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ABSTRACT 

\ .  

The purpose of t h i s  paper i s  t o  p re sen t  t h e  b a s i c  theory  of  l i m i t  

des ign  and t o  survey according t o  t h e  technique of  s o l u t i o n  a l l  t h e  

problems i n  p l ane  s t r a i n ,  a x i a l  symmetry and p l ane  s t r e s s  which have 

been so lved .  The paper  i s  d iv ided  i n t o  f i v e  chap te r s :  t h e  f i r s t  

p re sen t ing  t h e  b a s i c  theory  and t h e  o t h e r  fou r  p re sen t ing  c o q l e t e  

s o l u t i o n s .  

The second chap te r  i s  devoted t o  p lane  s t r a i n  problems and i s  

presented  i n  t h r e e  p a r t s .  The f i r s t  p a r t  d e a l s  w i th  a  d e t a i l e d  s o l u t i o n  

t o  t h e  c l a s s i c a l  punch problem. The second p a r t  i s  devoted t o  problems 

whose s o l u t i o n s  a r e  d e r i v a b l e  from t h e  punch s o l u t i o n  wi th  minor modif ica-  

t i o n s  and i t  i s  t h e  mod i f i ca t ions  which a r e  emphasized. The remainder 

of t h e  chap te r  d e a l s  w i th  problems which a r e  no t  d e r i v a b l e  from t h e  

punch s o l u t i o n .  

The t h i r d  chap te r  d e a l s  wi th  problems i n  a x i a l  symmetry and a f t e r  

a  b r i e f  p r e s e n t a t i o n  of t h e  b a s i c  assumptions, s o l u t i o n s  a r e  given f o r  

two types  of  problems. The f i r s t  type  a r e  s t a t i c a l l y  de te rmina te  

problems and t h e  second type  a r e  k inema t i ca l ly  de te rmina te .  

Chapter f o u r  d e a l s  w i t h  p lane  s t r e s s  problems and t h e  s o l u t i o n s  

a r e  p re sen ted  f o r  problems which u t i l i z e  cons t an t  s t a t e  s t r e s s  f i e l d s  

s epa rz t ed  by l i n e s  o f  s t r e s s  d i s c o n t i n u i t y .  In  t h i s  chap te r  a  s o l u t i o n  

f o r  a  t h i n  wedge ac t ed  on by a  normal load along t h e  base  and shea r  



t r a c t i o n s  a long  t h e  s i d e s  i s  p re sen ted .  

The f i n a l  chap te r  i s  devoted t o  some miscel laneous problems i n  

which a  f u l l y  p l a s t i c  s t a t e  o f  s t r e s s  i s  assumed and s u f f i c i e n t  symmetry 

e x i s t s  so a s  t o  reduce t h e  problem t o  an e s s e n t i a l l y  one dimensional 

ca se .  
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INTRODUCTION 

The mathematical theory of plasticity treats the inelastic 

behaviour of material bodies. In contrast to the theory of elasticity 

which admits unbounded stresses and recoverable strains, and in which 

the stresses and strains at any given time are determined completely 

by the current values of external actions on the body, the theory of 

plasticity attempts to present a more realistic model of the physical 

response of ductile bodies to appiied actions by incorporating the 

phenomena of yielding or plastic flow at bounded stresses, and by 

allowing non-recoverable plastic strains. Furthermore, (at least in 

the incremental, non-viscous theory) the constitutive equations are 

homogeneous in stress-rates and strain-rates, and in general the stresses 

and strains depend upon the entire history of the response of a body to 

the applied actions. 

Although much work has been done on the foundations of the 

theory ([I], [2], [3], [4] and [ S ] )  many difficulties are encountered 

in attempting to obtain solutions to boundary vali:~ problems. I11 

addition to the usual field equations, the field variables must satisfy 

the following two inequalities: the yield inequality, f(a..) 5 0, and 
. 11 

the inequal ity of positive plastic work, 5. .kp 2 0, where repeated 
ij ij 

indices denote summation. Another major difficulty is the determina- 

tion of surfaces which separate non-plastic regions where the strict 

inequality, f(o..),, < 0, is satisfied from the plastic region where 
1J 

(1) Numbers appearing in square brackets (eg. [I]) refer to the 

numbered references in the bibliography. 



e q u a l i t y ,  f ( 6 . . )  = 0, ho lds .  The de termina t ion  o f  such s u r f a c e s  forms 
1J 

an i n t e g r a l  p a r t  o f  t h e  s o l u t i o n  and cannot be ignored.  

One o f  t h e  most important  boundary va lue  problems of p l a s t i c i t y  

concerns t h e  q u a s i - s t a t i c w c o l l a p s e ~ ~  o r  "impending flowu(') o f  bodies  

under cons tan t  loads :  t h e  l i m i t  load  problem. I t  i s  assumed t h a t  

p r i o r  t o  c o l l a p s e ,  p l a s t i c  flow i s  conta ined  and a l l  deformations a r e  

of  e l a s t i c  o r d e r  o f  magnitude. Consequently,  changes i n  geometry a r e  

neg lec t ed  and a l l  equat ions  a r e  r e f e r r e d  t o  t h e  i n i t i a l  con f igu ra t ion .  

Furthermore, t h e  s o l u t i o n  t o  t h e  l i m i t  load problem i s  t h e  same f o r  an 

" e l a s t i c  p e r f e c t l y - p l a s t i c t t  m a t e r i a l  a s  f o r  a " r i g i d  p e r f e c t l y - p l a s t i c t 1  

m a t e r i a l .  Hence, it i s  s u f f i c i e n t  t o  cons ider  r i g i d - p l a s t i c  bodies .  

Purported s o l u t i o n s  t o  many problems were given p r i o r  t o  1951 when 

Prager  and Hodge [3] s e t  f o r t h  t h e  requirements  f o r  a "complete so lu t ion" .  

Bishop [7] r e i t e r a t e d  t h e s e  requirements  i n  1953 and concluded t h a t  i n  

some incomplete s o l u t i o n s  where t h e  f i e l d  equat ions  were s a t i s f i e d  only  i n  

a sub-region of  a body where a v e l o c i t y  f i e l d  could be found, t h e r e  was no 

p o s s i b l e  ex tens ion  o f  t h e  known f i e l d s  i n t o  t h e  remainder of t h e  body without  

v i o l a t i n g  y i e l d .  Bishop a l s o  developed a technique f o r  extending inccmplete  

s o l u t i o n s  t o  some p lane  s t r a i n  problems. S ince  then,  many p rev ious ly  

incomplete s o l u t i o n s  have been extended and new s o l u t i o n s  have been found. 

However, even now, few s o l u t i o n s  t o  important  problems a r e  known. 

The purpose of  t h i s  t h e s i s  i s  t o  survey t h e  techniques of 

f i n d i n g  complete s o l u t i o n s  and t o  catalogue,  t h e  problems f o r  which 

(1) Terms appearing i n  quo ta t ion  marks a r e  def ined  i n  Chapter 1. 



3 

complete solutions have been found. This thesis is restricted to 

quasi-static problems in plane strain, axial symmetry, plane stress 

and some miscellaneous problems. Problems in generalized forces in 

plates and shells ( [7] ,  181) are ignored, and only one problem with 

a body force term is considered. 



CHAPTER 1. blathematical P re l imina r i e s  and Basic Theory 

A s  s t a t e d  i n  t h e  i n t r o d u c t i o n ,  t h e  assumption o f  smal l  deformation 

and n e g l e c t  of  changes i n  geometry l e a d  t o  t h e  usua l  r a t e  of  s t r a i n - v e l o c i t y  

equat ions  and equ i l i b r ium equat ions  r e f e r r e d  t o  t h e  i n i t i a l  conf igura t ion .  

These equat ions  a r e  given i n  c a r t e s i a n  coord ina t e s  by: 

where e i j ,  hi, o i j ,  Fi, n j  and Ti denote s t r a i n - r a t e s ,  m a t e r i a l  v e l o c i t i e s ,  

s t r e s s e s ,  Body fo rces  per. u n i t  volume, u n i t  outward normal and t r a c t i o n s  

r e s p e c t i v e l y .  I '  a "  denotes  d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  t h e  j  t h  
, I  

Coordinate .  

The m a t e r i a l  d e a l t  wi th  i s  assumed t o  s a t i s f y  Drucker l s  

S t a b i l i t y  P o s t u l a t e  [I] which s t a t e s  t h a t  i f  an e x t e r n a l  agency A 

s lowly  a p p l i e s  and removes a d d i t i o n a l  s t r e s s e s  t o  some i n i t i a l  s t a t e  

of  s t r e s s  i n  a  m a t e r i a l  e lement ,  and produces non-zero d isp lacements ,  

then  t h e  n e t  work done i n  a p p l i c a t i o n  of  t h e  a d d i t i o n a l  s t r e s s e s ,  o r  

i n  t h e  cyc l e  o f . a d d i t i o n  and removal o f  a d d i t i o n a l  s t r e s s e s  i s  

non-negat ive.  That i s ,  u s e f u l  n e t  energy cannot be e x t r a c t e d  from t h e  

m a t e r i a l  elerrlent and t h e  i n i t i a l  s t r e s s e s .  
I 

The s t a t e  of t h e  continuum i s  def ined  t o  be e l a s t i c  p e r f e c t l y -  

p l a s t i c  i f  f o r  a  g iven  s t r e s s  f i e l d ,  , t h e r e  e x i s t s  a  func t ion  of  

t h e  s t r e s s e s ,  f (0 .  .) , c a l l e d  t h e  y i e l d  func t ion ,o r  su r f ace ,  such that: 
1J 



t h e  m a t e r i a l  behaves e l a s t i c a l l y  i f  f  (c .  .) < 0 o r  i f  f  ( a .  - )  = 0 
1 J I J  

and f ( a .  .) < 0 ;  
1 J 

t l e  m a t e r i a l  behaves p l a s t i c a l l y  i f  f  (0;j) = 0 and f  ( a .  .) = 0 ;  
1 J  

and cond i t i ons  f o r  which f  (0. .) > 0 o r  f  ( a i j )  = 0 and f  (o i j )  > 0 
1 J  

a r e  i nadmiss ib l e .  

For an i s o t r o p i c  m a t e r i a l ,  t h e  func t ion  depends only on t h e  

p r i n c i p a l  i n v a r i a n t s  o f  t h e  s t r e s s  t e n s o r ,  J1, J2, and J3  def ined  by:  

The t o t a l  s t r a i n - r a t e s ,  e i j ,  a r e  assumed t o  be e x p r e s s i b l e  a s  t h e  

e  
sum o f  t h e  e l a s t i c  s t r a i n  r a t e s ,  e i j  , and t h e  p l a s t i c  s t r a i n - r a t e s ,  e f j ,  
where t h e  e l a s t i c  s t r a i n - r a t e s  a r e  de f ined  by Hooke's Law: 

Any s t a t e  of  s t r e s s  oi f o r  which f  ( o i j )  < 0 s h a l l  be c a l l e d  

S 
s a f e  and b e  denotedoij  , whi le  any ' s t a t e  o f  s t r e s s  oij  f o r  which f  (0 .  .) C 0 

I- J 

s h a l l  be c a l l e d  n e u t r a l l y - s a f e  o r  a l lowable  and be  den0 ted .0 ;~ .  With 

t h e s e  d e f i n i t i o n s  t h e  s t a b i l i t y  p o s t u l a t e s  imply t h e  fo l lowing  

consequences f o r  an e l  a s t i c ,  p e r f e c t l y - p l a s t i c  m a t e r i a l  [9]  : 



( a )  I f  a. is  a s t a t e  o f  s t r e s s  on t h e  y i e l d  s u r f a c e  i n  which 
I j  

.P 
non- zero p l a s t i c  s t r a i n - r a t e s  , e occur ,  then:  

i j '  

s . P  s 
( q j  - 0. . ) e i j  % 0 f o r  a l l  s a f e  s t a t e s  oij , 

1 I 
(1.3a) 

a  . P  a  
( 4 j  - a. . ) e i j  3 0  f o r  a l l  a l lowable s t a t e s  o i j .  

11 

(b) If bi a r e  s t r e s s - r a t e s  corresponding t o  p l a s t i c  s t r a i n -  

. P 
r a t e s  6 then:  

i j  ' 

(c) In v i r t u e  of  (a)  and (b) t h e  y i e l d  s u r f a c e  i s  convex and 

t h e  p l a s t i c  s t r a i n - r a t e  v e c t o r  is normal t o  t h e  y i e l d  s u r f a c e  a t  

:'smooth" ' po in t s  and between ad jacen t  normals a t  a  co rne r  of  

t h e  y i e l d  s u r f a c e .  (The y i e l d  s u r f a c e  i s  s a i d  t o  be  smooth 

a t  a  p o i n t  i f  it has a  cont inuous ly  t u r n i n g  tangent  t h e r e . )  

' P In consequence o f  condi t ion  (c), t h c  p l a s t i c  s t r a i n - r a t e s ,  c i j '  

a r e  given by: 

;Ej = A  af i f  f ( 0 .  . )  = 0 and i ( o .  . )  = 0 
13 

( I  :l a )  
x 1 3  

l j  

' 

a t  smooth p o i n t s  of  t h e  y i e l d  s u r f a c e  where X i s  a p o s i t i v e  func t ion  

o r  by: 

a t  a  corner  of  t h e  y i e l d  s u r f a c e  where A, a r e  p o s i t i v e  func t ions  o f  

. . .  
p o s i t i o n .  - 



Thus, t h e  t o t a l  s t r a i n - r a t e g  a r e  e x p r e s s i b l e  a s :  

a t  smooth p o i n t s  and by s i m i l a r  express ions  a t  a  co rne r  o f  t h e  y i e l d  

s u r f  ace .  

'lhe y i e l d  functions I n  most common usage a r e  t h e  von Mlses 

and Tresca  func t ions .  The van Mises y i e l d  func t ion  i s  given 

where J; i s  t h e  second i n v a r i a n t  of t h e  s t r e s s  d e v i a t o r  t e n s o r  whose 

components s a r e  de f ined  by : 

and K i s  t h e  y i e l d  s t r e s s  i n  s imple shea r .  The Tresca  qunc-ion is 
given i n  p r i n c i p a l  s t r e s s  space by: 

where ol,  02,and 03denote t h e  p r i n c i p a l  components of  t h e  s t r e s s  

t e n s o r  and K i s  t h e  y i e l d  s t r e s s  i n  s imple shea r .  

A s  s t a t e d  p rev ious ly ,  it fo l lows  t h a t  t h e  loading parameter f o r  

t h e  s p e c i a l  c l a s s  o f  problems cbns idered ,  l i m i t  load problems, i s  t h e  

same f o r  e l a s t i c  p e r f e c t l y - p l a s t i c  m a t e r i a l s  a s  f o r  r i g i d  p e r f c c t l y -  

p l a s t i c  m a t e r i a l s  and, consequent ly,  t h e  m a t e r i a l  is hence fo r th  assumed 



to be rigid perfectly plastic.and, thus, the plastic strain-rates and the 

total strain-rates coincide and will be denoted. by 6 The material is ij ' 

further assumed to be incompressible in which case 

This inequality is identically satisfied for both the von Mises and 

Tresca yield functions. 

So far it has been implicitly assumed that all field quantities are 

continuously differentiable. However, discontinuities in both stress and 

velocity are mathematically admissible and are utilized in determining 

solutions. They are usually justified by limiting physical arguments 

and certain restrictions must be imposed on both stresses and velocities 

at surfaces of discontinuity to satisfy physical conservation laws. These 

(1) restrictions will be dealt with as they are needed. 

The boundary conditions for problems in plasticity may be of 

three types: stress type, velocity type, or mixed type. The boundary 

conditions are said to be of stress type if at each point of the 

boundary, a B ,  of the body, the surface tractions are prescribed or 

if the corresponding component of velocity is prescribed to be zero. 

If the components of velocity are prescribed at each point on the boundary 

of the body, the boundary conditions are said to be of velocity type. If 

over some part of the boundary, 3BT, the surface tractions are prescribed, 

over another portion, aBV, the velocity components are prescribed and over 

the remainder of the boundary, aBTV of the body, B, some components 
9 

of the surface tractions are prescribed and the remaining components 

(1) For a detailed account of discontinuities see [lo], [ll] , or 1121 . 



of  t h e  v e l o c i t y  a r e  p r e s c r i b e d  then  t h e  problem i s  s a i d  t o  be  of mixed 

For t h e  i i m i t  load problem, t h e  boundary condi t ions  a r e  p r e s c r i b e d  

i n  a s p e c i a l  way. I f  t h e  problem is  s t r e s s  t ype ,  t h e  d i s t r i b u t i o n  o f  

t h e  s u r f a c e  t r a c t i o n s ,  Ti, i s  p re sc r ibed  b u t  t h e  magnitude i s  determined 

by a  monotonical ly  i n c r e a s i n g  parameter ,  m,  where t h e  s u r f a c e  t r a c t i o n s  

a r e  mTi. A s o l u t i o n  t o  equat ions  (1.1) through (1.6) i s  sought  f o r  which 

m i s  maximized under t h e  cond i t i on  t h a t  a  s t a t e  of  u n r e s t r i c t e d  p l a s t i c  

deformation o r  flow sho.uld e x i s t  f o r  a  cons tan t  va lue  m* of m ,  assuming 

changes i n  geometry a r e  neg lec t ed .  Such a  s t a t e  of  impending u n r e s t r i c t e d  

flow i s  c a l l e d  a  c o l l a p s e  s t a t e  and m* i s  c a l l e d  t h e  l i m i t  load  o r  t h e  

l i m i t i n g  va lue  of  t h e  loading  parameter .  

If t h e  problem i s  v e l o c i t y  type  o r  mixed type ,  a  s o l u t i o n  t o  t h e  

d i f f e r e n t i a l  equat ions  which s a t i s f i e s  t h e  boundary cond i t i ons  and f o r  

which a  c o l l a p s e  s t a t e  e x i s t s  i s  sought .  The l i m i t  load i s  determined 

by c a l c u l a t i n g  t h e  s u r f a c e  t r a c t i o n s  on t h e  boundary from t h e  s t r e s s e s  

i n s i d e  and equat ion  (1 .2b) .  A l l  mixed type  problems cons idered  a r e  

i n d e n t e r  problems and t h e  l i m i t  load  i s  i n t e r p r e t e d  a s  a  c r i t i c a l  o r  

l i m i t i n g  i n d e n t e r  load  P*. 

A s t a t e  o f  s t r e s s ,  o i j  , which s a t i s f i e s  t h e  equ i l i b r ium equat ions  

throughout t h e  body and the  s t r e s s  boundary condi t ions  i s  c a l l e d  s t a t i c -  

a l l y  admiss ib le .  A v e l o c i t y  f i e l d  which s a t i s f i e s  t h e  v e l o c i t y  boundary 

condi t ions  and t h e  i n c o m p r e s s i b i l i t y  cond i t i on  fii,i  = 0 i s  c a l l e d  k ine -  

m a t i c a l l y  admiss ib le .  I f  t h e  s t r e s s e s  and v e l o c i t i e s  a r e  r e l a t e d  through 

t h e  app ropr i a t e  flow r u l e  they  a r e  c a l l e d  a s soc i a t ed .  



With t h e s e  d e f i n i t i o n s  (and t h e  d e f i n i t i o n s  on page 4) a pa r -  

t i c u l a r l y  s imple  d e f i n i t i o n  o f  complete s o l u t i o n  can be given.  Corre- 

sponding t o  a  given s e t  o f  boundary c o n d i t i o n s ,  a  complete s o l u -  

t i o n  t o  t h e  l i m i t  load  problem c o n s i s t s  o f  a  n e u t r a l l y - s a f e ,  s t a t i c a l l y  

admis s ib l e  s t r e s s  f i e l d  and an a s s o c i a t e d  k inema t i ca l ly  admis s ib l e  

v e l o c i t y  f i e l d .  

In  a t tempt ing  t o  f i n d  complete s o l u t i o n s  it i s  o f t e n  p o s s i b l e  

t o  f i n d  s t a t i c a l l y  admiss ib le  s t r e s s  f i e l d s  o r  k inema t i ca l ly  admis s ib l e  

v e l o c i t y  f i e l d s  f o r  whith no a s s o c i a t e d  f i e l d  can be found,  In  such 

c a s e s ,  t h e  fo l lowing  theorems which a r e  s t a t e d  wi thout  proof  provide  

means o f  f i n d i n g  upper and lower bounds on t h e  l i m i t  load .  The theorems 

apply only  t o  bounded r eg ions  and proof  o f  t h e  theorems can be found 

i n  [ I ] ,  [4] and [ S ] .  

Theorem 1.1 (Lower Botmd Theorem] - 
I f  a  s a f e  s t a t i c a l l y  admiss ib le  s t a t e  o f  s t r e s s  can be found a t  any 

s t a g e  o f  l oad ing ,  c o l l a p s e  w i l l  n o t  occur  under  t h e  given load ing  

schedule .  

Theorem 1 . 2  ( U ~ n e r  Bound Theorem) 

If  a k inema t i ca l ly  admiss ib le  v e l o c i t y  f i e l d  f o r  which t h e  r a t e  a t  

which t h e  p re sc r ibed  e x t e r n a l  f o r c e s  do work s q u a l s  o r  exceeds t h e  r a t e  

of i n t e r n a l  energy d i s s i p a t i o n  can be foun4, c o l l a p s e  must impend o r  

have taken  p l ace  p rev ious ly .  

Theorem 1 . 3  

Inc reas ing  t h e  s i z e  o f  a  we igh t l e s s  body by adding w e i g h t l e s s  m a t e r i a l  
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o r  moving a  motion f r e e  s u r f a c e  outward wi thout  change i n  t h e  p o s i t i o n  

of app l i ed  loads cannot i n c r e a s e  the  l i m i t  load.  

Using Theorem 1.1 and Theorem 1.2 t h e  fo l lowing  uniqueness theorem 

and c o r o l l a r y  can be proven e a s i l y :  

Theorem 1 . 4  

The l i m i t  load c a l c u l a t e d  f o r  s t r e s s  t ype ,  v e l o c i t y  type  o r  mixed type  

problems i s  unique. 

Corol la ry  1.1 

The l i m i t  load j s t h e  same f o r  an e l a s t i c  p e r f e c t l y  p l a s t i c  m a t e r i a l  a s  

f o r  a  r i g i d  p e r f e c t l y - p l a s t i c  m a t e r i a l .  

For problems s p e c i f i e d  i n  unbounded r eg ions ,  Shoemaker and Chen 

1131 have proven r e s t r i c t e d  uniqueness theorems and have given some 

examples o f  non-uniqueness.  Let m* o r  P* be  t h e  l i m i t  load corresponding 

t o  a  bounded r eg ion  o f  p l a s t i c  deformation w i t h i n  an i n f i n i t e  medium 

f o r  which a  complete s o l u t i o n  can be found and l e t  ma) o r  pCO be  the  l i m i t  

load  corresponding to  an i n f i n i t e  flow reg ion  f o r  which a  complete 

s o l u t i o n  wi th  t h e  same boundary condi t ions  can be found. Then t h e  

fol lowing theorems and c o r o l l a r i e s  given i n  [13] can be proven: 

Theorem 1 .5  - I 

For both t h e  s t r e s s  type  and mixed type  l i m i t  l oad  problems m* and P* 

a r e  unique provided cn ly  t h a t  r i g i d  body inotion vanishes o u t s i d e  some 

bounded subregion o f  t h e  i n f i n i t e  reg ion .  



Theorem 1 . 6  

For t h e  s t r e s s  type  l i m i t  load problem, provided t h a t  r i g i d  body motion 

w 
. vanishes  o u t s i d e  a  bounded subregion ,  Im* 1 r Im 1 .  

Theorem 1 .7  

00 

For t h e  mixed type  f r i c t i o n l e s s  i n d e n t e r  problem P* 2 P , provided t h a t  

r i g i d  body motion vanishes o u t s i d e  some bounded reg ion .  Here P i s  

p o s i t i v e  i f  t h e  load  a c t s  i n  t h e  d i r e c t i o n  of  i n d e n t e r  motion. 

Corol l  a r y  1 . 2  -- 

I f  t h e  body fo rces  Pi vanish  throughout t h e  body and t h e  s u r f a c e  t r a c -  

t i o n s  Ti a r e  zero  on aT f o r  t h e  i n d e n t e r  problem, then  the  l i m i t  load  
I 

i n  t e n s i o n  P*- equals  minus t h e  l i m i t  load i n  compression P*+ and 

03 

P*- 5 P 5 P*+ where P*- = -P*+ a r e  unique. 

A more thorough t rea tment  of  t h e  m a t e r i a l  p re sen ted  h e r e  can be 

found i n  t h e  papers  and t e x t s  l i s t e d  i n  t h e  b ib l iography.  I Iopeful ly,  

some i n s i g h t  i n t o  t h e  problems o f  l i m i t  a n a l y s i s  may be gained and 

some new techniques o f  s o l v i n g  problems may b e  developed by s tudy ing  

t h e  techniques  presented  i n  t he  fol lowing chap te r s .  



CHAPTER 2. Plane Strain Problems - 

In this section, plane strain problems for the Tresca and von Mises 
\ . 

criteria are considered. These problems are characterized by the 

existence of a system of rectangular cartesian coordinates .(x,y, z) 

such that dx and fi are independent of z and d = 0. Under the assump- 
Y Z 

tion of plane strain the components of the strain-rate tensor are inde- 

pendent of z and 6 = 6 = 6 = 0.  
xz yz z z 

It is clear that for these problems the von Mises and Tresca 

criteria are equivalent and have the same representation: 

Furthermore, Geiringer [14] has shown that any yield function g(o..) 
1 J 

which is defined for an incompressible,isotropic material can be 

reduced to the form A(ol - o ) = 0, where o and a are principal 2 1 2 

stresses in the (x,y) plane andA is a function of the indicated variable. 

From equations (1.2), (1.4), (1.5) and (2.1) w'ith equality it follows 

that the differential equations-of plane strain plastic flow reduce to: 



where A i s  de f ined  by equat ions  (1.3). 

In t roducing  t h e  parameters  w and 0 def ined  by: 

and e l imina t ing  X from equat ions  (2.2), t h e  system reduces t o :  

au + a8 cos 28 + 30 s i n  28 = 0 - - - 
ax ax a Y 

1 a~ + a8 s i n  28 - 30 cos 28 = o - - - ay ax a Y 

I t  can be shown t h a t  t h e  system (2.4) i s  u l t r a - h y p e r b o l i c  with 

character is ti.^ d i r e c t i o n s  determined by: 

dy = t a n  8 
7 

dx 
1 

dy = - c t n  B 
7 

dx 

where each c h t i r a c t e r i s t i c  i s  of m u l t i p l i c i t y  two. 



Note that w is a measure of the mean pressure at a point and 

that 0 is the orientation of the characteristics measured counter- 

clockwise from the (-y) axis. The characteristics for which - dy = tan0 
dx 

are called fi~st shear-lines and those for which - dy =-ctne are called 
dx 

second shear lines. Physically, they are the lines across which the 

maximtun shear stress intensity, K, is transmitted. 

Furthermore, the characteristics determined by (2.5) are the 

characteristics for the two hyperbolic systems (2.4a) and (2.4b). 

When the boundary conditions are such that the stress equations (2.4a) 

can be solved in the entire flow region, the problem is called 

to equatiohs (2.4a) can be found and if this solution corresponds ,to the 

stress field of the complete solution, then the characteristics of the velocity 

field are known and the velocities are easily determined. 

Introducing the parameters a and O along the first and second 

shear-lines respectively, the following simple integrals for the 

equilibrium equations are obtained: 

w - 8 = g (6) along a first shear-line 
1 

LO.+ 8 = g2(a) along a second shear-line 

where g and g are arbitrary functions of the respective parameters 1 2 

a and (3. 

Before proceeding to problems, the restrictions imposed on the 

stresses and velocities at surfaces of discontinuity will be discussed 



for plane strain. Let I7 in figure 2.1 be a line of discontinuity 

separating the regions I., and 2 in which the stress and velocity 

1 .1 2 .2 fields are given by a u and a u respectively. 
\ . 

ij' i ij' i 

F i v e  - 2.1 Surfaces of discontinuit?. 

First, t.he discontinuities in stress are examined. If the 

fields in 1 and 2 are fully plastic the components of traction acting 

on a line element at angle a counter-clockwise from the (-y) axis are 

given respectively by: 

N = 2Kw+ K sin 2(8 - a )  
a 

T = K cos 2j8 - a). a 

Since the field is assmed to be in quasi-static equilibrium, it follows 

that the traction must be continuous across I',i.e.: 

or 
2w2 + sin 2 ( 8  - a) = 2 9  + sin 2(01 - a) 

2 

cos 2(02 - a) = cos 2(01 - a) 

From the second of equations (2.7), it follows that: 



The first of (2.8) gives: 

which, when substituted into the first of (2.7), gives: 

These last two conditions imply that the stress components are 

continuous and are ignored. 

The second of equations (2.8) implies: 

and substitution for 8 from this equation into the first of 
2. 

equations (2.7) gives: 

u2 = w1 + sin 2(01 - a). 

Equation (2.9) implies that 

and hence, the discontinuity is necessarily non-characteristic and 

bisects the angle between the first shear lines or their extensions 

which meet at'the discontinuity. (2.10) gives the jump in pressure 

across the di3continuity. 

1 

Consider now B discontinuity in velocity across T. (The 

following proof is due to Thomas [ll].) Assume that r is moving 

with normal velocity G. Then from consideration of conservation of 

mass it follows that: 



where p denotes density and p 1' P 2 '  denote the density in the regions 

V1 and V2 bounded by Sland S and separated by I'. "n" denotes the 
2 

unit normal directed from side 1 to side 2 across r .  Taking the 

limit as S1 and S approach T, it fo.llows that: 
2 

since the density is constant throughout the body and since the extent 

of I' over which the integration is carried out is. arbitrary. 

Furthermore, it can be shown that discontinuities in velocity can 

occur only across characteristics. Consider a finite jump in velocity 

across a thin layer of thickness 6V containing the median curve I', 

throughout which the velocity varies continuously. Assume that the 

velocity ti and its first partial derivatives are continuous on the i 
1 2 boundaries S1 and S and outside the transition region. Let tii and tii 

2 

be the velocity components on S and S respectively and let n and t 1 2 

be coordinates normal and tangential to I'. Then the first partial 

derivatives on r can be represented by: 

12 M for some M independent of 6Y. Taking the limit 

as S and S approach I' a.nd assuming that LA.] is fixed, it follows that 
1 2 1 

the strain rates on I' are given by: 



6 =-j = lim n. [;.I where incompressibility has been used. 
nn 

tt 6 h O  -5G- 

and Bnt=lim 1 [n. ad. + t  [ f i . j  
sv o<- 7 1 7-1 

d t 'SV " 

where n and t are the cartesian components of n and t. 
i i 

Since 6 = -6 
tt is bounded it follows that n. [ f ~  ] = 0 ,while t. [fi. J 0. nn I. i 1 1  

Consequently, 6 becomes infinite. Thus r is a sarface of maximum nt 

shear strain-rate. Furthermore, since surfaces of maxiinum shear 

follows that 1' must be a characteristic and the jump in velocity must 

be a jump in the tangential component since the normal ccmpofient is 

continuous from equation 2.11. 

Considering the line of discontinuity to lie between a plastic 

region and a rigid region, the first restriction (2.7) must still be 

satisfied. However, no further restriction is placed on stresses 

along the discontinuity. The development of conditions on velocities 

at discontinuities is not altered at a rigid-plastic interface and 

exactly the sane restrictions can be derived in this case. 



2.1 Classical Punch Problem for a Layer or Half-Space. 

The half-space problem had been considsred by several researchers, 

notably Prandtl [151 and Hill [ 2 1 ,  but a complete solution was not 

given until 1953 when Bishop [6] extended Prandtl's solution. In 1954 

Shield [161 gave another extension in the context of weightless soils 

with cohesion whose angles of internal friction are less than 75 degrees. 

This extension wili not be presented here however. Hill [ 2 ]  also con.- 

sidered the problem of indentation of a layer, but a complete solution 

was not given until i967 when Salencon [171 presented his solution. 
, 

In the same paper, he provided a proof that yield was not violated any- 

where in Bishop's extension 161 of Prandtl's solution to the half-space 

problem. 

Consider an infinite half-space acted upon over a central portion 

of width 2 units by a r;niform pressure P per anit lellgiil ikitil tile remainder 

of the boundary traction free and take (x,y) axes as showh in figure 2.2. 

The solution is assumed to be symmetric about the y-axis. The 

incomplete solution given by Prandtl covers region ABOCDA and its symmetric 

image about the y-axis. The fields in region ABOCDA are fully plastic 

and since the tractions are constant along the straight lines OB and BA, 

the stress fields in OBC and BDA are constant state fields with slip 

0 
lines-at t 45, to the x-axis. The stress field in region BCD is then 

determined from tlie boundary conditions on BC and E D and is found to be 

a centered fan field. (See k5 1 for a descrjption.) Thus the fields in 

regions OBC, BCD and BDA are given respectively by: 



Figure  2 . 2  S t r e s s  f i e l d  f o r  t h e  c l a s s i c a l  punch problem. 

where t h e  v a l u s  of  P has  been determined by t h e  f u l l y  p l a s t i c  cond i t i on  
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Bishop's extension utilizes fully ptastic fields in CDAIFH 

and uniaxial compression below FGHI which is below yield except at 

I. Since CD and CD' are characteristics along which the surface 

tractions are known, a type I1 boundary value problein is specified 

to determine the stress.solution in region D'CDGFG' and has been 

described analytically by Hill [2]. Then, since DG and AD are also 

characteristics along which the surface tractions are known, another 

type I1 boundary value problem is specified for which Ewing [18]has 

developed a series method for constructing the stress fields analytically. 

Extending the field to the right of AE is accomplished by utilizing 

the characteristic AE and by constructing the stress free surface 

AIJ which intersects the x-axis at an angle ol 0' at A .  (Hill [2] 

has given a description of how to develop the stress free surface 

and Ewing [181 has given an analytic solution.) In this process 

the characteristics begin to run together at E and necessitate the 

introduction of a discontinuity "cH. In order to construct the field 

in EJIH, the characteristic, EJ, and the stress jump across the 

discontinuity EII are used and the solution is again extended to the 

stress free surface J I .  The discontinuity FGIH is constructed by 

requiring that the stress field below should be one of uniaxial 

compression. Salencon [lq showed that the magnitude of the 
Y 

compressive stress increases monotonically with x from the y-axis 

to the free surface at I .  

The existence of a statically admissable stress field which 

satisfies the boundary conditions has now been exhibited. ~ l ~ i ~  field is 

also valid for a layer with zero normal velocity and shear traction on the 

lower edge replacini the conditions at infinity provided 112 8.74, Thc ?roof 



that yield is nowhere violated will be lefz until after a discussion 

of the modifications necesqarv if h 8.74. 

Figure 2.3 Stress field for a layer under pressure. 

In this case the centered fan does not extend 

through 90' (see figure 2.3) but through some lesser angle a, 

where 1.02 4 a <. R . - This restricts the distance OF to at 
2 

least 5.2 units.' The relationship between a and the thickness 

of the layer is h=h (2a) + 1 (2a) and the limit load, p , .  is 
0 0 

where I and I are modified Bessel functions and A (x) = 
0 1 0 

according to Salencon. The extension of the field is analogous to the 
9 

extension when h 2 8.74 and hence will not be described again. 

It is obvious from the construction of the field that yield 

is notviolated anywhere above the discontinuity FGHI. Assume that 

line FGHI has the form y=F[x)., Then, the jump conditions across the 

line are: 



where superscripts A and B denote above and below FGI-I1 respcxtively. 

Furthermore, the material above the line is at yield so that 

, . 

From the jump conditions (2.12) and the yield conditions, (2.13) 

A A 
Considering the Mohr's circle, and redefining o , o  and r A 

X Y  x Y 
in terms of wand 0 : 

o t  = 2wK +K sin 20 

T ' ~  = K cos 20 
x Y 

and substituting from equations (2.15) into equation (2.14) gives: 

B 
It is easy to show thato decreases monotonically from F to H and 

Y 
from H to J by ~aiculati.~~ w at points on the arc CD and the change 

in 8along the slip lines and utilizing equations (2.6). The stress 
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B B B 
o decreases from a value of 0 =-. 15% at F to 0 =-2K at I. 
Y Y Y 

B 
Furthermore, at each point along FI the absolute value of 0 

Y 
B 

is less than 2K.The jump in0 across the vertical extension of 
\ Y 

the discontinuity EH below H is also readily found.to be 

2 oB = [w] {W + K (sin 20 - sin [el) 1 1 - sin (0 + 0') 
Y -- 

P - sin (0 + 0') (wl+sin 28') (~+sin 28) 

where 0and 9' give the directions of the first principal directions 

on the two sides of the vertical extension below H ,  [(JJ] denotes the jump 

in'w across the discontinuity, and yield is not violated. 

Thus since yield is nowhere violated, and the equilibrium 

equations and the stress boundary conditions are all satisfied, the 

stress field described is statically admissable. Furthermore, for 

a=lJ the results are still valid and in that case, the solution is 
2 

the same as Bishop's solution. Hence, yield is nowhere violated in 

Bishop's solution. 

The determination of a kinematically admissable velocity 

field associated with the stress fields described above is quite 

simple. However, it is very different for the two cases: the 

layer of thickness less than or equal to 8.74 and the layer of 

thickness greater than or equal to 8.74. 

In the first case, with the velocity field given~by Hill [ .d , 

the entire plastic bulb OFMB and its symmetric image deforms while 
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t h e  remainder of  t h e  l a y e r  moves i n  t h e  x - d i r e c t i o n  a s  a  r i g i d  

body. I t  i s  e a s i l y  shown t h a t  t h i s  provides  an a s s o c i a t e d  k inema t i ca l ly  

admissable  veloc, i ty  f i e l d  f o r  which t h e  p l a s t i c  work done i s  

p o s i t i v e .  I n  t h e  second case ,  t h e  v e l o c i t y  f i e l d  developed by 

P rand t l  PSI i s  used.  The r eg ion  OBC moves a s  a  r i g i d  body 

downward with u n i t  v e l o c i t y .  In  t h e  f a n  r eg ion ,  BCD, t h e  v e l o c i t y  

components i n  p o l a r  coo rd ina t e s  a r e  u r = OPg =Cr wliiie t h e  ABD 
9 
L 

moves a s  a  r i g i d  body with speed g i n  t h e  d i r e c t i o n  of DA. The - 
L 

remainder of  t h e  l a y e r  o r  ha l f - space  remains undeformed. This  

v e l o c i t y  f i e l d  con ta ins  t h r e e  l i n e s  of  d j scont inui . ty :  BC, CD and 

c a l c u l a t i n g  t h e  p l a s t i c  work, t h e  energy d i s s i p a t i o n  

E i n  t h e  m a t e r i a l  i s  obta ined  from t h e  deforming region '  BCD 
0 

and t h e  t h r e e  v e l o c i t y  d i s c o n t i n u i t i e s  and i s  given by 

E o = K[;] = E K  - a t  p o i n t s  o f  a  d i scont inui ' ty  l i n e ,  whi le  
2  

0 .  . k = .& - a t  p o i n t s  i n  t h e  deforming reg ion  BCD. 
I J l j  

S ince  t h e  p l a s t i c  work done i s  p o s i t i v e ,  t h e  s o l u t i o n  i s  complete 

and t h e  l i m i t  load i s  P = (2 c IT) K. 

Note t h a t  i f  t h e  problem had been considered a s  a  mixed 

type  problem where t h e  ha l f - space  o r  l a y e r  was inden ted 'by  a  f l a t  

r i g i d  l u b r i c a t e d  punch wi th  u n i t  downward v e l o c i t y  r e p l a c i n g  t h s  

uniform p res su re  a c r o s s  BB '  i n  f i g u r e s  2.2 o r  2 .3  and re ta in i -ng  



the other boundary conditions as shown in the fjgures, the same stress 

and velocity fields as obtained for the stress type problem would 

be valid for the mixed type problem. Hence the same value 

would be obtained for the limit load and the punch would have to 

be subjected to a pressure P = (2 + . r r )  K per unit width to provide 

a unit downward velocity. 

It is easily shown that for the half-space problem the 

velocity field is not unique. Hi11 i2 ] has given another velocity 

field, and consequently a different flow region, which also provides 

a complete solution. Hodge, 131, has shown that any velocity field 

which is obtained by a combina.tion of Hill's solution and 

Prandtl's solution and lies between them is also acceptable. All of 

these complete solutions yield the same limit load however. 

In considering the layer and  half-space problems some 

conclusions regarding uniqueness can be obtained. From Theorem 1.5 

we conclude that Bishop's solution provides a unique limit load 

over all possible solutions for which the flow region is bounded. 

However, it has not been shown that an infinite flow region does 

not exist and thus there may exist a different limit load which 

corresponds to an infinite flow region. Salencon's solution 
> 

does not satisfy all the conditions of Thsorem 1.5 but by 

imposing the condition of zero.stresses at infinity Theorem 1.5 

applies and the limit load found is unique over all solutions 

corresponding to a finite flow region. Again, an infinite flow 

region may exist and a smaller limit load could exist. 



I ieferr i i ig  t o  Tigure ( 2 . 3 ) ,  it i s  obvious t h a t  t h c  same 

s o l u t i o n  obta incd  f o r  t h e  l a y e r  i s  v a l i d  f o r  any t runca ted  wedge 

sub jec t ed  t o  uniform p r e s s u r e  a c r o s s  B O B '  f o r  which t h e  ang le  

OBA i s  g r e a t e r  than  o r  equal  t o  -(n - + 1.02)  r a d i a n s ,  s i n c e  t h e  
2 

m a t e r i a l  t o  t h e  r i g h t  o f  PA and i t s  exterlsion i s  s t r e s s  f r e e ,  

provided t h a t  t h e  wedge r e s t s  on a r i g i d  smooth foundat ion .  

ang le  t o  l i e  between 1 .02  and - .rr, t h e  s o l u t i o n  i s  v a l i d  f o r  wedges - 2 
of  any dep th  11 g r e a t c r  than  8 . 7 4 .  The limit load  f o r  t h e s e  wedges 

i s  dependent upon t h e  f an  ang1.e o: and i s  g iven  by I' = 2K(1 + a ) .  

~ h e s b  same so lu t jor i s  a r e  v a l i d  f o r  V-notched b a r s  pu l l ed  i n  

t e n s i o n  provided t h a t  $ = - T -y 6 - .rr - 1 .02 ,  - D i s  sufficiently l a ~ g e  
2  2 d 

and t h e  boundary cond i t i ons  a r e  s p e c i f i e d  a s  mixed type  wi th  zero 

r e v e r s e s  t h e  s i g n s  of bo th  s t r e s s e s  and v e i o c i t i e s  and thus  t h e  

F igure  2 . 4  S t r e s s  f i e l d  f o r  notclicd b a r  p u l l e d  i n  t e n s i o n .  --- 



p l a s t i c  work i s  s t i l l  p o s i t i v e  a t  each p o i n t .  Bishop [6] has shown 

t h a t  - D must be a t  l e a s t  8 .67 .  (For a f u r t h e r  d i scuss ion  o f  notched 
d  

t e n s i o n  specimens s e e  [19] and [20 ] ) .  

Another problem which can be solved d i r e c t l y  u t i l i z i n g  Bishoy's  

s t r e s s  f i e l d  i s  t h a t  of  d i r e c t  ex t rus ion  through a  smooth concave 

d i e  whose shape co inc ides  wi th  t h e  t r a c t i o n  f r e e  s u r f a c e  of f i g u r e  2 . 3  

a s  shown i n  f i g u r e  2 .5 .  Assume t h a t  t h e  m a t e r i a l  e n t e r s  t h e  d i e  wi th  

u n i t  speed and e x i t s  with speed v .  A k inen i s t  icall y a r l r n i < s i h l ~  v ~ l n c i t y  

f i e l d  has  been given by Sowerby, Johnson and Samanta [21] .  The 

m a t e r i a l  e n t e r s  t h e  d i e  and moves a s  a  r i g i d  body t o  t h e  curve EDGJ  i n  

f i g u r e  2 .5 .  'Then s i n c e  t h i s  curve i s  a  c h a r a c t e r i s t i c  and s i n c e  fi = 0  
n  

a c r o s s  FE and J B ,  t h e  v e l o c i t y  f i e l d  can. be determined i n  FCBJGDE.  

Region ABC moves a s  a  r i g i d  body i n  t h e  d i r e c t i o n  of BC.  The f i e l d  

i n  t h e  f a n  reg ion  i s  then  determined from t h e  boundary cond i t i ons  on 

AC and FC. F i n a l l y  t h e  reg ion  AOF moves a s  a  r i g i d  body i n  t h e  d i r e c t i o n  

o f  FO a s  i n d i c a t e d .  



is mcnsurcd by t h e  d i  s t-nncc from 0 .  C l e a r l y ,  a s  one  p r o c c c c ! ~  from 1;DGJ 

t o  I'LCI! i n  t l i c  s t r e s s  p l a n e  o r  from e , d , g ,  j t o  abc: o r  a t ' f  j n  t h e  hodo- 

graph p l a n e  v c l o ~ . i t y  i n c r c n s c s  and hence  t h e  l ) l z s t i c  \tor]; j s  p o s i t i v e .  

m o d i f i c a t i o n  o f  Bishoy ' s  s o l u t i o n  t o  t h e  wedge problcm.  The 

s i n g l e  v - n o l c h  problem i s  cnn.; jdcred h c ~ c  and t h c  s o l u t i o n s  for 

\d!icli zire cciili v d l  cnt t o  a CO[I [J~ c  : i  a c t i n : ,  o i r s r  tile oicls :is shown i n  f igu1.c 2.6. 
# 



Figure  2.6a S t r e s s  f i e l d  f o r  bending of  notched bars .  

F igure  2 . 6 b  S t r e s s  f ie ld when notch  ang le  i s  - T .  

2 



The reg ions  o f  p l a s t i c  deformation a r e  ABNBIAIOland PNP1. The s t r e s s e s  

i n  OARGFEN and i t s  symmetric image a r e  determined by Bishop's s o l u t i o n  

t o  t h e  wedge [6 ] .  Onto t h i s  f i e l d  i s  superimposed t h e  s t r i p  I\I1Q1QbI o f  

u n i a x i a l  compressive s t r e s s  o x  = -21;. This provides  a  s t a t i c a l l y  ad- 

m i s s i b l e  s t r e s s  f i e l d  f o r  which y i e l d  is  nowhere v i o l a t e d  i n  RGNO s i n c e  

y i e l d  is  nowhere v i o l a t e d  i n  Bishop's s o l u t i o n .  Furthermore, it can 

be  shown t h a t  y i e l d  i s  not  v i o l a t e d  i n  NEFGH provided t h a t  t h e  angle  

A ,  which i s  shown f o r  60•‹ ,  i s  g r e a t e r  t han  o r  equal  t o  60•‹ .  I f A  i s  

l e s s  than  60•‹ ,  y i e l d  i s  v i o l a t e d  i n  r eg ion  NI-lE. An a s s o c i a t e d  v e l o c i t y  

f i e l d  can be cons t ruc t ed  by cons ider ing  a  r i g i d  r o t a t i o n  o f  t h e  two 

ends o f  t h e  b a r  about t h e  p o i n t  N i n  t h e  same d i r e c t i o n  a s  t h e  a c t i n g  

moments. With t h i s  veEsc i ty  f i e l d ,  t h e  au tho r s  [23] have s w h a  t h a t  t h e  

p l a s t i c  work i s  p o s i t i v e .  The l i m i t  load  has  been worked out  by Green 

[24] arid i s  given by M = -- ~a~ (1 4 71 -- -- 2~ ) f o r  A 2 71.  - For the  
2 4 4 - 7 1 - 2 8  3 

case  A =  71 - , ( f i g u r e  2.6b) t h e  l i m i t  l oad  i s  bl = - ~ a '  and f o r  A = IT - 
2 2 3 

2 
t h e  l i m i t  load i s  M = .6075 Ka . 

Green [25] has  a l s o  cons idered  t h e  bending of  notched b a r s  when 

A < 5. However, he has  n o t  shown t h a t  y i e l d  i s  no t  v i o l a t e d  and thus  
3 

t h e  s o l u t i o n  can n o t  be  c a l l e d  complete. 

The remainder o f  t h i s  chap te r  i s  devoted t o  problems which have 

been so lved  u t i l i z i n g  f i e l d s  which a r e  n o t  de r ivab le  by modifying t h e  

punch s o l u t i o n .  The problems considered inc lude  acu te  angle  wedges, 

bend.ing o f  beams under uniform loads ,  and t h e  bending of t r u n c a t e d  

wedges under uni. form loads .  



2 . 4  Acute Angle Wedges with Normal Pressure  on one Edge. 

Consider a  symmetric wedge o f  angle  2y 5 - .rr with uniform normal 
2  

p r e s s u r e ,  P ,  a c t i n g  

e l  sewhere. 

a long one s u r f a c e  a s  i n  f i g u r e  2 .  

Y 4 

7 and t r a c t i o n  f r e e  

4 

Figure  2.7 S t r e s s  f i e l d  f o r  a c u t e  angle  loaded along one s i d e .  

This  problem was f i r s t  cons idered  by Lee [26] who de r ived  an incomplete 

so lu t ior !  which was l a t e r  extended by Lhen and Shoemaker [ 2 7 ] .  From t h e  

normal p r e s s u r e  P a c t i n g  on AB and t h e  s t r e s s  f r e e  s u r f a c e  SD two con- 

s t a n t  s t a t e  p l a s t i c  s t r e s s  f i e l d s  can be  cons t ruc t ed  which over lap  along 

BC. This  overlapping n e c e s s i t a t e s  t h e  i n t r o d u c t i o n  of t h e  s t r e s s  d i s -  

c o n t i n u i t y  BC and from t h e  jump condi t ions  2.6 t o g e t h e r  with t h e  bound- 

a r y  cond i t i ons ,  t h e  s t r e s s  f i e l d s  

= - K  (1 - cos 2y) 
X 

0 = -K (1 - ~ C O S  2y) 
Y 

T = K s i n 2 , Y  
x Y 

can be der ived  and a r e  g iven  by 

0 = -K (1 - cos 2,y) 
X 

i n  ABC a.nd 0 = - K  (1 + cos 2y') In  BCD 
Y 

= K s i n  2y 
x Y 



and P = 2K[1 + s i n  (2,y - 211 
2 

An extens ion  o f  t h i s  f i e l d  can be found by extending t h e  cons tan t  

s t a t e  f i e l d s  t o  AE and ED which a r e  r e s p e c t i v e l y  pe rpend icu la r  t o  AB and 

BD and t a k i n g  a  u n i a x i a l  s t r e s s  p a r a l l e l  t o  AB and BD r e s p e c t i v e l y  below 

AE and ED. 

An a s s o c i a t e d  v e l o c i t y  f i e l d  can be determined i n  ABC by assuming a  

v e l o c i t y  d i s t r i b u t i o n  wi th  zero t a n g e n t i a l  component and a  normal com- 

ponent a long AB, 6 which i n c r e a s e s  from A t o  B .  Taking coord ina tes  
n '  

a and B i n  t h e  f i r s t  and second s h e a r  d i r e c t i o n s  and rl a  parameter  along 

AB where a = B = 11 t h e  normal v e l o c i t y  can be w r i t t e n  a s  a  func t ion  of 

11 , = f  FI) . Lee has shown t h a t  t h i s  func t ion  must t ake  t h e  form 

where @ ( k )  i s  a  cont i~zuous func t ion  which g ives  t h e  v e l o c i t y  of  an 

e l a s t i c  f i lament  a t  a d i s t a n c e  R from C a long C B ,  @ (0) = 0 ,  ' ( R )  2 0 ,  

and 4 ' (R)  i s  a  non-decreasing func t ion  and where I i ( 5 )  i s  t h e  u n i t  s t e p  

func t ion .  

The components i n  ABC a r e  then given by 

= -t a - 1 s i n  4 ilB b .  

i s i n  4) 



By symmetry, t h c  v e l o c i t y  f i e l d  i n  BCD can be  adapted from t h a t  i n  ARC 

l e ad ing  t o  t h e  same normal v e l o c i t y  on AB and E B .  

, . 

The cond i t i on  o f  p o s i t i v e  p l a s t i c  work has  been v e r i f i e d  by Lee 

and i s  n o t  repea ted  h e r e .  Considering uniqueness ,  t h e  l i m i t  load obta ined  

i s  unique over  a l l  s o l u t i o n s  obta ined  f o r  a  f i n i t e  flow reg ion .  There 

i s  no guarantee  t h a t  an i n f i n i t e  flow reg ion  does no t .  e x i s t ,  however, 

and thus  t h e r e  may e x i s t  a  s m a l l e r  l i m i t  l oad  corresponding t o  an i n -  

f i n i t e  flow reg ion .  

2 .5a Bending o f  P e r f e c t l y - P l a s t i c  Reams. -- 
I l l  

Consider a  simply suppor ted  beam o f  depth h and l eng th  2% which 

i s  s u b j e c t e d  t o  a  uniform p r e s s u r e  P a p p l i e d  over  a  c e n t r a l ,  p o r t i o n  of 

t h e  beam o f  l eng th  2 C .  Anderson and S h i e l d  [28] have given a  complete 

s o l u t i o n  f o r  C > 1 with  l i m i t  load  
k 2  

and i n  t h e  same paper  p re sen ted  an 

For C 1, t h e  s t r e s s  f i e l d  
6- > 2  

s h e a r  i s  d i s t r i b u t e d  over  t h e  ends 

s t r e s s  f i e l d s  i n  regions 1 through 

i n c o r r e c t  s o l u t i o n  f o r  C , 1. 
h 2 

i s  shown i n  f i g u r e  2.8 where uniform 

o f  t h e  beam o f  magnitude - PC. The 
h 

5 a r e  s e p a r a t e d  by d i s c o n t i . n u i t i e s  

A B ,  AD, ODBE . and O D f  BIG . Regions OCAE and OFG a r e  assumed t o  be 

f.dlly p l a s t i c .  Then from t h e  boundary c o n d i t i o n s  on C E ,  FG and EG 



t o g e t h e r  wi th  t h e  y i e l d  cond i t i on  and t h e  jump c ~ n d i t i c n s  ac ros s  OE and 

OG it i s  a  s imple m a t t e r  t o  determine t h e  s t r e s s  f i e l d s  and t h e  d i s -  

c o n t i n u i t i e s .  No d e t a i l s  of t hc  a r , ~ l y s i s  a r e  p re sen ted  he re  b u t  t he  s t r e s s  

f i e l d s  i n  t h e  va r ious  r eg ions  a r e  given r e s p e c t i v e l y  by 

a = -P - 2K a = -P 
X 5' T = 0 i n  r eg ion  1 

Y- Y 

(Jy = 2K - a,, = 0 T = 0 i n  r eg ion  2 
,' . xy 

0 = -2K 0 = O  
Y 

T = 0 i n  reg ion  5 
X, . XY 

and, 



while  fo r  a  5 x 5  a f  (x) and g (x) can be dcte2rmined from: 1 2 :' 

2 2 2 
xf (x) + g (x) = (X  - a l )  U (a ) + 2(x - al)A + B 

Y 1 

where A = o (a  ) f ( a  ) f t  (al + 0) + g ( a l ) g 1  (a l )  x  1 1 

I 

This  s t r e s s  f i e l d  i s  s t a t i c a l l y  admiss ib le  provided t h a t :  

and C > -  Ctn (n - 6) 
--- 2 + P - 

4 

An a s soc i a t ed  k inema t i ca l ly  admiss ib le  v e l o c i t y  f i e l d  can be 

cons t ruc t ed  by cons ider ing  t h e  p l a s t i c  y i e l d  hinge where deformation 

t akes  p l a c e ,  bounded by t h e  l i n e s  y = ?x pas s ing  through 0 wi th  the  

remainder of  t h e  b a r  r o t a t i n g  r i g i d l y  a s  i n  t h e  bending o f  notched 

b a r s  f o r  t h e  case  A = -- Tr. i'\iith t h i s  v e l o c i t y  f i e l d  i 'c i s  e a s i i y  shown 
2 

t h a t  t h e  p l a s t i c  work i s  p o s i t i v e .  

For -. C < - 1 t h e  s o l u t l o n  given by hnderson and Sh ie ld  [25] i s  
h  2 

i n c o r r e c t  s i n c e  the  p l a s t i c  work i s  nega t ive .  

2.5b C a n t i l e v e r  Beams under End Shear .  - 

Chen and Shoemaker [29] have considered t h e  problem o f  c a n t i -  

l e v e r  beams uridi+r end s h e a r  2nd have found a complete s o l u t i o n ,  f i g u r e  

j 
2 .9 ,  when t h e  length  L ~ v e r  t h e  mi.nimum th i ckness  t o f  t h e  beam, s a t i s f i e s  



L 2 1 ( s i n  28-cos 28) t a n  28, 5n5 8 r 7r. - - - 
t 2  1 2  2 

When - L i s  l e s s  than  t h i s  va lue ,  they  have found c l o s e  up2er and lower 
t 

bounds. 

F igure  2 . 9  - 
-" . - - - - -  - -  - -  - -  -- . - - - 
S t r e s s  f i e l d  f o r  bending o f  c a n t i l e v e r  beams. 

When -- L 2 - 1 ( s i n  28-cos 2b) t a n  20 t h e  s t r e s s  s o l u t i o n  i s  s p l i t  
t 2  

i n t o  f0u r  r eg ions ,  CPC' , ABPC, BPB' , and A ' C ' P B '  . Region CPC' i s  s t r e s s  

f r e e .  Region ALPC i s  a r eg ion  o f  uniform t e n s i l e  s t r e s s  p a r a l l e l  t o  AB 

and o f  magnitude 2K. Region BPB' i s  i n  a s t a t e  o f  uniform s h e a r  o f  



magnitude 2K s i n  2 8. F i n a l l y ,  region A'C'PB' i s  a r eg ion  o f  uniform 

compressive s t r e s s  p a r a l l e l  t o  A I B '  o f  uniform compressive s t r e s s  pa r -  

a l l e l  t o  A I B 1  o f  magnitude 2K. The l i m i t  l oad  P t  = 2 K  s i n  2 0 .  

An a s s o c i a t e d  ki .nematical ly  admiss ib le  v e l o c i t y  f i e l d  i s  con- 

s t r u c t e d  by cons ide r ing  t h e  r i g i d  r o t a t i o n  of 13RPR'Bq about P i n  t h e  

d i r e c t i o n  of  t h e  appl ied  end s h e a r  and a y i e l d  h inge  of s h e a r i n g  de- 

2.6 Truncated Wedges. -- [ 3 0 ]  

Complete s o l u t i o n s  a r e  ob ta ined  f o r  

wedges o f  a r b i t r a r y  geometry ( 0 5  P 5 - n, 1 
2 

t h e  f amihy o f  symmetric 

5 a - L < ") f o r  s t r e s s  - & 

type  and mixed type  boundary c o n d i t i o n s  shown i n  f i g u r e  2.16. 

For t h e  s t r e s s  type  problem, t h r e e  modes o f  c o l l a p s e  a r e  necessary  

while f a r  t h e  mixed problem, one mode i s  s u f f i c i e n t  t o  o b t a i n  s o l u t i o n s  



spanning t h e  e n t i r e  range o f  t h e  parameters a and B. 

For t h e  s t r e s s  type  problem t h e  t h r e e  modes of  co l l apse  a r e  

(a )  o v e r a l l  bending type  co l l apse ,  

(b) l o c a l  acute  wedge type co l l apse ,  

and (c) l o c a l  obtuse wedge type  co l l apse .  

(a) Overa l l  Bending Type Collapse.  - 

bending type c o l l a p s e .  

One expects  co l l apse  t o  be a s soc ia t ed  with r i g i d  r o t a t i o n  of 

some segment B B ' O ~ C  about some po in t  0 on AD shown i n  f i g u r e  2.11, and 

the  superpos i t ion  o f  cons tant  s h e a r  flows i n  t h e  regions  A B q O  and O D C ' .  

Any s o l u t i o n  must s a t i s f y  two condi t ions :  t h e  c r o s s  s e c t i o n  of maxi- 

mum moment should b e  AD, and t h e  n e t  s h e a r  f o r c e  on AD should be zero.  

An incomplete s t r e s s  f i e l d  can be determined i n  regions  1 and 2 by 

in t roduc ing  cbns tan t  s t a t c  s t r e s s  f i e l d s  i n  both regions  where * x  i s  

compressive i n  ABO and t e n s i l e  i n  OCD. The l o c a t i o n  of 0 and t h e  

p res su res  on AB and CD a r e  obta ined  from t h e  condi t ions  of  o v c r a l l  

equ i l ib r ium of  t h e  r i g h t  h a l f  o f  t h e  wedge. Then, from t h e  jump 

condi t ions  ( 2 . 7 ) ,  t h e  s t r e s s e s  i n  region  3 can be determined. 



0 In what follows assume thai: 9 is 45 . From overall equilihriuin 

in the y-djrection and from the boundary conditions nr~scribed on 

AB and CD, the stresses in region 1 and region 2 are given res?cctively 
\ 

From overall equilibrium in the x-direction, 

and from the moment condition, taking moments about 0 ,  

Solving equations (2.17) and (2.18) for the unl<nowns a and b 

gives the position of 0 and the critical pressure in terms of a: 

where negative values of P have been neglected. Substituting 

fro~n (2.19) into (2.16) now gives the stresses 



a = - (a+l)K 
O Y  

= - (a-l)K , r = 0 i n  r eg ion  1 
X x  Y 

(2.201 

o = l+aK , u 2 1-a , = 0 i n  reg ion  2  
X - a T x Y 

To f i n d  t h e  s t r e s s e s  i n  reg ion  3 assume t h a t  t h e  d i s c o n t i n u i t y  

l i n e s  OB and OC a r e  given r e s p e c t i v e l y  by t h e  func t ions  y = f ( x )  and 

y = g(x)  and t h a t  t h e  s t r e s s e s  i n  r eg ion  3 have t h e  form 

From t h e  jump cond i t i ons  (2.7) ac ros s  OB and OC and t h e  boundary 

cond i t i ons  on BC, t h e r e  a r e  6 equat ions  t o  determine t h e  f i v e  

unknowns f  ( x ) ,  g  (x) , o o(x) , and ~ ( x ) .  However, t h e  s i x  
0' 

equa t ions  a r e  not  independent s i n c e  o v e r a l l  equ i l i b r ium has 

a l r eady  been s a t i s f i e d  and t h e  system reduces t o  f i v e  independent 

equat ions  i n  f i v e  unknowns. The s o l u t i o n s  t o  t h e s e  equat ions  a r e  

given by : 

a (x) = 2  (1 -a) , K 

S u b s t i t u t i n g  from (2.22) i n t o  (2.21) g ives  t h e  s t r e s s e s  i n  reg ion  3 :  



F i n a l l y ,  s u b s t i t u t i n g  from ( 2 . 2 3 )  i n t o  t h e  y i e l d  i n e q u a l i t y  ( 2 . 1 )  

g i v e s  

SO t h a t  : 

~ i e l d  i s  n o t  v i o l a t e d  provided t h a t  1 5 a5 1 + 42 '' ( 2 . 2 4 ) .  

An a s s o c i a t e d  k inema t i ca l ly  admissable  v e l o c i t y  f i e l d  f o r  

which t h e  p l a s t i c  wofk i s  p o s i t i v e  i s  given by: 

where 2 >(8, 

(b) Local Acute I\'ed,ce Co l l apse .  - - r.----.------ 

For l o c a l  a c u t e  wedge type  c o l l a p s e  t h e  v e l o c i t y  f i e l d  of 



Lee 041 f o r  acu te  ang le  wedges given i n  s e c t i o n  2 . 4  i s  u t i l i z e d  

t o g e t h e r  wi th  t h e  fol lowing s t r e s s  f i e l d s  t o  g i v e  n complete so lu t ion  

2  
for t a n  Cn - +- B) 5 a 5 t a n  ( 7 ~  + ) with  limit load P = 2 a(1 - s i n  R )  K .  

4 2  4 2 

a&e s t r e s s  f i e l d  i s  c a l c u l a t e d  f o r  B = E: 
4 

Region 1 0 = -2K(sin (n - -26) + '26 s in(l j+26))  -- 0 = P - 2 R  T = Q 
X 4 4 XY 

Region 3 U, = - K  - 

r = - K  s i n  (n + 26) cos 26 
*Y - - 4  

o = K F1(8) 
X 

JZ - 2r I ! (6 ,6 )+  s i n  20 s i n ( E  + Z 6 )  
4 

4 
The l ines  o f  stress d i s c o n t i n u j t y  s e p a r a t i n g  t h e  va r ious  r eg ions  

are given by: ~ T T  
RQ: y = L s e c  9 s i n  (-- +6) 

8 

3 3Tf PQ: ( 6 )  = + 26 * t an  (7 - 
4-- --- &I L s e c  6  

J ( 6 )  - 29 + t a n  0 

TT where J ( ~ )  = h - 1 + s i n  ( - -  26) + 3q+ 26 
4 ..- - 

t. 7T S i n  (-- + 26) 4 
4 



(c) Local Obtuse Wedge Ty 

' For local obtuse  wedge type  c o l l a p s e  t h e  s t r e s s  f i e i d s  a r e  

given i n  f i gu re  '2 .13 .  me v e l o c i t y  f i e l d  i s  t h e  same a s  t h a t  f o r  

F igure  2.13 S t r e s s  f i e l d  f o r  obtuse  wedge type c o l l a p s e  

local obtuse  wedge type  c o l l a p s e  and can be  found i n  (h]. The 

stress f i e l d  i s  g iven  i n  t h e  r e s p e c t i v e  r eg ions  for  != q by: - 
4 

t 

Region 2  2K(1 + ~ / 4 )  ' / j  = = ------ - 2 K ( 1 + ~ / 4 )  - , T =o 
x a - 2 ( 1 + ~ / 4 )  y a X Y 

G = -K(l + T - 28 - s i n  20) x 

Region 4 
T = -I(  cos  20 
x Y 

5 = - K ( 1  + T  - 20 + s i n  20)  
Y 



Region 5 ox = KI'I(0) , 0 = 
-2K(1 + b/4) 

Y a 

N(0) = - c0sL0 
where - - 1 + n - 28 - s i n  20 

.&(.I +7r/4) + 1 + 7T - - 20 + s i n  20 

The l i n e s  of s t r e s s  d i s c o n t i n u i t y  PQ, RQ and CQ a r e  given a s  

fo l lows:  

CQ : y  = -x t a n  q + r ( n / 2 )  

where - 1 q = t a n  a - 2(1 + ~ / 4 )  
( a 1 

This  s o l u t i o n  i s  v a l i d  f o r  
2(1 + n'4) 

6 a < and t h e  1 i m i t  load 
2 - 4 7  

i s  P = 2(1 + 7~/4)K. 

For wedges of a r b i t r a r y  ang le  6 t h e  complete s o l u t i o n s  

corresponding t o  t h e  t h r e e  d i f f e r e n t  modes of c o l l a p s e  and t h e  

associaTed ranges of a a r e  given by tkc fo l lowing:  



for overall bending collapse: 

2 2 3 4 '5 
P = (2- (1-a) ctn 6) -- (4aL'+ (1--a) ctn 6) 

I( 
I .  

2 
(1 Qcsc B 

for acute wedge type collapse: 

and for obtuse wedge type collapse: 

For the mixed type boundary value problem for wedges, the 

obtuse wedge type mode of collapse is sufficient to cover the 

entire range of .f3, 051352 and a , 15% < " and the collapse 
2 

pressure is P = 2Ka(l + B ) .  (For justification of this statement 

see PO] .) 



CHAPTER 3.  Problems i n  Axial S m e t r v  

In  t h i s  sec t ion ,  c y l i n d r i c a l  p o l a r  coordinates ( r , e , z )  w i l l  be 

considered. The mate r i a l  body and the  boundary condit ions a r e  assumed 

t o  be symmetric about the  z-axis .  I t  can be shown t h a t  if t h e  von Mises 

c r i t e r i o n  i s  used, t h e  d i f f e r e n t i a l  equations governing s t r e s s  and 

v e l o c i t y  a r e  e l l i p t i c  and considerable d i f f i c u l t y  is  encountered i n  

determining so lu t ions .  ( H i l l  121 , Parsons 1311 ) In c o n t r a s t ,  by using 

AL- T--,-- -,:s,,f ,, ,,A ,,,,,: ,+,A Cl,-.... ....I- +I.,-. , - . . . . . , . c ; -~~  n r r r r e - m ; n m  LIIG 1 l G 3 b d  L L I L G L  LULL alu a J J u & A a L G U  L A W W  r uib ~ ~ r b  ~ ~ U O C I U I I J  su v u ~ r r r r r 5  

s t r e s s  and v e l o c i t y  a r e  hyperbolic  and a r e  e i t h e r  s t a t i c a l l y  o r  

k inemat ica l ly  determinate. (Shield [32I , Lippmann [331) 

The s t a t i c a l l y  determinate case a r i s e s  when the  Haar and von Karman 

hypothesis  i s  u t i l i z e d .  This s t a t e s  t h a t  the  c i rcumferent ia l  s t r e s s ,  0 , 
8 

which i s  a p r i n c i p a l  s t r e s s ,  i s  equal t o  one of  the  p r i n c i p a l  s t r e s s e s  i n  

the  meridional plane.  The s t a t i c a l l y  determinate case is  d e a l t  with f i r s t .  

The case of  kinematical ly determinate problems i s  d e a l t  with l a t e r  i n  t h e  

chapter.  

Denoting the  p r i n c i p a l  s t r e s s e s  by a , a and a where, f o r  
1 2  3 

t he  s t a t i c a l l y  determinate case,  a is  assumed t o  correspond t o  a0 and 5 =0 

3 0 1' 

a 1 a , t h e  Tresca y i e l d  condit ion and associa ted  flow rule- s impl i fy  t o :  
1 2  

a = a3 =.oZ + 2 K  a t  y i e l d  . 
1 * 1. 

= -P-x 
2 

where X,p a r e  p o s i t i v e  funct ions  of  p o s i t i o n  
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Here oe i s  assumed t o  be enpal t o  t h e  maximum pr inc ipa l  s t r e s s  i n  t h e  meridional 

plane.  S imi lar  equations r e s u l t  i f  oe i s  t h e  minimum pr inc ipa l  s t r e s s .  

In c y l i n d r i c a l  p o l a r  coordinates with og= a3, a s t r e s s  d i s t r i b u t i o n  

which is  r a d i a l l y  symmetric involves only four  non-zero s t r e s s e s .  These 

a r e  or, ae, a and rrZ. Calcula t ing  t h e  p r i n c i p a l  s t r e s s  components z 

i n  t h e  ( r ,  z) , al and a2 a r e  given by: 

2 2 }% 
01 = a + a + {(a,. - a z )  + 4'5,- - 

r 2  2 

The equi l ibr ium equations (1.2) reduce i n  c y l i n d r i c a l  po la r  coordinates t o :  

I 

The s t r a i n - r a t e  v e l o c i t y  equations (1.1) become: 



and the  p r i n c i p a l  s t r a i n - r a t e s  a r e  given by: 

% ;, = 4(er  + e , )  + +{(ir - eZ l2  + 4;:,'1 

Equations (3.1) and (3.3) provide two a lgebra ic  equations and 

two d i f f e r e n t i a l  equations t o  determine the  four  unknown s t r e s s e s .  

Af te r  s u b s t i t u t i n g  from (3.1) i n t o  (3.3) , t h e r e  remain two d i f f e r e n t i a l  

equations i n  two unknowns: The system i s  hyperbol ic  and has 

two orthogonal s e t s  o f  c h a r a c t e r i s t i c s .  Denoting -by -P and K t h e  normal 

and shea r  components o f  s t r e s s  a t  a  po in t ,  i t  follows t h a t :  

a, = -P  - K s i n  24 

0, = -P + K s i n  241 

and ae = -P + K 

where @ i s  t h e  i n c l i n a t i o n  o f  a first shear  l i g e  t o  t h e  r - ax i s .  

.Subs t i tu t ion  i n t o  the  equi l ibr ium equations r e f e r r e d  t o  the  c h a r a c t e r i s t i c  

d i r e c t i o n s  sl and s y i e l d s :  
2 

dP + 2Kd4 + K(sin 4 + cos $) & =  0 on a 1 - l ine .  
r 

a n d d P  - 2K d4 - K(sin @ + cos 4) & =  0 on a 2- l ine .  
r 

The ve loc i ty  components a r e  determined by t h e  incompress ib i l i ty  

condit ion and i so t ropy  condit ion given by: 



asl +s+a~ = o  
*. -z 
ar r az 

The r e s t r i c t i o n s  Q2 5 0 ,  k3  2 0 require  t h a t :  

The system of equations ( 3 . 6 )  is  a l so  hyperbolic and the  cha r ac t e r i s t i c s  

coincide with the  s t r e s s  cha r ac t e r i s t i c s .  Equations ( 3 . 6 )  can be wri t ten:  

cos 4 dsl, + s i n 4  dGZ + p &  = 0 on a 1 - l ine  
2 r  

s i n  4 dG, - cos 4 dfi, - br 3 = 0 on a 2-l ine.  
2 r 

The maximum shearing s t r a i n - r a t e ,  r ,  in the  ( r ,z ]  p l m e  is  given by: 

r = (-30 + 3) s i n  cp + ( 2 ,  + afi ) cos cp -r -r 
asl as2 as, as2 

and the  condit ion ( 3 . 7 )  can be replaced by: 

So f a r  a l l  f i e l d  quan t i t i e s  have been assumed t o  be continuous. 

However, discontinuous s t a t e s  a re  poss ible  and a r e  u t i l i z e d  i n  the  

c i r c u l a r  punch problem. The r e s t r i c t i o n s  on s t r e s s  and ve loc i ty  discon- 

t i n u i t i e s  a r e  determined j u s t  as i n  plane s t r a i n  and w i l l  not  be repeated 

here.  
E 

E 
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Considering now the  case of  kinematical ly determinate problems, 

t h e  governing equations a r e  given by (Lippmann 1331): 

max ai - min a i  = 2K 
i i 

The transformation equations from ( r , 8 , z j  coordinates t o  the  p r i n c i p a l  

coordinates where ei denotes a u n i t  vec tor  i n  t h e  i - d i r e c t i o n  a r e :  

If t h e  t h r e e  p r i n c i p a l  s t r e s s e s  a r e  pairwise d i f f e r e n t  and 

01 > a 2  > a3 o r  a1 < cr2 < a3, then the  p r i n c i p a l  s t r a i n - r a t e  corresponding 

' to  O2 is  i d e n t i c a l l y  zero. This ,  together  with (3.10) and (3.4) ' gives 

t h e  following system of equations f o r  the  v e l o c i t y :  



2 * a;, = -cos * 5 
a r r 

Since 0 2  i s  the  intermediate s t r e s s ,  the  y ie  

t o  e i t h e r :  

Id cond i t i o n  (3.3) ' reduces 

Introducing coordinates 5 and rl i n  the  p r inc ipa l  d i rec t ions  

corresponding t o  al and a2 leads t o  the  cha rac t e r i s t i c  system: 

where q = %(&I, - &,) 
ar a z  

Note t h a t  the re  are  only f i ve  unknowns, f i r  G Z ,  r, q, and $, 'in t h i s  

system of equations. Equations (3.11) provide th ree  equations t o  
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determine t h r e e  unknowns, fir, , and , i n  terms o f  t h e  dependent 

va r i ab les  r and z.  Redefining r and z i n  terms o f  5 and rl introduces 

two equations and the  r e s u l t i n g  system of f i v e  equations i n  f i v e  unknowns 

reduces t o  (3.12) with q replac ing z a s  the  f i f t h  unknown. 

Lippmann [331 has inves t iga ted  s e v e r a l  s p e c i a l  cases of  equations 

(3.12) i n  o rde r  t o f i n d  simple prototypes o f  p r i n c i p a l  l i n e  f i e l d s  by 

assuming each o f  t h e  following condi t ions  i n  t u r n :  

B =  0, a =  0 ,  3; = 0,  a= 0, and a q =  0 
a c arl zr ac all 

and has found t h a t  only t h e  f i rs t  one seems t o  give a reasonable so lu t ion .  

I n  t h e  f i r s t  case,  a= 0 ,  the  s o l u t i o n  is  a "fan" f i e l d  shown i n  f igure  
ac 

3.1 w h e r e l $ = q ,  ro = 0. Then, r, q ,  br, and G z  a r e  given by: 

ttr = (C -Bccosq) 
s i n .  Q 
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Taking B and D equal t o  zero i n  (3.13), t h e  ma te r i a l  v e l o c i t i e s  i n  t h e  

d i r e c t i o n s  5 and q then s impl i fy  t o :  

f i t  = ; s i n  q + a, cos q = o r 

This cha rac te r i zes  a  c i r c u l a r  flow i n  t h e  ( r , z )  plane and w i l l  b e  

u t i l i z e d  l a t e r .  

Considering now t h e  problems o f  a x i a l  symmetry, t h e  s o l u t i o n s  

w i l l  b e  given f o r  the  s t a t i c a l l y  determinate problems of  tens ion of a  

c i r c u l a r  b a r ,  indenta t ion  of a hal f -space  by a  c i r c u l a r  punch. Only 

one s o l u t i o n  t o  a  k inemat ica l ly  determinate problem has been developed; 

t h e  problem o f  tube nosing. 

3.1 Tension o f  a  Cyl indr ica l  Bar r321 

Consider a  c i r c u l a r  cy l inder  s t r e s s e d  by un iax ia l  compression 

t o  the  y i e l d i n g  po in t .  Then t h e  s t r e s s  throughout t h e  cy l inder  i s  

oz =-2K with a l l  o the r  s t r e s s e s  zero. The s l ip  l i n e s  a r e  s t r a i g h t  l i n e s  

i n c l i n e d  a t  45' t o  t h e  axes. The boundary condi t ions  may be spec i f i ed  a s  

s t r e s s . t y p e  with uniform tens ion  over t h e  ends o r  a s  mixed type  w i t h ;  given. n  

The v e l o c i t y  equations (3.6) s impl i fy  t o :  



A simple s o l u t i o n  t o  these  equations i sg iven  by: 

where h  is  an a r b i t r a r y  cons tant .  

In  o rde r  t o  s a t i s f y  t h e  condi t ion  (3.7) it is  s u f f i c i e n t  t o  r equ i re  t h a t  

h  be p o s i t i v e .  Thus a  complete s o l u t i o n  t o  t h e  problem o f  compression 

o f  a  c i r c u l a r  cy l inde r  has  been found. 

Other v e l o c i t y  f i e l d s  a r e  discussed by Sh ie ld  [32] and w i l l  n o t  

be given here .  They involve l i m i t i n g  deformation t o  small  a reas  o f  

t h e  c y l i n d e r  and can be used t o  so lve  the  problem o f  necking of  c i r c u l a r  

cy l inde r s  i n  tens ion .  

3.2Indentat ion o f  a  Half-Suace by a  C i rcu la r  Punch 

A s  i n  t h e  case of  plane s t r a i n ,  t h e  problem t o  be considered can 

be s t a t e d  a s  a  s t r e s s  type problem o r  a s  a  mixed type problem. I t  w i l l  

be s t a t e d  he re  a s  a  mixed type problem. 

Assume t h a t  a  f l a t  l ub r i ca ted  c i r c u l a r  punch indents  t h e  su r face  

o f  a ha l f -space  with t h e  o r i g i n  of a  c y l i n d r i c a l  p o l a r  coordinate 

system s i t u a t e d  on t h e  su r face  o f  t h e  ha l f -space  a t  t h e  c e n t e r  o f  the  

punch. (See f igu re  3.2)"  Then the. boundary condi t ions  a r e  ; = -1 and t h e  
Y 

shear  t r a c t i o n s  a r e  zero under t h a  punch and t h e  remainder of t h e  boundary 

i s  t r a c t i o n  f r e e .  



Figure 3 . 2  S t r e s s  f i e l d  under a smooth punch i n  a x i a l  symmetry 

The e n t i r e  region OABCD i s  assumed t o  be  f u l l y  p l a s t i c .  Then 

t h e  f i e l d  i n  region ABC i s  generated by t h e  s t r e s s  f r e e  su r face  AB. 

The normal s t r e s s  P and the  f i r s t  shea r  d i r e c t i o n  a r e  determined 

by t h e  equations:  

x1 s i n  x + 1 + 3sin  x + cos x t a n  I) = 0 

where A i s  an a r b i t r a r y  cons tant  of i n t e g r a t i o n .  

Shie ld  [32] has given a s o l u t i o n  t o  these  equations i n  h i s  paper and 

the  l i n e s  AC and B.C a r e  f i r s t  and second shea r  l i n e s  r e spec t ive ly .  The 

f i e l d  i n  OAD i s  determinedby t h e  condi t ion  of zero shear  on O A .  Then t h e  

f i e l d  i n  ACD i s  determined a s  t h e  s o l u t i o n  of a type I boundary value 



5 8 
problem with the  s t r e s s e s  prescr ibed on AC and AD and i s  given as a 

fan f i e l d  of  angle IT . The extension i n t o  thz  r e s t  of  t h e  region - 
2 

OABGFE i s  determined i n  t h e  same way as was Bishop's extension i n  

t h e  c l a s s i c a l  punch problem. The desc r ip t ion  o f  how t h i s  extension is 

developed i s  no t  repeated here.  Shie ld  has determined the  d i s t r i b u t i o n  

of normal pressure  ac t ing  on OA and has found t h a t  the  average value 

of  the  pressure  a t  co l l apse  i s :  

P = 5.69 K 

and t h e  r a t i o  of  OA t o  AB i s  1.58 u n i t s .  

Consider now the  v e l o c i t y  f i e l d .  The f i e l d  of  flow i s  assumed 

t o  be confined t o  OABCD. .An associa ted  v e l o c i t y  f i e l d  has been given 

by Shield by assuming t h a t  the  v e l o c i t y  o f  t h e  punch i s  un i ty .  The 

normal v e l o c i t y  across ODCB i s  zero and a s o l u t i o a  t o  equations (3.6) 

on ODCB y i e l d :  

fir cos 4 + hz s i n 0  = 0 

-6, s i n  4 + hz  cos 4 = 3 
1-5 

where A is  a r b i t r a r y .  

However, s ince  t h i s  implies t h a t  i4, and uz  a r e  i n f i n i t e  a t  the  o r i g i n  

f o r  A # 0, A is taken t o  be zero. The v e l o c i t y  f i e ld '  nea r  t h e  o r i g i n ,  

in ORS, can be determined from the  requirement t h a t  the  c h a r a c t e r i s t i c s  
I 

0 
a r e  a t  45 nea r  the  o r i g i n ,  the  normal v e l o c i t y  on OA is one and the  

v e l o c i t y  i s  i d e n t i c a l l y  zero across 0 s .  The s o l u t i o n  a t  a po in t  Q i s  

given by : 



- 1 6, = - 2 t a n  (cos' 2$) 
TT s i n  3) where 3) = angle between t h e  

r - a x i s  and the  l i n e  through OQ. 

The v e l o c i t y  is  now known on SD and SR a n d , t h e r e  is  a type one 

problem defined f o r  equations (3.8) .  Solving t h i s  problem then y i e l d s  

another  type one problem f o r  the  determination of the  v e l o c i t i e s  i n  

SDAR f o r  which t h e  s o l u t i o n  i s  e a s i l y  obtained. The boundary condit ion 

on BCD and t h e  known v e l o c i t y  on AD then def ines  the  s o l u t i o n  t o  

another  type one problem i n  the  region ABCD. Shie ld  has given 

numerical s o l u t i o n s  f o r  the  v e l o c i t y  f i e l d s  and has shown t h a t  condi t ions  

(3 .7 )  a r e  s a t i s f i e d  a t  a  s u f f i c i e n t  number of po in t s .  The v e l o c i t y  f i e l d  

i s  an associa ted  kinematical ly admissible f i e l d  and hence t h e  s o l u t i o n  i s  

'complete and t h e  limit l o a d - i s  an average value of  5.69K. 

Eason and Shie ld  [34] have considered t h e  indenta t ion  of a  

ha l f -space  by a rough punch and have derived a complete s o l u t i o n  with 

a l i m i t  load of  average pressure  P = 6.05K. This  s o l u t i o n  i s  v a l i d  

provided t h a t  the  c o e f f i c i e n t  of  f r i c t i o n  between t h e  punch and the  

hal f -space  i s  g r e a t e r  than .159. The technique used i n  t h e  s o l u t i o n  

i s  s i m i l a r  t o  t h e  technique used i n  t h e  smooth punch problem. 

However, t h e  boundary condi t ions  on OA a r e  changed. The s o l u t i o n  i s  

n o t  presented 

the  l e f t  h a l f  

Shie ld  [34] . 

h e r e  bu t  t h e  s l i p  l i n e  f i e l d  , i s  shown i n  f i g u r e  3.3 f o r  

of  the  ha l f -space .  The s o l u t i o n  can be found i n  Eason and 



Figure 3 . 3  S t r e s s  f i e l d  under a rough punch kn a x i a l  symmetry. 

Considering uniqueness o f  the  s o l u t i o n ,  t h e  same conclusion 
i 

app l i e s  here  a s  f o r  the  punch problem i n  plane s t r a i n .  There i s  no 

guarantee t h a t  an i n f i n i t e  flow region cannot e x i s t .  Hence t h e  

s o l u t i o n  can only be considered as  g iv ing  a unique value f o r  the  l i m i t  

load over a l l  s o l u t i o n s  with f i n i t e  flow f i e l d .  

A s  i n  t h e  punch problem i n  plane s t r a i n ,  by modifying t h e  

f i e l d s ,  it should be poss ib le  t o  obta in  s o l u t i o n s  t o  o t h e r  problems. 

Cer ta in ly ,  by reducing the  fan angle,  t h e  s o l u t i o n  t o  an a x i a l l y  

symmetric wedge problem can be  found, and the  s o l u t i o n  t o  the  problem 

of uniformly notched c i r c u l a r  b a r s  can b2 found. Since t h e  b a s i c  

f i e l d s  f o r  t h e  plane s t r a i n  punch problem ane t h e  a x i a l l y  symmetric 

punch problem a r e  s o  s i m i l a r ,  it i s  expected t h a t  wire drawing problems 

can a l s o  be  solved by U t i l i z i n g  a s i m i l a r  v e l o c i t y  f i e l d  t o  t h a t  used 

i n  plane s t r a i n  ex t rus ion  although no such s o l u t i o n  has been presented.  



3 . 3  Tube Nosing [33] 

Consider a c y l i n d r i c a l  tube of o u t e r  r ad ius  R and i n n e r  r ad ius  

R-S ac ted  upon ove; t h e  end by pressure  P which fo rces  t h e  tube  i n t o  

a smooth s p h e r i c a l  d i e  a s  shown i n  f i g u r e  3 . 4 .  The i n t e r i o r  su r face  

o f  t h e  tube  i s  a l s o  ac ted  upon by uniform pressu re  PS below t h e  su r face  

of t h e  d i e .  The so lu t ion ,  and hence t h e  boundary condi t ions  a r e  determined 

by an inve r se  

Figure 3 . 4  S t r e s s  f i e l d  f o r  tube nosing. 

The v e l o c i t y  f i e l d  is  given by equations ( 3 . 1 4 ) .  Taking ol = o 
rl 

and o2 = 05 and c3 = og where 0 is  t h e  in termedia te  s t r e s s ,  t h e  5 
Yield condi t ion  (3 .1 )  ' becomes : 

on - = 2K. 

The s t r e s s  s o l u t i o n  i s  given by: 

= 2K In s i n  q8) 
( s i n  11 



oe - 2K(ln ( s i n  no)+ 1). 
s i n  11 

The l i m i t  load f o r  t h i s  problem i s :  

\ . 

P = -2K In ( s i n  no).  

For 5 such t h a t  R-S 5 5 5 R ,  aE i s  indeed the  in termedia te  

s t r e s s  provided t h a t  Ps i s  bounded by t h e  following i n e q u a l i t i e s  f o r  

equal th ickness  nosing: 

In s i n  11) < < (1  + I n p i n  - 11) ). (3.15) 
Z K  s i n  11 

0 

An extension o f  t h i s  f i e l d  f o r  z > 0 is  given by considering un iax ia l  

compression a = -2K In ( s i n  vo) which i s  below y ie ld .  Thus, a z 

complete s o l u t i o n  has been given f o r  tube nosing with l i m i t  load 

P = -2K In  ( s i n  qo) and pressure  a c t i n g  upon the  inner  su r face  of 

the  deformed nose Ps which i s  bounded by equation (3.15) t o  guarantee 

t h a t  a5is indeed the  intermediate s t r e s s .  



CHAPTER 4. PLANE STRESS PROBLEMS 

In this chapter only the Tresca criterion is considered. The 

z-axis is taken perpendicular to the plane of the material body. The 

generalized plane stress problem is characterized by taking 0 xz = CI yz = CI zz = 0 

while in the plane stresses are averaged through the thickness. Thus, 

a and 0 are independent of z. The problems considered involve 
OXX' xyJ PY 

thin sheets and, hence the assumption of generalized plane stress is 

; T I C + ;  C; nrl IUnrlnn T Z K 1 1  , ..' "LA- . . .  \"'" 6 -  L"'J J 

In all problems considered, the boundary conditions and geometry 

are such that all stress fields are constant state fields for which 

equilibrium,is automatically satisfied. Utilizing superscripts to denote 

the stresses on opposite sides of the discontinuity,the stress intensities 

are determined by the yield condition and the stress jump conditions 

across discontinuities given by: 

Once a stress distribution is determined, the velocity distribution 

is determined by assuming that there is sliding out of the plane along 

discontinuities within plastic regions with rigid body motion elsewhere. 

Finally, the plastic power dissipation is shown to be.non-negative 

throughout the flow region. 

I 

4.1 Square Plate with a Slit Under Uniaxial Tension [35] 

Consider a thin square plate with sides of length 2a and thickness 
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h, with a slit centered in the square parallel to the sides pulled in 

tension. The slit is of length 2ab, ocb<1, and having zero width as 

shown in figure 4.1. 

4.lb Velocity field. 

Figure 4.1 Stress field for a square plate pulled in tension. 

Assuming that regions 3 will become plastic while the remainder of 

the plate remains rigid, and introducing regions 4 where distance OG is 

called a% to isolate the stress free slit from the loaded edges AB and CD, 

the stresses in each region can be determined from the yield condition, 

the boundary conditions and the jump conditions across the boundaries 

separating the regions. Since the edges AD and BC of the plate are stsess  

free, the yield criterion in regions 3 is given by: 

The stress fields in the four regions are given as follows utilizing 

a numerical superscript to denote in which region the stresses are defined: 



and the  c r i t i c a l .  value of  P is  : 

Calcula t ing  t h e  p r i n c i p a l  s t r e s s e s  i n  region 2  gives:  

I t  can e a s i l y  be  shown t h a t  y i e l d  i s  no t  v i o l a t e d  i n  regions 

1,2 and 4  provided t h a f  t h e  following th ree  i n e q u a l i t i e s  a r e  s a t i s f i e d :  

All three  inequa li t i e s  can be s a t i s f i e d  simultaneously by taking:  

An associa ted  v e l o c i t y  f i e l d  can be determined by assuming t h a t  

t h e r e  is  s l i d i n g  out  of  the  p lane  along HE and FK a t  45' t o  t h e  plane 

as shown i n  f i g u r e  4. lb.  I f  t h e  block i s  pu l l ed  i n  tens ion,  s i d e s  

DC and AB move apar t  with r e l a t i v e  v e l o c i t y  v. Calculat ing t h e  i n t e r n a l  

energy d i s s i p a t i o n  across t h e  d i scon t inu i ty  gives:  
I 

2Kv cos T h csc  T = Kvh - - - 
2 4 4  

which i s  p o s i t i v e  provided t h a t  v  i s  p o s i t i v e .  
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Hence, t h e  complete so lu t ion  is  given by the  s t r e s s  f i e l d  

Of (4.2) sub jec t  t o  the  r e s t r i c t i o n  on 5 given by (4.3) with t he  

ve loc i t y  f i e l d  described above, and t he  l i m i t  load is: 

4.2 Wedges i n  Plane S t r e s s  [ 3 6 ]  

Consider a  symmetric wedge 

ind ica ted  i n  f i gu re  4.2. Assume 
h 

Figure 4 . 2  Loading and s t r e s s  

with dimensions and loading as 

t h a t  t h e  so lu t i on  i s  symmetric 

f i e l d  

about 

wedge problem i n  plane s t r e s s .  

t he  y-axis and t h a t  t h e  r i g h t  h a l f  of  t he  wedge can be s p l i t  i n t o  

t h r ee  regions with 1 and 3 p l a s t i c  and 2 r i g i d .  The pos i t ion  of the  

o r i g i n ,  0 ,  is  determined by t he  parameter b .  (See f i gu re  4.2b.) 

Cal l ing t he  p r i nc ipa l  s t r e s s e s  i n  t h e  plane al and o2 with t he  t h i r d  

p r i nc ipa l  s t r e s s  aZ = 0,  the  Tresca c r i t e r i o n  reduces t o :  

U t i l i z i ng  the  boundary condit ions and y i e l d  equa l i ty ,  t h e  

- s t r e s s e s  i n  regions 1 and 3, denoted by supersc r ip t s ,  can be calcu- 

l a t e d  &med ia t e ly  and a r e  given respec t ive ly  by: 



From o v e r a l l  equi l ibr ium of  t h e  r i g h t  h a l f  o f  the  wedge, t h r e e  

equations can be derived t o  determine Po,  P1 and b. The so lu t ions  

a r e  : 

b = c t n  B 11 - 2a + [ ( I  - a l2  + a 2 p 1  
2 

2, 27+, 
= c tn  e {-a + i ( i  - .j2 + I J 

2 K 

To f ind  t h e  s t r e s s '  i n  region 2 ,  t h e  jump condit ions (4.1) across  

OB and OD a r e  u t i l i z e d  and give four  equations o f  which only th ree  a r e  

independent: 

T~ = - 4 ~ b { ( l  - a) c tn  (3 - b} 
XY (1  - a )  (a  c tn  B + b)  

= & { ( l  - a )  c t n  B - b )  
2K a 

The four th  of  equations (4.7) is t h e  same as t h e  moment equation used 

i n  f ind ing  (4.6) and i s  i d e n t i c a l l y  s a t i s f i e d .  

Since o v e r a l l  equi l ibr ium has already been s a t i s f i e d ,  t h e  
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s o l u t i o n  t o  equations (4.7) automatical ly s a t ' i s f i e s  the  boundary 

condi t ions  on BD and t h e  s t r e s s e s  i n  region ? a r e  given by: 

2 2 2 
oy = c t n  f3 {l - 2a + 3a - q a [ ( l  - a)' + a 2 1 4 } 2 ~  

(1 - a )"  

2 r = c tn  B {I - a + 2 a 2  - (1 + a ) l ( l  - a )  + a214}21 
XY 

( 1  - a)' 

Having ca lcu la ted  t h e  s t r e s s  f i e l d s  i n  t h e  th ree  regions ,  it 

i s  necessary t o  chec .k tha t  y i e l d  i s  nowhere vio. lated.  In equations 

(4.5n), Po was r e s t r i c t e d  t o  be  l e s s  than 2K. t h i s  implies t h a t :  

I f 
I t a n  p 5 - a +' [(I  - a)' + a21 . (4 9) 

A f u r t h e r  r e s t r i c t i o n  i s  imposed by t h e  condit ion t h a t  region 2 remain 

r i g i d .  The p r i n c i p a l  s t r e s s e s  i n  region 2 a r e :  

2 2 
but  s i n c e  o 5 0 and a 0 f o r  0 z a  51, t h e  y i e l d  inequa l i ty  s i m p l i f i e s  

x: Y 
2 

t o  lo1 - o2 1 < 2 K .  Calcula t ing  (al --o?) g ives  the  following i m p l i c i t  
4kL 

r e s t r i c t i o n  on a and B: 



where c  = [ ( I  - a )*  + a2])i 

By taking p a r t i c u l a r  values of f3, t he  r e s t r i c t i o n  on a  

implied by t h e  above i n e q u a l i t y  was ca lcu la ted  on an IBM 360 computer 

and t h e  r e s u l t s  a r e  presented i n  t a b l e  4.  1. 

Table 4 . 1  The r e s t r i c t i o n  on a  f o r  f ixed  values of 6 .  

Furthermore, it was found t h a t  i f  a  and f3 s a t i s f i e d  t h e  r e s t r i c t i o n  

(4.10), the  previous r e s t r i c t i o n  (4.9) was automat ica l ly  s a t i s f i e d .  

An associa ted  v e l o c i t y  f i e l d  i s  obtained by considering a  r i g i d  

r o t a t i o n  with speed - fl within  the  plane of  the  r i g h t  h a l f  of t h e  wedge 
2 

about t h e  point  of  i n t e r s e c t i o n  of  the  x-axis  and s i d e  BD,kThe l e f t  

h a l f  r o t a t e s  counterclockwise about t h e  symmetric po in t  on s i d e  B I D '  a t  

t h e  same speed. The d i r e c t i o n  of  the  r o t a t i o n  has been chosen t o  make 

the  p l a s t i c  work p o s i t i v e  i f  Po is  t ens i l e '  along B ' A B  and must be 

reversed i f  Po i s  compressive. This r o t a t i o n  introduces a  d i scon t inu i ty  

i n  v e l o c i t y  across  a  p lane  through AE i n c l i n e d  a t  45' t o  the  (y,z)  

plane.  For t h e  purpose of  computing t h e  i n t e r n a l  energy d i s s i p a t i o n ,  

only t h e  r e l a t i v e  jump i n  hx across  t h e  d i scon t inu i ty  is  needed 

e x p l i c i t l y .  This is  given by: 



C a l c u l a t i n g  t h e  i n t e r n a l  energy d i s s i ~ 8 t j o n  due t o  t he  

d i s c o n t i n u i t y  i n  v e l o c i t y  a t  2 p o i n t  P on AE a J i s t n n c e  d from Q 

g ives  : 
I = 2Kh9dv 

The i n t e r n a l  cnergy d i s s i p a t i o n  i s  p o s i t i v e  provided  t h a t  52 i s  

p o s i t i v e ;  t h a t  i s  i f  Q has  t h e  d i r e c t i o n  s p e c i f i e d .  

Thus t h e  s t r e s s  f i e l d s  (4.5) and ( 4 . 7 )  subject .  t o  t h e  r e s t r i c t i o n s  

(4.91 and (4.10) t o g e t h e r  wi th  t h e  vel  oci t y  rlescrihc? ?hove prcvide  2 

complete s o l u t i o n  wi th  t h e  l i m i t  l oad  g iven  by:  

4 . 3  -Problem? Solvable  by t h e  Wcdge So lu t ion  --- ------" 

Consider a  square  p i a t e  wi th  e i i i i e r  a  square  h i e  u r  

c i r c u l a r  ho le  centered  w i t h i n  t h e  p l a t e  a s  shown i n  f i g u r e  4 .3 .  

F igure  4 . 3  Breakdown o f  square  p l a t e  wi th  h o l e  i n t o  s e v e r a l  wedge problems. 
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The p l a t e  i s  loaded  i n  t e n s i o n  i n  one d i r e c t i o n  and in compression i n  

t h e  o t h e r  d i r e c t i o n .  By u t i l i z i n g  t h e  s t r c s s  f i e l d s  o b t a i n e d  i n  t h e  

wedge problem f o r  t h e  f o u r  wedges shown i n  f i g u r e  4 . 3  and t a k i n g  f o r  

a v e l o c i t y  f i e l d  r i g i d  r o t a t i o n s  abou t  t h e  p o i n t s  E ,  F, G ,  and H which 

cor respond  t o  Q i n  f i g u r e  4 .2 ,  a  complete  s o l u t i o n  is  o b t a i n e d  p rov ided  

t h a t  a 3 .4823 t o  s a t i s f y  t h e  r e s t r i c t i o n s  4 . 9  and (4 .10) .  I f  t h e  h o l e  

i s  c i r c u l a r ,  t h e n  t h e  r e g i o n s  marked 1 i n  t h e  f i g u r e  a r e  a l l  s t r e s s  f r e e  

and do  n o t  a f f e c t  t h e  s o l u t i o n .  Thic: p r o h l ~ m  w a s  f i r s t  so lved  by  

Gaydon 1371 who s p l i t  t h e  s q u a r e  i n t o  f o u r  r e g i o n s  a s  shown by t h e  v e r t i c a l  

and h o r i z o n t a l  l i n e s  p a s s i n g  th rough  t h e  midd le  of t h e  p l a t e .  I t  was 

by s t u d y i n g  Gaydonts  s o l u t i o n  t h a t  t h e  a u t h o r  came by t h e  i d e a  f o r  h i s  

s o l u t i o n  t o  t h e  wedge problem. 



CHAPTER 5. Miscellaneous Problems 

The problems considered i n  t h i s  s e c t i o n  inc lude  those f o r  

which a f u l l y  p l a s t i c  s t a t e  e x i s t s  a t  the  l i m i t  load. This s i t u a t i o n  

i s  r e s t r i c t e d  t o  problems where s u f f i c i e n t  symmetry e x i s t s .  In  these  

cases ,  t h e  problem becomes one dimensional and the  s o l u t i o n  can be 

found by s u b s t i t u t i n g  d i r e c t l y  from t h e  y i e l d  e q u a l i t y  i n t o  t h e  

equi l ibr ium equations and so lv ing  the  r e s u l t i n g  ordinary  d i f f e r e n t i a l  

equations.  Determlnatlon o t  an associa ted  kinematically admissible 

v e l o c i t y  f i e l d  i s  a l s o  q u i t e  simple i n  t h e  one dimensional problems. 

5 . 1  Spher ica l  She l l  under I n t e r n a l  Pressure [2]  

Consider a  spher i ca l  s h e l l  under i n t e r n a l  p ressu re  with inner  

radius  a  and o u t e r  r ad ius  b. Choosing spher ica l  po la r  coordinates 

and assuming t h a t  the  s o l u t i o n  i s  independent o f  both angular  

coordinatesfhe equi l ibr ium equations 2cd Tresca c r i t e r i ~ n  reduce t o  

The s t r e s s  s t r a i n - r a t e  r e l a t i o n s  become: 

and incompress ib i l i ty  impl ies :  



The boundary condi t ions  are: 

The complete s o l u t i o n  t o  the  problem cons i s t s  of  the  s t r e s s e s  : 

t h e  v e l o c i t y  f i e l d :  

or = - A,  where A i s  taken p o s i t i v e  t o  s a t i s f y  1.3. 
r z  

and the  l i m i t  load: 

5.2 Hollow Cylinder under I n t e r n a l  Pressure 1141 

Consider a c y l i n d e r i c a l  s h e l l  i n  c y l i n d r i c a l  po la r  coordinates 

with inner  radius  a  and o u t e r  radius  b  subjec ted  t o  i n t e r n a l  pressure ,  

P. Assune a  plane s t r a i n  s o l u t i o n  with The s t r e s s e s  independent of 

both z and 8. 

The equations of  equil ibrium, y i e l d  and incompress ib i l i ty  then 

reduce t o  the  same form a s  i n  t h e  case of a s p h e r i c a l  s h e l l  under 

i n t e r n a l  p ressu re  b u t  with d i f f e r e n t  cons tan t s :  



The boundary condi t ions  on s t r e s s  a r e :  

Thus, the  s t r e s s  and v e l o c i t y  so lu t ions  a re :  

;r = - A where A i s  taken p o s i t i v e  t o  s a t i s f y  1 .3 .  
r 

and t h e  l i m i t  load i s :  

Note t h a t  no considera t ion  has been given o f  the  boundary 

condi t ions  a t  the  end of  the  tube.  However, t h e  s o l u t i o n  i s  v a l i d  

f o r  closed end condit ion and f o r  an open end condit ion i f  i t  can be 

shorn t h a t  oz = ox + oy is  always t h e  in termedia te  s t r e s s ,  and i f  the  
2 

Tresca c r i t e r i o n  is  used. If  the.von Mises c r i t e r i o n  i s  used, the  

s o l u t i o n  t o  t h e  problem i s  dependent upon t h e  end condi t ioh ,  bu t  s'ome 

r e s u l t s  have been obtained f o r  open, closed end and plane s t r a i n  end 

condizions.  or comments and references  see  Geir inger [14]. ) 



5.3 C r i t i c a l  Speed o f  a  Rotating Sol id  Disc 

Consider a  d i s c  of  radius  b r o t a t i n g  a t  constant  speed w. 

The equi l ibr ium equations must be modified f o r  t h i s  problem s ince  there 

i s  a body fo rce  term present  here,  Shoemaker [38] has shown t h a t  

no complete s o l u t i o n  e x i s t s  i f  the  Tresca c r i t e r i o n  i s  used s ince  no 

n o n - t r i v i a l  associa ted  v e l o c i t y  e x i s t s .  Consequently, a  s o l u t i o n  i s  

sought us ing a modified Tresca c r i t e r i o n .  

Considering t h e  problem i n  c y l i n d r i c a l  po la r  coordinztes,  the  

f i e l d  q u a n t i t i e s  a r e  assumed t o  be independent o f  z and 8. The 

equi l ibr ium equations,  the  modified Tresca c r i t e r i o n  and the  associa ted  

flow r u l e  a re  given by: 

where p denotes dens i ty  and w 

denotes angular  v e l o c i t y .  

where a > O  i s  a r b i t r a r y  
and 0 r or  r J ~ K  where K is  
t h e  y i e l d  s t r e s s  i n  simple tens ion.  

The boundary condi t ions  a r e  : 

Solving f ( a i  j) = 0 f o r  Gg and s u b s t i t u t i n g  i n t o  the  equi l ibr ium 

equations gives : 



f o r  which t h e  s o l u t i o n  which i s  bounded a t  t he  o r i g i n  i s :  

Applying t h e  o t h e r  boundary condi t ion  and so lv ing  f o r  w g ives :  

From t h e  flow r u i e ,  t h e  s t r a i n - r a t e s  a r e  found t o  be:  

Hence, e l imina t ing  A ,  t h e  d i f f e r e n t i a l  equat ion  f o r  br becomes : 

Solving f o r ,  t h e  - v e l o c i t y  br gives : 

which automat ica l ly  s a t i s f i e s  ur = 0 and t h e  energy d i s s i p a t i o n  is  

p o s i t i v e  provided t h a t  A(w)> 0. 

Thus a  complete s o l u t i o n  has been given wi th  l i m i t  

load,  i n t e r p r e t e d  a s  t h e  c r i t i c a l  speed, given by: 



Note t h a t  a s  CI -t 0 t h e  s o l u t i o n  i s  s t i l l  v a l i d  and t h a t  the  

r e s u l t i n g  l i m i t  load agrees with t h e  lower bodnd previous ly  obtained 

us ing  t h e  Tresca c r i t e r i o n .  Shoemaker [38] has a l s o  shown ex i s t ence  

\ .  

of a complete s o l u t i o n  us ing  t h e  von Mises c r i t e r i o n  and ob ta ins  t h e  

c r i t i c a l  speed by a numerical method. 
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