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The c l s s s i c d  method of s o l u t i o n  t o  problems i n  l i n e a r  v i s c o e l a s t i c i J ~ y  

i s  t o  apply the Lsplace t ransform t o  the  time-dependent f i e l d  equat ions and 

boundary condi t ions .  If a s o l u t i o n  t o  the  transformed problem can be 

found then  the  s o l u t i o n  t o  the  o r i g i n a l  problem i s  reduced t o  a transform 

invers ion .  :'o;iever, if the  shape of the body under cons ide ra t ion  or  - b e  

type of boundary condi t ions  s p e c i f i e d  a t  a po in t ,  o r  both ,  va ry  rrith time 

then  t h i s  me'ilzod no longer  works. 

I n  t h i s  t h e s i s  methods of s o l u t i o n  t o  these  problems a r e  i n v e s t i -  

ga ted .  I t  is sho;!n t h a t ,  x i t h  t h e  he lp  of an  a l t e r n a t e  form of the  

Laplace t ransform inve r s ion  theorem, s method c l o s e l y  p a r a l l e l i n g  t h e  above 

procedure so lves  problems f o r  regions which a b l a t e .  This method reduces 

v i s c o e l a s t i c  boundary value problems t o  the  de terminat ion  of e l a s t i c  

so lu t ions  which sa - t i s fy  c e r t a i n  condi t ions  a t  t h e  boundary of t he  a b l a t i n g  

reg ion .  For t h e  case rhen  t h e  r eg ion  does not  vary  with time (which i s  

considered a s  a s p e c i a l  case of an  a b l a t i n g  body), b u t  subregions of  he 

boundary may be monotonically inc reas ing  o r  decreasing with time, t h e  

above condi t ions  rrhich t!m e l a s t i c  s o l u t i o n s  must s a t i s f y  a r e  s impl i f i ed .  

Cxamples of both  cases  a r e  given, whose r e s u l t s  agree r ~ i t h  knovm so lu t ions .  

I n  t h e  l a t t e r  p a r t  of the  t h e s i s  t ~ o  problems a r e  considered where 

al though t h e  reg ion  occupied b y  the  body remains cons tant  w i t h  time, sub- 

reg ions  of the  boundary may vary ,  Here it i s  shown t h a t  a s o l u t i o n  given 

by  Graham f o r  t he  con tac t  problem i n  v i s c o e l a s t i c i t y ,  where t h e  con tac t  

r eg ion  v a r i e s  :?ith any number of maxima o r  minim, can be  extended and t h a t  



t h e  extended s o l u t i o n  i s  equ iva l en t  t o  one by Ting,  The equivalence is  

n o t  a t  dl obvious s i n c e  t h e  form of t h e  t;io s o l u t i o n s  d i f f e r s  g r e a t l y .  

Also a s o l u t i o n  is given t o  the problem of a  plane oxisymmetrical craclc i n  

an  i n f i n i t e  v i s c o e l a s t i c  medium iihich i s  opened by normal p re s su re  a c t i n g  

on i t s  su r f ace  : h e r e  i n i t i d l y  '~\e  crack i s  extending and af'ter a  per iod  

of time con t r ac t s .  It i s  found t h a t  ;rhile the  craclc i s  groving t h e  no rmd  

p res su re  and s u r f a c e  a r e a  of t he  crack can be p re sc r ibed  independent ly,  

b u t  when c o n t r a c t i o n  begins only one of these  can 5 e  given, i n  o rde r  t o  

keep the  normal displacement  continuous and n u l l  on t h e  boundary or' t h e  

c rack  a rea .  An equat ion  i s  found xhich r e l a t e s  t h e  crack su r f ace  a r e s  

2nd t h e  normal p re s su re  f o r  t imes when it i s  con t r ac t ing  so t h a t  if one i s  

s p e c i f i e d  then  the  o t h e r  i s  determined. The s o l u t i o n  while t he  c r ack  is 

extending agrees  7,iith one given by  Graham, b u t  f o r  t h e  case vhen i t  i s  

extending and then  con t r ac t ing  t h e r e  a r e  no r e s u l t s  s ~ h i c h  can be r e f e r r e d  

t o .  
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The purpose of t h i s  t h e s i s  i s  t o  l001i a t  the  methods of s o l u t i o n  of 

boundary va lue  proLlems i n  the  l i n e a r  q u ~ s i - s  t a t i c  theory  of v i s  coe las  t i c i t y  

and extend these  if poss ib l e  The problems considered inc lude  ones Sn 

xhich the  v i s c o e l a s t i c  body a b l a t e s ,  t h d t  i s  ma te r i a l  may a c t u a l l y  be  

removed from the  body a s  time progresses .  Ir- genera l  it i s  found t h a t ,  

i n  a l l  t he  problems considered,  t he  v i s c o e l a s t i c  s o l u t i o n  ~ r a s  r e l a t e d  t o  

some p d r t i c u l z r  one-parameter fami ly  of s o l u t i o n s  of corresponding problems 

i n  t he  l i n e a r  theory  of e l a s t i c i t y .  S p e c i f i c  r e s u l t s ,  ~ ~ l i i c h  hzve been 

found, a r e  d iscussed  i n  the  fo l lowing  o u t l i n e  .diich beg ins  wit11 t he  f i r s t  

two s e c t i o n s .  

Sec t ion  1 dca la  kt11 the  s-tandard m.1 thema t i c a l  d e f i n i t i o n s  and r e s u l t s  

used i n  t h e  thcorjr oL" v i s c o e l a s t i c i t y  with one except ion.  It i s  a  r e s u l t  

which i s  s i m i l a r  t o  one der ived  by Ting [ 1 ] and g ives  an a l t e r n a t i v e  f o m  

of the  Laplace 'transform i n v e r s i o n  theorem ( f o r  more d e t a i l e d  d i scuss ion  

s e e  page 8 ) . The i?ex c s e c t i o n  g ives  the  formula t ion  of boundary value 

problems i n  q u a s i - s t a t i c  v i s  coe l a s  t i c i t y  Tor bodies  which a b l a t e ,   h he 

case  iillen  i he r eg ion  occupied by  the  body remains cons tan t  f o r  a l l  timc is 

considered a s  a  s p e c i a l  case of an  a b l a t i n g  body.) Here -the fundamen-i;al 

system of f i e l d  equat ions r e l e v a n t  t o  t he  l i n e a r  theory  of tllermo- 

v i s c o e l a s t i c i t y  i s  s t a t e d  a s  s:ell a s  mixed boundary condi t ions  which ?re- 

s c r i b e  the s ~ r i ' ~ c e  displacement and sur face  t r a c t i o n  on complementary 

subse t s  of a  houndcry. These subregions of the  boundary va ry  ;:ith time 

s o  t h a t  even :illen tile boundary remains cons tan t ,  t h e  subregions may s t i l l  

be  f u n c t i o n s  of tilne , I n  bo th  of' these  s e c t i o n s ,  r e f e rence  has been made 

t o  t h e  work of Gur t in  and Sternberg  [ z ]  . 



The c l a s s i c a l  

quasi-s t a t i c  theory  

method of so lv ing  boundary value problems i n  t he  l i n e a r  

of v i s c o e l a s t i c i t y  i s  t o  apply an i n t e g r a l  t ransform 

( v i t h  respecJc t o  time ) t o  'che time-dependent f i e l d  equat ions and boundary 

condi t ions .  The trqnsformed f i e l d  equat ions then  h x e  t h e  same form as 

the  f i e l d  e q u ~ t i o n s  of elustic!. ty timory and i f  ci s o l u t i o n  t o  t l iese,  rihich 

i s  compatible : , i th  t h e  transformed boundary condiJcions, can be  found then  

the  s o l u t i o n  -to 'ile o r i g i n a l  problem i s  reduced t o  a t ransform inve r s ion .  

This  method oi' so lv ing  a i scoe la s - t i c  s t r e s s  e n a l y s i s  problems i s  r e f e r r e d  

t o  a s  t h e  "correspondence p r i n c i p l e "  ( f o r  r e f e rence  s e e  Lee [ 3 ]  ) . 

I f  the r e g i o n  ihich the  body occupies does v a r y  d t h  time and a b l a t e s  

t hen  t h e  corres>ondence p r i n c i p l e  f a i l s  s ince ,  f o r  ,problems of t h i s  type, 

t h e r e  w i l l  be  p o i n t s  of the  ( a b l s t i n g )  body f o r  which t h e  f i e l d  q u a n t i t i e s  

 ill not  be defined f o r  a l l  time. Fence, Tor ' h i s  case,  methods of 

s o l u t i o n  have conce-l-trated on s p e c i a l  approaches io s p e c i f i c  problems 1.6-lli 

t h e  except ion  of Graham [ & I ,  :~ho gave a g e n e r a l  method o i  so lu t ion ,  r~hicli  

tms a n  ex tens ion  of t h e  Papkovitch-Neuber s o l u t i o n  f o r  v i s c o e l a s t i c i t y  

given by  GurJcin and Sternberg  [ 2 ] .  ;lotiever i n  s e c t i o n  3 it i s  shown t h a t ,  

wi th  t h e  h e l p  of t h e  r e s u l t  concerning t h e  Laplace t ransform inve r s ion  

theorem, a method c l o s e l y  p a r a l l e l i n g  t h e  c l a s s i c a l  correspondence 

p r i n c i p l e  so lves  problems f o r  r eg ions  r ~ h i c h  z b l a t e .  This method reduces 

v i s c o e l a s t i c  boundary va lue  problems t o  the  de te rmina t ion  of e l a s t i c  

s o l u t i o n s  vhich s a t i s f y  c e r t a i n  condi t ions  a t  t he  boundary of the  a b l a t i n g  

reg ion ,  Trio a p p l i c a t i o n s  of t h i s  method a r e  g iven ,  One recovers  

Graham's ex tens ion ,  and t h e  o t h e r  so lves  t h e  problem of a l a r g e  sphere x i t h  

a growing s p h e r i c a l  c a v i t y  a t  i t s  c e n t e r ,  This  s o l u t i o n  agrees  i , i t h  one 

g iven  by TiJilliams [ 51. 



I n  t h e  case i7hen the  reg ion  occupied by  t h e  body does no t  va ry  with 

time, t h i s  correspondence p r i n c i p l e  i s  app l i cab le  whenever the  type of 

boundary condi t ion  prescr ibed  i s  t h e  same a t  a l l  p o i n t s  of t he  boundary. 

For mixed boundary value problems, t he  method i s  s t i l l  app l i cab le  provided 

t h e  reg ions  over which d i f f e r e n t  types of boundary condi t ions  a r e  given 

do n o t  vary  6;ith t ime. However, f o r  those mixed nroblems where the  regions 

do v a r y  v i t h  time ( p a r t i c u l a r  examples a r e  inden ta t ion  and crack propagat ion 

problems), the  c l a s s i c a l  correspondence p r i n c i p l e  i s  not  app l i cab le  s ince  

f o r  these  problems t h e r e  1511 be p o i n t s  of t he  boundary a t  which only 

p a r t i a l  h i s t o r i e s  of' some f i e l d  q u a n t i t i e s  w i l l  be prescr ibed  and t h e  

t ransforms of these  q u a n t i t i e s  a r e  not  d i r e c t l y  obta inable .  To meet this 

case ,  both  Graham [ 6 ]  and Ting [ I  1 gave "extended" correspondence p r i n c i p l e s  

which cover those mixed boundary value problems where subregions of t he  

boundary may vary  with time b u t  must be  e i t h e r  monotonically inc reas ing  

or decreasing.  For  the  more gene ra l  case, Hunter [7], Graham [8], [91 

a d  Ting [ Io] ,  [ I1 ] have given s o l u t i o n s  t o  t h e  contac t  problem where t h e  

subregions may have one o r  more maximum or  minimum. None of these  used a 

f o r m 1  a p p l i c a t i o n  of any correspondence p r i n c i p l e  al though Graham has 

shown t h a t  h i s  so lu t ions  a r e  r e l a t e d  t o  a one-parameter f ami ly  of e l a s t i c  

s o l u t i o n s  f o r  t he  same problem i n  e l a s t i c i t y  which, i n  f a c t ,  i s  the  s p i r i t  

of t h e  correspondence p r i n c i p l e .  

Sec t ion  4 considers  mixed boundary value problems where t h e  reg ion  

occupied b y  the  body i s  cons tant  and subregions of the  boundary may vary  

with time a s  long  as they  a r e  e i t h e r  monotonically inc reas ing  o r  decreasing,  

The s o l u t i o n s  g iven  here  depend on t h e  f i n d i n g s  of Ting [ I  ] and Graham [ 61. 

I n  these  papers Ting extends Graham's r e s u l t s  by  removing two condi t ions  



t h a t  the  l a t t e r  assumes must ho ld ,  This  s e c t i o n  gene ra l i zes  and orders  

these  r e s u l t s  such t h a t  they  l i n k  with t h e  previous sec t ion .  Also an 

example of -this method i s  given of a  contac t  problem where the  contac t  

reg ion  i s  m o n o t o n i c ~ l y  inc reas ing .  This i s  a simple example of the  

problem considered i n  the  nex t  s ec t ion .  

One of t he  con tac t  problems which i s  most of t e n  s tud ied  i n  visco-  

e l a s t i c i t y  i s  the boundary value problem a r i s i n g  when a r i g i d  indentor ,  of 

smooth p r o f i l e ,  ( i . e .  a p r o f i l e  which has a unique tangent  plane a t  each 

of i t s  po in t s )  i s  pressed aga ins t  the ,  i n i t i a l l y  plane,  su r face  of a l i n e a r  

v i s c o e l a s t i c  half'-space. The norna l  su r face  t r a c t i o n  is  as sumd zero out- 

s i d e  the  con tac t  a r ea ,  i ihi le  i r s i d e  the  contac t  a r e a  t h e  n o r m 1  su r face  

displacements must conform t o  t h e  su r face  geometry of t he  indentor .  I n  

genera l ,  t h e  con tac t  a r e a  w i l l  vary  with time. This  contac t  problem 

provides a  meaningful example on which t o  es t imate  t h e  value of any method 

of s o l u t i o n  t o  the  d i f f i c u l t  mixed boundary value problems where t h e  bound- 

a r y  has subregions t:hich a r e  func t ions  of time A s  a r e s u l t ,  many authors  

have considered t h i s  problem and the  f i f t h  s e c t i o n  g ives  a  s h o r t  h i s t o r y  

of t hese  s t u d i e s .  It &lso  looks a t  t he  most d i T f i c u l t  case when the  

con tac t  a r ea  vr:ries with any number of maxima o r  minima. To do t h i s ,  

t h r e e  papers a r e  discussed,  by Graham [ 8 ]  and Ting [ l o ] ,  [Ill, Thei r  

methods d i f f e r  so g r e a t l y  t h a t  only f o r  simple cases ( i . e .  one o r  trio 

maxim) can t h e i r  r e s u l t s  e a s i l y  be seen t o  be equiva lent .  I n  s e c t i o n  5 

i t  i s  shown t h a t  Graham's s o l u t i o n  can be  extended and t h a t  the extended 

s o l u t i o n  i s  equ iva len t  t o  one of T ing ' s  s o l u t i o n s  even f o r  t he  most 

gene ra l  case of "n" maxima and minima. 

I n  t h e  l a s t  s e c t i o n  a  s o l u t i o n  i s  given t o  the  problem of a  plane 



axisymmetricnl crack, i n  an i n f i n i t e  v i s c o e l a s t i c  medium, which i s  opened 

by  a normal pressure ac t ing  on i t s  su r face ,  I n i t i a l l y  the  crack i s  

extending and & t e r  a period of time con t rac t s .  There a r e  n o t  mzny 

r e s u l t s  concerning crack problems i n  v i s c o e l a s t i c i t y  theory. V i l l i s  [ 1 2 ]  

has inves t iga ted  a s teady s t n t e  dynamic v i s c o e l a s t i c  crack propagation 

problem He considered the s p e c i f i c  case of an extending crack i n  a n t i -  

plane s t r a i n  and so lves  t h i s  problem d i r e c t l y  i-dthou-i; r e s o r t  t o  any 

correspondence p r inc ip le .  On the  o ther  hand, Graham [ 131 uses h i s  

extended correspondence p r i n c i p l e  t o  so lve  the extending crack problem 

f o r  the  symmetrically loaded t r ~ o  dimensional and the  axisymmetrically 

loaded three  dimensional quas i - s t a t i c  cases,  The l a t t e r  i s  t r e a t e d  a s  a 

s p e c i f i c  example i n  s e c t i o n  6 .  

The case rd~en -the crack extends and then con-tracts has  not  been 

looked a-t previous ly-  Thus no reference  can be made t o  the r e s u l t s  i n  

s e c t i o n  6 f o r  t h i s  case.  It i s  found t h a t  while the  crack i s  g r o ~ n n g  

the normal pressure and the sur f  ace a rea  of the crack can be prescribed 

independently, buJi :rhen con t rac t ion  begins only one of these  can be given, 

i n  order  t o  keep the normal displacement continuous and n u l l  on the bound- 

a r y  of the  crack area.  An equetion i s  found which r e l a t e s  the  craclc 

su r face  a r e a  and the  normal pressure f o r  t imes ..hen it i s  cont rac t ing  so  

t h a t  i f  one i s  s p e c i f i e d  then  the o ther  i s  determined. I n  conclusion, it 

i s  noted t h a t ,  :bile it might be poss ib le  t o  extend t h i s  so lu t ion  t o  the  

case $?here the  cracl; su r f  ace has "nt' maxima and minima, along the l i n e s  of 

Graham's s o l u t i o n  of the  contac t  problem, i t  irould be necessary to  sho~r  that  

the  s o l u t i o n  generated normal displacements over the crack surface  which 

were p o s i t i v e ,  f o r  the  s o l u t i o n  t o  have any meaning. 



1. Mathematical Pre l iminar ies  

Throughout a l l  s ec t ions  ~ ( t )  denotes the  Heaviside u n i t  step-function, 

of time a lone ,  vhich i s  def ined  through 

I n  t h i s  s e c t i o n  f, g and h a r e  s u f f i c i e n t l y  smooth func t ions  of the  

p o s i t i o n  vector  ,Y: and time t. Then the  S t i e l t j e s  convolution [f'$dg] 

s t ands  f o r  the  f u n c t i o n  defined by 

provided the i n t e g r a l  i s  meaningful. Some p roper t i e s  of the convolution 

(1.2), which m i l l  be needed l a t e r ,  a r e  l i s t e d  below: 

- 1 
IT f (&0)  does n o t  vanish then f has  a unique S t i e l t j e s  inverse,  f , 
such t h a t  

(proofs  of these  p roper t i e s ,  ( I  .3) and (1.4), are contained i n  Gur t in  a d  

Sternberg [ 21 , ) 

We s h a l l  use the  no ta t ion  

-1 - 
f & , t )  = L [f(_x,s);  s + t l ,  



f o r  t h e  Laplace t ransform with r e s p e c t  t o  t ime t, of a f u n c t i o n  fk,t) 

and f o r  i t s  inve r se  Laplace transform. The same no ta t ion  w i l l  be  used t o  

denote the  t ransform ( inve r se  transform) of a  vec to r  valued func t ion ,  with 

the  agreement t h a t  i t  rep resen t s  the vec to r  whose components a r e  the  

transforms ( inve r se  t ransforms) of the  components of the  o r i g i n a l  vec tor .  

T:JO r e l a t i o n s  v;hich a r e  consequences of ( I  .5) a r e  s t a t e d  now ( f o r  proofs  

see e.g,  Sneddon [14 ] ) .  The Convolution Theorem s t a t e s  

L 

where the  r o l e s  of f and g on the  r i g h t  hand s i d e  of ( I  . 6 )  may b e  reversed.  

The t ransform of the  time d e r i v a t i v e  of a  f u n c t i o n  i s  g iven  by 

F u r t h e r  r e s u l t s  and t h e i r  proofs  a r e  now given,  I f  we take the  

Laplace t ransform of the  convolution (1.2)  and note  (1.5)  and (1.6) we 

ob ta in  

which, on us ing  equat ion (1 .7 ) ,  becomes 

By taking  the  inve r se  Laplace t ransform of (1.8) we g e t  

[ fedg] (x, - t)  = L-I [ s ?(*, s )  g (x ,  s)  ; s  -t t l  . (1 09) 

Next, l e t  p be  a f u n c t i o n  of 2,  T and s ,  ',Ye def ine  P, a  f u n c t i o n  

of _x and t, by 



Then, i f '  P i s  a continuous f u n c t i o n  of t, we w i l l  show t h a t  

-TS P(~, t) = i i m  L-A [ lt p(x,T,r) e  c~ ; s - a ] .  
a+ t - 

This r e s u l t  c o r r e c t s  an expression which was der ived  by  Ting [ $ I .  I n  

order  t o  v e r i f y  ( I  .I1 ) , Tie have from (1 . l o )  f o r  any non-negative "a" 

where t i s  any non-negative time. N a n  ir Re make the  change of va r i ab le  

t h e n  

Since  t h e  Laplace t ransform x i t h  r e s p e c t  t o  T of H(T-t)  is 

equat ion  (1 .? 3) may be  m i t t e n  a s  

where 

Taking the  inve r se  Laplace t ransform and us ing  (1.9) and (1 .2) we g e t  



where 

-1 - 
F ( ~ ,  a) = L [ F ( ~ ,  s )  ; s + a] .  

I f  we combine equations (1.12) and (1 .15) then ne obtain the following 

r e s u l t ,  

and 

Now f o r  any pa r t i cu l a r  pos i t ive  t these i d e n t i t i e s  a re  va l i d  f o r  every a, 

0 6 a < t ,  Therefore, by l e t t i n g  a approach t from the l e f t  we f i n d  t h a t  

and 

where 

- 
P(X, t ) = l i m  ~ ( ~ , a )  . 

a+t- 

If the  funct ion P defined by equation (I . lo)  i s  continuous a t  t then 

~ ( x ,  - t-) = ~ ( x ,  t) . 



Thus by ( 1 . 1 0 ) ~  (1.17) and (1.18) we have 

which v e r i f i e s  equation ( I  .I 1 ) . I n  the  case when p i s  

equation (1 .IS) reduces t o  

Another r e s u l t  needed i s  derived below. Suppose 

, I  , ~ ) e - ~ ~ d ~ ;  s -+ a] ,  

(1.19) 

independent of s, 

s -+ a] .  ( I  -20) 

t h a t  

where y i s  some f u n c t i o n  of s alone, then from ( I  . l o )  and (1.9) we see  t h a t  

nhere 

~ ( t )  = ~ - l [ ~ ( s ) ;  s -+ t l ,  

If P i s  continuous a t  t and & a t  a l l  times T,  T 6 t then, by using the 

r e s u l t  ( I  .I y), equations (1 .21) s impl i fy  t o  give t h a t  

where Y i s  given as above and 

-ST ~ ( x ,  -- t) = l i m  L q ( _ x , ~ , ~ ) e  d ~ ;  s -+ a ]  . 
a+t- 



In conclusion me observe that 



2. The Formulation of Boundary Value Problems 

i n  Viscoelas t i c i t y  

Suppose a time-dependent reg ion  represented  by  ~ ( t ) ,  i:ith boundarj- 

aR( t ) ,  0 d t < m, i s  occupied by  a  homogenous and i s o t r o p i c  l i n e a r  thermo- 

v i s c o e l a s t i c  s o l i d .  We w i l l  assume t h a t  a s  time progresses the  reg ion  

a b l a t e s  i n  khe sense t h a t  ~ ( t  ) i s  contained i n  ~ ( t  ) xhenever t 2 t 
2 I 2 1 ' 

( ~ ( t ~ )  _C ~ ( t ,  ) , tp 3 tl ) Thus ma te r i a l  may a c t u a l l y  be removed from 

the  body as time progresses.  The case when ~ ( t )  remains cons tant  f o r  

a l l  time i s  the re f  ore a  s p e c i a l  case of an a b l a t i n g  body. 

Let  ui, e  5 each of xhich i s  t o  r ep resen t  a func t ion  of t h e  
i j '  i j '  

p o s i t i o n  vec tor  _x and time t where _x i s  a  po in t  02 ~ ( t )  and 0 < t < m, 

denote Car t e s i an  components of displacement,  s t r a i n  and s t r e s s  

r e s p e c t i v e l y .  Then t h e  fundamental system of f i e l d  equat ions r e l e v a n t  t o  

t h e  l i n e a r  theory of thermo-viscoelas t ic i ty  may be  w r i t t e n  a s  fo l lows  

( e .  g .  see  Gur t in  and Sternberg [ 2 ] ) :  

Here (2.2) a r e  the s t r e s s  equat ions of equi l ibr ium  ith here Fi denotes the 

components of t h e  body f o r c e .  I n  s t a t i n g  t h e  accompanying c o n s t i t u t i v e  

equat ions we f i r s t  def ine  t h e  f o l loning  q u a n t i t i e s ,  Le t  T r e p r e s e n t  tlie 

temperature which i s  a f u n c t i o n  of p o s i t i o n  - x and time t and d e f i n e  the  

pseudo-temperature "8" by 



where T i s  e i e  cons tant  base  temperature and a i s  the  temperature 
0 

dependent c o e f f i c i e n t  of thermal expansion. Ve denote by  G I  and G2 t h e  

r e l a x a t i o n  f u n c t i o n s  i n  shear  and i s o t r o p i c  compression r e spec t ive ly .  

These a r e  func t ions  of' time t, 0 < t <m. Then t h e  s t r e s s - s t r a i n  

r e l a t i o n  is ,  us ing  the  no ta t ion  of ( 1 . 2 ) ~  

where 6 is  Kronecker' s d e l t a .  
i j 

To complete the formula t ion  of any boundary value problem we need t o  

s p e c i f y  c e r t a i n  boundary condit ions.  If we p resc r ibe  the  su r f  ace d i s -  

placement and t r ac t ion ,  r e spec t ive ly ,  on complementary subse t s  aR ( t ) ,  
I  

al12(t) of t h e  boundary a ~ ( t )  then  We boundary condi t ions  take  the form 

where n .(x, t )  are tile components of t h e  outward u n i t  normal t o  5 ~ ( t )  and U 
J 

and T a r e  given v e c t o r  valued f u n c t i o n s ,  Equations (2 .  I), (2 .2) ,  (2.3)  

and (2.4) r e p r e s e n t  a  complete formula t ion  of' a boundary value problem i n  

I n  the  case Wiat ;re have 

~ , ( t )  = P I I H ( ~ )  and ~ ~ ( t )  = 3kH(t), 

then,  b y  us ing  e q u ~ t i o n  (1.3) ,  xe f i n d  (2.3) reduces 

( x ,  t )  = 2pe. .Cx,t)  + 6ij 
1 J  



t h e  s t r e s s - s t r a i n  r e l a t i o n  of l i n e a r  thermo-elas t ic i ty .  Here p and k a re  

cons tants  s tanding f o r  the  shear and bulk modules r e spec t ive ly .  Equation 

(2.5) irith (2.1 ) and ( 2 . 2 )  r ep resen t  the f i e l d  equations of thermo- 

e l a s  t i c i t y ,  These equations along ~ ; i t h  the  boundary condit ions (2 .4 )  

give the  complete formulat ion of a one-parameter fami ly  of thermo-elast ic  

boundary value problems ( t h e  parameter i s  t) . 



3. The Correspondence P r i n c i p l e  

From s e c t i o n  2 lie have f o r  an ab la t ing  reg ion ,  ~ ( t ) ,  which i s  occupied 

by  a  homogeneous and i s o t r o p i c  l i n e a r  thermo-viscoelast ic  body, t h a t  t he  

f i e l d  equat ions,  (2.1 ) (2.2) and ( 2 . 3 )  and the  boundary condi t ions ,  (2.4) ,  

r e p r e s e n t  a  complete formula t ion  of a  boundary value problem i n  thermo- 

v i s c o e l a s t i c i t y .  To f l n d  s o l u t i o n s  of such problems xe f i r s t  show hoii a 

s o l u t i o n  t o  t h e  f i e l d  equat ions i n  v i s c o e l a s t i c i t y  may b e  obta ined  from a 

c e r t a i n  f ami ly  of e l a s t i c  s o l u t i o n s .  Then we sta'ce what condi t ions  must 

be s a t i s f i e d  i n  o rde r  t o  meet t he  boundary condi t ions .  F i n a l l y  ;ire so lve  

s e v e r a l  problems involving a b l a t i n g  bodies .  

s c l u t i o n s  v a l i d  i n  ~ ( t )  

i n  t h e  l a s t  of ainich ve 

see  t h a t  

of t h e  system of equat ions,  ( 2 . 1 ) ~  (2.2) and (2.5)  

have s e t  2y = sE(s)  and 3k = sE(s ) .  Then ne s h a l l  

E -ST 
~ . ( ~ , t )  3. = l i m -  L - I [ ~ '  u i (x , r , s ) e  d ~ ;  s  -+ a] ,  

a+t  

E -ST 
a i j & t )  = l i m  

a+t' 

i s  always s s o l u t i o n  t o  the  v i s c o e l a s t i c  f i e l d  equat ions v a l i d  f o r  _x i n  

N t )  

To prove this Tie xi11 show t h a t  t h e  equat ions (2.1 ), (2.2) and (2.3) 

are s a t i s f i e d  by (3.2). Since (2.1),  (2.2) and (2.5) a r e  s a t i s f i e d  b y  



(3.1 ) f o r  any t i m e  t and p o s i t i o n  _x i n  ~ ( t ) ,  then  they  hold a t  _x f o r  every 

time r, T < t, as ~ ( t )  i s  a b l a t i n g .  T h e n b y  (3.2) ,  (1.24) and (1.20) 

ne have 

and 

+ l i m  L - I [ ~ '  F ~ ( . ~ , T ) B - ~ ~ ~ T ;  s + a] ,  
a+t- 

which reduce t o  (2.1 ) and (2.2) r e spec t ive ly ,  rdlen 2 l i e s  i n  ~ ( t )  . Next, 

us ing  t h e  f a c t  t h a t  (3.1 ) s a t i s f  i e a  ( 2 . 5 ) ,  xe have the  i d e n t i t y  

mhen _x i s  i n  ~ ( t )  . Ereaking up (3.3) i:e g e t  

V i th  t h e  h e l p  of f i r s t  (1.22) and then  (I.!?), (3.2)  and (1.20), equat ion 

(3.4) reduces t o  (2.3).  Thus the  f i e l d  equat ions of v i s c o e l a s t i c i t y  are 

s a t i s f i e d  by t h e  q u a n t i t i e s  def ined  through (3.2) .  



Now i n  order  t h a t  (3.2) meets the  boundary condi t ions  (2.4) we must 

have the f ollmlring condit ions s a t i s f i e d  

where a R l ( t )  and a ~ * ( t )  a r e  complementary subse ts  02 a ~ ( t )  and n . (x , t )  i s  
J - 

t he  u n i t  normal t o  a ~ ( t ) .  Thus if the  fami ly  oi' e l a s t i c  s o l u t i o n s  (3.1 ) 

i s  chosen t o  s a t i s f y  (3.5)  then (3.2) i s  a s o l u t i o n  t o  a boundary value 

problem i n  v i s c o e l a s t i c i t y  represented by t h e  f i e l d  equetions, (2.1 ), (2.2),  

(2.3) and the boundary condit ions (2.4) .  

I f  t 3 ~ (  t) , aRl  ( t )  , a ~ ~ (  t) do n o t  vary x i t h  time, then the  conditions 

(3.5) reduce t o  

& 
ui(.x, t )  = ui(x, t ) ,  _x on aR 1 ' 

Fur ther ,  i n  t h i s  case we see ,  by using (1.19), . t h a t  equations (3.2) can be  

m i t t e n  as  

-1 irn E -ST 
u i (x , t )  = L  [ u i ( s , r , s ) s  d r ;  s + t], 

do 

-ST 
e i j  ( 3 t )  = L-'[ d r ;  s -+ t], 

E 

i j ~ ) e - ' ~ d ~ ;  s + t], 

where 2 l i e s  i n  R. Equations (3 .2 ) ,  (3.6)  or  (3 .7) ,  (3 .6)  reduce We 

s o l u t i o n  of this c l a s s  of l i n e a r  v i s c o e l a s t i c  boundary value problems t o  



t h e  s o l u t i o n  of l i n e a r  e l a s t i c  boundary va lue  problems. The r e l a t i o n  

given by (3 .7 ) ,  (3.6) has been known a s  the  "correspondence p r inc ip l e" .  

Note t h a t  :;e cannot use equzt ions (3.7) i n  p lace  of (3.2) ::hen ~ ( t )  i s  

decreasing s ince ,  f o r  example, u i (x , r , s )  i i i l l  n o i  be def ined  f o r  some 5 i n  

~ ( t )  and a l l  7-, 0 6 T < 00.  o or f u r t h e r  d i scuss ion  on the "correspondence 

p r inc ip l e" ,  s ee  the  In t roduc t ion  and Lee [ 3 ] ) .  

One ::ell knoim genera l  s o l u t i o n  t o  the f i e l d  equrztions of e l a s t i c i t y  

i s  t h e  Papkovich-Neuber s o l u t i o n  ( f o r  a de r iva t ion ,  s ee  Sokolnikoff i151) ,  

- 6 s 2 ~ : ( s ) e  i , ~  .(3 t ) + s i  j ~ 2 ~ l  (s ) (F,  ( s ) - E ~ ( s ) ) u ( ~ ~ ~ ( ~ ,  t ) ,  

where ve have replaced  2P,3k by  s c  ( s ) ,  SF (s )  r e s p e c t i v e l y  and taken  the  
1 2 

body f o r c e  F and the  pseudo-temperature l'd" a s  being zero. Here the 
i 

func t ions  and P: a r e  unkno-m func t ions  t o  b e  determined through t h e  

boundary condi t ions .  We f i n d ,  from above, t n a t  if (3.8) i s  s u b s t i t u t e d  

i n t o  (3 .2) ,  then  (3.2) i s  the  s o l u t i o n  t o  the boundary value problem given 

b y  (2 .1) ,  (2.2) ,  (2.3) and (2.4) ,  provided ;le s a t i s f y  t h e  fo l lowing 

(mpi+\qk 9 1  . ) G d ( ~ 1 + 2 ~ 2 ) ( 2 ,  t ) - ~ ~ * d ( 7 ~ ~ + 2 ~ ~ ) ( x ,  t)  = uik, t ) ,  5 i n  a ~ , ( t ) ,  

G ~ * ~ [ ( P  , i j  + %'k,ij ) * d ( ~ ~  +2G2) -6qi %G 
, j  1 (3.9) 

+ 2s i j  q Icy&: *d(Gl -G2) t ) n  J .(_x, t) = T ~ ( ~ ,  t) ,  _x i n  d ~ ~ ( t ) ,  

where 

. t  
@ ( ~ , t )  - = l i m  L-'[L @ ' ( . x , r , ~ ) e - ~ ~ d r ;  s + a] ,  

a+t- 



and 

t 
q(x,  - t )  = l i r n  i-'[L P ~ ( ~ , I , s ) R - ~ ~ o T ;  s -+ a]. 

wt- 

Thus the  s o l u t i o n  of t he  v i s c o e l a s t i c  boundary value problem reduces to 

f i n d i n g  harmonic func t ions  and q .  which s a t i s f y  the equat ions (3.9). 
1 

This r e s u l t ,  -diich ,Ins previous ly  der ived  by Graham [4], i s  an  extens ion  

of an e a r l i e r  r e s u l t  by Gur t in  and Sternberg  [2] ,  where ~ ( t )  was constant .  

I n  the  same ;;ay as the Papkovitch-Neuber s o l u t i o n  of e l a s t i c i t y  xas 

extended, we could extend t h e  genera l  s o l u t i o n s  of -the f i e l d  equat ions i n  

plane e l a s t i c i t y  given by  complex va r i ab le  theo ry  t o  cover t h e  case of an 

a b l a t i n g  v i s c o e l a s t i c  body. This  idea   ill not  be expanded any f u r t h e r  

here .  

Now consider  t h e  case xhen the v i s c o e l a s t i c  problem has s t r e s s  

boundary condit ions only. Then (2.4)  can be m i t t e n  as 

I n  t h i s  case, i.2 -!re can f i n d  e l a s t i c  s o l u t i o n s ,  (3 .1) ,  iihere t h e  s t r e s s  

f i e l d  meets t h e  boundary condi t ions  (3.11 ) and i s  independent of s  

( i . e .  e l a s t i c  cons tan t s ) ,  -then b y  (1.18) see  t h z t  t h e  condi t ion  (3.5)  

i s  s a t i s f i e d  immediately s ince  i t  reduces t o  

E 
0 i j (*%, t ) n j ( x ,  t)  = "(2,  t ) ,  _x on a ~ ( t ) .  (3.12) 

Therefore these  e l a s t i c  s o l u t i o n s  a r e  s u b s t i t u t e d  i n t o  (3 .2) ,  then  (3.2) 

i s  the  s o l u t i o n  t o  t h e  v i s c o e l a s t i c  boundary va lue  problem represented  by 

( 2 - - t ) ,  (2.21, (2.3) a d  (3.11) .  



If i n s t e a d  we have displacement boundary condi t ions ,  only  then  vie 

w r i t e  (2 .4)  a s  

Now if we can f i n d  e l a s t i c  so lu t ions ,  (3.1 ) , t h a t  have a  displacement 

f i e l d  which both meets (3.13)  and i s  independent of s ,  then  t h e  same 

argument a s  above follovrs and these  e l a s t i c  so lu t ions  provide, through 

(3.2) ,  t he  v i s c o e l a s t i c  s o l u t i o n  t o  t h e  problem. 

A s  an example of the above cases ,  consider  the problem of a  l a r g e  

v i s c o e l a s t i c  sphere vjith a growing s p h e r i c a l  c a v i t y  a t  i t s  cen te r .  I n  

terms of s p h e r i c a l  co-ordinates,  ( r ,  @,8) ,  t h e  5oundary condi t ions  a r e  

given as:  

where t h e  f i e l d  q u a n t i t i e s  a r e  independent of' 0 and #, and f ,  , f g  a r e  

a r b i t r a r y  p resc r ihed  func t ions .  The inne r  and outer  r a d i i  a r e  represented  

by a ( t )  and b, r e s?ec t ive ly ,  where a i s  a n  inc reas ing  f u n c t i o n  of time. 

Here the  body f o r c e ,  Fi, i s  zero and t h e  pseudo-temperature 0 i s  a  f u n c t i o n  

of time only, 

If vre so lve  t h e  e l a s t i c  problems which have t h e  boundary condi t ions  (3. I&) ,  

t hen  we g e t  t b e  fol lowing s t r e s s  and displacement  f i e l d s :  



Since the  equat ions (3.15) s a t i s f y  the boundary condi t ions  (3.14) and a r e  

independent of s, then  if (3.15) and (3.16) a r e  s u b s t i t u t e d  i n t o  (3.2) 

t he  r e s u l t i n g  equat ions r ep resen t  t h e  s o l u t i o n  t o  t h e  v i s c o e l a s t i c  problem 

which has t h e  boundary condit ions (3.14) .  The v i s  c o e l a s t i c  s t r e s s e s  a r e  

given b y  (3.15) while t h e  only non-zero displacement i s  

This r e s u l t  was obtained by T i l l i ams  [ 51 (when 8( t)  i s  n u l l  f o r  a l l  

time t) b u t  he obtained it by formal ly  us ing  equat ions (3.7) which a e  no t  

v a l i d  f o r  a b l a t i n g  bodies .  

Nov? i f  we had s p e c i f i e d  displacement boundary condi t ions  only, i n s t e a d  

14 ) ,  then  Re would f i n d  t h a t  t h e  displacement f i e l d  which met t h e  

nesj boundary condi t ions  was a l s o  f r e e  of e l a s t i c  cons tants .  An a n a l y s i s  

analogous t o  t h a t  ou t l ined  above g ives  the v i s c o e l a s t i c  so lu t ion ,  with t h e  

v i s c o e l a s  t i c  displacements the  same a s  the  e l a s  t i c .  



4. The Spec ia l  Case :?hen ~ ( t )  i s  Constant 

I n  t h i s  s e c t i o n  Tie w i l l  consider  t h e  p a r t i c u l a r  case iAen ~ ( t )  

( i n  f u t u r e  j u s t  K )  remains cons tant .  Here it  w i l l  be shovm t h a t  boundary 

condi t ions  which the e l a s t i c  s o l u t i o n s  (3.1)  s a t i s f y  a r e  r e l a t e d  t o  the 

boundary condit ions of the  v i s c o e l a s t i c  problem. Then a problem ;;ill be 

so lved  using these  r e l a t i o n s .  

F i r s t ,  we r e ~ r r i t e  t he  boundary condi t ions  (2.4).  ?!e n i l 1  denote by 

u and u (on and 0 ) the  vec tor  components of t h e  displacement  vec to r  
n s s 

( t r a c t i o n  vec to r )  normal and t e n g e n t i a l  t o  dR r e spec t ive ly .  I n  t h i s  -.my 

u u 0 and 0 a r e  vec tor  valued f u n c t i o n s  of both  x and t. Then 
n' s' n s - 

boundary condit ions irhich p resc r ibe  the  normal ( t a n g e n t i a l )  componenJcs of 

t h e  displacement 2nd t r a c t i o n  v e c t o r s  on complementary subse t s  of aR a r e  

g iven  by, 

where A,B,C and D a r e  p resc r ibed  vec to r  valued func t ions  and a R  1' aR2 

va ry  rsith time t. 

NOT,[ t h e  ana lys i s  of t h e  l a s t  s e c t i o n  i s  s t i l l  v a l i d  and (3.2) s a t i s -  

f i e s  t he  f i e l d  equat ions of v i s c o e l a s t i c i t y ,  (2.1) ,  (2 .2 ) ,  (2.3), b u t  s ince  

R i s  cons tant  'he equat ions (3.2) can be  r e w r i t t e n  a s  

-ST 
d r ;  s + t], 2 i n  R, 



roo 
-1 E -ST 

oi j(z,r ,s)e dr ;  s - t l ,  _x i n  R, 

by equation (1 .19). We v i i l l  assume aR  and a R  a r e  monotonically 
I 2 

increaging funct ions  of time . Then f o r  each _x on a R  we define ti, 

( a  funct ion of _x), the time a t  which the p a r t i c l e  a t  pos i t ion  _X changes 

from ~ R & R ~ (  t )  t o  aRi( t )  where i = 1,2. Thus we have 

Next suppose ne have e l a s t i c  solut ions  (3.1) which s a t i s f y  the  

f olloviing boundary conditions , 

.ere C,D 

funct ions .  

a re  given i n  (4.1) and al ,bl a r e  c e r t a i n  prescribed vector  valued 

Then by ap,b2, c2 and d we s h a l l  denote the funct ions  which 2 

r e s u l t  from the above e l a s t i c  solut ions  such t h a t  

Then, i n  order t h a t  (4.2) meets the boundary conditions (4.1 ), we 

requ i re  t h a t  the e l a s t i c  solut ions  (3.1 ) must s a t i s f y  the boundary condit- 

ions  (4.4) -&ere a, and bl a re  given through the so lu t ion  of 



-ST ~ b , t )  = al(.5,t) + L d r ;  s+t], 2 on dRl ( t ) ,  

Since 3 ,b a r e  r e l a t e d  t o  a b (4.6) r ep resen t s  i n t e g r a l  equat ions i n  
2 2 I '  I '  

a and b 
1 1 

To prove t h i s ,  we assume t h a t  :fe hcwe e l a s t i c  so lu t ions  (3.1 ) which 

s a t i s f y  (4.4) and (4 .6) .  Nov i f  ,Je use (4.4) ,  (4.5) and (4.3) and sub- 

s t i t u t e  t h e  r e s u l t  i n t o  (4.2) ,  we obta in ,  with t h e  h e l p  of ( I .  5), (1 .16), 

(4.3), (4.6) ,  t h e  equat ions (4.1 ) and 

A 

L -1 
~ ~ ( ~ , t )  = L [b b 2 ( z , ~ , ~ ) e - S T d ~ ;  s -+ t], 5 on a ~ - a ~ ~ ( t ) ,  

o ( x , t )  = L [ c * ( X , ~ , s ) e - ~ ~ d T ;  s -* t l ,  _x on q t ) ,  
S - - jtm 

1 

The condi t ion  (4.6) s i m p l i f i e s  f o r  two p a r t i c u l a r  cases.  

i s ,  if a is  independent of s ,  2 

a 2 ( 2 w )  = a2(2,T),  

t h e n  t h e  equat ion  containing a i n  (4.6) reduces t o  
2 

Next, ii-' a can be m i t t e n  a s  f o l lons ,  
2 

a 2 ( , z , v )  = f( 5)  &,d 

(4.7) 

The f i r s t  

(4.8) 



then, by ( 1 . 6 ) ~  t h e  equat ion  containing a* i n  (4 .6)  s i m p l i f i e s  t o  

I n  bo th  of t hese  cases,  the  same r e l a t i o n s h i p s  hold f o r  b 
2 ' 

Our choice t h a t  bo th  3Rl( t )  and a ~ ~ ( t )  a r e  monotonically inc reas ing  

i s  a r b i t r a r y  i n  t h a t  're can consider  d i f f e r e n t  cases  ;.:here aR ( t )  ~tnd 
1 

aR2( t) a r e ,  independently o r  toge ther ,  e i t h e r  monoJconically inc reas ing  o r  

decreas ing ,  To f i n d  -the s o l u t i o n s  f o r  t hese  o ther  cases we need only 

r ep lace  We elements of t he  group (us, un, os, on) on t h e  left hand s i d e  of 

(4.  I ) ,  (4 .4) ,  (4.5) and (4.7) by the  elements of' one of t hese  groups, 

(os ,  On, us, ~ $ 9  ( 0 ~ 1  Un,  Us,  On) ,  01. ( U  9 un),  and keep our 
s n' s '  

assump t i o n  tha t  63 ( t) and aR2( t)  a r e  mono t o n i c a l l y  inc reas ing  f u n c t i o n s  
1 

of t ime. 

These r e s u l t s  can be  extended t o  thermo-rhelogical ly simple visco- 

e l a s t i c  media if t h e  temperature T i e l d  i s  e i t h e r  pure ly  position-dependenJc 

o r  time-dependent. A g e n e r a l i z a t i o n  t o  an i so t rop ic  and inhomogenous 

ma te r i a l s  i s  a l s o  poss ib l e .  

This method of s o l u t i o n  oi' boundary value problems i n  v i s  coe las  t i c i t y  

was given by  T i n g  [I] i n  the  case t h a t  t h e  pseudo-temperature e ( ~ , t )  is  

zero  and 

One problem 'rdth his r e s u l t  was t h b t  he used a form of equat ion ( I  .11) 



which i s  n o t  v a l i d .  

If, ,dong i i i th  (4.13),  ,.e assume t h a t  

and 

i n  (4.1)  and (4.5),  then  t h i s  r e s u l t  i s  tlle same a s  tlie one given by Graham 

[6] .  He a l s o  proved -that h i s  r e s u l t  he ld  h e n  the  ~ m t e r i a l  i s  thermo- 

r h e l o g i c a l l y  simple, [ 161. 

As an example of t h i s  method, suppose that the region  R i s  the Iia=- 

space z 2 0 iii-i;h the boundary dR given by the ?lane z = 0.  We consider,  

i n  terms of c i r c u l a r  c y l i n d r i c a l  co-ordinates (p,O, z), the axisymmetric 

problem governed by t h e  fo l lowing boundary condit ions : 

where the  f i e l d  q u a n t i t i e s  a r e  independent of O and a i s  an  increas ing  

func t ion  of' time. Ye assume t h a t  the body f o r c e  Fi and the pseudo- 

temperature 8 a r e  zero,  Equation (4.1 5 )  i s  a p a r t i c u l a r  case of (4.1)  

xhen a~~ ( t )  = 0 and, as  a r e s u l t  of t h i s  and ( 4 . 1 5 ) ~  (4.6)  takes the  form 

~ ( t )  - i ( p )  = b , ( ~ , t )  + L-I[ s + t], 
( I + .  I 6 )  

If we assume 'chat b, i s  of the  form 

s , ( p , t )  = DW - p ' ( p )  



where ~ ' ( t )  md ,Q ' ( p )  a r e  a s  y e t  unknoim func t ions ,  t hen  (4 .4) ,  f o r  t h i s  

case,  i s  given by 

I n  t h i s  i n s t ance ,  the  e l a s t i c  s o l u t i o n s  (3.1 ) i ~ ~ h i c h  s a t i s f y  (4.18) a r e  

g iven  by Sneddon [ 171, i n  p a r t i c u l a r ,  

viher e  

and 

and 

Thus (4 .2)  i s  'che s o h - k i o n  t o  the v i s c o e l a s t i c  boundary value problem 

rep resen ted  by (2.1), (2.2) ,  (2.3) and (4.15) if t he  e l a s t i c  s o l u t i o n s  

(3.1) s a t i s f y  t h e  boundary condi t ions  (4.18) ; n t h  (4.22).  I n  p a r t i c u l a r ,  

t h e  normal s t r e s s  f o r  P a ( t )  i s  given, w i t h  t h e  h e l p  ar" ( 4 . 2 0 ) ~  (4.21 ), 



~ ( t )  = [ G I * d ( ~ ,  +2G2) .'d(2G,+G2)-' ] ( t )  

and 

The above so lu t ion  agrees n i t h  t he  one given by Graham [ 6 ] .  This problem 

is knom as  Mle contact problem and a discussion of it f o l l o r ~ s  in the next 

section.  



5. The Contact Problem 

I n  t h i s  s e c t i o n  xe n i l 1  consider  the  con tac t  problem of a r i g i d  

indentor  pressed aga ins t  the surface  of a v i s c o e l a s t i c  half-space where 

the  contac t  a r e a  v a r i e s  i i i th time such t h a t  it may have any number of max- 

ima o r  minima. To do t h i s  :fe w i l l  examine th ree  papers,  by Graham [ 8 ]  

and Ting [ l o ] ,  [ I  1 1. It x i11  bc; shown t h a t  Graham's so lu t ion  can be  

extended and t h a t  the  extended s o l u t i o n  i s  equivalent  t o  e iLer  of Ting's  

so lu t ions .  But f i r s t  ve v i l l  g ive  a s h o r t  h i s t o r y  of the contac t  problem 

i n  v i s c o e l a s t i c i t y .  

Lee and Radok [18] solved the  con tac t  problem of a r i g i d  sphere 

pressed i n t o  a v i s c o e l a s t i c  half-space when t h e  contac t  a rea  increases  

monotonically ;rith t ime. They used a technique due t o  Radok [ I 91  which 

has a l s o  been used by Al-Khozaie and Lee [20]  t o  s tudy the  t ; ~ o  dimensional 

problem of the contac t  of a r i g i d  cyl inder  and v i s c o e l a s t i c  ha l f  -space. 

A theory,  which inc ludes  ageing e f f e c t s ,  of' the  contac t  of two axisymmetric 

v i s c o e l a s t i c  bodies,  w a s  given by Predeleanu [21]  ;rho recovered Lee and 

Radok's s o l u t i o n  ( f o r  non-ageing ma te r i a l s )  a s  a s p e c i a l  case. The 

corresponding plane problem was s tudied  by Prokopovici [ 221. Hunter [ 71 

subsequently reder ived  Lee and Radok's so lu t ion ,  using dual  i n t e g r a l  

equat ions,  and extended it t o  the  case where the contac t  a r e a  increases  t o  

a s i n g l e  maxirmun and then  decreases.  The r e s u l t s  of Hunter 's  s o l u t i o n  

mere recovered by  Graham [ 91 using a simpler analys is .  Graham a l s o  con- 

s ide red  an  indentor  of asymmetric sur face  and the Hertz  contac t  problem of' 

two v i s c o e l s s t i c  bodies with quadrat ic  sur faces .  The l a t t e r  was a l s o  

s tud ied  by  Yang [23] with the  r e s t r i c t i o n  t h a t  the  contac t  a rea  i s  only 

monotonically increas ing .  



Expanding on these  e a r l i e r  so lu t ions ,  Ting [ l o ]  s t u d i e d  t h e  problem 

of an axisymmetric r i g i d  indentor  on a v i s c o e l a s t i c  half-space where the  

c o n t s c t  a r e a  has any number of maxima o r  minima. I n  t h i s  paper, t he  

c o n t i n u i t y  of t h e  s o l u t i o n s  a t  the  time when the  con tac t  a r ea  is  a maximum 

o r  minimum i s  not  c l e a r  and the  procedure f o r  obta in ing  these  s o l u t i o n s  

becomes unwieldy a s  t h e  number of maxima and m i n i m a  i nc reases .  Nore 

r e c e n t l y ,  Graham [8] extended h i s  e a r l i e r  r e s u l t s  t o  the  case considered 

by Ting w i t h  t h e  r e s t r i c t i o n  t h a t  minima of the  contac t  a r e a  a r e  n u l l  and 

each new maximum must con ta in  a l l  previous maxima. I n  t h i s  case t h e  

c o n t i n u i t y  of the s o l u t i o n s  is  s a t i s f i e d .  Following t h i s ,  Ting [ I?] 

gave a s o l u t i o n  t o  the  problem considered by  Graham with the  r e s t r i c t i o n s  

on the  con tac t  a r e a  removed and which meets a l l  c o n t i n u i t y  requirements.  

I n  t h i s  l a s t  paper Ting p o i n t s  ou t  t h a t  t h e  c u r r e n t  pressure  and dis- 

placement d i s t r i b u t i o n s ,  over the  contac t  a rea ,  a r e  not  dependent on t h e  

e n t i r e  load ing  h i s t o r y .  The pressure  i s  independent of those previous 

i n t e r v a l s  of time when the  a s soc ia t ed  con tac t  regions con ta in  the  c u r r e n t  

region,  whereas the  displacement is  independent of those i n t e r v a l s  of 

time when the  a s soc ia t ed  r eg ions  a r e  contained by  the  c u r r e n t  region.  

One ques t ion  t h a t  remains i n  these l a s t  t h r e e  papers i s  whether t h e  normal 

pressure  over the  c o n t s c t  a r e a  remains p o s i t i v e  f o r  n maxima and minim. 

If it does not ,  t hen  the  problem solved might not  be  r e a l i s t i c .  

I n  d e t a i l ,  t h e  problem considered i n  these  l a s t  t h ree  papers i s  t h a t  

of determining t h e  displacement and s t r e s s  f i e l d s  s e t  up i n  a v i s c o e l a s t i a  

half-space,  occupying the  r eg ion  z 2 0,  ;here  boundary z = O( B ) i s  

deformed by  a r i g i d  indentor .  It i s  assumed t h a t  over the  con tac t  area,  

R ( t )  , t h e  normal su r face  displacement must conform t o  the  su r face  geometry 



of t h e  indentor .  The boundary condi t ions  t o  t h i s  problem a r e  given by: 

nhere /? i s  prescr ibed  by  t h e  su r face  of the  indentor  and ~ ( t )  i s  the  

depth of penet ra t ion ,  a t  time t, of i t s  t i p  i n t o  t h e  half-space.  It t u r n s  

out  t h a t  t h i s  problem reduces t o  f i n d i n g  the d i s t r i b u t i o n  of normal su r face  

t r a c t i o n ,  ~ ( x , ~ ,  t) ,  a c t i n g  over D ( t )  ( p  i s  zero ou t s ide  of D ( t ) )  and the  

r e l a t i o n s h i p  betr-reen D( t) and R ( t )  . 
n 

We w i l l  denote by tmin the  time when t h e  con tac t  a r e a  i.s a t  a mini- 

r 
mum and has  a l r eady  had (n-1) mexima occurr ing a t  times t 

max 
r (r  = I ,  2,. . . ,n-1) and (n-2) minims occurr ing a t  t imes t 
min 

(r = 2,3, .  . . , n-1) . The times tr and tiin a r e  l a b e l l e d  i n  order  of 
max 

1 
i nc reas ing  magnitude and we de f ine  t = - a. Te the re fo re  have 

min 

r-1 < tr 
< tmin, r tmin 

r = 2,3 ,..., n. 
max 

Graham and Ting consider  the  above problem f o r  two csses ,  

n t > Pin ( t  2 t- ) where t h e  con tac t  a r e s ,  ~ ( t ) ,  i s  monotonically 

inc reas ing  (decreas ing)  with time and it i s  assumed t h a t  t he  h i s t o r y  of 

displacement and s t r e s s  f i e l d s  i s  known f o r  t imes up till tn (tn ). min max 

I n  t h e  f i r s t  paper we s h a l l  look  a t ,  G r a h a m  makes the  r e s t r i c t i o n s  

t h a t  a l l  minima of the  con tac t  a r ea  a r e  n u l l  and each nen mzximum must 

conta in  a l l  previous maxima, t h a t  i s ,  

r r n(tmin) = 0 a n d n ( t r - I )  max - C n ( t m u x ) ,  r = 1 ,2  ,..., n. 



n 
For t h e  case when t 3 t n s 2, and ~ ( t )  i s  monotonically increas ing ,  

min' 

h i s  method of so lu t ion  i s  t o  note t h a t  from an e a r l i e r  nork [91 the  normal 

su r face  displacement i s  r e l a t e d  t o  the  pressure  d i s t r i b u t i o n  p (x ,y , t )  ac t -  

i ng  over ~ ( t )  through equ a t '  lon ,  

where K is  an w x i l i a r y  response f u n c t i o n  defined by 

He then  considers  the  one-parameter fami ly  of corresponding e l a s t i c  

problems. For this case, the  corresponding equation t o  (5.4)  i s  m i t t e n  

a s  

where 

He supposes the  pressure  d i s t r i b u t i o n  which generates  through equation 

(5.6) normal surface displacements c o n s i s t e n t  with (5.1 ) i s  given by  

with D rel2,ted t o  w through the  equation 

where f i s  a given f u n c t i o n  of p o s i t i v e  s lope.  The so lu t ion  given 

through equations (5.7)' (5.8) involves the  time t a s  a parameter only 



and w( t )  i s  always a member of t he  one-parameter f a m i l y  of e l a s t i c  contac t  

a r eas .  

Now he l e t s  t he  v i s c o e l c s t i c  p re s su re  d i s t r i b u t i o n  over w ( t ) ,  

n t 6 t be given by  
min 

where r i s  extended so t h a t  

n  
S imi l a r ly ,  the depth of pene t r a t ion  f o r  t imes t < t i s  

min 

He then  w r i t e s  (5.4) a s  

tn 
min a 

= / ~ ( t - B ) r 8  ~ ( x , ~ , O ) d 0 ,  

-a3 

n 
Next, f o r  t imes t a tminy he defines ti(t), t + ( t ) ,  r t i ( t ) ,  

( r  = 1,2, ..., n-I) so t h a t  

t - ( t )  = - y 
0 

- r r 
t + ( t )  = t r ( t )  = tmax 4 t )  3 r - 



r r+l  < t s. t - ( t )  s tmin , max r 

n 
where f o r  times t > t o i s  prescribed and a t  f i r s t  s t r i c t l y  monoton- 

min 

i c a l l y  increasing. I t  i s  immediate from (5.15) t ha t  

I n  future  we s h a l l  re fe r  to ti( t )  , t:(t), t;(t) as ti, tr, + tr, - keeping i n  

mind tha t  they depend on t. 

Vith the a id  of the quant i t ies  introduced so  f a r ,  and the ident i ty ,  

where f o r  simplicity we m i t e  

the author succeeds i n  reducing (5.1 3) t o  

where N i s  given by the recurrence r e l a t i on  





From (5.19) he f i n d s  t h e  depth of pene t r a t ion  ~ ( t )  and the  pressure  

p(x, y ,  t )  a c t i n g  aver  w ( t )  while us ing  t h e  assumption 

It i s  from t h i s  p o i n t  t h a t  we can d iverge  from Gr,ahamts s o l u t i o n  and f i n d  

~ ( t )  and p(x,y, t )  without  t he  above assumption. 

Now if we use (5.19) ,  (5.21),  (5.10) ,  (5.6), (5.7) and the  f a c t s  

t h a t  w( t )  i s  monotonically inc reas ing  and t h e  pressure  p is  zero outs ide  

the  con tac t  a r ea ,  then  equat ion  (5.12) becomes 

E - u&,y,o, t )  - ~ ( x , y , t ; t )  t 

If ( x , ~ )  l i e  on w( t )  then  from ( 5 . 1 ) ~  (5.8) and ( 5 . 1 0 ) ~  (5.4) ,  (5.1) and 

(5.11) the  l e f t  hand s i d e  of' (5.22) becomes 

a f u n c t i o n  of t alone,  where n ( t ; t )  i s  given by  (5.20) if' we r ep lace  

E 
[ ~ * d ~ ] ( t )  by ~ ( t ) .  Now if' s e  consider  (5.6) when u i s  a cons tan t  ( o r  a 

z 

f u n c t i o n  of t ime) over the  con tac t  a r ea ,  then  this r e f e r s  t o  t h e  case when 

a f lat-ended c y l i n d r i c a l  punch presses  i n t o  an e l a s t i c  half-space and the  

p res su re  w i l l  be  discontinuous a t  t h e  edge of the  con tac t  a r ea .  If the  

pressure  is  continuous then  t h e  displacement must vary  over t h e  contac t  

a r e a  o r  b e  zero. Combining (5.22) and (5.23) me see  t h a t  t he  r e s u l t  take% 

E 
t h e  same form a s  (5.6) and here ,  what r e f e r s  t o  u is  a. f u n c t i o n  of time 

Z 

and what r e f e r s  t o  the p res su re  i s  continuous a t  t h e  edge of w( t ) .  Thus 



we deduce t h a t  

and 

We can solve (5.25) f o r  P(x,y, t)  and get  

t 

These r e s u l t s  give the same answer as  Graham's when we use the assumption 

(5.3). 

n 
Next Graham looks a t  the case iihen t 2 tmax a d  ~ ( t )  is  monotonically 

decreasing. I n  solving t h i s  problem he invokes h i s  secord assumption, 

n 
i n  order t o  me4t We continuity requirements of p(x ,y , t )  a t  time t = tmax. 

This assumption i s  not necessary i f  we use the f ollov~ing analysis .  

Xe f irst  note that the  author defines the function P by the equation 



i Graham then wr i t e s  the  equat ion 

max 
(5.29) 

where w ( x , ~ ,  t) i s  the v i s c o e l a s t i c  pressure  a t  time t a c t i n g  over o ( t ) .  

But i f  we l e t  t + t:2X i n  (5.29) then, from (5.28) and the f a c t  t h a t  uZ 

n 
i s  continuous a t  t me f i n d  

max ' 

Next we t r i l l  g ive  a recurrence r e l a t i o n  t h a t  we w i l l  need l a t e r .  

From ( 5 . 2 ~ )  we note  t h a t ,  -ifhen (x,.) l i e s  on w( t ) ,  

V i t h  (5.30) and equat ions (5.20) we obta in  t h e  r e l a t i o n  



Then if we define D such t ha t ,  
i 

'n-I ( 3 ; t )  = N , ( o ; ~ )  + f ( w ( t ) ) ,  n P 2, 

we have from (5.31 ) t h a t  

where from (5.31) and (5.30)) 

Since the v i s coe l a s t i c  and e l a s t i c  displacements a r e  the same f o r  time 

t < t  1 and LS a, r e . * u i t  of eqd,:tions 5.111, (5.15), (5:8), Tte have 
max' 

The l a s t  point  t o  note here i s  t h a t  from (5.32)) (5.30) and (5.24)) 

I n  discussing Ting's paper, [ I l l ,  we note h i s  assumptions do not  

include (5.3). Following a s t ra ightfornnrd procedure, using the boundary 

conditions (5.1 ) and an iden t i ty ,  Ting soon reduces (5.4) s o  t h a t  he may 

deduce the  depth of penetra t ion ~ ' ( t )  and the pressure d i s t r i bu t i on  



~ ' ( x , ~ ,  t )  i n  the  contac t  a rea ,  t o  be 

and 

where t b tn n 3 2 and we  def ine  F b y  t h e  equations min ' 

[ ~ o t e  t h a t  f o r  t h e  sake of c l a r i t y ,  he re  and throughout t h i s  discussion,  

we will transform T ing l s  no ta t ion  i n t o  t h e  one a l ready introduced. 1 

I n  showing t h a t  t h i s  r e s u l t  i s  the  same as Graham's extended version,  

we r i i l l  make t h e  fo l lowing s i m p l i f i c a t i o n  of the above no ta t ion  such that 



 here r < n-2. If we use (5.40) then Re can define D! and W as 
h K 

and 

Tie can see that ,  ~ 5 t h  (5.37), (5.41) and (5.42), 

Next we give h o  i d e n t i t i e s  vhich are  similar t o  the one used by 



and 

Te w i l l  now rewrite liT i n  a form similar  t o  (5.31). If me add n-I 

and subtract  the same quantity t o  ( 5 . 4 0 ) ~  we can f ind,  a f t e r  some 

rearranging, - 

Using (5.45), the f i r s t  in tegra l s  can be wri t ten as 

"n-I "n- I 

Comparing the f i r s t  s e r i e s  of in tegra l s  i n  (5.46) and equation (5.42), tre 

can see t h a t  they are  equal t o  



which by using (5.44) reduces to 

For  convenience ne w i l l  r e f e r  t o  the  l a s t  s e r i e s  of i n t e g r a l s  ,as I. 

we add and s u b t r a c t  t h e  same q u a n t i t y  t o  I ne can ge t  

Here if we use ( 5 . ~ )  on t h e  f i rs t  s e r i e s  and note  (5.42) when consider- 

ing t h e  second, then  I s i m p l i f i e s  t o  

"n- I "n-2 a 
+ 1 K ( T - B  )d  1 ~ ~ ( e ~ - ~ ) ~ ~ ~ ( ~ ) a ~ d o ~  

+ + 
t n - ~  n-2 

The same procedure used on I can be app l i ed  t o  t h e  s e r i e s  in (5.50) and 

t h i s  process can be repea ted  (n-4) t imes f i n a l l y  giving,  



Substi tuting (5.47), (5.49) and (5.51) in to  (5.46) we obtain 

nhere ( r ;  t )  i s  independent of T .  It follows d i r ec t ly  f rom (5.41 ) t ha t  
0 

(5.52) implies t ha t  

D l  ( t )  = D ' a 
n-2 (T;  t )  + 1 /in-'K(~-3 I 1 ae, - 

r=l tnel 

where we have used the f a c t  that  f rom (5.41), (5.421, (5.37) and ( 5 . 1 1 ) ~  

From (5.51), (5.45), (5.41) and (5.42) it i s  a l s o  seen that 



Now f o r  both solutions,  (5.24) and (5.37), we assume tha t  a ( t )  is  

n 
the  same f o r  t 6 tdn. Thus, a f t e r  considering (5.33), (5.36) and ( 5 . 5 ~ ) ~  

(5.43), me can see t h a t  i t  i s  only necessary t o  shou t h a t  

i n  order t o  prove t h a t  the depths of penetrat ion f o r  the two solutions 

a r e  the  same. From (5.41), (5.42) and (5.45) we have 

The same expression i s  found f o r  D (r;t)  if we combine equations (5.32), 1 

(5.31 ) and (5.35). Therefore s ince  the displacements over the contact  

region a r e  -the same f o r  both solut ions  and they both use (5.4), then the 

pressure d i s t r ibu t ions  over the contact  area must be the same a l so .  

n 
If we consider the case vhen t 3 t and w(t) i s  monotonically 

max 

decreasing then we can a l s o  show t h a t  the two solutions a re  equivalent. 

To do this, we follow the same analys is  as above, only considering the 

pressure d i s t r i bu t i ons  f i rs t  and then show t h a t  as a r e s u l t  of these being 

the  same, the depths of penetrat ion are  a l so  equivalent. 

I n  looking a t  Ting's o ther  paper [ l o ] ,  which i s  an e a r l i e r  paper 

t o  the one discussed, we f i r s t  not ice  t h a t  the indentor i s  axisymmetric. 

n 
For the case when t > t and w(t)  i s  monotonically increasing, he f i nds  

max 

the  depth of penetrz t ion ~ ( t )  t o  be 



-there p ( r , t )  is  the  pressure  ac t ing  w e r  w ( t ) .  Af ter  q u i t e  a  lengthy 

d iscuss ion  t h i s  expression can be  reduced t o  Graham's. Any f u r t h e r  

d iscuss ion  of this s o l u t i o n  would have l i t t l e  value s ince  e i t h e r  of t h e  

two papers previously mentioned presents  a  c l e a r e r  and more general  

so lu t ion .  



6 .  A Three Dimensional Crack Problem 

Vhich Extends and Then Contracts  

I n  t h i s  s e c t i o n  we w i l l  g ive  a s o l u t i o n  t o  the  problem of a plane 

axisymmetric crack i n  an i n f i n i t e  v i s c o e l a s t i c  medium which i s  opened by  

a normal pressure  a c t i n g  on i t s  su r face .  The d i s t r i b u t i o n  of s t r e s s  and 

displacement f o r  t h i s  problem is  the  same a s  t h a t  i n  a semi-inf'inite body, 

z 2 0,  when i t s  su r f  ace, B,  i s  s u b j e c t  t o  the  boundary condit ions:  

and the  condi t ions  a t  i n f i n i t y ,  

i j ( x J t )  + 0 a s  k% + 00, f o r  a l l  i, j. (6.2) 

I n i t i a l l y  the  c rack  sur face ,  w ( t) , i s  monotonically inc reas ing  till some 

time t when it begins  t o  decrease.  Here we assume t h a t  t h e  body fo rce ,  
m 

Pi, and t h e  pseudo-temperature, 8 ,  a r e  both  zero. With t h e  above 

condit ions,  the problem i s  t o  so lve  the f i e l d  equat ions (2. I ), (2.2) and 

(2 .3)  Ri th  t h e  boundary condi t ions  (6.1 ). I n  o rde r  t o  do t h i s  we f i r s t  

so lve  the  v i s c o e l a s  t i c  problem wi th  the  f olloming boundary condi t ions  

rep lac ing  equat ions  (6.1 ) : 



From the  r e s u l t s  of s e c t i o n  4 we can see  immediately that t h e  

e l a s t i c  so lu t ions  (3.1),  which s a t i s f y  the boundary condit ions (6.3), 

s u b s t i t u t e d  i n t o  (4.2) give the s o l u t i o n  t o  the equat ions (2.1 ), (2.2),  

(2.3) and (6.3) .  The v i s  c o e l a s t i c  displacements and s t r e s s e s  a r e  given 

a s  fo l lows,  



where U is  given by 

A r e s u l t  which can be used here i s  t h a t  

 h he solut ions  t o  these e l a s t i c  problems a r e  based on the  Papkovitch-Neuber 

s t r e s s  funct ion soltltion. 1 

Now we compare our o r i g ina l  problem w i t h  the  second and see, t h a t  i f  

me can f i n d  a displacement d i s t r i bu t i on  u(x,y, t )  , ( x , ~ )  on u ( t ) ,  such t h a t  

0 (x,y,0, t) given by (6.4) s a t i s f i e s  (6.1 ) then we w i l l  have a so lu t ion  
z z 

t o  the f i r s t  problem. 

From (6.4) me note t h a t  the normal s t r e s s  on B i s  re la ted  t o  the 

normal displacement ac t ing over w(t)  through the equation 

where IC and p a r e  given as 

~ ( t )  = [ G ~ * ~ ( G , + ~ G ~ ) * ~ ( ~ G ~ + G ~ ) - ~  1 ( t )  

and 

For the corresponding e l a s t i c  problems, (6.7) is  m i t t e n  as 



where 

Now me prescribe fo r  the e l a s t i c  case the normal s t r e s s  ac t ing over w(t)  

t o  be given as 

where p E ( t )  w i l l  be determined l a t e r  i n  terms of the known funct ion ~ ( t )  . 
We can combine equations (6.9) and (6.11), and i nve r t  the r e s u l t  to  f i n d  

the e l a s  t i c  normal displacement ac t ing over w ( t) . Suppose, therefore,  

t h a t  a t  any t i m e  t the e l a s t i c  displacements which through (6.9) s a t i s f y  

(6.11) a r e  given by 

A t  t h i s  point  we define the funct ion tl ( t) through 

We a l s o  extend the domain of v ( x , ~ ,  t) by defining t h a t  

Then by (6.9), (6.12) and (6.14) we f i nd  *at 



Breaking up (6.16) we g e t  

t 8 

(1n (6.17) we make a no ta t iona l  change from equat ion  (1.2).  ) Since 

w(6) _C w(t)  whenever 6 Q t ( t ) ,  we have, by (6.141, t h a t  
1 

K-I ( t - ~ ) d ~ ( x , ~ , e )  = 0,  (x,y)  on ~ - o ( t ) .  (6-18) 

0- 

Then by  using (6.1 3), (6.15) and (6.18) we ob ta in  

However if (x,y)  belongs t o  w( t )  then ( x , ~ )  a l s o  belongs t o  w ( T )  mhenever 

t , ( 6 )  r T < 8 ,  t 6 6 r t. Thus b y ( 6 . 1 1 )  we see  
m 



Now from (6.19) and (6.20) it i s  seen  t h a t  the  normal v i s c o e l a s t i c  d i s -  

placement u defined by 

a c t i n g  aver  t h e  c rack  su r face  w ( t )  generates  through (6.7) the  normal 

p re s su re  ~ ( t )  r e l a t e d  t o  the  func t ion  p E ( t )  through the  equat ion 

From (6.21 ) and (6.23) we s e e  t h a t  u and the  v i s c o e l a s t i c  s o l u t i o n  a r e  

E 
determined b y  a knowledge of P (1)  (and hence ~ ( x , ~ , r ) )  f o r  times r r t l ( t ) .  

From (6.22),  it i s  c l e a r  t h a t  if t 6 tm then 

I n  summary, if? ue can f i n d  a one-parameter f ami ly  of e l a s t i c  s o l u t i o n s  

which meets (6.1)  f o r  a l l  times r 6 t l ( t )  then  through (6.21) and (6.4) 

we have a s o l u t i o n  t o  the  v i s c o e l a s t i c  problem represented  by (2.1 ), (2.2),  

(2.3) and (6. I )  3-t time t. The b a s i c s  f o r  t h i s  technique of s o l u t i o n  m r e  



developed by Graham [ 9 ]  f o r  the con tac t  problem. 

Next me look a t  equat ion  (6.23).  This  equat ion  i s  a condi t ion  

imposed on the  v i s c o e l a s t i c  s o l u t i o n  when the  crack su r face  i s  cont rac t ing ,  

b y  t h e  f a c t  t h a t  we r e q u i r e  the  normal displacement t o  be n u l l  and con- 

t inuous on the  boundary of t he  crack area .  From i t ,  we can see  that, 

f o r  t imes t > tm, if  e i t h e r  t he  c rack  su r face  a rea ,  w ( t )  , o r  the  normal 

pressure ,  ~ ( t ) ,  i s  specif ied,  t h e n  t h e  o the r  i s  determined from t h i s  

equat ion.  [ ~ e c a l l  t h a t  t , ( 6 )  i s  r e l a t e d  t o  w ( B ) ,  0 > tm, by (6.1 3 )  .I 

However i f  n e  choose t o  p resc r ibe  ~ ( t )  then it can b e  seen  that a ( t )  w i l l  

n o t  beg in  t o  con t rac t  u n t i l  ~ ( t )  i s  negat ive.  There e x i s t s  a problem here  

s ince  it may be  poss ib l e  t h a t  (6.23) can never genera te  negat ive P( t) . 
I n  t h i s  case, t h e  above s o l u t i o n  would only be v a l i d  if' we p resc r ibe  a ( t )  

and determine ~ ( t ) .  

We m i l l  now b r i e f l y  consider  t h e  problem tbt a r i s e s  when an 

i n f i n i t e  v i s c o e l a s t i c  medium contains a crack i n  the plane z = 0, ( x , ~ )  on 

w( t ) ,  which i s  opened up b y  the  a c t i o n  of s t r e s s e s  a t  i n f i n i t y .  Consider 

the  v i s c o e l a s t i c  problem governed by the  boundary condit ions:  

It is easy t o  ver i fy  t h a t  a s o l u t i o n  t o  t h i s  problem i s  obtained b y  super- 

imposing on t h e  s o l u t i o n  given b y  (6.4),  (6.21 ) and (6.23), t h e  fo l lowing 

s o l u t i o n  t o  the  f i e l d  equat ions (2.1) ,  (2.2) and (2.3): 



A s  an example of t h i s  method we w i l l  consider the problem of an 

inf ' inite l i n e a r  v i scoe las t i c  medium containing a plane c i r cu l a r  crack which 

i s  opened by a normal pressure ac t ing on i t s  surface. I n  terms of c i rc -  

u l a r  cy l indr ica l  co-ordinates (p, 0,  z) the boundary conditions a r e  given as: 

and equation (6.2). Here a(  t )  , which gives the radius of the crack a t  

t i m  t, is i n i t i a l l y  monotonically increasing and a f t e r  some t i m e  t 
m 

decreasing. [ ~ o t e  t h a t  the  f i e l d  quan t i t i e s  a re  independent of 8 .  ] 

From Sneddon [ 2 5 ] ,  we can write ( for  t h i s  problem) the equations 

corresponding t o  (6.4). I n  order t o  do t h i s ,  we v&ll use the notat ion 

M 

f o r  the Hankel transform of order v of the function f .  The inverse i s  

given by the inversion theorem 



(for reference see  Sneddon [14]). I f ,  f o r  c l a r i t y ,  we make the f u r t h e r  

nota t ion t h a t  

then the equations replacing (6.4) f o r  t h i s  case a re  given as  : 
3 

xhere wehavemadeuse  & (6.8). [ ~ o t e  t h a t f r o m ( 6 . 2 9 ) ,  (6.30), and 

(6.31), when z = 0, 

From the previous ana lys i s  we see t h a t  vie must f i n d  a one-parameter 

family of e l a s t i c  solut ions  which meet the boundary conditions (6.27) f o r  

times r 4 tl(t). Such a family of solut ions  i s  given by Sneddon [24]. 



I n  par t icular ,  two quant i t ies  of i n t e r e s t  a re  

0 z z  &(p,o,t)  = a  ~ ( t )  - s i n  (-- )] aG) , ~ > a ( t ) .  (6.34) 

From ( 6 . 1 0 ) ~  (6.21) and (6.34) we find tha t  

With (6.35) it i s  possible t o  generate through (6.31 ) viscoelast ic  dis- 

placement and s t r e s s  f i e l d s  which s a t i s f y  the equations (2.1), (2.2), (2.3) 

and (6.27) where a ( t )  can increase to  a maximum and then decrease. For 

example, the normal s t r e s s  5 i s  given by 
Z Z 

where 

Using the resu l t ,  

7.r -I ac t )  
= 1 H(&)-P) - Lfl&- - s i n  )] H(P-a(t))  

'-a2( t) 12 



we have t h a t  when z = 0, (6.36) reduces t o  

b ( a ( r ) - p )  -2 - sin-' (+)I H( p - a ( ~ )  )] 
L[P -a ( T ) I ~  

One quanti ty of i n t e r e s t  i n  t he  analys is  of crack problems is  the s t r e s s  

i n t e n s i t y  fac to r ,  ~ ( t ) ,  which is defined by 

Making use of (6.13) and We f a c t  t h a t  a i s  increasing f o r  t i m s  t S tm 

and s t r i c t l y  decreasing af'tert-rards, we f i n d  t h a t  
- - 

which, f o r  times t r tm, i s  We same a s  would be obtained from the  analys is  

af the  corresponding e l a s t i c  problems. The f a c t  t ha t  N i s  pos i t ive  when 

a( t)  is  decreasing seems un rea l i s t i c .  

These l a t t e r  r e s u l t s  agree with those given by Graham [13]. 

The above example, of course, can be  extended t o  the case where the 

crack surface  i s  f r e e  of normal t r ac t ions  and s t r e s s e s  a r e  applied a t  

infini ty.  We can f i n d  a so lu t ion  t o  t h i s  problem if we superimpose on 



the  above so lu t ion  the  folloming so lu t ion  t o  the f i e l d  equations (2.1), 

(2*2) ,  (2.31, 

e~ = eze = e ~ e  = 0, 

u = z e  u = p e  
Z zz' p pp' ue = 0. 

The p o s s i b i l i t y  of extending the  present case -:;here the  crack surface 

has only one maximum t o  the case where it can have 'In" m a x i m a  and minima 

has been considered. m i l e  there  ex i s t s  a technique f o r  doing t h i s  

( s imi la r  t o  Graham1 s solut ion of the  contact problem [8]), it i s  not 

evident that the  normal displacements over the boundary B would always be 

pos i t ive  or  nul l .  Thus, t o  solve t h i s  problem, a method must be found t o  

show t h a t  the  normal displacement on B i s  never negative. 
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