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ABSTRACT 

The e l e c t r o n i c  s t r u c t u r e s  of s e v e r a l  l i q u i d  meta ls  have 

been c a l c u l a t e d  numerical ly  i n  a weak b inding  approximation 

using nonlocal ,  energy dependent e lec t ron- ion  model p o t e n t i a l s  

and measured l i q u i d  s t r u c t u r e  f a c t o r s .  Two d i f f e r e n t  approaches 

are pursued t o  overcome t h e  d i f f i c u l t i e s  caused by t h e  energy 

dependence of t h e  p o t e n t i a l .  

I n  t h e  f i r s t  method, which i s  a s l i g h t  modif ica t ion  of  

t h e  Green func t ion  formalism of Edwards (1962),  t h e  energy 

dependence i s  approximately taken i n t o  account by absorbing t h e  

f i r s t  o r d e r  term i n t o  a redef ined  zero-order harniltonian by 

means of an e f f e c t i v e  mass.' This  i s  equ iva len t  t o  neg lec t ing  

t h e  energy dependence of t h e  off-diagonal  mat r ix  elements of 

t h e  p o t e n t i a l .  Using t h i s  method t h e  d e n s i t i e s  of e l e c t r o n i c  

s t a t e s  of l i q u i d  bismuth, indium, and mercury a r e  c a l c u l a t e d .  

The f i r s t  two a r e  found t o  be very f r e e - e l e c t r o n - l i k e ,  b u t  f o r  

mercury t h e r e  i s  a d i p  near  t h e  Fermi energy, q u i t e  s i m i l a r  t o  

b u t  less severe  than was suggested by Mott. 

To inc lude  t h e  energy dependence e x a c t l y  w e  have devised 

a method by which t h e  t o t a l  number of e l e c t r o n i c  s t a t e s  below 

an energy E i s  evalua ted .  It  i s  based upon an i d e a  of Lloyd 

(1967),  which w e  have extended and developed i n t o  a form s u i t -  

ab le  f o r  numerical  c a l c u l a t i o n ,  Resul t s  of c a l c u l a t i o n s  f o r  

l i q u i d  bismuth a r e  q u a l i t a t i v e l y  s i m i l a r  t o  those  obtained 

previous ly .  The bandwidth f o r  f i v e  valence e l e c t r o n s  p e r  atom 

i s  1.18 Ry, which corresponds t o  a bandwidth e f f e c t i v e  mass of 
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0.63 e l e c t r o n  mass, compared with t h e  f i r s t  o r d e r  p e r t u r b a t i o n  

ext imate  of 0.87 used i n  t h e  former method. P o s s i b l e  impli-  

c a t i o n s  of t h i s  d i f f e r e n c e  a r e  d iscussed .  

The e f f e c t  of t h e  s t r u c t u r e  i n  t h e  d e n s i t y  of s t a t e s  on 

t h e  frequency-dependent conduct iv i ty  has  been s t u d i e d  by an 

approximate eva lua t ion  of t h e  Kubo-Greenwood formula using para- 

metr ized Green func t ions  which have been cons t ruc ted  t o  s a t i s f y  

t h e  sum r u l e  au tomat ica l ly .  W e  f i n d  i n s i g n i f i c a n t  depar ture  

- from t h e  Drude formula un less  t h e  d e n s i t y  of s t a t e s  has  s t r u c -  

t u r e  much more d r a s t i c  than  t h a t  obta ined  f o r  mercury. The 

zero  frequency l i m i t ,  however, i s  roughly p ropor t iona l  t o  t h e  

square  o f  t h e  d e n s i t y  of  s t a t e s .  
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INTRODUCTION 

T h e o r e t i c a l  and experimental  s t u d i e s  of l i q u i d  metals  

can be convenient ly c l a s s i f i e d  i n t o  f o u r  c a t e g o r i e s :  (i) l i q u i d  

s t r u c t u r e ,  ( i i )  e l e c t r o n i c  s t a t e s ,  ( i i i )  e l e c t r o n i c  t r a n s p o r t  

p r o p e r t i e s ,  and ( iv )  mass t r a n s p o r t  p r o p e r t i e s .  The work t o  

be r epor ted  i n  t h i s  t h e s i s  i s  concerned with two of t h e s e  as- 

p e c t s ,  namely, t h e  e l e c t r o n i c  d e n s i t y  of s t a t e s  p e r  u n i t  energy 

range and i t s  in f luence  on t h e  frequency-dependent conduct iv i ty .  

A comprehensive review of t h e  e n t i r e  s u b j e c t  of l i q u i d  

metals  w i l l  n o t  be attempted here .  Exce l l en t  reviews have 

been given by Cusack (1963, 1967) , Wilson (1965) , March (1968) , 
and t h e  va r ious  c o n t r i b u t o r s  t o  t h e  Proceedings of t h e  Brook- 

haven Conference  dams e t  a l .  1967) .  W e  s h a l l  only  s p e l l  o u t  

t h e  mot iva t ions  and fundamental d i f f i c u l t i e s  p e r t i n e n t  t o  t h e  

p r e s e n t  i n v e s t i g a t i o n .  

Although experimental  work on l i q u i d  metals  has  been go- 

ing on f o r  a long t ime,  s i g n i f i c a n t  progress  i n  theory  has been 

made only i n  t h e  l a s t  decade o r  s o  with t h e  development of 

Green func t ion  techniques (Edwards 1958, 1962) and pseudopoten- 

t i a l s  ( see  Ziman 1964 and Harr ison 1966 f o r  r ev iews) .  The main 

d i f f i c u l t y  i s  t h a t  when a metal  me l t s ,  i t s  t r a n s l a t i o n a l  per io-  

d i c i t y  i s  l o s t  s o  t h a t  Bloch 's  theorem no longer  ho lds ,  an 

energy-momentum d i spe r s ion  r e l a t i o n  cannot be uniquely def ined  

and t h e  famil iar .methods of c a l c u l a t i n g  band s t r u c t u r e s  i n  

s o l i d s  cannot be used. A major r e v i s i o n  i n  t h e  concept of 

I 
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e l e c t r o n i c  s t r u c t u r e s  i s  necessary.  Rather than ob ta in ing  a 

r e l a t i o n  between energy and momentum w e  d e s c r i b e  the e l e c t r o n i c  

s t r u c t u r e  of the system by means of a  d e n s i t y  of s t a t e s  func- 

t i o n ,  n(Ej which always has  an exac t  meaning i r r e s p e c t i v e  of 

t h e  degree of d i s o r d e r  of t h e  system. 

One reason f o r  s tudying  n(E) i s  t h a t  Ziman's nearly-free-.  

e l e c t r o n  theory  has  been remarkably s u c c e s s f u l  i n  exp la in ing  

t h e  e l e c t r o n i c  t r a n s p o r t  p r o p e r t i e s  of l i q u i d  metals  (Ziman 1961, 

Bradley e t  a l .  1962, ~unds t rBm 1965) and it i s  d e s i r a b l e  t o  s e e  

whether t h e  underlying assumption of t h e  theory  i s  j u s t i f i e d  

!I i . e .  whether n(E) i s  approximately p ropor t iona l  t o  E . Know- 

ledge of n(E) by i t s e l f  i s  a l s o  important  because t h e r e  a r e  a  

number of  experiments y i e l d i n g  information r e l a t e d  t o  t h i s  

q u a n t i t y .  Some of t h e s e  a r e :  (i) d.c .  t r a n s p o r t  p r o p e r t i e s ,  

(ii) o p t i c a l  conduc t iv i ty ,  (iii) Paul i -sp in  s u s c e p t i b i l i t y ,  

( i v )  Knight s h i f t ,  (v)  s o f t  X-ray emission,  ( v i )  p h o t o e l e c t r i c  

emission,  ( v i i )  p o s i t r o n  a n n i h i l a t i o n ,  and ( v i i i )  Compton 

s c a t t e r i n g  of X-rays. Unfortunately most of t h e  p r o p e r t i e s ,  

mentioned depend n o t  only  on n(E) b u t  a l s o  on t r a n s i t i o n -  

p r o b a b i l i t i e s ,  among o t h e r  t h i n g s ,  s o  t h a t  it i s  n o t  po.ssible 

t o  e x t r a c t  n(E) d i r e c t l y  from t h e  experiments.  We s h a l l  com- 

ment f u r t h e r  on t h i s  p o i n t  i n  t h e  f i n a l  chapter .  

Considerable e f f o r t  has  been devoted r e c e n t l y  t o  study 

t h e  e l e c t r o n i c  s t r u c t u r e  of d isordered  systems. A s  poin ted  o u t  

by Ziman (1968) t h e r e  a r e  two e s s e n t i a l l y  d i s t i n c t  a s p e c t s  of 



d i s o r d e r :  topo log ica l  o r  s t r u c t u r a l  d i s o r d e r  -- t h e  l o s s  of 

long range o r d e r  i n  the arrangement of t h e  atomic sites,  and 

c e l l u l a r  d i s o r d e r  -- t h e  l a c k  of s t r i c t  p e r i o d i c i t y  from c e l l  

t o  cell i n  an o therwise  almost p e r i o d i c  l a t t i c e .  Examples of 

systems i n  which s t r u c t u r a l  d i s o r d e r  i s  p r e s e n t  a r e  l i q u i d  

meta ls ,  amorphous semi-conductors and g l a s s e s .  I n  t h e s e  systems 

one can no longer  d e l i n e a t e  t h e  l i n e s  and p lanes  i n  which t h e  

atoms l ie .  On t h e  o t h e r  hand i n  systems wi th  c e l l u l a r  d i s o r d e r  

such a s  h o t  s o l i d s  and s u b s t i t u t i o n a l  a l l o y s  t h e  l a t t i c e  p lanes ,  

though deformed o r  conta in ing  d i f f e r e n t  s p e c i e s  of atoms, may 

s t i l l  be recognized over l a r g e  regions  of t h e  m a t e r i a l .  The 

l a t t e r  type of d i s o r d e r  i s  b e t t e r  understood than  t h e  former 

because t h e  presence of a p e r i o d i c  l a t t i c e  s i m p l i f i e s  t h e  pro- 

blem cons iderably .  A t  p r e s e n t  many s o p h i s t i c a t e d  techniques 

f o r  ob ta in ing  t h e  e l e c t r o n i c  s t r u c t u r e  i n  systems wi th  c e l l u l a r  

d i s o r d e r  have been developed and appl ied  s u c c e s s f u l l y  t o  t h e  
* 

problems of a l l o y s  ( see  Ziman 1969a f o r  a review, a l s o  Cohen 

1971).  The same techniques a r e  n o t  d i r e c t l y  a p p l i c a b l e  t o  

topo log ica l ly  d i so rde red  systems. Recently Dy and Wu (1971) 

have been a b l e  t o  formally g e n e r a l i z e  them t o  t o p o l o g i c a l l y  

d isordered  systems. The p r a c t i c a b i l i t y  of t h e i r  theory ,  how- 

eve r ,  has  s t i l l  t o  be t e s t e d  by numerical  c a l c u l a t i o n s .  

R e s u l t s  obta ined  using one-dimensional models (Mott 1967, 

Halperin 1968 and re fe rences  given t h e r e )  , however r igorous  

they  may be ,  cannot be genera l ized  t o  r e a l  three-dimensional 

systems because a l l  d isordered  l i n e a r  cha ins  a r e  topo log ica l ly  
* Freed and Cohen (1971) 
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equivalent to a periodic linear lattice, and therefore no 

structural disorder can be built into the model. 

The brief discussion above should suffice to indicate 

the great complexity to be expected in a theoretical study of 

the electronic structure of liquid metals. Most of the pre- 

vious work has been concerned with developing formal methods. 

Few attempts have been made to carry out quantitative cal- 

culations on real liquid metals (see Section 1.1 below). The 

present work is intended primarily to be a contribution to 

this latter aspect. In the course of so doing we also hope to 

be able to shed some light on the general theory. 

In a liquid metal the ions do not have a fixed con- 

figuration, so one has to calculate ensemble average quantities. 

The concept of a wave function is riot a convenient one. Green 

functions ( or equivalently spectral functions, density matrices, 

and cumulants ) ,  on the other hand, allow the averaging pro- 

cedure to be performed in a natural way. The theory of Edwards 

( 1962 ) which provides the basis for the present study is 

formulated in terms of Green functions. 

This thesis consists of two parts. Part I which forms 

the greater part of the thesis deals with the electronic 

structure of liquid metals. Two different approaches are used 

and the densitiesof states of several real liquid metals are 

worked out. When the electronic structure of a liquid metal 

deviates significantly from free-electron behaviour, the 
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question arises as to whether such deviations are strongly re- 

flected in the electronic transport properties. In Part I1 the 

effects of n(E) on the frequency-dependent conductivity are 

explored by an approximate evaluation of the Kubo-Greenwood 

formula (Kubo 1957, Greenwood 1958) using parametrized models 

for the ensemble average Green function. 

Throughout this work it is assumed that the conduction 

electrons are independent of each other, their interactions 

with the ions being represented by a weak effective potential 

and the motions of the ions can be neglected. The validity 

and limitations of these assumptions will be discussed at 

appropriate places. 



PART I 

ELECTRONIC STRUCTURES OF LIQUID METALS 

The number o f  c a l c u l a t i o n s  of  t h e  e l e c t r o n i c  s t r u c t u r e  

of l i q u i d  metals i s  very  sma l l  i n  comparison w i t h  t h e  number o f  

such c a l c u l a t i o n s  f o r  s o l i d  me ta l s .  Th i s  f a c t  r e f l e c t s  bo th  

t h e  g r e a t e r  nove l ty  and t h e  g r e a t e r  d i f f i c u l t y  o f  t h e  problem 

f o r  l i q u i d s .  For  example, i t  i s  i n  p r i n c i p l e  n o t  p o s s i b l e  t o  

c l a s s i f y  e l e c t r o n  s t a t e s  by a wavevector & o r  t o  o b t a i n  a unique 

energy v e r s u s  & r e l a t i o n ,  

I n  Chapter  1, a f t e r  a b r i e f  survey  o f  p rev ious  work 

and an account  of  t h e  Green f u n c t i o n  formal ism,  we demons t ra te  

t h e  inadequancy of t h e  n a i v e  method of c a l c u l a t i n g  t h e  d e n s i t y  

of s ta tes ,  n ( E ) ,  of a l i q u i d  metal by d i f f e r e n t i a t i n g  t h e  energy- 

momentum d i s p e r s i o n  r e l a t i o n  which has  been o b t a i n e d  by means 

of o r d i n a r y  p e r t u r b a t i o n  theo ry .  Next w e  d i s c u s s  t h e  s i m p l i f y i n g  

approximat ions  i n  B a l l e n t i n e ' s  (1966) c a l c u l a t i o n s .  The re-  

moval of  t h e s e  approximat ions  is  t h e  i n i t i a 1 , p u r p o s e  o f  t h e  

p r e s e n t  i n v e s t i g a t i o n .  

I n  Chapter  2 w e  c a l c u l a t e  n(E)  numer ica l ly  f o r  l i q u i d  

B i t  I n  and Hg us ing  non loca l  model p o t e n t i a l s  and an e f f e c t i v e  

mass approximat ion.  Bismuth s e r v e s  a s  t h e  t e s t i n g  ground o f  

o u r  c a l c u l a t i o n .  Among t h e  me ta l s  cons ide red  by B a l l e n t i n e  it 

i s  t h e  on ly  one t h a t  shows s u b s t a n t i a l  d e p a r t u r e s  from f r e e -  

e l e c t r o n  behaviour .  By e v a l u a t i n g  t h e  d e n s i t y  of states f o r  

B i  t o  s u c c e s s i v e l y  h i g h e r  degrees  of s o p h i s t i c a t i o n  w e  hope t o  



r e v e a l  t h e  extraneous s t r u c t u r e  in t roduced by each approximation 

and f i n a l l y  s i n g l e  o u t  t h e  i n h e r e n t  c h a r a c t e r i s t i c  of t h e  metal .  

Indium is  chosen p r imar i ly  f o r  experimental  reasons.  The photo- 

emission d a t a  of both Koyama e t  a l .  (1967) and Enderby (1969, 

unpublished) have i n d i c a t e d  pronounced s t r u c t u r e s .  Mercury 

being t h e  only metal  t h a t  e x i s t s  i n  t h e  l i q u i d  s t a t e  a t  room 

temperatures  i s  a n a t u r a l  candida te .  The e l e c t r o n i c  t r a n s p o r t  

p r o p e r t i e s  of pure H g  and i t s  a l l o y s  a r e  s t r i k i n g l y  d i f f e r e n t  

from those  of o t h e r  l i q u i d  metals  ( s e e  Mott 1966 f o r  a  review).  

This so -ca l l ed  "mercury anomaly" has been i n t e r p r e t e d  by Mott 

(1966) i n  terms of a conjec tured  d i p  i n  t h e  d e n s i t y  of s t a t e s  

nea r  t h e  Fermi energy. Our c a l c u l a t i o n  should t e l l  us whether 

t h i s  con jec tu re  i s  w e l l  founded. 

The problem introduced by t h e  use of an energy de- 

pendent e l ec t ron- ion  model p o t e n t i a l  i s  t r e a t e d  i n  d e t a i l  i n  

Chapter 3 .  A method which remains v a l i d  f o r  sucha p o t e n t i a l  

is  presented  f o r  c a l c u l a t i n g  t h e  t o t a l  number of e l e c t r o n i c  

s t a t e s  below an energy E.  A s  an example, t h e  energy d i s t r i b u t i o n  

of t h e  e l e c t r o n i c  s t a t e s  i n  B i  i s  worked o u t  and t h e  r e s u l t s  

a r e  compared t o  those  obta ined  i n  Chapter 2 .  



CHAPTER 1 

BACKGROUND MATERIAL 

5 1 . 1  Survey of Prev ious  Q u a n t i t a t i v e  C a l c u l a t i o n s  

Edwards (1962) showed how t h e  d e n s i t y  o f  e l e c t r o n i c  

s tates p e r  u n i t  energy cou ld  be  o t a i n e d  from a p e r t u r b a t i o n  

expansion of  t h e  s i n g l e  p a r t i c l e  Green f u n c t i o n  averaged ove r  

t h e  ensemble of  p o s s i b l e  a tomic arrangements  a p p r o p r i a t e  t o  

t h e  l i q u i d  s t a t e .  The f i r s t  q u a n t i t a t i v e  a p p l i c a t i o n  o f  

~ d w a r d s '  formalism w a s  by B a l l e n t i n e  (1966) ,  who found t h e  

d e n s i t y  o f  states of l i q u i d  A 1  and Zn t o  b e  n e a r l y  f r e e - e l e c t r o n -  

l i k e ,  b u t  p r e d i c t e d  t h a t  o f  l i q u i d  B i  t o  d i f f e r  s i g n i f i c a n t l y  

from t h e  f r e e - e l e c t r o n  parabola .  B a l l e n t i n e  r e p r e s e n t e d  t h e  

e l e c t r o n - i o n  i n t e r a c t i o n  by a l o c a l  p seudopo ten t i a l .  

If t h e  imaginary p a r t  o f  t h e  s e l f - ene rgy  i s  very 

s m a l l  one can ,  a t  leas t  approximat ley,  d e f i n e  a d i s p e r s i o n  

r e l a t i o n  r e l a t i n g  e l e c t r o n  energy E t o  a wavevector  &. By 

such a method Watabe and Tanaka (1964) p r e d i c t e d  a ve ry  l a r g e  

peak n e a r  t h e  Fermi energy i n  t h e  d e n s i t y  of states o f  l i q u i d  

Zn. However, t h e i r  r e s u l t  was shown t o  be  e n t i r e l y  s p u r i o u s  

( B a l l e n t i n e  1966) ,  due i n  p a r t  t o  t h e i r  u se  of a ve ry  c rude  

approximation (an e x p o n e n t i a l l y  s c reened  coulomb p o t e n t i a l )  t o  

t h e  e l e c t r o n - i o n  p s e u d o p o t e n t i a l .  S i m i l a r  c a l c u l a t i o n s  have 

s i n c e  been c a r r i e d  o u t  by s e v e r a l  groups.  Schne ider  and S t o l l  

(1967) have ob ta ined  t h e  e l e c t r o n i c  s t r u c t u r e  of N a ,  K and Pb 

us ing  an e m p i r i c a l  l o c a l  model p o t e n t i a l  t h a t  h a s  been f i t t e d  

t o  expe r imen ta l  phonon d i s p e r s i o n  curves .  T h e i r  conc lus ion  i s  
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t h a t  as t h e  s o l i d  m e l t s  t h e r e  i s  an i n s i g n i f i c a n t  change i n  t h e  

d e n s i t y  of s tates on t h e  Fermi s u r f a c e .  I n  a d d i t i o n ,  a  b l u r r e d  

image of  t h e  f i r s t  B r i l l o u i n  zone can be  s een  i n  t h e  l i q u i d .  

Shaw and Smith (1969) have performed a  s i m i l a r  c a l c u l a t i o n  f o r  

L i ,  Cd, and I n ,  u s i n g  a  non loca l  energy-dependent model p o t e n t i a l .  

  heir r e s u l t s  resemble  t h e  d e n s i t i e s  of  s ta tes  of t h e  co r r e s -  

ponding s o l i d s  b u t  w i t h  a l l  van Hove s i n g u l a r i t i e s  smoothed 

o u t .  Only f o r  L i  i s  t h e i r  r e s u l t  much d i f f e r e n t  from t h e  f r e e -  

e l e c t r o n  curve .  A s i m i l a r  c a l c u l a t i o n  f o r  n i n e  m e t a l s  has  been 

r e p o r t e d  by S r i v a s t a v a  and Sharma (1969) ,  however, t hey  g i v e  

only  t h e  d e n s i t y  of  s t a t e s  a t  t h e  Fermi l e v e l  and n o t  t h e  en- 

t i r e  curve .  Very r e c e n t l y  J ena  and Halder  (1971) have r epea t ed  

t h e  work of Shaw and Smith on Cd us ing  a  d i f f e r e n t  non loca l  

p s e u d o p o t e n t i a l  and found a  much l a r g e r  d i f f e r e n c e  between t h e  

d e n s i t i e s  of s t a t e s  of  t h e  l i q u i d  and t h e  s o l i d ,  a p p a r e n t l y  

i n  agreement w i t h  t h e  Knight s h i f t  d a t a  (Seymour and S t y l e s  

1964, Borsa and Barnes 1966, Sharma and W i l l i a m s  ( 1 9 6 7 ) ) .  The 

l i m i t a t i o n s  of  t h i s  approach are t h e  use  of second o r d e r  per-  

t u r b a t i o n  theo ry  and t h e  assumption o f  an E ( k )  r e l a t i o n  f o r  a 

l i q u i d .  Both become s u s p e c t  as t h e  e l e c t r o n i c  s t r u c t u r e  be- 

comes non- f r ee -e l ec t ron - l i ke ,  which i s  o f  cou r se  t h e  most i n t e r -  

e s t i n g  c a s e .  Although one can a r t i f i c i a l l y  d e f i n e  an E(k )  f o r  

a l i q u i d  such t h a t  it y i e l d s  t h e  c o r r e c t  d e n s i t y  of  s t a t e s ,  

t h a t  same E(k )  cannot  be used f o r  o t h e r  a p p l i c a t i o n s  such a s  

t h e  B o l t z m m e q u a t i o n  (Lloyd 1968) .  Furthermore t h e  n e g l e c t  

of t h e  imaginary p a r t  of t h e  s e l f - ene rgy  may n o t  be  j u s t i f i e d  

a s  w e  w i l l  i l l u s t r a t e  w i t h  a  numerical  example i n  S e c t i o n  1 .3 .  
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The work of B a l l e n t i n e  11966) and t h e  p r e s e n t  t h e s i s  

a r e  n o t  s t r i c t l y  p e r t u r b a t i o n  methods s i n c e  i n f i n i t e  c l a s s e s  

of terms a r e  summed by means of i n t e g r a l  equat ions .  Neverthe- 

l e s s  they  a r e  weak binding approximations. 

Cyrot-Lackmann (1966) has developed a  t i g h t  binding 

approximation f o r  t h e  moments of d e n s i t y  of s t a t e s  funct ion .  

It  is a p p l i c a b l e  only t o  s t r i c t l y  bound bands, s i n c e  moments do 

n o t  e x i s t  f o r  f r ee -e lec t ron- l ike  bands. Lloyd (1967) has  de- 

veloped an i n t e r e s t i n g  theory which uses  t h e  phase s h i f t s  of  

(assumed) non-overlapping ions  r a t h e r  than a  pseudopotent ia l .  

No r e a l i s t i c  c a l c u l a t i o n s  have been done with t h i s  method, b u t  

he has shown by means of a  simple model t h a t  h i s  theory can des- 

c r i b e  t h e  formation of a  gap between a  " f r e e "  and a  "bound" band 

a s  t h e  p o t e n t i a l  s t r e n g t h  inc reases .  Rousseau, Stoddard and 

March (1970) have developed a  form of s t r o n g  coupling theory 

based on t h e  d e n s i t y  ma t r ix ,  r a t h e r  than  t h e  Green func t ion ,  and 

have a p p l i e d  t h e i r  method t o  B e .  They f i n d  t h e ' d e n s i t y  of 

s t a t e s  t o  be q u a l i t a t i v e l y  s i m i l a r  i n  t h e  l i q u i d  and s o l i d  phases ,  

and q u i t e  d i f f e r e n t  from what it would be f o r  a  random d i s t r i -  

but ion  of atoms. 

This b r i e f  review is  bel ieved t o  cover a l l  q u a n t i t a t i v e  

c a l c u l a t i o n s  of t h e  e l e c t r o n i c  dens i ty  of s t a t e s  f o r  l i q u i d  

metals  which have been publ ished (excluding one dimensional 

models and d isordered  l a t t i c e s ) .  
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81.2 The Green Function Formalism 

I n  Edwards ' -  (1962) Green func t ion  formalism of t h e  

l i q u i d  metal  problem an independent-electron model w a s  used. 

The e f f e c t s  of e l ec t ron-e lec t ron  i n t e r a c t i o n  can be inc luded,  

a t  l e a s t  formally (Langer 1961) , b u t  i n  t h e  p r e s e n t  s t a t e  of 

knowledge such complication i s  n o t  expected t o  be very reward- 

ing  and, i n  an a c t u a l  c a l c u l a t i o n ,  t h e  i n t e r a c t i o n  i s  accounted 

f o r  only i n  t h e  sc reen ing  of t h e  e l ec t ron- ion  p o t e n t i a l  by an 

e l e c t r o n  gas.  The i o n i c  motions may a l s o  be neg lec ted  because 

t h e  e l e c t r o n i c  motions a r e  much more rap id .  This  i s  j u s t  t h e  

analog of  t h e  Born-Oppenheimer approximation i n  s o l i d  s t a t e  

theory (see  Ziman 1965 s e c t i o n  6.10) .  Thus we cons ider  t h e  

motion of a s i n g l e  e l e c t r o n  under t h e  in f luence  of  t h e  p o t e n t i a l  

V due t o  a d i so rde red  system of ions  i n  a "frozen" l i q u i d .  

The Green o p e r a t o r  i s  def ined  a s  

where H = Ho + V i s  t h e  s i n g l e  e l e c t r o n  hamil tonian,  and 

and En a r e  i t s  e igenvectors  and eigenvalues.  We r e f e r  t o  i t s  

diagonal  mat r ix  element i n  t h e  momentum r e p r e s e n t a t i o n  a s  t h e  

Green func t ion ,  



In terms of G(E) w e  can d e f i n e  t h e  s p e c t r a l  o p e r a t o r  

~ t s  d iagonal  ma t r ix  element i n  t h e  momentum rep resen ta t ion ,  t h e  

te l ls  us t h e  momentum d i s t r i b u t i o n  of e l e c t r o n s  wi th  energy E .  

For a  p e r f e c t  c r y s t a l  t h e  I$*>s a r e  e i g e n s t a t e s  of c r y s t a l  

momentum and p ( k ,  E )  i s  j u s t  a  sum of  d e l t a  f u n c t i o n s .  From 

t h e  completeness of t h e  set  of s t a t e s  w e  have t h e  sum 

r u l e  (Edwards 1965) 

The t r a c e  of t h e  s p e c t r a l  o p e r a t a r  g i v e s  us t h e  d e n s i t y  of 

s t a t e s  p e r  u n i t  energy p e r  s p i n  s t a t e ,  
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Since t h e  t r a c e  i s  an i n v a r i a n t  of t h e  opera to r ,  ( 1 . 4 )  and 

(1.5) hold f o r  any r e p r e s e n t a t i o n .  The momentum r e p r e s e n t a t i o n  

has been chosen s o l e l y  f o r  convenience. I n  p a r t i c u l a r ,  it does 

no t  imply t h a t  we a r e  using t h e  plane wave s t a t e s  I&) as  t h e  

zero-order s t a t e s  f o r  e l e c t r o n s  i n  a  l i q u i d  metal .  

To o b t a i n  t h e  ensemble average Green f u n c t i o n ,  we 

cons ider  t h e  formal expansion of t h e  Green opera to r  

where G o  (E )  = (E-HO) -' = (E-k2)-1 i n  "semi-atomic" u n i t s  

Z 
( h  = 2m = i e  = 1). Now in t roduce  t h e  se l f -energy,  

and s u b s t i t u t e  from (1.7) we g e t  back t h e  diagonal  element of 

(1 .6) .  Hence 

This r e s u l t  i s  none o t h e r  than t h e  s o l u t i o n  of t h e  w e l l  known 

Dyson equat ion  ( s e e  e .g .  Ziman 1969b s e c t i o n  3.10) 

G c t ~ ) =  Gvf$,~)+6.  f g , W  C~,E)G@,L-) , 

I f  we f u r t h e r  assume t h e  v a l i d i t y  of what Edwards ( 1 9 6 2 )  c a l l e d  

t h e  "geometric approximation" i n  which t h e  average of a product 



t h e  produc t  of t h e  average of t h e  s e p a r a t e  t e rms ,  t h e n  w e  o b t a i n  

t h e  ensemble average Green f u n c t i o n  s imply a s  

 alle en tine (1965) has  argued t h a t  t h i s  replacement  i s  a c t u a l l y  

e x a c t  i n  t h e  l i m i t  of  an i n f i n i t e  system w i t h  a f i n i t e  range 

of  o r d e r .  A proof  o f  t h i s  a s s e r t i o n  has  been provided  by 

Taylor  (1966) i n  a more g e n e r a l  c o n t e x t .  The problem of f i nd -  

i n g  t h e  Green f u n c t i o n  and hence t h e  s p e c t r a l  f u n c t i o n  and t h e  

d e n s i t y  of s t a t e s  i s  t h u s  reduced t o  t h e  c a l c u l a t i o n  o f  

( ~ (5 ,  E)) . I n  what fo l lows  w e  s h a l l  s imply denote  t h e  en- ave 

semble average  q u a n t i t i e s  by G & ,  E )  and C (k t  E) when t h e r e  is 

no danger  of ambigui ty .  

51.3 C a l c u l a t i o n s  w i t h  a  Model 

A t  t h e  beg inn ing  of  t h i s  c h a p t e r  w e  r a i s e d  some 

o b j e c t i o n s  on g e n e r a l  grounds a g a i n s t  t h e  n a i v e  method of  c a l -  
\ 

c u l a t i n g  t h e  d e n s i t y  of s t a t e s  of l i q u i d  metals by f i r s t  ob t a in -  

i n g  a  d i s p e r s i o n  r e l a t i o n  us ing  o ~ d i n a r y  p e r t u r b a t i o n  theo ry .  

Here we a t t a c k  t h e  same problem on d i f f e r e n t  grounds.  Suppose 

we se t  a s i d e  t h e  q u e s t i o n  of  e x i s t e n c e  of  a d i s p e r s i o n  r e l a t i o n  

and c o n s i d e r  a  f i c t i t i o u s  l i q u i d  meta l  r e p r e s e n t e d  by t h e  

paramet r ized  model, 



where 

is a  model d i s p e r s i o n  r e l a t i o n .  The parameter  a  c o n t r o l s  t h e  

sharpness  of t h e  d i p  i n  t h e  d e n s i t y  of s t a t e s ,  b  c o n t r o l s  t h e  

width of  t h e  s p e c t r a l  func t ion  and i n d i r e c t l y  t h e  depth  of  t h e  

d i p ,  c c o n t r o l s  t h e  depth of t h e  d i p ,  and g  c o n t r o l s  t h e  posi-  

t i o n  of t h e  d i p .  The l a s t  term i n  (1.10) ensures t h a t  E (0)  = 0. 

The Green func t ion  (1.9) i s  of a  form t h a t  au tomat i ca l ly  satis- 

f i e s  t h e  sum r u l e  ( 1 . 4 )  (see Appendix I) . This  p o i n t  has  a l s o  

been confirmed by numerical  i n t e g r a t i o n .  

I n  t h e  na ive  method t h e  d e n s i t y  of s t a t e s  p e r  u n i t  

volume p e r  s p i n  s t a t e  i s  given by 

The c o r r e c t  method i s  of course  t o  c a l c u l a t e  n(E)  from t h e  

t r a c e  of  t h e  s p e c t r a l  func t ion .  The q u e s t i o n  we.ask is  whether 

t h e s e  two d i f f e r e n t  approaches y i e l d  t h e  same o r  n e a r l y  t h e  

same r e s u l t s .  F igure  1 shows t h e  d e n s i t y  of s t a t e s  c a l c u l a t e d  

f o r  t h e  model wi th  parameters  a  = 0.01; b  = 0.05, 0.1,  0.2, 

0.5;  c = 0.1; g  = 0.975 ( i n  u n i t s  f o r  which ?I = 2m = kF = 1). A s  

b g e t s  s m a l l e r  and s m a l l e r ,  t h e  c o r r e c t  n (E)  does seem t o  

approach t h e  dashed curve obta ined  by t h e  na ive  method, b u t  

even f o r  b = 0.05, t h e  na ive  method g ives  a  d i p  40 p e r c e n t  

deeper than t h e  t r u e  one. S i m i l a r  r e s u l t s  have a l s o  been ob- 

t a i n e d  wi th  va r ious  o t h e r  va lues  of t h e  parameters .  b  = 0.05 
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- 'Correct n(E) using spectral functions 

0 
0.2 0.4 0.6 0.8 1 .O 1.2 1.4 

E (units of EFO) 

Figure  1 Dens i ty  of  s t a t e s  n(E) cor responding  t o  t h e  

model Green f u n c t i o n  (1 .9 ) .  
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means t h a t  a t  t h e  f r ee -e lec t ron  Fermi energy EFo (EFo= 1 i n  t h e  

u n i t s  we a r e  using)  t h e  imaginary p a r t  of t h e  se l f -energy I m C  

equals  5 pe rcen t  of t h e  conduction bandwidth. Ant i c ipa t ing  

t h e  r e s u l t s  of our  c a l c u l a t i o n  on l i q u i d  Hg i n  t h e  next  chap te r ,  

w e  f i n d  t h a t  f o r  E m EF , I m Z  ( k t  E) has a  maximum value  of about 

7 pe rcen t  of t h e  conduction bandwidth. This  impl ies  t h a t  a  

c a l c u l a t i o n  of t h e  d e n s i t y  of s t a t e s  of l i q u i d  H g  using t h e  

naive method would be i n  e r r o r  by more than 40  pe rcen t  i n  t h e  

i n t e r e s t i n g  region .  

Our numerical  i n v e s t i g a t i o n  i n  t h i s  s e c t i o n  should 

d i s p e l  any doubt t h a t  t h e  Green func t ion  method i s  t o  be pre- 

f e r r e d  over  t h e  na ive  method i n  s p i t e  of t h e  apparent  advant- 

age of s i m p l i c i t y  of t h e  l a t t e r ,  unless  t h e  metal  i n  ques t ion  

is  very free-electron-l ike--and we have no r e l i a b l e  a  p r i o r i  

c r i t e r i o n  t o  t e l l  us when it is  so .  

51.4 B a l l e n t i n e ' s  Work and i t s  Rela t ion  t o  t h e  P resen t  

Study 

I n  Edwards' weak binding formalism t h e  ensemble aver- 

age Green func t ion  is  obta ined  frdm t h e  se l f -energy,  which i n  

t u r n  i s  c a l c u l a t e d  by a  p a r t i a l  summation of a  p e r t u r b a t i o n  

s e r i e s  i n  t h e  s c a t t e r i n g  p o t e n t i a l  V. The v a l i d i t y  of such a  

scheme r e l i e s  on t h e  weakness of t h e  p o t e n t i a l .  The t r u e  poten- 

t i a l s  due t o  t h e  i o n s  i n  a  r e a l  l i q u i d  metal  a r e  c e r t a i n l y  no t  

weak. I n  o r d e r  t o  apply Edwards' formalism t o  perform quan t i t a -  

t i v e  c a l c u l a t i o n s ,  B a l l e n t i n e  (1966) replaced  t h e  deep i o n i c  



p o t e n t i a l  by a weak pseudopotent ial .  An ex tens ive  d i scuss ion  

of t h e  theory  of pseudopotent ia l s  i s  beyond t h e  scope of t h i s  

t h e s i s  and we r e f e r  t o  Har r i son ' s  book (1966) f o r  d e t a i l s . .  

The fundamental i d e a  behind t h e  pseudopotent ia l  concept a s  f i r s t  

introduced i n t o  s o l i d  s t a t e  theory by Phillips and Kleinrnan 

(1959) i s  q u i t e  simple.  The conduction e l e c t r o n  wave funct ions  

must be or thogonal  t o  t h e  core  wave func t ions  and t h e r e f o r e  must 

o s c i l l a t e  r a p i d l y  i n s i d e  t h e  core  regions .  The l a r g e  p o s i t i v e  

k i n e t i c  energy assoc ia ted  with t h e s e  o s c i l l a t i o n s  almost  com- 

p l e t e l y  cancels  t h e  deep negat ive  p o t e n t i a l  wi th in  t h e  c o r e s ,  

r e s u l t i n g  i n  a weak n e t  e f f e c t i v e  p o t e n t i a l .  Thus Aust in,  Heine 

and Sham (1962) ( h e r e a f t e r  r e f e r r e d  t o  a s  AHS) have shown t h a t  

t h e  Schrodinger equat ion  f o r  an e l e c t r o n  i n  a meta l  

can be transformed i n t o  

s o  t h a t  t h e  t r u e  p o t e n t i a l  V i s  replaced by a pseudopotent ia l  

W which i s  much weaker i n  t h e  core region ,  t h e  t r u e  wave func- 

t i o n  $ i s  replaced  by t h e  pseudowave func t ion  4 which i s  smooth 

i n s i d e  t h e  co re ,  and t h e  valence energy eigenvalue E i s  pre- 

served.  Depending on i t s  form W i s  e i t h e r  known as  a pseudo- 

p o t e n t i a l  ( see  AHS f o r  t h e  genera l  form) o r  a model p o t e n t i a l  

(Heine and Abarenkov 1964, Abarenkov and Heine 1965) ( h e r e a f t e r  

r e f e r r e d  t o  a s  HA).  
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Within t h e  smal l  core  approximation t h e  t o t a l  screened 

pseudopotent ia l  W can be w r i t t e n  a s  a  sum of s p h e r i c a l l y  symrnet- 

r i c  terms w cen t red  on each of t h e  N i o n s ,  

and t h e  p lane  wave mat r ix  element can be f a c t o r e d  a s  

t h e  f i r s t  term depending only on t h e  p r o p e r t i e s  of a  s i n g l e  

ion  and t h e  second term being a  func t ion  of t h e  p o s i t i o n s  act 
of a l l  t h e  ions .  The nth-order term i n  t h e  d iagonal  element 

of t h e  expansion (1.6) of G(E) can be w r i t t e n  ( i n  "semi-atomic" 

u n i t s )  a s  

where 

The ensemble average of G ( b ,  E) i s  obta ined  by rep lac ing  Cn 

with i t s  average,  

which i s  r e l a t e d  t o  t h e  n - p a r t i c l e  c o r r e l a t i o n  func t ion .  I t  i s  

convenient t o  in t roduce  diagrams t o  r e p r e s e n t  t h e  var ious  terms. 

Some examples a r e  shown i n  Figure 2 .  A s o l i d  l i n e  r e p r e s e n t s  a  



Figure 2 (a) A typical reducible diagram in the 

expansion of G (kt E) . 
(b)- (d) Some irreducible diagrams in the 

expansion of C (kt E) . 
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2 -1 progaga to r  Go(k, E) = (E - k ) , an i n t e r s e c t i o n  of  t w o  s o l i d  

l i n e s  w i t h  a dashed l i n e  ( a  v e r t e x )  r e p r e s e n t s  a f a c t o r  k l w l ] ~ '  , < ) 
and a node connec t ing  n  dashed l i n e s  r e p r e s e n t s  a f a c t o r  cn. 
The se l f - ene rgy  C (k, E)  d e f i n e d  by (1.7) c o n s i s t s  o f  t h e  sum 

of a l l  i r r e d u c i b l e  diagrams i .e .  t h o s e  t h a t  cannot  b e  s e p a r a t e d  

i n t o  two d i sconnec ted  p a r t s  by c u t t i n g  a p ropaga to r  l i n e ,  such 

as t h o s e  i n  F igu re  2  (b)  , (c) , (d)  . G(k, E)  i s  t h e  sum of a l l  

r e d u c i b l e  diagrams,  l i k e  t h e  one i n  F igu re  2 (a)  . 

I f  t h e  p s e u d o p o t e n t i a l  i s  local ,  meaning t h a t  i t s  

m a t r i x  e lement  (klw I$') depends on ly  on t h e  momentum t r a n s f e r  

= h' r k b u t  n o t  on k, then  t h e  f i r s t - o r d e r  t e r m  i n  C ( k ,  E) 

is j u s t  t h e  average  p o t e n t i a l  energy and may be  chosen t o  be  

z e r o ,  and t h e  s i m p l i e s t  n o n t r i v i a l  c o n t r i b u t i o n  i s  t h e  second- 

o r d e r  t e r m  C2 r e p r e s e n t e d  by t h e  diagram i n  F igu re  2 (b) . 
 alle en tine has  found t h a t  t h i s  "one diagram approximation" 

l e a d s  t o  a  c e r t a i n  i n c o n s i s t e n c y  which may be  removed by "re- 

normal iz ing"  t h e  diagram i . e .  r e p l a c i n g  t h e  zero-order  Green 

f u n c t i o n  by t h e  f u l l  Green func t ion .  C ( k ,  E )  i s  now ob ta ined  

by a s e l f - c o n s i s t e n t  s o l u t i o n  of t h e  i n t e g r a l  e q u a t i o n ,  

which sums t h e  i n f i n i t e  set  of diagrams i l l u s t r a t e d  i n  F igu re  

2 ( b )  and ( d ) .  Here 

3 i s  t h e  F o u r i e r  t r ans fo rm of t h e  p o t e n t i a l ,  L i s  t h e  normaliza- 
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3 t i o n  volume, and n  = N/L i s  t h e  atomic dens i ty .  The s t r u c t u r e  

f a c t o r  a ( q )  i s  equal  t o  t h e  continuous p a r t  of N -1- C 2 ,  and 

measured i n  d i f f r a c t i o n  experiments.  

Ziman ( 1 9 6 9 ~ )  has argued, on t h e  b a s i s  of a  calcu- 

l a t i o n  f o r  p o l y c r y s t a l l i n e  m a t e r i a l ,  t h a t  Z 2  cannot g ive  t h e  

c o r r e c t  f e a t u r e s  of t h e  s t r u c t u r e .  To ob ta in  a  reasonable 

r e s u l t  a  term t h a t  he c a l l s  Z 4  has  t o  be included.  An inspec- 

t i o n  of h i s  expression f o r  Z 4  r e v e a l s  t h a t  it is  j u s t  t h e  term 

represented  by t h e  f i r s t  diagram i n  Figure  2 ( d ) ,  which i s  cer-  

t a i n l y  inc luded by (1.17) .  On t h e  c o n t r a r y ,  t h e  na ive  method 

which i s  equ iva len t  t o  an approximate eva lua t ion  of C i s  i n -  2  

deed i n v a l i d a t e d  by Ziman's argument. 

The HA model p o t e n t i a l  which B a l l e n t i n e  adopted i n  

h i s  c a l c u l a t i o n s  i s  nonlocal  and dependent on an energy para- 

meter.  B a l l e n t i n e  used an approximate l o c a l ,  energy independent 

form der ived  from i t s  Fermi energy s h e l l  mat r ix  elements.  This ,  

t o g e t h e r  with t h e  assumption t h a t  Z(k t  E )  i n  t h e  denominator of 

(1.17) could be replaced  by a cons tan t ,  enabled him t o  perform 

a l l  t h e  angular  i n t e g r a t i o n s  a n a l y t i c a l l y  and g r e a t l y  s impl i fy  

t h e  s o l u t i o n  of t h e  i n t e g r a l  equat ion.  The work of Shaw and 

Smith (1969) mentioned before  i n d i c a t e s  t h a t  r e t a i n i n g  t h e  non- 

l o c a l  and energy dependent na tu re  of t h e  model p o t e n t i a l  w i l l  

t end  t o  smooth o u t  some of t h e  s t r u c t u r e  p red ic ted  from a  l o c a l  

pseudopotent ia l .  This  i s  no t  s u r p r i s i n g ,  f o r  B a l l e n t i n e  found 

t h a t  t h e  r e l a t i v e  p o s i t i o n  of t h e  zero of t h e  pseudopotent ia l  

( i n  momentum space)  and t h e  peak of t h e  s t r u c t u r e  f a c t o r  i s  an 
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important  parameter,  and f o r  a  nonlocal  pseudopotent ia l  t h e  

zero  i s  e f f e c t i v e l y  varying wi th  energy o r  momentum. To in -  

c lude a  nonlocal  pseudopotent ia l  and t o  s o l v e  t h e  i n t e g r a l  

equat ion (1.17) wi thout  f u r t h e r  approximation, as we s h a l l  do 

i n  our c a l c u l a t i o n s  i n  t h e  next  chap te r ,  w e  need t o  t a k e  c a r e  

of t h e  f i r s t  o r d e r  term, perform one of  t h e  angular  i n t e g r a t i o n s  

numerical ly  and s o l v e  an i n t e g r a l  equat ion  i n  t h e  two v a r i a b l e s  

k and E.  Such complicat ions a r e  e n t i r e l y  computational i n  

na ture .  The energy dependence of t h e  model p o t e n t i a l ,  however, 

causes d i f f i c u l t i e s  i n  p r i n c i p l e  f o r  t h e  Green func t ion  method. 

The s o l u t i o n  of t h e s e  d i f f i c u l t i e s  i s  t h e  s u b j e c t  of  Chapter 3 .  



CHAPTER 2 

EFFECTIVE MASS APPROXIMATION 

5 2 . 1  Modif icat ion of t h e  Green Function Method t o  inc lude  

an E f f e c t i v e  Mass 

The HA model p o t e n t i a l ,  l i k e  many o t h e r  pseudopotent ia l s  

t h a t  a r e  u s e f u l  i n  c a l c u l a t i n g  p r o p e r t i e s  of meta ls ,  i s  non- 

l o c a l  and energy dependent. Weaire (1967) has  shown t h a t  some 

of t h e  l a r g e s t  e f f e c t s  of t h e  and E dependence can be absorbed 

i n t o  an e f f e c t i v e  mass. I n  t h i s  chap te r  w e  combine a  s i m i l a r  

e f f e c t i v e  mass wi th  t h e  Green funct ion  method t o  o b t a i n  t h e  

dens i ty  of s t a t e s  of t h r e e  l i q u i d  metals .  

2  
Consider t h e  hamil tonian H = + W(E) ( u n i t s  h = 1) , 

where p  i s  t h e  momentum opera to r ,  m i s  t h e  f r e e - e l e c t r o n  mass 

and W(E) i s  t h e  e l ec t ron- ion  model p o t e n t i a l  conta in ing  a  para- 

meter E such t h a t  t h e  computed energy eigenvalue of  t h e  model 

wave equat ion i s  equal  t o  t h e  t r u e  energy eigenvalue only when 

E is i t s e l f  set equal  t o  t h e  t r u e  eigenvalue t o  be solved f o r .  

It i s  customary i n  p e r t u r b a t i o n  theory t o  break H up i n t o  two 
9 

terms, H = Ho + H1 with t h e  f r ee -e iec t ron  hamil tonian Ho = & 
a s  t h e  unperturbed p a r t  and H1 = W(E) a s  t h e  p e r t u r b a t i o n .  

This i s  n o t  t h e  only p o s s i b l e  decomposition. An equa l ly  l e g i t i -  

mate a l t e r n a t i v e  is  t h e  following: 



where 

and 

I I 

= Hod + H,, 

Here w e  have expanded t h e  p o t e n t i a l  ope ra to r  W(E) i n  

terms of t h e  complete s e t  of plane wave s t a t e s  { I&,)}. The sym- 

1 bo l s  H d ,  denote t h e  diagonal  and off-diagonal  p a r t s  of t h e  Hod 
0 

pe r tu rb ing  term HI, r e s p e c t i v e l y  and Ek i s  t h e  s o l u t i o n  of t h e  

equat ion ,  

Assuming t h a t  W ( E )  depends l i n e a r l y  on t h e  energy w e  have 
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which can be solved s e l f - c o n s i s t e n t l y  t o  y i e l d  

I n  (2.6) t h e  Fermi energy EF i s  given by 

A s  t h e  parameters (and t h e i r  d e r i v a t i v e s )  f o r  t h e  model poten- 

t i a l s  t h a t  we s h a l l  be using a r e  t a b u l a t e d  a t  E = EF, i t  i s  a  

0 s t r a igh t fo rward  mat t e r  t o  eva lua te  Ek . We can d e f i n e  an e f fec -  

* 
t i v e  mass m by t h e  equat ion 

The cons tan t  Eo can be taken a s  zero  by a  s u i t a b l e  choice of 

o r i g i n .  I t  i s  convenient t o  de f ine  a  dimensionless parameter 

This i s  equiva lent  t o  t h e  product wEpk of Weaire (1967) who 

d i f f e r e n t i a t e d  t h e  equat ion ,  



t 
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wi th  r e s p e c t  t o  k and made use of t h e  r e l a t i o n ,  

t o  o b t a i n  

wi th  

and 

Here w e  have abbrevia ted  ( ~ I W  (E)  (h)  by W .  The ensemble average 

Green func t ion  can now be w r i t t e n  as  
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where ( i n  u n i t s  X = 2m = &e2 = 1) , 

G O p i , ~ )  E ( E - H o ) - ' / ? $  

r 
f 

The self-energy i s  given by 

; / 

7 
F 

t o  t h e  same o rde r  of approximation as  E q .  (1.17) . The f i r s t  

o rde r  term, 

0 i s  zero i f  we approximate t h e  parameter E h e r e  by Ek . The 

second term i n  ( 2  . l 7 )  conta ins  only off-diagonal  mat r ix  e l e -  

ments, 
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I f  w e  n e g l e c t  the energy dependence o f  t h e  o f f -d i agona l  p a r t ,  

1 w e  have a hami l ton ian  o f  t h e  form H = HO + H , where t h e  per -  

1 
t u r b a t i o n  H i s  independent  of  energy.  Hence t h e  u s u a l  Green 

f u n c t i o n  method f o r  c a l c u l a t i n g  t h e  d e n s i t y  of  s ta tes  i s  a p p l i -  

c a b l e .  The se l f - ene rgy  i s  now g iven  by 

where 

Equat ion (2.18) has  t h e  same form as (1.17) , b u t  now t h e  model 

p o t e n t i a l  i s  non loca l  and an e f f e c t i v e  mass has  been in t roduced .  

The n e g l e c t  of  t h e  energy dependence of t h e  of•’ -diagonal  

e lements  can be  j u s t i f i e d  t o  some e x t e n t  by p e r t u r b a t i o n  theo ry .  

These m a t r i x  e lements  occu r  on ly  i n  t h e  second o r d e r  of  t h e  

p e r t u r b a t i o n  expansion f o r  t h e  energy e i g e n v a l u e s ,  whereas t h e  

d i agona l  e lements  occu r  i n  t h e  f i r s t  o r d e r .  Thus t h e  primary 

e f f e c t  of  t h e  energy dependence has  been taken  i n t o  account .  
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Perhaps w e  should  mention t h a t  o u r  formalism does n o t  

p rec lude  t h e  p o s s i b i l i t y  t h a t  p may depend on k.  Whether o r  

n o t  w e  need t o  use  a  k-dependent e f f e c t i v e  mass i n  o u r  a c t u a l  

c a l c u l a t i o n s  i s  a  q u e s t i o n  t h a t  can be  answered by computing 

p numer ica l ly  a t  d i f f e r e n t  va lues  of k .  From F igure  3 ,  i n  

0 which w e  have p l o t t e d  Ek o f  Equation (2.6) a g a i n s t  k2  f o r  

l i q u i d  B i ,  I n ,  and H g  it is  c l e a r  t h a t  t h e  corresponding e f f e c -  

t i v e  masses can be  regarded a s  c o n s t a n t  f o r  a l l  p r a c t i c a l  pur- 

poses .  W e  have a l s o  l i s t e d  i n  Table  I t h e  v a r i o u s  e f f e c t i v e  

masses d e f i n e d  above and r e l a t e d  q u a n t i t i e s  f o r  f u t u r e  use .  The 

o v e r a l l  e f f e c t i v e  mass p which w e  s h a l l  use  i n  Equat ion (2.18) 

i s  t h e  average va lue  deduced from t h e  s l o p e  of t h e  b e s t  f i t t i n g  

s t r a i g h t  l i n e  i n  F igure  3 .  Our e f f e c t i v e  masses f o r  mercury 

a r e  d i f f e r e n t  from Weai re ' s  (shown i n  pa ren theses )  because we 

used Evans' (1970) model p o t e n t i a l  (see F igu re  19 ,  S e c t i o n  2.5 

below) which d i f f e r s  r a d i c a l l y  from t h e  HA p o t e n t i a l  he  used. 



0 
Figure 3 Ek of  quat ti on (2.6) vs. k 2 . 
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TABLE I E f f e c t i v e  Masses 

92.2 C a l c u l a t i o n  of t h e  Densi ty  of S t a t e s  

The e s s e n t i a l  s t e p  i n  c a l c u l a t i n g  t h e  d e n s i t y  of  s t a t e s  

n  (E )  i s  t o  o b t a i n  t h e  s e l f - ene rgy  C (k ,  E )  . Equat ions  (1.8) 

and (1 .3)  t h e n  g i v e  t h e  Green f u n c t i o n  and s p e c t r a l  f u n c t i o n ,  

which y i e l d s  n (E)  upon i n t e g r a t i n g  o v e r  k .  I n  o r d e r  t o  s o l v e  

equa t ion  (2.18) s e l f - c o n s i s t e n t l y  f o r  C (k ,  E) w e  f i r s t  t r a n s -  

form t h e  i n t e g r a l  i n t o  p o l a r  co -o rd ina t e s  w i t h  t h e  p o l a r  a x i s  

a long  t h e  d i r e c t i o n  of s o  t h a t  
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T h e  angular  i n t e g r a l  y i e l d s  

w i t h  u given by C2.19), B being t h e  cos ine  of t h e  angle  between 

2 b and and q = (k + k f 2  - 2 k k 1 ~ )  '. It can be t abu la ted  f o r  

d i f f e r e n t  values of k and k l ,  and need n o t  be r e c a l c u l a t e d  dur- 

i n g  t h e  s o l u t i o n  of (2.20) .  The numerical s o l u t i o n ,  though 

n o t  t r i v i a l ,  turned o u t  t o  be q u i t e  s t ra ight - forward  because a  

d i r e c t  i t e r a t i v e  scheme converges. This  i s  somewhat f o r t u i t o u s  

s i n c e  non l inea r  i n t e g r a l  equat ions  such a s  (2.20) a r e  n o t  gener- 

a l l y  s o l v a b l e  by simple i t e r a t i o n .  Some important  d e t a i l s  of 

t h e  numerical procedure w i l l  be d iscussed  i n  connection wi th  

t h e  c a l c u l a t i o n s  f o r  bismuth. 

I n  a d d i t i o n  t o  t h e  d e n s i t y  of s t a t e s  we s h a l l  a l s o  ca l -  

c u l a t e  t h e  momentum d i s t r i b u t i o n  of t h e  conduction e l e c t r o n s ,  

This q u a n t i t y  measures t h e  p r o b a b i l i t y  t h a t  t h e  momentum s t a t e  

115) i s  occupied. The Fermi energy EF i s  t o  be obta ined  by 

i n t e g r a t i n g  n(E) up t o  t h e  energy below which t h e  Z valence 

e l e c t r o n s  pe r  atom can be accommodated. 
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92.3 Appl ica t ion  t o  Bismuth 

The s t r u c t u r e  f a c t o r  a ( q )  of l i q u i d  bismuth ( a t  300•‹C), 

taken from t h e  neutron d i f f r a c t i o n  d a t a  of North,  Enderby and 

E g e l s t a f f  (1968),  i s  p l o t t e d  i n  Figure 4 .  We have used t h e  

nonlocal  model p o t e n t i a l  of Heine, Abarenkov and Animalu (Heine 

and Abarenkov 1964, Abarenkov and Heine 1965, Animalu and Heine 

1965, t o  be r e f e r r e d  t o  a s  HAA).  Ce r t a in  l o c a l  p o t e n t i a l  con- 

t r i b u t i o n s  have been t r e a t e d  s l i g h t l y  d i f f e r e n t l y  from HAA, f o r  

reasons which a r e  n o t  p a r t i c u l a r l y  important  h e r e  ( see  Ba l l en t ine  

and Gupta 1971, t o  be abbreviated B G ) .  For t h e  sake of com- 

p l e t e n e s s  we b r i e f l y  s t a t e  t h e  p o t e n t i a l  a c t u a l l y  used. 

The s e l f - c o n s i s t e n t l y  screened model p o t e n t i a l  i n  a 

meta l ,  

i s  t h e  sum of t h e  b a r e  model p o t e n t i a l  VM, t h e  screening  poten- 

t i a l  Vsc due t o  t h e  r e d i s t r i b u t i o n  of t h e  conduction e l e c t r o n  

charge and t h e  exchange and c o r r e l a t i o n  e f f e c t i v e  p o t e n t i a l  Vxc 

of t h e  conduction e l e c t r o n s .  VM i s  a  sum of s i m i l a r  model 

p o t e n t i a l s  vM centered  around each ion ,  of t h e  form 





where PQ i s  t h e  p r o j e c t i o n  o p e r a t o r  f o r  angu la r  momentum quan- 

!- tum nurnber R. The model r a d i u s  i s  chosen r a t h e r  a r b i t r a r i l y  

w i t h i n  t h e  range between t h e  i o n i c  c o r e  r a d i u s  R and t h e  Wig- 
C 

n e r - S e i t z  r a d i u s  of  t h e  atom i n  a s o l i d .  For  R 5 2 t h e  dep th  

parameter  A e ( E )  i s  a d j u s t e d  s o  t h a t  f o r  energy E t h e  l o g a r i t h -  

m i c  d e r i v a t i v e  of  t h e  pseudo-wave f u n c t i o n  i s  t h e  same a s  t h a t  

f o r  t h e  t r u e  wave f u n c t i o n  a t  r = %. Thi s  is done by f i t t i n g  

t h e  s p e c t r o s c o p i s  t e r m  v a l u e s  of  t h e  s i n g l e  i o n  and l i n e a r l y  

e x t r a p o l a t i n g  t o  o t h e r  e n e r g i e s .  For  R > 2 Ak i s  s e t  e q u a l  t o  

A2' Vsc is  r e l a t e d  t o  t h e  s c r e e n i n g  charge  d e n s i t y  ps, by 

P o i s s o n ' s  e q u a t i o n ,  

F i r s t  o r d e r  p e r t u r b a t i o n  g i v e s  

where t h e  r a t i o  pk/pE of t h e  e f f e c t i v e  masses e n t e r s  i n  t h e  

same way t h a t  it does  i n  t h e  ca se  o f  t h e  s t ruc tu re -dependen t  

energy (Weaire 1968) .  BG have ob ta ined  Vxc by app ly ing  t h e  

formalism of  Hohenberg and Kohn (1964) and Kohn and Sham (1965).  

Both Vsc and Vxc must of cou r se  be  c a l c u l a t e d  s e l f - c o n s i s t e n t l y .  

The f i n a l  r e s u l t  f o r  t h e  momentum space  m a t r i x  e lement  of t h e  



screened model p o t e n t i a l  f o r  a s i n g l e  i o n  i s  

The inhomogeneity c o r r e c t i o n  p o t e n t i a l  a r i s e s  from t h e  f a c t  

t h a t  t h e  p o t e n t i a l  corresponding t o  an exchange and c o r r e l a t i o n  

charge d e n s i t y  Copsc i s  an overes t imate  of Vxc i n s i d e  t h e  ion  

core.  It  i s  approximated by t h e  form 

where x  = qRc and 

i s  t h e  form f a c t o r  of a uniform s p h e r i c a l  charge d i s t r i b u t i o n .  

Formulas f o r  eva lua t ing  Co(q) and Eic can be found i n  s e c t i o n  3 
L 

of BG. The d i e l e c t r i c  funct ion  i s  



where 

I n  (2.30) it has  been assumed t h a t  t h e  r a t i o  pk/pE i s  indepen- 

d e n t  of k .  

Within t h e  framework of  o u r  e f f e c t i v e  mass approximat ion 

w e  on ly  need t o  e v a l u a t e  t h e  model p o t e n t i a l  a t  E = EF. To 

f u r t h e r  s i m p l i f y  t h e  computation w e  have r e p l a c e d  (k + % l v  M (E F  ) I & , )  
i n  t h e  s c r e e n i n g  t e r m  by t h e  Fermi energy s h e l l  m a t r i x  e lement  

(15 + & I  vM(EF) I&)F ( I & ,  + & I  = k = kF f o r  q 5 2kF, and k = kF, 

+ & I  = q - k F  f o r  q > 2kF). Equat ion (2.27) now becomes, a f t e r  

some manipula t ion  

Here vRoc and vne r e p r e s e n t  t h e  l o c a l  and non loca l  p a r t s  of vM 

r e s p e c t i v e l y .  Only t h e  f i r s t  term i n  (2.32) i s  non loca l .  

Values o f  t h e  m o d e l . p o t e n t i a 1  parameters  f o r  t h e  t h r e e  
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metals cons ide red  a r e  t a b u l a t e d  i n  Appendix 11. F i g u r e  5 shows 

ou r  Fermi energy s h e l l  form f a c t o r  f o r  bismuth normal ized t o  

t h e  a tomic  volume R .  Shown a l s o  are t h e  HAA form f a c t o r  f o r  

comparison and t h e  p o s i t i o n  q  of t h e  main peak i n  a ( q ) .  There 
P 

is  n o t  much d i f f e r e n c e  between t h e  two cu rves .  Ours i s  i n  

s l i g h t l y  b e t t e r  agreement w i t h  Cohen and H e i n e l s  (1970) est i-  

mates of  t h e  node of t h e  form f a c t o r  from l i q u i d  s t r u c t u r e  d a t a .  

The s l i g h t  d i f f e r e n c e  i n  t h e  long  wave l i m i t s  i s  due t o  t h e  

d i f f e r e n t  a tomic volumes used.  Our v a l u e  i s  a p p r o p r i a t e  t o  t h e  

l i q u i d  whereas HAA used t h e  s o l i d  s ta te  va lue .  

Numerical computation 

Throughout o u r  numerical  work we have used "semi-atomic" 

u n i t s  s o  t h a t  e n e r g i e s  a r e  i n  rybergs  and momenta i n  a  - 0 
where 

a = -  ' i s  t h e  Bohr r a d i u s .  The c a l c u l a t i o n s  d i d  no t ' i nvo lve  
O m e  2 

any s p e c i a l  t e chn iques  of  numerical  a n a l y s i s  and t h e r e f o r e  need 

n o t  be  d e s c r i b e d  i n  f u l l .  W e  mention h e r e  on ly  t h o s e  a s p e c t s  

which are impor t an t  f o r  accuracy o r  computa t iona l  e f f i c i e n c y .  

(1) The angu la r  i n t e g r a l  f  ( k t  k '  ) i n  (2.21) w a s  f i r s t  tabu- 

l a t e d  a t  29 v a l u e s  of  k  and 58 va iues  of k '  i n  t h e  i n t e r v a l  

0  5 k t  k '  r 6 . 5 .  The p o i n t s  w e r e  d i s t r i b u t e d  more dense ly  

where t h e  f u n c t i o n  w a s  more r a p i d l y  vary ing .  More p o i n t s  were 

needed f o r  k t  than  f o r  k  because t h e  s t r u c t u r e  of f  ( k t  k g )  was 

more complicated than  t h a t  of C(k t  E ) ,  and t h e  i t e r a t i v e  so lu-  

t i o n  of (2 .20)  r e q u i r e d  us  t o  i n t e g r a t e  a p roduc t  i nvo lv ing  
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f ( k ,  k') over  k ' .  A Romberg quadra ture  (see e .q .  s e c t i o n  4 . 4 ,  

Conte 1965) was used t o  perform t h e  i n t e g r a t i o n .  I t  has  t h e  

advantage of proceeding automat ica l ly  u n t i l  t h e  s p e c i f i e d  ab- 

s o l u t e  o r  r e l a t i v e  accuracy i s  achieved. 

(2) Equation (-2.20) was solved by complex i n t e g r a t i o n  r a t h e r  

than s e p a r a t i n g  it i n t o  r e a l  and imaginary p a r t s .  I n  t h i s  way 

t h e  i n t e r p o l a t i o n  f o r  t h e  r e a l  and imaginary p a r t s  of t h e  i n t e -  

grand could be done s imultaneously.  

(3 )  W e  can e a s i l y  e s t ima te  t h e  t r u n c a t i o n  e r r o r s  A C  and An(E) 

i n  C and n ( E ) ,  which may a r i s e  from t h e  use of a  f i n i t e  upper 

l i m i t  of i n t e g r a t i o n ,  kM say ,  i n  (2.20) and i n  t h e  f i n a l  i n t e -  

g r a t i o n  f o r  t h e  d e n s i t y  of s t a t e s .  From (2.20) we have 



and 

Our p a r t i c u l a r  c h o i c e  o f  km = 6 . 5  i n s u r e s  t h a t  i n  t h e  d e n o m i n a t o r  

( k ' I 2  >> E f o r  t h e  e n t i r e  r a n g e  o f  E i n  w h i c h  we are i n t e r e s t e d ,  

and  ( k ' 1 2  >>  ~ e ~ ( k ' ,  E ) ,  l m L ( k l ,  E )  ( f rom t h e  r e s u l t s  o f  o u r  

c a l c u l a t i o n s )  . E q u a t i o n s  (2 .33)  a n d  (2 .34)  t h u s  r e d u c e  t o  

and 

C o n s i d e r ,  f o r  example ,  t h e  case E = 0 . 6 ,  k  = 0 .2 .  The r e l e v a n t  

q u a n t i t i e s  h a v e  t h e  v a l u e s  ReL ( 0 . 2 ,  0 .6)  = -0 .092 ,  I m C  ( 0 . 2 ,  0 .6 )  

= -0.0858. ReL(6.5,  0 . 6 )  = -0 .031,  ImL(6.5,  0 .6 )  = a n d  
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f (0 .2 ,  6.5) = 0.0113. The asymptotic behaviour of t h e  func t ions  

ReC, I m ,  and f  w e r e  es t imated  by log-log p l o t s .  They were 

found t o  vary a s  (k '  ) -2 (k' ) - 4 ,  and (k' ) - 4  r e s p e c t i v e l y .  In- 

seg t ing  t h e s e  i n t o  C2.35) and (2.36) w e  o b t a i n  
1 

C 

and 

E- 

1 

I n  p a r t i c u l a r ,  

These e r r o r s  a r e  obviously n e g l i g i b l e  i n  comparison wi th  t h e  

numerical va lues  f o r  ReC(0.2, 0.6) and ImC(0.2, 0.6) quoted 

above. This  i s - e x p e c t e d  t o  hold f o r  o t h e r  va lues  of k and E .  
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S i m i l a r l y ,  from Equa t ions  (1 .5)  , (1.3)  , and (1.8)  , 

&?? 

For  i l l u s t r a t i o n  w e  q u o t e  some numer ica l  r e s u l t s :  n  (0.06) = 

- 4  0.0166, ImC(6.5, 0 .6)  = -10 , n  (-0.05) = 0.0041, and I m C  (6 .5 ,  

1 -0.05) = - 3 . 3  x E v i d e n t l y  An i s  n e g l i g i b l e  e x c e p t  a t  t h e  

v e r y  bot tom of  t h e  band (Eo r~ -0.09) . , 

The above c o n s i d e r a t i o n s  shou ld  n o t  b e  t aken  t o  imply 

t h a t  o u r  f i n a l  r e s u l t s  f o r  t h e  d e n s i t y  o f  s tates w i l l  b e  accu- 
'\ 

ra te  t o  t h e  o r d e r  i n d i c a t e d  i n  ( 2 . 3 9 ) .  U l t i m a t e l y  t h e  accuracy  

o f  o u r  c a l c u l a t i o n s  i s  l i m i t e d  by t h e  a v a i l a b l e  expe r imen ta l  

d a t a  f o r  a(q). The p o i n t  i s  t h a t  no e x t r a n e o u s  numer ica l  e r r o r  

h a s  been i n t r o d u c e d .  
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( 4 )  The i n t e r v a l  of i n t e g r a t i o n  (0, 6 .5)  f o r  bo th  C and n  (E)  

was d iv ided  i n t o  three s u b i n t e r v a l s  (0, ko - 2Ak) , (ko - 2Ak, 

ko + 2Ak), and (ko + 2Ak, 6.5) where ko i s  t h e  peak p o s i t i o n  

of t h e  s p e c t r a l  func t ion  p(k,  E )  and i s  given by t h e  s o l u t i o n  

of t h e  equat ion ,  

Ak i s  t h e  "half-width" of p(k,E) i f  C w e r e  independent of k  s o  

t h a t  p (k,E) would be a  Lorentzian.  Provided t h a t  ko >> Ak, 

which i s  s a t i s f i e d  except  f o r  E very c l o s e  t o  t h e  bottom of t h e  

band, Ak i s  given t o  a  good approximation by ImZ(ko, E)/ko. 

The purpose of t h i s  subd iv i s ion  of t h e  i n t e r v a l  is t o  reduce 

t h e  computer t ime s i n c e  p(k,E)  i s  a  sha rp ly  peaked funct ion  of 

k and t h e  i n t e g r a t i o n  i n  t h e  region o u t s i d e  t h e  peak converges 

much more rap id ly .  

A s  a  t e s t  of our programs we have c a l c u l a t e d  t h e  s e l f -  

energy and hence t h e  d e n s i t y  of s t a t e s  f o r  bismuth using f r e e -  

e l e c t r o n  mass ( = ) and B a l l e n t i n e ' s  (1966) va lues  of 

2 I u ( ~ )  1 a  (q) i n  which a  l o c a l  approximation of t h e  HAA model 

p o t e n t i a l  was used. I n  Figure 9 t h e  n(E) s o  obta ined  (case  2 )  

i s  compared t o  B a l l e n t i n e ' s  (case  1) which he c a l c u l a t e d  by 

making t h e  "complex energy approximation" of r ep lac ing  C (k ,  E )  

i n  t h e  denominator of (1.17) by a  cons tan t  C(ko, E ) .  The coin- 

c idence of t h e  two curves a t  a l l  po in t s  except  a t  t h e  smal l  

peak around k  = -0.14 t e s t i f i e s  t o  t h e  genera l  co r rec tness  of 
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our  programs. A t  the same t i m e  it a1 o shows t h a t  t h e  "complex t' 
energy approximation" d i d  n o t  i n t r o d u c e  s e r i o u s  e r r o r s  a p a r t  

from a s l i g h t  s p u r i o u s  enhancement o f  t h e  s t r u c t u r e .  W e  have 

a l s o  p l o t t e d  on t h e  same graph t h e  r e s u l t s  f o r  n(E) w i t h  effec- 

t i v e  mass c o r r e c t i o n  us ing  local (case  3)  and non loca l  (case  4 )  

model p o t e n t i a l s  r e s p e c t i v e l y .  A comparison of  c a s e s  2 and 3  

shows t h a t  t h e  s t r u c t u r e  i s  somewhat reduced by t h e  i n c l u s i o n  

of  t h e  energy dependence of t h e  p o t e n t i a l  th rough  an e f f e c t i v e  

mass. When a non loca l  model p o t e n t i a l  i s  used (case 4 )  t h e  

s t r u c t u r e  i s  f u r t h e r  reduced s o  t h a t  t h e  shou lde r  of t h e  n (E)  

curve ,  which i s  s t i l l  q u i t e  d i s t i n c t  i n  c a s e  3,  i s  now b a r e l y  

v i s i b l e .  Thus w e  f i n d  t h e  d e n s i t y  o f  e l e c t r o n i c  s t a t e s  of 

bismuth t o  be  more n e a r l y - f r e e - e l e c t r o n - l i k e  a s  t h e  c a l c u l a t i o n s  

become more e x a c t .  To unders tand  what i s  happening w e  need 

on ly  c o n s i d e r  t h e  o r i g i n  of t h e  s t r u c t u r e  o b t a i n e d  w i t h  a  l o c a l ,  

energy independent  model p o t e n t i a l .  I n  bismuth it i s  t h e  l a r g e  

2 
v a l u e  of  lu (q) I a (q) a t  t h e  p o s i t i o n  of t h e  main peak o f  a (q)  

which g i v e s  rise t o  t h e  s t r u c t u r e  ( B a l l e n t i n e  1966) .  For a 

n o n l o c a l ,  energy dependent model p o t e n t i a l  t h e  p o s i t i o n  of  t h e  

z e r o  o f  (k lu(E)  Ik + v a r i e s  w i t h  k and E l  w i t h  t h e  e f f e c t  of 

smoothing o u t  t h e  s t r u c t u r e .  

The real  and imaginary p a r t s  of  t h e  s e l f - ene rgy  C(k ,  E )  

corresponding t o  case 4 are shown i n  F igu res  6  and 7 .  These 

have about  t h e  same amount of s t r u c t u r e  as found by B a l l e n t i n e  

(1966) b u t  t h e  v a l u e s  a r e  t y p i c a l l y  s m a l l e r  by f a c t o r s  of two 

and t h r e e  r e s p e c t i v e l y .  By comparing t h e  v a l u e s  of C(k l  E )  f o r  

* 









Figure 9 Density of s t a t e s  pe r  u n i t  volume (a.u.)  p e r  u n i t  

energy range ,  n(E) 

A Case 1 

+ Case 2 

+ Case 3 

Case 4 

f o r  bismuth. 

Local,  energy independent model 

potentia1,"complex energy approxi- 

mation" -- B a l l e n t i n e  (1966) 

Local,  energy independent model 

p o t e n t i a l  

Local model p o t e n t i a l ,  e f f e c t i v e  

mass c o r r e c t i o n  

Nonlocal model p o t e n t i a l ,  e f fec -  

t i v e  mass c o r r e c t i o n  

- - -  Free-e lec t ron  parabola  ( o r i g i n  s h i f t e d )  

-- Free-e lec t ron  parabola  corresponding t o  

CI = 0 .87  
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the f o u r  c a s e s  mentioned above we observe  t h a t  i t  i s  mainly  

t h e  u se  of a non loca l  model p o t e n t i a l  which i s  r e s p o n s i b l e  f o r  

t h e  d r a s t i c  r educ t ion .  The smaller v a l u e s  of  ImC(k, E) a r e  

r e f l e c t e d  i n  t h e  narrower  wid th  of  t h e  s p e c t r a l  f u n c t i o n  p ( k ,  E )  

(Figure  8 ) .  Moreover, i f  we  d e f i n e  a t h i c k n e s s  of t h e  Fermi 

s u r f a c e ,  AkF, as t h e  d i s t a n c e  between t h e  p o i n t s  where a t a n g e n t  

t o  t h e  momentum d i s t r i b u t i o n  curve  f o r  occupied s t a t e s  (F igure  

10)  a t  P ( k )  = 0.5 i n t e r c e p t s  P = 0 and 1, w e  o b t a i n  a t h i c k n e s s  
/ 

-1 of  0.087 a. T h i s  i s  much smaller thanx B a l l e n t i n e t s  (1966) 

-1 v a l u e  of 0.205 a. W e  conclude t h a t  t h e  e l e c t r o n i c  s t a t e s  of 

bismuth have n e a r l y - f r e e - e l e c t r o n  behaviour .  

$ 2 . 4  Appl i ca t ion  t o  Indium 

I n  t h e i r  photoemiss ion exper iments  on indium Koyama e t  

a1. (1967) and Enderby (1969, unpubl ished)  have found a pro- 

nounced s t r u c t u r e  i n  t h e  energy d i s t r i b u t i o n s  of  t h e  photo- 

e m i t t e d  e l e c t r o n s ,  which h a s  been t e n t a t i v e l y  a t t r i b u t e d  t o  

s t r u c t u r e  i n  t h e  d e n s i t y  of occupied s tates (Koyama e t  a l .  1967) .  

I t  i s  t h e r e f o r e  of  c o n s i d e r a b l e  i n t e r e s t  t o  c a l c u l a t e  t h e  den- 

s i t y  of s t a t e s  i n  t h i s  me ta l .  The s t r u c t u r e  f a c t o r  a ( q )  f o r  

indium a t  170•‹C (F igu re  11) w a s  t aken  from t h e  X-ray d i f f r a c t i o n  

d a t a  of Ocken and Wagner (1966) .  A non loca l  model p o t e n t i a l  

(F igure  1 2 )  s i m i l a r  t o  t h e  one f o r  bismuth was used ,  b u t  i n  

t h i s  case t h e  parameter  E (see Eq. (2.28) ) w a s  a d j u s t e d  t o  
i c  

make t h e  form f a c t o r  f i t  t h e  p o i n t s  deduced from t h e  Fermi 

s u r f a c e  d a t a  and t h e  p r e s s u r e  dependence of t h e  de  Haas-van 
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Alphen e f f e c t  (Cohen and Heine 1970, and re fe rences  given t h e r e ) .  

The b e s t  f i t  was obta ined  when E ic '  considered a s  a parameter,  

had t h e  va lue  - 6 . 4 5 .  The r a t i o  uk/uE = 1.1 i n  Equation (2.30) 

is  respons ib le  f o r  t h e  d i f f e r e n c e  between t h e  long wave l i m i t  

of our  form f a c t o r  an4 t h a t  of t h e  HAA p o t e n t i a l .  F igures  13  

t o  17 d i s p l a y  t h e  r e u l t s  of t h e  c a l c u l a t i o n s .  
/ 

Indium i s  even more f r ee -e lec t ron- l ike  than  bismuth i n  

every r e s p e c t .  Both t h e  r e a l  and imaginary p a r t s  of t h e  s e l f -  

energy (Figure 13  and 1 4 )  have smal ler  va lues  and t h e  imagin- 

a ry  p a r t  has  less s t r u c t u r e .  The s p e c t r a l  func t ion  (Figure 

15) i s  narrower and t h e r e  i s  less d i s o r d e r  broadening i n  t h e  

momentum d i s t r i b u t i o n  P (k) ( ~ i g u r e  17) . Above a l l ,  t h e  dens i ty  

of s t a t e s  (Figure 16) d i f f e r s  very l i t t l e  from t h e  f r ee -e lec t ron  

parabola corresponding t o  t h e  appropr ia t e  e f f e c t i v e  mass. I n  

t h e  l i g h t  of our  p r e s e n t  r e s u l t s  t h e  i n t e r p r e t a t i o n  of t h e  

photoemission d a t a  by Koyama e t  a l .  (1967) appears dubious. 

Shaw and Smith (1969) have come t o  a  s i m i l a r  conclusion on t h e  

b a s i s  of t h e i r  second o r d e r  p e r t u r b a t i o n  c a l c u l a t i o n .  

52.5  Appl ica t ion  t o  Mercury 

Liquid mercury possesses  e l e c t r o n i c  p r o p e r t i e s  which 

a r e  s t r i k i n g l y  d i f f e r e n t  from those of o t h e r  l i q u i d  metals .  

Some of t h e s e  a r e :  (a)  very high d . c  r e s i s t i v i t y  and thermo- 

e l e c t r i c  power, (b)  sha rp  decrease i n  r e s i s t i v i t y  on a l loy ing  

wl th  meta ls  o t h e r  than t h e  a l k a l i s ,  and (c)  o p t i c a l  conduc- 
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* 

t i v i t y  t h a t  cannot be f i t t e d  t o  the Drude formula (see Mott 

1966 f o r  a review).  By p o s t u l a t i n g  a d i p  i n  t h e  e l e c t r o n i c  

d e n s i t y  of s t a t e s  n e a r  t h e  Fermi energy Mott was a b l e  t o  g ive  

a q u a l i t a t i v e  i n t e r p r e t a t i o n  t o  a l a r g e  body of experimental  

d a t a ,  a l though Adams (1968) l a t e r  showed t h a t  t h e  r e s i s t i v i t y  

of Hg-Au a l l o y s  i s a n  except ion  t o  Mott 's  model. 

The t h e o r e t i c a l  o r i g i n  of  t h e  d i p  i n  n ( E ) ,  as c a l c u l a t e d  

e i t h e r  by second o rde r  p e r t u r b a t i o n  theory  o r  by t h e  Green func- 

t i o n  techniques used i n  t h i s  t h e s i s ,  i s  t h e  sha rp  peak i n  t h e  

s t r u c t u r e  f a c t o r  a (q) . Because a (q) occurs  m u l t i p l i e d  by t h e  

square of t h e  model p o t e n t i a l  form f a c t o r  u (q) (see Eq .  (1.17) ) , 
which according t o  Animalu and Heine (1965) should be zero  

near  t h e  peak p o s i t i o n  q of a ( q )  f o r  mercury, Mot t ' s  hypothesis  
P 

appeared f o r  some time t o  be poorly founded. 

However more r e c e n t l y  Evans e t  a l .  (Evans e t  a l .  1969, 

Evans 1970) showed t h a t  t h e  model p o t e n t i a l  f o r  mercury should 

have a cons iderably  d i f f e r e n t  form from t h e  HAA model p o t e n t i a l ,  

and i n  p a r t i c u l a r  u ( q )  should n o t  pass  through zero  near  q . 
P 

Using Ziman's theory  (Ziman 1961, Bradley e t  a l .  1962, Faber 

and Ziman 1965) they  obta ined  reasonable q u a n t i t a t i v e  agreement 

wi th  most (though n o t  a 1 l ) o f  t h e  r e s i s t i v i t y  and the rmoe lec t r i c  

power measurements, wi thout  employing Mot t ' s  hypothes is  about 

t h e  d e n s i t y  of e l e c t r o n i c  s t a t e s .  

* 
Experimental workers a r e  n o t  unanimous regarding  t h i s  p o i n t .  
See P a r t  I1 below. 
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The form of  the Evans model p o t e n t i a l  s u g g e s t s  t h a t  t h e  

d e n s i t y  of s tates i n  mercury might indeed  have an i n t e r e s t i n g  

s t r u c t u r e .  Accordingly w e  have c a l c u l a t e d  n(E)  f o r  mercury 

(Chan and B a l l e n t i n e  1971a) u s ing  such  a  model p o t e n t i a l  i n  

con junc t ion  w i t b  t h e  s t r u c t u r e  f a c t o r  (F igure  18)  t aken  from 
/ 

, 
t h e  X-ray d i f f r a c t i o n  d a t a  of Kaplow e t  a l .  (1965) .  

S e v e r a l  f e a t u r e s  d i s t i n g u i s h  t h e  model p o t e n t i a l  of 

Evans from t h a t  of HAA: 

(a) t h e  c o r e  p o t e n t i a l  i s  r e p l a c e d  by a s q u a r e  w e l l  of  dep th  

AR on ly  f o r  R < R where Lo(= 2 f o r  Hg) i s  t h e  l a r g e s t  angu- 
0' 

l a r  momentum f o r  which t h e r e  are c o r e  s t a t e s  and t h e  energy 

dependence i n  Ak i s  r e t a i n e d  i n  c a l c u l a t i n g  t h e  s c reen ing :  f o r  

h i g h e r  R t h e  t r u e  p o t e n t i a l  i s  used;  

(b)  t h e  a r b i t r a r i n e s s  i n  t h e  choice  of  t h e  c o r e  r a d i u s  RR is  

removed by an o p t i m i z a t i o n  procedure  t o  o b t a i n  t h e  smoothest  

model wave f u n c t i o n ,  which r e q u i r e s  t h a t  

(c) i n  e x t r a p o l a t i n g  AR from the.  f r e e - i o n  term v a l u e s  t o  con- 

d u c t i o n  band e n e r g i e s  a quantum d e f e c t  method (Ham 1955) i s  

.used i n s t e a d  of l i n e a r  e x t r a p o l a t i o n .  

The f i r s t  two m o d i f i c a t i o n s  a r e  due t o  Shaw (1968) where- 

a s  t h e  l a s t ,  p a r t i c u l a r l y  impor tan t  f o r  mercury i n  which t h e  

5d s t a t e s  of  t h e  c o r e  of t h e  f r e e  i o n  come c l o s e  t o  t h e  con- 
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duct ion  band, i s  t h e  c o n t r i b u t i o n  of Evans. He a l s o  found 

t h a t  f o r  R = 2 Equation (2.41) could n o t  be s a t i s f i e d  and 

"1.; 

g R 2 (E) had t o  bp determined by minimizing I A ~  (E) - Z / R ~  (E) I . 
/ 

W e  have used t h e  b a r e  model p o t e n t i a l  of Evans (1970) 

b u t  have t r e a t e d  t h e  screening  and t h e  d e p l e t i o n  p o t e n t i a l  

s l i g h t l y  d i f f e r e n t l y .  The matr ix  element of our  screened mod- 

e l  p o t e n t i a l  has  t h e  form 

The screening  was c a l c u l a t e d  i n  t h e  same way as  descr ibed  i n  

Sect ion  2.3.1 except  t h a t  t h i s  time we r e t a i n e d  t h e  nonlocal  

and energy dependent na tu re  of t h e  model p o t e n t i a l  i n  evalu- 

a t i n g  t h e  i n t e g r a l  i n  ( 2 . 4 2 ) .  The dep le t ion  p o t e n t i a l  vd a r i s e s  

from t h e  d i f f e r e n c e  between t h e  charge d e n s i t y  corresponding 

t o  t h e  model wave func t ion  and t h a t  corresponding t o  t h e  t r u e  

wave func t ion  i n  t h e  co re  region  and i s  taken t o  be 

where g (x) i s  given by (2 .29)  and -Za is t h e  t o t a l  d e p l e t i o n  

E charge.  The l a t t e r  i s  r e l a t e d  t o  t h e  e f f e c t i v e  mass p by 



&haw and Harr ison 1967) 

We have 

it and, 

i 

no t  included vic because Evans (1970) d i d  n o t  inc lude  

moreover, B a l l e n t i n e  and Gupta (1971) found t h a t  an 

energy s h i f t  i n  EF,  due t o  vic, tends t o  cancel  t h e  d i r e c t  con- 

t r i b u t i o n  of vice 

Figure 19 shows our  model p o t e n t i a l  form f a c t o r  calcu- 

lated with  and without  e f f e c t i v e  mass c o r r e c t i o n ,  compared t o  

t h a t  of Evans. The curve f o r  f r e e - e l e c t r o n  mass i s  i n  genera l  

agreement wi th  t h a t  of Evans b u t  d i f f e r s  s l i g h t l y  around t h e  

region q = 2kF The o r i g i n  of t h i s  discrepancy is n o t  c l e a r ,  

f o r  t h e  d i f f e r e n c e  i n  t h e  t rea tment  of screening  and t h e  de- 

p l e t i o n  p o t e n t i a l  should have l i t t l e  e f f e c t  f o r  t h e s e  va lues  of 

q .  Jones (1970) has f i t t e d  Ferrni s u r f a c e  d a t a  f o r  s o l i d  mer- 

cury t o  determine an empi r i ca l  pseudopotent ia l .  He found t h r e e  

p o s s i b l e  s o l u t i o n s ,  one of which is q u i t e  c l o s e  t o  t h e  Evans 

p o t e n t i a l  b u t  c l o s e r  t o  ours .  Using such a  pseudopotent ia l  he 

obtained a  conduction bandwidth smal l e r  than  t h e  f r ee -e lec t ron  

va lue ,  i n  conformity with an e f f e c t i v e  mass p g r e a t e r  than  

u n i t y  ( s e e  Table I above) . 

The r e s u l t s  of our  c a l c u l a t i o n s  f o r  l i q u i d  mercury a r e  

depic ted  i n  F igures  20-24. The more complicated s t r u c t u r e  of 

C (k ,  E) , e s p e c i a l l y  i n  t h e  imaginary p a r t ,  sugges ts  t h a t  one 

might expect  n(E) t o  have more pronounced s t r u c t u r e  i n  mercury 
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than i n  t h e  o t h e r  two meta ls  previous ly  discussed.  As a matter 

of f a c t  we d i d  o b t a i n  a d i p  i n  n(E) (Figure 23) b u t  i t s  mag- 

n i tude  i s  much smal l e r  than t h a t  es t imated  by Mott (1966),  and 

it i s  n o t  l i k e l y  t o  have any s e r i o u s  e f f e c t  on t h e  d .c .  t r ans -  

p o r t  p r o p e r t i e s .  Taking our r e s u l t s  toge the r  with those  of 

Evans (1970) , we may say t h a t  t h e  s t r u c t u r e  i n  n (E)  and t h e  

unusual t r a n s p o r t  p r o p e r t i e s  of Hg and i t s  a l l o y s  a r e  r e s u l t s  

of t h e  same cause ( t h e  p e c u l i a r  shape of t h e  model p o t e n t i a l ) ,  

r a t h e r  than one being t h e  cause of t h e  o t h e r  as Mott had sug- 

ges ted .  The dep le t ion  i n  the d e n s i t y  of s t a t e s  around E = 0.3 

i s  a l s o  manifested a s  reduced peak h e i g h t  i n  t h e  s p e c t r a l  

func t ion  p (k ,  E) (Figure 2 2 ) ,  o r  equ iva len t ly  an i n c r e a s e  i n  

ImC. We can roughly es t ima te  t h e  p o s i t i o n  i n  momentum space 

of t h e  r e l a t i v e  minimum i n  n(E) . Denoting t h e  bottom of t h e  

band by Eo and t h e  energy f o r  t h e  minimum by Em we have { V ( E ~  - 
E o )  1' r~ 0.59 ao- l .  This i s  remarkably c l o s e  t o  t h e  f i r s t  

-1 s p h e r i c a l  B r i l l o u i n  zone boundary, q  /2 = 0.61 a. , consider- 
P 

i n g  t h a t  a  unique d i s p e r s i o n  r e l a t i o n  does n o t  e x i s t  f o r  a  

l i q u i d  and a  pa rabo l i c  E - k r e l a t i o n  i s  a  poor approximation 

f o r  mercury. 

92.6 Comparison of t h e  Three Metals 

We observe t h a t  t h e  width of t h e  s p e c t r a l  func t ion  

( F i g u r s  8 ,  15,  22) and t h e  th ickness  of t h e  Fermi s u r f a c e ,  Akg 

(Table 11) both i n d i c a t e  t h a t  t h e  s c a t t e r i n g  i s  s t r o n g e s t  i n  

bismuth, weakest i n  indium, with mercury in termedia te .  This  



TABLE I1 Some Impor t an t  R e s u l t s  

B i  I n  Hg 

(a) S u b s c r i p t  o r e f e r s  t o  f r e e - e l e c t r o n  v a l u e s .  

(b) A s t e r i s k  i n d i c a t e s  q u a n t i t i e s  o b t a i n e d  w i t h  e f f e c t i v e  

mass c o r r e c t i o n .  
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is i n  accord w i t h  the experimental  d a t a  f o r  d .c .  r e s i s t i v i t y  

P~ 
2 

(quoted i n  Cusack 1963) and t h e  va lues  of lu(q ) 1 a (qp)/  P 
(AE12 ,  where AE = EF - E is  t h e  conduction bandwidth: 

0 

P ~ ( U  ohm-cm) 128.1 90.96 33.1 

One may then  wonder why it i s  t h a t  t h e  dens i ty  of states f o r  

mercury has  more pronounced s t r u c t u r e  than  bismuth. The answer 

l ies i n  t h e  d i f f e r e n c e  i n  t h e  shapes of t h e  model p o t e n t i a l s .  

I n  bismuth t h e  form f a c t o r  (Figure 5) has a s t e e p  s l o p e  a t  q 
P 

and passes  through zero  nearby s o  t h a t ,  as explained i n  Sect ion  

2 . 3 ,  t h e  use of a nonlocal  model p o t e n t i a l  tends  t o  wipe o u t  

most of t h e  s t r u c t u r e  i n  n ( ~ )  p red ic ted  by a l o c a l  approximation. 

This i s  much l e s s  l i k e l y  t o  happen i n  t h e  case  of mercury be- 

cause t h e  form f a c t o r  remains q u i t e  s t a t i o n a r y  over  an appreci-  

ab le  range of q around q A s  regards  t h e  r e s i s t i v i t y  a l o c a l  
P -  

model p o t e n t i a l  should g ive  t h e  c o r r e c t  p i c t u r e  s i n c e  only 

those  e l e c t r o n s  on t h e  Fermi su r face  a r e  involved. So t h e r e  

i s  a c t u a l l y  no paradox between t h e  d i f f e r e n t  p r o p e r t i e s .  

F i n a l l y  we no te  t h a t  t h e  va lue  of k a t  which t h e  momen- 

t u m  d i s t r i b u t i o n  P ( k )  = 0.5 i s  p r a c t i c a l l y  t h e  same a s  t h e  f r e e -  

e l e c t r o n  Fermi  momentum f o r  each of t h e  t h r e e  meta ls .  For in -  



dim and mercury w e  found t h a t  we could  n o t  r e l i a b l y  c a l c u l a  

P ( k )  a t  sma l l  v a l u e s  of k because it was d i f f i c u l t  t o  l o c a t e  

the bottom of the conduct ion band p r e c i s e l y .  



CHAPTER 3 

INTEGRATED DENSITY OF STATES 

53.1 The Problem of  an Energy Dependent P o t e n t i a l  

W e  have seen  i n  Chapter  2 how t h e  energy dependence of 

t h e  model p o t e n t i a l  can b e  inc luded  approximately  by means of 

an e f f e c t i v e  mass. Now w e  i n v e s t i g a t e  i n  d e t a i l  t h e  d i f f i c u l t y  

i n t r o d u c e d  by t h e  u s e  of a n  energy dependent model p o t e n t i a l .  

Suppose w e  t a k e  t h e  hami l ton ian  of  an  e l e c t r o n  i n  a 

2 l i q u i d  metal t o  be H = p /2m + W(E) (= H(E) , s a y ) ,  t h e  e l e c t r o n -  

i o n  i n t e r a c t i o n  be ing  r e p r e s e n t e d  by t h e  energy dependent model I 
I 

I i. 
p o t e n t i a l  W(E) .  Its e i g e n v e c t o r s  and e igenva lues  w i l l  be  energy 

I 

dependent ,  $1 

The t r u e  energy l e v e l s  En are o b t a i n e d  when t h e  parameter  E i n  

t h e  model p o t e n t i a l  i s  e q u a l  t o  t h e  c u r r e n t  e igenva lue ,  t h a t  

is ,  

Now, when w e  t r y  t o  c a l c u a l t e  t h e  Green o p e r a t o r ,  as i n  S e c t i o n  

1 .2 ,  from t h e  e q u a t i o n  G (E) = (E - H ) - l  w e  o b t a i n  r e s u l t s  s i m i -  

l a r  t o  (1.1 - (1.5) b u t  w i t h  cn (E) i n s t e a d  of t h e  t r u e  e igen-  

v a l u e  En. Thus, i n  p l a c e  of (1.5) , w e  o b t a i n  



which i s  no t  equal  t o  t h e  d e n s i t y  of s t a t e s .  - 
Lloyd (1967) showed t h a t  one could formally circumvent 

t h i s  d i f f i c u l t y  by c a l c u l a t i n g  t h e  i n t e g r a t e d  d e n s i t y  of s t a t e s  

N (E) using  t h e  equat ion  

It  i s  easy  t o  show t h a t  (3.4) indeed e v a l u a t e s  t h e  t o t a l  num- 

b e r  of e i g e n s t a t e s  up t o  t h e  energy E r e g a r d l e s s  of t h e  energy 

dependence of t h e  model p o t e n t i a l .  Thus, from (3.4) , we have 
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where t h e  s t e p  f u n c t i o n  0 (x) i s  equa l  t o  u n i t y  f o r  x > 0 and 

i s  z e r o  f o r  x c 0. 

The l a s t  s t e p  fo l lows  from t h e  f a c t  t h a t  t h e  va lue  of  

t h e  l oga r i t hm changes d i scon t inuous ly  from - i r  t o  + i ~  as .one 

c r o s s e s  t h e  branch c u t  on t h e  n e g a t i v e  real a x i s .  Equat ion 

(3.5)  s a y s  t h a t  N(E)  is  e q u a l  t o  t h e  number of e igenva lues  E ~ ( E )  

of  H ( E )  which are less t h a n  E .  The t r u e  e igenva lues  En a r e  

determined from Equat ion ( 3 . 2 ) .  The number of t h e s e  below 

energy E w i l l  a l s o  be g iven  by N(E) provided  t h a t  asn /aE i s  

less t h a n  u n i t y ,  t h a t  i s  a s  E i n c r e a s e s  E,(E) must n o t  i n c r e a s e  

s o  r a p i d l y  t h a t  a  l e v e l  E* from j u s t  below E rises above E.  

I f  one d i f f e r e n t i a t e s  t h e  r i g h t  hand s i d e  o f  (3.5) one 

immediately o b t a i n s  L 6 (E - En) , which i s  j u s t  t h e  d e n s i t y  of 
n 

s t a t e s .  T h i s  l e a d s  t o  t h e  hope t h a t  i t  may be  p o s s i b l e  t o  

c a l c u l a t e  n (E)  from 

The d i f f e r e n t i a t i o n  o f  a  f u n c t i o n  of an o p e r a t o r  w i t h  r e s p e c t  

t o  a  parameter  i s  by no means t r i v i a l  because t h e  o p e r a t o r  

does n o t  u s u a l l y  commute w i t h  i t s  d e r i v a t i v e .  W e  have managed 

t o  d e r i v e  a  g e n e r a l  formula f o r  t h i s  d i f f e r e n t i a t i o n  (see 

Appendix 111) , b u t  u n f o r t u n a t e l y  it t u r n s  o u t  t o  i nvo lve  mul- 

t i p l e  commutators which are t o o  complicated f o r  t h e  p r e s e n t  

a p p l i c a t i o n .  F ind ing  it rather f r u i t l e s s  t o  pursue  t h i s  l i n e  
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of approach w e  t u r n  t o  a d i r e c t  eva lua t ion  of (3.4) (Chan and 

B a l l e n t i n e  1971b) f o r  t h e  less convenient q u a n t i t y  N (E) . 

93.2 A Per tu rba t ion  Expansion 

The formalism f o r  t h e  i n t e g r a t e d  d e n s i t y  of s t a t e s  pre- 

sented  i n  t h e  l a s t  s e c t i o n  i s  s i m i l a r  t o  t h a t  of Edwards (1962) 

except  t h a t  where t h e  Green funct ion  occurs  i n  Edwards' fo r -  

malism, w e  now have t h e  logarithm. It might appear from t h e  

s i m i l a r i t y  t h a t  we could employ Edwards' technique of expand- 

i n g  i n  a formal p e r t u r b a t i o n  s e r i e s ,  t ak ing  t h e  ensemble aver- 

age and resumming t h e  terms. However, an examination of t h e  

diagrammatic expansion r e v e a l s  t h a t  such a s t r a igh t fo rward  

analogy with Edwards' method w i l l  n o t  work. 

Consider t h e  opera to r  

where H = Ho + W ,  and Go = (E - H ~ ) - '  i s  t h e  f r ee -e lec t ron  

Green opera to r .  The energy dependence of Go and W i s  n o t  exp l i -  

c i t l y  ind ica ted .  Now Rn(AB) # RnA + RnB, i n  genera l ,  i f  t h e  

opera to r s  A and B do n o t  commute. Nevertheless ,  one s t i l l  has 

e q u a l i t y  of t h e  t r a c e s  of t h e  opera to r s .  



From (3.41, ( 3 . 6 ) ,  and (3.71, w e  then o b t a i n  

The f i r s t  term i s  j u s t  N o ( E ) ,  t h e  number of energy l e v e l s  below 

E  f o r  t h e  f r ee -e lec t ron  hamil tonian H 
0' 

To eva lua te  t h e  second t e r m  it i s  n a t u r a l  t o  t r y  a  fo r -  

mal expansion, 

The ensemble average,  << &I -Ant1 - GoW) )&  >)ave, of t h e  diag- 

onal  ma t r ix  element i n  t h e  momentum r e p r e s e n t a t i o n  can be rep- 

resented  by t h e  diagrammatic s e r i e s  shown i n  Figure  25. The 

n o t a t i o n  here  i s  t h e  same a s  i n  Sect ion  1 . 4 .  I f  t h e  n- l  f a c t o r s  

were n o t  p r e s e n t ,  we would be ab le  t o  sum up "propagator re -  

normalizat ion" diagrams of a l l  o rde r s .  Indeed, s i n c e  t h e s e  

diagrams d i f f e r  from ordinary  Green func t ion  diagrams only by 

the lack  of a Go l i n e  on t h e i r  r i g h t  hand ends,  t h e  sum of a l l  

-1 -1 diagrams omi t t ing  n f a c t o r s  would be (G - G o ) G o  . 
* 
We a r e  indebted t o  D r .  P. Lloyd f o r  po in t ing  o u t  t h i s  r e l a t i o n .  



F
i
g
u
r
e
 
2
5
 
D
i
a
g
r
a
m
m
a
t
i
c
 
r
e
p
r
e
s
e
n
t
a
t
i
o
n
 
o
f
 
-((

&..
Rn(

l -
 G

 
W
)
 I&.)),,, 

I 

1 
\ 

Q
Q

?
 

? 
A

 
A

; 
A

 
0 

0
'

 
I
 

#
+
b

 

" 
(

1
1

 
I

l
l

 
,' 

7 
'\, 

;
 

\
*

 
0

1
'

 
I

"
, 

/
I

\
 

I 
I 

14
- 

I
1

 
I

'
 

\ 
I 

t 
I 

I
t

 
1 

I 
I 

,+
 

; 
19

 
1 
q
+
 

/
I

\
 

Z 
I 

I 



- 8 3  - 
The troublesome n-I f a c t o r s  can be e l imina ted  i f  we con- 

d s i d e r  i n s t e a d  t h e  express ion  - ~ ( ~ ) k n ( l  - G o X W ) .  This  can be 

represented  by t h e  same diagrams a s  i n  Figure 25 except  t h a t  

now t h e  v e r t e x  corresponds t o  ~(klw lk> r a t h e r  than (klw(k') 

and t h e  n-I f a c t o r s  a r e  absent .  ~ x a m i n i n g  t h e  s e t  of diagrams, 

w e  see t h a t  they a r e  those  f o r  t h e  ensemble average diagonal  

ma t r ix  element of (GA - G o )  G ~ - ' ,  o r  equ iva len t ly  of GXXW. 

Here we have def ined  a Green opera to r  

Its ensemble average d iagonal  mat r ix  element can be w r i t t e n  i n  

2 t h e  form ( u n i t s  % = 2m = 35e = 1) 

where t h e  self-energy funct ion  Z (kt E) i s  defined by t h i s  
X 

equat ion  and i s  f o r m a l l y g i v e n  by t h e  sum of a l l  i r r e d u c i b l e  

diagrams (Edwards 1958, 1962; Ba l l en t ine  1966; s e e  a l s o  Sect ions  

1 . 2  and 1 . 4 ,  t h i s  t h e s i s )  . 

The r e s u l t  of t h i s  diagrammatic a n a l y s i s  i s  



The problem of eva lua t ing  ( 3 . 8 )  i s  thus  reduced t o  t h e  compu- 

t a t i o n  of t h e  se l f -energy func t ion  ZA of a  Green opera to r  con- 

t a i n i n g  XW a s  t h e  p o t e n t i a l  energy, and f a m i l i a r  techniques and 

approximations (Ba l l en t ine  1966) may be used. 

The r e s u l t  (3.12) can a l s o  be der ived  a l g e b r a i c a l l y  

without  r e fe rence  t o  diagrams al though it is  u n l i k e l y  t h a t  w e  

would have discovered it without  diagrammatic a n a l y s i s .  If 

A(X) i s  an opera to r  depending upon a  parameter A ,  t hen  t h e  

usual  r u l e  of ca lcu lus  

i s  v a l i d ,  i n  genera l ,  only i f  t h e  two o p e r a t o r s  A and dA/dA 

commute (see  Appendix 111) . For A = (1 - GoXW) , t h i s  condi t ion  

i s  c l e a r l y  s a t i s f i e d .  

Hence 



~t is  n o t  convenient t o  c a l c u l a t e  t h e  ensemble average of t h i s  

expression because bo th  f a c t o r s  G and W depend upon t h e  
A 

arrangement of t h e  ions .  However, wi th  a  l i t t l e  manipulation 

one o b t a i n s  

This  can be averaged d i r e c t l y  because only G a 
arrangement of t h e  ions .  Equation (3.12) now 

a t e l y  upon t ak ing  t h e  diagonal  mat r ix  element 

r e s e n t a t i o n .  

depends upon t h e  

fol lows imrnedi- 

i n  momentum rep- 

Writing 

we have, from (3 .12) ,  



where L~ i s  the no rma l i za t ion  volume. I n  t e r m s  of  M ( A ,  E ) .  

equa t ion  (3.8) becomes 

I n  (3.15) it i s  unders tood t h a t  N ( E )  now r e p r e s e n t s  t h e  ensemble 

average  number of  states. It should  be  emphasized t h a t ,  m n t r a r y  

t o  t h e  e f f e c t i v e  mass approximat ion i n  Chapter  2 ,  t h e  p r e s e n t  

method o f  handl ing  t h e  energy dependence of  t h e  model p o t e n t i a l  

i s  e x a c t .  

To g a i n  some i n s i g h t  i n t o  o u r  new formalism c o n s i d e r  t h e  

s imple  case of a uniform p o t e n t i a l  W = W (E) ,  which i s  inde-  
0 

pendent  of  p o s i t i o n  & b u t  depends on t h e  parameter  E. Then 

and,  from (3.14) , 



w h e r e  

i s  t h e  f r e e - e l e c t r o n  d e n s i t y  of s t a t e s .  S u b s t i t u t i n g  (3.16) 

i n t o  (3.151 and performing t h e  i n t e g r a l  w e  have, 

Thus t h e  e f f e c t  of a uniform, energy dependent p o t e n t i a l  i s ,  

as expected,  t o  s h i f t  t h e  f r ee -e lec t ron  energy spectrum by an 

amount W (El which depends on t h e  energy. The corresponding 
0 

dens i ty  of s t a t e s  i s  

We may compare t h i s  r e s u l t  wi th  s tandard  band s t r u c t u r e  c a l -  

c u l a t i o n .  Since t h e  p o t e n t i a l  does no t  depend on p o s i t i o n  we 

have a unique E-k d i s p e r s i o n  r e l a t i o n ,  

from which 



i n  agreement wi th  C3.17) . 

Although w e  have overcome t h e  problem of an energy de- 

pendent model p o t e n t i a l  i n  c a l c u l a t i n g  t h e  number of s t a t e s  

N ( E ) ,  we a r e  now unable t o  determine any s p e c t r a l  information 

about t h e  s t a t e s .  J u s t  a s  t h e  diagonal  mat r ix  element of t h e  

Green opera to r  (1.1) y i e l d s  t h e  s p e c t r a l  func t ion  p ( k ,  E)  , 

(1.3) whose t r a c e  i s  t h e  d e n s i t y  of s t a t e s  p e r  u n i t  energy 

(1 .5 ) ,  s o  t h e  d iagonal  mat r ix  element of Rn(H-E) w i l l  y i e l d  

t h e  q u a n t i t y  

But it was necessary f o r  us t o  r ep lace  Rn(H-E) by another  oper- 

a t o r  wi th  t h e  same t r a c e  (using ( 3 . 7 ) )  i n  order  t o  do pe r tu r -  

ba t ion  theory.  Thus we have given up t h e  p o s s i b i l i t y  of obtain-  

ing  information about  t h e  s p e c t r a l  funct ion .  



5 3.3 Appl ica t ion  t o  Bismuth 

To apply Eqs. (3.14) and (3.15) i n  a  p r a c t i c a l  calcu-  

l a t i o n  w e  have t o  eva lua te  CA (kt E)  f o r  d i f f e r e n t  va lues  of t h e  

parameter X between 0 and 1. W e  eva lua te  CA(k,E) by so lv ing  

s e l f - c o n s i s t e n t l y ,  a s  i n  Chapter 2,  t h e  i n t e g r a l  equat ion  

where u (k, k' , E )  i s  again given by (2.19) , b u t  w i t h  t h e  argu- 

ment EF rep laced  by E ,  and t h e  o t h e r  symbols have t h e  same 

meaning as i n  (2.18) and (1.17) . Note t h a t  s i n c e  a  nonlocal ,  

energy dependent model p o t e n t i a l  w i l l  be used, t h e  f i r s t  o rde r  

t e r m  depends on k and E ,  and t h e r e f o r e  cannot be s e t  equal  t o  

zero  by a s h i f t  of t h e  o r i g i n .  I n  terms of diagrams we a r e  

approximating t h e  complete s e r i e s  of i r r e d u c i b l e  diagrams by 

t h e  p a r t i a l  sum i n  Figure  2 6 ,  which i s  t h e  analog of t h e  s e r i e s  

r ep resen ted  by Figure 2 (b)  and ( d ) .  

W e  have used t h e  same model p o t e n t i a l  and s t r u c t u r e  

I f a c t o r  f o r  bismuth a s  i n  Sec t ion  2.3. The numerical  s o l u t i o n  

! of t h e  i n t e g r a l  equat ion  f o r  t h e  self-energy func t ion  a l s o  

proceeded i n  t h e  same manner, bu t  of course t h i s  t i m e  both 

u (k ,  k' , E) and t h e  angular  i n t e g r a l  f (k, k '  , E )  (See Eqs. (2.19) 

t o  (2.21))  must be evalua ted  a t  t h e  appropr ia t e  energy. W e  
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have made u s e  of the assumed l i n e a r  energy dependence o f  t h e  

model p o t e n t i a l  parameters  A & ( E ) ,  and hence of  u (E) ,  t o  o b t a i n  

t h e  v a l u e  of f a t  any energy E from i t s  v a l u e  a t  the Fermi 

energy.  T h e  r e s u l t s  f o r  M C X ,  E j /A and N CE) are shown i n  F igu res  

27 and 28.  For  convenience N(E)  has  been expressed  i n  number 

of  e l e c t r o n i c  s t a t e s  p e r  atom. 

The numer ica l  computation becomes i n a c c u r a t e  f o r  ve ry  

small v a l u e s  of  A .  However, t h e  l i m i t i n g  v a l u e  of  M ( A ,  E)/X 

as X -+ 8 can be  e a s i l y  ob ta ined  from (3.18) by t r e a t i n g  X as 

a p e r t u r b a t i o n  parameter .  The r e s u l t  f o r  t h i s  l i m i t i n g  v a l u e  

i s  z e r o  f o r  n e g a t i v e  E ,  and f o r  p o s i t i v e  E it i s  

Because t h e  model p o t e n t i a l  parameters  A k ( E )  a r e  tabu- 

l a t e d  a t  t h e  Fermi energy (Animalu, 1965) ,  w e  must first esti- 

mate t h e  p o s i t i o n  of EF on o u r  energy s c a l e  b e f o r e  w e  can beg in  

t h e  c a l c u l a t i o n .  Using f i r s t  o r d e r  p e r t u r b a t i o n  t h e o r y ,  we 

e s t i m a t e d  i t  t o  be  0 .246 on t h e  s c a l e  of F igu re  28 .  However, 

it t u r n s  o u t  t h a t  N ( E )  e q u a l s  5 e l e c t r o n s  p e r  atom a t  E = 0.146. 

I n  p r i n c i p l e ,  one cou ld  c o r r e c t  t h i s  i naccu racy  of  t h e  f i r s t  

o r d e r  i n i t i a l  approximat ion by r e a d j u s t i n g  EF, t h e  energy f o r  

which w e  use  t h e  t a b u l a t e d  parameters  AQ (EF) , u n t i l  i t  became 

s e l f - c o n s i t e n t  w i t h  the energy v a l u e  f o r  which N ( E )  e q u a l s  5 



Figure 27 M(A, E) /A (per unit volume) versus A for 

several values of E. See ~qs.(3.13) and 

(3.14) for the definition of this function. 





Figure  2 8  Number N ( E )  of e l e c t r o n i c  s t a t e s  p e r  atom 

below energy E ,  c a l c u l a t e d  f o r  l i q u i d  b i s -  

muth a t  300•‹C. S o l i d  curve:  c a l c u l a t e d  

r e s u l t .  Dashed curve:  b e s t  f i t t i n g  f r e e -  

e l e c t r o n  curve ,  ' corresponding t o  m*/m = 0.63. 

Dotted curve :  ob ta ined  by i n t e g r a t i n g  n(E)  

curve ( c a s e  4 )  i n  F igu re  9 .  L a s t  two curves  

s h i f t e d  s o  t h a t  a l l  t h r e e  cu rves  c o i n c i d e  

a t  E = EF. 
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Figure  29 S i m i l a r  t o  F igu re  28 b u t  PJ2I3 p l o t t e d .  

The f r e e - e l e c t r o n  (dashed) curve  i s  now 

a s t r a i g h t  l i n e .  





e l e c t r o n s  p e r  atom. Because of the very l a r g e  amount of com- 

p u t e r  t i m e  needed f o r  this c a l c u l a t i o n ,  we have no t  c a r r i e d  

o u t  t h i s  i t e r a t i o n  t o  o b t a i n  a s e l f - c o n s i s t e n t  Fermi energy. 

This  means t h a t  t h e  model p o t e n t i a l  form f a c t o r  which was 

a c t u a l l y  used i n  t h e  c a l c u l a t i o n  a t  t h e  p o i n t  marked EF i n  

Figure 28 was n o t  t h e  Fermi energy s h e l l  form f a c t o r  shown i n  

Figure 5 ,  bu t  i n s t e a d  it w a s  t h e  form f a c t o r  corresponding t o  

an energy s h e l l  0 .1  Ry lower. The d i f f e r e n c e  between t h e s e  

two form f a c t o r s  i s  very smal l  (- 0.005 Ry), and it i s  n o t  

l i k e l y  t o  have a  s i g n i f i c a n t  e f f e c t  on t h e  f i n a l  r e s u l t s .  

5 3.4 Discussion 

The d i s t r i b u t i o n  of e l e c t r o n  s t a t e s  (Figure 28) c a l c u l a t e d  

f o r  bismuth has very l i t t l e  s t r u c t u r e ,  and does no t  d i f f e r  

g r e a t l y  from a  E 3/2 f  ree-e lec t ron  curve modified by an e f f e c t i v e  

mass. (The ze ro  of t h e  energy s c a l e  has no abso lu te  s i g n i f i c a n c e . )  

This  can be seen more c l e a r l y  i n  F igure  29, where we have p l o t t e d  

N ~ ' ~  ve r sus  E. The lower p o r t i o n  of t h e  curve i s  w e l l  f i t t e d  

by a  s t r a i g h t  l i n e ,  which we have ex t rapo la ted  from our  lowest 

computed p o i n t  (E = -0.65) t o  t h e  bottom of t h e  band. We o b t a i n  

a  bandwidth of 1.18 Ry, compared wi th  t h e  f r ee -e lec t ron  band- 

width of 0 .74  Ry and t h e  bandwidth 0.861 Ry of Chapter 2 .  The 

corresponding bandwidth e f f e c t i v e  mass here  i s  v = m*/m = 0.63 ,  

compared wi th  t h e  f i r s t  o rde r  e s t ima te  of 0.87 of Chapter 2. 

The smal ler  va lue  of the bandwidth e f f e c t i v e  mass may 

be a t t r i b u t e d  t o  h igher  o rde r  c o n t r i b u t i o n s ,  and i n  p a r t i c u l a r  



t o  t h e  energy dependence of the off-diagonal  ma t r ix  elements 

of t h e  model p o t e n t i a l .  The f a c t  t h a t  E(k) does n o t  r e a l l y  

e x i s t  f o r  a  d isordered  system may a l s o  be r e l e v a n t .  

Except f o r  t h e  d i f f e r e n c e  i n  t h e  e f f e c t i v e  masses ob- 

t a i n e d  t h e  r e s u l t s  of this chapter  a r e  q u i t e  s i m i l a r  t o  those  

i n  Sec t ion  2.3 a s  f a r  a s  t h e  q u a l i t a t i v e  n a t u r e  of s t r u c t u r e  

i s  concerned. Th i s  i s  c l e a r  from a comparison of t h e  curve 

(dot ted  l i n e  i n  Figure 28)  obta ined  by i n t e g r a t i n g  t h e  previ-  

ous n (E) (case 4 of Figure  9 )  t o  t h e  p r e s e n t  N(E) curve ( s o l i d  

l i n e  i n  Figure 28). There i s  no sharp  s t r u c t u r e  i n  e i t h e r  case.  

The curves of M ( A ,  E)  /A suggest  some s t r u c t u r e  near  

E = -0.55, b u t  it does no t  show up on t h e  curve of N ( E ) .  

The model p o t e n t i a l  which we have used was considered 

t o  be t h e  b e s t  a v a i l a b l e  a t  t h e  time when t h e  c a l c u l a t i o n  was 

begun. Since then it has been demonstrated (Evans e t  a l .  1969, 

Evans 1970) t h a t  t h e  l i n e a r  e x t r a p o l a t i o n  of t h e  model poten- 

t i a l  parameters A k ( E )  from t h e  ene rg ies  of e x c i t e d  i o n i c  s t a t e s  

t o  t h e  ene rg ies  of t h e  conduction band i n  a  meta l  ( a s  was done 

by Animalu and Heine (1965)) may be inaccura te  i f  t h e  h i g h e s t  

core  l e v e l  i s  a  d - s t a t e .  More r e l i a b l e  va lues  of A g ( E )  and 

dAk/dE a t  conduction band energ ies  can be obta ined  by a  non- 

l i n e a r  e x t r a p o l a t i o n  us ing  t h e  quantum d e f e c t  method (Ham 1955).  

The work of Evans (1970) and our c a l c u l a t i o n s  i n  Sec t ion  2.5 

showed t h a t  t h i s  nonl inear  e x t r a p o l a t i o n  has important  conse- 

quences f o r  mercury, i n  whic.h t h e  h ighes t  co re  l e v e l s  are very 



c lose  t o  the  conduction band, but  it i s  not  known how impor- 

t a n t  these  e f f e c t s  would be f o r  bismuth. 



PART I1 

FmQUENCY-DEPENDENT CONDUCTIVITY 



CHAPTER 4 

FORMAL THEORY 

S 4 . 1  I n t r o d u c t i o n  

The experimental  r e s u l t s  on t h e  o p t i c a l  conduc t iv i ty  

u(w) of most l i q u i d  meta ls  can be f i t t e d  adequate ly  t o  t h e  Drude 

formula (see Faber 1966 f o r  a rev iew) :  

w h e r e w i s  t h e  angular  frequency and T i s  t h e  r e l a x a t i o n  t i m e .  

The case  of  mercury i s  an except ion .  T h e r e , a r e  two appa ren t ly  

c o n t r a d i c t o r y  sets of d a t a .  E l l i p s o m e t r i c  measurements by 

Hodgson (1959, 1960, 1961, 1962) ,  Smith (1967a) and Faber and 

Smith (1968) have y i e l d e d  va lues  s u b s t a n t i a l l y  h i g h e r  than  those  

p r e d i c t e d  by Eq. ( 4 . 1 ) .  Taken t o g e t h e r  wi th  t h e  r e c e n t  low 

frequency de termina t ion  by Faber and Comins ( p r i v a t e  communi- 

c a t i o n ) ,  t h e s e  r e s u l t s  i n d i c a t e  a  peak i n  a ( w )  a t  f iw - 0.6 e V  

a s  i l l u s t r a t e d  schemat i ca l ly  i n  F igure  30.  On t h e  o t h e r  hand, 

t h e  r e f l e c t i v i t y  d a t a  of Schulz (1957) ,  Wilson and Rice (1966) 

and Bloch and Rice (1969) agree  wi th  t h e  p r e d i c t i o n s  of t h e  

Drude theory  t o  w i t h i n  a  remarkable p r e c i s i o n .  

Seve ra l  exp lana t ions  have been advanced f o r  t h i s  unusual 

o p t i c a l  behaviour  of l i q u i d  mercury. Smith (1968) sugges ted  

t h a t  it may be understood i n  t e r m s  of t h e  predominance of back- 

s c a t t e r i n g  of t h e  e l e c t r o n s  i n  mercury whereas Bloch and Rice 



0 

Figure 30. Schematic frequency variation of the 

optical conductivity of mercury as 

measured by ellipsometry. 



- 104 - 
(1969) surmised t h a t  the s u r f a c e  of mercury i s  no t  a geometric 

boundary, b u t  a t r a n s i t i o n  zone over  which t h e  p r o p e r t i e s  of t h e  

system vary from those of t h e  bulk metal  t o  those  of t h e  cdn tac t  

medium and it i s  t h e  s e n s i t i v i t y  t o  s u c h . s u r f a c e  p r o p e r t i e s  

t h a t  g ive  r i s e  t o  t h e  anomalous r e s u l t s  obta ined  by e l l ipsometry .  

More p e r t i n e n t  t o  t h e  p r e s e n t  work i s  Mott ' s  hypothesis  (1966) 

t h a t  the abnormal o p t i c a l  p r o p e r t i e s  of  mercury, l i k e  i t s  high 

d.c. r e s i s t i v i t y ,  a r e  due t o  t h e  low d e n s i t y  of s t a t e s  near  t h e  

Fermi energy, a peak i n  a(w) occurr ing  when t h e  photon energy 

is s u f f i c i e n t  t o  b r idge  t h e  low-density region.  I n  Sec t ion  2.5 

w e  have found a d i p  i n  t h e  d e n s i t y  of e l e c t r o n i c  s t a t e s  n(E) of 

mercury, a l though it is less severe  than  t h a t  suggested by 

Mott. I t  i s  t h e r e f o r e  d e s i r a b l e  t o  c a r r y  o u t  an e x p l i c i t  c a l -  

c u l a t i o n  of t h e  in f luence  of n(E) on t h e  o p t i c a l  conduct iv i ty .  

I n  t h i s  chap te r  w e  s h a l l  reduce t h e  Kubo-Greenwood formula 

(Kubo 1957, Greenwood 1958) t o  a form s u i t a b l e  f o r  t h e  p r e s e n t  

a p p l i c a t i o n .  I n  o rde r  t o  make t h e  c a l c u l a t i o n s  t r a c t a b l e  cer-  

t a i n  approximations w i l l  be  introduced.  Various parametrized 

model Green func t ions  corresponding t o  d i f f e r e n t  d e n s i t i e s  of 

s t a t e s  w i l l  be  used i n  Chapter 5 t o  eva lua te  a (w)  numerical ly .  

The e f f e c t  of n(E) on t h e  zero-frequency conduct iv i ty  w i l l  a l s o  

be s t u d i e d .  

9 4 . 2  Reduction of t h e  Kubo-Greenwood Formula 

I n  t h e  independent-electron model t h e  Kubo-Greenwood 

formula f o r  t h e  frequency-dependent conduct iv i ty  of a metal  can 

be w r i t t e n  ( i n  u n i t s  % = 1) a s  
t 



The n o t a t i o n  i s  t h e  convent ional  one: f ( E )  i s  t h e  Fermi-Dirac 

d i s t r i b u t i o n  func t ion ,  
jll 

s t ands  f o r  t h e  uth component of  t h e  

one-electron c u r r e n t  opera to r ,  and 

where Iqr) denotes t h e  e igenvector  of t h e  one-electron hamil- 

tonian  wi th  t h e  eigenvalue E,. Only t h e  absorp t ive  p a r t ,  which 

i s  equal  t o  t h e  r e a l  p a r t  i n  t h e  absence of a magnetic f i e l d ,  

needs t o  be considered,  t h e  imaginary p a r t  (corresponding t o  

t h e  d i e l e c t r i c  cons tan t )  being r e l a t e d  t o  it through t h e  

Kramers-Kronig r e l a t i o n .  Thus 

Now, i f  t h e r e  i s  no magnetic f i e l d ,  t h e  c u r r e n t  o p e r a t o r  i s  

given by * .4 3 

3 = z3 J 
( 4 . 4 )  

-b 
where p i s  t h e  canonica l  momentum. Expanding i n  terms of t h e  



momentum e i g e n s t a t e s  llS) w e  have 

The r e s u l t  of i n s e r t i n g  (4 .5)  i n t o  ( 4 . 3 )  and in t roduc ing  t h e  

opera to r ,  

I t  i s  convenient t o  in t roduce  t h e  Green opera to r  

The matr ix  elements of  p ( E )  can then be expressed a s  



where 

The f  orrnula f o r  R e  o i n v o l v e s  t h e  o p e r a t o r  p r o d u c t  p (E) p (E ' ) , 
uv  

which can  b e  r e l a t e d  t o  G + ( E )  by  

G e n e r a l i z i n g  t h e  n o t a t i o n  o f  Langer  (1960) and N e a l  (1970) w e  

i n t r o d u c e ,  

I n  t h i s  n o t a t i o n  (4.7)  becomes, upon u s i n g  (4.10)  , 



For a  l i q u i d  metal  t h e  ensemble averaging ensures  i s o t r o p y ,  and 

s o  t h e  conduc t iv i ty  t e n s o r  i s  d iagonal ,  

I f  w e  d e f i n e  

then  (4.12) can be w r i t t e n  a s  



Equation ( 4 . 1 4 )  i s  t h e  frequency-dependent g e n e r a l i z a t i o n  of t h e  

express ion  f o r  t h e  d.c .  conduct iv i ty  given by Langer (1960) and 

Neal (1970).  Our work i s  more c l o s e l y  r e l a t e d  t o  t h a t  of  Neal, 

who was a l s o  dea l ing  wi th  l i q u i d  metals  whereas Langer was in -  

t e r e s t e d  i n  t h e  many-body e f f e c t s  on s c a t t e r i n g  by uncor re la t ed  

i m p u r i t i e s .  

4 . 3  ~ i a g r a m m a t i c  Analysis 

-1 Using t h e  expansion f o r  G = (E - Ho - V) , where V i s  

t h e  t o t a l  e l ec t ron- ion  s c a t t e r i n g  p o t e n t i a l ,  w e  can provide a 

diagrammatic expansion f o r  each of K 
++ -- 

K+- p v '  ==,lV' pv '  and K-+ 
vv 

def ined  by ( 4 . 1 1 )  . For example, K+- (k, E ,  E I )  i s  equal  t o  t h e  
lJv 

sum of a l l  diagrams of t h e  form 

The n o t a t i o n  he re  i s  s i m i l a r  t o  t h a t  i n  Sec t ion  1 . 4 :  an upper 

k + s o l i d  l i n e  r e p r e s e n t s  a f r e e  progagator G ( k ,  E)  = (E + 
0 

+ - I i o  - k 2 ) - I ,  a lower s o l i d  l i n e  5' r e p r e s e n t s  G (k , E)  = 
0 

(E + i ~ - ( k ) ~ ) ,  an i n t e r s e c t i o n  of two s o l i d  l i n e s  wi th  a 

dashed l i n e  (o r  ve r t ex )  r e p r e s e n t s  a mat r ix  element {klvlh') 

of t h e  s c a t t e r i n g  p o t e n t i a l  due t o  a s i n g l e  i o n ,  and a node 

connecting n dashed l i n e s  r ep resen t s  a f a c t o r  Nan(g 1, a,, --g& 



t h e  cont inuous p a r t  of cn (sl, . . . %) def ined  by (1.16) . A l l  

renormal iza t ion  diagrams may be summed by rep lac ing  t h e  f r e e  

k k progagator  l i n e  r. by which s t ands  f o r  t h e  f u l l  pro- 

pagator  G (k, E) = ( - k2 - Z ( ) ) The l ead ing  diagrams 

which remain a r e :  

I n  anology wi th  t h e  Dyson equat ion f o r  t h e  one-pa r t i c l e  Green 

func t ion  we may w r i t e  a  Bethe-Salpeter type of equat ion  ( see  

e .g .  Nozisres  1964, s e c t i o n  6 . 1 )  f o r  t h e  ensemble average quan- 

t i t y ,  



where the upper (lower) h o r i z o n t a l  l i n e  i s  a s s o c i a t e d  w i t h  com- 

p l e x  energy  z ( z '  ) . Here w e  have in t roduced  t h e  i r r e d u c i b l e  

i n t e r a c t i o n  p a r t ,  

(wi th  e x t e r n a l  

p ropaga tor  

U l i n e s  removed) 

t h e  sum of a l l  i r r e d u c i b l e  i n t e r a c t i o n  diagrams,  which by 

d e f i n i t i o n  cannot  be  d i v i d e d  i n t o  two by c u t t i n g  bo th  propaga tor  , 
I 

I 

l i n e s  b u t  w i thou t  c u t t i n g  any i n t e r a c t i o n  l i n e .  The q u a n t i t y  1 

K i s  now rep resen ted  by 
I.lv 

An i t e r a t i v e  s o l u t i o n  of t h e  i n t e g r a l  equa t ion  f o r  (&)K (k; 
I.l 

IJV 

z ,  z '  ) would be expressed  diagrammatical ly  a s  : 
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An integral equation to determine K(k; z, z') of (4.13) can be 

obtained from (4.15) . Defining a quantity P (k., 5' : z, z ' ) by 
i writing + + +' 

= - 4 (4 ,  I.)$ ( W c p c + ,  a';$,$/) 
4 4' 
.I 5. 

where$(k, z )  denotes the ensemble average of G ( k ,  z), we have 

By definition, 

Hence 
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For an isotropic system K(0; z, z' ) will be independent of the 
C 

direction of &, W(&, 0"; z, z') will depend only on the rela- 

tive angle of k and 0" , and P (&" , k; z , z ' ) will depend only 
on the relative angle of 0" and 0'. Choosing 0' as a polar 

axis in doing the 0' sum, we have 

Thus (4.20) reduces to 

Using isotropy again, this can be written as 



where 

with 8 

(4.23) 

8 4 . 4  

t i v i t y  

o t b a i n  

(4.23) 

being t h e  angle  between & and 5 . .  Equations (4.22) and 

a r e  t h e  same as (6.10) and (6.11) of Langer (1960) . 

Approximations 

I n  o rde r  t o  c a l c u l a t e  t h e  frequency-dependent conduc- 

we must sum a l l  t h e  i r r e d u c i b l e  diagrams i n  (4.16) t o  

W (kt k" ; z ,  z  I )  , perform t h e  angular  i n t e g r a t i o n  i n  

t o  g e t  Wl ( k ,  kt': z  , z l )  and then  s o l v e  t h e  i n t e g r a l  

equat ion ( 4 . 2 2 )  s e l f - c o n s i s t e n t l y  f o r  K(k; z ,  z ' )  which i s  t o  

be s u b s t i t u t e d  i n t o  ( 4 . 1 4 )  f o r  Re O ( w ) .  Although we know how 

t o  enumerate t h e  success ive  diagrams formally as i n  (4.16) and 

(4.17) ,  a  complete r e a l i s t i c  c a l c u l a t i o n  based on t h i s  scheme 
* 

i s  obviously impossible  a t  t h e  p r e s e n t  s t a t e  of knowledge . 
F i r s t ,  t h e  eva lua t ion  of any diagram o t h e r  than  t h e  s imples t  

i n  ( 4 . 1 6 )  would r e q u i r e  a  knowledge of t h r e e - p a r t i c l e  o r  h igher  

c o r r e l a t i o n  funct ions .  Secondly, s i n c e  t h e  Kubo-Greenwood 

* 
See, however, t h e  r e c e n t  c o n t r i b u t i o n s  of Ashcroft  and Schaich 
(1970),  and Bringer  and Wagner (1971). They s t u d i e d  only  t h e  
d.c .  conduc t iv i ty , .  t r y i n g  t o  sum a  s u i t a b l e  s e t  of  i r r e d u c i b l e  
i n t e r a c t i o n  diagrams. I n  both cases  a  c e r t a i n  approximate 
r e l a t i o n  express ing  h igher  o r d e r  i o n i c  c o r r e l a t i o n s  i n  terms 
of t h e  two-body c o r r e l a t i o n  had t o  be made. The approximation 
(and hence t h e  p a r t i a l  sum of diagrams) was d i f f e r e n t  i n  t h e  
two cases .  
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formula ( 4 . 2 )  involves  t h e  matr ix  elements <$r 1 j I qS) of t h e  

1-I 

c u r r e n t  opera to r  j between t r u e  e i g e n s t a t e s  I$r), t h e  one- 
1-I 

e l e c t r o n  Green func t ion  t h a t  e n t e r s  (4.22) and o t h e r  equat ions  

i s  t h e  one corresponding t o  t h e  t r u e  s c a t t e r i n g  p o t e n t i a l ,  

r a t h e r  than  t h e  pseudopotent ia l .  Our a t tempt  t o  f i n d  an e x p l i c i t  

r e l a t i o n  between t h e  t r u e  and t h e  pseudo Green func t ions  has  

n o t  been success fu l .  To be a b l e  t o  c a r r y  on we have t o  do two 

th ings :  (1) t o  in t roduce  an approximation i n  t h e  i r r e d u c i b l e  

i n t e r a c t i o n ,  and ( 2 )  t o  work wi th  f i c t i t i o u s  l i q u i d  metals  

represented  by parametrized Green funct ions .  

I f  w e  assume t h a t  t h e  s c a t t e r i n g  is i s o t r o p i c  i n  k-space, 

o r  e q u i v a l e n t l y ,  W (k ,  kt' ; z, z '  ) i s  or thogonal  t o  t h e  cos ine  

term, then  Wl (k ,  k n  ; z , Z '  ) w i l l  vanish and (4.22) w i l l  reduce 

which merely s t a t e s  t h a t  t h e  ensemble average of a  product  of 

two Green func t ions  can be replaced  by t h e  product of t h e i r  

averages.  This s i m p l i f i e s  t h e  c a l c u l a t i o n  enormously b u t  i s  

n o t  l i k e l y  t o  be r e a l i z e d  i n  p r a c t i c e .  However, we may regard  

our  assumption a s  de f in ing  a  model f o r  a  l i q u i d  meta l ,  t h e  

" i s o t r o p i c  s c a t t e r i n g  model", say.  Ca lcu la t ions  based on t h i s  

model wi th  parametrized Green func t ions  may s t i l l  i n d i c a t e  how 

much t h e  s t r u c t u r e  of n(E) w i l l  a f f e c t  R e  a(w) .  
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The evaluation of (4.14) for Re ~ ( w )  can be simplified 

a little by taking the low temperature limit. $his is legiti- 

mate since the typical temperature of a liquid metal is still 

very low compared with the Fermi tempera.ture TF = EF/kg, kB 

being Boltzmann's constant. In this limit the Fermi-Dirac 

distribution function f(E) is just a step function and (4.14) 

can be written, in the "isotropic scattering" approximation, as 

where EF is the free-electron Fermi energy. 
0 



CHAPTER 5 

NUMERICAL CALCULATION W I T H  MODELS 

55.1 The Lorentzian Model 

Before in t roduc ing  any model we n o t e t h a t ,  i n  t h e  approxi- 

mation of Sec t ion  4 . 4 ,  (4.24) can be expressed i n  terms of t h e  

s p e c t r a l  func t ion  p (kt E )  (Eq. (1.3) ) as 

which i s  equ iva len t  t o  t h e  formula t h a t  Faber (1966) obta ined  

using Kramers-Heisenberg d i s p e r s i o n  theory  i n  t h e  form quoted 

by Smith (1967b). S i m i l a r l y ,  t h e  zero-frequency l i m i t  ob ta ined  

d i r e c t l y  from ( 4 . 1 4 )  can be w r i t t e n  a s  

which i s  equ iva len t  t o  t h e  formula given by Edwards (1958) . 
Hence one only needs t o  model f o r  t h e  s p e c t r a l  func t ion .  

The s i m p l e s t  model t o  use i s  t o  choose a  cons tan t  s e l f -  
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I n  t h i s  case  t h e  r e a l  p a r t  A corresponds only  t o  a c o n s t a n t  

energy s h i f t  and may be convenient ly  taken  as zero.  The Green 

f u n c t i o n  i s  then  given by 

and t h e  s p e c t r a l  func t ion  i s  a  Lorentzian,  

The c a l c u l a t i o n  of t h e  r e a l  p a r t  of  t h e  frequency con- 

d u c t i v i t y  ( h e r e a f t e r  denoted simply by o(w)) i s  now a matter of 

s t r a i g h t f o r w a r d  computation. W e  have c u t  o f f  t h e  k - i n t e g r a t i o n  

i n  (5.1) a t  10 kF and eva lua ted  o(w) from w = 0 t o  t h e  f r e e -  

e l e c t r o n  Fermi energy E f o r  t h e  fo l lowing  va lues  o f  r :  0.005, 
Fo 

0.01, 0.05, 0.1, 0.2, 0.4 ( i n  u n i t s  of EF ) .  The r e s u l t s  have 
0 

almost e x a c t l y  t h e  same frequency dependence a s  p r e d i c t e d  by 

t h e  Drude formula,  and t h e  product  I'o(0) remains c o n s t a n t  f o r  

t h e  va r ious  va lues  of l'. Defining a r e l a x a t i o n  t i m e  r such 

t h a t  a ( w )  = %o(O) a t  w = 1 / ~  w e  f i n d  t h a t  r i s  p r o p o r t i o n a l  

t o  l / r .  Thus a l l  f e a t u r e s  of t h e  f r e e - e l e c t r o n  theory  a r e  

reproduced. I t  i s  suspec ted  t h a t  it might be p o s s i b l e  t o  prove 

a n a l y t i c a l l y  t h a t  e v a l u a t i n g  t h e  Kubo-Greenwood formula wi th  

t h e  Lorentz ian  model would l e a d  t o  t h e  Drude formula,  b u t  w e  

have n o t  a t tempted t o  do t h i s  s i n c e  complicated contour  i n t e g -  

r a l s  a r e  involved.  
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W e  cannot draw any d e f i n i t e  conclusion regarding  t h e  

e f f e c t  of n(E) on t h e  frequency-dependent conduc t iv i ty  from 

our  c a l c u l a t i o n s  with t h e  Lorentzian model because t h e  den'sity 

of s t a t e s  corresponding t o  t h i s  model is  n o t  a t  a l l  s e n s i t i v e  

t o  t h e  va lue  of I'. Simple i n t e g r a t i o n  g ives  

For example, even when r = 0.4 EFo, n(EFo ) from (5.3) d i f f e r s  

from t h e  f r ee -e lec t ron  value only by 2%. 

9 5.2 A Parametrized Model 

The parametrized model introduced i n  Sect ion  1.3 (Eqs. 

(1.9) and (1.10) ) i s  s u i t a b l e  f o r  s tudying  t h e  in f luence  of 

t h e  d e n s i t y  of s t a t e s  n(E) on t h e  frequency-dependent conduc- 

t i v i t y  because d i f f e r e n t  n(E)  can be generated by varying t h e  

parameters a ,  b ,  c ,  and g. A s  i s  shown i n  Appendix I ,  t h i s  

model automaticaLly s a t i s f i e s  t h e  sum r u l e  f o r  t h e  s p e c t r a l  

funct ion .  This i s  confirmed by numerical i n t e g r a t i o n  of p (k,E) 

wi th  r e s p e c t  t o  E ,  which y i e l d s  0.97 f o r  an upper l i m i t  of 

lo E ~ o  and 0.99 up t o  40 EFo,  f o r  t y p i c a l  va lues  of t h e  para- 

meters.  We have c a l c u l a t e d  a(w)  from t h i s  model for a  = 0.01 

t o  0.1, b  = 0.05 t o  0.5, c  = -0.5 and 0 .1  t o  0.5, and g = 0.6 

t o  1 . 2  ( i n  u n i t s  f o r  which 5 = 2m = kF = 1). Typical  r e s u l t s  a r e  
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shown i n  F igures  31-40. The corresponding n (E)  and a  ( w )  curves  

a r e  shown i n  consecut ive  f i g u r e s .  W e  have p l o t t e d  t h e  f r e -  

quency dependence of t h e  conduc t iv i ty  a s  normalized a(w)/a(O) 

ve r sus  w-r curves  i n  o r d e r  t h a t  s e v e r a l  curves  can be d i sp layed  

on t h e  samesca le .  I t  may appear  a t  f i r s t  g lance  t h a t  t h e  sum 

r u l e  f o r  o(w) due t o  nt e l e c t r o n s  p e r  u n i t  volume, 

has  been v i o l a t e d  i n  some cases .  This  i s  n o t  s o  because t h e  

sum r u l e  (5 .4)  a p p l i e s  on ly  t o  t h e  a b s o l u t e  va lues  of  a  ( w )  and 

w ,  and t h e  va lues  of a  (0)  and T a r e  d i f f e r e n t  f o r  t h e  d i f f e r e n t  

curves .  The p a r t i c u l a r  parameter v a r i e d  i s  a  i n  F igures31  and 

32, b  i n  Figures33 and 34, c i n  Figures 35 and 36, and g i n  

Figures37-40. For  t h e  c a s e s  i n  Figures31-36 t h e  va lues  of  g  

were ob ta ined  by numer ica l ly  s o l v i n g  t h e  equat ion  

s o  t h a t  t h e  d i p  i n  n (E)  i s  l o c a t e d  n e a r  EFo. 

I n  g e n e r a l ,  t h e  s t r u c t u r e  i n  n(E)  i s  n o t  very  s t r o n g l y  

r e f l e c t e d  i n  t h e  frequency dependence of a ( w ) .  For w-r < 1 t h e  

va lues  of a  ( w )  /a (0) a r e  i n  c l o s e  agreement wi th  t h e  Drude curve 

f i t t e d  a t  t h e  two p o i n t s  w = 0 and w = 1/-r; f o r  w+ > 1 t h e  model 
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curves a r e  s l i g h t l y  above t h e  Drude curve ,  t h e  discrepancy 

inc reas ing  with t h e  depth of t h e  depress ion  i n  n ( E ) .  The only  

cases  t h a t  show s u b s t a n t i a l  d e v i a t i o n s  from t h e  Drude curve 

a r e  those represented  by t h e  two s o l i d  l i h e s  i n  Figures 36 and 

38, r e s p e c t i v e l y .  These correspond t o  very d r a s t i c  s t r u c t u r e s ,  

a wide region  of seve re ly  reduced d e n s i t y  of  states a t  ( s o l i d  

l i n e ,  F igure  35) o r  very c l o s e  t o  ( s o l i d  l i n e ,  Figure 37) EFo. 

From our  experience i n  P a r t  I of t h e  t h e s i s ,  t h e  d e n s i t y  of 

s t a t e s  i n  a  simple l i q u i d  meta l  is  n o t  expected t o  e x h i b i t  a 

sha rpe r  s t r u c t u r e  than  t h e  s o l i d  curve i n  Figure 31, much less 

probable anything l i k e  t h e  two extreme cases  j u s t  mentioned. 

I n  f a c t ,  t h e  c a l c u l a t e d  n(E)  f o r  mercury can be f i t t e d  with t h e  

parameters a  = 0.04, b  = 0.1, c  = 0.2, g  = 0.8 which y i e l d  a  

a (o )  i n  b e t t e r  agreement with t h e  Drude formula than  t h e  dashed 

curve i n  Figure 34 because t h e  d i p  i n  n(E)  f o r  Hg does n o t  

occur  e x a c t l y  a t  EF (nor  E F o ) .  For a l l  cases  where t h e r e  is 

a  d i p  i n  n  (E)  , a  ( w )  /a (0)  e i t h e r  f a l l s  s l i g h t l y  below o r  i s  

p r a c t i c a l l y  i d e n t i c a l  with t h e  Drude curve a t  f requencies  

w < 1 / ~ .  Even f o r  t h e  u n r e a l i s t i c  cases  i n  which t h e r e  i s  a 

region of immensely enhanced d e n s i t y  of s t a t e s  (Figure 39) a ( w )  

/a (0)  r i s e s  only s l i g h t l y  above t h e  Drude curve (Figure 40) . 
I n  none of t h e  cases  considered d i d  we f i n d  a  frequency v a r i -  

a t i o n  anywhere near  t h e  one i l l u s t r a t e d  i n  Figure 30. W e  

conclude t h a t  wi th in  t h e  framework of our  model and approxi- 

mations t h e  o p t i c a l  conduct iv i ty  of r e a l  l i q u i d  meta ls  i s  

q u i t e  i n s e n s i t i v e  t o  t h e  s t r u c t u r e  of t h e  e l e c t r o n  d e n s i t y  of 

s t a t e s .  I t  i s  n o t  l i k e l y  t h a t  n(E) could a f f e c t  a ( w )  i n  any 

b 
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other way more important than directly through the product of 

the Green functions, which we have included in our calculations. 

An explanation for the anomalous optical properties of liquid 

mercury must be sought elsewhere. 

E. D. Crozier (private communication) has measured the 

optical conductivity of Hg by ellipsometry using different inter- 

faces and found the results to be almost independent of the 

interface material but results for the absolute reflectivity at 

oblique incidence depend on the nature of the interface and 

differ from both the ellipsometric and normal incidence reflec- 

tivity el rude) results. These results are consistent with a 

surface transition region similar to the model of Bloch and 

Rice (1969). He proposes that the surface would produce an 

enhanced backscattering which would provide a mechanism for 

Smith's (1968) somewhat ad hoc hypothesis. 

55.3 Zero-Frequency Conductivity and Density of States 

The dependence of the d.c. conductivity of a liquid 

metal on the density of states has been a subject of debate 

for some time. If one writes Ziman's (1961) nearly-free- 

electron formula in the form 

where vF is the velocity of an electron on the Fermi surface, 

n(EF) is the density of states at that energy, and rZ is the 
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r e l a x a t i o n  t i m e  c a l c u l a t e d  by lowest o rde r  p e r t u r b a t i o n  theory ,  

one expects  t h a t  t h e  conduc t iv i ty  u Z  should vary a s  [n(EF)] 
-2 

because r i s  p ropor t iona l  t o  l / n ( ~ ~ )  and vF i s  given by z  

(3E (k)  /ak)F which i s  p ropor t iona l  t o  l /n  (EF) , - i f  an E-k d i s -  

p e r s i o n  r e l a t i o n  i s  assumed t o  e x i s t .  Edwards (1962) and 

l a t e r  Ziman (1967) argued t h a t  t h e  d .c .  conduc t iv i ty  of a  l i q u i d  

m e t a l  should n o t  depend on n(EF) because i n  a  l i q u i d  t h e  f a c t o r  

e v  i n  (5.6) should be replaced  by the tFermi  c u r r e n t '  jF which F 

t h e y  argued should be approximately equal  t o  e  kF/m. ( I n  a  

s o l i d  one can show by Bloch's theoremthat  t h e  expec ta t ion  value 

of t h e  c u r r e n t  i s  equal  t o  e t imes t h e  g r a d i e n t  of t h e  energy 

(see e .g .  Wilson 1953) .) Faber (1966) agreed t h a t  t h e  d.c. 

conduc t iv i ty  should n o t  involve t h e  d e n s i t y  of s t a t e s  e f f e c t i v e  

m a s s ,  def ined  a s  

wi th  no(E ) being t h e  f r e e - e l e c t r o n  va lue  b u t  he included 
Fo 

some o t h e r  c o r r e c t i o n  f a c t o r .  Mott (1966) expressed t h e  opi- 

nion t h a t  t h e r e  should be no dependence on n(Ep) i f  it d i f f e r s  

only s l i g h t l y  from no(E ) ,  b u t  i f  n ( ~ ~ )  < < n  (EFo) then t h e  
Fo 0 

conduc t iv i ty  should be reduced, although he d i d  n o t  g ive  an 

e x p l i c i t  f u n c t i o n a l  dependence. 

We have evalua ted  t h e  express ion  (5 .2 )  f o r  t h e  zero- 

frequency conduc t iv i ty  u ( 0 )  using t h e  same parametr ized model 

Green func t ion  a s  i n  Sec t ion  5.2. I n  Table 111, t h e  r e s u l t s  
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t 
t a r e  compared with t h e  d e n s i t y  of s t a t e s  a t  

sets of parameters.  The f r e e - e l e c t r o n  con1 

obta ined  from 

E~ 

duct 

f o r  d i f f e r e n t  

i v i t y  uFE was 

where T i s  t h e  r e l a x a t i o n  t ime deduced from t h e  frequency- 

dependent conduc t iv i ty  curves, e l  m t h e  f r ee -e lec t ron  charge 

and mass, and ne t h e  number of valence e l e c t r o n s  pe r  s n i t  

volume, c o n s i s t e n t  with our  choice of u n i t  kF = 1. For a l l  

cases  t h a t  correspond t o  t h e  kind of n(E) t h a t  one can reason- 

ably  expect  i n  simple l i q u i d  meta ls  ( a l l  sets above t h e  case  

a = 0.02, b = 0.1, c = 0.1, g = 0.975, i n c l u s i v e )  t h e  r a t i o  of 

t h e  zero-frequency conduct iv i ty  t o  t h e  f r e e - e l e c t r o n  d.c. con- 

d u c t i v i t y ,  ô  E u (0)  /oFE, i s  approximately p r o p o r t i o n a l  t o  t h e  
A 

square of t h e  r a t i o  of d e n s i t i e s  of s t a t e s ,  p E n (EFo) /no (EFo) . 
Moreover, t h e  r e l a x a t i o n  time T v a r i e s  roughly a s  t h e  r ec ip -  

r o c a l  of n(EFo) , a s  expected from Ziman's theory and, of course ,  

a l s o  a s  t h e  r e c i p r o c a l  of t h e  l inewidth  parameter b. The f a c t  

t h a t  t h e  r a t i o  G/G* i s  n o t  equal  t o  1 may i n d i c a t e  t h a t  a re- 

l a x a t i o n  time s l i g h t l y  d i f f e r e n t  from t h e  o p t i c a l  T o r  an 

e f f e c t i v e  number of valence e l e c t r o n s  ( see  Faber 1966) should 

be used f o r  t h e  d.c. conduct iv i ty .  The most s e r i o u s  d i s c r e -  

pancy among t h i s  group occurs  f o r  t h e  s e t  a = 0.01, b = 0.05, 

c = 0.1, g = 0.975 which i s  assoc ia ted  with t h e  s h a r p e s t  s t r u c -  

t u r e  i n  n(E) , with a d i p  more severe  than  t h e  one w e  obtained 

f o r  mercury. For those  cases  a t  t h e  bottom q u a r t e r  of t h e  t a b l e ,  
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which correspond t o  d r a s t i c  s t r u c t u r e s ,  t h e  dependence o f  T 

and a  (0) on n  (E)  seems more complicated,  b u t  w e  can be q u i t e  

s u r e  t h a t  o ( 0 )  i s  n o t  t h e  same a s  aFE. 

L e t  u s  compare ou r  r e s u l t s  w i th  s o l i d  s t a t e  theo ry  and 

t h e  arguments of t h e  aforementioned au thor s .  I n  a  s o l i d  w e  

have,  from (5.6) and (5.8) 

A s  vF i s  i n v e r s e l y  p r o p o r t i o n a l  t o  n ( E F ) ,  (5.9) p r e d i c t s  t h a t  

ô  i s  a l s o  i n v e r s e l y  p r o p o r t i o n a l  t o  n ( E F ) ,  which i s  obviously 

n o t  what w e  found ( c . f .  t h e  columns and 2 i n  Table 111). 

e k ~  
Next cons ide r  Ziman's (1967) i d e a  of r e p l a c i n g  evF by 7 i n  

(5.9) , t hen  ô  would be p r o p o r t i o n a l  t o  n  (EF) . The v a l u e s  of 

3/; w e  ob ta ined  a r e  n o t  a s  cons tan t  a s  those  of d/c2.   his 

means t h a t  our  f i n d i n g s  a r e  a t  va r i ance  wi th  s o l i d  s t a t e  theory  

and t h e  opin ions  of va r ious  previous workers.  Reca l l ing  t h a t  

2 
t h e  d e n s i t y  of  s t a t e s  n(EF) i s  given by t h e  i n t e g r a l  of  k  p (k ,  

EF) (Eq. (1 .5)  ) and t h e  zero-frequency c o n d u c t i v i t y  o  (0)  i s  
4 given by t h e  i n t e g r a l  of k  p ( k ,  E ~ )  ( ~ q .  ( 5 . 2 ) ) ,  ou r  r e s u l t s  

sound q u i t e  p l a u s i b l e .  I n  f a c t ,  i f  t h e  s p e c t r a l  f u n c t i o n  

p (k ,  E) were a  r e c t a n g u l a r  p u l s e ,  t hen  o ( 0 )  would be e x a c t l y  

2 p r o p o r t i o n a l  t o  [n ( E ~ )  1 . of course  p ( k t  E) is  n o t  a  rectangu-  

l a r  p u l s e  i n  t h e  a c t u a l  c a s e ,  on ly  an approximate p r o p o r t i o n a l i t y  

is  t o  be expected.  
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There i s  one unnecessary approximation i n  our  ca lcu la -  

t i o n s .  We have evalua ted  a (O) ,  n(E) and r by us ing  t h e  f r ee -  

e l e c t r o n  Fermi energy EFo i n s t e a d  of t h e  t r u e  Fermi energy EF,  

t o  be determined by i n t e g r a t i n g  t h e  d e n s i t y  of states up t o  

t h e  energy which w i l l  accommodate t h e  ne valence e l e c t r o n s .  

For t h e  work i n  t h e  preceeding s e c t i o n  t h i s  does n o t  ma t t e r  

s i n c e  we a r e  only i n t e r e s t e d  i n  t h e  frequency dependence of 

t h e  normalized o p t i c a l  conduct ivi ty--replacing EF by EFo cor res-  

ponds only t o  choosing a d i f f e r e n t  energy s c a l e .  But when we 

want t o  compare t h e  absolu te  value of o ( 0 )  with t h a t  of aFE, 

t h e  r e s u l t s  may be a f f e c t e d .  I t  is hoped t h a t  i n  t h e  nea r  

f u t u r e  some of t h e  work i n  t h e  p resen t  s e c t i o n  can be repeated  

using t h e  c o r r e c t  E F' 



CHAPTER 6 

COMMENTS AND CONCLUSIONS 

The calculations on liquid Bi, In, and Hg in this the- 

sis, together with Ballentine's (1966) work on Zn and Al, 

suggest that the electronic structure of simple liquid metals 

(i.e. those other than transition or noble metals, which we 

have not treated) is nearly-free-electron-like (NFE). Never- 

theless, solid state formulas should not be applied without 

caution. For instance, the density of states n(E) calculated 

from ( V ~ E  (k) is not accurate, as we have illustrated by 

model calculations (Section 1.3). Another example is that 

n(E) of liquid mercury is much more free-electron-like than 

Mott (1966) conjectured by analogy with the small band- 

overlapping in the solid (see Section 2.5). 

We have made several different calculations for bismuth. 

using the same local, energy independent model potent- 

ial as Ballentine (1966) , but without making his numerical 

approximations, we obtain a very similar electronic structure, 

except that the peak region which he found is slightly smoothed 

out. This structure is further reduced by an effective mass 

correction and by the use of a nonlocal model potential, the 

largest change occurring in the last step. The final n(E) differs 

little from the free-electron parabola corresponding to the 
.. ' 

appropriate effective mass. This shows that the nonlocal and 

energy dependent nature of the model potential is of some 

significance. Calculation of the integrated density of states 
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(Chapter 3) by a method which remains exactly valid for energy 

dependent model potentials gives qualitatively similar structure, 

but a wider band indicating that the energy dependence of 

higher order terms may not be negligible. 

Indium is found to be very free-electron-like (Section 

2 . 4 ) ,  but mercury has a substantial structure in n(E) (Section 

2.5). If one used the Heine-Abarenkov-Animalu (HAA) model potent- 

ial for mercury, one would expect very little structure in n(E) 

because the first zero of the form factor coincides with the 

main peak of the ionic structure factor resulting in very weak 

perturbation. However it has been shown (Evans 1970) that the 

linear extrapolation method used by HAA to obtain the model 

potential depth parameters is not valid for mercury because of 

the proximity of the d-states to the conduction band. Using the 

Evans model potential in which the depth parameters are cal- 

culated by the quantum defect method (Ham 1955) we are able to 

obtain some nontrivial structure for mercury. 

It would be desirable to compare our results with ex- 

perimental measurements. Unfortunately, no experiment to date 

determines the density of states directly. In soft X-ray 

emission from metals the intensity involves not only the 

density of states in the valence band but also the transition 

probabilities from the valence band to the vacant core levels. 

In fact, the analysis by Harrison (1968) suggested that the 

structure observed in the spectra reflects the variations in the 

transition probability (oscillator strength) more than in the 



density of states. To make things worse the hole in the vacant 

core level interacts strongly with the electrons so that the 

measured intensity does not correspond to the unperturbed. 

valence states. The situation is similar in the case of positron 

annihilation (Stewart and Rocllig 1966), the electron momentum 

distribution being strongly perturbed by the positron. The 

major complication in the interpretation of photoemission data 

(see e.g. Berglund and Spicer 1964) is that one may need a 

detailed understanding of the possible energy losses of an 

electron leaving the metal. The Knight shift (Knight 1956) de- 

pends on two factors: the spin paramagnetic susceptibility of 

the conduction electrons, which is proportional to the density 

of states, ~ ( E F )  at the Fermi energy, and the penetration fact- 

- Or, PF - l 2  ave , the average probability density, at the 
nucleus, of electrons on the Fermi surface. The second factor 

PF is more difficult to calculate than n(EF), so it is difficult 

to extract n(EF) from the Knight shift. One kind of experiment 

that appears promising is Compton scattering of X-rays 

(Eisenberger and Platzman 1970, also Platzman 1969, unpublished). 

Since the photon interacts only weakly with electrons, the ex- 

periment measures effectively the unperturbed momentum dis- 

tribution. So far no such experiment has been done on a liquid 

metal. 

Optical properties are even more difficult to interpret 

than the experiments mentioned above because, in addition to the 

problem of the transition probability, there are a large number 

of possible transitions for a given photon energy. Furthermore, 
t 
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our model calculations in the "isotropic scattering" approxi- 

mation (Section 5.2) suggest that the frequency dependence of 

the optical conductivity does not deviate significantly from the 

  rude formula even if n(E) is quite different from the NFE form. 

This result is in agreement with most experimental observations, 

but it means that little information about n(E) can be expected 

from optical spectra. On the basis of our model calculations the 

anomalous results for mercury obtained by ellipsometric methods 

do not seem to be caused by structure in n(E). Perhaps they are 

due to surface effects. 

We found the zero-frequenc,~ conductivity to be approxi- 

mately proportional to the product of the free-electron conduct- 

ivity and the square of the density of states at the Fermi energy 

(Section 5 . 3 ) ,  in disagreement with semi-intuitive arguments 

based on the Boltzmann equation. This is another example showing 

that uncritical application of solid state theory to liquid 

metals may be misleading. 

The current situation in liquid metals is not unlike 

solid state band-structure calculations in the "pre-Fermilogy" 

era. Perhaps some experiments radically different from those 

discussed above need to be conceived before the electronic 

structure can be measured unambiguously. 



APPENDIX I 

THE ENERGY SUM RULE FOR THE GREEN FUNCTION 

The Green function corresponding to a hamiltonian H 

that describes a physical system is defined as 

where Jqn>and E designate the eigenstates and eigenvalues of H. n 

must satisfy the sum rule, 

This is a consequence o f  the completeness of the 

{ $ 1 .  Thus from (I. 2) we have 

(1 3)  

set of states 



The sum r u l e  i s  a l s o  a  phys ica l  condi t ion  s i n c e  it says  t h a t  

t h e  t o t a l  p r o b a b i l i t y  f o r  a  momentum e i g e n s t a t e  I k > t o  have 

any energy i s  equal  t o  un i ty .  

I n  a  p r a c t i c a l  c a l c u l a t i o n  t h e  ensemble average Green 

func t ion  i s  usua l ly  expressed i n  t h e  form, 

where t h e  self-energy CCk, E )  may be obtained e i t h e r  by per- 

t u r b a t i o n  theory a s  we d id  i n  Chapter 2 o r  from a  parametrized 

model a s  i n  Chapter 5. We s h a l l  prove t h a t  t h e  s u f f i c i e n t  con- 

d i t i o n s  f o r  t h e  Green funct ion  ( 1 . 4 )  t o  s a t i s f y  t h e  sum r u l e  

(1.3) a r e :  

(1) It i s  a n a l y t i c  i n  t h e  complex E-plane except f o r  a  number 

of po les  on t h e  r e a l  a x i s  ( f o r  an i n f i n i t e  system these  

po les  may coalesce  t o  form a  c u t )  ; 
* * 

(2 )  G(k, z ) = G ( k t  z )  where z denotes a  complex energy and 

t h e  a s t e r i s k  denotes  complex conjugat ion;  and 

( 3 )  C(k, E) i s  an a n a l y t i c  funct ion  of E and tends t o  i n f i n i t y  

more slowly than E .  

Consider . the  i n t e g r a l  of G Ck, E l  i n  t h e  complex E-plane 

around t h e  contour shown. 



Here we have assumed that there exists a finite lower bound E 
0 

to the energy eigenvalue spectrum of H. Since G(k, E) is 

analytic within the whole region enclosed by the contour 

c = C1 + C2 + C3, we have 

From condition (3) , 



- 145 - 
From c o n d i t i o n  C2) , 

But  

1, + 1 = 5 s  0 

t h e r e f o r e  

which i s  t h e  r e q u i r e d  sum r u l e .  

Note tha t  t h e  p a r a m e t r i z e d  model,  



where 

s a t i s f i e s  a l l  t h e  condi t ions  (1) t o  (3) and hence t h e  sum r u l e .  

On t h e  o t h e r  hand, t h e  Lorentzian model, 

w i th  r independent o f  E ,  does no t  s a t i s f y  condi t ion  (2 ) ,  there-  

f o r e  t h e  above proof f o r  t h e  sum r u l e  does n o t  apply.  However, 

i n  t h i s  case  it can e a s i l y  be proved by d i r e c t  i n t e g r a t i o n  t h a t  

(I. 3) i s  s t i l l  s a t i s f i e d .  



APPENDIX I1 

TABLE I V  MODEL POTENTIAL PARAMETERS (a) 

(a) These q u a n t i t i e s  are d e f i n e d  i n  S e c t i o n  2 . 3  or S e c t i o n  2 .5  
and are e v a l u a t e d  a t  t h e  Fermi energy EF 

(b) R2 i n  t h e  c a s e  o f  H g .  . 



APPENDIX I11 

DIFFERENTIATION OF A FUNCTION OF AN 

OPERATOR WITH RESPECT TO A  PARAMETER 

L e t  F(A) be  a f u n c t i o n  of an o p e r a t o r  A ,  which i n  t u r n  

i s  a d i f f e r e n t i a b l e  f u n c t i o n  o f  a cont inuous  parameter  5 .  We 

wish  t o  d e r i v e  an e x p r e s s i o n  f o r  t h e  d e r i v a t i v e  of  F(A) w i t h  

r e s p e c t  t o  5. For s i m p l i c i t y  w e  assume t h a t  F ( A )  can be ex- 

panded i n  a power series, 

S i n c e  t h e  o p e r a t o r  A  does  n o t  i n  g e n e r a l  commute 

t i v e ,  it i s  impor t an t  t o  keep t r a c k  of t h e  o r d e r  

e n t i a t i o n .  For  i n s t a n c e ,  i n  t h e  n o t a t i o n  

where w e  have in t roduced  t h e  commutator, 

w i t h  i t s  de r iva -  

d u r i n g  d i f f e r -  

c o n t i n u i n g  t o  d e r i v a t i v e s  of h ighe r  powers of A i n  t h i s  way one 

r e a d i l y  a r r i v e s  a t  t h e  g e n e r a l  formula f o r  any i n t e g r a l  power, 



- Y A ' A  + 2 h-5-1 A /) A 5 - / b 

Hence 

where, for convenience, the notation 

r34 31 -2 

S . chZ [ A  W '  I A ' ]  A' 
a = *  5 :o  

has been introduced. 



- 150 - 
Now, by repeated  a p p l i c a t i o n  of t h e  commutation r u l e ,  

f o r  any t h r e e  o p e r a t o r s  A,  B ,  and C ,  one can show 

hl-I 

I n s e r t i n g  t h i s  i n t o  (111.6) we have 

h-2 n-S-2 s = 5 r , , ~  z ( 5 g + - 2  [ A ,  A'] A .p+ 5 

h7.o S:p p s ,  

h -2 2 3 c, 2 A = 7 [ A ,  4'1 /?* , 

I n  order  t o  s impl i fy  (111.9) we again  use (111.3) t o  

s h i f t  a l l  powers of A from t h e  l e f t  t o  t h e  r i g h t  of t h e  

commutator, t hus  



A ~ ~ A ,  A ' ]  = I A ,  A ' ]A2 + Z I A ,  I A ,  A ' I J  A  + I A ,  [A,  IA, A ' ]  I ,  

L e t  u s  adopt the f o l l o w i n g  n o t a t i o n :  

A C 2 '  {B} E [A, [A, B ]  1 ,  

T h e n  w e  can w r i t e  

. . .  0 0 .  

I n  general ,  as can be s h o w n  by m a t h e m a t i c a l  i n d u c t i o n ,  



k where Ch) is just the binomial coefficient, 

Equation (111.9) now becomes 

With the aid of the combinatorial relation, 

Equation (111.11) simplifies, after some algebra, to 

But 



- 
I 
I 
t 

t h e r e f o r e  w e  f i n a l l y  have 

P u t t i n g  (111.14) back i n t o  (111.5) , 

which i s  t h e  genera l  formula we set o u t  t o  de r ive .  

I f  A ( ~ ) { B }  = 0 f o r  t = R ,  then it i s  a l s o  equal  t o  zero 
I 

f o r  a l l  t > R .  For example, i f  [A, A ] = 0, then 

I 

i f  [A, [A, A 1 1  = 0, then 

l 

and if [A,  [A, [A,  A ] ] ]  = 0 ,  then  
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