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(ii) 

The purpo e  of t h i s  study i s  t o  review some of t h e  .i: 
developments i n  t h e  theory  of l a t t i ce -o rde red  groups c lose ly  

r e l a t e d  t o  t h e  Holland represen ta t ion  f o r  l a t t i c e  ordered 

groups. I n  Chapter 0, b a s k  d e f i n i t i o n s  and r e s u l t s  requi red  

throughout t h i s  study a r e  reviewed. Chapter 1 contains  

a  study of r egu la r  and prime subgroups of a l a t t i ce -o rde red  

group and concludes with t h e  very important Holland repre-  

s e n t a t i o n  theorem. I n  Chapter 2, t h e  Holland represen ta t ion  

i s  used t o  der ive  t h e  very n ice  r e s u l t :  %very l a t t i ce -o rde red  

group can be embedded i n  a  d i v i s i b l e  l a t t i c e - o r d e r e d  group. 

F i n a l l y ,  Chapter 3 contains  a  s tudy of t r a n s i t i v e  l a t t i c e  

ordered groups of order  preserving permutations on a t o t a l l y  

ordered s e t  and a l s o  a  d iscuss ion  of a c l a s s  of simple l a t t i c e  

ordered groups. 



(iii) 

Introduction 

Notation 

Chapter 0 

Chapter 1 

Chapter 2 

Chapter 3 

TABLE OF CONTENTS 

Page 

i 
Fundamental concepts 

Regular and prime subgroups of 

an 1-group 

An application of the Holland 

representat ion 

The 1-group of o-permutations 

on a totally ordered set 

v 

viii 

1 

8 

Bibliography 



I wish t o  t ake  t h i s  o p p o r t u n i t y  t o  exp re s s  my a p p r e c i a t i o n  

t o  D r .  N. R. R e i l l y  f o r  h i s  adv ice ,  sugges t i ons  and encouragement 

du r ing  t h e  p r e p a r a t i o n  of my t h e s i s .  I would a l s o  l i k e  t o  thank  

Mrs. Joyce Simpson f o r  doing t h e  t yp ing .  

The suppor t  r ece ived  f r o  g r a n t  No. A-4-044 i s  a l s o  



L a t t i c e s  and gro?ap< seem t o  provide two of t h e  most 

b a s i c  t o o l s  i n  t h e  study of  UnLversal Algebra. Also, 

a l g e b r a i c  systems endowed w i t h  a partial or  t o t a l  order  a r e  

important i n  many branches of MaKhema%fcs ,, It i s  t h e r e f o r e  

not  s u r p r i s i n g  t h a t  t h e r e  should be LncreasEng i n t e r e s t  i n  

t h e  s tudy of l a t t i c e - o r d e r e d  groups, P r i o r  t o  1941, only 

l a t t i c e - o r d e r e d  groups which a r e  abelLan o r  t o t a l l y  ordered 

had been s tudied;  t h e  most notable  con t r ibu t ion  m a d c p  t o  

t h a t  time was probably due t o  Hahn i n  1907 who developed 

an embedding f o r  abe l i an  t o t a l l y  ordered groups. This embeddfng 

was l a t e r  extended t o  fnclude abe l i an  l a t t i c e - o r d e r e d  groups 

by P. F. Conrad, J. Harvey and C. Holland in 1963, I n  1941, 

Gar re t t  Birkhoff published a paper which appeared i n  t h e  

Annals of Ma%heri~atiec ( 1942) and i n  which he fnvest 'igated 

p roper t i e s  of non-abelian l a t t  ice-ordered groups. This,  

no doubt,  formed t h e  basis f o r  f u r t h e r  inves t fga t ion  and, 

s ince  then,  many of t h e  problems and conJeetures l i s t e d  in 

t h e  conclusion of t h a t  paper have been resolved.  

I n  t h e  s tudy which fol lows,  some of t h e  more recent  

developments i n  t h e  theory  of l a t t i ce -o rde red  groups have 

been reviewed, and an attempt has been made t o  make t h i s  

p resen ta t ion  se l f -conta ined  as f a r  a s  poss fb le ,  However, a 

b a s i c  knowledge of group theory  has been assumed. Chapter 0 

contains  b a s i c  r e s u l t s  and d e f i n i t i o n s  which a r e  used throwghcxk 

t h e  s tudy with references  befng given whenever proofs a r e  

omitted. These r e s u l t s ,  and a  genera l  b a s i c  theory  of 



l a t t i c e - o r d e r e e  ~ T G ~ S  can be found i n  BSrh%offls Sook on 

" I a t t i c e  theory" and fn Fmchts book on " P a ~ . t f a l l y  ordered 

a l g e b r a i c  systems " . 
I n  Chapter 1, a d e t a i l e d  d iscuss ion  of t h e  p roper t i e s  

of regular  and prime subgroups of an, 1-group i s  presented. 

Prime subgroups a r e  of p a r t i c u l a r  importance i n  obta in ing  

rep resen ta t ions  of l a t t i ce -o rde red  groups. For, i f  M i s  a 

prime subgroup of a l a t t i ce -o rde red  group @, then  t h e  s e t  

of cose t s  of M can be endowed with a n a t u r a l  t o t a l  order .  

It fol lows t h a t  i f  M i s  both prime and normal, then t h e  s e t  

of cose t s  of M i s  a t o t a l l y  ordered group. Thfs property 

was u t i l i s e d  by Holland i g  h i s  r ep resen ta t ion  theorem which 

i s  discussed a t  t h e  end of t h i s  chapter .  The Holland 

represen ta t ion  of a l a t t i ce -o rde red  group i s  a  representa t ion  

of a  l a t t i ce -o rde red  group a s  a  subdi rec t  sum of ILK where 
P 

each K i s  a t ra ,ns i t fve  I-subgroup of t h e  l a t t i ce -o rde red  
P 

group of a l l  order-preserving permutations on some t o t a l l y  

ordered s e t .  This answered a problem o r i g i n a l l y  posed by 

Birkhoff i n  t h e  second e d i t i o n  of h i s  book on l a t t i c e  theory,  I 
Though t h i s  r ep resen ta t ion  throws l i t t l e  l i g h t  on t i  i n t e r n a l  

s t r u c t u r e  of a l a t t i c e - o r d e r e d  group, it i s  an invaluable  

t o o l  i n  t h e  s tudy of t h e  na ture  and occurrence of l a t t i c e  

ordered groups. An examp1.e of t h i s  i s  given i n  Chapter '2 

when an a p p l i c a t i o n  of t h e  Holland represen ta t ion  i s  used 

t o  ob ta in  an e legant  embedding theorem: re very l a t t i c e -  

ordered group can be embedded i n  a d i v i s i b l e  l a t t i ce -o rde red  

group". 

F i n a l l y ,  Chapter 3 contains  a study of t h e  l a t t i c e -  



ordered group of c r e z r - p ~ c s z r v f ~ g  perm~-Z%tfons oc a t c t a l l y  

ordered s e t .  This chaptw is divided i n t o  two sec t ions .  

Sect ion I conta ins  a s tudy  of l a t t i ce -o rde red  groups of 

o r d e r - p r e s e r v h g  permutations oz a t o t a l l y  ordered s e t ,  

which a r e  t r a n s i t i v e  on %hat  s e t ,  while, i n  Sec t ion  2, a  

c l a s s  of simple l a t t i ce -o rde red  grcra-ps i s  discussed. That 

knowledge of t h e  p roper t f e s  of t h e  l a t t i c e - o r d e r e d  group of 

order-preserving permutations on a t o t a l l y  ordered s e t  

y i e l d s  important informstfon about l a t t i ce -o rde red  groups 

i n  genera l ,  i s  c l e a r  from t h e  Holland represen$,ation theorem. 



( v i i i )  

x and y a r e  d i s j o i n t  

x and y a r e  incomparable 

The p o s i t i v e  cone of a p a r t i a l l y  ordered group G 

The s e t  of a l l  convex 1-subgroups of an 1-group G 

The s e t  of a l l  1- idea ls  of an 1-group G 

The s c t  of a l l  r i g h t  cose t s  of C 

The s e t  of a l l  o-preserving permutations on t h e  

t o t a l l y  ordered s e t  S 

The convex 1-subgroup generated by g 

The convex 1-subgroup generated by M and a 

The c a r d i n a l  sum of 1-groups G and H 

The lexicographic sm of G and H ordered from t h e  

l e f t  

G i s  1-isomorphic t o  H 

The normalizer of M i n  G 



CHATTER 0 

For a g e n e r a l  theory  of l a t t i c e - o r d e r e d  groups ,  t h e  r eade r  

i s  r e f e r r e d  t o  Birkhoff  ("1 and Fuchs ( 8 ) .  Included h e r e  a r e  

some b a s i c  d e f i n i t i o n s  and r e s u i S s  which are used throughout  

t h i s  s tudy .  I n  g e n e r a l ,  a d d f t f v e  r o t a t f o n  i s  used u n l e s s  

o therwise  mentioned. 

D e f i n i t i o n  0.1 

A , G ,  i s  a  s e t  C such 

t h a t  

G i s  a group; 

G i s  a p a r t i a l l y  o rdered  s e t  ( p . 0 ,  s e t )  under a r e l a t i o n  

*; 
If a ,  bcG and a & ,  t hen  c+asc+b and a+csb+c f o r  every 

CEG. 

A p .0 ,  group which i s  t o t a l l y  o rdered  i s  a n  o-group, 

D e f i n i t i o n  0,2 

( a )  A l a t t i c e - o r d e r e d  group (1-group) i s  a  p .0 .  grouF which 

i s  a l s o  a l a t t i c e  under t h e  r e l a t i o n  s .  

( b )  If G i s  a n  1-group, t h e n  a s u b s e t  H of G i s  a n  1 - s u b g a  

of G i f  and on ly  i f  H i s  a subgroup of @ and H i s  a l s o  

a  s u b l a t t i c e  of @. 

I n  a  l a t t i c e ,  L, if x, ycL, t h e n  denote  g lb{x ,y]  by xAy 

and lub [x ,y ]  by xVy. 



D e f f n f t i o n  0 , 3  , 

( a )  Le t  G and H be p .0 .  groups.  Then a n  o-homomorphism 8 

from G i n t o  H i s  a n  f so tone  group homomorphfsm. That 

i s  t o  s ay  0 i s  a groAp homomorphism such Chat f o r  any 

x ,  ycG if xsy ,  t h e n  x0gy0. 

( b )  8 i s  a n  o-isomorphism If 0 fs a 1 - 1  o-homomorphism. 

( c )  If G and H a r e  1-groups,  t hen  a n  1-homomorphism 8 from 

G i n t o  H i s  a n  o-homomorphism such t h a t  f o r  any x ,  yeG, 

( X V Y ) ~  = xevye ( 5 )  

(xny)  8 = x e ~ y e  ( ii) 

( d )  An 1-isomorphism 0 from a n  i-group G i n t o  a n  1-group H 

i s  a n  o-isomorphism from G i n t o  H such t h a t  ( i)  and (ii) 

of ( c )  ho ld .  When G and H a r e  1-isomorphic 1-groups 

L 
we w r i t e  G = H .  

I 
Remark: C l e a r l y  i f  G i s  an  1-group and i f  H f s  a subgroup 

of G such t h a t  f o r  each XEH,  XVOEH t h e n  it fo l l ows  e a s i l y  

t h a t  H i s  a n  1-subgroup of G .  

Some elementary  p r o p e r t i e s  o f  1-groups.  

L (1 )  I n  any 1-group G ,  a d d i t i o n  is  d i s t r i b u t i v e  on 

meets and j o i n s .  That i s ,  i f a ,  x ,  y ,  bcG, t h e n ,  

a+(xvy)  = ( a + x ) ~ ( a + y ) ,  (xvy)+b = (x+b)v(y+b)  ( I )  

a+(xAy) = (a+x)  A(a+y),  (xAy)+b = (x+b) A(y+b) ( 2 )  

L(  2 )  I n  a n  1-group G ,  i f  a ,  bcG, t h e n  

aAb = - ( -av-b)  ( 3 )  

L( 3 )  A s  a r e s u l t  of ~ ( 2 )  t h e  mapping 8:G+G, de f ined  on 



an I-group G such l tha t  xe = a-x-n-5, a ,  b ,  XEG i s  a 

1-1  mapping such t h a t  f o r  x, ~ E G  with x l y  then 

x0ry0. Also Ff xemye then  t h i s  implies xry.  Such 

a mapping f s  sometimes termed a dual isomorphism. 

I n  any 1-group G ,  a-(xvy)  t b  = (8 -x+b)~(a -y+b)  (4) 

t h i s  follows f ~ o m  the  d u d  of ~ ( 2 ) .  

L( 4)  I n  any 1-group C, t h e  g e n e r a l i s a t i o n s  of ( I ) ,  

( 2 )  and ( 4 )  hold .  That i s  t o  say 

a+(Vxo)+b = ~ ( a + x ~ + b )  ( 5 )  

a+(Axo) +b = A (acxD+b) (6) 

a-(Vxo)+b = (a-xoib)  and dual ly  (7) I 

where o ranges over some f i n i t e  a r b i t r a r y  index s e t .  

Def in i t ion  0.4 

If a i s  an element of an 1-group, G, t hen  a+ = avo and 
I 
I 

- - 
a = aho; a* i s  c a l l e d  the  p o s i t i v e  p a r t  of a and a i s  c a l l e d  I 

I 
t he  negat ive p a r t  of a .  I 

Lemma 0 .5  

I n  any 1-group G ,  

Proof: I n  any 1-group, x-(avb)+y = (x -a+y)~(x-b+y)  f o r  

every a ,  x ,  y, ~ E G .  Therefore s e t t i n g  x = a and y = b ,  the  

r e s u l t  follows. 

Corol lary 0.6 

I n  a commutative I-group, G ,  a-tb = avb+aAb v a ,  beG. 



C o r o l l a r y  0 .7  , 

-k - I n  any 1-group G, Pya,@, a = a  +a . 

Proof:  For any  ~ E G ,  by s u b s t i t u t i n g  o  f o r  b f n  lemma 0 .5 ,  

t h e  r e s u l t  f o l l o w s .  

D e f i n i t i o n  0 .8  

I n  a n  1-group G, if ~ E G ,  t h e n  1 a \  - a b s o l u t e  v a l u e  of a = av -a .  

Theorem 0 . 9  

m a n  1-group C, b!aa~, (i) 1 a  120, moreover 1 a \  >o u n l e s s  a=o.  

(ii) a'A(-a)+ = o  

(iii) 1 a  1 = a+-a- = a v o - a ~ o  = avo+( - a )vo .  

P roo f :  See Bi rkhof f  ( I ) .  

Lemma 0 .10  

If G i s  a n  1-group,  l e t  G+ = { x a ~ : x z o ] .  Then G+ i s  t h e  

p o s i t i v e  cone ( o r  p a r t i a l  o r d e r )  on G. 

( i )  If u ,  v ,  w a ~ *  t h e n  uA(v+w) SuAvCuAw. 

( ii) If usG+ t h e n  f o r  any v ,  waC, uv(v+w) suvv+uvw. 

Proof : 

( i )  Since  u ,  v ,  WEG', t h e n  uA(v+w) EG+. Applying ( 2 )  of  

L( 1 ) , u ~ v + u ~ w  = ( UAV+U) A (  UAV+W) 

= 2 u ~ ( u + v )  ~ ( u - t - W )  A ( V + W )  

Now u ~ ( v + w ) l u ,  (v+w). Hence c l e a r l y  

uA(vfw)l2u,  u-tv, u+w, v+w. 



Thus u ~ ( v * w )  s(uhv)+(u+wb) .  

( i f )  Applying ( 1 ) of L( 1 ) , uVv+uVw = (uvv+u) v(uvv+w) 

= 2uv(u+v)v(u+w)v(v+w) 

S ince  uaG' and 2u,  (v+w) r (uvv)+(uvw) , t h e n  

u , v + w g ( u ~ v ) + ( u ~ w ) .  S ince  G i s  a n  1-group,  t h e  r e s u l t  

f ol l3ws .  

Lemma 0.11 

I n  a n  1-group G, ] a + b ] s \ a l  + l b / + l a l  f o r  eve ry ,  a ,  ~ E G .  

P roof :  I n  any  1-group G ,  1 a  = a f o r  each  asG. Hence 

l a l + I b ( + l a l  = / - a / + l b l + l - a 1  

= aVo+avo+bVo+-bvo+-avow0 

2-a.vo+(a+b) vo+( -b-a)  vo+avo by lemma 0.10 

= -avo+I a+bl +avo 

21 a+b 1 . 
S i m i l a r l y  it f o l l o w s  t h a t  ( a-bl 51 a1 + I  bl +I a1 . 

D e f i n i t i o n  0.12 S 

Two p o s i t i v e  e lements  a  and b  i n  a n  1-group G a r e  c a l l e d  

d i s . j o in t  ( deno t ed  a l b )  Tf and on ly  if ahb = o .  

Lemma 0.13 

I n  any 1-group G,  d i s j o i n t  e lements  a r e  permutable .  

P roof :  If a ,  b€G such t h a t  ahb = o ,  t h e n  c l e a r l y  

a+b = a-aAb+b = bva from lemma 0.5. But bva=avb=b-bAa+a-b+a. 



Thus a+b = b+a, 

Lemma 0.14 

Let  G be a n  1-group. If a ,  baG such t h a t  aLb, t h e n  

avb = a+b. 

Proof :  I f  a l b ,  t h e n  aAb = 0.  By lemma 0 . 5 ,  

avb = bVa = a - a ~ b + b  = a+b. 

D e f i n i t i o n  0.15 

A p .0 .  group,  G,  is Archimedean i f  f o r  a ,  ~ E G ,  nasb f o r  e v e r y  

i n t e g e r  n  imp l i e s  a  = o .  

The next  theorem which is  s t a t e d  wi thout  proof  i s  due 

t o  Holder.  The proof can be  found i n  Fuchs ( 8 ) ,  P.45. 

Theorem 0.16 , ( ~ o l d e r )  

An o-group i s  archimedean i f  and on ly  i f  i t  i s  o-isomorphic 

t o  a  subgroup of t h e  a d d i t i v e  group of r e a l  numbers w i t h  t h e  

n a t u r a l  o rde r ing .  Thus, a l l  t o t a l l y  o rde red  archimedean 

groups a r e  commutative. 

D e f i n i t i o n  0.17 

Let S be a t o t a l l y  o rdered  s e t .  Then a 1-1  o r d e r - p r e s e r v i n g  

mapping from S on to  S i s  c a l l e d  a n  o-permutat ion (automsphim) . 
Now c o n s i d e r  t h e  s e t  of  a l l  o-permutat ions  on a t o t a l l y  

o rdered  s e t  S. Th i s  s e t  i s  denoted by A ( S )  and i s  a n  

1-group under t h e  fo l l owing  o rde r :  



F o r  ~ E A ( s ) ,  l e t  f21exfzx  W X E S ,  where 1 = i d e n t i t y  

mapping on S. V e r i f i c a t i o n  tha t  A ( S )  i s  a n  1-group under  

t h i s  o r d e r  i s  r o u t i n e .  

D e f i n i t i o n  0.18 

Suppose G and H a r e  1-groups :  

The c a r d i n a l  sum o f  G and H deno ted  by G0H i s  t h e  d i r e c t  

sum o f  G and H w i t h  t h e  p a r t i a l  o r d e r  d e f i n e d  by 

( g , h ) r o a g 2 0  and h20 f o r  gcG, hcH. To v e r i f y  t h a t  W H  

i s  a n  1-group i s  r o u t i n e .  

The l e x i c o g r a p h i c  sum of G and H i s  t h e  d i r e c t  sum of  G 

and H w i t h  t h e  l e x i c o g r a p h i c  o r d e r  d e f i n e d  b y  

( g , h ) r o  e e i t h e r  h>o o r  h  = o  and $20. 

Then GxH i s  o r d e r e d  l e x i c o g r a p h i c a l l y  f rom t h e  r i g h t  

t- and t h e  l e x i c o g r a p h i c  sum i s  deno ted  by GxH.  S i m i l a r l y  

i f  o r d e r e d  l e x i c o g r a p h i c a l l y  from t h e  l e f t  we deno te  t h i s  
---P t- 

by GxH.  Again t h e  v e r i f i c a t i o n  t h a t  GxH i s  a n  1-graup 

i s  r o u t i n e .  



CHAPTER I 

I n  t h i s  c h a p t e r ,  t h e  b a s i c  r e s u l t s  r e l a t e d  t o  r e g u l a r  

and prime subgroups of a  l a t t i c e - o r d e r e d  group (1-group) a r e  

s t a t e d  and proved.  F i n a l l y ,  u s i n g  t h e  f a c t  t h a t  i f  C i s  a 

prime subgroup of a n  1-group, G ,  t h e n  G / C  is t o t a l l y  o rdered ,  

we d i s c u s s  r e p r e s e n t a t i o n s  of 1-groups a s  groups of o rder -  

p r e se rv ing  permuta t ions  on a  t o t a l l y  o rdered  s e t ;  t h e  main 

r e s u l t  be ing  t h e  Holland r e p r e s e n t a t i o n .  Unless.  o therwise  

mentioned, t h e  r e s u l t s  a r e  due t o  Conrad ( 5 )  and ( 6 ) .  

D e f i n i t i o n  1 . I  

A subgroup C of a n  1-group G i s  convex i f  f o r  any O<acC and 

Osxs-a t h i s  imp l i e s  X E C .  

D e f i n i t i o n  1 .2  

( a )  A subgroup C of a n  1-group G i s  upward d i r e c t e d  i f  f o r  

eve ry  a ,  bcC t h e r e  e x i s t s  ccC such t h a t  agc  and bsc .  

( b )  A subgroup C of an  1-group G i s  downward d i r e c t e d  i f  

f o r  eve ry  a ,  bcC t h e r e  e x i s t s  ceC such t h a t  c sa ,  csb .  

( c )  A subgroup C of a n  1-group G i s  d i r e c t e d  i f  it i s  b o t h  

upward d i r e c t e d  and downward d i r e c t e d .  

Lemma 1.3 

For  a  subgroup C of an 1-group G,  t h e  fo l l owing  a r e  e q u i v a l e n t :  
*- 

( I )  C i s  a convex 1 - subg~oup ;  

( 2 )  C i s  a d i r e c t e d  convex subgroup. of G; 



(3) C i s  convex and c V O E C  f q r  each ccC; 

( 4 )  Let K ( C )  = {C+g:gG], the  s e t  of r i g h t  cose t s  of C 

i n  G .  If we def ine  @+gsC+h t o  mean t h e r e  e x i s t s  ~ E C  

wi th  c+glh, then  t h i s  def ines  a p a r t i a l  order on R ( C )  

which i s  a l a t t i c e  with ( c + x ) v ( c + ~ )  = ~ ~ ( x v y )  f o r  

x ,  yeG and du.ally; 

(5)  I f  caC, geG and 1g121cI then gsC. 

Proof: 

( 1 ) * ( 2 ) .  Since C i s  a  convex 1-subgroup of G,  then f o r  

every a ,  bcC, avbcC and aAbeC. Hence C i s  d i r e c t e d  and 

convex. 

( 2 ) * ( 3 ) .  Since OcC, (3)  i s  t r i v i a l l y  implied by ( 2 ) .  

( 3 ) * ( 4 ) .  F i r s t  we show t h a t  the  order  def ined on R ( C )  i s  

a  p a r t i a l  order .  Since O E C ,  and f o r  each c + ~ E R ( c ) ,  O+gsg, 

then it follows t h a t  C+gSC+g and I i s  r e f l e x i v e ,  Consider 

C+gsC+h and C+hlC+g f o r  C+g, c + ~ E R ( c ) .  Then t h e r e  e x i s t  

c , ,  C ~ E C  such t h a t  cl+gSh and c2+hsg. Therefore c2ig-hi-c, .  

Since C i s  a convex 1-subgroup, then g-heC. Thus, 

C+g = C+h and so S is  antisymmetric. If now C+xsC+y and 

C+ysC+z, wi th  C+x, C+y, C + Z E R ( C ) ,  then  t h e r e  e x i s t  c , ,  c2aC 

such t h a t  c,+xSy and c2+ySz. Therefore,  

C2+C1+xsC2+y~z 

But c2+claC and s o  C+x<C+z and i s  t r a n s i t i v e .  Hence s a s  

de f ined  i s  a  p a r t i a l  order  on R( C )  . Clear ly  c + ( x v ~ )  i s  an 

upper bound f o r  C+x and C+y. Suppose now t h a t  C+grC+x, C+y. 

Then t h e r e  e x i s t  e l ,  c2cC such t h a t  cl+xsg and c2+y5g. 



That i s  x+c,+g and yr-%+g. By hypothesis and &om remark on page 2, PCEC 

such t h a t  - c , s c  and -c2Sc. Then x ,  ygc+g. Thus, xvysc+g. 

Hence -c+xVysg and s ince  -ccC, we g e t  C+xVysC+g and so 

C+xvy = (c+x) v ( c + ~ ) .  The dual  can be shown s i m i l a r l y .  Hence 

R ( C )  i s  a  l a t t i c e .  

(4 )*(5) .  I f  ceC and ga2 and ( g l r l c l ,  t hen ,  

gl h 1 c I . Thus c A - c ~ ~ S C V - C .  From 

= C+cA-cSC+g. But 

CVC = C. Thus C+g = C and geC. 

( 5 ) * (1 ) .  I f  O<aeC and OgxSa with XEG, t hen ,  x  = 1x1, a = l a (  
and I X I  a1 . From ( 5) , we have xeC and so  C i s  a  convex 

+ subgroup. I f  xeC, then 0 ~ 1  x+( = x+ 1 x  ( and so x  EC.  Theref o r e  

C i s  a  convex 1-subgroup of G. 

Corol lary 1.4 

I f  A ,  B ~ @ ( G ) ,  where @ ( G )  i s  t h e  c o l l e c t i o n  of a l l  convex 
I 

1-subgroups of an  1-group @ and i f  AGB, then  t h e  mapping 

A+x+B+x fo r  X E G  defines an l a t t i c e  homomorphism from R ( A )  onto R ( B )  . 
\ 

From t h e  d e f i n i t i o n  of t h e  p a r t i a l  order  on R ( A )  and 

R ( B ) ,  such a mapping i s  wel l  def ined.  Ti?o surJec t iveness  

follows s ince  AGB.  

Def in i t ion  1 .5 

A convex 1-subgroup C of an  1-group G i s  an 1 - i d e a l  i f  C 

i s  a l s o  a  normal subgroup of G. . 



Coro l l a ry  1 - 6  , 

Let  ME&(G) ,  where &(G) f s  t h e  c o l l e c t i o n  of a l l  1 -dea l s  of  G ,  

t h e n  t h e  canon ica l  mappfng of t h e  subgroups of G con t a in ing  M 

on to  t h e  subgroups of C/M fnduces a b i j e c t i v e  correspondence 

between t h e  convex 1-subgroups ( I - ideals)  of G con t a in ing  M 

and @(G/M)  ( r e s p e c t f v e l y  &(G/M))  

Remark: If i n  p a r t i c u l a r  C E ~ ( G ) ,  t h e n  i n  (5 )  of lemma 1.3, 

R ( C )  i s  ml -g roup .  

Nota t ion :  Consider aG '  and S a sub-semi-group of G" such 

+ t h a t  OES. Then we denote  t h e  sub-semi-group of G genera ted  

by S and a by <S,a>, Thus <S,a> c o n s i s t s  of a l l  elements of  

t h e  form ul+a+ug+a+. . *+u,- l+a+un2 u .  ES f o r  1 5 f i n .  
1 

Lemma 1 .7 ( C l i f f  o rd )  

+ If M i s  a convex 1-subgroup of a n  1-group G and i f  ~ E G  \M, 

t h e n ,  

+ 
C(M,a) = {XEG: lx lg  p f o r  some pea , a > ]  

i s  t h e  s m a l l e s t  convex 1-subgroup of G c o n t a i n i n g  M and a.  

If' a ,  beGC\M, t h e n  c ( M , ~ ) A c ( M , ~ )  = c ( M , ~ A ~ ) .  I n  p a r t i c u l a r ,  

when M = 0,  ~ ( a )  = {XEG: l x l i n a  f o r  some p o s i t i v e  i n t e g e r  n ] .  

Proof :  If x, yeC(M,a). than l x lhp  and Iylsq f o r  some 

p,  q e < ~ + , a > .  Applying lemma' 0. I I , we g e t  

( X - ~ I  ~1 X I  + I y )  + ( X I  g p + q + p ~ a + , a > .  Therefore  x - y e ~ ( M , a )  and 

s o  c ( M , ~ )  i s  a group.  N o w i f  l g l s l c l  f o r  ~ E G  and csC(M,a), 



then  t h e r e  e x i s t s  r c a + , a >  such t h a t  1 cl Sr. Thus ( g  1 h r  

f o r  r a a + , a > .  Hence ~ E C ( M , ~ )  and so c ( M , ~ )  i s  a convex 

1-subgroup conta.ining M and a and must be the  smal les t  such. 

Now, consider O < X E C ( M , ~ )  nC(M,b) . Then 

+ xsml+a+m2+a+. . .+mh- l+a+mn, mi"M , ? r i s h  and 

+ xgnl +b+n2+b. . .+nk- I +b+nk, n .EM , 1s j sk .  Thus 
J 

xi(m, +a+. . .+mh) A(nl+b+. . . +nk) . From Lemma 0.10, f o r  any 

U ,  V ,  WEG', UA(V+W)LUAV+UAW. Hence x i s  l e s s  than or equal  

t o  a sum of p o s i t i v e  elements of t h e  form m.An miAb, aAn 
1 j3 j ' 

anb, But a l l  such elements belong t o  c ( M , ~ A ~ )  hence 

c(M,a)flc(M,b) rc(M,anb) . To obta in  t h e  o the r  inc lus ion ,  

consider xe~(M,aAb) . Then xgml+aAb+m2+aAb+. . .+mr-l+aAb+mr, 

+ where micM , l < i S r = .  For each u, v ,  w,  EG', 

u+vAw = (u+v) A(u+w) . Therefore we g e t ,  

xL(m,+a) n(ml+b)+(m2+a) h(mg+b)+. . . + ( m y -  l+aln(mr-l+b)+mr. 

Therefore x~ml+a+m2+a+...+mr-l + +a+mre(M , a >  and a l s o  

xgml +b+m2+b+. . .+my- 
+ +b+rn,~<M ,b>. Therefore xec(M,a) nc(M,b) . 

This completes t h e  proof .  

Corol lary 1.8 

Let K = ~ { c E @ ( G ) : c ~ { o ] ] .  If K {O], then  G i s  an o-group 
/' 

and K is  t h e  convex 1-subgroup of G t h a t  covers zero. 

Proof: If K f { O ]  and G i s  not an 0-group, then t h e r e  e x i s t s  

a ,  baG such t h a t  a and b a r e  s t r i c t l y  p o s i t i v e  elements and 

anb = 0 .  Since ~ ( a ) ,  c ( ~ ) E @ ( G ) ,  t hen  

~ r C ( a ) n C ( b )  = ~ ( a ~ b )  = ~ ( 0 )  = {O]. This c o n t r a d i c t s  t h e  
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hypothesis .  Therefore G mus; be an  o-group. 

Corol lary 1.9 

If G does not  have a proper convex 1-subgroup, then  G is  

o-isomorphic t o  a subgroup of t h e  r e a l s ,  R .  

Proof: By c o r o l l a r y  1.8, G i s  an o-group with no proper - 
convex 1-subgroups. Consfder a,  beG such t h a t  nasb f o r  

n = 0, - + I ,  - +2, ... Then b @ ( a ) .  Hence ~ ( a )  i s  a convex 

1-subgroup of G and ~ ( a )  # G. Thus ~ ( a )  = {O') which impl ies  

t h a t  a = 0. Thus G f s  archimedean. Hence by Holderfs  theorem 

( ~ u c h  I s  p. 45)) G i s  o-f somorphic t o  an  a d d i t i v e  subgroup 

of t h e  r e a l s .  

D e f f n i t i o n ,  1 , I 0  

A convex 1-subgroup M of G i s  c a l l e d  ,regular i f  t h e r e  e x i s t s  

gcG such that M i s  maximal with r e spec t  t o  not conta in ing  

g ,  and i n  t h i s  case M i s  s a i d  t o  be a va lue  of a;. 

&ernma 1 . 1 1  

Each convex 1-subgroup ofan 1-group G i s  t h e  i n t e r s e c t i o n  of I 

r egu la r  convex 1-subgroups of G. Each 0 # geG has at  l e a s t  

one value.  

proof: Let C E @ ( G ) .  Let geG\C. By Zornls  lemma, ~ M E & ( G )  such - 
t h a t  M is maximal with respect  t o  conta in ing  C and not  con- 

t a i n i n g  g. For,  consider CI = C S : S ~ ( G ) ,   SIC]. Let 

&a, L = { s i : i e l ]  



l i n e a r l y  ordered by  s e t  inc lus ion .  Then, g# U Si2C and 
i€I 

U s%E@(G)  by t h e  l i n e a r  ordering.  Therefore U Si i s  an 
?LEI i ~ 1  
upper bound of ;e i n  a and so  by Zornls  lemma, 0 has a  maximal 

element. Let M be a  maximal element of a. Then M i s  
€5 g  

r egu la r  and i s  a value of geG\\C. Now consider  t h e  s e t  of 

a l l  such M,, t h a t  i s  {M *DEG\C). Then, CEM f o r  each gaG\C 
0 g a =  g  

implies t h a t  C.~fl[M,:geG\~]. If  X&{M :gaG\C3, then xaMg f o r  
t3 €5 

each ~ E G \ C .  Thus X#G\C and so  xsC. Hence, 

cc and so n [ ~  : g s G \ ~ ]  = C.  ~ [ M ~ : ~ E G \ c ) -  g 

Def in i t ion  1 . I 2  

An element a of a l a t t i c e  L i s  c a l l e d  meet i r r e d u c i b l e  i f  

a  i s  not t h e  g r e a t e s t  element i n  L and i f  a < ~ b b ( b a ~  and b>a) .  

This i s  more r e s t r i c t i v e  than  t h e  usual  concept of f i n i t e  

meet i r r e d u c i b l e  ( b ,   EL, b>a, c>a*bhc>a) . 

Theorem 1 . I3  

Let M E @ ( G ) ,  then  t h e  fol lowing condit ions a r e  equivalent :  

M i s  r egu la r ;  

There e x i s t s  M*G(G) such t h a t  MGM* and M* i s  contained 

i n  every convex 1-subgroup of G t h a t  properly contains  M; 

M I s  meet i r r e d u c i b l e  i n  @ ( G )  which i s  a l a t t i c e  under 

s e t  inc lus ion .  

I f  MdG,  then  each of t h e  above condit ions i s  equivalent  

G/M is  an  o-group with a  convex 1-subgroup t h a t  covers 

zero.  



Proof: , 

( 1 ) * ( 2 ) .  Suppose M is a regu la r  convex 1-subgroup and l e t  

M be a value of g&, Let M* = ~ { C ~ ~ ( G ) : M C G ] .  Then M*E@(G) 

and M*'C f o r  every CE{CE@(G):MCT]. Since M i s  r egu la r ,  f o r  

every CE{CEG(G):MCC], g ~ @ .  Thus ~ E M * \ M  and so Ma*. 

( 2 ) * ( 3 ) .  We have t h a t  M*E@(G) such t h a t  McM* where 

M* = n{Cc@(G) :MGC]. It follows immediately from Def in i t ion  

1.13 t h a t  M i s  meet i r r e d u c i b l e  Ln @ ( G ) .  

(3)*(1) .  By lemma 1 . 1 1 ,  M i s  the  f n t e r s e c t l o n  of r egu la r  

convex 1-subgroups of G. So, i f  M i s  meet i r r e d u c i b l e ,  then 

M must be r e g u l a r ,  

( 4 ) * ( 2 ) .  If MAG, then  ME&(G)  . Assuming ( 4 1 ,  l e t  K = M*/M 

be t h e  convex 1-subgroup of G/M t h a t  covers zero.  Then, 

M*E@(G) such t h a t  McM* and $ICE@(@) such t h a t  McCeM*. Thus, 

M* i s  contained i n  every convex 1-subgroup of G t h a t  contains  

M .  
I 

( 2 ) * ( 4 ) ,  I f  M s a t i s f i e s  ( 2 ) ,  then M*/M = ~~{c /M:cE@(G) ,  MCC]. 1 

Since MCM*, M*/M f l  M/M. By Corol lary 1.8, G/M i s  an o-group 

and M*/M i s  t h e  convex 1-subgroup which covers t h e  zero.  

Corol lary 1.14 

I f  M i s  a r egu la r  convex 1-subgroup of G and a ,  ba2\M then  

~ A ~ E G ' \ M .  

Proof: From lemma 1.7, c(M,aAb) = c(M,a)f l@(~,b)cM.  Since 

M i s  r egu la r ,  Z M * ~ ( G )  such t h a t  McM* and M*W f o r  every 

CE{CEG(G) :McC]. Thus, C(M,aAb) = c ( M , ~ )  ~ I c ( M , ~ ) ~ M * .  I f  



aAbcM, then  M - ? ( ~ , a r \ b ) ; l ~ *  w h k h  implies  t h a t  M = M*. 
$4 

This i s  impossible. So a ~ b j i ~  and aAbcG \M. 

I n  t h e  fol lowing theorem, t h e  not ton of a  prime 1-subgroup 

i s  introduced and a number of equivalences proved. The 

equivalences (49 ,  (59, and (6) have been proved by Holland 

while those of ( 1 ) , ( 3 Q ,  ( 4 )  and (8 )  have been proved by 

Johnson and Kis t  ( 12),  

Theorem 1.15 

Let ME@(G) then  t h e  following a r e  equiva lent :  

I f  AnBcM where A ,  BE@(G)  then  AEM or  BGM; 

I f  M c A  and McB where A ,  BE@(C) t hen  McAnB; 

I f  a ,  ~ E G + \ M ,  then a ~ b e ~ + \ ~ ;  

I f  a,  bf&\M, then aAb>O; 

The l a t t i c e  P ( M )  of r f g h t  cose t s  of M i s  t o t a l l y  ordered; 

The convex 1-subgroups of G t h a t  conta in  M form a chain; 

M i s  the i n t e r s e c t i o n  of a chain of r egu la r  convex 

1-subgroups. 

If MAG, then  each of  t h e  above i s  equiva lent  t o  

G/M i s  an o-group. 

Proof: 

( 1 ) 3 ( 2 ) .  If M C A  a n d M c B f o r A ,  B E @ ( G ) ,  thenMEA!lB. 

I f  M = AnB, then  from ( I ) ,  A = M or  B = M. This con t rad ic t s  

t h e  hypothesis  and so McAnB, 

( 2 ) * ( 3 ) .  I f  a ,  beG+\M, then C ( M ,  a ~ b )  = c ( M , ~ ) ~ c ( M , ~ ) = M  

s ince  M ~ c ( M , ~ )  and M C C ( M , ~ ) .  Thus aAb@ and s o  aAbf~+\M. 



( 3 ) * ( 4 ) .  This  fo l lows  t r i v i a l l y .  

( 4 ) * ( 5 ) .  Consider M+a, M + ~ E ~ ( M )  w i t h  a ,  bG\M. Then 
- - 

a = Z-taAb, b = c+aAb where aAb = s f o r  t h e n ,  
- - - - 

aAb = ( ~ + a A b ) A ( & - a A b )  - aA'fj-taAb = anb. S ince  aAb = o, from 
- - 

( 4 ) ,  aEM o r   EM. Suppose acM. Then M-ka - M+aAbsM+b. S i m i l a r l y ,  

i f  EEM, t h e n  we g e t  M4-ba43-a and s o  tt fo l lows  t h a t  @ ( M )  i s  

t o t a l l y  o rdered ,  

( 5 ) * ( 6 ) .  A s s m e  ( 5 )  t hen  suppose t h a t  t h e  convex 1-subgroups 

of G c o n t a i n i n g  H do no t  form a chakn. Then, B A , B E ~ ( G )  

such t h a t  McB and A \ ( B .  Consider o<acA\B and o<bcB\A. Then 
- - 

we can w r i t e  a = a+aAb, b - E % a ~ b  where aAb = o. S ince  

? ( M )  i s  t o t a l l y  o rdered ,  w e  have s a y  M+KSM+E. Thus 
- - 

M = M+aAb = (M+;) A ( M + ~ )  = M+Z and s o  But BG(G)  

and o<aAbsB. There fore  a = > a / \ b ~ ~ .  Thfs c o n t r a d i c t s  t h e  

hypo thes i s  s o  AKB. 
( 6 ) * ( 7 ) .  Th is  fo l l ows  immediately from lemma 1 . 1 1 .  

(7)=3( 1 ) . Asswne ( 7 )  and suppose t h a t  3A, BE@(G) such t h a t  

AnBGM, A$M and B$M. Let h i : i o l ]  be  a cha in  of  r e g u l a r  ( , 

convex l -subgroups  of G such t h a t  M = fl M , .  Choose a f A C \ M  
L E I  I 

and ~ E B + \ M .  Then 3 j ~ I  such t h a t  a ,  b { ~ ~ ,  t h a t  i s ,  a ,  beG?'\MS. 

By C o r o l l a r y  1.14,  ~ . A ~ E G * \ M ~ ,  b u t  A ~ B G ( G )  and s o  

o<aAb cAnB'M'M This  y i e l d s  a c o n t r a d i c t i o n .  Hence AnBEM 
3. 

imp l i e s  AGB o r  BGM. F f n a l l y ,  i f  M 4 ,  (5 )  and (8)  a r e  obvlowsly 

e q u i v a l e n t .  

D e f i n i t i o n  1.16 

A convex 1-subgroup of a n  1-group G which s a t i s f i e s  any of 



t h e  c o n d i t i o n s  ( I )  through ( 7 " )  tn t h e  p reced ing  theorem i s  

c a l l e d  prime,  

The above d e f i n i t i o n  i s  c e r t a i n l y  e q u i v a l e n t  t o  t h e  

fo l lowing:  An 1-subgroup M of G L s  prirne i f  whenever a,Ab = o  

where a ,  ~ E G  t h e n  a m  o r  bcM. T k i s  d e f i n i t i o n  i s  analogous 

t o  t h e  r i n g  t h e o r e t i s  def i n i t i o n  of prime i d e a l s  "An i d e a l  

I of a  r i n g  R i s  prime i f  a b c I * a ~ I  o r  ~ E I " .  

Remarks ( 1 ) It fo l lows  immediately from c o r o l l a r y  1.14 and 

(3 )  that every  r e g u l a r  convex 1-subgroup i s  prime. 

( 2 )  From condf t fon  ( & ) ,  it fo l lows  t h a t  t h e  p a r t i a l l y  

o rdered  s e t  of prirne subgroups of G i s  a  r o o t  system. [A 

p .0 .  s e t  D i s  a r o o t  sys tem i f  f o r  each bed, { a ~ o : a z ~ ]  i s  

t o t a l l y  o rdered] ,  

( 3 )  From c o n d i t i o n  ( 7 ) , t h e  i n t e r s e c t i o n  of a maximal 

cha in  of r e g u l a r  subgroups is a  minimal prfme subgroup. Thus 

every  prirne subgroup c o n t a i n s  a minimal prime subgroup. 

( 4 )  Every 1-automorphism IT of G induces  a n  1-automorphism 

on t h e  l a t t i c e  @ ( G )  and s o  a l s o  on & ( G ) ,  If M i s  a prirne 

subgroup ( r e s p e c t i v e l y  r e g u l a r ) ,  t h e n  Mn i s  a l s o  prime 

( r e s p e c t i v e l y  r e g u l a r )  . 
( 5 )  The prime convex 1-subgroups of a n  1-group G can 

be used t o  r e p r e s e n t  G a s  a  group of o-permutations of  a 

t o t a l l y  o rdered  s e t .  The r e p r e s e n t a t i o n  of 1-groups i n  t h i s  

manner i s  due t o  @. Holland ( 10) and i s  d i s cus sed  l a t e r .  



Definition 1.17 , 

A subgroup H of a direct sum of groups ITG is a subdirect sum A 
of nGA if for any x xC- 9cfH having x for its component in X A X 

GA. 
That is to say, the prcjection IT :H-"GX is surjective. A 

Definition 1,18 

An 1-group G is representable if there exists an 1-isomorphism 

o of G onto a subdirect sum of nG where each GX is an o-group. X 
The pair (o,nGh) is called the representation of G. 

Definition 1.19 

A group @ is an 0-group if G admits at least one total order. 

Example: All, free groups are 0-groups (~eumann ( I  7) ) . 

Elementary properties - of representable groups 

~ ( 1 )  If a is an I-isomorphism of G into TK where each X ' 
K is an o-group, then (o,nGh) is a representation of G with h 

Gh = prAGo. [pr Go denotes the hth projection of GO]. A 

Proof: Since o is an 1-isomorphism and each K is an o-group X 
for each X, then pr Go = GX is an 1-subgroup of Kh for each X X 
and hence is an o-group. Also, TTG is an 1-subgroup of ITK~ h 

and hence ( o , n ~ ~ )  is a representation of G o  

~ ( 2 )  Every 1-subgroup of a representable 1-group is repre- 

sentable. Every cardinal sum of representable 1-groups is 

representable. , 



Proof: Let J e a r e ~ r e s ? n t a b l e  1-group. L e t  ( 0 , l - r ~ ~ )  be a 

rep resen ta t ion  of G ,  Lnt H be aKy l-subgroup of G. Consider 

J:H+G, t h e  inc lus ion  mapping. Then j i s  an 1-isomorphism of 

H i n t o  G. Hence, Jo:H+nDA i s  a ?  1-isomorphism i n t o  nG A '  BY 
P( I ) ,  s i n c e  each S is an  o - g r o q ,  ther-(2o,nH ) 1s  a repre-  

X A 

s e n t a t i o n  o r  H with HX = p r A ~ ( j o ) .  It i s  easFly shown t h a t  

a  c a r d i n a l  sum of representable I-groups i s  representable ,  

f o r  f f  A and B a r e  representabi.e 1-groups with r ~ p r e s e n t a t i o n s  

o a A  ( D ~ , I T B ~ )  r e spec t ive ly ,  then  ( ~ ~ ~ o ~ , n ~ ~ ~ r r ~ ~ )  i s  a 

rep resen ta t ion  of A@B, t he  c a r d L ~ ~ , l  sum of A and B. 

( ~ 3 )  A group G (no t  ordered) admits t h e  s t r u c t u r e  of a 
t 

representable  group i f  and only i f  it i s  an 0-group. 

 roof:(+) If G is sn 0-group, G can be t o t a l l y  ordered and 

s o  admits t h e  s t ruc , tu re  of a  r ep resen tab le  group. 

( )  If G i s  r ep resen tab le ,  l e t  ( 0 , I - r ~ ~ )  be a  r ep resen ta t ion  

of G .  Defina a well-order on A and then def ine  a  lex icographic  

order  on nGA as f oliows : g = ( . . . , g h ,  . ) >0 i f  g  >O where h A 
1 
\ 

f s  t h e  smal l e s t  index fn  the  wel l-ordering of A .  This d e f i n e s  

a  t o t a l  order  on nGA and s o  on Go and s i n c e  o i s  ar. isomor- 

phism, then G must be a n  0-group. 

~ ( 4 )  G i s  representable  if and only i f  it admits a c l a s s  of 

prime normal subgroups whose i n t e r s e c t i o n  i s  lo  1. 

Proof: (-e=) Let [M :XcA'j be a  c l a s s  of prime normal subgroups A 

whose i n t e r s e c t i o n  i s  [o ) .  Then ( o ,  n G / M ~ )  i s  a  representa t ior?  
XeA 

of G where o:G+ n G/MA i s  defined by go = ( .  . . ,MX+g,. . . ) .  
XeA 



Indeed,  from theorsm 1.15, each G / M ~  i s  a n  o-group. If 

g o  = o where o denotes  the ze ro  f o r  n G / M ~ ,  t hen  M +g = M 
A E A  h h 

f o r  each LEA. That 1s ~ E Y $  f o r  eve ry  heA. Bvt 

fl MA = [ o ]  by hypo thes i s  and s o  g = o.  Thus a f s  i n j e c t i v e ,  
AEA 

( o,rrG/~ ) is s r e p r e s e n t a t i o n  of C .  X 

( )  L e t  ( 0 , r r ~  ) be a r e p r e s e n t a t i o n  of G .  If IT i s  t h e  
X h 

p r o J e c t i o n  of ITG on to  @ theri, 
h A '  D S I T ~  i s  a n  1-homomorphism 

of G onto  G 1" 

Let  Ker o m  = M A .  A 

Then Mh-aGe If 

a ,  ~ E G \ M ~  t hen  

a (  oen ) , b (  aorrX) E G ~ .  But F f s  an  o-group and s o  a (  wonh) and 
h h 

b ( o 0 n h )  a r e  comparable. Thus, MX+a and Mh+b a r e  comparable 

f o r  every  a ,  b G ,  There fore  G/M i s  an  o-group and s o  M i s  
h X 

prtme.  Also t h e  diagram below commutes. 

where 

and 8 

canonf c a l ,  

Hence n MXcKero = { o )  s i n c e  o i s  a n  isomorphism. Thus 
hcA 

{M ;hcA] i s  t h e  r equ f r ed  f ami ly  of prime normal subgroups of 
X 

G. 

Theorem 1.20 

For an  1-group t h e  fo l l owing  a r e  e q u i v a l e n t :  

( 1 )  G i s  r e p r e s e n t a b l e ;  

( 2 )  G admits  a famf ly  of normal prime subgroups whose 



L n t e r s e c t i o n  is go]; 

a~[-xfa- t -x)  = o * a = o a, x G ;  

a ,  b ,  XEG,  ahb - o * ah(-x+b+x) = o; 

The i n t e r s e c t i o n  of a l l  conjugE&es of a prime subgroup 

i s  prime; 

Every minimal prima subgroup is normal; 

The con juga t e s  of a prime subgroup of G a r e  comparable; 

Every r e g u l a r  i - i d e a l  of G i s  a prime subgroup. 

1 - i d e a l  L of G i s  r e g u l a r ,  i f  t h e r e  e x i s t s  gaG such that 

L i s  maximal among t h o s e  elements of L ( G )  which do n o t  c o n t a i n  

g)  '4 

Remark; The equ iva lences  of ( I ) ,  (3)  and ( 4 )  a r e  due t o  

Lorenzen, t h e  equ iva lence  of ( 1 ) and ( 6) due t o  S ik ,  ( 1 ) , ( 6 )  

and (7) due t o  Byrd and ( 1 ) , (8)  due t o  Conrad. 

Before p roceed ing  w i t h  t h e  proof of t h e  theorem, two 

lemmas on con juga te  subgroups of 1-groups a r e  s t a t e d .  The 

proofs  a r e  r o u t i n e  and a r e  no t  inc luded .  

Lemma 1.22 

X 
If MED(G)  and if, f o r  XEG, M denotes  t h e  con juga te  subgroup 

of M w i t h  r e s p e c t  t o  x ,  t h e n  ~ E G ( G ) .  

Lemma 1 .22 

If  M i s  a prime 1-subgroup of G ,  t h e n  f o r  any xeG, I?? is 

a prime 1-subgroup of G.  



Proof of theorem 2.20:  , 

(l)a(2) has already  beer^ dstablished (see ~ ( 4 )  preceding the 

theorem). 

( I )  If G is an o-group, (3) follows immediately since 

if an(-x+a+x) = 0, eit.her a =o or -x+a+x = o which implies 

that a = o. Thus, an (-x+a+x) = o =. a = ova, xeG. If G 

is a cardinal sum of o-groups, the result follows easily by 

considering components. Simflarly, the result follows if G 

is a subdirect sum of o-groups, Hence, if.-G 1s representable, 

let (a,n-G ) be a representation, and suppose a~(-x+a+x) = o 
h 

I 

for a, xeG. Then, aaA(-x+a+x)a = o * aa = o because aa is an 

element of the subdirect sum of nG X" Therefore a = o since 

a is an l-isomorphism. 

(3)3(4). Suppose anb = o. Then a, b2o. Bence, -x+b+x, 

x+a-xzo VxG, T3us an( -x+b+x) ~(x+a-x) nb - o . Let 

g = an-x+b+x, Then x+g-x = x+[an(-x+b+x) ]-x 

Therefore gAx+$-x = an(-x+b+x)n(x+a-x)nb = o. From (3) 

this implies that g = aA(-x+b+x) = o, 

X (4)*(5). Let M be a prime subgroup of G. Let J = fl M = 
XEG 

intersection of all conjugates of M e  Then JAG and JE@(G), 

for, if MEC(G) then, for all xaG, $E@(G) by lemma 1.21. 

Thus JE&(G). To show that J is prime, we argue by contradiction. 

Suppose J is not prime. Then 3 a, baGf\J such that aAb = o. 

Consider that for some b&$. Then since aAb = o, 

a~-g+b+g = o for all ~ E G  (from (4)). By lemma 1.22, IV? 

is prime since M is prime. Therefore ( M ~ ) ~  = -g+$+g is 



x+g a l s o  a prime 1-subgroiip and,  s i n c e  bjd?, -g+b+g#~ 

Thereyore aa&fYige Th!rs a f  fl = J" This  i s  a 
g EG 

c o n t r a d i c t i o n .  There fore  J i s  a prime 1-subgroup of G. 

( 5 ) 3 ( 6 ) .  From (51, every  mfnfmal prime subgroup must be 

t h e  i n t e r s e c t i o n  of a l l  i t s  con jug3tes  and hence must be normal, 

t M be a prime subgroup of @. Let  M be 

a minimal prime subgroup contafned i n  N o  Then, 

VgeG, M - -g+M+gG-g+M+g. S ince  M i s  prlme,  t h e  convex 'r 

1-subgroups contaLning M form a cha in .  Hence N and -g+N+g 

must be comparable. 

(7)3(8). Let  MEZ(G)  such t h a t  M ,is maximal among t h e  elements 

of  d ( ~ )  which do n o t  con ta fn  acG, ( M  i s  a r e g u l a r  1 - i d e a l  of 

G . )  Then 3 a v a l u e  N of a such t h a t  MEN. Let  T = fl 3. 
XEG 

Then MGT.  But T & ( G )  and a # ~ * a j d ~ .  S ince  M i s  maximal i n  

&(G)  w i th  r e s p e c t  t o  not  con ta in ing  a ,  t h e n  TsM. Thus M = T .  

But,  from ( 7 )  eve ry  conJugate of a prime subgroup of G i s  

comparable, There fore  T i s  t h e  i n t e r s e c t i o n  of a cha in  of 

r e g u l a r  subgroups and s o  i s  prime. HenceM i s  prime. 

( 8 ) * ( 2 ) .  Le t  8 be t h e  f ami ly  of a l l  r e g u l a r  1 - I d e a l s  of G .  

Then by (8), each  M ~ m i s  a prime subgroup. Also,  fl M = [ o ]  
Me m 

and s o  ( 2 )  i s  sat isf  fed .  

Coro l l a ry  1.23 

Every commutative 1-group i s  r e p r e s e n t a b l e .  

Proof :  T h i s  f o l l ows  immediately from c o n d i t i o n s  ( 4 )  of 

theorem 1.20. Fo r ,  i f  G i s  a commutative 1-group,  t hen ,  



Va, b, XEG, aAb = o=mA(b+x-x) = o*aA-x+b+x = o. Hence G 

is representable, 

Corollary 1.24 

If G is representable and CGZ(G) then G/C Es representable, 

 hat Is a homomorphfc image of a representable 1-group is 
representable), 

Proof: Using condit,ion (4) of the theorem, suppose 

C+a, C+~EG/C such that C+anC+b - C+aAb = C, We can write 
- - 

a = anb+x, b = aAb-6 where ahb -' o, Then, 

C+a~-(~+x)+(~+b)+(C9x> = (~+a~b+g) A(C-x+b+x) 

= ( Wanb-kz) A( ~-x+anb-+~+x) 

- c+~Ac-x+~+x ( since anb EC&) 

= c+(~A-x+~+x) = C, 
- - 

This follows from (4) since aAb = o*%-x+F+x - o, G being 
representable. Thus G/C is representable. 

Corollary 1.25 

Let G be a representable group, M a regular subgroup of 6, 

M* the convex 1-subgroup of G which covers M. Then the 

normaliser of M in G is also that of  in partfcular, 
M&* and M*/M is o-isomorphic to a subgroup of the real 

numbers). 

Notation: For a group G and M or subgroup of G, denote the 

normaliser of M in G as N (M). Then N (M) = {~EG:~+M-~GM]. G G 



Proof :  S ince  M%- covers  M ,  t hen  N ~ ( M ) G N , ( M * ) .  Consider 
LT 

~ E N ~ ( M * ) .  Then -a+M*i j .  = M X ,  f o r  M % N ~ ( M * ) .  By c o n d i t i o n  

(7) of theorem 1.20, every conjuga te  of a prime subgroup i s  

comparable. Hence s i n c e  M i s  r e g u l a r ,  M i s  prime and so  

e i t h e r  - a i M + a G M  o r  MG-a+M+a. If. -aCM+ar;M, t h e n  aeNG(M). 

Now c o n s i d e r i n g  t h e  second ca se ,  w e  g e t  MG-a+M+ac-afM*+a = M*. 

S ince  MX covers  M ,  t hen  M = -a+MM. and s o  a e N G ( ~ ) .  Hence 

N ~ ( M )  = N ~ ( M * )  a s  r e q u i r e d .  

Remark: It fo l l ows  from c o r o l l a r y  1.25 above t h a t  i f  M i s  

a maximal convex 1-subgroup of a r e p r e s e n t a b l e  group G ,  

t hen  M&. To s e e  t h f s ,  observe t h a t  by c o r o l l a r y  1.25, 

N ~ ( M )  = N ~ ( G )  = G. 

The Holland r e p r e s e n t a t i o n  of an  1-group a s  a  group of 

permutat  i o n s  

Lemma I .26 

Let  G be  a n  1-group and C a  prime convex 1-subgroup of G .  

If we d e f i n e  a mapping n from G i n t o  t h e  group of a l l  

permutat ions  of P ( C )  such t h a t  ( ~ + x ) g n  = C+x+g where 

x,geG, t h e n  f o r  each geG, ~ ~ E A ( P ( c ) ) .  Also n i s  a n  1-group 

homomorphism from G i n t o  A ( ~ ( c ) )  = t h e  1-group of o - p r e s ~ r v i n g  

permutat ions  of P ( C )  . 

Proof :  By theorem 1.15, s i n c e  C i s  a prime convex I-subgroup 

of G, 4 ( ~ )  i s  t o t a l l y  o rdered .  To show t h a t ,  f o r  each gcG, 



( c+x) gn=( Cd-y) gn, then  C;.+xag=C+y+g. Hace C+x = C+y and gn 

i s  i n j e c t i v e .  For any C + X E R ( C ) ,  C+x = C+x-g+g = (c+x-g)gn. 

But C + X - ~ E R ( C )  and s o  gn i s  s u r j e c t i v e .  gv i s  order-preserving 

s ince  if C+xgC+y f o r  C+x, c + ~ G Q ( c ) ,  then  3 c ~ C  such t h a t  

c+xSy. Hence c+x+ggy+g and so C+xSgIC+y+g. That i s  

(~+x)gn~(C-t-y)gl-r. Thus ~ ~ E A ( R ( c ) ) ,  To show t h a t  n i s  an 

l-group homomorphism, consider g ,  ~ E G .  For any 

c+xE?(c) ,  (c+x) (g+h)n = @+x+g+h = (C+x+g)hn = ( ~ + x ) g n h n .  

Thus (g+h)n = gnhn and n i s  a group homomorphism. Wow, i f  

1 i s  t h e  i d e n t i t y  f n  A ( ? ( C )  ) , w e  must show t h a t  f o r  any ~ E G ,  

gnVl = ( g v o ) ~ .  Take any ( C+X) EP( C )  . Then 

( C+X) ( gl-rv 1 ) = c+x+gvc+x = c+(x+g) vx = c+x+( gvo) = ( c+x) ( gvo) n . 
Thus gnVl = (g~0) l - r .  The dual  i s  shown s i m i l a r l y .  Hence n 

i s  an l-group homomorphism. 

Remark ( 1 )  : Gn i s  t r a n s i t i v e  on P ( C ) .  To see t h i s ,  con- 
L 

i t  

s i d e r  any Ctx, c + ~ E ~ ( c )  and no t i ce  t h a t  @+y = C+x-x+y , 

= (c+x)(-x+y)n. 

Thus Gn i s  t r a n s i t i v e  on ?(c). 

( 2 )  Ker n = fl -x+C+x, To see  t h i s ,  consider geKer n .  
XEG 

Then (C+x)grr = C+x V C + X E ~ ( C ) .  Then C+x+g = C+x and so  

x+g-XEC. Therefore, g~-x+C+x VXEG and s o  Kernc fl -x+C+x, 
XEG 

If g~ r l  -x+C+x, then ,  xzG, 3cxeC such t h a t  g = -x+cx+x, 
XEG 

and s o  (c+y)gl-r = (C+y)(-y+c +y)n f o r  any C+ycG. Therefore, 
Y 

( c+y) gn = C+c +y = C+y. Thus gcKern and Kern = n -x+C+x. 
Y XEG 

(3)  If i n  a d d i t i o n  C a G ,  then CE&(G)  and the  diagram 

below commutes: 



where 6 i s  t h e  canonfca l  I-homomorp?.,i.sm, i t h e  f d e n t i t y  

mapping, G/CWC;TT and n* i s  de f ined  by (C+g)n* = grr. C l e a r l y ,  

if CAG, G/C i s  a n  o-group. Also,  f o r  any x ,  g ~ @ ,  

(@+x)  ( ~ + g ) r r *  = ( ~ + x ) g & r r *  = ( ~ + x ) g r r  and t h e  diagram commutes. 

Theorem 1.27 ( ~ o l l a n d )  The main embedding theorem. 

An 1-group G i s  1-isomorphic t o  a s u b d i r e c t  sum of n 5  where 

each Kh i s  a t r a n s i t i v e  1-subgroup of t h e  1-group of a l l  

o-permutat ions  of  a  t o t a l l y  ordered s e t  T h o  

Proof :  L e t  ?ll = {ME@(@):M a  minimal prime subgroup of G I .  

Then, f o r  Mep, @/M = p(M) i s  t o t a l l y  o rdered .  From lemma 1.26,  

n~ :G+A(R(M)) i s  a n  1-homomorphism and GnM i s  t r a n s i t i v e  on R ( M ) .  

So, d e f i n e  cp:+ I-T A ( R ( M ) )  such t h a t  gcp = ( . . . , gnM,.  . . ) . Then 
M m  

cp f s  a n  1-homomorphfsm. cp f s  a l s o  i n j e c t i v e ,  f o r  s i n c e  each 

Men i s  a  minimal prime subgroup, then M = n MX. Thus 
XEG 

M = Ker rr M *  Also,  f o r  any g ,  ~ E G ,  gcp = hcp-grr M = hnM, VMeR 

@(g-h)  E Ker nM=M, VMER 

e ( g - h ) ~  n M 
MeR 

But n M = {o]  = i n t e r s e c t i o n  of minimal prime subgroups of G .  
Men7 

Therefore  gcp = hcpog = h .  Thus cp i s  an  1-isomorphism of G 



i n t o  IT A ( R ( M ) )  and t h e ~ f ~ r e  f u l f i l l s  t h e  condf t i ons  of t h e  
McR 

theorem. 

Remark ( 1 ) : For t h e  c l a s s  of minimal prime subgroups of  

one can t a k e  any c l a s s  of prime s u b g r o u p  of 3 having as 

t h e i r  i n t e r s e c t i o n  {o] .  

( 2 )  If G i s  r e p r e s e n t a b l e ,  t h e n  every  mfnimal prime 

subgroup of G i s  normal. Hence t h e  diagram below commutes. 

where t j M : e ~ / M  i s  t h e  canon ica l  1-homomorphism, i t h e  i d e n t i t y  

map, cp t h e  mapping def ined  i n  theorem 1.27, and cp* def ined  5y Y 

2 

( .  . ., M+g,. . . ) cp*  = ( .  . . , ( M + ~ ) I T + ~ , .  . .) where I T * ~ : G / M - A ( R ( M ) )  i 

I i s  de f ined  by ( M + x ) ( ( ~ + g ) n * ~ )  = M+x+g as i n  remark 3 fo l lowing  

lemma 1.26. It -is immediate from that,  remark t h a t  t h e  diagram 

commutes. 

Theorem 1 .28 ( ~ o l l a n d )  

Every 1-group i s  1-isomorphfc t o  a n  1-subgroup of A ( T )  

where T is a t o t a l l y  ordered s e t .  

Proof:  Let  R = { M E ~ ( G )  :M a minimal prime subgroup of G ] .  
-c..l 

Define a w e l l  o r d e r  $ on R. Let T = {M+X:MER, xeG]. Define 



a p a r t i a l  o r d e r  2 o,? T such t h a t  M+xlN-+y If M<N or  i f  M - N 
and M+x<Md-y. Then (T,s) i s  a  t o t a l l y  o rdered  s e t .  Now, 

f o r  each g G ,  d e f i n e  go a s  fo l lows :  

(M+x) ga = Mex+g. 

Then a s  f n  lemma 1.26, it i s  e a s i l y  v e r i f  fed  t h a t  o i s  a n  

1-isomorphism of G i n t o  A ( T )  . 
The f o l l o w i n g  theorem, a r e fo rmula t i on  of theorem 3 

i n  Holland ( 10) answered t h e  q u e s t i o n  %%at 1-groups a r e  

t r a n s  it i v e  groups of automorphisms of t o t a l l y  ordered s e t s ? ' "  

Theorem 1.29 

For a n  P-group G,  t h e  fo l l owing  c o n d i t i o n s  are equ iva l en t :  

( 1 )  3 a n  I-isomorphism ~ : C + A ( T )  where T i s  a  t o t a l l y  ordered 

s e t  such t h a t  Go 2s t r a n s i t i v e  on T; 

( 2 )  3 a  prime 1-subgroup C oQ G such t h a t  { o ]  is t h e  on ly  

normal subgroup of G conta ined  i n  f ;  

(3)  3 a  prime subgroup C of G such tha.",o? k s  t h e  on ly  1 - i d e a l  

con ta ined  i n  C; 

Proof :  

( 2 ) * ( 3 ) .  Assuming ( 2 ) ,  i f  3H#{o] such t h a t  C ~ H E & ( ~ ) ,  t h w  

H 4 G  and this c o n t r a d i c t s  ( 2 ) .  

(3)*(1) .  Assume ( 3 ) .  Let  X G - + A ( R ( C ) )  be t h e  l-homomorphfsm 

desc r ibed  i n  lemma 1.26.  Then Ker IT c il cX = {o]  ( b y  ( 3 ) ) .  
i xeG 

Thus Ker n = {o]  and IT i s  a n  1-isomorphism of G i n t o  A ( R ( @ ) )  



lemma 1 26, Gn i s  t r a n s i t i v e )  on ? ( C ) .  Thus we have ( I ) ,  

( I )  Le t  ~ : C + A ( T )  be a n  1-isomorphism such t h a t  Go i s  

t r a n s i t i v e  on T where T i s  a t o t a l l y  o rdered  s e t .  For 

t eT ,  l e t  Ct = { g a ~ : t ( g o )  = t]. Then Ct i s  a prfme convex 

1-subgroup. To s e e  t h i s  c o t i c e  t Y ~ a i 3 . t  00 - 1 and s o  oeCt. 

Also if a ,  bcCt, t hen  t ( a - b ) o  = t ( a o )  ( b - ' a )  - t. So 

a - bhCt. Therefore  Ct i s  a subgroup of G.  If ceCt, t h e n  

t ( c v o ) o  = t ( c o v 1 )  = t ( c o ) v t  = t .  Thus cVoeCt and Ct i s  an  

1-subgroup of G. Ct i s  convex: Consider o<acCt. If 

o<x<a, t h e n  l<xo<ao and s o  t s t ( x o ) l t ( a o )  = t. Thus t ( x o )  = t 

and X E C ~ .  Ct  i s  prime: If a ,  liaG-\Ct, t h e n  t ( a o )  # t  f t ( b o ) .  

Also t < t ( a a ) ,  t ( b o ) ,  Therefore ,  s i n c e  T Is t o t a l l y  o rdered ,  

t ( a h b ) o )  = t (aoAbo)  = t ( a o ) h t ( b a )  t .  Thus a ~ b # ~ ~  and s o  

ahbeG\Ct and Ct i s  prime. To show t h a t  { o ]  i s  t h e  on ly  
I 

normal subgroup of G conta ined  i n  C t ,  suppose Hd: and HGCt.  
1 

0" 

ThenVgeG, H~ = HSC,. Therefore HG n C A D .  Thus i t  i s  
L 

gc@; 
L 

s u f f i c i e n t  t o  show t h a t  n cg = l o ) :  To do t h i s ,  proceed 
DEG 0 

a s  fo l lows :  Consi.der o # ccG. Then co 1 and s o  3 s ~ T  

such t h a t  s ( c o )  f s o  Since G a  i s  t r a n s i t i v e  on T,  3geG 

such t h a t  t ( g o )  = s .  Then, 

t h e r e f o r e  g+c-g jd C and c # - g + ~ ~ + g  = ctg. Hence n Ctg  = l o ] .  t gsG 
This completes t h e  proof, 

Coro l l a ry  1 .,3O 

Let  L be t h e  i n t e r s e c t i o n  of a l l  non-zero 1 -dea l s  of G. If 

L f 0 ,  t hen  c o n d i t i o n  ( 1 )  h o l d s .  I n  p a r t i c u l a r ,  a simple 



1-group i s  I- isomorphic t o  a t r a n s i t i v e  :-subgroup of t h e  

group of a l l  o-permutations of a t o t a l l y  ordered s e t ,  

 roof: L = n~ f {o].  Consider o aeE and l e t  C be 
of x E&( G )  

a v a l u e  of a. Then, a  j! f l  Cg = { o j  s i n c e  t h i s  i s  a n  1 - i d e a l  
g a  

which does no t  c o n t a i n  Lo Also,  C bering r e g u l a r  i s  a l s o  

prime and hence P ( C )  i s  t o t a l l y  o rdered  and a:G4A(?(C)) i s  

a n  1-isomorphism wi th  Go be ing  t r a n s i t i v e  on ? ( C ) ,  

Co ro l l a ry  1.31 

Let  @ be a n  1-subgroup of A ( T )  which i s  t r a n s i t i v e  on T.  

If G i s  r e p r e s e n t a b l e ,  then G is a n  o-group. 

Proof :  From theorem 1.29, 3 a prime 1-subgroup C of G such 

t h a t  {o i s  t h e  only  normal subgroup of @ conta ined  i n  C. But 

C c o n t a i n s  a minfmal prime subgroup M of G and s i n c e  G Is 
I 

I 

r e p r e s e n t a b l e ,  t h e n  M&. Hence M = {o]  and G = G/M i s  a n  

o-group. 

Remark: Conversely,  we have t h a t  i f  G i s  a n  o-group, t hen  

G i s  1-isomorphic t o  a t r a n s i t i v e  1-subgroup of A ( T )  where T 

i s  a t o t a l l y  o rdered  s e t .  T h i s  i s  c l e a r  f o r  i f  pG denotes  

t h e  group of r i g h t  t r a n s l a t i o n s  on G, t h e n  pG i s  an  1-subgroup 
1 

of A ( G )  . Also,  p G s G  and pG i s  t r a n s i t i v e  on G.  



D e f i n i t i o n  2,1 4 

i n t e g e r  n ,  t h e r e  e x i s t s  hcC sweh t8h3,t nh -. g 

B, H. Neumann ( '6j Y.es proved sh5.t e v e r y  ,:;romp can  b e  

embedded f n  a d i v f s i 5 i . e  &rou&.  A s  3.n r p p l i e a + , f o r ,  o f  h i s  

r e p r e s e n t a t i o n  theorem f o r  1 - g r o u ~ s ,  H o L a n d  ( 10) proved t h e  

a n a l o g u e  t o  t h i s ,  namely t h d t  ' w r e r y  I - g r o u ~  can  be  embedded 

i n  a d i v i s i b l e  1-group" ' .  However, ' h i s  p r o o f  depended on t h e  

e x i s t e n c e ,  P o r  a r b i t r s r f l y  l a r g e  o r d i n s l s  a ,  o f  q - s e t s  
oe 

of power K a s e t - t h e o r e t T e  r e s s r i c t i o n .   here e x i s t s  a '  

a n  q a - s e t  of power K exactiy wi-er K i s  a r e g u i a r  c a r d i n a l  
K ce a 

such  that 2 ' ~ 8 ~  whene1.c-r B<a. f cr a = B+' , this i s  t h e  

" % form o f  t h e  g e n e r ~ l f s e d  ~ o n t  inuum h y & o t h e s i s ;  2 = r ~  I B-& ' 

The deraect was f E ~ s t ,  r o t i c e d  Ey Lioyd who, i r r .  (43) ,  d e s e r f 5 e d  

s e v e r a l  e l a s s e s  o f  L - g r o ~ ~ s  whick c o u l d  be  emhedded in 

d f v i s f b l e  I - g r o u p s ,  F 2  p roof  w h i c h  i s  p r e s e n 2 d  h e r e  i s  

due t o  E, C, WeinL3rg ((2091 r~vho p r o v e s  t h e  o x i s c e n c e  o f  such  

embeddings u s i n g  n o t h i n g  more thsn t h e  axiom o f  c h o i c e .  

D e f i n i t i o n  2,2 

F o r  a  t o t a l l y  o r d e r z d  set i, z n d  f o r  A ( I ) ,  t?-e l - g r o u ~  of  

0 - p r e s e r v i n g  p e r m b t 2 t l o n s  of 5, i e t  g c ~ ( , ) .  Tksn f o r  any 

x c ~ ,  an, I f (  i s  given by 
W 

rl m I 0 (x) = [ y ~ 5 : 3 m , n  " L t e g e r s  s u c h  t h a t  xg sysxg 1 .  
.?2 

An i n t e r v a l  c o n t a i n i n g  more t h a n  one p o f n t  i s  - a s u p p o r t i n g  

and  the unfon  o f  suppol - t ing  f n t e r v a l s  i s  t h e  



I 

From t h i s  d e f l r L i t i o ~ ,  it i s  c l e a r  t h a t  f o r  ~ E A ( & )  ard 

any xcE, I ,(x) i s  H e o ~ e x  sukse t  of  L and t h a t  I , , (x)g - Sp(x). 
€5 6 w 

Also,  i f  ycE (x) , $her 1 (xp - E_(y), Her-ce t he se  i n t e r v % l s  
6, e, 

determine a n  equik21ecee r e l a t i o n  on L 3 c f i c e d  by: 

Let  S be a t o t a l i y  o rdered  s e t  i n  which any two n o n - t r i v i a l  

c lo sed  i n t e r v a l s  a r e  isornorpi.hfc., TLez A ( S )  i s  d i v i s i b l e .  

Proof :  Let  ~EA(S) and con side^ n a n  i n t e g e r  such t h a t  n>o, 

W i t h o ~ t  l o s s  01' g e n e r a i i t y ,  we mky assume $ \ I  and a l s o  that 

g has  only one skppor t i ng  i n t e r v a l .  By the  hypo thes i s ,  

if x,  ycS and if x < y ,  then 3 z ~ S  s ~ c h  th3.t x<z<y. Let 1 

a <a g f o r  some does .  Choose 
0 0 

aoCa, b <a2<. . .a n-? <a n = a. j<a:g= aan1 <a>& - . . 
Since any two n o n - t r f v i a l  e iosed  i n t e r v a l s  f n  S s r e  isomorphfe, 

3 1 somorphisms 

Now, l e t  cpX:(ao,an]--)(alq g ]  be t h e  ex t ens ion  of ali t h e  

'P i  f o r  1 4 i r n .  Then cp* i s  an  isomorphism. By assumption,  t h e  

suppor t  of g = I (a ) .  Define f as fo l lows:  
g 0 



where i f  x ~ 9  ( a  1 ,  thc-r, m(x)b i s  t b e  u n i q u e  f n r e g e r  no t  
g 0 

I I Fm(x)ai  
n e c e s s s r i l y  p o s i t i v e  such t h a t  20gm'x'<x~a 6 =ang m b ;  

0 

namely t h e  g r e a t e s t  i n t e g e r  such t h a t  x>a D m ( x ' ,  Then, o  
n 

~EA(S) and f o r  x#1 ( a  ) ,  xf = Y = xg. Also,  for ~ c 1 ~ ( a ~ ) ,  
65 0 C 

it can be shown 5y r o ~ t l n e  corn&t,.t;',tfon t h a t  
1 

X f n  = X g  -m(x )  cL' *n 0 f l r n ( ~ /  : rg. Hegcr  f'. = g ar,d so  A ( s )  

i s  d i v i s i b l e  and t h e  proof i s  complete. 

Remark: If i n  a t o t a l l y  o rdered  set S any two n o n - t r i v i a l  

c lo sed  i n t e r v a l s  a r e  isomorphic,  thee t h i s  4s equ iva l en t  t o  

s ay ing  t h a t  A ( S )  i s  doubly t r a r ~ s  i t f n e  ( 0 - 2 - t r a n s i t i v e )  on 

S.  or t h e  d e f i n i t i o n  of 0 , -2 - t r ans i t i ve  s e e  Chapter 3, 

D e f i n i t i o n  3.1 .3(k)). Hence we have t h a t  i f  A ( S )  i s  doubly 

t r a n s i t i v e  on a t o t , a l l y  o rdered  s e t ,  S, t hen  A ( S )  i s  d i v i s i b l e .  

&emma 2 . 4  

I f  F i s  5 t o t a l l y  o rdered  f i e l d ,  t h e n  A ( F ) ,  t h e  o-group of 

o -preserv ing  permuta t ions ,  f s  doukly t m n s f t  i v e  on F, 

Proof :  Consider any a ,  b y  c  , dcF wf th a<s and c<d. Then 

b-a,  d-c>o, Define a  m a ~ p l n g  a such t h a t  
" - 1  

xa = ( x - a ) ( d - c > ( b - a )  +c. 

Then ~ E A ( F )  f o r  if x,  ycF and xa = y a y  t h i s  g i v e s  

(x -a )  ( d - e )  (b -a ) - '+c  = (p;) (d -c )  ( b - a ) l l + c .  There fore  x = y  

and s o  a i s  1-1 .  If xsy ,  t h e n  x-asy-a. Hence, 

( x - a )  ( d - c )  (b -a ) - l s (y -a ) (d-e )  (b - a ) - '  s i n c e  d-c, b-a>o. 

There fore ,  x a l y a  and s o  a i s  o-preserv ing .  Also,  aa = e  

and ba = d. Thus, 3 a c A ( ~ )  such t h a t  aa = c ,  ba  = d  and s o  



To complzse the L Y O G ~  of t h e  main theorem, we need only  

show that every t o t a r ~ y  ordered  s e t  S can be embedded i n  x 

t o t a l l y  o rdered  f i e l d  F 4rL s72ch =I ~nmy t h 8 t  A ( S ,  i s  I - ~ E s o m o r ~ h f c  

t o  a n  I-subgroup of A ( T ) .  Ther-, sEnc2 A(F~ f s  doubly 

t r a n s i t i v e  by lemma '3.4, iemma 2 , 3  j f e l d s  t h a t  A(F) 'is 

d i v f s i b i e ,  An a p p l i c a t i o n  of t h e  BoiZand embedding Lheorem 

t h e n  completes t h e  p roof .  The r e x t  lemma y i e l d s  t h e  r e q u i r e d  

embedding, 

For a  p a r t i a l l y  o rdered  s e t  S,  t h e  subse t  c of f ~ ,  mA - e d e a l  

of S i f  and only i f  x e c ,  t s x * t ~ c .  

Remark: If S i s  a t , o t a l l y  o rdered  s e t ,  t h e n  t h e  s e t  of  213 

i d e a l s  i s  comviete and i s  totaily ordered  by s e t  i n c l u s i o n  

s i n c e  f o r  e l ,  e2cC(s) = t h e  s e t  of all ideals of  S ,  t h e n  

e i t h e r  c14c2 o r  c2Sc3.  

Eernms 2 . 6  

Let  S be a s u b s e t  of a t o t a i J y  o rdered  s?t  T. If every  

o-permutat ion of S can be extended t o  %n o-&errnutation of 

T ,  t hen  A(S) i s  1-'isomorrhic t o  an  1-subgroup of A(T), 

groof: :  Le t  C(S) be t h e  complete t o t a l . i y  o rdered  s e t  of .fdes:ls 

of  S p a r t i a l l y  o rdered  by i n c l u s i o n ,  I d e n t i f y  t h e  elements 
h 

of S w i th  t h e  p r i n c i p a l  Ldeals of  S ( f o r  any % E X ,  a = { s ~ ~ : s s a j  

is t h e  p r i n c i p a l  i d e a l  genera-ted by a ) .  Sf C E C ( S ) ,  d e f i n e  



Now, f o r  any t c T ,  tel w5ere e = { s ~ s : s < t 3 ,  t h e n  cons ider  
C 

any c # c 1 ~ C ( s ) .  Since  C ( S )  i s  t o t j l l y  o rdered ,  we have 

ccc l  o r  e 2 e c ,  It is  ~;as i_i j r  seer. Lhat t p t L  . Hence, 
@ 1 

[ I , : ~ T C ( S ) )  forms I decom&osit;or. of  T. Def i r e  t h e  r e l a t i o n  

p on C ( 3 )  as fo1;ows: f o r  e l ,  e2-C(s), c,pc2=Ie  i s  isomorphic 
3 

t o  1 . Then p de f fnes  a n  eqgfvaience r e l a t i o n  on @(s). From 

each equ iva lence  c l a s s  E ,  w e  choose a r e p r e s e n t a t i v e  c say .  

Let @ c , c  denote  t h e  i d e n t i t y  map OK. 1 and l e t  8 c be am 
c , c j  

isomorphfsm of Tc oc to  Ic . If c A , c 0 a E  d f i n e  8 
1 d ? I ,c2:=c1-Zc 2 

f n  t h e  n a t u r a l  way s ~ c h  t h a t  t h e  up&er s e c t i o n  of t h e  diagram 

below comuCes,  t h a t  f s ,  

if c pc2 and c2pc3, Pt I 

foPlows n a t u r a l l y  t h a t  

be the unique automorphFsm of 

@ ( s )  which ex tends  cp such 

$:A(s)-----d A ( @ ( s ) )  de f ined  by cpB = cp* i s  an  1-isomorphism 

of A ( S )  i n t o  A ( c ( s ) ) .  For each C E C ( S ) ,  we have cp(ccp*), 

f o r  c l e a r l y  Ic and I 
ccp* 

a r e  isomorphic s i n c e  cp can be e x t e ~ 3 e d  

t o  a n  o-isomorphism of T. I n  f a c t ,  i f  Y i s  any automorphism 

of T which ex tends  cp, t h en  Y maps Ic o c t o  1 ccp" " 
To see  t h i s ,  

cons ide r  t e I c  and sirpgose t h a t  slsccpX, sg$cq*. Then 

- 1 - 1 - 1 - 1 slcp E C  and seep (c. There fore ,  slcp <tSs2cp . Hence, 



I , and s ince  cpccp,', !t f'oilows t h a t  1 maps Ic @cp Onto Iccp*' 
Define ~ ~ ' I - A ( T )  s ~ c h  r.iiat t r p '  = t 0  c , ccp* if t c I c .  Then the 

mapping ~ ~ A ( s ) - . A ( T )  defined by  cpa; = cp l  i s  the r e g ~ i r e d  

Now, l e t  e be t h . ~  i . d e n t 1 . t ~  au.tomor~h~ism on S ,  Consider 
I 

~ E A ( s ) .  We must, skow t h a t  ( q ~ e ) ~  - cp"v'e ' . Take xmiI . Note 
r, 

t h a t  xcp'sxec~*s'c. Thu,s, i f  xcp 'sx, then, 
1 9  I x ( ~ ~ e )  ' ::: ~ ' ~ , c ( ~ V e ) "  = ~ 8 ~ , ~  - x = ~ ( q  V c  ) .  If x>~cp , t hen ,  

I I x(cpve) ' =: ~ 0 ~ , ~ , ( ~ ~ ~ ) . + +  = xR =xrp = : x ( c p v e U ) .  m u s ,  e , ccp'* 
I I (cpve) ' -: cp ve . Hence a, I s  a r ~  i-isomor;@ism and t h e  p o o f  i s  

complete. 

Notation: If G i s  a t o t a l l y  ordered grouF s n d  F i s  3 f i e l d ,  

tihe group a lgebra  of C, over F i.s given 'by the  s e t  of al l .  

formal sums Z c g where c,cF and c #o f o r  rat most a f h i ' t e  
aeG w k? - 

number of geG. Define add i t ion  su.ch t h a t  

X c g + C d,g = C ( c  +d,)g. Also, i f  h c F ,  then 
~ E G  g€G o gcS g D 

A P cgg = 2 ( x c , ) ~ .  Mult ipl icat i .on i s  dzf iried such t h a t  
g€G g€G 

0 



(Cc g )  (2dhh) = CC d gh. Then F ( G )  , t h e  group a lgebra  of G 
Q g h 

over F i s  an  i n t e g r a l  domain'. To see  t h i s ,  suppose 

Bcgg, z ~ ~ ~ E F ( G )  such t h a t  Cc ,#o#C%h. Then l e t  
€5" 

GI = [ g e ~ ; c  +o) and G2 = ( ~ P G : ~ ~ # o ) .  Pick g r ~ ~ I  and hfsG2 
g 

such t h a t  f o r  every gaG,, g'gr and f o r  every heG2, h s h f .  

Then, f o r  every geGl with g<gr and every heG2 with h a f ,  

gh<g'h'. Also c  rd rg rh r fo .  Hence Cc d ahfo. 
g  h g h" 

T ~ U S  F ( G )  

i s  an i n t e g r a l  domain. 

Lemma 2 .2  

Any t o t a l l y  ordered s e t  S may be embedded i n  a t o t a l l y  

ordered f i e l d  F i n  such a  way t h a t  each automorphism 

of S may be extended t o  an o-preserving automorphism of F. 

Proof: Let G ( S )  denote t h e  f r e e  a b e l i a n  group on. S a s  t h e  - 
s e t  of f r e e  genera tors .  The order  on S may be extended t o  

G ( S )  as fol lows:  

Znisi>o if n.\o and a t  most f i n i t e  number of nifo 
J 

where s = ~ [ s ~ : n ~ # o ) .  Let F be t h e  quot ient  f i e l d  of t h e  
3 

group a lgebra  Q[G(S)  ] of G ( S )  over t h e  f i e l d  of r a t i o n a l  

numbers. Order Q [ G ( s ) ]  l ex icograph ica l ly  such t h a t :  

B q,xg>o i f  qh>o when h = V [ ~ E G ( S )  : q f o ) .  This order  
g a s )  " Q 

has a  unique extension t o  an order  on F ( ~ u c h s  P.109 Theorem 

3 ) .  Then t h e  canonical  extensions of an automorphism rp of 

S f i r s t  t o  G ( s ) ,  then t o  Q [ G ( s ) ]  and f i n a l l y  t o  F a r e  

c e r t a i n l y  o-preserving whenever cp is .  



Theorem 2.8 

Every 1-group can be embeddeh i n  a d i v i s i b l e  1-group. 

Proof: Applying t h e  Holland represen ta t ion  theorem, - 
every 1-group can be embedded i n  an 1-group A ( T )  o f  

o-permutations of some t o t a l l y  ordered s e t  T. By l emmas  

2.3,  2.5 and 2.6, we may assume t h a t  T i s  doubly t r ans -  

i t i v e .  Then by lemma 2.2  due t o  Holland, A ( T )  i s  a 

d i v i s i b l e  1-group . This completes t h e  proof .  

Remark: The above cons t ruc t ion  can a l s o  be used t o  embed 

any 1-group i n  t h e  1-subgroup of bounded o-permutations 

of a t o t a l l y  order  f i e l d .  Hence t h e  r e s u l t :  'Every 

1-group can be embedded i n  a simple 1-group. '  



A s  mentioned i n  the  f n t r o d u c t i m ,  the  s e t  A ( S )  of o rde r  

preserv ing  permuta,tfons ( c-permatat iocs  o r  a s tomcr~h i sms)  of  

a t o t a l l y  oraered s e t  S becomes a.n 1-group f f  the  group 

o p e r a t i o n  i s  taken a s  composi t ion and the p a r t i a l  order i s  

de f fned  a s  f o l l o w s :  

f o r  f ~ ~ ( ~ ) ,  f r l  i f  and o n l y  i f  xf rx WXES. 

Then, f o r  f , ~ & A ( s )  and YxgS, 

x ( fvg)  = xfvxg and x ( f ~ g )  = x f ~ x g ,  

En t h i s  chapter ,  a theory  o f  t r a n s i t i v e  o-permutat ion 

g r o u p s  i s  f i r s t  developed.  T h i s  w a s  due t o  C .  Hol land ( 1 1 )  

and t he  theo ry  i s  somewhat analogous  t o  t he  genera l  t h e o r y  

o f  pe rmu ta t i on  groups .  In s e c t i o n  2 ,  a c l a s s  of simple 

1-groups each con ta in ing  an  i n s u l a r  e lement  ( d e f i n e d  l a t e r )  

i s  shown t o  be J u s t  the s i m p l e  I-groups which can be repre-  

s e n t e d  as  o -pe rmu~ta t fons  o f  a t o t a l l y  o r d e r e d  se t  w i t h  bounded 

s u p p o r t .  I n  conc lu s ion ,  examples o f  such groups  a r e  given.  

me theory  here i s  due t o  C .  Hol land ( 9 ) .  

SectLon I, 

I n  t h f s  s e c t i o n ,  un l e s s  otherwise s t a t e d ,  G f s  a n  1-s i tbgrou~ 

of A ( s )  , t h e  1-group of  o-permutat ions  on a t o t a l l y  o r d e r  

s e t  S. M u l t i p l i c a t f v e  n o t a t i o n  i s  used 51: d i s c u s s i o n s  o f  

1-permuta t  i o n  g r o u p s .  

D e f i n f t i o n  3 . 1 . 1  

Le t  G be an 1-subgroup of A ( s ) .  A convex congruence on S ( w i t h  



r e s p e c t  t o  G i s  an equiva l&nce  r e l a t i o n  -. on S such t h a t  

( i )  x-y*xg-yg Wge@ 

( i f )  i f  x rysz  and x-z, then x-yo 

A convex congruence i s  n o n - t r i v i a l  if one of t h e  equivalence 

c l a s s e s  c ~ n t a i n s  more ,than one element, and f s  not a l l  of se 

Lemma 3.1.2 

~f - i s  a convex congruence on S, t;hm s/- i s  t o t a l ~ y  ordered 

by l e t t i n g  (x-)s(y-) i f  xsy  o r  xwy, m e r e  i s  a n a t u r a l  

l-homomorphism of  G i n t o  A(s/-) such t h a t  f o r  gcG, ~ + ~ ' E A ( s / - )  

w i th  (x-)gi = xg-. 

Proof:  s as de f ined  above i s  r e f l e x i v e  f o r  c l e a r l y  x-x and 

so  ( L ) s ( L ) ~  NOW, i f  (x-is(y-) and (y-)g(x-) ,  then ,  e i t h e r  

xsy  and ysx o r  xmy o r  y-X. I n  any of t h e s e  ca se s ,  it fo l lows  

t h a t  (x-) = (y-) and so s i s  antisgmmetric. If (x-)a(y--) 

and (y-)s(z-) ,  t h e n  cons ide r  t h e  fo l lowing  cases :  

w(1,: x<y and y<z which impl ies  x<z and s o  (x-)s(z-) .  

Case: x<y and y--z which impl ies  (y-) = (z-) and so 

(x&(z-).  

Case ( 3 )  x--y and y<z which impl ies  (x-) = y and so  

(x"')*(z-). 

Case (4): (x-y) and y-z which impl ies  x l z  and so ( x @ ) ~ ( z - )  

Hence 5 i s  t r a n s i t i v e  and t h e r e f o r e  a p a r t i a l  o rder .  Since 

S i s  . t o t a l l y  o rde red ,  f o r  any (x-),  ( y - ) ~  s/-, e i t h e r  

x<y, y<x O r  x = y and s o  e i t h e r  ( ) ( ,  ( ( x  O r  

(xw) = (p). Thus s/- f s  t o t a l l y  ordered by S a s  def ined i n  



t h e  lemma. NOW, eons tde r  ~ ~ : C + A ( S / - )  de f ined  such t h a t  

g0 - &where  (x--)gl = (xg)-. 0 i s  a homomorplzism, f o r ,  

consfder  any g , h ~ G  t h e n  (xw)g8h8 - ((xg)--)he = (xgh) -=(xm)(gh)ee  

Therefore  ( @ I ) @  = g0h0. Consfder t h e  i d e n t f t y  permutat ion 

1 EG and t a k e  any gcG. Then, 

(x-) ( g v ~ )  e = X ( ~ V I  )-- = ( x ~ v x ) - -  = x x  = ( x - l g y x - )  I 

= ( ~ - ) ~ e v l '  
I 

Therefore  ( g v l )  8  = g8Vl ' = a ~ ' v l ' w h e r e  1 i s  t h e  i d e n t i t y  i n  
I I A(s/--).  S i m i l a r l y  ( $ ~ 1 ) 6 = g  A 1  avid s o  8 i s  a n  1-homomorphfsm. 

D e f i n i t i o n  3.1.3 

( a )  G i s  t r a n s i t i v e  on S  i f  f o r  each x ,ycS t h e r e  e x i s t s  

geG such t h a t  xg = y ,  , 

( b )  G i s  o -2 . - t r ans i t i ve  on S i f  f o r  each x , y , z , w ~ S ,  if 

x<y and z(w then t h e r e  e x i s t s  gcG such t h a t  xg = z 

and yg = w. 

Example: ( a )  If G i s  a  t o t a l l y  o rdered  group,  t h e  group p G  

of r i g h t  t r a n s l a t i o n s  of  G i s  a n  1-subgroup of A ( G )  and i s  

t r a n s i t i v e  on G. Notice  t h a t  f o r  any x,y~G, ~ p - ~ + ~ = x - x + y = y .  

Notice a l s o  t h a t  G i s  no t  o - 2 - t r a n s i t i v e  

( b )  An o - 2 - t r a n s i t i v e  1-group: I f  C i s  a t o t a l l y  

o rdered  f i e l d ,  t h e n  A(F) i s  o - 2 - t r a n s i t i v e   emma ma 2,4). 

D e f i n i t i o n  3 .1 .4  

G i s  o -p r imi t i ve  on S i f  t h e r e  e x i s t  no n o n - t r i v i a l  convex 

congruences on S. 



Remark: It 5s shown l a t e r  ' t h a t  any o - 2 - t r a n s i t i v e  I-group i s  

o -p r imi t  i v e .  

D e f i n i t i o n  3.1.5 

G i s  weakly o -p r imi t i ve  on S If, whenever -- i s  a n o n - t r i v i a l  

convex congruence on S, 9 I f g c ~  sach Sha t  x-xg VXEX ( i , e .  

t h e  n a t u r a l  1-homomorphism 8 of lemma 3.1.2  f a i l s  t o  be 

i n j e c t i v e ) .  I n  t h i s  case  S i s  s a i d  t o  be  minimal f o r  6 .  

Remark: If G i s  not weakly o -p r imi t i ve .  Then f o r  some 

convex congruence 0 i s  i n g e c t i v e  and we s a y  S can be reduced 

D e f i n i t i o n  3 .1 .6  

@ i s  a  r e p r e s e n t i n g  subgroup of G if C i s  a  convex prime 

1-subgroup of G which con ta in s  no 1 - i d e a l  of  @ o t h e r  t h a n  

f 3 b  
A t  t h i s  p o i n t  r e c a l l  Theorem 1.29 which can be r e s t a t e d  

a s  fo l lows :  a n  1-group G ha s  a  r e p r e s e n t i n g  subgroup i f  and 

o n l y  i f  3 a n  1-isomorphism a of G i n t o  A(T) where T i s  a  

t o t a l l y  o rdered  s e t  and such t h a t  Ga a c t s  t r a n s i t i v e l y  on I T .  

Lemma 3.1 .7 

There e x i s t s  a one-to-one 1-homomorphism is :A ( S)  -A(??) where 

denotes  t h e  completion of S by Dedekind c u t s  (wi thout  

end-po in t s )  . 



Froof: For ~ E A ( S )  and s&!, ,def ine i such t,hat 
S 

a ( g i s )  = v(xg:x&, xsa]. 'Then c l e a r l y  g isaA(5j .  Also, 

any two elements of A(?$ which agree on S must agree on 5 

a l s o  (from t h e  d q f i n i t f o n  above) and s o  mast be equal.  

is is i n j e c t i v e  f o r  consider  g , ~ K e r  i s •‹ Then gi = IF' s 
For every aeS, a g i s  = a  - V(xg:xG, xca]  

= ag s ince  g preserves order .  

Hence g  = 1 and so f  i s  one-to-one. To show t h a t  is i s  
S S 

an 1-homomorphism, t ake  any XES and g , h e A ( ~ ) .  Then, 

x ( g i s )  (h i , )  = x  gh = x (  (gh)  is). Therefore ( g i s )  ( h i s )  and 

(gh)  is agree on S and hence m u s t  be equal .  Also, 

x (  (gvh) is) = x(gvh) = xgvxh = x ( g i s ) v x ( h i s )  = x ( g i s v h i s ) .  

Again (gvh) i s  and (g i svh i s )  agree on S  and the re fo re  must 

be equal .  S imi la r ly ,  (ghh) is - gisAhis and s o  i i s  a 
S 

1 - 1 1-homomorphism. 

Notation: For x f z ,  gaA(S) ins tead  of ~ ( 6 % ~ )  one usual ly  

w r i t e s  xg and it i s  assumed t h a t  A ( s ) E A ( ~ ) .  

Remark: It i s  c l e a r  t h a t  f o r  every ~ E A ( S )  3 E E A ( ~ )  such 

thatat'\ s = a .  However, t h e  converse of t h e  lemma does not 

hold.  That i s  t o  say t h e r e  does not e x i s t  a  1 - 1  func t ion  

mapping A ( ~ ) + A ( s ) .  To 'see t h i s ,  consider  the  t o t a l l y  ordered 

s e t  of a l l  r a t i o n a l  numbers Q and t h e  dedekfnd completion of 
- 

t he  r a t i o n a l s  t o  t h e  r e a l s ,  Q. Then ~ ~ E A ( Q )  def ined such 

t h a t  



However, a canno3 t; r e s t r i k t e d  t o  Q s ince  a l l  p o s i t i v e  

r a t i o n a l  numbers which s r e  not p e r f e c t  squares a r e  mapped 

t o  i r r a t i o n a l  numbers. 

Lemma 3.1.8 

Let G be t r a n s i t i v e  on S, and E >e a convex subset  of S, 

If aeE i s  such -that i f  gcG, a g ~ E  then Eg - E, then E determines 

a convex congruence -- on S defined by x-y i f  f o r  some 

g 4 ,  x , y ~ E g .  

Proof: For each gcG, Eg i s  convex s ince  E i s  convex, Since 

EG 
such t h a t  eg = x. But G is  t r a n s i t i v e  on S. Hence 3heG 

- 1 - 1 such t h a t  ah = e.  Then, ahgf-' = egf = xf sE s ince  

xeEf. Thus, ~ h ~ f - '  = E which g ives  Ehg = Ef.  But s ince  

ah = e E ' ,  then  Eh = E. Therefore Ehg = Eg = Ef. So - i s  

an equivalence r e l a t i o n  on S. 

FEnally, i f  x , y ~ E g ,  then f o r  any fcG, x f ,  yfzEgf. Since 

f o r  every geG9 Eg i s  convex, then  -- i s  a convex congruence 

on S. 

Notation: Consider G an I-subgroup of A ( S )  f o r  some t o t a l l y  

ordered s e t  S. Then f o r  any acS, Ga = [ g c A ( ~ )  :a5 = a]. 

Lemma 3.1.9 

If N i s  a convex congruence on S, a t o t a l l y  ordered s e t ,  if 

aeS, and if C = [ g ~ ~ : a g - a  1, then C i s  EL convex prime 1-subgroup 



of G and G a r C .  Conversely, if G i s  t r a n s i t i v e  on S and C 

f s  a convex 1-subgroup of G conta in ing  then t h e  r e l a t i o n  ua ' 
x--y i f  f o r  some g ~ @ ,  xg, ygwC i s  a convex congruence on S, 

Proof:  Clear ly  C s G .  For any g,hsC2 then qg-aeh ,  Since - 
P 

- l - 1 i s  a convex congruence, then agh A and so gh E C .  Therefore 

@ i s  a subgroup of G, For any gcC, a ( g v 1 )  - agva-a and 

so g v l  E@. Simi la r ly ,  gAl EC and so C i s  an 1-subgroup of G ,  

C i s  convex, f o r  consider l < g ~ C .  If hcC such t h a t  l a < g ,  

then a<ah<ag and s ince  -- i s  a convex congruence and s ince  

~ G C  implies a g 4 ,  then a-h. Therefore hcC. C i s  a prime 

I-subgroup f o r ,  suppose f , g ~ G  such t h a t  fAg = 1, then 

afAag = a and s ince  S i s  t o t a l l y  ordered, e i t h e r  af = a 

or  ag = a. Thus e i t h e r  fcC or ~ G C  and @ i s  prime, Slnce 

Ga = { g e ~ : a g  = a] then c l e a r l y  G W. a 

Conversely, l e t  E = a @ .  Then, f o r  f , g ~ C ,  a f ,  a g ~ a C .  

Therefore,  if f o r  some XES, afgxsag, then  s ince  G i s  t r a n s -  

i t i v e ,  3hcG such t h a t  x = ah.  Thus a ( ( f ~ h ) ~ g )  - a ( ( f ~ g ) v ( g ~ h Y ) - x .  

Also, $ A f ~ ( g ~ f )  \$(gPh)sg. Sfnce C f s  convex, then (fVh.)hg~C 

and so  x ~ a C .  Therefore E i s  a convex subset  of S. To show 

t h a t  -- i s  a convex congruence, we apply lemma 3.3.8. Hence 

it must be shown t h a t  i f  f o r  some g G ,  a g ~ E  then Eg = E,  

Suppose f o r  some gaG, agczaC = E. Then ~ E C  such t h a t  

- 1 - 1 ag  = ah. Therefore agh = a and so  gh cGacC. Since haC, 

then geX. Hence E g  = aCg = aC = E, Therefore E determines 

a convex congruence -- on S defined a s  s t a t e d  f n  the  lemma, 

Also, C = [ gcG:ag,a]. This i s  e a s i l y  v e r i f i e d .  



Remark: It fo l lows  e a s f l y  'from t h e  f a c t  t h a t  t h e  convex 

1-subgroups 01' G c o ~ t a i n i n g  a prime I-subgroup C form a 

cha in   heor or em I .  l5), t h a t  f f  G i s  t r a n s i t i v e  on S, t h e n  t h e  

convex congruences on S form a tower ,  Thfs I s  proved In  

d e t a i l  l a t e r .  

Coro l l a ry  3. I .10 

For each X E ~ ,  Gx i s  a convex prime 1-subgroup of G. 

Proof :  Replace S by 3 and assume as e a r l f e r  mentioned t h a t  

A ( S ) C A ( ~ )  . Then de f ine  , on such that ~y i f  and on ly  i f  
- 

x = y.  C l e a r l y  - I s  a convex congruence on S.  But 

G, = [ gaG:xg = x 1. Hence by lemma 3.1.9, Gx i s  a convex 

prime 1-subgroup of G.  

Lemma 3 . 1 . 1 1  

Let  aaS,  and l e t  K be a convex subgroup of C con ta in ing  Ga 

and such t h a t  ?or  any XES ~ E K  w i t h  x s a f .  Then K = G ,  

Proof :  We have KEG. Let l<g& and l e t  fcK such t h a t  

- 1 - 1 a g r a f .  If h = ( g v f ) f  , t hen  a h  = aff = a and s o  heG,sK. 

Thus gvf = ( ( g V f ) f - l ) f  = hfeK and a l s o  IsgSgVfeK. S ince  K 

' I s  convex, t h e n  ~ E K .  Hence K=G, 

I n  t h e  fo l l owing  d e f i n i t i o n s ,  S i s  a t o t a l l y  o rdered  s e t  

and T i s  a s u b s e t  o f  S. 



$ 

For x , y ~ S ,  x and y are T-connected i f  f o r  every gcX e i t h e r  

xg, y g ~ T  o r  xg, ygp!~. 

Def in i t ion  3.1.13 

T is  bounded i f  Ba,bcS such t h a t  %st& f o r  a l l  ~ , E T .  

Def in i t ion  3.1.14 

T i s  dense i n  S i f  whenever a<b<c with a , b , c ~ S  3 t ~ T  such 

t h a t  a<t<b.  

Theorem 3.1.15 

I f  G i s  t r a n s i t i v e  on S, t h e  fol lowing a r e  equivalent :  

( 1 ) G i s  o-primit ive on S; 

( 2 )  For each a ~ z ,  Ga i s  a maximal convex 1-subgroup of G; 

(3)  For each ass, G, i s  a maximal convex 1-subgroup of C; 

(4) I f  x e z ,  xG i s  dense i n  g; 

5 I f  T i s  a convex bounded subset  of S, then no two 

d i f f e r e n t  elements of S a r e  T-connected. 

Proof: 

( I ) ) .  Let aez .  By Corol lary 3.1.10, Ga i s  a convex prime 

1-subgroup of G. Let C be a convex 1-subgroup of @ such 

t h a t  G a c  C .  Let l<gaC\G,. Then a<ag. Hence 3 b ~ S  such t h a t  

- 1 
a s b a g .  Let 1 r f ~ G ~ .  Then afsbf  = b ~ a g .  So a f g  ra.  Hence 

- 
( f g  ' v I ) E G ~ .  Therefore i s f s f v g  = ( f g - ' v l ) g a ~ ~ ~ r C .  Since C 

i s  convex, then  faC and so  G b d .  By lemma 3.1.9,  C determines a 



convex congruence rV on S such t h a t  @ - [g~G:bg-b], Since 

bag-b  and s i n c e  G is o-pr fmi t ive  on S ,  t hen  f o r  every YES, 

b-y. Therefore ,  f o r  every  YES, 3 h ~ C  such t h a t  bh = y.  

Thus, by lemma 3,1.11, C = G. Hence G, i s  msxfmal. 

) ( )  This  i s  immediate. 

3 )  (4). Let X E ~ .  Def i n e  , on S by zdy  if $ ~ E G  such t h a t  

xg l i e s  between z and y .  Then - i s  a convex congruence on 

S, f o r  it i s  e a s i l y  v e r i f i e d  t h a t  .- i s  an  equivalence r e l a t i o n  

and, i f  Z-y, suppose f o r  some ~ E G  zhfih, t hen  ggeG such t h a t  

xg l i e s  between zh and yh. Me may assume without  l o s s  of 

g e n e r a l i t y  t h a t  zh<xg<yh. Then z<xg?n-' and gh-I EG which 

c o n t r a d i c t s  z--y. Hence f o r  every  hcG, zh-yh. Also, i f  

f o r  y l  , ye, y3eS, y l r  ygsy3 and y,-yJ t h e n  Pfg& such t h a t  

xg l i e s  between y l  and y If y14y2, t hen  3hhaG such t h a t  
3 ' - 

ylsxhsy2 .  But y sy hence q < xhsg and yl4y3,  a c o n t r a d i c t i o n .  
2 3 

Therefore  yl-y2 and - i s  a convex congruence. 

Now, l e t  a&. By lemma 3.1 .9 ,  C = {gcG:ag-a] i s  a 

convex 1-subgroup of G con ta in ing  G,. If G = C ,  then  s i n c e  

G i s  t r a n s i t i v e  on S,  a C  = S and a l l  elements of S a r e  

equ iva l en t .  But x e z  so  t h i s  i s  impossible .  Hence G& and 

so  Ga = C .  If acbeS, t hen  s i n c e  G i s  t r a n s i t i v e ,  H ~ E G  

such t h a t  a g  - b and s o  E C  = G,. Hence a = b .  Therefore  

xG i s  dense i n  E. 

( 4 ) * ( 5 ) .  Let  T be  a convex bounded subse t  of S.  Let 
- 

x = g l b T ~ S .  If a ,  beS and t h e  open i n t e r v a l  ( a , b ) f # ,  then ,  

s i n c e  xG i s  dense i n  5, 3 g ~ G  such t h a t  a < x g O ,  Then 
- - 1 ag  ' < x O g  . Hence EteT such t h a t  t o g - ' .  Since G i s  



t r a n s i t i v e ,  IfaG such t h a t  . f i l  and t = bg'lf. Thus 

Sfnce x = g l b  T ,  then ag-'fj!~ 
- 

but bg I f  = teT and so  a and b a r e  ,& T-connected. If now 

a(b and g x s ~  s t r i c t l y  between a and b ,  then ,  s ince  G i s  

t r a n s i t i v e  on S 3ceS such t h a t  a<b<c and $YES s t r i c t l y  

between b and c .  Since xG is  dense in s, f o r  some gcG, 

xg = b.  Since no element or S l i e s  s t r i c t l y  between x = bg-I 

- 1 - 1 and a g  , then  xeT. But ag <x = bg-l. So a g - ' + ~  and 

again a and b a r e  not T-connected. 

(5 )  *( 1 ) . Suppose G i s  not o-primit ive on S. Then 3 a non- 

t r i v i a l  congruence on S,  and t h e r e  a r e  a t  l e a s t  two congruence 

c l a s s e s  say T and Q where q<t V ~ E Q  and t ET.  Thus, any qeQ 

is  a lower bound f o r  T .  Sfnce G i s  t r a n s i t i v e ,  f o r  some 
I 

qeQ and gsG, qgeT. Hence qg2 i s  an upper bound f o r  T. Thus 

T i s  a bounded convex subset  of S, Since 3 some congruence 

c l a s s e s  with more than  one element, by t r a n s i t i v i t y  3 a,beT 

with a$'b. But, f o r  every ~ E G ,  e i t h e r  af,  bfcT or  af ,  b f k ~ ,  

Hence a and b a r e  T-connected and t h i s  c o n t r a d i c t s  ( 5 ) .  

Therefore G must be o-primit ive.  This completes t h e  proof.  

Corol lary 3.1 .16 

I f  G i s  o -2 - t r ans i t ive  on S, then  G i s  o-primit ive on S. 

Proof: Suppose G i s  not o-primit ive on S. Then from con- 

d i t i o n  ( 5 )  of theorem 3.1 .15, if T is  a convex bounded subset  

of S such t h a t  f o r  x,yeS\T, x<t<y f o r  each teT,  then Bsome 

a , b ~ S  with a 0  such t h a t  a and b a r e  T:connected. 



Case ( 1 )  

Case ( 2 )  

Case , (3) 

Remark : 

If f o r  every geG, ag; b g ~ T ,  then  x<ag(bg<y v Y € ~ .  But 

G i s  o-2- t rans i t ive  on S and so  3 h ~ G  such t h a t  xh=ag 

and bgh=y. But then, x<xh=ag<agh(bgh=y and so a g h ~ T  

but  bgh#~ ,  This i s  a con t rad ic t ion .  Now, i f  f o r  

every geG. age  bg#T', consider  t h e  following: 

agag<x<t<y f o r  each gcG and ~ E T .  Then 3 h ~ H  such t h a t  

agh = t and b& = y ( s i n c e  G i s  o-2- t rans i t ive) .  Thus 

aghfT, b g h # ~  and again  t h i s  i s  a con t rad ic t ion .  

ag<x<t<yag f o r  each geG and ~ E T .  Then s ince  G i s  

o-2- t rans i t ive ,  3h~H such t h a t  agh = t and yh = bg. 

Then ag<x<t.=agh<y(bg=yhagh and again  agheT but  

b g h # ~ .  Thus t h i s  c o n t r a d i c t s  t h e  hypothesis .  Hence 

G i s  o-primit ive on S. 

The converse of t h i s  c o r o l l a r y  i s  f a l s e  as t h e  

example fol lowing t h e  next  c o r o l l a r y  shows. 

Corol la ry  3.1.17 

I f  S = 3 and G i s  t r a n s i t i v e  on S, then  G is o-primitive on 

- 
Proof: G i s  t r a n s i t i v e  on 5 and s o  f o r  X E ~ ,  xG = S. Hence, - 
xG i s  dense on 5. It fol lows immediately from theorem 

3. I. 15 t h a t  G i s  o-primitive on S. 

Remark: G i s  o-primit ive on S G i s  t r a n s i t i v e  on S .  To - - 
see t h i s ,  consider  t h e  fol lowing example: Consider the  t o t a l l y  
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ordered group o f  r e a l  numbers R under a d d i t i o n .  Let 

G = { p q ~ ~ ( ~ )  x p q  = x+q, XER and q a r a t i o n a l  number] . 
Then G i s  o-primit ive.  However, G i s  not  t r a n s i t i v e  on R 

f o r  given x , y ~ R  with x r a t i o n a l  and y i r r a t i o n a l ,  t h e r e  

e x i s t s  no P EG such t h a t  x P  = y ,  Clear ly  s ince  G i s  not 
q q 

t r a n s i t i v e ,  then  G i s  not doubly t r a n s i t i v e .  Hence t h i s  

example a l s o  shows t h a t  G i s  o-primit ive d~ i s  doubly 

t r a n s i t i v e .  

Corol lary 3.1.18 

If G i s  t r a n s i t i v e  and o-primit ive on S, then f o r  every XG:, 

G i s  a rep resen t ing  subgroup of G. 
X 

Proof : By c o r o l l a r y  3.1 . I 0  f o r  each ~ € 5 ,  Gx i s  a convex - 
prime 1-subgroup of G.  Therefore w e  need only show t h a t  $ 

1 - i d e a l  of G, except {I  1. From Theorem 3.1 .15, f o r  each 

xog, xG i s  dense i n  5. Now, i f  I & E G ~ ,  then  ZaeS such that  

afag. Since xG is  dense i n  3, f o r  some fcG, xf l i e s  between 

a and ag,  say  asxfsag .  Then asxfsagsxfg and s o  xf+xfg o r  

xfxfgf-I . Hence fgf-I  $G,. Therefore Gx conta ins  no normal 

subgroup of G except {I ) and Gx i s  a r ep resen t ing  subgroup 

of G. 

Lemma 3.1.19 

Let - b e  a convex congruence on S and l e t  

H = [ g ~ ~ : x - x g  VXES 3 . 
Then H i s  an  1 - idea l  of G ,  



Proof:  C l e a r l y  N t s  a subgro'up of G. For any hcH, x-xh \ d x ~ S .  

I n  p a r t i c u l a r ,  s i n c e  xgsS V ~ E G ,  t hen  xguxgh. Thus x-ghg-' 

- 1 and so  ghg EH f o r  every gcG and h€H. Hence H A G .  Also 

f o r  a l l  XES, x(hV1) = xhVx-x s i n c e  ~ E H .  Therefore hV1cH. 

S i m i l a r l y ,  hAI€H and so  H i s  a swklat-bice of G.  H i s  convex, 

f o r  i f  l<heH and gcH with  l g g G ~ ,  t h e n  xsxgsxh. But - i s  

convex and X-h. Therefore  x-xg. Hence geH. Thus H is a n  

1 - i d e a l  of G.  

Theorem 3.1.20 

@ be t r a n s  it i v e  on S. Then t h e  fo l lowing  a r e  equiva len t  : 

G i s  weakly o-pr imi t ive ;  

For each aeS,  Ga i s  a maximal r e p r e s e n t i n g  subgroup of 
f 

G; 

If XEE and xG i s  no t  dense i n  'S, t h e n  3l+gsG such t h a t  

Y=G, Yg - y; 

If T is a convex bounded subse t  of S, and i f  Ba, bcS, 

a#b, wi th  a and b T-connected, t hen  3 ? + ~ E G  3 XES, x 

and xg a r e  T-connected. 

Proof :  

( 1 ) * ( 2 ) .  S ince  G i s  t r a n s i t i v e  on S, and G ~ ( s ) ,  t hen  by 

Theorem 1.29, G con ta ins  a r e p r e s e n t i n g  subgroup. Also, 

from t h e  proof of t h a t  theorem, Ga = {g:ag = a] i s  a repre-  

s e n t i n g  subgroup of G .  It remains only  t o  show t h a t  G, i s  

maximal. Let  C be a convex 1-subgroup of G and G G C ,  and a 
l e t -  be t h e  convex congruence on S determined by C as i n  



lemma 3.1.9. If" - i s  t r ' i v i a l ,  then a s  i n  t h e  proof of theorem 

3.1.15, e i t h e r  C = G or  C! = G.  If - - i s  n o n - t r i v i a l ,  then  a 

31fgG such t h a t  x ~ x g  f o r  every xcS. Therefore 

{ I  ]+H = {gcG:x-xg ~ ( x E s ] .  But by lemma 3.1.19, H i s  an 

1 - i d e a l  of G. Moreover H c C .  Thus C i s  not a represent ing  

subgroup of G. Therefore Ga i s  a maxinal represent ing  subgroup 

( ( 3 ) .  If X E ~  and xG f s  not dense i n  E, l e t  a &  and define 

, on S such t h a t  z-y if $BEG such t h a t  xg l i e s  between z and 

y.  Then, a s  i n  p a r t  (3)  of t h e  proof of 3.1.15, , i s  a 

convex congruence on S and G c @ = Ig~C+:ag-3 where C i s  a a 

convex prime 1-subgroup of G .  Since G ,  i s  a maximal repre-  

sen t ing  subgroup, C contains  an I - i d e a l  H#{I] of G. Consider 

l < g ~ H .  If f o r  some x f ~ x G ,  xfgfxf ,  then  XbeS such t h a t  
/' 

b < x f o g .  Since G i s  t r a n s i t i v e  on S, 3keG such t h a t  bk = a .  

Then, akm'gk = bgk>xfk>bk = a .  Hence K-' gk C .  *is contra-  

d i c t s  t h e  exis tence  of ~ # { l  ]. Therefore xfg  = xf \d x f f x ~ .  

( 3 )  4 4 )  . Let x = g l b ~ ~ 3  where T i s  a convex bounded subset  

of S.  Suppose a ,  bcS, a 0  and a and b a r e  T-connected. 

Since G i s  t r a n s i t i v e ,  3feG such t h a t  af = b. Then b and 

bf a r e  T-connected and so a and bf a r e  T-connected. Also, 

a 0  = a f 0 f .  By Theorem 3.1.15, &xg~xG such t h a t  a<xgOf .  

I n  p a r t i c u l a r  xG i s  not dense i n  g. Therefore from (3) 

3 l f g ~ G  such tha. t  f o r  a l l  y ~ x G ,  yg = y. Without l o s s  of 

g e n e r a l i t y ,  g>l . Let zeS, Clear ly ,d ~ E G  such t h a t  z<xf<zg, 

f o r  i f  t h e r e  e x i s t s  such an ~ E G ,  then s ince  xfg = xf, t h i s  

gives  z = zg. Hence i f  z g h ~ T  f o r  some hcG, then zheT f o r  

otherwise zhsxszgh which g ives  z s x h - l ~ z ~  and xh-I  ax^. 



S i m i l a r l y  if x' = luST, a  s f m i l a r  argument shows that zgh€T 

whenever z h ~ T .  Hence z  and zg a r e  T-connected. 

(&)a( 1 ) . Let  N be a  n o n - t r i v i a l  convex congruence on S. 

A s  i n  t h e  proof o f  p a r t  ( 5 )  theorem 3.1.15, t h e r e  a r e  a t  

l e a s t  two congruence c l a s s e s  s a y  Q and T where q<t  vq€& 

and teT .  Thus T i s  bounded below by some qcQ and s i n c e  G 

2  i s  t r ans i t ive ; fo r  some ~ E Q  and gcG, qgeT. Hence qg i s  a n  

upper bound f o r  T .  Thus T i s  a convex bounded s u b s e t  of S  

and s i n c e  N i s  n o n - t r i v i a l  Ba, bcT w i t h  aflb. Thus a and b  

a r e  T-connected. From (4), Bl#gc~; such t h a t  V X E S ,  xg  and x  

a r e  T-connected. Now, s i n c e  G f s  t r a n s i t i v e ,  f o r  any xeS, 

3 f ~ G  such t h a t  xfcT.  Hence x f g ~ T  and s o  x f d g f .  Therefore  

x-g. Thus G i s  weakly o -p r imi t i ve .  x 

D e f i n i t i o n  3.1.21 

The suppor t  of a n  element h e ~ ( * s ) ,  denoted ~ ( h ) ,  i s  g iven  by 

o ( h )  = { XES:*+X 3. 

The lemma which fo l lows  g i v e s  a n e c e s s a r y  cond i t i on  

f o r  t h e  1-group of a l l  o-permutations on a  t o t a l l y  o rdered  

s e t  S  if t r a n s i t i v e  on S, not  t o  be t o t a l l y  o rdered .  

Lemma 3.1 .22 

If A ( S )  i s  t r a n s i t i v e  on S, a  t o t a l l y  o r d e r e d  s e t ,  and n o t  

t o t a l l y  o rde red ,  t h e n  A ( S )  c o n t a i n s  a n  e lement  g#l of bounded 

suppor t .  

Proof :  Suppose ~ E A ( S )  and a ,  b ,  c e s  w i t h  a O < c  and - 



a f  = a ,  bf#b, and cf = 6. Define a  mapping g  such t h a t  

xg = xf if  a s s  and xg = x o therwise .  Then I + ~ E A ( S )  and 

g has  bounded suppor t .  If no such f e x i s t s ,  t hen  s i n c e  A ( S )  

i s  no t  t o t a l l y  o rde red ,  3f , fgaA(s )  such t h a t  f p f2  = 1 

and f1# l f f2 .  Then, 3 a c 3  such t h a t  a ( f I v f 2 )  = a .  I n  f a c t ,  

t h e  f i x e d  p o i n t s  of f l v f e  form a c losed  bounded i n t e r v a l  

w i t h  r e s p e c t  t o  t h e  i n t e r v a l  topology say  [y,$']rg. Suppose 

CI ( f  1 ) ~  [xsA:x<y] and o(f2)s{xe8;y <XI. A s  A ( S )  i s  t r a n s i t i v e  
~ .. , ,  

-2 2 
on S, 3heA(S) 3 y'h<y. Let fl; = h  f 2 h  . Then 

r 2 r 2 o (d; ) = { X E ~ : Y  h  <XI. Therefore  o(f  l ~ f ;  )={x~z:~ h  <x<y]. 
r 

C l e a r l y  $ 'hW(f  l ~ f ;  ) . Hence o(f l ~ f ;  )+a(. Thus l#f l ~ f 2  

has  bounded suppor t .  

The nex t  theorem g e n e r a l i s e s  t h e  fo l l owing  r e s u l t s :  

( 1 )  "1f S i s  a Dedekfnd complete t o t a l l y  o rdered  s e t ,  i f  S 

i s  no t  d i s c r e t e ,  and if A ( S )  i s  t r a n s i t i v e  on S, t h e n  

A ( S )  i s  o - 2 - t r a n s i t f v e  on S". This  r e s u l t  i s  due t o  

Treybig .  

( 2 )  "1f S  i s  a t o t a l l y  o rdered  s e t  and i f  A ( S )  i s  t r a n s i t i v e  

on S and i f  A ( s ) ~  i s  a  maximal convex 1-subgroup of 

A ( S )  , t h e n  A ( S )  i s  t o t a l l y  o rdered  o r  A ( S )  i s  doubly 

t r a n s i t i v e  on s". This r e s u l t  i s  due t o  Lloyd (15) .  

Theorem 3.1 .23 

If G is  a n  1-subgroup of A ( s ) ,  i f  G i s  t r a n s i t i v e  and 

o-p r imi t i ve  on S,  and Tf G c o n t a i n s  a n  element l<g whose 

suppor t  i s  bounded below ( o r  above) t h e n  G i s  o - 2 - t r a n s i t i v e  



Proof: Consider l<gcG suc.6 t h a t  ~ ( g )  i s  bounded below. Let 

x<cidy  then 3 f l * ~ ~ ,  sueh t h a t  cf' ad. It follows t h a t  s ince  

G i s  t r a n s i t i v e  on S, 31<fln~G such t h a t  c f n  = d.  Now9 l e t  

= ~ ' ' A P .  Then cf = cd*/icf" = d  and a l s o  feGx Hence, 

f o r  x ,  c ,  d€S and x<csd, then B ~ E G  such t h a t  cf = d. Since 
X 

G i s  t r a n s i t i v e  on S, it follows e a s i l y  t h a t  G i s  0-2-trans- 

i t i v e  on S. 

To prove t h e  a s s e r t i o n  t h a t  !"i~ X,  c ,  dcS and x < c d ,  

then E ~ I ' E G ~  such t h a t  c f l ' ~ d f f ,  we proceed a s  follows: 

Suppose Y E ~  and x<ya By theorem 3.1.15, aG i s  dense i n  5. 

Therefore,  ZrcG such t h a t  x a f < y .  NOW, a f  = g l b o ( f - ' g f ) ,  

f o r ,  if not ,  then  RIES such t h a t  a f a < s  f o r  a l l  s€&- lg f ) .  

- 1 But b#o(f - lgf )  implies t h a t  bf gf = b. mereyore  

- 1 - 1 
a f f - I  = a<bf = bf g.  Thus bf- l#o(g)  which con t rad ic t s  

a  = g lbo(g)  . Hence a y  = g l b o ( f - l g f ) .  Since x a f < y ,  then 

xf- lgf  = x  # o ( f q l g f )  and a l s o  ~ c s ,  af<w<y such t h a t  

w<wf - gf . Now Y E 5  and so yG i s  dense i n  3. Hence @-LEG, 

lab sueh t h a t  ~ < ~ h < w f - ' g ~ .  Let y = hf- 'gfh-I .  Then it 

- 1 - 1 follows t h a t  ~ h - ~ < ~ < w ~ - ' g f h  = wh ye Since xhaxraf,  then 

-1  - 1  - 1 xk = xhf gfh = xhh = x. In  p a r t i c u l a r  , y<whe Iki s yk. 

Now, l e t  U = cGx I f  U has an upper bound, l e t  

y  = lubcGx. A s  before ,  ~ E G ,  such t h a t  y<yk. Then, 

x<yk-'<y. Since y  = lubcGx, ZrcGX S U C ~  t h a t  y ~ - ' < c r .  men ,  

r S b G x  and y < c r k f c ~ ~ ,  a  con t rad ic t ion .  Thus cGx has no 

upper bound and so  the  proof i s  complete. 



Remark: If , and  = a r e  convex congruences on S with  r e s p e c t  

t o  G and i f  we define-*%if ~ b = l a = b ,  t h e n  t h e  s e t  @ o f  a l l  

convex congruences on S forms a l a t t i c e  i n  which t h e  maximal 

and minimal e lements  o and I' r e s p e c t i v e l y  a r e  t h e  two t r i v i a l  

congruences on S. 

The proof of t h i s  is r o u t i n e  and i s  not  done h e r e .  It 

fo l lows  from t h e  above remark that G i s  o -p r imi t i ve  on S 

e x a c t l y  when t h e  c a r d i n a l i t y  of  @ i s  2. 

D e f i n i t i o n  3.1 .24 

G i s  l o c a l l y  o -p r imi t i ve  on S when t h e r e  i s  a unique minimal 

non-0 element of @, t h e  l a t t i c e  of a l l  convex congruences on 

S w i th  r e s p e c t  t o  G.  

D e f i n i t i o n  3.1.25 

The congruence c l a s s e s  of  a unique minimal non-0 cor 

congruence a r e  c a l l e d  t h e  p r i m i t i v e  segments of S. 

Lemma 3.1.26 

If G i s  t r a n s i t i v e  on S, t h e  convex congruences on S form 

a tower.  

Proof :  If a fS ,  by Coro l l a ry  3.1.10, Ga i s  a convex prime 

1-subgroup of G. Therefore  by Theorem 1.15, t h e  s e t  of  

convex 1-subgroups of G c o n t a i n i n g  Ga form a tower under 

i n c l u s i o n .  Hence it i s  neces sa ry  on ly  t o  show t h a t  t h e  

correspondence e s t a b l i s h e d  i n  lemma 3.1.9 between t h e  convex 



congruences on S and the codvex 1-subgroups of G containing 

Ga is 1 - 1  and order preserving. 

Let 0 and p be any two convex congruences on S with 

respect to G. Let Co and Cp be convex 1-subgroups of G 

each containing Ga and determined by Ga. Ifo#p, suppose 

C, = Cp. Then =,yes such that xoy let xdy. But then 

3gaG such that xg, ygaaCa= aCp. Hence xpy. This yields a 
t 

contradiction. Theref ore ~ a f ~ p .  

On the other hand, if C and @' are convex 1-subgroups 

I of G containing G, and such that C and F determine the same 

congruence, then, for each gaC, 3fe~' such that af = ag. 
/ J 

Therefore gf-I eGac C and so gad . Thus CEC' . Similarly it 

follows that C'G C and so C = d' . That t)ne correspondence 

preserves order is clear. For, if o,pa eand if' C, GCp, 

then asp and conversely. 

Definition 3.1 .27 

A convex 1-subgroup K of G is said to cover the convex 1-subgroup - 
H of G if K properly contains H and there is no other convex 

1-subgroup of G between K  and H. 

Theorem 3.1.28 

Let G be transitive on S. The following are equivalent: 

( 1 )  G i s  locally o-primitive on S; 

(2) For each aeS, G, is covered by a convex 1-subgroup 

~ ( a )  of G; 

( 3 )  3 aaS such that G, is covered by a convex 1-subgroup ~ ( a )  



of G. I 

I n  ( 2 )  and ( 3 ) )  the  ~ l ibg~01Q ~ ( a )  i s  unique. 

Proof 
1...* 

( I ) ( 2 ) .  By lemma 3.1.26, the  corwex congruences on S form 

a tower. From ( 1 ), 3: minimal non-0 element of the  l a t t i c e  

of a l l  convex congruences on S with respect  t o  G. From the  

proof of 3.1.26, it follows that  f o r  aeS, Ga i s  covered by a 

convex 1-subgroup ~ ( a )  of  G. 

( 2 ) )  This i s  immediate. Also ~ ( a )  must be unique a s  the 

proof of 3.1.26 indicates .  

3 )  I ) If 3acS such t h a t  Ga i s  covered by a unique convex 

1-subgroup ~ ( a )  of G, -then it i s  immediate from the  proof of 

3.1.26 t h a t  3! non-0 minimal convex congruence on S 

corresponding t o  ~ ( 3 ) .  Thus G i s  l o c a l l y  o-pr i m i  Live. 

- 
Remark: If G i s  an 1-group, l e t  l#gc~. and l e t  C he a 

regular  1-subgroup of' G not containing g. Then C i s  prime. 

If K = n{S: SE@(G) such t h a t  c ~ [ g }  a), then K covers C .  

Theorem 1.27 can now be res ta ted  a s  follows: 

11 An 1-group G i s  1-isomorphic t o  a subdirect  sum of 

.riK where each K i s  a S ; y m s i t i v ~  local2.v o-~r imi . t ive  
P B 

1-subgroup of A ( S  ) where each S - K$c@, C being a 
8 8- B 

regular  1-subgroup of K If. 
P 



I n  conclusfon,  we p re sen t  a diagram of imp l f ca t i ons  

t o g e t h e r  w i t h  some examples, 

t r a n s  i t  i v e  and 
31<~cG such t h a t  
o ( g 7  i s  bounded 
below 

o - 2 - t r a n s i t i v e  

t r a n s i t i v e  

Example s 

( 1 )  An o -p r imi t i ve  1-group which i s  not  o - 2 - t r a n s i t i v e :  

The example which fo l lows  Coro l l a ry  3.1.17 i s  s u f f i c i e n t .  

Also t h e  o-group of r i g h t  t r a n s l a t i o n s  of a t o t a l l y  o rdered  

a b e l i a n  group which i s  " f u l l "  i n  t h e  s ense  of  Cohn ( 4 )  i s  

a l s o  o -p r imi t i ve  b u t  not  o - 2 - t r a n s i t i v e .  

( 2 )  A weakly and l o c a l l y  o -p r imi t i ve  1-group which i s  no t  

o -pr imi t ive :  Let  S be t h e  t o t a l l y  o rdered  s e t  o f  r e a l s  

w i t h  t h e  i n t e g e r s  removed. Then A ( S )  h a s  t h e  d e s i r e d  

p r o p e r t i e s  . 
( 3 )  An 1-group which i s  l o c a l l y  o -p r imi t i ve  b u t  no t  weakly 

o -p r imi t i ve :  Let  G be a  non-archimedean t o t a l l y  ordered 

1-group wi thou t  1 - i d e a l s .  That such 1-groups e x i s t s  i s  

c l e a r  from t h e  example g iven  by A .  H. C l i f f o r d  ( 3 ) .  Let  

I # ~ E G ,  C t h e  r e g u l a r  1-subgroup n o t  c o n t a i n i n g  g ,  and K 

t h e  minimal convex subgroup con ta in ing  g .  Then C and K a r e  

bo th  r e p r e s e n t i n g  subgroups of G, and K covers  C .  Hence by 



theorem 3.1.28,  G i s  l o c a l l y ' o - p r i m i t i v e  on t h e  s e t  of  r i g h t  

c o s e t s  G/C, b u t  by theorem 3.1 .20,  G i s  no t  weakly o -p r imi t i ve .  

(4) An 1-group which i s  weakly o -p r imi t i ve  b u t  no t  l o c a l l y  

o -pr imi t ive :  Let  G be a  t o t a l l y  o rdered  a b e l i a n  group which 

has  no s m a l l e s t  p roper  convex subgroup. Then I i s  a 

r e p r e s e n t i n g  subgroup, and by Theorem 3.1 .20,  G i s  weakly 

o -p r imi t i ve  on G/[I] , bu t  by Theorem 3.1 .28,  G i s  n o t  l o c a l l y  

o -pr imi t  ive .  

(5) An 1-group which i s  n e i t h e r  weakly nor  l o c a l l y  o-primi- 

t i v e :  Let  G be  t h e  1-group of  example 3. Every convex 

subgroup of G n o t  equa l  t o  G i s  a r e p r e s e n t i n g  subgroup, 

and 3 no s m a l l e s t  p roper  convex subgroup. Hence by 3.1.20 

and 3.1.28, G i s  n e t t h e r  weakly nor l o c a l l y  o -p r imi t i ve  on 

S e c t i o n  11. 

An 1-group i s  s imple  i f  it has  no n o n - t r i v i a l  1 - i d e a l s .  

D e f i n i t i o n  3.2.1 

Let G be  a n  1-group. For Igf, gcG, f i s  r i g h t  of  & i f  f o r  a l l  

D e f i n i t i o n  3.2.2 

An element gcG i s  i n s u l a r  if f o r  some conjuga te  g* of g, 

D* i s  r i g h t  of g. 



Def in i t ion  3.2.3 I 

If G i s  an 1-group of o-permutations of a t o t a l l y  ordered 

s e t  S, then  f o r  ~ E G ,  f i s  kounded i f  i t s  support ,  a ( f )  l i e s  

i n  a  c losed i n t e r v a l  of S. 

Lemma 3.2 .4  

Let G be a  t r a n s i t i v e  1-group of o-permutations on a  t o t a l l y  

ordered s e t  S. An element KgsG i s  i n s u l a r  o g  i s  bounded. 

Proof:  ( )  Suppose f o r  l < g ~ @ ,  a ( g )  l i e s  i n  t h e  closed 

i n t e r v a l  [a,b'J of S. Since G i s  t r a n s i t i v e  on S, 31sheG 

- 1 such t h a t  ah = b. Let g* = h  gh. Then, f o r  every xa[a,b)  

-1 - 1  and I s k ~ G ,  h  sxh-'sbh-' = a. Hence xk - 1  h  - 1  $o(g) and 

s o  xK-'h-lg = xk-'h-'. Thus % - - ' g * ~  = &-'h-'ghlt = x e  

Hence a(k-'lg*$-) l i e s  completely ou t s ide  [a ,b ]  ror every 

ISKEG. Therefore $AX-'~*K = 1 f o r  a l l  Ir lfaG. Hence g  i s  

i n s u l a r .  

( )  Conversely, suppose l<g i s  an i n s u l a r  element. Let 
- 

D-* = Y be r i g h t  of g. It may be assumed without l o s s  D 

of g e n e r a l i t y  t h a t  K r l  . There e x i s t s  XES such t h a t  x<xg*. 

If Eyes such t h a t  x<y<yg, then s ince  G i s  t r a n s i t i v e ,  

3 l < i f Q G  such t h a t  xf = y.  It follows then  t h a t  
- 

yf l;*f = xg*f>xf = y  which implies y ( g ~ f - l g * f ) > y .  Therefore,  

g ~ f - ' g * f > l  . This c o n t r a d i c t s  t h e  i n s u l a r i t y  of g  Hence 

&ES such t h a t  x<y<yg and so o ( g )  i s  bounded above by x .  

S imi la r ly ,  3zaS such t h a t  z<zg. Let w s z ~ " .  Then 

- 1 wxsz. So 91sh~G such t h a t  wkh = z. Since gAh g*h = 1 ,  then ,  
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z = zh-'g*h = w m 2 w m  = z. ,Hence wgKh = wkh and so  w = wg. 
- 1 

Therefore o ( g )  i s  bounded below by zK- , . 

Remark: Clear ly ,  if $:wA(s) f s  an 1-isomorphism of an 

1-group G onto a t r a n s f t f v e  1-subgroup of A ( s ) ,  then l < g ~ G  

i s  i n s u l a r  e gpEGpis i n s u l a r  wgp i s  bounded. 

Lemma 3.2.5 

I f  G i s  an 1-group of o-permutations of a  t o t a l l y  ordered 

s e t  S, then  t h e  s e t  H = { g ~ G : g  i s  bounded) i s  an 1 - idea l  of G. 

Proof: Clear ly ,  if 1 = i d e n t i t y  of G,  t hen  a (  I ) = 4 and so 
_I__ 

I E H .  If g ,  heH, ghf l ,  then  suppose o ( g )  and a ( h )  a r e  contained 

i n  the  closed i n t e r v a l s  [a ,b]  and [e ,d]  of S re spec t ive ly .  

Then sinc,e o (gh)co(g)  kp d, h )  , i t  follows t h a t  
/' 

dm) z[a,b] ub,d]  c k ,  bvd] . 
Therefore g h ~ H .  Clear ly if gh. = 1, then  ghcH. Thus H i s  - 
a subgroup of G. For any hcH, o(hv1)  - [ x ~ ~ : x ( h ~ l ) # x  1 

= ( x ~ ~ : x h > x ] ~ ~ ( h )  

Since h i s  bounded, then hv1 i s  bounded and so hV1cH. 

S imi la r ly  o ( h ~ l ) m ( h )  and so hAleH. Thereyore 

of G.  Suppose f o r  I ~ E H  3geG such t h a t  l<g(h. Then - 
a ( g )  = [ x ~ s : x g # x  1 = & x~S:xg>x]_ca(h) .  Therefore gcH and 

- 1 H i s  convex. For any heH and geG, ~ ( g - ' h ~ ) = ( x e ~ : x g - ~ h f x ~  

- 1 Thus xso(g  hg)*xg- '~o(h)*xeo(h)g.  Therefore,  ir o(h)s[a ,b]  

a closed i n t e r v a l  of S, then a(h)gc[ag,bg] . Thus 

- 1 - 1 
a ( g  h g ) ~ [ a g , b g ]  and s o  g hgeH. Thus H i s  an 1 - i d e a l  of G.  



Theorem 3.2,*6 1 

G i s  a s imple  1-group cont ,ainfng a n  i n s u l a r  element H (j. 

i s  a  t r a n s i t i v e  o -p r imi t i ve  1-group of bounded o-permutations 

of a  t o t a l l y  o rdered  s e t ,  S, 

Proof:  Let  g  be a n  i n s u l a r  element of  t h e  sfmple 1-group G.  - 
By c o r o l l a r y  1.30, G f s  1-Isomorphic t o  a t r a n s i t i v e  1-group 

of o-permutat ions  of a  t o t a l l y  o rdered  s e t ,  By lemma 3 ,2 .4 ,  

s i n c e  gcG i s  i n s u l a r ,  t h e n  g  i s  bounded. By lemma 3.2.5, 

if H = { g ~ G : g  i s  bounded], t h e n  H i s  a n  1 - i d e a l  of  G. S ince  

l f g e ~  and s i n c e  G i s  s imple ,  then. H = G .  That f s ,  every  

element of  g  i s  bounded and s o  G i s  a t r a n s f t i v e  1-group 

of bounded o-permutatfons of S. Now, G may n o t  be o -p r imi t i ve ,  

so  l e t  - b e  any convex congruence on S, Then from lemma 

3.1 .19,  HI= ( g G :  x-xg V x e ~  ] i s  a n  1 - i d e a l  of  G .  Since  G 

i s  s imple ,  t h e  H = { I ]  o r  H = G, For I + ~ E G ,  l e t  c r ( f ) I l e  

i n  t h e  c l o s e d  i n t e r v a l  [ a , b l  of  S. 

t r i v i a l  congruence -, a-b , t hen  f EH 

i s  imposs ib le  s i n c e  G f s  t r a n s i t i v e  

union of any tower of  proper  convex 

Then i f  f o r  any non- 

and s o  H - @. But t h i s  

on S. It fo l l ows  t h a t  t h e  

congruences on S is  a 

proper  convex congruence. Therefore ,  by Z o r n O s  lemma, 

t h e r e  i s  a maximal p roper  convex congruence p on S, Also, 

~ / p  i s  t o t a l l y  o rdered  a s  i n  lemma 3.1.2.  Let  p :G A ( s / ~  ) 

be t h e  n a t u r a l  1-homomorphism of lemma 3 .1 .2 .  Then, f o r  

~ E G  and xcS ,  (xg )p  = (xp )gp .  Also,  s i n c e  H = { I ] ,  

$ l # f e ~  such t h a t  V x e S ,  xpxf and s o  $ i s  1 - 1 .  It fo l l ows  

that  G i s  0 -p r imi t i ve  on s / ~  and s o  i s  a t r a n s i t i v e  o-primi- 



t i v e  1-group of bounded o-pkrmutations on s / ~ .  

Conversely, l e t  G be a t r a n s i t i v e  o-primit ive 1-group 

of bounded o-permutations on a t o t a l l y  ordered s e t  S. Let 

( I  )#N be a 1 - i d e a l  of G. Define - on S such t h a t  f o r  x,yeS, 

~ - ~ . y e ~ l < f e ~  such t h a t  xsyf and p x f .  Then it i s  e a s i l y  seen 

t h a t  -- i s  a n  equivalence on S. Also -- i s  a convex congruence. 

To see  t h i s ,  n o t i c e  t h a t  if x q ,  l e t  l<feN be s u ~ h  t h a t  

xsyf and ysxf.  Then, f o r  any ~ E G ,  xgsyfg and ygsxfg. 

- 1 Take f' = g fg.  Then s ince  N i s  an 1 - idea l ,  l < r e N .  Also, 

t xgiyfg = ygfl' and ygsxfg = xgfl . Thus x w y g  f o r  every gaG. 

Now, if x ,y ,  zeS, x q s z  and X-Z, then  Sl<faN such t h a t  

xszf and zsxf. Therefore,  yszsxf and xsyiyf  s ince  f > l .  

Thus X N ~ .  Therefore - i s  convex. It follows immediately 

from tkfe d e f i n i t i o n  of t h a t  'BJfcN, k x f  V X ~ S .  Since 

N#{I], then 3 a t  l e a s t  one congruence c l a s s  E containing more 

than  one element. But G i s  o-pr imit ive,  t h e r e f o r e  E = S 

and must be t h e  only congruence c l a s s .  Let l<geG. By 

assumption g i s  bounded. So l e t  a ( g )  l i e  i n  some closed 

i n t e r v a l  b,b] of S. Since a-b, then  3 l < f ~ N  such t h a t  

bsa f .  Hence, f o r  any xa k ,b] ,  xgsbsafsxf .  For any 

x&\h,b]  , xg = xsxf .  Thus ggf.  But N i s  convex and so 

geN. Therefore G = N,  and G i s  simple. By lemma 3.2.4, 

every p o s i t i v e  element of g i s  i n s u l a r .  This completes t h e  

proof.  

Corol lary 3.. 2,. 7 

If G i s  a simple 1-group with an i n s u l a r  element, then  every 



p o s i t i v e  element of G i s  i n s u l a r ,  

Proof:  This i s  immediate from t h e  theorem. - 
C o r o l l a r y  3 e 2  .8 

If G i s  a s imple  1-group wi th  a n  i n s u l a r  e lement ,  t h e n  f o r  

every l < g ~ G  t h e r e  i s  an  i n f i n i t e  c o l l e c t i o n  of pa i rw i se  

d i s j o i n t  con juga tes  of  g ,  

Proof :  By C o r o l l a r y  3 .2 .7 ,  every 1 <gcG i s  i n s u l a r .  The 

r e s u l t  f o l l ows  immediately from d e f i n i t i o n s  3.2.1 and 3.2.2. 

I n  conc lus ion  two examples of s imple  1-groups a r e  g iven .  
I 

~ x a m p l e k  

( 1 )  If F i s  a t o t a l l y  o rdered  f i e l d ,  t h e n  A ( F )  i s  doubly 

t r a n s i t i v e .  Hence A ( F )  i s  o -p r imi t i ve .  There fore  i f  G i s  

t h e  1-group of bounded o-permutat ions  of  F, t h e n  by theorem 

3.2 .6 ,  G i s  s imple .  I n  p a r t i c u l a r  t h i s  i s  t r u e  if  t h e  f i e l d  

i s  t h e  f i e l d  of  r e a l  numbers, a r e s u l t  ob t a ined  o r i g i n a l l y  

by Holland ( 10) .  

( 2 )  A n o n - t o t a l l y  o rdered  s imple  1-group which does 

c o n t a i n  a n  i n s u l a r  element:  Let  G be  t h e  1-subgroup of 

A(R), where R i s  t h e  t o t a l l y  o rdered  f i e l d  of r e a l  numbers, 

such that  G = [ a e A ( ~ )  :xcr+I = (x+l ) u VXER] . Then G i s  

t r a n s i t i v e  on R f o r  g iven  any x ,  yeR w i t h  x<y, l e t  p 
Y-x 

denote  t h e  r i g h t  t r a n s l a t i o n  (additive) by y-x. Then 



Xpy-x =y and a l s o  p EG. Then by Corol lary 3.1.17, G is  
Y-x 

o-primitive.  That G i s  not t&al ly  ordered i s  c l e a r .  Also, 

f o r  each gcG, a ( g )  i s  not a bounded subset  of G hence G 

conta ins  no i n s u l a r  elements. That G i s  simple follows from 

t h e  following: For gcG, o ( g )  i s  an .  open s e t  with r e spec t  t o  

t h e  i n t e r v a l  topology on R .  Also, f o r  any IR<g€Gy o(g)n[o, l ] f$ 

where [ o , l ]  denotes t h e  closed i n t e r v a l  between o  and 1eR. It 

i s  e a s i l y  seen t h a t  if x ~ [ o , l ]  and xg=x, then  Bg* some 

conjugate of G wi th  xg*#x t h a t  i s ,  xco(g*) .  For each x s e l e c t  

such a g*. Then [o, I ]Wa(g*) .  Since Lo, 1 ] i s  compact, t hen  3 

a f i n i t e  number of conjugates {gi]:=, of g  such t h a t  
n  n  n  

[ o , I ] c  u a ( g i ) m (  v g i ) .  Let h=.v g . .  
1=1 1 

Then i t  follows t h a t  h 
i= 1 i= I 

has no f i x e d y o i n t s  i n  [o,1] and so  none i n  R by d e f i n i t i o n  of 

G. Therefore,  f o r  any I R < f  PG, 3 some int 'eger K such t h a t  
k  1f<o(hlk.  Thus, f o r  each xa[o, I ] ,  x f g l f < o ( h )  ~ x ( h . 1 ~ .  Hence 

k  f o r  every yfR, y f ~ y ( h ) ~ .  Thus, l R < f ~ ( h )  and s o  any l - i d e a l  of 

G which conta ins  g  must a l s o  conta in  any such f .  Hence G i s  

simple. 

Using t h e  r e s u l t s  of s e c t i o n  I, C. Holland a l s o  showed 

i n  ( 1 1 )  t h a t  under s u i t a b l e  but  r a t h e r  genera l  condi t ions ,  

i f  an 1-group G i s  1-isomorphic t o  a t r a n s i t i v e  1-subgroup 

of A ( S )  and t o  a t r a n s i t i v e  1-subgroup of A ( T )  , where S and 

T a r e  t o t a l l y  ordered s e t s ,  then  TCF where 3 i s  t h e  

completion of S by Dedekind c u t s  (without  end-points) and 

t h e  a c t i o n  of G on T i s  obtained by f i r s t  extending t h e  

a c t  ion of G on S t o  an  a c t i o n  on and then  c u t t i n g  back t o  T .  
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