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ABSTRACT

The question of the survival of an economy endowed with a finite stock of resources
has drawn much attention from economists in recent years. It is now believed that the
exhaustibility of some stocks of natural resources may not be a threat to the growth of an
economy. Substitution, technical progress and returns to scale may adequately make up for the
dwindling stock of resources. The objective of this work is to examine two other means by

which resource scarcity may be offset: they are by exploration and by trade.

One part of this thesis is concerned with optimal growth for an economy where a
scarce stock of a natural resource input can be augmented by costly exploration. Four
different assumptions about the exploration technology are examined. First, the vyields from
exploration are assumed to depend on cumulative discoveries and also on some other input
representing  exploratory effort. The other input may be an amount of output (first
assumption) or labour (second assumption) or capital (third assumption) used in the
exploration process. The fourth assumption investigated is similar‘ to the first except that the
yields from exploration here depend -on the existing stock of the resource. In the first case,
it is shown that per capita consumption will increase indefinitely even if there is no
exogenous technical progress. By contrast, in the absence of exploration facilities, a sufficiently
large’ rate of exogenous technical progress is needed to maintain a steadily growing per capita
consumption. The minimum level of exogenous technical progress necessary for a rising per
capita consumption is higher for the case in which labour is used in the exploration process
than >for the case without exploration. Per capita consumption increases indefinitely when
capital is utilized in the exploration process. Similar conclusions are obtained under the fourth

assumption.

The four cases mentioned earlier assume that the yields from exploration are known

with certainty. A case where the yields are uncertain is also examined. It is discovered that
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uncertainty with respect to the vyields from exploration leads to rates of change of
consumption, resource use and exploratory effort which are higher than the rates obtained

under certain yields.

The thesis also re-examines optimum growth paths with exhaustible resources in the
context of an open economy. This is achieved by making some minor modifications in two
famous models used for this purpose. We re-examine the Dasgupta, Eastwood and Heal
model which treats foreign assets as one source of income for the economy. We assume that
there are no foreign assets. Instead it is assumed that the imported commodity can be used
to augment home consumption and investment. Moussavian incorporated a non-traded sector in
the DEH model. He also assumed an exogenous rate of return on foreign assets. We rework
the Moussavian model by making the r1ate of return endogenous. The possibility of a total
extinction of home production of the traded good is significantly reduced under the altered

assumptions.
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CHAPTER 1

INTRODUCTION

The study of the economics of exhaustible resources goes back to Lewis Gray (1914)
when he formulated the theory of mine. Harold Hotelling made the first rigorous analysis of
exhaustible resource extraction in his 1931 seminal article. He discovered the famous
"Hotelling rule” which is still regarded as the most fundamental principle of resource
economics. Simply put, the rule says that the net price “(marginal profit) of a resource in a
competitive (monopolistic) ma_rket is expected to grow at a rate equal to the market rate of
interest. Economists did not pay much attention to resource economics, however, until very
recently. For almost four decades since the publication of the article by Hotelling, there
prevailed a vacuum in the literature. Some extensions on the early works of Gray and
Hotelling were finally made by Herfindahl (1967) and Scott (1967). The energy crisis of the
seventies paved the way of a resurgence of interest in resource economics. Since then the
literature has grown tremendously. While the new generation of resource economists found
new and a multitude of ways of refining the pioneering work of Hotelling, the element of
exhaustibility also came to be considered by other branches of economic science. One such
branch is optimal macro—economic growth models. Two factors stimulated the phenomenal
upsurge in work on growth models with exhaustible resources. First, the research in the area
was more or less instigated by the widely debated "Club of Rome" studies. Forrestor’s (1971)
"World Dynamics" and Meadow’s (1972) "The Limits to Growth" portrayed a very pessimistic
scenario of the future of the world. They hypothesized that the economy of the world is
going to be doomed sooner or later because of a shortage of natural resources. Second, the
energy crisis of the seventies made people aware of their vulnerability to any kind of
resource shock. Consequently, the question of growth with a finite stock of a resource

became a topic of intensive discussion in the academic arena.



For example, a symposium on growth with exhaustible resources was held under the auspices

of the Review of 'Economic Studies in 1974,

Studies made during the seventies and the early eighties suggest, however, that the
exhaustibility of natural resources may not pose a threat to the growth of an economy. The
impediment scarce resources impose to achieving a constant or steadily growing level of
consumption can be overcome by any combination of three factors. These three factors are
substitution, technical ‘progress and returns to scale. Assuming a Cobb-Douglas production
function, for example, Stigliz (1974) showed that an economy with a finite stock of resources
and no technical progress can maintain a constant level of per capita consumption if the
share of capital is larger than the share of resources in total production costs. Solow (1974)
and Stiglitz (1974) also showed that with a sufficiently large rate of technical progress, a

steadily growing per capita consumption is possible.

Extensions on the pioneering works of Solow and Stiglitz have been made in a number
of directions, One line of direction is to allow for endogenous technical progress. It is true
that technical progress dces not originate in a Qacuum. Some productive resources have to be
put aside for use in the R&D sector of the economy in order to enjoy the fruits of
technical progress. These productive resources may take the form of output or some factor of
produpﬁon, viz., capital or labour. Characteristics of the optimal paths of consumption and
resource extraction have also been studied in models where there is uncertainty about the
size of the stock of the resource, or on market conditions. Other models have been
constructed which investigate the optimal growth paths of an open economy with exhaustible

Iesources.

In this thesis, we will examine some extensions of the works of Solow and Stiglitz.
First, growth patterns are examined where an alternative view of the resource generation

process is taken. Most of the studies mentioned earlier assume a fixed amount of initial
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resources. It is more realistic ‘to assume that the stock of the resource can be augmented by
exploration and dévelopment activities. This view comes from the realization that the stock of
a Tesource i not homogenous but consists of a variety of deposits of different qualities. As
time passes and economic conditions change, more and more of the resource stock becomes
economically accessible. It is really this pattern of rising exploration and development costs as
the more accessible deposits of the resource are depletéd that limits the use of the resource
by economy rather than the finiteness of the stock. Our modelling of exploration, therefore,
assumes that as cumulative discoveries increase, the returns to exploration activities become
less and less. Another aspect of the exploration process is taken into consideration.
Exploration is not, of course, costless. It entails the expense of some output or some factor
of production like capital. Thus, more expenses made for exploration should lead to more
discoveries subject, however, to diminishing retufns. Such an exploration technology can be
represented by a myriad of functional forms. We use four different functional forms to study
growth in the presence of exploration. In the first three models, we assume that exploration
returns depend positively on exploratory effort and negatively on the size of the cumulative
discoveries. In the first model, the input of exploration is some portion of the economy’s
output. In the second model, we assume that a portion of labour is used in the exploration
process. In the third model, a portion of capital is expended for exploration. The fourth
model assumes that the vyields from exploration depend positively on both the output
expended for exploration and the existing stock of the resource. We find that in most cases
under the presence of exploration, - per capita consumption can increase indefinitely even if
there is no exogenous technical progress. By contrast, a sufficiently large rate of technical
progress is required to maintain a steadily growing per capita consumption in the absence of

exploration.

! Hereafter, this will be referred to simply as exploration activities but the process should
include the costs of developing the newly discovered stocks up to some common standard.



We also consider the question of growth with an augmentable resource stock when the
returns to exploration activities are uncertain. The returns to exploration activities are assumed
to follow a Wiener distribution with mean zero and a variance proportional to time lapse
between the present and the future. We discover .that uncertainty with respect to the vyields
from exploration leads to higher expected rates of change of consumption, resource extraction

and exploratory effort

Second, we stud.y the nature of growth experienced by an open economy possessing a
finite supply of resources. Particularly, we rework the models employed by Dasgupta,
Fastwood and Heal (1978) and Moussavian (1985). According to the DEH model, the gross
total wealth of an economy accrues from three distinct sources, viz., output produced in the
home country, interest earnings from foreign assets and the proceeds from sale of an
exhaustible resource in the world market. A portion of gross total wealth is used for
financing the consumption needs of the people. We assume away foreign assets as a
component of the total wealth of the economy. Rather, we postulate that home country’s
consumption is supplemented by an imported commodity. Moussavian added one non-tradeable
sector to the DEH model. He, however, assumed an exogenous rate of return on foreign
assets. We allow the rate of return to be endogenous depending negatively on the quantity
of foreign assets. The implications of these changes in the key assumptions are noted in each
case. Tt is demonstrated that the possibility of the gradual extinction of the home production
of the consumption good is significantly reduced under the altered assumtions in both the

models.

In this thesis, we make use of the optimal control theory in the derivation of the
optimal growth paths of the models developed in éhapters 3 and 5. We use the dynamic
programming technique of optimisation in ‘chapter 4. The optimal control theory is a set of

techniques used in dynamic optimisation problems. It is an improvement over the classical

? Henceforth abbreviated by DEH



theory of the calculus of variaﬁons applied in non-linear dynamic optimiéation problems. The
maximum principle of the optimal control theory can be used for both the non-linear and
linear optimisation problems and for the cases of inequality constraints which cannot be
handled by the classical techniques’Dynamic programming is an alternative technique of
dynamic optimisation. Known as Bellman’s Principle of Optimality, it says, "an optimal policy
has the property that, whatever the initial state and control are, the remaining decisions must

constitute an optimal policy with regard to the state resulting from the first decision."*

The organisation of this thesis is as follows. As wusual, a systematic analysis of the
theoretical literature on growth models with exhaustible resources is presented in chapter 2.
Chapter 3 examines the growth behaviour of an economy when it can increase the stock of
resources by costly exploration. As discussed above, four different functional forms are
considered. In another section of chapter 3, we compare our results with those results
obtained from some closely related models. In chapter 4, we incorpprate the uncertainty about
the yields from exploration in a model similar to that employed in section 5 of chapter 3.
We present the discussion on the modified DEH and Moussavian models in chapter 5. The
concluding chapter of the thesis summarizes the conclusions and discusses the limitations of

this research. Finally, future areas of research are suggested.

*See Miller (1979) for a detailed discussion on the calculus of variations and the maximum
principle.

*See Bellman (1957).




CHAPTER 2

GROWTH WITH EXHAUSTIBLE RESOURCES: A SURVEY

2.1 INTRODUCTION

In this chapter, we make a survey of the works published in the field of growth with
exhaustible resources. The literature has grown tremendously during the last 15 years.
Accordingly, a large number of articles are available on this broad subject. It is very difficult
to define a criterion on the basis of which the published articles can be grouped among
different categories. This is true in the cases of both within and among the different
branches of resource economics. Therefore, we had to narrow the topic down for reasons of
economy of space. The selected papers are those which use the criterion of maximising a
stream of discounted utility over a time horizon subject to constraints relating to capital
formation and resource depletion. The capital formation constraint vyields investment as the
residual of total output over the consumption needs. The resource depletion constraint, on the
other hand, stipulates that the cumulative use of the resource in the production process and
elsewhere! cannot exceed the size of the initial stock of the resource plus any additional
reserves discovered. Usually one question is pertinent in such a paper: what are the
characteristics of the optimal time paths of consumption, output, capital stock and resource

utilization rate in an economy with a finite stock of the resource?

For expositional convenience, we have grouped the published articles in five categories:
(1) The Utilitarian Approach, (2) The Equity Approach, (3) Endogenous Technical Progress
and Exploration, (4) Open Economies and (5) With Uncertainty. We mainly follow the

chronological order in surveying the articles within each category.

! In an open economy model, the resource can also be exported abroad.




2.2 THE UTILITARIAN APPROACH

Before we review the articles in this category, a brief discussion of the difference
between the utilitarian and equity approaches should be made. The utilitarian approach
assurﬁes an additive social welfare function in the sense that a loss of utility to an
individual can be compensated by a gain of an equal amount to another individual. It
ignores the question of the distribution of wealth or utility in society. In contrast, the equity
or Rawlsian (1971) approach stipulates that an improvement in social welfare occurs when
there is an improvement in the position of the poorest individual or individuals in the

society.

As an example, we will review the Solow (1956,1970) neoclassical growth model? which
uses the utilitarian approach. The articles that are discussed later in this section and the
models later in this thesis are extensions of this basic model. This review, therefore,
introduces the questions that all the later works examine. It also illustrates the methodology
that these works usually employ. The single sector neoclassical growth modet aliows for two
inputs of production, capital and labour, to be combined in varying proportions. The
production possibilities of a society can be rtepresented by a smooth two input neoclassical
produgﬁon function. Let Y stand for the sole homogenous commodity produced. This output
is produced with the help of two inputs, capital (K) and labour (L), according to a

production function

(2-2-1) Y = F(t,K,L)

* For a textbook exposition of the neoclassical growth model, see Neher (1969). As a matter
of fact, the neo—classical growth model was developed to remove some of the shortcomings
implicit in the Harrod-Domar growth model. The latter assumes that labour is always
combined with capital in a fixed ratio. The outcome is that the economy needs to maintain
a delicate balance between the actual and desired rates of growth of investment In the
absence of balancing of the two rates, the economy experiences either a shortage of capacity
when the actual rate is larger than the desired rate or a surplus capacity when the actual
growth of investment lags behind the required rate.




The time element,.t, in (2-2-1) allows for the presence of an exogenous technical progress.
The following assumptions with rtegard to the production function are made. This production
function is continuous and twice differentiable. The marginal productivity of each factor is

positive and diminishing. Thus,

(2-2-2) fK>O fL>O fKK<O fLL<O where fK=af(K,L)/aK, etc.

It is also assumed that both marginal products start at infinity and diminish to zero. That is,

(2-2-3) lim £, = lim £, = 0 i=K,L

1—>0 i—>m

The assumptions given in (2-2-3) are called the Inada conditions. These conditions are
necessary 1o ensure that the maximisation process does not necessitate a zero level of use of
the inputs of production. Moreover, the production function (2-2-1) displays constant returns
to scale. In other words, a proportionate increase in all the inputs will cause the output to
increase at the samc proportionate rate. The assumption of constant returns to scale with
Tespect to an aggregate production function as specified in (2-2-1) is plausible if there are

no scarce factors in the economy.

Tt is assumed that all of society’é stocks of labour and capital are fully employed.
Therefore, growth in the economy can only take place through the growth of these two
stocks. Labour growth is wusually assumed to be exogenous and is assumed to grow

exponentially at a given rate, say n. That is,
(2-2-4) L =n

where circumflex (*) over a variable signifies the growth rate of that variable. On the other

hand, capital stock growth occurs by setting aside some of society’s output to be used to




augment this stock. Thus,
(2-2-5) Y = C+I
where C = Aggregate Consumption, I = Investment, and hence
f( = I-7K where f(=dK/dt etc. & 7=the depreciation rate.
Now let, k = K/L ¢ = C/L y = Y/L

The time rate of change of per capita capital stock of the economy can then be shown to

be given by
(2-2-6) k = £(k)-nk-c?

where f(k) = F(k1). Equation (2-2-6) is called the fundamental differential equation of the
neoclassical growth model. Assume as well that (2-2-1) takes the explicit form of a

Cobb-Douglas production function embodying exogenous technical progress. Then

(2-2-7) v = eMtgapy

Here a+y=1 and A stands for the rate of exogenous technical progress. In per capita terms,

this ‘production function becomes
(2-2-8) y = e""k®

Now suppose the central planner of this hypothetical economy believes that social - welfare is
best described by a utility function which gives utility at any point of time as a function of

the standard of living as measured by consumption per worker:

' In equation (2-2-6), the depreciation rate is assumed to be zero. That, however, does not
affect the basic results of the model.




(2-2-9) U = Uc(t))

The utility function should satisfy the following assumptions:

(1) It is twice differentiable with positive but diminishing marginal utility. That is,
(2-2-10) du(c) /dc>0 d?u(c)/dc?<0 for all c, O<c<®
(2) It satisfies the limit conditions:*

(2-2-11) lim U'(c) = = lim U'(c) =0

c—>0 C—>®

We use the optimal control theory to derive the optimal growth paths of this economy.
The problem the social planner faces is to choose a per capita consumption path so as to

maximise the sum of discounted utility of per capita consumption over all time. Hence he

wishes to
_ e =8t
(2-2-12) Max € = fo,e “"U(c)dt
subject to
(2-2-13) k = y-nk-c
(2-2-14) k(0) = k,
(2-2-15) 0<cs< £(k) = etk

¢ Unless stated otherwise, we will stick to the same notation throughout the rest of the
thesis. The same assumptions will be made for the utility functions in all the models
developed in chapters 3, 4 and 5. The assumptions for the production function will also
remain the same except that the resource will be considered as an additional input of
production. All the properties pertaining to the marginal productivity of capital or labour also
apply to the marginal productivity of the resource.

10




(2-2-16) c(t) piecewise continuous

Condition (2-2-14) stipulates that the objective functional has to be maximised subject to a
given initial stock of capital. Equation (2-2-15) says that per capita consumption cannot be
negative or greater than per capita output. The last condition, on the other hand, postulates
that the consumption function need not be continuous throughout the tenure of the program.

It may change by jumps if necessary.

The current value Hamiltonian for the planner’s problem is given by
H = U(c)+u,[y-c-nk]

The necessary conditions for optimisation are as follows:

(2-2-17) U'(c) = u,

~

(2-2-18) uy = 8+n-(ay/k)

~

Taking the time derivative of (2-2-17) and substituting for u,, we find the time rate of

change of per capita consumption to be
(2-2-19) ¢ = (c/o) (ay/k)-6-n]
where g = -U"(c)c/U' (c)>0. where U' (¢) = dU(c)/dc etc.®

The optimal growth paths of the economy then satisfy differential equations (2-2-13) and
(2-2-19). We can analyse the behaviour of this differential equation system in two ways. We.
can examine the phase diagram of this system directly. This method has one disadvantage. If
we assume a production function which also entails an exogenous technical progress, the

differential equation system becomes non—autonomous. The system then cannot possess a

5 For tractability, it will be assumed that o is constant.

11




stationary point. Alternatively, we can introduce the ratios of oufput to capital and
consumption to cabital and make the analysis in terms of these ratios. This method alleviates
the problem of the presence of a time element in the production function. Analytically, the
steady state of the transformed sysfem represents balanced growth paths where all the
aggregate as well as per capita variables grow at the same rate. The balancéd growth paths

are important elements of the solution to the planner’s problem.

Thus, define X = y/k = Y/K and V = ¢/k = C/K. The time rate of change of per

capita consumption can be expressed in terms of X and V:
(2-2-20) ¢ = (1/0)(aX-6-n).

The differential equations (2-2-13) and (2-2-19) can then easily be transformed into the

following differential equations for X and V:

>

(é—2—21) X

- yX+yV+A+9n

>

(2-2-22) v

{(a=0)/0}X+V=-(1/0g) (8+n-0on).

There are four equilibrium points for this system. These cin occur when [I] X>0, V>0
[11] X=0, v>0 [III] X>0, V=0 and [IV] X=0, V=0.

The importance of these equilibrium points is that the opﬁmal trajectory will usually converge
asymptotically to one of these points. However, not all of these equilibrium points need to
be considered as relevant to the optimisation problem. The second equilibrium point can be
rejected because it contradicts the common sense view that the r1atio of output to capital
must be greater than the ratio of consumption to capital. It is also an unstable equilibrium.
The optimal trajectory also cannot converge to the last case X*=0, V*=0 as X>0 when X

and V are very small. We can also rule out the third possibilty by using the transversality

12



condition for capital which is®

(2-2-23) Limit e 9%u, (t)k(t) = 0

t—>o

When enough time has passed, the above product must thus be a decreasing function of

time. Since all the variables here are positive, this condition requires then that

~

(2-2-24) lim ~8+u +k < 0

t—>

provided this second limit exists. In the problem here, using (2-2-13) and (2-2-18), this

means that

* *
(2-2-25) (1-a¢)X -V =V <0

L] &
Trajectories which converge to X >0 and V =0 such as case [III] do not satisfy this
property. Only the first point qualifies as a feasible solution here. The stationary state values

of X and V are easily found for this case by setting X=0 and V=0. They are

*

(2-2-26) X

[oA+y(8+n) 1/ay

(2-2-27) V* [y8+yn(1~a)+A(o~-a) ]/ /ay

* &
X is always positive and V is positive if y8+yn(1-a)+oX>aX. For a logarithmic utility

*
function, where o=1, V is always positive. The rate of growth of per capita consumption

tends asymptotically to

¢ This transversality condition is one requisite for the satisfaction of the sufficient condition
for the maximisation problem. See Arrow and Kurz (1970).

13



(2-2-28) & = oh\/v

Moreover, all the per capita variables such as consumption, capital and output grow at the
same positive rtate at the equilibrum point. It is obvious from (2-2-28) that without an
exogenous technical progress (A=0), there is a "golden rule" optimal per capita consumption

level which the social planner aims for. The golden rule values of X and V are given by

% 01

(2-2-29) X k =(8+n) /a }

* {-1/(1-a)}

(2-2-30) c *)* = {(8+n) /a} [{s+n(1-a)}/a]

i
<

With technical change (A>0), however, per capita consumption will grow for ever under
optimal management. The equilibrium point is a saddle point which will be approached in

the long run whatever the initial condition is.

Perhaps, the nature of the optimal growth path can be better understood with the help
of a phase diagram. Figure 1 on next page presents the phase diagram of the differential
equation system (2-2-21) and (2-2-22) in V-X surface. In this diagram, we observe three
possible candidates for the long run equilibrium point as shown by points A, B and C. B
refers 1o the saddle point found for case 1. C is, however, totally unstable. Moreover, it can
be rejected because V can never be greatef than X. A represents a stable equilibrium point.
It can, however, be verified that the optimal growth path does not tend to the point A. We
can rule out point A on the basis of the transversality condition associated with capital. It is
argued that the optimal trajectory must converge to (X*,V*) whatever the initial value of X
is.”The reason is that each segment of a trajectory is optimal for some combination of
- T(finite tme), X(0) and X(T). As T tends to e with X(T) fixed, a segment of any

trajectory will tend to one of the separatices convérging to the middle equilibrium point. For

7 The initial value of V=C,/K, is optimally determined by choosing the optimum initial level
of C, C,.
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example, suppose both X(0) and X(T) are large. When T increases, the lower segment of the
relevant trajectory gets extended and it comes close to the equilibrium point, B. In the limit

when T tends to infinity, it converges to the equilibrium point.

In the neoclassical growth model, all the inputs of production are assumed to be
augmentable. In other words, the stock of éll_ inputs of production are assumed to be
replenishable over time. There are some factors of production which are, however,
non-replenishable and their stocks may get exhausted in finite time through continued uses in
the production process. The best example of this kind of input is natural oil which is
required in the production of many different commodities. The growth models surveyed in
the rtest of this chapter assume that one of the factors of production is exhaustible or
non-tenewable. In that sense, these growth models are more - realistic than the neoclassical
growth models. With this brief review of the neoclassical growth model in the background,
we now turn to the discussion of the papers which have adopted the utilitarian approach to
study optimal growth patterns of an economy subject, among other things, to a resource

constraint,

The basic issues addressed in these articles challenge the very pessimistic view about
the world economy presented by the "Club of Rome" studies.? In 1972, D. L. Meadows and
his associates’ argued that the world economy will soon face a total extinction that will be
brouéht about by the problem of resource scarcity. A growing population and an advancing
technology only worsen the problem. This will happen because most of the resources available
in this world are non-tenewable and their stocks are going to be exhausted sooner or later
in the future. A growing population enhances the destruction process of an economy endowed

with a fixed resource base in two ways. First, a growing population applied to a constant

* The "Club of Rome" is a body of academicians, politicians and businessmen who are
concerned about the progress of mankind in the earth. The club was formed in 1968.

’See Meadows et. al. (1972) The Limits to Growth
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stock of the resource causes ‘per head output to fall. Second, a populétion increase leads to
a greater level of industrial output which in turn necessitates a higher rate of use of the
non-teplenishable resource. As a consequence, the stock of the rtesource is depleted more
quickly. Technological development increases per capita productivity and in the process fuels
the engine of the destruction of the economy. This occurs because more and more
non-renewable resources are substituted | for agricultural inputs as the state of technology
advances. Thus, even technological progress cannot provide a breathing space in the extinction
process caused by the resource scarcity. The aforesaid conclusions derived by Meadows and
his colleagues are, however, based on some naive assumptions about the production function.
For example, they assumed a fixed proportion production function so that there is no scope
for substitution among the factors, The growth paths they used in their simulation
experiments were ad hoc in the sense that those were not derived from any dynamic
optimisation problem where some criterion function is maximised. In short, their analysis is
not based on a sound footing. The papers that we will discuss next, filled in the important
gaps which the "Club of Rome" studies did not pay much attention to. The later authors
addressed more tigorously the question of the survival of an economy possessing only a finite
stock of a resource. In particular, all the papers examine the circumstances under which a
constant or steadily increasing per capita consunmption is possible in an economy with an

exhaustible resource.

Whether an economy with a finite supply of a resource will face total annihilation or
not depends a lot on the resource being an essential factor in society’s production process.
An input is essentiat when society cannot produce its output without- the use of this input
The assumption of essentiality can be introduced, however, in_ two different ways. The
essential factor can be a substitute for the other factors or it can hold a complementary
relationship with the level of output and the other factors of production. Take, for example,

the model used by Anderson (1972), He wrote the first article on growth with a
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non-replenishable resource. He set up his model as follows:
. 6t
(2-2-31) ¥(t) = Min[F(K,L),e” "S(t)]

where F(.) is a neoclassical production - function which satisfies the Inada conditions. S(t)
stands for the stock of the resource at time t Equation (2-2-31) is a Leontief production
function having the neoclassical production function and the resource flow as its two inputs.
In other words, labour and capital can be used in varying proportions here. The resource

flow is, however, combined in fixed proportions with F(K,L). Assuming

(2-2-32) F(K,L) < e?ts(t)
we get,

(2-2-33) Y = F(K,L)
(2-2-34) s = -e % (x,1)

Equation (2-2-34) implies a constant ratio of the resource utilization rate to the output level
at any given point of time. Technological progress, however, leads to more efficient use of
the resource and hence a diminishing ratio of the resource utilization rate to the output level
over time. Output is allocated between consumption and capital formation. The central
planner’s problem is to find the optimum path of saving that maximises the discounted sum
of per capita consumption over a finite time horizon. Anderson demonstrated two effects of
the resource constraint. As compared to the unconstrained case, the Ttesource constrained
economy faces a lower savings rate and a lower capital labour ratio along the turn-pike path

it follows. Second, the resource constrained economy spends more time on the turn—pike path.

A related model was discussed by Withagon (1983). He analysed the time paths of

consumption and capital in a model where the resource input and capital are complementary
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to each other. In particular, he assumed a constant elasticity of demand for the resource with
respect to the célpital input. The production function incorporates exogenous technical progress.
The objective is to maximise the social welfare from consumption over an infinite time
horizon. Using this model, he showed that the capital stock diminishes to zero in the long
run. The economy can, however, sustain a -growing rate of consumption if there is a

sufficiently large rate of technical progress.

THE 1974 SYMPOSIUM ARTICLES (1974)

The papers mentioned so far are not totally satisfactory. Either the roles of capital and
labour as factors of production are ignored or the resource is not treated as a direct input
of the production function. The 1974 symposium articles addressed this problem. In 1974, the
Review of Economic Studies published a set of articles given at a symposium on growth/
models. The papers by Stiglitz (1974), Solow (1974) and Dasgupta and Heal (1974) made a
breakthrough in the field of growth with exhaustible resources. Discussion of Solow’s paper is
postponed until a later section where we address the question of equity. Here we focus on
the results found in Stigliz (1974), Dasgupta and Heal (1974), Beckman (1974) and Weinstein

and Zeckhauser (1974).

Stiglitz assumed a linear homogenous Cobb-Douglas production function which embodies
exogenous technical progress. The three factors of production are capital, labour and the
resource flow. At any point of time, total output is divided between consumption and capital
formation. The labour force grows at a constant exogenous rate. The stock of the resource is

depleted for use in the production function. Thus,

(2-2-35) K Y-C

(2-2-36) v = eMg¥RALY, atBty = 1
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(2-2-37) L

]
3

(2-2-38) S

I
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Stiglitz’s (1974) model is indeed a modification of the single sector neoclassical model. The
modification is made in two places. The production function now has three inputs: capital,
labour and the rtesource flow instead of just capital and labour as in (2-2-7). Most
importantly, the stock of the resource is finite and depletes according to equation (2-2-38).
Stiglitz analysed his model in two ways. First, efficient growth paths were derived. Efficient
growth paths satisfy the intertemporal efficiency condition that the growth rate of the
marginal productivity of the resource must equal the marginal productivity of capital. The
efficiency condition mentioned above dictates that the return to the non-teplenishable resources
must grow at the rate of marginal productivity of capital. Otherwise, the owners of the
resources will find it profitable to dispose off the stock of the resource immediately and
invest the proceeds in capital investment It is also assumed that consumption is growing
exponentially at a constant r1ate. The characteristics of the efficient growth paths are as
follows:

1. With suitable initial conditions, the output-capital ratio, the savings rate and the
resource flow to stock ratio will converge to stationary values in the long run. Along

~ the efficient path, the rate of resource use will fall continuously to zero.

2. Per capita consumption will be increasing, constant and decreasing according as to
whether the ratio of the rate of technical progress to the labour growth rate (A/n)
is greater, equal or smaller than the share of the resource in total output (B). With
constant output, constant population and no technical progress, a constant level of
consumption can be maintained if the share of capital in total output is larger than

that of the resource (a>p).

Second, optimal growth paths were derived using the same discounted utility maximising
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criterion as in Solow (1956). The planner’s problem is:

(2-2-39) Max § = fze'(‘)t

U(c)atr
subject to equations (2-2-35) through (2-2-38) and

(2-2-40) U(c) = c1_0/(1—o) c = C/L

Define the additional normalized variables:

r = R/L s = S/L Z = R/S = 1/s.

Using the optimal control theory, as in the discussion of the neoclassical model, it can be

shown that the optimal growth path satisfies
(2-2-41) &=(1/0)[ax-61

Further, these optimal growth paths of the economy can be shown to satisfy the following

differential equations:

>

(2-2-42) X = {1/(1-8)}[-(1-a) (1-8)X+yV+yn+A]
(2-2-43) V = [{(a/0)-1}E+V+n-5/0]
(2-2-44) 7 = £1/(1=8)}[-aV+(1-8)Z+yn+2r]

There are eight possible equilibrium points in this model. Six of them, however, do not
possess the properties of a feasible limit of the optimal trajectory and hence can be ignored.

The following two cases qualify as possible long run equilibrium points:

M X>0V>0adZ>0(II] X>0 V>0and Z = 0.

¥ In most cases ¢=6., Stiglitz actually used an ¢=86-n and his notation is followed here.
In general, the two forms of discount rates are mathematically equivalent as long as é>n
which is important in Stiglitz (1974).
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It should be noted here that Stiglitz (1974) analysed only the first case. He ignored the
second case. lLater, we will show that the equilibrium point considered by Stiglitz is
non-stable in Z. The stationary state values of X, V and Z for the first case can be

obtained by setting X¥=0, V=0, and Z=0. These are

(2-2-45) X* = [§y+Nal/alaf+y)
(2-2-46) V' = [(y+aB) (8-on)-(a-0) (A\+yn)1/a(0f+y)
(2-2-47) Z* = [(1-a) (8=on)=(A+yn) (1-0)]1/(0B+7v)

The stationary state ‘values of all the variables will be positive if we assume, like Stiglitz
(1974), a logarithmic utility function (0=1) and a positive discount rate (§>n). In that
case, the determinant value of the Jacobian of the differential equation system (2-2-42)
through (2-2-44) at (X*,V*) is [-a(1-a)/(1-l3)]X*V*Z*<O and the associated trace is
2(8-n)>0. The Jacobian has only one negative characteristic root. The equilibrium here is
a saddle point. It can easily be deduced that the economy cannot converge to the above
mentioned equilibrium point. Because of the recursive nature of the differential equation
system, we can solve for equilibrium values of X and V independently of the differential
equation for Z. We can substitute V* fpr V in (2-2-44) to obtain an approximation to the
diffe;ential equation for Z in terms of Z only which is valid near V*. This equation takes

the form
(2-2-48) 7 = {Z/(1—5)}[-aV*+(1—B)Z+7n+k]

* * *
Since —aV +yn+A=-(1-8)Z <0, its stable equilibrium value is at Z=0, not at Z=Z .
The equilibrium of case [II] with Z=0 is still a saddle point in X-V space. The optimal
growth paths of the economy can converge to this equilibrium point provided the initial

conditions are suitable. Stiglitz (1974) was undoubtedly wrong in asserting that the economy
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will converge to the first equilibrium point.

Finally, the following results with respect to per capita consumption hold for any
iso—elastic utility function. The oi)timisation model here yields the conclusion that optimal per
capita consumption will be increasing or decreasing asymptotically according to the following

condition:

(2-2-49) ¢ 20 as (N8) 2 8

The conclusion is in sharp contrast with the conclusion found in the single sector neoclassical
growth model. Compare equation (2-2-28) with equation (2-2-49). In the neoclassical growth
model, the presence of any exogenous technical progress is sufficient for a growing per capita
 consumption. In the Stiglitz (1974) model, a steadily growing per capita consumption can be
obtained only when the rtate of exogenous technical progress is sufficiently large. In the
absence of an exogenous technical progress, the economy can maintain a constant per capita
consumption for ever in the neoclassical model but declines exponentially to zero in the

Stiglitz (1974) model.

Dasgupta and Heal (1974) analysed the same problem as in Stiglitz’s model except that
the more general C.E.S. production function is used instead of a Cobb—Douglas production
function and they do not allow for technological progress. The central plémner’s problem is
again to maximise the sum of discounted utility of consumption in the presence of the
capital formation and resource constraints. The population is also assumed to be constant and

hence is suppressed in the model. The C.E.S. production function can be written as:

(2-2-50) F(K,R)=[6r " /s (1-g)r{n 1) /nyn/(n-1)

They noted the following specific results:

1 n<1 : The exhaustible resource is an essential factor of production. In the long run,
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both consumption and capital must decay to zero. The case when n = 1, which is a
Cobb-Douglas production function, thus gives the same results as in Stiglitz (1974).

2. 7>t ¢ The exhaustible resource is not essential to the production process in this case.
The optimal time paths of consumption and capital may be increasing or decreasing
depending on the relative magnitudes of different parameters of the model.

In both the cases mentioned above, the rate of use of the exhaustible resource diminishes

continuously to zero.

Weinstein and Zeckhauser (1974) used 'a discrete time model to analyze the optimal
time paths of consumption and resource extraction. The assumptions they made are somewhat
different from the assumptions uéually made in the standard model. Their objective is to
maximise the non-discounted sum of the utility of total consumption made over time. The
consumption good is produced by using the resource and the consumption good itself. Capital
formation is absent in the model though the economy has to face the resource constraint.
Population is assumed to be constant in their model. They derived the conclusion that when
the resource is an essential factor of production, both optimal output and consumption (total)
fall continuously to zero. The resource use rate declines continuously to zero. Unlike Stiglitz,
they did not assume an exogenous rate of technical progress. As we noted earlier, in Stiglitz
(1974), per capita consumption eventually falls over time in the absence of an exogenous
technical progress. In that sense, the results in the two places agree with each other. A
falling per capita consumption, however, does not necessarily imply a falling total consumption.
Perhaps, the absence of capital formation in Weinstein and Zeckhauser (1974) makes the

results of their model look more pessimistic.

A number of later authors have discussed variants of the models presented at the
symposium. Cigno (1978) reworked Stiglitz’s efficient growth model and showed that the
saddle point property of the long run equilibrium of Stiglitz’s model is caused by the

assumption of a constant population growth rate. He, instead, assumed an endogenous
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population growth rate depending negatively on the degree of industrialization, i.e., per capita
capital stock, and ‘positively on per capita consumption. The model has a stable long run
equilibrium if the population growth rate depends more on per capita capital than on per
capita consumption. Moreover, in these circumstances, it does not Tequire a critical level of

technical progress for maintaining a constant per capita consumption.

In another article, Beckmann (1976) investigated the growth behaviour of an economy
plagued by the twin problems of exhaustion and environmental pollution. The environment
gets polluted by the resource extraction process. He used a logarithmic utility function which
has both consumption goods and environmental products as its arguments. A generalized
technology is represented by a Cobb-Douglas production function which uses different kinds
of capital and exhaustible resources in the production process. An exogenous technical progress
amplifies the level of output as time passes on. The production process involves a one-period
lag. He also de_rived the result that a critical level of technical progress is necessary for

stopping the predicament of the society brought about by a depletable resource.!*

Ingham and Simmons (1975) selected a slightly different ethical criterion. The objective
functional contains the undiscounted utility function multiplied by an exponentially growing
population. Per capita consumption is the argument of the utility function. Using a C.E.S
production function, they discovered that with an elasticity of substitution less than one, per
capita ‘consumption will increase throughout the optimal program while the capital stock will
increase initially and then fall or this stock will fall continuously to zero. For the
Cobb-Douglas case, the results are the same except that capital will be single peaked in this
case. They got the striking result that resource depletion may rise initially instead of falling

continuously to zero. Ingham and Simmon’s (1975) results can be compared with the results

1 Another discrete model was analysed by Mitra (1978). He characterised the efficient paths
of growth with an exhaustible resource in a neo—classical model. Since we are more
interested in optimal growth paths than in efficient growth paths, we skip the discussion of
the results obtained in Mitra (1978).
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of Dasgupta and Heal (1974). Both the papers work with a C.ES production function. In
Dasgupta and Heal, aggregate consumption falls for the Cobb-Douglas case. Per capita

consumption increases under the same case in Ingham and Simmons. The reason may be that

in Ingham and Simmons (1975), utility is not discounted as is done in Dasgupta and Heal

(1974).

In most of the growth models with a non-replenishable resource, population is either
assumed to be constant or is growing at an exogenously given rate. A growing population
aggravates the problem caused by the exhaustion of the resource. It seems that there is a
critical level of population growth rate beyond which the economy cannot maintain a constant
per capita consumption. Mitra (1983) came to this conclusion using both the utility

maximising criterion and the Rawlsian maximin criterion of equity.

MULTI-SECTOR MODELS

So far our discussion has been concerned with growth models of an economy in which
only one type of good is produced. Recently, several economists have extended the analysis
to allow for additonal production sectors in the economy. The assumptions relevant to a
ong-sector model are accordingly adjusted to suit a twp—sector model. Two sectors of the
econémy, viz.,, consumption and investment goods sectors, are normally assumed. Each sector is
supposed 10 possess a constant returns to scale production function with three inputs: capital,
labour and the resource. The total income of the economy is then given by the sum of the
total nominal value of the consumption good and the investment good.!? A constant fraction
of total income is saved. The stock of the resource is depleted for use as inputs in the two
sectors. Population grows at a constant rate. Hu (1978) examined the efficient growth paths

of a two-sector economy endowed with a finite stock of the resource. He observed that the

12 The investment good is regarded as the numeraire good.
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ratios; total income to total capital’® and resource flow to resource stock, will converge to a
steady state in the long run. Moreover, he showed that both the consumption gooci and the
investment good per unit of labour will decline over time. The above result is in agreement
with the characteristics of efficient growth paths derived in Stiglitz (1974).*Using a model
similar to Hu (1978), Chiarella (1980) demonstrated that the optimal growth paths of (i) the
output to capital ratio of the investment good sector, (ii) the ratio of the capital in the
investment good sector to total capital and (iii) the resource flow to stock ratio, will
converge to a saddle point equilibrium in the long run. The consumption good settor can
experience a positive growth rate if one parametric restriction is satisfied. The restriction is,

however, complicated and does not admit of any economic interpretation.

2.3 THE_EQUITY APPROACH

So far our discussion has concentrated on the implications of exhaustibility of a natural
resource for the growth of an economy under the utilitarian approach. As mentioned -earlier,
the utilitarian approach ignores the question of justice with regard to the distribution of
wealth and utility among the members of the society. The equity approach, on the other
hand, . stipulates that a social policy change is justified only because it improves the position
of the poorest individual or individuals in the society. This Rawlsian (1971) criterion of
equity is applicable only in the case of intra-generational comparisons. It is difficult to
envisage a similar principle of justice for intergenerational comparisons because of the
asymmetry involved in the direction of intergenerational transfers. The current generation can

leave bequests for the future generations. The future generations cannot, however, transfer

BTotal capital is the sum of the capital used in the two sectors

“Recall that in Stiglitz (1974), along the efficient paths per capita consumption is falling if
(A/n)<y. Here \(exogenous technical progress)=0
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wealth to the current generation in posteriority when the principle of justice among the
generations demands that kind of transfer. Solow contended that a constant per capita

consumption for all generations would ensure justice among them.

Solow (1974) was the first economist to introduce the question of equity in a growth
model with a non-replenishable resource. He advocated the use of a maximin criterion to
determine the maximum level of per capita consumption that people of all generations can
enjoy while the cumulative size of the resources used up in the production process does not
exceed the size of the initial stock of the resource. Assuming a constant level of population
and no exogenous technical progress, he proved that this maximin problem possesses a
solution if the share of capital in total output is larger than the share of the resource
(a>B). Hartwick (1977) discovered that with no capital depreciation, per capita output and
consumption will remain constant over time if society’s investment is just equal to the
proceeds from the sale of exhaustible resources. In a subsequent paper, Hartwick (1978)
generalized his model to allow for the use of different kinds of the exhaustible resources.
Intergenerational equity in the sense of a constant per capita consumption for all the
generations can be maintained if all proceeds from the sale of the resources net of extraction
costs are invested. A more general model was developed by Dixit, Hammond and Hoel
(1980). Hartwick’s rule gets changed to "keep the total value of net invesment under
competitive pricing equal to zero." ’Strict adherence to the above.rule yields constant utility

over time.

The papers discussed in the preceeding paragraph assume constant population and the

absence of technical progress. Okuguchi (1980) relaxed these assumptions and found that

intergenerational equity can be achieved whenever the rate of technical progress is not equal
to or not greater than (i) the product of the share of capital in total output and the

population growth rate or (ii) the product of the share of the resource and the population

1*See Dixit, Hammond and Hoel (1980).
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growth rate, When the rate of technical progress is equal to the first product, the
equilibrium savings fate turns out to be equal to the share of the resource input in total
output. In other words, investment then accords to the Hartwick savings rule. The equilibrium
obtained here, however, will be unstable in the sense that the actual savings rate will never

converge to that particular savings rate. The case of many exhaustible resources is similar.

Chiarella and Okuguchi (1982) were able to synthesize the optimal, maximin and
Hartwick growth paths. The optimal paths are those obtained by choosing a consumption level
that maximises the discounted utility of per capita consumption over an infinite time horizon.
The maximin paths are derived by choosing a savings rate such as to hold per capita
consumption constant over time. Hartwick’s paths  result from investing the proceeds of the
exhaustible resource extraction in capital formation. The intergenerational equity path is shown
to be the limiting case of the optimal consumption path as the elasticity of marginal utility
of per capita consumption, ie., o, tends to infinity. Similarly, the Hartwick path can be
obtained as a limiting case of the intergenerational equity path as the r1ate of technical
progress tends to the product of the share of capital in total output and the growth rate of

labour.

Dasgupta and Mitra (1983) derived the conditions necessary for the existence of
intergenerational equity paths using a general production function with three inputs: capital,
labour ’and the resource. One such condition is that both the capital and the resource inputs
must be essential to the production of output. In other words, the economy cannot produce
the output without the resource or the capital input. They also demonstrated that in a
discrete time model, the competitive conditions, the intergenerational equity conditions and
Hartwick’s conditions are incompatible - with each other when the production function is strictly

concave.
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24 ENDOGENOUS TECHNICAL PROGRESS AND EXPLORATION

From the preceeding discussion, it seems clear that the impediment to a constant level
ofy consumption brought about by the use of an exhaustible resource in the production can
be overcome by the two factors: substitutability and technical progress. The articles reviewed
so far assume an exogenous technical progress. The assumption of exogenous technical
progress is not, however, realistic because technical progress does not originate out of a
vacuum. Some expense must be made in order to achieve technical progress. Some economists

have incorporated this phenomenon in growth models with exhaustible resources.

Suzuki (1976) set up a model where technical progress depends on output devoted to
reasearch and development efforts. The objective is to minimise the sum of the resource use
over an infinite time horizon subject to non-negative investment and to a given rate of

growth of total consumption:

(2-4-1) Min @ = [oRdt
subject to
(2-4-2) K = Y-Coest—D § = growth rate of aggregate consumption
(2-4-3) v = AMkORALY
(2-4-4) A =D A = level of technological knowledge
(2-4-5) R > 0
(2-4-6) L =n | \
(2-4-7) fg Rdt < S

Using the above model, he derived the following necessary and sufficient condition that
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guarantees a long run equilibrium for the ratios: output to capital, resource flow to resource

stock and consumption to capital.
(2-4-8) (?\-.ﬁ)n+(}\—8-'y)§ > 0 provided n20.

The optimal growth paths tend to a saddle point equilibrium given suitable initial conditions.
He also concluded that per capita consumption can be growing if and only if there exists a
§>0 such that the restriction (2-4-8) is satisfied. Since the restriction can also be satisfied
with §<0, the above mentioned condition does not provide a clear idea about the optimal
growth path of per capita consumption. We can, however, be sure about the possibilty of a
growing per capita consﬁmption when A>f provided n>0. Compare this result with Stiglitz’s
(1974) result which says that per capita consumption will be growing along the optimal path
if the ratio of the rate of exogenous technical progress to the discount rate is greater than
the share of resource in total output [X/8)>pB]. Since (X/8)>XN for reasonable discount
rates, it implies that as soon as we assume an endogenous technical progress, the condition

necessary for obtaining a steady growth in per capita consumption becomes more restrictive.

Output devoted to the research and development sector enhances the stock of
knowledge leading to an invention. The invention of a new technology might rtender the
exhaustible resource non-essential to the production of the consumption good. The timing of
the new technology, however, may be uncertain. This was the view taken by Dasgupta, Heal
and Majumdar (1977) and Kamien and Schwartz (1978). Dasgupta, Heal and Majumdar
allowed for a noﬁ—linear relationship between the time rate of change of the stock of

knowledge and the output expended for research. Thus, they had

(2-4-9) k F(K,R)-C-D

(2-4-10) é

1
|
el
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(2-4-11) A = ¢(D)

The probability that the arrival date of new technology, T, will occur between the time

w_n

points "a" and "b" was represented by
b
(2-4-12) fag(A(t))dt
where g is the probabilty density function.

From T onwards, the non-replenishable rtesource ceases to be an essential factor of
production. Let  stand for the maximum level of discounted utility of total consumption

that accrues during the time period after T:
—-a- - © -6(t-T)
(2-4-13) Q(KT,ST) = MaxfTU(C)e dt

The problem is then to maximise the expected value of discounted utility over two segments

of the planning horizon:

(2-4-14) Max E[ng(C)e_5tdt+Qe_5T}

subject to equations (2-4-9) through (2-4-11).

- Optimal time paths for different key economic variables up to time T were derived by
assuming specific forms for the different functions in the model. The results they obtained
for the time interval up to the arrival date of new technology are as follows:

1. Output and consumption diminish continuously over time.
2. Expenditure on R&D falls continuously. The rate at which it falls is higher with a
higher discount rate and lower with a more risk averse society.

3. The capital stock increases initially and then falls as time passes on.
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Using a- model very close to Dasgupta, Heal and Majumdar (1977), Kamien and
Schwartz (1978) showed that the expenditure on research and development initially increases
to a peak level and then falls, Aggregate consumption falls continuously or grows initially
and then declines depending on the satisfaction of a restriction expressed in terms of the

production function and the discounting factor, &.

So far the assumption has been that a portion of total output is expended for R&D
purposes. Some factor of production might instead be used to finance R&D expenditures.
Davison (1978) thought that the level of knowledge depends on the proportion of capital
devoted to R&D effort. In other words, total capital is allocated among two uses. A fraction
of total capital is used in the material production process, the remainder being spent in the
R&D process. Again the arrival date of the new technology is uncertain, He demonstrated
that both the consumption and R&D expenditure’ fall continuously over time. Another example
is Robson (1980) who considered a deterministic model with endogenous technical progress
similar to Suzuki (1976). Unlike Suzuki, he maximizes the discounted sum of utility over
time. The rate of growth of the technology parameter, 'A', in his model, depends

proportionally on the fraction of labour devoted to the research sector.'*That is, he assumed,
(2-4-15) A = aLi/L

where - the remaining labour Lq=L—Li is used in the production of the economy’s output. Let
6 stand for the fraction of labour used in the tesearch sector of the economy. He proved
that the variables 8, X and V converge to a steady state if two restrictions on parameters

are satisfied:

(2-4-16) a(1-0) < &(1-a)

¢ Here "A" signifies Hick’s neutral progress embodied in a Cobb-Douglas production
technology.

33



(2-4-17) y(1-a)8 < al[1-a=B(1-0)]

These conditions cannot be compared with those of Suzuki (1976) directly because of the
differing treatment of technical progress, but at least they show again that with technical

progress, steadily growing per capita consumption is possible.

Chiarella (1980) also worked with a model very close to Suzuki (1976). The only
difference is that the time rate of change of technological level is assumed to be an
exponential function - of, instead of being equal to, output devoted to R&D expenditures.
Labour is not a factor of production in Chiareila (1980). Moreover, unlike Suzuki, Chiarella
assumed nonincreasing returns to scale with respect to capital and the non-tenewable resource.
Along the optimal path, the consumption to capital ratio, the output to capital ratio, the
resource flow to stock ratio, the research investment to capital ratio and the technological
level growth rtate fall or rise monotonically to stationary values if some restrictions are
satisfied. The rtestrictions are very complicated and hence the resuits here can also not be

compared directly with the results of Suzuki (1976).

Takayama (1980) considered a model almost identical to Robson (1980). The only
difference between the models lies in the set-up of the objective functional. In Takayama,
the central planner’s objective is to maximise the stream of discounted utility of per capita
consumption rather than the discounted utility of total consumption, as in Robson (1980).
Moreover, Robson analysed his model for the general class of iso—elastic utility functions.

Takayama has o=1. Thus, in Takayama (1980) the objective is

(2-4-18) Max @ = ng(C/L)e_5tdt

Assuming a logarithmic utility function he proved that on the optimal growth path the ratios;
output to capital, consumption to capital, labour used in the production process to total

" on

labour and resource use to resource stock, can have positive asymptotic limits if "a" is
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positive. Moreover, the model yields a saddle point equilibrium for the first three ratios.

- Growing per capita consumption is obtained if
(2~4-19) a > pfn+(y-a)b

Some general observations can be made on ‘the basis of our previous discussion of the
papers in sections 2 and 4 of this chapter. All the articles reviewed there except for Suzuki
(1976) accept the utilitarian approach as the measuring rod of social welfare. The only
difference is that technical progress is assumed to be exogenous in the former and
endogenous in the latter. The main thrust of the papers in section 2 is that an economy
endowed with an exhaustible resource can survive in the long run if and only if it possesses
at the same time a level of technical progress that grows exogenously at a sufficiently high
rate. The conditions guaranteeing a constant or steadily growing per capita consumption
become more stringent when technical progress is assumed to be endogenous depending on
some productive resources. Thus, the prospect of the survival of an economy endowed with a
limited supply of an input of production looks less optimistic. Nevertheless, we may get over

this pessimistic view if we introduce the more realistic assumption that the stock of th

W

resource can be augmented through exploration process. Our next discussion focuses on the

issue of exploration.

EXPLORATION

Pindyck (1978) analysed a model where exploration is present. The economy is capable
of augmenting its stock of the resource by costly exploration. In his model, the stock of the
resource iS subject to both decumulation and accumulation occuring at the same time. The
stock decumulates as it is depleted for the resource flow used as an input in the production
function. New discoveries of resource reserves made possible by costly exploration activities

add to the existing stock of the resource. It is assumed that more exploratory efforts lead to
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more discoveries of new reserves. The additions to the stock of the resource, however, get

smaller and smaller’ as the cumulative size of new discoveries increases. It should be

mentioned in this context that we use similar. assumptions for our first model developed in
third chapter of this thesis. Pindyck’s model, however, did not deal with optimal growth in
the utlity of consumption in the presence of exploration. In his model, the objective was
instead to maximise the revenue from the sale of the resources net of extraction costs in a
market economy. Pindyck was mainly concerned with the time profile of the price of the
resource when the economy can increase the stock of the resource by costly exploration. He
showed that the price pattern will be "U"-shaped if the initial reserve endowment is small.

Moreover, the exploratory effort will decrease during the end phase of the prograrri.

The fact that the stock of the resource can be increased by costly exploration was
incorporated in a.growth model with exhaustible resources by Takayama (1980). He assumed
that the growth rate of the stock of the resource is linearly related to the proportion of

labour used in the exploration process. The model is

(2-4-20) Y = KaRﬁL;

(2-4-21) K = Y-C

(2-4—22) Lo*tLy = L
(2-4-23) L =n

(2-4-24) S = -R+Sa(Le/L)

The objective is to maximise the discounted utility of per capita consumption subject to
- above equations. A steady state solution can . be obtained where output, capital and
consumption grow at the same rate and the resource growth and utilization rates are equal.

A necessary and sufficient condition for growing per capita consumption is
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(2-4-25) a > (n+8)+v(6/8)

Ignoririg the optimal allocation of output between investment and consumption and
presupposing instead a constant growth rate of consumption, the above condition is changed

to

(2-4-26) a >n

It should be mentioned here that Takayama (1980) was the first author to consider the
possibility of augmenting the resource stock by exploration activities in a standard growth
model with an exhaustible resource. His modei, however, misses some important points about
the nature of the exploration technology. The second model in chapter three takes Takayama’s
model as the starting point and makes improvements on its representation of the exploration

technology.

2.5 OQPEN ECONOMIES

All the growth models discussed earlier represented a closed economy. International
trade, however, plays an important role in determining the growth pattern of an economy. An
economy may be an exporter or an importer of an exhaustible resource. An exporting
country, for exgmple, may use the proceeds from the sale of an exhaustible resource to
enhance capital formation in the home country and thus foster economic growth. As soon as
we allow for an open economy, there may be no ultimate scarcity of the resource, possibly
because the resource can be imported at the going price for ever from abroad. More

importantly, the resource based economy can specialise in the production of the resource
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intensive commodities at home. It can export the resource intensive commodities to foreign
countries and import ‘the non-resource intensive commodities from abroad. Thus, it can reap
the benefits of international trade and offset the effects of the resource constraint faced at
home‘. As the r1esource becomes scarce, prices of the Tesource based commodities should rise
allowing the resource exporting country to maintain its export revenues. On the whole, it can
be said that international trade is another means of circumventing the problem of resource
scarcity. It is, therefore, imperative that any growth model with non-replenishable resources
should also include the foreign sector of the economy. Some authors have incorporated the
foreign sector in growth models with exhaustible resources. We now review the papers in this

category.

Vousden (1974) investigated the nature of the optimal extraction paths of an exhaustible
resource in an open economy. The economy produces a manufacturing good using the
resource as the only input of ‘production. Besides being an input of production, the resource
can be used for twc other purposes. It can be exported or imported at a given price
expressed in terms of the manufacturing good. It also serves as one of the consumption
goods of the economy. There is an upper limit on the amount of the resource that can be
extracted at any point of time. Consumption of both the manufacturing and the resource
goods can be increased (decreased) by imports (exports). A commodity cannot be imported
and exported simultaneously. The country’s - international payments are always balanced. The
objective is to maximise the discounted utility of consumption over a finite time horizon.
Utility depends on the total consumption of both the resource and the manufacturing good.
The analysis falls into two cases. First, the world price of the resource is less than the

maximum but greater than the minimum domestic price.!” There is no difference between the

17 Suppose J=y(R) represents the product transformation curve of the economy where the
resource good is used to produce the manufacturing commodity. Let P denote the world price
of the resource expressed in terms of the manufacturing good. Let E stand for the maximum
amount of the resource that can be extracted at any point of time. The first case is then
denoted by -y' (0)<P<~y' (E)
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static and optimal levels of extraction of the resource if the planning period is short and the
initial endowment of the resource is large.!* In the opposite situation of a longer planning
period and a smaller initial endowment, the optimal level of extraction will be less than the
static level and will decline continuously over time until exhaustion. Moreover, the optimal
policy sequences are shown to depend on the relative price of the resource and the
properties of the utility function. In the second case where the world price of the resource
is less than the minimum domestic price, the optimal action is to specialize in the production

of the manufacturing good.

Kemp and Suzuki (1975) also used the criterion of maximising the discounted utility of
consumption to find the nature of specialisation in an open economy with a depletable
resource. The assumptions of the model are as follows. There are two commodities, the
consumption good and the raw material. Labour (1) and raw material (v) are used to
produce the consumption good. The raw material is produced with the help of labour and
the rtesource. Home consumption can be supplemented by consumption of foreign goods made
possible by selling a portion of the raw material at the price P, in terms of the
consumption good. Labour is assumed to be constant and is normalized to 1. The model
gives rise to total specialisation in the production of either commodity and after some time,
only the consumption good is produced. The 1esource is imported from abroad when the
economy specialises in the production of the consumption good. A portion of total stock of
the resource is left unextracted at the end of the program. They extended the model to
allow for artificial and natural replenishments. The time rate of change of the stock of the

resource looks as follows:

(2-5-1) 8 = -1,g(8)+y(s)+6(1-1,-1,)

®The static level of extraction is determined from a static optimisation problem where the
objective is to maximise the total earnings from the resource at a point in time. Total
earnings is the sum of total revenue obtained from the sale of the resource and the amount
of the manufacturing good produced with the help of the resource.
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(2-5-2) c = £(1,,v)+pll,g(S)-v]

Y(S) = natural replenishment 6(..) = artificial replenishment
11 and 12 stand for labour used in the consumption good and raw material producing

industries respectively.

Consider two cases in this extended model. First, g(S)> ¢ (S) for all S>0. In this
case, the optimal path converges to a stationary point with incomplete specialisation. The raw
material in combination with either the consumption good or the resource good (but not
both) is produced. Second, consider the case when all labour is devoted to the production of
the raw material. The stock of the resource still grows because of the natural replenishment.
It may be optimal to specialise in the production of the raw material now. But in all cases,
there will not be complete specialisation in the production of the consumption good at the

stationary point. .

Later authors have considered economies where capital is also a factor of production.

=

Suppose such a country possesses a stock of the resource and a comstant labour force. 1
produces a r1aw material using the inputs of labour, capital and the resource. The raw
material is sold abroad at a world price. The country purchases consumption goods and
capitgl from the world market. The country can borrow and lend at a given interest rate.
Capital is needed for the extraction of the resource. The objective is, as usual, to maximise
the stream of discounted utility of consumption over an infinite time horizon. The problem
can be solved in two different ways. First, it can be tackled in a two-steps procedure.
Initially, the country maximises‘ the present value of the mine by choosing an optimal path
of borrowing capital at the given interest rate. In the second stage, the country can choose
the optimal paths of consumption and amortization so that the discounted utility of
consumption is maximised. The second solution for the country is to sell the mine initially

and use the proceeds from it to finance consumption over time. Kemp (1976) demonstrated
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that the optimal paths of consumption and extraction would be identical under the two
methods. If the  initial extent of the resource is unknown, it will be optimal for a
risk-averse country to sell the mine at the outset. Kemp, however, did not have much to

say about the nature of the optimal growth path.

Aarrestad (1978) examined the optimal path of extraction of the exhaustible resource
and the optimal savings rate when an economy sells the resource abroad but does not use it

in the home production function. The model in per capita terms is as follows:

(2-5-3) Max Q = IEU(c)e—Btdt
subject to '
(2-5-4) c = (1-b)[E(k)+m]+c®
(2-5-5) k = blf(k)+m)-(r+n)k
(2-5-6) m = pr-¥(r)
(2-5-7) -§ = r+ns
(2-5-8) 0 <b <1
(2-5-9) 0 <r < r°
(2-5-10) 6, n, 7, ¢c© and r° are exogenously given.
Here b = the savings rate, 7 = profit, P = price of the rtesource exported, Y =
cost of extraction, and 7 = the depreciation rate.

The objective functional here is maximised with respect to 1, ¢ and b. It should be noted in

this context that Aarrestad’s model is different from Stiglitz’s (1974) model. In Aarrestad’s
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model, the resource is not used as an input of production of the consumption good. Thus,

Aarrestad’s results -are very similar to the those in the single sector neoclassical model. On

the basis of the above model, he obtained the following main conclusions:

1 Along the optimal path, per capita consumption will be growing, falling or remain
constant when per capita capital stock is less than, more than or equal to the modified

*
golden rtule capital intensity, k  where

£1(k) = s+r+n
2. Extraction may remain constant initially and then fall or may fall always when the
price of the resource is constant and per capita capital stock is less than or equal to
modified golden rule level. Extraction may be increasing over time and it may be
optimal to leave a part of the resource unextracted when the price of the resource
increases exponentially over time,

3. The savings rate will fall if there is a new discovery of the resource.

At the same time as Aarrestad (1978), Dasgupta, Eastwood and Heal (1978) developed ,
a simple model where the resource has the two fold uses of being an input in the home

production process and at the same time being an exportable good. Their model is

(2-5-11) Max Q = f;U(c)e—Stdt
subject to
(2-5-12) 5 = -[R(t)+E(t)]

=
f

(2-5-13) F(K,R,t)+r(W-K)+P(E)E-C

where W is total wealth, F is a production function which also embodies exogenous technical
progress and K is home capitall. W-K is thus foreign assets. r is the rate of return on

these foreign assets. E is the exported resource. P(E) is the inverse foreign demand function
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for the home resource.

It should be noted here that in the DEH (1978) model, capital plays the role of a
control variable. In other words, capital is a flow variable here. In this model, W equation
replaces the normal K equation. As such, the objective functional here is maximised with
respect to C, R, K and E. Thus, equation (245—13) here says that the time rate of change
of an economy’s total wealth is the sum of total output produced at home, interest earnings
from foreign assets, total revenue from the sale of the resource abroad, all net of

consumption.

Explicit solutions for key economic variables were obtained by assuming the specific forms for

utility, production and foreign demand functions which are shown below:

(2-5-14) -U"(c)c/u'(c) = o
(2-5-15) p(E) = ¢es!
(2-5-16) F(K,R,t) = e NERARA

It is found that the two uses of the resource fall over time. The time rtate of change of

capital stock of the economy satisfies
(2-5-17) R >0 iff A>fr

Consumption will be increasing, constant or decreasing as long as the rate of interest on
foreign assets is la{rger .than, equal to or smaller than the discount rate. As we know, in
Stiglitz. (1974), per capita consumption falls in the absence of exogenous technical progress. -
Here we find that aggregate consumption falls only when the discount rate is high. In other
words, aggregate consumption can grow even when there is no technical progress. Thus, the

DEH model finds another factor that may offset the effects of increasing scarcity of a
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resource.

Working with a slightly different model, Kemp and Okuguchi (1979) obtained similar
tesults. They assumed that all the capital necessary in home production is borrowed from
abroad and that a part of total output is spent on discharging fdreign debts. In another
section of the same paper, they assumed ‘that there is no home production of the
consumption good. The extraction of the resource, however, needs capital and the resource
itself. The net extracted resource is used for multiple purposes: consumption, purchase of
foreign assets and discharge of foreign debts. The time rate of change of total assets is

given by
(2-5-18) W = R(K,e)P(R)+rw-C-ikK

where C is the consumption of the resource and ¢ is the gross total amount of the rtesource
extracted at any point of time. Here i is the interest payment on borrowed capital. The
difference between R and e is the amount of the resource lost in the extraction process.
"The conclusions of the model are as follows. The depletion rate of the resource always falls.
The capital stock will be growing if Rek < 0" and the price of the resource is constant.
With a Cobb-Douglas production function and a constant elasticity of foreign demand, the
capital stock is always falling. When the initial stock of the resource is not known with

certainty, the depletion of the resource 'may not fall mohotonically.

Moussavian (1985) added one non-traded sector to the DEH (1978) model. The demand
and supply of the non-traded good sector are assumed to be in equilibrium at all times. In
the DEH model, home production of the consumption good falls over time if the rate of
exogenous technical progress is not sufficiently large. Moussavian, however, shows that the
presence of a non-traded sector prevents the economy from collapsing since the value and

quantity of the non-traded good will increase over time unless the discount tate is very

4 Ry=(3/3e) (3R/3k)




large. The presence of a non-traded sector dampens the effects of an increase in the world
interest rate on ' the domestic economy. The non-traded sector works as a destabilizer by
magnifying the domestic repercussions of a ‘change iﬁ the world interest rate when labour is
é factor of production in bbth the sectors. On the other hand, if the price of the resource
is growing, then there is a pro-industrialization effect, contrary to the conclusions of the

Dutch—Disease theory.

Before we review the remaining articles in this section, it is worth-while mentioning a
few other points about the DEH model. The DEH model is more interesting than any other
mode! discussed so far in this section. There are at least two reasons for this. First, the
DEH model considers explicitly the two uses of an exhaustible resource in an open economy
viz., as an input of production and as an exportable commodity. More importantly, it does so
using a very simple model. By contrast, in Kemp and Suzuki (1975), the resource is used
only indirectly in producing the consumption good. Moreover, investment in capital formation
is absent in the Kemp and Suzuki model. Second, the DEH model recognizes the earnings
from foreign assets as an additional source of income. The Moussavian model (1985) is an
improvement over the DEH model. In this thesis, we rework the DEH model and the
Moussavian model. The objective is to examine the robustness of the main conclusions

obtained from these models to some minor changes in the basic assumptions of these models.

Aarrestad (1979) examined the optimal paths of borrowing and extraction of the
resource using a model slightly different from his previous one. He found that along the
optimal path, per capita consumption will be growing (falling) as long as the real rate of
return on foreign assets is higher (lower) than the discount rate plus the rate of growth of
population. When a borrowing restriction®® applies, per capita consumption is increasing
(decreasing) according as to whether the real rate of return from keeping the resource in the

ground is higher (lower) than the discount rate plus the population growth rate.

20Aarrestad assumed that there is a limit on the amount an economy can bOITOW.
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So far we have discussed the characteristics of growth paths in" open economies with
an exhaustible resource. Not all the countries of the world are equally rich in resources. It
is also interesting to examine the interaction between a resource poor and a resource rich
country. Consider two countries. The first country is rich in the resource but lacks the
technological know-how necessary for the production of the consumption good. It only sells
the resource to the resource poor country which, on the other hand, possesses all the
technical know-how for producing the consumption good. Both the countries seck to maximise
the sum of discounted utility of consumption over an infinite time horizon. The resource rich
country’s comsumption is financed by the sale proceeds of the resource. The resource poor
country’s consumption is equal to the output it produces minus a portion of that output it
expends to buy the resource. The other two factors of production are assumed constant and
are, therefore, suppressed. Kemp and Long (1979) utilized the above mentioned model to
arrive at the following conclusions:

1. When both the countries are price takers, consumption of the second country and the
price of the resource in terms of consumption good move in the opposite directions
over time. The consumption of the first country may be increasing or decreasing.

2. When either of the countries is aggressive, the optimal consumption profile cannot be

specified precisely.

Chiarella (1979) extended the model of Kemp and Long (1979) to allow the variables
capital and labour to be two other factors of production. He demonstrated for the second
country that the ratios of consumption to its aggregate capital stock, aggregate output to
aggregate capital stock and resource use to resource stock converge to a stationary state with

suitable initial conditions.

A very similar model was considered by Kemp and Long (1982). Suppose a country is
totally dependent on her trading pariner for the supply of a resource that is fed immediately

into the production of the consumption good. The price of the r1esource is growing
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exponentially at a rate equal to the interest rate. The importing country has a Cobb-Douglas
production function possessing a 'resource augmenting technical progress. International trade is
always balanced. Kemp and Long showed that the importing country can maintain a positive
émd constant level of consumption if the rate of technical progress is at least as large as the
growth rate of the resource price. Thé same .conclusion holds even if there are returns to

scale in the production function.

We can compare the results of the interaction models as discussed above with the
results of the single—country open economy models. In case of the interaction models, the
optimal per capita consumption may not be increasing for both the countries at the same

time. In the single-country open economy models, normally it is found that the economy

may experience a growing consumption even when there is no technical progress.

Before we leave this section, it is better to make an overall review of the papers
discussed here. By contrast with the articles discussed under the utilitarian approach, the
articles in this section address a more diversified range of issues. Some papers are concerned
with the degree of specialisation in the production of the resource intensive commodities.
Vousden (1974), and Kemp and Suzuki (1975) fall in this category. Aarrestad considers two
models where the rtesource is not used in the production process. Only DEH (1978) and
Moussavian (1985) examine the issues of survival of an economy directly,. DEH show that
homé production of the consumption good may come to an end very soon when the rate of
exogenous technical progress is not sufficiently large. Moussavian, on the other hand, proved
that the presence of a non-traded sector in the economy may prolong the process of the
extinction of home production of the consumption good. Few articles here address the
question of maintaining a steadily growing per capita consumption in the long rtun. A
common thread of argument, however, follows through all the papers discussed in this section.
It is that an open economy has more means of circumventing the problem of resource

scarcity faced at home than a closed economy has.
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2.6 WITH UNCERTAINTY

Most of the articles reviewed so far assume that the world we face now and in the
future is certain in all respects. However, the real world is full of uncertainties. For example,
the initial stock of the resource may not be known exactly or the demand for the resource
in future may be uncertain, etc. In recent years, researchers of growth theory have started to

incorporate different elements of uncertainty in their models.

We now turn to the discussion of the main articles published in this branch of the
literature on growth with exhaustible resources. It should, however, be mentioned here that all
of these articles consider only the wutility generated by consuming the resource. In other
words, there is no capital stock or technology to produce a consumer good as in the optimal
growth models discussed earlier. All the papers discussed in this section are concerned with
the generic problem of eating a cake under uncertainty. Under certainty, the solution of the

cake eating problem is easily perceived: consumption decays continuously to zero.

Dasgupta and Heal v(1974) set up a model where the arrival date of a new technology
or a perfect substitute is uncertain. The discovery of a perfect substitute renders the existing
stock of the resource and capital useless economically. The effect of uncertainty about the
timing of the new technology is shown to be equivalent to discounting future consumption at
a higher rate. The amount added to the discount rate is equal to the conditional probability
that the substitute will arrive at a particular point of time given it has not occured already.
In this model, aggregate consumption will increase initially and then begin to fall afterwards.
Then there is a jump in the consumption level at the advent of the new technology at time

T. From T onwards, it will increase asymptotically to a stationary level.

Hoel (1979) took an alternative view of the uncertainty. He postulated that the arrival

date of the new technology is known exactly. The cost of perfect substitute, on the other
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hand, is not known until the time it becomes available. The social optimisation problem is to
maximise the expected value of the stream of discounted utility net of the costs of the
substitute. Utility, of course, depends on the consumption of the resource initially and then
the substitute afterwards. He demonstrated that the optimal path of extraction will be
identical in the cases with and without uncertainty‘-about cost if the total stock is exhausted
at time T, ‘the same time at which the substitute becomes available. It is also shown that
risk aversion reduces the optimal level of extraction but increases the level of competitive

extraction before T if some resource is left unextracted at that time.

Now suppose that the initial stock of the resource is uncertain. Society attaches a
* subjective probability to each conceivable size of the stock. It wishes to formulate an optimal
policy with the presumption that consumption will be nil when exhaustion occurs. Kemp
(1977) showed that under these circumstances, the consumption of an exhaustible resource may
not fall monotonically. With no discounting, the extraction of the resource might be increasing

always if the size of the initial stock of the resource is unknown.

Loury (1978) analysed a medel with the same assumption about initial stock of the
resource. The total initial reserve is a random variable with a given probability distribution at
the initial date. The problem is to maximise the expected value of the discounted utility of
consumption. A stochastic analogue of the golden tule of consumption is obtained.
Consumption will be growing if the expected marginal rate of return to deferred consumption
is larger than the discount rate and vice versa. The expected marginal rate of return is the
marginal rate of refurn adjusted fdr the probability of exhaustion. When the probability of
exhaustion is very high, people appreciate that the return from deferred consumption will be

very high in future. This will induce them to follow an increasing consumption path.

Gilbert (1979) also assumed that the initial stock of the resource is unknown. People

consume the rtesource as it is extracted from the ore. No information about the stock is
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available except that the initial endowment cannot be less than what has already been
extracted. Gilbert then demonstrated that uncertainty about the stock of the resource leads to
a more conservative extraction policy in comparison with the case where there is no such

uncertainty.

Arrow and Chang (1980) used a slightly' different model in order to explain why the
mineral prices fail to rise at the market rate of interest. They assumed that natural resources
are randomly dispersed among different spatial locations according to a Poisson distribution.
The objective is to maximise the sum of discounted utility over an inﬁnit;: time horizon. The

utility function is separable in the utility of consumption and the costs of exploration.

Deshmukh and Pliska (1980) considered a model where uncertainty prevails with respect
to both the timing and magnitude of new discoveries of the resource. Additions to the stock
of the resource can be brought about by costly exploration activities. Both the levels of
consumption and exploration effort depend on the level of proven reserves. The degree of
uncertainty about the returns to exploration activities, however, is controllable. More output
expended for‘ exploration leads to a more prompt discovery of a larger amount of reserves.
The yields from exploration are assumed not to depend on the remaining stock of the
resource. Production is absent in the model. Consumption is equal to the extracted resource.
The central planner’s problem is to ‘select consumpﬁon and exploration rates so as to
maximise the discounted utility of consumption minus the costs of exploration. The social
benefit function is separable in the utility of consumption and exploration costs. They then
apply a dynamic programming technique of optimisation to the expected return function which

is
(2-6-1) V_(6)=E_[[5e °*(U(c(6))-h(e(6)))dt |G, = G] G20

where G is the level of proven reserves and h(..) is the cost of exploration function.
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The resource on hand is likened to a store the size of which is controlled by the
consumption and exploration policies. They showed that along the optimal path, consumption
is positive and non-decreasing while exploration is non-increasing with respect to the level of
pfovep reserves. Later, Deshmukh and Pliska (1983) extended their previous model to
incorporate environmental uncertainty. Environment uncertainty affects both the supply and
demand for the rtesource. For example, due to environmental shifts, fewer and smaller
discoveries including exhaustion might take place in future. On other hand, the costs of
extraction might fall abruptly due to advances in exploration technology. On the demand side,
the development of new substitutes for the resource might affect the future demand for it
Accordingly, the return function is modified to include a reward function which depends on
the environment, the level of proven reserves and the level of consumption. The conclusions

are identical to those in their previous model.

A common | feature of the papers .discussed in this section is that they ignore
production of the consumption good. The rtesource is consumed as it is extracted from the
ore. This thesis develops an uncertainty model which incorporates the production sector of the
economy. Output is produced with the help of two inputs, capital and the resource. The
objective is to maximise the expected discounted utility of consumption over time. The model
examines the effects of uncertainty with regard to the yields from exploration on

consumption, resource extraction and exploratory effort.
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2.7 CONCLUSIONS

In this chapter, we have reviewed the works published in the field of optimal growth
With an exhaustible resource. It seems clear that exhaustibility of natural resources is not
always a threat to the continued growth of an economy. In most cases, we met the
conclusion that a constant level of total or per capita consumption may be maintained under
certain restrictions. Substitution and technical progress can adequately make up for the
dwindling stock of the resource. In open economies, earnings from exports or holdings of

foreign assets may alleviate the problem of increasing resource scarcity.

This thesis tries to fill up some important gaps in the literature. First, the question of
growth with an exhaustible resource has not been considered seriously when the stock of the
resource can be augmented through exploratory efforts. As we mentioned earlier, Takayama
(1980) was the first author to set up a utilitarian optimal growth model where exploration is
present. There were other writers who also considered the possibility of increasing the stock
of the resource by exploration activities. For example, Pindyck (1978), Deshmukh and Pliska
(1978,1983), Arrow and Chang (1980), etc. have developed models which incorporate
exploration efforts leading to new discoveries of resource reserves. None of these models,
however, can be considered complete. Either production is ignored or some important issues
regarding the exploration technology are missing in each' of these models. The problem with
Takayama’s model is that the vyields from exploration are assumed to be linearly and
positively telated to the current stock of the resource. However, common sense dictates that
the returns to exploration activities should be related to the cumulative discoveries of the
resource and not to current remaining stock. Moreover, these rteturns should fall as the level

of cumulative discoveries increases.

In the next chapter, we incorporate this type of relationship between the returns to

exploration activitiecs and the cumulative discoveries in some simple optimal growth models,
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We discover that in most cases, when the economy can augment its stock of the resource by
costly exploration, optimal per capita consumption will increase indefinitely even in the
absence of exogenous technical progress. In particular, this happens when some output or a
part of capital is expended for exploration purposes. By contrast, per capita consumption can
increase only with a sufficiently large rate of . technical progress when exploration is absent.
In a third model, however, when a portion of labour is used in exploration, we also find
that a sufficiently large rate of technical progress is needed to obtain a non-decreasing per
capita consumption. It is strange that the minimum rate required in this model is actually
higher than the minimum rate when there is no exploration. Another model was set up
where it was assumed that the additions to the stock of the resource depend positively on
the existing stock of the resource. Though such an assumption is contrary to our assertion
about the exploration technology, the model was devised as a means of correcting for one
unavoidable technical problem that beset the earlier models, The model yields balanced growth
paths for consumption, capital stock and total output in some circumstances. Once again we

find that per capita consumption can increase indefinitely in the absence of technical progress.

The papers that consider different kinds of uncertainty have the defect of ignoring the
production of the consumption good. In chapter 4, we devise a model to incorporate
uncertainty with regard to the returns to exploration activities. The model, however, does not
ignore the production of the consumption good. We find that uncertainty with regard to the
returns to exploration activities leads to higher expected rates of change of consumption,

resource extraction and exploratory effort.

Finally in chapter 5 of this thesis, we present a modified version of the DEH model.
We assume away foreign assets in the DEH model. Instead, we assume that the economy
imports a foreign commodity to supplement its consumption of the home produced commodity.
In the Moussavian model, the rate of return is assumed to be exogenous. We assume that

the rate of return on foreign assets depends negatively on the quantity of the foreign assets.
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Our purpose in chapter 5 is to examine the implications of the changed assumptions in these
models. It is demonsirated that the possibility of gradual extinction of home production of
the consumption good is significantly reduced under the altered assumptions of both the
fnodels. Moreover, unlike DEH, we are able to show the existence of a saddle point
equilibrium in the modified DEH model. We prove that, under some circumstances, the

optimal growth path tends to Stiglitz’s (1974) equilibrium in the long run.

Although the theoretical literature abounds in proofs showing that an economy endowed
with an exhaustible resource can survive in the long run, the literature has some limitations.
First, the issue has not been dealt with comprehensively when different kinds of uncertainties
are encountered. The reason is obviously technical. Second, the conditions necessary for a
constant or growing level of consumption may not be satisfied in the real world. Sometimes,
the restrictions are too vague to admit of any economic interpretation. Third, in the process
of reviewing the literature, we came across with two broad types of articles. Most of the
authors only derive the conditions for the optimal growth paths without analysing their
asymptotic behaviour. Few papers endeavor to prove the existence of a saddle point
equilibrium in terms of some economic variables or their ratios. The implication of a saddle
point equilibrium is that with suitable initial conditions, the optimal paths of the economy
will tend to the equilibrium. However, the initial conditions may not be suitable to start

with.

In addition to the above mentioned limitations, the current literature has two other
shortcomings. First, the criterion of convergence for a differential equation system has not
been used very carefully, In the literature, it is normally argued that the optimal growth
path will converge to the equilibrium point whenever the equilibrium turns out to be a
saddle point. The only requirement for 'convergence with a saddle point equilibrium is that
the initial conditions be suitable. Using Stiglitz’s (1974) model in this chapter and some

models developed in chapter 3 of this thesis, we show that this may not be true for higher
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dimensional models. In a 3 by 3 differential equations system, it is really difﬁcult’ to
conclude that thé¢ optimal growth path will converge to the equilibrium point even if the
equilibrium is a saddle point. Second, most of the works published in this branch of growth
literature make little use of the transversality conditions that must be satisfied in an
optimisation problem. In this thesis, we make. use of the transversality conditions associated

with different state variables while characterising the optimal growth path of the economy. '

Finally, the theoretical conclusions obtained in the literature have not been verified
empirically. The reason is that, most often, the theoretical model envisaged deviates very
much from the real world it wants to explain. As illustrated earlier, the literature depends
heavily on the mathematical tools of the optimal control theory and the calculus of
variations. The abstract nature and technical difficulties associated with these mathematical tools
limit their applications to the real world phenomena. More importantly, we do not know as
vet exactly whether a market economy generates the same growth paths as those produced by
an optimal growth model. But despite all its limitations as noted above, it can be concluded
that the literature on growth with exhaustible resources has successfully refuted the

"Doomsday” premises advocated by the "Club of Rome" studies.
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CHAPTER 3

GROWTH IN THE PRESENCE OF COSTLY EXPLORATION OF RESOURCES

3.1 INTRODUCTION

In this chapter, we study the optimal growth paths of an economy capable of
increasing its stock of the resource through costly exploration. There is one reason why a
theoretical analysis of the optimal growth paths in the presence of exploration needs to be
pursued. First, though the assumption of a fixed amount of initial reserves reflects an acute
problem of scarcity and hence makes an interesting economic problem, it does come short of
the real world phenomenon. It cannot explain where the initial reserves came from in the
first place. Even at the latter stages of exploration process, the stock of the resource may
not be necessarily constant. It is more realistic to assume that exploration leading to the

discovery of new resource reserves is possible.

It seems that we face an apparént dilemma here. If the stock of the resource can be
increased by means of exploration activities, then the resource may not be scarce any more.
However, this is not the real fact. Some expenses in the form of output or factors of
production must be made for exploration purposes. The costs of exploration may more than
outweigh - the benefits accruing from it. It is possible that the economy may not benefit much
from exploration if the costs of exploration are high. It is, therefore, interesting to investigate
the characteristics of the optimal growth paths of such an economy under different
assumptions about the costs of exploration. These assumptions are embedded in the functional

forms used to represent the different types of exploration technologies.

We mentioned in the introductory chapter that a possible characterization of the
exploration technology must consider two facts separately or in combination. First, more

exploration efforts should lead to more new discoveries. Second, the returns to exploration
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activities should be negatively related to the size of cumulative discoveries. Most of the
models discussed below ignore these two facts. In the previous literature, only Pindyck (1978)
related new discoveries to the size of cumulative discoveries. He was not, however, interested

in characterising the optimal growth path for the economy as is done here.

This chapter can also be regarded as an .extension of the works made by Pindyck
(1978), Takayama (1980) and Deshmukh and Pliska (1980,1983). They considered the possibility
of augmenting the stock of the resource by exploration activities. Pindyck was mainly
concerne(i with the nature of time paths of the price of the resource in such an
environment. Takayama derived a growth model where exploration is present. He assumed a
proportional relationship between the growth rate of the resource and the proportion of
labour used for exploration purposes. Deshmukh and Pliska analysed a growth model where
the returns to exploration activities are uncertain. Production is absent in their model. People
consume the resource as it is exﬁacted from the ore. None of the above models, however,
is complete. Each model either ignores the production of the consumption good OF misses

some importarit issues regarding the exploration technology.

The plan of this chapter is as follows. The optimal growth paths in the presence of
exploratory activities are examined in the next four sections each applying a different
functional form for the exploration technology. The first three models assume that the yields
from e);ploration decline as the cumulative discoveries increase. The difference in three models
is in the input required by the exploration technology. In the second section, this input is a
portion of the economy’s output. In the third and fourth section, it is a portion of the
economy’s stock of labour and stock of capital respectively. The final model of this chapter
modifies the first model to make the exploration yields depend on the existing stock of the
resource rather than the cumulative discoveries. The sixth section of this chapter then makes
a comparative analysis of the results of this chapter and those found in Takayama (1980),

Arrow and Chang (1980) and Deshmukh and Pliska (1980,1983). The final section gives the
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conclusions obtained in this chapter.

It is evident that most of the assumptions pertaining to the models that we will study
next will remain identical in all the sections. The equation representing the time rate of
change of the stock of the resource will, however, differ among the sections. The common

assumptions are discussed next

The central planner’s objective is assumed to be the maximisation of the sum of
discounted utility of per capita consumption accumulated over an infinite time horizon. A
homogenous output is produced with the help of three inputs: capital, the resource and
labour, The production technology is characterised by a constant returns to scale
Cobb-Douglas production function. The production function embodies exogenous technical
progress. Labour is assumed to grow exponentially at a given rate. At any point of time,
total output is allocated among three uses: consumption, investment and exploration. The
assumption is a little bit different in sections 3 and 4. The stock of the resource is depleted
and used in the material production process. The stock of the resource also grows due to
exploration activities. In all cases, the utility function is assumed to be iso-clastic with
positive but diminishing marginal utility. On the whole, these models are extensions of Stiglitz
(1974). The extensions are made in the equation rtepresenting the time tate of change of the

stock of the resource.

3.2 OUTPUT REQUIRED FOR EXPLORATION
Here we assume that the yields from exploration depend on the level of output used

for exploration and cumulative discoveries. Cumulative discoveries is the sum of the resources

used up so far in the production process and the "proven stock" of the resource currently
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lying in the ground. It is not true that nature abounds with an infinite amount of the
resource available at’ constant cost. The problem of scarcity would not have been the way of
human life -if it did so. In reality, additions to the stock of a resource brought about by
exploration diminish with increases in the size of cumulative discoveries. In other words, the
costs of exploration increase with the increase in the size of cumulative discoveries. There is
one reason for rising exploration costs. The earth’s surface abounds in different types of
natural resources. That means, resources of different grades are available to an economy.
Natural resources are extracted in order of their quality with the high grade resources being
extracted before the low grade resources. Normally, the crude resource found in the ore
cannot be used in the production process instantaneously. Some expenses have to be made in
the process of working up the resources to a standard quality. In all our models, we assume
that the resource in the production process, R, is of the same quality regardless of the kind
of resource reserve it is extracted from. Consequently, the costs of extraction and refinement
of the resource increase as resources of lower and lower grades are extracted. That means,
the costs of exploration and development also increase as more reserves of the resource are
developed. It is also obvious that more output used for exploration brings in more new
discoveries of rtesource reserves. We assume as well diminishing returns to output used for

exploration.

The specification of the exploration technology mentioned in the preceeding paragraph
has two shortcomings. First, the sufficient conditions for dynamic maximization of an objective
functional requires that the Hamiltonian of an optimization pfoblem should be concave in all
the state variables.! Capital, the stock of the resource and the cumulative level of resourcev
used in the production process play the role of state variables in the current model. We

work with a multiplicatively separable exploration technology for ease of manipulations. We

'There is another sufficient condition. It is that the transversality conditions associated with
different state variables must be satisfied. We will discuss the transversality conditions later.
See Arrow and Kurz (1970). ‘
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also assume a negative relationship between the returns to exploration activities and the size
of cumulative discoveties. The exploration techhology should also be such as to make the
Hamiltonian concave in all the state variables. Our model, however, becomes complicated
analyﬁcally if the Hamiltonian is to be concave in the last two state variables not
withstanding all other assumptions about the exploration technology. This is a technical
problem and no tractable alternative could be found which satisfies the above sufficiency
condition. Perhaps, this is the reason why Pindyck (1978) suppressed the question of sufficient
conditions in his paper. He estimated an exploration function, for oil in the Permian region
of Texas over the period 1965-1974, which also violates the sufficient condition. The problem
is that the dynamic maximisation problem may or may not possess an optimal solution when
the sufficient condition is not satisfied. There are two ways of alleviating this problem. First,
we can obtain numerical solutions and thus check for the existence of a local optimum.
Alternatively, we can investigate whether some kind of feasible, if not optimal, solution exists
within the framework of such an exploration technology. We show in the appendix that a
feasible solution exists when a constant level of per capita output is used for exploration
purposes. The requirement that the Hamiltonian be concave in all the state variables is
indeed a very strong condition to be satisfied. We will assume here that our problems have

solutions provided the Hamiltonian is a concave function of the control variables only.

The second shortcoming of the exploration technology as envisaged here is that it
allows the size of cumulative discoveries to be infinite. Our exploration technology only
assumes a negative relationship between the returns to exploration activities and the size of
cumulative discoveries. It does not, however, restrict the size of the stock of the resource
eventually available to the economy to be finite. The more plausible assumption is that the

_ultimate size of cumulative discoveries is finite. However, it is difficult to envisage an

’Pindyck (1978) used the following exploration function:
f (G,D)=AD2e~ G
where D is exploratory effort and G is cumulative discoveries.
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exploration technology which sets a -ceiling on the size of the stock of the resource
eventually available to an economy without = disturbing the other assumptions about the
exploration technology. Again, the matter becomes a technical problem and no better
alternative could be devised to tackle it. Moreover, all the previous writers who incorported
the phenomenon of exploration in their models also allowed the ultimate stock of the
resource to be infinite. For example, Pindyck (1978) thinks that the potential reserves of
resources are unlimited. Similarly, Deshmukh and Pliska (1980) assume that any amount of
resources can be discovered eventually. Takayama (1980) also designs a model where the
stock of the resource can grow indefinitely. Pindyck (1978) coined the word "non-renewable”
for this kind of resource rather than calling it "exhaustible”. In short, our model reflects an
expanding economy though the rate of expansion decreases witﬁ the increase in the size of
cumulative discoveries. Next, we present the first model and the necessary conditions for

maximisation that follow from it

3.2.1 The Model and Necessary Conditions

The central planner’s objective is to

(3-2-1) Max Q = fge'atU(C/L)dt
subject to

(3-2-2) K = Y-C-D

(3-2-3) B = R

(3-2-4) é = -R+a(s+B) ‘D" ‘e<0, 0<n<1

(3-2-5) v = eMgophLY atBty = 1

61




(3-2-6) L =n

where
D = output used for exploration,
B = cumulative use of the resource in the production process and the other variables are as

defined in the previous chapter.

The problem can be rephrased in per capita terms as follows:

(3~2-1) Max @ = [ge ®tu(c)at
subject to

(3-2-7) k = y-c-nk-d

(3-2-8) b = r-bn

(3-2-9) & = -r-sn+a(s+b)€@L¢ ""!

(3-2-10) y = ety

where?

(372—{1) d = (D/L) and b = (B/L).

The maximisation is with respect to ¢, r and d. The current value Hamiltonian is then
+ -—
H = U(c)+u1[y-c—nk—d]+u2[—r—sn+a(s+b)ednLe n 1]

+u3[r~bn]

where By Ky and By are the shadow prices of investment, resource accumulation (or

decumulation) and resource use in the material production function respectively. Assuming an

*As in the previous chapter, lower case letters are used to denote per capita variables.
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interior solution, we get the following necessary conditions:

(3-2-12) U'(c) = My
(3-2-13) wB(y/r)tuy = n,
(3-2-14) T u2an(S+B)eDn—1

The differential equations for the co—state variables are as follows:

(3-2-15) ﬁ1 = §+n-a(y/k)
(3-2-16) B, = §+n-ae(S+B) € D" 0

(3-2-17)

n

. _ €e~1.7
By u36 u2ae(S+B) D +u3n.

We find a relationship between My and K using equations (3-2-13) and (3-2-14) as

follows:
(3-2-18) uy = uy/[1-an(s+8) D" 'B(y/r)].
Inserting the above equation in (3-2-17), we obtain,

(3-2-19) By = s+n-[ae(s+B) €7 'D"1/[ 1-an(s+B) D" 'g(y/r)].

Now taking the time derivative of (3-2-12) and substituting for 121, we get the time rate of

change of per capita consumption:

(3-2-20) é -(1/0)[6+n-a(y/k)]

where o = -U"(c)c/U'(c) > 0.

Multiplying (3-2-16) by u, and subtracting (3-2-17) from the product, we note that,
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(3-2-21) . {ug-ns}/{ug-us}=6+n

We differentiate (3-2-10) and (3-2-13) with respect to time and make use of (3-2-21) in

the resulting expression to obtain,

(3-2-22) aR-(1-B)E+N = ay/k.

Similar time differentiation of (3-2-14) and substitution for il1 , 212 etc. vyield,
(3-2-23) D = aly/k)/(1-7) > 0.

Thus, the growth rates of the different per capita variables, viz., consumption, resource
utilization, etc. can conveniently be expressed in terms of X, V and M where X = y/k, V

= ¢/k as in Stiglitz (1974) and M = d/k. The expressions obtained are

(3-2-24) ¢ = (1/6)[aX-6-n]
(3-2-25) §= [A+aX(1-B)-aV-aM-an]/(1-8)
(3-2-26) ; = [A-aV-aM-anl/(1-8)

>

(3-2-27) d [aX-n(1=-9)]1/(1-70).

These equations can then be used to show that the optimal growth path of the economy is

described by the following differential equations:

(3-2-28) X = {1/01-8)}[ A= (y+af) X+ V+yMéyn]
(3-2-29) §= {(a=0)/0}X+V+M-(1/0) (6+n-on),
(3-2-30) M = {(a*+n-1)/(1-1) }R+V+M.
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3.2.2 The Stationary State Solution

We now look at the stationary states of the system of differential equations (3-2-28)
through (3-2-30). The reason is that the optimal growth path of the economy usually
converges asymptotically to one of these stationary states. In this model there are 8 such

states as enumerated below:

[I] X>0, V>0 and M>0. [II] X=0, V>0 and M>0, [III] X>0, V=0 and
M>0. [IV] X>0, V>0 and M=0. [V] X=0, V=0 and M>0. [VI] X=0, V>0

and M=0. [VII] X>0, V=0 and M=0, [VIII] X=0, V=0 and M=0.

The optimal growth path of the economy here is such that it cannot converge to a
stationary state with positive values for all the variables, i.e., case [I]. This is because
when the growth rates are equated to zero, the coefficient matrix of the system of linear
equations becomes singular. Cases [II], [V] [VI] and [VIII] can be ruled out since
these points are totally unstable or partially unstable in a way which does not allow the
optimal trajectory to converge to these points. Moreover, these points can be rejected on the
ground that V or M cannot be greater than X if we do not allow for negative investment.
Case [IN] leads to inconsistent equations and hence can be ignored. Case [VII] can be

rejected by using the transversality condition for capital which is

8

(3-2-31) Lim e °%u (0)k(t) = 0.

t—>o

“The unstable nature of these stationary states can be determined by replacing the three
variables, X, V and M, in the differential equations by their equilibrium values. For example,
the point (0,0,0) is ruled out since near this point X is approximately (yn+X)/(1-8). 0
is an unstable equilibrium of this differential equation. Thus, although (0,0,0) is a saddle
point for the full system of equations, the only trajectories which converge to this steady
state must have X=0 and these trajectories are clearly not optimal.
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This transversality condition can be rewritten in terms of X, V and M as follows:?
’ * * *
(3-2-32) (1-a)X -V -M = V < 0.

Case [VII] does not meet this requirement and hence can be ruled out as a possible
limit of the optimal growth path. Apparently case [IV] can be accepted as a possible long
run equilibrium point. The two cases, [VII] and [IV], infact correspond to points A &
B respectively in figure 1 used in the discussion of one sector neoclassical model in the
previous chapter. Case [IV] also corresponds to the equilibrium obtained in Stiglitz (1974).
This case would be the long run equilibrium if there was no exploration at all. However,
maximisation of the Hamiltonian yields the result that some exploration is optimal here. The
values of X and V for case [IV] can be obtained by replacing & by &+n in the
stationary values of Stiglitz (1974) on page 22. Alternatively, these values can be obtained by

setting X=0 and V=0 in (3-2-28) and (3-2-29) respectively:

(3-2-33) X" = [oMty(5+n) 1/ a(of+y).

(3-2-34) v’ [{y(1-a)+af(1-03n+8(af+y)-Na-0) ]/al0B+v)

% *®
X is always positive. V is positive provided a<o<1 or if XA is not too large.

3.2.3 Stability Analysis

We now investigate further the stabilty nature of the equilibrium point determined

above. The Jacobian of the differential equations system at the equilibrium has one negative
and two positive characteristic roots. This is because the determinant of the Jacobian has a
. negative determinant and a positive trace at the equilibrium point. This kind of equilibrium

point is known as a saddle point equilibrium. It is conventionally argued that the optimal

’See page 13 for a discussion of this condition
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growth path of the economy should converge to a saddle point equilibrium provided the
initial values of ‘the stock variables are suitable. The above contention, however, is true only
for a 2 by 2 differential equations system. For a 3 by 3 differential equations system, that
fnay not be necessarily true.* A closer look at the differential equation (3-2-30) reveals the
fact that the optimal growth path of the economy cannot converge to the equilibrium point
mentioned earlier. It is obvious from (3—2—30) that M will keep on increasing for ever

whenever
(3-2-35) {aX/(1-7)}+V+M > X

which is very likely to happen. A value of a>(1-%) is sufficient for the condition to be

satisfied. Moreover, we can rewrite (3-2-30) as follows:
(3-2-36) [{a/(1-7)}-alX+(a-1)X+V+M

The transversality condition for capital (3-2-32) requires that the sum of the last three terms
in (3-2-36) be non-negative. The first term, on the other hand, is also positive. Together
they make the whole expression positive. In other words, (3-2-30) must be positive in the
long run if the transversality condition is to be satisfied. That means, M increases indefinitely

and so do X and V’

" From the preceeding discussion, .it is clear that. the optimal growth path of the
economy in this model will not converge to any steady state. The system of the differential
equations system is such that X, V and M will ultimately keep on increasing for ever. In
other words, aggregate as well as per capita consumption will eventually be increasing

continuously in such a world even if there is no exogenous technical progress. Compare this

‘One example of this can be the Stiglitz (1974) model. We explained why the point (X>0,
V>0 and Z>0), though a saddle point equilibrium, cannot be approached asymptotically by the
optimal trajectory.

"The variable M appears with a positive coefficient in other two differential equations.
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result with the result of Stiglitz (1974) given in (2-2-49). Per capita consumption falls for
ever when the rate of exogenous technical progress is not sufficiently large. The reason for
this ' marked difference in results of the two modelé is that in the presence of exploration
fécilities, the problem of resource scarcity is not so acute as it is in the absence of
exploration. Exporation is absent in Stiglitz (1974) model. The fact is that exploration is not
a free gift from heaven. It is expensive. The gains from exploration in the current model,
however, outweigh the costs of exploration for ever. It should be mentioned here that the
equilibrium point discussed earlier is actually identical to the equilibrium point found in
Stiglitz (1974). As such, the condition guaranteeing a growing per capita consumption is
identical in both places. We have explained why this equilibrium point cannot be obtained @n
the long run. It can be claimed that the current model is a more general model than
Stiglitz’s model which can be shown to be a special case of the current model. The current
model explains why Stiglitz’s equilibrium point fails to be a limiting case of the optimal

growth path in a more general perspective where exploration is present.

3.2.4 Sufficient Condition

There are two requirements for the satisfaction of the sufficient conditions in a
dynamic maximisation problem.! First, the Hamiltonian must be concave in all the state
variables at the maximizing values of the control variables given the multipliers. Second, the
transversality conditions for different state variables must be satisfied. An examination of the
Hamiltoniar; here reveals that it is not concave in S and B because of the assumption
e<0. We had to assume a negative e¢ in order to have a negative relationship between the
returns to exploration activities and the size of cumulative discoveries. In other words, the

concavity condition and the format of this model are not compatible with each other. In the

!See Arrow and Kurz (1970)
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last section of this chapter, we set up a model which satisfies the concavity condition but
forgoes the assumption of a negative relationship between the yields from exploration and

cumulative . discoveries.

Now let us consider the transversality conditions. As we showed earlier, the equilibrium
point (X>0, V>0 and M=0) cannot be the limit of the optimal trajectory because of the
transversality condition for capital even though it satisfies the condition. There is a

transversality condition associated with the stock of the resource:

-(6+n)t

(3-2-37) lim e u2(t)S(t) = 0.

t—>

(3-2-16) gives d{uze—(5+n)t}/dt>0. Moreover, p,>0 by (3-2-14). Therefore,

the application of this transversality condition gives

(3-2-38) lim S(t) =0

t—>e

According to equation (3-2-38), the stock of the resource must ultimately be decreasing over
time so that asymptotically it will be exhausted. This conclusion reflects the exhaustibility of

the natural resource. There is a third transversality condition:

)

(3-2-39) lim e tu3b(t) = 0

t—>w

This condition does not yield the same conclusion as before since w;<0 is probable and
indeed does not seem to provide any additional information about the optimal growth path.
Henceforth, we will not discuss these two tranversality conditions as the same results appear

in each model.
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3.2.5 Shadow Prices

In this subsection, we examine the behaviour of the present value shadow prices of per
L -5t : . . -5t
capita investment (uqe ). per capita resource accumulation or decumulation (u,e ) and

per capita resource use in the material production (;13e“‘St

). The shadow price of
investment which signifies the change in the presént value of the utility functional resulting
from an additional investment, is positive according to equation >(3—2—12). Equation (3-2-15),
on thei other hand, shows that the growth rate of u,e—at falls over time as X increases
indefinitely. This indicaies that the shadow price of investment may increase for a while but
eventually starts to fall. Accordingly, investment in capital formation may be growing initially
but then ft must decline. The shadow price of resource accumulation or decumulation is
positive according to equation (3-2-14) and increases at a positive but declining rate as
cummulative discoveries increase over time (3-2-16). With a fixed stock of resources, the
shadow price of resource decumulation grows at a rate equal to the sum of rate of growth
of population and the rate of discount. From equation (3-2-16), we see that it grows at a
higher rate when the economy can augment the stock of the resource through costly
exploration. In the case of a fixed stock of resources, the opportunity cost of one unit of
the resource extracted is equal to the foregone gain which comes through the appreciation in
the value of the resource. In the presence of exploration facilities, the opportunity cost is
equal to the appreciation in the value of the resource plus the foregone gains which are
obtained through the indirect use of one unit of the resource in exploration process of the
economy. When one unit of the resource is left in the ground, it can be used to produce
output in future. A part of that output can in turn be used in the exploration process to
augment the stock of the resource. This is why the shadow price of one unit of the
resource left in the ground should increase at a rate higher than the sum of discount rate
and the popuiation growth rate. But as vcumulative discoveries increése, the yields from

exploration decrease over time. Consequently, the growth rate of the shadow price of resource
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accumulation decreases with the increase in the size of cumulative discoveries. The shadow
price of resource use in the material production process also increases over time. The rate of
growth of the shadow price becomes smaller and smaller as the size of cumulative discoveries

increases.
3.26 Final Remarks

In this section, we have examined the behaviour of the optimal growth path of a |
resource based economy. The economy can increase the stock of the resource by costly
exploration activities. We assumed a negative relationship between the yields from exploration
activities and the size of cumulative discoveries. We found that output used for exploration
increases along the optimal path. Also the size of cumulative discoveries is increasing as time
passes. However, the returns to exploration activities become smaller and smaller as the -size
of cumulative discoveries increases. It may be that the use of the resource in the production
process increases for a while. Eventually, however, it starts to fall. In the later stages of the
program, capital is likely to be substituted for the resource input in the production process.
Consequently, per capita output and consumption will increase indefinitely even if there is no
exogenous technical progress. This model has one technical difficulty with regard to the
satisfaction of the sufficient condition for maximisation. In the last section, we develop an

alternative model that does not have this problem.

In this subsection, we also use the notation employed by Pindyck (1978) to study the
price behaviour of the resource in an economy possessing the opportunity of increasing the
stock of the resource by exploratory effort. We assume away, like Pindyck, labour as a factor

of production. The optimal growth problem (which Pindyck did not fully discuss) is

" (3-2-40) Max @ = [pe °tu(c)at

subject to
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(3-2-41) K = Y-C-D

(3-2-42) é = -R+f(G,D) fG<0, fD>0 where fG=af/aG etc.
(3-2-43) G = £(G,D) G = cumulative reserve additions

(3-2-44) Y = K%R,

The model gives rise to the following equations of the optimal paths:

(3-2-45) C = ~(1/0)[6~a(¥/K)]
(3-2-46) aﬁ—(1—ﬁ)§ = a(Y/K)
(3-2-47) ED+a(Y/K) - .

Notationally, the difference between Pindyck’s formulation and our formulation is that he uses
G=S+B as the third stock variable in his model. Indeed our model can be viewed as an
example of the above with the additional assumption of f(G,D)=H(G)D". We can

compute (3-2-47) for this case using (3-2-43). It becomes
(3-2-48) D = {ay/(1-7)k}

which ié same as (3-2-23) of our model. Thus, our model By specifying a separable function
form for f(.), gets much more revealing insights into the optimal growth path. Moreover, it
can be shown that with the above general formulation, the optimal growth paths for X, V
and M do not depend on the specification of H. Thus, the same results are obtained
whether dH/dG<0 as is economically plausible or when dH/dG>0. Next, however, we look at

" alternative specifications of the input needed -for exploration activity.
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3.3 LABOUR REQUIRED FOR EXPLORATION

So far we have assumed that the returns to exploration activities depend positively on
the level of output used for exploration. An alternative formulation is to assume instead that
exploration requires the use of one of the factors of production. This section and the
following section are devoted to the study of the optimal growth path when some factor of
production is used in the exploration process. In this section, we assume that a portion of
labour is used for exploration purposes. A similar model was® analysed by Takayama (1980).
He assumed, however, that the returns to exploration activities depend positively both on the
existing stock of the resource (not on cumulative discoveries) and on the proportion of total
labour (rather than the amount) used in the exploration process. Takayama’s model has two
shortcomings. First, it contains a "learning by doing process" by assuming a positive
relationship between the level and the increments to the stock of the resource. The economy
gets more from each dose of exploratory effort as the proven stock of the resource increases
in size. The economy will never face the problem of resource scarcity in this kind of world.
Second, his model implies that the stock of the resource will not increase in size if the rate
of growth of exploratory effort is equal to the rate of growth of population. Both of these
assumptions appear to be unrealistic. In this section, we are, therefore, trying to correct for
these drawbacks in Takayama’s model. Thus, total labour is used for two purposes: material

prodliction and exploration. We assume,

(3-3-1) v = e"'k"rPL)
(3-3-2) S = -R+a($+B) ‘L] e<0
where Lm = labour used in material production, and Le = labour used in exploration.

Full employment is still assumed so that
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(3-3-3) Lm+L = L

The optimal growth path here might be of a different nature from that obtained in the
earlier section. The reason is that the expenses involved in exploration activities will be quite

different in the two  cases.

3.3.] The Model and Necessary conditions

The model in per capita variables is now as follows:

(3-3-4) Max Q = jge_ﬁtU(c)dt

subject to
(3-3-5) y = e"k%rPe”  whee 6 = L L
(3-3-6) kK = y-c-nk
(3-3-7) & = —r—sn+a(s+b)6(1-9)’7L>e+’7_1
(3-3-8) b = r-bn

The current value Hamiltonian is then

H = U(c)+u1[y-c—nk]

+u2[—r—sn+a(s+b)6(1—9)"Le+n_1]+u3[r-bn]

For this model, the control variables are ¢, r and 6. The following are the necessary

conditions for maximisation assuming an interior solution:

(3-3-9) U'(c) = My
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(3-3-10) wiBly/e)+us = u;

(3=3-11) 41yg/6 = anug(s+b)(1-6)T TLe* 7!
(3-3-12) ;1 = &+n-a(y/k)

(3-3-13) iy = S+n-ae(s+b) <1 (1-g)MLEPN!
(3-3-14) s = wa(8+n)-uzae(s+b) < 1 (1-) Mt

Taking logarithmic differentiation of (3-3-10) and making use of the fact that equations

(3-5-13) and (3-5-14) imply {u,~u3}/{u,-us} = 6+n, we obtain,
(3-3-15) y-r-a(y/k) =0
Similarly, logarithmic differentiation of (3-3-11) yields,

(3-3-16) y=1(1-28)/(1-6)}9-a(y/k)+(1-1)n=0

The asymptotic growth rates of per capita resource extraction, consumption and output can

now be expressed in terms of X, V and 6 as shown below:

(3-3-17) r o= [h-a(vin)+y8]1/(1-8)
(3-3-18) ¢ = (1/0) (aX-6-n)
(3-3-19) ; = ;+aX

The preceeding equations can then be used to derive the differential equations for X, V and

6:

(3-3-20) X = {1/(1=6) }[ - (y+af) K+yV+Atyn+y6]

75




i

>

(3-3-21) \Y

{(a=0)/0}X+V-(1/0)[8+n-on]

>

(3-3-22) 6 [(1-8){x~aV~-an+(1-8)(1-n)n}]/

[a(1-6)+(1-9)(1-8)6]
3.3.2 The Stationary State Solution

There are twelve possible equilibrium points with non-negative values for all the
variables. However, it can be shown that 4 must be 1 or 0 at an equilibrium.® Moreover,
only the stationary states with X#0 and V#0 will be discussed here because the other
equilibrium points do not satisfy some of the conditions for optimality. The following two

cases qualify to be feasible solutions:

[1]X>0 V>0 6 =1

[2]x >0 v>0 6=20

We now turn to the discussion of these stationary states.
Case 1 : X >0, V>0and 6 = 1

This case of all labour being used in material production gives rise to a equilibrium which
is identical to the equilibrium found in Stiglitz (1974) and also in case [IV] of previous

section. Later it will be shown that the optimal growth path does not converge to this point.
Case 2 : X >0, V>0and 6 = 0
Here it can be shown that as € tends to 0, the growth rate of 6 tends to

(3-3-23) ; =~ [A-aV-an+(1-8)(1-n)nl/a

’See the appendix
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We substitute (3-3-23) in (3-3-20) to obtain the approximate growth rate of X when 6

tends to 0
(3-3-24) X = —(1-a)X+{A+(1-n)n}/a

The differential equation for V does not change here. The stationary state values of X and

V in this case are found to be

(3-3-25) X

i}

[A+y(1-9)n}/a(1-a)

. *
(3-3-26) v

W

[-(a-0) {A+yn(1-7) }+a(1-a) {6+n(1-0)}]1/a(1-a)0

* %
X is always positive. V is positive as long as o<1 The asymptotic growth rate of per

capita consumption, output and capital in this case is

~

(3-3-27) ;(= ; = y) = [k+7(1-n)n-(6+n)(1—a)]/(i-a)o
Per capita consumption will, therefore, be growing in the long run provided
(3-3-28) A > y(8+ny)+p(6+n)

In this case, per capita Tesource use is always falling with

(3-3-29) £t = -(8+n)

In Stiglitz’s (1974) case, only A>B(6+n) is required for a growing per capita consumption.
It is strange that the minimum rate here is higher than the minimum rate needed when
exploration is absent. The reason for this result may be that here an increasing amount of
" labour must be utilized in the exploration process. While more and more labour is being put
in the exploration process, other inputs will have to be substituted for labour in the

production process if a growing per capita consumption is to be maintained. The substitution
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by other factors, however, may not adequately make up for a decreasing proprtional use of
the labour input. The consequence may be a lower growth rate for aggregate output. Thus,
the rate of growth of exogenous technical progress in this case must be higher in order to

maintain a growing per capita consumption.

Another reason for a falling per capita Consumption in the absence of exogenous
technical progress here may be as follows. Since people cannot control the growth rate of
labour, a portion of which is used in the exploration process, the increase in future
consumption and investment due to exploration may be limited. Nevertheless, more
consumption is preferred to less so that some exploration shall be carried out at all times.
However, people would like to enjoy the benefits of exploration more in present than in
future due to time preference associated with consumption. In the process, the accumulated
size of the utility functional can be larger than if they had not consumed more at present.
This explains why future consumption will be falling in the absence of technical progress.
The same cannot be true when a portion of total output or the capital input is used in the
exploration process. The growth rate of the amount of output or capital spent for exploration
can be optimally controlled at all times. Consequently, per capita consumption and capital

stock may incrgase continuously in these circumstances.
3.3.3 Stability Analysis

Here we assume a logarithmic utility function, ie, o=1 for the reason of tractability.
The Jacobian of the differential equation systern has two negative and one positive
eigenvalues in the second case. In the first case, it has two positive and one negative
characteristic roots. It implies that both the equilibrium points analysed above are saddle
. points. It can, however, be shown that the optimal growth path of the economy can
approach asymptotically to the second eqﬁilibrium point only, This is because aé /06

evaluated at equilibrium is found to be positive for the first case and negative for the
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second case. The aé/ 36 equation for the model is given by
(3-3-30)  26/86 = (A/D?)[D(1-28)-6(1-6) {(1-0) (1-8)~a} ]
where A = X-aV-an+(1-8)(1-5)n and

D = a(1-6)+(1-1) (1-4)6 .

Using equilibrium values obtained in the two cases, we find that 96/98 tends to
{(8+nn)/(1-9)3>0 when 6 tends to 1 and to —-(8+nn)<0 when it tends to O.
Moreover, it can be noted that as 6 tends to zero, equation (3-3-20) ensures that X tends

*
to X of case [II] so that indefinitely increasing per capita consumption is not possible

here. Thus, only convergence to this second steady state is possible.
3.3.4 Sufficient Condition

The sufficient condition concerning the concavity of the Hamiltonian here cannot be
satisfied for the reason explained in section 2 of this chapter. The transversality condition for

capital is satisfied in both cases. This transversality condition takes the following form here:
. * *
(3-3-31) (1-a)X -V <0

In particular, for the second case we have V=-{6+n(1~0)1}/0, which is negative provided

o<1.
3.3.5 Shadow Prices

In this model, the asymptotic behaviour of the shadow price of investment cannot be
determined exactly. With a sufficiently high rate of exogenous technical progress, it is likely
to be falling at the equilibrium found for the second case. The shadow prices of resource

accumulation or decumulation and resource use in the production process follow time paths
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similar to those found for the first model.
3.3.6 Final Remarks

In this section, we assumed that an amount of the labour input is used in the
exploration process. We discovered that the optimal growth path of the economy converges to
a stationary state where the proportion of labour spent in the exploration activities tends to
1. Along the optimal path, the use of labour in the production process will decrease
proportionally over time. As time passes, proportionally more and more of the labour input is
used in the exploration process. This leads to more and more discoveries of new resource
reserves. The returns to exploration activities, however, decrease with the increase in the size
of cumulative discoveries. Once the economy has built up a sufficiently large stock of the
resource and has approached a stationary state, the use of the resource in the production
process will fall and that of capital will rise. Consequently, output and consumption will grow
at the same rate over time. The minimum rate of exogenous technical progress necessary for
a rising per capita consumption in this case turns out to be higher than the rate for the

case when there is no exploration.

3.4 CAPITAL REQUIRED FOR EXPLORATION

Though capital, like labour, is an input of production, there is one important difference
between the two inputs. Labour is assumed to grow exponentially at a given rate. No such
assumption is made for capital. The r1ate of growth of capital is, on the other hand,
controllable. A separate section where capital is used in the exploration process is, therefore,
of much interest. In this section, we assume that a part of aggregate capital is used in the

exploration process. The returns to exploration activities are assumed to be positively 1elated
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to the amount of capital used for exploration and negatively to cumulative. discoveries. Thus,

we assume,

(3-2-1) Y = extK;R LY

(3-4-2) 5 = —R+a(S+B)ng

where Km = capital used in in material production, and Ke= capital used in the

exploration process. Since all capital is used, Ke+Km=K. Next, we present the model in per

capita variables and derive the necessary conditions of optimization.

3.4.1 The model and Necessary Conditions

(3-4-3) Max @ = fge-atU(c)dt

subject to
(3-4-4) y = e Mo P here 6 = K_/K
(3-4-5) kK = y-c-nk
(3-4-6) & = —r-sn+a(s+b) € (1-) LS Vg7
(3-4-7) b = r-bn

The current value Hamiltonian is given by

H = U(c)+u1[Y‘C-nk]

+u2[—r—sn+a(s+b)e(1—0)"Le+"-1kn]+u3[r—bn]

The following necessary conditions are obtained assuming an interior solution exists maximizing

H with respect to ¢, r and 6:
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(3-4-8) U'(c) = My

(3-4-9) uBly/r)+us = u,

(3-4-10) wiay/6 = anu, (s+b)€(1-9)7 'kt 7!
(3-4-11) ;1 = §+n-(ay/6k)

(3-4-12) uy = §+n-ae(s+b) ' (1-9) ML ETT
(3-4-13) s = us(8+n)-pyac(s+b) €1 (1-6) AL ETN]

Taking logarithmic differentiation of (3-4-9) and noting again that the difference of the

equations (3-4~12) and (3-4-13) yields {u,-u3s}/{u,-u;}=8+n, we obtain,
(3-4-14) y-r-(ay/6k) = 0

Similarly, logarithmic differentiation of (3-4-10) and use of (3-4-6), (3-4-7), (3-4-11) and

(3-4-12) vyield,
(3-4-15) ;—{(1—n6)/(1—9)}8—n;+(1-n)n-a(y/9k) =0

In this section, we make a slight change in the definition of X for technical reasons. Let X
now stand for the ratio of output to the portion of capital used in the production process,

ie., X=Y/Km. The growth rates of per capita consumption, resource use and output then

satisfy
(3-4-16) é = {aX~-(6+n)}/o
(3-4-17) o= [1/(1—5)][x—a(v+n)+a5+ax(e—1)]
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(3-4-18) y = r+aX

These equations can be used to show that the optimal growth paths of the economy satisfy

the following differential equations for X, V and 6:

(3-4-19) X = {1/(1-6)}[k—(76+aﬁ)x+7v+7n—75]
(3-4-20) V = {(a-08)/6}X+V-(1/0)[6+n-on]
(3-4-21) o = (1—9)[x+{ae-(1—5)ne-a}x—{a—(1-5)n}v+7n]/

[y(1-6)+(1-9)(1-8)6]

3.4.2 The Stationary State Solution

As usual, the stationary state is obtained by setting }’{=0 , \.7=0 and é=0. There are
twelve possible equilibrium points in this model. Only two cases, however, meet the
requirements of a feasible long run equili})rium. These solutions are [I}] X > 0, V > 0
and 6 = 1 [II] X > 0, V> 0 and 8 = 0. It can be easily verified that the
stationary values of the variables X and V for case [I] are identical to the values of X
and V obtained in Stiglitz (1974) and case I of last section. The point is, however, shown
not to be the asymptotic limit of the optimal trajectory. The second case here is interesting
and needs further scrutiny.

Case [II] X > 0, V>0 and 6 =0

Here we note that as 6 tends to zero, the growth rates for X, V and 6 tend to the

following approximate growth Tates:

>

4

(3-4-22) X = aX+(1-9)V

>

(3-4-23)

<
R

(aX/0)+V-{8+n(1-0¢)}/0
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(3-4-24) 6 = [N-aX-{a-(1-B)n}V+ynl/y

A close look at (3-4-22) ~teveals the fact that here X must be increasing when 6
approaches 0. The same is true for V since the coefficient of X in (3-4-23) is positive. It
is clear that the optimal growth path here cannot converge to a stationary state. This is

because X and V increase indefinitely while 6 falls for ever.

3.4.3 Stability Analysis

Here again, we make the analysis for a logarithmic utility function. For the first case,
the Jacobian of the differential equation system has only one negative characteristic root.
Though the equilibrium point here is a saddle point, it can be ruled out because aé/ 38 is
found to be positive in this case. In other words, the equilibrium point is not stable in 6.
We are then left with the second case where X and V increase indefinitely. It can be

verified lthat 06/060 will eventually turn out to be negative for the second case.'®

3.4.4 Sufficient Condition

The transversality condition for capital for the second case is given by V =
* *
(6-a)X -V . As 6 approaches 0, X tends to be increasing indefinitely. This ensures that

V will eventually be negative.
3.4.5 Shadow Prices

All the shadow prices here behave in the same way as they do in the first model of

this chapter.

1 This is shown in appendix.
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3.4.6 Fina! remarks

When capital fs used for exploration, the equilibrium point is obtained when all capital
is usedv in the exploration process. As more and more capital is used proportionally in the
exploration process, the returns to exploration activities decrease with the increase in the size
of cumulative discoveries. Aggregate resource use in the production process initially increases
for a while and then it will fall. At later stages of the program, more and more labour
will be substituted for resource in the production process. Once again, like the first model,
we find that per capita consumption will increase indefinitely even when exogenous technical

progress is absent.

3.5 EXPLORATION DEPENDS ON THE STOCK OF THE RESOURCE

The model presented in the second section of this chapter has one shortcoming. The
Hamiltonian of the dynamic optimisation model cannot be a concave function of all the state
variables. In this section, we try to circumvent this problem by replacing cumulative
discoveries by the stock of the resource in the time rate of change of the stock of the
resource equation. The implied Hamiltonian then may be a concave function of the stock of
the resource. This specification of the exploration technology,' however, is not free from flaws.
Though the relationship between cumulative discoveries and the vyields from exploration is
negative, the same is not true between the proven stock of the resource and the returns to
exploration activities. This is because the stock of the resource may accumulate or run down
in comparison with its initial size during the process of exploration. The exploration results
will decline over time if the stock actually runs down. Consequently, the relationship between
the stock of the resource and the yields from exploration will be positive, In this section,

we assume that the yields from exploration depend on both the stock of the resource and
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exploration output. In particular, we assume,
(3-5-1) s= -R+aSD".

We find that the above equation when used in a model of intertemporal utility maximisation
yields an optimal growth path when e lies between 0 and 1 and n=1. The positive values
of e indicate that the economy gains more from exploration activities as the size of the
proven stock of the resource increases. The model has the possibilty that the stock of the
resource will be increasing during the exploration process. In that sense, the model implies a
"learning by doing" process. This model embodies an exploration technology which is less
expensive than the one in section 2. A value of e less than 1 means that the growth rate
of the stock of the resource will fall with the increase in the size of the stock of the
resource. As the stock increases indefinitely, the growth rate tends to zero. In other words,
the economy will never face resource scarcity, though the stock of the resource cannot

become infinite in finite time. Life should be much easier in this kind of world.

Though the model developed here resembles Takayam’s (1980) model, it has superiority
over Takayama’s model in two respects. First, Takayama assumes that the returns to
exploration activities will not increase when exploratory efforts increase at the rate of growth
of population. The assumption is unrealistic. Second, in Takayama, the returns to exploration
activities hold a positive linear relationship ‘to the stock of -the resource. In other words, the
growth rtate of the stock of the resource remains constant as the stock increases in size. Our
model, however, shows that the growth rate falls with the increase in size of the stock of

the resource. Next, we present the formal analysis of the model.
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3.5.1 The Model and Necessary Conditions

The model in per capita terms is

(3-5-2) Max @ = fge'5tu(c)dt
subject to

(3-5-3) k = y-c-nk-d

(3-5-4) & = -r-ng+as@MLet1!

(3-5-5) y = ety B,

The current-value Hamiltonian is, therefore,

H = U(c)+u1[y—c-nk-d]+u2[—r—ns+asednLe+"_1]

M, and M, are multipliers representing the shadow prices of investment and accumulation
(or decumulation) of the resource. We obtain the following necessary conditions for an

interior maximum with respect to ¢, T and d:

(3-5-6) U'(c) = u,
(3-5-7) uB(y/r) = u,
(3-5-8) My = /.tzanSeDn_1
(3-5-9) i, = 8+n-a(y/k)
(3-5-10) h, = +n-aes®” 'D"

Use of (3-5-7) and (3-5-8) yields
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(3-5-11) r/y = nﬂaseDn—l.

Time differentiation of (3-5-6) and use of (3-5-9) give the time rate of change of per

capita consumption:

(3-5-12) & = -(1/0)[8+n-a(y/k)].

Similar time differentiation of (3-5-7) and substitution for i, , ﬁz, g, etc. give,
(3-5-13) Aak+(B-1)E-a(y/k)+eas D" = 0.

Making the same type of manipulations f_or (3-5-8), we get,

(3-5-14) (n=1)D*aly/k) = e(r/s)

It is very difficult to analyse the equations (3-5-3) through (3-5-14). To simplify things,
henceforth we assume n = 1. This assumption makes the Hamiltonian linear in d. That
means, from now on our discussion will focus on the characteristics of the singular path. We

solve (3-5-14) for r/y and then eliminate r/y using (3-5-11) and (3-5-14) to obtain
(3-5-15) S¢ = [a/aBel(s/k).

Clearly this can hold if e>0. We then rearrange (3-5-1) to find an expression for
D/K=d/k. Next, we logarithmically differentiate (3-5-15). Making use of the result thus
obtained and of (3-5-15) in the equation for D/K, we obtain the following expression for

d/k = D/K in terms of K and y/k:

(3-5-16) d/k = D/K = [B(n+R)e/a(1-€)]+B(y/k).
Note that,
(3-5-17) kK = X-v-(d/k)-n
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(3-5-18) A (a-1)R+8%E

M
I

>

(3-5-19) vV = é-Kk.

We next solve (3-5-11) and (3-5-14) for S, and then take logarithmic differentiation of the

resulting equation with respect to time to obtain an expression for £ in terms of K:

(3-5-20) £ = [Ri{eta(1-€)}+en+A(1-€)]/(1-8)(1-¢€)

Then we find an expression for d/k in terms of X and V by making use of (3-5-17) in

(3-5-16) and solving the resulting equation for d/k:
(3-5-21) D/K = [Bla(1-€e)+e}X~-BeV]/[Be+tall-¢)]. '

Substituting for K, £ and d/k in (3-5-18) and (3-5-19) we finally obtain a differential

equation system which the normalized variables, X and V, must satisfy:

>

(3-5-22) X = ([{Be=y(1-€)}al(1-8)X~ §
{Be=v(1-€e)}aV]/[(1-8){Bera(1-€)}])+(ny+X) /(1-8)

(3-5-23) Q = ([a{Beta(1-€)}X-ao(1-¢) (1-58)X+
oa(1-€e)V]/[o{Be+ta(i-€)}])+
+(1/0){n(o-1)-8}

Henceforth, we assume a logarithmic utility funciton, i.e. ¢ = 1. Then (3-5-23) reduces to

(3-5-24) & = {alBe-y(1-€))X/[Be+al(1-€)]}

+{(1-e)aV/[Be+tal(1-€)]}-5.
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3.5.2 The Stationary State Solution

There are four stationary states in this model: [I] X>0, V>0 [I1I] X=0, V>0

[111] X>0, V=0 [IV] X=0, V=0.

The second point can be ruled out if we assert. that X must be greater than V. The third
case violates the transversality condition for capital.’’ The last point can never be attained as
the limiting case of the optimal path for stability reasons. Only the first case can apparently
be accepted as an equilibrium point. We now turn to the discussion of this stationary state.
The stationary values of X and V are obtained by setting X = 0 and V = 0 in (3-5-22)

and (3-5-24) reépecﬁvely. These values are

(3-5-25) X

(6/a)+[ (yn+n) (1-¢€) ) /aly(1-€)-Be]

*
(3-5-26) v

[8(1-8)+yn+A]/a.

Now we digress on the values of e which will warrant an economically meaningful solution.

The latter must satisfy the following conditions:
* *

(1] X >0,V >0
* * * *

[11] (X -V ) >0 o0r (X /V) > 1
* * * *

[111] D /K =43 /k 20
* * *

(ivl] 2 =R /S 2 0.

Condition [I] says that the stationary values of ratio of total output (Y) to capital (K)
and tatio of consumption (C) to capital (K) must be positive. Since capital must be postive

in the stationary state, the ratio of output to consumption must be greater than 1 [11].

NGee section 3.5.4.
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Similarly, the ratio of exploration output (D) to capital (K) must be positive. [II11]

Condition [IV] indicates that the resource-utilization rate must be positive.

’ *® *
We find that V is always positive. X is positive only if

(3-5-27) e < v/(B+y)
Or
(3-5-28) e > {y(8+n)+A}/{B6+y(8+n)+r}

& *® %
It can be shown that X -V > 0 if (3-5-27) is satisfied. Substituting for X* and V in

(3-5-21), we can solve for the asymptotic value of d/k:
(3-5-29) (@/K)" = (8/a)[6+1(yn+N)}/{r(1-€)=Be}]

which can be positive if (3-5-27) is satisfied. Now we consider condition [IV]. The

stationary value of resource utilization rate is given by (3-5-14).
* * * *
(3-5-30) Z =R /S = (a/e)X .
*
Since Z must be positive, it implies that
&®
(3-5-31) e >0 forany X > 0

The asymptotic growth rate of per capita capital, hence per capita consumption and output is

equal to
(3-5-32) k =c =y = [BentA(1-€)]/[v(1-€)-Be)].
The above growth rate is positive if

(3-5-33) e < v/(p+y) < 1
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Now conditions [I] through [III] are satisfied, among other things'? if restriction
(3-5-27) or (3-5-33) is satisfied. Thus, we come to the conclusion: an economically

meaningful solution exists if (3-5-33) is satisfied.

The preceeding analysis was based on the assumption that n is one. In other words,
the returns to exploration activities with rtespect to output used for exploration are constant.
A look at equations (3~5-14) and (3-5-30) reveals that this value of n forces ¢ to be
positive. Suppose, we ballow n to be anything less than one. Accotding to equation (3-5-14),
e can be negative in that circumstance. This analysis suggests that a steady state may exist
when the returns to exploration activities are negatively related to the stock of the resource.
The model need not necessarily involve a "learning by doing” process. However, the model

becomes very complicated when n<1 or e<0,
3.5.3 Stability Analysis

We now examine the stability property of- the steady state solution. The determinant
value of the Jacobian matrix of differential equations (3-5-22) and - (3-5-24) evaluated at

equilibrium is
2 * %
(3-5-34) |Jl = [a"{Be-v(1-€)}/(1-8){Bet(1-€)a} ]X V

The ﬁace is equal to 6>0. A few points about the nature of the equilibrium can be made.
Since the trace is always positive, the equilibrium can never be stable. It will be a saddle
point equilibrium if |J|<0. This holds if (3-5-27) is valid. Thus, we conclude: the model
generates  balanced growth paths for per capita capital, consumption, output and

exploration—output if 0 < e < {v/(8+v)}.

12Fach of these conditions is satisfied if e is less than some positive number less than one
or ¢ is larger than some positive number, not always less than one.
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3.5.4 Sufficient Condition

We have two' state variables in this model, K and S. It is easily seen that the

Hamiltonian is concave in these two variables since

[Hpp | = myypy < 0,

H H

kk ks

N €-2
HSk HSs = u1u2ae(e 1)ykkS DL>0

* *
Moreover, the transversality condition for capital is satisfied here with V = (1-a)X -V =
- 6. However, the transversality condition for the stock of the resource may not be satisfied

here. This is because the stock of the resource will never be finite in this model.

3.5.5 Shadow Prices

Here again, the asymptotic behaviour of gshadow price of capital investment is
indeterminate. The shadow price of the resource accumulation or decumulation for this model
will be growing at a rate less than the rate at which it grows when the stock of the
resource is fixed. The reason is that this model involves a "learning by doing” process in
the exploration technology. As the stock of the resource increases in size, the economy gets
more from each additional unit of exploratory effort. That means, the resource becomes less
and less scarce with the increase in the size of the stock of the resource. Therefore, the
utility value or shadow price of one unit of the resource unextracted will be growing at a

lower rate in this model.
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3.5.6 Final Remarks

In this section, we discovered that balanced growth paths for ail the variables can be
obtained if 0 < e < v/(B+y). For e in this range, per capita consumption, output and
capital grow at the same positive rtate even in the absence of an exogenous technical
progress. There are, however, conceptual problems with positive values of e. A positive value
of e implies that the returns to exploration activities increase with the increase in the size
of the resource stock. As a matter of fact, this model portrays an economy where the
prdblem of resource scarcity is not very severe, One reason for the existence of a steady
state for positive values of e may be the assumed constant returns to exploratory efforts
’(n=1 ). A steady state for negative values of e only may be obtained with diminishing
returns to exploration (n<1). It is unfotunate that the model gets very complicated and
non-tractable with n<1. This model presents the scenario of a "golden age" economy where
per capita consumption can increase indefinitely. Though the model presented in this section
contains a ‘"learning by doing process” and as such is less interesting, it carries some
academic interests. It provides an example of a model which is elegant mathematically but

less interesting conceptually.

We can compare the results from this model with the results of the first model
developed in this chapter. Here we find that per capita consumption grows at a steady rate
only when € < 7/(B+v). By contrast, per capita consumption increases indefinitely in the
first model. It is difficult to explain the difference in the rtesults as the models are
structurally different. Both the models; however, share one common conclusion: per capita

consumption can increase indefinitely in the absence of exogenous technical progress.
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3.6 COMPARISON OF RESULTS

-In this section, we compare our. results with those obtained from some related models.
Though the literature on growth with exhaustible resources has experienced a vast expansion
during the last -decade, few attempts have been made to incorporate the phenomenon of

exploration in those growth models.

Pindyck (1978) analysed the optimal paths of exploratory activity and resource extraction
using a profit maximizing model. Particularly, he showed that the price profile of the
resource will be 'U’'-shaped. Resource extraction rate will rise initially and then will fall as
the level of exploration falls. The model used in section 2 of this chapter is very much
similar to that in Pindyck (1978). The only difference is that Pindyck does not use a
separable . functional form for reserve additions as is done here. Therefore, his model cannot
be used to make as complete an analysis of the optimal extraction path as the current
model is able to do. His model leads to a declining level of exploration activities during the
end phase of the program whereas in our case, it is always increasing. A comparison of
results, however, cannot be made because his analysis was concerned with competitive growth

paths rather than the optimal growth path.

Deshmukh and Pliska (1980) assumed that the uncertainty involved in the timing and
magnitudes of new discoveries of the resource can be controlled through exploratory activities.
Both the levels of exploration and consumption depend on the level of proven reserves. The
objective is to maximize the expected sum of discounted utility over an infinite time horizon.
They showed that the optimal consumption is non-decreasing and exploration is non-increasing
in the size of known deposits of the resource. Deshmukh and Pliska (1983) extended their
previous model to incorporate environmental uncertainty that affects both the demand and
supply aspects of the  resource. The results are very much similar in both the cases. The

Deshmukh and Pliska (1980,1983) models suffer from three deficiencies. First, they ~do not
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consider the fact that the additions to the stock of the resource made possible by exploratory
efforts diminish as the size of cumulative discoveries increases. Second, production of the
consumption good is absent in their models. It is assumed that the extracted resource can
either be consumed or used to discover new sources of the resource. Thus, the issues of
substitution between the factors of production are not addressed in their models. As a matter
of fact, they were mainly concerned with the effect of uncertainty with regard to timing and
size of the discoveries on the optimum consumption profile of the economy. Third, they
assume a social benefit function separable in consumption utility and exploration costs. The
models developed in this chapter make improvements on the Deshmukh and Pliska models in

these three respects.

Takayama (1980) used a growth model where he assumed a proportional relationship
between the growth rate of the resource and the proportion of labour used in the
exploration process®. He demonstrated the existence of a saddle point equilibrium for the
ratios; output to capital, consumpiton to capital and resource flow to rtesource stock.
Moreover, per capita consumption can be growing evén in the absence of an exogenous
technical progress. Takayama’s model also has a number of drawbacks. First, like Deshmukh
" and Pliska (1980,1983), he ignores the effect of the size of cumulative discoveries on the size
of the returns to exploration activities. Instead he, like our model in section 5, has these
returns depend only on the size of the stock of the resource. Second, the equilibrium point
derived in Takayama (1980) is not the correct equilibrium point for the same reason as
explained in connection with Stiglitz (1974) model in chapter 2. According to Takayama
(1980), the proportion of labour used in the exploration process tends to a non-negative
value at the so—called equilibrium point. He gets this value because the ratio of the resource

use to the resource stock turns out to be a non-negative value at his equilibrium point. The

Y He did not use the word “exploration process”. Instead he termed it as the "portion of
labour used in the research sector”. But "research” leads to the augmentation of the resource
stock
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equilibrium point shown in Takayama (1980) cannot be an stable equilibrium point for the
the resource use ‘to the resource stock ratio. The only stable equilibrium point for this ratio
is where the ratio is zero in value. In other words, his resource utilization rate tends to
zero in the long run. That means, the proportion of labour used in the exploration process
should be zero at his equilibrium point. In section 3 of this chapter, we showed that the
economy converges to the equilibrium when the proportion of labour utilized in exploration is
1. The difference in the results is clearly due the fact that in our model there are
decreasing returns to exploration activities while in his model there are constant returns to

the output used for exploration.

Arrow and Chang (1980) also used a model where costly exploration leads to new
discoveries. For them, however, the returns to exploration activities are uncertain. Using their
model, they explained why mineral prices may fail to rise at the market rate of interest.
Like Pindyck, they di_d not analyze the optimal growth paths of the economy. On the basis
of preceeding discussion, we can conclude that this thesis makes the most rigorous study yet
of the optimal growth path in the presence of the possibility of exploring to augment stocks

of resources.

3.7 CONCLUSIONS

This chapter investigated the nature of the optimal growth paths experienced by an
economy capable of augmenting its stock of the resource by exploration activities. Four
models each with a different type of exploration technology were examined. First, the returns
to exploration activities are assumed to be related positively to the level of output used for
exploration and negatively to the size of cumulative discoveries. It was demonstrated that per

capita consumption will increase indefinitely even if there is no exogenous technical progress.
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By contrast, in a model where exploration is absent, per capita consumption cannot increase
in the absence. of exogenous technical progress. The result obtained here makes much
economic sense. When an economy can increase its stock of the resource by costly
exploration, it should not face any resource scarcity problem. The fact is that the benefits
from exploration may more than outweigh the costs of exploration. Second, the returns to
exploration activities depend positively on the portion of labour used for exploration and
negatively on the cumulative discoveries. A long run equilibrium solution can be obtained
when all labour is used in the exploration process. The minimum rate of exogenous technical
progress necessary for a rising per capita consumption is higher than the rate for the case
with no exploration. This shows, in contrast to the first model, that the costs of exploration
can be so high in comparison to the benefits as to make it more difficult to achieve a
rising per capita consumption. Third, the returns are related negatively to the size of
cumulative discoveries and positively to the portion of capital used for exploration. An
equilibrium is found to exist only when all capital is used in the exploration process. Per
capita consumption increases indefinitely in this case. Finally, we assumed that the yields from
exploration depend positively on both the stock of the resource and the level of output used
for exploration. An equilibrium point with positive values for all the variables is derived
under the additional assumption of constant returns to exploration output. Balanced growth
paths for per capita consumption, output and capital were obtained for some values of the
parameters. Per capita consumption can be growing éven in the absence of exogenous
technical progress. However, the model in this case implies a "learning by doing" process in

exploration. Such a process in exploration activities is very unlikely.
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CHAPTER 4

GROWTH WITH UNCERTAIN YIELDS FROM EXPLORATION

4.0.1 Introduction

The last decade has witnessed a rising interest in growth models with exhaustible
resources. The early works of Stiglitz (1974) and Solow (1974) have been extended in many
directions. Recently the element of uncertainty has been incorporated into these growth
models. Optimal consumption paths have been analysed in growth models with exhaustible
resources and uncertainty about (i) the new supply of resources by exploration, (ii) the size
of the stock of the resource and (iii) the timing of the development of a perfect substitute.
‘Of particular interest is the class of growth models that combine exploration with uncertainty.
Arrow and Chang (1982) consider a model where the size of the stock of the resource in a
spatial location follows a Poisson distribution. In their model, costly exploration is a means of
increasing the level of proven reserves and reducing the uncertainty about the stock of the
resource. In Deshmukh and Pliska (1980), exploration effort determines the uncertainty in the
timing of discoveries as well as their magnitudes. In a subsequent paper, Deshmukh and
Pliska consider two kinds of uncertainty. One source of uncertainty involves the resource
discovery process and another is about the economic environment that affects the productivity

of exploratory effort and the demand conditions for the resource in future.

This chapter examines the growth behaviour of an economy with costly exploration
under a different kind of uncertainty. It differs from Deshmukh and Pliska in two respects.
First, the returns to exploration activities depend on the level of output used for exploration,
the existing stock of the resource and an uncertain element (@). This uncertain element
follows a Wiener stochastic process with zero mean and a variance proportional to the

magnitude of time lapse between the present and the future. Deshmukh and Pliska used an
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additive Markov process. Second, in both Arrow and Chang (1982) and Deshmukh and Pliska
(1980), the role of capital is absent. In fact, they do not have a production function. People
consume the resource as it is extraced from the ore. The present model, on the other hand,

allows for a production function and capital investment

The type of uncertainty envisaged here is different from the usual one where some
parameters or variables follow a probability distribution. The inclusion of an wuncertain element
in exploration technology implies that the returns to exploration activities shift randomly
according to a stochastic process. The shift is, of course, continuous. Though the returqs o
exploration activities are known today with certainty, the future returns may be high or low.
But on the average, the upward shifts will cancel the downward shifts, leaving a net zero
level of expected shifts. The variance of the shifts, however, increases with the time horizon

as people are more unaware of distant future than near future.

The model used in this chapter is an extension of one of the models developed in
Pindyck (1980). The model developed here, however, is structurally different from Pindyck’s
model. In our model, the central planner’s objective is to maximise the expected utility of
consumption over time. The economy faces the constraints relating to capital formation and
resource depletion. Pindyck, however, maximises the expected profit obtained from the sale of
resources net of costs of extraction and exploration. Production of the consumption good is
absent in his model. There is another difference betWeen the two models. Instead of
cumulative discoveries, we use existing stock of the resource as an argument of exploration

technology. We do this for ease of manipulations.

The basic questions raised in this chapter emanate from the stochastic nature of the
. problem. It is interesting to examine the behaviour of expected consumption, exploration and
resource utilization in the presence of uncertainty. Will these expected values be different

from the deterministic case? Does uncertainty lead to increased or decreased rates of
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consumption, exploration activities and resource utilization?

It is shown in this chapter that the expected rate of change of consumption is
stimulated by uncertainty in the vyields from exploration. Moreover, with constant returns to
scale in production technology and diminishing returns in exploration technology, the expected
rates of change of exploratory effort and resource utilization will also increase due to

uncertainty.

The second section of the chapter sets up the model. The necessary conditions for
maximisation are derived and analysed in the third section. In the fourth section, the effect
of uncertainty is analysed on the basis of the presence of uncertainty coefficient in different
expected value formulations. In the next section, the results of this chapter are compared
with those in a deterministic version of the same model. The concluding section 'summarizes
the main findings of this chapter. As tools, we make use of Stochastic Dynamic prograniming

and Ito’s Lemma.

4.0.2 The Model

We assume an ‘economy with a Cobb;Douglas production technology. The production
function is characterised by constant returns to scale. The inputs of production are capital
(K), the resource (R) and labour (L). We assume that the labour force is constant and

normalized to 1. Thus, we have,
(4-1) Y = Y(K,R)

The production function is assumed to be continuous and thrice differentiable. Total output is
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allocated among three uses, namely, consumption, investment and exploration activities. The

rate of capital formation is given by
(4-2) dKk = (Y-C-D)dt

The stock of the resource (S) decumulates because some rtesource is used up in the
production process. It also accumulates due to exploratory efforts. The additions to the stock
of the resource depend on the amount of output redirected to exploration activities (D), the
stock of the resource and the uncertainty element. Normally, the additions to the stock
should depend positively on D and negatively on cumulative discoveries. Cumulative discoveries
is equal to the cumulative amount of the resource used up in the production process plus
the amount lying in the ground (S) at any point of time. Here we use S as a proxy for
cumulative discoveries. The time rate of change of the stock of the resource is, therefore,

given by

(4-3) ds = [-R+f(D,S,0)]dt, fD>O, where fD = 9f/3D etc.

8 signifies the uncertainty element in the exploration technology. It is a stochastic process of

the form
(4-4) de = o(6)dz => 6(t,)-6(t,)~N(0,02dt) t,-t,=dt

z is a Weirner process defined on some probabilty space. dz is distributed normally with
mean zero and variance dt. Hence d@ is also normally distributed with mean 0 and variance
02dt. We do not make any assumption about how 6 affects f{.). The presence of & in
equation (4-3) makes the rate of increase in the stock of the resource stochastic. The
uncertainty of stochastic process 6 increases as time goes on. This is because one is more
uncertain about more distant values of 6 than near future values of #. The fluctuations in

the vyields from exploration occur continuously. Equation (4-4) also precludes any kind of
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jumps.

Given the types of circumstances regarding capital formation and resource accumulation,
the economy has an objective of maximizing the stream of discounted utility with respect to

C, R and D over a finite time horizon. That is,

(4-5)  Max [p u(C)e °fat = (T ulc,t)at

subject to conditions (4-1) through (4-4). The utility function, U(C), is assumed to be

continuous and thrice differentiable.

4.0.3 Necessary Conditions

The optimal value function in the framework of Stochastic Dynamic Programming

technique can be defined as:
(4-6) 3 = 3(6,K,8,t) = Maxf,u{C,t)dr
Bellman’s equation of optimality is

(4-7) Max {U(C,t)+Jt+(Y-C-D)JK

+[£(D,S,6)-R1J_+ (1/2)02(9)J99} =0

We have applied Ito’s Lemma in the above equation of Stochastic Dynamic Programming.’

Maximizing with respect to D, R and C, subject to (4-1) through (4-4), we get,

(4-8) Je = Y J

1See Fischer (1975), Chow (1979) and Kushner (1967) for a detailed discussion of these
techniques.
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(4-9) Jg = fDJS

(4~10) au(C,t)/aC = Ik

Use of equations (4-8) and (4-9) yields,
(4-11) £ Y =1

Equation (4-8) implies the equality between the shadow price of the resource (JS) and the
gain in utility achieved from the use of the resource in the production function (YRJK).
Equation (4-9) stipulates that the opportunity cost of exploration (JK) should be equal to the
gain in utility from using one unit of output for exploration (fDJS). Equation (4-10) shows
the equality between the gain (dU(C,t)/dC) and the opportunity cost (Jg) of consuming
one unit of output Equation (4-11) can be interpreted in the following way. Suppose we
apply one unit of output to exploration and use the additional reserves discovered to raise
output. Along the optimal path, the increase in output due to the newly discovered reserves

will be equal to the original unit of output

The preceeding discussion focused on the derivation of the necessary conditions for
maximisation and their economic interpretations. Next, we will examine the effect of
uncertainty about the returns to exploration activities on the expected rate of change of

consumption. Now differentiating (4-7) with respect to K, we get,

(4-12) {JtK+YKJK+(Y—C-D)JKK+

[£(D,s,6)-R]J ,+ (1/2)0%(6)3,..} = 0

66K
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Along the optimal path, JK depends on K, S and 6. Applying Ito’s Lemma to find dJK

along the optimal path and taking its expectation, we obtain,

(4-13) (1/dt)Et(dJK) = JKt+(Y—C—D)JKK+

- 2
[£(D,S,9) R]JKS+('1/2)JK960
The expression for (l/dt)Et(dJK) can be used to rewrite (4-12) as follows:
(4-14) YKJK+(1/dt)Etd(JK) =0

Similarly, we differentiate (4-7) with respect to S and then use Ito’s Lemma to expand dJS.

That yields,

(4-15) JSfS+(1/dt)Etd(JS) = 0

We cannot take time derivatives of equation (4-8), (4-9) and (4-10), because both sides of
those equations involve stochastic processes. We apply Ito’s differential operator (l/dt)Et on

both sides of (4-8), (4-9) (4-10) and (4-11), and thus obtain,

(4-16) (1/dt)Etd(JS) = (1/dt)Etd(YRJK)
(4-17) (1/dt)E d(J,;) = (1/dt)E . d(fLdg)
(4-18) (1/dt)Etd[aU(c,t)/ac]= (1/dt)Etd(JK)
(4-19) (1/dt)Etd(fDYR) =0

Now use of equations (4-10), (4-14) and (4-18) yields,

(4-20) (1/dt)Etd[aU(C,t)/aC] = -YK[BU(C,t)/aC]
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The expected rate of change of marginal utility can be obtained by expanding equation

(4-20) as follows: -
(4-21) (1/dt)EthC = UC[G—YK]

Along the optimal path, C depends on K, S, 6, and t That allows us to find an

expression for (1/dt)E thC using Ito’s Lemma. The process yields,

2

2
2UCC]C60

(4-22) (1/dt)Ede=[UC/UCC](G—Yk)—[UCCC/

Equation (4-22) gives the expected rate of change of consumption. As we see from the
equation, the expected rate of change of consumption increses due to uncertainty. Next, we
derive expressions for expected rates of change of resource utilization and exploration

activities. Using equations (4-15) and (4-16), we get,

(4-23) YR(1/dt)Etd(JK)+JK(1/dt)EtdYR = —Jsfs

Substituting for (1/dt)Etd(JK) and JS from (4-14) and (4-8) respectively in the above

expression and dividing both sides by JK, we have,
(4-24) (1/dt)Etd(YR) = YR(YK~fS)

Marginal productivity of resource YR has two arguments, capital (K) and resource (R). Along
the optimal path, R is a function of K, S, 8 and t of which 6 is a stochastic process.

Hence R is also stochastic. This suggests the use of Ito’s Lemma for finding dYR:
- - 2 2
(4-25) QY=Y AR+Y o dR+(1/2) {Y oo (dR) “+2Y o dRAR+Y L (AK) 7}

Ito’s Lemma can again be used to calculate (dR)2 in the above expression. Finally, the

expansion of (4-23) gives the expected rate of change of resource utilization:
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(4-26) (1/dt)Eth = {[-YR(fS—YK)-YRK(Y—C-D)]/YRR}

¢ 2 2
to YprrRe/ 2YRR!
Expanding (4-19), we get,
(4-27) (1/dt)Etd(fD) = (-fD/YR)(1/dt)EtdYR

We can use Ito’s Lemma to derive d(fD). Finally, expansion of (4-27) vyields,

(4-28) (f/dt)Eth = (—1/fDD){f (Y ~f )+fDS[f(D,s,e)—R]}

—(02/2f )[f D2+

pppPe*t

Doo" DDG 6]

4.0.4 Effects Of Uncertainty

First, we observe from (4-20) that the expected rate of change of marginal utility of
consumption is not affected by uncertainty. On the other hand, the expected rate of change
of consumption gets stimulated by uncertainty (4-22). This, of course, depends on UCC and
UCCC being negative and positive respectively. Those two conditions are satisfied for all
iso—elastic utility functions with diminishing marginal utility. The rate of resource utilization
will increase due to uncertainty. This result hinges on the assumption of constant returns to
scale in the production function. With constant returns to scale, output and the inputs of
production increase at the same proportionate rate. Because of the assumption, we have
YRRR>0’ which in turn implies that the rise in ma;rginal productivity of resource due to a
onc unit decrease in the use of the resource will be more than the fall in the marginal
productivity for a one unit increase in the use of the same. Stochastic changes in the stock

of the resource leads to changes in the use of the resource. With zero mean fluctuations in

the growth rate of the stock of the rtesource, the average marginal productivity of the
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resource will be higher. Since these relations obtain at all points of time, the social planner
finds always an “incentive to increase the rate of the resource use (R) faster than in the
certainty case if at least the same level of Y-C-D is wused. Similarly, uncertainty will
increase the expected rate of change of exploratory effort if we assume

(i) fDD<O (ii) fDDD>O (iii) fD6>O and

(iv)f >0 (v)f 0 (vi)D9>O

D66 DD6”

The first assumption implies diminishing returns to output used for exploration. The second
assumption means that the returns to exploration activities decrease at decreasing rates as
exploration continues. The third assumption stipulates that the uncertainty element 6 raises the
marginal productivity of exploratory effort? The fourth assumption says that the increase in
marginal productivity dile to one unit increase in 6 will be more than the decrease in
marginal productivity of exploratory effort due to equal decrease in 6. Zero mean of
fluctuaions in 6 will, on the average, mak‘e the marginal productivity of exploratory effort
higher. This will lead to an increase in the expected rate of change of exploratory effort.
The remaining two conditions can also be assumed to be satisfied. Since the expected rates
of change of both the resource use and exploration activities increase under uncertainty, the
expected rate of change of output is also likely to increase under such a situation. This
explains why th‘e expected rate of changé of consumptionl increases when there is uncertainty

with. regard to the yields from exploration.

* We could also assume fpg<0. The basic results, however, do not change.
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4.0.5 Comparison With Deterministic Model

- We can compare the results of this chapter with those of the fourth model of the last

chapter where we had
S = -R+f(D,S,0) = -R+aS*D
with

- €1 =
fS = ae$S D, fDD = 0,

It was shown that with O<e<1, balanced growth paths can be obtained for capital,
consumption and total output. Moreover, we found that the resource use rate (R) and the
stock of the resource (S) grow at the same positive rate over time. In the current model
also, the resource use rate increases over time. Allowing 02 to be zero in equation (4-26),
we find that the (expected) rate of change of resource utilization will be positive if

fS>YK, or YRK(Y—C—D)>YR(YK—fS) and YK>fé.

The two models also produce similar results with regard to the consumption profile of the
economy. But the levels of exploratory effort in two models cannot be compared since a
value of fDD = 0 (as assumed in the earlier chapter) will make the expression (l/dt)Eth

undefined in current chapter.

4.0.6 Conclusion

We analysed the effects of uncertainty on expected rates of change of consumption,
resource utilization and exploratory effort. The uncertainty as modelled in this chapter has a

distinctive interpretation. Here we assume that the present returns to exploration activities are
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always known but the future returns shift upward or downward randomly and continuousty.

This kind of uncertainty is different from the case where even the present situation is not

known with certainty.

The results obtained here are precise. The levels of consumption, exploratory effort and
resource utilization rate are expected to change: ét a higher rate due to uncertainty. The last
model of chapter 3 can be considered as a special case of the present model. With 02 =
0 in this chapter, we get almost identical results for consumption and rtesource utilization

rates in both the models. The levels of exploratory effort could not be compared for

technical reasons.
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CHAPTER 35

GROWTH WITH EXHAUSTIBLE RESOURCES IN AN OPEN ECONOMY

5.1 INTRODUCTION

The previous chapters explored the nature of growth with an exhaustible resource in
the context of a closed economy. The assumption of a closed economy, however, is not
realistic. International trade accounts for a significant portion of the total GNP of every
modern economy. An open economy with an exhaustible resource can be more optimistic
about its prospect for survival. For example, a closed economy endowed with a finite stock
of the resource and possessing no other factors of production and no technical progress
cannot survive in the long run. But an open economy under the same situation may export
the resource and use the proceeds obtained from these exports to finance capital formation at
home. The analysis of the growth of an open economy facing the constraint of a limited
supply of a tesource has not received much attention from economists until very recently. A
few papers dealing with models of the interactions among trade, investment and resource use
have been published in recent years. Quite a number of 4 them evolve around a very simple

but pragmatic model developed by Dasgupta, Eastwood and Heal (1978).

The objective of this chapter is to examine the implications of some changed
aséumptions in the models developed by DEH and Moussavian (1985). They analysed the
optimal growth paths of an open economy which owns a finite stock of a resource. The
resource has two uses: it can be used in the production of a material good at home or it

can be exported abroad. The country also invests in foreign assets. The total income of the

111




3

economy then is the sum of the intefest income from foreign assets, the proceeds from
resource exports and the value of the home country production. A portion of total income is
consumed and the residual is invested. The objective is to maximise the sum of the
discounted utility of consumption. Dasgupta, Fastwood and Heal (1978) derived explicit optimal
time paths for consumption, capital, the exported resource and the resource used in the
production process. They came to two main conclusions. First, they showed that domestic
production in such an economy may be falling over time. Second, they proved that the
resource depletion rate is independent of the discount rate and the elasticity of marginal
utility. Under autarky, on the other hand, these two parameters play a dominant role in
determining the optimal rate of depletion. Moussavian (1985) added one non-traded sector to
the DEH model. He proved that the presence of a non-traded sector makes the possibility

of a total diminution of production activities at home less likely.

In this chapter, we test the robustness of these results against some minor modifications
of these models. In the first case, we drop foreign assets from the original DEH model
Instead, we incorporate the idea that home consumption and investment can be boosted by
importing the consumption good. The DEH model ignored this possibilty. In the second case,
we introduce an endogenous rate of return on foreign assets in the Moussavian model. He

assumed an exogenous rate of return.

" The plan of this chapter is as follows. The next section deals with the modified DEH
model. We then discuss the results of the modified Moussavian model in the third section.
In each case, we make a comparative analysis of the results obtained from the original

model and from its modified form.

! We discussed the conclusions obtained in these papers in section 5 of chapter 2.
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52 THE MODIFIED DEH MODEL

5.2.1 Assumptions

Herc we briefly describe the assumptions of the modified DEH model. The time rate

of change of the stock of the resource is given by

(5-2-1) S = -(R+E)

where

R is the amount of the resource used in the production process and E is the amount of
the resource cxported. In cach period, the country sclls E units of the resource at a price
P. It uses the proceeds (o import a commodily at price w. Prices P and = are both
denoted in foreign currency. The amount of the imported commodity is, therefore, PE/7.
Both the home produced goods and the imported goods can be used for the dual purposes
of consumption and investment. National income Y is then given from the production side as

follows:
(5-2~2) Y = (PE/ﬂ)+Yd

where Y d is the value of the home produced goods. We assume that the domestic

production technology can be represented by

eMKORPLY  qipay = 1

(5-2-3) Yd =

Labour is assumed to grow at an cxogencusly given rale, n. The demand behaviour of the

resource importing country is given by a demand funclion:

(5-2~4) E = E(P) E'=dE/dP<0
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The price of the exported resource is set so that demand and supply of the resource are
equal at all points of time. Finally, total national income is allocated between consumption

and investment. Thus,

(5-2-5) K = ¥-C

Substituting for Y in the above equation, we get,
(5-2-6) K = (PB/m)+¥4=C

Given the assumptions (5-2-1) through (5-2-6), the objective is to maximise the sum of

discounted utility of per capita consumption over time with respect to ¢, r and E/L.

5.2.2 The Model and Necessary Conditions

The model can be cast in per capita variables as follows:

(5-2-7) Max @ = fee O%fu(c)at
subject to

(5-2-8) k = (PE/#L)+f(k,r,t)-nk-c
(5-2-9) s = —{(E/L)+r}-sn
(5-2-10) f(k,r,t) = ektkarﬁ

The home country is assumed to be a price taker with respect to exports of this resource.
It is, therefore, assumed to know in advance the time path of P. Since we have assumed

competitive equilibrium in the world market for the resource, this time path is determined by
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the additional market clearing condition:
(5-2-11) P = P(E)
It should be noted here that P=P(E) is not a constraint on the optimisation.

The current value Hamiltonian is given by
H = U(c)+u,[(PE/aL)+f(k,r,t)-nk-cl+

u [-{(E/L)+r}-sn]

The following necessary conditions are obtained for an interior maximum:

(5-2-12) U'(c) = u,

(5-2-13) uP/m = puy?

(5-2-14) uif = where fr = 9f(k.r)/or etc.
(5-2-15) iy = 8+n-f,

(5-2-16) i, = &+n

Now use of equations (5-2-13) and (5-2-14) yields,

(5-2-17) P/7m = fr

Equation (5-2-17) says .that along the optimal path, the marginal rate of return to the
resource from both the domestic and external uses should be the same. Logarithmic

differentiation of (5-2-14) and application of (5-2-15) and (5-2-16) yield,

’The Hamiltonian is linear in E/L. Hence, we are assuming that the singular path should be
followed here.
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(5-2-18) £ = f

Equation (5-2-18) is the famous Solow-Stiglitz efficiency condition which says that the growth
rate of the return to the resource in its domestic use should equal the marginal productivity
of capital. In other words, the rates of return on the two assets, the e-xhaustible resource
and the capital input, should be equal to each‘ other. Logarithmic differentiation of (5-2-13)

and use of (5-2-15) and (5-2-16) give,

(5-2-19) P =f

+7

k

According to equation (5-2-19), the price ) of exports will be rising and the amount of
exports will be falling as long as the price of the imported commodity is rising or remains

constant.
Taking the time derivative of (5-2-12) and substituting for &,, we get,
(5-2-20) & = -(1/0)(6+n—fk)

Finally, differentiation of (5-2-4) vyields,

~

(592—21) é = ¢P e = PE'(P)/E(P)<0

"For a better understanding of the optimal growth paths obtained here, we derive the

differential equations for X, V and W where X=Y /K, W=PE/mK and V is as in previous

d

chapters. We then examine whether the optimal paths converge to a steady state. The

optimal growth paths of the economy here satisfy the following differential equations:’

~

(5-2-22) X=[-(y+af) X+yV-yW+A+yn]/(1-8)

3’We use equations (5-2-8), (5-2-10) and (5-2-18) to derive (5-2-22). Equations (5-2-20) and
(5-2-8) are used to obtain (5-2-23). Finally, the use of equations (5-2-8), (5-2-19) and
(5-2-21) gives (5-2-24).
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(5-2-23) V={(a-0)/0}R+V-W-{ (8+n-on) /o}
(5-2-24) &={(1+e)a~1}X+V—W+e;

Finally, the rates of growth of resources used in the home production process and exported

abroad can be expressed in terms of X, V' and W as follows: -

>

(5-2-25) R

{A-a(V-W)+yn}/(1-8)

>
[}

(5-2-26) e{aX+7}

5.2.3 The Stationary State

The equations of the optimal paths derived here are such that they do not give rise
to a stationary state with positive values for all the variables. The point (X>0, V>0 and
W=0) is the only feasible equilibrium here. It can be verified that this equilibrium is stable

in W provided

(5-2-27) e < ~[A(o=-1)+8(p+y)+pn(1-0)1/

[oAy(8+n)+x(0f+y) ]

We ’conjecture that the optimal growth path does converge to this equilibrium when e
satisfies this condition. Thus, trade allows society to augment its consumption but not by
substantial amounts asymptotically. We also conjecture that in the cases where e does not
satisfy this condition, W tends to <. In effectt when e> -1 in magnitude, total revenues
from export sales actually increase as extraction diminishes, If W tends to o, then from
(5-2-24) it follows that V>W. It is likely that when e is sufficiently small in magnitude,
ever increasing per capita consumption can be maintained through ever increasing export

revenues.
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Returning to the condition where e satisfies (5-2-27), it can also be shown that the
transversality condition for capital is satisfied at the conjectured equilibrium. Moreover, the
equilibrium is identical to Stiglitz’s (1974) equilibrium. In other words, the long run behaviour
of the system is to tend to Stiglitz’s equilibrium with W decreasing to zero over time. More
insights into the nature of the optimal paths can be obtained by using the transversality

condition for capital which, for this model, can be conveniently put as
* * *

(5-2-28) V= (1-a)X -V +W < 0

asymptotically. Now the differential equation (5-2-24) can be rewritten as

(5-2-29) W = (a~1)X+V-W+aeX+em

The sum of the first three terms in the above equation is positive when (5-2-28) is
satisfied. The fourth term of the expression, however, is negative. The last term is negative
as long as price of the imported good is not falling. That means, W may be continuously
decreasing to zero as long as the price of the imported good is not falling very sharply.
Thus, the optimal growth paths here may converge to the equilibrium of Stigliz (1974).
Along the optimal trajectory, W will be falling over time. Now consider the transversality

condition for S which is

(5-2-30)  lim e (®*MEL (6)s(t) = o0,
t—>0
Since uze—(6+n)t is constant according to (5-2-16), this implies that

(5-2-31) Limit S(t) = 0

t—>o

Equation (5-2-31) implies that the stock of the resource will be exhausted
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asymptotically.

5.2.4 Comparison of Results

Here we compare our results with those 6btained by DEH (1978). The following points

can be noted for this purpose:

L

In the DEH model, the time rate of change of consumption depends on the sign and
magnitude of the difference between the rate of return on foreign assets and the
discount rate. According to the modified model, the price elasticity of the demand for
the exports and the growth sate of the price of the imported commodity play the
critical role in determining the optimal time path of consumption. This result has more
appeal to the economic sense. At least, the ecoﬁomy has more means of increasing per
capita consumption in the current model than it has in the DEH model.

The DEH medel predicts that export of the resource will fall continuously over time.
This is not necessarily the case in the present version of the model. Equation (5-2-21)
shows that exports of the resource may increase if the price of the imported
commodity is falling quickly enough.

The DEH model allows for exogenous technical progress. The domestic use of the
resource will be increasing or decreasing or remain constant depending on the relative
rates of technical progress, the rate of return on foreign assets and the share of capital
in total output. In the absence of technical progress, it will be decreasing at all times.
In the modified version of thé model, the | rate of resource extraction may not be
falling along the optimal path in the absence of exogenous technical progress. It will,
however, be decreasing to zero at thev conjectured equilibrium,

According to the DEH model, the time rate of change of capital is given by
(5-2-32) K20 iff AZBb
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where

A = the rate of technical progress, b = the rate of return from foreign assets and B

= the share of resource in total output.

In the absence of technical progress,” capital will always be falling. Consequently, home
production of the consumption good will be falling over time. Here we find that the
optimal growth path of the economy will converge to an equilibrium with positive
values for X and V under certain circumstances. In the current model, per capita
capital will be falling asymptoﬁcally unless A is sufficiently high. Aggregate capital,
however, may be rising under the same circumstances. In other words, the chance of
gradual extinction of home production of the consumption good is significantly reduced
here. If the absolute value of e is high, exporting the resource will be phased out
over time.

They proved that the rate of optimal depletion of the resource could be determined
independently of the discount rate and the elasticity of marginal utility if the rate of
return on foreign assets is exogenously given. Here also we find that the optimal
depletion rate of the resource does not depend on the discount rate and the elasticity

of marginal utility.

5.3 THE MODIFIED MOUSSAVIAN MODEL

In 1985, Moussavian modified the DEH model by adding one non-traded good

producing sector to it. The demand for the non-traded good is always in equilibrium with

its supply. In the DEH model, the production of the traded commodity may be falling

continuously over time. The reason is that the domestic use of the capital input will be

falling over time when the rate of exogenous technical progress is not sufficiently large. The

assumed equilibrium in the non-tradeable sector in the Moussavian model, on the other hand,
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reduces the possibilty of a total extinction of all production activities in the home country.
Moussavian showeéd that the production of the non-traded commodity will not cease even
when that of the traded commodity does. Our objective in this section is to test the
afore-said result in the light of a slightly different assumption about the rate of return on
foreign assets. Moussavian assumed an exogenous rate of return. We relax that assumption by
allowing it to be a negatively sloped function of total foreign assets held domestically. This
modified assumption can be justified as follows. Suppose, there is a portfolio of foreign
investments with different rates of return. Domestic people will purchase assets with the
highest rate of return first. As they buy more foreign assets, they switch to the asset with
the next lower rate of return & so on. Thus, the rate of return on foreign assets decreases
as the amount of foreign assets held domestically increases. The remaining assumptions of the

Moussavian model have been kept intact here.

5.3.1 Assumptions

In the Moussavian (1985), the country produces two commodities, a traded good and a
non-traded good using Cobb-Douglas production technologies. Both the production functions
embody exogenous technical progress. The inputs of production are capital and the resource
in both the cases. Like Moussavian (1985), we assume two labour forces of fixed amounts

with skills specific’ to both industries. Thus,

(5-3-1) Q, F(K;,R,,t) = e

(5~-3-2) Q, = G(K,,R,,t) Kzaszﬁz aztf,<1

}
(0]

The first commodity is the traded good and the second commodity is the non-traded good.

The stock of the resource is depleted for three uses: as inputs of production in two sectors
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and as exports.

(5-3-3) § = ~(R,*R;+E)

Foreign demand for the home resource is a non-linear function of price:
(5-3-4) E(P) = Ze_ptP(t)e. e<-

where

P is the price of the rtesource, e is the price elasticity of foreign demand for the resource,
and p represents a secular downward shift in the demand for the resource. It is to be
noted here that the p of current model plays the role of 7 of the previous model
Equation (5-3-4) also stipulates that the foreign demand for the home resource should be
elastic with respect to its price. In other words, a change in the price of the resource would

lead to a more than proportionate change in the quantity of the resource demanded.

Society can use its output in three ways; consume it, invest it in foreign ass€ts or use
it to purchase capital goods for domestic use. Total domestic capital is allocated between the

two sectors. Thus,
(5-3-5) K = K,+K,

Like Moussavian, we assume that foreign assets can be instantaneously transformed into
domestic capital or vice versa so that K, and K, are control variables here. The economy
allocates its stock of wealth between "investment in foreign assets and domestic capital for
each industry. Thus, domestic capital is now a flow rather than a stock variable. The country
also invests in foreign assets. We posit here that the rate of return b on foreign assets is a

negative function of the amount of foreign assets:
(5-3-6) b = f(A-K) = f(w) b'=df/dw<0
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where A denotes total assets, K is total home capital and hence A-K = w is foreign assets.

The time rate of change of the total wealth of the economy is then given by

(5-3-7) A = B(w)+P(E)E+F(K-K,,R,,t)-C,
where
C, = consumption of the traded good B(w) = f(w)w

The country has a utility function where utility depends on consumption of both the goods:
(5-3-8) uc) = [1/¢1-0)3cT78)  c2 7,17 0<q<t 650
When 6=1, the utility function reduces to a log 1inear_ consumption function.

Since the second commodity cannot be traded, by definition,

(5-3-9) Q2 = C,

It can be noted that P,=(3U/3C,)/(3U/dC,) can be thought of as the domestic price

of good 2 in terms of good 1.

5.3.2 The Model and Necessary Conditions

Given the assumptions (5-3-1) through (5-3-8), the objective is to maximise the sum

of discounted utility of consumption over an infinite time horizon. Thus, the problem is

=]

(5-3-10) Max @ = [Te %tu(c)at

The control variables are C,, R;, R,, E, K, and K. The state variables are A and S. The

current value Hamiltonian is defined as
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H = U(C)+u,[-(R;+R,+E) ]

+u, [B+P(E)E+F(K-K,,R,,t)-C,]

The following necessary conditions are obtained assuming an interior solution:

(5-3-11) U, = u, where U,=0U/3C, etc.

(5-3-12) my = uFp where Fp = 9F /3R, etc.
(5-3-13) ° uy = UsGp

(5-3-14) wi = uzMRy where MRp = 9{EP(E) }/0E
(5_3_15) UzGK = uzFK

(5-3-16) FK = B' B' = b+b'w

(5_3—17) ﬁ1 = 6

(5-3-18) i, = 6-B'

Taking tme derivative of (5-3-12) and substituting for &, and f,, wc gel

(5_3_19) R| = Q1—B'

(5—3_20) K1 = Q1”B'

Taking logarithmic differentiation of (5-3-1) and substituting for K, and R, in the resulting
equation, we can solve for the growth rate of production of the first commodity:

-

(5-3-21) 0, = [N,=B,B'=a;B'1/(1~a,~f,)
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We can substitute for Q4 in (5—3—-19)' and (5-3-20) to solve for R, and 121 Tespectively:

~

(5—3_22) R1

[)\1-(1—01)Bv—a1§']/(1_(!1_61)

~

(5-3-23) K,

[M=64B'=(1-8,)B" 1/ (1-a,~6:)
We differentiate (5-3-11) with respect to time to obtain
(5-3-24) {7(1—9)—1}6,+(1—9)(1—7)62 = §-B'
Similarly, logarithmic differentiation of (5-3-13) yields,

(5-3-25)  y(1-6)C,+(1-0) (1-9)0,-R, = 6

Again we differentiate (5-3-15) with respect to time and obtain,
(5-3-26) 7(1-6)C,+(1-7) (1-6)Q,~K, = 6-B'-B’
Subtracting (5-3-25) from (5-3-24), we get,

(5-3-27) C,-R, = B'

We multiply (5-3-27) by B, and (5-3-28) by a,. Then we add the resuiting equations to

obtain,

~

(5-3-29) Q.- (ay+f,)Cy = X;=f,~aB’

Now we solve equations (5-3-24) and (5-3-29) simultaneously for C, and Q,:
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(5-3-30) -, {(1-7)(1-0){kz-BzB'-az§'}—(6—3')]/D

(5-3—31) 62 = éz =
[{1‘7(1'9)}{k2"325'fazé'}_(az+ﬁz)(5‘3')]/D

where

D= [{(1=9)+67}-(1-79) (1-8) (a,+8,) ]

B'= b+b'w B' = w(2b'+b"w)/(b+b'w)
Finally, we find the growth rate of the export of the resource using equations (5-3-4),

(5-3-14), (5-3-17) and (5-3-18):

(5-3-32) E = e(b+wb')-p.

5.3.3 Comparison of Results.

As is evident from the equations derived here, the assumption of the endogenity of the
rate of return on foreign assets makes thc analysis complicated. Specifically, the level and the
rate ol change of the quantity of foreign assets are found 10 be among the [factors
determining the growth rates of consumption and production of the two commodities. The
effect of endogenity of the rate of return will depend on the signs and magnitudes of w
and b". The growth rate of the traded good in this case will be higher if we assume
(i) w=0 or (ii) w>0, b"<0 and b+b'w>0 or (iii) w<0, b"<0 and
b+b'w<0. The ‘effect of an endogenous rate of return on the growth rates of consumption
and production of the second commodity and consumption of the first commodity cannot be
determined unambigously. Due to endogenous rate of return on foreign assets, the price of

the resource rises and demand falls less quickly than they do when the rate is exogenously
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given.

It is easily seen that the results of Moussavian (1985) follow automatically if we set

b'=0 in all the equations derived here. In that sense, the modified model here can be

considered as a more general model. Below we discuss the implications of an endogenous

rate of return on foreign assets:

L

As in Moussavian (1985), the growth rate of the production of the first commodity is
independent of -the production technology of the second commodity.

The most important implication of the endogenity assumption is that the production of
the traded good will not fall continuously even if exogenous technical progress is not
sufficiently large (A;<fB.b) or it is absent. This production can still be increasing if
any of the following conditions is satisfied:

(i) A constant quantity of foreign assets is held.

(ii) An increasing quantity of foreign assets is held with b"<0 and b+b'w>0.

(iii) A decreasing quantity of foreign assets is held with b"<0 and b+b'w<O0.

It should be noted in this regard that both DEH and Moussavian showed that the
production of the traded good will phase out over time when exogenous technical
progress is not sufficiently large. Moussavian made an improvement on the result of
DEH by pointing out that while the production of the traded good will continue to
fall, the production of the non—traded good may rise. Here we find _that the production
of the traded good can increase even if exogenous technical progress is absent

The Moussavian findings about the growth rate of the non-traded good are still true,
though some qualifications need to be added here. It is now more likely that the
production and consumption of the second commodity will be growing at a faster rate

in this situation.
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CHAPTER 6

CONCLUSIONS

In this chapter, we summarize the main conclusions derived in earlier chapters. The
objective of this thesis was to fill some¢ important gaps in the theory of growth with
exhaustible resources. It dealt with issues of growth and survival of an economy in two

different contexts: exploration and open economy.

It investigated growth behaviour of an economy which can increase its stock of the
resource by costly exploration. Quite a number of models using different assumptions about
exploration technology were set up for this purpose. First, we assumed that some output is
used in the exploration process. Moreover, the returns to exploration activities decrease with
the increase in the size of cumulative discoveries. It was found that per capita consumption
will increase indefinitely even when there is no exogenous technical progress. The same
results hold when a portion of capital is used for exploration activities. We obtained quite a
different result when we assumed that a portion of labour is used in the exploration process.
We found that the minimum rate of exogenous technical progress necessary for a steadily
growing per capita consumption in this case becomes higher than the rate required for the
same purpose when there is no exploration. One reason for this result may be that the
implied costs of exploration in this case are very high. All these models suffer from one
drawback: the Hamiltonian cannot be a concave function of all the state variables in these
models. Second, as a means of circumventing the problem of sufficient condition in the first
three models, we replaced cumulative discoveries by the stock of the resource in the fourth
model. We proved that a steady state exists if one restriction is satisfied. It is that the
growth rate of the stock of the resource due to exploration depends negatively on the stock
of the resource. If the above condition is satisfied, per captia output, consumption, and

capital will be growing at the same constant rate. Moreover, at the steady state, the growth
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rates of accumulation and decumulation of the resource will be just ‘equal to each other.
Though these results were derived assuming a logarithmic utility function, they are equally
good for any utility function of iso-elastic type. We introduced the assumption of uncertain
yields from exploration in chapter 4. The returns to exploration activities shift downward .and
upward continuously. We found that this kind of uncertainty with respect to the yields from
exploration leads to increased expected rates of change of consumption, exploratory effort and

resource utilization.

The thes-is also examined growth paths of an open economy by modifying the models
developed by DEH and Moussavian. In the original DEH model, consumption is increasing or
deéreasing according as the rate of return is less than or greater than the discount rate. The
growth rates of prices of the exported resource and the imported commodity play the major
role in determining the optimal time path of per capita consumption in the modified DEH
model. Moreover, the probability of a total collapse of home production is less in the altered
model. This is true even if we do not assume a non-traded sector. Assuming an endogenous
rate of return in the Moussavian model, we showed that the production of the traded good
need not be necessarily decreasing under a prespecified situation as shown by both DEH and

Moussavian.

The preceeding paragraphs summarized the basic contributions made in this thesis.
Nevertheless, the thesis has some limitations as well. In chapter 3, we discussed in detail the
two limitations embedded in the first three models developed there. First, the sufficient
condition for dynamic maximisation is not satisfied. Second, the exploration technology is such
that it allows the stock of the resource to be infinite. In most cases, the models were
analysed for logarithmic utility functions. Incorporation of other types of utility functions
makes the anaysis too complicated. Needless to say, we used some simple models to make
theoretical analysis of the optimal growth paths in the presence of exploration. More rigorous

assumptions about uncertainty with regard to the yields from exploration can also be
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incorporated. The models can also be generalized by using C.E.S production function.

A final point about the future avenues of research in the field is in order. Future
rcseérch can be made to find ways of tackling the problems of the sufficient condition and
lack of finiteness of the resource stock embedded in the 'models developed in this thesis.
There exists a big vacuum of empirical studies 'in this area. The reason is very simple. The
theoretical models developed and studied are too specific to draw any general inference about
growth behaviour of a market economy possessing a finite stock of the resources. Use of
more realistic assumptions makes a model more suitable for estimation.' Our objective in this
thesis was to design a better model in this perspective. We hope more pragmatic research in

this area will eventually lead to empirically testable conclusions.

'For example, Pindyck (1978) used his model to estimate one specific exploration function
using U.S. data.
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APPENDIX TO CHAPTER 3

Feasible Solution

In this part of the appendix, we show that a feasible solution to our model presented
in section 3.2 exists. Suppose the objective of the central planner of the economy is to
minimise the use of resources used up in the production process over time subject to three
state equations. The -ﬁrst state equation gives total capital investment as the portion of total
output saved after the expenses for consumption and exploration have been met. We also
assume that the levels of per capita output used for consumption and exploration are fixed
at all times. The second state equation relates to the time rate of change of the stock of
the resource. The stock of the resource is depleted by the resource flow used as an input
in the production process. The stock of the resource also grows over time because a constant
level of per capita output is used in the exploration process. However, the returns to
exploration activities decrease with the increase in the size of cumulative discoveries.
Cumulative discoveries is the sum of the "proven stock” of the resource lying in the ground
and the cumulative use of the resource in the production process. The third state equation
gives the time rate of change of the cumulative use of the resource in the production
process. The economy’s production technology is given by a constant returns to scale
Cobb-Douglas production function which also embodies eiogenous technical progress. The three
inputs of production are capital, the resource and labour. Labour is assumed to grow
exponentially at a given rate, n. We also normalize the initial level of labour to 1 for

analytical convenience.

131




e T e ——— e v

s

Given these assumptions, the problem is then to minimise

(A-1-1) | Min Q = ngdt
subject to
(A-1-2) K = Y-(C+D) = Y—‘C,'Lv where C,=(C+D)/L=a constant.
(A-1-3) B = R
(a-1-4) é = fR+a(S+B)eDn e<0, O<n<i

>

(A-1-5) L =n
(A-1-6) v = eMRARALY - (A¥YN)tyaph

The present value Hamiltonian is given by

H = R+u,[Y-C,L]l+u,[-R+a(S+B) D" ]+u,;[R]

The control variable is R and the state variables are K, S and B. Assuming an interior

minimum, we get the following necessary conditions for minimisation:

(A-1-7) wiB(Y/R)+pu, = g2—1
(A-1-8) ;1 = -a(Y/K)

(a-1-9) 4y = -uaac(s+B) € 'p7
(A-1-10) Lg = -uyae(s+B) € 'p”

Subtracting (A-1-10) from (A-1-9), we get,
(A-1-11) My = us
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Taking time differentiation of (A-1-7) and making use of (A-1-8) and (A-1-11), we obtai‘n,
(A-1-12) R = {1/(1-8)}{A+yn-a(C,L/K)}

We define the following normalized variables:

X = Y/K V=L/K
We differentiate (A-1-6) with respect to time and make use of (A-1-2) and (A-1-12) to
derive the differential equations for the variables X and V. The feasible growth paths of the

economy satisfy the following differential equations for X and V:

~

(A-1-13) X

{1/(1-8)} [ A+yn-(y+aB)X+7C,V]

~

(A-1-14) \Y

—X+C |V+n

We find the stationary values of X and V by setting X=0 and V=0 in the above two

equations. The stationary values are

(A-1-15) X

N apB

*

(A-1-16) \ (X-apn)/apC,

*® ®
We find that X is always positive. V is positive provided N > «fn. In other words, a
%*
sufficiently large rate of technical progress is needed for a positive value of V. The
Jacobian of the differential equation system (A-1-13) and (A-1-14) has a negative

determinant and a positive trace at the equilibrium. The determinant and trace values are
* %
(A-1-17) |J| = —apC X V /(1-8)
(A-1-18) Trace = (A+fn)/pB
In other words, the stationary point obtained here is a saddle point equilibrium. At the
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equilibrium, both total output and capital will grow at the rate of growth of population,
Thus, an economy which expends constant levels of per capita output for consumption and
exploration purposes may converge to a long run equilibrium where both output and capital
can grow at the same rate. However, such a steady state can be obtained only if the rate
of exogenous technical progress is sufﬁciently large. The explbration technology used in this
appendix is same as that used in the first mbdel of chapter 3. The first model of chapter
3 yields the conclusion that per capita consumption will be increasing even when exogenous
technical progress is zero. There is one reason for the difference in the results of the two
models. In the feasible solution of this appendix, a constant level of per capita output is
used for exploratiqn. The optimal growth model of chapter 3, on the other hand, shows that
the level of output used for exploration increases indefinitely. Nevertheless, we prove that a
feasible solution with an exploration technoloéy similar to that used in our first model may

exist,

Labour Reguired for Exploration

In this appendix, we make a detailed discussion of the stationary points found in the
second model of chapter 3 where a part of labour is used in the exploration process. Here
we show that only two stationary points out of a total of tweleve can be accepted as
possible long run equilibrium points. The optimal growth paths of the economy in this model

satisfies the following differential equations:

>

(A-2-1) X = £1/(1-8) }[- (y+aB) K+yV+Ayn+y6]

>

(a-2-2) v {(a-0)/0}X+V-(1/0)[ 6+n-0on]
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(A-2-3) 6 = [(1-0) {A-aV-an+(1-8) (1-)n}1/
[a(1-6)+(1-7)(1-8) 6]

Let & stand for the second parenthesized expression in the numerator of (A-2-3), As
mentioned in section 3.3.2, there are twelve possible equilibrium points in this model. These

can occur when

[I] X>0, V>0 and 6=0. [II] X>0, V=0 and 6=0.

[II1] X=0, V>0 and 6=0. [IV] X=0, V=0 and 6=0.

[v] x>0, V>0 and 6=1. [VI] X>0, V=0 and 6=1,.

[ViI] X=0, V>0 and 4=1. [VIII] X=0, V=0 and 6=1.

[IX] X>0, V>0 and &=0. [X] X>0, V=0 and &=0.

[X1] X=0, V>0 and &=0. [XII] X=0, V=0 and &=0.

Cases [II], [VI] and [X] can be ruled out on the basis of the transversality condition

for capital which can be used here as follows:
(A-2-4) V= (1-a)x"-v" <0

It is obvious that V turns out to be positive with V*=0. Hence the transversality condition
(A-2-4) is not satisfied for these cases. Cases [III], [VII] and [XI] can be excluded
for two reasons. First, V is greater than X at these pdints. However, this cannot be true if
we do not allow for negative investment. Second, these points can be rejected for stability

reasons. In case [III], the growth rate of X tends to
(A-2-5) X = [A+yn(1-9)1/a > O.

near the point where both X and 6 are zero. Hence X cannot approach to zero in the
long run. Similarly, near the point (0,V,1) of case [VII], the approximate growth rate of

X is given by
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(A-2-6) X = [Ny (V+n)1/(1-8) > O

Similar results hold for case [XI]. Hence these three stationary points can be rejected as
possible long tun equilibrium points. Cases [IV], [VIII] and [XII] are also unstable
equilibrium points. For case [IV], the. growth rtate of X tends to the rate given in

(A-2-5). The approximate growth tate of X for case {VIII] is as follows:
(A-2-7) X = [A+yn]/(1-8) > O

The growth rate of X tends to the same value as above for case [XII]. Hence, X cannot
tend to zero in the long tun at these points. Cases [IX] through [XI] yield inconsistent
results and hence can be ignored. For example, we get two different values for V in case

[IX]. The first value is obtained by setting $=0.
(A-2-8) Vv = [M{(1-8)(1-n)-alnl/a.

We get the second value of V by setting X=0 and V=0 and solving the two Ilinear

equations thus obtained. The second value of V is:
(A-2-9) V= [{y(1-a)+aB(1-0)In+6(aB+y)-Ala-0) 1/alof+y).

Obviously, the two values Of V are not the same. Ouly cases [I] and [V] apparently
qualify as asymptotic limit of the optimal growth path here. In other words, 6 can only

take the value of 1 or 0.
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Capital Reguired for Exploration

Here also we first enumerate the twelve stationary points of the third model of chapter
3. In that model, we assume that a portion of capital is used in the exploration process.
Next, we show how ten of twelve stationary points can be ruled out in this model. The

system of differential equations in this case is given by

>

(A-3-1) X = {1/(1—5)}[x—(79+aﬁ)x+7v+7n—75]
(A-3-2) G = {(a=00)/0}X+V-(1/0)[ 6+n-0on]
(A-3-3) 5 = (1-9)[A{ab-(1-8)n0-a}X~-{a-(1-8)n}V+tyn]/

[v(1-6)+(1-9) (1-B)6]

As before, we denote the second parenthesized expression in the numerator of (A-3-3) by &.

The twelve potential equilibrium points for this model are as enumerated below:

[1] X>0, V>0 and 6=0. [II] X>0, V=0 and 6=0.

[111] X=0, V>0 and 4=0. [IV] X=0, V=0 and 6=0.

[Vv] X>0, V>0 and 6=1. [VI] X>0, V=0 and 6=1.

[vii] X=0, V>0 and 6=1, [VIII] X=0, V=0 and 6=1.

[1X] X>0, V>0 and ®=0. [X] X>0, V=0 and &=0.

[XI] X=0, V>0 and ®#=0. [XII] X=0, V=0 and ®=0.

We can rule out 10 cases out of 12 here by using several different arguments. Case [VI ]
can be ruled out because it violates the transversality condition for capital which here can be

stated as follows:
* *
(A-3-4) V=1(6-a)X -V < 0.
* *
With =1 and V=0, V=(1-a)X >0 for any X >0. Hence the transversality condition is
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violated. The equilibrium value of 6 obtained for the case [X] is obtained by setting both

® and the right. hand side of (A-3-1) equal to zero and solving the two linear equations
thus obtained simultaneously. The value of 6 in this case is a/(1-9)>0, which is also
less than 1 provided a+n<1, However, with this value of 6 and V=0, V becomes equal to
anX*/ (1-7)>0. Hence the transversality cdndition is violated for this case. Cases
[I11], [VII] and [XI] can be dropped because V is greater than X in these points.
Moreover, these points are unstable. This is because X is growing near these points. In other
words, X cannot tend to zero in the long run as required for convergence to these points.
We find that the growth 7tate of X tends to (1-9)V>0 for case [III],
{A+y(V+n)}/(1-8)>0 for cases [VII] and [XI]. Cases [II], [IV], [VIII]
and [XII] are totally unstable and hence can be ruled out. For example, 3( tends to aX
in case [II]. In other words, X is always increasing near this point. Since the variable X
appears with a positive coefficient in the differential equation for V, it means V is also
increasing near this point. Hence V cannot approach to zero in the long run as required to
converge to this point. X is zero for cases [VIII] and [XII]. We find that )A( tends to
{A+yn}/(1-8) > 0 near these points. Hence X cannot approch to these points in the
long tun. The value of 6 is zero for case [IV]. However, aé/ 36 tends to {A+yn}/7v
> 0 near this point. In other words, the value of 8 cannot decay to zero in the long run
as is rtequired to converge to this point. We can also ignore case [IX] because it gives
rise” to inconsistent results. To show this, we first assume o=1. Then we set & equal to
zero and find an expression for 6X. We find another expression for 8X by setting \}=0.
We equate the two expressions for X and then solve for X using the equation thus

obtained:
(A-3-5) X = [8{a-(1-8)n}-(A+y)n)/aia-1+(B-1) 17}

We find another value of X by setting X=0 and V=0 and solving the two linear equations

thus obtained:
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(A-3-6) X = [y8)+A+yn]/a(1-8)

It is obvious that the two values of X are not the same. We thus get inconsistent results in
this case. Once again an equilibrium can be obtained when 6 is 1 or 0. The optimal

growth paths can converge to the equilibrium point of case [I] or case [V].

It can easily be verified that the equilibrium point of case [V] (case [I] of text) is
identical to the equilibrium point of Stiglitz (1974). However, it can be shown that the
equilibrium point is not stable in 6 assuming a logarithmic utility function. The derivative of

é with respect to 6 in this model is

(A-3-7) aé/ae = [®{D(1-26)-6(1-6)A}+DCAH(1-6)]/D?
where

® = A{ab6-(1-8)n6-a}X-{a-(1-B)7}V+yn

D = y(1-6)+(1-8)(1-9)6

A= (1-8)(1-9)-v

C

{a-(1-B)0}X
Using the equilibrium values of X and V for case [V] (text case [I] ) and noting that

#=1 in this case, we find that 96/96 here tends to
(A=3-8) - 36/86 =[n(A+yn)+8{(1-9)B+y}]1/(1-a)(1-9) > O.

In other words, § cannot converge to the value of 1 if it is not equal to 1 to begin with.

Only convergence to an equilibrium with =0 is possible in this model.
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