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ABSTRACT 

I n  t h e  t h r e e  e d i t i o n s  of - L a t t i c e  Theory, Birkhoff  has  

sugges ted  t opo log ie s  f o r  v a r i o u s  types  of l a t t i c e s  which h e  and 

o t h e r s  have i n v e s t i g a t e d  f o r  l a t t i c e - o r d e r e d  groups. There have 

a l s o  been s e v e r a l  o t h e r  a t t empt s  t o  t opo log i se  l a t t i c e s  i n  g e n e r a l  

and l a t t i c e - o r d e r e d  groups i n  p a r t i c u l a r .  However, t h e  on ly  

t opo log ie s  which have been proved i n  g e n e r a l  t o  b e  group topo log ie s  

(v iz .  t h e  c l a s s  of t opo log ie s  desc r ibed  by Smarda) f a i l  t o  reduce  

t o  t h e  u s u a l  topology on f i n i t e  c a r d i n a l  p r ~ d u c t s  of t h e  r e a l  

numbers. The most g e n e r a l  of  t hose  t opo log ie s  which have been 

de f ined  by means of convergence is  t h e  topology der ived  from 

a-convergence, a s  developed by Papangelou, E l l i s ,  and Madell. A 

l a t t i c e - o r d e r e d  group has  such a  topology i f  and only i f  i t  is 

completely d i s t r i b u t i v e .  

I n  t h i s  d i s s e r t a t i o n ,  w e  d e f i n e  a  topology,  which w e  c a l l  

t h e  2- topology ,  on an  a r b i t r a r y  l a t t i c e - o r d e r e d  group G. With 

r e s p e c t  t o  t h e  5 - topo logy ,  G i s  bo th  a  t o p o l o g i c a l  group and 

a t o p o l o g i c a l  l a t t i c e .  The 2 - topo logy  on a t o t a l l y  ordered  group 



is  t h e  i n t e r v a l  topology, and i f  G is  a c a r d i n a l  product  of 

l a t t i c e - o r d e r e d  groups, then  t h e  2 - topo logy  on G is t h e  

(Tychonoff) product of t h e  %- topo log ie s  on t h e  f a c t o r s .  Hence 

t h e  %-topology on any c a r d i n a l  product of t h e  r e a l  numbers i s  

t h e  u s u a l  topology. The %-topology is d i s c r e t e  i f  and only i f  

G is a lexico-sum of lex ico-extens ions  of t h e  i n t e g e r s .  W e  

d e r i v e  necessary  and s u f f i c i e n t  cond i t i ons  f o r  t h e  5 - t o p o l o g y  

t o  b e  Hausdorff,  and c o n s t r u c t  a  l a t t i ce -o rde red  group which has  

i n d i s c r e t e  2-topology . F i n a l l y ,  w e  i n v e s t i g a t e  convergence w i t h  ' 

r e s p e c t  t o  t h e  %-topology,  and when G i s  completely d i s t r i b u t i v e ,  

w e  compare t h e  %-topology w i t h  t h e  topology der ived  from 

a-convergence. 
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1 . INTRODUCTION 

A. Tmunologg  and No;tation 

For t h e  d e f i n i t i o n s  and b a s i c  theory of semigroups, g roups ,  

(normal) subgroups, and group isomorphisms, s e e  Schenkman [55] 

(!Je use the 2Cl_ditiVe c n t t t i ~ ) ~  "+" fcr mnct nrnrinc D T l D n  thnvinh 
"-'- 6"- I?" " "' ""- b" 

they  may n o t  be  commutative.). For t h e  d e f i n i t i o n s  and b a s i c  theory  

of p a r t i a l l y  ordered s e t s ,  d i r e c t e d  s e t s ,  l a t t i c e s ,  s u b l a t t i c e s ,  

l a t t i c e  isomorphisms, t o p o l o g i c a l  l a t t i c e s ,  p a r t i a l l y  ordered groups, 

l a t t i c e - o r d e r e d  groups (R-groups),  vec to r  l a t t i c e s ,  and Banach 

l a t t i c e s ,  s e e  Birkhoff  [8]  o r  Fuchs [30] (except  f o r  t o p o l o g i c a l  

l a t t i c e  and Banach l a t t i c e )  (NB: We do not  r e q u i r e  a  t o p o l o g i c a l  

l a t t i c e  t o  b e  Hausdorff . ) .  For t h e  d e f i n i t i o n s  and b a s i c  theory of 

bases  and subbases of topologies  and of open s e t s ,  c losed  s e t s ,  

i n t e r i o r s  - of s e t s ,  neighborhoods, TI t opo log ie s ,  T2 ( o r  Hausdorff)  

topologies ,  completely r e g u l a r  topologies ,  connected s e t s ,  

one-to-one func t ions , . -on to  f u n c t i o n s ,  continuous func t ions ,  

sequences,  n e t s ,  c o f i n a l  s u b s e t s ,  and f i l t e r - b a s e s  and f i l t e r -  

subbases of f i l t e r s ,  s e e  Thron 1581 (NB: For a  n e t  w e  u s e  t h e  

n o t a t i o n  {xg / i3 E B 1 where B is t h e  domain of t h e  n e t  .) . For 

t h e  d e f i n i t i o n  and b a s i c  theory of t opo log ica l  groups, s e e  Husain [36] 

(NB: Ve do no t  r e q u i r e  a  t opo log ica l  group t o  b e  Hausdorff .) . 
Zorn's Lemma may b e  found i n  [ 8 ] ,  1551, o r  [58] .  We c o n s i s t e n t l y  



u s e  t o t a l l y  ordered s e t  ( t o t a l l y  ordered group) t o  r e f e r  t o  a 

p a r t i a l l y  ordered set ( p a r t i a l l y  ordered group) i n  which every 

p a i r  of elements is  r e l a t e d ,  i . e .  i n  which a - b o r  b  - a 

f o r  every p a i r  of elements a , b .  We w r i t e  a l l  func t ions ,except  

t h e  p r o j e c t i o n  func t ions  from a productyon the r i g h t .  

I f  {Ah 1 h  E A }  i s  a c o l l e c t i o n  of sets, then  by t h e  p roduc t  

of t h e  Ah,  hllAAh, we mean t h e  set of f u n c t i o n s  f  from A t o  

t h e  d i s j o i n t  union of t h e  A, s a t i s f y i n g  A•’ E A, f o r  a l l  X E A.  
a .  , . 

I f  { G ~ I  h  B A }  is  a  c o l l e c t i o n  of groups, then  by t h e  p roduc t  

of t h e  G A Y  hfAGh, we mean t h e  set hlIAGh w i t h  group ope ra t ion  

def ined  by: f  + g is t h e  element of hfAGh s a t i s f y i n g  h( f  t g)  

= (h f )  + (hg) .  We sometimes w r i t e  f i n i t e  products  of s e t s  (groups) 

as A1 X A 2  X ... X An (GI X G2 X ... X Gn). 

Le t  G be  an  2-group and T a  t o t a l l y  ordered group. The 

lex ico-graphic  product of G and T, G 2 T,  is  t h e  group G X T 

w i t h  o rde r  def ined  by: (g,  t )  5 (a ,b)  i f  and only i f  t < b o r  

t = b and g 2 a. The lex ico-graphic  product of a n  2-group and 

a t o t a l l y  ordered group i s  a n  &group. I f  { G ~  1 h E A }  i s  a 

c o l l e c t i o n  of R-groups, then t h e  c a r d i n a l  product  of t h e  G 
h ' 

I n 1 G h ,  i s  t h e  group n G w i t h  o rde r  def ined  by : f  2 g i f  
X E A  

X E A  A 

and only i f  A•’  5 hg f o r  a l l  E: A .  I f  A is f i n i t e ,  we - 

sometimes denote  t h e  c a r d i n a l  product  by G1 I X I  G2 I X I  . . . I X I  Gn. 

The c a r d i n a l  sum of t h e  G I I G h ,  i s  t h e  subgroup of in  1 G h  
" AEA XEA 

c o n s i s t i n g  of t hose  func t ions  which are 0 f o r  a l l  b u t  a f i n i t e  

number of 1 E A .  The c a r d i n a l  product  and c a r d i n a l  sum of 2-groups 



are R-groups. 

Le t  {G I X E A )  b e  a  c o l l e c t i o n  of s e t s  w i t h  topologies  X 

UA. The p roduc t  topolopy on II G i s  t h e  set c o n s i s t i n g  of 
A€?. X 

t h e  empty set and a l l  s u b s e t s  of X h G x  which a r e  a r b i t r a r y  unions 

of f i n i t e  i n t e r s e c t i o n s  of sets of t h e  form U X II 
y x E A \ { ~ I ~ A  

where U E U . 
Y Y  

We denote  t h e  l a t t i c e  ope ra t ions  of j o i n  and meet by v and 

A respectively. T n  general;  if A is a subset of 2 partially , \ 

ordered s e t  P and t h e r e  e x i s t s  d  E P such t h a t  ( i )  d  t - a 

f o r  a l l  a E A and ( i i )  d  5 - b whenever b  2 - a  f o r  a l l  a  E A, 

then d  is  w r i t t e n  V A o r  axAa. We d e f i n e  A A and AAa 

s i m i l a r l y .  A l a t t i c e  L  i s  s a i d  t o  b e  c o n d i t i o n a l l y  complete i f ,  

f o r  a l l  s u b s e t s  S  of L  which a r e  bounded above, V S E L  and 

i f ,  f o r  a l l  s u b s e t s  T of L  which a r e  bounded below, A T  E L. 

A l a t t i c e  L  i s  s a i d  t o  b e  complete i f ,  f o r  a l l  s u b s e t s  S  of - 

L, V S  E L  and A S  E L. A n o n - t r i v i a l  R-group cannot be complete, 

b u t  t h e r e  e x i s t  R-groups which are c o n d i t i o n a l l y  complete [ 8 ] .  

Let  L be  a l a t t i c e .  Le t  L* be  L  wi th  g r e a t e s t  and l e a s t  

elements ( aa jo ined  i f  necessary) .  For Y E. L*, l e t  U(Y) = 

{a E L*[ f o r  a l l  y E Y ,  R L y }  and R(Y) = {R E L*] f o r  a l l  

y E Y ,  R z y l .  Le t  
A 

L = {YI Y C L*, Y non-empty, and Y = R(u(Y))).  

W e  o rde r  L  by set i n c l u s i o n  and c a l l  L  t h e  completion of L 
A 

by c u t s  [ 8 ] ,  [ 4 2 ] .  W e  may embed L i n t o  t h e  complete l a t t i c e  L  

by t ak ing  a E L  t o  R(u( (a) ) ) .  This  map is one-to-one and 



prese rves  o rde r  and t h e  l a t t i c e  ope ra t ions ;  t hus  w e  may assume 
A - 

t h a t  L  is a s u b s e t  of L. The c o n d i t i o n a l  completion, L, of 
A A 

L is (a) i\{ v L ,  A L }  i f  v L, AL t L, (b) ;\{v I }  i f  

v L 6 L b u t  A L e L, (c) I I i f  V L  E L b u t  A L e L, 
A 

o r  (d)  L  i f  b o t h  V L, A L  c L. Then is cond i t i ona l ly  

- 
complete and L  may b e  considered a s  a s u b l a t t i c e  of L. 

Le t  L b e  a l a t t i c e .  Then L  is s a i d  t o  b e  completely 

distrihutive if , whenever f 0 .  ] n_ A ,  f! R )  c T, fey arbi+_rary  
' -aB 

indexing sets A and B,. t h e  e q u a l i t y  

holds  provided t h a t  a l l  t h e  i n d i c a t e d  j o i n s  and meets e x i s t .  

A s u b s e t  S  of a  p a r t i a l l y  ordered s e t  P i s  s a i d  t o  b e  

convex i f  p  E S whenever s 2 p  2 r f o r  s,r e S and p  E P. 

An R-subgroup of a n  R-group G is a  s u b s e t  S  of G which 

i s  both  a  subgroup and a s u b l a t t i c e .  Not every subgroup of a n  

R-group i s  a n  R-subgroup; a  s imple  example is t h e  fol lowing.  Le t  

G b e  t h e  c a r d i n a l  product of t h e  i n t e g e r s  w i th  themselves. Le t  

S = {(m,-m) 1 m i s  an  i n t e g e r ) .  Then c l e a r l y  S  i s  a  subgroup of 

G. However, s i n c e  ( 1 - 1 )  V ( - 1 ,  = ( 1 ,  d S, S  is n o t  a  

s u b l a t t i c e  of G.  A convex normal R-subgroup of an  R-group i s  

c a l l e d  a n  R-ideal.  I f  { G ~ I  h e A }  is  a c o l l e c t i o n  of R-groups, 

then  t h e  c a r d i n a l  sum of t h e  
Gh 

i s  an R-ideal of t h e  c a r d i n a l  

product of t h e  G h .  An R-subgroup is s a i d  t o  b e  pr ime i f  i t s  

l a t t i c e  of l e f t  c o s e t s  i s  t o t a l l y  ordered ( see  1171). A subgroup 

N of an  R-group G is  s a i d  t o  be  L-closed i f  whenever {gal a E A 1  

and e x i s t s  i n  then and whenever 



{e, 1 a E A} E N and AAgu e x i s  ts i n  6 ,  then  A g E N . 
asA a 

Unless o therwise  mentioned, we adopt  t h e  n o t a t i o n  of Birkhoff  [8]  

( s e e  a l s o  Fuchs [30]-). I n  p a r t i c u l a r ,  ( s i n c e  t h e  n o t a t i o n  v a r i e s )  

we emphasize t h a t  f o r  any R-group G and any a E 6 ,  a+ = a V 0 

- 
and a = a A 0.  I f  G i s  an  2-group, A,B ' G,  and a , b  c G 

w i t h  a b ,  then [ a ,b l  = {x E G I  a 2 x & b}, (a ,b)  = ( x  E G I  
a < x < b) ;  [ a ]  is t h e  R-subgroup genera ted  by a ,  G(a) i s  t h e  

~_~=TJP,Y  <)-cilhovn,in - - -b- - - l  b-..----u- nnnnr=+nrl h - r  3; + I! r + - - I  - r A "-' J ) I (  A C L1) 47 C E)) 

a + B = {a} + B ,  -A = ( - a /  a E A), A V B = ( x  V y l  x  E A, y E B), 

A A B = { x A y l  X E A ,  y ~ B 1 ,  a V B = ( a ) V B ,  a ~ B = 1 a l A B ;  

A + =  {x E A I  x ,O},  - and A- = {x E A I  ~ 2 0 ) .  For A G  G, 

A1 = {x E G I  I xl A 1 a1 = 0 f o r  a l l  a E A) ( r ead  t h e  "polar" of 

A) is a convex R-subgroup of G ( s e e  [18] ,  [56 ] ) ;  f o r  g E G, 

w e  l e t  gl = 1 ~ 1 1 .  We denote  t h e  empty s e t  by . We denote  t h e  

a d d i t i v e  R-group of t h e  r e a l  numbers by R, t h a t  of t h e  r a t i o n a l  

numbers by Q, and t h a t  of t h e  i n t e g e r s  by Z.  We l e t  N denote 

t h e  n a t u r a l  numbers. The symbol 1~ 1 a t  t h e  r i g h t  hand margin 

i n d i c a t e s  t h e  end of a proof .  

We say  t h a t  two R-groups a r e  2-isomorphic i f  t h e r e  i s  a 

one-to-one, on to  f u n c t i o n  between them which preserves  t h e  group 

ope ra t ion  and t h e  l a t t i c e  ope ra t ions ;  i . e .  if t h e r e  e x i s t s  a 

func t ion  between them which is  bo th  a group and a l a t t i c e  isomorphism. 

We denote R-isomorphism by =. 

If R is  a t o t a l l y  ordered s e t ,  w e  l e t  A(R) denote  t h e  s e t  

of al.1 one-to-one o rde r  preserv ing  func t ions  of R on to  i t s e l f .  



Funct iona l  composition i n  A(R) is a  group ope ra t ion  (which we 

w r i t e  m u l t i p l i c a t i v e l y ) ,  and t h e  p a r t i a l  o rde r  def ined  by 

f Z g  i f  and only if  wf 2 wg f o r  a l l  w E R 

is a l a t t i c e  o rde r ,  w i t h  w(f V g) = (wf) V (wg) and w(f A g) = 

(wf) A (wg) . Under t h i s  ope ra t ion  and this r e l a t i o n ,  A(R) is  an  

R-group. W e  denote  the group i d e n t i t y  by i, and we s a y  t h a t  A(R) 

is doubly t r a n s i t i v e  i f  f o r  a l l  a Y 5 , y , 8  E R wi th  a < f i  and y  < 6, 

t h e r e  e x i s t s  f  E A @ )  such t h a t  af = y and Bf = 6. 

I f  Y is  a  t opo log ica l  space ,  we l e t  C(Y) denote t h e  s e t  

of a l l  continuous real-valued func t ions  of Y .  Define a d d i t i o n  on 

C(Y) pointwise,  i . e .  by 

y ( f  + g )  = (y f )  + (yg) f o r  a l l  y  E Y .  

Order C(Y) by 

f  2 g i f  and only i f  yf 5 - yg f o r  a l l  y  E Y .  

Then C(Y) i s  an  R-group w i t h  y ( f  V g)  = ( y f )  V (yg) and 

y ( f  A g )  = ( y f )  tA\ (yg) .  

Le t  ( a  I y E r )  be a  n e t  i n  A,  a subse t  of a  s e t  Y w i t h  
Y 

topology U.  We say  t h a t  ( a  converges t o  a  E Y wi th  r e s p e c t  
Y 

t o  U ( o r  U-converges t o  a )  i f  f o r  a l l  U E U w i t h  a  E U, 

t h e r e  is a  B E J? such t h a t  whenever m 2 B y  then  a  E U.  
C1 

Let  (A I y E r )  b e  a  f i l t e r - s u b b a s e .  We denote t h e  f i l t e r  
Y 

generated by { A ~  1 y E J?) by F ( ( A ~ /  y  E I'}). For n o t a t i o n a l  

convenience i n  t h e  proof of Corol la ry  5 .22,  we d e c l a r e  t h a t  

F ( B )  = 8 .  

We assume t h a t  t h e  r eade r  i s  f a m i l i a r  w i t h  t h e  b a s i c    roper ties 

of R-groups found i n  Birkhoff [8, Chapter X I I I ] ,  e s p e c i a l l y  t hose  



descr ibed  i n  •˜ XII I .3  and •˜ XIII .4 .  I n  p a r t i c u l a r ,  we w i l l  u se  

+ - 
without  comment such obse rva t ions  a s  1 a 1 = a - a = a v ( -a ) ,  

+ + 
a A (-a) = 0 ,  a  = a + +  am,  and la1 A lbl = 0 imp l i e s  

a + b = b + a .  

The proof t h a t  an R-group i s  a  t o p o l o g i c a l  group w i t h  r e s p e c t  

t o  t h e  2- topology  ( t o  be  in t roduced  i n  Chapter 2) r e l i e s  on t h e  

fo l lowing  theorem from Husain [36, page 461: 

Theorem A: Le t  G be  a group w i t h  a  f i l t e r - b a s e  N(0) 

s a t i s f y i n g :  

( a )  Each H E k(O) i s  symmetric. 

(b )  For each H E N(O), t h e r e  i s  a  K E N(O) such t h a t  

K + K E H .  

(c )  For each H E N(0) and each a  E G,  t h e r e  i s  a  

K E N(0) such t h a t  a  + K - a C H .  

Then t h e r e  e x i s t s  a  unique topology 5 on G such t h a t ,  w i th  

We a l s o  u s e  t h e  fo l lowing  r e s u l t  of Husain 136, page 481:  

Theorem B: For a  t o p o l o g i c a l  group G w i t h  group topology U ,  

t h e  fo l lowing  s t a t emen t s  a r e  equ iva l en t :  

( a )  U is  TI. 

(b)  U is Hausdorff .  

( c )  n W = {O>, where W is any f i l t e r - b a s e  f o r  t h e  

U-neighborhoods of 0. 14 



We review h e r e  work done on topologis ing  l a t t i c e s  i n  g e n e r a l  

and R-groups i n  p a r t i c u l a r .  For views of t h e  r o o t s  of t h e ~ t h e o r y  of 

2-groups, s e e  [51, 191, and [ l o ] ,  and t h e  r e f e rences  t h e r e .  

Previous t o  t h i s  d i s s e r t a t i o n ,  t h e r e  have been b a s i c a l l y  

fou r  methods of topologis ing  v a r i o u s  c l a s s e s  of l a t t i c e s  and 

l a t t i c e - o r d e r e d  groups: by l i t e r a l l y  g e n e r a l i s i n g  t h e  i n t e r v a l  

topology on t o t a l l y  ordered s e t s ;  by e x t r a p o l a t i n g  t h e  i n t e r v a l  

topology on t o t a l l y  ordered s e t s ;  by a t tempt ing  t o  r e l a t e  t h e  

o rde r  s t r u c t u r e  t o  ( t opo log ica l )  convergence; and by cons ider ing  

f i l t e r s  of subgroups. 

The i n t e r v a l  topology f o r  a l a t t i c e  L w a s  in t roduced  by 

F r ink  i n  [28] .  This  topology is  def ined  by t ak ing  t h e  ( l a t t i c e )  c lo sed  

i n t e r v a l s  a s  a  subbase f o r  t h e  ( topo log ica l ly )  c losed  s e t s ,  Here we 

understand "closed i n t e r v a l "  t o  mean s e t s  of t h e  form ( i )  {XI x = < a )  

f o r  some a E L, ( i i )  {XI x 2 a1 f o r  some a E L, ( i i i )  L 

i t s e l f ,  o r  ( i v )  {XI a i x z b )  f o r  some a ,b  E L. This  same 

d e f i n i t i o n  i s  a  "closed s e t "  d e f i n i t i o n  of t h e  usua l  i n t e r v a l  

topology on a  t o t a l l y  ordered set. The u s u a l  d e f i n i t i o n  uses  

open i n t e r v a l s  a s  a  subbase f o r  t h e  open s e t s .  I n  t h e  l a t t i c e  

case ,  however, t h e  c losed  s e t  v e r s i o n  is  p r e f e r a b l e  because 

t h e  "boundaries" of s e t s  can have more than  two po in t s .  For 

example, i n  R 1x1 R, ( ( 0 0 )  , ( 1 1 )  is t h e  u n i t  squa re  wi thout  

t h e  p o i n t s  (0,O) and ( 1 1 )  I n t u i t i v e l y  ( i . e .  i n  t h e  u s u a l  

topology) ,  t h e  "openH u n i t  squa re  a l s o  f a i l s  t o  i nc lude  t h e  l i n e  



segments 0 ,  , , ( ( 0 , 0 > ,  (0,113, , , I  and 

[ ( l O )  ( 1 , l  I n  a t o t a l l y  ordered s e t ,  t h e s e  l i n e  segments 

c o l l a p s e  i n t o  t h e  maximum and minimun po in t s  of t h e  i n t e r v a l ,  which 

a r e  absent  from a n  "open" i n t e r v a l  and p re sen t  i n  a  " ~ l o s e d "  

i n t e r v a l .  Abs t r ac t ing  t h e  "open s e t "  d e f i n i t i o n  from a t o t a l l y  

ordered set h a s  proved f r u i t f u l ,  however, as we s h a l l  s e e  when w e  

d i scuss  t h e  open i n t e r v a l  topology. 

The i n t e r v a l  topology de f ined  above has  been i n v e s t i g a t e d  i n  

[6] (which r e l i e d  h e a v i l y  on   rink's paper) ,  [48] (which proved 

most of t h e  r e s u l t s  announced i n  [471),  [21, 1131, [ G I ,  [441, 1621, 

[591, [161, [371, [341, and [ill. 

It is easy t o  s e e  t h a t  a  l a t t i c e  must b e  
T1 

i n  i ts  i n t e r v a l  

topology [28] . It was no t i ced  i n  [6]  t h a t  t h e  n e t  { (r ,-r) . l  r E R'I 

i n  R 1x1 R converges t o  every element of R 1x1 R w i t h  r e s p e c t  

t o  t h e  i n t e r v a l  topology. Therefore  t he  i n t e r v a l  topology on 

R 1x1 R i s  n o t  Hausdorff,  and hence by Theorem B ,  the i n t e r v a l  

topology i s  n o t  a group topology on R 1x1 R. 

Many c l a s s e s  of R-groups have been discovered w i t h  t h e  p rope r ty  

t h a t  i f  G i s  an  2-group i n  t h e  c l a s s  and i f  G is Hausdorff 

i n  i ts  i n t e r v a l  topology, then  G is  t o t a l l y  ordered.  (See [13] ,  

[62] ,  [16] ,  [37] ,  and [ l l ] . )  Holland [34] has  given an example of 

a  non- to t a l ly  ordered 9.-group which is a t o p o l o g i c a l  l a t t i c e  and 

a t o p o l o g i c a l  grocp (and t h e r e f o r e  Hausdorff) i n  its i n t e r v a l  

topology. 

I n  a 1951 addres s ,  F r ink  [29] suggested t h a t  a su i . t ab l e  

g e n e r a l i z a t i o n  of t h e  i n t e r v a l  topology would b e  an  i d e a l  topology 



I 
't de f ined  as fo l lows:  Le t  P b e  a  p a r t i a l l y  ordered  s e t .  An i d e a l  
i 

of P is  a s u b s e t  I of P w i t h  t h e  proper ty  t h a t  i f  F is a 

f i n i t e  s u b s e t  of I, then  t h e  set of a l l  lower bounds of t h e  set 

of a l l  upper bounds of F is contained i n  I. A dua l  i d e a l ,  - D, def ined  

by in t e rchang ing  "upper" and "lower" i n  t h e  d e f i n i t i o n  of i d e a l ,  is  

a f i l t e r  i n  t h e  sense  of 158, D e f i n i t i o n  13.161 i f  P has  a least 

element and 4 # D # P. A (dua l )  i d e a l  is completely i r r e d u c i b l e  i f  it 

is not the intersection of a collection of (dual) ide~ls distinct frcm it. 

The i d e a l  topology on a p a r t i a l l y  ordered s e t  P has  as a subbase 

f o r  t h e  open s e t s  t h e  s e t  of a l l  completely i r r e d u c i b l e  i d e a l s  and 

d u a l  i d e a l s .  The i d e a l  topology reduces t o  t h e  u s u a l  topology on 

R I X I  R, t h e  completely i r r e d u c i b l e  i d e a l s  and d u a l  i d e a l s  being 

t h e  open h a l f  p lanes  [29]. With t h e  except ion  of Ward 1591, t h e  

i d e a l  topology has n o t  been f u r t h e r  i n v e s t i g a t e d .  

I n  [32] ,  Guillaurne d e f i n e s  topologies  s i m i l a r  t o  t h e  i d e a l  

topology as fo l lows:  Let  P b e  a p a r t i a l l y  ordered s e t .  A s u b s e t  

F of P i s  s a i d  t o  b e  r igh t -ordered  ( l e f t -o rde red )  i f  f o r  a l l  

x E F, u ( (x ) )  C F (R((x)) c F) .  The open s e t s  of t h e  Td-topology 

(Tg-topology) are t h e  r igh t -ordered  ( l e f t -o rde red )  s e t s .  A s u b s e t  

F of P is  c a l l e d  r igh t - c losed  ( l e f t - c l o s e d ,  dg-closed) i f  

whenever S is  a non-empty t o t a l l y  ordered s u b s e t  of F w i t h  

V S  ( A ,  S and VS) e x i s t i n g  i n  P,  then  V S  ( A S ,  A S 

and v S) is  an  element of F. The c losed  s e t s  of t h e  r i g h t - l o n g i t u d i n a l  

topology ( l e f t - l o n g i t u d i n a l  topology, l o n g i t u d i n a l  topology) a r e  

t h e  r igh t - c losed  ( l e f t - c lo sed ,  dg-closed) s u b s e t s  of P. Guillaume 



does no t  cons ider  a l g e b r a i c  s t r u c t u r e  i n  a d d i t i o n  t o  t h e  o rde r  

s t r u c t u r e ,  and apparent ly  no-one has  r e a l i z e d  s i g n i f i c a n t  theorems 

i n  t h a t  d i r e c t i o n .  

Banaschewski [ I ]  has  de f ined  a topology on a p a r t i a l l y  ordered 

group w i t h  a  base  of c losed  i n t e r v a l s  f o r  t h e  f i l t e r  of neighborhoods 

of 0. Le t  P be  a  p a r t i a l l y  ordered group. A s e t  E G P is 

c a l l e d  a  t opo log ica l  i d e n t i t y  i f  ( i )  e  E E impl i e s  e > 0, ( i i )  

ZOL e,el E Ey t h e r e  is a d E E such that: d 5 e , e l ,  ( i i i )  f o r  - 

e c E, t h e r e  is a d E E such t h a t  d  + d 5 e ,  ( i v )  f o r  e E E - 

and x E P, t h e r e  i s  a d E E such t h a t  d 5 x + e - x,  and - 

(v) A E  = 0. The i d e n t i t y  topology on P i s  def ined  by tak ing  

as a subbase f o r  t h e  neighborhoods of 0  t h e  i n t e r v a l s  [-e,e] 

f o r  e E E, where E i s  a t opo log ica l  i d e n t i t y  of P. L e t  G 

b e  a f i n i t e  c a r d i n a l  product  of copies  of Z and l e t  E G G+\{oI. 

Then f o r  a l l  e  E E, (O,e] is f i n i t e .  But i f  E is  a t opo log ica l  

i d e n t i t y ,  then  proper ty  ( i i i )  impl ies  t h a t  f o r  a l l  e  E E, 

(O,e] con ta ins  a n  i n f i n i t e  descending s u b s e t .  Hence E is  n o t  

a t o p o l o g i c a l  i d e n t i t y ,  and t h e r e f o r e  G cannot have a n  i d e n t i t y  

topology def ined  on i t .  

I n  [8] ,  t h e  d e f i n i t i o n  of i n t e r v a l  topology was modified a s  

fol lows:  Le t  L b e  a l a t t i c e .  Le t  C b e  t h e  s e t  of a l l  i n t e r s e c t i o n s  

of f i n i t e  unions of ( l a t t i c e )  c losed  i n t e r v a l s  of L. Here "closed 

i n t e r v a l "  means only sets of t h e  form [a ,b]  f o r  some a ,b  E L 

w i t h  a  b.  A s e t  S is s a i d  t o  b e  c losed  i n  t h e  new i n t e r v a l  

topology i f  C E C imp l i e s  that S n C c C. (we n o t e  t h a t  



e 
I The new i n t e r v a l  topology has  t h e  advantage of being t h e  u s u a l  

I 
i topology on R 1x1 R. It is unknown whether a n  a r b i t r a r y  R-group 
I 
! is a topo log ica l  group i n  i t s  new i n t e r v a l  topology (problem 114 

of [ 8 ] ) .  The r e l a t i o n s h i p  between t h e  new i n t e r v a l  topology and 

t h e  i d e a l  topology has  n o t  been discovered.  

Le t  G b e  a p a r t i a l l y  ordered group. The open i n t e r v a l  

i opv iogy  on 2 is d e i i n e d  by i a k i u g  iile opea i n i e r v a i s  a s  a 

subbase f o r  t h e  open sets. Here "open i n t e r v a l s "  a r e  taken as 

sets of t h e  form (a ,b)  f o r  a , b  E G w i t h  a < b. Loy and 

M i l l e r  [41] have def ined  a c l a s s  of p a r t i a l l y  ordered groups 

c a l l e d  t i g h t  Riesz 'groups  by r e q u i r i n g  t h a t  t h e  order  on t h e  

group G b e  d i r e c t e d  and t h a t  f o r  any elements a ,b , c ,d  E G 

w i t h  a ,b  < c , d ,  t h e r e  e x i s t s  x E G such t h a t  a ,b  < x < c,d.  

A non- to ta l ly  ordered  R-group cannot be  a t i g h t  Riesz group: i f  

a ,b  E G a r e  incomparable,  then  a A b ,  a A b < a ,b ,  b u t  t h e r e  

does n o t  e x i s t  an  x E G such t h a t  a A  b < x < a and a A b 

< x < b. However, Wirth [61] and R e i l l y  [52] have i n v e s t i g a t e d  

R-groups which permit  t h e  e x i s t e n c e  of a t i g h t  Riesz  o rde r  

"compatible" w i t h  t h e  l a t t i c e  o rde r .  Loy and M i l l e r  [41] proved 

t h a t  t h e  open i n t e r v a l  topology on an  a b e l i a n  t i g h t  Riesz  group 

G is  no t  d i s c r e t e  and is  Hausdorff when G has  no pseudozeros 

+ 
(W E G i s  pseudopos i t i ve  i f  w Z G b u t  w + (G+\{o}) c G+\{o}; 

w E G i s  a pseudozero i f  bo th  w and -w are pseudopos i t ive . )  

I n  [54] (which i s  a n  expanded v e r s i o n  of [53] ) ,  Rennie d e f i n e s  

t h e  L-topology of a l a t t i c e  by e x t r a p o l a t i n g  t h e  i n t e r v a l  topology 



on a  t o t a l l y  ordered s e t  a s  fo l lows:  Le t  L b e  a l a t t i c e .  A 

base  of open seLs f o r  the L-topolosy c o n s i s t s  of a l l  sets S 

conta ined  i n  L  such  that S is convex and the i n t e r s e c t i o n  

of S w i t h  any maximal t o t a l l y  ordered  s u b s e t  of L  i s  open 

w i t h  r e s p e c t  t o  the i n t e r v a l  topology of the t o t a l l y  ordered  

s u b s e t .  A l a t t i c e - o r d e r e d  group is a  t o p o l o g i c a l  l a t t i c e  w i t h  

r e s p e c t  t o  t h e  L-topology [ 5 4 ] .  Rennie d i d  n o t  cons ide r  R-groups 

n-rnn-t tc defke  them; h e  d s e t e d  h i s  a t t e n t l o 2  i n s t e a d  t o  Bans& .-Abby L 

l a t t i c e s .  We w i l l  show i n  a  few paragraphs t h a t  n o t  every R-group 

is a  t o p o l o g i c a l  group w i t h  r e s p e c t  t o  i t s  L-topology. 

One of Rennie 's  main concerns was t h e  comparison of t h e  

L-topology wi th  s i x  o t h e r  t opo log ie s .  One of t h e s e  was t h e  i n t e r v a l  

topology and t h e  o t h e r  f i v e  were t opo log ie s  def ined  by means 

of va r ious  types  of l a t t i c e  convergence. Le t  P b e  a  p a r t i a l l y  

ordered  s e t .  A n e t  {x I B E B) i n  P i s  s a i d  t o  order-converge 
B 

t o  x E P i n  ca se  t h e r e  a r e  n e t s  {aBl  B r B l  and {bBl B E B l  

i n  P such t h a t  (1) i f  q b y ,  then a  < a  and b  7 b  , n =  y  r l =  Y  

(2)  a  < x  < b  f o r a l l  B E B ,  and ( 3 )   bag=^= A b  
B =  B =  B BEB B *  

Order-convergence was in t roduced  by Birkhoff  i n  [ 3 ]  and [ 4 ] ;  see 

a l s o  F r ink  [28 ]  and Kantorovich [ 3 8 ] .  I f  L is a l a t t i c e ,  and i f  a  

n e t  llyI y E F} i n  i order-converges t o  y E L ,  t hen  [ 5 4 ]  

y = v Ip  1 t h e r e  i s  a 6 E I? such t h a t  p  5 yy f o r  a l l  y - 2 61, 

and 

y =  A I p l  t h e r e i s a  B E Y  s u c h t h a t  p l y  f o r a l l  y 1 ; 8 ) .  
Y 

W e  d e f i n e  the o r d e r  topology on a  p a r t i a l l y  ordered  set P by 

l e t t i n g  t h e  c lo sed  sets  b e  e x a c t l y  t hose  s u b s e t s  A of P such  



t h a t  the l i m i t  of any order-convergent n e t  i n  A is i t s e l f  i n  A .  

Both Birkhof f I61 and F r i n k  1281 i n c o r r e c t l y  assumed t h a t  convergence 

w i t h  r e s p e c t  t o  the orde r  topology was the sane as order-convergence. 

This l e d  Birkhoff  t o  the conclus ions  161 t h a t  every p a r t i a l l y  

ordered set had Hausdorff o rde r  topology and t h a t  any c o n d i t i o n a l l y  

complete R-group w a s  a t o p o l o g i c a l  group in its o rde r  topology. 

However, Rennie 153,541 gave an  example which showed t h a t  order-  

convergence and convergence w i t h  r e s p e c t  t o  t h e  o rde r  topology need 

n o t  b e  t h e  same, and Northam announced i n  [47] (but  d i d  n o t  i n c l u d e  

i n  [48]) an  example of a l a t t i c e  which w a s  n o t  Hausdorff i n  i t s  

ord.er topology o r  m L-topology. Floyd and Klee 1271 a l s o  poin ted  

o u t  t h e  non-equivalence of t h e  two types  of convergence, and i n  

[26] ,  Floyd gave an  example of a c o n d i t i o n a l l y  complete v e c t o r  

l a t t i c e  i n  which a d d i t i o n  was n o t  cont inuous i n  any topology 

"compatible" w i t h  t h e  o rde r .  See a l s o  [25] .  

I n  p a r t i c u l a r ,  t h e  "compat ib i l i ty"  of [ 2 6 ]  may b e  used t o  

show t h a t  f o r  l a t t i c e - o r d e r e d  groups ( i n  f a c t ,  v e c t o r  l a t t i c e s )  

Rennie 's  L-topology is  n o t  i n  g e n e r a l  a group topology. Le t  P 

b e  a p a r t i a l l y  ordered  set ,  and le t  1 b e  a topology f o r  P. 

Floyd de f ined  T t o  b e  o-compatible w i t h  t h e  o rde r  on P i f  

and only i f  whenever x 1 , x 2 . . .  1 is a sequence i n  P w i t h  
00 

X, 2 x2 2 x3 2 * ' * a  
and &xi = x c P 

then  t h e  sequence {xi} 1-converges t o  x .  He proved that t h e r e  



e x i s t s  a cond i t iona l ly  complete vec to r  l a t t i c e  N i n  which t h e  

func t ion  x - y is not  T-continuous simultaneously i n  x and y 

f o r  any T1 topology T f o r  N which is a-compatible w i t h  t h e  

order  on N. (N is the l a t t i c e  of a l l  continuous real-valued 

funct ions  on a Stone rep resen ta t ion  space of the complete Boolean 

a lgebra  of a l l  r egu la r  open subse t s  of the u n i t  i n t e r v a l ,  p a r t i a l l y  

ordered by inc lus ion.  ) 

is  a-compatible wi th  the order on L: Suppose (x.1 is a sequence 
1 

i n  L w i t h  
00 

x1,x2,x3'  .... and A x  = . E L ,  
i=l i 

and l e t  S be  a b a s i c  open s e t  f o r  t h e  L-topology wi th  x E S. 

By Zorn's Lema,  t h e r e  e x i s t s  a maximal t o t a l l y  ordered s e t  C 

i n  L such t h a t  {x,xl,x2,x3, .... 1 G C. Since S i s  a b a s i c  open 

s e t  f o r  t h e  L-topology, C n S is  an open set of t h e  i n t e r v a l  

topology of C.  Clear ly  x E C n S. Thus t h e r e  e x i s t  a ,b  E C 

such t h a t  x E (a ,b)  E S n C. Suppose t h a t  f o r  a l l  i t h e r e  

e x i s t s  j 2 i such t h a t  x d (a ,b) .  Then x > b f o r  a l l  i, 
03 j i = 

and hence x = A x > b. This con t rad ic t s  the  f a c t  t h a t  x E (a ,b) .  i=l i = 

Thus t h e r e  e x i s t s  k such t h a t  f o r  a l l  i 2 k, - 

x E [x,b) G (a ,b)  c S .  
i 

Therefore x i  converges t o  x w i t h  r e spec t  t o  the L-topology. 

The case  f o r  increas ing sequences fol lows s i m i l a r l y  and thus t h e  

L-topology is a-compatible w i t h  t h e  order  on L. Any l a t t i c e  has  

T1 L-topology 1541 and hence by ~ l o y d ' s  theorem s t a t e d  above, f o r  
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v e c t o r  l a t t i c e s  (and t h u s  R-groups) the L-topology is n o t  i n  g e n e r a l  

a group topology. 

Moore 1451, Birkhoff [6,7],  and Gordon 1311 have a l l  s t u d i e d  

r e l a t i v e  uniform convergence i n  v e c t o r  l a t t i c e s ;  bu t  this concept  

has  n o t  been gene ra l i zed  t o  a r b i t r a r y  2-groups. Ward 1591 cons idered  

t h e  r e l a t i o n s  between t h e  i n t e r v a l  topology, the i d e a l  topology, 

and t h e  o rde r  topology, and DeMarr [20,21] c l a s s i f i e d  c e r t a i n  

l a t t i c e s  in which order-convergence and convergence w i t h  r e s p e c t  

t o  the o rde r  topology co inc ide .  Birkhoff  proved [8, Theorem XIII.261 

t h a t  i n  a c o n d i t i o n a l l y  complete R-group t h e  ope ra t ions  +, V ,  and 

A a r e  ' lcontinuous w i t h  r e s p e c t  t:o order-convergence". A s  he noted  

l a t e r  on [8, Theorem XV.141, however, such "cont inui ty"  is  n o t  

n e c e s s a r i l y  r e l a t e d  t o  t opo log ica l  con t inu i ty .  

Rennie [54] mentions two methods of d e f i n i n g  topologies  based 

on order-convergence b u t  d i f f e r e n t  from t h e  o rde r  topology. I n s t e a d  

of us ing  a r b i t r a r y  n e t s  t o  d e f i n e  "closed set", one may r e s t r i c t  

h i s  a t t e n t i o n  t o  n e t s  w i t h  t o t a l l y  ordered domains. A l t e r n a t e l y ,  

one may embed a l a t t i c e  i n  one of i t s  completions ( s e e  181, [54] )  

and cons ider  t h e  topology i n h e r i t e d  from t h e  o rde r  topology on 

t h e  completion. One may a l s o  d e f i n e  a new convergence a s  fo l lows  [8] :  

Le t  P b e  a p a r t i a l l y  ordered s e t .  A n e t  {xgl 6 E B} s t a r -  

converges t o  x E P i f  and only i f  every subnet  of {xg} con ta ins  

a subnet  which order-converges t o  x. Kowever, 1541 the o rde r  

topology on P is equ iva l en t  t o  t h e  topology def ined  s i m i l a r l y  

w i t h  order-convergence r ep laced  by star-convergence. 



R-groups are concerned h a s  been a-convergence. We w i l l  d i s c u s s  t h e  

I 
t o p o l o g i c a l  r a m i f i c a t i o n s  of this i d e a  in Chapter 8. Here w e  n o t e  

merely t h a t  t h e  d e f i n i t i o n  is  due t o  Papangelou [49,50], who c i t e s  

a theorem of Lijwig [40, Thcerem 421, which c h a r a c t e r i z e s  Lijwig's 

11 in te re lement"  of a sequence a s  Papangelou's "a-limit" of t h e  

sequence. Using a-convergence, one may c o n s t r u c t  a  topology on 

a completely d i s t r i b u t i v e  R-group G w i t h  r e s p e c t  t o  which G ----------- 
is bo th  a  t o p o l o g i c a l  group and a topo log ica l  l a t t i c e  [50],  [22] ,  

[431 

Fur ther  r e s u l t s  dea l ing  w i t h  t h e  types of convergence 

mentioned above may be  found i n  [23] ,  [14] ,  and [24] .  

A l l  t h e  t opo log ie s  mentioned thus  f a r ,  except  t h e  i d e n t i t y  

topology, a r e  i n t r i n s i c  [8] t o  t h e  ordered s e t  on which they a r e  

def ined ,  i . e .  they  a r e  de f ined  only i n  terms of t h e  o r d e r  (and 

perhaps t h e  l a t t i c e  ope ra t ions ) .  The o t h e r  c l a s s  of topologies  

we wish t o  d e s c r i b e  and t h e  topology def ined  i n  t h i s  d i s s e r t a t i o n  

do n o t  have t h i s  proper ty .  These topo log ie s  a r e  def ined  on 

R-groups and t h e i r  d e f i n i t i o n s  r e q u i r e  group t h e o r e t i c  concepts .  

I n  [57] Smarda de f ines  a  topology f o r  a n  R-group G a s  

fo l lows:  Le t  F b e  a  f i l t e r  i n  t h e  l a t t i c e  of a l l  convex R-subgroups 

of G such t h a t  i f  H E F, then  a l l  conjugates  of H a r e  i n  F. 

Taking F as a base  f o r  t h e  ne ighborhood-f i l te r  of 0  de f ines  a 

topology on G w i t h  r e s p e c t  t o  which G is b o t h  a  t opo log ica l  

group and a  t o p o l o g i c a l  l a t t i c e .  Topologies cons t ruc t ed  i n  t h i s  

manner, however, have t h e  drawback t h a t  if a n  u l t r a f i l t e r  conta in ing  
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t h e  f i l t e r  con ta in s  a convex R-subgroup which is  R-isomorphic 

t o  R ,  then  t h e  topalogy is n o t  Hausdorff [ 57 ] .  Thus, on f i n i t e  

c a r d i n a l  p roducts  of R, the u s u a l  topology cannot  b e  cons t ruc t ed  

in such  a  f a sh ion .  

I n  t h i s  d i s s e r t a t i o n ,  w e  d e f i n e  a  topology, which w e  ca l l  

t h e  S-topology, on an  a r b i t r a r y  R-group G. We prove t h a t ,  w i t h  

r e s p e c t  t o  t h e  Z-topology, G is b o t h  a  t o p o l o g i c a l  group and 

a t o p o l o g i c a l  l a t t i c e  [Chapter 2 ) .  C h a ~ t ~ r  3 c o n t a h s  desc r ip t ions  

of t h e  5 - t o p o l o g y  f o r  p a r t i c u l a r  examples, and i n  chap te r  4, w e  

prove t h a t  on t o t a l l y  ordered  groups t h e  X-topology is  equ iva l en t  

t o  t h e  u s u a l  ( i n t e r v a l )  topology. We prove t h a t  t h e  %-topology on 

a c a r d i n a l  p roduct  of R-groups i s  t h e  product  of  t h e  S - t o p o l o g i e s  

on t h e  f a c t o r s  i n  Chapter 5, and we i n v e s t i g a t e  t h e  5 - t o p o l o g y  

on lex ico-graphic  products .  Chapter 6 is  devoted t o  s tudying  

R-groups w i t h  Hausdorff 2 - t o p o l o g i e s :  we prove t h a t  t h e  2 - t o p o l o g y  

is d i s c r e t e  i f  and only i f  G i s  a lexico-sum of lex ico-ex tens ions  

of t h e  i n t e g e r s ,  and w e  d e r i v e  necessary  and s u f f i c i e n t  cond i t i ons  

f o r  t h e  5- topology  t o  b e  Hausdorff .  Chapter  7 c o n t a i n s  more examples, 

i nc lud ing  two of R-groups w i t h  i n d i s c r e t e  5 - t o p o l o g y .  I n  Chapter 8, 

we c h a r a c t e r i z e  convergence w i t h  r e s p e c t  t o  t h e  5 - t o p o l o g y ,  and 

when G is completely d i s t r i b u t i v e ,  w e  i n v e s t i g a t e  t h e  r e l a t i o n s h i p  

of t h e  5 - t c p o l o g y  t o  the topology der ived  from a-convergence. 



2. DEFlNlT lON OF THE TOPOLOGY ANS) BASIC THEOREMS 

We f i r s t  e s t a b l i s h  some n o t a t i o n  f o r  t h e  d e f i n i t i o n  of t h e  

topology. Throughout t h i s  chap te r ,  un l e s s  o therwise  s p e c i f i e d ,  

G w i l l  denote an  a r b i t r a r y  2-group. 

+ 
For g E G , l e t  

T I -  \ ,+ I r \g, - jii E I illere exisis 'n' E 2 such t h a t  h A 'n' = O 

and h v h' = g}. 

See f i g u r e s  I, 11, and 111. For g E G+\{oI, l e t  

1 N(O,g) = r-g,gl + g 

See f i g u r e s  I V  and V. Let  

n = ~h E G + \ ~ O I I  ~ ( h )  = { o , ~ I } ,  

Dl = i h  E U I t h e r e  e x i s t  hl,h2, . .. E 41 such t h a t  

- 
n 111 hl - h , hn+l + hn+l 5 hn,  and h E hn+l 

We n o t e  t h a t  i f  h E Dl,  t hen  t h e r e  e x i s t s  2 E Dl such t h a t  

0 < a < a + 2 5 - h and h E 211: l e t  = h2 i n  t h e  d e f i n i t i o n  

of Dl. 

P ropos i t i on  2.1: Let  h , a  E G+\IOI  be  such t h a t  h - 5 t. 

Then t h e  fo l lowing  s ta tements  a r e  equ iva l en t :  

11 ( i )  2 E h . 
( i i )  a1 = h l .  

1 1  ( i i i )  R 2 h . 
1 11 Proof: Suppose ( i )  ho lds  and l e t  k E h . Then s i n c e  R E h , 

1 9. A Ikl = 0. Hence k E 2 . This  proves ( i i i ) .  

Suppose ( i i i )  holds.  Since 0 < h 5 -- 2,  0 1 kl A h 5 1 k ]  A h? 

1 1 f o r  a l l  k E G. If k E k , then  lkl A a = 0 ,  and thus  k E h . By 



f i g u r e  I 

3 
G = I ~ I R  

1 



f i g u r e  11 

G = A(R) 

Lx otherwise 

b otherwise 

2x i f  x E [O,l) 

;(x + 3) if x E [1,3) 

x otherwise 





f i g u r e  I V  

G = R 1x1 R 

f i g u r e  V 

G = A(R) 



1 1  hypothesis ,  h G R . This proves ( i i ) .  

Suppose ( i i )  holds. Since $1 = h l ,  then $11 = h l l  and hence 

R E !&ll = hll.  This proves ( i ) .  1 n 1 

Therefore, 

Dl = {h E I the re  e x i s t  hl,h2, . . . E II such t h a t  

h = hl, hn+l + hn+l 5 hn' and hn+l n 
1 1 =, I. 

Let 

D2 = {h E G+\>OI the re  e x i s t s  a convex 1-subgroup C G G such 

t ha t  (i) f o r  a l l  c E C ,  c < h ,  and ( i i )  i f  

a<t<b f o r  a,-h+b E C ,  then t E: C U  (hi€)).  

Lemma 2.2: Let h E G+\{oI. Let C be a convex A-subgroup of G 

such t ha t  i f  c E C ,  then c < h. Then 

(a) f o r  a l l  c,d E C,  h+d > c ,  

(b) C q - h , h ] .  

Proof : (a) Since c-d E C,  then (c-d) A h = c-d. Thus 

c A (h+cl) = [ (c-d) A h] + d = (c-d) + d = c ,  

and hence h+d 2 c. I f  h+d = c ,  h E C,  which con t rad ic t s  t he  condit ion 

on C. Hence h+d > c. 

(b) Let c E C. Then c < h. Since C i s  an &-subgroup, -c E C. 

Hence -c < h ,  i . e .  -h < c. Thus C C [-h,h]. In l 

Proposit ion 2.3: D G U. 2 

Proof: Let h E D2, and l e t  C be a convex &-subgroup s a t i s fy ing  

( i )  and ( i i )  of t he  de f i n i t i on  of D2. Suppose 8 , k  E G a r e  such t ha t  

R ~ k =  0 a n d &  V k = h. ThenR + k =  h = k + R .  Since h # C and 

s ince  R +  k = h ,  we cannot have both k E C and ,g E C. Suppose R i C. 

Then s ince  R E [O,h], we have by ( i i )  t ha t  9, E h+C. Thus there  i s  a 



b E C such t h a t  R = h + b. Since h  = 2 + k ,  t h i s  i n p l i e s  t h a t  

0 ;+ k + b ,  i . e .  k  E C. Thus by Lemma 2 .2(a) ,  R > k. Therefore ,  

k = R Ak = 0, and R = R + k = h. I f  k  6 C,  w e  have s i m i l a r l y  t h a t  

k = h ,  and thus  h  E 8 .  In l  

Propos i t i on  2.4: For h  a  D2,  t h e r e  i s  a  unique C s a t i s f y i n g  

cond i t i ons  ( i )  and ( i i )  i n  t h e  d e f i n i t i o n  of V2. 

Proof: Suppose C and C '  a r e  two convex R-subgroups of G 

s a t i s f y i n g  cond i t i ons  ( i )  and ( i i )  i n  t h e  d e f i n i t i o n  of D3. Let  - 

d E c' .  Then e i t h e r  d  a  C o r  d  6 C. Suppose d  6 C.  Then e i t h e r  

+ + 
d 6 C o r  d- 6 C; f o r  o therwise ,  s i n c e  d- 2 d -( - d and C i s  convex, 

+ f 
d  E C. I f  d  6 C ,  l e t  b  = d+. I f  d a  C,  l e t  b  = -d-. Then b E C ' ,  

b  6 C,  and 0 < b < h. Since -h + h =O E C,  t hen  by ( i i )  b  a  C U(h+C). 

Since b  6 C,  b  a  h+C, i . e .  -h + b E C. Since C i s  an R-subgroup, t hus  

-b + h a  C. I f  -b + h E C ' ,  then  -b 6 C' s i n c e  h  fi c'.  But t h i s  

c o n t r a d i c t s  b  a  C ' .  Hence -b + h $ C ' .  Since 0 < b < h ,  0 < -b+h < h. 

Thus -b +h c C ,  -b+h $ C ' ,  and 0 < -b+h < h.  Then by ( i i )  app l i ed  t o  

c ' ,  -b+h a  h+C'. Thus by Lemma 2 .2 (a ) ,  -b+h > k f o r  a l l  k E C ' .  By 

Lemma 2 .2 (b ) ,  C'  1-h+b,-b+h]. Since C is  convex and -b+h E C,  

C' C. But w e  assumed d  a  c'\c. This  i s  a  c o n t r a d i c t i o n .  Hence 

C ' S  C. S i m i l a r l y  we may show t h a t  C G C ' .  Id 

For h  a  02, l e t  t h e  unique convex -subgroup s a t i s f y i n g  ( i )  

and ( i i )  be  denoted by D(h). 

We d i g r e s s  f o r  a  few paragraphs t o  connect t h e  set D2 w i t h  

some s t anda rd  i d e a s  i n  t h e  theory  of l a t t i c e - o r d e r e d  groups. W e  

n o t e  t h a t  s i n c e  we do no t  use  t h e  uniqueness of D(h) i n  t h e  proof 

of P ropos i t i on  2.7 ( l e t  D(h) i n  t h e  proof be any R-subgroup 

s a t i s f y i n g  ( i )  and ( i i ) ) ,  then  P ropos i t i on  2.4 i s  a  c o r o l l a r y  of 



Propos i t i on  2.7. 

Conrad 1153 makes t h e  fo l lowing  d e f i n i t i o n s :  Let N be  a convex 

R-subgroup of an R-group G. Then G is  a lexico-extension of  N i f  

and only  i f  N i s  a normal subgroup of G,  G I N  is  a t o t a l l y  ordered  

group, and each p o s i t i v e  element i n  G\N exceeds every element i n  

N. I f  g E G ,  then  a convex R-subgroup M of G which is maximal w i t h  

r e s p e c t  t o  n e t  con ta in ing  g i s  c a l l e d  a va lue  of g. I f  g E G h a s  

only  one va lue ,  then  g i s  c a l l e d  s p e c i a l .  C lea r ly ,  every g # 0 has  

a t  least one va lue .  

The fo l lowing  p ropos i t i on  i s  proven i n  [17]. 

P ropos i t i on  2.5: For g E G\{OI, t h e  fo l lowing  a r e  equ iva l en t :  

(a)  G ( g )  is  a lex ico-extens ion  of a proper  R-ideal, 

(b) g is s p e c i a l  i n  G(g). 

I f  t h i s  is t h e  c a s e  and i f  N i s  t h e  unique v a l u e  of g i n  G(g),  then  

G(g) i s  a lexico-extension of N. I n l 

An element a E G i s  a non-unit i f  a > 0 and a A  b = 0 f o r  some 

b E G+\IoI. The subgroup generated by t h e  non-uni ts  of G ,  denoted 

Lex(G), i s  an R-ideal and is  c a l l e d  t h e  lex-kerne l  of G. 

The fo l lowing  p ropos i t i on  is proven i n  1181. 

P ropos i t i on  2.6 : For g E ~ + \ i 3 1 ,  t h e  fo l lowing  a r e  equ iva l en t  : 

( a )  g 6 Lex(G), 

(b) g i s  s p e c i a l  and g1 = {O). la1 

If  G is  an R-group and H i s  a convex R-subgroup of G ,  we l e t  

L(G,H) denote t h e  p a r t i a l l y  ordered  s e t  of l e f t  c o s e t s  of H i n  G. 

(L(G,H) i s  ordered  by x+H 5 - y+H i f  and only  i f  t h e r e  e x i s t s  h E H 

such t h a t  x 2 y + h . )  
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Propos i t i on  2.7: An element h E 0 i f  and only i f  h s a t i s f i e s  2 

t h e  fo l lowing  t h r e e  p r o p e r t i e s :  

(a)  h > 0 ,  

(b) h i s  s p e c i a l  i n  G(h),  

( c )  i f  N i s  t h e  unique v a l u e  of h i n  G(h),  then  i n  L(G(h),N) 

[N,h+N] = { N , ~ + N ) .  

W e  f i r s t  prove f o u r  lemmas. 

I I 
Lemma 2.8: Le t  h E D2. Then f o r  a l l  d E D(h), (h+d)l  = hL. 

1 Proof: Let k E h . Then h A Ikl = 0. S ince  d E D(h), then  by 

Lemma 2.2(a)  h > Id1 I _  - 0 ,  and h + Id1 2 h + d > 0. S ince  h > Id1 2 0 ,  

Id1 A l k l=  0. Thus ( h +  ] d l )  A Ikl = 0. Since h +  Id1 ~ i : + d  > 0 ,  

1 t h i s  imp l i e s  t h a t  (h + d )  A 1 kl = 0, i. e. k E (h+d) . 
Let  k E (h+d)l .  Then (he+ d )  A lkl = 0. By Lemma 2.2(a)  

h + d > ]-dl - 2 0 and hence 1-dl A Ik]  = 0. Hence (h + d + / - d l )  A !k l=0 .  

Since ]-dl 2 - d ,  - h + d + I-dl 2 h + d + (-dl = h > 0. Thus h A  Ikl = 0 ,  

1 i . e .  k E h . Inl  

Lemma 2.9: Let  h E D2. Let a E G(h). I f  h A a E D(h), then  

a E D(h). 

Proof: Let  h A a = c E D(h). Then (h - c )  A (a  - c )  = 0,  and 

thus  a-c E (h-c) l .  By Lema  2.8, a-c E h l ,  i . e .  h~ (a-c) = 0. 

S i n c e a  c G ( h ) ,  a-c E G(h). H e n c e a - c =  0,  i . e .  a =  c E ~ ( h ) .  181 

Lemma 2.10: Let h E D2. Then D(h) i s  a va lue  of h i n  G(h). 

Proof: Let  k E ~ ( h ) + \ ~ ( h ) .  Let H b e  t h e  convex %-subgroup of 

G(h) generated by {k,D(h)) .  I f  k A h E D(h), then  by Lemma 2.9 

k E D(h). Thus k A h D(h),  and by ( i i )  k A  h = h + c f o r  some c E D(h). 

Thus h = k A h - c .  Since 0 5 - k A h - 5 k and H i s  convex, then  k A h E H. 
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Since  c E D(h) E; H, h = k A h - c E H. Thus D(h) i s  a v a l u e  

Lemma 2.11 : I f  h E D2, then  h 6 Lex(G(h)) . 
+ 

Proof:  Let  a b e  a non-unit of G(h). Suppose b E G(h) \{OI 

i s  such t h a t  a A  b = 0. Then ( h A  a )  ~ ( h  ~ b )  = 0. I f  h A a  # D(h), 

then  h A a  E h+D(h). I f  h A  b E D(h), then  h A a  > h Ab by 

Lemma 2.2 ( a ) ,  and hence h A b = 0. Since b E G(h) , t h i s  imp l i e s  

tha t  b = O, tkich cmtrzdicts ~ u r  cho lce  of b. Suppose h ,A, 5 P 1 n f ~ \  u\11j 

Then hA b c h+D(h). I f  D(h) = {O) ,  then  h A  a = h = hA b and 

1 

hence a A  b 2 h > 0, which c o n t r a d i c t s  our  choice  of b. I f  D(h) f {O), a t 

t h e r e  i s  a c E D(h)+\{01. By Lemma 2 .2 (a ) ,  h A a > c and 
'i 

ri 

hA b > c. Then 

a A  b L  - (h A a )  A ( h A  b )  - L C  > 0. 

This  a l s o  c o n t r a d i c t s  our  choice  of b. Hence h A a E D(h). 

Therefore ,  D(h) con ta ins  a l l  t h e  non-units of G(h). Thus Lex(G(h))CD(h),  

and hence h 6 Lex(G(h)). In ]  

Proof of P ropos i t i on  2.7:  Suppose h c. D2. C lea r ly  h > 0. By 

Lemma 2.11, h 6 Lex(G(h)). Hence by Lemma 2.6, h is s p e c i a l  i n  

G(h). By Lemma 2.10, D(h) i s  a va lue  of h.  Since h i s  s p e c i a l ,  D(h) 

i s  t h e  unique va lue  of h i n  G(h). I n  L(G(h) ,D(h) ) ,  suppose t h a t  

d+D(h) E [D(h) ,h+D(h) J .  Then f o r  some a c D(h) and some b E h+D(h), 

a < d < b. Since b E h+D (h) , -h+b E D (h) . Hence by ( i i )  d E D ( h )  U 

(h+D(h)) . Thus d+D(h) E { ~ ( h )  , h + ~ ( h )  1, and hence [D(h) ,h-tD(h) ] = 

{ ~ ( h )  , h + ~ ( h )  I .  

Suppose h s a t i s f i e s  ( a ) ,  ( b ) ,  and ( c )  of t h e  p ropos i t i on .  By 

P ropos i t i on  2 .5 ,  G(h) i s  a lex ico-extens ion  of t h e  R-ideal N which 
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is  t h e  unique v a l u e  of h  i n  G(h) . Since h  E G (h)+\N, by d e f i n i t i o n  

of a  lex ico-extens ion  h  > n  f o r  a l l  n  E N. Suppose t h a t  

a  < t < b  f o r  a ,  -h+b E N. Then a+N = N and b+N = h+N. We have 

t h a t  a+N I - t + N  5 b+N and hence N i - t + N  -- 2 h+N. By ( c ) ,  t + N  E ( N , ~ + N ) ,  

i . e .  t E N u ( ~ + N ) .  n u s ,  h  E p2. I E I  

This  ends ou r  d i g r e s s i o n ;  we cont inue  w i t h  t h e  development of 

t h e  topology. The fo l lowing  example shows t h a t  D n D2 need n o t  be  1 
r - A  n = rn + = u y L y .  UCL u n i i  Z. Ziea r iy  ( O , i j  E 9 w i t h  D ( ( O , i j j  = K X  {U) .  2  

Le t  hl = ( 0 , l ) .  For n  > 1, l e t  hn = (1/2", 0 ) .  Then c l e a r l y  

hlYh2, ... E I I  , hl=(O,l) ,  hn+l+hn+l& hn, and h i =  0 = hn+l 1. 
Hence ( 0 , l )  E Dl. 

~ f  D* = 6, l e t  

I f  G = R 1x1 R 1x1 R, t hen  D2 = $ and 

and i f  g = (a,O,O) f o r  a>O, then  

I f  g E { ( O , b , O ) l b > ~ )  and h  E { ( O , O , c ) l c > ~ ) ,  then  

The elements of N(O), t h e r e f o r e ,  have t h e  form 



[-a,a] X R X R, R X [-b,bJ X R,  R X R X 1-c,c], 

[-a,a] X I-b,bJ X R .= [(-a,-b), (a ,b)J  X R 

R X [-b,b] X [-C,C] = R X [(-b,-c) ,(b,c)]  

[-a,a] X R X [-c,c], or 

I-a,al X [-b,bl X I-c,cJ = [(-a,-b,-c), (a ,b,c)]  

where a ,b ,c  > 0. See figures VI and VII. 

The elements of N (0) have the form 
1 

N(O,(O,b,O)) = Z X I-b,b] X (0) 

for b > 0, and 

Hence the elements of N(0) have the form 

Z X [-b,b] X (01, ( 0 )  X R X (01, Z X R X (01, 

(01 X I-b,bl X {O) = I(0,-b,O), (O,b,O)J 

for b > 0. See figure VIII. 



f igure  VI 

3 
G = I T I I R  

1 

f i g u r e  V I I  



f igure  VIII 

G = ( Z  1x1 R) 2 Z 
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The main lemma i n  t h e  cons t ruc t ion  of t h e  topology f o r  G i s  

t h e  fol lowing.  

Lemma 2.12: N(0) i s  a f i l t e r - b a s e  s a t i s f y i n g :  

(a) Each H E N(0) i s  symmetric. 

(b)  For each H E N (0) , t h e r e  i s  a K E N (0) such that.  K + K r; H. 

( c )  For each H E N(0) and each a E G,  t h e r e  i s  a K E N(0) such 

t h a t  a + K - a G H. 

For the  proof of Lemma 2,12,  ve need the  following f o u r  lemmas; 

1 Lemma 2 .l3: Let  g E G+\{oI. Let  a E [-g,g] and b E g . 
( a )  I f  a + b E G+, then  a A b = 0. 

(b) a + b = b + a .  

1 Proof:  ( a )  Le t  h E [-g,g] n g  . Since h E I-g,gJ,  t hen  

-h E [-g,g] and hence h /  = (h)  V (-h) = (g Ah) V (g A (-h)) 

1 = g ~ ( ( h )  V (-h)) = g A Ih l .  S ince  h E g , Ihl = Ihl A g = 0. 

Thus h = 0,  and hence [-g, g] fl gl = {o}. 

+ 
Since a + b 2 - 0 ,  a 2 - -b and hence a' 2 - (-b) - 1 0. By assumption 

1 + 1 b E g and hence (-b) E g . Since a E I-g , g] , a+ = a V 0 E I-g,g] . 
+ 1 

Thus, (-b) E I-g, gJ n g . By t h e  above, (-b)+ = 0 ,  i. e. b 2 - 0. S i m i l a r l y ,  

- 1 a L 0. Thus, a ~b 2 0, and hence a A b E [-g,g]n g . Therefore ,  a A b=O. 

(b) Since a E [-g,g],  la1 = a V (-a) 5 g V g  = g. Thus, s i n c e  

/ b /  A g = 0 ,  l a /  A / b /  = 0. Hence a + b = b + a .  I n ]  

Lemma 2.14: For a l l  a , k  E G ,  

( a )  -a + 1k1 + a = / - a  + k + a l ,  

1 (b) a + (-a + k + a ) l  - a = k . 



Proof : 

(a)  -a + lkl + a = -a + [ k v ( - k ) ]  + a 

= (-a + k + a )  v (-a - k + a )  

= (-a + k + a ) ~  (-(-a + k + a ) )  

= I-a + k + a l .  

(b) k l =  {hl lhl r, lkl = 01 

= (hl (-a + Ihl + a )  (-a + Ikl + a )  = 01 

= {hl ]-a  + h + a1 / \ / - a +  k +  a1 = 0 )  (by ( a ) )  

1 = {hl - a + h + a  E ( - a + k + a )  1 

= a +  ( - a + k + a ) l  - a  14 

Lemma 2.15: For L E G+\{o) and a E G ,  k E T(a) i f  and only 

i f  -a + k + a E T(-a + R + a ) .  Therefore,  g E 2l i f  and only i f  

- a + g + a ~  U .  

Proof: Suppose k E T(R) and l e t  k '  E G b e  such t h a t  k A k '  = 0 

and k v k'  = 2. Then 

(-a + k + a )  A (-a + k' + a )  = -a + ( k ~  k ' )  + a = 0 ,  

(-a + k + a )  V (-a + k '  + a )  = -a + (kV k ' )  + a = -a + R + a .  

Thus -a + k + a E T(-a + k +a) .  S imi la r ly ,  i f  -a + k + a E T(-a + R +a) ,  

then k E T(9.). 

Let g E and l e t  h = -a + g + a .  I f  R E ~ ( h ) \ f O } ,  then 

a + 2 - a E T ( ~ ) \ {  01 by t h e  above. Since g E U and L > 0, 

a + 2 - a = g and thus  R = h. Therefore,  h E U . Simi la r ly ,  i f  

- a + g + a  E U, then g E U .  14 

Lemma 2.16: Let h r . D  and a E G. Then -a + h  + a E D2 
2 

and -a + D(h) + a = D(-a + h + a ) .  

Proof: Let  f, = -a + h + a and L = -a + D(h) + a .  I f  b E L, 



then  b = -a + b '  + a f o r  some b '  E D(h). Thus b = -a + b'  + a < 

-a + h + a = 2.  Suppose x < t < y f o r  x ,  -P, + y E L. Then 

x = -a + x '  + a and -2 + y = -a + y '  + a f o r  x ' ,  y '  E DCh). Thus 

-a + x '  + a < t < (-a + h + a )  + (-a + y '  + a ) .  

Hence 

x l < a + t - a < h + y l .  

Thus, s i n c e  h E D2 and x ' ,  y '  E D(h),  a + t - a E D(h) u (h+D(h)). 

Hence 

t E (-a + D(h) + a )  U ((-a + h + a )  + (-a + D(h) + a ) )  

= L U (2 + 3,). 

Since D(h) i s  a convex 2-subgroup and s i n c e  L i s  a conjugate  of 

D(h) , L is a convex 2-subgroup. Theref o r e ,  2 E D2 and D (2) = L. I P I 

Proof of Lemma 2.12: I f  D* = d ,  then  N(0) = (GI, and c l e a r l y  

t h e  lemma ho lds  f o r  N(0). 

For t h e  remainder of t h e  proof we assume t h a t  D* # 4. For a l l  

g E G+\{oI, 0 E gi 2 1-g,g] + gl. Hence f o r  a l l  H E N(O), H # 4. 

By d e f i n i t i o n ,  N(0) i s  c losed  under f i n i t e  i n t e r s e c t i o n s .  Thus N(0) 

is  a f i l t e r - b a s e .  

( a )  I f  H E N1(0), then  H = N(0,g) f o r  some g E Dl. I f  

i P E N (0,  g)  , then  P = pl + p2 where pl E I-g , g l  and p2 E g BY 

Lemma 2.13(b) p = pl + p2 = p2 + pl. Thus -p = -pl - p2. C lea r ly  

1 - -p2 E g Since g & p l  < g ,  then  g 2 -pl 2 - g .  Thus -pl E [-g,gl 

and hence -p E N(0,g).  Therefore H i s  symmetric. 

i I f  H E  N2(0), then  H =  D(h) + h  f o r  some h E D2. Since D(h) G 

1 [-h,h],  we have by Lemma 2.13(b) t h a t  f o r  a l l  p E D(h) f h .  t h e r e  

e x i s t  pl c D(h) and p2 E h l  such t h a t  p = pl + p2 = p2 + pl. Thus 

-p = -pl - p2. C lea r ly  -pl E D(h) and -p2 E h 1 . Therefore  



1 -p E D(h) + h and thus  H is  symmetric. 

Therefore,  f o r  a l l  H E N ( 0 ) ,  H i s  symmetric, and hence f o r  
3 

a l l  H E N (0) , H is  symmetric. 

(b) I f  L E N1(0), then  L = N(0,g) f o r  some g E Dl. Since g E Dl, 

t h e r e  i s  an h E Dl such t h a t  h + h 2 g and h1 E. &. Let  L* = N(0,h).  

Since h E Dl, L* E N1(0). I f  p E L* + I*, then  p = a + b + c + d 

where a , c  E [-h,h] and b ,d  E h l .  By Lema  2.13(b) ,  p = ( a  + c) + 

(b + d ) .  Since h l  rgl,  b + d E Rl, 'and s i n c e  a , c  E [-h,h], 

a + c E [-h-h,h+h] E[-g ,g] .  Thus p E L and t h e r e f o r e  L* + L* E; L. 

1 If L E N2(0),  then  L = D(h) + h f o r  some h E D2. Le t  L* = L. I! 
II 

If  p E L* + L*, then  p = a + b + c + d f o r  a , c  E D(h) and /I 

1 b,d E h . Since D(h) E [-h,h], by Lemma 2.13(b) p = ( a  + c )  4- (b + d) .  

1 Clea r ly  a + c E D(h) and b + d c h . Thus p E L, and t h e r e f o r e  

L* + L*c L. (Along wi th  ( a ) ,  t h i s  shows t h a t  L i s  i n  f a c t  a 

subgroup. ) 
n n 

I f  H E N (0) , then  H = . 4 L .  f o r  Li E ,v3 (0) .  Le t  K = iQILi*. 
1- 1 

n 
Then K E N(0). I f  R E K +  K, R = R1 + L2 f o r  R1,R2 E 0 L *. i-1 i 

Since R R E L. * f o r  a l l  i = 1 , 2 , .  . . . ,n ,  we have by t h e  above 
1' 2 1 

t h a t  L + . 2  E L.* + Li* Li f o r  a l l  i = 1 , 2 ,  ..., n .  Thus f, E H. 
1 1 

Therefore K + K 'H. 

( c )  Let a E G. 

I f  H E N1(0), then  H = N(0,g) f o r  g r Dl. Let  h = -a + g + a .  

Since g E Dl, t h e r e  a r e  glyg2, ... E II such t h a t  g = gl, 
1 I 

gn+1 + gn+1 2 gns and gn+f G gn I. Consider -a + gl + a, 

-a + g2 + a ,  ... . By d e f i n i t i o n ,  -a + gl + a = h. For any n 

we have t h e  fol lowing:  By Lemma 2.15, -a + gn + a !JJ . Since 



gn+1 + gn+l 5 gn, (-a + gn+l + a )  + (-a + 
Since g I I  n+l  C2n -a + 'n+l l + a  s - a +  

1 Lemma 2.14(b) (-a + gn+l + a )  s (-a + gn 

Let Ha = N(0,h).  Then Ha E N1(0). Let  p 

p = a + h  + h 2  - a f o r  h l c  I-h,h] and 
1 

gn+, + a )  & -a 
I 

g n + a .  Hence 

1 + a )  . Thus h 

E a + Ha - a. Then 

1 h2 E h . Since hl E I-h,h] 

and h = -a + g + a, then  a + hl - .a E I-g,g]. By Lemma 2.14(b) 
- 

1 1 gl = a + h l  - a .  Since h2 E h , a + h2 - a E g . Therefore  

p = ( a  4- hl - a )  + (a  + h2 - a )  E H. Hence a + H~ - a r H .  

1 I f  H E N2(0),  then H = D(h) + h f o r  h E D2. Le t  Ha = 

1 -a + H + a .  Then H~ = (-a + D(h) + a )  + (-a + h + .a). By Lemma 2.14(b) 

1 -a + h + a = (-a + h + a l l .  By Lemma 2.16 -a + h + a E D2 and 

-a + D(h) 4- a = D(-a + h + a ) .  Hence Ha = D(-a + h + a )  + (-a + h + a )  1 
E N (0 ) .  C lea r ly  a + Ha - a = H. 

2 
n n 

Let  H E N(0). Then H = iDIHi f o r  Hi E N3(0). Le t  K = R ~ H ;  - 
LL 

Then K E N(0). Since inl~: s E: f o r  a l l  i = 1 , 2 , .  . . ,n ,  
n n n 

s + K - a = a + n H? - a L .n  (a + H; - a ) E  iil~i = H. 
i=l 1 1=1 I4 

For g E G\{OI, le t  

N(g) = { g + ~ I ~ ~ N ( ~ ) ) .  

Let  

S = {W G G I  f o r  a l l  X E W ,  WCF(N(X))).  

Theorem 2.17: The 2-group G i s  a t o p o l o g i c a l  group wi th  r e s p e c t  

t o  t h e  topology 5 .  

Proof:  The theorem fo l lows  immediately from Lemma 2.12 and 

Theorem A. 14 

We c a l l  t h e  5 -topology on G.  
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We prove t h a t  G i s  a  t o p o l ( , g i c a l  l a t t i c e  w i t h  r e s p e c t  t o  i t s  

5 - topology by e s t a b l i s h i n g  a  c r i t e r i o n  f o r  an  R-group w i t h  a 

topo logy  t o  b e  a t o p c l o g i c a l  l a t t i c e .  

Lemma 2 .18:  L e t  G b e  a n  f,-group, and l e t  U C G. I f  U i s  

a convex s u b l a t t i c e  of G ,  t h e n  f o r  r ,s  E G 

( a )  (r+U) A (s+U) = ( r  A s)+U, 

(b)  (r+U) V (s+U) = ( r  V s)+U. 

Proof :  ( a )  L e t  u E U. Then 

( r  A s )  + u = ( r  + u) A ( s  + u )  E (r+U) A (s+U). 

Thus ( ( r  A s)+U) (r+U) r, (s+U) . 
L e t  u,w E U. Then 

Hence 

u  A w z - ( r ~  s )  + ( r  + u )  A ( s  + w )  - ~u V w .  

S i n c e  v is a ccnyex sublattice =f P t h i s  i m P l i c s  +-Lo+- 
9 C l I ' A l  

- ( r  A s )  + ( r  + u )  A ( s  + w) E U ,  i . e .  

( r  + u)  A ( s  + w) E ( r A  s)+U. 

Thus (r+U) A (s+U) 2 ( r  A s)+U. T h e r e f o r e  ( a )  h o l d s .  

S i m i l a r l y  (b)  h o l d s .  14 

(NB: Lemma 2.18 s a y s  t h a t  t h e  p a r t i a l l y  o r d e r e d  s e t  of l e f t  

c o s e t s  of a  convex A-subgroup of G i s  a  l a t t i c e . )  

Le t  L b e  an R-group and l e t  U be a  c o l l e c t i o n  o f  s u b s e t s  o f  

L. L e t  

V(U) = {W L I  f o r  a l l  x  E W ,  t h e r e  e x i s t s  U E U such  t h a t  

X + U G  W l .  
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Lemma 2.19: I f  U i s  a f i l t e r - b a s e ,  then  V(U) i s  a topology 

Proof:  Let  {wal a  r A} E V(U). Let  x E apAWa. Then x E Wa 

f o r  some a E A. Since Wa E V(U), t h e r e  e x i s t s  U r U such t h a t  

x + U c W a E  alJAWu. Thus U W  E V(U). Let {W1 ,..., W 1 cV(U),  
C(EA a n 

n 
and suppose x E n W . .  Then x E Wi f o r  a l l  i = 1,. . . ,n. Since 

i=l 1 

Wi E V(U) f o r  a l l  i, t h e r e  e x i s t s  Ui E (I f o r  a l l  i such t h a t  
n  

x + Ui G Wi. Since x + (1 U.  E x + Ui f o r  a l l  i, i=l 1 
n n n 

x + n U. E. igl (x + Ui) E i=l 1 n 
Since U i s  a f i l t e r - b a s e ,  t h e r e  exists U E U such t h a t  U L: &Ui. 

Hence 
n n 

.. 

Therefore i c l~ i  E V(U). C lea r ly  q4 E V(U) . Since U is  a f i l t e r -  

base,  U # # and hence G E V(U). Thus V(U) i s  a topology 

P ropos i t i on  2.20: Let  G b e  an R-group and l e t  U b e  a 

c o l l e c t i o n  of s u b s e t s  s a t i s f y i n g :  

( a )  U i s  a  f i l t e r - b a s e .  

(b) Each U E U i s  a convex s u b l a t t i c e  of G. 

( c )  I f  U E U ,  then  t h e r e  i s  a V E V(U) such t h a t  

Then G i s  a  t o p o l o g i c a l  l a t t i c e  wi th  r e spec t  t o  t h e  topology V(U). 

Proof: By ( a )  and Lemma 2.19 V(U) i s  a topology f o r  G. Let  

W r V(U) and suppose r ,s  E G a r e  such t h a t  r A s E W. Since 

W E V(U) , t h e r e  e x i s t s  U E U such t h a t  ( r ~ s )  + U C W. By ( c )  



t h e r e  e x i s t s  V E V(U) such  t h a t  0  E V U.  Le t  W(r) = r + V 

and W(s) = s + V. S ince  0  c V ,  r E W(r) and s E W(S). By (b )  

and Lemma 2 .18(a )  

W(r) A W(s) c ( r  + U) A ( s  + U) = ( r  r, s )  + U c W 

If  x E W(r) , t h e n  -r + x E V and s i n c e  V E V(U), t h e r e  is  a 

U E u such  t h a t  -r + x + U C V. Thus x + U C r + V. Hence 

W(r) E V(U). S i m i l a r l y  W(s) E V(U). 

S i m i l a r l y ,  i f  W E V(U) and r ,s E G a r e  such  t h a t  r V s E W ,  

t h e n  we may c o n s t r u c t  s e t s  W(r) ,W(s) E !'([I) such t h a t  r E W(r) , 

s E W(S), and W(r) v W(s) L W. 

T h e r e f o r e  G i s  a t o p o l o g i c a l  l a t t i c e  w i t h  r e s p e c t  t o  t h e  

topo logy  V(U) . In l 

Using t h e  c r i t e r i o n  e s t a b l i s h e d  i n  P r o p o s i t i o n  2 .20,  w e  now 

prove  t h a t  an  R-group i s  a t o p o l o g i c a l  l a t t i c e  w i t h  r e s ~ e c t  t o  

i t s  5 - topology.  

L e t  G b e  an  R-group and suppose t h a t  t h e r e  i s  a topo logy  on 

G. For  a l l  s u b s e t s  A of  G y  t h e  i n t e r i o r  of A ,  denoted I n t ( A ) ,  

i s  t h e  union of a l l  t h e  open sets c o n t a i n e d  i n  A. 

L e t  G b e  a n  9,-group and l e t  5 b e  i t s  2 - topology.  I n  

p r o v i n g  t h e  f o l l o w i n g  p r o p o s i t i o n ,  we u s e  o n l y  t h e  d e f i n i t i o n  of 

N(0) , and of  5 i n  t e rms  o f  N(O), and p r o p e r t y  (b )  o f  Lemma 2.12.  

P r o p o s i t i o n  2.21: For  a l l  A C G ,  

I n t ( A )  = (r  E G I  t h e r e  e x i s t s  H E N(0) such  t h a t  r + H z  A } .  

P r o o f :  L e t  S = { r  E G I  t h e r e  e x i s t s  H E N(0) s u c h  t h a t  

r + H c  A}. S i n c e  0  E H f o r  a l l  H E N(O), S  C A .  L e t  r E S  

and l e t  H E N (0) b e  such  t h a t  r + H C A. L e t  H* E N (0 )  b e  



such t h a t  H* + H* G H. Then f o r  a l l  h E H*, 

r + h + H * r r + H * + H * G  r + H G  A. 

Hence r + h E S, and thus  r + H G S. Thus S E 5 ,  and hence 

S c I n t  (A). I f  s E I n t  (A), t hen  t h e r e  i s  an H E N(0) such t h a t  

s + H c I n t  (A) G A.  Thus s E S. Therefore S = I n t  (A). I 1 

Corol la ry  2.22: For a l l  H E N(0) , 0 E I n t  (H) , and consequently 

I n t  (HI f 8. 
- r r o o f ;  For a i i  H E N(Oj, O t H = H. bi 

Lema  2.23: Let 0 E A s  B EG. Suppose A i s  a convex 

s u b l a t t i c e  of G. Then A + B l  i s  a convex s u b l a t t i c e  of G. 

I n  p a r t i c u l a r ,  each H E N(0) i s  a convex s u b l a t t i c e  of G. 

+ 
- - 

1 + Proof: Suppose 0 5 y 5 kl+ a2 f o r  Rl E A , R2 E (B ) . 
Since A G B, ~ l z  B l ,  and hence R1 A R2 = 0. Since A is convex, 

+ 1 -I- 
y A R1 E A . S i m i l a r l y  y A t2 E (aL) . Fur the r  

Hence 

Thus y = 
+ 1 

y1 + y2 where yl E A , y2 E (B )+. Simi l a r ly ,  i f  

1 Rl + t2 < y  $ 0  f o r  Rl E A-, R2 E (B )-, then  y = y1 + y2 f o r  
I 

- 
1 Let  y E G be such t h a t  p l y ~ q  f o r  p,q E A + B  . Then 

p = a + b ,  q = c + d f o r  a,c E A,  b ,d  E B l ,  and 

- 
Since O,a,c E A and A i s  a s u b l a t t i c e ,  a E A and c+ E A+. 



1 1 + S i m i l a r l y  b- E (B )- and d+ E (B ) . Therefore 

+ 
y  = u + v  f o r  u  E A+ and v E (B 1 ) + , 
- 

y  = x + w  f o r  x  E A- and w E (B 1 )-. 
By Lemma 2.13(b) y = u  + v  + x  + w = (u + x )  + (v + w). C lea r ly  

1 v + w E B . Since x & 0  2 u ,  x  2 u  + x 2 u  and hence, s i n c e  A 

i s  convex and x , u  E A, u  + x  E A. Therefore y  E A + B l  and hence 

A + HI i s  convex. 

We n o t e  t h a t  f o r  a , b , c , d  E G ,  

( a ~  c )  + ( b ~  d )  2 ( a + b )  A ( c + d )  

< (a + b)  V (c + d)  & ( a v  c )  + (b V d ) .  - - 

Thus, s i n c e  A and B1 a r e  convex s u b l a t t i c e s  of G ,  then  A + B 1 
i s  a  s u b l a t t i c e  of G. 

I f  H E N1(0), then H = N(0,g) f o r  g  E Dl. Let  A = I-g,g] = B. 

Then 0  E A C B. C lea r ly  A i s  a  convex s u b l a t t i c e  of G. C lea r ly  
I 

B l  = gl. Thus H = 1-g,g] + gl is  a  convex s u b l a t t i c e  of G. 

I f  H E N2(0), then  H =  D(h) + h l  f o r  h  E D2. Let  A =  D(h) 

and B = [-h ,h] . Then 0 E A B, and A is  a convex s u b l a t t i c e .  

Since B l  = gl, H i s  a  convex s u b l a t t i c e  of G. 
n  

I f  H E N(O), then  H = ifll~I f o r  H .  E N ( 0 ) ,  o r  H = G. S ince  
1 3  

each Hi i s  a  convex s u b l a t t i c e  of G,  H i s  a  convex s u b l a t t i c e  of 

G. C lea r ly  G i s  a  convex s u b l a t t i c e  of i t s e l f .  14 

Theorem 2.24: An &-group G i s  a  t opo log ica l  l a t t i c e  with 

r e spec t  t o  i t s  -topology. 

Proof: By Lemma 2.12 N(0) is  a  f i l t e r - b a s e .  By Lemma 2.23 

each H E N(0) i s  a  convex s u b l a t t i c e  of G. By Corol la ry  2.22, f o r  



each H E N(O), 0 E Int(H) G H. I f  5 i s  t h e  2 -topology on 

G, then  I n t  (H) E Z . Clea r ly  5 = V(N(0)). Therefore by P ropos i t i on  

2.20, G i s  a  t opo log ica l  l a t t i c e  w i t h  r e s p e c t  t o  5 . laxl 

In Chapter 6 we w i l l  i n v e s t i g a t e  R-groups wi th  Hausdorff 

5 -topology i n  some d e t a i l .  Here we wish  t o  u s e  Theorems 2.17 

and 2.24 t o  d iscover  when ( l a t t i c e )  c losed  i n t e r v a l s  and t h e  

elements of N(0) a r e  (5 - t opo log ica l ly )  c losed.  It t u r n s  out  

t h a t  t h e  key p rope r ty  i s  that t h e  5-tnpology be Hausdorff.  

W e  use  t h e  fo l lowing  theorems from topology ([58, page 751, 

[58, page 741, and [58, page 963 r e s p e c t i v e l y ) :  

P ropos i t i on  2.25: A func t ion  f  from a  t o p o l o g i c a l  space  

W w i th  topology U t o  a  t opo log ica l  space Y w i t h  topology 

V is continuous i f  and only  i f  f o r  every n e t  {xgl B E B} i n  

W converging t o  x E W ,  t h e  n e t  {xgf I B E B} i n  Y converges 

t o  xf E Y. 181 

Propos i t i on  2.26: Let  Y b e  a  t opo log ica l  space  wi th  topology 

V and l e t  A r; Y. Then A is c losed  wi th  r e spec t  t o  V i f  and 

only  i f  whenever (xB 1 E B} is  a n e t  i n  A which converges t o  

X E Y ,  then X E A .  14 

Propos i t ion  2.27: A t opo log ica l  space  has  Hausdorff topology 

i f  and only i f  a l l  n e t s  i n  t h e  space  which have l i m i t s  have unique 

l i m i t s  . I d  

Our method is t o  prove t h e  d e s i r e d  r e s u l t  i n  gene ra l  and then  

d e r i v e  t h e  r e s u l t  on t h e  Z- topology a s  a c o r o l l a r y .  



Le t  L be a l a t t i c e  w i t h  topology V w i t h  r e s p e c t  t o  

which L is  a topo log ica l  l a t t i c e .  Reca l l  (Chapter 1 )  t h a t  t h e  

i n t e r v a l  topology on L t akes  t h e  ( l a t t i c e )  c losed  i n t e r v a l s  

as a subbase f o r  t h e  c losed  sets, where t h e  ( l a t t i c e )  c lo sed  

i n t e r v a l s  a r e  t h e  s e t s  of t h e  form [a ,b]  , {x E L I  x  5 - a), 

{x E L I x  2 a), and L i t s e l f  f o r  a ,b  E L w i t h  a 5 - b.  Le t  

J b e  t h e  i n t e r v a l  topology on L. 

P r ~ p c s i t F ~ ~  2.28: If !I is E7 , s~~dcr f  f ,  the:: 2 C ! I .  

Proof:  S ince  V is  a topology, L is c losed  w i t h  r e s p e c t  t o  

V. Le t  a E L and cons ider  [a,-) .  Let  {x  I 6 E B) b e  a n e t  
B 

i n  [a,-) V-converging t o  x  E L. S ince  L i s  a t o p o l o g i c a l  

l a t t i c e  w i t h  r e s p e c t  t o  V ,  t h e  func t ion  t ak ing  an  element R E L 

t o  x v g is continuous. Thus by P ropos i t i on  2.25, {x  v xB} 

converges t o  x  V x  = x. C lea r ly  x ~  x  V x  f o r  a l l  B E B.  - B 
Suppose t h a t  t h e r e  e x i s t s  z  E L such t h a t  x  5 z  5 x  V x  f o r  - - B 
a l l  E B. Le t  { z  ) be  a n e t  i n  L def ined  by z  = z  f o r  

B B 
a l l  E B. C lea r ly  { z  ) converges t o  z  w i t h  r e s p e c t  t o  V. 

B 
Since  L is a t o p o l o g i c a l  l a t t i c e  w i th  r e s p e c t  t o  V ,  we must 

have t h a t  { ( z  ) V (x V x  ) ) converges t o  z V x = z. But 
B B 

z  V x v x  = z v x v x  = x  v x  f o r a l l  B E B .  Thus { x ~ x ~ }  
B B B B 

converges t o  z. S ince  V is Hausdorff,  by P ropos i t i on  2.27 

z  = x. Therefore  s& (X V x  ) e x i s t s  i n  L and equals  x. 
B 

But x  > a f o r  a l l  B E B and thus  x  V x  > a f o r  a l l  @ E B. 
B = B = 

Hence x  = A ( x  v x ) > a ,  i .e .  x  E [a,m), Therefore  by 
B EB B = 

Propos i t i on  2.26, [a,m) is  c losed  w i t h  r e s p e c t  t o  V. S i m i l a r l y ,  

(--,a] i s  c losed  w i t h  r e s p e c t  t o  V. S ince  V is a topology, 
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[a ,h]  = (--,b] fl [a,m) is  c losed  w i t h  r e s p e c t  t o  V .  Therefore  

J V. 1 ~ 1  

Le t  G b e  a n  R-group w i t h  a topology U w i t h  r e s p e c t  t o  

which G is bo th  a t opo log ica l  group and a topo log ica l  l a t t i c e .  

The group s t r u c t u r e  is enough t o  g i v e  us  t h e  converse of 

P ropos i t i on  2.28. 

P ropos i t i on  2.29: J L U i f  and only i f  U is  Hausdorff.  

Proof: I f  U i s  Hausdorff,  then  by P ropos i t i on  2.28 J G U ,  

s i n c e  G i s  a topo log ica l  l a t t i c e  w i t h  r e s p e c t  t o  U. 

Conversely, suppose t h a t  J G U. A s  we noted i n  Chapter 1, 

J i s  TI. Thus s i n c e  J U, U is TI. Then by Theorem B,  

s i n c e  U is a group topology f o r  G, U i s  Hausdorff.  14 

Applying P ropos i t i on  2.29 t o  t h e  %-topology,  we have t h e  

fo l lowing  r e s u l t .  

Coro l la ry  2.30: Let  G b e  an  R-group w i t h  5 - t o p o l o g y  5. 

T h e n t h e s e t s  [ a , b ] ,  { X E  G I  x z a } ,  and ( X E G I  x g a }  a r e  

c losed  w i t h  r e s p e c t  t o  5 f o r  a l l  a ,b  E G w i t h  a 5 - b i f  

and only i f  5 is  Hausdorff . 
Proof:  By Theorems 2.17 and 2.24, 5 i s  a group and l a t t i c e  

topology f o r  G .  14 

We i n v e s t i g a t e  t h e  elements of N(0) w i th  r e s p e c t  t o  5 -c losu re  

by f i r s t  cons ider ing  N1(0) and N2(0). The c a s e  f o r  t h e  elements 

of N2(0) is  s t r a igh t fo rward ,  and we can u s e  i t  t o  g e t  a theorem 

analagous t o  Corol la ry  2.30 ( i n  one d i r e c t i o n  only)  f o r  t h e  s e t s  

D(h) where h E D2. 



Propos i t i on  2.31: L e t  G b e  a n  2-group w i t h  2- topology S. 

Let  h E V2. Then D(h) + hi is b o t h  open and c losed  w i t h  

r e s p e c t  t o  2 . 
Proof: I n  t h e  proof of Lemma 2.12(b) we proved t h a t  D(h) + h l  

1 is a subgroup of G. Thus i f  d E: D(h) + h , then  

1 1 d + D(h) + h D(h) + h . 
1 Hence by P ropos i t i on  2.21, D(h) + h i s  open w i t h  r e s p e c t  t o  5 . 

Therefore by [ 3 6 ,  page 5 4 1 ,  s ince D(h) 4- b) .Is s nsubgroup, D(h) + h 1 
is c losed  w i t h  r e s p e c t  t o  2 . I 1 

P ropos i t i on  2.32: I f  G is a n  R-group w i t h  Hausdorff 

2 -topology 2 , then  f o r  a l l  h E D2, D(h) is c losed  w i t h  

r e s p e c t  t o  5 . 
1 Proof: C l e a r l y  D(h) S D(h) + h . By Lemma 2.2(b) , D(h) c [-h,h] , 

I 
and hence D(h) c (D(h) + h-) 17 [-h,h] . 

1 Conversely, l e t  d E (D(h) + h ) n [-h,h] . By Lemmas 2.12(a) 

and 2.23, D(h) + h l  i s  a symmetric s u b l a t t i c e  of G.  S ince  c l e a r l y  

[-h,h] i s  a symmetric s u b l a t t i c e  of G, t h i s  impl ies  t h a t  

1 (D(h) + h ) ll [-h,h] i s  a symmetric s u b l a t t i c e  of G.  Therefore 

1 Id1 = d V (-d) E (D(h) + h ) n [-h,h].  

1 Since  ] d l  E D(h) + h , by Lemma 2.13 Id1 = a + b = a v b  f o r  

1 + a E ~ ( h ) +  and b E (h ) . Since  Id1 E [-h,h],  we have t h a t  

Id1 = ( d l  A h = (a  v b)  A h = ( a  A h )  V (b A 11) 

= ( a *  h ) v  O = a ~ h = a .  

Hence [ d l  E D(h). S ince  D(h) is  a convex 2-subgroup of G and 

s i n c e  - d 1 < d < I d 1 , t h i s  imp l i e s  t h a t  d E D(h) . Therefore  I = =  

1 1 D(h) 2 (D(h) + h ) n [-h,h] and hence ~ ( h )  = ( ~ ( h )  + h ) fl [-h,h]. 



Since  5 is Hausdorff ,  by P ropos i t i on  2.30 [-h,h] i s  

c losed  w i t h  r e s p e c t  t o  5, and by P ropos i t i on  2.31 D(h) + h 1 
is c losed  w i t h  r e s p e c t  t o  2 . Therefore ,  s i n c e  D(h) = 

1 (D(h) + h ) n [-h,h] , D(h) i s  c losed  w i t h  r e s p e c t  t o  5. l x s l  

Example 7.11 shows t h a t  i n  g e n e r a l  t h e  converse of P ropos i t i on  2.32 

f a i l s  t o  hold.  

We now t u r n  our  a t t e n t i o n  t o  t h e  elements of N1(0). As i n  t h e  

c a s e  of i n t e r v a l s ,  we f i r s t  prove a gene ra l  theorem and g e t  t h e  

r e s u l t  f o r  t h e  2-topology a s  a c o r o l l a r y .  

P ropos i t i on  2.33: Le t  G b e  a n  2-group w i t h  group and l a t t i c e  

+ 
topology U.  Le t  g E G and l e t  0 E A E [-g,g], Suppose t h a t  

A is a convex symmetric s u b l a t t i c e  of G.  I f  U is Hausdorff and 

Lf A is c losed  w i t h  r e s p e c t  t o  U,  then A + gl is c losed  

w i t h  r e s p e c t  t o  U .  

Proof :  Le t  { x  I f3 E B) b e  a n e t  i n  A + gl converging (wi th  
B 

r e s p e c t  t o  U )  t o  f  E G. S ince  A is  a symmetric s u b l a t t i c e  of 

G, 1 xg 1 = (xB) V (-xB) E A + g l  f o r  a l l  B E B (2.13(b) and 2.23) . Thus 

+ 
B B 

1 + lxBl = a B + b B  f o r  a E A  and b r ( g )  . Since  U is  

a group and l a t t i c e  topology f o r  G, by P ropos i t i on  2.25 { I xB 1 1 

converges t o  1 f  1 . Hence {ag}  = { I xB  1 A g} converges t o  

1 f  1 A g ,  S ince  { a  1 A and A is c losed ,  by P ropos i t i on  2.26 B 

converges t o  d ,  and thus  {bB ,\ g} converges t o  d A g .  Let  

O B  = 0 f o r  a l l  B E B ;  then  I 0  1 converges t o  0.  S ince  U B 

is Hausdorff and s i n c e  b A g = 0 f o r  a l l  B E B ,  by B B 



1 Propos i t i on  2.27 d A g = 0 ,  i . e .  d E g . Therefore  

1 If1 = I f l h  g f  d E A +  g . 
Since  A is a convex s u b l a t t i c e  of G conta in ing  0, by Lemma 2.23 

A  .L 91 i s  a convex s u b l a t t i c e  of G. S ince  A  is symmetric, 

a s  i n  t h e  proof of Lemma 2.12 (a )  A + gl is symmetric. Hence 

1 1 -If1 E A +  g , and s i n c e  -If1 b f  I f l ,  f  E A +  g . Therefore  

by P ropos i t i on  2.26, A + gl is  c losed  w i t h  r e s p e c t  t o  U .  1 1 

Corol la ry  2.34: Let G b e  a n  R-group w i t h  5 -topology 5 .  

I f  5 is  Hausdorff,  then  every H E Nl(0) i s  c losed  w i t h  r e s p e c t  

t o  5. 

Proof: Let  S = U and [-g,g] = A i n  P ropos i t i on  2.33 above, 

and apply Corol la ry  2.30. 14 

Propos i t i on  2.35: Let  G b e  an  R-group wi th  X -topology 2. 

I f  5 is Hausdorff ,  then every H E N(0) is c losed  w i t h  r e s p e c t  

Proof: C lea r ly  G is closed.  I f  H E N(o) \{GI ,  then  H is 

a f i n i t e  i n t e r s e c t i o n  of elements of Nl(0) u N2(0). By 

P ropos i t i on  2.31 and Corol la ry  2.34, t h e  elements  of Nl(0) u N2(0) 

a r e  c losed .  Thus H i s  c losed  wi th  r e s p e c t  t o  S . la 

Example 7.11 shows t h a t  i n  gene ra l  t h e  converse of 

P ropos i t i on  2.35 f a i l s  t o  hold.  



3 .  SOME EXAMPLES 

This  chap te r  i s  devoted t o  i n v e s t i g a t i n g  i n  some d e t a i l  two 

examples of R-groups and t h e i r  S - topo log ie s .  We do n o t  i nc lude  t h e  

most obvious examples, c a r d i n a l  products  of t h e  r e a l  numbers, becsuse  

4.. rl-.e..tn,-" I,  5 T T m  v74 11 ..,-n.7,. t * . n  th,.n,-,.-" T7h4,.h tmc.,.th,...- 7 ~ 4 1 1  
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imply t h a t  an a r b i t r a r y  c a r d i n a l  product  of t h e  r e a l  numbers has  f o r  

i t s  S- topology t h e  usua l  topology ( i . e .  t h e  product  of t h e  i n t e r v a l  

t opo log ie s  on t h e  f a c t o r s ) .  

Example 3.1: The f i r s t  example we cons ider  i s  A ( R ) .  I n t u i t i v e l y ,  

t h e  elements of 2l i n  A(R) have t h e  form of t h e  func t ions  i n  

f i g u r e s  I X  and X; t h a t  i s ,  they  have only one "bump". We can make 

t h i s  i d e a  more p r e c i s e  i n  t h e  gene ra l  ca se  a s  fol lows.  
0 

Let  $2 be  a  t o t a l l y  ordered  s e t .  Let  D ,  n be  t h e  completion of D 

and t h e  c o n d i t i o n a l  completion of Q ,  r e s p e c t i v e l y ,  a s  de f ined  i n  

Chapter 1. In  [35] Holland proves t h a t  t h e  map from A(Q) t o  A(;) 

- 
which t a k e s  g  E A(Q) t o  t h e  element g  E A(;) def ined  by 

-- 
< C11 ag = V  B E Q, B = 

f o r  a E 5 i s  an !L-isomorphism. C lea r ly  = g. For f  E A(D) , l e t  

s(?) = (ii E 51 ;Z # :I 

denote t h e  suppor t  of f .  

The gene ra l  ca se  of t h e  c m e n t  above i s  then  t h e  fo l lowing  

p ropos i t i on .  



f i g u r e  I X  

G = A(R) 

x g =  2 x + 3  i f  X E  [ - 3 , O )  

i x + 3  i f  X E  [ 0 , 4 )  b otherwise 



figure X 

G = A(R) 

if x E ( - ~ , 4 ]  

o the rwi se  

4 i f  x E [ 4 , ~ )  

o the rwi se  
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Propos i t i on  3.2: Let  8 b e  a t o t a l l y  ordered s e t .  Then f o r  t h e  

a-group A(n),  f  E 21 i f  and only  i f  f  E A(O)+\{~I  and t h e r e  

- - 
e x i s t  a,B E h such t h a t  s(?) = (EYE) .  

We f i r s t  n o t e  t h e  fo l lowing  lemma, whose proof is  s t r a igh t fo rward .  

+ 
lemma 3.3: Let  f  E A(8) . Let , E s ) .  Let  fly f 2  b e  

f u n c t i o n s  from 8 t o  8 de f ined  by 

(of o therwise  

\w otherwise.  

Proof of Pcopos i t ion  3.2: Suppose f  E II . Clea r ly  f  6 A ( Q ) + \ { ~ I .  
A 

Let n ( f )  = v s ( ? )  and ~ ( f )  = A S ( ? ) .  C lea r ly  n ( f ) , ~ ( f )  E Q ,  

and c l e a r l y  17 ( f ) ?  = n ( f )  and 1 ( f )  = y ( f )  . Therefore,  f o r  a l l  

-- - - 
E \ ( ( f ) , ( ) )  a f  = a .  Suppose t h e r e  e x i s t s  a  E ( e ( f ) , n ( f ) )  

-- - 
such t h a t  a f  = a. Let  fly f 2  be func t ions  from 8 t o  8 def ined  

by 

(of o therwise  

(o o therwise .  

By Lemma 3.3, f l  , f 2  E A(Q)'. We w i l l  show t h a t  f l  > i. I f  

- - 
[ ~ ( f ) , a ]  = { v ( f ) , a ) ,  then  ~ ( f )  2; by d e f i n i t i o n  of ~ ( f ) .  l'his - 

- - 
c o n t r a d i c t s  ou r  choice  of a and thus  ( ( f )  a )  . Hence 

- 
(~(f),a) n n # 8. Suppose t h a t  f o r  a l l  y E ( v ( f ) , a )  fl 0 ,  yf = y. 
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Then f o r  a l l  7 E ( p ( f ) , a ) ,  yf = y ,  and hence f  This  

- 
c o n t r a d i c t s  our  choice  of a  and t h u s  t h e r e  e x i s t s  y  E ( p ( f )  ,a) f l  

such t h a t  yf # y. Hence yf # y and t h e r e f o r e  f > i. S i m i l a r l y  
1 1 

w e  may show t h a t  f  > i. Clea r ly  f l  A f 2  = i and f l  V f 2  = f .  
2  

This  c o n t r a d i c t s  t h e  f a c t  t h a t  f  e U .  Therefore ,  f o r  a l l  

- - - 
a E ( ( ) , f ,  af  # G, i - e *  s(?) = ( ~ ~ ( f ) , n ( f ) ) *  

A - - 
Conversely, suppose t h a t  f  > i and t h a t  t h e r e  e x i s t  a,B E 

such t h a t  ~ ( 7 )  = (G,?). Let R , R '  E A(Q) be  such t h a t  R A R '  = i 

and R V 2  = f  . Then c l e a r l y  s(;) U s (R') C s (?) . Sv.ppose t h a t  

- 
u E S(Z) n S(?). I f  = ; (11-I v 3 ( ? i ~ ) - l ,  then  1 c ;. Clea r ly  

t h e r e  e x i s t s  K E [5,3) fl 9 .  But then  

K(R A R') = (KR) A (KR') 2 (:?)A (FT) = 3 > K .  

This  c o n t r a d i c t s  our  choice  of t h e  p a i r  R , R 1  ; t hus  ~ . ( i )  n S('JiTj = d .  

Suppose R # i and R # i. Then t h e r e  e x i s t  7 E s(;) and 

- 
6 E s (p) . Without l o s s  of g e n e r a l i t y ,  we may assume t h a t  7 < x. 
We have y , x  E s(R) U S(R')  E s ( ? ) ,  and t h u s ,  s i n c e  s(?) = (;,El, 

(7,x) c s(?) .  Following 1331, we l e t  

I ( ~ , R )  = (F E t h e r e  e x i s t  i n t e g e r s  m, n  such t h a t  

--m - --n 
yk 2 .r & Y R  1 .  

-- - 
Clea r ly  I(;,;) i s  convex and s i n c e  7; > 7,  T R  > T f o r  a l l  

- - - 
T E 1 ,  Since 6 E s ( F )  and s(;) n ~(7) = (6, 6 6 s(;). 

- 
Thus 6 i s  an upper bound f o r  I(;,;) and hence v 1(7,x) E E. 

-7 - Let = V ~ ( y , z )  E (7,:). C lea r ly  bR = i. Suppose t h a t  pR # p .  

- 7 -1 -- - 
Then p (R ) < < p ,  s i n c e  R '  > i. Let z = 7 V (;(P)-'). 

Then o E I(? ,a) s (x) . However, s i n c e  (PI-' 5 - z < FF, 
- -- -- - 
a  < pR'  5 - aR'R1. Hence a  e s ) .  This  c o n t r a d i c t s  t h e  f a c t  t h a t  
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-- - -- - - 
s(;) n s(?) = d .  Therefore pR'  = p ,  and hence pf = p(RV ?) = p .  

- 
But we chose p E ( Y , ; )  C ~ ( f ) .  This  is  a c o n t r a d i c t i o n ,  and hence 

With ano the r  assumption about A@) we can d e s c r i b e  

e x a c t l y  (P ropos i t i on  3.5) .  

P ropos i t i on  3.4: - I f  G i s  a d i v i s i b l e  2-group, then  Dl = U .  

Proof: By d e f i n i t i o n  U 2 Conversely, l e t  a  E U .  Then 
1 ' 

~ 1 -  - -- - ,+ 
~ ~ t e ~ e  exists b t cl such i h i  b i- b - a. C i e a r i y  b 6 .  S u p p ~ s e  

b t ? ~ .  Then t h e r e  e x i s t  h,R > 0 such t h a t  h  A R = 0 and 

h V R = b. Then h V R = h + R = R + h.  Hence 

a = b + b =  ( h V R ) + ( h V  R ) = h + R + h + R =  ( h + h ) + ( R + R ) .  

But s i n c e  h A R = 0,  (h + h )  A R = 0 and hence (h + h )  A (R + R) = 0. 

Thus a  6 % .  This  c o n t r a d i c t s  our  choice  of a .  Hence b E U. 

1 1  1  Since 0 < b < a ,  b  a . Let  k c b . Then Ikl A b = 0 .  Hence 

1 Ikl A a = lkl A (b + b )  = 0.  Thus k a a  . Hence b l  = al .  
Therefore,  f o r  a l l  a  E U, t h e r e  e x i s t s  b  a such t h a t  b  + b = a 

1 -  1 and b - a . I f  a E %, d e f i n e  a  sequence lbl,bZ, . . . 1 E: by 

a = bl and bn E is  such t h a t  bn + bn = bn-l and bn 1 = 
bn-l 

1 
f o r  n > 1. Thus a a Dl. Therefore U = Dl. I n l  

Propos i t i on  3.5:  Let fl be a t o t a l l y  ordered set. I f  A@) 

i s  doubly t r a n s i t i v e ,  then  21 = Dl. 

Proof: By 1331, s i n c e  A(n) i s  doubly t r a n s i t i v e ,  A(n) i s  

d i v i s i b l e .  By P ropos i t i on  3 .4 ,  2I = D 
1 ' I4 

I n  A(R) , c l e a r l y  v2 = d .  Hence t h e  s e t s  of N3(0) = N (0) a r e  of I 

t h e  form of t hose  i n  f i g u r e s  X I  and X I I .  



f i g u r e  XI. 

G = A(R) 

otherwise 

s) 



f i g u r e  XI1 

G = A(R)  

Lx otherwise 

i f  X E  [ 4 , m )  

otherwise 
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I n  R 1x1 R, i f  h,L E U =  Dl, t h e r e  always e x i s t s  k E G+ 

such t h a t  

N(0,h) n N(0,R) = N(0,k). 

See f i g u r e  X I I I .  

However, i n  A(R) , i t  may happen t h a t  f o r  f ,g  E U , t h e r e  

does no t  e x i s t  an  h E A(R)+ such t h a t  N(0,f) n N(0,g) = N(0,h). 

Let f ,g  be  a s  i n  f i g u r e  X I V .  Suppose t h a t  such an h e x i s t s  

( c f .  f i g u r e  XV). Since 12k = 12 f o r  a l l  k E N(O,f), 12h = 12.  

Since 15k = 1 5  f o r  a l l  k E ~ ( o , g ) ,  15h = 15. Suppose r h  > r f o r  

some r E 112,151. Then 12 # r f 15.  If  z E (12,15),  l e t  

RZ E A(R) be def ined  by 

i f  x E [z ,15)  

o therwise .  

Then xR = xg i f  x E [ z ,15 ) ,  and c l e a r l y  f o r  z E (12,15) ,  z 

LZ E N(0,f)  fl N(0,g). I f  z E (12,15) i s  such t h a t  z c zh < zg,  

then  gz 6 N(0,b). Hence,since we a r e  assuming t h e r e  e x i s t s  r E (12,15) 

such t h a t  r r h ,  we have t h a t  zh = zg f o r  a l l  z E (12,15).  

Theref o r e  

14  = 12g = h { z l  z E (12,15)))g = *(zgl  z E (12,15))  

= ~ ( z h ]  z E (12,15))  = ( A ~ Z ]  z E (12 ,15) l )h  = 12h = 12.  

This is  a c o n t r a d i c t i o n ,  and hence zh = z f o r  a l l  z E [12,15].  Let 

R E A(R) b e  def ined  by 

\X otherwise.  



figure XI11 

G = R 1x1 R 



f igure  XIV 

G = A(R) 

i f  x E [5,8) i f  x E [10,12) 

i f  x E [8,12) x + 10 i f  x E [12,15) 

otherwise otherwise 



figure XV 

G = A(R) 

I. otherwise 



Then R f! N(O,g), b u t  s i n c e  xR = x  i f  x f! [12,15], R A h  = i. 

~ h u s  R E h C N(0,h). Therefore ,  f o r  a l l  h E A(B) + 

However, even though such an h does n o t  e x i s t ,  we do have 

t h e  fol lowing:  Let h E A(R) b e  def ined  by 

l5 i f  x c [13,15) 2 1 . ' -  otherwise.  

Then f o r  f , g a s  i n  f i g u r e  XIV, 

Here N(0,hj is  a f i n i t e  i n t e r s e c t i o n  of elements from !d (0)  
1 

and hence N ( 0  ,h )  E N (0) .  See f i g u r e  XVI .  

Example 3.6: Our second example i s  of an R-group G which 

+ 
con ta ins  p o s i t i v e  elements f , g  such t h a t  f o r  a l l  h E G , 

f , g  w i l l  be  elements of II and of Dl; D2 w i l l  be  empty. 

F i r s t  we n o t e  t h e  fo l lowing  s tandard  r e s u l t .  

P ropos i t i on  3.7: Let A b e  a subgroup of an R-group G. Let 

[A] be  t h e  R-subgroup of G generated by A. Then 

A a [A] = (k$K eEL ake E A f o r  a l l  k E K and R E I; 

and K and L a r e  f i n i t e ) .  



f i g u r e  X V I  

G = A(R) 

i x otherwise 
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Proof :  An R-group i s  a ( f i n i t e l y )  d i s t r i b u t i v e  l a t t i c e  and a d d i t i o n  

d i s t r i b u t e s  o v e r  j o i n s  and meets .  Conrad 1191 n o t e s  t h a t  r e p e a t e d  

a p p l i c a t i o n s  of t h e s e  two p r o p e r t i e s  p rove  t h e  p r o p o s i t i o n .  In1 

The R-groap we w i l l  c o n s t r u c t  i s  an  R-subgroup of  C(R), t h e  

R-group of  a l l  con t inuous  f u n c t i o n s  from t h e  real  numbers t o  

and l e t  H = G(h,) and Ln = G( \ ) ,  t h e  convex R-subgroups 
n 

g e n e r a t e d  by h and R r e s p e c t i v e l y .  For  p E Q ,  d e f i n e  
n n 

themse lves .  Compare what f o l l o w s  w i t h  f i g u r e  X V I I .  

+ 
For  n E Z , d e f i n e  h E c(R)+ by 

n 
--I. = r - -  
A L L  A - 2 ( 1  -i 41.11 n i f  x E 12 t 8n, 6 + 8 n j  

-x + 2 (5 + 4x1) i f  x E 16 + 8n ,  1 0  + 8n)  

\ 0 o t h e r w i s e .  

+ 
Also d e f i n e  Rn E C(R) by 

Le t  F = { f  1 p E Q }  and P = {gpl p E Q}. Then c l e a r l y  F and 
P 

xR = 
n 

P a r e  R-subgroups o f  C(R) which a r e  R-isomorphic t o  Q.  L e t  
03 03 

H = 1 ~ 1  Hn, L = I E ~  Ln. 
n= 1 n = l  

r 

. x  + 2(5  + 4n) i f  x E [-lo - 8 n ,  -6 - 8n)  

-x - 2 ( 1  + 4n) i f  x E 1-6 -813, -2 - 8n) 

c 0 o t h e r w i s e ,  



f i g u r e  XVII - 

G = C(R) 
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F i n a l l y ,  l e t  G = IH,L,F,P], t h e  R-subgroup of C(R) genera ted  

by H, L ,  F, and P. k'e no te  t h a t  (2 ) fp  = p and (-2)gp = p .  

For k E C(R) ,  l e t  

S(k) = ( r  E R I  r k  # 0 )  

denote t h e  support  of k. Then i f  k E H U L, S(k) i s  bounded 

above and below. Thus, s i n c e  [H,L] = H 1x1 L, S(k)  i s  bounded 

above and below f o r  a l l  k 

where 

J a r e  

where 

By the  

f i n i t e .  Since C(R) 

a E [H,L], and 
i j 

E [H,L].  L,et k E G. By P ropos i t i on  3 . 7 ,  

f o r  a l l  i, j , n and where I and 

i s  commutative, 

r E Q f o r  a l l  n = l , . . . , m ( i , j ) .  Pn, n 

comment above, S ( a . . )  i s  bounded above and below. Let 
1J 

U(k) = V({tl  t E S(a .  .) f o r  some i , j )  U {2) ) ,  
1J 

V(k) = ~ ( { t l  t E S(a .  .) f o r  some i , j }  U {-21). 
1 J  

m ( i , j  > m ( i , j )  
L e t n  = C 

i j = C r . Then by t h e  cons t ruc t ion  n=l Pn and mij n = l  n 

of F and P, 

Let 

and (u)gm = 0 ,  and i f  v i V ( k ) ,  - then  (v)a i j  = 0 and (v ) fn  = 0. 
i j i j 



Suppose u 2 U (k) . Then - 

= ( ~ ) f ~ ( ~ ) *  

S imi la r ly ,  i f  v < V(k) , then 
e 

(v)k = ( ~ ) g ~ ( ~ ) .  

Since a E [H,L], (2)aij  ' 0 = (-2)aij and by cons t ruc t ion ,  
i j  

(2)gm = 0 = (-2)f, . Thus, a s  above, 
i j  i j 

(2)k = (2) fN(k)  9 

(-2)k = (-2)g>i(k)* 

1 Suppose k E g2 . Since k i s  continuous, (2)k = 0. Hence 

( 2 ) f ~ ( k )  
= 0,  i . e .  ~ ( k )  = 0. Therefore,  i f  u 2 U(k), (u)k = N (k) 

= 0. Thus S (k) i s  bounded above by U (k) . I f  k E [-g2, g2] , 

then c l e a r l y  S(k)  is  bounded above by 2. Hence i f  k E N(0,g2), 

S(k) is bounded above by U(k) . Simi la r ly ,  i f  k E N(0, f 2 )  , then 

S (k) is bounded below by V (k) . 
Let k E N(0, g2) N (0, f ,) . Then S (k) i s  bounded above by 

~ ( k )  and below by V(k) . Hence HU(k) k1 and L V(k) i k 1 . But 

c l e a r l y  H 
U (k) 

F ~ ( 0 . f ~ )  and L y' N(Oyg2). Therefore,  i f  
V(k) 

k E (N(0,f2) ~ N ( o , ~ ~ ) ) ~ \ { o I ,  then 

N(O,k) F N(0,f2) n N(0.g2). 

Suppose k E G+\(o}, and ~ ( 0 , k )  N(Oyf2) fl N(Oyg2). Since 

1 0 E k , k a N(0,k).  Hence k E N(0,f2) n N ( O , g 2 )  But t h i s  



c o n t r a d i c t s  t h e  above argument. Hence f o r  a l l  k  E G + \ ~ o } ,  

N(O,k) 7 N ( O , f 2 )  fl N(o,g,). 

Let  p  E $\{o}. Suppose t h a t  f p  1 ?I . Then t h e r e  e x i s t  

k,R E G'\{o} such t h a t  k  A R  = 0  and k  V i = f  . Let  
P 

r E S(k) S(f ) and s E S ( R )  C s ( f p )  . Then without  l o s s  of 
P 

g e n e r a l i t y  we may assume t h a t  r < s. Let t = V (S(k) n [r ,s] ) . 
Since R i s  c o n d i t i o n a l l y  complete,  t E R. Since k  is  cont inuous,  

t k  = 0.  I f  t R  # 0 ,  then  t h e r e  e x i s t  a , b  E R such t h a t  t E (a ,b)  

E S(R). But by d e f i n i t i o n  of t ,  S(k) n (a ,b)  # 4. This  c o n t r a d i c t s  

t h e  f a c t  t h a t  k A R = 0 ,  and thus  t R  = 0. Therefore t f  = 
P  

t ( k  V R) = 0 ,  and s i n c e  r ,s  E S(f ), t h i s  c o n t r a d i c t s  t h e  
P 

d e f i n i t i o n  of f  . Therefore f E U. Simi l a r ly  g E 2l f o r  a l l  
P P P  

p  E Q + \ { ~ l .  Therefore (F u P)+\{oI E a .  

Clea r ly  H ,  L ,  F,  and P  a r e  d i v i s i b l e .  Therefore G is  

d i v i s i b l e ,  and hence by P ropos i t i on  3.4 and t h e  above 

(F U P ) + \ ~ o }  2f = 0;. 

We conclude t h a t  f 2  ,g2 E Dl a and t h a t  D2 = (. 

Let 
n 

N; (0) = N; (0)  V N?(O) . 
I f  G = R 1x1 R ,  Nq(0) is  a  f i l t e r - b a s e  which gene ra t e s  F(N(0)) 

( s ee  f i g u r e  X I I I ) .  I f  G = A(R), t h i s  i s  a l s o  t h e  case .  For example, 

i n  f i g u r e s  X I V  and X V I ,  we exh ib i t ed  an element h E A(R) such 

t h a t  N(0,f) fi N(0,g) 2 N(0,h) and N(0,h) E N;(O). However, 



Example 3 . 6  shows t h a t  i n  g e n e r a l  b ! j ( O )  w i l l  n o t  be a 

f i l t e r - b a s e .  

I n  Chapter  7 (Example 7 .8 )  we show t h a t  t h e  2-group of  

Example 3.6 h a s  Hausdorf f 5 - topo logy .  



4. TOTALLY ORDERED GROUPS 

Let  T b e  a t o t a l l y  ordered group. Let L denote t h e  i n t e r v a l  

topology on T. Then U E L i f  and only  i f  f o r  a l l  x E U ,  t h e r e  

e x i s t  a ,b  E T such t h a t  x E (a,b) C U. The main r e s u l t  of t h i s  

chap te r  is t h a t  t h e  5 - t o p o l o g y  on T i s  equ iva l en t  t o  t h e  i n t e r v a l  

topology, L. 

The proof of t h i s  equiva lence  r e q u i r e s  t h e  f a c t  t h a t  i f  

g E T+\{O} is  such t h a t  (0 ,g)  # 4, then  t h e r e  e x i s t s  a  

g' E T such t h a t  0  < g' < g' + g'  2 g. This  " semi -d iv i s ib i l i t y "  

i s  s t r a i g h t f o r w a r d  f o r  t o t a l l y  ordered groups. A s  a  pre lude  t o  t h e  

theorem t h a t  Z = f on T, we w i l l  i n v e s t i g a t e  t h i s  "semi- 

d i . v i s i b i l i t y r r  i n  an a r b i t r a r y  &-group. 

Lemma 4.1:  Let  G be an &-group. Let  g  E G+\{O}. Then t h e r e  

e x i s t s  h  E G such t h a t  0  < h < h + h I_ - g i f  and only i f  t h e r e  

e x i s t s  h '  E G such t h a t  0  < h '  < g h '  + h ' .  

Proof: Suppose h E G is  such t h a t  0  < h < h + h 5 - g. Let 

h '  = g - h. Then 0 < h '  < g and s i n c e  h + h - 5 g,  0  5 - -h + g - h.  

Thus g 5 - g - h + g - h = h' + h ' .  Conversely, suppose t h a t  h '  E G 

i s  such t h a t  0 < h' < g ~ h '  - + h ' .  I f  h  = g - h ' ,  then  0 < h < g 

and s i n c e  g 5 h '  + h ' ,  -h' + g -. h' 5 - 0. Thus 

g - h l + g - h 1 = h + h 5 g .  - lxsl 
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Propos i t i on  4 .2 :  Le t  G be an  8-group. Let g  E G+\{oI. Then 

t h e r e  e x i s t s  h  E G such t h a t  0  < h < h + h 5 g i f  and only i f  - 

[O,gl Z T ( d .  

Proof:  Suppose h  E G i s  such t h a t  0  < h < h + h g. Since - 

h + h z g ,  h  & g  - h. I f  h  E T(g) ,  then  h  A (g - h)  = 0 ,  and 

hence h  = 0. This  c o n t r a d i c t s  our  choice  of h  and hence h  i! T(g).  

Thus IO,gI # T(g) 

Conversely, i f  10,gJ f T(g) ,  l e t  R E I O , ~ ] \ T ( ~ ) .  (Such an 

R e x i s t s  s i n c e  [0 ,g] 2 T(g) . ) Then l e t  h  = R A (g - R) . I f  h  = 0 ,  

R A (g - 2) = 0 and hence (g - R) V R = g - R + 2 = g. Thus 

R E: T ( g ) ,  which c o n t r a d i c t s  our  choice  of R .  Thus h  > 0. Furthermore, 

h + h = R ~ ( g - R ) + R ~ ( g - 2 ) i g - R + R = g .  1 1 

I n  many 2-groups [O,gJ f T(g) f o r  a l l  g  E G+\{o}. For 

i n s t a n c e ,  R 1x1 R y  A(R), and R % Z ,  bu t  n o t  Z o r  Z 2 R. I f  

g  E U and [O ,g] f T(g) , then P ropos i t i on  4.2 i n d i c a t e s  t h a t  t h e  

important  c r i t e r i o n  t h a t  g  must f u l f i l l  t o  b e  a member of Dl is 

t h a t  some 0  < h < g must be ' b i g  enough" t o  have h l  i: gl a s  w e l l  

a s  h  + h g. Let G be  t h e  2-group of Example 3.6. Let L be 

t h e  $-subgroup of G genera ted  by H and G(fZ) .  Then i f  0  < k < f 2 ,  

by an argument s i m i l a r  t o  t h a t  i n  t h e  d i scuss ion  of Example 3.6,  

1 1  k F f 2  . However, T ( f2 )  = I 0 , f 2 }  and [0 , f2]  is  uncountable.  

We r e t u r n  t o  t h e  i n v e s t i g a t i o n  of t o t a l l y  ordered groups. 

Lemma 4 . 3 :  I f  T  i s  a  t o t a l l y  ordered group, then T +\{o} = % 

Proof:  C lea r ly  21 i: T+\{O}. Conversely, l e t  t E T+\{O}. 

If s E T ( t ) ,  then  t h e r e  e x i s t s  s' E T such t h a t  s V s' = t and 

s A s '  = 0. Since T i s  t o t a l l y  ordered ,  s A s f  = s o r  s A s t  = s t .  

I f  s ~ s ' = s ,  s = O ;  i f  s A s l = s ' ,  s = t .  Hence t ~ % .  In1 



Propos i t i on  --- 4.4: Let T be  a t o t a l l y  ordered group. Let  

t E T+\{oI. Then t h e r e  e x i s t s  h E T such t h a t  0 < h < h + h 5 - t 

i f  2nd only i f  ( 0 , t )  # 6. 

Proof:  By P ropos i t i on  4.2,  t h e r e  e x i s t s  such an h i f  and only 

i f  [O,t]  # T ( t ) .  By Lemma 4 . 3 ,  [ O , t ]  # T ( t )  i f  and only i f  

[ O , t ]  # {O, t ) .  Clear ly  [ O , t ]  # IO, t}  i f  and only  i f  ( 0 , t )  f d .  I P I  

Theorem 4.5: I f  T i s  a t o t a l l y  ordered group, then  t h e  

5 -topologji on T 16 equi-vaieui i o  i h e  i n i e r v d  i u p u i u g y .  

Proof: ( a )  Suppose t h e r e  e x i s t s  h E T+\Io} such t h a t  

[O,h] = {O,h}. Then c l e a r l y  h E D2 w i th  D(h) = {O}. Hence 

D (h) + h1 = hl E N2 (0) .  But i f  g E (hl)+\l 0 1 ,  then  g is n o t  

comparable t o  h. Since T i s  t o t a l l y  ordered ,  no such g e x i s t s  

and hence h1 = {O}. Thus 101 E N(O), i . e .  t h e  5 -topology i s  

d i s c r e t e .  Also, (-h,h) E 1, t h e  i n t e r v a l  topology. Thus, s i n c e  

(-h,h) = (01, ( 0 )  E 1 and 1 i s  d i s c r e t e .  Therefore S = 1. 

(b) Suppose t h a t  f o r  a l l  t E T+\{oI, ( 0 , t )  # d .  If 

t E T'\{o}, then  by P r e p o s i t i o n  4.4 t h e r e  is a t2 c T such t h a t  

O < t  
2 < t2 + t2 ( t .  By Lemma 4.3,  t , t2  E a. A s  i n  ( a ) ,  

t1 = 10) = tzl. Therefore ,  s i n c e  ( 0 , t )  # d f o r  a l l  t E T+\{oI, 

4- 
then  f o r  a l l  t E T \{OI t h e r e  e x i s t  tl ,t2, ... E 11 such t h a t  

t = t  1' tn+l + tn+l 5 tn ' and tn+l 1 = tnl. n u s  T+\{OI c vl. 
Since T+\{OI 2 Dl, T+\{o} = Dl. Hence, i f  T # {O], 

N(0) = t ]  t E T+\{OII. 

Let  U E 1. Let  u E U. Then t h e r e  e x i s t  a , b  E T such t h a t  

u E (a ,b)  Z U .  Let  c = (-u + b )  A (-a + u ) .  Since a # u # b y  
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c # 0. Since a < u < b,  c > 0. Thus there  i s  a c f  E T such 

t ha t  0 < c' s c. Then 

u E [U - c ' ,  u + c ' ]  C (u - C ,  u + c) .  

But u + c & u  + (-u + b) = b and u - c ~u + (-u + a )  = a.  Thus - 

u E u + I-C' ,c' J E (a,b) C U. 

Since c f  > 0, c, .  E Dl. Hence u + 1-cf ,c ' ]  E N(u). Since u was 

an a rb i t r a ry  element of U ,  U E 5. 

L e t  U E ~ .  L e t  U E U .  Then there  i s a  g E T + \ { O I  such 

was an arbitrary element of U,  U E L. 

If T = 101, Z = CCO)) = L. 



5. PRODUCTS OF 1-GROUPS 

I n  t h i s  chapter  we c h a r a c t e r i z e  t h e  5 -topology on c a r d i n a l  

and lex ico-graphic  products  of R-groups i n  terms of t h e  2 - topo log ie s  

on t h e  f a c t o r s .  We f i r s t  prove t h e  r e s u l t  f o r  c a r d i n a l  products :  

Theorem 5.1: Let { G ~ I  h c A }  be  a  c o l l e c t i o n  of R-groups. For 

h E A l e t  2 be  t h e  Z-topology on G h .  Let G be  an R-subgroup 

of I B I  Gh which con ta ins  I E I G ~ .  Let S be t h e  Z-topology on 
he A h EA 

G and l e t  P be t h e  topology on G i n h e r i t e d  from t h e  product 

topology on 1 JI 1 GA. Then S = P. 
A&A 

We w i l l  u s e  t h e  n o t a t i o n  in t roduced  i n  t h e  s ta tement  of 

Theorem 5.1 throughout t h e  proofs  of t h e  theorem and t h e  preceding 

lemmas. Add i t iona l ly ,  we l e t  py : 1 II 1 Gh + Gy denote t h e  y 
t h  

Ac A 
p r o j e c t i o n .  Tnen U E P i f  and only i f  f o r  a l l  6 E U t h e r e  e x i s t  

n  
U E S  , i = 1,. . .n, such t h a t  6 E izl(Py: (U ) n G) E U. 

Y i  Y i  Y i 

To denote t h e  sets II, Dl, D2, D*, N1(0), NZ(0), N3(0), and 

N(0) i n  G A Y  w e  use  zA, DIAy D Z A y  e t c .  To denote them i n  G ,  

w e  use  g, Dl, D2, e t c .  Then U E a i f  and only i f  f o r  a l l  6 c U 

t h e r e  e x i s t s  lf E N ( 0 )  such t h a t  6 E 6 + ff U. The n o t a t i o n  "1" 
w i l l  r e f e r  t o  1II/GA. Thus i f  A lnlch, 

A E A  A E A  
~1 = {dl 6 c  ~ I I ~ G ~  and 161 A la1 = 0 f o r  a l l  a E A } .  

X E A  

Hence i f  A -C G ,  t h e  p o l a r  of A i n  G w i l l  be  



For h E G  l e t  r~ ~ L ~ G ~ E G  b e d e f i n e d b y  
Y Y '  

XEA 

i f  A # y  

i f  h = y .  

I f  L E G  l e t  
Y Y '  - 

L~ = rr;l h L I .  
Y - 

I f  L i s  a convex 2-subgroup of G then  c l e a r l y  L i s  a convex 
Y Y '  Y 

R-subgroup of G. 

Lemma 5.2: Let  A and B be  s u b s e t s  of G . Then 
I 

Y 
I 

Y - 
A + ~ ~ 1 )  n G = A + (i? n GI .  

Y Y 

Y Y 
1 Proof: Let 6 E p - l ( ~  + B ) n G. Then y6 = h + k f o r  

lY 
Y Y 

h E A  and k E B  . Let 6 '  E IIIIG b e d e f i n e d b y  
Y Y Y Y A E A  

A d '  = k i f  A = y  

[ h i  i f  A # y.  

Then i f  y # A E A, A d  = 0 + A 6  = A r i -  A d ' ,  and y6 = h + k 
Y Y Y - 

= yq + y s ' .  Thus 6 =r+ 6 ' ,  i . e .  6 '  = 6 -T, Since 6,by E G,  
Y 

then 6 '  E G. Let b E B. Then b = -;b and yb c B . Since  
Y Y 

k E B  I k y I A  lyb l  = O .  Since h b = O  when A # y ,  t h i s i m p l i e s  
Y Y '  

t h a t  Ihd ' l  A lhb l  = 0 f o r  a l l  A E A. Hence 16'1 A Ibl  = 0 and 

- 
t hus  6 '  E 0 G. Clear ly  h E and t h e r e f  o r e  s i n c e  6 = 5 + 6 '  , 

Y Y Y 

d ~ h +  ( d  n G ) .  
Y Y 

Conversely, suppose t h a t  6 E 1- + (TI n G) . Since C I L I G A ,  Y 
- 

Y Y - 
Y Y 

4:" A S G .  Thus ~ E G .  Also 6 = h + . t  f o r  ~ E A  and ~ E B  
Y 

Then yh E A and A 151 = 0 f o r  a11 b E B . Thus 
Y Y Y  

Y Y '  Y 
1 Iyel A Ibyl = 0 f o r  a l l  b E B i . e .  y e &  B . Hence 

f 
1 yd = YII + y l  E A. + By . Therefore 4 E p - l ( ~  + B 1) fl G.  

Y Y  Igl 
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Lemma5.3: I f  h  E U  then  F E U .  
Y Y '  Y I 

Proof: Le t  6 E T ( ~ ) \ { o I .  Since 0 < d<c n d = O  f o r  
Y Y '  

a l l  n # y, i .e.  yb- 4. Since 4 E T(T), t h e r e  e x i s t s  4 '  E G 

and (y4) A (yd ' )  = 0. Then y 4  E T(h ). Since h E U  y4 = 0 
Y Y Y '  

o r  yd = hy. ~f y d  = 0, then  6 = 0 which c o n t r a d i c t s  our  choice  

of 6 -  Thus yd = hy and hence 4 = 5. IrnJIl 

L e m  - -- 5.4: I f  h E D. . then  E Di. 
-- Y l Y  Y 

Proof:  Since h E D t h e r e  e x i s t  hl,h2, ... 
Y 1 ~ '  % such 

I I 
t h a t  h  = hl, hn+l + hn+l 2 h,, and hnL2 h 1. Since h = hl, 

Y n t l  Y - - - 
P -' 

h = hl. Since h E 3 h E U by Lemma 5.3. Since + hn+l & hn , - -- 
Y n y' n - - - -1 - 

< h . I f  6 E hn+l , then  141 A hn+l = 0. Hence hn+l + hn+l = n 

1 1 - 
'6 1 and s i n c e  hn+l 

1 G h n  , y6 E hn . Thus, s i n c e  Ah = 0 
n 

-1G ~ 1 .  f o r  a l l  A # y ,  < = 0. Hence 6 E .  Thus hn+l n 

Therefore E DL. 
Y Id 

Lemma 5.5: I f  h  E D2 then  E D2 and D ( T )  = D(hy). 
Y y Y  Y Y 

Proof: As noted above, D(h ) is  a convex 2-subgroup of G. 
Y 

Let 4 E D(h ). Then A d  = 0 i f  A # y ,  i .e.  6 = yb. Fur the r ,  
Y 

y4 E D(h ) and thus  y4 < hy. Hence 4 = 3 < r. Suppose t h a t  
Y Y 

h < k <  b f o r  h , - c + b & D ( h y ) .  Then h h = O = O + h b  i f  A # y ,  
Y - 

and hence 0 = AX i f  A # y.  Thus T =  h,  y k =  k ,  and 3 =  6. 

I 
I Fur the r ,  yh ,  -h + yb E D(hy), znd yh < yk < yb. Hence 
I Y 

- - 
i and hence k s D(hy ) U (5 + D (hy ) ) Thus I;- E D2 and 
L Y 
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Lemma 5.6: I f  H E N (0)  , then  p- l  (H) n G E NJ (0) .  
3~ 

Proof: Suppose H E N (0) .  Then H = N(0,h ) f o r  h E D 
1~ Y 

1 
Y 1 ~ '  

By Lema  5.4 E Dl. By Lemma 5.2 p-l([-h , h  ] + h ) n G = 
Y Y Y Y -- Y 

[-h , h  ] + ( ~ 1  n G). Since [-h ,h  ] = [-h , h  1 and s i n c e  t h e  
Y Y  Y Y Y Y Y  - 

p o l a r  of h i n  G is < l n  G ,  then  p-l(l(O,hy)) ~ G = N ( o , ~ ) .  
Y Y Y 

Hence p ; ' ( ~ ( ~ , h ~ ) )  n  G E bfl(0). 

Suppose H E N (0 ) .  Then H = D(h ) + h 1 f o r  some h E D 
- 2 Y Y Y 

1 
Y 2 ~ '  

-1 
By Lemma 5.5 h E D2. By Lennna 5.2 p (D(hy) + hy ) n G = 

Y Y 

D(hyj + (bin GI .  n u s ,  by Lemma 5.5, p - l ( ~ ( h  ) + d ) n  G = 
Y Y - Y 

-1 n G) , and s i n c e  t h e  p o l a r  of h i n  G i s  n G ,  ~(5) + (hy 

1 
Y Y 

then  p - l ( ~ ( h  ) + h ) fl G E N2(0). 
Y Y Y lfll 

Lema  5.7: Let  (H l y . . . , H  1 be a f i n i t e  c o l l e c t i o n  of s u b s e t s  n 

of G .  Let ~ E G .  Then 
Y n n 

p-l(yh + .n H . )  n G = h + ,?l[p;l(~i) n G I .  
Y 1=1 1 

Proof: 
n n 

p-l(yh + i c l ~ i )  " = 6 E G and yd E yh + i z l ~ i }  
Y 

= 161 6 E G and -yh + yd E Hi f o r  a l l  i} 

= ( d l  6 E G and - h +  6 E p - l ( ~ i )  f o r  a l l  i) 
Y 

Since h E G, -h E G and thus  -h + 6 E G i f  and only i f  6 E G.  



Lema  5.8:If  h E ,  then  t h e r e  i s  a y E A such t h a t  T =  h - 

and yh E Ily. 

Proof: Suppose t h a t  t h e r e  e x i s t  a , $  E A such t h a t  a # 

and ah # 0 # $h. Let  h' E III~G,,  be def ined  by 
h EA 

~ h ' = { h h  i f  h # a  

Then a s  i n  t h e  proof of Lema  5.2, we have t h a t  i f  A # a ,  

hh = ACL + 0 = hh' + h-&TC; and a h  = 0 + ah = ah' + a x .  Thus 

h = h' + ah- and s i n c e  &,!I E G,  h' E G. Clea r ly  h '  A = 0 and 

h' v x =  h. Since ah f 0 ,  x# 0 ,  and s i n c e  $h f 0 ,  h' f 0 .  

This  c o n t r a d i c t s  t h e  assumption t h a t  h E U  . Hence t h e r e  i s  a y E A 

such t h a t  h h  = 0 f o r  a l l  A # y ,  i . e .  F =  h.  Let h E ~ ( y h ) \ { 0 } .  

Then t h e r e  i s  an h '  E G such t h a t  h A h '  = 0 and h V 11' = yh. 
Y 

Then C A  = 0 and V = = h. Since h E % and h f 0 ,  

Lemma 5.9: Let  h E Dl. Then t h e r e  e x i s t s  a y E A and an 

h E D  S U C ~  t h a t  p - l ( ~ ( o , h y ) ) n  G = N ( o , ~ ) .  
Y l Y  Y 

Proof : Since Dl 8,  by Lermna 5.8 h = 3 f o r  some y E A.  

Let  h = yh. Since h E Dl, t h e r e  e x i s t  hl ,h2,  . E 41 such 
Y 

t h a t  h = hl, + h s h and hnfl hn+l n+l  = n 
1 nG r; c'; G. Since 

- 
h = h ,  yh = h .  Since 0 < h i h  and s i n c e  h = T ,  h = y h n .  
1 1 Y n - n 

Since h 1  . . . E II , t h i s  imp l i e s  by Lema  5.8 t h a t  Yhl,YhZ,. . . E I . 
Y 

Since h n + l + h  < h  
n+l  = n y  "b+1 

1 + rhn+, 5 Yh, I f  f E ( ~ h , + ~ )  9 

then  111 A ;h,+l = 0 ,  and hence 7 E ~1 n G. Since 

hn+l 
1 n G r h  J-n G, i I! 1 n G. Thus 1 ~ 1  x= o and 

n n 



1 hence f E (yhn) . Thus ( ~ h , + ~ )  1 ( ~ h , ) l  and hence h  E 27 

1 
Y l y *  

Fur the r ,  by Lemma 5.2, 
- 1 

P~ 
(I-h , h ,  + h  ) n G =  1-h , h ,  + ( 5 1  l l G ) .  

Y Y 
1 

Y Y Y 

~ h u s  p - l ( ~ ( o , h ~ ) )  fI G = I-h,h] + (h fi G) = ~ ( 0 , h ) .  
Y Id 

Lemma 5 . l o :  Let h E D2. Then t h e r e  exists a  y  E A and an  

- 1 
Y Y Y Y 

1 I h E D2 such t h a t  p  (D(h ) + h ) n G = ~ ( h )  + (h n GI. 

Proof: By P ropos i t i on  2.3, h E , and thus  by Lermna 5.8,  

h = ?  f o r  some y  E A. Let h  = yh. Let D' = 1 ~ 4 1  6 E ~ ( h ) ] .  
Y 

Then c l e a r l y  D' i s  a convex R-subgroup of G and s i n c e  h = h 
Y 

and ~ ( h )  1-h,h] , then  D' = ~ ( h )  . I f  d  E D l ,  then  

d =  yd < y h = h  s i n c e  6 E ~ ( h ) .  Suppose a  < t < b f o r  
Y 

a ,  -h + b E D' .  Then 2 < 5 < and a, -r+ E T. Hence 
Y - Y - 

a ,  -h f E ~ ( h )  and thus  t E ~ ( h )  u ( h  + ~ ( h ) ) .  Then 

t = E D' U (h + D' )  . Therefore h  r D2 and D' = D(hy). 
Y Y Y 

Y Y Y 
1 By Lemma 5.2 p- l@(h ) + h ) n G = T+ ( ~ l n  G I .  T ~ U S  

Y 

p ; l ( ~ ( h ~ )  + h Y 1) n G = DUO + ( d  n GI ~ ~ ( 0 ) .  181 

Lemma 5.11: Let ff E N3(0). Let 6 E G. The t h e r e  e x i s t s  a 

y  E A and an H E N (0)  such t h a t  p-1(y6 + Hy) n G = 6 + H. 
Y 3~ 

1 Proof:  I f  ff c N1(0), then  ff = lr'(0,h) f o r  some h E Dl. 
i 
! 

By Lemma 5.9,  t h e r e  e x i s t s  a  y  E A and an h  E D such t h a t  
Y 1~ 

p ; l ( ~ ( ~ , h y ) )  n G = ff. Let  H = N(O,h ). Since h  E 
Y Y Y l Y '  

Hy E N (0) . I f  ff E N2 (0) , then  H = ~ ( h )  + (h l  n G) f o r  some 
l Y  

h E D2. By Lemma 5.10, t h e r  e x i s t s  a  y  E A and an h  E D 

1 
Y 2-Y 

Y Y Y Y Y 
1 such t h a t  p - l ( ~ ( h  ) + h ) n  G = ff. Let H = D(h ) + h . Since 

h E D2 H E N (0 ) .  Then by Lemma 5.7,  p;l(y~ + Hy) I1 G = 
Y y Y  Y 2Y 

6 + (p ; l (~y)  fl G). Hence p-1(y6 + H ) n G = 6 + H. 
Y Y 14 



Proof of Theorem 5.1: Let U E P, and 6 E U. Then t h e r e  
n 

e x i s  t iyl,  . . . , y  1 G A such t h a t  6 E i=l 
n n [p-' (U ) n GJ c u f o r  

i Y i  
n 

U . I f  U = G  f o r a l l  i = ,  n ,  then if&p;l(~)  
~i " Ti Y i Y i i Y i  

n 
= I J I ~ G ~  and thus  ifil[p-l(~ ) n  GI = G Z U .  Hence U = G, and 

XE A Yi  Yi 
thus U E 5. Therefore we may assume t h a t  U # G f o r  a t  l e a s t  

Y 4 Y, 

one i. But then i f  U = G f o r  some R ,  1 5 R 5 n ,  we have t h a t  
YR Y R  

- - 

Therefore, w e  may i n  f a c t  assume t h a t  U # Gy 
f o r  a l l  i = 1, ... n. 

Y; 

n 
n lp - l (u  ) n GI, yi6 E Uy f o r  a l l  i. Since Since 6 i=1 yi yi 

i 
U E 5 f o r  a l l  i, then f o r  each i t h e r e  e x i s t s  an i n t e g e r  

Y i " i 
m(i)  2 -- 1 such t h a t  Hij E f i  (0) f o r  j = l , . . . m ( i )  and 

3 Y 

Thus 

By Lemma 5.7 

- 1 
By Lemma 5.6 P (H..) n G  E k3(0) f o r  a l l  j = l,..., m i )  and 

Yi 1J 

n m(i)  
n .n [ p l ( H .  . n ] E ( 0 )  Therefore,  a l l  i = 1,. . . ,n. Thus i=l J= l  

Y; 1J 
A 

s i n c e  

and s i n c e  6 was an a r b i t r a r y  element of U ,  U E Z. 



8 0 

L e t  U s 5 ,  and 6 E U. If U = G, then  U E p. Otherwise,  

t h e r e  exist an i n t e g e r  n 2 1 and an Hi E N3 (0) f o r  i = 1,. . . , n - 
n 

such t h a t  6 E 6 + f f .  U. By Lemma 5.11, f o r  each i t h e r e  i-1 1 

exist a yi E: A and an H E N (0) such t h a t  
Yi 3yi 

Thus by Lemma 5.7 

Le t  Ui = yi6 + In t (H ). By Corol la ry  2.22, 0 E I n t ( ~  ) E X  . 
Y i Y i Y i 

Thus yi6 E Ui E , and hence 
Y 2 

Since  6 was an a r b i t r a r y  element of U,  U E P. 

Therefore  5 = P, which proves Theorem 5 .l. I4 

Another n a t u r a l  topology on a product ,  TI K of t o p o l o g i c a l  
XEA A '  

s paces  K A  may be  de f ined  as fol lows:  For each A E A l e t  KA 

have topology UA. Define a topology P' on JAKX by: U r P' 

i f  and only  i f  pA(U) r UA f o r  a l l  h r A .  For an a r b i t r a r y  I,-group 

G, l e t  

N'(0) = { G 2 a ~ S /  H6 E N3(0) f o r  a l l  6 r A }  

where A may be i n f i n i t e .  For g E G {O), l e t  

Le t  

5' = iW G I  f o r  a l l  x E W, W E F(N' (X)) 1. 

S i m i l a r l y  t o  t h e  p roo f s  i n  Chapter 2 w e  can show t h a t  2 i s  a 

group and a l a t t i c e  topology f o r  G.  C a l l  5' t h e  2 ' - topology. 



I f ,  i n  Theorcm 5.1,  we l e t  S be t h e  Z'-topology and t a k e  P' 
h 

de f ined  above i n  p l a c e  of P, then  5' = P' where S ' i s  t h e  

S ' -topology on G. 

Combining Theorem 5 .1  w i t h  Theorem 4.5,  w e  have t h e  fo l l owing  

c o r o l l a r i e s .  

Coro l la ry  5.12: Let G be  an 2-group and suppose t h e r e  exists 

an  2-isomorphism of G i n t o  a  c a r d i n a l  product  of t o t a l l y  ordered  groups. 

I f  t h e  sum of t h e  t o t a l l y  ordered  groups i s  contained i n  t h e  image of 

G, then  t h e  2- topology on G i s  equ iva l en t  t o  t h e  topology t h a t  

G i n h e r i t s  from t h e  product  of t h e  i n t e r v a l  topologies  on 

t h e  f a c t o r s .  

I n  p a r t i c u l a r  ,. w e  have : 

Corol la ry  5.13: The 5- topology  on any c a r d i n a l  p roduct  of t h e  

r e a l  numbers i s  t h e  u sua l  topology ( i . e .  t h e  product  of t h e  i n t e r v a l  

t opo log ie s  on t h e  f a c t o r s ) .  14 

We now t u r n  t o  c o n s i d e r a t i o n  of l ex ico-graphic  products .  Le t  

G be  an a r b i t r a r y  2-group and l e t  T be  an  a r b i t r a r y  t o t a l l y  

ordered  group. To denote  t h e  sets II, Dl, D2, D* , N1(0), N2(0), 

N3(0), and N(0) i n  6, u e  use  aG, DIG, D2G, e t c .  To denote  

f 
them i n  T w e  u se  T ,  DIT, D2T, e t c . ,  and i n  G = G X T w e  use  

%, Dl, D2, e t c .  We denote  t h e  S -topology on G by XG;  on T 

by 3; and on G by 5 .  Then U E Z i f  and only  i f  f o r  a l l  

6 E U t h e r e  e x i s t s  ff E N ( 0 )  such t h a t  6 E: 6 + ff Z U .  We l e t  

pG:G 2 T + G denote  t h e  p r o j e c t i o n  of G onto  G ,  and 

pT:G 2 T + T denote  t h e  p r o j e c t i o n  of G onto  T. We sometimes 
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w r i t e  t h e  elements of G a s  ordered  p a i r s ;  t hus  i f  g c G,  

g = (pG(g) ,pT(g) ) .  We n o t e  t h a t  pT p re se rves  o rde r ,  b u t  t h a t  pG 

does no t .  For i n s t a n c e ,  i n  R 2 Z ,  ( 0 , l )  < (-100,2), b u t  0  > -100. 

Both pT and pG, of course ,  p re se rve  t h e  group ope ra t ion .  

We prove a  theorem (5.21) t h a t  c h a r a c t e r i z e s  F(N(O)) i n  

terms of NG(0), DIT, and D2T. The proof of t h e  theorem is 

s t r a i g h t f o r w a r d  bu t  somewhat long  t o  w r i t e  ou t .  We prove seven 

pre l iminary  lemmas c h a r a c t e r i z i n g  Dl and D2 i n  terms of t h e i r  

p r o j e c t i o n s  t o  G and T. A case-by-case argument proyes t h e  

theorem. We then  prove two c o r o l l a r i e s  (5.22 and 5.23) which g ive  

extremely s imple  c h a r a c t e r i z a t i o n s  of F(N(O)). One of t h e  two 

f 
c o r o l l a r i e s  a p p l i e s  t o  any G = G X T. 

L e m a  5.14: I f  g E G X (T+\IOI),  then  g l  = LO}. 

Proof:  Suppose g  E G X  { t }  f o r  t r T+\{O}. Suppose 

h E G+ i s  such t h a t  / L  A CJ = 0. If pT(b) = 0 ,  then  s i n c e  

pT(g) = t > 0 = PT (h) , g > h and hence h = 0 .  Suppose pT (h) > 0.  

Then h > l f o r  l E G X 10) .  Since pT(g) > 0,  > 4 f o r  

1 E G X {O}. I f  G # 101, then  t h e r e  e x i s t s  an  element p  E G+\LoI .  

This  c o n t r a d i c t s  our  choice  of h. Thus G = (01. Then G i s  

t o t a l l y  ordered and thus  h A  g = h o r  h A g = g. These 

c o n t r a d i c t  o u r  choices  of g  and h. Thus pT(h) = 0 ,  i. e .  h = 0. 

Hence g1 = L O ] .  Issl 
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Proof: Suppose g E 3. Since g > 0, then pT(g) > 0 o r  

pT(g) = 0 and pG(g) > 0. Thus suppose pT (g) = 0, and l e t  

E ~ ( p , ( g ) ) \ { o ~ .  Then t h e r e  e x i s t s  !t' E G such t h a t  a A 8' = 0 

and ! t V  a '  = pG(g). Thus (!t,O) v (!t:O) = (pG(g),O) = g and 

(R,O) A (R1,O) = (0,O). Since R # 0 ,  (R,O) # 0 and hence 

(R,O) = g ,  i . ~ .  pG(g) = 2 .  Therefore pG(g) &aG.  

Conversely, suppose t h a t  pT(g) = 0 and pG(g) c l l G  Let  

h E T ( ~ ) \  {O 1.  Let  h' E G b e  such t h a t  h V h' = g ar.d h A h' = 0. 

Then s i n c e  ~ ~ ( h )  = 0 = PT (h' ) , pG(h) A pG(hl = 0 and pG(h)  V pG(h' ) 

= pG(g).  Since h # 0,  pG(h) # 0 and thus  s i n c e  pG(g) E ZG, 

pG(h) = pG(9).  Therefore g = (pG(g) ,0 )  = (pG(h) ,O) = h and hence 

9 E 91. Suppose t h a t  pT(g) 7 0. Let  h ,h l  E G b e  such t h a t  

h A h ' =  0 and h V h t = g .  Then h + h l  = g .  I f b o t h  h,h '  $ G X { O ) ,  

then as i n  t h e  proof of Lema  5.14, h~ h' > 0. Hence we may assume 

t h a t  h E G I[ 10). Then pT(h) = 0. But s i n c e  !I + h' = g, 

p,(h) + p T ( h l )  = ~ ~ ( 9 ) .  Thus p T ( h t )  = pT(9) > 0 = p T ( h )  Hence 

h' > h. Therefore 12 = 0 and h' = g. Hence 9 E 91. Inl 

L e w a  5.16: Let  g E G and suppose pT(g) > 0. Then g E Dl 

i f  and only i f  p (g)  E DIT o r  t h e r e  e x i s t s  f E DIG such t h a t  
T 

f l  = {o l .  

Proof:  Suppose t h a t  t h e r e  e x i s t s  f E DIG such t h a t  f1 = {O). 

Then t h e r e  e x i s t  , f l ,  f 2 ,  . . . - 
E a G  such t h a t  f l  - f ,  f . + fn+l 5 f n ,  n+ J 

and f n l  = n+l 1. Hence 
'n 
1 = 10)  f o r  a l l  n. Since f l  = f ,  

(fl,O) = (f ,O).  Since fn+l + fn+1 ( f n ,  (fn+190) + (fn+,.O) 5 (f@* 

Suppose 1 ( a , b )  1 A (fn,O) = 0. I f  I b (  > 0,  then  1 ( a ,b ) l  > ( fnyO) .  
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Since (fn,O) > 0, t hus  lbl = 0 ,  i . e .  b = 0. Then ( la l ,O)  A (fn,O) 

= 0 imp l i e s  1 a1 A f n  = 0 and hence, s i n c e  
f n  1=  101, a =  0. 

Thus ( f  ,OI1 = 101. Since pT(g) > 0 ,  g > (f + f ,  0 )  = (f,O) + (f ,O).  
n 

and by Lemma 5 . I 4  gll = gl = (01 = g 1 f o r  a l l  n 2 2. Thus 
n 

cj E V1. I f  pT(g) E DIT, then  t h e r e  e x i s t  h12h2, ... E 2$ 

1 1 such t h a t  hl = pT(cj), hn+l + hn+,- 2 hn, and hn = hn+l . Let  

g1 = g and gn = (0,h ) f o r  n 2 2. Then gn+l + gn+l 5 gn and n 

by Lemma 5 . l 4 ,  s i n c e  pT(gn) = h > 0,  
n 

i gn = I01 f o r  a l l  n. 

Therefore,  g E Dl. 

Conversely, suppose t h a t  g E Dl and t h a t  f o r  a l l  f E DIG, 

1 f 0 Let g1,g2, . . . E PI be  such t h a t  gl = g 9 gn+1 + !&+I 5 gns 

11 
l and g = %+I. 

1 1. s i n c e  pT(g) > 0,  by Lema  5.14 g = {O].  Thus 

9n = i 0  1 f o r  a l l  n.  Suppose t h e r e  e x i s t s  m such t h a t  p (g ) = 0. T m 

Then s i n c e  g k + l & &  f o r  a l l  k,  pT(gk) = 0 f o r  a l l  k 2 m .  Let 

fn  = ~ c ( 4 ~ ~ - ~  ) f o r  a l l  n 2 - 1. Clea r ly  fn+l + fn+, 5 fn.  I f  

Ik( A f n  = 0,  t hen  ( lk1 ,0)  A (fn,O) = 0 and hence 1 ( k , ~ )  1 A gmh-l 

= 0. Thcs (k,O) E g,-,. and hence k = 0. Thus f n l  = I01  f o r  

a l l  n .  We conclude t h a t  f l  E DIG and fll = {O} which c o n t r a d i c t s  

our  assumption on G. Thus pT(gn) > 0 f o r  a l l  n. C lea r ly  

< p (g ) and s i n c e  T i s  t o t a l l y  ordered ,  P ~ ( S ~ + ~ )  + ~ ~ ( 9 ~ + ~ )  - T n 

PT(gn+l)l = 10) = p T (9 n 11- Thus s i n c e  ~ ~ ( 1 1 )  = pT(gl) , 

~ ~ ( 9 )  fZ DlT. I n l  

Lema  5.17: Le t  g E G and suppose pT(g) > 0. Then g E D2 

i f  and only i f  pT(g) E DZT. I n  t h i s  ca se ,  D(g) = G X D(pT(g)).  



Proof: Suppose g E D2. C lea r ly  pT(D(g)) i s  a convex 

2-subgroup of T. Let  d E pT(D(g)).  Since T i s  t o t a l l y  ordered ,  

pT(g) > d o r  pT(g) 5 d. Suppose pT(g) 6 d ,  and l e t  k E G b e  

s u c h t h a t  (k,d)  ED(^). Then (k,d) < g .  Thus d = p T ( g ) .  But 

(k ,d)  + (k,d)  = (k + k, d + d)  E D(g). Thus d + d 'pT(g) ,  i .e. 

pT(g) < 0. This  c o n t r a d i c t s  our  choice  of g .  Thus pT(g) > d. 

Suppose a i t < b i n  T w i t h  a ,  -pT(g) + b E pT(D(g)).  Let  

a ' , b t  E G be  such t h a t  ( a l , a ) ,  -9 + ( b l , b )  E D(g). Then 

( a V , a )  4 ( 0 , t )  < (b ' ,b )  and hence ( 0 , t )  e D(g)U (g + D(g)) .  

n u s  t E pT(D(g)) u ( ~ ~ ( 9 )  + p T ( D ( g ) )  Hence pT(g) E D2. 

Conversely, suppose pT(g) E DZT and l e t  D' = G X D(pT(g)).  

C lea r ly  D' i s  a convex R-subgroup of G. Let d E D ' .  Then 

pT(d) E D(pT(g)) . Hence pT ( d )  < pT (9) and thus  d = (pG(d) ,pT (d l  

< (pG(g) ,pT(g))  = g. Let  a < 2 < b i n  G w i t h  a, -g + b E D' .  

Then pT(a) ,  -pT(g) + pT(b) E D(pT(g)) ,  and pT(a)  < p T M )  L P ~ ( ~ ) *  

since ~ ~ ( 5 )  D 2 7  then p T ( 9  D ( ~ T ( g ) )  [pT(9) + D ( ~ T ( g ) ) l *  

Therefore 2 = (pG(2) ,pT(2))  E D' U (g + D ' ) .  Hence g E D2 and 

D@) = D' = G x D ( P ~ ( ~ ) )  14 

Lemma 5.18: Le t  h E G+\{o}. Then N(O,(h,O)) = N(0,h) X {O}. 

Proof : I f  g E [- (h,  0 )  , (h ,  0 )  3 , c l e a r l y  pT (g) = 0 and 

1 pG(g) E [-h,h]. I f  1 E (h,O) , then  111 A (h,O) = 0. I f  

l p T ( l )  1 > 0 ,  1 > (h,O). Hence IpT( l ) I  = 0 ,  i . e .  p T ( l )  = 0. 

1 Hence IpG(e) 1 A h = 0 ,  i . e .  p G ( l )  E h . I f  k E N(O,(h,O)), 

1 then k = g + 1 f o r  g E [-(h,O),(h,O)] and 1 E (h,O) . Then 

pT(k) = ~ ~ ( 9 )  + ~ ~ ( 1 )  - 0 and pG(b) = pG(g) + ~ ~ ( 1 )  E N(O,h) 

Thus k E M(0,h) X (0) .  Conversely, suppose t h a t  p E N(0,h). 
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1 Then p = r + s f o r  r E [-h,hJ and s E h . Hence (p,O) = 

(r ,O) + (s,O) and c l e a r l y  (r,O) E [-(h,O),(h,O)]. Also 

l ( s , 0 ) 1  A (h,O) = ( 1 ~ 1 ~ 0 )  A (h,O) = ( I s ]  A h,O) = 0.  Thus 

1 (s,O? E (h,O) . Hence (p,O) E ~ ( o , ( h , O ) ) *  Id 

Lemma 5.19: Let g E G be  such t h a t  pT(g) = 0. Then g E Dl 

i f  and only  i f  pG(g) E DIG. 

Proof: Let  g E Dl. Let g1,g2, ... E 2l be  such t h a t  gl = g ,  

-. 1 1 Then s i n c e  pT(gj) = 0 ,  w e  9,+1 + g,+, 5 g,, and g,+l 9- .A 

have by Lemma 5.15 t h a t  pG(gn) E U ~  f o r  a l l  n.  C lea r ly  

I f  pG(g) E DIG, l e t  hlyh2, . . . E aG b e  such t h a t  hl = pG(g) ,  

hn+l + hn+l 2 hn and h n f l  G h& By lemma 5 .15, (hn,O) E II f o r  

a l l  n.  Clear ly  (hl,O) = g and (hn, .O) + (hn+ly 0) 2 (h,, 0 ) .  I f  

1 h E (hn+l,O) , then  as i n  t h e  proof of Lemma 5.18, pG(b) E hn+l 1 
I and pT(h) = 0. Thus pG(h) E h i  and s i n c e  PT(b)  = 0 ,  h F hn . 

Hence g E Dl. 14 

Lemma 5.20: Let  g E G be  such t h a t  pT(g) = 0. Then g E D2 

G 
1 i f  and only i f  p ( ) E DZG. I n  t h i s  case ,  D(g) + g = 

L [D(P, (~) )  + p,(g) I X IO). 

Proof: Suppose g E V 2 .  I f  h E pG(D(g)) ,  then  (h ,&)  E D(g) 

f o r  some p, E T. Then (h ,&)  < g and s i n c e  pT(g) = 0 and 

D(g) E [-g,gJ,  = 0. Thus & = ~ ~ ( 9 )  and ~ ~ ( 9 )  > h. Suppose 

a < t 4 b f o r  a ,  -pG(g) + b E pG(D(g))-  Then (a,O) < ( t ,O) < (b,O) 

and (a,O), -g + (b,O) E: D(g). Hence ( t ,O) E D(g) U (g + D(g)) ,  



Then pG(a) < pG(*) < pG(b) s i n c e  pT(a)  = 0 = pT(X) = pT(b) ,  and 

Theorem 5.21: Let G b e  an 2-group, T a t o t a l l y  ordered 

group, and l e t  G = G fX T. Then 

F(N(O)) = ~ ( f v  x 1011 v E N,(O)\{GII 

U i [ -g,gI  I ~ ~ ( 9 )  E DIT} 

u (G X D(h) 1 h E D2T} 

U (GI).  

Proof: I f  V* = 6, N(0) = (GI. 

NG(0) = {GI and thus  {V X {oII V E 

{[-g,g11 ~ ~ ( 9 )  E DIT) = 8-  BY Lemma 

Thus t h e  r i g h t  s i d e  of t h e  equat ion  

i s  ~ ( f G 1 ) .  

By Lemmas 5.19 and 5.20, 

NG(0)\{GII = d .  By Lemma 5.16, 

5.17, (G X ~ ( h ) l  h  E DZT} = d .  

i n  t h e  s ta tement  of t h e  theorem 

Therefore we may assume t h a t  D* f 4. Clea r ly  G E F(N(o)) .  

If pT(g) E DZT, then  by Lemma 5.17 D(g) = G X D(pT(g)).  Since 



pT(g) E D2T, pT@) > 0 and by Lemma 5.14, g1 = 101. Hence 

D(g) + g1 = G X D(pT(g)) Therefore,  i f  h E DZT, G X D(h) E N(0). 

I f  pT(g) E DIT, then  by Lemma 5.16 g E Dl and thus  N(0,g) E N(0). 

But by Lemma 5.14, gl = 101. Thus I-g,gl E N(0). Suppose t h a t  

V E N~(O) \{GI .  I f  V E NIG(0), then  V = N(0,h) f o r  h E DIG. 

By Lemma 5.19, (h,O) E Dl and hence by Lemma 5.18, V X {O} = 

~ ( 0 , ( h , O ) )  B N(0). I f  V E NZG(0), then  V = D(h) + h l  f o r  

h E TI2G. By Lemma 5.20, (h,O) E D2 and V X 101 = D((h,O)) + (h,O) 1 
n 

EN(O) .  I f  V =  n H  f o r  i=l i 
n 
n (H. X' 101) E N(0) s i n c e  
i=1 1 

Hi X I0 E N (0) .  Theref o r e  

Hi E NJG(0), then  V X I01  = 

by t h e  above Hi E NJG(O) imp l i e s  

F(N(O)) conta ins  t h e  r i g h t  s i d e  

of t h e  equat ion.  

Let  H E N(0). I f  H E N1(0), then H = N(0,g) f o r  g E Dl. 

I f  pT(g) > 0,  then  by Lemma 5.16 pT(cj) E D o r  t h e r e  e x i s t s  
1T 

f E DIG such t h a t  f1 = {O}. I f  pT(g) E DIT, then  by Lema  5.14 

g l  = 101 and hence H = 1-g,g1 E {I-g,gI l  pT(g) E VlT1. I f  f E DIG 

is  such t h a t  f1 = 101, then  (f,O) < g s i n c e  pT(g) > 0 ,  and 

hence I-f,f] X 101 = [-(f ,O) , ( f ,0 )1  [-cj,g]. Since gl = {O} 

and f l  = (01, t h i s  imp l i e s  t h a t  N(0,f)  X (01  c N(0,g). Thus 

H E F(<V X Io}I V E N ~ ( O ) \ { G } I ) .  I f  pT(g) = 0,  then  by Lemma 5.19 

pG(g) E DIG and by Lemma 5.18 H = N(O,pG(g)) X {Ol E {V X {oII 

V E N ~ ( o ) \ { G ~ ~ .  Suppose t h a t  H E N2(0). Then H = ~ ( h )  + h l  

f o r  some h E TI2. I f  pT(h) > 0 ,  then  by Lemma 5.17 p (h) E D2T T 

and by Lemma 5.14 61 = 10)  s o  t h a t  ~ ( h )  + h1 = ~ ( h )  = G X D ( P ~  (h) ) 

E {G X D(h) I h E D2T}. I f  ~ ~ ( h )  = 0,  then by Lemma 5.20 



n 
V E N~(O)\ IGI  1 Suppose H = n tl f o r  Hi E NJ (0)  . Since by 

i=l i 

t h e  above each Hi i s  a member of t h e  r i g h t  s i d e  of t h e  equat ion  

i n  t h e  s ta tement  of t h e  theorem and s i n c e  t h e  r i g h t  s i d e  of t h e  

equat ion  i s  a f i l t e r ,  must b e  a member of t h e  r i g h t  s i d e  of t h e  

equat ion.  I f  H = G, then  ff E (GI. 

Theorem 5 .21  c h a r a c t e r i z e s  t h e  5 -topology on a lexico-graphic 

product .  This  c h a r a c t e r i z a t i o n  can be s i m p l i f i e d  depending on t h e  

s t r u c t u r e s  of G 2nd T. 

Coro l la ry  5.22: Let G be an 9.-group, T a  t o t a l l y  ordered 

f 
group, and l e t  G = G X T. I f  ( a )  0: # 4, o r  i f  (b) t h e r e  e x i s t s  

t E Tf\{O] such t h a t  t h e  c losed  i n t e r v a l  [O,t]  = iO , t} ,  o r  i f  

(c) T = (01, t hen  

F(N(O)) = F({V x I011 v E NG(0)l) .  

Proof:  C lea r ly  i f  ( c )  T = (01, then  F(N(O)) = F({V X (01 I 
V E NG(o)1). 

I f  V E NG(0), then  c l e a r l y  V X {O} ' 1-g,g] G when 

pT(g) > 0. Suppose h E DZT. Since V G and ( 0 )  E. ~ ( h )  

then V X I01 = G  X D(h). Hence by Theorem 5.21 (with t h e  

convention t h a t  F(4)  = 4 )  

F( IV  X i011 V r NG(0)}) 2 F(N(O)) 2 F(iV X LO}] V E N~(o) \ IG}}) .  
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r f  ( a )  D g  # d ,  iv  x 1011 v E NG(o)1 = i v  x I011 v E N ~ ( O ) \ I G I I ,  

and hence F(N(0)) = F(IV X 1011 V E NG(0))). 

Suppose t h a t  (b) t h e r e  e x i s t s  t E T +\IOI such t h a t  t h e  

c losed  i n t e r v a l  [O,t]  = {O,t}. If D e  # 4, then  by ( a )  t h e  

c o r o l l a r y  holds .  Thus, suppose t h a t  = d .  Then NG(0) = {GI. 

Hence {V X 10) 1 Y E NG(0) = I G  X IO)}. Clear ly  t E DZT and 

Then by t h e  above 

In case  t h e  hypotheses of Corol la ry  5.22 a r e  n o t  s a t i s f i e d  

we may apply t h e  fo l lowing  c o r o l l a r y .  

Corol la ry  5.23: Let G be an R-group, (0) $ T a  t o t a l l y  ordered 

group, and l e t  G = G 5 T. If D t  = 0 and f o r  a l l  t E Ti-\~O} 

Proof: By t h e  proof of Theorem 4.5, under t h e  cond i t i ons  on 

T i n  t h e  c o r o l l a r y ,  T+\{o) = DIT. Thus by Theorem 5.21 

F(N(0)) 2 F(I I -5 ,gI l  ~ $ 3 )  E Dl,}) = U I I - 5 , g l l  pT(g) r ~ + \ { o l I ) *  

Since DE = d ,  {V X 10) I V E N ~ ( o ) \ ~ G } }  = d .  If h E DZT, t h e r e  

e x i s t s  R E T such t h a t  0  < R < h .  Then 2, h -  R E T+\{oI. I f  

i . e .  -h + R E D(h). Hence h  - R = --(-h + R) E: D(h) and thus  



The g e n e r a l i t y  of t h e  d e f i n i t i o n  of D2 comes i n t o  p lay  i n  

t h e  case  of lex ico-graphic  products .  In s t ead  of D2 we could have 

def ined  

D = h h  E G \ O ,  and [O,h] = {O,h}} 
L 

= {hl h  E D2, and D(h) = {O)}, 

and then  f o r  x E Gi\{0} 

N:(o) = {hll h  E P ~ I ,  

LL n 
~ " 0 )  = n H I Hi E N,(O) f o r  a l l  i = 1 ,..., n1, i=l i 

The theorems i n  Chapters 2 ,  3 ,  and 4 a s  w e l l  a s  t h e  theorem on 

c a r d i n a l  products  would have remained t r u e  [51]. However, i f  G 

i s  an R-group such t h a t  D* = d (we w i l l  cons t ruc t  two i n  Chapter 7 ) ,  

ll 
then  t h e  topology X is  i n d i s c r e t e  on G H Z.  More n a t u r a l l y ,  

t h e  f i l t e r  of 2-neighborhoods of 0  is ,  by Corol la ry  5.22, 

F({G x { O H ) .  

I n  1511 t h e  '-topology i s  d iscussed  i n  more d e t a i l .  As an example 

n 
of t h e  c l o s e  r e l a t i o n s h i p  between t h e  %-topology and t h e  5 -topology, 

we no te  t h e  fo l lowing  p ropos i t i on ,  which i s  proved i n  [51]: 

ll n 
Propos i t i on  5.24: I f  D(h) n (Dl U D2) # 4 f o r  a l l  h  E v ~ \ v ~ ,  

then Z = 9. la1 



6. GROUPS WITH HAUSDCRFF %-TOPOLOGY 

I n  t h i s  chapter  we i n v e s t i g a t e  t h e  Hausdorff s e p a r a t i o n  axiom 

on R-groups wi th  5 -topology. W e  f i r s t  c h a r a c t e r i z e  t hose  R-groups 

w i t h  d i s c r e t e  2- topology;  and then  d e r i v e  necessary  and s u f f i c i e n t  

cond i t i ons  f o r  an R-group t o  have a Hausdorff 5 -topology. In  

m-- -L - -  7 --- u , a p ~ t z ~  I ~ t z  CGiiS'LTuCt an 2-group w i t h  i n d i s c r e t e  %-copoiogy. 

Reca l l  (Conrad [15] and Chapter 2 )  t h a t  an R-group L i s  

a lex ico-extens ion  of an R-group S i f  and only  i f  S i s  an R-ideal 

of L, L/S  i s  a t o t a l l y  ordered group, and every p o s i t i v e  element 

i n  L\S exceeds every element i n  S. I f  A1,. . . ,A are t o t a l l y  
n 

ordered  groups,  then  by a f i n i t e  a l t e r n a t i n g  sequence of c a r d i n a l  

summati.ons and lex ico-extens ions ,  we can c o n s t r u c t  R-groups f r o n  

t h e  Ai, i n  which each . A  i s  used e x a c t l y  once t o  make a c a r d i n a l  
i 

extens ion  and i n  which t h e  lex ico-extens ions  a r e  a r b i t r a r y .  Such 

2-groups a r e  lexico-sums of t h e  
Ai. I n  forming a lexico-sum t h e  

f i r s t  ope ra t i cn  must be c a r d i n a l  summation. Thus, i f  n  = 3, t h e r e  

a r e  two ways of cons t ruc t ing  lexico-sums of A1, A2, and A3 i n  

t h i s  o rde r ,  namely <A1 1x1 <q! 1x1 A3>> and <<A1 1x1 A2> 1x1 A3>, 

where <L> denotes  a lex ico-extens ion  of t h e  R-group L. 

The f i r s t  theorem of t h i s  chap te r  c h a r a c t e r i z e s  t hose  R-groups 

w i t h  d i s c r e t e  S-topology as lexico-sums-of l ex i co -ex tens ions  of 

t h e  i n t e g e r s .  
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Let G be an a r b i t r a r y  R-group. As i n  t h e  preceding chap te r ,  

l e t  

Lennna6.1: Let h  E D ~ \ D :  Let ~ E G .  I f  k ~ d = O  f o r  

a l l  d E ~ (h ) ' ,  then k A h = 0. 

+ 
Proof: Since D (h) # ( 0 )  and k A d = 0 f o r  a l l  d E D(h) , 

then  k - 2 0. Hence 0 5 k A h  - 5 h.  Thus k A h  E D(h) U (h + D(h)) .  

I f  k  A h  E h + D ( h ) ,  then  by Lemma 2.2(a)  k A  h > d f o r  a l l  

+ 
d E D(h). Thus d = k A  h A d  = k h  d =  0 f o r  a l l  d  E D(h) . 
Since D(h) i s  a subgroup, t h i s  imp l i e s  t h a t  D(h) = (01 ,  i . e  

ll 
h E D2. This c o n t r a d i c t s  our  choice of h.  Thus k A h E D(h). 

Then k ~ h =  k A  k ~ h =  0. Inl 

Therefore,  i f  h  E D2\0; and k A h > 0, then  t h e r e  e x i s t s  

d  E ~ ( h ) +  such t h a t  k  ~d > 0.  We denote t h e  meet of k  wi th  

+ 
one such d E D(h) by d(h ,k)  . Thus d(h ,k)  E D(h) and 

n 
Lemma 6.2: {O) E N (0) i f  and only i f  t h e r e  e x i s t  {hl,. ,h 1 G D2 n 

n 
such t h a t  (iylhi)ll = G. 

Proof: Suppose t h e r e  e x i s t  
7 

{hl , . . . 'h 1 G D2 such t h a t  n  
n 
v h . ) l l  = G. Then f o r  a l l  i = 1 ,  hi E D2 w i t h  D(hi) = 

( i = l  1 n 1 (hi l )  E N(0). But and hence hi1 E N2 (0) .  Thus i=l 
n  I I n  I 

and s i n c e  ( i & l ~ i ) l l  = G,  ( . V  h . )L  = (01. Thus {O} E N(0). 1=1 1 

n 
Suppose t h a t  f o r  a l l  f i n i t e  s u b s e t s  ihl ,  ... h n 1 S D2, 

n  n n 
ciXlhi)l1 # G. Then f o r  a l l  {hly..  .h n D2, ((iVlhi)l)+\lO) # 4 .  
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n 

Let {al, . , H  1 N (0) and cons ider  iQIHi. I n  t h e  most gene ra l  n  3 
P 

case ,  we may assume t h a t  H1 = h l  f o r  h = illhi where Ihl , .  . .h 1 
P 

V ;  f o r  i , . . . ,  m ,  m < n ,  
Hi = ~ ( g ~ )  + gi l  f o r  gi E D~\D:; 

and f o r  i = m t l , .  . . , n ,  Hi = N(O,fi) f o r  f i  E Dl. I f  

= 6 ,  then t h e  fo l lowing  argument may b e  appropr i a t e ly  s i m p l i f i e d .  

Let  2, E (hl)+\{O), and d e f i n e  R 2 , .  . . , R  as follows: n 

\ = /d(gi9ai-1) i f  R ~ - ~  A gi > O 

h-1 i f  Ri-l A gi = 0 

f o r  2 6 i zm and d(gi,Ri-l) a s  def ined  preceding t h e  s tatement  

of t h e  lerma, and 

1 5 = d(gi,Ri-l) E D(gi). I f  Li-l A gi = 0,  then  Ri = Ri-l E gi . 
Thus Rn E Hi. Suppose m t l  - 5 i 5 - n. I f  Ri,l A f i  > 0 ,  then  

- 
Ri - 'i-1 

1 A f i  E [-fi ,fi] .  I f  ei-l A f i  = 0,  then  Ri = Ri-l E f i  . 
Hence Rn E Hi. Thus lln E Hi f o r  a l l  i = l , . . . , n ,  i . e .  

n  n 
en E i$~i. Since En > 0, H .  + 0 .  Therefore i= 1 

Corol la ry  6 . 3 :  G has  d i s c r e t e  S -topology i f  and only i f  

n n 
t h e r e  e x i s t  {h . . .h  1 E D2 such t h a t  (ixlhi)LL = G .  1 ' n 

n Lemma 6.4:  I f  h  E D2, then h l l  i s  a lexico-extension 

of [h] - Z. 
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11 11 Proof:  Let  R E h . Then L + h - R E h , and thus  

n (2 + h - 2) A h > 0. Since h E D2, t h i s  imp l i e s  t h a t  (R + h - R) A h 

= h .  Hence R + h  - R ~ h ,  - i . e .  h 2 - R  + h + R .  B U ~  -R + h + R > 0 

and thus  h = -2 + h + R ,  i . e .  -R + h + R E [h]. Therefore [h] i s  

11 a normal subgroup of h . 
n 11 

Since h E D2, c l e a r l y  [h]  = Z. Let k,R E h . I f  

+ 
(R - k)+ > 0 ,  then (R - k) A h = h and i f  (-(R - k))' > 0 ,  

+ 
then  ( R  - k ) )  A h = h.  Thus, s i n c e  ( 2  - k)+ A (-(R - k ) ) +  = 0 ,  

e i t h e r  (!L - k)+ = 0 o r  (-(a - k))+ = 0 ,  i. e. e i t h e r  R 5 - k o r  

k 5 - R .  Hence hl1 i s  t o t a l l y  ordered.  Thus G(h) i s  t o t a l l y  

ordered ,  and hence i f  k E G(h), then nh 2 k < (n+l)h f o r  some 

n E Z. Thus 0 F k  - - nh < h ,  i.e. k = nh. Hence G(h) = [h] ,  

and thus  IhJ is convex. 

11 Therefore IhJ i s  an R-ideal of h , and s i n c e  h 11 is 

11 t o t a l l y  ordered ,  every element 0 < a E h h exceeds every 

element of [h] . Hence by [ l 5 ,  Lemma 1.11 , h l l  i s  a lex ico-  

ex tens ion  of [h].  I n l  

n n 
Lemma 6.5 : I f  {hl,. . . , h  ) E D2 , then  ( V h ) I 1  i s  a 

n i=l i 

11 , 11 11 lexico-sum of hl , , ..., hn . 
n 

Proof: I f  x E ((.y h . ) l i )+ \{O~ ,  then  c l e a r l y  x A hi > 0 1-1 1 

f o r  a t  l e a s t  one hi. Hence x & h i  f o r  a t  l e a s t  one h . .  Thus 
1 

n 
(ivlhi)ll cannot con ta in  more than  n d i s j o i n t  elements;  f o r  

o therwise  t h e r e  would e x i s t  x, y ,  i such t h a t  x A y = 0 bu t  x - ? h i  
n 

and y 2 hi. Also {hl , . . . ,hnl E (&hi) 11 is  d i s j o i n t  s i n c e  

n 
h , . . h . For each i = 1 . . n , l e t  Ai b e  t h e  subgroup 



n n 
of ( V . )  1=1 1 generated by ix E (iylhi)l!l x A h j  = 0 f o r  a l l  j # i ) .  

n 
Then by 115, Theorem 13, (iVlhi)il i s  a lexico-sum of t h e  t o t a l l y  

ordered groups A1, ... ,An* 

I f  X E  (hi ) ,  then  x A h = 0 f o r  a l l  j # i. Hence 
I I 

j 

x E Ai and thus  h . 1 1 ~  Ai. 
1 

I f  x A  h = 0 = y A h j  f o r  a l l  j # i, then  (x + y )  h h = 0 
j n I I 

j 

f o r  all j # i. Thus ix c (iYlhi)ll/ x h h  = 0 f o r  a l l  j # i l  
j n I I 

i s  a convex subsemigroup of p o s i t i v e  elements of ( V h )I1 t h a t  i=l i - 

+ con ta ins  0 and hence by [ l 5 ,  Lemma 2.31, Ai = i x  E ( i s h i )  
n 

" 111 
x A h = 0 f o r  a l l  j # i ) .  I f  y E (h n ( .V h )ll)\lO}, then 

j k 1=1 i I 

c l e a r l y  l y l  ,\ h .  > 0 f o r  some j # k. Hence A. n h . l  = 10) .  
J 1 1 + 

Let x E Ai. I f  x 6 (hi ) then  t h e r e  e x i s t s  k E h i l  such 

+ 
t h a t  k A x > 0. Since Ai is convex, k A x E Ai . But 

1 k A X A  hi = 0 m d  hence k~ x E hi . Thus k A X  = 0 ,  which 

c o n t r a d i c t s  our  choice  of Is. Thus h > l  2 Ai. 

Therefore A. = hi 
1 

11 f o r  a l l  i. I4 

Theorem 6.6: An R-group G has  d i s c r e t e  %-topology i f  and - 

only i f  G i s  R-isomorphic t o  a lexico-sum of lex ico-extens ions  

of t h e  i n t e g e r s .  

Proof: Suppose t h a t  G is  R-isomorphic t o  a lexico-sum of -- 

l ex ico-extens ions  of Z. Then f o r  i = , , n ,  t h e r e  e x i s t s  

Ai C G such t h a t  Ai is R-isomorphic t o  a lexico-extension of 

Z and G i s  t h e  lexico-sum of A1, ..., A . Let  hi E Ai correspond 
n 

n 

t o  1 E Z under t h e  R-isomorphism. Then h4 E ZIq f o r  a l l  
A & 

1 n 
i = 1,. . . ,n  and c l e a r l y  (. 1=1 V h .  1 ) = ( 0 ) .  Hence (iylhi)ll  = G 

s o  t h a t  by Corol la ry  6.3 G has  d i s c r e t e  %-topology. 



Suppose t h a t  
n 

G = ( V h 111 f o r  
i=l i 
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G has d i s c r e t e  5 - topo logy .  Then by Corol la ry  6.3,  

li 
{h l , . . . ,hn} G V2. By Lemma 6.4, each h 

i 
11 

a lexico-extension of Z. By Lemma 6 .5 ,  G is  

a lexico-sum of h p , .  . . ,h 11. 
n 

We now t u r n  our  a t t e n t i o n  t o  c r i t e r i a  f o r  t h e  5 - t o p o l o g y  t o  

b e  Hausdorff.  

Theorem 6.7:  I f  G is  an 2-group wi th  Z-topology S ,  then  

t h e  fo l lowing  s ta tements  a r e  equiva len t :  

( a )  5 is  Hausdorff.  

(b) n N(o) = t o ) .  

(c) For a l l  g E G+\Io), t h e r e  e x i s t s  H E N3(0) such t h a t  

g  i H *  

Proof: By Theorem B y  ( a )  i s  equ iva l en t  t o  (b) . Suppose (b) 

ho lds ,  and l e t  g E G+\{oI. Then g 1 n N(O), and hence t h e r e  
n 

e x i s t s  H E N(O) such t h a t  g 1 H. Since H a N(O), H = .n H i=1 i 

f o r  Hi E N3 (0).  S ince  g 6 H, g f Hi f o r  a t  l e a s t  one i. Thus 

( c )  ho lds .  Conversely, suppose t h a t  (c)  ho lds  and l e t  g E n N(0). 

I f  g + O ,  I g 1  > 0. Henceby ( c ) ,  l g l  I? n N 3 ( 0 ) 2  n N ( 0 ) .  Rut 

by Lemmas 2.12 and 2.23, every H E N(0) i s  a symmetric s u b l a t t i c e  

of G. Hence s i n c e  g  E ~ N ( o ) ,  I g l  = g V (-g) E n N(0). This  

i s  a con t r ad ic t ion .  Therefore g = 0 and (b) holds.  Id 

Corol la ry  6.8: I f  D* n [O,g] # f o r  a l l  g E G+\{oI, then  

G has  Hausdorf f 5 -topology. 



Proof: Let g E G f \ f O I .  Let  h '  E V* n [O,gJ. ~f h '  E Dl, 

l e t  h E Dl be such t h a t  h + h < h '  and h'  E h l l ,  and l e t  

H = I (0 ,h )  E N3(0). I f  h '  E D2\D1, l e t  h = h '  and H = D(h) + h 1 
E N (0) .  Then by our  choice  of h ,  g 6 H. Thus by Theorem 6.7, 3 

G has  Hausdorff %-topology. l x g l  

Example 7.10 i n  Chapter 7 shows t h a t  t h e  converse of Corol la ry  6.8 

f a i l s  t o  hold i n  gene ra l .  I n  t h e  remainder of t h i s  chap te r ,  w e  

d e r i v e  a cond i t i on  which i s  similar i n  c h a r a c t e r  t o  t h a t  i n  

Corol la ry  6.8 and which i s  necessary  and s u f f i c i e n t  f o r  t h e  

%topology t o  b e  Mausdorff. W e  have t o  f i n d  a l a r g e r  s e t  t o  r e p l a c e  

[O,g] i n  t h e  hypothes is  of Corol la ry  6.8. 

+\{o}. For h E T(g) , w e  adopt t h e  n o t a t i o n  h '  Let  g E G 

f o r  t h e  element h '  E G such t h a t  h A h '  = 0 and h V h '  = g, 

and we l e t  

M(g,h) = G+\l(h,W) n ( h ' h  

C lea r ly  {O,gI E T ( g )  and 

M(g,O) = ( G + \ d ) )  U {OI = ~ + \ [ ( g l ) \ { o I l ,  

%,g) = G+\(g,-)* 

1 We n o t e  t h a t  G + \ M ( ~ , ~ )  = (h,-) n (h' ) and hence 

1 G+\( n M(g,h)) = U [(h,-) n (h' ) I .  
hcT(g) h & T ( d  

Thus n W(g,h) is  i n t u i t i v e l y  those  elements of G+ which 
h a g )  

a r e  no t  " d i r e c t l y  above" some " fac tor"  of g. See f i g u r e s  X V I I I  

through XXII a s  e labora ted  below. 

In  a l l  t h e  f i g u r e s  X V I I I  through X X I I ,  t h e  shaded a r e a s  i nc lude  

a l l  p o i n t s  on t h e  boundaries  except  t h e  "base" p o i n t s ,  i . e .  t h e  



p o i n t  "h" i s  n o t  included i n  t h e  set G ' \ M ( ~ , ~ ) .  Compare f i g u r e s  

X V I I I  and XIX wi th  f i g u r e s  V I  and V I I  r e s p e c t i v e l y .  In  f i g u r e s  XX, 

XXI, and XXII, t h e  shaded a r e a s  are t o  b e  i n t e r p r e t e d  a s  fo l lows:  

t o  be an  element of t h e  s e t  dep ic t ed  by a shaded a r e a ,  a f u n c t i o n  

must have i ts graph l y i n g  w i t h i n  t h e  shaded a r e a ;  t h e  boundary of 

t h e  shaded a r e a  i s  t o  be  i n t e r p r e t e d  as above. Thus a func t ion  i s  

i n  t h e  conplement of a  s e t  dep ic t ed  by a shaded a r e a  i f  some p o i n t  

of i t s  graph l i e s  o u t s i d e  t h e  shaded a r e a  o r  i f  i t  i s  a "base" p o i n t  

of t h e  set. I n  f i g u r e  XXII, t h e  dashed l i n e s  a r e  meant as re fe rence  

l i n e s  f o r  t h e  o t h e r  f i g u r e s ;  they  a r e  n o t  involved i n  i n t e r p r e t i n g  

t h e  shading of t h e  f i g u r e .  For i n s t a n c e ,  t h e  func t ion  k E A(R) 

def ined  by xk = xh + 1 is  ic t h e  shaded a r e a  of f i g u r e  XXII; t h e  
1 

f u r c t i o n  k  E A(R) def ined  by xk = xhl + (112) i s  no t  i n  t h e  

shaded a rea .  The "base" p o i n t s  i, g, hl, h2  are n o t  i n  t h e  shaded 

a r e a ;  however, func t ions  such as R def ined  by 

xR = 

a r e .  

The s e t  which s u c c e s s f u l l y  r ep l aces  IO,gJ i n  t h e  hypothes is  

of Corol la ry  6.8 i s  fl M(g,h). The theorem corresponding t o  
h a g )  

Corol la ry  6 .8  i s  Theorem 6.15; we prove s i x  pre l iminary  lemmas. 



f i g u r e  XVIII 

3 
G = I T I I R  

1 



f igure  XIX 

3 
G = ~ J I ~ R  

1 



f i gu re  XX - 
G = A(R) 

i f  x E [ -4, -2)  

i f  x E [ - 2 ,2 )  

otherwise 

i f  x E [ 3 , 4 )  

if x E [ 4 , 6 )  

otherwise 
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f i g u r e  XXII 



Lemma 6.9: Let  g  E G'\~oI. I f  D*fl ( n M(g,h)) # 4, 
hE7 (g) 

then t h e r e  exists H E N3(0) such t h a t  g p! H. 

Proof: Let  R E ~ * n (  M(e.h)). I f  R E D-. l e t  h  E D -  .".= . - 
hET (g) 

1 ' 1 

be such r h a t  h  + h 5 - R and h l  = E l .  Let H = N(0,h) E N1(0). 
I 

I f  R E D2, l e t  h  = R and l e t  H = D(2) + R l  E N2(0). Suppose 

1 g E H. By Lemma 2 .2(b) ,  and s i n c e  h l  = R!, H E I - R , R ]  + R . 
By Lemma 2 .13(a) ,  s i n c e  g > 0,  g  = a + b f o r  a E [O,R] n H 

Since by cons t ruc t ion  of H R { H, a  < R ,  i .e. R E (a , - ) .  

1 1 1 Since b E R , R E b  . Thus R E (a,-)  n (a '  ), i . e .  R p! M(g,a). 

This  imp l i e s  t h a t  R p! n M(g,h), which c o n t r a d i c t s  our  choice  
h a g )  

of R .  14 

Lennna6.10: Let  R E D  T h e n f o r a l l  k E R + D ( R ) ,  k & D 2  
2 

and D(k) = D(R). 

Proof: By Lemma 2.2 (a), k > d f o r  a l l  d  E D(R) . Suppose t h a t  

a < t < b f o r  a ,  -k + b E D(R). Since k E R + D(R), k  = R + d 

f o r  d  E D(R). Then -k + b = -d - R + b and thus ,  s i n c e  

-k + b E D(R), -R + b E d + D(R). Thus t E D(R) U (R + D(R)). 

But k  + D(R) = R + d + D(R) = R + D(R). Thus t E D(R) U (k + D(R)). 

Thus k E v2 and D(k) = D(E). 181 

Lemma 6.11: Let R,h F. D2 and suppose t h a t  h  < R. Then 

D(h) G D(R). 

Proof: Since 0 .( h < R ,  h  E D(R) U (R + D(R)). I f  h  E R + D(R), 

by Lemma 6.10 D(h) = D(R). Thus suppose h E D(R). By Lemma 2 .2(b) ,  

D (h) [-h, h] . Since D(R) i s  convex, D (h) c D (R) . 14 



l o 6  

Lemma 6.12; Let  G have Hausdorff r - t o p o l o g y .  If R E D~\D:, 

1 then  D* n ( [G\(G(R)  u 11 u D(2)) f 4 .  

Proof: Let  g E D(R)+\i0}. Since G has  Hausdorff 5 -topology, 

by Theorem 6.7  t h e r e  e x i s t s  L E k3(0) such t h a t  g ( L. I f  

1 L E N1(0), then L = N(0,h) f o r  h c Dl. I f  h E R , then  
I 

R E h L z  N(0,h) = L. Since g E D(R), 0 < g < 2 and thus  g E L, 

which c o n t r a d i c t s  our  choice of L. Suppose t h a t  h E G(R). I f  

h A R  # D(R), then h A  R E R + D(R) and by Lemma 2.2(a)  h A  R > g. 

Hence g E [O,h A R ]  ' N(0,h) = L, which c o n t r a d i c t s  our  choice of 

L. Thus h A R E D(R) and by Lemma 2.9,  h E D(R). 

Suppose t h a t  L E N2 (0 ) .  Then L = D(h) + h l  f o r  h E D2. I f  

1 1 h c R , then  R E h c L and a s  above t h i s  imp l i e s  t h a t  g E L, 

which c o n t r e d i c t s  our  choice of L. Thus suppose t h a t  h E G(R). I f  

h A R 6 D(R), then h A  R E R + D(R) and by Lemma 6.10, 

h A R  c D 2  and D ( h A 2 )  = D ( R ) .  Since ~ A R  and h c D 2 ,  

by Lemma 6.11 D(hA R) D(h). Thus g E D(R) z D(h) r; L, 

which c o n t r a d i c t s  our  choice of L. Hence h A R E D(R) and 

by Lemma 2.9 h E D(R). la! 

Lemma 6.13: Le t  g E G+\{oI. I f  h E U  9 T(g) ,  then 

(0,h)  n T(g> = a .  
Proof: Suppose t h a t  k E (0 ,h)  n T ( g ) .  Then t h e r e  e x i s t s  

k '  E T(g) such t h a t  k A k' = 0 and k v k t  = g. Thus (h A k ' )  A k = 0 

and (h A k ' )  V k  = (hV k) A ( k t V  k)  = h~ g = h .  Hence k E T (h ) ,  

which c o n t r a d i c t s  t h e  f a c t  t h a t  h E U .  Id 



LO7 

Lemna6.14: Let g r  G+\{oI. If  a ,b  ~ 9 1  n T(g) and 

a f b ,  then  a ~ b  = O .  

Proof: Let a l , b '  E G be such t h a t  a A a' = 0 = b A b '  

and a V a '  = e, = b V b ' .  Then 

( a  A b )  A (a' V b ' )  = ( a A  b A a ' )  V ( a  A bA b ' )  = 0 ,  

and 

( a  A b )  V (a '  V b ' )  = ( a  V a '  V b ' )  A (b v a ' v  b ' )  = g. 

Thus a A  b E 7 ( g ) .  Since a E U n T(g ) ,  by Lemma 6.13 a A  b = 0 

o r  a A b = a. I f  a~ b = a ,  then  a / \  b # 0 and applying 

Lemma 6.13 t o  b EU n T(g) ,  w e  have t h a t  a = a A b = b ,  which 

c o n t r a d i c t s  our  choice  of a and b .  Inl 

Theorem 6.15: An R-group G has  Hausdorff S- topology i f  and 

only 

Proof: Suppose t h a t  f o r  a l l  g E G+\{o!, D* f i  ( fi Y (g,h) ) # d .  
h a g )  

By Lemma 6.9 and Theorem 6.7 G has  Hausdorff Z -topology. 

Conversely, suppose t h a t  G has  Hausdorf f  5 -topology. Let  

+ 
g E G \ {0}.  Then by Theorem 6.7 t h e r e  e x i s t s  L E N3(0) such 

t h a t  g L. I f  L E N1(0), then L = N(O,R) f o r  R E Dl. I f  

R d fl M(g,h) , then  R t! Pi(g,h) f o r  some h E T(g) .  Thus 
hsT(g) 

1 1 R E ( h , ~ ) n  (h' ) .  Since 0 < h < R ,  h E [-R,R]. Since R E h '  , 
1 h '  E R . Thus 

which c o n t r a d i c t s  our  choice of L. Thus R c n M(g,h). 
h a g )  



n e E D2 and suppose f u r t h e r  t h a t  R n M(g,h). Then R 4 M(gyh) 
h a g )  

1 n f o r  some h E T(g).  Thus 1 E (h,-) n (h'  ). Since !L E D2 and 

'1 s i n c e  h < P,, then h = 0 and thus  h '  = g. Since R E h , 

which c o n t r a d i c t s  our  choice  of L. Hence R E n M(g,h). 
hcT(g) 

Suppose t h a t  R B D~\D;.  If R E n M(g,h) , we a r e  done. 
h ~ T ( g )  

Thus suppose t h a t  R d 0 M(g,h). Then R 4 M(g,p) f o r  some 
h a g )  

'1 p E T(g) ,  and hence R E (P,DJ) n ( p  ). Since 0 z p  < R y  

which c o n t r a d i c t s  our  choice  of L. Thus p E R + D(2). By 

Lemma 6.10, p E D2 and D(p) = D ( 1 ) .  Hence by P ropos i t i on  2.3,  

I p E U .  By Lemma 6.12, t h e r e  e x i s t s  k E D* n ([G'\(G(R)U R ) I "  D(R)). 

Suppose t h a t  k E D(R). Then k E D(p) and k E (0 ,p)  G [O,g] . 
I I f  k jf M(g,h) f o r  some h E T(g) , then  k E (h,m) n (h'  ) and 

thus  

which is  a c o n t r a d i c t i o n .  Thus k E n M(g,h). Suppose t h a t  
hcT(g) 

k E G\(G(Q) u d )  . I f  k C n M(g,h) , then  k # M(gyh) f o r  
h a g )  

some h E T(g) .  By t h e  arguments above we must have k E D~\D; 

and h E k + D(k). By Lemma 6.10 and P ropos i t i on  2.3,  h E a.  

Thus by Lemma 6.14, s i n c e  h # p ,  h ~ p = O  . By Lemma 2.8,  hL = kl 

l and pL = d-. Thus k A R = 0,  i . e .  k c R , which c o n t r a d i c t s  our  

choice  of k. Thus k E n M(g,h). 
h a g )  



Let  T2 (G) be t h e  convex 2-subgroup of G generated by 

Then c l e a r l y  Theorem 6.15 impl ies  t h e  fol lowing:  

Corol la ry  6.16: An 2-group G has  Hausdorff 2- topology i f  

and only i f  T2(G) = (01. 14 

The nex t  t h r e e  p ropos i t i ons  g ive  some b a s i c  information about 

TZ (GI - 
Propos i t i on  6.17 : T, (G) a n N (0) .  

6 

Proof: By Lemmas 2.12 and 2.23, each H E N(0) i s  a symmetric 

s t h l a t t i c e  of G. Hence N(0) i s  a symmetric s u b l a t t i c e  of G 

+ 
i t  t h e r e f o r e  s u f f i c e s  t o  show t h a t  n N(0) \{o} 2 T2 (G) . L2t 

g E " N(o)-'\,{oI. I f  R E Dl, then  t h e r e  e x i s t s  2* E Dl such t h a t  

9 . t  + k* 5 - JL and !?*I = 21. Since g E " b ! ( O ) ,  g E A(O,J?,*) and 

1 hence by Lemma 2.13 ( a )  g = a + b f o r  a E [O,R*] and b E R* . 
1 Since 2* < J?,, R E (a,'). Since L * l  = E l ,  1, E 2 , and hence 

1 b E b . Since a ~b = 0 ,  a E T(g) and b = a ' .  Thus 

2 E ( a )  n ( a )  , i . e .  2 f M(g, a ) .  Suppose t h a t  k E D2. S ince  

1 g E n N(0) , g E D(k) + k . Then by Lemmas 2.13(a)  and 2.2 (b) , 
1 + g = a + b f o r  a E ~ ( k ) +  and b E (k ) . Since a E D(k),  

1 1 k E ( a , ~ )  and s i n c e  b E k , k E b . Since a A  b = 0, a E T(g) 

and b = a ' .  Thus b E (a,') n (aq1) ,  i .e .  k $ M(g,a) . Therefore 

and hence g E I g  E G + \ I O I I  D* n ( n M(g,h)) = b 1 r  T2(G)* 
hcT(g) 



We n o t e  t h a t  P ropos i t i on  6.17 could be  used i n  p l ace  of 

Lemma 6.9 i n  t h e  proof of Theorem 6.15. That is ,  i f  f o r  a l l  

g  E G+\IOI,  D* n ( n ~ ( g , h ) )  + 4 ,  then  T ~ ( G )  = 101. BY 
hET (g) 

P ropos i t i on  6.17, n N(0) T2(G) and hence nN(0) = 101. Thus 

by Theorem 6.7, G has  Hausdorff S-topology. 

Let  N b e  a  convex A-subgroup of G. Conrad 1171 d e f i n e s  

N t o  b e  r e g u l a r  i f  N i s  a  va lue  of some g  E G,  i . e .  i f  t h e r e  

e x i s t s  g  E G such t h a t  N is  maximal w i th  r e s p e c t  t o  no t  

con ta in ing  g  ( c f .  Chapter 2 ) .  Let  

T*(G) = { N I  N is  a r e g u l a r  convex R-subgroup of G and f o r  
2  

a l l  g  E G+\N,  D* n ( n ~ ( g , h ) )  + 41. 
h a g )  

S i m i l a r l y  t o  117, P ropos i t i on  3.51, we have t h e  fol1.owing: 

P ropos i t i on  6.18: T  (G) = N. 
2  

NET; (G) 

Proof: C lea r ly  n N i s  a convex 2,-subgroup of G which 
NET* (G) 

con ta ins  {g  E G+\{oI/ 0*n ( n M(g,h)) = d l .  Hence T2(G) 
h J - ( g )  

G n N. On t h e  o t h e r  hand, suppose t h a t  h  # T2(G). Then 
NET; (G) 

by Zorn's Lemma, t h e r e  e x i s t s  a  convex R-subgroup N which is  

maximal w i th  r e s p e c t  t o  con ta in ing  T2(G) b u t  no t  con ta in ing  h .  

Then c l e a r l y  N is  r e g u l a r  and s i n c e  T2(G)" N,  N E T$(G). 

nus T ( G ~  n N.  
2  

NET; (G) 

P ropos i t i on  6.19: T  (G) i s  an  2- idea l  of G. - 2 



Proof:  It s u f f i c e s  t o  show t h a t  

is a normal subse t  of G. By Lemmas 2.15 and 2.16 and t h e  proof 

of Lemma 2 .12(c) ,  D* i s  a normal subse t  of G. Let a E G and 

suppose t h a t  g E G+\IOI i s  such t h a t  D* n ( n M(g,h)) = 6. 
h a g )  

Let  p E D*. Since D* is normal, -a + p + a E D*. Thus t h e r e  

e x i s t s  h E T(g) such t h a t  -a + p + a f! M(g,h), i .e. -a + p + a 

E 1 ,  2 j .  Glen c i e a r i y  p L (a i h  - a, wj. BY Lemma i.i4(bj, 

1 s i n c e  p E a + h ' l  - a ,  p E ( a  + h '  - a )  . By Lemma 2.15, 

a + h - a E T(a + g - a ) .  C lea r ly  (a + h - a) '  = a + h '  - a. 

1 Thus p E ( a  + h - a ,  ") n ( ( a  + h - a ) ' )  , i .e. 

p d M(a + g - a,  a + h - a ) .  Since p was an  a r b i t r a r y  element 

of D*, we conclude t h a t  D* ( n M(a -+ g - a ,  k)) = 6.  
k~T(a+g-a)  

C l e a r l y  2 + g - a E G + \ ~ o I ,  and hence 

i s  a normal subse t  of G. 



7. MORE EXAMPLES 

I n  t h i s  chapter  we look a t  some examples of t h e  5 -topology 

wi th  regard t o  t h e  Hausdorff s e p a r a t i o n  axiom. 

Example 7.1: I n  t h i s  example we show t h a t  A(R) has  Hausdorff 

%-topology.  A s  i n  Example 3.1, t h i s  r e s u l t  fo l lows from t h e  same 

r e s u l t  f o r  A(R) where R i s  a  t o t a l l y  ordered s e t  and A(R) i s  

doubly t r a n s i t i v e .  

Propos i t ion  7.2: Let R be  a  t o t a l l y  ordered s e t .  I f  A(R) 

i s  doubly t r a n s i t i v e ,  then A(R) has  Hausdorff 5- topology.  

Proof: Let g  E A ( Q ) + \ { ~ I .  S imi l a r ly  t o  Example 3.1, f o r  

w E Q, we l e t  

I ( o , g )  = I +  E R ]  t h e r e  e x i s t  i n t e g e r s  m,n such t h a t  

n  m 
Tg + +g I *  

Clea r ly  I(w,g) i s  convex f o r  any w E R .  Since g  > i, t h e r e  

e x i s t s  + E R such t h a t  +g > T .  Let w E I ( T , ~ ) .  Since +g > +, 

wg > o. Clea r ly  ~ I ( r , g ) ,  ~ 1 ( + , g )  E ; \ I ( + , ~ ) .  Thus, s i n c e  

I ( +  ,g )  i s  convex, 

( A ,  V I ( + , ~ ) )  n Q = ~ ( + , g ) .  

Define a  func t ion  f:R -+ R by 

of = wg i f  o  E I ( + , g )  1. otherwise.  

By Lemma 3.3, f  E A(Q)+. Since g  , f  > i. Since 



s ( T )  = ( AI(~,g), V I(.c,g)). Thus by Proposition 3.2, f E 8 .  

By Proposition 3.5, since A(Q) is doubly transitive, II = Dl. 

Clearly f E Ii ,gJ , and thus Dl n Ii,g] # 6 .  Since g was 

an arbitrary element of A(Q)'\{~}, we have by Corollary 6.8 

that A(Q) has Hausdorff SS-topology. Alternately, we note that 

if R E ~i,~]\~(~,h) for some h E T(g), then R > h and 

R A  h' = 0 so that, as in the proof of Theorem 6.15, 

This is a contadiction, and hence li,g] G 0 M(g,h). Thus 
hsT(g) 

by Theorem 6.15, A(Q) has Hausdorff 5 -topology. Inl 

Thus A(R) has Hausdorff 2-topology. 

Coroll-ary 7.3: Every R-group is R-isomorphic to an Il,-subgroup 

of an R-group with Hausdorff 2-topology. 

Proof: The corollary follows from Proposition 7.2 and the Holland 

representation of an R-group 1331. 14 

Example 7.4: In this example we show that C(R) has Hausdorff 

5 -topology. 

Let Y be a connected topological space with topology U. 

Let C(Y) be the set of all contindous functions from Y to R. 

Recall (Chapter 1) that C(Y) may be considered as an abelian 

R-group with addition defined pointwise, i.e. by 

x(f + g) = (xf) + (xg), 
and a partial order defined by 

f 5 g if and only if xf L x g  - for all x E Y. 



Q * = f f  E c(Y)I x f  = q f o r  a l l  x E Y  and f o r  q r Q + \ i ~ ) l .  

Lema  7.5: Q* G Dl. 

Proof:  Let f  E Q*. Let q E Q ' \ ~ ~ )  be  such t h a t  x f  = q. 

Suppose t h a t  h,R E C(Y) a r e  such t h a t  h V R = f  and h~ R = 0. 

I f  x E Y i s  such t h a t  xh = 0 = xR, then  q = x f  = x(h  VR) = 0 ,  

which c o n t r a d i c t s  our choice  of q. Thus (0)h-I n ( 0 ) ~ - I  = 4 .  I f  

X E 

0 < 

Y =  

(01  

a r e  

y\((0)hel U (0) a- l )  , then  xh > 0 and xR > 0.  Thus 

(xh) A (xR) = x ( h  A A) = 0 ,  which is  a 

(0)h-'U ( 0 ) ~ ~ ~ .  Since h and R a r e  

i s  c losed  i n  t h e  i n t e r v a l  topology of 

c losed  w i t h  r e s p e c t  t o  U .  Thus, s i n c e  

c o n t r a d i c t i o n .  Hence 

continuous and s i n c e  

R, (0)h-' and ( 0 ) ~ - I  

Y i s  connected, 

e i t h e r  (0)  R - l  = 4 o r  (0)h-I  = d ,  i. e .  e i t h e r  E = f  o r  h = f  . 
Therefore  f  E U , and hence Q* 8 .  

f  
Let  f E C(Y). For n E N,  l e t  , :Y +- R be  def ined  by 

f 1 f x(--) = (--) ( x f )  . Clea r ly  f E C(Y) and n(;) = f  . Thus 
n 

C(Y) is  d i v i s i b l e  and by P ropos i t i on  3.4, 11 = Dl. Therefore  

Q* E Dl. I8  1 

Propos i t i on  7.6:  Let Y be  a connected topo log ica l  space.  Then 

C(Y) has  Hausdorff S -topology. 

Proof: Let g E c(Y)+\(oI.  Let r E R + \ ~ O I  be such t h a t  

ug = r f o r  some u E Y. Since r > 0 ,  t h e r e  e x i s t s  q E Q such 

t h a t  0 < q < r. Define q* E C(Y) by xq* = q f o r  a l l  x E Y. 

C l e a r l y  q* E Q*, and hence by Lemma 7.5, q* E Dl. Suppose t h a t  



I q* d ~ ( g , h )  f o r  some h E T(g) . Then q* E (h,") n (hl-) . 

C lea r ly  q*l = 101 and thus  h '  = 0 ,  i.e. h = g. Since 

u q * = q < r =  ug, q* 3 g. This c o n t r a d i c t s  our  choice  of h .  Thus 

q* E fl M(g,h), and hence D * n  ( n M(g,h)) # 6 .  Therefore 
h T(g) h T(g) 

by Theorem 6.15, C(Y) has  Hausdorff 5 - topo logy .  A l t e r n a t e l y ,  

s i n c e  q*l = 101, N(O,q*) = I-q*,q*j and thus  s i n c e  q* $ ( g , ~ ) ,  

g $ N(O,q*). Thus C(Y) has  Hausdorff 5- topology by 

7 .  - . .  r 7 
I L l e u L e I l l  0. l . in i  

Corol la ry  7 .7 :  C(R) has  Hausdorff 2-topology. In 1 

Example 7 .8 :  Let G be  t h e  2-group cons t ruc t ed  i n  Example 3.6.  

We show t h a t  G has  Hausdorff Z -topology; t h e  method we use  i s  

s i m i l a r  t o  t h a t  used t o  prove P ropos i t i on  7.6. 

I n  Example 3.6, we proved t h a t  (P U F)+\{o} Dl. Let 

g E G + \ ~ o I ,  l e t  r E R be  such t h a t  r g  > 0 ,  and le t  q E Q + \ { ~ )  

be  such t h a t  r g  > q > 0. I f  r 5 - 2 ,  - l e t  k = gq; i f  r > -2,  

l e t  k = f . Then k E Dl. Suppose t h a t  h E T(g) and t h a t  h '  E G 
4 - 1 is such t h a t  h A h '  = 0 and h V  h '  = g. I f  k E h '  , then  

~ ( h ' )  n S(k) = d ,  and s i n c e  r k  > 0 ,  r d S h  Thus r E S(h) 

and r h  = r g  > q 2 r k  > 0.  Therefore k d ( h , ~ ) .  Hence 

k E n M(g,h), and s i n c e  g was an  a r b i t r a r y  element of 
hcT(g) 

G + \ ~ o I ,  by Theorem 6.15 G has  Hausdorf f  X-topology . A l t e r n a t e l y ,  

we have t h e  fol lowing:  I f  g E N(O,k), then  g = h + h '  f o r  

1 h E [-k,k] and h '  E k . Since r k  > 0 ,  r h '  = 0 and thus  r h  = rg .  

But r g  > q L - r k ,  which c o n t r a d i c t s  our choice of h .  Therefore 

by Theorem 6 .7 ,  G has  Hausdorff %-topology. 



Example 7.9: I n  t h i s  example we c o n s t r u c t  an R-group which i s  

a (non-convex) R-subgroup of a  c a r d i n a l  product  of t o t a l l y  ordered 

groups and which has  2 1 =  4. 
03 

Let  G = I ~ I R .  Let 
1 

L = if E G I  t h e r e  is  an n E N such t h a t  f o r  a l l  i 

Let  f , g  E I, and l e t  n,m E N be  such t h a t  ( i  + n ) f  = ( i ) f  and 

( i  + m) g = ( i ) g  f o r  a l l  i. Then c l e a r l y  (i + n)  (-f)  = ( i )  ( - f)  , 

( i  + mn) (f  + g) = ( i )  (f  + g) , ( i  + mn) (f V g) = ( i )  (f  v g ) ,  and 

( i  + ml) (f A g)  = ( i )  (f A g) f o r  a l l  i. Thus L i s  an R-subgroup 

of G. Le t  f  E L+\{o) and l e t  n E N be  such t h a t  ( i  + n ) f  = ( i ) f .  

Define h,R E G by 

( i ) h  = ( i ) f  i f  2kn < i 5 - (2k + l ) n  f o r  some k E Z+ lo i f  (2k + l ) n  < i 5 - (2k + 2)n  f o r  some k E z', 

(i) a = 0 1 i f  2kn < i 5 (2k + l ) n  f o r  some k E. Z 
+ 

- 

( i ) f  i f  (2k + l ) n  < i 5 - (2k + 2)n f o r  some k E z+. 

S ince  f  > 0 ,  w e  must have h > 0 and R > 0. C l e a r l y  ( i  + 2n)h 

= ( i ) h  and ( i  + 2n)R = ( i )R .  Thus h,R E L. It is  a l s o  c l e a r  t h a t  

h  + R = f and h A R = 0.  Hence f  i 3 .  Therefore 2 = 4 and 

hence L has  i n d i s c r e t e  5 -topology. 

Example 7.10: The R-group of t h i s  example has  Hausdorff 

5 -topology and an  element g such t h a t  2)* n 10,gJ = 4 .  It i s  

s i m i l a r  t o  t h e  R-group cons t ruc ted  i n  Example 3.6.  

Let L be  t h e  R-group of Example 7.9 and l e t  C(R) be  t h e  

R-group of a l l  cont inuous func t ions  from R t o  R ( c f .  Example 7.4).  
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Define a function v:L + C(R)  as follows: for R E L, Rv E. C(R) 

is the function defined by 

x(Rn) = . 2 (iR) (x - i) if x E (i, i + i] 
1 

2(iR)(-x + i  + 1) if x E (i 4-2, i +  11 

Lo otherwise 

where i = 1 2 3  . . See figure XXIII. If R E L, then 

-(En) = (-R)n E L . Let R,g E L, and suppose R # g. Then 

1 clearly Rn # gn, since (i + Z)(hn) = ih for all h E L. Further 

= 12 (ik) (x - i) + 2 (ig) (x - i) 1 
if x e (i,i+-] 

2 
1 2 (ill) (-x + i + 1) + 2 (ig) (-x + i + 1) if x E (i?, i+l] 

Lo otherwise 

lo otherwise 

Thus L is groLp isomorphic to L . Also 

= 1 [ 2  (iR) (x - i) 1 v [2 (ig) (x - i)] 1 if x E (i,i+] 2 

1 12 (ik) (-x + i + l)] V [2(ig) (-x + i + l)] if x E (ii-,i+l] 

l o  

2 

otherwise. 

1 If x E (i, i + ?J, then x - i > 0, and thus 

[2(iR) (x - i) J v 12 (ig) (x - i) J = 21 (ill) v (ig) J (x - i) . 
1 If x E (i+ 2, i + i], then -x + i f  1 7  0, and thus 

I2(iR)(-x + i 3- I)] V I2(ig)(-x + i I- l)] 



f i g u r e  XXIII 

G = C(R) 

if  i = 2 n - 1  f o r   EN 

if i = 2 n  f o r   EN 



Theref o r e  

2 (i) (i?. g) (x - i )  
1 

i f  x E (i, i + 
1 

2( i ) (R v g ) ( - x  + i -t- 1 )  i f  x E ( i  + 3, i + 11 

0 o therwise  

S i m i l a r l y  ~ ( R T  A g ~ )  = xl (R A g ) ~ ]  . Thus L i s  l a t t i c e  

isomorphic t o  L . 
As  i n  Example 7 . 4 ,  l e t  

Q* = I f  E C(R)l t f  = q f o r  a l l  t E R ,  f o r  some q r Q+\{~}} .  

Let F be t h e  R-subgroup of C(R) generated by (LT) U (Q>k). Let 

p E L be  def ined  by ( i ) p  = 1 f o r  a l l  i. Let g = p ~ .  For t h e  

remainder of t h i s  example, i n t e r v a l s  r e f e r  t o  F r a t h e r  than  C(R). 

I f  f  E [O,g], then  I f  = 0. Since f E F, 
n m 

+ R T) 
f = 

where hag E Q*, a E L f o r  a l l  a and B .  I f  x E R ,  then  
n m 

xf = a=l v dL1(xhaB + X ( L  T)). a B 

Since I f  = 0 ,  
n m n m 

0 = &l(lhas + l ( R a B ~ ) )  = B&lhaa 

n m n m 
Since V A h E Q*, then  f o r  a l l  x E R ,  ~ ( ~ y ~  &hag) = 0 .  

a=1 B = l  aB 

For 1 5  - a ( n ,  - 15  B gm, l e t  n E N be such t h a t  
a B 

( i  + = ( i )RaB.  Let d be t h e  l e a s t  common m u l t i p l e  of 

< cl < n ,  15  @ . < _ m ) .  Let R '  = = - - a@' ';@ E L be de f ined  by 

(i) A& 

if 2kd < i _ I  (2k i 1)d f o r  some k E Z + 
-- 

if (2k-t l ) d  < i 5 (2k + 2)d f o r  some k E Z+ - 



Let 

( i )  a& 

= i o  i f  2kd i i 5 (2k + l ) d  f o r  some k E Z 
+ 

- 
+ i f  (2k + 1 ) d  < i .< (2k -I- 2)d f o r  some k E Z . - 

I f  x E ( 1  V (Zkd), ( 2 k f  l ) d ]  f o r  some k E z', then  f o r  a l l  a,B, 

~ ( 9 "  T )  = O, and hence "-a@ 
n m 

X f l t  = v A h  ) = O .  
X ( a = l  B = 1  aB 

Also x(R1 IT) = x(R n ) ,  and l ~ e n c e  x f '  = x f  > 0. I f  
aB aB - 

+ x E ( (2k  + l ) d ,  (2k + 2)d l  f o r  some k E Z , then  f o r  a l l  a,B, 

x(R' IT) = 0,  and hence 
a B n m 

xf' = V / \ h  ) = 0 .  
X ( a = l  6-1. a~ 

Also x(Rtt n)  = x(R ) and hence xf"  = xf 2 0 .  I f  x F 1 ,  
aB a B - - 

then  x(R1 n) = x(R&lRn) = x(R n) = 0 ,  and hence 
n m a B 

x f  ' = x ( ~ &  BblhcrB) = xf"  = xf = 0. 

Thus f ' A f "  = 0 and f ' V f "  = f .  Therefore f  6 . Since f 

was an a r b i t r a r y  element of [0 ,  g] , 9,l n [0 ,  g]  = d .  Thus 

We now show t h a t  F has  Hausdorff 5 -topology. Let  g E ~ + \ { 0 ) .  

Let r E R be  such t h a t  r g  > 0. Let  q E Q be  such t h a t  

r g  > q > 0 .  Let q* 6 (Q*)f\fO} C F + \ ~ o }  be  def ined  by 

xq* = q f o r  a l l  x E R. C lea r ly  q*l = IOI. I f  h '  E T(g) 

'1 and q* E h , then  h '  E q L l  and hence h '  = 0.  Thus q* E M(g,h) 



t hus  q* E El(g,g) . Theref o r e  q* E n M(g,h). 19 ~ ( c ( R ) )  i s  
h a g )  

t h e  set U f o r  C(R) and 91 is  t h e  s e t  2l f o r  F,  t hen  

11 ( C ( R ) )  n F G 2I. By Lemma 7.5,  Q *  ( C .  Thus, s i n c e  

Q * G  F, Q* %. Clea r ly  L i s  d i v i s i b l e  and Q* i s  d i v i s i b l e .  

Thus F is  d i v i s i b l e .  By P ropos i t i on  3 . 4 ,  11 = Dl. Thus 

q* E Q* til.. Therefore  D* n ( n M(g,h)) f 4. We conclude 
hcT(g) 

t h a t ,  by Theorem 6.15, F has  Hausdorff 5 - topo logy .  A l t e r n a t e l y ,  

we can apaly Theo~eifi 6.7 as i n  t h e  proof of P ropos i t i on  7.6.  

Example 7.11: I n  t h i s  example we c o n s t r u c t  an R-group w i t h  

non-Hausdorff %topology such t h a t  D* = D2 and f o r  a l l  h E D2,  

D(h) is  c lo sed  w i t h  r e s p e c t  t o  t h e  %-topology. 

Le t  L  h e  t h e  2-group cons t ruc t ed  i n  Example 7.9. Let 

+ 
G = L X Z. By Lemma 5.15, 11 = L X ( z + \ ~ o I ) .  By Lemma 5.16,  

Dl = d .  Thus D* = D2. l e t  h  E D2. Then by Lemma 5.17, h  = (R, l )  

f o r  some R E L. Then c l e a r l y  D(h) = L X (0).  By Lema  5.14,  

h l  = {o}. Thus D(h) = D(h) + h1 which i s  c losed  w i t h  r e s p e c t  

t o  t h e  2-topology by P ropos i t i on  2.31. 

Example 7.12: This  i s  an example of another  R-group w i t h  

i n d i s c r e t e  S- topology .  Let Q be  t h e  r a t i o n a l  numbers w i t h  u s u a l  

topology and l e t  C(Q) be  t h e  R-group of a l l  cont inuous rea l -va lued  

f u n c t i o n s  of Q. (We a r e  iridebted t o  Norman R e i l l y  f o r  p o i n t i n g  

o u t  t h a t  = B i n  t h i s  example.) 

Let  g E c(Q)+\(oI. m e n  t h e r e  exists q E Q such t h a t  

qg > 0.  S ince  g i s  cont inuous and I01  i s  a c losed  set of R,  



( o ) ~ - '  = Q \ s ( ~ )  i s  a c losed  s e t  of Q, i . e .  ~ ( g )  i s  an  open 

s e t  of Q. Hence t h e r e  e x i s t  x , y  E Q such t h a t  q E b , y )  E S(g) ,  

i .e .  t h e r e  e x i s t s  p  E Q such t h a t  p  # q and pg > 0. Without 

l o s s  of g e n e r a l i t y  we may assume t h a t  q < p. Let r E R \ Q  be  

such t h a t  q < r < p. Let a,b:Q -t R be def ined  by 

Let u ,v  E R b e  such t h a t  u < v .  I f  0 1 - v,  then  (u,v)a-I  = 

- 1 
(u,v)b-l  = d .  I f  0 E (u ,v ) ,  then  (u ,v )a  = (u,v)g U (-..,r] 

and (u,v)b = (u,v)g - 1 " [r , a ) .  I•’ 0  5 U, t hen  ( u , v ) a l  = 
- 

S(g) n ( r  , a )  2nd ( u , v ) b l  = ( g )  n ( r )  . s i n c e  r E R\Q,  

[ ,  = ( r , )  and ( - 1  = ( r )  a r e  open s e t s  of Q .  S ince  

-1 g i s  cont inuous,  (u ,v)g  and ( a s  above) S (g)  a r e  open 

-1 
s e t s  of Q .  Ue conclude t h a t  (u ,v )a  and (u,v)b-I a r e  open 

s e t s  of Q ,  and hence t h a t  a , b  E C(Q). C lea r ly  a  A b = 0 and 

a v  b = g. Thus g d U. Since g was an a r b i t r a r y  element 

of c ( ~ ) + \ { o I ,  II = 1. Therefore C(Q) has  i n d i s c r e t e  X -topology. 



Theorem 8.2: Let {xgl  B E B )  be  a n e t  i n  an 2-group G. 

Then I x  ) converges t o  x E G wi th  r e s p e c t  t o  t h e  x - topo logy  
B 

on G i f  and only i f  (a) f o r  a l l  g E D*, t h e r e  i s  an a E B 

such t h a t  whenever 6 l; a ,  1-x + x g (  A g E T(I-x + x B ( ) ,  and 

(b)  f o r  a l l  g E D2, t h e r e  i s  a y c B such t h a t  whenever B 2 y, 

I - x + x g l  A g E D(d. 

Proof: Suppose t h a t  fxB) %-converges t o  x E G. Let  

g E D* and i f  g E Dl, l e t  H = N(0,g); i f  g E D2, l e t  

1 H = D(g) + g . Then t h e r e  i s  an a E B such t h a t  whenever 

8. 5 -TOPOLOGY CONVERGENCE 

In  t h i s  chapter  we i n v e s t i g a t e  convergence wi th  r e s p e c t  t o  

t h e  5 -topology and t h e  r e l a t i o n s h i p  between t h e  S -topology and 

t h e  topology der ived  from a-convergence. 

Lema 8.1: Let G be an !&group. Let  g E G'\IOI. Suppose 

L 1 I 
~ ~ l a i  A i -g ,gj  i s  such t h a t  A + gA i s  a symmetric s u b l a t t i c e  

1 of G. I f  h E A + g , then  g A ( h l  E ~ ( 1 h l ) n  A. 

1 Proof: Let  h E A + g . Since A + gl is  a symmetric -- 
1. s u b l a t t i c e  of G ,  I h /  = h v (-h) E A +  g . Since A c  [-g,g] 

1 + and Ihl E ( A +  g ) , then  by Lema 2.13(a) Ihl = a + b  f o r  

1 + a E A+ and b E (g ) . Thus, s i n c e  a ,\ b = 0,  a E T(lh1)  

and 

r \ g = ( a V b ) ~ g =  ( a ~ g ) v ( b A g ) = a ~ g = a .  

Therefore Ihl A g E ~ ( l h l )  (7 A .  1 1 



6 a .  xB E x + Int(H) c x + H. Hence -x + x  6 E H f o r  a l l  

B a .  By Lemmas 2.12 and 2.23, H i s  a symmetric s u b l a t t i c e  of 

G. We wish t o  apply Lemma 8 . 1  t o  H: i f  g E Dl, we l e t  A = 1-g,gl 

and conclude t h a t  g A 1 -x + x I E T(I -x + xg 1 ) ; i f  g E D2, B 
by Lemma 2.2(b) ,  D(g) c I-g,gJ so  t h a t  l e t t i n g  A = D(g) , we 

may conclude t h a t  g A I -x + xg 1 E T(I-x + xg 1 ) n D(g). This  

proves ( a )  and (b ) .  

Comwrsely, s iqyose  t h a t  I x  ) i s  a n e t  i n  G such t h a t  
---B 

t h e r e  is a a  x E G s a t i s f y i n g  (a) and (b) .  Let H E N1(0). Then 

by (a) t h e r e  i s  a n  a E B such t h a t  whenever B 2 a ,  I-x + x I E H. B 

By Lemmas 2.12 and 2.23, H i s  a symmetric and convex. Hence 

-x + x E H, i .e. B X~ 
E x + H f o r  a l l  8 ,a. Let  H E N2(0). 

Then by (a )  and ( b ) ,  t h e r e  i s  an  a E B such t h a t  wnenever B 2 a ,  

I -X + x I E H. As above, t h i s  imp l i e s  t h a t  B X~ 
E x + H f o r  a l l  

f3 2 a .  Let 5 be  t h e  x-topology on G and le t  U E s be 

such t h a t  x E U.  Then t h e r e  is  an H E N(0) such t h a t  
n 

x E x + H  E U .  By d e f i n i t i o n  of N(O), H =  n H  f o r  Hi E N3(0). i=l i 

A s  shown above, f o r  each i t h e r e  i s  an a E B such t h a t  i 

whenever B 2 ai ,  xB E x + Hi. Let u 2 ai  f o r  a l l  i. Then 
n 
n (X + H ~ )  = x + H. Therefore IxB1 whenever B 2 a, xB E i=l 

We s h a l l  need t h e  fo l lowing  s tandard  r e s u l t  from topology. 

Lemma 8.3: 

Ul 2 U2 i f  and 

converges t o  x 

Let  Y be  a s e t  w i th  topologies  U1 and U2. Then 

only i f  every n e t  converging t o  x w i t h  r e s p e c t  t o  1 

wi th  r e s p e c t  t o  . U2 181 



Let  L be a l a t t i c e .  Papangelou 149,501 def ined  a-convergence 

i n  L a s  fo l lows:  A n e t  ixgI B E B )  i s  s a i d  t o  a-converge t o  

t o  x E L i f  and only i f  x i s  t h e  only element of L s a t i s f y i n g  

f o r  a l l  a  E B. Papangelou i n v e s t i g a t e d  a-convergence i n  a b e l i a n  

R-groups. E l l i s  1221 showed t h a t  t h e r e  i s  a topology S on an  

R-group G such t h a t  convergence wi th  r e s p e c t  t o  S i s  equ iva l en t  

t o  a-convergence, i f  and only i f  G i s  completely d i s t r i b u t i v e .  

When such a topology S e x i s t s ,  E l l i s  noted t h a t  i t  must be 

Hausdorff.  Madell [ 4 3 J  proved t h a t  wi th  r e s p e c t  t o  S, any 

completely d i s t r i b u t i v e  2-group i s  a  t opo log ica l  group and a  

t o p o l o g i c a l  l a t t i c e .  He a l s o  showed t h a t  any Hausdorff topology 

on a completely d i s t r i b u t i v e  2-group G w i t h  r e s p e c t  t o  which 

G i s  both  a  t o p o l o g i c a l  group and a  t opo log ica l  l a t t i c e  l i e s  

between S and the  d i s c r e t e  topology. Therefore we have t h e  

fo l lowing  r e s u l t :  

Theorem - 8.4:  Let G b e  a  completely d i s t r i b u t i v e  2-group. 

I f  S is  t h e  topology der ived  from a-convergence on G and i f  

5 is  t h e  5 -topology, then  t h e  fo l lowing  s ta tements  a r e  

equ iva l en t :  

(a )  S c 5. 

(b)  5 i s  Hausdorff.  

Concerning i n c l u s i o n  t h e  o t h e r  way, w e  have t h e  fo l lowing  

theorem. 



Theorem 8.5: - Let  G be  a completely d i s t r i b u t i v e  A-group 

w i t h  2-topology 5 and topology S der ived  from a-convergence. 

Then 2 E i f  and only i f  f o r  a l l  n e t s  {xB 1 B E B) G G+\LOI  

such t h a t  = 0 f o r  a l l  c o f i n a l  s u b s e t s  A of B y  and f o r  

a l l  g r D * \ v ~ ,  t h e r e  is an ct E B such t h a t  whenever B 2 a ,  

g A X *  E T(xg) .  

Papangelou [50] proved t h e  fo l lowing  l e m a  i n  t h e  c a s e  when 

G is  a completely d i s t r i b u t i v e  a b e l i a n  R-group. Madell 1431 noted 

t h a t  t h e  lemma remained t r u e  when t h e  assumption of commutativity 

was removeci. 

Lemma 8.6: I f  G i s  a completely d i s t r i b u t i v e  R-group and 

{xBl B E B )  is  a n e t  i n  G ,  then  t h e  fo l lowing  s ta tements  a r e  

equ iva l en t :  

(a) {X 1 a-converges t o  0. 
B 

(b)  For each c o f i n a l  subse t  A of B y  1x6 1 = 0. 14 

Proof of Theorem 8.5: I f  5 c S ,  then  by Lemma 8.3 every n e t  

which a-converges t o  x E G converges t o  x wi th  r e s p e c t  t o  S .  

Let  {xBl B E B I G  G+\{OI b e  a n e t  such t h a t  6 $ A ~ g  = 0 f o r  a l l  

c o f i n a l  s u b s e t s  A of B. By Lemma 8.6 {xg} a-converges t o  0. 

Hence {xg) converges t o  0 w i t h  r e s p e c t  t o  5 .  By Theorem 8 .2 ,  

f o r  a l l  g E o * \ D ~ ,  t h e r e  i s  an a r B such t h a t  whenever B 2 a ,  

g A x6 E T ( x B ) *  

Conversely, suppose t h a t  f o r  a l l  n e t s  ixgl B r B} r G'\{o) 

such t h a t  GAxS = 0 f o r  a l l  c o f i n a l  s u b s e t s  A of B ,  and f o r  

a l l  g r D * \ D ~ ,  t h e r e  is an a r B such t h a t  whenever B 2 a ,  



g h x B  E T(xB). Suppose f u r t h e r  t h a t  fxBI f3 E R l  i s  a n e t  i n  

G which a-converges t o  x  E G. Then I-x + x  a-converges t o  
8' 

0 ,  and by Lemma 8.6 A I -x + x6 1 = 0 f o r  a l l  cof i n a l  s u b s e t s  
~ E A  

A of B. Hence, by our assumption, f o r  a l l  g E P * \ D ~  t h e r e  

i s  an  a E B such t h a t  whenever B 2 a ,  g A 1 -x + xB 1 E T (  I -x + x  I ) . B 
Let  g E v2\0;. Let k E D(~)+\{O}.  Suppose t h a t  f o r  a l l  a E 8, 

t h e r e  i s  a B E B such t h a t  B 2 a and g A 1-x + xB 1 d D(g) . Since  

0 ~g - A 1 - X +  x - ]  5 % :  g ~ \  1-X+ X - 1  E g + ~ ( g ) .  Thus by 
b - I5 

Lemma 2 .2 (a ) ,  g A I - x + x  I > !L. Let A = IB E B I  g A I - x + x  I B B 
# D(g)}. Then A is  a c o f i n a l  subse t  of B ,  b u t  

This  cont r i id ic t s  Lemma 8 .6  and 

whenever B 2 u ,  g A I -x + x 
B 

f o r  a E B ,  t h e r e  i s  a $ E B 

g A I - X + X  I > 0. Then g A 
B 

Let A = ( B  E B /  g A 1-x + x I B 

of B ,  b u t  

A + ~ 6 1  2 k A ( l - ~  + x & I  A g)  2 !L > O *  €icA 

thus  t h e r e  i s  an a E B such t h a t  

n I E D(g). Let  g E D2. Suppose t h a t  

such t h a t  B 2 a and 

I - x  + x I = g ,  i . e .  I - x  + x I > g. B 8 = 

> 0 ) .  Then A i s  a c o f i n a l  subse t  

+ x & /  L 6 t A ( 1 - ~ +  x & I  A 8) 2g > O *  

This  c o n t r a d i c t s  Lemma 8.6 and thus  t h e r e  i s  an a E B  such 

n whenever B 2 a ,  g A 1 -x + x I = 0. Hence f o r  a l l  g E ?I2, 
B 

i s  an cl E B such t h a t  whenever B 2 a ,  g A I-x + x I E T (  
B 

t h a t  

t h e r e  

I-x + x  I) .  
B 

Fur the r ,  f o r  a l l  g E D2 ,  t h e r e  i s  an a E B such t h a t  whenever 

B a ,  g A I -x + xB 1 E D(g) . Therefore,  by Theorem 8.2, {xB} 

converges t o  x wi th  r e s p e c t  t o  5 , and hence by Lemma 8.3, 

5 G S .  
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We now apply Theorems 8.4 and 8.5 t o  two p a r t i c u l a r  s i t u a t i o n s .  

These a p p l i c a t i o n s  show t h a t ,  a t  l e a s t  i n  c e r t a i n  circumstances,  

the. c r i t e r i o n  e s t a b l i s h e d  i n  Theorem 8 .5  i s  a  convenient one t o  

use. 

P ropos i t i on  8.7: Let { T ~  I A E A} b e  a  c o l l e c t i o n  of t o t a l l y  

ordered groups. Suppose t h a t  G i s  a  completely d i s t r i b u t i v e  

&-subgroup of 1 II 1 TA which con ta ins  I I I TA. Then S = on G. 
A E A  AcA 

Proof:  By Theorem 4.5, t h e  2- topology on each T, i s  t h e  ,. 
i n t e r v a l  topology and hence i s  Hausdorff.  By Theorem 5.1, t h e  

5 - topo logy  on G i s  t h e  topology i n h e r i t e d  f r o n  t h e  product  of 

t h e   topologies on t h e  . Therefore G h a s  Hausdorff 
TX 

5 - t o p o l o g y  and hence by Theorem 8.4,  S C- 5. 

Let {xgl  B E B} G'\,{o} be a  n e t  such t h a t  A x = 0 
~ E A  6 

whenever A is a  c o f i n a l  subse t  of B. l e t  g c  D * \ D ~ ,  and 

suppose t h a t  f o r  a l l  a  E B y  t h e r e  e x i s t s  B 2 a  such t h a t  

B 
L r  E BI x > g } ,  then  A i s  n c c f i a a l  s u b s e t  x > g .  If A = f Q  

B 

of B y  b u t  A x > g > 0 .  This  cont rad . ic t s  our  choice  of 
6cA 6  = 

{xg} and hence t h e r e  i s  an  a  E B such t h a t  whenever B 2 a ,  

xB $ g .  Since g E D * \ D ~ ,  g  E 91 and hence by Lemma 5.8,  

t h e r e  is a  y  E A such t h a t  = g.  Then A X  ? 0 = Xg f o r  
B = 

a l l  B E B y  f o r  a l l  A # y ,  a n d h e n c e ,  s i n c e  T  is  t o t a l l y  
Y 

o rdered ,  yg 2 yxg f o r  a l l  B 2 a .  Thus g A XB = Y X  f o r  a l l  B 

2 a.  Let  6 E 1 II 1 T~ b e  def ined  by ' A E A  



- - 
Then d B =  X B  - yxB, and hence, s i n c e  yxB E G ,  we have d B &  G. 

- - - 
Clea r ly  iB v yx = x and d B ~  ywB = 0. Hence g A xg = yxg E T(xB) .  B B 

Thus by Theorem 8.5, S G 5. Therefore S = 5 . I n 1 

Example 8.8: The second s i t u a t i o n  t h a t  we i n v e s t i g a t e  is A(R): 

we show t h a t  f o r  A(R) t h e  Z-topology p rope r ly  con ta ins  t h e  

topology der ived  from a-convergence. 

I n  [39] Lloyd proves t h a t  A(Q) i s  completely d i s t r i b u t i v e  

f o r  any t o t a l l y  ordered s e t  a. Let  S be  t h e  topology de r ived  

from a-convergence on A(R) ; l e t  5 be  t h e  Z -topology on A(R). 

By Example 7.1,  5 i s  Hausdorff;  thus  Theorem 8.4 imp l i e s  

t h a t  S C 5. 

Let  g E A(R) be def ined  by 

I x otherwise  . 
See f S.gure XXIV. C lea r ly  g > i and ~ ( g )  = S(g) = (0,3). Hence 

by Propos i t ion  3.2,  g E 2, and by P ropos i t i on  3.5,  g E Dl. 

Define a n e t  { fn l  n E N} i n  A(R)+\{oI by 

Ix otherwise.  

C lea r ly  f n  > i and s(<) = S ( fn )  = (l,?r) f o r  a l l  n. Hence 

by Propos i t ion  3.2,  f  f o r  a l l  n. Since 0 < f n  A g < f n  n 

f o r a l l  n ,  f n i \ g L T ( f n )  f o r a l l  n. C lea r ly  A f  = i  f o r  
~ E A  6 

any cof i n a l  subse t  A of N,  and hence by Theorem 8 .5 ,  S $ 5. 



f i g u r e  XXIV 

G = A(R) 

otherwise otherwise 



Using [12 ] ,  E l l i s  1221 proves t h e  fo l lowing:  (Madell [ 4 3 ]  

g ives  a somewhat d i f f e r e n t  p roof )  Let G be  a  completely d i s t r i b u t i v e  

&group and l e t  {NBl $ E B} be any c o l l e c t i o n  of L-closed prime 

convex Q,-subgroups of G w i th  N = (03. For B E B l e t  
BEB B 

G I N B  dcnote  t h e  cha in  of l e f t  c o s e t s  of N and g i v e  G I N B  
B 

t h e  i n t e r v a l  topology. Let  I I I G / N ~  be  g iven  t h e  product  topology. 
BEB 

Then t h e  topology der ived  from a-convergence i s  equ iva l en t  t o  t h e  

iropoiogy ihai 2 idterit~ I'i-urn Z G  via t he  i ;ati iral  l a t t i c e  
BEB 

monomorphism n:G -+ I I I ~ G / N ~ .  
B EB 

I n  A(R) , l e t t i n g  { N ~  1 r E R} be  t h e  c o l l e c t i o n  of prime 

subgroups 

we have t y p i c a l  S-neighborhoods of i dep ic t ed  i n  f i g u r e s  XXV 

and XXVI .  Compare t h e s e  w i t h  f i g u r e s  X I  and X I I .  

Example 8 . 9 :  Let  Y be  a  completely r e g u l a r  connected t o p o l o g i c a l  

space ,  and suppose t h a t  Y does n o t  have a  dense set of i s o l a t e d  p o i n t s .  

Then Weinberg [60]  has  shown t h a t  C ( Y ) ,  t h e  R-group of a l l  

cont inuous f u n c t i o n s  from 9 t o  R ,  i s  n o t  completely d i s t r i b u t i v e .  

Thus C(Y) h a s  no topology of a-convergence. However, by 

P ropos i t i on  7.6,  C(Y)  h a s  Hausdorff Z-topology. 



f i g u r e  XXV 

G = A(R)  



I 
! f i g u r e  XXVI 
! 

I x otherwise 
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