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ABSTRACT 

The generation ot radlo-frequency acoustic waves within 

the skin layer of a metal In the presence of a statlc magnetic 

field has been studied in single-crystal plates of puve gallium. 

Acoustic resonances generated in this manner were detected as 

sangularities in the surface impedance at those fsequencies 

which satisfy the boundary conditions for the existence of 

standing sound waves In the plate. The amplitude, line-shape, 

and magnetic field dependence of these singularities are in 

quantitative agreement with the predictions of the phenomen- 

ological model of Turner, Lyall, and Cochran. This theory is 

applicable to all real metals, under certain conditions of 

frequency and magnetic field, and its results are discussed in 

relation to those detailed calculations which assume that the 

metal consists of a free-electron gas in an isotropic, posi- 

tively-charged background. 

The measurements were obtained using a radio-frequency 

bridge which is capable of measuring changes in the phase and 

amplitude of the surface impedance of a metal plate, with an 

amplitude uncertainty of + 3 % ,  and a phase-angle uncertainty 

of 1.5 degrees. This apparatus was calibrated at helium 

temperatures, and at frequencies between 5 MHz and 10 MHz. 

Using the continuous-wave resonance technique, the 

velocities of ultrasound in single crystals of gallium were 



measured at 4.20KI 77OK, and 273'K. From these measurements, 

the nine elastic constants of gallium were calculated. The 

Debye temperature calculated from the 4.2OK elastic constants, 

328 k 3.3"K, is in agreement with the value of 324.7 + 2OK 
previously obtained from low-temperature specific heat data by 

phillips. 

The electromagnetic generation of acoustic waves is con- 

sidered as a technique to obtain further information relating 

to the ultrasonic properties of metals. In particular, three 
* 

types of measurements are discussed: 

1. quantum oscallations in the ultrasonic attenuation 

and velocity; 

2. small changes in the ultrasonic velocity: 

3. absolute ultrasonic attenuation. 

In each instance, data obtained using gallium single crystals 

are presented. 

A description of an experiment in which the radio-frequency 

bridge was used to measure the normal and superconducting skin 

depths in polycrystalline plates of pure indium is included as 

an appendix. 
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CHAPTER 1. INTRODUCTION 

Historical perspective 

Acoustic waves may be generated in a metal when an electro- 

magnetic field is incident on its surface in the presence of a 

steady magnetic field. The exfstence of this phenomenon has been 

well-known for many years, and its origin has been correctly 

identified with the Lorentz force of the magnetic field acting 

on the rf current carriers in the metal. In 1939, for example, 

~andail,,Ross, and Zener (1) used this "electromagnetic drive" 

to excite kilohertz-frequency longitudinal vibrati'ons in brass 

rods. During the last three years there has been a revived 

interest in this effect, as is evidenced by the chronological 

bibliography given in Appendix I. Experimentally, the p h e n ~ ~ e -  

non presents a convenient source of phonoris, with frequencies 

from kilohertz to gigahertz. Theoretically, an analysis of 

the electromagnetic generation of acoustic waves involves a 

treatment of the interaction between the electromagnetic and 

acoustic excitations in a metal. 

At sufficiently large magnetic fields in an infinite 

uncompensated metal, lightly-damped, eircul.arly-polarized 

. , electromagnetic waves called helicons may propagate in a 

direction parallel to the magnetic field (2). The electro- 

magnetic-acoustic interaction was first investigated in terms 

of the coupling between these helicons and transverse acoustic 

waves, by Skobov and Kaner (3), Langenberg and Bok ( 4 1 ,  and 

Quinn and Rodriguez ( 5 j .  These workers considered the 



transport equations of t.he l o n s  and of the electrons, coupled 

by their mutual electromagnetic interactions in an infinite 

metal. The resulting dispersion equation for the electon- 

ion system shows that the helicon-phonon coupling is strongest 

when the frequency and magnetic field are such that the linear 

acoustic dispersion curve and the quadratic helicon dispersion 

curve intersecti i,eZi in the regime where the acoustic 2nd 

helicon phase velocities coincide. All of the above workers 

recognized the possibility of using electromagnetic excitation 
t 

to generate transverse phonons (and vice versa) in this branch- 

crossing region. The predicted helicon-phonon interaction was 

first observed experimentally by Grimes and Buchsbaum (6) in 

potassium at a frequency of 30 MHz, and at fields between 50 

and 100 kG. 

In 1966-67 Gantmakher and Dolgopolov (7) and Larsen and 

Saermark (8) reported the observation of acoustic resonances 

in the surface impedance of metallic plates which were placed 

in a radio-frequency electromagnetic field, with a static 

magnetic field applied normally to the plate. This effect was 

observed in a field-frequency region far from that of the 

helicon-acoustic dispersion curve intersection. Following 

these experiments, Houck, et.al. (9) showed experimentally 

and theoretically that coupling between electromagnetic and 

transverse acoustic modes can occur near the surface of a 

metal in the presence of a perpendicular magnetic field, 

independently of helicon propagation. The exact form of this 



result: for free electrons, was given by Quinn (lo), and the 

details of the derivation will be reproduced in the theoretical 

chapter of this thesis. The experiments of Houck, et.al. were 

extended by Betjamann and coworkers (ll), who generated both 

longitudinal and transverse acoustic waves in metal rods, 

using different polarizations of radio-freqbency excitation 

relative to the static magnetic field. Meredith, et.al. (12) 

presented further experimental results obtained with a magnetic 

field parallel, and perpendicular to the surface, and showed 
. . 

theorekitally that the generation of longitudinal acoustic 

waves is to be expected when the magnetic field lieq in the 

plane of the surface. ( * )  

More recently, Turner, Lyall and Cochran (17) have shown 

that for conditions of frequency and magnetic field which are 

appropriate to most of the experiments mentioned above, the 

electromagnetic generation of acoustic waves at the surface of 

a metal may be quantitatively predicted by means of a purely 

phenomenological argument. These authors have considered the 

geometry which is approximated in the common experimental 

( * )  In these theoretical treatments, no momentum transfer from 
the electrons to the lattice at the surface is considered. 
At frequencies above 1 G H z ,  however, the diffuse nature 
of the surface scattering apparently provides an important 
driving force on the lattice (13), and strong electromagnetic- 
acoustic coupling exists in the absence of a static magnetic 
field. This case, which will not be discussed further ip 
this thesis, has been investigated experimentally by 
Abeles (14) and by Weisbarth (Is), and theoretically by 
Abeles (14), Southgate (13), and Cohen (16). 



configuration of a metal plate contamed in an rf solenoid 

(7,8,18), and have calcalated the effect of the generated 

acoustic waves on the surrace impedance of the plate ( * I .  

The phenomenological argument does not rely on any microscopic 

model of the metal, but is valad for all real metals in the 

limit where the radio-frequency electric currents are confined 

to a distance near the surface that is small compared to the 

waveiengtn of saund. 

While this theory ylelded expressions which could easily 
. . 

be compared with empirlcsl results, none af the experiments 

discussed above produced a quantitative measurement of the 

conversion efficiency of electromagnetic to acoustic energy. 

Presented in this thesis are quantitative results, obtained 

using slngle crystallme plates of pure galllum, which are 

in agreement with the predfctxons of the physical model of 

Turner, Lyall and Cochran. Several applications of this effect 

as a technique to investigate the ultrasonic properties of 

metals are considered in detail. 

1.2 Contributions to this thesis - 

The contributions to this thesis are best presented with- 

in the framework of the remaming chapters: 

( * )  A complex misroscop~c theory for this geometry has been 
given by Kravchenko $19) . 



The phenomenolcglcal model ( 1 7 1  for the electromagnetic 

generation of acoustlc waves is presented Ln detail, and rts 

results are compared with the microscopic theories of Quinn 

( 1 0 )  and of Kravchenkc ( 1 9 ) .  The different apprcaches are 

found to be in agreewen?, under certain restrictions for the 

frequency and magnetic ilekd. 

Chapter 3 

. . 
A Eadlo-frequency bridge, designed to measure absolute 

changes in the surface resistance and surface reactance of 

metal plates, is described. The bridge is calibrated at 

40Kf and at frequenciss between 5 MHz and LO MHz. 

The flrst quantatatlve measurements of the electromagnetic 

generation of acoustic wates in metals are presented. These 

measurements are of the singularities in the surface resistance 

and reactance due to acoustic resonances in single-crystal 

plates of pure gallium. The experimental results are found 

to be in quantitative agreement with the theoretical predrctions 

of the phencmenological model presented in Chapter 2. 

Chapter 5 

Assuming that the surface impedance slngularlties occur 

at frequencies which yleld acoustic velocities equavaient to 



the ordinary ultrasonic velocities In a bulk metal, the nine 

elastic constants of gallium at 4 . 2 % ,  77OK and 273•‹K are 

calculated. The uncertainty in the measured velocities is 

estimated to be + 0.3%. A discussion of this uncertainty, 

and of the above assumption, LS given. The Debye temperature 

calculated from the 4 .2 '  elastac constants is in good agreement 

with that obtalned from low temperature specific heat measuse- 

-. 
ments ( 2 0 ) .  m e  only vaives  oi tne eiastlc constants of galilum 

previously reported dra  those of Roughton and Nash (21 1) at 

2%3"M., which ase in dasagreement wlth the results presented 
* 

in this thesis. 

Chapter -- 6 

The electromagnetic generation of acoustic waves is con- 

sidered as a technique to obtain further information related 

to the ultrasonic properties of metals. In particular, three 

types of measurements are discussed: 

(a) quantum oscillations in the ultrasonic attenuation 

and velocity; 

(b )  small changes in the ultrasonic velocity; 

(c) absolu.te ultrasonic attenuation. 

In each instance, data obtained using gallium single crystals 

are presented. 



CHAPTER 2. ELECTROMAGNETIC GENERATION OF 

ACOUSTIC WAVES - THEORY 

2.1 Introduction 

In this chapter, the theoretical, basis for the electro- 

magnetic generation of acoustic waves in a metal in the 

presence of a magnetic field is presented. A phenomenological 

model (17) is discussed in detail in section 2, and the limits 

of its applicability axe examined. This model assumes that 

the Bcgustic wave generation is due entirely to the Lorentz 

force of the magnetic field acting on the current carriers 

in the skin depth of the metal. Expressions are derived for 

the acoustic resonance singularities which appear in the 

frequency spectrum of the surface impedance of an infinite 

metal plate which is immersed in a uniform radio-frequency 

magnstic field. In section 3 the micro$copic treatments of 

-Quinn (10) and Kravchenko (19) are considered. The theory of 

Quinn, which has also bben discussed by Meredith, et.al. (12) 
t I 

is reproduced in some detail, as an-example of this approach. 

It is shown that for ordinary metals at low megahertz fre- 

quencies and magnetic fields of the order of lo4 gauss, the 

, (@inn and Kravchenko results may be reduced to expressions 

that can easily be obtained by means of the simple physical 

argument of section 2. 



2.2 Phenomenological model 

2.2.1 Semi-,infinite metal 

Consider the geometry of Fig. 2-1. An electromagnetic 

plane wave of angular frequency w, linearly polarized with 

the magnetic vector along the y-axis, is incident normally 

on the surface of a semi-infinite metal. A skin current density, 

js ( z )  . flows w i t h i n  n distance A of the surface +ad shie lds  
* 

the interior of the metal from the external electromagnetic 

+ 
field. \ .  A static magnetic field B,, is applied to the metal, 

* 
at an arbitrary angle to the surface. 

The Lorentz force density acting on the current carriers 

in the skin layer is ( * )  

* and,if the spatial distribution of jS(z) may be approximated 

by a Dirac delta-function 6 ( z )  at the surface, we can write: 

where 

dyne-cm- ', 

1 / d a  statamp-cm". [ 3 1  
0 

According to Maxwell's equations, the rf magnetic field that 

( * )  Throughout this thesis we use the Gaussian (cgs) system 
of units. 



F/G. 2-1. GEOMETRY USED TO DISCUSS 
T-HK Cj ENERA TION O F  AN ACOU ST/C 

WAVF AT SUeFACE O F  A METAL. 



is applied to the surface of a semi-infinite metal is attenu- 

ated as one moves into the metal. The interior rf magnetic 

field, which approaches zero at depths larger than - A, is 
the sum of the magnetic field applied to the surface and that 

due to the current flowing in the surface layer, A. It is 
' 4  

clear, then, that the magn)tude and direction of the integrated 

-+ 
surface current I, is fixed by the rf magnetic field applied 

to the surface. The relation which results from Maxwell's 

equation is 

where we have neglected the displacement current in comparison 

to theconduction current in the metal. This general result 

shows that the direction and magnitude of the integrated surface 

current are d-etermined solely by the geometry of the experi- 

-f 
ment, and are not dependent upon the static field, B,. The 

Lorentz force acting on the electrons must therefore be bal- 

anced by an equal and oppos@te force due to interactions with 

the lattice. From this physical argument we conclude that 

the Lorentz force on the electrons is communicated to the 

lattice, and that it provides the driving mechanism for the 

generation of acoustic waves in the metal. If the acoustic 

wavelength is much larger than A, it is clear that the exact 
A 

distribution of force on the lattice over the distance A is 

unimportant, and [ 2 ]  can be used to Galculate the amplitude 

and phase of the ac~ustic wave which is generated. If and 



only if the plate normal lies dlong a 

the crystal, pure acoustic modes will 

high symmetry axis in 

propagate in this 
-f 

direction. These waves will be longitudinal when B, lies 
-f 

in the plane of the specimen and transverse when B, lies 

in the plane defined by the rf current and the surface normal; 

in all other cases, both longitudinal and transverse waves 

will be generated. 

The equation of motion for the lattice may now be written, 

assuming . . that only the driving force [ 2 1  is important; For 
4- 

an elastically isotropic material, neglecting acoustic damp- 

ing : 

where SR and St are the acoustic velocities for longi- 

tudinal and transverse waves, p is the density of the metal, 
-h 

and c ( z )  is the displacement of the lattice from its equili- 

brium position. 

2.2.2 Unbounded metal plate 

This phenomenological approach for a semi-infinite metal 

may easily be extended to the case of a metal plate of thick- 

ness d, and of infinite extent. We assume that the plate 

is immersed in a spltially uniform rf magnetic field. This 

is approximated experimentally by placing a metal plate within 



a long rf solenoid, whose axis lies in the plane of the plate. 

The rf electric fields at the plate surfaces z = 0 and 

z = d are then Ex ( 0 )  = -Ex (d) . This result may be undbp- 

stood as follows: by symmetry, the electric fields at the 

two surfaces must be bt$ual in magnitude, and in order to screen 

the externally.applied rf magnetic field from the interior of 

the plate, the skin currents at the two surfaces must be 

equal in magnitude but oppositein direction. Consequently, 

Ex(0) = -Ex(d). For simplicity, we also assume that the static 

magneticfield is applied in the plane perpendicular to the 

coil axis, at an angle 8 to the plate normal (Fig. 2-1). 

With this geometry, if the metal is isotropic, or if the 

y-axis coincides with a principle axis of the sound velocity 

tensor, pure transverse aeoustic waves are generated in the 

- -  - plate;- The-Lorentiz-force density is given by: 

., . Tke.aeoustic equation offhotion may then be written 

where all acoustic attenuation mechanisms in the metal have 

been represented by a damping force density, 



The acoustic amplitude attenuation coefficient is given by 

a = y/(2St) cm-'. Changes of the ultrasonic attenuation 

(and velocity) as a function of magnetic field strength are 

of course not included in this treatment. 

Equation [ a ]  can be solved by means of the Fourier 

cosine series. Let 

-iwt time where m is an integer. Then, assuming an e 
\ .  

variatibn for Cy (z) , 

Multiplying by cos(n~z/d), and integrating from 0 to d: 

where = nrSt/d, and the solution for the ion displace- n 

ment is 



We now consider the singularities in the surface imped- 

ance, or skin depth, which are associated with the acoustic 

resot@eiin the plate described by [ 91 .  This requires a 

calculation of the electric field that is set up within the 

metal, due to the passage of the acoustic wave-and the presence 
-b 

of B,. For this calculation, we assume that the ion currents 

due to the acoustic wave are completely screened by the elec- 

trons, - i.e., no net currents flow within the metal, apart 

from the skin current. The total current in the interior of 

t the-hew1 is the sum of the ion current, ji(z) = npet(z) , 
, ' 

t -b and the electron current, je (2) = -noev (2); where no is the 
- 

-b 
density of conduction electrons, with charge (-e), and v is 

the electron velocity. The assumption of total screening, 

then, may be written 

The validity of this assumption will be considered in section 

2.2.3. 

The electrons are moving in the presence of a magnetic 

field, and hence they experience a Lorentz force, 

Because of the assumption of complete screening, this force 
0 

t,must&H~e balanced by a force due to an electric field which is 
'c. " 

set up1 in the /metal ; : ' 

' \ I  

: P 



In the geometry which has been assumed, the x-component of 

this electric field at the surfaces of the plate, 

will alter the surface impedance Z, which is the quantity 
\ - 

that ii measured in our experiments. The surface im 

is determined by the total electric field at the surface, 

where Z o  is the surface impedapce in the absence of acoustic 

waves, and AZ is the acoustic',c?antribution. Finally, equa- 

tions [9], [ll] , and [12] may be combined to yield the acous- 
tic contribution to the surface impedance of one face of an 

infinite metal plate: ( * )  

R and X are the surface resistance and reactance. Using 

( * )  Hereafter, when we refer to,changes in the surface imped- 
ance, or skin depth of a pqate, we mean the contribution 
from only one side. The total change, accounting for both 
faces, will be twice thiq value. 



the formal definition for the complex skin depth in a semi- 

infinite metal, 

we can rewrite equation [13], for the acdustic contribution 

to the skin depth/ 

+ 
These expressions have been derived for B ,  perpendicular 

to the rf coil axis (so in the plane of Fig. 2 1 )  , and in this 
case, the generated acoustic waves are transverse. When the 

magnetic field lies in the plane of the plate, longitudinal 

waves are generated. The derived expressions are then identi- 

cal to [131 and 1151, but 0 is the angle between 8,  and 

the rf skin current. When the magnetic field lies in neither 

of these two planes,tboth transverse and longitudinal waves 

are generated, and two terms must be included in the above 

expressions. 

2.2.3 Validity of the electron screening assumption 

To complete the discussion of the phenomenological model, 

we must examine the validity of the assumptions that have 

been made in the above derivation. We first consider, for 



simplicity, transverse waves propagating parallel to go in 

the interior of the metal. The propagation vector is in the 

z-direction, and the lattice displacement is along y. In 

arriving at expression [lo] for the transverse electric field, 

AEx(z), which is set up in the metal, it was assumed as a first 

approximation that the total transverse current jx(z) was 

zero. There is such a current required, however, to generate 

the rf field, A E x ( z )  The magnitude of this current can be 

calculated from Maxwell's equations and equation [lo]: 

-f 
q is the wave vector of the electromagnetic excitation in the 

metal. It is this rf Hall current whfch in turn interacts 

with go to produce a force proportional to B: in the y- 

direction which gives rise to a slight change in the elastic 

constants, and hence a change in the sound velocity in the 

metal ( * ) .  

The ratio of jx(z) to the ion current ji (2) = noec (2) 
Y 

is 

and our assumption that the total currents in the metal are 

negligible requires this term to be much less than unity. 

( * )  See section 6.2. 



For a typical metal having no = loz3 ( * )  electrons/cm3, and 

At frequencies up to LO MHz and fields to 20 kG, as in our 

experiments, this term is small, and the rf Hall current 

may be neglected. 

The value of jx ( z )  given by [ I 6 1  can now be used in 

a second approximation to demonstrate that the next order 
. - 1 

term L 3 Z x ( z ] ,  which must be added to AEx(z) in equation 

[lo] , is small: 

and 

where ~r eff is the appropriate conductivity in the presence 

of a magnetic field, and 6:ff = c2/(8nwoeff). Thus [lo] is 

the correct expression for the transverse electric field that 

arises due to the passage of the acoustic wave, if the wave- 

length of sound is much larger than the parameter 6eff, which 

% * )  Note that no = Nz, where N is the ion number density, 
and z is the ion valence. no is not the effective 
number of charge carriers which is obtained from the 
Hall constant. 



can be closely identified with the skin depth of the metal. 

This condition is similar to the one which supports the 

delta-function approximation of equation [2]. For a typical 

metal at a frequency of 5 MHz, with o ,  = 10' fl-' cm-I = 

9 x 1016 e.s.u. at T = 300•‹K, St = 3 x 10' cm-sec-', d,/hs 

0.06, and this factor will be reduced as much as 1 0 h t  helium 

temperatures. A similar argument and result apply to the 

transverse current which is set up when longitudinal waves 

are propagating perpendicular to the magnetic field. 

< .  

d 

The components of total current along the directions of 

ion displacement have Bqen considered in reference (17).(*) 

It is demonstrated there that (1) for transverse waves this 

current is small if A/Xs <<  1, where A is a measure of 
I 

the depth of penetration of the surface currents into the 

metal, and (2) that longitudinal screening is effectively 

complete for all longitudinal modes which can propagate in 

the metal. The first of these results is easily understood 

qualitatively, since the ordinary skin depth provides a 

measure of the shortest transverse wavelength which may be 

screened by the electrons. The second result follows because 

the electrons must move with the lattice to maintain local 

charge neutrality in the m$tal. 

( * )  Note that reference (17) contains a misprint: on page 
2300, column 2, line 23, "shorter" should read Wonger". 



It may be concluded, then, that the validity of the 

phenomenological theory of the generation of acoustic waves 

at the surface of a metal is subject to two conditi~ns: 

This model predicts the size and shape af the singularities 

whichsappear in the surface impedance of a metal plate as 
rC 

a result of acoustic reaonances which are generated in the 

plate. It does not, of course, give the magnetic field 

dependence of the acoustic velocity and attenuation, for 

which a full analysis of the coupled ion and electron trans- 

port equations is required. 

2.3 Microscopic theory 

2.3.1 Semi-infinite metal, free electrons 

As an example of the microscopic approach to the electro- 

magnetic-acoustic coupling problem in a metal, we outline in 

this section the formulation given by Quinn (10). This theory 

is based on a model used by Cohen, Harrison, and Harrison (22), 

and by Rodriguez (23): the metal consists of a free-electron 

gas embedded in an isotropic backgrouhd of positive ions which 
1 

is ablettkwpport longitudinal and shear acoustic waves. We' 

refer again to Fig. 2-1, where an electromagnetic wave with 



time variation e 
-iwt ( * I  is incident normally on the surface 

of the metal, which occupies the half-space, z > 0. The 

static magnetic field 6, is assumed to lie perpendicularly 

to the surface. For this geometry, and for frequencies much 

less than the plasma frequency, only the transverse rf fields 

E ~ , ~  (2) and Hxty (z) need be considered in the metal, and the 

circular polarization notation will be used throughout this 

section, e , ~ ; :  

e t c .  

The problem to be solved is to calculate the response 
+ 

C n  CL of the i m  displacemelats, : ( a )  , ,, ,,,e ap?lied rf electre- 

magnetic field as a function of 6 , .  The physics of this 

problem is completely described by Maxwell's equations, and 

by the transport equations of the ions and of the electrons, 

in the presence of acoustic wave propagation in the metal. 

Maxwell% two equations, 

and 

* Quinn (10) and Meredith, et.al. (129 assume a time varia- 
tion e b t  for the fields, and therefore the signs of 
their results differ from those presented here. 



may be written in the circular polarization notation for the 

metal: 

and 

The presence of the metal surface can easily be accommo- 

dated if it is assumed that the electrons are specularly re- 

flected from the boundary (24). In this case, an electron after 
. + 

reflection follows a path which is the mirror image of the 

trajectory that it would have followed, had it been allowed to 

continue into the other (z < 0) half-space. Because of this, 

the electromagnetic problem may be considered in an infinite 

medium, if the electric fieids and currents are extended to 

negative values of z :  

and Jz(-2) = J t ( 3 )  

and if a fictitious surface current sheet, 

is introduced, where B(z) is the Dirac delta-function. The 

current sheet j,, (z) is required to produce the correct 

boundary conditions for the electric field; the magnitude and 

direction of j ,, ( z  are determined by the discontinuity in 

dE+(O)/dz, and hence in H+(O), which exists in the infinite - - 

metal problem. 

Maxwell's equations can now be written for the infinite 



metal : 

where [241 

J. (t) = - ihOew .!$ (+) +jet (9 + jb, (ZJ - 
The three contributions to the total current density are the 

ion, electron, and surface currents, respectively. 

When a sound wave propagates through a metal, an equation 

electric field: (23) 

It3 
where a(w,q) is the magnetoconductivity tensor for frequency 

-k 
w and wave vector q, T is the electronic relaxation time, 

and EF is the F e r m i  energy. The t h r e e  terms on the right 

side of equation [25] are the conduction current, the collision- 

drag current, and the diffusion current, respectively (22). 

The collision-drag current is due to electron collisions with 

the moving ions. The diffusion current arises because the 

passage of the acoustic wave may disturb the electron density, 

n, from its equilibrium value, n,. 

Finally, the isotropic equation of motion for one ion 
-b 

in the presence of a. static magnetic field, B,, is (23): 



where z is the number of 

M is the mass of one ion. 

conduction electrons per atom, and 

PC is the collision-drag force 

which approximates the average increase in ion momentum due 

to electronic collisions. This collision term vanishes in the 

case of complete electron screening, when the electron current 

completely cancels the ion current. 

-% The program is to eliminate jet 8 ,  and 3, from 

equations €231  to [ 2 6 ] ,  and to obtain an expression for the 
+ 

ion displacement S ( z )  as a function of the static magnetic 
-b -+ 

field B, and the rf magnetic field H ( 0 )  which is applied 

the metal surface, 

Equations [ 251  and [ 261  may be written in a simplified 
-b 

form which is appropriate to the geometry B, = (O,O,B,) and 
-b 

q = (O,O,q). In this case, there is no coupling between the 

transverse rf fields and the longitudinal component of the 

ion displacement, 5,. Thus only transverse acoustic waves 

can be generated, and, in the "jellium" model that has been 

assumed for the metal,.the diffusion current term in [ 2 5 1  
-+ 

vanishes. Further, for a free-electron metal with B, l y i s g  

along the z axis, the magnetoconductivity is: 



where uxx = u u = -0 y x  
R is the electronic mean 

YY' XY 
free path, and uo = noe2r/m is the dc conductivity. 

With these simplifications, and the definitions for 

the Fourier transforms of the fields 

we can write the Fourier transforms of equations [23] to [26]: 

where 

2 2 (Neglecting the displacement current, B c q / (4.rrwo0) = 26 Eq2) . 



where Qc = zeB,/(Mc) = zmwc/M is the cyclotron frequency 

of the i cns .  

Combining equations [ 2 4  ' 1  and [25 ' 1  , we oqtain an ex- 
pression for E, (q) : 

where 

Substituting this into C26 ' I  : 

which is the result given by Quinn (10). 

For excitations such that qA << wcr, we may use the 

local conductivity, 



if u/uC << 1. With this approximation, and neglecting the 

displacement current, the function f(w,q) of equation [30] 

may be written 

where p is the density of the metal. The dispersion re- 

lations for the uncoupled acoustic and electromagnetic excita- 

tions follow from [32] by setting f(u,q) = 0, and neglecting 

the . coupling - term, q~:/(4r~): 
1Y 

and 

(acoustic) , 

(electromagnetic). 
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The acoustic and electromagnetic excitations are couplbd by 

the last term in [32] , which is small if B:/(~T~S:) <<  1. 

The electromagnetic excitation at low fields is simply the 

surface excitation which at high temperatures is damped out 
J b 

within a distance into the hetal of the order of the classical 

skin depth, 6 = [c2/ (8roo,) ] '. At low temperatures and high 

magnetic fields, this excitation becomes a lightly damped 

helicon wave with frequency 



(this calculation is for an uncompensated free-electron metal, 

in the regime of local conductivity). 

Using [23'] and [32], equation [30] may be written: 

F 

where 

The inverse Fourier transform of [36] , 



% - 2 9  - 
, 

gives the real-space ion displacement as a function of the rf 

magnetic field applied at the surface, and of the perpendicular 

static magnetic field. This integration is discussed by 

Meredith, et.al. (L2), and the solution far the acoustic wave 

is: 

where a - b/ (1-a) . 
. - 

,. 

Equation [ 3 7 ]  is g r e d t l - y  sirrrplified in regimes where 

b <<  1 and a .c.: 1. We considex these approximations sepa? 

rately : 

(1) The eondatlon b C 4  k ( * )  LS sat~stled tor most 

metals in mzgnetic fields up to at least lo4 (3. 

3 For a metal having p = 5 g-crn- , St = 3 x 1 0 ~  cm-sec", 

Ilm a /  = w c 2 / ( 4 n o , ~ ; )  = 2qZ6t. Thus /1m a1 c c  1 

is essentially the condition that the acoustic 

wavelength in the metal is much larger. than the 

classical skin depth. 

( )  b is the parameter which determines the strength of the 
coupling between the helicon and acoustic modes in the 

2 2 interaction region ( w w  c2/(u S ) = 1 where the helicon 

2: and acoustic phase vel8citieP $oinci.de (6). 
L 
mi 



It was demonstrated in the previqus section that 

the condition l ~ e  a /  << 1 must be satisfied if 

the electrons are tightly tied to the ions. 

Thus the condition a <<  1 is the free-electron analogue of 

the two conditions [19] and [20] which were used in the 

development of the phenomenological model, and which are 

satisfied in typical metals at low megahertz frequencies in 

fields up to 20 kG. 

. * It can easily be shown that in the limit a << 1 and 
b- 

b e< 1, the expression [36] is the same as that derived in 

the previous section. Equation [5] may be rewritten, for 

this perpendicular field geometry, in the form: 

lo,' + spo2)C ft\ = + 
\ -'+L 1 - PC -\-/ 

Extending Io+ ( 2 )  = I,+@ (z) evenly to negative values of z ,  

and taking the Fourier transforms over all space: 

where 

This result is identical to [36], for a = b = 0. 



2.3.2 Unbounded metal plate, free electrons 

Expressions have been obtained by Kravchenko (19) for 

the acoustic resonance singularities in the surface impedance 

of a metal plate, using a complex derivation for free electrons. 

This derivation is based on a different formulation of the 

ionic and electronic transport equations (25, 3) than is Quinn's 

treatment of a semi-infinite metal (101, which is outlined 

above. With the same approximations that were applied in that 

case, Kravchenko's result may be rewritten using our notation 
. . 

(from eGuation 5.13 of reference (19) ) ( * )  : 

valid in the vicinity of an acoustic resonance, [(w-wn)/w] << 1, 

for a perpendicular magnetic field. For comparison, we rewrite 

the real part of equation [13], keeping only the nth term: 

( * )  Expression 5.17 of Kravchenko's paper actually yields 
an expression for ARn which is larger by a factor of 
2 than [ 3 8 1 .  This is because Kravchenko considers the 
surface impedance of the plate, rhich is double the 
surface impedance of one surface, the object referred 
to throughout this thesis. 



and the Kravchenko result is the same as the expression 

derived by Turner, Lyall and Cochran using more direct and 

gerlerdi drgu~nents . 

It is of interest to calculate the amplitude, EO(0), 
Y = 

of tkelattice displacement which is generated at the surface 

of a semi-infinite metaf. From equatibn [37], with a << 1 

- and b <<  1: 

Substituting into this equation the parameters B e  = 10 kG, 

and '4.20~ = &-98 g-cm'3, which are appropriate to our gallium 

experiments: 

This displacement may be compared to the deformation of 

approximately 2 x 10'" cm which is produced in a piezoelectric 

quartz crystal by an applied potential of 1 V (26). Thus the 

( * )  This is the 4.2OK velocity of a transverse wave propaga- 
ting along the gallium &-axis, and polarized along the 

."" a7aas (see Table 5-3). 



conversion efficiency of electromagnetic-to-acoustic genera- 

tion of acoustic waves at a metal surface is relatively 

small, and in general, the use of higher-power pulse methods, 

or of acoustic resonators, will be necessary in order to 

produce effects which are large enough to be observed in 

the laboratory. The acoustic contribution to the skin depth 

of an electromagnetically-excited resonating metal plate, 

however, may be large. At an acoustic resonance chlt~hcterized 
t 

by a quality factor Q = w/y = lo3;" for example, the height 

of the singularity in the skin depth may be calculated by 

substituting the above parameters into equation [15]: 

which represents a change of the order of 100% in the zero- 

field, 4.2OK skin depth in gallium at 5 MHz (27). 



CHAPTER 3. APPARATUS AND TECHNIQUE 

3.1 Measurement of the skin depth in a metal plate 

Changes in the skin depth of thin metal plates were 

measured using a two-coil arrangement similar to that shown 

in Fig. 3-1. The primary and seqondary coils are coaxial 

with the long dimension of the metal plate. If the front and 

back surfaces of the plate colnci.de with z = 0 and z = d, 

then the rf electric and magnetic fields at the surfaces due 

to the current in the primary coil are approximately 
C 

and 

We have assumed that the free-space wavelengths are much 

larger than the coil dimensions, that the primary coil is 

much longer than the qpecimen, and that end-effects due to 

the finite specimen may be neglected. 

If the detector circuit presents a large impeaance to 

the secondary coil, no secondary current is allowed to flow, 

and changes in the phase and amplitude of the secondary volt- 

age are very simply related to changes in the complex skin 

depth (or in the surface impedance) of the plate. The change 

in t$e secondary potential is 





where A0 is the change in the rf magnetic flux which is 

contained in the metal. This flux may be described in terms 

of the complex skin depth, 6 .  For an electromagnetic field 

Hy (0) , Ex(0), incident on the surface of a semi-infinite 

( z  > 0) metal, 

where 6 and 6 are the reactive and resistive components, x A 

proportional to the flux in the metal which is in-phase, and 

outyof-phase, respectively, with H (0). If A6 <<  d, and 
Y 

if W is the x-dimension of the plate, 

H (0) may be obtained from the number of turns per centimeter 
Y 
nl of the primary coil, and the primary current il. 

Approximately, 

According to [ 4 1 ,  the output voltage e2 responds linearly 

to changes in the reactive and resistive skin depths of the 

metal plate, provided that these changes are small enough to 

have negligible effect on the primary current, and therefore 

on the fields at the surfaces, This requirement is equivalent 

to the condition 



where A, is the cross-sectional area of the primary coil. 

In our experiments Al 3 cm2 and (W+d) 0.3 CA, and the 

above condition was satisfied for any changes which were 

observed in the skin depth of the specimen. 

In the more general situation where the detector presents 

an impedance, z ~ '  to the secondary coil (Fig. 3-2), an 

analysis of the transformer leads again to a linear relation- 

ship between Ae, and As. The current in the secondary coil 

where Z, = R, + iwL,. Equation [7] defines the mutual 

impedance ZM between the two coils. ZM will include a 

resistive component if the coils surround a resistive metal 

specimen, The measured change in the secondary voltage is 

where AZM, AZ,, and Ai, are all dependent upon the skin- 

depth change, A8. A numerical consideration of the para- 

meters of the specimen holder (#14, see Fig. 3-3) and of the - - - -  
%'. 

' , .? . 
h 8  detection apparaths indicates that Ae, a. A6 to within 2% 

'I - 
for changes in the skin depth of less than 2 x 10'~ cm, at 

f ,  
+ frequencies below 10 MHz ( * I .  

( * )  This upper limit, A8 = 2 x cm, may be compared with 
the following values for the reactive skin depths at 7 MHz: 
pure gallium (single crystals, anisotropic) 

(.791-1.79) x cm (27) 
pure indium (polycrystal) 1.69 x cm (Appendix C) 
indium - 3% tin alloy 1.03 x cm (Appendix B) 





In addition, because of the fringing of the field lines at 

the ends of the short secondary coil, the secondary current 

will cause the direction of %(o) to deviate slightly from 

the axial direction. For the parameters of this experiment, 

however, the field due to the secondary coi4 is at most a few 

percent of that provided by the primary coi1,'and it is 

estimated that the effect of this field distortion on the 

measurements is negligible. Numerous empirical checks of 

the linearity of the system, including several measurements 

ofthe skin-depth changes in a metal plate using different 

specimen'holders and detector circuits, substantiate the above 

conclusions. ( * )  

In all of the experiments, a constant-voltage rf signal 

with an amplitude of approximately 1 V was applied to the 

primary coil. This voltage, the maximum obtainable from the 

signal generator, produced an rf magnetic field amplitude of 

approximately 0.02 G at the specimen surface. The smallest 

detectable change in the skin depth is limited by noise 

originating in the wide-band signal amplifiers. At liquid 

( )  In particular, two distinct configurations of the detection 
apparatus were used in the experiments. The signal from 
the secondary coil w,as fed either directly to a signal 
adder (-50Q), or to the input of a high-input-impedance 
amplifier (1 MS2, 22 pf). The former configuration is 
illustrated in Fig. 3-4, and a detector input impedance 
of 50Q was used in the above calculation of the upper 

, % limit for linear skin-depth measurements. 
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helium temperatures a change 4 6  = 1.0 x lo-' cm can be de- 

tected at 7 MHz with a measurement time constant of 1 sec 
i 

and without using modulation (derivative measurementj 

techniques. This figure corresponds to a noise level of 

- 3 x V (*);combined with the upper limit, A6 = 2 ~ l o - ~ c m ,  

it gives a dynamic range of more than 80 db for the system, 

providing that the detection apparatus itself is linear over 

this range. 

An absolute measurement of skin-depth changes requires 

a precike knowledge of the conversion factor 

where both A6 and Ae, are complex quantities. Since the 

geometry does not lend Itself to an accurate calculation, 

the conversion factor was determined empirically, by measuring 

the skin-depth change at the superconducting transition of 

an indium - 3% tin alloy plate. The details of this calibra- 

tion procedure may be found in a later section of this 

chapter. 

3.2 Specimen holders 

Virtually all of the data reported in this thesis were 

obtained using one or other of the two specimen holders 

( * )  The thermal noise generated over this frequency band- 
width in a 50 - L? resistor at 300•‹K is - 5 x 10"O~. 



(#I4 and #16) which are shown schematically in Fig. 3-3 (a) 

and (b). L,, N g r  and L,, N,, are the lengths and number of 

turns of the primary and secondary coils, respectively. In 

each holder the primary coil was wound from AWG 24 copper 

magnet wire on a frame constructed of epoxied fiber-board 

("Celoron1I). The secondary coil, also of AWG 24 copper wire, 

was wound on a slightly-tapered brass plate a little larger 

than the specimen. The coil was then carefully epoxied ( * )  

into place within the Celoron frame, and the brass plate, 

which was lightly greased before epoxying, was removed. This 

technique ensured a fairly large filling faator for the speci- 

men in the secondary coil. Alignment of this coil in the 

apparatus was well within lo of the horizontal and vertical 

axes ( see  Fig. 3-31, verified by low-temperature measurements 

of the gallium skin depth, which is very sensitive to the 

direction of a strong magnetic field with respect to the metal 

surface. The copper coils were soldered to miniature-coaxial- 

cable leads (t), using bismuth-cadmium solder, whose super- 

conducting transition temperature is less than 0.56OK (28). 

( * )  Fast-drying Eccobond PDQ epoxy obtained from Emerson and 
Cuming, Inc., Canton, Mass.. 

( t )  Microdot microminiature low-noise cable (250-3839) con- 
sists of silver-plated copper conductors, and Teflon 
dielectric. It is therefore non-magnetic, unlike many 
other miniature cables, and shows no mechanical failure 
at low temperatures. Microdot, In@., 220 Pasadena Ave., 
South Pasadena, Calif.. 





The entire specimen holder was enclosed in a brass can, which 

could be evacuated, or filled with an exchange gas. 

Several early specimen holders were constructed in one 

piece from a casting epoxy ( * ) ,  but this technique was 

abandoned when it was discovered that the epoxy has a magnetic 

susceptibility which varies with magnetic field. In experi- 

ments in which a swept magnetic field was applied, the epoxy 

contributed an inconveniently large background signal. As 

the field was swept from 0 to 2 kG, this background signal 

from the epoxy was equivalent to a change in the skin depth 

of thespecimen of w 2 x lo-' cm. It is rather surprising that 

this effect has not been reported before, as Stycast 2850-GT 

epoxy is widely used in low temperature research because of 

its exceptional mechanical properties, and the matching of 

its thermal expansion coefficient with that of copper (29, 

30). No similar background signal was observed from the 

Celoron and PDQ epoxy holders described above. 

3.3 Detection apparatus 

The voltage signal from the secondary coil was detected 

using the apparatus shown in block diagram form in Fig, 3-4. 

A similar detection system has been described by Hansen, - et. 

al. (31). The purpose of the apparatus is to measure the - 

( * )  Stycast 2850-GT epoxy, obtained from Emerson and Cuming 
Inc., Canton, Mass. 





TABLE 3-1. COMPONENTS OF THE RF DETECTION APPARATUS 

Constant amplitude signal generator (191) (.35 to 100 

MHz; max. 2.5 V output into 5052) 

Tektronics Instruments, Beaverton, Oregon. 

50-52 divider (MC101) 

Ad-Yu Electronics, Passaic, N.J.. 

Wide-band amplifier (1121) (5 Hz to 17 MHz; gain .2x 

to 100x) 

Tektronics Instruments, Beaverton, Oregon. 

0 to 90db, l0db-step, 50-52 attenuator (74600-K) 

Standard Telephone and Cables, Newport, Mon., 

England 

Length of 50-52 coaxial cable (coarse phase shift). 

0 to 10.9db, 0.ldb-step, 50-52 attenuator (TCB-50A) 

Telonic Industries, Beach Grove, Indiana. 

Variable-length, 50-52 line (874-LTL) (fine phase 

shift) 

General Radio, West Concord, Mass.. 

Nine 39-Q, $-watt meta.1 film resistors in series, 

switched. 

50-Q, 22-turn, trimming potentiometer (55-R50) (fine 

attenuator) 

- Beckman (Helipot Division); Fullerton, Calif.. 

50-52 hybrid junction (CHT-10) (signal adder) 

Merrimac Research and Development, West 

Caldwell, N. J.. 

(Table 3-1 continued on next page) 



(11) 93-Q -. 50-Q matching pad (011-058) 

Tektronics Instruments, Beaverton, Oregon. 

(12) Diode mixers (10514A) (phase-sensitive detectors) 

Hewlett Packard, Palo Alto, Calif.. 

(13) Quadrature hybrid (QH-1-7) (fixed O0 and 90•‹ phase 

shifts) 

Merrimac Research and Development, West 

Caldwell, N. J.. 

(14) 0 to .075us delay line (559a2) 

Ad-Yu Electronics, Passaic, N. J.. 

(15) dc amplifier with variable gain and time constant, 

employing operatibfial amplifiers (P65A/U) 

Philbrick Researches, Dedham, Mass.. 

6 )  dc voltage offset; 10-turn potentiometer supplied from 

mercury cells. 

(17) Two-pen X-Y recorder (2FAM) 

Hewlett Packard, Palo Alto, Calif,. 

(18) Hall-ef fect gaussmeter (620) 

Bell, Inc., Columbus, Ohio. 

(19) Frequency counter (5246L) 

Hewlett Packard, Palo Alto, Calif.. 

(20) Oscilloscope (547) 

Tektronics Instruments, Beaverton, .Oregon. 

(21) 93-C2 - 25-0 matching pad (metal film resistors). 
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Fig. 3-4) which are used as rf phase-sensitive detectors, 

having a specified frequency range 200 kHz to 500 MHz. The 

reference ports (L) of these mixers are supplied with two 

signals differing in phase by 90; derived from a quadrature 

hybrid ((13) in Fig. 3-4.). A voltage signal applied to port 

(1) of this component is.split equally into two orthogonal 

signals when the ports are all properly terminated by 50-Q 

impedances. The quadrature hybrid has a center frequency of 

7 MHz and an octave band width, and represents the primary 

frequ-ency restriction in our apparatus ( 1 .  The high input- 

impedance amplifier ((3) in Fig. 3-4) is needed in this 

reference channel primarily as a buffer to ensure that adjust- 

ment of the reference phase shifter ((14) in Fig. 3-4) does 

not change the balance of the bridge. This amplifier is 

accompanied by a switch attenuator which serves to keep the 

amplitude of the reference signals fed to the (L) ports of 

the mixers at a level (.15 V to .30V) such that the mixer 

conversion efficiency is independent of reference signal 

amplitude. This is necessary because the reference phase 

shifter introduces an amplitude wow of approximately 5%, even 

when propertly terminated, as it is adjusted through its range 

(190' at 7.0 MHz). The phase shifter is in fact a variable- 

length loaded transmission line, operated by a sliding contact. 

( * )  The frequency range 2 to 76 MHz is covered by two broad- 
band quadrature hybrids which are now available from 
Merrimac Research and Development, Inc., West Caldwell, 

i 

! N. J.. 
C 



It therefore does not have infinite resolution, the minimum 

increments of phase shift being appro~irnately_l.5~ at 7 MHz. 

The dc outputs from the two mixers pass through identical 

dc amplifiers ((15) in Fig. 3-4) with variable time constants 

(.1, 1, 3 sec.) and gains (2, 11, 100~). Finally, after 

being added to dc offset voltages, they are used to drive a 

two-pen X-Y recorder. The X-axis of the recorder was driven 

either from the output of a Hall-effect gaussmeter, or, when 

freq*ncysweeps were being made, from the internal time-sweep 
. , 

of the reeorder. In the latter experiments, a slow-speed 

4 motor and reduction gear unit ( I were used to drive the 
t 

frequency control shaft of the signal generator. This 

mechanism, with rotary speeds from 0.001 to 1 revolution 

per minute, is capable of sweeping the frequency at rates 

between approximately 5 and 5000 Hz/sec, 

The range over which the system may be used-to measure 

phase is limited by the quadrature hybrid to 5 MHz to 10 MHz. 

Signals have been detected, however, at frequencies from 

1 MHz to 15 MHz. For some measurements, the signal amplifiers 

were tuned (not shown in Fig. 3-4), with a resulting increase 

in the signal-to-noise ratio of approximately 10. The 
5 

grounded copper shiblding which was found to be necessary 

in order to obtain reproducible and stable operation of the 

rf bridge is illustrated---in- Fig-. -3-5.- The signal generator 

( * )  Obtained from Insco Corporation, Main Street, Groton, Mass. 



was completely enclosed in a grounded copper box, an8 the 

coaxial cables to and from the dewar passed througH grQunded 

copper tubing. The brass can surrounding the specimen holder 

was tightly connected to this shield, which was grounded via 

a "quiet" connection to the earth ( * ) .  The low side of the 

signal (chassis ground) was connected to $he copper-box 

system at only one point, to avoid unstable ddund  loops. 

No connection was made to the grounded lead supplled as the 

third wire in the ac mains. Finally, the ac power input 

to the signal generator passed through a low-pass L-c filter, 

(Fig. 3-6), in order to eliminate any rf interference from 

that source. An informative review of the practical rules 

of s w d i n g  and grounding for instrumentation is given in an 

krticle by Morrison (32). 

3.4 Calibration 

The apparatus was calibrated by measuring the change 

in the skin depth of an indium - 3% tin alloy at the super- 
conducting transition. Details of the preparation of the 

alloy specimens, and the results of measurements of their 

( * )  Fig. 3-5 shows the shielding system as it existed during 
the earlier Ytages of the experiments. For reasons of - 
conveni'ence, the copper box surrounding the attenuators, 
phase shifters, and signal adder was later removed, with 
no noticable depreciation in the behaviour of the bridge, 
The shield surrounding the signal generator and the 
specimen coils was present for all experiments. 







dc resistivities are presented in Appendix B. It is estimated 

there that [ I 6CQ vR3 4.20K, 7 MHz 48, where 6CR is the 

normal-state skin depth calculated from the classical-skin- 

effect theory ( * )  using the measured dc resistivity, and R is 

the electronic mean free path. The alloy thus satisfies the 

condition 16cal >> R 

the classical theory, 

used to calibrate the 

that is required for the validity of 

and the calculated value of 6CQ was 

signal observed at the transition. 

The quantity actually measured at the superconducting 

transition is the change in flux, which is proportional to 

the difference (6q- 6 1 between the normal and super- s 

conducting skin depths in the specimen. We can, however, 

neglect 6s in comparison with 6c* at low megahertz fre- 

quencies, and the skin-depth change which must correspond to 

the observed transition is simply 

which yields, using the measurements of Appendix B for the 

0.26 mm - thick specimen, 

( * )  We define the classical skin depth as 6 a = 60(l+i) = 
[c2/ (8nooo ) ] i (l+i) , in agreement with t6e generalized 
definition of the skin depth given by [ 3 ] .  It should be 
noted, however, that a commonly used definition is 
6, = [ C ~ / ( ~ I T U C J ~ ~ ~ ,  in which case 60 is the distance 
into the metal at which the rf fields are reduced to a 
fraction l/e of their values at the surface. 



(4k, = f q c l  = 1 . ~ 3  x / o - ~  cm . 

The approximation in [lo] is justified empirically. The 

reactive skin depth in a superconductor, 6s(T), changes 

rapidly with temperature at temperatures just below the 
1 ,  

transition, and the relative magnitudes of 6Ck and 6s(0) 

may be i n f e r r e d  fram measuremziits of t h e  temperature v a r i a t i o n  

of (4ce- 6s(T)). An example of this method of obtaining 

both the normal and superconducting skin depths for pure 

indium is given in Appendix C. From the absence of any observed 

temperature variation in (6Ck - 6s (T) ) in the alloy at 
temperatures below the transition, we are able to affirm that 

and the apprakimation in [lo] is justified. ( * )  

The superconducting-to-normal transition was induced 

either by warming the alloy above its critical temperature 

in zero magnetic field, or by destroying the superconductivity 

- e with a small (100 G) field, applied in the plane of the plate. 

( * )  This result is consistent with the findings of Pippard 
(33), who reported that 6 (0) in a tin - 3% indium 
alloy was appro~imately twfce as large as the zero- 
temperature skin depth in pure superconducting tin. If 
a similar ratio holds for pure indium and our indium - 3% 
tin alloy, then for this alloy 6,+(0)/6CQ = 0.84%, and 
6s(0) may be neglected in comparison to 6Ck. 



The change in the normal-state skin depth associated with a 

magnetic field of this magnitude was found to be negligible. 

No evidence of trapped flux in the superconducting alloy was 

observed when the magnetic field was switched on and off. 

For fields lying perpendicular to the plate, however, the 

trapped flux amounted to approximately 5% of the total flux 

contained in the specimen in the normal state. It is interest- 

ing to note that Pippard (34) has investigated flux trhppinq 

in a tin - 2.94% indium alloy, and found that for a cylindrical 
specimen in a transverse field, the proportion of trapp&b flux 

varied from 5% to 12% at temperatures between 0.4 Tc and 0.95 Tb. 

The superconducting transition of the alloy was used both 

to align the phase response of the system, and to provide an 

absolute amplitude calibration. Because in the classical- 

skin-effect regime the reactive and resistive skin depths of 

a metal are equal (equation [lo]), the reference phase shifter 

( (14) in Fig. 3-4) was 

were digplaced equally 

transition. The phase 

rec~rder pen responded 

adjusted until the two recorder pens 

when the alloy passed through the 

alignment was then such that one 

only to resistive changes in the skin 

depth, and the other only to reactive changes. The size of 

the recorder displacement was calibrated through equation [lo], 

where a') was obtained from a measurement of the dC resistivity 

of the.alloy at 4.2'K (Appendix B). This calibration procedure 

was repeated at different frequencies, and a typical graph of 

the absolute amplitude calibration ang the reference phase- 

shifter dial setting, as functions of frequency, is shown in 



Fig. 3-7. At least some of the deviations from linearity 

in Fig. 3-7 are real, and the measured points have been 

connected by straight lines. (The error bars in Fig. 3-7 

indicate the absolute error; the reproducibility of the 

measurements corresponds approximately to the size of the 

circles in the figure). The calibration is valid only for 

metal plates which are the same size and shape as the alloy 

specimens used to calibrate the system. 

The amplitude equality and phase orthogonality of the 

two reference signals derived from the quadrature hybrid 

((13) in Fig. 3-4) were checked as follows. After aligning 

the phase response by observing the alloy-transition signal 

as described above, the phases of the reference signals were 

changedi using the reference phase shifter, by exactly 90•‹, 

--. , measareQ-~ts-~~ith-in-+--0;5~-on an oscilloscope. The super- 

conducting transition was then remeasured. For frequencies 

.: . ,, between 5 MHz and 10 MHz, these two measurements were found 

. . to agree to within k 1% (see Fig. 3-8). The equivalence of 

the two channels, each consisting of a diode mixer, dc 

amplifier, and recorder, was checked by interchanging the 

signals applied to the (X) ports of the two mixers. 

.-. .-. The uncertainty in the absolute amplitude calibration 

is due largely to the uncertainty in the alloy dc resistivity 

measurement, and is estimated to be + 3%.  he) phase align- 

ment uncertainty is determined by the resolution of the ref- 

erence phase shifter, and is + 1.5' at 7 MHz. 





An interesting verification of the phase alignment was 

obtained by measuring the ratio of the reactive and resistive 

skin depths in plates of pure, polycrystalline indium. Accord- 

ing to the anomalous-skin-effect theory, this ratio is 

'XI6, = fl, or tdn-' (6x/6R) = 60'. The measured values 

of tan-' (6x/6R) ranged between 58.6' and 59.7', in agreement 

with tlpetheory to within the estimated error. This experiment, 

which confirms unambiguously the phase-measuring capability 

of the system, is described in Appendix C. 

We conclude this section by reproducing in Figs. 3-8 

to 3-10 several recorder traces obtained using the apparatus. 

The signals observed at the superconducting-transition 

of the indium-tin alloy are shown in Fig. 3-8. The recorder 

traces (b) and (c) in Fig. 3-8 were obtained with the mixer 

reference signals rotated by 45' and 9Q0 respectively, from 

the original phase alignment of Fig. 3-8(a). No electrical 

noise is discernable on the scale of Fig. 3-8. 

Fig. 3-9 shows quantum oscillations ( * )  in the reactive, 

skin depth which were observed at 1.2' K, with $ 5 ,  lying 
a 

along the b-axis in gallium. The magnetic field was modulated 

at a frequency of 33 Hz using a pair of Hemholtz coils, and the 

derivative dsx/dB, was obtained by phase-sensitive 

( * )  see section 6.1. 







detection ( * )  of the output from the diode mixer ((12) in 

Fig. 3-4). Also shown in Fig. 3-9 is the proton resonance 

signal which was observed at all temperatures, and which 

probably arises from the protons in the Celoron specimen 

holder. This signal provided a convenient field marker, a 

also a standard for use in signal-to-noise comparisons during 

the development of the apparatus. Nuclear magnetic resonance 

signals in water and in powdered copper, and the electron spin 

resonance signal in DPPH were also useful for these reasons. 

A radio-frequency-size-effect (Gantmakher) resonance (35, 

36) in a 0.261 mm-thick single crystal of gallium is shown 

in Fig. 3-10. This particular resonance was obtained with 

8,  and $(o)' lying in the plane of the plate, parallel to 

the gallium c-axis. The a-axis was perpendicular to the 
+ 

surface of the crystal. Bo was modulated by a pair of Hemholtz 
-d6-- 

2L coils at a frequency of 33 Hz, and the derivativgs and 
d6- 

were obtained by phase-sensitive detection of the out- dB,' 
puts from the two mixers. The two low-frequency phase-sensitive 

detectors used for this purpose displayed slightly different 

sensitivities, which explains the difference in amplitude 

of the resistive and reactive signals shown in Fig. 3-10. 

For this reason also, the calibration shown is only approximate. 

The reactive line-shape is very similar to that reported for 

( * )  Using a Princeton Applied Research Model HR-8 Lock-in 
Amplifier. Princeton Applied Research Corporation, 
Princeton, N. J.. 





the same resonance by Haberland, et.al. (271, and their curve 

is reproduced in the inset of Fig. 3-10. Gabel (37) has also 

observed this resonance in the rf transmission through a 

gallium plate, and the three sets of data are compared in Table 

3-2. The "cut-off" field ( B O ) ~  (38) is expected to scale with 

l/d, and the line-width ABo/(B,)c to scale with 16 1/d, or 

d , in the anomalous-skin-ef fect regime (35) . These 

two predictions are confirmed, to within the accuracies of 

the available data, as is shown in the last two columns of 

Table 3-2, 

3.5 Associated equipment 

All results were obtained with the specimen holder 

surrounded by a brass can, and placed inside a liquid-helium 

dewar vessel. In the earlier stages of the experiment, glass 

dewars were used, similar to the one described in reference 

(39). It was soon found, however, that because of fragile 

copper-glass seals, these dewars had a useful lifetime of 

only a few months. A simple metal dewar (Fig. 3-11) was then 

constructed in the Simon Fraser University science machine 

shop, and proved to be entirely satisfactory. A charge of 

liquid helium (2,O liters) in this dewar lasted for approx- 

imately four hours. Temperatures between 4.2OK and 1.2OK 

were ~btained by pumping on the liquid helium bath, using a 

mechanical pump connected to the cryostat by a six-inch 

pumping line. A Walker pressure regulator (40) was used to 
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regulate the temperature of the bath. The specimen tempera- 

ture was obtained by monitoring the resistance of a 1/10- 

watt, lOO-fi, Allen-Bradley carbon composition resistor which 

was epoxied onto the specimen holder. A Magnion ( * )  $2-inch 

electromagnet, in c~njunction with a Magnion FFC-4 current reg- 

u&a tM,  was used to provide fields up to 14 kG. 

3.6 Gallium crystals 

Gallium single ctystals, in the form of rectangular 

plates, 2.35 cm by 0.8 cm, and having a thickness of 0.26 mm 

or 0.80 mm, were grown in lucite molds from 99.9999% - pure 
metal 0). The crystal-growth procedure has been described 
in detail by Yaqub and Cochran (41). A sketch of a lucite 

mold which was used to grod crystals is shown in Fig. 3-12; 

the mold consists of two & "  polished lucite plates, bolted 

together with sheet plbstic spacers between. Molten gallium 

was injected into the carefully cleaned mold using a 1-cc 

hypodermic syringe. The high-purity gallium was allowed to 

supercool several degrees below its melting point, 29.8OC1 

and the mold was then moved so that a projecting meniscus 

of the liquid metal lightly touched the oriented seed crystal 

(Fig. 3-13). Solidification started at the moment of contact, 

proceeded slowly across the c~ystal, and was complete 

( * )  Magnion, Inc., Burlington, Mass. 

0 )  Obtained from the Aluminum Company of America, Pittsburgh, 
Pa. 



FIG. 3 -/2. MOLD FOR GALLIUM CR)/STALS. 





approximately 15 minutes after seeding, for a 0.80 mm-thick 

crystal in room-temperature surroundings. The crystal was 

+oily geparated from the lucite mold after soaking for a 

day in pure isopropyl alcohol, and its surfaces were mirror- 

smooth reproductions of the polished lucite surfaces. 

X-ray back-ref lection Laue photographs of the/ crystals 

v e r e  taken tn check that the crystal axes coincided with the 

rectangular-plate axes to within lo. Crystals which did not 

meet this requirement were rejected. Our labelling of the 
r )  

a, b, and c cyrstal axes is in agreement with that of Yaqub 

and Cochran (41), who present X-ray photographs in their 

paper to make this labelling unambiguous. 

For studies of the electromagnetically-generated 

acoustic resonancetit was necessary that the two faces of 

the gallium plates be as nearly parallel as possible, and 

the thicknesses as well known as possible. Gallium crystals 

were grown, in the manner described above,~whose two faces 

were parallel to + 0,00025 cm, Their thickness could be 

measured to this accuracy by means of a good mechanical 

micrometer, Only t*se plates which possessed this degree 

of parallelism were used to obtain the ultrasonic velocity 

data which are presented in Chapter 5. 



CHAPTER 4. ELECTROMAGNETIC GENERATION OF ACOUSTIC 

WAVES - EXPERIMENTAL RESULTS 

Acoustic resonance singularities have been observed 

in the skin depths of gallium plates having several crystal 

orientations, and thicknesses of 0.010 and 0.030 inches. 

These singularities are seen at the frequencies 

where S is the sound velocity and d is the thickness of 

the plate. With the external magnetic field directed 5 0  as 

to generate either longitudinal or transverse waves, singu- 

larities corresponding to n = 1, 3, and 5 have been studied. 

In this chapter we present results which may be compared 

directly with the theory developed in Chaptez 2. We rewrite, 

for reference, expression 12-15] for the acoustic resonance 

snngularities in the complex sL<in depth: 

This theory, derived for a free-standing, infinite metal p l - a t z ,  

with ideally uniform static and radio-frequency magnetic fields 

at the surfaces, predicts the excitation of a single trans- 

verse or longitudinal mode, for 5, in the appropriate plane. 

These conditions are only approximated, of course, in practice. 

The rectangular plate must be physically clamped or suspended 



in the apparatus, and the radio-frequency magnetic field, in 

particular, is inhomogeneous due to coil end-effects. These 

conditions haverthe effect of exciting vibrations other than 

a single shear- or longitudinal-thickness mode in the plate. 

In fact, the experimentally observed frequency spectrum of 

the skin depth in the neighbourhood of a transverse or longi- 

tudinal resonance was often found to contain several satellite 

peaks ( * ) ,  the number and strength of which depended on the 

manner in which the sample was suspended within the specimen 

holder. In an attempt to obtain a single, clean resonance 

line, many suspension systems were tried, and the one found 

to be most satisfactory is illustrated in Fig. 4-1. The plate 

was, held.lightly by four pressure points on each side, located 

near its endq. 

Extensive data were taken pertaining to the fundamental 

(n = 1) transverse-wave resonances in two 0.010-inch plates, 

and the following discussion will be confined mostly to these 

results. The two specimens (10 Ac-1 and 10 Ac-3) were grown 

with the b an@ c crystal axes in the plane of the plates; the 

rf surface currents 'flowed along the b-axis, and ' $, lay in 
n*, 

the a - b plane. The frequency spectra of the skin depth 

obtained using thpse two plates suspended as shown in Fig. 4-1 

consisted almost entirely of the single, transverse-wave 

e- t 

( * )  A further discussibn of these extraneous vibrational 
modes is included in section 5.3. 
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resonance line. Measurements were taken at temperatures be- 

tween 1.2OK and 273OK. We present first the liquid-helium 

results, since the phase and amplitude calibration of the 

detection apparatus was known only over this temperature 

range. 

A typical recorder trace showing singularities in the 

reactive and resistive skin depths is reproduced in Fig. 4-2. 

Some sateibite resonances appear on the high-frequency side 

of the main peak. The background drift is due to the frequency 

dependence of the rf bridge balance. 

Fig. 4-3 compares an experimentally observed resonance 

line with the theoretical prediction. The experimental (solid) 

curve was obtained at 4.2OK using a perpendicular magnetic 

fidd of 4 kG. This curve has been obtained from the recorder 

tracing by subtracting the background drift qignal. The 

theoretical (dashed) curve was calcula~kd from equation [2-151 

using p = 5.98 g-cmm3, d = 0.26 mm, and w = 33.783 x lo6 s d ~ ) ' ~ .  

The linewidth, y, in this expression was measured from the 

experimental curve: y = (8.1 k 0.6) x lo3 sec-'. This singu- 

larity in the skin depth represents a skin depth change of 

the order of 100% (27). Although the experimental accuracy 

of the ordinate is estimated to be 2 3 % ,  a further error of 

* 7%3in Fig. 4-3 arises from an uncertainty in the frequency 
axis, and we regard the agreement with the theory to be 

satisfactory. It should be nbted, however, that most of the 

observed resonance lines were slightly smaller in amplitude 



'I, 





than expected theoretically, possibly due to the fact that a 

small amount of acoustic energy was always coupled into other 

vibrational modes of the plate. 

When the magnetic field is perpendicular to the plate, 

the background resistive skin depth increases almost quad- 

ratically with field. This effect, which was also observed 

with parallel magnetic fields for several crystal orientations 

in gallium ( 4 2 3 ,  may be extremely large, the resistive skin 

depth increasing to fifty times its zero-field value (27) in 

a perpendicular field of 90 kG. A change in the background 

skin depth of this magnitude can change the coupling between 

the primary and secondary coils so as to appreciably affect 

the phase calibration of the detection apparatus ( * ) .  The 

result is that acoustic resonances superimposed on this back- 

ground exhibit an apparent phase-shift, i.e., the detected 

6 and 6R lineshapes become asymmetrical at high values of 
X 

a perpendicular magnetic field. A second consequence of this 

large radio-frequency magnetoresistance is that the condition 

A/hs c~ 1 may no longer hold, and the physical model which 

led to equation [2-151 may not be valid. This is also expected 

to result in a change in the resonance lineshapes, as suggested 

( * )  It was estimated in the previous chapter that the maximur: 
skin depth change which could be recorded linearly by the 
detection apparatus at 7 MHz is 2 x lo-' cm. 
This is approximately twenty times the zero-field sk-2 
depth in gallium (27). 



in reference (la), but because of the experimental effect 

outlined above, it cannot be measured unambiguously. Reson- 

-k 
ances with B, smaller than 4 or 5 kG, or inclined at an 

angle of more than 5 degrees from the normal, showed no 

measurable phase-shifts, and possessed the symmetrical 

Lorentzian lineshapes predicted by equation [2-151, as is 

illustrated in Fig, 4-3. 

~ccording to 12-15]! the resonance amplitude is propor- 
2 

tional to B,, if 3, is fixed in direction and if the 

acoustic attenuation is independent of field, No deviations 

from this behaviour were observed for transverse waves ( * I ,  

as is illustrated by the 4.2OK data of Fig. 4-4, obtained 

with the magnetic field perpendicular to the plate. This 

result is in agreement with the findings of others (t). 

The theory also predicts that the resonance amplitude 

varies as cos28, if the attenuation is independent of 9 .  

A plot of amplitude versus 9 at 4.2OK is shown in Fig. 4-5, 

where the reproducibility of the data corresponds approximately 

to the size of the circles in the figure. The deviations from 

the cosine-squared dependence (solid line) are associated 

with changes in the acoustic attenuation as the field is 

rotated. This was confirmed by the measurable changes in the 

resonance linewidth at the two discontinuities near O0 and lo0, 

( * )  A slight magnetic-field dependence of thelongitudinal- 
wave attenuation at low temperatures is reported in 
section 6,3, 

(t) See, for example, reference (43). 
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corresponding to changes in the attenuation coefficient of 

approximately 0.001 cm-\ No attempt has been made to corre- 

late these deviations, which are not observed at higher 

temperatures, to properties of the Fermi surface of gallium, 

The results presented thus far give us confidence in 

the correctness of the phenomenological model in predicting 

the electromagnetic-acoustic coupling at the surface of a 

metal. The Lorentzian lineshape and the absolute amplitude 

of the observed resonances in the skin depth, and the ampli- 

kude dependence on B; and on cos26 are all in good agree- 

ment with the predictions'of the model. 

But one effect observed at temperatures below 4.2.OK 

was not in accord with the theory. A study of the behaviour 

of the resonance amplitude and linewidth was carried out at 

temperatures between 1.2 K and 4 . 2  K using six .030 inch thick 

"on-axis" specimens. These specimens represented all of th@ 

possible orientations for which the crystal axes coincided 
+ 

with the axes ~f the rectangular plates. As+the temperature 

was reduced from 4.2OK to 1.2'8, the acoustic attenuation and 

hence the linewidth of the transverse-wave resonances increased 

by as much as 2 . 5  times, although tfiis factor varied with 

crystal orientation. According to [ 2 . 5 1 ,  this increase in 

linewidth should be accompanied by a corresponding decrease 

in resonance amplitude. In four of the six crystals this 

behaviour was confirmed to within the accuracy of the measure- 

ment. In the remaining two crystals, however, (in each the 



attic e displacement was polarized along the a-axis), a be- 

haviour was observed which is completely unexplained by the 

theory. In these crystals the resonance amplitude increased 

rapidly; in one specimen the amplitude at 1.5OK was ten times 
. 3  

larger than that' predicted. This "anomalous" behaviour is 

shown in Fig. 4-6. The open circles represent the measured 

amplitudes, and the solid circles the amplitudes calculated 

from equation [2-151 and the measured linewidths. Fig. 4-6 

indicates that the measured amplitudes approximate the pre- 

dicted amplitudes at temperatures down to 6OK, ( * )  but are 

greatly enhanced at lower-temperature$. The resonance 

amplitude-in this specimen at 1.S0K is plotted -as-a function 

of B: in Fig. 4-7. There is a marked deviation from the 

linear dependence predicted by [2-151, and observed in the 

other crystals (see Fig. 4-4). 

We are unable to explain this drastic change in the 

acoustic generation at temperatures between 1.5OK and 6OK. 

That the effect is observed in only two of the six crystal 

orientatibns is presumably due to the anisotropic Fermi 

( * )  The discrepancy at temperatures above 6OK can be ex- 
plained by the hypothesis that energy was coupled to 
several other resonant modes in this .030-inch thick 
plate; further, it is not known how much the absolute 

+ calibration of the apparatus changes at temperatures 
above 4OK. 
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surface of gallium ( * ) .  There is evidence that this peculiar 

low-temperature behaviour is also present for the longitudinal 

wave resonances, although a complete study of the temperature 

variation in crystals of different orientations has not been 

carried out. 

Acoustic resmances were observed at temperatures up to 

273 K. The most striking feature of these results is the 

strong variation of the linewidth, y, as a function of tempera- 

ture. This variation is illustrated in Fig. 4-8, where the 

quality factor is 

These data, obtained from the transverse-wave resonance in a 

.030-inch specimen, are typical of the behaviour that was 

observed for both transverse and longitudinal waves. The 

maximum Q occurred at temperatures between 40•‹K and 50•‹K. 

The highest Q's (up to 3.5 x lo5) were possibly limited 

by extrinsic damping; slightly sharper lines were observed 

when the specimen can was evacuated than when an exchange 

gas was present. These extremely sharp resonances were 

observable at fields as small as l0 gauss. 

( * )  ' In a recent paper, Reed (44) has calculated the band 
structure of gallium using a semiempirical pseudopotential 
method. The resulting Fermi surface consists of six 
closed electron sheets, one closed hole sheet, and a 
large multiply-connected hole sheet. Although much 
experimental data is explained by this model, apparently 
one or more small pieces of Fermi surface have been 
missed in the calculation. 





It is interesting to note that non-parallelism of the 

plate does not spoil the quality factor of the resonances, 

but instead splits the line. In an experiment using a wedge- 

shaped plate of single-crystal aluminum, with Ad/d estimated 

to be approximately 4%, two resonance lines were observed, 

with ~f/f 4%. Gantmakher (35) has similarly reported the 

splitting of radio-frequency size-effect lines in a wedge- 

shaped plate of indium. 



CHJLPTER 5. ELASTIC CONSTANTS OF GALLIUM 

According to the theory developed in Chapter 2 for an 

infinite metal, plate immersed in a static magnetic field, 

singularities in the surface impedance of the plate occur 

at frequencies 

A S  
f ,  = 2d. J 

where d is the plate thickness, S is the velocity of the 

acoustic wave which is present in the plate, and n is an 

odd integer. The resonant frequencies may thus be used to 

determine acoustic velockties in a metal. Since no velocity 
\ 

data for gallium have been published ( * ) ,  we have used this 

continuous-wave resonance kcchhique to obtain the acoustic 

veJocities in single crystals of gallium at 4.2OK, 77pK, and 

273OK, at low megahertz frequencies. 

Determination of the nine elastic constants of oktho- 

rhombic gallium requires a minimum of nine velocity measure- 

ments af a given temperature; further measurements may be, 

used to provide cross-checks of the data. From the elastic 

( * )  Measurementa-of unstated accuracy of the gallium elastic 
moduli at 273% have been reported in a U.S. government 
document by Roughton and Nash (21). Their results are 
discussed briefly in section 5.3. 



constants a Debye temperature. BD, may be calculated which 

is characteristic of the crystal. Since the Debye theory 

treats the solid as a kontinuum, it provides a good approxima- 

tion at low temperatures, where only long-wavelength vibra- 

tional mode$ are excSted, and the discrete nature of the 

crystal becomes unimportant. In fact, the Debye temperatures 

obtained from low temperature specific heat and ultrasonic 

velocity measurements have been found to agree for a iarge 

number of crystals (45). 

In section 5.2, the elastic constants are defined, and 

their determination from velocity measurements is discussed. 

An approximate method of calculating B D  from the constants 

following Anderson ( 4 6 ) ,  is also included. The experimental 

results are presented in section 5'3, and in 5.4 the validity 

of the continuous-wave resonance technique is examined. 

5.2 Theory 

5?2.1 W h e  $ropagation in elastic solids 

In this section we develop the formalism which relates 

the acouqtic velocities in a crystal to the dastic moduli, 

using the notation of Bhatia (47) and of Neighbours and 

Schacher (48). A more complete development may be found in 

these two references. 

The forces acting on a volume element (dx,dx,dx,) in a 



solid may be described by the nine stress components, 

cs ij' i,j = 1, 2, 3 (Fig. 5-1). a ij is the component of 

force per unit area in the x direction which acts on 
j 

the plane perpendicular to the xi axis. For equilibrium, 

%thetorques about each axis must vanish, and therefore 

In writing equations [2], we assume that there are no inter- 

actions within the solid that produce torques ih i  addition 

to those due to the stress components oij. 

-t 
Let Ci (x) be the ith ;Jbmponent of the displacement 

+ 
of the solid at a point x. Then the equation of motion for 

free sound propagation is 

where p '  is the density of the solid, which may be approxi* 

mated by the density in the absence of wave propagation, p .  

In order to write the wave equation [ 3 ]  in terms of the dis- 

. . placement t ,  we define the strain, or deformation, components 



/ 5 ,  COMPONENTS O F  STRESS 1N A CRYSTAL. 



For small (aSi/axi << 1) displacements, the six quantities 

'i j completely describe the changes in the volume, V, and 

the shape of the solid. The fractional change in volume, or 

the dilation, is 

while Erg, € 1 3 ,  and €1 2  are the components of shear 

strain in the planes perpendicular to the X,, X2, and 

X, axes. 

If Hooke's law is obeyed, each of the 6  strain components 

at a given point in the solid is linearly related to the 6  

stress components at that point, and the 3 6  elastic stiffness 

are defined: ( * )  constants, 'ijkkf 

G; 
'J 

Similarly, the 3 6  e 

' ij 
lastic compliance constants, SijkL: 

A contracted notation is commonly used: 

( * I  Throughout this chapter, we use the summation convention: 

- 
'ijkk 'kk = 'ijkk 'kg' 



From the requirement that the increase in the energy of the 

solid per unit volume, dW = C J ~ ~ E ~ ,  be a single-valued 

function of the strain components, it follows that (47) 

and the number of independent elastic stiffness constapts 

is reduced from 36 to 21. This number is further reduced 

in crystals which possess rotational symmetry: crystals 

belonging to the orthorhombic system ie .CJ. , gallium) have 

nine independent elastic constants. If the coordinate axes 

coincide with the three symmetry axes of the orthorhombic 

crystal, the nine elastic constants may be written as the 

array : 



In crystals of cubic symmetry, the matrix is the same as 

above, but with 

I 
In elastically-isotropic crystals, the 3 indedpdent con- 

stants of a cubic crystal are reduced to 2 by the relation 

The equation of motion, [2], may now be rewritten in 

terms of the elastic stiffness constants, C m n  From 

equations [31 and [ 8 ]  : 
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I 
For the simplest case, that of an isotropic solid, these 

equations reduce to a single vector equation: 

The irrotational (purely longitudinal) and isovolumiqwul~ 

(purely transverse) waves propagate independently through 

the isotropic solid with velocities [ (C,, + ZC,, l/p] ' 
I 

and (C, ,/p) ', respectively. 
In an anisotropic crystal, the propagating waves will 

in general have neither a purely longitudinal, nor a purely 

transverse, character, and the equations which relate the 

experimentally observed velocities to the elastic constants 

of the crystal are complicated. The impure modes which 

propagate, however, are characterized by displacements which 

are nearly parallel (quasi-longitudinal) or nearly perpen- 

dicular (quasi-transverse) to the propagation direction, and 

for any direction in the crystal it is possible to measure 

3 velocities which correspond to two pure or quasi-transverse 

modes and one pure or quasi-longitudinal mode. We now outline 

the procedure given by Neighbours and Schacher ( 4 8 )  to 

determine the elastic constants from sound-velocity measure- 

ments in crystals of general symmetry. 



The equations [ll] may be simplified by choosing a 

coordinate system (xi,xl,x:) such that the wave propagation 

is along x:; derivatives with respect to xi and x: then 

vanish, and these equations become: 

b 2 t  ' I b2E1 
= C,, - 1 d 2 L '  

+ C / b  &,I  2 
I $f3' 

QF Ax,' 
+ el5 

J x,. 2 

The primed notation C; is used to distinguish these 

elastic constants, defined in the xi, xl, x: system, from 

the desired constants Cmn, defined in the coordinate 

system (x,,x,,x,) which coincides with the symmetry axes of 

the crystal. (The Cmnls are then obtained from the 

C ~ I S  by means of transformations which are given, for 

orthorhombic crystals, in equations [16]). The secular 

equation which results from [13] is 
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This equation possesses three roots corresponding to the 

velocities etil!si;"of the one (quasi) longitudinal and two (quasi) 

transverse modes. It has been solved by means of a perturba- 

tion method by Neighbours and Schacher. The solution is: 

Finally, the unprimed constants are related to the primed 

constants by the cosines of the angles between the (xixhx4) 

and (x,x,x,) coordinate systems. The positive direction 

cosines R, m, and n specify the XI-axis orientation with 

respect to the x,, x,, and x, axes (e.g., the a, b, and 

c axes of gallium), and if we choose to let xi lie in the 



x, - x, plane (xi is the direction of wave propagation) 

the complete set of direction cosines may be presented in 

the form: 

where a2 = k2 + m2, ' aria-we have assumed that the angles 

between x, and xi, x2 and xi, and x, and xi are 

all less than 90'. The transformation equations, written in 
t 

terms of th#se direction cosines for the 6 primed elastic 

constants occurring in equation [15] are given, for all 

crystal classes, by Neighbours and Schacher . ~e~r6dUced 

below are the transformations appropriate for crystals of 

orthorhombic symmetry: ( * )  

c,, I R C,, + m4c,, t ~I+c,, t 4m2n2 c++ + 412~' c,, 

( * )  Note that from [14] and [15] , for sound waves propagat- 
ing along the x' axis, the velocities are related only 
to the six primed constants c:,, ~i.5, C:6r C15r Ci6r 
and C; , , and therefore only transformation ehations for 
thkse six constants are required. 





It is seen that the CAnls are linear functions of the 

and equations 1151 may be written in terms of the 'rnn 

unprimed constants. For crystal directions in which pure 

modes propagate, the secular determinant [I41 is diagonal, 

and the bracketed terms in [151 vanish. For directions in 

which impure modes propagate, the bracketed terms in [15] 

are present, but small compared to the p ~ 2  terms, and these 

equations may be solved by the method of successive approxi- 

mations. In practice, the calculations are eased by making 

as many pure-mode velocity measurements as possible. In the 

experiments described here, the six diagonal constants, Cii, 

were first obtained from the velocities of pure transverse 

and longitudinal modes. Quasi-longitudinal modes were then 

propagated in the three "off-axis" crystals with 2 = 0, 

m = 0, and n = 0, respectively; in each of these cases two 

out of the three off-diagonal terms in the determinant [14] 

vanish, and the first of equations [15] yields the constants 

C23, C 1 3 ,  and C12 directly from the measured velocities. 

This procedure will be discussed in more detzil in section 5.3. 

5.2.2. The Debye temperature 

The Debye theory of lattice specific heat is based on 

a model which replaces the atomic nature of the solid by an 

isotropic continuum through which acoustic excitations may 

propagate. This model leads to a quadratic frequency spectrum 

of vibrations up to a maximum frequency, vD, from which 



where h and k are the Planck and Boltzmann constants. 

The theory yields a temperature-dependent lattice specific 

heat which is determined by the Debye temperature characteris- 

tic of a solid. At low temperatures, where only long-wave- 

iength vibrations are excited In a crystal, the discrete nature 

of the lattice is least important, and the Debye model correctly 

predicts the observed T~ dependence of the lattice specific 

heat. At temperatures T (BD/lO), the predicted specific 
C 

heat is ( 4 9 )  

The elastic and thermal properties of solids are sipply 
I 

related according to the Debye theory, since the Debye temp- 

erature may also be determined from the velocity, v m' of 

acoustic waves in the continuum (46): 

where q is the number of atoms per unit cell, and V o  is 

the volume of the unit cell. At low temperatures, then, the 

Debye temperature obtained by calorimetric measurements and 

equation [18] may be compared with that derived from acoustic- 

wave velocity measurements, if an appropriate mean velocity 



is used for the velocity v m' 

In an anistropic crystal, the velocity of elastic waves 

depends upon the propagation direction in the crystal, and 

in any direction there are three different velocities 

associated with the two (quasi) transverse, and one (quasi) 

longitudinal modes which may propagate. vm in equation [19] 

must then be a velocity which is the average of these three 

velocities, vi, in all crystal directions (46): 

where do is an element of solid angle. Several numerical 

methods have been devised to evaluate vm from equation [20], 

using.the measured single crystal elastic constants (45, 50). 

Anderson (46) has proposed-and tested. an--alternative 

' (to- eqwation [20] ) method of .determining. the mean sound 

\vefoeity in anisotropic crystals. Equation. [20] reduces to 

a very-simple form for isotropic crystals, in which the 

transverse and longitudinal velocities, vT and vLt are 

invariant with respect to propagation direction: 

Anderson suggested that in anisotropic crystals, average 

transverse and longitudinal velocities calculated from the 

e1ak.i~ constants be used in equation [21] to arrive at an 



approximate mean sound velocity vm (approx.). We now outline 

this method, called by Anderson the VRHG approximation after 

Voight, Reuss, Hill, and Gilvarry. 

The VRGH approximation is based on relations between the 

isotropic bulk and shear moduli, K and G,of a poly- 

crystalline solid and its single-crystal elastic constants. 

According to Anderson, Voight related these moduli to the 

stiffness constants: 

whereas Reuss expressed the moduli in terms of the compliance 

constants: ( * )  

Hill (51) proved that the Voight and Reuss approximations 

represent the upper and lower bounds to the true polycrystalline 

moduli, and suggested that the average between the two be used 

( * )  There is an error in sign in Anderson's form of equation 
[251 ( 4 6 )  



as a practical estimate: 

The transverse and longitudinal velocities in the isotropic, 

polycrystalline solid are, using the Hill moduli: 

and 

Finally, the mean sound velocity, v (approx), computed by m 
- 

substituting q and vL for vT and vL in equation 1211, 

may be used to determine the Debye temperature using [19]. A 

similar method was used by Gilvarry to approximate the Debye 

temperature of sodium (52 ) . 

Anderson ,has compared the VRHG approximate mean velocity 

with that calculated numerically from equation [20], using 

elastic constant data from 223 crystals belonging to 6 

crystal classeq. He found that in all but a very few cases, 

the difference in the two mean velocities was less than the 

probable error in the experimental data (46). 

5.3 Experiment and results 

Acoustic resonances in the frequency spectrum of the 

skin depth were observed in rectangular plates of single-crystal 



gallium, with nominal dimensions 2.35 cm x 0.8 cm x 0.08 cm. 

The ten crystals which were used for these measurements are 

listed in Table 5-1. The crystal axes in the first seven 

specimens coincide with the rectangular axes of the plates; 

in specimen ABf for example, the gallium a-axis lies along 

the plate normal, and the b-axis is parallel to the long dimen- 

sion of the plate. The last three specimens are oriented as 

shown in Fig. 5-2. All of the crystals are oriented to within 

k lo. 

Thickness measurements, made at room temperature using 

three quality micrometers of different makes, were in agree- 

ment to within +.0001 inch, which was the measurement preci- 

sion in each case. It should be noted that the thickness 

uncertainties listed in Table 5-1 were obtained from the 

thickness variations measured over the entire lengths of the 

plates, whereas the thicknesses over the central areas covered 

by the secondary coil were, in every specimen except A -5, 
C 

uniform to within the measurement accuracy of k 0.3 %. 

The velocities of pure longitudinal and pure transverse 

waves, with propagation vectors lying along the crystal axes, 

are sufficient to obtain only six of the nine elastic constants 

of gallium. The determination of the remaining three constants 

requires a measurement of the velocity of three impure modes. 

These measurements were provided by propagating quasi- 

longitudinal waves in the [loll , [Oil] , and [1101 specimens, 
whose direction cosines are given in Table 5-2. (1, m, and n 





CRYSTAL THICKNESS ( 3  0 0 OK) 
(10'~ cm) 

TABLE 5-1. 

GALLIUM CRYSTALS USED IN THE VELOCITY 

MEASUREMENTS. 

are the cosines of the angles formed between the a, b, and 

c crystal axes and the propagation direction, or plate normall. , 

The orientations of these crystals were chosen for computational 

simplicity: for wave propagation in directions perpendicular 

to the plates, two of the three off-diagonal terms in [14] are 

zero. As a result, the quasi-longitudinal velocities each 

involve, in addition to the previously measured diagonal 

elastic constants, only one off-diagonal constant. Also, pure 



transverse waves, with displacement polarized along the long 

dimensions of the plates, may be propagated in these specimens. 

The velocities of *ese pure transverse modes are each determined 

by only two diagonal constants, and their measurement provides-'* b 
a useful cross-check of the data obtained using the "on-axis" 

crystals. 

TABLE 5-2. DIRECTION COSINES FOR THE THREE OFF-AXIS 

.%_BBLLIUM CRYSTALS. 

As an example of this procedure we consider the measure- 

ments obtained using the 30 [Oil] - 2 crystal. In this case, 

k = 0, and from [161, qb = Ci, = 0. The solutions [15] 

to the secular equation are: 

, = ?v,' - G a 1 f . . .  (quasi-longitudinal) c,, - c,, 



cL6' = p % 2  (pure-transverse) 

(quasi-transver se) 

The measurement of the quasi-longitudinal mode velocity V, 

directly yields C2,, since this is the only elastic constant 

. -1- 2 - 1. w r u c r l  appears i n  the expressions for C 1 , , C , , and C , , 
when R = 0. The measurement of the pure transverse mode 

velocity V, (with displacement vector along the long dimen- 

sion of the plate), directly yields Ci,, which is a combina- 

tion of C,, -.L 
C6 6 

and thus provides a cross-check of 

these earlier-obtained elastic constants (see Table 5-6). The 

velocity V, of the quasi-transverse mode, polarized - 90' 
from the pure transverse wave, was not measured in our experi- 

ments, but w,-l~ld have provided another measurement of C,,, 

The fundamental (n = 1 in equation [I]) longitudinal-wave 

resonances were observed at frequencies between 2.4 MHz and 

2.9 MHz and the transverse-wave resonances between 1,5 MHz and 

1.8 MHz, for various crystal directions. Resonances corres- 

ponding to n = 1, 3, and 5 were observed in many instances. 

Static magnetic field strengths of 6 kG were normally used, 

although fields as large as 14 kG were applied to increase the 

signal-to-noise ratio of some resonances ( * ) .  Specimen 

( * )  Magnetic fields of this magnitude will change the sound 
velocity by only a few parts in a million and hence will 
not affect our results appreciably (see section 6.2). 



temperatures of 4.2OKl 77'K, or 273OK were obtained by filling 

the can' which surrounded the specimen holder wlth helium gas, 

and immersing it in liquid helium, liquid nitrogen, or an ice- 

water mixture. 

The measured velocities are presented in Tables 5-3, 4 

and 5. They have been calculated from equation [I], using 

plate thicknesses corrected for thermal expansion using the 

X-ray diffraction data of Barrett (53). In those instances 

where a group of peaks, rather than a single resonance, was 

observed In the frequency spectrum of the skin depth, the 

velocities were obtained from the data by taking for the value 

of fn the center frequency of the group, and the uncertainty 

assigned to f was the approximate half-width of the n 

frequency distribution of the group. This frequency uncertainty 

was in every case less than 0.2%, i.e., smaller than the un- 

ce "ainty in the plate thicknesses. The sum of these two 

uncertainties represents the total error in a particular 

measurement, and is shown in column five of Tables 5-3, 4 and 

5. The results of the cross-checks in the data are shown in 

column seven of these tables, and in Table 5-6, which compares 

the measured pure transverse wave velocities in the off-axis 

crystals with the appropriate combinations of previously 

measured diagonal elastic constants. Considering all of this 

data, we estimate the error in the velocity measurements to be 

0.3%. A discussion of a further possible error which may 

arise due to the presence of extraneous coupled vibrational 

modes in the plates is reserved for the next section. 
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Where.tw0 or more measurements in different crystals 

yield the same elastic constant, a weighted mean velocity 

was used in the elastic constant calculations. This mean was 

obtained by weighting the individual velocities in inverse 

proportion to their e~timated uncertainties. The elastic 

constants, calculated from the velocities using equations 

given in the previous section, are presented in Table 5-7; 

TABLE 5-7. THE ADIABATIC ELASTIC CONSTANTS OF GALLIUM 

(IN ~ O ~ ~ Y N E - C M - ~ ) .  



the diagonal Canstants are plotted as a function of temperature 

in Figs. 5-3 and 5-4. The densities used In these calculations 

are those obtained from the X-ray diffractfon data of Barrett 

(535 

The final accuracies of the elastic constants may be con- 

sidered by summing the estimated errors from various sources: 

errors in the frequency and thickness measurements and in the 

crystal orientation, a*, in the case of the off-diagonal 

constants, errors compounded in the computation. 

For the diagonal constants, Cii, the errors arising 

from crystal mfsorientations are small: a lo misalignment 

results in a maximum error of only a few hundredths of one 

percent in these constants. Thus the total error originates 

in.thervelocity measurement as discussed above, and is 

estimated to be t 0.6%. 

The off-diagonal constants, Cij, on the other hand, 

are subject to much larger errors. In the computation of 

these constants, errors arise from the compounding of the 

5 0.6% uncertainties in the Ciils which occur in the 

calculations. These errors may be as large as 2 12.7% for 

C 1 3 f  
+ 15.9% fox C,,, and + 5.4% 

( * )  These densities are: p(4.2OK) = 5.9836 g-cm-3, 
p(77OKP = 5.977 g-crn'3, 
p(293OK) = 5.91 g-cm'3. 







for C .  In addition, these constrants are extremely sensi- 

tlve to certaln alignment errors, as can be seen by calculating 

the sound velocities for various small rotations of the crystal 

axes within the plates. In particular, small rotations about 

the long dimensions of the [101], [Oil], and [110] specimens 

produce large errors in the constants: an alignment error of 

+ i0 about the a-axis in the [(Ill] specimen causes an error of 
"L ye 'L-- - - rnLh --: *.-.t-C: r,- ---..----- -A= 2 6.2% in '23' A AIL VI LQ C A V I L  QLL UA a ~ y  LIII ee speci- 

mens in these important direct~ons is + . 5 * ,  and the total 

errors estimated for the three off-diagonal constants are + 16% 

for C1 , + 22% for C2,, and + 6% for C .  It should be 

emphasized that these figures represent the maximum possible 

errors, and that it is very improbable that the actual errors 

in the results are this large. In any case, one can conclude 

that the off-diagonal elastic constants of gallium are temper- 

ature ~ndependent, within our experimental accuracy. 

The 273OK elastic constants measured by Roughton and Nash 

using the ultrasonic pulse-echo technique are (in units of 

10" dyne-cmm2): C,, = 9.8; C,, = 8.76; Cg: = 13.32; C k q  = 3.42; 

'56 = 4.2; C,, = 3.92; C;, = 3.26; C,, = 4.23; and C4, = 2.76 

(21). No accuracies for these constants were estimated by the 

authors. The diagonal constants are lower by 0% to 4.9% than 

the values presented here. It seems likely that the off- 

diagonal constants were calculated from the measured velocities 

using incorrect expressions; many errors have appeared in the 

literature 648) . 



The mean sound velocity, vm (approx.), calculated by 

means of the VRHG approximation method from the 4.2'K elastic 

constants is 2.965 x lo5 cm-sec-I. Substituting this velocity, 

q = 8, and V ,  = 1.547 x 10"~ cma ( 5 3 )  into equation [19] 

yields a Debye temperature, 

r . 7 h ;  w A A A L A ,  P.h A D  4 - in good agreement with t h a t  obtained by Phfiiips 

from specific heat meaqurements at low temperatures (201, 

The uncertainty in our value was found simply by changing 

the;eZastic constants-one aC atime and recalculating BD, 

which fortunately is relatively insensitive to the large 

errors in C,, and C .  It should be noted that the VRHG 

approximation almost always yields values of vm (approx.), 

and hence flD1 that are slightly higher than those obtained 

by numerically solving m&hrllion [20] (46). In the case of 

the otbr orthorhombic metal uranium, for example, v (approx. ) m 

is 0.86% higher than vm. Such a correction would further 

improve the agreement between the two measured Debye tempera- 

tures. 

5 .-4 Discussion 

The electromagnetic generation of acoustic waves in 

metals provides a simple method for making ultrasonic velocity 



measurements, by means of the continuous-wave resonance tech- 

nique. The questlon whlch must ultimately be answered, however, 

relates to the accuracy of this technique: to what extent does 

the sound velocity S in equation [I], derived for an infinite 

metal plate, approach the ordinary sound veloclty in the bulk 

metal? The problem arises because of the large number of vi- 

brational modes whach are coupled, m a rectangular plate, to 
1 

ir, -*L i .  the-fundamental t r a n s T ~ e r s z  ~r l~ngi t .c ld i f ia2  modes " w l i i ~ h  we 

r are-interested, and it is possible that these extraneous modes 

way oqnificantly affect the velocity measurements. In the 

"frat place, a ysoup of several resonances may often be 

~bsa~ved; replacing-the single resonance which is desired for 

an-unambfgneus-measuremenk of the velocity- The measurement 

precision is then limited by the frequency-spread of this 

group [although as we have seen in the prevlous section, this 

limitatibn does not exceed t 0 . 2 %  ln our measurements). 

Secondly, the resonance group may not be centered about the 

desired pure resonance frequency, but may be shifted by the 

coupling to the extraneous modes. We will now discuss this 

latter uncertainty. 

Theoretical investigations of the resonant vibrations 

in smgle-crystal plates have been motivated largely by the 

practical importance of piezoelectric resonators as electrical 

circuit elements. A recent review, with particular reference 

to the vibrations which couple to the thickness-shear modes 

in quartz plates, has been given by spender ( 5 4 ) .  The many 



modes which exist in an infinite plate -- thickness-shear, 
thickness-twist, extension, face-shear, and flexure -- are 

all coupled by the presence of the two sets of boundaries 
; 

in a rectangular plate, resulting in an exceedingly complex 

spectrum of resonances. For the specialan.~~~ropy of AT-cut 

quartz plates, Mandlin and Spencer ( 5 5 )  have computed the 

frequencies of a few of the strongest resonances whlch surround 

tkfundamental thickness-shear made, and identllried these 

resonances experimentally. In the words of these authors, 

however, "The resulting frequency scan of a quartz plate 

ppduces many more zesonances than can be accounted for by 

p~esent mathematical solutions.,.. The abundance of resonances 

in quartz plates might lead one to believe that any theory 

could be verlfied by:makins frequency measurements alone.!' 

Because of t h ~ s  complexity, a thezretlcal analysis seems 

to offer little hope of confirming the validity of this 

velocity measurement technique. We turn now to empirical 

evidence which at least provides an upper limit for any 

systematic error in the data which was presented in the 

previous section. 

This empirical evidence takes the form of two internal 

and two external checks of the data, 

Internal checks 

1) The transverse-wave velocities measured by this 

method in - 8  mm and .27 mm thick plates are in 



agreement (at all three temperatures) to within the 

accuracy of the latter measurement: + 1%. 

2) The velocities of transverse and longitudinal waves 

obtained by measuring the first, third and fifth 

harmonics (n = 1, 3, 5 in equation [l]) are in agree- 

ment to within 0.15%, in all cases in which these 

two or three harmonics were observed. 

These two internal checks are significant, since any shift 

of the frequency of the nth harmonic resonance from the value 

given by [I], due to coupling of extraneous vibrations, is 

expected to be a function of the width-to-thickness ratio of 

the plate, and of the order of-the harmonic (54). 

External checks 

1) The velocities measured by this method In a single- 

crystalline - -27 .-mn-thick.-plate-of- pure. aluminum at ' 

4OK, 7T•‹K, and.300?KI-a~e--in.agrewnt with the 

valueq published by Kamm and Alers (56), to within 

the accuracy of our measurements: + 1%. The 

velocities repnrted by Kamm and Alers for aluminum 

have an estimated accuracy of + .25%. 

2) The 4.2OK velocity of longitudinal waves propagat- 

ing along the b-axis in gallium has been measured 

by ~euringer and Shapira (57). Their value, 
i 

4.07 x lo5 cm-sec-' t 1.2%, is in good agreement 



with the velocity obtained in the present experiment, 

4.080 x 10' cm-sec-:. 

Although these four empirical checks place an upper limit 

of + 1% on the systematic error in our data, it seems probable 

that the error is indeed much less than t h i ~ ,  and that the 

absolute accuracies are, in fact, those estimated in the 

previous section, i.e., 2 0.3%. 

An authoritative comparison of this technique with con- 

ventional transducer methods must await a mare unambiguous 

settlement of the problem which has been discussed above. It 

should be noted, howexer, that an ultrasonic measurement survey 

by-Einspruch.and Trusll-(58) has indicated that most velocity 

measaremeats -probably- conhain, errors, of + - 3  %, although the 

eskimaked-accuracies may be much higher than this. Also, 

according to these authors, "... it seems doubtful whether 
the quality and reproducibility of available materials justify 

the considerable efforts required to make absolute velocity 

measurements to much better than 0.1%. ... it appears at this 
time that perfection of techniques for obtaining reliable 

relative measurements in the accuracy range of one part in 

10' or lo5 is of greater significance in the study of the 

solid state by means of physical acoustics than would be 

eurther improvement of absolute velocity measurement schemes". 

We shall turn to the measurement of small velocity changes 

in the next chapter. 



CHAPTER 6. FURTHER APPLICATIONS TO ULTRASONIC MEASUREMENTS 

Quantum oscillations 

6.1.1 Introduction 

Oscillations in many transport properties of pure metals 

at low temperatures have as their origin the quantization of 

electronic energies by an external magnetic field. The applica- 
+ 

tion of a magnetic field B, in the z-direction quantizes the 

electron motion in the x-y plane; only those orbits are alT . . ~ d  

which contain an integral multiple (apart from a phase factor, 

y )  of the fundamental, flux quantum, ZIT %c/e gauss-cm2. The 

result of this real-space quantization is to constrain the 

electron energies to lie on cylinders in k-space whose axes 
-f 

are parallel to the direction of B,, and whose areas in the 

kx-ky plane are given by 

2 cm' , n=1,2,3 ... [I1 

As B, is increased, these cylinders enlarge, and are swept 

through the Fermi surface, causing the energy of the electron 

as~embly to oscillate with a frequency 

where So is an extremal area of the Fermi surface in the 

k - k plane, measured in units of cmm2. 
X Y 



The appearance of these oscillations in the low temperature 

magnetic susceptibility is known as the de Hass - van Alphen 
effect; related quantum oscillations have been observed in the 

electrical and thermal conductivities, thermoelectric power, 

surface impedance, and other transport properties of pure metals. 

A review of the theoretical and experimental aspects of the de 

Haas - van Alphen effect, with references to these associated 

quantum cscillaticns, hzs r e c e n t l y  been given by Gold ( 5 9 ) .  

Since the propagation of acoustic waves in a metal is 
'6; 

coupled to the conduction electrons, quantum oscillations may 

also be expected in the ultrasonic attenuation and velocity at 

low temperatures. Quantum oscillations in the attenuation have 

been observed in a large number of metals ( * ) ;  velocity oscilla- 

tions have been reported in bismuth (611, gold (621, beryllium 

(63), aluminum and copper ( 6 4 1 ,  tin (65), and, in magnetic 

fields over 50 kG, in gallium ( 5 7 ) .  

We,have observed several oscillation frequencies in both 

the ultrasonic attenuation and velocity of gallium at fields 

as low as a few kilogauss, by measuring the change in line- 

width and frequency of the acoustic resonance in the skin 

depth. Although we have not made a comprehensive study of 

these oscillations in various crystal directions, quantitative 

( * )  A review of experimenbal studies of various types of 
magnetoacoustic oscillations is given by Roberts(6O). 



data pertaining to one particular oscillation were obkained 

whicp may be compared to theoretical predictions by Rodriguez 

and Quinn (66,67), and to experimental measurements of this 

same oscillation at high fields by Neuringer and Shapira (57). 

6.1.2 Experiment and results 

Since the frequency of the acoustic resonance in the skin 

depth of a metal plate is virtually independent of the magnitude 

+ 
of B, ( * ) ,  the magnetic field may be swept while the oscillator 

frequency remains at resonance. Such field sweeps of the re- 
+ 

active skin depth, with B, lying in the plane of the specimen 

and parallel to the rf-coil axis, are shown in Fig. 6-1, For 
%-- 

-f 
this crystal (Ga 30 AB - 1) and geometry, B, was parallel to 

the b-axis, and longitudinal waves, propagating along the a- 

axis, were generated. In Fig. 6-l(a) the oscillator frequency 

was set so that no resonance effects were observed, and in 

(b) the field was swept with the frequency set at the center 

of the acoustic resonance. Although, at higher gains, quantum 

oscillations may be seen in the skin depth in the absence of 

acoustic wave resonance (see Fig. 3-91, Fig, 6-1 shows that 

these oscillations are greatly enhanced by the acoustic resonance. 

The reason for this enhancement in the observability of the 

oscillations is that the measurement indicated by Fig. 6-l(b) 

is extremely sensitive to small changes in acopstic velocity, 

( * )  See section 6.2. 





SR: a change in resonant frequency amounting to a small fraction 

of the line-width results in an easily detectable change in 

the reactive skin depth. This effect has recently been reported 

in tin, by Gaidukov, Perov, et.al. (65). 

The measured frequencies of three quantum oscillations, 

+ \ 

with Bo lying along the a, b, and c-axes, are listed in 

Table 6-1; each of these three oscillations was observed in the 

velocity of both longitudinal and transverse waves. Our fre- 

quencies are seen to be in goad agreement with those obtained 

from the de Haas - van Alphen measurements of Goldstein and 
Foner (68) and Shoenberg (691, and from the magnetoacoustic 

attenuation measurements of Shapira and Lax (70). The fre- 

+ 
quencies of the .338 MG, B, 1 )  b oscillation which were obtained 

from longitudinal and transverse-wave resonances in three 

different specimens were in agreement to within 0.5%. 

Fig. 6-2 shows a recorder trace similar to Fig. 6-l(b) but 

with higher amplifier gain; B, is perpendicular to the propa- 

gation direction of the longitudinal waves. Since the oscilla- 

tion in the resonance frequency is a small fraction of the 

line-width, the sound velocity oscillations are reproduced 

essentially linearly by changes in the reactive skin depth, and 

the ordinate of Fig. 6-2 is proportional to ASR/SR. The 

rekorder traces of Fig. 6-3 were obtained by sweeping the 

oscillator frequency with the magnetic field set equal to the 

values indicated by the two arrows in Fig. 6-2. From such 

traces the amplitudes of the attenuation and velocity ~scillations 
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may be determined directly, and compared with tide theoretical 

predictions. It can be seen from Fig. 6-3 thati the acoustic 

attenuation passes through a maximum when the velocity is at 

a minimum. 

I 6.1.3 Discussion 

Rodriguez (66) has derived an expression which predicts 

the amplitude of the quantum oscillations in the velocity of 

longitbdinal sound waves which propagate at right angles to 

an applied magnetic field in a metal. This derivation con- 

siders the oscillations which arise in the bulk modulus, and 

hence in the longitudinal sound velocity, due to the thermo- 

dynamic relatibnship between the bulk modulus, K, and the 

Hemholtz free energy, A, in an isotropic solid: 

For oscillations arising from a group of electrons which can 

be described by a parabolic dispersion law and an effective 

mass, m*, Rodriguez' result (equation [29] of reference (66)) 

may be written: 

where EF is the Fermi energy, and g is the spectroscopic 

splitting factor. The above approximations are not strictly 



valid for the case of gallium, which has a complicated Fermi 

surface and anisotropic elastic properties. 

Fig. 6-4 shows a plot of equation [4], with T = 1.5OK, 

g = 2, EF = 10.5 eV ( * I ,  S g  = 4.322 x lo5 cm-sec-' (velocity 

of longitudinal wave propagating along the a-axis), m* = .051 m 
-+ 

(effective mass appropriate to this oscillation, B,llb-axis (71)), 

and vdlS,c/(eB,) = ~TvF/B,, where F = 0.338 MG is the measured 

frequency of the oscillation. The first ten terms in the sum 

in equation [41 were included in the calculation. There is .. 
quite striking agreement between the experimental and theoretical 

line-shapes shown in Figs. 6-2 and 6-4. The amplitudes are in 

agreement to within an order of magnitude (Table 6-2), although 

the amplitude of the experimentally observed oscillations in- 

creases more rapidly with magnetic field than is predicted by 

Rodriguez' theory. 

It is interesting to note that the predicted magnetic field 

dependence can be adjusted to agree with the data by making a 

correction for the broadening of the Landau-levels. This 

correction consi$ts of multiplying each term in the series in 

[4] by a factor exp [-2r'vk~~/ 6 wc) 1 where TD is the Dingle 

temperature (59). Fig. 6-5 shows the predicted oscillation for 

TD = 3.5OK. The magnetic field dependence obtained from this 

plot is compared to the observed dependence in Fig. 6-6, where 

( * )  This is the free-electron Fermi energy calculated assuming 
3 conduction electrons per atom, and a spherical Fermi 
surface, 







AMPL/TUDF O F  THE QUANTUM 



I THEORY (a) I EXPERIMENT 

(a) : equation [4]. 

TABLE 6-2. AMPLITUDES OF THE QUANTUM OSCILLATlIONS 

IN THE LONGITUDINAL SOUND VELOCITY. 

the experimental points have been normalized to agree with the 

theoretical curve at Bo = 14 kG. A comparison of Figs. 6-2, 4, 

and 6 shows that the Dingle temperature correction lowers the 

predicted amplitude of the oscillations by an order of magnitude, 

and considerably worsens the absolute agreement with the experi- 

mental results. Further, the line-shape agreement is destroyed 

by the Dingle term, and it must be concluded that the free- 

electron theory fails to predict quantitatively all of the 

observed features of the quantum oscillations in the sound 

velocity in gallium. 

Neuringer and Shapira (57) have measured the amplitude of 

quantum oscillations in the velocity of sound in gallium for 

magnetic fields between 50 kG and 140 kG. In their experiment, 
-& 

B, was also applied along the b-axis, but was parallel to the 



sound propagation. Equation [4] is claimed to be valid for 

this case also (66). In addition to the 0.338 MG oscillation 

discussed above, they observed a second oscillation frequency 

at 0.725 MG, which complicated the interpretation of their 

results. Although their measured value for ASQ/SQ ( " 0.1%) 
is in order-of-magnitude agreement with the prediction of 

Rodriguez' theory ( * ) ,  they found no measurable change in the 

amplitude of the oscillations with magnetic field, in the 

interval between 50 kG and 140 kG. 

Beattie (64) has compared his measurements of ASQ/SQ in 

aluminum and copper to the Rodriguez theory, and also found 

order-of-magnitude agreement. He corrected the theory for 

Landau-level broadening by using Dingle temperatures (O.g•‹K for 

aluminum and 0.5OK for copper) which were obtained from the 

observed magnetic field dependence of the oscillations. 

Rodriguez and Quinn (66,67) have derived an expression 

for the amplitude of the quantum oscillations appearing in the 

acoustic attenuation. Combining equation [23] of reference (66) 

( * )  Neuringer and Shapira's results are in approximate agree- 
ment with the theory only if the free-electron Fermi 
energy, EF = 10.53 eV is used in [4], and not the effective 
free-electron Fermi energy EF = 0.076 eV, which was used 
by Neuringer and Shapira. That this change should be made 
was pointed out by Beattie (64), who claims that by using 
m* = 0.051 m, and EF = 0.076 eV in [4], Neuringer and 
Shapira have accounted twice for the size of the electron 
pocket which is involved in these oscillations. Accord- 
ingly, we have used the free-electron value, EF = 10.53 eV, 
in the above calculations. 



and equation [21] of reference (671, we can write for the 

oscillatory part of the longitudinal wave attenuation, with 
+ 
B, perpendicular to the direction of propagation, 

where z is tbe number of electrons per atom and M is the 

ionic mass. The appearance of the electronic relaxation time, 

T which is not known for our gallium specimen, presents a 

difficulty in comparing this expression to our experimental 

results. If we asspme that at 1.50KI T = lo-' sect ( * )  the 

calculated amplitude of aosc. at 14 kG is 1.31 x cm-l, 

which is almost 300 times smaller than the observed value of 

3.6 x 10'%m--'. Although this is the first comparison of 

the Rodriguez-Quinn theory to experimental results in gallium (t), 

Beattie found that the observed oscillation amplitudes in 

copper and aluminum were over three orders of magnitude larger 

( * )  The value T = 10" sec is consistent with a Fermi velocity 
of 10' cm-sec-' and an electron mean free path of 1 cm, 
as estimated by Yaqtib and Cochran (419. Relaxation-time 
measurements in gallium at helium temperatures also yield 
values of this order of magnitude (72,73). 

(4') The attenuation+meaprements of Shapira and Lax (70) were 
obtained with Boll q, and the above theory is not applic- 
able to this case. 



than theoretically predicted. Our results substantiate Beattie's 

conclusion that this theory does not predict the correct ampli- 

tude for quantum oscillations in the attenuation of metals. 

6.2 Small changes in the ultrasonic velocity 

Introduction 

mL,. -A~-..-,.-,.-L- a----: L-3 
A L L S U 3 U ~  G A L L G A A  ~3 UG3LL LWGU i i i  the previous sectioii isvedied 

oscillations in the low-temperature velocity as small as one 

part in lo4, simply by recording changes in the reactive skin 

depth at the acoustlc resonance frequency of the plate. At 

higher temperatures, where the acoustic resonance lines may 

be a thousand times narrower than those discussed above, the 

measurement of extremely small velocity changes becomes 

possible without any modificatioq of the technique. A com- 

prehensive review of the measurement of very small velocity 

changes and their use in the study of solids has been given 

by Alers ( 7 4 ) .  

One origin of small velocity changes in a metal is the 

application of a static magnetic field. Consider the geometry 

discussed in Chapter 2: a transverse wave, polarized along 

the y-axis, propagates in the z-direction parallel to the 
+ 

external magnetic field, B,. The effect of the field on the 

sound velocity is due to the Lorentz interaction between 50 
and the ac Hall current which flows in the x-direction. Accord- 

ing to equation [2-161, this transverse current in the metal is 



and the Lorentz force density is 

The equation of motion of the ions in the interior of the 

metal may then be written 

where St(0) is the transverse sound velocity in the absence 

of a magnetic field. For transverse waves propagating parallel 

to an applied magnetic field, therefore, 

This simple argument is correct, of course, only in the 



approximation that equations [2-101 and [2-161 correctly describe 

the transverse electric field and current which exist in the 

metal due to the passage of the acoustic wave, and is therefore 

subject to the same conditions as the phenomenological model 

presented in Chapter 2. 

Alpher and Rubin (75) were the first to present a macro- 

scopic theory for this effect, Rodriguez (23) has treated the 

problem microscopically, using the formulation which we have 

reproduced in Chapter 2. In the regime where w-r << 1, qR << 1, 

and w T << 1, the results may be obtained directly from the 
C 

dispersion relation [2-321 : 

where SR and St are the longitudinal and trmsverse sound 
-+ 

velocities, and e is the angle between B, and the direction 

of wave propagation. It should be remembered that these pre- 

dictions are based on the model of a free-electron gas embedded 

in an isotropic background of positive charge, In this approxi- 

mation the metal conductivity enters equations [6] and [71 only 

through the term 4(q6,)", which is negligible for good con- 

ductors at megahertz frequencies, 



The most comprehensive experimental study of this effect 

has been carrred out by Alers and Fleury ( 7 6 )  who measured the 

sound velocity changes in single crystals of the cubic metals 

Cu, Ag, Au, Al, Ta, and V in external fields of up to 21 kG. 

They found excellent agreement with the theory for high- 

conductivity metals where the term 4(q6,)4 is unimportant, 

and only slight disagreement for those metals in which this 

Whn4 %- V , - . " 7 7 1  t.- -4-  A term is m t  n e c ; l i ~ i b l e , .  ,,,,A,, ,, =.2OK irA I L A Y A A  1.4-L --..- rUL I ;& . -  LY 

copper indicate that f ~ r  some field directions, corregponding 

to the open-orbit directions in copper, the expressions [ 6 ]  and 

[7] no longer apply. 

6.2.2 Results and discussion 

We have observed frequency shifts in the acoustic resonance 

lines at 77OK in a single crystal of gallium (specimen 30 A -1) 
B 

as a function of magnetic field for parallel and perpendicular 

fields of up to 14 kG. These shifts were obtained by measuring 

the frequency of a resonance line at a low magnetic field (2 kG) 

and then at successively higher fields. 

The velocity (and hence resonance frequency) changes pre- 

dicted by [ 6 ]  and [ a ]  are of the order of a few parts per 

million (ppm) for an external field of 10 kG, and hence we 

must be able to measure the frequency shifts with a precision 

of approximately 0.1 ppm. Since the sound velocity depends on 

temperakure with a coefficient of approximately 500 ppm per 

Kelvin degree (see Figs. 5-3 and 5-4), temperature drifts must 



be kept to less than O.OOl•‹K over the time taken for a measure- 

ment. It was fqund that immersing the specimen can, filled with 

helium gas, in liquid nitrogen provided sufficiently stable 

temperatures: the resonance frequency changed by only a few 

ppm from one day to the next, and the temperature drift correc- 

tions which were applied to the velocity shifts were less than 

0.5 ppm. 

Some typical results are shown in Fig. 6-7. These data 

were obtained from the fundamental (n  = 1) resonance with the 

magnetic field parallel to the specimen; this geometry corres- 

ponds to the generation of longitudinal acoustic waves. Six 

fairly strong peaks in the resistive skin depth were group&d 

within 0.1% of this longetudinal resonance frequency (Fig. 6-8), 

and the frequency shift of the strongest of these peaks, in- 

dicated by an arrow in Fig. 6-8, was measured. 

It can be seen from Fig. 6-7 that the fractional velocity 

(frequency) shifts are proportional to B:, as predicted by 

equation [6]. The circular data points drawn in this figure 

have a diameter which corresponds to + 0.1 ppm, which is 

approximately the scatter exhibited by the results. The slope 

of the experimental straight line, however, is not in agreement 

with that calculated from [6] using 8 = 9O0, and the velocity 

for longitudinal sound propagating in this (a-axis) crystal 

direction. The predicted behaviour is represented by the solid 

line in Fig. 6-7. The velocity shifts of resonating transverse 
-F 

waves (Bo perpendicular to the plq*, 8 = 0') were similarly 







proportional to B; with slopes iq disagreement with [7]. In 

this case, the observed shifts were less than those predicted 

by the theory. Although the reasons for these apparent dis- 

crepancies between experiment and theory are not understood, 

it should be noted that these results represent the first 

measurement of the field-dependence of the sound velocity in 

a non-cubic metal. 

The precision of + 0.1 ppm in the measurement of ultra- 

sonic velocity displayed by Fig. 6-7 is as high as any that has 

previously been reported (74). This precision is due in part 

to the extremely low acoustic attenuation in gallium, but it 

should be emphasized that the technique is considerably more 

simple than other methods. Most  recision velocitycchange 

measurements have been made using the pulse sing-around technique 

developed by Forgacs (77) which involves complex pulse circuitry. 

Beattie (64) has used a continuous-wave resonance method (78) 

in which the specimen, transducer, and bound form a composite 

oscillator which exhibits strong impedance variations at the 

acoustic resonances of the system. Continuous-wave phase cm- 

parison methods have been used by Blume (79) and by Beattie 

and Uehling (80,81). 

The transducerless resonance technique described above 

could be further improved by some refinement of the rather crude 

data-taking process, such as by digitalizing the frequency and 

voltage data while slowly sweeping the frequency through an 

acoustic resonance, Although such refinements may well make 



precision measurements possible in higher-attenuation specimens, 

an appreciable increase in the precision beyond + 0.1 ppm may 

be frustrated by the difficulty in stabilizing the temperature 

of the sample. 

Observations of singularities or oscillations in the sound 
i 

velocity as a function of a variable such as magnetic field 

are not as susceptible to small tenaerature drifts, and may 

be made with extreme sensitivity. A singularity with an ampli- 

tude of 1 part in 10' woq'ld result, with the present apparatus, 

in a detectable change in the reactive skin depth at one of 

the 97OK acoustic resonances in gallium. Measurements of such 

sensitivity, however, would require an oscillator having a very 

stable frequency. 

6.3 Absolute ultrasonic attenuation 

The method of determining the acoustic attenuation by 

measuring the quality factor, Q I  of mechanical resonances 
f 

in plapes or rods is well known (78,l). We have not carried 
4 

out a systematic study of the ultrasonic attenuation in gallium, 

but discuss here some observations that were made during the 

accumulation of the data presented in this thesis. 

The data shown in Fig. 4-8 for the variation of the Q of 

a transverse-wave resonance with temperature may be inverted 

to obtain the attenuation coefficient, a, from the relation 





The resulting plot of m vs, T, shown in Fig. 6-9, exhibits 

the general characteristics that were observed far both trans- 

verse and longitudinal waves in many specimens: 

1. a sharp decrease in attenuation as the temperature is 

increased from 1.5'Kf corresponding to a decrease 

in the electrical conductivity, 

2 .  a minimum in the attenuat.ion in the neighbourhood of 

50•‹K. 

3. a very slow, possibly linear, increase in the attenua- 

tion as T is increased from 50•‹K. 

In single metal crystals, most of the acoustic absorption 

at low megahertz frequencies and at temperatures above - 50•‹K 
is due to extended faults called dislocations (47). The most 

remarkable feature of our attenuation vs. temperature data is 

the extremely small contribution of this non-electronic dampingo 

At helium temperatures the absorption is almost entirely due 

to the conduction electrons; at room temperature the observed 

attenuation of - 2 x 10-"m-' is orders of magnitude smaller 

than the attenuation in many other metals, e.g,, aluminum (821, 

and copper (83). This result is consistent with the findings 

of Hikata and Elbaum (841, who have reported the only other 

absolute attenuation measurements in gallium. These authors 

investigated the room-temperature acoustic attenuation of 

longitudinal waves propagating in the three principal directions 

as a function of frequency, amplitude, and plastic deformation. 



damping does not contribute appreciably to the attenuation 

in gallium, although they do not comment specifically on the 

extremely low attenuations observed. The room-temperature 

measurements obtained by Hikata and Elbaum at 200 MHz, extra- 

polated to 5 MHz assuming a frequency-squared dependence, yield 

attenuations of 10" to cm'bwhich are of the same orders 

of magnitude as those observed at 273OK in our experiments. 

The measured attenuations at 4.2OK were slightly higher 

for longitudinal waves (a = .050 to .095 cm") than for trans- 

verse waves (a = .003 to .037 cm"). No variation of attenua- 

tion with magnetic field was observed for transverse waves, 

for fields between 2 kG and 14 kG. For longitudinal waves, 
+ 

in the one orientation that was examined (B ( 1  a-axis; 
0 

!! b-axis), the attenuation was found to increase slightly 

with magnetic fiqld strength, showing an approximately linear 

variation between .059 cm-I at 4 kG and .073 cm-I at 13 kG. 

The 4.2OK longitudinal attenuations obtained using two crystals 

of similar orientation (Ga 30 A - 1 -7;d Ga 30 AB - 2) differed B 

by 30%, an indication that the electronic attenuation depends 

strongly on'slight differences in crystal orientation or purity. 

* 



- 152 - 
CHAPTER 7. CONCLUSIONS 

The experimental results obtained using gallium single 

crystals lead us to believe that the phenomenological model 

of Turner, Lyall, and Cochran (17) provides the correct des- 

cription for the electromagnetic - acoustic coupling in thin 

metal plates, within a limited range of frequency and magnetic 

field. The observed singularities in the surface resistance 

and reactance, arising from electromagnetically-excited acoustic 

resonances, displayed the Lorentzian lineshapes predicted by 

the theory. The resonance amplitudes at high temperatures 

varied as B: and cos28, in agreement with [2-131; devia- 

tions from this behaviour at helium temperatures are due to 

the cosplicated magnetic field dependence of the electronic 

attenuation of the acoustic wave. The absolute amplitude of 

the surface impedance singularity arising from the transverse- 

wave resonance at 4.2OK was found to be in good agreement with 

the qmplitude predicted by the model. The origin of the 

anomalously high resonance amplitudes which were observed for 

transverse waves in two crystals as the temperature was re- 

duced from 4.2OK, however, is not understood. 

The acoustic velocities measured by the continuous-wave 

resonance technique in single crystal gallium plates have an 

estimated uncertainty of + 0.3%, and the elastic stiffness 

constants calculated directly from these velocities, an un- 

certainty of + 0.6%. Although much higher uncertainties must 

be assigned to the indirectly measured elastic constants, the 



low temperature data yield a value for the Debye temperature 

of gallium, BD = 328.8 + 3.3'K, which is in agreement with 

that obtained from the low temperature specific heat measure- 

ments of Phillips (20), (OD)S.H. = 324.7 + 2'K. This is the 

first comparison between the Debye temperatures obtained from 

low temperature ultrasonic and specific heat data for a metal 

with orthorhombic crystal symmetry. 

The three measured frequencies of quantum oscillations 

which were observed in the ultrasonic velocity and attenuation 

of gallium are in excellent agreement with those obtained from 

de Haas-van Alphen (68, 69) and magneto~coustic attenuation 

measurements (70). In a magnetic field of 14 kG perpendicular 

to the propagation directi~n of longitudinal waves, the ampli- 

tude of the velocity oscillations is approximately 0.1% of the 

ul,&ason.&c velocity, whereas the apparatus is capable of de- 
> - 

tecting low-temperature oscillations as small as one part in 

lo6. The amplitude of the quantum oscillations in the velocity 

is in agreement to within an order of magnitude with that 

predicted by the free-electron theory derived by Rodriguez (66). 

The theoretical magnetic field dependence, hbever, is not 

observed. The oscillation in the attenuation is mare than 

two orders of magnitude larger than that predicted by ~odrigbez 

and Quinn (66,67). Other comparisons of theories with measure- 

ments in aluminum and copper (64) and in gallium (57) have led 

to similar discrepancies. The conclusion from these results 

must be that the amplitudes of the quantum oscillations are 



sensitive to properties of the Fermi surface which are not 

accounted for in the free-electron theories. 

Measurements of the surface impedance resonance line- 

widths reveal a large electronic contribution to the attenuation 

of both longitudinal and transverse ultrasonic waves at tempera- 

tures below 40•‹K. At higher temperatures, the extremely small 

absolute attenuations ( *  10"' cm-9 result in resonance line- 

widths as narrow as 12 hertz at a frequency of 5 megahertz. 

Small changes in the ultrasonic velocity are easily detectable 

as frequency shifts of these narrow resonance lines. Our 

measurements at 77OK indicate that the velocity shift varies 

as the square of an applied magnetic field, with a scatter in 

the data of one part in lo7. The functional form of this 

magnetic fleld dependence-of-the-veloc~ky-is in agreement with 

the theory ( 7 5 1 ,  but a discrepancy between-the size of the 

observed shifts and those predicted by the theory is not under- 

stood, 

The results presented in this thesis demonstrate that the 

electromagnetic generation of acoustic waves at the surface 

of ametaloffers a new and powerful tool for the study of 

ultrasonic effects in metals. When this method is used to 

excite resonant acoustic modes in thin plates, large signals 

may be observed in the surface impedance, especially in metals 

which are characterized by a low acoustic attenuation. The 

advantages inherent in such a technique over conventional 

methods employing piezoelectric transducers are several. The 



most notable, especially for low temperature work, is that the 

ultrasonic properties of a metal specimen may be investigated 

without the need for making any physical contact to its surface. 

Further, the amplitude of the generated acoustic wave can be 

simply calculated if the intensities of the electromagnetic 

and static magnetic fields applied to the specimen surface are 

known. Measurements may be made on very small specimens, and 

the instrumeni;ai;ion required is exizre~nei~ simple.  it is 

anticipated that these advantages will stimulate fusure applica- 

tions of the electromagnetic-acoustic interaction to ultrasonic 

studies, not only in pure metal plates, but in alloys, super- 

conductors, semiconductors, and liquid metals. 
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APPENDIX B. INDIUM-TIN ALLOY SPECIMENS 

The rectangular plates of indium - 3% tin alloy used to 
calibrate the rf detection system were prepared using a mold- 

ing technique developed by Mr. D. Gabel. The apparatus is 

shown in Fig. B-1. Indium and tin metal were placed in the top 

glass funnel, and were heated by means of two electrical resist- 

ance tapes: one wrapped around the funnel, and the other 

around the body of the mold. The entire process of melting 

and crystallization was carried out within the Bell jar of a 

vacuum system, at a pressure of to lom5 torr. Flat, 

smooth surfaces were obtained by molding the specimens against 

mica wafers; upon removal of the plate from the mold, the mica 

was easily stripped off, leaving only an extremely thin mica 

layer on the surface. The mold itself was held together by 

clamps and screws, and was easily disassembled. 

The three plates produced by this technique, measuring 

0.8 cm by 3.8 cm, and having thicknesses of approximately 

0.26 mrn, 0.40 mrn, and 0.80 mrn, displayed surfaces which appeared 

mirror-smooth. X-ray back-reflection Laue photographs 

showed that one of the plates was in fact a single crystal 

and the other two consisted of only a few crystallites, 

even though no particular care had been taken in the heating 

and cooling of the mold. It seems likely that smooth-surface, 

oriented single crystals of low-melting-point metals and 

alloys may be grown in this manner, if a seed crystal is 

placed at the bottom 3f the mold, and a more controlled 
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heating technique is used. 

Each rectangular alloy plate was accompanied from the 

mold by a 4 cm - long, 2 mm - diameter wire, obtained by 
dissolving the top glass funnel with hydrofluoric acid. The 

room- and helium-temperature resistivities of these wire 

specimens were measured using the standard four-terminal 

method. Measurements of the resistivities of different seg- 

ments along the wire yielded identical results, indicating 

that the alloys are homogeneous. Also, the resistivities 

of the three specimens were equal to within a few percent, 

which was the uncertainty in the alloy composition. The 

following measured parameters are typical, and were obtained 

using the wire which was grown together with the 0.26 mrn 

plate: 

wire diameter: 

wire length: 

resistance at 4.2'K: R4 . 2  = 1.046 x Q+ 0.5% 

resistivity at 4.2OK: '4.2 = 1.17 x 10'~Q-cmk 2.8% 

resistance at 300•‹K: R300 = 7.41 x 10'" 

resistivity at 300•‹K: p300 = 8.30 x 10-" - cm. 

The calculated classical skin depth at 4.2'K and 7 MHz 

is then 

cm 



where 

0;; = 
9 ic icN 

esu .  
f i 2  

The residual-resistivity ratio, ~300/'4. 2 '  is 7.1. The 

measured resistance ratio in pure indium is 1.65 x lo4, and 

the estimated electron mean free path, R, In that material 

is 5 x 10'~ cm (Appendix C ) .  Since we expect R to be in- 

versely proportional to the residual resistance, the mean 

free path in the alloy is 

Thus i A / 6 k Q =  2.1 x i( 1, and the condition for the 

validity of the classical-skin-effect theory is satisfied. 
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APPENDIX C. THE ANOMALOUS SKIN DEPTH IN PURE INDIUM 

C.l Introduction 

The theory of the skin effect for free electrons has been 

given by Reuter and Sondheimer (85). Their results for the 

anomalous limit, 161/R << 1, where R is the electronic 

mean free path, are 

for diffuse scattering Ip=Ob of the electrons at the metal 

surface, and 

for specular scattering (p=l). 

Pippard (86,871 has generalized the anomalous-skin-effect 

theory to include metals having an arbitrary Fermi surface. 

He has shown that the anomalous limit is characterized by 

the following three properties: 

(ii) 6xf are proportional to u-'h 

(iii) &xr 6~ are independent of the purity of the 

metal. 

We have been motivated to measure the anomalous skin 



depth in pure polycrystalline indium for two reasons. In the 

first place, a measurement of the ratio 6x/6R provides, 

through the property (i) above, a convenient test of the phase 

calibration of the rf detection apparatus, Seccndly, skin- 

depth measurements at low radm-frequencies (881, and at 

microwave frequencies (89) are not in agreement with prediction 

(ii), and a measurement at an rntermediate frequency was felt 

L- L- - . - - L L - - L  ' 
L" ~ t :  Y Y U L L ~ L W L A ~ L ~ ~  Ii sliotild be rioted khak t h e  r 'requency de- 

pendence Oii) has been shown to hold over a frequency range 

cf 7 decades I n  t i n  (&8,:9(3). 
t 

In the follcwing sections we present the details of the 

preparation of pure indium polycrystalline specimens, and 

discuss the results of the measurements of the reactive and 

resistive skin depths at frequencies sf 7.00 MHz and 5 , 3 8  MHz. 

C.2 Specimens 

Polycrystalline indium plates were prepared by rolling 

and electropolishing 99.9999% pure indium metal . A .36 mm 

thick sheet was first rolled, in one direction only, between 

layers of mylar film, and was then etched so that the poly- 

crystalline structure could be examined, This sheet was then 

electropolished to a final thickness of 0.260 mrn + .005 mm, 

following the procedure outlined in reference (911. The 

etching solution was made up of 400 cc ethanol, 20 cc hydro- 

chloric acid, and 4 g picric acid, Finally, two 0.8 cm x 

( * )  99.9999% pure indium, in the form of %-inch-diameter 
wire, was obtained from the Consolidated Mining and 
Smelting Company of Canada, Limited, Montreal, Quebec. 
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2.35 cm plates were spark-cut from the sheet, their long 

dimensions parallel an# perpendicular to the direction of 

rolling . 

The surfaces of the finished specimens were examined 

microscopically, and except for small pock marks were smooth 

to,much better than 1 p. The electropolishing process pro- 

duced a slight waviness in the surface, With deviations from 

flatness amounting to approximately 1 w over a lateral dis- 

tance of 100 p .  The average grain diameter in the poly- 

crystalline sheet after rolling and etching was estimated 

to be approximately 1 mm, with a few grams having a length 

of up to 4 mrn. No preferred orientation was visibly apparent, 

although no quantitative measurement to determine grain 

orientation was made. 

The ratio of the room-temperature and helium-temperature 

resistivities of a 1 mm-wide strip, spark-cut from the electro- 

polished sheet, was measured and found to be 1.65 x lo4. This 

is in agreement with the value obtained in this laboratory in 

an earlier experiment, using a different batch of indium from 

the same source. The electronic mean free path of that 

material was estimated to be approximately 5 x cm at 

4OK (88). 

C.3 Results and discussion 

Transitions between the superconducting and normal states 

of the pure indium specimens were induced by switching on a 



static magnetic field in a direction parallel to the plate. A 

small correction for the normal-state magnetoresistance, amount- 

ing to approximately 1% for a 300 G magnetic field, was applied 

to the data, which then agreed with the results obtained by 

warming the specimen through the transition. A typical re- 

corder trace is shown in Fig. C-1. 

The experimental results are presented In Table C-1. 

Specimens A and B have their long dimensions perpendicular and 

parallel, respectivley, to the direction in which the poly- 

crystalline sheet was rolled. The predicted ratio of the 

6 
SPECIMEN 

1 (lo-" cmj 

FREQUENCY 

(MHz 1 

tan-' (6$6 

(degrees) 

I 

TABLE C-1. REACTIVE AND RESISTIVE SKIN DEPTHS 1N INDIUM 

I 

reactive and resistive skin depths, tan-' (6x/6R) = 60•‹, is 

obtained in each measurement, within the estimated 4 1.5' 

phase uncertainty. Confidence in the phase calibration of 

the detection apparatus is thus reinforced. 



F/G. C- /* 3-N TRA/YSIT/ON /iV PURCI 
POL YCR YS TALL INE /ND/UM. 



In Fig. C-2 the reactive skin depths are compared with 

those obtained at 10' - lo9 Hz by Lyall and Cochran (88) and 
at 3 x lo9 Hz by Dheer (89). In each case straight lines 

have been drawn whose slopes, Sx = 6x/f- 15, should be equal 

according to the anomalous-skin-effect theory. Two lines are 

drawn for the low-frequency data of Lyall and Cochran: line (a) 

has the slope of the actual data taken at frequencies between 

i n 3  TT- - - A  
A" L I L  a i L u  L K 1 6 %  Ez, an4 1 Liie EL) iids t h e  sivpe obtained by 

fitting this data to the free-electron theory (85,92) and 

extrapolating to the extreme anomalous limit (88). This ex- 

trapolation is based on the assumption of diffuse electron 

scattering at the metal surface; the assumption of specular 

scattering leads to a line just slightly steeper than line (b). 

It is interesting to note that the measured skin depths 

of the two specimens A and B differ by less than the absolute 

uncertainty of r 3% assigned to the data, although Table C-1 

does indicate a slight systematic difference between the two 

plates. Since the low-frequency data of reference (88) have 

an uncertainty which is indicated by the separation of the 

lines (a) and (b), they are in agreement with the present 

results. 

According to [I] and [ 2 ] ,  the measurement of the anomalous 

skin depth yields, for free electrons, a characteristic 

property of the metal: 





where no is the density of charge carriers with charge (-e), 

and PF is their Fermi momentum. The values of a,/& cal- 

culated from skin-effect measurements are compared with the 

dc size-effect data in Table C-2, where all values were ob- 

tained under the assumption of diffuse electron scattering at 

the metal surface. The value listed for the low-frequency 

experiment (reference 88) corresponds to the extrapolated data 

(line (b) of Flg. C-2 1 . 

It should be noted that Dheer's tv,alue is the result of 

averaging single-crystal measurements over various orienta- 

tions, and that the d~screpancy between his value and ours 

may be due to some preferred crystal orientation in our speci- 

mens. Judging, however, from the rather close agreement be- 

tween the measurements taken on the two specimens cut at 90 '  

out of the same sheet, and between the very low-frequency 

results (88) and those presented here, this explanation is 

considered to be unlikely. The relative ease with which 

quantitative measurements may be made at low frequencies suggests 

that, for very pure metals, investigations of the anomalous 

skin effect should be carried out at low megahertz frequencies 

rather than in the microwave range. 

The temperature dependence of the reactive part of the 

measured quantity [6N-6s(T)1 yields, in principle, values 

for both 6N and 6s(0) In the anomalous-skin-effect regime, 

6N is independent of temperature, and the variation of tjS(T) 



S
p

e
c

im
e

n
 A

 

S
p

e
c

im
e

n
 B

 

A
S

A
, 

lo
3

 - 
1
0
"
 H
Z
 

A
SE

, 
3
 

x
 

1
0

9
 H
Z
 

d
c
 
s

iz
e

 e
ff

e
c
t 

E
d

d
y

-c
u

rr
e

n
t 

s
iz

e
 e

f
f
e

c
t 

T
h

e
o

r
e

t
i

c
a

l
 (•

’1
 

IN
V

E
S

T
IG

A
T

O
R

 

T
h

y
is

 
w

o
rk

 

L
y

a
l

l
 a

n
d

 
C

o
c

h
ra

n
 (
b
 1 

D
h

e
e

r 
(
c
)
 

A
le

k
s

a
n

d
r

o
v

 (
d
 1 

C
o

lt
ti

 'e
) 

(a
) 

A
n

o
m

a
lo

u
s-

S
k

in
 

E
f

f
e

c
t

 
(
b
j
 

R
e

f
e

r
e

n
c

e
 

(8
8

) 
(

c
)

 
R

e
f

e
r

e
n

c
e

 
(8

9
) 

(d
) 

R
e

fe
re

n
c

e
 

(9
3

) 
(
e
)
 

R
e

fe
re

n
c

e
 

(9
4

) 
(
f
)
 

C
a

lc
u

la
te

d
 a

ss
u

m
in

g
 
3
 
c

o
n

d
u

c
ti

o
n

 e
le

c
tr

o
n

s
 

p
e
r 

a
to

m
 a

n
d

 
a
 

s
p

h
e

ri
c

a
l 
F
e
r
m
i
 
s
u

rf
a

c
e

. 

T
A

B
L

E
 
&2
i 

V
A
L
U
E
S
 
O
F
 

F
O
R
 

P
U

R
E

 
IN

D
IU

M
, 

O
B

T
A

IN
E

D
 

U
S

IN
G

 
V

A
R

IO
U

S
 

M
E

T
H

O
D

S-
 



c a n  b e  approximated  by (95)  

where t = T/Tc,  and Tc = 3.407OK (95)  i s  t h e  c r i t i c a l  

t e m p e r a t u r e .  I n  F i g .  C - 3  t h e  t e m p e r a t u r e  dependence of  t h e  

d a t a  i s  compared w i t h  t h e  r e l a t i o n  [ 4 ] ,  u s i n g  t h e  v a l u e s  of  

6 s  ( 0 )  which have  been measured by Dheer ( c u r v e  ( a )  ) ( 8 9 )  , and 

by Lock ( c u r v e  ( b ) )  ( 9 6 ) .  I t  i s  c l e a r  t h a t  o u r  r e s u l t s  a r e  

c o m p a t i b l e  w i t h  t h e  s u p e r c o n d u c t i n g  p e n e t r a t i o n  d e p t h  g i v e n  

by Dheer,  6 s ( 0 )  = 4 . 3  x l o - '  c m ,  b u t  n o t  w i t h  t h e  v a l u e  

o b t a i n e d  by Lock, 6.4 x 10" c m .  The s c a t t e r  o f  t h e  e x p e r i -  

m e n t a l  p o i n t s ,  however, p r e v e n t s  u s  from o b t a i n i n g  a  more 

d e f i n i t i v e  v a l u e  f o r  6 s ( 0 ] .  
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