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ABSTRACT

The generation of radio-frequency acoustic waves within
the skin layer of a metal in the presence of a static magnetic
field has been studied in single-crystal plates of pure gallium.
Acoustic resonances generated in this manner were detected as
singularities in the surface impedance at those frequencies
which satisfy the boundary conditions for the existence of
standing sound waves in the plate. The amplitude, line-shape,
and magnetic field dependence of these singularities are in
quantitative agreement with the predictions of the phenomen-
ological model of Turner, Lyall, and Cochran.. This theory is
applicable to all real metals, under certain conditions of
frequency and magnetic field, and its results are discussed in
relation to those detailed calculations which assume that the
metal consists of a free-electron gas in an isotropic, posi-

tively-charged background.

The measurements were obtained using a radio-fregquency
bridge which is capable of measuring changes in the phase and
amplitude of the surface impedance of a metal plate, with an
amplitude uncertainty of * 3%, and a phase-angle uncertainty
of 1.5 degrees. This apparatus was calibrated at helium

temperatures, and at frequencies between 5 MHz and 10 MHz.

Using the continuous-wave resonance technique, the

velocities of ultrasound in single crystals of gallium were
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measured at 4.2°K, 77°K, and 273°K. From these measurements,
the nine elastic constants of gallium were calculated. The
Debye temperature calculated from the 4.2°K elastic constants,
328 + 3.3°K, 1s in agreement with the value of 324.7 * 2°K
previously obtained from low-temperature specific heat data by

Phillips.

The electromagnetic generation of acoustic waves is con-
sidered as a technique to obtain further information relating
to the ultrasonic properties of metals. 1In particular, three

types of measurements are discussed:

1. guantum oscillations in the ultrasonic attenuation
and velocity;
2. small changes in the ultrasonic velocity:

3. absolute ultrasonic attenuation.

In each instance, data obtained using gallium single crystals

are presented.

A description of an experiment in which the radio-frequency
bridge was used to measure the normal and superconducting skin

depths in polycrystalline plates of pure indium is included as

an appendix.
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CHAPTER 1. INTRODUCTION

1.1 Historical perspective

Acoustic waves may be generated in a metal when an electro-
magnetic field is incident on its surface in the presence of a
steady magnetic field. The existence of this phenomenon has been
well-known for many years, and its origin has been correctly
identified with the Lorentz force of the magnetic field acting
on the rf current carriers in the metal. 1In 1939, for example,
Randall,.Ross, and Zener (1) usea this "electromagnetic drive"
to excite kilohertz-frequeney longitudinal vibrations in brass
rods. During the last three years there has been a revived
interest in this effect, as is evidenced by the chronological
bibliography given in Appendix I. Experimentally, the phenome-
non presents a convenient source of phonons, with frequencies
from kilohertz to gigahertz. Theoretically, an analysis of
the electromagnetic generation of acoustic waves involves a
treatment of the interaction between the electromagnetic and

acoustic excitations in a metal.

At sufficiently large magnetic fields in an infinite
uncompensated metal, lightly-damped, circularly-polarized
electromagnetic waves called helicons may propagaté in a
direction parallel to the magnetic field (2). The electro-
magnetic-acoustic interaction was first investigated in terms
of the coupling between these helicons and transverse acoustic
waves, by Skobov and Kaner (3), Langenberg and Bok (4), and

Quinn and Rodriguez (5). These workers considered the



transport equations of the ions and of the electrons, coupled
by their mutual electromagnetic interactions in an infinig#
metal. The resulting dispersion equation for the electon-

ion system shows that the helicon-phonon coupling is strongest
when the frequency and magnetic field are such that the linear
acoustic dispersion curve and the quadratic helicon dispersion

curve intersect, i.e.,; 1 the aqim 1 e acoustic and

in the regime where th

helicon phase velocities coincide. All of the above workers
recognized the possibility of using electromagnetic excitation
to qeneggte transverse phonons {(and vice versa) in this branch-
crossing region. The predicted helicon-phonon interaction was
first observed experimentally by Grimes and Buchsbaum (6) in

potassium at a frequency of 30 MHz, and at fields between 50

and 100 kG.

In 1966-67 Gantmakher and Dolgopolov (7) and Larsen and
Saermark (8) reported the observation of acoustic resonances
in the surface impedance of metallic plates which were placed
in a radio-frequency electromagnetic field, with a static
magnetic field applied normally to the plate. This effect was
observed in a field-frequency region far from that of the
helicon-acoustic dispersion curve intersection. Following
these experiments, Houck, et.al. (9) showed experimentally
and theoretically that coupling between electromagnetic and
transverse acoustic modes can occur near the surface of a
metal in the presence of a perpendicular magnetic field,

independently of helicon propagation. The exact form of this



resulty for free electrons, was given by Quinn (10), and the
details of the derivation will be reproduced in the theoretical
chapter of this thesis. The experiments of Houck, et.al. were
extended by Betjamann and coworkers (l1l), who generated both
longitudinal and transverse acoustic waves in metal rods,

using different polarizations of radio-freguency excitation
relative to the static magnetic field. Meredith, et.al. (12)
presented further experimental results obtained with a magnetic
field parallel, and perpendicular to the surface, and showed
ftheofétiCally that the generation of longitudinal acoustic
waves ‘is to be expected when the magnetic field lies in the

‘plane of the surface. (*)

More. recently, Turner, Lyall and Cochran (17) have shown
that for conditions of frequency and magnetic field which are
appropriate to most of the experiments mentioned above, the
electromagnetic‘generation of acoustic waves at the surface of
a metal may be quantitatively predicted by means of a purely
phenomenological argument. These authors have considered the

geometry which is approximated in the common experimental

(*) In these theoretical treatments, no momentum transfer from
the electrons to the lattice at the surface is considered.
At frequencies above 1 GHz, however, the diffuse nature
of the surface scattering apparently provides an important
driving force on the lattice (13), and strong electromagnetic-
acoustic coupling exists in the absence of a static magnetic
field. This case, which will not be discussed further in
this thesis, has been investigated experimentally by
Abeles (14) and by Weisbarth (15), and theoretically by
Abeles (14), Southgate (13), and Cohen (16).



configuration of a metal plate contained in an rf solenoid
(7,8,18), and have calculated the effect of the generated
acoustic waves on the surface impedance oif the plate (*).

The phenomenological argument does not rely on any microscopic
model of the metal, but is valid for all real metals in the
limit where the radio-frequency electric currents are confined
to a distance near the surface that is small compared to the

wavelength of sound.

While this theory yielded expressions which could easily
be‘cohééréd with empirical results, none of the experiments
discussed above produced a quantitative measurement of the
conversion efficiency of electromagnetic to acoustic energy.
Presented in this thesis are quantitative results, obtained
using single crystalline plates of pure gallium, which are
in agreement with the predictions of the physical model of
Turner, Lyall and Cochran. Several applications of this effect
as a technique to investigate the ultrasonic properties of

metals are considered in detail.

l.2 Contributions to this thesis

The contributions to this thesis are best presented with-

in the framework of the remaining chapters:

- (*) A complex microscopic theory for this geometry has been
given by Kravchenko (19j.



Chapter 2

The phenomenolcgical model {17) for the electromagnetic
generation of acoustic waves is presented in detail, and its
results are compared with the microscopic theories of Quinn
(10) and of Kravchenkc (19). The different apprcaches are
found to be in agreement, under certain restrictions for the

frequency and magnetic field.

Chapter 3

A radio-frequency bridge, designed to measure absoclute
changes in the suriace resistance and surface reactance of
metal plates, is described. The bridge is calibrated at

4°K, and at frequencies between 5 MHz and 10 MHz.
Chapter 4

The first gquantitative measurements of the electromagnetic
generation of acoustic waves in metals are presented. These
measurements are of the singularities in the surface resistance
and reactance due to acoustic resonances in single-crystal
plates of pure gallium. The experimental results are found
to be in guantitative agreement with the theoretical predictions

of the phencmenological model presented in Chapter 2.
Chapter 5

Assuming that the surtace impedance singularities occur

at frequencies which yield acoustic velocities equivalent to



the ordinary ultrasonic velocities in a bulk metal, the nine
elastic constants of gallium at 4.2°K, 77°K and 273°K are
calculated. The uncertainty in the measured velocities is
estimated to be t* 0.3%. A discussion of this uncertainty,

and of the above assumption, is given. The Debye temperature
calculated from the 4.2° elastic constants is in good agreement
with that obtained from low temperature specific heat measure-
ments (20). The only values oif the elastic constants of gallium
previously reported are those of Roughton and Nash {21) at
273°K, Yhich are in disagreement with the results presented

in this thesis.
Chapter 6

The electromagnetic generation of acoustic waves is con-
sidered as a technique to obtain further information related
to the ultrasonic properties of metals. 1In particular, three

types of measurements are discussed:

(a) gquantum oscillations in the ultrasonic attenuation
and velocity;
(b) small changes in the ultrasonic velocity;

(c) absolute ultrasonic attenuation.

In each instance, data obtained using gallium single crystals

are presented.



CHAPTER 2. ELECTROMAGNETIC GENERATION OF

ACQUSTIC WAVES - THEORY

2.1 Introduction

In this chapter, the,theoreticaifbasis for the electro-
magnetic generation of acoustic waves in a metal in the
presence of a magnetic field is presented. A phenomenological
model (17) is discussed in detail in section 2, and the limits
of its applicability are examined. This model assumes that
the acgustic wave generation is due entirely to the Lorentz
force of the magnetic field acting on the current carriers
in the skin depth ef the metal. Expressions are derived for
the ‘acoustic resonance singularities which appear in the
frequency spectrum of the surface impedance of an infinite
metal plate which is immersed in a uniform radio-frequency
magnetic field. 1In section 3 the microécopic treatmentsg of
-Quinn+~(10) and Kravchenko (l19) are considered. The theory of
Quinn; which has also b%en discussed by Meredith, et.al. (12),

is reproduced in some detail, ‘as an_example of this approach.

It is shown that for ordinary metals at low megahertz fre-
quencies and magnetic fields of the order of 10* gauss, the
Quinn and Kra&chenko results may be reduced to expressions
that can easily be obtained by means of the simple physical

argument of section 2.



2.2 Phenomenological model

2.2.1 Semi-infinite metal

Consider the geometry of Fig. 2-1. An electromagnetic
plane wave of angular frequency w, linearly polarized with
the magnetic vector along the y-axis, is incident normally
on the surface of a semi-infinite metal. A skin current density,

3 (z), flows within a distance A of the gurface and shields
A

the interior of the metal from the external electromagnetic

field. A static magnetic field §0 is applied to the metal,

at an arbitrary angle to the surface.

The Lorentz force density acting on the current carriers

in the skin layer is (*)
Fo=e (Lo« &) ameert o

and, if the spatial distribution of gs(z) may be approximated

by a Dirac delta-function 6(z) at the surface, we can write:
/E_(Z) =,E/_/'[° X BD) S(Z) dyne-cm~? (2]
— w.._.
where [o = Js (2) dz statamp-cm™*, [3]
(o]

According to Maxwell's equations, the rf magnetic field that

—

(*¥*) Throughout this thesis we use the Gaussian (cgs) system
of units.
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is applied to the surface of a semi-infinite metal is attenu-
ated as one moves into the metal. The interior rf magnetic
field, which approaches zero at depths larger than ~ A, is
the sum of the magnetic field applied to the surface and that
due to the current flowing in the surface layer, A. It is
clear, then, that the magh@tude and direction of the integratedu
surface current To is fixed by the rf magnetic field applied

to the surface. The relation which results from Maxwell's

equation is

’ l; =‘i%} f/ﬁv statamp-cm™ !, [4]

where we have neglected the displacement current in comparison
to theconduction current in the metal. This general result
shows‘that the direction and magnitude of the integrated surface
current are determined solely by the geometry of the experi- |

ment, and are not dependent. upon the static field, B The

0°
Lorentz force acting on the electrons must therefore be bal-
anced by an equal and opposﬁte force due to interactions with
the lattice. From this physical argument we conclude that

the Lorentz force on the electrons is communicated to the
lattice, and that it provides the driving mechanism for the
generation of acoustic waves in the metal. If the acoustic
wavelength is much larger than A, ﬁit is clear that the exact
distribution of force on the lattice over the distance A is

unimportant, and [2] can be used to calculate the amplitude

and phase of the acoustic wave which is generated. If and
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only if the plate normal lies dlong a high symmetry axis in
the crystal, pure acoustic modes will propagate in this
direction. These waves will be longitudinal when Eo lies
in the plane of the specimen and transverse when Eo lies

in the plane defined by the rf current and the surface normal;
in all other cases, both longitudinal and transverse waves

will be generated.

The equation of motion for the lattice may now be written,
assuming that only the driving force [2] is important:{ For
an ela;tically isotropic material, neglecting acoustic damp-
ing:

—

20, , = 2 — ot J:)<Z§:
83§ A o) — & o) + Tpe S, o

where S'Q and St are the acoustic velocities for longi-
tudinal and transverse waves; p 1is the density of the metal,
and E(z) is the displacement of the lattice from its equili-

brium position.

2.2.2 Unbounded metal plate

This phenomenological approach for a semi-infinite metal
may easily be extended to the case of a metal plate of thick-
ness d, and of infinite extent. We assume that the plate
is immersed in a sp&tially uniform rf magnetic field. This

is approximated experimentally by placing a metal plate within
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a long rf solenoid, whose axis lies in the plane of the plate.
The rf electric fields at the plate surfaces =z = 0 and

z = d are then EX(O) = —Ex(d). This result may be undép-
stood as follows: by symmetry, the electric fields at the

two surfaces must be eﬁual in magnitude, and in order to screen
the externally .applied rf magnetic field from the interior of
the plate, the skin currents at the two surfaces must be

equal in magnitude but opposite in direction. Consequently,
EX(O) = -Ex(d). For simplicity, we also assume that the static
magnetic field is applied in the plane perpendicular to the

coil axis, at an angle 6 to the plate normal (Fig. 2-1).

With this geometry, if the metal is isotropic, or if the

y-axis coincides with a principle axis of the sound velocity
tensor, pure transverse -acoustic waves-are generated in the

plate:: -The-Lerentz-force -density is given by:
Fots) = =22 cos 6f8(z) - §(2-d)]  ame-on™* 6]
y(2) = c

-The -acoustic equation of ‘fnotion may then be written

d°f (= zo( 2 LB, cos o
_o%.) il _ye it S Se-)f s )

where all acoustic attenuation mechanisms in the metal have

been represented by a damping force density,

B

dyne-cm™ °. (8]
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The acoustic amplitude attenuation coefficient is given by
o = Y/(2St) cm~'. Changes of the ultrasonic attenuation
(and velocity) as a function of magnetic field strength are

of course not included in this treatment.

Equation [7] can be solved by means of the Fourier

cosline series. Let

g
AJRY

Y

—;\
=]

. . . -iwt .
where m 1is an integer. Then, assuming an e time

variatidn for gy(z),

o0

r% [ ( mgst)z +ilw Y]AMCOS n;trrz- _ L%CCOSS [5(2)_ 5(2-0()].

Multiplying by cos(nmz/d), and integrating from 0 to 4d:

[wz—(’%z—st)a-f-dw}/]An%‘ = IO(BOOCCOS e[/—cczs, nnj

2I,B.cos © (/-cos nir)
cdp (Wt -w,? + (w J’)

oA

where W, = nﬂSt/d, and the solution for the ion displace-

ment 1is

_ 2LB, cos 6 [ (1-Cos nr )(cos aélz) -(wt
i, (1) cdp ,IZ, (w’-— W,* +wf ) < .
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We now consider the singularities in the surface imped-
ance, or skin depth, which are associated with the acoustic
reso%hﬁ?egin the plate deseribed by [9]. This requires a
calculation of the electric field that is set up within the
metal, dué to the passage of the acoustic wave-and the presence
of Eo' For this calculation, we assume that the ion currents
due to the acoustic wave are completely screened by the elec-
trons, i.e., no net currents flow within the metal, apart
from the skin current. The total current in the interior of
the tmetal is the sum of the ion current, gi(z) = noeg(z),
and the electron current, ge(z) = —n°e$(z)} where no,isééhe

density of conduction electrons, with charge (-e), and v is
the electron velocity. The assumption of total screening,

then, may be written
7T o=

The validity of this assumption will be considered in section

2.2.3.

The electrons are moving in the presence of a magnetic

field, and hence they experience a Lorentz force,

a'/;"(z)__:_eéf(;')XBa )

Because of the assumption of complete screening, this force

’
gmuSpfbe.balanced/by a force due to an electric field which is
* ”,‘.\ .‘ * v
set up' in. the /metal; ¢’
» B ;

N
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-—>

. =3 =3
AE(Z—) - f(?)c)( [10]

In the geometry which has been assumed, the x-component of

this electric field at the surfaces of the plate,

AE, (o) = — §,(0) B. cos & [11]
AN ‘ z - J)
will alter the surface impedance 2, which is the quantity
that i$ measured in our experiments. The surface imqﬁdance

is determined by the total electric field at the surface,

2 = 5(0);45(0} =2 +AZ, [12]

where 2 is the surface impedance in the absence of acoustic

waves, and AZ is the acousticﬁ¢0ntribution. Finally, equa-
tions [9], [11l], and [12] may be combined to yield the acous-.
tic contribution to the surface impedance of one face of an

infinite metal plate: (¥)

(ELLU BZCDS QZ (/ cos hrr) A[\D—-LAX (13]

C n/@a'w +CU)},}

R and X are the surface resistance and reactance. Using

(*) Hereafter, when we refer to,changes. in the surface.imped-
ance, or skin depth of a plate, we mean the contribution
from only one side. The total change, accounting for both
faces, will be twice this wvalue..
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the formal definition for the complex skin depth in a semi-

infinite metal,

2

H(o)/ He) dz == g 2 =S + 1o, .

we can rewrite equation [13], for the acdustic contribution

to the skin depth;

_ Bicos™ 8 (/—cos nr) '
Aé - 2mpd Z ) (w* —60"+6ij 1151

>

These expressions have been derived for Eo perpendicular
to the rf coil axis (ﬁo in the plane of Fig. 2-1), and in this
case, the generated acoustic waves are transverse. When the
magnetic field lies in the plane of the plate, longitudinal
waves are generated. The derived expressions are then identi-
cal to {13] and [15], but ©6 1is the angle between Eo and
the rf skin current. When the magnetic field lies iﬁrneither
of these two planes,4both transverse and longitudinal waves

are generated, and two terms must be included in the above

expressions.

2.2.3 Validity of the electron screening assumption

To complete the discussion of the phenomenological model,
we must examine the validity of the assumptions that have

been made in the above derivation. We first consider, for
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simplicity, transverse waves propagating parallel to ﬁo in
the interior of the metal. The propagation vector is in the
z-direction, .and the lattice displacement is along y. In
arriving at expression [10] for the transverse electric field,
AEx(z), which is set up in the metal, it was assumed as a first
approximation that the total transverse current jx(z) was
zero. There is such a current required, however, to generate

the rf field, AEX(z). The magnitude of this current can be

calculated from Maxwell's equations and equation {[10]:

. dAEe) _ 4riwe)
dz? o e

[1le6]

a is the wave vector of the electromagnetic excitation in the
metal. It is this rf Hall current which in turn interacts
with ﬁo to produce a force proportional to B§ in the y-
direction which gives rise to a slight change in the elastic
constants, and hence a change in the sound velocity in the

metal (*).

The ratio of jX(z) to the ion current ji(z) =-noeéy(z)

|28 - (& 25,

and our assumption that the total currents in the metal are

is

negligible requires this term to be much less than unity.

(*) See section 6.2.
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For a typical metal having n, = 10?® (*) electrons/cm®, and

S, = 3 x 10° cm-sec~™",

t
c 2w [ 8 | __ e
(S‘t) 4.1 (HDEC) s 5 X [0 (/UBo .

At frequencies up to 10 MHz and fields to 20 kG, as in our

experiments, this term is small, and the rf Hall current

may be neglected.

The value of jx(z) given by [l16] can now be used in
a second approximation to demonstrate that the next order
terﬁJ AE;(Z), which must be added to AEX(z) in equation

[10], is small:

{AEXI(?:)l _ U,((Z)l

Tetf
and
/ 2
,Agx (Z)I — 8"!1\'2’/ ge]’-f\)
AE, (2)| VA
where Coff is the appropriate conductivity in the presence
of a magnetic field, and Géff = c2/(8ﬂwceff). Thus [10] is

the correct expression for the transverse electric field that
arises due to the passage of the acoustic wave, if the wave-

length of sound is much larger than the parameter Geff’ which

(*) Note that n, = Nz, where N is the ion number density,
and 2z is the ion valence. - n is not the effective
number of charge carriers which is obtained from the
Hall constant.

(18]
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can be closely identified with the skin depth of the metal.
This condition is similar to the one which supports the
delta-function approximation of equation [2]. For a typical .
metal at a freguency of 5 MHz, with o, = 10° 7! cm™} =

9 x 10!'% e.s.u. at, T = 300°K, S, = 3 x 10°% cm-sec—!, So/Ag
0.06, and this factor will be reduced as much as 10? at helium
temperatures. A similar argument and result apply to the

transverse current which is set up when longitudinal waves

are propagating perpendicular to the magnetic field.

Tie components of total current along the directions of
ion displacement have Bﬁen considered in reference (175.(*)
It is demonstrated there that (1) for transverse waves this
current is small if A/)\s << lﬁ‘ where A 1is a measure of
the depth of penetration of théAsurface currents into the:
metal, and (2) that longitudinal screening is effectively.
complete for all longitudinal modes which can propagate in
the metal. The first of these results is easily understood
qualitatively, since the ordinary skin depth provides a
measure of the shortest transverse wavelength which may be
screened by the electrons. The second result follows because

the electrons must move with the lattice to maintain local

charge neutrality in the m@tal.

(*) Note that reference (17) contains a misprint: on page
2300, column 2, line 23, "shorter" should read "&onger".

%
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It may be concluded, then, that the validity of the
phenomenological theory of the generation of acoustic waves

at the surface of a metal is subject to two conditions:

o (gt )z 4w7r (h%c) SR [19]

A
. < [20]
2 N &1, 2

This model predicts the size and shape of the singularities
which:appear in the surface impedance of a metal plate as

a resuit of acoustic resonances which are generated in the
plate. It does not, of course, give the magnetic field
dependence of the acoustic velocity and attenuation, for

which a full analysis of the coupled ion and electron trans-

port equations  is required.

2.3 Microscopic theory

2.3.1 Semi-infinite metal, free @lectrons

As an example of the microscopic approach to the electro-
magnetic-acoustic coupling problem in a metal, we outline in
this section the formulation given by Quinn (10). This theory
is based on a model used by Cohen, Harrison, and-Harrison (22),
and by Rodriguez (23): the metal consists of a free-electron
gas embedded in an isotropic backgrouﬁd of positive ions which
is abléltégSuppopt longitudinal and shear acoustic waves. We

refer again to Fig. 2-1, where an electromagnetic wave with
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time variation e_lwt (*) 1is incident normally on the surface

of the metal, which occupies the half-space, 2z > 0. The
static magnetic field EO is assumed to lie perpendicularly

to the surface. For this geometry, and for frequencies much
less than the plasma frequency, only the transverse rf fields
Ex,y(z) and Hx,y(z) need be considered in the metal, and the

circular polarization notation will be used throughout this

gsection; e.qg.:

F.(z) = E,z) £ (E,@),
[21]

Hefz) = Ho(2) © (H(z), ete.

The problem t¢ be solved is to calculate the response

a2

of the icn displacements, {z}, toc the applied rf electro-

magnetic field as a function of §o° The physics of this
problem is completely described by Maxwell's equations, and

by the transport equations of the ions and of the electrons,

in the presence of acoustic wave propagation in the metal.

Maxwell's two equations,

curd H’(Z) = = J@E) + -L

and =

curd E_.(z) =TT 4t

(*) Quinn (10) and Meredith, et.al. (12) assume a time varia-
tion elwt for the fields, and therefore the signs of
their results differ from those presented here.
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may be written in the circular polarization notation for the

metal:

oi(/-f(i) - T e T RE)

and

dZZEGH - + ﬁg—#{(%)
dz ¢ s

The presence of the metal surface can easily be accommo-
dated if it is assumed that the electrons are specularly re-
flected from the boundary (24). 1In this case, an electron after
reflééficn follows a path which is the mirror image of the
trajectory that it would have followed, had it been allowed to
continue into the other (z < 0) half-space. Because of this,
the electromagnetic problem may be considered in an infinite
medium, if the electric filields and currents are extended to

negative values of z:

E.(-2) = E.(3) and  J, (~z) = J, (g [22]

and if a fictitious surface current sheet,

L, =5 Heo) ) (23]
is introduced, where §&(z) is the Dirac delta-function. The
current sheet jOi(z) is required to produce the correct
boundary conditions for the electric field; the magnitude and
direction of jOt(z) are determined by the discontinuity in
dEt(O)/dz, and hence in Ht(O), which exists in the infinite

metal problem.

Maxwell's equations can now be written for the infinite
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metal: daEt(E') + LU: E+(g.) = — izcia’u‘)‘lj;(z) y
diz C s

where [24]
J(z) = -lnewb(2) +je @) + ), (2) -
The three contributions to the total current density are the

ion, electron, and surface currents, respectively.

When a sound wave propagates through a metal, an equation

- m ~  iwmf 2Ee ﬁm} [25]
Je T Q'(w:‘i’){E + ez 3n.e(/+iwt)

” . . [
where o(w,q) 1is the magnetoconductivity tensor for frequency
w and wave vector &, T 1is the electronic relaxation time,

and is the Fermi energy. The three terms on the right

E
F
side of equation [25] are the conduction current, the collision-
drag current, and the diffusion current, respectively (22).

The collision-drag current is due to electron collisions with
the moving ions. The diffusion current arises because the

passage of the acoustic wave may disturb the electron density,

n, from its equilibrium value, n,.

Finally, the isotropic eguation of motion for one ion

in the presence of a. static magnetic field, B is (23):

0’

MAEE — M T Fe) —MS: T x(FE) + ZeEley |

[26]

o

_ iwze(?’xa,) -/—E(z—) 7



W R

Fe (2) =7 n T (J () - tn e‘”f(i)) 28]

where 2z 1is the number of conduction electrons per atom, and
M 1is the mass of one ion. fc is the collision-drag force
which approximates the average increase in ion momentum due

to electronic collisions. This collision term vanishes in the

case of complete electron screening, when the electron current

completely cancels the ion current,

o

The program is to eliminate ﬁe, ﬁ, and 50 from
equations [23] to [26], and to obtain an expression for the
ion displacement E(z) as a function of the static magnetic
field Eo and the rf magnetic field E(O) which is applied to
the metal surface.

Equations [25] and [26] may be written in a simplified
form which is appropriate to the geometry Eo = (0,0,B,) and
a = (0,0,g). 1In this case, there is no coupling between the
transverse rf fields and the longitudinal component of the
ion displacement, gz. Thus only transverse acoustic waves
can be generated, and, in the "jellium" model that has been
assumed for the metal, the diffusion current term in [25]
vanishes., Further, for a free-electron metal with Eo " lying

-

along the z axis, the magnetoconductivity is:

. 17- 0
, 30- S“’L 9 d@
o7 (W = ey = 7
c(W4) =G Fio 4/[/+ ((Furrwr-gleose] 5 )
0
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where o =0g._, C = -g,.., & 1is
XX Yy Xy yx

the electroniec mean

free path, and g, = noezr/m is the dc conductivity.

With these simplifications, and

the Fourier transforms of the fields

E-(C}) _Z’ﬂ' E( 1?20(2_ —--—/E(Z) Cos gZ a[z- etc.,

T

c

the definitions for

[28]

we can write the Fourier transforms of equations [23] to [26]:

© dg) =t it

Jét6$) _ __LO;FBE;Gh)+.Cnéeu)§;6}) —‘Lt:(%J b

where B 4.77-u)0’ (’ _%7:‘).

(Neglecting the displatement current,

me

Jor @) = oL Ei(q) +

B = c?qg?/(4mwo,)

o 5. (),

[23']

[24']

282q?%).

[25']
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2 2 Zebiy) | Fer(3) 26']
(SCq*-w* twll g, () = 25720 » Ll i
where Qc = zeB,/ (Mc) =,zmwc/M is the cyclotron fregquency

of the icns.

Combining equations [24'] and [25'], we ogtain an ex-

pression for E_(q):

—( (/—G:‘/?tz R+ .
E‘t(ﬁ') = ——Lé—hg—@_//'f' (_(7:1@:,8) i'(%) o (I-{-LU;R'L'/@) \.jof(?') 3 (291

where Ea_ = C;
- -

Substituting this into [26']:

ze (I-Re3)
ft(‘i’)-:/v]q; ,c(w};/ Jou (#) 3

[30]

f(g) ={(5ta%a—w2t_ﬂcw)(l r BTR, )+ "/;”;“’ (/_U;Pt)(l"‘ip)},

which is the result given by Quinn (10).
For excitations such that gf << w T, We may use the
local conductivity,

Uz l
q [ - {(wtw,)T

IR
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if w/wc << 1. With this approximation, and neglecting the

displacement current, the function f(w;q) of equation [30]

may be written

Fwg) =[(5 2w?)(1+283 z[c+wz_~])+47r/0 [32]

where p 1is the density of the metal. The dispersion re-
lations for the uncoupled acoustic and electromagnetic excita-
tions follow from [32] by setting f(w,q) = 0, and neglecting

the coupling term, qu/(4ﬂp):
2 2 2 - .
(St ?, —LU) o (acoustic), [33]
and

// -+ 5'2 2 [t Ww.7 ) =0 (electromagnetic).
(1 + 2577 [(Fwr)
[34]

or Czﬁkz = 4Lﬂ'éCL)G; )

§

The acoustic and electromagnetic excitations are coupléavby
the last term in [32], which is small if B%/(4ﬂpsé) << 1.
The electromagnetic excitation at low fields is simply the
surface excitation which at high temperatures is damped out
within a distance into théﬂmetal of the order of fhe-classical
skin depth, 6o = [CZ/(BNMOO)]%. At low temperatures and high -
magnetic fields, this excitation becomes a lightly damped

- helicon wave with frequency
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2.2
c g U, C 3»
= += —Z_ . _ +

(this calculation is for an uncompensated free-electron metal,

in the regime of local conductivity).

Using [23'] and [32], equation [30] may be written:

— B IL/-I'(O)
‘E ( ) 4T (owz ¢(A)

where B(r) = (1-A)(1-aA) - bA

(361

)\ B séz.?z

R

\

|
~
I+
£
Nl

b = 4mpSe

The inverse Fourier transform of [36],

e (T Bt fg®
ACRY My e
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gives the real-space icn displacement as a function of the rf
magnetic field applied at the surface, and cf the perpendicular
static magnetic field. This integratiocn 1is discussed by
Meredith, et.al. (12), and the solution for the acoustic wave

is:

. (B.H:(0) exp[c'[/—cx) //zwz//Sf]

[37]
47 Sew[l -a +(1+a )oc]( /—oc)"

where o = b/(l-aj.

Equation [37] is greatly simplified in regimes where

b << 1 and a << 1. We consider these approximations sepa-

rately:

(i) The condition b << 1 (*) 1is satistied for most
metals in magnetic fields up to at least 10% G.
For a metal having p = 5 g-cm™?, Sy = 3x10° cm-sec™!,
in a field of 10" G, B%/(4mps?) = 1.8 x 107°.

(i) lIm a| = wcz/(4ﬁcssé) = 2g%82. Thus |Im a| << 1
is essentially the condition that the acoustic
wavelength in the metal is much larger than the
claasical skin depth,

s s ! = . 2 Ja2y, = 2 /02y f .

(iii} |Re a| = w/{470,) (c /st)wcr w/(4m) (c /ot)BdﬂnDec).

(?) b is the parameter which determines the strength of the
coupling between the helicon and acoustic modes in the
interaction region (ww_c?/(w2?s?) = 1 where the helicon
and acoustic phase velScitiel Eoincide (6).
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It was demonstrated in the previaus section that
the condition |[Re a] << 1 must be satisfied if

the electrons are tightly tied to the ions.

Thus the condition a << 1 1is the free-electron analogue of
the two conditions [19] and [20] which were used in the
development of the phenomenological model, and which are
satisfied in typical metals at low megahertz frequencies in

fields up to 20 kG.

It can easily be shown that in the limit a << 1 and
b << l,’the expression [36] is the same as that derived in
the previous section. Equation [5] may be rewritten, for

this perpendicular field geometry, in the form:
(w2 +SEV)E @) = T —LFI—E*—B—— 5G)
Extending I,,(z) = I,,${z) evenly to negative values of z,
and taking the Fourier tfansforms«over all space:
f _ B. Hs(0)
(3 = 4n2pw? @(4)

where
o) = (- %E).

This result is identical to [36], for a = b = 0.
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2.3.2 Unbounded metal plate, free electrons

Expressions have been obtained by Kravchenko (19) for
the acoustic resonance singularities in the surface impedance
of a metal plate, using a complex derivation for free electrons.
This derivation is based on a different formulation of the
ionic and electronic transport equations (25, 3) than is Quinn's
treatment of a semi-infinite metal (10), which is outlined
above. With the same approximations that were applied in that
case, Kravchenko's result may be rewritten using our notation

(from equation 5.17 of reference (19)) (*):

[38]

ARn = Pczm{/#-[——ﬁ—jj

valid in the vicinity of an acoustic resonance, [(w—wn)/w] << 1,
for a perpendicular magnetic field. For comparison, we rewrite
the real part of equation [13], keeping only the nth term:
AR = 4BZ cos® 6
h

ee*¥d [1 +( )/ 139

(*) Expression 5.17 of Kravchenko's paper actually yields
an expression for AR, which is larger by a factor of
2 than [38]. This is because Kravchenko considers the
surface impedance of the plate, shich is double the
surface impedance of one surface, the object referred
to throughout this thesis.



- 32 -

But w*-w,* _ (w —w,,_)(CU+UJn)

wy - wy

w 2l00n) g (o)
r Dn

and the Kravchenko result is the same as the expression

derived by Turner, Lyall and Cochran using more direct' and

general - arguments.,

It is of interest to calculate the amplitude, £&,(0),

~

of the lattice displacement which is generated at the surface

- of -a semi-infinite metal. ~From equatibn: [37], with a << 1

-and b << 1:

i(o) _ 45:. H(o) .

77P\Stlu

‘Substituting into this equation the parameters: B, = 10 kG,

w = 27(5 x108) sec™!, H(0) = 0.02 G, Sp = 2.75 x 10°% cm-sec™! (*)
and Pg.peg = $-98 g-cm™®, which are appropriate to our gallium

experiments:
~/3
?,(b) =2 3 x [0 cm.

This displacement may be-compared to the deformation of
approximately 2 x 10~!° cm which is produced in a piezoelectric

quartz crystal by an applied potential of 1 V (26). Thus the

(*) This is the 4.2°K velocity of a transverse wave propaga-
ting along the gallium #~axis, and polarized along the
c~AX%Xis (see Table 5-3).
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conversion efficiency of electromagnetic-to-acoustic genera-
tion of acoustic waves at a metal surface is relatively
small, and in general, the use of higher-power pulse methods,
or of acoustic resonators, will be necessary in order to
produce effects which are large enough to be observed in
the laboratory. The acoustic contribution to the skin depth
of an electromagnetically-excited resonating metal plate,
however, may be large. At an acoustic resonance chargcterized
by a quality factor Q = w/y = 10%7 for example, the height
of the singularity in the skin depth:may be calculated by
substituting the above parameters into equation [15}:
B, @
/AS/ = TepwSe

which represents a change of the order of 100% in the zero-

-4
=2./ x /0 cm,

field, 4.2°K skin depth in gallium at 5 MHz (27).
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CHAPTER 3. APPARATUS AND TECHNIQUE

3.1 Measurement of the skin depth in a metal plate

Changes in the skin depth of thin metal plates were
measured using a two-coil arrangement similar to that shown
in Fig. 3-1. The primary and secondary coils are coaxial
with the long dimension of the metal plate. If the front and
back,surfaces of the plate coincide with z = 0 and z = 4,
then the rf electric and magnetic fields at the surfaces due

to the current in the primary coil are approximately

E(0) = —E(d) =E,©0) = £ e™“"
and [1]

Ho) = H@d) = Ho)= He“"

-

We have assumed that the free-space wavelengths are much
larger than the coil dimensions, that the primary coil is
much longer than the specimen, and that end-effects due to

the finite specimen may be neglected.

If the detector circuit presents a large impedance to
the secondary coil,vno secondary current is allowed to flow,
and changes in the phase and amplitude of the secondary volt-
age are very simply related to changes in the complex skin
depth (or in the surface impedance) of the plate. The change

in t#e secondary potential is

éﬂgél esu’ [2]

!
Aea == ol t
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where A% 1is the change in the rf magnetic flux which is
contained in the metal. This flux may be described in terms
of the complex skin depth, &. For an electromagnetic field
Hy(O), Ex(O), incident on the surface of a semi-infinite

(z > 0) metal,

H(o)/ Hole) ez = & + Loy om, (3]

where Gx and GR are the reactive and resistive components,
proportional to the flux in the metal which is in-phase, and
out~of-phase, respectively, with Hy(O). If A6 << d, and

if W is the x-dimension of the plate,
Ae, = %’[EH,(O)A5(W+0()] esu. [4]

Hy(O) may be obtained from the number of turns per centimeter
n, of the primary coil, and the primary current 1i;.

Approximately,

rh,t . )
H (o) = 4-————"' gauss, (, in esu. [5]

According to [4], the output voltage e; responds linearly
to changes in the reactive and resistive skin depths of the
metal plate, provided that these changes are small enough to
have negligible effect on the pfimary current, and therefore
on the fields at the surfaces, This requirement is equivalent

to the condition

2(w+d)[as| L A [6]
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where Ar is the crossfsectiohél area of the primary coil.
In our experiments A; & 3 cm? and (W+d) & 0.8 c.a, and the
above condition was satisfied for any changes which were

observed in the skin depth of the specimen.

In the more general situation where the detector presents

an impedance, 2 to the secondary coil (Fig. 3-2), an

D’
analysis of the transformer leads again to a linear relation-
ship between Ae, and A6. The current in the secondary coil
is

[, == —lZn (7]

2, + 2,

where. Z, = R, + isz. Equation [7] defines the mutual
impedance ZM between the two coils. Zy will include a
resistive component if the coils surround a resistive metal

specimen. The measured change in the secondary voltage is

- Caz (b LZw AR Zm - (8]
Aea B ZDALa _.Zoézb"'Zz)AZM-‘L(Zo*Z;)lA ¢ (ZD'/’Zz)/_\L'} Y

where AZM; AZ,, and Ai, are all dependent upon the skin-
depth change, A§. A numerical consideration of the para-

meters OEMFPQ specimen holder (#14, see Fig. 3-3) and of the

aﬂ?dgﬁection apparatus indicates that Ae, x A§ to within 2%

. for changes in the skin depth of less than 2 x 10~% cm, at

frequencies below 10 MHz (*).

(*) This upper limit, A§ = 2 x 1073 cm, may be compared with
the following values for the reactive skin depths at 7 MHz:
pure gallium (single crystals, anisotropic)

(.791-1.79) x 10~* cm (27)
pure indium (polycrystal) 1.69 x 10-* cm (Appendix C)
indium - 3% tin alloy 1.03.x 10-% cm (Appendix B)
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In addition, because of the fringing of the field lines at
the ends of the short secondary coil, the secondary current
will cause the direction of #(0) to deviate slightly from
the axial direction. For the parameters of this experiment,
however, the field due to the secondary coil is at most a few
percent of that provided ‘by the primary ceoil, and it is
estimated that the effect of this field distortion on the

- measurements is negligible. Numerous empirical checks of
the linearity of the system, including several measurements
of the skin-depth changes in a metal plate using different
specimen’ holders and detector circuits, substantiate the above

conclusions. (*)

In all of the experiments, a constant—ﬁoltage rf signal
with an amplitude of approximately 1 V was applied to the
primary coil. This voltage, the maximum obtainable from the
signal generator, produced an rf magnetic field amplitude of
approximately 0.02 G at the specimen surface. The smallest
detectable change in the skin depth is limited by noise

originating in the wide-band signal amplifiers. At liquid

(*) In particular, two distinct configurations of the detection
apparatus were used in the experiments. The signal from
the secondary coil was fed either directly to a signal
adder (~50Q), or to the input of a high-input-impedance
amplifier (1 M@, 22 pf). The former configuration is
illustrated in Fig. 3-4, and a detector input impedance

of 500 was used in the above calculation of the upper
limit for linear skin-depth measurements.
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helium temperatures a change A8 = 1.0 x 10"7 cm can be de-
tected at 7 MHz with a measurement time constant of 1 sec
and without using modulation (derivative measurement:)
techniques. This figure corresponds to a noise level of

~ 3 x 10"% v (?)}combined with the upper limit, A = 2 x 10~ %cm,
it gives a dynamic range of more than 80 db for the system,

providing that the detection apparatus itself is linear over

this range.

An absolute measurement of skin-depth changes requires

a precise knowledge of the conversion factor

o
K = AAea’ [9]

where both A§ and Ae, are complex quantities. Since the
geometry does not lend itself to an accurate calculation,

the conversion factor was determined empirically, by measuring
the skin-depth change at the superconducting transition of

an indium - 3% tin alloy plate. The details of this calibra-
tion procedure may be found in a later section of this

chapter.

3.2 Specimen holders

Virtually all of the data reported in this thesis were

obtained using one or other of the two specimen holders

(*) The thermal noise generated over this frequency band-
width in a 50 - Q resistor at 300°K is ~ 5 x 10~!°v.
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(#14 and #16) which are shown schematically in Fig. 3-3(a)

and (b). L,, N;, and L,, N,, are the lengths and number of
turns of the primary and secondary coils, respectively. 1In
each holder the primary coil was wound from AWG 24 copper-
magnet wire on a frame constructed of epoxied fiber-board
("celoron"). The secondary coil, also of AWG 24 copper wire,
was wound on a slightly-tapered brass plate a little larger
than the specimen. The coil was then carefully epoxied (*)
into place within the Celoron frame, and the brass plate,
which was lightly greased before epoxying, was removed. This
technique ensured a fairly large filling faotor for the speci-
men in the secondary coil. Alignment of this coil in the
apparatus was well within 1° of the horizontal and vertical
axes (see Fig. 3-3), verified by low-temperature measurements
of the gallium skin depth, which is very sensitive to the
direction of a strong magnetic field with respect to the metal
surface. The copper coils were soldered to miniature-coaxial-
cable leads (+), using bismuth-cadmium solder, whose. super-

conducting transition temperature is less than 0.56°K (28).

(*) PFast-drying Eccobond PDQ epoxy obtained from Emerson and
Cuming, Inc., Canton, Mass.. "

(t+) Microdot microminiature low-noise cable (250-3839) con-
sists of silver-plated copper conductors, and Teflon
dielectric. It is therefore non-magnetic, unlike many
other minjiature cables, and shows no mechanical failure
at low temperatures. Microdot, In¢., 220 Pasadena Ave.,
South Pasadena, Calif..
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The entire specimen holder was enclosed in a brass can, which

could be evacuated, or filled with an exchange gas.

Several early specimen holders were constructed in one
piece from a casting epoxy (*), but this technique was
abandoned when it was discovered that the epoxy has a magnetic
susceptibility which varies with magnetic field. In experi-
ments in which a swept magnetic field was applied, the epoxy
contributed an inconveniently large - background signal. As
the field was swept from 0 to 2 kG, this background signal
from the epoxy was- equivalent to a change in the skin depth
of the specimen of ~ 2 x 107% cm. It is rather surprising that
this effect has not been reported before, as Stycast 2850-GT
epoxy is widely used in low temperature research because of
its exceptional mechanical properties, and the matching of
its thermal expansion coefficient with that of copper (29,
30). No similar background signal was observed from the

Celoron and PDQ epoxy holders described above.

3.3 Detection apparatus

The voltage signal from the secondary coil was detected
using the apparatus shown. in block diagram form in Fig. 3-4.
A similar detection system has been described by Hansen, et.

al. (31). The purpose of the apparatus is -to measure the:

(*) Stycast 2850-GT epoxy, obtained from Emerson and Cuming.
Inc., Canton, Mass.
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TABLE 3-1. COMPONENTS OF THE RF DETECTION APPARATUS

(1) Constant amplitude signal generator (191) (.35 to 100

MHz; max. 2.5 V output into 508)
Tektronics Instruments, Beaverton, Oregon.
(2) 50-9 divider (MC101)
Ad-Yu Electronics, Passaic, N.J..
(3) Wide-band amplifier (1121) (5 Hz to 17 MHz; gain .2x
to 100x)
Tektronics Instruments, Beaverton, Oregon.
(4)»'0 to 90db, 10db-step, 50-Q attenuator (74600-K)
Standard Telephone. and Cables, Newport, Mon.,
England
(5) Length of 50-Q coaxial cable (coarse phase shift).
(6) O to 10.9db, 0.1db-step, 50-Q attenuator (TCB-50A)
Telonic Industries, Beach Grove, Indiana.
(7) Variable-length, 50-Q line (874-LTL). (fine phase
shift)
General Radio, West Concord, Mass..
(8) Nine 39-Q, i-watt metal film resistors in series,
switched.
(9) 50-2, 22-turn, trimming potentiometer (55-R50) (fine
attenuator)
- Beckman (Helipot Division); Fullerton, Calif..
(10) 50~ hybrid junction (CHT-10) (signal adder)
Merrimac Research and Development, West.

Caldwell, N. J..

(Table 3-1 continued on. next page)




(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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93-Q -. 50-Q matching pad (011-058)
Tektronics Instruments, Beaverton, Oregon..
Diode mixers (10514A) (phase-sensitive detectors)
Hewlett Packard, Palo Alto, Calif..
Quadrature hybrid (QH-1-7) (fixed 0° and 90° phhse
shifts)
Merrimac Research and Development, West
Caldwell, N. J..
0 to .075us delay line (559a2)
Ad-Yu Electronics, Passaic, N. J..
dc amplifier with variable gain and time constant,
employing operatibﬂal amplifiers (P65A/U)
Philbrick Researches, Dedham, Mass..
dc voltage offset; 10-turn potentiometer supplied from
mercury cells.
Two-pen X-Y recorder (2FAM)
Hewlett Packard, Palo Alto, -Calif..
Hall-effect gaussmeter (620)
Bell, Inc., Columbus, Ohio.
Frequency counter (5246L)
Hewlett Packard, Palo Alto, Calif..
Oscilloscope (547)
Tektronics Instruments, Beaverton, Qregon.

93-Q ~ 25-Q matching pad (metal film resistors).
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amplitude and phase of a small change in rf voltage (~ 10~°% V)
which is superimposed on a large rf background (~ 107! V).

The labelled. components of Fig., 3-4 are identified in Table 3-1.

The first part of the detector forms an rf bridge. By

adjusting the attenuators and phase shifters ((4), (5), (6),

(7), (8), (9) in Fig. 3-4) in the bridge circuit, the back-
ground signal from the secondary coil can be reduced by a
factor of ~ 10%. A small off-balance voltage signal appear-
inguat port 2 of the hybrid junction can then be amplified
without the danger of over-driving the rf amplifiers and diode

mixers in the detection circuit.

Because of this high degree of balance, the long-térm

stability of the bridge regquires exceptional stability of the
variable attenuators and phase shifters. Several components
were tried and rejected, and tﬁe-only continuously variable

. components- found to exhibit this stability were the General
Radio variable-length line ((7) in Fig. 3-4), and a simple
trimming potentiometer ((9) in Fig. 3-4). The other attenua-
tors in the bridge are of the switch type, and larger phase
shifts than are available from the variable-length line are
obtained by inserting into the circuit different lengths of:
50-0 coaxial cable, ((5) in Fig. 3-4), firmly taped to lucite

cylinders.

The off-balance signal from the bridge is divided and

fed to the signal ports (X) of two diode mixers ((12) in




mmrwx ~,

- 48 -

Fig. 3-4) which are used as rf phase-sensitive detectors,
having a specified frequency range 200 kHz to 500 MHz. The
reference ports (L) of these mixers are supplied with two
signals differing in phase by 90¢ derived from a quadrature
hybrid ((13) in Fig. 3-4). A voltage signal applied to port
(1) of this component is-split equally into two orthogonal
signals when the ports are all properly terminated by 50-Q
impedances. The quadrature hybrid has a center frequency of
7 MHz and an octave band width, and represents the primary
frequency restriction in our apparatus (*). The high input-
impedance amplifier ((3) in Fig. 3-4) is needed in this
reference channel primarily as a buffer to ensure that adjust-
ment of the reference phase shifter ((14) in Fig. 3-4) does
not change the balance of the bridge. This amplifier is
accompanied by a switch attenuator which serves to keep the
amplitude of the reference signals fed to the (L) ports of
the mixers at a level (.15 V to .30V) such that the mixer
conversion efficiency is independent of reference signal
amplitude. This is necessary because the reference phase
shifter introduces anAamplitude wow of approximately 5%, even
when propertly terminated, as it is adjusted through its range
(190° at 7.0 MHz). The phase shifter is in fact a variable-

length loaded transmission line, operated by a sliding contact.

(*) The frequency range 2 to 76 MHz is covered by two broad-
band quadrature hybrids which are now available from
Merrimac Research and Development, Inc., West Caldwell,
N.J..

\
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It therefore does not have infinite resolution, the minimum

increments of phase shift being approximately 1.5° at 7 MHz.

The dc outputs from the two mixers pass through identical
dc amplifiers ((15) in Fig. 3-4) with variable time'constants
(.1, 1, 3 sec.) and gains (2, 11, 100x). Finally, after
being added to dc offset voltages, they are used to drive a
two-pen X-Y recorder., The X-axis of the recorder was driven
either from the output of a Hall-effect gaussmeter, or, when
freqdéncysweeps were being made, from the internal time-sweep
of»Ehe'reﬁorder. In the latter experiments, a slow-speed
motor and reduction gear unit (3) were used to drive the
frequency control shaft of the signal generator. This
mechanism, with rotary speeds from 0.001 to 1 revolution

per minute, is capable of sweeping the frequency at rates

between approximately 5 and 5000 Hz/sec.

The range over which the system may be used to measure
phase-is limited by the quadrature hybrid to 5 MHz to 10 MHz.
Signals have been detected, however, at frequencies from
1 MHz to 15 MHz. For some measurements, the signal amplifiers
were tuned (not shown in Fig. 3-4), with a resulting increase
in the signal-to-noise ratio of approximately 10. The
grounded copper shiélding which was found to be necessary
in order to obtain-éepfoducible‘and stable operation of -the

rf Bridge isillustrated -in" Fig.-3=«5.- The signal éenerator

(*) Obtained from Insco Corporation, Main Streét, Groton,. Mass.
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was completely enclosed in. a grounded copper box, and the
coaxial cables to and from the dewar passed throughi g?ounded
copper tubing. The brass can surrounding the specimeﬁ holder
was- tightly connected to this shield, which was grounded via
a "quiet” connection to the earth (*). The low side of. the
signal (chassis ground) was connected to éhé copper -box
system at only one point, to avoid unstable &b&und loops.

No connection was - made to the grounded lead suéplied as the
third wire in the ac mains. Finally, the ac power input

to the signal generator passed through a low-pass L-C filter,
(Fig. 3-6), in order to eliminate any rf interference from
that source. An informative review of the practical rules
of shielding and grounding for instrumentation is given in an

article by Morrison (32).

3.4 Calibration

The apparatus was calibrated by measuring the change
in the skin depth of an indium - 3% tin alloy at the super-
conducting transition. Details of the preparation of the

alloy specimens, and the results of measurements of their

(*) Fig. 3-5 shows the shielding system as it existed during
the earlier Btages of the experiments. For reasons of
convenience, the copper box surrounding the attenuators,
phase shifters, and signal adder was later removed, with
no noticable depreciation in the behaviour of the bridge.
The shield surrounding the signal generator and the
specimen coils was present for all experiments.
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dc resistivities are presented in Appendix B. It is estimated

I_U- ’
tHere that [|6C2v/2]4.2°K, 7 Muz = 48, where 6., is the

normal-state skin depth calculated from the classical-skin-
effect theory (*) using the measured dc resistivity, and & is
the electronic mean free path. The alloy thus satisfies the
condition |§.,| >> & that is required for the validity of
the classical theory, and the calculated value of § was

CL
used to calibrate the signal observed at the transition.

“The quantity actually measured at the superconducting
transition is the change in flux, which is proportional to
the difference (GCQ— Gs) between the normal and super-
conducting skin depths in the specimen. We can, however,
neglect Gs in comparison with 6C£ at low megahertz fre-

quencies, and the skin-depth change which must correspond to

the observed transition is simply

Su - & = O =(§7-;C£T_o)l/a(/+i) = (8, + iSR)C“ [10]

which yields, using the measurements of Appendix B for the

0.26 mm - thick specimen,

(*) We define the classical skin depth as 6 0 = § (1+i) =
[c2/(8ﬂw0°)]%(l+i), in agreement with tge generalized
definition of the skin depth given by [3]. It should be
noted, however, that a commonly used definition is
8§y = [c?/(2mwoy)]z, in which case 6, is the distance
into the metal at which the rf fields are reduced to a
fraction 1/e of their values at the surface.
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(6X)CQ = (5R)CL = /03 «x /0—3 cm. [11]

The approximation in. [10] is justified empirically. The
reactive skin depth in a superconductor, SS(T), changes

rapidly with temperature at temperatures just below the

transition, and the relative magnitudes of SCZ and SS(O)
maoarr A S fAaranaAd Lo Ao It aTaa S o AL Rl A drgamn wxrmama oA T A
u.ta_y NS el CL LT\ L L WAL lllcgﬂuL CILUCTILII VO W, il L—CJ.HHCLGL—HLC val.lauLlwil

of (5C£- SS(T)). An example of this method of obtaining
both the normal and superconducting skin depths for pure
indium is given in Appendix C. From the absence of any observed

temperature variation in. (§ - SS(T)) in the alloy at

Cce
temperatures below the transition, we are able to affirm that

S

and the apprdximation in [10] is justified. (*)

<1% )

The superconducting-to-normal- transition was induced
either by warming the alloy above- its critical temperature -
in. zero magnetic field, or by destroying the superconductivity

with a small (100 G) field, applied in the plane of the plate.

(*) This result is consistent with the findings of Pippard
(33), who reported that §&_(0) in a tin - 3% indium
alloy was approximately twice as large as the zero-
temperature skin depth in pure superconducting tin. If
a similar ratio holds for pure indium and our indium - 3%
tin alloy, then for this alloy 6$(0)/6C2 = 0.84%, and
SS(O) may be neglected in comparison to SCR"
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The change in the normal-state skin depth associated with a
magnetic field of this magnitude was found to be negligible.

No evidence of trapped flux in- the superconducting alloy was
observed when the magnetic field was switched on and off.

For fields lying perpendicular to the plate, howewver, the
trapped flux amounted to approximately 5% of the total flux
contained in the specimen in the normal state. It is interest-
ing to note that Pippard (34) has investigated flux tr?pping

in a tin - 2.94% indium alloy, and found that for a cyiindrical,
specimen in a transverse field, the proportion ofrtrappéa flux

varied from 5% to 12% at temperatures between 0.4 Tc and 0.95’TE.

The superconducting transition of the alloy was used both
to align the phase response-of the system, and to provide an
absolute amplitude calibration. Because in the classical-
skin-effect regime the reactive and resistive skin depths of
a metal are equal (equation [10]), the reference phase shifter
((14) in Fig. 3-4) was adjusted until the two recorder pens
were displaced equally when the alloy passed through the
transition. The phase alignment was then such that one
recorder pen responded only to resistive changes in the skin
depth, and the other only to reactive changes. The size of.
the recorder displacement was calibrated through equation [10],
where &} was~obtained from a measurement of the dé¢ resistivity
of the-alloy at 4.2°K (Appendix B). This calibration procedure
‘was repeated at different frequencies, and a typical graph of
the absolute amplitude calibration ang the reference phase-

shifter dial setting, as functions of frequency, is shown in
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Fig. 3-7. At least some of the deviations from linearity
in Fig. 3-7 are real, and the measured points have been
connected by straight lines. (The error bars in Fig. 3-7
indicate the absolute error; the reproducibility of the
measurements corresponds approximately to the size of the
circles in the figure). The calibration is valid only for
metal plates which:are the same size and shape as the alloy

specimens used to calibrate the system.

_ The amplitude equality and phase orthogonality of the
two reference signals derived from the quadrature hybrid
((13) in Fig. 3-4) were checked as follows. After aligning
the phase response by observing the alloy-transition signal
as described above, the phases of the reference signals were
‘changed; using the reference:-phase shifter, by exactly 90°,
-measared-to within-+:0:5%-on-an-escilloscope. .The super-
conducting "transition was then remeasured. For frequencies
between 5 MHz and 10 MHz, these two measurements were found-
‘to agree to within * 1% (see Fig. 3-8). The equivalence of
the two channels, each consisting of a diode mixer, dc.
amplifier, and recorder, was checked by interchanging the

signals applied to the (X) ports of the two mixers.

The uncertainty in the absolute amplitude calibration
is due largely to the uncertainty in the alloy dc-resistivity
measurément, and is estimated to be * 3%. Thd phase align-
ment uncertainty is determined by the resolution of the ref-

erence phase shifter, and is * 1.5° at 7 MHz.
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An interesting verification of the phase alignment was
obtained by measuring the ratio of the reactive and resistive
skin depths in plates of pure, polycrystalline indium. Accord-.
ing to the anomalous~skin-effect theory, this ratio is
§./85 = Y3, or tan-! (8,/8g) = 60°. The measured values
of tan"l(GX/GR) ranged between 58.6° and 59.7°, in agreement-
with the theory to within the estimated error. This experiment,
which confirms unambiguously the phase-measuring capability

of the system, is described in Appendix C.

We conclude this section by reproducing in Figs. 3-8

to 3-10 several recorder traces obtained using the apparatus.

The signals observed at the superconducting-transition
of the indium-tin alloy are shown in Fig. 3-8. The recorder
traces (b) and (¢) in Fig. 3-8 were obtained with the mixer
reference signals rotated by 45° and 90° respectively, from
the original phase alignment of Fig. 3-8(a). No electrical

noise is discernable on the scale of Fig. 3-8.

Fig. 3-9 shows quantum oscillations (*) in the reactive,
skin depth which were observed at 1.2° K, with'{ﬁd' lyihg
Y
along the b-axis in gallium. The magnetic field was modulated

at a frequency of 33 Hz using a pair of Hemholtz éoils, and the

derivative déx/dB0 was obtained by phase-sensitive

(*) see section 6.1.
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detection (*) of the output from the diode mixer ((12) in

Fig. 3-4). Also shown in Fig. 3-9 is the proton resonance
signal which was observed at all temperatures, and which
probably arises from the protons in the Celoron specimen
holder. This signal provided a convenient field marker, and
also a standard for use in signal-to-noise comparisons during
the development of the apparatus. Nuclear magnetic resonance
signals in water and in powdered copper, and the electron spin

resonance signal in DPPH were also useful for these reasons.

A radio-frequency-size-effect (Gantmakher) resonance (35,
36) in a 0.261 mm-thick single crystal of gallium is shown
in Fig. 3-10. This particular resonance was obtained with
Eo and ﬁ(Of’,lying in the plane of the plate, parallel to
the gallium c-axis. The a-axis was perpendicular to the

surface of the crystal. ﬁo was modulated by a pair of Hemholtz
;déx

as.

were obtained by phase-sensitive detection of the out-

coils at a frequency of 33 Hz, and the derivatives
ds

as,

puts from the two mixers. The two low-frequency phase-sefisitive

and

detectors used for this purpose displayed slightly different
sensitivities, which explains the difference in amplitude

of the resistive and reactive signals shown in Fig. 3-10.

For this reason also, the calibration shown is only approximate.

The reactive line-shape is very similar to that reported for

(*) Using a Princeton Applied Research Model HR-8 Lock-in
Amplifier. Princeton Applied Research Corporation,
Princeton, N. J..
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the same resonance by Haberland, et.al. (27), and their curve
is reproduced in the inset of Fig. 3-10. Gabel (37) has also
observed this resonance in the rf transmission through a
gallium plate, and the three sets of data are compared in Table
3-2. The "cut-off" field (Bo)c (38) is expected to scale with
1/d, and the line-width AB,/(B,)_ to scale with |s]s/d, or
f-l/s/d, in the anomalous-skin-effect regime (35). These

two predictions are confirmed, to within the accuracies of

the available data, as is shown in the last two columns of

Table 3-2.

3.5 Associated eguipment

All results were obtained with the specimen holder
surrounded by a brass can, and placed inside a liquid-helium
dewar vessel. In the earlier stages of the experiment, glass
dewars were used, similar to the one described in reference
(39). It was soon found, however, that because of fragile
copper-glass seals, these dewars had a useful lifetime of
only a few months. A simple metal dewar (Fig. 3-11) waé then
constructed in the Simon Fraser University science machine
shop, and proved to be entirely satisfactory. A charge of
liquid helium (2.0 liters) in this dewar lasted for approx-
imately four hours. Temperatures between 4.2°K and 1.2°K
were obtained by pumping on the liquid helium bath, using a
mechanical pump connected to the cryostat by a six-inch

pumping line. A Walker pressure regulator (40) was used to
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regulate the temperature of the bath. fhe specimen tempera-
ture was obtained by monitoring the resistance of a 1/10-

watt, 100-Q, Allen-Bradley carbon composition resistor which-
was epoxied onto the specimen holder. A Magnion (*) i2—inch
electromagnet, in conjunction with a Magnion FFC-4 current reg-

ulatgr,  was used to provide fields up to 14 kG.

3.6 Gallium crystals

~Gallium single crystals, in the form of rectangular
plates,‘2,35 cm by 0.8 cm, and having a thickness of-0.26 mm
or 0.80 mm, were grown in lucite molds from 99.9999% - pure
metal (F). The crystal-growth procedure has been described
in detail by Yaqub and Cochran (41l). A sketch of a lucite
mold which was used to growf crystals is-shown in Fig. 3-12;
the mold consists of two 4" polished lucite plates, bolted
together with sheet pl%stic spacers between. Molten gallium
was injected into the carefully cleaned mold using a l-cc
hypodermic syringe. The high-purity gallium was allowed to
supercool several degrees below its melting point, 29.8°C,
and the mold was then moved so that a projecting meniscus
of ‘the liquid metal lightly touched the oriented seed crystal.
(Fig. 3-13). Solidification started at the momen£ of contact,

proceeded slowly across the crystal, and was complete

(*) Magnion, Inc., Burlington, Mass.

(t) Obtained from the Aluminum Company of America, Pittsburgh,
Pa.
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approximately 15 minutes after seeding, for a 0.80 mm-thick
crystal in room-temperature surroundings. The crystal was
dFsily separated from the lucite mold after soaking for a
day in pure isopropyl alcohol, and its surfaces were mirror-

smooth reproductions of the polished lucite surfaces.

X-ray back-reflection Laue photographs of thercrystals

rectangular-plate axes to within 1°. Crystals which did not
meet this requirement were rejected. Our labelling of the
a, b, and c'c§}stal axes is in agreement-with that of Yaqub
and Cochran (41), who present X~ray photographs in their

paper tqQ make this labelling unambiguous.

For studies of the electromagnetically-generated
acousﬁic resdhance,it was necessary that the two faces of
the gallium'piateé be as nearly parallel as possible, and
the thicknesses as well known. as possible. Gallium crystals
were grown, in the manner described above, whose two faces
were parallel to + 0,00025 cm, Their thickness could be
measured to this accuracy by means of a good mechanical
micrometer. - Only thbse plates which possessed this degree
of parallelism were used to obtain the ultrasonic velocity

data which are presented in Chapter 5.
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CHAPTER 4. ELECTROMAGNETIC GENERATION OF ACOUSTIC

WAVES - EXPERIMENTAL RESULTS

Acoustic resonance singularities have been observed
in the skin depths of gallium plates having several crystal
orientations, and thicknesses of 0.010 and 0.030 inches.

These singularities are seen at the frequencies

-
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where -~ S 1s the sound velocity and d is the thickness of
the plate. With the external magnetic field directed so as
to generate e2ither longitudinal or transverse waves, Singu-

larities corresponding to n = 1, 3, and 5 have been studied.

In this chapter we present results which may be compared
directly with the theory developed in Chapter 2. We rewrite,
for reference, expression [2-15] for the acoustic resonance

singularities in the complex skin depth:

This theory, derived for a free-standing, infinite metal plate,
with ideally uniform static and radio-frequency maghetic fields
at the surfaces, predicts the excitation of a single trans-
verse 6r longitudinal mode, for Eo in the appropriate plane.

- These conditions are only approximated, of course, in practice.

The rectangular plate must be physically clamped or suspended

L
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in the apparatus, and the radio-frequency magnetic field, in
particular, is inhomogeneous due to coil end-effects. These.
conditions have-rthe effect of exciting vibrations other than

a single shear- or longitudinal-thickness mode in the plate.
In fact, the experimentally observed frequency spectrum of

the skin depth in the neighbourhood of a transverse or longi-
tudinal resonance was often found to contain several satellite
peaks (*), the number and strength of which depended on the
manner in which the sample was suspended within the specimen
holder. 1In an attempt to obtain a single, clean resonance
line, many suspension systems were tried, and the one found

to be most satisfactory is illustrated.in Fig. 4-1. The plate
wasg-held -lightly by four pressure points on-each side, located

‘near- its ends.

Extensive data were taken pertaining to the fundamental
(n = 1) transverse-wave resonances in two 0.010-inch plates,
and the following discussion will be confined mostly to these
results. The twWo specimens (10 Ac-l and 10 Ac-3) were grown
with the b anf ¢ crystal axes in the plane of the plates; the
rf surface currents‘flowed along the b-axis, and ;§0 lay in
the a - b plane. The frequency spectra of the skin depth
obtained using thpse two plates suspended as shown in Fig. 4-1

consisted almost entirely of the single, transverse-wave-

‘,v b ’ L3

(*) A further discussibn of these extraneous vibrational
modes is included in section 5.3.
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resonance line. Measurements were. taken at temperatures be-
tween 1.2°K and 273°K. We present first the liquid-helium
results, since the phase and amplitude calibration of the
detection apparatus was known only over this temperature

range.

A typical recorder trace showing singularities in the
reactive and resistive skin depths is reproduced in Fig. 4-2.
Some sateiuite resonances appear on the high~frequency side
of the main peak. The background drift is due to the frequency

dependence of the rf bridge balance.

Fig. 4-3 compares an experimentally observed resonance
line with the theoretical prediction. The experimental (solid)
curve was obtained at 4.2°K using a perpendicular magnetic
fidd of 4 kG. This curve has been obtained from the recorder
tracing by subtracting the background drift signal. The
theoretical (dashed) curve was calcula;éd from equation [2-15]
using p = 5.98 g-cm~%®, 4 = 0.26 mm, and w = 33.783 x 10° seq%@.
The linewidth, Yy, in this expression was measured from the
experimental curve: vy = (8.1 t 0.6) x 10°® sec~!. This singu-
larity.in—the skin depth represents a skin depth change of.
the order of 100%- (27). Although the experimental accuracy
of the ordinate is estimated to be * 3%, a further error of
t.7% in Fig. 4-3 arises from an uncertainty in the frequency
~axis, and we regard the agreement with the theory to be )
satisfactory. It should be nbted, however, that most of the

observed resonance lines were slightly smaller in amplitude-
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than expected theoretically, possibly due to the fact that a
small amount of acoustic energy was always coupled into other

vibrational modes of the plate.

Whén the magnetic field is perpendicular to the plate,
the background resistive skin depth increases almost quad-
ratically with field. This effect, which was also observed
with parallel magnétic fields for several crystal orientations
in gallium (42), may be extremely large, the resistive skin
depth increasing to fifty times its zero-field value (27) in
a pérpendicular field of 10 kG. A change in the background
skin depth of this magnitude can change the coupling between
the primary and secondary coils so as to appreciably affect
the phase calibration of the detection apparatus (*). The
result is that acoustic resonances superimposed on this back-
ground exhibit an apparent phase-shift, i.e., the detected
Gx and 6R lineshapes become asymmetrical at high values of
a perpendicular magnetic field. A second consequence of this
large radio-frequency magnetoresistaﬁce is that the condition
A/}\S << 1 may no longer hold, and the physical model which
led tq equation [2-15] may not be valid. This is also expected

to result in a change in the resonance lineshapes, as suggested

(*) It was estimated in the previous chapter that the maximur
* skin depth change which could be recorded linearly by the
detection apparatus at 7 MHz is A8pay & 2 x 1073 cm.
This is approximately twenty times the zero-field sk a
depth in gallium (27).
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in reference (17), but because of the experimental effect
outlined above, it cannot be measured unambiguously. Reson-
ances with §0 smaller than 4 or 5 kG, or inclined at an
angle of more than 5 degrees from the normal,-showed no
measurable phase-shifts, and possessed the symmetrical
Lorentzian lineshapes predicted by equation [2-15], as is
illustrated in Fig, 4-3.
Accordinq to [2-15], the resonance amplitude is propor=

tional to B:, if ﬁo is fixed in direction and if the

- acoustic attenuation is independent of field. No deviations

: from this behaviour were observed for transverse waves. (*),

as is illustrated by the 4,2°K data of Fig. 4-4, obtained
with the magnetic field perpendicular to the plate., This

result is in agreement with the findings of others (t). .

The theory also predicts that the resonance amplitude:
varies as cos®f, if the attenuation is independent of 6.
A plot of -amplitude versus 6 at 4.2°K is shown in Fig, 4-5,
where the reproducibility of the aata corresponds approximately
to the size of the circles in the figure. The deviations from
the cosine~squared dependence (solid line) are associated
with changes inffhe acoustic attenuation as the field is
rotated. This was confirmed by the measurable changes in the

resonance linewidth at the two discontinujties near 0° and 10°,

(*) A slight magnetic-field dependencé of the. longitudinal-
wave attenuation at low temperatures is reported in
section»6.3._

(+) See, for example, reference (43).

W T T T
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corresponding to changes in the attenuation coefficient of
approximately 0.001 cm~‘. No attempt has been made to corre-
late these deviations, which are not observed at higher

temperatures, to properties of the Fermi surface of gallium.

The results presented thus far give us confidence in
the correctness of the phenomenological model in predicting
the electromagnetic-acoustic coupling at the surface of a
metal. The Lorentzian lineshape and the absolute amplitude
of the observed resonances in the skin depth, and the ampli-
tude dependence on Bg and on Cos?8 are all in good agree-

ment with the predictions'of the model.

But one effect observed at temperatures below 4q2¥K
was not -in accord with the théory. A study of the beh&Viour
of the resonance amplitude and linewidth was carried out at
temﬁeratures between 1.2 K and 4.2 K using six .030 inch thick
"on-axis" specimens. These specimens represented all of the
possible orientations for which the crystal axes coincided
with the axes Qf'Ehe rectangular plates. As the temperature
was reduced from 4.2°K to 1.2°K, the acoustic attenuation and
hence the linewidth of the transverse-wave resonances increased
by as much as 2.5 times, although this factor varied with
crystal orientation. According to [2.5], this inérease in
linewidth should be gccompanied by a corresponding decrease
in resonance amplitude. In four of the six crystals this
behavieur was confirmed to within the accuracy of the measure-

ment. In the remaining two crystals, however, (in each the-
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lattice displacement was polarized along the a-axis), a be-
haviour was observed which is completely unexplained by the-
theory. In these crystals. the resonance amplitude increased
rapidly; in one specimen the amplitude at 1.5°K was ten times
larger than that‘?égdicted. This "anomalous" behaviour is
shown in Fig. 4-6. The open circles represent. the measured
amplitudes, and the solid circles the amplitudes calculated
-from equation [2~15] and the measured linewidths. Fig. 4-6
indicates that the measured amplitudes approximate the pre-
- dicted amplitudes at temperatures down to 6°K, (*) but are
greatly -enhanced at-lower-temperatures. - The resonance
‘amplitude~in this -speeimen at 1.5°K is plotted-as-a function
of BZ in Fig. 4-7. There is a marked deviation from the
linear dependence predicted by [2-15], and observed in the

other crystals (see Fig. 4-4).

We are unable to explain this drastic change in . the
acoustic generation at temperatures between 1.5°K and 6°K.
That the effect is observed in only two of the six crystal

orientatibns is presumably due to the anisotropic- Fermi

(*) The discrepancy at- temperatures above 6°K can be ex-
plained by the hypothesis that energy was coupled to
several other resonant modes in this .030-inch thick
plate; further, it is not known how much the absolute
calibration of the apparatus changes at temperatures
above. 4°K.
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surface of gallium (*). There is evidence that this peculiar
low-temperature behaviour is also present for the longitudinal
wave resonances, although a complete study of the temperature
variation in crystals of different orientations has not been

carried out.

Acoustic resdnances were observed at temperatures up to
273 K. The most striking feature of these results is the
strong variation of the linewidth, Yy, as a function of tempera-
ture. This variation is illustrated in Fig. 4-8, where the

quality factor is

Qz_@&

&/o

These data, obtained from the transverse-wave resonance in a
.030-inch specimen, are typical of the behaviour that was
observed for both transverse and longitudinal waves. The
maximum Q occurred at temperatures between 40°K and 50°K.
The highest Q's (up to 3.5 x 10°) were possibly limited
by extrinsic damping; slightly sharper lines were observed
when the specimen can was evacuated than when an exchange
gas was present. These extremely sharp resonances were

observable at fields as small as 10 gauss.

(*) 'In a recent paper, Reed (44) has calculated the band
structure of gallium using a semiempirical pseudopotential
method. The resulting Fermi surface consists of six
closed electron sheets, one closed hole sheet, and a
large multiply-connected hole sheet. Although much
experimental data is explained by this model, apparently
one or more small pieces of Fermi surface have been
missed in the calculation.
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It is interesting to note that non-parallelism of the
plate does not spoil the quality factor of the resonances,
but instead splits the line. 1In an experiment using a wedge-
shaped plate of single-crystal aluminum, with Ad/d estimated
to be approximately 4%, two resonance lines were observed,
with Af/f & 4%. Gantmakher (35) has similarly reported the
splitting of radio-frequency size-effect lines in a wedge-

shaped plate of indium.
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CHAPTER 5. ELASTIC CONSTANTS OF GALLIUM

5.1 Introduction

According to the theory developed in Chapter 2 for an
infinite metal plate immersed in a static magnetic field,
singularities in the surface impedance of the plate occur
at fregquencies

7[ — nS [1]
n 2d J
where d 1is the plate thickness, S 1is the velocity of the
acoustic wave which is present in the plate, and n 1is an
odd integer. The resonant frequencies may thus be used to
determine acoustic velocﬁt?es in a metal. Since no velocity
data for gallium have been‘published (*), we have used this
continuous-wave resonance technique to obtain the acoustic
velocities in single crystals of gallium at 4.2°K, 77°K, and

273°K, at low megahertz fregquencies.

Determination of the nine elastic constants of ortho-
rhombic gallium requires a minimum of nine velocity measure-
ments at a given temperature; further measurements may be.

used to provide cross-checks of the data. From the elastic

(*) Measurements of unstated accuracy of the gallium elastic
moduli at 273°R have been reported in a U.S. government
document by Roughton and Nash (21). Their results are
discussed briefly in.section 5.3.
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constants a Debye temperature, © may- be calculated which

D’
is characteristic of the crystal. Since the Debye theory
treats the solid as a Eontinuum, it provides a good approxima-
tion at low temperatures, where only long-wavelength vibra-
tional modes are,exc§ted, and the discrete nature of the
crgstal becomes unimportant. In fact, the Debye temperatures
obtained from low temperature specific heat and ultrasonic

velocity measurements have been found to agree for a large

number of crystals. (45).

In section 5.2, the elastic constants are-defined, .and
their determination from velocity measurements is discussed.
An approximate method of calculating GD from the constants
following Anderson (46), is also included. The experimental

results are presented in section 5.3, and in 5.4 the validity

of- the continuous-wave resonance technique is examined.

5.2 Theorz

572.1 whee ﬁrbpagation in elastic solids

In this section we develop the formalism which relates
the acoustic velocities in a crystal to the e€lastic moduli,
using the notation of Bhatia (47) and of Neighbours and
Schacher (48). A more complete development may be found in

these two references.

The forces acting on a volume element (dx,dx,dx,) in a
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solid may be described by the nine stress components,
Gij’ i,j=1, 2, 3 (Fig. 5-1). Gij is the component of
force per unit area in the ‘kj direction which acts on

the plane perpendicular to the X5 axis. For equilibrium,

the torques about. each axis must vanish, and therefore

J. = T
O = (g, [2]
T -1
e = G
In writing equations [2], we assume that there are no inter-
actions within the so0lid that produce~torques~ih§addition
to those due to the stress components' Gij’
Let Ei(§) be the ith;rbmponent of the displacement
of the solid at a point X. Then the equation of motion for
free sound propagation is
, .
’ ,FL _ 9
(O 2 - J [3]
3t (BXQ _

where p' 1is the density of the solid, which may be approxis
mated by the'density in the absence of wave propagation, op.
In order to write the wave equation [3] in terms of the dis-

placement. E, we define the strain, or deformation, components

[4]
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For small (3£i/8xi << 1) displacements, the six quantities
eij completely describe the changes in the volume, V, and
the éhape of the solid. The fractional change in volume, or
the dilation, is

4V _—3
A = v - éII t ézz + é33 = dH/ f! 3

while €3, €313, and ¢€;, are the components of shear
strain in the planes perpendicular to the X,, X,, and

X3 axes.

If Hooke's law is obeyed, each of the 6 strain components
at a given point in the solid is linearly related to the 6

stress components at that point, and the 36 elastic stiffness

constants, Cijkz’ are defined: (*)

9y = Ciind €kt - Le]
Similarly, the 36 elastic compliance constants, Siij:

€; = Stk % - 7]

A contracted notation is commonly used:

(*) Throughout this chapter, we use the summation convention:

Cijke €kp = x ﬁ Cijke kg
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g =9 € =€,
% =T, €, =&,
G = G € T Ea
U =Lt % €y =€, =26,
CE = (;; = Gy Es = 2€; =526},
U[ = T. = 9, €, = 2€, =2¢,,
S, =GCn.€
é‘: _ S:’;O: (m, n =/,2...6).

From the requirement that the increase in the energy of the
solid per unit volume, dW = omdem, be a single-valued
function of the strain components, it follows that (47)

— [9]
C/nn = C

/1I71)

and the number of independent elastic stiffness constants
is reduced from 36 to 21. This number is further reduced
in crystals which possess rotational symmetry: crystals
belonging to the orthorhombic system 1e.g., gallium) have
nine independent elastic constants. If the coordinate axes
coincide with the three symmetry axes of the orthorhombic

crystal, the nine elastic constants may be written as the

-array:




C, C, C, 00O
Ceo G (is O 0O
, Con = Co Cp (550 0 O [10]
0 0 0C,0 0
0O O O 0Cs0
o 0 ooo0c/ .

In crystals of cubic symmetry, the matrix is the same as

above, but with-

CI = sz C3 3
Ga = Ca Cia
Coe = Cos = Co

! .
In elastically-isotropic crystals, the 3 indepgpdent con-

stants of a cubic crystal are reduced to 2 by the relation

EEC;4 = CL - CLz

1.

The equation of motion, [2], may now be rewritten in.

terms of the elastic stiffness constants, C

. From-
equations [3] and [8]:
0f  _ T . dm | %
Paem = 3 T 2% 9%
O _ do; 0T,
£ Y Y A T2 vl L]
p_g_?g . _%o_;% , 0% 90

OXa dXa °
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/
For the simplest case, that of an isotropic solid, these

equations reduce to a single vector eguation:

—l

gzgz; —le, 2C4.4.) 5(6 ?) —CM§X(6.X?) —

e

——-Clv(v.g’-') — C, Vx(ng-‘),
The irrotational (purely longitudinal) and isovolumiqouﬂ{
(purely transverse) waves propagate independently through
L
the isotropic solid with velocities [(C,, + 2C,,)/p]*
: /

KN
and (C,,/p)?, respectively.

In an anisotropic crystal, -the propagating waves will
in general have neither a purely longitudinal, nor a purely
transverse, character, and the equations which relate the
experimentally observed velocities to the elastic constants
of the crystal are complicated. The impure modes which
propagate, however, are characterized by displacements which
are nearly parallel (quasi-longitudinal) or nearly perpen-
dicular (quasi-transverse) to the propagation direction, and
for any direction in the crystal it is possible to measure
3 velocities which correspond to two pure or quasi-transverse
modes and one pure or quasi-longitudinal mode. We now outline
the procedure given by Neighbours and Schacher (48) to
detefmine the elastic constants from sound-velocity measure-

ments in crystals of general symmetry.
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The equations [l11l] may be simplified by choosing a
coordinate system (x],x},x}) such that the wave propagation
is along x]; derivatives with respect to x, and x; then

vanish, and these equations become:

£ atza éx,

il

élgl ) 5Z€" , 3z§a/ ) aq.?l
e Cs %, T Cou 3x,' % 5 .

The primed notation Cén is used to distinguish these
elastic constants, defined in the x], x,, x; system, from
the desired constants Cmn' defined in the coordinate

system (x,,X,,X,;) which coincides with the symmetry axes of
the crystal. (The Cmn's are then obtained from the

Cans by means of transformations which are given, for
orthorhombic crystals, in equations [16]). The secular

equation which results from [l3] is

(o1 Co. Cs'
C/e/ (C“, "[C/’Vz) C/‘s-; . = 0.
Crs’ Cse (Css —{OV)

[13]

[14]
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This equation possesses three roots corresponding to the
velocities éwg*of the one (gquasi) longitudinal and two (quasi)
transverse modes. It has been solved by means of a perturba-

tion method by Neighbours and Schacher. The solution is:

/ /2 /2
C =pVi-[ S _ 4 _G
v e [ C) = Ces’ G - C,

‘EC/S’C’/;CS': e e ?
(€= Css)(G-C) /

/2 ;) 2
C / = VZ '—[ 'C// L / ———?ﬂ /
wl fD z Clé" " + Clé"cls

2 C/elr CL/ Cse/ ) \\‘5]
.4— (YZZ-CZ}QZL;-C;. * . ..]

C ' == [ -/- ___C;r’_é_z_—
5 (}s - Cu C}; - Cle’

+ 2C/5 C/e Cs‘b . . ‘j .

(Z;s CLAQEG C;;)

Finally, the unprimed constants are related to the primed
constants by the cosines of the angles between the (x}x;x})
and (x,x,x,) coordinate systems. The positive direction
coéinés 2, m, and n specify the x'-axis orientation with

respect to the X X and x axes (e.g., the a, b, and

1/ 2/ 3

c axes of gallium), and if we choose to let x, lie in the
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X, - X, plane (x; 1is the direction of wave propagation)

the complete set of direction cosines may be presented in

the form:
X, X, X,
x! '3 m n
X, -mo ! [ 0
1 -1 -1
X, ~~ino -mno o
where a? = 22 + m?, " and:we have assumed that the angles
between x, and x;, X, and x,, and x,; and x; are

all less +than 90°. The transformation equations, written in
terms of th&se direction cosines for the 6 primed elastic
constants occurfing in equation [15] are given, for all
crystal classes, by Neighbours and Schacher. Repréduced
below are the transformations appropriate for crystals of

orthorhombic symmetry: (%)

, 4
C, =A1°C, + m*C,, + h*Cs + 4mn* Coa  + 4L?R* Csg

t 4'jzm1C“ + lemz Crz s ijﬂz C/g + 2m1ﬁ.1 C;g .

(*) Note that from [14] and [15], for sound waves propagat-
' ing along the x' axis, the velocities are related only
to the six primed constants C],, Cis, Cggs Cirss Cig
and Cf{, and therefore only transformation efuations for

tH%se six constants are required.
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4 -2 a_ - - 2
Ces = P?n*="2C, + m*n*<?(C,, + nP<? C,, +mi-2n) Con
+L2oc(1-2n%)* Cos + HomPnoc ?Cp + 2Uminc 2 G,

—-24*n*C,3 - 2m*n? Cy .

- - - -2
Céé, -‘—',szzoc‘ ZCI '/"jzszC zczz +lan20< ZC4.4 + m'ntoc Cs€

"m-) (_é‘, - A[zmloc'z C/z .

. -/ '.\; - -
C/; = —[*noc G =minoc Gea + % Cos # 2m'r e 'ﬂ—?n‘) Coa

) + 2£ZROC" /"2/7_") ng "4£Zmzn OC-ICH, —Zfzmino(" 12
+1*n o[’ﬂ—Zrzé) Ca +mn ot"(/—Zn‘/ng .
[16]
C,‘: = Lmo G+ AP Cop + Phmn oc™ Con
—2lmrfoc Cog +2dmoX? -m?) Cut
+fmo<'/([z-ma) C, -Imn2e”'Cy + Lmntec'C,y .
Cs'; = ’mnra?C, —~AmPro?C, + dmnoé(1-2n% Cee

‘anx'zﬁ —2n2) Ces — 2 ,an.oc'z(/z - mz) Cee

~Amroc¥#2-m3)C,, —dmn G5 +Lmn Cus -
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It is seen that the Cﬁn's are linear functions of the
Cmn's, and equations [15] may be written in terms of the
unprimed constants. For crystal directions in which pure
modes propagate, the secular determinant [14] is diagonal,
and the bracketed terms in [15] vanish. For directions in
which impure modes propagate, the bracketed terms in [15]
are present, but small compared to the pV2? terms, and these
equations may be solved by the method of successive approxi-
mations. 1In practice, the calculations are eased by making
as many pure-mode velocity measurements as possible. In the
experiments described here, the six diagonal constants, Cii'
were first obtained from the velocities of pure transverse
and longitudinal modes. Quasi-longitudinal modes were then
propagated in the three "off-axis" crystals with 2 = 0,
m= 0, and n = 0, respectively; in each of these cases two
out of the three off-diagonal terms in the determinant [14]
vanish, and the first of equations [15) yields the constants

Cz3, Ci13, and C;, directly from the measured velocities.

This procedure will be discussed in more detzil in section 5.3.

5.2.2. The Debye temperature

The Debye theory of lattice specific heat ié based on
a model which replaces the atomic nature of the solid by an
isotropic continuum through which acoustic excitations may
propagate. This model leads to a quadratic frequency spectrum

of vibrations up to a maximum frequency, v from which

DI
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the Debye temperature, 6 is defined:

DI

QD = /L;(VD ? [17]

where h and k are the Planck and Boltzmann constants.

The theory yields a temperature~dependent lattice specific

heat which is determined by the Debye temperature characteris-
tic of a solid. At low temperatures, where only long-wave-
length vibrations are excited in a crystal, the discrete nature
of the lattice is least important, and the Debye model correctly
predicts the observed T® dependence of the lattice specific
heat. At temperatures T <,(6D/10)’ the predicted specific

‘heat is (49)

3
CV = /944 (g;) J/mole-degree (18]

The elastic and thermal properties of solids are sipply
related according to the Debye theory, since the Debye temp-
erature may also be determined from the velocity, Vo of
acoustic waves in the continuum (46):

h 372//3
6‘3=k4-77~\4)v7"7 [19]

where n is the number of atoms per unit cell, and V, is
the volume of the unit cell. At low temperatures, then, the
Debye temperature obtained by calorimetric measurements and
equation [18] may be compared with that derived from acoustic-

wave velocity measurements, if an appropriate mean velocity
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is used for the velocity Vi

In an anistropic crystal, the velocity of elastic waves
depends upon the propagation direction in the crystal, and
in any direction there are three different velocities
associated with the two (quasi) transverse, and one (quasi)
longitudinal modes which may propagate. Vo in equation [19]
must then be. a velocity which is the average of these three

velocities, Vi in all crystal directions (46):

3
/ / [ /| dL 20
BN o - = ]
s 3 o VAT

where dQ is an element of solid angle. Several numerical
methoeds have been devised to evaluate Vo -from equation [20},

--using-the measured. single.crystal elastic constants (45, 50).

Anderson (46) -has.proposed.and tested an-alternative
'(to-equation. [20}) methed.of .determining. the mean sound
ivelecityvin;anisetropic crystals. .Equation. [20] reduces to

a very-simple form for isotropic crystals, in which the

transverse and longitudinal velocities, v and v are

T L'

invariant with respect to propagation direction:

V. ) [-_L>.éL / -}é [21
= TG &

Anderson suggested that in anisotropic crystals, average.
transverse and longitudinal velocities calculated from the

ei§§tic-constants be used in equation [21] to arrive at an

;
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approximate mean sound velocity Vo (apprdx.). We now outline
this method, called by Anderson the VRHG approximation after

Voight, Reuss, Hill, and Gilvarry.

The VRGH approximation is based on relations between the
isotropic bulk and shear moduli, K and G, of a poly-
crystalline solid and its single-crystal elastic constants.
According to Anderson, Voight related these moduli to the

stiffness constants:

KV = 7—’(C,, + Caz +C33) + %(C,z + Cox + C,s) [22]

— !
GV =75 (G +Cae +C33) _';‘1_3 (Clz+ Ca;*cis)'F—é-(CM +(ss ‘/‘Cee). [23]

whereas Reuss expressed the moduli in terms of the compliance

constants: (%)

\’KR N (SH + S, + S.as) + 2(‘3,2 +S,3 + Si3 [24]
é%. = 4(5.‘ +Sz2 +Ssa) ~4(S1#S, 5,3) + 3(844 +So S“) . [25]

Hill (51) proved that the Voight and Reuss approximations
represent the upper and lower bounds to the true polycrystalline

moduli, and suggested that the average between the two be used

(*) There is an error in sign in Anderson's form of equation
[25] (46).
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as a practical estimate:

v . ' <3V R
%<; —_ Kv + Kr C%, _ G+ G

=" ; [26]

The transverse and longitudinal velocities in the isotropic,

polycrystalline solid are, using the Hill moduli:

’Z_*T = (—%’)Va [27]

. 4 Y2
’UZ = (@giiijijggj . [28]
(O

Finally, the mean sound velocity, Vo (approx), computed by

and

substituting ﬁ& and v, for Vo and vy in equation [21],
may be used to determine the Debye temperature using [19]. A
similar method was used by Gilvarry to approximate the Debye

temperature of sodium (52).

Anderson has compared the VRHG approximate mean velocity
with that calculated numerically from equation [20], using
elastic constant data from 223 crystals belonging to 6
crystal classes. He found that in all but a very few cases,
the difference in the two mean velocities was less than the

probable error in the experimental data (46).

5.3 Experiment and results

Acoustic resonances in the frequency spectrum of the

skin depth were observed in rectangular plates of single-crystal
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gallium, with nominal dimensions 2.35 cm x 0.8 cm x 0.08 cm.
The ten crystals which were used for these measurements are
listed in Table 5-1. The crystal axes in the first seven
specimens coincide with the rectangular axes of the plates;

in specimen Ag, for example, the gallium a-axis lies along
the plate normal, and the b-axis is parallel to the long dimen-
sion of the plate. The last three specimens are oriented as
shown in Fig. 5-2. All of the crystals are oriented to within

i l°.

‘Thickness measurements, made at room temperature using
three quality micrometers of different makes, were in agree-
ment to within * .0001 inch, which was the measurement preci-
sion in each case. It should be noted that the thickness
uncertainties listed in Table 5-1 were obtained from the
thickness variations measured over the entire lengths of the
plates, whereas the thicknesses over the central areas covered
by the secondary coil were, in every specimen except Ac—5,

uniform to within the measurement accuracy of * 0.3 %.

The velocities of pure longitudinal and pure transverse
waves, with propagation vectors lying along the crystal axes,
are sufficient to obtain only six of the nine elastic constants
of gallium. The determination of the remaining three constants
requires a measurement of the velocity of three impure modes.
These measurements were provided by propagating quasi-
longitudinal waves in the [101], [01l1l], and [110] specimens,

whose direction cosines are given in Table 5-2. (1, m, and n
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CRYSTAL THICKNESS (300°K)
(10-? cm) \

30 Ap - 1 8.090 = .%%
30 A5 - 2 8.141 * .5%
30 A, -5 8.026 *1.0%
30 A, - 6 8.115 + .3%
30 B, - 1 8.065 * .3%
30 B, - 5 8.128 + .3%
30c, -1 8.090 * .5%
30 [101] - 2 8.090 + .3%
30 [011] - 2 8.103 * .3%
30 [110] - 1 8.090 * .3%

N ’ ) » ‘

*‘ ,

TABLE 5-1.

GALLIUM CRYSTALS USED IN THE VELOCITY

MEASUREMENTS.

are the cosines of the angles formed between the a, b, and

¢ crystal axes and the prqpagation direction, or plate normalj.
The orientations of these crystals were chosen for computational
simplicity: for wave propagation in directions perpendicular

to Ehe plates, two of the three off-diagonal terms in [l14] are
zero. As a result, the quasi-longitudinal veleocities each
involve, in addition to the previously measured diagonal

elastic constants, only one off-diagonal constant. Also, pure
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transverse waves, with displacement polarized along the long
dimensions of the plates, may be propagatéd in these specimens.
The  velocities of—tﬁese pure transverse modes are. each determined
by only two diagonai constants, and their measurementtprbvides“/\:

a useful cross-check of the data obtained using the "on-axis"

WSALLIUM CRYSTALS.

crystals.

CRYSTAL L m n 22 m? n?
30[101} - 2 | .5892 0 .8080 | .3472 0 .6529
30[011} - 2 0 .589é .8080 0 .3472 |.6529
30[110] - 2 | .7071 | .7071 0 .5000 |.5000 0

TABLE 5-2. DIRECTION COSINES FOR THE THREE OFF-AXIS

As an example of this procedure we consider the measure-

ments obtained using the 30 [011]

2/=0,

CL, =:P\42‘-_

and from [16],

Css = Cle =

to the secular equation are:

2

/
C}’ ~ Css

- 2 crystal.

In this case,

The solutions [15]

(quasi-longitudinal)
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(pure-transverse)

D
EN
i
-
N
n

r 2
! 2 C/S
635 - F\é - C /—-C" o (quasi-transverse)
ss "

The measurement of the quasi-longitudinal mode velocity V,
directly yields C,;, since this is the only elastic constant
which appears in the expressions for C;,, Cj{y;, and C;,,
when £ = 0. The measurement of the pure transverse mode
velocity V, (with displacement vector along the long dimen-

sion of the plate), directly yields which is a combina-

L]
66/
tion of C.. =uiu C,, @and thus provides a cross-check of
these earlier-obtained elastic constants (see Table 5-6). The
velocity V, of the quasi-transverse mode, polarized ~ 90°

from the pure transverse wave, was not measured in our experi-

ments, but wrald have provided another measurement of C,,e

The fundamental (n = 1 in equation [1]) longitudinal-wave
resonances were observed at frequencies between 2.4 MHz and
2,9 MHz and the transverse-wave resonances between 1,5 MHz and
1.8 MHz, for various crystal directions, Resonances corres-
ponding to n = 1, 3, and 5 were observed in many instances.
Static magnetic field strengths of 6 kG were normally used,
although fields as large as 14 kG were applied to increase the

signal-to-noise ratio of some resonances (*). Specimen

(*) Magnetic fields of this magnitude will change the sound
velocity by only a few parts in a million and hence will
not affect our results appreciably (see section 6.2).
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temperatures of 4.2°K, 77°K, or 273°K were obtained by filling
the can which surrounded the specimen holder with helium gas,
and immersing it in liquid helium, liquid nitrogen, or an ice-

water mixture.

The measured velocities are presented in Tables 5-3, 4
and 5. They have been calculated from equation [1l], using
plate thicknesses corrected for thermal expansion using the
X~-ray diffraction data of Barrett (53). In those instances
where a group of peaks, rather than a single resonance, was
observed in the frequency spectrum of the skin depth, the
velocities were obtained from the data by taking for the value
of fn the center frequency of the group, and the uncertainty
assigned to fn was the approximate half-width of the
frequency distribution of the group. This frequency uncertainty
was in every case less than 0,2%, i.e., smaller than the un-
ce. tainty in the plate thicknesses. The sum of these two
uncertainties represents the total error in a particular
measurement, and is shown in column five of Tables 5-3, 4 and
5. The results of the cross-checks in the data are shown in
column seven of these tables, and in Table 5-6, which compares
the measured pure transverse wave velocities in the off-axis
crystals with the appropriate combinations of previously
measured diagonal elastic constants. Considering all of this
daté, we estimate the error in the velocity measurements to be
+ 0,3%. A discussion of a further possible error which may
arise due to the presence of extraneous coupled vibrational

modes in the plates is reserved for the next section.
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Where. two or more measurements in different crystals
yield the same elastic constant, a weighted mean velocity
was used in the elastic constant calculations. This mean was
obtained by weighting the individual velocities in inverse
proportion to their estimated uncertainties. The elastic
-constants, calculated from the velocities using equations

given 'in the previous section, are presented in Table 5-7;

| 4.2°K 77°K 273°K
| c,, 11.18 11.04 10.18
T, 9.96 9.92 9.21

C.., 14.78 14.69 13.75

c,, 3.97 3.92 3.56

Cys 4.52 4.49 4.19

c.. 4.72 4.65 4.12

c,, 4.44 4.44 4.44

c,, 2.83 2.72 2.75

Czs 2.33 2.30 2.40

TABLE 5-7. THE ADIABATIC ELASTIC CONSTANTS OF GALLIUM

(IN 10'' DYNE-CM~™2).




- 115 -

the diagonal ¢onstants are plotted as a function of temperature
in Figs. 5-3 and 5-4. The densities used 1in these calculations

are those obtained from the X-ray diffraction data of Barrett

(53) (*).

The final accuracies of the elastic constants may be con-
sidered by summing the estimated errors from various sources:
errors in the frequency and thickness measurements and in the
crystal orientation, a8, in the case of the off-diagonal

constants, errors compounded in the computation.

For the diagonal constants, Cii’ the errors arising
from crystal misorientations are small: a 1° misalignment
results in a maximum error of only a few hundredths of one
percent in these constants. Thus the total error originates

in- thervelocity measurement as discussed above, and is

egstimated to be = 0.6%.

The off-diagonal constants, Cij’ on the other hand,
are subject to much larger errors. In the computation of
these constants, errors arise from the compounding of the
+ 0.6% uncertainties in the Cii's which occur in the

calculations. These errors may be as large as * 12.7% for

C + 15.9% for C,,, and t 5.4%

13/

(*) These densities are: p(4.2°K) = 5.9836 g-cm™?,
p(77°K) = 5.977 g-cm™?,
p(273°K) = 5.91 g-cm™3,
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for C12‘ In addition, these constrants are extremely sensi-
tive to certain alignment errors, as can be seen by calculating
the sound velocities for various small rotations of the crystal
axes within the plates. 1In particular, small rotations about
the long dimensions of the [101], [011], and [110] specimens
produce large errors in the constants: an alignment error of

+ £° about the a-axis in the [0l1l] specimen causes an error of
* 6.2% in C,,. The orienta
mens in these important directions is * .5°, and the total
errors estimated for the three off-diagonal constants are * 16%
for C;,, t 22% for C,,;, and * 6% for C,;,. It should be
emphasizd that these figures represent the maximum possible
errors, and that it is very improbable that the actual errors
in the results are this large. In any case, one can conclude
that the off-diagonal elastic constants of gallium are temper-

ature independent, within our experimental accuracy.

The 273°K elastic constants measured by Roughton and Nash

using the ultrasonic pulse-echo technique are (in units of

11 —_—m— 2 . = . = . = . = .
10*" dyne-cm™¢): ¢c,, = 9.8; C,, =8.76; C,, = 13.32; C,, = 3.42;
Ceg = 4.2; C4y = 3.92; C,, = 3.26; C,, = 4.23; and C,, = 2.76
(21). No accuracies for these constants were estimated by the

authors. The diagonal constants are lower by 0% to 4.9% than
the values presented here. It seems likely that the off-
diagonal constants were calculated from the measured velocities
using incorrect expressions; many errors have appeared in the

literature (48).
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The mean sound velocity, Vi (approx.), calculated by

means of the VRHG approximation method from the 4.2°K elastic

constants is 2.965 x 10° cm-sec™!. Substituting this velocity,
n=28, and V, = 1.547 x 1072% cm® (53) into equation [19]

yields a Debye temperature,

(@]
[
f
[te
l-
[}
q
a
o

o
(510 Nel T o “ o~~~
YWild\rdd -’ D il gu

from specific heat measurements at low temperatures (20),
(6),, = 324.722°K.

The uncertainty in-our value was found simply by changing
‘the-elastie constants-one at. a-time-and recalculating GD,
‘which fortunately is relatively insensitive to the large

errors in C,, and C,,. It should be noted that the VRHG
approximation almost always yields values of Vi (approx.),

and hence § that are slightly higher than those obtained

DI
by numerically solving eqﬁﬁlion [20] {(46). In the case of
the ot%erorthorhombic metal uranium, for example, Vi (approx.)
is 0.86% higher than Vi Such a correction would further

improve the agreement between the two measured Debye tempera-

tures.

-5+4 Discussion

The electromagnetic generation of acoustic waves in

metals provides a simple method for making ultrasonic velocity



- 120 -

measurements, by means of the continuous-wave resonance tech-
nigque. The question which must ultimately be answered, however,
relates to the accuracy of this technique: to what extent does
the sound velocity S 1in equation [l], derived for an infinite
metal plate, approach the crdinary sound velocity in the bulk
métal? The problem arises because of the large number of vi-

| brational modes which are coupled, in a rectangular plate, to

; .t“gwfunda a ansverse or longitudinal modes in which we

! @re-interested, and it is possible that these extraneous modes

may- -significantly. affect. the velocity measurements. In the

first-place, a group of several resonances may often be

observed; replacing -the single resonance which is desired for

an-ynambigrnous-measurement-of - the velocity. .The measurement

precision-is then limited by the frequency-spread of this

group ({(althocugh as we have seen in the previous section, this

.limitatibn does not exceed * 0.2% in our measurements).

Secondly, the resonance group may not be centered about the

desired pure resonance fregquency, but may be shifted by the

coupling to the extraneous modes. We will now discuss this

latter uncertainty.

Theoretical investigations of the resonant vibrations
in single-crystal plates have been motivated largely by the
p:actical importance of piezoelectric resonators as electrical
circuit elements. A recent review, with particular reference
to the vibrations which couple to the thickness-~shear modes

in quartz plates, has been given by Spender (54). The many
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modes which exist in an infinite plate ~-- thickness-shear,
thickness-twist, extension, face-shear, and flexure -- are

all coupled by the .presence of the two sets of boundaries

in a recténgular plate, resulting in an exceedingly complex
spectrum of resonances. For the speciallmnsp$ropy of AT~cut
quartz plates, Mindlin and Spencer (55) have\computed the
frequencies of a few of the strongest resonances which surround
the fundamental thickness-shear mode, and identified these

resonances experimentally. In the words of these authors,

- -however; "The resulting frequency scan.of a guartz plate

produces many more resonances than can be accounted for by
present mathematical solutions.... The abundance of resonances
in guartz plates might lead one to believe that any theory

could be verified by making freguency measurements alone.!

Because of this complexity, a thecretical analysis seems
to offer little hope of confirming the validity of this
velocity measurement technique. We turn now to empirical
evidence which at least provides an upper limit for any
systematic error in the data which was presented in the

previous section.

This empirical evidence takes the form of two internal

and two external checks of the data.

Internal checks

1} The transverse-wave velocities measured by this

method in .8 mm and .27 mm thick plates are in



2)
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agreement (at all three temperatures) to within the

accuracy of the latter measurement: + 1%.

The velocities of transverse and longitudinal waves
obtained by measuring the first, ‘third and fifth
harmonics (n = 1, 3, 5 in equation [1])are in agree-
ment. to within 0.15%, in all cases in which these

two or three harmonics were observed.

These two internal checks are significant, since any shift

of the frequency of the nth harmonic- resonance from the value

given by [1], due to coupling of extraneous vibrations, is

expected to be a function of the width-to-thickness ratio of

the -plate, and of the..orxrder.of _.the harmonic. (54).

External checks.

1)

2)

The velocities measured by this method in a single-
crystalline..27 .mm~-thick.plate. of. pure. aluminum at*
4°K, 77°K;.and.300°K,. are-in. agreement with the
valueg published by Kamm and Alers (56), to within
the accuracy of our measurements: + 1%. The
velocities repbrted by Kamm and Alers for aluminum

have an estimated accuracy of * .25%.

The 4.2°K velocity of longitudinal waves propagat-
ing along the b-axis in gallium has been measured
by Neuringer and Shapira (57). Their value,

A
4.07 x 10° cm-sec™! % 1.2%, is in good agreement



- 123 -

with the velocity obtained in the present experiment,

4.080 x 10° cm-sec™‘.

Although these four empirical checks place an upper limit
of + 1% on the systematic error in our data, it seems probable
that the error is. indeed much less than this, and that the
absolute accuracies are, in fact, those estimated in the

previous section, i.e., * 0.3%.

An authoritative comparison of this technique with con-
ventional transducer methods must await a more unambiguous
settlement of the problem which has.been discussed above. It
should be noted, however, that.an ultrasonic measurement survey
:by:EBinspruch. and..Truell_.(58).has indicated that most velocity
.measurements-probably:-.eontain. erxors. of * .3%, although the
estimated-aecuracies may be.much-higher than this. Also,
aecording to these authors, "... it'seems doubtful whether
‘the quality and reproducibility of available materials justify
the considerable efforts required to make. absolute velocity
measurements to much better than 0.1%. ... it appears at this
- time that perfection of techniques for obtaining reliable
rélative measurements in the accuracy range of one part in
10* or 10° is of greater significance in the study of the
solid state by means of physical acoustics than wéuld be
further improvement of absolute velocity measurement schemes".
We shall turn to the measurement. of small velocity changes

- in the next chapter.
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'CHAPTER 6. FURTHER APPLICATIONS TO ULTRASONIC MEASUREMENTS

- 6.1 Quantum oscillations

6.1.1 Introduction

Oscillations in many transport properties of pure metals
at low temperatures have as their origin the quantization of
electronic energies by an external magnetic field. The applica--
tion of a magnetic field Eo in the z~direction quantizes the
electron motion in the x-y plane; only those orbits are all. .cd
which contain an integral multiple (apart from a phase factor,

v) of the fundamental flux guantum, 27 fc/e gauss-cm?. The
result of this real-space quantization is to constréin the
electron energies to lie on cylinders in k-space whose axes
are parallel to the direction of Eb, and whose areas in the

kx-ky plane are given by

)4 — 2#65 (h+37 em~?, n=1,2,3... [1]
n

As B, is increased, these cylinders enlarge, and are. swept
through the Fermi surface, causing the energy of the electron

assembly to oscillate with a frequency

‘ e S, - 121

F = ore gauss,

where S, 1is an extremal area of the Fermi surface in the

ke - ky plane, measured in units of cm~2
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The appearance of these oscillations in the low temperature
magnetic susceptibility is known as the de Hass ~ van Alphen
effect; related guantum oscillations have been observed in the
electrical and thermal conductivities, thermoelectric power,
surface impedance, and othér transport. properties of pure metals.
A review of the theoretical and experimental aspects of the de

Haas - van Alphen effect, with references to these associated

\O

v MNA1TA fE0N
Y WOilG (27,

Since the propagation of acoustic waves in a metal is
couplgd to the conduction electrons, quantum oscillations may
also be expected in the ultrasonic attenuation and velocity at
low temperatures. Quantum oscillations in the attenuation have
been observed in a large number of metals (*); velocity oscilla-
tions have been reported in bismuth (61), gold (62), beryllium
(63), aluminum and copper (64), tin (65), and, in magnetic

fields over 50 kG, in gallium (57).

We have observed several oscillation frequencies in both
the ultrasonic attenuation and velocity of gallium at fields
as low as a few kilogauss, by measuring the change in line-
width and frequency of the acoustic resonance in the skin
depth. Although we have not made a comprehensive study of

these oscillations in various crystal directions, quantitative

(*) A review of experimenkal studies of various types of
magnetoacoustic oscillations is given by Roberts(60).



- 126 -

data pertaining to one particular oscillation were obtained
which may be compared to theoretical predictions by Rodriguez
and Quinn (66,67), and to experimental measurements of this

same oscillation at high fields by Neuringer and Shapira (57).

6.1.2 Experiment and results

Since the frequency of the acoustic resonance in the skin
depth of a metal plate is virtually indepéndent of the magnitude
of ﬁo (*), the magnetic field may be swept while the oscillator
frequency remains at resonance. Such field sweeps of the re-
active skin depth, with Eo lying in the plane of the specimen
and parallel to the rf-coil axis, are shown %E;Fig. 6-1. For

~

- 1) and geometry, E was parallel to

this crystal (Ga 30 A o

B
the b-axis, and longitudinal waves, propagating along the a-

axis, were generated. In Fig. 6-1l(a) the oscillator frequency
was set so that no resonance effects were observed, and in

(b) the field was swept with-the frequency set at the center

of the acoustic resonance. Although, at higher gains, gquantum
oscillations may be seen in the skin depth in the absence of
acoustic wave resonance (see Fig. 3-9), Fig. 6-1 shows that

these oscillations are greatly enhanced by the acoustic resonance.
The reason for this enhancement in the observability of the

oscillations is that the measurement indicated by Fig. 6-1(b)

is extremely sensitive to small changes in acopstic velocity,

(*) See section 6.2.
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S a change in resonant frequency amounting to a small fraction

2/:
of the line-width results in an easily detectable change in
the reactive skin depth. This effect has recently been reported

in tin, by Gaidukov, Perov, et.al. (65).

The measured frequencies of three quantum oscillations,
with ﬁo lying along the a, b, and c-axes, are listed in
Table 6-1; each of these three oscillations was observed in the
velocity of both longitudinal and transverse waves. Our fre-
quencies are seen to be in good agreement with those obtained

from the de Haas - van Alphen measurements of Goldstein and

Foner (68) and Shoenberg (69), and from the magnetoacoustic

attenuation measurements of Shapira and Lax (70). The fre-
quencies of the .338 MG, ﬁo | b oscillation which were obtained
from longitudinal and transverse-wave resonances in three

different specimens were in agreement to within 0.5%.

Fig. 6-2 shows a recorder trace similar to Fig. 6-1(b) but
with higher amplifier gain; ﬁo is perpendicular to the propa-
gation direction of the longitudinal waves. Since the oscilla-
tion in the resonance frequency is a small fraction of the
line-width, the sound velocity oscillations are reproduced
essentially linearly by changes in the reactive skin depth, and
the ordinate of Fig. 6-2 is proportional to ASZ/SZ. The
recorder traces of Fig. 6-3 were obtained by sweeping the
oscillator frequency with the magnetic field set equal to the

values indicated by the two arrows in Fig. 6-2. From such

traces the amplitudes of the attenuation and velocity oscillations
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may be determined directly, and compared with tHe theoretical
predictions. It can be seen from Fig. 6-3 that the acoustic
attenuation passes through a maximum when the velocity is at

a minimum.

6.1.3 Discussion

Rodriguez (66) has derived an expression which predicts
the amplitude of the guantum oscillations in the velocity of
longitudinal sound waves which propagate at right angles to
an applied magnetic field in a metal. This derivation con-
siders the oscillations which arise in the bulk modulus, and
hence in the longitudinal sound velocity, due to the thermo-
dynamiC’relatibnship between the bulk modulus, K, and the

Hemholtz free energy, A, 1in an isotropic solid:

K = V(/a:/Z) ) [3]

For oscillations arising from a group of electrons which can
be described by a parabolic dispersion law and an effective
mass, m*, Rodriguez' result (equation [29] of reference (66))

may be written:

VhcS, D
_ 45 _ 4— E¥?ﬁnﬂ#ﬁ(7_2§?( P yp COS eE% W’7 %[947 m*
ST R STa)t 5 sink (& FZV ]

ﬁwc

(4]

where EF is the Fermi energy, and g 1is the spectroscopic

splitting factor. The above approximations are not strictly
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valid for the case of gallium, which has a complicated Fermi

surface and anisotropic elastic properties.

Fig. 6-4 shows a plot of equation [4], with T = 1.5°K,
g =2, Ep=10.5¢eV (¥, S, = 4.322 x 10° cm-sec~! (velocity
of longitudinal wave propagating along the a-axis), m* = ,051 m
(effective mass appropriate to this oscillation; Epr—axis (71)),
and vhsoc/(eBo) = 2nvF/B$, where F = 0.338 MG is the measured

frequency of the oscillation. The first ten terms in the sum

in equation [4] were included in the calculation. There is

- quite striking agreement between the experimental and theoretical

line~shapes shown in Figs. 6-2 and 6-4. The amplitudes are in
agreement to within an order of magnitude (Table 6-2), although
the amplitude of the experimentally observed oscillations in-
creases more rapidly with magnetic field than is predicted by

Rodriguez' theory.

it is interesting to note that the predicted magnetic field
dependence can be adjusted to agree with the data by making a
correction for the broadening of the Landau-levels. This
correction consigts of multiplying each term in the series in
[4] by a factor exp[-2ﬂ2vaD/&iwc)], where TD is the Dingle
temperature (59). Fig. 6-5 shows the predicted oscillation for

TD = 3.5°K. The magnetic field dependence obtained from this

plot is compared to the observed dependence in Fig. 6-6, where

(*) This is the free-electron Fermi energy calculated assuming
3 conduction electrons per atom, and a spherical Fermi
surface.
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ASR/SQ
B
0 (a)
THEORY EXPERIMENT
8 kG 1.3 x 10™* 1.5 x 10~*
14 kG 2.6 x 10™* 10.5 x 10~*"
(a): equation [4].

TABLE 6-2. AMPLITUDES OF THE QUANTUM OSCILLAT:IONS

IN THE LONGITUDINAL SOUND VELOCITY.

*5the‘experimental points have been normalized to agree with the
1theo£etical’curVe at B, = 14 kG. A comparison of Figs. 6-2, 4,
and 6 shows that the Dingle temperature correction lowers the
predicted amplitude of the oscillations by an order of magnitude,

and considerably worsens the absolute agreement with the experi-

" mental results. Further, the line-shape agreement is destroyed

by the Dingle term, and it must be concluded that the free-
electron theory fails to predict quantit}atively all of the

observed features of the guantum oscillations in the sound

- velocity in gallium.

Neuringer and Shapira (57) have measured the amplitude of
quantum oscillations in the velocity of sound in gallium for

magnetic fields between 50 kG and 140 kG. In their experiment,

'4f§~ was also applied along the b-axis, but was parallel to the

0
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sound propagation. Equation [4] is claimed to be valid for
this case also (66). In addition to the 0.338 MG oscillation
discussed above, they observed a second oscillation frequency

at 0.725 MG, which complicated the interpretation of their

~J

results. Although their measured value for ASQ/S2 (= 0.1%)
is in order-of-magnitude agreement with the prediction of
Rodriguez' theory (*), they found no measurable change in the
amplitude of the oscillations with magnetic field, in the

interval between 50 kG and 140 kG.

Beattie (64) has compared his measurements of Asl/s2 in
aluminum and copper to the Rodriguez theory, and also found
order-of-magnitude agreement. He corrected the theory for .
Landau-level broadening by using Dingle temperatures (0.9°K for
aluminum and 0.5°K for copper) which were obtained from the

observed magnetic field dependence of the oscillations.

Rodriguez and Quinn (66,67) have derived an expression
for the amplitude of the gquantum oscillations appearing in the

acoustic attenuation. Combining equation [23] of reference (66)

(*) Neuringer and Shapira's results are in approximate agree-
ment with the theory only if the free-electron Fermi
energy, Ep = 10.53 eV is used in [4], and not the effective
free-electron Fermi energy Ep = 0.076 eV, which was used
by Neuringer and Shapira. That this change should be made
was pointed out by Beattie (64), who claims that by using
m* = 0.051 m, and Ep = 0.076 eV in [4], Neuringer and
Shapira have accounted twice for the size of the electron
pocket which is involved in these oscillations. Accord-
ingly, we have used the free-electron value, Erp = 10.53 eV,
in the above calculations.
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and equation [21] of reference (67), we can write for the
oscillatory part of the longitudinal wave attenuation, with

ﬁo perpendicular to the direction of propagation,

mrzwit kT ﬁ,wc)'/a

osc. A4f%3 cE.

Vﬁ)cs T [5]
'/z cos TeR, ]COS[ j
Z(’) o [2T0KT ] e
X b[ ﬁwc J

where 2z 1is the number of electrons per atom and M 1is the
ionic mass. The appearance of the electronic relaxation time,

T, which is not known for our gallium specimen, presents a
difficulty in comparing this expression to our experimental
results. If we assume that at 1.5°K, 1 = 10-°% sec, (*) the
calculated amplitude of. aosc.at 14 kG is 1.31 x 10~% cm-?,

which is almost 300 times smaller than the observed value of

3.6 x 107° cm~!. Although this is the first comparison of

the Rodriguez-Quinn theory to experimental results in gallium (1),

Beattie found that the observed oscillation amplitudes in

copper and aluminum were over three orders of magnitude larger

(*) The value. T = 10~% sec is consistent with a Fermi velocity
of 10® cm-sec~! and an electron mean free path of 1 cm,
as estimated by Yaqub and Cochran (41). Relaxation-time
measurements in gallium at helium temperatures also yield
values of this order of magnitude (72,73).

(t) The attenuatlon ,meagurements of Shapira and Lax (70) were
obtained with BoH d, and the above theory is not applic-
able to this case.
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than theoretically predicted. Our results substantiate Beattie's
conclusion that this theory does not predict the correct ampli-

tude for quantum oscillations in the attenuation of metals.

6.2 Small changes in the ultrasonic velocity

6.2.1 Introduction

he measurements described in the previous section revealed
oscillations in the low-temperature velocity as small as one
part in 10%, simply by recording changes in the reactive skin
depth at the acoustic resonance frequency of.the plate. At
higher temperatures, where the acoustic resonance lines may

be a thousand times narrower than those discussed above, the
measurement of ex%remely small velocity changes becomes

possible without any modification of the technique. A com-
prehensive review of the measurement of very small velocity

changes and their use in the study of solids has been given

by Alers (74).

One qgrigin of small velocity changes in a metal is the
applicatign of a static magnetic field. Consider the geometry
discussed in Chapter 2: a transverse wave, polarized along
the y-axis, propagates in the z-direction parallel to the
external magnetic field, §0° The effect of the field on the
sound velocity is due to the Lorentz interaction between ﬁo
and the ac . Hall current which flows in the x-direction. Accord-

ing to equation [2-16], this transverse current in the metal is
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: 2 ZB,,E;«(Z)
Je@) = I es

and the Lorentz force density is

-
R - - 2>

2
§ B 5 2)
= dyne-cm
=1

-2

The equation of motion of the ions in the interior of the

metal may then be written

éﬁﬂﬂ S()d?@)‘ foi@
é)ta' AFWVO

2
0

4P /7

w* = §%(5. %)

where St(O) is the transverse sound velocity in the absence
of -a magnetic field. For transverse waves propagating parallel

to an applied magnetic field, therefore,

Su8) = Solll + Pemy)”

= > (0( err/ﬂs%))

This simple argument is correct, of course, only in the
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approximation that equations [2-10] and [2-16] correctly describe
the transverse electric field and current which exist in the
metal due to the passage of the acoustic wave, and is therefore
subject to the same conditions as the phenomenological model

presented in Chapter 2,

Alpher and Rubin (75) were the first to present a macro-
scopic theory for this effect. Rodriguez (23) has treated the
problem microscopically, using the formulation which we have
reproduced in Chapter 2. 1In the regime where wt << 1, gf << 1,:
and Wt << 1, the results may be obtained directly from the

dispersion relatjion [2-32]:

B B, sin*B [6]
(&) = 51(")[* 87779 S@ +4g»8‘*)]

B2 cos ;
% () = S‘“‘(()){' T BrpSie) +4$"5‘*)] "

where S2 and St are the longitudinal and transverse sound
velocities, and 6 1is the angle between Eo and the direction
of wave propagation. It should be remembered that these pre-
dictions are based on the model of a free-electron gas embedded
in an isotropic background of positive charge., 1In this approxi-
mation the metal conductivity enters equations [6] and [7] only

through the term 4(q60)“, which is negligible for good con-

ductors at megahertz frequencies,
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The most comprehensive experimental study of this effect
has been carried out by Alers and Fleury (76) who measured the
sound velocity changes in single crystals of the cubic metals
Cu, Ag, Au, Al, Ta, and V in external fields of up to 21 kG.
They found excellent agreement with the theory for high-
conductivity metals where the term 4(q50)“ is unimportant,
and only slight disagreement for those metals in which this
term is not neg.
copper indicate that for some field directions, correaegponding

to the open-orbit directions in copper, the expressions [6] and

[7] no longer apply.

6.2.2 Results and discussion

We have observed freguency shifts in the acoustic resonance

lines at 77°K in a single crystal of gallium (specimen 30 A_-1)

B
as a function of magnetic field for parallel and perpendicular
fields of up to 14 kG. These shifts were obtained by measuring

the frequency of a resonance line at a low magnetic field (2 kG)

and then at successively higher fields.

The velocity (and hence resonance frequency) changes pre-
dicted by [6] and [7] are. of the order of a few parts per:
million (ppm) for an external field of 10 kG, and henée we
must be able to measure the frequency shifts with.a precision
of approximately 0.1 ppm. Since the sound velocity depends on
tempera&ure with a coefficient of approximately 500 ppm per

Kelvin degree (see Figs. 5-3 and 5-4), temperature drifts must
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be kept to less than 0.001°K over the time taken for a measure-
ment. It was- found that immersing the specimen can, filled with
helium gas, in liquid nitrogen provided sufficiently stable
temperatures: the resonance frequency changed by only a few
ppm from one day to the next, and the temperature drift correc-
tions which were applied to the velocity shifts were less than

0.5 ppm.

Some typical results are shown in Fig. 6-7. These data
were obtained from the fundamental (n = 1) resonance with the
magnetic field parallel to the specimen; this geometry corres-
ponds to the generation of longitudinal acoustic waves. Six
fairly strong peaks in the resistive skin depth were groupéd
within 0.1% of this longitudinal resonance frequency (Fig. 6-8),
and the frequency shift of the strongest of these peaks, in-

dicated by an arrow in Fig. 6-8, was measured.

It can be seen from Fig. 6-7 that the fractional velocity
(frequency) shifts are proportional to Bg, as predicted by
equation [6]. The circular data points drawn in this figure
have a diameter which corresponds to * 0.1 ppm, which is
approximately the scatter exhibited by the results. The slope
of the experimental straight line, however, is not in agreement
with that calculated from [6] using 6 = 90°, and the velocity
for longitudinal sound propagating in this (a-axis) crystal

direction. The predicted behaviour is represented by the solid

~ line in Fig. 6-7. The velocity shifts of resonating transverse

waves (ﬁo perpendicular to the plabte, 6 = 0°) were similarly
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proportional  to B% with slopes in‘disagreement‘with [7]. 1In
this case, the observed shifts were less than those predicted
by the theory. Although the reasons for these apparent dis-
crepancies between experiment and theory are not understood,
it should be noted that these results represent the first
measurement of the field-dependence of the sound velocity in

a non-cubic metal.

The precision of * 0.1 ppm in the measurement .of ultra-
sonic velocity displayed by Fig. 6-7 is as high as any that has
previously been reéorted (74). This precision is due in part
to the extremely low acoustic attenuation in gallium, but it
should be emphasized that the technique is considerably more

simple than other methods. Most precision velocity~change

measurements have been made using the pulse sing-around technique

developed by Forgacs (77) which involves complex pulse circuitry.

Beattie (64) has used a continuous-wave resonance method (78)
in which the specimen, transducer, and bound form a composite
oscillator which exhibits strong impedance variations at the
acoustic resonances of the system. Continuous-wave phase com-
parison methods have been used by Blume (79) and by Beattie

and Uehling (80,81).

The transducerless resonance technique described above
could be further improved by some refinement of the rather crude
data-taking process, such as by digitalizing the frequency and
voltage data while slowly sweeping the frequency through an

acoustic resonance. Although such refinements may well make
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precision measurements possible in higher-attenuation specimens,
an appreciable increase in the precision beyond * 0.1 ppm may
be frustrated by the difficulty in stabilizing the temperature

of the sample.

Observations of singularities or oscillations in the sound
velocity as - a function of a variable such as magnetic field
are not as susceptible to small temgerature drifts, and may
be made with extreme sensitivity. A singularity with an ampli-
tude of 1 part in 10° wouid result, with the present apparatus,
in. a detectable change in the reactive skin depth at one of
the 77°K acoustic resonances in gallium. Measurements of such
sensitivity, however, would require an oscillator having a very

stable frequency.

6.3 Absolute ultrasonic attenuation

The method of determining the acoustic attenuation by
measuring the quality factor;, Q, of mechanical resonances
in pla%es or rods is well known (78,1). We have not carried
out a systematic study of the ultrasonic attenuation in gallium,
but discuss here some observations that were made during the

accumulation of the data presented in this thesis.

The data shown in Fig. 4-8 for the variation of the Q of
a transverse-wave resonance with temperature may be inverted

to obtain the attenuation coefficient, o, from the relation

°<=2{c,=7gf(c9’)‘ [8]

-
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The resulting plot of o wvs. T, shown in Fig. 6-9, exhibits
the general characteristics that were observed for both trans-

verse and longitudinal waves in many specimens:

1. a sharp decrease in attenuation as the temperature is
increased from 1.5°K, corresponding to a decrease

in the electrical conductivity.

2. a minimum in the attenuation in the neighbourhood of
50°K.
3. a very slow, possibly linear, increase in the attenua-

tion as T 1is increased from 50°K.

In single metal crystals, most of the acoustic absorption
at low megahertz frequencies and at temperatures above ~ 50°K
is due to extended faults called dislocations (47). The most
remarkable feature of our attenuation vs. temperature data is
the extremely small contribution of this non-electronic damping.
At helium temperatures the absorption is almost entirely due
to the conduction electrons; at room temperature the observed
attenuation of ~ 2 x 10 ¥ cm * is orders of magnitude smaller
than the attenuation in many other metals, e.g., aluminum (82),
and copper (83). This result is consistent with the findings
of Hikata and Elbaum (84), who have reported the only other
absolute attenuation measurements in gallium. These authors
investigated the room-temperature acoustic attenuation of
longitudinal waves propagating in the three principal directions

as a function of frequency, amplitude, and plastic deformation.
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The main conclusion of their experiments was that dislocation
damping does not contribute appreciably to the attenuation

in gallium, although they do not comment specifically on the
extremely low attenuations observed. The room-temperature
measurements obtained by Hikata and Elbaum at- 200 MHz, extra-
polated to 5 MHz assuming a frequency-squared dependence, yield
attenuations of 10-° to{lO“"'cm‘1 which are of the same orders

of magnitude as those observed at 273°K in our experiments.

The measured attenuations at 4.2°K were slightly higher
for longitudinal waves (a = .050 -to .095 cm~!) than for trans-
verse.waves (o = .003 to .037 cm™!). No variation of attenua-
tion with magnetic field was observed for transverse waves,
for fields between 2 kG and 14 kG. For longitudinal waves,
in the one orientation that was examined (éo | a-~axis;

a |l b-axis), the attenuation was found to increase slightly

with magnetic field strength, showing an approximately linear
variation between .059 cm-! at 4 kG and .073 em~! at 13 kG.

The 4.2°K longitudinal attenuations obtained using two crystals
of similar orientation (Ga 30 AB -1 ~nd Ga 30 AB - 2) differed

by 30%, an indication that the electronic attenuation depends

stronglyvon’slight differences in crystal orientation or purity.

s
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CHAPTER 7. CONCLUSIONS

The experimental results obtained using gallium single
crystals lead us to believe that the phenomenological model
of Turner, Lyall, and Cochran (17) provides the correct des-
cription for the electromagnetic - acoustic coupling in thin
metal plates, within a limited range of frequency and magnetic
field. The observed singularities in the surface resistance
and reactance, arising from electromagnetically-excited acoustic
resonances, displayed the Lorentzian lineshapes predicted by
the theory. The resonance amplitudes at high temperatures
varied as B? and cos®6, in agreement with [2-131; devia-
tions from this behaviour at helium temperatures are due to
the complicated magnetic field dependence of the electronic
attenuation of the acoustic wave. The- absolute amplitude of
the surface impedance singularity arising from the transverse-
wave resonance at 4.2°K was found to be in good agreement with
the amplitude predicted by the model. The origin of the
anomalously high resonance amplitudes which were observed for
transverse waves in two crystals as the temperature was re-

duced from 4.2°K, however, is not understood.

The acoustic velocities measured by the continuous-wave
resonance technique in single crystal gallium plates have an\\
estimated uncertainty of + 0.3%, and the elastic stiffness
constants calculated directly from these velocities, an un-
certainty of # 0.6%. Although much higher uncertainties must:

be assigned to the indirectly measured elastic constants, the
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low temperature data yield a value for the Debye temperature
of gallium, GD = 328.8 = 3.3°K, which is in agreement with
that obtained from the low temperature specific heat measure-

ments of Phillips (20), (6 = 324.,7 = 2°K. This is the

D)S.H.
first comparison between the Debye temperatures obtained from
low temperature ultrasonic and specific heat data for a metal

with orthorhombic crystal symmetry.

The three measured frequencies of quantum oscillations
which were observed in the ultrasonic velocity and attenuation
of gallium are in excellent agreement with those obtained from
de ‘Haas~-van Alphen (68, 69) and magnetomcoustic attenuation
measurements (70). In a magnetic field of 14 kG perpendicular
to the propagation direction of longitudinal'waves, the ampli-
tude of the velocity oscillations is approximately 0.1% of the
ulh;gson;g veloqity, whereas the apparatus is capable of de-
tecting low-temperature oscillations as small as one part in
10%. The amplitude of the quantum oscillations in the velocity
is in agreement to within an order of magnitude with that
predicted by the free-electron theory derived by Rodriguez  (66).
The theoretical magnetic field dependence, hbwever, is not

observed. The oscillation in the attenuation is mpre than

two orders of magnitude larger than that predicted by~RodrigﬁeZ»

and Quinn (66,67). Other comparisons of theories with measure-
ments in aluminum and copper (64) and in gallium (57) have led
to similar discrepancies. The conclusion from these results

must be that the amplitudes of the quantum oscillations are
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‘sensitive to properties of the Fermi surface which are not

accounted for in the free-electron theories.

Measurements of the surface impedance resonance line-
widths reveal a large electronic contribution to the attenuation
of both longitudinal and transverse ultrasonic waves at tempera-
tures below 40°K. At higher temperatures, the extremely small
absolute attenuations (% 10™* cm~*®) result in resonance line-
widths as narrow as 12 hertz at a frequency of 5 megahertz.
Small changes in the ultrasonic velocity are easily detectable
as frequency shifts of these narrow resonance lines. Our
measurements at 77°K indicate that the velocity shift varies
as the square. of an applied magnetic field, with a scatter in

the data of one part in 107. The functional form of this

magnetic field dependence.of.the.velocity is.in. agreement with
the theory (75), but a discrépancy between.the size of the
observed shifts and those predicted by the theory is not under-

stood.

The results presented in this thesis demonstrate that the
electromagnetic generation of .acoustic waves at the surface
% of ametal offers a new and powerful tool for the study of
“ ultrasonic effects in metals. When this method is used to
excite resonant acoustic modes in thin plates, large signals

may be- observed in the surface impedance, especially in metals

which are characterized by a low acoustic attenuation. The
advantages inherent in such a technique over conventional

methods employing piezoelectric transducers are several. The




- 155 -

most notable, especially for low temperature work, is that the
ultrasonic properties of a metal specimen may be. investigated
without. the need for making any physical contact to its surface.
Further, the amplitude of the generated acoustic wave can be
simply calculated if the intensities of -the electromagnetic

and static magnetic fields applied to the specimen surface are
known. Measurements may be made on very small specimens, and
the instrumentation required is extremely simple. It is
anticipated that these advantages will stimulate future applica-
tions of the electromagnetic-acoustic interaction-té ultrasonic

studies, not only in pure metal plates, but in alloys, super-

conductors, semiconductors, and liquid metals.

oce
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APPENDIX A. ELECTROMAGNETIC GENERATION OF

ACQUSTIC WAVES IN METALS
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APPENDIX B. INDIUM-TIN ALLOY SPECIMENS

The rectangular plates of indium - 3% tin alloy used to
calibrate the rf detection system were prepared using a mold-
ing technique developed by Mr. D. Gabel. The apparatus is
shown in Fig. B-1l. Indium and tin metal were placed in the top
glass funnel, and were heated by means of two electrical resist-
ance tapes: one wrapped around the funnel, and the other
around the body of the mold. The entire process of melting
and crystallization was carried out within the Bell jar of a
vacuum system, at a pressure of 10™* to 10~° torr. Flat,
smooth surfaces were obtained by molding the specimens against
mica wafers; upon removal of the plate from the mold, the mica
was easily stripped off, leaving only an extremely thin mica

layer on the surface. The mold itself was held together by

clamps and screws, and was easily disassembled.

The three plates produced by this technique, measuring
0.8 cm by 3.8 cm, and having thicknesses of approximately
0.26 mm, 0.40 mm, and 0.80 mm, displayed surfaces which appeared
mirror-smooth., X-ray back~-reflection Laue photographs
showed that one of the plates was in fact a single crystal
and the other two consisted of only a few crystallites,
even though no particular care had been taken in the heating
and cooling of the mold. It seems likely that smooth-surface,
oriented single crystals of low-melting-point metals and
alloys may be grown in this manner, if a seed crystal is

placed at the bottom of the mold, and a more controlled
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heating technigque is used.

Each rectangular alloy plate was accompanied from the
mold by a 4 ¢cm - long, 2 mm - diameter wire, obtained by
dissolving the top glass funnel with hydrofluoric acid. The
room- and helium-temperature resistivities of these wire
specimens were measured using the standard four-terminal
method. Measurements of the resistivities of different seg-
ments along the wire yielded identical results, indicating
that the ailoys are homogeneous. Also, the resistivities
of the three specimens were equal to within a few percent,
which was the uncertainty in the alloy composition. The
following measured parameters are typical, and were obtained

using the wire which was grown together with the 0.26 mm

plate:
wire diameter: d =0.233 cm * 0.9%
wire length: £ =3.82 cm % 0.5%
resistance at 4.2°K: R, , = 1.046 x 10™* Q+ 0.5%
resistivity at 4.2°K: p, , = 1.17 x 107°Q-cmt 2.8%
resistance at 300°K: Rygg = 7-41 x 107% @
resistivity at 300°K: p,q, = 8.30 10-% Q@ - cm.

The calculated classical skin depth at 4.2°K and 7 MHz

c® V2
_c%l - (8rrwcr,) cm

= .03 x [0 ecm  *FL5Y

is then
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where

9 x /C ”
% = — esu.

(%2

The residual-resistivity ratio, is 7.1. The

P3007P4.27
measured resistance ratio in pure indium is 1.65 x 10", and
the estimated electron mean free path, £, in that material
is 5 x 107% cm (Appendix C). Since we expect £ to be in-

versely proportional to the residual resistance, the mean

free path in the alloy is

Z — 7./ x & x /0‘2 ~S
A //.65‘)( /04-

Thus zA/ab2= 2.1 x 107? << 1, and the condition for the

validity of the classical-skin-effect theory is satisfied.
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APPENDIX C. THE ANOMALOUS SKIN DEPTH IN PURE INDIUM

C.1l1 Introduction

The theory of the skin effect for free electrons has been
given by Reuter and Sondheimer (85). Their results for the
anomalous limit, |[&8[/f& << 1, where & is the electronic

mean free path, are

~[76, - o & 1)
R 4 miw(o/l)

for diffuse scattering (p=0) of the electrons at the metal

surface, and

Y
=J/3 SR S cu(o*/j)j 2

for specular scattering (p=1).

Pippard (86,87) has generalized the anomalous-skin-effect
theory to include metals having an arbitrary Fermi surface.
He has shown that the anomalous limit is characterized by

the following three properties:

(i) §./8p = V3

(ii) § .+ 8g are proportional to w= Y2

(iii) dx, SR are independent of the purity of the

metal.

We have been motivated to measure the anomalous skin
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depth in pure polycrystalline indium for two reasons. In the
first place, a measurement of the ratio GX/GR provides,
through the property (i) above, a convenient test of the phase
calibration of the rf detection apparatus. Seccndly, skin-
depth measurements at low radio-frequencies (88), and at
microwave frequencies (89) are not in agreement with prediction
(ii), and a measurement at an intermediate frequency was felt

law ola o [ . | o

to ile. It should be noted that the frequency de-

Tim wemaedl -
U o WOUL LIIwWIL

pendence (ii) has been shown to hold over a frequency range

of 7 decades in tin (88590)a

In the following sections we present the details of the
preparation of pure indium polycrystalline specimens, and
discuss the results of the measurements of the reactive and

resistive skin depths at frequencies of 7.00 MHz and 5.38 MHz.

C.2 Specimens

Polycrystalline indium plates were prepared by rolling
and electropolishing 99.9999% pure indium metal (*). A .36 mm
thick sheet was first rolled, in one direction only, between
layers of mylar film, and was then etched so that the poly-
crystalline structure could be examined. This sheet was then
electropolished to a final thickness of 0.260 mm * .005 mm,
following the procedure outlined in reference (91). The
etching solution was made up of 400 cc ethanol, 20 cc hydro-

chloric acid, and 4 g picric acid. Finally, two 0.8 cm x

(*) 99.9999% pure indium, in the form of %-inch-diameter
wire, was obtained from the Consolidated Mining and
Smelting Company of Canada, Limited, Montreal, Quebec.
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2.35 cm plates were spark-cut from the sheet, their long
dimensions parallel anf perpendicular to the direction of

rolling .

The surfaces of the finished specimens were examined
microscopically, and except for small pock marks were smooth
to much better than 1 u. The electropolishing process pro-
duced a slight waviness in the surface, with deviations from
flatness amounting to approximately 1 4 over a lateral dis-
tance of 100 y. The average grain diameter in the poly-
crystalline sheet after rolling and etching was estimated
to be approximately 1 mm, with a few grains having a length
of up to 4 mm. No preferred orientation was visibly apparent,
although no gquantitative measurement to determine grain

orientation was made.

The ratio of the room-temperature and helium-temperature
resistivities of a 1 mm-wide strip, spark-cut from the electro-
polished sheet, was measured and found to be 1.65 x 10*. This
is in agreement with the value obtained in this laboratory in
an earlier experiment, using a different batch of indium from
the same source. The electronic mean free path of that
material was estimated to be approximately 5 x 10~2 cm at

4°K (88).

C.3 Results and discussion

Transitions between the superconducting and normal states

of the pure indium specimens were induced by switching on a
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static magnetic field in a direction parallel to the plate. A
small correction for the normal-state magnetoresistance, amount-
ing to approximately 1% for a 300 G magnetic field, was applied
to the data, which then agreed with the results obtained by
warming the specimen through the transition. A typical re-

corder trace is shown in Fig. C-1.

The experimental results are presented in Table C-1.
Specimens A and B have their long dimensions perpendicular and
parallel, respectivley, to the direction in which the poly-

crystalline sheet was rolled. The predicted ratio of the

FREQUENCY &, tan~—? (8,/65)
SPECIMEN GX/GR
(MHz) (10" cm) (degrees)
7.000 A 1.65 1.66 < 58.9
B 1.72 1.71 59.7
5.377 A 1.80 l.64 58.6
B 1.87 1.70 59.5

TABLE C-1. REACTIVE AND RESISTIVE SKIN DEPTHS IN INDIUM

reactive and resistive skin depths, tan~! (GX/GR) 60°, is
obtained in each measurement, within the estimated + 1.5°
phase uncertainty. Confidence in the phase calibration of

the detection apparatus is thus reinforced.
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In Fig. C-2 the reactive skin depths are compared with
those obtained at 10°® - 10% Hz by Lyall and Cochran (88) and
at 3 x 10° Hz by Dheer (89). 1In each case straight lines
have been drawn whose slopes, S, = Gx/f“3@, should be equal
according to the anomalous-skin-effect theory. Two lines are
drawn for the low-frequency data of Lyall and Cochran: line (a)
has the slope of the actual data taken at frequencies between

L v -

3 - - -
0° 1II Hz, ai

1 Iz and 2 x-10 4 line (b) has the slope obtained by
fitting this data to the free-electron theory (85,92) and
extrapolating to the extreme anomalous limit (88). This ex-
trapolation is based on the assumption of diffuse electron
scattering at the metal surface; the assumption of specular

scattering leads to a line just slightly steeper than line (b).

It is interesting to note that the measured skin depths
of the two specimens A and B differ by less than the absolute
uncertainty of * 3% assigned to the data, although Table C-1
does indicate a slight systematic difference between the two
plates. Since the low-frequency data of reference (88) have
an uncertainty which is indicated by the separation of the
lines (a) and (b), they are in agreement with the present

results.

According to [1l] and [2], the measurement of the anomalous
skin depth yields, for free electrons, a characteristic

property of the metal:

(s { —_— —

7) pe

(/' o e €’ [3]
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where ng is the density of charge carriers with charge (-e),
and Pp is their Fermi momentum. The values of 00/2 cal-
culated from skin-effect measurements are compared with the

dc size-effect data in Table C-2, where all values were ob-
tained under the assumption of diffuse electron scattering at
the metal surface. The value listed for the low-frequency
experiment (reference 88) corresponds to the extrapolated data

(line (b) of Fig. C-2).

It should be noted that Dheer's value is the result of
averaging single-crystal measurements over various orienta-
tions, and that the discrepancy between his value and ours
may be due to some preferred crystal orientation in our speci-
mens. Judging, however, from the rather close agreement be-
tween the measurements taken on the two specimens cut at 90°
out of the same sheet, and between the very low-frequency
results (88) and those presented here, this explanation is
considered to be unlikely. The relative ease with which
quantitative measurements may be made at low frequencies suggests
that, for very pure metals, investigations of the anomalous
skin effect should be carried out at low megahertz frequencies

rather than in the microwave range.

The temperature dependence of the reactive part of the
measured gquantity [GN—GS(T)] yields, in principle, values

for both GN and GS(O). In the anomalous-skin-effect regime,

GN is independent of temperature, and the variation of GS(T)
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can be approximated by (95)

~

S (e) = SO [4]

5 (W‘ti)% ,

where t = T/Tc, and Tc = 3.407°K (95) 1is the critical
temperature. In Fig. C-3 the temperature dependence of the
data is compared with the relation [4], using the values of
68(0) which have been measured by Dheer (curve (a)) (89), and
by Lock (curve (b)) (96). It is clear that our results are
compatible with the superconducting penetration depth given

by Dheer, GS(O) = 4.3 x 10~°% cm, but not with the value
obtained by Lock, 6.4 x 10-® cm. The scatter of the experi-

mental points, however, prevents us from obtaining a more

definitive value for GS(O).
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