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ABSTRACT

This thesis describes the ideas underlying
modern interior methods for the solution of
linear programming problems which find the
solution in the worst case 44f polynomial time.
Much of the thesis is taken up by an exposition of
Karmar#ér's algorithm; we have attempted to give
én intuitive description of the working of this
algorithm, whose standard exposition can be quite
difficult to read. The thesis ends with a

description of recent results in the field.
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0. INTRODUCTION

This thesis describésdalgorithms for the solution of
Linear Programming Problems (LPP'SX,by so-called interior
methods. These include the LPP élgorithms with the best
known wdrst-case complexity. Although I offer no new
algorithm, éhe thesis attempts to present the main ideas 1in
an intuitive and "motivational"” way. The original idea of
describing "the state of the art" was lost sight of rather
quickly because of the rapid advance of the field; however I
include some discusgion of interesting results as of Sept

1988 [8],[9],[10].

Linear "Programming problems. - .

We consider only LPP's with integer coefficients., The:
theory of LPP's with integer coefficients is appropriate to
the solution of‘LPP's on digital Eomputers (any fixed
precision problem can be scaled to such a problem), and the
various polynomial time LPP algorithms which have appeared
since 1975 — Khachian's and Ka}markar's algorithms,

path-following methods, etc. — apply to this class of LPP.

-



We also assume that a first feasible point exists whenever
this is convenient, since in principle finding one feasible
point is straightforward, cf. §1.3. This paper takes a very
* geometric approach. We avoid the (pon-trivial) matter of
applications‘entirely (see Chapters 11 to 15 of [4] for a
discussion of applications) and consider an LPP to be an

B

objective vector c ¢ En plus a constraint space, which is a

subset of the positive orthant of E . The problem is to find
a point in the constraint space which maximizes (or
minimizes) ¢x . In this paper we always write an LPP in the

slack variable or affine space form

. Maximize A(x) = ¢x

under the constraints

Ay Xy Y axy t *aky by
+ =
dy1Ky Y AnyKy-t ..t ay X b,
\ N R
+ + + =
am1x1 am2x2 amnxn bn
X € P
+ [}

where A (x) is a linear objective function whose value 1s c¢cx ,
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and P_ is the positive orthant, i.e. the set

<

{x : X; 2 0; i=1,2,..,n} . The set of solutions of the linear

system,
n ' T
.oa. . . ] 1,.., m ‘ (0.1.2)

is called an affine space (or translated vector space; see

the next section). Evidently an affine space is the

intersection of a f}nite number of hyperplanes of En . The
part of this intersection which lies‘in P, is the constraint
space. In the sequel the affine space determined by (0.1.2)
will be called € . Thus this constraint éould have been

written "x € @ N P _". Fig. 1 shows c and @ N P, for one

possible LPP (0.1.1) in 3 variables.

X
3

(B

X

Fig. 1

///’~.The space @ looks like a vector subspace of E, except that it



0.

2.

P

o

need not hit the origin (see §0.3). Finally, we usually

write the linear equations in LPP (0.1.1) im the matrix form

AX = b

>

where A is the matrix | % ] . One also meets a form of LPP

which is identical to (0.1.1) except that some of the

-~

equations that define the constraint space are replaced by

@

inequalities. Thus

™
=

IA
o

instead of

=N

z ..X. = b. .
52191373 i

This form is likely to appear when applications of LPP's are
considered. The reader is probably familiar with the
technique called 'addition of slack variables', which

converts the form with inequalities to the form (0.1.1).

Geometric aspects of LPP's.

This section summarizes some ideas that arise naturally
when one employs the strongly geometric view of LPP's that is

“essential here. These will be used in the sequel without

further comment.



A

r
(0.2.1) If ¢ is an objective vector, then for x ¢ En ,

the objective value cx is |c] times the length of x

projected onto c (see Fig 2). Hence for all vectors x of

length [[x| = p ,the maximal value of cx is plc] and
occurs when the direction of x is the direction of c .

N ) Caa [P

Fig. 2

If F: S —» R is a mapping (R is

(0.2.2) DEFINITION.
denote a

the set of reals) and S C E, , we let mS,F

maximal point of S under F , i.e. a point m with

F(m) 2 F(x) for x € S .

4

Evidently i i fL J1.1). If F is the
¥ WP+ﬂQ,k is a solution of LPP (0 )

objective function A(x) = cx , we frequently write just mg

Obviously mS F and m_ may not be unique. Minimal points be o

are defined analogously.

and uS
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(0.2.3) Let

w

' (x.-p;)*?
. n 1 1 «
L/g Zj_ 2 =1 ‘

(1 1
1

be the equatlon of an ellipsoid axially allgned in E,

with principal axes a,, Cny g an
»(p1, Pyr - pn) . Then a mapping ¢ of. g. “onto 1tself which

and centre

carries the unit ball onto the e111p501d is glven by

¢(x)=Dx + p

Ie s . 0 ¥
: ‘w () T
where D is the matrix 2. and p 1s | 7 |.

. O\o;_ P

The presencé of so much linearity makes it tempting to
look for linear mappings which 'map the LPP' in some sense
while\presérving the solution. This is dangerous because
linear mappings do not preserve inner-products, and hence may
not preserve the value of ghe objective function.

Nevertheless in §1.4 we will have to look at mapping of LPP's

since this idea is fundamental to Karmarkar's algorithm.

0.3. Affine spaces and affine maps.

An affine space £ can be considered either as a
translated vector space or as the space of solution vectors x

of the system Ax = b , where A is an nxm matrix and b an

n-vector. Let q be any solution of system Ax b . By

linearity of matrix multiplication, if y i8 in the null space
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of A (i.e. if Ay 0 is true) then q + y is a solution of

q +V , where V= {x : Ax = 0} . Evidently

Ax = b . Hence @

q can be any point in © , ahd in the case of an LPP a
convenient base is the first feasible point.
Affine mappings. A'mapping T of E  to itself is called

an affine mapping if T = #r where 6 is a linear mapping and r

is a translation given by r(x) = x + @ . Alternatively one
can write T in the equivalent form t = r’6 (for the same

mapping 6 but a new translation t°), since

»

9r(x) = 6(x+q) = 6(x) + 6(q) = 776(x) ,

-

\y
where r'(y) = y + 6(q) . The mapping ¢ of §0.2.3 which

carries the unit sphere onto an ellipsoid is an affine
mapping. It follows from the preceding éaragraph that va{ll
carry an affine space onto an affine space. The composition
of two affine mappings',’I;i = 0.7, i = 1,2, is an affine

mapping since

(x) = 6,[T,(x)+q,] = 6,6,(x) + 9192(q21»t/01(q1)

which 1s clearly affine. /In this essay I'll consider only

non-singular affine~ma§pings. Tﬁé\@ﬁportant property of an
‘ . A
affine mapping T, usually called simply "the affine

property", 1s



(0.3.1) Affine Property of the mapping T : for vectors

/ox, 4= 1, .4, and scalar o ,
a T(x1) - T(xz) ) = T(x3) - T(x4) _is true iff
a(xl - x2) = X3 " X, is true.
Proof
a(x1 - x2) = X3 ~ K, «—>
a6(x1 - x2) = 6(x3 - x4) «—»
ab(x, -~ x5, + @ - q) = 6(x3 - %, + q- q) «“—>
al 9(x1+q) - 9(x2+q) ] = 6(x3+q) 6(x4+q) «——»
al T(x1) - T(xz) ] = T(x3) —,T(x4)

It is important that there are non-affine mappings which
carry affine spaces onto affine spaces; we will meet one in

§2.4.1.

1. INTERIOR METHODS FOR THE SOLUTION OF LPP'S

Thesejiye simply methods which seek the solution point
of an LPP bf directing a 'search path' through the interior
of the constraint polyhedron. This is to be contrasted with
the simplex method, which searches through a sequence of

vertices along a path in the edges of the constraint



polyhedron. An interior method a£tacks the LPP by beginning
at a feasible point q and tracing a path x(¢t) , ¢t 2 0 in Q
such that x(0) = q and objecfive vélue cx(r) continually
improves as ¢ increases. How should x(¢) be specified?

QN P+ is convex, so conceivably a search path could trace a
straight line from the terminal point of @ to the terminal

point of m i.e. we could set x(t) = q + tz where z is a

P+ﬂQ !
unit vector. From (0.2.1), the obvious choice of direction
for z would be ¢ itself if it were not that ¢ , whose .
direction 1s arbitrary, 1s likely to point out of the space

Q . The best direction turns out to be c,, the projection of

vector € into affine space Q.

N




(1.0.1) DEFINITION. Vector z, is the projection of vector z
into affine space @ if for any coordinate system such that
the origin 0 € Q

1) =z_ lies in @ ,

i1) (z -z )x = 0 for all x € @ .,
Fig. 3 shows the situation for a 2-dimensional @ in 3-space.
Vector z 1s shown as a vector with 1nitial point in the plane

-

2 ; thenm z - z_ 1is represented by a perpendicular dfopped

from the terminal point of z to @
Once we know the value cq for the first feasible point
q € € , then for computing the objective value of any point

x € Q , the projection ¢  is as good as ¢ because

cx = cq + c(x-q)

= cq * c (x-q) + c (x-q)

cq + c (x-q) + 0 (from the definition
of cg).

Vector ¢ is found using methods described 1in the Appendix.
It is possible for c, to be 0 ; this simply means that c is
orthogonal to all of @ and thus .any feasible point 1s

optimal. In the sequel I1'll often ignore this trivial case.



We can now write down an easy interior method which
sometimes provides a useful approximation of the solution of

LPP (0.1.1):

— the input is objective vector ¢ , which we take to be a
unit vector, and feasible point q € Int(Q N P+) .

- find ¢, , the projection of objective vector ¢ into the
affine space @ . We assume that c_, is non-zero.

— travel from the feasible point q in the direction of c
(that is, set x(t) = q + tc_ and trace the path x(r)

with + increasing from 0) until the boundary of P_ is

encountered at point q° which is the output.

(1.0.2)

This method is sometimes called "crashing", i.e. the path

"takes off’' from q and- collides simple-mindedly with the

boundary. Its virtue is that it always maximises the rate
grx(x) . Its defect is that while it improves the objective

~value, 1t usually gets the wrong answer, as can be seen by
trying some experimental values of ¢ and q on the example 1in
fig. 1. Considered as a method of approximating the solution

point m , this method demonstrates two problem$ typical

P _NQ
of interior methods: things get much more complicated if q



lies on the boundary of P ; and the improvement in the
objective value may be arbitrarily close to zero for unlucky

pairs q and c .

Interior methods and approximation, @

All interior methods I have encountered have the
property that they approximate the solution but nevertheless
obtain an exact answer. The reason that this can happen was

first stated explicitly by Khachian in 1978 [11].

(1.1.1) GRANULARITY THEOREM. Let L be the number of
bits required to encode all constants in the LPP

(Since we assume integer coefficients, L will be

finite). Let an approximate solution Y of the LPP

. . . ) - (L+1 .
lie within a distance 2 ( ) of the exact solution

Z. Then value Y, rounded to a precision of L bits,

s exactly Z

This idea was 'around' in a genera} sort of way in the
'60s (its background is discussed in [4]), but it was not
until Khachian's paper [11] that it was realized that
approximation methods could be a good place to look for
polynomial time solutions to LPP's. Some (non-Russian)
scientists could be heard grumbling that the whole thing was
obvious and should have been seen through much earlier.
Typically an interior method using approximétion needs to

begin by knowing a (probably large) bounded subset C of E_ in



¥

which the solution point of the LPP is guaranteed to lie.
Such a set 1is not obvious, since tge LPP (0.1.1) may have

maximal points arbitrarily far from the origin, (e.g. let

T

Q =E,, c =[-1, 0], then any point [S] for y 2 0 is

maximal). Karmarkar's algorithm provides a special solution
to the problem of finding C , but the usual answer is

provided by the

w

(1.1.2) RANGE THEOREM. A solution point of the LPP
must lie in the cube C given by {x : 0 < x; S 2L£ if
any solution point exists. Furthermore |cx| < 2~ for
any x € C . Here L is the encoding length defined

above.

Hence once it is known that a solution of LPP (0.1.1) exists,
an approximation of this solution begiﬁs by looking in a
iarge cube of known size and then finds successive
approximations to the answer until it finds one with an
absolute error less than 2—O(L). This final approximation,
rounded to L bits, is the exact solution. Proofs for the
Granularity and Range theorems are easy corollaries of Lemma

¥

1 of [3].

Local and Global Approximation. Assume that the solution

~of an LPP is being approximated by a sequence of .points

q,, 95, - 9, which converges to the maximal point mP nQ of
+

P N Q . A method of global approximation is one in which the
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procedure which produces q;,, from q. considers all points in

the constrain€>space, whereas in a local approximation sohe
points of the space (say those remote from q) tend to be left
out of conSideration. At the moment we lack the backgr&und
to give an example of a method of local approximation (one
will appear in §1.4.1) an& mus£ make do with examples which
do not use approximating seduences. Algorithm (1.0.2) is a
local method which takes a single coarse approximating step.
Beginniné with point q € Int(P ) N @ , algorithm (1.0.2) will
produce feasible point q° ¢ Bd(P+) with A(q") % Aq)
(assuming the LPP is not unbounded). Point q’rdepends only
on q, ¢, and the nearest coordinqte hjperplane, and will be a
poor choice for some locations of q . The simplex algorithm
for LPP (0.1.1) is a good example‘of a local method:
essentially it adopts the "best strategy for the next pivot",
which méy be a poor global strategy (the well-known
Klee-Minty examples demonstrate this — a good brief
description is in Ch 16 of [4]; the paper itself is [5] ).
Methods of global approximation for LPP's are rare:
Karmarkar's algorithm and relgted methods are the only
successful ones. I1'll give an example of a successful global

method (not an approximation) which, unfortunately, does not



solve LPP (0.1.1) but instead solves this special problem:

Maximize objective value cx
under the constraints
Ax = b , or equivalently x € Q for
some affine space 9
x € {x : [[x-p|| £ p}
where p is a point in € , p a real number
(1.2.1)

Here x , which may be of any dimension, is constrained to lie

in an n-ball of radius p. -

(1.2.2) Theorem I. Let ¢, be the projection of objective
vector ¢ into affine space @ . Then the solution of LPP

(1.2.1) is found by beginning at.the feasible point p and
travelling in the direction of ¢, for a distance equal to

the radius p .

The easy proof follows from (0.2.1).

First feasible points and infeasibility

LPP (0.1.1) may be infeasible, a case of both practical
and theoretical importance. It would be nice to detect this.
by a cheap method that precedes and may make unnecessary the
main problem solving operation. Additionally, methods to
detect infeasibility usually report feasibility by producing
a feasible point, which may be essential to the main method.

A two-phase method of solution of LPP (0.1.1) consists of a




first phase which analyses the problem and either detects
infeasibility or finds a first feasible point, followed if
necessary by a second phase which takes the objective value
of the first feasible point and applies some form of
progressive optimization. The two-phase method is standard

. 7
in practical implementations of the simplex method.

The operation of the first phase 1s straightforward. To
simplify things I'1l use the form of LPP in which equations
are replaced by inequalities. If the constraint space @ N P,

of the LPP is given by

then to find some point in © N P, we can define the

artificial variable Xq and solve the new problem

Minimise Xq
under the constraint

%o 52191373 i

Problem (1.3.1) has an obvious feasible point: the point
whose every coordinate is zero except Xq which 1s set so

large that -x, is less than any b; . We can solvé/(1.3.1)

5
/

('-

N
~.



because we know how to do the eecond phase; hence we can
obtain the minimum value of Xg - If this minimum is 0, then
any point in the constraint space of (1.3.1) which satisfies
Xy = 0 can be interpreted as a feasible point in LPP (Oﬂ1'1)'
If the minimum is greater than zero, then evidently LPP

(0.1.1) 1is infeasible.

It is also possible t® solve LPP (0.1.1) by a "'one-phase
approach'. Approximation methods for (0.1.1) usually require
the approximating sequence to consist of feasible points.,
However one can imagine at least in a vague way an approach
in which this requirement is removed and no first feasible
point is needed. If we know how to approximate the<solution\
of (0.1.1) by a feasible sequence q,, dy, - q?, .. , then we
can begin at an arbitrary point q;‘, not necessarily inDQ,,
and construct a sequence q], qé, -y q;, .. using rules like
those for constructing the q; except that the locations of
the points qi are perturbed so that the q{ lie continually
closer to € . For methods which are good at keeping the
approximating sequence inside P, (the 'barrier methods', see

§ 3) this is a practical procedure, and something like it is
used in Karmarkar's algorithm [1].
Approximation methods which start at an infeasible point

all seem to have the defect that their usual method of

detecting infeasibility is to converge, perhaps slowly,



-
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to an infeasible point. 1In fact there is some indication
that finding first feasible points and detecting
infeasibility may not be easy in practical algorithms based
on Karmarkar's method. 1In a conversation with one of the
authors of [6] I was told that the system described in [6],
which is a state-of-the-art implementation of path-following
methods, was a two-phase method which was using far more time
to establish feasibility and provide a firsf)feasible}point

than it was using to solve the rest of the problem.

Good and bad_transformations of LPP's,

As remarked earlier, a transformation of an LPP, say in
-~

‘the form of a non-singular linear transformation of ¢ and

¢ N P, cannot be expected to préserve solution points Mop 7

in fact the only linear transformations that preserve the

"solution point are transpositions and rotations. However it

is still possible to use transformations to solve LPP's.

AN



Suppose we wish to solve the problem

Maximize X(x) = cx
. under the constraint
x € Q
x € E
(1.4.1)

~where ¢, E, Q@ are the vector, elliptical disk, and line shown"

in fig. 4. Note that the origin 0 is feasible.

Fig. 4
We decide to find the solution to this' LPP by transforming c,
. . *
Q and E to the vector ¢’, line ° and unit.circle B shown to
the right in fig. 4. If E has major and minor axes of length

2 and 1 and centre 0 as shown in the figure, then the

non-singular linear transformation that carries circle B onto



E can be written in matrix form as =D .
2|
Ignoring the warning in §0.2, we might hope that’ the mapping

’,

1
" = D x can be used to transform the LPP on the left of
fig. 4 to the 'transformed LPP' on the right;, and might then
)
invent-the following method to solve LPP (1.4,1) (writing D

for both the matrix and the transformation) -

— Solve the LPP -

’,

Maximize D cx’
under the constraint 3
, -1 =1 ,
x" €D () D (E) =9 NnNB

— If z” is a solution to the transformed LPP then -hope
that z = Dz~ is a solution to the original

problem.

But, as fig. 4 shows, this doesn't work, since the maximal

point z” of the transformed LPP does not map back to mEnQ,x
The reason is that D—J, which does not preserve inner

produbts, has altered the angle between ¢ and @ so that D—1c
projecﬁs onto D_](Q) in exactly the wrong direction. fhe way

to solve the problem in Fig. 4 is:




— Solve the LPP
Maximize cDx” = A" (x")
under the constraint
x” €D ' (2) N B )

~ if z° is the solution to the transformed problem,

& .
then the solution to the original problem is Dz~

Here c is mapped under D rather than D! to get the
'compensating function' A° (it would be more correct to write
N = c'D but I think the meaning 1is clear). The reason this
works 1s that mapping points x € @ under D—1 and objective

vector ¢ under D preserves the value of the objective

-

function, i.e.

AN(xT) cDx’

. -1
= ¢DD «x
= Cx

- A (x)
o | *

So 1f the transformed problem has a solution point

, -1 . . . .
z” €D () N B with objective value ¢Dz” , then LPP (1.4.1)
has a feasible point z = Dz” with the same objective value,

which must be maximal since the transformation A(x) = A (x")

clearly preserves maximality.



In general, to attack the optimization problem

Maximize F(x)
under the constraint v
X €8S where S 1s some
constraint space

-

by the method of transformation means first to specify a

non-singular mapping T of S to a space S’ and a 'compensating .

13 ”, 4 . ”, —1
function' F° such that F’(T(x)) = F(x) , i.e. F” = FT

Then, taking x°’ T(x), try to solve the transformed problem

Maximize F’(x")
under the constraint
x° €85
which we hope is more tractable than the original. If we
find m_, ', then know that m =T m_, _,
S’ F we S,F (mg. g-)

Furthermore the maximal objective value of the original

problem is F(mS’F) = F'(ms,’F,) )

This broad definition allows for the fact that the
transformed problem might not be a LPP, although in all the
cases we will meet space S° will be affine. The method of
transformation works well in nice cases where T is an affine
mapping and can also be made to work when T is non-aff.ne.

idditionally in nice cases the transformed objective function

will be linear. Soon we will meet Karmarkar's algorithm,



which 1s not one of the nice cases.

. An approximation using ellipsoids. We will attempt to

solve LPP (0.1.1) using a sequence E,, E,, E,, of

approxiqating ellipsoids. The sequence of the E, approaches

a solution point of (0.1.1) in a way that the reader will

probably find 'pictorialy convincing' (see fig. 5);

!)L\

|
|
|

Fig. 5
however we will not give a proof that the E; converge to a
solution since we do not know a short proof of this and since
the method given in this section is useful only as an
introduction to Karmarkar's algorithm (whoéevrate of

convergence will be analysed at some length). Some fussy

details will be skipped, in particular we assume that the LPP

is not unbounded and that objective vector ¢ 1s not

)



orthogonal to 9 . Fig. 5 shows P, for n = 2. The range
theorem provides that the maggmal point of @ N P, lies in an
n-cube C, which: is also shown. Rescale everything so that a
1
1
side of C has length 2; thus point u, in fig. 5 is|’
1

We also assume that there is a feasible point in Int(C), and

that .u, is feasible (although the argument works after a

0
fashion for any first feasible point in Int(C) ).

Step‘one: Construct ellipsoid EO as a ball concentric
with the inscribed ball B of C but with half the radius of B.
Find the maximal point of Ej N & using‘Theorem I (1.2.2) and
the fact that uj is feasible. Call this maximal point u,

The first stage 1s easy since E, is a ball.

Sﬁ@p two: u, is not optimal since it lies in Int(C)
(assuming that ¢ is not orthogonal to Q) so we look for a
point with a better objective value. Let E; be the largest
ellipsoid lying in C having centre u, and axes parallel to
the coordinate axes (the unnecessary 'parallel' requirement
simplifies the example). Let E, be an ellipsoid concentric
with E; but with one-half the diameter. Find the maximal

point u, of E, N € (see fig. 5). Since u, ¢ Int(E, N Q) and

c, is not zero by assumption, X(uz) > x(u1)f,



Step three, four, etc. Evidently we could continue in
this way to define points Uz, Ugy wnn with monotonically
increasing values of k(ui) . From fig. 5 it is plausible (and
in fact true) that the E, converge to the solution of the
LPP,

This method requires us to find the maximal points of

the ellipsoids in fig. 5. We find Mo Ao using the method of
1

transformation. Begin by constructing an affine mapping ¢

which carries the inscribed unit ball B of C onto E, .’Efgm

(0.2.3) if ellipsoid E, is given by

[x.-(u,).]?
n
5" 1 0"1 -
1 a-2
1

then, allowing for the fact that the centre of B is not the

origin but uy ¢ 1s defined by

¢(x) = Dx + u, - u,

where D i$ C . To applv the method of
- I -1
transformation we need ¢ (x) =D (x —ou, ¥ uO) . This is an

1s an affine space. (The reader

]
S
<

affine map and Q°
may prefer E, —> B as the natural direction of ¢ ; however I
use the direction ¢:B —» E1 because 1t will turn out to

agree with Karmarkar's usage in [111)
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Now let x° = ¢ (x) , and transform the problem

Maximize A (x) = cx
upder the constraint
X € QN E1

to the problem

Maximize A (x") = co(x”) = cDx’™ + c(u1—u0)

under the constraint
x" € ¢ ' (E, N Q)
=B nNnge’

Déspite the extra constant term in the objective function,
this can obviously be solved by Theorem I since " is affine.
It is easy to check that objective value A" (x") = A(x) ,

since

Hence if z~ 1is then ¢p(z") = z 1is

"sne A ", g, A
Evidently all the points u,, uz, etc. can be obtained in
this way. This method converges poorly to U . Intuitively
the E. "get too small too fast' so that the value cu, may
increase arbitrarily slowly, and it was more or less assumed
that there was no way to prevent this behaviour until the’
surphising appearance of Karmarkar's algorithm, whic \is a

very sophistic ellipsoidal approximation with polynomial

time convergence



2. KARMARKAR'S ALGORITHM

Karmarkar's algofithm, which appeared in 1980 [1],
was the first algorithm to solve LPP's in reasonably fast
(< n4L ) polynomial time. The worst case time of the
\vegsion presented here is O(nL) iterations each of time

S

O(n3)}\where L is the number of bits required to encode all
the congfanps in LPP (0.1.1). The O(n3) time of each
iteration 1is dug to the fact that in each iteration an n x n
matrix must be iﬁ&erted. In (1]} Karmarkar decribes a
variation of the algdfithm in which the sequence of inverted
matrices is produced by 'updating' — each matrix in the
sequence 1s used to generate ah*approximation of the next by
"rank one modification" [2]. This approach reduces the worst

. . . 2.5
case complexity of each iteration to O(n ). Thus

3.5L)

Karmarkar's algorithm can be made to run in time of O(n
operations. Karmarkar's algorithm is still considered fast:
the current best time for the solution of the LPP (0.1.1)

(see [9]) is O(n3) operations.

Before describing how the algorithm works, there is a

technical detail to attend to: Karmarkar's approach requires



the reader t6 visualize the LPP not in the form (0.1.1) but
in terms of a whole new picture which involves replacing our
familiar ¢, Q and P, with new objegts ¢, @°, Z . A feature
of the new form is the fact that tﬁe positive orthant P is
replaced by an n-simplex Z which lies obliquely in the space.
This new "Karmarkar standard form" will be described in the\‘
next section.

- This section describes the new Karmarkar standard férm of
the LPP which replaces the form (0.1.1). In this new form,
the affine space Q of (0.1.1) is replaced by a new affine
space ° which is actually a vector space (i.e. meets the
origin) and the positive orthant P, in E, is replaced by a

'unit' n-simplex Z embedded in E ('unit' meaning that the

+1
vertices of £ are (1,0,0, .. ,0), (0,1,0, .. ,0),
(0,0,9, .. ,0), ... (0,0,0, .. ,0,1) ). Thus although the

simplex I is n-dimensional, there are n+1 variables. We‘will
often refer to the centre p of Z , where

1
p is ? /{n+1)

1

The definition of the new form 1is



Minimize ¢’ x
T
/ \

under the constraint \
x € Q°, where Q" is the affine) space defined

by A’x = 0 (here A" is a ?Btrixﬂof
dimension mx{(n+1) )
x € L , where the
n-simplex Z is defined by
\ n+1
i=171

We illustrate this 1in fig. 6, in which n = 2, Z is
2-dimensichal, and " is a two dimensional space. In fig. 6

the constraint space is a line segment.

n+1i

In the sequel, let J stand‘for the n-plane X, 1xi = 1
A . S=1 K



_ // Fig. 6
Note that c’Xis minimized. This is always assumed in
discussions of Karmarkar's algorithm. Recall that ug or u

stands for a minimal point of the set S .

This new form 1is unexpected; the reader may doust that
applications- will arise naturally in form (2.1.1). I'll‘
describe how to transform a LPP in form (0.1.1) to 6ne in
form (2.1.1). That is, suppose there is an LPP in form
(0.1.1) specified by objective vector ¢, mxn matrix A, and
m-vector b . I will show how to construct vector c’, and
mx (n+1) matrix A° so that with these values LPP (2.1.1)
corresponds to LPP (0.1.1}. 'Corresponds' means that there
will be a mapping = of E, into En+l which carries the

constraint space of form (0.1.1) into that of form (2.1.1)

S, A



and preserves optimal points and the value of the objective

function.

—

I'll give the construction of the mapping = first; then
c” and A’ are easily“found. The range theorem (1.1.2)
provides that we can consider the constraint space of (0.1.1)
to be C N Q , where Q is defined in (0.1.1) and C is the cube
{x : 0 < x; s 2L} C E . Rescale C N € by dividing every
vector in the space by the scalar n2L (L is the precision

number from (1.1.2)) so that the constraint space becomes

C* N @* with C* = {x : 0 < x, < %} and Q* given by

L
Ax = b/n2L, where A, b, Q are taken from (0.1.1) (n.b. n2

L .
not (n+1)2 , even though we intend to map to En+1)'
Obviously minimal points and objective values are preserved,
. L . _
allowing for the scale factor n2 . The mapping = 1s a

composition of mappings 210 Ey Mapping~31 embeds C* into

-N) - ‘ £ . * ;
the (xn+1 0)-hyperplane o En+1 ; thus for x € C* , define

#JE E , Fig. 7 shows this for n = 2. As
0 n+1

= (x) = [

—

suggested by fig. 7 we easily check that ;1(C*) lies entirely
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Fig. 7

in the positive orthant of En and entirely on the origin

+1
side of the unit n-simplex I except for a single point in Z .

Next define Z, , whose action will be to project =, (C*) in

the direction of the positive xn+]—axis into J (recall that J

is the hyperplane containing Z). Thus if 21(x) = [%], then

It

: — X X L.
define ;2:](%) = 2Lﬂ = bi, where k is uniquely chosen so

k

by Z, , the image remains in the positive orthant of E
2 n

hence =Z(C*) c £ and Z(C* N Q*) c = .

that[?} € J . Check that when 21(C*)'is projected in this way

+1;

Now that we have the mapping Z we can describe the
affine space @° ,which correspofds to @ in form (0,1,1). We
will find a determining linear system A’y = 0 for @ so that:

Q" N J = =Z(Q*) . Note first that if x € Q* , where Q* is



‘givengby Ax = b/nzp , and y = Z(x) € J , then

[qu]y = b/n2L . This would be the system we want except that
it is not homogeneous. To bring the system [A:"(_)]y = b/n2L to
the homogeneous form required by form (2.1.1), simply rewrite

it with an extra m+1'st equation that says that y € J , i.e.

that Z?::yi = 1 ., In matrix form éhis is
— L= -
Ay
- ,,,);’ .
_ll"‘“-[J _IJ
Now apply fow operations to equations 1 ... m , that®is add
—b1/n2L times the m+!'st equation to equation 1, etc., £o as

to get

J— fm ——

z. |Y

— — - — - =

11-- 1 1

where A” is the mx(n+1) matrix we want. Points y which

: , L n+1 _ _
satisfy both [A;q]y = b/n2" and I, ]yi = 1 , that is points
i=

- ;S

of Z(Q*), continue to satisfy the new system. Strip off the

m+1'st row to get A’y = 0 which defines the affine space Q" .

We can now give the transformation of the form (0.1.1)

into the form (2.1.1): if the original LPP is



minimise cx
under .the constraints
AX = b

\\ | x 20

. . T . . :
and objective vector c is [€1,>c2, “o cn] , then the
- : . " JT .
transformed objective vector ¢ is :

(n2L)[c1, Cor ce. C 0] , and the transformed LPP, is

nl

minimise ¢’y
under the constraint
A’y = 0
y € L

where y = Z(x) and L is defined as in (2.1.1). It is
straightforward to check that this transformation preserves
minimal‘points since }t obviously preserves the objective
value under = and since boundary points of P_are carried to

boundary points of L .

In the remainder of +this section 2, I'll foréet the
primes on A, @, and ¢ ; thus c, é? Ax-= 0 will always refer
to the objective vector and affinégébace associated with the
Karmarkar standard form (2.1.1). 1I'll use p for the centre
of simplex Z, B for the inscribed n-dimensional ball of Z

(i.e. B lies in the plane J) and B* for the escribed

n-dimensional ball.



2.

2.

>

-

The Basic Idea of the Algorithm,

In Sections 2.2, 2.3, 2.4 I'1ll describe the ideas that
mptivate Karmarkar's algorithm. We will use the Karmarkar
standard form, but for much of the time will look only at the
simplex I . Karmarkar's algorithm can be thought of as a kind
of ell{psoidal approximation method. 1I'll begin by
‘aescribfng roﬁéhlf’how one would approximate the solution of -~
LPP (2.1.1) 1in a nai?e way using a sequence of ellipsoids in
Z , rather like the sequence in § 1.4.1, Next I'll give an
argument — which is Karmarkar's first important idea -
leading to a hope that an approximation of this kind might
converge 1in polynomial time. }t will turn out that the naive’

approach doesn't work; my reason for spending time on it is

“"that Karmarkar's method, which does work, is simply the naive

method with its faults repaired, unfortunately in a
sophisticated manner which is not easy to describe. 1I'll
analyse the weaknesses of the naive method at length in Qrder
to motivate_Karmarkar's use of non-linear functions — the
famous 'projective mapping' and 'potential function' — 1in
order to ;onvert the naive method into one which converges in

polynomial time.

. Consider LPP (2.1.1) with the additional assumption that

the centre p of the simplex Z is known to be feasible. We



"will attempt to solve this problem by an ellipsoidal
approximation like the one in §1,4.1. The description will
be sketchy in places since our construction resembles that of

fig. 5. Fig. 8 shows the first three stages of an

/
/

/

/
/ |
D5

7 4 3 !

Fig. 8

ellipsoidal approximation of the minimal point bsng

Although the ellipsoids in fig. 5 were axially aligned, we
don't require this in fig. 8. We define an approximating

sequence u, = p, U u and ellipsoids E. ¢ Z whose
0 1

1! 2’

centres are the u; . B is the inscribed ball of Z with centre

Ball E. is half the radius of B but with the same

Yo 0

centre, Point_u which is

EoﬂQ,A !
easily found. Ellipsoid E; is an ellipsoid with centre u

] is the minimal point u

1

which is as large as possible but still fits into L . E, is

an ellipsoid concentric with E; and half the diameter (E; is



not shown in fig. 8). Let u, be “EIDQ,A . Let E; be the
largest ellipsoid with centre u, that fits in Z and let E, be
concentric with and half the size of Eé (the vagueness about
how the 'largest ellipsoid' is fitted into Z will not harm

the discussion in this section).

It's easy to find point u, using Theorem I (1.2.2). To

find Uy = Hp o requires the method of transformation; in
"E, .

-view of the resemblance of fig. 8 to fig. 5, I'1ll give only a
sketch of this. Define an affine mapping ¢, which carries Eq
onto E, and a compensating objective function A] = X¢, .
Mapping ¢;] is defined as ¢T](x) = DT‘(x—u1+uO) , where D is
the matrix that maps ball E, onto the translated ellipsoid
{y.:+ y = x-u,*uy , x € E1} . (Matrix D probably won't be
diagonal this time since the 'fit' of E, into L is likely to
require rotation of E1 , but for the present purposes we can
ignore this). Let @ = ¢;j(9) . Transform the problem in

E, N Q to one in Eq N Q{\, and mép the point “EOOQ’,A’ back

to E‘.1 to get ﬂz

Evidently we can continue in this way to find u, = u
_ 3 E,NQ

. B -1 . . s
using a mapping ¢, and compensating function A5 defined
analogously to ¢, and A; , then define E3 ; Uy, etc. As in

§1.4.1 '"it looks as though' the u; converge to a point

u = eng 7 but this time we will look seriously at the rate

of convergence.

NI



2.

2. I'll examine the convergence of the firsp few points u.
in fig. 8 in terms of the d%fferences cu; - cu of the
objective values, that is, we are looking at the convergence
of objective values cu; to -cU rather than convergence of
locations u, to U. A sequence of points u; which converges
in this weak sense might not converge in the usual sense;
however convergence of objective valuyes 1is géod enough to

find some u (this does mean though that there is little to

znQ

be gained from drawing "the point U " in these figures).
&

According to his paper [1], the first thing Karmarkar

noticed was that for the first easy step, i.e. finding the

-

minimal point of the ball Ey o the inequality
k(u1) - A (U |

2n
) - A(T)
0 (2.2.1)

< 1-
AMu

where n is the dimension of Z , gives the improvement of the

'objective distance' Al(u,) - A (1) over objective distance

AMug) - aT)



Fig. 9

Proof of inequality (2.2.1): define EX to be the

escribed ball of Z . E6

hyperplane J . The number 2n appears in (2.2.1) because

1s taken to be a subset of the

radius(ES)

2n is the ratio (this is easily computed from
radius(Eg)

1 .= * =
the geometry). Find u, uEOﬂQ , ) uE6ﬂQ from Theorem I

(1.2.2). These points are feasible, and Theorem I implies

u* are collinear as shown

that the terminal points of Uy, U, uj

in fig. 9. Now fig. 9 shows that

radius(EB)

u, - u* = (uy - u
0 radius(EO) 0

) = 2n(uO - u,)

1 1

(2.2.2)



)) . (2.2.3)

4

Then, since A(U) 2 A(u*) (because U is in the ball EB with

minimal point uy ), we have

|
>
a
IA
>
A

1
[\
jo)
>
e

)) . (2.2.4)

Mug) - ME) s 2n(M(ug) * Mu,))
. [ k(uo) - k(u1)
2n Mug) = M)
R k(u1) - k(uo)
2n Mug) - M@ )
T k(u1) - k(uo) + k(uo) - (1)
2n Mug) - (D)
Mu,) - A (@)
AMu.) - AR

0 (2.2.5)



AN

This idea applies so far only to ball Ey ; but we have
the method of transformation, which makes ellipsoids behave
in some ways like balls. We could be forgiven for wishful

thinking along these lines: could we use the above argument

-

plus the method of transformation to show that an inequality

like (2.2.1) governs the convergence of the sequence

Ug, Uy, u,, at each point u; ? By this vague phrase I

mean something like the following:

Fig. 1¢

Look at fig. 10, which shows E], u,, u,, etc. Let

14

=1 . .
¢, (x) = x” ; Could we use the method of transformation to

prove the analogue of (2.2.1) for E, ? i.e. can we prove
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(2.2.7)
. =1 :
by using ¢, to transform the problem from E, to E, as

suggested by fig. 11, letting A] = A¢, and proving

< 1-1/2n ?

(2.2.8)

Fig. 11

Then, since \j{(x") = A(x) , (2.2.8) would imply (2.2.7) by
the usual argument. The fact ghat fig. 11 looks a great deal
like fig. 9 adds plaLsibility to this idea. If this approach
turned out to work, might we even hope to get the uniform

ratio -



i-1 (2.2.9)

for each point in the sequence U, Uy, ... ? The answer is
no, but the idea is attractive because a nice thing that

would happen if (2.2.9) were true is that then we could write

AMu ) - M)

k(uo) - a(Q)
:

\

AMup) - @) AMuy) - M)
D Mug) - M@ Alu) - A@)
AMu ) - ()

< (1—1/2n)k ,

(2.2.10)
with the following happy result: a standard argument shows
that (1—1/A)A < 1/2 for any positive integer A ,

i.e. (1--1/2n)2n < 1/2: so if k is taken to be 5nL, then

AMu) - A(T)
k < (1/2)2%0

AMug) - A(T)



_— 44 -

and

Mu) - M@ <2 (Mug) - (@)

< 2 (27 +27) " (Range theorem)

(assuming a version of the Range theorem abpropriate to the
n-simplex Z). This means that ik (2.2.9) were true and k =
3nL, then k(uk) would be so close to the solution A(H) that
by the Granularity Theorenm, k(uk) would be exactly A(u) and
u, would‘be a minimal point of the simplex £ . This would
mean that the approximating sequence U, Uy, ug, ... finds
a solution to (2.1.1) in k steps, i.e. in a dumber of steps

polynomial in n and L

Failure of inequaiitx,(2.2.9)

Unfortunately (2.2.9) isn't true if we use the method of
transformation as described in §1.4.1, that is if we find the

successive pointS'ui+1 = dg by defining affine mappings ¢;
i

and compensating functions k{ so that ¢;1(Ei) = EO and

A{ = A¢; . In the speculative and incorrect argument we gave
in the previous section, the important flaw is in the alleged
inequality (2.2.8). However Karmarkar altered the method of

transformation by changing ¢ and A" so that something like

(2.2.8) is true. The method is complicated; to see why such



.elaborate ﬁeans are necessary 1711 look at the reason why
(2.2.8) fails if we use the method of transformat{on as we
understand it so far. If (2.2.8) were true in fig. 11, then
there would be essenti;lly ﬁo barrier to proving (2.2.23 and
the more general (2.2.9) etc., leading to the desired "

polynomial time convergence of the u;

Why does (2.2.8) fail? Suppose that we have the
situation in fig. 11. Define the mappings ¢;] in the usual
way. We will find that the ¢; must satisfy two seémingly
contradict&ry requirements if we want to prove (2.2.8) and
make the 'wish list' (2.2.7), (2.2.9) (2.2.10) come true. We
will find that the ¢; must map Eq into (small) approximating

sets Ei but simultaneously map E6 into very large .sets.

I Hard questions about the affinity of ¢

The alleged inequality (2.2.8) looks a lot like the true
statement (2.2.5), so we will look at fig. 11 and try to
prove (2.2.8) by imitating the reasoning which led to

statement (2.2.5). To prove statement (2.2.5) we first had

to prove

-

radius(Ea)
ug - u* = (u0 - uI) = 2n(u0 ~ u1) (2.2.2)
radius(EO)

AMu

0) - k(uf) = 2n(k(u0) - k(u1)) . (2.2.3)
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AMug) = AME) < NMu,) - Mu¥)

o)
2n(A(ug) - Mu,)) . (2.2.4)

.To attack (2.2.8) we will let ° = ¢;1(9) ¢ A= Ney

’ -1 ”

= ) = = X7 =
u, ¢4 (ul) u; ;s U, “EODQ’,X' , uj uET’ﬂQ’,k' where
ET’ = Ea , and look at the analogous statements
rd - * ” — ” - ”
u, uy’ = 2n(u1 u, h (2.3.1.1)
k{(u1’) - k{(uﬁ’) = 2n(k](u1’) k{(uz’)) (2.3.1.2)

which are like (2.2.2) and (2.2.3) and are proved in the same
way (n.b. (2.3.1.2) uses the affine property of A} = \¢ ).

Now move everything to ellipsoid E, . Since Aj(x") = A (x) ,
) = Mu¥) = 2n(A(u,) - A(u,)) (2.3.1.3)

which 1s analogous to (2.2.3). Note that we must define u3
‘to be ¢1(u3') . From previous arguments we see that u} is the
minimal-point of EY = ¢,(E})

.The trouble appears when we try to prove an i&equality

analogous to (2.2.4), viz.

k(uq) - A(u) < k(u1) - k(ug)
| = 20 (A (u,) - AMu,)) . C(2.3.1.4)

Looking at the way (2.2.4) was proved we see that to prove

e



(2.3.1.4) we need
A(d) 2 k(uﬁ) ’

that is, there must be some minimal point ¥ in EY . But

fig. 12 shows that (2.3.1.4) could be false.

. ‘ Fig. 12

When we proved (2.2.4) we used the fact that U ¢ EY which

°

is true because E} contains all of X . But E} = ¢1(E6) could

be small and miss every minimal point u .

There are strong arguments that this difficulty is
wedded to the fact that ¢, is.an affine map (essentially, if

¢, is affine and ¢1(EO) = E, , then ¢1(E6) = E* can be

1 1

nothing else but the ET shown in fig. 12). Karmarkar solved

the problem boldly by changing ¢; to a non-affine mapping &;

which maps E} to an image ¢i(E6) = I't which contains every
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minimal point (and in fact all of Z); then he had to fix
prob%ems caused by the definition of the new mapping &;; this
was done mostly by using an ingenious variation of the method
of transformation. Aitering the mapping ¢ so that the
equivalent of Ef in fig. 12 contains all of Z‘;s Karmarkarg
did is extremely audacious. One would wonder what‘ﬁind of
sequence of mappings &; could map EO to a seduence

@1(E0), @2(Eq), ... which approximates s while at the
same time mapping E6 so that every @i(Ea) is bigger than Z !
For the rest of this section 2 we deséribe Karmarkar's
algorithm. The §eneral form of the algorithm is like that of
the naive ellipsoidal approximation just described. We
concentrate on the problem of obtaining an-inequality
analogous to (2.2.4) — once this is doné we quickl& get the
desired fast convergence. But matte;s are complicated by the
details of the mappings &; and by the fact that to use the &;

we must introduce a downright tricky version of the method of

transformation.

Description of Karmarkar's algorithm: the pseudo-ellipsoid

series.

For the purposes (only) of motivating the appearance of
the unusual features of Karmarkar's algorithm, we can imagine
that Karmarkar set out to patch the flawed proof of the wish

list (2.3.7),(2.3.9),(2.3.i0) (in actual fact, of course, I



have no right to bretend to know what Karmarkar was
thinking). Karmarqu got the wish list, or something very
like it, to work by introducing two new ideas into the
situétion in fig. 8.

The first idea was to replace the ellipsoids E. in

fig. 8 by pseudo-ellipsoids I'; which will be described in the
next sections. The I; are subsets of Z that act like the Ei

in fig. 8. Ty is the inscribed ball B of £ . For i > 0 the

', are defined by the pseudo-elliptical mappings ®; , thus

r, = ¢i(FO) . The &; act like the ¢; in §2.2 to define an

approximating sequence Iy, I'y, ... but additionally they
always map I} , which is just B*, so that the image contains
Z and, hence every minimal point “rng The &; are (and must
be) non-affine and can behave in an extremely non-linear
fashion. Karmarkar's second important idea is a new way to
apply the method of transformation. This will be'described

in §2.7 et seq.

We now begin the construction of Karmarkar's algorithm,

using the same general approach as that used in §2.2.1.

Given LPP (2.1.1.) we will define an approximating sequence
of points of X , viz. Var Vo Vo, Va,oe.n with

v, ¢ Int(Z) . We also construct a sequence of
pseudo-ellipsoids Iy, I'y, Ty, ... . Begin by taking p = vy

and 'y = B, the inscribed ball. We easily find the point

/7



HFOHQ,R using Theorem I (1.2.2). Then v, will be a point

located at a certainm fraction « < 1 of the distance along the

line connecting s and u . The parameter a is needed

LAY
later for the convergence arguments and immediately to ensure

that v, ¢ Int(Z). Eventually a will be something like 1/4.

See fig. 13,

S

-

Fig. 13

Point v, will be the 'pseudocentre' of the next pseudoellipse

'y in a sense to be explained. In general, each Vi is a

point in the interior of I; ; then Vi is the pseudocentre

q e

of T'({+1) 1s a point located at a fraction a« < 1 of

v,
1+1

the distance along the line connecting the pseudocentre v, to
a point on the boundary of I'; which for the moment we can

think of as being U no ; later we will see that the 'new way
i .

to apply the method of transformation' causes this not to be



quite true. It is important that v, ¢ Int(l;) c Int(Z) since
our proofs often require v, > 0 . The pretty unsatisfactory
fig. 14 attempts to suggest that the I'; can be thought of as
distorted ellipses which 'direct' the v:- 50 that they
approach v = sng just as the E; direct the u, toward U in
fig. 9. Fig. 14 is not supposed to help the reader visualize
the I’y , which are extraordinarily hard to 'see', but merely
to suggest that the I'; are 'something like ellipses”, that
they lie entirely in Z and that the pseudo;en;res v, are not

"in the middle of the I';' in any obvious way.

Pseudo-elliptical mappings and pseudo-ellipsoids.. At the

1th stage of the approximation we will have constructed

points Vor Vir Yy, ... Vi . We now want to construct the

pseudo-ellipsoid I'; of which v, 1s the pseudocentre. The



&

\Eﬁéldo—ellipsoid I; is the image of the inscribed ball B of Z
| under a non-singular mapping &; which carries the centre p of
L onto Vi fixes every vertex of Z , and fixes the whole of
L setwise. This behaviour requires ®; to be non-affine,
since ¢; must map n+2 points onto prescribed locations in
En+1 , that is, ¢i(vi) = p and at the same time ¢; must fix
the n+1 vertices of £ . We define r; = ¢;(B). The inverse

. -1 . . -1 . . .
mapplng ¢i1 is used like ¢; 1in fig 8, i.e. we use the fact

- : -1 . .
that ¢i1(Fi) = B just where we used ¢; (E;) = E, in fig. 8.

The definition of ¢; depends strongly on V. . If x €.J ,
$,(x) is the composition of a linear mapping L, of x into the

larger space En+l with a nonlinear mapping M which squashes

the image 1in En back into I . Definition of L. : if x € J,

+1

then L.x = D;x , where D; is the diagonal matrix

i n .
2

The diagonal elemehts dj of D; are just the (Vi)j , where
(Vi)j stands for the jth component of v, . Thus D; maps
(n+1)p onto v,

Definition of the mapping M : if y = D;x then
M(y) = y/Zj(y)j . For x € J , &, (x) = M(Lix) . If

N
e = [1,1,1, ... ,1] , then
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DiX
We must show that the

$(x) can be written as

. . e DiX

: T . : T .
denominator e Dix is non~zero., The:rreason 1s that e Dix is a

sum of terms (x)j(vi)j (from the definition of D;), which is

- not zero because vi'> 0 and x 2 0 with some component

positive.

1. Assume that &; has been defined with respect to some
v, ¢ Int(Z) . The important properties ofbéi are

N

1) &;(p) = v, (easily computed).

2) & is non-singular considered as a mapping of J onto
itself, and its inverse is given by
-1
Dy 'x

o7 (x) =

—_—
T 1
e D1 X

(can be checked straightforwardly)

3) &;(Z) = T . .

Proof: let x € L . We know v, > 0 and x 2 0 with

qi

some (x)j > 0 . Thus eTDix > 0, D;jx 2 0 , and

= ¢:(x) 2 0 , which means &, (x) € P, .

From the definition all components of &;(x) sum

to 1; therefore &;(x) lies in P, NJ =1L



This shows that &;(Z) cZ.aA similar argument
shows that ¢{'(Z) c Z . Hence, since &; is

non-singular, ®;(Z) = &

4) All of I'; = &;(B) lies in Z . All of Z lies in
¢;(B*) . All minimal points in LPP (2.1.1) map
under ¢I‘ into B*. Here B (resp. B*) is the
inscribed (escribed) n-ball of Z
(Three corollaries to 3) above).

|

5) ®; carries affine spaces onto affine spaces.

' Proof: I'1ll just prove this for the case that
will be needed later, viz. that if x € Z N Q ,

then ¢E1 carries x into an affine space of the
same dimension intersected with Z . Specifically,
I1'1l show that if @ is given by Ax = 0 and

x € Q NZ , then x° = ¢€1(x) € Q" NZ , where Q°
is given by AD;x = 0 . This follows from the

computation

- - .- 1
0 = Ax = AD;Dj 'x

_— = ADiD§1x/eTDix (check that
denom. #¥0)

= ADiX

Y

Thus x° 1s in the null space of AD; *, which has



2.

6.

the same dimension as the null space of A because
matrix D is nonsingular. Finally we know from 3)

that ®° € Z

The transformation method refined: two assumptions.

In my discussion of 'where (2.2.4) went wrong' in §2.3,
I concentrated on the fact that although the mappings ¢; map
Eq into a sequence ¢1(EO)’V¢2(EO)’ ¢3(E0), ... which
approximates some U , they also do something we don't want,
which is to map E, (the escribed ball of Z) so that the image
is small and could miss every U . The failure occurred in
(2.3.1.4), whose proof will not work unless there is a U in
every ¢i(EO) . Now if we replace the ¢; by the
pseudo-elliptical mappings &; , then (I won't give the
detailed argument) the ¢i(EO) = I'; will approximate U and
also each ¢i(E6) will contain a ¥ ; so in this respect the ¢;
succeed where the ¢; fail. We could ask if we can now prove
the wish list (2.3.7), (2.3.9), (2.3.10) taking into account
the change from ¢; to ¢i etc., but the answer is : not

without altering the method of transformation. In §2.3 we

looked carefully at (2.3.1.1),(2.3.1.2), etc. Notice how the

affinity of ¢; was used in (2.3.1.2) to change the ratio




¢

>

Since &; is non-affine, this part of the argument will not
work if ®; replaces ¢; . Karmarkar made something just as
good work by introducing an ingenious variation of the method
of transformation which uses properties of &; to transform
9
the ratios. 1I'll give a brief outline of this variation
(more detail in §2.4): it's easy to find u , and 1it's
. BﬂQ,% ‘
clearly true that

n(p = kgro ) T P T Hgeng o\

We want to preserve this ratio in something involving

NDo= AR, Q= ¢i(Q) . It would be nice to prove
AN (p) - A (uBﬂQi,k')
< 1/n ,
AM(p) - A (uB*ﬂQi,k')

which is like (2.2.3), but it's not clear how since A" 1s not
affine. In the variant of the method which we are about to

introduce, we replace A] by AD; and get interested in

. - AD.
AD;P DluBﬂQ'JkDi

< 1/n

DiP = ADikgung b, )



which 1s true since )Di is affine. Tﬁé reason for the

appearance of AD; at this point isn't obvious.

However now we introduce a whole new (and complicated)
function f , whose properties, speaking very r0ughly, allow
us to use M and AD; as if they were a 'compensating pair’;
i.e as if )Diéil(x) = Mx) . Then a logarithmic version of
(2.2.9) and in fact of the whole wish list turns out to be
true.

In §2.7 1'1l define the new function f and describe the
analytic ideas that make f central to the operation of the
algorithm. But before doing so, I need to mention that to
make the analysis work Karmarkar has to impose two
assumptions that he later shows how to remove. The first
assumption 1s that the first feasible point is p = center of
L . In [1] Karmarkar eventually removes this assumption by
showing how to start his algorithm at the centre p of Z
regardless of the feasibility of p and without having
obtained a first feasible point, however I will omit this
part of the algorithm and assume that a first feasible point

has been provided by the first phase of a two phase method.



The second assumption is that the minimal objective
function value A(V) must be a known constant — for our e
purposes zero., This almost sounds like a pfomise that our
complex machinery will solve the LPP provided that we know
the answer to begin with!! The reason that this assumption
does no harm is that if we know how to construct a sequence
to approximate A(¥) in the case where we know that A(¥) is a
given constant, we can find the answer for the case where we
don't know A(V) by the following procedure which I will only °
sketch roughly: guess a value MIN for A (v) and approximate
AM¥) assuming that A(¥) = MIN. If we have made a wrong guess
then the approximation f(vi)'~—> M(V) doesn't converge to
MIN, and the approximation arrow points in the direction of a

better A(¥) . This direction is used to 'aim' the next stage

of a binary search over possible values of A (V)

|
N

T..e_new objective function f ; origin and definition.

Assume the LPP in the Karmarkar Standard Form (2.1.1), with
AMx) = cx . Let x € Int(Z) and write (x)j for the jth

component of x . Then we define a new objective function f by

A(x)

f(x) = Z . lo
] J ("jj

The;funct&oh f looks odd, with its repetition of A(x) n times

and its division by the product of all the components of x



Function f could also}be written as
(n+1) log A(x) - Z log (x)j
]

Recall that xguzng) = 0 by the special (and essential)
assumption.' This means that f(uzng) is undefined, or -« if
you wish., Points Heng behave like 'poles', and f is a
potential function on the field containing the points T
The way the function f is used is that the sequence {Vi} (all
the v. will be in Int(Z)) will be defined by a procedure like
the one dq.fig. 13 but involving the special objective

function f ; then it will turn out that the values f(vi) are

pushed progressively more negative; in fact we will get

Slu. /) = Slv) < - 5. (2.7.1)

1+1

uniformly for every i = 1, 2, 3, ... . Thus f(Vi) —> -»

4

which drives k(vi) toward zero, since

Zlog )\(X)

f(x)
] x5

i

(n+1) log Ax) - Zjlog (x)j

v

(n+1) log A(x)

(To check. the last line note that 0 < (x)j < 1 because
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X € Int(Z) ). Thus if f(%) —» -« , then log A(x) —» -« and

We will also need the compensating function f{ = f&; ,

which is
XDiX
fi(x) = Z.log - £, log d
J (%) .
]
‘where the dj are the diagopal entries dl' ﬂzh oo dn+1 of the

diagonal matrix D, . There is a different f{ for each D;
Let @;1(x) = x° . As an example of computing with f-, I'll

show that fi(x") = f(x)
Filx) = £i(e71(x))

- L. log d.
(871 (%)) . ] ]

1]
™
.
—
O
Ve

.pT 1 Thot
AD; D3 X/e Di 'x

il
™
-

O

Ve

- % loq d..
109 45

] (DI‘x)j/eTD§1x J

A\(x)/e D] 'x
L log - - Z.log d.
)" (j'x)/e’ ik ) )

Mx)
L log —— - L log dj
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Now since D]! is diagonal, each quotient (Dj'x). above is
. J

just'%f(x)- , and the whole expression becomes
]

= Zjlog . F Zjlog d: - ., log d.
J
Ax)
= Z . log =)
3 X7

which is exactly f(x) . This is true for any positive integer
1. |

I'1l now describe the ideas that métivate the appearance
of the admittedly odd-looking function f . Go back to fig, 13
and imagine that we are trying to construct the sequence {vi}

and have produced the easy point Vi which is near (and can

be assumed for now to be) We have constructed

“Bng, A

Vor Va3, oee. Yy successfully and we now want Vi+l which we

would like to be a point .such that

cvi+1 - Ccv
< 1-1/n
cv. - Ccv

The discussion in (2.3.1), (2.3.2) has shown that the
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construction of a Vi with the above property is the crux of

the problem. Karmarkar found Vi using a variation on the

|
method of transformation.

Let ¢7'(Q) = ©; and look at #]'(I; N ) = B N ©; using a

1

special cbjective function AD; , which .is just part of the
function f° . Check that p is feasible in the image B N'Q;
using properties of ¢I1 . Remember that kDi¢§1(x) = AMx) is
not true since these mappings are not compensating pairs. We

easily find u from Th. I (1.2.2) since AD; is a nice

BNQ;, \D;

linear function. Let ¥ be the point at a fraction a« of the

distance from p in the direction of u In the sequel

Bﬂﬂ},XDi

I'll assume that a, the steplength parameter 6 is always 1/4.

£
Karmarkar gives this as a practical value for a ; I won't

discuss the choice of values for the steplength parameter
since thi's is an element in a hard piece .of .analysis in [1]

which I intend to omit. Evidently another way to define ¥ .

[

would be as u , where B(p,r/4) stands for the _

B(p,r/4)ﬂQi,xDi

sub-n-ball of B with centre p and radius r/4. This will be
needed when we refer in detail to [1]. We also easily get

gx =

M -
B*ﬂQi,XDi

Now we pull the rabbit out of the hat,; because point
@i(ﬁf“is going to be Ve The rest of this section
describes the analytic argument which justifies this

assertion. The description will establish (2.7.1) and will



]

be complete except that I'll omit one passage of lengthy
analysis. (2.J.1)yis the theorem that makes everything work,
In the formal description of Karmarkar's algo;ithm which
follows this section immediately, (2.7.1) establishes fast

convergence 1in about a page.

Following earlier computations in §2.3 and making some

obvious changes,

4n(p - ¢) = p = U*

(the '4n' coming *from the fact that «a = 1/4). By the affine

property of ADj;
4n(AD;p - AD;¥) = AD;p - AD;¥* (2.7.2)

Now for some ¥V let ¢ be ¢I1(V) . By property 4) of §2.5.1,

¢;‘ carries Vv into B* . The fact that $; does this 1s the

point of the whole elaborate definition of &; . It's not

-

known that f{ has any minimal préperty with respect to AD; ,

but we can still say

"

since ¢ € B* , and go omwto compute

AD;¥ - AD;¢

1 .
‘ < 1 in (2.7.3)
>\D1p - )\DIE

\

- using a computation modelled exactly on the one which



produced (2.2.1).£F9m (2.2.4). Now kDi£'= 0, since

i

0 = A¥) | |

_ 13
= KDiDi v - <
= kDiD§1§/eTD{1V (check that denom.#0)
_ -3
= kDi¢i (V)
£ \D;t o
Hence we can replace AD;¢ by 0 in (2.7.3) and get
AD; ¥
< 1-1/4n . (2.7.4)
KDip

Notice that everything would now work 1f AD; were the
compensating function of N with respect to the mapping ¢§1 ;
because then kDi¢§1(x) = AM(x) would be true and at the ith

= v,  ; so we could say

stage, p = vy , ¥ = v,
Mo, ,
—1*1 < 1-1/4n
A(v.)

1

which 1is jusg what we want, i.e. it's a version of (2.2.9) in
the wish iist; (note also that it's like (2.7.1) if you allow
for the logs). However kDi'isn't ghe correct compensating
function, so we use a trick, We will alter AD; so that it

1 and

looks like the compensating function of f w.r.t. &;

still preserves (2.7.4). First make (2.7.4) into a
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~
logarithmic ratio; thus (2.7.4) becomes
log AD;¥ - log kDip‘S log (1-1/4n)
Make the LHS look more like f’:
(n+1)1og AD;¥ - (n+1)log AD;p
< (n+1)log (1-1/4n) = log (1—1/4n)n+1 (2;7.5)

‘ n+1

Prove that log (1 - 4/n) < -1/4:
Proof: By looking at the graphs it's clear that
log (1-x) < -x 0 < x <1 . Then

1 .
—— since n > 0
4n

IN

log (1-1/4n)
n log (1-1/4n) < —%

log (1—1/4n)n+1 < log (1—1/4n)n < ~%

So the RHS of (2.7.5) can be replaced by ~1/4. It's

encouraging that this inequality is uniform over every ith

step of the construction of the {vi} . Now add some odd bits:
(\7)j |
(n+1)log AD;¥ - (n+1)log NDjp - Z. log < -3
] (p).
] (2.7.6)

where (x)j means the jth component of x . In (2.7.6) we have
added a term which 'trims' the R.H.S. to -1/8. Justification
of (2.7.6) takes a long passage of analysis (several pages)

in [1] and I'm going to omit it 1n this paper. Rearrange
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(2.7.6) to get
Z.log - X log < -1/8
] ) . ] .
(v)J (p)J
AD; ¥
Z log - Z-.log d.
] (%) ] J
RDip
- Z.log + L. log d. < -1/8
) (p). ) J
]
F1(0) - fi(p) - < -1/8 ‘ (2.7.7)

~In this analysis we always assume that the parameter a« used

to define ¥ is 1/4, i.e. that ¥ is the minimal point with
respect to AD; of @; intersected with a ball having centre p

and radius equal to a quarter of the radius of B

It's now only a short step to (2.7.1), for in the
construction of any Vi given v, , p will be vi’ and v,

1+]
will be defined to be ¥ , i.e. vi+] will be &;(¥) . Then we
use the basic equation f{(x") = f;(x) to get (2.7.1). In the
formal statement of the algorithm which follows immediately
after this section, the logarithmic inequality (2.7.1) will

be shown to be as good as (2.2.9) for the purpose of driving-

the xi(vi) to the optimal value 1in polynoﬁial time. Since I
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have omitted some of the details of the proof of (2.7.7), =«

I'll quote the result from [1] that establishes (2.7.7),

making some obvious notational adjustments. Recall that

is ¢I1(Q) , p is the centre of the inscribed n-ball B of L ,

J is the plane containing Z and B

(2.7.8) Theorem 4 of [1]. Let r be the radius of B . Let

v h
v be uB(p,r/4)ﬂQi,RDi , where B(p,r/4) c J stands for

the sub-n-ball of B with radius = r/4 and centre p . Then
if A(¥) is not zero (i.e. if we do not obtain the answer

to LPP (2.1.1) immediately), we have

| —

f{(G) - f{(vi) < -

This inequality is true for any index 1i.

We have now described the various 1deas which occur 1in
Karmarkar's algorithm. It only remains to give a formal

statement of the algorithm.

Formal statement of Karmarkar's algorithm. Given the

“"Karmarkar standard form" we assume that u = 0 and that

ZNQ, A
p = centre of B is feasible. We will construct a sequence of

feasible points Vor Vyr Vo e Vi such that R(vi) —» 0 as 1
increases. The Vi have been described in §2.5 as the
'pseudocentres’ of the pseudoellipses I'y, 'y, 'y, ... but

the I'; will not be explicitly constructed. By the
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granularity theorem there is an integer k such that
x(vk) = 0, and it will turn out that k can be taken to be

= 0(nL)

. Starting the approximating sequence. The first point vy

rw’
of the sequence will be the feasible point p , the centre of

X . Assume that v, has been constructed. The next section

describes the construction of Vi+1 -

2. Inductive construction of the sequence. The

construction of point Vi takes three steps, using a variant

of the method of transformation.

Step One: construct the transformed affine space @; N J

required by (2.7.8). Space  1s given by
Ax = 0

and Q; is given by
ADiX =0

(see property 5 1in §2.5;1). The intersection with J 1mposes
the additional constraint that feasible points must lie 1in

J . This is done by adding an additional equation to the
system AD;x = 0 which says that the coefficients of x add to
1. Thus the final representation of the transformed affine

space @; N J 1s



Step two: find the point ¥ described in §2.7. 1In §2.7,
¢ was defined with respect to a parameter a ; we continue to
take a = 1/4. The objective function X in (2.1.1) is given
by )(x)'= c'x . Define the transformed objective function )]
by N (x) = NDjx = cTDix . Thus the transformed objectivé/
vector i1s ¢’ = D;c . Thig choice of A{ is the result of the!
special form of the method of transformation used here. To
find ¢ , project the vector ¢ into ©; N J using the method
in the Appendix. Call the projected vector c; . If r is the
radius of ball B, then. let ¥ be the point obtained by
starting at centre p and travelling in the direction of ¢
for distance r/4. By Theorem I, plus the fact that c;x = c’

for x € J , Vv is u (for B(p,r/4) see the

B(p,r/4)NQ; , D7
statement of Theorem 4 of [1] quoted in the previous

section.)
Step three: The required point wv. = ¢;(¥) , taking &;

1+ 1

as defined in §2.5.

3. Termination: For K = O(nL) |, )(VK) is the optimal point

of LPP (2.1.1),



2.9. The complexity of the algorithm. Construction of ¢ as

uB(p,r/4)ﬂQi,xD§‘ satisfies the requirements of Theorem 4 of

[1] quoted as (2.7.8). Hence we now know that
£509) - f{(vi') < -3

where f and f] are defined as in §2.7. But by construction

. (s . ,‘= -1
v, is ®;(¥) , so taking Vi $; (v,

) we can write
1+1 1+ 1 .

. , . . 1
Filv., ) - filv;) < -5

1+1

and the equation f(x) = f{(x") immediately gives

flv. ) - f(v.) < -~

1
1+1 1 8
uniformly in i, which says that each time we define a new
pseudocentre V'+1 , we drive the value of the

1

'pseudo-objective function' f negative by at least 1/8.

Evidently we can define an induction on the sequence

v with f(wv ) - f(vi) < - 1/8 (the logs in the

VO’ 17 V2’ 1+

computation will not work 1f any k(vi) = 0 ; but in this case

|
just let the optimal point be v. ). | Then

) < -i/8.



. As remarked previously this is good enough to give polynomial

time convergence. The computation is:

T T
c v, c v :
L. log < L, log 8
] ]
(v.) (VO)j:
T
c v, :
(n+1) log — < Ej log (vi)j - Zj log (vo)j "3
c v
0
But since v, ¢ Int(Z) , 0 < (vi)j < 1, which means that
L. log (v.). < 0. Also each (vy). = 1/(n+1) since v, 1is the
3 1] 073 0
~centre of Z , so L log (vO)j is just -(n+1) log (n+1), Thus
]
the inequality becomes
T
c v, ‘
(n+1) log = < 0+ (n+1) log (n+1) - g
c v,
T
c v "
log < log (n+1) - 8n+1)
c v,

where integer k counts the number of iterations, i.e. the

number of times we construct a new v, . Iterate K times where



K = 40(n+1)( L + log (n+1) ), then K = O(nL), assuming that L

dominates log n+1, If we set k = K, we get

T k
c v
K

log < =5L
c v, .
T
and c YK -5L
< 2
T
c v,

which means, by an arqument given earlier at the end of §2.2,
that Ve is the exact solution of LPP (2.1.1). The time of i
each iteration is dominated by the time needed to project cD;
into Q; which 1s O(n3) operations. Hence the algorithm as a
whole takes O(n4L) operations. As remarked previously,

. . 3.5
Karmarkar reduced this time to O(n L).



3. OTHER INTERIOR METHODS. FURTHER DEVELOPMENTS TO 1988.

In this last section we consider the standard LPP to be
: /
Minimize A(x) = cx f@Q

under the constraints

x € Q

x € P, (3.1.1)
where @, P are defined as usual, i.e. as in (0.1.1),
including the fact that € is defined by the linear system
Ax = b . Evidently (3.1.1) is just (0.1.1) using minimization

rather than maximization.

» Barrier Methods.

Assume that we intend to solve (3.1.1) by some search
procedure (eventualiy we will construct a segquence {vi} which
approximates o ﬂQ)' A barrier method for the solution of
(3.1.1) 1s a meghod which establishes a 'barrier' on the

boundary of P which prevents the search procedure from

leaving the positive orthant P, . In the example barrier



method which we will describel the objective function A(x) is

replaced by a non-linear function

e

:Fu(x) = ANx) - uZ . log{x). (3.1.2)
] ]

where (x)j is. the jth component of x and u is a real positive
parameter. Function F, is just X with the addition of
—qulog(x)j , which is one of many possible barrier
functions. Intuitively if x ¢ P, approaches the boundary of
P, then at least one component of x will contribute d
positive number which increases without bound to the value of

F, - Thus F will have a minimal point in PN Q if u>0

although this point will probably not be b Ao N We would
. .na,

hope that as u approaches 0 the sequence u approaches

P.NQ,F,

b g A and this turns out to be true (there is a proof 1in
+ r

[71).

In [8], Gill et al. describe a straightforward barrier
method algorithm which constructs an approximating seqguence
' which convérges to the - minimal point of

Vg Vv v

1! 2!

P N Q in LPP (3.1.1) beginning with a Stfictly feasible
point vy ('strictly feasible' means.that vy € Int(P+) n Q).
If point v, has beenjcénstructed, then Vi 1s found by the
following procedure: set wy = 1/1 and write the truncated

Taylor approximation of F, as
1

- v L. To2
F, (vivx) = F  (v.) + VF (v)x + 5x VF, (v )x

1 1 1 1



Then if v, + x, is the minimal point of F  (x) in & (and
i

‘(vi+x0) is approximated by

necessarily also in P+), F
1

M

LI
Fui(vi) + VFui(vi)XO t 3K \v/ E‘ui(vi)x0 .

and the vector x  points from v. to the minimal point of the

ith subproblem, although not precisely. In [8], the vector

Xq o the Newton search direction, 1s found as the solution of

the problem

1,752
Minimize VFui(vi)x * 5% \v/ Fui(vi)x

under the constraint aAx = 0

This 1s solved using Lagrange multipliers. Then Vi is
defined to be v, toaxg where a > 0 1s a steplength parameter
which may be varied in the course of empirical tests of the
method. The typical experience (as described in, say, [6])
is that a small value of a makes for an elegant convergence
proof, but 1n practical applications a much larger value

gives increased speed without evident harm to the operation

of the method.



3.2.

o

Gill et al. on Karmarkar's algorithm as a particular

barrier method.

The authors of [8] showed that with some reservations
concerning the sign of the parameter u, Karmarkar's algorithm
is equivalent to the.logarithmic barrier method described in

§3.1, provided that the additional constraint
Z.ox. =1 Xj a component of x ¢ En

is added to the problem (3.1.1), thus éfféctively converting
(3.1.1) to the Karmarkar standard form. Gill et al. describe
a detailed implementationiof the algorithm in §3.1 and
present numerical results obtained by applying the algorithm
to various standard LPP, exampl;s. They conclude that a
general: barrier method c¢an be comparable in speed to the
simplex algorithm. The paber [8] does not attempt to prove
polynomial complexity forbany version of the barrier method

not equivalent to Karmarkar's algorithm.

An Exchange in SIAM News concerning Karmarkar's algorithm

The newspaper SIAM News in [12] and following issues
carried an exchange of views on whether Karmarkar's algorithm
was in fact a practical advance over the work on barrier

methods which had been going on at least as early as 1957.

The originality of Karmarkar's convergence proof was



To-- 77 --

acknowledged, but there was. some expression of doubt whether
his.claimed,egperimental résults, which were exceedingly
optimistic,‘wereblikély to be confirmed. A group froh
Stanford University — which I take to be more or less the
authors of [8] — were of the opinion that all thé desirable
pfopertiés of Karmarkar's algorighm are to be found in
general barrier methods.” It was noticeqble that this group
'reporgeéjexperimental results which were much more modest
than Karﬁarkar's; for eiample, while Karmarkar claimed that
an implementation of his method was sppefio? to the simplex
method on every problem tested, the Stanfqrd group simply
reportéd that their experiments showed barrier methodsdto.bé
sometimes better than the simplgx method and sometimes not.
Corréspondents in issues subsequent to [12] complained th;t
Karmarkar was unhelpful to researchers trying to confirm his
results, which were after all over four years old, and that
he was reluctant to acknowledge that his method belongs to
the class of barrierjmethods. Other writers provided a
rebuttal: the difficulty cf communica;ion:couid be explained
by the fact thaf Karmarkar‘§ employer clearly intended to
patent the method. As regards the relation of Karmarkar's
work to work on barrier methods, Karmarkar's reluctanoe to

e

acknowledge this was indefensible; however his work was not



.4.

subsumed in what was known about barrier methods but was 1in

fact an important contribution to 1it.

Recent progress to 1988

Gill at al. had presentéd empirical evidence that
barrier methods could compete with the simblex algorithm and
presumably with the canonical form of Karmarkar's algorithm;
however [8] left open the question of the worst case
complexity of barrier methods, especigliy those which did not
use the Karmarkar standard form. Several papers by Clovis
Gonzaga (cited in [6]) estéblish that the barrier method can
be "applied to the problem (3.1.1) (i;e. not in»Karmarka:
standard form) so as to have polynomial worst case

complexity. I'll violate proper practice here by citing a
H

-

paper I have not seen and have been unapﬁe to obtailn:

reference [9] by Gonzaga seems to establish the best known

TﬁQfSt case complexity for the solution of LPP (3.1.1) at

O(n3L) operations. This is a small but significant
improvement on Karmarkar's time. The only paper by Gonzaga I
have looked at in which he gives compléxity aggﬁments is
[10], in which he proves convergence in O(n3' L) opérations
for a path following method which solves the standard LPP
(0.1.1). The complexity arguments in [10] usﬁally do not
prove polynomial convergence; where they do, they depend on

Karmarkar's methods which they refer to in an extremely



general way, inviting the reéder to "repeat the analysis of
Karmarkar" in [1]. It must be borne in mind that Gonzaga's
construction of an algorithm which solves (0.1.1) and is
amenable to Karmarkar's analysis is a quite significant
advance. Nevertheless it appears that Karmarkar's methods in
[1] are still basic to compiexity proofs in this area. The
most recent papef I have seen is [6] which is uninterested in
the question of worst case complexity. It describes a state
of the art implementation of a primal-dual method due
originally to Montiero and Adler, who showed that their

: 3 .
method has worst case time of O(n L) operations.



APPENDIX

This appendix describes how to project the objective
vector ¢ into the affine space € . To project ¢ into Q means
to find a vector C, such that if 0 € Q , then c, € & and
c - ¢, is orthogonal to all of @ . Let @ be the affine space
in En determined by the system of linear equations Ax = b
where A 1s an mxn matrix. Assume that- 0 € @ , or more
precisely translate the origin to a point in £ ; the
determining equation of @ will then be Ax = 0 , i.e. Q is the

null space of A. We want to write ¢ as a sum € = C, + C,

where Cn € Q and C,X = 0 for all x € Q

What we will actually do is project ¢ 1into the row space
R={x: x = ATh; h € En} , that ie, we want the unique
vector z € R such that (c;z)x = 0 for x € R ., Since R is the
orthogonal complement of @ (which is the null space of A), c,
is evidently ¢ - 2z . To find z, write any point of R as A'h
for any h ¢ En , and z as AThO for a particular vector hO

-

Then ¢ - AThO is orthogonal to every point of R, that 1is

0= (¢ - AThO)TATh

T T T

- (¢'A’ - hOAAT)h

T.T T, . T .
for every h ¢ En ; which means that ¢ A - hOAA 1s the zero

vector. Now compute



h, 2 (aaT) ke

which gives us the unique vector hO ; and

T T T, 1
z =-A hy = A (AA ) Ac
T, .
In the last part of the argument we need (AA ) . It is a
T, . . . .
standard theorem that (AA ) exists if A is row-independent.
This means that we must assume in LPP (2.1.1) that matrix A

has been brought to row-independent form by some convenient
method.

As remarked earlier, if z is the projection of ¢ into
space R, then the projection ¢, of ¢ into @ is ¢ - z ; that
ls

: -1
c_=c - A(AA) 'Ac = [1I - A" (AA") 'Alc

. T
Because of the need to invert AA , the task of

projecting c into § takes O(n3) operations,
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