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ABSTRACT 

The t h e s i s  p resen t s  a  comprehensive a n a l y s i s  of Multi-  

Conf igura t ional  S e l f  Cons is ten t  F i e l d  Theory u s i n g  non-ortho- 

gonal o r b i t a l s  based on t h e  formalism proposed by Benston and 

Chong ( ~ o l .  Phys. 14,449,1968). Their  p r e s c r i p t i o n  f o r  obta in-  

i n g  a  pseudo-eigenvalue equat ion  i s  shown t o  be i n c o n s i s t e n t  and 

a modified approach t o  t h e  s o l u t i o n  of t h e  Fock equat ions i s  

descr ibed .  The "coupling opera to r"  methods such a s  t h a t  of 

B i r s s  and Fraga a r e  incomplete and do not  a f f o r d  a p r a c t i c a l  

meand of a r r i v i n g  a t  a  s a t i s f a c t o r y  convergent s o l u t i o n .  

The modified scheme i s  app l i ed  t o  t h e  c a l c u l a t i o n  of 

t h e  ground s t a t e  energy of Beryllium atom. A complete MC-SCF 

program u s i n g  non-orthogonal o r b i t a l s  has  been developed and 

implemented. Some of t h e  e x i s t i n g  conf igura t ion  i n t e r a c t i o n  

c a l c u l a t i o n s  on Be atom a r e  analyzed and it i s  shown t h a t  a 

p a r t i a l  r e l a x a t i o n  of t h e  o r thogona l i ty  c o n s t r a i n t  on t h e  o rb i -  

t a l s  has  a  pronounced e f f e c t  on t h e  ground s t a t e  energy of Be 

atom. 

An a d d i t i o n a l  a spec t  of t h e  p resen t  theory  concerns 

t h e  non-orthogonality pa?ameter V.  The problem of obta in ing  V 

has  not  been adequately exposed by Benston and Chong. A method 

i s  proposed f o r  t h e  eva lua t ion  of t h e  parameter V from physi-  

c a l l y  acceptable  over lap  matr ices  W.  The e f f e c t  of V on t h e  

t o t a l  energy i s  a l s o  discussed.  
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CHAPTER I 

REVIEW OF CLASSICAL METHODS 



INTRODUCTION 

The electronic structure and properties of any atom in 

the ground state can be determined, in principle, by solving the 

~chr5dinger equation. In the non-relativistic quantum theory of 

many particle systems, the SchrEdinger equation refers to a con- 

figuration space having a dimension proportional to the number of 

particles. Apart from the formidable task of finding a solution 

to this problem, the resulting wave function may be too compli- 

cated to have any physical significance. Although there have been 

many attempts to reduce the problem by the use of density matrices, 

a satisfactory understanding of many particle systems still re- 

mains a challenge both to physicists and chemists. 

Quantum mechanics of one- and two- electron systems may 

be said to be reasonably well v n d ~ r s t , n n d  with the possible excep- 

tion of relativistic effects. Attempts to extend these methods to 

many electron systems have been less successful. 

The question is one of finding approximate eigenfunctions 

and energies that come reasonably close as solutions of the SchrE- 

dinger equations and which also provide some insight into the 

actual physical situation. Although the total energy is not in 

any sense a complete index as to the accuracy of the approximation, 

it is a simple and perhaps theabest,place to start. There are a 

number of reasons for this: the most important being (a) the 

convenience of the variational principle, (b) the general good 

correlation between reasonable values for the energy and those 

for various other properties calculated with energy optimized 



wave functions and (c) the interest that the stationary state 

energy holds for chemists. 

In the past few years it has become clear that the 

classical Hartree-Fock method represents an unbalanced situation 

when we consider the dynamics of electrons. It is true that the 

Hartree-Fock approximation gives "reasonable" values for the 

energy and a high degree of physical insight. However the energy 

cannot be calculated to a sufficient accuracy to lead to chemi- 

cally interesting effects. A considerable stabilizing influence 

is imparted to an atomic or molecular system by the electronic 

correlation energy which is not taken into account by the Hartree- 

Fock method. Recently a number of methods have been proposed to 

include electron correlation into the Hartree-Fock scheme 

through such expansion methods as configuration interaction or 

multi-configurational self consistent field. Even with the 

use of sophisticated computers, these methods have certain 

fundamental difficulties, particularly the number of configurations 

required to achieve a desired accuracy, makes physical inter- 

pretation difficult and computation lengthy. 



By using non-orthogonal orbitals, we have achieved 

a significant improvement in the convergence of the configu- 

ration,interaction expansion, that is, the number of configu- 

rations required to achieve a desired degree of accuracy in 

the energy. This is a major improvement over the existing 

Configuration Interaction (CI) or Multi-Confugurational Self 

Consistent Field (MC-SCF) methods using orthogonal orbitals. 

In the following sections we outline the various methods of 

improving the Hartree-Fock scheme and then describe the MC-SCF 

method using non-orthogonal orbitals. 

1.2 INDEPENDENT PARTICLE MODELS 

Perhaps the most widely used and most successful app- 

roach to quantum theory of many electron systems is the indepen- 

dent particle model. The Hartree-Fock approximation is simply 

a variational formulation of this intuitive concept. Physically 

this approximation amount to the assumption that each particle 

moves in an average field of the other particles. Mathematically 

one approximates the state function as the simplest anti- 

symmetrized product of one-particle functions. 



HARTREE-FOCK METHOD 1,2,3,4 

In view of the fundamental importance of the Hartree-Fock 

model, it may be appropriate to start with a brief review of this 

approximation. Essentially, the Hartree-Fock wave function is 

the best wave function (in the variational sense) that can be 

constructed based on a one-to-one correspondence between particles 

and orbitals. 

The Hamiltonian for a system of N electrons, in atomic 

units, can be written as 

where ri is the distance of the electron i from the nucleus a 

and is the distance between electrons i and'k. In atomic 

units, the unit of length is the bohr where 1 bohr = 5.2917 x 

cm. and the unit of energy is the hartree where 1 hartree is equal 

to twice the ionization potential of hydrogen, that is, 27.210 eV. 

According to the Hartree-Fock model, the trial wave function is 

taken as the Slater determinant 

In this expression cp 
I 
d q 2 , - -  - qN are N linea ly independent 

spin orbitals of the form 



The Hamiltonian operator of eq. (1 .2 .1 )  i s  

where f i  i s  the Hamiltonian of e lectron i moving i n  the f i e l d  of 

the  nucleus and g i s  the e l e c t r o s t a t i c  in te rac t ion  between 
i j 

electrons i and j. The energy of the  system i s  given by 

where the o r b i t a l s  a re  chosen by var ia t iona l  method so as  t o  give 

from a s ingle  determinant wave function eq. (1.2.2) gives a  se t  

of in tegro-d i f fe rent ia l  equations cal led the  Hartree-Fock equations. 

It i s  convenient t o  define two operators Ji and Ki, 

ca l led  coulomb and exchange operators respectively,  associated with 

a  pa r t i cu la r  o r b i t a l  i 



The energy expression (1.2.4)  can now be wr i t t en  a s  

where t h e  i n t e g r a l s  a r e  defined by 

- 
Hi - ( ' P i  I I ' P i )  

- 
J i j  

- 
- ( I j I  JiI ' P j )  - ( r ~ j - 1  J j  I ( P i )  

Ki j = ( ( P j  1 Ki 1 I j )  = ( Q ~ I  K j  1 ( P i )  

(1.2.9) 

The f a c t o r  2 i n  eq. (1.2.8) appear because of t h e  double occu- 

pat ion of t he  o r b i t a l s .  The one p a r t i c l e  fune-tions a r e  

determined by means of t h e  va r i a t i ona l  p r inc ip l e  

and we obta in  t he  condit ion 

where t he  Lagrange mul t i p l i e r s  c j i  a r e  included i n  order t o  take 

account of t he  orthogonali ty of o r b i t a l s .  If we define the  

Hartree-Fock operator  a s  

t h e  Hartree-Fock equation can be wr i t t en  a s  



since t he  coulomb and exchange operators  a r e  invar ian t  agains t  

a r b i t r a r y  un i ta ry  transformation of t he  "occupied" o r b i t a l s  rp , 
t he  Fock Hamiltonian i t s e l f  i s  invar ian t  agains t  un i t a ry  t rans -  

formation. This important property allows us  t o  make a  fu r the r  

s impl i f i ca t ion  of t h e  equations. We mult iply eq. (1.2.11) by 

1  ti^> where tiy i s  t h e  ( i , k ) t h  element of a  un i t a ry  matrix T ,  

k 
and put  

A s  a  r e s u l t  we obta in  r e l a t i o n s  of t he  form (1.2.11 ) i n  which 

and a r e  simply replaced by c p l  and I n  matrix no ta t ion  eq. 

(1.2.14 ) can be wr i t t en  a s  

so t h a t  t h e  Hermitian matrix I( /I can be made diagonal by 

su i t ab l e  choice of matrix T. We can l a b e l  t he  diagonal elements 

which a r e  r e a l  a s  E k  and dropping the  primes 



Equation (1.2.16) i s  the  f i n a l  form of t h e  Hartree-Foclc equations. 

The Hartree-Fock equations a r e  usua l ly  t r e a t e d  i n  t h e  

eigen-value form (1.2.16) and the  so lu t ions  a r e  re fe r red  t o  a s  

"~ar t ree -Fock  equations". They a r e  characterized by the  f a c t  

t h a t  they a r e  delocal ized over t h e  e n t i r e  system. It may be 

noted t h a t  a  wave function defined by a S l a t e r  determinant of 

the  form (1.2.2) i s  invar ian t  under l i n e a r  transformation of t h e  

s e t  0 ,  9, - - - g~ and depends only on the  l i n e a r  manifold 

spanned by t h i s  s e t .  

The Hartree-Fock equations represent  systems of non- 

l i n e a r  i n t eg ro -d i f f e r en t i a l  equations. The s e l f  consis tent  f i e l d  

scheme can be shown a s  

where vi i s  ca l l ed  the  Hartree-Fock po ten t i a l  given by t h e  cou- 

lomb terms, and Heff i s  t h e  sum of k i n e t i c  energy and coulomb 

terms. 

(b EXPANSION METHODS 5,6 - (Har t ree -~ock-~oothaan  ) 

I n  attempting t o  solve t he  Hartree-Fock equations (1.2.16) 

it has been found convenient t o  expand t h e  Hartree-Fock mnct ions  

i n  t he  s e t  

as l i n e a r  combinations of t he  form 



where Q. i s  a rec tangular  matr ix of order  M X N .  Assuming the  bas i s  

t o  be non-orthogonal, we can wr i t e  

(1.2.21) 

where S i s  t h e  overlap matrix and i s  a measure of non-orthogo- 

n a l i t y .  Since t h e  e f f e c t i v e  Hamiltonian i s  se l f -ad jo in t ,  t he  

eigenfunctions of eq. (1.2.16) a r e  orthonorma1; 

Since the  Hartree-Fock wave funct ion i s  invar ian t  t o  a 

un i ta ry  transformation we can wr i te  

( Y ' J  r p ' )  = Q t S Q  = I 

If t h e  e f f e c t i v e  Hamiltonian i s  considered 

nay solve t h e  eigenvalue problem (1.2.16) by means 

t iona l  method 

(1.2.22) 

a s  f ixed one 

of t h e  var ia-  

Leading t o  a s e t  of l i n e a r  equations 



where 

This system of equations has non- t r iv ia l  so lu t ion  only if the  

secu la r  equation 

i s  s a t i s f i e d  and t h i s  gives t he  o r b i t a l  energies € .  Once the  € ' s  

a r e  known, t he  equation can be solved f o r  Q'S. The bes t  deter-  

minantal wave funct ion,  wi thin  t h e  l imi t a t i on  of a t runcated bas i s  

s e t ,  i s  obtained by varying the  expansion coe f f i c i en t s  Q . I n  
Pk 

t h e  l i m i t  of i n f i n i t e  bas i s  s e t ,  t h i s  wave funct ion approaches 

I n  1951, Roothaan and Hall  6 7  independently proposed a 

sys temat ic  approach t o  t he  expansion method. According t o  t he  

Roothaan formalism, t h e  i t e r a t i v e  cycle i s  

(1.2.27) 

Much of  t he  current  atomic and molecular ca lcu la t ions  make use of 

the  Roothaan method. 

The important s impl i f i ca t ion  i n  t h e  Hartree-Fock method 

l i e s  i n  t h e  expression (1.2.2)  which cons i s t s  of products of s ing l e  

p a r t i c l e  functions.  There i s  a one-to-one correspondence between 

p a r t i c l e s  and one-par t ic le  wave functions which impart a conside- 

r a b l e  amount of physical  meaning t o  t he  Hartree-Fock model. The 



contains only occupied s t a t e s  and not  t h e  complete 

system of s ing l e  p a r t i c l e  functions and hence cannot provide a 

rigorous solut ion.  A pure product function i s  inadequate ch i e f ly  

because here the  pos i t ion  of an e lec t ron  which i s  described b y ' i t s  

function cp ( A )  i s  completely independent of t h e  o ther  e lec t rons ,  

while t he  e lec t rons  a r e  r e a l l y  connected with each other  through 

coulomb in t e r ac t ion .  This co r r e l a t i on  i n  motion which thus  a r i s e  

i s  excluded i n  s ing l e  p a r t i c l e  product functions.  It would f o r  

example be q u i t e  poss ible  f o r  severa l  e lec t rons  t o  be located i n  

the  same pos i t ion  whi ls t  t he  e f f e c t  of coulomb repuls ion i s  t o  

keep them apar t .  Because of t h i s  repuls ion the  coulomb po ten t i a l  

e2/r12 becomes i n f i n i t e  a t  r12 = 0 which means t h a t  each e lec t ron  

i s  surrounded by a "~oulomb hole" with respect  t o  o ther  e lec t rons .  

On the  other  hand a c e r t a i n  amount of co r r e l a t i on  appears with a 

detemninantal expression s ince  t h i s  t akes  account of Paul i  p r inc ip le .  

However t h i s  co r r e l a t i on  has nothing t o  do with coulomb in t e r ac t ion .  

On t h e  whole there fore ,  i n  t he  Hartree-Fock treatment,  t he  e lec t ron  

co r r e l a t i on  i s  hardly taken i n t o  account. However it has become 

evident i n  recent  years  t h a t  e l ec t ron  co r r e l a t i on  i s  of fundamental 

importance i n  chemical binding and there fore  t h e  one-electron 

approximation i s  inheren t ly  too  inaccurate  t o  provide a s a t i s f a c t o r y  

bas i s  f o r  an understanding of problems of chemical i n t e r e s t .  The 

problem of e lec t ron  co r r e l a t i on  has been discussed extensively by 
8 9 Lowdin and others  . 



A fur ther  l imita t ion of the  Hartree-Fock nethod i s  t h a t  

it i s  not i n  general applicable t o  open she l l  systems. An open 

shel l  system requires more than one configuration and gives r i s e  

to off-diagonal Lagrange mult ipl iers  which cannot be eas i ly  

eliminated. 

1.3 IMPROVED METHODS OF DETERMINING ELECTRONIC STRUCTURE 
OF ATOMS 

So f a r  we have confined ourselves t o  the  basic Hartree- 

Fock formalism i n  a  form applicable t o  atoms whose wave functions 

:an be developed i n  terms of closed s h e l l  configurations so t h a t  

the quantum numbers m and ms do not have t o  be specified.  The 
4, 

?esulting wave function i s  a  s ingle t  and s a t i s f i e s  cer ta in  so 

:alled equivalence r e s t r i c t i o n s  lo. An example of the  equivalence 

-es t r ic t ions  i s  t h a t  the  spat ia l  par t  of the  o r b i t a l  q (r)  a and 
1 

(r)  B must be ident ica l .  The equivalence re s t r i c t ions  a re  s a t i s -  
1 

'ied whenever the r ad ia l  par t  of the  o rb i t a l s  a re  independent of 

I and m quantum numbers and the o rb i t a l s  a re  associated with 
S t. 

. e f in i te  quantum numbers. This means tha t  the  resu l t ing  wave 

unction i s  an eigenfunction of s2, L' and S Z  , LZ. 

The Hartree-Fock method i n  which the  equivalence r e s t r i c -  

ions a re  s a t i s f i e d  o r  a re  imposed i s  known as  " res t r ic ted"  

artree-Fock method. A s ingle  determinant of doubly occupied 

pbi ta ls  represent a  t o t a l l y  symmetric s t a t e ,  and a  s t a t e  tha t  

Eln be represented i n  t h i s  manner i s  cal led a  closed s h e l l  s t a t e .  



1f the orbitals are singly occupied ( i . e . ,  partially O C C U P ~ ~ C ?  ) 

such a state is called an open shell. In general both closed- 

and open-shell variational wave functions are based on indepen- 

dent particle model having certain symmetric properties consistent 

with the effective Hamiltonian. In the closed shell case the 

radial orbitals of spin paired electrons are constrained to be 

identical while in the open shell case this condition is relaxed. 

The proper symmetry can always be obtained in the closed shell 

procedure with a single determinant, but in the open shell proce- 

dure a multideterminantal wave function may be required. 

Based on the equivalence restrictions, several modified 

schemes have been attempted on the conventional Hartree-Fock method. 

The important cases are discussed by Nesbet and Nesbet and 

Watson 12. In the case of configurations arising from open shells, 

Slater l3 has proposed dropping the restriction that the radial 

functions be independent of ms. This means that orbitals of 

opposite spins need not have the same spatial functions. This 

variant is called spin-polarized Hartree-Fock method.. 

If the trial function which is a single determinant is 

Pree from all restrictions other than the variational principle 

Ine obtains the so called unrestricted Hartree-Fock scheme. 

Another variation of the Hartree-Fock method is one where 

he trial function is obtained from the Slater determinant of an 
14 pen shell configuration by use of L~ and s2 projection operators . 



Here t h e  t o t a l  wave funct ion can be wr i t t en  a s  

where P denotes t h e  des i red  proJect ion operator and # i s  a s ing l e  

determinant wave function.  The e n e r a  i s  given by 

Neither t h e  Hartree-Fock method nor those r e l a t e d  methods 

that s a t i s f y  one o r  o ther  of t h e  many equivalent r e s t r i c t i o n s  can 

tccount f o r  e lec t ron  co r r e l a t i on  i n  many e lec t ron  systems. I n  

~ r d e r  t o  overcome t h i s  fundamental deficiency, we have t o  go beyond 

;he Hartree-Fock scheme. 

I l  There are t h r e e  ~ l a s s i c a l "  va r i a t i ona l  methods of i n t ro -  

k i n g  co r r e l a t i on  i n  a wave function 

( a )  Open She l l  Procedure 

( b )  Configuration In t e r ac t ion  

( c )  In t e r e l ec t ron  coordinates r i n  t he  wave function.  
i 3  

a )  OPEN SHELL PROCEDURE - ( ~ e n e r a l i z e d  ~ a r t r e e - ~ o c k - ~ o o t h a a n )  

Among the  t h ree  methods, t he  open s h e l l  procedure i s  the  

implest but  the  most l imi ted i n  scope since it cannot be extended 

e r  s e  t o  y i e ld  any des i red  accuracy. I n  general t h e  e f f e c t  of 

pen s h e l l  ca lcu la t ion  i s  t o  improve the  corresponding closed s h e l l  

nergies by an amount approximately independent of t he  number of 



elect rons  N while on the  other  hand the  co r r e l a t i on  energy increases  

rather  rapidly  with increas ing N .  Fran the  p r a c t i c a l  s tandpoint ,  

it i s  more d i f f i c u l t  t o  obta in  SCF wave funct ions  f o r  open s h e l l s  

15 than f o r  closed s h e l l  systems . I n  most cases t h e  open s h e l l  

procedures a r e  d i r e c t  general iza t ions  of t he  closed s h e l l  method. 

An important shortcoming of t h i s  approach i s  t h a t  t h e  r e s u l t i n g  

wave function i s  not an eigenfunction of s2, but  i s  a mixture of 

wave functions with d i f f e r e n t  sp in  m u l t i p l i c i t i e s .  Nevertheless 

the  open s h e l l  procedure provides a supplimentary technique f o r  

gaining some co r r e l a t i on  when used i n  conjunction with o ther  types 

of co r r e l a t i on  methods. 

The generalized Hartree-Fock-Roothaan formalism16 'I7 makes a 

l imited improvement on the  wave function and energy of closed s h e l l  

zLd CL- U--4---  n-- "Arc ual UA ec-~l U L ~  f orimllsm t o  include open s h e l l  

atoms and molecules. There a r e  a number of d i f f i c u l t i e s  associa ted 

~ i t h  open s h e l l  systems and these  a r e  discussed by severa l  authors 

A symmetry operator ,  operat ing on any determinantal wave 

?unction $ gives a new funct ion $ I .  I n  the  case of doubly occupied 

r b i t a l s  (closed s h e l l ) ,  t he  new function a r e  l i n e a r  combina- 

t ions of o r b i t a l s  i n  the  old funct ion @ .  I n  o ther  words a closed 

h e l l  determinant describes a t o t a l l y  symmetric s l a t e  i f  t h e  

r b i t a l s  ql v2 - - - qN provide a bas i s  f o r  representa t ion of any 

m e t r y  point  group. 

I n  general  an open s h e l l  s i ng l e  determinant wave funct ion does 



not represent a totally syrnrnetric state and will r,ot be an eigen- 

function of total spin operators S and s'. However a linear z 

of determinants can be made to satisfy these conditions. 

The total wave function y is, in general a sum of several 

Slater determinants 

where each @ is an antisymmetrized product of spin orbitals and k 

the coefficients are determined by the above-mentioned symmetry 

requirements . 
Since an open shell implies the presence of both doubly 

occupied and singly occupied orbitals, it is convenient to assign 

an occupation number N to a particular shell. Here i refers to ix 

the orbital and A refers to the symmetry species. The density 

natrices corresponding to a general shell, closed shell (c) and 

)pen shell (0) can be written as 

Sere the expansion coefficients & are given by 
ip 



a denotes the  symmetry subspecies. I n  eq. (1.3.5) t h e  indices  

k = c closed s h e l l  and m = i c open s h e l l .  Since C i s  a column 

t CC represents  a matrix.  

I n  order  t o  b r ing  out t he  bas ic  idea  of t h e  formalism, t he  

energy can be wr i t t en  a s  t he  sum of two terms corresponding t o  the  

one-electron contr ibut ion and the  two e lec t ron  contr ibut ion:  

The f i r s t  term E ( ' )  can e a s i l y  be obtained a s  

I n  matrix nota t ion,  t h i s  reduces t o  

rhere we have used 

and 

t may be noted t h a t  E does not  depend on the  symmetry of 

ub-species a but  only on iA 



The two e lec t ron  Hamiltonian i s  more d i f f i c u l t  s ince  i n  

t h i s  case t he  matrix elements w i l l  depend on the  subspecies and 

the  c o i f f i c i e n t s  Lk w i l l  have t o  be considered. The problem i s  

simple f o r  a closed s h e l l  where t h e  contr ibut ion t o  

the  two-electron energy i s  given by 

where P i s  a supermatrix whose elements a r e  t h e  two-electron 

in t eg ra l s .  

I n  extending these  ideas  t o  open s h e l l  systems, we follow 

the  method of Roothaan and ~ a ~ u s ~ ' .  The following points  should 

be noted: 

1. The t z t a l  wave function i s  i n  general a sum of severa l  a n t i -  

symmetrized products each of which contains a doubly occupied 

closed s h e l l  core 4, and a p a r t i a l l y  occupied open s h e l l  chosen 

from a s e t  @,, t h e  d i f f e r e n t  antisymmetrized products containing 

d i f f e r en t  subsets  of 4,. The combined s e t  of o r b i t a l s  i s  given by 

and i s  assumed t o  be orthonormal. Eq. ( 1 . 3 ~ 2 ) a s s w n e s  t h a t  each 

configurat ion p contains a doubly occupied closed s h e l l  core @c 

and p a r t i a l l y  occupied open s h e l l  chosen from a s e t  eo. 

2. The expectat ion value of t h e  energy would contain i n t e r ac -  

t i o n  contr ibut ions  from the  c losed-shel l ,  t h e  open-shell and 



I n  the  form i n i t i a l l y  reported by Roothaan, cer ta in  r e s t r i c -  I 

t ions  were imposed on the symmetry and occupation of the  open she l l s  1 

,.g. only one open-shell was considered and f o r  half  closed she l l s  
I 

the spins  were assmed pa ra l l e l .  Huzinaga 21 extended t h i s  forma- I , 

l i s m  t o  include two open she l l s  of general symmetry species. We 

follow the Roothaan-Bagus procedure which i s  completely general. 

The idea i s  the following: A s  i n  the  case of a closed s h e l l  

we construct  a supermatrix P, but subtract  out another supermatrix 

Q which represents f i c t i t i o n s  in te rac t ion  terms t h a t  were added i n  

the P matrix. In  t h i s  way, we express the energy E i n  terms of 

two supermatrices, the  P supermatrix f o r  the case of the  closed- 

s h e l l  configurations and the 0 supermatrix f o r  the  case of open- 

shell-open-shell in teract ions .  

where JI and K a re  elements of coulomb and exchange 
h P q ~ p ~ s  XP9,yrs 

Supermatrices 3 and 3 respectively. J and K a re  the vector w xvv 
Coupling coeff ic ients  which vary from s t a t e  t o  s t a t e  and configu- 

r a t i o n  t o  configuration and a r e  the  standard coulomb and exchange 

in teg ra l s .  For atoms or ions belonging t o  the same symmetry species, 



22 
t h a t  i s ,  f o r  X = , t h e s e  c o e f f i c i e n t s  a r e  not  unique . For a 

closed s h e l l ,  supermatrix P i s  t h e  only one t h a t  occurs ,  and i n  

t h i s  case  J = 0. Xu v 

Analogous t o  t h e  c losed  s h e l l ,  we can t h e r e f o r e  w r i t e  down 

t h e  expression f o r  t h e  two-electron energy i n  terms of supermatr ix  

p and 0 , and dens i ty  matr ices  D 

Equation (1.3.14 ) expresses  t h e  energy of a system wi th  a wave- 

funct ion of appropr ia t e  symmetry and determinant of known s p i n  

p r o p e r t i e s .  Our t a s k  now i s  t o  incorpora te  t h i s  i d e a  i n  a prac- 

t i c a l  way i n t o  t h e  Hartree-Fock formalism. 

Self  Cons is ten t  F i e l d  Technique 

Assuming t h a t  we have chosen a s e t  of s a t i s f a c t o r y  b a s i s  

E'unctions, t h e  u s u a l  procedure makes use  of t h e  v a r i a t i o n a l  method 

?or t h e  d e n s i t y  matr ices  so  t h a t  t h e  energy i s  s t a t i o n a r y .  I n  

'act ,  a proper  choice of t h e  b a s i s  func t ion ,  i s  by no means easy, 

nd r e q u i r e s  an opt imiza t ion  of t h e  o r b i t a l  exponent. However 

t t h e  moment, we w i l l  assume t h i s  has  been done. The b e s t  func- 

ion  f o r  a given b a s i s  s e t ,  i s  t h e  one t h a t  minimizes t h e  energy 



We subject  every o r b i t a l  Qi t o  an in f in i t e s ima l  var ia t ion  6%; 

since t h e  bas i s  s e t  i s  f ixed,  t h i s  i s  tantamount t o  an i n f i n i -  

tesimal va r i a t i on  on the  expansion coe f f i c i en t s  . Further- f 
more s ince  t h e  o r b i t a l s  q i  a r e  constrained t o  be orthogonal, t h e  

6 Q i s  r e s t r i c t e d  by those conditions which a r e  i x  P 
obtained by sub jetting eq. (1.3.1) t o  an in f in i t e s ima l  var ia t ion .  

we take  t h e  sum of a l l  poss ible  o r b i t a l  cons t ra in t s ,  f o r  a l l  

p s s i b l e  symmetries , and mult iply t h e  r e su l t i ng  expression 
A 

by the  Lagrange Mul t ip l ie r s  8 x.Ji and 0 
x i j  

and we ge t  

where S i s  the  overlap matrix between bas i s  %ctions. 

The standard procedure i s  t o  add the  term (1.3.16) t o  t he  

va r i a t i on  i n  energy &E.  The r e su l t i ng  term 6E'  = 0 f o r  any choice 

of t h e  6Q, without any r e s t r i c t i o n  and a t  t he  same time should 

3ive su i t ab l e  values f o r  t he  undertermined Lagrange mul t ip l ie r s .  

It i s  important t o  r e a l i z e  t h a t  f o r  the  general  case of 

)pen s h e l l s ,  we s h a l l  have Lagrange mul t i p l i e r s  between o r b i t a l s  

.n closed s h e l l s ,  between o r b i t a l s  of open-shells and between 

r b i t a l s  of closed and open s h e l l s .  I n  the  closed'  s h e l l  case, 

he o r b i t a l s  can always be subjected t o  a .  un i ta ry  transformation 

cp'  = q u  

(1.3.18) 

lich brings t he  matrix of Lagrange mul t i p l i e r s  i n t o  diagonal form. 



m e n  t h i s  has  been done, t h e  o r b i t a l s  a l l  reduce t o  a  simple 

eigenvalue equat ion.  I n  t h e  presence of open s h e l l s ,  we 

have a v a i l a b l e  only a u n i t a r y  t ransformat ion  of t h e  form 

which t ransforms t h e  open and c losed  s h e l l s  w i t h i n  themselves. 

Such a  t ransformat ion  can e l imina te  only t h e  of f -d iagonal  mult i -  

p l i e r s  elk and enm bu t  no t  t h e  m u l t i p l i e r s  enk and elm , which 

couple t h e  c losed  and open s h e l l s .  There i s  however one except ion 

t o  t h i s ,  namely, when t h e  c losed  and open s h e l l  o r b i t a l s  belong 

t o  d i f f e r e n t  symmetry; i n  t h a t  case  onk and elm vanish automati-  

c a l l y .  

There are methods of e l l ~ l n a t l n g  t h e  off-dlagonai  Lagrange 

m u l t i p l i e r s  of t h e  type  mentioned above 23. Roothaan adopts  a  

d i f f e r e n t  procedure f o r  removing t h e  of f -d iagonal  m u l t i p l i e r s  

where he in t roduces  a new s e t  of opera to r s  Rc and Ro f o r  c losed  

and open s h e l l s  which r e s u l t  i n  absorbing those  terms i n  a s e t  of 

r e g u l a r  pseudo eigenvalue equat ions f o r  c losed  and open-shel ls .  

The advantage i s  t h a t  t h e s e  coupl ing opera to r s  Rc and Ro can be 

expressed i n  terms of previous ly  def ined q u a n t i t i e s  such a s  P and 

0 .  



~ 0 t h  t h e  opera tors  R and Ro a r e  Hermitian by d e f i n i t i o n .  If we 
C 

def ine 

t h e  b a s i c  Hartree-Fock equat ions  reduce t o  t h e  fo l lowing form 

By making a u n i t a r y  t ransformat ion  on t h e  c losed  and open s h e l l s  

sepa ra te ly ,  we can b r i n g  t h e  FJ matr ices  i n t o  diagonal  form. By 

des ignat ing  as t h e  diagonal  elements of t h e  transformed FJ 
m?L 

mat r ices ,  we can f i n a l l y  a r r i v e  a t  



which i n  matrix nota t ion can be wr i t t en  a s  

~ q u a t i o n s  (1.3.25) a r e  t he  Hartree-Fock equations f o r  closed and 

open s h e l l s .  They a r e  ca l l ed  pseudo eigenvalue equations because 

the matrices Fc and Fo depend on the  so lu t ion  0. This demands 

an i t e r a t i v e  procedure and self-consistency i s  achieved when 

the same vectors  from which these  matrices a r e  constructed accor- 

ding t o  equations (1.3.24),are so lu t ions  of equations (1.3.25).  

(b ) CONFIGURATION INTERACTION 24 
- 

Probably the most widely used method of improving the  Hartree- 

Fock approximation i s  configurat ion in t e r ac t ion  (c I ) ,  i n  which a 

s t a t e  f'unction i s  expressed a s  a l i n e a r  combination of S l a t e r  

determinants 

rhere p o  i s  t h e  Hartree-Fock solut ion.  The other  determinants 

:an be constructed from t h e  Hartree-Fock o r b i t a l s ,  including 

;hose not occupied i n  the  ground s t a t e .  

There a r e  t h e o r h i c a l  reasons t o  bel ieve 25 t h a t  t h e  C I  

sthod and the  Hylleraas procedure a r e  both general methods capable 

f yie ld ing  va r i a t i ona l  so lu t ions  which converge t o  t he  exact non- 

e l a t i v i s t i c  energy f o r  any des i red  degree of accuracy by the  o A b t ; m  



of sufficient number of terms. 

A determfnantal configuration differing from t h e  ground state 

by one spin orbital is said to be singly excited; one differing by 

two spin orbitals is doubly excited and so on. Assuming that the 

~~rtree-Fock orbitals are orthonormal, we can write 

(1.3027) 

where 4: denotes a singly excited configuration in which an orbi- 

tal k from the Hartree-Fock determinant is replaced by an orbital 

k t ,  and similarly for the double notation. It is not necessary 

that the orbitals used to represent the excited states be them- 

selves eigenfunctions of the Hartree-Fock operator. The fact that 

the solutions of the Hartree-Fock equations form a complete set of 

orthogonal functions demands that the excited orbitals be ortho- 

gonal to the occupied orbitals. Furthermore these solutions can be 

divided into two sets, those occupied in the ground state and those 

not occupied in the ground state, which span mutually orthogonal 

26 subspaces . 
There are some fundamental restrictions on the determinants 

that appear in the CI function. The various configurations that 

are included in eq(1.3.27) should be symmetry adapted, that is, 

the chosen linear combination of determinants must possess all the 

symmetry properties of the Hamiltonian. A further restriction 

arises from the so-called Brillouin theorem which states that 

matrix elements of the Hamiltonian operator between the Hartree- 

pock and all the singly excited determinants are zero 27,28 



Here )S d i f f e r s  from mSCF by a  s ing l e  spin  o r b i t a l .  An important 

corol lary  t o  Br i l lou in  theorem i s  t h a t  s ing ly  exci ted  configura- 

t ions  constructed from sp in-orb i ta l s  orthogonal t o  the  occupied 

~ ~ r t r e e - F W k  o r b i t a l s  give no f i r s t  order contr ibut ions  t o  t he  

29 t o t a l  energy . 
A s  a  consequence of Br i l lou in  theorem t h e  second term i n  

eq. (1.3.27) vanishes so t h a t  

where 

and 

' can be The matrix elements of t h e  ' ~ a m i l t o n i a n  between ) and @k 
0 

expressed i n  terms of sp in  o r b i t a l s  



~t may be pointed out t h a t  Br i l l ou in  theorem does not say t h a t  

exci ted configurat ions do not contr ibute  t o  t he  t o t a l  energy 

since it i s  possible t h a t  matrix elements between s ing ly  exci ted  

configurations 

energy. 

Although 

of a  seemingly 

are  d i f f i c u l t  . 

do not  vanish and thus contr ibute  t o  the  t o t a l  

t he  co r r e l a t i on  energy has been expressed i n  terms 

simple i n t e g r a l  (1.3.32),  t he  ac tua l  computations 

The expansion coe f f i c i en t s  Ck of eq. ( 1 . 6 )  a r e  

determined by va r i a t i ona l  methods and leads t o  t he  secular  equation 

where H i s  composed of matr ix elements between configurat ions 

The so lu t ion  of eq. (1.3.33) i s  g rea t ly  s impl i f ied  i f  one notes 

t ha t  matrix elements HIJ  between configurat ions I and J of d i f f e -  

rent  symmetries a r e  zero. This means t h a t  we need consider only 

such configurat ions which have t h e  t o t a l  symmetry of t h e  par t i cu-  

l a r  e lec t ron ic  s t a t e  being invest igated.  Specia l  methods f o r  

solving dimensionally l a rge  equations of t h e  type ( 1 3 33 ) a r e  

avai lable  30,31 

Di f f i cu l t i e s  i n  the  C I  Method 

The expansion of a  s t a t e  function i n  terms of S l a t e r  deter-  



rninants, eq. (1.3.26) in principle can lead to the exact solution 

of the correlation problem, provided one includes all possible 

configurations in the expansion. This difficulty is what is 

usually referred to as "convergence problem" in configuration 

interaction approach, that is, many configurations must be super- 

posed in order to achieve a significant lowering of energy. In 

*pactice, one truncates the expansion, taking only a finite set 

of orbitals and builds all the determinants that belong to a given 

irreducible representation of the symmetry group. However one 

often finds that such "symmetry-adapted" functions can no longer 

be represented by a single determinant and may often be linear 

combination of Slater determinants. 

Apart from symmetry considerations, one reduces the size of 

the CI expansion by discarding configurations which seem unlikely 

to contribute significantly to the total energy. Unfortunately 

there is no general rule available for choosing such configurations 

and one usually resorts to intuition. The "length" of the expan- 

sion (that is the number of terms whose coefficients are substan- 

tial) is found to be critically dependent on the choice of spin 

orbital basis ( q l ,  rp, - - - ) from which the Slater determinants 

4 are constructed 32. The fundamental problem is to find the best 

set of orbitals that lead to accurate CI functions of moderate 

length corresponding to rapidly convergent expansions. 



( c )  HYLLERAAS METHOD 
33 

I n  a s e r i e s  of papersJJ  Hyl leraas  presented  t h r e e  d i f f e r -  

ent methods f o r  s tudying e lec t ron-e lec t ron  c o r r e l a t i o n  

1. Superpos i t ion  of conf igura t ions  

2. Corre la ted  wave func t ions  

3. D i f f e r e n t  o r b i t a l s  f o r  d i f f e r e n t  sp ins  

The method t h a t  i s  more o f t e n  a t t r i b u t e d  t o  him i s  ( 2 )  where 

e l ec t ron  c o r r e l a t i o n  i s  introduced through a  parameter t h a t  i s  

r e l a t e d  t o  t h e  d i s t a n c e  between e l e c t r o n s .  

I n  h i s  p ioneer ing  work on Helium atom, Hyl leraas  showed 

t h a t  t h e  e x p l i c i t  use of r12 a s  one of t h e  v a r i a b l e s  improved t h e  

accuracy of t h e  wavefunction s u b s t a n t i a l l y  and gave r e s u l t s  of 

much h igher  accuracy f o r  t h e  eigenvalues than  t h e  Hartree-Fock 

approach. The Hyl leraas  type of wavefunction i s  of the form 

where s ,  t and u a r e  r e l a t e d  t o  t h e  d i s t a n c e s  rl, r2 and r12 

of t h e  two e l e c t r o n s  from t h e  nucleus and from each o t h e r  

r e spec t ive ly  by 

N i s  a  normalizing cons tant  and o ( s l  s2) i s  a  s p i n  func t ion .  
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k and lmn  a r e  constants  t o  be adjusted so t h a t  the  energy i s  

The ground s t a t e  of t he  Helium atom i s  a  I S  s t a t e  and i s  

an eigenfunction of L~ and LZ with zero a s  t he  eigenvalues of 

both these  operators .  The operator  associa ted with LZ i s  

if t h i s  operator  i s  t o  have zero a s  t he  eigenvalue, it implies 

t ha t  t h e  wave function should depend on t h e  di f ference  between 

the  azimuthal angles and not ind iv idua l ly  on 4 and i . I n  o ther  
1 2 

words, t he  wave function should depend on t h e  angle between t h e  

radius vectors  t o  t h e  two e lec t rons  and not  separa te ly  on the  

angle t o  each radius  vector .  By applying the  same argument t o  t h e  

x and y axes, it follows t h a t  t h e  wave Pdnction f o r  an atomic S 

s t a t e  should depend on the  r e l a t i v e  pos i t ions  of t h e  two e lec t rons ,  

but not on the  o r i en t a t i on  of t h e  system i n  space. The r e l a t i v e  

posi t ions  of the  two e lec t rons  with respect  t o  t h e  nucleus may be 

described by r , r2, 0 o r  a l t e r n a t i v e l y  by r , r and r . 
1 12 1 2 12 

For large  values of r t h e  deviat ion of t he  expression 

F ~ ~ / ~ ~ ~ ~  from un i ty  gives a  measure of t h e  accuracy of t h e  wave 

I I function. A s e n s i t i v e  t e s t  f o r  t h e  region r -+ o  i s  the  cusp" 

value (acpi/arg), , According t o  ~ i l b e r t ~ ~  t h e  in t roduct ion 

of r speeds up convergence not because it descr ibes  t h e  cusp 
12 

conditions b e t t e r  bu t  because t he  coulomb hole has r e l a t i v e l y  

simple s t r u c t u r e  when viewed r e l a t i v e  t o  one of the  e lec t rons .  



on t h e  o t h e r  hand t h e  coulomb hole  has  a r a t h e r  complex s t r u c t u r e  

considered t o  a f ixed  s e t  of axes ,  and t h i s  may be t h e  

! reason why conf igura t ion  i n t e r a c t i o n  method i s  slowly convergent. 
1 

i The most accura te  wave func t ions  f o r  two-electron systems 

have been obtained by t h e  use  of r 1 2  . The Hylleraas  method 

has been app l i ed  wi th  remarkable success  no t  only f o r  t h e  ground 

& a t e  of H e l i u m  atom, but  f o r  some e x c i t e d  s t a t e s  of Helium, 
+ 36 

ground s t a t e s  of two-electron ions  such as H- , L i  , ~ e + +  e t c .  . 
However t h e  method has  not  been extended t o  atoms beyond Be because 

of t h e  d i f f i c u l t y  of eva lua t ing  complicated i n t e g r a l s  involv ing  

many p a r t i c l e  systems. 

1.4 MORE RECENT METHODS 

Ca NATURAL ORBITALS 
24,38,32 

The concept of n a t u r a l  o r b i t a l s  was f i r s t  introduced by 

Lowdin, and provides a p r a c t i c a l  approach t o  t h e  c a l c u l a t i o n  of 

C I  wave func t ions .  The i d e a  was developed i n  terms of dens i ty  

ma t r i ces  and an e x c e l l e n t  t rea tment  of t h i s  can be found i n  t h e  
40 review by McWeeny . 

The one-electron dens i ty  ma t r ix  p ( x  x l )  i s  given by 
1 1 1  

( 1 . 4 . 1 )  

where t h e  i n t e g r a t i o n  has been done over t h e  coordina tes  of a l l  but 

t h e  f i r s t  e l e c t r o n .  ~f we w r i t e  t h e  t o t a l  wave func t ion  a s  



where 

4 ~ ( X 1  --- x,) = (N!  )-* d e t  {V k ( x  j )) 

~ u b s t i t u t i n g  (1 .4 .2)  i n  ( 1 . 4 . 1 )  we g e t  

where 

where 

- 
( 1 . 4 . 4 )  

The s e t  of n a t u r a l  s p i n - o r b i t a l s  i s  defined as t h a t  orthogonal 

bas i s ,  i n  terms of which t h e  f i r s t  o rde r  reduced d e n s i t y  ma t r ix  

i s  diagonal .  Since t h e  ma t r ix  formed by t h e  c o e f f i c i e n t s  (ilk) 

i s  hermi t ian ,  it can be reduced t o  t h e  diagonal  form by an u n i t a r y  

t ransformation 

U Y U ~  = n 

(1.4.5) 

where n i s  a diagonal  ma t r ix  w i t h  eigenvalues n l ,  n2,  --- 
Introducing a new b a s i c  s e t  iXk) defined by 



l 

or in matrix form 

the inverse transformation of (1.4.7) is 

these in (1.4.3), we get 

The functions --- 
1 X2 

are known as natural spin orbitals asso- 

ciated with a given state. The first function 
X l  

has the highest 

occupation number possible, the second function x has the same 
2 

property within the class orthogonal to x and so on. From eq. 
1 

(1.4.9) the basic set Xk has the occupation number nk and since 

41 these are eigenvalues of y , they have extremum properties . 
If we substitute (1.4.6) in (1.4.2) we get the following 

expansion of $ into configurations of natural orbitals 

(1.4.10) 

Eq. (1.4.10) is called the natural expansion. 

The reason for the importance of natural orbitals arises 

from the fact they give the most rapidly convergent CI expansion; 

any spin orbital whose population is negligible may be omitted 



f p m  a C I  expansion without a f fec t ing  the accuracy of the  expansion. 

The mathematical ju s t i f i ca t ion  f o r  the  above ideas has been 
42 

given by Coleman . 
The concept of natural  o rb i t a l s  affords an excellent  basis  

for configuration in te rac t ion  calculations.  However, it must be 

p i n t e d  out,  t h a t  the  existence of rapidly convergent expansions 

for C I  does not necessari ly mean t h a t  they can be found easi ly .  

The reason fo r  t h i s  can be found i n  the very def in i t ion  of natural  

orb i ta l s ,  which a r e  derived through an exact density matrix. This 

means t h a t  we should perform a complete C I  or some such re la ted  

scheme fo r  energy optimization which i n  turn  can lead t o  the  exact 

one-particle density matrix. Nevertheless it has been found t h a t  

by diagonalization of an approximate s ingle  p a r t i c l e  density matrix 
- 

a t  any stgge cf a CI calculation znd including only those configu- 

rat ions tha t  correspond t o  large occupation numbers, lead t o  a 

43,44 considerable decrease i n  the  number of terms i n  the  C I  expansion. 

There ex i s t  a number of calculations on the ground s t a t e  of 

the Helium isoelectronic  se r i e s  using na tura l  o rb i t a l s  45,46,47,48 

Most of these papers discuss the convergence propert ies of quanti- 

t i e s  other than the  energy. The general conclusion i s  t h a t  the  

quantity r i s  reduced by correla t ion by about twice the  energy 
12 

38 improvement and ( - 3  v: - + v2) i s  increased by about half  as  much . 
2 

Attempts t o  extend the  same approach t o  systems with more than 

two electrons have been l e s s  sa t i s fac tory .  The only advantage of 

natural o rb i t a l s  f o r  these systems appears i n  a shortened C I  expan- 

 ion^^. ~ u ~ l e ~ ~ ~  has reported na tura l  o rb i t a l s  for  carbon 



monoxide and Barnett ,  Linderberg and shu l l4 '  have calcula ted 

natura l  o r b i t a l s  f o r  Be us ing the  data  of severa l  workers. 

smith and ~ o g e 1 ~ ~  have analyzed Watson's Be . . 
o r b i t a l s .  Kouba and have reported a 

ac t ion  study of boron carbide us ing na tu ra l  

data ,  us ing na tu ra l  

configurat ion i n t e r -  

o r b i t a l s .  

The major problems i n  a  C I  ca lcu la t ion  a r e  t h e  choice of 

o r b i t a l s  and the  s e l ec t ion  of appropriate configuart ions.  Both 

these problems a r e  f a r  from being simple. Furthermore, i n  order 

t o  be ab le  t o  use na tu ra l  o r b i t a l s ,  a  good i n i t i a l  guess would be 

required. Three d i f f e r e n t  schemes have been proposed: 

(i) Lowdin and Shul l  method 55 

( ii) Natural o r b i t a l s  us ing Hylleraas type functions 44 

24 (iii) Direct ca l cu l a t i on  from Schrbdinger equation- 

Althcugh natural crbital based CI methcd lmparts a c e r t a l n  

physical meaning t o  t h e  C I  method, t he  d i f f i c u l t y  i n  implimenting 

the  scheme f a r  out-weighs t h i s  advantage, p a r t i c u l a r l y  f o r  sys- 

tems f o r  more than two e lec t rons .  

(b) MANY ELECTRON THEORY OF SINANOGLU 58,59,60 

I n  the  previous sec t ions  we presented methods of improving 

the  independent p a r t i c l e  model. I n  p r inc ip le  t h e  configurat ion 

in t e r ac t ion  treatment can y i e ld  an accurate so lu t ion  but i n  

Pract ice  the  r a t e  of convergence i s  slow. The Hylleraas method 

i s  very appealing from t h i s  point  of view, but extension t o  sys- 

tems containing more than two e lec t rons  has proved t o  be d i f f i c u l t .  

Sinanogluls approach t r i e s  t o  combine t h e  advantages of these  two 



within the framework of the Hartree-Fock method. 

The exact wave function can be expressed in the form 

where 4 is the Hartree-Fock mnction 
0 

and x is orthogonal to 9 . 
q 2  

--- CpN denote one particle 
0 

orbitals and are eigenfunctions of the Hartree-Fock operator 

where v 

The total Harniltonian is then expressed in terms of a perturbation 
N 

= 1 H i +  C g i j  
i =l i<j (1.4.14) 

for the independent electrons in the total Hartree-Fock potential 

Vi and 



i s  a  r e s i d u a l  f l u c t u a t i o n  p o t e n t i a l  p a r t .  The t o t a l  Hartree-  

Fock p o t e n t i a l  i s  t h u s  separa ted  i n t o  those  of o r b i t a l  

where s i ( j )  i s  t h e  coulomb-exchange opera to r  def ined  by 

where Pij i s  a  permutation opera to r  which in terchanges  coordina tes  

i and j. 

According t o  Sinanoglu, t h e  Hartree-Fock p o t e n t i a l ,  

eq. (1 .4 .17)  ta.kes t h e  long-ra.nge cor re la . t ion  i n t o  account,  a.nd 

t h e  d i f f e r e n c e  of t h e  a c t u a l  Hamiltonian and t h e  Hartree-Fock 

one i s  composed of " f l u c t u a t i n g  p o t e n t i a l s "  m which a r e  of s h o r t  
i j  

range. These f l u c t u a t i n g  p o t e n t i a l s  a r e  def ined  a s  

where J and K a r e  t h e  coulomb and exchange i n t e g r a l s  respec-  
i i j  

t i v e l y .  

The c o r r e c t i o n  t o  t h e  Hartree-Fock f u n c t i o n  can be 

expanded i n  t h e  form 



where 

where fi(i)-' r e f e r s  t o  t h e  i n v e r s e  of t h e  normalizat ion i n t e g r a l  

wi th  components (i,i). I n  t h e  language of conf igura t ion  i n t e r a c -  

t i o n ,  t h e  f irst  term i n  eq. (1 .4.20)  corresponds t o  t h e  s e t  of 

s i n g l y  exc i t ed  conf igura t ions ,  and t h e  second term corresponds t o  
A 

doubly e x c i t e d  conf igura t ions  and s o  on. The r o l e  of f i  i s  t o  

modify t h e  s t a r t i n g  o r b i t a l s  and i n  t h e  case of Hartree-Fock o rb i -  

t a l s ,  t h e i r  importance i s  q u i t e  small .  The dominant term i s  t h e  
A 

one t h a t  involves w i j  , t he  two-par t i c l e  l inked c l u s t e r .  In  

terms of c l u s t e r  expansion, Sinanoglu d i scusses  t h e  r e l a t i v e  

c o n t r i b u t i o n  from var ious  terms and t h a t  c o n t r i b u t i o n s  from 

"unlinked c l u s t e r s "  a r e  t h e  most important .  For example, i n  a  
A 

four  e l e c t r o n  system, U of eq. (1.q.20) i s  given by i j 

(1.4.22)  

Phys ica l ly  t h i s  means t h a t  t h e  p r o b a b i l i t y  of f i n d i n g  t h r e e  o r  more 

e l e c t r o n s  i n  t h e  neighborhood of t h e  same po in t  i s  very small .  The 

p r o b a b i l i t y  of f i n d i n g  two e l e c t r o n s  wi th  same s p i n  around t h e  

same p o i n t  i n  space i s  small ( ~ e r m i  h o l e ) .  With t h r e e  o r  more 

e l e c t r o n s ,  t h e  sp ins  of a t  l e a s t  two a r e  p a r a l l e l ,  s o  t h e  a n t i -  

symmetry p r i n c i p l e  prevents  t h e  occurrence of l a r g e  c l u s t e r s .  The 



f l u c t u a t i n g  p o t e n t i a l  i s  of s h o r t  range and i t s  e f f e c t  i s  appre- 
6 1  c i a b l e  only over a range which i s  smal ler  t h a n  t h e  Fermi ho le  . 

A 

A s  a p r a c t i c a l  means of eva lua t ing  w , Sinanoglu 
i j  

w r i t e s  f o r  t h e  c o r r e l a t i o n  energy 

where t h e  p a i r  energy f o r  t h e  o r b i t a l s  i and j i s  given by 

where 

and 

The b a s i c  problem now i s  t o  optimize t h e  
A 

v a r i a t i o n a l  adjustment of t h e  p a i r  func t ions  w 
i j  

cond i t ion  t h a t  they  remain s t r o n g l y  orthogonal t o  

(1.4.24) 

wave f i n c t i o n  by 

, s u b j e c t  t o  t h e  

t h e  occupied 

o r b i t a l s  i n  t h e  Hartree-Fock func t ion  

The most s i g n i f i c a n t  a spec t  of t h e  method appears  t o  be t h e  

decomposition of t h e  c o r r e l a t i o n  energy i n t o  pa i rwise  con t r ibu t ions .  

S imi lar  c l u s t e r  expansion techniques have been given by Szasz 62 

63 and McWeeny and S t e i n e r  . 



CHAPTER I1 

MULTI - CONFIGURATIONAL 

SELF CONSISTENT FIELD THEORY 



INTRODUCTION 

The most physically meaningful methods of calculating 

atomic wave functions have been those that refer to an independent 

particle model. On the other hand, single determinantal wave 

functions are inherently incapable of describing the correlation 

associated with the mutual repulsion of electrons. Although the 

  on figuration interaction scheme offers in principle, a method of 

refining the wave function to any degree of accuracy, progress 

along this path has been unsatisfactory due to the notoriously 

slow convergence of the CI expansion. 

In the multi-configurational SCF method, one approximates 

the total wave function of an N-particle system by using M one- 

particle functions (M > N) 

'l - - 
M 

(2.1.1) 

this allows us to construct ( ) Slater determinants B K  corres- 

ponding to ordered configurations K = (k k - - - 5). The 
1 2  

total wave function which is an eigenfunction of the Hamiltonian 

3~ can be expressed in the form eq. (1.3.26). Keeping ( fixed, 
M 

the optimum 

principle 6 

coefficients CK are determined using variational 

( x ) = 0 which gives 

If one simultaneously varies the set ~r and the C1s for fixed M, 
M 



one obta ins  b e t t e r  and b e t t e r  energies u n t i l  f i n a l l y  a c e r t a i n  

minimum i s  achieved. This formalism leads t o  t h e  multi-configu- 

r a t i o n a l  s e l f  consis tent  f i e l d  (MC-SCF) method and was f i rs t  
64 suggested by Frenkel . The motivation f o r  doing a multiconfi- 

gura t iona l  SCF ca lcu la t ion  i s  t o  give t h e  most rap id ly  convergent 

conf igurat ion expansion functions.  This i s  accomplished by 

minimizing t h e  energy not only with respect  t o  t h e  configurat ion 

mixing coe f f i c i en t s  but a l s o  with respect  t o  t he  o r b i t a l  

expansion coe f f i c i en t s .  Recently, t he re  has been a rev iva l  of 

i n t e r e s t  i n  t h i s  approach and has been studied from a va r i e ty  of 

po in t s  of view 65 ,66,67,68,69,70 

Wahl and nas71 have developed a MC-SCF formalism t h a t  

omits t h e  changes i n  t h e  core functions a s  a function of i n t e r -  

nuclear  distance.  I n  thelr metlmd ca l l ed  t h e  optimized valence 

conf igurat ion method ( OVC ) one bui lds  up t h e  molecule according 

t o  the Hartree-Fock formalism. The valence o r b i t a l s  a r e  then 

adjusted by introducing appropr ia te ly  optimized valence configu- 

r a t i ons  which a r e  constructed by promoting a valence e lec t ron  p a i r  

from t h e  Hartree-Fock ground s t a t e  t o  an allowed excited s t a t e .  

S l i g h t  readjustments i n  t he  added valence o r b i t a l s  and the  

unchanged core o r b i t a l s  i s  achieved through t h e  usual  SCF procedure. 

This method has been primari ly used with a view t o  explaining the  

na ture  of chemical binding 72 ,73 

Another method which i s  very appealing a l s o  from a chemical 

point  of view has been suggested by Adam 74,69 . Adams1 procedure 

involves t he  const ruct ion of a p ro jec t ion  operator  t h a t  p ro jec t s  



the multiconfigurational N-particle wave function + from a set of 
M spin orbitals. The spin orbitals and + are optimized so as to 
make 

( J r  1 x 1  +) 

( J .  I '0 

stationary. For a fixed set of spin orbitals, the Schrudinger 

equation with an effective Hamiltonian can be written as 

0 x 0 6  = E J r  

(2.1.4) 

where 0 is the projection operator. This equation (2.1.4) has as 

many different eigenfunctions as there are different Slater deter- 

minants of the M orbitals. Any variation in the orbitals will 

correspond to a change in the projection operator. To extremize 

the energy, Adams derives an equation in terms of a fundamental 

invariant 24 and the first- and second- order density matrices, 

for the vanishing first order correction to the energy 

(2.1.5) 

Here y is the one particle density matrix, r represents the 
1 12 

two particle density matrix, 
1 
is the fundamental invariant 

(which is also a projection operator) and h and V are the one- 
1 12 

and two- electron operators respectively. By means of some simple 

modification this equation can be expressed as a Hartree-Fock 



pseudo eigenvalue equat ion.  These equat ions  can be solved s e l f  

c o n s i s t e n t l y  s t a r t i n g  with a s e t  of t r i a l  c o e f f i c i e n t s  f o r  t h e  

deternilinants. These c o e f f i c i e n t s  correspond t o  d e n s i t y  matr ices  

which i n  t u r n  can be i d e n t i f i e d  with t h e  o r b i t a l s .  

~ i l b e r t ~ ~  has given a  genera l  formalism f o r  MC-SCF where 

he a t tempts  t o  o b t a i n  t h e  b e s t  p o s s i b l e  e igenfunct ion  by s imulta-  

neous v a r i a t i o n  of l i n e a r  expansion c o e f f i c i e n t s  f o r  t h e  determi- 

nants  and f o r  t h e  o r b i t a l s .  The i n t r a d e t e r m i n a n t a l  o r b i t a l s  a r e  

not  assumed t o  be orthogonal 

and 

and 

H - - 
Pq ( If* Jc Ifq ) 

For a f i n i t e  expansion, t h e  v a r i a t i o n a l  p r i n c i p l e  can be app l i ed  

s o  t h a t  t h e  energy be s t a t i o n a r y  wi th  r e spec t  t o  t h e  l i n e a r  

expansion c o e f f i c i e n t s  and simultaneously of t h e  o r b i t a l s .  

The in t ramanifo ld  o r b i t a l  over lap  c o n s t r a i n t s  may be 

taken i n t o  account i n  terms of an  energy f u n c t i o n a l  (wi th in  a  



determinantal manifold p) 

where lji are Lagrange multipliers. The variational equations are 

While eq. (2.1.8) leads to the familiar eigenvalue problem 

of eq. (2.1.6), there is no simple way of solving eq. (2.1.9) 

Gilbert expresses eq. (2.1.9) in a form resembling the Hartree- 

Fock equation 

where the one-particle operator G can be written as 

where G '  is the Hartree-Fock operator (2.1.11) 



h and v a r e  one- and two-par t ic le  opera to r s ,  pqP i s  t h e  ke rna l  

of f i r s t  order  d e n s i t y  ma t r ix  and P I 2  i s  t h e  permutation opera tor .  

Although eq. (2.1.10) appears  t o  be simple,  t h e  form of 

the v a r i a t i o n a l  f u n c t i o n a l  i s  complicated. I n  a l a t e r  paper 76 

G i l b e r t  has  reformulated t h e  problem i n  s l i g h t l y  d i f f e r e n t  manner 

by i nc lud ing  t h e  concept of l o c a l i z e d  o r b i t a l s  i n  t h e  MC-SCF 

scheme and de r ives  t h e  equat ion.  

where t h e  l o c a l i z a t i o n  p o t e n t i a l  A i s  def ined  as 

A = -  G '  + G  

- 
(2.1.14)  

and p i s  t h e  f i r s t  order  d e n s i t y  opera tor .  

The method proposed by Yutsisand coworkers i s  based on 

numerical Hartree-Fock formalism and has given s a t i s f a c t o r y  

65 r e s u l t s  f o r  simple atoms . 
Based on t h e  open-shel l  SCF procedure,  Hinze and Roothaan 77 

have given a genera l  MC-SCF formalism f o r  or thogonal  o r b i t a l s .  

This  method i s  computationally f e a s i b l e  and has been appl ied  t o  

a number of systems by S a b e l l i  and ~ i n z e ~ ~ .  Fur ther  genera l iza-  

79 t i o n  of t h i s  procedure has  been done by Huzinaga . 



2.2 GENERAL THEORY OF MC-SCF 

Following t h e  i d e a s  of   ow din^^ and  later,^^ Benston 
80 

and Chong proposed a genera l  formalism f o r  mult iconfigura-  

t i o n a l  SCF theory  wi th  non-orthogonal o r b i t a l s .  The genera l  MC- 

sCF procedure when app l i ed  t o  a l l  conf igura t ions  simultaneously 

i s  cumbersome, expensive and slowly convergent. It i s  hoped t h a t  

use  of non-orthogonal o r b i t a l s  would achieve a more rap id  conver- 

gence and hence somewhat more i n t u i t i o n  t o  t h e  C I  exparlsion. 

A s  i n  t h e  Hartree-Fock approximation, t h e  many e l e c t r o n  

wave func t ions  a r e  cons t ruc ted  from one-electron o r b i t a l s .  These 

o r b i t a l s  a r e  c l a s s i f i e d  according t o  symmetry and a r e  not  assumed 

t o  be orthogonal.  I n  what fo l lows we w i l l  u se  9 t o  denote such 

genera l  o r b i t a l s .  

The index 1 denotes t h e  symmetry s p e c i e s ,  i and j denote t h e  

o r b i t a l  l a b e l s  t h a t  a r e  not  d i s t i n g u i s h a b l e  by symmetry. The s p i n  

o r b i t a l s  a r e  obtained by mul t ip ly ing  t h e  s p a t i a l  o r b i t a l s  by t h e  

appropr ia t e  s p i n  func t ions .  

From t h e  s p i n  o r b i t a l s  we o b t a i n  de terminanta l  wave func- 

t i o n s  which a r e  non-orthogonal. Each of t h e  S l a t e r  determinants 

can be i d e n t i f i e d  by t h e  s p i n - o r b i t a l s  t h a t  a r e  used i n  forming 

t h e  p a r t i c u l a r  S l a t e r  determinant.  This  a l lows us  t o  def ine  an 

Occupation number of a p a r t i c u l a r  e l e c t r o n  s h e l l  as t h e  number of 



occupied sp in-orb i ta l s  of t h a t  s h e l l .  The occupation number of 

a closed s h e l l  x i  i s  equal t o  (41  + 2 ) .  Otherwise it corresponds 

t o  an open s h e l l .  The co l l ec t ion  of a l l  S l a t e r  determinants t h a t  

have the  same occupation numbers cons t i t u t e  an e lec t ron  configura- 

t i o n .  The t o t a l  wave function,  ca l l ed  configurat ion s t a t e  function 

(CSF) i s  expressed a s  a  l i n e a r  combination of de t eminan ta l  functions.  

The MC-SCF wave funct ion i s  a l i n e a r  combination of severa l  CSF1s. 

It may be pointed out t h a t  i n  t h e  c l a s s i c a l  Hartree-Fock method, 

t he  wave funct ion f o r  each component of a  degenerate atomic s t a t e  

i s  approximated by a  s ing l e  determinant CSF; t h e  Hartree-Fock 

o r b i t a l s  a r e  those o r b i t a l s  f o r  which t h e  t o t a l  energy calcula ted 

from the  s ing l e  determinant CSF has a  minimum. According t o  t he  

present scheme, t h e  t o t a l  energy i s  optimized with respect  t o  the  

funct ional  form, ( o r  i n  p rac t i ce  with respect  t o  t h e  expansion 

coe f f i c i en t s )  and simultaneously with respect  t o  the  expansion 

Coefficients  of the  CSF1s. 

This method i s  a l s o  d i s t i n c t  from the  usual  configurat ion 

in t e r ac t ion  where t he  o r b i t a l s  a r e  determined such t h a t  they y i e ld  

extremum f o r  the  energy f o r  a  s ing l e  configurat ion s t a t e  function.  



Since i n  C1,the f u n c t i o n a l  form of t h e  o r b i t a l s  a r e  not  subjec ted  

t o  t h e  v a r i a t i o n a l  p r i n c i p l e ,  t h e  o r b i t a l s  cannot a d j u s t  them- 

s e l v e s  t o  t h e  b e s t  poss ib le  form i n  t h e  a c t u a l  e l e c t r o n i c  environ- 

ment. The present  method allows t h i s  a d d i t i o n a l  degree of freedom. 

The energy of a  system represented  by a  mult iconfigura-  

t i o n a l  wave func t ion  y i s  given by 

En t h e  MC-SCF method, two independent v a r i a t i o n s  of t h e  energy a r e  

performed one wi th  r e s p e c t  t o  t h e  o r b i t a l s  through t h e  expansion 

c o e f f i c i e n t s  and t h e  o t h e r  with r e spec t  t o  t he  configdraticn 

mixing c o e f f i c i e n t s .  S t r i c t l y  speaking t h e s e  two v a r i a t i o n s  a r e  

not  independent; however we assume t h a t  t h e  two v a r i a t i o n a l  para- 

meters a r e  not  s t rong ly  coupled and can be t r e a t e d  separa te ly .  

Furthermore s ince  both  t h e s e  parameters a r e  determined se l f - cons i s -  

t e n t l y ,  we be l i eve  t h a t  t h i s  procedure i s  j u s t i f i e d .  

Equation (2 .2 .4)  i s  s u i t a b l e  f o r  t h e  v a r i a t i o n  of conf i -  

gura t ion  mixing c o e f f i c i e n t s  and leads  t o  t h e  f a m i l i a r  eigenvalue 

equat ions 

H c '  = E T C  
N N 

where T denotes t h e  overlap matr ix  between conf igura t ions ,  



and c is the column vector of the expansion coefficients. 
N 

Using the Hamiltonian of eq. (1.2.4) we obtain 

where 

A B A B  

In the above equations i,j,k,l refer to orbitals, DAB (i,j) and 

DAB ( k , ~  ,k,l) are the first- and second-order cofactors of the 

determinant of transitional overlap matrix between the orbitals in 

and @B. This transition overlap matrix rAB is defined by 

where i and j refer to purely spatial orbitals qi and Q Includ- 
J ' 

ing spin explicitly in eq.(2.2.8) we can write 



A B A B  
+ + + + 1 1 1 l q  (i-j-k 1 ) DAB (i-j-k 1 ) + 

i- j- k + l +  

The A factors are introduced so as to eliminate terms arising from 

The summation sign 1 denotes that summation is carried out over 
7 

spin orbitals I 

= ( A  

Applying the variational principle, varying each orbital 

by an infinitesimal amount brpi in eq. (2.2.4) , we obtain 



D e t a i l s  of t h e  a lgebra  f o r  t h e  expansion of eq. (2.2.15) i n  

terms of o r b i t a l s  a r e  g iven  i n  Appendix I. 

80 Following Benston and Chong, we can d e f i n e  an opera to r  

* ( i , j )  i s  given by where AAB 

S i m i l a r l y  B~~~ (i, j )  can be def ined  a s  



where 

11 I D,, ( a , b ,  c , d , e  , f )  i s  t h e  c o f a c t o r  of r,, \ e ,  f ) i n  t h e  d e t e r -  
fiu r,u 

I n  terms of t h e  opera to r  R ~ ~ ,  t h e  e:cpression f o r  

t h e  v a r i a t i o n  i n  energy corresponding t o  eq. (2.2.15) becomes 



If  we def ine  an opera tor  

then  eq. (2 .2.19)  becomes 

For equat ion (2.2.22) t o  be t r u e ,  w e  should have 

Taking t h e  complex conjugate  of t h e  second of eq. (2.2 - 2 3 )  and 

s u b t r a c t i n g  from t h e  f i r s t ,  we g e t  t h e  w e l l  known r e l a t i o n  



It may be pointed out  t h a t  eq. (2.2.24 ) i s  not  a  

r e l a t i o n  t h a t  was der ived  and found t o  be s a t i s f i e d  by t h e  

v a r i a t i o n a l  equat ions.  On t h e  o t h e r  hand, it i s  fundamental 

t o  t h e  very method of Lagrange M u l t i p l i e r s  t h a t  they  be symme- 

t r i c .  The Lagrange m u l t i p l i e r  method i s  concerned wi th  t h e  

problem of f i n d i n g  t h e  s t a t i o n a r y  p o i n t s  of a r e a l  func t ion  of 

n v a r i a b l e s  sub jec t  t o  a s e t  of m condi t ions .  

T h i s  i s  equ iva len t  t o  so lv ing  a system of m + n  equat ions  i n  

m + n unknowns ( n  number of x ' s  and m number of A's) 



The two equat ions i n  (2.2.23)  a r e  equiva lent  and should 

hold t r u e  f o r  t h e  v a r i a t i o n  of any of t h e  o r b i t a l s .  We thus  

ob ta in  t h e  MC-SCF equat ions f o r  non-orthogonal o r b i t a l s  

2 . 3  SOLUTION OF THE SCF EQUATIONS BY COUPLING OPERATOR METHODS 

I n  eq. (2 .2 .27)  we have reduced t h e  non- l inear  v a r i a t i o n a l  

problem of determining t h e  o r b i t a l s  mi t o  t h e  s o l u t i o n  of a  

s e t  of pseudo l i n e a r  equat ions,  one f o r  each o r b i t a l  qi. The 

non l i n e a r i t y  occurs  i n  t h e  opera to r s  gi and,  a s  descr ibed i n  

connection with t h e  Hartree-Fock equat ions i n  p. 19, i n  general  

t h e  s o l u t i o n  i s  attempted by means of i t e r a t i o n  u n t i l  s e l f - c o n s i s -  

tency i s  achieved. 

Unlike t h e  s i n g l e  de terminanta l  Hartree-Fock problem, eq. 

(2 .2 .27)  cannot be reduced t o  simple eigenvalue form f o r  t h e  same 

reasons  t h a t  t h e  equat ions  der ived f o r  t h e  open s h e l l  case cannot,  

t h a t  i s ,  t h e  Hartree-Fock opera tor  i n  such cases  i s  not  i n v a r i a n t  

t o  a  u n i t a r y  t ransformat ion .  

There a r e  two main approaches t h a t  have been suggested f o r  

so lv ing  equat ions  such a s  (2 .2 .27) .  One, which involves reducing 

eq. (2 .2 .27)  t o  pseudo eigenvalue form us ing  some coupling operator, 

w i l l  be d iscussed  i n  t h i s  s e c t i o n .  The o t h e r ,  t h e  one used i n  t h i s  

c a l c u l a t i o n J i n v o l v e s  a d i r e c t  a t t a c k  on t h e  equat ion i n  t h e  form 

given and w i l l  be discussed i n  t h e  fo l lowing sec t ion .  



16 Following t h e  e a r l y  i d e a s  of Roothaan , a number of gene ra l  

SCF methods invo lv ing  t h e  u s e  of coup l ing  o p e r a t o r s  have been 

proposed 17,21 Rirss and Fraga 82 J" proposed a coupl ing  o p e r a t o r  

f o r  gene ra l  SCF methods, which t h e y  claimed t o  be independent of 

t h e  number and n a t u r e  of open s h e l l s .  I n  deve lop ing  t h e i r  t heo ry ,  

Birss and Fraga make no d i s t i n c t i o n  between c lo sed  and open s h e l l s  

which,a l though s a t i s f a c t o r y  i n  p r i n c i p l e ,  may l e a d  t o  d i f f i c u l t y  

i n  app ly ing  t h e  v a r i a t i o n a l  p r inc ip le37 .  Dyadyusha and Kuprievich 39 

have p o i n t e d  ou t  t h a t  t h e  Bi rss -Fraga  formal ism s a t i s f i e s  on ly  t h e  

necessary  b u t  no t  s u f f i c i e n t  c o n d i t i o n  f o r  a  p rope r  v a r i a t i o n a l  

energy extremum. Other d i f f i c u l t i e s  i n  t h e s e  e a r l y  fo rmula t ions  

a r i s e  from improper mixing of t h e  v a r i o u s  o r b i t k l s  and hence 

inadequa te  form of the coup l ing  o p e r a t o r s .  

49 Godrlnrd n t  . al. a n d  m h l  et . a l  . have po in t ed  ou t  t ha t  t h e  

coupl ing  o p e r a t o r  approach f o r  o b t a i n i n g  SCF equa t ions  f o r  open 

s h e l l  systems and MC-SCF methods a r e  incomplete  and u n s a t i s f a c t o r y .  

The d i f f i c u l t y  a r i s e s  from t h e  f a c t  t h a t  f o r  t h e  g e n e r a l  ca se  of 

open s h e l l s ,  t h e  wave f u n c t i o n  (I i n v o l v e s  a number of e x c i t e d  

s t a t e s  t h a t  do no t  n e c e s s a r i l y  form a complete s e t .  A p roper  

o r b i t a l  v a r i a t i o n a l  r e p r e s e n t a t i o n  must t a k e  i n t o  account  mixing 

among occupied o r b i t a l s ,  mixing among v i r t u a l  o r b i t a l s  and mixing 

between occupied and v i r t u a l  o r b i t a l s .  By i d e n t i f y i n g  t h e  t o t a l  

Fock space i n  terms of two mutua l ly  or thogona l  subspaces  c o n s i s t i n g  

of occupied o r b i t a l s  and unoccupied o r b i t a l s  r e s p e c t i v e l y ,  Dahl 

e t .  a1 and Goddard e t .  a1 d e r i v e  t h e  neces sa ry  c o n d i t i o n s  on t h e  

Hartree-Fock o r b i t a l s  f o r  c o r r e c t  g e n e r a l  v a r i a t i o n a l  form as 



where X and i belong t o  d i f f e r e n t  sub-spaces, and 

where t h e  s u b s c r i p t s  k and i belong t o  t h e  same sub-spaces. 

This simply means t h a t  t h e  elements def ined a s  

* - form a Hermitian m a t r i x ,  t h a t  i s ,  Ski - Sik . 
Most of t h e  workers i n  t h e  f i e l d  have proposed coupling 

opera to r s  which assume t h a t  t h e  condi t ions  ( 2 . 3 . 1 )  and (2 .3 .2)  

a r e  a l r eady  s a t i s f i e d  before convergence 68,72'82. This  assump- 

t i o n  i s  i n c o r r e c t  and may expla in  some of t h e  d i f f i c u l t i e s  i n  - 

solv ing  t h e  genera l  SCF equat ions by pseudo eigenvalue methods. 

Hunt e t .  a l .  52ha-ve proposed an  a l t e r n a t i v e  method c a l l e d  

o r thogona l i ty  cons t ra ined  b a s i s  s e t  expansion (OCBSE) method, 

where t h e  b a s i s  s e t  expansion f o r  a given o r b i t a l  i s  cons t ra ined  

so  t h a t  it remains orthogonal t o  a l l  of t h e  o t h e r  occupied o r b i t a l s .  

OCBSE appears  t o  be a d i r e c t  and r e l a t i v e l y  e f f i c i e n t  method f o r  

so lv ing  open s h e l l  problems. I n  t h i s  procedure, sepa ra te  Hamil- 

ton ians  a r e  def ined f o r  open and closed s h e l l s  and t h e  corres-  

ponding Hartree-Fock equat ions f o r  each a r e  solved over a 

reduced space u n t i l  convergence i s  achieved. Another simple 

method proposed by involves t h e  idea  of so lv ing  t h e  gena- 

a1 SCF equat ions i n  two s t e p s  i t e r a t i v e l y ,  f i rs t  t h e  open s h e l l  

eigenvalue equat ions and then  t h e  c losed  s h e l l  equat ions u n t i l  



a convergence c r i t e r i o n  i s  met. The OCBSE and P e t e r s  methods 

have c e r t a i n  s i m i l a r i t i e s .  However, Albat and Gruen have 

shown t h a t  n e i t h e r  of t h e s e  methods a l lows a  genera l  v a r i a t i o n  

i n  t h e  occupied o r b i t a l s  and unoccupied o r b i t a l s .  

The genera l  ideas  concerning coupling opera to r s  i n  SCF theory  

have been e l e g a n t l y  discussed by ~ u z i n a ~ a ~ ' .  There i s  no p a r t i -  

c u l a r  advantage i n  uni fy ing  t h e  open s h e l l  and closed s h e l l  eigen- 

value equat ions by means of a  coupl ing opera tor ,  f o r  t h i s  does 

not  guarantee any r e c i p e  f o r  a  quick s o l u t i o n  t o  t h e  problem. 

Huzinaga has  reformulated t h e  Birss-Fraga coupling opera tor  

a l though i t  appears t h a t  t h e  v a r i a t i o n a l  requirement on t h e  Lagrange 

m u l t i p l i e r s  has not  been proper ly  included i n t h e  formalism. 

Hirao and ~ a k a t s u j i ' ~  have proposed a  coupling opera to r  which 

they  claim takes  i n t o  account t h e  v a r i a t i o n a l T o n d i t i o n s  on t h e  

o r b i t a l s  and Lagrange m u l t i p l i e r s  s a t i s f a c t o r i l y .  Thei r  formalism 

appears  t o  be general  and seems t o  o f f e r  a  means of expressing 

t h e  MC-SCF Fock equat ions i n  a  pseudo eigenvalue equat ion form. 

I n  genera l ,  however, coupl ing opera tor  methods o f f e r  no 

p a r t i c u l a r  advantage o the r  than  mathematical g e n e r a l i t y  and a  

c e r t a i n  phys ica l  s ign i f i cance  t o  t h e  Fock equat ions.  The most 

s e r i o u s  d i f f i c u l t y  appears t o  be t h e  f a c t  t h a t  i n  many cases  t h e  

usua l  methods of so lv ing  eigenvalue problems do not  lead  t o  

converged s o l u t i o n s  114,115 

90 Benston and Chong have der ived  a pseudo eigenvalue equation 

from eq. (2.2.27) using  t h e  Birss-Fraga approach. Besides t h e  

genera l  d i f f i c u l t i e s  a s soc ia ted  with t h e  Birss-Fraga and coupling 



opera to r  methods, Benston and Chong's equat ion ( 2 7 )  s u f f e r s  from 

a  fundarne~ ta l  .i.nconsist,ency. This  a r i s e s  from t h e  method of 

cons t ruc t ion  of' t h e  ma.tr:i.x I: which i s  a r t i f i c i a l l y  b u i l t  from 

d i f f e r e n t  columns of t h e  m a t r i c e s  F  ( i )  belonging t o  d i f f e r e n t  

o r b i t a l s .  

The r e s u l t  of t h i s  i s  t h a t  F i s  i n  genera l  a  non-Hermitian 

matr ix .  Benston and Chong then  use a  s i m i l a r i t y  t ransformat ion  

t o  o b t a i n  an e x p l i c i t  

( F )  and t h e  matr ix  of 

Since t h e  l a t t e r  must 

i d e n t i t y  between F  i n  an or thogonal  b a s i s  

t h e  Lagrange m u l t i p l i e r s  i n  t h e  same b a s i s .  

be Hermitian and F i n  genera l  i s  not ,  t h e i r  

equat ion (27) i s  c l e a r l y  i n c o n s i s t e n t .  This  r e l a t i o n s h i p  has  

been used in ohfa in ing  a pseudo eigenvalue equat ion  ensto ton and 

Chong eq ' 31). 

It  may be poss ib le  t o  circumvent t h e  incons is tency i n  Benston- 

Chong method by a d i f f e r e n t  s e t  of opera t ions  and ob ta in  a  matr ix  

t o  t ake  t h e  p lace  of F; however, t h e  genera l  problems of us ing  

coupl ing opera to r s  would s t i l l  remain. 

For t h e s e  reasons ,  we choose t o  a t t a c k  t h e  equat ion (2 .2 .27)  

d i r e c t l y .  We t ransform t h i s  equat ion i n t o  a s e t  of mat r ix  equat ions 

i n  terms of o r b i t a l  expansion c o e f f i c i e n t s  and so lve  t h e s e  by 

means of  an i t e r a t i v e  method. 

2 -4 SOLUTION OF SCF EQUATIONS BY AN ITERATIVE METHOD 

It may be noted t h a t  t h e  opera to r  3i i n  eq. (2.2.27) has been 

def ined  i n  terms of a  s p e c i f i c  o r b i t a l  i. The non-orthogonal 

o r b i t a l s  qi can be expanded i n  a  b a s i s  s e t  [x) 
P 



s o  tha t  equat ion (2.2.27)  becomes 

The complete s e t  of b a s i s  func t ions  form a  row v e c t o r  and can 

be w r i t t e n  as 

Equation ( 2 . 3 . 6 )  reduces t o  

where B, i s  a  column vec to r  of expansion c o e f f i c i e n t s  

Equation (2.3.  8) now becomes, a f t e r  m u l t i p l i c a t i o n  by X* 
N 

Define 



where hi 
r e p r e s e n t s  a mat r ix  having elements of t h e  form 

then,  equat ion (2 .2 .27)  can be expressed a s  

where S i s  t h e  over l ap  matr ix  between b a s i s  funct ions .  

The method t h a t  we propose t o  use f o r  so lv ing  t h e  

SCF equat ions i s  based on a hybrid method given by Levenberg 84 

85 and Marquardt . ~ o w e 1 1 ~ ~  l a t e r  modified t h e  method i n  a s e r i e s  
I 

of papers and we have adopted Powell's a lgori thm. The a c t u a l  

method i s  a combination of Newton-Waphson and s t e e p e s t  descent 

methods. 
-. l n e  p r i n c i p l e s  o r  i h e  iu'ewtori-Raphson rr~ethod used by 

Roothaan and Eagus and t h e  method of  s t e e p e s t  descent used by 

McWeeny have been descr ibed elsewhere 118'119. The b a s i c  idea  

i n  both methods i s  t h e  following: 

S t a r t i n g  with a c e r t a i n  s e t  of vec to r s  Bi i n  equat ion 

(2 .4 .8 )  we cons ider  a l l  changes r e s u l t i n g  from a change i n  t h e s e  

vec tors .  The f i rs t  order  c o r r e c t i o n  t o  t h e s e  vec to r s  a r e  

included i n  t h e  next i t e r a t i o n  and t h e  process  i s  continued 

u n t i l  t h e  SCF cyc le  converges t o  t h e  t r u e  so lu t ion .  It i s  

important t o  note  t h a t  t h e  elements of  t h e  vec to r s  Bi a r e  

non-l inear  v a r i a b l e s  of t h e  i n t e g r a l s  involved i n  cons t ruc t ing  

t h e  Fock matr ix  and can only be determined by 



methods which involve c o r r e c t i o n s  both i n  d i r e c t i o n  and 

magnitude. 

I n  de r iv ing  t h e  non- l inear  equat ions which determine 

t h e  c o r r e c t i o n  vec to r s ,  fo l lowing Hinze and I?oothaanP7we consi-  

de r  only one symmetry a t  a  t ime.  This  means t h a t  we neg lec t  i n  

each cyc le  of i t e r a t i o n  t h e  e f f e c t s  on t h e  Fock mat r ix  caused 

by changes i n  t h e  vec to r s  which belong t o  d i f f e r e n t  symmetry. 

The only j u s t i f i c a t i o n  f o r  t h i s  procedure t h a t  we o f f e r  i s  t h e  

f a c t  t h a t  because of s t r o n g  o r thogona l i ty  between o r b i t a l s  of 

d i f f e r e n t  symmetry (such a s  s  and p )  t h e r e  i s  l i t t l e  o r  no 

coupl ing between them. This  r e s u l t s  i n  a  cons iderable  s impli-  

f i c a t i o n  of t h e  Newton-Raphson equ:?.tions, s i n c e  t h e s e  can be 

solved i n  blocks of d i f f e r e n t  symmetry. I n  t h e  fo l lowing it i s  

implied t h a t  t h e  s e t  of equat ions a r e  app l i ed  t o  one symmetry 

a t  a t ime. 

Equation (2 .4 .8  ) , namely, 

r e p r e s e n t s a  s e t  of simultaneous equat ions  i n  t h e  expansion 

c o e f f i c i e n t s  Bi. Furthermore, t h e y  a r e  non-l inear  and a r e  

a c t u a l l y  cubic  i n  t h e  c o e f f i c i e n t s  Bi. Since t h e  p resen t  

formalism assumes t h e  o r b i t a l s  t o  be non-orthogonal, t h e  expan- 

s i o n  c o e f f i c i e n t s  Bi do no t  form an orthonormal s e t .  



Equat ion ( 2 . 4 . 8  ) r e p r e s e n t s  t h e  fundamental  equa t ion  t h a t  

we a r e  a t t e m p t i n g  t o  so lve  by means of  an i t e r a t i v e  procedure .  

Note t h a t  hi i s  a m a t r i x  cor responding  t o  t h e  o r b i t a l  i and s o  we 

g e t  one such equa t ion  f o r  each o r b i t a l .  

S t a r t i n g  w i t h  a n  i n i t i a l  guess of v e c t o r s  B;, t h e  c o r r e c t e d  

s e t  of  v e c t o r s  a r e  ob ta ined  a s  

B. = BP + 6gi 
d l  ~1 (204 .9)  

where t h e  s u p e r s c r i p t 0  r e f e r s  t o  t h e  s t a r t i n g  v a l u e s .  

If  we d e f i n e  W as t h e  ove r l ap  m a t r i x  between non-orthogonal o r b i -  

t a l s  

t h e n  we can w r i t e  

The c o r r e c t e d  Fsck m a t r i x  can be w r i t t e n  as 

u s i n g  (2 .4 .9 )  i n  (2.4.11) we g e t  



where O2 denotes  terms of second and h i g h e r  o r d e r  i n  t h e  c o r r e c t i o n  
. . T m  nn, rr- i  m n  v e c t o r  6E. dC;ILYII16 eq. (2.4.Iz' I I we have "--"  u a e u  the re la t io i l  

S ince  t h e  Lagrange m u l t i p l i e r s  have t o  be symmetric, we need 

t h e  f u r t h e r  c o n s t r a i n t  t h a t  ( we assume only  r e a l  v a l u e s  ) 

However i n  t h e  course  of t h e  i t e r a t i v e  p roces s ,  t h e  c o n s t r a i n t  

(2.4.15)may be v i o l a t e d  and may e v e n t u a l l y  l e a d  t o  d ivergence .  

For  t h i s  r ea son ,  we i n c l u d e  a mathemat ical  s e t  up t o  en fo rce  t h i s  

c o n d i t i o n .  M u l t i p l y i n g  eq.  (2  4 8) by Bk 

If W i s  assumed t o  be a u n i t  m a t r i x ,  t h e  second te rm on t h e  r i g h t  

hand s i d e  can be t a k e n  t o  be ze ro  and t h e  f i r s t  t e rm becomes cki- 

Th i s  enab le s  u s  t o  exp res s  t h e  Lagrange m u l t i p l i e r s  simply as 

and s i m i l a r l y  



E hi Ek = 
-1 "k 

(2.4.18)  

The approximations involved i n  eq. (2.4.17) and (2.4.18 ) a r e  

v a l i d  i f  one cons iders  an orthogonal v e c t o r  space. A s  W dev ia tes  

from a u n i t  mat r ix ,  t h e  v a l i d i t y  of t h i s  approximation becomes 

ques t ionable .  Nevertheless ,  we have used t h i s  approximation even 

when W was q u i t e  d i f f e r e n t  from a u n i t  matr ix .  As w i l l  be discussed 

below, i n  view of t h e  fundamental requirement of maintaining 

l i n e a r  independence among t h e  vec to r s ,  we have obtained approximate 

s o l u t i o n s  t o  eq. ( 2.4.8)  i n  terms of orthogonal vec to r s .  Because 

of t h i s  c o n s t r a i n t  on t h e  s o l u t i o n  v e c t o r s ,  t h e  expressions (2.4 . IT)  

and (2.4 .l8 ) a r e  used i n  t h e  fol lowing de r iva t ion .  

For s t a r t i n g  values of t h e  Lagrange m u l t i p l i e r s ,  we use  

c i i  = B O +  hi B; -k - 
(2.4.19) 

and i n  o rde r  t o  maintain t h e  condi t ion  (2.4.15) we have taken 

(2.4.20 ) 

Since c i k l s  depend on B ' s ,  c o r r e c t i o n s  s i m i l a r  t o  (2 .4 .1)  w i l l  

have t o  be app l i ed  t o  cik 



Eq. (2 .4 .22 )  can be reduced t o  

where g r e p r e s e n t s  t h e  Jacobian  of t h e  l e f t  hand s i d e  of eq.  

(2 .4 .  23). 

Equat ion ( 2 . 4 .  23) t h e n  p rov ides  t h e  b a s i s  f o r  an approximate 

s o l u t i o n  of eq. (2 .4 .8 )  by our  i t e r a t i v e  procedure .  D e t a i l s  

of  t h i s  hyb r id  o f  Newton-Raphson and s t e e p e s t  descen t  methods 

a r e  g iven  i n  s e c t i o n  3.3. 

We r e p l a c e  a n  e s t i m a t e  Hi of t h e  s o l u t i o n  of  equa t ion  

by t h e  e s t i m a t e  

k 
where 6Bi s o l v e s  t h e  l i n e a r  system of equa t ions  



The r eason  f o r  o b t a i n i n g  o r thogona l  s o l u t i o n s  a r i s e s  because 

t h e r e  a r e  c e r t a i n  c o n d i t i o n s  which we would l i k e  t o  ma in t a in  and 

which we have in t roduced  i n  t h e  i t e r a t i v e  a lgo r i t hm.  The s e a r c h  

d i r e c t i o n  of our  displacement  v e c t o r  bBi i s  a l i n e a r  combination 

of t h e  s t e e p e s t  descen t  d i r e c t i o n  and t h e  Newton d i r e c t i o n .  The 

problem of op t imiz ing  a f u n c t i o n  of n-dimensions(with  n l a r g e )  i s  

extremely d i f f i c u l t .  Given a hyperspace of n dimensions,  it  i s  

d i f f i c u l t  t o  f i n d  s a t i s f a c t o r y  and economical mul t i -dimensional  

s e a r c h  procedures .  The d i f f i c u l t y  r e s i d e s  i n  t h e  f a c t  t h a t  we 

must s e a r c h  each minute f r a c t i o n a l  volume of t h e  n dimensional  

space i f  we hope t o  f i n d  a n  optimum va lue  f o r  t h e  f u n c t i o n .  The 

cho ice  o f  a p p r o p r i a t e  d i r e c t i o n s  f o r  t h e  displacement  v e c t o r  6Bi 

i s  p r i m a r i l y  decided by t h e  fundamental  requirement  of l i n e a r  

independence among t h e  v e c t o r s .  A s imple  way t o  f u l f i l l  t h i s  

requirement  i s  t o  ma in t a in  n e a r  o r t h o g o n a l i t y  between t h e  s e t s  

of  v e c t o r s .  Although t h e r e  may be methods t h a t  r e t a i n  l i n e a r  

independence wi thout  any need f o r  o r thogona l  s e a r c h  d i r e c t i o n s ,  

such methods a r e  l i k e l y  t o  be  more d i f f i c u l t  t o  implement and 

may have poor convergence.  

P a r t i c u l a r l y  when t h e  non-or thogona l i ty  i s  small, it i s  

b e l i e v e d  t h a t  ou r  procedure  i s  a r ea sonab le  one. Even f o r  l a r g e  

v a l u e s  of t h e  ove r l ap ,  t h i s  method appea r s  t o  be  s a t i s f a c t o r y  

( w i t h  t h e  p o s s i b l e  excep t ion  of r e s u l t s  i n  Table  a s  i n d i c a t e d  

by t h e  r e s u l t s  based on t h i s  procedure .  

S ince  t h e  s o l u t i o n  v e c t o r s  a r e  ob ta ined  i n  mutua l ly  or thogona l  

form, it i s  probably more a p p r o p r i a t e  t o  c a l l  t h e  v e c t o r s  t h a t  



r e s u l t  froin ihe i t e r a t i o n  by another  symbol Q. The orthogonal 

o r b i t a l s  which w e  v r i l l  c a l l  6, can be expanded i n  t h e  b a s i s  

func t ions  

and it i s  t h e  Qi t h a t  a r e  obtained 

(2 .4 .27)  

a s  s o l u t i o n s  of our equat ion.  

I f  we de f ine  a  t ransformat ion  matr ix  A r e l a t i n g  orthogonal and 

non-orthogonal o r b i t a l s  by 

then  w e  ge t  the r e l a t i o n s h i p  

(2.4.29) 

Using (2.4.29) we transform t h e  output  mat r ix  Q i n t o  non-orthogonal 

form B, and then proceed t o  t h e  next  i t e r a t i o n .  

It may be r e c a l l e d  t h a t  t h e  s t a r t i n g  Fock matr ix  hi cons t ruc ted  

from i n i t i a l  vec to r s  Bi i s  updated during each cyc le  of i t e r a t i o n .  

The f i n a l  Fock mat r ix  hi i s  given by 

where 5hi i s  given by 



where J r e p r e s e n t s  an element of t h e  matr ix  of Jacobian. 
i j 

Apart from t h e  approximations involved i n  ob ta in ing  s o l u t i o n s  

i n  or thogonal  space,  we have used an approximate Jacobian i n  t h e  

process  of opt imiza t ion .  This  l a t t e r  procedure was adopted because 

of t h e  f a c t  t h a t  a t e s t  run us ing  an exact  Jacobian d id  not  a f f e c t  

t h e  convergence po in t .  It i s  poss ib le  t h a t  t h e r e  may be o t h e r  

s i t u a t i o n s  where an approximate Jacobian would not  be s a t i s f a c t o r y .  

However, an inpu t  parameter DSTEP i n  t h e  a lgor i thm prevents  any 

l a r g e  changes i n  t h i s  approximation and a t tempts  t o  make t h e  

necessary  c o r r e c t i o n s .  



CHAPTER I11 

PRINCIPLES OF COMPUTATION 



3.1 GENERAL COMMENTS 

Hartree-Fock equat ions can be solved i n  two ways, e i t h e r  

by numerical i n t e g r a t i o n  o r  by mat r ix  methods of t h e  i n t e g r a t e d  

Hartree-Fock equat ions .  We have used t h e  l a t t e r  method which i s  

i d e n t i f i e d  a s  t h e  Roothaan procedure.  

It may be appropr ia t e  t o  make a few genera l  comments 

about t h e  numerical vs a n a l y t i c a l  procedures.  While t h e  Roothaan 

method depends heav i ly  on t h e  n a t u r e  and number of b a s i s  func t ions  

used, t h e  numerical method i s  not  l i m i t e d  by t h e  b a s i s  func t ions .  

Despite t h i s  d i f f i c u l t y  most of t h e  c u r r e n t  atomic and molecular 

c a l c u l a t i o n s  make use  of t h e  a n a l y t i c  procedure. One important 

reason f o r  t h i s  i s  t h e  f a c t  t h a t  numerical  i n t e g r a t i o n s  t ake  

excess ive  time and s i n c e  most of t h e  c a l c u l a t i o n s  r e q u i r e  t h e  

eva lua t ion  of mul t i cen t re  i n t e g r a l s ,  t h e  numerical method may be 

expensive.  Yet another  reason i s  t h a t  numerical  wave func t ions  

a r e  e s s e n t i a l l y  t a b u l a t i o n s  of numbers v s  e l e c t r o n  coordina tes  

and a p a r t  from being voluminous and cumbersome,they do not  o f f e r  

any phys ica l ly  i n t u i t i v e  meaning. 

The Roothaan method on t h e  o t h e r  hand i s  we l l  s u i t e d  

f o r  t h e  c a l c u l a t i o n  of mul t i cen te r  i n t e g r a l s .  A f u r t h e r  advan- 

t a g e  i s  t h a t  i n  a  conf igura t ion  i n t e r a c t i o n  c a l c u l a t i o n  t h e  

Roothaan method provides an easy means of choosing a s t a r t i n g  

wave func t ion .  

The a n a l y t i c  procedure involves  a  number of mat r ix  

manipulat ions and an i t e r a t i v e  process  s o  a s  t o  a r r i v e  a t  an  

appropr ia t e  s o l u t i o n .  The numerical  method on t h e  o t h e r  hand 



performs a  numerical i n t e g r a t i o n  dur ing  each cyc le  of i t e r a t i o n  

u n t i l  s e l f  cons is tency i s  achieved. One s e r i o u s  dif ' f ' icul ty  w i t h  

t h e  Roothaan procedure i s  t h e  proper  choice of b a s i s  func t ions .  

Th i s  problem i s  not  a t  a l l  simple and r e q u i r e  a  number of t r i a l  

c a l c u l a t i o n s .  Any p r a c t i c a l  c a l c u l a t i o n  i n  genera l  i s  l i m i t e d  t o  

a r e l a t i v e l y  small  number of b a s i s  func t ions  because of computer 

t ime.  

A mul t i - conf igura t iona l  wave func t ion  y f o r  a N-electron 

system i s  a  l i n e a r  combination of S l a t e r  determinants  @ of s p i n  

o r b i t a l s  . A s  has  been mentioned i n  t h e  theory ,  t h i s  involves  
a 

two s e t s  of c o e f f i c i e n t s  

I n  e l a b o r a t i n g  t h e  p r a c t i c a l  a spec t s  of t h e  problem, it i s  con- 

ven ien t  t o  sepa ra te  t h e  procedure i n t o  two c a t e g o r i e s :  

( i) Configurat ion i n t e r a c t i o n  p a r t  i n  which we b u i l d  

conf igura t ions  from l i n e a r  combination of d e t e r -  

minant s.  

(ii) S e l f  c o n s i s t e n t  f i e l d  theory  p a r t  i n  which t h e  

var ious  determinants  a r e  b u i l t  up from b a s i s  

func t ions  and expansion c o e f f i c i e n t s .  

We w i l l  cons ider  \the computational a s p e c t s  of each of t h e  s t e p s  

s e p a r a t e l y .  The o v e r a l l  scheme can be summarized a s  fo l lows:  



I N P U T  DATA 1 
C O N F I G U R A T I O N  I N T E R A C T I O N  

I G E T  C O N F I G U R A T I O N  M I X I N G  C O E F F I C I E N T S  

S C F  CALCULATION I 
/ O R B I T A L  E X P A N S I O N  C O E F F I C I E N T S  1 

CONVERGED 

CALCULATE ENERGY 
NOT CONVERGED 

\ 

I 
I 



CONFIGURATION INTERACTION 

A major ques t ion  i n  any t runca ted  C I  procedure i s  what 

t y p e  of exc i t ed  conf igura t ions  have t o  be mixed i n  t h e  t o t a l  

wave func t ion  i n  order  t o  ob ta in  t h e  most s i g n i f i c a n t  improvement 

i n  energy. The s i t u a t i o n  i s  r e l a t i v e l y  simple i n  two-electron 

systems where t h e  i n c l u s i o n  of a  few lower exc i t ed  conf igura t ions  

i s  a b l e  t o  account f o r  a l a r g e  p a r t  of t h e  c o r r e l a t i o n .  The 

problem becomes more d i f f i c u l t  a s  t h e  number of e l e c t r o n s  i n  

t h e  system inc reases .  

No d e f i n i t e  gu ide l ines  a r e  a v a i l a b l e  i n  determining t h e  

dominant conf igura t ions  among t h e  many t h a t  a r e  poss ib le .  Second 

o r d e r  p e r t u r b a t i o n  theory  has been used i n  ob ta in ing  energy 

87 e s t i m a t e s ,  bu t  such es t ima tes  were found t o  be poor . Most of 

t h e  ali thors have depended on r e s u l t s  of previous c a l c u l a t i o n s  87, 

88 . The magnitude of t h e  e igenvectors  of each conf igura t ion  

can provide an accura te  va lue  f o r  t h e  energy c o n t r i b u t i o n  from 

each conf igura t ion .  If one i s  i n t e r e s t e d  i n  accura te  wave 

f u n c t i o n s ,  it would be necessary t o  inc lude  such conf igura t ions  

t h a t  have l a r g e  e igenvectors .  But t h e  problem i s  d i f f i c u l t  and 

invo lves  a cons iderable  amount of experimentation. 

From t h e  a v a i l a b l e  s p i n - o r b i t a l s ,  we c o n s t r u c t  S l a t e r  

determinants  t o  o b t a i n  a  N-electron wave func t ion .  Each S l a t e r  

determinant  i s  completely cha rac te r i zed  by t h e  s p i n  o r b i t a l s  

t h a t  a r e  used f o r  i t s  cons t ruc t ion .  The number of occupied 

s p i n  o r b i t a l s  of a  s h e l l  i n  a p a r t i c u l a r  S l a t e r  determinant i s  

c a l l e d  t h e  occupation number of t h e  s h e l l  i n  t h a t  S l a t e r  determinant.  



The c o l l e c t i o n  of a l l  S l a t e r  determinants  which have t h e  same 

s h e l l  occupation numbers c o n s t i t u t e  an e l e c t r o n  conf igura t ion .  

This  enables  us  t o  d e f i n e  a  conf igura t ion  i n  terms of a  s e t  of 

occupation numbers. 

We c o n s t r u c t  conf igura t ion  s t a t e  func t ions  (CSF) which 

a r e  s p e c i f i c  l i n e a r  combinations of S l a t e r  determinants  wi th  

t h e  c o e f f i c i e n t s  chosen such t h a t  t h e  CSF's correspond t o  t h e  

same symmetry s p e c i e s  and subspecies  as t h e  s t a t e  f o r  which t h e  

t o t a l  wave f u n c t i o n  i s  t o  be cons t ruc ted .  Since we do not  

assume any o r t h o g o n a l i t y  proper ty  f o r  t h e  o r b i t a l s ,  t h e  same 

a p p l i e s  f o r  t h e  c o n f i g u r a t i o n  s t a t e  func t ions  

According t o  t h e  a n a l y t i c a l  procedure t h e  s p i n  o r b i t a l s  

a r e  expanded i n  te rms of b a s i s  func t ions .  I n  o rde r  t o  so lve  

t h e  C I  problem, w e  must t h e r e f o r e  s t a r t  wi th  a s e t  of appropr ia t e  

o r b i t a l  expansion c o e f f i c i e n t s  and c o n s t r u c t  t h e  one- and two- 

e l e c t r o n  i n t e g r a l s  over  b a s i s  m n c t i o n s .  D e t a i l s  of t h i s  pro- 

cedure can be found i n  Roothaan's paper and i s  discussed 

b r i e f l y  i n  Sec t ion  ( 1 . 2 ) .  The sequence of computational proce- 

dures  may b e s t  be descr ibed  by means of a  flow c h a r t .  



FLOW CHART O F  C I  PART 

PERFORM ONE-ELECTRON AND 

TWO-ELECTRON BASIS INTEGRALS 

I 

CONVERT THE ONE-ELECTRON AND 

TWO-ELECTRON BASIS INTEGRALS TO 

THOSE OVER ORBITALS 

I CALCULATE THE OVERLAP MATRIX I 
I BETWEEN DETERMINANTS I 

CALCULATE ONE- AND TWO-ELECTRON 

INTEGRALS OVER DETERMINANTS 

CONVERT THE DETERMINANTAL QUANTITIES, 

S ,  f and g INTO THOSE OVER CONFIGURA- I 
TION STATE FUNCTIONS 

Y = 1 Ck Pk 
k 



CALCULATE THE HAMILTONIAN MATRIX 

H = + C g ( i , J )  

SOLVE THE EIGENVALUE EQUATION USING 

SUITABLE ORTHONORMALIZATION PROCEDURE 

TRANSFORM THE SOLUTION TO THE NON- 

ORTHOGONAL BASIS 

FIND THE ENERGY AND LINEAR COEFFICIENTS 

FOR THE C S F ' S  



Choice of Basis S e t s  

One of t h e  most important considerat ions i n  evaluat ing 

the  r e l i a b i l i t y  of an  e l ec t ron ic  s t r u c t u r e  ca lcu la t ion  i s  the  

choice of bas i s  se t .  There a r e  t h r e e  main c r i t e r i a  f o r  a  good 

bas i s  s e t .  

( a )  The funct ions  must be of cor rec t  general behavior. 

( b )  The funct ions  must lead t o  i n t e g r a l s  t h a t  can be 

evaluated . 
( c )  The number of funct ions  needed must be small, 

To s t r e s s  t h e  importance of t he  t h i r d  condit ion,  it 

becomes c l e a r  i f  w e  consider  a  b a s i s  of m r e a l  atomic funct ions .  

I n  such a case,  w e  w i l l  have t o  perform n = $ m (m + 1) d i s t i n c t  

i n t e g r a l s  of each type  ( x I X  ) and ( x l h l X  ) a n d k  = n ( n + l )  
P  q  P  q 

1.: -+: ,,+ 
U I D C I l l l L C I  liitegrals of the +--- J ( xp Xq / gl xr x S  ) . The calcu- 

l a t i o n  and s torage of such a  l a rge  number of values can be 

tedious .  

A s  f o r  t h e  f lmctions themselves, exponential o r  gaussian 

funct ions  a r e  t h e  most common. The use of exponential funct ion 

was f i r s t  suggested by S l a t e r  and functions of the  type 

a r e  usual ly  ca l l ed  S l a t e r  type o r b i t a l s ,  where A i s  a  normalizing 

constant ,  n  i s  t h e  p r i n c i p a l  quantum number, and 5 i s  the  o r b i t a l  

exponent or  screening parameter. Note t h a t  a  funct ion of t h i s  

kind gives only a  r a d i a l  dependence and angular dependence i s  

introduced through sphe r i ca l  harmonic functions.  



To c b t a i n  accura te  r e s u l t s  without an excess ive ly  l a r g e  

number of b a s i s  func t ions ,  t h e  i n d i v i d u a l  func t ions  must be 

chosen with g r e a t  care ;  this i s  accomplished by v a r i a t i o n  of 

t h e  parameter 5 . I n  f a c t ,  t h e r e  i s  no easy way of ob ta in ing  

an optimum b a s i s  s e t  except by repeated c a l c u l a t i o n  us ing  

d i f f e r e n t  values of 5 . 
As i n d i c a t e d  before ,  t h e  main d i f f i c u l t y  a r i s e s  from 

t h e  c a l c u l a t i o n  and s to rage  of two-electron i n t e g r a l s .  Analy- 

t i c a l  methods ha.ve been developed i n  order  t o  evalua te  c e r t a i n  

types  of r epu l s ion  i n t e g r a l s  by Coulson and Barnet t  *' and 

90 Harr i s  and Michels 

The most advantageous choice of b a s i s  func t ions  can 

genera l ly  be obtained by two d i f f e r e n t  methods: ( a )  choose a s  

mai-iy 'basis funet5zlns as -n"":kl rvoolule ( s a t u r a t i o n )  and dc n e t  s p t i -  

mize t h e  b a s i s  func t ion  exponents ( b )  choose a  small s e t  of 

b a s i s  func t ions  and optimize t h e  exponents c a r e f u l l y .  Most 

o f t e n  t h e  choice f a l l s  on ( b )  f o r  t h e  fo l lowing reasons :  

1. A smal ler  b a s i s  s e t  g ives  a  more compact 

wave func t ion  

2 .  The convergence i n  t h e  s o l u t i o n  of t h e  SCF 

equat ions i s  more s t a b l e  with few b a s i s  func t ions .  

3. From t h e  computational s t and  po in t ,  a  smaller  

b a s i s  i s  more economical. 



c l e a r l y  

THE SELF CONSISTENT FIELD PART 

The o r b i t a l  opt imiza t ion  and SCF procedure can be 

represented  by means of a flow c h a r t .  Corresponding t o  

t h e  ground s t a t e  

f u n c t i o n ,  we g e t  

t h i s  s t e p .  

energy (from t h e  C I  p a r t )  of t h e  t o t a l  wave 

a  s e t  of c o e f f i c i e n t s  which a r e  t h e  inpu t  f o r  

b 

CONFIGURATION-MIXING COEFFICIENTS 

I 

I 

I I DETERMINE THE OCCUPATION NUMBERS 

I N~ CORRESPONDING TO THE CSF' S 
I 

F O R M T H E O P E R A T O R R  O F E Q .  (2.2.16) 
ij 

AND THEN THE MATRICES CORRESPONDING TO I THE ORBITALS 

I 

CONSTRUCT THE FOCK- LIKE EQUATION AS 

GIVEN I N  THEORY FOR EACH ORBITAL 



SOLVE THE FOCK EQUATIONS FOR EACH 

SYMMETRY BY NEWTON-RAPHSON-STEEPEST 

DESCENT METHOD 

COMPARE THE INPUT AND OUTPUT ORBITALS. 

USE THE NEW CONVERGED ORBITALS AS 
INPUT IN THE CI CALCULATIONAND COMPARE 

THE INITIAL AND FINAL ENERGY 

I IF THE ENERGY IS HIGHER, REPEAT THE 

CYCLE. OTHERWISE THE COMPUTATION IS 

FINISHED 

Solution of the CI eigenvalue problem as outlined in 

the previous section gives the ground state energy and the eigen- 

vectors corresponding to this energy. Since the orbitals are 

allowed to be non-orthogonal, we arbitrarily assign an input 

matrix V which is essentially a non-orthogonality parameter 

v+v = w 
(3.3.1) 

where W is the overlap matrix between orbitals. 

The total wave function is expressed as a linear combi- 

nation of determinantal f'unctions (CSF'S), eq. (3.1.1) 



The presence of a c e r t a i n  determinant i n  t h e  t o t a l  wave func t ion  

i s  i n d i c a t e d  by t h e  occupation numbers NA, NB - - - which a r e  

used i n  t h e  cons t ruc t ion  of t h e  Fock l i k e  opera to r .  

Th.e a c t u a l  computation fol lows t h e  theory  which i s  

descr ibed  i n  t h e  previous s e c t i o n .  I n  t h e  fol lowing we w i l l  

desc r ibe  t h e  computational a s p e c t s  of t h e  method of so lv ing  t h e  

Fock equat ions.  

The Fock opera to r  i s  obtained i n  o r b i t a l  form, one f o r  

each o r b i t a l  and i s  transformed t o  t h e  b a s i s  v e c t o r  space by 

means of expansion methods. The mat r ix  hi which occurs f o r  

each o r b i t a l  i i s  cons t ruc ted  from a s e t  of i n i t i a l  guess expansion 

c o e f f i c i e n t s .  The Newton-Raphson equat ions  a r e  formed us ing  

t h e s e  i n i t i a l  vec to r s  

(3 .3 .2)  

where i and j r e f e r  t o  o r b i t a l s  and t h e  summation i s  over a l l  

t h e  o r b i t a l s .  Since t h e  Lagrange m u l t i p l i e r s  a r e  e x p l i c i t l y  
j i  

dependent on t h e  expansion c o e f f i c i e n t s ,  t h e  former must be 

recons t ruc ted  a f t e r  each i t e r a t i v e  c o r r e c t i o n  of t h e  l a t t e r .  

These equat ions  a r e  t r e a t e d  i n  s e t s  of symmetry b locks ,  

t h a t  i s ,  o r b i t a l s  of s symmetry a r e  not  mixed wi th  p, d, e t c .  

This  means t h a t  t h e  number of equat ions  i n  each block w i l l  be 

equal  t o  ( n  x  m )  where n  i s  t h e  number of o r b i t a l s  of t h a t  

p a r t i c u l a r  symmetry and m i s  t h e  number of b a s i s  s e t  used. 

The method used t o  so lve  t h e  Fock equat ions (3.3.2)  i s  



91 based on a  scheme suggested by Powell . It i s  a  hybrid method 

i n  t h e  sense t h a t  t h e  algori thm s e l e c t s  e i t h e r  t h e  Newton- 

Raphson method o r  t h e  s t e e p e s t  descent method depending on t h e  

va lues  of c e r t a i n  parameters.  

The c l a s s i c a l  Newton-Raphson method of so lv ing  a  s e t  

of simultaneous equat ions 

i s  expla ined  i n  many t e x t s  on numerical  a n a l y s i s  ll? An i n i t i a l  

guess  of t h e  s e t  of v a r i a b l e s  x  x  - - - xn i s  rep laced  by a  
1 2  

c o r r e c t e d  es t ima te  

where t h e  c o r r e c t i o n  terms 6 i  so lve  t h e  l i n e a r  system of 

eaua t  ions  

Here J i s  t h e  Jacobian defined by 
i j 

A n a l y t i c a l l y  one approximates t h e  funct ion  f ( x )  i n  t h e  v i c i n i t y  

of x by i t s  f i r s t  order  Taylor expansion and then  seeks t h e  
0 

ze ro  of t h e  l i n e a r  func t ion  (3.3.5) .  



Newton-Raphson method s u f f e r s  from two s e r i o u s  disadvan- 

t a g e s  from t h e  p o i n t  of view of p r a c t i c a l  c a l c u l a t i o n s .  The 

f i r s t  of t h e s e  i s  t h e  d i f f i c u l t y  of computing t h e  Jacobian 

matr ix .  Even i f  t h e  func t ions  f a r e  s u f f i c i e n t l y  simple f o r  
j 

t h e i r  p a r t i a l  d e r i v a t i v e s  t o  be obtained a n a l y t i c a l l y ,  t h e  

amount of labour  r equ i red  t o  eva lua te  a l l  n2 of these  may be 

excess ive .  I n  t h e  ma jo r i ty  of problems, however, t h e  f ' s  a r e  3 
far  t o o  complicated f o r  t h i s  and an approximation t o  t h e  

Jacobian mat r ix  must be found numerical ly .  This  i s  o f t e n  c a r r i e d  

out  d i r e c t l y ,  i . e . ,  a f  /ax i s  canputed by eva lua t ing  f f o r  two 
J k J 

d i f f e r e n t  va lues  of xk while  hold ing  t h e  remaining n-1 indepen- 

dent v a r i a b l e s  cons tan t .  Although t h i s  d i r e c t  approach g ives  

an immediate approximation t o  t h e  p a r t i a l  d e r i v a t i v e ,  it i s  no t  

amount of labour  involved.  For i n  order  t o  compute t h e  Jacobian 

i n  t h i s  manner, t h e  vec to r  f u n c t i o n  f must be evalua ted  f o r  a t  

l e a s t  n  + 1 s e t s  of independent v a r i a b l e s .  

The second disadvantage of t h e  Newton-Raphson method i s  

t h e  f a c t  t h a t  without  some modif ica t ions  it f r e q u e n t l y  f a i l s  t o  

converge. Condit ions f o r  convergence a r e  w e l l  known but  they  

r e l y  on t h e  i n i t i a l  e s t ima te  of t h e  s o l u t i o n  being good, a 

requirement t h a t  i s  o f t e n  impossible t o  r e a l i z e  i n  p r a c t i c e .  

Despi te  t h e s e  disadvantages,  t h e  method has  much t o  

canmend. The a lgor i thm i s  simple even though it does r e q u i r e  

t h e  s o l u t i o n  of n  l i n e a r  equat ions  a t  every s t e p ,  it has a 

sound t h e o r e t i c a l  b a s i s  and f o r  many problems it i s  r a p i d l y  con- 

vergent .  



Descent techniques of funct iona, l  minimization involve 

i t e r a t i o n s  which c o n s i s t s  of t h r e e  p a r t s :  f i r s t ,  a  d i r e c t i o n  6  
k 

i s  found, then  a descent  s t e p  l eng th  h k  i s  determined and f i n a l l y  

t h e  descent s t e p  

The descent d i r e c t i o n  i s  an n-dimensional vec to r  

A t  t h e  k t h  i t e r a t i o n ,  t h e  d i r e c t i o n  vec to r  6k  o r i g i n a t e s  a t  t h e  

k c u r r e n t  poin t  x . The value of t h e  o b j e c t i v e  func t ion  f i ( x )  decre- 

s e s  from xk t o  a  po in t  a t  some d i s t a n c e  i n  t h a t  d i r e c t i o n .  A u n i t  

vec to r  g k  i s  s a i d  t o  be a  descent  d i r e c t i o n  wi th  r e s p e c t  t o  t h e  

ob jec t ive  func t ion  f  i(x) a t  xk i f  t h e r e  i s  a X'>O such t h a t  f o r  

a l l  1 s a t i s f y i n g  1' 2 > 0 we have 

lr 
If f i x )  i s  d i f f e r e n t i a b l e ,  6" i s  a  descent  d i r e c t i o n  i f  

1 

k where v f .(x ) denotes t h e  g rad ien t  of t h e  ob jec t ive  func t ion  f  i ( x )  
1 

k k evalua ted  a t  t h e  po in t  x . I f  t h i s  d i r e c t i o n a l  d e r i v a t i v e ,  v f i ( x  ) ,  

e x i s t s ,  and i s  negat ive ,  then  g k  i s  a descent  d i r e c t i o n .  

The descent  techniques d i f f e r  from each o the r  i n  t h e  type  

of descent  d i r e c t i o n s  and i n  t h e  s t r a t e g y  used t o  determine t h e  
I 

l eng ths  of t h e  descent  s t e p s .  They a l s o  d i f f e r  i n  t h e  order  of 

p a r t i a l  d e r i v a t i v e s  of f i ( x )  involved i n  t h e  computation. 

While t h e  convergence r a t e  of Newton-Raphson method i s  

quadra t i c ,  t h a t  of t h e  s t e e p e s t  descent  i s  l i n e a r .  If only a poor 



i n i t i a l  est imate of t h e  so lu t ion  i s  avai lable ,  Newtonjs method 

becomes unpredictable and always f a i l s  i f  t h e  Jacobian a t  any 

s tage  becomes s ingular .  For some problems where a good i n i t i a l  

est imate of t h e  so lu t ion  i s  not ava i lab le ,  t h e  method of s teepes t  

descent has been found t o  be e f f ec t ive  and f o r  t h i s  reason, 

hybrid algorithms based on t h e  method of s teepes t  descent 

followed by t h e  appl ica t ion of Newton-Raphson method have been 

recommended. I n  t he  present  algorithm we r e t a i n  t h e  f a s t  conver- 

gence of Newton's method, but we modify t he  i t e r a t i o n  so  t h a t  it 

i s  progressive even i f  t h e  guess x i s  f a r  from t h e  solut ion.  A 

91 de ta i led  descr ip t ion  of t h e  algorithm i s  given by Powell . 
Haselgrove 92 observes t h a t  it i s  of ten  worthwhile t o  

use t h e  cor rec t ion  6 ,  ca lcula ted from equation (3.3.5)  a s  a 

search d i r ec t ion  i n  t he  space t o  t he  var iables ;  Haselgrove's 

i t e r a t i o n  replaces x by ( x  + 1 6 ) where t he  value of t he  para- 

meter x i s  ca lcula ted by a search process,  which t r i e s  t o  make 

the  est imate (x  + x 6 ) b e t t e r  than t h e  est imate x, t h e  c r i t e -  

r i o n  being t h e  inequa l i ty  

where ~ ( x )  i s  t h e  sum of squares of res idua ls  

85 
Following Marquardt and 

' t h e  Newton i t e r a t i o n  so  

(3.3.12) 
84 91 

Levenb erg ,  Powell modifies 

t h a t  it converges from a poor i n i t i a l  



es t ima te  of t h e  r e q u i r e d  v e c t o r  x , by in t roduc ing  a parameter 

I I A *  i n t o  t h e  normal l e a s t  square" formulat ion of equat ion ( 3 . 3 . 5 )  

S p e c i f i c a l l y ,  a c o r r e c t i o n  v e c t o r  b *  i s  obtained by so lv ing  t h e  

s e t  of l i n e a r  equa t ions  

where I i s  t h e  u n i t  ma t r ix .  The Levenberg - Marquardt i t e r a t i o n  

changes an e s t i m a t e  of x t o  t h e  e s t ima te  ( x  + 6*), t h e  l eng th  

of t h e  c o r r e c t i o n  be ing  regu la ted  by t h e  value of A*.  The 

i n e q u a l i t y  

can be achieved i f  A * ,  t h e  p o s i t i v e  parameter,  i s  s u f f i c i e n t l y  

l a r g e  provided t h a t  t h e  func t ions  f k ( x )  have continuous f i r s t  

d e r i v a t i v e s  and t h a t  t h e  components of t h e  g rad ien t  of ~ ( x )  

a r e  not  a l l  equa l  t o  ze ro  a t  t h e  i n i t i a l  e s t ima te  x of t h e  

i t e r a t i o n .  

To begin  t h e  k t h  i t e r a t i o n ,  an es t ima te  of t h e  s o l u t i o n  

x ( ~ ) ,  a s t e p  l e n g t h  and two numbers E and M a r e  requi red .  

The s t e p  l e n g t h  can be  changed on each i t e r a t i o n  and i t s  purpose 



i s  t o  r e s t r i c t  t h e  length  of t h e  displacement ( x  
k  - x ) i n  

order  t h a t  t h e  i t e r a t i o n  decrease t h e  value of F ( x ) .  However, 

provided ~ ( x )  i s  decreased s u b s t a n t i a l l y ,  Ak  may be kept l a r g e  

a s  otherwise unnecessa r i ly  l a r g e  number of i t e r a t i o n s  would be 

app l i ed .  The numbers E and M a r e  assigned f i x e d  p o s i t i v e  va lues  

before t h e  i t e r a t i o n  begins and they  govern t h e  condi t ions  f o r  

completing t h e  i t e r a t i o n  process .  It f i n i s h e s  i f  t h e  value of 

~ ( x )  i s  reduced t o  l e s s  than  E or  a l t e r n a t e l y  if t h e  g rad ien t  of 

~ ( x )  i s  so  small  t h a t  t h e  d i s t a n c e  from x  t o  a  s o l u t i o n  i s  pre-  

d i c t e d  t o  exceed M. Therefore E i s  s e t  t o  a  very small  value 

i n  order  t h a t  t h e  cond i t ion  

impl ies  t h a t  x i s  acceptably  c l o s e  t o  t h e  nonl inear  equations 

and M i s  u s u a l l y  s e t  t o  an overest imate of t h e  d i s t a n c e  from 

x (') t o  t h e  s o l u t i o n  

F i r s t  t h e  k  th i t e r a t i o n  c a l c u l a t e s  t h e  elements of t h e  

Jacobian matr ix  (3.3.6) a t  xk and then  it evalua tes  both t h e  f u l l  

Newton-Raphson c o r r e c t i o n  6 ( k )  (by so lv ing  t h e  l i n e a r  system of 

( k )  equat ions  (3 .3 .5)  and a l s o  t h e  g rad ien t  g ( k )  of ~ ( x )  a t  x  , 

by c a l c u l a t i n g  t h e  components 
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It then  t r i e s  t h e  t e s t  

and i f  it holds we f i n i s h  i t e r a t i n g  because of t h e  l i k e l i h o o d  t h a t  

t h e  sequence of e s t ima tes  of x  ( k )  i s  converging not  t o  a s o l u t i o n  

of t h e  equat ions,  but  t o  a l o c a l  minimum of ~ ( x ) .  This t e s t  i s  

j u s t  i f  i e d  because 1 1  ( k )  i s  t h e  s t e e p e s t  s lope  of ~ ( x )  a t  x  '1 a 
( k )  

and t h e r e f o r e  i t  seems t h a t  t h e  l e n g t h  of t h e  change i n  x ( k ) t h a t  

i s  needed t o  reduce ~ ( x )  t o  ze ro  w i l l  have t o  exceed M which i s  

wrong i f  M i s  s p e c i f i e d  i n  t h e  recommend way. 

If t h e  cond i t ion  (3.3.18) does n o t  hold then  we c a l c u l a t e  

t h e  displacement 6 ( k )  t o  add t o  t h e  vec to r  x ( ~ ) .  This d i sp lace -  

ment i s  t h e  c l a s s i c a l  c o r r e c t i o n  6 ( k )  if 2 11 
1'2 

But i f  < 11 6 ( k ) ~ ~  then  we make 
2 

I n  t h i s  case t h e  displacement 

6 0 4  = a 6(k)  
1 

+ 

t h e  length- 6 - ( k )  equal  t o  

has  t h e  form 

f3 1 g ( k )  (3.3.19) 

where a and p1 a r e  s c a l a r s .  In  f a c t  we l e t  al = .O if t h e  s t e p  1 

along t h e  s t e e p e s t  descent vec to r  of ~ ( x )  

does not  go beyond t h e  p red ic ted  minimum of ~ ( x )  a long t h e  s teep-  

e s t  descent vec to r  from x ( ~ ) .  This p red ic ted  minimum i s  a t  t h e  

s o  we t r y  t h e  cond i t ion  



and if (3.3.18) and (3.3.22) hold good, then  6 j i s  def ined by 

equat ion  (3 .3 .20) .  In t h e  case t h a t  condi t ion  (3.3.18) holds ,  

but  cond i t ion  (3.3.22) does no t ,  then  we l e t  t h e  po in t  { x ( ~ )  + 
6(lc)} be on t h e  s t r a i g h t  l i n e  jo in ing  t h e  po in t  (3.3.21) to t h e  

p o i n t  { x ( k )  + 6 ( k )  } t h e  a c t u a l  components of 6 ( k )  being de te r -  

mined using t h e  e x t r a  cond i t ion  1 1  6(k)1/ * = A .  ( k )  

The n e x t  s t a g e  of t h e  i t e r a t i o n  i s  t o  t r y  t o  e s t ima te  

( X  ( k )  + c ( ~ ) )  , s o  we c a l c u l a t e  t h e  func t ions  f i ( x )  , ( i  = 1, 

--- n ) a t  t h i s  p o i n t .  I f  t h e  expected i n e q u a l i t y  

holds ,  then  t h e  i t e r a t i o n  de f ines  x  ( k + l )  = ( k )  + i(k) and we 

.try t h e  convergence t e s t  (3.3.15) a t  x  (k+l) .  However i f  (3.3.23) 

f a i l s  we l e t  x (k+l) - - x(lc) and t e s t  (3.3.2'1) 

l eads  t o  a  r e d u c t i o n  in t h e  s t e p  l eng th  A ( k ) .  Thus t h e  i t e r -  

a t i o n  r e v i s e s  the e s t i m a t e  x  ( k )  using only one c a l c u l a t i o n  of 

t h e  l e f t  hand s i d e s  of t h e  system of equat ions (3.3.3). 

The l a s t  s t a g e  of t h e  i t e r a t i o n  r e v i s e s  t h e  s t e p  l eng th  

A ( k ) .  This c a l c u l a t i o n  depends on t h e  p red ic ted  value of t h e  sum 

of squares  of t h e  r e s i d u a l s  a t  x  ( 1  + 6 ( k ) ,  namely 



which i s  l e s s  than ~(x(~)). If it i s  found t h a t  t h i s  predic t ion 

i s  so  bad t h a t  the  a c t u a l  value of t he  sum of squares s a t i s f i e s  

t he  inequa l i ty  (3.3.24) then it i s  assumed t h a t  the  l i n e a r  appro- 

ximations t o  the  functions f i ( x ) ,  derived from the  Jacobian e le -  

ments (3.3.6) a r e  not  adequate over the  distance 1 1  b(k)ll 2 . 
Therefore A ( ~ )  i s  reduced and i s  mul t ip l ied  by a  constant in  the  

i n t e r v a l  [ 0,1]. 

To begin an i t e r a t i o n ,  the  following data  a r e  required:  

a vector  of var iables  x which i s  an est imate of the  so lu t ion  

of the  equations (3.1.3) and the  corresponding function 

values f i (x )  ( i =  1, - - - n)  , 

an approximation t o  the  Jacobian J , 
t he  inverse matrix J-l, 

- 
a m a t r i x  !2 of n  d i rec t ions  i n  the  space of var iables  and 

an associa ted vector of in tegers  w , 

a s t e p  length A . 

i t e r a t i o n  process i s  out l ined in the  flow char t  : 



s u f f i c i e n t l y  

Calculate 6 frcm the  gradient  

and Newton s t eps  t o  s a t i s f y  

I I 6 1 1  A 

1 

Calculate f k ( x  + 6 ) 

i 

Interchange 

x and (x  + 6 )  

/ \  

I 

I 

I s e t  6 t o  a spec ia l  
-I value and 

ca l cu l a t e  f k ( x  + 6 ) 



The func t ions  f k ( x )  ( k  = 1 , 2 ,  - - - n )  d e f i n i n g  t h e  

r o u t i n e .  

For t h e  ma jo r i ty  of p r a c t i c a l  problems i t  i s  not  p o s s i b l e  

t o  express  t h e  Jacobian e x p l i c i t l y  and i n  t h e s e  cases  it i s  

necessary t o  use  an approximation J t o  t h e  Jacobian. A simple 

method f o r  ob ta in ing  t h i s  i s  by us ing  t h e  forward d i f f e r e n c e  

formula t o  approximate t h e  p a r t i a l  d e r i v a t i v e .  If J = J 
i j 

f i ( x  + DSTEP . e j )  - f i ( x )  
- 

Ji.r 
.- 

DSTEP 

where e i s  t h e  normalized j t h  coordina te  vec to r .  
j 

A fundamental d i f f i c u l t y  inhe ren t  i n  t h i s  form of appro- 

ximation i s  t h e  choice of DSTEP. This  parameter has  been chosen 

a r b i t r a r i l y ,  but r equ i red  adjustment by t r i a l  and e r r o r  so  t h a t  

it i s  not  so  small  a s  t o  cause rounding e r r o r  o r  so  l a r g e  t o  

cause t r u n c a t i o n  e r r o r .  I n  o rde r  t o  begin  t h e  k t h  i t e r a t i o n  

we r e q u i r e  t h e  matr ix  elements of J 
i j 

and we a l s o  r e q u i r e  t h e  

elements of t h e  inver se  of J (Ic) which can be defined a s  t h e  

ma t r ix  

Before t h e  f i r s t  i t e r a t i o n ,  J(') i s  obtained from f i n i t e  d i f f e r -  

ences a long t h e  coordina te  d i r e c t i o n s  and then  H i s  c a l c u l a t e d  

us ing  a matr ix  inve r s ion  subrout ine .  

Given t h e  elements Jij and I-I 
i j  

( k )  and given t h e  o t h e r  

q u a n t i t i e s  t h a t  a r e  needed t o  commence an i t e r a t i o n ,  we f i r s t  



c a l c u l a t e  t h e  components 

and then  ins tead  of so lv ing  t h e  l i n e a r  system of equat ions (3.3. 

5 ) ,  t h e  components of 6 ( k )  a r e  ca lcu la ted  by using t h e  formula 

The method of r e v i s i n g  t h e  Jacobian approximation depends on t h e  

vec to r  6 and on t h e  d i f f e r e n c e s  y 
k  

k  
y = f k ( x + 6 )  - f k ( x )  ( k  = 1,- - - n )  (3.3.30) 

* * 
The rev i sed  matr ices  J and H a r e  

The method used f o r  r e v i s i n g  t h e  Jacobian r e q u i r e s  t h a t  

t h e  c o r r e c t i o n  vec tor  6 a r e  l i n e a r l y  independent. In t h e  course 

of i t e r a t i o n s  it might happen t h a t  t h e  dependent d i r e c t i o n s  a r e  

introduced and it i s  necessary t h a t  t h e  program maintains  a l i n e a r  

independence. 

In any s e t  of l i n e a r  equat ions t h e  s o l u t i o n  when it e x i s t s  

i s  t h e  po in t  of i n t e r s e c t o n  between t h e  s t r a i g h t  l i n e s .  Further-  

more a unique s o l u t i o n  e x i s t s  i f  and only i f  t h e  l i n e s  a r e  no t  

p a r a l l e l  o r  equ iva len t ly  i f  and only if t h e i r  normals a r e  l i n e a r l y  

independent o r  non-col l inear .  In  p a r t i c u l a r  one may have d i f f i -  



c u l t y  i f  t h e  l i n e s  a r e  n e a r l y  p a r a l l e l  because t h e  s o l u t i o n  may 

be hlghlj; s z ~ ~ s i t l v e  t o  siiiall clianges i i i  t h e  pos i i io r l s  of t h e  l i n e s  

caused by round o f f  e r r o r s  i n  computation. Diagrammatically, f o r  

t h e  s e t  of two equat ions  

e r r o r  spread 
e r r o r  spread i n  b 

e r r o r  spread 
2 

a x +a 11 1 1px2 
= bl 

e r r o r  spread 

/ 

.- 
s o l u t i o n  

spread i n  s o l u t i o n  
Ax = b ! 

Well condi t ioned case  I11 condit ioned case 

This kind of  numerical  i n s t a b i l i t y  might l ead  t o  poor r e s o l u t i o n  

of t h e  s o l u t i o n  of t h e  problem. With t h i s  i n  mind, we ensure 

t h a t  t h e  c o r r e c t i o n  vec to r  6 i s  independent of a s e t  of  d i r e c -  

t i o n s  only i f  t h e  l e a s t  angle  between 6 and some vector  in t h e  

space spanned by t h e  d i r e c t i o n s  i s  n o t  l e s s  than ,  say,  30 degrees.  



Since  w e  s t a r t  w i th  a s e t  of or thonormal  v e c t o r s ,  t h e  problem can 

be s impl ied  and we ensure  t h a t  t h e  new d i r e c t i o n s  a r e  a l s o  o r tho -  :: 
I 
I 
i 

normal,  I 

3.4 THE .- - .- PA'RAMETER A . - - V 

An impor tan t  a s p e c t  of t h e  p r e s e n t  method concerns  t h e  

parameter  V and i t s  e v a l u a t i o n .  The o r b i t a l  ove r l ap  m a t r i x  W i s  

r e l a t e d  t o  V by e q . ( 2 . 2 . 1 5 )  

W = vtv 

For  a given W ,  t h e r e  a r e  i n f i n i t e  v a l u e s  of V and cho ice  of t h e  

optimum V from among them i s  d i f f i c u l t .  On t h e  o t h e r  hand f o r  a 

given V t h e r e  i s  on ly  one unique va lue  f o r  t h e  o v e r l a p  m a t r i x  W; 

however t h e  i n i t i a l  cho ice  of V i s  d i f f i c u l t .  

I n  view of t h e  f a c t  t h a t  W i s  p h y s i c a l l y  meaningful ,  we 

have fo l lowed  a method by which a V i s  ob ta ined  from an a r b i t r a r y  

W by a  d i a g o n a l i z a t i o n  procedure .  It must be po in t ed  ou t  t h a t  

such a choice  of V may no t  l e a d  t o  an optimum va lue  of t h e  pa ra -  

meter  wi th  r e s p e c t  t o  t h e  t o t a l  energy.  



CHAPTER IV 

APPLICATION TO BERYLLIUM 



4.1 GENERAL COMMENTS 

Viewed f r o m  t h e  broad perspect ive ,  a  t h e o r e t i c a l  under- 

s tanding  of t h e  many body problem obviously r equ i res  a fundamen- 

t a l  knowledge of t h e  e l e c t r o n i c  s t r u c t u r e  of atoms. Although 

complex i n  i t s e l f ,  cons iderable  progress  has been made i n  t h e  

c a l c u l a t i o n  of t h e  e l e c t r o n i c  p r o p e r t i e s  of simple atoms, p a r t i -  

c u l a r l y  those  wi th  few e l e c t r o n s .  With t h e  h e l p  of high speed 

computers it i s  now p o s s i b l e  t o  c a l c u l a t e  almost any e l e c t r o n i c  

proper ty  of two e l e c t r o n  systems wi th  a high degree of accuracy. 

The problem becomes more complicated as t h e  number of 

e l e c t r o n s  i n  t h e  system inc rease .  The Hylleraas  method which 

has been s o  s u c c e s s f u l  f o r  two e l e c t r o n  systems becomes computa- 

t i o n a l l y  formidable  f o r  systems wi th  Z > 3. On t h e  o t h e r  hand 

t h e  C I  method o f f e r s  a b e t t e r  scope i n  terms of computational 

f e a s i b i l i t y ,  b u t  t h e  l i m i t s  of accuracy depend on t h e  number of 

conf igura t ions  inc luded i n  t h e  expansion. Because of t h i s  con- 

vergence d i f f i c u l t y  t h e  C I  wave f u n c t i o n  l o s e s  much of t h e  physi-  

c a l  meaning a t t r i b u t e d  t o  t h e  Hartree-Fock model on which it is  

based. 

As a t e s t  of our MC-SCF formalism wi th  non-orthogonal 

o r b i t a l s ,  we have c a l c u l a t e d  t h e  ground s t a t e  energy of Be atom. 

Beryllium was chosen f o r  t h e  fol lowing reasons :  

( a )  A s  a  t e s t  case ,  Be r e t a i n s  a l l  t h e  complications of a  many 

body problem beyond t h e  simple He atom; 

( b )  A number of h i g h l y  s o p h i s t i c a t e d  c a l c u l a t i o n s  on Be e x i s t  

making it p o s s i b l e  f o r  a meaningful cornpr ison  wi th  our 



r e s u l t s .  

4.2 PIEVIOUS WORK ON BERYLLIUM 

~ 0 ~ s ' '  i n  h i s  pioneering work on configurat ion i n t e r -  

a c t i o n  has published a 10 configurat ion wave function f o r  Be. 

~y a ca re fu l  choice of exponents and configurations, Boys was 

ab l e  t o  ob ta in  near ly  two-thirds of the  cor re la t ion  energy and 

repor ted an energy of -14.637 a.u. 

Kibartas,  Kavetskis and ~ u t s i s ~ ~  used a numerical Hartree 

-Fock procedure i n  t h e i r  t h r ee  configurat ion calcula t ion.  Their 

su rp r i s ing ly  c lose  value of -14.642 accounts f o r  about 70% of 

t h e  c o r r e l a t i o n  energy. From the  point  of view of the  present 

work, t h e  r e s u l t  of Kibartas e t . a l .  i s  pa r t i cu l a r ly  s ign i f i can t  - 
because t he  t h ree  configurat ions they used a r e  non-orthogonal. 

Another important aspect  of t h e i r  ca lcu la t ion  i s  the  excel lent  

choice of configurat ions involved i n  the  bu i ld  up of t h e i r  t o t a l  

wave function.  Apart from the  bas i s  ls22s2, the  other  two con- 

f i g u r a t i o n s  a r e  l s2pq and 2s2p& where the  pI i s  a  numerical 

Hartree-Fock one-electron so lu t ion  f o r  a  p function i n  Be l s2pz  

and s i m i l a r l y  f o r  the  pII . 
Another ca lcu la t ion  involving non-orthogonal o r b i t a l s  has 

been reported by Brigman e t . a ~ ? ~  where s i n g l e t  open s h e l l s  a r e  

formed by l i n e a r  combination of s-type S l a t e r  determinants. O f  

p a r t i c u l a r  i n t e r e s t  t o  us a r e  t he  following: 



TABLE I 

Conf igura t ion  

Hartree-Fock s i n g l e  conf ig .  122 

2  2  
Is 2 s  

1s22s 2s' 
* 

I s  Is' 2 s  2 

It may be noted t h a t  t h e  opening of t h e  1 s  l e v e l  makes an appre- 

c i a b l e  improvement i n  t h e  energy whereas opening of t h e  2 s  l e v e l  

makes l i t t l e  improvement. - 

Szasz and ~ ~ r n e ' ~  have used t h e  Hyl leraas  method wi th  

a s t a r t i n g  Har t ree  f u n c t i o n  f o r  Be and obtained an energy of 

-14.6175 a .u .  Only b ina ry  c o r r e l a t i o n s  a r e  included i n  t h e i r  

c a l c u l a t i o n  and even i n  t h i s  case  t h e  mathematical complexity 

of e v a l u a t i n g  t h e  i n t e g r a l s  i s  apparent .  

A number of c o n f i g u r a t i o n  i n t e r a c t i o n  c a l c u l a t i o n s  

on Be have been done by va r ious  au thors  and t h e s e  a r e  summarized 

i n  t a b l e  11. 

* The primes i n d i c a t e  o r b i t a l s  t h a t  a r e  v i r t u a l l y  i d e n t i c a l  

t o  t h e  corresponding unprimed ones. The over lap  between 
1 

t h e  2s and 2s , f o r  example, would be l a r g e ,  probably of 

t h e  o rde r  of 0.9. 



TABLE I1 

Method 

Boys 93 

Yutsis 65 

Matsen 94 

Watson 
87 

Weiss 97 

Yutsis 98 

5 p e  of 
o r b i t a l s  

Orthogonal 

Non-orthogonal 

Non- orthogonal 

Orthogonal 

Orthogonal 

Non-orthogonal 

  umber of 

conf igs  . 
. . 

$ corr-  

e l a t i on  

There a r e  some second order per turbat ion calcula t ions  

which a r e  of poor accuracy i n  comparison with The CI methcd 99,100 . 
Recently t he re  have been severa l  ca lcula t ions  on the  

co r r e l a t i on  energy of Be atom using per turbat ion theory or  Bethe- 

Goldstone procedure, where general ly  only p a i r  cor re la t ions  a r e  

included. Although the  r e s u l t s  obtained by these  methods a r e  

undeniably more accurate,  the re  a r e  some fundamental questions 

t h a t  may be r a i s ed  regarding the  v a l i d i t y  of the  addivi ty  of p a i r  

functions.  The separa t ion of the  t o t a l  cor re la t ion  energy i n t o  

intra- and i n t e r  s h e l l  cor re la t ions  does not  seem t o  be unique 

and s t rongly  depends on the  order  i n  which the  cor re la t ing  con- 

78 f igura t ions  a r e  added . 



TABLE: I11 

Comparison of Be atom calcula t ions  using per turbat ion methods 

Method 

One of the  f i r s t  exhaustive C I  s tud ies  of Be atom was 
n- 

Ke 1 l y  99 

Nesbet loo 

~ e l l e r ' g t .  a1 

car r ied  out by watson0( using 97 terms i n  the  expansion and 

taking l s 2  2s2  Hartree-Fock function as the  leading term. The - 

I 

. - Correlat ion - energy 

orthogonal basis included 6 s-type functions,  5 p-type functions , 

Total $, 

0.04212 

0.04208 

4 d-type functions,  2 f- type functions and 2 g-type functions.  

The f i n a l  wave function gives an energy of -14.65740 correspon- 

ding t o  about 89.58 of the  co r r e l a t i on  energy. 

0.04387 

0.0418j0.045350.00586 

0.04438 

weissg7 has published a 55 term configurat ion in t e r ac t ion  

study of Be using 7 of s-type, 5 of p-type, 3 of d-type and 2 of 

0.00497 

0.00497 

f-type functions.  In t h i s  case the  bas i s  functions a r e  non- 

orthogonal. Weiss obtains an energy of -14.66090 corresponding 

t o  about 93$ of the  cor re la t ion  energy. 

0.09096 

0.09212 

0.09143 

Sims and ~ags t rom ' '~  have recent ly  ca r r ied  out  an exten- 

96.5 

97.6 

97.0 

s ive  ca lcu la t ion  on Be using a combination of Hylleraas and C I  

methods. Their method i s  a hybrid one in the  sense t h a t  an 



addi t iona l  co r r e l a t i on  f a c t o r  r i s  introduced i n  the  configu- i 3  
r a t i o n  t h a t  make the  i a r g e s t  contr ibut ion t o  the  t o t a l  wave fun- 

c t ion.  Only unlinked type of i n t e r e l ec t ron ic  coordinates have 

been considered. Using 107 configurat ions,  Sims and Hagstrom 

were able  t o  obta in  an energy of -14.66654 which d i f f e r s  from 

the  exact  value by only 0.0002 atomic un i t s .  Although t h e i r  

r e s u l t s  a r e  the  most accurate t o  date,  such a l a rge  number of 

configurat ions a r e  included t h a t  physical  i n t u i t i o n  becomes par- 

t i c u l a r l y  d i f f i c u l t  t o  apply i n  t ry ing  t o  understand t h e i r  re-  

s u l t s .  

TABLE I V  

Results of Sims and Ha~strom 103 

One o f t h e  most sophis t ica ted and rapidly  convergent config- 

u ra t ion  in t e r ac t ion  wave function f o r  Be has been obtained by 

Bungelo4. Bunge s calcula t ions  a r e  based on na tu ra l  o r b i t a l  

concepts and involve a number of new ideas. A s  a f i r s t  s tep ,  

Bunge makes an ordinary SCF ca lcu la t ion  using a l a rge  s e t  of 

4 

TY Pe 

Hylleraas 

Hylleraas 

Hylleraas + C I  

Number of terms 

59 term 

92 term 

107 term 

& 

~ n e r g y ( a . u )  

-14.66325 

-14.66358 

-14.66654 



S l a t e r  type b a s i s  funct ions .  Then a C I  c a l c u l a t i o n  i s  c a r r i e d  

out  including the r e s t r i c t e d  Hartree-Fock conf igura t ion  l s a  1sB 

2sa 2sB plus  a l l  p o s s i b l e  doubly e x c i t e d  conf igura t ions  whose 

o r b i t a l  occupancies may be s p e c i f i e d  x  .x .2s2 and l s 2 x  .x  where 
1 J 1 j 

x and x  a r e  a l l  o r b i t a l s  i n  t h e  b a s i s  s e t  o t h e r  than  t h e  SCF 
i j 

o r b i t a l s  1 s  and 2s .  From t h e  expansion c o e f f i c i e n t s  of t h i s  

wave f u n c t i o n  the d e n s i t y  matr ix  i s  formed which i s  diagonal ized 

t o  g ive  a  s e t  of n a t u r a l  o r b i t a l s .  

One of t h e  most d i f f i c u l t  a spec t s  of a  C I  c a l c u l a t i o n  i s  

t h e  choice of conf igura t ions  t h a t  make important con t r ibu t ions  

t o  t h e  t o t a l  wave funct ion .  Bunge uses  p e r t u r b a t i o n  methods i n  

t h e  search  f o r  such  important conf igura t ions  and performs a C I  

c a l c u l a t i o n  u s i n g  180 conf igura t ions  and t h e  n a t u r a l  o r b i t a l s  

obtained i n  t h e  f i r s t  s t e p  of t h e  c a l c u l a t i o n .  

Bunge's c a l c u l a t i o n  sugges ts  an important a p p l i c a t i o n  of 

n a t u r a l  o r b i t a l s  i n  performing a C I  c a l c u l a t i o n .  Although h i s  

c a l c u l a t i o n  accounts  f o r  99.6$ of t h e  c o r r e l a t i o n  energy, t h i s  

r e q u i r e s  i n c l u s i o n  of p ,d,f  and g  type of o r b i t a l s  i n  achieving 

t h e  claimed accuracy. Consequently phys ica l  i n s i g h t  about t h e  

na tu re  of t h e  wave f u n c t i o n  i s  l o s t .  Furthermore, t h e  ca lcu la -  

t i o n s  a r e  very complicated and inconceivable  without t h e  a.id of 

a l a r g e  computer, 

The most important s i n g l e  conf igura t ion  has been foun2 

t o  be l s22p2  i n  agreement with t h e  r e s u l t s  of Watson. Bunge's 

d e t a i l e d  a n a l y s i s  enabled him t o  a s s i g n  upper limits t o  t h e  energy 

and c o r r e l a t i o n  energy. 



TABU V 

Contr ibut ions of o r b i t a l s  with d i f f e r e n t  4 values 

t o  t h e  c o r r e l a t i o n  energs  of Be 

Energy ( s l i m i t  ) 

$ Corre la t ion  energy 

Energy ( s p  l i m i t  ) 

$ Corre la t ion  energy 

Energy (spd l i m i t  ) 

$ Corre la t ion  energy 

Energy (spdf l i m i t  ) 

$ Corre la t ion  energy 

Energy ( spdfg l i m i t  ) 

Corre la t ion  energy 

* 
Exact n o n - r e l a t i v i s t i c  energy 

S a b e l l i  and H i n ~ e ~ ~  have performed an  MC-SCF c a l c u l a t i o n  

on a number of atoms including Be. Their c a l c u l a t i o n s  a r e  based 

77 on t h e  MC-SCF formalism of Hinze and Roothaan . Using 10 con- 

f i g u r a t i o n s  S a b e l l i  and Hinze o b t a i n  an  energy of -14.65464a.u 

corresponding t o  86.5% of t h e  c o r r e l a t i o n  energy. Apart from 

t h e  l s 2 2 s 2 ,  t h e  major c o n t r i b u t i o n  a r i s e s  from t h e  conf igura t ion  

* Obtained by s u b t r a c t i n g  r e l a t i v i s t i c  co r rec t ions  from the 
experimental  value.  



In concluding this section, we may say that MC-SCF cal- 

culations in general are able to improve energy values and show 

excellent agreement with experimental results. Unfortunately 

the accuracy of the results seem to demand inclusion of a large 

number of independent configurations in the wave function. Apart 

from being computationally expensive, fundamental questions re- 

garding the significance of many "virtual conf igurationsl' remain 

unanswered,, 

Most of the Be calculations we have reviewed use ortho- 

gonal orbitals. It is hoped that our non-orthogonal MC-SCF 

foymalism may provide answers to some of these questions. 

4.3  DETAILS OF THIS CALCULATION 

As described in the theory, the MC-SCF procedure involves 

solution of two self consistent equat ions 

H C = E T C  (4.3.2) 

The notations are the same as mentioned before and are given in 

pertinent sections. 

Since the matrix elements of the operator hi and the 

Hamiltonian X are constructed from one- and two-electron inte- 

grals, our main purpose in this section is to describe the method 

used in evaluating these integrals. The rest of the calculation 

is straightforward and follows the theory very closely. 



Consider a set of basis functions of the form 

where Y is a spherical harmonic and o is a spin function with 

1 eigenvalues m = +$ or -2. 
S 

The radial functions can be 

completely arbitrary except that they are assumed to be linearly 

independent within sets of common symmetry X (angular quantum 

number ) .  These functions are chosen to be of the Slater type 

and are of the normalized form 

4 is t h e  arguiar momentum quantum number, ' j and n are assigned 
j 

parameters and N, is the normalization constant given by 
J 

The choice of the various parameters (particularly the screening 

parameter 5 )  for a particular .P, value is by no means simple. 

The determination of optimum values of 5  is difficult and gener- 
j 

ally requires the computation of energies for several values of 

% 's  followed by an interpolation. There appears to be no way 

of avoiding these repeated calculations to obtain a truly opti- 

mum orbital exponent. This obviously increases the labour of a 

CI calculation. Unfortunately it appears that accurate CI wave 



func t ions  us ing  small numbers of b a s i s  func t ions  r e q u i r e  near 

optimum values of ,105 

For t h e  ground s t a t e  of Beryllium, t h e  s p h e r i c a l  

symmetry of t h e  atomic wavefunction al lows t h e  separa t ion  of 

t h e  Hartree-Fock equat ions so t h a t  they  depend on a  s i n g l e  r a d i a l  

v a r i a b l e  only.  This  statement i s  p r e c i s e l y  t r u e  only i n  c losed  

s h e l l  conf igura t ions lO ' l l ,  but it i s  genera l ly  a  good approxi- 

mation f o r  atoms t o  express  t h e  o r b i t a l s  a s  products of r a d i a l  

func t ions  ~ ~ ( r ) ,  s p h e r i c a l  harmonics Y ( 8,0) and s p i n  eigen- am 

func t ions ,  s o  t h a t  we would use  t h e  same approximation even f o r  

exc i t ed  s t a t e  c a l c u l a t i o n s  on Be atom. Furthermore, use  of t h e  

s p h e r i c a l  symmetry enables  us  t o  apply t h e  j-j  coupling scheme 

i n  evalua t iong t h e  two-electron i n t e g r a l s .  

I n  g e n e r a l  t h e  choice of  t h e  var ious  parameters f o r  a 

p a r t i c u l a r  c a l c u l a t i o n  r e l i e s  heav i ly  on e a r l i e r  work by o t h e r s .  

I n  t h e  p resen t  c a l c u l a t i o n  we have used t h e  b a s i s  func t ions  

given by Watson i n  h i s  C I  c a l c u l a t i o n s  on Be atom. This impl ies  

t h a t  we have adopted a modified form of  op t ion  ( a )  mentioned i n  

page 78, t h a t  i s ,  t h a t  of choosing not  very we l l  optimized S J s  

and a r e l a t i v e l y  l a r g e  number of basis funct ions .  The values 

f o r  used by Watson 87'111 a r e  based on e a r l i e r  work on He 

atom. Watson's r e s u l t s  i n d i c a t e  t h a t  opt imiza t ion  of  5 i s  not  

very c r i t i c a l  i n  t h e  case of Be atom, provided one inc ludes  a 

s u f f i c i e n t l y  l a r g e  number of b a s i s  func t ions .  Addit ional  c a r e  

must be taken  t o  ensure t h a t  no two b a s i s  funct ions  a r e  s i m i l a r .  



Having made a  choice of b a s i s  funct ions ,  t h e  next t a s k  

i s  t o  a s s i g n  appropr ia t e  c o e f f i c i e n t s  B t o  t h e s e  func t ions  t o  i-3 
form i n i t i a l  guesses f o r  t h e  corresponding one e l e c t r o n  o r b i t a l s .  

I n  t h e  p resen t  c a l c u l a t i o n ,  we have used t h e  expansion c o e f f i -  

c i e n t s  given by Watson 87,111 

The var ious  parameters used i n  our c a l c u l a t i o n  a r e  

summarized i n  t a b l e s  V I  and V I I .  

Evaluat ion of I n t e g r a l s  

I n  c a l c u l a t i o n  t h e  i n t e g r a l s ,  we have followed t h e  

method suggested by Nesbet lo' and J30ys107. Atomic u n i t s  a r e  

used throughout.  

Il.l wL~.Gel: L -  7 - -  
L W  I l l a n t :  t i -~e i i ~ t a t i ~ i - ~  c l ea r ,  let us def ine  the 

following: 

The matr ix  elements between o r b i t a l s  can be e a s i l y  expressed i n  

terms of t he  p r imi t ive  i n t e g r a l s  (4.3.6)  and (4.3.7) 

and expansion c o e f f i c i e n t s  Bij of eq. ( 2 . 4 . 1 ) .  For t h e  one-electron 



i n t e g r a l  between o r b i t a l s  Yk 
and p we have 

1 

Simi la r ly  f o r  t h e  two e l e c t r o n  i n t e g r a l s  between o r b i t a l s ,  we 

have 

In  view of equat ions (4.3.8) and (4.3. 9 ) , we need cons ider  only 

d e t a i l s  of t h e  eva lua t ion  of p r i m i t i v e  i n t e g r a l s .  

Using eq.(4.3.3) we can w r i t e  f o r  t h e  over lap  i n t e g r a l  
r x  

( i l l l j )  = i 
J X i  X j  d7 

CO 

= 6 .L..L 6 m  " 1 ~  i ~ &  6m m *. [ R < W  A. R J ~  d r  
L1ls iLILs 0 3 

j j (4.3.10 ) 

Simi la r ly  t h e  one-e lec t ron  i n t e g r a l s  can be expressed i n  terms 

of t h e  r a d i a l  funct ions .  



The two- e lec t ron  operator  Q = l/r i s  i s  more d i f f i c u l t  

t o  handle. In t h i s  case, i n  add i t ion  t o  the  t r i v i a l  o r b i t a l  

expansion coe f f i c i en t s ,  we w i l l  have t o  include the  vector  coupl- 

ing coe f f i c i en t s .  The der iva t ion  of these  equations can be 

found i n  Condon and Short ley log o r  Rosel'O. In terms of the  

r a d i a l  functions,  the  i n t e g r a l  can be wr i t t en  a s  

- 
where 

The sum over k does not  go i n f i n i t y  s ince  k + C + 4,' must be 

evenand  14 - 4 ' 1  6 k 5 It. + & ' I .  
k The coe f f i c i en t s  C a r e  i n t e g r a l s  of products of th ree  

Legendre functions and a r e  given by 

TT 

k The Gaunt coe f f i c i en t s  C a r e  r e l a t e d  t o  the  Wigner coef f ic ien t s  



The main advantage of t h i s  formulat ion i s  t h a t  t h e  angular  i n t e -  
k g r a l s  need be evaluated only once. Values of  C a r e  s t o r e d  i n  

3 dimensional a r r a y .  

From t h e  foregoing d i scuss ion  we f i n d  t h a t  two types  of 

i n t e g r a l s  have t o  be evaluated.  

* 
( K I ~ J )  = 1- d~~ Ri (1) ~ ( 1 )  R .  (1) 

J J 
(4 .3 .17)  

and R ~ (  i j, k l )  . 

When t h e  opera to r  K i s  u n i t y ,  t h e  i n t e g r a l  g ives  t h e  overlap.  
2 When K i s  equal t o  -$v o r  l l r ,  t h e  i n t e g r a l  r ep resen t s  t h e  

one e l e c t r o n  i n t e g r a l .  

The a c t u a l  eva lua t ion  of t h e  i n t e g r a l s  i s  done by means 

of r ecurs ion  formulae 106'107. Define a  func t ion  ~ ( x . y )  

I f  we r e w r i t e  t h e  b a s i s  func t ion  i n  a s l i g h t l y  condensed form 
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the overlap and one-electron integrals can be written as 

Similarly the two-electron integrals are given by 
M+ 1 

where 

We define a recursion formula 

1 
~ ~ ( 0 9 ~ )  = n 

which allows us to express equation(4.3.25) as a sum of terms of 

the form 



The normal iza t ion  cons tants  can e a s i l y  be ca lcu la ted  from eq . (4 .  

j .22) ,  (j 1 11 j) = N , and a r e  s t o r e d  separa te ly .  The one- and 3 
two e l e c t r o n  i n t e g r a l s  w i l l  have t o  be m u l t i p l i e d  by N N and 

P  q  
N N N N r e spec t ive ly .  

P q r s  
The program requ i res  f o r  each value of t., l i s t s  of n i  

c' 

and 5 f o r  t h e  b a s i s  funct ions .  These a r e  taken  from Watson 87,111 
3 

and a r e  given i n  t a b l e  VI, f o r  c a l c u l a t i o n s  involv ing  s- type fun- 

c t i o n s  only,  and t a b l e  V I I ,  f o r  c a l c u l a t i o n s  involv ing  p-type 

func t ions  a l s o .  

Be b a s i s  func t ion  parameters 



TABm V I I  
111 

Be bas i s  funct ion  parameters 

For t h e  construct ion For t h e  cons t ruc t ion  

of p func t ions (& = 1) 

I n  eq. (4.3.  1 ) o r b i t a l s  i and j have t h e  same quantum number 4 ,  

, and o r b i t a l s  k and 1 have t h e  same quantum number .tg. Hence 

only two kinds of i n t e g r a l s  a r e  p r e s e n t :  d i r e c t  i n t e g r a l s  of t h e  

form ( L  4 ( Q 1 & & ) and exchange i n t e g r a l s  of t h e  form 
a a B B 

( &  1 XI L ) .  The e n t i r e  s e t  of two e l e c t r o n  i n t e g r a l s  t h a t  
a B a B 

c o n t r i b u t e  t o  t h e  Fock opera tor  can be c l a s s i f i e d  i n t o  blocks 

with common values of &, and L B '  A n a t u r a l  order ing  of t h e s e  

blocks i s  t o  arrange them i n  o rde r  of inc reas ing  index p a i r s  

(& & ) where 4,  a B 2 L B .  The sequen t i a l  order ing  of elements i n  

t h e s e  blocks t akes  advantage of t h e  f a c t  t h a t  ( i j ( & l k l )  i s  sym- 



. e t r i c  i n  (i, j ) ,  symm e t r i  and c  i n  ( i j ) , ( k l )  

whenever t n e  corresponding t quantum number i s  t h e  same. 

To dea l  with t h e  overlap matr ix  T i n  t h e  eigenvalue 

equat ion a r i s i n g  i n  the  C I  p a r t ,  eq. (4 .3.2) ,  a  Lowdin t r a n s f o r -  
1 - 

mation matr ix  T - ~  i s  constructed i n  t h e  following way. 

Using a n  a r b i t r a r y  u n i t a r y  matr ix  U, d iagonal ize T such 

t h a t  

where X a r e  t h e  corresponding eigenvalues.  Then it is  e a s i l y  

seen t h a t  
1 u A 4  ,t = , -2 (4.3.30) 

1 1 

where h-" i s  t h e  inverse  of h Z .  This method avoids t h e  problem 

of convergence t h a t  i s  o f t e n  encountered i n  t h e  binomial expan- 

14 s i o n  suggested by Lowdin . 
In  each i t e r a t i v e  cycle ,  t h e  Hamiltonian matr ix  of t h e  

eigenvalue equat ion ( 4 . 3 . 2 )  i s  transformed i n t o  

whose eigenvectors  s a t i s f y  t h e  s tandard  l i n e a r  eigenvalue equa- 

t ion  

A f a s t  Jacobi  method i s  used f o r  t h i s  procedure. The eigen- 

vec to r s  i n  t h e  o ld  b a s i s  of eq. (4 .3 .  2 )  obtained by t h e  t r a n s -  

format ion  



i 
I 4.4 SCF PROCEDURE FOR SOLVING THE HARTREE-FOCK EQUATIONS 
i 1 1 7  
t The method t h a t  we have adopted i s  due t o  Powell"" 
i 

and h a s  some advantages over s i m i l a r  i t e r a t i v e  techniques proposed 

by o t h e r  workers 77,112,113 . It belongs t o  t h e  c l a s s  of 

l e a s t  square methods and uses  a  Newton-Gauss i t e r a t i o n  where t h e  

sea rch  d i r e c t i o n  i s  b iased  i n  t h e  s t e e p e s t  descent  d i r e c t i o n .  

D e t a i l s  of implimentation of t h e  method a r e  given i n  s e c t i o n  3.3 

and t h e  a lgor i thm c l o s e l y  fol lows t h e  desc r ip t ion .  

As an i n i t i a l  s t e p ,  t h e  algori thm c a l c u l a t e s  a  co r re -  

c t i o n  g B  t o  apply t o  B. This  c o r r e c t i o n  i s  a  compromise between 

a Newton i t e r a t i o n  and t h e  s t e e p e s t  descent method. The balance 

between t h e s e  two methods i s  governed by t h e  s t e p  l eng th  A ,  

s o  t h a t  i f  A i s  l a r g e ,  t h e  c o r r e c t i o n  i s  a  pure Newton s t e p  

and t h e  convergence i s  quadra t i c .  For very small  va lues  of , 

t h e  v e c t o r  g B  i s  exac t ly  a  mul t ip le  of t h e  p red ic ted  g rad ien t  

of F ( B )  and i n  genera l  t h e  c o r r e c t i o n  i s  such t h a t  t h e  sum of t h e  

squares  F ( B + ~ B )  i s  p red ic ted  t o  be l e s s  than F ( B ) .  However 

t h e  n o n - l i n e a r i t y  i n  t h e  func t ion  f k ( ~ )  may in f luence  t h e  above 

p r e d i c t i o n .  Besides,  a  very small  s t e p  length  means an unnecess- 

a r i l y  l a r g e  number of i t e r a t i o n s .  Therefore t h e  algori thm 

inc ludes  a  method of r e v i s i n g  t h e  s t e p  length  A so  t h a t  t h e  

cond i t ion  

F ( B + g B )  < F ( B )  

i s  always maintained. 



The choice of the input parameter DSTEP is important 

since its magnitude determines the limit in the course of revi- 

sion of A .  Our choice of DSTEP is based on a large number of 

trials and is performed for each new wavefunction. 

Another important point is that the method of revising 

the Jacobian J depends on the displacement vector gB and on the 

differences 

These differences are liable to be dominated by round off errors 

if gB is too small, so we include the precaution of setting 6 

to a special value / /  6 I/ < A 

Iterative methods such as these could fail if the 

the Jacobian is such that we should avoid linear dependence in 

the directions that are generated by the successive iterations of 

the algorithm. The revised Jacobian is required to satisfy the 

conditions 

which would hold if the Jacobian were exact. According to 
* 

~ro~den'~', the new Jacobian J is obtained from the formula 
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Formula (4.4.4) demands that we insure sufficient independence 

of successive displacement gB. 

4.5 METHOD OF OBTAINING THE PARAMETER V 

An integral part of the present method is the choice 

of a suitable V which is the parameter that occurs in the 

inverted form as a transformation matrix in eq.(2.4.28). The 

overlap matrix W between the orbitals is related to this 

parameter by 

Initial choice of an acceptable V is difficult; on the other 

hand W is physically meaningful and an acceptable choice of W 

is relatively easy. We have therefore used the following pro- 

cedure to obtain the parameter V. The overlap matrix can be 

written as 

where U is any arbitrary unitary matrix. The right hand side 

of eq. (4.5.2) is Hermitian regardless of V, since (v'v)+ = wt . 
This necessarily implies the existence of W being Hermitian. 

If V is non-singular, then, so is W and we get 



mrthermore  s i n c e  W i s  Hermitian, it i s  semisimple and i t s  eigen- 

values a r e  r e a l .  

Equation (4.5.3) enables  us  t o  o b t a i n  a V 

1 1 - 
where w - ~  i s  t h e  inverse  of w2. 

It i s  easy t o  see  t h a t  W i s  p o s i t i v e  d e f i n i t e  ( a p a r t  

from t h e  f a c t  t h a t  W i s  t h e  over lap  matrix;  t h i s  may be t r e a t e d  

as a s p e c i a l  case )  s i n c e  f o r  any non-null  mat r ix  X we have 

which i s  r e a l  and p o s i t i v e  and Y i s  non-null as long as X i s .  

Hence t h e  eigenvalues of W a r e  p o s i t i v e .  This j u s t i f i e s  t h e  
I 

d e f i n i t i o n  o f  W' a s  

2 2 where XI, X 2 ,  - - - X E  a r e  t h e  eigenvalues of W and S i s  

u n i t a r y .  

There i s  a n  important theorem which proves t h a t  a p o s i t i v e  

d e f i n i t e  Hermitian matr ix  has a unique square r o o t  t h a t  i s  a l s o  

p o s i t i v e  d e f i n i t e .  



CHAPTER V 

R E S U L T S  AND D I S C U S S I O N  



5.l  RESULTS AND DISCUSSION 

WatsonJ s data  on the  configurat ion in t e r ac t ion  study of 

Be atom forms the  bas i s  f o r  comparison with the  r e s u l t s  of our 

 calculation^^^'^^^. As shown i n  t a b l e  11, Watson's 37-term 

expansion accounts f o r  89.5 % of t he  co r r e l a t i on  energy of Be 

atom. 

Apart from the  Hartree-Fock o r b i t a l  ls22s2, the  most 
2 2 important s-type s ing l e  configurat ion appears t o  be 2s sI. 

Table V I I  shows our r e s u l t s  f o r  a two configurat ion calcula t ion 

both f o r  the  orthogonal and non-orthogonal cases. 

T A B U  V I I I  

I n  general ,  t he  primed o r b i t a l s  a r e  obtained from the  corresponding 

unprimed Watson o r b i t a l s .  For example, the  s t a r t i n g  o r b i t a l  expan- 
1 

coe f f i c i en t s  f o r  the  s I  o r b i t a l  a r e  obtained from Watson's s I  data  



by slight adjustment and subsequent renormalization. The sI, s 11' 

etc. are virtual orbitals with s-type symmetry. 

Removal of the orthogonality constraint on the 1s orbital 

results in a significant improvement in energy. This means that 

the charge densities of Is and s orbitals are not strictly loca- I 

lized in their respective orbital regions. 1t is worthwhile to 

compare our results with that of Brigman et.a~.'~ shown in table 

I. Although they claim to have used non-orthogonal orbitals, our 

results are superior, which among other things may be due to a 

better choice of basis functions. Brigman et.al.'s paper is only 

sketchy and a detailed analysis and comparison is not possible. 

From Watson's calculations we find that the total contri- 

butions to energy from all the s-type orbitals including single 
- 

and double substltutlon conflguratlons add up to a total of 

-14.58640 a.u. Using non-orthogonal orbitals we are able to 

obtain a much more rapidly convergent energy. For example, with 

2 2 2 2 non-orthogonal orbitals a two configuration 1s 2s + 2s sI 
provides most of the correlation energy that Watson has reported 

2 2 2 with all the s-type configurations: 1s 2s + 2s2s: + ls2ssI + 
2 2 2 + 2s sIsII + 2s2sIIIsm + 2s 2 sIsn + 2s sn. This con- 2s S~~~ 

elusion is already known from the results of Kibartas et.al. 65 

where their 3 configuration calculation is found to show compa- 

rable total energy to Watson's 37-term value. 

We have done a number of calculations involving non- 

orthogonal s-type orbitals. The main aspects of these results 



a r e  shown below and de t a i l ed  tabu la t ions  a r e  given i n  appendix 111. 

TABLE I X  

2 2 t 2s2 Configuration: 1s 2s + 1s I 

Value of ( l s l l s ' )  

0.76516 

TABLE X 

2 2 Configuration: Is  2s + 2s2s: + 1s' 2s: 

Value of ( l s l l s ' )  

1.00000 

0.96610 

0.85503 

0.80682 

0 77705 

0.76516 

~ n e r g y  (a .  u)  

The r e s u l t s  of our e n t i r e  ca lcu la t ions  a r e  summarized i n  t a b l e  X V I .  



. . 
TABLE X I  

-- 

2 ' 2  2 ' 2  Configurat ion:  ls22s2 +- 2 s  s + 2s  s I I  1 

Value of ( s?(  ski) 

TABLE X I 1  - 
2 2 2 ' 2  2  ' 2  Configurat ion:  ls22s2 + 2 s  sI + 1 s  sII + 2 s  sII 

Value of (Is1 ski) 

A s  shown i n  t a b l e s  X I  and X I I ,  we have obtained energy va lues  below 

t h e  so-ca l led  " l i m i t s "  s e t  by Bunge i n  t a b l e  V. The value repor ted  



by Yuts is  e t  . a l g 8  i n  t a b l e  11, presumably us ing  only 

type o r b i t a l s ,  i s  a l s o  below t h e  sp l i m i t  shown i n  t 

s- and p- 

a b l e  V. P e r -  

haps,  such r igorous  l i m i t s  can only be e s t a b l i s h e d  f o r  orthogonal 

o r b i t a l s .  

Among a l l  t h e  conf igura t ions  considered by Watson, t h e  

2  2  most important c o n t r i b u t i o n  comes from 1s 2p . This  f a c t  has 

been repor ted  by many authors  65'104, and i s  be l ieved t o  be due 

t o  a  s t rong  mixing of t h e  l s22s2  and ls22-p2 conf igura t ions  aris-  

i n g  from t h e  near  degeneracy of t h e  2p and 2s  o r b i t a l s .  

I n  t h e  case of two e l e c t r o n  systems such a s  helium and 

i t s  i s o e l e c t r o n i c  spec ies ,  t h e  discrepancy between t h e  H a r t ~ > e e -  

11 Fock and t h e  t r u e "  wavefunctions can be s a t i s f a c t o r i l y  accounted 

f o r  i n  terms of two p a r t i c l e  c o r r e l a t i o n s  and t h e  c o r r e l a t i o n  ener-  

gy i s  n e a r l y  independent of nuc lea r  charge.  Ear ly  e s t ima tes  of ' 

t h e  c o r r e l a t i o n  energy of many e l e c t r o n  systems l e d  t o  t h e  b e l i d  

1. bhat t h e  c o r r e l a t i o n  energy can be expressed i n  terms of p a i r  

c o r r e l a t i o n s .  Furthermore, it was be l ieved t h a t  t h e  c o r r e l a t i o n  

energy pe r  p a i r  of e l e c t r o n s  i s  a  cons tant  f o r  e l e c t r o n s  t h a t  

d i f f e r  only i n  t h e i r  ms va lues .  This  view was strengthened by t h e  

observat ion  t h a t  t h e  c o r r e l a t i o n  energy of Be i s  almost twice t h a t  

of a  two e l e c t r o n  system. This  view was shown t o  be wrong by t h e  

s t u d i e s  of Kibar tas  e t  . a1. 65, Linderberg and S h u l l  87 and Watson . 
The superpos i t ion  of t h e  conf igura t ion  1 ~ ~ 2 ~ ~  t o  t h e  Hartree-Fock 

ls22s2 improves t h e  energy by 0.04116 a . u .  corresponding t o  43.5 $ 

of t h e  c o r r e l a t i o n .  

Watson has  performed a two conf igura t ion  c a l c u l a t i o n  111 

on Be wi th  



2 2  
y = a (  1 s  2 s  ) + 

and obtained an energy of -14.6165 

2  2 
b (  1s 2~ 1 

2 a .u .  Although t h i s  c a l c u l a t i o n  

uses  only 7 b a s i s  func t ions  ( t a b l e  VII ) ,  t h e  r e s u l t i n g  energy i s  

lower than  an e a r l i e r  c a l c u l a t i o n  u s i n g  9  b a s i s  func t ions ( t ab1e  V I ) .  

This  i s  perhaps due t o  a  b e t t e r  choice of o r b i t a l  exponents. 

We have performed a  number of c a l c u l a t i o n s  us ing  two 

conf igura t ions  

2  2  y = A (  ls22s2 ) + B (  1st 2p ) 

with  1 s  and Ist non-orthogonal t o  each o t h e r .  The r e s u l t s  of 

t h e s e  c a l c u l a t i o n s  a r e  shown i n  t a b l e  X I I I .  A very important 

conclusion t h a t  i s  apparent  from t h e  t a b l e  i s  t h a t  t h e  removal 

of o r thogona l i ty  c o n s t r a i n t  does not  l ead  t o  a  lowering of t h e  

energy as might be expected. 
- 

TABLE X I 1 1  

2  2  2  2  Configurat ion:  1s 2 s  + Is' 2~ 

Value of ( Is1 1st ) 

1.00000 

0.99925 

0.99625 

0.99607 

0.99479 

0 96835 



This  i s  t h e  only c a l c u l a t i o n  where removal of t h e  or tho-  

g o n a l i t y  c o n s t r a i n t  does not  lead  t o  a  lowering of energy. It may 

be because of t h e  approximation involved i n  ob ta in ing  s o l u t i o n s  

t o  t h e  SCF equat ions .  However, we would t o  r u l e  out t h i s  poss i -  

b i l i t y  and accept  t h i s  a s  a  v a l i d  observat ion.  The major argu- 

ments i n  support  of t h i s  b e l i e f  a r e  a s  fo l lows:  

A s  has  been mentioned i n  an e a r l i e r  paragraph, t h e  

major c o n t r i b u t i o n  t o  t h e  Hartree-Fock energy comes from t h e  

conf igura t ion  1 ~ ~ 2 ~ ~  and has been i n t e r p r e t e d  a s  being due t o  

t h e  n e a r  degeneracy of t h e  2 s  and 2p o r b i t a l s .  This  i s  shown 

i n  f i g u r e  1. Following Watson 111 we may c l a s s i f y  t h e  c o r r e l a t i o n  

energy of Be atom a s  

( a )  c o r r e l a t i o n  from 1 s  s h e l l  

2 2 ( b )  c o r r e l a t i o n  from mixing of ls22s2 and 1s 2p conf igura t ions  

( c )  c o r r e l a t i o n  a r i s i n g  from 2s  s h e l l  o r  a d d i t i o n a l  i n t e r - s h e l l  

mixing. 

It must be pointed out t h a t  un l ike  t h e  Hylleraas  o r  

Sinanoglu methods, a  C I  formalism does not  o f f e r  a  c l e a r  and 

unique method of sepa ra t ing  t h e  c o r r e l a t i o n  energy i n t o  i n t e r -  

s h e l l  and i n t r a - s h e l l  c o n t r i b u t i o n s .  The major p a r t  of e l e c t r o n  

c o r r e l a t i o n  comes through t h e  r a d i a l  p a r t  of t h e  wavefunction 

and hence depends on t h e  na tu re  of t h e  o r b i t a l s  and t h e  configu- 

r a t i o n s  t h a t  a r e  included i n  t h e  wavefunction. The above 

c l a s s i f i c a t i o n  of t h e  c o r r e l a t i o n  energy should not  t h e r e f o r e  



-f 

I 
be taken too  s e r i o u s l y  and i s  metely a  po in t  of view. Although 

i a d i r e c t  comparison of t h e  C I  r e s u l t s  and t h e  r e s u l t s  obtained 

from methods such a s  those of Hyl leraas ,  Sinanoglu o r  Bethe- 

l Goldstone i s  not  j u s t i f i e d  because of t h e  r o l e  of pa i rwise  
I 

i n t e r a c t i o n  and t h e i r  a d d i t i v i t y  i n  t h e  l a t t e r  methods, it i s  

worthwhile t o  cons ider  t h e  c o r r e l a t i o n  energy con t r ibu t ions  f o r  

102 Be atom obtained from p e r t u r b a t i o n  methods . 

Contr ibut ion  of each e l e c t r o n  p a i r  t o  t h e  t o t a l  

c o r r e l a t i o n  energy 

Though t h e  major c o n t r i b u t i o n  a r i s e s  from i n t r a - s h e l l  e l e c t r o n s ,  

t h e  i n t e r - s h e l l  c o r r e l a t i o n  energy i s  s i g n i f i c a n t .  

It appears  from our r e s u l t s  t h a t  t h e  upper bound i s  
2 2 2 2  reached i n  t h e  case  of a two conf igura t ion ,  i s  2s + 1s 2p 

with t h e  o r b i t a l s  being orthogonal.  Both t h e  1s - 1 s  c o r r e l a t i o n  

and t h e  2s - 2s c o r r e l a t i o n  seem t o  have a t t a i n e d  a maximum by 

mixing of l s22s2  and 1 ~ ~ 2 ~ '  conf igura t ions .  According t o  our  

scheme, t h e  o r b i t a l s  a r e  no t  cons t ra ined  t o  be orthogonal and 

it may be poss ib le  t o  o b t a i n  a c e r t a i n  amount of i n t e r - s h e l l  



c o r r e l a t i o n ,  ( 1 s  - 2 s ) ,  by an appropr ia t e  choice of an  o r b i t a l  
I 
! i 

1s i n  t h e  wavefunction 

Our a t tempts  t o  e x t r a c t  t h i s  a d d i t i o n a l  c o r r e l a t i o n  energy with 

only two conf igura t ions  proved t o  be unsuccessful .  We be l i eve  

t h a t  i n  t h e  simple two conf igura t ion  case ,  it i s  l i k e l y  t h a t  any 

at tempt  t o  improve t h e  i n t e r s h e l l  c o r r e l a t i o n  r e s u l t s  i n  decreas-  

ing t h e  i n t r a - s h e l l  c o r r e l a t i o n .  Since t h e  o v e r a l l  magnitude 

of t h e  i n t r a - s h e l l  c o r r e l a t i o n  energy i s  l a r g e r  by an order  of 

10,  it i s  p o s s i b l e  t h a t  a t tempts  t o  g a i n  a small  amount of 

i n t e r - s h e l l  c o r r e l a t i o n  r e s u l t s  i n  a  l a r g e  l o s s  of i n t r a - s h e l l  

c o r r e l a t i o n  s o  t h a t  t h e r e  i s  a  n e t  inc rease  i n  energy. 

Ir. t h e  ~ ~ ~ f ' , g ~ r ^ t k i i  h t 2 i - ~ i t L 0 i i  approach, one improves 

t h e  c o r r e l a t i o n  energy by increas ing  t h e  number of conf igura t ions  

i n  t h e  t o t a l  wavefunction. We t h e r e f o r e  s t u d i e d  t h e  t h r e e  

conf igura t ion  wavefunction 

9 

where t h e  2s o r b i t a l  Ls chosen t o  resemble t h e  2s o r b i t a l .  The 

r e s u l t s  of our c a l c u l a t i o n s  a r e  shown i n  t a b l e  XV. 



TABLE XV 

Configurat ion:  1s22s2 + 1s22p2 + 2s  I2zp2 

1 

Value of ( 2 ~ 1 2 s  ) ~ n e r g y  (a.  u )  

It can be seen from t a b l e  XV t h a t  a d d i t i o n  of a t h i r d  

conf igura t ion ,  keeping t h e  o r b i t a l s  or thogonal ,  does not  s i g n i -  

f i c a n t l y  improve t h e  t o t a l  energy. Removal of t h e  or thogonal i ty  

c o n s t r a i n t  markly improves t h e  energy. This  probably a r i s e s  

from t h e  f a c t  t h a t  t h e  I s  and 2s  c o r r e l a t i o n s  could be obtained 

independently,  thereby e x t r a c t i n g  some a d d i t i o n a l  i n t e r - s h e l l  

c o r r e l a t i o n  energy . 
The r e s u l t s  of our c a l c u l a t i o n  c l e a r l y  demonstrate t h e  

improved convergence due t o  t h e  r e l ax ing  of or thogonal i ty  cons- 

t r a i n t s .  Our t h r e e  conf igura t ion  func t ion  of equat ion (5.1.1)  

g ives  a s l i g h t l y  b e t t e r  energy than  a func t ion  w i t h  t h e  four  



conf igura t ions :  

We mention i n  pass ing  t h a t  we r e c a l c u l a t e d  Watson's r e s u l t s  f o r  

t h i s  conf igura t ion  of equat ion (5 .1 .2 )  and obtained an  energy 

of  -14.64513 a .u .  There i s  a  discrepancy between our ca lcu la -  

t i o n  and t h a t  r epor ted  by Watson ( -14.64253 a . u .  ) which may 

be a t t r i b u t e d  t o  improved methods of t h e  present  c a l c u l a t i o n  and 

p o s s i b l e  round off  e r r o r s  i n  Watson's computations. 

The f o u r  conf igura t ion  c a l c u l a t i o n  uses  two d i f f e r e n t  

p- func t ions .  Computationally, t h i s  demands more time than  us ing  

t h e  s i n g l e  p-funct ion of equat ion ( 5 . 1 . 1 ) .  The only o t h e r  compa- 

r a b l e  t h r e e  conf igura t ion  c a l c u l a t i o n  with presumably non-ortho- 

65 gonal o r b i t a l s ,  i s  by Yuts is  e t . a l  . Their  paper, based on t h e  

numerical Hartree-Fock method, r e p o r t s  an  energy of -14.642 a .u .  

which i s  s l i g h t l y  worse than  ours .  Moreover, t h e i r  c a l c u l a t i o n  

r e q u i r e s  t h e  use  of two d i f f e r e n t  p-funct ions.  
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F i n a l l y  we wish t o  make a  few remarks about t h e  i n f l u -  

erlce of ihe  parameter V on t h e  r e s u l t s  of t h e  present  ca icu ia -  

t i o n .  As has  been pointed out before ,  we have p re fe r red  t o  

c r e a t e  V from an a r b i t r a r i l y  chosen over lap  matr ix  W .  This  

means t h a t  t h e r e  a r e  i n f i n i t e  p o s s i b l e  choices  f o r  V,  a l l  of 

which a r e  r e l a t e d  by u n i t a r y  t ransformat ions .  

The ques t ion  may be r a i s e d ,  i s  t h e r e  an optimum V 

f o r  each wavefunction t h a t  corresponds t o  t h e  lowest energy? 

I n  o r d e r  t o  f i n d  an answer, we s t u d i e d  t h e  e f f e c t  of var ious  V ' s  

- ( a l l  of which g ive  t h e  same over lap  W f o r  a  p a r t i c u l a r  c a s e )  

- on t h e  t o t a l  energy. These var ious  V J s  were obtained by 

mul t ip ly ing  t h e  i n i t i a l l y  chosen V by a c l a s s  of u n i t a r y  mat- 

r i c e s .  The r e s u l t s  seem t o  po in t  out t h a t  while t h e  t o t a l  energy 

i s  ve ry  s e n s i t i v e  t o  t h e  o r b i t a l  over lap  matr ix  W , it i s  

r e l a t i v e l y  unaffec ted  by t h e  parameter V.  I n  o the r  words, t h e  

energy t ends  t o  reach an optimum depending upon t h e  over lap  

mat r ix  W and t h e  dependence on V appears  t o  be s m a l l  i f  any. 

A more emphatic statement about t h e  dependence of 

energy on t h e  parameter V . would r e q u i r e  a sys temat ic  calcu-  

l a t i o n  of t h e  energy with r e spec t  t o  a  v a r i a t i o n  of V. 



I 5.2  SOURCES OF ERZOR AND ACCURACY O F  THE CALCULATIONS 
t 
I A few rw~~ar*ks about t h e  sourdces of errwrs arid accuracy 

I of t h e  present  c a l c u l a t i o n s  would be appropr ia t e .  As i n  any 

computer c a l c u l a t i o n s ,  two major sources of e r r o r  t h a t  a r e  

inhe ren t  a r e  t r u n c a t i o n  e r r o r s  and round o f f  e r r o r s .  The former 

a r i s e s  due t o  t h e  f i n i t e  s to rage  capac i ty  of computers and i n -  

f i n i t e  decimal q u a n t i t i e s  t h a t  have t o  be appropr ia t e ly  t runca ted .  

Round o f f  e r r o r s  can a r i s e  even wi th  numbers with f i n i t e  decimal 

r e p r e s e n t a t i o n .  It i s  t h e  accumulation of such e r r o r s  t h a t  i s  

t h e  major source of e r r o r  i n  atomic and molecular c a l c u l a t i o n s  

such a s  t h e  p resen t  one. An example of a  c a l c u l a t i o n  where t h i s  

d i f f i c u l t y  occurs i s  i n  t h e  computation of two-electron i n t e g r a l s .  

Unfortunately i t  i s  o f t e n  impossible t o  e l imina te  round of f  

e r r o r s .  

The p resen t  method of c a l c u l a t i o n  i s  not  adapted t o  

make convergence s ta tements  s i m i l a r  t o  those  made i n  numerical 

Hartree-Fock c a l c u l a t i o n s  where it i s  o f t e n  t h e  p r a c t i c e  t o  

w r i t e  t h e  percent  change i n  a  wavefunction from one Hartree-  

Fock i t e r a t i o n  t o  t h e  next .  I n s t e a d ,  we have used t h e  calcu-  

l a t i o n s  based on orthogonal o r b i t a l s  a s  i n d i c e s  f o r  t h e  magni- 

tude  of e r r o r s  i n  o t h e r  c a l c u l a t i o n s .  

The over lap  i n t e g r a l s  between d i f f e r e n t  occupied 

o r b i t a l s  of t h e  same & value ( f o r  or thogonal  o r b i t a l s )  never 

exceed 2 . 0  x  It i s  be l ieved t h a t  t h i s  i s  a  reasonable 

i n d i c a t i o n  of t h e  accumulated e r r o r  i n  one e l e c t r o n  i n t e g r a l s .  



Most of t h e  e r r o r  i n  c a l c u l a t i o n s  of t h i s  kind occurs 

i n  t h e  course of eva lua t ion  of t h e  two e l e c t r o n  i n t e g r a l s .  Our 

va lues  a r e  i n  e x c e l l e n t  agreement with those  repor ted  by Watson 111 

t o  wi th in  5 .0  x It i s  however d i f f i c u l t  t o  compare t h e  

accuracy of t h e  present  c a l c u l a t i o n  wi th  those  of Watson, but  

a  genera l  survey of c a l c u l a t i o n s  of t h i s  kind t o g e t h e r  with 

cons ide ra t ions  of t h e  sof tware of t h e  p a r t i c u l a r  computer, seem 

t o  i n d i c a t e  t h a t  our c a l c u l a t i o n s  a r e  accura te  a t  l e a s t  t o  t h e  

seventh decimal p lace .  The main po in t  t o  note  i s  t h a t  our ca17 

c u l a t i o n s  have converged t o  an apparen t ly  s t a b l e  energy. 

The c a l c u l a t i o n s  were a l l  done on IBM 370/155 Computing 

System us ing  double p r e c i s i o n  mode. 

5.7 CONCLUSIONS 

Tn t h e  foregoing  s e c t i o n s ,  we have presented t h e  theory  

of Mult i -Configurat ional  Se l f  Cons is ten t  F i e l d  us ing  non-ortho- 

gonal o r b i t a l s  and a  p r a c t i c a l  implementation of t h e  method t o  

t h e  c a l c u l a t i o n  of t h e  ground s t a t e  energy of Beryllium atom. 

The t r a d i t i o n a l  Configurat ion I n t e r a c t i o n  o r  MC-SCF procedure 

when app l i ed  t o  a l l  conf igura t ions  simultaneously i s  cumbersome, 

expensive and slowly convergent. This  t h e s i s  p resen t s  a  method 

of surmounting some of t h e  problems i n  t h e  t r a d i t i o n a l  approach. 

The major conclusions a r e :  

( a )  The use of non-orthogonal o r b i t a l s  r e s u l t s  i n  a s i g n i f i c a n t  

improvement i n  t h e  convergence of t h e  C I  expansion. The t h r e e  



configuration function represented by equation (5.1.1) and 

reported in table XV , appears to give the lowest energy of any 

three configuration calculation to date on Beryllium. In view, 

of this result and the arguments presented in pages 125 - 126, 

relaxation of orthogonality constraint on orbitals appears to 

be justified from the chemical point of view. 

(b) The pseudo-eigenvalue approach proposed by Benston and 

Chong is inconsistent and cannot be satisfactorily applied in 

the form given. With one possible exception, the orbitals which 

result from our scheme, give substantial lowering of the energy 

and hence the approximation we have used appears to be quite 

good. 

(c) While the total energy is very sensitive to the orbital 

overlap matr5x W it appears tc be  m c h  less sensftfve tc +"- U L l G  

parameter V. 



Addi t ional  information as t o  t h e  degree t o  which t h e  

wave func t ion  desc r ibes  t h e  exact  e l e c t r o n i c  conf igura t ion  could 

poss ib ly  be obtained from expec ta t ion  values of var ious one- and 

two-electron opera tors .  Such c a l c u l a t i o n s  a r e  no t  included i n  

t h e  p resen t  s tudy f o r  two reasons :  (1) The major po in t  of t h i s  

i n v e s t i g a t i o n  i s  t o  t r y  t o  a s s e s s  t h e  advantages of non-ortho- 

gonal o r b i t a l  expansions a s  compared t o  t h e  orthogonal ones. 

Among t h e  many c a l c u l a t i o n s  on Be atom, only S a b e l l i  and Hinze 78 

have repor ted  values f o r  anything o t h e r  than  energy. This would 

no t  provide s u f f i c i e n t  grounds f o r  comparison, e s p e c i a l l y  s i n c e  

( 2 )  t h e  one-e lec t ron  opera to r s  which a r e  r e l a t i v e l y  easy t o  

c a l c u l a t e  a r e  q u i t e  i n s e n s i t i v e  t o  t h e  degree of approximation 

in t h e  wave funct ion .  The two-electron opera to r s  which a r e  

more d i f f i c u l t  t o  c a l c u l a t e  a r e  t o o  s e n s i t i v e  €0 g ive  any UR- 

ambiguous t r e n d s  i n  t h e  l i g h t  of such l i m i t e d  sources f o r  com- 

parison.  Besides, such c a l c u l a t i o n s  would involve a consider-  

a b l e  amount of computation and can c o n s t i t u t e  a major s tudy 

i n  i t s e l f .  



APPENDIX I 

The genera l  v a r i a t i o n  i n  energy wi th  r e spec t  t o  o r b i t a l s  

i s  g iven  by eq. (2 .2 .15)  

where 

f f  f f  f f  f f f f  + 1 1 1 1 [ ~ ~ ~ ( i ' $ k  1 ) A ( i  k  )A(J 1 ) 6 q ' ( i  j k  1 ) 
1 '* jf kf 





A  B  
f f  m n 

f f f f  P f ; t f  J f f f  L k f f  f f  
6 D A B ( i  j k  1 ) = D A B ( i  J k 1 ) A ( i k m ) A ( ~  I n  ) 6 ~ * ~ ( m n )  

A  (kf l T ) A  ( l f n r ) 6  ~ ~ ~ ( m ' " ' )  ( A .  1. 10) 

f 3 f  f 
6 ~ i ~ ( i  J k  1 ) = L 

f f f f f f  f f f  f f  7 D p B ( i  j k 1 m  n ) A ( i  k m  ) ~ ( f l  n ) 
mf nf 

f f  f f f f  6 ! r i B ( m  n ) + 1 1 D A B ( i  j k 1 mTn*) 



Because of 

t i e s  a r e  s 

t h e  qermi t ian  c h a r a c t e r  of h  and g,  t h e  primed quant i -  

imply t h e  complex conjugates  of the  unprimed ones. 

Since t h e  opera to r s  a r e  Hermitian, t h e  v a r i a t i o n  i n  energy can be 

w r i t t e n  a s  

f f f f  f f  
6DAB(i 3 k 1 ) ) +I 1 1 { bq(iTjTk 1 ) 

f  f i+ jr k 1 



The complex conjugates a r e  denoted by t h e  symbol *. I n  w r i t i n g  
. s 

e q . ( ~ . I . 1 2 )  we have made use of t h e  Hermitian proper ty  

R e l a t i o n  ( A .  1 3 )  i s  subjec ted  t o  t h e  o r b i t a l  opt imiza t ion  condi- 

t i o n  

( A .  I. 14) 

Note t h a t  t h e  f irst  term involves t h e  v a r i a t i o n  of cpi while t h e  
- 

second term involves t h e  v a r i a t i o n  of cp We now def ine  an a r b i -  
j 

t r a r y  s e t  of Lagrange m u l t i p l i e r s  E and sum over both i and J. 
i j 

* 
TJsing t h e  r e l a t i o n  (mil 6cpj) = (bcpjI cpi) W e g e t  

Equat ion (A. I. 16) is  now added t o  eq. (A.  1.12).  The necessaty bu t  

n o t  s u f f i c i e n t  condi t ion  t h a t  E reach i t s  absolu te  minimum is  t h a t  

6E = 0 f o r  any a r b i t r a r y  choice of v a r i a t i o n  bcpi i n  t h e  

o r b i t a l s .  We f i n a l l y  g e t  



f f f f  
q(' j k 1 ) 6DAB(ifjfkfl*) ) + 1 1 1 1 { 

if jf k7 I T  





APPENDIX 11 

11. 1 -- PROPERTIES OF DETERMINANTS 

Let A = a 
a $  

be a n  x n matr ix .  The determinant of A 

i s  def ined  by 

d e t  A = 1 e ( a , ~ , -  - an6 

where e ( a , $ , - - - )  r e f e r s  t o  t h e  permutation ( s i g n )  of t h e  d e t e r -  

minant. The determinant A can be expanded i n  terms of t h e  matr ix  

elements of t h e  row a e x p l i c i t l y  

d e t  A = 2 a   of a  ) 
aB a@ 

B 

where t h e  co fac to r  Cof an, i s  a  number and depends on t h e  metr ix  

elements i n  o t h e r  rows. 

A determinant vanishes i f  it has two i d e n t i c a l  rows o r  

two i d e n t i c a l  columns. Using t h i s  p roper ty  we can w r i t e  

C o f a  ) = d e t A .  6 , L a a s (  a '@ aa 
B 

Expanding t h e  c o f a c t o r s  a  i n  eq . (A. I I .2 )  i n  terms of row y, 
a@ 

we g e t  

Cof a i s  a  genera l  co fac to r  of o rde r  2 and depends on matr ix  
a L y 6  

elements on o t h e r  rows. The proof i s  as fol lows:  



y t h  row move up to become the  second 

Let the  a t h  row move up t o  become the  f i r s t  row and the  

row. Then by the  usual  

Laplace expansion of a determinant 

Expanding from the  f i r s t  two rows we g e t  

a-1 d e t  A = (-1) ( - I ) ' - ~  

( A .  11.6) 

where ~ ( a , $ ; y , 6 )  i s  the  minor of a,B and y , 6 .  Note t h a t  we 

have assumed t h a t  a < Y and $ < 6 Equation ( A .  11.6) can be 

w r i t t e n  as - 

aa 1 

a 
Y 1 

- 

Making use of the  property ( A .  11.3) we can rewri te  eq. ( A .  11.8) 

as 

a+B+y+6 d e t  A = (-1) 1 

d e t  A = 1 1 aaB ay6 ( C O ~  aa'B,y.6 1 
B 6 

a a a@ a6 

= de t  A [ baa. b y y .  - 6ua' ' (A.  11.9) 

Equation (A.11.9) exh ib i t s  the  property t h a t  a determinant vani- 

shes if two rows a r e  i d e n t i c a l  and changes s ign  if two rows a 

@ , 6  &YB ay6 



and y a r e  exchanged. 

Another important proper ty  which i s  of use t o  us  is  t h e  

fol lowing.  I f  A i s  non s i n g u l a r ,  t h a t  i s ,  d e t  A # 0 , t h e  

i n v e r s e  of A i s  g iven  by 

A - ~  - - -. 1 a d j  A (A. 11.10) 
d e t  A 

where t h e  a d j o i n t  of a square matrix A i s  t h e  t ranspose  of t h e  

m a t r i x  of  c o f a c t o r s  of  A 

A a d j A  = 

k = l  I 
where b i s  t h e  k j  t h  element of  a d j  A ,  t h a t  i s ,  A 

k j  Jk' 

Therefore A a d j A  = 

k = l  
I - 

= d e t A .  I (A. 11.12) 

S ince  d e t  A # 0 ,  we have 

A 1 a d j  A = I 
ciet A 

A - ~  - - 1 . a d j  A 
d e t  A 

In terms of  t h e  components (a-l)pa of t h e  matr ix  A-I, we can 

w r i t e  eq. ( A .  11.10) as 

(A. 11.14)  



That is, the inverse matrix is ( l/det A) times the transpose of 

the matrix whose elements are the cofactors of the elements of the 

original matrix. This statement can be generalized so as to 

include eq. (A. 11.4) and we can write 

11. 2 MATRIX EIXMENTS OF OPERATORS ON DETERMINANTAL FUNCTIONS 

We are interested in matrix elements of the general form 

W = ( 4  (1,2,---~)lQ(1~2,---~)\~(1,2,---~)) 

(A. 11-17) 

where 4 and y are antisymmetric func t ims  of-~ electrons anti 

R is a Hermitian N-electron operator. The operator i2 may be 

written as 

N  N N  N N N  
2 , - N  = 1 ni + 1 1 n i j  + C 1 1 n,,, + -  - - 

i ie J i <  j < k  
(A .  11.18) 

where Qij represents an operator in electrons i and j etc. In 

the following we will be concerned with only one- and two particle 

operators. 

(4 Overlap of two Slater determinant functions: 

In terms of the one particle functions, the Slater deter- 

minant may be written in abbreviated form 



and similarly for Y . The corresponding antisymmetrized Slater 
0 

determinant wave function is defined by 

In deriving the above relation we have used the fact that the 

antisymmetrizer 3 is a p r o j e c t - i ~ r .  operetor azd hence idempotent. 

The normalization constant is given by 

4 = A! det{(Ialla,)] (A. 11.24) 

Combining eq. (A. 11.23) and eq. (A. 11.24) we get 

(A. 11.25) 

(b) Matrix elements of a one electron operator 
A 
-7 

F = 4 f a  
where fa acts only on the coordinates 



L 

of t h e  e lec t ron  a  

The wave funct ion fa@ i s  obtained from by replacing s ing le  
0 0 

p a r t i c l e  function cpa(xa) by fa% (xu) Hence the  r i g h t  hand 

s i d e  of eq. ( A .  11.26) may be evaluate3 using eq. ( A .  11.23). It i s  

only necessary t o  replace the  matrix elements ( ( ~ ~ 1  t a t )  i n  the  

a t h  row of de t~(cpa l la t ) l  by (facpallu,) = (cp a a  f 1 )  a , )  The 

modified determinant may be evaluated by using cofactor  expan- 

sion.  Hence the  terms a i n  the  sum (~.11.26)  must be - 

where cast i s  the  cofactor of (pal 1,' ) i n  det[(cpa) I,' ) 1. 

Fina l ly  using ( A .  11.15) and ( A .  11.23) we g e t  

( I l ~ l ' f )  = ( ) I Y ) . ~  f a t  (B-l) aa ' ( A .  11.27) 
aa' 

where B - - ( 1  I and B-I i s  the  inverse  of B. 

(4  Matrix elements of two e lec t ron  operator 

Let v = C v  aB where v  a c t s  only on the  coordinates aB 



and x of the electrons a  and 8 .  By an argument s imilar  t o  B 
t h a t  given i n  the  case of one electron operator, we can 

es t ab l i sh  

(A. 11.28) 

where c ( a Q ,  yb  ) a r e  the generalized cofactors defined i n  (A.  11. 

15). Using (A.  11.16) we can write 

(A. 11.29) 
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RESULTS 



Q R R I T A L  O V E R L A P  M A T R l  X ---------------------- 
a 

0-0 0.03 102888 
1 . 0 ~ 0 0 0 0 0 0  0 ,  13975427 
0 , 1 3 9 7 5 4 2 7  10 OOOOOOOO 

QRT hOGO h AL NCN-ORTHOGONAL 



CCNFIGURATIGN: l S 2  2 S 2  + 2S2 5 1 2  

O R B I T A L  OVERLAP MATRI X 

COhFIGURPTION M I X I N G  C O E F F I C I E N T S  --- ________________I_______________ 

ORT FOGONAL NON-ORTHOGUKAL 



CONFIGURAT TON: I S 2  2 S 2  + 252 2 1 2  -- 

C R B I T b L  O V E R L A P  M A T R I X  

ORTkOGONAL NON-ORTHOGONAL 



FNERGY 

C O M P A R  ISQN OF R E S U L T S  
--------------I-- 

ORTHOGf lNAL NON-ORTHOGQ hAL 



C C N F I G U R A T I O N :  152 2S2 + 2S2 512 

CONFIGURATION MIXING COEFFICIENTS 

ORTHOGO hPL NCN-ORTHOGOhPL 



C O N F I G U R P T I I I N :  152  2S2 + 2S2 512 -------------------------------- 

O R B I T A L  OVERLAP M A T R I X  

C n N F l G U R A T I C h  M I X 1  NG COEFFICIENTS 



NS: 152  252 + I S ' S  S 

C P T l M I Z F O  EXPANSICN C O E F F I C I E h T S  

ORTHOGG R A L  N C N - C P T H O G O h A L  



O R B I T A L  O V E R L A P  M A T R I X  

F N E R G Y  

L 

C O M P A R I S O N  OF R E S U L T S  ----------------- 

O R T H O G O N A L  N O N - O R T H O G C h A L  



1s 2 s I S '  

ORTI-OCONPL NON-ORTHOGOKAL 

-140573024S3 -14,57528 142 



CONFIGURATIONS: I S 2  2 S 2  + 1 S 8 2  S12 

COhFIGURATICh M I X I N G  C O E F F I C I E N T S  



OR THQGO NAL N C K - C R T H O G O K A L  



O P T 1  MIZED E X P A N S I C N  CCEFFICIEhTS 

ORB JTAL O V E R L A P  M A T R I  X 

CONFIGURATION M I X I N G  COEFFICIENIS 

O R T h O G O N A L  NCN-ORTHOGC hAL 

F N E R G Y  - 1 4 - 5 7 3 0 2 4 9 3  - 1 4 . 5 7 6 7 1 3 2 4  



.. ' 

. . .  
- QHT t-OGONAL NCN-ORTHOGOhAL 



CPT IMIZEC EXPANS ION COEFFIC IEhTS 

C R R I T A L  OVEPCbP MATRIX 

COhFIGURATICh MIXING COEFFICIENTS 

E h E RGY 



CONFIGURATT  Ch M I X 1  NG CCEFFICIENTS 



C R P I T P L  O V E R L A P  M A T R I X  

FNERGY 

ORT t - O G C N P L  NON-ORTHOGONAL 



C O N F I G U R A T I C ~  M I X I N C  C O E F F I C I E N T S  
, . - 

. . 
C C M F P F I  S C h  CF R E S U L T S  ------------------ 





1 S 2 s s I S I I  

C O M P A R I S Q N  OF R F S U L T S  ------------------ 1. 

ORTHOGONAL NCN-ORTHOGO h A L  

F N E R G Y  - 1 4 . 5 8 4 8 3 7 3 0  - 1 4 . 5 8 3 0 8 8 1 8  



2 2 s I S I I  

C C M P A F I S C h  CF R E S U L T S  ------------------ 

Q R T W G G O h  P C  NCN-ORTHOGONAL 



C P T I M I Z E D  EXPANSIGN C C E F F  I C I E h T S  

C O N F T G U R A T I  Ch P I X I  kG C C E F F I C I E N T S  



1 s 2 ,C s I S I I  

f R B I T A L  O V E R L P P  M A T R I X  

- 
l,fGOOOG00 0.00003005 0.105966E3 0.11 18739C 
C o  C C C O C C C S  C, 99999999 0.00731353 Om00771458 
0.1 0596683 0,0072 1353 1, O C C C G O C C  0, C67759S8 
0-11187390 0*00771458 0,06775998 0 ,99999960 

1S7 2 5 2  2 ~ 2  SI ' 2 252  S I I '  

ORT  t-OC'ONAL NON-ORTHOGOh AL 



C C M F A P I  S C R  CF R E S U L T S  



C F T I M I Z E C  E X P b N S I C N  C C E F F I C I E W S  



1 S 2s s I S I  I  S I I  I 

O R B I T A L  O V E R L A P  M A T R I  X 

-- 
1 , C G O C C G 0 0  0.0 0-0 0, C 0.0 
C O O  1 0000.33000 0.0 0.0 0.0 
C O O  0.0 1. CCOCOOGO 0 -0 0 00 
0 00 0.0 C O O  1, C0000000 0.0 
0.0 0.0 0.0 0.0 1.0000CC03 

FNFRGY 

k 

O R T H O C O K A L  N C N - O R T H O G O N A L  



C P T  IMIZEC E X P A N S I O N  C O E F F I C I E N T S  -------------------------------- 
I S  2s  S I S I  I S I I I  

COMPARI EON OF R E S L L T S  ------------------ 

ORTHOGO h A L N C h - C P T H O G C h  A L  



O P T I M I Z E D  E X P P N S I  C N  C C E F F I C I E h T S  



CRBITAL OVERLAP P A T R I  X 

C O N F I G U R A T I C N  M I X I N G  C O E F F  I C I E N l S  -------------------------------- 

I 
Z I I I  I 

I 

FNFRGY 



CONFIGURATION: 1S2 2S2 + 2S2 S 1 2  + I S 2  S I 1 2  + 2 5 2  S I X 1 2  

-- 
1 . C O C ~ O O u O ~  0 -0 0 ,0546 1608 0, C9345395 0.0 
0. f? 1, OOCOGOOO 0.00376946 Oo00644327 0.0 
0005461608 0,00376946 1, C C C C C 3 C O  0- C5197269 0.0 
O,C9345395 0.00644327 0.05197269 1.00000030 O.OOOCC1S7- 
0-C 0.0 0.0 0000009973 0.9999995: 

Ci3hFIGLJRATI  Ch P I X I  IVG C O E F F I C I E N T S  



CPTIMI ZED EBPANSICN CCEFFICIEKTS ------------------------------- 

CQNFIGURATION MIX1  NG COEFFICIENTS 

ENFRGY 

ORTHOGCNAL NCh-GHTHOGChAL 



CChFICURATION MIX ING COEFFICIENTS 

O R T P O G C N b L  NCN-ORTHOGONAL 



C C M P A R I  S C R  CF R E S L L T S  ----------------- 



C R B I T A L  O V E R L P P  M A T R I X  

1 -C001)Q000 0.0 0,19289802 0.0 
0- C 1~OOGOCOCO 0.98C78505 -0 0 
0019385833 C-58C78505 1, C C C C C C C C  0. C 
C O O  0-0 0.0 1,COOOooCO 

E N F P G Y  





CPTI M I  ZED F X P A N S I C N  C C E F F I C I E h T S  

0.0 0 .31309516 0 - 0  
1.ooooocoo 0.89684120 -0 . o 
0 .89684120  1. C C C C C O O O  0.0 
0 .0  0 - 0  0 ,99999989 

ORTI -OCONAL NGN-ORTHOGOKAL 



C P T I M I Z E D  EXPANS I O N  C O E F F I C I E N T S  

C R P I T A L  OVERLAP M A T R I  X ------------------- 

F N E R G Y  

ORTFOGONAL NCN-OR THOGC hAL 



Fig. 3 Be one-electron 2s and 2p charge densities 
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