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c o e f f  i c i e n t  (< 1 ) 

m t,he r e g i o n  o f  ~trong a b s o r ' p t i o n ,  th? r a d i a t i o n  ca rma t  

r e f l e c t i o n  spec ty-oscopy i c  much more s u i t a b l e  and t h e n  t h e  

t h r o u g h  Kr~irilers Kron ig  r e l a t i o n s .  The experiments a r e  g e n e r a l i y  

done a t  low t e m p e r a t u r e s  u s i n g  i n f r a - r e d  r a d i a t i o n .  

There  a r e  b a z j c a l l y  two t y p e s  ~f i n t c rb t ind  t r a r i c i t i ~ ) ~ ~ : .  

(i) D i r e c t  T r n n s i t i o n c :  The e l e c t r o r r ~ a g n e t i c  r a d i a t i o n  iz 

a b s o r b e d  b y  a  s e m i c o n d u c t i n g  c r y s t a l  due s o l e l y  t o  t h e  

i n t e r a c t i o n  be tween  t h e  r a d i a t i o n  and t h e  e l e c t r o n s  i n  

t h e  c r y ,  L 11. 



--+, 
( a )  Energy  r o n s e r v a t i o r , ,  E  = ( + i*L' 

(b) Monenturn c o n s e r v a t i o n ,  2' = 2 -+ $ 

l e n g t h )  b u t  1x1 = .lo5 crn-I ( f o r  wave leng th  - 6283 6) so 

band minimum l i e  at t h ~  same p o i n t  i n  7 s p a c e .  When t h e  

D i r e c t  , , , d  a l s o  i n d i r e c t )  t r a n s i t i o n s  arE f u r t h e r  sub-  

d i v i d e d  i n t o  " a l l o w e d "  and " f o r b i d d e n "  t r a n s i t i o n s  a c c o r d i n g  



+ 
t o  t h e  symmetry p r o p r r t y  o f  t h e  e n e r g y  b a n d s  at k  = d, ( t o  be 

d i s c u s s e d  l a t e r )  . H ; t r C J <  e r l ,  I j l a t t  and H a l l  (l! lave d e r i v e d  tht 

t o l l o w i n g  e x p r c s s i o n r  f ~ r  t h e  a b s o r p t i o n  c o e f f i c i e n t c ,  a s suming  

P a r a b o l i c  b a n d s  and i g n o r i n g  Coulomb e l ' f e c t s .  

D i r e c t  a l l owed  t r a n s i t i o n s :  

where 0 i n  t h e  b r a c k e t  i n d i c a t e s  t h e  a b s e n c e  of  e x t e r n a l  f i e l d s .  

D i r e c t  f o r b i d d e n  t r a n ~ i t i o n s :  

The i n d i r e c t  t r a n s i t i o n r  domina te  t h c  a b s o r p t i o n  edgc i n  

i n d i r e c t  band gap   semiconductor^ l i k e  Ge and S i  where t h e  

( ' o n d u c t i o n  band minimum and t h e  v a l e n c e  band maximum o c c u r  a t  
--+ 

d i f f e r ~ n t  T;' v a l u e s .  An e l e c t r o n  i n  i n i t i a l  momentum s t a t e  k  
+ 

e n d s  up i n  a i ' i n a l  s t a t e  k' + and t h e  s e l e c t i o n  r u l e  f o r  

c o n s e r v a t i o n  01' momenturn i s  s a t i s f i e d  by t h e  p a r t i c i p a t i o n  of a 



t'hrougkl a 1;irt 1l:i.l .ifit,i.:rr:ltti ; a t , t  z t  ate which i n v o i v e s  r c t i t , t e r i n g  

a d d i t i o n  t o  t h e  ~ , l , r ; i l  ab: :orpt ion of  :in o p t i c a l  p h o t o n .  Tht 

t r a n s i t i o n s  can he  a l l owed  o r  fo rb idden)"  Fo r  a l l owed  i n d i r e c t  

When phonorl a b s o r p t , i o n  p r o c e ~ s e s  domina te  o v e r  phonon e r n i : : i ~ n  

t h e  i n d i r e c t  a b s o r p t i o n  e o e f ' f ' i c i e n t  i s  t e m p e r a t u r e  d e p e n d e n t  

t h r o u g h  t h e  B o s e - E i n s t e i n  f a c t o r  ( e  - l)-l, where k g  i s  t h e  

e n e r g y  o f  t h e  phonons i n v o l v e d .  

1.3 E f f e c t z  of S t : i t i c  E l e c t r o m a g n e t i c  F i e l d -  
on I n t e r b a n d  T r a n s i t i o n s  

E x t e r n a l l y  a p p l i e d  s t a t i c  e l e c t r i c  and m a g n e t i c  f i e l d s  

m o d i f y  t h e  a b s o r p t i o n  c o e f f i c i e n t .  A g r e a t  d e a l  of  i n f o r m  tion 

a b o u t  t h e  ban s t r u c t u r e  of t h e  m a t e r i a l  can  be  o b t a i n e d ,  once 

t h e  f i e l d  i nduced  chllnges i n  a b s o r p t i o n  c o e f f i c i e n t  a r e  r e l a t e d  



t o  t h e  b e h a v i o u r  of t h e  e l e c t r o n s  i n  t h e  m a t e r i a l .  I t  i t :  c ~ n v ~ n i e n t  

t o  d i s c u s s  t h e  e t ' fec . ts  o f  t e c t r i c  f i e l d ,  m a g n e t i c  f i e l d  and c r o c -  

sed  e l e c t r i c  and rrlag_r,nt.tic I ' i c I d c ,  on t h e  o p t i c a l  a b s o r p t i o n  

c o e f f i c i e n t  z e p u r a t t l y .  

( i )  E l e c t r i c  F i e 1  (1 
--- 

i n t e g r a l  f o r  ( E i s  n o n - v a n i s h i n g .  Thus t h e  a b s o r p t i o n  
g 

C o e f f i c i e n t  h a s   on-zero v a l u e s  f o r  h e  < E . The F ranz -Ke ldysh  g  

YW > E f o l l o w s  from t h e  s i m p l e  t h e o r y  and w i l l  b e  d i s c u s z e d  
g 

l a t e r .  The e x p o n e n t i a l - l i k e  t a i l  h a s  been  con f i rmed  by  s e v e r a l  

e x p e r i m e n t s  9 ,  b u t  n o  q u a n t i t a t i v e  ag reemen t  h a s  been  

a c h i e v e d  be tween  t h e o r y  and e x p e r i m e n t  above  t h e  band g a p .  

(ii) M a g n e t i c  F i e l d  

A m a g n e t i c  f i e l d  h a s  two s t r i k i n g  e f f e c t s  on t h e  i n t e r b a n d  

a b s o r p t i o n  spectrum. It  s h i f t s  t h e  t h r e s h o l d  f o r  a b s o r p t i o n  



t o  h i g h e r  photon  e n e r g i e c  and t h i s  s h i f t  i s  p r o p o r t i o n a l  t o  

m a g n e t i c  f i e l d  s t r e n g t h ,  R. S e c o n d l y ,  i n  t h e  p r e s e n c e  of  a  

m a g n e t i c  f i e l d  lkle a b ~ ~ r p t i o n  c o e f i ' i i i e n t  i s  o s c i l l a t o r y  i n  

n a t u r e  f o r  photon  e n e r g i e s  g r e a t e r  t h a n  t h a t  c o r r e s p o n d i n g  t o  

t h e  e f f e c t i v e  band g a p .  These a r e  n o t  t o o  d i f f i c u l t  t o  

u n d e r s t a n d  i f  one r e c a l l z  t h a t  a m a g n e t i c  f i e l d  i n t r o d u c e s  a  

d i s c r e t e  s t r u c t u r e  in t h e  e n e r g y  l e v e l  s p e c t r u m .  We w i l l  s e e  

l a t e r  t h a t  i n  t,he p r e s e n c e  of a m a g n e t i c  f i e l d ,  e n e r g y  l e v e l s  

i n  Conduct ion  and v a l e n c e  b a n d s  a r e  q u a n t i z e d  and d i r e c t  

i n t e r b a n d  t r a n s i t i o n s  obey t h e  s e l e c t i o n  r u l e  An = n '  - n  = 0, 

where n I ,  r i  a r e  t,he L:ir!da\l qu:~ntum numbers f o r  c o n d u c t i o n  band 

and v a l e n c e  b a n d  r e s p e c t i v e l y .  The d i s c r e t e  e n e r g y  l e v e l  

rpec t rum,  coup led  w i t h  t h i s  i n t e r b a n d  s e l e c t i o n  ru1.e i s  

s u f f i c i e n t  t o  e x p l a i n  b o t h  t h c  above e f f e c t s .  There  i s  an 

abundance o f  e x p e r i m e n t a l  d a t a  (21-29) and m a g n e t o - o p t i c s  i s  

e x t e n s i v e l y  used  i n  d e t e r m i n i n g  band p a r a m e t e r s .  

(iii) Crossed  E l e c t r i c  a,nd Magne t i c  F i e l d s  



s i g n i f i e s  a v i o l a t i o n  o f  t h e  s e l e c t i o n  r u l e  An = 0. A 

p a r t i c u l a r l y  u s e f u l  L - i  t list ion  i~ one where t h e  a p p l i e d  s t a t i c  

e l e c t r i c  f i e l d  i s  wetik ( c r i t , e r i o n  t o  be d i s c u s s e d  l a t e r ) .  I n  

t h i s  c a s e  t h e  s e l e c t i o l l  r u l e  nr7 : 0 i s  v i o l a t e d  o n l y  s l i g h t l y  

and t h e  d i r e c t  i n t e r b a n d  t r a n s i L i o n s  obey t h e  s e l e c t i o n  r u l e  

An = 0 ,  *I. The cippearapce of new peaks  can be f r u i t f u l l y  

e x p l o i t e d  t o  o b t a i n  informat  i o n  abou t  i n d i v i d u a l  band 

e f f e c t i v e  rrlasses. T h i s  w i l l  be d i s c u s c e d  in a  l a t e r  C h a p t e r .  

1 . 4  Urbach s Law 

It was p o i n t e d  out, e a r l i e r  t h a t  t h e  a b s o r p t i o n  c o e f f i c i e n t  

does  n o t  s t , r i c t l y  go t o  z e r o  a t  t h e  d i r e c t  band gap b u t  d i e s  

(2 ) o u t  rather s l o w l y  i n  a mariner f i r s t  r e p o r t e d  by F.  Urbach . 
The obse rved  a b s o r p t i o n  i n  the t a i l  r e g i o n  ( W  < E ~ )  i s  

t e m p e r a t u r e  dependent  a.nd has t h e  form 

where 0 depends  upon t e m p e r a t u r e  and m a t e r i a l  unde r  c o n s i d e r a t i o n .  
0 

There have  been  s e v e r a l  e x p l a n a t i o n s  of U r b a c h ' s  Law and a  comple te  

Summary of t h e s e  i s  t,o b e  found i n  Chap te r  9, I t  i s  now w e l l  

e s t a b l i s h e d  t h a t  t h e  law i s  a s s o c i a t e d  w i t h  p h o n o n - a s s i s t e d  

o p t i c a l  t r a n s i t , i o n  i n v o l v i n g  t h e  ab:'ol.l)tior? o t' one o r  rr~ore o p t i c a l  

phonons of e n e r g y  k g .  In a n  ionic. c n r y s t a l  of t h e  d i r e c t  band gap 

t y p e ,  phonons of i n t e r e s t  a r e  th9zc  a s z o c i a t e d  w i t h  t h e  o p t i c a l  



+ 
b r a n c h  and h a v i n g  wave vecs to r  q  - 0. Dumke (6) c a l r u l a t e d  t h e  

a b s o r p t i o n  c o e f f i c i e n t  j'o!. such  p h o n o n - a s s i s t e d  t r a n s i t i o n s  

i n  t h e  r a n g e  E - k g  < < Eg u s i n g  p e r t u r b a t i o n  t h e o r y  and 
& 

(7) 
o b t a i n e d  a  good f i t  w i t h  t h e  e x p e r i m e n t a l  d a t a  on InSb . 
C a l c u l a t i o n s  i n v o l v i n g  h i g h e r - o r d e r  phonon p r o c e s s e s  have  been  

p e r f  orrned (',9) r e c e n t l y  bu t  no  q u a n t i t a t i v e  co rnpa r i s in  h a s  

been  made w i t h  t h e  a ~ i a i l a b l e  e x p e r i m e n t a l  d a t a .  

Very l i t t l e  a t t e n t i o n  h a s  been  p a i d  i n  t h e  p a s t  t o  + h e  

s t u d y  of  p h o n o n - a s s i s t e d  t r a n s i t i o n s  i n  t h e  p r e s e n c e  of  

e x t e r n a l  e l e c t r o m a g n e t i c  f i e l d s .  In a r e c e n t  t h e o r e t i c a l  p a p e r  

we s t u d i e d  (I0) t h e  e f f e c t  of m a g n e t i c  f i e l d  on p h o n o n - a s s i s t e d  

t r a n s i t i o n s  i n  t h e  r e g i o n  Eg - kg ( < E Using  p e r t u r b a t i o n  
g 

t h e o r y .  It h a s  been  shown t h a t  t h e  a b s o r p t i o n  s p e c t r u m  i s  

o s c i l l a t o r y  i n  n a t u r e  and can  p r o v i d e  LIseful i n f ' o r m a t i o n  r e g a r d -  

i n g  e f f e c t i v e  masses  of t h e  e l e c t r o n s  and h o l e s  s e p a r a t e l y .  We 

w i l l  h ave  o c c a s i o n  t o  s t u d y  t h i s  i n  g r e a t e r  d e t a i l  i n  Chap te r  11. 

A l s o  i n  Chap te r  12, we w i l l  s t u d y  t h e  e f f e c t  of s i m u l t a n e o u s  

e l e c t r i c  and F lagne t ic  f i e l d s  on p h o n o n - a s s i s t e d  t r a n s i t i o n s .  The 

s t u d y  of p h o n o n - a s s i s t e d  t r a n s i t i o n s  i n  t h e  p r e s e n c e  of an 

e l e c t r i c  f i e l d  i s  n o t  v e r y  f r u i t f u l  b e c a u s e  t h e  a b s o r p t i o n  edge  

i s  smeared o u t .  Higher  o r d e r  t r a n s i t i o n s  i n  t h e  p r e s e n c e  of 

e x t e r n a l  I ' i e l d s  a r e  e x t r e m e l y  complex m a t h e m a t i c a l l y  and t h e  

c a l c u l a t i o n s  have  n o t  been  c a r r i e d  o u t  s o  f a r .  Throughout  t h e  

e n t i r e  t h e s i s  we w i l l  be  c a l c u l a t i n g  a b s o r p t i o n  c o e f f i c i e n t  i n  



v a r i o u s  situat iorl:. L t  i .: t , !~erefor t .  d e s i r a b l e  t o  o u t l i n e  t h e  

g e n e r a l  a p p r o a c h  S O Y  ~il2ul a t , i ng  t i l i . '  q m n t i t y .  'I91is we do i n  

t h e  f o l l o w i n g  S e c t i o n .  

5 - Quantum Mechanical E x p r e s s i o n  f o r  - 
A b s o r u t i o n  C o e f f i c i e n t  

where c is t h t  of l i g h t  i n  vacuum and n i s the 0 

t h e  t r a r r n i t i o n  p r o b a b i l i t y  p t r  u n i t  t i m e ,  Wfi, t .hrough t h e  

r e l a t i o n ,  

where 



is t h e  w e l l  known r e s u l t  in t i m e  dependen t  p e r t u r b a t i o n  t h e o r y .  

Hence 

where V i s  t h e  volume of t h e  c r y s t a l  and a  f a c t o r  o f  two h a s  been  

i n c l u d e d  for s p i n .  For  f i r s t  o r d e r  t r a n s i t i o n s ,  

i s  t h e  m a t r i x  e l e m e n t  of t h e  p h o t o n - p a r t i c l e  i n t e r a c t i o n  

H a m i l t o n i a n  be tween  t,he i n i t , i a l  s t a t e  i and t h e  f i n a l  s t a t e  f .  

For  second o r d e r  t r a n s i t i o n s ,  

and t h e  p a r t i c . l e  g o e s  t h r o u g h  a  v i r t u a l  i n t e r m e d i a t e  s t a t e ,  j, 

b e f o r e  a r r i v i : . g  in t h e  f i n a l   stat^ f, u n d e r  t h e  i n f l u e n c e  of  a 



Second t y p e  of i n t e r s r . t i o r l  11,. Throughout  t h e  e n t i r e  p r e s e n t a t i o n ,  

H1 w i l l  s t s n d  Sor. t,lie i . icc . t ron-photon i n t e r a c i i o r :  H a m i l t o n i a n  

and E-I? 170r t h e  c1 tc . t  ron-phonon i n t e r a c t i o n  H a m i l t o n i a n .  

' 1 1  1 o c30mputc ; i b ~ o u . p t  i 9 n  r o f f f ' i r i e n t ,  we need t o  know 

the u n p e r t u y b e d  t i g t - n f u n c t i o r i ~  and thi c o r r e s p o n d i n g  c i g e n v a l u e s  

a l o n g  w i t h  t h t  a p p r o p r i a t e  i n t e r a c t  i o n  M a m i l t o n i a n s .  The 

complete Iicimiltoni:\n f o r  a p a r t i c l e  o f  rrlass m and c h a r g e  ' e  ' i n  

t h e  p r e s e n ~ ~ e  of s t a t i c  e x t e r n a l  e l e c t r i c  and m a g n e t i c  f i c i d s  

and t h e  t i m e  d e p e n d e n t  r a d i a t i o n  f i e l d ,  i s  

--b + 
where I s  the s t a t i c  e l e c t r i c  f i e l d  arid V ( r )  s t a n d s  f o r  t h e  P 

- 4  

P e r i o d i c  c r y s t a l  p o t e n t i a l .  The v e c t o r  p o t e n t i a l  ~ ( r ,  t , )  i s  

decomposed two p a r t s  i n  t h e  f o l l o w i n g  manner 

+ 
The t i m e  j -ndepcndent  p a r t ,  A (7) d e s c r i b e s  a  s t a t i c  m a g n e t i c  f i e l d ,  

0 - 4  - 4  B = x ~ ~ ( r ) ,  and t h e  t ime  d e p e n d e n t  p a r t  d e s c r i b e s  t h e  e x t e r n a l  

r a d i a t i o n  f i e l d .  The v e c t o r  p o t e n t i a l  i s  g e n e r a l l y  s o  c h o s e n  that - 4  

V ' A = 0 (Co~l lomb g a u g e ) ,  t h e n  



where 

wi th  

a.n d 

We d r o p  t h e  second t e rm of H ~ ,  s i n c e  i t  r e p r e s e n t s  s i m u l t a n e o u s  

two photon  a b s o r p t i o n  and hence t h e  e l e c t r o n - p h o t o n  i n t e r a c t i o n  

Hami l ton ian  becomes 

In t h e  n e x t  c h a p t e r ,  t h e  e i g e n f u n c t i o n ~  and e i g e n v a l u e s  of t h e  

H a m i l t o n i a , n ,  H w i l l  be c a l c u l a . t e d  i n  t h e  framework of  t h e  
0 

' E f f e c t i v e  Mass ~ p p r o x i m a , t i o n '  (11) We t h e n  proceed  t o  e v a l u a t e  

t h e  m a t r i x  e l e m e n t s  of t h e  e l e c t r o n - p h o t o n  i n t e r a . c t i o n ,  Ii l  

1 . 6  Scope of t h e  T h e s i s  

As s t a t e d  above,  t h e  e n t i r e  problem of computing a b s o r p t i o n  

C o e f f i c i e n t  h i n g e s  around o b t a i n i n g  p r o p e r  e i g e n f u n c t i o n s  and 



e v a l u a t i n g  a p p r o p r i ~ i t e  m a t r i x  elernerlt s .  The g e n e r a l  n- 

p a r t i c l e  p r o b l t  1, is j t r i p c i ~ r i b l e  t o  so i t ' ,  t h e r e f o r e  we w i l l  be 

c o n t e n t  w i t h  t ,he c o n v e n t i o n a l  o n e - p ; l i ' ' i c l e  a p p r o x i m a t i o n .  

E x a c t  s o l u t i o n s  a r e  riot p o s s i b l e  tvcr i 'or t h i s  c a s e  e s p e c i a l l y  

i n  t h e  p r e s e n c e  of e x t e r n a l  f i e l d s  wliic'h do n o t  p o s s e s s  t h e  

P e r i o d i c i t y  of  t h e  c r y s t a l  l a t , t  i c e ;  t l ~ e r e f o r e  a  f u r t h e r  

a p p r o x i m a t i o n  i s  r e q u i r e d .  I n  t h e  t h e o r y  of  o p t i c a l  a b s o r p t i o n ,  

t h e  e f f e c t i v e   tia ass a p p r o x i m a t i o n  ( I i )  (E.M.A.) i s  w i d e l y  u s e d .  

We d i s c u s s  t , h i s  a p p r o x i m a t i o n  f o r  t h e  c a s e  of  d i r e c t  band g a p  

s e m i c o n d u c t o r s  i n  c h a p t e r  2, and i n  the rerr ia ining p o r t i o n  of 

t h e  t h e s i s  o n l y  t h p s e  w i l l  be  z t u d i e d .  

I n  C h a p t e r  3 t h e  m a t r i x  e l e m e n t s  f o r  t h e  e l e c t r o n - p h o t o n  

i n t e r a c t i o n  Han l i l t on i an  a r e  e v a l u a t e d  u s i n g  E  . M . A .  wave 

f u n c t i o n s  and t h e  d i s t i n c t i o n  be tween  a l l o w e d  and f o r b i d d e n  

t r a n s i t i o n  i s  e x p l a i n e d .  T h i s  c h a p t e r  a l s o  p r e s e n t s  a  u n i f i e d  

t r e a t m e n t  of t h e  d i r e c t ,  a l l o w e d  i n t e r b a n d  e f f e c t s  where  a  

g e n e r a l  e x p r e s s i o n  f o r  t h e  o p t i c a l  a b s o r p t i o n  c o e f f i c i e n t  i n  

t h e  p r e s e n c e  of a r b i t r a r i l y  o r i e n t e d  e x t e r n a l  e l e c t r i c  and 

m a g n e t i c  f i e l d s  i s  d e r i v e d ,  which i n  t h e  a p p r o p r i a t e  l i m i t s  

r e p r o d u c e s  t h e  f o l l o w i n g  w e l l  known r e s u l t s :  

and 

( a )  Ze ro  f i e l d  a b s o r p t i o n  r o e f  f i c i e n t ,  

( b )  ~ a g n e t o a b s o r p t i o n  c o e f f i c i e n t ,  

( c )  ~ l e c t r o a b s o r p t i o n  c o e f f i c i e n t ,  

( d )  F ranz -Ke ldysh  e f f e c t ,  

( e )  P h o t o n - a s s i s t e d  t u n n e l i n g  i n  p a r a l l e l  f i e l d s ,  

(f) Crossed  e l e c t r i c  and m a g n e t i c  f i e l d s  a b s o r p t i o n .  



The t a s k  of o b t a i n i n k g  t h e s e  s p e c i a l  c a s e s  i s  comple ted  i n  

C h a p t e r s  4 to 8, [jnd b r i e f '  summary on t h e  e x p e r i m e n t a l  

s i t u a t i o n  i s  i n c l u d e d  a t  the end of e a c h  c h a p t e r .  Whi le  s t u d y i n g  

t h e  c r o s s e d  f i e l d s  a b s o r p t , i o n  c o e f f i c i e n t  i n  C h a p t e r  8 ,  s p e c i a l  

s t r e s s  h a s  been  laid on t h e  e x p e r i m e n t a l l y  f a v o u r a b l e  s i t u a t i o n  

of weak e l e c t r i c  f i e l d .  A new p e r t u r b a t i o n  e x p a n s i o n  i n  t e r m s  

of a  d i m e n s i o n l e s s  p a r a m e t e r  i s  deve loped  i n  t h i s  c o n n e c t i o n  

and i s  used  t o  o b t a i n  t h e  weak e l e c t r i c  f i e l d  l i m i t .  

Next we focuz  o u r  a t t e n t i o n  on p h o n o n - a s s i s t e d  t r a n s i t i o n s  

i n  d i r e c t - g a p  s e m i c o n d u c t o r s  and on U r b a c h ' s  l a w .  Chap te r  9 

c o n t a i n s  a c r i t i c a l  r e v i e w  of t h e  e x i s t i n g  e x p l a n a t i o n s  of  

U r b a c h l s  law and s t r e s s e s  t h e  f a c t  t h a t  p h o n o n - a s s i s t e d  t r a n s i -  

t i o n s  a r e  q u i t e  s u c c e s s f u l  i n  e x p l a i n i n g  t h e  o b s e r v a t i o n .  

Chap te r  10 s e r v e s  a s  an i n t r o d u c t i o n  t o  t h e  s t u d y  of  phenon- 

a s s i s t e d  t r a n s i  L i o n s .  The a b s o r p t i o n  C0eff i c i e n t  f o r  s u c h  

t r a n s i t i o n s  i s  c a l c u l a t e d ,  s t a t i n g  c l e a r l y  a l l  t h e  a s s u m p t i o n s .  

I n  C h a p t e r s  11 and 1 2 ,  t h e  e f f e c t s  of  e x t e r n a l  f i e l d s  a r e  

i n v e s t i g a t e d  and t h e  weak e l e c t r i c  f i e l d  c a s e  i s  e m p h a s i s e d .  

S ~ m e  new e f f e c t s  a r e  p r e d i c t e d  and t h e  e x p e r i m e n t a l  c o n d i t i o n s  

f o r  o b s e r v i n g  them a r e  d i s c u s s e d .  

Chapter  1 3  j u s t i f i e s  t h e  u s e  of p e r t u r b a t i o n  t h e o r y  i n  

c a l c u l a t i n g  t h e  a b s o r p t i o n  c o e f f i c i e n t  f o r  p h o n e n - a s s i s t e d  

t r a n s i t i o n s  i, t h e  r a n g e  E - k0 < < Eg. Comparison i s  made 
Q 

be tween  t h e  p e r t u r b a t i v c  and n o n - p e r t u r b a t i v e  a p p r o a c h  and i t  

i s  shown n u m e r i c a l l y  t h a t  f o r  a r e a l i s t i c  e l e c t r o n - p h o n o n  



c o u p l i n g  cons t , an t  i n  I n S b ,  many-phonon p r o c e s s e s  change t h e  

a b s o r p t i o n  c o e f f i c i e n t  or v b y  a b o u t  2$, i n  t h e  r a n g e  where 

one-phonon processes a r e  d l l o w e d .  The r a n g e  of c o u p l i n g  

cons t an t ,  o v e r  whicah p e r t u r b a t i o n  t h e o r y  i s  v a l i d  i s  a l s o  d i s c u s s e d .  

Some a t t e n t i o n  i s  d e v o t t d  t o  one of t h e  most  r e c e n t  

deve lopmen t s  i n  t h e  f i e l d  of m a g n e t o - o p t i c s ,  namely m a g n e t i c  f i e l d  

induced s u r f a c e  s t a t e s .  Tflese s t  a t  e s  have  r e c e n t l y  been  obse rved  

e x p e r i m e n t a l l y  i t 1  r i e t a l s  b u t  no  c o r r e s p o n d i n g  e x p e r i m e n t s  ? x i s t ,  

i n  s e m i c o n d u c t o r s .  We have  t h e o r e t i c a l l y  p r e d i c t e d  t h e  e x i s t e n c e  

of such  s t a t e s  in s e m i c o n d u c t o r s  and have  d i s c u s s e d  t h e  e x p e r i m e n t a l  

C o n d i t i o n s  11nder which s ~ x c h  s t a t e s  may be d e t e c t e d  i n  s e m i c o n d u c t o r s .  

In o r d e r  t o  q a i n t a i n  t h e  c o n t i n u i t y  of p r e s e n t a t i o n ,  t h e  s u r f a c e  

S t a t e s  a r e  d i s c u s s e d  in Appendices  (H) and ( I ) .  

I n  t h e  c o n c l u d i n g  c h a p t e r ,  some g e n e r a l  comments and 

c o n c l u s i o n s  a r e  s t a t e d .  A s h o r t  summary i s  p r o v i d e d  i n  a  t a b u l a r  

f o m .  Some i m p o r t a n t ,  b u t  r r ia themat ica l ly  i n v o l v e d  r e s u l t s  a r e  

g i v e n  i n  t h e  form of Appendices  a t  t h e  end of t h e  t h e s i s .  The 

Gauss i an  sys t em of u n i t s  i s  f o l l o w e d  t h r o u g h o u t .  



CHAPrI'ER 2 - 

H L O C I I  ELECTRONS I N  EXTERNAL FIELDS 

2 . 1  E f f e c t i v e  Mass Wavo Fllncxtion f o r  a  
P a r t i c l e  i n  E x t e r n a l  F i e l d s  

I n  o r d e r  t o  s t u d y  o p t i c a l  a b s o r p t , i o n  i n  s o l i d s  we r e q u i r e  

t h e  s o l u t i o n s  of t h e  ~ c h r o d i n ~ t r  e q u a t i o n  

4 - e +  where = ( p  - - A ~ )  is t h e  k i n e t i c  momentum, ( i s  t h e  t i m e  
C 

+ 
i n d e p e n d e n t  v e c t o r  p o t e n t i a j ) ,  V p ( r )  i s t h e  p e r i o d i c  l a t t i c e  

P o t e n t i a l  and U(7) a n o t h e r  p e r t u r b a t i o n  t h a t  can be caused  f o r  

example,  b y  a c o n s t a n t  e l e c t r i c  field, m i s  t h e  mass of t h e  l ' rec  

mass a p p r o x i m a t i o n  ( E  . M . A .  ) (I1) f o r  tile z p i c i f i c u t i c r n  ~i t i g e n -  

In i t s  s i m p l e s t  form t h e  E . M . A .  s t a t e s  t h a t  f o r  s u f f i c i e r i t l y  

s m a l l  e x t e r n a l  f i e l d s  s u c h  t h a t  t h e  e l e c t r o n  a l w a y s  r e m a i n s  i n  

a s i n g l e  band t h e  mot ion  of  t h e  e l e c t r o n  i n  t h e  combined f i e l d  of 

t h e  l a t t i c e  and t h e  e x t e r n a l  f i e l d s  can be  s t u d i e d  i n  t e r m s  of  

t h e  mot ion  of a f i c t i t i o u s  p a r t i c l e  i n  t h e  e x t e r n a l  f i e l d s  o n l y .  

The mass of t h i s  f i c t i t i o u s  p a r t i c l e  i s  m* (assumed i s o t r o p i c )  



l h l s  e q u a t , i o n  is v a l i d  n e a r  an energy  band extremum, assumed f o r  

-., s i n i p l i t i t , y  t o  be at k = 0. The energy  E i s  measured from t h e  

band edge E0 a is t h e  band index ,  and p is a  s e t  of quantum 
a' 

numbers c h a r a c t e r i z i n g  a s t a t e  i n  band a .  The complete wave 

f - m e t i o n  f o r  an e l e c t r o n  i n  band a i s  g iven  by ( s e e  Appendix ( A )  

e q u t  i on (A-18) ) 



fi b e i n g  t h e  volume of a u n i t  c e l l .  The n o r m a l i z a t i o n  o f  u ' s  and 

t h e  e f f e c t i v e  mass  wave f u n c t i o n s  i s  d i s c u s s e d  i n  t h e  n e x t  

s e c t i o n ,  t h e  e x p l i c i t  fo rms  f o r  t h e  e n v e l o p e  wave f u n c t i o n s  i n  

v a r i o u s  f i e l d  c o n f i g u r a t i o n s  a r e  o b t a i n e d  i n  S e c t i o n  2 . 3 .  

2.2 Norma. l iza . t ion of E f f e c t i v e  Ma.ss Wa.ve F u n c t i o n s  

I n  a r r i v i n g  a , t  e q u a t i o n  ( 2 - 3 )  we used  t h e  comple t e  s e t  of 

K o h n - ~ u t t i n ~ e r  (11) wave  unctions 

From t h i s  c o n d t i o n  we can r e a d i l y  d e r i v e  t h e  o r t h o g o n a l i t y  

P r o p e r t y  of t h e   loch f u n c t i o n s  a t  t h e  band e d g e .  We have 

S i n c e  u* u ha,s t h e  l a t t i c e  p e r i o d i c i t y ,  we expand i t  i n  a 
a ' o  ao 

F o u r i e r  s e r i e s  as f o l l o w s  



a ' a  where t h e  B~ a r e  j u s t  numerica, l  c o e f f i c i e n t s ,  and t h e  Tm a r e  

t h e  r e c i p r o c a . 1  l a t t i c e  v e c t o r s .  S u b s t i t u t i n g  ( 2 - 8 )  i n  ( 2 - 7 ) ,  

we o b t a i n  

a ' a  a r e  g iven  by Using i n v e r s e  F o u r i e r  t r a n s f o r m  i n  ( - 8 )  t h e  B~ 

Hence 

"n 

Thus comparing (2-10)  and (2-6)  we o b t a i n  



Hence t h e  Bloch f u n c t i o n s  a t  t h e  band edge a r e  o r t h o g o n a l  i n  

t h e  band i n d e x .  Th i s  i s  pe rhaps  an obvious  r e s u l t  b u t  t h e  

3 f a c t o r  (2,) /a is n o t  e a s y  t o  guess  wi thou t  go ing  th rough  t h e  

c a l c u l a t i o n .  

Next we proceed t o  e s t a b l i s h  t h e  o r t h o n o r m a l i t y  of t h e  

f u n c t i o n s  ( 2 - 3 ) .  I n t r o d u c i n g  t h e  n o t a t i o n  

-+ + 
where t h e  l a s t  e q u a , l i t y  f o l l o w s  from t h e  r e l a t i o n  p* = 

aa'  P a r a '  

The i n t e g r a l  (2-12)  can t h e n  be w r i t t e n  a s  



If t h e  f u n c t i o n s  ~ 1 s  a r e  s lowly  v a r y i n g  ( a s  i s  n e c e s s a r y  f o r  t h e  

E . M . A .  t o  h o l d )  t h e  i n t e g r a t i o n  i n  a l l  t h e  te rms of t h e  l a , s t  

e q u a t i o n  can be s p l i t  i n t o  two p a r t s ,  one over  t h e  u n i t  c e l l  and 

t h e  o t h e r  over  t h e  e n t i r e  c r y s t a l .  For example t h e  f i r s t  te rm 

Can be w r i t t e n  a s  



S i n c e  F ' s  are s l o w l y  var -y ing ,  t h e y  do n o t  v a r y  much o v e r  t h e  

d imens ionc  of a u n i t   ell. ' rher .efore 

If we s e t  

h 

for any o p e r a t o r  0,  t h e n  e q u a t i o n  (2-15)  becomes 



S i m i l a r l y  

s i n c e  7 i s  h e r m i t i a n .  Hence t h e  e q u a t i o n  (2 -14)  g i v e s  

a s  r e q u i r e d .  I n  o b t a , i n i n g  t h e  l a s t  s t e p ,  we have used t h e  

f o l l o w i n g  o r t h o g o n a l i t y  c o n d i t i o n ,  

In t h i s  r e l a t i o n ,  t h e r e  i s  a  cumbersome f a c t o r  of (2,)'. I n  

3 v 

f a c t o r  ( 2 n j  ) ,  when t h e  F f s  r e p r e s e n t  d i s c r e t e  s t a t e s .  Th i s  would 

mean t h a t  w h i l e  s p l i t t i n g  t h e  i n t e g r a l  i n t o  two p a r t s  a s  i n  

e q u a t i o n  ( 2 - 1 7 ) ,  ( a l s o  see  Appendix ( B )  ) t h e  f a c t o r  of ( 2 n ) - 3  w i l l  

be l e f t  o u t .  ; o r  problems i n v o l v i n g  c o n t i n u o u s  s t a t e s  ( e . g .  e l e c t r o n  



2 . 3  S o l u t i o n  of the E f f e c t i v e  Mass Equa t ion  
i n  E x t e r n a l  S t a t , i c  F i e l d s  

I n  t l ~ j s  s e c t i o n  we obt,ain s o l u t i o n s  of t h e  e f f e c t i v e  mass 

e q u a t i o n  (2-2) i n  v a r i o u s  c ~ ~ r l f i g u r a t i o n s  of t h e  e x t e r n a l  

e l e c t r i c  and magnet i \ :  f i e l d s .  It shou ld  be  p o i n t e d  o u t  t h a t  

f o r  e q u a t i o n  (2-2) t o  be v a l i d  t h e  p o t e n t i a l  u(?) and t h e  

enve lope  f ~ l n c t i o n s  F (7) must v a r y  s l o w l y  ove r  t h e  d imens ions  
a/J 

Of a u n i t  c e l l .  3'he l i l l l i t s  of t h e  E.M.A. have been i n v e s t i g a t e d  

by Zak and Zawadzki ( I 2 ) .  They concl i id t  t h a t  f o r  most semi- 

5 4 conductor-, E.M.A.  h o l d s  even when B " 1 0  g a u s s  and E ̂ . 5 x 1 0  ~ / c m .  

For  lower f i e l d  v a l u e s  t h e  approx ima t ion  i s  0i' c o u r s e  a p p l i c a b l e .  

Throughout o u r  a n a l y s i s ,  we w i l l  c o n s i d e r  t h e  f i e l d s  t o  have 

v a l u e s  such  t h a t ,  t h e  E.M.A.  h o l d s .  It i s  c o n v e n i e n t  t o  d i s c u s s  

t h e  v a r i o u s  f i e l d  c o n f i g u r a t i o n s  i n  s e p a r a t e  s u b s e c t i o n s  below. 

2 - 3 3  A r b i t r a r i l y  O r i e n t e d  E l e c t r i c  and Magnet ic  F i e l d s  

. . 
We wish  t o  s o l v e  t h e  e f f e c t i v e  mass S c h r o d i n g e r  e q u a t i o n  

( 2 - 2 )  f o r  a p a r t i c l e  of mass m*, cha rge  ' e l  i n  t h e  p r e s e n c e  of 

S t a . t i c  e l e c t r i c  and magne t i c  f i e l d s ,  where t h e  r e l a t i v e  



O r i e n t a t i o n  of t h e  fi p l d s  i s  a r b i t r a r y  (13). S o l u t i o n s  w i l l  be 

o k t a i n e d  n o n - r e l a t  i v i y t i c -  a p p r o x i r ~ ~ a t i o n ,  t h e  r e l a t i v i s t i c  

g e n e r a l i z a t i o n  h a s  beer, made b y  Ka j a g o p a l  (14) in c r o s s e d  

e l e c t r i c  and magne t i c  f i e l d , , .  

Suppose t h e  s t a t i c  magne t i c  f i e l d  i s  a l o n g  t h e  Z - d i r e c t i o n ,  
+ 

d e s c r i b e d  by t h e  v e c t o r  p o t e n t i a l  A,= (0, Bx, 0) and t h e  

e l e c t r i c  f i e l d  l i e s  i n  t h e  X - Z  p l a n e .  No t i ce  t h a t  t h e  e l e c t r i c  

f i e l d  h a s  a component cz p a r a l l e l  t o  t h e  magnet ic  f i e l d .  Then 

SuPPre s s i n g  t h e  band i n d i c e s  e q u a t i o n  ( 2 - 2 )  becomes 

T h i s  equa. t ion i s  r e a d i l y  s e p a r a b l e  a c c o r d i n g  t o  t h e  scheme 
-t 

F ( r )  = F ( x , y )  F ( z )  and we o b t a i n  



and 

where z r e p r e s e n t s  tfie p a l - t i d i e  s k i n e t i c  ene rgy  i n  t h e  e l e c t r i c  

f i e l d  d i r e c t i o n  p a r a l l e l  t o  t h e  magnetic  f i e l d .  

S o l u t i o n s  f o r  ( 2 - 2 1 )  a r e  ob ta ined  by s e t t i n g  

when we g e t  

Equat ion  (2-23) i s  t h e  e q u a t i o n  f o r  l i n e a r  harmonic 

O s c i l l a t o r  c e n t r e d  aL 

where = @ , is t h e  magnet ic  l e n g t h .  Thus t h e  e i g e n v a l u e s  ( l 5 )  

a r e  g iven  a s  



where u s e  h a s  been made of t h e  o r t h o n o r m a l i t y  c o n d i t i o n s  

E q u a t i o n  ( 2 2 2 )  cam be solved (16) by i n t r o d u c i n g  the dirnension- 

less v a r i a b l e  



Equa t ion  ( 2 - 2 2 )  t h e n  t a k e s  t he  form 

J 

The s o l u t i o n  of t h i s  e q u a t i o n  which i s  f i n i t e  f o r  a l l  v a l u e s  of 

h a s  t h e  form 

where 



U, A i ( u )  i s  o s c i l l a t o r y  i n  n a t u r e ,  t h e  a n p l i t u d e  of  t h e  o s c i l l a -  

t i o n s  d e c r e a s e s  a -  u beC.orr1t.r more and more n e g a t i v e .  A s  5 - - 
t h e  f u n c t i o n  ~ ( 5 )  t e n d s  e x p o n e n t i a l l y  t o  z e r o .  The a s y m p t o t i c  

e x p r e s s i o n  f o r  ~ ( 5 )  for l h r g e  n e g a t i v e  v a l u e s  of '  5  i s  (16)  

For l a r g e  p o s i t i v e  v a l u e s  of 5,  t h e  a s y m p t o t i c  e x p r e s s i o n  f o r  

F ( s )  i s  (16) 





which g i v e s  

wjiere e q u a t i o n  (2-27) h a s  been u s e d .  

Hence t h e  Z-dependent te rm g i v e s  r i s e  t o  t h e  norma.lized 

e i g e n f u n c t i o n  

F i n a l l y  one l ~ a s ,  f o r  t h e  e i g e n f u n c t i o n s  and e i g e n v a l u e s  of  t h e  

e f f e c t i v e  mass equa . t ion ,  t h e  f o l l o w i n g  e x p r e s s i o n s :  

The quantum numbers  of t h e  e l e c t r o n s  i n  t h e  e l e c t r i c  and 

m a g n e t i c  f i e l d s  a r e  ( n ,  ky,  cZ ) Note t h a t  o n l y  t h e  l i m i t  



X E * 0 can f o r m a l l y  be t a k e n .  

2 . 3 b  Crossed E l e c t r i c  and Magnetic F i e l d s  
and Magnetic  Fi-eld Alone 

e .  

The e f f e c t i v e  mass ~ c h r o d i n g e r  e q u a t i o n  i n  c r o s s e d  e l e c t r i c  

and magnet ic  f i e l d s  can be o b t a i n e d  from ( a )  by s e t t i n g E z  = 0 i n  

e q u a t i o n  (2-20)  and w e  g e t  

by s e t t i n g  Vd = 0 .  



2 . 3 ~  E l e c t r i c  F i e l d  

The e f f e c t i v e  ~ c h r g d i n ~ e r  e q u a t i o n  i n  t h e  p r e s e n c e  of 

t h e  e l e c t r i c  f i e l d  a l o n e  i s  a n o t h e r  i n t e r e s t i n g  problem, whose 

t h e  e l e c t r i c  f i e l d  i s  a l o n g  t h e  Z - d i r e c t i o n  t h e  motion a l o n g  t h i s  

(2-35). The x and y dependent  t e r m s  would be  p l a n e  wave s t a t e s  

and t h e  f o l l o w i n g  r e s u l t s  a r e  o b t a i n e d  f o r  no rmal i zed  eigc:l- 

f u n c t i o n s  and e i g e n v a l u e  s 

The e n v e l o p e  f u n c t i o n s  (2 -36)  (2-39)  a,nd (2 -41)  w i l l  be  used  i n  

subsequen t  c h a p t e r s .  



CHAPTER 3 

GENERAL FORMULATION FOR 

D I R E C T  I N T E R H A N D  ABSORPTION COEFF~CIENT 

3 . 1  I n t r o d u c t i o n  

E v a l u a t i o n  of F i r s t  Order  I n t e r b a n d  Ma.trix Elements  

For  f i r s t  o r d e r  t r a n s i t i o n s ,  t h e  m a t r i x  e l e m e n t s  of t h e  

e l e c t r o n - p h o t o n  i n t e r a c t i o n  between an i n i t i a l  s t a t e  i n  t h e  

va lence  band and a f i n a l  s t a t e  i n  t h e  conduc t ion  band a r e  needed.  



where two photon p r o c e s s e s  have been i g n o r e d .  The p e r t u r b a t i o n  

'an be d e s c r i b e d  by a  t ime v a r y i n g  f i e l d ,  whose space  v a r i a t i o n  

Can be n e g l e c t e d  ( d i p o l e  approximat ion(17)  ) s i n c e  t h e  wavelength  

A 

where 5 i s  a  uIlit p o l a r i z a t i o n  v e c t o r  of t h e  photon (may be t aken  



a s  complex i n  t h e  case  01' c i r c u l a r  p o l a r i z a t i o n ) ,  no, t h e  i n d e x  

of r e f r a . c t i o n  (assumed c o n s t a n t )  and N i s  t h e  number of  photons  

Per  u n i t  volume. 

where e q u a t i o n  (3-3) h a s  been used f o r  t he  e l e c t r o n - p h o t o n  

where 



cu = -  eB i s  t h e  c y c l o t r o n  f requency  and E = E: - E: i s  t h e  
C mc g 

f o r b i d d e n t  ene rgy  gap.  For most sem:conductors t h e  r a t i o ,  

- N  
4 

% 10-3 or a t  B - 10 gauss  and hence t h e  te rm c o n t a h i n g  

i t  makes n e g l i g i b l e  c o n t r i b u t i o n  towards t h e  a b s o r p t i o n  

One term of (3 -7 )  w i l l  i n  g e n e r a l  v a n i s h  if t h e  c r y s t a l  h a s  a  

c e n t r e  of symmetry and we have two t y p e s  of d i r e c t  t r a n s i t i o n s  

which we d i s c u s s  below. 

3 .2a  Allowed T r a n s i t i o n s  

3 

1t can be shown q u i t e  e a . s i l y  t h a t  f o r  Pcv t o  be non- 

Vanishing,  t h e  bands c  and v  must have d i f f e r e n t  p a r i t y .  Thus 

-+ 
i f  u c o ( r )  = -u (-7) ((odd ~ a r i t y ) ,  then  u v 0 ( 7 )  must have even 

C O  
* 

p a r i t y  o r  e l s e  pcv v a n i s h e s .  However if t h e  bands have o p p o s i t e  

P a r i t y  t h e n  FcV v a n i s h e s  because  any i n t e r m e d i a t e  band p must 

have t h e  same p a r i t y  a s  e i t h e r  c  o r  V and t h e  c o r r e s p o n d i n g  

momentum m a t r i x  element  must be z e r o  ( s e e  e q u a t i o n  ( 3 - 6 ) ) .  The 

V e r t i c a l  t r a n s i t i o n s  between C and V i n  t h i s  c a s e  a r e  c a l l e d  

'Allowedl and t h e  m a t r i x  element  f o r  d i r e c t  a l lowed t r a n s i t i o n s  



3.2b  F o r b i d d e n  T r a n s i t i o n s  

If t h e  b a n d s  c  and v  have  t h e  same p a r i t y  90 t h a t  cv 

v a n i s h e s ,  t h e n  i n t e r m e d i a t e  s t a t e s  h a v i n g  p a r i t y  o p p o s i t e  t o  

v a n i s h .  The t r a n s i t i o n s  a s s o c i a t e d  w i t h  t h i s  t e r m  a r e  c a l l e d  

' F o r b i d d e n 1  and t h e  c o r r e s p o n d i n g  m a t r i x  e l e m e n t  i s  g i v e n  by 



3.3 C a l c u l a t i o n  of D i r e c t  Allowed Absorp t ion  
C o e f f i c i e n t  i n  E l e c t r i c  and M a p e t i c  F i e l d s  

Here we compllte t h e  o p t i c a l  a b s o r p t i o n  c o e f f i c i e n t ,  i n  

i n  t h e  p r e s e n c e  of a r b i t r a r i l y  o r i e n t e d  e l e c t r i c  and magne t i c  

f i e l d s .  We suppose t h a t  t h e  magnet ic  f i e l d  i s  a l o n g  t h e  

Z - d i r e c t i o n  and t h e  s t a t i c  e l e c t r i c .  f i e l d  l i e s  i n  t h e  X-Z 
-+ 

Plane  i . e .  = ( 0, Ez). 

For  non-degenera te  p a r a b o l i c  bands ,  t h e  enve lope  f u n c t i o n s  

and a r e  g i v e n  by 
- 

- - -  eB and LU = - e B  a r e  t h e  c y c l o t r o n  f r e q u e n c i e s  and 
c  C V  m c  v 

m ,, mv a r e  t h e  e f f e c t i v e  masses  i n  t h e  two b a n d s .  F u r t h e r ,  



and 

where E: and E: are t h e  e n e r g i e s  of t h e  conduc t ion  and v a l e n c e  

0 0 
ba,nds a t  ? =  0, p ( n ,  ky, E, ) and E c  - Ev = E . g  

The a b s o r p t i o n  c o e f f i c i e n t  f o r  d i r e c t  a l lowed t r a n s i t i o n s  

Can now b e  computed u s i n g  e q u a t i o n  (1-4) and w e  have  

Where t h e  m a t r i x  e lement  f o r  a l lowed t r a n s i t i o n s  i s  g i v e n  by (3-8). 



S u b s t i t u t i n g  (3-8) i n  (3-12) w e  o b t a i n  

where 

oy) where 



and 

n e g l i g i b l e  e r r o r  b e c a u s e  the i n t e g r a n d s  f a l l  off r a p i d l y  w i t h  



where 

The eum over  k in e q u a t i o n  (3-16)  can be c a r r i e d  o u t  by 
Y 

c o n v e r t i n g  i t  i n t o  an i n t e g r a l ,  t h e  l i m i t s  on t h e  i n t e g r a l  a r e  

c r y s t a l  l e n g t h .  Thus 

Summation over  E Z ,  € 1  
ca,n be e a s i l y  c a r r i e d  o u t  by r e d e f i n i n g  

z 
v a r i a b l e s  a,nd making use  of t h e  Di rac  d e l t a  f u n c t i o n  0Ccuring i n  

( 3 - 1 6 ) .  The f a c t o r  J'd c Z  c o n t r i b u t e s  e e  z L z and w e  f i n a l l y  o b t a i n  

f o r  t h e  a ,bsorp t ion  c o e f f i c i e n t  

r 
n', n 

where 



( i)  Zero f i e l d  a b s o r p t i o n  c o e f f i c i e n t ,  

(ii) Magne toabsorp t ion  c o e f f i c i e n t ,  

(iii) E l e c t r o a b s o r p t i o n  and Franz-Keldysh e f f e c t ,  

( i v )  Absorp t ion  i n  c r o s s e d  e l e c t r i c  and magne t i c  f i e l d s  

and ( v )  p h o t o n - a s s i s t e d  t u n n e l i n g  i n  p a r a l l e l  f i e l d s .  

The f orrr1a.l e x p r e s s i o n  (3-18)  1la.s r e c e n t l y  a l s o  been  

Obtained by S p e c t o r  (l3) who h a s  co l l s ide red  o n l y  one of t h e  

l i m i t i n g  c a s e !  3 u t l i n e d  above (Case v ) .  H i s  g e n e r a l  e x p r e s s i o n  



d i f f e r s  frorn our  e q u a t i o n  (3-18)  by a  f a c t o r  of .,  quati ti on ( 2 - 8 )  

Of t h e  r e f e r e n c e  ( 1 3  should be d i v i c : ~  : by a f a c t o r  of  7 , )  which 

a p p e a r s  t o  be t h e  r e s u l t  of an e r r o r  i l l  t h e  e x p r e s s i o n  f o r  t h e  

d e n s i t y  of s t a t e s  elnployed by S p e c t o r .  Other  a p p a r e n t  d i f f e r e n c e s  

d i sappear  when S p e c t o r ' s  n o t a t i o n  i s  t r a n s l a t e d  i n t o  our  own. 



CHAPTER 4 

ABSORPTIOh I N  AESENCE OF 

EXTERNAL ELECTRIC AND MAGriETIC FIELDS 

4- 1 Der iva  i.ion o f s  nb,--i.p~iglr i:oe?'t",cien t i n  Absence 
of E x t e r n a l  F i e l d s  from t h e  Genera l  R e s u l t  

S e t t i i l g E x  = 0 i m p l i e s  t h a t  Vd = a = 0 and hence J n l , n  ( a >  = 

6, I , n  ( s e e  Appendix (D) . s u b s t i t u t i n g  t h e s e  i n  e q u a t i o n s  (3 -17)  

and (3 -18)  we o b t a i n  

where 



and t h u s  f'or f i n i t e  va!lles of An,r l  t h c  argument of  t h e  A i r y  

NOW u s i n g  a p p r o p r i a t e  a s y m p t o t i c  form i n  e a c h  of t h e  sum above 

f o r  eF '0, we o b t a i n  



and c a r r y i n g  out t h e  s imple i n t e g r a t i o n  we o b t a i n  t h e  e x p r e s s i o n  

f o r  t h e  z e r o  f i e l d  a b s o r p t i o n  C o e f f i c i e n t  as f o l l o w s :  

'12 
7 ( o l  = R C W - L L ) ~ )  f o r  CAI as 

- 0 - f o r  b.3 5 
(4-8) 



, ~ h ~  abave r e s u l t  a g r e e s  w i t h  t h e  r e s u l t  o b t a i n e d  
g  where = Eg/h 

Bardeen, B l a t t  and H a l l .  ( l )  

4.2 E x p e r i m e n t a l  V e r i f i c a t i o n  

The dependence of t h e  above o p t i c a l  a b s o r p t i o n  c o e f f i c i e n t  

On t h e  e n e r g y  of t h e  i n c i d e n t  photons  h a s  been t e s t e d  i n  many 

m a t e r i a l s  l i k e  G e ,  InSb and h a s  been found t o  be a c c u r a t e l y  

P r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  of t h e  e x p e r i m e n t a l  f r e q u e n c y  f o r  

> wg as demanded by t h e  t h e o r y .  However, t h e  o t h e r  p r e d i c t i o n  

l r n p u r i t y  and phonon s c a t t e r i n g  t e n d  t o  smear t h e  a b s o r p t i o n  

edge,  making t h e  e x p e r i m e n t a l  task even more d i f f i c u l t .  



CHAPTER 5 

MAGNETOAHSORPTION 

5.1 D e r i v a t i o n  01' L ~ ; L  ~ b ; a g ~ : t . t o a t s ~ ~ i ; ~ i ~ r l  
C o e f f i c i e n t i e   en- 

Where t h e  sum over  n  is to be c a r r i e d  o u t  i n  accordance  w l t h  t h e  

Condi t ion  

o b t a i n i n g  (5-1) we s e t  a  = 0 which i m p l i e s  t h a t  J n l , n  ( a )  = 

6 n i , n  ( see  ~ ~ ~ - ~ ~ ~ i ~  (D)) and t h e  o p t i c a l  t r a n s i t i o n s  i n  t h e  



I n  t h e  l i m i t  of z e r o  magne t i c  f i e l d ,  e q u a t i o n  (5-1) reduces  

to t h e  express ion  f o r  f i e l d  f r e e  a b s o r p t i o n  c o e f f i c i e n t  o b t a i n e d  

in t he  l a s t  chap t e r  ( e q u a t i o n  4-8) .  The energy dependence  of t h e  

'"gnetoabsorpt-, c o e f f i c i e n t ,  q ( B )  has been d i s p l a y e d  s chema t i ca l l y  

in F i g .  (2). *lso on the  same graph we have p l o t t e d  q ( o )  u s i n g  



Figure 1. Energy bands f o r  a semiconductor I n  t h e  absence 
and presence of a magnetic f i e l d ,  B. (a). B = 0 ,  
(b) B * 0 .  



A magnet ic  f i e l d  h:-(s two s t r i k i n g  e f f e c t s  on t h e  a b s o r p t i o n  

spectrum 

( i )  The energy  gap s h i f t s  towards s h o r t e r  wavelength ( s e e  

e q u a t i o n  (5-3) and F i g .  l), and t h e r e  i s  no a b s o r p t i o n  

u n t i l  = E + fw;. Notice  t h a t  by p l o t t i n g  t h e  
g  

t h r e s h o l d  f o r  a b s o r p t i o n  a s  a  f u n c t i o n  B, one can o b t a i n  

t h e  v a l u e  of E by e x t r a p o l a t i n g  t o  B = 0. 
g 

( i i )  The a b s o r p t i o n  i s  o s c i l l a t o r y  i n  n a t u r e  f o r  I*L, > E (B), g  

and t h e  s e p a r a t i o n ,  between t h e  a b s o r p t i o n  peaks,  i s  

M; which i n v o l v e s  t h e  reduced mass f o r  t h e  two bands due 

t o  t h e  s e l e c t i o n  r u l e  O n ,  = 0. 
,n  

The expected  s e p a r a t i o n  between t h e  a b s o r p t i o n  peaks i s  



Figure  2. Schematic r e p r e s e n t a t i o n  of t h e  i n t e rband  abso rp t ion  
spectrum f o r  B = 0 and B $ 0 as a  f u n c t i o n  of photon 
energy.  



5'2 Comparison of Theory and ~ x p e r i r n e n t  

The t h e o r y  of magne toabsorp t ion  has been t e s t e d  by 

s e v e r a l  (23,303 31, 32) e x p e r i m e n t a l  groups  on m a t e r i a l s  l i k e  german- 

c o e f f i c i e n t  t h a t  





magnet ic  o r  Landau levels from t h e  v a l e n c e  t o  t h e  conduc t ion  bands .  

The above r a t i o  has been f o r  two d i f f e r e n t  v a l u e s  of t h e  

field i n  F i g .  (3). one can c l e a r l y  s e e  t h e  o s c i l l a t o r y  

behavior ,  as e x p e c t e d  and t h e  s e p a r a t i o n  between maxima = u.015 eV 

I n  accord  w i t h  t h e  t h e o r y .  

F u r t h e r ,  frorri t h e  t h e o r y ,  one e x p e c t s  t h a t  t h e  r a t i o ,  

1 B = goes  t h r o u g h  a minimum whenever -+? 

Thus if one plots t h e  p o s i t i o n  of t h e  v a r i o u s  t r a n s m i s s i o n  

minima n = 0 ,  1, 2, , . . , .  i n  te rms of photon ene rgy ,  as a f u n c t i o n  

Of magne t i c  f i - e l d ,  s t r a i g h t ,  l i n e s  should  r e s u l t ,  which when 

" t r a ~ o l a t e d  t o  B = 0,  y i e l d  t h e  v a l u e  of E Zwerdl ing  
g  ' 

E t  a l l S  (32) e x p e r i m e n t a l  r e s u l t s  f o r  t h e  p o s i t i o n  of t h e  minima 

a  f u n c t i o n  of B f o r  Ge a t  2 9 8 " ~  a r e  shown i n  F i g .  4 and one 



Figure  4. photon energy of the  t ransmiss ion  minima ve r sus  
magnetic f i e l d  f o r  Ge a t  298' K. The l i n e s  
converge t o  a photon e n e r a  corresponding t o  t h e  
energy gap of t he  t r a n s i t i o n .  For Ge, Eg = 0.803 * 0.001 e V  a t  298' K g  (Zwerdling e t  al. (32) )  



A r!ece s s a r y  c o l , d i t  ; dri f o r  o b s e r v i n g  wt-11 dt i i n e d  s t r u c t u r e  

is t h a t  t h e  apaci l ;p  i.Ltl.iecn (,he Land&< l e v e l s  ( W  ) be  " e a t e r  c  e  

than t h e  b r o a d e n i n g  (:) of f h e  l e v e l s ,  where 7 r e p r e s e n t s  some 

s c a t t e r i n g  t i m e  due t o  phonons and i m p u r i t i e s .  Hence 

the  C o n d i t i o n  uceT  > 1 must be s a t i s f i e d  i'or e a c h  band i f  t h e  

of b o t h  bands is to be seen. If o n l y  One band 

S a t i s f i e s  t h i s  c r i ter ion o n l y  its s t r u c t u r e  w i l l  be  s e e n .  T h i s  

c o n d i t i o n  be s a t i s f i e d  o n l y  by u s i n g  h i g h  m a g n e t i c  f i e l d s  

4 ( -  10 g a u s s )  and by working  a t  low t e m p e r a t u r e s .  



CHAPTER 6 

E 1 , E C l 1 H O A H ~ ~ O R I - " l l l O I \  AN11 E'HANZ-KXLDYSfl EFFECT 

c a n n o t  p roceed  by s e t t i n g  R : 0 d i r e c t l y  b e c a u s e  t,hen t h e  d r i f t  

€" 
speed  Vd = - R + and t h e  n o r i - r e l a t i v i s t i c  a p p r o x i m a t i o n  i s  

n o  l o n g e r  v a l i d .  However, i f  we f i r s t  s e t  Ex = 0 and t h e n  t a k e  

t h e  l i m i t  B - 0 ,  we a r r i v e  a t  t h e  d e s i r e d  e x p r e s s i o n  which  c o n t a i n s  

o n l y  e l e c t r i c  f i e l d ,  d i r e c t e d  a1 orig t t le  2 - d i r ? c t i o n ,  and we have  

not v i o l a t e d  any  v a l i d i t y  conditAor1s i n  d o i n g  s o .  We f o l l o w  

t r l i : :  scheme h e r e .  S e t t i n g  = 0 i n  r q u a t i  on (3-18), we o b t a i n  
X 

( s e e  e q u a t i o n  4 - 1 ) ) .  Now we l e t  R --+ 0  and t h u s  c o n v e r t  th t .  sum 

o v e r  n i n t o  i n t e g r a l ,  g i v i n g  

By a s i m p l e  ci.hurlge of v a r i a b l e  we can r e w r i t e  t h e  above r e s u l t ,  



where 

The i n t e g r a l  o v e r  I t ,  ' can  now be  caompleted usirlt{ t h e  r e s u l t  (19)  

where pr ime d e n o t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  t h e  a r g u m e n t .  

S u b s t i t u t i n g  t h e  above  r e s u l t  i n  (6-1)  we o b t a i n  

' l 'his r e s u l t  i r  v a l i d  for .  y g ~  > E an:J was f i r s t  o b t a i n e d  by 
g  

'l'?ia m a  l i n g a m  (j3) 11: iilg FXC i t o n  n o t a t  i 011. A s i m i l a r  e x p r e s s i o n  

h a ?  been  o b t a i n e d  by Ca l l away  (34) and t h e  c a s e  o f  an  a n i s o t r o p i c  

s o l i d  h a s  b e e n  i n v e s t i g a t e d  by  Aspnes  (19). 1t i s  c o n v e n i e n t  t o  

r i i s cuos  t h e  e f f e c t  of e l e c t r i c  f i e l d  on t h e  a b s o r p t i o n  spectrurr:  

in the r e g i o n s  rn > E and plw < E s e p a ~ a t e l y .  
g g' 

6 .  l a  E l e c t r o a b s o r p t i o n  above  t h e  Edge 

It i s  c o n v e n i e n t  t o  s t a r t  with e q u a t i o n  (6-1)  which  f o r  

hu) > Eg ( i r n p l i r s  6 < 0 )  can  be w r i t t e n  i n  t h e  form 



iY) 

The i n  t e g r a l  / A i  ( t )  ~ ' d t  can  ilt. t v a l u a t . e d  a p p r o x i m a t e l y  

by breaking t h e  r ~ g i o i i  :?t' in L t g r a  t i o t l  i r i  t o t,wo a r t s  a s  1'01 lows : 

The i n t e g r a l  f rom 0 t o  1  c m  b e  e v a l u a t e d  n u m e r i c a l l y  and t h e  

i n t e g r a l  f rom 1 t o  can  be ?omple t ed  by r e p l a c i n g  Ai(t) by  

i t  s asympto t i c .  fo rm (, 4 - j a )  and u s i n g  Appendix E (ii) . A c c o r d i n g  

t o  t , h i s  p r o c e d u r e  we o b t a i n  

lienoe t h e  e q u a t i o n  (6- 3) becxome s 

' 1 9 ~ ~  u p p e r  1 - imi t  on t h e  f i r s t  i n t e g r a l  ( - @  > 0) d e p e n d s  upon 

arld t n i z  t e r m  makes a n  o s c i l l a t o r y  contribution t o  t h e  a b s o r p t i o n  

spectrum. The second  t e r m  i s  independende r i t  of  and c o n t r i b u t e s  

o n l y  a s m a l l  enhancement  a s s o r i a t e d  w i t h  ( ) . 
L 

In t h e  l i m i t  01' z e r o  e l f . c t r - i c '  l ' i e l d ,  - fi )> 1, and we can  

use t h e  asyrnpLotic. c~x~~r~c . s , c iov i  (4-313) f o r  t h e  A i r y  f u n c t i o n  i n  

t h e  i n t , e g r a l  ( 6 -4 )  t o  o b t a i n  



The above i r t  I I 1 L d 1 .  p i  E ( i  i l r u  

we have 

whirh  i s  t h e  expre , : s ion  for f i e l d  f r e e  a b s o r p t i o n  c o e f f i c i e n t  

i n  t h e  region m > m and was o b t a i n e d  e a r l i e r  ( C h a p t e r  4 ) .  
g 

6. lb E l e c t r o a b s o r p t i o n  Below t h e  E d g e  
o r  Franz-Keldysh E f f e c t  

Once again w e  s i , a r t  w i t h  e q u a t i o n  (6-1)  and n o t e  t h a t  

@ > 0 f o r  \: E and t'rius the  argument of t h e  A i r y  f u n c t i o n  
& 

is p o s i  1 i vil- t hrou~: t :~>l i t  i i .~e i n  t t .pr3ai i or, r a n g e .  E x p e r i m e n t a l l y  

the  coricl i t ,  i or] B >> 1  i s {;t-rie rally :.a Lis-fi.t . tl  bec'ause ever! f o r  

3 
- 10 volts/crri . ,  y,gF i s  o n l y  abou t  0.005 eV and s o  we can 

r e p l a c e  t h e  A i r y  i'urictiori i n  ( 6 - 1 )  by i t s  a s y m p t o t i c  form ( 4 - ? a )  

t o  o b t a i n  



S u b ~ t , i t , u t i n g  t h e  v a l  u t ~  l ' o ~  intei,;r-a? l'ror:~ Appendj x E ( i )  , wtl 

o b t a i n  

'The a b s o r p t i o n  coeSf i r i t . n t ,  v a n i s h e s  f o r  ( E i f  t h e  e l e c t r i c  e 
l ' i d d  i s  s e t  e q u a l  t o  z e r o .  The  e f f e c t  o f  t h e  e l t . c 7 t r i c  f i e l d  

is t o  smear t h e  o t h e r w i s e  s h a r p  a b s o r p t i o n  edge and make t h e  

a b s o r p t i o n  poss ib le .  f o r  plcu < E ( F i g .  5 ) .  T h i s  i s  cal1t.d t h e  
65 

~ r a n z - ~ e l d ~ s h (  ji' ")) e f f e c t  o r  p h a t o l r - a s s i s t e d  t u n n e l i n g  a f t e r  

t h e  two t h e o r i s t s  who i n d e p e n d e n t l y  p r e d i c t e d  i t  i n  1958. I n  

Appendix (F) t h e  F-K e f f e i , l ,  i s  a l s o  d e r i v e d  u s i n g  an a l t e r n a t e  

trlethod s i m i l a r  t o  one used b y  Hac r i !~~ ;  and Atlams ( a ) .  

I n  F i g .  5 we have s c h e m a t i c a l l y  d i s p l a y e d  t h e  v a r i a t i o n  

91' r ) (E )  and rI(0) w i t h  t h e  e n e r g y  o f  t h e  i n c i d e n t  photon using 

e q u a t i o n s  (6-2) and (48) ,,(E) i s  o : ( - i l l a t o r y  above t h e  edge 

and e x p o n e n t i a l  l i k e  below i t  whereas  q ( 0 )  a t t a i n s  n o n - v a n i s h i n g  

v a l u e s  only f o r  w) > E . 
P; 

S i n c e  thtl  expc r i r r~e r l t a l  r e s u l t s  a r e  a l m o s t  a lways  g i v e n  

i n  t c r m s  of  t h e  f i e l d  induced  d i f f e r e r ~ t ~ i a l  a b s o r p t i o n  c o e f f i c i e n t  



F i g u r e  5. Energy dependence of  t h e  i n t e r b a n d  a b s o r p t i o n  
c o e f f i c i e n t  f o r  E = 0 and E $ 0. Note t h e  
e x p o n e n t i a l  decay  of q ( E )  i n t o  t h e  f o r b i d d e n  
g a p  



\nillore H(x)  i s  unit, s t t ~ p  f ~ x - c t ~ i o n  d e f  ined a s  follows: 

:; i r r i l ' i  t. t ilc.ory be low t ht e d g e ,  but t i i e r ~ e  i s  d i s a g r e e m e n t  a round  

showed an i,xporier~l i a l  je>cay of the a h s o r p  t i o n  c ' o e f f i c i e n t  be low 

tile e d g v ,  but f a i l e t l  t o  r e i s o r d  any o s c i l l a t o r y  b e h a v i o u r  above 





The e x p e r i m e n t s  of Frova  e t  a l .  (38) a r e  much more con- 

c l u s i v t .  i n  n a t u r e  because  of t h e  irnproved r e s o l u t i o n  and t h e  

wider  iSange of i n c i d e n t  r a d i a t i o n  e n e r g y .  Apar t  from measur ing  

t h e  change,  A9 f o r  t h e  d i r e c t  a b s o r p t i o n  edge i n  germanium, 

t h e i r  e x p e r i m e n t s  a l s o  e x p l o r e d  t h e  i n d i r e c t  a b s o r p t i o n  edges  

of s i l i c o n  and germanium, which w i l l  n o t  concern  u s  h e r e ,  a s  

we a r e  o n l y  i n t e r e s t e d  i n  d i r e c t  t r a n s i t i o n s .  They d e t e c t  t h e  

change i n  t h e  a b s o r p t i o n  c o e f f i c i e n t  due t o  an e l e c t r i c  f i e l d ,  

by p a s s i n g  a  monochromatic l i g h t  b e a m n o r m a l l y t h r o u g h  t h e  p l a n e  

of a  p-n j u n c t i o n  a c r o s s  which b o t h  a  l a r g e  d . c .  r e v e r s e  b i a s  

and a srnal l  a . r .  v o l t a g e  have been a p p l i e d .  The d . c .  v o l t a g e  

d e t e r m i n e s  t h e  maximum v a l u e  of t h e  e l e c t r i c  l ' i e l d  i n  t h e  

, junc t ion ,  whi le  t h e  a .  c .  v o l t a g e ,  by chang ing  t h e  f i e l d ,  modula tes  

t h e  li6;ht; p a s s i n g  t h r o u g h  t h e  j u n c t i o n .  T h i s  modula t ion  A1 of 

t,he l i g h t  by t h e  e l e c t r i c  f i e l d  and t h e  t o t a l  i n t e n s i t y  I a r e  

measured s i m u l t a n e o u s l y .  Then 

where AV i:" the  p e a k -  to-peak v a l u e  of the modula t ing  a .  c  . 
volt at',^ arid - i s  t,he maximum e l e c t r i c  f i e l d .  The f u n c t i o n  

@ i s  v e r y  c l o s e  t o  u n i t y ,  and i s  deterni ined by t h e  shape of  

t h e  ,jun i . t  i o n  . 

T h e i r  e x p e r i m e n t s  confirmed t h e  c h a r a c t e r i s t i c  e x p o n e n t i a l -  



l i k e  behav iour  f o r  plw < E t h e  s l o p e  of t h e  c u r v e s  
g  -' 

d e c r e a s i n g  w i t h  i n c r e a s i n g  e l e c t r i c  f i e l d ,  a s  e x p e c t e d  from 

t h e  t h e o r y  ( s e e  e q u a t i o n  (6-5) ) . Furthelamore a t  E 
g  ' 

t h e  Yield induced change i n  a b s o r p t i o n  goes  t h r o u g h  z e r o  and 

r e a c h e s  a  n e g a , t i v e  peak.  T h i s  i s  i n  agreement  w i t h  e q u a t i o n  

(6-5)  ( s e e  F i g .  6 ) .  However, a c c o r d i n g  t o  t h i s  e q u a t i o n  t h e  

1/3 peak v a r i e s  w i t h  t h e  e l e c t r i c  f i e l d  a s  t, . It i s  t h i s  

f e a t u r e  of t h e  t h e o r y  t h a t  i s  n o t  b e i n g  s u p p o r t e d  by t h e  

exper iment ,  which i ' avours  a  v e r y  weak dependence o n E  . T h i s  

d i sagreement  i s  a p p a . r e n t l y  ca.used by t h e  e f f e c t s  of an 

~ ? x ~ ~ i t o n ( ~ ~ )  and tht ' r rr~al  b roaden ing ,  which a r e  n o t  i n c l u d e d  i n  

t h c  s imple  t h e o r y .  



CHAPTER 7 

ABSORPTION I N  CROSSED ELECTRIC AND 

M A G N E T I C  FIELDS AND WEAK FIETJD APPROXIMATION 

7 . 1  D e r i v a t i o n  of the  Crossed F i e l d s  Absorpt iorl  
C o e f f i c i e n t  from the Genera l  R e s u l t  

I n  o r d e r  to o b t a l n  r e s u l t s  f o r  t h e  c r o s s e d  f i e l d s  s i t u a t i o n ,  

we f i n d  i t  conveni-ent t o  s p l i t ,  t h e  sum i n  (3-18) i n t o  two p a r t s  

a s  f o l l o w s :  

Now i f  i n  e a c h  of t,he above two t.crrns we s e t  = 0, the r e s u l t -  

ing e x p r e s s i o n  would c o n t a i n  a n  r l r c t r i c  f i e l d  a l o n g  t h e  

X - d i r e c t i o n  and a  magne t i c  f i e l d  a l o n g  t h e  Z - d i r e c t i o n ,  t h e  

c o n f i g u r a t i o n  we a r e  i n t e r e s t e d  i n .  So l e t t i n g  Ez - 0  (+ QF - 0 )  

and r e p l a c i n g  the Airy  i u n r t i o n s  i n  (7-1)  bCy t h e i r  a s y m p t o t i c  

forms (4-3)  we o b t a i n  



When eF = 0, t h e  f i r s t  sum does  n o t  c o n t r i b u t e  a n y t h i n g  and i n  

t h e  second sum t h e  S i n e  f u n c t i o n  o s c i l l a t e s  r a p i d l y  f o r  l a r g e  

argument and a v e r a g e s  o u t  t o  z e r o .  Then s u b s t i t u t i n g  f o r  4 l ,n  

from (3-17) we o b t a i n  

where n and n' a.re r e s t r i c t e d  by t h e  r e l a t i o n  

This r e s t r i c t i o n  i m p l i e s  t h a t  t h e r e  i s  no  a b s o r p t i o n  u n t i l  

'The r i g h t - h a n d  s i d e  of t h i s  e q u a t i o n  can be  t h o u g h t  of a s  t h e  

e f f e c t i v e  e n e r g y  g a p  i n  t h e  p resence  of c r o s s e d  e l e c t r i c  and 

magne t i c  f i ~ l d s .  



we have 

where 

is a dimensionless quantity, eB -  cue^ %I . The summa- 
'c MC m + iocv ce 

t i o n  over j extends to n or n '  whichever is smaller. Substituting 

(r(-5) in (7-2) we get 

where 



The r e s u l t  ( 7 - 6 ) ,  a p a r t  f rom some n u m e r i c a l  f a c t o r s  was 

f i r s t  o b t a i n e d  t h e o r e t i c a l l y  by Aronov (40) and was s u b s e q u e n t l y  

c o r r e c t e d  f o r  some f a c t o r s  by Vrehen(41) .  The r e s u l t  (7-6)  

h a s  a l s o  been  o b t a i n e d  by S p e c t o r  (42), who c o n s i d e r s  f o r b i d d e n  

t r a n s i t i o n s  as w e l l .  'The main i m p l i ~ a t ~ i o n s  of t h e  above r e s u l t  

a r e  as f o l l o w s :  

( i )  Thc l o c u t i o n  of' t h e  a b s o r p t i o n  maximum i s  a  f u n c t i o n  of 

t h e  mngnit,ude of t h e  e l e c t r i c  f i e l d  and a l l  t r a n s i t i o n s  

a r e  s h i f t e d  t o  lower  photon e n e r g i e s  by an amount 
c2 ̂ $ 

I 
6 - 2 M< 5 $ (mr i m v )  , w i t h  r e s p e c t  t o  t h e  

t? 
m a g n e t o a b s o r p t i o n  spect rum ( s c e  Chap te r  5 ) .  

Aronov ( 4 0 )  proposed  t h e  measurement of  t h i s  s h i f t ,  

whlci-1 sllould y i e l d  a v a l u e  f o r  t h e  sum of t h e  masses  of 

h o l e  and e l e c > t r o n .  A s  we saw e a r l i e r  t h a t  t h e  magneto- 

a b s o r p t i o n  measurements p r o v i d e  u s  w i t h  t h e  reduced  

mas:: p ,  i h c '  two e x p e r i m e n t s  combined should  y i e l d  t h e  

v a l u e r  of rn rri z e p a r a t e l y .  The o r d e r  of magni tude  of c '  V 

t h e  s h i f t  for '  M 10  
-28 gm. i t 7  



where - i s  i n  vo l t s / cm.  and U i s  i n  g a u s s .  The 
X 

q u a n t i t y  ( E  /B) << 1 f o r  t h e  n o n - r e l a t i v i s t i c  approx imat ion  

t o  ho ld  and t h u s  t h e  s h i f t  canno t  be v e r y  l a r g e .  

(ii) The s e l e c t i o n  r u l e  An = 0, v a l i d  f o r  d i r e c t  magneto- 

a b s o r p t i o n  c a s e  ( d i s c u s s e d  i n  Chapter  5 )  b r e a k s  down i n  

t h e  p r e s e n c e  of a  t r a n s v e r s e  e l e c t r i c  f i e l d  and t h e  

t r a n s i t i o n s  c o r r e s p o n d i n g  t o  An - *l, 2 ,  *3, . . . . have a 

f i n i t e  t r a n s i t i o n  p r o b a b i l i t y .  Such t r a n s i t i o n s  w i l l  be 

c a l l e d  e l e c t r i c  f i e l d  induced t r a n s i t i o n s  (43). 

It i s  q u i t e  c l e a r  t h a t  a  s t r o n g  e l e c t r i c  f i e l d  would g i v e  

r i s e  t o  a  l a r g e  s h i f t  which i s  e a s i e r  t o  obse rve  e x p e r i m e n t a l l y .  

On t h e  o t h e r  hand,  a  s t r o n g  e l e c t r i c  f i e l d  c o m p l i c a t e s  v e r i f i c a t i o n  

of the  second a s p e r t  of t h e  t h e o r y  by making v e r y  many t r a n s i t i o n s  

p o s s i b l e .  A weak e l ~ c t r i c  f i e l d  b r e a k s  t h e  s e l e c t i o n  r u l e ,  An = 0 

o n l y  s l i g h t l y  ( s e e  S e c t i o n  7 . 3 )  b u t  does  n o t  g i v e  r i s e  t o  a 

measurable  s h i f t .  'Thus t o  t e s t  t h e  two p r e d i c t i o n s  of  t h e  t h e o r y  

wt r e q u i r e  :;ornewhat, o p p o s i t e  e x p e r i m e n t a l  c o n d i t i o n s .  I n  t h e  

n e x t  s e c t i o n  we c o r n p u ~ ~ i ~  t h e  t h e o r e t i c a l l y  p r e d i c t e d  s h i f t  w i t h  

t h e  e x p e r i m e n t a l  v a l u e  observed i n  s t r o n g  e l e c t r i c  f i e l d .  The 

1,heory f o r  weak e l e c t r i c  f i e l d  i s  developed i n  S e c t i o n  7 . 3  and 



i s  compared w i t h  exper iment  i n  S e c t i o n  /.4. 

7.2 2 
R e s u l t s  i n  S t r o n g  E l e c t r i c  F i e l d  

Some a s p e c t s  of t h e  c r o s s e d  f ' ie ld  a b s o r p t i o n  t h e o r y  have 

been confirmed e x p e r i m e n t a l l y  by Vrehen (41) and by  reh hen and Lax ( 4 4 )  

f o r  t h e  c a s e  of r e l a t i v e l y  low e l e c t r i c  f i e l d s ,  and by o t h e r s  (45 ,46)  

a t  h i g h e r  f i e l d  v a l u e s .  For  t h e  p r e s e n t  we would c o n s i d e r  t h e  

e x p e r i m e n t s  i n v o l v i n g  l a r g e  e l e c t r i c  f i e l d s ,  a d i s c u s s i o n  of t h e  

weak e l e c t r i c  f i e l d  c a s e  w i l l  be postponed u n t i l  t h e  n e x t  s e c t i o n .  

The pa ramete r  of i n t e r e s t  i n  d e t e r m i n i n g  whether  we a r e  i n  t h e  

weak o r  s t r o n g  f i e l d  limit i s  y. The e x p l a n a t i o n  f o r  t h i s  c h o i c e  

i s  g iven  i n  S e c t i o n  1 2 . 2 .  For M = 10 -28 gm., we have 

where a g a i n  R i s  measured i n  g a u s s  arid E i n  vo l t s / cm.  When << 1, 

we a r e  i n  t h e  weak f i e l d  l i m i t ,  and y >> 1 i m p l i e s  t h e  s t r o n g  

4 
t ' i e l d  l i m i t .  T h i s  rripans t h a t  f o r  a  magne t i c  f i e l d  of 1 0  g a u s s ,  

we a r e  i n  t h e  weak f i e l d  l i m i t  when << 500 vol ts /cm and i n  

t h e  s t r o n g  f i e l d  limit when >> 500 vol ts /cm.  

I n  t h e  s t r o n g  f i e l d s  exper iment  of Vrehen (45 )  on Ge, t h e  

v a l u e s  of were i n  t i le r ange  1 . 6  t o  2 .6 .  In F i g .  (7), we have 

reproduced t h e  curve  o b t a i n e d  by Vrehen f o r ,  ( x ) - q ( 0 )  

v e r s u s  t h e  energy  of t h e  i n c i d e n t  r a d i a t i o n .  The exper iment  was 



Figure  7. E l e c t r i c  f i e ld - induced  o p t i c a l  abso rp t ion  
below t h e  d i r e c t  gap i n  Ge f o r  c rossed  e l e c t r i c  
and magnetic f i e l d  case  f o r  B = 96k~, and f o r  
v a r i o u s  v a l u e s  of E ( ~ r e h e n ( 4 5 )  ) . 



conducted on a t h i n  sample of' germa~liurn a t  6" C i n  t h e  p r e s e n c e  of 

a  magne t i c  f i e l d  of 1 0 '  g a u s s  and an e  r t r i c  f i e l d  of - 1 0  4 

vol ts /cm i n  t h e  c ross t \d  e l e c t r i c  and magli<.tic f i e l d s  c o n f i g u r a -  

t i o n .  A r e sonance  i n  t h e  o p t , i c a l  a b s o r p t i o n ,  s e v e r a l  m i l l i  

e l e c t r o n  v o l t s  below t h e  d i r e c t  band edge i n  germanium, was 

o b s e r v e d ,  which was n o t  p r e s e n t  when t h e  e l e c t r i c  f i e l d  was 

t u r n e d  o f f  o r  i f  i t  was p a r a l l e l  t o  t h e  magne t i c  f i e l d .  

Frorri e q u a t i o n  ( 7 - 8 )  t h e  energy  f o r  t h e  t r a n s i t i o n  

between t h e  z e r o t h  Landau l e v e l s  i s  g iven  by 

w; 
Thus i f  ( w  - 2 

T )  i s  p l o t t e d  a s  a  f u n c t i o n  of ( I 3  , s t r a i g h t  

l i n e  should  r e s u l t  whose s l o p e  i s  r e l a t e d  t o  t h e  v a l u e  of 

( m e  + m v )  Vrehen (45)  c a r r i e d  o u t  such an a n a l y s i s ,  o b t a i n i n g  

the v a l u e  of plw from t h e  e x p e r i m e n t a l l y  de te rmined  e n e r g y  01, 

r e sonance  ( F i g .  '7) and found t h a t  t h e  e x p e r i m e n t a l  p o i n t s  l i e  on 

a  s t r a i g h t  l i n e  i n  accordance  witih e q u a t i o n  ('7-9) and from t h e  

s l o p e  he e s t i m a t e d  (rn i m v )  = (0 .074  t 0 . 0 1 5 )  m where m i s  t h e  
C 

e l e c t r o n  mass. Taking m c  - 0 .036  m (32) one deduces  

m = (0 .038  + 0 . 0 1 5 )  m which i s  of t h e  o r d e r  of magnitude of t h e  
V 

l i g h t  h o l e  mass 0.041 m . Thus t h e r e  i s  a  r e a s o n a b l e  agree -  

ment between t h e  t h e o r y  and t h e  experiment. 



Thus t h e  s h i f t  o f  t h e  edge  i n  t h e  p r e s e n c e  o f  c r o s s e d  e lec t r ic  and 

rnagnet ic  f i e l d s  can be used  as a t o o l  l 'o r  obi a i n i n g  t h e  sum 

of  e f f e c t i v e  masses  i? t h e  sarrlplt can starld h i g h  e l e c t r i c  f i e l d s  

4 ( -  3 x lo v o l t s / c m )  w i t h o u t  c o n s i d e r a b l e  h e a t i n g .  S i n c e  t h i s  

i s  not, p o s s i b l e  i n  g e n e r a l ,  we d e v e l o p  a weak f i e l d  approxima- 

t i o n  i n  t h e  n e x t  s e c t i o n  and show t h a t  t,he same i n f o r m a t i o n  can 

be o b t a i n e d ,  i n  p r i n c i p l e  a t  l e a s t  f rom a  s t u d y  of t h e  o p t i c a l  

a b s o r p t i o n  above t h e  gap i n  r e l a t i v e l y  low e l e c t r i c  f i e l d s .  

7 . 3  Weak F i e l d  Approximat ion  f o r  O p t i c a l  A b s o r p t i o n  
i n  Crossed E l e c t r i c  and Magnet ic  f i e l d s  

I n  t h e  l a s t ,  s e c t i o n  i t  was p o i n t e d  out t h a t  i n  t h e  p r e s e n c e  

ot' c r o z s e d  e l e r t r i r  and magnetic' f i e l d s ,  t h e  t h r e s h o l d  f o r  

2 
a b s o r p t i o r !  s h i r t s  t o  1 ower photon e n e r g i e s  by an amount MVd 

arid frorri t h e  s t u d y  of t h i s  s h i f t ,  coupled  w i t h  t h e  knowledge 

of  t h e  reduced mass, one can ob ta i r l  t h e  v a l u e s  of n l c ,  m v  

s e p a r a t e l y .  However, t o  o b t a i n  c o n v e n i e n t l y  m e a s u r a b l e  s h i f t s ,  

4 
S a i r l y  h i g h  t l e c t r i  c l ' i e l d s  ( "  3 x 10 ~ / c m )  a r e  needed .  Iiigh 

e l e c t r l c  f i e l d s  i n t r o d u c e  u n p l e a s a n t  f e a t u r e s  i n  t h e  a b s o r p t i o n  

s p e c t r o s c o p y ,  s i n c e  t h e  a b s o r p t i o n  l i n e s  a r e  u s u a l l y  b r o a d ,  

even i n  t h e  z e r o  e l e c t r i c  1 , i e l d .  I n  t h e  p r e s e n c e  of  h i g h  

I e l r c t r i r  f i e l d s ,  many more t r a n s i t i o n s  become p o s s i b l e  and i t  

becomes more d i f f i c u l t  t o  r e s o l v e  t h e  l i n e s ,  and t h e  n e t  

e f f e c t  of t,he e l e c t r i c  f i e l d  i s  t h e n  t o  wash o u t  t h e  s t r u c t u r e  

c o m p l e t e l y .  F u r t h e r m o r e ,  t h e  e f f e c ' t  i s  ha rd  t,o o b s e r v e  i n  



h i g h  e l e c t r i c  f i e l d s  b e c a u s e  of  h e a t i n g  and p o s s i b l y  i m p u r i t y  

i o n i z a t , i o n  a t  low t,ernperat,ures whc1rse t h e s c  e x p e r i m e n t s  a r e  

u s u a l l y  per formed.  'I'hus i t  i r  d ~ s i r a b l e  t o  work w i t h  low 

e l ~ r t r i c  f i e l d s  and rornehow s t j l l  o b t a i n  the v a l u e s  of  rrl c '  

m . It i s  t h e  purpose  of t h i s  s e c t i o n  t o  show tha t  t h i s  i s  
V 

i n d e e d  p o s s i b l e .  

It w i l l  be  shown below t h a t  f o r  emal l  e l e c t r i c  f i e l d s ,  

f i e l d  induced  t r a n s i t i o n s  (An = * k,  k  = 1, 2 ,  . . . )  have  a 

s t r e n g t h  p r o p o r t i o n a l .  t o  E ~ ~ ,  s o  t h a t  o n l y  An = +l need be 

c s o n s i d e r e d .  Such f i e l d  induced  t r a n s i t i o n s  can be r e a d i l y  

otlr(>rved e x p e r i m e n t a l  l y  (41). s i n r e ,  f o r  t n i s e  low e l e c t r i c  

f i e l d s ,  t,he e l e c t r i c  f i e l d  induced  s h i f t s  can be  neglected, t h e  

v a l u e s  of r n c ,  r r ~ ,  r a n  t h e n  be o b t a i n e d  f'rom t h e  p o s i t i o n s  of 

An = 0 and An - +1 t r a n s i t i o n s .  

Vrehen (41) h a r  worked o u t  t h e  weak f i e l d  a p p r o x i m a t i o n  i n  

a r a t h e r  s imple  way. He s t a r t e d  wit,h t h e  Pxac t  r e s u l t  (7-6)  

and f o r  s m a l l  e l e c t r i c  f i e l d s  i . e .  y << 1, expanded i t  i n  powers 

2 2 01' and r e t a i n e d  t e r m s  of  o r d e r  y and l o w e r .  H i s  approach  i s  

q u i t e  c o r r e ~ t  b u t  r e l i e s  on t h e  knowledge of  t h e  r e s u l t  ( 7 - 6 ) .  

We p r e s e n t  below an a l t e r n a t i v e  method which d o e s  n o t  i n v o l v e  

t h e  u s e  01, ti-lc- r e s u l t  ( '7-6),  b u t  st,ari s o u t  w i t r l  e q u a t i o n  ( 7 - 2 ) .  

The u s e f u l n e ~ s  of o u r  method w i l l  become much more t r a n s p a r e n t  

When we erliploy i t ,  t o  s t u d y  p h o n o n - a s s i s t e d  t r a n s i t i o n s  i n  c r o s s e d  

e l e c t r i c  and m a g n e t i c  f i e l d s .  



I n  Appendix ( D )  i t  i s  shown t h a t  f o r  << 1 

2 
S q u a r i n g  t h i s  and r e t a i n i n g  t e rms  up t o  o r d e r  we have 

S u b s t i t u t i n g  t h i s  i n  (7-2) we g e t ,  f o r  t h e  low f i e l d  l i m i t ,  

where 

and En,n f 
i s  g i v e n  by (7-8), t h e  sum over  n,  n f  i s  r e s t r i c t e d  by 

t h e  r e l a t i o n  ('7-3). Thus we s e e  t h a t  i n  t h e  weak f i e l d  

approx imat ion ,  Pn,n i s  d i f f e r e n t  from z e r o  o n l y  f o r  

An = n f  - n  = 0, 1. The a.bove r e s u l t  a g r e e s  w i t h  t h e  r e s u l t  

o b t a i n e d  by Vrehen (43). 



We have n u m i > r i c a l l y  p l o t t e d  the weak f i e l d  a b s o r p t i o n  

c o e f f i c i e n t  ( ' (-11) f o r  ,, = 0 . 3 .  'TWO case- i n v o l v i n g  d i f f e r e n t  

r a t i o s  of' v a l e n c e  t o  conduc t ion  band band masses a r e  c o n s i d e r e d ,  
m m v  v namely - - 1 ( F i g .  8)  and - = 2 ( F i g .  9 ) .  S i n c e  t h e  e l e c t r i c  m m 
C C 

f i e l d  induced s h i f t  of t h e  band gap i s  s m a l l ,  t h e  i n t e r b a n d  

a b s o r p t i o n  z i .a r t  s a t  ~ o ,  = E i Whenever w i s  i n c r e a s e d  
Q 

by an amount ~ L U *  t h e r e  i s  r e s o n a n t  a b s o r p t i o n  because  more r ' 
l e v e l s  z a t i s f y i n g  t h e  An = 0 s e l e c t i o n  r u l e  become a c c e s s i b l e .  

If t h e r e  i s  no b r e a k i n g  of t h i s  s e l e c t i o n  p r i n c i p l e  t h e  a b s o r p t i o n  

w i l l  c o n t i n u e  t o  f a l l  s t e a d i l y  when plco i s  i n c r e a s i n g  i n  t h e  r a n g e ,  

1 E i ( e  t F ) ~ ;  < w < E  I ( a  +3/2) , j 0 1, . I n F i g s .  
&< t., 

(8) and (9), t h e  sudden i n c r e a s e  i n  t h e  a b s o r p t i o n  s i g n f i e s  t h e  

f i e l d  induced t , r a n s i t i o n s  An = +I. 

It i s  c l e a r  from F i g .  8 t h a t  f o r  e q u a l  masses (rn = m V )  t h e  
C 

peaks l i e  a t  t h e  m i d  p o i n t s .  For  unequa l  masses ( F i g .  9 ) ,  -che 

peaks  due t o  f i e l d  induced t r a n s i t i o n s  (An = * I.) l i e  on e a c h  

s i d e  of t h e  n = 0 l i n e .  Thus we s e e  t h a t  t h e  p o s i t i o n  of t h e  

peaks  ( ~ n  - + 1) i n  t h e  range  plw; depends upon t h e  r a t i o  of t h e  

two masses whereas  t h e  s e p a r a t i o n  between s u c c e s s i v e  An - (3 

l i n e s  i s  plco;, which i n v o l v e s  t h e  reduced mass.  Hence i t  i s  

p o s s i b l e  t o  deduce t h e  v a l u e s  of rnc ,  mv s e p a r a t e l y .  The above 

t h e o r y  hae  been suppor ted  by e x p e r i m e n t s  (41j44) on germanium. 



Figure 8. Schematic r e p r e s e n t a t i o n  of t he  c rossed  f i e l d s  
absorpLion f o r  t he  case  mv/mc = 1 and weak 
e l e c t r i c  f i e l d  ( = 0 . 3 ) .  The small peaks are 
due t o  f i e l d  induced t r a n s i t i o n s  (An = 1). 



F i g u r e  9.  ~ c h e m a t i c  r e p r e s e n t a t i o n  of t n e  c r o s s e d  f i e l d s  
a b s o r p t i o n  f o r  t h e  c a s e  mv/mc = 2 and weak 
e l e c t r i c  f i e l d  ( = 0 . 3 ) .  The small peaks a r e  
due t o  f i e l d  induced t r a n s i t i o n s  (&I = 4) .  



Vrehen ('I1) h a s  observed some a d d i t i o n a l  a due t o  f i e l d  

induced t r a n s i t i o n s  whicln were riot p r '  l : : i . ~ ;  t i r i  t,he magneto- 

c ibsorpt ion  spec t rum.  However t'u13tk~?r. cxpt:r-irtlents a r e  needed 

b e f o r e  a q u a n t , i t a t i v e  f i t  between t h e  thc~or*,y and experirncnt  

can be at, temp Led . 



CHAPTER 8 

ABSORPTION I N  PARALT,EL ELECTRIC AND MAGNETIC FIELDS 

8.1 D e r i v a t i o n  of  P a r a l l e l  F i e l d  Ahsol-pt,? u t l  

Cocf f i c i  e n t  f rorn h e  G e n e ~ a l  R e s u l t  - 

Once a g a i n  we can  s t a r t  w i t h  e q u a t i o n  (3-18) and o b t a i n  

t h e  a b s o r p  Lion c o e f f i c i e n  t i l l  t i l t -  preseii t ,  f i e l d  c o n f i g u r a t i o n ,  

by  s e t t i n g  = 0, which  i m p l i e s  t h a t  b o t h  V and ' a '  v a n i s h .  
d 

From Appendix ( D ) ,  we have  Lhen J . . n  ' , n  %l,n and w i t h  t h i s  

e q u a t i o n  (3-18) r e d u c e s  t o  

where  

YfJ - E p  
The quantum number n  t a k e s  v a l u e s ,  f rom G t o  Max ( 

ha; 
1 

wiii;re E (Li) - E t , as i n  t h e  m a g n e t o a b s o r p t i o n  c a s e .  The 
g I; 

m a g n e t i c  f i e l d  give, :  r i s e  t o  Landau l e v e l  s t r u c t u r e  and band 

shift, arid t h e  e l e c t r i c  f i e l d  r e s u l t s  i n  t i l t i n g  t h e  b a n d s  and 

rriaking t h e  phenorneriorl o f  p h o t o n - a s s i s t e d  t u n n e l i n g  p o s s i b l e .  

I n t e r b a r i d  t r a n s i t i o n : :  t a k e  p l a z e  be tween  p a i r s  o f  Landau l e v e l  s 

s u b j e c t  t o  tkie u s u a l  m a g l i e t o - o p l i c a l  selection r u l e  An - 0 .  

The above  ri cu l t , ,  r ~ i -  t i le  nbso17ptiori  coe- t ' l ' i c ien t  was f i r s t  



r e p o r t e d  by Reine e t  a l .  
( hy,  118) . Hec.ent,ly t h e  same r e s u l t  h a s  

been o b t a i n e d  u s i n g  a  d i f f e r e n t  method 0 1 9 )  

The e x p r e s s i  or, (8-1 ) i s v a l i d  f'orB l~t?oi o!i e n e r g i e s  bc)t,h 

below arid above t,he diu . t>c , l ,  gap .  For y p  > 11: orit. d b t a i n s  t h e  

w e l l  know~i m a g n e t o a b ~ o r p t ~ i o r i  spectrum, s l i g h t l y  modi f i ed  by 

t h e  e l e c t r i c  f i e l d  and t h i s  r e g i o n  w i l l  n o t  be d i s c u s s e d  any 

f u r t h e r .  However, t h e  e l e c t r i c  f i e l d  i n d u c e s  a b s o r p t i o n  f o r  

photon e n e r g i e s  l e s s  t h a n  t,he d i r e c t  gap ( p h o t o n - a s s i s t e d  

t u n n e l i n g ) ,  and t h e  e f f e c t  of a  magne t i c  f i - e l d  on t h e  a b s o r p t i o n  

s p ~ c t r u m ,  i n  t h i s  r e g i o n  i s  of some i n t e r e s t .  Thlk phenomenon 

h a s  been c a l l e d  p h o t o n - a s s i s t e d  rnagr ?to-t lxnriel ing i n  t h e  r e c e n t  

l i t e r a t u r e  (47,48) , f o r  obv ious  r e a s o n s .  The t u n n e l i n g  p r o c e s s  

can be e a s i l y  v i c u a l i z e d  bay l o o k i n g  a t  t h e  band d iagram,  ( s e e  

F'ig. 1 0 )  where t h e  s o l i d  s l o p i n g  l i n e s  r e p r e s e n t  t h e  conduc t ion  

and  v a l e n c e  bands  i n  t h e  p resence  of p a r a l l e l  f i e l d s  and t h e  

d o t t e d  l i n e  shows t h e  p o s i t i o n  when B = 0 .  A v a l e n c e  e l e c t r o n  

ot' ene rgy  E t u n n e l s  frorri % t o  ZIn,  absorb:3 a  photon and t h e n  v v 

t u n n e l s  t o  % ( , .  The e f f e c t  of t h e  magnet ic  f i e l d  i s  t o  r educe  

t h e  t u n n e l i n g  by i n c r e a s i n g  t h e  e f f e c t i v e  energy  gap.  We 

indeed show t h i s ,  by d e r i v i n g  an e x p r e s s i o n  f o r  t h e  a b s o r p t i o n  

absence  of t h e  magne t i c  f i e l d .  



F i g u r e  10. P h o t o n - a s s i s t e d  t u n n e l i n g  i n  p a r a l l e l  f i e l d s .  
The s l o p i n g  s o l i d  l i n e s  r e p r e s e n t  t h e  conduc t ion  
and v a l e n c e  band l e v e l s  q u a n t i z e d  by t h e  magne t i c  
f i e l d .  



t h e  a s y m p t o t i c  approx imat ion  (4 -3a )  f o r  t h e  Ai ry  f u n c t i o n ,  when 

(8-1) r e d u c e s  t o  

I n  t h e  l i m i t  of a  s m a l l  magnet ic  f i e l d ,  the  sum over  n  i n  (8 -2 )  

can be r e p l a c e d  by an i n t e g r a l ;  f o r  I3 = 0 we g e t  

where 

T h i s  i n t e g r a l  h a s  been e v a l u a t e d  i n  Appendix E ( i )  and we o b t a i n  

T h i s  r e s u l t  f 'or p h o t o n - a s s i s t e d  t u n n e l i n g  o r  Franz-Keldysh e f f e c t  

i s  t h e  same as we o b t a i n e d  e a r l i e r  i n  Chapter  6 .  



The e q u a t i o n s  (8-2) and ( 8 - 4 )  b o t h  p r e d i c t  an e x p o n e n t i a l  

decay of t h e  a b s o r p t i o n  c o e f f i c i e ~ l t  i n t o  t h e  f o r b i d d e n  gap.  

The a p p l i c a t i o n  of a magne t i c  f i t ~ l d  p a r a l l e l  t o  t h e  e l e c t r i c  f i e l d  

i n  t h e  r e g i o n  plcu < E ( s e e  e q u a t i o n  ( 8 - 2 ) )  r e d u c e s  t h e  absorp-  
g 

t i o n  compared w i t h  t h e  c a s e  when e l e c t r i c  f i e l d  i s  p r e s e n t  a l o n e  

( e q u a t i o n  (8-4)  ) . 

8 . 2  Exper imenta l  V e r i f i c a t i o n  

The o p t i c a l  a b s o r p t i o n  i n  t h e  p resence  of p a r a l l e l  f i e l d s  

i n  t h e  r e g i o n  plw < E  h a s  r e c e n t l y  been i n v e s t i g a t e d  experirnent-  
g  

a l l y  (47 ,48 ) .  Pig. 11 i s  an e x p e r i m e n t a l  (47) p l o t  o f  t h e  

q u a n t i t y  T)(Z /I 3; 'j < E ) a s  a  f u n c t i o n  of photon e n e r g y  below 
g  

+ 
t h e  d i r e c t  gap, f o r  a f i x e d  , and d i f f e r e n t  v a l u e s  of  t h e  

magne t i c  f i e l d .  It can be seen  t h a t  t h e  main e f f e c t  of t h e  

magne t i c  f i e l d  i s  t o  d e c r e a s e  t h e  a b s o r p t i o n .  T h i s  c o r r e s p o n d s  

t o  t h e  i n c r e a s e  i n  t h e  energy  s e p a r a t i o n  between v a l e n c e  and 

conduc t ion  bands  w i t h  i n c r e a s i n g  magnet ic  f i e l d .  The e x p o n e n t i a l  

d e c r e a s e  of a b s o r p t i o n  w i t h  photon energy  below t h e  gap, which 

i s  c h a r a c t e r i s t i c  of t h e  ~ r a n z - K e l d y s h  e f f e c t ,  i s  s t i l l  p r e s e n t  

even a t  t h e  h i g h e s t  v a l u e s  of magne t i c  f i e l d  a p p l i e d .  T h i s  i s  

c o n s i s t e n t  w i t h  e q u a t i o n  ( 8 - 2 ) .  



F i g u r e  11. E x p e r i m e n t a l l y  de t r rmined  a b s o r p t i o n  c o e f f i c i e n t  
of  germanium due t o  an e l e c t r i c  f i e l d  O = 2.8 x 1 0  4 
V/cm. i n  t ne  p resence  of a 
f i e l d  B, as a f u n c t i o n  of 
t h e  d i r e c t  gap .  (Reine  e t  



OPTICAL AUSOIiPTION BEI,OW 'THE HAND G A P  I N  

DIRECT-HAND SEMICONIIUCTORS 

9 . 1  U r b a c h l s  Law 

l l t l t  i l  t~ow wc w i > r * <  (.on m c t i  1 n ~ i i 1 ~  t r l c  a b s o r p t i o n  of  l i g h t  

of 1'requcrlc.y w g 4 ' ~ a t  c Y -  th;ul L k 1 3  t cxorre  spond ing  t o  t h e  d i r e c t  

band (:;tp t'~,eyuer-1c.y a n d  o u r  t ,heory p r e d i c t e d  v a n i s l l i n g  a b s o r p t i o n  

below tkiai, f r c > q u ~ r i c y  i r l  a1 1 .;i i u a t  iorl:, e x c e p t  i n  t h e  p r e s e n c e  

of an e l e c t r i c  f i e l d  wkiich lend:  t o  smear t,he o t h e r w i s e  s h a r p  

a b s o r p t i o n  e d g e .  Eiowevvr, Liie expe l~ i rnen ta l  s t u d y  of t h e  o p t i c a l  

a b s o r p t i o n  s p e c t r a  has r e v e a l e d  l1:at n e a r l y  a l l  d i r e c t  gap  

s e m i c o n d u c t o r s  tlave f i r i t e  a , b ~ o l ' p t i i ) r l  c o e f f i c i e n t  f o r  pho tons  

w i t n  e n e r g i e s  below t h a t  c o r r ~ e s p o n d i r l ~  Lo t h e  e n e r g y  gap,  even  

when no e x t e r n a l  e l e c t r i c  f l e l d  i s  p r e s e n t .  F u r t h e r  in most 

p o l a r  sernicorlductors ,  t h e  obse rved  a b s o r p t i c n  t a i l  f o r  y p  < E  
g 

i s  t e m p e r a t u r e  dependen t  and h a s  t h e  form 

where E i s  t h e  e n e r g y  gap,  kT i s  t h e  t h e r m a l  e n e r g y ,  and 
g Oo 

i s  a n u m e r i c a l  p a r a m e t e r  which depends  on t h e  m a t e r i a l  and on 

t , empera tu re .  E q u a t i o n  (9-1)  i s  known as U r b a c h ' s  l a w  ( * )  and 

h a s  a t t r a c t e d  cons i d e r a b l e  a t t e n t i o n  (8,9,50-55) 

I n  s t r o n g l y  i o n i c  c r y s t a l s  l i k e  a l k a l i  h a l i d e s  and 1 1 - V I  

c~ornpounds, i t  i s  w e l l  knowrl t h a t  bht Urbach t a i l  i s  a s s o c i a t e d  



w i t h  phonon-ass i s t ed  o p t i c a l  t r a n s i t i o n s .  S e v e r a l  a t t e m p t s  t o  

e x p l a i n  t h i s  phenomenon i n  I I I - V  se~r! iconduct ing  compounds have 

o n l y  r e s u l t e d  in p a r t i a l  s u c r e s s .  lielow we o u t l i n e  b r i e f l y  some 

such att ,empt s . 

9 .2  Sorne AtLempts t o  E x p l a i n  Urba .chts  Rule 

The s t u d y  of t h e  a b s o r p t i o n  edge h a s  t u r n e d  o u t ,  pe rhaps  

r a t h e r  s u r p r i s i n g l y ,  t o  be q l ~ i t e  c o m p l i c a t e d .  T h i s  i s  because  

i n  t h e  narrow e n e r g y  range  around a b s o r p t i o n  t h r e s h o l d ,  v a r i o u s  

p r o c e s s e s  l i k e  e x r i t o n  a b s o r p t i o n ,  i m p u r i t y  a b s o r p t i o n ,  i n t e r n a l  

e l e c t r i c  f i e l d s  due t o  charged d e f e c t s  (51) and p h o n o n - a s s i s t e d  

t r a r l s i t i o n c ( ' )  can a l l  p l a y  an i m p o r t a n t  r o l e .  The e x c i t o n  

and i m p u r i t y  s t a t e s  u s u a l l y  g i v e  r i s e  t o  a  r e l a t i v e l y  s h a r p  l i n e  

spect rum,  and t h u s  cannot  account  f o r  t h e  observed e x p o n e n t i a l  

edge .  The i n t e r n a l  e l e c t r i c  f i e l d s  a r i s i n g  from charged 

d e f e c t s  can i n  f a c t  smear t h e  band edge and g i v e  r i s e  t o  an 

e x p o n e n t i a l l y  d e c a y i n g  a b s o r p t i o n  c o e f f i c i e n t  i n t o  t h e  f o r b i d d e n  

{;ap. Thus t h e  1Jrbach t a i l  may be an i n t e r n a l  a n a l o g  of t h e  

Franz-Keldyrh  c f f e c t  which was d i s c u s s e d  e a r l i e r  ( c h a p t e r  6, 

c2q1~ai,i ) I ]  ( ( ~ ~ 1 )  ) . 



d i f f i c u l t i e s  w i t h  t h i s  proposed e x p l a n a t i o n .  F i r s t  of a l l ,  i t  i s  

q u i t e  hard  t,o s e e  why orle should e x p e c t  a  t e m p e r a t u r e  dependent  

a b s o r p t i o n  c o e f f i c i e n t .  Secondly ,  f o r  o b s e r v i n g  t h e  Franz-  

Keldysh e f f e c t  by a p p l y i n g  e x t e r n a l  f i e l d s ,  one needs  t o  a p p l y  

5 f i e l d : ;  "10 ~ / c m .  Now if t h e  i n t e r n a l  e l e c t r i c  f ' i e l d s  of such 

rnsiy.itude e x i s t  ( a s  i s  p o s t u l a t e d  i n  t h e  above e x p l a n a t i o n )  and 

g i v e  r i s e  t o  macroscopic  e f f ' ec t s ,  t h e r e  i s  no r e a s o n  why t h e s e  

e l e c t r i c  f i e l d s  shou ld  n o t  modify Lhe a b s o r p t i o n  spect rum above 

t h e  edge .  'To our  knowledge, no oric llas observed any e f f e c t  of 

i n t e r n a l  e l e c t r i c  f i e l d s  on o p t i c a l  a b s o r p t i o n  above t h e  gap .  

Thus we don I t  b e l i e v e  thal ,  the  " i n t e r n a l  ~ r a n z - ~ e l d y s h "  

mechanism i s  t h e  c o r r e c t  e x p l a n a t i o n  Por U r b a c h ' s  law b u t  t h e r e  

i s  no  doubt  t h a t  t h e  i n t e r n a l  e l e c t , r i c  f i e l d s  due t o  charged 

d e f e c t s  w i l l  h;tve some ~ f f e c t  on t h e  observed a b s o r p t i o n  e d g e .  

A more commonly a c c e p t e d  mechanism i s  one i n v o l v i n g  phonon- 

a z r i o t e d  t r a n s i t i o n s .  By a  phonon-ass i s t ed  t r a n s i t i o n  we mean a  

second-order  t r a n s i t i o n  th rough  a v i r t u a l  i n t e r m e d i a t e  s c a t e  

which i n v o l v e s  s c l a t t e r i n g  i n  momentum space  by t h e  a b s o r p t i o n  o r  

e m i s s i o n  of a  phonon i n  a d d i t i o n  t o  t h e  u s u a l  a b s o r p t i o n  of an 

o p t i c a l  photon.  I n  s e m i c o n d u c t ~ r ~  l i k e  Ge and S i  where t h e  abso-  

l u t e  ex t rema  i n  conduc t ion  and v a l e n c e  bands  a r e  a t  wide ly  

s e p a r a t e d  p o i n t s  i n  t h e  B r i l l o u i n  zone, t h e  p h o n o n - a s s i s t e d  

t r a n s i t i o ~ l s  a r e  ~ t . 1 ~ ~  w e l l  known (5'7). I n  such semiconduc to r s  t h e  

a b s o r p t i o n  p r o c e s s e s  and t h e  c o r r e s p o n d i n g  band gap a r e  c a l l e d  

" i r - i t l i rec t"  and a b s o r p t i o n  i s  f o r b i d d e n  u n l e s s  a s s i s t e d  by t h e  



s i m u l t a n e o u s  e m i s s i o n  o r  absorpt , ion  of one o r  more phonons of 

wave v e c t o r  comparahlc~ t o  t h e  d i f f e r e n c e  between t h e  wave 

v e c t o r s  a t  t h e  two band extr t3ma.  

We a r e  i n t e r e s t ~ d  i r i  d i recst  band gap semiconduc to r s ,  

where t,he ex t rema  a r e  a t  o r  ve ry  n e a r  t h e  same p o i n t  i n  t h e  

R r i l l o u i n  zone e . g .  InSb and InAs. The p o s s i b l e  e x i s t e n c e  of 

phonon-ass i s t ed  t r a n s i  t , ions i n  d i r e c t  band semiconduc to r s  was 

f i r s t  sugges ted  by Durnke (6) . It was s u b s e q u e n t l y  shown t h a t  

a b s o r p t i o n  p r o c e s s e s  a s s i s t , e d  by phonons of s m a l l  o r  z e r o  

wave vt.clor- a r e  i n  fac , t  a l lowed f o r  a d i r c c t  gap .  (58 ,59 ,60)  

I ' 6 1  arid InAs (60) d i s p l a y e d  absorpt , ion  below t h e  band 

gap which was c o n s i s t e n t ,  w i t h  t h e  i d e a  of phonon-ass i s t ed  

t r a n s i t i o n s  i n  d i r e c t ,  g a p  semiconduc to r s .  

It i s  now c l e a r  how one can lise t h i s  concept  t o  e x p l a i n  

TJrbachls  law i n  d i r e c t  gap serniconductors .  If we c o n s i d e r  

o n l y  second o r d e r  p r o c e s s e s  i n v o l v i n g  t h e  a b s o r p t i o n  of a  

s i n g l e  ( o p t i c a l )  phonon, t h e  model p r e d i c t s  a  t h r e s h o l d  of 

a b s o r p t i o n  which is lower  t h a n  t h e  t h r e s h o l d  f o r  d i r e c t  t r a n s i -  

t i o n s  by an amount e q u a l  t o  one phonon e n e r g y .  S i n c e  t h e  

p r o b a b i l i t y  of a b s o r b i n g  a  phonon depends upon t e m p e r a t u r e  

t h r o u g h  Hose-Eins te in  f a c t o r ,  t h e  o p t i c a l  a b s o r p t i o n  c o e f f i c i e n t  

f o r  p h o n o n - a s s i s t e d  t r a n s i t i o n s  i s  expec ted  t,o be t e m p e r a t u r e  

dependen t .  The a b s o r p t i o n  c o e f f i c i e n t  f o r  one phonon p r o c e s s e s  

was c a l ( l u l a t  ed by Dumkc' (6) and we w i l l  d i s c u s s  Dumkels r e s u l t  i n  



d e t a i l  i n  t h e  n e x t  c h a p t e r .  Higher  o r d e r  phonon p r o c e s s e s  

ex tend  t h e  t h r e s h o l d  t o  even lower  e n e r g i e s  and i t  h a s  been 

shown (8,9) t h a t  onc indeed  o b t a i n s  an e x p o n e n t i a l  edge i f  h i g h e r  

o r d e r  phonorl p r o c e s s e s  a r c  i n c l u d e d .  We w i l l  have o c c a s i o n  t o  

d i s c u s s  t h i s  i n  Chapter  13. 

Apar t  from t h e  f a c t  t h a t  phonon-ass i s t ed  t r a n s i t i o n s  can 

p r o v i d e  some i n s i g h t  towards  an  u n d e r s t a n d i n g  of U r b a c h ' s  law,  

t h e r e  i s  some i n t r i n s i c  i n t e r e s t  i n  t h e s e  s t u d i e s .  For  

example, we w i l l  s e e  i n  Chap te r s  11, 12 t h a t  t h e  s t ~ d y  of phonon- 

a s s i s t e d  t r a n s i t i o n s  i n  t h e  p resence  of e x t e r n a l  s t a t i c  f i e l d s  

can  g i v e  u s e f u l  i n f o r m a t i o n  about  t h e  e f f e c t i v e  masses .  We w i l l  

r e s t r i c t  o u r s e l v e s  t o  al lowed phonon-ass i s t ed  t r a n s i t i o n s  i n  

d i r e c t  hand s e m i c o n d l ~ c t o r s  i n  t h e  framework of e f f e c t i v e  mass 

a .pproximation (E.M.A. ) ( l l ) .  



CHAPTER 10 

PHONON-ASSISTED OPTICAL ABSORPTION 1-N 

DIRECT-RAND SEMICOKDITCTORS 

1 . 1  Model of t,he P h o n o n - A s s i s t ~ d  T r a n s i t  i o n  P r o c e s s  

It was p o i n t e d  o u t  i n  t h e  last c.hapter t h a t  p h o n o n - a s s i s t e d  

t , r a n s i t , i o n s  i n  d i rec t , -band semiconduc to r s  can s h i f t  t h e  t h r e s h o l d  

f o r  o p t i c a l  a b s o r p t i o n  t o  lower  photon e n e r g i e s  and t h u s  modify 

t h e  absorpt , ion  edge .  I n  t h i s  c h a p t e r  we w i l l  compute t h e  absorp-  

t i o n  c o e f f i c i e n t  f o r  such t r a n s i t i o n s  u s i n g  second-order  t ime  

dependent  p e r t u r b a t i o n  t h e o r y .  Most r e s u l t s  i n  t h i s  c h a p t e r  a r e  

n o t  n e w ( 6 ) ,  however, we d e r i v e  them from a  somewhat d i f f e r e n t  

poj-nt of  view, p r o v i d i n g  a  u s e f u l  i n t r o d u c t i o n  t o  t h e  t h e o r y  of 

p h o n o n - a s s i s t e d  t r a n s i t i o n s .  Also  t h e  p h y s i c a l  and mathemat ica l  

a s sumpt ions  of t h i s  c h a p t e r  w i l l  p rov ide  a  b a s i s  f o r  e x t e n d i n g  

t h e  t h e o r y  t o  incxlude  e x t e r n a l  s t a t i c  f i e l d s .  

Cons ide r  a  d i r e c t - g a p  semiconductors  whose v a l e n c e -  

band maximum and conduction-band minimum a r e  a t  t h e  c e n t r e  of 
+ 

t h e  B r i l l o u i n  zonp (k = 0). Below t h e  t h r e s h o l d  f o r  d i r e c t  

t r a n s i t i o n s ,  t h e  dominant e l e c t r o n  t r a n s i t j i o n  w i l l  be a  second- 

o r d e r  p r o c e s s  i n v o l v i n g  t h e  a b s o r p t i o n  of a  s i n g l e  o p t i c a l  

phonon of c,nergy ke and t h e  absorpt,iorl spect rum may be c a l c u l a t e d  

u s i n g  ssec80r~tl-order p e r t u r b a t  i o n  t h e o r y  a s  was f i r s t  done by Dumke ( f3 ). 

Higher  phonoll prooP s ~ e s  make a  n e g l i g i b l e  c o n t r i b u t i o n  i n  t h e  

e n e r g y  range  w h ~ r e  s ~ c o n d - o r d e r  p r o c e s s e s  a r e  a l lowed i f  t h e  

e lec t ron-phonon  i n t e r a c t i o n  i s  not t o 0  s t r o n g .  T h i s  w i l l  be 



shown q u a n t i t a t i v e l y  i n  Chapter  13.  

'l'kie two t y p e s  of secorid-oriler' I r art:' i l iolls which c o n t r i b u t e  

60 t h e  above absorpt , ior l  a r e  shown i r i  F i g .  12, I n  c a s e  ( a )  an 

e l e c t r o n  i n i t i a l l y  i n  a  s t a t e  i a b s o r b s  a. photon of e n e r g y  plco, 

makes a  v i r t u a l  t r a n s i t i o n  t o  an i n t e r m e d i a t e  s t a t e  j i n  t h e  

conduc t ion  hand, and s u b s e q u e n t l y  a r r i v e s  i n  t h e  f i n a l  s t a t e  f 

v i a  t h e  e lec t ron-phonon  i n t e r a c t i o n .  I n  c a s e  ( b )  an e l e c t r o n  

i s  o p t i c a l l y  e x c i t e d  frorn e  t o  f fo l lowed  by t h e  t r a n s i t i o n  

o f  t h e  e l e c t r o n  a t  i t o  t h e  h o l e  a t  e .  I n  e i t h e r  c a s e ,  energy 

i s  conserved o n l y  i n  the o v e r a l l  p r o c e s s  s o  t h a t  Ef - Ei = ygc + kg. 

The e n e r g y  c o n s e r v a t i o n  p r i n c i p l e  r;eed n o t  be f u l f i l l e d  i n  t h e  

i n t e r m e d i a t e  s t a t e  because  of t h e  u n c e r t a i n t y  p r i n c i p l e .  The 

a b s o r p t i o n  t , h e r e f o r e  o c c u r s  v i a  two g roups  of i n t e r m e d i a t e  

s t a t e s  l y i n g  n e a r  t h e  bot,tom of t h e  conduc t ion  and n e a r  t h e  

t o p  of t h e  v a l e n c e  band r e s p e c t i v e l y .  It i s  s u f f i c i e n t  t o  

c o n s i d e r  o n l y  p r o c e s s e s  of type  ( a ) ,  t h e  c a l c u l a t i o n  f o r  t y p e  

( b )  p r o c e s s e s  p roceeds  i n  e x a c t l y  i d e n t i c a l  f a s h i o n  and does  

n o t  change t h e  shape of t h e  a b s o r p t i o n  spect rum i n  any i m p o r t a n t  

way. For  example if t h e  e lec t ron-phonon  i n t e r a c t i o n  i n  t h e  two 

bands  a r e  d i f f e r e n t ,  type  ( b )  p r o c e s s e s  would siniply a l t e r  t h e  

s c a l e .  Thus we w i l l  on ly  d i s c u s r l  p r o c e s s e s  of t y p e  ( a )  

The phonons of i n t e r e s t  have  s m a l l  wave number and o n l y  

phonons of' s m a l l  wave number h a v i n g  a  s i g n i f i c a n t  e n e r g y  a r e  

t h o s e  a s s o c i a t e d  w i t h  t h e  o p t i c a l  modes. Fur thermore  i n  i o n i c  



E'i{<llr.e 1 2 .  Energy d iagram showing two d i f f e r e n t  t y p e s  
of phonon-ass i s t ed  o p t i c a l  t r a n s i t i o n s .  



In o r d e r  t o  c , a l c u l a t e  tkie a b s o r p t i o n  c o e f f i c i e n t  we 

need tc kr~ow l,he ei6:envalue:; and e i g e n f u n c t i o n s  f o r  e l e c t r o n s  

in conducat i o n  band a n d  v a l e n c e  b a n d .  It was sklown i n  C h a p t e r  2 

that the wave f u n c t i o n  f o r  t h e  e l e c t r o n s  i n  t h e  band a i s  

g i v e n  a c c o r d i n g  t o  E.M.A. 



+ 
i s  s imply  t h e  p r o p a g a t i o n  v e c t o r  k arid we have 

For  p a r a b o l i c  e n e r g y  bands of o p p o s i t e  p a r i t y ,  t h e  c o r r e s p o n d i n g  

e n e r g y  e i g e n v a l u e s  a r e  

0 0 where Ec - Ev = E i s  t h e  energy  gap; m i s  t h e  f r e e  e l e c t r o n  mass 

and a c ,  av a r e  t h e  r a t i o s  of m t o  t h e  conduc t ion  and v a l e n c e  

band e f f e c t i v e  masses r e s p e c t i v e l y .  The a b s o r p t i o n  c o e f f i c i e n t  

f o r  phonon-assi:; ted t r a n s i t i o n s  i n  second o r d e r  p e r t u r b a t i o n  

t h e o r y  i s  ( s e e  Chapter  l ) ,  

w i t h  



where H1 and Hp a r e  t h e  Hami l ton ians  i'or t h e  e l e c t r o n - p h o t o n  

and e lec t ron-phonon  i n t e r a c t i o n s  r e s p e c t i v e l y ,  N i s  t h e  

photon-number s t a t ?  and f  i s  t h e  phonon-number s t a t e .  The 

m a t r i x  e l e m e n t s  i n v o l v i n g  p h o t o n - i n t e r a c t i o n  were worked o u t  i n  

d e t , a i l  i n  Chap te r  3 where f o r  al lowed t r a n s i t i o n s  we o b t a i n e d  

( s e e  e q u a t i o n  (3-8) ) 

S u b s t i t u t i n g  from (10-2)  t h e  e x p r e s s i o n s  f o r  t h e  enve lope  

f u n c t i o n s  and comple t ing  t h e  i n t e g r a l  we have 

With t h e  h e l p  of (10-5) and ( 1 0 - 6 ) ,  t h e  e x p r e s s i o n  f o r  t h e  

a b s o r p t i o n  c o e f f i c i e n t  -becomes 



where 

an d 

and H Z , ~  i s  t h e  e lec t ron-phonon  i n t e r a c t i o n  m a t r i x  e l e m e n t .  

I n  e v a l u a t i n g  e q u a t i o n  (10-7), i t  i s  n e c e s s a r y  t o  know t n e  form 

of  t h e  e lec t ron-phonon  i n t ~ r a c t i o n .  Two c a s e s  may be  d i s t i n g u i s h e d :  

( a )  o p t i c a l  phonon s c a , t t e r i n g  i n  n o n p o l a r  m a t e r i a l s  o r  s c a t t e r i n g  

by t r a n s v e r s e  phonons i n  p o l a r  m a t e r i a l s ,  and ( b )  s c a t t e r i n g  by 

l o n g i t u d i n g a l  o p t i c a l  phonons i n  i o n i c  m a t e r i a l s .  I n  c a s e  ( a ) ,  

t h e  e lec t ron-phonon  m a t r i x  e lement  i s  e s s e n t i a l l y  independen t  of 
* 
k and 2' and we may p u t  

Tn c a s e  ( b ) ,  t h e  magnitude of t h e  e lec t ron-phonon  i n t e r a c t i o n  
-t 

depends s t r o n g l y  on t h e  phonon wave v e c t o r ,  q ,  and d i v e r g e s  f o r  
* 
q -+ 0 .  I f  e l e c t , r o n  s c r e e n i n g  e f f e c t s  a r e  i n c l u d e d ,  t h e  m a t r i x  

--+ 

element  a g a i n  approaches  a  c o n s t a n t  v a l u e  f o r  q  wave v e c t o r s  

s m a l l e r  t h a n  t h e  r e c i p r o c a l  of t h e  s c r e e n i n g  l e n g t h .  Throughout 

t h i s  p r e s e n t a t i o n  we s h a l l  assume t h e  form of  HF 'k -+ g i v e n  by 

e q u a t i o n  ( 1 0 - 9 ) .  IjL4rnke (6) h a s  shown t h a t  t h i s  assumpt ion  i s  i n  

e x c e l l e n t  agreement  w i t h  t h e  exper iments  on weakly i o n i c  m a t e r i a l s  



(10-7)  can be r e p l a c e d  by i n t e g r a t i o n s  th rough  t h e  d e n s i t y  of 

s t a t e  f a c t o r s ,  namely 

and s i m i l a r l y  f o r  the  conduc t ion  band 

S u b s t i t , u t i n g  ( 1 0 - g ) ,  (10-10)  and (10-11)  i n  (10-7)  we g e t  

where 

and 



I n  t h e  express i -on  f o r  A ,  we took LU - E /A. The average  e 
s c a t t e r i n g  p r o b a b i l i t y  i.s p r o p o r t i o n a l  t o  t h e  number of 

phonons i n  e a c h  v i b r a t i o n a l  mode th rough  t h e  Hose-Eins te in  

f a c t o r  ( e  0/T - 1)-'. I n t r o d u c i n g  

and c a r r y i n g  o u t  t h e  i n t e g r a t i o n  over  EV(T) w i t h  t h e  h e l p  of 

t h e  d e l t a  f u n c t i o n  i n  (10-12), we f i n d  

Not ice  t h a t  t h i s  i n t e g r a l  v a n i s h e s  if A = 0. For  p o s i t i v e  

n o n - v a n i s h i n g  v a l u e s  of A and d ,  t h e  i n t e g r a l  can be  r e a d i l y  

completed t o  o b t a i n  

Thus t h e r e  i s  no a b s o r p t i o n  u n t i l  W + ke > E  g . The a b s o r p t i o n  

c : o e f f i c i e n t  i s  z e r o  a t  + kn = E because  t h e  j o i n t  d e n s i t y  of 6 



s t a t e s  i n  t h e  v a l e n c e  and conduc t ion  bands v a n i s h e s  a t  t h e  edges  

of t h r e e - d i m e n s i o n a l  ene rgy  bands.  S i n c e  ' d  ' i s  a  p o s i t i v e  

q u a n t i t y  f o r  phonon-ass i s t ed  t r a n s i t i o n s  under  c o n s i d e r a t i o n ,  

t h e  magnitude of t h e  a b s o r p t i o n  c o e f ' f i c i e n t  f o r  A > 0 i s  a lways 

r e a l .  

WP have p l o t t e d  the  a b s o r p t i o n  c o e f f i c j e n t  (10-15)  a s  a  

f u n c t i o n  of t h e  i ~ i c i d e n t ,  photon e n e r g y .  Two c a s e s  i n v o l v i n g  

d i f f e r e n t  r a t i o s  of conduc t ion  t o  v a l e n c e  band masses a r e  

c o n s i d e r e d ,  namely ar/av = 1 and a r i a v  = 2 ( ~ i g .  1 3 ) .  The 

a b s o r p t i o n  r o e f f i c i e n t  s t a r t s  o u t  w i t h  t h e  v a l u e  z e r o  a t  

- E - kg and i n c r e a s e s  smoothly a s  i s  v a r i e d  i n  t h e  

range  E - kg < < E ~ .  IT h i g h e r  o r d e r  p r o c e s s e s  were i n c l u d e d  
F: 

t h e  c u t - o f f  wo~xld : ; f i i f t  t o  lower  photon e n e r g i e s  and some 

a b s o r p t i o n  would p e r s i s t  f o r  c E, - kg. The i n f r a r e d  
" 

a b s o r p t i o n  d a t a  on 111S1?(~) h a s  been ana lysed  by Dumke (6) w i t h  

t h e  h e l p  of t h e  above t h e o r y .  The agreement  i s  found t o  be 

q l i a n t i t a t i v e  if i n  our t h e o r e t i c a l  e x p r e s s i o n  (10-15) we choose 

4 = 250" K and acIav = 5.  E x p e r i m e n t a l l y  t h e  magnitude of 

t h e  i n d i r e c t  a b s o r p t i o n  i n  InSb c l o s e l y  f o l l o w s  an ( e  8/T - 1)-l 

law, I . e f l e i m t i n g  it,s dependence on t h e  number of o p t i c a l  



Figure  13. Phonon-ass i s t ed  a b s o r p t i o n  spect rum a s  a f u n c t i o n  
of photon e n e r g y  f o r  two d i f f e r e n t  v a l u e s  of 
ac/av . 



CHAPTER 11 

PHONON-ASSISTED MAGNETOABSORPTION IV 

DIRECT BAND SEMICONDUCTORS 

Ca.lculat, ion of t h e  Magnetoabsorpt ion  C o e f f i c i e n t  

In t h i s  c h a p t e r  we extend t,he c a l c u l a t i o n s  of t h e  p r e v i o u s  

c h a p t e r  t o  s t u d y  t h e  e f f e c t  of t h e  magnet ic  f i e l d  on phonon- 

a s s i s t e d  t r a n s i t  i o n s .  Once a g a i n  we c o n s i d e r  a semiconductor  

whose v a l e n c e  and conduc t ion  bands a r e  ' s i m p l e  ' ,  i . e .  t h e  
+ 

bands  a r e  nondegenera te ,  have t h e i r  ext rema a t  k  = 0,  and t h e  

dependenre  of ene rgy  on r r y s t a l  momentum, , i s  s p h e r i c a l l y  

syrrlrnetric and q u a d r a t i c .  In  t h e  framework of e f f e c t i v e  mass 

approx imat ion  ( E . M . A . ) ,  t h e  wave f u n c t i o n  f o r  t h e  e l e c t r o n s  i n  

band a i s  ( s e e  Chapter  2 )  

I f  t h e  magne t i c  f i e l d  i s  d i r e c t e d  p a r a l l e l  t o  t h e  Z-ax i s ,  t h e n  

p s t a n d s  f o r  a  set, of quantum numbers ( n ,  ky, kZ) and we have 

from e q u a t i o n  (2-39) 

where n ,  t h e  Landau magnet ic  quantum number, i s  a  p o s i t i v e  



i n t e g e r  o r  z e r o  and = d% is t h e  magnet ic  l e n g t h .  e I3 

Y'he enerl;y levels 01' the  charge  c a r r i e r s  a r e  g iven  by 

( s e e  e q u a t  i o n  ( 2 - k l )  ) 

We n o t i c e  t h a t  t h e  enert3ies  of t h e  c a r r i e r s  a r e  q u a n t i z e d  i n  

t,hc p l a n e  p e r p e n d i c u l a r  t o  t h e  magnet ic  f i e l d  b u t  remain 

q u a , ~ i - c o n t i n ~ x o u s  i n  t h e  d i r e c t i o n  of  t h e  f i e l d ,  t h u s  forming a  

s e r i e s  of 'one-dirnpnsional  sub-bands '  ( F i g .  1) Chapter  5 .  The 

minimum of t,he l o w e s t  sub-band of t h e  conduc t ion  band o c c u r s  a t  

an e n e r g y  iacw above t h e  energy band minimum i n  z e r o  f i e l d  
C 

and t h ~  naximurn of t h e  h i g h e s t  sub-band i n  t h e  v a l e n c e  band 

orcr r rs  a t  an energy  $avhioc below t h e  v a l e n c e  band maximum i n  

1 
z e r o  f i e l d ,  t h u s  i n c r e a s i n g  t h e  band gap by ;(ac + \ )  Wc E T ~ o ) :  

(Fig. 1). 

The Landau l e v e l s  a r e  h i g h l y  d e g e n e r a t e  w i t h  r e s p e c t  
2 

t.o t h e  choiiae of. the ' o r b i t  c e n t r e ' ,  xo = 1 ky. (The d e g e n e r a t e  

stat,c>s d i f f e r  from one a n o t h e r  i n  tlhe v a l u e  of t h e  t h i r d  

Y 

degeneracy  can be e s t i m a t e d  (25) by c o n s i d e r i n g  t h e  system t o  be 



c o n t a i n e d  i n  a  box of s i d e s  Lx, Ly3 L Z .  The number of p o s s i b l e  

v a l u e s  of k i n  a s m a l l  i n t e r v a l  Ak i s  
.y Y 

T h e  maximum v a l u e  of k i s  de termined by t h e  r e q u i r e m e n t  t h a t  
Y 

X the o r b i t  cent , re  l i e s  i n s i d e  t h e  box i . e .  
0' 

So, s u b s t i t u t i n g  f'or xo, we g e t  

The number of s t a t e s  i n  a  s i n g l e  Landau l e v e l  i s  t h e n  u s i n g  

(11-4)  

One f r e q u e n t l y  e n c o u n t e r s  s t a t e m e n t s  i n  t h e  l i t e r a t u r e  t h a t  t h e  

degeneracy  p e r  u n i t  a r e a  of t h e  sample t r a n s v e r s e  t o  t h e  magne t i c  

1 f i t . l d  i s  g i v e n  by -7 . The meaning of t h i s  s t a t e m e n t  i s  q u i t e  
2 . r r ~  

t r a n s p a r e n t  from e q u a t i o n  (11-5) . 



P o s s e s s i n g  t h e  wave f u n c t i o n s  and t h e  energy  e i g e n v a l u e s ,  

the magne toabsorp t ion  c o e f f i c i e n t  f o r  phonon-ass i s t ed  t r a n s i -  

t i o n s  can be computed i n  a  s t a n d a r d  f a s h i o n  ( s e e  Chapter  1) 

where 

I n  Chapter  3 e q u a t i o n  (1-8) i t  was found t h a t  f o r  a l lowed 

t r a n s i t i o n s  t h e  m a t r i x  e lement  i s  g iven  by 

t h e  o v e r l a p  i n t e g r a l  f o r  t h e  p r e s e n t  case from (11-2)  is 



Not ice  t h a t  t h e  e l e c t r o n - p h o t o n  i n t e r a c t i o n  does  n o t  change 

t h e  magne t i c  quantum number n .  s u b s t i t u t i n g  t h i s  v a l u e  f o r  

t h e  o v e r l a p  i n t e g r a l  above, we o b t a i n  

The d e l t a  f u n c t i o n  i n  (11-8) e n a b l e s  u s  t o  complete t h e  

summation over  i n t e r m e d i a t e  s t a t e s  i n  (11-7) and t h e  e x p r e s s i o n  

f o r  t h e  a b s o r p t i o n  becomes 

where 

and 



Fol lowing  t h e  d i s c u s s i o n  i n  t h e  l a s t  c h a p t e r ,  we 

approximate  t h e  e lec t ron-phonon  i n t e r a c t i o n  by a  c o n s t a n t  

namely 

To c a r r y  o u t  t h e  summations over  k ki, kZ, Y' 
k ' i n  e q u a t i o n  

(11-9) it, i s  conven ien t  t o  c o n v e r t  them i n t o  i n t e g r a t i o n s  

t h r o u g h  t h e  d e n s i t y  of s t a t e  f a c t o r s .  While c a l c u l a t i n g  t h e  

d e n s i t y  of s t a t e s ,  t h e  degeneracy (11-5) of each  s t a t e  i s  

t a k e n  i n t o  accoun t  and we have 



113. 

S u b s t i t u t i n g  ( 1 1 - 1 2 ) ,  (11-13) and (11-14)  i n  (11-9)  we g e t  

where A and r a r e  as d e f i n e d  i n  (10-13) ,  

and c a r r y i n g  o u t  t h e  i n t e g r a t i o n  over  c  ( f o r  f i x e d  n , n l )  w i t h  

t h e  h e l p  of t he  d e l t a  f u n c t i o n ,  we o b t a i n  



The above i n t e g r a l  v a n i s h e s  i f  A ( B )  = an + a  n  ' '  For 

w)  > an t an"  The i n t e g r a l  can be e v a l u a t e d  by s t a n d a r d  

methods and t h e  f i n a l  e x p r e s s i o n  f o r  t h e  a b s o r p t i o n  c o e f f i c i e n t  

i s  g iven  by 

w i t h  t h e  r e s t r i c t i o n  an + a n ,  < A(B). T h i s  r e s t r i c t i o n  impl j -es  

t h a t  t h e r e  i s  n o  a b s o r p t i o n  u n t i l  

Thus E ( B )  can be i n t e r p r e t e d  a s  t h e  e f f e c t i v e  energy e 
gap i n  t h e  p resence  of a  magnet ic  f i e l d .  The summation i s  over  

a l l  non-nega t ive  i n t e g e r s  n y  n '  c o n s i s t e n t  w i t h  t h e  above 

r e s t r i c t i o n  and t h e  u s u a l  magne toabsorp t ion  s e l e c t i o n  r u l e  

An = 0 i s  n o t  obeyed.  Thus we would e x p e c t  t h e  phonon- 

a s s i s t , e d  magne toabsorp t ion  spectrum t o  d i s p l a y  t h e  s t r u c t u r e  of 

t h e  v a l e n c e  and conduc t ion  bands s e p a r a t e l y .  The r e s u l t  (11-17) 

was f i r s t  r e p o r t e d  by H a t r a  and ~ a e r i n g ( ~ ~ ) ,  t h e  d e t a i l s  of 

t h e  c a l c u l a t i o n s  and o t h e r  i m p l i c a t i o n s  have s i n c e  t h e n  been 

p u b l i s h e d  (lo) 



1 1 . 2  The Zero F i e l d  L imi t  

I n  t h e  l i m i t  of z e r o  magnet ic  f i e l d  t h e  summations 

over  n ,  n '  i n  e q u a t i o n  (11-17) can be r e p l a c e d  by i n t e g r a t i o n s  

t h r o u g h  t h e  c o n v e r s i o n s  

and 

where x and y a r e  r e s t r i c t e d  by t h e  c o n d i t i o n  x + y  < and 

we have 



The i n t e g r a l s  i n v o l v e d  a r e  e l ementa ry  and t h e  f i n a l  e x p r e s s i o n  

can be immedia te ly  w r i t t e n  down 

T h i s  l i m i t i n g  r e s u l t  a g r e e s  w i t h  t h e  r e s u l t  o b t a i n e d  i n  t h e  

l a s t  c h a p t e r  ( s e e  equa . t ion  ( 1 0 - 1 5 ) ) .  

11 .3  R e s u l t s  and D i s c u s s i o n  

We have n u m e r i c a l l y  p l o t t e d  t h e  a b s o r p t i o n  c o e f f i c i e n t  f o r  

nonzero  and z e r o  v a l u e s  of' t h e  magnet ic  f i e l d ,  u s i n g  e q u a t i o n s  

(11-17) and (11-18) r e s p e c t i v e l y .  Three c a s e s  i n v o l v i n g  d i f f e r e n t  

r a t i o s  of conduc t ion  t o  v a l e n c e  band masses a r e  c o n s i d e r e d ,  

namely ac/av = 1 ( F i g .  1 4 ) ,  ac/av = 2 ( F i g .  1 6 ) ,  and av = 0 

( ~ i g .  1 8 ) .  For  a l l  t h e s e  c a s e s  t h e  z e r o  magnet ic  f i e l d  a b s o r p t i o n  

c o e f f i c i e n t  r)  (0) s t a r t s  o u t  w i t h  t h e  v a l u e  z e r o  a t  w = E - k e  
0 g  

a.nd i n c r e a s e s  smoothly a s  y p  i s  v a r i e d  i n  t h e  range  E - kg < < E g g  

I n  t h e  p r e s e n c e  of t h e  magnet ic  f i e l d ,  t h e  energy  gap of 

t h e  m a t e r i a l  i r i c r e a s c s  ( e q u a t i o n  (11-10)  ) and t h e  a b s o r p t i o n  

remains  z e r o  s o  l o n g  a s  y p  s E (B) - ke- A t  W s l i g h t l y  g r e a t e r  

tjian E (H) - kg, r l R ( ~ )  suddenly  r i s e s  t o  a. v a l u e  h i g h e r  t h a n  t h e  
e 



c o r r e s p o n d i n g  v a l u e  of q g ( 0 )  a t  t h a t  p o i n t .  A s  y@ i s  v a r i e d  i n  

t h e  range  E ( B )  - kg < plu, < E ( B ) ,  photons  can be absorbed by 
g  I; 

c a r r i e r s  i n  l o w - l y i n g  Landau l e v e l s  i n  t h e  v a l e n c e  band and can 

be promoted t o  Landau l e v e l s  s i t u a t e d  a t  h i g h e r  e n e r g i e s  i n  

t h e  conduc t ion  band.  Whenever an a d d i t i o n a l  Landau l e v e l  of t h e  

conduc t ion  band o r  v a l e n c e  band i s  p e r m i t t e d  by energy  conserva-  

t i o n  t o  t a k e  p a r t  i n  t h e  a b s o r p t i o n  p r o c e s s ,  q e ( B )  jumps 

d i s c o n t i n u o u s l y  from a  v a l u e  below q (0) t o  a v a l u e  above 
8 

q ,(O) . U s u a l l y  a '  ( =  a ~ c  i s  of t h e  o r d e r  0 . 1  kg o r  
c , v  c ,v  

0 . 2  k e  and one would s e e  s e v e r a l  s t e p s  i n  t h e  range  

E g ( ~ )  - kg < < Eg(B) . ( I n  f a c t  we w i l l  show t h a t  t h e  n e c e s s a r y  

c o n d i t i o n  t o  s e e  phonon-ass i s t ed  magne toabsorp t ion  i s  t h a t  

a W C  < k e . )  We have a l s o  p l o t t e d  t h e  d i f f e r e n c e  c , v  

[ q g ( B )  - q g ( 0 )  ] - a . q g ( B )  f o r  t h e  t h r e e  c a s e s  d i s c u s s e d  above 

It i s  t o  be noted  t h a t  t h e  a b s o r p t i o n  c u r v e s  i n  F i g s .  1 4  - 

1 9  d i s p l a y  t h e  Landau l e v e l  spect rum of t h e  v a l e n c e  and 

conduc t ion  bands  s e p a r a t e l y .  T h i s  i s  i n  c o n t r a d i s t i n c t i o n  t o  

normal  d i r e c t  i n t e r b a n d  a b s o r p t i o n ,  which o n l y  i n v o l v e s  t h e  

reduced mass f o r  t h e  two bands because  of t h e  s e l e c t i o n  r u l e  

An - 0 .  Thus if we ex tend  t h e  u s u a l  magne to -op t i c s  e x p e r i m e n t s  

t o  t h e  r e g i o n  below t h e  d i r e c t  gap,  t h e  conduc t ion  band and 

Valence band masses can be de termined i n d i v i d u a l l y .  I n  t h e  

n e x t  s e c t i o n  we s u g g e s t  t h e  e x p e r i m e n t a l  c o n d i t i o n s  f o r  s t u d y i n g  

the phonon-ass i s t ed  magne toabsorp t ion .  



F i g u r e  1 4 .  I n t e r b a n d  a b s o r p t i o n  spect rum f o r  B = 0 and B + 0 
as a f u n c t i o n  of photon e n e r g y  f o r  t n e  c a s e  a,/\ = 1 
and E ( B )  = Eg + 0.2  kg. 

Q 



F i g u r e  15.  D i f f e r e n c e  of  a b s o r p t i o n  c o e f f i c i e n t s  
[ T ) * ( B )  - q g ( 0 ) ]  = ~q ( B )  as a f u n c t i o n  of  photon 
e n e r g y  f o r  the  c a s e  'ac/% = 1. 



Eg- k e  Eg -0.75 k0 - h ~  Eg-0.45 k e  

Figure 16. I n t e r b a n d  a b s o r p t i o n  spect rum f o r  B = 0 and B * 0 
a s  a f u n c t i o n  of  photon e n e r g y  f o r  the  c a s e  ac/\ = 2 
and E ( B )  = Eg + 0.15 kg. 

P: 



Figure 17. D i f f e r ence  of abso rp t ion  c o e f f i c i e n t s  
[ q 8 ( ~ )  - q e ( 0 )  1 s d q e ( B )  as a f u n c t i o n  of 
photon energy f o r  t h e  case ac/\ = 2 .  



Figure  18. I n t e r b a n d  a b s o r p t i o n  spect rum f o r  B = 0 and b $ 0 
as a f u n c t i o n  of photon energy  f o r  av -0, Eg ( B )  = 
E + 0.05 k g *  A '  = ~ ( a ~ / a , ) 3 / ~  r2, where A i s  g i v e n  G 
by e q u a t i o n  (10.13) . 





1 1 . 4  Numerical E s t i m a t e s  and P r a c t i c a l  C o n s i d e r a t i o n s  

I n  o r d e r  t o  s t u d y  t h e  magne toabsorp t ion  spect rum d i s c u s s e d  

above,  t h e  semiconductor  chosen must have a d i r e c t  band gap 

because  we worked o u t  t h e  t h e o r y  c o r r e s p o n d i n g  t o  t h i s  c a s e .  

A n e c e s s a r y  c o n d i t i o n  f o r  o b s e r v i n g  w e l l  d e f i n e d  s t r u c t u r e  i s  

t h a t  t h e  s p a c i n g  between t h e  Landau l e v e l s  be g r e a t e r  t h a n  t h e  

b r o a d e n i n g  of t h e  l e v e l s  and t h e r e f o r e  t h e  p roduc t  of t h e  

c y c l o t r o n  f r e q u e n c y  ( i n v o l v i n g  t h e  e f f e c t i v e  mass f o r  t h e  band 

under  c o n s i d e r a . t i o n )  and t h e  s c a t , t e r i n g  t ime  ( T )  must be  

g r e a t e r  t h a n  u n i t y  i n  e a c h  band.  If t h i s  c o n d i t i o n  h o l d s  o n l y  

f o r  one band,  t h e  s t r u c t u r e  of t h e  o t h e r  band w i l l  n o t  be 

r e s o l v e d .  Below, we r e s t r i c t  t h e  d i s c u s s i o n  t o  t h e  conduc t ion  

band, s i m i l a r  c o n s i d e r a t i o n s  a r e  a l s o  v a l i d  f o r  t h e  v a l e n c e  

band.  

The use  of low tempera . tu res  t o  i n c r e a s e  7 shou ld  c l e a r l y  

be  advan tageous  f o r  o b s e r v i n g  d e t a i l e d  s t r u c t u r e .  However, we 

have shown t h a t  q ( B )  i s  p r o p o r t i o n a l  t o  t h e  number of phonons 
6 

p r e s e n t  [ e  e/T - 11-1 and hence d e c r e a s e s  q u i c k l y  a t  t e m p e r a t u r e s  

below t h e  Debye t e m p e r a t u r e  , r e s u l t i n g  i n  a. n e g l i g i b l y  small 

a b s o r p t i o n  a t  low t e m p e r a t u r e s .  Hence, i t  i s  n e c e s s a r y  t h a t  t h e  

c o n d i t i o n  a LU r o > 1 be s a t i s f i e d  a t  t e m p e r a t u r e s  where a  
C c  C c  

s i g n i f i c a n t  a b s o r p t i o n  below t h e  e n e r g y  gap i s  o b s e r v e d .  A 

s m a l l  e f f e c t i v e  mass and a  l a r g e  magne t i c  f i e l d  w i l l ,  of c o u r s e ,  

h e l p  t o  a c h i e v e  t h i s  c o n d i t i o n .  However, t h e  magnet ic  f i e l d  must 



n o t  be s o  l a r g e  t h a t  a ,-g.~.! - k e ,  s i n c e  no o s c i l l a t , i o n s  w i l l  be 
C C 

observed f o r  f i e l d s  l a r g e r  t h a n  t h i s  v a l u e .  The maximum number 

of o s c i l l a t i o n s  t h a t  may be seen  i s  kg/acwc 

M a t e r i a l s  which e x h i b i t  normal i n t e r b a n d  magneto- 

o p t i c a l  o s c i l l a t i o n s  above t h e  band gap and an Urba.ch a b s o r p t i o n  

t a i l  below t h e  band gap a r e  p o t e n t i a l  c a n d i d a t e s  t o  d i s p l a y  

1 phonon-ass i s t ed  magne toabsorp t ion  below t h e  band gap .  InSb 

and G a A s  a r e  i n  t h i s  c a t e g o r y  and t h e i r  r e l e v a n t  p r o p e r t i e s  

a l o n g  w i t h  t h e  sugges ted  e x p e r i m e n t a l  c o n d i t i o n s  a r e  l i s t e d  i n  

I t h e  Table  I .  It a p p e a r s  t h a t  b o t h  s u b s t a n c e s  shou ld  d i s p l a y  t h e  

s t r u c t u r e  p r e d i c t e d  ( lo) i n  t h i s  c h a p t e r .  



TABLE i: 

P r o p ~ r t ~ i e s  of I n S b  and  G a A s  

I P r o p e r t y  

Eriergy ' b a n d s  

\ 

T 
(prom mobility data) 

InSb  

D i r e c t  gap 64 

- 7 at 300' K and 
4 B - 1 0  G 

- - 

CaA s 

D i r e c t  g a p  65 

" 5 at 300" K and 
4 

B = 5 x l O  G 



CHAPTER 12 

PHONON-ASSIS'TED ABSORPTION I N  CROSSED ELECTRIC 

AND M A G N E T I C  FIELDS I N  DIRECT-BAND SEMICONDUCTORS 

1 2 . 1  C a l c u l a t i o n  of t h e  Absorp t ion  C o e f f i c i e n t  

The a n a l y s i s  i n  t h e  p resence  of c r o s s e d  e l e c t r i c  and 

magnet ic  f i e l d s  p roceeds  i n  a  manner v e r y  s i m i l a r  t o  t h e  

magne toabsorp t ion  c a s e  i n  p r i n c i p l e ,  b u t  t h e  a c t u a l  computa- 

t i o n  i s  enormously t e d i o u s .  Some a d d i t i o n a l  a s sumpt ions  w i l l  

be r e q u i r e d  and t h e  weak e l e c t r i c  f i e l d  approx imat ion  w i l l  be 

invoked .  The v a l i d i t y  c o n d i t i o n s  and t h e  e x p e r i m e n t a l  

i m p l i c a t i o n s  of such an approx imat ion  w i l l  be t h o r o u g h l y  

d i s c u s s e d .  

+ 
When an e l e c t r i c  f i e l d  = ( z ,  0 ,  0 )  and a  magne t i c  f i e l d  

4 

B = ( 0 ,  0, B )  a r e  p r e s e n t  t h e  wave f u n c t i o n  f o r  t h e  e l e c t r o n s  

i n  band a i s  g i v e n  by ( s e e  Chapter  2 )  

where u  (3 i s  t h e  p e r i o d i c  p a r t  of t h e  Bloch f u n c t i o n  of band 
ao 

+ 
a a t  k = 0  and t h e  enve lope  f u n c t i o n s  f o r  t h e  conduc t ion  band and 

t h e  v a l e n c e  bands  a r e ,  

and 



ci, 
r e s p e c t i v e l y .  Here Vd = - B 

i s  t h e  d r i f t  speed i n  c r o s s e d  

e l e c t r i c  and magne t i c  f i e l d s  and p d e n o t e s  a  s e t  of quantum 

numbers ( n ,  k kZ) . The c o r r e s p o n d i n g  energy  e i g e n v a l u e s  of  
Y' 

t h e  c a r r i e r s  a r e  

The a b s o r p t i o n  c o e f f i c i e n t  i s  g i v e n  by ( C h a p t e r  1) 

I I ,  ( I '  

where 



The e lec t ron-pho t ,on  i n t e r a c t i o n  m a t r i x  e lement  i s  g i v e n  by 

( s ~ e  Chapter  3) 

where f o r  t h e  p resen t  c a s e  t h e   envelop^ f u n c t i o n s  a r e  g iven  by 

( 1 2 - 2 )  and trhe over]-ap i n t e g r a l  i s  then  

where 



Hence 

S u b s t i t u t i n g  (12-7)  i n  (12-5) and s i m p l i f y i n g  we o b t a i n  

where w e  r e p l a c e d  e lec t ron-phonon  i n t , e r a c t i o n  m a t r i x  e l e m e n t s  

b y  a c o n s t a n t  and 



If we s e t  

t h e n  

where 

We cannot  proceed any f u r t h e r  u n t i l  t h e  summation o v e r  n" 

i s  comple ted .  If we s u b s t i t u t e  t h e  c l o s e d  form of J n " , n  ( a )  

( s e e  Appendix ( C ) )  i n  ( 1 2 - l l ) ,  i t  i s  i m p o s s i b l e  t o  sum t h e  

r e s u l t i n g  e x p r e s s i o n  over  a l l  v a l u e s  of n " .  Thus i t  i s  

n e c e s s a r y  t o  i n t r o d u c e  some approx imat ion  which would e n a b l e  u s  

t o  s i m p l i f y  ( 1 2 - 1 1 ) .  ~t i s  a t  t h i s  s t a g e  t h a t  we s p e c i a , l i z e  t o  

t h e  weak e l e c t r i c  f i e l d  c a s e .  The d . c .  f i e l d  w i l l  be  c a l l e d  
a 

weak when t h e  d imer i s ion less  pa ramete r  -(r y) << 1. The v a l i d i t y  X 
of t h i s  c r i t e r i o n  i s  d i s c u s s e d  i n  S e c t i o n  1 2 . 2 .  I n  t h e  remain ing  

p o r t i o n  of  t h i s  c h a p t e r  we r e s t r i c t  o u r s e l v e s  t o  t h e  c a s e  << 1, 



When << 1, a power s e r i e s  expans ion  f o r  J 
n" ,n  ( a )  g i v e s  

( s e e  Appendix (U)) 

S u b s t i t u t i n g  (12-12)  i n  (12-11)  we g e t  

2 
S q u a r i n g  t h i s  and r e t a i n i n g  t e rms  Up t o  o r d e r  , we o b t a i n  



Replacing D by t h e  complete express ion  (12-9)  and then  s u b s t i -  

t u t i n g  t h e  above va lue  of Is12 i n  (12-10) we g e t  



where 

S u b s t i t u t i n g  (12-14)  i n  (12 -4 )  and r e p l a c i n g  t h e  summations o v e r  
1 

k i n  ( 1 2 - 4 )  by  i n t e g r a t i o n s ,  and t a k i n g  i n t o  a c c o u n t  k Y' k;, kZ '  

t h e  d e n s i t y  of s t a t e  f a c t o r s  ( s e e  e q u a t i o n s  (11-13) and ( 1 1 - 1 4 ) )  

we f i n d  



o t h e r  symbols have been d e f i n e d  p r e v i o u s l y .  Our n e x t  t a s k  i s  

t o  complete t h e  many i n t e g r a l s  i n v o l v e d  i n  e q u a t i o n  ( 1 2 - 1 6 ) .  

T h i s  i s  a  r a t h e r  s t r a . i g h t  forward  b u t  a  v e r y  l o n g  p r o c e s s .  i n  

o r d e r  t o  sa.ve u s  a  g r e a t  d e a l  of w r i t i n g  we s e t  

I n  te rms of p, and Q, t h e  f i n a l  e x p r e s s i o n  f o r  t h e  a b s o r p t i o n  

c o e f f i c i e n t  becomes 



w i t h  t h e  r e s t r i c t i o n  an  + a,, < A(Z x 3). T h i s  r e s t r i c t i o n  

i m p l i e s  t h a t  t h e r e  i s  no a b s o r p t i o n  u n t i l  

Thus E g ( z x  9 a c t s  a s  t h e  t h r e s h o l d  f o r  a b s o r p t i o n  i n  t h e  

p r e s e n c e  of c r o s s e d  e l e c t r i c  and magnet ic  f i e l d s .  The e f f e c t  

of t h e  e l e c t r i c  f i e l d  i s  t o  r e d u c e  t h e  t h r e s h o l d  f o r  a b s o r p t i o n .  



If i n  e q u a t i o n  (12-19)  we r e t a i n  o n l y  t h e  z e r o t h  o r d e r  

term i n  t h e  expans ion  parameter  y, t h e  a b s o r p t i o n  c o e f f i c i e n t  

t o  t h i s  o r d e r  i s  

On comparing t h i s  w i t h  t h e  phonon-ass i s t ed  magne toabsorp t ion  

c a s e  ( e q u a t i o n  (11-17))  we f i n d  t h a t  t h e  o n l y  e f f e c t  of t h e  

e l e c t r i c  f i e l d  i s  t o  r e p l a c e  E ( B )  + E (7 x  5).  Hence i f  t h e  
g  g  

e l e c t r i c  f i e l d  is v e r y  weak s u c h  t h a t  t h e  z e r o t h  o r d e r  term i s  

most dominant, t h e  f u l l  e f f e c t  of t h e  e l e c t r i c  f i e l d  i s  t o  s h i f t  

t h e  t h r e s h o l d  of a b s o r p t i o n  t o  s l i g h t l y  l o n g e r  wave leng ths .  The 

whole s t r u c t u r e  w i l l  s h i f t  t o  t h e  l e f t  w i t h o u t  a l t e r i n g  t h e  

magnitude of t h e  magne toabsorp t ion  e f f e c t .  Not ice  t h a t  t h e  

magne toabsorp t ion  c o e f f i c i e n t  i s  r e a d i l y  reproduced from (12-20)  

if we l e t 5  +0. 

Higher  o r d e r  t e rms  i n  y t end  t o  b r e a k  t h e  s e l e c t i o n  r u l e  

An = 0 and make t h e  t r a n s i t i o n s  An = d, , . . . p o s s i b l e .  

However t h i s  w i l l  o n l y  change t h e  magnitude of t h e  phonon- 

a s s i s t e d  magne toabsorp t ion  and i s  n o t  e x p e c t e d  t o  produce any 

a d d i t i o n a l  s t r u c t l l p . ,  because  e lec t ron-phonon  i n t e r a c t i o n  does  

n o t  obey t h e  An = 0 s e l e c t i o n  r u l e  anyway ( s e e  Fig. 2 0 ) .  Such 

an e f f e c t  of t h e  e l e c t r i c  f i e l d  can be f r u i t f u l l y  e x p l o i t e d  i n  





i d e n t i f y i n g  t h e  magne toabsorp t ion  s t r u c t u r e  because  an 

a p p l i c a t i o n  of t h e  e l e c t r i c  f i e l d  s h i f t s  t h e  magne t i c  s t r u c t u r e .  

I n  F i g .  20 we have  n u m e r i c a l l y  p l o t t e d  t h e  a b s o r p t i o n  c o e f f i c i e n t ,  

i n  t h e  p resence  of c r o s s e d  e l e c t r i c  f i e l d s  ( e q u a t i o n  ( 1 2 - 1 9 ) ) ,  

magne t i c  f i e l d  a l o n e  ( e q u a t i o n  ( 1 1 - 1 7 ) )  and no f i e l d  a t  a l l  

( e q u a t i o n  (11-18)),  f o r  t h e  c a s e  ac/av = 1. A s  s t a t e d  above 
4 

,q8(Z x B )  i s  indeed  s h i f t e d  t o  t h e  l e f t  @ewer enegy)  and t h e  

magnitude i s  d i f f e r e n t  from q ( B ) .  A s  t h e  s t r u c t u r e  i s  ve ry  
0 

s i m i l a r  t o  q ( R ) ,  we do n o t  draw any more f i g u r e s  h e r e  and one 
8 + --+ 

can r e f e r  back t o  t h e  p r e v i o u s  c h a p t e r  t o  v i s u a l i z e  q (E x B) 
8 

c u r v e s  f o r  o t h e r  r a t i o s  of ac and a,. The e x p e r i m e n t a l  

c o n s i d e r a t i o n s  and t h e  c h o i c e  of m a t e r i a l  e t c .  d i s c u s s e d  i n  t h e  

l a s t  c h a p t e r  a r e  a l s o  v a l i d  h e r e .  

1 2 . 2  Weak E l e c t r i c  F i e l d  C r i t e r i o n  

It was s t a t e d  above t h a t  t h e  d . c .  e l e c t r i c  f i e l d  w i l l  be 

c o n s i d e r e d  weak if t h e  c o n d i t i o n  y << 1 i s  s a t i s f i e d .  S i n c e  we 

can w r i t e  

t h e  c o n d i t i o n  < 1 p h y s i c a l l y  i m p l i e s  t h a t  t h e  e n e r g y  picked up 

by t h e  c a r r i e r s ,  over  a  d i s t a n c e  of magne t i c  l e n g t h  1 = (- 

from t h e  e l e c t r i c  f i e l d  should  be s m a l l  compared w i t h  t h e  

eB - s p l i t t i n g  of t h e  l e v e l s .  ( R e c a l l  t h a t  Clc = Thus i t  a p p e a r s  



t h a t  v i s  a  r e a s o n a b l e  pa ramete r  t o  choose .  L e t  u s  s e e  what 

e l e c t r i c  f i e l d s  are i m p l i e d  by t h e  low e l e c t r i c  f i e l d  l i m i t .  

We know t h a t  

1 I 

:i - I - )  ( 

where B i s  measured i n  g a u s s .  If '. i s  measured i n  v o l t s / c m . ,  

we can w r i t e  

Choosing M = 1 0  -28 gm. We o b t a i n  

4 
For  a  magne t i c  f i e l d  of 1 0  g a u s s ,  we a r e  i n  t h e  weak f i e l d  

l i m i t  when &< 500 vol ts /cm.  Thus t o  o b s e r v e  t h e  e f f e c t s  

p r e d i c t e d  i n  t h i s  c h a p t e r ,  one should  n o t  exceed t h e  500 vol ts /cm 

l i m i t .  However, s m a l l  e f f e c t i v e  masses and h i g h e r  magne t i c  

f i e l d s  w i l l  p e r m i t  s t i l l  h i g h e r  e l e c t r i c  f i e l d s ,  which would 

e v e n t u a l l y  be l i m i t e d  by t h e  c u r r e n t  d e n s i t y  t h a t  a g i v e n  

sample can t o l e r a t e .  



CHAPTER 1 3  

HIGHER-ORDER PHONON PROCESSES AND 

VALIDITY RANGE OF THE PERTURBATION THEORY 

I n t r o d u c t i o n  

It was shown i n  Chapter  1 0  u s i n g  p e r t u r b a t i o n  t h e o r y  t h a t  

t h e  p r o c e s s e s  i n v o l v i n g  t h e  a b s o r p t i o n  of one l o n g i t u d i n a l  

o p t i c a l  phonon of ene rgy  k g  produce an a b s o r p t i o n  c o e f f i c i e n t  

which i s  non-zero  t o  one phonon energy  below t h e  edge .  A 

p r o c e s s  i n v o l v i n g  n  phonons would ex tend  t h e  t h r e s h o l d  of 

a b s o r p t i o n  t o  n ( k 8 )  below t h e  edge ,  b u t  would n o t  r e a d i l y  

l e n d  i t s e l f  t o  a  p e r t u r b a t i o n  t r e a t m e n t .  Thus t o  i n v e s t i g a t e  

t h e  a b s o r p t i o n  i n  t h e  r e g i o n  many phonons below t n e  edge i t  

i s  e s s e n t i a l  t o  use  a  n o n - p e r t u r b a t i v e  t r e a t m e n t  which c o n t a i n s  

t h e  e lec t ron-phonon  i n t e r a c t i o n  t o  a l l  o r d e r s .  T h i s  c a l c u l a t i o n  

h a s  r e c e n t l y  been c a r r i e d  o u t  by Dunn (8) and h i s  r e s u l t  f o r  t h e  

a b s o r p t i o n  c o e f f i c i e n t  c o n t a i n s  ene rgy  and t e m p e r a t u r e  depend( ncc:  

which a r e  i n  agreement  w i t h  U r b a c h ' s  law ( s e e  e q u a t i o n  (9-1)  ) , 

No such c a l c u l a t i o n s  e x i s t  i n  t h e  p r e s e n c e  of e x t e r n a l  f i e l d s  

due t o  m a t h e m a t i c a l  c o m p l i c a t i o n s .  

I n  t h e  p r e v i o u s  t h r e e  c h a p t e r s ,  we c a l c u l a t e d  t h e  

a b s o r p t i o n  c o e f f i c i e n t  f o r  one-phonon p r o c e s s e s  i n  t h e  energy  

i n t e r v a l ,  E  - k g  < ygc < Eg i n  t h e  absence  and p r e s e n c e  of 
g  

e x t e r n a l  s t a t i c  f i e l d s  u s i n g  p e r t u r b a t i o n  t h e o r y  b u t  d i d  n o t  

t a k e  i n t o  accoun t  many-phonon p r o c e s s e s .  S i n c e  i n  a  r e a l  



c r y s t a l  h i g h e r - o r d e r  phonon p r o c e g s e s  a r e  a lways  p r e s e n t ,  

i t  i s  n o t  obv ious  a s  t o  why t h e  p e r t u r b a t i o n  t h e o r y  should  be 

a p p l i c a b l e  even f o r  photon e n e r g i e s  i n  t h e  i n t e r v a l  

(Eg - kg, E g )  I n  t h i s  c h a p t e r  we wish  t o  show t h a t  f o r  weak 

e lec t ron-phonon  c o u p l i n g  c o n s t a n t  such a s  i n  InSb,  t h e  

p e r t u r b a t i v e  and n o n - p e r t u r b a t i v e  c a l c u l a t i o n s  g i v e  i d e n t i c a l  

r e s u l t s  i n  t h e  e n e r g y  range  E  - kg < < Eg and t h e  
63 

c o n t r i b u t i o n  of t h e  h i g h e r  o r d e r  p r o c e s s e s  can be n e g l e c t e d  

i n  t h i s  i n t e r v a l .  T h i s  will be done by comparing t h e  

n u m e r i c a l  v a l u e s  of t h e  a b s o r p t i o n  c o e f f i c i e n t  i n  t h e  absence  

of e x t e r n a l  f i e l d s  o b t a i n e d  by p e r t u r b a t i o n  t h e o r y  w i t h  t h e  

v a l u e s  o b t a i n e d  t h r o u g h  a  n o n - p e r t u r b a t i o n a l  method i n  t h e  

r e g i o n  E - kg c iy, < Eg f o r  d i f f e r e n t  v a l u e s  of t h e  e l e c t r o n -  
g  

phonon i n t e r a c t i o n  c o u p l i n g  c o n s t a n t  w). 
I n  t h e  n e x t  s e c t i o n  we s t a t e  t h e  t h e o r e t i c a l  e x p r e s s i o n s  

f o r  t h e  a b s o r p t i o n  c o e f f i c i e n t  c a l c u l a t e d  by two d i f f e r e n t  

p r e s c r i p t i o n s .  The f i r s t  method i s  a  p e r t u r b a t i v e  one which 

t a k e s  i n t o  accoun t  o n l y  one-phonon p r o c e s s e s ,  t h e  second 

b e i n g  a n o n - p e r t u r b a t i v e  method t a k e s  i n t o  accoun t  many-phonon 

p r o c e s s e s .  The a c t u a l  n u m e r i c a l  comparison i s  c a r r i e d  o u t  i n  

S e c t i o n  13.3.  We f i n d  t h a t  f o r  t h e  (weak) i n t e r a c t i o n  i n v o l v e d  

i n  InSb t h e  two methods g i v e  e s s e n t i a l l y  t h e  same r e s u l t s  i n  

t h e  e n e r g y  i n t e r v a l  E  - k ~  < < E g .  For  s t r o n g e r  i n t e r a c t i o n s  
g 

t h e  p e r t u r b a t i o n  r e s u l t s  a r e  nowhere a p p l i c a b l e .  



1 3 . 2  E x p r e s s i o n s  f o r  Absorp t ion  C o e f f i c i e n t  

It h a s  been shown by Dunn ( 8 )  u s i n g  a  n o n - p e r t u r b a t i v e  

method t h a t  t h e  phonon-ass i s t ed  o p t i c a l  a b s o r p t i o n  c o e f f i c i e n t  

which c o n t a i n s  t h e  e lec t ron-phonon  i n t e r a c t i o n  t o  a l l  o r d e r s  

i s  g i v e n  by 

where m m a r e  e f f e c t i v e  masses and p c' j'Lv a r e  o r i g i n s  f o r  
C' v 

measur ing  e n e r g i e s  of conduc t ion  and v a l e n c e  bands such t h a t  

tht .  forbidder:  gap E = pc i pv. I n  d e r i v i n g  (13-1) t h e  group 
g  

of in ter rnedia t ,e  s t a t e s  l y i n g  n e a r  t h e  t o p  of  va lence-band have 

been c o n s i d e r e d  ( s e e  Chapter  10 where such s t a t e s  have been 

c a l l e d  t y p e  ( b ) ) .  Thc s u p e r s c r i p t  N.P. on q i n d i c a t e s  t h a t  i t  i s  

t h e  n o n - p e r t u r b a t i v e  r e s u l t .  The c o n s t a n t  D i s  g i v e n  by 

and t h e  s e l f  e n e r g y  1 a c c o r d i n g  t o  Dunn (8 )  i s  



where F = l / ( e  d T  - l ) ,  i s  t h e  Bose-Eins te in  f a c t o r ,  p 
2 

d e t e r m i n e s  t h e  s t r e n g t h  of t h e  e lec t ron-phonon  i n t e r a c t i o n ,  no 
-., 

i s  t h e  r e f r a c t i v e  index ,  pcv i s  i n t e r b a n d  ma.tr ix e lement  and 
A 

s t a n d s  f o r  t h e  u n i t  p o l a r i z a t i o n  v e c t o r  of t h e  photon.  It 

h a s  been assumed i n  w r i t i n g  (13-1) and (13-3) t h a t  yg.! - E  >> kT 
g 

and E  - pV >> kT. 

It i s  c o n v e n i e n t  t o  r e w r i t e  e q u a t i o n  (13-1) i n  t e rms  of 

a  d i m e n s i o n l e s s  pa ramete r ,  p and we o b t a i n  

where 



The p e r t u r b a t i o n  e x p r e s s i o n  f o r  t h e  a b s o r p t i o n  c o e f f i c j  c n t  

was o b t a i n e d  i n  Chapter  10, e q u a t i o n  (10-15), by c o n s i d e r i n g  

t h e  group of i n t e r m e d i a t e  s t a t e s  n e a r  t h e  bot tom of t h e  

conduc t ion  band ( t y p e ( a )  i n t e r m e d i a t e  s t a t e s ) .  The r e s u l t s  

v a l i d  f o r  t y p e  ( b )  i n t e r m e d i a t e  s t a t e s  can be o b t a i n e d  from 

(10-15) by i n t e r c h a n g i n g  a, ++ a, ( o r  m c-- m ) and t h u s  we c  v 

o b t a i n  

I n  t h e  n o t a t i o n  of t h e  p r e s e n t  c h a p t e r ,  we can w r i t e  (13-6)  

i n  t h e  form 



where t h e  coupling constant  

--- 
(1+ %T;) + ( 1 - P )  

b ---  --- -1 ..______.._l___ ._ -------------A - 1 
9 

) ' m y  L* -5 W v  4- 1- -- c))" 
;>4 ..-- .. J 

It can be shown q u i t e  e a s i l y  t h a t  i n  the  l i m i t  G - 0 ,  

equation (13-4) reduces t o  equation (13-7) and t h e  pe r tu rba t ive  

and non-perturbat ive r e s u l t s  a r e  i d e n t i c a l .  However i n  any 

r e a l  m a t e r i a l  where the  Urbach t a i l  i s  seen experimentally,  the  

coupling constant  i s  not  zero and then t h e  two r e s u l t s  may d i f f e r  

considerably.  In  the  fol lowing sec t ion  we compare (13-4) and 

(13-7) f o r  d i f f e r e n t  values of G, choosing InSb as an example.. 

13 .3  Comparison of i) N d P b  ( m )  and i) P * ( m )  f o r  Di f fe ren t  Values of G 
0 - 8 

N.P. We have numerically evaluated the  values of i) (m)  and 
P. 1 

e 
i) (m)  f o r  p = T = 290•‹ K, mc/mv = (which i s  very nea r ly  the  

0 
s i t u a t i o n  i n  InSb) f o r  d i f f e r e n t  values of the  coupling constant  



For InSb, t h e  va lue  of G l i e s  i n  t h e  range 0 . 0 1  t o  0 .03.  
J 

This has  been estSmated from t h e  exper imenta l  data 
A 3,. 

(6 )  f o r  t h e  
d + 

absorp t ion  c o e f f i c i e n t ,  t h e  k p  theo ry  h a s  been used t o  

e s t ima te  t h e  i n t e r b a n d  ma t r ix  e lements  (72). For ea se  of 

comparison we have p l o t t e d  t he  q u a n t i t y  q  /'QG v s  h w .  This  
8 

g ives  ' j u s t  one curve f o r  qP' s i n c e  q P m / Q ~  i s  independent of G 
8 F) - 

( s ee  equa t ion  (13-?F] whereas q N o P e / ~ G  depends on t h e  va lue  
8 

chosen f o r  G .  We see  from F i g o  21 ,  t h a t  f o r  r e a l i s t i c  va lues  

of c o s p l i n g  cons t an t  f o r  InSb, t 5 e  p e r t u r b a t i v e  r e s u l t s  and 

non -pe r tu rba t ive  r e s i l l t  s a r e  h a r d l y  d i s t . i ngu i shab le  . 

has  been p l o t t e d  a s  a f u n c t i o n  of w f o r  d i f f e r e n t  va lues  of G.  

Th is  q u a n t i t y  i s  a  measure of t h e  percentage d i f f e r e n c e  between 

t h e  two r e s u l t s  normalized i n  terms of t h e  non -pe r tu rba t ive  

va iue  of t i e  abso rp t ion  c o e f f i c i e n t  a t  w = E - 0 . 1  kg .  For 
g  

G < 0.06 t h e  d i f f e r e n c e  between t h e  two r e s u l t s  i s  n e g l i g i b l e  

and we nave n o t  shown t h e  corresponding curve.  For G z 0.06 

t h e  d i f f e r e n c e  between q  and qP0 becomes much more apparen t  
8 8 

and f o r  G - 0 . 1  t h e  two r e s u l r s  d i f f e r  hy 15% a t  some p o i n t s .  

The pe r tu rba t3ve  r e s u l t  goes t o  ze ro  a t  w = E - k g  and t h e  
g  

nor , -per turbat ive  r e s u l t  d rops  t o  about 1% of i t s  i n i t i a l  va lue  

even f o r  G = 0.;: which i s  t e n  t imes  l a r g e r  t han  t h e  va lue  of G 



0.0 

F i g u r e  2 1 .  Absorp t ion  spect rum c a l c u l a t e d  u s i n g  p e r t u r b a t i v e  and 
n o n - p e r t u r b a t i v e  t e c h n i q u e s  a s  a  f u n c t i o n  of photon 
e n e r g y  f o r  d i f f e r e n t  v a l u e s  of G .  For  G 0.05, t h e  
two approaches  g i v e  i d e n t i c a l  r e s u l t s .  



F i g u r e  22.  Pe rcen tage  d i f f e r e n c e  between n o n - p e r t u r b a t i v e  and 
p e r t u r b a t i v e  v a l u e s  of t h e  a b s o r p t i o n  c  e f f i c i e n t  
normal ized  i n  t e rms  of  t h e  v a l u e  of r l N * p *  a t  = 
E _  - 0.1 kq, as a f u n c t i o r .  of f o r  d i f f e r e n t  

6 v a l u e s  of C. 



f o r  InSb .  Thus t h e  p e r t u r b a t i o n  t h e o r y  i s  s t r i c t l y  v a l i d  i n  

t h e  energy  range  E - kg < p p  < E g .  G 

1 3 . 4  Conclus ion  

It h a s  been shown t h a t  f o r  v a l u e s  of t h e  e l e c t r o n -  

phonon i n t e r a c t i o n  c o u p l i n g  c o n s t a n t  G s 0.05 t h e  p e r t u r b a . t i v e  

and n o n - p e r t u r b a t i v e  r e s u l t s  a r e  i-n e x c e l l e n t  agreement  w i t h  

each  o t h e r  and we a r e  j u s t i f i e d  in i g n o r i n g  h i g h e r - o r d e r  

p r o c e s s e s  i n  C h a p t e r s  1 0 ,  11 and 1 2 .  For  InSb, G = 0 .02  and 

we would e x p e c t  t h a t  o t h e r  weakly i o n i c  compounds a l s o  f - a l l  

i n t o  t h e  above r a n g e .  However t h e  e x p e r i m e n t a l  d a t a  f o r  

a b s o r p t i o n  below t h e  gap i s  n o t  a v a i l a b l e  f o r  many such compounds 

and w i t h o u t  t h i s  we cannot  make r e l i a b l e  e s t i m a t e s  of G .  

S t r o n g l y  i o n i c  m a t e r i a l s  l i k e  a l k a l i  h a l i d e s  may show c o n s i d e r a b l e  

d e v i a t i o n  due t o  l a r g e  c o u p l i n g  C o n s t a n t s  i n v o l v e d .  Such 

c o n c l u s i o n s  have been a r r i v e d  a t  e a r l i e r  i n  t h e  1 i t e r a . t u r e  by 



CHAPTER 1 4  

DISCUSSION A N D  CONCLUSION 

D u r i n g  t h e  e r i t i r e  p r e s e n t a t i o n  we c a l c u l a t e d  t h e  a b s o r p t i o n  

c o e f f i c i e n t  f o r  d i r e c t  a l l o w e d  t r a n s i t i o n s  a l ld  f o r  p n o n o n - a s s i s t e d  

t r a n s i t i  oris i r i  t h e  f ramework of  E f  f e c t i v c  Mass A p p r o x i m a t i o n .  A 

t a b l e  of t h e  c a s e s  d i s c u s s e d ,  a l o n g  w i t h  t h e  r e a s o n s  f o r  n o t  

d i s c u s s i r ~ g  c e r t a i n  f i e l d s  c o n f i g u r a t i o n s  i s  shown b e l o w .  

TABLE I1 - Summa.ry 

3 x t e r n a . l  S t a . t i c  
? i e l d s  P r e s e n t  

NO F i e l d s  

-&E+ 
(weak:' ) 

+ 
I- and 3 
( a r b i t r a r y  

o r e n t a t i o n )  

A b s o r p t i o n  C o e f f i c i e n t  
f o r  D i r e c t  Allowed 

T r a n s i t i o n s  

Cha.pter  4 

Cha.pter  5 

C h a p t e r  6 

C h a p t e r  7 

Cha.pter  7 

C h a p t e r  8 

C h a p t e r  3 

A b s o r p t i o n  Coef f i c i e n l  
f o r  Phonon-Ass i s t ed  

T r a n s i t i o n s  

C h a p t e r  1 0  

C h a p t e r  11 

Due t o  s m e a r i n g  of  
t h e  e d g e  t h i s  c a s e  
i s  e x p e r i m e n t a . 1 1 ~  
u n i n t e r e s t i n g ,  s o  
n o t  d i s c u s s e d .  

C h a p t e r  1 2  

C h a p t e r  12 

E x p e r i m e n t a l l y  
u n i n t e r e s t i n g  ( s e e  
1, - f i e l d  c a s e ) .  

M a t h e m a t i c a l l y  
i n v o l v e d ,  n o t  
i l l u m i n a t i n g .  



Tne p n o n o n - a s s i s t e d  t r a n s i t i o n s  a r e  r e s p o n s i b l e  f o r  f i n i t e  

a b , c o r p t i o n  c o e f f i c i e n t  f'or plu, < E arid g i v ~  r i s e  t o  t h e  Urbach e 
t a i l  i n  t n c  a b s o r p t i o n  s p e c t r u m .  Tne rxpr . t . s t . ion f o r  t h e  

a b s o r p t i o n  c o e f f i c i e n t  f o r  t h e  p h o n o n - a s s i s t e d  t r a n s i t i o n s  

i n v o l  v i l ig  ridrly prl,ti~rlh l r i  t r ~ e  abser lce  t x t e r n a l  f i e l d s  h a s  

b e e n  r e p o r t e d  i n  t h e  l i t e r a t u r e .  The c a l c u l a t i o n  i n v o l v i n g  

more t,rian one phonori i n  t n e  p r e s e n c e  of  e x t e r n a l  f i e l d s  i s  

e x t r e m e l y  d i f f i c u l t  and n a s  n o t  b e e n  a t t e m p t e d .  I n  o u r  

p r e s e n t u t i o r i  we i r i c ludcd  o n l y  one pl'lonori-pr-oce s s e  s  i n  t n e  

p r e s e n c e  of e x t e r n a l  s t a t i c  f i e l d s ,  b u t  snowed r i g o r o u s l y  

t h a t  t h e  e f f e c t  of h i g h e r - o r d e r  phonon p r o r e E s e s  i s  

r i g l i g i b l e  i n  t h i s  r e g i o n  of  t h e  a b s o r p t i o n  s p e c t r u m ,  p r o v i d e d  

t r i ~  t i l e c t r o ~ i - p h o n o n  i n t e r a c t i o n  i s  n o t  t o o  s t r o n g .  

We have  Shown t h a t  t h e  e f f e c t  o f  a  m a g n e t i c  f i e l d  on phonon- 

a s s i s t e d  t r a n s i t i o n s  i n  t n e  e n e r g y  r a n g e  E - kg  < l-p < E g g  

i s  t o  make t h e  a b s o r p t i o n  o s c i l l a t o r y  i n  n a t u r e .  I n  c o n t r a s t  

t o  t h e  n o r m a l  i n t e r b a n d  a b s o r p t i o n  c o e f f i c i e n t ,  t n e  phonon- 

a s s i s t e d  m a g n e t o a b s o r p t i o n  s p e c t r u m  r e f l e c t s  t h e  Landau l e v e l  

s t r u c t u r e  of v a l e n c e - b a n d  and Conduct ion-band  s e p a r a t e l y .  The 

a p p l i c a t i o n  of a  srriall e l e c t r i c  f i e l d  s h i f t s  t h e  magneto-  

a b s o r p t i o n  s t r u c t u r e  arid can  a s s i s t  i n  i d e n t i f y i n g  i t .  Such  

e f f e c t s  may be  o b s e r v a b l e  i n  InSb  and GaAs a t  room t e m p e r a t u r e  

5 
b y  a p p l y i n g  magnel ; c  f i e l d  " 1 0  g a u s s  and a n  e l e c t r i c  f i e l d  

- 500 v o l t s / c m .  We have  a l s o  p r e d i c t e d  t h e  e x i s t e n c e  of  

m a g n e t i c  s u r f a c e  s t a t e s  i n  s e m i c o n d u c t o r s  and have  d i s c u s s e d  t h e  



expe r i r r i en t a l  c o n d i t i o n s  u n d e r  which  t r l e se  nlay be d e t e c t e d .  

'l'tie ~ t r u c t u r e  i ~ i  t i le ~ p t i i a l  ~~~~~~pi L , r l  c o e f f i c i e n ' .  

( n o t  i n v o l v i n g  pnonons)  due  t o  e x t e r n a l  f i e l d s  h a s  been  t e s t e d  

e x p e r i ~ n e n t a l l y  alid has p r o v i d e d  u s  w i t r i  q u a n t i t a t i v e  d a t a  f o r  

t n e  band p a r a m e t e r s  of s o l i d s .  The s t r u c t u r e  i n  t h e  phonon- 

a s s i s t e d  a b s o r p t i o n  c o e f f i c i e n t  due  t o  t n e  e f f e c t s  o f  e x t e r n a l  

f i e l d z ,  p r e d i c t ~ d  by uz, ha2 no t  bc~erl r o  f u r  con f i rmed  e x p e r i -  

ment ally. I t  i L lioped t h a t  :uia t l  e x p t r i r n t l l i , ~  w s u l d  be  cor lducted 

i n  n e a r  f u t u r e  and would l e a d  t o  a  s l i g n t l y  b e t t e r  u n d e r s t a n d i n g  

of t h e  band s t , r u c t u r e  o f  s o l i d s .  



APPENDICES 



APPENDIX A 

EFFECTIVE MASS APPROXIMATION WAVE FUNCTI3NS I N  

EXTERNAL FIELDS 

.o 

L e t  u s  s t a r t  w i t h  S c h r o d i n g e r  e q u a t i o n  f o r  a p a r t i c l e  of 

nclr: rn, c h a r g e  ' e l ,  i n  a p e r i o d i c  p o t e n t i a l  V (T), a c o n s t a n t  
P  

m a g n e t i c  f i e l d  of magnitude R i n  a Landau gauge,  To = (-BY, 3, 0). 
+ 

and a n o t h e r  p e r t u r b a t i o n  U ( r )  due t o  a c o n s t a n t  e l e c t r i c  f i e l d :  

In t h e  s p e c i a l  gauge ,  t h e  I Ian i i l ton ian  of e q u a t i o n  ( A - 1 )  can be 

w r i t t e n  as f o l l o w z  

I 

eB , where s = - and H ( o )  i s  t h e  Harni l tonian  of  t h e  e l e c t r o n  i n  t h e  
ch 

p e r i o d i c  p o t e n t i a l  (B loch  ~ a r n i l t o n i a n ) .  The e i g e n f u n c t i o n s  of 

H ( O )  a r e  t h e  Bloch  f u n c t i o n s  O a i ;  and t h e  c o r r e s p o n d i n g  e i g e n -  
I + .-, 

v i l u e s  a r e  E a ( k ) ,  a l a b e l l i n g  t h e  band and k wander ing  t h r o u g h  

t h e  f i r s t  B r i l l o u i n  zone of  t h e  c r y s t a l .  Thus p o s s e s s i n g ,  

we want t o  s o l v e  ~ ' \ - r  wave f u n c t i o n  $, i n  e x t e r n a l  f i e l d ,  from t h e  
. . 

S c h r o d i n g e r  e q u a t i o n  



In o r d e r  t o  p roceed  f u r t h e r ,  i t  i s  n e c e s s a r y  t o  choose  some 

comple t e  s e t ,  of  f u n c t i o n s  i n  which  t o  expand q .  Here we u s e  

the K o h n - L u t t i n g e r  (I1) r e p r e s e n t a t i o n  and a c c o r d i n g l y  choos-  

f o r  t h e  c o m p l e t e  s e t  t h e  wave f u n c t i o n s ,  

--+ 
where u (r) i s  t h e  B loch  f u n c t i o n  a t  t h e  band edge  which  h a s  

0.0 
--+ 

been  chosen  f o r  c o n v e n i e n c e  a.t k = 0. An e x p a n s i o n  i n  t e r m s  

o f  t h e  f u n c t i o n s  ( A - 5 )  ma,y be  made i n  t h e  form 

S u b s t i t u t i n g  t r i i s  back i n t o  tiIe o r i g i n a l  e q u a t i o n  ( A - 4 ) ,  one 

can  i m m e d i a t e l y  d e r i v e  (I1) t h e  e q u a t i o n  



where 

0 
In t,ne l a s t  e x p r e s s i o n ,  E a i s  t n e  energy  a t  t ,he bot tom of 

bar id  a and 

where i s  t h e  volume of a  u n i t  c e l l  and t h e  i n t e g r a t i o n  i s  

over  a  u n i t  c e l l .  

+ 
it s t i l l  c o n t a i n s  t,erms i n v o l v i n g  p  aa' which r e p r e s e n t  a  

c o u p l i n g  between bands .  (The r e q u i r e m e n t ,  t n a t  t h e  f r a c t i o n a l  
--+ 

change of t h e  p e r t u r b a t i o n  p o t e n t i a l  U ( r )  be s m a l l  over  t h e  dimen- 

s i o n  of a  u n i t  c e l l ,  makes U d i a g o n a l  (11) i n  t h e  band i n d e x , )  



The nond iagona l  t e rms  a r e  p r o p o r t i o n a l  t o  e i t h e r  k o r  s .  I n  

-1 Ch 
e i t h e r  r a s p  i , h ~ s e  a r e  s m a l l  because  k and 1 = ;/-- a r e  much eB 

-Larger tharr t h e  int,eratorrlic s p a c i n g  when k " 0 c l o s e  t o  t h e  

4 hand edge a n d  R - l o  - lo5 g a u s s .  Now i n  t h e  e f f e c t i v e  mass 

2 
trieory one works c o r r e c t l y  u p  t o  o r d e r  k o n l y ,  s o  by making a  

s u i t a b l e  t r a n s f o r n i a t i o n  A ,  can be made d i a g o n a l  t o  f i r s t  o r d e r  

e  Ii i n  k and - and i ne c r o s s  t e rms  n e g l e c t e d .  T n i s  t r a n s f o r m a t i o n  
('h 

i s  g i v e n  by (-11 I 

l ' he  o p e r a t o r  S i s  chosen such t h a t  t h e  e q u a t i o n s  f o r  t h e  

ii (7) c o n t a i n  no  i n t e r b a n d  e l e m e n t s .  Th i s ,  a l o n g  w i t n  t n e  
y a  

assumpt ion  t n a t  we a r e  c o n s i d e r i n g  wave f u n c t i o n  f o r  e l e c t r o n s  

i n  band a o n l y ,  i m p l i e s  t h a t  

.;lib$,t i t,ut i ng  ( A - 1 1 )  i n  (A-10) we g e t  



where (11) 

'1'0 f i r s t  o r d e r  i n  S, 

and hence ,  the e q u a t i o n  (A-12)  becomes, u s i n g  (A-13) 

--+ 
7'he i n t e g r a l  over  k i n  t h e  l a s t  e x p r e s s i o n  can be c a r r i e d  

(out. b y  pa r t i a l  i n t e g r a t i o n  t o  o b t a i n  



T h i l ~  e q u a t i o n  (A-14)  becomes 

+ + 
where p  - - i h v .  Now we s u b s t i t u t e  t h i s  e q u a t i o n  i n  (A-6)  t o  

o b t a i n  

C a r r y i n g  o u t  t h e  p a r t i a l  i n t e g r a t i o n  and t h e n  t r a n s f o r m i n g  b a c k  

t o  c o o r d i n a t e  space  through t h e  f o l l o w i n g  r e l a t i o n  



~ ~ ( 7 )  can be snown (11) t o  be t h e  s o l u t i o n  of t h e  d i f f e r e n t i a l  

e q u a t i o n  

1 -  e - +  where E [ (T o) - (%) A. 1 i s  an e x p r e s s i o n  t h a t  i s  o b t a i n e d  by 
a 

4 
expanding ~ , ( k ) ,  t h e   loch energy,  up t o  q u a d r a t i c  t e rms ,  r e -  

e -  
placing 2 by ( l / i )  7 - (ch) A o .  I n  t n e  main t e x t ,  t h e  symbol 

+ 
uias heen used f o r  compactness.  Equa t ion  (A-19) i s  c a l l e d  t h e  



effective mass equation. It is important to point out that the 

resill  t s obtained are gauge-independent . 



APPENDIX B 

FORBIDDEN TRANSITIONS 

We wish  t o  e v a l u a t e  t h e  m a t r i x  e l e m e n t s  of t h e  opera . to r  
* A 

TT 5 u s i n g  t n e  E . M . A .  wave f u n c t i o n s  ( 3 - 1 ) .  I n  t h e  gauge 
-+ I * --+ A O ( r )  = 2 (U x r ) ,  we nave 

Then t h e  m a t r i x  e lement  we w i s h  t o  e v a l u a t e  i s  

f i r s t  term on t h e  r i g n t - h a n d  s i d e  i n v o l v e s  a  d i f f e r e n t i a l  

o p e r a t o r ,  and t h e  second term c o n t a i n s  a  m u l t i p l i c a t i v e  one .  

Tfle f i r s t  te rm,  u s i n g  (3-1)  becomes 

where 



Now 

where t h e  n o t a t i o n  (2-16) h a s  been used  and t h e  f a c t o r s  of 

3 (Zn) have been o m i t t e d  i n  accordance  w i t h  o u r  n o r m a l i z a t i o n  

c o n v e n t i o n .  The second t e rm i n  t h e  l a s t  e x p r e s s i o n  v a n i s h e s  

due t o  t h e  c o n d i t i o n  (2 -11)  and we f i n a l l y  o b t a i n  

S i m i l a r l y  



+ -+ 
where, t n e  h e r m i t i c i t y  of fl h a s  been u s e d .  The o r d e r  of 

3 

and p i s  i m p o r t a n t ,  s i n c e  t h e s e  o p e r a t o r s  do n o t  commute. 

Using e q u a t i o n s  (15-4) th rougn  (8-7), t h e  e q u a t i o n  (B-3) can  be 

t r ans fo rmed  ini o  

3 

where ( s i n c e  p  = 0 )  
P B 

0 

E. = E, - F: a 7 [a, b l  = a b -  t : i  

I n  o r d e r  t o  s i m p l i f y  t h e  tnird te rm of e q u a t i o n  (B-8), we need 

t o know t h e  commutator [ n j ,  p i ]  wnich can be e v a l u a t e d  a s  

f ollo1nis : 



we :.an wl- i t tm,  sing t ne sunimat,iorl c o n v e n t i o n  



Hence (H-8 )  can  now be w r i t t e n  as 

Ntlxt xol~sjdi .u .  trle sec'ond t e rm of B - 2 ) ,  where we e v a l u a t e  e l e m e n t s  

of  a m i l l  i t i p l i  ca i , ive  o p e r a t o r .  A s  before 



4 For  B =  10 Gauss, - -  I d  i f  E = -1 eV. Thus t h e  t e rm 
Ei: w c  - 4 1 r 7 1 0 1  v i n g  - differs from 1 b y  10 -' - 13 Yol, most s e m i -  

Eg 
O T ~ J U L ~ O Y ' S  and hence i s  n e g l i g i b l e  i n  ab5c; rp t ion  p r o c e s s  . 

+ 3 

E'or PC. + 0 a,nd rev = 0, we have t h e  c a s e  of a l lowed 

t r a n s i t  i o n s .  

+ -+ 
Wilc.rl ; () arrd rc, + 0 we ?lave Lhe case  of  f o r b i d d e n  

C V  

t , rar ls i  t iorls.  The a b s o r p t i o n  c 0 e f f i c i . e n t  7) , f o r  f o r b i d d e n  F 

t , r a r ~ s i t i o n s  can  be c a l c u l a t e d  by a  method v e r y  s i m i l a r  to tile 

absence  of magnet ic  f i e l d ,  

i s t l a s y  t,o d i  s t i r i g u i s h  from a l lowed t r a n s i  Lions .  For  c a l c u l a -  

t i o n s ,  i r lvolv ing t,ne e f f e c t  of a  magnet ic  f i e l d ,  t h e  r e a d e r  i s  

r e f e r r e d  t o  t h e  l i t e r a t u r e .  
(23Y73) 



A P P E N D I X  C 

THE T W O - C E N T R E  OVERLAP I N T E G R A L  

(A CLOSED F O R M )  

We wish t o  evalilat ,e 

where 'a,' i s  a. r e a l  ctonstant and 

i s  t h e  n t h  l e v e l  ( n  = 0, 1, 2 ,  . . . )  s imple  harrrionic o s c i l l a t o r  

wavefunc t ion  normal ized  i n  x and c e n t r e d  abou t  x = 0. Tili 

pa ramete r  5 i s  a  d i m e n s i o n l e s s  number s i n c e  1 = (a)* i:; 1 p ,  eB 

magne t i c  l e n g t n ,  and H, ( 5 )  i s  t h e  Hermite polynomial  de f  i r od 

by (15,7'+) 

arid h a s  f o r  i t s  g e n e r a t i n g  funct i .on  



From ( C - 1 ) ,  ( C - 2 )  and ( C - 3 )  we g e t  

a where ,, - - i s  a d i m e n s i o n l e s s  r; l ianlity.  Complet ing t h e  s q u a r e  
X 

on 5 i n  t h e  exponent  of t n e  r ighi , -hand s i d e  we g e t  

Ttle i n t e g r a l  on t h e  r i g h t - h a n d  s i d e  i s ,  by change of v a r i a b l e s ,  

-u 2 e q u a l  t.o r e  du = J,, , and expanding t h e  t e rms  con ta in i r :g  s ,  
-CO 

1, w e  g e t  

n  n '  
E q u a t i n g  t h e  te rms of o r d e r  t  s on b o t h  s i d e s  we g e t  



T h i s  i s  t h e  form i n  which i t  i s  sometimes u s e d .  For  n  2 n  

L e t t i n g  n ' - 1 = u i n  t h e  sum we o b t a i n  

wilere L P ~  (x) i s  t h e  a s s o c i a t e d  Laguer re  polynomial  d e f i n e d  

where p  > -1, q and u  a r e  i n t e g e r s  though p need n o t  be i n  

which c a s e  gamma f u n c t i o n s  a r e  used where n e c e s s a r y .  To o b t a i n  



t h e  Laguer re  polynomial  o c c u r i n g  i n  ( c - 4 ) ,  make the i d e n t i f  i ca-  

t i o n s  n = q ,  r l  : p I q .  By fo l lowin[ ;  a  v e r y  s i m i l a r  nc tnod 

we have f o r  t h e  c a s e  n '  2 n  

For  n  = n l ,  b o t h  (C-5) and (C-7) g i v e  the same r e s u l t .  



A P P E N D I X  U 

' I l l  IE TWO- C E N T R E  O V E R L A P  I N T E G R A L  

( A  POWER S E R I E S  E X P A N S I O N )  

We w i s l ,  t o  d e r i v e  a power s e r i e s  e x p a n s i o n  f o r  J n l , n  ( a ) ,  

f o r  small v a l l r c s  o f  r e a l  c o n s t a n t  l a 1 .  The o v e r l a p  i n t e g r a l  

was d e f i n e d  i n  Appendix ( C )  i n  t,erms o f  t h e  h a r m o n i c  o s c i l l a t o r  

wavp f u n v t i o n s .  For t h e  p u r p o s e s  of making  a T a y l o r  s e r i e s  

e x p a n s i o n ,  wc i n t , r o d u c e  two d i m e n s i o n l e s s  q u a n t i t i e s  

where  



t h e  prime over ,  H n ( 5 ) ,  d e n o t e s  d i f f e r e n c i a t i o n  w i t h  r e s p e c t  

t o  i t s  argument .  S - ~ b s t i t u t e  (D-4)  i n t o  (D-1) and s p l i t  t h e  

i n t e g r a l  i n t o  t h r e e  p a r t s ,  t n e n  

where 



we need t,o know a f ~ w  p r o p e r t i e s  of  Hermite p o l y n o m i a l s  and t h e  

irit~grals i n v o l v i n g  them. For conven ience  we l i s t  some useful 

proper4 , i e s  of Hermit,e po lynomia l s  below (15) 

For  n > 1, 

F'ur ther 



We now p r o c e e d  t o  e v a l u a t e  ( D - 6 ) ,  ( D - 7 )  and ( D - 8 )  u s i n g  t h e  

above  p r o p e r t i e s .  I n t e g r a l  ( D - 6 )  c an  be comple t ed  i m m e d i a t e l y  

using t h e  o r t h o n o r m a l i t y  c o n d i t i o n  ( D - 3 )  and we g e t  

Next,, f rom (D-7)  and ( D - 2 )  we have  



where i n  t n e  second i n t e g r a l  above, we employed t h e  r e l a t i o n  

( D - 9 ) .  The i n t e g r a l s  can now be completed by u s i n g  ( D - 1 1 )  

and (D-12)  and we f i n a l l y  o b t a i n  

T'rie second d e l t a  f u n c t i o n  g i v e s  z e r o  i f  n  = 0 .  S u b s t i t u t i n g  

( D - g ) ,  (U-10) and (D-2) i n t o  (D-8) and s i m p l i f y i n g  we g e t  

wnere we used (D-3)  and (D-13) t o  a r r i v e  a t  t h e  f i n a l  r e s u l t .  The 

l a s t  d e l t a  f u n c t i o r ,  i n  (D-16) makes no c o n t r i b u t i o n  if n = 0 o r  1. 

S u b s t i t u t i n g  (D-14), ( D - l 5 ) ,  (D-16)  i n  ( D - 5 )  t h e  power s e r i e s  

expans ion  f o r  J ( a )  up t o  second o r d e r  i n  t h e  expans ion  p a r a -  n  ',n 



meter  is, 



APPENDIX E 

APPROXIMATE EVALUATION OF TWO IMPORTANT INTEGRALS 

( i )  We wish t o  e v a l u a t e  t h e  d e f i n i t e  i n t e g r a l  

r3 

where p >> 1. Fo l lowing  t h e  p rocedure  used by F r i t s c n e  (75) 

f o r  ? v a l u a t i n g  s i m i l a r  i n t e g r a l s ,  we i n t r o d u c e  a  new v a r i a b l e  

t,hrough t h e  r e l a t i o n  

I 

wnere t h e  second t e rm i n  t n e  expans ion  of t F  h a s  been n e g l e c t e d .  

Thus 

By a s imple  change of v a r i a b l e s ,  we immedia te ly  a r r i v e  a t  t h e  

f i n a l  r e s u l t :  



( i i )  Next, we want t o  e v a l u a t e  approx imate ly  t h e  i n t e g r a l  

where b  >> 1. W r i t i n g  t h e  s i n e  f u n c t i o n  a s  Cosine of doub le  t h e  

a n g l e  and s p l i t t i n g  t h e  r e s u l t i n g  e x p r e s s i o n  i n t o  two p a r t s  we 

g e t  
b b 

1 2 .  
, I t  - 1 

J 
C , ~ S  ( I t3'2+Tr 1 ~t 

0 
t % 5 - 

I 

rllo complete t n e  remain ing  i n t e g r a l ,  d e f i n e  a  new v a r i a b l e  x = t F  

a,nd ex tend  t h e  upper  l i m i t  t o  i n f i n i t y ,  t h u s  

where we made u s e  of t h e  s t a n d a r d  i n t e g r a l  

Now 



APPENDIX F  

D E R I V A T I O N  OF FRANZ-KELDYSH EFFECT 

USING TUNNELING METHOD 

Here we w i s h  t o  d e r i v e  an e x p r e s s i o n  f o r  t h e  e l e c t r o -  

a b s o r p t i o n  coe ' i - c i e n t ,  f o r  photon e n e r g i e s  below t h e  band gap.  

I n  t h e  main body of t t le t n e s i s ,  we d i s c u s s e d  t h i s  phenomenon 

u s i n g  a  d i f f e r e n t  method, h e r e  we f i n d  i t  i n s t r u c t i v e  t o  view 

t h i s  a s  a  t u n n e l i n g  p r o c e s s .  A s t r o n g  e l e c t r i c  f i e l d  t i l t s  

t ,h (~  energy  bands and makes p h o t o n - a s s i s t e d  t u n n e l i n g  [ t n e  Franz-  

Keldysn (F-K) e f f e c t ]  p o s s i b l e ,  ( s e e  F i g .  23). We w i l l  f o l l o w  

t h e  method used by Haer ing  and Adams (37) and work i n  t h e  one- 

band e f f e c t i v e  mass approx imat ion .  These a u t h o r s  used  t h e  W.K.B. 

t rea tment , ,  s i n c e  i t  p r o v i d e s  a  good p h y s i c a l  p i c t u r e  of t h e  

tur inel ir ig proc'pss,  and we w i l l  employ t h e  same i n  our  subsequen t  

c : a l r u l a t i o n s .  

In Fig. 23 we have t a k e n  t h e  e l e c t r i c  f i e l d  a l o n g  t h e  

Z-d i rec t io r l  and measure e n e r g i e s  from t n e  conduc t ion  band edge .  

The v a l e n c e  e l e c t r o n  t u n n e l s  from t h e  t u r n i n g  p o i n t  Z v  t o  Zm 

and f i n a l l y  t u n n e l s  t o  Z c  by a b s o r b i n g  a  photon e n e r g y  tyu < E . 
g  

The motion of e l e c t r o n s  and h o l e s  i n  tMe p resence  of  a  p o t e n t i a l  

~ ( z )  - P ~ , L  ( w h e r e r z  . t? i s  e l e c t r i c  f i e l d ) ,  i s  governed by 

( i n  E.M.A.) 



Figure 23. photon-ass i s ted  t u n n e l i n g  i n  t h e  presence of 
an e l e c t r i c  f i e l d .  



I n  e q u a , t i o n s  (F-1) and (F-2) m c  and m a r e  t h e  e f f e c t i v e  m a s s e s  v  

f o r  t h e  two b a n d s .  T h e  equa . t i on  (F -1 )  has a  s o l u t i o n  of t l ie  

f orrri 

where ~ ( z )  i s  t h e  n o r m a l i z e d  s o l u t i o n  of  

w i t h  

arid 

The n o r m a l i z e d  s o l u t i o n  of (F-4)  i n  t h e  W.K.B. a p p r o x i m a t i o n  ( 16) 

i s  g i v e n  by 



where T i s  t h e  c l a s s i c a l  p e r i o d  of t h e  motion and Z i s  t h e  
C c  

c l a s s i c a l  t u r n i n g  p o i n t  o b t a i n e d  from p  ( Z  ,) = 0. The wave 
C C 

3 

firrlction F v ( r )  f o r  t h e  v a l e n c e  band i s  s i m i l a r  and can be 

o b t a i n e d  from t h e  e x p r e s s i o n  f o r  F c ( r )  by r e p l a c i n g  p  c  -+ pv , 
where 

. , 
- (;.,n") Vtz)  - F 1.J ( 2 ) i y - '" - E,, 

L' i 

The t u r n i n g  p o i n t ,  zv -' 
f o r  t h e  v a l e n c e  band i s  o b t a i n e d  by 

s e t t i n g  p (z) = 0. Not ice  t h a t  E - EL i s  t h e  k i n e t i c  e n e r g y  
v 

a l o n g  t h e  f i e l d  d i r e c t i o n  and w i l l  be denoted  by €z' where 

r e q u i r e d .  From our  p r e v i o u s  a n a l y s i s  ( s e e  f o r  example, 

e q u a t i o n  ( 3 -13 ) ) ,  we can w r i t e  t h e  e x p r e s s i o n  f o r  a b s o r p t i o n  

c o e f f i c i e n t  a s  f o l l o w s :  



wneuue p T , p  s t a n d  f o r  t h e  quantum numbers of t h e  f i n a l  and 

i n i t i a l  s t a t e s  r e s p e c t i v e l y  ( p  s E,, kx, ky ) and 

From (F-3)  we can w r i t e  

h a s  been e v a l u a t e d  i n  Appendix G, by t h e  metnod of s t e e p e s t  

d e s c e n t ,  and t h u s  we have 

where 



arid 

being t h e  reduced mass.  S u b s t i t u t i n g  (F-9) i n  (F-7) and 

i n c l u d i n g  t h e  d e n s i t y  of i n i t i a l  and f i n a l  s t a t e s  w e  g e t  

where 



To comple te  the  integral, we expand 

and redef ' in  i r i y  a b l e s ,  we f i n a l l y  o b t a i n  

where 

T1his is trle e x p r e s s i o n  we were a f t e r  and,  a g r e e s  w i t h  e a r l i e r  

r e s u l t s .  



APPENDIX G 

THE EVALITATION OF THE TUNNELING INTEGRAL BY 

THE METHOD OF STEEPEST DESCENT 

We w i s h  t o  e v a l u a t e  t h e  i n t e g r a l  

whpre t h e  f u n c t i o n s  
@ c  and Qv have been d e f i n e d  i n  p r e v i o u s  

Appendix F .  From the  d i s u c s s i o n  g i v e n  t h e r e  i t  shou ld  be 

q u i t e  c l e a r  t h a t  t h e  p r o d u c t ,  0: (Ijv i s  q u i t e  small. i n  t h e  

r e g i o n s  Z < Zv and Z > Z c ( s e e  F i g .  23 of t h e  Appendix F ) .  

Thus we need t o  e v a l u a t e  t h e  above i n t e g r a l  c a r e f u l l y  o n l y  i n  

t h e  r e g i o n  Zv < Z < Z c ,  where t h e  p roduc t  of  two wave f u n c t i o n s  

i s  s t i l l  apprec iab le ' .  I n  t h i s  r e g i o n  of space  

The t,urriir::; p o i n t s  Zc, Zv s a t i s f y  t h e  r e l a t i o n s  ip c  ( Z , )  I = 0 

and ipv(ZV) I - 0,  r e s p e c t i v e l y ,  where 



and 

V G d  - f E Z  

Fur thermore  t h e  i n t e g r a l  ( G - 1 )  i s  r e q u i r e d  o n l y  f o r  

E = Ev + pp, because  of t h e  d e l t a  f u n c t i o n  i n  t h e  e q u a t i o n  
c: 

( -  Now t h e  method of s t e e p e s t  d e s c e n t  c o n s i s t s  i n  w r i t i n g  

t,he i n t e g r a n d  i n  an ~ x p o n e n t i a l  form and making t h e  Tay lo r  

s e r i e s  expans ion  i n  t h e  e x p o n e n t i a l .  S u b s t i t u t i n g  (G-2) and 

(G-3) i n  (G-1) we g e t  

where 

t h e  s lowly  v a r y i n g  q u a n t i t i e s  have been e v a l u a t e d  a t  t h e  

nlatr:hing p o i n t ,  Z,, t o  be de termined from t h e  r e l a t i o n  f ' ( z m )  = 0. 

Now 



w i t h  



Wt. ( s t i r ,  c x t ~ ~ r i t l  trlc l i r r i i t , , :  o f  i t l t egra t  ion on z t o  ", without 

If i:; l ~ r i g t r 1 y ,  bllt, Y'ai,her s t r a i j p t  f o r w : ~ r d  c a l c l x l a t i o n  t o  

e v a l u a t e  f ( Z I T I ) ,  a n d  o n i  can snow t h a t  



w k . i ~ .  c /,,,) i : i I by t ne cquat i o n  ( G - 1 C  ) . 



APPENDIX I1 

A RECENrI' L>EVEI,OPMENT IN MAGNETO-OP ' rTCS 

1 1 . 1  I n t r o d u c t  i t ,  I 

s h i n e s  i n f  r a - r e d  o r  v i  s i b l e  r a d i a t i o n  t,o promote t h e  c a r r i e r s  

4 
ac ' ross  Lyle i 'orhiddcri {:ap. High magne t i c  f i e l d s  ( -  1 0  g a u s s )  

::re r e q u i r e d  1.0 satisfy the c o n d i t i o n  cot, > 1, a s  rio s t r u c t u r e  

can be  r e ~ o l v ~ d  o t h e r w i s e .  I n  any c a s e  no  s t r u c t u r e  i s  

expec't,ed below s e v e r a l  k i l o g a u s s  even i f  one g o e s  t o  t h e  

1 owrs t a(cr i ievable  t e r r ipe ra t , l l r e~ .  'This c e r t a i n l y  d o e s  n o t  a p p e a r  

t o  he trle (%a:-t. 1r1 me1 [ i l s ,  where l o t s  of s t , ruc . tu re  h a s  been 

t,rieorc> t i c x a l l y  a n a l y s e  trie obzc-rved low f i e l d  l , ruc ture  i n  

rnc.t a l s  and a l s o  i n v e s t i g a L e  t h e  p o s s i b i l i t y  of  o b s e r v i n g  

:: i r r l i lar  e f f e r t , s  In s e m i c o n d i l ~ ~ t o r s  . It i s  c o n v e n i e n t  t o  d i s c u s s  

the  c a s e s  of rnet,als and s e m i c o n d u c t o r s  s e p a r a t e l y .  

11.2 Low F i e l d  Struc3t ,ure  i n  M e t a l s  

The t . xpe r i t r i en ta  renditions f o r  which t h t 3  low f i e l d  e f f e c t s  

a r e  obse rved  in l r ie tals  a r e  b a s i c a l l y  t h e  f o l l o w i n g .  One s h i n e s  

rnic.1-owavez orii,o :A . 'n[;le r r y z t a l  of  a p u r e  ineta1 and a l s o  a p p l i e s  

a small ma[yictic2 f i e l d  ( -  0.1 t o  100 g a u s s )  p a r a l l e l  t o  t h e  





A t  13 - - 1 0  gauss, R I cm. w i i i  i.1 i s  ve ry  KnuCh g r e a t e r  t h a n  
c_ 

t r i c ,  perie t r a t  i on dept , i i  6 .  A c I ~ i g i  t- t r a v e r s a l  of t h e  s k i n  l a y e r  

l;,~ : rle e l e c t r o r l s  i r ?  a skimmirlg t r a j e ~  t o r y  ( ~ i g .  24) ( R  1 rrr.. ) c  

rou:d riot p o s s i b l y  avr>ount fo rB  ti.)? observed narrow l i n e s .  On 

trle o t h e r  hand, t h e  e l e r t r o r l s  ~'oll!u n o t  be expec ted  t o  make 

j e v y r a l  t , r a v ~ r s a l s  and st ill ;ta; in phase w i t n  t h e  microwave 

f b rc~ause  t h i s  would r t . q l l i r s t ~  Lr~e c o n d i t i o n  m c 7  > 1, which 

i ,; cri1rt a i n l , y  n o t  f u l f i l l e d  at t r , r  iow f i e l d s ,  under  c o n s i d e r a t l i o n .  

rl'rluu we need a rnr.c21ianism t h a t  wollld c'orifine t h e  e l e c t r o n s  i n  

t,rle s ~ r r f a c e  l a y e r  f o r  c o n s i d r r a b l e  t i m e ,  even when m C 7  < 1. 

A cbonvincing e x p l a n a t i o n  i r i  l e rms  of magne t i c  f i e l d  induced 

: - i ~ r f a c e  quantum s t a t e s  n a s  beer! 1juL forward by Nee and Prange ( 8 1 , 8 2 )  

rlltle s u r f a c ~ e  s t a t e s  can be v i s u a l i z e d  i n  t e rms  of a  s k i p p i n g  o r b i t  

t ,raject,ory ( ~ i g .  2 4 ) .  In t n e  p resence  of a  magne t i c  f i e l d ,  an 

ele~:j ,rorl  s t r i k i n g  t h e  s u r f a c e ,  i f  s p e c u l a r l y  r e f l e c t e d ,  w i l l  

cborlt,inue t o  rriove p a r a l l e l  to t h e  s u r f a c e  i n  s u c c e s s i v e  bounces .  

suc.ji a s k i p p i n g  t r a , j e c t o r y  d e s t  r a i t ) t - s  an e l e c t r o n  bound t o  t h e  

surf':tce r .eg ior~ .  I 1  i s  tzapped i l l  a  p o t e n t i a l  w e l l  formed on orle 

sidp ~ ) y  t n e  vacuum-metal in t t .u . fa(  r p o t e n t i a l ,  on t h e  o t h e r  by t h e  



Figure  24. E l e c t r o n s  i n  skimming and sk ipp ing  o r b i t s  1 1 ,  ti;? 
X-y 'plane,  when t h e  magnetic f i e l d  i s  d i r e c t e d  
p a r a l l e l  t o  t he  Z-axis.  The sk ipp ing  o r b i t s  g ive  
r i s e  t o  t he  magnetic f i e ld - induced  s u r f a c e  quantum 
s t a t e s .  



rnabpe t , ic f i e l d  corif irlirlg i t ,  t o  w i  tAin  t h e  c l a s s i c a l  t u r n i n g  p o i n t  E 

of '  t hi. c a  i rcwl ar mot i 01-1 . The quantum me i .rianics of an e l e c t r o n  

i r l  t!lis p o t , ~ n t , i a l  w t l l l ,  l e a d s  t o  a  d i s c r - e t e  ene rgy  l e v e l  spect rum 

['or t h e  i u r f a c ~  quantum s t a t e s  i f  R e  > 6 ( s e e  Appendix I ) .  We 

have worked o u t  L J I L  eilergy l e v e l  spei. trl l lr~ f o r  Xc  > 6 i n  Appendi.4 

I and have shown t h a t  t n e  t r a n s i t i o n s  among t h e s e  d i s c r e t e  s e t s  

df levels s u c c e s s f u l l y  accolmt  f o r  t h e  microwave impedance 

o s r i l l a t i o n s  in m e t a l s .  If R c  < 6, t h e  e n e r g y  spect rum i s  

c o n t i r ~ u o u s  and t h e  s t r u c t u r e  due t o  s u r f a c e  s t a t e s  cannot  be 

s een .  For t h e  d e t a i l s  of t h e  c a l c u l a t i o n s  and t h e  t n e o r e t i c a l  

exp lana t , ion  of t h e  observed low f i e l d  s t r u c t u r e  i n  m e t a l s ,  we 

ref't-u. Lyle r e a d e r  t,o Appendix I .  

11.3 Low F i e l d  S t r u c t u r e  i n  Semiconductors  

Now, we a r e  r e a d y  t o  d i s c u s s  t h e  p o s s i b i l i t y  of o b s e r v i n g  

impedance o s c i l l a t i o n s  i n  semiconduc to r s  & l o w  rrlagnetic f i e l d s .  

T ~ I  s emiconduc to r s  we cou ld  use  i n f r a - r e d  o r  v i s i b l e  r a d i a t i o n  t o  

c r e a t p  f r e e  c a r r i e r s  and then  s t u d y  t h e  a b s o r p t i o n  of microwave 

r a d i a t i o n  by t n e s e  c a r r i e r s ,  i n  an e t t e m p t  t o  s e e  s u r f a c e  s t a t e s .  

Al t i>rn:z t , ive ly  we can s t u d y  t h e  i n t e r b a n d  a b s o r p t i o n  a s  a  f u n c t i o n  

of f r ~ ~ q l ~ r ~ , ~ c ~ . y  find under  n i g h  a b s o r p t i o n  c o n d i t i o n ,  t h i s  curve  may 

:;rlow :;f ,r~lct,ure due t,o s u r f a c e  s t a t e s .  It w i l l  be found below, 

t,ilat t,rlp mjcr,owavt- xppr iments  i n  semiconduc to r s  w i l l  n o t  snow 

arly s t , ruc- ture  a t  low f i e l d s  (u; .r < 1) because  microwave a b s o r p t i o n  
c  



r e q u i r e s  tl'ie c o n d i t  i o n  uCT > 1. ( 8 3 )  Thus t h e r e  i s  n o t  enough 

a k ) s o r p t i o r ~  t o  sat , ist 'y t h t  c o r ~ d i t i o n  Rc > 6 which i s  e s s e n L i a 1  

I'or the 0 t ) s e r v a t i o n  of su r fac t .  s t a t e s .  'The s t r u c t u r e  due t o  

s u r f a i - e  s t a t e s  vcqy  e x i s t  i n  i n e  in t e rba r id  ahso rp t , ion  spec t rum 

under  h i g h  absor*pr_iotl corid i t  Loris. We d i s ~ u : ; ~  t l l e s e  two t y p e s  

of  e x p e r i m e n t s  below, 

( i )  Microwave A b s o r p t i o n  

I t  i s  p o i n t e d  o u t  i n  Appendix I ,  t h a t  f o r  s u r f a c e  s t a t e s  

t o  hr. o b s i ~ r v a b l c ,  Lrie cond i  Lion R 7 6 m u s t  be s a t i s f i e d .  We 
C 

w i l l  a r g u e  i r i  t r i i s  sub-sec7t ior l  t h a t  suci'i a  r o r i d i t i o n  canno t  be 

sat i::fii.d f o r  t h e  rrlicrowave a b s o r p t i o n  i n  serr i iconductors .  Le t  

u s  assume that  t,he c , a r r i e r s  i n  t,ne c o n d u c t i o n  band a r e  t h e r m a l -  

- 4 
i s e d  a r ~ d  p o s s e s s  e n e r g y ,  kT = 2.5 x 10 eV, a t  3" K.  The 

c y c l o t r o n  r a d i u s  f o r  an e l e c t r o n  of e f f e c t i v e  mass m and C 

c y i , l o t r o n  f r e q u e n c y  mrc  i s  g i v e n  by 

where 

Al t,er-nat i v e l y  we can w r i t e  



- 4 
Now f o r  k ' 1 1 = 2 . 5 x  10 e V 3  

'i'rle microwave a b s o r p t i o n  c o e f f i c i e n t  under  t h e  c o n d i t i o n  mCT < 1 

is v e r y  s m a l l  ( <  l o 2  cm-l) and t h u s  t h e  p e n e t r a t i o n  d e p t h  is q u i t e  

l a r g e .  So the e s s e n t i a l  c o n d i t i o n  R c  > 6 cannot  be f u l f i l l e d  and 

rlt.nce no s t r u c t u r e  can be observed a t  low magne t i c  f i e l d s  a t  

1 1 ,  was d e r i v e d  i n  Chapt,er 4 t h a t  t h e  i n t e r b a n d  a b s o r p t i o n  

c x q e f f i c i e n t  i n c r e a z e s  pI -Dpor t i0nal  t o  t h e  Equare r o o t  of t h e  
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Now, t h e  d e s i r e d  q u a n t i t y  

7 \ € i' (I:, F .  

2 
where we used (H-6) f o r  k . F i n a l l y  

For - 0.2  eV, t h e  a b s o r p t i o n  c o e f f i c i e n t  i s  of t h e  o r d e r  of 

l o 5  cm-l and n e n r e  t h e  p e n e t r a t i o n  d e p t n  i s  o n l y  ern. The 

c. ,y,lotron r a d i u s  can be de termined from t h e  r e l a t i o n s h i p  

With - 0 - 2  eV, and t h e  v a l u e s  of t h e  o t h e r  p a r a m e t e r s  b e i n g  

{l ie  same a s  i n  p a r t  ( i ) ,  we d i s c o v e r  t h a t  

Thus t h e  c y c l o t r o n  r a d i u s  i s  about  a  thousand t i m e s  more t h a n  

t n e  p e n e t r a t i o n  d e p t h  and i t  a p p e a r s  t h a t  t h e  s u r f a c e  s t a t e  

e f f e c t s  rrlight be o b s e r v a b l e .  NOW l e t  u s  s e e  wnat t h e  exper iment  



demttnds by t h c i  way of r e s o l u t i o n .  

. , . I (  p y o b i n g  the spec t rum w i t h  t y p i c a l l y  one e l e c t r o n  v o l t  

I , , , O I  c ~ l ~ : ;  aricj 1 ,n i  s derrlands a r e s o l u t i o n  o f  one p a r t  i n  t e n  thousand  

or- rlipr,er,  wnich is not na rd  t o  o b t a i n  e x p e r i m e n t a l l y ,  e s p e c i a l l y  

j f a sirli-;]e mode, s t a b i l i z e d  l a s e r  i s u s e d .  'The r e s o l u t i o n  

cs ,2r id i t  io r i  (ran be  made a s l i g h t l y  l e s s  s e v e r e  by  c h o o s i n g  a 

;pmicaonduct o r  w i t , h  low e f f e c t i v e  mass e . g .  InSb f o r  which 

1 m a - ni arid using a s l i g h t l y  h i g h e r  f i e l d  v a l u e .  canno t  be  
I 26 

f r i c r ~ a s t 1 d  v e r y  much b e c a u s e  f o r  c 2 0 . 5  eTJ, t h e  n o n - p a r a b o l i c  

c , f ' f t > c s i  :; t,ec.orntj i rnport  ant and t h e  e n e r g y  r e l a t i o n  (13-4) i s  no  

l o r ~ t y r  v a l  I .  

t kle s t r u c t  u r c  would be smeared o t n e r w i s e .  I t  i m p l i e s  t h a t  t n e  

-11 
r t l axa l  ion t ime 7 > 10 s e c .  T h i s  r e q u i r e m e n t  can  be  s a t i s f i e d  





~ t ~ t ,  tirld lJrari[:e ' ) iravr : u c c e s s f u l l y  . :ccounterl  f o r  tnc 



{;all s:;, I?(,  - 1 cw, w t l i  ch is vcry rnu('ri g r e a t e r  tnan the m i  r rowave  

tr~e e x p r e s s i o r l  f o r  the H a m i l t o n i a n  can  bp w r i t t e n  as 





K c ~ m c ~ r n C e r ~  i r ig  i n  t h i s  c.ase l,ha.t x i s  n e g a t i v e ,  we write 
0 

at r i r a r l y  F r r n ~ i  velocity, s o  we f'ix p = pF.  For  this 
Y 



The e n e r g i e s  o f  levels measured f rom E a p p e a r  a s  F 

We n o t e  t ha t  p x ( 0 )  = p,(x,) = 0, i n d i c a t i n g  tha t  t n e  c l a s s i c a l  

t u r n i n g  p o i n t s  o f  the mot ion  a r e  X 0, x  and t n e  p a r t i c l e  
(3 

expinll t  r r  p e r i o d i c  mo t ion  a l o n g  t h e  X - d i r e c t i o n .  F u r t h e r  p x ( x )  

i i  posi t , ive  f o r  t n e  ou tward  . i o u r y ~ e y  f rom 0 t o  x c  and n e g a t i v e  

f o r  t,he r e  t urn rr~oti  or1 . A p p l y i n g  the Bohr-Somrnerf e l d  q u a n t i z s -  

t i o n  roncji t , ion t o  tl i s p e r i o d i z  X-moti on we rlave (79) 



SURFACE P O T E N T I A L  
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Figure 26. P o r t i o n  of t h e  p a r a b o l a  approximated  by a 
s t r a i g n t  l i n e  s o  t h a t  t h e  p a r t i c l e  i s  i n  a 
t r i a n g u l a r  p o t e n t i a l  w e l l .  



Couljletlng the Sntegrtd we obtain 

where 

PF = = f ;  k,. 

The mifronavr: raUia%ion o f  enerpa, w i l l  be absorbed 

r e e o n a n t l y  i f  i t  can promote a p a r t i ~ l e  from l e v e l  n to n. 

This ozcurB at the magnetic f i e l d  value satisfyine t h e  

equa t i on  



In actual p r a c t i c e  however, one keeps ,  o f i x e d  and v a r i e s  t h e  

ma{;netic f i e l d .  The r e s o n a n c e s  appear  a t  f i e l d  v a l u e s  

s a t i s f y i n k ?  t h e  r e l a t i o n s h i p  

lyhus t h e  r e s o n a n t  14 val-ues a r e  c h a r a c t e r i - z e d  by t h e  v a l u e  of 

r l ,  t,rle lower of t n e  two s t a t e s  between which ~ e  a b s o r p t i o n  t ,akes 

p l  :ic8e. IIence, we expec t  a  s e r i e s  of t r a n s i t i o n s  s t a r t i n g  a t  

t r lr l  n - 1 groimd s t a t e ,  go ing  t o  suuccessively h i g h e r  s t a t e s ,  at, 

f i e l d  v a l u e s  B12 , I? 13' B14y e t c .  S i m i l a r l y  t h e r e  w i l l  be o t h e r  

s e r i e s  b e g i n n i n g  a t  n = 2 ,  3, 4, e t c .  The agreement  between 

t h e o r y  arid exper iment  i s  e x c e l l e n t  as shown i n  F i g .  27. Also 

e q u a t i o ~ i  (1-9) p r e d i c t s ,  B 3'2 which i s  i n  accord  w i t h  t h e  

exper i~ r l e r~  t al f i n d i n g s .  R e c e n t l y  t h e  concept of magnet ic- f  i e l d  

induced s u r f a c e  s t a t c l s  h a s  been extended (84) t o  s u p e r c o n d u c t i n g  

phase ,  b u t  we w i l l  n o t  go i n t o  t h a t .  

r,(:t u s  compare t h e  s e p a r a t i o n  between surfa .ce  s t a t e  l e v e l s  
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( AE S . S .  ) w i t n  t h e  r:,yc.lotron s e p a r a t i o n  ( A E  c.R. ) For t h i s  

p 7 1 r p o s e  we w r i t e  ( 1 - 6 )  i n  t,ntl Porm 

Now ~q,,~~ z Wc and h ~ n c e  t h e  r e l a t i v e  s e p a r a t i o n  

T ~ U S  t h e  s u r f a c e  s t a t e s  a r e  widely spaced a s  compared w i t h  t h e  

c y o l o t r o n  resonance  s e p a r a t i o n  and t h e  c o n d i t i o n  &E 
S . S .  T > can 

be e a s i l y  s a . t i s f i e d .  I n c i d e n t a l l y ,  i t  shou ld  be  n o t i c e d  t h a t  

-4 
a t  10 gauss ,  AEs.s.  

- 10 eV. Hence a  r e sonance  w i l l  be  observed 

a t  10 g a u s s  f i e l d  o n l y  if we s h i n e  30 GHz microwave r a d i a t i o n .  

T i ~ i s  indeed checks  w i t h  t h e  e x p e r i m e n t .  

Tn t h e  end i t  n, ls t  be emphasized once a g a i n  t h a t  t h e  

s u r f a c e  s t a t e s  can be observed if Rc > 8. If Rc < 6 ,  t h e  energy  

spect rum i s  c o n t i n u o u s  and t h u s  t h e r e  i s  no s t r u c t u r e  due t o  

s u r f a i , e  s t a t e s .  
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