 
of S80 each. Calculate the hire-purchase cost of the 
refrgerator. - 

( i i )  The actual marked price of the refrigerator is Sl 400. 
This includes a 'sales tax-of 12%. Calculate the sale 
price of the refrigerator if no sales tax i s  included. . 

( 6 marks) 
B 

(b)  The Rates of Exchange at -a  bank are as follows: 

ECS1.OO = BDSS0.75 
and USS1 .OO = BDSSl.98 

(i) A traveller changed ECS1 600 to 'Barbados currency. 
Calculate the amount received. 

(ii) Of the amount she received she spent BDSS210 and 
exchanged the remainder for US currencv. Calculate 
the amount in US currency she received for this 
exchange. 

(Assume that the buying rate and selling rate for 
BOSS1 .OO are the same.) 

( 6 marks) 

GO ON TO THE NEXT PAGE 



9. (a )  Using a scale of 1 cm to represent 1 unit on each axis, plot on 
graph paper the points P ( 2 ,  -1 and () (-2,  5) .  

(b) Calculate the gradient of p(1. 

(c) Determine the point where I'Q meets the 11-axis. 

(d) Write down the equation of PQ in the form 

i e  Hence or otherwise determine the solution of 

- ( f )  Shade the region 11 L s - 1' for .Y B 0. 
(1 5 marks) 

I )  

GO ON TO THE NEXT PAGE 



4Bc:II l-  is a regular pentagon inscribed in a circle centre 0 ,  radius 
12 crn, as shown in rhe diagram above. I f  is the mid-point of UC. 

( a )  Calculate the angle I)O(.' (in degrees). 

( 5 )  Calculate D \ I .  

f c )  Hence, find the perrmeter of the  penlagon. 

L (10 marks) 

END O F  TEST 
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APPENDIX E 

C o p y  o+ General  P r o f i c i e n c y  M a t h e m a t i c s  

Exarni n a t  i on 



SECTION I 

Answer ALL the questions in this section. 

Evaluate, without using tables 

10.02 x 0.14 
0.7 x 50.1 ( 3 marks). 

Evaluate, using tables 

( 2 marks) 

.A household used 60 cubic metres of water for th2 first half 
of 1983. In 1983,'water rates for domestic users for a half 
year were as follows: 

$1.05 per cubic metre for the first 50 rn3 

$1.25 per cubic metre for amounts in excess of 50 n-t3 
I 

f 

5% discount on bills paid within two weeks of billing. 

Calculate the amount the household paid for the half year, 
assuming the bill was paid within the two-week period. 

(5 marks) 

* 
A rectangular' wooden beam of length 5 metres has a cross 
section 20 cm by 15 cm. The wood has a density of8600 k g  

per m3. 

%. 
(a)  Calculate the volume of the beam in cubic -metres. 

(b) Express the answer for (a) in standard form. 

c Caicuiate ;he mass of the beam in kilograms. 

(6 marks) 

GO ON TO THE NEXT PAGE 



(ii) U = {natural numbers} - 

P = {factors of 12) 

Q = {factors of 6)  
, 

R = " { r nv~ t i~ les  of 12) - 

Draw a Venn diagram to represent these sets and show on the diagram 
in the appropriate regions the members of P, Q, R and P fl Q'. 

(5 marks) 

8 crn ,-z 

In the figure a o v e  (not dra\i.it to scale) PS is an arc of a circle of 
radius 5 cm and Q is the centre of the circle. RQ = 8 cm,PR = 7 cm. 

. Calculate 

( a )  the size of angle Q 
0 

(b) the area of the shaded portion bound& by the arc PS and the 

line segments PR and RS. (use n = 3.1 4 )  

(1 1 marks) 

GO ON TO THE NEXT PAGE 



4. The points A10, 9) and B10, 4)  are mapped by a rotation with centre 
C on to the points A '  (8,7) and B' (4,4). ' 

i i) Using a scale of 2 cm to 1 unit on both axes, plot the points 
A, B,&' and B'. 

A *  . \ 

(ii) State 

(a) What is the relation of A and A' to C 

Ib) the size of the angle BMC, where M i s  the midpoint 
of B B': 

3 \ 

( i i i )  By suitable constructions find the coordinates of  C. Measure 
and state the size of the angle of rotation to the negrest 
degree. 

(10 marks) 

5. (ii Copy and complete the table for the function 
. - 

(ii)  Using a scale of 2 cm to represent a unit on both axes, draw on 

graph paper the graph of the function for -3 x 2 

( i i i )  Draw the line y = x + 3 on the same graph and write down the 
coordinates where y = x + 3 cuts the curve, 

(1 3 marks) 
.A 

GO ON TO THE NEXT PAGE 



( i i )  

( i i i )  

simplify tha expression 

State your answer using positive indices. 

- 

( 3 marks) 

Given 171 = 4- 
t? 

exgress 11 in terms of 171. 

( 5 marks) 

(a) WritedownU-' and V- '  
. - . 

.. ilb) Calculate U V  

i c )  h e r m i n e  which of the following matrices U V 
or V-' U -' is equal to ( U V )  -' 

( 6 marks) 

GO ON TO THE N E X T  PAGE 



. . 

7. [An answer s'heet i s  provided for this &~estion.] - 
. . 

The table below shows the distribution of scores obtained by 100 
candidates in an examination. 

Score Frequency Cumulative 

Complete the column for the cumulative *epq;ency on the 
answer sheet provided. -- - .- 

Using 1 cm to represent 10 units on both axes draw the 

cumulative frequency curve on grapkpaper. 

From the curve estimate 

(a) themedian 

(b) the probability that a Student chosen a t  random 
- -  

obtained a score less than or equal to 35. 
(1 2 marks) 

GO O N ' T O  THE NEXT PAGE 

7 48 



Answe'r any THREE questions from this sectio.9. 

-- - 

Relations and Functions 

8. An object moves from rest and travels for 70 seconds. The speed 
changes uniformly over each- given time interval shown in the table 
below. The speed shown is the value at the end of the time interval. 

( i )  Using a suitable scale, draw the speed-time graph on graph 
paper. 

- 

( i i)  Calculate the acceleration during the last twenty seconds. 

( i l i )  Calculate the total distance travelled in the seventy seconds. 

, ( 9 marks) 

GO ON TO THE NEXT PAGE 

Time Interval 
seconds 

speed 
- 1  

172 S 

7 

- 20 

1 

['l 
-1 j 

1 

30 - 50 

6 

20 - 30 

5 

50 - 70 

0 



Algebra , 
, ( 

9. to  be put in a wall of area 81 m2. The area of the 
door must not be greater than of the total wall space. The width of 
the door is 6 m more than the height. 

Calculate the greatest possible height of the door. 

i 

Geometry 

10. In  this question assume that the earth is a sphere with circumference. 

40 000 km at the equator. 

ii) Given that P (0' N, 7 5 ' ~ )  and Q (0' N, x O w )  are poinjs on 
the earth with Q 1 800 km west of P, calculate x. 

( i i) Calculate 

la) , the shortest distance between A (30' N, 42' W)  and 
B (24' S, 42' VV) 

(b) the distance between m 4 5 '  N, 50' W)  and S (45' N, 
22'E) measured along the parallel of latitude in an 
eastward direction from R .  

( 9 marks) 

/ 
GO ON. TO THE NEXT PAGE 



Trigonometry . 
Z 

( i )  In tr-iangle ABC above,angle C i s  obtuse.and CD is perpendicular 
to AB.  Prove that & = -. b 

Sin A Sin B 

( i i )  Prove that for any acute  angle^ 

' + t a n A =  1 

tan A Sin A CosA 

( 9 marks) 

GO ON TO THE NEXT PAGE 



,Vectors and Matrices 

12. The image of the point Pk, y )  under the transformation . 

I I Express x , y in terms of x and y .  

Calculate the coordinates of the images of the' points A (0, 1 ) , 
B (2, I ) ,  C (2,4) and D (0,4) under T. 

Plot on graph paper the figures ABCD and A '  B1 C 'D1 .  

Describe the transformation geometrically. 

( 9 marks) 

GO ON TO THE NEXT PAGE 



Statistics 

- 
13. The table below shows the frequency distribution of the marks 

obtained by stwdents of Forms A and B on a mathematics test, 

MARKS 

Estimated Mean 
, , 

Estimated Standard 
deviation 

Calculate an esiimate of the mean and standard deviaiion of 
t 

the marks of students in Form A. 

FORM A 
Frequency 

1 

9 

24 

8 

2 - 
0 

COMPARE the means and standard deviations of the two 
marks of the two forms and COMMENT on these statistics. 

FORM B 
Frequency 

4 

8 

20 

6 

4 

2 

( 9 marks) 

Probability 

In how many ways can a committee of 5 be chosen from 
5 men and 7 women? 

Calculate the probability that if a committee of 5 is chosen 
there are 2 men and 3 women on this committee. 

P ( 9 marks) 

GO ON TO THE NEXT PAGE 



Reasoning and Logic 

15. ( i )  %(a)  Prove that the statement -- (p V q )  is logically equiva- 
len'; to rile statement - p - A - q. 

( b )  Given p : She i s  a S t .  Lucian, 

and q : She is a mathematician 

write a verbal statement 'which corresponds to 

- ( p V  q ) ,  

( i i )  Write the converse of the following implication 

I f  n = 7 then n 2  = 49 ' 1 
I 

4 %  no i s  an integer, state whether or not the converse i s  true. 
Justify your answer. 

( 9 marks) 

16. f i )  I t  is  given that 

(a)  How many terms are there in the sequence 

GO ON TO THE NEXT PAGE 

A 4.- 


