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ABSTRACT 

A model of rigid strings with liquid-crystal-like order is 

proposed. Both its classical and quantum mechanical properties 

including renormalization are analyzed. It is shown that the model 

describes an off-shell generalization of a theory of minimal 

surfaces (or string worldsheets). A new kind of local symmetry, the 

area-preserving symmetry, plays an important role in the model. A 

saddle point approximation is employed and fluctuations around the 

saddle point are considered. By analyzing the singularities of the 

free energy of a gas of rigid strings, it is shown that the 

Hagedorn temperature T, does not coincide with the critical 

temperature T,, at which the effective string tension starts 

vanishing. An intermediate region (a rough phase) is shown to exist 

which separates a smooth phase from a crumpled phase. The phase 

diagram of the model is worked out. It turns out that the phase 

structure agrees nicely with that obtained from the numerical 

simulations of discretized random surfaces with bending rigidity. 

Implications for the finite temperature phase transitions in QCD 

are discussed. 

iii 
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Chapter 1 

Introduction 

There a r e  common t r e n d s  i n  s t a t i s t i c a l  p h y s i c s  and quantum f i e l d  

t h e o r y .  I n  t h e  p a s t ,  t h i s  connect ion  has  been f r u i t f u l .  An example 

of t h i s  connec t ion  i s  t h e  random walk and t h e  p ropaga t ion  o f  f r e e  

p a r t i c l e s [ ' ] .  One cou ld  hope f o r  t h i s  connec t ion  i n  t h e  c a s e  of t h e  

" f i e l d  of f o r c e " ,  t h e  c o l o r - e l e c t r i c  f l u x  f o r  i n s t a n c e ,  where 

random walks shou ld  be r e p l a c e d  by random s u r f a c e s .  I n  f a c t ,  

problems i n v o l v i n g  t h e  s t a t i s t i c s  of random s u r f a c e s  appear  i n  many 

a r e a s  of  t h e o r e t i c a l  p h y s i c s ,  r ang ing  from 2-d g r a v i t y  and s t r i n g s  

t o  condensed m a t t e r  and b i o p h y s i c s .  

I n  t h e  c a s e  of  t h e  f r e e  bosonic  s t r i n g L 2 ]  it i s  now c l e a r  t h a t  

t h e s e  s u r f a c e s  can p rov ide  a  r e p r e s e n t a t i o n  of  " s t r i n g s " ,  i f  t h e  

dimension o f  t h e  embedding space  i s  l e s s  t h a n  oneL3].  

R e l a t e d  and perhaps  more r e a l i s t i c  random-surface t h e o r i e s  a r i s e  

i n  t h e  s t a t i s t i c a l  mechanical  d e s c r i p t i o n s  of r i g i d  5 1 ,  

which i s  proposed a s  QCD s t r i n g s ,  a s  w e l l  a s  membranesL6]. I n  t h e s e  

t h e o r i e s  t h e  e x t r i n s i c - c u r v a t u r e  t e rm i n  t h e  a c t i o n  i s  impor tant  i n  

de te rmin ing  t h e  p r o p e r t i e s  of  t h e  t h e o r i e s .  I t  has  a l s o  been argued 

t h a t  such a n  e x t r i n s i c  c u r v a t u r e  t e rm i s  r e l e v a n t  i n  a  c l a s s  of 

r e g u l a r i z e d  s t r i n g  t h e o r i e s  wi thout  8 ] .  I t  might no t  be  

t o o  s u r p r i s i n g  t h a t  an e f f e c t i v e  boson ic  s t r i n g  t h e o r y  does no t  



have a  tachyon i n  i t s  spectrum s i n c e  t h e  e x t r i n s i c  c u r v a t u r e  te rm 

might have a  f e rmion ic  o r i g i n [ 9 ] ,  t h a t  i s ,  it might a r i s e  a s  a  

r e s u l t  of  i n t e g r a t i n g  o u t  fermions i n  t h e  f u n c t i o n a l  i n t e g r a l s .  

P e r t u r b a t i v e  c a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  e x t r i n s i c  c u r v a t u r e  

t e rm can o n l y  govern t h e  s h o r t  d i s t a n c e  behav io r  L 4 f  5 f  6 f  1 0 ] ,  a  

s i t u a t i o n  v e r y  s i m i l a r  t o  t h e  low tempera tu re  behav io r  of t h e  2-d 

Heisenberg model [''I . Recent non-per tu rba t ive  i n v e s t i g a t i o n s  of 

p o s s i b l e  f i n i t e - t e m p e r a t u r e  t r a n s i t i o n s  o f  r i g i d  s t r i n g s  showed 

t h a t [ 1 2 ]  t h e  t h e o r y  has  a  square- root  s i n g u l a r i t y  a t  t h e  

t r a n s i t i o n ,  j u s t  l i k e  i t s  c o u n t e r p a r t ,  t h e  Nambu-Goto s t r i n g  [I3] . A 

s i m i l a r  s i n g u l a r i t y  a l s o  e x i s t s  f o r  r i g i d  s u r f a c e s [ 1 4 ] .  

Recen t ly  r i g i d  s u r f a c e s  and/or  membranes w i t h  c r y s t a l l i n e  o r d e r  

have become an o b j e c t  of  s t u d y  and seem t o  have i n t e r e s t i n g  phase 

s t r u c t u r e  [l5-l8] . Arni and K l e i n e r t  [ I5]  showed t h a t  t h e  c r y s t a l l i n e  

o r d e r  does n o t  change t h e  r e n o r m a l i z a t i o n  of  t h e  bending r i g i d i t y  

a t  s h o r t  d i s t a n c e s .  On t h e  o t h e r  hand, a  p e r t u r b a t i v e  c a l c u l a t i o n  

by Nelson and p e l i t i [ l 6 I  showed t h a t  t h e  e f f e c t i v e  r i g i d i t y  modulus 

grows a t  l a r g e  d i s t a n c e s  and p r e d i c t e d  a  crumpling t r a n s i t i o n .  I t  

i s  impor tan t  t o  n o t e  t h a t  t h e i r  d e s c r i p t i o n  ( t h e  bending f r e e  

energy ( 4 )  of r e f .  [I61 ) i s  non-covariant  . Using a  c o v a r i a n t  

fo rmula t ion ,  David and ~ u i t t e r  [ I7 ]  a r r i v e d  a t  a  s i m i l a r  conc lus ion  

i n  a  r e l a t e d  model i n  t h e  l a rge -d  l i m i t ,  where an UV-stable f i x e d  

p o i n t  was found, a s s o c i a t e d  w i t h  a  second-order crumpling 



t r a n s i t i o n .  Paczuski ,  Kardar and   el son [18 developed a  Landau 

t h e o r y  of  t h e  crumpling t r a n s i t i o n  i n  which it was shown t h a t  

f l u c t u a t i o n s  d r i v e  t h e  t r a n s i t i o n  f i r s t  o r d e r  f o r  embedding space  

dimension l e s s  t h a n  219. 

I n  t h e  c o n t e x t  of  f l u i d  membranes, t h e  s u r f a c e  d e n s i t y  i s  i n  

f a c t  f i x e d  because of t h e  l a r g e  compression modulus of  t h e  f l u i d .  

 elfr rich['^] and ~ o r s t e r  [ 2 0 1  f i r s t  p o i n t e d  o u t  t h a t  t a n g e n t i a l  

f lows a r e  induced by any normal d isp lacement  of  t h e  s u r f a c e  and 

i n c o m p r e s s i b i l i t y  t h e n  i m p l i e s  a  ( induced)  long-range coup l ings  

between t h e  mean c u r v a t u r e  a t  d i f f e r e n t  p o i n t s  of  t h e  s u r f a c e .  A 

f u l l  r e n o r m a l i z a t i o n  group a n a l y s i s  by  avid[*'] showed t h a t  t h o s e  

long-range f o r c e s  a r e  i n  f a c t  sc reened  by the rmal  u n d u l a t i o n s  

beyond a  l e n g t h  which i s  much s m a l l e r  t h a n  t h e  p e r s i s t e n c e  l e n g t h  

of t h e  s u r f a c e .  

I n  t h i s  t h e s i s ,  we c o n s i d e r  a r e l a t e d  problem, t h e  i m p l i c a t i o n  

of f i x e d  t r a c e  of  t h e  m e t r i c  i n  a  model of  r i g i d  s t r i n g s .  The f i r s t  

o r d e r  form of r i g i d  s t r i n g s [ 4 ]  i s  used and t h e  geomet r i ca l  a s p e c t  

of t h e  model i s  s t r e s s e d .  I n  t h e  mathmatical  l i t e r a t u r e [ 2 2 ] ,  

s u r f a c e s  can be c l a s s i f i e d  i n t o  two d i s t i n c t  k inds  a c c o r d i n g  t o  

t h e i r  mean c u r v a t u r e s :  t h e  minimal s u r f a c e s  wi th  v a n i s h i n g  mean 

c u r v a t u r e  and t h e  g e n e r a l  s u r f a c e s  wi th  nonvanishing mean 

c u r v a t u r e .  I t  i s  shown i n  t h i s  t h e s i s  t h a t  t h e  model of  r i g i d  



s t r i n g s  with f ixed  t r a c e  of t h e  metr ic  descr ibes  an o f f - she l l  

genera l iza t ion  of a  theory of minimal sur faces .  A new kind of loca l  

symmetry, t h e  area-preserving symmetry, plays an important ro le  i n  

the  model. In f a c t ,  f o r  minimal surfaces,  t h i s  symmetry implies a  

f ixed  t r a c e  of t h e  metr ic  ( see  Section 2 . 3 ) .  

Although our ca lcu la t ions  and r e s u l t s  may f i n d  appl ica t ions  in  

condensed matter and membranes, we w i l l  pay spec ia l  a t t e n t i o n  t o  

QCD s t r i n g s L 4 f 5 ]  i n  t h i s  t h e s i s .  The bas ic  assumption we accept 

here i s  t h a t  t h e  confinement of quarks i n  QCD i s  associated with 

t h e  formation of an i n f i n i t e l y  long co lo r -e lec t r i c  f l u x  tube w i t h  

f i n i t e  width formed by pu l l ing  a  quark-antiquark p a i r  i n f i n i t e l y  

f a r  a p a r t .  To a  good approximation, such a  f l u x  tube can be 

described by a  s t r i n g .  

As demonstrated by t h e  exis tence of t h e  Nielson-Olesen 

vortex [231  , an i n f i n i t e l y  long f lux  tube o r  a  s t r i n g  can be 

p e r f e c t l y  s t a b l e  c l a s s i c a l l y  (or/and a t  zero tempera ture) .  Quantum 

mechanically (or/and a t  f i n i t e  temperature) ,  however, whether it 

remains s t a b l e  or  not i s  an open question and depends on t h e  

e f f e c t i v e  model of s t r i n g s .  

Usually, one assumes t h a t  the  i n t e r n a l  degrees of freedom of the  

f lux  tube a r e  "frozen" and concentrates on the  r e s u l t i n g  e f f e c t i v e  

dynamics of the  s t r i n g  coordinate vector f i e l d ,  which i s  loca l  and 

reparametrization invar iant  [ 2 4 1 .  Here a r i s e s  t h e  t roub le .  According 



t o  t h e  Mermin-Wagner-Coleman theorem [251  , no spontaneous breakdown 

of g l o b a l  cont inuous  symmetry, such a s  t r a n s l a t i o n  and r o t a t i o n  

i n v a r i a n c e s ,  can occur  i n  a  2-dimensional t h e o r y  wi th  l o c a l  

i n t e r a c t i o n s .  Th i s  i s  because t h e  Goldstone bosons a s s o c i a t e d  wi th  

t h e  symmetry b r e a k i n g  always d e s t r o y  t h e  long-range o r d e r  o f  t h e  

2-dimensional system w i t h  l o c a l  i n t e r a c t i o n s .  There fo re ,  i f  t h e  

Mermin-Wagner-Coleman theorem a p p l i e s  t o  t h e  model of s t r i n g s ,  t h e  

assumption t h a t  an  i n f i n i t e l y  long quantum f l u x  t u b e  of f i n i t e  

width e x i s t s ,  i s  s e l f - c o n t r a d i c t o r y !  Adding a  r i g i d i t y  t e rm t o  t h e  

e f f e c t i v e  a c t i o n  does n o t  c u r e  t h e  5 f  12] . 

We w i l l  show i n  t h i s  t h e s i s  t h a t  due t o  t h e  c l a s s i c a l  c o n s t r a i n t  

of f i x e d  t r a c e  of t h e  m e t r i c ,  which induces  e f f e c t i v e l y  long-range 

i n t e r a c t i o n s  a t  t h e  quantum l e v e l  ( s e e  S e c t i o n  4 . 3 ) ,  t h e  

Mermin-Wagner-Coleman theorem i s  i n a p p l i c a b l e  f o r  t h e  p r e s e n t  

model. We can t h e n  s t u d y  t h e  phase t r a n s i t i o n s  of  t h e  model. 

A f t e r  a  s u i t a b l e  gauge f i x i n g  removing t h e  unphys ica l  degrees  of 

freedom, t h e  p a t h  i n t e g r a l  of t h e  s t r i n g s  can b e  e v a l u a t e d  

n o n - p e r t u r b a t i v e l y  ( i n  a  s a d d l e  p o i n t  approximat ion)  i n  p h y s i c a l  

dimensions t o  de termine  t h e  phase  diagram of  t h e  model. I t  i s  shown 

t h a t  an  i n t e r m e d i a t e  r e g i o n  e x i s t s ,  which s e p a r a t e s  a  smooth phase 

from a  crumpled phase .  The phase  diagram f o r  t h e  model i s  worked 

o u t .  I t  t u r n s  o u t  t h a t  t h e  phase  s t r u c t u r e  of t h e  model i s ,  i n  

c e r t a i n  a s p e c t s ,  i n  common wi th  t h a t  of l i q u i d  c r y s t a l s .  (Roughly 



speaking, t h e  exis tence of a  smooth (or  f l a t )  phase a t  l a rge  sca les  

would imply a  l iquid-crys ta l - l ike  order .  This i s  because t h e  smooth 

(or  f l a t )  phase means both t h e  long-range ( o r i e n t a t i o n a l )  

co r re la t ion  between normals t o  the  s t r i n g  worldsheet and t h e  

long-range (pos i t iona l )  co r re la t ion  of XP f i e l d . )  T h i s  would imply 

t h a t  t h e  c l a s s i c a l  cons t ra in t  of f ixed  t r a c e  of the  metric,  which 

i s  a  na tu ra l  r e s u l t  f o r  minimal surfaces,  induces a  l iquid-  

c r y s t a l - l i k e  order  a t  t h e  quantum l e v e l .  In f a c t ,  without f ix ing  

the  t r a c e  of t h e  metric,  t he  f luc tua t ions  of metr ic  always destroy 

the  long-range order  of the  system f o r  a l l  f i n i t e  temperatures.  A s  

a  r e s u l t ,  t h e  system does not have a  f l a t  phase a t  l a rge  

s c a l e s [ 1 4 ] .  I t  i s  i n  t h i s  sense t h a t  we say the  model t o  have a 

l iquid-crys ta l - l ike  order .  

The remainder of t h i s  t h e s i s  i s  organized as  follows. In Chapter 

2 ,  we propose t h e  model of r i g i d  s t r i n g s  w i t h  l iqu id-crys ta l - l ike  

order and discuss  i t s  ( c l a s s i c a l )  symmetry p roper t i e s .  A comparison 

of t h e  model with o ther  r i g i d  s t r i n g s ,  t h e  Polyakov-Kleinert 

~ t r i n g [ ~ r ~ ]  and P i s a r s k i l s  model [ 2 6 1  i s  made. In Chapter 3, a  

generalized covariant gauge f ix ing  procedure i s  devised. A saddle 

point so lu t ion  of the  lagrange mul t ip l i e r  i s  obtained f o r  d>2, and 

i t s  quantum f luc tua t ions  a re  ca lcula ted .  In Chapter 4 ,  we discuss 

one poss ib le  phase t r a n s i t i o n  i n  t h e  model, t he  smooth-rough 



t r a n s i t i o n .  The Hausdorff dimension and t h e  width of the  s t r i n g  a re  

ca lcula ted .  

In Chapter 6, we est imate the  Hagedorn temperature of t h e  model 

under a well-motivated speculat ion.  The Hausdorff dimension of the  

s t r i n g  sheet  a t  t h e  Hagedorn temperature i s  ca lcu la ted .  Chapters 7 

and 8 a r e  more mathematical but s tandard.  I n  Chapter 7 ,  

computations on t h e  path i n t e g r a l s  and then t h e  f r e e  energies of 

r i g i d  s t r i n g s  on a to rus  and a cyl inder  a r e  presented respect ive ly .  

The mass spectrums f o r  both cases a r e  obtained. The tachyon f r e e  

condition i s  then obtained which i s  cons is ten t  with t h e  saddle 

point so lu t ion  of Chapter 4 .  In Chapter 8, t h e  Hagedorn temperature 

of t h e  system i s  ca lcula ted  more r igorously than i n  Chapter 6 .  The 

r e s u l t  agrees n ice ly  with the  simple est imate of Chapter 6 .  The 

phase diagram of t h e  model i s  worked out and compared with the  

numerical r e s u l t  of d i sc re t i zed  random surfaces .  The implication 

f o r  t h e  f ini te- temperature phase t r a n s i t i o n s  i n  QCD i s  discussed i n  

Chapter 9 .  

We end t h i s  t h e s i s  with a conclusion i n  Chapter 9 followed b y  

th ree  Appendices showing the  d e t a i l s  of evaluat ion of the  

determinants of t h e  operator ( -A+ho)  on a cyl inder  and a to rus  

respect ive ly .  



Chapter 2 

Liquid Crystalline, Minimal Surface and the Area- 

Preserving Invariance 

In this chapter, we propose a model of rigid strings with liquid- 

crystal-like order and discuss its classical symmetry properties. 

In particular, we argue that the proposed model describes an 

off-shell generalization of the theory of minimal surfaces. We show 

that the model of minimal surfaces has the area-preserving 

invariance, besides the conformal invariance, at the classical 

level. A comparison of the model with other rigid strings, the 

Polyakov-Kleinert string and Pisarski's model, is made. 

2.1 THE POLYAKOV-KLEINERT STRING 

Since the Polyakov-Kleinert ~ t r i n g [ ~ f  51  has a close relation 

with the model to be proposed, we first review the former briefly. 

The action for the Polyakov-Kleinert string is given by, in the 

second-order form L5 1  : 

where oo is the string tension at zero temperature and has the 



dimens ion  o f  mass s q u a r e ,  l/ao i s  t h e  d i m e n s i o n l e s s  bend ing  

r i g i d i t y ,  gab i s  t h e  i n d u c e d  metr ic  and  K1,, i s  t h e  second 

fundamen ta l  form o r  t h e  e x t r i n s i c  c u r v a t u r e  t e n s o r  d e f i n e d  by t h e  

Gauss-Weingarten f o r m u l a s :  

( a , b , c  = 1 , 2 ;  i , j  = 3 , 4  , . . .  d ;  p = 1 , 2  , . . .  d ) .  

Using ( 2 - 2 ) ,  t h e  r i g i d i t y  t e r m  i n  (2-1) c a n  b e  r e w r i t t e n  a s :  

1 
s rig. = -Jd25& (AX') 1 

2% 
where 

The a c t i o n  (2-1) i s  i n v a r i a n t  unde r  r e p a r a m e t r i z a t i o n s :  

6 ~ '  = q a a  X' 2-4 

The e x t r i n s i c  c u r v a t u r e  t e r m  (2-3) i s  i n v a r i a n t  under  t h e  t r a n s f o r -  

mat ion :  

X' + K X  
P 

To o b t a i n  t h e  e q u a t i o n  o f  mot ion,  we c o n s i d e r  t h e  v a r i a t i o n :  

X' = x (5") + 6~ (ea)  2-6 
P ' P 

From 6s = 0, w e  o b t a i n  t h e  e q u a t i o n  o f  mo t ion :  



Conditions at boundaries, if exist, should be understood. Because 

of the reparametrization invariance of the action, not all of the 

equations of motion in (2-7) are independent. To remove the gauge 

degrees of freedom, one can choose an orthonormal gauge[27] 

2 , 2  
X - X  = o  7 

X-X' = 0 2-8 

In this case, Eq. (2-7) reduces to 

1 2 v 2  adz; = %aaaaxP + (l/a o )a a 2  (-aaxPa x a X, - 2aaab~va2~vab~P - aaa2xP) 

Furthermore, as a result of the reparametrization invariance, 

the energy-momentum (EM) tensor defined by 

is not only conserved 

abTab = 0 

but also vanishes identically [28r291 



which i n  t u r n  means t h a t  t h e  EM t e n s o r  i s  t r a c e l e s s  

Taa = 0 2-13 

I t  shou ld  be n o t i c e d  t h a t  (2-12) o r  (2-13) does n o t  n e c e s s a r i l y  

imply conformal i n v a r i a n c e  h e r e  except  a t  t h e  f i x e d  p o i n t .  I n  f a c t ,  

it i s  shown e x p l i c i t l y  i n  Ref .  [ 2 7 ]  t h a t  t h e r e  i s  g e n e r i c a l l y  no 

l o c a l  r e s i d u a l  r e p a r a m e t r i z a t i o n  i n v a r i a n c e  i n  t h e  e q u a t i o n  of 

motion ( 2 - 9 ) .  Th i s  i s  n o t  t o o  s u r p r i s i n g  s i n c e  conformal symmetry 

i n  2-d quantum f i e l d  t h e o r y  i s  g e n e r i c a l l y  a  p r o p e r t y  of mass less  

t h e o r y ,  o r  of  t h e  r e n o r m a l i z a t i o n  group f i x e d  p o i n t  of  massive 

t h e o r y .  The Polyakov-Kleinert  s t r i n g  i s  a  k ind  of  massive quantum 

f i e l d  t h e o r y  and s o  i s  g e n e r i c a l l y  not  conformal  i n v a r i a n t .  The 

conformal i n v a r i a n c e  i s  r e s t o r e d  on ly  a t  t h e  f i x e d  p o i n t  of t h e  

model. 

There e x i s t s  a  f i r s t - o r d e r  d e s c r i p t i o n  of t h e  model wi th  t h e  

a c t  i o n  [ 1 

where gab i s  t r e a t e d  a s  an  independent  m e t r i c  f i e l d ,  Lab i s  t h e  

Lagrange m u l t i p l i e r  which e n f o r c e s  t h e  induced m e t r i c .  G e n e r i c a l l y ,  

t h e  a c t i o n  (2-14) i s  n o t  Weyl i n v a r i a n t .  It i s  easy  t o  prove t h a t  



t he  ac t ion  (2 -14 )  i s  equivalent t o  the  ac t ion  (2-1)  a t  the  

c l a s s i c a l  l eve l ,  t h a t  i s ,  both lead t o  t h e  same equations of 

motion. From 

we f ind ,  respect ive ly ,  

and 

where we have used t h e  i d e n t i t y  

Axp 3 xp = 0 

Eqs. (2-16)  and ( 2 - 1 7 )  can be viewed as  c o n s t r a i n t s .  The equation 

of motion can be obtained from 

we f ind ,  

Subs t i tu t ing  t h e  cons t ra in t s  (2 -16 )  and (2 -17 )  i n t o  ( 2 - 2 0 ) ,  we 

recover t h e  equation of motion ( 2 - 7 ) .  

Though the re  i s  gener ica l ly  no l o c a l  r e s idua l  reparametrization 

invariance i n  ( 2 - 9 )  [ 2 7 1 ,  f o r  a  spec ia l  sec to r  corresponding t o  

minimal sur faces  (or  s t r i n g  worldsheets),  t he  theory i s  both Weyl 



and conformal i n v a r i a n t  c l a s s i c a l l y .  To show t h i s ,  we r e c o n s t r u c t  

t h e  s t r i n g  wor ldsheet  by means of  t h e  c o l l e c t i o n  of i t s  t a n g e n t  

two-planes.  I n  t h i s  fo rmula t ion  of t h e  s t r i n g  e v o l u t i o n ,  t h e  

Polyakov-Kleinert  s t r i n g  i s  ( c l a s s i c a l l y )  e q u i v a l e n t  t o  G,,, 

(SO ( d )  /SO ( 2 )  XSO (d-2) ) 0-model up t o  c e r t a i n  i n t e g r a b i l i t y  

c o n d i t i o n s ,  e x p r e s s i n g  t h e  f a c t  t h a t  no t  a l l  c o l l e c t i o n s  of two 

p l a n e s  a r e  t a n g e n t  t o  some two-surfaces  L41 . However, a s  shown i n  

r e f s .  [22,301, f o r  minimal s u r f a c e s ,  t h e  i n t e g r a b i l i t y  c o n d i t i o n s  

a r e  t r i v i a l l y  s a t i s f i e d  and t h e  Polyakov-Kleinert  s t r i n g  a c t i o n  i s  

e q u i v a l e n t  t o  t h e  Kah le r i an  G,,, o-model coupled w i t h  2-d g r a v i t y  

which i s  c l a s s i c a l l y  b o t h  Weyl and conformal i n v a r i a n t  [301 . 

I n  our  formalism of XF f i e l d s ,  s u b s t i t u t i n g  HF=Ax~=O and t h e  

e x p r e s s i o n  f o r  t h e  l ag range  m u l t i p l i e r  (2-17) i n t o  t h e  a c t i o n  

(2-14) g i v e s  an  a c t i o n  which i s  e x p l i c i t l y  Weyl and 

r e p a r a m e t r i z a t i o n  i n v a r i a n t .  Though t h i s  minimal s u r f a c e  a c t i o n  

( o n - s h e l l )  has  t h e  same form of  Polyakov 's  boson ic  s t r i n g  

a c t i o n [ 2 1 ,  t h e  former i s  essentially d i f f e r e n t  from t h e  l a t t e r .  One 

way t o  s e e  t h e  d i f f e r e n c e  i s  by  coun t ing  t h e  degrees  of  freedom of 

t h e  two models.  The G,,, o-model has  2(d-2)  independent  components. 

The minimal s u r f a c e  a c t i o n  i n  te rms of XP f i e l d  has  2d components 



with Weyl and reparametrization invariances.  This can be seen from 

the  equation of motion (2 -7 )  . Subst i tu t ing  H ~ = A x ~ = O  i n t o  ( 2 - 7 )  

gives A * X ~ = O  which has two s e t s  of minimal-surface so lu t ions  

A X ~ ( ~ , ~ ) = O .  That i s ,  t he  degrees of freedom of t h e  XP f i e l d s  a r e  

doubled f o r  minimal sur faces .  Therefore, t o  get  t h e  correc t  number 

of degrees of freedom f o r  a  minimal surface,  four  ins tead  of two 

longi tudina l  modes have t o  be removed by gauge f ix ing  procedure. 

This counting of degrees of freedom agrees a l s o  with t h a t  i n  the  

Hamiltonian formalism of the  Polyakov-Kleinert s t r i n g [ 2 8 1 .  As i s  

well known, Polyakov's bosonic s t r i n g  has only d  components with 

Weyl and conformal invariances c l a s s i c a l l y .  

2 . 2  PISARSKI'S MODEL 

We now t u r n  t o  P i s a r s k i ' s  model [ 2 6 ] ,  which was proposed by 

P i sa r sk i  a s  a  toy model of quantum gravi ty  with higher de r iva t ives .  

This i s  a nonlinear 0 model which can a l s o  be viewed as  a  model of 

a  r i g i d  s t r i n g  with a  f l a t  metr ic .  The ac t ion ,  given i n  our 

notat  ion by 



i s  subject  t o  the  cons t ra in t  

a x p a  X P  = 8 
a b ab . 

By introducing a  Lagrange mul t ip l i e r  Lab, t h e  ac t ion  can be wr i t ten  

Comparing (2-23) with ( 2 - 1 4 ) ,  we see t h a t  P i s a r s k i l  s model can 

formally be obtained from the  Polyakov-Kleinert s t r i n g  by assuming 

gab = i3 ab 2-24 

However, it should be noticed t h a t  ( 2 - 2 4 )  i s  not a  na tu ra l  or  

leg i t imate  gauge f o r  t h e  Polyakov-Kleinert s t r i n g  because of the  

absence of t h e  Weyl invariance of t h e  model a s  mentioned a t  the  end 

of Section 2 . 1 .  Therefore, these  two models a r e  i n  general  n  

equivalent .  

The equation of motion of P i s a r s k i l  model i s  given by [ 2  6 

Comparing (2-25) with ( 2 - 9 ) ,  we see t h a t  the  equations agree w i t h  



each o ther  up t o  a  Go term. A s  shown i n  [ 2 7 1 ,  t h i s  equation does 

not have any l o c a l  res idual  reparametrization invariance,  which i n  

tu rn  means t h a t  P i s a r s k i ' s  model does not have any l o c a l  

invariance.  ( In Ref. [261 ,  P i sa r sk i  claimed t h a t  the  model has 

conformal invariance a t  t h e  c l a s s i c a l  l e v e l .  We do not ag ree . )  

We would l i k e  t o  discuss  the  e s s e n t i a l  d i f ferences  between the  

two r i g i d  s t r i n g s ,  although they a r e  equivalent a t  t h e  c l a s s i c a l  

l eve l ,  a s  shown above ( t h e  equations of motion coincide up t o  a  % 

t e r m ) .  Formally, the  d i f ference  w i l l  show up a t  t h e  quantum level  

i n  t h e  path i n t e g r a l .  For the  Polyakov-Kleinert s t r i n g ,  the  

conformal anomaly follows from the  measure over the  metr ic  i n  the  

funct ional  in teg ra l [14f311 ,  while i n  P i s a r s k i ' s  model of f l a t  

surfaces t h e r e  i s  no such conformal anomaly. In more physical  

language, David and Gui t te r  [''I pointed out t h a t  P i s a r s k i ' s  model 

descr ibes  t h e  l a rge  d is tance  behavior of e l a s t i c  membranes, where 

the  s t r a i n  tensor  defined by 

vanishes a t  t h e  c l a s s i c a l  l e v e l .  Obviously, the  Polyakov-Kleinert 

s t r i n g  gener i ca l ly  does not have such an i n t e r n a l  s t r u c t u r e .  

2 . 3  R I G I D  STRING WITH LIQUID-CRYSTAL-LIKE ORDER 



Motivatied by t h e  elastic-membrane i n t e r p r e t a t i o n  of P i s a r s k i ' s  

model discussed above, we now consider a  system with only 

l iquid-crys ta l - l ike  order .  That i s ,  a t  la rge  d is tance ,  only the  

t r a c e  of t h e  s t r a i n  tensor  defined by ( 2 - 2 6 )  ( the  "spin-0" p a r t )  

vanishes, leaving the  t r a c e l e s s  p a r t  ( t h e  "spin-2" p a r t )  

a r b i t r a r y .  In o ther  words, t h e  system under considerat ion has a 

la rge  d i l a t i o n  e l a s t i c  constant but a  zero shear e l a s t i c  constant .  

The ac t ion  i s ,  therefore ,  

where p, i s  a  6-independent t r a c e  of the  metr ic  which can be viewed 

as  t h e  constant mode of the  t r a c e  of t h e  metr ic .  ( I n  membranes, 

such a  quant i ty  represents  t h e  surface densi ty ,  number of molecules 

per a r e a . )  

One may wonder t h a t  t h e  h-term i n  t h e  ac t ion  ( 2 - 2 7 )  ensures a  

f ixed  t r a c e  of t h e  metr ic  which i s  just  a  c h a r a t e r i s t i c  of a  f l u i d .  

Liquid c r y s t a l l i n e  proper t ies  imply the  presence of an e x t r a  vector 

f i e l d  with an o r i e n t a t i o n a l  degree of freedom. Our observation here 

i s  t h a t  t h e  vector  aaxP contained i n  the  s t r a i n  tensor  ( 2 - 2 6 )  



c a r r i e s  both indices  p and a .  In other  words, J ,x~  can be viewed as  

a vector  i n  e i t h e r  d dimensions (spacetime) o r  two dimensions 

( t angen t i a l  planes of the  s t r i n g  world-sheet) .  C lass i ca l ly  or  

purely geometrically,  these  a r e  just  two equivalent ways t o  look at 

t he  same th ing .  In o ther  words, the  order parameters, t h e  aaxP 

f i e l d s ,  l i v e  i n  t h e  coset space SO (d)  /SO ( 2 )  XSO (d-2) c l a s s i c a l l y .  

Therefore, a s  f a r  a s  t h e  c l a s s i c a l  ac t ion  ( 2 - 2 7 )  considered, the  

model descr ibes  a f l u i d  with f ixed dens i ty .  Quantum mechanically, 

however, one of t h e  i n t e r e s t i n g  f indings i n  t h i s  t h e s i s  i s  t h a t ,  

due t o  t h e  condensate of t h e  lagrange mul t ip l i e r ,  ~ , X P  w i l l  l i v e  i n  

e i t h e r  t h e  symmetric space SO(d) or  SO(d-2)xS0(2) depending on the  

temperature. These correspond t o  two d i f f e r e n t  phase t r a n s i t i o n s  at 

d i f f e r e n t  temperatures.  The t race lessness  of t h e  s t r a i n  tensor  

means e i t h e r  t h e  o r i e n t a t i o n a l  isotropy i n  d dimensions i n  the  

high-temperature phase or  0 ( 2 )  XSO (d-2) symmetry i n  t h e  

low-temperature phase. The phase s t r u c t u r e  of t h e  model is ,  i n  

c e r t a i n  aspects ,  i n  common with t h a t  of l i q u i d  c r y s t a l s .  I t  i s  i n  

t he  quantum mechanical sense t h a t  we say the  model (2 -27 )  t o  

possess a l iqu id -c rys ta l - l ike  order .  

I t  i s  important t o  f ind  out what kind of surfaces ( s t r i n g  

worldsheets) t h e  ac t ion  ( 2 - 2 7 )  descr ibes .  Then it i s  important t o  

note t h a t  t h e  ac t ion  ( 2 - 2 7 )  can be obtained from t h a t  of t h e  



Polyakov-Kleinert string (2-14) by following isotropic ansatz: 

Generically, (2-28) is not a natural or legitimate gauge for the 

Polyakov-Kleinert string due to the absence of the Weyl invariance 

(of course, the conformal gauge is always possible because of the 

reparametrization invariance of (2-14)). Nevertheless, as discussed 

at the end of Section 2.1, for the minimal surface sector which we 

concern in this work, the string action (2-14) has conformal and 

Weyl invariances classically which can be described effectively by 

a G,,, 0-model. In this case, (2-28) is a legitimate gauge due to 

the Weyl invariance while (2-29) is just a classical solution of 

the theory as can be seen by substituting ~ = A x ~ = o  into (2-17). 

If we view the G,,, 0-model as an on-shell theory of minimal 

surfaces (with Weyl and conformal invariances), then the action 

(2-27) can be regarded as an off-shell generalization of the theory 

(with Weyl and conformal invariances only at the fixed point). It 

is the bending energy of the surface, which moves the theory away 

from the mass-shell or the criticality. (Strictly, since the metric 

is not yet conformal the first term in (2-27) is not equal to the 

bending energy. Nevertheless, we expect that this term, in addition 



to h fluctuations, can provide an effective description of the 

bending energy at the quantum level.) Though it can be viewed as a 

gauge-fixed form of the Polyakov-Kleinert string action (2-14) for 

the off-shell generalization of minimal surface sector, we call 

this model as rigid string with liquid-crystal-like order. The 

reason is that the minimal surface is completely atypical, while 

the Polyakov-Kleinert string action (2-14) is a theory of general 

surfaces. The main reason for us to study the off-shell 

generalization (2-27) instead of the G,,, 0-model for minimal 

surfaces is that it is free of tachyon (see Chapter 7). Moreover, 

it is convenient to study the off-critical behavior of minimal 

surfaces. In addition, the physical singnificance of the geometric 

description is more clear in the action (2-27) than in the G,,, 

One may wonder if we can choose the usual conformal gauge in 

the Polyakov-Kleinert model to describe minimal surfaces. To answer 

this question, we study the classical symmetries possessed by the 

equation of motion for minimal surfaces. From the action (2-27), we 

find the equation of motion to be 

1 - [pi1 ( a212 X P  - aax a a x P  - x a 2 x P  ] = o 



where h can be read off directly from (2-18) by using (2-28). (The 

reason for this determination is that the model of minimal surfaces 

(e.g., (2-27)) can be obtained from the Polyakov-Kleinert model by 

using (2-28) and (2-29) . )  We find 

I- 0 

Using (2-31), we find that Eq. (2-30) contains a nontrivial sector 

solutions, which solve the following set of equations ("nontrivial" 

here means that it is not the solution in the trivial Nambu-Goto 

limit of ao+oo) : 

2 (-a )xP = o 7 

and ho=ao~o or ho/ao=oo 

Geometrically, a string world sheet determined by (2-32) and 

(2-33) is a minimal surface. The equation of motion for minimal 

surfaces respect the following residual reparametrization 

invariances: 

a) The conformal invariance defined by 

with fa (5) satisfying 



b) The area-preserving invariance defined by 

with fa (5) = &""a,f (5) and a2f=0 F 2-35 

satisfying aafa = 0 . 2-36 

Solutions (2-35) form a group which is known as the area-preserving 

symmetry group, which exists in the Dirac membrane when the 

light-cone gauge is chosen [321 . 
To show the invariance of Eq. (2-32) under the conformal and 

area-preserving transformations, we consider the general coordinate 

transformation in two dimension: 

It is straightforword to show that 
. . 

I a g 1 l  = [:.:I with . = [ q f 2 ]  

L ag2 J f f; f; 

and 

where 



Then one can show that 

if and only if: 

2 2 2 2 
(fi ) + (f; ) = ( f , )  + and •’if2 = -f'f 1 1  

There exist two sets of solutions of the above equations: 

i) f,=f; and f 2 = - f '  1 ' 

ii) i = -fl 
1 2 

and f 2 =  f: . 

Solutions (i) correspond to the conformal transformations 

determined by (2-34) while solutions (ii) correspond to the 

area-preserving transformations determined by (2-35) and (2-36) . 
We therefore see that both conformal and the area-preserving 

transformations leave the Eq. (2-32) invariant. In Chapter 4, we 

will show that, in a covariant gauge fixing, it is necessary to 

take into account the area-preserving invariance together with the 

conformal invariance to remove the unphysical (longitudinal) modes 

of X-fields. This will bring a new kind of ghost into the theory, 

in addition to the usual conformal ghosts. 

It is important to note that the area-preserving symmetry is 

irrelevant in the conformal gauge as is the case in Polyakov's 

bosonic string or the Polyakov-Kleinert string, since the Weyl mode 

is generically a dynamical quantity there. On the other hand, 

area-preserving symmetry means a fixed trace of the metric for 



minimal surfaces. This is not hard to see. Under general motion 

including both tangential and normal flows, the dilation of the 

string worldsheet is given by[33] 8@=Va8c + 2n.H (H is the mean 

curvature). The area-preserving invariance means that &)=2n-~. For 

general surfaces, H Z 0  and so that @ is generically a dynamical 

quantity except in the critical dimension. For minimal surfaces, 

however, H=O, which means 8@= 0. That is, @ or the trace of the 

metric is fixed. 

The interesting observation here is that the Polyakov-Kleinert 

model in the conformal gauge describes the general surfaces (there 

exist only two longitudinal components of the XP fields and the 

area-preserving invariance is irrelevant), where the trace of the 

metric or the Weyl mode generically propagates. (Note that in this 

case the vanishing of the quantity (gaba,xwbxP-p) does not mean a 

liquid-crystal-like order.) The model of rigid string with liquid- 

crystal-like order, on the other hand, describes the off-shell 

generalization of minimal surfaces, where the area-preserving 

invariance is of crucial importance. 

We now summarize the symmetries of the model at the classical 

level as far as the minimal surface sector (2-32) is concerned, 



including the global rotation and translation symmetries in the 

imbedding space. 

(i) Local symmetries: 

(a) The conformal symmetry defined by (2-34) ; 

(b) The area-preserving symmetry defined by (2-35) and (2-36) . 

(ii) Global symmetries : 

1 2  (a) Euclidean invariance in the (6 ) plane; 

(b) the global O(2) rotation invariance of the XP field vector . 

The associated global O(2) group can be mapped to the center of the 

area-preserving symmetry group su (-1 i3*] . 

(c) Translation invariance of the xP-field vector (along the 

string) . 
(d) The scaling invariance defined by 

h +h and X ~ X P  
0 0 

The local symmetries (i-a) and (i-b) are special for the minimal 

surface sector (2-32). The global symmetry (ii-a) corresponds to 

conservation of energy and momentum in two dimensions, while those 

of (ii-b) and (ii-c) are the classical symmetries of the model, 

since the action (2-27) only contains derivatives of the X-fields. 

It is worth mentioning that Eq. (2-33) corresponds to the 

"freezing" of the Lagrange multiplier at the classical level. 



Therefore, it i s  important t o  see i f  these  so lu t ions  (or  t h e  

symmetries l i s t e d  above) a r e  s t a b l e  against  quantum f luc tua t ions .  

For t h i s  purpose, we have t o  allow the  Lagrange mul t ip l i e r  t o  

f l u c t u a t e  and see i f  t h e  co r re la t ions  of these  f luc tua t ions  a re  of 

short  range. More prec ise ly ,  we have t o  see i f  it corresponds t o  a  

s t a b l e  f ixed  point  of t h e  theory.  The d e t a i l e d  ca lcula t ion  w i l l  be 

given i n  t h e  next two chapters .  The anwser i s  t h a t  t h i s  i s ,  indeed, 

S O .  



Chapter 3 

~enormalization of the Bending Rigidity at Zero 

Temperature 

In t h i s  chapter,  we study the  sca le  dependence of the  bending 

r i g i d i t y  l /a  i n  the  present model. The formulation of 

per turba t ive  renormalization i s  followed. The purpose of t h i s  

treatment i s  twofold: I t  may serve as  a  guide f o r  a  

non-perturbative treatment i n  Chapter 4 .  Also t h e  r o l e  of quantum 

f luc tua t ions  of t h e  Lagrange mul t ip l i e r  can be seen e x p l i c i t l y  i n  

- t h i s  t reatment .  Since t h e  temperature dependence of t h e  coupling 

w i l l  not be taken i n t o  account i n  t h e  renormalization, we can view 

it a s  renormalization a t  zero temperature. 

3 . 1  RENORMALIZATION OF THE BENDING R I G I D I T Y  

The renormalization procedure runs p a r a l l e l  t o  t h a t  followed by 

~ o l ~ a k o v [ ~ ]  . S t a r t i n g  from t h e  ac t ion  (2-35), we f i r s t  s p l i t  a l l  

f i e l d s  i n t o  slow and f a s t  p a r t s  
...- 



where momenta of f a s t  q u a n t i t i e s  l i e  between 

f a c t o r  of i i n  f r o n t  of h1 i s  chosen so t h a t  

the  path i n t e g r a l  i s  over r e a l  values (note 

where K=O i s  a  c o n s t r a i n t ) .  U p  t o  quadratic 

have 

where So i s  t h e  ac t ion  (2-35), which depends 

and 

in teg ra t ion  over hl i n  

i h~ 
t h a t  8 (K) =jibe 
i n  f a s t  quan t i t i e s ,  we 

on slow f i e l d s  only 

The reason f o r  separa t ing  SII(a)  and S,I(b) i s  t h a t ,  s ~ ~ ( ~ )  can be 

t r e a t e d  a s  the  e f f e c t i v e  k i n e t i c  terms of the  f a s t  f i e l d s  X1andh, 

which determine t h e  propagators of these f i e l d s  while S,I(b) must be 

t r e a t e d  a s  a  per turba t ion  (or  in te rac t ion  term among the  f a s t  

q u a n t i t i e s )  of SIIca) . TO t h e  same accuracy, we can consider t h e  

q u a n t i t i e s  and aax0 t o  be 6-independent i n  cont ras t  t o  the  f a s t  

q u a n t i t i e s .  Also, i n  t h i s  approximation, the  ghost determinants a re  



not  impor tan t ,  s i n c e  t h e  unphys ica l  ( l o n g i t u d i n a l )  modes of t h e  

X- f i e lds  w i l l  be removed by t h e  c o n s t r a i n t  (2-37) i n  t h e  one-loop 

approximat ion  ( s e e  b e l o w ) .  They become impor tant  i n  t h e  

n o n p e r t u r b a t i v e  c a l c u l a t i o n  i n  Chapter  4 .  From S I I ( a ) ,  we can f i n d  

t h e  p r o p a g a t o r s  o f  t h e  f a s t  f i e l d s  X, and h,. For  t h i s  purpose,  we 

add t h e  e x t e r n a l  source  of t h e  X, f i e l d s  t o  S I I ( a ) ,  

Def in ing  a  Green f u n c t i o n ,  

and t r a n s l a t i n g  t h e  X, f i e l d s ,  

-1 PvJv x P + x P + p  G 
1 1 0 

we f i n d  

T r a n s l a t i n g  t h e  X, f i e l d s  a g a i n ,  



where t h e  q u a n t i t y  1/a4 shou ld  be  viewed a s  a  Green f u n c t i o n ,  we 

f i n d  

( a )  1 1 P P V V  s,, ( J,) = -jd25 (P;l( a2x! l2 - a p- J,G J, 
2a 0 0 

(a  x l2 
+ p:+2 ip0-l a x% G PV J, v } 

1 a o a  
3-9 

a 

T r a n s l a t i n g  t h e  h1 f i e l d  

we f i n a l l y  o b t a i n  

The p a t h  i n t e g r a l  i s  d e f i n e d  by 

w i t h  

Z = Z(J,=O) 

Using ( 3 - l l ) ,  (3-12) and (3-5) ,  we can e a s i l y  r e a d  o f f  t h e  

p ropaga to r  o r  t h e  f u l l  Green f u n c t i o n  of t h e  XI f i e l d s ,  



where 

From (3-13) and (3-14) we s e e  t h a t  t h e  two l o n g i t u d i n a l  degrees  

of freedom of t h e  XI-f ie ld  p ropaga to r  have been removed by t h e  

c o n s t r a i n t  (2 -37) .  This  e x p l a i n s  why we can n e g l e c t  t h e  ghos t  

de te rminan t  i n  t h e  one-loop c a l c u l a t i o n .  I n  t h e  same way a s  above, 

we f i n d  t h e  h l - f i e l d  p ropaga to r  t o  be  

I n  (3-13) and (3-15) ,  q and p  a r e  momenta c a r r i e d  by X, and h, 

r e s p e c t i v e l y .  S u b s t i t u t i n g  (3-13) i n t o  S,,(b) g i v e s  a  coun te r t e rm W, 

We n o t i c e  t h a t  t h e r e  i s  no o t h e r  c o u p l i n g  t e rm of Xo o r  ho through 



h1 i n  SI1cb). AS a  r e s u l t ,  Eq. (3-16) i s  t h e  on ly  coun te r t e rm f o r  our  

model a t  l e a s t  a t  t h e  one-loop l e v e l .  Th i s  can be  t r a c e d  back t o  

t h e  decoupl ing  of p from t h e  c u r v a t u r e  f l u c t u a t i o n  modes ( i . e . ,  t h e  

pox2 c o u p l i n g  i n  t h e  r i g i d i t y  te rm)  by t h e  c o n s t a n t  d e n s i t y  

c o n s t r a i n t .  

A d i s c u s s i o n  o f  t h e  k i n e t i c  t e rm of t h e  h, f i e l d  i n  (3-11) i s  

now i n  o r d e r :  F i r s t ,  it i s  no th ing  b u t  a  k ind  of conformal  anomaly 

of t h e  t h e o r y  a t  t h e  quantum l e v e l .  This  can be seen  by t h e  

o b s e r v a t i o n  t h a t  t h e  hl f i e l d  has  t h e  same dimension a s  t h a t  of t h e  

s t r i n g  t e n s i o n .  A s c a l a r  f i e l d  i n  two dimensions wi th  t h e  dimension 

of mass squared  must be p r o p o r t i o n a l  t o  t h e  s c a l a r  c u r v a t u r e  of t h e  

s u r f a c e ,  

hl - ~ ( 5 )  . 3-17 

With t h e  i d e n t i f i c a t i o n  (3-17) ,  we immediately s e e  t h a t  t h e  

k i n e t i c  t e rm of  t h e  h f i e l d  i n  (3-11) h a s  the ,  same form a s  t h e  

conformal anomaly. Secondly, it i s  a non-local  i n t e r a c t i o n  t e r m  

r e p r e s e n t i n g  t h e  i n t e r n a l  i n t e r a c t i o n s  between d i s t a n t  Gaussian 

c u r v a t u r e s  and implying a long-ranged o r d e r  i n  t h e  model. Such an 



"anomaly" t e rm a r i s e s  a s  a r e s u l t  of  quantum f l u c t u a t i o n s  which 

f o r c e  t h e  Lagrange m u l t i p l i e r  and, t h e r e f o r e ,  t h e  d e n s i t y  of t h e  

s t r i n g  t o  f l u c t u a t e .  Th i s  t e rm a l s o  e x i s t s  i n  c r y s t a l l i n e  membranes 

and h e x a t i c  membranes[16] a s  a  r e s u l t  of i n t e g r a t i n g  o u t  t h e  

in-plane  phonon. We s h a l l  show i n  t h e  nex t  s e c t i o n  t h a t  such an 

e f f e c t i v e  non- local  i n t e r a c t i o n  t e rm a r i s e s  a t  h igh  t empera tu re  i n  

t h e  s a d d l e  p o i n t  approximat ion .  Moreover, it i s  obvious t h a t  t h i s  

anomaly t e rm does no t  r enormal ize  t h e  bending r i g i d i t y  a t  t h e  

one-loop l e v e l .  F i n a l l y ,  we n o t e  t h a t  t h e  A, t e rm can be l o c a l i z e d  

by t h e  fo l lowing  t r a n s f o r m a t i o n :  

where @ i s  a  r e a l  s c a l a r .  The Jacobian  in t roduced  by t h e  v a r i b l e  

t r a n s f o r m a t i o n  (3-18) h a s  t h e  e f f e c t  of removing two mass less  

l o n g i t u d i n a l  degrees  of freedom of t h e  X- f i e lds .  However, i n  t h e  

p r e s e n t  one-loop c a l c u l a t i o n ,  it can be n e g l e c t e d  j u s t  a s  t h e  ghost  

d e t e r m i n a n t s  can, a s  e x p l a i n e d  p r e v i o u s l y .  It shou ld  be mentioned 

t h a t  t h e  @ - f i e l d  p r o p e r g a t o r  i s  d i v e r g e n t  and needs both  

u l t r a v i o l e t  and i n f r a r e d  r e g u l a t o r s .  

Now, we o b t a i n  a  renormal ized  a c t i o n  i n  t h e  form 



1 d-2 'ma, 
S LC. =-Id2c{p--1(a2Xr)2 2 a  o + , ( , x % x ' - ~ ~  a o a o  (, (1-a-ln-) } 

o ' 4 7 ~  q m i n  

After renormalizing the  Xo f i e l d s ,  

we obtain 

w i t h  

1 1 d-2 - = - - -  'max 
In  - 

a 
r a~ 47t 'min 

The minus sign on t h e  r i g h t  hand s ide  of (3-22) means asymptotic 

freedom of t h e  e x t r i n s i c  coupling i n  the  u l t r a v i o l e t ,  which i s  a  

des i rab le  property of QCD. In (3-21), we have dropped the  

subscr ip ts  " o w  of t h e  h and X f i e l d s .  The r e s u l t  (3-22) agrees with 

t h a t  of Refs. [61 [ I 9 1  and [ 2 0 ] .  

For t h e  Polyakov-Kleinert s t r i n g ,  where p i s  coupled w i t h  t he  

curvature f luc tua t ion  modes, Polyakov has found L 4 1 ,  ins tead  of 



The r e s u l t  (3-23)  has a l s o  be found by a  number of authors  f o r  the  

Polyakov-Kleinert s t r i n g  [51 and the  membrane [ lo]  i n  t h e  

second-order form. 

3 . 2 .  THE MEANING OF THE X-FIELD RENORMALIZATION 

An i n t e r e s t i n g  point ,  a s  can be seen from t h e  above derivat ion,  

i s  t h a t  only the  XoP f i e l d s  undergo renormalization. The ho f i e l d  

does not .  This i s  d i f f e r e n t  from t h e  r i g i d  s t r i n g  or  the  membrane 

without the  cons t ra in t  of constant densi ty ,  where both X,P and ho 

f i e l d s  undergo wave-function renormalization 1 4 1  . 

We here argue t h a t  t h e  xP-field renormalization due t o  quantum 

f luc tua t ions  could be expected f o r  s t r i n g s  or  membranes with f ixed 

densi ty  or  l iquid-crys ta l - l ike  order .  ( In  the  Euclidean space , 

both the  r i g i d  s t r i n g  and the  membrane have t h e  same form of 

Hamiltonian. The only d i f ference  i s  the  manner of introducing the  

temperature: In t h e  case of r i g i d  s t r i n g ,  the  temperature i s  

introduced through per iodic  Euclidean time (with period P=I/T),  



while i n  t h e  case of t h e  membrane, temperature i s  introduced i n  the  

usual way through s t a t i s t i c s ,  i . e . ,  z=~re-P'. Therefore, t h e  

following arguments on membranes can a l s o  be appl ied t o  s t r i n g  

world-sheet . ) 
A s  shown by H e l f r i ~ h [ ~ f ~ ~ ] ,  the  deformation of a  membrane due t o  

thermal f luc tua t ions  makes i t s  average s i z e  A '  smaller than i t s  

t r u e  area A :  

where d=3 has been taken.  The average s i z e  of t h e  membrane can be 

ca lcula ted  from t h e  co r re la t ion  as  

I t  i s  c l e a r  t h a t  A  i s  nothing but the  co r re la t ion  of t h e  

undeformed membrane coordinates ( the  bare f i e l d s ) ,  while A '  i s  the  

co r re la t ion  of t h e  deformed membrane coordinates (renormalized 

f i e l d s )  .The s igni f icance  of t h e  xP-field renormalization due t o  

thermal f luc tua t ions  i s  t h a t  the  average s i z e  of t h e  membrane i s  

smaller than i t s  t r u e  a r e a .  (The anomalous dimension of the  

physical  length i s  then c lose ly  r e l a t e d  with t h e  Hausdorff 

dimension of t h e  deformed membrane.) 

I t  i s  a l s o  i n t e r e s t i n g  t o  note t h a t  t h e  renormalization of the  

e x t r i n s i c  coupling (3-22) ) can be put i n t o  a  3 4 1  , 



I f  o n l y  t h e  deformed XP f i e l d s  undergo  r e n o r m a l i z a t i o n ,  t h e n  we s e e  

from (3-23) t h a t  l/ar=(l/ao) Z w i t h  Z g i v e n  by  (3 -20 ) ,  which i s  j u s t  

H e l f r i c h ' s  r e ~ u l t [ ~ r ~ ~ ] .  I f  b o t h  XP and  h f i e l d s  undergo  

r e n ~ r m a l i z a t i o n [ ~ ] ,  t h e n  (3-26) shows t h a t  t h i s  i s  p o s s i b l e  o n l y  i f  

t h e  t r u e  area o f  t h e  membrane A ( o r  15-c1l2) i n c r e a s e s  unde r  t h e r m a l  

f l u c t u a t i o n s .  I t  i s  now c l e a r  t h a t  t h e  f a c t  t h a t  o n l y  t h e  XP f i e l d s  

undergo  r e n o r m a l i z a t i o n  i m p l i e s  t h a t  t h e  t r u e  a r e a  o f  t h e  membrane 

remains  unchanged, r e f l e c t i n g  t h e  c o n s t a n t  d e n s i t y  c o n s t r a i n t  o f  

t h e  membrane. 

3 . 3  PERTURBATIVE RENORMALIZATION GROUP 

The r e s u l t  o f  t h e  compu ta t ions  i n  S e c t i o n  3 . 1 .  h a s  t h e  f o l l o w i n g  

i n t e r p r e t a t i o n :  W e  have a  t h e o r y  d e s c r i b e d  by (2-35) w i t h  t h e  

c u t - o f f  A1 ( o r  qm,,). I f  w e  i n t e g r a t e  o v e r  t h e  f a s t  q u a n t i t i e s  XI 

w i t h  t h e  wave v e c t o r s  A , l l q l l A , ,  w e  o b t a i n  t h e  e f f e c t i v e  a c t i o n  

(3-21) which i n  t h e  low e n e r g y  l i m i t  h a s  a g a i n  t h e  form (2-35) b u t  

w i t h  t h e  r e n o r m a l i z e d  c o u p l i n g  ( 3 - 2 2 ) .  W e  t h e r e f o r e  conc lude  t h a t  



the physical theory, formulated with the cut-off A1 and the bare 

coupling, must be equivalent (for small momenta Iql<<A,) to one 

with the cut-off A, (or qmi,) and the specially chosen new coupling 

described by (3-22). This statement is called renormalizability. 

The transformation from a. to ar and from A, to A2 is called 

renormalization group. In certain regions of momenta, nothing 

prevents us from repeating the procedure and passing from A, to 

A,<A, et c . 

As shown in ref. [35], renormalizability tells us that in a 

theory without dimensional parameters, a so-called dimensional 

transmutation takes place and the renormalized ar (3-22) can be 

written in a form: 

All quantities which depend on a(q) depend on a universal 

correlation length Eq. (3-27) is a true asymptotic expansion 

for a(q) when q>>h1'2. The P function is easy to calculate. We find 



which on ly  has  a  z e r o  p o i n t  ( u l t r a v i o l e t  f i x e d  p o i n t )  a t  

a ( q )  = 0 and q  = 00 . 3-29 

However, we shou ld  remember t h a t  t h e  above r e n o r m a l i z a b i l i t y  i s  

on ly  a  one-loop approximation and, t h e r e f o r e ,  i s  v a l i d  on ly  i n  

c e r t a i n  r e g i o n  of  momenta. That i s ,  t h e  " a r b i t r a r y "  s c a l e  p i n  

(3-27) and(3-28) cannot  go t o  ze ro  b u t  o n l y  t o  some ( i n f r a r e d )  

cu t -o f f  A. The reason f o r  t h i s  cut -of f  i s  t h e  e x i s t e n c e  o f  a  f i n i t e  

width of t h e  s t r i n g ,  which i s  j u s t  an i d e a l i z e d  d e s c r i p t i o n  of t h e  

c o l o r - e l e c t r i c  f l u x  t u b e .  Such a  f i n i t e  width  i s  supposed t o  be 

i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  g l u e b a l l  mass Mg.b . A t  t h e  s c a l e  

A- Mg., , p e r t u r b a t i o n  t h e o r y  i s  no l o n g e r  a p p l i c a b l e .  

I n  t h e  n e x t  c h a p t e r ,  u s i n g  a  s a d d l e  p o i n t  approximation i n  d>2, 

we w i l l  show t h a t  t h e  vacuum condensate o f  t h e  Lagrange m u l t i p l i e r  

ho has  an i n t e r p r e t a t i o n  a s  t h e  i n v e r s e  squared  c o r r e l a t i o n  l e n g t h ,  

s i m i l a r l y  t o  t h e  s i t u a t i o n  i n  t h e  n o n l i n e a r  0 m o d e l [ l l l .  With t h i s  

r e l a t i o n ,  w e  t h e n  s e e  from (3-32) t h a t  h,=0 i s  compat ib le  wi th  



ar=O. This  i m p l i e s  t h a t  our  c l a s s i c a l  s o l u t i o n s  (2-32) and (2-33) ,  

which have t h e  conformal  and t h e  a r e a - p r e s e r v i n g  i n v a r i a n c e s  a r e  

s t a b l e  a g a i n s t  quantum f l u c t u a t i o n s .  

Before ending t h i s  c h a p t e r ,  we would l i k e  t o  mention t h a t  i n  t h e  

above p e r t u r b a t i v e  r e n o r m a l i z a b i l i t y  a n a l y s i s  we have n o t  t a k e n  

i n t o  account  t h e  t empera tu re  dependence of  t h e  bending r i g i d i t y .  

This  a n a l y s i s  can,  t h e n ,  on ly  be viewed a s  a  p u r e  quantum-field- 

t h e o r e t i c a l  a n a l y s i s  a t  ze ro  t empera tu re .  If t h e  s o l u t i o n  (2-32) 

corresponds  t o  some f i n i t e  t empera tu re  i n s t e a d  of  t h e  z e r o  

t empera tu re ,  it t h e n  i m p l i e s  a  smooth phase  below t h a t  t empera tu re ,  

which i s  most d e s i r a b l e .  We l e a v e  t h e s e  q u e s t i o n s  t o  t h e  n e x t  two 

c h a p t e r s .  



Chapter 4 

Generalized Gauge Fixing And The Saddle Point Solutions 

In t h e  l a s t  chapter,  using the  per turba t ive  renormalization 

method, we have shown t h a t  t h e  renormalized coupling ar depends on 

a  pers i s tence  length h-"* ( e . g . ,  (3-27).  In t h i s  chapter,  we show 

t h a t ,  i n  t h e  saddle point  approximation, t h e  vacuum condensate of 

the  Lagrange mul t ip l i e r  ho has such an i n t e r p r e t a t i o n  [ 3 6 1  . 

Moreover, it i s  shown t h a t  a  f i n i t e  s i z e  ( i n  t h e  lltimell d i r ec t ion)  

e f f e c t  survives t h e  thermodynamic l i m i t  and, a s  a  r e s u l t ,  t h e  

e f f e c t i v e  s t r i n g  tension and the  saddle point  value of ho vanish a t  

a  f i n i t e  c r i t i c a l  temperature. 

4 . 1  GENERALIZED GAUGE FIXING 

We now consider the  ac t ion  ( 2 - 2 7 ) .  As discussed i n  Section 2 . 3 ,  

t h i s  ac t ion  can be obtained from t h e  Polyakov-Kleinert s t r i n g  

ac t ion  ( 2 - 1 4 )  by the  following sca l ing  gauge: 



and the isotropic ansatz for the lagrange multiplier (2-29). Here 

the term "scaling gauge" implies that the scaling invariance (2-42) 

is respected in this gauge. Only for the (on-shell) minimal surface 

sector, the gauge (4-1) and the isotropic ansatz (2-29) can be 

justified. 

As discussed in Section 2.3, the theory (2-27) has residual 

reparametrization invariances in the minimal surface sector. Now it 

is natural to expect that the residual reparametrization freedom, 

left after the "gauge" (4-I), is determined by the Killing equation 

with 
( ~ 6 5 ~ . ) ~ ~  = V 65 + 

a b 

which determines those 

V 65 - g Vc65 I 4-3 
b a ab c 

transformations that leave the form of the 

metric tensor (4-1) invariant (isometric mappings). In (4-3), the 

superscripts I1a.p." and "c." on 65's denote the area-preserving and 

the conformal transformations respectively. The solutions for 

Va6~aa.p.=aa6~ a.P-=O are those given by (2-35) which form a group, the 

area-preserving group, while solutions for (~65~') a b = ~  (i .e., (2-34) ) 

form the conformal group. It is important to note that there will 

be no area-preserving invariance, if one choose the usual conformal 



gauge. The term gabVC65c i n  ( 4 - 2 )  w i l l  be absorbed i n t o  t h e  

va r i a t ion  of the  Weyl va r ib le  gab&$ i n  t h a t  case.  

The Jacobian f o r  the  var iable  transformation i s  defined by 

[dg] = [d65a.p.d85c .] J (po) 4-4 

Following t h e  standard procedure [37 f  381 , t h e  Jacobian i s  

where 

ab cd 
ll 6g 11 = Id2& ( gacgbd + cg g ) 6gab6gcd 

and we f ind  
1 / 2  1 / 2  

J (  po) = det'  (-6abA)det' (L'L) 

where 

The primes on t h e  determinants omit t h e  zero modes. With the  

Jacobian given by ( 4 - 7 ) ,  not only t h e  usual conformal ghosts and 

ant ighos ts  [ * I  but a l s o  a p a i r  of new complex s c a l a r  ghost and 

ant ighost  associa ted  with the  gauge f ix ing  of t h e  area-preserving 

symmetry, c a l l e d  imbedding ghost i n  r e f . [ 3 9 ] ,  a r i s e  i n  t h e  theory.  

The ac t ion  f o r  the  imbedding ghost can be determined by 



det  I ( - A )  = JA aae*a a. 1 . 
2 x  

From (4 -8) ,  we compute: 

To remove t h e  unphys ica l  components of t h e  XP f i e l d s ,  

4-10 

we f i n d  

4 - 1 1  

where ho i s  t h e  vacuum condensate  of t h e  Lagrange m u l t i p l i e r .  For 

t h e  f l a t  m e t r i c  (2-28) ,  Ro=O. We w i l l  s e e  below t h a t  a t  t h e  

c r i t i c a l  p o i n t ,  %=0. That i s ,  E q .  ( 4 - 1 1 )  ho lds  a t  t h e  c r i t i c a l  

p o i n t .  W e  assume t h a t  ( 4 - 1 1 )  ho lds  even a t  o f f - c r i t i c a l  p o i n t s  i n  

t h e  gauge f i x i n g  p rocedure .  We c a l l  t h e  gauge f i x i n g  procedure  

s t a t e d  above a  g e n e r a l i z e d  gauge f i x i n g  procedure ,  which can be 

j u s t i f i e d  o n l y  a t  t h e  f i x e d  p o i n t .  A t  p o i n t s  away from t h e  f i x e d  

p o i n t ,  t h e  t h e o r y  i s  n e i t h e r  conformal nor  Weyl i n v a r i a n t  and 

s o  no gauge f i x i n g  i s  r e a l l y  needed. The unphys ica l  modes 

con ta ined  i n  t h e  t h e o r y  can on ly  be  removed by o t h e r  r eason .  This  



may b e  a  g e n e r i c  problem a s s o c i a t e d  wi th  any o f f - s h e l l  t h e o r y  and 

e x p l a i n s  why i n  r e f .  [ I 6 1  a  noncovar iant  d e s c r i p t i o n  i s  adopted,  i n  

which on ly  p h y s i c a l  ( t r a n s v e r s e )  modes a r e  c o n t a i n e d  i n  t h e  bending 

energy t e r m  (Eq. ( 4 )  of r e f .  [ I 6 1  ) . I n  o u r  c o v a r i a n t  d e s c r i p t i o n ,  

t h e  unphys ica l  modes a r e  t o  be  removed by t h e  g e n e r a l i z e d  gauge 

f i x i n g  procedure  s t a t e d  above. The p h y s i c a l  ground f o r  t h e  

g e n e r a l i z e d  gauge f i x i n g  procedure  i s  t h a t  t h e  unphys ica l  degrees  

of freedom ( t h e  l o n g i t u d i n a l  modes of t h e  XP f i e l d s  f o r  i n s t a n c e )  

shou ld  n o t  c o n t r i b u t e  even away from t h e  f i x e d  p o i n t .  

An a l t e r n a t i v e  b u t  much s imple r  t r e a t m e n t  of  t h e  model i s  t o  

c o n s i d e r  an a c t i o n  which has  t h e  same form of  (2-27) b u t  o n l y  

c o n t a i n s  t r a n s v e r s e  components f o r  X f i e l d s .  Th i s  i s  p r e c i s e l y  an 

n o n l i n e a r  0-model. No gauge f i x i n g  i s  needed i n  t h i s  c a s e .  The 

shortcoming of  t h i s  s imple  0-model d e s c r i p t i o n  i s  t h a t  it i s  on ly  

s u i a b l e  f o r  s t r i n g  wor ldshee t s  wi th  t r i v i a l  topology ( a  p l a n e  o r  a  

s p h e r e ) .  On t h e  o t h e r  hand, t h e  d e s c r i p t i o n  adopted  i n  t h i s  Chapter  

can be  e a s i l y  extended t o  t h e  c a s e  of a  t o r u s  ( s e e  Chapter  7 ) .  

4 .2 SADDLE POINT SOLUTIONS [ 3  6 ]  

The p a t h  i n t e g r a l  i s  d e f i n e d  a s  fo l lows  



where V i s  volume of t h e  res idual  reparametrization group and SL.C 

i s  given by ( 2 - 2 7 ) .  Using the  i n t e g r a l  measure over t h e  metric 

defined by ( 4 - 4 )  and t h e  Jacobian given by ( 4 - 7 )  and ( 4 - l l ) ,  t he  

i n t e g r a l  over the  group space cancels t h e  group volume V and gives 

Z = I [dxdhl J(P,) exp- s ,.,.( X,hf Po 4-13 

In order t o  continue the  ca lcula t ion  we have t o  conjecture (and  

check it i n  t h e  next sec t ion)  t h a t  the  co r re la t ion  length of the  

Lagrange m u l t i p l i e r  h  i s  small i n  comparison with t h e  s i z e  of our 

region. I f  t h i s  i s  t r u e ,  h can be replaced by t h e i r  mean values 

( the  saddle point approximation) . 
The i n t e g r a l  over XP i s  then Gaussian and can be performed i n  a  

standard fashion.  We f ind ,  

Z " exp-Seff . (Po '  Lo ) 7 

where 

From (4-15), we immediately see t h a t  a l l  t he  longi tudina l  modes a re  

removed by t h e  gauge f ix ing  procedure. We now have t o  solve a  s e t  

of saddle point  equations corresponding t o  the  changes of hoand A 



( t h e  a r e a  of  t h e  s t r i n g  s h e e t ) :  

6s 
eff. 

-= 0 
6x0 

I 

and 

With t h e  e f f e c t i v e  a c t i o n  (4-15),  E q .  (4-16) becomes 

Here we have i n t r o d u c e d  t h e  Green f u n c t i o n ,  

Let  u s  now s o l v e  t h e  e q u a t i o n  (4 -18) .  I n  t h e  momentum 

2  r e p r e s e n t a t i o n ,  we have ( p t 2 = p 2 / p  o =-a /Po) 

and t h e r e f o r e  (4-18) becomes, 

1 - 
(d -2 )a0  A2 

1 = - ln- 
2  8n Lo 



Solving for ho from (4-21), we find 

where A  is the renormalization scale. As discussed in Section 3.3, 

there exists a momentum scale A - M ~ . ~  at which perturbation theory 

breaks down. On the other hand, the coupling a is dimensionless and 

asymptotically free. So a dimensional transmutation occurs: the 

dimensionless a and a dimensionful scale A  can be traded for each 

other. Since the theory requires renormalization, one must specify 

the renormalization scale A  at which the renormalized a(A) is 

prescribed. We choose A - M ~ . ~  as the renormalization scale to 

specify a .  

Comparing (4-22) with (3-27) we find that the vaccum condensate 

of Lo has the interpretation of the persistent length. A discussion 

of Eq. (4-22) is now in order. Though Eqs. (4-22) and (3-27) share 

the same property of asymptotic freedom, their interpretations are 

quite different. First, Eq. (3-32) represents a running charge with 

explicit scale or momentum dependence while Eq.(4-22) is the "fixed 



charge" (The sca le  has been f ixed  t o  be A )  which has impl ic i t  

temperature dependence. The temperature dependence a r i s e s  from the  

vacuum condensate of ho (see below). One might wonder i f  the  fixed 

sca le  charge ( 4 - 2 2 )  i s  cons is ten t  with t h e  asymptotic freedom. 

Indeed, t h i s  property w i l l  show up as  the  vacuum condensate ho 

tends t o  zero which formally corresponds t o  keeping ho t o  be some 

f i n i t e  value and l e t t i n g  the  sca le  A increase t o  i n f i n i t y  just  a s  

t h e  running charge (3-27).  However, the  physical  meaning i s  qu i t e  

d i f f e r e n t .  Loosely speaking, i n  (3-27), we f ixed  the  temperature 

( t o  zero) and considered the  sca le  or  momentum dependence of the  

running charge while i n  ( 4 - 2 2 ) ,  we did t h e  opposi te :  t o  f i x  the  

sca le  A and look a t  t h e  temperature dependence of the  f ixed  charge. 

Secondly, Eq. (3-27)  i s  obtained from a  per turba t ive  expansion, 

while Eq. ( 4 - 2 2 )  i s  nonperturbative i n  nature a t  a l l  temperatures. 

The t h i r d ,  t h e  vacuum condensate ho depends on t h e  temperature (see 

below). That i s ,  t he  pers is tence  length of t h e  present model i s  

temperature dependent i n  c e r t a i n  region, r e f l e c t i n g  an unusal phase 

s t r u c t u r e  of the  system under considerat ion.  

To solve Eq. ( 4 - 1 7 )  we note t h a t  i n  t h e  e f f e c t i v e  ac t ion  (4-15), 



Using a c- funct ion  r e g u l a r i z a t i o n  411 ,  we f i n d  t h e  

f i r s t  t e rm on t h e  r i g h t  hand s i d e  (RHS) of  (4-23) t o  be 

( (d-2) /2 l n  d e t  ' (-6) = -po(d-2) 7c/6 7 4-24 

where we have s e t  R1>> p '  and R ' = ~ ~ P '  and t h e  s h e e t  C i s  d e f i n e d  by 

1 C = { (el, c2) 1 o S c  S R '  I / -  7 4-25 

where t h e  symbol - r e p r e s e n t s  t h e  equ iva lence  r e l a t i o n  ( o r  t h e  

p e r i o d i c i t y  i n  t h e  i n t r i n s i c  "time" c2) d e f i n e d  b y  

S i m i l a r l y ,  we c a l c u l a t e  t h e  second term on t h e  r . h . s .  of (4-23) 

and f i n d  

d- 2 (d-2 ) poa2 
-1ndet ' ( - A i l o )  = (d-2) pOxI ( a )  + 

2 
(l+ln-) , 4-27 

87c h 

where 

dy 1 / 2  I (a) = 4 
2n (y+a/2n) 

y ( y  + a /n )  'I2 

1-e 



and 

Here Kl (na) i s  t h e  modified Bessel function and I ( a )  has t h e  

l imi t ing  values 

I ( a )  = 
as  a+- 

In ( 4 - 2 9 ) ,  p = i / ~  ( T  denotes the  physical  temperature) i s  defined 

where Aint measures the  i n t r i n s i c  s i z e  of the  s t r i n g  world-sheet 

which d i f f e r s  from t h e  "external"  a rea  of t h e  sheet A: 

2 
A = I p 0  d  5 = ~ R P  = 2P0p2  4-32 

The reason f o r  d is t inguish ing  between A and Aint i s  t h a t  the  

operators  involved ( e . g .  (4-15) or  (4-23)) contain a  f ac to r  po-' and 

so t h e  r e a l  frequencies or  momenta depend on P ins tead  of ( e . g . ,  

(4-15) ) . 
Gathering a l l  these  pieces gives 

- S e f f .  - (Jeff .pop2 + (terms i r r e l e v a n t  a s  po+-) 4-33 

where 



which i s  t h e  e f f e c t i v e  s t r i n g  t e n s i o n  d e f i n e d  by 
1 
I 

Oeii 
= - l i m  -1nZ 

A A+- 

Here Z i s  t h e  p a t h  i n t e g r a l  d e f i n e d  by ( 4 - 1 4 ) .  

I t  i s  worth mentioning t h a t  t h e  l a s t  t e rm i n  (4-34),  

7 4-34 

4-35 

t h e  

P-dependent t e r m  i s  remin i scen t  of  t h e  Luscher t e rm i n  t h e  s t a t i c  

p o t e n t i a l  [13,24,41-431 and i s  a  c h a r a c t e r i s t i c  f e a t u r e  of QCD 

s t r i n g  model a r i s i n g  from t h e  zero-point  t r a n s v e r s e  o s c i l l a t i o n s  of 

t h e  s t r e t c h e d  s t r i n g .  One might wonder whether such a  t e rm a r i s e s  

because  of  t h e  f i n i t e  s i z e  ( i n  t h e  "time" d i r e c t i o n )  and may be 

a b s e n t  i n  t h e  thermodynamic l i m i t .  However, i n  t h e  p r e s e n t  model, 

by d i s t i n g u i s h i n g  A and Ain, ( e . g . ,  (4-31) and ( 4 - 3 2 ) ) ,  such a  te rm 

does s u r v i v e  t h e  thermodynamic l i m i t  and shou ld  no t  be  over looked.  

In  f a c t ,  i n  t h e  p r e s e n t  model, t h i s  i s  t h e  on ly  t e rm which 

d e c r e a s e s  t h e  s t r i n g  t e n s i o n  ( s e e  (4-34) and a l s o  below) and s o  i s  

of c r u c i a l  importance i n  r educ ing  t h e  e f f e c t i v e  s t r i n g  t e n s i o n  t o  

z e r o  a t  t h e  c r i t i c a l  p o i n t  ( s e e  a l s o  Chapter  5 ) .  

I t  shou ld  be mentioned t h a t  t h e  " f i n i t e  s i z e "  ( h e r e  i n  t h e  

"t ime" d i r e c t i o n )  e f f e c t  which s u r v i v e s  t h e  thermodynamic l i m i t  i s  

by no means unique t o  t h e  p r e s e n t  model b u t  e x i s t s  i n  many o t h e r  

models.  I n  t h e  c o n t e x t  of  QCD s t r i n g s ,  one i s  o f t e n  concerned two 



d i f f e r e n t  l i m i t  b e h a v i o r s  of s t r i n g s  cor respond ing  t o  two l i m i t  

shapes  of t h e  s t r i n g  wor ldsheet  : R>>P [I3, 361 and P>>R [24,41-431 

I n  e i t h e r  c a s e ,  t h e  weight f u n c t i o n  po i s  e f f e c t i v e l y  f i x e d  t o  be 

i n f i n i t y .  A s  a  r e s u l t ,  t h e  f i n i t e  s i z e  e f f e c t ,  e i t h e r  t h e  1 / P  

te rm[13f  3 6 1  o r  t h e  1 / R  t e r ~ n [ ~ ~ f  41-431 , s u r v i v e s  t h e  thermodynamic 

l i m i t .  I n  t h e  c a s e  of  membranes, it i s  n o t  i n c o n c e i v a b l e  t h a t  t h e  

thermodynamic l i m i t  cor responds  t o  t h e  l i m i t  c a s e  of i n f i n i t e  

s u r f a c e  d e n s i t y  (number of molecules p e r  a r e a ) .  I n  t h i s  c a s e ,  t h e  

f i n i t e  s i z e  e f f e c t ,  t h e  1 / R  term, s u r v i v e s  t h e  thermodynamic l i m i t .  

Using (4-33) ,  t h e  s a d d l e  p o i n t  e q u a t i o n  (4-17) r educes  t o  

We t h u s  s e e  t h a t  t h e  v a l u e  of p, i s  n o t  de termined by t h e  s a d d l e  

p o i n t  e q u a t i o n  (4-17) which i s  merely a  r e s u l t  of  t h e  g l o b a l  

s c a l i n g  i n v a r i a n c e  (2-42) of  t h e  t h e o r y .  

R e s u l t s  s i m i l a r  t o  (4-34) have a l s o  been found by P i s a r ~ k i [ ~ ~ I ,  

David and ~ u i t t e r [ ' ~ ]  f o r  t h e  Polyakov-Kleinert  s t r i n g  and r i g i d  

random s u r f a c e s .  I n  t h e  e q u a t i o n s  (2-9) of  Ref .  [31] and (2-23) of 

Ref.  [ 1 4 ] ,  t h e  P-dependent t e r m ,  t h e  l a s t  te rm on t h e  RHS of 

(4-34) ,  was a b s e n t .  That is ,  t h e  zero-point  energy t e r m  does not 

s u r v i v e  t h e  thermodynamic l i m i t  i n  t h o s e  models.  Th i s  i s  n o t  



surpr is ing  s ince those a r e  models of general  su r faces .  The global 

sca l ing  invariance ( 2 - 4 2 )  i s  only an a r t i f a c t  of some spec ia l  

gauge[44] ,  such a s  t h e  sca l ing  gauge ( 4 - I ) ,  ins tead  of a  t r u e  

symmetry as  i n  t h e  present  model. Therefore, i n  t h e  saddle point 

approximation i n  t h e  l a rge  d  l i m i t ,  one i s  allowed t o  choose some 

physical  gauge t o  break the  global  sca l ing  symmetry [ 1 4 1 .  AS a  

r e s u l t ,  p, i s  determined a s  a  saddle point so lu t ion[14]  ins tead  of 

t r e a t i n g  it as  a r b i t r a r y  a s  i n  the  present model. Therefore, i n  t he  

thermodynamic l i m i t  i n  those models both A and Aint must be taken t o  

be i n f i n i t y  s ince p, i s  just  a determined value t h e r e .    his 

explains  why no f i n i t e  s i z e  e f f e c t  can survive i n  the  thermodynamic 

l i m i t  i n  those models of general  sur faces .  Therefore, the  r e a l  

reason f o r  us t o  d i s t ingu i sh  between A and Aint i s  t h e  global  

sca l ing  invariance (2 -42 )  which forces  t h e  dens i ty  po t o  be 

undetermined. That i s ,  though the  area A of t h e  s t r i n g  sheet i s  

supposed t o  be f ixed,  t h e  r a t i o  of the  two lengths i n  the  s p a t i a l  

and "time" d i rec t ions  must l e f t  a r b i t r a r y  i f  t h e  global  symmetry 

i s  unbroken. O r  i n  o ther  words, Po i s  a  f r e e  parameter (not a  

dynamical quant i ty)  i n  t h e  present model due t o  t h e  sca l ing  



i n v a r i a n c e  ( 2 - 4 2 ) .  A s  a  r e s u l t ,  i n  t h e  thermodynamic l i m i t ,  A+oo, 

whi le  Ai,, o r  p remains f i n i t e .  ( I n  t h i s  and t h e  n e x t  c h a p t e r ,  we 

on ly  c o n s i d e r  t h e  l i m i t  c a s e  R>>P, t h a t  i s ,  Po+-. I n  Chapters  6 , 7  

and 8, a  more g e n e r a l  c a s e  w i l l  be c o n s i d e r e d . )  

Though Eq. (4-17) o r  (4-36) does no t  de termine  t h e  v a l u e  of Po 

i n  t h e  p r e s e n t  model, it, when combined w i t h  (4-22) ,  de termines  t h e  

v a l u e  of ho. The s o l u t i o n  of (4-36) i s  

and 

8n:00 
h',= -- +- 4n:2 (1 - 61 ( a ) )  

d-2 3P2 . 
Comparing Eq. (4-37) w i t h  t h e  r e s u l t  (3-27) shows t h a t  t h e  vacuum 

condensate  of t h e  Lagrange m u l t i p l i e r  has  t h e  i n t e r p r e t a t i o n  of t h e  

i n v e r s e  squared  c o r r e l a t i o n  l e n g t h .  One remarkable r e s u l t  of t h e  

s a d d l e  p o i n t  s o l u t i o n  (4-38) i s  t h a t  ho v a n i s h e s  a t  c e r t a i n  f i n i t e  

c r i t i c a l  t e m p e r a t u r e  which corresponds  t o  t h e  f i x e d  p o i n t  of  t h e  

t h e o r y  : P (a(ho)) = d a(ho)/dln (h2/%) - -a2( %) = 0 a t  h0=0. Obviousely, 

t h i s  c r i t i c a l  p o i n t  corresponds  t o  t h e  minimal s u r f a c e  o r  i n  o t h e r  



words, t h e  minimal s u r f a c e  s e c t o r  dominates a t  t h e  f i x e d  p o i n t .  

S u b s t i t u t i n g  (4-37) i n t o  (4-34) g i v e s  

We s e e  from (4-39)  t h a t  t h e  P-dependent t e r m  r e p r e s e n t s  t h e  e f f e c t  

of the rmal  f l u c t u a t i o n s  which t e n d s  t o  lower t h e  s t r i n g  t e n s i o n .  On 

t h e  o t h e r  hand, t h e  condensate  of t h e  Lagrange m u l t i p l i e r  ho s e r v e s  

a s  a  dynamical ly  g e n e r a t e d  s t r i n g  t e n s i o n  t o  c o n t r o l  t h e  

f l u c t u a t i o n s .  

4 .3 ON THE FREEZING OF h 

I n  t h i s  s e c t i o n ,  we check whether our  c o n j e c t u r e  concerning t h e  

" f r e e z i n g "  of t h e  l a g r a n g e  m u l t i p l i e r  i s  c o r r e c t ,  i . e . ,  t o  check i f  

t h e  h - f i e l d  f l u c t u a t i o n s  a r e  of s h o r t  range  and s o  do no t  d e s t r o y  

t h e  long-ranged o r d e r  i n  t h e  low-temperature r e g i o n .  I n  t h e  a c t i o n  

(2-27),  we s e t  

We can f i n d  t h e  q u a d r a t i c  t e rm i n  t h e  induced a c t i o n  f o r  t h e  T 

f i e l d  t o  be  



where 

Here we have accounted  f o r  t h e  f a c t  t h a t  l'l i n t e r a c t s  wi th  X f i e l d s  

through t h e  Lagrangian:  

and t h e  f a c t  t h a t  t h e  X-f ie ld  p ropaga to r  i s  g iven  by 

a 
< X ,  (k)X,  ( -k )>  = 6 4 - 4 4  

1 I k4+hok2 i j  I 

where w e  have t a k e n  i n t o  account  t h e  ghos t  c o n t r i b u t i o n s  and i , j  

a r e  normal i n d i c e s .  A s t r a i g h t f o r w a r d  e s t i m a t e  of (4-42) g i v e s  i n  

t h e  l i m i t  ho+O, 

where c= (d-2) / 4 X .  For  nonvanishing c (i . e . ,  d>2) i n  (4-45),  



s u b s t i t u t i n g  (4-45) i n t o  ( 4 - 4 1 ) ,  we f i n d  t h a t  t h e  c o r r e l a t i o n  

f u n c t i o n  ( o r  t h e  ampl i tude  of f l u c t u a t i o n s )  f o r  t h e  q - f i e l d  i s  of  

t h e  o r d e r  of  ( ~ * ~ , , l n ~ / A ~ ~ , ) - ~ ,  where Ain, i s  t h e  i n t r i n s i c  s i z e  of 

our  o b j e c t .  There fo re ,  i n  t h e  c a s e  c#O w e  can n e g l e c t  t h e  i n f l u e n c e  

of q - f l u c t u a t i o n s  s i n c e  hmin can be c o n s i s t e n t l y  set t o  z e r o .  

We h e r e  emphasize t h a t  t h e  above d e r i v a t i o n  r e l i e s  on t h e  f a c t  

t h a t  ho van i shes  a t  a  f i n i t e  t empera tu re .  This  means t h a t  our  

c o n j e c t u r e  t h a t  t h e  h f i e l d  can be  t r e a t e d  a s  a  mean f i e l d  i n  t h e  

l a s t  s e c t i o n  i s  j u s t i f i e d  a s  h, i s  c l o s e  t o  z e r o .  I n  o t h e r  words, 

our  s a d d l e  p o i n t  approximation becomes a  ve ry  good one i n  any 

dimension d>2 a t  low tempeature  where ho+O. This  d i f f e r s  from t h e  

s i t u a t i o n  of  t h e  Polyakov-Kleinert  s t r i n g  a s  w e l l  a s  P i s a r s k i ' s  

model where t h e  sadd le -po in t  approximation i s  a  good one o n l y  i n  

t h e  i n f i n i t e  d  l i m i t  s i n c e  ho never  goes t o  z e r o .  

A t  h i g h  t empera tu re ,  on t h e  o t h e r  hand, where \ i s  f i n i t e  and 

s e r v e s  a s  a  n a t u r a l  i n f r a r e d  cu t -o f f  of o u r  t h e o r y ,  t h e  c o r r e l a t i o n  



length of t h e  T) f i e l d  i s  the  same order a s  t h e  s i z e  of our ob jec t .  

I n  t h i s  case,  the  quantum f luc tua t ions  of t h e  h f i e l d  e n t e r  the  

theory.  A s  a  r e s u l t ,  a  "conformal anomaly" i s  generated 

dynamically: 

1 1 
(Anomaly) = -b2~T)-T'l 

2ar 
-A I 

where we have used c=(d-2) /4x and t h e  logarithmic f a c t o r  i n  (4 -45 )  

has been absorbed i n t o  t h e  d e f i n i t i o n  of the  renormalized coupling 

Eq. ( 4 - 4 6 )  can be regarded as  an e f f e c t i v e  non-local 

in te rac t ion  term, represent ing the  e f f e c t i v e  in te rac t ions  between 

d i s t a n t  Gaussian curvatures  and manifesting a  long-range order i n  

the  model. The importance of t h e  anomaly term w i l l  be discussed i n  

Chapter 8 a s  t h e  s t r i n g  suscepb i l i ty  i s  ca lcu la ted .  



Chapter 5 

Smooth-Rough Transition 

In t h i s  chapter,  we discuss  the  f i n i t e  temperature t r a n s i t i o n  of 

the  model. I t  i s  shown t h a t  t h e  saddle point so lu t ions  obtained i n  

the  l a s t  chapter imply a  smooth-rough t r a n s i t i o n  i n  t h e  present 

model. The Hausdorff dimension of t h e  s t r i n g  worldsheet and t h e  

width of t h e  s t r i n g  a re  ca lcula ted .  

5 . 1  THE HAUSDORFF DIMENSION THE W I D T H  OF THE STRING 

Eq.(4-38) f o r  the  dynamically generated s t r i n g  tension or the  

saddle point  so lu t ion  of the  Lagrange mul t ip l i e r  h,* i s  reminiscent 

of t h e  s i t u a t i o n  i n  the  Is ing  model [ 4 5 1  and must be solved 

numerically t o  determine the  c r i t i c a l  temperature. However, it i s  

easy t o  see t h a t  the re  i s  always one so lu t ion ,  by using t h e  

l imi t ing  value of I ( a )  i n  (4-30), i f  

As T+Tc  from above, h,* decreases and we may obtain i t s  

asymptotic dependence by using the  l imi t ing  value of I ( a )  i n  



(4-30), t h a t  i s ,  

We see from (5-2) t h a t  Lo* approaches zero a s  approaches Tc 

from above, and vanishes asymptotically a s  

We note t h a t  aa./aPIp+pc = -2n2/3P < 0,  but a* cannot be 

negative s ince  it i s  t h e  inverse squared pers is tence  length as  can 

be seen from (4-37).  We conclude t h a t  Lo* remains zero a t  o r  below 

the  c r i t i c a l  temperature Tc. 

I t  i s  i n t e r e s t i n g  t o  compare the  c r i t i c a l  temperature (5-1) f o r  

t h e  present  model with t h a t  obtained i n  r e f s .  [13] f o r  t h e  

Nambu-Goto s t r i n g  and [ 1 2 ]  and [ 4 6 ]  f o r  t h e  Polyakov-Kleinert 

s t r i n g .  We f i n d  t h a t  t h e  c r i t i c a l  temperatures coincide numerically 

even though t h e  associa ted  systems a re  general ly  d i f f e r e n t .  In 

f a c t ,  we w i l l  see  soon t h a t  t h e  fea tures  of the  t r a n s i t i o n s  

associated with these  c r i t i c a l  temperatures a r e  very d i f f e r e n t .  

The exponent f o r  t h e  power law behavior of t h e  a* i n  ( 5 - 3 )  i s  



given t h e  symbol V=2/d, according t o  polyakov [35 

with o = ( d - 2 ) a ~ ~ / 3  and Go cr = Oo = (d-2)aTcI2/3. Here d, i s  the  

Hausdorff ( o r  f r a c t a l )  dimension. Comparing (5-4) with (5-3) gives 

d, = 2 ,  t h a t  i s ,  f o r  r i g i d  s t r i n g  with l iquid-crys ta l - l ike  order,  

t h e  Hausdorff dimension equals i t s  topological  dimension a t  o r  

below the  c r i t i c a l  temperature. 

To confirm our conclusion on the  Hausdorff dimension which 

determines t h e  f i n e  s t r u c t u r e  of t h e  s t r i n g  (or  s t r i n g  worldsheet) ,  

we compute t h e  mean squared d is tance  between any two poin ts  on the  

shee t .  Using t h e  propagator of the  X-fields ( 4 - 4 4 ) ,  we f ind ,  

Decomposing the  propagator i n  the  momentum space a s  follows 

1 - 1 - - -  1 
5-6 

s u b s t i t u t i n g  (5-6) i n t o  (5-5) and not ic ing  the  cancel la t ion  between 

the  massless modes, we f ind ,  



For 15-5' 1 << ho-1/2r t h a t  i s ,  f o r  ho-+O, t h e r e  i s  a c a n c e l l a t i o n  

between t h e  B e s s e l  f u n c t i o n  and t h e  logar i thm.  The l e a d i n g  behavior  

- 15-5 '1 '  7 5-8 

where w e  have used t h e  renormal ized  coup l ing  ( 4 - 3 7 )  t o  c a n c e l  t h e  

l o g a r i t h m i c  f a c t o r  and have omi t t ed  a  c o n s t a n t  t e rm f o r  l a r g e  

15-5'1. E q .  (5-8) means t h a t  t h e  Hausdorff dimension of t h e  s h e e t  

i s  two which conf i rms o u r  p r e v i o u s  c a l c u l a t i o n .  On t h e  o t h e r  hand, 

f o r  15-5' 1 >> h,-ll2, t h e  B e s s e l  f u n c t i o n  decays e x p o n e n t i a l l y ,  s o  

t h e  l e a d i n g  behav io r  i s  

The l o g a r i t h m  i n  (5-9) cannot be removed by t h e  renomalized 

coup l ing  because  t h e  r a t i o  ho/ao i n  (5-9) i s  (a lmos t )  f i x e d  a s  both  

h and a. change ( s e e  E q .  (6 -15 )  below) . E q .  (5-9) means t h a t  t h e  

s t r i n g  wor ldsheet  i s  crumpled f o r  15-5' I>>  h w i t h  t h e  

Hausdorff dimension i n f i n i t y .  This  i s  t h e  t y p i c a l  behav io r  of t h e  



Nambu-Goto s t r i n g [ 4 7 ] .  We t h u s  s e e  t h a t  i n  t h e  reg ion  where Lo 

becomes l a r g e  t h e  model goes t o  t h e  Nambu-Goto l i m i t .  There a l s o  

e x i s t s  a n o t h e r  Hausdorff dimension of s t r i n g  s h e e t s  i n  t h e  

l i t e r a t u r e ,  d,=4 [13'42f 4 8 1 .  This  va lue  can a l s o  be  o b t a i n e d  from 

t h e  p r e s e n t  model. I n  t h e  i n t e r m e d i a t e  r e g i o n ,  t h e  s h e e t  i s  

expected  t o  be rough. Though t h e  c a l c u l a t i o n  of t h e  Hausdorff 

dimension i n  t h i s  i n t e r m e d i a t e  r eg ion  i s  h i g h l y  n o n - t r i v i a l ,  we can 

g e t  some h i n t  from t h e  express ion  of t h e  e f f e c t i v e  s t r i n g  t e n s i o n  

(4-39) . On very  g e n e r a l  grounds [ 2 4 f 4 9 1 ,  t h e  c o e f f i c i e n t  of t h e  1 / P  

te rm i s  expec ted  t o  be u n i v e r s a l .  I n  o t h e r  words, v a r i o u s  

u n i v e r s a l i t y  c l a s s e s  of s t r i n g s  should  i n  g e n e r a l  be d i s t i n g u i s h e d  

by d i f f e r e n t  u n i v e r s a l  c o e f f i c i e n t s  of t h e  1/P term, i . e . ,  t h e  

c o e f f i c i e n t  (d-2) (1-61 ( a )  ) / 2 .  Obviously, i n  t h i s  c o e f f i c i e n t ,  (d-2) 

i s  j u s t  t h e  number of t h e  independent  degrees  o f  freedom of  t h e  

X - f i e l d s .  What i s  t h e  meaning of t h e  q u a n t i t y  ( 1 - 6 I ( a ) ) / 2  t h e n ?  We 

c o n j e c t u r e  t h a t  t h e  q u a n t i t y  ( 1 - 6 I ( a ) ) / 2  may be i d e n t i f i e d  wi th  t h e  

c r i t i c a l  exponent of  t h e  p r e s e n t  model i n  t h e  i n t e r m e d i a t e  r e g i o n :  

V =  (1-6I(a) )- /2 = 2/d, 5-10 

From t h e  asympto t i c  behav io r  of t h e  f u n c t i o n  I ( a )  of ( 4 - 3 0 ) ,  we 

immediately s e e  t h a t ,  



1/2  I V I 1  and 2 I d, I 4  

5 . 2  THE WIDTH OF THE STRING 

W e  now show t h a t  t h e  c r i t i c a l  t empera tu re  (5-1) a s s o c i a t e s  wi th  

a second-order  smooth-rough t r a n s i t i o n .  To prove  t h i s  we need t o  

c a l c u l a t e  mean f l u c t u a t i o n s  <u,> of t h e  s t r i n g  world-sheet  from a 

r e f e r e n c e  p l a n e ,  say  t h e  , 2 ) - p l a n e f  n e a r  t h e  t r a n s i t i o n .   his 

i s s u e  had been s t u d i e d  more t h a n  a decade ago by  elfr rich[^^]. The 

r e s u l t  i s ,  i n  t e r m s  of  our  n o t a t i o n ,  

I n  t h e  regime of  t empera tu re  T g c ,  ho=O, and t h e r e f o r e ,  

ao=O ( e  . g .  (4-37) ) . W e  t h u s  have < luq12>=0 f o r  T a C l  which means 

t h a t  t h e  s t r i n g  i s  smooth f o r  Tflcl. ( We r e c a l l  d H ( ~ a c ) = 2 . )  

I n  t h e  regime of  t empera tu re  T>Tc and 0<h0<l/P2, we have ao>O and 

s o  t h a t  



~ q .  (5-13) means t h a t  t h e  s t r i n g  i s  rough f o r  T>Tc and 0 < h 0 < l / ~ * .  

From above a n a l y s i s ,  we s e e  t h a t  ho p l a y s  a  r o l e  of an  o r d e r  

parameter  i n  t h e  p r e s e n t  model: it van i shes  a t  Tc and remains ze ro  

below Tc, and t h e  system i s  i n  t h e  g l o b a l  O(d-2)X O(2)  (and a l s o  

t r a n s l a t i o n )  symmetric phase s i n c e  t h e  s t r i n g  wor ldsheet  i s  

e s s e n t i a l l y  smooth (<lu,l>=O) wi th  t h e  Hausdorff dimension two. 

Above t h e  c r i t i c a l  t empera tu re ,  on t h e  o t h e r  hand, ho i n c r e a s e s  and 

becomes f i n i t e .  I n  t h i s  r e g i o n  t h e  g l o b a l  O(d-2)X O(2)  (and a l s o  

t h e  t r a n s l a t i o n )  symmetry( ies)  i s  ( a r e )  broken and t h e  system i s  i n  

t h e  rough phase  (< l u, l *>-A,,,) wi th  t h e  Hausdorff dimension l a r g e r  

t h a n  two. We t h u s  s e e  t h a t  t h e r e  i s  a smooth-rough t r a n s i t i o n  

a s s o c i a t e d  wi th  t h e  c r i t i c a l  t empera tu re  Tc ( 5 - 1 ) .  This  i s  a 

second-order  t r a n s i t i o n  s i n c e  t h e  p e r s i s t e n c e  l e n g t h  ( l /dho)  i s  

i n f i n i t e  a t  t h e  t r a n s i t i o n .  Although a c r i t i c a l  t empera tu re  wi th  

t h e  same v a l u e  of (5-1) was o b t a i n e d  i n  R e f s .  [ I31 and [ 4 6 ] ,  it 

does n o t  a s s o c i a t e  wi th  a  smooth-rough t r a n s i t i o n  s i n c e  t h e  smooth 



phase was a b s e n t  t h e r e .  

I t  shou ld  be n o t i c e d  t h a t  t h i s  smooth-rough t r a n s i t i o n  d i f f e r s  

from t h e  well-known roughening t r a n s i t i o n ,  which e x i s t s  i n  t h e  

l l so l id-on-sol id l l  model[50] a s  w e l l  a s  t h e  Z, l a t t i c e  gauge 

theory[511  and a l s o  o t h e r  r e l a t e d  models, though b o t h  s h a r e  some 

p r o p e r t i e s .  I n  t h o s e  models, a  roughening t r a n s i t i o n  i s  accompanied 

by a  n o n - a n a l y t i c i t y  of  v a r i o u s  q u a n t i t i e s ,  i n c l u d i n g  t h e  s u r f a c e  

t e n s i o n ,  a s  a  f u n c t i o n  of  t h e  t empera tu re  ( o r  t h e  gauge coup l ing  i n  

t h e  c a s e  of  l a t t i c e  gauge t h e o r i e s ) .  Moreover, t h e  t r a n s i t i o n  i s  of 

i n f i n i t e  o r d e r .  I n  our  case ,  on t h e  o t h e r  hand, t h e  smooth-rough 

t r a n s i t i o n  i s  accompanied by t h e  v a n i s h i n g  e f f e c t i v e  s t r i n g  t e n s i o n  

and i s  of second o r d e r .  

Th i s  shou ld  n o t  be  t o o  s u r p r i s i n g  s i n c e  t h o s e  511 a r e  

q u i t e  d i f f e r e n t  i n  n a t u r e  from t h e  p r e s e n t  model. Among t h e  

d i f f e r e n c e s  we would l i k e  t o  emphasize t h e  f o l l o w i n g :  F i r s t ,  i n  t h e  

p r e s e n t  model, t h e  t r a n s i t i o n  i s  r e l a t e d  wi th  t h e  breakdown of t h e  

cont inuous  g l o b a l  symmetries ( t h e  O ( 2 )  and t r a n s l a t i o n  i n v a r i a n c e s )  

whi le  i n  o t h e r  models it i s  a s s o c i a t e d  wi th  t h e  breakdown of  

d i s c r e t e  t r a n s l a t i o n  symmetry. Secondly, i n  t h e  p r e s e n t  model, t h e  

t r a n s i t i o n  i s  d r i v e n  by t h e  Higgs- l ike  mechanism due t o  t h e  

e f f e c t i v e  long  ranged i n t e r a c t i o n  i n t r o d u c e d  by t h e  i n t e r n a l  

l i q u i d - c r y s t a l - l i k e  o r d e r  ( s e e  be low) ,  whi le  i n  o t h e r  models r 5 0 f  511 

it i s  d r i v e n  by t h e  Kos te r l i t z -Thou less  mechanism. (There i s  an 



e f f e c t i v e  U ( 1 )  symmetry i n  t h e  intermediate region i n  other  

models L501 . ) 
Let us now look a t  t h e  Higgs p a r t i c l e s  of our model l i v i n g  i n  

t h e  rough phase. Associated with t h e  breakdown of t h e  t r a n s l a t i o n  

invariance i n  2 ( o r  d-2) dimensions, the re  i s  a  dynamically 

generated mass m2=h,. Correspondingly, t h e r e  e x i s t  (d-2) massive 

modes of t h e  X-fields a s  can be seen from t h e  Green function of 

these  modes ( 4 - 2 0 ) .  These a re  the  Higgs p a r t i c l e s  associated with 

the  t r a n s l a t i o n  symmetry breakdown. Furthermore, associated with 

the  global  O ( 2 )  symmetry breaking, the re  i s  an anomaly ( 4 - 4 6 )  which 

i s  non-local. To make it loca l ,  we make a  var iable  transformation 

s imi la r  t o  (3-18) : 

Using (5-14), t h e  anomaly ( 4 - 4 6 )  becomes 

A t  f i r s t  s i g h t ,  one might wonder whether t h i s  massless mode may 

destroy the  long-range order of t h e  system. However, t h i s  i s  not 

the  case s ince  t h e  f i e l d  @ i n  (5-15) w i l l  be "frozen" a t  or  below 

the  c r i t i c a l  temperature Tc where ar=O according t o  ( 4 - 4 7 )  and 

(4-38).  A l l  these  proper t ies  a re  due t o  t h e  l iquid-crys ta l - l ike  



order,  which forces  t h e  t r a c e  of t h e  metric t o  be f ixed,  induces an 

e f f e c t i v e  long-range in te rac t ion  ( 4 - 4 6 )  i n t o  t h e  theory,  and so 

makes t h e  Mermin-Wagner-Coleman theorem[25] not appl icable  f o r  the  

present model. 



Chapter 6 

A Simple Estimate of the Hagedorn Transition 

I n  t h i s  c h a p t e r ,  we make a  s imple  e s t i m a t e  o f  t h e  Hagedorn 

t r a n s i t i o n  f o r  t h e  p r e s e n t  model under a  wel l -mot iva ted  

s p e c u l a t i o n .  A more r i g o r o u s  d e r i v a t i o n  w i l l  be g iven i n  t h e  

fo l lowing  c h a p t e r s .  The reason  f o r  us  t o  make such e s t i m a t e  i s  t h a t  

it i n v o l v e s  l e s s  mathematics t h a n  t h e  r i g o r o u s  d e r i v a t i o n  b u t  

p rov ides  t h e  c o r r e c t  p h y s i c a l  p i c t u r e .  

6 . 1  THE HAGEDORN TEMPERATURE 

I t  i s  w e l l  known t h a t ,  i n  any s t r i n g  t h e o r y ,  t h e r e  commonly 

e x i s t s  an e x p o n e n t i a l  growth i n  t h e  d e n s i t y  of  s t r i n g  o s c i l l a t i o n s  

a s  a  f u n c t i o n  of t h e  mass. This  i s  e s s e n t i a l l y  because  t h e  s t r i n g  

i s  a  one-dimensional extended o b j e c t .  The number of o s c i l l a t i o n s  a t  

t h e  nth l e v e l  grows roughly  l i k e  e x p ( ~ P )  wi th  C a  c o n s t a n t  L5*1.  

This  growth i s  s o  r a p i d  t h a t  t h e  p a r t i t i o n  f u n c t i o n  

Z = ~ r e - P '  I 6- 1 

of t h e  s t r i n g  gas  converges on ly  f o r  s u f f i c i e n t l y  l a r g e  P .  This  

" l i m i t i n g  t empera tu re"  was a n t i c i p a t e d  i n  e a r l i e r  s p e c u l a t i o n s  and 

known a s  t h e  Hagedorn t e m p e r a t u r e [ 5 3 1 .  I t  i s  a s s o c i a t e d  wi th  a  



phase t r a n s i t i o n  i n  recent s tud ies  of QCD s t r i n g ~ [ ~ ~ r ~ ~ I .  

Physically,  t h e  Hagedorn temperature i s  r e l a t e d  t o  a  t r a n s i t i o n  

point where the  entropy becomes i n f i n i t e  and dominant. One might 

wonder i f  t h e  Hagedorn t r a n s i t i o n  i s  absent i n  the  present model 

because it involves a  r i g i d i t y  term which may suppress spikes and 

make t h e  s t r i n g  f l a t .  However, from (4-38), we see t h a t ,  a s  T>Tc, 

a.0. From (4-37), we see t h a t  %>0 means Cto>O. We expect the  

Hagedorn temperature T, l a r g e r  than Tc, which would imply the  

bending modulus ( l /ao) t o  be f i n i t e  a t  T, due t o  t h e  vacuum 

condensate of t h e  lagrange mul t ip l i e r .  Since t h e  mean curvature i n  

( 2 - 2 7 )  contains higher der iva t ives ,  it becomes i r r e l evan t  a t  large 

s c a l e s .  We then expect t h a t  t h e  bending r i g i d i t y  term i n  (2 -27 )  

would become i r r e l e v a n t  a t  l a rge  sca lea  a t  T,. That is ,  the  la rge  

d is tance  behavior of t h e  system w i l l  be governed by t h e  Nambu-Goto 

term i n  (2 -27 )  a t  T, and the  Hagedorn t r a n s i t i o n  e x i s t s  i n  the  

present model. (This w i l l  be fu r the r  j u s t i f i e d  i n  the  following two 

chapters by e x p l i c i t  ca lcu la t ions .  Here we presume t h a t  t h i s  i s  so 

and est imate t h e  Hagedorn temperature.)  

To f ind  t h e  Hagadorn temperature f o r  t h e  present model, we write 

the  path i n t e r a l  of the  s t r i n g  as  fol lows[56]  : 



where the  function r ( A )  i s  proport ional  t o  the  number of d i f f e ren t  

s t r i n g  world shee ts  of a  given area A and i s  defined by 

where we have used the  saddle point approximation t o  the  lagrange 

mul t ip l i e r  and t h e  X-fields only contain the  physical  t ransverse 

components. The h f luc tua t ion  can be described by ( 4 - 4 6 ) ,  which 

does not a f f e c t  t h e  Hagedorn temperature and can then be neglected 

here.  I t s  r o l e  i n  determining the  s t r i n g  s u s c e p t i b i l i t y  w i l l  be 

discussed i n  Chapter 8 .  

It i s  i n t e r e s t i n g  t o  note t h a t  the &function i n  (6-3)  can 

be simply neglected since jpod2( = 2 p o p 2 = ~  i s  t r i v i a l l y  s a t i s f i e d .  

In Chapter 4 ,  t o  f i n d  the  saddle point so lu t ion  near Tc, we only 

considered t h e  spec ia l  case of R>>P or  p,+- and ca lcula ted  t h e  

log .  determinants of t h e  operator ( -A)  and ( - A + % )  given by ( 4 - 2 4 )  

and ( 4 - 2 7 )  respect ive ly .  The r e s u l t s  ( 4 - 2 4 )  and ( 4 - 2 7 )  a r e  cor rec t  



only i n  t h e  l i m i t  R % - > ~ I .  To f i n d  the  Hagedorn temperature, 

however, we have t o  consider a more general  case where the  r a t i o  of 

R '  t o  p '  i s  a r b i t r a r y .  In f a c t ,  t h e  Hagedorn temperature i s  

determined by t h e  s ingular  behavior of t h e  path i n t e g r a l  near 

For a general  (6-independent) Po, E q .  ( 4 - 2 4 )  should be replaced 

-p n: / 3  O0 -4nn:p 2 
0 d e t '  (-A) = e n (1-e > 

n = l  

Clearly,  t h e  i n f i n i t e  product f a c t o r  on t h e  RHS of ( 6 - 4 )  tends t o  

one a s  Po+= and can therefore  be neglected.  This i s  t h e  case 

considered i n  Chapters 4 and 5 .  However, f o r  a general  po and in  

p a r t i c u l a r ,  f o r  small values of po, t he  l a rge  n contr ibut ion t o  the  

path i n t e g r a l  becomes dominant. 

In teg ra t ing  over XP f i e l d s  i n  (6-3),  Using ( 6 - 4 )  and 

concentrating on t h e  l a rge  n behavior, we have 

- (d-2) / 2  -4 n7~p r - de t  ' 0 ) -  (d-2) 



L e t  

and  

One c a n  p r o j e c t  o u t  t h e  l e v e l  d e n s i t y  dn from G ( o )  by a  c o n t o u r  

i n t e g r a l  on a  s m a l l  c i rc le  a b o u t  t h e  o r i g i n  

S i n c e  G ( W )  v a n i s h e s  r a p i d l y  f o r  0+1, t h a t  i s ,  po+O, w h i l e  i f  n  i s  

Wn+l  v e r y  l a r g e ,  i s  v e r y  s m a l l  f o r  0<1 .  The re  i s  c o n s e q u e n t l y ,  f o r  

l a r g e  n,  a  s h a r p l y  d e f i n e d  s a d d l e  p o i n t  f o r  O  n e a r  1. I t  i s  a  

c l a s s i c  r e s u l t  f rom number t h e o r y  due t o  Hardy and  R a m a n ~ j a n ~ ~ ~ ]  

and  was d e r i v e d  i n  t h e  c o n t e x t  o f  t h e  (open)  s t r i n g  due t o  Huang 

and  ~ e i n b e r g [ ~ ~ ]  t h a t  a s  n+oo 

I n  t h e  u s u a l  Nambu-Goto s t r i n g [ 5 7 ] ,  t h e  number n  i s  r e l a t e d  t o  

t h e  t h e  s q u a r e d  mass o f  t h e  (open)  s t r i n g  and  t h e  s t r i n g  t e n s i o n  



I n  t h e  p r e s e n t  case ,  t h e  s t r i n g  t e n s i o n  i s  r e p l a c e d  by t h e  

condensat ion  of t h e  Lagrange m u l t i p l i e r  &,/ao. We have, i n s t e a d  of 

(6-10) ,  

n  = m2ao / 2 nx0 6-11 

Using ( 6 - l l ) ,  t h e  d e n s i t y  of l e v e l s  a s  a  f u n c t i o n  of mass i s  

a s y m p t o t i c a l l y  
-(d-1) / 2  

p ( m )  - m exp (m/m ) 

where 

The l e v e l  d e n s i t y  grows s o  r a p i d l y  wi th  mass t h a t  t h e  p a r t i t i o n  

f u n c t i o n  (6-1) developes  a  s i n g u l a r i t y  a t  t h e  t empera tu re  TH=mo 

which i s  known a s  t h e  Hagedorn . What i s  i n t e r e s t i n g  

h e r e  i s  t h a t  it i s  t h e  condensat ion  of t h e  Lagrange m u l t i p l i e r  

ho/ao , i n s t e a d  of  t h e  s t r i n g  t e n s i o n  Go, which e n t e r s  ( 6 - 1 3 ) .  This  

l e a d s  us  t o  expec t  t h a t  T, may t a k e  some d i f f e r e n t  ( l a r g e r )  v a l u e s  

t h a n  Tc given  by (5-1) and t o  s p e c u l a t e  a  d i f f e r e n t  k i n d  of  phase 

t r a n s i t i o n  t h a n  t h e  smooth-rough t r a n s i t i o n  d i s c u s s e d  i n  Chapter  5 

nea r  T H .  



We want t o  e x p r e s s  T, i n  te rms of Go which i s  t h e  unique s c a l e  

i n  t h e  p r e s e n t  model. (S ince  t h e  bending r i g i d i t y  l/ao i s  

d imens ion less  and a s y m p t o t i c a l l y  f r e e ,  it does no t  p rov ide  a  b a s i c  

s c a l e  i n  t h e  model. That i s ,  t h e  s c a l e  A  shou ld  b e  de termined by 

t h e  t h e o r y .  This  i s  remin i scen t  of t h e  s i t u a t i o n  i n  QCD where no 

b a s i c  parameter  i s  p r e s e n t  except  t h e  number of  c o l o r s  Nc which 

corresponds  t o  t h e  bulk  dimensions d  i n  t h e  p r e s e n t  model . )  This  

i n v o l v e s  t h r e e  q u a n t i t i e s  T,, ho and a. ( o r  A ) .  So we need t h r e e  

independent  e q u a t i o n s  i n v o l v i n g  t h e s e  t h r e e  q u a n t i t i e s  t o  de termine  

them. These e q u a t i o n s  a r e  (6-13) determined from t h e  e x p o n e n t i a l  

i n c r e a s i n g  l e v e l  d e n s i t y ,  t h e  s a d d l e  p o i n t  s o l u t i o n  (4-37) 

r e p r e s e n t i n g  t h e  asympto t i c  freedom of t h e  bending r i g i d i t y  and t h e  

s a d d l e  p o i n t  s o l u t i o n  (4-38) determined from t h e  c o n d i t i o n  t h a t  t h e  

e f f e c t i v e  s t r i n g  t e n s i o n  van i shes  a t  Tc .  (We w i l l  s e e  t h a t  t h e  l a s t  

c o n d i t i o n  i s  e q u i v a l e n t  t o  t h e  tachyon f r e e  c o n d i t i o n  i n  t h e  next  

c h a p t e r .  

To s o l v e  f o r  ho/ao a t  T,, we f i r s t  r e w r i t e  t h e  s a d d l e  p o i n t  

equa t ion  (4-38) o r  (4-39) a s  fo l lows  



where we have n e g l e c t e d  t h e  I ( a )  t e rm s i n c e  it i s  e x p o n e n t i a l l y  

smal l  f o r  l a r g e  ho ( s e e  (4-30) ) and presumed t h a t  t h e  c r i t i c a l  

exponent v = 2 / d H  e q u a l s  1 /2  a t  T, which w i l l  be proven soon ( s e e  

(6-27) below) . S u b s t i t u t i n g  (6-13) i n t o  (6-14) ,  we f i n d  

Comparing (6-15) w i t h  t h e  c l a s s i c a l  e q u a t i o n  (2-31),  we s e e  

t h a t  t h e  quantum f l u c t u a t i o n s  e f f e c t i v e l y  change t h e  n e g a t i v e  

( c l a s s i c a l )  r i g i d i t y  t e r m  c o n t r i b u t i o n  t o  %/ao by a  p o s i t i v e  va lue  

of (d-2)ho/8n.  A s  a  r e s u l t ,  t h e  vacuum condensat ion ,  t h e  r a t i o  

%/ao, i s  n o t  a  c o n s t a n t  Go, b u t  i n c r e a s e s  w i t h  ho. This  confirms 

our  p r e v i o u s  e x p e c t a t i o n  t h a t  TH>Tc. 

To s o l v e  f o r  ho/ao i n  (6-15) ,  we use  t h e  s a d d l e  p o i n t  e q u a t i o n  

(4-37) and set 



S u b s t i t u t i n g  (6-16) i n t o  (6-15) g i v e s  

From (6-17) ,  w e  f i n d  

u s i n g  ( 6-18) w e  f i n d  from 6h2/6\ 1 kl,=O and 6 2 ~ 2 / 6 h , 2  1 kl*>O 

and h: 
- = 2% 
a. 

S u b s t i t u t i n g  (6-19) i n t o  (6-13) g i v e s  

Though (6-20) i s  d e r i v e d  f o r  open s t r i n g s  it h o l d s  a l s o  f o r  

c l o s e d  s t r i n g s .  Th i s  i s  easy  t o  s e e  (and w i l l  be  proved i n  Chapter 

8 ) .  For  c l o s e d  s t r i n g  t h e  l e v e l  d e n s i t y  dnclose oc (d,)* where dn i s  

g iven by (6-9) . But t h i s  does no t  change mo i n  (6-13) s i n c e  (6-11) 

must be r e p l a c e d  by 4n=m2ao/2~ho i n  t h e  c a s e  of c l o s e d  s t r i n g .  

E q .  (6-20) i m p l i e s  t h e  e x i s t e n c e  of a  second phase  t r a n s i t i o n  

i n  t h e  p r e s e n t  model o t h e r  t h a n  t h e  smooth-rough t r a n s i t i o n  which 



i s  q u i t e  d i f f e r e n t  from o t h e r  s t r i n g  models.  I n  t h e  Nambu-Goto 

s t r i n g  [I3, 5 4  and t h e  Polyakov-Kleinert  s t r i n g  [ I2 ,  4 6 ,  55 , t h e r e  i s  

on ly  one phase t r a n s i t i o n .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  i n  t h e s e  

models, Tc i s  determined i n  a  s i m i l a r  way a s  shown i n  Chapters  4 

and 5, t h a t  i s ,  de termined by t h e  c o n d i t i o n  t h a t  t h e  e f f e c t i v e  

s t r i n g  t e n s i o n  s t a r t s  t o  v a n i s h  i n  t h e  l a r g e  A l i m i t ,  whi le  T, i s  

determined by t h e  e x p o n e n t i a l  i n c r e a s i n g  l e v e l  d e n s i t y  i n  t h e  l a r g e  

n  l i m i t  a s  shown above. I t  t u r n s  o u t  t h a t  Tc=T,in t h e s e  s t r i n g  

models.  

Th i s  can be unders tood a s  f o l l o w s .  A s t r i n g  t h e o r y  can on ly  have 

one phase  t r a n s i t i o n  a t  most i f  t h e  s i n g u l a r i t i e s  a t  t h e  

t r a n s i t i o n s  a r e  t a c h y o n i c .  (Here t h e  te rm t a c h y o n i c  s i n g u l a r i t y  

means t h a t  beyond t h e  t r a n s i t i o n ,  t h e  squared  mass becomes 

n e g a t i v e . )  The reason ing  i s  t h e  f o l l o w i n g .  Suppose t h e  model has 

two t a c h y o n i c  phase  t r a n s i t i o n s  wi th  t r a n s i t i o n  t empera tu res  T ( l )  

and T ( 2 )  . To be  d e f i n i t e ,  suppose T ( 2 )  > T ( 1 )  . But t h i s  i s  imposs ib le  

s i n c e  i n  t h e  r e g i o n  T ( l ) < T < T ( 2 ) ,  t h e  model i s  i l l - d e f i n e d  because 

of t h e  t a c h y o n i c  s i n g u l a r i t y .  That i s ,  we on ly  have T ( l ) = T ( 2 ) .  This  

i s  t h e  c a s e  of t h e  Narnbu-Goto s t r i n g  a s  w e l l  a s  t h e  Polyakov- 

K l e i n e r t  s t r i n g .  

I n  t h e  p r e s e n t  model, Tc i s  n o t  r e l a t e d  t o  a  t a c h y o n i c  

s i n g u l a r i t y  a s  can be seen  from (4-39) :  it i s  t h e  vacuum 



condensat ion  of t h e  Lagrange m u l t i p l i e r  o r  t h e  dynamical ly  

g e n e r a t e d  s t r i n g  t e n s i o n  which makes t h e  e f f e c t i v e  s t r i n g  t e n s i o n  

remain z e r o  even a t  t h e  t empera tu re  beyond Tc.  T h i s  has  a l s o  been 

e x p l i c i t l y  shown i n  t h e  above d e r i v a t i o n  of T,. I t  i s  t h e r e f o r e  

p o s s i b l e  f o r  t h e  p r e s e n t  model t o  have a  second phase t r a n s i t i o n  

o t h e r  t h a n  t h e  smooth-rough t r a n s i t i o n .  

6 . 2  THE HAUSDORFF DIMENSION AT T, 

To determine  t h e  n a t u r e  of  t h e  Hagedorn t r a n s i t i o n ,  we c a l c u l a t e  

t h e  Hausdorff dimension a t  T, o r  a t  t h e  l a r g e  n  l i m i t .  Th i s  work 

has  been done by M i t c h e l l  and T u r ~ k [ ~ ~ I  f o r  t h e  Nambu-Goto s t r i n g .  

To be  complete,  we h e r e  mimic t h e i r  c a l c u l a t i o n s  i n  te rms o f  our 

n o t a t i o n s .  

The o p e r a t o r  r e p r e s e n t i n g  t h e  mean squared  r a d i u s  of an open 

( o r i e n t a b l e  boson ic )  s t r i n g  i s  d e f i n e d  by 

where t h e  symbol : : deno tes  normal o r d e r i n g  and q1 t h e  c e n t r e  of 

mass c o o r d i n a t e  o f  t h e  s t r i n g .  The e x p e c t a t i o n  v a l u e  of A r 2  

averaged over  a l l  s t a t e s  a t  l e v e l  n  i s  g iven by 



where the  sum i s  over a l l  s t a t e s  a t  l eve l  n .  Neglecting terms i n  

( 6 - 2 1 )  which do not cont r ibute  t o  ( 6 - 2 2 ) ,  we can rewri te  A r 2  as  

follows 

where we have used the  general  so lu t ion  of the  X f i e l d s  which 

s a t i s f i e s  t h e  equation of motion of the  Nambu-Goto s t r i n g  w i t h  t he  

s t r i n g  tension h o / a o ,  i . e  . , 

The t r i c k  used i n  Ref. [ 5 8 ]  i s  t o  consider t h e  t r a c e  of the  

Di f fe ren t i a t e  ( 6 - 2 5 )  w i t h  respect t o  X and then s e t  x=l. This w i l l  

give a  s e r i e s  of terms and the  coe f f i c i en t  of wn w i l l  t e l l  us the  



A 

sum of  t h e  R v a l u e s  a t  l e v e l  n  . 

with  G(O) g iven  by ( 6 - 7 ) .  To determine  t h e  c o e f f i c i e n t  of on we use  

a  s i m i l a r  p rocedure  t o  t h a t  l e a d i n g  from (6-8) t o  (6-9) . The r e s u l t  

i s  

and hence from (6-22) and (6-23) we have 

where we have used (6-19) . But we know from (6-11) t h a t  dn i s  

p r o p o r t i o n a l  t o  m which i s  i n  t u r n  p r o p o r t i o n a l  t o  t h e  p roper  

l e n g t h  of t h e  s t r i n g  ( d e f i n e d  by rn=200~) . Thus we have t h e  

impor tant  r e s u l t  t h a t  t h e  mean squared  r a d i u s  of  t h e  s t r i n g  i s  

p r o p o r t i o n a l  t o  L a t  T,. This  means t h a t  t y p i c a l  s t r i n g  

c o n f i g u r a t i o n s  a t  t h e  Hagedorn t empera tu re  a r e  random walks which 

i n  t u r n  i m p l i e s  t h a t  t h e  Hausdorff dimension of t h e  s t r i n g  s h e e t  i s  

4 : 



E q .  ( 6 - 2 9 )  i s  cons is ten t  with our conjecture i n  Chapter 5 which 

p red ic t s  21dH14  .Though (6 -29 )  i s  derived f o r  t h e  open s t r i n g  it 

holds a l s o  f o r  t h e  closed s t r i n g  by the  same reason following 

(6-20).  

A t  f i r s t  s i g h t ,  one may expect the  Hagedorn t r a n s i t i o n  t o  be 

f i r s t  order s ince %>0 a t  T,, which would imply t h e  co r re la t ion  

length t o  be f i n i t e .  However, from ( 4 - 2 0 ) ,  we see t h a t  lo serves as  

the  dynamically generated mass squared of one sec to r  of XP f i e l d s ,  

associated t o  the  breakdown of the  t r a n s l a t i o n  symmetry i n  2 or  

(d-2) dimensions. As discussed i n  Section 6 . 1 ,  t h i s  massive sec tor  

of XW f i e l d s  becomes i r r e l e v a n t  a t  T,. On t h e  o ther  hand, it i s  the  

other  massless sec to r  of ~ P f i e l d s  associated t o  t h e  breakdown of 

the  t r a n s l a t i o n  symmetry i n  d  dimensions, a s  shown i n  (6-3) ,  which 

governs the  c r i t i c a l  behavior of t h e  system a t  temperatures near 

T,. Therefore, t h e  co r re la t ion  length of t h e  system a t  T, may be 

i n f i n i t e  and t h e  Hagedorn t r a n s i t i o n  may not be f i r s t  o rde r .  I n  

f a c t ,  our d e t a i l e d  analys is  i n  Section 8.2 w i l l  i nd ica te  t h a t  the 

Hagedorn t r a n s i t i o n  i s  possibly of second order .  



C h a p t e r  7 

Free E n e r g y  of a G a s  of R i g i d  S t r i n g s  

F i n i t e  temperature f i e l d  theory can be s tudied by considering 

t h e  propagation of f i e l d s  on R*-'x S1, where S' has circumference 

= 1/T. For s t r i n g s  a t  f i n i t e  temperature, Polchinski IS7] 

demonstrated by e x p l i c i t  computation t h a t  a t  t h e  one loop l eve l ,  

t he  f r e e  energy of a thermal gas of closed s t r i n g s  can l ikewise be 

computed by carrying out world-sheet path i n t e g r a l s  f o r  s t r i n g  

propagation on R ~ - ' x  s1 ( f o r  bosonic s t r i n g s ,  d=26).  Following 

Polchinski,  i n  t h i s  chapter,  we evaluate the  f r e e  energy of a gas 

of (both closed and open) r i g i d  s t r i n g s  on a to rus  and a cyl inder  

respect ive ly .  This i s  compared with the  f r e e  energy of a co l l ec t ion  

of f r e e  p a r t i c l e s ,  and hence the  mass spectrums of exc i t a t ions  of 

r i g i d  s t r i n g s  a r e  deduced. I t  turns  out t h a t  t h e  tachyon f r e e  

condition leads t o  the  saddle point so lu t ions  obtained i n  Chapter 

4 .  

7 . 1  GENERALIZED GAUGE F I X I N G  FOR A MINIMALLY IMMERSED TORUS 

We now t u r n  t o  consider t h e  path i n t e g r a l  of r i g i d  s t r i n g s  on a 



torus minimally immersed in d dimension[30]. The action is given 

where the subscript o on gab denotes that the metric is flat and 

depends only on the Teichmuller parameters. Action (7-1) for a 

minimally immersed torus can be obtained from the Polyakov-Kleinert 

string action (2-14) by choosing the flat gauge 

and assuming 

xab = figab 

7 

and 

where we have used a sadd le point approximation for the lagrange 

multiplier h.  The h fluctuations away from the saddle point can be 

described by the "anomaly" (4-46) and (4-47). Action (7-1) is an 

extension of (2-27) in the case of the minimally immersed torus. 

To describe the torus, we take XP and go,, to be periodic 

functions of y: 



1 2 Thus the unit cell is simply 015 Ip, 0 5 5  I p. 

The path integral over a minimally immersed torus can be written 

where V is the volume of the residual symmetry group discussed in 

Chapters 2 and 4. 

In order to carry out the metric integration we make a change of 

variables. Since the metric is flat, variation of the metric can 

then be resolved into changes arising from 6 and 7 transformations. 

(Weyl transformations are absent for a flat metric.) We then write 

agoah 

s% a b  
= v65 +v6! +-  62 

a b  b a  a, a 
a 

G.C. M. 

where 



G.C. 
8goab 

In ( 7 - 4 ) ,  2 i s  t h e  Teichmuller parameter 2 = (zl, T2) . The superscr ip ts  

lra.p.  and "c.  I t  on 851s denote the  area-preserving and the  

conformal transformations respect ive ly .  The i n t e g r a l  over the  

metr ic  thus separates  i n t o  an i n t e g r a l  over the  general  coordinate 

group and an i n t e g r a l  over 2 .  We wish t o  determine t h e  Jacobian 

defined by 

- ( G . C . )  (Mod.) 2 

D g ~ a b  - DgOab  D% ab = [d85 d 21' J (7) 

( G . C . )  
In ( 7 - 7 )  I Woab i s  determined by 

The Jacobian JG., i s  determined by ( 4 - 7 ) ,  and therefore  

Dgoab(G.C.) = det  1 1 / *  (-SabA) det  '"* (L1+L1) [d8ca.P.d8SC.] 7-9 
7 

where 

( L + L ~ { c . ) ~ = - V ~ ( V  $ + V  85 - g o a y t  
a b 

7 -10  
b a 

The primes on t h e  determinants omit the  zero modes. 



In (7 -7 )  , Dgab(Mod.) i s  given 

( M O ~ .  1 - detdgab/az  a , $ B > 1/2 - 
Dgab [ d ~ ]  = d e t  (fag)[d27] , 7-11 

where } a r e  t h e  zero modes of L+ and fap a re  defined by (from 

now on, we drop the  subscript  o on the  metr ic  and define g=g(T)) 

f - - - -  agab 1 aged 
ab, a az pabgcd- 

a7 
a a 

There a r e  a l s o  zero modes of L contained i n  [d65], which should 

be separated,  we f ind[371  

where 

and cAa = 6,a (A=l, 2 ,  . . . c )  represent c independent conformal Ki l l ing  

vectors  ( t h e  zero modes of L )  on t h e  t o r u s .  I t  i s  well known t h a t  



2 f o r  a  t o r u s ,  
C 

c =  { 1 f o r  a  cyl inder ,  7-16 

I 
0 f o r  a  surface with genus > 1 

Gathering a l l  these  pieces ,  the  Jacobian i n  ( 7 - 7 )  i s  given by 

where we have used (4-10) and ( 4 - l l ) ,  which means t h a t  a  

generalized (covariant)  gauge f ix ing  has been used. 

For a  to rus ,  we have 

A s t raightforword ca lcula t ion  gives 

and detQ,, = Z2 4 

Therefore, (7-17)  becomes, 



7.2  PATH INTEGRAL ON A MINIMALLY IMMERSED TORUS 

I n t e g r a t i o n  over  XP can be  c a r r i e d  o u t  a s  f o l l o w s .  The m e t r i c  

f o r  s m a l l  v a r i a t i o n s  i n  XP i s  d e f i n e d  a s  

The measure f o r  XP i n t e g r a t i o n  i s  d e f i n e d  i n  t e r m s  o f  t h e  Gaussian 

i n t e g r a l :  

To c a r r y  o u t  t h e  XP i n t e g r a t i o n ,  we s e p a r a t e  t h e  c o n s t a n t  p i e c e  

where X ' P ( ~ )  i s  o r thogona l  t o  t h e  c o n s t a n t  : dX = dX,dX1 . The 

cor respond ing  measure i s  d e f i n e d  by 

where Jx i s  determined by t h e  normal iza t ion  (7-23),  t h a t  i s ,  



We t h e n  f i n d  

where, i n  (7-28) ,  we have used t h e  f a c t  t h a t  due t o  t h e  h i g h e r  

d e r i v a t i v e s  i n  t h e  a c t i o n  ( 7 - I ) ,  t h e r e  a r e  2d z e r o  modes f o r  XP 

f i e l d s  i n  t h e  ( o n - s h e l l )  c a s e  of ho=O. I n  t h i s  t h e s i s ,  we a r e  

mainly i n t e r e s t e d  i n  t h e  g e n e r i c  ( o f f - s h e l l )  c a s e  of \a. The 

i n t e g r a l  over  XoP d i v e r g e s  and can be r e g u l a t e d  by p u t t i n g  t h e  

system i n  a  p e r i o d i c  box of  dimensions L1 L'...L~. Using (7-27),  we 

perform t h e  i n t e g r a l  over  X f P  t o  o b t a i n  



d / 2  - 1  - d / 2 + 1  

x (Z2/211.) { det  ' (-A) de t  ' (-A/',+ 1)) 
/ 

7-29 

where we have used a formula, f o r  a constant C and an operator  F, 

1 
det  ' (CF) = - d e t  ' ( F )  , 

C 

and t h e  r e l a t i o n  

v = order  (D) I [ d 6 5  1 '  with order(;) = 1 7-31 

This i s  because t h e  path i n t e g r a l  (7-29)  i s  not invar iant  under the  

modular transformation Z + - ~ / Z  which corresponds t o  the  

diffeomorphisms : cl+ - cl, t2+ - c2 (which respect  the  o r i en ta t ion ,  

the  pe r iod ic i ty  (7-2)  but do not connect w i t h  t h e  i d e n t i t y ) .  

Det' (-A) has been calculated i n  r e f .  [37] : 

2  -RT 13 
2 2 x i T  4 

de t  ' (-A) = Z,e I f ( e  ) I 

where 

The determinant of + 1) i s  evaluated i n  Appendix B (see 

a l s o  [38] )  : 



2 z a  A~ 
det  (-A/ho + 1) = exp [L(l+ln-) + 2a'T21 ( a )  ] 

4n L o  

where I ( a )  and a  a re  defined by (4-28) and ( 4 - 2 9 )  respect ive ly  and 

Subs t i tu t ing  (7-32)-(7-34) i n t o  (7 -29 )  gives 

where 

and A = Z2P 
2 7-37 

We immediately see t h a t  (7-36) agrees with (4-34) . Comparing ( 7 - 3 7 )  

with (4-32) shows t h a t  'T2-2p,. Indeed, the  geometrical meaning of Z2 

i s  jus t  t h e  r a t i o  of t h e  two length sca les  (o r  r a d i i )  of the  to rus .  

We note t h a t  t h e  region of in tegra t ion  over t h e  Teichmuller 



parameter  Z i n  (7-35) i s  n o t  r e s t r i c t e d  t o  t h e  fundamental 

domain [37 : 

F = { - / / ~ ~ R Z Z ~ / / ~ , I ~ Z > O ,  1~1>1} 7-3 8 

This  i s  because t h e  p a t h  i n t e g a l  (7-35) i s  i n v a r i a n t  under 

Z + Z + l  , 

b u t  changes under 

Z+-112 . 
The i n v a r i a n c e  of  t h e  p a t h  i n t e g r a l  (7-35) under  t h e  

t r a n s f o r m a t i o n  (7-39) means t h a t ,  when we merge a  c l o s e d  s t r i n g  

back t o  i t s e l f  a t  t h e  t ime  2xP, a  t w i s t  by a n  a n g l e  2x i n  t h e  f i n a l  

s t r i n g  a s  compared wi th  t h e  i n i t i a l  one makes no change on t h e  p a t h  

i n t e g r a l .  ( I n  f a c t ,  t h e  geomet r i ca l  meaning of  Z, i s  j u s t  an 

a r b i t r a r y  t w i s t .  See a l s o  below.)  The f a c t  t h a t  (7-35) change under 

t h e  t r a n s f o r m a t i o n  (7-40) means t h a t  t h e  two d i r e c t i o n s ,  t h e  

s p a t i a l  and t h e  " t i m e 1 '  d i r e c t i o n s ,  of t h e  s t r i n g  wor ldsheet  a r e  no t  

on t h e  same f o o t i n g .  I n  o t h e r  words, t h e  modular i n v a r i a n c e  of t h e  

t h e o r y  i s  spon taneouse ly  broken.  I t  i s  t h e  vacuum condensat ion  of 

t h e  l ag range  m u l t i p l i e r  which makes t h e  p a t h  i n t e g r a l  (7-34) change 

under modular t r a n s f o r m a t i o n  (7 -40) .  ( R e c a l l  t h a t  i n  t h e  c a s e  %=of 



t he  path i n t e g r a l  (7 -27 )  i s  modular i n v a r i a n t . )  As a  r e s u l t  of the  

vacuum condensation of the  lagrange mul t ip l i e r ,  we w i l l  see below 

t h a t  the  theory i s  f r e e  of tachyons. 

7 .3 FREE ENERGY FOR A TORUS 

I n  t h e  same fashion as  f o r  the  Polyakovls bosonic s t r i n g  we 

evaluate  t h e  f r e e  energy F ( P )  f o r  a  gas of r i g i d  s t r i n g s  i n  the  

l i m i t  L3, L4,  . . . Ld + =, L1 = L* = P f ixed[371 

CL -1 

F @ )  = - ( n ~  ) z connected 7 

where t h e  subscr ip t  "connected" on the  path i n t e g r a l  simply means 

t h a t  a l l  t h e  (disconnected) vacuum-vacuum amplitudes i n  t h e  path 

i n t e g r a l  have been excluded. The leading P-dependence i n  F ( P )  comes 

from t o r i  which wind r times around the  compact 1-d i rec t ion .  (Note 

t h a t ,  t o  descr ibe t h e  s t a t i s t i c a l  mechanics of s t r i n g s ,  the  

embedding space i s  chosen t o  be R~-'xs'. This d i f f e r s  from t h e  

s t a t i s t i c a l  descr ip t ion  of random surfaces though both Hamiltonians 

may have t h e  same form.) The boundary condition (7-2-a) i s  then 

modified t o  



while  (7-2-b) remains unchanged. I t  i s  convenient  t o  s e p a r a t e  X' 

i n t o  a  p e r i o d i c  p i e c e  and a l i n e a r  p i e c e ,  

1 ( 6' , c2)  = yp (5'  , c2) + rs18P 

The a c t i o n  (7-1) t h e n  becomes 

whi le  t h e  f r e e  energy ( 7 - 4 1 )  t a k e s  t h e  form 

I n  o r d e r  t o  unders tand  t h e  c o n t e n t  of (7-46) w e  compare it wi th  

t h e  f r e e  energy f o r  a  c o l l e c t i o n  of f r e e  p a r t i c l e s  whose spectrum 



I n  te rms of  occupation-number o p e r a t o r s  of t r a n s v e r s e  o s c i l l a t o r s  
A 

A ( 1 )  - ( 1 )  A ( 2 )  " 2 )  
Nni  I N n i  I Nni I Nni and i13) I t h e  spectrum of smooth s t r i n g s  

i s  g iven  by 

s u b j e c t  t o  t h e  c l o s e d  s t r i n g  c o n s t r a i n t s :  

where 

I n  (7-48) and (7-49) ,  n  i s  t h e  mass l e v e l  d i s c u s s e d  i n  t h e  l a s t  

c h a p t e r  whi le  Nni= dna; which should  n o t  be confused w i t h  

= C n i n i  = &xfnn: i n  (6 -25 )  . The d i f f e r e n c e s  between n  and n 



,, A 

o r  Nni and Nzi mean t h a t  t h e  energy degenerac ies  due t o  t h e  h i g h e r  

d e r i v a t i v e s  i n  t h e  a c t i o n  (7-1) a r e  l i f t e d  by t h e  condensat ion  of 

2 
t h e  Lagrange m u l t i p l i e r  Lo ( n o t e  t h a t  a =LOP2 i n  A). 

Summing (7-47) over  o s c i l l a t o r  spectrum (7-48) s u b j e c t  t o  

c o n s t r a i n t s  (7-49) y i e l d s  e x a c t l y  t h e  f r e e  energy g iven  i n  (7-46) 

wi th  t h e  i d e n t i f i c a t i o n  

Note t h a t  
1 / 2  

drl exp { 27Cill 

- 1 / 2  
i=l n = l  

-3(1) 
i f  y y , n  (kt?)- n I N ni ) = o 7 

( 0 o t h e r w i s e  I 

and s i m i l a r l y  
1/2 S ~ T  exp { ~ n i r  

1 1 
-1/2  

i=1 ,=I 

( 0 o t h e r w i s e  

We t h e n  s e e  t h a t  t h e  7, i n t e g r a l  i n  (7-46) e n f o r c e s  t h e  c o n s t r a i n t s  

(7 -48) .  Th i s  i s  n o t  t o o  s u r p r i s i n g  s i n c e ,  a s  mentioned b e f o r e ,  t h e  



geometrical meaning of 2, i s  just  an angle (over 27c), a twis t  in  

the  f i n a l  s t r i n g  a s  compared with t h e  i n i t i a l  one when we merge a  

closed s t r i n g  back with i t s e l f  i n  a  period of time 2np. Since there  

i s  no such t w i s t  when we merge an open s t r i n g  a s  obove, we expect 

t h a t  the re  i s  no such TI i n t e g r a l  i n  t h e  f r e e  energy of open 

s t r i n g s .  In the  next sect ion,  we w i l l  show t h a t  it i s  indeed so.  

There a r e  a  number of i n t e r e s t i n g  fea tu res  t o  take note o f .  

From (7-48) we see t h a t  the re  a r e  only t ransverse  modes i n  the  

A (1) "1) A ( 2 )  = ( 2 )  
mass spectrum. The longi tudina l  modes Nni , N n i  , Nai and Nai have 

been removed by the  gauge f ix ing  procedure discussed i n  Sec t .  7 . 1 .  

" (1) 
In t h e  spectrum (7-48), the  number operators  Nn and id-!' represent 

independent r i g h t  movers ( the  former associa te  with the  operator 

= (1) = ( 2 )  
-A while t h e  l a t t e r  with -A+h,) while N and Nai a r e  the  l e f t  n  i 

movers. These a r e  commuting opera tors .  N i ( 3 )  a r i s e s  from the  

zero-point f luc tua t ions  of t h e  s t r i n g .  The cons t ra in t s  ( 7 - 4 9 )  a re  

the  usual  ones f o r  closed s t r i n g ,  namely, t h e  number of left-moving 

degrees of freedom coincides with those of t h e  right-moving degrees 

of freedom. 

Now consider t h e  lowest mass s t a t e .  The squared mass f o r  t h i s  



s t a t e  i n  t h e  p resence  of  e x t r i n s i c  c u r v a t u r e  i s  g iven  by 
2 

mo ( a )  = 2q,, a 2 / a o  , 7-53 

where Oeff i s  given by (7 -36) .  We immediately s e e  t h a t  t h e  

requirement  of v a n i s h i n g  of  tachyon mass i s  j u s t  t h e  one of  

v a n i s h i n g  o f  t h e  e f f e c t i v e  s t r i n g  t e n s i o n ,  i . e . ,  

8n: / (d-2) 
a = 7-54-a 

0 
I n  A*/% 7 

which c o i n c i d e  wi th  t h e  s a d d l e  p o i n t  s o l u t i o n s  (4-37) and (4 -38) .  

I t  can a l s o  be  seen from (7-48) t h a t  t h e r e  a r e  g e n e r i c a l l y  no 

mass less  spin-2 s t a t e s  i n  t h e  e x c i t a t i o n  spectrum of r i g i d  s t r i n g s  

even i n  t h e  l i m i t  o f  h,=O. This  a g r e e s  wi th  t h e  f a c t  t h a t  r i g i d  

s t r i n g  t h e o r y  does no t  have modular i n v a r i a n c e  [ 5 9 1 .  

7.4  FREE ENERGY FOR A CYLINDER 

Following Burgess and Morr i s [601  we choose t h e  c y l i n d e r  a s  t h e  

r e g i o n  



with  ( e l ,  0)  i d e n t i f i e d  wi th  ( 5 1 ,  P)  . This  can be  o b t a i n e d  from t h e  

t o r u s  d e f i n e d  by 0 5 c1 5 P and 0 5 c2 5 P through t h e  mapping f c :  

f C ( c 1 , P ) = ( p - e l . P )  , 7-56 

The Teichmul ler  parameters  of t h e  c y l i n d e r  a r e  o b t a i n e d  by 

r e q u i r i n g  t h e  m e t r i c  gab(Z) on t h e  t o r u s  t o  be i n v a r i a n t  under f c .  

This  has  t h e  e f f e c t  of  r e q u i r i n g  Z 1 = O  and s o  t h e r e  i s  o n l y  one r e a l  

parameter  Z2 i n  ga,(Z) such t h a t  0 < Z2 < = . There fo re ,  f o r  a  

c y l i n d e r ,  we have 

and detf , ,  = 2/Z22 7-58 

Only one of t h e  two conformal K i l l i n g  v e c t o r s ,  , d e f i n e d  on t h e  

t o r u s  i s  even under f c  and s o  

c = l  

E v a l u a t i n g  detQAB, w e  g e t  



The re la t ionsh ip  between d e t '  (-A) 1 ,  and de t  ' (-A) I T  has been 

found by Burgess and Morris : 

d e t '  ( -A)  I ,  = 5, ( d e t '  ( -A)  I , )  1 I 7 - 6 1  
'C= i2 

2 

where 

2 
n2 

(l-e21inT) I 
4 

d e t '  ( -A)  I T =   ex^{- - 
3 n=1 

The quant i ty  d e t '  (-Alho+ 1) 1 ,  i s  evaluated i n  t h e  Appendix C .  I t  i s  

r e l a t e d  with de t  ' (-A/ho+ 1) 1 ,  a s  follows: 

-'C2a 'C2a 1 / 2  
d e t l  (-AILo+ l ) l c  = (1-e ) e  (de t '  ( -mko+  1 1 1 ~ )  7-63 

where de t  ' ( -kko+ 1 ) I T  i s  given by ( 7 - 3 4 )  . Det ' (LltL1) I, i s  given by 

de t  ' (LI tL l )  I ,  = ( d e t  ' (-A) 1 , )  'I2 1 r=ir2 . 7-64  

In ( 7 - 6 1 ) ,  ( 7 - 6 3 )  and ( 7 - 6 4 ) ,  we note t h a t  t h e  determinants of 

the  operators  t h a t  occur i n  t h e  theory f o r  t h e  cyl inders  a r e  

r e l a t e d  t o  those f o r  t o r i  not l i n e a r l y  but by t h e  exponent of one 

h a l f .  This r e s u l t  could have been expected s ince  f o r  a  to rus  the  

per iodic  boundary conditions ( 7 - 2 )  must be s a t i s f i e d  which iden t i fy  

1 2  (cl+ P, c2) and ( e l ,  c2+ p ) with (5 , 5  ) . This requires  t h a t  log .  



d e t e r m i n a n t s  l n d e t  ' ( -A)  and l n d e t  ' (-&lo + 1 ) c o n t a i n  sum over  

e igenva lues  m,n E Z .  I n  o t h e r  words, t h e  degeneracy of each 

e igenva lue  a,,, ( with  m,n no t  ze ro  s imul taneouse ly  ) i s  f o u r  f o r  

- a t o r u s .  ( For example, a2,2=a2,-,-a-2,2=a-2,-2 . ) For a  c y l i n d e r ,  only  

1 2  1 2  (5 , c  + p ) i s  i d e n t i f i e d  wi th  ( 5  , c  ).  I n  t h i s  case ,  m r u n s  over  

p o s i t i v e  i n t e g e r s  whi le  n  can be any i n t e g e r .  There fo re  t h e  

degeneracy of  each e igenva lue  am,n ( with  m,n n o t  z e r o  s imul ta -  

neousely  ) i s  two f o r  a  c y l i n d e r .  This  i s  t h e  t o p o l o g i c a l  source  

of  t h e  power one h a l f  i n  (7-61),  (7-63) and (7 -64) .  

Combining a l l  p i e c e s  of informat ion  t o g e t h e r  g i v e s  t h e  f r e e  

energy f o r  open r i g i d  s t r i n g s  i n  one loop :  

where 

2 2 2 
A = 7 P2/2 , n = Jn + a  /4x2- , a  = h p2 

2 0 7 

and  



Eq. (7-66) can be compared with the free energy for a collection 

of free particles (7-47). In the same way as for the 

closed strings, we find the mass spectrum for the open rigid 

strings to be 

* (1) " (2) " (3) 
where Nni , Nni and Ni are number operators and commute with each 

other. Summing (7-47) over the mass spectrum (7-68) reproduces 

(7-66) with the identification ~ ~ = h ~ s / a ~ .  The ground state is one in 

which the number operators have zero eigenvalues. We find 

where Oeff is given by (7-67). We immediately see that the theory 

is free of tachyons if 



That i s  

and 

''00 4'2 h+w=-- + - (1- 61 ( a )  ) 
O p O d-2 3p2 

~ q s .  (7-67) ,  (7-71) and (7-72) a g r e e  wi th  (4-34) ,  (4-37) and (4-38) 

r e s p e c t i v e l y  excep t  f o r  t h e  dk0 term which i s  nonun iversa l  and 

corresponds  t o  a  c o n s t a n t  t e rm i n  t h e  e f f e c t i v e  ( the rmal )  p o t e n t i a l  

d e f i n e d  by o~,,A=Pv(P), a r i s i n g  from t h e  zero-point  f l u c t u a t i o n  of 

t h e  s t r e t c h e d  s t r i n g .  Never the less ,  i n c l u d i n g  such a te rm does n o t  

change t h e  c r i t i c a l  t empera tu re  Tc s i n c e  Tc i s  determined a t  ho=O. 

Perhaps t h i s  t e r m  can b e  n e g l e c t e d  due t o  t h e  i n s e n s i b i l i t y  of 

exper iments  t o  a  c o n s t a n t  t e rm i n  t h e  p o t e n t i a l .  



Chapter 8 

Hagedorn Temperature and the Phase Diagram 

I n  Chapter  6, we e s t i m a t e d  t h e  Hagedorn t empera tu re  of  t h e  model 

by assuming t h e  i r r e l e v a n c e  of  t h e  r i g i d i t y  t e rm a t  t h i s  

t empera tu re .  I n  t h i s  c h a p t e r ,  we r e d e r i v e  t h e  Hagedorn t empera tu re  

more r i g o r o u s l y  t h a n  i n  Chapter  6 by u s i n g  t h e  f r e e  energy ob ta ined  

i n  t h e  l a s t  c h a p t e r .  The phase diagram of  t h e  model i s  a l s o  worked 

o u t  and compared wi th  numer ica l  s i m u l a t i o n s  f o r  d i s c r e t i z e d  random 

s u r f a c e s  w i t h  t h e  topology of a  t o r u s  w i t h  r i g i d i t y .  

8 . 1  SINGULARITIES OF THE FREE ENERGY 

We s t a r t  by c o n s i d e r i n g  t h e  f r e e  energy f o r  open r i g i d  s t r i n g s  

(7-65) and focus  on t h e  r = l  c o n t r i b u t i o n .  F i r s t  c o n s i d e r  t h e  upper 

l i m i t  where T2 goes t o  i n f i n i t y .  S ince  A = T , ~ ~ / z ,  we s e e  t h a t  t h e  

on ly  r e l e v a n t  t e r m  i n  (7-65) i n  t h i s  l i m i t  i s  

I n  t h e  u s u a l  boson ic  s t r i n g ,  -CT,,,A = 4RT2 which corresponds  t o  



a  tachyon i n  the  s t r i n g  spectrum[37].  Therefore t h e  thermoparti t ion 

function of t h e  bosonic s t r i n g  i s  a c t u a l l y  mathematically 

i l l -de f ined .  In our case, however, the re  i s  no such divergence i n  

t he  f r e e  energy (7-65) because of t h e  absence of a  tachyon i n  the  

s t r i n g  spectrum. The tachyon f r e e  condition determines the  c r i t i c a l  

temperature Tc associated with the  smooth-rough t r ans i t . i on :  In  the  

rough phase, it i s  due t o  the  condensation of t h e  Lagrange 

mul t ip l i e r  o r  i n  other  words, t h e  dynamically generated s t r i n g  

tension,  t h e  e f f e c t i v e  s t r i n g  tension remains zero and as  a  r e s u l t ,  

no tachyons appear i n  t h i s  phase. 

Comparing (8-1) w i t h  t h e  expression which defines  the  s t r i n g  

s u s c e p t i b i l i t y  Y [31, 

gives y=(4-d)/2 f o r  open r i g i d  s t r i n g  a t  Tc. The same i s  t r u e  fo r  

closed r i g i d  s t r i n g  as  can be seen from ( 7 - 4 6 ) .  According t o  an 

important r e s u l t  of Durhuus, Frohlich and ~ o n s s o n [ ~ ~ ] ,  i n  a  c l a s s  

of models of random surfaces on hypercubic l a t t i c e s ,  i f  y > O ,  then 

t h e  surface i s  a  branched polymer. On the  contrary,  f o r  y<O, the  

average area  of a  planar  surface a t  the  c r i t i c a l  point  i s  f i n i t e .  

(To obtain a  l a rge  sur face  it i s  possible  by f i x i n g  t h e  t o t a l  area 



t o  be la rge  as  i n  (6-3) . )  The marginal case i s  T O  which 

corresponds t o  d=4 i n  our case.  

We next inves t iga te  t h e  asymptotic behavior of (7-65) a s  T 2 + 0 .  

The examination of the  path i n t e g r a l  of s t r i n g s  made i n  Chapter 6 

indica ted  t h a t ,  a s  f a r  a s  the  behavior near T2=0 i s  concerned, 

p o t e n t i a l  t rouble  can come from a divergence i n  t h e  l e v e l  densi ty  

dn a t  l a rge  n .  We need therefore  t o  examine t h e  convergence of 

(7-65) a t  l a rge  n .  

The i n t e g r a l  over z2 can be evaluated i n  t h e  asymptotic l i m i t  

corresponding t o  la rge  mass l eve l ,  n+- .  B y  the  expansion of t h e  

geometric s e r i e s ,  we have 

For la rge  n, d(d-2) (n)  i s  given asymptotically by Huang and 

Weinberg [ 5 2 1  

- (d+1)/4 2 (d-2) n I / z  

(ci -2) ( n )  - ( n )  ) 8- 4 
4 



-27tT2n - (d-2) 
I n  o r d e r  t o  e s t i m a t e  ln(1-e I i n  (7-65) ,  we p roceed  a s  

f o l l o w s .  S ince  f o r  l a r g e  n  w e  have 6+ n and  t h e r e f o r e  

I n  ( 8 - 5 ) ,  no can  be e s t i m a t e d  by  t h e  r e q u i r e m e n t  

S i n c e  t h e  minimum v a l u e  of a i s  z e r o ,  w h i l e  t h a t  o f  no  i s  u n i t y ,  w e  

set  

where 0 < c < i s  t o  b e  d e t e r m i n e d .  L e t  

- 2 m 2  
00 00 

O = e  , f(W) = n ( l - O n )  and  f ( O , n o )  = n ( 1 - O n )  8-8 
n = l  n=no 

The a s y m p t o t i c  l i m i t  of  (8-5) c a n  b e  e s t i m a t e d  f o l l o w i n g  r e f s .  [521 

[571 and  [621 ,  w e  f i n d  a s  61-1 



There fo re  

where no i s  g iven  by ( 8 - 7 ) .  Thus, a s  f a r  a s  t h e  asympto t i c  behavior  

a s  o+l i s  concerned,  w e  have 

P u t t i n g  a l l  t h e s e  r e s u l t s  t o g e t h e r  and c o n s i d e r i n g  t h o s e  terms 

f o r  which n 2 N >> no, (7-65)  becomes a s y m p t o t i c a l l y  

r2 'Lo x exp- (2x112 +--B) 
2 4~x2, 

where an  o v e r a l l  c o n s t a n t  i s  o m i t t e d  and KdI2 [Pr(2anh,/ao)1/2] i s  a 



modif ied  B e s s e l  f u n c t i o n .  For l a r g e  n, KdI2 behaves a s  

S u b s t i t u t i n g  (8-4) and (8-13) i n t o  (8-12) g i v e s  

The dominant c o n t r i b u t i o n  comes from t h e  r - 1 term and t h e  

c r i t i c a l  t empera tu re  i s  determined by e q u a t i n g  t h e  exponents  i n  

(8 -14) .  We f i n d  - 
A s  a+O, t h e  e x t r i n s i c  c u r v a t u r e  t e rm dominates .  I n  t h i s  c a s e ,  w e  

expect  

This  g i v e s  c = l  and (8-15) becomes 

Comparing (8-17) w i t h  (6-13) ,  we s e e  t h a t  b o t h  a g r e e  n i c e l y  



s i n c e  a  i n  (8-17) i s  l a r g e  a t  T,. We check t h i s  e x p l i c i t l y :  

There fo re  

We can r e p e a t  t h e  above computat ions f o r  a  t o r u s .  I n  t h i s  case ,  

we c o n s i d e r  t h e  f r e e  energy of  an ensemble of  c l o s e d  r i g i d  s t r i n g s  

(7 -46) .  Comparing (7-46) wi th  (7-65) we f i n d  t h a t  t h e y  a r e  i n  f a c t  

q u i t e  s i m i l a r .  The 7, i n t e g r a l  involved i n  (7-46) does n o t  a f f e c t  

t h e  r e s u l t  s i n c e  t h e  l e v e l  d e n s i t y  i s  dominated by t h e  v a l u e  a t  

2,=0 f o r  -1/212111/2. Another d i f f e r e n c e  between c l o s e d  and open 

s t r i n g s  i s  t h a t  t h e  former c o n t a i n s  t w i c e  a s  many modes a s  t h e  

l a t t e r .  T h i s  i s  r e f l e c t e d  i n  (7-46) where t h e  exponents  of 

If(e2ni'T) I and If(e2niW+) I a r e  t w i c e  t h a t  i n  (7-65) . Never the less ,  w e  

n o t e  t h a t  t h e  a r e a  of  a  t o r u s  i s  a l s o  t w i c e  a s  l a r g e  a s  t h a t  of a 

c y l i n d e r .  Th i s  i s  r e f l e c t e d  i n  (7-46) n o t  on ly  by t h e  a r e a  term bu t  

a l s o  by t h e  exponents  i n v o l v i n g  winding numbers. The l a t t e r  a r e  

a l s o  t w i c e  a s  l a r g e  a s  t h a t  i n  (7 -65) .  A s  a  r e s u l t ,  t h e  Hagedorn 

t empera tu re  f o r  t h e  c l o s e d  s t r i n g  i s  t h e  same a s  t h a t  f o r  t h e  open 

s t r i n g .  



8 .2  THE STRING SUSCEPTIBILITY AT T, 

Our c a l c u l a t i o n  below i s  i n s p i r e d  by t h e  r e c e n t  work[63] which 

i n v e s t i g a t e d  t h e  phase t r a n s i t i o n  i n  L i o u v i l l e  t h e o r y .  S e t t i n g  

rld2@ i n  t h e  conformal anomaly (4-46) g i v e s  

(Anomaly) = 
2 a  

Mot iva t i ed  by t h e  resemblance o f  t h e  @ a c t i o n  (8-20) t o  t h e  

K o s t e r l i t z - T h o u l e s s  (KT)  model i n  t h e  continuum, we i n q u i r e  i n t o  

t h e  e f f e c t s  of v o r t e x l i k e  c o n f i g u r a t i o n s  of t h e  form 

where c=(c12+$2  ) ' I2 and we have c e n t e r e d  t h e  v o r t e x  a t  t h e  o r i g i n  

f o r  n o t a t i o n a l  convenience.  For any p, (8-21) i s  a s o l u t i o n  of 

d2@=0, which i s  t h e  c l a s s i c a l  E u l e r  Lagrange e q u a t i o n  from t h e  

a c t i o n  (8-21) ,  i n  t h e  p resence  of a & f u n c t i o n  source  of  ampl i tude  

2np a t  t h e  o r i g i n .  

We now demand t h a t  t h e  a r e a  around a v o r t e x  such a s  (8-21) be 

convergent  a s  seen  i n  t h e  d-dimensional space  i n  which t h e  s t r i n g  

world s h e e t  i s  embedded. (Th i s  requirement  i s  n e c e s s a r y  f o r  t h e  



$-field configuration (8-21) t o  be in te rp re ted  a s  a  regular  

vor t ex . )  We can achieve t h i s  by in teg ra t ing  over a  small region of 

l i n e a r  dimension a  around t h e  vortex and requi r ing  t h a t  the  proper 

area 
a 

be convergent. The l o c a l  version of (8-22) can be used t o  def ine 

a  (6) which i s  a  loca l  cut-off i n  5 space: 

2 
a ( 5 )  = (1/A2)exp[-@(5)1 

Since (8-23) i s  only v a l i d  i n  a  region where @(5)  does not change 

much over d is tances  of order a ,  Eq. (8-22) therefore  represents  a 

more general  (non-linear and non-local) r e l a t i o n  between a* and 

A .  Convergence of (8-22) enforces p<2. For vor t i ces  with p.22, 

t he  proper area diverges f o r  any f i n i t e  a ( 6 )  and remains f i n i t e  

only a s  a ( 5 )  vanishes s t r i c t l y .  These a r e  p rec i se ly  t h e  spike 

degeneration i n t o  branched polymers and can be viewed as  s ingular  

vor t i ces .  We thus see t h a t  s ingular  vor t i ces  o r  spikes have a  

minimum amplitude p=2. Our speculation here i s  t h a t  it i s  t h i s  

s ingular  vortex configuration with the  m i n i m u m  amplitude which 



p l a y s  an impor tan t  r o l e  i n  de termining t h e  sub lead ing  behav io r  of 

t h e  system. The f i e l d  energy f o r  t h i s  s i n g u l a r  v o r t e x  i s  g iven  by 

where t h e  c u t o f f  a  corresponding t o  a ( 5 )  i s  kep t  f i n i t e  and R i s  

t h e  l i n e a r  s i z e  of t h e  system ( o r  an o u t e r  c u t o f f  r a d i u s  on t h e  @ 

f i e l d )  . 
(8-14) can be  compared wi th  t h e  asympto t i c  form of  t h e  l e v e l  

d e n s i t y  [ 5 7 r  G 2 ,  641 : 

where m i s  r e l a t e d  t o  n  through (6-11) and p l a y s  t h e  s i m i l a r  r o l e  

a s  A i n  ( 8 - 2 ) .  Note t h a t  R /a -dn  i n  (8 -24) .  Adding t h e  c o n t r i b u t i o n  

from t h e  anomaly (8-24) t o  t h e  f r e e  energy (8-14) and comparing it 

wi th  ( 8 -25 ) ,  we f i n d  f o r  t h e  open s t r i n g :  

where we have used (6-19) f o r  a ( T , )  . We s e e  from (8-26) t h a t  t h e  

marginal  c a s e  f o r  t h e  open s t r i n g  i s  d=4. That is ,  t h e  open s t r i n g  



branches l i k e  random walks f o r  d<3  a t  T,. For closed s t r i n g ,  we 

simply replace (d-2) by 2(d-2) i n  (8-26) t o  obtain 

8-27 

The marginal case f o r  t h e  closed s t r i n g  i s  d=10/3. Acoording t o  

Cabibbo and P a r i ~ i [ ~ ~ ] ,  t h e  asymptotic behavior (8-26) with ~ < 2  

( i . e . ,  d>O) i s  t y p i c a l  of a second-order phase t r a n s i t i o n .  W e  

conclude from (8-26) and (8-27) t h a t  a gas of r i g i d  s t r i n g s  w i t h  

l iqu id-crys ta l - l ike  order i n  the  physical  dimension d=4 exh ib i t s  

c r i t i c a l  behavior a t  T=T,. 

8.3 THE PHASE DIAGRAM 

A s  mentioned i n  Chapter 6,  t he  present model contains only one 

bas ic  sca le  Go. A l l  q u a n t i t i e s  such as  Tc, T,, a and a. can be 

expressed i n  terms of Go. This makes t h e  phase diagram of the  model 

qu i t e  simple. As shown i n  Fig.  1 ( the  ((To-T) diagram), unl ike the  

Nambu-Goto s t r i n g  and t h e  Polyakov-Kleinert s t r i n g ,  t h e r e  e x i s t  



t h r e e  d i s t i n c t  r eg ions  i n  t h e  p r e s e n t  model:  The r e g i o n s  ( I )  and 

(111) a r e  t h e  smooth with  ~ = 1 / 2  ( o r  dH=2) and  c rumpled  p h a s e s  w i t h  

V = =  ( o r  dH=-) r e s p e c t i v e l y  w h i l e  r e g i o n  (11) i s  a  rough phase  

p o s s i b l y  w i t h  cont inous  changing c r i t i c a l  exponen t  1 / 2  S v S 1  ( o r  

2S d, 14 ) . I t  i s  i n t e r e s t i n g  t o  compare o u r  r e s u l t  w i t h  t h a t  

o b t a i n e d  from numerical  s i m u l a t i o n s  by Ambjorn, Durhuus and  

J o n ~ s o n [ ~ ~ ]  f o r  d i s c r e t i z e d  random s u r f a c e s  w i t h  t h e  t o p o l o g y  of  a  

t o r u s  w i t h  r i g i d i t y  and f i x e d  c o n n e c t i v i t y  ( w i t h o u t  

s e l f - a v o i d e n c e ) .  I t  has  been found i n  r e f .  [65 ]  t h a t  t h e  Hausdor f f  

d imension o f  t h e  s u r f a c e s  i s  a  f u n c t i o n  o f  t h e  bend ing  r i g i d i t y  

l/ao. For  l/ao s u f f i c i e n t l y  s m a l l  t h e  Hausdor f f  d imens ion  i s  

i n f i n i t e ,  b u t  jumps t o  a  v a l u e  s m a l l e r  o r  e q u a l  t o  4 a t  a  c r i t i c a l  

v a l u e  of  l/ao where a  c rumpl ing  t r a n s i t i o n  i s  i d e n t i f i e d  and  

c l a imed  t o  b e  second  o r d e r  i n  n a t u r e .  F o r  l/ao above t h e  c r i t i c a l  

v a l u e ,  t h e i r  numer i ca l  d a t a  f a v o u r  a  c o n t i n o u s l y  v a r y i n g  Hausdor f f  

d imens ion ,  chang ing  f rom 4 a t  t h e  c r i t i c a l  v a l u e  o f  l / a o t o  2  f o r  

l/ao g o i n g  t o  i n f i n i t y .  We t h u s  see t h a t  o u r  a n a l y t i c a l  r e s u l t s  



agree with t h a t  obtained from numerical simulations i n  r e f .  [65] .  

The main r e s u l t  found i n  t h i s  work i s  t h a t  t h e r e  e x i s t s  an 

intermediate region (11) which separates  the  smooth phase from the  

crumpled phase i n  t h e  model. This d i f f e r s  from t h a t  obtained from 

the  Nambu-Goto 5 4 1  and t h e  Polyakov-Kleinert 

s t r i n g  [I2, 4 6 f  551 where no such intermediate region i s  present  and 

TH=Tc. This can be understood a s  follows. Up t o  a  c r i t i c a l  

temperature Tc-0.69h0 a t  which the  Nambu-Goto s t r i n g  o r  t h e  

Polyakov-Kleinert s t r i n g  reaches i t s  t r a n s i t i o n  point with the  

Hausdorff dimension 4 and so branches l i k e  random walks, t h e  r i g i d  

s t r i n g  with f ixed  dens i ty  jus t  overcomes i t s  s t i f f n e s s  and s t a r t s  

t o  crease with t h e  Hausdorff dimension 2 .  As t h e  temperature r i s e s  

fu r the r ,  t h e  s t r i n g  loses  i t s  s t i f f n e s s  f u r t h e r  and behaves l i k e  

the  Nambu-Goto s t r i n g  a s  the  Hagedorn temperature i s  reached. 

Therefore it could have been expected t h a t  TH>Tc. 

F ina l ly ,  we note t h a t  from the  point of view of s t r i n g s ,  the  QCD 

vacuum i n  t h e  high temperature phase i s  complicated and 

nonpertubative. Near t h e  Hagedorn temperature one must expect t h a t  

small closed s t r i n g s  ( o r  spikes)  a r e  l i k e l y  t o  be formed due t o  the  

r e l a t i v e l y  chaot ic  f lux  tube o s i l l a t i o n s ,  which can burn off  small 

closed s t r i n g s  due t o  self-touchings o r  se l f -cross ings .  These small 

closed s t r i n g s  (o r  sp ikes)  a r e  analogous t o  t h e  vor t i ces  i n  the  



periodic Gaussian model in the high-temperature phase. The crumpled 

phase then corresponds to a vacuum (nontrivial background) that 

consists of a condensate of vortices (small closed strings or 

spikes) . 



CHAPTER 9 

Discussion and Summary 

We identify Tc as the deconfinement temperature in QCD. The 

reason is the following: First, the smooth phase corresponds to the 

confined phase since both are characterized by a nonvanishing 

string tension while for T>Tc, CT,,,=O which corresponds to the 

deconfined region in QCD. Moreover, the string model in the smooth 

phase has a local SU(=) symmetry which is known as the 

area-preserving symmetry existing in the Dirac membranes in the 

light-cone gauge [321. (We here emphasize that in the present model 

the area-preserving symmetry is a true symmetry of the system in 

the smooth phase.) The critical temperature Tc associates precisely 

with the breakdown of this symmetry or its center group O(2) or 

U ( 1 )  which is equivalent to Z (Nc) as Nc to be large, which 

associates with the deconfinement transition in QCD[66, 671 , 

We identify T, with the chiral transition temperature in QCD. 

The reason is the following. For T<T,, the system is in the 

anisotropic region where O(4) symmetry is broken. This resembles 

the chiral symmetry broken region where the instanton molecules 



dominate.  Recent a n a l y t i c  c a l c u l a t i o n s  [ 6 8 ]  and numer ica l  

i n v e s t i g a t i o n s [ 6 9 ]  have shown t h a t  i n  t h e  broken c h i r a l  symmetry 

r e g i o n  t h e  QCD vacuum c o n s i s t s  of an  amorphous network of 

i n s t a n t o n s  and a n t i - i n s t a n t o n s  c o n s t a n t l y  absorb ing  and e m i t t i n g  

l i g h t  quarks  of  d i f f e r e n t  f l a v o r s .  The amorphous s t r u c t u r e  l e a d s  t o  

a  d e l o c a l i z a t i o n  of f e rmion ic  ze ro  modes and t o  t h e  spontaneous 

breakdown o f  c h i r a l  symmetry. This  p i c t u r e  i s  c o n s i s t e n t  w i t h  a  

s t r i n g  i n  t h e  i n t e r m e d i a t e  r e g i o n .  The crumpled o r  i s o t r o p i c  phase 

i s  t h e  expec ted  phase  o f  quark-gluon plasma.  I n  t h i s  phase,  t h e  

c h i r a l  symmetry i s  r e s t o r e d  due t o  t h e  i s o t r o p i c  o r i e n t a t i o n  of t h e  

i n s t a n t o n  m o l e ~ u l e s [ ~ ~ , ~ ~ ] .  (We remind t h e  r e a d e r  t h a t  due t o  t h e  

s p e c i a l  p r o p e r t y  of  i n s t a n t o n s ,  t h e  o r i e n t a t i o n  of  t h e  i n s t a n t o n s  

i n  t h e  c o l o r  space  i s  i d e n t i c a l  t o  t h a t  i n  space  a t  l e a s t  f o r  

SU,(2).) The resemblence becomes c l o s e r  i f  we n o t e  t h e  fo l lowing  

isomorphism: 

s u  ( 2 )  x su  ( 2 )  
O ( 4 )  - 8 -2 1 

2 

This  r e l a t i o n  perhaps  i m p l i e s  t h a t  t h e  p r e s e n t  model d e s c r i b e s  

e f f e c t i v e l y  QCD w i t h  two l i g h t  quarks  ( i . e . ,  u  and d  q u a r k s ) .  

Let  u s  summarize o u r  r e s u l t s .  I n  Chapter  2 ,  we have proposed 

t h e  model o f  r i g i d  s t r i n g s  w i t h  l i q u i d - c r y s t a l - l i k e  o r d e r  and 

c a r r i e d  o u t  t h e  c l a s s i c a l  symmetry s tudy  of t h e  model. We have 

shown t h a t  t h e  model d e s c r i b e s  an o f f - s h e l l  g e n e r a l i z a t i o n  of  t h e  



theory of minimal sur faces  ( s t r i n g  worldsheets) . The area- 

preserving symmetry together  with t h e  conformal symmetry has been 

shown t o  play an important r o l e  i n  the  present model. 

In Chapter 3, we have ca r r i ed  out a  per turba t ive  renormalization 

of t h e  theory.  We have ca lcula ted  the  renormalized bending r i g i d i t y  

which agrees with t h a t  of the  membranes (with f ixed  dens i ty)  I 6 f  3 5 1 .  

We have discussed t h e  geometric meaning of the  X-field 

renormalization. 

In Chapter 4 ,  we have presented a  generalized (covar iant )  gauge 

f i x i n g  procedure and solved a  s e t  of saddle point  equat ions.  A 

n o n t r i v i a l  saddle point so lu t ion  of the  Lagrange mul t ip l i e r  has 

been obtained ( e .  g . ,  (4-37) and (4-38) ) . We have a l s o  ca lcula ted  the  

quantum f luc tua t ions  of t h e  Lagrange m u l t i p l i e r .  I t  has been found 

t h a t  the  f luc tua t ions  take  t h e  form of conformal anomaly ( 4 - 4 6 )  

which i s  "frozen" a t  low temperature. 

In Chapter 5, we have discussed the  implication of the  saddle 

point so lu t ion  obtained i n  Chapter 4 t o  a  f i n i t e  temperature phase 

t r a n s i t i o n  of the  model. We have ca lcula ted  t h e  c r i t i c a l  

temperature, t h e  Hausdorff dimension, and the  width of t h e  s t r i n g .  

We have shown t h a t  t h e r e  i s  a  smooth-rough t r a n s i t i o n  i n  t h e  model. 

The d i f ferences  of t h e  t h i s  t r a n s i t i o n  from t h e  roughening 

t r a n s i t i o n  e x i s t i n g  i n  t h e  S . O . S .  model a s  well a s  t h e  Z, l a t t i c e  

gauge theory have a l s o  been discussed. 



I n  Chapter 6,  we have estimated the  Hagedorn temperature by 

assuming t h e  i r re levance  of t h e  r i g i d i t y  term due t o  t h e  vacuum 

condensate of the  Lagrange m u l t i p l i e r .  We have found t h e  remarkable 

r e s u l t  t h a t  T,= ( 42 )  T,. We have ca lcula ted  t h e  mean squared radius  

of an open s t r i n g  a t  T, from which it has been shown t h a t  the  

Hausdorff dimension of the  s t r i n g  sheet i s  4 .  

In Chapter 7 ,  we have ca lcula ted  the  path i n t e g r a l  and then the  

f r e e  energy of a gas of r i g i d  s t r i n g s  on a t o r u s .  The mass spectrum 

of t h e  closed s t r i n g s  has been obtained from which it has been 

shown t h a t  t h e  theory i s  f r e e  of tachyons. The ca lcula t ion  has a l s o  

been extended t o  t h e  open r i g i d  s t r i n g s .  

F ina l ly ,  i n  Chapter 8, based on the  f r e e  energy of a gas of open 

r i g i d  s t r i n g s  obtained i n  Chapter 7 ,  we have ca lcula ted  t h e  

Hagedorn temperature more r igorously than i n  Chapter 6 .  I t  has been 

shown t h a t  t h e  r e s u l t  agrees n ice ly  with the  est imates  i n  Chapter 

6 .  The phase diagram of t h e  model has been worked out and compared 

with t h e  numerical r e s u l t  of d i sc re t i zed  random surfaces .  

In conclusion, we have inves t iga ted  t h e  phase s t r u c t u r e  of the  

model of r i g i d  s t r i n g s  with l iquid-crys ta l - l ike  order i n  t h i s  

t h e s i s .  An intermediate region (rough phase) separa tes  a smooth 

phase with i n f i n i t e  co r re la t ion  length and Hausdorff dimension d,=2 

from a crumpled phase with t h e  Hausdorff dimension i n f i n i t e .  



APPENDIX A 

[- unction E v a l u a t i o n  O f  L n d e t  ' (-A) And L n d e t  ' (-A+h) 

F i r s t  consider the  operator  -A and i t s  r e a l  d i s c r e t e  eigenvalues 

{ an,, 1 ,  with n,m = 1,2, . . . ; c a l l  i t s  eigenfunctions fn,, (6) 

where ~ = a ~ / ~ .  (We drop the  subscript  o  on p ' s  f o r  convenience. ) 

The domain C i s  defined by 

C = { (c1,c2)1 O S ~ ~ S R '  } / - P A-2-a 

where - represents  t h e  equivalence r e l a t i o n  defined by 

We define a  funct ion a s  follows, 

c a l l e d  t h e  [-function associa ted  t o  - A .  Then the  sum extends over 

a l l  t h e  eigenvalues of -A .  We note t h a t  -A i s  r e a l  and 



which l e a d s  t o  

We choose t h e  fo l lowing  a s  t h e  orthonormal b a s i s  s a t i s f y i n g  ( A - 1 )  

and (A-2), 

m7g1 
s i n  (- 

R ' ) 

mrrcl 
i1 it,) = s i n ( y  

2nnc2 
) C O S  (- 

P ' 
) ( m f n = l f 2  , . . . )  , 

m, n 

The cor respond ing  e igenva lues  a r e  t h e r e f o r e ,  

- 1 mn 2 2nn 2 1 2 
a 
m. n - - [ (7) + - ] f o r  f , f P 

A-8 
P 

I f  we s e t  



the  eigenvalues (A-8) become, 

Therefore, 

d mn: * 2n.n 2 -s 
l n d e t  ' ( -A)  = - -{  2 2  [ (-1 + ( 1 

ds m , n = ~  PP 

The p a r t i t i o n  function i s  computed f o r  R >> T , t h a t  i s ,  p >> 1. I n  

t h i s  case t h e  sum over m can be replaced by an i n t e g r a l  from -00 t o  

+0•‹ 1 

and 



Using t h e  formula  

w e  f i n d ,  

Using t h e  s t a n d a r d  r - f u n c t i o n  f o r m u l a s :  

1 - ( s -  112) = 1 ~ 2 s - 1 )  J;; A-1 6-a 
1 - ( s )  2 2 " - I  

I 



and 

we f ind  

where we have used t h e  well known r e s u l t  

We see t h a t  (A-17 )  agrees with (4 -24 )  . 

In t h e  same fashion, we can ca lcu la te  l n d e t '  (-A+h). (We drop the  

subscr ip t  o  on h ' s  f o r  convenience.) We f i r s t  introduce a  mass 

sca le  a s  follows, 

1 de t  (-A + h )  = l d e t  A-19 
A 

The eigenfunctions a re  given by ( A - 7 ) .  The corresponding eigen- 

values a re  therefore ,  



1 mn: 2 2nn: 2 
a m , n = - [ ( - )  - )  + h ]  

A PP P 

W e  f i n d ,  , 

1 
l n d e t '  [-(- A+ h ) ]  

A2 



We now use the Sommerfeld-Watson transformation to convert the sum 

over m to a contour integral J, 

where C is the contour shown in Fig. A-1 .  Since 

cosnz - - e 
cotnz = - i (Imz>O) 

sinnz s innz 

e 
cotnz = + i 

sinnz 

we have, 

(Imz < 0) , A - 2 4  



where 

S-1/2 S-1/2  2 i  
( z + i b )  ( z - i b )  

* + i E  

.I s i n m  S-1/2 s-1/2 2 i  , 
( z + i b )  ( z - i b )  

J s - 1 / 2  s - 1 / 2  
( z + i b )  ( z - i b )  

-OO-i& 

w i t h  b = P&RX. 

Cons ider  t h e  c o n t o u r  c, a s  shown i n  F i g .  A-2 .  S i n c e  = 0, w e  have 4 

where 

S e t t i n g  z = i y + i b ,  dz=idy ,  w e  have  



L e t t i n g  y-=yei2" and y+=y g i v e s  

00 

I n  t h e  same f a s h i o n  w e  f i n d  

and 

00 

- d y s i n n  ( s -1 /2 )  
J3 = J, - s-1/2 s-1/2 

Y 

- - s i n n  (s-1/2)  ~ Y Y  (-s+3 /2 )  
A-32 

( 2 b )  '-'I2 y (-s+3/2) + ( 2 s - 2 )  
0 (1%) 

Comparing J3 o r  J4 wi th  t h e  fo l lowing  



Therefore,  

2s inx(s-1/2)  
J, + J, = B (-s+3/2, 2 s - 2 )  

(2b) 2s-2 

Using 

and 
JL 

I - (s-1/2)  = 
s i n x  ( s - 1 / 2 ) r ( 3 / 2 - s )  7 

(A-35) becomes, 
2 

- 2s inx  (s-1/2)  s i n x  (s-1/2)  r (3 /2-s )  
J, + J, - 

(2b)  2s-2 
s i n x  (2s-2) r ( 3 - 2 s )  

L 

2 - ~ S C O S ~ S  (3 /2-s)  
= (2b) A-3 6 

s i n x s  r ( 3 - 2 s )  

Gathering a l l  t h e s e  p i eces  g ives ,  



2-2.cosns f (3 /2 - s )  
+ (2b)  s i n n s  r ( 3 - 2 s )  

And therefore, 

x [ s i n n ( s - 1 / 2 )  I ( b )  + (2b)  s i n n s  r ( 3 - 2 s )  1 1  s=o 

2 
2-zscosns r (3 /2 - s )  

x [ c o s n s I  ( b )  + (2b)  1 I A-38 
s i n n s  r ( 3 - 2 s )  s=o . 

Using 

and 



we f i n a l l y  ge t ,  
1 
I 

l nde t  ' [-( -A + h) 1 x 

2 d ~ 1 1 2  -2s 1 
= 2.npI (b) + 

where I (b) i s  defined by 

00 

w i t h  b = ~ d h / 2 ~ .  We immediately see t h a t  (A-39) and (A-40)  agree 

with ( 4 - 2 7 )  - (4-29) . 



APPENDIX B 

c- unction Evaluation Of Lndet' (-kh+l) On A Torus 

In t h i s  Appendix we wish t o  evaluate 1nde t1 ( -kh+l )  on a t o r u s .  

For a to rus ,  t h e  metric and i t s  inverse a r e  given by 

The Laplatian i s  

and t h e  eigenfunctions a re  

We introduce a mass sca le  A a s  follows, 

Theref ore,  



and 

We use t h e  c-function regular iza t ion  t o  f ind  t h e  f i n i t e  p a r t  of 

l n d e t '  (-A+h) without add i t iona l  subt rac t ion .  Similar t o  (A-6 )  ,we 

have, 

lndet  ' [ (-&I) /h2] = - c ' ,-A+um2 ( 0 ) 

where LA+h(s) i s  c a l l e d  t h e  zeta  function associated t o  -A+h (see 

(A-3) f o r  d e f i n i t i o n )  . Therefore, 
1 
I 

lndet ' [- (-A+h)l 
2 

d  hp2.r; 
-S 4n2 [ m 2 ~ ~ + ( n - m ~ ) ~ + - ] )  

ds 2 1 47c2 s+O m,n 



The sum over n i s  converted i n t o  an contour i n t e g r a l  using the  

Sommerfeld-Watson transformation (see (A-23) - (A-26 )  ) , 
1 

l n d e t  ' [- (-A+h)l 
2 

where a* = hp2 and t h e  contour c passes above t h e  r e a l  ax i s ,  from 

o o + i &  t o  - 0 0 - i &  (see Fig.  A-1). The f i r s t  term i n  brackets  

converges a t  s = 0 .  We f i r s t  consider 

-m+iE 
ilrz 

2 2 2 
a2r -s 

-1im- 2 [m r2 + (z-mrl) + -1 
s-+o ds 2 i  s i n n z  4n2 

-m+iE 2 2 

= I " "IZZ 

2 2 2 a = ,  
I n  [rn . T ~  +(z-mrl) + -1 B-9 

2 i  s i n n z  4n2 

From 



we have  

w i t h  

Cons ide r  t h e  c o n t o u r  c a s  shown i n  F i g .  B-1. w e  have 

where 

S e t t i n g  z = w+ + i y ,  dz = i d y ,  w e  have 

i 7 t ( i y  + w,) 
i d y  e 

( 8 - 9 )  = j - [ l n  ( iy+G) -1n ( iy -8 )  1 
2 i  s i n x  ( iy+w+)  

e 
( 2 n i )  

2  s i n n  ( iy+w+) 
0 



Note that, for m > o, 

J- J- 
w+ =Imlr, + ir, m + a /4n , w- = Imlz, - iz2 m + a /4n ; 

and for m < o, 
J- 

w+=-lmlr, + iT2 m + a/4n w - =-lm 

Therfore the first term on the RHS of (B-8) becomes, 

The factor 2 in front of each term is due to the fact tha 

contribution comes from the hermission conjugate. 

the same 

The second term in the r.h.s. of (B-8) converges for s > 1. It 

can be evaluated in the same fashion leading to (B-12), we find 
2 

lim (*I -S sinns r (1-s) 
(22,) 1-2sC 1 .,, ds pr 2p2 cosns r(2-2s) 2 

2 
m 2 a S-112 

(m + -) 
2 

4n 

We have to use the Sommerfeld-Watson transformation once again 

to convert the sum over m in (B-13) to an integral. This has been 

done in Appendix A and is given by (A-23) - (A-37) . Combining (B-12) , 

(B-13) and (A-37) gives the final result 



2 a2 22 
= 2 C i n  1 1 - e2*iwt I + - 2 

( 1  + ln-) 
m= 1 4n: h 

+ 2 l n  (l-e-T2a) I B-14 

w i t h  a2 = hp2. W e  see t h a t  (B-14)  agrees w i t h  ( 7 - 3 4 ) .  



APPENDIX C 

A Derivation of (7-63) 

We now evaluate  de t  ' (-AIL+ 1) I , .  The spectrum of t h e  operator 

(-b/h+l) on a  cyl inder  i s  t h e  same as  t h a t  on t h e  to rus  with 7 

r e s t r i c t e d  t o  Z = iz ,  The c-function associa ted  w i t h  (-A/& 1 )  can 

be wr i t ten  a s  

where am,, denote t h e  allowed eigenvalues of t h e  operator  and 

d ( a , )  i s  t h e  degeneracy of t h e  l e v e l  (m,n)  . 

The degeneracies a r e  just  the  number of eigenfunctions even 

under t h e  involut ion f, defined by (7-52).  The eigenfunctions a re  

given by (B-3)  : 

Under t h e  involut ion of f, ( e  . g . ,  (7-52) ) , we have 



1 2  2 7 ~ i  f [ f c  (5 , 5  ) ] = exp- (-mtl + nt2) exp27~im m, n P 

So t h e  e i g e n f u n c t i o n s  t h a t  d i a g o n a l i z e  f, a r e  

1 

I t  i s  e a s y  t o  check 

C l e a r l y ,  i f  m f  0, t h e n  

1 
d, (a m, n = - dT (amtn) 2 

If m = 0, t h e n  

d c b o  = d T ( a o t n )  

There fo re ,  

and 



where 

d 
l n d e t '  (-A/h+ 1) I c  = -1im-c 

ds  c / - A / h + l  (h,s 
s+o 

L-, + 1 
(h, 0) = k' 

2 TI-A/h + 1 (L 0) 

The f i r s t  term i n  t h e  r . h . s .  of (C-10) i s  evaluated i n  Appendix B 

(see B - 1 4 ) .  The second term i s  just  the  m=o p a r t  of t h e  f i r s t  one. 

From (B-12)  and (B-13), we f ind  

where 

-T2a 
- - '=2a 
- ln(1-e ) - lne 

7 

Combining ( C - 9 )  - ( C - 1 2 )  gives 

-T2a T2a 1/2 
d e t '  ( -A /h+ l ) l c  = (1-e ) e  ( d e t '  (-AIL+ l ) l T )  , C-13 



where d e t '  (-&I+ 1 ) 1, i s  given by (B-14 )  . ( C - 1 3 )  i s  j u s t  (7 -63)  . 



FIGURE CAPTIONS 

FIG.  1. A sketch of phase diagram f o r  t h e  model. The regions ( I )  

(111) a r e  t h e  smooth and crumpled phases respect ive ly  

while t h e  region (11) i s  a  crossover.  

F IG .  A-1 The contour C .  

F I G .  A-2 The contour C1. 

FIG.  B-1 The contour C .  
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Fig. A-1. The contour 

Fig. A-2. The contour C 1  



Fig. B-1. The contour C. 


