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Abstract

In this thesis, we investigate several properties of k-tournaments, where k > 3. These
properties fall into three broad areas. The first contains properties related to the
ranking of the participants in a k-tournament, including a representation theorem for
posets. The second contains properties related to the representation of a finite group
as the automorphism group of a k-tournament, with varying restrictions on the desired
representation. The third area answers questions about regularity in k-tournaments.

Chapter 1 contains an introduction, and the definitions and notation.

In Chapter 2, we consider the ranking of the participants in a k-tournament. We
introduce the notions of transitivity and quasitransitivity in a k-tournament, each of
which extends the notion of transitivity in a tournament in a natural way, and we
prove that every k-tournament on a sufficiently large number of vertices contains a
quasitransitive sub-k-tournament on a given number of vertices, thus extending the
analogous result for tournaments. We then consider ranking the participants in a
general k-tournament. We define, for a general k-tournament, a binary relation on
its vertex set, which corresponds to a partial ranking of the participants. We then
show that any finite poset with cardinality at least k£ + 1 can be represented by a
k-tournament, in the sense that there is a k-tournament whose ranking relation is
isomorphic to the given poset. The construction of this k-tournament suggests an
interesting generalisation of the dimension of a poset.

In Chapter 3, we investigate the automorphism group of a k-tournament. We begin
by characterising those finite groups G for which there exists a k-tournament whose
automorphism group is isomorphic to G. This extends the theorem of Moon (1964)

which characterises the finite groups admitting a representation as the automorphism
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group of a tournament. We then consider the problem of finding the ‘smallest’ k-
tournament whose automorphism group is isomorphic to G, where we determine how
‘small’ a k-tournament is by the number of orbits of its automorphism group acting on
its vertex set. With this definition of size, our goal is to characterise those finite groups
admitting a regular representation as the automorphism group of a k-tournament. We
first construct, for each admissible group G of order at least k, a k-tournament whose
automorphism group is isomorphic to G and has two orbits of vertices. We then
show that every admissible cyclic group of order at least k, and every admissible
group which has a minimal generating set with at least k elements, admits a regular
representation as the automorphism group of a k-tournament.

Finally, in Chapter 4 we investigate regular and almost regular k-tournaments.
We show that there is a regular k-tournament on n vertices if and only if n > k and
(:) =0 (mod n), and that there is an almost regular k-tournament on n vertices for
all n and k satisfying n > k. We then provide some explicit constructions of regular

and almost regular k-tournaments.
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Chapter 1

Introduction

1.1 Definitions and notation

This section contains definitions and notation which will be used throughout the
thesis. The definitions are classified into several subjects, roughly corresponding to

the chapters of the thesis.

General

A k-set is a set with k elements, for a positive integer k. If X is a set, a k-subset of
X is a subset of X which has &k elements. We use (f) to denote the set of k subsets
of X.

Graphs

A graph G consists of a set V(G) of vertices and a set E(G) of unordered pairs of
distinct elements of V(G), called edges. A graph G is bipartite if there is a partition
of V(G) into two sets X and Y such that every edge of G contains one vertex from

each of X and Y.

A path in a graph is a sequence (v1,vg, ..., v;) of distinct vertices of G, with the
property that v;v;1, € E(G) fori =1,...,1—1. A cycle in G is a path
(v1,v2,...,v;) with the additional properties that { > 3 and vjv; € E(G).



CHAPTER 1. INTRODUCTION 2

A matching in a graph G is a set M of edges of G with the property that no two
edges belonging to M have a vertex in common. If M is a matching in G and

u € V(G), then u is said to be M-saturated if u belongs to an edge of M. If M is a
matching in G, an M-alternating path, or simply an alternating path, in G is a path
in which alternate edges belong to M.

A directed graph, or digraph, D consists of a set V(D) of vertices and a set A(D) of
ordered pairs of distinct elements of V (D), called arcs. If D is a directed graph and
(u,v) € A(D), then we say that u dominates v in D. The outdegree of a vertex v of
a digraph D is the number of vertices dominated by v, and the indegree of v is the

number of vertices which dominate v.

A semicomplete digraph D is one in which, given any pair {u,v} of vertices of D, at
least one of (u,v) and (v, u) belongs to A(D). A directed cycle of length [ in a
directed graph D is a sequence (vp, v1,...,v-1), { > 2, of vertices of D such that for

eachi=0,1,...,1—1, (vi,v;41) € A(D), where the subscripts are reduced modulo .

A tournament T is a directed graph in which, given any unordered pair {u,v} of
distinct vertices of T, exactly one of (u,v) and (v, u) belongs to A(T). A
tournament T is transitive if whenever u dominates v and v dominates w in 7', then
u dominates w in T. Equivalently, a tournament is transitive if its vertices can be

ordered vy, vz, ..., v, so that v; dominates v; in T if and only if 7 < j.

The score of a vertex v in a tournament T is the number of vertices dominated by v |
(equivalently, the outdegree of v); the score sequence of T is a list of the scores of its
vertices, written in non-decreasing order. A tournament T is regular if for each
vertex v of T, the indegree and the outdegree of v are equal. We say that a
tournament is almost regular if the difference between the indegree and the

outdegree of each vertex is at most one.

An automorphism of a tournament T is a permutation « of its vertex set such that
(u,v) € A(T) if and only if (a(u), a(v)) € A(T). The automorphism group of T is
the group of all automorphisms of T and is denoted Aut(T).
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k-tournaments

A hypergraph H consists of a set V(H) of vertices and a set E(H) of hyperedges,
where each hyperedge is a subset of V(H). A k-uniform hypergraph is one in which
each hyperedge has cardinality k. A complete k-uniform hypergraph is a k-uniform

hypergraph in which every k-subset of vertices determines a hyperedge.

Let £ > 3. A k-tournament T consists of a set V/(T') of vertices and a set A(T) of
arcs. Each arc of T is a k-tuple of distinct vertices of T', and the set A(T) has the
property that for any k-subset S of V(T'), A(T') contains exactly one of the k!

k-tuples whose entries belong to S.

We stress that whenever we use the term k-tournament, we are implicitly assuming

that & > 3.

If T is a k-tournament and S is a k-subset of V(T'), then we say that the arc A of T
corresponds to S if the entries of A are the elements of S. Thus for each k-subset §

of V(T'), there is a unique element of A(T") which corresponds to S.
The order of a k-tournament T is the cardinality of V(7).

If A= (vi,vs,...,v%) is an arc of a k-tournament T', we say that the vertex v; is the

it co-ordinate of A, or that v; is in co-ordinate 1 in A, and we write v; = A(7).

The i** degree of a vertex v in a k-tournament 7 is the number of arcs of T in which
v is the 1** co-ordinate; and we use deg;(v,T), or if there is no possibility of
confusion, deg;(v), to denote the :** degree of v. The degree vector of a vertex v of T
is the vector of length k whose i** entry is deg;(v,T). The degree matriz of a
k-tournament T on n vertices is the n X k matrix whose (¢, v)-entry is deg;(v, T).

If T; and T; are k-tournaments, a bijection f : V(T}) — V(T3) is an isomorphism if
(v1,v2,...,0k) € A(Ty) if and only if (f(v1), f(v2),..., f(vk)) € A(T2). I Th = T,
then f is called an automorphism. Again, the automorphism group of a
k-tournament is the group of all automorphisms of T', and is denoted Aut(T).

If T is a k-tournament and A = (vy,...,v) is an arc of 7', and f is a permutation of
V(T) (and, in particular, if f € Aut(T)), we use f(A) to denote the k-tuple
(f(v1);-- -5 Flvk))-
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A sub-k-tournament of a k-tournament T is a k-tournament 7" such that
V(T') C V(T) and A(T') € A(T). If T is a k-tournament and U C V(T), the
sub-k-tournament of T induced by U is the sub-k-tournament T{U] of T where
V(T[U]) = U and A(T[U]) = A(T)NU*.

Groxips

For a finite group G, we use |G| to denote the order of G. For an abstract group G,

we use e to denote the identity of G.
We use Z,, to denote the cyclic group of order n.

If G is a group and S C G, we use ¢S to denote the set {gs:s€ S}. f Gisa
permutation group acting on a set X, and S C X, then we use g(5) to denote the
set {g(s) : s € S}.

We use Sx to denote the symmetric group on a set X; and if X = {1,2,...,n}, we

use S, to denote the same group. We use ¢ to denote the identity element of Sx.

If G is a permutation group acting on a set X, then we can also view G as a group
of permutations of the set (’:) of k-subsets of X, in which g : S — ¢(5), S € (’:),
for each g € G.

If G is a permutation group acting on a set X, the stabiliser of an element z of X in
G is theset G, = {g € G : g(z) = z}. If g € G, we also say that z is a fized point of
g. We say that G is semiregular, or that G acts semiregularly on X, if for any z € X,
G = {e}. We say that g € G is semiregular if the group (g) is semiregular. It is

easy to see that a permutation g is semiregular if and only if, when g is written as a

product of disjoint cycles, all of its cycles have the same length.

An orbit of a permutation group G acting on a set X is a subset of X of the form
{gz : g € G}, for some z € X. The orbits of G consititute a partition of X. It is
well-known that if G is a permutation group acting on X and z € X, and if O(z)
denotes the orbit of G which contains z, then |G| = |G||O(z)|; this result is known
as the Orbit-Stabilizer Theorem.

A permutation group G acting on X is transitive if for any two elements z and y of

X, there is some g € G such that g(z) = y. We say that G is regular, or that G acts
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regularly on X if G is both transitive and semiregular on X. Equivalently, G is
regular on X if, for any elements  and y of X, there is a unique element g € G such

that g(z) = y.

If G is a group, we use G, to denote the left-regular representation of G; G, 1s,
therefore, the ysubgroup of S given by G = {gL : g € G}, where

gL : h — gh,h € G, for each g € G. Where there is no confusion, we use g to denote
both the element g of G and the permutation g7, of G.

If G is a group, a tournament regular representation, or TRR of G is a tournament
T whose automorphism group is isomorphic to G and acts regularly on V(T'). A
k-tournament regular representation, or k-TRR of G is a k-tournament whose

automorphism group is isomorphic to G and acts regularly on V(T).

Partially ordered sets

A partially ordered set, or poset, P = (X, P) consists of a set X together with a
reflexive, antisymmetric and transitive binary relation P defined on X. We also say
that P is a partial order on X. If z,y € X and (z,y) € P, we also say that z < y in
P (and if ¢ # y we say that ¢ < y in P). We say that z is mazimal in P if there is
no y € X for which z < y in P. If either (z,y) € P or (y,z) € P then we say that =
and y are comparable in P; otherwise z and y are incomparable in P, and we write
z|ly in P. We use inc(P) to denote the set of pairs of points of X which are

incomparable in P.

Let P = (X, P) be a poset. If P = ), then we say P is an antichain. If inc(P) = 0,
then we say that P is a chain, or that P is a linear order on X. We say that a

subset Y of X is a chain if the poset (Y, PN (Y x Y)) is a chain.

An eztension of P = (X, P) is a poset (X, P’) such that P C P’. A linear extension
of P is an extension £ = (X, L) of P such that L is a linear order on X. A subposet
of P is a poset (X', P') such that X’ C X and P' C P. f Y C X, we use P[Y] to
denote the subposet of P induced by Y; that is, P[Y] = (Y, PN (Y xY)).

If R is a binary relation on X, we use tr(R) to denote the transitive closure of R, so

that ¢r(R) is the smallest (with respect to inclusion) transitive binary relation on X
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which contains R. If P, and P, are partial orders on X, the intersection of P, and
P, is the partial order P on X given by z < y in P if and only if both z < y in P,
and z < y in P,.

Let P = (X, P) be a poset. An alternating cycle in P is a sequence
S ={(z1,11),---,(z1,y1)} of ordered pairs from inc(P) such that y; < z;4, for
1 =1,...,0 (where the subscripts are taken modulo !). An alternating cycle is strict

if y; < z; if and only if j =1 4+ 1 (where again the subscripts are taken modulo [).

A chain decomposition of P = (X, P) is a partition of X into chains. The width of P
is the smallest number of chains in a chain decomposition of P. We say that a chain
decomposition of P is minimal if the number of chains in the decomposition is equal
to the width of P. The dimension of P is the smallest number of linear orders on X
whose intersection is P; it is, therefore, the smallest cardinality of a set

{L,,..., Ly} of linear orders on X with the property that £ < y in P if and only if
z <yineachof Ly,..., L.
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1.2 Introduction

The study of tournaments has generated a tremendous body of research in graph
theory over the last half-century. Four major surveys of the subject have been written
during the last thirty years: The theory of round robin tournaments([10]), by F. Harary
and L. Moser, which appeared in 1966 and was the first such survey; the well-known
book Topics on Tournaments, by J. W. Moon ([15]), published in 1968; the chapter on
tournaments, by L. W. Beineke and K. B. Reid, in Selected Topics in Graph Theory
([6]), published in 1978; and a recent survey of results in the theory of paths, cycles
and trees in tournaments, by J. Bang-Jensen and G. Gutin ([2]). Although much of
the early research on tournaments was motivated by questions in areas outside pure
mathematics (for example, the original characterisation of the score sequence of a
tournament was motivated by research into hierarchies in animal societies ([14]), the
subject has since developed into one of the fundamental areas of research in graph
theory.

The results presented in this thesis are concerned with a natural generalisation
of tournaments. In terms of graph theory, this is a generalisation of the notion of a
tournament to hypergraphs; in this setting, we have a complete k-uniform hypergraph,
each of whose hyperedges is replaced by a k-tuple whose entries are the elements of
that hyperedge. In terms of round robin tournaments, we have some kind of game in
which k players compete simultaneously; the ‘round robin’ tournament is now such
that each set of k players competes in one game, and the k players are ranked (i.e.,
linearly ordered) by the outcome of that game. We use the term k-tournament to
denote such a generalised tournament; although a tournament might reasonably be
called a 2-tournament in this terminology, we reserve the use of the term k-tournament
for occasions when k > 3. We present here the results of an investigation of how some
of the well-known properties of tournaments generalise to the case of k-tournaments.

Our first area of investigation is the ranking of the participants in a k-tournament.
As might be expected, ranking the participants in a k-tournament is significantly more
complicated than ranking the participants in a tournament. To develop a ranking

scheme, one has to contend with the fact that a ranking of the participants is a



CHAPTER 1. INTRODUCTION 8

binary relation, while the relation defined by the outcomes of the games in the -
tournament is a k-ary relation. As a result it can happen, for example, that given
two players in a k-tournament, neither beats the other in all the games in which both
players participate. Even comparing the scores of two players in a k-tournament is a
nontrivial task, since the ‘score’ of a player now consists of a vector of length &, whose
it entry is the number of games in which the player placed :**. Thus even the simplest
ranking scheme for a tournament, in which the players are ranked as far as possible by
their scores (i.e., the number of games won), and as many ties as possible are broken
by considering the outcome of the game played by two players with equal scores, is
no longer simple in a k-tournament. For this reason, we restrict our attention here to
more general questions regarding the ranking of the participants.

A transitive tournament is one in which the vertices can be ranked so that, given
any two vertices u and v, u is ranked ahead of v if and only if u dominates v in the
tournament. Thus, a transitive tournament is the very simplest tournament from the
point of view of ranking its participants. This is therefore a natural place to begin
our task of generalising the ideas related to ranking in tournaments to k-tournaments.
We discuss two ways in which the notion of transitivity in tournaments can be gen-
eralised to k-tournaments, and show that in each case, some properties of transitive
tournaments are preserved, while others are not. The first results in the definition of
a transitive k-tournament, in which, much as in a transitive tournament, the partici-
pants can be ranked so that u is ranked ahead of v if and only if u places ahead of v
in every game in which both u and v participate. The second leads to the definition
of a quasitransitive k-tournament. In this case the well-known Ramsey-type property
of tournaments is preserved: there is a function f(n, k) such that every k-tournament
on at least f(n,k) vertices contains a quasitransitive sub-k-tournament on n vertices.
The corresponding result is not true of transitive k-tournaments.

If a k-tournament is not transitive, then it must contain two vertices u and v,
neither of which places ahead of the other in every game in which the two participate
(Proposition 2.2.10). With this in mind, given a k-tournament T', we define a binary
relation on its vertex set by u < v if and only if u places ahead of v in every game

in which both « and v participate; our aim is to determine what form this relation
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can take, for an arbitrary k-tournament. To this end, we show in Theorem 2.3.2 that,

given any finite partially ordered set of cardinality n and any integer k such that

n > k, there is a k-tournament T for which the vertex set of T together with the
relation < defined above is isomorphic to the given poset. The construction of such a

poset.suggests an interesting generalisation of the dimension of a poset.

The second area in which we present results concerns the automorphism group of a
k-tournament. An interesting feature of any structure is the symmetry which it might
possess; thus we often examine the group of automorphisms of that structure. In the
case of tournaments, it was shown by J. W. Moon in 1964 ([16]) that given a finite,
abstract group G, there is a tournament whose automorphism group is isomorphic
to G if and only if G has odd order. We show in Theorem 3.2.1 that there is a k-
tournament whose automorphism group is isomorphic to G if and only if the order of
G and k are relatively prime, thus extending Moon’s result to all £ > 3. As is the
case with tournaments, the necessity of the condition is easily seen; the majority of
the proof consists of showing that the required k-tournament exists.

Having characterised the finite, abstract groups which arise as the automorphism
group of a k-tournament, it is natural to ask whether, given such a group G, we can
find a regular representation of G as the automorphism group of a k-tournament. In
other words, can we find a k-tournament whose automorphism group is isomorphic to
G and is a regular permutation group? The number of vertices in such a k-tournament
would necessarily be equal to the order of G. We therefore approach this question
by asking, for a given finite, abstract group G, whose order is relatively prime to k:-
Over all k-tournaments T' with automorphism group isomorphic to G, what is the
minimum number of vertex orbits of the automorphism group of T'? The analogous
question for tournaments was answered by L. Babai and W. Imrich, who showed
that every finite, abstract group of odd order, other than Z; x Z3, admits a regular
representation as the automorphism group of a tournament ([1]). Their proof uses the
Feit-Thompson theorem, which states that every finite group of odd order is solvable.
Since it is not true for general k that the automorphism group of a k-tournament has
odd order, their methods do not immediately lend themselves to a generalisation to

k-tournaments. We therefore take a different approach in attempting to extend their
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result to k-tournaments.

We show first, in Section 3.3.1, that, given a finite group G whose order is rela-
tively prime to k and strictly larger than k, there is a k-tournament on 2|G| vertices
whose automorphism group is semiregular and is isomorphic to G. The automorphism
group of this k-tournament, therefore, has two vertex orbits. We go on to show in
Section 3.3.2 that if either G is cyclic, or k¥ > 4 and G has a minimal generating set
of cardinality at least k, then we can find a regular representation of G as the au-
tomorphism group of a k-tournament. Thus the real difficulty in completely solving
this problem lies in finding a regular representation of G when either k = 3 and G
is not cyclic, or £ > 3 and every minimal generating set for G has cardinality lying
strictly between 1 and k.

The third area which we discuss concerns the scores of the participants in a k-
tournament. In a tournament, the score of a participant is defined to be the number
of games won by that participant; in graph theoretic terms, the score of a vertex is its
outdegree. The score sequence of a tournament is a list of the scores of its vertices,
usually in nondecreasing order. As we have already pointed out, in a k-tournament
the score of a vertex consists of a vector of length k, whose i*" entry is the number of
arcs in which that vertex is the i** co-odinate. The score sequence of a tournament
is therefore generalised by the degree matrix of a k-tournament, which is an n x k
matrix in which the entry in row v and column c is the number of arcs in which the
vertex v is the ct* co-ordinate.

A tournament is said to be regular if the indegree of each vertex is equal to its
outdegree. If we view the arcs of a tournament as ordered pairs, a tournament is
then regular if and only if each vertex is the first co-ordinate in as many arcs as it
is the second co-ordinate. Thus it is natural to define a regular k-tournament as one
in which each vertex appears in each of the k co-ordinates in some fixed number d of
arcs. It is easy to see that there exists a regular tournament on n vertices if and only
if n is odd; and when n is even there exists a tournament in which the indegree and
the outdegree of each vertex differ by at most one. With this in mind, we define an
almost regular k-tournament on n vertices to be one in which the number of arcs in

which any vertex appears in any of the k co-ordinates is one of two fixed integers d
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and d + 1. Of course, in both cases, the value of d is determined by n and k.

It is easy to see that if a k-tournament on n vertices is regular, then the number
of arcs in the k-tournament is divisible by its number of vertices; that is, (:) 1s
divisible by n. E. Barbut and A. Bialostocki asked in [3] whether this condition is also
sufficient for the existence of a regular k-tournament on n vertices. This question was
partly motivated by the following problem of R. Graham ([9]). A universal cycle with

parameters n and k is a sequence aj,ay,...  a(n) of elements of {1,2,...,n}, of length

(Z), with the property that the (Z) sets {ai,ai41,...,a;+x} (where the subscripts are
reduced modulo n) are all distinct. The problem is to determine for which values of n

and k a universal cycle exists. It is easy to see that if a universal cycle with parameters

n

k
arcs of a k-tournament with vertex set {1,2,...,n}, the k-tournament we obtain will

n and k does exists, then by interpreting the ( ) segments (@i, @it1,- .., ai+k) as the
be regular. Since it is clear that not every regular k-tournament corresponds to a
universal cycle, the existence of a regular k-tournament is weaker than the existence
of a universal cycle. However, since the problem of determining for which n and k a
universal cycle exists appears to be very difficult, Barbut and Bialostocki proposed
determining those values of n and k for which a regular k-tournament on n vertices
exists as a preliminary step.

‘We give an affirmative answer to Barbut and Bialostocki’s question in Theorem
4.1.2; in fact we prove a stronger result, namely, that a regular k-tournament on n
vertices exists for all n and k for which n > k and (2) is divisible by n, and that for all
remaining values of n and k, with n > k, there exists an almost regular k-tournament
on n vertices. Since proving this theorem, the author has discovered that the same
result appeard in the Journal of the Royal Statistical Society in 1948, with a similar
proof ([11]); however, since the earlier paper is written in a different discipline and in
entirely different terminology, we include here the author’s proof.

The proof of the above theorem does not provide explicit constructions of regular
and almost regular k-tournaments. This leaves open the problem of finding such
explicit constructions. When the question of Barbut and Bialostocki appeared, the
same authors had already found explicit constructions in some cases ([5]). In Section

4.2 we provide different constructions, also for selected cases; although the cases
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covered by our constructions and by those of Barbut and Bialostocki overlap, the

constructions presented here are elementary while those of Barbut and Bialostocki

are more intricate.




Chapter 2

Ranking the participants in a

k-tournament

2.1 Introduction

In this chapter we consider some questions related to the ranking of the participants in
a k-tournament. In Section 2.2 we discuss two ways in which the notion of transitivity
in tournaments can be generalised to k-tournaments, and show that in each case some
of the properties of transitive tournaments carry over to k-tournaments while others
do not.

In Section 2.3 we define a binary relation on the vertex set of a k-tournament T,
in which two vertices u and v are related if u precedes v in every arc of T' which
contains both u and v (where we say u precedes v in an arc A if u is in co-ordinate
¢ and v in co-ordinate j of A, and 7 < j). We then construct, given a finite poset
P, a k-tournament for which the relation described above is isomorphic to P. This

construction leads to a generalisation of the dimension of a poset.

13
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2.2 Transitivity

In this section we consider some questions related to transitivity, in the context of
k-tournaments. The initial problem is to determine the most natural definition of a
transitive k-tournament. The notion of transitivity occurs most often with respect
to binary relations; the problem here is to find a reasonable extension to k-ary rela-
tions, where k£ > 3. Ideally we would like the notion of transitivity in a k-tournament
with & > 3 to generalise that in a tournament; and we would hope that transitive
k-tournaments might exhibit some of the same properties as transitive tournaments.
Neither of the generalisations discussed below preserves all of the properties of tran-
sitive tournaments; however, it is arguable that the reason for this is simply that the
case k = 2 is degenerate in some sense, since these two distinct notions coincide in

that case.

2.2.1 A strict definition of transitivity

We begin by considering a notion of transitivity which is perhaps the most natural,
but which at the same time is rather restrictive. We first note that a tournament T is
transitive if there is a linear ordering of its vertices such that the vertex u dominates
the vertex v in T if and only if u precedes v in this linear ordering. This approach
suggests the following definition of a transitive k-tournament, which was also given

by A. Bialostocki in {7].

Definition 2.2.1 Let k > 3, and let T be a k-tournament with vertex set V(T'). We
say that T is transitive if there is a linear ordering v; < -+ < v, of V(T) such that

(viy,...,v;,) is an arc of T if and only if v;; <--- < v;,.

Remark 2.2.2 Up to isomorphism, there is only one transitive k-tournament on n

vertices for any fixed n and k withn > k.

We now investigate some of the properties of transitive k-tournaments. We begin
by calculating the degree vectors of the vertices of a transitive k-tournament on n

vertices. To this end, we let T be a transitive k-tournament with V(T') = {1,...,n}
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and with underlying linear order 1 < --- < n. Then for v € V(T), the c** degree of v

weir= (1) (17)

This gives us an easy proof of the following result.

is given by

Proposition 2.2.3 Let T be a transitive k-tournament. If u and v are distinct ver-

tices of T, then the degree vectors of u and v are distinct.

Proof. Let T be a transitive k-tournament. Without loss of generality we can assume
that V(T) = {1,...,n} with underlying linear order 1 < --- < n. Let u,v € V(T)
with u # v, and assume u < v. We want to show that there is some co-ordinate
c € {l,...,k} such that deg, (u) # deg.(v).

To this end, let ¢ be the smallest element of {1,...,k} such that deg (u) # 0.
If deg.(v) = 0 then c is the required co-ordinate. Thus we assume that deg.(v) #
0. Now if ¢ = 1, then deg.(u) = (’;:‘1‘) and deg, (v) = (2:'1’), and it is clear that
deg.(u) > deg.(v) (because we assumed that u < v). Otherwise ¢ > 1. In this
case, since deg,_,(u) = 0 we have either u =1 < c—2orn—-u < k—c+ 1. But
deg.(u) > 0 implies that u —1 > ¢c—1>c—2and n —u > k —c. It follows that
n—u=k—c Thereforen —v <n-—u=k-—candso (’;:‘C’) = 0; from this we get
deg.(v) = (‘C’:}) (’;:’C’) = 0. Thus again we have deg.(u) # deg_ (v).

Therefore, in all cases, deg, (u) # deg,(v), and the proposition follows. m

Remark 2.2.4 Notice that if T is a transitive k-tournament with V(T) =
{1,2,...,n} and underlying linear order 1 < 2 < --- < n, then the degree vector of
the vertex : of T is the reverse of the degree vector of the vertex n — ¢+ 1 of T. That

is, for every c=1,2,...,k and every 1 = 1,2,...,n, deg (¢) = deg;_.,;(n —1 + 1).

Since it is clear that any automorphism of a k-tournament must map any vertex
v to another vertex with the same degree vector, the next result follows immediately

from Proposition 2.2.3.

Proposition 2.2.5 Let T be a transitive k-tournament on n vertices. Then the only

automorphism of T is the identity automorphism.
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As we shall see in Section 2.2.2, the transitive k-tournament is not alone in having
the identity group as its automorphism group; in fact there are non-transitive k-
tournaments with trivial automorphism group on any number n > k of vertices. Its
automorphism group does not, therefore, characterise the transitive k-tournament.
Consequently we must look elsewhere for a characterisation.

It is well-known that a tournament on n vertices is transitive if and only if its
score sequence is n — 1,n —2,...,2,1,0. In other words, a tournament is transitive
if and only if its vertices can be relabelled v;,v,,...,v, so that the outdegree of v; is
n —1,1 <14 < n. What would be the analogous result for k-tournaments? Since the
analogue of the score sequence of a tournament is the degree matrix of a k-tournament,
we ask the following question: If the vertices of a k-tournament, T on n vertices can be
relabelled vy,...,v, so that deg.(v;) = (:_’_i) (Z:;), 1 < ¢ <k, must T be transitive?
In Proposition 2.2.7 below, we answer this question in the affirmative. We first define

the matrix Dy, x to be the degree matrix of the transitive k-tournament on n vertices.

Definition 2.2.6 For n > k > 3, we let D, x be the n X k matrix whose (v, ¢)-entry

is (N ("Y),1<v<n, 1<c<k.
(c—l)(k—c)’ — — - =

Proposition 2.2.7 Let n > k > 3 and let T be a k-tournament on n vertices, with
degree matriz D(T). Then T is transitive if and only if the rows of D(T) can be

permuted to obtain the matriz D, k.

Proof. Let n, k and T be as in the statement of the proposition, and let V(T) =
{v1,...,v,}. By assumption the rows of D(T') can be permuted to obtain the matrix
D, x. Equivalently, there is a bijection f : V(T) — {1,2,...,n} such that deg (v, T) =
(f(:fl_l) (";{S’)). Letting T’ be the k-tournament defined by V(T') = {1,2,...,n}
and A(T") = {(f(v1), f(va),. .., f(v&)) : (v1,v2,...,0x) € A(T)}, it is clear that T is
isomorphic to T and that deg, (v,T") = (Z:ll) (2:1’), where ]l <v<nand1<c<k.
We will show that T" is transitive, with underlying linear order 1 < 2 < --- < n.

For each v € V(T") and each ¢ € {1,...,k}, let A,. denote the set of arcs of 7"
which contain v and exactly ¢ — 1 elements of {1,...,v—1}. (Note that A, ; denotes

the set of arcs of T’ which contain 1, and that A, =0 if ¢ > 1.)
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We will prove, by induction on v and ¢, that if A € A, ., then v = A(c).

First, if v = ¢ = 1, then as observed above, A4, . is the set of arcs of T’ which
contain the vertex 1. Since deg,(1,7") = (::i) = |A;,| (and deg (1,T') = 0 if ¢ > 1),
then 1 is the first co-ordinate in every arc of 7" which contains it. Therefore, 1 = A(1)
for every A € A; ;.

Now let v € V(T’) and ¢ € {1,...,k}, where at least one of v > 1 and ¢ > 1
holds, and assume that if either v’ < v and ¢ € {1,...,k},or v’ = v and ¢ < c, then
v’ = A(c) for every A € Ay .

We want to show that v = A(c) for every A € A, .. To do this, we first show that
ifve Aand A € A, ., then v # A(c). To this end, let S be any k-subset of V(T
with v € S, and let A be the corresponding arc of T. Let L = {s € S : s < v}. Notice
that A € A, |zj+1, and hence that A € A, . if and only if |L| = ¢ — 1. We will show,
therefore, that if |L| # ¢ — 1, then v # A(c).

If L <c—1,then|L|+1 < c,andsov € A, with ¢ =|L|+1 < ¢. By hypothesis,
v = A(c), and so v # A(c). On the other hand, if |L| > ¢ — 1, then there is some
v’ < v such that v" € S and A € A, ; by hypothesis, v' = A(c), and so v # A(c).
Thus |L] # ¢ — 1 implies that v # A(c), as desired.

Now deg.(v,T") = (’c’:ll) (’,::’c’), and this is exactly the number of k-subsets S of
V(T') for which v € S and |L| = ¢ — 1, where L is defined as above. It follows that
if A is the arc of T’ corresponding to such a set S, then v = A(c). But these arcs are
precisely the elements of A, .. Therefore, if A € A, ., then v = A(c), as desired.

It follows by induction that for all v € V(T”) and all c € {1,...,k},if A € A,
then v = A(c).

It now follows easily that T’ is transitive, for if S = {zi,...,zx} is a k-subset
of V(T') with z; < -+ < =z, then the arc A of T' corresponding to S satisfies
A€ A1 N A 20N Ag i, so that 2. = A(c), 1 < ¢ < k, and consequently
A= (z1,22,...,Tk).

Since 7" = T, it now follows immediately that T is transitive. m

Proposition 2.2.7 provides us with one characterisation of the transitive k-
tournament on n vertices. However, as is the case with the transitive tournament,

there are several characterisations of the transitive k-tournament; two of these will be
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presented later in this section.

One interpretation of a tournament T is as the outcome of a round robin tour-
nament. In this setting, the vertices of the tournament represent the players, and
vertex u dominates vertex v in T if and only if player u beats player v in the round
robin tournament. If the tournament T is transitive, then there is a ranking of the
players in the round robin tournament such that a player of higher rank will always
beat a player of lower rank. We can interpret a k-tournament in a similar manner.
In this case we have some kind of game in which & players compete simultanedusly
(for example, a running race); and every k-subset of players compete together exactly
once. We then have an arc (vi,...,v) in T if and only if when the players vy, ..., v
compete together, player v; comes first, player v, comes second, and so on. In order
to be able to rank all the players so that in any game, a player of higher rank always
places ahead of a player of lower rank, we would need to know that given any two
players, there is one who beats the other in every game in which the two both com-
pete. It is easy to see that this is the case if T' is a transitive k-tournament; and we

show in Proposition 2.2.10 that this is the only case in which a k-tournament has this
property.

Definition 2.2.8 Let T be a k-tournament. If A is an arc of T', we say that u precedes
v in A if u is the :** co-ordinate of A, v is the j** co-ordinate of A, and i < j. We say

that u always precedes v in T if u precedes v in every arc of T' which contains both u

and v.

Remark 2.2.9 Notice that the relation ‘always precedes’ is a binary relation on

V(T).

Proposition 2.2.10 Let T be a k-tournament. Then T is transitive if and only if
T has the property that given any two distinct vertices u and v of T, either u always

precedes v in T or v always precedes u in T

Proof. It is clear that every transitive k-tournament has the stated property.
On the other hand, let T be a k-tournament which has this property. Then we
can define a tournament T* on the vertex set of T by letting A(T*) = {(u,v) :
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u always precedes v in T}. Now if T is transitive, then there is a linear ordering of
its vertices, say v; < -+ < vp, such that (v;,v;) € A(T™) if and only if 7 < j. From the
definition of A(T*), and the fact that V(T*) = V(T), it follows that such an ordering -
of V(T™) exists if and only if T is transitive. Therefore T* is transitive if and only if
T is transitive.

If T is not transitive, then it contains a directed cycle of length { > 3, which in
turn implies that T contains a directed 3-cycle. Therefore, there are vertices u,v,w
of T such that u always precedes v, v always precedes w and w always precedes u in
T. But since k > 3, there is at least one arc A of T' which contains all of u, v and w;
and it is clearly impossible that u precedes v, v precedes w and w precedes u in A.

Therefore T™* is transitive, and hence T is transitive. m

A second characterisation of the transitive tournament is the following: A tour-
nament is transitive if and only if it has no directed cycles. What can we say about
cycles in the case of k-tournaments? Unfortunately, as is the case with hypergraphs,
it is not clear how we ought to define a path or a cycle in a k-tournament. For the
purposes of the current discussion, it turns out that one definition of a cycle in a
k-tournament yields the result we seek. With this in mind, we begin by construct-
ing, much as in the proof of Proposition 2.2.10, a digraph which encodes the relation

‘always precedes’ in a given k-tournament T'.

Definition 2.2.11 Let T be a k-tournament with £ > 3. We construct a digraph D
as follows. We let V(D) = V(T), and we let (u,v) € A(D) if and only if there is an

arc of T in which u precedes v.

It is clear from the definition that given two vertices u and v of T, u always
precedes v in T if and only if u dominates v but v does not dominate u in D. Also,
for any pair of vertices u,v € V(T') there is at least one arc of T' containing both u
and v, and hence D is a semi-complete digraph (that is, D contains a tournament).
Therefore T is a transitive k-tournament if and only if D is a transitive tournament.
Now D is a transitive tournament if and only if D has no pairs of opposing arcs and
no directed cycles. If we consider a pair of opposing arcs as a directed cycle of length

two, then D is a transitive tournament if and only if D contains no directed cycles.
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We now show that there is a notion of ‘cycle’ in a k-tournament with the property

that each directed cycle of length [ > 2 in D corresponds to a ‘cycle’ of length / in 7.

Definition 2.2.12 Let T be a k-tournament, where k£ > 3. A weak cycle of length | in
T is a sequence (vy, Ay, vg, Az, ..., v, Aj) of vertices and arcs of T', where the vertices
v1,...,u are all distinct, such that v; precedes v;4; in A; for : = 1,...,! (where the

subscripts are reduced modulo /).

Since it is clear that D contains a directed cycle of length [ > 2 if and only if T

contains a weak cycle of the same length [, the following result is immediate.

Proposition 2.2.13 Let T be a k-tournament with k > 3. Then T is transitive if
and only if T contains no weak cycles of length | > 2.

A third well-known property of tournaments is the following: There is a function
f(n) such that every tournament on f(n) vertices contains a transitive subtournament
on n vertices. It is natural to ask whether such a result is true for k-tournaments.
We show below that the answer is no: For any fixed £k > 3 and n > k there i1s a
k-tournament T on n vertices which contains no transitive sub-k-tournament on more
than k vertices. This is in direct contradiction to a pulished result of A. Bialostocki
(7], who attempted to use Ramsey’s theorem to show that there is a function f(n, k)
such that every k-tournament on at least f(n, k) vertices contains a transitive sub-k-
tournament on n vertices. His proof is a direct analogy of the corresponding result
for tournaments. Given an arbitrary k-tournament 7' on NV vertices, its vertices are
linearly ordered v; < --- < wvy; and its arcs are coloured with the k! elements of
S, so that (vi,...,v;,) is coloured with m € Sk if and only if v; ;) < -+ < v,
It follows from Ramsey’s theorem that if N is sufficiently large, there is a set U of
vertices of T such that |U| = n and the arcs of T[U] are monochromatic. However,
this does not imply that T[U] is transitive; this is the mistake in the argument given.
For example, if we let V(T') = {1,2, 3,4}, with underlying linear order 1 < 2 < 3 < 4,
and k = 3, then the arcs (2,1,3),(2,1,4),(3,1,4) and (3,2,4) are all coloured with the

permutation 7 = (12) of S3, and yet the 3-tournament they define is not transitive.
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To show that no such function f(n,k) exists, we first make a simple observation
which provides a straightforward construction of a k-tournament on an arbitrarily

large number of vertices with no transitive sub-k-tournament on more than k vertices.

Lemma 2.2.14 If T is a transitive k-tournament with n > k > 3 vertices, and if
2 < i< k—1, then there is no vertez of T which occurs as the i** co-ordinate of every

arc which contains it.

Proof. Let T be a transitive k-tournament, with n > k > 3 vertices, and suppose the
vertices of T are ordered v; < --- < v,. Let v € V(T), and suppose v occurs in co-
ordinate 7 in some arc A of T, where 2 <i < k—1. Let A = (u1,...,ux) with u; = v.
Note that v # uy, uk. Since |V(T)| > k, there is a vertex w € V(T) \ {u1,...,ux}. If
w < v then the arc corresponding to the set {w}U{u,...,ukr_1} has v in co-ordinate
i + 1; and if w > v then the arc corresponding to the set {us,...,us} U {w} has v in
co-ordinate i — 1. Therefore v is not the i** co-ordinate of every arc which contains
it. m

This lemma gives us a simple way to construct arbitrarily large k-tournaments
which contain no transitive sub-k-tournament larger than a single arc. The original
proof of Proposition 2.2.15 was greatly simplified by R. Hochberg [13], who suggested

the proof given below.

Proposition 2.2.15 Let k > 3. For all n > k there exists a k-tournament on n

vertices which contains no transitive sub-k-tournament on more than k vertices.

Proof. Let n > k > 3 be given. We construct a k-tournament 7' with no transitive
sub-k-tournament on more than k vertices.

Welet V(T) = {1,2,...,n}, and we order the verticesof T'so that 1 < --- <n. To
define A(T) we must assign a linear order to each k-subset of V(T'). Let S € (V(kT)),
where S = {v; < v < --- < v;}. Then we let the arc of T corresponding to S be
A = (vg,v1,03,...,vx). We do this for each k-subset S of V(T').

We now show that T contains no transitive sub-k-tournament on more than k

vertices.
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Let U C V(T), where [U| > k, and let u be the least element of U with respect
to the natural order on V(T'). Consider T[U], the sub-k-tournament of 7' induced
by U. Let S be any k-subset of U which contains u. Then u is the least element
of S, and so u appears in the second co-ordinate of the arc of T (and of T[U])
corresponding to S. Therefore whenever an arc of T[U] contains u, u appears in the
second co-ordinate. It now follows from Lemma 2.2.14 that T[U] is not a transitive k-
tournament. Consequently T contains no transitive sub-k-tournament on more than

k vertices. m

2.2.2 Quasitransitive k-tournaments

We have shown in Section 2.2.1 that when £ > 3 it is not true that evéry sufficiently
large k-tournament contains a transitive sub-k-tournament larger than a single arc.
This suggests the question ‘Is there a set T of non-isomorphic k-tournaments on n
vertices, and a function f(n,k), such that every k-tournament on f(n,k) vertices
contains a sub-k-tournament isomorphic to an element of 77’ We show below that
the answer to this question is yes, and we provide such a set of k-tournaments which

is minimal with respect to this property.

Definition 2.2.16 Let @ € Sk, where ¥ > 3, and let n > k. We define a %-
tournament 7 on n vertices, as follows. We let V(T7) = {1,...,n}, and we think of
V(T?) as being ordered by the natural order so that 1 < --- < n.

To define A(T?), let S = {vq,...,v¢} € V(T}), where vy < --- < vg. Then the
arc of T corresponding to the set S is defined to be A = (vr-1(1),.. ., Vr-1(k))-

If there is no ambiguity we omit n and write 7.

We will show that the set T of k-tournaments of the form T*, = € Sk, has the

property described above. For this reason we make the following definition.

Definition 2.2.17 Let k > 3. We say that a k-tournament T on n vertices is qua-

sitransitive if T = T for some m € 5.
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Remark 2.2.18 Let T be a k-tournament on n vertices, where k > 3, and suppose
T = T}. Then for any subset U C V(T), with |U| = m, T[U] = T (recall that
T[U] denotes the sub-k-tournament of T’ induced by the vertices of U). Thus every
sub-k-tournament of a quasitransitive k-tournament 7T, is itself a quasitransitive k-

tournament, with the same defining permutation 7.

Remark 2.2.19 Let T be the transitive k-tournament with vertex set V(T) =
{1,...,n} and underlying linear order 1 < --- < n. Notice that we could equally de-
fine the k-tournament T as follows: Let V(T)) = V(T'), and let (vy,...,v) € A(T})
if and only if (vr(1),---,Vr(x)) € A(T). Using this definition it is easy to calculate the
i** degree of a vertex v of T}, since deg,;)(v, Tr) = deg;(v,T). From this, it follows
in the same way as for the transitive k-tournament that the only automorphism of a

quasitransitive k-tournament is the identity automorphism.

Before stating Theorem 2.2.21 we introduce notation for the Ramsey numbers

needed in the proof.

Definition 2.2.20 Let n, | and k be integers. We let R(n,l, k) denote the least
integer N such that if f is any /-colouring of the k-subsets of an NV-set X then there
is a subset Y C X with |Y| = n such that f is constant on the k-subsets of Y.

The existence of the numbers R(n, /, k) is guaranteed by Ramsey’s Theorem ([18]).
We are now ready to show that the set 7 of quasitransitive k-tournaments has
the property that there is a function f(n, k) such that every k-tournament on f(n, k)

vertices contains a quasitransitive sub-k-tournament on n vertices.

Theorem 2.2.21 There is a function f(n, k) such that if n > k > 3, then every k-

tournament on f(n, k) vertices contains a quasitransitive k-tournament on n vertices.

Proof. Let n > k& > 3 be given, and let T be a k-tournament on N vertices, where
N = R(n, k!, k). We want to show that T contains a quasitransitive k-tournament on
n vertices.

Without loss of generality we can assume that V(T) = {1,..., N}. We first assign
an artificial ordering to the elements of V(T'), so that 1 <2 < .- < N. We then
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define a colouring of the arcs of T with k! colours: We let the colours be the elements
of Sk, and given an arc A = (vy,...,v;) of T we assign the colour 7 to A if and only
if vry <0 < Un(ky-

Now by Ramsey’s theorem and the choice of N, there is a subset U of V(T)
such that |U| = n and all arcs induced by U have the same colour. Let this colour
be #. Then for any uy,...,ux € U, we have (uy,...,ux) € A(T[U]) if and only if
Ur(1) < =+ < Un(k). It is therefore clear that the sub-k-tournament T[U] of T induced
by U is isomorphic to T*. This is the required quasitransitive sub-k-tournament of
T =

Notice that it follows from the proof of Theorem 2.2.21 that a k-tournament T on
f(n, k) vertices contains a quasitransitive sub-k-tournament on n vertices with respect
to every initial ordering of the vertices of T'.

Having shown that the set 7 of quasitransitive k-tournaments has the Ramsey-
type property described above, we observe that since every sub-k-tournament of a
quasitransitive k-tournament is itself quasitransitive, with the same defining permu-
tation, the set 7 is clearly minimal with respect to this property.

We now investigate the set of quasitransitive k-tournaments in more detail. The
first question we consider is the following: How many non-isomorphic quasitransitive

k-tournaments on n vertices are there? This is answered in Proposition 2.2.23 below.

Definition 2.2.22 For k > 3 we define the permutation r € Sy by 7 : ¢ = k+1 —1,
1 <:<k.

Proposition 2.2.23 Letn > k > 3, and 7,0 € Si. Then T} = T} if and only if

=T Ooroc=rm7T.

Proof. We first show that if o = n7, then T} = T.
Recall that V(T,) = {1,...,n} for each p € Sk. We define a function f: V(T,) —
V(T,) by f(:) =n+1—1,1 <: < n. We claim that the function f is an isomorphism

between T, and T,. For we have

(viy.--,vk) € A(Tx)
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if and only if
Ur(1) <+ < Un(k),

which holds, by the definition of f, if and only if
f(vay) < -+ < flvaqy)-
Letting b; = f(vx(r(i))), this last inequality is equivalent to
by < -+ < by,
which holds if and only if
(b(rr)=12)s -+ +» b(amy-1(k)) € A(Txr)-
Now

b(‘lr‘r)_l(i) = f(v7r‘r(1r‘r)“1(i))
= f(v),

for each 7, 1 < ¢ < k. Therefore we have (vq,...,vx) € A(Ty) if and only if
(f(v1),--., f(vk)) € A(T»r) = A(T,), and f is indeed an isomorphism between T
and 7,.

The remainder of the proof consists of showing that if T = T, then o = 77
or ¢ = w. Thus we assume that " = T for some 7,0 € Sk, and we let f be an
isomorphism between them. Therefore we have (vq,...,vs) € A(T,) if and only if
(F()s. - f(50)) € A(T,).

By definition, we have V(T7) = V(T7) = {1,...,n}, each with underlying linear
order 1 <2< .-+ <n.

Now

(vi,y.-.,0k) € A(Ty)

if and only if
Ur(1) < s < Un(k),

and

(f(v1),..., flvx)) € A(Ts)
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if and only if
floomy) < < fvoqwy)-

Thus we know that
Ur(1) <« -+ < Un(k)

if and only if
fon)) <-++ < fvogwy)-

We will use this last equivalence to determine the function f.

Now in T, the vertex 1 appears only in co-ordinate w(1), and is the only vertex
which has this property. Therefore in T, the vertex f(1) appears only in co-ordinate
7(1) and is the only vertex of T, with this property. Now in any quasitransitive k-
tournament 77, there are only two vertices which appear in just one co-ordinate, and
these are 1 and n. Therefore either f(1) =1 or f(1) = n.

Similarly, in T, if the arc A contains the vertex 2 then 2 = A(7(1)) if 1 does not
belong to A, and 2 = A(w(2)) otherwise. Therefore in T, if the vertex f(2) belongs
to an arc A, then f(2) is in co-ordinate 7 (1) if f(1) does not belong to A and in
co-ordinate 7(2) otherwise. From above, f(1) =1 or f(1) = n. If f(1) =1, then the
position of f(2) in an arc depends only on the presence or absence of the vertex 1 in
that arc, and hence it must be that f(2) = 2. Similarly, if f(1) = n, then the position
of f(2) in an arc depends only on the presence or absence of the vertex n in that arc
and it follows that f(2) =n — 1.

Now assume, for some i, 1 <1 < n, that f(1) =1,..., f(:) = ¢. We want to show
that f(:+1) = i+ 1. In Ty, if the vertex 41 belongs to an arc A, then i+1 = A(7(j))
if and only if A contains exactly j — 1 of the vertices 1,...,i, for any j € {1,...,14+1}
(and note that ¢ + 1 does not occur in any co-ordinate w(c) for which ¢ > ¢ + 1).
Therefore in Ty, if the vertex f(i + 1) belongs to an arc A, then f(¢ 4+ 1) = A(x(y)) if
and only if A contains exactly j — 1 of the vertices {f(1),..., f(:)} = {1,...,1}, for
any j € {1,...,:+1}. Now i + 1 is the only vertex of T, whose position in an arc

depends only on the presence or absence of the vertices 1,2,...,7 in that arc; and so

fi+1)=i+1.
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Similarly, for any 7 with 2 <¢ < n,if f(1)=n,f2)=n-1,....f({) =n+1-1,
then f(: +1)=n —1.
Therefore, either f(l) = 7:, 1 S l S n, or f(l) =n-+ 1 — 7:’ 1 S Z S n. Having

determined the isomorphism f, we are now able to relate the permutations = and o.

If f(z) =i for all ¢ = 1,...,n, then it is clear that 7 = 0. Otherwise we have
f(i)=n+1—ifore=1,...,n. Since f is an isomorphism between T and T}, we
have

(v1,...,vx) € A(Ty) if and only if (f(vy),..., f(vk)) € A(T}),
or equivalently,
vr(1) < - < k) if and only if f(vs(1)) < -+ < f(vo(r)).
Since u < v if and only if f(v) < f(u), this implies that
Vn1) <+ < Un(r) if and only if v,y < ... < vy(1).
But now replacing ¢ by 7(k+ 1 — ¢) gives us
V(1) <+ < Unry if and only if vo(r(1)) <0 < Vo (r(hy)-

Since the above is true for any k-subset {v1,...,v¢} of {1,...,n}, it follows that

7 = o7 and hence that c = 77. =

2.3 Ranking in non-transitive k-tournaments

This section is concerned with comparing the participants in a k-tournament, with a
view to ranking the participants. In a transitive k-tournament, there is a natural way
to rank the participants, namely, by using the underlying linear order of the vertices of
the tournament. This ranking has the property that player u is ranked ahead of player
v if and only if u places ahead of v in every game in which both players participate.
This would appear to be a desirable property for any ranking to possess; however, as
was seen in Proposition 2.2.10, if T has the property that either u always precedes

v or v always precedes u for every pair {u,v} of vertices of T, then T is transitive.
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We therefore restrict our attention to k-tournaments which do not have this property,
i.e., to non-transitive k-tournaments.

Despite this restriction, we might hope to find a partial ranking of the participants
in a non-transitive k-tournament, in which player u is ranked ahead of player v if (but
not only if) player u places ahead of player v in every game in which both players
participate. Thus we would like to find a partial ranking of the participants in a
k-tournament 7', with the property that u is ranked ahead of v whenever u always
precedes v in T'. This leads naturally to the following question. Given a k-tournament
T with k£ > 3, what can we say about the relation ‘always precedes’ on V(T')?

Notice that the relation ‘always precedes’ is antisymmetric. Therefore, this relation
is a partial order if and only if it is a transitive relation. Now suppose u always precedes
v and v always precedes w in some k-tournament T with £ > 3. Then u precedes w in
every arc which contains all three vertices u, v and w, but u need not precede w in any
arcs which contain u and w but not v. It is therefore clear that the relation ‘always
precedes’ need not be transitive. This suggests two further questions. If the relation
‘always precedes’ is a partial order on V(T'), can we say anything about that partial
order? And if the relation ‘always precedes’ is not transitive, can we say anything
more about it?

The answer to the first question is no, in the sense that there is no restriction
on the partial orders which can arise from k-tournaments in the manner described
above. We prove as much in Section 2.3.2. In answer to the second question, it is
possible that there is again no restriction on the relations which can arise in this way;
we hesitate, however, to conjecture as much.

Before stating our main theorem we need one more definition.

Definition 2.3.1 Let P = (X, P) be a finite poset, and let T be a k-tournament
with k > 3. We say that T represents P if there is a bijection f : V(T') — X such
that for any u,v € X, f(u) < f(v) in P if and only if u always precedes v in T.

Theorem 2.3.2 Let P = (X, <) be a finite poset, and k an integer satisfying 3 <
k <|X|—1. Then there is a k-tournament T such that T represents P.
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We give the proof of Theorem 2.3.2 in Section 2.3.2. We first give some preliminary
results which will be used in the proof of Theorem 2.3.2.

2.3.1 Partially ordered sets

This section consists of a brief discussion of some preliminary results concerning
posets. We refer the reader to Section 1.1 for the relevant definitions and notation.

Recall that the dimension of a finite poset P = (X, P) is the smallest number
of linear orders on X whose intersection is P. Since the definition implies that each
of these linear orders on X contains P, each corresponds to a linear extension of P.
Thus in finding the dimension of P, we are interested in representing P by a collection
of linear extensions of P.

Suppose now that we have a k-tournament which represents a poset P. Let P =
(X, P), and assume for convenience that X = V(T'). Then given any k-subset S of
X, the arc A of T corresponding to S has the property that for any u,v € S, if u < v
in P, then u precedes v in A. We might, therefore, view A as a linear extension of
the k-element subposet P[S] of P. Viewing each arc of T in this manner allows us to
view T itself as a collection of linear extensions of k-element subposets of P; and this
collection has the additional property that it contains exactly one linear extension of
each such subposet. This suggests the following problem. Let us say that a collection
C of linear extensions of k-element subposets of P represents P if u < v in P if and
only if u < v in every element of C which contains both u and v. What is the minimum
cardinality of such a collection C? It is with this in mind that we make the following

definition.

Definition 2.3.3 Let P = (X, P) be a finite poset, and k an integer such that
3 <k <|X|—1. The k-dimension of P is the minimum cardinality of a collection of

linear extensions of k-element subposets of P which represents P.

We note that 2-dimension would not be of any great interest since it is trivial to
determine for a given finite poset, and that the | X|-dimension of P = (X, P) would

simply be its dimension.
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Theorem 2.3.2 shows that the k-dimension of a finite poset of cardinality = is
bounded above by (2), the number of k-element subposets of P.

Before proceeding with the proof of Theorem 2.3.2, we give two lemmas which will
be useful in what follows. The first is a result of W. T. Trotter and J. Moore [20],
which tells us when we can add pairs (z,y) to a partial order P on X so that the

resulting relation is again a partial order.

Lemma 2.3.4 Let P = (X, P) be a poset, and S C inc(P). Then tr(PUS) is a

partial order on X if and only if S contains no strict alternating cycle.

The second lemma, which we also state without proof, is a result of T. Hiraguchi

[12], which is used repeatedly in the constructions in Section 2.3.2.

Lemma 2.3.5 Let P = (X, P) be a poset and C' a chain in P. Then there are linear
extensions L1 = (X, Ly) and L2 = (X, Ly) of P such that

1. Ifr € X and c € C and z||c in P, then x < ¢ in L,.

2 Ifre X andc € C and z||c in P, then c < x in L.

2.3.2 Proof of Theorem 2.3.2

In this section we give a proof of Theorem 2.3.2. The proof of the theorem is by
induction on the number of points in the poset P, for each fixed k. Lemma 2.3.11
below provides the induction base, and Lemma 2.3.12 provides the induction step.
We begin with several preliminary lemmas which will be used in the proof. The first

is a simple observation which is nevertheless quite useful.

Lemma 2.3.6 Let [ > 2 and let B be a set such that |B| > 1+ 1, and if | = 2
then |B| > 4. Then there are disjoint classes C1, C; of l-subsets of B such that

Proof. Let m = |B| and write m = ¢l +r, with 0 <7 < [l. Without loss of generality

we assume B = {1,...,m}. lf r # 0, we let
Co={{1,.... 0L, {i+1,....20}, ... . {(g=V)i+1,...,q¢i},{1,...,1=r,ql+1,...,m}}

and
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C={{r+1,...;r+1},{r+1+1,...;r+21},....{r+(¢g=1)l+1,...,m},
{1,...,r,7+2,..., 1+ 1}}.

Otherwise r = 0, and we let
C={{1,..., 0, {I+1,...,21},....{(g= 1l +1,...,m}},

and

Co={{2,... . +1},{I+2...20+1},... {(g=D1+2,...,(g= DI+ 1},
{1,(g=1)I+2,...,m}}.

It is easy to check that in each case, the classes C; and C; have the required
property.

The next lemma dispenses with the simple case of Theorem 2.3.2 in which the

poset P is an antichain.

Lemma 2.3.7 Let P = (X, P) be a finite antichain with |X| > 4. Then there is a
k-tournament which represents P for every k satisfying 3 < k < | X| —1.

Proof. Let P = (X, P) be as in the statement of the lemma, and let X = {vy,..., vn}.
If k=3 and |X| = 4, then we let T be the following 3-tournament:

V(T) = {vl’v2,v3’v4}7
and A(T)

{(Ul, Vg, vs), (02, V1, v4), (Ua, V4, Ul), (04, V3, U2)}-

It is easy to see that T represents P.

Otherwise, using Lemma 2.3.6 we let C; and C; be disjoint classes of (k — 1)-
subsets of {vy,...,vn_1} such that U{S : S € Ci} = {v1,...,vp1} for ¢ = 1,2. We
then construct a k-tournament T as follows.

Let V(T) = X, and let

A(T) = {(vlk’ ,Uil):1<21S."'SikSn—'1}
U {(vn,vigs-rosvip_,): 1 <83 <o < iy Sn—1and {vy, ..., v, } € G}
U {(wi,-yvi_,vn) 1< <o gy <n—1and {viyy ... vi,_, } € Ci }.
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We now need to show that T represents P. To this end, let v;,v; € X, with i < j.
Since P is an antichain we need only show that there are arcs A; and Ay of T such
that v; precedes v; in A; and v; precedes v; in A,.

First suppose ¢,j # n. Since |X| > k, then n — 1 > k and so there is at least
one k-subset of {v1,...,vn_1} which contains both v; and v;; so there is at least one
arc of T of the form (v;,,...,vj,...,v;,...,v;) in which v; precedes v;. On the other
hand, since k > 3 there is at least one k-subset of X which contains all of v;, v;, and
Un, and so there is at least one arc of T of the form (vn,vi, ..., Viy. s Vj,. .-, Vip_,)
OF (Viyye-yViye oy VjyenssVip_y,Un) in which v; precedes v;.

Now suppose i = n. Then there are S; € C; and S; € C; such that v; € $1 N S,.
Then v, precedes v; in the arc of T corresponding to S; U {v,}, and v; precedes v, in
the arc of T corresponding to S, U {v,}.

Therefore T represents P, as desired. =

We now show that if P contains an isolated point, by which we mean a point z € X
which is incomparable to every other point of X, then we can use a (k—1)-tournament

which represents P[X \ {z}] to construct a k-tournament which represents P.

Lemma 2.3.8 Let P = (X, P) be a finite poset and suppose there is x € X such that
z|ly for ally € X\ {z}. Let |X| > 5 and k = |X|—1. [f there is a (k— 1)-tournament

representing P[X \ {z}], then there is a k-tournament representing P.

Proof. Let P = (X, P), z and k be as in the statement of the lemma. Let T’ be a
(k—1)-tournament representing P[X \ {z}]. Without loss of generality we can assume
that V(T") = X \ {z}.

By Lemma 2.3.6 there are classes C; and C; of (k — 1)-subsets of X \ {«} such that
U{S:S€C}=X\{z} =U{S:S €C:}. Let A; and A; be the sets of arcs of 7"
corresponding to C; and C;, respectively. We now construct a k-tournament T which

represents P.

Let V(T) = X, and let

A(T) (T, upy. .y Uko1) (U, o, upm1) € Ar}

= {
U {(viy---s0k=1,2) : (V1,-+.,0k-1) € A}
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U {(wi,...,we=1,2) : (wr,...,wk-1) € A(T')\ (A1 U A2)}
u {4},

where A is any arc corresponding to X \ {z} with the property that u < v in P implies
u precedes v in A.

This defines the k-tournament T'; it remains to show that T represents P.

First, if y € X \ {z}, then z precedes y in at least one arc of the form
(z,u1y...,uk_1), where (uy,...,uk—1) € A;, since by the definition of A, there is
at least one arc of A; containing y. Similarly there is at least one arc of .A; which
contains y, and so y precedes z in at least one arc of the form (vy,...,vk-1,z), where
(v1y...,Vk=1) € Ay. Thus for any y € X \ {z}, = does not always precede y in T and
y does not always precede z in T'.

Now let y,z € X \ {z}. It is clear from the definition of A(T') that if y < z in
P, then y always precedes z in T. If y||z in P, then since T represents P[X \ {z}]
there are arcs A, and A, of T” such that y precedes z in A; and z precedes y in A,.
Without loss of generality we assume A; € A; and A; € A;. Let A; = (u1,...,u5-1)
and A, = (vi,...,vk-1). Then y precedes z in the arc (z,us,...,uk—1) of T, and z
precedes y in the arc (vy,...,vk—1, ) of T'. Therefore y always precedes z in T if and
only if y < z in P.

It follows that T represents P. m

We now investigate what we can require of a chain decomposition of a poset P.
The following lemma shows that if a minimal chain decomposition of P contains the
smallest possible number of chains of cardinality one, then we have some information
about the way in which the vertices belonging to chains of cardinality one are related

(in P) to the remaining elements of X.

Lemma 2.3.9 Let P = (X, P) be a finite poset of width n, and let Cy,...,C, be a
chain decomposition of P such that |C;| = 1 if and only if 1 < ¢ < t, and t s least
over all such decompositions. Let C; = {v;}, 1 <1 <t. Then vi|jc for every ¢ € C;
with |C;| > 2 and everyi € {1,...,t}.

Proof. Let P and C},...,C, be as in the statement of the lemma.
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Suppose |C;| > 2, and v; < cforsome: € {1,...,t} and ¢ € C;. Then letting C] =
{vi,c} and C} = C;\ {c}, it is easy to see that ({C,...,Cu}\{C;,C;})U{C},C}}is a
set of n chains which partition X and with ¢ — 1 chains of cardinality 1, contradicting -
the minimality of .

An analogous argument shows that ¢ £ v; for any ¢ € C; with |C;| > 2 and
ie{l,...,t}. m

Lemma 2.3.10 below is a technical result, concerning the construction of two par-

ticular extensions of a poset P, which we will need for the proof of Lemma 2.3.11.

Lemma 2.3.10 Let P = (X, P) be a finite poset of width n, and let C,...,C, be a
chain decomposition of P, where |C;| = 1 if and only if 1 < <t, and t is least over
all such decompositions. Suppose further that 0 <t < n. Let C; = {vi}, 1 <1 < t.
Then there are posets P; = (X, P1) and P, = (X, P,) with the following properties.

—~

. Fach of P, and P, is an extension of P.

o

. IfceC, andi € {1,...,t} and vi||c in P, then v; < c in P,.

LW

CIfi,j€{l,...,t} and ¢ < j, then v; < v; in P,.

.IfceC,andi€ {1,...,t} and v;||c in P, then ¢ < v; in P,.

.

<

Ifi,je{l,...,t} and i < j, then v; > v; in P;.

Proof. Let P be as in the statement of the lemma. Let

S1 = {(viy,e):1<i<t,c€ Cyand vlcin P}
u

S, = {
U {(vig1,v5): 1 i<t =1}

(
(vi,v41) : 1 <1< t—-1}, and
(c,v;):1<i<tc€Cyandvcin P}

(

Notice that Sy, S; C inc(P). Let P, = tr(P U S;) and P, = tr(P U S;). By Lemma
2.3.4, in order to show that each of P; = (X, P;) and P, = (X, P,) is a poset it suffices

to show that neither S; nor S, contains a strict alternating cycle.
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We distinguish two cases, depending on the cardinality of the chain C, of P.
Case 1: |C,| > 3.

First let Z = {(z1,41),...,(z1,u)} € Si. By the definition of Sy, z, € {v1,..., v}
for each h, 1 < h < 1. Now if Z were a strict alternating cycle in S, we would have
y1 < z2in P, and so y; < v; in P for some ¢ € {1,...,t}. By the minimality of ¢,
v;||lvi in P for any j # i with j € {1,...,t};s0 y1 € {v1,...,v,}. Similarly, since ¢ is
minimal and |Cr| > 3 we have by Lemma 2.3.9 that v;||c for every ¢ € C,,. Therefore
y1 € Cyn. But this implies that (z;,y;) = (vi,y1) € Si1, contrary to the definition of Z.
It follows that Z is not a strict alternating cycle.

The same argument applied to the set S; shows that S, also contains no strict
alternating cycle.

Case 2: |C,| = 2.

Again we let Z = {(z1,11),...,(z1,y1)} € S1, and observe that z, € {vy,...,v;}
for each h, 1 < h < I. Suppose Z is a strict alternating cycle. Then we have
yn < Tht1, 1 < h <1, in P (where the subscripts are reduced modulo [), and again
by the minimality of ¢ we know that ys ¢ {vi,...,v;}. Therefore y;,...,y € C,. Let
C, = {c1,¢c2}, withe; < ¢pin P. Sincefor h =1,...,1,y, € C, and yp < T4 = v; in
P, then by the minimality of ¢ we must have y, = ¢, since otherwise {¢1, ¢z, zh41} =
{c1,¢2,v;} is a chain in P (which would mean we could find a chain decomposition of
P into n — 1 chains). Thus we have yp = ¢;, 1 < h < so that y; =--- = y,.

Now suppose ! > 2. Then yn < zp41, 1 < b < I, together with y; = --- =y,
imply that y, < zj for each h = 1,...,l. This contradicts the assumption that Z is a
strict alternating cycle. Therefore [ = 1; but in that case we get y; < z, in P which
contradicts (z1,y1) € 5.

Therefore Z is not a strict alternating cycle, so we have shown that S; contains
no strict alternating cycle, as desired. The same argument applied to S; shows that
S, contains no strict alternating cycle.

Thus in either case, each of P; and P, is a poset; and it is clear that these posets

have the required properties. This completes the proof of the lemma. =

We are now ready to prove Lemma 2.3.11, which provides the induction base for

the proof of Theorem 2.3.2.
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Lemma 2.3.11 Let P = (X, P) be a finite poset with |X| > 4, and let k = | X| - 1.

Then there is a k-tournament which represents P.

Proof. Let P = (X, P) be given, where |X| > 4, and let k = |X| — 1. Let n denote
the width of P.

Let X = C; U---UC, be a chain decomposition of P, where |Ci] =1 if and only
if 1 <<t and ¢ is least over all such decompositions.

Let C; = {vi}, 1 < ¢ < t. Without loss of generality we assume that |Cyyq| <
-+ < |Cal.

The proof of the lemma is divided into several cases, depending on the cardinalities
of the chains Cy,...,C,. We begin by observing that if n = 1, then P is itself a chain,
and so the transitive k-tournament on vertex set X and with underlying linear order
P represents P. Thus we assume for the remainder of the proof that n > 1.

Case 1: t=0,and n > 1.

In this case, |C;] > 2 for all j € {1,...,n}. We construct a k-tournament T which
represents P. We let V(T') = X.

To define A(T') we will define a linear extension L(z) of the subposet P[X \ z], for
each ¢ € X. We then define the arc A of T corresponding to X \ z from the linear
extension L(z) in the obvious way: we let u precede v in A if and only if v < v in
L(z). We therefore need to define the linear extensions L(z) so that if u||v in P then
there are L(z;) and L(z3) such that u < v in L(z;) and v < uw in L(z3).

To do this, we will use Lemma 2.3.5. For each chain C; in the decomposition of
P, let L; be a linear extension of P in which ¢ € C; and ul|c in P imply u < ¢ in L;.

For each z € X, let
L(z) = L;[X \ z], where z € C;.

Let the arc of T corresponding to X \ = be (z1,...,zk), where L(z) = {z,,...,zx}
withz; < -+ - < z¢.

This is enough to define T. We now need to show that T' represents P.

Let u,v € V(T). Since each L; is a linear extension of P, then each L(r) =
L;[X \ z] is a linear extension of P[X \ z]. It follows that if u < v in P, then u always

precedes v in T
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Now let u||v in P. Then u and v do not belong to the same chain in the decompo-
sition of P. Let u € C; and v € (). Since |C}|,|C)| > 2, there are v’ € C; and v’ € C
such that u # u’ and v # o'

Consider L;. We have u € C; and u||v in P, so that v < u in L;. Since u’ € Cj,
L(v') is a subposet of L;; and since u,v € X \ v/, then v < u in L(u').

Similarly, since v € C; and uljv in P, then u < v in L;; and since v’ € C; and
u,v € X \ v/, then u < v in L(v').

Therefore, letting A, be the arc of T corresponding to L(u') and A, be the arc of
T corresponding to L(v’), we have that v precedes u in A; and u precedes v in A,.

Therefore T represents P. This completes the proof of the lemma in Case 1.

Case 2: t>1and n>t+1.

In this case X is partitioned into the chains C},...,Cs, Ci41,...,Cr, where C; =
{v;} fori e {1,...,t},and |C;| > 2 for j € {t+1,...,n}. Note that sincen >t + 1,
there are at least two chains C; of cardinality at least two.

In this case we will use the same approach as in Case 1. However the chains
Ci,...,C; must be dealt with differently; for although we can certainly find a linear
extension L; of P in which u < v; whenever u||v; in P, we achieve nothing by letting
L(v;) = Li[X \ v;] because there is no v’ € C; with v’ # v;. Thus the problem with
the approach in Case 1 is that, for v € X and v; € UL_,C; with ul|v; in P, there is
no guarantee that there are arcs A; and A; of T such that u precedes v; in A; and v,
precedes u in As.

We therefore modify the construction given in Case 1 in the following way. We
select two chains C,_; and C, of cardinality at least two (this is the reason for the
assumption that n > t 4+ 1). We define the linear extension L,_; of P corresponding
to Cp—1 in such a way that not only do ¢ € Cp_1, u & {v1,...,v:} and u|[cin P imply
u < cin Ly_q, but also u € U?_,,;C; and uf|v; in P imply u < v; in L,y (1 <2 <),
Similarly, we define the linear extension L, of P so that both c € Cy, u & {v1,...,v:}
and u||c in P imply u < cin Ly, and also u € U}_,,;C; and ul|v; in P imply v; < u
in L, (1 < < t). This will be enough to make sure that for any u € U}_,,,C;
such that uljv; in P, there will be an arc of T in which v; precedes u, and another in

which u precedes v;. This still does not take care of the incomparable pairs {vi,,v;, },
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1 <13 <13 £t; s0 we also require that v; < -+ < vyin L, and vs < -+ < vy in Lp_;.

We now give the precise construction. As before, for each chain C; in the decom-
position of P we define a linear extension L; of P; but the definition of this extension
will now depend on the particular chain C; in question.

If 1 <i<t,welet L; be any linear extension of P.

Ift+1 <1< n—2(if any such 7 exists) we apply Lemma 2.3.5 to C; and P to
get a linear extension L; of P in which ¢ € C; and ul|c in P imply u < ¢ in L;.

To define L,,_; and L,,, we let P; and P, be extensions of P defined as in Lemma

2.3.10. Recall that P; has the properties

1. Ifce Cp and i € {1,...,t} and v;||c in P, then v; < ¢ in Py, and

2. vy < < in Py,
and that P, has the properties

3. f ceCyrand 7 € {1,...,t} and v;f|c in P, then ¢ < v; in P,, and
4, vy < --- < v in Ps.
Therefore D,, = C,, U {v1,...,v:} is a chain in each of P; and P;; in P; we have
N << - <y<g<----<Cy

and in P, we have

Q< K < <V < -+ <V,

where C,, = {¢1,...,¢m} and ¢ < ... < ¢y in P.

We apply Lemma 2.3.5 to the chain C,_, in P; to obtain a linear extension L,_;
of P, in which ¢ € C,_; and ul|c in P; imply v < cin L,_;. Note that since P is a
subposet of P,, then L,,_; is also a linear extension of P.

We apply Lemma 2.3.5 to the chain D, in P; to obtain a linear extension L, of
P (and hence of P) in which d € D, and u||d in P, imply u < d in L,.

Having defined the linear extensions L,..., L, of P, we proceed as in Case 1 to

define the linear extensions L(z) of P[X \ z], for each z € X:

L(z) = L;[X \ z], where z € C;.
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Finally, we construct the k-tournament T by letting V(T') = X, and defining the
arc of T corresponding to a k-subset X \ {z} of V(T') to be A = (zy,...,z%), where
X\{z}={z1,...,2%} and z; < --- < ¢ in L(z).

We now show that T represents P.

Let u,v € X. As in Case 1, each L; is a linear extension of P, and so if u < v in
P, then u always precedes v in T.

Now suppose u||v in P. Then u and v belong to different chains in the decompo-
sition of P.

First let u € C;, and v € C},, where 1 < 7; < 13 < t. Then u = v;; and v = v,,.
Let z; € Cn-1, and z; € Cy. Since L, is a linear extension of P; and v;, < vy, in Py,
it follows that v;, < v, in L(z,), and hence v;, precedes v;, in the corresponding arc
of T. On the other hand, L,_; is a linear extension of P,, and v;, < v;, in Pe, so that
v;, < v, in L(z2). Therefore v;, precedes v;, in the corresponding arc of T'.

Thus if u,v € {vy,...,v:} thereis an arc of T in which u precedes v, and another
in which v precedes u.

Now suppose u € C;, 1 <t <t,and v € Cj, t+1 < j < n. Then u = v;, and
eithert+1 < j<n-2orj€ {n—1,n}. In either case, |C;| > 2; so we can find
€ Cij\{v}. ft+1<j<n—2 then since v € C; and u||v in P, we have u < v in
L(z). Suppose j = n — 1. Since u = v; and v;||v in P, and v € C,, then also uljv in
P,; it then follows from the definition of L,,_; that « < v in L,_;. Therefore u < v in
L(z), and so u precedes v in the corresponding arc of T. Now let j = n. In this case
u = v; < v in Py, so that v < v in L, and hence in L(z). Therefore u precedes v in
the arc of T corresponding to L(z).

Thus if u € {v1,...,v} and v € UL_,,,C; there is an arc of T' in which u precedes
v. We now show that under the same conditions, there is an arc of 7' in which v
precedes u.

If v e C,, then v < v; = u in P; since L,_; is a linear extension of P;, then v
precedes u in the arc corresponding to L(z) for any z € Cn—1. Otherwisev € U=, Cj,
and so u = v;||v in P,. Now u = v; € D,, and L, has the property that d € D,, and
v||d in P; imply v < d in L,. Therefore v < v; = u in L,. So v precedes u in the arc

corresponding to L(z), for any z € C,.
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Therefore if u € {v,...,v,} and v € U}_,,,C; there is an arc of T in which u
precedes v, and an arc of T in which v precedes .

Finally, suppose u,v € UZ_,,,C;. Let u € C}, and v € Cj,, and let z; € C;, \ {u}
and z; € Cj, \ {v}. Then v < u in L(z,), and u < v in L(z;); therefore u precedes v
in the arc of T corresponding to L(z;) and v precedes u in the arc of T' corrsponding
to L(z3).

Thus whenever u||v in P, there are arcs A; and A; of T such that u precedes v in
A, and v precedes u in A,. It now follows that T represents P.

This completes the proof of the lemma in Case 2.

Case 3: t >2and n <t +1.

We observe that if n = ¢, then P is an antichain, and |X| > 4 implies t > 4.
Therefore by Lemma 2.3.7 there is a k-tournament representing P. We therefore
assume that n = ¢ + 1.

Notice that since n = t + 1, the chain decomposition of P consists of ¢ chains of
cardinality 1 and exactly one chain C};; of cardinality at least 2.

Again we define posets P; and P, from P; in this case we require only that
vy <---< v in Py and v; < v;_y < +-+ < vp in Py. Therefore we let S; = {(vi,viy1) :
1<i<t-—1}and S; = {(vig1,vi) : 1 <7 <t—1}. It is easy to see that neither S;
nor S, contains an alternating cycle; so by Lemma 2.3.4 each of P; = (X,tr(PUS:))
and P; = (X,tr(P U S,;)) is a poset.

Let 1,24 € Ci41-

We apply Lemma 2.3.5 to Cy4, in the poset P; to obtain a linear extension L; of
P; (and so of P) in which ¢ € Cyy1 and vi|c in Py imply v < ¢ in L;. Therefore if
i € {1,...,t} and c € Ci41, and also v;jjc in P, then v; < cin L.

Next we apply Lemma 2.3.5 to Ci41 in P, to obtain a linear extension L, of P,
(and hence of P) in which ¢ € C;41 and v||c in P; imply v < ¢ in Ly. Thus v; < cin
Ly whenever : € {1,...,t}, c € Ci41, and v;||c in P.

Finally we apply Lemma 2.3.5 to Ct4; in P to obtain a linear extension L of P in
which ¢ € Cy4; and v|lc in P imply ¢ < v in L (notice that here we are using part 2
of Lemma 2.3.5).

We now define the linear extensions L(z) of P[X \ z] for each z € X.



CHAPTER 2. RANKING THE PARTICIPANTS IN A K-TOURNAMENT 41

Welet L(z,) = Li[X\ 2],
L(za) = Lo[X\ z2),
L(c) = Lo[X\ ¢, for c € Ciyy \ {21, 22},
and L(v; LiX\v],1<i1<t.

Once again we let the arc A of T corresponding to the set X\ {z} be A = (z,..., ),
where X \ {z} = {z,..., 2} and z; < --- < z4 in L(z).

This defines the k-tournament 7. We now show that T represents P.

First, since each of L;, L, and L is a linear extension of P, then it is clear that if
u < v in P, then u always precedes v in T.

Now let u|lv in P. Then without loss of generality, either u,v € {v;,...,v,} or
u € {v1,...,v:} and v € Cyyy.

Suppose u,v € {vy,...,v:}. Let u =v; and v = v; with 7 < j. Then u < v in I,
and so in L(z;), while v < u in Lz and so in L(z3). Thus there is an arc of T in which
u precedes v, and another in which v precedes u.

Suppose u € {v;,...,v;} and v € C¢y1. Then u < v in both L, and L,, so that
u < v in at least one of L(z,) and L(z;). Similarly v < u in L, so that v < u in L(v;),
where v; € {v,...,v:} \ {u} (here we are using the fact that ¢ > 2). Thus again we
have an arc of T in which u precedes v and another in which v precedes u.

It follows that T represents P. This completes the proof of the proposition in Case

Case 4: t=1and n<t+1.

Notice that in this case n > t since otherwise P consists of a single chain of
cardinality one, contradicting |X| > 4. Therefore we assume that n =t +1 = 2. So
the chain decomposition of P consists of one chain C} = {v;} of cardinality one, and
one other chain C; of cardinality at least three.

If |C;| > 4, then kK — 1 > 3 and the transitive (k — 1)-tournament on vertex set C,

represents C; so by Lemma 2.3.8 there is a k-tournament representing P.
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Otherwise [Ca3f = 3. Let C; = {ec1,¢5,¢3}, where ¢; < ¢; < ¢3. Then X =

{v1,¢1,¢2,¢3} and the 3-tournament T represents P, where T is given by:
V() = X;
A(T) = {(a,ec3),(v1,01,¢3),(c1,v1,¢2),(c2,€3,v1)}.
This completes the proof of the lemma in Case 4. m

Finally, we prove Lemma 2.3.12, which provides the induction step for the proof
of Theorem 2.3.2.

Lemma 2.3.12 Let P = (X, P) be a finite poset, where |X| > 5, and let k be an
integer satisfying 3 < k < |X| — 2. If every poset P' = (X', P') with |X'| = | X| -1

can be represented by a k-tournament, then P can be represented by a k-tournament.

Proof. Let P and k be as in the statement of the lemma, and assume that every
finite poset P’ on |X| — 1 vertices can be represented by a k-tournament.

We let z € X be maximal in P, and let P’ be the subposet of P induced by
X \ {z}. Thus we have P’ = (X’, P’), where X' = X \ {z} and u < v in P’ if and
only if u,v € X’ and u < v in P. By assumption there is a k-tournament 7’ which
represents P’, and we assume without loss of generality that V(T') = X’. Thus for
any u,v € X/, u < v in P’ if and only if u always precedes v in T".

We will construct a k-tournament T, with V(T') = X, such that A(T") € A(T),
and such that T represents P. Thus to define T we must define an arc corresponding
to each k-subset of X which contains z. In order for T to represent P, we must ensure
that u always precedes z in T if and only if u < z in P (recall that z is maximal in
P), and that if u,v € X’ and u < v in P, then u precedes v in any new arcs which
contain both u and v. (Note that since T’ represents P’, if u,v € X’ and ul|v in P,
then there are arcs A,, A; of T' such that u precedes v in A; and v precedes u in Aj.)

Let S ={SC X :|S| =k and z € §}. We will define a set A of arcs such that A
contains one arc corresponding to each element of S, and we will let A(T') = A(T")UA.

Let X’ = U U I, where
U = {u€eX':u<czinP}and
I = {u€ X :u|zin P}
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Note that U and I are disjoint, and that if u € U and v € I, then by the transitivity
of P,v £uin P.
We divide the remainder of the proof into two cases, depending on the cardinality

of I. In each case, we construct the set A of arcs of T so that for every A € A,
1. fu,ve A and u € U, v € I, then u precedes v in A.
2. f u,v € A and u < v in P, then u precedes v in A.
3. If u € A and u € U then u precedes = in A.

4. If v € I then there are A;, A; € A such that z precedes v in A; and v precedes

T in Az.

We first let Ly be a linear extension of P[U U {z}], and L be a linear extension
of P[I]. Notice that by the definition of U, u < z in Ly for every u € U.
Case 1: |I| > k.

If |I| = k = 3, then since | X| > 5, we have |U| > 1. We let I = {a1,a,a3}, and

A

{(a;ya;,x):1<4,7<3,i# 7, and a; < a; in Ly}
U {(u,z,a;):1<i<3anduelU}
U {(u,u,z):u,u’ € U and u < v in Ly}.

Otherwise either |I| > k or £ > 4, and by Lemma 2.3.6 we can find disjoint classes
C; and C, of (k—1)-subsets of I such that U{S": §" € C;} =T =U{S": 5§’ € C;}. For
each S’ € Cy, let A = (vy,...,Vk-1,x) where §" = {v1,...,v4-1} and v; < -+ < vy
in Ly, and let A € A. Thus A will be the arc of T' corresponding to S’ U {z}.

For each S’ € C, let A = (z,vy,...,vk—1) where S’ = {v1,...,v4_1} and v; <
.o~ <wve_pin Ly, and let A € A.

This defines the arc A € A for every S € S of the form § = S’ U {z} with
S’ € C; UC,. It also guarantees us an arc in which = precedes v and an arc in which
v precedes «, for each v € I.

Now let S € S be such that S\ {z} € C1UC,. If SNU # 0, let SNU = {uy,...,u},
whereu; < -+ < u;in Ly; and if SNI # 0, let SNI = {v1,...,v;}, wherev; < -+ < v;
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inLp. SNU #0and SNT#0Q, welet A= (uy,...,u,z,01,...,0;). £SNU =0
but SNI # 0, welet A= (z,v1,...,v;). Finally, f SQU # 0 but SNI =10, we
let A = (uy,...,u;,z). This defines an arc A € A corresponding to each remaining
element S of S. We have therefore defined the set A of arcs of T. The k-tournament

T is now given by:

V(T) = X,
and A(T) = A(T")UA.

We now show that T represents P.

If |I| = k = 3, it is easy to see that T represents P, so we assume that either
|[I| > k or k > 4.

First, if 4 < = in P then u € U; therefore any k-subset S of X which contains
both u and z is of the form § = S’U{z}, where S’ & C; UC,. Consequently u precedes
z in the arc corresponding to S. Thus u always precedes z in T. On the other hand,
if v||z in P then v € I, so there are S] € C; and S} € C; such that v € §; N S;.
Therefore v precedes « in the arc corresponding to S; U {z}, and z precedes v in the
arc corresponding to S, U {z}.

Now let wy,w, € X' = X \ {z}. If wi]jw; in P, then also w;||wz in P’, and so
there is an arc of 7" in which w,; precedes w; and another in which w, precedes w;.
Since A(T') C A(T), the same is true of T. On the other hand, if w; < w; in P, then
w, precedes w; in every arc of A which contains both w; and w,; and since w; < w,
also in P’, then w; always precedes w, in T”. It follows that w; always precedes w,
inT.

This completes the proof of the lemma in Case 1.

Case 2: |I|<k-1.

In this case, there is at most one (k — 1)-subset of I. We must, therefore, modify
the construction given in Case 1. Once again we want to make sure that for each
v € I we construct at least one arc in which v precedes z, and at least one more in
which z precedes v. We achieve this in the following way. We distinguish a subset
of U, whose cardinality is such that for each v € I we have at least one k-subset

of X consisting of this distinguished subset of U, the element z, and a subset of I
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containing v, and at least one more k-subset of X containing both z and v. We use
these k-subsets of X to construct arcs in which v precedes = and z precedes v. The
precise construction is given below.

First, let m = maxz{l,k — 1 — |I|}. We will distinguish a proper m-subset of U;
we can do this provided m < |U|. We show in Claim 2.3.13 below that this is so.

Claim 2.3.13 Let m = maz{l,k—1—|I|}. Then |U| > m.

Proof. First, we have m = 1 if and only if K — 1 — |I| < 1, which is the case if and
only if |[I| > k — 2.
If |I| =k — 1, then

U | X| =11 -1
| X| -k

2

v

\%

m.

If |I| = k — 2. then

|U| IX|—(k-2) -1
IX| =k +1

3

VAR |

\%

m.
Finally, if |I| < k — 3, then

|U| | X| = [1] -1
(k+2)—|I| -1

m+ 2

AV

\%

m.
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Thus we can find elements uJ, ..., u, of U, and we assume that u} < --- < u? in
Ly. We now proceed to define A.
First let S € S be of the form S = {u},...,u%} U {z} U {v1,...,0k-m-1},

where vy,...,0%_m_1 € I and v; < -+ < Vg_pm—; in L;. (A simple calculation
shows that |[I| > k —m — 1.) We define the arc of A corresponding to S to be
A= (ul,..., U5, T,0V1y. ., Um_k—1).

Now let S € § be of the form § = {u1,...,un} U{z} U {v1,...,04—m-1}, where
V1,...,VUm-k-1 are as in the preceding paragraph, and u1,...,u, € U, {u1,...,un} #
{u3,...,u,} and 4y < --+ < u,, in Ly. Such a set {uy,...,un} exists since |U| > m.
We define the arc of A corresponding to S to be A = (u1,...,Un, V1, ., Vmak-1,T).

Finally let S € S be such that |SNU|# m. If SNU # @, let SNU = {uy,...,u};
and if SNT # O, let SNT = {vy,...,v;}. £SNU # @ and SN T # D, then we
define the arc of A corresponding to S by A = (uy,...,ui,v1,...,v5,2). HSNU =10
but SN I # @ then we define the arc of A corresponding to S by A = (vy,...,v;,z).
Finally if SN U # @ but SN I = @, then we define A by A = (uy,...,u;, ).

This defines the set A of arcs of T. Once again we have defined T by

V(T) = X,
and A(T) = A(T)UA.

We now show that T' represents P.

First let w € U. Then u < z in P. It is clear from the definition of A4 that u
always precedes z in T (note that every arc of T containing both u and z belongs to
A).

Now let v € I. Then there are S;,5; € S such that S, N U = {u},...,us} and
v €S, and |S;NU|=m, S;NU # {uj,...,ur} and v € Sz. It is clear from the
definitions of the elements of A4 that z precedes v in the arc corresponding to S;, and
v precedes z in the arc corresponding to Sz. It follows that for any y € X \{z},y <<z
in P if and only if y always precedes z in T

Let wy,w; € X \ {z}, where w; < w; in P. Then w; < w, in P’ and so w, always
precedes wy in T’. First suppose wy,wy € U or wy,wy; € I. Then w; precedes w;

in every arc of A containing both w; and w,, because w;, precedes w, in Ly or Ly,
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whichever is appropriate. On the other hand, if w; € U and w, € I then it is clear
from the definition of A that w, precedes w; in every arc of A containing both w; and
w,. Finally recall that by the transitivity of the relation P, we cannot have w, € I
and we € U.

Now let wy, ws € X'\ {z}, where w||w; in P. Then w,||w; in P’, so that there are
arcs Ay, Ay € A(T") such that w, precedes w; in A; and w; precedes w; in A;. But
A(T") € A(T) so that Ay, A; € A(T).

It follows that T represents P. This completes the proof of the lemma. m

Theorem 2.3.2 now follows immediately from Lemmas 2.3.11 and 2.3.12. For

convenience, we restate Theorem 2.3.2 below.
Theorem 2.3.2 Let P = (X, <) be a finite poset, and k an integer satisfying
3 < k < |X|—1. Then there is a k-tournament T with V(T) = X such that T

represents P.



Chapter 3

The automorphism group of a

k-tournament

The aim of this chapter is to determine those groups which admit a representation
as the automorphism group of a k-tournament; we consider various restrictions on
the representation required. To begin, we determine those finite, abstract groups G
for which there exists a k-tournament whose automorphism group is isomorphic to
G. This characterisation extends the well-known result of Moon ([16]), which states
that there is a tournament whose automorphism group is isomorphic to a given finite,
abstract group G if and only if G has odd order. We then consider the problem
of finding the ‘smallest’ k-tournament whose automorphism group is isomorphic to
G, where we measure how ‘small’ a k-tournament is by the number of orbits of its
automorphism group acting on its vertex set. With this definition of size, our goal is
to determine which groups admit a regular representation as the automorphism group
of a k-tournament. For tournaments it was shown in [1] that every group of odd order,
other than Zs x Zs, admits a regular representation as the automorphism group of
a tournament. The construction given relies on the Feit-Thompson theorem, which
states that every finite group of odd order is solvable. We cannot hope to use a similar
construction for k-tournaments, however, because the groups which can be represented
as the automorphism group of a k-tournament are not all solvable for general k¥ > 3.

Nevertheless we are able to show that if a group G admits a representation as the

48
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automorphism group of a k-tournament and has order larger than k, then there is a
k-tournament whose automorphism group is semiregular, has two vertex orbits, and
is isomorphic to G. This extends a result of L. Babai and W. Imrich [1]. Finally, in
3.3.2 we show that if either G is cyclic, or k > 4 and G has a minimal generating set
with at least k elements, then G admits a regular representation as the automorphism

group of a k-tournament.

3.1 Preliminaries

We give here some basic lemmas which will be used throughout the chapter. We refer
the reader to Section 1.1 for the relevant definitions and notation.

We first state without proof a lemma of L. A. Nowitz and M. E. Watkins ([17))

which we will use repeatedly.

Lemma 3.1.1 Let G be a group, and A a group of permutations of G which contains
G (that is, G < A < Sg). Let H be a generating set for G. If a € A, implies that
« fizes each element of H, then A = G.

The following lemmas will also be useful in several constructions. Lemma 3.1.2
shows that, given a semiregular permutation group acting on a finite set U and an
integer k > 3 which is relatively prime to the order of this permutation group, we can
construct a semiregular permutation group acting on the set of k-subsets of a set V,
where V' consists of some number m of disjoint copies of the set U. We will use this
lemma in constructing k-tournaments whose vertex sets consist of some number m
of copies of a given finite group G, and whose automorphism groups have m vertex

orbits.

Lemma 3.1.2 Let A be a group of permutations of a finite set U, |U| > 1, let m
be a positive integer, and let k > 3 be an integer such that gcd(|A|, k) = 1. Let
V =ur, U9, where U = {ul): u € U}. Let A be the permutation group acting on
V defined by A = {@: a € A} where @ is the permutation @ : u) — (a(u))). If A

acts semireqularly on U then A acts semiregularly on (:)
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Proof. We must show that @(S) = S implies a = ¢, where ¢ is the identity element
of A, for any k-subset S of V.

To this end, suppose that @(S) = S. Thenfori € {1,...,m},a(SNU) = SNUW.
Now @ acts on U exactly as a acts on U; and «a acts semiregularly on U. Thus the
restriction of @ to U, when written as a product of disjoint cycles, consists of cycles
of some fixed length ¢, and ¢ is the order of @ in A. Since @ fixes SN U® (setwise),
then S N U must be the union of the elements of some number of these t-cycles.
Therefore |S N U] is a multiple of ¢. Thus k = |S| = X7, |S N UY] is a multiple of

t. But |A| is also a multiple of ¢; thus ¢ = 1, and so a = ¢ as required. m

Letting m = 1 in Lemma 3.1.2 gives us the following corollary.

Corollary 3.1.3 Let A be a group of permutations of a finite set U, where |U| > 1,
and let k > 3 be an integer such that ged(|A|, k) = 1. If A acts semiregularly on U,

then A acts semiregularly on (g)

Lemma 3.1.4 below establishes a useful property of a minimal generating set H of
a finite group G. It gives us some information about the distribution of the k-subsets
of HU {e} among the orbits of G, acting on (f), where k£ > 3 and is relatively prime
to the order of G.

Lemma 3.1.4 Let G be a finite group, and k > 3 an integer, such that gcd(|G|, k) =
1. Let H be a minimal generating set for G, where the minimality is with respect to
inclusion, and assume that |H| > k. Let HY denote the set H U {e}. Then no two
k-subsets of Ht belong to the same orbit of G acting on (f)

Proof. Let S = {c1,...,ck} and T = {di,...,dx} be distinct k-subsets of H*. We
want to show that S = ¢gT, g € G, implies ¢ = e. We divide the proof into three
cases.
Case 1: e¢ SUT. Let S = {c1,...,cx} and T = {d,...,dx}, and assume S = ¢T,
where g € G. Without loss of generality we can assume that gc; = d; fori =1,...,k.
Thus g = dyc;' =+ = dkc;l.

First notice that if ¢; = d; for some ¢ then g = e, as desired. Thus we assume that

Ci7édi,1fi§k-
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Now let z # j. Since dicT! = djcj'l, then d; = djc]-'lc,-. By the minimality of H,
d; € {dj,cj,c;}. But d; # d;, and we assumed d; # ¢;; it then follows that d; = ;.

Since k > 3, we now have that both d; = ¢; and d, = ¢3. Since c; # c3, this is the

desired contradiction, and completes the proof for Case 1.
Case 2: e€ SNT. Let S ={e,c...,ck} and T = {e,dy,...,dx}. Then S = gT
implies S = {e,cs,...,ck} = {9,9d2,...,9dr}. Assume g # e. Since e € gT \ {g},
then e = gd; for some i, and so ¢ = d;'. We may assume without loss of generality
that g = d;'. Now d;' # e and d;' € S, so again without loss of generality we rhay
assume that d;' = ¢,. By the minimality of H, ¢; = dp, and so ¢ = d;' = d; = c,.

Similarly, gds = d;'ds € S\ {e, c;}, and so without loss of generality d;'ds = c3.
Equivalently, dods = c3. By the minimality of H, c3 € {d;,d3} = {c2,d3}. Since
¢z # 3, c3 = d3. But c3 = dpd3; consequently d; = e, a contradiction. This completes
the proof for Case 2.

Case 3: ec S\ T. In this case, let S ={e,co,...,ck} and T = {di,da,...,d}. Let
S = gT. Then {e,cs,...,ck} = {gd1,9d2,...,9dr}. In this case g # e since e & T.
Since e € ¢T, without loss of generality e = gd;, and so g = d7.

Now ¢; € {gds,...,gdi} = {d{'ds,...,d7"di}, so we may assume that c; = di'd,.
By the minimality of H, c; € {dy,d2}. If ¢; = d;, then dy = eand so g = ¢, a
contradiction. If ¢; = d;, then ¢ = d,, which contradicts the minimality unless
¢z = d,; but we have shown that this also leads to a contradiction. This completes

the proof in Case 3 and so too the proof of the lemma. m

3.2 A characterisation of those groups admitting
a representation as the automorphism group

of a k-tournament, k£ > 3

We show in this section that for a finite group G and an integer & > 3, there is a k-
tournament whose automorphism group is isomorphic to G if and only if |G| and k are

relatively prime. We observe that this is a generalisation of the corresponding result
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for tournaments ([16]) which says that there is a tournament whose automorphism
group is isomorphic to the finite group G if and only if |G| is odd, or equivalently, is
relatively prime to 2.

We state the main theorem here; Lemma 3.2.2 and Lemma 3.2.3 comprise its

proof. -

Theorem 3.2.1 Let G be a finite group, and k an integer such that k > 3. There
is a k-tournament whose automorphism group is isomorphic to G if and only if the

order of G is relatively prime to k.
We begin by showing the necessity of the condition.
Lemma 3.2.2 [fT is a k-tournament, then |Aut(T)| and k are relatively prime.

Proof. Let T be a k-tournament (recall that this implies k¥ > 3) and suppose, towards
a contradiction, that |Aut(T")| and k share a common factor. Then |Aut(T)| and &
share a common prime factor, say p, and it follows that Aut(T') contains an element o
of order p. Consider the permutation of V(T') induced by a, written in disjoint cycle
notation. This permutation must consist of p-cycles, and possibly some fixed points.
Construct a k-subset S of V(T') as follows. If a contains at least k/p p-cycles, we let
S be the union of the elements of exactly k/p p-cycles of a. If a contains n < k/p
p-cycles, we let S consist of the elements of these n p-cycles together with any k£ —np
fixed points of a.

Now the set S is fixed by a, but it is not fixed pointwise, since any vertex belonging
to a p-cycle is not fixed. If we now let A be the unique arc of T' corresponding to S,
we see that a(A) is not an arc of T, because its elements are also the elements of S,
but now in a different order. This contradicts a € Aut(T). It follows that |Aut(T')|

and k must be relatively prime. m

To show the sufficiency of the condition, we construct, given an integer k¥ > 3
and a finite group G satisfying gcd(|G|, k) = 1, a k-tournament whose automorphism
group is isomorphic to G. In this section we are not concerned with the order of the

k-tournament we construct, but rather with providing a general construction which
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is valid for all k¥ > 3 and all finite groups satisfying gcd(|G|, k) = 1. It will be shown
in later sections that much smaller k-tournaments can be constructed in many cases.
The construction below produces a k-tournament whose automorphism group has k

orbits of vertices.

Lemma 3.2.3 Let G be a finite group, and k > 3 an integer, such that ged(|G|, k) =

1. Then there is a k-tournament whose automorphism group is isomorphic to G.

Proof. Let G and k be given, as in the statement of the lemma. Let H be a minimal
generating set for G. We construct a k-tournament 7' with the required property.

We first define V(T'). Following Lemma 3.1.2, we let G = {¢g) : ¢ € G} for
i € {1,...,k}, and we let V(T) = U5 G, We also let G = {g: g € G}, where 7 is
the permutation of V(T) given by g : () v (gz)(). It follows from Lemma 3.1.2 that
G acts semiregularly on (V(kT)), and consequently that if S € (V(kT)) and g(S) = 9,
then g = e.

In defining A(T'), we will find it useful to classify the k-subsets of V(T') in the
following way. What we are interested in is the manner in which a k-subset is dis-
tributed among the sets G,... ,G®). Given a k-subset S of V(T), we define the
partition of S to be the multiset {{SNGW|:1 < i < m and |SNGH| > 0}. Notice
that if S; and S; belong to the same orbit of G acting on (V(kT)), then 57 and S, have
the same partition (but the converse need not hold).

We partition (V(kT)) into several classes, each of which is fixed by Gr; the order
assigned to a k-subset of V(T') will depend on the class to which it belongs.

Let K denote the family of k-subsets of V(T') with partition {k}, if any such sets
exist. These are exactly the k-sets all of whose vertices belong to the same set G(*).
The class K will be empty if and only if |G| < k.

Let £ denote the family of k-subsets of V(T') with partition {)q,..., N}, where
1 <1< k. Note that I < k implies that A; > 1 for some j, so these are the k-subsets
containing at least two vertices from some set G(), but which are not contained within
any GO,

The k-subsets of V(T') which do not belong to either K or £ are those with partition
{1,1,...,1}, i.e., those whose elements all belong to distinct sets G®. These k-subsets
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we will further classify as follows.

Let S be the family of k-subsets of V(T') of the form {v("),v®), ..  v*)}. These
are the k-subsets which consist of k copies of the same vertex v, one from each set
G4,

Let D be the family of k-subsets of V(T') of the form {vgl), o ,v,(‘k)}, where
vy,...,Vk are all distinct. Thus D consists of those k-subsets whose vertices all come
from different sets G() and all correspond to different elements of G.

Let N denote the family of k-subsets of V(T') which have partition {1,...,1} and
which belong to neither S nor D. These k-subsets have the form {vfl), v§2), e, v,(‘k)},
where 1 < |{vy,...,u}| < k.

Finally, we distinguish a subclass of DUN. Let B denote the family of k-subsets
of V(T) of the form {:z:(l),a:h("’),vés),...,v,(ck)}, where h € H and vs,...,vx are all
different.

We have now partitioned (ViT)) into the classes K, £, S, D, and N, with a
distinguished subclass B. Notice that each of these classes (including B) is fixed
(setwise) by G.

We first define the arcs corresponding to elements of £ U S. The ordering of the
sets belonging to £ is intended to force all automorphisms of T to map each set G
to itself. That the ordering we give here really has the desired effect will be shown
below. The idea is to order each subset belonging to £ so that any elements of G
precede any elements of G whenever i < j. Let Oy,...,0,; be the orbits of G,
acting on the elements of £. For each orbit O, choose a representative S; € O,
and let GOV, G be the sets G for which S; N G®) # @, where i; < -+ < 4.
First, arbitrarily order S; so that all elements of G(*) precede all elements of G(2),
all elements of G¢2) precede all elements of G**), and so on, and call the resulting
arc A;. Now assign the order §(A;) to each other element g(S;) of O; (g € Gy).
Thus £ contributes to A(T) the arcs {g(A;) : § € Gr and 1 < j < t}. Since G|, acts
semiregularly on (ViT)), this procedure assigns a unique order to each element of L.

We now consider the elements of S. The ordering of these k-subsets of V(T') will
force all automorphisms of T to be of the form 7 for some permutation 7 of G. If

S = {v®,..., v} € S, then we let the corresponding arc of T be (v{),...,v®).
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The salient point is that the order assigned to S is given by the order of the sets
GM,...,GW,
The order assigned to the remaining elements of (V(kT)) will depend on the cardi-

nality of H with respect to k. We distinguish two cases.
Case 1: |H| > k. Let H* = {ho, h1,..., him}, where ho = e.

In this case, the class X is not empty. We want to define a k-tournament 7=
with vertex set G, and put a copy of this k-tournament on each set G*) of vertices.
The only thing we require of T is that the subtournament of T* induced by the set
H* = H U {e} be transitive, with underlying linear order e = hg > Ay > --- > hyg|.

Now we know by Lemma 3.1.4 that the k-subsets of H* all belong to different
orbits of G, acting on (f) We therefore define A(T™) as follows. Let O be an orbit
of G, acting on (f) If O contains a k-subset of H*, then let S denote this k-subset;
if O contains no such element, then arbitrarily select a k-set S € O. If § C H*,
say S = {hiy,...,hi }, where i; < .-+ < 1}, we let the corresponding arc of T* be
A = (hiy,...,hi,). Otherwise S = {g1,...9x} € H* and we order S arbitrarily to
produce an arc A. Now let g(A) be the arc corresponding to g(S) for each element
g(S) of O.

This procedure will define an arc for each k-subset of G; we have thus de-
fined the k-tournament 7*. Now let S € K, and write 5 = {v1 o) )}
where (vy,vs,...,v¢) € A(T*). We define the arc of T' corresponding to S to be
(v{i), vgi), e ,v,(:)).

It remains to define arcs corresponding to the k-sets belonging to DUN . In order
to distinguish these sets from the elements of S, the order assigned to them will be
chosen expressly to conflict with the order of the sets G, ..., G®). In addition we
will use the arcs corresponding to the elements of B to distinguish the elements of H
from the remaining elements of G.

We first order the sets belonging to the distinguished subclass B. If S € B, then
S has the form S = {:c(l) zh® o . .,v,(ck)}, where h € H. We assign to S the arc
A= (P, . o zh® 1),

Finally for any set S € (DUN)\ B we order S so that so that the (unique) element

of SNG® is in the first co-ordinate, the element of SNGM) is in the second co-ordinate,



CHAPTER 3. THE AUTOMORPHISM GROUP OF A K-TOURNAMENT 56

and for each ¢ = 3,...,k the element of S N G® is in the i** co-ordinate. Thus a set
{vl(l), vgz), v§3), ey v,(ck)} would be assigned the order (vgz), v§l), v:(,,s), ey v,(ck)).

This completes the definition of A(T') in Case 1.

Case 2: |H| < k—1. Again we let H = {hy,..., g} (notice that in this case we
consider only H and not HY).

In this case, the class K might or might not be empty, depending on whether
|G| > k. If |G| > k, we will again define a k-tournament T* with vertex set G, and
put a copy of T* on each of the sets G*). However in this case we require of T* only
that G < Aut(T™). Thus we partition (f) into orbits under the action of G, select
a representative element S of each orbit, order S arbitrarily to produce an arc A, and
assign the order g(A) to each remaining element §(S) of the orbit in question. This
defines A(T*). Now given an element S € K, we write § = {v?),...,v,(:)}, where
(v1y...,vk) € A(T*), and assign the order (vgi), .. .,v,(:)) to S.

As in Case 1, the ordering assigned to the elements of D U A is designed both to
distinguish these k-sets from those belonging to S, and to distinguish the elements of
H from one another.

We again begin with the subclass B. Let S = {x(l),xh(z),vg‘o’),...,v,(ck)} € B.
The order assigned to S will depend on the element A of H. If A = hy, the arc

corresponding to S will be (v,(ck), - .,v:(,,s),xh(z),w(l)). If h=nh; where 2 <1< k-2,
the arc corresponding to S will be A = (v,(ck),...,vfj_tl),xh(z),v,(i),...,vgs),x(l)). If

h = hx_y, the arc corresponding to S will be (zA(?), v,(ck), e ,v§4), (). Thusif h = h;

then the element zA(® of S is in co-ordinate k£ — i of A, (1) is in co-ordinate k, and
the elements v§3), cees v,(ck) are ordered so that v,(i) precedes vJ(j )if and only if 1 > j.
Finally, the elements of (DUN) \ B will be ordered in the same way as in Case 1.
This completes the definition of A(T') in Case 2.
It is clear from the definitions that T is indeed a k-tournament, and also that
G < Aut(T). Tt thus remains to show that Aut(T) < Gp. This is done through a
sequence of claims. The first two show that the ordering of the elements of £ does

indeed force all automorphisms of T to map each set G*) to itself.
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Claim 3.2.4 Let a € Aut(T). Suppose that for some i € {1,...,k}, a(GD) # G
for any r. Then there is m < i such that o(G™) # G for any r.

Proof. Suppose a(G")) # G for any . Then there are u(), v() € G and j < [ such
that o(u®) € G¥ and a(v?) € GV. Since |G| = |GV, and o(GH) € G, there
is m # ¢ and w™ € G™) such that o(w(™) € GU). Now o(G™) # G because
a(u?) € GY); however, a(G(™)) does intersect GU). Therefore, a(G™) # G for
any r, and it is sufficient to show that m < 1.

Let S be any k-subset of V(T') containing all of (), v and w(™. Then S € L.
Now a(S) contains all of a(u), a(v()) and a(w!™), which belong to G¥), G® and
GU), respectively. Therefore a(S) € £ also. Since j < I, both a(u®)) and a(w(™)
precede a(v) in the arc of T corresponding to a(S). But since a € Aut(T), this
implies that both u(Y) and w(™ precede v*) in the arc of T corresponding to S. Since

S € L, this can be the case only if m < :. m

Claim 3.2.5 If a € Aut(T), then o(G%) = GY for each i € {1,...,k}.

Proof. We show first that o(G(V)) = G()). By Claim 3.2.4, we know that o(G()) =
G(") for some r, 1 < r < k. Consider the family of k-subsets of V(T) which contain
exactly two elements of G(!). There are (lgl) ((k;PzIGI) such k-sets, and they all belong
to £; so in the corresponding arcs of T, the two elements of G(!) occupy the first two
positions. Therefore for any such set S, the first two positions of a(S) are occupied by
elements of G, and a(S) contains no other elements of G("). So a(S) also belongs
to £. Since the first two positions of a(S) contain elements of G(”), a(S) contains no
elements of U=} G¥). Now there are ('gl) ((k;:)zlGl) k-subsets of V(T') which contain
exactly two elements of G(") and no elements of J7Z{ G). But « induces a bijection
on (VSVT)), and we have shown that each of the (Ifl) ((k;i)zlGl) sets of the first type is
mapped by a onto one of the ('fl) ((k;:)2|G|) sets of the second type. This is clearly
impossible unless r = 1. Thus o(GM) = GM) as desired.

We now proceed by induction on i to show that a(G")) = G for each i €
{2,...,k}. Suppose a(G9) = GU) for each j with 1 < j < i—1. Then « maps the
set U§=,~ GY onto itself. Using this and Claim 3.2.4, we see that o(G®)) = (GV)) for
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some j > ¢. But it now follows by the same counting argument as in the preceding

paragraph that a(G®)) = G(). This proves the claim. m

We now want to show that Aut(T') is of the form Aut(T) = A for some group A
of permutations of G. To do this we need to show that for any z,y € G, and any a €
Aut(T), a(z®) = yO if and only if a(z™)) = yV) for any 7,5 € {1,...,k}. We show
in Claim 3.2.6 below that this follows from the definitions of the arcs corresponding
to the elements of S and to those of DU N.

Claim 3.2.6 Let o € Aut(T), z,y € G and i, € {1,...,k}. Then a(zW) = y() if
and only if a(z\)) =y,

Proof. Let a, z, y, 7, and j be as in the statement of the claim. Since the k-set S =
{zM, 2@ ... 2} belongs to S, the corresponding arc of T is A = (2,23 ... £(®)),

Now a(z®) = y@ if and only if a(A) is of the form (v{V, ..., {7V, y®, ('H), ..,v,(ck)).
Since the elements of S are the only sets with partition {1,1,...,1} which are or-
dered so that co-ordinate ! contains an element of GV, I = 1,...,k, a(S) belongs

to §. Therefore v; = y for each j = 1,...,¢ — 1,¢ +1,...,k, and a(z) = yU) as

required. m

Thus Aut(T) is indeed of the form Aut(T) = A for some group A of permutations
of G. Since G < Aut(T), then G, < A. So we have G, < A < Sg. Therefore if
we can show that any automorphism of T which fixes e/*) (and hence e{*) for each
i = 2,...,k) also fixes each element of H), it will follow from Lemma 3.1.1 that
A = Gy, and consequently that Aut(T) = G = G. This constitutes the remainder of
the proof of Lemma 3.2.3. Since by Claim 3.2.6 the group A is a faithful representation
of Aut(T), for the remainder of the proof we work with either A or Aut(T'), depending
on which is more convenient. We again distinguish two cases, depending on the

cardinality of H.

Case 1: |H| > k. Recall that in this case the elements of H) induce a tran-
sitive subtournament of T with underlying linear order e(¥) = h((,i) > hgi) > e >
h|H|, and that each element {z¥),zh®, v{Y, ... v}
(v ,(ck), .. .,v:(,3 ,zh® (W) of T.

of B corresponds to the arc
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Claim 3.2.7 If o € Aut(T) and a(e) = e, then o(H) = H.

Proof. The proof uses the definition of the arcs corresponding to the elements of B.

Let o € Aut(T) and a(e) = e. Notice that the arcs corresponding to the elements
of B are the only arcs of T containing vertices from both G and G in which an
element of G() is in the k™ co-ordinate. Therefore these arcs are fixed, setwise, by
a. Since a(e) = e, the arcs corresponding to elements of B and which contain e(!)
are also fixed setwise by a. Each of these arcs is of the form (v,(f), . ,v;(;a), R, ),
for some h € H, and certainly each element of H(?) appears in co-ordinate k& — 1 in
at least one of these arcs. This is enough to show that a(h(®) € H® and so that

a(h) € H,foreachhc H. m

To complete the proof in Case 1, we show that each automorphism of T" which

fixes e also fixes each element of H.
Claim 3.2.8 Let a € Aut(T) and let a(e) = e. Then a(h) = h for each h € H.

Proof. By Claim 3.2.7, a(H) = H. Therefore the restriction of a to H» is an
automorphism of the subtournament of T induced by the elements of H(Y). Since
this subtournament is transitive, it has no non-trivial automorphisms, and so the

restriction of o to H!) is the identity. Thus a(h) = h for each h € H. =
An application of Lemma 3.1.1 completes the proof of Lemma 3.2.3 in Case 1.

Case 2: |H| < k. Recall that in this case the arc corresponding to an element
{z™), xh,@), o ,v,(f)} of B has z1) in co-ordinate k, and thz) in co-ordinate k — ¢,
where H = {h1,...,hjg|}. We show in Claim 3.2.9 below that this is enough to ensure
that if a € Aut(T) fixes e, then a fixes each element of H.

Claim 3.2.9 Let a € Aut(T). If a(e) = e, then a(h) = h for each h € H.

Proof. As in Case 1, the arcs of T corresponding to the elements of B which contain
e(V) are fixed, setwise, by o. However in this case, for any fixed ¢ € {1,...,|H]|}, the
arcs corresponding to elements of B containing both ¢() and h,(-z) are the only arcs of

T in which e® appears in co-ordinate k and an element of G(? appears in co-ordinate
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(k —1). These arcs are, therefore, also fixed setwise by a. But since each of these
arcs has h, in co-ordinate k — ¢, it follows that a(h;) = h;. Since the choice of 7 was

arbitrary, a(h) = h foreach h € H. m

Again, an application of Lemma 3.1.1 completes the proof of Lemma 3.2.3 in Case
2. m v

3.3 Minimizing the number of vertex orbits in a
representation of a finite group G as the au-

tomorphism of a k-tournament

In this section we address the question of finding a ‘small’ k-tournament with auto-
morphism group isomorphic to G, for a given finite group G satisfying ged(|G|, k) = 1.
We begin by showing that the construction in Lemma 3.2.3 can be improved in this di-
rection if the group G satisfies |G| > k. In Section 3.3.1 we construct a k-tournament
with automorphism group isomorphic to G and inducing two orbits of vertices, un-
der the above conditions; and in Section 3.3.2 we investigate conditions under which
there is a regular representation of the group G as the automorphism group of a

k-tournament.

3.3.1 Two orbits of vertices

This section contains a construction of a k-tournament on 2|G| vertices whose auto-
morphism group is semiregular and is isomorphic to a given finite group G satisfying
gcd(|Gl, k) = 1 and |G| > k. The automorphism group of the k-tournament we

construct therefore has two vertex orbits.

Theorem 3.3.1 Let G be a finite group and k > 3 an integer such that |G| > k and
gcd(|G|, k) = 1. Then there is a k-tournament T such that Aut(T') acts semiregularly

on V(T), is isomorphic to G, and has two orbits of vertices.
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Proof. First, let H be a minimal generating set for G (where the minimality is with
respect to inclusion), and let H = {hy,..., hjg|}.

We let V(T) = GMUG®, where GY = {¢() : g € G}. We let G, act on V(T) as
in Lemma 3.1.2, so that G = {g : g € G}, where § is the permutation of V(T given
by g(z*)) = (gz)(). We will also want to consider the induced action of G on (V(,CT)).
We point out that it follows from Lemma 3.1.2 that if O is an orbit of G acting on
(V(kT)), then for any S € O we have O = {g(5) : § € G}. |

As in the proof of Lemma 3.2.3, to define A(T) we first partition the k-subsets of
V(T) into five classes.

Let

C = {SCV(T):|S|=k, and S = g(R) for some g € G and R C V(T)
satisfying RN G = {M} and |[RN H®| = min{|H|, k - 1}},
C, = {SCV(T):|S| =k, and S = g(R) for some g € G and
R C V(T) satisfying RN G = {eM} and ¢? ¢ R and R ¢ C,},
C: = {SCV(T):|S|=k, and S = g(R) for some g € G and
R C V(T) satisfying RN G® = {¢} and ¢ € R and R ¢ C,},
Co = {SCV(T):|S|=k, and 2 < |SNGY| <k}, and
Cs = {SCV(T):|S|=k, and SCGW fori =1ori=2}.

Notice that for each 7, S € C; if and only if g(S) € C; for all g € G.

The ordering assigned to a k-subset S of V(T') will depend on the class C; to
which S belongs; in addition the ordering will be chosen so that if A € A(T) then
g(A) € A(T) for all g € G.

Let O be an orbit of G acting on (ViT)).

If O C C,, then we can choose R € O such that RNG®) = {eM} and |RN H?)| =
min{|H|, k — 1}. We first order R. If RN G® C H®, order R so that e(!) is in the
first co-ordinate (the ordering of the remaining elements of R is arbitrary). Otherwise,
IRNH®| < k—1, and we order R so that e(V) is in the first co-ordinate, hfz) precedes
R if | < m, and hfz) precedes ¢(¥ if g & H. In either case, let A be the resulting
arc. For each k-set g(R) € O, we let G(A) be the arc of T' corresponding to g(R).
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If O C C,, then we can find R € O such that RN G = {eV)} and e® ¢ R. We
order R so that e(!) is in the second co-ordinate (and the ordering of the remaining
elements of R is arbitrary), and let A be the resulting arc. For each k-set g(R) € O,
we let G(A) be the arc of T' corresponding to g(R).

If © C Cs, then we can find R € O such that RN GM) = {e(V)} and e® € R. We
order R so that e(!) is in the third co-ordinate and e(®) is in the second co-ordinate (and
again, the ordering of the remaining element(s) of R is arbitrary). We let A be the
resulting arc, and for each k-set g(R) € O we let §(A) be the arc of T corresponding
to g(R).

If O C C4, we arbitrarily select a representative k-set R € O, and we order R so
that any elements of G() precede any elements of G(?). We let A be the resulting arc
and let g(A) be the arc corresponding to G(R) for each k-set G(R) € O.

Finally suppose @ C Cs. Recall that each R € O satisfies R C G, where i = 1
or i = 2. If there is some R € O such that R C H®), we order R so that h,(i) precedes
h() whenever | < m. Otherwise we arbitrarily select R € O and order R arbitrarily.
In either case we let A be the resulting arc, and for each k-set G(R) € O we let §(A)
be the corresponding arc of T

This defines the arc-set A(T') of T. We now show that Aut(T') = G and that there
are two vertex-orbits of Aut(T') acting on V(T'). It is clear from the definition of A(T')
that G < Aut(T); it follows that Aut(T) is transitive on each of G(!) and G®?. We
want to show, therefore, that Aut(T) = G. We begin by showing that each of G(!)
and G® are fixed blocks of Aut(T).

Definition 3.3.2 We say that an arc A € A(T) is of type ¢ if A corresponds to a
k-subset belonging to C;, 1 < ¢ < 5.

Claim 3.3.3 For any u,v € G, deg,(u(V) < deg,(v(?).

Proof. First, we observe that since Aut(T) is transitive on each of G*) and G?, then
for any u,v € G, deg,(uV)) = deg,(e(!)) and deg;(v(?) = deg,(e?). Thus it suffices
to show that deg,(e(?)) < deg,(e?).

Notice that since A € A(T) if and only if §(A) € A(T) for every g € G, and since

Gy is transitive on G, then given any orbit O of G acting on A(T'), and any co-ordinate
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¢, the set of vertices of T' which appear in co-ordinate ¢ in some arc belonging to O is
either G or G, That is, either {A(c): A € O} = GM or {A(c): A € O} = G?,
1<e<k.

If k > 3, then A(k) € GM only if A is of type 5, and hence only if A corresponds
to a k-subset S of GM). Therefore, deg,(e(!)) is given by the number of orbits of G
acting on A(T) which correspond to k-subsets of G). Thus

1 (|G
et = ()

On the other hand, A(k) € G@ only if A does not correspond to a k-subset of
GW; therefore deg, (e(?) is given by the number of orbits of G acting on A(T') which

do not correspond to k-subsets of G, and so

i 5 [19)-(5)

It is now easy to see that deg,(e(?)) < deg,(e?).

Now let k = 3. In this case, A(3) € GM only if A is of type 3 or of type 5. If A
is of type 3, then A is of the form (¢(®,z(®,z(V)), where g # z. If A is of type 5 and
A(3) € G, then A corresponds to a k-subset of G(). Therefore, degs(e!")) is the
sum of the number of arcs of the form (g(®,e™, e(?), where g # e, and the number
of orbits of k-subsets of G(). Therefore,

My = - -
deg (') = |G| -1+ Te ( 3 )

On the other hand, A(3) € G only if A belongs to an orbit corresponding neither

to k-subsets of G() nor to elements of C3. Thus

ders(e®) = = (*5) - (15) - 61- 1)

- [0 {s)- e

Thus deg,(e®?) > degs(e™) if and only if

(T') - ('?l)} _IGl+1> (Gl -1+ fﬁ('g')

1

[&f




CHAPTER 3. THE AUTOMORPHISM GROUP OF A K-TOURNAMENT 64

or, equivalently,

(5 -2(5) > 0@,

The left side of this last inequality counts the number of 3-subsets of V(T') which
intersect both G and G®. Since |G| > k = 3, then for any z € G there are |G| — 1
3-subsets of the form {z(),z(?) (1)} and another |G| — 1 of the form {z(),z(?) y( )}
This gives us 2|G|(|G| — 1) 3-subsets of V(T') which intersect both G) and G®
addition, since |G| > 3, there is at least one more 3-subset of the form {z!), y(1), z(2)},
where z,y,z € G are all different. Therefore, we have (2’§;|) - 2('?') > 2|GI(JG| - 1),
as desired, and consequently deg,(e!)) < deg,(e?). m

Now it is clear that if « is an automorphism of T' and a(u) = v, then deg,(u) =
deg,(v). It therefore follows from Claim 3.3.3 that a(G®) = G, 1 = 1,2, for each
a € Aut(T). So given a € Aut(T) we can write a = (a3, a;), where a; is the

restriction of a to G®, i = 1,2. We may then consider each of a; and aj as an

element of Sg, the symmetric group on the elements of G.

Claim 3.3.4 If a = (a1,a2) € Aut(T) then, considering a; and o, as elements of

S, we have a; = as.

Proof. Suppose a,(z) = y, where z,y € G (equivalently, a(zV) = y(!)). We want to
show that az(z) =y.

Consider the arcs of T of type 3. These are the only arcs of T which contain a
unique element of GV and which have this element in the third co-ordinate. They are
therefore fixed (setwise) by all automorphisms of T'. In addition since a(z(V) = y¥),
the set of arcs of type 3 which contain z(1) is mapped onto the set of arcs of type
3 which contain y(. Now all type 3 arcs containing z(!) have z(®) as their second
co-ordinate, and all type 3 arcs containing y*) have y(?) as their second co-ordinate.

It therefore follows that a(z(?) = y(?), and hence that o; = a;. =

We now know that Aut(T) = A, where G, < A < Sg and A={a:ac A}. We
therefore want to show that G = A. To do this we will use Lemma 3.1.1, so we need

the following.
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Claim 3.3.5 If@ € Aut(T) and a(e) = ¢, then a(h) = h for each h € H.

Proof. Let @ € Aut(T) and a(e) = e. Then a(e(V)) = e,

Consider the arcs of T of type 1. These are the only arcs of T which contain a
unique element of G!) and in which this element is in the first co-ordinate. They are
therefore fixed setwise by @. Since @(e(!)) = (1), the set of type 1 arcs containing e()

is fixed by @. We distinguish two cases.

Case 1: |H| > k.
Since |H| > k, any type 1 arc containing e(!) has its k¥ — 1 remaining elements taken
from H®,

Choose any h € H. There is at least one type 1 arc of T containing both e(!) and
R and the image of this arc under @ is also of type 1, and also contains e!). Thus
the image of h(? belongs to H®, and so a(h) € H. Since h is arbitrary we have
a(H)=H.

Now consider T[H()], the subtournament of T induced by H") (note that this
subtournament exists since |H| > k). The arcs of this subtournament are all of type
5, and are all ordered so that h; precedes k., if and only if I < m. Thus T[H")]
is a transitive k-tournament. Since a(H) = H, the restriction of a to HM) is an
automorphism of T[H®)]; the transitivity of T[H!)] implies that this automorphism
is the identity automorphism. Therefore a(h) = h for all h € H.

Case 2: |H| <k-1.
Again, the arcs of type 1 which contain e(!) are fixed setwise by @. In this case each
of these arcs contains e(!) in the first co-ordinate, and the elements of H(?, in their
given order, in the next |H| co-ordinates. It follows that each element of H(? is fixed
by @. Thus we have a(h) = h for each h € H.

By Lemma 3.1.1, we have Aut(T) = Gr = G. This completes the proof of the

theorem. m
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3.3.2 Regular representations

We now consider the problem of finding conditions under which there is a regular
representation of a finite group G as the automorphism group of a k-tournament. Of
course a necessary condition is that gcd(|G|, k) = 1. We show that if in addition either
G is cyclic, or k > 4 and G has a minimal generating set with at least k elements, then

there is a regular representation of G as the automorphism group of a k-tournament.

Definition 3.3.6 Given a group G, we say that a k-tournament T is a k-tournament
reqular representation of G,or a k-TRR of G, if Aut(T') = G and Aut(T) acts regularly
on V(T). Equivalently, T is a k-TRR of G if T = T where V(T") = G and Aut(T’) =
GL.

Theorem 3.3.7 Let k > 3 be an integer and let G be a finite cyclic group satisfying
ged(|G|, k) = 1. Then there is a k-TRR of G.

Proof. Let G = Z,,, where gcd(n, k) = 1. We construct a k- tournament T which is
a k-TRR of G; to do this we construct T so that V(T') = G and Aut(T) = G. For
convenience we identify G with Z,,.

Let V(T)= G = {0,1,...,n — 1}, and define a linear order on the elements of G
sothat 0 <1 < .- <n—1. Welet Gp act on the set of k-subsets of G as before,
sothat g+ S ={g+s:s€S}foreachge Gand S € (f) As usual we begin by
partitioning (f) into orbits under the action of Gp.

We now define A(T'). For each orbit O, let S be the lexicographically least element
of O (with respect to the ordering of G given above). Let S = {vy,..., v}, where
vy < -+ < vg. We let the arc of T corresponding to S be A = (vy,...,vk), and we let
i + A be the arc corresponding to : + S for each remaining element : + S of O. This
defines A(T).

It is clear from the definition that G, < Aut(T) < Sg. To show that Aut(T) = G,
we will use Lemma 3.1.1, and so we need to show that if @ € Aut(T) and «(0) = 0,
then o(1) = 1.

Notice that if an arc A = (0,v2,...,vx) of T has 0 in the first co-ordinate, then A

corresponds to the lexicographically least element of its orbit, and so 0 < v, < -+ <
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vn. This follows from the fact that each orbit contains exactly one arc with 0 in the
first co-ordinate.

For a (k — 1)-subset X = {0,z2,...,2%k_1} of V(T) with z; < -+ < zy, let f(X)
denote the number of arcs of T of the form (0, z3,...,zx-1,s), where s € V(T)\ X.
From the observation above, it follows that s > zx_, in each such arc. Also, the
elements of Aut(T)o preserve the function f; that is, if @ € Aut(T)o and X is as
above, then f(X) = f(a(X)). We will show that f({0,...,k —2} > f(X) for any
X # {0,...,k — 2}, and hence that o({0,...,k —2}) = {0,...,k — 2} for all @ €
Aut(T)o.

Claim 3.3.8 f({0,...k—2}) > f(X) for any X # {0,...,k — 2}, where f and X

are defined as above.

Proof. First, for any (k—1)-subset X = {0,z2,...,z¢-1} of V(T) with z < - -+ < zy,
f(X) < {zk-1+1,...,m = 1} =n — z4_; — 1, since this is the number of k-subsets
of V(T') containing X and one other element s satisfying s > zx_;. Now it is easy to
check that f({0,...,k—2}) = n—k, since {0,...,k—2,k—1} and {0,...,k—2,n—1}
belong to the same orbit of G, and all other sets {0,...,k —2,s} belong to distinct
orbits. Thus if zx_y > k — 1, then

f(X) € n—zk1—1
< n—k
= F{0,..., k—2}).

Now let z4_y = k — 1, so that X = {0,z3,---,z4-1 = k — 1}, where z, <
.++ < zx_1. In this case, f(X) = n — k only if every set of the form X U {s} with
k —1 < s < n is the lexicographically least element in its orbit. Since z4_; =k — 1,
then X = {0,...,k—1}\{y} forsomey € {1,...,k—2}. Consequently XU{n—1} =
{0,...,y—1,y+1,...,k—1,n—1}, and this last set is lexicographically greater than
the set {0,...,y,y+2,...,k} =1+ (XU {n —1}). Thus X U {n — 1} is not the
lexicographically least element in its orbit, and so the corresponding arc does not have

0 in the first co-ordinate.
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Therefore f(X) <n—k=f({0,...,k-2}). =

By Claim 3.3.8, each a € Aut(T), fixes {0,...,k — 2} setwise. Now T contains
the arc (n — 1,0,1,...,k — 2) (this is because the set {0,1,...,k —2,n — 1} belongs
to the same orbit as the set {0,...,k — 1}, which is the lexicographically least set
of all and so is ordered (0,...,k — 1)); and this is the only arc of T' which contains
{0,...,k—2} and in which 0 is not in the first co-ordinate. Therefore this arc is fixed
by every element of Aut(T)o. It follows from this that for any a € Aut(T)e, a(i) =1
for each i € {0,1,...,k — 2,n — 1}. In particular, a(1) = 1 for each such a.

We have shown that @ € Aut(T')o implies a(1) = 1. It now follows by an applica-
tion of Lemma 3.1.1 that Aut(T)=GL. =

We now show that if G has a minimal generating set with at least k elements, and
if k£ > 4, then G has a k-TRR. The proof of this theorem uses Lemma 2.2.14, which
was proven in Chapter 2, and which states that if T is a transitive k-tournament, and
i € {2,...,k — 1}, then no vertex of T is the ¢** co-ordinate of every arc of T' which

contains it.

Theorem 3.3.9 Let k > 4, and let G be a finite group such that gcd(|G|, k) = 1. Let
G have a minimal generating set with at least k elements. Then there is a k-TRR of

G.

Proof. Let G and k be as in the statement of the theorem, and let H be a minimal
generating set for G with |H| > k. We define a linear order on the elements of G
so that H = {hy < -+ < by}, and G = {e = ho < by < -+- < by} < g1 <
+++ < g|g|}, where the ordering of the elements of H and of G \ H is arbitrary. Let
Ht = HU {e}. We let G act on (f), where as before ¢S5 = {gs:s € S}.
We now construct a k-tournament 7', and later show that T is a k-TRR of G.
Let V(T) = G. To define A(T') we first partition the set of k-subsets of V(T') into

orbits under the action of Gr. We then classify these orbits into two types.

Definition 3.3.10 Let O be an orbit of G acting on (V(,‘T)). We say that O is of
type 1 if O contains a k-subset of H*, and of type 2 if not.
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The order assigned to a k-subset of V(T') will depend on the type of the orbit to
which it belongs.

Let O be of type 1. Then thereis S € O suchthat S C H*, and by Lemma3.1.4, S
is the only k-subset of H* lying in O. Let S = {hi,,..., ki, }, where 0 < i) < --- < 4.
We let A = (hy;,...,hk;,) be the arc of T corresponding to S, and we let gA be the
arc of T' corresponding to each other element ¢S of O (where g € G).

Now let O be of type 2, and let S € O be any element of O satisfying e € S
(note that there are k elements of O which contain e). Let S = {e = s1,53,...,5},
where s; < -+ < 8¢ (in the linear order defined on G). Notice that e is necessarily
the least element of S, and that S € H* implies that s, € H*. We want to order S
so that e is in the first co-ordinate and sk is in the third; the order of the remaining
elements of S is immaterial. For definiteness we let the arc of T corresponding to S
be A = (e = sy, 82, Sk, $3, 54, - - -, Sk-1)- (Recall that £ > 4.) We then let gA be the
arc of T corresponding to ¢S, for each remaining element ¢S of O.

This defines A(T'). We begin with an important observation about the arcs of T'.
Since G, acts regularly on G, then for any given orbit O of G, acting on (f), there
is exactly one arc of T" which corresponds to an element of O and has e in the first
co-ordinate. Therefore, given any arc A of T which has e in the first co-ordinate,
there are two possibilities. Either A corresponds to an element of an orbit of type 1,
in which case every element of A belongs to H*, or A corresponds to an element of
an orbit of type 2, in which case the largest element of A is in the third co-ordinate.

We now show that T is a &-TRR of G. To do this we must show that Aut(T) = Gy.
It is clear from the definition of A(T) that G < Aut(T) < Sg. We will again use
Lemma 3.1.1; therefore, we need to show that if @ € Aut(T) and a(e) = e, then
a(h) = h for each h € H.

To this end, let @ € Aut(T) and suppose that a(e) = e. Let L = «(H), and
L* = LUu{e} = a(H*). From the definition of the arcs belonging to orbits of type 1,
it is clear that the subtournament of 7' induced by H* is transitive, with underlying
linear order e < hy < --- < hyy|. Since a € Aut(T), the subtournament T{L*] of T
induced by L* is also transitive, and since a(e) = e, e is least in the underlying linear
order of T[L™].
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We want to show that L = H. Towards a contradiction, suppose L # H, and let
[ be the largest element of L, with respect to the intial ordering of G. Then | ¢ H.
We point out that [ need not be the largest element in the underlying linear order of
T[L*], since the two orders bear no relation to one another.

Let &€ denote the set of arcs which contain e and which correspond to a k-subset
of L*. We transform each of these arcs into a (k — 1)-tuple by deleting the first
co-ordinate (which contains e). Thus the arc (e, vy,. .., vx) would become the (k —1)-
tuple (vg,...,vk). Let £* denote the set of (k — 1)-tuples obtained in this way. Then
1€ = (klfll), and £* can be viewed as the set of arcs of a (k — 1)-tournament T*
with vertex set L. Since T[L*] is transitive then T* is also transitive; and every
subtournament of T™ is transitive.

Let S* be a (k — 1)-subset of L = V(T™) such that [ € S*. Since ! is the largest
element of L (with respect to the order of the elements of G), ! is also the largest
element of S*. Let A be the arc of T corresponding to the set S = S* U {e}. Then
A € £*, and so has e in the first co-ordinate; but since S € H*, A belongs to an orbit
of type 2. Therefore A has [, the largest element of S, in the third co-ordinate. Thus
the arc of T* corresponding to S* has [ in the second co-ordinate. Since the set S*
was arbitrary, ! is in the second co-ordinate of every arc of T* in which it appears.
But since £ — 1 > 3, this contradicts Lemma 2.2.14.

It follows that L = H, and so that a(H) = H. It remains to show that « fixes the
elements of H pointwise. However this follows immediately from the fact that T{H],
the subtournament of T induced by H, is transitive and so has identity automorphism

group. An application of Lemma 3.1.1 completes the proof of the theorem. m




Chapter 4

Regular and almost regular

k-tournaments

In this chapter we consider questions related to the degree matrix of a k-tournament.
In particular, we are interested in the existence of regular and almost regular k-
tournaments, and in finding explicit constructions of such k-tournaments. Section 4.1
deals with the existence of regular and almost regular k-tournaments, and in Section
4.2 we present some elementary constructions of such k-tournaments for some cases.
Recall that for a vertex v of a k-tournament T', the :** degree of v in T, denoted
deg;(v,T), is the number of arcs of T in which v is the ¢** co-ordinate, and that the
degree matrix of T is the (n x k) matrix whose (v, ¢)-entry is deg (v, T'). Recall also
that a k-tournament T is regular if there is an integer d such that deg (v,T) = d for
every ¢ € {1,...,k} and every v € V(T), and is almost regular if there is an integer
d such that deg.(v,T) € {d,d + 1} for every c € {1,...,k} and every v € V(T).
Notice that every regular k-tournament is almost regular; as we will see below, it

is not true that every almost regular k-tournament is regular.

71
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4.1 The existence of regular and almost regular

k-tournaments

The purpose of this section is to present necessary and sufficient conditions on integers
n and k for the existence of a regular or almost regular k-tournament on n vertices.

First, let T be a k-tournament on n vertices. If T is regular, then each vertex
of T appears in each of the k co-ordinates exactly d times, for some integer d. It is
therefore a simple matter to calculate the value of d. Since there are in total (:) arcs
in T, and each of the n vertices appears in the first co-ordinate d times, then nd = (Z),
and so d = 11—1(:) This immediately gives us a necessary condition for the existence
of a regular k-tournament on n vertices: if there does exist a regular k-tournament
on n vertices, then (:) =0 (mod n).

On the other hand, suppose T is almost regular but not regular. Again we have
(:) arcs of T, and n vertices, each of which appears in the first co-ordinate of T in
either d or d + 1 arcs. It follows that d = [%(:)J, andsod+1= [} (:)] Notice that
if there exists an almost regular but not regular k-tournament on n vertices, then
(:) # 0 (mod n). Thus an almost regular k-tournament is regular if and only if
(:) =0 (mod n).

The following question was asked by E. Barbut and A. Bialostocki in [3]:

Given integers n and k such that n > k£ > 2 and (:) =0 (mod n), does there
exist a regular k-tournament on n vertices?

An affirmative answer was given in [5] for the case when gcd(n, k) is a prime power.
In Theorem 4.1.2 below, we give an affirmative answer for all n and k satisfying the
given necessary conditions. In fact we prove a more general result, namely, that an
almost regular k-tournament exists for all n and k satisfying n > k > 3; as we observed
above, this almost regular k-tournament is regular if and only if (:) =0 (mod n).
This extends the corresponding result for tournaments: A regular tournament on n
vertices exists if and only if n > 2 and is odd, and an almost regular tournament
exists for all even n > 2.

For the proof of Theorem 4.1.2, we will need some measure of how ‘close’ an

arbitrary k-tournament 7 is to being regular. This is the motivation for the definition
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below.

Definition 4.1.1 Let T be a k-tournament on n vertices. For any vertex v of T', and

any co-ordinate ¢, we define

me(v,T) = { I.%(")J —deg (v, T), if deg.(v,T) < %(:)’
deg (v, T) ~ l( ) otherwise,

and

k
m(T) = Z Z me(v,T).
veV(T)c=1
Notice that m(T) > 0, with equality if and only if T is regular or almost regular,
depending on n and k.

Theorem 4.1.2 There exists an almost regular k-tournament on n vertices for all n
and k satisfying n > k > 3. In particular, if n > k > 3 and (:) =0 (mod n), then

there exists a regular k-tournament on n vertices.

Proof. Let n and k be integers satisfying n > k > 3. Our method of proof is the
following. Given an arbitrary k-tournament T on n vertices, we show that if m(T") > 0,
then there is a k-tournament 7" on n vertices such that m(T’) < m(T). Since m(T)
is finite, this is enough to show the existence of a k-tournament T on n vertices with
m(T*) = 0, and hence of an almost regular k-tournament on n vertices.

Let T be an arbitrary k-tournament on n vertices, with V(T') = {1,...,n}, and
assume that m(T) > 0. Then there is some vertex ¢ € V(T') and some co-ordinate
co such that m,(z,T) > 0; therefore either deg, (z,T) < |2 (:)J, or deg, (z,T) >
Holl

We first assume that deg, (z,T) > [+ ( )] Since z lies in ( ) ( )
subsets of {1,...,n}, there is also some co-ordinate ¢; € {1,...,k} \ {co} such that
deg, (z,T) < % ( ) and if ( ) #0 (mod n), then deg, (z,T) 1( )

We want to re-order some of the arcs of T so that deg, (z ) decreases, deg,, ()
increases, and wherever possible all other degrees deg.(v) remain unchanged. The

idea is to select certain arcs of T, and in each selected arc A to exchange A(cp) and
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A(cy). We therefore need to select these arcs rather carefully: we would like the
number of selected arcs in which z is in co-ordinate ¢, to be exactly one more than
the number of selected arcs in which it is in co-ordinate c;; and wherever possible we
would like each other vertex u # z of T to be in co-ordinate ¢, in as many selected
arcs as it is in co-ordinate ¢;. Of course there will necessarily be at least one other
vertex y # z such that the number of selected arcs in which y is in co-ordinate ¢; is
exactly one more than the number of selected arcs in which it is in co-ordinate cq.
In order to make this selection of arcs, we construct a bipartite graph G with

vertex set V(G) = Cy U Cy, where
Ci={(u,A):ueV(T), A€ A(T) and u = A(¢;)}, 1 =0, 1.

If we think of T as an (:) X k array, where each row corresponds to an arc of T' and
each column to a co-ordinate, then Cy and C) represent the c(‘)" and ci" columns of

the array.
We let E(G) = M U H, where

M = {((u, A),(v,A)): A€ A(T), u= A(c) and v = A1)},

and.

H = {((u, A), (u, B)): A, B € A(T) and A(c) = u = B(c1)}.

This defines the graph G. We note that possibly H = 0.

Notice that M is a perfect matching in G. We now construct a second matching
M’, which is disjoint from M. For each u € V(T) such that both deg, (u) > 0 and
deg, (u) > 0, let H, be the subgraph of G induced by the vertices {(u,A) : u =
A(co) or u = A(cy)}. Then H, is a complete bipartite graph; and if H # 0, the
subgraph of GG induced by the edges of H is the vertex-disjoint union of the subgraphs
H,. Now let M, be a maximum matching in H,, for each u for which the subgraph
H, is defined, and let M’ = {J, M,. Again, we allow M’ = 0. Notice that M, (and
hence M’) saturates V(H,) N C; if and only if 0 < deg,,(u) < deg,,_ (u),:=0,1.

Consider M U M’. Since ((u,A)(v,A)) € M implies that u,v € A and so are
distinct, then M and M’ are disjoint. The graph M U M’ is therefore a union of
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alternating paths and cycles (by this we mean that the edges of these paths and
cycles alternate between M and M’). Since M is a perfect matching in G, every
maximal alternating path begins and ends with an edge of M, and so has odd length.

Now deg, (z) > %(:) > deg, () implies that there is some arc A; of T such
that £ = A;(co) (hence (z, A;) € Co) and (z, A;) is not M'-saturated. Let P be a
maximal alternating path containing (z, A,), and let (y, A,) be the terminal vertex of
this path. Since P has odd length, (y, A,) € C; (so that y = A,(c1)), and (y, A,) is
not M'-saturated. Thus deg_ (y) > deg, (y). Note that this implies that = # y.

We now use the path P to construct the new k-tournament T". Let

E(P) NM= {((x’Al)a(xlaAl))a ((ml,A2)’(x2’A2))a .- .,((x,_l,A,),(y,A,))}.

The arcs A,,..., A, are the selected arcs mentioned above. We construct 7" from T
by replacing the arcs A,,..., A, by the arcs Aj},..., A!, where A! is obtained from
A; by exchanging A;(co) and Ai(c;). Thus if Ai = (v1,...,0c,--,Ve,---,vk) then
Al = (V1,...,UsyyeenyUspy---,Vk); and T is defined by

V(T') = V(T),

and
AT = (A(T)\ {A1,..., A D) U {A}, ..., AL}

We claim that m(T') < m(T). First, for j = 1,...,s — 1, deg.(z;,T) =
deg, (z;,T). Second, deg, (z,T') = deg, (z,T)— 1 and deg, (z,T') = deg, (z,T) +1,
so that m,(z,T") < m,(z,T) and m,,(z,T") < m,,(z,T) (either deg, (z) = |1 (:)J
and m., (x,T") = m,(z,T), or deg, (z) < |2 (:)J and me,(z,T") = m.,(z,T) = 1).

Finally, since deg,, (y,T) < deg,, (y,T), it is easy to check that one of the following
must hold:

me (¥, T) + me, (3, T) = me(y,T)+ me (y,T);
Mo (¥, T') + me, (4, ) = me(y,T)+me, (y,T) — 1; or
ch(y, T/) + mq(ya T,) = ch(y, T) + mq(y, T) -2

Thus m(T") < m(T), as we claimed.
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Now suppose that m(T') > 0, that z and co are such that m.(z,T) > 0, but
that deg. (z) < [ (Z)J (we note here that there might be no pair v, ¢ for which
deg,(v) > [ (Z)]) Then proceeding as above, we can find a co-ordinate ¢, such
that deg, (z) > [i(’:)] From this point the proof proceeds along the same lines as
before, but with the roles of co and ¢ reversed. Since deg, (z) > deg, (z), we will be
able to find a maximal alternating path P in M U M’ which begins at some vertex
(z,A) € C and ends at some vertex (y, B) € Co, where deg, (y) > deg, (y). We
re-order the selected arcs (i.e., those of PN M) as before, and again m(7”") < m(T'). =

The same method can be used to prove the following generalisation of Theorem
4.1.2.

Theorem 4.1.3 Let H be a k-uniform hypergraph in which each vertez lies in gk
hyperedges, for some fized integer ¢ > 1. Then the hyperedges of H can be oriented so

that each vertez occupies each of the k positions ezactly q times.

4.2 Explicit constructions of regular and almost

regular k-tournaments

In this section we provide an explicit construction of a regular or almost regular
k-tournament on n vertices, for cases in which the greatest common divisor of n
and k is prime. If n and k are relatively prime, the construction is very simple;
for the cases in which ged(n, k) is prime, the construction is a modification of the
preceding construction. We begin, therefore, by looking at the case in which n and
k are relatively prime. The following lemma is a special case of Corollary 3.1.3 from
Chapter 3.

Lemma 4.2.1 Let n > k > 3 be such that gcd(n, k) =1, and let G denote the cyclic

group of order n. Then G acts semiregularly on (f)

Corollary 4.2.2 Letn > k > 3 be such that ged(n,k) = 1. Then (Z) =0 (mod n).
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We now show that if gcd(n, k) = 1, then, using Lemma 4.2.1, it is easy to construct

a regular k-tournament on n vertices.

Proposition 4.2.3 Let n and k be integers such that n > k > 3 and gcd(n,k) = 1. |

Then there is a regular k-tournament on n vertices.

Proof. Let G = (Z,,+), the cyclic group of order n. We construct a k-tournament 7.
Welet V(T) = {0,1,...,n—1}. To define A(T), we let Oy, ..., O, be the orbits of G,
acting on (V(kT)) = (f), where m = 71—1(:), and we arbitrarily select a representative
S; € O0;, 1 <1 < m. We arbitrarily order S; to produce an arc A4;, 1 <7 < m, and we
thenlet A(T)={g+ Ai: g€ Gand 1l <i<m}.

To show that T is regular, we note that since by Lemma 4.2.1 each orbit O; has
cardinality n, then among the arcs corresponding to an orbit O; each element of V(T')
appears exactly once in each co-ordinate. It follows that in T', each element of V(T')

appears exactly m times in each of the k co-ordinates, and so T is regular. m

Remark 4.2.4 In Theorem 3.3.7, in Chapter 3, we constructed a k-tournament
whose automorphism group is regular and is isomorphic to a given cyclic group of
order relatively prime to k. This k-tournament is necessarily regular; however, since
its construction is unnecessarily complicated if we are interested only in the regularity
of the k-tournament constructed (rather than that of its automorphism group, as was
the case in Chapter 3), we provide the construction given in Proposition 4.2.3 rather

than simply quoting Theorem 3.3.7.

We now proceed to consider the construction of a regular k-tournament on n
vertices if gcd(n, k) is prime. We will use the same idea as in the proof of Proposition
4.2.3; that is, we will construct a k-tournament whose vertices are the elements of the
cyclic group of order n, and in defining the arc set of this k-tournament we will once
again examine the orbits of (Z,). acting on (Zk"), where Z,, denotes the cyclic group
of order n.

We begin with a lemma concerning the cardinalitites of the orbits of (Z, ). acting

on (%)
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Lemma 4.2.5 Let n > k > 3, and let O be an orbit of (Z,), acting on (an) Let
|O| =t. Then n/t divides k and hence n/t divides ged(n, k). Moreover, each element

of Z,, occurs in exactly kt/n elements of O.

Proof. Let n, k, O, and ¢ be as in the statement of the lemma. It follows immediately
from the Orbit-Stabilizer Theorem (see the Introduction) that ¢ divides n, so we let
n = gqt. Now let S € O, where S = {z;,z2,...,z4}and 0 < z; <--- <z, <n —1.
Since |O| = t, then S+t =5, and so {z1 +t,zo +¢,...,24 +t} = {z1,22,...,Zx}.
Therefore, z; +t = x4, for some ! € {1,...,k —~1}. Since 0 < z; < --- < zy,
this implies that 2 + ¢t = ;32 and that in general z; + t = z;4,, 2 < 7 < k, where
the subscripts are reduced modulo k. It follows from this that for any integer a,
z; + at = Togi, 1| <1 < k, again with subscripts reduced modulo k. In particular,
T1+n = £1+qt = zg41, and since T, +n = ,, we then have 441 = z;,. Consequently,
gl =0 (mod k). Now if a < ¢, then at < n, and so z; + at # z,; consequently,
Tait1 # T1, and so al Z0 (mod k). Thus we have ¢l =0 (mod k), while al # 0
(mod k) for any a < ¢. It follows that in fact gl = k. Therefore, ¢ = n/t satisfies g|k,
as desired; and so n/t divides ged(n, k).

Since n = ¢t, we can think of Z, as consisting of ¢ ‘segments’ of length ¢, each
segment consisting of ¢ consecutive elements of Z,, of the form {at+1,at+2,...,(a+
1)t — 1}. In addition, we know that k£ = ¢l, and that for each ¢« = 1,2,...,k,
z; + t = z;4;, where the subscripts are reduced modulo k. Therefore, we can also
think of S as consisting of ¢ segments of length [, where in this case each segment
consists of [ ‘consecutive’ elements of S of the form {zai41,Zat42,--+, T(at1)i-1}. In
addition, we can obtain the segment {Zai41,Tai42,---sT(at1)—1} of S from the seg-
ment {Z(a—1)i41, Z(a=1)i+2:-- -+ Tai-1} by adding t to each of its elements; that is,
{Zatt1; Tatgz, - - - ,$(a+1)l-1} = {T(a-1)y41 + & Ta-1yr2 + b, ..., Tt + t}.

It follows from this last observation that among any t consecutive elements z —
t+1l,z—t+2,...,z of Z,, there are exactly [ elements of 5. We use this to show

that each element of Z,, occurs in kt/n = [ elements of O.



CHAPTER 4. REGULAR AND ALMOST REGULAR K-TOURNAMENTS 79

For any fixed element z of Z,,, and any j € 1,...,t, we have € S+ j if and only

if z —j € S, where z — j is reduced modulo n. Therefore,

H{i:zeS+5} = {j:z-jeS}
= |SN{z,z-1,...,2 —t+ 1}
= |,

Thus z occurs in exactly [ of the sets §,5 +1,...,5 +¢ — 1, and so in exactly [
elements of O. m

It follows from Lemma 4.2.5 that if n and k satisfy gcd(n, k) = p, where p is prime,
then the orbits of (Z,), acting on (Zk") all have cardinality either n or n/p.

The following lemma shows that, for general n and k, if we have n/t orbits of
(Z,)L acting on (Zk"), each of cardinality £, then we can order the n sets belonging to
these orbits so that each element of Z,, occurs in each co-ordinate just once.

Lemma 4.2.6 Let n > k > 3, and suppose O,,...,0,; are orbits of (Z,)1, acting
on (Zk"), such that |O;| =t for eachi =1,...,n/t. Then each element of U:;/tl O; can
be ordered so that, among the n resulting k-tuples, each element of Z,, occurs ezactly

once in each of the k co-ordinates.

Proof. Let n > k > 3 and let O,,...,0,/, be as in the statement of the lemma. By
Lemma 4.2.5, each element of Z, occurs in exactly kt/n > 1 elements of O;, for each
t=1,...,n/t.

We begin by ordering the n k-sets belonging to UO;, in a way which will not
necessarily satisfy the requirements of the lemma. For each i € {1,...,n/t}, we select
an element S; of O; such that S; contains the element (: — 1)(n/t) + 1 of Z,. If
Si = {z1,...,zx}, where 0 < z; < -+ < zx < nand (z — 1)(n/t) + 1 = z;, then
we order S; to produce the k-tuple A; = (zj,2j41,...,Z,21,...,2j-1). Therefore,
for each 1 = 1,...,n/t, A; has the element (: — 1)(n/t) + 1 in the first co-ordinate.
Now for each remaining element S; + m (1 < m <t — 1) of O;, we let the k-tuple
corresponding to S; + m be (z; + m,zj41 + m,..., Tk + m,z1 + M, ...,z 1 + m).

This defines an ordering of each k-set belonging to |J O;, and these orderings have

the property that for each 7, the elements of Z, which appear in the first co-ordinate



CHAPTER 4. REGULAR AND ALMOST REGULAR K-TOURNAMENTS 80

of some element of O; are exactly (i —1)(n/t)+1,(: —1)(n/t)+2,...,i(n/t)—1,i(n/t).
It follows that among all n k-tuples, each element of Z, occurs exactly once in the
first co-ordinate.

Notice also that, as in the proof of Lemma 4.2.5, a typical k-tuple has the form
A= (ay,...;apa+t,...;a+t,...;a1+ (n/t = 1)t,...,aq; + (n/t — 1)t),

where | = kt/n and the entries are reduced modulo n. It follows that an element  of
Zn occurs in co-ordinate c of A if and only if the element z + at occurs in co-ordinate
ctalof Aj1 <a<nlft.

Now suppose that among the n k-tuples we defined above, some element = of Z,
occurs more than once in some co-ordinate ¢. From the definition of these k-tuples,
it is clear that z occurs at most once in co-ordinate c in each orbit O;. Therefore, the
k-tuples in which z occurs in co-ordinate c all belong to different orbits. Let r denote
the number of k-tuples in which z occurs in co-ordinate c.

It is also clear from the definition of the k-tuples that in any particular orbit
O, the [ co-ordinates in which z appears are consecutive modulo k (here we mean
cyclically, i.e., we consider k£ and 1 to be consecutive). Therefore, if  appears in co-
ordinate ¢ in some k-tuple belonging to O;, then = appears in none of the co-ordinates
c+al,1 <a<n/t,in O;. Now there are n/t co-ordinates of the form ¢ + al, where
0 < a < n/t, and n/t orbits O;; since z occurs in co-ordinate c in r orbits, there are
at least r — 1 co-ordinates of the form c+al, 1 < a < n/t, in which z does not appear
in any of the n/t orbits. There are, therefore, at least 7 — 1 co-ordinates of the form
c+al, 1 < a <n/t,in which z does not appear among our n k-tuples.

Now consider any k-tuple A in which z occurs in co-ordinate c¢. The co-ordinates
c+lc+2l,...,c+(n/t—1)l of A are occupied by the elements z +t,z+2¢,...,2 +
(n/t — 1)t, respectively. Let c + Sl be any co-ordinate in which = does not appear in
any of the n k-tuples. Since z does not appear in co-ordinate ¢ + SI, then = + (3t (the
current occupant of co-ordinate ¢ + Al in A) does not occur in co-ordinate ¢ + 281,
and in general z + at does not occur in co-ordinate c+ (e + 3)[; 1 < a <nft—1. We

therefore re-order the k-tuple A as follows. We define a new k-tuple A’ by




CHAPTER 4. REGULAR AND ALMOST REGULAR K-TOURNAMENTS 81

A) = A(y), ifj€{c+al:0<a<n/t},
7= A(j — Bl), otherwise,

and we replace the k-tuple A with the new k-tuple A’. The effect of this replacement
is to reduce the number of times the element & + at occurs in co-ordinate ¢+ el from r
to r —1, and to increase the number of times the element z + at occurs in co-ordinate
¢+ (a+ B)! from 0 to 1, for each a € {0,1,...,n/t — 1}. It is now clear that if we
repeat this procedure r —2 more times, each time selecting a k-tuple in which z occurs
in co-ordinate ¢ and a co-ordinate of the form ¢ + 3! in which z does not occur, we
will obtain a set of k-tuples in which z + at occurs in co-ordinate ¢ + 4! exactly once,
0 < a,y <nft.

We now look for some new vertex y and some new co-ordinate d such that y occurs
in co-ordinate d more than once among the current set of n k-tuples. If no such vertex
and co-ordinate exist, then the current set of k-tuples has the desired property. If
such a vertex and co-ordinate do exist, then either y € {z,z+¢,...,z+(n/t — 1)t} or
d¢{c,c+l,...,c+(n/t—=1)I}, or both. We now repeat the entire procedure, thereby
obtaining a new set of k-tuples with the property that each element y + at occurs in
co-ordinate d + 4l exactly once, 0 < a < n/t. Observe that this new set of k-tuples
will still have the property that each element of the form z + at occurs exactly once
in each co-ordinate ¢+ al, 0 < a < n/t.

Since there are only ¢(I — 1) pairs (z,c) for which some element z + at might
occur more than once in a co-ordinate ¢ + 3! in our original set of k-tuples, we will
need to repeat the above procedure at most ¢(! — 1) times in total before obtaining
a set of k-tuples with the property that each element of Z, occurs in each of the &

co-ordinates exactly once. m
We are now ready to construct an almost regular k-tournament on n vertices for
any n and k satisfying n > k > 3 and gcd(n, k) = p, where p is prime. This gives us

an alternate proof of Theorem 4.1.2 for the special case when gcd(n, k) is prime.

Theorem 4.2.7 Let n > k > 3 and let ged(n, k) = p, where p is prime. Then there

is an almost regular k-tounament on n vertices.
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Proof. Let n and &k be as in the statement of the theorem, and let O,,...,O,, be
the orbits of (Z,)r acting on (Zk") which have cardinality less than n. As observed
following the proof of Lemma 4.2.5, |O;| = n/p for each 1 = 1,2,...,m. Let m =
gp+ r, where 0 < r < p. We first partition O,,...,O,, into q classes of p orbits each
and, if r > 0, one class of r orbits. We then apply Lemma 4.2.6 to each of the ¢ classes
containing p orbits, so that among the resulting gn k-tuples each element of Z, occurs
in each co-ordinate exactly ¢ times. Finally, if r > 0 we order the k-sets belonging
to the last class of orbits so that each element of Z, occurs in each co-ordinate at
most once. It is easy to see that the method given in the proof of Lemma 4.2.6 can
be modified to do this.

We also apply Lemma 4.2.6 to each orbit of (Z,); acting on (Zk") of cardinality
n, to produce, for each such orbit, n k-tuples in which each element of Z, occurs in
each co-ordinate exactly once.

We now define the required k-tournament T by letting V(T') = Z,, and letting
A(T) be the set of (:) k-tuples obtained above. If r = 0 then T is regular, and if

r > 0, then T is almost regular. m




Bibliography

[1] L. Babai and W. Imrich, Tournaments with given automorphism group, Aequa-
tiones Mathematicae 19 (1979) 232-244.

[2] J. Bang-Jensen and G. Gutin, Paths, trees, cycles and other subgraphs of semi-

complete digraphs: a survey, preprint.

[3] E. Barbut and A. Bialostocki, Research Problem 135, Discrete Math. 88 (1991)
105-107.

[4] E. Barbut and A. Bialostocki, A generalisation of rotational tournaments, Dis-
crete Math., 76 (1989) 81-87.

[5] E. Barbut and A. Bialostocki, On regular r-tournaments, preprint.

[6] L. W. Beineke and K. B. Reid, Tournaments, in Selected Topics in Graph Theory,
L. W. Beineke and R. J. Wilson eds., Academic Press, N. Y. (1978) 169-204.

[7] A. Bialostocki, An application of the Ramsey theorem to ordered r-tournaments,
Discrete Math. 61 (1986) 325-328.

[8] P. Frankl, What must be contained in every oriented k-uniform hypergraph,
Discrete Math. 62 (1986) 311-313.

[9] R. L. Graham, Lecture at The 20th Southeastern International Conference on
Combinatorics, Graph Theory and Computing, Boca Raton, 1989.

[10] F. Harary and L. Moser, The theory of round robin tournaments, Amer. Math.
Monthly 73 (1966) 231-246.

83



BIBLIOGRAPHY 84

[11] H. O. Hartley and C. A. B. Smith, The construction of Youden squares, J. Royal
Stat. Society B 10 (1948) 262-3.

[12] T. Hiraguchi, On the dimension of orders, Sci. Rep. Kanazawa Univ. Vol. 4, 1-20.
[13] R. Hochberg, personal communication.

[14] H. G. Landau, On dominance relations and the structure of animal societies, III.
Bull. Math. Biophys. 15 (1953) 143-148.

[15] J. W. Moon, Topics on Tournaments, Holt, Rinehart and Winston, N. Y., 1968.

[16] J. W. Moon, Tournaments with given automorphism group, Canad. J. Math. 16
(1964) 485-489.

[17] L. A. Nowitz and M. E. Watkins, Graphical regular representations of non-abelian
groups, I. Canad. J. Math. 24 (1972) 993-1008.

[18] F. P. Ramsey, On a problem of formal logic, Proc. London Math. Soc. 30 (1930)
264-286.

[19] M. Saks and V. Sos, On unavoidable subgraphs of tournaments, Proc. 6th Hung.
Comb. Coll. Eger, Coll. Math. Soc. J. Bolyai 37 (1984) 663-674.

[20) W. T. Trotter and J. Moore, The dimension of planar posets, J. Comb. Theory
B 21 (1977) 51-67.




