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Abstract

Probability plots have a long history in statistics. Such plots should, if the observations
are from a proposed distribution, appear to be close to a straight line. Nevertheless, actual
tests, based on the use of polynomial regression models to detect non-linearity in proba-
bility plots have until now been studied for the normal distribution only. Some empirical
results were given by LaBrecque(1977). The asymptotic theory of the normal case was
given by Stephens(1975) but the asymptotic results are related to asymptotic properties
of the covariance matrix of the normal order statistics and therefore are not applicable to
other distributions. A unified approach to the theory for goodness-of-fit based on the use
of polynomial regression models from probability plots is presented and asymptotic results
are given, valid for any sufficiently regular distribution in the location-scale family. In par-
ticular, two methods for estimating the parameters in the model are compared, namely,
generalized and ordinary least squares, and test statistics are proposed. As an illustration
of the techniques, asymptotic results are obtained for the logistic distribution. A test of fit
for the Gumbel distribution, based on polynomial regression, is also developed, with special
attention to the more practical aspects of the test. An empirical power study to assess the
performance of the proposed tests is presented.

Within the same general approach, a method to construct tests of fit for distributions which
depend on an unknown threshold parameter, such as the three-parameter Weibull and the
three-parameter log-normal is proposed. The technique is also applied to construct a test
of bivariate normality.

Finally, tests of fit based on the empirical distribution function (EDF) statistics are de-
veloped for two cases of practical importance: The three-parameter Frechet ( or type II )
distribution, and the Gumbel distribution when parameters are estimated from a type II

censored sample.
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Chapter 1

Tests based on polynomial

regression

1.1 Preliminaries

Let Y),...,Y, be a random sample from an absolutely continuous distribution Fy(y) and

let ¥{1),...,Y(y) denote the corresponding order statistics.

Here, Fp is assumed to be of the form F(z) where z = (y — a)/8. Hence if X,,..., X,

is a random sample from F(z) and X(3), ..., X(n) are the order statistics, we can express
E(Y()) = a + 8 m; where m; = E(Xy;)) (1.1)

If we are interested in testing the null hypothesis that Y7,...,Y; is a random sample from
Fy(y), a common approach is to test how well the data fit the model ( 1.1). Goodness of fit
tests of this type have been developed for several distributions and the reader is referred to
Stephens [17, Chapter 5].

The model ( 1.1) can be extended to:

E(Y(;)) = aopo(mi) + cathr(my) + agtba(mi) + - - - + apihp(mi) (1.2)

where ag, a1, ..., a, are constants and ¥o(m;), ¥1(m;), ..., ¥p(m;) are certain functions of

m;. If the null hypothesis is true, we choose 1o(m;) to be a constant function and ;(m;)
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must be a linear function of m;. The functions ,(.), ¥3(.),. .. are chosen to be certain non
linear functions for which the extended model is expected to provide a better fit than ( 1.1)

under departures from the null hypothesis.

Suppose that Vx is the covariance matrix of vector X' = (X(l),...,X(n)), let Vy be

the covariance matrix of vectorl YT = (Y(I), .. .,Y(n)). Then, under the null hypothesis,
W = B?Vx.

The estimates &; of the constants in the model can then be obtained and a test of fit
becomes a test of
Hy:ap=a3=---=0

An easy choice of 9;(m;) is a polynomial of degree j, which is also the usual way for
testing linearity of the model. LaBrecque [32] has shown that, for a test of the normal
distribution, models containing polynomials up to order three provided a better fit under
several alternatives considered in his work. LaBrecque [32] pointed out that the optimal
choice of the functions ¥;(.) for the normal or any other distribution remains an open
question; however, here we adopt the above approach and take #;(.) to be a polynomial of

degree j.

1.2 Generalized least squares estimators

Let

a’ =(ag,...,ap)

Wi = (i(m1), - ., Yi(ma))
and

2 (VRN

and write the model ( 1.2) as
E(Y)=Va (1.3)

The generalized least squares (GLS) estimate of a is given by:

a = [VTvgle] T ety (1.4)
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with variance
-1
Var(a ) = 82 [0Tvg'y| (1.5)

Definition 1.1 Let A be a n by n symmetric matriz. The two vectors vp; and p; will be
said to be A-orthogonal if

¥, T AY; = 0.

The estimates of the constants in the model ( 1.2) will be uncorrelated if the polynomials

¥; are chosen to be Vx Lorthogonal.

Suppose
¥i(mi) = ml + o ymi T+ ajgmi i+t a0 G=0,1,2,...
and m" = (m],...,m})".

Note that here we take aj;) = 1.

Starting with $o(m;) = age = 1, we find the coefficients a;,) (r=0,1,...,5—1) of
the j-th polynomial %;(.) by simultaneously solving the system of j (j > 1) equations:

7k
Z Zaj(,.)ak(,) (m")Vg'm®=0 fork=0,...,j-1. (1.6)
r=0s=0

The generalized least squares estimator of a; is then

. ¥; V'Y

& = - (1.7)
T Vil
From ( 1.7), it follows that, under Hy,
Ty-1
E(d;)= ZLYX™ g5 >0
¢j Vx ¥;
. B2
Var(&;) = —5——
If we define Tyt
¢;j = lim Y Vx i (1.8)
n—oo n
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we have, asymptotically,
Tyr—
’ ne;j

BZ

Var(&;) ~
(@)% 7

A test of a; = 0 can be based on the quantity:
2
(v]vz'Y)
LTV Y B

When the value of 5 is unknown, it must be estimated from the sample in order to be able

(1.9)

to compute the test statistic defined above.

If Var(X) = 0%, then Var(Y) = 8%0%. Hence, 8% can be estimated unbiasedly using
g2 = S} /0%

where

52 = T (% -¥)"

- n-1
The test statistic then becomes
2
ok (v]vr'Y)
T = v =Ty. 52
¥ Vx ;i Sy
Under certain conditions, use of a result by Stigler [66] ( Theorem 9.6.1 in David [20] , see
also Chernoff, Gastwirth and Johns [14]) shows that, if

(1.10)

0< nlirrgonVar(aj) < 00
then Jaé
n&; p - .
5 ] —#N(O,cjjl) forj > 2

It follows that
D .
Ty — X{y »J 22

Moreover, since B\Z LA B2, by Slutsky’s theorem

UX\/ﬁd D -1
——-S—Y—] —-—)N(O, CJJ .
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This gives
- D 2
T; — X(1)
A test of a; = -+ = a4 = 0 can be based on the quantity
Tozk =To+ T3+ ---+ Tk
or

Tzs---k=T2+T3+“'+Tk

and its sample value compared with critical points from a xfk_l) distribution. This follows

from the asymptotic independence of the terms involved in each of the above sums.

1.3 Ordinary least squares estimators

The calculation of the covariance matrix Vx of the order statistics X(1)s -+ +»X(n) is often
difficult.

A simpler approach to derive test statistics is to estimate the constants in the model ( 1.2)
by ordinary least squares. The ordinary least squares (OLS) estimator of a in the model
(1.3)is
g =(vTe) " uTy.
The estimators of ; are easier to work with if the matrix ¥ T ¥ is diagonal. This will be the
case when the polynomial functions are chosen to be I-orthogonal ( or simply orthogonal ),
that is
¥t =0fori#j
Thus, the coefficients of the j-th polynomial must satisfy
J k
Y ajnaks(m) m*=0 ,k=0,1,...,j-1 (1.11)
r=0 s=0
The ordinary least squares estimator of a; can then be written as
. ¥;'Y
Gj = ———
Yi ¥;
Then,
E(éj)=0forj>2
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and,
2., T ,
Var (a;) = M
(¢j ¢j)
By defining
. o W Vxy;
ciy = Mim ——
and T
di; = lim Yi ¥;
n—o0 n
we can write, asymptotically,
. Y'Y
;" ——.
nd;;
2¢%.
Var (&) ~ —2]17-
nd;;
In this case, a test of a; = 0 is based on
2
L_TY)
T Ty B2

By assuming some regularity conditions,

G-Yo B ;””' %2 A (0,35/d5)

Therefore, the test statistic

where

. - P
Since 3?2 —— 32, we also have

(1.12)

(1.13)
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-]

The estimators of the parameters in the model will be, in general, correlated, and so will

the tests for aj. (7 =2,3,...) In fact,
Cov(G;,6;) x i Vxa; .

The right hand side of the above expression is not necessarly zero because the polynomials

were not chosen to be Vx-orthogonal.

More precisely, the asymptotic covariance matrix of a is

lﬁzc'.'.
¥ = (0;;) where g;; = o
( IJ) t] nd,‘,'djj
The limiting covariance matrix of T* = (&, .. L&) s

S22 < ... o
d2  Vdz2das Vazadk
: S 2

Q= e 1.14
da3 :/_zagbkk ( )
Sk
dkk
A natural statistic for testing a; = a3 = --- = o = 0 is then

Toge=T5 + T3+ -+ Tf.
To find the limiting distribution of T3, we require the following:
Proposition 1.1 Under the conditions described above, T* N Ni-1(0,9).
Proof:

For any non-null (k-1)-dimensional vector a, W = a"T* can be written as a linear combi-

nation of the order statistics, namely

W=3 bXg)
Jj=1
with zero mean and limiting variance
ol =a'Qa. (1.15)

Since Q is positive definite and ( 1.15) is a finite linear combination of finite quantities, it

follows that 0 < o, < 0.
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Application of theorem 9.6.1 in David [20], now gives:
W 25 N(0,0%)). (1.16)

Since ( 1.16) is true for any @ # o , it follows, via the Cramér Wold device, that the limiting

distribution of the vector T * is multivariate normal ®

The limiting distribution of T3; , is then that of a quadratic form in normal variables

with zero mean and covariance matrix §2.

It follows ( Scheffé [48]) that
k-1

* D
Tisx — D AiX(y
=1

where Ay, ..., A;_y are the eigenvalues of the matrix Q.
When $ is unknown, we use the quantity
Tpn=T3+T3+--+ 11

which, by Slutsky’s theorem, has the same limiting distribution.

1.4 OLS Test for symmetric distributions

If the distribution is symmetric, the matrix  will be diagonal. This comes from the condi-

tions: "
$;'1=0, Y mi=0,forrodd
=1
For j even, ;(.) will be a polynomial in even powers of m; only. Therefore, due also to the

double symmetry of Vyx, it follows that, for a symmetric distribution, A;_y = w;.
1.5 Asymptotic calculations

As we have seen in sections 1.2 and 1.3 we require the calculation of quantities of the form:

n k
lim Zi=l™ (1.17)

n—oco n
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r\Ty/—1
. Vi 'm’
fim (M) Vem® (1.18)
n—00 n
T s
im (M) Vxm® (1.19)
n—00 n

In order to compute these limits, we will make use of the well known asymptotic results
( see Cramer [16, p.369] )

i
P(m)[L = F(mp)] _ . _ .
ij = i) )~ s < .
vij = Cov(X(3y, X(5) (n + 2) f(ma) f(my) for i <y (1.21)
We now examine the limits required in ( 1.17)- ( 1.19).
Consider the limit in ( 1.17).
Z?=1m£'c~n —1/74. k . . R ¢ L= 1. .
=l Ly [F (t:)]” At ,where t; = — and ML=t — 4 (1.22)

i=1
Equation ( 1.22) has the form of a Riemann sum. Hence, letting n — 0o and replacing the

sum by an integral, we obtain

L oYRamE = (% 2k (Vg = k
hm——l——_/opl(t)dt_/_ f(z)dz = E(X¥). (1.23)

n—oo n o

For limits of the form ( 1.18) we use the following result :

Proposition 1.2 (Stephens [84]) Let u be a n-dimensional vector with elements u; =

g(m;) i=1,...,n and let v be the vector whose elements are v; = h(m;). Also define

w=gf,v"=vf

If
Lm vt = Jim =0
JLm v = Jnw=0
Then uTVily © dy*dv* 1
n{r&—i-—:[ma—ﬁm z e (1.24)
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In particular, for g(m;) = m! and h(m;) = m!

~1__s
nll_{%o(i_)._%x_rn_ = rskE [Xr+s—-2] +(T+8)E [X”"ldlndi(z)
dl 2
+E [XT-H: (__Z_i@) } (1.25)

Stephens also shows

Proposition 1.3

o WV dndn

n—oo n d.’Z: d.’l?
where
ur = ldu* _ ldv* .
YT fdr T fdz

Finally, the limits appearing in ( 1.19 ) are found using the following:

Proposition 1.4 Letu and v be two n-dimensional vectors with components u; = g(m;)

and v; = h(m;) respectively, for i = 1,...,n and let us define

G(z)z/g(:z:)d:z: , H(:z:):/h(:z:)d:z:

If
Jlim_G@)F() = lim G(a)[L - F(2)] =0
I_l_iEw H(z)F(z) = Ih_’rgo H(z)[1-F(z)]=0
Then
. u'Vyxo'
Jim ———— = Cov[G(X), H(X)) (1.26)
Proof:
Tva

= ;1; i i g(mi)h(m;)vi;
=1 j=1
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Using ( 1.20) and ( 1.21), asymptotically,

S § 9(mh(my) (min [F(m), F(my)] = Fom)F(m)} \ g
“&L F(m) fm;) AmIRLEm,)

If we put £ = m;, y = mj, let n — oo and replace the sums by integrals, we obtain:

TVXv

71—’00

/oo /oo 9(z)h(y)F(z) [l — F(y)| dydz
+/_oo/y 9(D)h(y)F(y) [ - F(z)|dydz. (1.27)

We now must show that the above sum of integrals equals the right hand side of ( 1.26 ).

In fact, let us consider

|7 BE@@ay

Using two different expressions for [ f(z)dz , namely F(z) and —[1 — F(z)], integration by

parts gives:
[T Ry = B@-FE)+ [ - Fw)ldy (128)

Similarly,

[ By = B@F@)- [ h@)Fudy (1.29)
Multiplying ( 1.29) and ( 1.29) by E{G(z)] expressed as an integral, we obtain:
[ c@ @iz [~ H@iwin= [ c@EE)L- F@) (=)
+ [~ G@)ie)s [ )L - F)ldy

[ c@s@i [T B@i@iv= [ G@E@F@ (@)
- [T @) [ hwFwy
Adding the above two equations we have that
EIGOOVBIH (X)) = EIGCORCO)+ [ 6@ () [ )t - Fwldy
- [7 @@y [ hwFwdy (130
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Now, changing the order of integration, the two double integrals above are, respectively,

equal to

[ rGwF@i- Fwldy - [~ [T o@h@F@N - Fldzdy  (131)
and
[ rwewrwi- Fwlay+ [~ [ o@h@)Fa - Feldedy  (132)

Finally, substitution of ( 1.31) and ( 1.32) into ( 1.30) gives the right hand side of ( 1.26) e

In particular, when g(m;) = m] , h(m;) = m?, equation ( 1.26) gives:

lim (m") Vxm? _ Bopssa = Brp1bsp
n—s0o n (r+1)(s+1)

(1.33)

where ,u;- denotes the j-th non-central moment of the random variable X.

The above expression is an extension for second-order moments of results given by Burr
[11].

The asymptotic coefficients of the j-th polynomial in the GLS fit are obtained by solving:

J K Tyr-1
. (m") Vim® ,
Z%Z%aj(r)ak(s)n]inéo_n—x_:o ,k:‘-O,l,...,]—l. (1.34)

Similarly, for the OLS fit, the asymptotic coefficients will be the solution of

r+3
ZZaJ(, k(s nlggoz'-lm =0,k=0,1,...,5—1. (1.35)

r=0s=0
1.6 Tests for the Logistic distribution

In this section, the theory is illustrated by deriving asymptotic results of the tests for the

Logistic distribution
x

1+e*
Here, quadratic and cubic polynomials are taken as alternative models.

F(z) =

— < T<X
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1.6.1 Test based on GLS

Using the change of variable w = €7, the limits in ( 1.24) can be expressed as

mTy-1, s 0 r4s-2 o0 r+s-2
]jm M = ’I‘S/ 111(11))—4dw + 2TS/ M.)_.‘;_wdw
n—oo n o (14+w) o (1+w)
0] r+.s 1 fos) r4s-—-2 2
+r/ n(w) ———dw+r / In(w) —_———dw
o (1+w)? (1+ w)*
foe) r4+s— 1 r+s—1
—r/ In(w) d b /°° In(w) dw
0 (1+ w) 1+ w)

ool r4s o0 T+S
. / dew P / In(w)™w
o (1+w) o (1+w)
0 r4s—1,,.2 ) r+s,,2
—s/ In(w) 4w dw + / In(w) 1:) dw
0 (14 w) o (14 w)

Hence, we have the following results:

Ty -1
nﬁnéo%_l_ = 1/3
Ty—-1..,2 2
1'Vyo'm T
lim 2YX ™ T
n—'ngo n 9 /
Tv—l 2
lim Bx ™ - o1/3+ %
n— n
lim mTV)Zlm3 _ 7t 2
n—oo n T 45 3
lim (m’)TV)?lm’ 7
n—r00 n T 45
lim (m3)TV§1m3 _31x® 7rt
n—r00 n - 63 15

In general, due to the symmetry of the distribution, the limit equals zero whenever r + s is
odd. '

The coefficients of the polynomials were obtained by solving ( 1.34). The results are:

o(m;)
P1(m;)
Pa(m;)
Pa(m;)

=1

my
m? — 1.2899
m3 — 8.2958 m;

We also find from ( 1.8 ), ¢); = 1.43 , co2 = 14.5979 and ¢33 = 329.1965.



CHAPTER 1. TESTS BASED ON POLYNOMIAL REGRESSION 14

1.6.2 Test based on OLS

The first three non-zero moments about the origin required to solve ( 1.35) are:
E(X?* = =*%/3

/15

317%/21

& &
>
2 2
1 I

The asymptotic coefficients for the OLS fit then give:

( t) =1
( t) = my
Yo(m;) = m? - 3.2809
Pa(m;) = md —13.8174m;
Also, using ( 1.33), we find:
T
1'Vx1 _ 7r2/3
n
T 2
im 1VX™ _ 7rt/4p
n—oo n
. T
hm ™ - 4rtap
n—oo n
T 3
lim m_VX'n_ = 52#6/315
n—oo n
T 2
lim (T YXMT g6 )18
n—o0 n
T 3
fim ) VXM i6r8 /905
n—o0 n

from which the quantities ( 1.12) and ( 1.13 ) are ¢}; = 8.659 , c3, = 93.5956 , ¢33 =
2159.1679 ; dy; = 3.2899 , dy2 = 34.6343 , d3z = 791.086.

The matrix Q defined in ( 1.14) is

2702 0
Q=
[ 0 2729 ]
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1.6.3 Asymptotic relative efficiency of OLS-GLS estimators

We can now find the asymptotic relative efficiency of the OLS estimators with respect to
those obtained by GLS. This is

42
ARE(d;) = —2-
€33€55
Thus, we have:
ARE(y) = 87.4%
ARE(a3) = 87.8%
ARE(a3) = 88.0%

In all the three cases above, the asymptotic relative efficiency of the OLS to the GLS
estimators is greater than 80%. Considering that the calculation of OLS estimators does
not require the calculation of Vx, these results show that in many situations the simpler

procedure may be preferred without too much loss of efficiency.

1.6.4 Final remarks

As early as 1952, Gupta [26] proposed the simplified approach of taking Vx = I; that is, to
estimate the location and scale parameters in the model ( 1.1) by ordinary least squares.
( cf. David [20] ) For the normal case, the simplified approach was shown to give sur-
prisingly good results in estimating o, the scale parameter. Shapiro and Francia (50] later
used this fact and proposed a simplified test statistic for normality. In his 1975 paper,
Stephens [61] provides a theoretical explanation of this phenomenon by showing that the
j-th asymptotic eigenvector of Vx is a Hermite polynomial of degree j in m;, and that there-
fore 1/),'TV)? Y4p; = 0. So, for the normal distribution, the estimators obtained by ordinary

and generalized least squares are asymptotically equivalent.

For other distributions which are sufficiently regular, the asymptotic relative efficiencies
can be calculated following the procedure described above, and a choice between the OLS

or GLS-based tests can be made.



Chapter 2

Polynomial tests for the Gumbel

distribution

The importance of the Gumbel distribution is due to its many practical applications, where it

has been used as a parent distribution as well as an asymptotic model in different situations.

References to applications are given in Castillo [13]. They include: extreme wind speeds (
Thom [68], [69] ; Simiu et al [52], [53], [54], [55], [56], [57]; Grigoriu [23] ), sea wave heights
( Longuet-Higgins [37], [38] ; Dattatri [19]; Borgman [9], [10] ; Battjes [6] ), floods ( Shane
and Lynn [49]; Benson [7]; Reich [47]; Todorovic [71], [72], [73], [74]; North [42] ), rainfall
( Hershfield [29]; Reich [47] ), age at death ( Gumbel and Goldstein [25] ), minimum tem-
perature, rainfall during droughts, electrical strength of materials, air pollution problems
(Singpurwalla [58]; Barlow and Singpurwalla [5] ), geological problems, naval engineering,

etc.

In this chapter, tests of fit for the Gumbel distribution
T—a

B

F(z;a,B) =1~ exp(—exp( ) , —o<zT< 00 (2.1)

are given.

The tests are based on the technique described in chapter 1. Here, we consider the fit
of second and third-order polynomial regression models by both generalized and ordinary

least squares estimation methods.

16
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The motivation of the regression tests comes from the technique of probability plots, which
has been used by statisticians for many years to judge a distribution. For location and scale
parameters unknown, the regression line should be a straight line, and this was often judged
by eye. In order to illustrate the polynomial tests given here, we give Q-Q plots for Weibull
distributions against Gumbel quantiles. Clearly, if the data were Gumbel, we should expect
a straight line when the ordered data are plotted against Gumbel quantiles. However, the
Q-Q plot W(3), for example, shows the type of curve that we might expect when the true
distribution is Weibull with shape parameter 3. We can see that close approximations to
these curves could be given by polynomials, and this motivates the test procedure to decide
if a polynomial fit is better than a straight line. The Q-Q plots are given in figure 2.1.
Note that the quantiles were standardized by subtracting the median and dividing by the

interquartile range.

Plot for a data set . Figure 2.2, shows a plot of the order statistics of the data set 4 (
given in appendix A ) against Gumbel quantiles. Again, the figure shows that a polynomial

model could give a better approximation to describe the curve.

2.1 Tests based on GLS estimators

Taking w = e®, we can now express the limits ( 1.24) as

nNTy-1..3 00 N
lim (ln__)_l_/)L_T_n_ - rs/ ln(w)r+3—2e—wdw+,’./ ln(w)r+’_le_"’dw
00 0
—r/ In(w) e Y wdw + s/ In(w)™* e ¥ dw
o w0
+/ In(w) e "dw — 2 / In(w) e Y wdw — s
0 0
o0 00
/ ln(w)’+"le_“’wdw+/ In(w) e~ widw
0 0

The above integrals can be evaluated in terms of the I' function and its derivatives, since

/Ooo[ln(w)]kw‘e“”dw = T¥(t + 1)
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Figure 2.1: Q-Q plots of the Gumbel against Weibull for different values of the shape
parameter

order statistics
200
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i

Gumbel quantiles

Figure 2.2: Gumbel probability plot for data set 4
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where T*1(¢ 4 1) denotes the k-th derivative of the T function evaluated at (t+1).

We then find:
lim ITV)EII = 1
n—00 n
Tv—l
nli_.%l__fli = 1—v~0.4228
Tv—l P} 2
nll‘&l__le - 1’6_—27+72z0.8237
) Tv—l 3 2 2
lim 1 Yx ™" _ L_QC(3)_u+372—73z0.4895
n—oo n 2 2
Ty, -1 2
HEI&QV%"L - 1—27+%+72z1.8237
Tv—l 2 2 2
im X T o ga2 a8y (o) 50 T 9¢(3) % —0.6650
n—oo n 2 2
. o mV7lms
i, PR L e (54 1 (000297
2 4
+%+ ?’2L0 ~ 8¢(3) = 7.7163
. m?3 Tv—l 2
Jim L gt (2 4) 4 (300) - 2
2 4
'+2T’“ + % —8((3) ~ 9.6944
2 Tv—l 3 512
3t 3rd
2__ 2 —_—
+<40c(3) 3nt - = )7+ i
2
—12¢(3) - 2B Cg?’)” —24((5) ~ —32.7013
NTy=1ms 512
nli_{%o(l)_nﬂ_ = v -64°+ (9+ —2-—> v+ (40((3)— 107r2) 7°

4
+ <9-£— ~120¢(3)+9 7r2) ~2

+ (144 {(5) +20¢(3)r2 + 72¢(3) - %4.) ~

61 7°

—20¢(3)m2 +40¢(3)% + 163

19
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27 74
20

—144¢(5) + ~ 220.0842

where v =~ 0.5772 is Euler’s constant and {(n) denotes the Riemann’s Zeta function. For a

definition of these quantities, see, for example, Abramowitz and Stegun [1].

If we take
Yo(m;) =1

the solution of ( 1.34) gives, asymptotically,
Y1(m;)

Yo(m;) = m?+0.6160m; — 1.0841
Y3(m;) m? 4 3.3936 m? — 2.4748 m; — 2.2384

3

m; — 0.4228

3

We also find from ( 1.8), ¢y = 1.6449 , c9; = 8.3918 and c33 = 88.9159.

2.2 Tests based on OLS estimators

The first eight non-central moments for this distribution, required to compute the limits in
( 1.17) and ( 1.19), are:

E[X] = —v=-05772

2
E[XY = 56—+72= 1.9781

2
E[X% = -2((3)- WTA’ — 3 = —5.4449
4 3=t 2.2 4
EX% = W+8C(3)7+7r y? 4% = 23.5615
4 2 2.3
E[X%] = —24¢(5)— 3’; 7 _10 Cf‘)’r —20¢(3)7?% - 5”37 — % = —117.8394
52yt 9 rdy2

EX? = 1+ —W—QL +40¢3)y3 + % + (144¢(5) + 20¢(3)7?) 7 +

1 6

6167; +40¢(3)% = 715.0674

7 w25 21 143

EX"] = -9"- W; ~70¢(3)7* - 17 + (~504¢(5) - 70¢(3)7?) 7*

+ (_612:6 — 280 C(3)2) y- 2 —(23)7r4 — 720((7) - 84((5)m? = —5019.8489
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14 7248 21 iyt 560 ((3)7?
E[X8 = 7%+ 37 +112c(3)75+——2—7+(1344c(5)+—#”— 53

61 76
+ (1120((3)2 + 6” )72

+ (5760 (7) + 84 ¢(3)m* + 672 ((5)%) 5

1261 7% 560 ((3)%n?
T 3

+ 2688 ((5)¢(3) = 40243.6216

From which we obtain:

TV 2
ExXE o L 16449
n
. (1)TVxm w2y
h S = - = —Z. 1
~ Jim 22— = = ((3) = ~2.1515
1 TVym? 122 4
i —_— . = -— = 0.
Jim —= == +2((3)7+ 55 = 6.8062
T 2.3 4 2
.1 Vxm3 7y g 371y 5¢((3)m*
Jim — = =3B~ 5T~ 6((5) = = ~26.0598
_ (m) Vxm T2y2 1174
un) rxm o 2 = 4.9121
A 5 T2+ 35
T 2 2.3 4 2
1%
T GO (Cu e AP D2 1V S s SRR 17 W C) R P P
n—00 n 6 9 2
. (m)TVxm3 _omiyt 3 29miy? 7((3)x?
Jim = Tl a@nt+ S+ 1800+ 20 )y
7176
3)? = 83.5575
1650 T3¢
:
)y 2 2.4 4.2
lim (m?) s ”67 +4¢@°+ =+ (164(5) + 2¢(3)77) 4
616
4¢(3)% = 76.1579
Tz 1410
. (m*) Vxm3 2y . 2378 16¢(3)72\ ,
Vg oA o o - - —42 k. 1 SO
Jim = 50@yt - S+ —420(8) - = |y
377|'6 2 2
- - ~7
(2 - a7 ) 1 - 160
4
~60¢(7) - lZl'ébQ_(:”_) = —407.6300
3)T Vxm3 248 231y | [32((3)n?
im M VAmMT T gy BIT L (2O 5] 40
n—00 n 6 40 3
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3778 2\ 2
+< 5 +66((3))7

4
n (3604(7> +42((5)7 + 51—”10@) 5+ 168¢(5)C(3)
-, 3897% | 35((3)n’

= 2480.52
+3600 3 80.5299

The solution of( 1.35) yields:
PYo(mi) = 1
Pi(m;)) = m; +0.5772
Ya(m;) = m? +2.6160 m; — 0.4681
Pa(m;) m? + 6.3936 m? + 4.3124 m; — 4.7132

The required quantities defined by ( 1.12) and ( 1.13) are now,

€}y =2.976 cj, = 15.67 ¢33 =168.71 ¢33 = —27.88
dyy = 1.6449 dyp = 8.39 ds3 = 88.92
In this case, matrix defined in ( 1.14) is then
o [ 1.868 —1.021 }
-1.021 1.897
whose eigenvalues are: A, = 2.9036 and A\, = 0.8614.

2.3 Asymptotic relative efficiency

The asymptotic relative efficiency of the OLS estimators with respect to those obtained by

GLS is
2

d3;
ARE(aj) = —=
33 €55

Thus, we have:

ARE(c;) ~ 55.3%
ARE(ap) =~ 53.5%
ARE(as) ~ 52.7%

Roughly, twice the sample size is required in order for the variance of the OLS estimators

to be comparable to those from the GLS fit.
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2.4 Numerical calculations

The calculation of the test statistics involves the values of the mean vector and covariance
matrix of the order statistics. For the Gumbel distribution, expected values and variances
for n = 1(1)20 are given (for instance) in White [76]. Tables for covariances have been given
by Lieblein and Zelen [33] for n < 6, White [75] for n < 20 and by Mann [39] for n < 25.

In this thesis, the expected values and covariances of the order statistics were obtained
by numerical integration using subroutines DQDAGI and DTWODQ from IMSL and by
using a Taylor’s series expansion of the inverse cumulative distribution function ( David

and Johnson [21] to order (n + 2)~2) as an approximation.

It is worthwhile to examine the accuracy of the approximation. The following compara-
tive results are given for sample sizes 5 and 10. Here, m and Vx denote the parameters
computed by numerical integration whereas m and Vx denote the corresponding approxi-

mations.

For n = 5, the results were:

m" = [-2.1866, —1.0709, —0.4255,0.1069, 0.6902]

m' =[-2.1871,-1.0699,—0.4251,0.1071,0.6912]

[ 1.6449 0.5899 0.3172 0.1897 0.1090
0.6491 0.3527 0.2123 0.1226
Vx = 0.4060 0.2468 0.1436
0.3085 0.1820

0.2849




e
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[ 1.5747 0.5754 0.3113
0.6342 0.3472
0.4002

0.1874
0.2099
0.2442
0.3058

0.1081
0.1216
0.1425
0.1809
0.2855

24

m' = [-2.8798, —1.8262, —1.2672, —0.8681, —0.5436, —0.2574,0.0120, 0.2837, 0.5846, 0.9899]

T = [~2.8840, —1.8261, —1.2670, —0.8680, —0.5435, —0.2574,0.0121, 0.2837, 0.5847, 0.9808]

[ 1.6449 0.6187 0.3592
0.6459 0.3765
0.3970

0.2426
0.2549
0.2695
0.2874

0.1761
0.1854
0.1964
0.2099
0.2269

0.1328
0.1399
0.1484
0.1589
0.1721
0.1896

0.1018
0.1074
0.1140
0.1222
0.1326
0.1464
0.1658

0.0780
0.0823
0.0875
0.0939
0.1020
0.1128
0.1281
0.1519

0.0582
0.0615
0.0654
0.0702
0.0764
0.0846
0.0963
0.1147
0.1488

0.0396
0.0418
0.0445
0.0479
0.0521
0.0578
0.0660
0.0789
0.1032
0.1714 |
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[ 1.6180 0.6122 0.3567 0.2414 0.1754 0.1324
0.6393 0.3740 0.2536 0.1846 0.1395
0.3945 0.2683 0.1956 0.1480

0.2861 0.2091 0.1584

Uy = 0.2261 0.1716
0.1891

0.1016
0.1071
0.1137
0.1220
0.1323
0.1461
0.1655

0.0779
0.0821
0.0873
0.0937
0.1018
0.1126
0.1279
0.1517

0.0581
0.0614
0.0653
0.0701
0.0763
0.0845
0.0962
0.1146
0.1488

25

0.0396
0.0417
0.0444
0.0477
0.0520
0.0577
0.0659
0.0788
0.1031
0.1732 |

The above results show that the approximation appears to produce reasonable results even

for values of n as low as 5.

2.5 Test procedures

The following subsections describe the procedure for testing the null hypothesis, Hy, that

the random sample Y1, ..., Yy, with order statistics (), . .., ¥(»), came from the distribution

(2.1).

2.5.1 GLS-based Tests

For a given value of n, the coefficients of the second and third-order polynomials are found

by solving ( 1.6). The test statistics

2
. _ % (#Iv2'Y)
¥, V', 5%
2
ok (#Ivi'Y)
¥y V', 5%
Tza = Tz + Ta

are then calculated. Note that 0% = 72/6.
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For values of n = 10(10)100 10,000 samples were generated and the empirical percentage
points obtained. The smoothed points are given in tables ( 2.2) to ( 2.4).

From these tables it can be seen that the empirical percentage points converge quickly
to their asymptotic values, so that the X%l) and X%z) approximations can be used with good
accuracy for small n.

An approximation to the standard errors of the estimated quantile 1 — a , say & _4, can

be obtained by using the asymptotic expression:

SE(61-0) ~ \/@f(&l_a)

where f(£1-,) can be estimated by approximating the derivative of the CDF using two

quantiles adjacent to f(£;-4).

For example, from table 2.2 the approximate standard errors of the quantiles are about
0.02 for a = 0.25, 0.03 for & = 0.15 and about 0.12 for @ = 0.01. These approximations
correspond to typical values for a given significance level, since little change was observed

for different values of n.

2.5.2 OLS-based Tests

In this case, the coefficients of the polynomials were found by solving ( 1.11 ) for a given

value of n, and the following test statistics calculated:

ok (TY)

2T T, S2
2

T Ug( (¢3TY)
L=—5 o

Yy Y3 Sy

T3 =T+ 13

The empirical percentage points were also found using 10,000 simulated samples. The re-
sults showed that the convergence of these points to their asymptotic values was extremely
slow. Even for values of n as large as n = 1000, the difference between the empirical and

the asymptotic percentage points was still considerable.
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The problem a,ppea,red to be the slow rate of convergence to their limits, of the quantites

(m") Vxm?

ij(n) = n

In the next section, a practical solution to overcome this problem is presented.

2.5.3 Modified OLS-based tests

Consider the quantity,
ox (¥;7Y)

§ =
Sy [¢jTVx¢j ]

(2.2)

=

Under the null hypothesis,

D
& == X{y)-

Note that E}’ depends on Vx only through the value of the quadratic form cj;(n).

Thus, if an approximation h;;(n) of c};(n) can be found, we can define the modified test

statistics:

2
oY) 23)
nSyhji(n)

for ] = 2,3 and £23 = fz + 53.

Note that ( 2.3 ) corresponds to the square of the quantity defined in ( 2.2 ) with the
only difference that IIJJ'TVXIIJJ‘ has now been replaced by the approximation nh;;(n).

Exponential fits of c};(n) were considered by regressing In (-%.(L)) against nl/7 for val-
12
ues of n = 10(5)200.

For j = 2,3 the following approximations were obtained.
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haz(n) = ¢35 exp (~8.824/v/n)
has(n) = c3zexp (—12/¥/n)

In both cases, the fit was found to be very accurate.

The limiting distribution of the vector T = (£;,£3) is then bivariate normal with mean

vector zero and covariance matrix

1 —0.542
A= 0.5
—0.542 1

It follows that the limiting distribution of the test statistic ty3 = ty +13, is that of a weighted

sum of two independent xfl) variables, where the weights correspond to the eigenvalues of A.
The critical points of the distribution of £,3 were calculated using Imhof’s [30] method.

The simulation study was now carried out for the modified test statistics. The empirical
percentage points are given in tables ( 2.5) to ( 2.7). These tables show a quick convergence

of the empirical percentage points to their asymptotic values.

2.6 Empirical power study

A simulation study was conducted to estimate the power of the tests proposed against some
selected alternatives: Weibull with shape parameter 8 (W(8)); Normal {N'); Logistic (L);
Uniform (U); Double exponential (D) and X%w)' Table 2.1 shows the percentages of re-
jections from 1000 simulations for each test. The tests were done using a significance level
of 10%.

For comparison purposes, available tests for the Gumbel distribution, based on the fol-

lowing statistics were also included:
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a) The correlation coefficient ( Stephens [17, section 5.14] ).
Z(Y,H) = n{1- RA(Y,H)}

where Y denotes the vector of order statistics, and H is an approximation to the vector
of expected values of the order statistics in a sample from a standard Gumbel distribution

whose i-th component is H; =Iln {-In[1 - ¢/(n + 1)]}.
b) Statistics based on the empirical distribution function.

Anderson-Darling:

A= —n - (l/n)i(% - 1) [1n Z(iy +In { 1- Z(n_,-+1)}]

i=1
Cramér-von Mises:

=1
The Watson statistic:
U? =W?-n(Z-05)?°

where Z;) = F(Y(,-); &, ﬂ) and d,.ﬂﬂ denote the maximum likelihood estimators of the location
and scale parameters respectively. Tables of percentage points of the above EDF statistics

for testing goodness of fit for the Gumbel distribution have been given by Stephens [63].
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Table 2.1: Empirical power (in percent) of tests based on polynomial regression; size of the

test=0.10 )
L Fln|D[B|Tu|b]bl] 20w [4[07]
W(3)[20]56]16[ 45744 9 26 23| 39] 39 38
40 |86 |21 | 79| 78| 11| 58 52| 62| 66| 59
80|99 30| 9999 |12 94 87| 88| 94 85
we)|20]25]10] 19]17[ 8] 10 9| 18] 16 17
40 |42 11| 33|28 | 6| 14 10| 25| 26| 24

80 | 67 11| 51|50] 5| 28 7| 38] 44| 37
we)[20]17]10]| 14|12 8] 7 6| 14| 13 14
40 |26 | 8| 18|16| 6| 9 6| 15| 16 | 15

80 41| 9| 32|25| 5| 14 6| 24| 27| 23

N 20[50[18] 403211 20 18| 34 33| 33
40 | 78 {24 | 69|60 | 14 | 42 37| 55| 58 | 52

60 | 90 | 30 | 84|76 |17 | 62 52| 70| 75| 68
L£]20]54]31] 50[34]22] 31 29| 42427 41
40 | 80 [ 48 | 76 | 50 | 30 | 49 45| 64| 68| 63

60 | 91| 65| 90 | 59 | 45 | 65 59 | 82| 84| 82
U{20[28[30] 35|50 |13 36 28 | 40| 41 40
40 1 49 | 58 | 85|89 | 15| 89 68 | 72| 77| 70

60 | 65|79 | 999914 | 99 91 | 88| 94| 86

DE 2061 [52] 62[32]42] 44 451 59 [ 59 | 59
40 | 80 | 74 | 84|38 |61 | 63 65| 85| 86 | 85

60 | 89 | 88| 944769 | 72 75| 93] 93| 93

Xhoy | 20 88|38 81[85[30]| 71 0| 70] 72| 67
40199 | 57| 99|99 |48 97 96 | 96 | 96 | 93

The results indicate that the statistic T, based on the second-order polynomial is in

general the most powerful ( but note the Uniform exception ). This can be explained by the

fact that the kind of departure from linearity in the Gumbel probability plot, when the true

distribution is Weibull or Frechet, is approximately a quadratic pattern ( see, for example
Castillo [13, section 6.2] ).
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2.7 Conclusions )

1. The test statistic Tg is recommended when Weibull alternatives are of interest. This
is, for instance, the case in extreme value problems where the non-rejection of the
Gumbel model, when the true parent distribution is Weibull, is considered the most

serious error and therefore the most powerful test available should be used.

2. In general, the test statistic T3 can be used as an overall test statistic. According
to the simulation results obtained here, the power of this test statistic appears to be
greater than any of the EDF statistics W%, A? and U?. It must be remarked, however,

that more extensive comparative studies are needed.

3. The test based on the correlation statistic Z('Y,H), appears to be a biased test, in
the sense that its power is less than the significance level of the test, for Weibull
alternatives with a large value of the shape parameter. This also appears to be the
case for the regression statistics which involve a third order polynomial. Thus, use of

these statistics is not recommended.
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Table 2.2: Empirical percentage points of T;. Gumbel distribution
Significance level

n [ 0.500 | 0.250 | 0.150 [ 0.100 [ 0.050 [ 0.025 [ 0.010 [ 0.005 |

10
20
30
40
50
60
70
80
90
100

0.52
0.47
0.46
0.46
0.46
0.46
0.46
0.46
0.46
0.46
0.455

1.42
1.34
1.32
1.32
1.32
1.32
1.32
1.32
1.32
1.32
1.323

2.20
2.08
2.07
2.06
2.06
2.06
2.06
2.07
2.07
2.07
2.072

2.84
2.69
2.68
2.68
2.68
2.68
2.69
2.69
2.69
2.69
2.706

4.15
3.89
3.85
3.84
3.84
3.84
3.84
3.84
3.84
3.84
3.841

5.76
5.27
5.16
5.12
5.10
5.08
5.07
5.06
5.06
5.05
5.024

8.21
7.28
7.04
6.92
6.86
6.82
6.79
6.77
6.76
6.74
6.635

10.29
8.99
8.60
8.41
8.30
8.23
8.18
8.14
8.11
8.09

7.879

Table 2.3: Empirical percentage points of T3. Gumbel distribution.
Significance level

I

n | 0.500 | 0.250 | 0.150 | 0.100 | 0.050 | 0.025 | 0.010 | 0.005 ||

10
20
30
40
50
60
70
80
90
100

0.52
0.46
0.45
0.45
0.45
0.45
0.45
0.45
0.45
0.45
0.455

1.45
1.28
1.28
1.28
1.28
1.29
1.29
1.29
1.30
1.30
1.323

2.12
1.95
1.96
1.97
1.99
2.00
2.01
2.01
2.02
2.02
2.072

2.69
2.51
2.53
2.56
2.58
2.60
2.61
2.62
2.63
2.64
2.706

3.55
3.49
3.56
3.61
3.65
3.68
3.70
3.71
3.73
3.74
3.841

4.60
4.63
4.72
4.78
4.82
4.85
4.87
4.89
4.90
4.91
5.024

6.26
6.36
6.44
6.48
6.51
6.53
6.54
6.55
6.56
6.57
6.635

8.00
7.90
7.89
7.88
7.88
7.88
7.88
7.88
7.88
7.88
7.879

32
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Table 2.4: Empirical percentage points of T23. Gumbel distribution.
Significance level

| n]0.500]0.250 [ 0.150 [ 0.100 ] 0.050 | 0.025 [ 0.010 | 0.005 |

10| 150 | 2.76 | 3.62 | 4.42| 6.08| 8.25| 11.86| 15.56
20| 139 | 264 | 3.52| 429 | 581 | 7.66 | 10.46 | 12.95
30| 1381 2.65| 3.57| 4.35| 5.82| 7.53|10.02 | 12.13
40 | 137 | 267 | 3.61 | 4.40| 584 | 7.48| 9.81 | 11.74
30 | 137 2.69| 3.64| 443 | 586 | 7.45| 9.69| 11.50
60| 1.38| 2.70 | 3.66 | 4.45| 588 7.44| 9.61 | 11.35
70| 138 2.71| 3.68| 4.47| 589 | 7.43| 9.55| 11.24
80| 138| 2.71| 3.69| 449 | 590 | 7.42| 9.51 | 11.16
90| 138 272 | 3.70 | 4.50| 591 | 7.41| 9.47| 11.10
100 | 1.38 | 2.72 | 3.71| 4.51 | 5.92| 7.41| 9.45]| 11.05
oo | 1.386 | 2.773 | 3.794 | 4.605 | 5.991 | 7.378 | 9.210 | 10.597

Table 2.5: Empirical percentage points of {;. Gumbel distribution.
Significance level
L _n[0.500 | 0.250 | 0.150 ] 0.100 | 0.050 [ 0.025 [ 0.010 [ 0.005 ||

10| 046 | 133 | 2.08| 2.70 | 3.79| 4.89 | 6.36 | 7.43
20| 046 1.32| 2.07| 2.70 | 3.82| 498 | 6.56 | 7.77
30| 046 | 1.32| 207 2.70| 3.83| 500| 6.60| 7.83
40 | 046 | 132 2.07| 2.70| 3.83| 501 | 6.61| 7.85
50 | 0.46 | 1.32| 2.07| 2.70| 3.83| 501 | 6.62| 7.86
60| 046 1.32| 2.07| 2.70| 3.84| 5.02| 6.62| 7.87
70| 046 | 132| 2.07| 270 | 3.84| 5.02| 6.63 | 7.87
80| 046 1.32| 207 2.70| 3.84| 502 | 6.63| 7.87
90| 046 | 132 2.07| 2.70| 3.84| 502| 6.63| 7.87
100 | 046 | 132 | 2.07| 2.70| 3.84| 5.02| 6.63| 7.88
oo | 0.455 | 1.323 | 2.072 | 2.706 | 3.841 | 5.024 | 6.635 | 7.879
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Table 2.6: Empirical percentage points of t3. Gumbel distribution.
Significance level

|__n[0.500 ] 0.250 ] 0.150 | 0.100 [ 0.050 [ 0.025 [ 0.010 [ 0.005 ]

10
20
30
40
50
60
70
80
90
100
00

0.47
0.46
0.46
0.46
0.46
0.46
0.46
0.46
0.46
0.46

0.455

1.36
1.33
1.33
1.32
1.32
1.32
1.32
1.32
1.32
1.32

1.323

2.13
2.08
2.08
2.07
2.07
2.07
2.07
2.07
2.07
2.07

2.072

2.77
2.72
2.1
2.71
2.71
2.1
2.1
2.71
2.71
2.7
2.706

3.93
3.86
3.85
3.85
3.84
3.84
3.84
3.84
3.84
3.84

3.841

5.05
5.04
5.04
5.04
5.03
5.03
5.03
5.03
5.03
5.03

5.024

6.59 | 7.78
6.67 | 7.93
6.67 1 7.93
6.66 | 7.93
6.66 | 7.92
6.66 | 7.92
6.66 | 7.912
6.65 | 7.91
6.65 | 7.91
6.65 | 7.90
6.635 | 7.879

Table 2.7: Empirical percentage points of {33. Gumbel distribution.
Significance level

[ n]0.500]0.250 [ 0.150 ] 0.100 ] 0.050 [ 0.025 | 0.010 | 0.005 ||
10| 1.18] 257 ] 3.69] 4.63] 6.28| 7.93| 10.39 | 12.48
20| 1.21| 2.60| 3.74 | 4.68| 6.35| 8.08| 10.68 | 12.88
30| 1.22| 2.62| 3.76 | 4.71| 6.38 | 8.13| 10.75 | 12.98
40 | 1.23| 2.63| 3.77| 4.72| 6.40| 8.15| 10.78 | 13.01
50 | 1.23| 2.64 | 3.78 | 4.73| 6.41| 8.17| 10.80 | 13.03
60 | 1.23| 2.64 | 3.78 | 4.74 | 6.42| 8.18| 10.80 | 13.05
70| 1.24| 2.64| 3.78| 4.74| 6.42| 8.18| 10.81 | 13.05
80| 1.24| 2.64| 3.79| 475 | 6.43| 819 | 10.82 | 13.06
90 | 1.24 | 2.65| 3.79| 4.75| 6.43 | 819 | 10.82 | 13.06
100 | 1.24 | 2.65| 3.79| 4.75| 6.43 | 8.19 | 10.83 | 13.07
oo | 1.246 | 2.662 | 3.809 | 4.773 | 6.459 | 8.220 | 10.843 | 13.096

34



Chapter 3

Maximum-correlation estimates
and tests of fit

3.1 The three-parameter Weibull

A random variable Y is said to have a Weibull distribution if its cumulative distribution

function is given by

Fy(y)=1—exp{— (y_a)a},yza (3.1)

where a, 8 > 0 and 6 > 0 are parameters.

When o is known the distribution ( 3.1) is known as the two-parameter Weibull distribution
and Z = In(Y — a) has the Gumbel distribution

(522)

Fz(z)=1-¢"° ,—00 < z2< 00 (3.2)

It is also well known that ( 3.2) is the limiting form of ( 3.1) as 4 tends to infinity ( see, for
example, Johnson and Kotz [31] ).

Hence, the null hypothesis that the random sample Yi,...,Y; comes from ( 3.1) may be
made by testing the null hypothesis that the transformed observations Zi,..., Z, were

drawn from the population ( 3.2 ). When the parameter a is not known, estimates of the

35
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parameters are difficult to obtain and many problems arise.

In maximum-likelihood estimation, for § < 1 , the likelihood function can be made infi-
nite when & = Y{y. For this reason and due to the fact that some regularity problems occur
for 1 < § < 2, the maximum-likelihood method is difficult to apply for Weibull populations
with § < 2. (See Castillo [13] and Lockhart and Stephens [35], [36] )

In this chapter an estimation method is presented, based on a regression technique, which

appears to avoid many of the difficulties arising when MLE is used.

The method is illustrated using some examples taken from the existing literature and
goodness-of-fit procedures are given.
3.1.1 Parameter estimation: Method A

Suppose that Y,...,Y, is a random sample from the distribution ( 3.1). We can write,
E Y| = a+ Bmi(8) (3.3)

where m;(8) denotes the expected value of the i-th order statistic, in a sample of size n,

from a standard ( @« = 0, 8 = 1 ) Weibull distribution with parameter 6.

The correlation coefficient R(X,Y) between two vectors X and Y , where XT = (X1, Xn)
and YT = (Y4,...,Y,) is defined as

Lia(Xi - X)(¥: - Y) (3.4)
\/Z S X - X i=1(Yi‘“Y)2

In ( 3.3 ), different choices of 8 will produce different degrees of linear relationship between

Y and mT(8) = (m,(9),...,mu(9)).

R(X,Y)=

A “good” estimate should then produce a high degree of linear association as measured

by R?(Y,m(6)). This consideration leads us to the following
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Definition 3.1 The Maximum Correlation Estimator (MCE) of 8 is the value of 6 , 6,
which mazimizes

R*(6) = R* (Y, m(6)) (3.5)

Estimates of o and 3 will then be obtained by fitting the model ( 3.3) with m;(6) replaced
by m;(#). This method of estimation will be referred to as method A.

3.1.2 Parameter estimation: Method B

A similar approach for estimating the parameters when a is known, is based on the fact
that the substitution of Z = In(Y — &) in ( 3.1) gives the Gumbel distribution ( 3.2). Thus,

estimates of the parameters can be obtained by fitting the model:

E [ln(Y(;) - a)] = ag + Bgmy (3.6)

where m "

Gumbel distribution.

= (mq,...,my) are the expected values of the order statistics from a standard

The m; now do not depend on an unknown parameter, and estimates of the parameters
in the Gumbel fit may be obtained, for example, by ordinary least squares (OLS). Then we

can make use of the relations:

ag = Ing (3.7
fo = 3 (3.8)

to compute estimates of the parameters of the Weibull distribution ( 3.1).

The same procedure can be used when o is not known, provided that a good estimate
of this parameter is used in transforming the original observations. Let Z7 = (Z1,..., Z,)

where Z; = In(Y; — o) and let us define

R*a) = R¥(Z,m) (3.9)
Definition 3.2 The maximum correlation estimate of a is defined as the value of o, @&,
which mazimizes the correlation coefficient ( 3.9).

This method will be referred to as method B. In this case, estimates of ag and g are now
obtained by fitting the model ( 3.6) with a replaced by &, and then estimates of 3 and 6
follow from ( 3.7) and ( 3.8). These will be called maximum correlation estimates (MCE).
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3.1.3 Remarks

Remarks on the asymptotic distribution of the maximum-correlation statistic:
Method B

Consider the model
E(Y;)) = a + Bm; (3.10)

When the parameters o and J are unknown, the correlation statistic T, = n {1 — R(Y, m)]
is equivalent to

N N2
i (Vg - )

Wo(Y,m) = -
i (Yo - Y)2

(3.11)

where & and J are the ordinary least squares estimators of the parameters o and S in
the model ( 3.10).

When some of the parameters are specified by the null hypothesis, the correlation statistic
takes the more general form
n *x *x 2
Tk (Y — et - prmi)

Wa(Y,m) = e

where a*, 3* and 3* denote suitable consistent estimators of the parameters, or their values

specified b'y the null hypothesis.

Asymptotic normality of the correlation test statistic from a Gumbel parent:
If the sample comes from a Gumbel distribution, it has been shown in McLaren [40] and
McLaren and Lockhart [41] that

_ Wo(Y,m)/n—logn D,
To(e,B) = > /log N(0,1) (3.12)

McLaren [40] also showed that the above result holds regardless of which parameters in

( 3.10) are estimated.
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On the asymptotic normality of the maximum-correlation test statistic for the

Weibull distribution: In order to simplify the notation, let us define:
Wo(a)=n [1 - R2(a)]
and

_ n[l- R¥a)] —logn
B 2\/log n

Tn(a)

where R?(a) is defined as in ( 3.9).
In this new notation, test statistic based on method B is then W, (&).

By writing
Tn(&) = Ta(a) + (4log n) ™% n [R¥(a) - R*(3)|

we can show that
Ta(é) 2 N(0,1),

by showing that the second term of the right hand side of the above equation is 0,(1), so

that the result will follow by application of Slutsky’s theorem.

From a practical point of view, the proof of the asymptotic normality of the correlation
test statistic becomes less important due to the fact that the rate of convergence to normal-
ity of this type of statistic is extremely slow; this makes the approximation inappropriate for
practical use. In the exponential case, Lockhart [34] shows that the normal approximation

with n = €6~ 9 x 108 | gives P(R? > 1) ~ 0.023.

In this work, the percentage points of the test statistic were obtained by simulation based

on 10,000 samples, and are given in table 3.8.

On the asymptotic means and variances

In order to investigate the properties of the estimators obtained by maximum correlation
method B, 1000 samples from a Weibull distribution with @ = 0, § = 1 and different values
of 6 were simulated, the location parameter estimated by method B, and then estimates

of the parameters in the Gumbel model ( 3.6) calculated by ordinary least squares. The
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estimates of the parameters of the Weibull distribution were then found by direct use of the
relations ( 3.7) and ( 3.8). It was found that, for values of § < 2, & was very close to its true
value and therefore the variance of the estimators was well approximated by the variance of

these estimators when the the location parameter a is known.

The ordinary least squares estimators of ag and (g in ( 3.6 ) are:

ﬁG — Z?=l Zi(mi + 7)
Yimi(mi +7)?

66 = Z +70g

where Z; = In(Y; — a) and 7 = 0.5772 is Euler’s constant.

Using the results from chapter 2, we find the following asymptotic expressions for the vari-
ances of the OLS estimators in the Gumbel model ( 3.6).

5 1.1
Var (,HG) ~ '7;0—2
. 6¢(3)  0.7308
Cov (Z"HG) N Tarer T T g
) 1.1678
V(IT(QG) ~ W

From ( 3.7) and ( 3.8) we have:

B = efc andé:ﬁal

Expansion in Taylor series of the above expressions gives:

0.5839] Ve () ~ 0.583932

E(ﬁ)zﬂ[H — r (3 —

and

E (0) ~ 0 (1 + %}) , Var (0) ~ 1.16?
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3.1.4 Examples

In this section, the methods described above are illustrated by analyzing some particular
data sets, given in the appendix. These have been discussed by Lockhart and Stephens [36]
in connection with Maximum Likelihood estimation (MLE) of the parameters. The MLE
results are given also when available. Plots of the trial values of the parameter versus the

correlation coefficient, for methods A and B, are shown in figures ( 3.1 ) to ( 3.16 ).

a) Data set 1, from Cox and Qakes [15, table 1.3] consists of 10 values of the number
of cycles to failure when springs are subjected to various stress levels. For these data, the

stress level is 950 N/mm? and the values are in units of 1000 cycles.

Table 3.1: Results for Data set 1

” Estimate I Method A | Method B [ MLE ”

& 61.39 84.99 [ 99.02
8 120.08 95.39 | 78.23
6 3.056 2.638 | 2.38
A? 0.24 0.21| 0.26

For this data set both methods give similar estimates producing nearly the same fit as
measured by the Anderson-Darling A? statistic. The value of A2 is here used as a measure
of goodness of fit relative to the parameters used and a significance level is not associated

with test statistic as its distribution will depend upon the method of estimation used.

b) Data set 2 consists of 15 times to failure of air conditioning equipment in aircraft. These

values were taken from a table given in Proschan [46, table 1].

In this case, method B appears to be clearly a better option as it gives a smaller value of

A? . In addition, the estimates of the parameters are consistent with the MLE results.

c) Data set 3 was artificially constructed by Lockhart and Stephens [36] to illustrate some
problems in MLE estimation. For this example, no MLE exists and they recommend fitting

a Gumbel distribution. This data set has 20 observations.
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Table 3.2: Results for Data set 2

| Estimate | Method A | Method B | MLE |

& 2.11 11.15] 9.30
8 105.48 87.67 | 93.50
é 0.629 0.759 | 0.763
A? 0.92 0.54 | 0.54

Table 3.3: Results for Data set 3

lLEstima.te l Method A | Method B I MLE ”

@ -9.10 -0.35 [ N/A
i 10.44 1.65| N/A
é 25.14 3.52 | N/A
A? 0.50 0.71 | N/A

42

The estimates of the parameters obtained by method A, suggest that a Gumbel fit would
be appropriate as it yields a large value of §. Method B however produces estimates of the
parameters which appear to be more consistent with a Weibull fit. Even though the value
of A? is smaller when the parameters obtained by method A are used, method B might be
preferred if a Weibull fit is the primary choice.

d) Data set 4 is taken from Castillo [13]. It consists of 60 distances in miles to a nu-
clear power plant of the most recent 8 earthquakes of intensity larger than a given value.
The data are needed to evaluate the risk associated with earthquakes ocurring close to a
central site. It is known that a fault is the main cause of earthquakes in the area and the

closest point of the fault is 50 miles from the plant.

This data set must be more carefully dealt with since there are some practical considerations
which have to be taken into account. Method B appears to give the best results since the
location parameter is associated with the nearest distance to the fault. Method A produces

a negative estimate of the location parameter, which might have some geological explanation.
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Table 3.4: Results for Data set 4

[LEstimate l Method A LMethod B ] MLE ﬂ

& -18.89 51.24 | 38.02
8 182.49 104.73 | 119.97
é 3.18 1.42 | 2.047

A? 0.83 1.33 1.33

e) Data set 5, from Castillo [13], consists of fatigue strengths to failure of 35 specimens

of wire. The aim of the study was to find a design for fatigue stress.

Table 3.5: Results for Data set 5

| Estimate | Method A | Method B] MLE |
é 40855.27 | 36465.41 | 38852.25
3 62895.14 | 68714.65 | 63966.98
é 1.13 1.32 1.24
A? N/A 0.15 | 0.2023

This example shows that method A requires the use of a restricted maximization procedure
as it can give unacceptable solutions in the sense that the estimate of the location parameter
is sometimes greater than the minimum sample value: In this case, the minimum value is

equal to 39611, and & is greater than this number. Method B gives a good solution.

f) Data set 6 consists of 41 failure times of an electronic module. Analysis of these data
appeared in Ansell and Phillips [4].

Again, the solution given by method A is not acceptable as the minimum failure time is

Table 3.6: Results for Data set 6

| Estimate | Method A | Method B | MLE ||

& 6.39 0.023 | 1.19
8 34.48 45.86 | 43.51
é 0.902 1.27 | 1.15
A? N/A 0.23 | 0.22
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equal to 1.4 and & is greater than this number.

g) Data set 7 consists of strengths of glass fibers of length 15 cm. from the National
Physical Laboratory in England.

h) Data set 8 consists of strengths of glass fibers of length 15 cm. from the National
Physical Laboratory in England.

Data sets 7 and 8 have been used by Smith and Naylor [60] to illustrate problems in MLE
estimation. In their paper, they suggest the use of Bayesian methods for handling likeli-
hoods of unusual shape. The problem of specifying an appropriate prior distribution could

be assessed by studying the sensitivity of the analysis to the choice of the prior.

For these data sets, no maximum can be found as the value of R?(a) can be made as
close as we wish to the value of R? obtained for the model ( 3.14) , by making o tend to
—oo . For these two situations, the maximum correlation method indicates that the best fit
will be obtained for the Gumbel distribution ( 3.2). Problems of this type are discussed in

the next section.

From practical considerations, method B appears to be better than method A for two
major reasons: (a) it implies the use of an unrestricted maximization procedure ( the con-
straint that the location parameter is less than the minimum sample value is recognized
when the interval for «, for the search, is given ) and (b): it does not require the calcula-
tion of expected values of order statistics for every value of the shape parameter, as is the
case for method A. The expected values of order statistics of the Gumbel distribution for
a sample of size n are more easily calculated and can be reused for different values of the
trial parameter. Also, the analysis of the data sets suggests that method B produces better

estimates which are consistent with results obtained by MLE .
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Figure 3.1: Plot of R%(#) vs 6~1. Data set 1, Method A
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Figure 3.2: Plot of R%(6) vs 67!. Data set 2, Method A
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Figure 3.3: Plot of R?(6) vs 8~1. Data set 3, Method A
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Figure 3.4: Plot of R%(6) vs 8~1. Data set 4, Method A
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Figure 3.5: Plot of R?(6) vs 1. Data set 5, Method A

T ¥ T

0.6 0.8 1.0 1.2 1.4

shape parameter

Figure 3.6: Plot of R?() vs ~1. Data set 6, Method A
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Figure 3.7: Plot of R*(8) vs ~!. Data set 7, Method A
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Figure 3.8: Plot of R%(6) vs §~'. Data set 8, Method A
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Figure 3.9: Plot of R%*(a) vs a . Data set 1, Method B
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Figure 3.10: Plot of R%(a) vs a . Data set 2, Method B
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Figure 3.11: Plot of R*(a) vs a . Data set 3, Method B
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Figure 3.12: Plot of R*(a) vs a . Data set 4, Method B
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Figure 3.13: Plot of R*(a) vs a . Data set 5, Method B
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Figure 3.14: Plot of R%*(a) vs a . Data set 6, Method B
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Figure 3.15: Plot of R%(a) vs @ . Data set 7, Method B
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Figure 3.16: Plot of R?(a) vs a . Data set 8, Method B

3.1.5 Practical problems for estimation

When # < 1, the maximum correlation method produces estimates without any apparent

difficulty. However, if @ > 1, simulations show that there are samples for which the methods
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(either A or B ) find no maximum (see table 3.7 ) . This can be regarded as a shortcom-

ing of the method; the same problem appears when the maximum likelihood method is used.
For large values of 6, the Weibull distribution becomes close to the Gumbel distribution

( in a well defined mathematical sense ). Suppose then that we approximate the expected

value of the i-th order statistic from the Weibull distribution ( 3.1 ), m;(8), by the quantity

Hi(6) = (—m (1 - ni 1)) (3.13)

=

and consider its Taylor’s expansion about (%) = 0. Then, approximately

EY))=(a+p)+ gH,- (3.14)

where H; = In (—ln (1 - n—;T

statistic in a sample from the a standard Gumbel distribution.

)) is an approximation to the expected value of the i-th order

Hence, for large 6, a Gumbel distribution with parameters (a + 3) and g will provide a
good fit to the data.

The frequency with which this situation occurs is summarized in table 3.7 , based on
a Monte Carlo study using 1000 samples. It can be conjectured that, for fixed n, the per-
centage of “Gumbel-type” samples will approach fifty percent as 1/ tends to zero, the
reason being that the two distributions will be indistinguishable from one another. On the
other hand, for fixed 4, the frequency with which these samples appear will approach zero

( slowly for large 8 ) as n tends to infinity.

3.1.6 Existence of a maximum

Here we describe a procedure that can be used to detect the ocurrence of figures 3.15 and

3.16, produced by data sets 7 and 8, in which R?(a) increases by letting & — —oo.



CHAPTER 3. MAXIMUM-CORRELATION ESTIMATES AND TESTS OF FIT 54

First, we compute the quantity

D = [i (m,- - ﬁl) Y(,)] l:

=1

M=

1 (Y(,.) - Y) Y(f)} - (3.15)

[Z (mi — ﬁl)Y(i)] [Z (m; — ﬁl)Y(f)} [i (Y(i) - f’) 2} (3.16)
=1 =1

=1

3 -
Il

For a given value of oy, D is proportional to the derivative of the function R?%(a) at that
point. Thus, a negative value of D will indicate the ocurrence of a plot similar to 3.15 and

3.16. In this case, a Gumbel fit for the original observations is the solution given by the

maximum correlation method B.

The derivation of the quantity D, is described in the next section.

3.1.7 Derivation of D
The approach used to obtain D consists of examining the behaviour of the function
d po
G(a) = d_a-R (a)

As a — —oc.

For a large negative value of a, we use the approximation

Y, Y% Y3
~ (4) () (1)
n (1 - ) ~1a(-0) - (24 544 11

Thus, if we let Rx = 3 i=q (m; — m) Y(’f), we obtain the following approximations:

n ) R R R
3= v —) == (4 7+ 55).

=1

n 2 2
—

3
=1 a

Since

=

(o) - Eml s Ya) [ (-2
i=1 n a n
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We will also make use of
a a «
2 2
) ST 5152
[Zln( - T)} a? + ad

where Sk = Y i, Y('f)

Using the above approximations, as @ — —oco, we can write
R2
i (mi = m)? [, (Y - 72 + o Ty (Y - V)YE]
+ R,R,
Ty (mi —m)? [a D (Y - V)2 + D (Y - V)Y

R*a) =

and consequently,
LYo - V)Y - RiR YL (Y - V)P

G(a) =
Yy (mi = )2 [ (Y — F)2 4 =1 Siy (Y - 1)V

55

Clearly, a negative value fo the derivative is obtained when the top term in the above

expression is negative, that is, when

[Z(mz—m)Y(,} [i(Y( Y)Y(}

im0 -] <

=1 =1

as in equation ( 3.16).

From equation ( 3.17) , it also follows that

_ 2
lim R%*a)= [Z"zl (mi —m) ni)] -
om (mi —m)2 R (V) - V)2

that is, the correlation coefficient between the vector m and the vector Y, of the original

observations.
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On the other hand, as & — Y{;), we have

(3.17)

In fact, for a = Y(y) — € (¢ > 0),

i (mi = m)In (Y = a) = (my — m)In(e) + zn:(mj —m)In Y5 = Yo) +¢]

S (T (¥ - @)’

~ In%(e)> ——ln(e)Zln[ ) — Yoy + €

+ Zln Y5y = Yoy +¢]
- {Zln[ 0 - Y, 1,+e]}2

The result ( 3.17) is then obtained by substituting the above expressions into the definition

of R*(a) and taking the limit as € tends to zero.

Table 3.7: Percentage of samples for which (1/ é) = 0. Method B
n

I ] 10] 20] 30] 40] 50 60] 70| 80| 90| 100 |
1] 03] 0.0 00 00] 0.0] 0.0] 00| 0.0] 0.0] 0.0
2 32| 03| 00| 00| 00| 00| 0.0 00| 0.0| 0.0
3123 | 14| 08| 02} 00| 00| 00| 00| 00| 0.0
41189 57| 23| 09] 03| 01| 00| 0.0| 0.0| 0.0
5(199 (112 63| 3.7| 17| 16| 10| 06| 03] 0.3
6
7
8
9
0

2591146 {116 | 82| 58 3.1 3.1} 14| 18| 04
28.5121.0|16.7|130| 86| 69| 64| 38| 33| 29
29.0 (2481188152145 |11.5( 80| 78 73| 4.9
31.5|124.9|22.1|179| 155|128 | 10.1 [ 11.7 | 99| 7.2
31.1 | 284|228 |21.2|20.1}16.5 | 14.8 |13.0 | 12.6 | 11.5

1
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3.1.8 Test procedures

We now move to tests of fit. The test will be based on using method B to estimate the

parameters.
a) First, find & using method B, using H; in ( 3.14) as an approximation to m;.
b) Compute the test statistic:

Wo(a)=n[1 - R¥(&)]

c¢) Refer to table 3.8 for the appropriate sample size. If the value of the test statistic is

greater than the value given for level p, the null hypothesis is rejected at level p.
Ezample: Data set 1.

For data set 1, we find R*(&) = 0.9713 producing a value for the test statistic of T' = 0.287.
The p-value is > 0.50, so the fit is good.

Ezample: Data set 2.

In this case, R*(&) = 0.9367 and the value of the test statistic is T = 0.95. Linear in-
terpolation from table 3.8 gives 0.05 <p-value< 0.10 .

Ezample: Data set 3.

For the third data set we obtain R*(&) = 0.9416, T = 1.168. For n = 20 we find 0.025 <p-
value< 0.05 which suggests the rejection of the Weibull model. This agrees with the analysis
of this data set in Lockhart and Stephens [36].

FEzample: Data set 4.

R*(&) = 0.9558 and T = 2.65. Since the p-value is < 0.01 the Weibull fit should be
rejected. As an illustration, figures 3.17 and 3.18 show the probability plots obtained by
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maximum correlation for this data set, using methods A and B. From these plots, it can be
seen that, even after selecting the best value of the parameters, based on maximizing the
correlation coefficient, the probability plots still show departures from linearity in the lower

and upper tails.

200

order statistics
®

100
\

T T T T T T T

0.4 0.6 0.8 1.0 1.2 1.4 1.6

quantiles

Figure 3.17: Weibull probability plot, method A, for data set 4. Weibull quantiles found
using maximum correlation estimates

FEzample: Data sets 5 and 6.

These data sets both give a value of R%(&) = 0.9997 indicating almost a perfect fit. The

test statistic is not significant at level 0.50.

Data sets 7 and 8 produce values of R? for the model ( 3.14) respectively equal to 0.9995
and 0.9997, indicating a very good fit to the Gumbel distribution. A test of fit can then be
carried out using the method given in Lockhart and Stephens [36]. Figure 3.19 shows the
corresponding Gumbel probability plot for data set 8.
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Figure 3.18: Gumbel probability plot, method B, for data set 4. Observations transformed
using maximum correlation estimates

order statistics

1.6

1.2

0.4 0.8

..'_/ i
-4 -3 -2 -1 0 1
quantiles

Figure 3.19: Gumbel probability plot for original observations. Data set 8
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Table 3.8: Empirical percentage points of the correlation statistic
Significance level
[ n]0.500]0.250 | 0.150 | 0.100 | 0.050 | 0.025 | 0.010 |

10| 032 048 059 | 066 0.78 | 094} 1.15
20| 050 0.70| 085} 097} 1.15| 134 | 1.60
30| 0.60| 084 101 | 1.14| 1.36| 1.61 | 1.90
401 068} 095| 1.14 | 1.29} 155 1.82} 2.17
50| 0.74| 1.04 | 125| 140 1.68| 197 | 232
60| 079 | 111§ 133 | 1.50| 1.80f 2.07| 245
70 083} 1.16| 138 1.56 1.84 ) 215} 2.60
80| 0.88| 124 | 148 1.68| 2.01f 232| 2.70
90| 091 1.27| 152 | 1.73| 2.09| 241 | 2.83
100 | 0.95| 1.30| 1.55| 1.75( 2.07| 241) 2.93

3.2 The three-parameter lognormal distribution
Let X be a standard normal random variable and let
Y =60+ exp(a + 8X)

Y is then said to have a lognormal distribution with parameters a, 8 and 6.
When 6 is known, the distribution is called the two-parameter log normal.

The null hypothesis that a random sample Yi,...,Y, comes from a two-parameter lognor-
mal distribution can be made by testing that the transformed observations Z; = In(Y; — 6)
is a sample from a normal distribution. A review of several procedures for testing normality

can be found in D’Agostino and Stephens [17, chapter 9].

If § is unknown, the distribution is called the three-parameter lognormal. In this case,
the estimation procedures present considerable difficulty. As pointed out in Johnson and
Kotz [31], accuracy in the estimation of # is not important in tests of fit. This is because
large variations in the value of 8 lead to small changes in the percentage points of the dis-
tribution when in its standard form ( i.e., o and 8 are chosen so that the distribution has

mean zero and unit variance ).
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The three-parameter log normal is then another distribution for which the maximum cor-

relation method gives a relatively simple approach for constructing a test of fit.

If Y(1),...,Y¥(n) are the order statistics and Z; = In(Y(;) — @), then
E(Z(i)) =oa+ ﬂm,'
where m; denotes the expected value of the i-th order statistic in a sample of size n from a

standard normal distribution.

Here, the maximum correlation estimator of 8 is the value § which maximizes
R%*(8) = R*(Z, m).

As in the case of the three-parameter Weibﬁll distribution, it is possible to find samples
for which the maximum value of R%(6) is obtained by making 8 tend to —oo. However, a
Monte Carlo study based on 1000 simulations revealed that this situation appear to occur
only for n < 30. In fact, the results of the study using @ = 0 and 8 = 1 produced 6% of
such samples for n = 10 and 0.3% for n = 20. A plot of § vs R?(8) in this situation will
look like figure 3.15.

3.2.1 Test of fit for the lognormal distribution
A test of fit can be based on the quantity
T=n|l- B*(6)|

Empirical percentage points of the test statistic T were obtained empirically from 10,000

simulations. The results are shown in table 3.9

3.3 A test of multivariate normality

Roy’s union-intersection principle can be applied to construct a test of multivariate normal-
ity based on any test statistic used for the univariate case. In this section, the maximum
correlation test statistic is shown to be useful for testing multivariate normality. The tech-

nique is illustrated by considering a test for bivariate normality.
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Table 3.9: Empirical percentage points of T. Log-normal distribution.
Significance level

| _n[0.500 ] 0.250 | 0.150 | 0.100 ] 0.050 [ 0.025 [ 0.010 ||

10 0.36 | 0.52| 0.62| 0.70 | 0.85| 1.00| 1.20
20| 051 072 | 087 | 0.98 | 1.18| 141 | 1.74
30| 060| 085 | 1.01| 1.14 | 137 | 1.63| 2.02
40| 066 | 092 | 1.11}| 1.25| 1.52| 1.80 | 2.20
50 071 | 098 | 1.17| 132 | 1.59| 1.86| 2.30
60| 074 | 1.03| 1.24| 140 1.70| 2.03| 2.50
701 076 | 1.05| 1.25| 1.42| 1.72| 2.02| 2.49
80! 079 | 1.09| 129 | 147 | 1.78| 2.10| 2.59
90| 0.81 | 1.11 | 132 | 148} 1.78| 2.10 | 2.58
100 | 084 | 1.14| 1.36| 1.54| 1.84 | 2.13| 2.56

3.3.1 Test statistic

Let Xy,...,Xn be a p-variate random sample from a normal population with mean vector
i and covariance matrix ¥. Also, define Z; = ¢"X; , where ¢ is a p-dimensional non-

random vector.

Then, if Z(y),...,Z(n) are the ordered transformed observations we have, for all non null
vectors c,
1
E(Zy) = c'p + {cTEc}2 m;

T = (my,...,m,) is the vector of expected values of the order statistics from a

where m
standard normal distribution. Note that the mean value of the m; is zero.
Then, define R(c) to be the correlation coefficient between Z, the vector of order statistics

corresponding to the transformed observations, and m. Thus

(E?=1 Z(i)mi)2
=1 m? Yia(Zi - 2)2

R*(c) = (3.18)

The correlation R(c) is then independent of the parameters of the distribution, and Roy’s
union intersection principle can be applied to this situation by finding the vector ¢* so that

R?*(c*) is a minimum.

The null hypothesis of multivariate normality will then be rejected for small values of the
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correlation or, equivalently, large values of the test statistic
T =n1- R¥c")] (3.19)

3.3.2 Test of bivariate normality

We illustrate the use of R(c) for dimension two. For this case, the minimization process re-
duces to a simple unidimensional search of the normalized vector ¢*. Using polar coordinates

we can write the normalized vector c as

¢ = (sin 8, cos 6)

Hence the problem reduces to find the value 8* which minimizes ( 3.18).

Empirical percentage points of the distribution of the test statistic
T = n[l — R*(6")]

were obtained empirically from ten thousand simulations and are shown in table 3.10.

In the following four examples, simulated data sets are analyzed. In each case, a search
in the interval [0°,180°) was conducted using increments of one degree. This magnitude for

the increment produces a precision greater than 0.01 in the calculated value of 6*.

a) The first data set consists of 20 observations from a Normal distributions with zero
mean vector and identity covariance matrix. A plot of R?(6) vs 8 is shown in figure 3.20.

In this case, the minimum value of the correlation is 0.8856.

b) In the second simulated data set the first component of the vector was sampled from
a chi-squared distribution with one degree of freedom. A plot of R%(8) vs 8 is shown in

figure 3.21. The minimum value of the correlation for this sample is 0.7048.

c) Figure 3.22 shows the plot for the third simulated data set consisting of 20 vectors,
in which both components of the vector were sampled from a chi-squared distribution with

one degree of freedom. Here, the minimum value of the correlation was 0.7070
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Figure 3.20: Plot of R%(6) vs 4. Simulated data set 1
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Figure 3.21: Plot of R?(6) vs 6. Simulated data set 2
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Figure 3.22: Plot of R?(6) vs 6. Simulated data set 3

d) The fourth data set was constructed to illustrate the situation in which the compo-
nents of the random vector are marginally normal but not jointly normal. Two independent
standard normal values u and v were first generated. The second component of the vector
was set equal to v whereas the first component was set equal to u, if uv > 0 or —u if uv < 0.
A sample of twenty vectors was simulated. The corresponding plot is shown in figure 3.23.

The minimum correlation for this data set was found to be 0.8653.

The type of plot illustrated in figures 3.20 to 3.23 is a useful tool to summarize relevant
information about the type of departure. For example, non normality in the first component
translates into a significant drop of R2(#) in the neighbourhood of 90° ; non-normality of

both components will produce significant drops in the neighbourhoods of 0° and 90°, etc.

Hence, the test based on the maximum correlation method combines simultaneously the

properties of graphical and formal statistical methods.



CHAPTER 3. MAXIMUM-CORRELATION ESTIMATES AND TESTS OF FIT

squared correlation

0.94

0.88

50

100

angle

150

Figure 3.23: Plot of R%() vs 6. Simulated data set 4

Table 3.10: Empirical percentage points of T for bivariate normality.
Significance level

|_n[0.500]0.250 ] 0.150 ] 0.100 [ 0.050 | 0.025 | 0.010 |

10
20
30
40
50
60
70
80
90
100

1.34
1.57
1.72
1.82
1.88
1.94
1.98
2.00
2.02
2.01

1.73
2.04
2.23
2.33
2.41
2.48
2.52
2.55
2.57
2.63

2.00
2.38
2.58
2.67
2.79
2.82
2.89
2.90
2.96
3.02

2.20
2.60
2.87
2.96
3.05
3.13
3.17
3.19
3.26
3.29

2.54
3.03
3.34
3.46
3.51
3.63
3.66
3.71
3.74
3.82

2.82
3.44
3.86
3.92
4.00
4.15
4.20
4.24
4.22
4.38

3.24
4.00
4.53
4.55
4.68
4.72
4.78
5.00
4.90
4.99
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Chapter 4

EDF Tests for the Frechet

distribution

4.1 Introduction

Three important distributions arise as limiting distributions for extreme values. These are
the Gumbel, Weibull and Frechet distributions. Tests of fit based on the empirical distribu-
tion function (EDF) statistics W2, A% and U? have been given for the first two distributions

by Stephens [63] and Lockhart and Stephens [35] when the location parameter is unknown.

The Frechet distribution ( or Type II extreme value distribution ) has gained importance
in practice and it has been applied, for instance, to sea waves and wind speeds Thom [67],

(68], [69], [70]. In this chapter, goodness-of-fit tests for this distribution are presented.

Suppose that Xi,..., X, is a random sample; X(y),..., X(n) are the corresponding order
statistics and that we are interested in testing the null hypothesis Hp : that the sample has

been drawn from the distribution
(L™
Flz)=1-¢(3%) |a>z (4.1)
where a, 8 > 0 and m > 0 are parameters. The parameter o is known as the location
parameter whereas 3 and m are referred to as the scale and shape parameters respectively.

Plots of the standard form of the density (a = 0, 8 = 1) are shown in figure 4.1 for selected

values of the shape parameter m. Note that the mode decreases as m increases. The tests

67
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Figure 4.1: Frechet densities with parameters m=0.5, 1, 3, 5.

of fit are based on the EDF of the quantities z; = F(z;;a, 8, m), the Probability Integral
Transformation, (PIT) where estimated values of the unknown parameters are inserted into
F(.) if they are not known. Using the same notation as in Lockhart and Stephens [34], [35]
we will distinguish eight cases for the test of Hy according to which parameters must be
estimated in (54.1). These are: Case 0: none; Case 1: a ; Case 2: 8 ; Case 3 a, § ; Case 4:

m ; Case 5: a, m ; Case 6: 3, m ; Case 7: a, 3, m.

For cases 2, 4 and 6, where  is known, the transformation ¥ = —log(a — X) can be
made and the y-sample can be tested to come from a Gumbel distribution with location
and scale parameters ag and B¢ respectively. The relationship between the parameters of
the Gumbel and the Frechet distribution are : ag = —log(8) , B¢ = 1/m. Tests for this
situation are described in Stephens [62] or Stephens[16, section 4.10]. For case 0, the reader
is referred to Stephens [16, section 4.4].

Thus, in this chapter we consider tests for cases 1, 3, 5 and 7. The estimation will be

done by maximum likelihood.
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4.2 Maximum likelihood estimation

The log-likelihood for the sample z,,...,z, is:

A =nmln(8) — (m+ 1) Zln(a—z + nln(m) - Z(a_z =

i=1

from which the likelihood equations are:

R IR S I (42)
i=1 1=1

A\ =

— = n - ﬂm’ (a — zi)—m =0 4.3

5 ; (4.3)

g In(a - z;) - ln(ﬂ)} —0. (44

o = nln(g)_gln(a—xi)‘*';%'*'ﬂmf:[ (o —z;)™

1i=1

Depending on which parameters are unknown, the above equations are solved to obtain the

MLE estimates for any given case.

For case 1, & is obtained from ( 4.2). In case 3, ( 4.3) gives

n 1/m
et o

and this is substituted into ( 4.2). For cases 5 and 7, equations ( 4.2) and ( 4.4) are solved

using the known value of § or by making use of ( 4.5) to eliminate 3 from these equations

when it is unknown. For case 7, ( 4.5) is substituted into ( 4.2) and ( 4.4) to give

o m+1z - nyrq(o—zi)” (m+1)

do :_1(a - :11(0‘ -z =0 (45)
or _ 1 Xile-z)min(e—2) Yinln(e-z)

om m l ra—zy)™ l n =0 (4.7)

When o is unknown, support of the probability density function depends on an unknown
parameter. In such cases, the classical regularity conditions for maximum likelihood esti-
mation (MLE) are not satisfied. However, we make use of the results by Smith [59] which
show, in particular, that for the Frechet distribution, the solutions of the likelihood equations

produce estimators for which the classical properties of the MLE’s are still valid.
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4.2.1 The profile-likelihood approach

This approach has been proposed by Lockhart and Stephens [36] for the three-parameter
Weibull distribution.

The profile-likelthood L*(c) is the likelihood L maximized with respect to 3 and m, for

a fixed value a = o;. Hence,

L*(e4) = L(ey, B(et), m(ar))

where 3(a;) and m(a;) denote either a known value of the parameter or the solution of the
corresponding likelihood equation. For computational purposes, it is often convenient to
work with

o) = logL*(ay). (4.8)

In case 7, for a particular value a; of a, equation ( 4.7) can be solved iteratively to obtain
m(a;) and then obtain 3(e;) from ( 4.5). The MLE of « is then the value which maximizes
( 4.8). There appear to be only two possible shapes of £ = £(a;) which are shown in figures
4.2 to 4.3.

Figure 4.2 corresponds to data set 9, from Castillo [13], and are yearly maximum wind
speeds in miles per hour registered at a given location during fifty years. In this case, there

is a MLE solution.

The plot shown in figure 4.3 was constructed using data set 10, which consist of maxi-
mum wave heights in a certain location, taken from Castillo [13]. For this situation, the
likelihood can be increased by letting o tend to co. Here, no MLE solution exists and a

Gumbel fit of the original observations is recommended.

4.2.2 Detection of figure 4.3

In order to find a maximum for £, we must solve equations ( 4.6) and ( 4.7). Let my (o) be
the solution of ( 4.6) and m,, () the solution of ( 4.7). Sometimes they will be abreviated
as mq and m,,. When m,, = m, for a given a;, we know that we have a solution of the
likelihood equations. Corresponding to the log-likelihood plots, there will be two plots when

me and m,, are plotted against o;. They are shown in figures 4.2 and refprof3.
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Figure 4.3: log-profile likelihood £, for wave data
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From figure 4.4 we can see that a MLE solution exists since the line m, intersects the
line m,,. Data set 9, from Castillo [13], are yearly maximum wind speeds in miles per hour
registered at a given location during fifty years. Here, a test of fit for the distribution of

the maximum is required. The test is then based on the transformed observations X! = — X;.

The maximum likelihood estimates are @ = —16.04, 3 = 12.06 and 7 = 2.38 which produce
the following values of the test statistics: W2 = 0.0244, A% = 0.16, U? = 0.024.

None of the test statistics is significant at 50% level, so the fit is considered very good.

Figure 4.5 shows that, for the case of the wave data, these two lines appear to be parallel (
with my(a:) < mm(a;) ) and no MLE exists. One can interpret the figure as suggesting that
the MLE of m will be infinite: then the limiting Frechet, namely the Gumbel distribution,
should be fitted to the data. Note that in these figures the lines tend to parallel lines as
a; — 00. This appear to be always the case. We can therefore discriminate between the

two plots by using the asymptotic gap A between the lines.

Let us define,
A= lim (my(a:)— mpy(a))

e —+0OQ
to be the limiting gap between these lines. The value of A is found as follows, using a
procedure proposed by Lockhart and Stephens [36] to address a similar situation arising for
the case of the three-parameter Weibull distribution. The derivation of the procedure is

described in the next section.

Let 2 =n" 'Y, 2;, s =n 3% 22 and T, = T, 7 exp(yz;), where v is the solu-

L (39

The value of ¥ can be obtained by iteration using an initial approximation v in the right-

tion of

hand side of the above equation.
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The value of 4 is the limiting slope of the two lines and

_ 3 (Ty = sTp) - 3T

A=
fTo -7 (T2 - le)

Thus a negative value of A implies the occurrence of figure 4.3.

Note that the quantity,
‘ _ T+ 3 (sTo—T2)

T i — v(Ty - 2Th)
when v < 0, corresponds to the expression obtained by Lockhart and Stephens [36] for the
case of the Weibull distribution. If we denote by A(«) the value of A for a given value of v,
obtained by solving ( 4.9), we have that the corresponding value of A, for the Weibull case,
is —A(-7).

©° 9 -
—— m from equation 4.7
--------- m from equation 4.6

¢

ISP I

oV

-20 -15 -10 -5

location parameter

Figure 4.4: Lines m, and m,, for wind data.

4.2.3 Derivation of A

Suppose that as a — oo, the solution of the equations ( 4.6) and ( 4.7) is of the form
m = ya + bg + b1 /. The coefficients v, bp and #; will now be obtained for my and m,,, the

solutions corresponding to ( 4.6) and ( 4.7), respectively.
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Figure 4.5: Lines m, and m,, for wave data.

Since (@—~z;)™™ = a™™ (1 — &)™™, we want to examine the quantity (1 - Z)™™ as a — co.
-m

1
To do this, we write (1 — £1)™™ asexp (—mIn (1 — z;/a)). Hence, up to terms of order three,

1(1 E>._ zi =t =
. a)” a 22 3ad

(1 ﬂ)—m [ +b +£’l] I I
a XPY[TET T e T 202 +3a3 )

Retaining terms up to order 2, we can approximate it by

(1 _ EL) T e exp [71‘?/2 +bozi | 723/3 4 5012?/2 + bﬂi]
(4 (4 (4

Thus,

(4.10)

If we put |

_z¢/2 + boz; N v23/3 4 boz?/2 + byz;
- a a?
the second term in the right-hand side of ( 4.10) is e, which can be expanded about zero

Vv

to obtain, as a new approximation,
A\ . v?
(1—2) ~e'""[1+V+—]
a 2
which yields

(1 _ ﬁ)-m g [1 4 18H2+bovi | 7zl/3 + bori/2 + bazi + 7:x;-‘/8 + 1boz?/2 + b3z} /2
(4 [0 4 a
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n
1=1

Using the above approximation, and defining T, = ", zTe”*', we then have:

. a?
where
_ 7
Ay = 5T2+boT1
7 bo 72 7bo b3
B, = lmy4+ 21 T4 07,4 %0
2 3T+ 3 2+b1T1+8T4+ 2T3+2T2
Similarly
n ; —(m+1) A B
Z(l—z—) —T0+—3+—g
i=1 a
where
Az = IT+(bo+ )Ti= A+ Ty
bo+1 2 bo+1 by + 1)2
B; = 1T3+ (B + )T2+b1T1+ 7—T4+ 7(bo + )T3+ (bo+1) 1
3 2 8 2 2
= Bo+ LT3+ boT3+ T,
Also,

(1—5)_1~1+ﬁ+z—’z.
a a Qa

We now use the above results in equation ( 4.6), which can be written as

n .\ 1 N\ —™ .\ —(m+1)
m (-2 (-2) e n (- 3)
n [0 a [0

=1

Thus, we have:

b z A, B
<7a+bo+—l+1) (1+3+—85) (To+—"’+—§)=
a a [0 a a

by Ay Ty By T3  boT, Tz)
(’7a+b0+z> (To+ o + o +a2+2a2+ o2 +a2

where z = n~ ! YF  z; and s = n7 1 00, 22

Equating the coefficients of the constant term, we obtain the following equation for the

slope 7,

l_(ﬁ_;;)
Y To

(4.11)



CHAPTER 4. EDF TESTS FOR THE FRECHET DISTRIBUTION 76

Equating now the coefficients of 1/a, we have

2
bo (£To — 4Ty + vET}) — 77 (Ts ~ 2T3) + 7 (sTo — T2/2) + 5T = 0 (4.12)
The solution of ( 4.11) for v and ( 4.12) for by which here will be denoted by 6,, give the

coefficients of the asymptote m, = ya + 4.

We now write equation ( 4.7) as

2 (0-5) - {f e )BT -2 -2
(4.13)

Expanding, we have:

~SIn (1_ Ei) (1 _ E)' T T2+ Ty | Tof2
i=1 24 a

o a? o?

Substitution of the above expression into ( 4.13) gives

A, By {(:E s )[ A, Bg]
To+ 22422 - _ Iyl 22,22
0+a+a2 (vec+ bo) a+2a2 T0+a+a2
_E _ ’7T3/2+ boT4 _ Tg/?}
a a? a’

Equating the constant terms, we arrive at the same equation in v obtained previously, that

Lo(Bod) ()

so that the two lines will be parallel. After some algebra, we also obtain

is,

2
bo (YTz — ¥&T1 — To) + 1’2— (T3 - Ty) — %STO =0 (4.15)

The solution of ( 4.15) for by now gives é,,, the constant term in the asymptote m,, =
Yo+ é,,. Finally, using ( 4.12) and ( 4.15) we obtain the following equation for A = §, — 6,
namely,

(6o = b6m) [8To = vT2 + vET1] = '21(:r2 — §To) - 2Ty ,

which then gives A as in the above section.
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-l

-]

4.3 Test procedures

Let # denote the vector of unknown parameters and g its MLE estimate. The test procedure

can be summarized as follows:

a) First, the MLE of § must be found as described above.

b) Compute z; = F(z;;8) fori=1,...,n.

c) Calculate the EDF statistics:

2 = _n-(l/n)g(:zi-1){1n(z(,-))+1n(1-z(n_m,)}

z 21 —1Y)2 1

2 _

who= Z{Z(i)— 2n } +12n
1=1

no,
U? = W?2-n(2-05)% where 2=——%Z—’

d) Using the value of m or 7 refer to tables 4.6- 4.17 for the appropriate case and test
statistic. If the value of the test statistic is greater than the value given for level p, the null

hypothesis is rejected at level p.

4.4 Asymptotic theory

In this section, the process of finding the asymptotic distributions of the EDF statistics is
briefly summarized. For a more detailed treatment of the subject, the reader is referred to
Durbin [22] and Stephens {62].

Let F,(z) stand for the empirical distribution function calculated from the sample and

denote by 6 the MLE of the vector of p parameters with estimates where necessary.

Following Durbin [22] the process

\/H{Fn(a:) - F(a:;é)} evaluated at = F(z;6)
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converges weakly to a Gaussian process {Z(t) : t € (0,1)} which has zero mean and covari-

ance function:
p(s,t) = min(s,t) — st — g (H)I~1(6)g(t) (4.16)

where I(6) is Fisher’s information matrix (per unit sample) and g(t) is the vector

O0F(z;0) 0F(z;9)
T ’ ’
t) = e 4.
evaluated at the point ¢t = F(z;0).
The three statistics W2, A? and U? are functionals of this process.
Let pi(s,t) be the covariance function for case k. Then
2 D [
W — / VA (t)dt
0
and( see for example Durbin [22])
w? -2, Z A
=1
where vy, vy, ... are independent X(21) variables and Aj, Az, ... are the eigenvalues of the in-
tegral equation
1
|| puts i) = Acfit) (4.18)
Similarly,
D 1 2
A? = / a®(t)dt
0
where
(t) - _Z_(t)_
= -
and

00
A2 L Z /\:l/,'.
i=1

Here, A}, A3,. .. are the solutions of the integral equation ( 4.18) with pi(s,t) replaced with

pk(s’t)

P = - a0

(4.19)
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Finally, U? is asymptotically the integral over (0,1) of the square of the process

u(t) = Z(t) - /0 ' 2(s)ds

which has, as covariance function,

Pr (s, t) = pr(s,t) + /(;1 /(;1 pk(s,t)dsdt — /: pk(s,t)ds — /(;1 pk(s,t)dt (4.20)

The solutions of equation ( 4.18) with p}*(s,t) replacing pk(s,t) are, in this case, denoted
by AT, A3, ...

4.4.1 Case 7

Consider, as an illustration, the most complicated situation where all the parameters are

unknown: 8 = (o, 3, m).

The elements of vector ( 4.17) are:

_m(l—s)[-In(1 - s)]&mﬂ

9i(s) = 5
ols) = _m(l - s);n(l - )
- —8)In(-In(1 -
o(s) = _(1-s)In(1 s;n( n(l - s))
Using the transformation Y = —In(a — X), we also obtain:
?lnf(z) = (m+1) m(m+1)"
da? T (a-g2)2? (a —xz)m+2
= (m+1)e? —m(m+ l)ﬂ’"e(m”)y.
Pl f(z) = mipm!
8adf (a-z)mtl

— mZﬂm—-le(m+1)Y.

*Inf(z) _ mp"In(f)—mp"In(a-z)+8"™ 1

dadm (o —z)mH! (e —2)
= (mf™Ing+ ™) MY L mgmye(mY _ oYV
?Inf(z) _ mm-1)""2 m
og* (@ —z)m p
= —m(m—-1)gm"2emY - hid

s
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*In f(z) _ 514 mfB™ !1n(a — z)— mf™1Ing - ™!
ap0m (a — z)m

— ﬂ—l N mﬂm—lyemy _ [mﬂm—l In g8 + ﬂm—-l} emY.
d%In f(z) 26™In(B) In(a —z) - f™(In ) - f™ (In(@ —z)* 1

om? (a—z)™ © m?

1
= —F _ ﬂm(lnﬂ)2emy . 2ﬂm ].IlﬂYemy _ ﬂmy2emy'

Using the fact that ¥ has a Gumbel distribution with location and scale parameters re-
spectively equal to —In8 and 1/m, whose moment generating function (MGF) is given
by
1
My (t) = EF(I +t/m)

with first and second derivatives at t

Mp(t) = ~SPT(+tm)+ or W t/m)
1 2
by = B0 ym) 2200 (14 ym)+ o ym),

the Fisher’s Information matrix is found to be

T(1/m)+T" (2 + 1/m)|
[[(2) +I'(2) - 1]
=7 [1+17(2)]

MEREre/m) —mra/m) -

1

mZ
m* 1
B2 8

1(6) =

where I' denotes the Gamma function and IV, ' its first and second derivatives. A defini-

tion of these functions can be found, for instance, in Abramowitz and Stegun [1].

For W2, the above expressions are inserted into ( 4.16) to obtain pi(s,?) and use of ( 4.19)

gives the covariance function for A%,
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Finally, for U2, ( 4.20) takes the form:

Pi(8s1) = min(s,t) —st+1/12 - 1/2[t(1 - t) + s(1 - s))

33 j L& o
_gggi(s)éng(t)—;j:zl/(; gi(s)dsé‘-’/(; g;(t)dt
22 o 3 03 g )

+ X ()8 a0+ 3 [ ai(s)dssg,(0)

where 6 denotes the (7,7)-th element of I-1(8), and g;(¢), g2(t) and g3(t) are the com-
ponents of the vector g(t).

The integrals involved in calculating p}*(s,t) are:

1 _ mI[(24 1/m)
1 m

/(; g2(t)dt = 18
1 _ 1-In(2) -~

/0 gyt = —— =1

4.5 Calculation of asymptotic percentage points

Equation ( 4.18) is difficult to solve analytically and the following technique was employed.
A grid of 50 points equally spaced in (0, 1) was used for values of s and ¢, as the integrals
were approximated numerically. Also in the 50 by 50 grid, the covariance functions p(s, t),
pr(s,t), pr*(s,t) were evaluated, and the eigenvalue problem solved for several values of the
shape parameter m. After the eigenvalues A;, AT and A}* were obtained the asymptotic
percentage points were calculated using Imhof’s method [30]. The above procedure was
repeated using 100 equally spaced points in the unit interval and the results compared. The
tables obtained were almost identical except for a few discrepancies of less than two units
in the third decimal figure. The percentage points given are those obtained using the larger
grid. From the tables of asymptotic percentage points of the EDF statistics considered here,

some equivalences between limiting cases of the Frechet and Gumbel tests can be deduced.

Using the notation in Stephens [17, section 4.10], consider the following cases of a test
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of fit for the Gumbel distribution, according to which parameters must be estimated. Case

0: none; case 1: « ; case 2: 3 ; case 3: a, 8.

Based on the asymptotic percentage points of the EDF statistics for the Frechet distri-
bution in the limiting cases m = 0 and m = oo, we can establish a correspondence between
the different cases of the Frechet and the Gumbel tests. They are summarized in table 4.1.

An heuristic explanation for these equivalences can be given as follows:

Table 4.1: Equivalent cases of the Frechet and Gumbel tests

m | Frechet case | Gumbel case
0 1 0

3 1

5 2

7 3
o0 1 1

3 3

5 3

7 3

a) m — oo.

For large m, it is known that the Frechet distribution is close ( in a well defined mathe-
matical sense ) to a Gumbel distribution with parameters ag = (a — 3) and B = 3/m.
Depending on which parameters of the Frechet distribution are unknown, these relations

between the parameters can be used to deduce the corresponding case of the Gumbel test.

by m — 0

When the shape parameter m is close to zero, the mode of the distribution becomes very
close to the value of a, producing a MLE estimate whose variance decreases with m. When
this is the case, the transformed observations can be regarded as if they were calculated
using the true value of the location. Thus, the null hypothesis that the sample came
from a Frechet distribution, will be equivalent to testing that the transformed observa-
tions Z; = —In(a ~ Y;), are a random sample from a Gumbel distribution with parameters
ag = —In B and Bg = 1/m. From these relations, the corresponding Gumbel case can be

inferred from a given case for the Frechet test.
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4.6 Small sample distributions

In order to investigate the speed of convergence of the empirical percentage points to their
corresponding asymptotic limits, a simulation study was conducted for case 7. One thousand
samples from a standard Frechet distribution were simulated for some selected values of m
and n, and the percentage points were recorded. The results are shown in tables 4.3, 4.4
and 4.5. These results indicate that the distribution of the EDF statistics converge very
quickly to their asymptotic distributions and can be used with good accuracy for n > 20.

The same remarks on accuracy of the nominal a apply as were made in section 2.5.1.

4.6.1 Empirical significance level of the tests

A question that arises is whether the significance level of the tests are mantained when
rather than m, is used to obtain the percentage points from the tables for a given size of
the test. It can be seen from tables that, for m > 2, the asymptotic percentage points vary
little with m and it can be conjectured that the use of 7 should not affect the significance

level of the tests. A Monte Carlo experiment was done to verify this.

For selected small values of m, and for n = 40, 1000 samples were simulated and the
tests carried out at significance levels of 5% and 10%. For each sample simulated, the per-
centage points for estimated 7/ were obtained from the asymptotic tables by using linear
interpolation in 1/m. The overall proportion p of rejected samples was then recorded, for
nominal levels 0.05 and 0.10. The results are given in table 4.2. It can be seen that the
significance levels of the tests are close to p; however, the tests appear to be conservative,
with p less than p. This may be explained by the fact that the asymptotic percentage points

were used in the simulation process.

4.7 Conclusions

Tests of fit for the three-parameter Frechet distribution, based on the EDF statistics W?2,42
and U? have been presented and the asymptotic distributions of the test statistics have
been found. Simulation results obtained for the case when the three parameters are known,
indicate that the usual property of fast convergence of these test statistics to their asymp-

totic distribution, observed for distributions in the location-scale family, is preserved. Even
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Table 4.2: Empirical significance level of EDF tests. n=40. Case 7

m p w? A? U?
0.5 | 0.05 | 0.046 | 0.048 [ 0.045
0.10 | 0.097 | 0.089 | 0.094
0.8 | 0.05 | 0.042 | 0.039 | 0.040
0.10 | 0.089 | 0.086 | 0.085
1.0 | 0.05 | 0.044 | 0.041 | 0.046
0.10 | 0.089 | 0.087 | 0.092
1.5 1 0.05 | 0.042 | 0.039 | 0.043
0.10 | 0.090 | 0.087 | 0.093

Table 4.3: Empirical percentage points of W?: Case 7
Significance level

[ m| n[0.500]0.250 [ 0.150 | 0.100 [ 0.050 [ 0.025 [ 0.010 ||

0.5 |20 | 0.047 | 0.066 | 0.079 { 0.090 | 0.113 | 0.139 | 0.169
40 | 0.046 | 0.065 | 0.081 | 0.090 | 0.107 | 0.131 | 0.150
0.8 |20 |0.044 | 0.062 | 0.077 | 0.086 | 0.105 | 0.119 | 0.147
40 | 0.043 | 0.061 | 0.074 | 0.084 | 0.103 | 0.123 } 0.150
1.0 | 20 | 0.042 | 0.059 | 0.072 | 0.082 | 0.098 | 0.114 | 0.136
40 | 0.043 | 0.060 | 0.073 | 0.083 | 0.101 | 0.118 | 0.140
1.5 | 20 | 0.041 | 0.059 | 0.070 | 0.080 | 0.101 | 0.120 | 0.139
40 | 0.043 | 0.059 | 0.074 | 0.080 | 0.096 | 0.116 | 0.141
2.0 120 | 0.042 | 0.060 | 0.069 | 0.078 | 0.097 | 0.109 | 0.125
40 | 0.042 | 0.060 | 0.071 | 0.085 | 0.101 | 0.116 | 0.140

though the asymptotic distribution of the statistics depends on the value of the shape pa-
rameter m, the empirical study shows that the use of the estimate of the shape parameter
to carry out the test, produces little effect on the significance level when interpolating in
1/ so that this dependence does not represent an objection for their use. This is of impor-
tance due to the fact that many studies have indicated that the tests based on the the EDF
statistics, specially the test based on A2, are powerful against a wide range of alternatives

and therefore their use is recommended.
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Table 4.4: Empirical percentage points of A%: Case 7
Significance level

L m [ n}0.500]0.250 ] 0.150 | 0.100 [ 0.050 [ 0.025 [ 0.010 ||

0.5]20}0.307 | 0.411 | 0.482 | 0.536 | 0.665 | 0.781 | 0.963
.| 401 0.300 | 0.418 | 0.492 | 0.556 | 0.662 | 0.779 | 0.952
0.8 (20} 0.290 | 0.387 | 0.456 | 0.510 | 0.610 | 0.692 | 0.786
40 | 0.283 | 0.379 | 0.454 | 0.508 | 0.616 | 0.733 | 0.864
1.0 | 20 { 0.275 | 0.373 | 0.431 | 0.481 | 0.584 | 0.658 | 0.782
40 | 0.283 | 0.378 | 0.451 | 0.500 | 0.586 | 0.684 | 0.803
1.5 120 | 0.272 | 0.366 | 0.429 | 0.485 | 0.593 | 0.682 | 0.799
40 | 0.283 | 0.373 | 0.432 | 0.478 | 0.557 | 0.629 | 0.692
2.0 |20 | 0.278 | 0.370 | 0.425 | 0.465 | 0.563 | 0.625 | 0.702
40 | 0.280 | 0.371 | 0.429 | 0.486 | 0.552 | 0.642 | 0.775

Table 4.5: Empirical percentage points of U?: Case 7
Significance level
[ m] n{0.500] 0.250[0.150 | 0.100 | 0.050 | 0.025 [ 0.010 |

0.5 |20 | 0.045 | 0.064 | 0.075 { 0.089 | 0.107 | 0.133 | 0.159
40 | 0.044 | 0.063 | 0.076 | 0.087 | 0.105 | 0.120 | 0.148
0.8 |20 0.042 | 0.060 | 0.074 | 0.083 | 0.101 | 0.112 | 0.137
40 | 0.042 | 0.058 | 0.071 | 0.081 | 0.098 | 0.117 | 0.149
1.0 | 20 | 0.041 | 0.058 | 0.069 | 0.079 | 0.097 | 0.110 | 0.134
40 | 0.042 { 0.058 | 0.071 | 0.081 | 0.095 | 0.111 | 0.133
1.5 |20 | 0.040 | 0.058 | 0.069 | 0.078 | 0.098 | 0.117 | 0.138
40 | 0.043 | 0.058 | 0.070 { 0.076 | 0.091 | 0.105 | 0.122
2.0 |20 | 0.042 | 0.059 | 0.068 | 0.076 | 0.095 | 0.106 | 0.122
40 | 0.042 | 0.058 | 0.069 | 0.078 | 0.094 | 0.108 | 0.124
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Table 4.6: Asymptotic percentage points of W?: Case 1
Significance level
[ _m]0.500]0.250 ] 0.150 [ 0.100 | 0.050 | 0.025 [ 0.010 [ 0.005 |

0.2 | 0.119 | 0.209 | 0.284 | 0.347 | 0.461 | 0.581 | 0.744 | 0.870
0.4]0.118 | 0.209 | 0.283 | 0.347 | 0.461 | 0.580 | 0.742 | 0.869
0.6 | 0.116 | 0.205 | 0.279 | 0.342 | 0.455 | 0.574 | 0.733 | 0.860
0.8 | 0.113 | 0.200 | 0.272 | 0.334 | 0.444 | 0.560 | 0.715 | 0.840
1.0 { 0.109 | 0.193 | 0.263 | 0.323 | 0.430 | 0.542 [ 0.693 | 0.813
2.0 | 0.097 | 0.167 | 0.225 | 0.275 | 0.364 | 0.457 | 0.578 | 0.683
4.0 | 0.086 | 0.144 | 0.190 | 0.230 | 0.301 | 0.375 | 0.476 | 0.554
6.0 | 0.082 | 0.135 | 0.177 | 0.212 | 0.275 | 0.341 | 0.431 | 0.501
8.0 { 0.080 | 0.130 | 0.169 | 0.202 | 0.261 | 0.323 | 0.408 | 0.472
10.0 | 0.079 | 0.127 | 0.165 | 0.197 | 0.253 | 0.313 | 0.394 | 0.446
15.0 | 0.077 | 0.123 | 0.159 | 0.189 | 0.243 | 0.298 | 0.375 | 0.430
20.0 | 0.076 | 0.121 | 0.156 | 0.185 | 0.237 | 0.291 | 0.365 | 0.423

Table 4.7: Asymptotic percentage points of W?2: Case 3
Significance level

[ m[o0.500]0.250]0.150 | 0.100 | 0.050 | 0.025 | 0.010 | 0.005 ||

0.2 { 0.074 { 0.115 | 0.148 | 0.174 | 0.221 | 0.270 | 0.337 | 0.389
0.4 | 0.069 | 0.108 | 0.138 | 0.162 | 0.206 | 0.251 | 0.313 | 0.361
0.6 | 0.064 | 0.098 | 0.124 | 0.145 | 0.183 | 0.222 | 0.275 | 0.316
0.8 | 0.060 | 0.090 { 0.113 | 0.131 | 0.164 | 0.198 | 0.244 | 0.279
1.0 | 0.057 | 0.084 | 0.105 | 0.122 | 0.151 | 0.181 | 0.222 | 0.253
2.0 | 0.051 | 0.074 | 0.090 | 0.104 { 0.127 | 0.150 | 0.181 | 0.205
4.0 { 0.049 | 0.071 | 0.087 | 0.099 | 0.120 | 0.142 | 0.170 | 0.192
6.0 | 0.049 | 0.071 { 0.087 | 0.099 | 0.120 | 0.141 | 0.170 | 0.192
8.0 | 0.049 | 0.071 | 0.087 | 0.099 | 0.120 | 0.142 | 0.170 | 0.192
10.0 | 0.049 | 0.071 | 0.087 | 0.100 | 0.121 | 0.142 | 0.171 | 0.193
15.0 | 0.050 | 0.072 | 0.088 | 0.100 | 0.122 | 0.143 | 0.172 { 0.194
20.0 | 0.050 | 0.072 | 0.088 | 0.100 | 0.122 | 0.144 | 0.173 | 0.194
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Table 4.8: Asymptotic percentage points of W2: Case 5
Significance level
L m [0.500 ] 0.250 [ 0.150 [ 0.100 | 0.050 [ 0.025 [ 0.010 [ 0.005 |

0.2 | 0.101 | 0.185 | 0.258 | 0.320 | 0.431 | 0.547 | 0.705 | 0.827
0.4 | 0.098 | 0.180 | 0.252 | 0.313 | 0.423 | 0.537 | 0.693 | 0.814
0.6.| 0.093 | 0.170 | 0.237 | 0.295 | 0.398 | 0.505 | 0.651 | 0.764
0.8 | 0.086 | 0.154 | 0.213 | 0.262 | 0.352 | 0.446 | 0.573 | 0.672
1.0 | 0.079 { 0.136 | 0.185 | 0.226 | 0.300 | 0.377 | 0.481 | 0.564
2.0 | 0.060 | 0.092 | 0.115 | 0.134 | 0.168 | 0.204 | 0.252 | 0.289
4.0 | 0.053 | 0.078 | 0.095 | 0.109 { 0.134 | 0.158 | 0.191 | 0.216
6.0 | 0.052 | 0.075 | 0.092 | 0.105 | 0.128 | 0.151 | 0.182 | 0.206
8.0 | 0.051 | 0.074 | 0.091 | 0.104 | 0.126 | 0.149 | 0.179 | 0.202
10.0 | 0.051 | 0.074 | 0.090 | 0.103 | 0.125 | 0.148 | 0.178 | 0.200
15.0 | 0.051 | 0.073 | 0.090 | 0.103 | 0.125 | 0.147 | 0.176 | 0.199
20.0 | 0.050 | 0.073 | 0.089 | 0.102 | 0.124 | 0.146 | 0.176 | 0.198

Table 4.9: Asymptotic percentage points of W?2: Case 7
Significance level
| m]0.500 ] 0.250 | 0.150 | 0.100 | 0.050 | 0.025 [ 0.010 | 0.005 ||

0.2 | 0.050 | 0.073 { 0.089 | 0.102 | 0.123 | 0.145 | 0.175 | 0.197
0.4 | 0.048 | 0.069 | 0.084 | 0.096 | 0.117 | 0.138 | 0.165 | 0.187
0.6 | 0.046 | 0.066 | 0.080 | 0.091 | 0.110 | 0.129 | 0.155 | 0.175
0.8 | 0.044 | 0.063 | 0.077 | 0.087 | 0.106 | 0.124 | 0.149 | 0.167
1.0 | 0.044 | 0.062 | 0.075 | 0.085 | 0.103 | 0.121 | 0.145 | 0.163
2.0 | 0.042 | 0.060 { 0.073 | 0.083 | 0.100 | 0.117 | 0.139 | 0.157
4.0 | 0.043 | 0.060 | 0.073 | 0.083 | 0.100 | 0.117 | 0.140 | 0.157
6.0 | 0.043 | 0.061 | 0.074 | 0.084 | 0.101 | 0.118 | 0.141 | 0.158
8.0 | 0.043 | 0.061 | 0.074 | 0.084 | 0.101 | 0.118 | 0.141 | 0.159
10.0 | 0.043 | 0.061 | 0.074 | 0.084 | 0.101 | 0.119 | 0.142 | 0.159
15.0 | 0.043 | 0.061 | 0.074 | 0.085 | 0.102 | 0.119 | 0.143 | 0.160
20.0 | 0.043 | 0.062 | 0.075 | 0.085 | 0.102 | 0.120 | 0.143 | 0.161




CHAPTER 4. EDF TESTS FOR THE FRECHET DISTRIBUTION

Table 4.10: Asymptotic percentage points of A2: Case 1
Significance level
L m [0.500 [ 0.250 [ 0.150 | 0.100 | 0.050 | 0.025 [ 0.010 | 0.005 |

0.2 | 0.774 | 1.247 | 1.621 | 1.932 | 2.492 | 3.077 | 3.878 | 4.489
0.4 | 0.760 | 1.231 | 1.604 | 1.915 | 2.473 | 3.057 | 3.856 | 4.484
0.6 | 0.732 | 1.192 | 1.558 | 1.864 | 2.415 | 2.991 | 3.779 | 4.389
0.8 | 0.704 | 1.147 | 1.501 | 1.798 | 2.333 | 2.894 | 3.660 | 4.251
1.0 { 0.680 | 1.104 | 1.445 | 1.732 | 2.248 | 2.789 | 3.528 | 4.100
2.0 | 0.607 | 0.964 | 1.250 | 1.490 | 1.924 | 2.377 | 2.998 | 3.476
4.0 | 0.555 | 0.858 | 1.095 | 1.293 | 1.649 | 2.021 | 2.531 | 2.922
6.0 | 0.536 | 0.818 | 1.035 | 1.216 | 1.541 | 1.880 | 2.344 | 2.704
8.0 | 0.526 | 0.797 | 1.005 | 1.177 | 1.485 | 1.806 | 2.247 | 2.588
10.0 | 0.520 | 0.784 | 0.986 | 1.153 | 1.451 | 1.762 | 2.188 | 2.518
15.0 | 0.512 | 0.768 | 0.962 | 1.122 | 1.406 | 1.703 | 2.109 | 2.424
20.0 ] 0.508 | 0.759 | 0.950 | 1.106 | 1.384 | 1.674 | 2.070 | 2.378

Table 4.11: Asymptotic percentage points of A2: Case 3
Significance level

L m | 0.500 ] 0.250 [ 0.150 [ 0.100 | 0.050 | 0.025 [ 0.010 ] 0.005 |

0.2 10.494 { 0.733 | 0.912 | 1.058 | 1.316 | 1.584 | 1.951 | 2.236
0.4 |0.468 | 0.694 | 0.862 | 1.000 | 1.245 | 1.499 | 1.846 | 2.115
0.6 | 0.437 | 0.640 | 0.791 | 0.915 | 1.133 | 1.360 | 1.670 | 1.910
0.8 10414 | 0.598 | 0.735 | 0.846 | 1.041 | 1.243 | 1.519 | 1.733
1.0 | 0.397 | 0.569 | 0.694 | 0.795 | 0.973 | 1.157 | 1.407 | 1.601
2.0 | 0.362 | 0.505 | 0.606 | 0.687 | 0.827 | 0.970 | 1.162 | 1.311
4.0 |1 0.346 | 0.478 | 0.571 | 0.645 | 0.770 | 0.897 | 1.067 | 1.198
6.0 | 0.343 | 0.473 | 0.564 | 0.636 | 0.759 | 0.883 | 1.048 | 1.175
8.0 | 0.342 | 0.471 | 0.562 | 0.633 | 0.755 | 0.878 | 1.042 | 1.167
10.0 | 0.342 | 0.471 | 0.561 | 0.632 | 0.754 | 0.876 | 1.039 | 1.164
15.0 | 0.342 | 0.470 | 0.561 | 0.631 | 0.753 | 0.875 | 1.037 | 1.161
20.0 | 0.342 | 0.470 | 0.561 | 0.632 | 0.753 | 0.874 | 1.037 | 1.161
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Table 4.12: Asymptotic percentage points of A2: Case 5
Significance level

[ m [0.500 ] 0.250 [ 0.150 [ 0.100 [ 0.050 | 0.025 | 0.010 [ 0.005 |

0.2 | 0.631 | 1.056 | 1.415 | 1.721 | 2.273 | 2.849 | 3.646 | 4.243
0.4 | 0.604 | 1.020 | 1.374 | 1.675 | 2.219 | 2.786 | 3.558 | 4.159
0.6 { 0.567 | 0.952 | 1.279 | 1.558 | 2.061 | 2.587 | 3.310 | 3.857
0.8 10.524 | 0.856 | 1.135 | 1.372 | 1.801 | 2.249 | 2.860 | 3.333
1.0 { 0.483 | 0.760 | 0.986 | 1.178 | 1.525 | 1.888 | 2.385 | 2.771
2.0 | 0.383 | 0.544 | 0.661 | 0.755 | 0.920 | 1.090 | 1.322 | 1.502
4.0 | 0.352 | 0.488 | 0.583 | 0.659 | 0.788 | 0.919 | 1.094 | 1.228
6.0 | 0.347 | 0.479 | 0.571 | 0.644 | 0.769 | 0.895 | 1.062 | 1.191
8.0 | 0.345 { 0.476 | 0.567 | 0.639 | 0.763 | 0.887 | 1.052 | 1.178
10.0 | 0.344 | 0.474 | 0.566 | 0.637 | 0.760 | 0.883 | 1.047 | 1.173
15.0 | 0.343 | 0.473 | 0.564 | 0.635 | 0.757 | 0.879 | 1.043 | 1.168
20.0 | 0.343 | 0.472 | 0.563 | 0.634 | 0.756 | 0.878 | 1.041 | 1.166

Table 4.13: Asymptotic percentage points of A?: Case 7
Significance level

[ m]0.500]0.250 ] 0.150 [ 0.100 | 0.050 | 0.025 [ 0.010 | 0.005 |

0.2 | 0.341 | 0.469 | 0.559 | 0.630 | 0.751 | 0.873 | 1.035 | 1.159
0.4} 0.322 | 0.443 | 0.527 | 0.593 | 0.707 | 0.821 | 0.973 | 1.089
0.6 | 0.307 | 0.419 | 0.496 | 0.557 | 0.661 | 0.766 | 0.905 | 1.011
0.8 | 0.298 | 0.404 | 0.477 | 0.535 | 0.633 | 0.731 | 0.862 | 0.962
1.0 | 0.293 | 0.395 | 0.467 | 0.522 | 0.617 | 0.711 | 0.837 | 0.933
2.0 | 0.286 | 0.384 | 0.452 | 0.505 | 0.595 | 0.684 | 0.804 | 0.894
4.0 | 0.286 | 0.385 | 0.453 | 0.506 | 0.596 | 0.686 | 0.806 | 0.896
6.0 | 0.288 | 0.387 | 0.456 | 0.509 | 0.600 | 0.691 | 0.811 | 0.902
8.0 { 0.289 | 0.389 | 0.458 | 0.511 | 0.603 | 0.694 | 0.815 | 0.907
10.0 | 0.289 | 0.390 | 0.459 | 0.513 | 0.605 | 0.696 | 0.817 | 0.910
15.0 | 0.290 | 0.391 | 0.461 | 0.515 | 0.607 | 0.699 | 0.822 | 0.914
20.0 | 0.291 | 0.392 | 0.462 | 0.517 | 0.609 | 0.701 | 0.824 | 0.917
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Table 4.14: Asymptotic percentage points of U?%: Case 1
Significance level
|__m [0.500 ] 0.250 [ 0.150 ] 0.100 [ 0.050 [ 0.025 | 0.010 [ 0.005 |

0.2 ] 0.070 | 0.105 | 0.130 | 0.151 | 0.185 § 0.220 | 0.265 | 0.300
0.4 | 0.069 | 0.104 | 0.130 | 0.150 | 0.184 | 0.219 | 0.264 | 0.299
0.6 | 0.068 | 0.103 | 0.128 | 0.148 | 0.181 | 0.215 | 0.260 | 0.293
0.8 ] 0.067 | 0.101 | 0.125 | 0.144 | 0.177 | 0.210 | 0.254 | 0.287
1.0 { 0.066 | 0.099 | 0.123 | 0.142 | 0.174 | 0.206 | 0.248 | 0.281
2.0 | 0.063 | 0.094 | 0.116 | 0.134 | 0.164 | 0.195 | 0.236 | 0.267
4.0 | 0.061 | 0.091 | 0.113 | 0.130 | 0.160 | 0.190 | 0.231 | 0.262
6.0 | 0.061 | 0.091 | 0.112 | 0.129 | 0.159 | 0.189 | 0.230 | 0.261
8.0 | 0.061 | 0.090 | 0.112 | 0.129 | 0.159 | 0.189 | 0.229 | 0.260
10.0 { 0.060 { 0.090 { 0.112 } 0.129 | 0.159 | 0.189 | 0.229 | 0.260
15.0 | 0.060 | 0.090 | 0.112 { 0.129 | 0.158 | 0.189 | 0.229 | 0.260
20.0 | 0.060 | 0.090 | 0.111 | 0.129 { 0.158 | 0.189 | 0.229 | 0.260

Table 4.15: Asymptotic percentage points of UZ: Case 3
Significance level

[ mJo0.500]0.250 ] 0.150 | 0.100 | 0.050 | 0.025 | 0.010 | 0.005 ||

. 0.2 (0.060 | 0.090 | 0.111 | 0.128 | 0.158 | 0.188 | 0.229 | 0.260
0.4 | 0.059 | 0.088 | 0.109 | 0.126 | 0.155 | 0.185 | 0.225 | 0.255
0.6 | 0.056 | 0.084 | 0.104 | 0.120 { 0.148 | 0.177 | 0.215 | 0.245
0.8 | 0.054 | 0.081 | 0.100 | 0.115 | 0.141 | 0.169 | 0.205 | 0.234
1.0 | 0.053 | 0.078 | 0.096 | 0.111 | 0.136 | 0.162 | 0.197 | 0.224
2.0 | 0.050 | 0.072 { 0.089 | 0.101 | 0.124 | 0.147 | 0.177 | 0.200
4.0 | 0.048 | 0.070 | 0.085 | 0.098 | 0.119 | 0.140 | 0.168 | 0.190
6.0 | 0.048 | 0.070 | 0.085 | 0.097 | 0.118 | 0.139 | 0.167 | 0.188
8.0 | 0.048 | 0.069 | 0.085 | 0.097 { 0.117 | 0.138 | 0.166 | 0.187

10.0 | 0.048 | 0.069 | 0.085 | 0.097 | 0.117 | 0.138 | 0.166 | 0.187

15.0 | 0.048 | 0.069 | 0.085 | 0.097 { 0.117 | 0.138 | 0.166 | 0.187

20.0 | 0.048 | 0.069 | 0.085 | 0.097 | 0.117 | 0.138 | 0.166 | 0.187
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Table 4.16: Asymptotic percentage points of U?: Case 5
Significance level
| m [0.500 ] 0.250 [ 0.150 [ 0.100 | 0.050 | 0.025 | 0.010 [ 0.005 ||

0.2} 0.057 | 0.085 | 0.105 | 0.121 | 0.149 | 0.178 | 0.217 | 0.247
0.4 | 0.055 | 0.082 | 0.101 | 0.117 | 0.145 | 0.173 | 0.212 | 0.242
0.6 | 0.055 | 0.081 | 0.100 | 0.116 | 0.143 | 0.172 | 0.211 | 0.241
0.8 | 0.055 | 0.081 | 0.100 | 0.116 | 0.143 | 0.172 | 0.211 | 0.241
1.0 | 0.054 | 0.080 | 0.100 | 0.115 | 0.142 | 0.170 | 0.208 | 0.238
2.0 | 0.051 { 0.075 | 0.092 | 0.106 | 0.129 | 0.153 | 0.185 | 0.210
4.0 | 0.049 | 0.071 | 0.087 { 0.100 | 0.121 | 0.143 | 0.171 | 0.193
6.0 | 0.049 | 0.070 | 0.086 | 0.098 | 0.119 | 0.140 | 0.168 | 0.190
8.0 | 0.049 | 0.070 | 0.086 | 0.098 | 0.119 | 0.140 | 0.167 | 0.188
10.0 | 0.048 | 0.070 | 0.085 | 0.097 | 0.118 | 0.139 | 0.167 | 0.188
15.0 | 0.048 | 0.070 | 0.085 | 0.097 | 0.118 | 0.139 | 0.166 | 0.187
20.0 | 0.048 | 0.070 | 0.085 | 0.097 | 0.118 | 0.139 | 0.166 | 0.187

Table 4.17: Asymptotic percentage points of U?: Case 7
Significance level
[ m]0.500]0.250 [ 0.150 | 0.100 | 0.050 | 0.025 | 0.010 | 0.005

0.2 | 0.048 | 0.069 | 0.085 | 0.097 | 0.117 | 0.138 |.0.165 | 0.186
0.4 | 0.046 | 0.066 | 0.080 | 0.092 | 0.111 | 0.130 | 0.156 | 0.176
0.6 | 0.044 | 0.063 | 0.076 | 0.087 | 0.105 | 0.123 | 0.147 | 0.165
0.8 | 0.043 | 0.061 | 0.074 | 0.084 | 0.101 | 0.118 | 0.141 | 0.159
1.0 | 0.042 { 0.060 | 0.072 | 0.082 | 0.099 | 0.116 | 0.139 | 0.156
2.0 | 0.042 | 0.059 | 0.071 | 0.081 | 0.098 | 0.114 | 0.136 | 0.153
4.0 | 0.042 | 0.060 | 0.072 | 0.082 | 0.099 | 0.116 | 0.138 | 0.155
6.0 | 0.042 | 0.060 | 0.073 | 0.083 | 0.100 | 0.117 | 0.139 | 0.156
8.0 | 0.043 | 0.060 { 0.073 | 0.083 | 0.100 { 0.117 | 0.140 | 0.157
10.0 | 0.043 | 0.061 | 0.073 | 0.083 | 0.100 | 0.118 | 0.140 | 0.158
15.0 | 0.043 | 0.061 | 0.074 | 0.084 | 0.101 | 0.118 | 0.141 | 0.159
20.0 | 0.043 | 0.061 | 0.074 | 0.084 | 0.101 | 0.119 | 0.142 | 0.159




Chapter 5

EDF tests for the Gumbel

distribution

5.1 Introduction

Tests of fit based on the empirical distribution function (EDF) statistics A2, W? and U?
are developed for the problem of testing goodness-of-fit for the Gumbel distribution when
the parameters are estimated from a sample censored at the right. The type of censoring
considered here is known as type II, which corresponds to the situation in which, for fixed

r, the (n — r) largest observations are missing.

Such a problem has some importance due to its applications in extreme-value problems
where it is often required to test goodness of fit for the tails of the distribution. In par-
ticular, the Anderson-Darling statistic is known to be a powerful statistic for detecting
departures in the tails from the hypothesized distribution, which makes it a natural choice

to be applied in this situation.

The distribution of a modified form of the Anderson-Darling and Cramér-von Mises statis-
tics A2 and W? has been empirically investigated in papers by Wozniak and Li [77] and
by Aho, Bain and Engelhardt [2], (3] in connection with tests of fit for the two-parameter
Weibull distribution. In the last two papers referenced above, the formula used to compute

W2 is that for the uncensored case and its use was proposed as a simplified form of the

92
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statistic. Tables obtained by simulation are given for some selected significance levels and
censoring rates. In Wozniak and Li [77], a table of empirical percentage points of A% was
given for selected censoring rates and a significance level 5% only. Although the formula
for A? used in the simulations was not given, we believe ( due to similarities in the results

reported ) that the formula for the uncensored case was also used.

5.2 Estimation and Test procedures

Let z(;),...,(n) denote.the order statistics in a random sample of size n and suppose that

we want to test the null hypothesis that the random sample was drawn from the distribution:

r—Q
1Y

based on the r smallest order statistics Z(1)s- -+ Z(y) only.

F(z;a,8) = 1 — exp(— exp( )) ,—o <z < oo. (5.1)

The distribution ( 5.1) is known as the Gumbel or Type I extreme-value distribution for the

minimum.

The test of fit will be based on the quantities z; = F (z(i),d,ﬁ), the probability integral
transformation with the parameters estimated by Maximum Likelihood. For the right-
censored sample, the log-likelihood is given by

A=—-rlnpg- 5:: [a—_‘;(—'l + exp (f_’:ﬂxﬁ)] —(n—r)exp (a -ﬂx(f)> (5.2)

=1

The maximum likelihood estimators (MLE) are then the solutions of

Liz12() X0(2()/B) + (0 = 1)2(n-r) XP(E)/B) 5 Tiz12) _ o sy
=1 exp(2(i)/B) + (n — 7) exp(z(5)/ B) A r (5.4)

Equation ( 5.4) does not depend on a and it is solved, usually by iteration, to obtain 8.

The estimator of a is then obtained by substituting 8 into ( 5.3).
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Once the parameters have been estimated, a test of fit can be carried out as follows:
a). Compute z; = F (z(i),d,ﬁ)

b). Calculate the EDF statistics in their version for a type II right-censored sample (
see Stephens [17, Section 4.7] ), namely

1 ..
Al = - 22(21 -1) [ln ziy — In{l - z(,-)}]

1=

. 1
—2ZIn{1 -2z} - ~ [(r -n)%In{l - 2,} = r?ln z, + n%z,

=1

u 2t —1\? r n r\3
2 —
Wi = L= 5) + ety (0 3)

=1

_ 12
2 - w2 - T 2y T2
Ur,n - Wr,n n2(r) [ D) nz )]

c¢). Using the value ¢ = 1 — r/n, the percentage of right-censoring, refer to the tables
given. If the value of the test statistic exceeds the value from the table, reject the null

hypothesis at the corresponding significance level.

5.3 Asymptotic distributions

The asymptotic theory of the EDF-based statistics A%, U2, W? for doubly censored samples
with known parameters (case 0) has been given by Pettitt and Stephens [43]. Pettitt [44]
modified the theory given in Durbin [22] for testing normality from censored samples with
parameters estimated by maximum likelihood. Here, the same procedure can be applied to

find the asymptotic distribution of the test statistics for the Gumbel distribution.

In order to derive the asymptotic distribution of the test statistic it will be assumed that

g =1 - p( with p = r/n), the proportion censored, remains constant as n tends to infinity.

For a singly right-censored sample, the process :

Vi {Fu(z) - F(2;4,8)}
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evaluated at f = F(z; &, ), converges weakly to a Gaussian process {Y () : t € (0,p)} whose

covariance function is given by:
p(s,t) = min(s,t) — st — g (s)Vg(t) for 0<s,t<p.

where V' = nI~!(a, 8) denotes Fisher’s information matrix for the censored case, and g is

the vector with components:

F(z;a,
@ = HE0A)
wit) = D)

evaluated at t = F(z;a, ().

For the Gumbel distribution ( 5.1 ), the following quantities A;;,A12,421 and Ay, were

given in Harter and Moore [28].

2 _10%x
All—hm 'ﬂ—E{aaz = l-gq
g2 [ 9% ] ,
A1 = Ay = hm —°—E 9adp = TI_1he(2)—¢lngln(-Ing)
2 82,\:
Ap = lim —E—E [8ﬂ2 = ¢-qlngln(~Ing)[2 +In(~Ing))

+2 [T 1 g(2) = T g(1)] + 1% 1g(2) — 1

where
w
Ty(z) = /0 y*leVdy

and I, T denote the first and second derivatives of T',,(z) with respect to z.

[ An Ax
A1 Az

. . . 2
then the asymptotic covariance matrix of the maximum likelihood estimators is %A

If we let

-1

We also have:

o = 420020
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(1=t)In(1 —¢t)In(=1n(1 - ¢))
Y

Since p(s,t) will not depend on the parameters, we take 3 = 1 to obtain:

92(t) =

V=A"1.

The statistics W?,, A2, and U?, are, asymptotically, functions of the process {Y(¢)}, that

is,
P
w2, l»/o Y2(t)dt
14
a2 /0 a’(t)dt
P
U2, i»/ u?¥(t)dt,
0
where
Y(t)
t) = —mmte
)= 7a—
and

1 (»p
W) = Y(¢) - / Y(2)dz
b Jo
are Gaussian processes defined in (0, p) with zero mean and covariance functions respectively

equal to
p(s,t)

Pa(s,t) = /———Qﬁ(s_s )t - 2)

0<s,t<p

1 (P [P
pulst) = plst)+ = [ [ pls,tydsat
p*Jo Jo
1 [P 1 (P
——/ p(s,t)ds——/ p(s,t)dt 0<s,t<p.
pJo pJo

Let p*(s,t) denote the covariance function of the asymptotic process for a given statistic.

The limiting distribution of the test statistic ( see for example Durbin {22] ) is that of
oo
> i
=1

where vy, v,,... are independent X%l) variables and A}, A3, ... are the eigenvalues of the in-

tegral equation

/op p"(s,8) fis)ds = X fi(2) (5:5)
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5.4 Calculation of asymptotic percentage points

The percentage points of the asymptotic distribution of the test statistics were found nu-
merically using 50 points in (0, p) to approximate the integral and solve ( 5.5). In the 50
by 50 grid, the appropriate covariance function was evaluated and the eigenvalue problem
solved for values of p = 0.05(0.05)0.95. Once the eigenvalues were obtained, the asymptotic
percentage points were calculated using Imhof’s method [30]. The results are shown in ta-
bles 5.1to 5.3. As a check of accuracy, the procedure was repeated using a 100x100 grid
and the results compared. The maximum difference encountered was less than one unit in

the fourth decimal place, except for a few values corresponding to p > 0.9.

2

r,n

Table 5.1: Asymptotic percentage points of A2, , for values g=1-r1/n
Significance level

L q]0.500]0.250 ] 0.150 [ 0.100 [ 0.050 [ 0.025 [ 0.010 | 0.005 |

0.00 | 0.342 | 0.472 | 0.563 | 0.634 | 0.756 | 0.878 | 1.041 | 1.165
0.05 | 0.297 | 0.415 | 0.498 | 0.564 | 0.676 | 0.790 | 0.941 | 1.057
0.10 | 0.267 | 0.376 | 0.453 | 0.513 | 0.617 | 0.722 | 0.863 | 0.970
0.15 | 0.242 | 0.343 | 0.414 | 0.470 | 0.567 | 0.664 | 0.795 | 0.895
0.20 { 0.221 | 0.313 | 0.379 | 0.431 | 0.521 { 0.612 | 0.733 | 0.826
0.25 | 0.201 | 0.287 | 0.347 | 0.396 | 0.479 | 0.563 | 0.676 | 0.763
0.30 | 0.183 | 0.262 | 0.318 | 0.362 | 0.439 | 0.517 | 0.622 | 0.702
0.35 | 0.166 | 0.238 | 0.290 | 0.331 | 0.402 | 0.474 | 0.570 | 0.644
0.40 | 0.150 | 0.216 | 0.263 | 0.301 | 0.366 | 0.432 | 0.520 | 0.589
0.45] 0.135 | 0.195 | 0.238 | 0.272 | 0.331 | 0.391 | 0.472 | 0.535
0.50 | 0.121 | 0.174 | 0.213 | 0.244 | 0.297 | 0.352 | 0.425 | 0.482
0.55 | 0.107 | 0.155 | 0.189 | 0.217 | 0.265 | 0.314 | 0.380 | 0.430
0.60 | 0.093 | 0.136 | 0.166 | 0.190 | 0.233 | 0.276 | 0.335 | 0.380
0.65 | 0.080 | 0.117 | 0.144 | 0.165 | 0.202 | 0.240 | 0.291 | 0.330
0.70 | 0.068 | 0.099 | 0.122 | 0.140 | 0.171 | 0.204 | 0.247 | 0.281




CHAPTER 5. EDF TESTS FOR THE GUMBEL DISTRIBUTION

Table 5.2: Asymptotic percentage points of Uf'n, for values g =1-r71/n

Significance level
I q] 0500 0.250] 0.150 [ 0.100 ] 0.050 ] 0.025] 0.010 | 0.005 |

0.00 | 0.0482 | 0.0696 | 0.0849 | 0.0969 | 0.1176 | 0.1382 | 0.1657 | 0.1866
0.05 | 0.0451 | 0.0652 | 0.0796 | 0.0909 | 0.1103 | 0.1298 | 0.1557 | 0.1754
0.10 | 0.0416 | 0.0602 | 0.0736 | 0.0841 | 0.1022 | 0.1203 | 0.1445 | 0.1628
0.15 | 0.0379 | 0.0550 | 0.0673 | 0.0770 | 0.0936 | 0.1103 | 0.1325 | 0.1494
0.20 | 0.0341 | 0.0497 | 0.0608 | 0.0696 | 0.0848 { 0.0999 | 0.1201 | 0.1355
0.25 | 0.0304 | 0.0444 { 0.0544 | 0.0623 | 0.0759 | 0.0896 | 0.1077 | 0.1216
0.30 | 0.0268 | 0.0392 | 0.0481 | 0.0552 | 0.0673 | 0.0794 | 0.0956 | 0.1079
0.35 | 0.0234 | 0.0343 | 0.0421 | 0.0483 | 0.0589 | 0.0696 | 0.0838 | 0.0946
0.40 | 0.0201 | 0.0295 | 0.0363 | 0.0417 | 0.0509 | 0.0602 | 0.0725 | 0.0818
0.45 | 0.0171 | 0.0251 | 0.0309 | 0.0354 | 0.0433 | 0.0512 | 0.0618 | 0.0698
0.50 | 0.0142 | 0.0209 | 0.0258 | 0.0296 | 0.0362 | 0.0429 | 0.0517 | 0.0584
0.55 | 0.0116 | 0.0171 | 0.0211 | 0.0242 | 0.0297 | 0.0351 | 0.0424 | 0.0480
0.60 | 0.0092 | 0.0136 | 0.0168 | 0.0193 | 0.0237 | 0.0281 | 0.0339 | 0.0384
0.65 | 0.0071 | 0.0105 | 0.0130 | 0.0149 | 0.0183 | 0.0217 [ 0.0262 | 0.0297
0.70 { 0.0052 | 0.0078 | 0.0096 { 0.0111 | 0.0136 { 0.0161 [ 0.0195 | 0.0221

Table 5.3: Asymptotic percentage points of W,?,n, for values g =1—-r/n

Significance level
[ qf 0.500] 0.250 [ 0.150 | 0.100 [ 0.050 | 0.025 | 0.010 | 0.005 ||

0.00 | 0.0503 | 0.0729 | 0.0891 | 0.1018 | 0.1238 | 0.1458 | 0.1750 | 0.1973
0.05 | 0.0474 | 0.0688 | 0.0841 | 0.0963 | 0.1172 | 0.1383 | 0.1664 | 0.1878
0.10 | 0.0440 | 0.0642 | 0.0786 | 0.0902 | 0.1099 | 0.1299 | 0.1566 | 0.1770
0.15 | 0.0405 | 0.0592 | 0.0728 | 0.0835 | 0.1020 | 0.1207 | 0.1458 | 0.1650
0.20 | 0.0368 | 0.0541 | 0.0666 | 0.0766 | 0.0937 | 0.1111 | 0.1345 | 0.1524
0.25 | 0.0331 | 0.0489 | 0.0604 | 0.0695 | 0.0852 | 0.1012 | 0.1227 | 0.1392
0.30 | 0.0295 | 0.0438 | 0.0541 | 0.0624 | 0.0767 | 0.0913 | 0.1109 | 0.1259
0.35 | 0.0260 | 0.0387 | 0.0479 | 0.0553 | 0.0682 | 0.0813 | 0.0990 | 0.1126
0.40 | 0.0225 | 0.0337 | 0.0419 | 0.0485 | 0.0599 | 0.0715 | 0.0872 | 0.0993
0.45 | 0.0193 | 0.0290 | 0.0361 | 0.0418 | 0.0517 | 0.0619 | 0.0757 | 0.0863
0.50 | 0.0162 | 0.0244 | 0.0305 | 0.0354 | 0.0440 | 0.0527 | 0.0646 | 0.0737
0.55 | 0.0133 | 0.0202 | 0.0253 | 0.0294 | 0.0366 | 0.0439 | 0.0539 | 0.0616
0.60 | 0.0107 | 0.0163 | 0.0204 | 0.0238 | 0.0296 | 0.0357 | 0.0439 | 0.0502
0.65 | 0.0083 | 0.0127 | 0.0160 | 0.0186 | 0.0232 | 0.0280 | 0.0346 | 0.0396
0.70 | 0.0062 | 0.0095 | 0.0120 | 0.0140 | 0.0175 | 0.0211 | 0.0261 | 0.0300
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5.5 Small sample distributions

In order to investigate the speed of convergence to the asymptotic points, a simulation study
was conducted using 10,000 samples. The results showed that the speed of convergence
decreases as the rate of censoring increases. From tables 5.4 - 5.6, it appears that when
the percentage of censoring is not too large ( say, ¢ < 0.7 ) the asymptotic tables can be
used with good accuracy for n > 20. For heavily censored samples ( ¢ > 0.7) larger sample
sizes will be required, but of course one would expect difficulties in testing for a distribution

with over 70% of the observations censored.

Table 5.4: Empirical percentage points of W2,

Significance level
I q] n]0.500 [ 0.250 | 0.150 | 0.100 | 0.050 | 0.025 | 0.010 ||

0.10 | 20 | 0.045 | 0.064 | 0.078 | 0.088 | 0.107 | 0.126 | 0.153
40 | 0.044 | 0.064 | 0.078 | 0.089 | 0.110 | 0.130 | 0.157
60 | 0.044 | 0.064 | 0.078 | 0.089 | 0.108 | 0.128 | 0.153
80 | 0.044 | 0.064 | 0.079 | 0.090 | 0.110 | 0.131 | 0.160
oo | 0.044 | 0.064 | 0.079 | 0.090 | 0.110 | 0.130 | 0.157
0.30 | 20 { 0.031 | 0.044 | 0.053 | 0.061 | 0.075 | 0.088 | 0.103
40 | 0.030 | 0.044 | 0.054 | 0.063 | 0.078 | 0.092 | 0.110
60 | 0.030 | 0.044 | 0.054 | 0.062 | 0.076 | 0.091 | 0.109
80 | 0.030 | 0.044 | 0.053 | 0.062 |{ 0.076 | 0.090 | 0.111
oo | 0.030 | 0.044 | 0.054 | 0.062 | 0.076 | 0.091 | 0.111
0.50 | 20 | 0.014 | 0.021 | 0.026 | 0.030 | 0.036 | 0.042 | 0.052
40 | 0.015 | 0.023 | 0.028 | 0.033 | 0.040 | 0.048 | 0.058
60 | 0.016 | 0.023 | 0.029 | 0.033 | 0.042 | 0.050 | 0.062
80 | 0.016 | 0.024 | 0.030 | 0.034 | 0.042 | 0.050 | 0.062
oo | 0.016 | 0.024 | 0.030 | 0.035 | 0.044 | 0.053 | 0.065
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Table 5.5: Empirical percentage points of A2,
Significance level

I

q | n{0.500]0.250 | 0.150 ] 0.100 [ 0.050 | 0.025 [ 0.010 ||

0.10

0.30

0.50

20
40
60
80
0o
20
40
60
80
0o
20
40
60
80
0o

0.273
0.268
0.269
0.267
0.267
0.188
0.186
0.183
0.183
0.183
0.112
0.115
0.117
0.120
0.121

0.377
0.373
0.376
0.377
0.376
0.265
0.263
0.262
0.259
0.262
0.159
0.167
0.168
0.172
0.174

0.450
0.446
0.4531
0.454
0.453
0.316
0.323
0.316
0.319
0.318
0.192
0.203
0.205
0.209
0.213

0.506
0.508
0.513
0.513
0.513
0.360
0.372
0.362
0.361
0.362
0.220
0.232
0.236
0.238
0.244

0.600
0.618
0.611
0.623
0.617
0.433
0.448
0.438
0.438
0.439
0.264
0.286
0.289
0.290
0.297

0.707
0.713
0.721
0.722
0.722
0.509
0.523
0.513
0.518
0.517
0.306
0.331
0.341
0.344
0.352

0.837
0.847
0.866
0.878
0.863
0.595
0.614
0.613
0.626
0.622
0.358
0.394
0.414
0.415
0.425

Table 5.6: Empirical percentage points of Uf'n
Significance level

q| n{0.500[0.250 | 0.150 | 0.100 | 0.050 | 0.025 | 0.010 ||

0.10

0.30

0.50

20
40
60
80
00
20
40
60
80
00
20
40
60
80
00

0.042
0.042
0.042
0.042
0.042
0.028
0.027
0.027
0.027
0.027
0.013
0.013
0.014
0.014
0.014

0.060
0.060
0.060
0.060
0.060
0.040
0.040
0.039
0.039
0.039
0.018
0.020
0.020
0.020
0.021

0.072
0.072
0.073
0.074
0.074
0.048
0.048
0.048
0.048
0.048
0.022
0.024

0.024 |

0.025
0.026

0.081
0.083
0.084
0.084
0.084
0.054
0.056
0.055
0.054
0.055
0.025
0.027
0.028
0.028
0.030

0.098
0.101
0.100
0.102
0.102
0.066
0.068
0.067
0.066
0.067
0.030
0.033
0.034
0.034
0.036

0.117
0.119
0.119
0.120
0.120
0.076
0.080
0.079
0.079
0.079
0.035
0.039
0.041
0.041
0.043

0.139
0.143
0.142
0.145
0.144
0.091
0.094
0.096
0.094
0.096
0.040
0.046
0.049
0.050
0.052

100
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Table A.1: Data set 1: Cycles to failure of springs

117.00 | 135.00 | 135.00 | 162.00 | 162.00
171.00 | 189.00 | 189.00 | 198.00 | 225.00

Table A.2: Data set 2: Times to failure of air conditioning equipment

12.00 | 21.00 | 26.00 | 27.00 | 29.00
29.00 | 48.00 | 57.00 [ 59.00 | 70.00
74.00 | 153.00 | 326.00 | 386.00 | 502.00

Table A.3: Data set 3: Artificial

0.27 | 0.47 | 0.50 | 0.54 | 0.62
0.80 (093 |1.03}1.29]1.29
1.29 { 1.38 | 1.40 | 1.41 | 1.42
1.50 | 1.52 | 1.54 | 1.68 | 1.74

Table A.4: Data set 4: Distances to a nuclear power plant

58.20 | 58.20 | 59.50 | 61.80 | 65.80
67.80 | 68.50| 7090 | 73.70 | 77.00
80.80 | 83.70 | 84.30 | 89.00 | 97.60
98.30 | 99.60 | 101.40 | 105.10 | 105.80
106.70 | 119.10 | 119.50 | 119.90 | 121.90
125.70 | 128.40 | 146.10 | 153.90 | 154.60
155.80 | 157.40 | 157.70 | 163.70 | 170.10
172.70 | 173.00 | 173.90 | 174.20 | 175.10
178.70 | 179.50 | 180.70 | 182.10 | 182.70
186.70 | 187.50 | 191.00 | 192.60 | 193.00
199.40 | 211.60 | 212.10 | 216.80 | 222.90
227.30 | 229.40 | 234.50 | 236.80 | 238.90
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DATA SETS

Table A.5: Data set 5: Fatigue strengths of wire

39611.00
54625.00
70208.00
82202.00
96723.00
119154.00
138378.00

44132.00
58970.00
72098.00
82447.00
101610.00
122366.00
153790.00

44209.00
64703.00
75001.00
89268.00
101833.00
134511.00
184916.00

45898.00
64950.00
80393.00
90021.00
106055.00
135220.00
216370.00

50139.00
66508.00
81868.00
96136.00
112833.00
136395.00
240316.00

Table A.6: Data set 6: Times to failure of an electronic module

173.50

1.40
10.60
17.00
22.60
34.90
37.30
59.90
89.10

3.30
12.40
17.50
26.70
35.00
41.50
60.50
90.30

5.10 9.20 | 10.60
13.50 { 16.10 | 16.70
17.90 | 19.20 | 20.60
27.60 | 33.10 | 34.50
36.10 | 36.90 { 37.20
44,70 | 50.70 | 51.80
63.20 | 68.80 | 72.60
98.90 | 107.20 | 123.30

Table A.7: Data set 7: Strengths of glass fiber ( 15 cm.)

0.55
0.93
1.25
1.36
1.49
1.52
1.58
1.61
1.64
1.68
1.73
1.81
2.00

0.74
1.04
1.27
1.39
1.49
1.52
1.59
1.61
1.66
1.68
1.76
1.82
2.01

0.77
1.11
1.28
1.42
1.50
1.54
1.60
1.62
1.66
1.69
1.76
1.84
2.24

0.81
1.13
1.29
1.48
1.50
1.55
1.61
1.62
1.66
1.70
1.77
1.84

0.84
1.24
1.30
1.48
1.51
1.55
1.61
1.63
1.67
1.70
1.78
1.89
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"Table A.8: Data set 8: Strengths of glass fiber ( 1.5 cm.)

0.37
0.81
0.94
1.06
1.13
1.20
1.28
1.35
1.40
1.61

0.40
0.83
0.95
1.08
1.14
1.21
1.29
1.37
1.42

0.70
0.86
0.98
1.09
1.15
1.22
1.29
1.37
1.43

0.75
0.92
1.03
1.10
1.17
1.25
1.30
1.38
1.51

0.80
0.92
1.06
1.10
1.20
1.28
1.35
1.40
1.53

Table A.9: Data set 9:

Wind speeds

22.64
24.24
25.99
27.12
28.58
30.18
32.98
36.82
38.90
45.24

22.80
24.74
26.63
27.43
28.88
31.31
33.83
37.23
38.96
47.91

23.75
25.45
26.69
27.69
29.12
31.55
33.86
38.09
42.99
54.75

24.01
25.55
26.88
27.71
29.45
31.57
34.64
38.26
43.66
69.40

24.04
25.66
26.89
28.12
29.48
32.54
35.21
38.82
44.61
98.19

Table A.10: Data set

10: Sea waves

2.91
13.88
3.74
13.98
4.09
14.32
5.88
14.38
6.42
14.46

6.93
14.86
7.21
15.03
7.92
15.30
8.26
16.07
8.79
16.23

9.17
17.36

9.50
18.68

9.62
18.72
10.00
19.44
10.14
20.09

10.28
21.06
10.45
21.13
10.77
21.53
11.65
21.80
11.65
23.15

11.82
24.75
12.27
25.45
12.68
28.13
13.28
29.95
13.46
37.19
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