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Abstract

Genetic Algorithms are the best known representation of a class of direct random search methods
called evolutionary algorithms which are widely used to solve complex optimization and adaptation
problems. They have grown in popularity within economics due to their ability to represent the
adaptation of individuals to the underlying parameters of their economic system. This work examines

three applications of genetic algorithm adaptation in macroeconomic environments.

In the first of these applications, the Arifovic and Masson (2003) model of currency crisis is
simulated in controlled laboratory experiments with human subjects. An extended model of agents
expectations is considered in which each investor has multiple rules, choosing one of them probabilis-
tically in each period. The properties of time series generated by computer simulations are compared
to those of human data. In each framework the time series of returns on emerging market debt is
characterized by fat tails which matches features of empirical data. Additionally, the extended model

of expectations better matches the duration statistics found in the experimental setting.

The second application investigates the sufficiency of learning-by-doing for explaining negative
macroeconomic output shocks in an evolutionary model of technological transition. The model
allows firms to divide labour between two distinct technologies in a continuous manner. The ability
of each firm to innovate within each technology is dependent on this choice for the division of labour.
Contrary to previous literature, innovations are not transferable between technologies. It is argued
that in such a framework learning-by-doing remains sufficient for periodic observations of negative

macroeconomic growth.

The final exaimination represents the first application of two-level learning in an economic envi-
ronment in which the performance of potential rules is complementary across individuals. Two-level
learning, or self-adaptation, incorporates certain strategy parameters into the representation of each
individual. In this work, these strategy parameters determine the level of heterogeneity introduced
into the environment. They evolve by means of mutation and recombination, just as the object vari-
ables do. It is argued that self-adaptation over these parameters can replace the election operator

proposed by Arifovic (1994) in order to attain convergence to a rational expectations equilibrium.
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Chapter 1

Introduction

We use economic theory to calculate how certain variations in the situation are predicted
to affect behavior, but these calculations obviously do not reflect or usefully model the
adaptive process by which subjects have themselves arrived at the decision rules they
use. Technically, I think of economics as studying decision rules that are steady states of
some adaptive process, decision rules that are found to work over a range of situations
and hence are no longer revised appreciably as more experience accumulates. (Lucas,
1986)

The rational expectations hypothesis asserts that economic outcomes do not differ systematically
from what economic agents expect them to be. Rational agents form these expectations by opti-
mally using all information pertaining to the expected outcome available. The rational expectations
assumption has been used with great success in an enormous number of economic problems. It has
proved exceptionally powerful in solving economic models and developing comparative statics per-
taining to important economic relationships. However, its use encompasses assumptions that prove
very demanding and unrealistic in many applications. Alternatively, the assumption of bounded
rationality maintains that economic agents form expectations in a manner that is only as optimal
as information, resource and cognitive constraints will allow. It is argued that bounded rationality
better describes the actual behavior of economic agents. In reality, individuals do not always behave
in a truly optimal manner. Furthermore, individuals must discover the manner in which information

is represented and the strategies for forming expectations using this information (Simon, 1957).

Though work utilizing the rational expectations assumption typically outlines the comparative
statics of the economic system in question, it devotes rather little effort to explaining the process
of moving from one equilibrium to another. Utilizing the less demanding assumption of bounded
rationality, many economists have turned their attention to the behavior of agents when the system in

question is out of equilibrium. Models that result from this approach work to explain how equilibrium
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behavior can emerge as the limit of an adaptation or learning process of boundedly rational agents
(Dawid (1996), Lucas (1986)). If equilibrium is to result from the limiting nature of an adaptation

process, this work must begin, of course, with a model of this adaptation.

Some of these models assume agents behave as if econometricians, forming expectations according
to econometric methods and based on historical observation. Examples of such work include those
with expectation updating based on a simple moving average (Lucas (1986)), least squares estimation
(Sims (1980), Marcet and Sargent (1989)), stochastic approximation (Robbins and Monro {1951),
Woodford (1990)), or Bayesian learning (Blume and Easly (1982), Turnovsky (1969)).

This work examines the application of a particular set of adaption models. Originally developed
by Holland (1975), genetic algorithms are the best known representation of a class of direct random
search methods called evolutionary algorithms which are widely used to solve complex optimization
and adaptation problems. Their use within economics is grounded on their ability to represent the

adaptation of individuals to the underlying parameters of their economic environment.

Based on the principles and mechanics of natural evolution, genetic algorithms are a set of
search algorithms in which a population of potential solutions is encoded and subject to three basic
genetic operators - selection, crossover, and mutation. These potential solutions may be candidates
for an optimization problem or - as in economic systems - the belief or decision rules of an agent
regarding an economic problem. The algorithms combine the principle of “survival of the fittest”
with a “structured yet randomized information exchange to form a search algorithm with some of
the innovative flair of human scarch.” (Goldberg, 1989). The initial population of rules is often
randomly generated. Referred to as generations, subsequent populations are created by taking the
best performing candidates from the old generation {selection) and exploiting these rules to introduce

new solution candidates (crossover and mutation).

The selection operator determines which candidates from the population of rules will be used to
create the subsequent population. It is through application of this rule that the idea of “survival of
the fittest” takes form. The performance of each specific rule is determined according to a fitness
function. Fitness measures the performance of each rule with respect to the surrounding system
and facilitates comparison between competing rules within the population. The standard selection
operator, referred to as proportional selection, creates a new generation of potential rules by randomly
drawing (probabilistically) from the old population. The likelihood of each rule being selected for
use in the subsequent population is proportional to its level of fitness. Once a rule is selected, it
is replaced in the population of potential rules and has the opportunity of being randomly selected
again. Therein, a rule that has twice the fitness of another candidate has twice the likclihood of
being selected for the subsequent population. Over repeated draws on the current population it is

expected to generate twice as many copies in the new generation.

The replication inherent in the selection process represents “imitation of the successful” (Dawid,

1996). It is analogous to the imitation effect within a population. In a population where the payoffs
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of the individual actions are known to other members of the population, it is very plausible to assume
that low payoff individuals will imitate the actions of those individuals employing highly profitable

rules.

The crossover and mutation operators generate new rules in the population; they introduce and
maintain diversity over this population. Following application of the selection process, crossover
works by randomly assigning each rule to a pair. The crossover operator is applied to each pair
according to a given probability. If crossover occurs, a portion of the genetic material encoding each
rule in a pair is swapped, yielding two new rules distinct from the pair that created them. This
operator is often interpreted as analogous to some process of communication in which information is
exchanged. Members of the population exchange information regarding their planned action. Some
agents utilize this information, adopting part of the strategy of the other agent in combination with
their own plan. The mutation operator is utilized following crossover. The genetic material encoding
each rule is randomly altered from its current state according to a given probability. This operator

incorporates the effect of purposeful innovations, or trembling hand mistakes.

Though the selection operator reduces the level of diversity over the population of rules comprising
a generation, the crossover and mutation operators introduce diversity following this replication
process. Of course, only newly created rules that outperform relative to the rest of the population

will be replicated under the selection process in subsequent generations.

Arifovic (2000) notes that these models of adaptation hold several advantages over competing
approaches. First, they allow for a population of heterogeneous agents’ beliefs. Each belief’s prop-
agation is dependent on performance as measured by the payoff an agent receives in holding that
belief. Modelling economic agents utilizing these algorithms imposes low requirements pertaining to
their computational ability. In terms of their ability to explain the observations of actual empirical
outcomes and experimental economics, they perform better than models with rational agents or

alternative models of adaptive behavior.

Arifovic classifies the research questions addressed by the study of these algorithms into four
different categorics. The first category contains research related to the convergence and stability
of equilibria in models with unique rational expectations equilibria. Many examples of this first
category consider the application of genetic adaptation to the cobweb model. The original rational
expectations consideration of this model is attributed to Muth (1961). Arifovic (1994) considers
the learnability and stability of this equilibrium in a model of genetic algorithm adaptation. She
compares these results to those of other learning algorithms and experimental evidence. This work
demonstrates that genetic learning provides a better approximation of experimental results than

other models of adaptation.?

1 Arifovic (1994) compares the results of genetic learning to those of three other commonly used learning algorithms:
cobweb expectations, sample average of past prices, and least squares learning.
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The second category contains research where genetic algorithms are used as an equilibrium selec-
tion device in models with multiple equilibria. Examples of such work include the examinations of
an overlapping generations framework with fiat money (Arifovic (1995), Bullard and Duffy (1998a)).
Here, the governmeut finances a constant deficit through seignorage. The nodel has two stationary
equilibria, one associated with a lower level of inflation than the other. An important characteristic
of these frameworks is their convergence to the low stationary inflation equilibriumn for deficit values

and initial conditions under which least squares learning exhibited divergent behavior.?

The third category includes work that examines transitional dynamics that accompanies the
cquilibria selection process. For example, Bullard and Duffy (1998¢) examine the application of
genetic algorithm learning in the Grandmont (1985) environment. They consider a two period
overlapping generations model with preferences dependent on the coefficient of relative risk aversion.
In addition to two steady states, certain parameter choices are associated with periodic and chaotic
equilibrium trajectories. The work demonstrates qualitatively complicated dynamics for long periods

of time prior to convergence.

The final category contains examinations of learning dynamics that are intrinsically different
from the dynamics of rational expectation considerations. An example of such work is found in
the modelling of recurrent currency crises. Rational expectations solutions to the problem are often
dependent on the existence of sunspot equilibria (Cole and Kehoe (1996), Jeanne and Masson (2000)).
These solutions, however, do not explain how investors coordinate on a currency crisis path. Arifovic
and Masson (2003) describe an evolutionary model that results in recurrent episodes of currency crisis
that are driven solely by changes in investors beliefs; periods of excessive optimism are followed by
periods of excessive pessimism. Currency crises characterized by recurrent periods of devaluations are
purely expectationally driven. The model yields predictions regarding the behavior of the distribution

of beliefs that are linked to recurrent devaluations.

This dissertation contains three distinct applications of genetic algorithm learning. Each work
contributes to the literature within one of the categories described above. In the chapters that follow
this introduction, the second and third examine learning dynamics that are intrinsically different

from the dynamics of the rational expectations versions of the models.

In Chapter 2, the Arifovic and Masson (2003) model of currency crisis is simulated in laboratory
experiments with human subjects. The framework modelling agents’ expectations utilized by Arifovic
and Masson is extended. In this model, each investor has multiple rules and in each period chooses
one of them probabilistically. The properties of time series generated by computer simulations are
compared to those of the experimental data and the original results of Arifovic and Masson. Both the

simulations and experiments generate times series of returns on emerging debt whose distributions

2In an extlension of this work, Bullard and Duffy (1998b) model agents which live for more than two periods.
They show that for larger parameter choices for the agents’ length of life, convergence to the low inflation stationary
equilibrium becomes less likely. In this extension, a similar result holds for larger specifications of the government
deficit.
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are characterized by fat tails. This feature matches the empirical data.

Chapter 3 develops an evolutionary model of technological transition in order to investigate the
sufficiency of learning-by-doing for explaining negative macroeconomic output shocks. Contrary to
previous literature, innovations are not transferable between technologies. The assumption main-
tained within this work is that the only manner in which a firm may learn about a newer grade of
technology is to devote resources toward production within it. However, firms are not required to
fully commit to a single technology at any given point in time. Firms may divide labour between two
technological paradigms in a continuous manner. The ability of each firm to innovate within each
paradigm is dependent on it’s choice for the division of labour. Productivity gaps between old and
new technologies result from a lack of accrued incremental innovations in the newer technologies. In
all simulations, these gaps result in periods of negative economic growth in real income per capita
despite the ability of firms to adopt these new technologies in a non-discrete manner. For selective
parameterizations of the model, although average quarterly growth statistics match the data well,
periods of negative economic growth occur with less frequency than observed in reality. It is shown
that in such a framework learning-by-doing remains sufticient for periodic observations of negative

macroeconomic growth, though not with enough frequency to match actual data.

The fourth and final chapter of this work contains research related to the convergence and stability
of equilibria in the models with unique rational expectations equilibria. Here we extend the work of

Arifovic (1994) described in the exposition of this category.

The work contained in Chapter 4 represents the first application of two-level learning in genetic al-
gorithms in an economic environment in which the fitness value of potential rules are complementary
across individuals. Two-level learning, or self-adaptation, incorporates certain strategy parameters
into the representation of each individual. In this work, these strategy parameters provide the like-
lihood of mutation for the individual. These strategy parameters evolve by means of mutation and
recombination, just as the object variables do. It is argued that self-adaptation over the parameter
governing mutation can replace the election operator proposed by Arifovic (1994) in order to attain
convergence to a rational expectations equilibrium. While both adaptive mutation and the election
operator are sufficient for convergence, self-adaptation may be more appropriate in non-static envi-
ronments. This convergence, however, will require a strong selective pressure only attained through

a transformation of the baseline fitness function.
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Chapter 2

Currency Crises

Evolution of Beliefs, Experiments with Human Subjects
and Real World Datal

2.1 Introduction

The role of investors’ expectations has always been emphasized as a very important factor affecting
the behavior observed in the financial markets. In particular, conventional accounts of the episodes
of currency crisis focus on changes and shifts in investors’ beliefs. However, modeling the changes in
investors’ expectations that might trigger currency crisis, without any apparent change in economic

fundamentals, has not been given much attention in the existing literature.

The traditional rational expectations approach leaves little room for modeling endogenous changes
in investors’ expectations that would trigger recurrent speculative attacks on currency.? The excep-
tion are the models that due to the features of the underlying fundamentals exhibit multiple (static)
equilibria where it is usually possible to add an exogenous sunspot process that governs switches
between the neighborhoods of these equilibria. As a result, sunspot models generate dynamics of the
recurrent currency crises.> However, they require coordination of investors’ beliefs on a particular

sunspot process falling short of explanation of why and how this coordination might take place.

Over the last few years, advances have been made with the models that depart from the rational

expectations hypothesis, and instead assume that investors are boundedly rational agents who have

IThis chapter is based on a work co-written with Dr. Jasmina Arifovic, Simon Fraser University. Jasmina Arifovic
acknowledges the support of the SSHRC Standard Research Grant Program. We would like to thank Dan Friedman,
Rob Oxoby, as well as the participants at the CEF Meetings in Seattle (2003), ESA Meetings in Tucson (2003), and
the Experimental Workshop held at the University of Calgary (October 2004) for helpful comments.

?Models that incorporate imperfect and asymmetric information can give rise to one-time speculative attacks, but
cannot generate recurrent currency crises.

3See, for example, Cole and Kehoe (1996, 2000), Jeanne and Masson (2000).
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to learn and adapt over time. Kasa (2001) introduces adaptive learning into Obstfeld’s (1997) ‘escape
clause’ model and shows that learning dynamics, rather than sunspots, can generate switches between
multiple steady states. Cho and Kasa (2003) introduce learning into a model of Aghion, Bacchetta
and Banerjee (2001). Even when equilibrium is unique in this model, they show that the ‘escape
dynamics’ of the learning algorithm produce the kind of Markov-Switching exchange rate behavior
that is typically attributed to sunspots. Both of these studies assume homogeneity of investors’
beliefs.

Arifovic and Masson (2003) take a different approach and study a dynamic model of currency
crisis in which heterogenous expectations of boundedly rational agents evolve through a very simple
algorithm that involves imitation and experimentation. Their model generates recurrent crises that
result from investors’ change in expectations; periods of excessive optimism are followed by periods
of excessive pessimism. Currency crises characterized by recurrent periods of devaluations are purely
expectationally driven. The model also yields some predictions about the behavior of distributions
of beliefs over time (that in fact are linked to recurrent devaluations). Direct empirical tests of these
predictions cannot be done as we do not have any data concerning the behavior of investors’ beliefs

in real markets.

Arifovic’s and Masson’s model is based on the idea of social learning where a population of beliefs
of a large number of agents evolves together over time. This concept captures well the fact that a
large number of investors participate in trading in real markets. Investors in real markets can also

observe the behavior of some of the other investors (captured well by imitation).

We extend Arifovic’s and Masson’s original framework by using a model (see Arifovic and Led-
yard, 2003) where each investor has a collection of alternative beliefs and chooses one of them
probabilistically. (The evolution of beliefs takes place at the level of an individual.) In addition to
being interested in the robustness of the dynamics with respect to two different learning paradigins,
we employ a model of individual learning as it is better suited for direct mapping into the design of

the experiments with human subjects.

We simulate both models of social and individual learning for a large number of different pa-
rameter values, and examine the observed dynamics. It is noteworthy that the model of individual
learning is also characterized by recurrent currency crises. Other features such as duration of periods
of devaluation and no-devaluation and the characteristics of the times series of the models’ variables

that are generated vary across different types of sirnulations.

As the appropriate data regarding investors’ beliefs is not available, the approach we take in this
paper is to test the model’s predictions in simulations with the data collected in the experiments
with human subjects. This way we can directly observe the evolution of investors’ beliefs over time
and compare the properties of the distributions generated in a model and those that result from the
experiments with human subjects. The observed experimental behavior matches well the behavior

of the boundedly rational, artificial agents along many dimensions. Most importantly, experiments
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do result in recurrent instances of currency crises. We also examine the time series properties of the
returns, both those generated by our model and those collected in the experiments. Both time series
are characterized by ‘fat tails’ which is the feature observed in the real data on returns from the

emerging markets (see Masson, 2003).

In section 2.2, we first describe a simple balance of payments model with a rcpresentative agent
and characterize its rational expectations equilibrium. This description is followed by an introduction
of a model in which agents have heterogenous beliefs. We present our two models of learning, social
and individual, in section 2.3. We describe our simulation and experimental design in section 2.4.
The results of simulations are presented in section 2.5. The analysis of the results of the experiments
with human subjects and the features of the dynamics of the changes in expectations are discussed

in section 2.6. Finally, concluding remarks are given in section 2.7.

2.2 A Model of Currency Crises

2.2.1 Representative agent model

We follow Arifovic and Masson (2003) in describing a simple model of a portfolio allocation between
mature and emerging markets in which risk neutral investors decide to put their wealth either in an
emerging market country or the United States. An emerging market central bank defends a currency

peg using its foreign exchange reserves until those reserves reach some minimum value.

The U.S. asset is riskless, and pays a known rate r*, while the emerging market asset’s return,
74, is subject to devaluation (or default) risk as well as potentially decreasing returns to the amount
invested. The agent puts a fraction A, of her fixed wealth W in emerging market assets, such that
expected returns on the two assets are equalized.

Making explicit the dependence of r; on A, letting 7; be the probability of a devaluation and &,

the size of devaluation, the condition for portfolio equilibrium is*

4 met =1 =r(N) (2.1)

Inverting (2.1), we can write this dependence as

Ao = A(me) (2.2)

As in the canonical currency crisis model (Krugman, 1979), devaluations are triggered by the decline
of reserves to some threshold level, which we assume to be zero. The change in reserves is equal to

the capital inflow plus the trade balance, minus the interest payments on outstanding debt:

4For convenience, cross product terms are ignored here.
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R=R_.,.+T,+D,—D,_y —7r_1D, (2.3)

where D, = \W. The trade balance T, is stochastic and is assumed to follow a Markov process;

that is, it depends only on its lagged value.

A rational expectation for the devaluation probability will satisfy

T = P;r(RH.l < Olno devaluation) (2.4)

This probability can be rewritten

Tt = PfI'(Rt + Tt+1 + /\(7Tt+1)W - (1 + 7+ ﬂto.f)/\(ﬂ't)w < 0) (25)

Assuming that the reserve level R, is part of the representative agent’s information set, and using

the notation in Jeanne and Masson (2000), we can write this as

T = PtI‘(B(Tf/+1,7Tt+1, 7Tt) < 0|Tt, Rg) (26)

This latter equation determines the rational expectation for the devaluation probability, given
the stochastic process for T;.

The dynamics of (2.6) are difficult to characterize. However, it is shown in Jeanne and Masson
that a simplified version of equation (2.6) can have multiple solutions. In particular, in the simplified
case where B does not depend on m; (just on mz4; )5, nor on R;, and if transitions between equilibria
are described by a Markov transition matrix, then there is an unlimited number of rational expecta-
tions solutions. In particular, for any set of n equilibria, another rational expectations equilibrium

can also be constructed.

2.2.2 A Simplified Model

Arifovic and Masson (2003) have shown that the model of social learning in which heterogenous
beliefs about 7, and d; that evolve over time results in recurrent currency crisis. In order to test
the robustness of their model, they also examined the behavior of a simplified model in which only
beliefs about 7; evolved, and the belief about §; was kept at the constant level. This model resulted
in the same type of dynamics. Finally, a further simplification in which there is no stochastic element
of the trade balance (resulting in T; = T4, for all t) did not affect the qualitative features of the

dynamics. As the main objective of this paper is to compare the results of the simulations with

5The case where B depends on both 741 and 7 can generate chaotic dynamics, as shown in Jeanne and Masson

(2000).
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the experimental data, we will work with this simplified model because it lends itself better to the

experimental implementation.

Thus, we abstract from an evolving trade balance to one in which T equals zero for all periods. In
addition, we assume that all individuals share the same expectation regarding the size of devaluation.
Specifically, 6, = 0° = 1 for all ¢ and over all periods ¢. In this simplified model, equilibrium is
no longer characterized by an infinite number of solutions. (The inclusion of a non-stochastic trade

balance will instead decrease the number of rational expectation solutions to just two.)

Reserve levels are determined identically to the specification in equation (2.3), setting T; equal
to zero for all t.5 The rational expectation solution for an individual’s probability assessment is
therefore still characterized by equation (2.5). We make the following assumption for the function
Ar = A(my)

N(m,) <0 (2.7)

ensuring that as individuals become more pessimistic, their investment in the emerging market
decreases (ceteris paribus). We also assume A(0) = 1 and A(m,.4,) = 0. Under these simplifying

assumptions, the rational expectations solution for 7, (equation (2.5)) therefore becomes

7y = Pry(Ry + Mm) )W — (1 +1* + m_1)A(m—1)W < 0lno  devaluation) (2.8)

In any situation in which R, > (1+7*+m_1)A(m—1)W holds, the solution to this assessment has
a unique solution. Specifically, m; = 0. Here, even as no funds are invested in the emerging market,
it is impossible for a devaluation to occur. The reserve level of the emerging market’s central bank

is sufficient to cover all of its economy’s current debt.

A unique solution also results in any situation in which it is impossible to meet a shortfall in
reserves with incoming emerging market investment. That is, when (1 +7* +m_1)A(m_1 )W — Ry >

W > 0 holds, a devaluation is certain, and m; = gy is the unique solution.

Multiple solutions exist for situations that fall between these two extremes. That is, when incom-
ing emerging market investment can meet reserve shortfalls, or when W > (14-7*4-m,_ 1 )A(m,_1 )W —
R; > 0 holds, there are two possible solutions for m;: 7, = 0 and 7 = e, It is impossible, with-
out further specification, to select one of these solutions over the other. When 7, takes the value of
Tmaz, & scli-fulfilling devaluation takes place in which A(m; = m42) = 0 and through a devaluation

of currency, Ry, = 0.7

6Setting T equal to T rather than zero does not change the solutions’ characterization in any significant manner
"This result is in essence a stag-hunt game with a payofl dominated equilibrium. In a model incorporating Bayesian
learning, Chamely (2003) considers speculative attacks in a similar spirit. Agents update their expectations regarding
the number of other agents that believe the current fundamentals are sufficient for a successful attack. Essentially,
there are two states of the economy, one in which there is sufficient speculators for devaluation, and one in which there
is not. The mass of these speculators is an uncertain parameter of this economy. While both models are essentially a
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In the period following this devaluation, the above problem simplifies to the following

7 = Pry(Ryqq < 0) = Pry(A(m)W < 0) (2.9)

As is the nature of self-fulfilling phenomena, when investors do not expect a devaluation, that
is, when m; takes the value of 0, a devaluation does not take place. Importantly, this cannot occur
indefinitely, as interest payments on emerging market debt will slowly diminish the level of reserves
available. Eventually, the economy will find itself with too foew reserves to cover its interest outflow

and a devaluation occurs.

All of the above analysis is based on a framework where a one-period model (stage game) is
repeated over time. In this respect, agents really have expectations of probability of devaluation in
the following period. However, if we assumed investors were forward looking, then their rationality
will imply the logic of backward induction, i.e. in case that devaluation can occur in some period ¢,

1o investment in the emerging market will ever occur.

2.2.3 Heterogeneous agents

We now turn to the model with heterogeneous agents. There are n investors, each with constant
wealth W, who form expectations of the devaluation probability, 7{.8 Since investors are risk neutral,
they will be indifferent between investing in the two assets when their ex ante returns are equal, and
choose between putting all their beginning-of-period wealth into the safe foreign asset, at rate r*, or

into emerging market claims, at rate r;, depending on which expected return is greater.

We assume that each investor is a price taker, and does not influence the marginal product of
capital in the emerging market economy. Short selling of either asset is ruled out; neither portfolio
proportion can be negative.” If A\! is the share of i’s wealth in emerging market debt, then \} =0
orlas (147%) > or < (14 r,)/(1+ 7). Thus, at any period t, the amount of emerging market

deposits held by all foreign investors is

D, =) \W. (2.10)
=1

Emerging market banks sct the interest ratc on bank deposits to reflect market expectations of

the return on emerging market debt. We assume that banks do not form expectations of devaluation

game of timing, in Chamely’s work multiple periods are necessary for the existence of speculative attacks and these
attacks are not recurrent. However, the emphasis of Chamley’s work is examining policies’ ability to defend the
currency peg, not in explaining recurrence.

8We continue to assume that each investor has an identical expectation regarding the devaluation size and that
this expectation does not change over time, é;"* = 6% = 1.

9Similar qualitative results can be obtained if borrowing is allowed, but there are limits on leverage (such as a
minimum capital requirement).

101f the US rate were equal to the gross expected emerging market return discounted by the expected devaluation,
At would be indeterminate.
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themselves; they just use the average of all investors’ expectations as a measure of the expected value
of devaluation. Thus, the interest rate on emerging market deposits 7 is set equal to the U.S. rate
plus a weighted average of the expected rate of devaluation. This equation, which is analogous to

an interest parity (no arbitrage) condition, can be written

n
@+ JJa+=hH" -1 (2.11)
1=1

With different expectations, expected returns will be equalized only for the marginal investor
whose expectation equals the average expectation. Each individual investor will make her investment
choice on the basis of a comparison with the average expectation embodied in the interest rate. If she
is more optimistic on emerging markets, in the sense of estimating a lower probability of devaluation
than the average, then she will put all her wealth into emerging market debt; otherwise, she will
put it all into U.S. assets. In this model, investor heterogeneity is key to determining the amount of

emerging market assets held.

As in the above described representative agent model, a balance of payments identity relates the
change in reserves to the trade balance (assumed for simplification to equal zero in all periods) plus
the purchase of new debt by investors minus the principal and interest on maturing debt; assuming

that there has been no devaluation or default:

Rt = Rt—l + Dt - (1 + Tt—l)Dt—l- (212)

Reserves earn no interest, but they could just as easily have been assumed to earn r*.

Provided that R; is above some threshold level (which we assume without loss of generality to be
zero), there is no devaluation at ¢, i.e. 6; = 0 (absence of superscript indicates that this is the realized
value of depreciation, not its expectation). However, if reserves would otherwise be negative, there
is a devaluation or default which reduces the amount that will be repaid on borrowing undertaken
at t. That is, the ex post return for the lender will be (1 + ;)/(1 + 4,), where the amount of the
devaluation is equal to the shortfall in the balance of payments that would have pushed R; negative,
divided by Di:

—R,
0y = 2.1
=3 (2.13)
or using the above equation for R;
5, = [(1+7-1)Di—1y — Ry — D] (2.14)

D,

Though the devaluation/default reduces the amount owed at ¢ + 1, not t, we assume that, in this
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case, balance of payments arrears are accumulated within the period such that reserves at ¢t do not

go negative but instead equal zero.

2.3 Evolution of Heterogenous Beliefs

Next, we describe the evolution of beliefs about probability of devaluation in the context of social

and individual evolutionary learning.

2.3.1 Social Learning - A Baseline Model

We first describe Arifovie and Massson’s model of social learning with boundedly rational agents who
acquire the experience and knowledge needed to improve their performance over time. This model
imposes weak requirements on agents’ computational abilities. In this paper, the model of social
learning will be referred to as our baseline model. The learning algorithm describes imitation-based
adaptation of the agents’ expectational rules (here a rule is just a point estimate for #}. Investors
consider their own success and that of other investors and try to imitate those rules yielding above-

average returns. In addition, they occasionally experiment with new expectational rules.

Realized rates of return determine measures of performance of the expectations used at time t
that we call fitness values. Performance, u¢, of each investor’s rule is evaluated based on the ex post

return on emerging market assets

b= (L7 /(L +8) -1 (2.15)

if investor ¢ invested her wealth in the emerging market and to

pt=r* (2.16)

if she invested in the US market. In the case that due to devaluation the performance value of an
expectational rule takes a negative value (§; > r;), it is truncated to zero. Thus all the expectations
that resulted in A = 1 receive the same performance value even though they may have different
values of 7f. Similarly, all those that resulted in A! = 0 receive the same performance value even

though they may have different 7}'s.

Investors update their expectations of 7} at the end of each period by imitating rules that have
proven to be relatively successful and by occasional experimentation with new expectational rules.

These two aspects of expectations formation are described below.
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Imitation At the beginning of each period ¢, investor 4, 7 € [1,...,n] compares her expectational
rule to a rule of a probabilistically selected investor j. The probability, Prf, that an expectational

rule j is selected for comparison is equal to the expectational rule’s relative performance:

Prl = —,{i— (2.17)
Dy M

We can think of the selection of an expectational rule j as resulting from a spin of a roulette
wheel where each expectational rule is assigned a slot proportionate to its relative performance value
(proportional selection). Rules that performed better get larger slots than rules that did worse in
the previous period, and thus well-performing rules have higher probability of being selected. Rules
are selected with replacement. Once j is selected, investor 7 compares the performance of her own
expectational rule to the performance of investor j’s expectational rule. If the performance of her
own rule is equal or higher, she keeps her own rule. Otherwise, investor 7 imitates (adopts) the

expectational rule of investor j.

Note that in case of devaluation, if §; > r;, expectational rules of the investors who invested in
the emerging market yield a negative return, which is truncated to zero. Thus expectations of all
investors who invested in the emerging market will receive performance values equal to 0 and will
not be imitated. Only the expectations of those investors who invested in the US market receive

positive, equal probabilities of being selected in this case.

Imitation alone represents a type of herd behavior in that on average, over time, well-performing
expectations will be imitated (followed) by a larger number of investors and on average, investors

will encounter better-performing expectations more frequently.

Experimentation Once the imitation is completed, each investor, 7 € [1,...,n], can experiment
with her expectational rule. Experimentation takes place with probability p.,. If the investor
experiments with the expected probability of devaluation, a new expected probability of devaluation

is determined by drawing a random number from the uniform distribution over the interval [0, 7,4z

The above describes the framework which is assumed to govern the interaction of the population
of investors. If investors are not able to gather enough information to form reliable estimates of
the future behavior of the markets, and based on that determine their optimal behavior, imitation
of previously successful strategies seems a plausible behavioral assumption. This type of behavior
is explicitly modeled in our framework using proportional selection such that expectational rules
that yielded an above-average payoff tend to be used by more investors in the following period.

Experimentation incorporates innovations by investors, done either on purpose or by chance.
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2.3.2 Individual Evolutionary Learning - An Extended Model

Next we combine the currency crisis framework of Arifovic and Masson with the model of individual
evolutionary learning used by Arifovic and Ledyard (2003). We describe the model and the way we

are going to implement it in our simulations.

Agent behavior

At the beginning of period ¢, each investor, i, has a collection A} of possible alternative expecta-
tional rules. Each expectational rule of investor i is given by a real number that represents 7r;-,t at
time t. A! consists of J alternatives, a;,, for j € {1,...,J}.* At each t, an investor selects an
alternative randomly from A! using a probability density IT: on A:.'2 This alternative then becomes
the expectational rule that agent implements at time period ¢t. We construct the initial set A} by
randomly selecting, with replacement, J expectational rules from the set of all possible rules within

a predefined range. We construct the initial probability ITj by letting [T (a} ;) = 1/J.

After each investor chooses her expectational rule, we compute the emerging market interest
rate, 7;. The next step is to determine the value of each investor’s A;(¢). This is accomplished in the
same manner as has already been described in the previous section. We use the rest of the model’s

equations to compute the level of reserves in the emerging market and extent of possible devaluation.

Based on the information obtained at ¢, each investor updates her collection of alternative ex-
pectational rules. This process consists of three pieces, computing foregone return, and performing

experimentation and replication.

Foregone return

In updating A? and II}, the first step is to calculate what we call foregone returns for each alternative
expectational rule in the collection. This is the (expected) return, given the information at ¢, that

the alternative a%, would have received if it had been actually used, taking the behavior of other

it
investors as given. We use the notation 7'i(a; |st) to compute the hypothetical return of the alternative

7 that belongs to investor i’s set of alternatives.
For each alternative j, we determine the value of hypothetical Aé-,t, given the value of 7r;-’t. Finally,

using this value of /\;-)t, we compute the rules’ foregone return. In this model, this represents their

performance measure.

117 is a free parameter of the behavioral model that can be varied in the simulations. It can be loosely thought of
as a measure of the processing and/or memory capacity of the agent.
1211 essence the pair (ALIT}) is a mixed strategy for i at t.
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Updating A!

We modify A! with processes of experimentation and imitation analogous to the ones described above
for social learning. Foregone returns play the role of fitness values. The process of imitation results
in the increase in frequency of the better performing rules. In case of our extended model, it can be

interpreted as a reinforcement of those expectational rules that resulted in higher foregone returns.

While algorithmically the process of experimentation is performed the same way in the two
models, it has different interpretation and impact on the dynamics. In the baseline model (social
learning) it is a trembling hand random mutation. However, in the extended model (individual learn-
ing), newly generated rules will not be automatically tried out when they are generated. They have
first to increase their frequency, based on high foregone payoffs, in order increase their probability

of actually being selected.

‘We refer to the above described model of individual evolutionary learning as our eztended model

in the subsequent analysis.!3

2.4 Design of Simulations and Experiments with Human Sub-

jects

2.4.1 Simulations

As mentioned earlier, we focus here on simulations in which 47 is not allowed to evolve. This
algorithm is referred to as the fixed - ¢ case by Arifovic and Masson. Here, the expectational rule
is characterized by a single real number, 7} (the probability of devaluation), and it is assumed that

the expected amount of devaluation, ;"*, is equal across investors and time.

Agents (n) and Experimentation Rates (p.,) We first simulate permutations over the rate
of experimentation and number of agents for the baseline simulation (one rule per agent). Holding
the experimentation rates at 0.33, 0.165, 0.0825, and 0.04 we simulate over population levels that
include 100, 75, 50, 25, and 12. As total wealth remains constant throughout these simulations
(W), decreasing the number of agents has the effect of increasing the per period investment of
cach individual. Decreasing the expcerimentation rate has the effect of decreasing the amount of

heterogeneity introduced in each period.

1ndividual and social learning can be complimentary. It is feasible to incorporate both types of learning within
a single model of adaptation. A model of individual learning can incorporate imitation across individual sets of J
rules. This intra-individual imitation, occurring between randomly chosen pairs of individuals every ¢; periods, allows
individuals to mimic the strategies of other agents utilizing a fitness (payoff) criterion in order to determine the relative
success of the two sets of rules. An individual imitates the other pair’s rules if, and only if, this criterion is met.
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Strategy Set Size - J In the model of learning in which agents have a set of alternative rules
played probabilistically (A%, II}), we simulate various permutations over the size of this strategy set
J. We allow the strategy set size, J, to equal 45, 15, and 5. For each parameterization of J, we
simulate over the various permutations of population levels according to 100, 75, 50, 25, and 12, and

of experimentation rates according to 0.0825, and 0.04.

Simulations over very low specifications of the population of agents, n = 12, are used to gauge the
impact of lower population levels on the simulations’ dynamics. These are used in order to facilitate
a comparison to experimental data where, due to constraints, population levels are below that which
would be considered appropriate to approximate perfect competition. However, these levels may
not be sufficient for ensuring the efficacy of the learning algorithm as diversity over rules reaches a
critically low level. This is a concern, foremost, for social learning where diversity is a direct function
of population levels. This direct relationship is not a characteristic of individual learning, as J allows
for a break between the direct relationship between population and diversity over rules. For this
reason we expect, a priori, the results of the low population individual learning parameterization
of the model to be more rhobust with respect to decreases in the population and therefore offer a
more favorable comparison with experimental data. Additionally, social learning entails knowledge

of other individuals’ rules which will not be a feature within the experimental environment.

Risk Averse Agents - b; We extend the model of the portfolio choice of agents to one that
includes a specification of risk averse investors. The equation that determines investment in the

emerging market, as derived by Masson (2003), is

bi(ry — midt — 1)

A= —
Com =)o)

(2.18)

where, A} is set to unity if the above equation yields a result strictly greater than one, and zero if
strictly less than zero. Here, b; is a utility parameter negatively related to the degree of risk aversion
of the particular investor. Risk neutrality is equivalent to setting this parameter to infinity. Each

agent has the same measure of risk aversion (b; = bV i € {1...n]).

We maintain a parameterization of b; equal to 1 and simulate the baseline model of expectations
including the four population levels described above (100, 75, 50, 25, 12} and an experimentation
rate equal to 0.0825. Using these parameterizations of population and exerimentation, the extended

model incorporating b; is simulated with 15 rules per agent.

Parameterization of Simulations As described above, the permutations over n, p.r, J, and
b; include a total of 60 unique parameterizations of the simulations. All of the results of these

simulations are presented in the Appendix.
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2.4.2 Experiments with Human Subjects

Our experimental design follows closely that of our extended simulation design in which 4} is equal

to one for all investors and over all experimental periods.!*

Subjects were economics SFU undergraduates, third and fourth year. They volunteered, i.e.
none were participating for fulfillment of any course requirement, and were paid a “show-up” fee

15

and awarded an additional payment dependent on performance. We used Z-tree software for

experimental economics developed by Urs Fischbacher to create our experimental environment.

Initial Conditions - Instructions Prior to the beginning of an experiment, subjects are given
the following information: (1) the balance of payments identity that governs the currency reserves
of the emerging economy’s central bank in the following period; (2) the equation determining the
rate of return in the emerging economy’s asset market; (3) the fixed rate of return in the U.S.
economy, r*, and an initial value of the emerging market rate of return, rg; (4) the initial level of
investment in the emerging market, Do; (5) The constant wealth available for investment, W in each
period; (6) the equation governing their portfolio allocation; (7) and the method according to which
experimental payoff is determined. This information is contained in a set of instructions read by,

and to, participants of the experiment. Each experimental period proceeds in the following way:

Subjects’ Assessment of 7! At the beginning of each period, subjects are asked to quantify the
probability of devaluation. At any time may subjects view the report of variables described in the
previous section or the experiment parameters and the history of relevant variables. Experimental
subjects are prompted for their assessment of the probability of devaluation. In order to make this
assessment more intuitive, they are asked to enter a probability over the span of [0, 10] rather than
[0,.10] = [0, Tmaz]. Their assessment is then converted to a 7f* by dividing by 100.® The rest of

the calculations are performed following the equation presented earlier.!”

Report of Results Subjects are shown their resulting portfolio and rate of return, and their

experimental payoff for that period. Subjects are also informed of that periods’ ex ante and ez post

14 An alternative experimental design may be found in the work of Heinemann, Nagel and Ockenfels (2004). Their
work tests the predictions of global game theory with respect to private information using a reduced form Morris and
Shin (1998) model. However, as consecutive experimental periods are in no way related in terms of fundamentals, the
work cannot focus on the recurrence or duration of devaluation and no-devaluation periods.

15The “show-up” fee was equal to 15 dollars. The performance dependent payment was calculated in a manner such
that the average total payment across subjects amounted to approximately 25 dollars. Subjects were informed about
the nature of the total payment prior to participation in the experiment.

16The parameterization of Tpmaz is taken from the original work of Arifovic and Masson (2003) in order to maintain
comparability of results. It’s original specification was in order to align simulations’ interest rate spreads with those
of monthly emerging market data.

17Under the unlikely scenario that a subject’s assessment equals the geometric mean of all assessments, the subject’s
wealth is invested wholly in the emerging market if ﬂ'i < Tmaz/2, wholly in the domestic market if 7t > Tmaz /2, and
split equally between the emerging and domestic markets if 7} = mmar/2. However, these rules did not have to be
implemented in any of the sessions.
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rates of return in the emerging market (before and after any devaluation, 7, §; and (1+7;)/(1+6;)),

and of the total level of investment in the emerging market from the previous period, D;_;.

Treatment Payoffs A per period payoft for each subject is based on earnings in excess of the per
period investment. That is, a subject earns r‘? when invested in the domestic market, TL¥ when
invested in the emerging market, and [(1+7;)/(1+8;) — 1]—’? when invested in the emerging market
in periods in which a devaluation takes place. Wealth, W, is not accumulating; each subject has the
opportunity to invest a constant amount in each period that is not dependent on previous investment
performance. Importantly, as was the case in the simulations’ fitness functions, experimental profit is
bounded below by zero. Cumulative experimental profit translates into cash payment via a conversion
factor. Total payment to the subject is the sum of a “show-up fee” and the converted experimental

profit.

Experimental subjects’ information set It is important to emphasize which variables are in
the participants’ information set and which are excluded. Each participant knows the complete
history of total foreign investment, the ex ante and er post emerging market return, and the extent
of devaluation. However, they do not have information on the following: (i) the current level of
currency reserves of the emerging market’s central bank, and (ii) the devaluation threshold. We
assume that in reality, although reserve levels may be known by investors, the threshold under which
devaluation occurs is unknown. We remove knowledge regarding the current level of reserves in order

to avoid subjects’ learning the devaluation threshold through repeated observation of devaluations.

2.5 Simulation Results

Initial Values The values of initial external debt, and reserves, US interest rate, as well as the
value of total wealth were taken from Arifovic and Masson (2003)}. Thus, the initial values for external
debt, and reserves were taken to be those prevailing in Argentina at the end of 1996. In these “fixed -
6¢” simulations, the trade balance does not evolve. Interest rates and flows are converted to monthly
data. All stocks and flows are expressed as ratios to GDP, so the relevant interest rates are actually
the difference between the nominal interest rate and the growth of nominal GDP. For r*, the U.S.
interest rate used was (0.05 — 0.03), or 0.001666. Variables of interest include

D, =4128 R, =732, Ty = —0.3,nW = 825.6 (2.19)

where the value for total wealth, nW, was arbitrarily chosen to be twice D1, Tmaz was chosen as
0.1, and 68, = 62" = 1.

max
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2.5.1 Spread Statistics

Masson (2003) studies empirical regularities within the returns on emerging market debt.!® The
data indicate that daily changes in spreads are definitely not normally distributed, exhibiting much
fatter tails. The study also finds generally significant first-order autocorrelation coefficient.!® Our
intention is to compare our simulation and experimental results to these two regularities. It is worth

emphasizing that these results are derived from daily (not monthly) observations.

First Difference in Interest Rate Spread
Summary Statistics - Masson (2003)

Standard Deviation 0.04832
Skewness -0.305
Kurtosis 86.06
Jarque-Bera 8,004,456
Observations 27,842
AC(1) (EMBI+) 0.134

Table 2.1: First Difference in Interest Rate Spread - Summary Statistics - Masson (2003)

In Table 2.3, 2.4 and 2.5 of the Appendix, we include distribution statistics for the first difference
in the emerging market’s interest rate spread, [(1 + 7,)/(1 + &;) — (1 + r*)]. We will compare the

qualitative features of these distributions to those of Masson (2003).2°

Standard Deviation - Second Moment The standard deviation of the first difference in interest
rate spreads vary between permutations of the simulations. However, all simulations’ standard
deviation fall in the [0.0242,0.0982] range. It is somewhat striking that even for parameterizations
originally considered extreme, the standard deviation falls in this relatively small range. Notably, in
the baseline simulations (simulations 1 through 20), decreasing the population level has the effect of

increasing this measured standard deviation.

18He uses a set of spreads on emerging market debt compiled by JP Morgan using daily data from 31 December
1993 to 19 July 2002. This data base comprises virtually the universe of all developing countries issuing Brady
bonds and Eurobonds. The list of countries is the following (those included in JP Morgan’s so-called EMBI+ index,
see JP Morgan, 1995): Argentina, Brazil, Bulgaria, Colombia, Ecuador, Korea, Mexico, Morocco, Panama, Peru,
Philippines, Poland, Qatar, Russia, South Africa, Turkey, Ukraine, and Venezuela. However, not all countries had
bonds outstanding during the whole period 1993-2002; what observations existed were pooled to study the distribution
of spreads.

19Masson notes that this could be due to market inefficiencies that allow arbitrage opportunities to exist, or could
reflect lack of trading so that spreads quoted do not correspond to actual transactions.

20The data prescnted in the Appendix to this chapter represents a subset of 120 different parameterizations of
the simulations. For brevity and parsimony, we exclude presenting parameterizations that yield results redundant to
those considered herein. Distinct parameterizations within the population of simulations are associated with unique
simulation numbers. Therein, the non-sequential numbering of simulations in the Appendix has been maintained to
facilitate comparison with the entire sample utilized in other work.
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Skewness - Third Moment From the distribution of the first difference in the emerging market
interest rate spread for each permutation, we calculate the measure of skewness. In all of the
simulations, the skewness statistic from this distribution measures positive falling on the range
[0.0742,1.6117]; this result does not appear to align itself well with the empirical findings based on
daily data.

Kurtosis - Fourth Moment From the distribution of the first difference in the emerging market
interest rate spread for each permutation, we calculate the measure of Kurtosis according to the

following equation:

K = ()mi, (s (2:20)

Distributions with a kurtosis measure of 3 are referred to as mesokurtic, of which the normal
distribution is a prime example. Those distributions with a kurtosis measure exceeding 3 are referred
to as leptokurtic, and are characterized by slim or long-tails. Finally, those distributions with a
kurtosis measure less than 3 are referred to as platykurtic (fat or short-tailed). Masson (2003) finds
a high value of kurtosis over daily first difference in interest rate spreads. Over all data sets that they
consider, this measure is in excess of 80. In most of our permutations, the kurtosis measure far exceeds
that of a normal distribution, reaching a maximum of approximately 56 in the baseline simulation
with 100 agents, experimentation with probability 0.0825, and with a risk aversion parameter equal

to 1 (simulation number 96).

Although the values of kurtosis computed in our simulations do not reach the empirical measure of
around 80, the measures are in excess of that associated with normal distribution (with the exception

of three parameterizations).?!

Jarque-Bera The normal distribution has a skewness and kurtosis measure of zero and three
respectively. A simple test of normality is to find whether the computed values of skewness and
kurtosis depart from the norms of 0 and 3. This is the logic behind the Jarque-Bera (JB) test of

normality.

(K - 3]

) (2.21)

SQ
JB = N|[—
5+
Where S refers to skewness and K, kurtosis. Under the null hypothesis of normality, JB is
distributed as a Chi-square statistic with 2 degrees of freedom.

According to Masson (2003), daily change in spreads occur over a non-normal distribution. In all

of our 60 permutations of the model, we reject the null hypothesis of normality using the Jarque-Bera

2lParameterizations that do not have Kurtosis measures in excess of 3 are contained in simulations 77 through 79,
inclusive.
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test.

Autocorrelation Coeflicients We report the estimates of the first order autocorrelation coeffi-
cient from an autoregressive regression iticluding the first difference in spread measures in Tables 2.3
through 2.5. The estimated first order autocorrelation coefficient is significantly negative in all of
our simulations. This contrasts the positive correlation reported in Masson (2003). However, it is
important to note that the positive correlation in Masson 's work is over daily changes in interest
rate spreads, rather than the monthly changes expressed in the simulations of this paper. It is quite
likely that the monthly first difference in spreads are negatively correlated empirically, while daily
are positively; a result very common to financial data. However, this conjecture requires validation

using data not available at this time.

Summary Overall, the regularities of the spread statistics are extremely robust over the permuta-
tions of the parameter choices of the simulations, both baseline and extended. The most important
finding is the robustness across the models of learning. In sum, regardless of the choice of model
and for its parameterization, the distribution of the first difference in interest rate spread is posi-
tively skewed with a Kurtosis measure well in excess of the normal and the interest rate spread is
negatively autocorrelated. Although falling short of matching empirical data with respect to skew-
ness and first order autocorrelation coefficients, standard deviation and kurtosis measures capture

empirical regularities well.??

2.5.2 Duration Statistics over Parameter Permutations

The Baseline Model - Comparison with Arifovic and Masson (2003) In our simulations
of the baseline model, the observed dynamics are identical to those reported by Arifovic and Masson.
The model exhibits recurrent instances of devaluations. We now consider the average duration of
devaluation and no-devaluation periods over the various permutations of parameter specifications,
using our two models of learning. In each simulation, the baseline initial values described above are

used.?3

Tables 2.6 and 2.7 present the average duration of periods of devaluation and non-devaluation for
each of the simulations. We differentiate between two definitions of devaluation. Our first definition
corresponds to the standard definition of devaluation (the same was used in Arifovic and Masson).
That is, a simulation is within a period of devaluation if §; is greater than zero (or, anytime reserves

fall below their the threshold value). We refer to these as simply devaluations. They occur whenever

22However, we would like to point out that this comparison is made with qualification. The measures of kurtosis
and skewness reported in Masson (2003) are those of daily data, while in our simulations, the generated data refers
to monthly intervals.

23 As in Arifovic and Masson, each simulation is run for 10, 000 periods.
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the emerging market’s currency undergoes a depreciation against the domestic. The ez post emerging

rate of return is lower than ex ante rate of return.

However, the fact that the emerging market’s currency depreciated does not guarantee that
the resulting rate of return earned from investing in the emerging market is lower than that of
investing in the domestic market. A depreciation arising from reserves shortages may not be enough
to make investing in the domestic market more attractive. Therefore, we also include a definition
of devaluation periods that only include those in which the ex post rate of return in the emerging
market is strictly lower than that of the domestic. We refer to these periods as dynamically relevant

devaluations.

Why is this distinction important? The answer is related to the evaluation of the payoff (fitness)
function used in the simulations and experiments with human subjects. Although a devaluation
may have occurred in the previous simulation period, if it was not large enough to drive the ez post
emerging market return below that of the domestic market, rules that translated into investment in
the emerging market will propagate. Therefore, simulation dynamics are more likely to be based on
the dynamically relevant devaluations rather than the standard definition of devaluation. We discuss

the results across different types of simulations.

Baseline Simulations First, consider the baseline simulations (simulations 1 through 20). Con-
sistent with the results of Arifovic and Masson (2003), holding the numbers of investors constant,
decreasing the rate of experimentation (p..) decreases the average duration of periods of devaluation.
Upon the onset of a devaluation, those investment rules associated with domestic investment earn
higher rates of return than those associated with investment in the emerging economy. For a de-
valuation to continue, investment must favor the domestic market, therein pulling wealth out of the
emerging economy. This occurs when those rules associated with domestic investment are imitated
by investors; a process that is inherent in the social learning algorithm. However, with higher rates
of experimentation, this imitation is not as effective and the favoring of the domestic economy is
less prominent. Increased experimentation decreases the ability of imitation and therefore the swing

towards domestic investment required for sustained devaluations is less probable.

Additionally, holding the rate of experimentation constant, lowering the population levels of the
baseline simulations tends to decrease the average duration of periods of devaluation. However,
this result does not hold for the two lowest specifications of p., where the duration measures for
these parameterizations are already near their lower bound. As such, no decrease in the duration of
devaluations is possible. This holds as well when considering periods without devaluations. Generally,
decreasing the number of investors in the baseline simulation (ceteris paribus) has the effect of

lowering durations of both devaluation and no-devaluation periods.
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Extended Simulations Our extended simulations of individual evolutionary learning result in
shorter duration of no-devaluation periods when the size of agents’ collections of alternative rules
is relatively small. In these simulations, we observe a more frequent switching between states of
devaluation and those with no devaluation. Specifically, extended simulations in which agents have
a collection of five rules and experimentation rates equal to 0.04 (simulations 76 through 80, inclusive)
have average durations of successive periods without devaluation two to three times smaller than
their baseline counterparts (simulations 16 through 20). This result holds across both specifications

of the experimentation rate.

This decrease in duration measures from the baseline model does not hold when the number of
rules in the investors’ collections increases to it’s largest specification (J = 45, simulations 61 through
65). Here, duration measures for no-devaluation periods are very comparable to the baseline model

counterparts.

We conclude that decreasing the diversity of rules available for each agent is very important for
decreasing the duration of of no-devaluation periods.?* Smaller collections of rules are associated

with shorter periods without devaluations.

Decreasing the size of cach agent’s collection has the effect of increasing the duration of devalu-
ation periods. For both specifications of pe,, the duration of devaluations is longest with the lowest

specification of the number of rules in this collection (and with the nuimnber of investors, n equal to
100).

Holding the number of rules per agent and the rate of experimentation constant, decreasing the
number of agents has the effect of lowering both the duration of devaluation and no-devaluation

periods (consistent with the baseline results).

Decreasing the experimentation rate does not seem to have any general effects in the extended
simulations with high numbers of rules in agents’ subsets. However, when these subsets are quite low
(5 rules), lowering the experimentation rate decreases the duration of devaluation and no-devaluation

periods.

One could argue that some of the relatively smaller average durations of devaluation periods
under the extended model of learning are empirically unrealistic. However, when we consider the
simulations’ duration statistics in light of our experimental data, these lower no-devaluation durations

must be considered a success.

Risk Aversion - Baseline and Extended Model From the consideration of risk neutrality, we

incorporate risk aversion by decreasing the risk aversion parameter (b;) to a value of one.

Consistent with the conclusions for the baseline and extended simulations considered above, with

24Note that decreasing the number of agents in the baseline model would have the same effect on diversity. As
described above, the resulting impact on duration statistics is the same.
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risk aversion included in simulations, decreasing the number of agents (ceteris paribus) lowers both

devaluation and no-devaluation duration measures.

In the baseline model, holding all parameters constant and decreasing the risk aversion parameter
tends to increase the duration of devaluation and no-devaluation periods for simulations with larger
numbers of agents (100, 75 and 50). For simulations in which the population is at one of its lowest
two specifications, 12 and 25, decreasing the measure of risk aversion decreases the duration of no-
devaluation periods considerably (duration measures for devaluation periods are already near their

lower bound for these levels).

Decreasing the risk aversion parameter in the extended model increases both the duration of

devaluation and no-devaluation periods at all population levels.

2.5.3 Average Assessment (7}) - Regression Analysis

Stylized facts regarding interest rate spreads leading up to and following currency devaluations are
considered in the work of Tornell and Westernann (2001). In the consideration within this work, it
is observed that interest rate spreads tend to increase in the period immediately preceding the onset
of devaluation. This increase is estimated to be one percent. It is followed by a further increase in
the period of devaluation of three and a half percent; a total increase of four and a half percent is
observed leading up to currency devaluations. Following the onset of the devaluation, interest rate

spreads tend to decrease.

This decrease in the interest rate spread following devaluation is considered in the recent work
of Kasa and Cho (2003). Their work is motivated toward explaining the recession that appears to
follow periods of currency devaluation. While third generation models of currency crises accounted
for this observation through their inclusion of “balance sheet effects”, currency crises are still the
result of exogenous sunspot affects. Their application of a model of learning and adaptation to the
beliefs of the policy-maker and the agents makes endogenous the onset of crises; the onset of currency
crises may be linked to the stochastic properties of their model of learning and the structural features
of the economy.?®> The fall in the interest rate spread may result from a mix of both risk premium
effects and loose monetary policy. As noted by Kasa and Cho (2003), this loose monetary policy may
be a concerted attempt to avoid the recession that follows devaluation. Of course, this policy tends

to worsen the crises, deepening the impact of the initial devaluation of the value of the currency.

Our test on the first difference in interest rate spreads is related only to changes resulting from
the increases of decreases in the risk premium. We attempt to find changes in this spread, derived
from changes in the premium, that are not predicted by the change in the preceding period. Tables

2.8 through 2.14 include regressions on the first difference in average assessment (7). There is no

25Notably, in the model considered herein, currency crises are also linked to the model of learning. However, as
discussed above, currency crises are only a result of this adaptation on the part of agents; not to the economic
fundamentals of the emerging economy.
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constant term included in these estimations. We include six explanatory variables, including the first
lag of difference in average assessinent, and five duminy variables i two regressions per simulation.
Each dummy controls for specific periods within the simulations. The details of our analysis are
contained within Table 2.2.

Specification of Dummy Variables

D1 5t =0 and 5t+1 >0
D2 6, >0and 1 =0
D3 6t—1 > 0 and 51_2 =0
D4 6, =0and é;_1 >0
D5 6,1 =0and 6t—2 >0

D6 ri—38; >r*and rypy — 0y <7°
D7 ri—-d <r*andr,_1 —8_1>1r*
D8 ri1—8_1<r*andrio—&_2>71"
DY ri—=6>r*andri_ -6 <r*
D10 71 -6y >r*and ri_g — &g < 7%

Table 2.2: Specification of Dummy Variables - Regression Analysis

We use r; — d; as an approximation for [(1 4+ r¢)/(1 + 6;) — 1]. We can interpret the estimated
coefficient on a dummy variable as the change in 7; in simulation periods with the characteristics
as described in the above that is not explained with the lagged difference in 7;. The dummy
variables numbered one through five are associated with the standard definition of devaluatiouns, and
those numbered six through ten are associated with the stricter definition of dynamically relevant

devaluation.

Qur results for changes preceding devaluations coincide with that observed empirically. In the
majority of parameterizations of the simulation, the period preceding the onset of a devaluation
is characterized by a higher than expected interest rate spread. Evidence is found in the positive
coeflicient estimate of the D6 dummy variable. However, in the period in which a devaluation begins,
D7, interest rate spreads are lower than would otherwise be predicted. Importantly, this measured
effect is stronger than that inherent in the period preceding devaluation. As the lag of the first
difference in interest rate spread has an estimated cocfficient that is always less than one we may
also conclude that there is an absolute fall in the interest rate spread these periods. This result

stands in contrast to the data summarized by Tornwell and Westermann (2001).

Importantly, Kasa and Cho (2003) also find it difficult to model increases in the interest rate
spread in the onset period of devaluation. Their conjecture is that policy makers “lose control” of a

mild depreciation attempt.?® In contrast, the fall in the spread we witness stems solely from a fall

26 As noted by Kasa and Cho (2003), an empirical counterpart to this conjecture may be found in Britain’s departure
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in the mean investor sentiment regarding the likelihood of devaluation. Similarly, although following
the onset of a period of devaluation we witness a very strong increase in the interest rate spread,
D8, this effect is reflective of only an increase in the risk premium in isolation. Our model does not

incorporate the potential of expaunsive monetary policy in an effort to alleviate economic recession.

2.6 Experimental Results and the Dynamics of Expectations

In this section we compare the results of our simulations to those obtained in the experiments with
human subjects. We conducted a total of three experimental sessions. 27 We had 15 subjects in
our first experimental session, and 11 subjects in the last two experimental sessions. The summary

statistics are presented in Tables 2.5, 2.6 and 2.15.

In all expcrimental sessions we observe negative correlation between the first difference in spread
statistics, kurtosis measures greater than that associated with the normal distribution, and positive
skewness. These regularities match the simulations very well. In the sessions with 11 subjects,
standard deviation measures are slightly larger than those of the session with 15 subjects. We noted
above that smaller number of agents in the baseline simulations yielded larger standard deviation
measures. The 15 subject session has a standard deviation measure within the range of those
associated with the simulations. Kurtosis measures for all of the sessions fall within the range of

those for the various permutations of the simulations.

The average duration of periods of devaluation and periods with no-devaluation are generally
quite small when compared to those of the baseline Arifovic/Masson simulations (simulations 1,
6, 11, and 16). Although we conducted only one session with 15 subjects, it is noteworthy that
the treatment with a larger number of subjects also has larger durations of devaluation and no-
devaluation periods. These are not unexpected outcomes. Our discussion above refers to falling
durations for specifications with a smaller number of agents; though these smaller durations are
still larger than those of the treatments, especially with respect to no-devaluation periods. When we
allow for smaller number of agents, the baseline simulations reasonably approximate the experimental

results.

We have also noted that the simulations of our extended, individual learning model are sometimes
associated with far more switching between devaluation and no-devaluation states. A final point with
respect to durations is that simulations of the extended model match the experimental data very
well. Consider, for example, simulation number 80: an extended, individual learning model with 12
agents, 5 rules each and an experimentation rate of 0.04. Its duration measures of 2.07 and 4.83
match the 11 subject sessions quite well with respect to duration of devaluation and no-devaluation

periods, respectively. Similarly, simulations with slightly larger collections of rules (15 rules per

from the EMS following the September 1992 attack; interpreted as allowing Britain to embark on a policy of lower
interest rates
27"We set Tmaz 0.10 to match the number used in our simulations.
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agent, simulations 71 through 75) perform well in matching the 15 subject session.

We now turn to the analysis of the behavior of the average assessment of devaluation in exper-
iments with human subjects and in simulations of our baseline and extended model. Figures 2.1 -
2.3 plot the average assessment of devaluation (7;) and devaluation size (8,) over time. Data for
a subset of periods of a baseline and extended model simulations are given in Figures 2.1 and 2.2,

respectively. The results of one of the experimental session are contained in Figure 2.3.28

A defining characteristic of the plots of the experimental average assessment is the relatively small
range in which these measures fall when compared to those of the standard baseline simulations.
For example, in the final ninety experimental periods of the session presented in Figure 2.3, average
assessment is never larger than 0.05, and in only a very few periods does it fall below 0.02.2° A similar
lower bound exists for the plots associated with the standard baseline simulations. However, in the
majority of periods of devaluation, the average assessment climbs as high as 0.08. One may argue
that the baseline simulation and the experimental results share a common lower bound for average
assessment. [t is important to note that within experiments, there are many situations wherein
the onset of a devaluation is not associated with an average assessment close to the lower bound.
This is rarely the case for the baseline simulation results. Additionally, the upper bound placed
on assessment does not appear relevant for reversing these periods of devaluation in treatments, as

average assessment rarely crosses the 0.05 level.

The plots of the average assessment for our extended model look much more like experimental
data. Consider Figure 2.2, plotting the extended model simulation’s results. Here, the plot of average
assessment looks very much like those plotted for the experimental session. Periods of devaluation are
not necessarily associated with the lower bound on assessment, and the reversal of these devaluation
periods occurs far before average assessment can climb to its upper boundary. In this respect,
extended,individual learning simulations appear to match the experimental dynamics much better

than the baseline specification.

The extended, individual evolutionary learning simulations compare more favorably to the experi-
mental results with respect to duration statistics. Specifically, they exhibit more frequent devaluation
periods, and substantially shorter durations of no-devaluation periods. The range under which the
average assessment occurs for the extended model simulations is quite smaller than that of the single-
rule simulations. In addition to duration of devaluation and no-devaluation periods, this is a key

characteristic the extended model simulations share with the experimental results.

QOur examination of simulation and experimental data indicates that devaluations result from

28n order to facilitate comparison between simulation and experimental results, the following parameter choices are
used for the baseline (Figure 2.1) and extended (Figure 2.2) simulation plots. The baseline simulation has 12 agents,
one rule per agent, and a probability of experimentation set to 0.0825. The extended simulation is one in which 12
agents have 5 rules in their collections and experiment with a probability equal to 0.0825. Figure 2.3, that of the
experimental data, is a session with 11 subjects.

29With respect to average assessment, the results of the other sessions are both qualitatively and quantitatively
similar. Importantly, there is nothing particular to the specific experimental session we are discussing that cannot
also be said of the other two sessions.
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shifts in skewness of the distribution of wf‘i. Thus, the change of skewness plays crucial role in
getting into periods of devaluation as well as getting out of them.3® We estimate regressions over
the time series of the first difference in average assessment. Included as independent variables is the

first lag of differenced assessient, and the duiminy variables specified above.

We definc as sentiment reversal increases or decreases in average assessments that are not oth-
erwise predicted by the lag of the differenced assessment. The estimated coefficients on the D2, D4
and D7, D9 dummy variables are reported in Table 2.8 through 2.15. The numbers show that there
is quite some variation over the coefficient estimates across the different simulation permutations.
There appears little consistency in the coefficient sign of the lagged difference in the assessment
regressors. One thing to note is that in the simulations of the baseline model, both decreasing the
rate of mutation, and decreasing the number of agents puts negative pressure on the D2 coefficient,

often pushing it into negative territory.

2.7 Concluding Remarks

We study a model of currency crisis where the only source of volatility that contains potential for
speculative attacks and devaluation of currency are agents’ beliefs. The beliefs are heterogenous and
evolve over titne. We use two different fraineworks, social learning and individual learning. As part
of our methodology, we conduct a large number of simulations for different parameterization values

to check for the robustness of the results.

One of the striking results is that most of the main features of the dynamics are present for the
whole range of different parameter values and over a wide range of specifications. These include the
‘fat tails’, positive skewness, and negative correlation between the first difference in spread statistics.
The ‘fat tails’ is also a feature that characterizes empirical data on the returns in the emerging

markets.

We also conducted three experimental sessions with human subjects where we simulated the
same type of the economy. The features of the exhibited dynamics coincide with those of our
simulations, i.e. fat tails, positive skewness, and negative correlation between the first difference in
spread statistics. Regarding the duration of devaluation and no-devaluation periods, and the range
of values within which the assessment of devaluation varies, our extended, individual learning model

matches the experimental data well.

30The model requires shifts in the skewness of the distribution over individual assessments in order to obtain
variation in the flow of investment. Therefore, shifts in skewness are required for devaluations. Importantly, shifts in
skewness are not necessarily associated with shifts in the average assessment, utilized to determine the interest rate in
the emerging economy. Therein, there is no theoretical link in this model between the shifts in skewness required for
devaluations and changes in the interest rate spread associated with the average assessment. Importantly, skewness in
the average assessment over individuals does not necessarily translate into skewness of the interest rate spread. The
two have no theoretical relation in the model considered herein.
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Figure 2.1: Baseline Simulation - 12 agents, 1 rule per agent, probability of mutation 0.0825
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Simulation No. Population Rules P Count(deval) Ave.deval Ave.non-deval
1 100 1 0.33 410 4.02 20.37
2 75 1 0.33 493 3.28 17.00
3 50 1 0.33 550 2.91 15.30
4 25 1 0.33 779 1.94 10.89
5 12 1 0.33 935 1.45 9.24
6 100 1 0.165 361 2.55 25.15
7 75 1 0.165 375 2.29 24.38
8 50 1 0.165 441 2.02 20.70
9 25 1 0.165 453 1.62 20.46
10 12 1 0.165 540 1.24 17.28
11 100 1 0.0825 464 1.24 20.31
12 75 1 0.0825 385 1.43 24.54
13 50 1 0.0825 427 1.11 22.31
14 25 1 0.0825 328 1.13 29.36
15 12 1 0.0825 503 1.13 18.75
16 100 1 0.04 526 1.02 17.98
17 75 1 0.04 516 1.01 18.37
18 50 1 0.04 338 1.03 28.55
19 25 1 0.04 391 1.08 24.49
20 12 1 0.04 621 1.15 14.95
41 100 45 0.0825 334 1.12 28.82
42 75 45 0.0825 460 1.24 20.50
43 50 45 0.0825 507 1.31 18.41
44 25 45 0.0825 583 1.19 15.96
45 12 45 0.0825 545 1.09 17.26
46 100 30 0.0825 417 1.48 22.50
47 75 30 0.0825 443 1.25 21.32
48 50 30 0.0825 481 1.38 19.41
49 25 30 0.0825 656 1.19 14.05
50 12 30 0.0825 605 1.14 15.41
51 100 15 0.0825 387 2.80 23.03
52 75 15 0.0825 404 2.07 22.68
53 50 15 0.0825 524 1.56 17.52
54 25 15 0.0825 664 1.32 13.74
50 12 15 0.0825 787 1.18 11.54

Table 2.6: Count and Duration Measures - Dynamically Relevant Devaluations
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Simulation No. Population Rules Pm b Count(deval) Ave.deval Ave.non-deval

56 100 5 0.0825 - 433 5.02 18.08
57 75 5 0.0825 - 532 3.93 14.86
58 50 5 0.0825 - 697 3.02 11.33
59 25 5 0.0825 - 1001 1.79 8.19
60 12 5 0.0825 - 1198 1.37 6.98
61 100 45 004 - 404 1.97 22.78
62 75 45 004 - 422 1.36 22.33
63 50 45 004 - 539 1.33 17.22
64 25 45 0.04 - 580 1.19 16.04
65 12 45 0.04 - 615 1.13 15.13
71 100 15 0.04 - 405 3.92 20.77
72 75 15 004 - 458 345 18.39
73 50 15 0.04 - 635 2.30 13.44
74 25 15 0.04 - 827 1.51 10.59
75 12 15 0.04 - 859 1.31 10.34
76 100 5 0.04 - 961 3.70 6.71
77 75 5 0.04 - 1360 2.57 4.78
78 50 5 0.04 - 1525 2.21 4.35
79 25 5 004 - 1547 1.80 4.66
80 12 5 0.04 - 1545 1.49 4.98
96 100 1 0.0825 1 92 3.76 104.92
97 75 1 0.0825 1 131 2.70 73.63
98 50 1 0.0825 1 228 1.39 42.46
99 25 1 0.0825 1 872 1.01 10.46
100 12 1 0.0825 1 2130 1.00 3.69
116 100 15 0.0825 1 165 4.54 56.40
117 75 15 0.0825 1 189 4.12 48.79
118 50 15 0.0825 1 243 3.18 37.97
119 25 15 0.0825 1 335 2.50 27.35
120 12 15 0.0825 1 450 1.90 20.32

Treatment 15 - - - 2.73 10.75

Treatment 11 - - - 1.27 4.64

Treatment 11 - - - 1.32 4.12

Table 2.7: Count and Duration Measures - Dynamically Relevant Devaluations (Cont’d)
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No. Pop. Rules pm b L7 D6 D7 D8 D9 D10

7 = O1(L(1)7) + B2(D6) + F3(D7) + B4(D8) + G5(D9) + B6(D10)

0 - - - - B Jép! Jér) Ba Bs Be
b1 +zo5, B2+ zop, [Bat+zogy Pa+zos, Os+zoss B+ zogg
fr—zop, fP2—zop, [3—zop, Pa—zop, Os—zos Ps— 205

R-square

1 100 1 033 - 0.3486 -0.0001 0.0023 0.0276 -0.0009 -0.0243
0.3388 -0.0006 0.0019 0.0271 -0.0014 -0.0248
0.3584 0.0003 0.0028 0.028 -0.0005 -0.0239
0.7537

2 75 1 033 - 0.3421 0.0002 0.0023 0.0254 -0.0014 -0.0228
0.3311 -0.0003 0.0019 0.0249 -0.0019 -0.0233
0.3531 0.0006 0.0028 0.0259 -0.0009 -0.0223
0.6962

3 50 1 0.33 - 0.2988 0.0006 0.0025 0.0232 -0.002 -0.0208
0.2861 0.0001 0.002 0.0227 -0.0025 -0.0213
0.3114 0.0012 0.0031 0.0237 -0.0014 -0.0202
0.5987

4 25 1 033 - 0.1633 0.0013 -0.0011 0.0198 -0.0018 -0.014
0.1475 0.0007 -0.0017 0.0191 -0.0025 -0.0146
0.1791 0.0019 -0.0006 0.0204 -0.0012 -0.0134
0.4145

5 12 1 033 - -0.1057 0.0017 -0.0034 0.0135 0.0008 -0.007
-0.1238 0.0011 -0.004 0.0126 -0.0001 -0.0077
-0.0875 0.0024 -0.0027 0.0145 0.0018 -0.0063
0.2529

Table 2.8: Regression Analysis - First Difference in Average 7 - Dynamically Relevant Devaluations
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No. Pop. Raules Dm L7 D6 D7 D8 D9 D10
6 100 1 0.165 0.4591  0.0005 0.0014 0.024 -0.0051 -0.0178
0.4457 -0.0001 0.0008 0.0235 -0.0057 -0.0184
0.4725 0.0011  0.0019 0.0246 -0.0045 -0.0172
0.5687
7 75 1 0.165 0.4205 0.0006  0.0005 0.0238 -0.0056 -0.0165
0.4061 0 -0.0001 0.0232 -0.0062 -0.0171
0.4348  0.0012 0.001 0.0245 -0.0049 -0.0159
0.5194
8 50 1 0.165 0.3473 0.0013 -0.0015 0.0204 -0.0053 -0.0126
0.3314  0.0007 -0.0021 0.0197 -0.0059 -0.0132
0.3632  0.0019  -0.001 0.021 -0.0046 -0.012
0.4043
9 25 1 0.165 0.095 0.0012 -0.003 0.0176 -0.0049 -0.0071
0.0769 0.0006 -0.0036 0.0167 -0.0058 -0.0077
0.1131  0.0019 -0.0023 0.0185 -0.0041 -0.0064
0.2049
10 12 1 0.165 -0.2596  0.0016  -0.0052 0.0104 -0.0022 -0.0009
-0.2781  0.0009 -0.0059 0.0091 -0.0035 -0.0016
-0.241 0.0023 -0.0045 0.0117 -0.0009 -0.0002
0.1653
11 100 1 0.0825 0.3552 0.0004 -0.0022 0.0166 -0.0098 -0.0044
0.3379  0.0001 -0.0025 0.016 -0.0105 -0.0047
0.3725 0.0007 -0.0019 0.0173 -0.0092 -0.0041
0.3187
12 75 1 0.0825 0.335 0.0009 -0.0021 0.0178 -0.01 -0.0058
0.3181 0.0005 -0.0025 0.0171 -0.0107 -0.0062
0.352 0.0014 -0.0017 0.0185 -0.0093 -0.0054
0.3019
13 50 1 0.0825 -0.0062 0.0005 -0.0031 0.0106 -0.0054 -0.0013
-0.0257 0.0002 -0.0034 0.0097 -0.0063 -0.0017
0.0132 0.0009 -0.0027 0.0116 -0.0044 -0.001
0.1396
14 25 1 0.0825 -0.2739  0.0003 -0.0037 0.0086 -0.0049 0
-0.2926 -0.0002 -0.0041 0.0073 -0.0062 -0.0005
-0.2553  0.0008 -0.0032 0.01 -0.0036  0.0005
0.1351
15 12 1 0.0825 -0.3447  0.0004 -0.0038 0.0035 0.0001 0.0007
-0.3631  -0.0001 -0.0043 0.0023 -0.001 0.0002
-0.3264 0.0009 -0.0033 0.0046 0.0012 0.0012
0.1647

42

Table 2.9: Regression Analysis - First Difference in Average 7 - Dynamically Relevant Devaluations

(Cont’d)
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No. Pop. Rules DPm L) D6 D7 D8 D9 D10

16 100 1 0.04 -0.1418 0 -0.0016 0.0021 -0.0002 0
-0.161  -0.0002 -0.0018 0.0012 -0.0012 -0.0001
-0.1225 0.0001 -0.0015 0.003 0.0007  0.0001
0.1403

17 75 1 0.04 -0.3487 0.0002 -0.0018 0.0027 -0.0014 0.0006
-0.367 0 -0.002 0.0017 -0.0024 0.0005
-0.3304 0.0003 -0.0017 0.0037 -0.0004 0.0008
0.2303

18 50 1 0.04 -0.2761 -0.0001 -0.002 0.0056 -0.004 0.0004
-0.2948 -0.0003 -0.0023 0.0045 -0.005 0.0002
-0.2574 0.0002 -0.0018 0.0066 -0.0029 0.0006
0.133

19 25 1 0.04 -0.2914 0.0003 -0.0022 0.002 -0.0003 0.0002
-0.3102 0 -0.0025 0.0011 -0.0012 -0.0001
-0.2727 0.0006 -0.0019 0.0029 0.0006 0.0005
0.1234

20 12 1 0.04 -0.1773  0.0002 -0.0027 0.003 -0.0001 0
-0.1965 -0.0001 -0.0031 0.0023 -0.0009 -0.0004
-0.1581 0.0006 -0.0024 0.0038 0.0007 0.0004
0.0873

41 100 45 0.0825 -0.0282  0.0013 -0.0025 0.0169 -0.0041 -0.01
-0.044 0.001 -0.0028 0.0156 -0.0053 -0.0104
-0.0125 0.0016 -0.0022 0.0181 -0.0028 -0.0097
0.5738

42 75 45 0.0825 0.2315 0.0014 -0.0024 0.0201 -0.0026 -0.0162
0.2153 0.001 -0.0028 0.0191 -0.0036 -0.0167
0.2476  0.0019 -0.0019 0.0211 -0.0016 -0.0157
0.5489

43 50 45 0.0825 0.2021  0.0016 -0.0025 0.0207 -0.0028 -0.0163
0.1856  0.0011 -0.0029 0.0197 -0.0038 -0.0168
0.2185 0.0021 -0.002  0.0217 -0.0018 -0.0158
0.5162

44 25 45 0.0825 -0.0286  0.0011 -0.003 0.0153 0.003 -0.0123
-0.0463 0.0006 -0.0035 0.0141 0.0019 -0.013
-0.0109 0.0017 -0.0024 0.0165 0.0042 -0.0117
0.4626

45 12 45 0.0825 -0.3512 0.0006 -0.0038 0.0068 0.0083 -0.0058
-0.3684 0.0001 -0.0044 0.0052 0.0067 -0.0064
-0.3339 0.0012 -0.0033 0.0084 0.0099 -0.0052
0.4222

43

Table 2.10: Regression Analysis - First Difference in Average 7 - Dynamically Relevant Devaluations
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No. Pop. Rules Dm L(1)7: D6 D7 D8 D9 D10
51 100 15 0.0825 0.5554 0.0002 -0.0016 0.0286 -0.002 -0.0248
0.5457 -0.0002 -0.002  0.0281 -0.0025 -0.0253
0.5652  0.0006 -0.0012 0.0291 -0.0016 -0.0244

0.7867
52 75 15 0.0825 0.4519  0.0013 -0.003 0.0264 -0.0036 -0.0224
0.4405 0.0009 -0.0034 0.0258 -0.0042 -0.0228
0.4634 0.0017 -0.0026 0.0269 -0.003 -0.022

0.7299
53 50 15 0.0825 0.3606  0.0011 -0.0029 0.025 -0.0037 -0.0196
0.3476  0.0007 -0.0033 0.0243 -0.0043 -0.0201
0.3737 0.0015 -0.0026 0.0256 -0.003 -0.0192

0.6928
54 25 15 0.0825 0.1171  0.0016 -0.0042 0.0222 -0.0022 -0.0151
0.1017  0.0012 -0.0046 0.0213 -0.0031 -0.0156
0.1325 0.002 -0.0038 0.023 -0.0014 -0.0146

0.6015
55 12 15 0.0825 -0.1283 0.0016 -0.005 0.0165 0.0022 -0.01
-0.1452  0.0011 -0.0055 0.0153 0.0011 -0.0105
-0.1113  0.0021 -0.0045 0.0176 0.0033 -0.0094

0.5288
56 100 5 0.0825 0.504 -0.0001 -0.0021 0.0201 0.0009 -0.0158
0.4956 -0.0003 -0.0023 0.0199 0.0006 -0.0161
0.5124 0.0001 -0.0018 0.0204 0.0011 -0.0156

0.8278
57 75 ) 0.0825 0473 -0.0005 -0.0022 0.0198 0.0006 -0.0156
0.4638 -0.0008 -0.0024 0.0195 0.0003 -0.0159
0.4823 -0.0003 -0.0019 0.02 0.0009 -0.0154

0.8
58 50 5 0.0825 0.3996 -0.0002 -0.0024 0.0186 0.0005 -0.0149
0.3889 -0.0004 -0.0027 0.0183 0.0002 -0.0152
0.4102 0.0001 -0.0021 0.0189 0.0008 -0.0146

0.7558
59 25 5 0.0825 0.1876 0 -0.0035 0.0169 0.0005 -0.0122
0.1741 -0.0002 -0.0038 0.0165 0.0001 -0.0125
0.2012 0.0003 -0.0033 0.0173 0.0009 -0.0118

0.6888
60 12 5 0.0825 -0.0671 -0.0001 -0.0049 0.0123 0.0029 -0.0072
-0.0834 -0.0004 -0.0052 0.0118 0.0023 -0.0076
-0.0507 0.0003 -0.0046 0.0129 0.0034 -0.0068

0.5856

44

Table 2.11: Regression Analysis - First Difference in Average 7 - Dynamically Relevant Devaluations

(Cont’d)
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No. Pop. Rules pn b L(1)7 D6 D7 D8 D9 D10

61 100 45 0.04 - 05592 0.0011 -0.0016 0.0266 -0.0044 -0.0226
0.5481 0.0008  -0.002 0.026 -0.005 -0.023
0.5702  0.0015 -0.0013 0.0271 -0.0038 -0.0222
0.7513

62 75 45 0.04 - 0.3356 0.0014 -0.0026 0.0215 -0.0056 -0.0142
0.3206  0.0011 -0.0029 0.0207 -0.0064 -0.0146
0.3505 0.0018 -0.0022 0.0223 -0.0048 -0.0138
0.5874

63 50 45 0.04 -~ 03152 0.0014 -0.0028 0.0213 -0.0047 -0.0148
0.3 0.001 -0.0032 0.0205 -0.0055 -0.0153
0.3303  0.0017 -0.0025 0.0221 -0.0039 -0.0144
0.5811

64 25 45 0.04 - 0.1147 0.0016 -0.0034 0.0181 -0.0012 -0.012
0.0975  0.0011 -0.0038 0.0171 -0.0022 -0.0125
0.1318 0.002 -0.003  0.0191 -0.0002 -0.0115
0.5142

65 12 45 0.04 -~ -0.1427 0.0006 -0.0041 0.0134 0.0028 -0.0076
-0.1606  0.0001 -0.0046 0.0121 0.0015 -0.0081
-0.1247  0.0011 -0.0037 0.0146 0.0041 -0.007
0.429

71 100 15 0.04 - 0.5516 -0.0004 -0.0013 0.0232 -0.0001 -0.0195
0.5431 -0.0006 -0.0016 0.0229 -0.0004 -0.0198
0.5601 -0.0001  -0.001 0.0236 0.0002 -0.0192
0.8267

72 75 15 0.04 - 05302 0.0001 -0.0017 0.0228 -0.0001 -0.0196
0.5214 -0.0002 -0.002 0.0225 -0.0004 -0.0199
0.539 0.0004 -0.0014 0.0232 0.0002 -0.0193

0.819

73 50 15 0.04 - 04639 00003 -0.0022 0.0215 -0.0012 -0.0176
0.4533 0 -0.0024 0.0211 -0.0016 -0.0179
0.4745 0.0006 -0.0019 0.0219 -0.0009 -0.0173
0.7725

74 25 15 0.04 - 02378 0.0004 -0.0033 0.0185 -0.0012 -0.0127

0.2234 0.0001 -0.0036 0.018 -0.0018 -0.0131
0.2521  0.0007 -0.003 0.0191 -0.0007 -0.0123

0.6537

75 12 15 0.04 - -0.0471 0.0003 -0.0049 0.0156 0.0001 -0.0079
-0.0639 0 -0.0053 0.0148 -0.0007 -0.0083
-0.0303 0.0007 -0.0046 0.0164 0.0008 -0.0074
0.5316

Table 2.12: Regression Analysis - First Difference in Average 7 - Dynamically Relevant Devaluations
(Cont’d)
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No. Pop. Rules Pm b L7 D6 D7 D8 D9 D10

76 100 ) 0.04 - 04222 -0.0003 -0.0013 0.0093 0.001  -0.0081
0.411  -0.0004 -0.0014 0.0091 0.0008 -0.0083
0.4335 -0.0001 -0.0011 0.0094 0.0011 -0.008
0.7464

77 75 5 0.04 - 03334 -0.0003 -0.0016 0.0089 0.001  -0.0073
0.3211  -0.0005 -0.0017 0.0087 0.0008 -0.0075
0.3457 -0.0002 -0.0014  0.009 0.0012 -0.0072

0.7383

78 50 5 0.04 - 0.246 -0.0002 -0.002 0.0082 0.0016 -0.0071
0.2324 -0.0003 -0.0021 0.008 0.0013 -0.0073
0.2596 0 -0.0018 0.0084 0.0018 -0.0069
0.7067

79 25 5 0.04 - 0.0513 -0.0002 -0.0029  0.007 0.0025 -0.0052
0.0352 -0.0004 -0.003 0.0068 0.0022 -0.0054
0.0673 0 -0.0027 0.0073  0.0027  -0.005
0.6015

80 12 5 0.04 - -0.1553 0.0001 -0.0042 0.0048 0.0043  -0.003

-0.1727 -0.0002 -0.0044 0.0044 0.0039 -0.0033
-0.1378 0.0003 -0.004 0.0051 0.0046 -0.0027
0.5372

96 100 1 0.0825 1 0.3745 0.0007 0.0002 0.0374 -0.0052 -0.034
0.3627 -0.0001 -0.0006 0.0366 -0.006 -0.0347
0.3862  0.0015 0.0009 0.0382 -0.0044 -0.0332
0.6479

97 75 1 00825 1 03173 0.0017 -0.0011 0.0291 -0.0064 -0.0232
0.3026  0.0009 -0.0019 0.0282 -0.0073 -0.024
0.3321  0.0025 -0.0003 0.03 -0.0055 -0.0224
0.4567

98 50 1 0.0825 1 0.0218 0.001 -0.0041 0.0149 -0.0043 -0.0064
0.003 0.0004 -0.0047 0.0139 -0.0053 -0.007
0.0406  0.0016 -0.0035 0.016 -0.0032 -0.0058
0.1766

99 25 1 0.0825 1 -0.48 0 -0.0046 -0.0018 0.0039 0.0026
-0.4971  -0.0003 -0.0048 -0.0043 0.0013  0.0023
-0.4628 0.0002 -0.0043 0.0008 0.0064 0.0028
0.3534

100 12 1 0.0825 1 -0.4539 0.0008 -0.0059 0.0022 -0.001 0.0031
-0.4712 0.0006 -0.0061 -0.0046 -0.0078 0.0029
-0.4365 0.001  -0.0057  0.009 0.0057  0.0033
0.4291

Table 2.13: Regression Analysis - First Difference in Average 7 - Dynamically Relevant Devaluations
(Cont’d)
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No. Pop. Rules P b L(l)m D6 D7 D3 D9 D10

116 100 15 0.0825 1 0.3808 0.0011 -0.0034 0.0376 -0.0031 -0.0318
0.3717  0.0006 -0.0038 0.0371 -0.0036 -0.0323
0.3899 0.0016 -0.0029 0.0381 -0.0025 -0.0313
0.7984

117 75 15 0.0825 1 0.3556 0.002 -0.0043 0.0371 -0.0027 -0.0325
0.346  0.0014 -0.0048 0.0365 -0.0033 -0.033
0.3652  0.0025 -0.0038 0.0377 -0.0022 -0.032
0.7784

118 50 15 0.0825 1 03079 0.0024 -0.0048 0.0368 -0.0031 -0.0307
0.2972 0.0018 -0.0053 0.0362 -0.0037 -0.0312
0.3186 0.0029 -0.0042 0.0375 -0.0024 -0.0301
0.7414

119 25 15 0.0825 1 0.1632 0.0014 -0.0046 0.0352 -0.0032 -0.026
0.1503 0.0008 -0.0052 0.0344 -0.004 -0.0267
0.1762  0.002 -0.004 0.036  -0.0024 -0.0254
0.6374

120 12 15 0.0825 1 -0.0145 0.0018 -0.0062 0.0327 -0.0033 -0.0202
-0.0295 0.0011 -0.0068 0.0316 -0.0044 -0.021
0.0006 0.0025 -0.0055 0.0338 -0.0023 -0.0194
0.5432

Table 2.14: Regression Analysis - First Difference in Average n - Dynamically Relevant Devaluations
(Cont’d)
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Population Rules p., & L(O)m D1 D2 D3 D4 D5
T = F1(L(1)7) + B2(D1) + Bs(D2) + Ba(D3) + B5(D4) + Bs(D5)
- - - - B B2 B3 Ba Bs Be
t1 ta i3 t4 ts te
R-square
15 - - - -0.118476 -0.004642 -0.000609 0.037645 -0.003965 -0.031612
-3.113637 -2.188383 -0.287191 17.79897 -1.874918 -14.90833
0.784863
11 - - - -0.325833  0.000645 0.005392  -0.004772 -0.001404 -0.005087
-3.774778  0.236037 1.989777  -1.374776  -0.390415 -1.821604
0.178759
11 - - - -0.216998 -0.002724  -0.00406 0.012254 0.000447 -0.007116
-2.979921  -1.24158 -1.869841  4.386003 0.158368 -3.111756
0.380659
Population Rules pm b L(1)7= D6 D7 D8 D9 D10
7 = Bu(L(1)7) + B2(D6) + B3(D7) + B+(D8) + B5(D9) + B6(D10)
- - - - Jebl B2 B3 B4 Bs Be
t1 t2 t3 ta is te
R-square
15 - - - -0.057469 -0.004096 0.007844 0.031718 0.000465  -0.025934
-1.105364 -1.521912  2.822085 11.21665 0.164437 -9.737971
0.606854
11 - - - -0.319874 0.001194 0.00262 -0.007453 0.002164 -0.004763
-3.691546  0.413502 0.89769 -1.684557  0.479884  -1.626236
0.16009
11 - - - -0.196566 -0.001454 -0.005393 0.011502 0.000851  -0.005358
-2.509163 -0.667641 -2.51832 3.555103 0.26349 -2.325622
0.363499

Table 2.15: Regression Analysis - First Difference in Average 7 - Treatment Results



Chapter 3

Economic Growth

Modelling economic growth with endogenous transition through tech-
nological paradigms

3.1 Introduction

The purpose of this paper is to model the process of technological transition at the firm level,
and to investigate the implications of this model for macroeconomic aggregates. It will be argued
that the slow diffusion of new technologies results from the fact that, although potentially more
productive in the long run, these new technologies initially lack the accrued incremental innovations
of their predecessor. They therefore are less productive during their infancy and diffusion of this new
technology is slow. Additionally, this productivity gap between old and new technologies may cause
temporary negative aggregate output shocks if a sufficient number of firms adopt the new technology

simultaneously.

Long-run growth in income per capita requires increases in productivity. Some productivity
improvements result from incremental innovations within a given technology being employed. They
are a result of what is referred to as learning-by-doing, or learning-by-using. Improvements to
productivity through incremental innovations occur with diminishing returns. As the return to
productivity of learning-by-doing within a given technological paradigm diminishes, the only way
to achieve further improvements is through technological advancement. Technological advancement
refers to firm appropriation of newly discovered technologies with higher productivity potential. This

is often referred to as radical innovation.

In the pursuit of profit maximization, firm’s adopt new technologies only in order to appropriate

the potential productivity improvements inherent within them. However, this potential level of
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productivity may only be achieved after considerable accumulation of incremental innovations. Prior
to the accumulation of these innovations, a newly adopted technology may be less productive than its
predecessor despite the fact that it has a higher overall productivity potential. Therefore, a firm may
be required to accept a short run decrease in productivity in order to earn the higher productivity

level of the new technology through learning-by-doing.

The manner in which innovation and technological progression is modelled within this work is
consistent with some key macroeconomic phenomena. In particular, negative shocks to economic
growth are a possible characteristic of paradigm transition at the firm level. Falls in productivity
associated with technological progression result in periods of negative economic growth. These
negative shocks to productivity are not exogenous, as is assumed in many works for simplification,

but instead a result of the process of technological progression at the firm level.

Previous considerations of the importance of learning-by-doing include Parente (1994), Lucas
(1993), and Jovanovic and Nyarko (1996). Each of these works examine the firms’ decision regarding
technological upgrades in light of it’s expertise in it’s current and potential technological grade.
In order to highlight the differences between this work and it’s predecessors, consider the work of
Jovanovic and Nyarko (1996). Their work contains a one-agent, Bayesian model of learning-by-doing
and technological choice. The firm is myopic, and maximizes current period return in each period
by production utilizing a single technological grade. Experience yields information which raises
productivity and improves decisions. This is modelled through Bayesian updating. Importantly, this
information applies not only to the current grade of technology in use by the firm, but also superior
grades; information is transferable. Finally, there is no recall of old technologies, and the size of the

upgrade is limited.

Although firms within the model of this work are myopic, each is heterogeneous in their productiv-
ity characteristics. Experience yields information which raises productivity. However, transferability
of this information is not a characteristic of the model herein. This characteristic stems from con-
sideration of an important question. Is the process governing the transfer of knowledge on prior
variance of newer grades of technology in the information set of the firm? In previous literature, it
is assumed that firm’s know the process and the manner in which it changes through progression
of technological grades. This information pertaining to newer grades of technology is available even
before the firm has devoted any resources toward it. The assumption maintained within this work
is that the only manner in which a firm may learn about a newer grade of technology is to devote
resources toward production within it. These resources take the form of productive assets, labour
and capital. Firm’s may contribute a portion of their resources toward a newer technological grade
while maintaining production in it’s predecessor. Therefore, while firms may not gain information
regarding a newer technology without using it in the production process, it does not need to fully

commit to a single technology at any given point in time.

The manner in which technological progression and learning is modelled in this work makes it
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definitively evolutionary. It is a model characterised by heterogeneity, experimentation, and selection.
It has important advantages over other inodels in the literature in that it offers a natural model of
experimentation by agents and allows consistency with Nelson and Winter’s (1982) interpretation of

Schumpetarian competition.

Nelson and Winter’'s (N&W) conception regarding the metaphorical evolutionary process of
Schumpetarian competition yields model characteristics that are distinct from their interpretation
of those inherent within “orthodox” economic considerations. First, they emphasise a population
perspective wherein an ‘industry’ or ‘economy’ is seen as a taxonomic class incorporating a certain
degree of variety of processes and/or products. This variety must, in principle, be transferable be-
tween different firms or agents. A certain similarity of the search spaces of firms is required for
this to be possible. However, there may be major differences with respect to the ‘distance’ between

different sources of knowledge (Andersen 1996).

Second, N&W heavily emphasise the importance of the natural introduction of variety and the
economic selection over this variety. This variety introduction is founded on the individual’s pursuit
of non-normal profit. However, N&W consider this variety and selection only within an economic
pattern. In other words, N&W emphasise change which follows “natural trajectories” within given
“technological regimes” (N&W 1982, 258-262) rather than radical change.

According to Nelson and Winter, “a vast array of particular models can be constructed within
the broad limits of the theoretical schema” but the “enormous generality” of the schema cannot
be exploited immediately (N&W, 1982, 19). In order to obtain real understanding about how to
handle their powerful family of models, N&W prefer to concentrate on “very simple examples” and
to “distinguish sharply between the power and generality of the theoretical ideas we employ and the
much more limited results that our specific efforts have yielded thus far.” (N&W, 1982, 20). The
model presented herein extends the complexity of the N&W examples in a manner that also extends

what they refer to as their “limited” results.

The model is built from a simplified version of the MOSES training-and-innovation model pro-
posed in the work of Ballot and Taymaz (1994, 1996, 1997, 1998). The MOSES model is a complete
Micro-to-Macro simulation model of the (Swedish) economy. Their model highlights the interac-
tion between human capital and innovation. Here, firms decide on the allocation of funds between

training, R&D and production. These decisions in turn affect macroeconomic growth.

Our simplification of the model is for reasons of parsimony. In order to model technological transi-
tion in a manner that is consistent with negative macroeconomic output shocks, firms’ investment in
R&D is not strictly required. Nor, it will be argued, is the emphasis placed on R&D warranted when

one looks at a significant technological transitions of the past; specifically, the Industrial Revolution.

In the following section, we highlight the fact that a key element of technological advancement,
and therein economic growth, is learning and adaptation on the part of economic agents employing

the new technology. Section 3.3 of this paper will explore the previous examinations by Ballot and
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Taymaz, and highlight the motivation for the proposed simplification. Section 3.4 will examine in
detail the algorithm used in order to model economic growth in this piece. Section 3.5 examines

some of the key results of the model’s simulation, and Section 3.6 concludes.

3.2 Background - The Industrial Revolution as Transition

Through Technological Paradigms

3.2.1 Some empirical regularities and the slow transition to the factory

system

Five explanations for the slow transition to the factory system are summarized by Pereira (2002): (1)
the competitiveness of the putting-out system, (2) interest groups, (3) the low margin of efficiency
of the new factories, (4) social learning and technological spillovers, and (5) the “bandwagon” or
“gold rush” effect. Herein, our concern will be in capturing the latter three of these five in a model

of technological progression. We examine these three below.!

Low margin of efficiency of the new technologies of factories - Experimentation As
argued by Pereira, at the inception of the Industrial Revolution, early factories were not more
effective than historic industries. Technologies were crude and took time to become fully operational
and productive. Furthermore, there were many technical difficulties associated with the development
of some technologies which prevented their earlier diffusion. Consequently, the efficiency of the new
technologies was initially low, but slowly improved during a period of highly intensive learning-by-
doing. After inventors, technicians and factory workers solved these initial technical problems, the

productivity of the sectors associated with the new technology increased rapidly.?

Social Learning - Imitation Dissemination of knowledge among potential industrialists was
crucial for the diffusion of not only new machines, but also of the factory system. As Aghion and

Howitt argue:

The way that a firm typically learns to use a new technology is not to discover everything
on its own but to learn from the experience of other firms in a similar situation, namely
other firms for whom the problems that must be solved before the new technology can
be successfully be implemented bear enough resemblance to the problems that must be
solved in this firm. (Alghion and Howitt, 1988, pp.129)

! Atkenson and Kehoe (2003) examine similar characteristics in their consideration of the slow adoption of tech-
nologies associated with the Second Industrial Revolution
2For an overview of the evidence, See Pereira (2002)
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Critical Mass and the “bandwagon” effect - Selection FEarly examples of proto-factories
were not totally uncommon before the Industrial Revolution. Industrial success, however, was a
phenomenon that began mostly after the Industrial Revolution. Most proto-factories did not manage
to survive for considerable periods of time (Crouzet, 1985). Furthermore, most of them did not
employ mechanical machines (Landes, 1986). Nonetheless, proto-industrialization shows that there
was a long trajectory of mechanization that stretches back to earlier decades and, in some cases,

centuries (Bekar and Lipsey, 2001).

What changed? After early industrialists such as Arkwright and Watt obtained spectacular profits
with the new factories, a bandwagon cffect ensued and factories of all sizes sprung up. As argued
by Rosenberg (1996), pervasive uncertainties are often the norm in the development and application
of new technologies. As argued above, several technical problems complicated an entrepreneur’s
decision of whether or not to invest in new technologies. Investing in new technologies was an
expensive and risky business in which the distribution of incomes was truly uncertain. However,
this distribution of incomes was likely skewed to the lower end, as can be attested by the relatively
high number of bankruptcies during the end of the process of proto-industrialization and the early
stages of the Industrial Revolution. Many investors preferred either to invest elsewhere, or to delay
their investments, rather to engage in the risky endeavor (Crouzet, 1985; Pollard, 1965). These
problems were eventually solved by social learning and the achievement of a critical mass in the new
technology, as ernulation could now occur more prominently and profitably allowing the survival rate

to increase.

Intermediate Adoption In their consideration of the Second Industrial Revolution, the adoption
of the modern technology of electricity, Devine (1983) and David (1990, 1991) stress the complete
redesign of the manufacturing process that accompanied this transition. Technology and the or-
ganization of the manufacturing process are two sides of the same coin. While the manufacturing
processes associated with old and the new technology were radically different, the transition oc-
curred through a process of evolution. Between the old manufacturing setup and that associated
with electricity were two intermediate stages in which the higher technology was mixed with older
styles of the manufacturing process. These intermediate stages represent periods in which firins were
not fully committed to the newer technology and its ideal form of organization. Their production

process shared technologies from both the new technology and its predecessor.

3.2.2 Summarizing the qualitative features of technological transition

Summarizing the above discussion pertaining to the Industrial Revolution, the technologies encom-
passing the Industrial Revolution were available long before they were broadly appropriated by firms.
Firms did not invest in new technology, as it was inferior to its predecessors in terms of productivity.

Those firms that did invest in the new technology were failures. Social learning was an important
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factor bringing the productivity of new technologies in line with, then surpassing that of old tech-
nologies. Once this occurred, the profits carned by those firins utilizing new technologies drew other

firms into this new technological paradigm.?

The Industrial Revolution has been the best documented and arguably the most important tech-
nological transition. Our goal throughout the remainder of this work will be to model the process of
technological transition at higher frequencies in a manner consistent with these qualitative features.
Therein, it is assumed that these important regularities are present in all transitions, though possibly

in smaller magnitudes depending on the nature of the newer technology.

3.3 Background - The theoretical framework

3.3.1 The general approach of Ballot and Taymaz

A model that captures some of the aforementioned historical regularities of technological transition
and incorporates the importance of learning is contained in various works by Ballot and Taymaz. In
these works, long run growth in productivity is achieved only through transition towards superior
technological paradigms. Each paradigm has an upper bound with respect to improvements in

productivity obtained through learning-by-doing.

A technology is represented in the model by a set of technigues. Each technique is assumed to
take only one of two possible values: 0, or 1. For each technological paradigm, there is an optimal
organization of techniques that guarantees maximum performance in terms of capital and labour
productivity. This is referred to as the global technology. The technological level of the firm within
a paradigm is measured by its closeness to the global technology. A particular paradigm’s optimal
organization of techniques is distinct from that of any other paradigm’s. Therein, each paradigm may
be characterised by the organization of this given set of techniques and the resulting productivity

that this optimal organization of techniques results in.

Genetic algorithms are used as a tool to generate new technologies within a paradigm. Firms
recombine their own sets of techniques to obtain new ones, recombine their sets with those of other
firms, or invent new sets entirely. These analogies pertain to the genetic opererators of recombination,
imitation and mutation, respectively. Only innovations that improve productivity are adopted (the

genetic election operator).

Firms must allocate available resources towards different uses. They must invest in physical

3 Alcaly (2003) also considers previous cycles of technological change and economic reaction, such as the invention
of steam power and later electric power, the development of the internal combustion engine and adoption of mass
production techniques in automobiles and steel. Comparing innovations in semiconductors, software and communica-
tions technology with those of earlier periods suggests the traumas of the last few years, including the Internet boom
and crash, are predictable growing pains. He argues that such changes do create new economies that are qualitatively
better than the economies they replace, but more slowly and erratically than people expect at the time and with
bigger problems along the way.
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assets since they embody new technology and because they depreciate. They must invest in specific
and general human capital in order to facilitate incremental innovations and imitation of other
firms, respectively. Contrary to specific human capital, general human capital is transferable and
not a direct factor in production. Finally, they should invest in R&D in order to facilitate radical
innovations. Profits result from the market process. It is assumed that the precise relation of the
above expenditures is far too complex to be fully understood by the firm. Consequently the firins’

decisions must be modelled as boundedly rational rules with integrated learning.

3.3.2 The transition between technologies

It is important to note that for paradigm transition in the Ballot and Taymaz framework requires
each firm to devote resources directly into accurnulation of general human capital and R&D, neither
of which contributes directly to production. This pulls resources away from the actual production
process. If enough firins engage in such investment, there is the theorctical possibility of a negative
output shock. This possibility interferes with the examination of learning-by-doing for creating falls

in productivity suflicient for negative output growth.

Ballot and Taymaz assume that progression requires that at least one firm engages in sufficient
R&D investment to facilitate a radical innovation. Once this radical innovation occurs, the firm
in which it took place is forced into producing only in the new technological paradigm. Only then
may other firms imitate the transition to the new paradigm.* Contrary to the Ballot and Taymaz
approach, in the model presented in this work, all firms have available the opportunity to produce
in the newer paradigm. Firms are not required to invest in R&D in order to facilitate production in

the new paradigm.

Radically innovative firms still face the same difficulties as in the Ballot and Taymaz setup. The
first firms to implement a radical innovation may not be very successful since it may be less produc-
tive, as the technology in the lower paradigm has been improved through incremental innovations.
Notice that the potential for negative macroeconomic output shocks is still inherent. Although a
new technological paradigm has more productivity potential, it has not undergone the incremental
innovations that the older paradigm has. It therefore may be less productive. If this is the scenario,
a negative output shock may be observed if a sufficient number of firms shift production into the
newer paradigm. Importantly, this captures an aforementioned feature of the Industrial Revolution;
transition into the new technologies was hampered due to the fact that these were temporarily less
productive than older ones. Additionally, firms did not require an outright investment in R&D in
order to take advantage of new technologies. Firms had the technology at there disposal and chose

to continue using its predecessors.

4Note that if the firm that originally observed the radical innovation fails, radical imitation is no longer possible.
A new firm must go through the same process of radical innovation in order to facilitate progression. Although the
radical innovation has already taken place, because there is no firm producing in the newer paradigm another radical
innovation must take place before imitation is available.
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3.3.3 Technological transition without R&D

In dropping the assumption that R&D is required by firms prior to adoption, we require a new
process for the transition through paradigms. In the model presented here, it is assumed that firms
may devote a chosen percentage of their labour force to production in the newer paradigm. This
simplifying assumption allows for incremental innovation by all firms, regardless of scale. Again,
they need not discover this paradigm through radical innovation or imitation. However, in order to
maintain production in a paradigm, they must devote a minimum percentage of their labour towards
it.

Each paradigm has a minimal level of labour required in order to make it available as a viable
production technology. If at any time the firm does not devote sufficient labour to a technology, it
becomes unavailable for use in the production process. Importantly, if a firm splits its labour between
two technological paradigms, and the minimum labour investment is maintained in each, the firm
may produce using both technologies. This is distinctly different from the Ballot and Taymaz setup.
In the model herein, firms devote labour to technological paradigms in a continuous manner. In their
work, once a firm makes a radical innovation or radically imitates, it is forced into producing with

the newer technology in full. Firms in their model cannot adopt a new technology incrementally.

As in the Ballot and Taymaz framework, firms make incremental innovations through learning-by-
doing and imitation of other firms that are producing using the same technological paradigm. This
is modelled using genetic learning operators. However, firms learn only according to the relative
division of labour. That is, their ability to achieve incremental innovations within a paradigm is
directly correlated to their choice regarding the division of labour applied to production using this

technology.

This setup has an important characteristic. A motivation of this work is in detailing the possible
sufficiency of learning-by-doing for negative macroeconomic output shocks. This mmodel of learning
makes it more unlikely for these to occur. As noted above, a barrier for firms’ progression into
newer paradigms is the possibility that these technologies are less productive, as they have not
accumulated the incremental innovations that the preceding paradigms have. If firms are given the
ability to engage in production using the new technology continuously rather than discretely, they
may remove this barrier by accumulating incremental innovations in the newer paradigm while not
devoting all of their production capabilities towards it. Essentially, firms have the ability to lessen
the overall productivity effects on their production process by slowly moving into the newer paradigm

rather than shifting all of their resources in whole.

It is important to note that the model presented here differs in another fundamental manner from
that of Ballot and Taymaz. As discussed below, some markets are simplified from that of the Ballot
and Taymaz simulations; particularly the labour market and the removal of intermediate goods for

production. Ballot and Taymaz rely on the MOSES model of the Swedish economy; a model that is
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beautiful in its complexity.®> The work presented in this paper outlines a stand-alone, self-contained

simulation that is accessible and easily adapted for other considerations.

3.4 The Model

3.4.1 Setup
Firms’ Variables - Initialization

Prior to simulation, firin specific variables and characteristics are initialized. This initialization
occurs in what is referred to as period zero. N firms are created and for each firm, 2z technology
sets are drawn at random. The technology cmployed by a firin can be represented by a number
of “techniques”, F¥ = {fF, fF .., fF}, where F” is the technology used by the firm in paradigm
P, and sz is the 7’th technique. A technique is assumed to have only one of two possible values,
fF e {f}*, f3¥} = {0,1}. In simulations, the firm and global technology will be represented by a
k element binary vector. We refer to the global technology as TF. Notice that technology sets are
paradigm specific, P. The firm carries with it x sets per paradigm. A firm may only produce in two

paradigms at a time. Therefore, they must carry with them 2z total sets.

Each firm is endowed with a paradigm variable, p; (j = 1..N), which defines the lowest paradigm
it is currently producing in. This variable is set to 1 for all firms in period zero. Additionally, each
firm is endowed with a “switch gene”. This gene is a binary string that will be converted into a real
number in each period in order to determine the relative use of a firm’s labor between two relevant
paradigms. The relevant paradigms are p; and p, 4- 1. These are the paradigms that, at any given
point in time, a firm may devote labor and capital for production. For all firms, in period zero it is
set to a string that when converted is equal to zero; i.e. the binary null. We refer to the real value

equivalent of the “switch gene” for firm j as ;.

All firms undergo selection every m periods (see below). Selection is the process in which firms up-
date their paradigm variable in order to mimic more successful firms, or experiment with new values
in order to capture non-normal profits. Firms are separated into groups of equal size, N/m. A firm

undergoes selection with the other members of its group, each group due for selection sequentially.

Global Variables - Initialization

In addition to initializiug firin specific characteristics, the global variables of the siinulation require
initialization. By global variable, we refer to variables shared by each firm throughout the entire

simulation.

5See Eliasson (1991), and Taymaz (1991) for a description of the MOSES model and data set
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First, an upper bound is placed on the number of paradigms, P.¢ For each paradigm p < P, the

global technology set, T, is drawn by randomly choosing the bits contained in each binary string.

Second, a minimal labor investment is created for each paradigm, m, € [0,1] V p | 1<p<
P. If at any time a firm does not invest at least m, percent of its labor in paradigm p, it cannot

produce in that paradigm. A firm produces in two paradigms only if mp 11 < 95 <1 —my, .

3.4.2 A simulation period

Following initialization, the simulation cycles through a predetermined number of periods, T. Each
simulative period is characterised by each firm and household undergoing the period stages outlined

below.

Modelling Households - Aggregate Input Supply

Households are modelled using an overlapping generations framework where the total population in
every period equals 2L, equally divided between young and old. We use the notation that subscripts
denote birthdates and parentheses denote real time. Individuals born within a generation are indexed
by a superscript 7 € (1,2, ..., L). Utility for the individual is defined over consumption in each period

of life according to the following equation.

U; = In(ci(t)) + In(ci(t + 1)) (3.1)

Only young individuals have the opportunity and ability to work. Each young individual is
endowed with a normalized unit of time with which she may engage in labour in order to earn wages.
We abstract from the labour-leisure choice potentially facing individuals and simply assume that each
agent enjoys no disutility from working. As such, each young individual supplies this normalized

unit of labour inelastically, earning the wage w(t) when young.

Other than this normalized labour unit, agents are born with no endowment. The single, perish-
able good produced in this economy may either be consumed or used as an input into production.

Therefore, agents have the following lifetime budget constraint over consumption.

ci(t+1)

WG S

w(t) (3.2)

Given the lifetime budget constraint and utility function of the individual, maximization yields

the following equations for aggregate labour and capital supply.

°(t) = L (3.3)

SIn no simulations is this upper bound binding.
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=S

J
K (t) = —;—Lw(t -+ %an(t - 1) (3.4)
j=1

In the above equation, it is assumed that profits, (¢t — 1), are re-invested at the same ratio as

wages, w(t — 1).

Modelling Firms

Pre-production For each firm, the following steps are taken prior to production. First, each

T«

firms’ “switch gene” is converted into its real number equivalent, ;. Labour is assigned to produce
in the paradigm p; + 1 according to the ratio given by v, the rest of the labour available to the firm

(1 — 4;) is assigned to production in paradigm p;.”

The degree of correspondence (DC) is calculated for the paradigms in which a firm is producing

(t = py,p; + 1) according to the equation

k+i-1
DC; ;= Z a,wy. (3.5)
z=1
a, =0 if t,#f,, a,=1 if t,=f.. (3.6)

where w, is the weight for the technique z; tf and fF denote techniques of TF (the global
technology set) and F¥ (the firm’s technology sct) respectively. The parameter k denotes the size
of technology sets relevant for the first paradigm of production. Note that the size of technology
sets is incremented for paradigins subsequent to the first. This incrementing is intended to capture
the assumption that higher, more productive technological paradigms are more difficult for firms to

master.?

Of each firms’ x possible technology sets per relevant paradigm, only that with the highest degree
of correspondence is used in order to determine the technological level. Others are carried in order
to capture firms’ technological memory, the importance of which will be clear after a discussion of

the learning process firms’ undergo.

The technological level of the firm is now computed by an exponential function of the DC value,

according to

A = Alexp(N'DC ;). 3.7
7, 7,

where A and A are free parameters of the model.

"Note that this is determined prior to the firms' labour market activities.
8The increasing size of the string representing a firms technology is not a characteristic of the original Ballot and
Taymaz works.
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The production function Firm production occurs in each of the two relevant paradigms (p;,p; +

1) according to the following equations.

Yj,pj = (Kj,pj)a( ]P;( -y )L ) (3.8)

Y41 = (Kjp,+1)*(Ajp, 1195L5)° (3.9)

Total production for the firm is simply the sum of firin production in the two relevant paradigms.

Y=Y, + Yipa1 = (Kip,)*(Ajp, (1= 93))° + (K py+1)* (Aj py+195)°) LY (3.10)

Profit maximization occurs myopically with respect to time. That is, it is assumed that each
firm maximizes intra-period profits at all points in time. Using parentheses to denote discrete time,

in each period firms maximize the following profit equation.

m5(t) = Y;(8) = () (Kp; (8) + Kjpp,41(8)) — w(t) L5 (2) (3.11)

The price of the output is normalized to unity. Therefore, r(t) and w(¢) denote both nominal

and real rental and wage rates respectively.

Aggregate Input Demand - Profit Maximization For each firm, labour demand is determined

according to the following unconstrained maximizing demand equation.

-1 r — =8 A 1—o
VTP () T (Ay, (1= ) T3+ (A a0 =) (3.12)

a_ ¥
L= (3 z

M

Total capital investment for firm j, (K, + Kj 41 = Kj), is determined by the following profit

maximizing equation.

5T T (A, (1= ) T+ (A1) 0] (55) (3.13)

Each firm is identical in the production function parameters o and 3. However, firms are het-

erogeneous in their technological levels (A; ,.,A; . 1) and switch gene (1;) characteristics.

For each firm j, we define and calculate the following.

'_[ JP; w])) o 1 +(A]pj+lw]) ” )](1'1 :5) (3.14)
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Summing total labour and capital demand over all firms, we now have the following aggregate

demand for each input.

J

:ZL?(t):(#) 5 y) _.a_) (== aaa)Zx (3.15)

21‘7 = ))(ﬁ)%(T)Zx (3.16)

Input Market Clearing

Wages and rental rates are determined through the simultaneous solution to the following two equa-

tions.

L'(t) =T'(t) (3.17)

Kt =K' (1) (3.18)

There is no unemployment in this model. The simultaneous solution to these two equations yields

market clearing wage and rental rates, w*(¢) and r*(¢t).

Production

Each firm hires a profit maximizing quantity of labour and capital, L;-i(t)* and KJ‘?(t)*, determined
by the substituting w*(¢) and r*(t) into equations (3.12) and (3.13). Given this profit maximizing
labour demand, each firm divides its total capital demanded into production in the two relevant

paradigms according to the following equations.

D)7 (4,1, (01 - 5 ()24 (319)

(t)
w*(t)

A firm’s total production and profit are now determined by substituting the optimal labour and

K, () = (oo )T (A (D% (0 L)) 71 (3.20)

capital demands into the firm specific production function.
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Selection

In every period, N/m firms consider altering a key characteristic. This characteristic is their division
of labour between paradigms; their “switch gene”. This process is referred to as selection. As
described above, a firm undergoes selection only every m periods. The liklihood of selecting a
different characteristic is dependent not only on a firm’s “fitness”, but also that of other firms

considering selection.

Fitness The fitness of firms is determined by the weighted sum of historical profits during the

previous m periods.® The current period’s profit level is included in this history.

Therefore, fitness for firm j at time ¢ is determined by

m
e =D [®qmjt—gri] (3.21)
q=1
where ®, refers to the weight placed on each individual element of the summation and ;, refers
to the profits of firm j in period ¢. Note that during selection, firms evaluate the performance of only

the current fitness level, based on the preceding m periods, not the complete history of firm profits.

Although only a subset of N/m firms consider selection, the fitness value for all firms is calculated
in every period. Fitness values of all firms are required to enable imitation of technology sets and
“switch genes”. In the first m periods of the simulation, those firms that are due for selection have
not lived a full m periods. In these periods, fitness is based on the summation over only the number

of periods they have lived.

Rank and Selection After the fitness values of all firms are calculated, the fitness values of those
firms considering selection are ranked. The bottom ¢ percent of these firms’ will replace their current

e

“switch gene”.1® This selection procedure is analogous to the (z, A)-selection process described in
the literature of genetic algorithms. While all firms currently considering selection are eligible to
alter their “switch gene”, those firms under-performing relative to the whole necessarily attempt to
imitate the characteristic from one of the more successful firms. However, this does not preclude
other firms considering selection from also altering their division of labour. This process is modelled

utilizing an evolutionary algorithm outlined below.

9Note that there is no reason these weights need necessarily sum to 1

10Note that the replacement rate at this point is constant. However, I will be able to track the distribution of labor
between paradigms of those firms falling to the selection process. That is, the ©; of bankrupt firms. An alternative
to this rather simple selection procedure will be outlined below.
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Evolutionary Algorithm

The simulation now progresses into the “genetic-learning” phase in which firms attempt to improve
their profitability by improving their technological capabilities (technology sets) and their choice
of relative production between their two relevant technological paradigms (“switch gene”). This is
accomplished by experimenting with new characteristics, or imitating those of other firms. Imitation
is not done blindly; a firin will only attemnpt to copy the characteristics of another if it perceives the
comparison firm as more profitable. In each period, every firm attempts to improve their technological
capabilitics. However, only firms currently considering selection attempt to improve their division

of labour (“switch gene”).

Given a firm is attempting to imitate another’s characteristics, it must first select a firm for
comparison. The probability of firm j is selected for comparison is equal to that firm’s relative

fitness, computed using the following equation

pri= t (3.22)
2N M

Technology sets For each firm, learning within a paradigm is a function of the proportion of
labour that is devoted to production within that paradigm; equal to the real value equivalent of the
“switch gene”, ¥;. A random number is drawn from the uniform distribution over the interval [0, 1].
This number is compared to the real value equivalent of the switch gene of each firm. If the number
is greater than the gene, learning occurs only in paradigm p;. If it is less than or equal to the gene,

a firm’s learning occurs only in paradigm p; + 1.1

Once the paradigm in which learning may take place is determined, a firm is drawn from the set
of all firms that have capital devoted to production in this paradigin. The probability of finn j is
selected for comparison is equal to that firm’s relative fitness to all other firms with production in

the paradigm in which learning is to occur.}? We refer to this firm as the comparison firm.

The firm has a choice to either spend time working with its own technology sets, or to look to
other firms’ sets. The firm compares its fitness value to that of its comparison firm. If its fitness value
is higher than that of the comparison firm it works solely with its own technology sets; recombining
them in an attempt to increase productive efficiency. If the comparison firm’s fitness is higher, the

firm will attempt to imitate the comparison firm.

Notice that the use of relative fitness is an imperfect signal of the comparison firm’s degree of
correspondence. A comparison firm may have a superior degree of correspondence in the paradigm

in which learning is to occur, but a lower relative fitness if, for example, they are producing heavily

11 This is not to literally imply that learning may only occur in one paradigm at a time; only that, over many periods
the amount of learning that may take place in a specific paradigm is a function of the amount of labor devoted to that
paradigm

12Notice that the summation in the above equation will not necessarily be over all N firms
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in a newer paradigm in which accumulated learning is small. We will assume, however, that this is
the best signal available to the firrn. This assumption requires that it is very costly to determine the
actual production practices (other than the relevant paradigm) of another firm with respect to the
division of labour. Although firms can achieve full inforination regarding another firm’s production
practices, costs are high enough that they are constrained to knowledge pertaining to only a single

firm in every period. It selects the rival for comparison by comnpariug relative fituess.

Recombination. If a firm determines it is to work with its own technology scts, it selects two
of the z sets randomly from those specific to the paradigm it is learning in. It selects randomly a
crossover point for one of the technology sets. A bit is selected as a crossover point with probability
of 1/(k + p — 1); each bit is equally likely for selection.'® Each of the technology sets is broken at
this crossover point, yielding four subsets. One of the subsets for each technology set is switched

with that of the other, giving two new and distinct technology sets. Next, mutation occurs. Each

DC
mir’

binary bit from the two new technology sets is inverted with probability Pr
The firm now has = + 2 technology sets. These sets are ranked by the magnitude of their degree
of correspondence, DC. The bottom two sets in this ranking are dropped, leaving once again only

z sets in the paradigm. This final process replaces an “election operator”.

Imitation. If the firm is attempting to imitate the production process of the comparison firm, it
takes the technology set used by the comparison firin in whole and adds it to the z sets relevant to
the paradigm of learning. This set then undergoes mutation. Each bit in the binary string of the
imitated techuology set flips with probability Pr 25.14 The = + 1 technology sets are then ranked
according to their DC, and the lowest one is dropped, leaving once again z technology sets relevant

to the paradigm in which learning occurred.

Importantly, Recombination or Imitation with respect to the techniques a firm employs occurs
before that of the “switch gene” (using last periods switch gene) as they are intended to capture

learning by doing and imitation in the previous period.

“Switch Gene” Only firms that underwent selection may alter their “switch gene”. This is in
order to capture the assumption that research, development, and learning is a medium to long-term
agenda. Firms will not make large decisions in technological focus on an inter-period basis, rather
they commit m periods to a new technology in order to reap payoffs; understanding that there is a
great deal of experimentation and learning-by-doing that must occur before the potential technology

becomes productive.

A firm that is eligible to alter its switch gene may try something drastic or revolutionary {experi-

mentation, create a new, totally random switch gene); or try to imitate another firm’s; or do nothing.

13The length of these binary strings is k + p — 1, where p is the paradigm in which learning takes place
14Mutation may be interpreted here as cither directed experimentation on the part of the irm trying Lo imitate, or
as representing an imperfect process of mimicking the comparison firm
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The probability that it will attempt to imitate another firm’s switch gene is equal to Prf’. Otherwise,
with probability (1 — Pr:ﬂ), it randomly selects a new switch gene. If the firm is under-performing
relative to others considering selection (i.e., a firm ranked in the bottom ¢ percent), it may only
work with imitation. These firms may not experiment with its switch characteristic; it must iinitate

one of a more successful firm; that is, Prf’ = 1.

Imitation. A firm selects another from the whole set of firms for comparison. A firm has a
probability of being selected according to its relative fitness value described above. The firm then
compares its fithess to that of the randomly selected firm. If the fitness of the comparison firm
is higher, it imitates the comparison firm’s gene with mutation. That is, it takes their gene in
whole. Each binary bit of this gene has a probability of mutating (binary switching) equal to Pr:flli.
Importantly, if the firm being imitated does not have the same valuc for p;, the switch characteristic
being imitated is set to binary null if p; > p;, and unity if p; < p;; where firm ¢ is being imitated
by firn j. If the firin being compared has a lower fitness value, the coinparer does not imitate. If
the relative fitness of the comparison firm is lower than the firm attempting to imitate, nothing is
done to the imitator’s switch gene. If the iinitating firm is one that is under-perforining, it does not
compare fitness values; it simply imitates with mutation the switch characteristic of the comparison

firin.

Ezxperimentation If the firm does not attempt to improve via imitation of a more fit firm, it
experiments with a brand new switch gene. A new switch gene is drawn randomly, with each bit of
the gene having a probability of 0.5 of taking the value of unity. This has the effect of drawing a
random ¢ from the uniform distribution over [0,1], according to the precision dependent on the size

of the string representing the gene.!®

Finally, if after altering its switch gene, the real value of this gene does not maintain the minimum
level of labour investment in the lowest applicable paradigm, p;; i.e. 1 —1; < m;, the switch
characteristic is set to zero and the firm specific paradigm parameter, p;, is incremented by one. A
new set of  technology sets are drawn randomly for the paradigm p; + 2, and those technology sets

for the paradigm p; are dropped. The firm may now only produce in paradigms p; + 1 and p; + 2.

After a firm falls below the minimuim investment for a specific paradigm, it can no longer produce
in that paradigm. It has progressed fully into a newer paradigm. The firm will never produce in the
older paradigm again, it may only progress to newer ones. This is because if it attempts to imitate
a more successful firm that is still producing in the older paradigin, it will imitate a switch value of

zero, limiting its progression into the next paradigm, but never pulling it back into an older one.

Following the evolutionary learning facet of the simulation, a period ends. The simulation pro-

gresses by moving into the aggregate input supply stage of the algorithm.

15Notably, an election operator would not quite fit with such experimentation; since we are swimming in true
uncertainty. The idea is that the firm is taking a risk; wagering short run losses against future gains. Any election
operator would be required to look into the future; a future no firm could predict.
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Selection - Firm Bankruptcy

As modelled, a fixed and exogenous number of firms undergoing the selection process are forced to
imitate another’s switch gene each period. An alternative specification of the model could entail
endowing cach firm (at its inception) a given level of cash or wealth. As firms accumulate profits and
losses, this level of wealth would be adjusted accordingly. A firm would only be forced to imitate
during selection if, and only if, its level of wealth fell below a given level; most intuitively this level

would be zero.

While a bankruptcy criterion for selection has some intuitive characteristics, it lacks a notion of
relative performance. Firms are not only evaluated with respect to their wealth position, but also
in their performance with respect to similar firms. A firm with positive net equity that is under-
performing with respect to other firms is ripe for takeovers and mergers. The selection criterion
modelled within this work captures this idea well. That said, the equity specification outlined above

has merit and should be evaluated in future work.

Furthermore, a sufficient level of selection is necessary for evolutionary algorithms to perform in
a satisfactory manner. The selection process outlined within the model above maintains a level of
selection regardless of absolute performance. Allowing selection to be based on absolute performance

may not invoke sufficient selective pressure required for the efficacy of the learning algorithm.

3.5 Simulation Results

We begin with consideration of a single parameterization of the model referred to as the reference
simulations (Simulation 1). The parameter choices for these reference simulations are contained in
Table 3.2 and Table 3.3. Using the reference simulations’ learning parameters specified in Table 3.2,
the remaining free parameters contained in Table 3.3 are selected in a manner that yields results
approximating U.S. quarterly growth rates. As there is no empirical basis for the choice of the mini-
mum labour requirements appropriate for each paradigm (m;), the reference simulations’ parameters
are utilized over thirty distinct and randomly chosen specifications of minimum investment.'® All

simulations occur over 500 periods, or 125 years.

In order to facilitate a comparison with actual economic data, in Table 3.1 we present summary
statistics of a sub-sample of the entire simulations’ duration. This sub-sample contains only the
first 190 quarters in order to limit the time frame to that of available data. Table 3.1 presents a
summary of the average quarterly growth rate in real income per capita and the ratio of quarters
in which this growth is negative. These figures represent averages over the entire set of randomly

chosen specifications for the minimum labour requirements appropriate for each paradigm. Average

16While each simulation shares an identical process of random number generation, a unique initial seed value for
this process is chosen for each in order to ensuve results are robust to different sequences of random numbers.



CHAPTER 3. ECONOMIC GROWTH 67

standard deviations are presented in parentheses. The standard deviation of measures across each
simulation are presented in italics. The reference simulations (Simulation 1) are characterized by
an average quarterly growth rate of 0.5814 percent; only 0.0312 percent higher than that of the
U.S. data (Simulation 0).}7 Of course, as mentioned above, given the reference simulations’ learning
parameters (Table 3.2), other simulation parameters have been selected such that the quarterly
growth rate matches the data well. Although the quarterly growth rate is very similar to that
observed in actual data, the ratio of quarters in which negative growth occurs is somewhat lower;
9.96 percent versus 22.53. Although periods of negative growth are a characteristic of the reference

simulations, they occur with less frequency than observed in actual U.S. data.

Growth statistics over simulations’ entire duration are presented in Table 3.5. Presented in Table
3.6 are the growth statistics for average paradigm.'® We emphasize that this table represents rates
of growth in average paradigm, not absolute changes. Table 3.7 contains statistics summarizing
the ratio of periods with negative output growth to those in which output growth is non-negative.
Again, these figures represent average values across the randomly determined specifications for the

minimum labour requirements identical to those appropriate to Table 3.1.

An important feature of these reference simulations is that despite firms’ ability to adopt new
technologies incrementally, periods of negative growth occur. While the average rate of growth over
the entire time series equals 1.07 percent, in 13.07 percent of simulative periods negative growth to

total output occurs (See Tables 3.5 and 3.7, respectively).

The results of a single simulation of the reference parameters are contained in Figures 3.1 through
3.3. The minimum labour requirements for this single simulation are presented in Table 3.4. Figure
3.1 contains a plot of the per period growth rate in total production. As there is no growth rate in
the population or change in the price level, this figure also represents real per period growth rates
per capita. The time series for the log of total production is presented in Figure 3.2 and the average

paradigm of production is presented in Figure 3.3.

There is a decisive co-movement between aggregate output growth and transition towards newer
technological paradigms. The transition towards adopting new technologies is gradual. This high-
lights the important implications of learning-by-doing and inter-firm imitation in the process of

technological appropriation, as discussed above.

Periods preceding adoption are characterized by low levels of output growth; in some scenarios
these low levels of growth border on stagnate. Here, we define periods of stagnate growth as those
characterized by low levels of aggregate output growth, in absolute terms. Additionally, these are
periods in which positive levels of growth appear as often as negative and in equal magnitude on

average. Periods of stagnate growth yield no significant trend in aggregate output.

17Real income per capita data is calculated utilizing population and real gross domestic product figures from the
U.S. department of Commerce: Bureau of Economic Analysis.

18To calculate the average paradigm of production, we utilize the lower of the two relevant paradigms for the firm.
As production may occur in the lower and upper relevant paradigms, this measure will be negatively biased
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Figure 3.3: Average Paradigm.

Importantly, prolonged growth stagnation occurs in scenarios where a newer, more productive
paradigm requircs a high level of labour devoted to it in order to make it available to a firm. Notice
that the stagnation in growth in the log of total output that occurs between the simulative periods 300
and 350 is associated with a similar stagnation in the level of average paradigm (Figure 3.3). In Table
3.4, the minimum labour requirements for each paradigm are presented. The stagnation in paradigm
growth occurs around the sixth paradigm. For availability of the next paradigm, firms must devote
49.46 percent of it’s labour’s time to production in it.!° The relatively high requirement makes it
very difficult for firms to enter into production in this paradigm. High minimum requirements (m;)
have two important growth effects. First, they make entering into production utilizing the technology
associated with high ininiinum labour requirement difficult. As mentioned, this mnay cause stagnation
in growth as transition into this technology occurs very slowly. However, technologies with high
minimum requireinents arc easier for firius to abandon. As such, transition out of this technology and
into its successor is more likely to occur, having a positive impact on growth. Therein, the transition
between technologies required for long run growth in per capita incomes will be dependent not only
on the minimum labour requirement of the successive technology, m;,1, but also on its predecessor,

my.

An important question remains. Are these negative growth periods a result of negative shocks to
productivity? In order to answer this, consider the model simulated without the ability of paradigm

progression. That is, each firm’s value of ¢ is set at zero and does not undergo any changes.

19The upper bound on these requirements, m;, is 50 percent
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Furthermore, the degree of correspondence is not dynamic. Regardless of the parameterization, it
should be clear that wages will instantaneously adjust, unemployment will settle at a level of zero,
capital stocks and interest rates will remain constant and no growth will occur. Now, if we add
the ability for firms to increase their labour devoted to the subsequent paradigm (1) and maintain
that the technological level of the firm in the following paradigm (A; . 1) is greater than the latter
(A;p,), the overall productivity of the firm increases, both labour and capital demand increase, and
there is no possibility for total output to decrease. The only fundamental cause of negative shocks
to economic growth available in this model is through negative productivity shocks at the firm level.
A firm progressing into a paradigm that it is less proficient in will observe an overall productivity
decline, a decline in its demand for labour and capital, and its cutput will decline. Of course, the fall
in labour demand will put downward pressure on wages, therein dampening this immediate effect.
Essentially, there are no exogenous shocks or effects inherent in the labour or capital market that
may give rise to negative economic growth. Effects observed in these markets must be in response

to productivity fundamentals.

3.5.1 Genetic Parameter Effects

The genetic parameters specific to the model may have important effects on the dynamics of the
simulation that are unintuitive. As such, the model is simulated with 11 different permutations of
parameter choices over the reference simulations. These permutations include parameter variation
over the probability of bit mutation given a firm is recombining their technology sets (Prf;:ﬁ),
variation over the probability of bit mutation given a firm is imitating another’s technology sets
(Prflﬁ), variation over the probability a firm will imitate another’s switch gene (Prf’), and variation
over the likelihood of mutation given the firm is imitating another’s switch gene (Pr:flli). The
parameter choices for each of these variables is given in Table 3.2. All other simulation parameters
are identical to those utilized in the reference simulations. Importantly, each simulation shares an
identical set of minimum labour investment requirements for each paradigm and an identical process
of random number generation. The results of these simulations are contained in Table 3.1 (sub-
sample) and Tables 3.5 through 3.7 (entire simulation). Importantly, in every permutation of the
genetic parameters, regardless of the resulting average rate of growth, each simulation is afflicted

with periods of negative growth in total output (See Table 3.7).

Variation in the genetic parameters results in important variation in the level of growth in real
output per capita. Over the entire simulations’ sample, against the reference simulations with an
average quarterly growth rate of 1.07 percent, permutations yield a maximum average growth rate
of 5.13 percent (simulation number 7). Over the sub-sample comparable to U.S. data presented in
Table 3.1, all permutations over the learning parameters yield simulations with average quarterly
growth rates within a single standard deviation of empirical observations. However, in none of these

simulations is the ratio of periods characterized by negative growth similar to that of the data. In
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Simulation No.

Average Growth

Ratio Negative

0

11
12

0.5502 (0.8714)
0.5814 (0.6151) (0.4002)

0.5133 (0.5242) (0.2835)
0.6399 (0.6990) (0.3150)
0.6704 (0.6528) (0.3071)

0.8565 (0.7837) (0.8190)
1.0884 (1.1674) (0.3689)
1.3307 (1.4892) (0.5579)

0.5095 (0.6171) (0.2611)
0.6052 (0.5737) (0.2533)
0.5999 (0.5490) (0.2427)

0.5909 (0.6028) (0.2600)
0.5795 (0.5414) (0.2157)

22.53%
9.96% (7.53)

11.76% (8.18)
9.98% (6.63)
9.58% (8.78)

6.15% (4.63)
6.08% (5.40)
4.87% (4.45)

16.75% (8.21)
6.22% (6.75)
5.31% (5.25)

10.77% (5.73)
7.88% (6.01)

Table 3.1: Simulation Sub-Sample versus Real World Data
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simulation 8, although this ratio increases from that of the reference (from 9.96 to 16.75), it continues

to fall short of that observed in actual data (22.53).

With respect to the baseline simulation, there are sonie notable effects derived from changes in
these genetic parameters. First, increasing the probability of mutation given a firm is imitating
; : Y
another’s switch gene (Prp

From the baseline value of 0.05, decreasing this rate to 0.025 also decreases the average rate of

) appears to increase the level of growth (simulations 2 through 4).

quarterly growth from 1.07 to 1.02. Increasing this parameter to 0.10 and 0.15 has positive impacts
on the overall level of average aggregate growth, increasing it from 1.07 to 1.49 and 2.07, respectively.
We conclude that there is a positive relation between the probability of mutation given the firm is

imitating another’s switch gene and average growth.

There is intuition behind this result. Remember, in every period a given number of firms have
the ability to alter their switch genes, and choose to imitate another firm’s gene with a probability
determined by Prf. In fact, of these with the potential to alter this gene, those that fail the selection
process must alter their gene through imitation. There are two effects mutation has with respect to

this imitation.

First, the firtn is more likely to imitate firins that are very successful. As such, mutation is a
terrible process that destroys the attempt to mimic the successful firm. Increasing mutation leaves
these firms with labour divisions that are not as productive in the short run. This causes decrecases

in average growth rates.

However, increasing this mutation rate also has the effect of pushing more and more firms into
the newer technological paradigm even when it is less productive. It forces these firms to begin
building a competence in the new technology even before it is profitable to do so. The more firms
that are pushed into this new paradigm, the faster will incremental innovations occur, as firms may
take advantage of imitation. While these firms will perform terribly with respect to other firms
that choose not to produce in this paradigm, their competence is available for imitation once these
firms do progress. In the long run, the ability to imitate this competence has the effect of increasing

growth rates.

Although the first of these affects will decrease growth rates in the short run, when considering

average growth rates over a long horizon, the second affect dominates.

Decreases in the probability of imitating another’s switch gene, (P’r:z’), greatly increases the
overall growth of the economy (simulations 5 through 7). It is the strongest of the genetic parameter
affects discussed in this section. The intuition behind this effect is exactly the same as that behind
the long run effect of increasing the size of the Prili parameter. Forcing firms to experiment with
new switch genes has the effect of pushing a greater number of firms towards adopting the new
technology, regardless of the productivity of that new technology. While these firms suffer low levels
of productivity, they build a competence in the paradigin that may be imitated by other firms in

the future. The more firms that experiment with this new technology, the faster the level of this
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competence can increase through social learning.

Although not simulated, we would expect that further decreases in the probability of imitating
another firm’s switch gene would eventually lead to decreases in the average level of economic growth.
This stems from the fact that too many firms would be progressing into new technological paradigms
for the economy to ever achieve competency in any one of them. Although the economy would
progress into more potentially productive technological paradigms, it would never spend enough time
in any particular paradigm to achieve a level of competence that enabled capturing the potential

productivity of the technology it uses at any given point in time.

Similar to the positive relation between the probability of mutation given the firm is imitating

another’s switch gene, it appears that increases in the probability of mutation given imitation of
DC

mli

another’s technology (Pr”%) has positive impacts on average levels of quarterly growth. For the
parameter values simulated (0.05, 0.10, 0.10 and 0.15), average growth increases directly with larger
values of mutation (1.04, 1.07, 1.28 and 1.47, respectively). Although mutation decreases the ability
of firms to imitate the technologies of more profitable firms, it appears that the negative impacts
on growth this effect has is outweighed by the benefits stemming from the increases in diversity
associated with high rates of mutation over technologies. Interestingly, this relationship does not hold
with respect to mutation when a firm is recombining it’s own technology sets. Here, a convex relation
between Prﬁlcr and growth rates exists, where growth is maximized at the reference simulations’
parameterization of mutation. However, the strength of this relationship is weak. Although both
increases and decreases in this parameter yield a fall in .average growth, their magnitude is smaller

than any other learning parameter effect.

These results allow for the interpretation of economies characterized by extended periods of
stagnate growth in terms of the model considered within this work. Differences in growth are
assumned to be the sole result of differences in the pace of technological appropriation. Two things
are required for appropriation, experimentation within the new technology and imitation of firms that
find success within this technology. If an economy is not fostered by an environment conducive to
either of these two effects, transition through technologies occurs at a slower rate, and growth in per
capita income is lower than that of other economies. If the conditions relevant for experimentation
and imitation in an economy suffering from such effects are altered, growth within the economy will

increase, correlated with an increase in the pace of technological appropriation.

3.6 Concluding Remarks

The model examined in this work allows for the investigation of the sufficiency of learning-by-doing
for explaining negative macroeconomic output shocks in an evolutionary model of technological

transition. It has been argued that the productivity gap between old and new technologies causes
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temporary negative aggregate output shocks despite the ability of firms to adopt these new tech-
nologies in a non-discrete manner. The productivity gap between old and new technologies results
from the lack of accrued incremental innovations in the newer technologies. These results appear
highly robust with respect to changes in the underlying parameters of the evolutionary algorithm
of firm adaptation. While periods of negative growth in real output per capita are a regularity of
the simulations, they occur with less frequency than found in actual U.S. data. The framework
outlined within this work has important advantages over other models in the literature in that it
offers a natural mode] of experimentation by agents and allows consistency with Nelson and Winter’s
(1982) interpretation of Schumpetarian competition. The manner in which innovation and techno-
logical progression is modelled within this work is also consistent with key observations of significant

technological transitions of the past; specifically, the Industrial Revolution.
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3.7 Appendix

Simulation No. P’ﬁﬁ Préﬁ P'rj’ Prmli
1 0.10 0.10 0.95 0.05
2 0.10 0.10 0.95 0.025
3 0.10 0.10 0.95 0.10
4 0.10 0.10 0.95 0.15
5 0.10 0.10 0.90 0.05
6 0.10 0.10 0.85 0.05
7 0.10 0.10 0.80 0.05
8 0.10 0.05 0.95 0.05
9 0.10 0.15 0.95 0.0
10 0.10 0.20 0.95 0.05
11 0.05 0.10 0.95 0.05
12 0.15 0.10 0.95 0.05

Table 3.2: Genetic Parameter Specification
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T - Simulation Periods 500
N - Number of Firms 100
L, - Total Initial Population 200
n; - Growth Rate in Population 0.0
Ky - Initial Capital Supply 50
4 - Depreciation Rate of Capital 0.0
z - Technology sets per Paradigm 3

k - Bit Length of First Paradigm’s Technology Sets 18
ls - Bit Length of Switch Gene 8
m - Number of Periods Used in Fitness Calculation 10

¢ - Percent of New Firms From Those Under Selection 0.20

A - Parameter in Equation Linking DC to A;; 1.15
A - Parameter in Equation Linking DC to 4;; 1

« - Capital’s Share of Output 0.33
B - Labour’s Share of OQutput 0.60

Table 3.3: Baseline Parameter Specification

Paradigm (j) Minimum Labour Investment ()

0.1639
0.3314
0.2443
0.0581
0.3819
0.1725
0.4946
0.2414
0.1337
10 0.3534
11 0.3289
12 0.2374

© 00 ~1O O WD~

Table 3.4: Minimum Labour Investment
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Simulation 10-500 10-100 101-200 201-300 301-400 401-500
1 1.07 0.4 0.71 0.88 1.44 1.82
(2.19)  (0.39) (0.82)  (1.21)  (2.27)  (3.32)
2 1.02 044 0.58 0.95 1.20 1.86
(1.99)  (0.43) (0.61)  (1.16)  (1.87)  (3.21)
3 149 053 0.74 1.15 1.98 2.97
(3.14)  (0.50) (0.88)  (1.28)  (2.84)  (5.29)
4 207 055 0.78 1.50 2.72 4.67
(4.61) (0.48)  (0.81)  (1.96)  (4.19)  (7.92)
5 232 0.60 1.09 1.79 3.01 5.01
(5.47)  (0.48)  (1.06)  (2.47)  (4.91)  (9.58)
6 373 0.79 1.36 2.72 461 8.97
(9.30)  (0.67) (1.62)  (3.72)  (7.60)  (16.82)
7 513 087 1.75 3.59 7.18 11.93
(13.51)  (0.73)  (2.18)  (5.28)  (11.82) (24.26)
8 1.04 041 0.60 0.96 1.25 1.95
(2.20)  (0.46)  (0.76)  (1.42)  (2.15)  (3.45)
9 128 049 0.71 1.17 1.76 2.21
(2.68) (0.38)  (0.75)  (1.49)  (2.72)  (4.10)
10 147 049  0.70 1.25 1.90 2.95
(3.16) (0.35) (0.73)  (1.57)  (2.91)  (5.25)
11 099 0.6 0.71 0.80 1.29 1.67
(1.88)  (0.43)  (0.76)  (1.02)  (1.93)  (2.89)
12 1.03 048 0.67 1.04 1.26 1.66
(2.04)  (0.40) (0.67)  (1.30)  (2.12)  (3.05)

Table 3.5: Average Aggregate Growth Rate
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Simulation 10-500 10-100 101-200 201-300 301-400 401-500
1 042  0.65 0.53 0.45 0.26 0.22
(0.67) (0.83) (0.63)  (0.52)  (0.36)  (0.30)
2 0.42  0.65 0.53 0.45 0.26 0.22
(0.67) (0.83) (0.63)  (0.52)  (0.36)  (0.30)
3 045  0.77 0.60 0.42 0.26 0.23
(0.65) (0.88)  (0.60)  (0.42)  (0.27)  (0.24)
4 0.48  0.82 0.59 0.43 0.34 0.23
(0.61) (0.84) (0.53)  (0.38)  (0.28)  (0.22)
5 049  0.90 0.70 0.38 0.29 0.20
(0.65) (0.91)  (0.60)  (0.37)  (0.30)  (0.23)
6 0.52  1.12 0.66 0.39 0.26 0.22
(0.68) (1.01) (0.55)  (0.34)  (0.25)  (0.22)
7 0.54  1.15 0.71 0.41 0.29 0.20
(0.67) (0.98) (0.55)  (0.31)  (0.24)  (0.18)
8 042  0.66 0.56 0.43 0.26 0.22
(0.66) (0.82)  (0.65)  (0.51)  (0.31)  (0.28)
9 043  0.76 0.58 0.43 0.26 0.18
(0.66) (0.91) (0.61)  (0.47)  (0.29)  (0.24)
10 045  0.79 0.58 0.41 0.31 0.19
(0.64) (0.89)  (0.56)  (0.43)  (0.30)  (0.22)
11 042  0.72 0.60 0.35 0.28 0.19
(0.66) (0.90) (0.63)  (0.41)  (0.35)  (0.25)
12 042  0.74 0.59 0.39 0.24 0.17
(0.65) (0.89) (0.61)  (0.43)  (0.29)  (0.23)

Table 3.6: Average Paradigm Growth Rate
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Simulation 10-500 10-100 101-200 201-300 301-400 401-500

1 13.07 7.44 12.26 16.13 15.52 14.01
2 12.54 9.33 13.97 10.88 11.21 17.59
3 11.45 8.52 11.31 9.83 15.99 11.80
4 8.58 6.70 12.19 9.49 6.20 8.47
bl 8.11 5.44 6.80 8.92 8.59 10.92
6 7.86 4.22 7.78 8.05 9.39 9.86
7 6.49 3.85 5.79 6.70 7.17 8.98
8 18.88 15.33 18.05 17.71 24.38 19.35
9 8.84 4.59 7.71 8.75 12.09 11.05
10 6.48 3.93 6.57 6.40 6.36 9.22
11 12.92 8.26 13.06 14.21 14.07 15.10
12 12.15 6.56 9.09 11.38 17.47 16.26

Table 3.7: Ratio of Periods with Negative Growth Rate



Chapter 4

The Muth Model

Intelligent Mutation Rate Control in an Economic Application of Ge-
netic Algorithms

4.1 Introduction

Genetic Algorithms are the best known representation of a class of direct random search methods
called evolutionary algorithms which are widely used to solve complex optimization and adaptation
problems. Their use within economics is grounded on their ability to represent the adaptation of
individuals to the underlying parameters of their economic environment. They facilitate a departure
from the rational expectations hypothesis, which requires in it’s place a model of learning employed

in order to describe the manner in which agents make decisions about their economic behavior.

Genetice algorithms describe the evolution of a population of rules, representing different possible
beliefs, in response to experience. A population of n individual rules are represented by binary
vectors, 2* = (a%,7%,...,2%) € {0, 1}*, of fixed length k. This population of rules may represent
different agents interacting, referred to as social learning, or a single agent’s mutually competing
ideas, referred to as individual learning. In each of these representations, the frequency with which a
given rule is represented in the population indicates the degree to which it is accepted in a population
of agents, or the degree of credence attached to it, respectively. The success of a particular rule is
referred to as it’s fitness and is determined according to a specific fitness function. Rules whose
application has been more successful are more likely to become represented in the population. This
occurs according to a classical probabilistic proportional selection operator that uses the relative

fitness to serve as selection probability.

Heterogeneity is introduced into the population through two evolutionary operators, crossover
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and mutation. The crossover operator works by first randomly assigning each rule in the population
to a pair. For each pair, the crossover operator exchanges information between different individual

rules with a given probability, p..

This paper focuses on the mutation operator, which introduces innovation into the population by
inverting bits of the binary vectors. Each bit has a small and independent probability of inversion,
pm. This operator is typically assessed as a secondary one which is of little importance in com-
parison to crossover. Most applications of genetic algorithms work with small, constant settings of
P € [0.001,0.01]. While there are logical and mathematical bounds on the choice of the magnitude

of pm, it remains a free parameter of the algorithms implementation.

In a simple, non-economic directed search implementation of genetic algorithms, the choice of
the mutation rate is of concern in a very practical sense. Many applications favor larger or non-
constant (though deterministic) settings of the mutation rate for increasing the speed at which the
algorithm converges on the solution. This practical importance is also a concern for implementation

in economiic settings.

In an economic system of constant change, there is likely a requirement for constant introduction
of innovation. It is likely, however, that there is an optimal rate at which this innovation occurs and
that it is dependent on the underlying stochastic nature of the system in question. More dynamic,
or stochastic, environments may call for a higher level of maintained experimentation. Importantly,
this rate of experimentation is likely linked to the economic system and not an exogenous parameter

of human learning.

In addition, genetic algorithms are used in comparison to an actual human learning process.!
In these settings, fixing the rate of mutation may be problematic for other, non-practical reasons.
If bitwise mutation is to be analogous to some actual human learning operator, fixing the rate of
this action seems inappropriate, a priori. Learning agents are likely to adapt the rate with which
they experiment with new rules as the perceived benefit of this experimentation decreascs. Modelling
economic choices using a genetic algorithm with a fixed mutation rate may introduce a biased amount

of innovation over the population of rules.

Ez post, this bias precludes the use of fixed mutation rates for reasons of parsimony. The use
of fixed mutation rates allows for constant introduction of innovation over a population of rules
and therefore the ability to adapt to an economic environment. However, in many cases, fixed
mutation rates preclude the system’s true convergence to an economic equilibrium. Even as the
system converges to equilibrium levels, the rate at which individuals experiment remains the same.
When compared to actual human behavior, this outcome is problematic. If the system is to converge,

mutation rates must fall to zero or an election operator must be used.

The use of an election operator limits the introduction of innovation to situations in which the

mutated rule is associated with an “expected” increase in fitness (Arifovic, 1994). After the crossover

! Examples of such work include Arifovic and Ledyard (2004), and Arifovic and Maschek (2004).
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and mutation operators have generated potential new rules, the election operator tests these rules
before they are permitted to become members of the population. The fitness that each new rule
would have attained is determined, holding all variables relevant for the calculation fixed at the
previous period’s values. This value is referred to as potential fitness. The potential fitness of the
new rules is compared to the actual fitness associated with the rule’s parents (parents are the pairs
of rules that are used in the application of the crossover operator). A new rule may only replace a

parent rule if it’s potential fitness is higher than that of a parent’s actual fitness.

The economic use of genetic algorithms is becoming popular for their possible representation
of a learning process. The use of an election operator is analogous to the acceptance of “simple”
expectations, and may not capture actual human behavior in a satisfactory manner. If multiple
equilibria exist, switching between these equilibria is an impossibility with the adoption of the
election operator in genetic algorithm models of agent behavior. The election operator’s efficacy
is grounded on the control of innovation over rules in the population. The introduction of innovation
is achieved through the crossover and mutation operators. A more realistic control of the introduction
of innovation over the population may be found in the control of these operators directly, rather than

the adoption of simple expectations.

This work acknowledges the importance of the introduction of innovation, but maintains the level
with which innovation is introduced should be determined within the framework of the model rather
than being exogenously imposed or limited through the use of simple expectations. Herein, the focus
is limited to the mutation operator. An alternative mechanism for controlling mutation lies in the
on-line learning, or self-adaptation of this parameter. We consider this mechanism below in Section
4.4. We wish to consider how this mechanism affects an economic application of genetic algorithms
in terms of variation in aggregate outcomes and convergence. With respect to the latter, we will
examine the potential for self-adaptation to replace the election operator as sufficient for yielding
convergent results. The economic environment in which we consider these questions is presented
in Section 4.2, and the application of genetic algorithm adaption in this environment without self-
adaptation is presented in Section 4.3. Results of the analysis are presented in Section 4.5, and

conclusions follow.

4.2 Proposed Environment for Analysis

We wish to compare the performance of simple genetic algorithms to ones in which the election op-
erator is included and those characterized by self-adaptation in an economic setting, or environment.

The cobweb environment examined by Arifovic (1994) is proposed for the analysis.?2 Its choice is

2The rational expectations version of the model has been considered in the work of Muth (1961). Versions of
the model with alternative formulations of learning have been presented in the works of Nerlove (1958), Carlson
(1969), Townsend (1978), DeCanio (1979), Frydman (1981), Brandenburger (1984), Bray and Savin (1986), Marcet
and Sargent (1987), and Nyarko (1990). The model has been simulated in an experimental setting by Holt and
Williamil (1986) and Welford (1989). While divergent behavior characterizes most of the above algorithms in the
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motivated by the following considerations. First, it is a simple environment that lends itself well
for comparing results of a simple genetic approach, an extended approach including the election
operator, and the approach of this work (inclusion of self-adaptation). Additionally, the cobweb
model is easily adapted to one of constant change. Though considered constant in this work, the
underlying parameters of the model which determine the rational expectations solution could easily

change according to some Markov-switching process, or encompass stochastic exogenous shocks.

In the work of Arifovie, a genetic algorithm is used to update the firms’ decision rules determining
production in the following period. Her results show that genetic algorithms in this setting are
characterized by convergence to the rational-expectations equilibrium for a much wider range of

parameter values than other algorithms.

4.2.1 Description of the cobweb model

The model contains n firms in a competitive market. Firms produce the same good and each is a

price taker. Each firm has an identical cost function given by

1
Cit =2+ Eynq?’t (4.1)

where C;; is firm i’s cost of production for sale at time ¢ and quantity ¢;,. Since the production of
goods takes time, quantities produced must be decided before a market price is observed. Expected

profit of an individual firm, IIf ,, is

1
U, = Plgie — zqi; — 5?1"”11'2,t (4.2)
where Pf is the expected price of the good at time t. Each firm chooses a quantity ¢;,; to maximize

its expected profit IIf, on the basis of its expectations regarding the prevailing price Pf. The first

order condition for profit maximization with respect to g;, is given by the following equation

1
Gie = %(Pf - ) (4.3)
where the price I, that clears the market at time ¢ is determined by the demand curve
n
Pl:A_BZqi’l (44)
i=1

The rational expectations equilibrium is characterized by Pf = P, and ¢;; = ¢ for all i. By

rearranging equation x, this may be expressed as

unstable case, this was not observed in the experimental settings with human subjects.
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z+yngy = A - Bnq

Solving the above expression we arrive at the following characterization of the rational expecta-

tions equilibrium per firm quantity

B A—-z
" n(B+y)

*

g =q (4.5)

A key objective of the Arifovic (1994) work is to determine whether quantities produced by firms
that are using a genetic algorithm as their learning scheme will converge to this constant rational
erpectations quantity and how these results compare to the results of other learning and experimental
behavior (See Arifovic (1994) pp.07). Her application of the genetic algorithm to the above economic

framework is described in the proceeding sub-section.

4.3 Application of the basic genetic learning algorithm

A population of binary strings, A, represents a collection of firms’ decision rules at time period t.
These binary strings are of fixed length, k, written over the {0,1} alphabet. These strings are decoded
into their integer equivalent and normalized in order to give their production level equivalent. For a

string ¢ of length & the decoding works in the following manner:

k
- J 9j-1
Tig = E :ai,tQJ
i=1

where afﬁt is the value (0,1) taken at the jth position in the string.

After a string is decoded, its integer value is normalized in order to obtain a real number value

¢i ¢ that represents production levels at time ¢ for firm 1:
git = Ii,t/—l?

where K is the normalizing coefficient.

Fitness of a rule 1 at time ¢, p; ,;, is determined by the value of firms’ profit earned in the period.

Hit = Hi,t = Pt(h',t - Ci,t

Firms’ decision rules are updated using three genetic operators: reproduction, crossover, and
mutation. Reproduction makes the copies of individual chromosomes according to their relative

fitness. The probability that a chromosome A;, will get a copy C;+ is given by
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Uit
P(C;¢) = ———Z?zl e
In every period, n rules are created from the pool of rules utilized in the preceding period. The
algorithmic form of the reproduction operator is like a biased roulette wheel where each string is
allocated a slot sized in proportion to its relative fitness. Thus, rules with a higher fitness value in
the preceding period having a higher probability of existing in the subsequent period (or existing
in higher numbers). These copies represent the pool of rules which then undergoes crossover and

mutation.

Crossover exchanges the parts of pairs of randomly selected strings. It operates in two stages.
First, two strings are drawn from the pool of copies at random. Then, a random integer is drawn,
b € [1,k —1]. Two new strings are formed by swapping the set of binary values to the right of the

position b. In each of the n/2 randomly determined pairs, this crossover occurs with probability p,.

Mutation is the process of a random change in the value of a position within a string. Each

position has a probability, p,,, of being altered by mutation, independent of other positions.

After the members of the new population are determined, the quantity that will be produced
and offered for sale at time ¢ is computed for each firm. Individual quantitics are summed up and
the market price, P, is determined. Next, costs associated with each firm’s production level are

calculated and cach firm’s fitness level is then determined.

The above described steps are applied iteratively for T' generations. The population of chromo-

somes at time period 0 is randomly determined.

4.4 'Two-Level Learning in Genetic Algorithms

The self-adaptation principle incorporates certain strategy parameters into the representation of each
individual. The strategy parameter set of an individual provides a parameter setting for mutation
when applied to this particular individual, and strategy parameters evolve by means of mutation

(and recombination) just as the object variables do.

The genealogy of on-line learning may be traced to its origins in the work of Schwefel in the
context of multimembered evolution strategies (1987, 1992, 1995). Independently of this, Fogel et

al. (1991) developed an almost identical procedure for evolutionary programming.?

The specific introduction of sclf-adaptation considered here has been proposed and tested in
specific environments by Béack and Schiitz. They propose a self-adaptive mechanism of a single

mutation rate per individual such that the following requircments are fulfilled:

3See also Fogel (1995).
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(1) Mutation of the mutation rate p,, e |0,1[ yields a mutation rate p), ¢ 10, 1]

(2) The expected change of p,, by repeatedly mutating it equals zero. That is, E[p],.] = pn.

(3) Small changes are more likely than large ones.

(4) A modification by a factor ¢ occurs with the same probability as a modification by 1/c.

The first requirement simply maintains that after mutation, the new individual mutation rate
remains in the mathematical bounds appropriate. Requiring that repeated mutations yield an ex-
pected change equal to zero is done to ensure that the only force driving the direction of these
mutations is selection. There is to be no drift in mutation rates not associated with higher levels
of fitness. The final two requirements give structure to the distribution of changes in the individual
mutation rates. The distribution of potential changes to p,, is positively skewed (according to the
fourth requirement) making a given factor increase in the mutation rate more likely than a decrease

of equal factor.

Based on these requirements, a logistic transformation of the form

1- Pm

m

P = (14 exp(~=yN(0,1)))™" (4.6)

such that p/, is distributed according to a logistic normal distribution with the given probability

density function

| o~ =0
EmIy-az T 297

for () = ) (4.7)

where ¢ = lni—_'%. We refer to p,, as the mutated mutation rate. The learning rate, v, allows for a
control of the adaptation speed evolutionary strategies’ mutation rate. For a given rate of mutation,
Pm, the variance over the mutated mutation rates, p/,, increases for higher values of the rate of

learning, . As such, more heterogeneity over individual mutation rates is introduced in each period.

The algorithms works as follows. The genotype of an individual consists of a bitstring of length
k and an individual mutation rate p’, that controls the bitwise mutation of (x%,z%, ..., z%) according

to the mutated mutation rate p,.

' = (x¥, 2%, ..., 2, pb) € {0, 1}’c x 10,1]

The mutation process yields a new individual z?" = (ﬂll ) zg, . :L}c',p;;) Crossover is applied only
to the binary vector and has no impact on the mutation rate, but this is certainly an area of future

research. This algorithms allows for incorporation and exclusion of the election operator.
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In their original application of the algorithm, Back and Schutz use the counting-ones problem,
f(z) = Zle x; — min, to build a modified continuous optimization problem in which switching
occurs every 250 periods between f and f'(z) = k — f(z) — min. A “cycle” is referred to as the
period between switches of the optimization problem. Their results show that during a given cycle
of the optimization problem, mutation rates decrease drastically from values close to 0.1 to near
their lower bound. Within only a few generations of the switching, mutation rates increase back to
this higher value. Convergence velocity increases, driving an improvement in the objective function

value over simulations in which self-adaptation was not included.*

4.4.1 Selective pressure
Mutation Rates

As emphasized by Back and Schiitz, self adaptation works by means of the selective advantage or
disadvantage of mutation rates. This advantage is expressed by its impact on the fitness function of
the rule it is associated with. Back and Schiitz argue that the self-adaptation mechanism can only
work effectively if at least one bit per binary string is mutated on average. As such, they impose a

lower bound on the rate of mutation, pm, that is equal to 1/k.

This argument is particularly sound with respect to convergence velocity, especially in the
counting-ones framework in which they are working. Here, the problem is altered every 250 periods;
the population of rules must adapt to a new solution every 250 periods. Maintaining a sufficient
level of mutation is required in order to allow sufficient diversity so as to converge on an alternative
solution. With respect to velocity of convergence, if self adaptation is to outperform algorithms with

constant mutation rates in their environment, this lower bound of 1/k is required.®.

In the framework considered herein, the parameterization of the model for which these rules
are required to adapt to is held constant over the duration of the simulation. Maintaining a level
of diversity as high as 1/k may not be required for the self adaptation mechanism to work effec-
tively. Additionally, many economic works utilizing the genetic algorithm have enjoyed success with

mutation rates lower than that required for average mutation of one bit per binary string.

Regardless, if given a sufficient duration of simulative periods, selection of better performing rules
with respect to fitness will occur, even if the rate of mutation is lower than 1/k. As the environment
within which these rules are functioning is non-changing, even slight selective pressure will allow

convergence to rules that will, over the long run, outperform the average.

4While under optimal circumstances the modified problem requires oscillating behavior of the mutation rate, the
problem does not contain complementarity between rules with respect to their fitness; a characteristic of most economic
environments. This work is the first examination of the performance of sclf adaptation in an environment in which a
rule’s fitness is also a function of the other n — 1 rules.

51t will be argued that even in such a framework, placing a lower bound on the rate of mutation is not strictly
required if one incorporates fitness dependent mutation modificators (see below)
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‘We therefore incorporate a lower bound on mutation, Pm, but include values that are less than
1/k. If lower bound values around 1/k are required for effective self adaptation in this particular
environment, then simulation results with lower values will provide evidence supporting such. We
emphasize that this may not be appropriate in frameworks with model parameters that are changing

over some period within the simulation.

Selection

For the self adaptation principle to work, Schwefel (1987, 1992) has demonstrated that a relatively
strong selective pressure, such as that provided by (u, A)-selection, is required.® As such, Bick and
Schiitz utilize simulations incorporating both proportional selection (that which is used within this

work) and the stronger (u, A\)-selection process.

In their work, Back and Schutz conclude that the only difference between proportional and (p, A)-
selection consists in the fact that smaller selective pressure of proportional selection allows for a larger

diversity of the mutation rates and implies a slightly slower convergence velocity.

In this work, as in the original Arifovic (1994) work, we utilize proportional selection. However,
in order to increase the selective pressure slightly, we alter the determination of rules’ fitness from
the original. Here, we apply a monotonic transformation to the rules’ profit in order to calculate its

fitness.

Fie{f _ _Hit ~ Hmin (4.8)
’ Hmaz — Hmin

In the above equation, Ff{ 7 denotes the effective fitness of individual rule ¢ in period ¢. The
maximal and minimal fitness value in the population at the current generation are denoted by timas

and f,in, respectively. The conversion simply rescales the fitness values to the [0,1] interval.

The conversion to effective fitness has the effect of allowing for diverse fitness values even when
the absolute, or raw, fitness levels of the rules are quite close together. This is likely to occur when a
simulation approaches convergence to the economic equilibrium of competitive output. This has the
effect of favoring replication of rules that perform better in terms of profits, even if the improvements
in profits are slight in absolute, or raw terms. In order to evaluate the effect of this increase in selective
pressure, simulations will be run with, and without the effective fitness modification inherent in the

above equation.

The above formulation of effective fitness allows an extension of the algorithm in which alterations

of individual mutation rates beyond a global rate are associated with an energy cost to fitness.

6This selection functions according to y parent individuals creating A > u offspring by recombination and mutation.
Only the best u offspring individuals arc selected as parents for the next generation
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4.4.2 Fitness dependent mutation modificators

In an extension to the evolutionary algorithm described above, we assume that changes in individual
mutation rates may not occur without cost. In a genetic model of plant evolution, Kim {1998)
extends the basic modelling concept in a manner that includes an energy cost of mutation rate
adaptation. This energy cost manifests within the rules’ fitness function and is dependent on the
rules’ individual rnutation modificator. Herein, the adoption of Kim’s mutation modificator allows

for a link between mutation rate adaptations and fitness penalties.

An individual rule’s mutation modificator is an implicit function of it’s particular mutation rate:

pig =m- g~ (4.9)

In the above equation, p;: denotes the individual mutation rate of rule 7 in generation t. The
mutation modificator, &, is a characteristic of each individual rule that is linked to its particular
mutation rate by the parameters m and g, referred to as the global mutation rate and the mutation

rate modificator factor, respectively.
Solving for x; yields the following equation:

A In(p; ) — In(m)
"t In(q)

The mutation modificator is a positive function of the percent difference between the individual

(4.10)

and the global mutation rate. The fitness cost associated with per unit changes in the absolute value
of the mutation modificator is determined by the parameter p in the following alternative cfiective

fitness equation.

e Hit — Kmi
Feff = Lut T Rmin g (4.11)

Hmaz — Hmin

Assuming ¢ is greater than one, the effective cost of mutation rate deviations from the global

rate is determined by the size of p/In{q).

Fefl — Bt “Hmin Py, pi:) — In(m 4.12
it Lmaz — Mmin ln(q)l ( I,t) ( )| ( )
The rescaling of raw profit levels into effective fitness, Fftf 4 , allows for application of the penalty,

p, that is independent of the absolute raw fitness levels. Setting the mutation rate modification

penalty to zero permits accordance with the genetic algorithm described in previous sections.

There exists an economic interpretation for total fitness costs that result when individual mutation
deviates from the global rate. Total fitness penalties are the result of two qualitatively distinct costs

associated with different levels of individual mutation.
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First, reductions in mutation rates are likely associated with increased effort costs as they would
require avoiding trembling hand perturbations of the binary encoded rule. Such costs would be a
decreasing function of the individual mutation rate. That is, such costs can be avoided by adopting

higher levels for the likelihood of mutation.

However, adaptation of higher mutation rates requires concerted effort on the part of the indi-
vidual to continually search out new rules for adoption. Additionally, these larger mutation rates
increase in frequency in which new rules are adopted and are therefore associated with relatively

higher effort costs. This second effort cost is an increasing function of the individual mutation rate.

The addition of these two qualitative costs yields the total fitness cost associated with a particular
level of mutation. At the global mutation rate, these costs are minimized and equal zero. The
absolute value of the effort cost at the global mutation rate is not important as only relative fitness
determines evolutionary dynamics. The only important characteristic of the global mutation rate is

that at this value fitness costs associated with mutation are minimized.

4.5 Simulation Results

4.5.1 Replicating the Arifovic (1994) Results

We begin by simulating the original algorithm specified by Arifovic (1994) in order to hold it as a
benchmark for the alternative of adaptive mutation.” This is simply a simulation of the algorithm
incorporating adaptive mutation where the learning rate, v, takes the value of 0. For all individuals,
the mutation rate is initialized at a value of 0.025. As the learning rate is null, in these baseline

simulations the mutation rate does not deviate from this value.

In addition to the binary encoding process utilized in the original work considered above, we also
incorporate a framework utilizing an encoding process in which adjacent integers differ by only a
single bit (the hamming distance between adjacent integers equals one). We refer to the two en-
coding processes as Binary-Coded and Gray-Coded integers, respectively. Gray codes are a group of
alternative encoding methods in which this adjacency property holds. Their use in the implementa-
tion of genetic algorithms has been shown to improve the performance over implementation utilizing
binary encoding. This performance improvement is grounded on the increased potential for small

perturbations through successive single mutations of the encoded string.®

Every simulation is run for a duration of 10,000 periods and contains 100 individual rules {(n)

7 Arifovic (1994) also considers an application of individual learning (refer to section 2.3.2). While feasible through
adjustment of the fitness criterion, adaptive mutation has not yet been investigated in models ol individual learning.
Additionally, interpreting the algorithm as a reduced form description of human adaptation is more problematic due
to the variation of mutation rates within an individual’s set of potential rules. We leave this analysis for future work.

8See Hollstein (1971) for a consideration of genetic algorithm performance utilizing Gray-coded integers in a pure
mathematical optimization problem.
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with 30 bits per encoded rule (k). They share identical demand and cost parameters fundamental to
the rational expectations outcome for market price and individual quantity. These include the cost
parameters, z and y, which are set at 0.00 and 0.016, respectively. Parameters specific to market
demand, A and B, take the values of 2.296 and 0.0168, respectively. According to the equation
determining the rational expectations outcome for market price presented in the preceding section,

the perfectly competitive market price, P*, is equal to 1.12.

Summary statistics for the time series of price for the baseline Arifovic (1994) algorithm are
contained within Table 4.1. Simulations occur with a probability of crossover (p.) equal to zero
(“Without Crossover”) and equal to 0.60 (“With Crossover”). For each parameterization of the
probability of crossover, we utilize the algorithm incorporating the election operator, and the algo-
rithm without its presence. For each simulation, the average price (P*) and standard deviation of
price (8) are reported. We also calculate the standard deviation of price over sub-periods of the
entire simulation equal to 25. The average of these sub-period standard deviations (8) is reported

for each simulation.®

Price Statistics

Without Crossover With Crossover
No Election Election No Election Election

Binary-Coded Integers

P 1.1400 1.1200 1.1402 1.1200
s 0.0442 0.0033 0.0436 0.0033
5 0.0383 0.0002 0.0380 0.0003

Gray-Coded Integers

P 1.1364 1.1200 1.1395 1.1200
§ 0.0435 0.0040 0.0438 0.0039
5 0.0391 0.0003 0.0397 0.0003

Table 4.1: GA simulations of the Cobweb model - Arifovic (1994)

The results presented in Table 4.1 are consistent with those reported in the original Arifovic
(1994) work. Although true convergence does not occur in the simulations not utilizing the election
operator, the average price over each simulation is within one standard deviation of the rational
expectations outcome. For each simulation without the election operator, the standard deviation

of price over the 25 period sub-samples is only slightly smaller than that calculated over the entire

91n order to ensure that the results are robust to different sequences of random numbers, all simulations are
conducted over multiple runs using different initializing seed values for the random number generator. The set of
initializing seeds for the random number generating process is identical between simulation frameworks.
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simulation. Plots of the time series of price for the simulations are contained within Figure 4.1 and
4.2. As the strength of the similarity between the simulation with and without the crossover operator
precludes yielding any additional insight, we do not present the analogous plot for the simulation

that does not incorporate the crossover operator.
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Figure 4.1: Market Price (With Crossover) - Arifovic (1994).

The use of Gray-coded integers improves the performance of the simulations only marginally.
Average price statistics are slightly closer to their rational expectations level. However, the standard
deviation of prices does not differ from their binary-coded counterparts in any significant or consistent
manner. While Gray encoded strings may increase the performance of genetic algorithms in some
contexts, they do not appear to do so in the framework considered within this work. We proceed

using binary-coded integers in the remainder of this work.

4.5.2 Adaptive Mutation - Baseline Fitness Function

Against these baseline simulations of Arifovic (1994), we consider the results for the algorithm

incorporating adaptive mutation in Table 4.2 and 4.3.

The dynamics of the simulation are investigated over various permutations of the parameters
specific to the evolution of individuals’ mutation rates. These will include the rate of learning, 7,
and the minimum allowable value for the individual mutation rate, p,,. This minimum allowable

value functions as a strict lower bound; any alteration of the individuals’ mutation rate that leaves
it below this threshold is not allowed. Mutation rates that fall below this threshold are reset at the
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Figure 4.2: Market Price (With Crossover) - Election Operator - Arifovic (1994).

specific value of this lower bound. This lower bound is motivated towards maintaining a minimum

level of heterogeneity and innovation within the simulation.

In total, there are thirty-five permutations of these two parameters. We allow the learning rate,

v, to take five different values;

v ¢ {0.05,0.10,0.15,0.20,0.25]

The lower bound on individual mutation rates takes seven different values,

pm € [0.00,0.0033,0.0066, 0.010,0.015, 0.020, 0.025]

Over the permutations of the learning rate () and the lower bound on mutation (pn), we
simulate algorithms including the crossover operator (p. = 0.6) and without (p. = 0.0). Price
summary statistics and summary statistics for the distribution of average mutation rates for the
simulation without incorporating the crossover operator are contained in Table 4.2 and Table 4.3,
respectively. These statistics for the simulations including the crossover operator are included in
Table 4.8 and Table 4.9 of the Appendix.

The summary statistics for the distribution of average mutation rates include the sample mean

(1;2), standard deviation (&), and skewness (v,/). Each of these summary statistics is based on the

’
i

per-period average mutation rate across all individual rules.
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Price Statistics

Lower bound on mutation rates

¥ 0.00 0.003 0.006 0.010 0.015 0.020 0.025
P* 11233 1.1364 1.1337 1.1320 1.1348 1.1389 1.1452

005 4 0.0363 0.0390 0.0450 0.0450 0.0426 0.0455 0.0456
4 0.0132 0.0269 0.0329 0.0368 0.0376 0.0405 0.0413

P* 1.0952 1.1370 1.1389 1.1356 1.1391 1.1444 1.1494

010 4 0.0345 0.0393 0.0425 0.0441 0.0451 0.0444 0.0472
4 0.0075 0.0291 0.0342 0.0364 0.0394 0.0400 0.0427

P* 1.0887 1.1316 1.1400 1.1454 1.1422 1.1459 1.1510

015 4 0.0223 0.0474 0.0434 0.0427 0.0449 0.0446 0.0468
4 0.0041 0.0318 0.0351 0.0370 0.0393 0.0413 0.0431

P* 11150 1.1396 1.1368 1.1404 1.1454 1.1489 1.1571

020 4 0.0295 0.0430 0.0464 0.0454 0.0467 0.0467 0.0476
4 0.0030 0.0321 0.0369 0.0390 0.0420 0.0421 0.0439

P* 11123 1.1384 1.1414 1.1452 1.1492 1.1544 1.1640

025 4 0.0324 0.0419 0.0448 0.0460 0.0471 0.0472 0.0476
4 0.0031 0.0328 0.0370 0.0389 0.0423 0.0432 0.0446

97

Table 4.2: GA simulations of the Cobweb model - Adaptive Mutation - Baseline Fitness Function -

Price Statistics
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Distribution Statistics - p; (Mutation Rate)

Lower bound on mutation rates
0% 0.00 0.003 0.006 0.010 0.015 0.020 0.025

p; 0.0031 0.0075 0.0112 0.0158 0.0229 0.0313 0.0372
0.05 4, 0.0063 0.0054 0.0044 0.0040 0.0044 0.0071 0.0067
Ypr o 3.7419  3.1814 3.3711 2.3457 1.4544 1.6680 1.5604

p; 0.0011 0.0082 0.0160 0.0198 0.0294 0.0354 0.0431
0.10 4, 0.0035 0.0042 0.0065 0.0060 0.0081 0.0067 0.0085
Y, 72641  3.8987 2.2407 2.5686 2.0058 1.2180 1.7087

p, 0.0008 0.0113 0.0180 0.0246 0.0329 0.0420 0.0503
0.15 4, 0.0036 0.0061 0.0066 0.0078 0.0084 0.0096 0.0115
v, 8.2036  2.4786 1.5607 1.8421 1.6887 1.5670 2.0373

p; 0.0006 0.0131 0.0213 0.0286 0.0390 0.0489 0.0562
020 ¢, 0.0034 0.0060 0.0082 0.0093 0.0112 0.0121 0.0119
7p 10236 2.0066 1.8230 1.7424 1.7525 1.3166 1.1583

p. 0.0006 0.0154 0.0253 0.0332 0.0454 0.0551 0.0662
0.25 4, 0.0033 0.0073 0.0097 0.0100 0.0123 0.0137 0.0159
Y, 117072 2.2108 1.7286 1.2271 1.2037 1.2425 1.3045

Table 4.3: GA simulations of the Cobweb model - Adaptive Mutation - Baseline Fitness Function -
Distribution Statistics - p, (Mutation Rate)
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For comparison with baseline simulation results in Figure 4.1, plots of the time series of price

and average mutation rates are included in Figures 4.3 through 4.7. _
Figures 4.3 and 4.4 contain simulation output in which (7, pm) is set equal to (0.05,0.033) and
the likelihood of crossover, p., equals 0.0 and 0.60, respectively. Figures 4.5 through 4.7 present
simulations without crossover for the following (v, pr) pairs - (0.05,0.00), (0.15,0.0), and (0.25,0.0).
Plots of the average mutation rate are accompanied by the time series of their distributions’ minimum

and maximum values.
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Figure 4.3: Market Price (Without Crossover) - Learning Rate (-y) 0.05, Lower bound on Mutation
(pm) 0.033.

Interestingly, in the majority of simulations, calculated over the simulations’ entire duration the
average price is above the rational expectations outcome. However, these mean prices are all within
a single standard deviation of this equilibrium outcome. That is, the majority of simulations have

mean prices that are above the competitive equilibrium outcome, though not signifieamgiky. 1
10

Importantly, this is an expected result. Consider the rational expectations outcome for individual
quantity and price, 0.70 and 1.12, respectively. Assume that all rules are currently consistent with
this rational expectations outcome for individual quantity and that over this population mutation
occurs. Furthermore, assume that for each mutation that increases an individual quantity by z
percent, there is an associated mutation over a rule that decreases it by this same x percent. As such,
the distribution of rules following mutation is centered around the rational expectations outcome

and is symmetric. Average individual output is unchanged, and the price in the following period will

10Notably, we find that the Arifovic (1994) framework suffers from the same consistent positive discrepancy in
average prices over the duration of the simulation (refer to Table 4.1).
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Figure 4.4: Market Price (With Crossover) - Learning Rate () 0.05, Lower bound on Mutation (p,,)
0.003.
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Figure 4.5: Market Price (Without Crossover) - Learning Rate (v) 0.05, Lower bound on Mutation
(pm) 0.0.
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Figure 4.6: Market Price (Without Crossover) - Learning Rate (-y) 0.15, Lower bound on Mutation
(pm) 0.0.
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Figure 4.7: Market Price (Without Crossover) - Learning Rate () 0.25, Lower bound on Mutation
(p'm) 0.0.
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remain at its rational expectations value.

All rules that are associated with a quantity that is not equal to the rational expectations level
are associated with lower levels of profit, and therefore lower levels of fitness. However, those rules
that deviated below the rational expectations level of output will be associated with a higher fitness
than those that deviated above this level by an equal percent. This stems from the specification of
the cost function. It’s second derivative is positive, implying the changes in profit levels from equal
x percent changes in output will not equal (holding the price constant at its rational expectations
level). Rules associated with the rational expectations outcome are the most likely to be selected
during the subsequent replication process. However, deviations below this level are more likely to be
selected than their associated increase, as their fitness values are superior. As such, in the following
period, replication results in a distribution of rules skewed towards lower values of production.
This, in turn, favors positive deviations in price from its rational expectations outcome. Eventually,
assuming no further mutations occur, the continuing favor for rules associated with output levels
close to the rational expectations solution in the replication process eliminates all mutated rules from
the population, returning it to the rational expectations level. However, this re-convergence occurs

only after a positive deviation in the price.

Discussion

With respect to the comparison between the baseline and self adaptive simulations, four important

regularities warrant discussion.

e Result (1) - For certain parameterizations of the self adaptation mechanism, (v,p_m), sample
distribution statistics pertaining to market price are indistinguishable between simulations
utilizing fixed and self adaptive mutation. Statistical convergence is unaffected by the adoption

of endogenous mutation rates.

That is, for intermediate values of the parameters of the self adaptation mechanism, the mean
and standard deviation of price over the full duration of the simulation are indistinguishable from
those of the baseline Arifovic (1994) simulations. If one is only concerned with statistical convergence
over the entire duration of simulations spanning many generations, including the complexity of self
adaptation may not be parsimonious. This important regularity, however, holds only over the entire
simulation sample. Contrarily, over smaller sub-samples of the simulations, these self adaptation

distribution statistics look quite different from those of the baseline simulations.

e Result (2) - Adaptive mutation lowers small duration deviation measures from their population

equivalent and from those of the baseline simulations.
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Sub-sample deviation measures do decrease from their population counterparts in the baseline
simulations. However, this decrease is of the magnitude of only 13.3 and 12.8 percent in the sim-
ulations with and without crossover, respectively. These magnitudes are far smaller from those of
simulations with self adaptation, even in those utilizing intermediate values for the (y,pm) parame-
ters. For example, consider in Table 2 those simulations in which the rate of learning, «, takes the
value of 0.10. When the lower bound on mutation, pm, is set at 0.025 the difference between the
full sample standard deviation, §, and the sub-sample standard deviation, 8, is roughly 9.5 percent.
Despite the fact that pn, is set equal to the rate of mutation in the simulation of the baseline Arifovic
framework, the difference between full and sub-sample standard deviation measures is slightly lower.
This stems from the fact that p, acts as a lower bound on mutation rates and that the average
rate of mutation over the course of a simulation will always be larger than this value. As the lower
bound on mutation falls, so to will the average rate of mutation (see Table 4.3). In simulations in
which the average rate of mutation is lower, the difference between the full and sub-sample standard
deviation of price will increase. As evidence, consider the simulation for which the rate of learning,
7, is set equal to 0.10 and the lower bound on mutation, pn, is allowed to be 0.00. Here the difference

between full and sub-sample standard deviation of price is approximately 78 percent.

The substantial decrease in the sub-sample deviation measures from their population counterparts
is indicative of an important serial autocorrelation inherent within the time series for price that is

not a factor in the baseline simulations.

e Result (3) - When comparing baseline versus simulations incorporating self adaptation, the
short duration dynamics of price look substantially different. Autocorrelation relationships in

price become important for determining the intra-period dynamics of price.

This is clearly a phenomenon in the figures presented above. In the baseline siinulation, deviations
from the rational expectations outcome appear to have no constructive relationship with each other.
That is, these deviations appear to be simply white-noise. This is not the case for deviations
associated with simulations incorporating self adaptation. In these simulations, negative deviations
from the rational expectations outcome are very likely to be followed be a subsequent negative
deviation, indicative of a increasingly significant autoregressive relationship. For research concerning

short run dynamics, self adaptation may no longer be excluded on the basis of parsimony.

A very important point is worth noting. Adaptive mutation is not necessary for the relationship
described above in results (2) and (3); nor is it sufficient. These results are derived from the fact
that average mutation rates are allowed to fall to an extremely low level. Any application of genetic
algorithms in which mutation rates are quite low will be characterized in the same manner as we
have described above. This stems from the fact that for mutation rates below 1/kn, less than a single
mutation is expected in every period across the entire population of rules. For periods in which no
mutation occurs, those rules played in the preceding period are no different from those played in the

current. The outcomes between these two periods do not differ; contributing to a autocorrelation
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in results. The results are dependent on the very low mutation rates that result from the adaptive

mutation mechanism, and not the mechanism itself.!!

e Result (4) - The progression towards a significant autocorrelation relationship in outcomes

inherent with adaptive mutation may be at the expense of lower convergence reliability.

If true convergence is to be attained in simulations involving genetic algorithm models without
utilizing the election operator, mutation rates must fall to levels approaching zero. That is, the
lower bound on mutation rates, pn,,, must be equal to zero. As stressed in the preceding paragraphs,
this will lead to significant autocorrelation in the time series of simulated outcomes. The timing
in which this autoregressive relationship is attained has important implications for the convergence
reliability of simulations incorporating adaptive mutation. This timing is critically related to the
rate of learning, y. As evidence of this claim, consider Figures 4.5 through 4.7 in which the lower
bound on mutation, pn,, is equal to zero and the rate of learning varies between the values 0.05, 0.15,
and 0.25.

High values of « cause high speeds of adaptation with respect to the individual rate of mutation.
When the lower bound on mutation rates is too low, this large rate of learning causes a very high, and
possibly premature adaptation of very low mutation rates. This premature adoption has the effect of
removing the introduction of diversity into the population prior to the widespread adoption of a rule
consistent with rational expectations. As such, the convergence reliability of the simulations is quite
low. That is, the reliability of the rational expectations outcome in these simulations is somewhat
low when compared to those simulations with lower learning rates and/or larger lower bounds on
the rate of mutation. Though the reliability with respect to the rational expectations outcome is
somewhat low, the velocity with which these simulations approach a non-rational outcome is very
high. In comparison, the relative success of simulations with lower learning rates is likely driven
by the fact that decreases in the mutation rate are much slower, therein avoiding simulative traps
characterized by very low rates of mutation and non-rational price levels. Mutation rates in such
simulations stay sufficiently high for a long enough progression of generations so as to allow rules to

adopt a rational expectations strategy.

Importantly, such traps never theoretically dismiss the possibility of convergence. As mutation
rates may never take a value of zero, there will always be some innovation introduced into the
environment, though this innovation may not occur in every period.'? All that is required for
convergence to eventually occur is for an innovation to be introduced that has a high enough relative

fitness so as to begin the process of replication. The low mutation, non-rational situation is referred

1 The sufficiency of adaptive learning for results (2) and (3) will be examined alongside fitness dependent mutation
modificators considered later in this work.

12Note that a deterministic mutation rate of 1/k = 0.033 leads to an expected mutation of one binary bit per
individual in every period. A deterministic mutation rate of 1/(kn) = 0.00033 leads to an expected mutation of one
binary bit over the entire population, therein guaranteeing the expectation of at least one innovation in every period.
Any deterministic mutation rate lower than 1/(kn) will introduce innovation, though not, in expectation, every period.
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to as a trap only to emphasize that simulations will escape this trap, though it will occur with very

low probability in every period.

In brief, autocorrelated outcomes associated with very low rates of mutation are required for
convergence to the rational expectations outcome. As such, the lower bound on mutation must be
set at or very near zero. However, if you approach these low mutation rates too quickly, you are
likely converging to a non-rational outcome. Even for the lowest parameterization of the rate of
learning, the reliability of the outcome with respect to the rational expectations equilibrium is far

from anything warranting implementation of adaptive mutation.

4.5.3 Adaptive Mutation - Extended Fitness Function

The importance of selective pressure has already been discussed in Section 4.1. Béck and Schiitz
have claimed that for the self adaptation mechanism to work effectively at least one bit per binary
string must be mutated on average. Of course, as discussed above, this would preclude convergence
without an election operator. However, the purpose of their lower bound on mutation is to guaran-
tee enough diversity to ensure significant selective advantage. This need not be the only manner to
attain selective pressure. Schwefel (1987, 1992) demonstrated that strong selective pressure is nec-
essary for the self adaptation principle to work. He proposed (u, A)-selection to attain such selective
pressure, though Béack and Schiitz have shown only a smaller convergence velocity is associated with
proportional selection, not a lack of convergence. In any case, as demonstrated in the preceding
section, as the lower bound on mutation is allowed to fall below the levels proposed by Béck and
Schiitz the necessity for significant selective pressure increases beyond that which may be supplied

by the baseline fitness calculation considered in previous literature.

There is the possibility that low-mutation pitfalls may be avoided if one strengthens the selective
pressure within the algorithm. This stronger selective pressure may preclude the premature adoption
of very low levels of mutation. With a stronger selection pressure, rules adopting a critically low
level of mutation before reaching the rational expectations outcome will have a lower likelihood of
replication. Their propagation is less likely when selection is more strict, as other rules with only

slightly higher fitness values have a higher likelihood of replication.

In order to assess this conjecture, we simulate the same parameterizations of the framework
considered above. However, instead of the baseline fitness function we adopt the transformed effective
fitness function of equation (8). Table 4.4 and 4.5 contain price and mutation rate sample statistics for
the effective fitness simulations without the crossover operator. These tables are directly comparable
to Table 4.2 and 4.3 in which the baseline fitness function was utilized. The appendix contains Tables
4.10 and 4.11 in which the effective fitness framework is simulated with the crossover operator. These

tables are directly comparable to Tables 4.8 and 4.9 of the appendix.

Time series data for select simulations are contained in Figures 4.8 and 4.9. In each of these
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Price Statistics

Lower bound on mutation rates

7y 0.00 0.003 0.006 0.010 0.015 0.020 0.025
P* 11241 1.1237 1.1329 1.1401 1.1438 1.1415 1.1417

005 ¢ 0.0248 0.0135 0.0224 0.0250 0.0322 0.0348 0.0383
4 0.0063 0.0108 0.0182 0.0219 0.0288 0.0317 0.0349

P* 1.1261 1.1235 1.1349 1.1424 1.1426 1.1437 1.1440

010 46 0.0212 0.0148 0.0236 0.0291 0.0345 0.0386 0.0405
4 0.0046 0.0123 0.0198 0.0251 0.0311 0.0350 0.0378

P* 11164 1.1272 1.1408 1.1438 1.1462 1.1444 1.1472

015 46 0.0155 0.0193 0.0264 0.0306 0.0368 0.0395 0.0416
4 0.0032 0.0148 0.0223 0.0270 0.0333 0.0369 0.0386

P* 11323 1.1300 1.1391 1.1450 1.1428 1.1472 1.1517

020 6 0.0178 0.0215 0.0285 0.0338 0.0392 0.0402 0.0425
0 0.0024 0.0173 0.0242 0.0297 0.0346 0.0369 0.0393

P* 1.1202 1.1331 1.1424 1.1444 1.1449 1.1494 1.1552

025 4 0.0160 0.0232 0.0299 0.0357 0.0398 0.0415 0.0440
4 0.0025 0.0187 0.0256 0.0309 0.0361 0.0382 0.0409

Table 4.4: GA simulations of the Cobweb model - Adaptive Mutation - Extended Fitness Function
- Price Statistics
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Distribution Statistics - p; (Mutation Rate)

Lower bound on mutation rates
~y 0.00 0.003 0.006 0.010 0.015 0.020 0.025

p; 0.0013 0.0060 0.0109 0.0144 0.0218 0.0273 0.0352
0.05 4, 0.0037 0.0032 0.0032 0.0028 0.0037 0.0035 0.0051
Yp; 64844 6.6422  3.9720 3.6932 1.4744 1.9281 1.1864

z;’i 0.0009 0.0070 0.0125 0.0183 0.0264 0.0346 0.0416
5 0.0031 0.0027 0.0030 0.0041 0.0057 0.0073 0.0073
9.0291 4.7813 2.1136 1.6081 2.2835 2.0052 2.0025

0.10

P, 0.0007 0.0086 0.0154 0.0217 0.0301 0.0405 0.0477
0.15 4é, 0.0030 0.0033 0.0042 0.0056 0.0063 0.0092 0.0088
v 85024  3.1278 1.5962 1.9415 1.4696 1.5192 1.2669

p, 0.0006 0.0105 0.0180 0.0257 0.0364 0.0461 0.0549
0.20 4, 0.0029 0.0044 0.0059 0.0076 0.0090 0.0099 0.0116
v 10.047 27600 2.1765 1.6540 1.2425 1.0442 1.3947

p, 0.0006 0.0124 0.0213 0.0297 0.0412 0.0526 0.0626
0.25 4, 0.0032 0.0048 0.0073 0.0082 0.0112 0.0138 0.0147
Yp, 10437 2.0891 2.0598 1.1134 2.4710 1.8112 1.2425

Table 4.5: GA simulations of the Cobweb model - Adaptive Mutation - Eztended Fitness Function
- Distribution Statistics - p; (Mutation Rate)
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figures, the lower bound on mutation, p.,, is zero. The rate of learning, v, is 0.15 in Figure 4.8 and
0.25 in Figure 4.9. Thesc two figures have baselince fitness counterparts presented in Figures 4.6 and

4.7, respectively.
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Figure 4.8: Market Price (Without Crossover) - Learning Rate (y) 0.15, Lower bound on Mutation
(pm) 0.0, Effective Fitness Transformation.

Discussion

Comparing Tables 4.4 and 4.5 with their baseline fitness function counterparts, Tables 4.2 and 4.3,
provides insight into the importance of having very strict selective pressure, especially when one

considers simulations in which the lower bound on mutation is allowed to be zero.

e Result (5) - In algorithms utilizing adaptive mutation with a lower bound below that proposed
by Back and Schiitz, a high degree of selective pressure is required in order to avoid low-

mutation non-convergence traps.

This result becomes even more apparent when one compares Figures 4.7 and 4.8 with their
bascline fitness function counterparts. Situations in which mutation rates fall to a critically low
level preceding convergence to the rational expectations outcome are much less likely to occur under
the effective fitness transformation. While these traps become far less likely, they are still not an
impossibility. However, the convergence reliability of the adaptive mutation algorithm with the
effective fitness transformation represents a significant improvement over the constant mutation

algorithm baseline. Simulations with lower bounds of mutation set at zero are characterized by long
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Figure 4.9: Market Price (Without Crossover) - Learning Rate () 0.25, Lower bound on Mutation
(pm) 0.0, Effective Fitness Transformation.

stretches of convergent behavior with periodic deviations. These deviations are relatively short lived,

with behavior converging with the rational expectations outcome afterwards.

The constant introduction of diversity proposed by Béck and Schiitz is not a necessity if one can
introduce selective pressure in other ways. Here, the transformation of raw profits into the effective

fitness function is sufficient for providing such pressure.

4.5.4 Adaptive Mutation - Fitness dependent mutation modificators (p >
0)

While the effective fitness transformation is sufficient in the environment considered within this
work, it may not necessarily be sufficient in all simulation contexts. However, imposing a limitation
on mutation rates may not be required if one is willing to incorporate a fitness dependent mutation
modificator penalty. Such penalties may replace the need for a lower bound by limiting the reduction
in mutation rates only to those that increase raw fitness values above the cost associated with their

adoption.

As it has been shown that there is no empirical distinction between simulations with, and without
the crossover operator, the introduction of fitness dependent mutation modificators will be limited
to simulations with a likelihood of crossover (p.) equal to zero. The lower bound on mutation

rates (pm) is held at 0. For each simulation, the global mutation rate (m) and the mutation rate
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modificator factor (gq) are set equal to 2 and 0.033, respectively.!® Various permutations of the

remaining underlying simulation parameters are cousidered. The mutation rate modificator penalty

(p) is drawn from the following set.

p ¢ [0.0001,0.001,0.01,0.05,0.1,0.2]

The parameter governing the rate of learning, -, is drawn from the same set as within the above

analysis.

v € [0.05,0.10,0.15,0.20, 0.25]

As such, there are thirty permutations of these two parameters. Results for each parameterization
are contained in Table 4.6 and Table 4.7. Varying the mutation rate modificator penalty (p), these
tables are directly comparable to the first column of Table 4.2 and 4.3 where the value of p is implicitly
equal to zero.!* Plots associated with two specific parameterizations are contained in Figure 4.10
and 4.11. Figure 4.11 is directly comparable to Figure 4.9 in which the mutation modificator penalty

is implicitly zero.
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Figure 4.10: Market Price (Without Crossover) - Learning Rate (v) 0.05, Lower bound on Mutation
(pm) 0.0, Fitness Penalty (p) 0.0001.

13Refer to equation (4.9) and (4.12).
4By way of illustration, compare the two equations determining relative fitness in the fitness independent and
dependent settings; equation (4.8) and equation (4.12), respectively
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Price Statistics

Mutation Rate Modificator Penalty (p)
vy 0.0001 0.001 0.01 0.05 0.1 0.2
P* 11210 1.1211 1.1230 1.1427 1.1438 1.1418
005 & 0.0073 0.0086 0.0113 0.0342 0.0354 0.0365
§ 0.0039 0.0040 0.0067 0.0310 0.0328 0.0336
P* 11213 1.1234 1.1238 1.1436 1.1436 1.1412
0.10 & 0.0077 0.0099 0.0125 0.0349 0.0360 0.0378
6 0.0042 0.0038 0.0079 0.0311 0.0333 0.0348
P* 11214 1.1213 11234 1.1432 1.1435 1.1426
0.15 & 0.0082 0.0080 0.0133 0.0352 0.0373 0.0369
6 0.0045 0.0041 0.0092 0.0315 0.0343 0.0339
P* 11215 1.1213 1.1242 1.1417 1.1417 1.1436
020 4 0.0079 0.0080 0.0136 0.0358 0.0378 0.0364
6 0.0042 0.0050 0.0100 0.0317 0.0341 0.0340
P« 11218 1.1214 1.1251 1.1427 1.1425 1.1415
025 46 0.0077 0.0073 0.0137 0.0351 0.0369 0.0368
6 0.0049 0.0047 0.0101 0.0316 0.0339 0.0343

Table 4.6: GA simulations of the Cobweb model - Adaptive Mutation - Mutation Modificator Penalty
- Price Statistics
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Distribution Statistics - p; (Mutation Rate)

Mutation Rate Modificator Penalty (p)
¥ 0.0001  0.001 0.01 0.05 0.1 0.2

p; 0.0016 0.0016 0.0035 0.0271 0.0317 0.0325
0.05 ¢, 0.0036 0.0039 0.0047 0.0056 0.0034 0.0023
Y, 7.8388 63624 3.5069 -0.0615 0.1929 -0.0157

p; 0.0017 0.0014 0.0041 0.0267 0.0317 0.0336
0.10 4, 0.0029 0.0027 0.0044 0.0060 0.0042 0.0028
v 6.8804 7.8137 3.6015 0.4071 0.1903 0.2773

p; 0.0019 0.0016 0.0048 0.0280 0.0331 0.0342
0.15 ¢, 0.0033 0.0032 0.0045 0.0066 0.0049 0.0032
Y 5.4898  7.0157  2.1214 0.4927 0.3914 0.2984

P, 0.0017 0.0020 0.0055 0.0296 0.0344 0.0352
0.20 4, 0.0032 0.0041 0.0052 0.0074 0.0057 0.0037
T, 87904 10.2387  3.0695 0.4085 0.4068  0.4679

p, 0.0021 0.0020 0.0057 0.0304 0.0354 0.0365
025 4, 0.0033 0.0031 0.0046 0.0086 0.0061 0.0042
T, 79113 9.1336  1.8007 0.6882 0.4141  0.3604

Table 4.7: GA simulations of the Cobweb model - Adaptive Mutation - Mutation Modificator Penalty
- Distribution Statistics - p; (Mutation Rate)



CHAPTER 4. THE MUTH MODEL 113

Historical Price

1.2}
IR TR PO " " AM ‘
Pr il teee bbb

1 1 1 1 1 1 1 L 1 1 t
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Historical Average Mutation Rate

0 AT AR NN 08 SN bl LS s AN R HPRCNAP S SRR o i
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure 4.11: Market Price (Without Crossover) - Learning Rate (-y) 0.25, Lower bound on Mutation
(pm) 0.0, Fitness Penalty (p) 0.0001.

Discussion

The addition of fitness penalties has important imnpacts on the resulting dynamics of the simulations.
Although true convergence is not associated with any of the parameterizations, a notable result

warrants discussion.

e Result (6) - Maintaining diversity without invoking a lower bound on mutation rates is possible

through the introduction of even very small fitness dependent mutation modificator penalties.

As already noted, low mutation rates are attained through very high levels for the parameter
of learning (y) in conjunction with a level for the lower bound of mutation (p,.) set at zero. The
introduction of the fituess penalty assures rules with mutation rates below the level associated with
long run fitness improvements greater in absolute value than their respective fitness penalty are not
proliferated. The higher the mutation rate modificator penalty (p), the larger must be any fitness
improvements associated with mutation rate deviations for their proliferation among the population.
As evidence of this fact, in Table 4.7, for high levels of the rate of learning, 7, as the mutation rate
modificator penalty increases (p), so to does the average rate of mutation across all individuals, ;5;
For sufficiently punitive levels of p, average rates of mutation approach the parameterization of m,

the global mutation rate.!®

15Refer to equation (4.9) and (4.12).
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Therefore, even in simulative environments in which an effective fitness transformation is insuf-
ficient to avoid non-convergent low-mutation rate traps, imposing a lower bound on mutation is not
necessary for maintaining diversity. Utilizing a modificator penalty guarantees a level of diversity
that balances the potential fitness benefits of lower mutation rates against their cost. Invoking a
lower bound on mutation rates is equivalent to placing a very punitive fitness penalty on mutation
adaptation. While this special case is sufficient for mmaintaining a predetermined level of diversity,
it is not necessary. Even for the very smallest fitness penalty, mutation rates are unlikely to fall
to levels associated with low mutation rate traps, regardless of the simulative context. While these
fitness penalties are not required in all environments, in those where an insufficient level of selective
pressure presents a problem for convergence, introducing such penalties may serve to replace the

parameterization of a lower bound on mutation.

4.6 Conclusion

Limiting its focus to the mutation operator, this work acknowledges the importance of the introduc-
tion of innovation, but maintains the level with which innovation is introduced should be determined
within the framework of the model rather than being exogenously imposed or limited through the
use of an election operator. The mechanism proposed for determining the rate at which innovation

is introduced is based on the idea of on-line learning, or self-adaptation.

The performance of simple genetic algorithms to ones in which the election operator is included
and those characterized by self-adaptation in an economic setting is compared. The cobweb envi-

ronment examined by Arifovic (1994) is utilized for the analysis.

It is demonstrated that for self-adaptation to yield results consistent with convergence to the
rational expectations equilibrium, a high degree of selective pressure is required. In the framework
considered, a simple fitness transformation is sufficient for providing this required selective pressure.
In simulations utilizing this fitness transformation, those with lower bounds of mutation set at
zero are characterized by long stretches of convergent behavior with periodic deviations. These
deviations are relatively short lived, with behavior converging with the rational expectations outcome

afterwards.

Though this fitness transformation is sufficient in the context of this work, it is argued that in
environments for which it is insufficient, utilizing a lower bound on mutation above zero may not be
required if the model incorporates fitness dependent mutation modificators. Utilizing a modificator
penalty guarantees a level of diversity that balances the potential fitness benefits of lower mutation
rates against their cost. Even for the very smallest fitness penalty, mutation rates are unlikely to

fall to levels associated with low mutation rate traps, regardless of the simulative context.

In an economic system of constant change, there is likely a requirement for constant introduction

of innovation. It is likely, however, that there is an optimal rate at which this innovation occurs
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and that it is dependent on the underlying stochastic nature of the system in question. This work
lends itself to extensions in which the economic environment is characterized by constant change;

it’s consideration is left for future work.
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4.7 Appendix

Price Statistics

Lower bound on mutation rates

~ 0.00 0.003 0.006 0.010 0.015 0.020 0.025
P* 1.1435 1.1376 1.1364 1.1353 1.1370 1.1404 1.1467
0.05 d 0.0407 0.0381 0.0410 0.0418 0.0445 0.0462 0.0451
5§ 0.0162 0.0294 0.0330 0.0362 0.0396 0.0408 0.0411

P* 1.1215 1.1403 1.1397 1.1397 1.1389 1.1459 1.1510
0.10 4 0.0360 0.0425 0.0430 0.0436 0.0445 0.0446 0.0458
§ 0.0117 0.0332 0.0360 0.0383 0.0405 0.0411 0.0425

P* 1.1163 1.1380 1.1351 1.1396 1.1440 1.1500 1.1561
0.15 & 0.0317 0.0411 0.0446 0.0439 0.0450 0.0455 0.0463
§ 0.0091 0.0340 0.0380 0.0387 0.0408 0.0425 0.0433

P* 1.1190 1.1385 1.1364 1.1403 1.1490 1.1557 1.1637
020 J 0.0344 0.0429 0.0455 0.0450 0.0448 0.0472 0.0477
§ 0.0082 0.0360 0.0398 0.0402 0.0412 0.0438 0.0446

P* 11277 1.1380 1.1409 1.1442 1.1557 1.1628 1.1699
0.25 & 0.0269 0.0446 0.0464 0.0468 0.0482 0.0478 0.0497
d 0.0068 0.0382 0.0408 0.0422 0.0441 0.0446 0.0465

Table 4.8: GA simulations of the Cobweb model
Baseline Fitness Function - Price Statistics

(with genetic crossover) - Adaptive Mutation -
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Distribution Statistics - p; (Mutation Rate)

Lower bound on mutation rates
5y 0.00 0.003 0.006 0.010 0.015 0.020 0.025

p, 0.0036 0.0087 0.0143 0.0193 0.0266 0.0339 0.0399
0.05 4, 0.0059 0.0059 0.0068 0.0077 0.0075 0.0113 0.0095
v 3.2003 27056 1.8773 1.5539 1.7262 24885 2.1294

p; 0.0027 0.0124 0.0190 0.0241 0.0316 0.0391 0.0479
0.10 4, 0.0057 0.0077 0.0088 0.0097 0.0087 0.0091 0.0122
vp. 4.4553 1.5181 1.6488 2.6054 1.5770 1.3193 1.4336

p_g 0.0018 0.0146 0.0207 0.0285 0.0369 0.0480 0.0554
op 0.0049 0.0085 0.0077 0.0103 0.0101 0.0136 0.0131
v 6.5463  2.0391 1.5639 1.5339 1.3211 1.5530 1.0230

0.15

p, 0.0017 0.0182 0.0275 0.0324 0.0452 0.0550 0.0649
0.20 4, 0.0051 0.0111 0.0116 0.0110 0.0150 0.0160 0.0164
v 5.8095 1.9103 1.7343 1.2378 1.5272 1.3641 1.1479

1;; 0.0015 0.0208 0.0318 0.0399 0.0521 0.0622 0.0731
4, 0.0051 0.0112 0.0136 0.0140 0.0164 0.0183 0.0191
v 6.5630 1.7534 1.7123 1.2275 1.2931 1.2306 1.2149

0.25

Table 4.9: GA simulations of the Cobweb model (with genetic crossover) - Adaptive Mutation -
Baseline Fitness Function - Distribution Statistics - p, (Mutation Rate)
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Price Statistics

Lower bound on mutation rates
~ 0.00 0.003 0.006 0.010 0.015 0.020 0.025

"91

1.1125 1.1260 1.1347 1.1403 1.1428 1.1448 1.1434

005 40 0.0327 0.0178 0.0235 0.0290 0.0329 0.0374 0.0387
6 0.0097 0.0133 0.0195 0.0255 0.0301 0.0343 0.0359
P* 11216 1.1277 1.1366 1.1442 1.1436 1.1420 1.1458
0.10 ¢ 0.0262 0.0193 0.0243 0.0302 0.0358 0.0386 0.0411
§ 0.0103 0.0149 0.0213 0.0273 0.0330 0.0359 0.0383
P* 1.1148 1.1321 1.1416 1.1430 1.1461 1.1455 1.1497
015 4 0.0371 0.0216 0.0283 0.0326 0.0366 0.0396 0.0422
6 0.0072 0.0174 0.0250 0.0298 0.0342 0.0368 0.0399
P* 11314 1.1350 1.1435 1.1450 1.1454 1.1473 1.1530
020 5 00224 00246 0.0312 0.0360 0.0397 0.0416 0.0424
o 0.0051 0.0205 0.0283 0.0327 0.0369 0.0393 0.0404
P* 1.1060 1.1371 1.1443 1.1437 1.1470 1.1503 1.1571
025 ¢ 0.0300 0.0260 0.0331 0.0376 0.0406 0.0428 0.0448
d 00061 0.0219 0.0302 0.0347 0.0380 0.0404 0.0425

Table 4.10: GA simulations of the Cobweb model (with genetic crossover) - Adaptive Mutation -
Eztended Fitness Function - Price Statistics
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Distribution Statistics - p; (Mutation Rate)

Lower bound on mutation rates

¥ 0.00 0.003 0.006 0.010 0.015 0.020 0.025

p, 0.0026 0.0075 0.0121 0.0181 0.0246 0.0310 0.0363
0.05 4, 0.0058 0.0055 0.0052 0.0078 0.0093 0.0081 0.0060
Y, 3.7898 3.3326 2.6625 25162 2.9381 2.9008 1.1570

[;; 0.0022 0.0083 0.0139 0.0206 0.0296 0.0374 0.0441
0.10 4, 0.0044 0.0040 0.0042 0.0061 0.0081 0.0083 0.0090
vp:  4.53306 3.1532 2.1559 1.8259 1.8191 1.4788 1.4476

p, 0.0017 0.0102 0.0177 0.0247 0.0340 0.0435 0.0523
015 o¢p 0.0051 0.0053 0.0063 0.0085 0.0085 0.0108 0.0121
v, 9.3465 3.0264 1.6788 2.4378 1.2273 1.5013 1.3626

[;; 0.0014 0.0131 0.0225 0.0293 0.0414 0.0496 0.0594
)

0.20 4, 0.0047 0.0067 0.0083 0.0093 0.0120 0.0122 0.0144
Yp, 7.0063 2.2829 1.6435 2.1173 1.7315 1.2523 1.2234
[;; 0.0012 0.0146 0.0256 0.0336 0.0455 0.0568 0.0661
0.25 4, 0.0042 0.0068 0.0105 0.0109 0.0139 0.0149 0.0155

v, 6.3664 1.9054 1.6776 1.3594 1.6579 1.1313 1.1527

Table 4.11: GA simulations of the Cobweb model (with genetic crossover) - Adaptive Mutation -
Eztended Fitness Function - Distribution Statistics - p; (Mutation Rate)



