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A f i n i t e  s e m i l a t t i c e  e i s  s a i d  t o  be t r a n s f e r a b l e  i f  whenever i t  

can be  embedded i n  a  s e m i l a t t i c e  of i d e a l s ,  ( e*) v i a  @ t h e r e  i s  an 

embedding $ of 5 i n  e* such t h a t  x$J C y$ i f  and only  i f  x 5 y. 

I n  Chapter  1 we prove i n  a  c o n s t r u c t i v e  manner t h a t  every d i s t r i b u t i v e  

s e m i l a t t i c e  i s  t r a n s f e r a b l e .  We then  g ive  an a p p l i c a t i o n  of t h i s  r e s u l t  

showing t h a t  four  c l a s s e s  of s e m i l a t t i c e s  n a t u r a l l y  ob ta ined  from an 

e q u a t i o n a l  c l a s s  o f  l a t t i c e s  coa lesce  t o  one c l a s s  f o r  t h e  d i s t r i b u t i v e  

case .  

I n  Chapter 2 ,  we g ive  a  dec idable  c h a r a c t e r i z a t i o n  of t r a n s f e r a b l e  

s e m i l a t t i c e s .  Our method i s  t o  cons t ruc t  t h e  f r e e s t  s e m i l a t t i c e  e* 

f o r  which '3 i s  embeddable i n  3( 6*) and t o  o b t a i n  a  necessary  condi- 

t i o n  f o r  t r a n s f e r a b i l i t y  from t h i s  s t r u c t u r e .  This cond i t i on  i s  then  

proved t o  be  s u f f i c i e n t .  

I n  Chapter 3 ,  we d e f i n e  t h e  concept of t r a n s f e r a b i l i t y  f o r  l a t t i c e s  

by analogy w i t h  the  s e m i l a t t i c e  case.  We g ive  a  s e r i e s  of  four  cond i t i ons  

which taken toge the r  imply t h a t  a  f i n i t e  l a t t i c e  i s  t r a n s f e r a b l e .  

Using methods s i m i l a r  t o  those i n  Chapter 2 we show t h a t  t h r e e  of t hese  

cond i t i ons  and a s l i g h t l y  weaker f o u r t h  condi t ion  a r e  necessary .  We then 

show t h a t  f o r  f i n i t e  d i s t r i b u t i v e  l a t t i c e s  t hese  two s e t s  o f  cond i t i ons  

a r e  equ iva l en t .  An a l t e r n a t e  c h a r a c t e r i z a t i o n  of t r a n s f e r a b l e  d i s t r i -  

b u t i v e  l a t t i c e s  i s  given i n  terms of simple cond i t i ons  on t h e  s t r u c t u r e  

and width of  t he  l a t t i c e  i n  ques t ion .  

(iii) 



I t  i s  c l e a r l y  impossible  f o r  me t o  l i s t  a l l  those who have i n  some 

measure contributed t o  the  product ion of t h i s  t h e s i s .  There a r e  fou r ,  

however, who deserve s p e c i a l  mention. The f i r s t  i s  M r s .  A.  Gerencser 

who typed t h i s  t h e s i s ,  she  has done a  f i n e  job under t r y i n g  cond i t i ons  

and f o r  t h a t  I am g r a t e f u l .  The second i s  George ~ r a t z e r  who suggested 

a  s h i f t  i n  t he  d i r e c t i o n  of my r e sea rch .  A s  a  r e s u l t  of t h a t  s h i f t ,  

s u b s t a n t i a l  p o r t i o n s  of t h i s  t h e s i s  were obtained.  Again I a m  g r a t e f u l .  

The t h i r d  i s  A l i s t a i r  Lachlan. I t  g ives  me g r e a t  p l e a s u r e  t o  acknowledge 

my deb t  t o  him. He has t i r e l e s s l y  read  and r e read  d r a f t s  of  t h i s  t h e s i s ,  

and i f  it i s  readable it i s  due i n  l a rge  p a r t  t o  h i s  e f f o r t s .  I n  d iscus-  

s i o n s  wi th  me dur ing  the  research  phase of my work he was s t i m u l a t i n g  

and encouraging. His pa t i ence  i n  dea l ing  wi th  me has been nea r ly  t h a t  

of ~ o b .  What I have learned  about doing mathematics from him i s  i n c a l -  

c u l a b l e .  S u f f i c e  it t o  say I am g r a t e f u l .  The fou r th  i s  Cathy who gave 

m e  t h a t  sustenance not  provided by bread a lone .  
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CHAPTER 0 

1 I n  t h i s  t h e s i s  we explore a  small  por t ion  of  the  fol lowing 

problem f i r s t  r a i sed  by Professor  George ~ r g t z e r :  What p r o p e r t i e s  

pass  from a  l a t t i c e  t o  i ts  l a t t i c e  of i d e a l s  3 (2) and 

conversely? The f i r s t  observation which can be made i s  t h a t  an 

equation i s  v a l i d  i n  (? i f  and only i f  it is  v a l i d  i n  3( r)  . 
The next  quest ion which n a t u r a l l y  a r i s e s  i s :  Is it poss ib le  t o  

cha rac te r i ze  the  c l a s s  0 of f i n i t e  l a t t i c e s  p' such t h a t ,  

f o r  every l a t t i c e  2, i f  I)' i s  embeddable i n  J(C) then H' 
is  embeddable i n  p. We have termed such l a t t i c e s  p' weakly 

t r a n s f e r a b l e ,  and i t  i s  our i n t e r e s t  i n  the  c l a s s  O which motivates 

t h i s  t h e s i s .  The b e s t  genera l  r e s u l t  on this quest ion,  which i s  due t o  

~ r s t z e r ,  ( 1 1  p. 208, i s  t h a t  i f  & i 0 then no p o i n t  of ? i s  both join 
w 

and meet reducible.  In  Theorems 10.1 and 10.2 we give a  

complete and d e t a i l e d  s t r u c t u r a l  desc r ip t ion  of those members of 0 

which a r e  d i s t r i b u t i v e ,  based on r e s u l t s  i n  [ 3 ] .  .., 

Since the  c l a s s  of weakly t r ans fe rab le  l a t t i c e s  proved very 

d i f f i c u l t  t o  work with we have s t u d i e d  severa l  s i m p l i f i c a t i o n s .  In  

Chapter 1 we i n v e s t i g a t e  weak t r a n s f e r a b i l i t y  f o r  d i s t r i b u t i v e  semi- 

l a t t i c e s ,  the  notion of weakly t r ans fe rab le  a s  appl ied  t o  s e m i l a t t i c e s  

i s  obtained by analogy t o  the  case f o r  l a t t i c e s .  Our methods f o r  



showing t h a t  every f i n i t e  d i s t r i b u t i v e  s e m i l a t t i c e  i s  t r a n s f e r a b l e  

a r e  q u i t e  d i f f e r e n t  from o u r  a t t a c k  on t h e  gene ra l  problem. 

I n  Chapter 2  we c h a r a c t e r i z e  t h e  c l a s s  of t r a n s f e r a b l e  semi- 

l a t t i c e s .  A s e m i l a t t i c e  i s  t r a n s f e r a b l e  i f  f o r  every B* and 

$ embedding 6 i n  3 * t h e r e  i s  a  $ embedding i n  '5* 

such t h a t  f o r  a l l  x and y € S x$ t yo i f  and only  i f  x 5 y .  

We de f ine  t r a n s f e r a b l e  l a t t i c e  by analogy wi th  ou r  d e f i n i t i o n  f o r  

s e m i l a t t i c e s  and the  f i r s t  p a r t  o f  Chapter 3 ,  Sec t ions  8 and 9 ,  i s  

devoted t o  our  i n v e s t i g a t i o n  of t h i s  c l a s s  of l a t t i c e s .  Our b e s t  

r e s u l t s  i n  t h i s  a r e a  be ing  Theorems 9.1 and 9.2. 

32. We w i l l  need c e r t a i n  pre l iminary  no t ions  be fo re  proceeding 

t o  our  r e s u l t s .  Most of t h e  r e s u l t s  i n  t h i s  t h e s i s  a r e  of an  

a l g e b r a i c  na tu re  and a s  a  genera l  r u l e  our  n o t a t i o n  f o r  a lgeb ras  

and a l g e b r a i c  not ions  w i l l  be t h a t  of ~ r s t z e r  1 4 1 .  Some of ou r  
w 

r e s u l t s ,  however, belong more t o  t h e  domain of l o g i c  than  a lgeb ra  

and f o r  t hese  not ions  we w i l l  depend on Shoenf ie ld  17 1.  
N 

Following Shoenf ie ld ,  our  b a s i c  language, which we w i l l  

denote by A. 
w i l l  have i n  a d d i t i o n  t o  t he  usua l  l o g i c a l  symbols 

only  the  b inary  opera t ion  symbol + . We note t h a t  f o r  symbols 
N 

of t he  formal language we s h a l l  p l ace  a  - under t h e  symbol t o  

r ep re sen t  boldface.  For convenience i f  i t  i s  c l e a r  t h a t  we a r e  

working i n  t he  formal language and no confusion can a r i s e ,  we w i l l  



drop t h e  - . We w i l l  use s m a l l  Greek l e t t e r s  T ,  0 ,  8 t o  denote  
" " " 

terms i n  ho o r  an expanded language, and @, '4' t o  denote  " " 

formulas.  We w i l l  r e se rve  t h e  l e t t e r s  and f o r  homomorphisms. 

Our b a s i c  theory which we denote  by hO 
i s  t h e  theory of semi- 

l a t t i c e s  having a s  axioms: 

By a s e m i l a t t i c e ,  we mean a s t r u c t u r e  5 = < S ;  +> which i s  a 

model of  A By a model of a theory r we mean a s t r u c t u r e  i n  
0 ' 

t h e  language o f  r i n  which each formula of  I' i s  v a l i d .  I f  U 

i s  a model of  r we w i l l  w r i t e  . I f  @ i s  v a l i d  i n  U " 

we w i l l  w r i t e  . F u r t h e r ,  we w i l l  w r i t e  r 1 : i n  case  

@ i s  a l o g i c a l  consequence of r .  
" 

Associa ted  w i t h  " i s  t h e  theory  A; i n  a language 

having one b i n a r y  r e l a t i o n  symbol, 5 and s a t i s f y i n g  t h e  fo l lowing  
ni 

non log ica l  axioms : 

0' : v x v y  32 Vw(x C z & y  5 z )  & [ ( x  5 w & y 5 W )  -+ z 5 w ) I  . 
4 " " " " " " "  " " "  

" " A ,  " " "  .., " " 



A model of ' i s  c a l l e d  a  s e m i l a t t i c e  o rde r ing  system. I t  i s  we l l  
0 

known t h a t  wi th  any s e m i l a t t i c e  < S ;  +> we can a s s o c i a t e  a  unique 

s e m i l a t t i c e  o rde r ing  system, <S ;  5 )  such t h a t  f o r  any a  and 

b  C S ,  a  5 b  i f  and only i f  a  + b  = b.  As  a  gene ra l  r u l e ,  we 

w i l l  assume t h a t  i n  any s e m i l a t t i c e  we have t h e  r e l a t i o n  5 de f ined  

s o  t h a t  5 and + s a t i s f y  the  above r e l a t i o n s h i p .  

A s t r u c t u r e  <S; 5 )  w i l l  b e  termed a  quas io rde r ing  s t r u c t u r e  

w i t h  l e a s t  upper bounds provided t h a t  it s a t i s f i e s  , @ and 0: . 
I f  we de f ine  on S  by a  5 b  i f  and only i f  a  5 b  and b  5 a ,  

then is  an equivalence r e l a t i o n  on S. I f  we f u r t h e r  d e f i n e  
- - - - 

5 / 5  by [ a ] -  5/: [biz i f  and only i f  f o r  some x E [ a ] =  and 
- - 

y  E [ b l -  x 5 y ,  then  <S/- ;  5/-> i s  a  s e m i l a t t i c e  o r d e r i n g  system. 

By a  l a t t i c e ,  we mean a  s t r u c t u r e  i n  t he  language hl  o f  two 

b inary  opera t ion  symbols which s a t i s f i e s  i n  a d d i t i o n  t o  
@l - @3 

t h e  fo l lowing:  

0;: ( x 0 y ) *  z = x *  ( y e  Z) 
N N N  N N N N N  N * N  

Henceforth we w i l l  w r i t e  xy f o r  x y  . We note  t h a t  i f  <L; +; 0 )  

N N  N N N  

i s  a  l a t t i c e  and we de f ine  5 on L by a  5 b  i f  and only i f  a  + b  = b ,  

then  a  5 b  i f  and only i f  ab = a .  The converse i s  a l s o  v a l i d .  



By an i d e a l  of a  s e m i l a t t i c e  5 we mean a  non-empty subset  I of 

S such t h a t  (i) a  and b  C I imply a  + b  C I and (ii) a  C I 

and b  5 a  imply b  C I .  We w i l l  denote the  s e t  of i d e a l s  of 6 

by I ( S ) . I t  i s  wel l  known t h a t  the  s t r u c t u r e  3 (6 ) = <I (6 ) ; +> 

i s  a  s e m i l a t t i c e ,  where 

I1 + I = {a : a  C S and 3bl C I 3b2 C I2 and 
2  1 ' 

a  C bl + b2} . 

Fur the r ,  i f  s a t i s f i e s  

then the  s t r u c t u r e  <I(s ) ; +, n> i s  a  l a t t i c e ,  where n i s  s e t  

t h e o r e t i c  i n t e r s e c t i o n .  For our purposes t h i s  s t r u c t u r e  always 

e x i s t s ,  although i f  6 is  not s a t i s f i e d ,  then the  s t r u c t u r e  i s  - 5 

a  p a r t i a l  a lgebra ,  hence not  a  l a t t i c e .  For l a t t i c e s  we def ine  

i d e a l s  i n  the  sane manner. ~f f is  any l a t t i c e  then J( c )  = 

< I ( C ) ;  +, n >  i s  a  l a t t i c e .  

Let K be a  c l a s s  of l a t t i c e s .  I f  the re  i s  some s e t  of 

equations i n  the  language of l a t t i c e s  and K i s  the  c l a s s  of 

a l l  models of A ,  then K i s  s a i d  t o  be an equat ional  c l a s s .  O f  

p a r t i c u l a r  i n t e r e s t  i s  the  c l a s s  A of a l l  l a t t i c e s  s a t i s f y i n g  

the  d i s t r i b u t i v e  law : 

0 : (X + y ) z  = xz + yz . - 6 N rr N N N U  n N N  

Let K be an equat ional  c l a s s .  We define rK a  c o l l e c t i o n  of 



formulas i n  t he  languages of s e m i l a t t i c e s  by 

rK = 0 : 0 i s  v a l i d  i n  each element of  r and - - 
is  a sen tence  of  t h e  form Vx . . . Vx 

, 0 ,n- 1 

Y where Y i s  open 1. 3y01 . - - ,  3ym-l.. .-, 

For any f i x e d  e q u a t i o n a l  c l a s s  K and p o s i t i v e  i n t e g e r  n  

t h e r e  i s  a  l a t t i c e  , unique up t o  isomorphism, s a t i s f y i n g  t h e  

cond i t i ons  t h a t  (i) rE C K and (ii) r: is  genera ted  by elements  

{ao ,  ..., a  } and any map of t he se  gene ra to r s  i n t o  an element  2 
n- 1 

i n  K has  a  unique ex tens ion  t o  a  homomorphism. i s  t h e  f r e e  - 
K l a t t i c e  on n  gene ra to r s .  For a  f u r t h e r  d i s cus s ion  of f r e e  

l a t t i c e s  we r e f e r  t he  r eade r  t o  Chapter  4 of [ 4 ] .  .-" 

By a  d i r e c t  family 0 we w i l l  mean a  t r i p l e  < { G  : i C I} , 
i 

j  
<I; 5 > ,  {Qi : i ,  j C I & i  5 j}> where { e i  : i C I} i s  a  

family o f  s i m i l a r  a lgeb ra s  indexed by I ,  1 5 is  a  d i r e c t e d  

j  p a r t i a l  o r d e r i n g  and {  : i ,  j C I & i 5 j} i s  a  c o l l e c t i o n  of 

homomorphisms such t h a t  Oi j  maps S  i n t o  S and, i f  i 5  j s k ,  
i j 

k j k  
then Q .  = O i m j  . 

1 
For t h e  d i r e c t  family a, l e t  S  = U{si : i C I} 

- and d e f i n e  on S by x  = y where x C S and y C S i f  f o r  
i j 

k k  some k C I w i t h  i ,  j  5 k we have xQi = yQj .  I t  i s  easy  t o  s e e  

t h a t  i s  an equiva lence  r e l a t i o n  on S ,  whence l e t  S W =  S/-. 

For x  C S l e t  [ X I =  denote t h e  equiva lence  c l a s s  of  X .  I f  Bi = 
i 

- 
<si;F'> and f  C F is  n-ary l e t  [ x o ] - , . . . ,  [ x ~ - ~ I '  c s 00 . ~e p u t  



where x C Si , -.., x C Si and  iO, ..., i 5 k .  I t  i s  
O 0  

n-1 n-1 
n- 1 

e a s i l y  s e e n  t h a t  t h i s  d e f i n i t i o n  i s  independen t  o f  o u r  c h o i c e  o f  

Xol . . . I  
and k .  We s e t  

n- 1 

and c a l l  6, t h e  d i r e c t  l i m i t  o f  t h e  d i r e c t  f ami ly  0 .  Note t h a t  
- 

t h e  map 0: from % i n t o  "j, d e f i n e d  by x -+ [ X I =  is  c l e a r l y  a  

homomorphism. For  a  complete t r e a t m e n t  o f  d i r e c t  limits s e e  

N a t u r a l  numbers a r e  r e g a r d e d  a s  f i n i t e  o r d i n a l s .  We w i l l  assume 

t h a t  f o r  a  g iven  o r d i n a l  a ,  a = (6 : B i s  an o r d i n a l  and 6 < a ) .  

I t  f o l l o w s  t h a t  t h e  empty s e t  deno ted  by "0" i s  t h e  l e a s t  o r d i n a l .  

F u r t h e r ,  i f  P  ( n )  i s  any p r o p o s i t i o n  abou t  a  n a t u r a l  number n ,  

t h e n  t h e  l e a s t  n a t u r a l  number f o r  which P ( n )  i s  s a t i s f i e d  i s  g i v e n  

by p n [ ~  (n )  I. L a s t l y ,  f o r  any s e t  A ,  /P ( A )  w i l l  d e n o t e  t h e  power 

s e t  o f  A. Any o t h e r  n o t a t i o n  w i l l  be  d i s c u s s e d  a s  i t  a r i s e s .  



CHAPTER 1 

93. I n  t h i s  chapter  we g ive  a  cons t ruc t ive  s o l u t i o n  t o  t h e  problem 

of c h a r a c t e r i z i n g  weakly t r a n s f e r a b l e  d i s t r i b u t i v e  s e m i l a t t i c e s .  A 

s e m i l a t t i c e  i s  d i s t r i b u t i v e  i f  i t  s a t i s f i e s  

Def in i t i on  3.1. Let 6 be a  f i n i t e  s e m i l a t t i c e .  G i s  weakly 

t r a n s f e r a b l e  i f  5 can be embedded i n  every s e m i l a t t i c e  G* such 

t h a t  '5 i s  embeddable i n  '3 ( 6*) . 

We may now s t a t e  t h e  problem of t h i s  s e c t i o n  p r e c i s e l y .  What 

f i n i t e  d i s t r i b u t i v e  s e m i l a t t i c e s  a r e  w e a l y  t r a n s f e r a b l e ?  We w i l l  

prove t h a t  every f i n i t e  d i s t r i b u t i v e  s e m i l a t t i c e  has  t h i s  proper ty .  

I n  f a c t  we w i l l  prove a  s t r o n g e r  r e s u l t ,  namely t h a t  they  a r e  a l l  

t r a n s f e r a b l e .  

Def in i t i on  3.2. A f i n i t e  s e m i l a t t i c e  5 i s  s a i d  t o  be t r ans -  

f e r a b l e  i f  whenever B i s  embeddable i n  J( G*) v i a  , t h e r e  i s  

an embedding of 5 i n  5* s a t i s f y i n g  XI/J C y@ i f  and only i f  

x 5 y .  

~ h u s  the  d e f i n i t i o n  t e l l s  us t h a t  t h e  embedding i s  w e l l  behaved 

wi th  r e spec t  t o  the  embedding 0 i n  t h e  sense  t h a t  x@ C x1b b u t  

XI) f y$ unless  x 5 y .  Our proof t h a t  every f i n i t e  d i s t r i b u t i v e  

s e m i l a t t i c e  i s  t r a n s f e r a b l e  w i l l  depend on the  fol lowing r e s u l t  which 



was f i r s t  not iced  by Green 151. - 
Lemma 3.1. Let  3 be any s e m i l a t t i c e .  Then G i s  d i s t r i b u t i v e  

i f  and only i f  J( = )  i s  a  d i s t r i b u t i v e  l a t t i c e .  

This r e s u l t  i s  e a s i l y  seen t o  imply t h a t  every f i n i t e  d i s t r i b u t i v e  

s e m i l a t t i c e  8 i s  jo in  isomorphic t o  a  d i s t r i b u t i v e  l a t t i c e  . I n  

f a c t  may be taken t o  be J( 5 ) . We now have 

Lemma 3.2. I £  'j i s  a  f i n i t e  d i s t r i b u t i v e  s e m i l a t t i c e ,  then 

every element has a  unique representa t ion  as a  jo in  of a  jo in  i r r e -  

dundant s e t  of jo in  i r r educ ib les .  

This i s  an immediate consequence of our preceding remarks and the 

analogous r e s u l t  f o r  f i n i t e  d i s t r i b u t i v e  l a t t i c e s ,  [ 2 ,  p. 581. 
ed 

Let E be a  f ixed f i n i t e  d i s t r i b u t i v e  s e m i l a t t i c e  and @ be any 

s e m i l a t t i c e  such t h a t  5 i s  embeddable i n  7 ( e*) v i a  . We l e t  

- S1 - SO 5 3( s* )  . Let S  C S c o n s i s t  of exact ly  those elements of 
2 -  1 

< Sl; + > which a r e  join i r r e d u c i b l e .  

Def in i t ion  3.2. A map $* from S 2  i n t o  S* i s  s a i d  t o  be 

admissible i f  (i) f o r  each x  C S x$* C x ,  and (ii) $* i s  
2 

order  preserving.  

It i s  an immediate consequence of Lemma 3.2 t h a t  each admissible 

map has a  n a t u r a l  extension t o  a  jo in  homomorphism from <S +) 
1' 

i n t o  S*. Fur the r  we observe t h a t  i f  @* and $* a r e  admissible 

maps, and we def ine  Q* V $* by 

then @* V $* i s  an admissible map. 



10 

For t h e  remainder,  l e t  S2 = {bo, .  . . .bn - 1}1 where t h i s  i s  a  l i s t  

i n  non-decreasing o rde r .  

Lemma 3.3 .  I f  b  C S2 and a  € b then t h e r e  i s  an admiss ib le  

map such t h a t  a  5 b$*. 

Proof .  Let j  < n and suppose t h a t  we have p icked  a  C bi f o r  
i 

each i < j  such t h a t  (1) i f  b  = 
i then a  5 a  i and ( 2 )  i f  

i 5  s < j  and b .  5 b s  then  a  5 a  . We choose a  i n  t h e  fol lowing 
1 i s j 

manner. Let a' be any element of b  and s e t  
j j 

where t h e  l a s t  term, a ,  i s  inc luded  only i f  a  C b . I t  is  t r i v i a l  
j 

t h a t  a  C b and s a t i s f i e s  (1) and ( 2 ) .  We s e t  b.$* = ai and 
j j  1 

it i s  c l e a r  t h a t  q* i s  an admissible  map. This  completes Lemma 3.3 .  

For each J - C n such t h a t  {bi : i C J} is  j o i n  i r r edundan t  and 

f o r  each 
a  c iFJ b i t  

l e t  AJ be any s e t  s a t i s f y i n g  t h e  fol lowing 
a 

J 
condi t ions  (i) A: 5 U{b : i C J}, (ii) a  5 b Aa and 

i 
J 

(iii) I A , ~  n bi = 1 f o r  each i C J.  For any such J and a ,  

J 
Aa must c l e a r l y  e x i s t .  

Lemma 3 . 4 .  Let  a  C b C S1. Then t h e r e  i s  an admiss ib le  map $* 

such t h a t  i t s  ex tens ion  $ t o  a  homomorphism s a t i s f i e s  a  5 b$. 

Proof .  I f  b  C S we a r e  done. Otherwise b is  jo in  r educ ib l e .  
2 

Then t h e r e  e x i s t s  unique J n  such t h a t  b = C{bi : i C J )  and J - 

i s  nrinimal. We choose and t o  each i C J an admiss ib le  $*i 



J 
w h i c h s a t i s f i e s  b . $ * t x C A  n b i .  Let $ * =  * T h e n i f  $ 

11. a  ~ C J  i 

i s  the  ex tens ion  of $* t o  a  j o in  homomorphism, we have 

a s  d e s i r e d .  

Theorem 3.1. Every f i n i t e  d i s t r i b u t i v e  s e m i l a t t i c e  i s  t r a n s f e r a b l e .  

Proof .  To each x € S p ick  an a  S* such t h a t  ax € y$ i f  
X 

and only i f  x  5 y .  Such choices  a r e  c l e a r l y  poss ib l e .  Now t o  each 

x w e  can choose a  homomorphism 
'a 

: S1 + S*  such t h a t  a  5 ( x $ ) $ ~  . 
X 

X X 

We now de f ine  $ on S1 by 

I t  i s  c l e a r  t h a t  $ i s  a  honomorphism and t h e  f a c t  t h a t  ( x $ ) $  C y@ 

i f  and only i f  x 5 y ensures  t h a t  $ i s  1-1. This completes ou r  

proof t h a t  G i s  t r a n s f e r a b l e  s i n c e  $$ embeds 3 i n  (S*.  

9 4 .  We w i l l  now diverge from our  main theme t o  give an a p p l i c a t i o n  

of our  r e s u l t  f o r  d i s t r i b u t i v e  s e m i l a t t i c e s .  One o f  t h e  most u se fu l  

no t ions  of modern a lgebra  i s  t h a t  of equa t iona l  c l a s s .  While t h i s  

concept p l ays  a  s u b s t a n t i a l  r o l e  i n  l a t t i c e  theory it unfor tuna te ly  

i s  completely t r i v i a l  f o r  s e m i l a t t i c e s .  However t h e  ques t ion  s t i l l  

remains: Is i t  p o s s i b l e  t o  u s e f u l l y  d i s t i n g u i s h  c l a s s e s  of  s e m i l a t t i c e s ?  

Early i n  our  work on t h i s  t h e s i s  we spent  some time consideririg t l l i s  



ques t ion .  

Def in i t i on  4.1. Let K be an equa t iona l  c l a s s  of  l a t t i c e s .  With 

K we a s s o c i a t e  c l a s s e s  of  s e m i l a t t i c e s  K K1, K2, K 3  a s  fol lows:  0  

(i) BC K O  i f  and only i f  T ( 6 )  = < I ( s ) ;  +; n >  

is  a l a t t i c e  i n  K .  

(ii) BC rl i f  and only i f  every formula i n  I' K 

i s  v a l i d  i n  3 . 
(iii) 8 6 K2 i f  and only i f  every map of t h e  

genera tors  of f i n t o  B extends t o  a  j o i n  

homomorphism with t h e  proper ty  t h a t  t h e  equiv- 

a lence  r e l a t i o n  induced on by t h i s  map i s  

a congruence r e l a t i o n .  

(iv) 5 C K 3  i f  and only i f  G is  a d i r e c t  l i m i t  of 

l a t t i c e s  i n  K considered a s  s e m i l a t t i c e s .  

The c l a s s e s  K and K a r e  due t o  e a r l i e r  au thors  [ 51 [ 6 ]  
0 1 ,w m 

al though most take only a  f i n i t e  p a r t  of r t o  o b t a i n  K 
1' 

The 
K 

c l a s s  K was suggested by Lachlan and a s  f a r  a s  t h e  au thor  knows 
3 

t h e  c l a s s  K was f i r s t  suggested by Gask i l l .  I t  i s  a  consequence 
2 

of  our e a r l i e r  work t h a t  f o r  A ,  t he  c l a s s  of d i s t r i b u t i v e  l a t t i c e s ,  

A = A = A = A The most genera l  r e s u l t s  known t o  t h e  au thor  a r e  
0 1 2  3' 

Theorem 4.1. and 

Theorem 4 .2 .  I f  f o r  each n C U, 1 1  < K O ,  then  K = K c K  . 
1 2 -  3 

Since the  proofs  of t hese  two r e s u l t s  do no t  fit i n  wi th  o u r  main 



theme, we omit them, and cont inue with our  concern i n  t h i s  s e c t i o n ,  

namely, proving t h a t  

Theorem 4.3. A  = A = A 2  = A 
0 1 3 ' 

Proof.  We f i r s t  show t h a t  A ,  A  and A3 c A For A1 C A - 0 '  - 0' 

s i n c e  @ '  is v a l i d  i n  every d i s t r i b u t i v e  l a t t i c e ,  we have @' C F A .  - 6 -6 

Hence, i f  SC A  then by Lemma 3 .1  GC do.  
1 

To s e e  t h a t  A A  we proceed as  fo l lows .  Let a ,  b  and 
2 -  0 

c C S  where < s ;  + > F  A and a  + b  2 c .  Now i f  i s  t h e  f r e e  
2 

d i s t r i b u t i v e  l a t t i c e  on t h r e e  gene ra to r s ,  x ,  y  and z ,  l e t  @ be 

(1 A 
any jo in  homomorphism of i n t o  5 such t h a t  X@ = a ,  yo = b ,  

3 

z @  = c  and = i s  a  congruence r e l a t i o n  on 
- Q 

(jA Now by the  d i s t r i -  
3' 

bu t ive  law we have 

A 
Observe t h a t  we can de f ine  a  second opera t ion  A on ( L 3 ) $  SO t h a t  

rv A 
y : / Z $  - < L ~ @ ;  +,  A >  . This i s  immediate from t h e  f a c t  t h a t  4 is  a  

j o i n  homomorphism and = i s  a  congruence r e l a t i o n .  I t  fol lows t h a t  
-@ 

( ( x  + Y ) z ) @  2 c .  Since (xz)d) + ( y z ) $  5 c ,  we have ( x z ) @  + (yz )S  = c  

and hence t h e  de f in ing  formula f o r  d i s t r i b u t i v e  s e m i l a t t i c e s  i s  v a l i d  

i n  6 . 
To show t h a t  A,  2 A o ,  l e t  Q = <{(j : i F I} ,  < I ;  3 , 

i 

j  
$  : j , i 6 I & i 5 > be a  d i r e c t  family of d i s t r i b u t i v e  s e m i l a t t i c e s .  

We show t h a t  l j m  i s  a  d i s t r i b u t i v e  s e m i l a t t i c e .  Let < s ;  +> = lfmQ , 

and suppose we have a ,  b ,  and c C S such t h a t  a  + b  1 c .  Now t h e r e  

03 CO 

e x i s t s  i F I and x ,  y ,  and z C Si such t h a t  xOi = a ,  y@i = b 



CO CO 00 

and zOi = c .  Observe t h a t  s i n c e  ( ( x  + y)  + z)Qi  = ( X  + Y ) @ ~ ,  t h e r e  

k  
e x i s t s  a  k  C I such t h a t  i I k  and ( ( x +  y )  + z ) 4 1  = (x  + Y ) $ ~ .  

k  
I t  fol lows t h a t  zmk C ( x  + y )  and hence s i n c e  Gk i s  a  d i s t r i -  

1 

b u t i v e  s e m i l a t t i c e  we may choose x' and y' 
k  

C Sk such t h a t  x' 5 xi$i 

k k  CO 
y' 5 ymi and x' + y' = zQi. Now i f  a '  = x ' $ ~  and b' = ~ ' 4 ;  we 

have a' 5 a ,  b' 5 b  and a' + b' = c. Thus 5 i s  a  d i s t r i b u t i v e  

s e m i l a t t i c e .  Now, s i n c e  every d i s t r i b u t i v e  l a t t i c e  i s  a  d i s t r i b u t i v e  

s e m i l a t t i c e  we have immediately t h a t  A 3  c A - 0' 

To complete t h e  proof  we must show t h a t  A c A l l  A 2  and A3.  0  - 
We f i r s t  c laim t h a t  i n  any d i s t r i b u t i v e  s e m i l a t t i c e  6 , i f  Sl 5 S  

i s  f i n i t e ,  then  f o r  some f i n i t e  S2 with c S  c S  we have <s2; +> 
S1- 2 -  

i s  a  d i s t r i b u t i v e  s e m i l a t t i c e .  To s e e  t h i s ,  we proceed a s  fo l lows ,  l e t  

be t h e  i n j e c t i o n  of  i n  3 6 ) . Now l e t  s ' ~  be t h e  l a t t i c e  

c l o s u r e  of Sl@ i n  3( 6 ) . Since J(6 ) is  a  d i s t r i b u t i v e  l a t t i c e  

by Lemma 3 .1 ,  we have t h a t  
s02 

i s  f i n i t e .  Now < s ' ~ ;  +) i s  a  d i s -  

t r i b u t i v e  s e m i l a t t i c e ,  whence by Theorem 3.1 we have t h a t  i t  i s  

t r a n s f e r a b l e .  Moreover by Lemma 3.4 we may choose $ embedding 

< s ' ~ ; + >  i n  s u c h t h a t i f  x C S  then x @ $ = x .  Thus <s '~$;  + >  
1 

has  the d e s i r e d  p r o p e r t i e s .  

To s e e  t h a t  A0 5 A 2 ,  r e c a l l  t h a t  every f i n i t e  d i s t r i b u t i v e  semi- 

l a t t i c e  i s  jo in  isomorphic t o  a  d i s t r i b u t i v e  l a t t i c e .  A glance a t  t h e  

d e f i n i t i o n  of  A 2  now y i e l d s  t h e  r e s u l t .  

For A C A we l e t  Vxo.. .Vx o - 1, n-l 3 ~ 0 - .  - 3 ~ m - 1  Y c r D .  Nowi f  

Bc A. then we must show t h a t  VxO.. . 3 ~ , - ~  Y  i s  v a l i d  i n  . Let  

a  . , a  be any n-element sequence i n  S .  Then t h e r e  i s  a  f i n i t e  
n-1 

S  3 { a o , . . . , a  } such t h a t  <S +> is  a  d i s t r i b u t i v e  s e m i l a t t i c e .  
2 - n- 1 2; 



Now form < s ~ ;  +, A ) ,  a d i s t r i b u t i v e  l a t t i c e .  Then 

3y0-  - 3 ~ , - ~  Y[a , a  n-1 ] i s  v a l i d  i n  < S  2 ; +, A > ,  hence i n  

< s 2 ;  +> . 1t follows t h a t  ]yo.. .gym-, Y[ao, .  . . lan-1 
1 i s  v a l i d  i n  

:s . Si;;ce t h e  sequence was a r b i t r a r y ,  t he  r e s u l t  fo l lows .  To ob ta in  

A c A we a c t u a l l y  prove something s t r o n g e r ,  which we s t a t e  a s  
0 -  3 

Theorem 4 . 2 .  5 i s  a  d i s t r i b u t i v e  s e m i l a t t i c e  i f  and only i f  i t  

i s  a  1-1 d i r e c t  l i m i t  of f i n i t e  d i s t r i b u t i v e  l a t t i c e s  considered a s  

s e m i l a t t i c e s .  

Proof .  Su f f i c i ency  i s  a  consequence of A 3  c A Now f o r  t h e  - 0'  
I? 

converse,  l e t  be any d i s t r i b u t i v e  s e m i l a t t i c e .  Reca l l  t h a t  every 

f i n i t e  subse t  of S i s  contained i n  a  f i n i t e  s u b s t r u c t u r e  which i s  

d i s t r i b u t i v e .  I t  i s  we l l  known t h a t  any a lgebra  i s  a  1-1 d i r e c t  l i m i t  

o f  i t s  f i n i t e l y  ge: - . ra ted suba.lgebras. Observe t h a t  s i n c e  f i n i t e l y  

generated impl ies  f i n i t e  f o r  s e m i l a t t i c e s ,  we a r e  done s i n c e  t h e  f i n i t e  

subsemi l a t t i ce s  which a r e  d i s t r i b u t i v e  a r e  c o f i n a l  i n  t h e  c o l l e c t i o n  O E  

a l l  f i n i t e  s u b s e m i l a t t i c e s ,  and each such subsemi l a t t i ce  i s  isomorphic 

t o  a d i s t r i b u t i v e  l a t t i c e .  

This concludes the  proof  of Theorem 4.1. 



CHAPTER 2 

I n  t h i s  chapter  we p r e s e n t  a  c h a r a c t e r i z a t i o n  of  t r a n s f e r a b l e  

s e m i l a t t i c e s .  Our procedure w i l l  be  t o  b u i l d  from a  given f i n i t e  

s e m i l a t t i c e  S a  s e m i l a t t i c e  E* t o g e t h e r  wi th  a  map 4 embedding 

6 i n  3( z*) such t h a t  i f  6 i s  no t  t r a n s f e r a b l e  then 9* and 4 

c o n s t i t u t e  a  counter  example t o  t h e  t r a n s f e r a b i l i t y  of  6 .  What we 

(5 '5 
a c t u a l l y  cons t ruc t  i s  a  r e l a t i o n a l  a lgeb ra  '$l whose r e t r a c t  < A  ; +> 

i s  t h e  d e s i r e d  * The r e l a t i o n s  on '$16 a r e  a l l  unary and each one 

c o n s t i t u t e s  an i d e a l  i n  <A6; + > .  These i d e a l s  taken toge the r  form 

an isomorphic copy of G and from them we ob ta in  t h e  embedding 4 .  

$5.  For t h e  remainder of  t h i s  Chapter ,  = <s; +> w i l l  denote a  

f i x e d  f i n i t e  s e m i l a t t i c e  with K = {k o , . . . , k  } 5 S i t s  s e t  of j o i n  n- 1 

i r r e d u c i b l e s .  Fur ther  i n  t h i s  Chapter we t r e a t  3 (E * )  = <I ( S * )  ; +> 

pure ly  a s  a  s e m i l a t t i c e .  

Def in i t i on  5.1. Let  p  C n  and J - c n.  The p a i r  (p ,  J >  is  

s a i d  t o  be e s s e n t i a l  - f o r  G provided t h a t  

(ii) f o r  each i C J ,  k f ki and, 
P  

(iii) x k  i s  jo in  i r redundant  and minimal over  k  
i € J  i P  

i n  t he  sense t h a t  i f  J '  c J then k  f :. ki. + P 

The i n e q u a l i t y  k 5 1 k w i l l  be r e f e r r e d  t o  a s  an e s s e n t i a l  
p  iCJ i 

i n e q u a l i t y .  



5 
We const ruct  a  r e l a t i o n a l  a lgebra ,  2I whose language c o n s i s t s  

of  the  following: a  binary operat ion symbol +, a  unary opera t ion  
N 

symbol f J  f o r  each t r i p l e  J ,  i> such t h a t  the  p a i r  J> 
-1 ,p  

i s  e s s e n t i a l  f o r  B and i € J an individual  cons tant  c ,  f o r  
-1 

each i € n  a  unary r e l a t i o n  symbol U .  f o r  each i € n  and a  
n 1 

unary r e l a t i o n  symbol V f o r  each s 6 S -. K.  
NS 

B 
The const ruct ion  of U w i l l  take p lace  i n  s t ages  according t o  

the  following program. A t  s t age  m ,  w i l l  be a  p a r t i a l  system 
m 

J 
whose r e t r a c t  < A ~ ;  +> is a  s e m i l a t t i c e ,  f o r  each m t 1. The f i t p  

w i l l  be p a r t i a l  operat ions with domain Am- 1 
. To obta in  C1 from 

J 
U m  we w i l l  f i r s t  extend each operat ion t o  Am, simultaneously 

fi ,P 

extending the  universe.  Then we extend + and t h e  universe simultane- 

ously s o  a s  t o  obta in  a  new universe which is  closed under +. 

Fina l ly  we w i l l  extend the  r e l a t i o n s  Ui and Vs t o  t h e  universe Awl' 

The r e s u l t a n t  s t r u c t u r e  U w i l l  be an extension of and we w i l l  
m+l m 

Throughout the  remainder of  the  cons t ruct ion ,  B = {bo,  bl,  b 2 , . . . ,  

b  . . . w i l l  be a  f ixed i n f i n i t e  s e t  with b = b  only i f  i = j. 
i i j 

The s t r u c t u r e  UO i s  defined as follows. A = { b o l . .  . , and we o bn- 1 

def ine  t h e  0-ary operat ion c  by c  = bi. A l l  o the r  opera t ions  a r e  
i i 

empty. W e  p u t  bi € U i f  and only i f  k .  5 k . For s C S -- K ,  we 
j 1 j 

p u t  b .  € V i f  and only i f  k .  5 s. This completes t h e  d e f i n i t i o n  
1 S 1 

of 21 
0  ' 

Before proceeding t o  the  induct ive  s t age ,  we def ine  the  s t r u c t u r e  

al. We p u t  



J 
F* = U (  { f  ) x U : < p ,  J> e s s e n t i a l  and i C J )  

-i /P  P  

and l e t  g be any 1-1 map from F* i n t o  B -- Ao.  We s e t  - A; - A. u 
J 

F*g and de f ine  
£1 .p 

on A by 
0  

Now l e t  A* ( A )  - 0 .  He def ine  Z* on A: a s  fo l lows:  f o r  
1 

H I  and H C A; we pu t  
2  

H1 Z* H 2  provided t h a t  i f  a  C H1 and 

a  j? i12 then f o r  some e s s e n t i a l  p a i r  (p,  J> we have a C U and 
P 

J 
f o r  ezch i C J ,  

'i , p  
a  C H We prove t h a t  Z *  is  a  quas i  o rde r  

2 ' 

with l e a s t  uFper bounds. We must show 5* i s  r e f l e x i v e  and t r a n s i -  

t i v e .  The former i s  obvious. Let H 5* H 5* H we show H  Z* H 
1 2 3 ' 1 3  ' 

Let a  C H I .  I f  a  C H u H 3  we a r e  done. Suppose n o t .  Then f o r  some 
2 

e s s e n t i a l  p a i r  < p ,  J> and each i C J we have f J  a C H 2 .  Since 
i ,P 

a C U  wehave  f J  a f A o ,  whence f J  a C H 3 ,  s i n c e  H 2  5* H 
P i ,P i ,P 3' 

But t h i s  impl ies  t h a t  H1 5* H a s  d e s i r e d .  Thus 5* is a  quas i  
3 

o r d e r .  NOW f o r  any H1 and H 2  i n  A;, we c la im t h a t  H  1) H2 i s  
1 

a  5* l e a s t  upper bound. I t  i s  c l e a r  t h a t  H1 U H i s  an upper bound. 
2  

Now l e t  H be such t h a t  H1 5* H and H Z *  H3.  Since f o r  a  C H1 U 
3  3 2 

H 2  ' we must e i t h e r  have a  C H1 o r  a  C N 2  , i t  i s  e a s i l y  seen t h a t  

H  U H  5 * H  
1 2  3  ' 

Thus H  U H 2  i s  a  5* l e a s t  upper bound a s  d e s i r e d .  
1 

We now de f ine  the  U and V on A;. We f i r s t  extend t h e  U 
P  S P  

and V t o  A;. 
S 

b  b e i n  
let fi,p q  

U r  o r  V i f  and 
q  I f  UP' S 

only i f  k .  5 k o r  s  r e s p e c t i v e l y .  For 1 A p u t  N C U o r  V 
1 r P s 

i f  and only i f  H c U o r  V r e s p e c t i v e l y .  
- P  S 



We de f ine  Z on A; by H1 C 11 i f  and only i f  H1 5* H 2  and 
2 

- 

H * II 
2 1 ' 

Let [ H I =  denote t he  equivalence c l a s s  of  H wi th  r e spec t  

- 
t o  =.  As poin ted  out  i n  t he  in t roduc t ion  the  s t r u c t u r e  <A*/-; 

1 
- 

i s  a  s e m i l a t t i c e  o rde r ing  system. In  a d d i t i o n ,  we claim t h a t  i f  Ii 
1 

H and h F U o r  V then H 
2 1 r s 2 s C U r  o r  V r e s p e c t i v e l y .  To see  

t h i s ,  l e t  Ii Z H F U . W e  f i x  a  C H and show a  E Ur froin which 
2 1 r 2 

t h e  r e s u l t  w i l l  follow. Now i f  a  f H1 then f o r  some e s s e n t i a l  p a i r  

- - 
< p I  J> and each i F J ,  a  E Up n A. 

J J 

and f i r P  
a  E H 2 .  Now 

fi , p  
a  F 

U i f  and only i f  k .  5 k . Since t h i s  i s  v a l i d  f o r  each i C J ,  r 1 r 

and s i n c e  J> i s  e s s e n t i a l  we have k 5 k 5 k .  Now a  = b 
p  i C J  i q 

f o r  sqme q whence a  E U i f  and only i f  k 5 k . I t  fol lows t h a t  
P  q P  

k 5 k and hence t h a t  a  C U a s  des i r ed .  S imi l a r  reasoning y i e l d s  
9 r r 

the  r e s u l t  f o r  V . 
s 

Let U ,  
j 's' 

and 5 denote t he  r e l a t i o n s  on A induced by 

u 
j ' 

V and 5* r e s p e c t i v e l y .  I t  i s  c l e a r  from t h e  d e f i n i t i o n s  t h a t  
S 

t he  U r  and Vs a r e  i d e a l s .  Fu r the r  note  t h a t  i f  [HI" E A*/: n U 
1 

and b C U o r  Vs, then [H] '  C U r  o r  V r e s p e c t i v e l y .  To s e e  
9 r s 

t h i s  f o r  
'r 

n o t i c e  from t h e  cons t ruc t ion  of  U and t h e  d e f i n i t i o n  
0 

of  U on A; t h a t  U c U i f  and only i f  b C U ,  i f  and only i f  
r q -  r q 

b 5 b . I t  follows t h a t  [ H I =  C U .  S imi l a r  reasoning app l i ed  t o  t he  
9 r 

case f o r  V . 
S 

Now choose a map g* s a t i s f y i n g  the  fol lowing cond i t i ons :  

(iii) = a  f o r  each a  E A' 
1 ' 



To s e e  t h a t  such a  map e x i s t s ,  it i s  s u f f i c i e n t  t o  demc,nstrate t h a t  

i f  H { a )  then H = {a} .  I f  b  C H then e i t h e r  b  C ( a )  o r  f o r  

some p a i r  J )  with b C U and f o r  each i E J ,  f J  C {a}. 
P  i , p  

The l a t t e r  condi t ion  i s  c l e a r l y  impossible  s i n c e  1 J I  > 1 f o r  each 

p a i r  < p .  J> and f o r  i and j  C J with i # j  we have f J  b  # 
i ,P  

- 

fJ  b .  I t  follows t h a t  14 = { a )  hence f o r  each a  C A;, [{a}:] = 
j ,P  

{ { a l l .  

Let A~ be t h e  range of g*. Wedef ine  5 on A1 by [HlZq* 5 
- - - - 

[ ~ ' ] = g *  i f  and only i f  [ H I :  5 [ H ' I Z .  We pu t  [HIzg* C U r  o r  V 
S 

- 
i f  and only i f  [ H I =  C U r  o r  V r e spec t ive ly .  The ope ra t ions  

S 

J 

'i .p 
remain a s  def ined  on 

Ai 
. The c  remain the  same 0-ary opera-  

i 

t i o n s  a s  i n  $1 This completes t he  cons t ruc t ion  of the  s t r u c t u r e  
0  ' 

which i s  e a s i l y  seen t o  be an ex tens ion  of  . Below i s  a  f u l l  s t a t e -  % 
ment of the  induc t ive  hypothes is ,  (1) - ( 1 )  , and t h e  reader  w i l l  

have no t roub le  a s c e r t a i n i n g  t h a t  a l l  p a r t s  a r e  v a l i d  wi th  j  = 0. 

Now l e t  us suppose we have cons t ruc ted  a 
c i ' " ' l  a m where n 2 1, 

such t h a t  i f  j < m the  r e l a t i o n s  d e t a i l e d  below a r e  s a t i s f i e d .  

(i) aj+, i s  an ex tens ion  of . 
j 

(ii) I f  a  and b C A then ,  f J  a  i s  def ined  
j  i ,P 

i n  A j + l f  
f J  a  # a  i f  and only i f  a  C U 
i , p  P ' 

I 
a n d i f  f J  a =  f  b  with a  C U and 

i ,P  j ,q P 

b  C U then a =  b ,  i = j ,  I = J ,  and 
9 

P  = 9. 

(iii) < A j ;  + i s  a  s e m i l a t t i c e .  



( v )  For each a  C A j + l l  a  = C@a where C a  = 

(b  : b  A j + l l  b 5 a  and b  i s  p r i m i t i v e ) .  

J We say b  i s  p r i m i t i v e  i f  b  C A. o r  f o r  soms. c C U b = f  c. 
P i ,P 

J 
( v i )  I f  b  C A j  and f i l p  b C A .  -. A then 

1+1 j 

fd b  C U r  o r  Vs i f  and only i f  k. 5 kr 
i IP 1 

o r  s r e spec t ive ly .  

( v i i )  I f  a  C A j + l  then a  f Ur o r  V i f  and 
S 

only i f  f o r  each b  C @a,  b C Ur o r  Vs 

r e s p e c t i v e l y .  

( v i i i )  I f  b  C Ur n A j + l  and br C U o r  Vs 
P  

then b C U o r  Vs r e s p e c t i v e l y .  
P  

( i x )  Each Or and V i s  an i d e a l  i n  
s < A ~ + ~ '  +>. 

We cons t ruc t  gmtl a s  fol lows:  Let F' denote t h e  s e t  of u1,ary 

ope ra t ion  symbois. Let g be any mapping from F' x ( A  -- A ) i n t o  
m m - 1  

B - A  which s a t i s f i e s  t h e  fol lowing t h r e e  condi t ions  : 
m- 1 

1) I f  b  p u J 
then ( f i P p ,  b ) g  = b .  

P  

J 
2) I f  b C U then ( f i l p b ) g  C B -. Am. 

P w 

3) I f  bl C U and b2  C U then 
P  9 

i f  and only i f  i = j ,  p  = q ,  J = L 

- and bl - b2.  



~ e t  A ?  = Am U R g ( g ) .  We e x t e n d  t h e  d e f i n i t i o n  o f  t h e  o p e r a t i o n  
m+ 1 

f J  
J J 

t o  A by s e t t i n g  
m .P 

( b )  = ( f  , b ) g  f o r  b C A  -..A 
i , ~  i .P m m - 1 '  

C l e a r l y  t h i s  e x t e n d s  e c c h  o f  t h e  o p e r a t i o n s  
J 

,P  
i n  s u c h  a  way t h a t  

(ii) o f  t h e  i n d u c t i v e  h y p o t h e s i s  i s  s a t i s f i e d .  

We d e f i n e  " r and V i n  i n  t h e  f o l l o w i n g  manner .  F o r  
s 

a  C A m ,  a  C U r  o r  V i f  and o n l y  i f  a C U r  o r  Vs r e s p e c t i v e l y  
S 

J 
i n  xm.  F o r  a E - , A r n  t h e n  a  = f b  f o r  some b C Am n U . 

i ,F P  

We p u t  a  E Ur o r  Vs i f  and  o n l y  i f  k .  5 kr o r  s r e s p e c t i v e l y .  
1 

Let A;+ ( A )  0 .  Throughout  t h e  r e m a i n d e r  o f  t h i s  

s e c t i o n ,  we w i l l  c o n s i s t e n t l y  decompose El E Aitl as f o l l o w s ,  H = 

I U I '  where I = H n Am and I ' = H U ( A ; + ~  pJ  A m ) .  F u r t h e r  if 

I' ' Amtl - I  A~ t h e n  

B(I') = { b  : b  C Am and f o r  some e s s e n t i a l  

J 
p a i r  < p ,  J) and e a c h  i 6 J ,  

'i .p  
b  C I*)  . 

We w i s h  t o  d e f i n e  a  s e m i l a t t i c e  o r d e r  on To t h i s  end  w i t h  3 

d e f i n e d  a s  i n  ( v )  o f  t h e  i n d u c t i v e  h y p o t h e s i s  w i t h  j = m - 1 ,  we s e t  

and  t h e n  p u t  H1 5* H i f  and o n l y  i f  3*H c 3*11 I t  i s  s t r a i g h t  
2 1 - 2 ' 

f o r w a r d  from t h e  d e f i n i t i o n  t h a t  5* i s  r e f l e x i v e  and  t r a n s i t i v e  and 

hence  5* i s  a  q u a s i  o r d e r .  B e f o r e  p r o c e e d i n g  it w i l l  b e  u s e f u l  t o  

d e m o n s t r a t e  t h a t  ",* C * H  = z * H .  \4e have  t h a t  

Now t h e  d e s i r e d  r e s u l t  w i l l  f o l l o w  p r o v i d e d  we can  show t h a t  



R e c a l l  t h a t  ( v )  o f  t h e  i n d u c t i v e  h y p o t h e s i s  a s s e r t s  t h a t  a  = C S a .  

We t h e r e f o r e  have t h a t  

From t h e  above r e s u l t  and t h e  s e m i l a t t i c e  l a w s ,  we have 

1 [@ C ( I  u ~ ( 1 ' ) )  U B ( I ' ) ]  = C C C ( I  U B(I ' ! ) .  

These two e q u a t i o n s  y i e l d  

which immediate ly  g i v e s  e* @ I i  = @*H a s  de r ; i r ed .  

We now show t h a t  H 
1 

U H 2  i s  a  5* l e a s t  upper  bound f o r  1 

and H Ple w i l l  demons t ra te  t h a t  i f  H and H C* H t h e n  H1 
2  ' 1 2  3  

U 

H C* H We r e c a l l  t h a t  H U H C* H i f  and o n l y  i f  @* ( H ~  U H 2 )  5 
2  3  ' 1 2  3  

@*H N o w w e h a v e  H = l ' U I 1 .  H = I 2  
3'  1 1 2  3 3 

' U I2  and H = I' u 13. 

Our t a s k  i s  t o  p r o v e  t h e  f o l l o w i n g  i n c l u s i o n :  

By h y p o t h e s i s  1; and I '  i I' hence we have o n l y  t o  show t h a t  
2  - 3 '  

Now ( 1  u 1 )  1  s i n c e  a s  n o t e d  above I' U I' c 1'. F u r t h e r ,  - 1 2 - 3  

s i n c e  ~ * 1 i  i C*ii i t  i s  e a s y  t o  s e e  t h a t  I 5 I  u I .  A 
1 -  3 

s i m i l a r  s t a t e m e n t  h o l d s  f o r  C 12, whence 



N o w  it follows d i r e c t l y  from the  d e f i n i t i o n  of 2, t h a t  a  5 b  impl ies  

@ a  c @b. We t h e r e f o r e  conclude t h a t  t he  necessary i n c l u s i o n  i s  v a l i d  - 

and hence H U H i* H a s  des i r ed .  
1 2 3 

We have shown t h a t  5* i s  a  quas i  o rde r  wi th  l e a s t  upper bounds. 

We t h e r e f o r e  have t h a t  < A *  15; 5 * / ~ >  i s  a  s e m i l a t t i c e  o rde r ing  
m+ 1 

system, where H 5 H2 i f a n d o n l y  i f  H 5 * H  and H 2 5 * H  We 
1 1 2  1' 

w i l l  denote t he  equivalence c l a s s  of  H  under by [HI-. I t  i s  a  

consequence o f  t h e  idempotence of  @* t h a t  H E @ * H .  We de f ine  

i f  and only r e c a l l  

t h a t  U has a l ready  been def ined  on A ; + ~ .  Since H  H 1 2  
impl ies  

P 

t h a t  S * I I  = C 5 * ~ 1 ~ ,  
1 

t h i s  d e f i n i t i o n  i s  independent of t h e  choice of H .  

I n  a  s i m i l a r  manner, we de f ine  V . 
S 

Our t a s k  now i s  t o  ob ta in  a  s t r u c t u r e  which i s  an ex tens ion  of 8 . 
m 

We have two s t r u c t u r e s  with r e spec t ive  universes  A' and A* 1:. 
m+ 1 m+ 1 

The former has the  des i r ed  p r o p e r t i e s  wi th  r e spec t  t o  t h e  cons t an t s ,  

unary ope ra t ions  and unary r e l a t i o n s ,  bu t  i t  i s  not  a  s e m i l a t t i c e .  

The second s t r u c t u r e  has t he  des i r ed  s e m i l a t t i c e  p r o p e r t i e s .  We w i l l  

use t h e  second s t r u c t u r e  t o  expand t h e  f i r s t  t o  ob ta in  gmtl. 

I t  w i l l  f a c i l i t a t e  our  cons idera t ions  i f  we f i r s t  show t h a t  i f  a  

and b C A;+~ and {a )  : {b) then a  = b.  We f i r s t  observe t h a t  i f  

a %+l 
-J A 

m ' then $*{a) = { a )  s i n c e  f o r  no e s s e n t i a l  p a i r  <P, J \  

i s  J a  s i n g l e t o n .  F u r t h e r ,  i f  a C A then ~ * { a )  C A and we may 
m - m 

t h e r e f o r e  assume t h a t  a  and b  C A . Since { a )  {b )  we have 
m 



s * { a )  = {a ]  = {b)  = @(b) .  

Thus 

by (v)  of t h e  induc t ive  hypothes is .  I t  i s  now c l e a r  t h a t  a  map 

g* : A* / + B e x i s t s  which s a t i s f i e s  (i) g* i s  1-1 and (ii) 
m+ 1 

[ t a ) I s *  = - a  f o r  each a  C A L l .  We s e t  Amtl - g*. We 
- - 

d e f i n e  on 
A,tl 

by p u t t i n g  [ ~ ] = g *  5 [HO]=g* i f  and only i f  
- - 

[HI= 5*/3 [ I I * ] = .  This i s  obviously a  s e m i l a t t i c e  o rde r  and we de f ine  

+ i n  the  usual  way. We l e t  be t h a t  p a r t i a l  ope ra t ion  on A 
' i ,p  mt-1 

with domain 
Am 

and range i n  A *  which has a l ready  been def ined .  
mtl 

- - 

We p u t  [ ~ ] = g *  i n  U o r  V i n  case [ H I =  i s  i n  "r 
o r  V r e s -  

r s s 

p e c t i v e l y .  We l e t  c  be t h a t  cons tan t  opera t ion  whose value i s  bi. 
i 

This  c o r p l e t e s  t he  cons t ruc t ion  of t h e  p a r t i a l  system < A & ~ ;  F ,  R >  = 

%-+l 
- I t  remains ou r  t a s k  t o  v e r i f y  t he  induc t ive  hypothes is  f o r  

j = n .  We t r e a t  the var ious  p a r t s  i n  o rde r .  F i r s t  we show t h a t  
"m+ 1 

i s  an ex tens ion  of am. That the  cons tan t  and unary ope ra t ions  a r e  

indeed ex tens ions  of  t h e i r  counterpar t s  on 9 i s  ev iden t  from t h e i r  
m 

d e f i n i t i o n  on and we leave  t h i s  t o  t he  r eade r .  For t h e  remainder 

i t  s u f f i c e s  t o  show t h a t  i f  a  and b  a r e  i n  
Am 

then 

(1) i f  c  C Awl .- Am then c  2 a ,  

( 2 )  a 5 b  i n  Umt l  i f a n d o n l y  i f  a 5 b  i n  and,  m 

( 3 )  a  C U r  o r  Vs i n  Umtl i f a n d o n l y  i f  a C  U o r  
r 

V s r e spec t ive ly  i n  '11 m' 



From (1) and (2) Umtl  i s  an  e x t e n s i o n  o f  g w i t h  r e s p e c t  t o  +. m 

To s e e  (1) , l e t  c = [ H l Z g *  where H - A;. I f  c 5 a i n  
- 

and a  F A m  t h e n  H Z *  { a }  whence H - C Am. S i n c e  [HI= = [{I HI] 

we h a v e  c  = [ { C  H)]~* = L  H F Am. F o r  ( 2 ) ,  we h a v e  a  5 b  i n  Uml 

i f  and  o n l y  i f  Z * { a )  - c S * { b ) ,  t h a t  i s ,  i f  and o ~ l y  i f  @a  - c C b .  

From t h e  d e f i n i t i o n  o f  and ( v ) ,  t h e  l a s t  s t a t e m e n t  h o l d s  i f  and 

o n l y  if a 5 b  i n  Zm. F o r  ( 3 ) ,  a C U r  i n  i f  and o n l y  i f  

@*[a}  5 U r ,  t h a t  i s ,  i f  and  o n l y  i f  C.a - C U r ,  which i s  e q u i v a l e n t  

t o  a F U r  by  ( v i i )  o f  t h e  i n d u c t i v e  h y p o t h e s i s .  A s imi la r  l i n e  

o f  r e a s o n i n g  y i e l d s  t h e  r e s u l t  f o r  V . 
S 

P a r t  (ii) o f  t h e  i n d u c t i v e  h y p o t h e s i s  f o r  j = m i s  a  m a t t e r  o f  

r e c a l l i n g  t h e  d e f i n i t i o n  o f  t h e  e x t e n s i o n  t o  A;+ 1 
and t h e  r e s u l t a n t  

d e f i n i t i o n  o f  t h e  p a r t i a l  o p e r a t i o n s  on 
Am+l. 

I t  i s  a d i r e c t  conse -  

quence  o f  t h e  f a c t  t h a t  5*/- i s  a  s e m i l a t t i c e  o r d e r ,  t h a t  <A,+,; + >  

i s  a  s e m i l a t t i c e .  T h i s  b r i n g s  us  t o  p a r t  ( i v )  o f  t h e  i n d u c t i v e  

h y p o t h e s i s  which s t a t e s  t h a t  i f  a c Am t h e n  a 5 
C J  

i C J  ' i l p  
a .  Now i f  

a $? Up t h e n  f J  a = a  and w e  a r e  done .  Suppose a  i U . W e  must  
i , p  P  

J 
show t h a t  c * { a )  5 C * { f i  a  : i C J}. Now 

r P 

J 
BY d e f i n i t i o n  o f  ,y we have  a  6 & { f i t p a  : i J} and h e n c e  

J 
C * { a )  = S a  - i (1, C B { f i  a  : i C J ) .  

1 P 

T h i s  i lnmedia te ly  y i e l d s  ( i v )  a s  d e s i r e d .  



For p a r t  (v)  we must show t h a t  1 z a  = a .  We f i r s t  observe t h a t  

f o r  a  C A a  i s  p r i m i t i v e  i f  and only i f  a  C A and a  i s  
mtl '  m 

p r i m i t i v e  i n  urn,  o r  a  C ~ , h  c. Am. For a r b i t r a r y  A m + l  
we 

- 

have b  = [HlZg* f o r  some H C A:+~. IJOW H - O H  = U{{aj : a  C C * H ) .  

h'e c laim t h a t  (4.b =@*H. To s e e  t h i s  observe t h a t  i f  a  C@*H then  

a  i s  p r i m i t i v e  i n  
' m t  1 

. Since { a )  5 @*II, we have 

I t  fol lows t h a t  

Conversely, i f  a  C 5 b  then @*{a)  5 C*H. Since a  i s  e i t h e r  pr imi-  

t i v e  i n  gm o r  an element of A L ~  -- Am, we s e e  t h a t  a  C @*{a) 

from the  d e f i n i t i o n  of  ",*. Thus @*Ii = s b  as  d e s i r e d .  I t  fol lows 

t h a t  

a s  d e s i r e d .  

P a r t  ( v i )  of t h e  induct ive  hypothesis  a s s e r t s  t h a t  f o r  each 

a  C A and f J  a C Amtl  -, Am 
m 

we have f J  a  C Ur o r  V i f  and 
i ,P i ,p  s 

only i f  k .  5 k o r  s  r e s p e c t i v e l y .  I t  i s  simply a  ma t t e r  of 
1 r 

r e c a l l i n g  the  r e l e v a n t  d e f i n i t i o n s  t o  check t h a t  t h i s  i s  t h e  case .  

For p a r t  ( v i i )  we must prove t h a t  i f  a  C Am+1 then a  C U r  o r  

Vs i f  and only i f  a  c U o r  V r e spec t ive ly .  We have a l ready  - r s 

remarked t h a t  i f  [ 1 1 ] : ~ *  = a  then C a  = C*fl - 11. S ince a  C U r  i f  
- 

and only i f  [ t ~ ] :  C U /-, which i s  equiva len t  t o  C*II  U we a r e  
r r ' 



done. S imi l a r  reasoning a p p l i e s  t o  V . 
S 

We must now show t h a t  f o r  each 

then b 6 U o r  V r e spec t ive ly .  This w i l l  demon:,trate ( v i i i ) .  This  
P  S 

proper ty  follows immediately from the  corresponding proper ty  of 
A;+ 1. 

For 
",1, 

the proper ty  comes from ( v i i i )  f o r  j = m - 1 and the  

d e f i n i t i o n s  of U and V on A:+~. 
r s 

Las t ly  we must show t h a t  each U and V i s  an i d e a l  i n  < A  - + >. 
r s m + l l  

P a r t  ( v i i )  and the  d e f i n i t i o n  of @ e a s i l y  y i e l d  t h e  f a c t  t h a t  a 5 b C 

U o r  V impl ies  a  C Ur o r  V r e s p e c t i v e l y .  Thus we have only t o  
r s s 

show t h a t  i f  a  and b C Ur then a  + b C U r .  This w i l l  follow r e a d i l y  
- - - 

provided t h a t  we can show, i f  [ H ~ ] =  and [ H ~ ] =  F U /I then [ H ~  U H ~ ] =  6 
r 

1 
c U imply U . But t h i s  i s  equiva len t  t o  showing t h a t  CP,*H and C*H2 - 

r 

t h a t  @*(H iJ H ) c U . Recal l  t h a t  
1 2 - r 

where H1 = I' U II 
1 

and H = 1; U I2 a r e  the  s tandard  decompositions 
2 

of  H and H By hypothesis  
1 2 - 

and s i m i l a r l y  f o r  S * H ~ .  Thus i t  i s  enough t o  show 

Since U r  is  an i d e a l  i n  U i t  i s  s u f f i c i e n t  t o  show t h a t  each of 1 
m ' 1' 

1 ,  I u I i s  included i n  U r .  From above, 



Since b @ i s  the  i d e n t i t y  by ( v ) ,  we g e t  b I1 c U and s i m i l a r l y  - r 

Z I i U . Thus we have only t o  show t h a t  I u I U . Hence l e t  
2 -  r - r 

b  C &(I; U I;) . Then f o r  some e s s e n t i a l  p a i r  < p ,  J> and each i C J, 

J 
b C 1; U I;. I t  f o l l o i s  t h a t  k 5 b k 5 k  s i n c e  

£1 IP 1 ICJ fi,pb "r 
i f  and only i f  k C k .  Now b  E U s i n c e  f d  b  # b. Since k 5 k 

1 - P i ,P P r 

impl ies  b  C U , we have b  E U by ( v i i i )  . This  completes t he  
P r r 

proof of ( i x )  s i n c e  a  s i m i l a r  argument y i e l d s  t he  r e s u l t  f o r  V . 
S 

6 
We com2letc t h e  cons t ruc t ion  by s e t t i n g  8 = U a . I t  i s  t r i v i a l  

iCw i 

t h s t  a l l  p a r t s  of the induct ive  hypothesis  ca r ry  over  d i r e c t l y  t o  9'. 
(3 

Before cont inuing we make some observa t ions  about < A  ; + >  The 

c e n t r a l  observat ion i s  t h a t  i f  b  C A and a  C A -) A then a  2 b .  
9 9 

This was sho::ln f o r  <Amil; +> extending < A  ; +> and i s  e a s i l y  seen 
m 

t o  extend t o  the genera l  case .  The not ion  of p r imi t ive  extends t o  8 
6 

and we note  t h a t  a  p r i m i t i v e  b  E Am i s  minimal i n  < A  +> whence i t  - m' 
, - 

i s  minimal i n  <A- ; +>. Thus each p r imi t ive  i s  jo in - i r r educ ib l e .  I f  

b  C Am and b i s  no t  p r i m i t i v e  then b  i s  jo in  r educ ib l e ,  whence jo in  

i r r e d u c i b l e  i s  equiva len t  t o  p r i m i t i v e .  Now from the  above we see  t h a t  

6 
we can gene ra l i ze  t h e  d e f i n i t i o n  of t o  A so  t h a t  

@a = {x : x i s  p r i m i t i v e ,  x  E A and x 5 a ) .  

e 
Fur ther  we de f ine  & on t h e  f i n i t e  subse t s  of p r i m i t i v e s  i n  A a s  

fo  1 lows : 

B(II) = {b : f o r  some e s s e n t i a l  p a i r  < p ,  J> 

b  C U and f o r c a c h  i C J f J  b  C EI) .  
P  i ,P 



L a s t l y  we n o t e  t h a t  i f  H and H a r e  s e t s  o f  p r i m i t i v e s  H H c 
1 2 1' 2 - 

A and 1 l i l  = 1 H2 t h e n  I' = I' and 
m+ 1 1 2 

where 1 ' =  H , , A  , I = H l  fl A , 1 ' =  H 
1 1 1 2 2 

r d  A~ and I' = H~ n A . 
m m 2 m 

T h i s  i s  because  i n  e x t e n d i n g  < A  ; + \i t o  <Amil; +> we e n s u r e d  
m 

t h a t  f o r  3 and H : A' 
1 

i f  H r H t h e n  s*f i  = C*fI Toge the r  
2 - m+ll 1 2 1 2' 

with ( v )  , we s e e  t h a t  t h i s  i m ~ l i e s  t h e  r e s u l t  above.  We conclude t h i s  

6 
s e c t i o n  w i t h  a  theorem showing <A ; +> h a s  a  f r e e  mapping p r o p e r t y .  

To t h i s  end we ? rove  t h e  fo l loyi ing lemma. 

Lemma 5 . 1 .  I f  a  6 A is j o i n  r e d u c i b l e ,  then  t h e r e  i s  a  unique 

s e t  of  p r i m i t i v e s  
*a 

which i s  j o i n  i r r e d u n d a n t  such t h a t  ( i) C Qa = a  

and (ii) i f  C H = a  t h e n  t o  each y E pa t h e r e  i s  an x  E 11 w i t h  

y  5 x. 

P r o o f .  Suppose f o r  each j such  t h a t  0 5 j 5 m + 1, i f  a  E A .  
3 

t h e n  such  a  
Qa 

e x i s t s .  Observe t h a t  c ?ij, and by t h e  above remarks 
Qa - 

we may c o n f i n e  o u r s c i v e s  i n  t h e  i n d u c t i o n  s t e p  t o  l o o k i n g  a t  <A . +) . 
m + l l  

L e t  a  C Awl r'J Am be j o i n  r e d u c i b l e ,  w i t h  I' = $a --, 
Am 

and I = C a  n 

Am. We s e t  

where 

I *  = {b : b  c QLI  and b  2 L &(I')} . 



whence 1 Qa = C $a = a .  Now l e t  C H = a  f o r  any H A Again - m+l'  

w e  n o t e  f o r  any J > A i f  J = a  t h e n  J 5 A m l ,  SO we a r e  d e a l i n g  

w i t h  t h e  most g e n e r a l  c a s e .  Now s e t  

H l  = {x : x i s  p r i m i t i v e  and x C b  C Ii f o r  some b ) .  

Thus L H = a .  L e t  I' = H -J A and I = H1 n Am. S i n c e  ' C A  r~ 

1 1 1 m 1 I1 - m t l  

Am 
and I '  5 Awl r 2  A and  a  C Am , we c o n c l u d e  t h a t  I = 1 Now 

m 1 

C > ( I 0 )  C Am and 1 &(I1) 5 a ,  whence 

by ( v )  o f  t h e  i n d u c t i v e  h y p o t h e s i s .  Thus B(1') - 5 C I ,  whence 

s i n c e  1 I i  = a  = 1 S a  . ~ h u s  t o  e a c h  x C QzI t h e r e  i s  a  y  i A ( I  ;) 
1 

I w i t h  x 5 y .  F o r  s u c h  an x C I *  C I ,  y  ,f .8(1') whence Y 11- 
1 - 

S i n c e  I i s  a  s e t  o f  p r i m i t i v e s  and  e v e r y  e l e m e n t  i s  min ima l ,  I *  c I 
1 - 1' 

Thus c H and t h e  r e s u l t  f o l l o w s .  
Q a -  1 

Theorem 5 . 1 .  L e t  s* b e  ar,y s e m i l a t t i c e  s u c h  t h a t  5 can  b e  

embedded i n  J (s*)  v i a  +. L e t  O* b e  any map s u c h  t h a t  $* : Y\ -t S* 

and  ki$* C X$ i f  and o n l y  i f  k .  5 x. Then t h e r e  is  a n  extension $ 
1 

i= 

o f  $* mapping <Aw ; + >  i n t o  3* s u c h  t h a t  4 i s  a homomorphism 
- 

and f o r  e a c h  x C A= , X@ C ki$ o r  s$ i f  and o n l y  i f  x C Ui o r  Vs 

r e s p e c t i v e l y .  



3 2 

Proof.  We de f ine  4' - C @l c . . . @i C .. . f o r  each i C (d such - - 
i 

t h a t  i f  1 5 i 4 i s  a  homomorphism of (A . + >  i n t o  G* s a t i s f y i n g  
i 

0  
the  condi t ions  of  t h e  theorem. We l e t  4 = @*. Suppose t h a t  f o r  each 

j  such t h a t  0  5 j c m + 1 0' i s  def ined  and s a t i s f i e s  t h e  above 

condi t ions .  Let <p ,  J> be an a r b i t r a r y  e s s e n t i a l  p a i r ,  and a  t U n 
P 

(Am - Am-l) . For each i C J we p ick  a  
< p t ~ t i >  

C k  such t h a t  

(i) a  C x i f  and only i f  k .  5 x and (ii) a~~  5 a  
< p , J , i >  1 i t J  < P , J , ~ > '  

Such choices  a r e  p o s s i b l e  s i n c e  $ embeds 5 i n  I( G * )  , and a@m < 

kp$. We de f ine  mmC1 by 

bmm ii b  c 

Y p , J , i >  i f  b  = 8 a  c -- A and a 6 Am 
1 tP m 

= I I[ ( Q b ) ~ m t l ]  i f  b  i s  jo in  reducib le  b  C AMl 
Am. 

TO s e e  t h a t  $mh i s  a  homomorphism, we have only t o  show t h a t  f o r  each 

jo in  reducib le  -- A i f  H i s  a  s e t  of j o in  i r r e d u c i b l e s  and 
a C A m + l  m 

1 H = a  then 1 (Hmmt l )  = a@mt1. Now jo in  i r r e d u c i b l e  i s  t h e  same a s  

p r i m i t i v e .  Fur ther  s i n c e  every p r i m i t i v e  i s  minimal i f  H i s  a  s e t  of 

p r i m i t i v e s  and C H = a  then Q c H by Lemma 5 . 1  whence 
a - 

Thus i t  is s u f f i c i e n t  t o  show t h a t  i f  b  C @a then 

Let  b  t C a  -- . Then b  C C a  fI Am s i n c e  b  C c a  -- A imp l i e s  b  C Qa 
a  m 

a s  shown i n  the  proof of Lemma 5.1. Now 



I* = Q, n A = i d  : d c Q~~ m 
and d 5 C B(1 ' ) )  

where I = C a  n A and I ' = Ca - A whence b 5 C &(I ') , NOW B (I  ') c m m - 
Am whence 

Thus w e  w i l l  be done i f  we show t h a t  f o r  each c C B (Ic)  

mt l  
c+'ml :: L c ~ , m  1 .  

Now i f  c  C B(I ' ) ,  then f o r  some e s s e n t i a l  p a i r  <p,  J> c C U fl 
P 

-..9 ) and f o r  each i C J fJ c 1 NOW 
(Am m - 1  i ,P 

by choice of t h e  
C<p,~ , i>  

f o r  i C J .  Thus 

f o r  each c  C B(I') whence we o b t a i n  t h a t  

and hence t h a t  b  5 1 ( Q ~ @ ~ ' )  a s  des i r ed .  

Thus i s  a  homomorphism. Now l e t  a  C A m t l r y A  . We show t h a t  m 

a  C Ur o r  V i f  and only i f  C k $ o r  s$ r e s p e c t i v e l y .  ~f  
s r 

- A i s  p r i m i t i v e  the  r e s u l t  fol lows by choice of amm+'. For 
a C A m t l  m 

j o in  reducib le  a ,  i f  a  C Ur o r  
vs 

then Qa 5 U o r  V r e spec t ive ly  
r s 

and the  r e s u l t  fol lows.  Now i f  a  f Ur o r  V then f o r  some b C Q a ,  
S 



b j? U r  o r  V and again the  r e s u l t  fol lows.  I f  we l e t  u +i 
s ' = ~ C O  

we have the  des i r ed  homomorphism. 

96. We w i l l  now p resen t  our c h a r a c t e r i z a t i o n  of t r a n s f e r a b l e  semi- 

l a t t i c e s .  

Def in i t ion  6.1.  Let s  C S and 11 (- S , we w i l l  say t h a t  M i s  - 

minimal over s i n  case s I C H ,  bu t  i f  H' > H  then s $ Z k i O .  

Fur ther  i f  p C n  and J c rl, with I J /  Z 2 ,  we w i l l  say t h a t  J? - 

i s  a  minimal p a i r  i n  case 

(1) {ki : i 6 J} i s  minimal over k and, 
P 

( 2 )  i f  {ki : i 6 J * j  i s  minimal over k and 
P 

t o  each j C J* t h e r e  e x i s t s  an i C J such 

t h a t  k .  5 k then J *  = J. 
I i ' 

Def in i t i on  6 .2 .  5 is  s t r i c t l y  t r a n s f e r a b l e  i n  case f o r  some l i n e a r  - 

orde r  i of t h e  jo in  i r r e d u c i b l e s  kor - r  knWl, e v e r -  minimal p a i r  

< p ,  J > s a t i s f i e s  k < ki f o r  each i C J .  
P 

Theorem 6.1.  Let 5 be a  f i n i t e  s e m i l a t t i c e .  Then 3 i s  t r a n s -  

- 
f e r a b l e  i f  and only i f  .= i s  s t r i c t l y  t r a r . s f e rab le .  

Proof .  We prove f i r s t  t h a t  s t r i c t  t r a n s f e r a b i l i t y  impl ies  t r a n s -  

f e r a b i l i t y .  Iience l e t  @* be any embedding of 3 i n  J( ,3 * )  . Without 

l o s s  of gene ra l i t y  we a s s m e  t h a t  k. < k  i f  and only i f  i < j ,  where 
1 j 

i s  the  l i n e a r  orcier wi tness ing  the s t r i c t  t r a n s f e r a b i l i t y  of , For 

each i C n  choose a C ki@* such t h a t  f o r  any J c n  and s < S ,  
i - 



' a  C s o *  i f  and  o n l y  i f  k  5 s .  I t  i s  e a s y  t o  s e e  t h a t  s u c h  
iCJ i i 6 J  1 

0 
c h o i c e s  can be  made. F o r  i C n  d e f i n e  k  = a  . By i n d u c t i o n  on j ,  

i i 

we d e f i n e  k i ,  . . . , k j  f o r  j  i n  s u c h  that k! C k .  @*. I n  t h e  
n-1 1 1 

j+ l  
i n d u c t i o n  s t e p  we l e t  k i i l  = k j  f o r  e a c h  i 5 j  ail2 we choose  k j i l  , 

i - 
j + l  ..., k j  + 1 
j+2 in k j + l  c*, k j + 2  

* . $ I *  r e s p e c t i v e l y  s u c h  
n- 1 

jil j  f o r  i C n  and s u c h  t h a t  f o r  any J C. n ,  i f  J n ( j + l )  = t h a t  k .  - ki 
1 - 

j  0 and < j ,  J> i s  a  minlmal  p a i r ,  t h e n  k .  5 z k J + l .  We can  choose  
iCJ i 

j t l  . . . , k J t l  s u i t a b l y  b e c a u s e  k .  5 k i m p l i e s  k  .@*  5 i f J  ( k .  $I*) , n- 1 iCJ i 3 1 

n  
s i n c e  o* i s  an  e d l e d d i n g .  D e f i n e  @ : K f S* by ki@ = I{k : k  5 k  1. 

j I i 

Our f i r s t  c l a i m  i s  t h a t  i f  J >  i s  a  minimal  p a i r  t h e n  k  @ 5 i: ( k i @ ) .  
P i 6 J  

n  
We must  shoi .~  t h a t  i f  k  5 k  t h e n  k  5 (ki$) . T h i s  i s  o b v i o u s  i f  

9 P  q i C J  

k  5 1. f o r  s o n e  i C J .  O t h e n ~ i s e ,  w e  have  t h a t  t h e r e  i s  a  minimal  
9 i 

p a i r  <q, J *  \ s u c h  t h a t  t o  e a c h  j  C J* t h e r e  i s  an i C J s u c h  t h a t  

k .  5 k i .  T h a t  s u c h  a  p a i r  <q, J*  >, e x i s t s  i s  a  consequence  o f  t h e  
3 

f i n i t e n e s s  o f  . IJow 

by t h e  d e f i n i t i o n  o f  (I which e s t a b l i s h e s  t h e  c l a i m .  C l e a r l y  $I 

p r e s e r v e s  t h e  p a r t i a l  o r d e r  on K and e v e r y  i n e q u a l i t y  k  5 C k  
P  i C J i  

where < p ;  J> i s  a  minimal  p a i r .  L e t  k  5 1 k  b e  an a r b i t r a r y  
P  iCJ i 

i n e q u a l i t y  v a l i d  i n  9 .  I f  k  2 ki f o r  e a c h  i C J t h e n  we f i n d  a 
P  

minimal  p a i r  J*> s a t i s f y i n g  t h e  c o n d i t i o n  t h a t  f o r  e a c h  j E J *  

t i l e r e  i s  an  i C J s u c h  t h a t  k .  5 ki .  I t  f o l l o 7 . ~ ~ s  i m n e d i a t e l y  t h a t  
3 

k  $ 5 z (k.0). S i n c e  a  ' k . $  C k . Q *  f o r  e a c h  i C n ,  @ c l e a r l y  
p  i 6 J  I. i -  1 1 

s a t i s f i e s  r.4 C y ( ~ *  i f  and  o n l y  i f  x 5 y ,  whence @ i s  1-1. T h i s  

sho :~s  t h a t  @ i s  an embedding o f  5 i n  t*, and t h u s  5 i s  t r a n s f e r a b l e .  



C o n v e r s e l y ,  l e t  u s  suppose  t h a t  3 is  t r a n s f e r a b l e .  Now 6 i s  

5 
embeddable v i a  $*  i n  3(% ) w i t h  SO* = V and k . $ *  = U f o r  

s 1 i ' 

t h i s  embedding.  By t h e  d e f i n i t i o n  t h e r e  i s  an  embedding $ o f  i n  - - - which s a t i s f i e s  x) C U o r  Vs i f  and  o n l y  i f  x 5 k  o r  s 
i i 

r e s p e c t i v e l y .  :Go7,: l e t  

R = (x : x C s ( k .  $ )  & x C yC* i f  and  o n l y  i f  U c YO*). 
i 1 i - 

We w i l l  f i r s t  d e m o n s t r a t e  t h a t  Ri # 0 f o r  e a c h  i € n .  F i r s t  o b s e r v e  

t h a t  w i t h  e a c h  p r i m i t i v e  e l e m e n t  a we can  a s s o c i a t e  a  un ique  i € n  a  

s u c h  t h a t  a  C U o r  V i f  a n d o n l y  i f  
i 

5 k o r  s r e s p e c t i v e l y .  
j s a j 

Hence i t  i s  s u f f i c i e n t  t o  f i n d  a  € c ( k i $ )  s u c h  t h a t  i = i .  NOW i f  a 

R = 0 t h e n  l e t  s = C{k : a C k  . S i n c e  k .  i s  j o i n  i r r e d u c i b l e  
i i i 1 

a  

and k  < k  f o r  e a c h  a  E $(ki$) we have  s < k  . I t  i s  c l e a r  f r r m  
i i i 
a 

t h e  c o n s t r u c t i o n  t h a t  kiO C V ( o r  U r e s p e c t i v e l y  if s = k . )  I 
s j I 

which i s  c o n t r a r y  t o  o u r  h y p o t h e s i s  a b o u t  $. Thus R. # 0 a s  d e s i r e d .  
1 

We no:.J s e t  

z n d d e f i n e  < by:  

k i <  k .  i f  a n d o n l y  i f  i) m < m o r  
I i j 

ii) m .  = m  and  i <  j .  
1 j 

We rriust s11o.e~ t n z t  e v e r y  minimal  p a i r  < p ,  J), s a t i s f i e s  k  < k f o r  
P i 

e a c h  i C J .  
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For the  remainder,  we f i x  a  E R such t h a t  m = u j [ a  C A.]. Now 
P P 3 

a  5 C ( U @ ( k ,  6) ) . Let H c U %k. @ )  be such t h a t  13 i s  minimal over  
1 - 

i C J  
1 

i C J  
a .  Observe t h a t  f o r  each b E H t h e r e  i s  an i C J  such t h a t  ki 5 k i .  

b 

Fur ther  we a s s e r t  t h a t  k  5 C{k : b  C H I .  To see  t h i s ,  l e t  s = 
P  i b 

C{k : b  E H ) .  Then a C V .  But a E V  i f a n d o n l y  i f  U c V ,  
i 
b 

s S P -  s 

which i s  equiva len t  t o  k  5 s .  N o w  s i n c e  < P ,  J >  i s  a  minimal p a i r ,  
P 

f o r  each i C J t h e r e  i s  a  b  E H such t h a t  i = i .  This  i s  an imnedi- 
b  

a t e  consrquence of t h e  f a c t  t h a t  t he re  i s  an H* c {ki : b  C H )  such - 
b 

t h a t  H* i s  minimal over k , and t h a t  < J >  i s  a  minimal p a i r .  
P 

I t  i s  immediate from the lerrna proved be lo:^ t h a t  m < . [ b  C A . ]  f o r  
P 3 3 

each b E H. But t h i s  implies  t h a t  m < m .  f o r  each i E J whence 
P 1 

k  i ki f o r  each i C J .  This completes t he  proof .  
P 

Lenia 6 .1 .  Let  a ,  b  be d i s t i n c t  p r imi t ive  elements, and l e t  

a  A where m = p i [ b  E A,]. For any s e t  H of p r i m i t i v e  elements ,  
m 1 

i f  b 5 C  H I  then b 5 C  ( H - , { a ) ) .  

Proof.  We ca r ry  out  an induct ion  on - where Aq+m 
. For q  = 0 ,  

we see  from the d e f i n i t i o n  of 5* i n  A* t h a t  b  5 C H i f  and only i f  
m 

b  C H. Hence l e t  us a s su i e  t he  r e s u l t  i n  A . Let a  C N c A 
n'+q - m+q+l' 

N o w  from the  d e f i n i t i o n s  of 5* and c* and the  induc t ive  hypothesis  

p a r t  (v)  , i f  b 5 C H I  we have 



where H* = H A and H' = I i  -. II*. Since b f fl', 
q+m 

b c c(E[II* U $(I: B(H') 1 1  5 Awq. 

Thus, 

By t he  induct ive  hypothes is ,  

b 5 C ( [ I I *  -, { a ) ]  U ~ [ C * @ ( H * )  I .  

I t  follows t h a t  

b € S C ([II* -, { a ) ]  U C[C ~ ( 1 1 ' )  1 )  - c C C (13 ,- { a ) ) .  

IJe t h e r e f o r e  have b 5 C ( I3  ,- { a ) )  a s  des i r ed .  

57. A s  po in ted  out  i n  t he  in t roduc t ion ,  i t  remains an open ques t ion  

whether t r a n s f e r a b l e  and weakly t r a n s f e r a b l e  a r e  equ iva l en t  f o r  semi- 

l a t t i c e s .  We have examined a l l  s e m i l a t t i c e s  having a t  most t h ree  jo in  

i r r e d u c i b l e s ,  and i n  a l l  cases  have found t h e  two not ions t o  be t h e  sane.  

iJe now p resen t  a  proof t h a t  a p a r t i c u l a r  s e m i l a t t i c e  i s  no t  weakly t r a n s -  

f e r a b l e .  The cons t ruc t ion  of * f o r  t h i s  case i s  i n t e r e s t i n g  s i n c e  

s i r i l a r  techniques work f o r  some l a r g e r  f i n i t e  s e n i l a t t i c e s .  

Example 7.1.  I.!e consider  the  s e m i l a t t i c e  5 dep ic t ed  i n  F ig .  1. 
1 

- 
1;ow i t  i s  e a s i l y  seen t h a t  3 i s  no t  t r a n s f e r a b l e .  Note however t h a t  

1 - 
a  somewhat s i m i l a r  s e m i l a t t i c e  5 i s  t r a n s f e r a b l e .  W e  show t h a t  3 

2 1 

i s  not  weakly t r a n s f e r a b l e .  'vie do t h i s  by cons t ruc t ion  of 3* ,  s e e  Fig. 1. 
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For t h e  cons t ruc t ion  of e * ,  l e t  A =  {a a  a  ...), B = {b 0 '  1' 2 '  0  ' 
/ ? . / /  

bl ,  bZ , . . . ) and C = {c0,  ao,  b o r  a l ,  bl a 2 ,  b;, . . .}. We d e f i n e  5 

on A s o  t h a t  < A ;  5 )  i s  isomorphic t o  <a l  5 )  i n  t h e  obvious manner. 

S i m i l a r l y  we d e f i n e  5 on B and C t o  form < B ;  5 )  and < c ;  5). 

N o w  cons ider  <A; +> and <B; +> a s  s e m i l a t t i c e s .  Le t  A U B = A x B U 

A U B. We de f ine  + on A U B by the  fol lowing r u l e  and t h e  commutative 

law: 

I x + y  i f  x  and y C A  o r  x  and ~ C B ,  

( (X + a ,  b )  i f  x C A and y = ( a ,  b) C A x B ,  

1 ( a  + c ,  b + d)  i f  x = ( a ,  b )  C A x B and 

1. y  = (c, d)  C A x B .  

We l eave  i t  t o  t h e  reader  t o  v e r i f y  t h a t  + is  a  s e m i l a t t i c e  ope ra t ion .  

We now s e t  S* = A U B U C and de f ine  + by 

i x + y  if x  and y C A U B ,  o r  x and y C c ,  

a  + bi + c  where x = ( a  . b  ) C A U B and ! m n  

We note  t h a t  <s*; +> i s  a  s e m i l a t t i c e .  I t  can be shown t h a t  6 i s  
1 

no t  embeddable i n  5 ,  bu t  the  i d e a l s  A,B and t h e  p r i n c i p a l  i d e a l  

,- 

{c0} genera te  a  copy of  a i n  3( e*) . 1 

In  t h e  next  chapter  we cons ider  t h e  problem of  t r a n s f e r a b i l i t y  f o r  

l a t t i c e s .  We w i l l  show t h a t  i f  c= < L ;  + .  * >  i s  a  t r a n s f e r a b l e  l a t t i c e  

then < L;  + >  i s  a  t r a n s f e r a b l e  s e m i l a t t i c e .  Our next  example shows t h a t  
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the  converse of t h i s  theorem f a i l s .  

Example 7.2. We const ruct  a l a t t i c e  g* t o  show t h a t  P ,  the  f r e e  

d i s t r i b u t i v e  l a t t i c e  on th ree  generatorst  i s  not  t r a n s f e r a b l e  a s  a l a t t i c e .  

That $? i s  t r a n s f e r a b l e  as a s e m i l a t t i c e  may be v e r i f i e d  by the  reader.  

kt a ,  b and c be the  t h r e e  f r e e  generators  of  61. Let d = 

( a  + b )  ( a  + c) (b + c ) .  Now f o r  each x E L ,  f o r  which x f d,  let 

{ox, lx, 2x, ...) = o be a copy of o. For d we have o - x d - W d t  oAr 

1 ,  1; , 2 ,  2; , . . . , a l s o  a copy of o. Let L* = " fd Order each xCL x' 

w according t o  the enumeration displayed.  We def ine  5 on L* as 
X 

fol lows:  a 5 b i f  and only i f  (i) a = n b = m , x 5 y and m 5 n 
X' Y 

o r  (ii) a = n b = m:, x 5 d and n 5 m o r  (iii) a = n: , b = rn , 
X t  Y 

d f y and n 5 m o r  ( i v )  a = n' d 1  b = m '  d and n 5 m. Now we claim 

t h a t  5 i s  a l a t t i c e  order .  I t  i s  t r i v i a l  t h a t  it i s  a p a r t i a l  order .  

Fur ther  i t  is easy t o  see  t h a t  l e a s t  upper bounds and g r e a t e s t  lower 

bound e x i s t .  For example the  l e a s t  upper bound of the  p a i r  Inx, my] 

is k where k = max[n, m l .  If the  map 4 : 2 i n t o  3(?*) i s  
X+Y 

defined by x@ = [U 1 where 
X 

[ox]= { Z : Z  CL* and fo r some  n z 5 n  }, 
x I X 

then i t  i s  c l e a r  t h a t  @ i s  an isomorphism. Observe t h a t  6? cannot 

be t r a n s f e r a b l e  s ince  



CHAPTER 3 

In  t h i s  chapter we present  some r e su l t s  concerning t r a n s f e r a b i l i t y  

of f i n i t e  l a t t i c e s .  In  Section 9 we define the concept of weak s t a b i l i t y .  

We men prove t h a t  a  t ransferable  l a t t i c e  i s  t ransferable  as a  jo in  semi- 

l a t t i c e ,  weakly s t ab l e ,  dual weakly s t ab l e ,  and t h a t  the s e t  of meet 

i r reducibles  s a t i s f i e s  a  l i nea r  order condition which i s  l i k e  the dual 

of t h a t  given i n  the def in i t ion  of s t r i c t  t r an s f e r ab i l i t y  i n  Chapter 2 .  

These r e s u l t s  a re  summarized i n  Theorem 9.1,  p. 79. In Theorem 9 . 2 ,  

p. 80, we show tha t  i f  a  l a t t i c e  s a t i s f i e s  a l l  of the above conditions 

and an addi t ional  condition which we have termed the "join-meet condit ion",  

then it  is transferable .  Lastly i n  Section 10 we give a  complete charac- 

t e r i z a t i on  of t ransferable  d i s t r i bu t i ve  l a t t i c e s .  

58. In t h i s  sect ion we e s sen t i a l l y  repeat  the construction of 96. 

However, as we are dealing with l a t t i c e s  ins tead of semi la t t i ces  the 

construction i s  much more complicated. 

The following lemma w i  11 considerably ease the construction.  We 

note t ha t  i t  is a  consequence of ~ r s t z e r ' s  observation about weak 

t r an s f e r ab i l i t y  . 

C! 
Lemma 8.1. I f  L i s  a  f i n i t e  l a t t i c e  and some element of L i s  both 

join and meet reducible then i s  not  t ransferable .  

Proof. Let a  C L w i t h  a  both join and meet reducible.  Let 

w '  = (0 ,  0 '  , 1, 1' , 2, 2 ' ,  . . . I  be natura l ly  ordered by the given enumer- 

a t ion.  Let 

L* = ({a) x a') u {{x) X w : x # a and x C L}. 



Now l e t  b  and c  E L*. We def ine  5 on L* by: b  5 c  i f  and only 

i f  (1) b  = <x,  n > ,  c = < y ,  m >  and x  5 y  and n  5 m o r  ( 2 )  b  = < a ,  n l > ,  

c = < y , m >  a n d e i t h e r  a 5 y  and n < m ,  o r  a < y  and n = m ,  or 

( 3 )  b  = < x r  n> ,  c  = < a ,  m l >  and x 5 a  and n  5 m o r  ( 4 )  b  = < a ,  n l >  

and c  = < a ,  m ' >  and n  5 m .  One r e a d i l y  observes t h a t  5 is  a  p a r t i a l  

o rde r ing .  We show i n  d e t a i l  t h a t  { b ,  c )  has a  l e a s t  upper bound. Le t  

b  = < x l  y> and c  = < z r  w > .  

Case 1. y  and w E o. Let d  = <x + z I max ( y ,  W )  >, then  d  i s  

c l e a r l y  an upper bound. Let < u ,  v> be any o t h e r  upper bound. Then 

x + z 5 u .  ~ f  v  E o  we a r e  done. Othenirise v = m' C o 1  and y and 

w 5 m whence d  5 < u r  v> i n  e i t h e r  case .  

Case 2. y  = m '  E o ' ,  w C a. Then b  = < a ,  m ' > .  I f  c 5 b  w e  a r e  

done. Otherwise e i t h e r  a  < a  + z  and m 5 W, o r  a  = z and m .= w. 

Let d  = ( a  + z ,  max ( m ,  w)). Clear ly  d  i s  an upper bound. Let b  

and c y < u ,  v>.  Then a +  z 5 u .  I f  v  t o  then m 5 v  and w 5 v .  

I£ v = n l  E o '  then a = u ,  m z n ,  and w 5 n .  Thus d 5 = _ u r  rn i n  

e i t h e r  case.  

The only o the r  case i s  t h a t  i n  which y  and w a r e  both i n  w '  and 

x = z = a .  In  t h i s  case  e i t h e r  b  5 c  o r  c  5 b .  This conple tes  the  

proof  t h a t  l e a s t  upper bounds e x i s t .  I n  a  s i m i l a r  manner we show the  

ex i s t ence  of  g r e a t e s t  lower bounds. Let * be the r e s u l t i n g  l a t t i c e .  

We def ine  $ : L - t ~ ( p * )  by 

x+ = { < z ,  y> 6 L* : z  5 x ) .  

I t  i s  e a s i l y  seen t h a t  4 is an isomorphism. Now l e t  1 L with - 
nil  = a  b u t  a  f 1 1 .  Suppose I1 = {xo. . .. , x  } Consider 

n-1 



H* = {<xo1 yo>,  . . I  < ~ ~ - ~ 1  Yn-l >} , where 'i C w. Then I ~ H *  = < a ,  

[min(yo. . .., Y ~ - ~  ) I t > .  Let  a p I =  {U 0 ' ..., u n-1 ) C L  - with  a = C 1 .  

Let I* = {<u v >, . . . ,  <u m-1 '  v m - 1  > I  where v C a. Then CI* = 
0' 0  i 

, . . . , v ) >. I t  i s  easy t o  s e e  t h a t  if LI* 5 nH* then  
m- 1 

< n ~ * .  NOW if i s  t r a n s f e r a b l e  t h e r e  e x i s t s  $ embedding 

i n  c* such t h a t  f o r  each x C H U 1, t h e r e  i s  an m E w wi th  x$ = 

<x,  m>.  ~t follows from the  above t h a t  C ( I $ )  < f l ( H $ )  whence $ i s  

n o t  an isomorphism. 

For t h e  remainder of t h i s  chapter  c = <L; +, * >  i s  a f i x e d  f i n i t e  

l a t t i c e  wi th  K = {kg. ... t kn-l } 5 L i t s  s e t  o f  j o i n  i r r e d u c i b l e s .  

Fu r the r  we suppose t h a t  no element of L i s  both j o i n  and meet r educ ib l e .  

\qe c o n s t r u c t  t h e  r e l a t i o n a l  a lgebra  9' whose language i s  t h a t  of 

t he  s t r u c t u r e  9' def ined  i n  t h e  l a s t  chapter  augmented by one a d d i t i o n a l  

b ina ry  opera t ion  symbol . AS i n  t h e  cons t ruc t ion  of 8 , we l e t  
w 

B = {bar .. ., b , . .. )  be a f i x e d  i n f i n i t e  s e t ,  wi th  bi # b i f  
i j 

i # j. For t h e  universe  of  go w e  t ake  {bo, ..., bn-lI. we p u t  

bi C U o r  Vs provided k .  5 k o r  s r e spec t ive ly .  The i n d i v i d u a l  
j 1 j 

cons t an t  c has  value b . A l l  o t h e r  opera t ions  a r e  empty. 
i i 

~t w i l l  be  u se fu l  t o  have 8 and U2 be fo re  a t tempt ing  the  induc- 
1 

t i v e  s t e p .  Le t  A; = ? ( A ~ )  - {O}. and l e t  g  be  any map from AT i n t o  

B which i s  1-1 and such t h a t  f o r  any b C A. (b}g = b .  We de f ine  

5 on A1 = Aig by: 

- 1 - 1 
a 5 b i f  and only i f  bg C ag . - 

This obviously a  s e m i l a t t i c e  order .  We de f ine  on A1 from 5 s o  

t h a t  <A1; '> i s  a  meet s e m i l a t t i c e .  Now de f ine  the  o p e r a t o r  S : A1 -+ L 



a s  fol lows:  

We p u t  x f Ui or v , if ~x k o r  s r e s p e c t i v e l y .  The ope ra t ions  
s i 

+ and f J  remain empty. 
i ,P 

Le t  F' be the  s e t  of unary ope ra t ion  sy;,ibols and 

where U denotes  t he  unary r e l a t i o n  on A 1 ' Let g be any 1-1 map 
P - 

from F* i n t o  B '> Ale We s e t  A '  = A U F*g, and de f ine  f J  
1 1 on A1 

i I P  

We extend the  ope ra to r  t o  A '  by s e t t i n g  1 

when b f U . 
9 P 

l e t  A; = ? ' ( A ' )  , J  (0) .  For H f A;, l e t  l i t =  A n H and 
1 1 

H* = H -- H ' . With r e spec t  t o  t h i s  decomposition of I i ,  we d e f i n e  the  

1 
ope ra to r s  8, 3 and @* as fol lows:  

B(II )  = {a : a f A and f o r  some e s s e n t i a l  p a i r  <p, J). and 
1 

each i C J f J  i IP a C f i * ) ,  

1- 
@.(H! = {x : x f A and f o r  some y f I '  ( y I x), 

1 



1 
@* ( H )  = II* U (3 ( H I  . 

Now f o r  
H1 

and H 2  i n  A$, we p u t  H1 C* H  2 i n  case  @* (H1) 5 C* ( H ~ )  . 
We cla im t h a t  z* is  a quas i  o rde r  wi th  l e a s t  upper bounds. F i r s t  we 

observe t h a t  it i s  obviously a  quas i  o r d e r .  We a l s o  note  t h a t  

CY ( C *  (13,) = @* ( H )  . 
1 

To s e e  t h i s ,  observe f i r s t  t h a t  [ 3 * ( ~ )  I* = H* s i n c e  @ ( H )  - c A 1 - ~h~~  

B (C* ( H )  ) = B ( H )  whence 

1 1 c Q,* ( H I )  = {X : x C A~ and f o r  some y C @ ( H )  U B(H) 

1 
xy = x) = @ ( H ) .  

From t h i s  we observe t h a t  @ * ( H I  5" H  and v i c e  ve r sa .  Now we claim 

t h a t  H U II i s  a  l e a s t  upper bound f o r  H and H  It i s  c l e a r l y  
1 2 1 2  ' 

an upper bound. Let H1 and Ii 5* H  Then 2 3 '  

I t  i s  immediate t h a t  

whence we have only t o  show 

1 1 
NOW i f  x f @ 1 ( ~ ~  U H 2 )  ["v ( H 1 ) U Q  ( H Z ) ] ,  then f o r  some y CB(!ll U H ~ ) ,  

n 1  xy = X .  B u t  8 (H1 U 112) 5 B ( H 3 )  s i n c e  li* U ii* c- ii;, whence x C ( r r3 )  . 
1 2 - 

~t i s  now c l e a r  t h a t  5* i s  a  q u a s i  o r d e r  wi th  l e a s t  upper bounds. 

- 
We de f ine  = by H1 H  

2  
i f  and only i f  I1 * 1  and N <* 11 

1 -  2 2 - 1' 
then 

we have t h a t  H  ",* (H1) 
- 

and H  - H impl ies  C * ( I I  ) = @ * ( I I ~ ) .  NOW 
1 1 2 1 



<A;/:; ~ * / l >  is  a  s e m i l a t t i c e  o rde r ing  system,. 

we claim t h a t  t he re  i s  a  1-1 map g* from A*/: 2  i n t o  B such 
- 

t h a t  f o r  each b  C A;. [{b}lzg* = b .  To s e e  t h i s  we have only  t o  shoir t h a t  

f o r  bl and b2  C A; i f  {bl} {b2} then b  1 = b  2 ' For such a 1 

and b 2 ,  e*{bl}  = c*{b2}. Now s i n c e  I J /  2 2 f o r  each J 
fi .p 

we 

conclude t h a t  B({hl}) = B({b2}) = 0 .  Now {bl}* = {b2}* and if 

{bl}l # 0 then {bl} = {bl} *= {b2 1 * = {b 2  1 whence b  1 = b  2  ' If 

I 
{bl}* = {b2}* = 0 ,  then s i n c e  bl and b  2  C A l l  b C S ({h2})  . whence 

1 
b  5 b2 by d e f i n i t i o n  of 2 . Simi l a r ly  b  C bl whence b  = b  
1 2  1 2  - 

~t fol lows t h a t  g* e x i s t s  a s  des i r ed .  For such a  g* ,  let = A;g*. 

-1 - 1 
We de f ine  5 on A2 by S e t t i n g  a  5 b  i f  and only i f  ag* - <*/E bg* 

We de f ine  + on A from 5 i n  t he  usua l  way and extend 3 t o  A a s  2  2 
- 1 

fol lows.  For each x E A 2 ,  chcose H C xg* and l e t  

This i s  independent of t h e  choice of H because H 5 11 impl ies  
1 2  

@ * H ~  = c*H2. We p u t  x  C U o r  V i f  gx 5 ki o r  s r e s p e c t i v e l y .  r s 

This completes the  d e f i n i t i o n  of 
g2 .  

Below we l i s t  an ex tens ive  induc t ive  hypothes is .  Most of the c l auses  

have not  been v e r i f i e d  f o r  a and 212. however t h e i r  v a l i d i t y  f o r  t hese  
1 

s t r u c t u r e s  w i l l  become c l e a r  a s  we proceed through t h e  induc t ive  s t e p  of 

the cons t ruc t ion .  Hence suppose t h a t  we have t h e  structures 8, .. . I  Y z m r  

m 2 1 t h a t  : A + L i s  def ined  f o r  j 5 2 m  and t h a t  t he  fol lowing 
j 

condi t ions  a r e  s a t i s f i e d .  

(i) g l j + l  i s  an ex tens ion  of . Fur the r  i f  a  + b  o r  ab i s  
j 



de f ined  i n  % then a  + b  i s  the  5 l e a s t  upper bound of  {a ,  b )  
j 

i n  8 and ab i s  t h e  5 g r e a t e s t  lower bound of  { a ,  b ) .  we will 
j+l 

term this proper ty  the  s t rong  ex tens ion  p rope r ty .  

(ii) In  VZj I each i s  def ined  as  a  p a r t i a l  ope ra t ion  wi th  
£1 ,p  - 

J 
domain and f o r  each a  c A2j- l  we have 

A2j-1' fi .p 
a # a  i f  and only 

I 
if a  c u . Fur the r ,  i f  a C U and b  C U and f J  a = f  b  then  

P P q  i ,P j ,q 

a = b ,  i = j ,  I = J and p  = q .  

(iii) < A ~ ~ + ~ ;  > i s  a  meet s e m i l a t t i c e ,  < AZj; +> i s  a  j o in  ; m i -  

l a t t i c e .  The domain of  + i n  gZ j t l  i s  A 21 and the  domain of i n  

l i z j  i s  A 2j-1.  

( i v )  I f  a  C A 2 j - l  then a  5 1 fJ  i ,p  a i n  W 21 . 
i C J  

~n element b  c A i s  p r i m i t i v e  i f  b  C A. o r  f o r  some c  E u n A 
j P j  

J 
and unary opera t ion  fi l P  'i , p  c = b .  

(v )  1 f  a C A2k - A  2k-1 and 2k 5 j  then a  i s  e i t h e r  p r i m i t i v e  

o r  j o i n  r educ ib l e ,  b u t  no t  meet reducib le  i n  a . 
j  I f  a C A 2 k + l  mJ A2k 

and 2k + 1 5 j  then a  i s  meet reducib le  bu t  no t  p r i m i t i v e  o r  jo in  

r educ ib l e  i n  9 - I f  a  C A A 2k 2k-1' 2k 5 j  and a  i s  p r i m i t i v e  i n  
j  

'2k 
then a  i s  p r i m i t i v e  i n  U and a  i s  both jo in  and meet i r r e -  

j  

duc ib l e  i n  a . 
j  

J 
( v i )  I f  x  and y C A  and x =  f  y f  y ,  their x  C u r  o r  V 

j  i ,P s 

i f  a n d o n l y  i f  ki Z k  o r  s r e s p e c t i v e l y .  r 

( v i i )  For each x  and the  ope ra to r  3 s a t i s f i e s  t h e  fol lowing 

th ree  condi t ions  (1) x  5 k o r  s i f  and only i f  x  E U r  o r  V s ,  
r 

( 2 )  i f  x  + y  i s  def ined ,  then 8(x + y )  = Sx + $ y  and ( 3 )  i f  xy i s  



d e f i n e d  t h e n  $(xy) = 8 x s y .  Note t h a t  ( 2 )  and ( 3 )  imply t h a t  if 

x  5 y then  SX 5 8 ~ .  

( v i i i )  Each U r  o r  v i s  an i d e a l  i n  < A  ; + > . s 21 

I n  e a c h  o f  t h e  above c l a u s e s ,  t h e  range o f  v a l u e s  o f  j i s  t h e  maximum 

c o n s i s t e n t  w i t h  t h e  f a c t  t h a t  a i i s  n o t  y e t  mean ingfu l  f o r  i > 2m. 

Our f i r s t  t a s k  i s  t h e  c o n s t r u c t i o n  O f  '2m+l . L e t  A* 2m+ 1 =')'(A 2m -J 

( 0 ) .  NOW f o r  H C A:m+ll l e t  H '  = H n A ~ ~ - ~  and H* = H -v H I  . we s e t  

Q ( H )  = {x : x  A x  i s  meet i r r e d u c i b l e  i n  < A ~ ~ - ~ ;  ) 2m-1' 

and f o r  some y  C H* U {r[H1}, y  5 x )  

37 ( H )  = {X : x E A2m r 2  A and f o r  some y  E H* U 
2m- 1 

{ I I n ( H ) )  we have y 5 x}. 

BY conven t ion  we l e a v e  empty p r o d u c t s  and sums undef ined .  ~ h u s  i f  

H = 0 then  {nH) = I C H }  = 0. F o r  H1 and H 2  c A* 2 m + l t  We P u t  

H~ z *  H i f  and o n l y  i f  (1) ? ( H ~ )  5 7((111) and 
2  

( 2 )  i f  %?(HZ)  # 0 then  R(H # 0 and II V(H1) 5 II li((H2). 
1 

We show t h a t  5" i s  a  q u a s i  o r d e r  w i t h  g r e a t e s t  lower  bounds.  Tha t  

c* - is a  q u a s i  o r d e r  i s  c l e a r .  Le t  H and H b e  g i v e n .  We show 
1 2 

t h a t  H~ U H 2  i s  a  g r e a t e s t  lower  bound f o r  H1 and H I t  i s  e a s i l y  
2  ' 

s e e n  t o  be  a  l o w e r  bound. Le t  I3 be  any o t h e r  lower  bound. We show 
3  

H 5 *  H~ U H 2 .  Our f i r s t  t a s k  i s  t o  shoo f u I ( 1  . Now i f  
3 

x C 7(1i1 U R 2 )  t h e n  f o r  some y  C H: U 11; U {n(;?(ii U t i 2 )  ) w e  have 
1 

y 5 x. NOW iif U ii* C 2 ( H  ) s i n c e  ki* c- ; ? ( 1 l l )  
2  - 3  1 - - c ? l ( i i3)  and s i m i l a r l y  



f o r  H* Hence the r e s u l t  w i l l  follow e a s i l y  i f  we can only show t h a t  
2 ' 

when R ( H ~ )  , V(1r2) and fl(H3) a r e  a l l  # 0 ;  t he  o t h e r  cases  a r e  e a s i l y  

handled. This w i l l  be obvious i f  we show t h a t  

Let  c V ( ( H ~  U H ~ )  . Then x i s  meet i r r e d u c i b l e ,  
A2m-1 and t h e r e  

is a 5 x such t h a t  y  E H* U 1-I* U III(H; U Hi)} .  Consider t h i s  y .  
1 2 

~f  y C H*,  then 
1 

since c m ( i i l )  . If y C H z  a  s i m i l a r  r e s u l t  i s  ob ta ined .  Otherwise 

y = Jl ( H I  iJ H;) , whence 
1 

Thus f o r  each x C m ( H 1  U H 2 )  r n n(lil) R(H,)  5 x. This completes 

t he  proof  t h a t  n R(H1 U E l 2 )  2 n R ( H 1 )  ~ P I ( H ~ )  whence H 3  z* iil H 2  

as d e s i r e d .  I t  follows t h a t  U H 2  i s  a  5* g r e a t e s t  lower bound 1 

f o r  H1 and H 2 .  

- 
We def ine  on 1 by H1 = H 2 i f  and only i f  K 1 5* H 2  and 

H '* ~1 Let 5 * / E  be def ined  on 
2 1' Azm+l /z  in t h e  usual  way. 

We claim t h a t  t he re  is a 1-1 funct ion  
: A2*m+l 

/E -t B which 
- - 

s a t i s f i e s  [ { X I ] -  = x f o r  each x E A Z m .  To see  t h a t  such a  func t ion  
- 

e x i s t s ,  we have only t o  show t h a t  i f  x and y C A2m and [{x}]-= 
- 

[ { y ) ] =  then x = y .  This w i l l  be t r i v i a l  from 

Le~nma 8 . 2 .  I f  x and y C A2m and {x} r* { y }  men x y .  



P r o o f .  L c t  x and y F A2m w i t h  { x )  5* {y}. 

case 1. ( m i Y ) )  . Note t h a t  t h i s  c a s e  i n c l u d e s  t h e  c a s e  when 

{ )  = 0. NOW,  y F n ( t y 1 )  5 ?({XI) whence f o r  some z C { X I *  U 

{n m ( { x } ) ) ,  z 5 Y .  NOW i f  %?((XI) # 0 then  i t  i s  e a s y  t o  s e e  t h a t  

JI ( x ) .  F u r t h e r  i f  { X I *  # 0 t h e n  { X I *  = { x )  whence we conc lude  

t h a t  x 5 z Z y .  

Case 2. y ,@ p({y  } )  . For  t h i s  c a s e ,  we have 
A2m-1 whence 

R ( { y ) )  $ 0 and y = fl ? ? ( { Y } )  S i n c e  

we a r e  done.  Th is  completes  t h e  lemma- 

NOW f i x  g :  A;mtl / + B such  t h a t  i f  x C A 2m t h e n  [{x}]g = x 

- 
and g i s  1-1. L e t  A - (A2m+1/s) 9. We d e f i n e  a b i n a r y  r e l a t i o n  2m+ 1 

- 1 
c 
- On A2m+1 

by :  a 5' b i f  and o n l y  i f  a g  _ C * /  bg- l .  We make t h e  

f o l l o w i n g  c la ims  abou t  5. : 

. 
(1) i f  a and b c A2m1 t h e n  a 5 b  i f a n d o n l y i f  a 5  b ,  

(2)  if a c A2m+l and a I x f o r  e a c h  x C I1 - c A 2m- 1 ' t h e n  

a 5' JIrl where fll 1 
i s  computed i n  2l and 

2m- 1 ' . 
( 3 )  i f  a A2m+l and x 5 a f o r  each x C I2 - c A 2m ' t h e n  

X I  5' a where T I 2  i s  computed i n  a 
2 2m ' 

F o r  (1) , i f  a 5' b t h e n  a 5 b by Lemma 8 . 2 .  I f  a 5 b where a 

and b E Aarn i t  i s  e a s y  t o  s e e  from t h e  d e f i n i t i o n s  o f  and 8  at 

q ( { b } )  c ? ( { a ) )  and ??((b}) cbli7((a)) .  I t  i s  now immediate t h a t  { a )  * 

{b), whence a 5 b .  

. 
c A Let I1 - 2m-1 and a C A2m+l w i t h  a 5 x f o r  each  x E I 1' F i x  



H C ag-l. Then H 5 *  {x} f o r  each  x C I l l  whence H C* 1 s i n c e  1 

I1 
is  a  * g r e a t e s t  l o w e r  bound f o r  { X  : x 1 Now I *  = 0 ,  

1 

from which  we can  e a s i l y  deduce  t h a t  

T h i s  e q u a l i t y  y i e l d s  I = 1 , whence in1 1 E I ~ h u s  1 1 ' 

- 1 a g  * [ { I } ]  whence a 5 .  flI1 a s  c l a i m e d .  

C A F o r  ( 3 )  , l e t  I2 - 2 m 1  a A2m+l and suppose  x  5 a f o r  

- 1 
e a c h  x  C r 2 .  Choose H C a g  and f i x  x  C I and y F H .  NOW 2  

{XI z* H r* { y )  . 

BY Lemma 8.2 we have  x 5 y  whence X I 2  5 y .  Thus { T I ~ }  C *  {y} f o r  

e a c h  y  c 1  whence {ZI 1 5* H s i n c e  1 1  i s  a 5" g r e a t e s t  l o w e r  2  

bound f o r  { I y ]  : y C 31. I t  f o l l o ~ s  t h a t  Er2 5'  a  a s  c l a i m e d .  

From (1) - ( 3 )  we c o n c l u d e  t h a t  < A  5' > i s  a s t r o n g  e x t e n s i o n  
2m+11 

of < A ~ ~ ;  5 ). F u r t h e r  we no  l o n g e r  need  m a i n t a i n  a  d i s t i n c t i o n  beh . leen  

and 5. We d e f i n e  from 5 i n  t h e  u s u a l  way t o  o b t a i n  a  meet  - 

s e m i l a t t i c e  < Azrntl; > . From ( 3 )  w e  have  t h a t  t h i s  e x t e n d s  < A ~ ~ - ~ ;  >. 
A l l  o t h e r  o p e r a t i o n s  remain  as i n  '%2m. We e x t e n d  

to A2m+l by 

- 1 
c h o o s i n g  I i n  xg  and l e t t i n g  

T h i s  d e f i n i t i o n  i s  i n d e p c n d c n t  o f  1 1 ,  s i n c e  I 1  5 1 1  i m p l i e s  ~ ( F I  ) = 
1 2  1 

1  and 1 )  = H . We e x t e n d  U and V 
r s to '% 2m+1 by 

a d d i n g  a  C A2m+l * ,  A 
2m t o  Ur o r  vS i f  a n d o n l y  i f  s a c k  o r  s 

r 



r e s p e c t i v e l y .  This completes t he  d e f i n i t i o n  of '2m+ 1' 

We must v e r i f y  t he  fol lowing c lauses  o f  the  i nduc t ive  hypothesis ,  

(iii) , (v)  , and ( v i i )  . We note t h a t  we have a l r eady  t r e a t e d  (i) 

and (iii) , whence we come t o  (v) . We e a s i l y  note  t h a t  i f  a  C A - 
2 m + l  

A then a  i s  meet r educ ib l e .  Fu r the r  i f  a  C A 2m+ 1 -. A 2 m then a  
2 m 

i s  n e i t h e r  j o in  reducib le  i n  nor  p r i m i t i v e .  Let  b  6 A -- A 
2 j  21-1' 

j 5 , then b  i s  meet i r r e d u c i b l e  i n  from the  induc t ive  hypo- 2 m 

t h e s i s .  We claim t h a t  b  i s  meet i r r e d u c i b l e  i n  '2m+l . To demonstrate  

t h i s  f a c t ,  we have only t o  show t h a t  whenever H c A - 2m and n H  = b ,  t h a t  

b c H .  This i s  s u f f i c i e n t  s i n c e  i f  a A2m+1 then a  = III f o r  some 

I 5 AZm. There a r e  two cases .  

Case 1. j  < m. Thus b  C A2m-l,  whence we have b  = IIp({b j) . 

s ince  b  i s  meet i r r e d u c i b l e  i n  < A ~ ~ - ~  i > by (v)  I b  C %'(({b)) . 

F u r t h e r  z C R ( { b ) )  impl ies  b  5 Z.  NOW i f  H c A and H G {b) then - 2 m  

NOW s i n c e  b  i s  meet i r r e d u c i b l e  i n  U 2m- 1 
we have b  C V(ti) . Thus 

f o r  some z C H* U { n ~ ' } ,  5 b .  For such a  z ,  z  = b  s i n c e  b 5 x 

f o r  each x c H I  whence Z. j? H* 5 A 2 m r w  A whence b  = i . Since 2m-1' 

H I  c A we conclude by (v)  t h a t  b  C H 1  c H .  Thus b i s  meet - 2m-1 - 

i r r e d u c i b l e  i n  '2m+ 1. 

Case 2 .  j = m. Thus b  C A2m rv A whence i f  H G {b)  with 
2m-1' 

H - c A 2 m l  then b  b )  = I , and i f  r[ ??l({b}) e x i s t s  we have 

~ h u s  from the d e f i n i t i o n  o f  ? we have t h a t  f o r  some z C H*, z  5 b ,  

whence b (5 I i *  - C H s i n c e  f o r  each x  C 1 1 ,  b  I x.  Thus again b  C H 



which completes t h e  p roof  t h a t  b  i s  meet i r r e d u c i b l e  in 
CC12m+ls 

Th is  b r i n g s  us t o  ( v i i ) .  We must f i r s t  show t h a t  g x  E k or 
r 

s if  and on ly  i f  x C U o r  V . This  i s  s e e n  t o  b e  s a t i s f i e d  by r s 

d e f i n i t i o n .  Next we must show t h a t  SX s y  = S ( x y ) .  F o r  t h i s  i t  is 

s u f f i c i e n t  t o  show t h a t  if - A2m 
t h e n  

- 

$ ( n ~ )  = s ( [ I I ] = ~ )  = ~ ( S H ) ,  

because  every  e lement  o f  A2m+l i s  t h e  meet o f  e lements  i n  
A2m- 1 ' 

We d i v i d e  t h e  p r o o f  i n t o  t h r e e  Cases .  

Case 1. IIH C k2m-1. For t h i s  c a s e ,  l e t  a  = U H .  Now we have 

a l r e a d y  shown t h a t  a  = IT R ( { a ) )  whence s i n c e  { a )  Z H we have 

II R(H)  = a .  NOW f o r  each x  C 7/1(11) t h e r e  e x i s t s  y C II* U {ITIII) 

w i t h  y 5 x .  F u r t h e r  a  5 y s i n c e  y  = D H ' .  By t h e  i n d u c t i o n  hypo- 

t h e s i s  we have 

8 a  5 Sy 5 8 ~  

whence 

Applying the i n d u c t i o n  h y p o t h e s i s  t o  H '  c A we have S ~ H '  = ITSHI - 2m-1 

whence fl ( H *  U { ~ I I  ' 1) = fl%. Also  a p p l y i n g  t h e  i n d u c t i o n  h y p o t h e s i s  

t o  Pn7(H) <_ A2m-l we g e t  

TI S( V( ( 1 4 )  1 = ST! ( (11)  1 = S a t  

whence sn (11) = ( 8 H )  f o r  t h i s  c a s e  a s  d e s i r e d .  

Case 2. ~ I I  C -- A 2m-1' L e t  a  = DII .  s i n c e  
a A ~ m  

I J 

A2m-1 

a i s  meet i r r e d u c i b l e  whence a  = ~ I I  i f  and o n l y  if a  C H m d  a  5 

f o r  each y C 11. Th i s  c l e a r l y  y i e l d s  



as d e s i r e d .  

Case 3 .  n~ c A2nril ,- AZm. I n  t h i s  c a s e  by d e f i n i t i o n  

8(n1r)  = n{Sy : y  E ??(H) U {rI % 7 ( ~ ) } }  . 

E x a c t l y  a s  i n  Case 1 we have 

JI 8 ( ~ *  U ( n ~ i l } )  5 ~ S M ( H )  

and ( *  u { I }  = ( I .  I f  x c then  f o r  some y C ti* U 

{ ( )  } y  5 x, whence sy 5 gx, whence 

IT S(H) 5 TI (s ? ( , I )  ) . 

Thus 

rI S(11) 5 ns ( ?i ( H )  u {TI ; ( 1 1 )  } )  = 3 ( I i13)  . 

~~~~~~~~l~ H* c 77 (H) and ( 1 )  5 1 '  from which we s e e  - 

S ( ~ H )  = fl S ( g ( H )  U { n z ( f i ) ) )  5 n s(!i* u ( f i ~ ~ ' } )  = n s H  . 

We conclude t h a t  H = ( 1 )  i n  any c a s e .  T h i s  conc ludes  t h e  con- 

s t r u c t i o n  of 2m+ 1 ' 

The t a s k  remaining 1s t h e  c o n s t r u c t i o n  o f  
g2mt 2 

. A s  b e f o r e ,  l e t  

F '  deno te  t h e  s e t  of  unary o p e r a t i o n  symbols.  L e t  g* b e  m y  mapping 

from F ' (A2m+ ,- A ) i n t o  E -- A 2m- 1 2m- 1 which s a t i s f i e s  t h e  f o l l o w i n g  

t h r e e  c o n d i t i o n s  : 

1) ~ f  b  l U  t h e n  ( f J  b ) g *  = b .  
P -1 /p 

2) I f  b l c  U and b 2  E U  t h e n  
P 9 

( f J  / b l ) g *  = (fJ / b 2 ) g *  
-1 {p -1 ,q 



i f  and only i f  i = j ,  p = q ,  J = J' and bl = b2 .  

3 )  b  C u then ( f l  t b ) g *  ' j  

P - rP A2m+1* 

- - u R ~ ( ~ * ) .  we extend t h e  domain of d e f i n i t i o n  of t he  
Let Aim+2 A 2 m + 1  

J 
ope ra t ion  to A 2 m + 1  by s e t t i n g  

fi ,p 

C lea r ly  this d e f i n i t i o n  s a t i s f i e s  condi t ion  (ii) of t he  i n d u r t i v e  

hypothes is .  

We extend the U and V t o  A '  2m+ 2 by the  fo l lowing:  P  s 

x C ur o r  V s i f  and only i f  (1) x  F A 2m+ 1 and x  € ur o r  
J 

V r e s p e c t i v e l y ,  o r  (2)  x = f i .pb A;m+2 
-. A 

s 2m+ 1 and k .  5 k  I. r 

o r  s  r e s p e c t i v e l y .  

This d e f i n i t i o n  s a t i s f i e s  ( v i )  of t he  i nduc t ive  hypothes is  and each 

extends the  d e f i n i t i o n  of 
J 

on A NOW we extend t o  
2 m '  

A ' by s e t t i n g  
2m+ 2  

gx  i f  x c A2m+l where i s  def ined  on 
A2m+ 1 

s x  = ', 

~t i s  t r i v i a l  t h a t  f o r  each x€  ' 
A2m+l x € U r  o r  V s i f  and only i f  

gx j kr o r  s r e s p e c t i v e l y .  

We now extend t h e  universe  of our  s t r u c t u r e  s o  a s  t o  makc i t  an upper 

s e m i l a t t i c e .  TO t h i s  end, l e t  A* 2m+2 = '?(A' 2m+ 1 ) .- { O ) ,  and f o r  11 c A:m+21 

l e t  I i '  = 
A2m+ 1 

n II and II* = I3 -- 1 1 ' .  Now we d e f i n e  t h e  ope ra to r s  b , 



B(H) = {x : A2mtl and f o r  some e s s e n t i a l  p a i r  < p ,  J> 

and each i C J x  C H*}, 
fi ,p 

= { x  : x C A and f o r  some y  C H '  UB(HI, x  3 y} , 2m 

e2mC1(H) = {x : x C A2mF11 X is  p r imi t ive  o r  meet reducible  , 

S e t  

2m+ 1 
s *  ( H I  = H* U @ ( H )  . 

Note t h a t  &(HI = B ( H * ) .  

We claim t h a t  @* i s  idempotent as  an opera tor .  Since [c* ( H )  ] * = 

H*, i t  i s  S u f f i c i e n t  t o  show t h a t  

2 m l  
C ~ ~ ~ ( Z * ( H ) )  = C  ( H ) .  

We f i r s t  observe t h a t  8 ( 2 * ( ~ )  = S(H) whence 

2nti-1 
$@*(HI)  = {x  : x  C A and f o r  some y  C H* U & ( H )  U @  ( H ) ,  X ~ Y } .  2m 

NOW l e t  x  C &2 (c* ( H I  , with witness y. I f  y  C H* U B(H) , then 

x C ( H )  . otherwise y  C czW1 ( H I .  For t h i s  case the re  e x i s t s  z C H '  U 

B ( H )  U {C](H)}} such t h a t  y  5 z. NOW i f  z E H I  UB(H) then x r  z 

whence x C g ( H )  . Otherwise x 5 C ] ( H ) .  Thus i n  any case t h i s  l a s t  

inequa l i ty  i s  v a l i d .  Thus 

Since ( H )  c Jj (c* ( H I  i s  obvious, we can conclude t h a t  C 1 (e* ( H )  ) = - 

C &1 ( H )  and hence t h a t  



NOW i f  x c @2m+1 (14) w i t h  w i t n e s s  y  C H '  t h e n  i t  i s  c l e a r  t h a t  

6 @2m+1 (/g, (11)  ) , s i n c e  

eZm+l ( )  = { : x i s  p r i m i t i v e  o r  meet r e d u c i b l e  and f o r  some 

y f C ~ " ' ( H )  U 8(S ( H )  U (1 8 (Cf(H) 1, x 5 y}. 

2m+ 1 ,2m+ 1 
Converse ly ,  i f  x f '3 (@(N)) w i t h  w i t n e s s  y  C ( H ) ,  i t  is  

We now d e f i n e  5* on A;m+2 
by:  

H~ 5* 11 i f  and o n l y  i f  C * ( R  ) i @ * ( ~ ~ ) .  
2  1 - 

we claim that s* i s  a  q u a s i  o r d e r  w i t h  l e a s t  upper  bounds.  Tha t  i t  

is a  q u a s i  o r d e r  i s  t r i v i a l .  wf2 show t h a t  
H 1 U H 2  

i s  a  l e a s t  upper  

bound f o r  111 and H Z .  L e t  H1 and ii 2 5* H 3  ' Then @*(Hi) and 

/, 2m+ 1 
c* ( H 2 )  5 c *  (Ii3) - NOW @ * ( E I )  = H* 4 (11) . S i n c e  H *  c A;,+2 r u  - 

2m+l 
and @ ( H )  5 A 2 m + l  we conclude t h a t  M *  1 U M *  2 -  c H*.  3  s i n c e  

A2m+1 

(H) = (H*)  we have t h a t  B (H1 U H 2 )  5.~9 ( I i 3 )  . Now t o  complete t h e  

argument,  we must show t h a t  

2m+ 1 ezmt1 (H1 U H 2 )  :@ ( H 3 ) .  

$ 2m+1(H 1 U t i2)  = {x : x C A 2m+11 x i s  p r i m i t i v e  o r  meet r e d u c i b l e  

and f o r  some Y C H i  U 11; U J(lI1 U H Z )  U {L$(ill U F12) }, x 5 Y}.  

~ e t  a E @2m+1(l I  1 U ti2) w i t h  w i t n e s s  b .  I f  b  C ~ i ,  t h e n  a f 

2rn+ 1 2m+ 1 
@ oil)  LC, ( H ~ )  and we a r e  done. S i m i l a r l y  i f  b  E Hi. I f  

2mt 1 
b  f B ( H ~  U 1 1 ~ )  i B ( i i 3 )  wc a r e  done by t h e  d e f i n i t i o n  o f  c ( E l 3 )  . 



~ h u s  l e t  b  = i: ,j' (]I1 U H Z ) .  W e  w i l l  show t h a t  i f  c  C $(ill  U i f2 )  then  

c 5 6 $ ( 1 1 ~ )  . NOW f o r  such a  c  t h e r e  i s  a  d  C H1 U 1i2 U &(I{  U H ~ )  
1 

wi th  c  5 a.  NOW i f  d  C B(lil U H 2 )  then d  C B(1j3) whence c  5 L $(1i3)  . 

Hence l e t  d  C Hl  such t h a t  f o r  no d  ( D(B1) c B(ljl U H 2 )  i s  i t  t h e  1 - 

assume t h a t  d  C A2m+l-  I f  A 2 m + l  - A 2m ' then by ( v )  , d  c 

@ 2m+1 
2m+ 1 

( H l )  ks ( H ~ )  whence f o r  some d; C HA U B ( H ~ )  U {L $ ( f i 3 ) )  

we have d  5 d i .  Now c  C A2m whence we again conclude t h a t  c  5 

g p ( 1 3 ~ )  . Las t ly  supposf d  C AZm.  For such a  d ,  we o b t a i n  

d  = C{x : ' A2m 
x i s  p r i m i t i v e  o r  meet r educ ib l e  and x 5 d}.  

This i s  a  consequence of t he  induc t ive  hypothes is  p a r t  (v )  and the f a c t  

t h a t  < A ~ ~ ;  +> i s  a s e n i l a t t i c f .  For dl 5 d ,  wi th  dl p r i m i t i v e  or 

2m+ 1 
meet r educ ib l e ,  dl C @ ( H 3 )  whence f o r  some d2 C H~ U B ( H ~ )  U 

i 
I 

{I ,j' ( H ~ )  1 ,  dl 5 d2 .  Thus from the  d e f i n i t i o n  of $ we conclude 

I dl 5 L y ( H 3 )  . We t h e r e f o r e  have 

5 d  = C{x : x C & x i s  p r i m i t i v e  o r  meet r educ ib l e  & x 5 d) 

s C $ ( H 3 )  . 

I 
1 

I This completes t he  proof  t h a t  i f  c C $(til U H 2 )  then c  5 L 8 ( H ~ ) .  We 

conclude t h a t  

I t  fol lows t h a t  

a s  d e s i r e d ,  whence H1 U H 2  i s  a  l e a s t  upper bound f o r  11 and 11 
1 2  

with r e s p e c t  t o  5" .  



- - 
We def ine  = on A;m+ 2  

by HI = [I2 i f  and only i f  Ill 5* I i  
2 

and H z* ill. The fol lowing a r e  immediate: (1) H1 I i  i f  and only 
2 2 

i f  C* ( H ~ )  = C* (ti ) , ( 2 )  H 5 C* ( H I  and 3 > i s  a  
2  

j o in  s e m i l a t t i c e  o rde r ing  system. 

We w i l l  now show t h a t  i f  a  and ' A i m t 2  and {a} r {b} then 

a = b .  F i r s t  observe t h a t  & ( { a ) )  = B ( { b ) )  = 0 ,  s i n c e  \ { a ) * \  and 

I{b)*l 5 1. NOW by hypothesis  ,?*({a))  = @ * ( { b ) )  whence {a}* = {b}* 

2m+ 1 
and C: ({a)) = ~ ~ ~ " ( { b ) ) .  Now i f  {a)* # 0 then 

{ a )  = {a)* = {b)* = {b]  

whence 5 = b .  S imi l a r ly  i f  {bI* # 0.  Hence, we suppose a  and 

' A2m+1' 
NOW we cons ider  two cases ,  f i r s t  a C A 

2m+ 1 
,4 A and 

2m 

second a  C I n  the  f i r s t  case  a  i s  meet r educ ib l e ,  whence 

2m+ 1 a @ ({a ) )  . In  t h e  second case ,  s i n c e  < A  - + > i s  a  j o i n  semi- 
2m' 

l a t t i c e ,  and s i n c e  by ( v )  j o in  i r r e d u c i b l e  i s  equ iva l en t  t o  "p r imi t ive  

,2mtl 
o r  meet reducib le"  i n  '2, we have a  = I[, ( { a ) )  I l  A Z m ] .  S ince  

2mt 1 2m+ 1 3 { a } i @  { b } t { x : x E A  
2m+ 1 

and x ' b ) ,  

we have i n  e i t h e r  case t h a t  a  5 b  fol lows from { a )  5* {b}. We 

i s o l a t e  t h i s  f a c t  a s  

Lemma 6 .3 .  I f  a  and b  E A 2m+ 1 and { a )  5* { b )  then a  i b .  

~ h u s  from Lemma 8 . 3  and our  preceding  remarks, i f  { a )  r { b )  

wit& a  and b  6 A;mt2r we have a  = b  a s  claimed. I t  fol lows t h a t  

t h e r e  i s  a  1-1 funct ion  g from A* / i n t o  B such t h a t  [ { a ) ] z  = a  
2mt 2 

f o r  each a ' A;m+2 . Fix  such a  g and l e t  A - 
2 m t  2 - ( A ; m + 2 / 3  9. 

+ 
We def ine  a  b inary  r e l a t i o n  5 on A 

2 m t  2 s o  t h a t  g i s  o r d e r  



+ 
prese rv ing .  We make t h e  following a s s e r t i o n s  about  5 ; 

+ 
(1) i f  a and b C A 2 m + l  then a 5 b i f  and only i f  a 5 b ,  

+ 
(2)  if a C A2m+2 and x 5 a f o r  each x E Il 5 then  

+ 
C I ~  5 a ,  where L I 1  i s  computed i n  3 and,  2 m  ' 

( 3 )  i f  a C A2m+2 and a 5 '  x f o r  each x C I c A 2 - 2 m + 1 1  then 

+ 
a 5 TIr2 where M2 i s  computed i n  21 2 m + l '  

For (1) r e c a l l  t he  observat ion made above t h a t  i f  a and 
A2rn+l 

and t a )  5* {b) then a 5 b.  Conversely l e t  a and ' A 2 m + 1  wi th  

2m+ 1 
a 5 b .  Then c * ( { a ) ) = @  ( { a ) ) .  F u r t h e r b y  (i) w e h a v e t h a t  

2m+ 1 
C $({a ) )  5 a ,  whence f o r  each x C @  ( { a ) )  x 5 a ,  whence x 5 b ,  

whence x C C P , * ( { ~ ) ) .  Thus /9*({a}) L c 3 ( { b ) )  whence { a )  Z* { b ) .  

For ( 2 1 ,  l e t  a and I1 5 A2m 2m+2 
wi th  x 5 a f o r  each 

x C r l .  Let H C age'. Then {x) 5* H f o r  each x 6 I ~ .  Since 

1 = U{{x} : x C 11) i s  a C* l e a s t  upper bound f o r  {{x) : x 6 1 ~ 1  
1 

we have z* H .  Hence it i s  s u f f i c i e n t  t o  show t h i t  {XI } - I 1 1' 

I* = 0 = 1x1 } *  whence by d e f i n i t i o n  of J) we have 1 $ (I1) = Now 1 

C $ { C I ~ )  = XI1. It fol lows t h a t  

whence 
I1 

E { C I ~ ) .  This completes t he  proof  of  ( 2 ) .  

+ 
For ( 3 )  , l e t  a C A2m+2 wi th  a 5 x f o r  each x C I2  c A - 2m+l' 

- 1 Fix H 6 ag . Then f o r  each x C I and y C I I  we have 
2 

Now y %"+2 
,. A s i n c e  i f  t h i s  were t h e  case we would have 

2 m + l  

y < (x )"  = 0 s i n c e  x C A 2m+le A2m+l and by Lemma 8 .3  we 



have y  5 x.  We conclude t h a t  f o r  each y  c M, y  5 1 whence by 2 

(1) we have i y }  5* {n12}. Since i s  a  5* l e a s t  upper bound f o r  

+ 
{{y} : y  C H )  we have H 5* {f l IZl  whence a  5 fl12 a s  claimed. 

From (1) - ( 3 )  above we s e e  t h a t  < A  - 5+> i s  a  s t r o n g  2m+ 2 ' 
+ 

extens ion  of < A ~ ~ + ~ ;  5 > .  Since 5 agrees  wi th  5 on A 
2m+ 1 we 

cease the  d i s t i n c t i o n .  We de f ine  + on A 2m+ 2 from 5 i n  t h e  usual  

way and i t  i s  c l e a r  t h a t  CA2m+2 ; + >  is  an ex tens ion  of <A - +) . ~ h ~  2m' 

p a r t i a l  opera t ion  ' remains as  on 2m+ 1 ' as  do the  cons tan t  ope ra t ions .  

The opera t ions  remain a s  i n  t he  cons t ruc t ion  of A' 
2m+ 2 ' with  

- 1 
domain A2m+1 

.   or a C A 2m+ 2 r J  A;m+2 we choose H C ag and s e t  

8 a  = C{ gb : b C @ * ( t i ) ) .  

This d e f i n i t i o n  i s  independent of Our choice of  11 and extends the  

d e f i n i t i o n  of 8 t o  A 2 m + 2 -  For a A2m+2 
c- A;m+2 we add a  t o  

U o r  Vs i f  and cn ly  i f  g a  5 kr o r  s r e s ~ e c t i v c l y .  This completes 
r 

t h e  cons t ruc t ion  of  a and i t  i s  c l e a r  t h a t  a 2m+ 2 2m+ 2 i s  a s t r o n g  

ex tens ion  of g2m+l' 

We now v e r i f y  t he  var ious  c l auses  of  the  induc t ive  hypothes is .  We 

have a l r eady  d e a l t  wi th  i - i i i  . For ( i v )  i f  a  6 ( A ~ ~ + ~  n u ) -  
P  

A then  
2m-1' 

f o r  t he  e s s e n t i a l  p a i r  < p ,  J> . Thus 

whence a  -5 fJ  a .  1 f  a  g up 
i C J  i , p  then f J  a = a  and t h e  r e s u l t  

i IP 



6 3 

f o l l o w s .  r f  a C A2m-1 , w e  have  t h e  r e s u l t  from t h e  i n d u c t i v e  

h y p o t h e s i s .  

F o r  ( v ) ,  we n o t e  f i r s t  t h a t  i f  a A2mt2 
- A 

2m+ 1 t h e n  a  i s  

e i ther  p r i m i t i v e  o r  j o i n  r e d u c i b l e  b u t  n o t  m e e t  r e d u c i b l e  s i n c e  t h e  

domain o f  i s  A2m+l and A2m+l i s  c l o s e d  u n d e r  t h i s  o p e r a t i o n .  

F u r t h e r  if a  i s  p r i m i t i v e ,  t h e n  { a ) *  = { a )  - c I1* whenever  { a )  5 *  H 

whence i t  i s  immedia te  t h a t  a  i s  n o t  j o i n  r e d u c i b l e .  We w i l l  b e  done 

if we show t h a t  if a i s  p r i m i t i v e  o r  mee t  r e d u c i b l e  i n  
'2m+ 1 t h e n  a 

i s  n o t  j o i n  r e d u c i b l e  i n  U2m+ 2  
. F i x  s u c h  a n  a  C A 

2m+l' R e c a l l  t h a t  

if a i s  j o i n  r e d u c i b l e  i n  '2m+2 t h e n  t h e r e  i s  a n  H c A '  s u c h  - 2m+2 

t h a t  H { a )  and  a  j? H .  F i x  s u c h  a n  N. Now { a ) *  = 0  , whence 

2m+ 1 
@*({a)) 53 ( { a > )  5 A2m+1- I t  f o l l o w s  t h a t  H* = 0 ,  s i n c e  H* - c 

whence @* (1-1) = 
2m+ 1 

@* ( H )  = @*({a)) . Thus H c A - 2m+l (I{) . F u r t h e r ,  

we n o t e  t h a t  i f  x C H t h e n  

(x}  Z* H 5* { a )  , 

whence s i n c e  x  and  A2m+1 
we c o n c l u d e  t h a t  x  5 b  by  Lemma 8 . 3 .  

Next  o b s e r v e  t h a t  s i n c e  H* = 0 ,  & ( I { )  = 0 ,  whence i f  y  C 8 ( H )  t h e n  

f o r  some x E H U > ( H I  = H I  we have  y  5 x 5 a .  Thus i f  g ( ~ )  # 0  t h e n  

by (i) o f  t h e  i n d u c t i v e  h y p o t h e s i s .  T h e r e  a r e  two c a s e s .  

Case  1. a  6 A 2m' 
N o w  a  i s  e i t h e r  p r i m i t i v e  o r  meet  r e d u c i b l e  

21n+ 1 2m+l 
in '2m+11 

w ~ ~ e n c e  a C C  ( { a ) )  = @  (H) . Thus f o r  some 

a 5 z .  1f z = L: &l ( I { ) ,  t h e n  a = C ~ ( I I )  , s i n c e  as n o t e d  above  



C g(11) 5 a ,  whence s i n c e  $(H) 5 A2m and a  i s  j o i n  i r r e d u c i b l e  i n  

< A ~ ~ + ~ ;  + > , we have t h a t  a  C 9 ( H I .  Now by o u r  abov; r emarks ,  a  C 

$ (H)  i m p l i e s  t h a t  f o r  some x c H a  5 x, whence a  = x s i n c e  x 5 a .  

~ h u s  if  a  ( and a  i s  j o i n  i r r r d u c i b l e  i n  $1 
2m+l and H c A' - 2m+ 1 

w i t h  N { a ) ,  t h e n  a  C H I  whence a  i s  j o i n  i r r e d u c i b l e  i n  
2m+2 ' 

Case 2.  a C A2m+l <" A2m . S i n c e  a  C A 2m+ 1 -, A 2m ' a i s  meet 

2m+ 1 
r e d u c i b l e  by ( v )  whence a g a i n  a  6 3 ( { a ) ) .  Thus a s  above we 

conclude t h a t  f o r  some z H U (1 $(HI 1,  a  5 z .  S i n c e  a ' A2m+1 
-- A 

2m ' 
by (i) and o u r  remarks above,  we conclude t h a t  C $ ( I i )  < a .  ~ h u s  

a  5 C H f o r  some 2 .  S i n c e  z  5 a  f o r  Such a  z ,  we conc lude  t h a t  

~ C M .  T h u s i f  a C A  - A and H c 2m+l 2  m - and H = { a )  t h e n  

a  C 11 whence a  i s  j o i n  i r r e d u c i b l e  i n  
'2m+ 2 . T h i s  comple tes  t h e  

p r o o f  o f  ( v )  . 

We have a l r e a d y  shown ( v i )  hence we c o n s i d e r  ( v i i )  . S i n c e  n o  

new meets a r e  d e f i n e d  we have o n l y  t o  show t h a t  g x  + Sy = g ( x  + y ) .  

S i n c e  f o r  each a  6 A2m+2 t h e r e  e x i s t s  FI c A '  w i t h  CII  = a  i t  i s  - 2m+2 

s u f f i c i e n t  t o  show t h a t  i f  [i A' 
- 2m+2 t h e n  H = Z S I )  . ~f CH i s  

j o i n  i r r e d u c i b l e  t h e  r e s u l t  i s  t r i v i a l .  Hence suppose  C H  = a  i s  j o i n  

r e d u c i b l e .  

Case 1. a  C A 2m' 
L e t  C H  = a .  Now { a )  - I { ,  whence CP,* ( { a ) )  = 

@ * ( I I ) .  S i n c e  { a ) *  = 0 ,  w e  have H *  = 0.  Thus ,  

i f  x ( H ,  t hen  x 5 a  by Lemma 8 . 3  whence x 5 S a .  Thus 



6 5 

if C $ (11)  , t h e n  s i n c e  B(!I) = 0 ,  t h e r e  i s  a y C M = 11' s u c h  

t h a t  5 ~ e n c e  Cg $ (H) 5 C ( I i )  - S i n c e  (13) 5 A by t h e  i n d u c -  
2m' 

tion h y p o t h p s i s  S ( C  61 (tI) ) = C ( 8  $ ( H I  . I t  i s  now immedia t e  f rom the 

d e f i n i t i o n  o f  @ 2m+1 t h a t  

18  ( " , 2 m + 1 ( ~ ) )  5 1 8 ( 1 i ) .  

2m+ 1 
S i n c e  a = C (3 ( ~ i )  fl A2m) w e  h a v e  

2m+ 1 
8a = C 8(@ ( H )  n 5 C ( ~ H ) ,  

which  concl.udes t h i s  c a s e .  

- 1 
Case  2 .  a  c A2m+2 c" A2m+l' a j o i n  r e d u c i b l e .  Choose H F a g  . 

W e  must  show t h a t  g a  = I($ H ) .  Now 

s i n c e  H* - c @* ( H )  . F u r t h e r ,  i f  b  C M' -- A t h e n  b C C, 
2m+ 1 

2m' ( I { )  

s i n c e  b i s  meet  r e d u c i b l e ,  whence gb 5 $ a .  I f  b H I  n A 
2m ' t h e n  

,2m+ 1 
{b) 5* H whence c ~ ~ + ~  ( { b ) )  - u ( t i ) .  I n  t h i s  c a s e  Bb = L ~ ( ~ ~ ~ + ~ ( ~ ~ ) ) )  

by Case  1. Thus 

W e  t h e r e f o r e  o b t a i n  t h a t  C 8 H 5 ti ( C F I )  = S a .  

TO s e e  t h a t  g a  S C(g 13) w e  f i r s t  n o t e  t h a t  i f  b C B ( I ~ ) ,  t h e n  f o r  

some e s s e n t i a l  p a i r  < p .  J >  and e a c h  i F J ,  f J  b C H*, w i t h  b  C u . 
i ,P P 

From t h i s  we have  

I t  i s  immedia te  t - h a t  i f  y  F $ (11) t h e n  sy 5 1 (g 11) whence 



2m+ 1 
NOW i f  x E @ ( I - I ) ,  then f o r  some Y c H '  U {z $ ( 1 1 ) )  x 5 y ,  whence 

Since II* - c II we have 

which concludes Case 2 .  Thus f o r  a l l  H c A '  C ~ I I  =SCH. This - 2m+2' 

completes the  v e r i f i c a t i o n  of ( v i i )  . 

Last ly  we come t o  p a r t  ( v i i i ) .  Let  C 5 a  + b ,  wi th  a  and 

b C ur .  Then S c 5 6 a + s b .  Since S a  and s b  C k  we have 8 c 5 k  
r r 

whence c  C Ur by ( v i i )  . Thus Ur i s  an i d e a l .  A s i m i l a r  argument 

shows v i s  an i d e a l .  
S C 

We conclude t h e  cons t ruc t ion  by s e t t i n g  = U . ~t i s  

c> iCo i 

t r i v i a l  t h a t  <A ; +, ' ?  i s  a  l a t t i c e .  I n  our  work wi th  s e m i l a t t i c e s  

we were & l e  t o  gene ra l i ze  t he  ope ra to r  @ t o  a c t  on A' . This i s  

n o t  p o s s i b l e  wi th  2 ,  617, # , a and 3*, s i n c e  t h e i r  n a t u r a l  ex tens ions  

y i e l d  i n f i n i t e  s e t s .  However, we have t h e s e  ope ra to r s  de f ined  i n  each 

s t r u c t u r e  and s i n c e  a t  any given time we a r e  only i n t e r e s t e d  i n  a  

C 
f i n i t e  p a r t  of % We Can r e l a t i v i z e  our  arguments t o  an a and makc 

i 

full use of the app ropr i a t e  o p e r ~ ~ t o r s .  We conclude t h i s  s e c t i o n  with 

Theorem 8.1. Let  4 be the  map of  
2 .I) i n t o  <3(A ) ;  +, > de f ined  



t h e n  $ i s  an isomorphism.  

C 
p r o o f .  F i r s t  r e c a l l  t h a t  i f  x c A t h e n  x C U r  o r  v if and 

S 

o n l y  if gx 5 k  o r  s r e s p e c t i v e l y .  W e  r e s t a t e  t h i s  a s :  f o r  any  
r 

€ a c L and x c A , x c a$ if and o n l y  i f  g x  5 a .  L e t  a ;.nd 

b  C L .  We show t h a t  (ab)$ = a@ n b @ -  Now x f a$ f' b@ if a n d  o n l y  

if gx a and 8 x  b ,  t h a t  i f ,  if and o n l y  if gx 5 ab which  i s  

to x (ab)$. Ne mus t  a l s o  show t h a t  (a  + b ) $  = a@ + b$.  

NOW i t  i s  s u f f i c i e n t  t o  Show t h a t  if H - c L  i s  a se t  o f  j o i n  i r r e d u c i b l e s  

w i t h  CH = s j o i n  r e d u c i b l e ,  t h e n  s@ = C (IIQ) - Note t h a t  C ( k i $ )  r e f e r s  

t- t h e  sum i n  st< A' ; + >  - F i x  H. Withou t  l o s s  o f  g e n e r a l i t y  we 

may assume t h a t  I1 i s  j o i n  i r r e d u n d a n t .  S i n c e  s@ 2 C ( H $ )  i s  c l e a r ,  

i t  i s  s u f f i c i e n t  t o  p r o v e  by  i n d u c t i o n  on j t h a t  V A .  c C ( I I @ ) .  
S 7 - 

Hence we suppose  t h a t  f o r  e a c h  j c m i f  a C A ~ ~ + ~  n v t h e n  a  C C ( H @ )  . 
S 

~ e t  a A ~ ~ + ~ .  we f i r s t  assume that m = 0  and  a  C Ao.  Then a = b 
P  

where  k  _C k i t  k  5 s f  and J = { i  : ki C H). Now s u p p o s e  kp ;i 
p  i c J  P 

i 
f o r  each  i J b e c a u s e  t h e  o t h e r  c a s e  i s  t r i v i a l .  Then t h e r e  i s  a n  

e s s e n t i a l  p a i r  J*> s u c h  t h a t  t o  e a c h  j  C J *  t h e r e  i s  a n  i J 

J *  with k ,  5 k  . Now f o r  s u c h  a 1 c J* and i ( J, f j t p  b C U i ,  whence 
3 i P 

we e a s i l y  c o n c l u d e  f rom t h e  c o n s t r u c t i o n  of  %I 
2  

C that bp F i e J (k im) .  

F o r  t h e  r e m a i n i n g  c a s e s  we d r o p  t h e  a s s u m p t i o n  t h a t  m = 0 ,  and suppose 

t h a t  a c A2m+2 ., A . NOW w i t h o u t  l o s s  o f  g e n e r a l i t y  we may assume t h a t  
2 m  

a i s  j o i n  i r r e d u c i b l e ,  s i n c e  V i s  an  i d e a l  and f o r  e a c h  
S x c vs 

x = C { y  : y x  and y  i s  j o i n  i r r e d u c i b l e } .  



Case 1. a  F A2m+l - A2m 
. ~ i n c c .  a  i s  meet r educ ib l e ,  t h e r e  i s  an 

I I AZm 
such t h a t  n1 = a .  I f  x F Vs f o r  some X F I then  t h e  ir.duc- 

tive hypothes is  y i e l d s  the  r e s u l t .  Hence suppose t h a t  f o r  each x 6 1 , 

g vs. N~~ n ( 8 1 )  5 s whence 

s ince  by assumption C has no member which is both j o i n  and meet 

r educ ib l e .  Let J = ( 1  : k .  F [ I }  a s  above. I f  k  5 k  f o r  some 
1 P  i 

i ( J i t  i s  obvious t h a t  I z k . Otherwise we o b t a i n  J* as  
~ F J  i 

b e f o r e ,  and s i n c e  I U we obta in  t h a t  n1 F C ( k . @ )  i n  t h e  same 
P  ~ E J  

1 

manner a s  f o r  k  above- 
P  

Case 2 .  a A2rn+2 
c J  A 

2 m + l '  
S ince a  i s  jo in  i r r e d u c i b l e ,  we have 

J *  
by ("1 t h a t  a  i s  p r i m i t i v e ,  whence a  = f  b  f o r  some e s s e n t i a l  

9 f P  

p a i r  < p ,  J*> , some q F J*, and some b  F U . Since  f J*  b  C v 
P  9 f P  s 

we have k 5 1 ki .  I f  k  ki f o r  each i F J we proceed a s  &ove 
i C J  9  

t o  ob ta in  a  C C (ki$) as  des i r ed .  
i F J  

we conclude t h a t  Vs - C C ( H @ ) .  The r eve r se  i n e q u a l i t y  i s  an imme- 

J? d i a t e  consequence of  ( v i i )  which a s s e r t s  t h a t  i f  x  and y F A 

then  gx + gy = $ ( x  + y)  and t h a t  x F U o r  V i f  and only i f  r s 

Sx kr  o r  s r e s p e c t i v e l y .  From the  d e f i n i t i o n  of U we e a s i l y  
0 ' 

conclude t h a t  the  r e s t r i c t i o n  of 4 t o  t h e  j o i n  i r r e d u c i b l e s  i s  an 

o rde r  isomorphism. Thus i s  a  1-1 homomorphism. This completes t h e  

proof  of Theorem 8.1.  
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P 
59. I n  t h i s  s e c t i o n  we examine the  p r o p e r t i e s  of . Our o b j e c t  i s  

t o  o b t a i n  a s  much information about t r a n s f e r a b i l i t y  as  p o s s i b l e .  

Lemma 9.1. Le t  be a  t r a n s f e r a b l e  l a t t i c e .  Then < L ;  + ) is 

a  t r a n s f e r a b l e  s e m i l a t t i c e .  

p roof .  Let  6 = < L ;  +) . We form the  s t r u c t u r e  @ as  i n  t h e  

S 
preceding  chapter .  To A we ad jo in  t h e  d i s t i ngu i shed  element 8 t o  

6 
form U {O}, and p u t  0 5 X f o r  a l l  X c A . Now we claim t h a t  

<AG U 10) ;  5 >  i s  a  l a t t i c e  o rde r ing  s t r u c t u r e .  ~t is c l e a r l y  a  j o in  

s e m i l a t t i c e  o rde r ing  s t r u c t u r e .  In  t h e  cons t ruc t ion  of < A  - +> 
m + l l  

from (A ; + \  we showed t h a t  i f  c  C Am+1 then f o r  each a  C A , 
m m m 

c 2 a, s e e  p .  25  . Thus i f  b C A' -- A and a  C A then  b  f a ,  m m 

whence A i s  an i d e a l  i n  <A5 ; + > . We o b t a i n  then  t h a t  < A U {3}; + \ 
m m 

, 5  is a  jo in  s e m i l a t t i c e  wi th  A U (3) a  f i n i t e  i d e a l  i n  , A  U 10); + ). m 

NOW f o r  a  and b C Am l e t  

c = C{x : x  5 a  and x 5 b}. 

Since (9 5 a  and 0 5 b, c  e x i s t s  and is e a s i l y  seen  t o  be the  g r e a t e s t  

lower bound f o r  { a ,  b} .  I t  fol lows t h a t  < A  U {O}; 5 )  i s  a  l a t t i c e  

o rde r ing  s t r u c t u r e  a s  claimed. 

NOW def ine  $ : L + A  by 

We claim t h a t  $ i s  a  l a t t i c e  isomorphism. I t  i s  t r i v i a l  t h a t  

(x  + y ) $  = x$ + Y$ f o r  each x  and y  C L.  Le t  x ,  y and z C L 

w i t 1 1  z = xy. Now if a  C z$ then  a  6 x$ and y whcncc z$ c- x$ n y$. 



The r e v e r s e  i n c l u s i o n ,  t h a t  x$ y$ z$t w i l l  f o l l o w  i f  we show t h a t  

if a  x$ and b C y$ t h e n  ab c z$.  F i x  such  an a  and 
A m + l  11 

(0). F o r  such an a  and b i f  e i t h e r  i s  8 t h e n  ab = (Y and we a r c  

done.  Thus we assume a  and A,+l Now from t h e  c o n s t r u c t i o n  o f  

%11 
we have t h a t  a  c U r  o r  V i f  and o n l y  i f  @a c u o r  TJ s - r s 

r e s p e c t i v e l y  by ( v i i )  p . 2 1  . For  A m + l l  d 5 a  and d 5 b  if 

and on ly  i f  ,"J - c @a fl @b by (v )  p .  21  . S i n c e  d  = C @ d l  a g a i n  

by ( v ) ,  i t  i s  easy  t o  s e e  t h a t  

F u r t h e r ,  from t h e  above,  we have t h a t  i f  ab C A mt 1 ' t h e n  @a n @b = 

a&). ~ h u s  we have o n l y  t o  show i f  a  F ):$ and b C y$ and d  E 

C;a n C;b t h e n  d  E z$. NOW d  i s  p r i m i t i v e .  From t h e  d e f i n i t i o n  o f  

t h e  U r  and v on A o ,  p . 1 7  and ( v i i )  p . 2 1  , we s e e  t h a t  f o r  some 
S 

,ique k , d  C u o r  V i f  and o n l y  i f  k 5 k o r  s r e s p e c t i v e l y .  
P  r s P  r 

T ~ U S  d  C x$ fl y+ i f  and on ly  i f  f o r  t h e  unique k g iven  above,  k 5 x 

f - 7  
P  P  

and k 5 y .  S i n c e  k i s  a  l a t t i c e  k 5 xy whence d < z$ a s  d e s i r e d .  
P  P  

~ h ~ s  i s  a  l a t t i c e  isomorphism. 

S i n c e  2 i s  t r a n s f e r a b l e ,  we o b t a i n  @ embedding S i n  

<A' U { O } ;  +. * >  s a t i s f y i n g  xo C y$ ii and on ly  i f  x 5 y .  Now i f  

6 
- t h e n  < L ;  + \  i s  t r a n s f e r a b l e .  I f  L@ $2 A , t h e n  we con- L $ ' A  I - 

c l u d e  t h a t  t h e  l e a s t  e lement  o f  L ,  s a t i s f i e s  k = 8. No o t h e r  
0 

e lement  can be  mapped t o  3 by t h e  c o n d i t i o n  t h a t  6 i s  1-1 and o r d e r  

p r e s e r v i n g .  Now kg i s  j o i n  i r r e d u c i b l e ,  whence b 6 A fl Uo. Also 
0 0 

bo C u and Vs f o r e a c h  k and s E L .  Def ine  $ I  by 
r r 



7 1 

men $ 1  i s  a  jo in  homomorphism and s a t i s f i e s  x$' 6 y$!) i f  and only 

i f  x 5 y.  s i n c e  ~ 4 '  5 A' , < L; +> i s  t r a n s f e r a b l e .  This  conclades 

t h e  lemma. 

Def in i t i on  9.1.  A s e m i l a t t i c e  < L ;  ' >  i s  s a i d  t o  be weakly s t ab l e  

if f o r  each meet reducib le  x  C L t h e r e  e x i s t s  a  T c L such t h a t  
X - 

(i) Tx i s  a  meet i r redundant  s e t  of meet i r r e d u c i b l e s ,  (ii) f l ~  = 
X 

and (iii) i f  H i s  any s e t  of meet i r r e d u c i b l e s  such t h a t  n~ = 

then  f o r  each y  T t he re  i s  a  z 6 H wi th  z 5 y .  
X 

c' 
Lemma 9.2.  < A  ; + i s  weakly s t a b l e .  

p roof .  We proceed by induc t ion .  For o u r  i nduc t ion  hypo thes i s ,  we 

assume t h a t  f o r  each j  < m ,  i f  b  i s  meet r educ ib l e  and b  C A ~ ~ + ~  rv 

A then T~ 5 A 2 j  e x i s t s  and s a t i s f i e s  (i) - (iii) of D e f i n i t i o n  8 .1 .  
21 

Thus l e t  b  C A2m+l I a A 2 m - l  wi th  b  meet r educ ib l e .  By (v)  p. 4 8  , 

we have A2m+l - A 2 m  
. We c a l c u l a t e  ??i and 3 as  i n  t h e  c o n s t r u c t i o n  

of  
'2m+1 

. NOW from the  cons t ruc t ion  of < A  . > t h e r e  i s  an H c 
2m+ 1 ' - 

such t h a t  f l ~  = b .  Fix such an H and l e t  H* = H -Y A 
A2m 

and 
2m-1 

H ' = H ~ A  we t r e a t  t he  case  when " n ? ~ )  # 0,  t h e  proof  f o r  the  
2m-1' 

o t h e r  case be ing  s i m i l a r .  We a l s o  assume t h a t  m > 0 ,  t h e  case  m = 0  

be ing  e a s i l y  checked. Let  b  = n (11) , then  bo C A 0  I f  b  i s  
2 m - 1 '  0 

meet i r r e d u c i b l e ,  l e t  T  = {bo}, and otherwise l e t  T be given a s  
0  0  

i n  t h e  induct ion  hypothes is .  I n  e i t h e r  case  (i) , (ii) and (iii) a r c  

s a t i s f i e d  when x = b  
0 ' 

Also, T  c A - 2m-2' by (v)  i f  bo i s  meet 
bo 

i r r e d u c i b l e ,  and by the  induct ion  hypothes is  otherwise. ~ c t  

T* = {x : x  6 f i* ,  bo 2 x and i f  z E H *  then  z #  x} 
b  



and 

TI = { x :  x C  T a n d f o r e a c h  y  C T;, y  Z x } .  
b 0  

we s e t  T = T; U Tt. Before proceeding,  we note  t h a t  f o r  t h e  case 
b 

when n ( I I )  = 0 ,  we simply s e t  

T = {x : x  C H *  and f o r  each z C H*, z # x}. 
b 

- 
TO cont inue ,  we f i r s t  c laim t h a t  T  = W .  F i r s t  note  t h a t  i f  x  C T b  

0  
then e i t h e r  x  C T' o r  f o r  Some 2 C T z  2 5 X. Thus R(Tb) 3 T by 

b - bo 
d e f i n i t i o n  of 7/7 and (v)  1 whence 

NOW i f  x C V ( H ) ,  then f o r  some y  C El* U {II %?(H)}, y  f x. ~ f  bo = m ( ~ )  -; 

x then i[m(Tb) 5 x  . whence x C T ? ( T  ) by d e f i n i t i o n  of 7 7 .  Other- b 

wise y  C i i*  and z 5 y 5 x  f o r  some z F T* whence again x  F T ( ( T ~ ) .  
b  

T ~ U S  ? ( I< )  - ? ( T ~ )  whence Tb * 11. Conversely, i f  x  C T then e i t h e r  
b  

x C H* o r  x  C T . For such an x  it i s  e a s i l y  seen t h a t  ti 5* (x} 
0 

whence we ob ta in  H 5* U : x  C T } = T Thus T  3 H .  ~t i s  b b  ' b 

immediate t h a t  flT = b  which e s t a b l i s h e s  (ii) . b 

For (i) we must show t h a t  T  i s  a meet i r r edundan t  s e t  of meet 
b 

i r r e d u c i b l e s .  I f  x 6 Tb then x  C T  o r  x  C A .-, A 
2m 2m- 1 ' 

I f  the  
bo 

former then x i s  meet i r r e d u c i b l e  by the  induc t ion  hypothes is .  I f  t he  

l a t t e r  then x  i s  meet i r r e d u c i b l e  by (v )  p .  48 . TO o b t a i n  t h a t  T 
b  

i s  meet i r r edundan t ,  we have only t o  show t h a t  
Tb 

i s  a  s e t  of p a i n 7 i s e  

incornparables whence t h e  meet irredundancy of  T w i l l  fol low from thc  
b 

f a c t  t h a t  T  s a t i s f i e s  ( i i i) .  From t h e i r  d e f i n i t i o n s ,  i t  i s  easy t o  
b 



see t h a t  and TL a r e  s e t s  o f  i n ~ ~ ~ p a r a b l e ~ ,  t h e  former r e q u i r i n g  
b  

an a p p l i c a t i o n  o f  (i) of t he  induc t ive  hypothes is .  Now l e t  a  c T* 
1 b  

and a  CT;. I f  a 1 5 a  then a  T .  I f  a  5 a  
2  2 2  2  

1~ then  bo 5 a l ,  

whence a  P T;. ~ h u s  T~ is  a  s e t  of pa i rwi se  incomparables.  
1 

F~~ (iii) l e t  H~ be any s e t  of meet i r r e d u c i b l e s  such t h a t  

H1 5 A2m 
and H = T  F i r s t  note  t h a t  ' n ( ~ ~ )  = ?(Tb)  and f l m ( ~ ~ )  = 

1 - b '  

n R(T,) = bo. ~ r o m  the d e f i n i t i o n  of T* and the  d e f i n i t i o n  of 3 i t  b 

is immedia t e  t h a t  T* C B* NOW l e t  C C T;. Then c C Tb . Now b  - 1' 
0 

n R(H,)  = bo whence t o  each x C Tb t h e r e  i s  a  z C ( I )  w i th  
0  

5 by (iii) of  t h e  induc t ive  hypothes is .  Since x i s  meet i r r e -  

duc ib le  it follows from (v)  p .  48 and t h e  d e f i n i t i o n  of .v t h a t  

c m (14,) . T ~ U S  c C T P(131) whence f o r  some z C H Z  U {n~;}, 
bo 

- 

5 c. ~ f  z C M *  we a r e  done, whence suppose IIH; 5 c .  Now i f  x c 
1 

H i  bo 5 xr whence i f  

= iy : A ~ ~ - ~ ,  y  is meet i r r e d u c i b l e  and z 5 y f o r  some z C 1 3 ' )  
2  1 

then 

~ h u s  f o r  some y  C H 2  Y 5 C r  s i n c e  c  C T . I t  fol lows t h a t  f o r  some 
bo 

z C H; z 5 c .  Thus Tb s a t i s f i e s  (iii) i n  > . Now l e t  

FI c A , q  > m ,  be a  f i n i t e  s e t  o f  meet i r r e d u c i b l e s  such '-hat 11 5 {b}. 
- 2q 

Fur the r  assume t h a t  i f  m 5 k  5 4 then T  s a t i s f i e s  (iii) in 
b 

< A ~ ~ + ~ ;  > . i.ie show t h a t  T s a t i s f i e s  (iii) i n  < A 
b  2q+11 * . Note 

t h a t  i f  I3 i s  any s e t  of meet i r r e d u c i b l e s  i n  A 
2q+ 1 then  by (v )  13 c 

A . We c a l c u l a t e  77l and ? as i n  the cons t ruc t ion  of 
2q %2q+l. Since 
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since H 5 {b}, we have t h a t  %'((I{) = n ( { b ) )  = b  s i n c e  h2q-l. 

NOW ~ ( 1 1 )  5 A,,-, i s  a  s e t  of meet i r r e d u c i b l e s  whence t o  each z ( T 
b 

t h e r e  i s  a  y  E % ' ( ( t~ )  wi th  y  5 z .  Thus t o  each z C T  t h e r e  i s  an b  

x ~ ~ * U ( n ~ ' }  s u c h t h a t  x 5 z .  I f  x C H *  w e a r e d o n e .  r f  X = ~ H '  

l e t  

H~ = IW : w i s  meet i r r e d u c i b l e ,  w C A 
2q-1 and Y 5 w f o r  some y  C H I )  

Then b  = n [ ( T ~  -, {z})  U 1i2 ] = TIT A s  above we conclude f o r  some y  6 H , 
b ' 

y 5 z .  ; 0 )  s a t i s f i e s  (iii). This completes t h e  proof  of  

Lemma 9.2. 

Lemma 9 .3 .  I f  l) i s  trZinsferdble,  then < L ;  * >  i s  weakly 

s t a b l e .  

p roof .  Since ? i s  t r a n s f e r a b l e ,  t h e r e  i s  an embedding $ of 

2 C i n  < A  ; +, * >  such t h a t  X$ C U  o r  V i f  a n d o n l y  i f  x z k  r s r 

or s re spec t ive ly .  This i s  a  consequence of Theorem 8 .1  and tile de f in -  

i t i o n  of t r a n s f e r a b l e .  Note t h a t  f o r  such a  , S ( Y ~ ) )  = y  for each 

L by (vii) p .  48. Let x E L meet r educ ib l e .  We must show t h a t  

there  is a  T c L such t h a t  (i) T is  a  meet i r r edundan t  s e t  of 
X - X 

meet i r r e d u c i b l e s ,  (ii) nTx = x  and (iii) i f  H i s  any s e t  of meet 

i r r educ ib l e s  and ntl = X then f o r  each y t Tx the re  i s  a  z E H 

wi th  z 5 y.  Let a  = x$. Then by Lemma 9 . 2  T e x i s t s  s a t i s f y i n g  
a 

(i) - (iii) above wi th  x rep laced  by a .  S e t  

T = {y : y  E ST and f o r  each z  C ST z $ Y}. 
x a a  

since S a  = x ,  we conclude by ( v i i )  p.48 t h a t  TIT = X .  Thus (ii) 
X 

i s  s a t i s f i e d .  For (iii) , l e t  Ei c L be a  s e t  of meet i r r e d u c i b l e s  - 



such t h a t  flH = x.  F i x  y  C Txr t h e n  y  = f o r  some u C T  . Sillce 
a 

n ( ~ $ )  = a ,  f o r  some v  C Hl), V 5 u s i n c e  T  s a t i s f i e s  (iii). N~~ a 

Sv  c ~ ( H $ )  = H and 8 v  5 s ~  = y  by ( v i i )  . Thus T  s a t i s f i e s  (iii) . 
X 

T i s  a  s e t  of  p a i r w i s e  incomparab les  by d e f i n i t i o n  whence i t  is 
X 

immediate t h a t  s i n c e  T  s a t i s f i e s  (iii) it  i s  meet i r r e d u n d a n t .  
X 

F u r t h e r  i f  some y  C Tx were  meet r e d u c i b l e  t h e n  T c o u l d  n o t  
X 

s a t i s f y  (iii) . Thus Tx s a t i s f i e s  (i) which conc ludes  t h e  p r o o f  o f  

F o r  t h e  remainder  l e t  ,c be weakly s t a b l e  and l e t  

T* = iy : y  C L and f o r  some meet r e d u c i b l e  x ,  y  C Tx}. 

We l i s t  T* a s  t O,. . . l tm-l.  L e t  x  f L and H c L. We w i l l  s a y  t h a t  - 
H i s  minimal under  x i f  IIH 5 x  b u t  i f  HI c H then  IIN' 2 x. L e t  

t 

c m and J c M, we s a y  t h a t  <PI  J> i s  a  d u a l  minimal p a i r  i n  c a s e  - 

(1) { t i  : i C J} i s  minimal under  t and ,  
P  

( 2 )  if { t  : i C J*} i s  minimal under  t and t o  e a c h  
j P 

j C J *  t h e r e i s  an i C J w i t h  k .  5 k  
j ' 

t h e n  J = J*. 
1 

Lemma 9 .4 .  I f  i s  t r a n s f e r a b l e  t h e n  t h e r e  i s  a  l i n e a r  o r d e r  < 

of  T* s u c h  t h a t  f o r  each d u a l  minimal p a i r  J >  , if i J then 

p r o o f .  S i n c e  i s  t r a n s f e r a b l e ,  t h e r e  i s  an embedding $ o f  J) 
P i n  < A  ; +, > such  t h a t  X$ C Ur o r  V i f  and o n l y  i f  x  5 k o r  

S r 

s r e s p e c t i v e l y .  We d e f i n e  t h e  rank  of  x C T* a s  f o l l o w s :  

- 
where xi$= {y : S y = S ( x @ ) }  and x ' $ =  { y  : X$ z y } .  L e t  < p ,  J >  b e  a - 



dua l  minimal p a i r ;  we claim t h a t  f o r  each i C J Rk (ti) < F& ( t  ) T~ 
P 

s e e  t h i s ,  l e t  ~ k ( t  ) = no and l e t  a  C A n n t @. F u r t h e r  s e t  
P n  o P P  

m =  p j [ i l ( ~  n ( u i t i $  : i c J ) ) )  C a ] .  
j - 

Since / A ~  c KO f o r  each j C t h i s  product  e x i s t s ,  whence m e x i s t s .  

Since < p ,  J )  i s  a  dua l  minimal p a i r ,  we have f o r  each i E J t h a t  

- 
t i $  fl ti$ n A # 0. Suppose otherwise.  Let m 

Then T c A n (u{t i@ : i J}) - Now $ b  c P a  = tp. Fur the r  n(  ST^) = 
b  - - 

8 b by (vii) p.48, and t o  each x E $ T  t h e r e  i s  a  j C J wi th  
b  

t .  5 x .  Let J '  = { i  : t .  T I -'&en t o  each i C J t h e r e  i s  a  
3 1 S b  

j J wi th  t .  5 t . Now we e a s i l y  o b t a i n  J *  c J '  such t h a t  
I i - 

{ t i  : i C J*} i s  minimal under t . We conclude t h a t  J* = J s i n c e  
P 

( P ,  J). i s  a  dual  minimal p a i r .  Thus f o r  each i C J t h e r e  i s  an 

T~ with & x =  t . For such an X ,  X E A n s n  ti@. Thus f o r  
i m 1 - 

eac j l  i J A n k. @ k.O # 0  a s  claimed. I t  i s  immediate t h a t  
1 m - 1 

~ k ( t . )  5 m f o r  each i E J .  
1 

We now claim t h a t  m < n  Suppose n o t ,  then  no 5 m. Le t  H be 
0  ' 

any meet i r redundant  s e t  of meet i r r e d u c i b l e s  such t h a t  TTII 5 a  and 

H c W t i  Such an H e x i s t s  by choice of m above. Ohservo - 
i E J  - 

t h a t  111-1 E Am+1 r J A  otherwise H c A m ' c o n t r a d i c t i n g  the choice of - m - 1  

m. ~ h u s  t h e r e  a r e  meet i r i -educib les  i n  A A whei-~ce m = 2m 
m m - 1  0  

for  some m by (v)  p .  48. We c a l c u l a t e  and 3 as  i n  t he  
0 

cons t ruc t ion  '2m +1  
. Recal l  t h a t  we have assumed f o r  proof  by 

0 
con t r ad ic t ion  t h a t  n  5 m. Since a  was chosen i n  A 0 n 1  a C A  = A .  

0 2 m 
0 

m 
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~ h u s  from the  d e f i n i t i o n  of 5* and s i n c e  nI1 5 a  we have 1 1  * { a ) ,  

t h a t  i s  ? ( ( a ) )  5 ?(I-I) and if bn?((a}) # 0 then fl T/7 (11) 5 fl ( { a ) )  . 

Now we claim t h a t  fl 3 a .  Suppose no t .  Then l e t  

H = { x : x C A  and f o r  some y  C I I ,  y  5 x) .  
1 2m -1 0 

Now 

7/((H) ( x  : x 6 A2m -1 and f o r  some y  C H* U ( I IH ' ) ,  y  5 x}. 
0 

~t is  e a s i l y  seem from the  l a t t i c e  p o s t u l a t e s  t h a t  

~h~~  if  fl %'((ti) 5 a  then fllll 5 a .  Since H c A n U t the  
1 -  m - 1  ~ C J L  

choice o f  m i s  con t r ad ic t ed .  I t  fol lows t h a t  a A - A 
2m 

0 
2m -1 

0 
s i n c e  otherwise 

Thus a ) I , whence f o r  some x  C I l k  U ( f l ?? j  (11) ), x  5 a .  

such x  must s a t i s f y  x C I{*. NOW i f  x  5 a ,  then S3x s S a  = t 
P  

by ( v i i )  p.48. Since f o r  some i C J x C t .  4 whence t .  5 x, we 
1 - 1 

conclude t h a t  t .  = I(t. 6) 5 t . This c o n t r a d i c t s  t h e  choice of  < p ,  J > 
1 1 P 

as a  dua l  minimal p a i r .  We must t h e r e f o r e  have t h a t  m < n  a s  claimed. 
0 

TO complete the lemma, r e c a l l  t h a t  t h i s  y i e l d s  ~ k ( t ~ )  < m ( t  ) 
P 

f o r  each i C J. I f  we now de f ine  < on T* by: 

t < t i f  and only i f  (i) Rk( t i )  i R k ( t )  o r  
1 j 3 

then  i s a t i s f i e s  t he  c o n c ~ u s i o n  of the  lemma. 
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L e m a  9 . 5 .  ~ f  i s  t r a n s f e r a b l e  t h e n  i s  d u a l  weakly  s t a b l e .  

p r o o f .  BY Lemma 9 . 1  and  Theorem 6 . 1  < L ;  +> i s  s t r i c t l y  t r a n s -  

f e r a b l e .  L e t  i b e  t h e  l i n e a r  o r d e r  o f  K w i t n e s s i n g  t h e  s tr ict  

t r a n s f e r a b i l i t y  o f  < L ;  + >. We assume k  k l  ' . . . k  0 n-1' L e t  

- 1 
s 6 L  b e  j o i n  r e d u c i b l e .  S e t  Qs = 0 .  For  i C n ,  l e t  Q: - - Q:-' u {ki}  

i i-1 
i f  (1) below i s  s a t i s f i e d ,  Qs = Qs o t h e r w i s e .  

(1) Every j o i n  i r r e d u n d a n t  H - c K which i s  c o n t a i n e d  i n  u 

{kj : i 5 j )  and sums t o  s c o n t a i n s  { k . } .  
1 

n- 1 
We s e t  Q, = Qs . NOW Qs - K and by d e f i n i t i o n  i s  j o i n  i r r e d u n d a n t .  

F u r t h e r  i t  i s  c l e a r  t h a t  C Q ~  = s .  TO s e e  t h i s  we f i r s t  n o t e  t h a t  if 

k. C Qs t h e n  k .  5 s.  Thus C Q  5 s .  The r e v e r s e  i n e q u a l i t y  w i l l  f o l l o w  
3 3 S 

if  we c a n  show t h a t  f o r  e a c h  i C n  

0 
C o n s i d e r  

0 
O .  r f  Q # 0 t h e n  we have s 5 Z R .  I f  Qs = 0 t h e n  

Qs S 

t h e r e  i s  an H i_ K '- {kg} s u c h  t h a t  CH = s ,  whence s 5 Z ( K  c i  {kg}) 

a s  c l a imed .  Now suppose  t h a t  

mtl t h e  r e s u l t  f o l l o w s  by t h e  i n d u c t i v e  h y p o t h e s i s .  ~ f  
I f  k,+l Qs 

m+l - 
Q, - Q: t h e n  t h e  r e s u l t  i s  a  consequence  o f  t h e  f a i l u r e  o f  (1) f o r  

t h e  c a s e  i = m.  Thus Cps = s a s  d e s i r e d .  

L a s t l y  l e t  H c K b e  j o i n  i r r c d u n d a n t  such  t h a t  11-1 = s .  F u r t h e r  - 

suppose  t h a t  f o r  some 
kp Qs 

t h e r e  i s  n c  x C 1 s u c h  t h a t  k 5 x .  
P 

Then we can o b t a i n  J 5 n  Such t h a t  f o r  e a c h  j  < J t h e r e  i s  an  x C 14 

w i t h  k .  5 x and < p ,  J > i s  a  minimal p a i r .  Now k  i x f o r  e a c h  
3 P  



j 6 J whence by choice of Q,I k P Qs- This  is  a  c o n t r a d i c t i o n .  
P  

~ h u s  t o  each k f Qs t h e r e  i s  an x f H wi th  k 5 x. This  completes 
P P 

t h e  proof  t h a t  2 i s  dual  weakly s t a b l e .  

We summarize these  r e s u l t s  a s  

meorem 9.1. I f  2 i s  t r a n s f e r a b l e  then the  fo l lowing  condi t ions  

a r e  s a t i s f i e d :  

(i) < L ;  +) i s  a  t r a n s f e r a b l e  s e m i l a t t i c e .  

(ii) r i s  weakly s t a b l e .  

(iii) ~f T* = {x , . . . , x } i s  t h e  s e t  of meet i r r e d u c i b l e s  
0 n- 1 

wi tnes s ing  t h e  weak s t a b i l i t y  of if1 then  t h e r e  i s  a  l i n e a r  o r d e r  < 

of T* such t h a t  f o r  each dua l  minimal p a i r  < p ,  J) and each i J ,  

Def in i t i on  9.2. A l a t t i c e  ? s a t i s f i e s  t he  join-meet cond i t i on  

if f o r  any a ,  b ,  C ,  d  L i f  cd 5 a+b then one of  t he  fo l lowing  

fou r  cond i t i ons  i s  s a t i s f i e d :  cd 5 a ,  cd 5 b,  c 5 a+b o r  d  5 a+b. 

I n  Theorem 9.2 we s h m  t h a t  the  join-meet cond i t i on  t o g e t h e r  w i th  

(i) - (iii) above a r e  enough t o  ensure  t r a n s f e r a b i l i t y .  The example 

G of Figure 9 .1  shows t h a t  condi t ions  (i) - (iii) t o g e a e r  w i th  the 

added condi t ion  t h a t  no p o i n t  i s  both jo in  and meet r educ ib l e  a r e  not  

s u f f i c i e n t  f o r  t r a n s f e r a b i l i t y .  We no te  however t h a t  t he  proof  t h a t  

;i( i s  no t  t r a n s f e r a b l e  i s  somewhat d i f f i c u l t .  
0 
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Figure  9.1 



Theorem 9 . 2 .  Let hl be a  f i n i t e  l a t t i c e .  i s  t r a n s f e r a b l e  

provided  t h a t  t h e  fol lowing condi t ions  a r e  s a t i s f i e d :  

(i) (L; +> i s  t r a n s f e r a b l e .  

(ii) i s  weakly s t a b l e .  

(iii) ~f T* = {x ,..., x  } is  t h e  s e t  o f  meet i r r e d u c i b l e s  witnes-  
0 m- 1 

s i n g  the  weak s t a b i l i t y  of 2, then the re  i s  a  l i n e a r  o r d e r  x of T* 

such  t h a t  f o r  each dua l  minimal p a i r  J> and each i C J x  < x  . 
i P 

( i v )  s a t i s f i e s  t h e  join-meet condi t ion .  

proof .  Let  ?* and @ be such t h a t  @ embeds 2 i n  7(2*)  . 

Since  (L ;  +> i s  t r a n s f e r a b l e ,  l e t  $ be an embedding of  < L ;  +) 0 

i n  < L*; +) such t h a t  xQO C y$ i f  and only i f  x  5 y .  We de f ine  

maps ql,. . . where m = IT* / a s  fol lows.  For  1 5 j 5 m ,  if x  

is meet r educ ib l e  we s e t  

I f  x  i s  meet i r r e d u c i b l e  we p u t  

X + j  = x $ ~ - ~  + L{yqj: y i s  meet r educ ib l e  and y  5 x}. 

Without l o s s  of  g e n e r a l i t y  we assume t h a t  T* = {xO1 . . . , x } and m- 1 

t h a t  xo < . . . < Xm-l. We claim t h a t  \ = i s  a  meet isomorphism. 

~ o s e e  t h i s ,  we f i r s t n o t e  t h a t  i f  x  5 x  then  x $  5 x . Q  
i j  i k  j k  f o r  

0  5 k  5 m. This  fol lows from the  f a c t  t h a t  x . $  5 x  $ by choice of  
1 0  j 0  

qo . F u r t h e r  i f  y  i s  meet r educ ib l e  and y  5 x  then  y  5 x  whence 
i j 

by t h e  d e f i n i t i o n  of Qk we e a s i l y  conclude xiqk - ' xjqk i f  0 c k  5 m 

Our nex t  a s s e r t i o n  i s  t h a t  i f  i 5 k < m ,  then x . $  - 
I k - Xi'k+l' 

Fo r  i = 0 ,  We must show t h a t  x  $ = 
0  k  X ~ $ k + l '  o r  e q u i v a l e n t l y  t h a t  
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Xo@k 
= x ~ $ ~  + I { Y $ ~ + ~  : y  i s  meet r e d u c i b l e  and y  5 x }. 

0  

1f y  i s  meet r educ ib l e  and I xo, then  f o r  some x  C T ~ ,  x  xo. 
P P 

Otherwise t h e r e  i s  a  dua l  minimal p a i r  of t h e  form < J ,  O> . ~ u t  from 

(iii) o f  t he  hypothes i s  each i C J s a t i s f i e s  0  f i 5 0 which i s  

imposs ib le .  I t  fol lows t h a t  i f  y  i s  meet r e d u c i b l e  and 5 xo then 

This  makes it c l e a r  t h a t  t h e  a s s e r t i o n  i s  t r u e  f o r  k  = 0. 

W e  now suppose t h a t  f o r  some q  such t h a t  0  < q  5 m ,  i f  i < q  

and i 5 k  < m then - - Xi'k+ 1 ' Consider  a p a r t i c u l a r  k ,  q  I k  < 

m. Now 

= x  $ + C{y$k+l : y  i s  meet r educ ib l e  and y  5 x }. 
Xq$k+l q k  9 

Le t  y  5 x  wi th  y meet r educ ib l e .  I f  x .  5 x  f o r  some x  C T 
9 1 9 i Y 

then y$k+l 5 x ~ $ ~  j u s t  a s  Y $ ~ + ~  f x ~ $ ~  above. Now suppose Xi $ Xq 

f o r  each x  C T . Then t h e r e  i s  a  dua l  minimal p a i r  <q, J \ such t h a t  
i Y 

and such t h a t  t o  each i C J t h e r e  i s  an x C T wi th  x  5 x . That 
Y i 

61 such a  p a i r  e x i s t s  i s  a  consequence of  t h e  f i n i t e n e s s  o f  . NOW from 

- ( i i i )  i c q  f o r  each i C J ,  whence - NOW l e t  b  = 

JI xi. S ince  c q 1  J > i s  a  dua l  minimal p a i r ,  we conclude t h a t  
i<J 

Tb 
= {xi : i C J}. By t h e  i nduc t ion  hypothes i s  

s i n c e  we have a l r eady  shown t h a t  x  5 x  imp l i e s  xi$k f xjJIk f o r  O k 5  
i j 

m, we o b t a i n  
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Fur the r  s i n c e  we have shown t h a t  Y$ < $ f o r  every meet r educ ib l e ,  
k + l  - q k  

y 5 x , we have x ~ $ ~ + ~  = xqqk Thus . - - xi $k+ whenever i 5 k < m. 
9 

Let q, = $m. we saw above t h a t  i f  x and y  a r e  meet i r r e d u c i b l e  

and x 5 y then x 5 Y $ ~ .  Le t  H be any s e t  o f  meet i r r e d u c i b l e s  
m 

such t h a t  IIH = z  i s  meet reducib le .  Then from the  d e f i n i t i o n  of 

z $ ~  5 n ( ~ $ ~ )  and z $ ~  - - ~ I ( T ~ $ ~ - ~ ) .  From the  weak s t a b i l i t y  o f  h) f o r  

each x ( T~ t h e r e  e x i s t s  y  C H such t h a t  y  5 x. n u s  n ( ~ $ ~ )  5 

- I I ( T ~ @ ~ ) .  ~ u t  s i n c e  we have shown t h a t  - xi$k+l f o r  each k ,  

i C k c m, we have n(T $ ) = n ( ~ ~ $ ~ - ~ ) .  I t  i s  now c l e a r  t h a t  - z  m z'bm - 

fl ( H $ ~ )  whence 'm 
is a  meet isomorphism. 

We wish t o  show t h a t  i s  a jo in  isomorphism. Suppose f o r  proof  

by con t r ad ic t ion  t h a t  $ i s  n o t  a  j o in  isomorphism then  f o r  some 
0  

and z  i n  L we have z$ # zO$ + zl$ where z = z  + z 
1 0 1 ' 

Since  $ 

is  o r d e r  p re se rv ing  we may assume t h a t  z  j! {zO,  zl} whence z  i s  j o i n  

r educ ib l e .  ~ u r t h e r ,  z  q + z  $ 5 z$ whence z$ 2 zO$ + zl$. Consider 0  1 

the  l e a s t  j such t h a t  z$.  2 zo$ + zl$. Note t h a t  j  > 1 s i n c e  
3 $0 

is a  jo in  embedding. By t h e  join-meet condi t ion  z ,  be ing  jo in  r educ ib l e ,  

i s  meet i r r e d u c i b l e .  Reca l l  from the  d e f i n i t i o n  of $ t h a t  
j 

- 
Z ,  - z$j-l + Z{yqj : y i s  meet r educ ib l e  and y  5 z } .  

By choice of j ,  z$j-l 5 2 $ + zl$. 'Thus Y$ .  z  $ + z  $ f o r  some 0 3 0 1 

meet reducib le  y  5 z -  F i x  such y.  By t h e  join-meet cond i t i on  the re  

a r e  two cases .  

C a s e l .  x 5 z  f o r s o m e  x C T  then y $ , r x $  < 
Y 3 , - z j 1  This  

c o n t r a d i c t s  the  choice of  j .  

Case 2 .  y  5 z  o r  Y 5 In this case  s i n c e  $ i s  o r d e r  p re -  
0 1' 

< z  $ + zl$. s e r v i n g  y$. 5 Y$ - 0 
Thus t h e  choice of  y  i s  c o n t r a d i c t e d .  

3 
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This completes the proof t h a t  i s  a  join isomorphism. The theorem 

i s  now immediate. 

1 0  In  this sect ion we give a  complete descr ip t ion of those d i s t r i -  

but ive  l a t t i c e s  which a re  t r ans fe rab le .  For the  remainder of this 

sect ion let 2 be a f i n i t e  d i s t r i bu t i ve  l a t t i c e .  From Lemma 3.2, 

we see  t h a t  i f  {a} U H i s  a  s e t  of join i r reduc ib les  and a  5 CH 

then f o r  some b  F H I  a  5 b. Suppose fo r  the moment t ha t  6) i s  

t rans fe rab le .  By Lemma 8.1 no po in t  of L i s  both join and meet 

reducible whence i f  d  i s  any meet reducible point  then d  i s  join 

i r reduc ib le .  Thus, i f  d  5 a  + b ,  l e t  

H = Ix : x € L ,  x i s  join i r reduc ib le  and x 5 a  o r  b) .  

m u s t  d  5 CH and the above r e s u l t  y i e ld s  d  5 a  o r  d  5 b.  ~h~~  

the  join-meet condition i s  s a t i s f i e d .  Since the  dual of the above 

condit ion on joins i s  va l i d  i t  i s  t r i v i a l  t h a t  (ii) and (iii) of 

Theorem 9.2,  p .  80, hold f o r  any f i n i t e  d i s t r i bu t i ve  l a t t i c e  . In  

Chapter 1 we showed t h a t  every f i n i t e  d i s t r i bu t i ve  s emi l a t t i c e  < L ;  + > 
was t rans fe rab le .  We therefore  have 

Theorem 10.1. i s  t rans fe rab le  i f  and only i f  no po in t  of 2. 
is  both join and meet reducible. 

We w i l l  now give some very p rec i se  s t r uc tu r e  conditions which 

w i l l  give a much b e t t e r  p i c tu r e  of those f i n i t e  d i s t r i b u t i v e  l a t t i c e s  

which a r e  t r ans fe rab le .  These r e s u l t s ,  Lemmas 10.1 - 10.4 were f i r s t  

shown by ~ a l v i n  and ~ 6 n s s o n  i n  [31. 
* 

Lemma 10.1. Let 2 be t ransferable .  
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~f a ,  b and c  f L  a r e  mutual ly  incomparable t hen  t h e  sub- 

l a t t i c e  genera ted  by a ,  b and c  i s  t h e  e i g h t  element Boolean 

l a t t i c e  Bs of Figure 10.1. 

proof. L e t  a ,  b and c C L be  mutual ly  incomparable ,  g e n e r a t i n g  

a  s u b l a t t i c e  fl. Now s i n c e  2 i s  d i s t r i b u t i v e ,  

n-runged d iagonal  l adde r  

F igu re  10 .1  



BY Lerm;la 8 .1  we have t h a t  d  i s  not  both join and meet reducible.  BY 

dua l i t y ,  we may assume d is  not  join reducible.  Hence assume t h a t  

ab + ac  + bc = bz, whence we have 

NOW a  + bc = ( a  + b)  ( a  + C)  . Since no element i s  both join and meet 

reducible,  one of these i nequa l i t i e s  

a z b c ,  b c a ,  a + b 5 a + c ,  a + c _ ( a + b  

holds. I f  a  + b  5 a  + c, then b  5 a  + c  whence, 

y ie lding b 5 c .  Similar ly ,  i f  a  + c  5 a  + b  then c 5 b. ~ h u s  we 

must have bc 5 a o r  the pairwise incomparability of a ,  b and c  

i s  upset.  I t  follows t h a t  ab = ac = bc = abc. This su f f i c e s  f o r  the 

proof of the  lemma. 

We define the width of a  l a t t i c e  

wQ) = S U ~ { ~ H /  : H - C L ,  H i s  a  s e t  of pairwise incomparables). 

Lemma 10.2. I f  i s  a  t r ans fe rab le  d i s t r i bu t i ve  l a t t i c e  then 

W(S) 5 3 .  

Proof. Let a  , b ,  c  be a  s e t  of three pairwise incomparables. 

We c l a i m  t h a t  f o r  a l l  d  C L ,  d  i s  comparable with a t  l e a s t  one of 

a ,  b  and c. For proof by contradic t ion,  suppose t h a t  a ,  b ,  c  and 

d a r e  pairwise incomparable. A s  i n  the  previous lemma, by dua l i t y  

we may assume t h a t  ab = ac  = bc. We look a t  the s u b l a t t i c e  generated 
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by d ,  a and b .  Since a ,  b and d a r e  pa i rwise  incomparables 

and generate 
8' 

t he re  a r e  two cases.  

Case 1. a ,  b and d a r e  jo in  reducible .  For this case we 

already know t h a t  a and b a r e  meet reducible  from above. ~ h u s  

this case i s  ru led  ou t .  

Case 2. ad = ab = bd. For t h i s  case ,  applying the  d i s t r i b u t i v e  

law, we obta in  a + cd = ( a  + c) ( a  + d ) .  NOW i f  a + c 5 a + d then 

s i n c e  ac = bc whence c 5 b, contrary t o  assumption. S imi la r ly  

a + d 5 a + c.  Since a 2 cd we ob ta in  cd 5 a whence by d i s t r i -  

b u t i v i t y  , 

Since a + b i s  jo in  reducible ,  one of a + b + c and a + b + d i s  

a + b .  Thus e i t h e r  c 5  a +  b o r  d 5  a +  b ,  both o f w h i c h  a r e  

cont rary  t o  assumption. This completes the  proof of the lemma. 

Lemma 10.3. Let J! be t r ans fe rab le .  I f  a ,  b and c C L a r e  

t h r e e  pai rwise  incomparables and d C L such t h a t  d i s  no t  i n  t h e  

s u b l a t t i c e  generated by a ,  b and c ,  then e i t h e r  d 5 abc o r  

a + b + c 5 d .  

proof.  BY d u a l i t y  we again assume t h a t  ab = ac  = bc.  For proof 

by con t rad ic t ion  we assume t h a t  the re  i s  a d C L which i s  not  i n  the  

s u b l a t t i c e  generated by a ,  b and c s a t i s f y i n g  a + b + c g d and 

d 2 abc. BY Lemma 10.2 d i s  comparable with a t  l e a s t  one of a ,  b 

and c ,  and d i s  comparable with a t  l e a s t  one of a + b ,  a + c and 
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b + c .  BY symmetry and d u a l i t y  only the  following th ree  cases need be 

examined. 

Case 1. abc < d < a .  N o w  bd = ad whence b + d < a + b, f o r  

otherwise d ,  a ,  b ,  ab and a + b would form 9 see  Figure 10.1, 5 ' 
and no d i s t r i b u t i v e  l a t t i c e  contains f15 as  a  s u b l a t t i c e .  Fur the r ,  

b +  c < b +  c +  d <  a + b +  c ,  s ince  otherwise a + b ,  b +  d and 

b + c generate a  copy of 115- We the re fo re  obta in  

Since b + d is  join reducible we conclude t h a t  one of a  + b and 

d + c + b i s  d + b contrary t o  assumption. This completes Case 1. 

Case 2. a < d < a + b. For t h i s  case we obta in  abc < bd < b 

s ince  otherwise a t  b and d generate a  copy of  9 Thus we a r e  
5 ' 

new i n  a  s i t u a t i o n  which i s  symmetric t o  Case 1. This concludes Case 2 ,  

Case 3 .  abc p d < a. For t h i s  case we have abc < d + abc 5 a. 

Thus e i t h e r  a  i s  both jo in  and meet reducible o r  we a r e  i n  Case 1. 

E i t h e r  p o s s i b i l i t y  y i e l d s  t h a t  C i s  not  t r ans fe rab le .  

 emm ma 10 .4 .  I f  I) i s  t r a n s f e r a b l e  of width 2 and f o r  each 

x c L -- { O , l } ,  where 0 and 1 a r e  the  l e a s t  and g r e a t e s t  elements 

of  L r e spec t ive ly ,  the re  i s  a y C L such t h a t  x and y a r e  

incomparable, then 9 i s  an n-runged diagonal ladder f o r  some n ) 2. 

proof. We proceed by induction on the  order  of 5? . Since C has 
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width 2 the  o rde r  of () P 4 .  I f  has  o r d e r  fou r ,  then i s  the  

diamond which i s  the  2-runged diagonal  l adde r .  We suppose t h a t  i f  

has  o r d e r  i where 4 5 i < m and s a t i s f i e s  t he  hypothes is  of  

t he  lemma, then it s a t i s f i e s  t h e  conclusion.  

For the  remainder of the  p roo f ,  l e t  be f i x e d  such t h a t  

s a t i s f i e s  t h e  hypothesis  o f  t he  lemma and has a  minimal o r d e r  2 m. 

Since an n+l-runged diagonal  ladder  has only 2 more elements than 

an n-runged diagonal  l adde r ,  and every diagonal  ladder  s a t i s f i e s  t h e  

hypothesis  of  t he  lemma, we have t h a t  t h e  o rde r  of  i s  a t  most mh. 

NOW the re  a r e  exac t ly  2 elements of  L which cover 0. To s e e  this, 

note  t h a t  the width condi t ion  impl ies  t h e r e  a r e  a t  most 2,  whi le  t h e  

o rde r  condi t ion  toge the r  with the  f a c t  t h a t  f o r  each x 6 L -- ( 0 ~ 1 )  

t h e r e  is a y 6 L -- { 0 , 1 )  wi th  x and y incomparable imply t h e r e  

a r e  a t  l e a s t  2. F ix  a  and b covering 0. Suppose a  and b a r e  

both meet reducib le .  We show t h a t  t h i s  leads  t o  a  con t r ad ic t ion .  

Clear ly  we can choose d i s t i n c t  x and y covering a .  S i m i l a r l y ,  

choose z and w covering b .  Now X I  y  and z a r e  no t  p a i m i s e  

incomparable. Without l o s s  of  g e n e r a l i t y  assume x 5 z .  S i m i l a r l y  

X, y and w a r e  n o t  incomparable. Sincc w comparable wi th  x 

y i e l d s  a  con t r ad ic t ion  e i t h e r  w 5 y o r  y  5 w.  I f  y  5 w then 

cont ra ry  t o  hypothes is ,  whence we have w C y.  Now i f  x < z then 

s i n c e  z covers b and b covers 0 we have t h a t  a ,  b  and x 

genera te  9 We must t h e r e f o r e  have t h a t  x = z. S imi l a r ly  we ob ta in  
5 ' 

= w ,  whence a  = xy = wz = b cont rary  t o  hypothes is .  Thus one of  
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a  and b  i s  meet i r r e d u c i b l e .  

Let a  be meet i r r e d u c i b l e .  We ncw a s s e r t  t h a t  a  + b covers  a .  

Suppose f o r  con t r ad ic t ion  t h a t  t h e r e  i s  a  d such t h a t  e i t h e r  a  < d < 

a + b o r  b < d < a  + b.  Since a  and b  a r e  t h e  only elements 

covering 0 ,  we conclude t h a t  a ,  b  and d  would genera te  
115 

whence L) would no t  be d i s t r i b u t i v e .  Thus a  + b covers  a  and 

s o  must be the  unique cover of  a  s i n c e  a  i s  meet i r r e d u c i b l e .  Let  

[ b ,  11 = L - ( 0 , a ) .  Then < [ b ,  11; +, > i s  a  d i s t r i b u t i v e  l a t t i c e  

of  width 2 ,  s i n c e  I [b ,  111 1 4 .  Fur the r  i f  x E [ b ,  11 .U ( b , l )  

then  f o r  some y E L x and y a r e  incomparable. Also i f  y  = a  

then x and a  + b a r e  incomparable, because x < a  + b impl.ies 

x E { ~ , a , b }  and x 3 a  + b impl ies  x 2 y both o f  which a r e  con t r a ry  

t o  hypothes is .  Since we can n o t  have x 5 a  + b ,  we a r e  done. L a s t l y ,  

no p o i n t  of  [ b ,  11 i s  both jo in  and meet r educ ib l e .  Thus < [ b ,  11 ; +, ) 

s a t i s f i e s  t h e  hypothesis  of  the  lemma. Now I[b,  111 < m whence 

< [b ,  11; +, * >  i s  an n-runged diagonal  ladder  f o r  some n.  We now 

have two cases .  

Case 1. n  = 2. For t h i s  case i t  i s  c l e a r  t h a t  I) i s  the  3-runged 

d iagonal  ladder .  

Case 2.  n  2 3. For t h i s  case we ob ta in  t h a t  h) i s  one o f  t he  

l a t t i c e s  p i c t u r e d  i n  Figure 10.2. Since only t h e  n+l-runged diagonal  

l adde r  i s  t r a n s f e r a b l e  we a r e  done. This completes t h e  lemma. 
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Theorem 10.2. I) i s  t r ans fe rab le  i f  and only i f  f o r  some p o s i t i v e  

i n t e g e r  n there  i s  a funct ion ,  f ,  such t h a t  

(1) f o r  each i C n  f  Li) i s  a s u b l a t t i c e  6) of  c? such t h a t  
.I. 

is  e i t h e r  3 o r  an rn-runged diagonal ladder  o r  t h e  1-element l a t t i c e ,  
i 8 

(2) L = . U  L and i c n  i 

( 3 )  i f  i c j C n  and x C L  and y C L  then x < y .  
i j 

proof.  I t  i s  easy t o  see  t h a t  i f  such a function e x i s t s  f o r  P 
then no po in t  of ? i s  both jo in  and meet reducible whence i? i s  

t r ans fe rab le .  

P For the converse we proceed by induction on the  order  of . 
Clearly the  r e s u l t  i s  v a l i d  i f  has order  1. We suppose t h a t  i f  

r> 
1 5 i < rn and i s  t r ans fe rab le  of  order  i then the  r e s u l t  i s  



v a l i d  f o r  ?. Let  b) be f i x e d  of o r d e r  m w i th  I! t r a n s f e r a b l e .  

such an e x i s t s  s i n c e  t h e  rn-element cha in  i s  t r a n s f e r a b l e .  Let  a  

be the  l e a s t  element of L  o t h e r  than  0  such t h a t  f o r  a l l  x € L 

e i t h e r  x  5 a  o r  a 5 x. Since 1 s a t i s f i e s  t h i s  cond i t i on  such 

an a  must e x i s t .  I f  a = 1 we a r e  done s i n c e  i t  i s  easy t o  s e e  

from Lemmas 1 0 . 1  - 10.4 t h a t  i s  e i t h e r  t h e  2-element cha in  o r  9f 
8 

o r  a k-runged diagonal  l adde r .  Thus suppose a  < 1. Since  i s  

t r a n s f e r a b l e ,  a  i s  e i t h e r  jo in  o r  meet i r r e d u c i b l e .  If  a  i s  j o i n  

r educ ib l e  then l e t  b  t h e  t h e  unique element covering a .  Were b 

n o t  unique a would be meet reducib le .  Then ( [b ,  11;  +, -> has  

o r d e r  < rn and i s  t r a n s f e r a b l e .  Fu r the r  < 10, a ]  ; +, * >  i s  t r ans -  

f e r a b l e  and a s  shown above < [ 0 ,  a ]  ; +, * > i s  e i t h e r  8 o r  a  
8 

k-runged diagonal  l adde r .  Let  f have domain n  and s a t i s f y  (1) - ( 3 )  

f o r  < [b ,  11 ; +, > , we de f ine  g on n  + 1 by 

i <[o, a ] ;  +, * >  i f  i = 0  

g ( i )  = 

f (i - 1) i f  i > O .  

rt i s  c l e a r  t h a t  g  s a t i s f i e s  (1)  - ( 3 )  f o r  11 . 
We now cons ider  the  case when a  i s  jo in  i r r e d u c i b l e .  Then a  

covers  0 by choice of a .  We then apply t h e  induc t ion  hypothes is  t o  

< [a, 1 1  ; +, *> and proceed a s  above. This  completes t he  proof  of 

the theorem. 

The r e s u l t s  given above a l s o  se rve  t o  c h a r a c t e r i z e  weakly t r a n s -  

f e r a b l e  d i s t r i b u t i v e  l a t t i c e s .  To s e e  t h i s  we have only t o  r e c a l l  

~ r s t z e r ' s  observa t ion  t h a t  i f  9' i s  weakly t r a n s f e r A l e  then no p o i n t  

of i s  both jo in  and meet r educ ib l e .  \Ye t h e r e f o r e  o b t a i n ,  



Theorem 10.3. i s  t r a n s f e r a b l e  i f  and only if b) is w e a l y  

t r a n s f e r a b l e .  
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