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I n  this s tudy  of l a t t i c e - o r d e r e d  groups,  we begin w i t h  t h e  fundamental 

p r o p e r t i e s  a s  found i n  t h e  book " L a t t i c e  Theory" by G. B i rkho f f ,  and then  

p re sen t  Hol land ' s  fundamental r e p r e s e n t a t i o n  of a  l a t t i c e - o r d e r e d  group a s  

a  group of o rde r  p re se rv ing  permuta t ions  of a  t o t a l l y  ordered  s e t .  

Hol land 's  work is  e s s e n t i a l  t o  t h e  d e s c r i p t i o n  of a  f r e e  l a t t i c e - o r d e r e d  

group a s  g iven  by P. Conrad. P. Conrad's r e s u l t s  on f r e e  l a t t i c e - o r d e r e d  

groups are a l s o  reviewed. T h i s  work c o n s t i t u t e s  t h e  major p o r t i o n  of t h i s  

t h e s i s .  

I f  G i s  an  1-group, then  G i s  1-isomorphic t o  a  s u b d i r e c t  product  of 

1-groups ( B  : O # ~ E G )  such t h a t  each B i s  a  t r a n s i t i v e  1-subgroup of t h e  
g  g 

1-group of automorphisms of a  t o t a l l y  ordered  set S where S is  t h e  set  
J.3 ' g 

of  a l l  r i g h t  c o s e t s  of a  convex 1-subgroup M of G which i s  maximal w i t h  
g  

r e s p e c t  t o  no t  con ta in ing  g. Furthermore, i t  then  fo l l ows  t h a t  G i s  a l s o  

1-isomorphic t o  an  1-subgroup of t h e  1-group of a l l  automorphisms of a  

t o t a l l y  ordered  s e t .  

On t h e  o t h e r  hand, every f r e e  group admi ts  a  t o t a l  o rde r .  From t h i s ,  

we  have t h a t  f o r  a  f r e e  group G ,  t h e r e  is  a  f r e e  1-group F  genera ted  by 

GIT, where T i s  a n  o-isomorphism, t h a t  i s ,  f o r  every o-homomorphism T from 

G i n t o  an 1-group H, t h e r e  exists a  unique 1-homomorphism o from F i n t o  

H such t h a t  t h e  fo l lowing  diagram 

iii 



c o m u t e s .  

F i n a l l y ,  f o r  a po-group G ,  t h e  fo l lowing  a r e  equ iva l en t :  

(1) There exists a f r e e  1-group over  G. 

(2) There e x i s t s  an o-isomorphism of G i n t o  a n  1-group. 

i- (3)  G = ( g : g > ~ )  i s  t h e  i n t e r s e c t i o n  of r i g h t  o rde r s .  
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INTRODUCTION 

The purpose of t h i s  s tudy  i s  t o  review some of t h e  developments i n  t h e  

theory  of l a t t i c e  ordered  groups c l o s e l y  r e l a t e d  t o  t h e  Holland represen-  

t a t i o n  f o r  l a t t i c e  ordered  groups and P. ~ o n r a d ' s  paper on f r e e  l a t t i c e  

ordered  groups. I n  Chapter .1 ,  a  d e t a i l e d  d i s c u s s i o n  of t h e  p r o p e r t i e s  

of r e g u l a r  and prime subgroups of an  1-group i s  p re sen t ed .  A subgroup 

H of a  l a t t i c e  ordered  group G i s  r e g u l a r  i f  and only  i f  t h e r e  i s  an 

element g€G such t h a t  H i s  a  maximal convex 1-subgroup of G w i t h  

r e s p e c t  t o  n o t  con ta in ing  g ;  a subgroup M of a  l a t t i c e  ordered  group 

G i s  prime subgroup i f  ?I i s  t h e  i n t e r s e c t i o n  of a  cha in  of r e g u l a r  

subgroups of G o r  M i s  a  convex 1-subgroup of G and a , b ~ ~ % f  imp l i e s  

aAb#O . 

Prime subgroups a r e  of p a r t i c u l a r  importance i n  ob t a in ing  represen-  

t a t i o n  of l a t t i c e - o r d e r e d  groups. I f  M is  prime subgroup of a  l a t t i c e  

ordered  group G,  t hen  t h e  set of c o s e t s  of M can be  endowed w i t h  

t o t a l  o r d e r ,  where a+-M>bSM, i f  and only i f  t h e r e  e x i s t s  m&M such 

t h a t  a+m>b. It fo l lows  t h a t  i f  M i s  bo th  prime and normal ( prime 

subgroup need n o t  be  normal, s e e  Example 1.22 ), then t h e  s e t  of 

c o s e t s  of M i s  a  t o t a l l y  ordered  group. The p r o p e r t i e s  of prime 

subgroups were u t i l i z e d  hy C. Holland i n  h i s  r e p r e s e n t a t i o n  theorem 

which i s  d iscussed  i n  Chapter 2. Observe t h a t  i f  M i s  r e g u l a r  then 

M is  prime ( Corol la ry  1.19 ) ,  and s o  we have t h a t  every 1-group 

always c o n t a i n s  prime subgroups. I n  Chapter 2, we p re sen t  t h e  Holland 

r e p r e s e n t a t i o n  of a  l a t t i c e - o r d e r e d  group G a s  a  s u b d i r e c t  product  



of ~ K B ,  where each KB i s  a  t r a n s i t i v e  1-subgroup of t h e  l a t t i c e  ordered  

group of order-preserying permutat ions on some t o t a l l y  ordered s e t ,  

where each t o t a l  o rde r  s e t  i s  t h e  s e t  of c o s e t s  of some prime subgroup 

of G. This  answered a  problem o r i g i n a l l y  posed by Birkhoff i n  t h e  

second e d i t i o n  of h i s  book on l a t t i c e  theory ,  i t  i s  an inva luab le  

t o o l  i n  t h e  s tudy of t h e  n a t u r e  and occurrence of l a t t i c e - o r d e r e d  

groups. I n  Chapter 3,  our  main concern i s  wi th  t h e  groups admi t t i ng  

a  l i n e a r  o rde r ,  which we s h a l l  c a l l  0-groups. We prove t h a t  a l l  f r e e  

groups a r e  0-groups, t h e  method is  s i m i l a r  t o  t h e  proof of Simbireva, 

Neumann Theorem: I f  a  group G  has  a  t r a n s f i n i t e  c e n t r a l  s e r i e s  ending 

wi th  c=={o) such t h a t  a l l  f a c t o r  groups C,/c,+l a r e  t o r s i o n  f r e e ,  

then G  i s  an  0-group. ( A descending cha in  G = G o 3  G 1 3 G 2 3 . .  . 3 G G G , + 1  

I....., w i t h  a a  v a r i a b l e  over  o r d i n a l s  l e s s  than  a  f i x e d  T i s  

c a l l e d  a  t r a n s f i n i t e  s e r i e s  of G  i f  G,+l i s  a ( normal ) subgroup 

of Ga such t h a t  t h e  commutator [G,  G,] i s  contained i n  G,+l and f o r  

a l i m i t  o r d i n a l  a, G, is  t h e  i n t e r s e c t i o n  of a l l  GB with  B<a. Clea r ly ,  

t h e  G, a r e  normal i n  G ) .  In  t h e  proof ,  a  theorem of Magnus-Witt 

is  used; t h a t  is, t h e  lower c e n t r a l  s e r i e s  of a  f r e e  group G  t e rmina te s  

a t  {o) a f t e r  w s t e p s ,  where w denotes  t h e  f i r s t  i n f i n i t e  o r d i n a l ,  

and t h e  f a c t o r  groups a r e  t o r s i o n  f r e e .  I n  Chapter 4 ,  l e t  T be a n  

0-isomorphism of a  p  o-group G i n t o  a n  1-group F. Th i s  means t h a t  

both IT and T" p re se rve  order .  Then ( P, IT ) i s  a  f r e e  1-group 

over G  i f  (i) G n  i s  a  s e t  of g e n e r a t o r s  of t h e  1-group F ( t h a t  is ,  

no proper  1-subgroup of P con ta ins  GT ), and ( i i )  i f  a i s  a n  O-homo- 

morphism of G  i n t o  an  1-group L ,  then  t h e r e  e x i s t s  an  1-homomorphism 

T of F such t h a t  



commutes. 

The fo l lowing  two theorems a r e  t h e  main r e s u l t s .  

Theorem 4.14. For a p o-group G t h e  fo l lowing  a r e  equiva len t :  

(1) There e x i s t s  a f r e e  1-group over G. 

(2) There e x i s t s  a n  0-isomorphism of G i n t o  a n  1-group. 

(3) G+={~&G; g>0) - i s  t h e  i n t e r s e c t i o n  of r i g h t  o rde r s .  

I n  p a r t i c u l a r ,  t h e r e  e x i s t s  a f r e e  1-group over  a t r i v i a l l y  

ordered group G ( t h a t  i s ,  G + = ~ o )  ) i f  and only  i f  G admits  a r i g h t  

o r d e r  and t h i s  i s  equ iva l en t  t o  G being a subgroup of a n  1-group. 

Thus i f  G is  a f r e e  group wi th  S a s  a f r e e  s e t  of g e n e r a t o r s  and 

a t r i v i a l  o rde r ,  then t h e r e  e x i s t s  a f r e e  1-group ( F, 'IT ) over  G. 

Moreover F is  a f r e e  1-group wi th  SIT a s  a f r e e  s e t  of gene ra to r s .  

That is,  Sa genera tes  t h e  1-group F and each mapping of SIT i n t o  an  

1-group L has  a unique ex tens ion  t o  an 1-homomorphism of F i n t o  L. 

Suppose t h a t  G i s  a p o-group such t h a t  G+=()P~ ,  where { P ~ ~ X E Q }  
A t L  



is t h e  s e t  of a l l  r i g h t  o r d e r s  of G such t h a t  P ~ ~ G ' .  For each 

AEQ l e t  Gh be  t h e  r i g h t  o-group ( G ,  PA ) and l e t  g+gA be  t h e  n a t u r a l  

isomorphism of G i n t o  t h e  1-group A(GA) of a l l  o r d e r  p re se rv ing  

permutat ions of t h e  t o t a l l y  ordered  set G where A ' 
xgh=xg f o r  a l l  XEG 

The d i r e c t  product  U(GA)  of t h e  1-group A(GA) w i t h  component-wise 

o r d e r  i s  a n  1-group, t h e  c a r d i n a l  product  of t h e  A(GA)'s. Now l e t  T 

be  t h e  n a t u r a l  map of G on to  t h e  subgroup of long c o n s t a n t s  of t h e  1- 

and l e t  F  be  t h e  1-subgroup o f  U(GA)  t h a t  i s  genera ted  by GT. It 

then  can be  shwon t h a t  

Theorem 4.13: (F, 'rr) i s  t h e  f r e e  1-group over  G. 

Note t h a t  i n  our  p r e s e n t a t i o n  of t h e  Conrad's Gene ra l i za t i on  

of t h e  Method used by Weinberg t o  c o n s t r u c t  f r e e  a b e l i a n  1-groups 

i s  used t o  c o n s t r u c t  f r e e  1-groups. The g e n e r a l i z a t i o n  is  q u i t e  

n a t u r a l  and i d e n t i c a l  w i t h  Weinberg's method i f  we r e s t r i c t  ou r  

a t t e n t i o n  t o  a b e l i a n  group. P ropos i t i on  4.15 i s  a  g e n e r a l i z a t i o n  

of one of t h e  P. Conrad's p ropos i t i ons .  

I n  ou r  c o n s t r u c t i o n  of t h e  f r e e  1-group over  a p o-group t h e  

key concept i s  t h a t  of  a  r i g h t  o-group. I n  t h e  papers  of P. Cohn, 

Groups of o r d e r  automorphisms of ordered  s e t s ,  Mathematika 4 (1957) 

/ 41-50 and P. Conrad, In t roduc t ion  2 l a  t h s o r i e  des  groups r e t i n l e s ,  

S e c r e t a r i a t  Mathematiques P a r i s  (1967) t h e r e  a r e  necessary  and s u f f i c i e n t  



cond i t i ons  g iven  a  group G t o  admit a  r i g h t  o rde r .  In  D .  Smirnov 

On r i g h t  o rdered  groups (Russian) ,  Akad, Nauk, SSSR S i b e r i a n  Dept. 

Algebra and Logic  5 (1966) v a r i o u s  r i g h t  o r d e r s  of  a f r e e  group 

a r e  i n v e s t i g a t e d .  

Notat ion:  Throughout t h e  whole t h e s i s ,  i n  g e n e r a l  we u s e  a d d i t i v e  

n o t a t i o n  a s  group o p e r a t i o n ,  except  i n  permutat ion group, we use  

m u l t i p l i c a t i v e  n o t a t i o n .  



Chapter One 

I n  t h i s  p re l iminary  chap te r ,  we s tudy  mainly prime subgroups 

of an  1-group. The r eade r  is  r e f e r r e d  t o  Birkhoff 111 and Fuchs [5 ]  

f o r  a  g e n e r a l  theory of l a t t i c e - o r d e r e d  groups. Here w e  may a l s o  

assume t h a t  t h e  r eade r  i s  f a m i l a r  w i t h  t h e  b a s i c  p r o p e r t i e s  of groups.  

D e f i n i t i o n :  By a  p a r t i a l l y  ordered  set i s  meant a system X i n  which 

a  b innary  r e l a t i o n  x37 i s  de f ined ,  which s a t i s f i e s  

( i )  For a l l  x ,  x l x .  ( Ref l ex ive  ) 

( i i )  I f  x l y  and y l x ,  then x=y. ( Antisymmetric ) 

( i i i )  I f  x l y  and y l z ,  then  x 2 z .  ( T r a n s i t i v e  ) 

D e f i n i t i o n :  A t o t a l l y  ordered  s e t  X i s  a  p a r t i a l l y  ordered  set i n  

Ghi.:h e i t h e r  x2y o r  ylx, f o r  every x,   EX. 

D e f i n i t i o n :  A p a r t i a l l y  ordered  group (G, <, + ) i s  such t h a t  

( i )  (G, I) is  a  p a r t i a l l y  ordered  s e t .  

( i i )  (G, +) i s  a group. 

( i i i )  xLy imp l i e s  a+xtb>a+y+b, f o r  a l l  a ,  b,  x ,  y&G. 

We d e f i n e  t o t a l l y  ordered  group s i m i l a r l y .  

D e f i n i t i o n :  (G, t, 5 )  i s  an  r i g h t  ordered group i f  and only i f  

( i )  (G, +) i s  a group. 

( i i )  (G, 5) i s  t o t a l l y  ordered.  

( i i i )  x ~ y  imp l i e s  x t a s y t a ,  %ox evexy x, y, aEG. 

We d e f i n e  l e f t  o rdered  group s i m i l a r l y .  

De f in i t i on :  A l a t t i c e  is a  p a r t i a l l y  ordered  s e t  P any two of whose 

elements  have a  g r e a t e s t  lower bound o r  'heet" d y ,  and l e a s t  upper 

bound o r  " join"  xVy. 



D e f i n i t i o n :  An I-group (G, I, +) is  such t h a t  

( i )  (G, 5 )  i s  a l a t t i c e .  

( i i )  (G, +) i s  a group. 

( i i i )  x l y  imp l i e s  a+x+b,a+y+b f o r  a l l  x, y ,  a ,  b&G. 

Theorem 1.1 Le t  G be  a group w i t h  i d e n t i t y  o. Le t  PGG be  such 

t h a t  ( i )  o&P 

(ii) P+PCP 

( i i i )  P U(-P)=G 

( iv )  pr\(-P)={O} 

(A) L e t  5 be  de f ined  on G by gLh i f  and only  i f  h-g&P. 

(B) L e t  - a be  def ined  on G by ggh i f  and only  i f  -g+h&P. 

Then t h e  o rde r  i n  (A) i s  a r i g h t  t o t a l  o rde r  and t h e  o r d e r  i n  (B) 

is a l e f t  t o t a l  o r d e r ,  Conversely,  l e t  5 and - a be  a r i g h t  t o t a l  o r d e r  

and a l e f t  t o t a l  o r d e r  on G r e s p e c t i v e l y ,  then  P={g; oSy, g ~ ~ j  and 

pl={g; oag; - g ~ ~ )  s a t i s f y  ( i )  t o  ( i v ) .  

Proof:  For  A. ( i )  x-x=o&P, f o r  every xeG, imp l i e s  xzx f o r  every 

XEG. 

( i i )  I f  x5y and ysx ,  t hen  y-x, x-YEP. But x-y=-(y-X)E-P. Hence 

X - ~ E P ~  (-P)={O}. Theref o r e  x-y=o. That i s  x=y. 

( i i i )  I f  x5y and y<z, where x ,  y ,  zcG, t hen  y-x and z-YEP. Hence 

(2-y)t (y-x) &P+PC- P. Theref o r e  z-x&P . Consequently , x5z. 

(iv) Le t  x, yEG. Then x-y&G. Theref o r e  x-YEP o r  x-YE(-P) . So 

x5y o r  y<x. 

We have thus  shown t h a t  "5" is a t o t a l  o r d e r  on G. Now suppose x s y  

f o r  some x,  y&G, cons ide r  x+a and y t a  f o r  any a€G, we have 

(y+a)-(x+a)=y+a-a-X=Y-x&P. Hence x+a<y+a, f o r  any a&G. Consequently 



(G, +, I) i s  a r i g h t  ordered group. 

S imi l a r ly ,  t h e  o rde r  i n  (B) i s  a l e f t  o rde r  on G. 

Conversely, l e t  "<" - be  a r i g h t  o r d e r  on G and P = ( ~ ;  ozg, ~ E G ) .  Then 

( i )  050 impl i e s  OEP. 

( i i )  For any gl, g EP, we have o<g , t h e r e f o r e  g t g  >o+g =g >o. 
2 1 1 2 -  2 2  

That is  gl+g2_>o. Hence P f P S P .  

( i i i )  C lea r ly  P U ( - P ) G G .  Let  ~ E G .  Then g>o o r  g>o, s i n c e  "<" - 

is  a t o t a l  o rde r  on G. Therefore  g&P o r  g&-P. Hence g&PU(-P) .  

That i s  G c P  u(-P) and hence P U(-P)=G. 

( i v )  Le t  g&Pn( -P ) .  Then g>o - and g<o. - Hence g=o (by ant isymmetry) ,  

so PO(-P)={o).  The r e s t  i s  c l e a r .  S i m i l a r l y ,  

+ Theorem 1.2. Le t  G b e  a p o-group and l e t  G =Ig; g&G, g>o) - b e  t h e  

s e t  of a l l  p o s i t i v e  elements i n  G. The fo l lowing  t h r e e  cond i t i ons  

a r e  equ iva l en t .  

(1) a<b - 
(2) b-a&G f 

(3) -afb&G t 

Moreover, 

( i )  OEG 
+ 

+ + + 
( i i )  G tG $G 

+ I- 
( i i i )  atG =G f a ,  f o r  a l l  aEG 

( iv)  ~ + n  (-G+)=I~)  

On t h e  o t h e r  hand, suppose t h a t  G' i s  a subse t  of G which possesses  

The p r o p e r t i e s  ( i )  - ( i v ) .  Then i t  is  easy t o  s e e  t h a t  G becomes 

a p o-group i f  one d e f i n e s  a r e l a t i o n  - < on G by f<g  - i f  and only i f  

+ 
g-f and -f+g&G . 



P r o p o s i t i o n  1.3.  A p o-group i s  a n  1-group i f  and only i f  f o r  a l l  

a E G ,  avo e x i s t s .  

Proof:  I f  G i s  an 1-group, then obvious ly  avo e x i s t s  f o r  a l l  a€G. 

Conversely,  l e t  G be  any p  o-group i n  which avo exists, f o r  a l l  a .  

Then (a-b)Vo+b e x i s t s ,  i t  i s  no t  hard t o  s e e  t h a t  (a-b)Voi-b i s  t h e  

l e a s t  upper bound of a  and b. S i m i l a r l y  aAb always e x i s t s  i n  G. 

Theorem 1 .2  and p r o p o s i t i o n  1.3 g i v e s  

-I- Theorem 1.4.  For any 1-group G ,  l e t  G be  t h e  set of i ts  p o s i t i v e  

+ 
elements ,  t h a t  i s  G ={g; g l o ,  ~ E G ) .  The fo l lowing  t h r e e  c o n d i t i o n s  

a r e  equ iva l en t .  

(1) a<b. - 
+ 

(2) b-a€G . 
+ (3) -a+b~G . 

Moreover, 

-I- 
(i) o€G . 

+ + ( i i )  G +G C ~ + .  
+ + 

( i i i )  a+G =G +a, f o r  a l l  a€G. 

-I- + 
( i v )  G A(-G )={o). 

+ 
(v) aVoEG , t h a t  i s  avo e x i s t s ,  f o r  a l l  ~ E G .  

On t h e  o t h e r  hand, i t  i s  easy t o  see t h a t  i f  G' is  a  subse t  of G and 

has  t h e  p r o p e r t i e s  (i) - (v) ,  then G becomes an 1-group i f  one d e f i n e s  

+ 
a r e l a t i o n  5 on G by f < g  - i f  and only i f  g-f and - f+g~G . 
Notat ion:  T h e r e a f t e r ,  a  p a r t i a l  o r d e r  P o r  a n  r i g h t  o r d e r  P on G 

i s  meant t h a t  p=Ig>o, - g ~ ~ )  under t h a t  p a r t i c u l a r  o rde r .  

D e f i n i t i o n :  A subgroup C of (G, 5 +) i s  convex, provided C c o n t a i n s  

a long w i t h  x>o - a l s o  a l l  y 's such t h a t  x lyzo .  Hence C i s  convex i f  



and only  i f  f o r  any c c EC,  c1<CZc2, w e  haye CEC. 
1' 2 

Lemma 1.5. L e t  C be  a convex subgroup of a p a r t i a l l y  ordered  group 

G. Le t  R ( c ) = I c + ~ ~ ~ E G }  be  t h e  set of a l l  r i g h t  c o s e t s  of C i n  G. 

I f  we d e f i n e  C+g<Cth - t o  mean that t h e r e  exists CEC w i th  c-tgch, - then  

t h i s  d e f i n e s  a p a r t i a l  o r d e r  on t h e  s e t  R(C). 

Proof : ( i )  C+g<C+g - , f o r  every g&G. (Reflexive)  

( i i )  I f  C g  <C+g2 and C+g <C+g Then t h e r e  exist c c EC, such 1- 2- 1' 1' 2 

t h a t  c +g <g and c2+g2<gl. The re fo re  c +c +g < c  +g <g Hence 1 1- 2 2 1 1- 2 2- 1' 

o<c +g -g -c <g -g -c - 2 2 1-1 2- 1 1 1-C2=-C1-C2. Consequently c +g -g -c EC,  
2 2 1-1 2 

by convexi ty .  So g -g EC. Hence ~ + g  -g =C. It fo l lows  t h a t  
2 1 2 1 

C+g =C+g (ant isymmetr ic) .  
2 1 

( i i i )  I f  C+gliC+g2and C+g < C g  Then t h e r e  exist cl, c EC such 
2- 3' 2 

t h a t  c +g <g and c2+g22g3. Therefore  c +c +g < c  +g 1 1- 2 2 1 1- 2 21g3' So ~ ~ + c ~ + g ~ 2 g ~ ~  

Hence C+g <C+g ( T r a n s i t i v e ) .  Consequently "<" i s  a p a r t i a l  o r d e r  on 
1- 3 - 

I n  a n  1-group, t h e  fo l lowing  p r o p e r t i e s  a r e  t r i v i a l l y  v e r i f i e d :  

( i )  a+(xVy)= (a+x)Y (a ty )  and (xVy)+b= (x+b)V (y+b) . 
( i i )  a+(xAy) = (a+x) A ( a ty )  and (xAy)+b= (x+b)A (y ib)  . 

(iii) - (aVb) = (-a)A (-b) and - (aAb)= (-a)V (-b) . 
Def in i t i on :  A subgroup of a n  1-group G which is  a l s o  a s u b l a t t i c e ,  

i s  an  1-subgroup. A convex 1-subgroup is  a convex subgroup and a l s o  

a s u b l a t t i c e .  

Lemma 1.6: I n  lemma 1.5,  i f  G i s  an  1-group and C i s  a s u b l a t t i c e ,  

then R(C) is  a l a t t i c e  w i t h  (C-tx)V (C+y)=c+xYy and (c+x)A ( ~ + ~ ) = c + x A y .  

Proof:  Note t h a t  C+xVy>C+x, - C+y. Now suppose C+g>C+x, - C+y. Then 



t h e r e  e x i s t  c  c  EC, such t h a t  cl+x<g,.c2+yjg. Hence x<-c t g  and 
1' 2 .. - 1 

<-c2tg. Theref o r e  xVyi (-cl+g)Y (-c2+g)= (-cl)Y (-c2)+g=ctg, where Y, 

c=(-c )V(-c )&C, s i n c e  C i s  a  s u b l a t t i c e .  Hence xVy:c+g. The re fo re  
1 2 

C+xVy<C+g. - Consequently C+xYy= (Ctx)V (C+y) . Dually C+xAy= ( c + x ) ~  (C+y). 

Hence R(C) i s  a  l a t t i c e .  

Example 1.7:  Le t  C b e  t h e  s e t  of a l l  complex numbers, then  (C, 2 ,  +) 

is a  p a r t i a l l y  ordered  group i n  which atbiKc+di  - i f  and only  i f  b=d 

and a<c.  - But (C, - <, +) i s  n o t  an 1-group. 

Example 1.8: Let  R be  t h e  s e t  of a l l  r e a l  numbers, then  (R, <, - +) 

i s  a n  1-group w i t h  u sua l  o rde r .  

Example 1.9: Le t  Z be  t h e  s e t  of  a l l  i n t e g e r s ,  then  (a, 5 ,  El) i s  

a n  1-group wi th  p a r t i a l  o r d e r  de f ined  by (a ,  b ) < ( c ,  - d ) ,  i f  and only  

i f  a < c  and b<d. - - 
The fo l lowing  p r o p o s i t i o n  1.10 i s  important  i n  Chapter  2 ,  and a l s o  i s  

a n  example of non-abelian 1-group. ' 

D e f i n i t i o n :  Le t  S be  a  t o t a l l y  ordered  se t ,  and l e t  G b e  t h e  group 

of a l l  f u n c t i o n s  f :  S - S such t h a t  f  i s  one t o  one, on to  a d  t h e  

i n e q u a l i t y  x<y (x, YES) imp l i e s  t h a t  x f < y f .  We c a l l  such a  f u n c t i o n  a n  

automorphism of S. 

P r o p o s i t i o n  1.10: ~ . f  f  and g  a r e  automorphisms of S, then  d e f i n e  f<g - 
i f  xfqxg - f o r  a l l  XES. Then t h i s  d e f i n e s  a p a r t i a l  o r d e r  on G under 

which G i s  a  l a t t i c e - o r d e r e d  group. 

Proof:  L e t  G be  t h e  group of a l l  automorphisms of S. Then 

(i) f < f ,  - f o r  every f&G. 

( i i )  I f  f<g  and g<f - , then  xf<xg - and xg<xf - , f o r  every XES. Hence xf=xg , 

f o r  every xeS; s i n c e  S is  t o t a l l y  ordered.  Therefore  f=g .  



( i i i )  Suppose f z g ,  and g<h. Then xf<xg and xg<xh, f o r  every XES. - - - 
Therefore  xfcxh ,  f o r  every x&S. Consequently fqh. .? - 
Therefore  "<tr - is  a p a r t i a l  o r d e r  on G, 

Now given  any f ,  ~ E G ,  we d e f i n e  F by xFcsfVxg, f o r  every xsS .  

Suppose x>y ,  x, YES, t hen  xF=xfVxg>yfVyg=yF, s i n c e  S i s  t o t a l l y  ordered.  

Therefore  P i s  order -preserv ing ,  and hence F i s  one-one. Fur ther -  

more, i f  YES, t hen  t h e r e  e x i s t  x x ES, such t h a t  x f=y ,  x g=y. 
1' 2 1 2 

Without l o s s  of g e n e r a r i t y ,  s ay  x >x we g e t x  f < x  f=y=x g. 1- 2' 2 - 1  2 

That i s  x2g>x2f.  - Hence x F=x fVx g=x g=y. Therefore  F is  onto .  
2 2 2 2  

Consequently FsG. Note t h a t  F > f ,  - g. Now l e t  h > f ,  - g .  Then 

h(x)>f (x)  - and h (x)>g - (x) , f o r  every xES. Therefore  xh>xfVxg - , f o r  

every XES. Hence h>F. - Consequently F=fVg. S i m i l a r l y  f A g ~ s .  

Hence G i s  a l a t t i c e .  F i n a l l y ,  l e t  f>g&G. - Consider h f h  and 
1 2  

hlgh2, where h h2&G. Then xh =xh f o r  every XES. Therefore  
1 ' 1 1  

xh f>xhlg, f o r  every xsS. So xh f h  >xhlgh2, f o r  every  XES. That 
1 - 1 2- 

is  hlfh21hlgh2. Hence G i s  a n  1-group. 

D e f i n i t i o n :  A subgroup H of  G is t r a n s i t i v e ,  i f  and only i f  f o r  

every x ,  y &S, t h e r e  e x i s t s  h&H, such t h a t  xh=y. 

No ta t i on ;  F o r  x & G ,  and G is  an  1-group. 1x1 =xv(-X) . 

+ 
Lemma 1.11: Let  G b e  an 1-group and a EG, x, YEG . 
(i) a = a ~ o + d o .  

(ii) ( a ~ o ) A  (C-a)Vo> =o . 
( i i i )  ( a 1 =aYo+ (-a)Vo . 
( iv)  xhyco impl ies  x+y=y+x. 

+ 
(v) Let b ,  csG be  such t h a t  bhc=o and a=b-c. Then b=aVo, c=(-a)Vo. 

I n  o t h e r  words, b=aVo, c=(-a)Vo a r e  t h e  unique elements of G such 



t h a t  bAc=o, a=b-c. 

Proof : ( i )  a-&=a+(-a)~o= (a-a)V (a+o)=oVa . Hence a=aVo+aAo . 
( i i )  (a~o)A((-a)~o)=(a+o~(-a))AC(-a)Vo)=(Ca-(aflo))A~-Caflo))=aAo-aAo=o. 

( i i i )  aV(-a)=(aVC~a))vo+CaV(-a))Ao by ( i )  

=aV ( - a ) ~ o -  ((-a)Aa)Vo>o - . Hence avo+(-a)Vo= (a+(-a)Vo)V (o+(-a)Vo) 

=([a-a)va)v ((-a)Vo) =oVaV (-a)vo=av(-a) = 1 a 1 . 
( iv)  xAy=o imp1 i e s  x+y=x+xAy+y=x+ (-x)V (-y ) +y= (x-x+y ) V (x-y+y ) 

=yVx=xVy=y+x, s i n c e  xAy=yl\x=o. Hence x+y=y+x, i f  xfly=o. 

(v) I f  a=b-c, t hen  b=a+c. Hence o=bAc= (a+c)Ac=aAo+c. Theref o r e  

c=- ( d o )  = (-a)Vo , and b=a+c=a+(-a)Vo=oVa. 

Coro l l a ry  1.12 : I f  G i s  an 1-group. Let H b e  

-I- 
such t h a t  H D G  . Then H-G. 

Proof : For every  aEG, we have avo, -(aAo) EN. 

That is,  H=G. 

+ 
Lemma 1 .13  : Le t  G b e  an 1-group, . x ,  y , ZEG . 

a subgroup of G, 

Hence a=aVo+aAo&H. 

Then xA (y+z) <xAy+xhz. - 

i To prove Lermna 1.14,  we need t h e  r e s u l t  from Birkhoff  111 P .  134 

t h a t  "A l a t t i c e  G i s  d i s t r i b u t i v e  i f  and only  i f  aAx=aAy and aVx=aVy 

imp l i e s  x=y ,  f o r  every a ,  x, y EG. 

I Lemma 1 .14 ;  Any 1-group is  a d i s t r i b u t i v e  l a t t i c e .  
! 

Proof;  Le t  G b e  an 1-group, a ,  x, yeG and al\x=aAy, aYx=aVy. 

We know t h a t  a-ab+x=ai- (-a)V (-x)fx= (a-a+x)V(atx+x) =xVa . Theref o r e  

x=al\x-a+xVa=aAy-a-I-yVa by assumption 



The f o l l o w i n g  lemma i s  u s e f u l .  

Lemma 1 . 1 5  (A. H. C l i f f o r d  1 4 1 ) ;  L e t  G b e  a n  1-group. L e t  PI b e  a 

1- convex I-subgroup of G ,  L e t  a ,  bEG . F Q ~  any x,  l e t  G(M, x) d e n o t e  

t h e  s m a l l e s t  convex 1-subgroup of G c o n t a i n i n g  M and x .  I f  x > o ,  

t 
t h e n  G (M, x ) = l g  ; 1 liml+xtm2+x+. . . . .hnn+xhon+l, f o r  some miaM 1 .  

Moreover G(M, a ) r \ ~ ( ~ ,  b)=G(M, aAb). 

Proof :  L e t  A = I ~ ;  I g  l5m +x+m +x+. . . . . + 
1 2 

hnn+xhontl, miM 1. S i n c e  

G(M, x )  i s  a subgroup and c o n t a i n s  M and x ,  i t  i s  c l e a r  t h a t  G(M,x) 

c o n t a i n s  a l l  e x p r e s s i o n s  of t h e  form m +xtm +x+..... 1 2  +"n+x+"n+l. 

Moreover o< - 1 1 , f o r  every  ~ E G ,  hence  G (my x ) 2 A ,  by convex i ty .  

Now i f  lg l<m +x+m +x+. . .. .+m +xtmptl, and lg21<n +x+n +x+. . . . . n  +x+nqfl, 
1 - 1  2 P - 1 2 4 

+ 
m i' n.EM J . Then (glVg2)V(-(glVg2))=glVg2V((-gl)A(-g2) )l.(glVg2)V(-glV-g2) 

=(glV(-gl)Vg2V(-g2)= Ig l l~ lg21<m - 1 1  Vn +xtn  2 2  Vm t x f .  . . . .-ia Vn +x+. . . . .+nq+x+nq+ly 
P P 

s i n c e  m.Vn.>m n and assuming t h a t  q>p. T h i s  i m p l i e s  g Vg &A. 
1 1- i' i' - 1 2  

Fur thermore,  suppose g l ,  g 2  &A, and g l ig ig2 ,  t h e n  -g <-g<-g Hence 
2- - 1' 

Ig1-g2 l=(gl-g2)~(g2-gl)<gl~(-gl)fg2~(-g2)= lgl I f  lg2 I .  T h e r e f o r e  gl-g2&A. 

Consequent ly ,  A is  a convex 1-subgroup of G c o n t a i n i n g  M and  x .  Tha t  

i s  G(M, x)=A. Now suppose t h a t  a ,  ~EG'; we g e t  o<aAb<a - - and o<aAb<b. - - 

I 1 <ml+a+m t a t .  . . . . im + a h  2 p+l and 1 1 z n  +b+n t b t .  . . . .+n tbCn 1 2  9 q + l Y  

where m n .  EM-' , t h e r e f o r e  
i' J 



+m A(n +b+n2+b+.....+n +b+n )<m +(n +aAb+n +aAb+.....+n +db+nqcl) 
p+l 1 q q+l 1 1 2 q 

+. . . . . -h +(nl+aAb+n +aAb+. . . . . +n +aAb+nq+l) hnp+l EG (M , aAb ) . 
P 2 9 

Hence G(m,  a ) m ( M ,  b)=G(M, aAb). 

We now cons ide r  some p r o p e r t i e s  of prime subgroups of  a n  

1-group, which a r e  important  i n  t h e  r e s p r e s e n t a t i o n  of an 1-group 

as a t r a n s i t i v e  1-subgroup of t h e  1-group of automorphisms of a n  

ordered  set t o  be  observed i n  Chapter 2. 

D e f i n i t i o n :  Le t  H b e  a convex 1-subgroup of an 1-group G. I f  

t h e r e  is  an element ~ E G  such t h a t  H i s  a maximal convex 1-subgroup 

of  G w i t h  r e s p e c t  t o  n o t  con ta in ing  g ,  t hen  H is  c a l l e d  a r e g u l a r  

subgroup. 

Theorem 1.16: For a convex 1-subgroup M of an 1-group G ,  t h e  

fo l lowing  a r e  equ iva l en t .  

( i )  If A and B a r e  convex 1-subgroups of G such t h a t  A i I ) B E M ,  

t hen  e i t h e r  A G M  o r  BGM. 

( i i )  If A,  B a r e  convex 1-subgroups of G ,  A T M  and B q M ,  

then A()BqM. 

+ + 
(iii) If a ,  b&G \M, t hen  aAb&G \ M .  

+ ( i v )  I f  a ,  ~ E G  \M, t hen  ahbfo. 

(v) The l a t t i c e  R(M) of r i g h t  c o s e t s  of  M i s  t o t a l l y  ordered .  

(v i )  The s e t  of convex 1-subgroups of G which c o n t a i n  M 

form a t o t a l l y  ordered  set (under i n c l u s i o n ) .  

( v i i )  M is t h e  i n t e r s e c t i o n  of a cha in  of r e g u l a r  subgroups. 

Proof:  W e  prove t h a t  ( i )  =P ( i i )  3 ( i i i )  + ( i v )  =% (v) + (v i )  

=) ( v i i )  3 (i) . 



i i .  I f  A n B = M ,  then ,  by ( i )  , AGM o r  BEM, c o n t r a d i c t i o n .  

Hence A n  B 2  M. 

i 9 i . Since  G(M, a)? M y  G(M, b ) ~  M, we have by ( i i )  

+ 
G(M, a)(lG(M, b)=G(M, aAb)qM. Therefore aAbkM, and so  aAb&G + M .  

+ 
( i i i )  =? ( i v )  Let  a ,  ~ E G ~ M .  Then d b & G  \ M y  by ( i i i )  . Hence 

aAb#o . 
( i v )  + (v) .  By way of c o n t r a d i c t i o n ,  i f  n e i t h e r  M+g<M-t-f nor  

M+fSM+g, then  o<g-gAfj%, s i n c e  o the rwi se  M+g=M+gAflM+f. Likewise 

o<f-gAf&. But (g-gAf)A(f-gAf)=gAf-gA•’=o, a  c o n t r a d i c t i o n .  

Hence R(M) is t o t a l l y  ordered .  

(v) 9 ( v i ) .  Let  MI,  M b e  convex 1-subgroups of G which con ta in  M. 2  
+ 

Suppose M and M a r e  incomparable,  t hen  t h e r e  e x i s t  ml, m2&G , 
1 2 

+ + 
such t h a t  m EE.f l M 2  and m2&M2\M1 by Corol la ry  1.12. Without 

1 1  

l o s t  of g e n e r a l i t y ,  we may assume t h a t  M-hn 1 2  2Mi-m > M y  t hen  t h e r e  

e x i s t  m y  mlEM,  such t h a t  mfm 2m 2m'. Thi s  impl ies  m2&M1, by 
1 2  

convexi ty,  a  c o n t r a d i c t i o n .  Hence t h e  s e t  of convex 1-subgroup 

of G which con ta in  M form a  t o t a l l y  ordered s e t .  

( v i )  * ( v i i ) .  I f  M i s  a  maximal convex 1-subgroup of G w i t h  r e s p e c t  

t o  not conta in ing  some g&G, we a r e  done. For every o#g&G and 

g w ,  t h e r e  e x i s t s  a maximal convex 1-subgroup of G w i t h  r e s p e c t  

t o  not  conta in ing  g  i n  t h e  s e t  of ( v i ) .  For every g#o, gdM, we 

denote one of such subgroups by C . Then n c 3,. c l e a r l y ,  
. g O # ~ E G  g  

t h e  s e t  of a l l C  's i s  t o t a l l y  ordered ,  s i n c e  C 's a r e  i n  t h e  set 
g  g  

of (vi)  . Let  g B ,  ~ E G .  Then g f ~  . Hence gk C . That i s ,  
g o#g&G g 

g f i  



( v i i )  3 ( i ) .  Suppose M is  r e g u l a r .  I f  t h e r e  e x i s t  a ,  b such t h a t  

+ + 
a€A \M and b&B \M, then  a fb ,  by hypothes is .  Now 

G(M, a)nG(M,  b)=G(M, aAb)=M, s i n c e  aAbEAnB and A ~ B S M .    or ewer 
G(M, a)$M and G(M, b)?M, b u t  then  M is  not  r e g u l a r .  Because 

gB impl ies  t h a t  gfG(M, a )  o r  gfG(M, b) . Consequently, A S M  o r  

Now suppose M is  an i n t e r s e c t i o n  of a cha in  o f  a r e g u l a r  subgroups 

C where C i s  a r e g u l a r  subgroup wi th  r e s p e c t  t o  not  con ta in ing  
g 8 

grG. That is ,  suppose t h a t  AnBGM=n C . Then A ~ B G C  f o r  
g& g g ' 
i3EG 

every such C . Therefore  A S C  o r  BGC by previous  argument. 
g g g 

I f  t h e r e  e x i s t  C and C of  such t y p e  such t h a t  A G C  , B$C , 
8 1  2 % 81 

and B E C  , A $ C  , t hen  from A G C  --and A ~ C  , we have C S C  , 
82 81 g i 82 82 81 

s i n c e  t h e  s e t  of such Cg's a r e  t o t a l l y  ordered.  S i m i l a r l y ,  C SC. , 
gl g2 

a c o n t r a d i c t i o n .  Hence A G C  f o r  every such C o r  B S C  f o r  every 
g g g 

such C . That i s  A G ~ \ C  o r  B G ~ C  . Hence AGM o r  BGM.  
g g g 

D e f i n i t i o n :  ( a )  Let  G and H be  p o-groups. Then a n  o-homomorphism 

0 from G i n t o  H i s  an i s o t o n e  homomorphism: t h a t  i s  t o  say 8 is 

a group homomorphism such t h a t  f o r  any x ,  y&G, i f  x l y ,  then  x€I<y€I. 

(b) If G and H a r e  1-groups, then  an  1-homomorphism 0 from G 

i n t o  H i s  an o-homomorphism such t h a t  f o r  any x,  y&G, 

(xVy) B=x8Vy8. . . . . ( i )  

(xAy)€I=x0Ay €I.....( i i )  

(d) An 1-isomorphism 8 from 1-group G i n t o  1-group H i s  an  o- 

isomorphism from G i n t o  H such t h a t  ( i )  and ( i i )  of ( c )  hold.  



Remark: An o-homomorphism need not  be  an 1-homomorphism. Consider 

t h e  1-group G of a l l  continuous func t ions  from [ o ,  1 1  i n t o  r e a l s .  

Le t  H b e  t h e  1-group of a l l  l i n e a r  f u n c t i o n s  from [o ,  11 i n t o  

r e a l s .  Then H is a  subgroups of G. The i n c l u s i o n  mapping from H 

i n t o  G is an o-homomorphism b u t  no t  an  1-homomorphism. 

D e f i n i t i o n :  The Card ina l  product  of 1-groups A i E I ,  denoted 
i ' 

i s  t h e  d i r e c t  product II A.  w i th  t h e  p a r t i a l  o rde r  de f ined  
I 1 

by a20 i f  and only  i f  a  >o,  f o r  every i E I ,  where a&.n  A.  and a.&A 
i - 1&I 1 1 i' 

To v e r i f y  A .  is  an  1-group i s  rou t ine .  

D e f i n i t i o n :  G is  1-isomorphic t o  a  subd i r ec t  product  of 1-groups 

I A ~ ;  ~ E I ]  i f  2nd only i f  t h e r e  is  an  1-group monomorphism 

k:G --+A= such t h a t  kn.  i s  an epimorphism f o r  a l l  i&I, 
1 

where n  :A - A .  is  t h e  ith p r o j e c t i o n .  
i 1 

Corol la ry  1.17:  Every a b e l i a n  1-group is  a  s u b d i r e c t  product 

of a b e l i a n  o-groups . 
Proof :  Let  C b e  a  maximal convex 1-subgroup wi th  r e s p e c t  t o  no t  

g  

conta in ing  ~ E G ,  t hen  C AG and G / C  =R(C ). Hence G / C  i s  an  a b e l i a n  
g  g  g  g  

o-group . Define f  :G - R= 1 11 1 R ( C ~ )  by 
ofgeG 

x f = (  ..., C $-X, ... ),  f o r  every xeG. 
g 

Clea r ly  f  i s  an  1-homomorphism. Furthermore, O Z ~ E G ,  t hen  C S ~ # C  . 
g g 

Hence gk ke r  f .  It fo l lows  t h a t  f i s  one t o  one. Moreover f p  
g 

is  an  epborph i sm f o r  a l l  g f o ~ G ,  where p is  t h e  p r o j e c t i o n  from 
g  

R onto  R(C ). Consequently, G is  a  subd i r ec t  product  of GIC 
g g  ' 

f o r  every o#geG. 

Def in i t i on :  Any convex 1-subgroup of an  1-group G which s a t i s f i e s  

one of t h e  cond i t i ons  i n  Theorem 1.10 is c a l l e d  prime. 



Coro l l a ry  1.18: I f  A and B a r e  primes, then A n B  i s  prime, i f  

and only  i f  A and B a r e  comparable. 

Proof:  A ~ B  i s  prime, t hen  i f  AqmB and B ? A n B ,  t hen  A ~ ) B ~ A ~ ) B ,  

by ( i i )  of Theorem 1.16,'a c o n t r a d i c t i o n .  Therefore ,  A = A q B  o r  

B = A n B .  Hence A 3 B  o r  B c A .  Conversely,  i f  A 3 B  o r  B c A ,  then 

AnB=Bor A which i s  prime. 

Coro l l a ry  1.19: I f  t h e  convex 1-subgroup M i s  r e g u l a r ,  then  M 

i s  prime. 

Proof : By ( v i i )  of Theorem 1.16. 

Coro l l a ry  1.20:  I f  A ,  B,  C a r e  r e g u l a r  subgroups w i t h  r e s p e c t  

t o  no t  con ta in ing  some g#o&G, and A ,  B, C a r e  d i s t i n c t ,  t hen  

A ~ * c .  

Remark: From Coro l l a ry  1.18, w e  know t h a t  t h e  p. o.  set of 

prime subgroups looks  l i k e  t h e  r o o t s  o f  a  t r e e  i n  p i c t u r e ,  w e  

c a l l  i t  a  r o o t  system. The fo l lowing  diagram i s  a  r o o t  system. 



where B and B a r e  r e g u l a r ,  and B covers  B 
1 2 1' B2 That  i s  t h e r e  

i s  no prime subgroup between B ,  B and B,  B i n  t h e  diagram. 
1 2 

P r o p o s i t i o n  1 . 2 1  For  any prime subgroup A of an  1-group G ,  

t h e r e  e x i s t s  a minimal prime subgroup M w i t h  M C A .  

Proof: Le t  B ~ ~ A ~ ,  w h e r e  {A : ii1) i s  a cha in  of prime s&groups. Then 
i 

+ + + i f  a , b & G \ ~  we have a , b € ~  \ A i  f o r  some i. Hence aAb&G \Ai 

That i s  afl b6Ai. Hence a n  b6B. Consequently a n  ~ € G + \ B .  

That i s ,  every cha in  of prime subgroups i s  bounded:beJ;ow. Hence by 

~ o r n ' s  Lemma, f o r  any prime subgroup A ,  t h e r e  e x i s t s  a minimal prime M w 

w i t h  M C A .  

Example 1.22: Le t  G be  t h e  s t a b l i z e r  of "x" i n  A(X), t h e  1-group of  a l l  

antomorphisms of t o t a l l y  ordered  set X.  Then i f  ~ , ~ € A ( x ) < G ,  we have 

xa  # x # xb. Hence x ( a ~ . b )  = x a A x b  = xa o r  xb # x,  s i n c e  X is  

t o t a l l y  ordered .  That is  a Ab  # i. Therefore  G i s  prime. 

We c la im t h a t  i f  X i s  a c t u a l l y  t h e , s e t  of r e a l  numbers t hen  G is  a l s o  

r e g u l a r .  Now suppose g&G, then  xg # x.  For any x # a&X, w e  have 

(i! I f  x>xg>a, t hen  t h e r e  e x i s t s  go&G such t h a t  xggo= a .  

( i i )  I f  x>a>xg, t hen  t h e r e  e x i s t s  go€G, such t h a t  xggo= a .  

(iii j I f  a>x>xg, then  e i t h e r  a>xg-l>x o r  xg-lW>x. 

I n  e i t h e r  ca se ,  t h e r e  e x i s t s  go&G, such t h a t  xg'lgo = a .  

( i v )  Note t h a t  t h e  remaining c a s e  is  xg>x>a. I n  t h i s  ca se ,  we have 

e i t h e r  x>xg-l>a o r  x>a>xg-'. Hence, t h e r e  e x i s t s  goaG, such t h a t  

xgmlgo  = a .  Therefore ,  A(X) = G u ggoG 
go&G 

u g-lgoc 

1 C< G,g> = G U ~ G  ug- G 

That is ,  A(X) = <G,g>. Consequently,  G is  r e g u l a r .  



Remark: Le t  ~ E G ,  feA(X)\G. Then xf $ x. Hence x fg  # x. Therefore 

x fg f - I  # x. That is  f g f - l  $ G. Hence G is  no t  normal. 

P ropos i t i on  1.23. I f  every minimal prime subgroup of G i s  normal, then  

G is a s u b d i r e c t  product of o-groups. 

Pf :  The proof i s  s i m i l a r  t o  t h a t  of Corol la ry  1.17. Note t h a t  f o r  every 

g&G, t h e r e  e x i s t s  r e g u l a r  subgroup Cg of G w i th re spec t  t o  n o t  con ta in ing  

g. Hence t h e r e  e x i s t s  a  minimal prime subgroup MgGCg and M+g # M. 

Lemma 1.24: If  G i s  an 1-graup, t h e  fo l lowing  a r e  equiva len t :  
b 

(1) G i s  t o t a l l y  ordered.  

(2) Every convex 1-subgroup of G i s  prime. 

(3) The set of a l l  prime subgroups of G, r(G) i s  t o t a l l y  ordered .  

Pf :  Suppose G i s  t o t a l l y  ordered and M i s  a convex 1-subgrcup of G. 

+ 
l e t  a,bcG LM. Then aA b = a o r  b. Hence aA ~ E G %  M. Therefore  M i s  

prime. Conversely, i f  every convex 1-subgroup of G i s  prime, t hen  

(0) i s  prime, imp l i e s  G is  t o t a l l y  ordered.  This  converse a l s o  imp l i e s  

T(G) i s  t o t a l l y  ordered.  Now suppose M' $ (0) i s  a  minimal prime 

subgroup of G y  l e t  C i  be r e g u l a r  i n  M' wi th  r e s p e c t  t o  n o t  conta in ing  g ,  

g&M1. Then i f  C i  i s  not  r e g u l a r  i n  G, we have Cg r e g u l a r  i n  G w i th  

r e s p e c t  t o  no t  conta in ing  g ,  hence C g 2 M 1 ,  c o n t r a d i c t i o n .  That  is C i  

i s  r e g u l a r  i n  G ,  Sonsequently,  C '  i s  prime, c o n t r a d i c t i o n .  Therefore  g 

M' = (0) . Hence every convex 1-subgroup of G i& prime. 

Example 1.25: Le t  H = il Z r ,  Z, = Z. Le t  G ={ heH, such t h a t  t h e  
r ER 

support  of h  s a t i s f i e s  asscending cha in  cond i t i on  }U{O) . 
Le t  gyhEG, h # g , D = {r; r g  # r h )  Support of g U s u p p o r t  of h  

C lea r ly ,  Support of gt)support  of h  s a t i s f i e s  asscending cha in  cond i t i on  

(A.c.C.). Hence D s a t i s f i e s  A.C.C. 



Therefore  D has  a maximum member r. Then d e f i n e  g>h i f  and only  i f  

rg>rh .  Now O&G. Let  f,g&G, then  D = { r ,  r g  # r f )  s a t i s f i e s  A.C.C.  

we have f-grG. G is  a group. Furthermore 

( i )  g2g f o r  every g€G. Ref lex ive .  

( i i )  Suppose gLh, hzg, then  i t  i s  immediate t h a t  g = h Antisymmetric. 

( i i i )  Suppose g>h and h > f ,  then  r l g > r l h  and r 2 h > r 2 f  where 

r l  = max{r; r g  f r h )  r2  = rnax ( r ;  r h  # r f }  

Let  r 3  = rnax ( r ;  rf # rg}. To show t h a t  r 3  = rnax {rl , r 2 } i s  r o u t i n e .  

Hence g>f . 
Consider any two elements of G which a r e  comparable, t h a t  i s  g>h - and 

gyh&G7 l e t  ro = rnax { r ;  r g  # r h ) .  Then r o g L  r o h ,  and n o t e  t h a t  

ro = max { r ;  r(f+g+k) # r(f+g+k) f o r  every f ,k&G. Hence 

ro(f+g+k) = r O f + r O g + r O k  

2 r o f + r o h + r o k  

= r 0 (f +g+k) 

Consequently f+g+k 5 f+h+k. Therefore ,  G i s  t o t a l l y  ordered  a b e l i a n  

group. This  imp l i e s  r ( G )  is  t o t a l l y  ordered by Lemma 1.2 4. 

Now we a r e  going t o  d i s c u s s  r ( ~ ) .  For every r&R, l e t  G, = {h; max. 

element of suppor t  of h < r ,   ha^) u{ 0).  Then O&Gr,and i f  f ,grGr, 

c l e a r l y  f-grG and fVg, f/igrG . I f  f<g  <g,  then  gl€Gr. Consequently, 
r r - I -  

G r  is  a r e g u l a r  subgroup of G w i th  r e s p e c t t o  n o t  conta in ing  k where k 

i s  any element whose max. element of suppor t  is  r .  On t h e  o t h e r  hand 

r l > r z  - i f  and only i f  G r  >G under i nc lus ion .  Conversely, i f  Cg i s  - r .  
i 2 

r e g u l a r  w i th  r e s p e c t  t o  not  conta in ing  g ,  l e t  r b e  t h e  max. element of 

suppor t  of g. Then f o r  every element f i n  C t h e  max. element of 
g ' 

support  of f is l e s s  than  r. Hence we have thus  shown t h a t  t h e r e  



e x i s t s  a  one-one o rde r  p re se rv ing  mapping from R onto  t h e  s e t  of a l l  re -  

g u l a r  subgroup of G. Le t  ( 0 , r )  denote  G r  and ( 1 , r )  denote t h e  i n t e r s e c -  

t i o n  of a l l  r e g u l a r  subgroups G r l $ G r .  Then ( 1 , r ' ) i s  prime and 

( l , r ) > ( o , r )  f o r  every r. Hence r ( ~ )  = { ( i , r ) ,  i = o , ~ ) ~ ( G , { o ) ) .  
b 

where ( i l , r l ) > ( i 2 , r 2 )  i f  and only  i f  r l>r2 o r  rl=r2 and il>iz and 

G > ( i , r ) ,  ( i , r ) > ( ~ )  f o r  every i, r ,  The p i c t u r e  of r ( G )  i s  a s  fol low: 

We have thus  shown t h a t  G con ta ins  prime subgroups t h a t  a r e  no t  r e g u l a r  

such a s  ( l , r l )  f o r  every ~ ' E R .  



Chapter Two 

Lemma 2.1: L e t  C b e  a convex 1-subgroups of a n  1-group G ,  and l e t  

OjacG. Define C* ( a ) = ( x ~ ~ : a A  lx 1 EC) . Then C* (a )  is  a convex 1-subgroup 

of  G and C C C *  ( a ) .  

Proof : aA f o [=OEC. 

OsaA 1 dl-d2 1 LaA ( 1 dl 

. Consider d d &C*(a), then  
1' 2 

I)+(aA I-d21)&c. Hence aA ldl-d21&c. That 

i s , d  -d &C*(a). Consequently C*(a) i s  a subgroup. Furthermore, 
1 2  

( a ~ ~ d ~ l ) ~ ( a ~ l d ~ l ) = a h ( I d ~ l ~ l d ~ l ) 2 a ~ ~ d , V  d21t0 ,  imp l i e s  aAld 1 V d21&c. Hence 

dlV d2&C*(a). Therefore  dlAd2&C*(a) d u a l l y .  Consequently,  C*(a) i s  a 

s u b l a t t i c e .  Now i f  d2O&C*(a) and XEG such t h a t  d2x20, t hen  

aA ( d  12aA lx 120 imp l i e s  aA lx ~ E C ,  t h a t  is  XEC* (a )  .Hence C* (a )  i s  a convex 

1-subgroup. F i n a l l y ,  i f  g&C, t h e n l g ) & ~ ,  bu t  ~ i a h l ~ l ~ j ~ l .  Hence a n l g l & c ,  

and t h e r e f o r e  g&C*(a). Consequently CzC*(a ) .  

Lemma 2.2: Le t  C b e  a convex subgroup of 1-group G ,  and suppose R(C) i s  

t o t a l l y  ordered.  Then each g&G induces a n  automorphism B(g,C) of R(C) 

def ined  by (C+x)B(g,C)=C+x+g. 

Proof:  Straight-forward.  

I f  C i s  a convex 1-subgroup of G and i f  R(C) is  t o t a l l y  o rde red ,  we 

l e t  AR(C) denote  t h e  1-group of a l l  automorphisms of R(C). 

Lemma 2.3: I f  C is  a convex 1-subgroup of G and i f  R(C) is  t o t a l l y  ordered,  

then  t h e  mapping a(C):G--+AR(C) def ined  by ga(C)=$(g,C) i s  a n  1-group 

homomorphism of G on to  a t r a n s i t i v e  1-subgroup of AR(C). 

Proof:  The only  n o n - t r i v i a l  p a r t  of t h e  proof i s  t o  show t h a t  t h e  l a t t i c e  

o p e r a t i o n  a r e  preserved.  We must show t h a t  (gVO)a(C)=B(g,C)Vi, where i 

denotes  t h e  i d e n t i t y  f u n c t i o n  i n  AR(C). I n  o t h e r  words, i f  we can show 



4 
t h a t  f o r  any r i g h t  cose t  C+x, (~+x))(gVo)=(C+x+g)V(C+x), we a r e  done. But 

t h i s  fo l lows  immediately from Lemma 1.6.  

Example 2.4: Le t  G = R @ R ,  then  i f  H i s  a convex 1-subgroup of G,then 

HE{{O) a {O),R @ {0),{0) 4 R , R @  R).  Note t h a t  R Q R ~ R  { 0 ) 3 { 0 )  3 (0 )  

and R @ R ~ { o ) ~ ~ R ~ { o ) ~ { o ) .  Moreover R ~ { O )  and { O ) ~ R  a r e  maximal 

convex 1-subgroups wi th  r e s p e c t  t o  not  conta in ing  (O,a) , (b,O),  r e s p e c t i v e l y ,  

where a#O#b. 

Theorem 2.5(Holland [6]): I f  G i s  an 1-group, then  G i s  1-isomorphic t o  a 

s u b d i r e c t  product of 1-groups {B : o # ~ & G )  such t h a t  each 3 is  a t r a n s i t i v e  
g g 

1-subgroup of t h e  1-group of automorphisms of a t o t a l l y  ordered  s e t  S . 
g 

Proof: For each O#g&G, by Zorn's Lemma, t h e r e  e x i s t s  a convex 1-subgroup 

C of G which i s  maximal w i th  r e spec t  t o  no t  c o n t a i n i r ~  g.  By Theorem 1.16 
g 

and Coro l l a ry  1.19, t h e  s e t  of convex 1-subgroups of G which con ta ins  C 
g 

form a tower. Let S =R(C ). Then by Theorem 1.16, S i s  t o t a l l y  ordered .  
g g g 

By Lemma 2 . 3 ,  t h e  mapping a :G-+-A(S ), where (C +x)a (k)=C + x + k , k ~ G , i s  
g g g g g 

a n  1-homomorphism of G on to  a t r a n s i t i v e  1-subgroup B of A(S ).  Le t  
g g 

o:G*B= JI B def ined  by a ( k )  =a (k);k€G. C l e a r l y , s i n c e  each a i s  an 
s f 0  g g g 

1-homomorphism,o i s  a n  I-homomorphism. Furthermore, i f  o # ~ & G ,  then  

Cg+g#Cg. Hence g $ ~ e r a  t h a t  i s  g$ n Kerax=KerG. Consequently 0 i s  one 
O#XEG 

t o  one. Note t h a t  an i s  a n  epimorphism f o r  a l l  g # o ~ G ,  where TT : B + B  
g g g 

is  a p ro j ec t ion .  Hence t h e  proof i s  complete. 

Example 2.6: The maximal convex 1-subgroups of Z E l Z  wi thout  (a ,b) ,where 

aZOor b#O a r e  (0)  Z ,  Z a (0 ) .  A t r a n s i t i v e  1-subgroup B ,of AR({O) Z) 1 

i s  {az: z€Z, (10) [9 z)uZ={z} a Z )  and a t r a n s i t i v e  1-group B of AR(Z {o}) 2 

is i f 3  :z€Z,(Z a { 0 j ) f 3 ~ = ~  {z)}. Define f : z a  z - + B ~ % B ~  by 
z 



(z l , z2) f=(a  $ 6  ) Then f i s  a n  1-monomorphism and f a  i s  a n  epimorphism, 
z2 

i 

where a i s  t h e  ith p r o j e c t i o n  of B X B i 1 2' 
4- 

Example 2.7:  The convex 1-subgroup of (Z &I Z)X Z a r e ;  

The r e g u l a r  subgroups a r e ;  

A t r a n s i t i v e  1-subgroup B of ~ ~ ( ( 0 1  a Z)( (0 ) )  i s  1 

t o  Z ~ Z ,  and B2 of AR(ZW { O ] X { O ] )  i s  

f 
z EZ,  (Z {o} %{o})B =(Z a {z2})% {z3}}, xh i ch  i s  a l s o  {Bz :z29 

2 3 '2'3 

4- 
o-isomorphic t o  ZXZ, and B3 of A R ( Z @  zXIO}) i s  

f 

{yz :z3€Z, (Z fFJ Z X{O})yZ =(Z Q Z)X {Z 1 which i s  o-isomorphic t o  Z .  
3 3 

3 

Def ine  f : (Z a z)? z --A ( B ~  i3 ~ ~ 1 %  B~ by f (zl , z2,  z3)= (az  , B ,yZ ) . 
1 3 '2'3 3 

4 
C l e a r l y  Z ZXZ is  1-isomorphic t o  a s u b d i r e c t  product  of B B , B  

1' 2 3' 

If H is  t h e  d i r e c t  product  of 1-groups Ba and i f  B i s  t h e  1-group of a 

automorphisms of a n  ordered  s e t  S where S,nS =@ f o r  afe , then  w e  may a B 

t o t a l l y  o r d e r  t h e  set U s a s  fo l lows:  f i r s t  o r d e r  t h e  c o l l e c t i o n  of s e t s  a 

S i n  any way; f o r  example, i t  may be  well-ordered. Then f o r  X , Y E ~ S ~ ,  a 

l e t  x<y i f  x,y€Sa and x<y a s  e lements  of S o r  i f  X E ? ~  and YES where a' B 



Sa<S I f  Q r H ,  then Q induces an  automorphism of t h e  ordered s e t  U S i n  6' C1 

t h e  fol lowing way: X Q ' = X @ ~ ,  where XES and Qa i s  t h e  ath component of a.  a 

From t h i s  and Theorem 2.5 we have t h e  fol lowing theorem. 

Theorem 2.8: I f  G is  a n  1-group, G i s  1-isomorphic t o  an  1-subgroup of 

t h e  1-group of a l l  automorphisms of a n  ordered s e t .  

De f in i t i on :  By a n  1- idea l  of a n  1-group G i s  meant a normal subgroup of 

G provided i t  c o n t a i n s  any a ,  then a l s o  a l l  x wi th  I X  12 la 1 .  
Theorem 2.9: An 1-group G is  1-isomorphic t o  a t r a n s i t i v e  1-subgroup of 

t h e  1-group of a l l  automorphisms of a n  ordered s e t  i f  and only  i f  t h e r e  

e x i s t s  a convex 1-subgroup C of G such t h a t ;  

(1) t h e  s e t  of convex 1-subgroups of G conta in ing  C i s  t o t a l l y  ordered 

under i n c l u s i o n ,  and 

(2) t h e  only  1 - idea l  of G contained i n  C i s  (0) .  

Proof: I f  G i s  a t r a n s i t i v e  1-subgroup of t h e  1-group of automorphisms 

of an  ordered s e t  L, and i f  xrL, then  c = { ~ E G :  xg=x) i s  c l e a r l y  a convex 

1-subgroup of G. C c o n t a i n s  no 1 - idea l s  of G.  For i f  O+g&C,then yg#y, 

f o r  some y&L. Hence, a s  G i s  t r a n s i t i v e ,  t h e r e  e x i s t s  f&G such t h a t  xf=y.  

Therefore  ~ f ~ f - ~ = ~ ~ f - ~ # ~ f - ' = x  and so fg f - l& .  The convex 1-subgroups of 

G conta in ing  C form a tower, f o r  o therwise ,  by Theorem 1.16,  t h e r e  e x i s t s  

a,b$C, such t h a t  aAb=l. That is ,  xa#x#xb, and y e t  x=xl=x(aAb)=xahxb, 

which i s  imposs ib le  s i n c e  L is  t o t a l l y  ordered.  

Conversely, i f  C i s  such a subgroup of G ,  then  by Theorem 1.16, R(C) 

is  t o t a l l y  ordered ,  and by Lemma 2.3, t h e  mapping a(C) is  an  1-homomorphism 

of G onto a t r a n s i t i v e  subgroup of AR(C). I f  g i s  i n  t h e  k e r n e l  of a (C) ,  

then C+g=C; thus  t h e  k e r n e l  i s  contained i n  C .  A s  t h e  ke rne l  i s  an  1 - idea l  

of G, t h e  ke rne l  i s  (0) and a(C) i s  one-to-one. 



Coro l l a ry  2.10: I f  t h e r e  exists an  1 - idea l  K#{o) of G such t h a t  every 

1- idea l  (#{o)) of  G c o n t a i n s  K,  t hen  G is a  t r a n s i t i v e  1-group of auto- 

morphisms of an ordered  s e t .  

Proof:  Le t  

g. Then C 
g  

O#g&K, and l e t  C b e  a  convex 1-subgroup of G maximal without  
g  

s a t i s f i e s  conc lus ions  (1) and (2) of t h e  above theorem. 

Coro l l a ry  2.11: A s imple  1-group (without  p roper  1 - idea l )  i s  a  t r a n s i t i v e  

1-group of automorphisms of a n  ordered  set.  

Coro l l a ry  2.12: I f  G i s  a b e l i a n  and i s  a  t r a n s i t i v e  1-group of au tc -  

morphisms of an  ordered  se t ,  t hen  G i s  t o t a l l y  ordered .  

Proof:  Any such C i n  Theorem 2.8 i s  a n  1 - idea l .  Hence c=(o) , and G i s  

isomorphic a s  an  ordered  s e t  t o  R(C), which i s  t o t a l l y  ordered .  



Chapter Three 

Let S ( $ , a 2 , . . . . . , a  ) denote t h e  normal subsemigroup of a  group G n  

t h a t  i s  generated by t h e  elements a l . a 2 . .  . . . ,an(€G), and def ine  

S '  (al ,a2 , . . . . . ,an) a s  S  (al , a2 ,, . . . . , a  ) with  0  adjoined.  These 
n  

normal subsemigroups w i l l  p l ay  an important r o l e  i n  deal ing with 

extensions p a r t i a l  o rde r s  P, t h a t  i s ,  f o r  some p a r t i a l  order  "9 

on G ,  P = { ~ ~ o ,  ~ E G ) .  This i s  due t o  t h e  f a c t  t h a t  they obey t h e  

following r u l e s :  

(a) a&P implies S 1 ( a ) C P ;  

(b) a&P, a+0, implies PnS( -a )=+;  

(c) S t  (a l ,a2 , . .  . . . , a  )=S1 (al)+S1 (a2)+.  . . . . .+St  (a,); 
n  

(d) -S(a a  . . . . . ,a  )=S (-al , - a2 , . .  . . . , -an) .  
1' 2' n  

The next r e s u l t  has numerous consequences. 

Theorem 3.1 [Fuchs (5 ) j .  A p a r t i a l  order  P of  a  group G can be extended 

t o  a  f u l l  order  o f  G ,  i f  and only i f ,  it has t h e  proper ty :  

(*) f o r  every f i n i t e  s e t  o f  elements a lya2 , .  . . . . ,a i n  G ,  (ai#O) , t he  n  

s igns  E ,E- , E ~ ,  . . . . . , E (ci=O ,0r1)  can be chosen such t h a t  
1 L n 

P/)s((-1) &'al, ( - ~ ) ~ ~ a ~ ,  . . . . . , (-1)'"a n  )=$. 

Proof: I f  P can be extended t o  a  f u l l  order  Q, then l e t  ci be chosen 

€3 E such t h a t  -(-I) E i a i r ~ .  Now -S ((-1) al ,'[-1) E2a2,.  . . . . , (-1) "an) 

=SC-C-1) a,,  - (-1) E2a2, .  . . . . ,- (-1) '"an) SQ, and so 

~ ~ ~ ( ~ - l ) ~ ' a , , ( - l ) ~ ~ a ~ , .  .. .. , ( - l )Enan)~~r \~ ( (71 )E1a1y( -1 )E2a2y .  . , ( - l )%an)  

For t h e  proof of t h e  su f f i c i ency  we need t h e  following lemma. 

Lemma 3 . 2 .  I f  P s a t i s f i e s  (*) and a&G, then e i t h e r  P+S1(a) o r  P+S1(-a) 



def ines  a p a r t i a l  order P I  i n  G which again s a t i s f i e s  (*). 

Proof: Suppose t h a t  G contains elements a l ,a2 ,  ....., anybl,b2, ..... b m 

(#O) such t h a t  f o r  every choice of t h e  s igns  ci,n. one has 
J 

~ n ~ ( a , ( - l ) ~ ~ a ~ , ( - l ) ~ ~ a  2,....., (4 )Enan)#$ ,  and 

rll ' 2 
( - a  - 1 )  bl , (-1) b2 , .  . . . . , (-l)%b ))PO, then t h e  i n t e r s e c t i o n  of m 

E h 
P wi th  S ((-1) a ,  (-1) "al, .  . . . . , (-1) %an, ~ -1) '~b , ,  ( - ~ ) ' ~ b ~  , . . . , (-1) bm) 

i s  never void,  con t ra ry  t o  C*). Thus e i t h e r  ( i )  t o  every f i n i t e  s e t  

a l ,a2 , .  . . . . , a  GO) i n  G t h e r e  a r e  s i g n s  E J jE2, 
....., E such t h a t  

n n 

P n S  (a, (-l)"aly (-1)E2a2,.  . . . . , (-1) '"an)=$; we then put P1=P+S1 (-a) ; 

o r  ( i i )  t o  every f i n i t e  s e t  a l , a2 ,  ....., an (PO) i n  G t h e r e  a r e  s igns  

E ~ , E ~ ,  . . . . . , E ~  such t h a t  P ( ) S ( ~ ~ ,  (-1)"a 1 ' (-1)E2a2 ,. . . . . , (-I)&%)=@; 

i n  t h i s  case we put P1=P+Sf (a) .  ( I f  both (i) and ( i i )  a r e  t r u e ,  we 

can choose e i t h e r . )  Now i n  case ( i )  f o r  example, P 1  i s  evident ly  a 

normal subsemigroup with "O", which moreover s a t i s f i e s  (*); f o r  

(P+S ( - a ) ) n  s ((-l)"al , (-1) E2a2 , . ... . . , ( - ~ ) ' ~ a ~ ) # $  implies 

E 1 E 2 E 
PnSCa, (-1) a ,  ( - 1  a*, . . . . . , (-1) "an)+@. 

Property (*) of P1 shows t h a t ,  f o r  a l l  b(#O) i n  G ,  PICIS((-l)'b)=$ 

f o r  E=O o r  1, t h a t  i s ,  e i t h e r  b$P1 o r  -b$P1. Thus P1 i s  a p a r t i a l  

order of G .  

To complete the  proof of Theorem 3.1, l e t  Q be a maximal element i n  t h e  

s e t  B of a l l  p a r t i a l  orders  of G which a r e  extensions of P and s a t i s f i e s  

(*). Such Q e x i s t s ,  by  Zorn Lemma, f o r  (*) i s  s a t i s f i e d  by union of  

an ascending chain of p a r t i a l  orders provided it i s  s a t i s f i e d  by t h e  

member of  t h e  chain. By t h e  Lemma 3.2, f o r  every a&G, e i t h e r  Q+S1(a) 

o r  Q+S1[ya) a l s o  belong t o  B.  Therefore Q+S1 (a) o r  Q+S1 (-a) coincides 

with Q, t h a t  i s  a&Q o r  -a&Q, proving t h a t  Q defines a f u l l  order  on G .  



Our main concern now i s  with t h e  group admitt ing a l i n e a r  o rde r .  

Following Neumann 1.51 we s h a l l  c a l l  t hese  groups 0-groups (orderable 

groups). A necessary and s u f f i c i e n t  condit ion f o r  having t h i s  proper ty  

can read d i r e c t l y  from Theorem 3.1. 

Theorem 3 . 3  [Lost ,  Ohnishi (511. A group G i s  an 0-group i f ,  and only 

i f ,  given a l , az , .  . . . . ,an i n  G wi th  a.fO, f o r  a t  l e a s t  one choice of 
1 

t h e  s ign  E ~ = O  o r  1, one has 

n In a group G ,  t h e  i n t e r s e c t i o n  of t h e  2 subsemigroups 

E 1 E 2 S((-1) a ,  ( 1  a z ,  . . . . . , (-1) ""a ) with f ixed  a l  ,aZ,  . . . . . ' a n  and n 

var ing  t h e  s igns  E ~ , E ~ , . . . . . , E ~  i s  e i t h e r  a subgroup o r  vo id ,  t h e r e f o r e  

another formulation 06 t h e  Theorem 3 . 3  i s  

Theorem 3 . 4  [Lorenzen(5)]. A necessary and s u f f i c i e n t  condi t ion  f o r  

a group G t o  be an 0-group i s  t h a t ,  f o r  every f i n i t e  s e t  a1,a2, ..., an 

i n  G (ai#O), t h e  i n t e r s e c t i o n  o f  t h e  2" subsemigroup 

€1 E 2 
S ((-1) a l ,  (-1) a 2 , .  . . . . , (-llE"an) taken from a l l  choices of  s igns  

E =O o r  1 i s  void. i 

Corollary 3.5 INeumann (5)J .  In order  t h a t  G be an 0-group it i s  

necessary and s u f f i c i e n t  t h a t  every f i n i t e l y  generated subgroup of G 

Assume t h a t  H i s  a f i n i t e l y  generated abel ian  group. I f  H is  

an 0-group, then i t  must be to r s ion- f ree .  If it i s  to r s ion- f ree ,  

then i t  i s  a d i r e c t  sum of n copies of i ts  genera tors ,  hence it can 

be given a lexicographic o rde r ,  t h a t  i s ,  it i s  an 0-group. 



Corol la ry  3.5 imp l i e s  

Coro l l a ry  3 . 6  l L e v i  (51)J An a b e l i a n  group is  an 0-group i f  and only i f  

i t  is t o r s i o n  f r e e .  

D e f i n i t i o n :  F is  f r e e  a b e l i a n  group on{x i n  c a s e  F  is  a d i r e c t  sum 
k  

of i n f i n i t e  c y c l i c  group Zk ,  where Z -Ix 1. k- k  

Def in i t i on :  Le t  X b e  a  set and F  a  group conta in ing  X; F is f r e e  on X 

i f ,  f o r  every group G ,  every  f u n c t i o n  f:X-G has  a  unique ex t ens ion  

t o  a homomorphism of F i n t o  G. 

P r o p o s i t i o n  3 . 7  For every f r e e  group F, F/[F,F] is  a  f r e e  a b e l i a n  

group. 

P f :  Let  M be  t h e  f r e e  set of g e n e r a t o r s  of f r e e  group F  and f r e e  a b e l i a n  

group G ,  t h a t  i s  

commutes, where f 2  i s  t h e  unique homomorphism from F t o  G such t h a t  

x i • ’  =xfl, f o r  every XEM. Since  F and G have t h e  same f r e e  se t  of gene ra to r s  
2  

, i t  i s  immediate t h a t  f  is onto .  Therefore  t h e r e  e x i s t s  N d F ,  such t h a t  
2  

F/N-G. We know t h a t  xSy+N=px+N, f o r  every x , y ~ F .  Hence -x-yi-x+y+N=N, s o  

-x-y+x+yzN, f o r  every x , y ~ F .  Therefore  [F,F]C;IN. Now cons ider  t h e  



diagram 

vheer  0 is t h e  n a t u r a l  mapping, and f3 is a  homomorphism from G t o  F/ [F ,FJ , 

such t h a t  g f 2 f 3  = (g+N)f3 = g+[F,F] f o r  every ~ E F ,  and g$N. 

Kote t h a t  mfy = mif2,  mf l f3  = mi@. Hence mi f2 f3  = mflf3 = m i O ,  t h a t  i s  

g f 2 f 3  = gO f o r  every g&F. Consequently f 2 f 3  = @. Therefore  [F,F] = 

Ker O = Ker f2f3,1;N. Hence [F,FJ>_N, t h a t  i s  [F,F] = N. 

R e c a l l  t h a t  t h e  members of t h e  lower c e n t r a l  series of group G a r e  

def ined  by G o  = G,  Gn+l = [G,Gn]. 

Theorem 3.8: L e t  G b e  a  f r e e  group, f o r  each t o t a l  o r d e r  of t h e  f r e e  

a b e l i a n  group G/[G,G], t h e r e  i s  a  t o t a l  o r d e r  of G s o  t h a t  t h e  n a t u r a l  

map of G onto G/ [G ,G]  is  an  o-homomorphism. 

Proof :  Note t h a t  a l l  t h e  f a c t o r  G,/G,+~ , n  = 0 ,1 ,2 , "*  of t h e  lower 

c e n t r a l  cha in  of a  f r e e  group G a r e  f r e e  a b e l i a n  groups 193, and hence 

Gn/Gn+l i s  an 0-group. Thus by c o r o l l a r y  3.6,  t h e r e  e x i s t s  a t o t a l  o rde r  

P, on Gn/Gntl . For 0 $. g  EG, i f  n  i s  t h e  i n t e g e r  de f ined  by gEGn-nS1 

(such an  i n t e g e r  e x i s t s ,  because by a  theorem of Magnns-WittI8J, t h e  
W 

lower c e n t r a l  s e r i e s  (6,) of a f r e e  group G i s  such  t h a t  nGn = ( 0  1 , 
n = l  

where w denotes  t h e  f i r s t  i n f i n i t e  o r d i n a l ) ,  l e t  Po be  t h e  g iven  o r d e r  

on G/IG,G], w e  d e f i n e  P i n  G ,  PoCP  and P  c o n s i s t s  of 0 and a l l  such 

~ E G ,  where g+Gn+l E Pn. Then f o r  each gEG, e i t h e r  g&P o r  -g&P, bu t  no t  



both  un le s s  g  = 0. I f  g , h ~ P  and m,n a r e  t h e  i n t e g e r s  wi th  

and hrGn-Gn+ly then g+Gm+l~Pmy htGn+l"n. Without l o s s  of g e n e r a l i t y ,  

we assume t h a t  m b n .  Then we have g fh~G~\G,+~  and g+h+Gn+~&Pn. Hence 

g+hEP. I n  t h e  same way, we a l s o  g e t  h + g ~ P .  F i n a l l y ,  i f  g  i s  a s  be fo re  

and x E G  i s  a r b i t r a r y ,  then  -x+g+x = g + I g , x ] ~ g + G ~ + ~ ,  t h a t  i s  -x+g+x aga in  

belongs t o  P. Consequently, P  d e f i n e s  a  f u l l  o rde r  on G. 

Now cons ider  t h e  n a t u r a l  map f from G onto G/ [G ,G]  under o r d e r  P.  

Then i f  x,y&G and x>y, then  -y+x>O. Therefore  t h e r e  e x i s t s  an  n ,  such t h a t  

-~+X+G,+~EP,. Hence -y+x+IG,G]>IG,G], - f o r  o therwise  i f  -y+x+[G,G]<[G,G], 

then  -x+y+[G,G]>[G,G], t h a t  i s  -x+y>O, i n  o t h e r  words, y>x, a  c o n t r a d i c t i o n .  

Hence we have x + ~ G , G ] l y + [ G , G ] .  We have thus  shown t h a t  f  i s  a n  

o-homomorphism. 

Le t  G b e  a  f r e e  group, and KAG, l e t  G/K be  t o t a l l y  ordered.  We d e f i n e  

a t o t a l  o rde r  on K a s  i n  theorem 3,8, t h a t  i s ,  l e t  G o ,  G I ,  G 2 ,  ... b e  

lower c e n t r a l  s e r i e s  of f r e e  group G ,  say k€Pk i f  ~ E G ~ \ G , + ~  and 

k+Gn+l~P,, where Pn i s  some f i x e d  o rde r  on Gn/Gn+l. Now d e f i n e  g>h i f  

and only  i f  g+K>h+K i n  G/K o r  gK = hK and -h+g€Pk. Then 

( i )  Le t  P  c o n s i s t s  of 0 and a l l  g  w i th  t h e  proper ty :  gEPk o r  g+K>K i n  G/K,  

Then g&P o r  -g€P, f o r  every ~ E G ,  bu t  no t  bo th ,  u n l e s s  g=e. 

( i i )  Le t  h,gcP. 

(A) I f  h,g€K, then  h+g, g+h&Pk. Hence h+g, g+h&P. 

(B) Without l o s s  of g e n e r a l i t y ,  l e t  hcK and g$K, then  g+h+K = g+K>K. 

Hence g+h&P and h+g+K = g+K>K (by normali ty)  Hence htg&P. 

(C) I f  h,g$K, without  l o s s  of g e n e r a l i t y ,  w e  may assume t h a t  h+KLg+K. 

Hence g+hfK>g+g+K>g+K>K, - t h a t  i s  g+h&P and g+K>K impl i e s  
5 



h+gtK>htK>K, t h a t  i s  h+gtK>K. Hence h+gEP . 
( i i i )  Le t  g&R, f o r  any x&G, if g€K impl ies  gEPk and x+g-XEK, b u t  i n  

theorem 3.8, x+g-x i s  a p o s i t i v e  element,  hence x+g-x€Pk. That is  

x+g-x&P . I f  g$K, then g+K>K. Hence x+g-x+K>K. Consequently x+g-x&P. 

We have thus  shown t h a t  G i s  t o t a l l y  ordered.  Furthermore, g>h imp l i e s  g+K> - 

h+K, f o r  o therwise  i f  g+K.<h+K, then  -h+g-,'-K<R impl i e s  -h+g<O i n  P ,  t h a t  i s  g<h 

Therefore  t h e  n a t u r a l  map of G onto G/K i s  an  o-homomorphism. 



Chapter Four 

Def in i t i on :  Let  IT be  a n  o-isomorphism of a p o-group G i n t o  an  1-group 

-1 
F. This  means t h a t  both IT and IT p r e se rve  o rde r .  Then (F,T) i s  a f r e e  

1-group over  G i f  

( i )  GIT i s  a s e t  of gene ra to r s  of t h e  1-group F ( t h a t  i s , n o  proper  l-sub- 

group of F con ta ins  G ~ ) , a n d  

( i i )  i f  0 i s  an o-homomorphism of G i n t o  an  1-group L ,  then  t h e r e  e x i s t s  

an  1-homomorphism T of  F i n t o  L such t h a t  t h e  diagram 

commutes . 
Propos i t i on  4.1: I n  any d i s t r i b u t i v e  l a t t i c e  and hence i n  any 1-group 

A V a 
vlA~aij , I I i f  ( i )  

, f o r  I and J f i n i t e  s e t s  and dua l ly .  

Proof:  Le t  J be  a r b i t r a r y  f i n i t e  s e t ,  we prove t h e  s ta tement  by induc t ion  

on I I I. I f  11 l=l, t h e  p r o p o s i t i o n  holds  c l e a r l y .  Suppose i t  i s  t r u e  i f  

11J=n. Now i f  I I I=n+l , then  V A a =(V A a )V(A a ) ,where 1 '=1-{i~+~~.  
I J i j  I '  J i j  J in+lj 

Thus VIAJaij= ( A V  ) v ( h  {i ), by induc t ion  
J I' 1' i f  i n+l)ain+lf (in+l) 



=A V a 
J I I i f  ( i )  

l e n c e ,  vIAJaij=A I V I a i f ( i )  and d u a l l y .  
J 

P r o p o s i t i o n  4 . 2 :  I f  S i s  a subgroup of an  1-group L, t hen  

T = ~ v ~ ~ ~ s ~ ~ : s ~ ~ E s , ~ E A , B E B ,  and A and B a r e  f i n i t e  sets] is  t h e  1-subgroup 

of L t h a t  i s  genera ted  by S. I f  S i s  a b e l i a n ,  then  s o  is  T .  Now e i t h e r  

s = { o ]  o r  IS1 i s  i n f i n i t e  and s o  S and T have t h e  same c a r d i n a l i t y .  



Let  (F,T) be  a f r e e  1-group over  t h e  p o-group G. 

P r o p o s i t i o n  4.3: I f  G i s  a b e l i a n ,  then  so  i f  F. I f  S i s  a set of genera- 

t o r s  f o r  t h e  group G ,  t hen  ST i s  a s e t  of g e n e r a t o r s  f o r  t h e  l-group F. 

Proof:  G i s  a b e l i a n ,  imp l i e s  F i s  a b e l i a n  by P r o p o s i t i o n  4.2. L e t  S b e  

a set  of g e n e r a t o r s  of G. Then ST i s  a set of group g e n e r a t o r s  f o r  GIT 

and GT g e n e r a t e s  F ( a s  an  1-group). Hence ST g e n e r a t e s  F. 

P r o p o s i t i o n  4.4: I f  a i s  an  o-homomorphism of t h e  group G i n t o  an  1-group 

L, t hen  t h e r e  e x i s t s  a unique 1-homomorphism T of F i n t o  L such t h a t  t h e  

diagram 

commutes. 

Proof:  Suppose t h a t  T1 and T a r e  two such 1-homomorphisms and cons ide r  
2 

f=V A (g T)&F,where a&A,fi&B and A and B a r e  f i n i t e  sets. Then 
A B aB 

fTl=(vAAB(gaBr))~l = VAAB(gaBnT1)= VAAB(gaBO')= V A B ~ B  A g TT 2 

= (V h g n)T2= fT2 
A B aB 

P r o p o s i t i o n  4.5: I f  (F IT) and (F ,I$ a r e  f r e e  1-groups ove r  t h e  p o-group 
1' ' 2 

G, then  t h e r e  e x i s t s  a unique 1-isomorphism of F on to  F such, t h a t  t h e  
1 2 

diagram 



commutes. 

Proof:  By P r o p o s i t i o n  4.4,  t h e r e  exist 1-homomorphisms T and T2 such 
l 

t h a t  
a1 

Consider f=VAABgaBr1&F1 where A and B a 

commutes. 

.re f i n i t e  s e t s ,  

Thus T T i s  t h e  i d e n t i t y  on F and s i m i l a r l y  T T i s  t h e  i d e n t i t y  on F 
1 2  1 2 1 2 ' 

Therefore  T is an  1-isomorphism. 
1 

P r o p o s i t i o n  4.6: I f  (F , r )  i s  t h e  f r e e  1-group over  t h e  t r i v i a l l y  ordered  

f r e e  group G and S is  a  f r e e  set of  g e n e r a t o r s  f o r  G ,  t hen  F i s  a  f r e e  
0 

1-group w i t h  ST a s  a  f r e e  set of  g e n e r a t o r s .  

Proof:  By P r o p o s i t i o n  4 . 3 ,  ST i s  a  set of g e n e r a t o r s  of t h e  1-group F. 

Le t  q be  a mapping of ST i n t o  a n  1-group L. Then T o  i s  a  map of S i n t o  

L and s i n c e  S is  a f r e e  set of g e n e r a t o r s  of G t h e r e  e x i s t s  a  unique 

homomorphism 0 of G i n t o  L such t h a t  s rq=s0  f o r  SES. S ince  G i s  t r i v i a l l y  

ordered  0 i s  a n  o-homomorphism and hence t h e r e  e x i s t s  a  unique l-homo- 

morphism T of F i n t o  L such t h a t  snq=sa=sm f o r  a l l  S T E S ~ .  

+ 
P r o p o s i t i o n  4.7: I f  L i s  a n  1-group, then  L = { g ~ ~ : g a ~ )  i s  t h e  i n t e r s e c t i o n  



+ 
of r i g h t  o r d e r s  on L, t h a t  i s ,  L = n P ,  , f o r  some R,  where P i s  t h e  s e t  of 

x ~ n  ' 7  

A 

p o s i t i v e  elements of some r i g h t  o r d e r  on L. 

Proof: By Theorem 2.8, we may assume t h a t  L i s  a n  1-subgroup of t h e  1-group 

A(T) of a l l  o-permutations of a  t o t a l l y  ordered set  T. Let e  denote t h e  

i d e n t i t y  i n  A(T). Well o rde r  T and f o r  each efa&A(T), l e t  • ’ ( a )  be  t h e  

f i r s t  element i n  t h i s  w e l l  o rde r ing  such t h a t  f ( a ) a f f ( a ) .  Define a t o  be 

p o s i t i v e  i f  f ( a ) a l f ( a ) .  Le t  B(T)' be  t h e  s e t  of a l l  such p o s i t i v e  elements 

+ 
t hen  B(T) =B(T) ' u { e )  i s  a subse t  of A(T) s a t i s f y i n g ;  

( i )  ~ E B ( T ) +  

+ 
( i i )  I f  x ,  ~ E B  (T) , then  c l e a r l y  f  (xy) = E n .  {f (x) , f  (y )  ) , s i n c e  

Min. ( f  (x) , f  ( y ) )  i s  moved by xy, and a l s o  i f  z<f (x) and f ( y )  i n  t h i s  we l l  

o rde r ,  then  zxy=zy=z. 

Therefore  

-I- + + 
Hence xy>e. That i s  xyhB(T) and consequent ly B(T) B(T)+C B(T) . 

f -1 + 
( i i i )  C lea r ly ,  B(T)+CJ(B(T) ) g A ( T ) .  Now cons ider  e#g&A(T), i f  gsB(T) , 

f i n e ;  i f  n o t ,  then  f  (g)g<f (g) by hypothes is .  But f ( g ) = f  (g-l)  , t hus  

-1 -1 -I- 
f  (g-l)<f (g )g . Hence g - l E ~ ( ~ )  and t h e r e f o r e  ~E(B(T)+)- ' ,  w i th  t h e  

f consequence t h a t  B (T) (B (T)+)-'=A(T) . 
t -1 

( iv )  Consider ef g~~ (T)+c\ (B (T) ) . That i s  f  (g)g<f (g) and f  (g)g>f ( g )  . 
This  i s  impossible ,  hence B (~)+r \  (B (T)+)-l={e}. Furthermore, l e t  "<" be  

+ 
def ined  on A(T) by g6h i f  and only  i f  hg- 'r~(T) . Then "4" i s  a r i g h t  t o t a l  

o rde r  on A(T) by Theorem 1.1. F i n a l l y ,  l e t  ~ E A ( T ) + ,  then  ta>t , f o r  a l l  t .  

-I- 
Then ~ E B ( T ) + ,  f o r  every such B(T) . Hence a e n r i g h t  o rde r  of t h i s  t ype  on 



+ 
A(T). That is  A(T) '=(bright o rde r  of t h i s  t ype  on A(T). Now l e t  

a& n r i g h t  o r d e r  of t h i s  type  on A(T). Suppose t h e r e  e x i s t  ~ E T  such t h a t  

f + 
t a c t ,  then  t h e r e  e x i s t  a  r i g h t  o rde r  B(T) of t h i s  type  such t h a t  ~ & B ( T )  , 

a  c o n t r a d i c t i o n .  (For i n s t a n c e ,  we can l e t  such t t o  be t h e  f i r s t  element 

of T  i n  t h i s  p a r t i c u l a r  w e l l  o r d e r ) .  Hence t a l t ,  f o r  every ~ E T .  That i s  

+ 
~ & A ( T ) + .  Therefore,A(T) = n r i g h t  o rde r  of t h i s  type  on A(T). Thus 

+ + 
L = L ~ A ( T )  = L n( (\ r i g h t  o r d e r s  of t h i s  t ype  on A(T)) 

= f l  ( ~ n  r i g h t  o r d e r s  of t h i s  t ype  on A(T)) 

= (\ r i g h t  o r d e r s  on L. 

Example 4.8: Consider t h e  1-group G = R ~ R ,  t h e  c a r d i n a l  sum of r e a l s .  Le t  

+ +  + 
=R Q R and Gh =R & R w i t h  l ex iog raph ic  o rde r s .  Then G =GA r ) G A  . 

+ 1 2 
Furthermore, l e t  PA =G ui (x,y) :r<O,y?O, ]x ]5y}U{  (x,y)  :x?O,y<O, ] Y  ]<x ) .  

3 
Define a  new r e l a t i o n  i n  G,  l e t  a<b i n  G i f  and only i f  b-a P  . Then G 

A, + f = + .  + 
i s  a l s o  a  t o t a l l y  ordered group under PA . Note t h a t  G =GA nGA nGA 

3 1 2 3 
ho lds  a l s o .  

P ropos i t i on  4.9: A p o-group G i s  o-isomorphic t o  a  subgroup of an  1-group 

+ 
i f  and only i f  G i s  t h e  i n t e r s e c t i o n  of r i g h t  o rde r s .  

Proof: We may assume t h a t  G is  a  subgroup of a n  1-group L w i t h  t h e  o rde r  

+ 
of G induced by t h e  o rde r  of L. We know t h a t  L = f l p A ,  where P a r e  r i g h t  A 

o rde r s  of L. Thus G + = G ~ L + = G ~  ( l ) ~ ~ ) = f l ( ~ n ~ ~ )  and each G n P A  i s  a  r i g h t  

o rde r  f o r  G. 

+ Conversely, i f  G = r ) p A ,  where P  ' s  a r e  r i g h t  o r d e r s  f o r  G , l e t  G be  
, A X 

A 
t h e  r i g h t  ordered group under t h e  r i g h t  o rde r  PA on G,and l e t  g-g be 

the r i g h t  r e g u l a r  r e s p r e s e n t a t i o n  of G i n  A(G ), which i s  a  one-one A 
h  + 

homomorphism, where xg =x+g,for every XEG. I f  ~ E G  , t h e n  x+g?x, f o r  every 

A 
XEG. Hence x+glx f o r  every x  i n  G and f o r  each A .  Therefore  xg 2x f o r  A 



h 
every x i n  G and f o r  each A .  That i s  g i s  p o s i t i v e ,  f o r  each h. I f  X 

h A + 
each g i s  p o s i t i v e ,  then  eseg =g i n  G ,and s o  ~ E ~ P ~ = G  . Thus t h e  map 

IT A 
g-( . . . ,g  , . . . ) i s  an  o-isomorphism of G i n t o  t h e  1-group IIA(G A ) .  

Propos i t i on  4.10: If V A a #O i n  t h e  1-group L,where A and B a r e  f i n i t e  
A B aB 

s e t s , a ~ A , f 3 ~ B , t h e n  t h e r e  i s  a r i g h t  o rde r  of L which extends t h e  g iven  

l a t t i c e - o r d e r  and such t h a t  VAABaaBfO i n  t h i s  r i g h t  o-group L. 

Proof: We may,by t h e  Holland embedding theoremyassume t h a t  L i s  a n  l-sub- 

group of a n  1-group A(T) of a l l  o-permutations of a t o t a l l y  ordered  s e t  T 

and vAABaaB#e i n  A(T) . 
Case I; There e x i s t s  a n  a such t h a t  A a 4e. Then t < t ( A  a )=Min. {taag:f3&B} 

B aB B a $  

f o r  some tET. Now w e l l  o rde r  T s o  t h a t  t h i s  t i s  t h e  f i r s t  element i n  t h e  

w e l l  o rder ing .  This  determines a r i g h t  o r d e r  of A(T) , ( see  t h e  proof of 

P ropos i t i on  4 . 7 ) , t h a t  extends t h e  g iven  l a t t i c e  o rde r  and s o  t h a t  A B a a ~ > ~  

and hence V A a > e  i n  t h e  r i g h t  o-group A(T). 
A B af3 

Case 11; For each a,A a 
B 

Then V A a < e , s i n c e  V A a Ze, and s o  
A B a B  A B af3 

t>t(VAABaaB) f o r  some t&T. Thus f o r  each a ,  t > t  (A a ) = ~ i n . { t a  :BEB}. Let  
B a6 a6 

t be t h e  f i r s t  element i n  a we l l  o rde r ing  of T. Then i n  t h e  corresponding 

r i g h t  o r d e r  of A(T) we have V A a < e  i n  t h e  r i g h t  o-group A(T). 
A B aB 

Propos i t i on  4.11: I f  G i s  a r i g h t  o - g r o ~ ~ , ~ ~ A ~ a ~ ~ # O  i n  G,where A and B 

2, 
a r e  f i n i t e  s e t s , a & A , @ ~ B ,  and g->g is  t h e  r i g h t  r e g u l a r  r e p r e s e n t a t i o n  

of G i n  A(G) , then  vAllBaa;;fO i n  t h e  1-group A(G) . 
Proof: Case I; V A a >O i n  G. Then f o r  some a , O < A  a = ~ i n . { a ~ ~ : ~ € ~ l .  

A B aB B aB 
2, 2, 

Thus O(A a  in in. {aaB: BEB}>O and so  O(V a ) i s  t h e  l a r g e s t  element i n  
B aB A B aB 

a f i n i t e  subse t  of G ,  where a t  l e a s t  one element i n  t h i s  subse t  is 

2, 
s t r i c t l y  p o s i t i v e .  Thus vAAgaaB#e. 

Case 11; vAABaa0<0 i n  G. Then f o r  each a,A a <O i n  G ,  Min.{aa8:BEB)<O. 
B aB 



rJ 
Thus O(V A a  ) i s  t h e  l a r g e s t  element i n  a  f i n i t e  s e t  of s t r i c t l y  nega t ive  A B aB 

element i n  G and s o  i t  is  s t r i c t l y  nega t ive ,  s i n c e  V A A B a  at3 f O  i n  G. 

'L 
Therefore vAABaaB#e. 

+ 
Throughout t h e  fo l lowing  l e t  G be a  p  o-group wi th  G = n P X y Q  t h e  s e t  

AEQ + 
of a l l  X,such t h a t  P  i s  a r i g h t  o rde r  on G,and P A 3 G  . For each XEQ l e t  X 

X 
G be  t h e  r i g h t  o-group (GYP ) and l e t  g-g be  t h e  r i g h t  r e g u l a r  repre-  A h 

A 
s e n t a t i o n  of G a s  a  subgroup of t h e  1-group A(G ),where xg =x+g f o r  a l l  A 

XEG. L e t  L be t h e  1-subgroup of A(Gh) genera ted  by t h e  image of G under 
h  

t h i s  isomorphism. 

Lemma 4.12: I f  0 i s  an  o-homomorphism of G i n t o  an  1-group L and V I\ a ~ $ 0  A B aB 
A 

f o r  {a E G : ~ E A , B E B  and A and B a r e  f i n i t e  s e t } ,  then  vAABaaB#e i n  some LA. 
aB 

0 
Proof: By P ropos i t i on  4.10 we can extend t h e  l a t t i c e - o r d e r  of L t o  a  

r i g h t  o r d e r  so  t h a t  V A a  a#O i n  r i g h t  o-group L. Now G/K(a)n subgroup of 
A B aB 

L, where K(0) i s  t h e  k e r n e l  of 0 , ~ ( 0 ) + ~ - ~ 0  and t h i s  isomorphism d e f i n e s  

a r i g h t  o r d e r  on G/K(o). Le t  P be one of t h e  r i g h t  o r d e r s  of G such t h a t  a 

P 3~'. Then K ( o ) n P  i s  a  r i g h t  o rde r  f o r  K(0) t h a t  ex tends  t h e  g iven  
a- a 

p a r t i a l  o rde r  of K(0). Define ~ E G  t o  b e  p o s i t i v e  i f  g j ~ ( a )  and K(o)+g i s  

p o s i t i v e  i n  t h e  r i g h t  o-group G/K(a),or g ~ X ( 0 )  and g  is  p o s i t i v e  i n  t h e  

r i g h t  o-group K(0). By us ing  Theorem 1.1, i t  i s  no t  hard t o  prove t h a t  

t h i s  is  a  r i g h t  o rde r  f o r  G t h a t  extends t h e  given p a r t i a l  o rde r  and hence 

i t  i s  one of t h e  P  Also t h e  n a t u r a l  map of G i n t o  G/K(a) i s  an  o-homo- h ' 
morphism w i t h  r e s p e c t  t o  t h i s  r i g h t  o rde r  P Thus ~ ( o ) f V ~ I \ ~ ( K ( o ) + a ~ ~ )  A 

= K ( ~ ) + V ~ A ~ ~ ~ ~  and hence V I\ a  $0 i n  G Now embed G i6  A(GA). Then by 
A B aB A ' 

A 
Propos i t i on  4.11,V A a  # e  i n  L  

A B aB A ' 



Now l e t  TT b e  t h e  n a t u r a l  map of t h e  p o-group G on to  t h e  subgroup of 

A 
long c o n s t a n t s  of IIL CU(GA),g- - - , (  . . . , g  ,...). Then n i s  a n  o-isomorphism A 

( s e e  t h e  proof of P r o p o s i t i o n  4.8) 

Theorem 4.13: The 1-subgroup F of IILA genera ted  by Gn i s  t h e  f r e e  1-group 

over  t h e  p a r t i a l l y  ordered  group G .  

Proof:  Suppose t h a t  a i s  a n  o-homomorphism of G i n t o  a n  1-group L. Consider 

=v (k -g c BABW a6 yq(B) 
) a ,  By Lemma 4.12 t h e r e  e x i s t s  an L such t h a t  

1 A 

hence,V I\ (k  n)#V A (g )  The re fo re  T is  s ingle-valued.  Next cons ide r  
A B  aB C D  y6 

=V A k a-V A g O=kT-g~. Thus T i s  a  group homomorphism. Furthermore, 
A B ~ B  c ~ y 6  

=kTVgT,where c =k o r  gys Therefore  T i s  a n  1-homomorphisn~ of  F i n t o  
Pq 

L and TT=ff. 

Theorem 4.14: For a  p  o-group G ,  t h e  fo l lowing  a r e  equ iva l en t ;  

(1) There e x i s t s  a  f r e e  1-group over  G. 

(2) There e x i s t s  an  o-isomorphism of  G i n t o  a n  1-group. 

+ 
(3) G = { g ~ ~ : g l ~ )  i s  a  i n t e r s e c t i o n  of r i g h t  o rde r s .  

Proof:  By P r o p o s i t i o n  4.9,(2)  and (3 )  a r e  equ iva l en t  and c l e a r l y  (1) 

imp l i e s  (2) .  It fo l l ows  from Theorem 4 .13tha t  (3) imp l i e s  ( I ) .  

P r o p o s i t i o n  4.15: I f  K i s  a  f r e e  1-group w i t h  S a  f r e e  set of g e n e r a t o r s ,  



then  S i s  a f r e e  s e t  of gene ra to r s  f o r  t h e  subgroup [SJ of K genera ted  by 

S. 

P r o o f :  Let  G be  a  f r e e  group wi th  S a s  a  f r e e  s e t  o f  gene ra to r s .  Let  

X H=IIA(G ) and l e t  g+( . . . , g  ,...) be  t h e  o-isomorphism of G i n t o  t h e  long A 

cons t an t s  of H. Then t h e  1-subgroup F of H generated by GIT i s  t h e  f r e e  

1-group w i t h  ST a s  a  f r e e  s e t  of gene ra to r s .  C lea r ly ,  t h e r e  e x i s t s  an  

1-isomorphism T of F on to  K such t h a t  SITT=S f o r  a l l  SES and hence (GT)T=[S]. 

S ince  SIT f r e e l y  gene ra t e s  GIT i s  fo l lows  t h a t  S f r e e l y  gene ra t e s  [S].  

P ropos i t i on  4.16: Le t  G b e  a  f r e e  group wi th  S a s  a  f r e e  s e t  of gene ra to r s  

and l e t  H = ~ A ( G ~ ) .  L e t  K be  t h e  1-subgroups af H generated by t h e  long 
n 

O-G,Gn+l=[G,Gn]). Le t  Cn be a  f r e e  s e t  of cons t an t s  from G (where G - 
n 

g e n e r a t o r s  f o r  G . Then K i s  t h e  f r e e  1-group ( r e a l l y  (K~,IT 1 ~ ~ ) )  over 
n n 

G w i th  C IT a s  a  f r e e  s e t  of gene ra to r s .  
n  n 

Proof: Le t  -a-b+a+b~[G,G~-~],b&G~-~,a&G and l e t  xrG. From 

x-a-b+a+b-x= (x-a-x)+ (x-b-x)+(x+a-x)+ (x+b-x) ,we have G 4 G. Furthermore, 
n  

X + ~ + [ G ~ - ~ , G ~ - ~ ] = ~ C X + [ G ,  - l,Gn-llyfor every X . Y G G ~ - ~ .  Hence 

x+Y+[G,G~ - l]=y+x+[G,Gn - l ] , s i nce  [G , G n - l ] C I G y G n - l ] .  It can then  b e  
n- 1 

shown t h a t  G / [GyGn-l] i s  f r e e  a b e l i a n ,  by a  theorem of Magnus-Witt . [ P I .  
n- 1 

Now suppose t h a t  0 i s  a  homomorphism of [G,G ] i n t o  an  1-group L and 
n-1 

~ ~ f $ ( a ~ @ # O  i n  L. By Lemma 4.12, t h e r e  e x i s t s  a r i g h t  o r d e r  f o r  [G,G ] n- 1 
C\, 'L 

s o  t h a t  i n  t h e  1-group A(G,) ,vAAB(aaB)#e, where x-x i s  t h e  r i g h t  r e g u l a r  

r e p r e s e n t a t i o n  of G i n  A(Gn). P i ck  a  t o t a l  o rde r  f o r  G n n-llGn. then t h e  

lex icographic  ex t ens ion  of t h e  r i g h t  o-group G by t h e  0-group Gn l/Gn i s  n - 
a r i g h t  o rde r  f o r  G n-1' Therefore  by induc t ion  we g e t  a  r i g h t  o r d e r  f o r  

A  w which induces t h e  r i g h t  o r d e r  on G ) ,  say  PA. For each a  EG , a  maps 
n-1 a6 n aB 

A G onto i t s e l f .  Thus t h e r e  i s  a tgGn such t h a t  t V  A (a ) # t  and s o  
n A B aB 



h A 
VAABaaB#e i n  t h e  l-subgroup of p(G ) genera ted  by Gn.  Thus by t h e  proof 

, A  
of  Theorem 4.13 i t  follows (-hat K is  t h e  f r e e  1-group on t h e  f r e e  set of 

n 

gene ra to r s  C IT. 
n 

We a r e  now going t o  g i v e  some cond i t i ons  f o r  an  1-group G t o  be  f r e e .  

Le t  (F,IT) b e  t h e  f r e e  1-group over  t h e  1-group G cons t ruc t ed  a s  i n  Theorem' 

4-12.  If G is  no t  a n  o-group, t hen  t h e r e  e x i s t s  r i g h t  o r d e r s  P f P  ,o f  G . hl 
such t h a t  P n p A  3 G'. If g ~ p  \PA , t hen  o ~ ' ' = ~ > o  and 0gA2=g<0. Thus 

X1 2 hl 2 

A 1 A2 h 
0 (g Ve)=g and 0 (g Ve)=O and s o  gvVev= (. . . , g V e ,  . . . ) #  (gvO)IT because 

A A 
O(gV0) l = g ~ O > O  and O(gV0) 2 = g ~ 0 > 0 .  Thus n i s  a n  o-isomorphism of G i n t o  

F, bu t  n o t  an  1-isomorphism and s o  GITCF. 

Theorem 4.17: Le t  (F,IT) be  t h e  f r e e  1-group over  1-group G. Then t h e  

fo l lowing  a r e  equ iva l en t ;  

(1) GIT=F. 

(2) G i s  a n  o-group. 

(3) Each o-homomorphism of G i n t o  a n  1-group i s  an  1-homomorphism. 

Proof:  We have shown t h a t  (1) imp l i e s  (2) and c l e a r l y  (2) imp l i e s  (3) .  

( 3 ) 3 ( 1 ) .  IT i s  a n  o-isomorphism of G i n t o  1-group F and s o  IT i s  a n  l-is- 

omorphism. Thus GIT i s  an  1-subgroup of F and hence GIT=F. 

P r o p o s i t i o n  4.18: L e t  G b e  an  1-group and (F,IT) be  t h e  f r e e  I-group over  

G. For every element a , b ~ G ,  (aVb)V=aVVbIT i f  and only  i f  a , b  are comparable. 

Proof :  C l e a r l y  i f  a , b  a r e  comparable,(aVb)~=aITVb~. 

Conversely,  i t  i s  t r i v i a l  i f  G i s  an o-group. Now suppose G is  n o t  a n  

o-group. Then G+= n P f o r  some index I ,and P i s  a r i g h t  o r d e r  on G ,  
i E I  hi A i 

+ 
such t h a t  P A 2 G  . L e t  h=a-b. ( i )  I f  h110, then  h$ n P A  , t h a t  i s ,  

i ~ E I  i 



hBPh , f o r  some ~ E I .  I•’ h&Ph f o r  some j a ,  then  h&P 1 P Theref  o r e ,  
i i h j  Xi 

A A 
so  hvVev=(. . . , h  Ve, . . .) # ( h V e ) ~ ,  because O(hVe) =hVe>O f o r  a l l  h .  Hence 

( a V b ) ~ # a ~ V b v  i n  t h i s  case.  On t h e  o t h e r  

+ -h&PX f o r  a l l  i&I. Hence -h&G , t h a t  is  
. i 

Consequently, i f  h  1 1 0, thefi (aVb) v#avVbv. 

hand, i f  h & ~  f o r  a l l  i&I, then  
h, 
I 

-h/O. Therefore  hS0,cont rad ic t ion  

The proof i s  complete. 
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